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COMPLEX EARTHQUAKES ARE HOLOMORPHIC
by

Professor Frederick P. Gardiner

Eanthquakes on compact Riemann surfaces have been stndied extensively. They are
mgsdﬂanmnﬂsﬁmdammakmmkaisamk
of Kerckhoff that an earthquake path is a real analytic path in the Teichmmuiler space of a
compact surface. We give a generalization of Kerckhoff’s resalt to the Teichmuller space
of any Riemana surface, in fact, to the Universal Teichmuller Space.

We start from a bounded measure on the hyperbolic plane and the corresponding
carthquake path parameterized by the positive real numbers. We extend the
parameterization to a neighborhood of the real line in the complex plane. The extension is
a holomeorphic map in the parameter and, for a fixed parametes, it is a one to one map of
the unit circle. Hence, the complex earthquake path, with the parameter in the given
neighborhood of the real line, is a holomorphic motion of the unit circie. By
Slodkowski’s theorem, it is extendible to a holomorphic motion of the complex plane.

Then, for a fixed positive parameter, the earthquake magp is the restriction to the umit

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



circle of a quasiconformal map of the complex plane preserving the unit disk. Thas an
earthquake with a bounded measure is quasisymmetric. We also prove that a
quasisymmetric earthquake has bounded measure.

The above resulfs taken together show that for an carthquake the following are
equivalent:

1. The measure of an earthquake is bounded,

2. An eartbquake is quasisymmetric,

3. An earthquake path is a part of 2 holomorphic motion of the unit circie.

Moreover, an earthquake path with boanded measure is a real analytic path in the

Universal Teichmuller Space.
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1 Introduction

An earthquake is a bijective, but not continuous, piecewise hyperbolic isom-
etry of the hyperbolic plane H? with certain compatibility properties. The
set of discontinuity lies in a geodesic lamination L. L is a collection of non-
intersecting geodesic lines whose union forms a closed set in H?. The earth-
quake induces a non-negative transverse measure supported on the lines of
L.

An earthquake extends to a homeomorphism of the boundary S of H2.
Thurston (see [13]) showed, conversely, that any homeomorphism of S* can be
obtained as the restriction of an earthquake and this earthquake is essentially
unique. In particular, the lamination £ is unique and the assignments of
hyperbolic isometries to the complementary components of £ and to the
geodesics of £ determine a unique nonnegative transverse measure. Gardiner,
Hu and Lakic gave different proof (see [6] and [7]).

We say that the transverse measure is bounded if the measures of all closed
segments of hyperbolic length one transverse to the lamination are bounded
by a constant. Given a geodesic lamination and a nonnegative, locally finite
measure on it. we can always get a map which satisfies all the properties
of an earthquake except surjectivity. If the measure is bounded. however.
then the map is surjective and indeed is an earthquake. This fact, originally

stated by Thurston, is a consequence of results proved in this paper.
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Thurston first introduced earthquakes in the context of Teichmiiller spaces
of compact Riemann surfaces. An earthqnake is defined on the base Riemann
surface as a piecewise hyperbolic isometry discontinuous along a geodesic
lamination and satisfying a compatibility condition; its lift to the hyperbolic
plane is an earthquake which is invariant under the action of the Fuchsian
group representing the fundamental group. Kerckhoff [10] proved that if the
transverse measure is multiplied by a positive parameter, the resulting path
in any finite dimensional Teichmiiller space depends real analytically on the
parameter.

If we start with an arbitrary nonnegative, bounded measure i supported
on a lamination £ in B? and multiply it by a positive parameter ¢t we get a
path of bounded measures. Normalized earthquakes associated to this path
form an earthquake path in the universal Teichmiller space. In this paper,
we multiply u by a complex parameter . If the imaginary part of 7 is small
enough, we can define a piecewise hyperbolic isometry on each component of
H2 - £ and on each leaf of £ into hyperbalic three space H®. The images of
the components of B? — £ are glued together along the images of the leaves
of £ at an angle determined by the imaginary part of r. This map is often
called a quakebend [4]. It extends to a homeomorphism of S* onto its image
in S2. The quakebend, restricted to S', can thus be considered as a function

of two variables.

