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Abstract

The Geometry of Gauss’ Composition Law

by

Yelena Baishanski

Advisor: Lucien Szpiro

We examine Gauss composition of quadratic forms from both an arith-
metic and geometric perspective. Gauss’ identification of a composition law
for primitive integral binary quadratic forms of given discriminant D—which
provides the set FD of SL2(Z)-equivalence classes of such forms with a group
structure—essentially amounts to the discovery of the class group of an order
in a quadratic number field. We consider quadratic extensions of the field of
rational functions k(u), where k is an algebraically closed field, and seek an
analogue of Gauss composition in this context.

A quadratic extension of k(u) corresponds to the function field of a curve
C with affine model t2 = D(u) for some polynomial D = D(u) in k[u], which
is of odd degree if C has a smooth ramified point at infinity. Focusing on
this case—the analogue of quadratic number fields with one complex place
at infinity—we extend the notion of the degree of a Weil divisor on a curve
to Cartier divisors on C, and find a bijection between the set of SL2(k[u])-
equivalence classes of primitive forms with coefficients in k[u] of discriminant
D, and the group Pic0(C) of isomorphism classes of degree zero lines bundles
on C.

In parallel fashion, we reinterpret the arithmetic case using Arakelov’s
invention of metrics associated to the infinite places of a number field. Given
an invertible A-module L for an order A in a number field K, we have for each
infinite place σ of K a corresponding one-dimensional C-vector space Lσ with
a positive non-degenerate hermitian metric ‖ ‖σ (which is then determined
by the length ‖x‖2 of any element x of Lσ). Using a notion of degree of
an invertible metrized module—which mirrors the notion of degree used in
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the geometric case, yielding in both cases a “product formula” deg(f) = 0
for a principal divisor (f)—we find for D < 0 a bijection between classes of
positive definite forms in FD and the compactified Picard group Pic0

c(A) of
isometry classes of degree zero invertible A-modules.
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Introduction

We introduce the conventions and notations used in the following chapters.

Rings are assumed to be commutative with unity. Prior to our discussion

of the norm of an ideal in an order A of a number field K, we implicitly

adopt the following definitions: the norm N(M) of an A-submodule M of K

refers to the absolute value of the determinant of a transition matrix from

a Z-basis for A to one for M ; the norm NL/F (x) of an element x in a finite

separable extension L of a field F refers to the product of its conjugates σ(x),

where the σ are the F -isomorphisms of L into F . Throughout, k denotes an

algebraically closed field of characteristic other than 2.

1



Chapter 1

The Picard Group

1.1 Invertible Ideals

We begin by establishing some vocabulary and notations for later use. Let

R be a ring with fraction field K. An R-submodule M of K is an fractional

ideal of R if there exists a nonzero b ∈ R such that bM ⊂ R. Any finitely

generated R-submodule of K is clearly fractional, and those generated by a

single element α ∈ K are called principal. For any R-submodule M of K we

define (R : M) := {α ∈ K | αM ⊂ R}, and define the stabilizer of M to be

Stab(M) := {α ∈ K | αM ⊂M}. An R-submodule M of K is an invertible

ideal if there exists an R-submodule N of K such that MN = R. Then M

is finitely generated, hence fractional: there exist elements xi of M and yi

of N (1 ≤ i ≤ n), such that
∑
xiyi = 1, so any m in M can be written

m =
∑
xi(myi) where the myi ∈ R. Moreover the module N is unique and

2



CHAPTER 1. THE PICARD GROUP 3

equal to (R : M), since

N ⊂ (R : M) = (R : M)MN ⊂ RN = N

It follows that invertible ideals of R form a group with identity R, which we

denote Inv(R).

Lemma 1.1. If M is an invertible ideal of R, then Stab(M) = R.

Proof. For any R-submodule M of K we have R ⊂ Stab(M). Moreover

Stab(M) ⊂ RStab(M) ⊂ Stab(M), hence Stab(M) = RStab(M). If M is

invertible with inverse N , this yields Stab(M) = NMStab(M) ⊂ NM = R,

hence Stab(M) = R.

Lemma 1.2. In a local ring, a fractional ideal is invertible if and only if it

is principal.

Proof. Let R be a local ring with maximal ideal m. Principal ideals are

clearly invertible, so let I be an invertible fractional ideal of R. Then there

exist elements xi in I, yi in (R : I) (1 ≤ i ≤ n), such that
∑
xiyi = 1 ∈ R.

Then for some j, xjyj /∈ m, so xjyju = 1 for some unit u of R. It follows

that any element x of I can be written x = xj(yjux) ∈ Rxj, so I = Rxj is

principal.
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1.2 Projective Finitely Generated Modules

We recapitulate some results formulated by Szpiro in his Cours de Géometrie

Arithmétique, to be used in later proofs.

Proposition 1.3. Let R be a ring, P an R-module. The following statement

are equivalent:

i) P is projective finitely generated over R

ii) P is locally free of finite rank for the Zariski topology

iii) the canonical R-homomorphism Φ : P v⊗RP → EndR(P ) which maps

ϕ⊗ y to x 7→ yϕ(x) is surjective.

Proof. Lemmas 1.4 and 1.5 below show i) ⇒ ii). If P is locally free of

finite rank, Coker Φ is locally zero since Φ is surjective for P ' Rn, hence

ii)⇒ iii). Finally if iii) holds, the identity idP on P is in the image of P⊗P v,

so there exists an integer n, elements (xi) of P and (ϕi) of P v (1 ≤ i ≤ n),

such that for all y in P ,
∑
xiϕi(y) = y. Thus the xi generate P , yielding a

surjective homomorphism Rn → P mapping basis elements ei to xi. It splits

though the map ϕ : P → Rn which sends y 7→ (ϕi(y))1≤i≤n, so P is a direct

summand of Rn, hence projective.

Lemma 1.4. Let R be a local ring with maximal ideal m, P a projective

finitely generated R-module. Then P is free of rank dimR/m(P/mP ).
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Proof. Let (xi)1≤i≤n be elements of P forming a basis for P/mP over R/m,

and let ϕ : Rn → P be the R-module homomorphism mapping ei the canon-

ical basis element of Rn to xi. By Nakayama’s lemma ϕ is surjective, hence

yields an exact sequence 0 → M → Rn ϕ→ P → 0 which is split, hence

remains exact after tensoring by R/m:

0→M ⊗R/m→ (R/m)n
ϕ→ P/mP → 0.

Since ϕ was constructed to be an isomorphism M ⊗R/m = 0. Then since M

is finitely generated (the splitting gives it n generators), Nakayama’s lemma

yields M = 0.

Lemma 1.5. Let R be a ring, P a projective finitely generated R-module,

and φ an isomorphism Rn
p → Pp (which exists by 1.4). Then there exists

f ∈ R− p and an isomorphism ϕ : Rn
f → Pf extending φ.

