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Abstract
X-RAY CORRELATED WAVEFUNCTIONS
by
MARIA M. FLOCCO

Adviser: Professor Lou Massa

First- and second order density matrices approximately N-
representable by a correlated determinant wavefunction,
whose reference state is a single determinant delivering the
exact density, are derived. This density-matrix formalism is
applied to the calculation of the correlation energy via a
formula which includes both a kinetic energy contribution
and a potential energy contribution. The single determinant
of x-ray orbitals for the beryllium atom is used in a test
calculation that yields 65 per cent of the correlation
energy in a simple zeroth-order approximation. Extension of
the calculations using a Hartree-Fock reference stateis
carried out for helium and beryllium atoms and for series of
ions isocelectronic with them. For beryllium, the accuracy of
the Hartree-Fock reference state results is comparable to
the x-ray orbitals reference state case. The results for the
series of ions are of poorer accuracy as the nuclear charge
charge increases. Also, the empirical formula of Colle and
Salvetti for the calculation of the correlagion energy is

appliedto the series of ions isoelectronic with helium and



beryllium. The accuracy of the results decreases with the

increasing of the nuclear charge in both series.
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CHAPTER 1 INTRODUCTION

The single crystal coherent x-ray diffraction
experiment gives an image of the electron density of
crystalline solids. The Hohenberg and Kohn (HK) theorem(1l)
states that the many-particle ground state is a unique
functional of the electronic density or, in other words,
that the electron density contains all the information
necessary to evaluate every electronic property of the
system. Based on these two fundamental facts, a method to
extract quantum mechanically valid density matrices from
crystallographic data has been developed.(2-9) Properties
calculated with a single determinant of x-ray orbitals for
some test systems are remarkably good. (10-13)

In this thesis we derive density matrices N-
representable by a correlated-determinant wavefunction
whose reference state is the x-ray orbitals single
determinant, and we use this density-matrix formalism for
the calculation of the correlation energy.

A review of the quantum model of coherent x-ray
diffraction and a summarized account of the correlation
problem will introduce some of the ideas that are relevant
in our approach to the correlation energy.

When a beam of x-rays shines on a crystal, the
radiation is coherently scattered by the electrons in the

atoms of the crystal.(14) In accordance with



electromagnetic theory, the amplitude of the wave scattered
by the electron distribution Q(F) relative to the

scattering by a single electron is

F(K) -fexp(i K°F) o(F) ar (1)

where K is the wave vector. (The derivation of this
equation(15) can be found in Appendix A.) This Fourier
transform relationship connecting the scattering factor
F(R) to the electron density Q(f) is a fundamental equation
in crystallography.

The x-ray experiment measures the intensity, I(K), of
the scattered wave which is proportional to the square of
the amplitude, |F(K)|2. The experimentally measured
intensity has to be corrected for effects such as x-ray
absorption by the crystal, geometric factors that include
polarization, temperature effect associated with the
vibration of the nuclei, and other minor effects.(16) These
experimental factors, however, can be modeled within known
magnitudes of error, and the experiment gives structure
factors, F(K), related to the electron density, o(T),
characteristic of the crystal.

A connection between Crystallography and Quantum
Mechanics is implicit in equation (1). This connection can
be made apparent by ensuring that the structure factors

come from an electron density consistent with the



restrictions of Quantum Mechanics; that is, only densities
which are obtainable from the square of an antisymmetric
wavefunction may be considered appropriate. Based on this
idea, a density explicitly related to a set of molecular
orbitals, 01, has been obtained by expanding the orbitals
on a set of orthonormal basis functions, ¥;, by the usual
linear combination of atomic orbitals (LCAO) echeme, and
the use of density matrices.

Given an antisymmetric N-body wavefunction, ¥ (1...N),
the one-body reduced density matrix, Q(1,1'), is obtained
by averaging the square of the wavefunction over all the
spatial and spin coordinates, except for the coordinates of

one particle(17-19)

Q1(1,1") = Nfr*(1,...N)W(1',...N) d2...N (2)

The diagonal element of the first-order density matrix

represents the electron density

01(1,17) | = o(1) (3)
1'>1

In the particular case of a wavefunction which is a

single determinant of orthonormal orbitals, i.e.,



®a) - - - - Ky

Yi(1,...N) = |, (4)

bt - uon

the first-order density matrix, in a convenient matrix

notation, is

Qu(E,E') = tr §(E) ¢*(E') (5)

The expansion of the orbitals according to

P(E) = CY(E), (6)

where the rectanqular matrix C contains the coefficients
that combine the basis functions in the molecular orbitals,

can be used in equation (5) to give

Q(E,E') = tr c* c W(E) y*(F") (7)

The population matrix P is defined as

P=c'c (8)



With this definition, equation (7) becomes

Q1(E,B') = tr P Y(F) y'(E") (9)

whose diagonal element

e1(F) = tr P Y(F) f"(f) (10)

can be used in the Fourier transform relationship for the

structure factor to get

F(K) = tr P £(K) (11)

where the matrix E(R) has as elements, 5ij(R), Fourier

transforms of basis functions products,

Li4(K) = fexp(i R°F) Yy (F) P}(E) af (12)

From equation (11) follows that the elements of P can
be treated as parameters to be fit to the experimental
structure factors, F(K). It must be noted, however, that
any simple fitting procedure of the elements of P to the

experimental data does not necessarily lead to density



matrices which are quantum mechanically valid. This is the
problem of N-representability, which can be explained as a
mapping problem.

Given the set of all antisymmetric N-body
wavefunctions, ¥ (1...N), the set of all valid one-body
reduced density matrices, Q1(F,F'), is obtained by
following the prescription of equation (2). However, the
set of all possible one-body functions is larger than the
set of Ql(?,f'), and consequently it is not any one-body
function that can be mapped back to an N-body wavefunction.
A simple fitting procedure such as the least-squares method
will almost always yield a density matrix that is not
related to a N-body wavefunction by the rule of equation
(2) , meaning that the quantum mechanical restrictions must
be imposed in addition to fitting procedures.

The problem of N-representability of the one-body
density matrix has been solved. It has been shown(20) that
N-representability is guaranteed by the requirement that
the eigenvalue, which has the physical interpretation of
occupation numbers of molecular orbitals, be a number

between zero and one, i.e.,

fer(B,E") 0y(F") aB' =&, 04 (13)



with

0sE; <1 (14)

In particular, the values 0 and 1 are necessary and
sufficient for ¢, (F,f') to be N-representable by a single
determinant (18) of orbitals of the type of equation (4).
Furthermore, Gilbert's theorem(21) states that any non-
negative density which is normalized to the number of
electrons, N, is N-representable by a single-determinant
wavefunction, and Harriman(22) has given a construction to
get such a determinant from the density. It is then natural
to found a formalism on single determinant N-
representability of o, (F,f').

The condition stated in equation (13) and (14) is
equivalent to the requirement that gl(f,f') be idempotent

or a projector

Qu(F',F'") o(Ff'',E) dF'' = @ (¥',F) (15)

Finally, hermiticity

Q1 (E',E) = @y (F,E') (16)



and normalization to the total number of electrons

Qy(E,F) dF = N (17)

are known to be satisfied by a single determinant of
orthonormal orbitals.(17,18) Since a matrix representative
P in any basis must have the same properties it follows
that the population matrix P must be a symmetric normalized
projector, and has to satisfy the experimental structure

factors, i.e.,

L 4 (a)
tr P =N (b)
(18)
P2 = P (c)
tr P £(RK) = F(K) (d)

These four equations are the mathematical structure
that brings Quantum Mechanics in contact with the
crystallographic experiment. P matrices which conform to
the conditions established by equations (18) may be
obtained as solutions of Clinton's equations(23), in the

iterative form,



=2 Py + X g £(K) ¥Ayg 1 (19)

where Ay and Ay are Lagrangian multipliers determined by
constraints satisfying structure factors and normalization.
Importantly, the proper fundamental constraints in
Clinton's equations not only allow for physically
meaningful model wavefunctions but also reduce the number
and correlation of parameters within the population
matrix. (4,5,7)

The quantum description of the x-ray scattering
experiment incorporated in Clinton's equations has been
applied to a number of physical systems. The studies
include simple theoretical models such as H, H,, Li, and
Be, and real experimental data of high accuracy for the
beryllium crystal.

In the case of the atoms and H, the structure factors
are generated mathematically from wavefunctions or
densities assumed to be exact. The data, therefore, contain
no errors due to absorption or extinction of x-rays, nor do
they contain any thermal motion effects. Consequently, the
results represent a test of the mathematical structure
associated with N-representability.

Frishberg and Massa(l1l) have used the structure
factors of Stewart, Davidson and Simpson(24) for a
spherical hydrogen atom in a hydrogen molecule as

constraints in the determination of the idempotent P



10

matrix. They also carried out a conventional least-squares
analysis where idempotency was not imposed. A good fit was
obtained in both cases, although it was slightly better for
the non-idempotent case.

From their results we learn that the density matrix is
everywhere positive as it is expected to be for a quantity
interpreted as a probability distribution. The non-
idempotent density matrix becomes negative near the
nucleus, a result which is physically meaningless. The
eigenvalues of the idempotent density matrix are 0 and 1,
in accord with Coleman's theorem(20). The non-idempotent
density matrix has eigenvalues that fall outside the
allowable interval and thus violate the Pauli principle.

The application of the x-ray orbitals formalism to
bonding effects was also investigated by Frishberg and
Massa. (11) They considered the H, molecular density of
Stewart, Davidson and Simpson(24), and solved the equations
(18) with different sets of basis functions. Their results
reproduce the known charge distribution and bond distance
of the molecule. More recently, Boehme and La Placa(1l3)
have obtained an empirical wavefunction for molecular
hydrogen by solving equations (18) and using the x-ray
scattering data of Stewart, Davidson and Simpson(24) for
the hydrogen molecule. Their wavefunction is capable of
giving a very low crystallographic R factor, and of
predicting physical properties very accurately. The
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calculated bond energy is almost as good as the one
obtainable with the same basis in an energy minimization.

Lithium and beryllium atoms have been studied by
Frishberg and Massa. (10) They used the essentially exact
structure factors calculated by Benesch and Smith(25,26) as
the data for the solution of equation (18). Structure
factors were calculated with the x-ray orbitals and the
Hartree~-Fock orbitals, the same basis in either case. The
fit to the exact structure factors is much better when x-
ray orbitals are used. This is an interesting finding since
the Hartree-Fock wavefunction is considered to yield an
accurate density.

A number of properties were calculated for lithium and
beryllium using essentially exac¢t wavefunctions, and
Hartree-Fock and x-ray wavefunctions on the same basis. The
results are shown in table 1. In both cases the x-ray
orbitals yield total energies very close to the Hartree-
Fock energies, in fact within 0.010 per cent. Of course, by
definition, the Hartree-Fock energies must be lower than in
the x-ray case. The expectation values for the one-electron
properties such as <-!5_V 2> and<1l/r?, are all better
calculated by the x-ray wavefunction than by the Hartree-
Fock wavefunction for both atoms. The electron-electron
repulsion term,<:1/r12:>, is slightly better evaluated by

the Hartree-Fock function.



Table 1. Some expectation values from the exact,
Hartree-Fock, and x-ray orbitals single-
determinant for the lithium and beryllium
atoms. Adapted from Ref. (10)

@~ = —— - - D - = e = = s = -~ - - . A o = = e M T e T b . - = - . -

Total Kinetic 1 1
enecgy enecrgy <'?”> <t <>
Li Exact -7.478025 7.478 2.199 $.71822 18.35034
HF -7.432749 7.433 2.281 5:71549 18.62610
XR -7.432694 7.438 2,285 5.71866 18.34609
Be Exact -14.66090 14.66 4.3803 8.4246
Hr -14.57302 14.57 4.4891 8.4088 17.32008
XR -14.57150 14.59 4.5376 8.4255 16.32010

R e 4h e e " . - T WD S R e e e G A D G D G W WD T G WD S WD D R D W W R e e A e e e

The x-ray orthonormal orbital model has also been
applied to obtain the wavefunction characteristic of the
full crystal of beryllium metal. Massa, Goldbergq,
Frishberg, Boehme and La Placa(12) used the very accurate
experimental data of Hansen and Larsen(27) to obtain a
wavefunction for beryllium hybrid-atomic fragments, which
placed at their lattice positions yield the exact electron
density of the crystal.

The effect of crystal bonding on the atomic fragments
are mainly reflected in the valence density. To show the
non-spherical features accounted for by the x-ray orbital
model we reproduce two pictures of the valence density.