Our main theorem is:
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Theorem A Fir a bounded frensverse megsure and a point on S*. Then
the complez earthquake path depends holomorphically on the parameter 1.

This theorem is part of the following more general result:

Theorem B The followting three statements are equivalent:

1. The restriction of an earthquake to the boundary of the hyperbolic plane
is . .
2. The measure of an earthquake is bounded,

3. An earthquake path is the restriction of the holomorphic motion of the
boundary of the hyperbolic plane. Furthermore, the domain of definition
D, of the parameter T of the holomorphic motion depends only on the
bound on transverse measure and contains the real anis.

The mair arguments of the paper depend on the cone lemma of Keen
and Series {8}, Lemma 6.3, on the crescent lemma, Lemma 2.7, and on the
theorem of Slodkowski on holomorphic motions [12].

The plan of the paper is the following:

In section 2 we give the definitions of an earthquake E, with measure u
and an earthquake path Eg,. and the basic lemmas needed for the rest of
the paper. In section 3 we find a sequence of finite earthquakes E,  which
approximate E,. We show that the sequence of paths Ey,, is also a good

approximation for the path E,,. In section ¢4 we use the lemmas of section
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9 and the finite earthquake approximations of section 3 together with the
Keen-Series cone lemma to prove our theorems.
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2 Definition and Properties of Earthquakes

Following Thurston [13], we give the definition of an earthquake.

Definition 2.1 A geodesic lamination £ on the hyperbolic plane H? is a
closed subset £ of H? which is a union of disjoint geodesics called leaves. The
components of the complement of £ are called gaps. The gaps are geodesic
polygons with vertices only on the boundary of H2. The gaps and leaves of
L are called the strata of £. H? is partitioned by the strata of £.

Definition 2.2 Let £ be a geodesic lamination of B?. A left earthquake E
along L, the support of E, i a (possibly discontinuous) one to one map from
H2 onto H? which is a hyperbolic isometry E|A on each stratum 4 of £. A
geadesic [ separates two sets A and B if any path connecting a point a in A
to a point b in B intersects {. The map E must satisfy the condition that for

any two strata A and B of £, the comparison isometry
emp(A, B) = (EJA) ' o (E|B) : B -» W2

is a hyperbolic translation whose axis separates . and B and which translates
B to the left as viewed from A. A right earthquake E along L is defined as
above if we change the word “left to the word “right*.

In this paper by an earthquake we mean a left earthquake uniess stated

otherwise.
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Remark 2.1 If Ais a gap for £ and ! is a geodesic on the boundary of A,
which implies that [ C £, then E|A and E|l are not always the same; in this

case the axis of the comparison isometry is {.

In general, a geodesic lamination £ can have infinitely, even uncountably
many leaves. Since it is difficult to conceptualize general earthquakes it is
useful to define finite earthquakes.

Definition 2.3 An earthquake E whose support £ = {4,b,
..., Ig} contains only finitely many leaves is called a finite earthquake.

In this paper we utilize finite earthquakes to approximate earthquakes
with non-finite support.

The strata of a finite lamination are its gaps {4;, 4,,... . A} and its
leaves {ly,l,, .. &} which separate these gaps. For any two adjacent gaps
A; and A;, with common boundary [, the comparison isometry cmp( A, 4;)
of an earthquake E is a hyperbolic translation with axis [. Given the trans-
lation length of cmp{A;, A,) and E[4; we can recover E|4; by the formula
El4; = (E|A;) o cmp(A;, A;) (see Thursten [13}). but we cannot recover EJl.
The ambiguity can be seen as follows. The condition that emp(A;,{) and
emp(l, A;) are hyperbolic translations with axis { which translate to the left
as viewed from A;, and the condition emp(4;, 1) o cmp(l. 4;} = omp{A;. 4;)
forces Ejl to be equal to E!4; post composed with a hyperbolic translation
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whose axis is [ and whose translation length is between 0 and the translation
length of emp(4;, 4;)-