Proof. We use the fact that if M is a finitely generated R-module such that

Mp = 0, then Mf = 0 for some f ∈ R − p: indeed if elements (xi)1≤i≤n

generate M , for each i there exists an fi ∈ R − p such that fixi = 0 in M ,

so letting f =
∏n

i=1 fi we find Mf = 0. Let ϕ : Rn → P be an R-module

homomorphism such that ϕp = φ. Coker ϕ is finitely generated (since P is),

hence (Coker ϕ)g = 0 for some g ∈ R − p. Then since by hypothesis Pg is
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a projective Rg-module, ϕg splits and (Ker ϕ)g is finitely generated. Thus

(Ker ϕ)f = (Coker ϕ)f = 0 for some f ∈ R− p.

Proposition 1.6. Let R be a ring, L an R-module. Then the following

statements are equivalent:

i) L is projective rank 1

ii) The canonical “evaluation” map L⊗R Lv → R is an isomorphism

Proof. (L⊗RLv)
eval→ R is an isomorphism when L ' R, which proves i)⇒ ii).

To show ii) ⇒ i), we show L is isomorphic to R when R is local. Given

condition ii), we have elements x1, ..., xn ∈ L and ϕ1, ..., ϕn ∈ Lv such that

∑
ϕi(xi) = 1. Since R is local, at least one of the summands must be

invertible in R, so there exist x ∈ L, ϕ ∈ Lv such that ϕ(x) = 1, yielding

a factorization L = R ⊕M . We show M = 0. Since Lv = R ⊕M v, we have

L⊗Lv = R⊕M ⊕M v ⊕M ⊗M v ∼→ R, where the induced map on R is the

identity. Then if m ∈M has image a under the above isomorphism, (−a,m)

has image 0, whence a = m = 0. Thus M = 0.

1.3 Invertible Modules

Definition 1.7. Let R be a ring. We denote by Div+(R) the monoid (for the

tensor product) of ideals of R which are projective of rank 1 R-modules. The
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group of Cartier divisors of R, denoted Div(R), is the free abelian group

generated by Div+(R). The group of principal divisors of R, denoted

Pr(R), is the subgroup of Div(R) generated by ideals aR where a ∈ R is not

a zero-divisor.

Example 1.8. If a ring R has fraction field K, Pr(R) is canonically iso-

morphic to K∗/R∗.

Projective R-modules of rank 1 are also called invertible R-modules. The

following lemma clarifies the relation between invertible R-modules and in-

vertible ideals of R.

Lemma 1.9. If R is a domain, Inv(R) ' Div(R).

Proof. Let I ∈ Div+(R), so Ip is a principal hence invertible Rp-ideal for all

p ∈ Spec(R). We show (R : I)p = (Rp : Ip) for all p, whence I(R : I) = R

and I is invertible. Clearly (R : I)p ⊂ (Rp : Ip). Let α ∈ (Rp : Ip), and

let (xi)1≤i≤n be a system of generators for I over R (which exists by 1.3).

Then considering all the xi as elements of Ip we find αxi = ai/ti for some

ai ∈ R, ti ∈ R − p. Letting t =
∏

1≤i≤n ti and using the fact that R is

a domain, we find αt ∈ (R : I), hence α ∈ (R : I)p. If J is any other

ideal in Div+(R), the morphism of monoids I ⊗ J 7→ IJ induces a group

homomorphism Div(R) → Inv(R) which is clearly injective. To establish
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surjectivity, let I ∈ Inv(R). Localizing I(R : I) = R at any p ∈ Spec R

shows that Ip is an invertible fractional ideal of Rp, hence generated by a

nonzero element by 1.2. Then since R is a domain, Ip ' Rp for all p so I is

projective of rank 1. Since aI ⊂ R for some nonzero a ∈ R, we then have

aI ∈ Div+(R), and I = aI ⊗ (aR)⊗−1 belongs to Div(R).

Definition 1.10. Let R be a ring. The tensor product of R-modules induces

a commutative group structure on the set of isomorphism classes of invertible

R-modules. The class of R is the identity element, and the class of the dual

module is the inverse element. This group is called the Picard group of R,

and denoted Pic(R).

Proposition 1.11. If R is an integral domain, we have an exact sequence

0→ Pr(R)→ Div(R)→ Pic(R)→ 0

Proof. For any ring R, Pr(R) is the kernel of the map Div(R) → Pic(R)

which maps I ∈ Div+(R) to the class of its dual. Since every element of

Div(R) is a “difference” I⊗J⊗−1 of elements of Div+(R), it suffices to show

that if I, J ∈ Div+(R) with Iv ' Jv, there exist a, b nonzero in R such that

aI = bJ . Let K be the fraction field of R. Since I⊗K ' K ' J⊗K, we have

Isom(I, J) = {f ∈ K|fI = J}, and our claim follows. The following lemma



CHAPTER 1. THE PICARD GROUP 9

shows that if R is a domain, for any L ∈ Pic(R), there exists I ∈ Div+(R)

such that L ' Iv.

Lemma 1.12. Let R be an integral domain, and L an invertible R-module.

For any nonzero s ∈ L we consider the map ϕs : R → L which maps 1 to

s. Then the dual map Lv → R identifies Lv to an ideal as of R such that

as = Ann(L/Rs)

Proof. If R is a domain, any nonzero R-homomorphism ϕ : L→L′ of invert-

ible R-modules is injective: indeed ϕp : Lp→L′p is then nonzero for all p, and

any nonzero homomorphism Rp → Rp is clearly injective whence Ker ϕ = 0.

Since ϕv
s is nonzero (since ϕvv

s = ϕs 6= 0 ) it is thus injective and identifies

Lv to an ideal as of R. To show that as = Ann(L/Rs) it suffices to prove

the equality locally: when L is isomorphic to R, ϕs corresponds to multipli-

cation by an element r ∈ R. Then ϕv
s also corresponds to multiplication by

r, whence the result.

Corollary 1.13. Let R be a noetherian domain of dimension 1. Then if L

is an invertible R-module, in the notation of 1.12 we have L/Rs ' R/as for

any nonzero s in L.

Proof. Since L/Rs and R/as are artinian hence of finite length, by lemma

1.14 below it suffices to prove the claim locally. When L is isomorphic to a
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local ring R the result follows from 1.12.

Lemma 1.14. Let M be a module of finite length over a ring R. Then the

set S of maximal ideals m of R such that Mm 6= 0 is finite, and

M '
∏
m∈S

Mm

Proof. First note that if M is a simple R-module (i.e., a nonzero module

without any proper submodules), then M ' R/m for some maximal ideal

m ⊂ R: any nonzero x ∈M generates M over R, so M ' R/I where the ideal

I ⊂ R must be maximal for M to be simple. If M has length n, then M has

a filtration 0 = M0 ⊂M1 ⊂ ... ⊂Mn = M such that the successive quotients

Mi+1/Mi are simple, so isomorphic to R/mi for some maximal ideals mi ⊂ R.