Figure 1 is a deformation density, obtained as the

12
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difference of the full electron density calculated with the
x-ray valence orbital less the electron density of a free
spherical atom. A build up of charge takes place along the
c-axis, which in this picture lies along the vertical

direction. This result correlates well with the crystal's

compression along the c-axis.

Figure 1. Model deformation density for the hybr&d
Be atom. Contour interval is 0.01 (e/A°).
Positive contours, solid; zero, dot-dashed:
negative, dashed. Massa et al. (1985),

Ref. (12)

2-4

1+

o

Below, figure 2 shows a comparison of the X-ray
valence density with two of the best available theoretical
calculations(28,29), in a cut through an a-b horizontal
plane of the crystal. The concordance is excellent. There

is an accumulation of electron density in the tetrahedral
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holes compensated by a depletion of electron density in the

octahedral holes of the crystal.

Figure 2. Valence density from (a) Dovesi et al.,

Massa et al., and (c) Chou et al.

intervals are as in Figure 1 except that the
zero contour refers to four electrons per
From Ref.

unit cell volume.
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The crystallographic R-factor is a very small value
(0.0018) indicating a very good fit of the model to the
experimental data. Additionally, the errors in the
calculated structure factors are in close accordance with a
normal distribution of errors.

After having summarized the studies carried out with
the x-ray orbital model of crystallography, a number of
points regarding the application of the formalism can be
emphasized. First, the importance of obtaining idempotent
density matrices in order to get physically meaningful
results has been demonstrated. (2-12) Second, in every
system studied the relevant features of the charge
distribution are reproduced.(2~12) Third, density-dependent
properties are accurately predicted. (10,12,13) Fourth, and
this is probably the most relevant point, the present
method of analysis of the x-ray data obtains orbitals,
while other methods do not. Hence, momentum dependent
properties such as the kinetic energy can also be
calculated. (30,31)

We now turn our attention to the correlation problem,
which by definition is neglected in the single-determinant
approximation.

More than fifty years ago, Wigner(32) introduced as a
measure of correlation the correlation energy defined as

= - gHF
Ec = Egyact ~ E (20)



where EHF is the Hartree-~-Fock energy, and Eexact is the
eigenvalue of the non-relativistic Hamiltonian.

The notion that electrons which repel each other are
less likely to be found close together than in the absence
of interaction can be made quantitative in terms of
probabilities. The probability per unit volume of finding
one electron at point F; is given by the diagonal element
of the one~body density matrix P,(F,), and that of finding
any two electrons simultaneously at points ¥, and F, is
given by the diagonal element of the two-body density
matrix, Py(Fy,F,).

If the electrons were non-interacting particles, the
multiplicative law for the simultaneous occurrence of

independent events would give

Py(F,,Fy) = Py (Fy) "Py (F;) (21)

However, equation (21) does not describe the physical
situation, and a term accounting for the lack of
independence of the electrons should be added. It is
convenient to introduce a "correlation factor"(17) such

that

Pz(fl,fz) = Pl(fl)'Pl(E2)°(1+f(flrf2)) (22)

16
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According to probability theory, the conditional
probability of finding an electron at point ¥; when another
electron is at point F, is given by the quotient

Pz(fl,fé)/Pl(fz). Then, using equation (22), we have

Py (%, E))

= Py (F;) " (+£(Fy, F))) (23)

which, due to electron-electron repulsion, is expected to
be smaller than P, (I,).

For point ¥, approaching point £, the correlation
factor is negative, and therefore makes a "hole" in the
one-particle probability surrounding any point at which
there is already a particle. McWeeny uses the

function(33,34)

Fr, (F1) = P1(Fy) £(Fy,Fp) (24)

to describe the correlation hole around a reference
electron at position f,. To study the correlation hole it
is convenient to express the spinless density matrices as a
sum of terms each associated with a spin configuration, in

particular the diagonal elements are
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% - e _
Py(Fy) = P, (F1)+P; (T,) (25)

where P;(fi) is the probability per unit volume of finding
an electron at point P, in spin state «, and Pg(fl) is the
probability per unit volume of finding an electron at point
F, in spin state 3.

Similarly,

= = = = = = « o = =
Pz(;l,rz) - P;‘(rl,r2)+P;@(r1,r2)+Pg (rl,r2)+ng(rl,r2)

(26)

where P;'(fl,fz) is the probability per unit volume of
finding an electron at point F, in spin state % while
another one is at point ¥, in spin state « ; P;@(fl,fé) is
the probability per unit volume of finding an electron at
point F, in spin state & while another one is at point r,
in spin state @, and so forth.

Using the correlation factor introduced in equation

(22), we have

Py (F1,E,) = PY(Fy) 'PI(E,) " (1+£%"(E;,F,)) (27)

and

Py8(F),F,) = PI(F)) "PI(F,) - (1+£°% (5, 5y)) (28)



The antisymmetry of the wavefunction is inherited by
the density matrices, therefore P;“(fl,fz) must go to zero
when r;, tends to F,, and consequently £*" (£,,F,) and
fP‘(fl,fz) tend to -1. In other words, there is zero
probability of finding electrons with the same spin at the
same point in space which is in harmony with the Pauli
principle.

The correlation between electrons arising from the
antisymmetry of the wavefunction is usually referred to as
the "Fermi correlation". For unlike spins there are no
restrictions on Pgo(fi,fz), however electrons of opposite
spins are kept from being too close to one another by
electrostatic repulsion. This effect is called "Coulomb
correlation®. (33)

We consider now a wavefunction which is a single-
Slater determinant. The two-body density matrix can be

written in terms of one-body density matrices

P2 (X1, XpiXp0,Xp0) = 01(Xy,X11) Q1(Xp,%50) -

P1(X1.,%51) 09(X5,%q4) (29)

Then, after integrating over the spin coordinates we have

Py  (Fy,Fp) = Py(Fy) "PI(F,)-F) (F;,5,) Py (F5,Fy) (30)

19
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p %z, ,5,) = pS(E)) 2 NE,) -p N E,, ) pfN(E,, E)  (31)

P3P (F,,F,) = P} (F;) 'PY(E,) (32)

P§U(ry, 7y = BY(E) "PY(F,) (33)

Equations (30) to (33) show that for electrons of the
same spin P,(F,,¥,) contains a correlation term, whereas
for electrons of opposite spin correlation is absent. Thus,
a single-determinant wavefunction accounts for Fermi
correlation but fails to describe Coulomb correlation.

Most of the quantum mechanical calculations on many-
electron systems are carried out by the self-consistent-
field approximation (SCF), which disregards correlation.
Hence, methods of evaluation of the correlation energy are
very important in order to correct the results of ab initio
Hartree-Fock calculations.

Following McWeeny(34), we group the methods of

calculation of the correlation energy in basically two
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types, those which involve configuration interaction (CI),
and those which involve the correlation factor.

Usually, CI methods are concerned with the
implementation in a variational way of a so-called cluster
development of the wavefunction (35,36). An infinite CI

expansion of the general form

Yo, @ +E ] &) +Z c’f? ﬂ“j‘ +ous (34)
i,m i<j
m<n

is obtained with an orthonormal set of occupied orbitals,
{ wi-wl...wu )}, and an orthonormal set of virtual orbitals
( Yp=Yn+1---¥Ppe-- }. The leading term contains occupied
spin orbitals and may be taken as the Hartree-Fock
determinant. The other terms are single "excitations"
(i-»m), double "excitations" (i,j-»m,n), etc.

A common method in CI calculations is to include all
single and double excitations to get a limited CI
expansion.

The cluster development is obtained by factoring out
the N-electron antisymmetrizer, A = (N!)~1 & (-1)P p, in

the determinants of equation (34)
Y-\/N_! A upono +€-<0(xi)n.i(x1,...xN) +

‘/_%__ﬁ (Pij(xi,xj)n.ij(xl,...xﬂ) +...) (35)
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where () is the orbital product in the Hartree-Fock
determinant and.nij, for instance, is the product (3, with
Y and Wj removed. The space-spin variable is denoted by X4 .

i
The functions ¥%, ¥k(xi), Qﬁj(xi'xj)"° have the form

Yo = Co

Py (xg) = I Cf Wp(xg) (36)

P14 (X1,%4) -mén CT;\/_%_ det ¥y (xy) W (x4)

and they are referred to as one-cluster, two-cluster,...
functions. The one-cluster function may be interpreted as a
correction to the function ¥;, the two-cluster function as
a correction to the product Vi'Wj, and so forth. The
general function (oij describes a "correlated pair".

In almost all calculations involving cluster
developments, clusters for more than two particles are
neglected. Although four-cluster functions may be important
they are mainly describing antisymmetrized products of
independent two-cluster functions and are said to be

"unlinked”.
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The separation of linked and unlinked clusters is
generally accomplished by second-quantization methods, (36)
and the right choice of orbital basis allows for
elimination of the one-cluster functions. The cluster

development takes then the form

Y= VNL A (Uofo +f3) & @130y +

1
(ij)z(kl) 3 q’i:i é‘(fkl ‘nijk], *eoo ) (37)

where (ij) and (k1) are pairs with no common index, and
three-cluster functions (and higher) have been neglected.

There are many approaches to the implementation of the
equation above. (37-41) We will mention only two of them.
The independent-electron-pair approximation (IEPA), first
developed by Sinanoglu, (38-41) considers one correlated
pair at a time. The coefficients, d?;, of a variation

function

mn .mn

Yig = 0 + 2 Ci4 i (38)

with Qo usually chosen as the single Hartree-Fock
determinant, are optimized for every pair independently,

and the energy Eij associated with the function (38)
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defines a pair correlation energy Eij = Eij-EHF. A first-

order estimate of the correlation energy is then

Ec 2 5 &y (39)

This method is not rigorous in its decoupling of the
pairs and their contributions to the corr§lation energy.
Results violating the variational theorem are therefore not
precluded. In the coupled electron-pair approximation

(CEPA) developed by Meyer(42), equation (34) is written as

Y= ¢4 & *5 (un) cp Gp + , Cn Oy (40)

where P is a given pair and M is a "multiple pair
excitation", and a system of secular equations is solved to
determine the 63" simultaneously for all pairs. In this
way, highly accurate wavefunctions for small molecules have
been obtained, but the simultaneous optimization of
parameters corresponding to all the different pairs is of
great technical difficulty.

Work has also been done in perturbation methods with
the introduction of diagrammatic techniques to handle and
sum the various types of terms in a perturbation expansion.

Gell-Mann and Brueckner(43) have developed this method for



25

the free-electron gas, and Kelly(44) for atoms. Kelly's
method is capable of delivering more than 90 per cent of
the correlation energy for small atoms, but the extension
of the method to molecules raises severe computational
problems due to the normally slow convergence of the
functions.

Finally, we discuss approximations based on the use of
the correlation factor. It has been known for many years
now, since the works of Hylleraas(45,46) and of James and
Coolidge(47), that the use of interelectronic variables in
a two-particle wavefunction can lead to solutions of high
accuracy. _

Pekeris' (48,49) helium atom calculations and Kolos and
Wolniewicz's(50) hydrogen molecule calculations well
illustrate this point. But generalization to many-electron
systems has met unsurmountable difficulties. (34)

Nevertheless, approximation methods have been
developed to simplify the scheme and make it mathematically
tractable. We consider two such approaches which are
similar to the way we will deal with the problem; the
method of Boys and Handy and methods based on the
correlation hole.

Boys(51) proposed new methods of using a correlated

wvavefunction of the form

Y= c §, (41)



where the factor C is a symmetric function containing the

interelectronic variables

c '{?}F‘fi'fﬁ) (42)

and §, may be a single Slater determinant. Since the
correlation function depends also on the electron density
both vectors F; and r3 are to be included in the function

or, alternatively
1 =
Ryq -.E(fi+fj) , Fi4 = By4-Fy (43)
The form of the function in equation (40) makes the
variational energy expression intractable, and therefore

Boys and Handy(52,53) suggested a modified variational

procedure

<EYH m-E)IY>= 0 (44)

where

Y+ = ¢ ¢, (45)

26
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For arbitrary variations, the quantity in equation
(44) still vanishes only when HY = EY, so that in this way
it is insensitive to the specific correlation factor used.

The functional

<d,ic”l H clpy> (46)

which can be regarded as the expectation value of a
"transcorrelated Hamiltonian", is easier to handle than
<YIHIYY.