A finite earthquake E extends coutinuously to the boundary S' of H?,
the map E|S' is piecewise Mobius. If we are only interested in E|S' then
the ambiguity described above is not important. A finite earthquake can be
given hv finitely many disjoint geodesics in H? and weights, positive npum-
bers, assigned to them. The way to recover an earthquake E given a finite
lamination £ and weights on the leaves of L is to take one gap A and define
ElA=1d. Let Bbeagapof L. Let {I},h,-.. I} be the leaves of £ which
separate A and B in the given order as viewed from A and let {a;,0,, ... ,a¢}
be the assigned weights. Denote the hyperbolic translation with axis [, ori-
ented toward the attracting fixed point, and translation length a, by T}".
Define

EIB=T'oT}o---oT;*,

where ; are oriented to the left as seen from A. E|B is a hyperbolic trans-

lation whose attracting fixed point is in between the attracting fixed points
‘ of T;' and T;*. and whose repelling fixed point is in between the repelling
fixed points of 7' and T;*.

Let { be a geodesic leaf of £. Then ! is on the boundary of two gaps B,
and B,. We can define E|l to be E|B; or E|B,. If we are interested in the
restriction of an earthquake E to S' then this ambiguity is not important.

From now on we will consider two earthquakes to be the same if their

H
H

Re . s .
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restrictions to S! are the same maps. Any two finite earthquakes E; and
E, with the same underlying finite lamination £ and equal weights on the
leaves differ by postcomposition with a hyperbolic isometry. To see this we
fix a gap A of £ and normalize E, and E; by postcomposing them with
hyperbolic isometries such that Ej|{A = EyJA = id. If A, is an adjacent
gap to A with common boundary [, and assigned weight @, then E;|4; =
By |A, = T}, because cmpg, (A, A1) = ompg,(4, A1) = T and because of
the above normalization. If 4, is adjacent to A; we get that ecmpg, (A1, 4;) =
empg, (41, A2) =T} Also from the above E;[4; = E3{A;. Combining these
two equalities, we get E;}4, = E,|A,. Continuing as above we get that the
normalized E; and E, agree on each gap of £. Hence the original E, and E,
differ by a postcomposition with a hyperbolic isometry.

Finite earthquakes are dense in the set of all earthquakes in the topology
of uniform convergence on S'(see Thurston |13} ,Gardiner-Lakic [6}). A proof
of this fact is essentially given in section 3 of this paper.

A geodesic [amination £, together with the atomic measure on L, defines
a transverse measure for any geodesic arc transverse to the leaves of £. This

is the special case of the following:

Definition 2.4 Let £ be a geodesic lamination. A fransverse measure p
; with support £ is an assignment of a positive Borel measure to any closed

geodesic segment [ which transversally intersects £. The support of the
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measure on [ is IN L. I is a subset of I then the measure on [ is equal
to the restriction of the measure on I. Also if / is homotopic to J by any
homotopy which preserves the leaves of L then the measure on [ is equal to
the pushforward of the measure on J by the homotopy map.

Assume that an earthquake E has a general lamination £ as its support.
Thurston(see [13]) showed the existence of a transverse measure pu for £
associated to E.