Since (R/mi)m = 0 for any m 6= mi, tensoring the above filtration by Rm

yields Mm = 0 for all m /∈ {mi}0≤i<n. To establish the second statement,

note that the canonical map M → ∏
m∈SMm is injective: if x ∈ M is in its

kernel, then Rx ⊂M gives (Rx)m = 0 for all maximal ideals m ⊂ R, whence

Rx = 0 and x = 0. Surjectivity follows from the additivity of the length

function for modules of finite length.
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1.4 Invertible Sheaves

The notion of invertible sheaves over a scheme generalizes that of invertible

modules over a ring.

Definition 1.15. Let X be a scheme. A quasi-coherent sheaf L on X is

invertible if there exists an open cover (Ui)i∈I of X such that L|Ui ' O|Ui.

Example 1.16. If L is invertible and U = Spec R is an affine open of

X, L|U is the sheaf associated to an invertible R-module: indeed L|U ' L̃

for some R-module L, and for some open cover of U which we may take to

consist of basic open affines Uf = Spec Rf , L|Uf ' R̃f . Thus Lf ' Rf for

each f and L is invertible.

Definition 1.17. The tensor product of OX-modules induces a group struc-

ture on the set of isomorphism classes of invertible sheaves on X. The group

is called the Picard group of X and denoted Pic(X).

Definition 1.18. A closed subscheme of a scheme X is a positive Cartier

divisor on X if it is locally defined by non zero divisors, i.e., if the ideal

sheaf defining it is invertible. The set of all such is denoted Div+(X). A

Cartier divisor on X is one that is locally a difference of two positive

Cartier divisors, and the set of all such is denoted Div(X).
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Example 1.19. In light of 1.16, positive Cartier divisors on Spec R are in

bijection with the ideals I in Div+(R). We thus obtain an isomorphism of

groups Div(Spec R) ' Div(R).

By definition, a positive Cartier divisor D on a scheme X is given by a set

(Ui, ai)i∈I , where (Ui)i∈I is an open cover of X, and where the ai in Γ(Ui,OUi)

are not zero divisors in Ox for any x in Ui, and must locally generate the

same ideal: that is, on any intersection Ui ∩Uj, we must have ai = uij aj for

some unit uij in Γ(Ui ∩ Uj,OUi∩Uj). If ai = aj in Γ(Ui ∩ Uj,OUi∩Uj) for all

i, j, there exists a global section a of the ideal sheaf I defining D such that

a|Ui = ai, so D = (X, a) is called principal. An arbitrary divisor is principal

if it is locally a difference of positive principal divisors. The set Pr(X) of all

principal divisors is clearly a subgroup of the group Div(X).

If a positive Cartier divisor D is defined by the invertible ideal sheaf I

on X, the map which sends D to the isomorphism class of I−1 in Pic(X)

clearly extends to a group homomorphism Div(X)→ Pic(X). Denoting the

image of an arbitrary divisor D under this homomorphism by LD, we have

the following generalization of lemma 1.11:

Lemma 1.20. If X is an integral scheme, we have an exact sequence

0→ Pr(X)→ Div(X)→ Pic(X)→ 0
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Proof. For any scheme X, the homomorphism D 7→ LD has kernel Pr(X):

if D = (Ui, gi) has image LD ' OX , and 1 in OX(X) under this isomorphism

has image f in LD(X), then f|Ui = uig
−1
i for some unit ui in Γ(Ui,OUi). But

(Ui, gi) and (Ui, uigi) define the same divisor, so D = (Ui, uigi) = (X, f−1) is

principal. To show Div(X) → Pic(X) is surjective for X integral, let L be

an invertible sheaf on X. Then by lemma 1.12, for any open affine Spec A of

X we have L−1
|Spec A ' IA, where IA is the invertible ideal sheaf associated to

some ideal I in Div+(A). Since L is locally isomorphic to OX , there exists a

cover of X by open affines U = Spec Ai such that L|Spec Ai ' OSpec Ai , so we

may assume IAi ' OSpec Ai is generated by a nonzero divisor ai of Ai. The

ideal sheaf I locally generated by the ai is then invertible and isomorphic to

L−1, so defines a divisor D in Div+(X) with image L in Pic(X).

1.5 The Degree of a Divisor

Definition 1.21. A prime divisor on a scheme X is an integral closed

subscheme Z of codimension 1. A Weil divisor on X is an element of the

free abelian group Z1(X) generated by prime divisors, i.e., a sum

∑

codimZ=1

nZ [Z]
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where all but finitely many of the integers nZ are zero. The degree of the

Weil divisor is then defined to be
∑

codimZ=1

nZ.

Example 1.22. If X = Spec R is an affine scheme, a Weil divisor on X

is an element of the free abelian group generated by primes p in Spec R of

codimension 1, i.e. a finite sum
∑

dim Rp=1

np[p] with np ∈ Z. Thus we also

denote the set of these Weil divisors on R by Z1(R).

Lemma 1.23. If R is a noetherian ring, associating I in Div+(R) to the

sum

cycle(R/I) :=
∑

dim Rp=1

l(Rp/Ip) [p]

yields a map Div(R)→ Z1(R).

Proof. Since I is in Div+(R) (so Ip is generated by a non zero divisor),

dim Rp ≥ 1 for all p containing I. If p is minimal containing I, (R/I)p is

artinian, so the coefficients in the above sum are well-defined. Moreover the

sum above is finite since the set of minimal primes of the noetherian ring

R/I is finite. Thus cycle(R/I) is an element of Z1(R).

Definition 1.24. Let R be a noetherian ring. Composing the map Div(R)→

Z1(R) with the degree map Z1(R)→ Z, we define the degree of a divisor
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I ⊗ Jv of Div(R) by

deg (I ⊗ Jv) =
∑

dim Rp=1

l(Rp/Ip)− l(Rp/Jp)

Example 1.25. Let C be a curve over an algebraically closed field k (i.e.

an integral separated scheme of finite type over k of dimension one). Then

prime divisors on C are just closed points of C, and we have a map Div(C)→

Z1(C) which maps the divisor D to
∑

codim P=1

l(OD,P ) [P ]. Indeed for D posi-

tive and defined on some open affine Spec R of C by the ideal I in Div+(R),

OD,P is of the form (R/I)p for some prime p of R of codimension one. Then

by 1.23 (and since C as a noetherian scheme admits a finite cover by open

affines) the sum
∑

codim P=1

l(OD,P )[P ] is an element of Z1(C).

In fact, the mapping Div(C)→ Z1(C) is a group homomorphism, by the

following:

Proposition 1.26. If R is a noetherian domain of dimension 1, the mapping

Div(R) → Z1(R), which maps I ∈ Div+(R) to
∑

p∈Spec R l(Rp/Ip) [p] is a

group homomorphism.