The use of suitable forms of P(fi,fj) has yielded very
accurate wavefunctions and consequently highly accurate
estimates of the energy when applied to the neon atom(54)
and the molecule LiH.(55) But many difficulties arise when
the method is applied to larger systems. (34)

Methods based on the correlation hole are those which
estimate the correlation energy by using some analytical
form of the correlation hole within the framework of the
Hartree-Fock calculation. Colle and Salvetti(56) have
worked on these lines and obtained an empirical formula for
the calculation of the correlation energy from knowledge of
the Hartree-Fock two-body density matrix. We will discuss
this work in detail in Chapter 2.

The calculation of the correlation energy is an

important problem, as R. McWeeny has indicated:
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..."important work on electron correlation is in
progress and until it has reached fruition,...,
'chemical accuracy' for systems of moderate size
will not be achieved." (34)

Furthermore, evaluation of correlation effects is a very
difficult and complex task. Most of the calculations of
correlation energy are performed by CI methods which
require the solution of extensive systems of secular
equations demanding an enormous amount of computational
work.

In the present study the correlation problem is
addressed by using methods based on the correlation hole.
One of the advantages following from this choice of
approach is the great reduction of computational work that
it brings about.

We investigate the method of Colle and Salvetti and
obtain numerical results for the correlation energy with
their formula for the series of ions isocelectronic with
helium and the series of ions isocelectronic with berylliunm.

We develop a formalism for the calculation of the
correlation energy by a method based on the correlation
hole within the framework of the x-ray orthonormal orbital
model. And, we perform test calculations on helium,
beryllium, and a series of ions isocelectronic with each of

themnm.
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CHAPTER 2 THE COLLE-SALVETTI FORMALISM FOR THE

CORRELATION ENERGY

d. The Colle-Salvetti Formula

Colle and Ssalvetti have developed a method for the
approximate calculation of correlation energy starting from
knowledge of the Hartree-Fock determinant of the
system. (56-63)

They approximate the N-body wavefunction by

o~
Il

¥(1,...N) =YHF(1 . Ny iy

(1-9(E4,£4)) (47)

where'YHF(l,z,...,N) is the Hartree-Fock wavefunction, and
the spinless function W(fi,fj), which brings in the
correlation effects, is to be determined. The form of

Q(?i,fj) is chosen to be

P(Fy,By) = exp(~p2r?) (1-§(R) (1+r/2)) (48)

where

(49)
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With this functional form for w(fi,rj) the
wavefunction satisfies the cusp conditions for f1->f2,(64)
and becomes a Hartree-Fock determinant when the electrons
are far apart.

The notion that the volume in which Q(fi,fj) is
significant is proportional to the exclusion volume of
Wigner(65) yields

®

4’i‘f exp(-p%r?) r? druo o7l (50)
(-]

where p is the elaectron density.
By evaluating the integral in equation (50) and

introducing a proportionality constant one has

1
B=q 9’5 - (51)

The spinless second-order density matrix, obtained by
the usual rules, (17,18) is approximated by
P,(121'2') = PEF(12172') ((1- @(12)) (1~ @(1'2"))) (52)

Making the assumption that the Hartree-Fock first-order

density matrix approximates well enough the first-order



density matrix obtained by integration of the exact
Pz(lzl'z), i-e.,

Py(11') = piF(11) : (53)

it follows

[P{“‘(lzl'z) (9(12) Q(1'2)-9(12)-9(1'2)) dE, = 0 (54)

from which a functional form for § is derived

_ Var B(R)
OR) = T Y AR (55)

Within this framework the total energy, E, is

E = EHF+%{P§F(1212) (¢%(12)-2 @(12)) ar, dF, (56)
r

where EHBF is the Hartree-Fock energy, and the second term
on the right-hand side of the equation is the correlation
energy, Ec.

The method does not require the evaluation of the

double integral in equation (56). Instead, an empirical
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formula involving integration over R only is proposed by

the authors

1+0.173 W exp(-0.58/p)
Ec = -0.04918 [p(ﬁ) (57)
1+0.8/8

with ® (R) = 2.29 glj(R) and
"% 2 oHF 5
W = 0.3814 ¢°(R) (2 Bl (R'grR“%))r-o

All the coefficients in equation (57) were chosen so
as to give the correlation energy of helium.

A number of ground-state systems have been studied
using this formula and excellent results have been

obtained. (56) Examples are listed in table 2.



Table

Correlation energy for some atoms and small
molecules calculated by Colle and Salvetti

compared to the values calculated by
Clementi. From Ref.

(56)
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Ec (a.u.)

Colle-Salvetti

Ec (a.u.)
Ref. (68,74)

He
Lit
B.2+
Be
B*

Ne

-0.0416
~0.0438
=0.0441
-0.0926
-0.106
-0.374
-0.289

-0.336

Correlation contribution to excitation energies,

-0.0420
-0.0435
=0.0443
-0.0940
-0.1123
=0.372
-0.283
=0.364

=0.340

ionization potentials and dissociation energies for some

small atoms and molecules have been successfully calculated

by employing the Colle-Salvetti formula.(57-59) Such

results are presented in table 3.



Table 3. Excitation energies,

From Ref. (63)

- - - - — - —; = = P T — - — - ——

System AE (eV)
(CS-formula)
Be 's (28~ 38) 6.7
's (28 ~ 4s) 8.1
C,H, s, (1b,y + 1b,) 7.8
CH,0 B, (2b,~ 6a,) 7.14
'B, (2b,+7a)) 8.02
lsz (2b,~8a)) 8.96
‘B, (2b,-9a,) 9.30
’8, ionization
potential 10.65
1 o+
H, X"z dissociation
energy 4.72

- o ——— - - - - — - - - -

ionization potentials
and dissociation energies calculated by
adding to the HF or MC-SCF values of the
correlation contribution given by equation
(57), compared to the exact values.

AE (eV)
(exact)

0 W o

10.

The functional has also been applied to the

calculation of the correlation energy of the electron
gas, (34) reproducing the high and low density results of
Gell-Man and Brueckner(43) and of Carr(66). Additionally,
the formula allows for calculation of the correlation

energy in the region of intermediate densities, where the

methods of Gell-Mann and Brueckner,

not convergent.

.66

.10
.14
.24
.62

Pines and others are

34
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These numerical results show that the Colle-Salvetti
formula is a very interesting alternative to the time
consuming CI calculations. Moreover, it is easy to
implement and yields excellent results. In fact, the

highest error reported is eight per cent of the correlation

enerqgy.
2. The Exact-density Determinant and the Colle-
Salvetti Formula

Cohen et al.(67) have used the formula of Colle and
Salvetti to calculate the correlation energy substituting
the HF determinant with the determinant of x-ray orbitals,
which delivers the exact density. The second-order density

matrix is now

P,(121'2') = P2§g§(121'2') ((1- @(12)) (1- @(1'2'"))) (58)

where the subscript det means determinant delivering the
exact density.

For the first-order density matrix Colle and Salvetti
have assumed that it is well approximated by the Hartree-
Fock one-body density matrix. Cohen et al. have assumed

that the one-body density matrix delivering the exact
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density is also a good approximation to the exact first-
order density matrix. The assumption is based on the fact
that several one- and two-body properties for atoms
calculated with the exact density determinant are
comparable in accuracy to those calculated with the
Hartree-Fock determinant. And indeed, nothing prevents both
the two determinants from giving good approximations to the
exact one-body density matrix.

The derivation of d(R) requires equation (53) to hold
only for the diagonal element. Hence, for the exact density
determinant case, this is a true equation.

The correlation energy of the beryllium atom was the
test calculation performed by the authors. They evaluated
equation (57) using the exact density determinant instead
of the Hartree-Fock one. They obtained Ec = -0.093618 a.u.,
that added to the energy of the exact density determinant
(see table 1) yields a total energy E = -14.665068 a.u.
When the Hartree-Fock energy (see table 1) is subtracted
from this quantity the correlation energy obtained Ec = -
0.092054 a.u., differs by less than two per cent from the
value calculated by Veillard and Clementi(68), (-0.0940
a.u.), and by less than one per cent from the result of
Colle and Salvetti (see table 2). It is worth noting that
in this study the determinant of x-ray orbitals was used
for the first time to calculate the correlation energy, and
this first numerical experiment has yielded an excellent

result.



3. Calculation of the Correlation Enexrgy for Two
Series of Isgelectronic Ions

The impressive results obtained with the Colle-
Salvetti formula for several systems, within the Hartree-
Fock scheme and within the x-ray orbitals scheme (for one
case so far), motivated a further investigation of its
applications.

Calculations of the correlation energy were carried
out for the series of ions isoelectronic with helium and
the series of ions isocelectronic with beryllium, using the
Hartree-Fock functions computed by E. Clementi. (69) The
integral of equation (57) was evaluated numerically by
using the trapezoidal rule(70). The analytical form for W
as well as the necessary operators are collected in
Appendix B.

The results are displayed in figure 3 and table 4 for
the helium-like ions, and in figure 4 and table 5 for the

beryllium~-like ions.
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Figure 3. Correlation energy for the series of ions

Ec (a.u.)

isocelectronic with helium.
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Table 4. Correlation energy for the series of ions
isoelectronic with helium.

2 Ec (a.u.) Ec (a.u.) Error
CS-formula Ref. (68,74) (%)

He 2 -0.0416 -0.0420 1.0
Lit 3 -0.0439 -0.0435 0.9
Be2* 4 ~0.0442 -0.0443 0.2
B3+ 5 -0.0439 -0.0448 2.1
c4+ 6 -0.0433 -0.0451 4.0
N3t 7 -0.0426 -0.0453 5.9
o6t 8 -0.0419 -0.0455 7.8
F/+ 9 -0.0413 -0.0456 9.5

Ne8t 10 -0.0406 -0.0457 11.1



Figure 4. Correlation energy for the series of ions
isoelectronic with beryllium.

0.00
Ec (a.v.) 002 - @ Csformula
. ® Reference
-0.04 o
-0.06 4
-0.08
]
-0.10 -
L4 ]
-0.12 a
'1 [ J a a a
-0.14 o ®
-0.16 + *
o
-0.18 o b
'0.20 ¥ R 1 L] T L L]
1 4 S5 6 7 8 9 10 11
z

Table 5. Correlation energy for the series of ions
isoelectronic with beryllium.
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Ec (a.u.)

CS formula

z
Be 4
Bt 5
c2* 6
N3t 7
o4+ 8
Fo* 9

-0.092629
-0.105992
=-0.114941
-0.121298
-0.125991
-0.129555

-0.132316

Ec (a.u.) Error
Ref. (68,74) (%)
-0.0940 1.5
-0.1123 5.6
-0.1268 9.4
-0.1412 14.1
-0.1551 18.8
-0.1684 23.1
-0.1814 27.1
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As the nuclear charge increases, the calculated
energies are less accurate for both series. The loss in
accuracy is more severe for the beryllium isocelectronic
series, where we see errors as large as 27 per cent for
Neb*. Indeed, most of the values in the beryllium
iscelectronic series show errors that surpass the highest
figure previously reported. These results indicate that,
although the formula is remarkably accurate in many cases,
there are situations in which its application entails
considerable error, namely calculations with ions of

moderate nuclear charge.

4. Remarks Redarding the Colle-Salvetti Formalism

The approach of Colle and Salvetti to the correlation
problem, starting out with the known Hartree-Fock
determinant to end up with a functional for the correlation
energy, involves assumptions and approximations. The
formalism itself has an empirical character and depends on
fitting procedures to fix several parameters. As a
consequence of the approximations, the density matrices
derived from the correlated wavefunction are not N-

representable. (71)
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Regarding this point, Cohen et al.(72) have argued
that when a second-order density matrix is approximated by
a N-representable part plus a non N-representable
component, the resultant density matrix which is non N-
representable is still capable of yielding good results, as
long as the non N-representable part is a small correction
to the N-representable part. Following this argument one
may think that this is the case of the two-body density
matrix derived by Colle and Salvetti, the Hartree-Fock
density matrix being the N-representable part, and the non
N-representability introduced by the approximations being a
small contribution.

We also note that the fundamental assumption expressed
in equation (53) impose limitations on the information one
may get from the formalism. Equating the Hartree-Fock one-
body density matrix to the exact one-body density matrix is
equivalent to neglecting the kinetic energy contribution to
Ec, and the correlation correction to any other momentum
dependent property.