We need the following definition:

Definition 2.5 Let £ be a geodesic lamination. Let I = [z, y] be any closed
geodesic arc which intersects £ transversally. A set P = {A;, As,... , A}
consisting of finitely many strata of £ is called an allowable set for [ if each
4; intersects I, A, = A, contains z, A¢ = A, contains y, and if the order
in which the A; intersect [ is given by their enumeration. Further, if A,
is a geodesic, and if B is a gap of £ whose boundary contains A, and if
BN I = @ then we add B to P as the initial stratum and similarly for 4,. By

, a refinement of an allowable set for / we mean adding finiteiy many strata
of £ which intersect f to P such that the new set is again an allowable set
for 1. A sequence of refinements P, of an allowable set P for [ is called a
good sequence of refinements if the union of the elements in Py, over all n, is

dense in [.
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Remark 2.2 If we start from an allowable set P we can get different good
sequences of refinements P, and P,. Also, starting from different allowable
setsP'andP',cormspondingmqnencsofgoodreﬁnanentsP;andP;can
agree after some nq.

Definition 2.6 Let E be an earthquake whose support is a geodesic lami-
nation £. Let I be a closed geodesic arc which intersects £ transversally and
let P = {A), A,...,As} be an allowable set for /. Let ¢&rl{T} denote the
translation length of the hyperbolic translation T. The approrimate measure
of I with respect to P is denoted by pp(l), and is defined as

k-1

Z tT.I-{CTRp(A‘, A‘q.])}.
=1

The main tool in the proof of the existence of a transverse measure is the

following lemma, whose statement and proof is given by Thurston (see [13}).

The details of the proof are given by Gardiner, Hu and Lakic (see [7}). It
; gives us a way to estimate the effect of an earthquake on a region between

two strata in terms of the comparison map for those strata.

Lemma 2.1: Let E be an earthquake and let d > 0. Let [ = [z, y] be any
closed geodesic arc of length less than or equal to d which intersects strata
of E transversally. Let P = {4; = 4;, 45, .. & = A,} be an allowable set
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for 1. Set T; = trl.{cmp{A,, A,)}. Then there exists M > 0 such that

k-1 k-1
| ot femp( A, A} - Ti| < M- () trl{empl4;, 4i)}) - &
=1 =1

Moreover
k-1
Ztr.l.{cmp(A.—, A1)} decreases as we refine P.
=1

In particular, 5 trd {emp( 4, A1)} < Tt

Pf. Suppose that g; and ¢, are two hyperbolic translation whose axes are
distance d > G apart. Further, suppose g; and ¢ translate in the same
direction and assume log A} = tr.l.{g:} > log A = trl.{g}.

Now, for convenience in calculating, we use the upper half plane model
of B’. We normalize by conjugation such that ¢:(z) = Az and g(z) =

Aa{b—<{:~e}
(A2-1}(z—a}+-{b—ua}

+a, where 0 < a < 1 is the repelling fixed point of ¢, and & =

ArAz{b—a}){z—a)

DaD—a)i-a) T Aa.

1 is the attracting fixed point of g,. Then g, 0g:(z) =
The repelling fixed point of g, © g, is a point T between 0 and a.
Note that the multiplier of a hyperbolic isometry ¢ is equal to its deriva-
] tive at the repelling fixed point. To see it is. let z = = in the formula
s M where 2, is the repelling fixed point of g and z, is the
| attracting fixed point of g. Hence if \ is the multiplier of g, ¢ ¢ we have

1\11\2(6 - ﬂ)z
-1z —a)+{b-a)}?

A=(gom) (8 =
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so that

b— - (z-a)
jog A~ log b, ~ log 3, = ~21og U F e Viz=a) )

Simce 0 < £ < a < band ), > 1 we have that

(b—a)+$;kz—l)(x—a) <l
-a

Because z is the repelling fixed point of g; o ¢, we have

r-Aa b-a _
Moz —a)  (A-1)(z-a)+(b~a)

The expression on the left side of the above equality is positive because

0 <z <aand A > 1. Hence

0 < (b—a)-@-(b/\i;l)(z—a) <i

and

bg(b—-a)-*‘(b,\i; 1)(z - a) <.

The last inequality together with (1) implies that

log ) +log s < log A.

Now we estimate |log [HH’(:’_;I“‘—')' = |log(l + (A2 — 1)) Simee
i —a} <a and b= we have

o
a2
1-a?