The proof uses a lemma due to Szpiro (Cours de Géométrie Arithmétique,

III.3.5):
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Lemma 1.27. Let I be an ideal of a ring R. If x ∈ R is not a zero divisor,

there is a short exact sequence

0→ R/I → R/xI → R/xR→ 0

Proof. Since the kernel of the canonical map R/xI → R/xR is xR/xI, it

suffices to show that R/I ' xR/xI. Consider the map R → xR/xI which

maps 1 to [x]. It is surjective with kernel {a ∈ R | ax ∈ xI}, which is exactly

I since x is not a zero divisor.

Proof. 1.26 Since dim Rp = 1 for every nonzero p in Spec R the map is

well defined by lemma 1.23, and it only remains to show that it is a homo-

morphism of monoids. If I, J are in Div+(R), then for all p, JRp = xRp

for some x in Rp (which cannot be a zero divisor since R is a domain).

Then by lemma 1.27 and the additivity of the length function for modules

of finite length, we obtain l(R/IJ)p = l(R/I)p + l(R/J)p for all p, yielding

cycle(R/IJ) = cycle(R/I) + cycle(R/J).



Chapter 2

Gauss Composition for
Function Fields

2.1 Equivalent Quadratic Forms

We begin by defining an equivalence relation for binary quadratic forms with

coefficients in a ring R, using the natural action of GL2(R) on binary forms

f(x, y): for M =

(
r s
v w

)
in GL2(R) we define M(f) = f(rx+sy, vx+wy).

Definition 2.1. Two binary quadratic forms f(x, y) and g(x, y) with coef-

ficients in a ring R are equivalent over R if g = M(f) for some M in

SL2(R). We write f ∼R g to denote the equivalence of f and g over R.

Definition 2.2. A form ax2 + bxy+ cy2 with coefficients in a ring R is said

to be primitive (over R) if the ideal (a, b, c) generated by its coefficients

equals R.

We denote by FD, R the set of primitive, binary quadratic forms with coeffi-

17
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cients in R of discriminant D, and define FD, R = FD, R/ ∼R. Throughout

the remainder of this chapter, we consider only rings R which are domains

with fraction field of characteristic other than 2.

Lemma 2.3. If ax2 + bxy + cy2 ∼R Ax2 + Bxy + Cy2, the two forms have

same discriminant, and (A,B,C) = (a, b, c). In particular, primitive forms

remain so under the action of SL2(R).

Proof. Since the forms are equivalent we may write (recalling that R has

fraction field of characteristic not 2):

(
x y

)( A B/2
B/2 C

)(
x
y

)
=
(
x y

)
M t

(
a b/2
b/2 c

)
M

(
x
y

)

where

M =

(
r s
v w

)
∈ SL2(R)

Comparing determinants then yields b2 − 4ac = B2 − 4AC. We also obtain:

A = f(r, v)
B = 2ars+ b(rw + sv) + 2cvw
C = f(s, w)

The above coefficient relations show (A,B,C) ⊂ (a, b, c). By symmetry we

obtain (a, b, c) ⊂ (A,B,C).

For M =

(
r s
v w

)
with entries in R we define M∗ =

(
w s
v r

)
. We then

obtain the following relation between zeroes of equivalent forms:
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Lemma 2.4. Let f(x, y) = ax2 + bxy + cy2 = a(x + zfy)(x + zfy) have

coefficients in R and nonsquare discriminant D, where

zf :=
b+ τ

2a
, zf :=

b− τ
2a

, with τ 2 = D.

Then if g = M(f) for M =

(
r s
v w

)
in SL2(R), we have

zg = M∗(zf ) :=
wzf + s

vzf + r

Proof. Let K be the fraction field of R, and N = NK(τ)/K denote the norm

map, so we may write f(x, y) = aN(x+ zfy). Then

g(x, y) = f(rx+ sy, vx+ wy)

= aN((rx+ sy) + (vx+ wy)zf )

= aN((vzf + r)x+ (wzf + s)y)

= aN(vzf + r) N(x+
wzf + s

vzf + r
y)

Thus zg is equal to either
wzf+s

vzf+r
or its conjugate. If g(x, y) = Ax2+Bxy+Cy2,

the formulas for A,B,C in lemma 2.3 yield:

wzf + s

vzf + r
=

(wzf + s)(vzf + r)

(vzf + r)(vzf + r)
=

2a(wzf + s)(vzf + r)

2f(r, v)
=
B + τ

2A
= zg
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2.2 Gauss Composition for Function Fields

Let k be an algebraically closed field of characteristic other than 2. We

henceforth restrict our attention to the ring R = k[u], and to nonsquare

D ∈ k[u]. For any such D we let RD = k[u][t]/(t2 − D), and for ease of

notation write simply FD for FD, k[u].

Lemma 2.5. Given f(x, y) = ax2 + bxy + cy2 ∈ FD, let zf be as in lemma

2.4, and let If be the free rank 2 k[u]-module with k[u]-basis (1, zf ). Then

If ∈ Div(RD).

Proof. Since τ 2 = D, RD has k[u]-basis (1, τ), and If is an RD-submodule of

the fraction field K of RD since τIf ⊂ If : indeed τ = −b + 2azf ∈ If , and

τzf = −2c + bzf ∈ If . If is a fractional ideal of RD since aIf ⊂ RD, and is

invertible since (1, zf )(a, azf ) = RD. Thus If ∈ Div(RD) by lemma 1.9.

Lemma 2.6. Let I ∈ Inv(RD) have k[u]-basis (1, γ), and let a ∈ k[u] be of

minimal degree such that aTr(γ) and aN(γ) belong to k[u]. Then we have

RD = (1, aγ).

Proof. By lemma 1.1, it suffices to show Stab(I) = (1, aγ). For any α in

Stab(I) we have α(1, γ) ⊂ (1, γ), whence α = α · 1 = n + mγ for some
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n,m ∈ k[u]. Then since γ satisfies x2 − Tr(γ)x+N(γ) = 0, we also have

αγ = (n+mγ)γ = (n+mTr(γ))γ −mN(γ)

whence mTr(γ) and mN(γ) belong to k[u]. But since by hypothesis a is

of minimal degree such that aTr(γ), aN(γ) ∈ k[u], it follows that a|m and

Stab(I) = (1, aγ) as desired.