The Hartree-~Fock wavefunction and the exact
wavefunction both satisfy the virial theorem. Thus, we
would expect the correlation correction to the potential
energy and the total correlation energy to be related by
the virial theorem as well. But we cannot verify this point
since the correlation energy obtained by equation (57) can
not be broken down into a potential- and a kinetic-energy

contribution.
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CHAPTER 3 APPROXIMATELY N-REPRESENTABLE DENSITY
MATRICES AND CORRELATION ENERGY

1. our Goals in the Context of Density Functional
Theory

This chapter is concerned with the derivation of
first- and second-order density matrices approximately N-
representable by a correlated determinant wavefunction
whose reference state is the exact density determinant; and
with the calculation of the correlation energy using the
density matrices derived and a generalized definition of
the correlation energy to include any single determinant
wavefunction.

The importance of choosing the exact density
determinant as the reference state is better understood
when placed within the context of density functional
theory. Therefore, we briefly review a fundamental theorem
in density functional theory.

The Hohenberg and Kohn (HK) theorem(l) states that the
electron density contains the information required to
determine every property of a ;ystem in its ground state.
The theorem is proved by ‘reductio ad absurdum', and we can
outline it as follows.

Suppose, for a non degenerate ground-state, different

external potentials, vV, and V,, could give rise to the same



44

density, @(F). Consider two Hamiltonians, H, and H,, with
cigentunctions'wi and V} respectively, that differ only by

their external potentials,

Then
<Y1 H -Hyl ¥y > = E1-E, (V) (60)
and

where E;, and E, are the eigenvalues of H; and H,
respactively, Eszi] is an estimate of the eigenvalue of Hy
based on the state Yl' and El[Yzj, is an estimate of the
eigenvalue of H, based on the state Y, .

According to the variational theorem equations (60)
and (61) give

E; - Ej[Y;]1 € E - E (62)

and
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The left-hand side of these inequalities both equal

the same number, because

<Y, |H)=H,1¥}> = [e(f) (V4-V,) dF = <Y, IH,-H,|Y ,> (64)

This equation shows a contradiction since one number cannot
satisfy both inequalities (62) and (63) simultaneously. The
original statement must thus be wrong, there cannot be two
different external potentials giving rise to the same
density. The density fixes the external potential, which in
turn fixes the Hamiltonian, its eigenfunction and every
electronic operator property.

At the N-body level, it is obvious that the density is
a much simpler object than the wavefunction, and the
functional relationships between properties and the density
become extremely important. Unfortunately, they are not
always known. For example, the universal HK functional(1l)

for the calculation of the total energy
Flp]l = <¥Y(p] IT+U| ¥(p) > (65)

where T and U are the kinetic and electron interaction

energies respectively, is still an outstanding problem.
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As pointed out in Chapter 1, the single determinant of
x-ray orbitals is obtained by minimizing a density
functional. It delivers the exact density but, in general,
it is not an exact wavefunction. As a means of improving
the exact density single determinant we consider the

wavefunction

p
Yi(1,...N) -Ym(l,...N)iLlj(l- Y(ij)) (66)

where the exact density determinant is multiplied by a
spinless two-particle correlation function, symmetric in
the coordinates of a particle pair. This type of
wavefunction, referred to as correlated determinant
wavefunction (CDWF), containing explicit dependence on
interparticle distance coordinates, is capable of yielding
very accurate results. (45-50,75)

The full N-body wavefunction though, carries more
information than is needed to calculate observed
properties. Since the usual Hamiltonian contains only one-
and two-body terms, reduction from a N-body to a two-body
description loses no information. (73)

In the next section the one- and two-body reduced
density matrices will be obtained from the wavefunction in
equation (66), by following the usual definitions for
reduced density matrices. In obtaining the r1educed density

matrices we will make some approximations, and this brings



about the problem of N-representability. Therefore,

conditions will be set to ensure approximate N-

representability.
2. Derivation of the One-body and Two-body Reduced
Rensity Matrices

The first and second-order reduced spinless density
matrices are derived from the correlated determinant

wavefunction(66)

Y(,2,...8 =Ygee(1,2,...0 JT, (1 @130,

following McWeeny's formalism(17). The square of the
wavefunction is integrated over the spatial coordinates of
N-1 and N-2 particles, respectively, and the spin
coordinates of all the particles.

The square of the wavefunction is

b}
Y*,...N) Y(1',...N) -Ym(l, ...N) Ym(l',. ..N)

m 140
je3 (1#D(131131) (67)
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where

b(iji'j') & - @(i3) - W(i')") + W(ij) @(i'3") (68)

As a matter of convenience, the product of the

correlation functions in equation (67) can be written as

T, (14b(13)) = 1 + T b(if) +

i<y E P(13) b(kl) +... (69)

3 i<3,
(13)< (k1)

and the square of the wavefunction, as
Y*(1,...N) V(1',...N") -Yaﬂ(l,...N) Vgt (11 - N')
(14+Eb+EIbb+...) (70)

Neglecting all the terms that contain products of b's

in the equation above, we get
W*(1,...N) Y(1',...N") =Y;§&(l,...N) Ygeg (1t e .N")

(1+ Z b(ij)) (71)
i<y

48
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With this approximate form of the square of the

wavefunction, the spinless first-order density matrix is

P,(11') = pldg;(11-)+nj@£;;(1,...N)'Yh§;(1-,...N)

jZ4b(19) d2...N s (72)

and the diagonal element of the spinless second-order

density matrix is
Py(1212) = Pygeo (1212)+N (N-l)fY§;&(1,...N)1[g§;(1,...N)

i§ijb(ij) d3...N ds (73)

It was discussed in Chapter 1 that the conditions for
N-representability of the density and of the first-order
density matrix by a single Slater determinant have been
established. However, N-representability of the second-
order density matrix is not a completely solved problem
yet.

We recall that in the usual Hamiltonian only one- and
two-body terms are included. Therefore, the second-order

density matrix is the fundamental object in the calculation
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of the energy. Moreover, it has been shown that the
variation principle, which allows for the calculation of an
upper bound to the energy for every second-order density
matrix, holds as long as N-representability is

satisfied. (18,84,85)

For the exact density determinant we have

pl(u'l,_l.l- Prget(12'],l, (74)

and consequently

;Yd;;(l,...N) Yaet(ls-:-N) iz:_jb(ij) d2...N ds = 0 (75)

From the last equation we derive conditions for
approximate CDWF N-representability of the density matrices
(72) and (73).

The product'Y*ggt'Yags can be removed from the
integral in equation (75) by Taylor series expanding the
interparticle coordinate dependence up to zeroth order, a
reasonable approximation if the correlation function
decreases rapidly when the distance between the particles

increases. We take the alternative form of the summation
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jZ5P(3) = T (b(1k)+b(K1)) (76)
1>k

and interchange the summation with the integral in equation
(75) to obtain
k’):l(b(lk)-o-b(kl)) d2...N =0 (77)
1>k
A change of variables in equation (77) according to

the definitions

o= Fy-Fy and R -%(f1+fj) (78)

yields

(N-1) Ib(ﬁ,f) ar + (L-l)z(N-z) de/b(R,f) aF = o (79)

which holds if

fb(ii,f) dZ = 0 (80)
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Then, within the approximations mentioned before,
equation (80) is sufficient for CDWF N-representability.
Now, we enforce condition (80) to obtain P;(11') and

P,(1212). Equation (73) can be written in the form
P2(1212) = Pzds&(1212) (1+b(1212))+N (N—l)}zwgg&(l,...N)

'Ym(l,...N) kgz(b(lk)+b(2k)+b(kl)) d3...N ds

1>k
(81)

By Taylor series expanding to zeroth order the product
l?d,£=whﬂ; and using equation (80), the second term on the

right-hand side of equation (81) vanishes and P, (1212)

becones
P2(1212) - Pzdg;(lzlz) (1+b(1212)) (82)

For the one-body density matrix equation (72) can be

expressed as

P,(11') = plm(n‘)mﬁ{aﬂ(l,...m Yget(1' - -N)

k};l(b(lklvk)m(kl)) d2...N ds (83)
1>k
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which is equivalent to

Py(11') = plm(n')mkglf*{;ﬂ(l, cooN) ¥gat (1) .. .N)

»
b(1k1'k) d2...N ds+N.Z, fym(l,...m
1>k

Yaet(1'/---N) b(kl) d2...N ds (84)

According to equations (77) to (80), the third term on
the right-hand side of equation (84) goes to zero after
Taylor-series expansion to zeroth order of the product

Ya;s'thx. And for the second term we have

Z, jv;ﬂ(l,...m Yget(1'/-..N) b(1k1'k) d2...N ds =

(N-l)fy‘gﬂ(l,...u) Vet (1',.--N) b(121'2) d2...N ds
(85)

Then, equation (84) becomes

P,(11') = le(ll')+jpzm(121'2) b(121'2) d2 (86)

with
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/sz(1212) b(1212) 42 = 0 (87)

for its diagonal element.

The solution of equation (87) provides a way to
determine b by adopting a specific form for the correlation
function, Y(12). We use the same functional form as the one

used by Colle and Salvetti(56),

@(12) = exp(-p3r?) (1-6(R) (1+r/2)) (88)

because it allows the wavefunction to satisfy the cusp
condition(64) for any fi->fj, and to become a single Slater
determinant when the electrons are far apart. Additionally,
the exponential factor makes the correlation function drop
off sharply with the increasing of the interparticle
distance which is consistent with the short-range nature of
Coulomb correlation.

The quantity @(ﬁ) is a functional of the density
obtained by following the same dimensional argument

explained in Chapter 2.

5 %
@MR) = q o (R) (89)
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The parameter q is to be fixed variationally.
To obtain §(R) from equation (87) the variable of
integration ¥, is changed to F, and PZQQ& is expanded in a

Taylor series about F=0 up to zeroth order. Then,

[(qz(lz)—z (¢(12)) dr = 0 (90)

which we further approximate by

f\p(lz) aF = 0 (91)

From the latter equation follows

(1-9(R)) /oxp(- ?r?) aF-(R) [ r exp(-gPr?) ar = 0 (92)

Using the integrals of Appendix C in equation (92), we get

¥ e
T=om Ll +emL (93)
¢ 5 ¢

and solving for $(R) we obtain
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_VT PR
1+Vir BRF) (94)

The existence of and the method to obtain the "exact
density" orbitals and the related density matrices, Plggs
and PZQQS' have been discussed in Chapter 1.

Equations (82) and (86) for P,(1212) and P;(11l') are
important since they are the objects that are necessary to

evaluate all the electronic properties of a system.

3. Calculation of the Correlation Enerav: Bervilium
Atom - A Test Calcuylation

The approximately N-representable density matrices
derived in section 2 will be used in this section to
calculate correlation energies. As a test calculation, the
correlation energy of the beryllium atom is evaluated.

The definition of the correlation energy in its

generalized form is

Ec = Egyxact ~ Eget (95)
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where E ¢t is the eigenvalue of the non-relativistic

exac
Hamiltonian and E4,¢ is the energy computed with any single
determinant wavefunction.

We consider the particular definition

Ec = Eexact - Em (96)

where Edﬂl is the energy calculated with a single
determinant of x-ray orbitals or "exact density"
determinant.

The usual form of the Hamiltonian, H, containing only

one- and two-body terms, h; and hij' is

H -zihi +i§jhij (97)

The expectation value of H is then

1

and Egg; is given by

Eget -fh1 Plﬂﬂ(n'l-_l,ldfl +%$h12 Prget (1212) dE, dF,
(99)
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In atomic units the operators h; and h,,; are

(100)

Substitution in equation (98) of P,(1212) and P;(11')
by expressions (82) and (86) respectively, and the use of

equation (96) result in the formula
Ec = -%fg?(pzd£:(121'z) b(121'2)lLL1df1 df, +%’fp2d££(1212)

b(1212) Tl.—dfl dfz (101)
|r1’r2|

The first term on the right-hand side of the equation
above represents the kinetic-energy contribution and the
second term, the potential-energy contribution arising from

interelectronic repulsion. We therefore define
s -1(g2 = =
Te 2}%& (Pyget (121'2) b(121'2)1Lildr1 az, (102)

and
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ve al |p (1212) b(1212) 1 ___dF, 4F (103)
2 j zm lrl-le 1 2

so that

Ec = Tc + Ve (104)

We note that the form of the correlation energy given
by equation (101) is a functional of the density, because
Pzdg; and b are both functionals of the density.