Theorem 2.7. (Gauss’ Theorem for function fields)

For f(x, y) = ax2 + bxy + cy2 ∈ FD, let If ∈ Div(RD) be as in the previous

lemma. Then the map f 7→ If induces a bijection

FD → Pic(RD)

[f ] 7→ [Iv
f ]

Proof. The map is well-defined by lemma 2.4: indeed if zg =
wzf + s

vzf + r
where

rw − sv = 1, then (1, zg) ' (vzf + r, wzf + s) = (1, zf ). To establish surjec-

tivity, let L ∈ Pic(RD), so by lemma 1.12 L ' Iv for some I in Div(RD),

which we may assume has k[u]-basis (1, γ) for γ = p+ qτ, p, q in k(u). Let

T = Tr(γ), N = N(γ), and let a ∈ k[u] be of minimal degree such that

aT, aN ∈ k[u]. Then by lemma 2.6, RD = (1, aγ) = (1, ap+ aqτ), so

(
1
τ

)
= M

(
1 0
ap aq

)(
1
τ

)
, where M ∈ GL2(k[u]),
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whence aq ∈ k∗. Since a is defined up to a constant in k∗, we choose a such

that aq = 1/2. Then f(x, y) = ax2 + aTxy + aNy2 is a form of discriminant

a2(T 2−4N) = 4a2q2D = D, which is primitive: indeed if (a, aT, aN) 6= k[u],

the ideal (a, aT, aN) is contained in some maximal ideal (u−α) of k[u]. But

then u−α divides a, aT and aN , contradicting the minimality of the degree

of a. Finally, we have

zf =
aT + τ

2a
=

2apq + qτ

2aq
= p+ qτ.

Thus I = (1, zf ), and L has antecedent [f ].

We now establish injectivity. First note that for [f ] ∈ FD we may always

choose a representative ax2 + bxy + cy2 with a monic, since for any α ∈ k∗,

f(x, y) ∼ f(αx, y/α). Suppose [Iv
f ] = [Iv

g ] for f(x, y) = ax2 + bxy + cy2 and

g(x, y) = Ax2 + Bxy + Cy2 ∈ FD, where a and A are assumed to be monic

polynomials. Since If ' Ig, we have (1, zf ) = (µ, µzg) for some µ ∈ K.

Replacing if necessary µ by αµ for some α ∈ k∗, we choose µ such that

N(µ) ∈ k(u) is “monic”, i.e. of the form

un + c1u
n−1 + · · ·+ cn

um + c′1um−1 + · · ·+ c′m

We have

(
1
zf

)
=

(
r s
v w

)(
µ
µzg

)
for some

(
r s
v w

)
∈ GL2(k[u])
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Hence

(
1 0

b/2a 1/2a

)(
1
τ

)
=

(
r s
v w

)(
Mµ

)( 1 0
B/2A 1/2A

)(
1
τ

)

where Mµ denotes the matrix of multiplication by µ. Comparing determi-

nants yields

1/2a = (rw − sv) ·N(µ) · (1/2A)

A = (rw − sv) aN(µ)

Since a and A are monic polynomials and N(µ) is a quotient of monic poly-

nomials, we find that rw − sv = 1, A = aN(µ), and hence

f(x, y) = a N(x+ zfy)

= a N(µ) N((r + szg)x+ (v + wzg)y)

= a N(µ) N((rx+ vy) + (sx+ wy)zg)

=
aN(µ)

A
g(rx+ vy, sx+ wy)

= g(rx+ vy, sx+ wy)

so indeed f(x, y) ∼ g(x, y)
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2.3 Geometric Interpretation of Gauss

Composition

Lemma 2.8. Let C be a curve, f : C → P1
k a degree 2 morphism with a

smooth ramified point P0. Then P0 is ramified in the normalization C̃ of C.

Proof. Writing C − {P0} = Spec A where A is a quadratic extension of the

polynomial ring k[u] and letting z = 1/u, we have that P0 is ramified in

Spec B = f−1(Spec k[z]). If B = k[z, T ]/(T 2 − P ) for P = P (z) in k[z], the

singular points of Spec B satisfy the system of equations

T 2 − P (z) = 0

2T = 0

P ′(z) = 0

whence P0 corresponds to a simple root of P (z). Writing P = ρ2δ where

δ = δ(z) is square-free, it is easily seen that the integral closure of B is

B̃ = k[z, T ]/(T 2 − δ): any x in the fraction field K of B can be written

x = q1 + q2t, where t2 = P = ρ2δ and q1, q2 are in k(z); if x is integral over

k[z], its trace 2q1 and norm q2
1 − q2

2ρ
2δ belong to k[z], whence q1 and q2ρ are

in k[z] and x = q1 + q2pT ∈ B̃. Since the simple roots of P (z) are necessarily

roots of δ(z), P0 ramifies in Spec B̃, hence in its projective closure C̃.
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Lemma 2.9. Let C be a curve over k that is a degree 2 covering of P1
k, with

a smooth ramified point P0. Then C is a projective closure of an affine curve

t2 = D(u) where D(u) is a polynomial of odd degree. Conversely, given an

affine curve t2 = D(u) with D(u) of odd degree, it has a projective closure C

with a smooth ramified point at infinity.

Proof. By lemma 2.8 P0 is ramified in the normalization C̃ of C. We have

C − {P0} = Spec A, where A =
k[u, t]

(t2 −D)
for some polynomial D = D(u),

D = m2d where d in k[u] is square-free. Since C̃ is a projective closure of

Spec
k[u, t]

(t2 − d)
, it is ramified at the deg d distinct zeroes of d in addition to P0,

for a total of deg d+ 1 ramification points. We now apply Hurwitz’s formula

to the smooth curve C̃: if gC̃ is the genus of C̃ and e(P ) is the ramification

index at P of the covering C̃ → P1
k, we have

2gC̃ − 2 = −4 +
∑

P∈C̃
(e(P )− 1)

It follows that the number of ramification points of C̃ is even. Thus d, and

hence D, are of odd degree.

To prove the converse, note that if D = D(u) has odd degree 2m + 1,

writing D(u) = a
∏2m+1

i=1 (u − αi) and letting z = 1/u and T = t/um+1, we

obtain:

T 2 = az

2m+1∏
i=1

(1− αiz) = a
∏

αi 6=0

αi
∏

αi 6=0

(α−1
i − z) =: P (z)
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The affine curve T 2 − P (z) is then clearly ramified and smooth at z = 0,

giving us a projective closure C of Spec A with a smooth ramified point at

infinity.

Lemma 2.10. Let C be a curve that is a degree 2 covering of P1
k with a

smooth ramified point P0, C−{P0} = Spec A. Then we have an isomorphism

of groups Pic(A)
∼→ Pic0(C).

Proof. We establish an isomorphism Div(A)
∼→ Div0(C). Let I ∈ Div+(A),

so Ifi ' Afi for some affine cover Xi = Spec Afi of Spec A. Let ti ∈ I be

generators for Ifi as an Afi-module, let X0 be an open neighborhood of P0

where none of the ti vanish, and let π be a local parameter at P0, i.e., an

element of k(C) with vP0(π) = 1 where vP0 is the valuation corresponding to

the discrete valuation ring OP0 . We let t0 = πl where l = l(A/I). Then for

all i, j nonzero, ti/t0 is invertible in OC(Xi

⋂
X0), and ti/tj is invertible in

OC(Xi

⋂
Xj) = Afifj , since ti and tj both generate Ififj as an Afifj -module.

Thus I gives us a divisor D on C, which by example 1.25 has degree

degD =
∑
P∈C

l(OD,P ) =
∑
p∈A

l(Ap/IAp) + l(OD,P0) = l(A/I)− vP0(πl) = 0.

The divisorD is clearly independent of the open cover chosen for C−{P0} and

the local generators chosen for I: if {Uj, sj}j=1,2,... is another such cover and

set of local generators, then for some neighborhood U0 of P0 and s0 = πl,
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we find that for all i, j, sj and ti differ by a unit in OC(Xi

⋂
Uj), hence

(Uj, sj) = (Xi, ti) as elements of Div0(C). Thus we have a well-defined

map ϕ : Div+(A) → Div0(C), and since ϕ(IJ) = ϕ(I) + ϕ(J) for all

I, J ∈ Div+(A), setting ϕ(Iv) = −ϕ(I) gives us a homomorphism of groups

Div(A) → Div0(C). It is surjective: for any divisor D of degree zero on C,

its restriction to C − {P0} corresponds to an element I ⊗ Jv of Div(A) by

example 1.19, and ϕ(I ⊗ Jv) = D. If ϕ(I) − ϕ(J) = (C, 1) = idDiv0(C) for

I, J ∈ Div+(A), local generators for I and J differ by units, so I = J and

ϕ is injective. Finally since ϕ maps Pr(A) to principal divisors on C, the

result follows from lemma 1.20.

Theorem 2.11. (Gauss’ Theorem, Geometric version) Let C be a curve

that is a degree 2 covering of P1
k with a smooth ramified point P0, and let

C − {P0} = Spec A. If A = k[u, t]/(t2 −D) for D = D(u) in k[u], we have

a bijection Pic0(C)→ FD.

Proof. Immediate from lemmas 2.10 and 2.7.



Chapter 3

Number Fields, Arakelov
Theory

3.1 The Compactified Picard Group

We recall the necessary vocabulary to understand Arakelov’s introduction of

metrics at the infinite places of a number field.

Definition 3.1. A hermitian product on a C-vector space V is a bi-

additive map ( , ) : V × V → C, linear in the first variable, such that

(x, y) = (y, x) for any x, y ∈ V. The product is positive if (x, x) = ‖x‖2 ≥ 0

for all x in V , and is nondegenerate if ‖x‖ = 0 implies x = 0.

If V is a one-dimensional C-vector space, giving a positive nondegenerate

hermitian product on V amounts to giving the length ‖x‖ 6= 0 of a nonzero

element of V : indeed for y, z ∈ V , we have y = λx, z = µx for some λ, µ ∈ C

and hence (y, z) = (λx, µx) = λµ‖x‖2. Accordingly, we will simply say that

28
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V has a hermitian metric if V is a one-dimensional C-vector space with a

positive nondegenerate hermitian product.

Definition 3.2. If a one-dimensional C-vector space V has a hermitian met-

ric ‖ ‖, its dual V v has a canonical hermitian metric given by ‖ϕ‖ = |ϕ(x)|
‖x‖

for all nonzero x in V . The product V1⊗C V2 of two such vector spaces V1, V2

with hermitian metrics ‖ ‖1, ‖ ‖2, likewise has a canonical hermitian metric

given by ‖x1 ⊗ x2‖ = ‖x1‖1‖x2‖2.

Now let K be a number field of degree n, with r1 real places and 2r2

complex places. We henceforth fix a set Φ of r1 real places and r2 non-

conjugate complex places, as well as an order A of K. Then if L is an

invertible A-module, for every σ ∈ Φ we have a one-dimensional C-vector

space Lσ := (L ⊗A σ(A)) ⊗σ(A) C, which can be provided with a hermitian

metric ‖ ‖σ. This justifies the following:

Definition 3.3. An invertible module L of an order A, together with a her-

mitian metric ‖ ‖σ on Lσ for each σ ∈ Φ, is called a metrized invertible

module and denoted (L, ‖ ‖σ).

Since a metrized invertible module carries more information than its un-

derlying module, a notion of ‘isomorphism’ for these objects necesarily refines

that of an isomorphism of invertible modules:
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Definition 3.4. An isometry between two metrized invertible A-modules

(L1, ‖ ‖1,σ) and (L2, ‖ ‖2,σ) is an A-module isomorphism ϕ : L1
∼→ L2, such

that ‖ϕ(x)‖2,σ = ‖x‖1,σ for every x in L1.

It immediately follows from the definition that:

Lemma 3.5. Let (L, ‖ ‖1,σ) and (L, ‖ ‖2,σ) be metrized invertible A-modules

having the same underlying module L. They are isometric if and only if

‖ ‖2,σ = |σ(u)| ‖ ‖1,σ for some u in A∗.

Definition 3.6. The tensor product of metrized invertible A-modules induces

a product on the set of isometry classes of such modules, which turns this

set into a group called the compactified Picard group of A and denoted

Picc(A). Its identity element is the isometry class of (A, ‖ ‖σ) where ‖1‖σ = 1

for all σ. Inverses are given by (the class of) the dual module together with

the dual metric.

For ease of notation, we shall henceforth write simply (L, ‖ ‖σ) or L to refer

to the isometry class of (L, ‖ ‖σ) in Picc(A) when no confusion is possible.

We also denote by (A, (xσ)) the metrized module (A, ‖ ‖σ), where xσ in R∗+

denotes the value ‖1‖σ.

Lemma 3.7. If A is an order of a number field K, φ is the cardinal of the
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set Φ of real and nonconjugate complex places σ of K, and µ(A) is the set of

roots of unity in A, we have the exact sequence:

0→ µ(A)→ A∗ → Rφ → Picc(A)→ Pic(A)→ 0

where the homomorphism A∗ → Rφ maps u 7→ (log |σ(u)|)σ∈Φ

Proof. We clearly have a surjective homomorphism Picc(A)→ Pic(A) which

“forgets metrics”, and whose kernel is the set (A, (xσ)) for (xσ) in (R>0)φ,

i.e., precisely the image of the homomorphism Rφ → Picc(A) mapping (λσ)

to (A, (eλσ)). By the previous lemma, we know that (A, (eλσ)) is isometric

to (A, (1)σ) if and only if there exists u ∈ A∗ such that eλσ = |σ(u)| for all

σ, i.e., if (λσ) = (log |σ(u)|). Finally, since u ∈ A∗ is a root of 1 if and only

if |σ(u)| = 1 for all σ, we obtain the result.

3.2 The Norm of an Ideal

In the following section we relate the norm of an ideal I in an order A of a

number field to its degree as an element of Div(A). The results will allow us

to extend the notion of degree to classes of metrized invertible modules.