As an example of the use of equation (101) the
correlation energy of beryllium in its ground state is
calculated. For the sake of simplicity a closed-shell
system has been chosen. Moreover, the x-ray orbitals of
beryllium are readily available.(67) The P-matrix is shown
in table 6 and the Clementi(69) basis set of six normalized
Slater type orbitals (two 1s and four 2s) is listed in
table 7.
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Table 6. Be atom P-matrix. Ref. (67)

e e e e e e P EmE e ® = - - - - T ™ m  wW  w -

.80537230
.08057245 ., 0086220
-.0038610 -.0006750 .0137480
-.1297760 -.0107280 -.1092420 0.8953890
-.0757950 -.0070445 -.0267050 0.2267550 .0595630
.0382130 .0036950 .0068270 -.0614970 -.0170600 .0052480

o o B . - - — = - - - . - W D = = R . .- -

Table 7. Be atom Clementi's basis functions. Ref. (69)

Yy = (2 £ )Ni%1/2 ¢RIt exp (-4, 1)
2(M2 n;) /2

i nt {;

1 1 3.4701300
2 1 6.368100
3 2 0.7516000
4 2 0.9084000
S 2 1.423600
6 b 2.761600

In this section the procedure to obtain Ec is
outlined. Equation (101) is implemented in a zeroth-order
approximation, that is, the Taylor series expansions of
ngg; and its derivatives are truncated at the zeroth-order
term. The details of all the calculations performed are

described in Appendix C.
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We start by changing the variables of integration T,
and ¥, to £ and R using the definitions in equation (78) to

get

Tc = -;_LI (2Poget (121'2),| 1D (1212)+2 V1 Ppgqp (12212) |
2 ' £ dR
(105)

and

1
Ve ==|P (1212) b(1212) df dR (106)
2[ 2det r

Then, we expand PZQQI and its derivatives in a Taylor
series about ¥=0 and retain only the leading terms. In this
way, ngg; and its derivatives become functions of R only.

Recalling equations (68) and (88) it is easy to see
that all the integrals over ¥ can be evaluated
- analytically. A numerical integration over R is carried out
by the trapezoidal rule.

In the previous section it was stated that the
parameter q was to be determined variationally.

Accordingly, Ec was calculated for different values of q to

find the minimum. The results of these calculations are



presented in table 8 and a plot of Ec versus q is shown in

figure 5.

Figure 5. Be atom (exact density). Total correlation
energy, kinetic and potential energy
contributions as functions of gq.
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Table 8. Be atom (exact density). Total correlation
energy, kinetic and potential energy
contributions as functions of q. Ec, Tc
and Vc are in atomic units.

q Tec Ve Ec

0.50 7.047223 -3.360864 3.686359
0.60 3.625387 -2.167452 1.457934
0.70 2.082910 -1.488520 0.594390
0.80 1.299045 -1.071126 0.227919
0.90 0.862943 -0.799121 0.063823
1.00 0.602508 -0.613611 -0.011103
1.10 0.437876 -0.482383 -0.044507
1.20 0.328841 -0.386723 -0.057882
1.30 0.253771 -0.315216 -0.061445
1.40 0.200367 -0.260608 -0.060241
1.50 0.161301 -0.218133 -0.056832
1.60 0.132028 -0.184561 -0.052533
1.70 0.109631 -0.157652 -0.048021
1.80 0.092180 -0.135814 -0.043633
1.90 0.078363 -0.117892 -0.039529
2.00 0.067265 -0.103038 -0.035773
2.10 0.058239 -0.090616 -0.032377
2.20 0.050813 -0.080142 -0.029329
2.30 0.044642 -0.071245 -0.026603
2.40 0.039466 -0.063637 -0.024171
2.50 0.035087 -0.057089 -0.022002
2.60 0.031356 -0.051421 -0.020066
2.70 0.028153 -0.046490 -0.018337
2.80 0.025387  -0.042177 -0.016790
2.90 0.022984 -0.038389 -0.015405
3.00 0.020885 -0.035047 -0.014162

The Ec-curve has a minimum at g=1.31 for which
Ec= -0.0614825 a.u. The formula is capable of computing 65
per cent of the correlation energy. This is an excellent
result if one considers that the simplest possible
approximation has been used in the evaluation of the

integrals of equations (105) and (106).

63
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Addition of this value of the correlation energy to
the energy calculated with the exact density single
determinant (see table 1) gives a total energy E= -14.63298
a.u. As a matter of comparison, a set of total energy data
for beryllium, calculated by CI and other methods, is shown

in table 9.

Table 9. Some results of 'ab initio' calculations of
the energy of the beryllium atom in its
ground state.

ClI-calculations
Watson (79) -14.65740 a.u.
Weiss (80) -14.66090 a.u.
Perturbation Theory
Kelly (81) -14.66398 a.u.
Nesbet (82) =-14.66515 a.u.

Hilleraas-type functions
Szasz and Byrne (83) -14.65740 a.u,

The whole calculation of the correlation energy, based
on the formulas (105) and (107), requires very little
computer time as opposed to other methods currently in use.

The value of Vc is added to VQQ& and the value of Tc
is added to ngt (see table 1) to study the behavior of the

obtained results in relation to the virial theorem

Tc + Tdet 14.8467
———— R - — = =-0,5036
Ve + Vdet 29.4796
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Although this is not the exact value of -0.5 corresponding
to the ratio of the exact T and V, it is very close to it.
In fact, we do not have reasons to expect the exact ratio
since, with this level of approximation, not one hundred

per cent of the correlation energy has been computed.

4, Test of the Correlation Energy Formalism Based on
Hartree-Fock Dengity

The present formalism is based on the approximate N-
representability condition imposed on the first- and
second-order density matrices by the fact that the single-
determinant of x-ray orbitals delivers the exact density.
Considerable numerical experience indicates that the
Hartree-Fock density is very accurate. Therefore, it is
reasonable to assume that it can be utilized in the formula
for Ec. To test this idea, the correlation energy for
beryllium was calculated using the Hartree-Fock density, on
the same set of basis functions as the one in section 3
above.

The results are indeed very similar to those obtained
with the exact density determinant. They are listed in
table 10 and plotted in figure 6. The value of the
correlation energy is slightly better when calculated with

x-ray orbitals. This is in accord with the concept that the



present formula for Ec is a functional of the density.
Consequently, similar densities should yield results of

comparable accuracy.

Figure 6. Be atom (HF-density). Total correlation
energy, Kinetic and potential energy
contributions as functions of q.
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Table 10. Be atom (HF-density). Total correlation
energy, kinetic and potential energy
contributions as functions of q. Ec, Tc and
Vc are in atomic units.

q Te Ve Ec

0.50 7.029900 -3.344267 3.685633
0.60 3.614849 -2.156345 1.458504
0.70 2.075976 -1.480663 0.595313
0.80 1.294209 -1.065337 0.228872
0.90 0.859416 -0.794718 0.064697
1.00 0.599844 -0.610179 -0.010335
1.10 0.435806 -0.479652 -0.043846
1.20 0.327196 -0.384513 -0.057317
1.30 0.252439 -0.313400 -0.060962
1.40 0.199270 -0.259098 -0.059828
1.50 0.160386 -0.216864 -0.056478
1.60 0.131256 -0.183485 -0.052229
1.70 0.108973 -0.156731 -0.047758
1.80 0.091614 -0.135019 -0.043405
1.90 0.077872 -0.117203 -0.039331
2.00 0.066836 -0.102436 -0.035600
2.10 0.057862 -0.090087 -0.032225
2.20 0.050480 -0.079675 -0.029195
2.30 0.044346 -0.070832 -0.026485
2.40 0.039202 -0.063268 -0.024066
2.50 0.034851 -0.056759 -0.021908
2.60 .0.031143 -0.051126 -0.019983
2.70 0.027961 -0.046224 -0.018262
2.80 0.025213 -0.041937 -0.016724
2.90 0.022826 -0.038171 -0.015345
3.00 0.020741 -0.034848 -0.014108

The correlation energy for the helium atom has also
been calculated with the Hartree-Fock density(69). The
values obtained for Ec, for different values of q, are

presented in table 11 and figure 7. The curve has its



minimum at g=1.17, where the correlation energy is

68

Ec= -0.041882 a.u., and almost reaches the exact value(68).

E (a.u.)

Figure 7.

He atom. Total correlation energy, kinetic
and potential energy contributions as
functions of q.
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Table 11. He atom. Total correlation energy, kinetic
and potential energy contributions as
functions of q. Ec, Tc and Vc are in atomic
units

q Tc Ve Ec

0.50 2.692057 -1.577929 1.114128
0.60 1.453652 -1.037764 0.415888
0.70 0.869214 -0.724132 0.145082
0.80 0.560554 -0.527934 0.032620
0.90 0.383083 -0.398158 -0.015075
1.00 0.274029 -0.308507 -0.034478
1.10 0.203343 -0.244380 -0.041037
1.20 0.155481 -0.197182 -0.041700
1.30 0.121874 -0.161602 -0.039728
1.40 0.097542 -0.134230 -0.036688
1.50 0.079460 -0.112801 -0.033341
1.60 0.065717 -0.095768 -0.030050
1.70 0.055068 -0.082045 -0.026977
1.80 0.046674 -0.070859 -0.024185
1.90 0.039958 -0.061643 -0.021685
2.00 0.034513 -0.053978 -0.019464
2.10 0.030046 -0.047547 -0.017500
2.20 0.026343 -0.042110 -0.015766
2.30 0.023244 -0.037480 -0.014236
2.40 0.020627 -0.033511 -0.012884
2.50 0.018401 -0.030089 -0.011689
2.60 0.016493 -0.027122 -0.010629
2.70 0.014848 -0.024536 -0.009688
2.80 0.013421 -0.022272 -0.008851
2.90 0.012176 -0.020280 -0.008104
3.00 0.011085 -0.018521 -0.007436

The series of ions isocelectronic with helium and with
beryllium were also investigated using the Hartree-Fock
density(69) for each ion. The values of Ec at the minimum
of the Ec-curve for each ion are shown in Tables 12 and 13,

and in figures 8 and 9.
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Figure 8. Correlation energy for the series of ions
isoelectronic with helium.
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Table 12. Correlation energy for the series of ions
isoelectronic with helium.

A e e R W AP WP A R AR D G AP em YD e T e AN WA S D D M G WP R M OB AR AR R AR D o S e R R

Ec (a.u.) Ec (a.u.) v of Ec
This formalism Ref.(08,74) computed
He -0.0419 -0.0420 99.8
Lit -0.0270 -0.0435 62.1
ge** -0.0206 -0.0443 46.5
B3* -0.0171 -0.0448 38.2
ch* -0.0149 -0.0451 33.0
NS+ -0.0134 -0.0453 29.6
o -0.0124 -0.0455 27.3
F7+ -0.0115 -0.0456 25.2
Ne®r -0.0109 -0.0457 23.9

- - - -
W e W e e e W . e = D YR R P P W VD R M D R R AR e WD T D e R R e e s

Table 13. Correlation energy for the series of ions
isoelectronic with beryllium

Ec (a.u.) Ec (a.u.) % of Ec
This formalism Ref.[06B,74) computed
Be -0.0615 -0.0944 65.1
8’ -0.0547 -0.1123 48.7
c** -0.0489 -0.1268 38.5
N3 -0.0442 -0.1412 31.3
o -0.0405 -0.1551 26.1
LA -0.0376 -0.1684 22.3

Net -0.0352 -0.1814 19.4



Figure 9. Correlation energy for the series of ions
isoelectronic with beryllium

0.00
Ec (a.u.) -0.02 o
[ ]
-0.04 o ] .
s a
[ ]
-0.06 4 .
-0.08
W [}
-0.10 4
&
-0.12 4
a
-0.14 + a
-0.16 - 4
s Ec(a.u) s
-0.184 a Reference A
-0.20 - T Y T T T ™ T
2 3 4 5 6 7 8 9 10 11

We observe that the results are less accurate as the
nuclear charge, Z, increases. This may be due to the fact
that a zeroth-~order Taylor expansion approximation becomes
less accurate as the densities fall off more rapidly with
distance. Figures 10 to 12 show the density as a function
of the distance to the nucleus, R, for each of the ions in

the series.
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Figure 10. Helium-like ions: HF-density.
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Figure 11. Helium-like ions: HF-density.
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Figure 12. Beryllium-like ions: HF-density.
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4. CONCLUSIONS

The problem of correlated x-ray density matrices has
been studied within the framework of the correlated-
determinant-wavefunction. Numerical evidence and
theoretical considerations indicate that this type of
wavefunction is capable of yielding very accurate energies.

The Colle-Salvetti formula for the calculation of the
correlation energy has been applied to the series of ions
isoelectronic with helium and with beryllium. The accuracy
of the results decreases with the increasing of the nuclear
charge; Z, in both series. The series of beryllium-like
ions displays the higher errors. In fact, they can be more
than three times higher than previously reported errors.
Under stringent conditions, namely highly positive ions,
the empirical formula of Colle and Salvetti seems to break
down. Nevertheless, it gives excellent estimates of the
correlation energy for a number of atoms and small
molecules.

The formula of Colle and Salvetti is non-
variational(71) and depends on fitting to the helium atom
to fix several parameters. However, the quality of some of
the results obtained as well as the study of the functional
by Cohen and Lee(71) suggest that an efficient modeling of
the correlation function has been achieved, at least for

the cases in which highly positive ions are not involved.
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It is worth noting that this treatment of the
correlation effects is limited to the calculation of the
correlation energy, and that this quantity is calculated as
a whole. Therefore, correlation corrections to the kinetic
energy and to momentum dependent properties are not
obtainable from the Colle-Salvetti formalism.

The study of the correlation problem with correlated-
determinant-wavefunctions whose reference state is an exact
density determinant has been undertaken in Chapter 3.

The first- and second-order reduced density matrices
are the only information needed when working with the usual
Hamiltonian which contains at most two-body interactions.
These reduced density matrices were derived by integration
of the wavefunction. The approximations used involved
neglecting terms nonlinear in the correlation correction
factor, b, and the Taylor-series expansion of the square of
the wavefunction retaining only the leading term.

The problem of N-representability of the reduced
density matrices obtained was also discussed and, within
the approximations mentioned before, conditions were set to
ensure approximate N-representability. An important
consequence of having the exact density determinant as the
reference state for the full wavefunction is that it
imposes an exact condition on the diagonal element of the
second-order density matrix from which the N-
representability conditions can be derived with no further

assumptions.
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The approximately N-representable density matrices
depend on two distinct quantities, the exact density
determinant and the correlation function. The results of
previous work on the exact density determinant, discussead
in Chapter 1, show that physically meaningful orbitals
which deliver the exact density can be obtained by means of
Clinton's equations.

The form of the correlation function can be chosen to
be of the same general form as that of Colle and Salvetti,
since this functional form allows the wavefunction to
display the appropriate limiting behavior. It satisfies the
cusp conditions as I, goes to fz, and it approaches the
single determinant as the interparticle distance increases.

Additionally, the exact condition

/sz(1212) (Q2(12)-2 @(12)) d2 = 0

provides a way to completely determine {§(12) . The only one
parameter, q, in the resultant functional form can be fixed
variationally.

A formula to calculate the correlation energy based on
the approximate N-representable density matrices was
implemented at the zeroth order level for the beryllium
atom. With this simple approximation, 65 per cent of the
correlation energy is computed in about seventy seconds in

a Microvax-II. A very encouraging result when confronted



79

with the extensive calculations required by other methods
to achieve comparable accuracy.

The method described is apparently variational because
of the approximate N-representability of the reduced
density matrices derived.

Perhaps the most relevant aspect of this formalism is
that it provides the correlation correction to the kinetic
energy and to any momentum dependent property in addition
to the electron-electron repulsion contribution, while some
other methods do not, for example the Colle-Salvetti
formalism.

The formula derived for the correlation energy is a
functional of the density because both the exact density
determinant and the correlation function are functionals of
the density. On these grounds, the Hartree-Fock determinant
which is known to give a very accurate density was also
used to calculate the correlation energy of beryllium. As
expected, the result was very close to that obtained with
the exact density determinant. Extension of this idea to
the helium atom allows for the computation of almost 100
per cent of the correlation energy. A result that might be
attributed to a better modeling of the correlation function
for this particular case, and/or to a better approximation
of the correlation energy formula by a zeroth order Taylor-
series expansion.

Calculations performed with the series of helium-like

ions and of beryllium-like ions are of poorer accuracy,
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especially for high values of Z. By observing the sharper
decay of the density as the charge of the ion increases,
one may conjecture that Taylor-series expansion truncated
at the zeroth order term is a less justified approximation
for larger values of 2.

These test calculations, performed with the simplest
possible approximation, indicate the validity of the
underlying ideas of the formalism and motivate further
studies.

There are two distinct levels at which approximations
enter the formula for the correlation energy, at the level
of the wavefunction (or density matrices), and at the level
of the actual evaluation of the correlatioﬁ energy. Both
could be improved. A way to improve the latter would be to
work with a second-order formula. This is laborious, but
possible. At the level of the wavefunction, work can still
be done to improve the model of the correlation function.

The extension of the calculations to other systems is
also possible. Particularly important is the study of the
electron gas, for which the single determinant of orbitals
is well known.

As was pointed out earlier, the information that can
be obtained from the present formalism is not restricted to
the calculation of the correlation energy. Both the first-
and second-order density matrices include correlation
effects, and properties in momentum space are therefore

also calculable.
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A final point to be emphasized is that our formula for
the correlation energy, as well as the density matrices
involved, are functionals of the density. Hence they enter
the domain of density functional theory. As suggested
earlier(76,77), the N-representable density matrices could
be used to evaluate the universal HK functional, and the
correlation potential in the Kohn-Sham equations(78) could
be evaluated as a functional derivative of the expression

for the correlation energy.
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APPENDIX A

Density

Sketch of the scattering of x-rays by an electron

distribution:

\ [®
z«‘\;\/
P e
[/ %
1/% |
/7 !
0 c}

The picture above represents two points, O and P, in an
electronic charge distribution, separated by the vector F.
The path difference between the radiation scattered by an
element of charge at P and the radiation that would be
scattered by the same amount of charge located at 0, is

— A _ A
B - PA="F1p-F1y (A.1)
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where it and ii are unit vectors in the directions of the
scattered radiation and the incident radiation,

respectively. And the phase difference is given by

¢ '%Er'(if-ii) (A.2)

which can be expressed as

¢ =K. F (A.3)

with

- A A

K = 2T (1,-14) (A.4)

A

The amplitude scattered by the electron distribution
respect to the amplitude which would be scattered by an
electron at 0 is, by superposition,

F(K) -Ig(r) exp(i R.#) dF (A.5)

where p(¥) dF is the probability of finding the electron in

the volume element dr.
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APPENDIX B

Formula
F = F,-F, and R = 2 (£1+F,) (B.1)
£, = Regy2 and F, = R-£/2 (B.2)
ry = (x‘2+y‘2+z12)
r, = (xi+y§+zf)
(B.3)
r m (x2+y2+2z2)
R = (X2+Y2+422)
where
X = X1-X, X = (x1+x2)/2
Y = Y1-Y, Y = (yy+ys)/2 (B.4)
zZ = 2,-2, Z = (zl+zz)/2

and conversely



y; = Y+y/2 Y, = ¥Y-y/2
zZ, = 2+2/2 2, = 2-2/2

v: =2 2 .2
2 S 2 2 d 27-
KI. 672 2

Vp =1 (9,-%,)

Vg2 =& (247,%-2 7,-9,)

From equations (B.3)
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(B.5)

(B.6)

(B.7)

(B.8)

(B.9)



2K = X, or; = X,
X Y4 DXz 5
2r, =1 or; = ¥, (B.10)
874 N 3/2 \
2r) =2 or; = 2;
32, % o2, T

Evaluation of (VZP,(1212))g., ©
v?zpz(nn) = Py(11) V2P, (22)+2 VgP, (11)- VgP, (22)+
Py(22) W%2P (11)-1 p.(12) v.2p,(21)-
1 1 5> P = Py
vfpl(n)-vrpl(zl)--%— Py(21) V2P, (12) (B.11)
Using the operator relationships and definitions (B.6)
to (B.10)

VP, (11) --12- V,P, (11) (B.12)

VP, (22) = -3 V5P, (22) (B.13)
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V1P, (11) =2P,(11) ? +2P,(11) § +3P,(11) k (B.14)
Xy )1 92y

V,P, (22) =3P, (22) I + 2P, (22) 3 +23p, (22) k (B.15)
a)KZ_ 37?_ at;_

VgP; (11)- V3P, (22) = -l(;P;(n) P, (22) + 2P; (11
4\ Sk, X, Sy

2P, (22) +2P,(11) 2P,(22) (B.16)
ayz D24 o2,

Using the chain rule and the relationships (B.10),

2P, (11) = Bp;(n) X
"*,,
4

QX4 S‘C,

9P, (11) -aplglll Y1
9/4 oY i

3P, (11) =P, (11) z,

624 9'2 A

2P, (22) = 2P, (22) x5

Sxz oY 13

9P, (22) =JP,(22) y, (B.17)
‘3)’2 DY, Y

3P; (22) =3P,;(22) 2z,

=401 2



(ve-q) (1) ¥dec WZT1'de =
2% Ye e
VEFVAFIRY TTZ) W6 20 G = (12) Ml - (21) 'ah
\rae "Ee
(ez-4) (T2) d¢ (2T) de
/ /
he e bxe e

+ (12)7de (2T)vde + (12) 'de (1) 'de = (12) 'a'p -(21) 'alp

(2z-4)

((12) 'a% - (27) '+ (21) Y -(12) Ya'p - (12) ta%p -

(zT)*al - (12) 'a A - (2T) "a‘A)l{'—- (12) Ta*A - (21) Ta2p
(tz-q) ((t2)Ta%A -(t2)Tatpa) 'Ig" (tz) Ta3A

(0z-9) ((z1)Ta%A -(z1)atA) —%—- (z1) Ta3A

ZJQ he h
(61°4) lgsoo T2ZJ7aR TTIT AR+~ = (z2)TadA-(11)Tadp

. V
(81°4) (A e NS

h
(€2V24CATX4+Cxx) (zz) 'de TTT) tde ¢y - = (zz)Ta3a- (t1) tasp

88



89

VP, (12) < VPy (21) =2Pg (12) 2Py (21) + 2P (12) 2Py (21) +
5)(4 BXQ_ SY1 ey,_
P, (12) 3Py (21) (B.25)
o2y 92,
V,Py (12)* VB (21) =2P1 (12) 9Ps (21) (X1Xo+y ¥o+2925)
(B.26)
VP, (12)- V,Py (21) = a;d (12) apa, (21) cos @,, (B.27)
K 2

As in equations (B.23) to (B.27),

VP, (12)- V,Py (21) =2PRa(12) Py (21) cos,, (B.28)
N 9,
and
P (12) - VP, (21) =2P1 (12) 2P, (21) (B.29)
2% Y,

Using equations (B.24), (B.27), (B.28) and (B.29) in
(B.22),
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VgPq(12)-VgP, (21) -l(_r;l_ug_) 23(21) - p;(n)ap,(n)

v
cose,, -ELE;LZ;J a€?(12) °°s°12 +332*L111 2;(21)) (B.30)
] "2

From equation (B.9)

V2p, (11) --& V2P, (11) (B.31)
V2, (11) = 22p, 1) + 32%p (1) + >2p (11 (B.32)
where
p,(11) = 3R(11) % +4 3P, (11) - X 3P, (11)
O ad* wt q 2n Y

ge () = Fp (1) g7 ss
671 a" r"- \] qu

P, (11) = 3P, (11) 2} +4 3P (1) -_z4 2P (11 (B.33)
32 o9 %ty w9y
2 2
ViPy(11) = 3Py (11) + 2 3Py (11) (B.34)
on® N 9%

2 1 b X
VP, (22) ===?V2p1 (22) (B.35)
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V,_lp1 (22) = 32P,(22) +9°P, (22) +2%P, (22 (B.36)
%] % d2%

This expression has the same form as equation (B.34), then,

2
V,P, (22) = 2*P4(22) + 2 3P (22) (B.37)
GQ?' Y'z a'rz

)

2 z
Vp, (12) --3— (V11=,(12) + Vpy(12) - 2 U-V,p (12))  (B.38)
V-Vp, (12) = 27p, (12) +2'P, (12) +3"P, (12) (B.39)
*)X1 axz_ a/V1 'D/L ai,' 62?_

2'P (12) = S*Py (12) X% X

OXy DXy 3o 4 N
2*p, (12) =3P, (12) y ¥ (B. 40)
Y 2y o MG

’P, (12) = ¥P (12) 2 2z

S2, Sz, A, "
~2

VViPy (12) =2 Pa(12) (% Xo+Yy Ya+ 2,2:) = 3'P, (12) cos 9y,
ACRAL G G 3 30

(B.41)
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According to equations (B.34) and (B.36),

UP, (12) =3P, (12) + 2 3P, (12) (B.42)
It T o

2

V,Py (12) =Py (12) +.2 3P4(12) (B.43)
arz’- A érz

Using equations (B.41) to (B.43) in equation (B.38)

2
V:Py (12) = 1 (a‘p, (12) +_2 dP4(12) + P, (12) +

4 ant ;  On dvy?
2 2P (12) - 2 3P, (12) cosen) (B.44)
Yi BY}_ af‘ 81‘7_
and similarly,
rA
V. (21) =% (5_24_(211_ *22BQL 4RGN +2
bY‘z_ Y
3P, (21) - 23 P,(Zl) coseu_) % (B.45)
=L 2r, oz

Equation (B.11) is evaluated at the point f£=0, or

F, =F,= R . Therefore,

—

P, (11) | = P,(22)| = P, (12

| = P, (21) | = e(R)  (B.46)
= G=R

27z Gafy=R

<5



and the angle between £, and F, becomes zero, so that

cosd,, = 1.