Lemma 3.8. If ϕ : Zn → Zn is an injective homomorphism of free Z-

modules, then |Coker ϕ| = |Coker (det ϕ)| = |Z/(det ϕ)Z|.
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Proof. Since ϕ can be put in Smith normal form the result is immediate (note

that if a1, a2, ..., an are the diagonal entries of ϕ for appropriately chosen bases

of Zn, they are all nonzero since ϕ is injective).

Lemma 3.9. Let I be a nonzero ideal of an order A of a number field K.

Then N(I) = |A/I|.

Proof. Immediate from lemma 3.8 and the definition of N(I) adopted in the

introduction (the absolute value of det T for T a transition matrix from a

Z-basis of A to a Z-basis of I).

Lemma 3.10. Let x be an element of a number field K, let mx denote a

matrix of multiplication by x in K. Then

det mx =
∏

σ:K→C
σ(x)

where the σ run through all Q-homomorphisms of K into C. From the defi-

nition of N(x) adopted in the introduction we thus have N(x) = det mx.

Proof. First suppose K = Q[x] is a degree d vector-space over Q. The charac-

teristic polynomial for mx has constant term (−1)ddet mx, while the minimal

polynomial of x has constant term (−1)d
∏
σ(x) where the σ run through

all Q-homomorphisms of Q(x) into C. Since in this case the characteristic

polynomial is equal to the minimal polynomial we obtain the result. Now



CHAPTER 3. NUMBER FIELDS, ARAKELOV THEORY 33

suppose x is an element of K such that [K : Q(x)] = m, [Q(x) : Q] = d. The

matrix mx of multiplication by x in K can be written with m blocks equal

to the matrix of mx restricted to Q(x), whence

det mx =
∏

σ:Q(x)→C
σ(x)m

Since there are exactly m distinct extensions of σ : Q(x) → C to a Q-

homomorphism of K into C, the result follows.

Proposition 3.11. Let I be a nonzero ideal of an order A of a number field

K. Then

|A/I| =
∏

p∈Spec A
|Ap/IAp|

and for all p ∈ Spec A,

log|Ap/IAp| = l(Ap/IAp) log|A/p|.

Proof. Since A is a domain of dimension 1 and I 6= (0), A/I is artinian so by

lemma 1.14 |A/I| =
∏

p⊃I |Ap/IAp|. Since IAp = Ap for all p + I, the first

part of our claim follows. For the same reason, the second equation holds

when p + I. When p ⊃ I, the only simple module on the artinian local ring

Ap/IAp is the residual field A/p, whence |Ap/IAp| = |A/p|l(Ap/IAp).

Lemma 3.12. (product formula) If x is an element of an order A of a number

field K, |N(x)| = N(Ax).
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Proof. Immediate from the definitions and 3.10: indeed the matrix of mul-

tiplication by x in A also represents multiplication by x in K. However as

remarked by Szpiro (Cours de Géometrie Arithmétique, proposition 4.4), the

above equality in light of 3.10 and 3.11 reads

∏

σ:K→C
|σ(x)| =

∏
p∈Spec A

N(p)l(Ap/Ip) (3.1)

and as such generalizes the classical product formula: any prime p of the

ring of integers Ã of a number field K gives rise to a valuation v = vp on K,

defined by vp(a) = sup {n| a ∈ pnÃp} for a in Ã, and vp(x) = vp(a) − vp(b)

for x = a/b ∈ K. The valuation vp is called a finite place of K, while the

Q-homomorphisms σ of K into C are called infinite places of K. For each

place v we may define a norm | |v on K by

|x|v =

{
N(p)−vp(x) if v = vp is finite

|σv(x)| if v = σv is infinite

Denoting by µ the set of all places of K, for any x in K the classical product

formula then reads

∏
v∈µ
|x|v = 1

which is easily deduced from (3.1).

Lemma 3.13. For A an order of a number field, the norm map gives a group

homomorphism N : Div(A)→ Z.
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Proof. It suffices to show that the norm map Div+(A) → N is multiplica-

tive. If I, J are elements of Div+(A), for any prime ideal p of A we have

l(Ap/IJAp) = l(Ap/Ip) + l(Ap/Jp) by lemma 1.26 and the additivity of the

length for modules of finite length. Then proposition 3.11 yields |A/IJ | =

|A/I| |A/J |.

3.3 The Degree of a Metrized Invertible

Module

We begin by defining the degree of a compactified divisor:

Definition 3.14. We define Divc(A) as Div(A)×Rφ, and Z1
c (A) as Z1(A)×

Rφ. Denoting a generic element of Z1
c (A) by

∑
p∈SpecA

np[p] +
∑
σ∈Φ

λσ[σ]

we define its degree to be the real number
∑
np logN(p) +

∑
εσλσ , where

εσ is 1 or 2 acccording to whether σ is real or complex. Since we clearly

have a group homomorphism Divc(A) → Z1
c (A) which extends the homo-

morphism Div(A)→ Z1(A) of 1.26 and “keeps the infinite components”, by

composition with the map Z1
c (A)→ R we have thus defined the degree of a

compactified divisor.

Proposition 3.15. The degree map deg : Divc(A) → R is a group homo-
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morphism. If I is an ideal in Div(A), considering it as a compactified divisor

without any infinite components yields deg(I) = logN(I).

Proof. The first claim is immediate from the definition of the degree map,

while the second follows from proposition 3.11.

Proposition 3.16. For an order A of a number field K, we have the com-

mutative diagram of exact sequences

Rφ → Divc(A)→ Div(A)→ 0
↓ ↓ ↓

Rφ → Picc(A)→ Pic(A)→ 0

Proof. The kernel of the map Divc(A)→ Div(A) which “forgets metrics” is

precisely Rφ, and the bottom row of the diagram is exact by 3.7. We have a

natural group homomorphism Divc(A)→ Picc(A) extending the homomor-

phism Div(A)→ Pic(A) of 1.11: given (I, (λσ)) in Divc(A) for I an ideal of

A, dualizing the inclusion I ↪→ A gives us a morphism A
ϕ→ Iv, and we map

(I, (λσ)) to the isometry class of (Iv, ‖ ‖σ) where ‖ϕ(1)‖σ = e−λσ . (Thus if

L ∈ Picc(A) and s is any nonzero element of L, in the notation of lemma

1.12, L has antecedent (as,−log‖s‖σ) in Divc(A)). The map Rφ → Rφ maps

(λσ) to (−λσ), and commutativity is then clear.
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Definition 3.17. If a is an element of A, we associate to it the compactified

divisor (Aa, log|σ(a)|) which we denote simply (a). The induced homomor-

phism of semigroups A − {0} → Divc(A) extends to a homomorphism of

groups K∗ → Divc(A), the elements of whose image are called principal

compactified divisors. These form a group of denoted Prc(A).