Equation (B.1ll) is now

V2P2(1212)l = P(R) VP (22) | + 2(TR,01N)-T,R22) | +

f=0 "z 0

em® ¥, P«(wl -1 pwrvim (12)] -
7=0

4 - 2
( %Py (12)- GB, (21)) | =5 O(R) &7‘,?,(21);1‘>

¥=0

(B.47)
From equation (B.19)
(VP (11) - P, (21) | --L( Py (1z)| OP, (21) | - DPy (12) l
=0 N Ll o on - -
UTSs 2= ﬁ nsfz"‘ = ‘L=P‘
3P (21)| - °P1 (21) | 3 Py (12) ’
S - p=} = )
™ [ A al %y 2 FaéR
2Py (12) ] 2Py (21) ) (B.49)
.-er TR ar?' ?‘='\;z=.2
From equations (B.31) and (B.34)
Vp (11) l -_L ap, (A1)} + 2 2B (11) | (B.50)
o ! A R 29

¥R Y, =R

From equations (B.35) and (B.37)
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2 1
Vep, (22) | = -q— *p, (22) 2 2P, (22)) (B.51)
F=0 At oG L
R
From equation (B.44)
k3 1 2
V2P, (12) | -:’-(a P, (12) + _2 2P (12) + P, (12)
V=0 BY’L R ar’ )(Z
+ 23P,(12) - 2 3P, (12) (B.52)
R o, or, Ov, _
=R
From equation (B.45)
Vp (21) | --—(azp, (21) + 2 3Py (21) + 3P(21) +
b N
V0 oY, R 24 Sry2
2 9P (21) -2 P, Qu) (B.53)
R oY, AV, 95 I
AL

To evaluate equations (B.47) to (B.53) the first and

second derivatives of the different firt-order density

matrices are needed.

The first order density matrix has the form

HF
P,(11) = 2izj pij

WF
where Pi'

type function.

¢ (1)

(B.54)

\Ij(l)

collects the LCAO coefficients and Y; is a Slater



n;+4/2
) -

" 1exp(-er) (B.55)

Yi = izf:

2(W(2n))”2

Then
SR (11) = 2 & B 3 (Y;(1) ¥i(1)) =

2E B (WD) 290+ %) 2%
J J >, on )

dP, (22) = 2 = P?; S (4:(2) ¥;(2)) =
arz LJ arz

2z p{‘j‘ (1}(2) 2 ¥j(2)+ Yi(2) 29 ( ))

i (2
=10 oY,

27 (12) = 2 £ p{}p 2¢.(1) Y(2) (B.56)
ér‘ aq

3P (12) = 2 5 P’;j’ k(1) 3¢(2)
hes ’ AP

PPy (21) = 2 & BT ¥i(2) 2Y(1)
°% ! 9%
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ofF
DP! (21) = 21); pj_j aQ;(Z) ({IJ(I)
o,

oY,

FB,(11) = 2 2 p;’j‘ (Fi1) S29i(1) + 2 39:(1) Y1)
ar';‘ J Irp e, Sy,

+ ¢: (1) azEEi(l) )
A2

P, (22) = 23 pi"; (ap;(z) SPi(2) + 2 APi(2) > i(2)

S J o7 e h0
+ ¥i2) FH:2 )
N
Spy(12) =23 P;SF Y (1) Pi(2)
A J At
3P, (12) = 2 = pg‘ P Sg(2) (B.57)
Sv2 J vy

£ .
FP(12) =22 P 39i(1) 2y(2)
oy Or, J S, 3,

1 2

SSR(21) =25 By i(2) Ty
DA an*

]
X}
‘M

9P, (21)
DR

&
P, P2 (1)
It



FPy(21) = 2 % p;}‘ d¥i(2) Y1)

oY, I v, 37,

The derivatives of the basis functions are

29:) = e (m-1) :r-z exp(-?;ra) - cifi r:'"1
éq
exp(- §: ry) (B.58)
where c, = (zg;f"+1n (B.59)
2 (7 (2 m)| )72

2Ha) = (-1 £'-5) Y (B.60)

34
29.1)| = 2%(2) |= ((ny-1) K -F) Pi(R) (B.61)

Y, _
"7 R ar VzsR

2*Yi1) = ((nj=1) (n;-2) r}- 2 f(n3-1) r +§?.) Wi(1)

évf‘
(B.62)

a_"&(l) l = 5‘59:(2) = ((n;-1) (n;-2) R> - 2 pi (n;-1)

o ar'L '?:o
2 - T -
> R'+f? ) ¥i(R) (B.63)
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Combining equations (B.55) to (B.64) with (B.48) to

(B.53)

(VB (11) *%P,(22)) | = =1 (25 B ((n;+n;-2) R -
V=0 y 9

(F¥50) ¥ (R Pi(R))2 (B.64)

(WP (12) %P (21)) | = -1 (2 = B ((n;-nj) R -
Y=o q .J J
($:=4)) Y:(R) §(r))? (B.65)

v:p4(11) |=22 %= p:'; ((ns+n;=2)> R® + ( n;+n;= 2) R°
=0 ‘f J
T2 (frf) (npanpel) R+ (540 PR AGR)
(B.66)
7Py (22) | = %, (11) (B.67)

=0 7’0
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vP,(12) [=12= BY ((n;-n)% K>+ ( nj+n,- 2) R?
F %o i J J

4 !

-2 (fimf) (miem)) B =2 (f4g) R4 (fiof )0

(fr(R) y{; (R) (B.68)
7P, (21) | = %P, (12)?| (B.69)
#=0 =0

Using equations (B.64) to (B.69) in equation (B.47)

v§p2(121z)| = Q(R) = p;s.‘ ((n;+n;-2)* R+ (n;+n; =2)
' o 3

R® -2 (F+5) (np+mj-1) K + (6:+5;0%) Yi(R)

}UJ(R) -2 [%‘ P':f ((n;+n; -2) R - (5: +55))

. . 2 il -2
Yrr) f5(R)] "lemE By ((ni-n;)* R+

(n-,+n:|-2) R.z" 2 (;:-;J) {(n; -nj) R“ -2 (;74-5)

R+ F-f) i) BR + £ Py

<\
((n;=-n; )R
i J

- (=) PRy PRy ) (B.70)
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APPENDIX C

Correlation Enerqy Formalism

In addition to equations (B.1) to (B.10), the following
relationships and integrals will be used in this appendix,

from equations (B.3) to (B.S5):

QR = Y = (¥4+Ya) (C.1)
R

r =y = (¥,-¥;) (c.2)



101

To change the variables of integration from f#, ,f, to

£,R the Jacobian determinant is needed,

1 -1

(%, 1)

6(7}) - = 1 (C.3)
1l 1

The integrals of the various exponenetials over r are,

Sx" exp(-q x) dx =

nl! n>-=1, gqg>0
/) qﬂvf

o

fexp(-b x2) dx = i(l )‘Iz
° 2

4
gxu exp(-b xz) dx = 1.3--- (2n=-1) /1 l n=1,2,3...
o 2‘"*1 L?ﬁnﬂ)

)
N
»
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Sexp(-(lzrz) r3 dr = 1
f) 2(5"

O9
Sexp(-(&zrz) rd ar = 3 T (C.4)

o

%
)

-
SGXP(’[’ZI'Z) rd ar =

1
[*] (bb

fexp(—fazrz) r® ar = 15
]

oy
jexp(-(?rz) r? dr =

3
v (5‘

S:xp'(—tzzrz) 1:'8 dr = 105 ﬁF
Q

(-]

{exp(-z(izrz) dr = 1 \ri
o 2(!, 2

[+7]
gexp(—ZY,zrz) r dr =1
[ ‘1(51

g:xp(-Z[szrz) r? ar = 1 Fl_
[ 3(53 2
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(exp(-z(szrz) rd dr = 1

o 3@’

@
Soxp(-zgzrz) rd ar = 3 L
0 32(5‘ 2

r;xp(-zcazrz) rddr =1 (C.5)

o %&'

Q
‘GXP(-2%22'2) r® dr = 15 \}i
0 Iz:[s’ 2

[ o

Soxp(-zezrz) r’ dr = 3

° 1

(exp(-zqzrz) r® dr = 105 x
° 5'17_/;" 2

gexp(-zezrz) r? dr = 3

0 g§°

sexp(-zezrz) rl0 dr = 945 \1—?
0 2043 (3" 2
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Vc-l[?zm(IZIZ) b(1212)__ 1 _dF, df (C.6)
2 1% -3l

Change of variables according to (B.1)

Vc-_l_(sz(lzlz) b(1212) df df (C.7)
2 r

P2dﬂ£(1212) is expanded in a Taylor series ut F=0.

Only the leading term is retaineq,

Paget (1212) | = 1 0%(R) (c.8)
¥s0
Thus
Ve = iSdﬁ o2 (R) de g{;z(lz) - 2 Y(12)) (C.9)
4 r )
where

Q(12) = (1-§(R)) exp(-(.xzrz) - ¥R) r exp(-p*r?) (c.10)
2



ve -"TI dR ¢(K) [(1-9)* rexp(-zczrz) rdr - (1-9) 9

|

(-3

.xp(-z(irz) r- dr +_§:‘S'exp(-2pzr’) r:.s dr - 2
4 o

(1-9) ’exp(-(—"lr") rdr + § exp(-(frz) £ dr)
[} o .
(C.11)

Using the integrals (C.4) and (C.5),

ve -uSaﬁ S(R) +2@-{T + 3* - a-9 +

/5 32/@ A (C.12)

For the systems studied in Chapter 3 there is not

angular dependence, only s-type orbitals are involved. Then,

Ve = 4i;£r€(k) ((1-@5- + Q(Qzl)vgg + §€%T - L%égl +

VT Q)R’-dn Sl 5
13

This integral is evaluated numerically by using the
trapezoidal rule. The upper limit of integration is the

smallest value of R necessary for convergence.
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where

Tc = - 1 (P (121'2) b(121'2))| dar, df (C.14)
.Z_Yf 2det o L

Change of variables according to (B.1l)

Tc = ‘}.[Sdz‘- dR Paget (1212) v;zb(lzl'z) | + 2 de dR
2 1'»1
(V Pagee(121'2)- Gb(121'2)) | + fdf dR
1'a1
vfpzm(lzl'z) b(1212)] (C.15)
131 :
Tc, = de dR Ppgq¢(1212) :7421:»(121"z)1'|1 (C.16)
>

Taylor-series expansion of ngg; about ¥=0 retaining

the leading term gives

Tc, = 1 ( dR p?(R) df v,2b(121'2) (C.17)
13 ‘ ¢ j ! a1
V12b(121'2)| = - Y2) V,‘tp(lz) +\7,"tp(1z) (C.18)

1'>1

106
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Using the chain rule and the relationships (B.1l) to

(B.10) and (C.1) to (C.2)

v;(f(zz) -m gg( 2) +9° 9(122 (C.19)
bx, 62,

27 (p(12) -g;q(ﬂguaﬂnéﬂlz) %x;) (C.20)

Ox SR =Xy dvr Ay

o*¢(12) = 1 FY(2) (x4xf + 1.W(a2) - 1
SxZ 42 SR? 4 4R IR 4R3

2y(12 + 1 9%12 -x,) + 1
:é ) (x,‘qx T +—'z iz) (%4=%;) +r

¥(12) -F].; SY(12) (x,=x%,)° + 1 a_‘_tAlz)
c1g or

rR aRar

(%4=%2) (X,+X,) (C.21)
2

The form of a"tp(IZ)/ «3y42 and of 81‘{’(12)/3212 are
analogous to the form of 6‘?0(12)/9 x2, then



% p12)
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- Q(lz) (X, +%X, B +(Y,+¥2)" + (2,+2,)*
‘fk’ ;R‘(;z Aq ‘fz)

+3¢(12) - 1_29012) ((x,4% 0" + (y,+y, )
YR 9 4R3  OR (Jq 4

+ (2,42,)2\+ 1 2(P(12) ((x,=%,)° + (¥, =Y.)?
52)?2 = a=Xap Ye=Y2)

(r
+ (2,-2,)") +3 D_‘fng) -1 9%(12) ((x,-x,)" +
Y o o y3I av

)t 4 ()T ¢ L M) ((xmxy)

SR
(X,4%)) + (Ya=y2) (Y *+% ) + (2,~%) (zl;zz))
2 2
(C.22)

V,‘Lp(lz) =1 Fpa2) + 1 12) + Fya2) + z 92(12)
4 dpe 2R IR Ar?
+ 3‘2(12) cosé (C.23)
OR >
9Y(12) = -2 r* e t- £+ 2(32& r> &’ -
2822 (’g{% s

dQ r e(s (s%g '{5(" (C.24)

3¢p(12) = -2(5 r (1-9) e’/‘ - § F Q(s & (c.25)

ar
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2 2 2 r 2 2 -"f"+ 204t e- 2
8;2112) - -2(:%) r e-(5 - 2/1 j/z_!zr e 4/5(56‘) 4 /5
vt z - ,z+ 2.2 e—-zf

- dkg_ e/"z + 2/5d$ ad r e/’l 2 (dge) )

Z(_l_

+2(§§_Z§; r"Qe‘T’z'l+ z/igérzgﬁ el -4(3‘(35‘

r"Qe‘(’r-_%gd_’;gre’ +P§edc_i£_r3 e"+(d>

9} e(4 +(;d‘ t e ﬁgﬁ_ﬂr” e‘("’z‘rl-z
£ ()

_:w) - -2(5 (1-9) e‘i + 4(3 r? (1-d) e(f + @(62 - ra.