Proposition 3.18. The degree map Divc(A) → R vanishes on Prc(A). It

thus defines a group homomorphism we continue to call deg: Picc(A) → R,

which maps L in Picc(A) to

deg L = log
|L/As|∏
σ∈φ ‖s‖εσσ

(3.2)

where s is any nonzero element of L.

Proof. If a is in A,

deg(a) = logN(Aa)−
∑

εσlog|σ(a)| = logN(Aa)− log|N(a)| = 0

by the product formula of 3.12. To establish the formula for the degree of L

in Picc(A) we consider the ideal as corresponding to a nonzero s in L as in

1.12. By corollary 1.13 we have L/As ' A/as, and thus

deg L = deg (as, (−log‖s‖σ))

by the antecedent for L given in 3.16. The formula above follows.
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3.4 Arakelovian Interpretation of Gauss

Composition

Let A be an order of an imaginary quadratic field K. The degree formula

above shows that if L ∈ Picc(A) has degree 0, the metric for L is determined

and given by ‖s‖2
L = |L/As|. Denoting by Pic0

c(A) the kernel of the deg

homomorphism, we have the following

Proposition 3.19. For an order A of an imaginary quadratic field K, the

map Pic0
c(A)→ Pic(A) which “forgets metrics” is an isomorphism of groups.

Proof. We clearly have a surjective group homomorphism which is injective:

if ϕ : L→ L′ is an A-isomorphism, then

‖ϕ(x)‖2
L′ =| L′/Aϕ(x) |=| L/Ax |= ‖x‖2

L for all x in L

whence (L, ‖ ‖L) is isometric to (L′, ‖ ‖L′).

Lemma 3.20. Let A be an order of a number field K, L an invertible A-

submodule of K and s a nonzero element of L. Then |L/As| = N(s)/N(L)

Proof. Supposing first that L ⊂ A, we have a split exact sequence

0→ L/As→ A/As� A/L→ 0

whence |A/As| = |A/L| |L/As|, so N(s) = N(L)|L/As| by lemmas 3.9 and

3.12. If L is not contained in A, since L is invertible there exists a b ∈ A such



CHAPTER 3. NUMBER FIELDS, ARAKELOV THEORY 39

that bL ⊂ A, so |L/As| = |bL/Abs| =
N(bs)

N(bL)
by the above, and the result

follows from the multiplicativity of the norm for invertible modules.

Theorem 3.21. (Gauss’ Theorem in Arakelov’s Theory) Let A be an order

of discriminant D in an imaginary quadratic number field K. The set F+
D

of SL2(Z)-equivalence classes of positive definite, primitive binary quadratic

forms of discriminant D is in bijection with the group Pic0
c(A) of degree zero

isometry classes of invertible A-modules.

Proof. Since A has discriminant congruent to 0 or 1 (mod 4), it has Z-basis

(1, t) where multiplication is given by

t2 =





D/4 if D ≡ 0 (mod 4)

t+ D−1
4

if D ≡ 1 (mod 4)

Choosing τ such that τ 2 = D we may then choose t so that

t =





τ/2 if D ≡ 0 (mod 4)

τ+1
2

if D ≡ 1 (mod 4)

If f(x, y) = ax2 +bxy+cy2 is in F+
D , denoting by zf the element (b+τ)/2a of

K we write f(x, y) = aN(x + zfy), and claim that the free Z-submodule If

of K with basis (1, zf ) is an A-module: indeed, tIf ⊂ If since if D is divisible

by 4, b is even, and

t = τ/2 = azf − b/2 ∈ (1, zf )
tzf = τzf/2 = bzf/2− c ∈ (1, zf )
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Similarly, if D ≡ 1 (mod 4), b is odd, and

t = (τ + 1)/2 = (1− b)/2 + azf ∈ (1, zf )
tzf = (τ + 1)zf/2 = −c+ (b+ 1)zf/2 ∈ (1, zf )

Moreover If is invertible: since f(x, y) is primitive, we have in all cases

(1, zf )(a, azf ) = (a, b, c, azf ) = (1, azf ) = (1,
b+ τ

2
) = A

whence If is in Div(A) by 1.9. Finally if f(x, y) ∼ g(x, y), If is isomorphic

to Ig as an A-module by 2.4, hence isometric by 3.19. Thus we have a well-

defined map F+
D → Pic0

c(A), mapping the equivalence class of f(x, y) to the

isometry class of If .

We establish surjectivity: For any L in Pic0
c(A), identifying Lv with an

ideal as of A as in 1.12—and noting that av
s ' (A : as) by lemma 1.9—allows

us to identify L with an A-submodule of K which we continue to call L, and

which we may assume to have Z-basis (1, γ). Replacing if necessary γ by −γ

we moreover suppose γ = p+ qt, where p, q are rational with q > 0. Letting

T = Tr(γ), N = N(γ), and letting a be the smallest positive integer such

that aT, aN ∈ Z, by analogy with 2.6 we have A = (1, aγ): for any α in

Stab(I) we have α = α · 1 = n + mγ for some n,m ∈ Z, so since γ satisfies

x2 − Tx+N = 0, we also have

αγ = (n+mγ)γ = (n+mT )γ −mN
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whence mT and mN belong to Z. Since a is minimal such that aT, aN ∈ Z,

it follows that a|m and Stab(I) = (1, aγ). Thus A = (1, aγ) by 1.1, and

f(x, y) = aN(x + γy) is a primitive positive definite form of discriminant

a2(Tr(γ)2 − 4N(γ)) = 4a2q2D equal to the discriminant of the basis (1, aγ)

of A, i.e. equal to D. Clearly zf = γ by our choice of γ, whence L has

antecedent f in F+
D .

To see injectivity, suppose that If ' Ig for f(x, y) = ax2 + bxy+ cy2 and

g(x, y) = Ax2 +Bxy+Cy2 in F+
D : then for some µ in K and some invertible

(
r s
v w

)
in GL2(Z), we have

(
r s
v w

)(
1
zf

)
=

(
µ
µzg

)

whence
µ

µzg
=

r + szf
v + wzf

and zg =
v + wzf
r + szf

. Expanding yields:

B + τ

2A
=

(v + wzf )(r + szf )

(r + szf )(r + szf )

=
2a(v + wzf )(r + szf )

2f(r, s)

=
2arv + (rw + sv)b+ 2csw + (rw − sv)τ

2f(r, s)

Then comparing coefficients for τ on the left and right, since A and f(r, s)
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are both positive we obtain rw − sv = 1, hence A = f(r, s) and

g(x, y) = A N(x+ zgy)

= A N(x+
v + wzf
r + szf

y)

=
A

N(r + szf )
N((r + szf )x+ (v + wzf )y)

= a N((rx+ vy) + (sx+ wy)zf )

∼ f(x, y)

Thus the map is injective.
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