29 (bzr V- 2 Q(_l,"r’* «pr (C.27)

Using equations (C.24) to (C.27) in equation (C.23)
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Yoz - 'le"g“-( ok OB+ 1420 + s[szu-o)) e

dR 4 dR?

(28 - igg+sp(?)rsﬂ:"+((b(_q_-_1_)g_g+

§ dR* 4R 4R Z . gkt

P s B (g 1 g g8 o6 0D

“ (g e sy LT (L g

5’% -2 6) r_BdRe:r‘r‘”‘ & (ad-g)" (1-§) rt epr-

>R 3r

% (51(%)1 r* &7+ 2Ya12) cose (c.28)

I, = JV12QP(12) aF
Using integrals (C.4) and (C.5)

I, = 4’“[:@ + I (6@ (9-1) - 1 4% - idg)+

e qp? ¥ drT 2R QR
P - 1 a% - T
B A 1T ng

%
GRS S M

2
AaUArCIe R 1 M1
_%_(: )‘-2{5' m)'i‘lf_g:(ﬁ-l)(d )2'-%%

(:g)z] (C.29)



The last term in equation (C.28) vanishes upon

integration

w
dtffr dr 2(12) I cos® sine de = 0
AR o

Using equations (C.10) and (C.28)

Yaz) v paaz) = 0 (g-1) 57”*&(
—2@
_(3'1) = 6(5‘ (6-1)") ez/“‘ + ( ) %%+ 0 ad -

_;.(gﬁz ‘é (0-1)* % -é(@-n’- %g_ - ‘%)_2
(g_g)z-o- (1-&)(5 3 g%_,, 49*(1-9)1) = e-—zpr

L4042 903D E D - () d2f -

dez g <dRr2

(1-3) a0 + 52 & (1-D) 27 1-9)p 0
G0 &+ 5 ) rel’+( azbpd o

+ (1';92 ) (3% + (_1?-:9_) (] (gé)z + (1-2@)(5 gg

dr dR

R N ICNT T N

a9 - 4(5 o “-"Q)) # e-z.(i'r:_ ((1-@)7- (g-(ge)z - g

g

111
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et o (;ﬁ-)l (1-§) = ¥ al(s (’E') r’
PRt (f12) yp(12) cose (C.30)

IR dr

- (\P(lz) V12gv(12) ar

Using integrals (C.4) and (C.5)

= 47 (o-)+1 T ( (b-1) a%*¢o -1) d@ - 6
{ *(5 /—( )UET+ (0272')32_ (s

(0-1)* + 5% )+ 1 [ (20-1) a0 + (20-1) 43 + 8 Q
2 g g drF ¥R AR

o) e o
- (_?R-_l) P 4 (-0 +_;q; g%»f
A s
+ il;mwej%é+g§m5(s§£ rap vw-l)) +

Splfleee () - #(g) - weg a-ge

@é‘ﬁzéi (56)+ Q%;:l ( >)'+6‘(

if2
(105/512) (T/2) (C.31)

1
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Combining equations (C.17), (c.18), (C.29) and (C.31)

Tc, = 2 r

R 3(R) (-1; + I,) @R (c.32)

Tcz = Idf’ aRr (lezm(121'2)° Vlb(121'2)) (C.33)
121

According to equations (B.7)

lezm(121'2)| =3 Pyger (121'2) i 1+ 3 Pyger (121'2) l3+
' )

1w DXy p ey; f'e1
dPyget (121°2) ' k (C.34)
o2, ot

and

Vb(121'2) | = 2b(121'2)l 1+ 3b(121'2) | 9+
494 Xy Ao ay, A'» 1

>b(121'2) l % (C.35)
92, sy

The vector V P,g..(121'2) | is expanded in a Taylor
1 m 4'.’1
series about r=0 up to zeroth order. Usin the relationships

(B.3) to (B.5), (B.10) and (C.1l) to (C.2),
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71P2get (121'2) | = V(X,¥,2,%,y,2)
4'»9

v(x,Y,2,x,y,z,) 2 V(X,Y,2,0,0,0) (C.36)

¥(x,Y,2,0,0,0) =3Pyq0(121'2) ’1‘+ap2m(121'2) 3

O "1 o7 e
*=0 ¥=0
A
+DP2m(121'2) K (C.37)
ai1 A=
F=0

Using the chain rule and the relationships (B.3) to

(B.10)
d Ppget (121'2) = D Ppgey(121'2) x4 (C.38)
QX.‘ equ "1
S sz(lzl'Z) = BPZM(IZI'Z) X (C.39)
4'-> 1 : R
x4 ¥=o L 91'.:)01

and similarly for the other two coordinates. Then,
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X 1+

N R

1'31 SV}

EY

d Ppget (121'2) I EYS+ 3Pyget (121'2) Ilfc
Az

or ' R 40
ey 1 1'sy (C.40)

V,b(121'2) =23b(121'2) 1+2b(121'2) I+ 3 b(121'2) X
Xy Dy o2,

(C.41)

Using the chain rule and the relationships (C.1) and

(C.2) in the equation above

9b(121'2) = 1 3b X + 3b
x4 2 3R R o

o

b X + 3 (C.42)
r

a kS

and similarly for the other two coordinates. Then,

+3b x\%+ [13b ¥ +3b x)‘j
A 23R R 5y 1

A
k (C.43)

—
N
IV
nio
)
'+
gl
s

Therefore,
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a4
V 1Paget (121'2) |-V,1b(121'2) | =23Pagep 12142 (lz
A’y 19y S3r 4’51 2R
?‘go 1 -0
s&+£_3_b+£ﬂ°.+l‘.é_b£+!!_é_bx+%ehz)
AR 2R AR 2R"3R R ar ¥ R 3¢ Y (c*;\)-

The equation above, after integration over F, becomes

Sdf (Vlem(].Zl'Z)"l,o Vlb(121'2)"' ) = pzq“uzvz)l
i ' S

=d 4 |
fz0 1 F=o
[ ©o T 2T
(47 1 ’ b rfdr + X P_b r*dr (sinze de fcosy df
2 3R R loor ) o

™

RS w
+ Y (ab rfdr fsinze de rsintf dy + 2 271 Sb r
Roa" o ° R 03?

o

¢
dr { cos® sine de) (C.45)
[

The second, third and fourth terms in the brackets are

zZero.
Sb(121'2) | = - (12) + (€(12) oV (12) (C.46)
TSRt oK >

I, !S ?;E(IZ) r dr
R
o

Using equation (C.24) and the integrals (C.4) in the

equation above,
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Ul
I, = -df¢ -df 1 +3dp (%-1 ¢ (C.47)
R R RS

Using equation (C.10) and (C.14),

~2/4%r2 ~2432
(12) 3P(12) = (d-1) d) e ¥* "= (1-0) d0 r 6~ 2 4

(1-@) r* e"/"’%{@c%é & (1-0) 23 €+ g agr &P

Z JR

Fa¥frio _ 3 G287 B%h an
+%d6 ¥ ﬁ(sgg(nl)ref’ %(ssgre

(C.48)

ve
I ss (12) =QP(12) r* ar
=) 0

with the use of integrals (C.4) and (C.S5),

Iy = (8-1) Q\"b (29-1) a9 + 3/‘3‘ _L(id;ﬁ-z(s dg

e(s dar 2 lost dr Tl @ (% ar aR
(1-3)> + B de (1-Q) -_Q*ge 15 [f (C.49)
Z,Ts"' SR g IR 25el2

5P (121'2) I = [ 3P,(11') P,(22) - 1 3P, (12)
2det y (.__%r___ 1 E’——%;r-—
XS R i !
1 T

P, (21" )) (C.50)
1'»|
¥=0

From equations (B.56) and (B.61),



3P (11) | = 3Py (12) | =25 py (o) B-f0) fi®)
a\q 1'ss Brﬁ Fxo J
Pgo

¥ (R) (C.51)
and

Py(22) | = Py(21") = Q(R)

¥zo0 A & L)
P=0

Then

2Paget(121'2)| = Q(R) E Py ((ni-1) B'-£) Pi(R)
J

or, 1'%
v= 0

fi(r) (C.52)

Now Tc, is,

Tc, = S'Wzg ( Paget (121'2)
0 EXg

) (-I; + I,) R°dR (C.53)

‘1
=0

- -

Tc, = jdfdﬁ VPaget(121'2)|  b(1212)
1

The quantity VZP (121'2) is expanded in a
1 “2det ,,,‘”
Taylor series about f=0 up to zeroth order,
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Tc, = [dk (v2Pager (121'2) | ) pag {di‘ b(1212)
ind (C.54)

2
[d!‘ b(1212) = 4T [¢(12) r* ar (c.55)
o

because the form chosen for §(R) makes the integral of P(12)
over F equal to zero.

Using integrals (C.4) and (C.5) in equation (C.55)

f‘?‘(lz) r* dr = (Hﬁwi + @ (B-1) + _3 o’ﬁ =I5

?(b? 2

2 - 27 a7
e ¢ (C.56)

V, Paget (121'2) I = v,2p (11") | Py(22) - 1
151 121 2

vfpl(lz) P, (21)
From equations (B.42), (B.56) and (B.64)

vfpl(n') | = 2P, (12)
' =0
¥=0

and
VP(11') =2 Z Piy (ni(ni-1) R° = 2fimi ) PH(R)

A= | 'J
F=0

,)J-(R) (C.57)
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(azpzmun'z)wh)f,o = QR)Z Pyy (n;(n;-1) R: - 2
* J

- a
§emi K450 F®) iR
And Tc, is

Lo
z 2
Tc, = 16T S (V2Pygeg (121'2) L,
o

Z.
) IS R dR
4
¥=z0

To evaluate integrals I, to Ig the following

derivatives are needed

QaR) = 4 (3 3(R)) =1 q @ (R) dQ(R)
drR dR 3 dR

-y,

<R dR

d(R) = 4 (ﬁﬁ(R) ~_J7 /a4 %(R)
4R dR\ 1+ & QLRY (4+&’[.s)"‘ (d )

-5,
4@ (R) = =2 g Q*(R) dg(n))" +1q ¢ (R) d%e(R)
TS q JKr ¥ :

(C.58)

(C.59)

(C.60)

(C.61)

(C.62)

a2g(r) = ST L1+J“=@LRLL (423 /dR?) - 2 T (d(@/dR)?2

\
dRr? (1+7p)?

and from equations (B.56), (B.57), (B.61) and (B.64),

(C.63)
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QR) = 2 £ Py ((mren-2) R = (145 PR YR)
dR (C.64)

a%Q(R) = 2 £ Pyy ((n:+n;-27 R* = (ny+n;-2) R "= 2
TS v
(Bi+f;) (ni4nj=2) R+ (f4£0% ) Qi(R) gu(R)
(C.65)

Equations (C.64) and (C.65) are used to evaluate (C.60)
to (C.63), and these to evaluate I, to I, according to
equations (C.29), (C.31), (C.47), (C.49) and (C.56). Thus

Tcy, Tc, and Tcy are computed, and Tc is obtained as
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