I—’G‘
E i <
‘hb—a
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I d is the distance between the axes of g, and g, and 0 is the angle
between the axis of g, and the Euclidean line passing through 0 which is
tangent to the axis of ¢, we have that

sinhd = tan#,

by Beardon {2], section 7.20. Using elementary formulas we compute that

1
fm‘a<2

va:+3

1-a?

Then for d small, d ~ sinhd and a is small; in fact d ~ tan8 ~ v3a. Then

tané =a- < 4a.

for A, in a bounded interval and d small we have that

r—a

log 1+ (32 - D(E=2)]| = Ofe log ).
Consequently,
< log A, +log dg + O( - log Jo). @

In words this says that the translation length of the compesition of two
hyperbolic translations differs from the sum of the translation lengths of these
two translations by at most a constant times the smaller translation length
times the square of the distance between the axes. The last two statements
of the lemma follow directly from the left part of the above inequality.

Now we prove the first statement of the lemma. First by (2} we have

!t‘l’.[. {cmp(.-h, Ay )} + tTJ-{Cﬂlp(Ak_h :lg)} - T;i

< M- trL{unp(Ak_l,Ak)} -dz.

Re . . .
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14
Then, also by (2) we have

ftr1.{cmp(Ay, Ax-2)} + trd{emp{As_2, Ac1)} — trl{emp(A;, Ac- 1)}
<M -trl{omp(As_z. As)} - &£

Combining the above two inequalities and using the triangle inequality we
get

]tr.l-{cmp(A,, Ag.g)} + tT.[.{Cﬂlp(A.k._z, Ak-[)} +
+trd {emp{As_1, A} — Til
<M- (tr.l.{cmp(A;-z, A&-x)} + tr.l.{cmp(Ag..l, Ag)}) -&.

Continuing in the same fashion we get
k-1 k-1
IS trd{emp(A;, Ac)} = Tof < M- (Y et {emp(4i, Aa)}) - .
=1 =2

a

Now we can state and prove a proposition of Thurston on existence of

transverse measures.

Proposition 2.1: (Thursten) Let E be an earthquake with support £. Let
I be a closed geodesic arc intersecting £ transversally. Then the infimum of
the approximate measure of I with respect to all allowable sets is equal to
the limit of the approximate measure of [ with respect to a sequence of good

refinements.

R . . .
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Corollary 2.1: The limit of the approximate measures of I with respect
to a sequence of good refinements does not depend on the particular choice

of the sequence.

Pf. of Prop. 2.1 If only finitely many strata of E intersect I then the
infimum is attained by taking all of them in an allowable set and the proof
is obvious.

We assume that infinitely many strata of E intersect | =z, y|. Let m be
the infimam of the approximate measures over all allowable sets for I. Fix
a sequence of good refinements P,. Let € > 0 be given. Then there exists
an allowable set P’ = {A;, Ay, ... , A} such that |py () — m| <e. We can
choosenu>0bigenonghsudlthat£orany&€'}"theteexistB,.a.ndB,;a
in P,,, where A is in between them and dist(I 0 B,/ 0 B 1) < . Note

that r € A, = B; and y € A; = B,. By lenma 2.1

k-3
) trd {omp(4;, A}

k-1

> Y (trd {emp( i, By, 1)}
+trL{cmp(B, 1, By..,)} + trL{emp(B; ., A1)} )-

The right-hand side of the above inequality can be rewritten as

k-1
Z tT.l{Cﬂlp(B}‘ +ls Bj,«,l )}
=1

k-2

+§: (trl.{cmp(Bh.A‘)} + tr.l.{cmp(.-ip B}‘+l)})~

=2
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Again by lemma 2.1

tr1{emp(B;,, A)} + trl{ecmp(A;, B; 1)}

> trl {emplBy. By.a)} ~ OTiSs),

because

T; = trl {omp(By, B.)} 2 max {trL{cmp(B,.. )}, trL {emp(As. By 1)}

Hence
k-2
3 (er1{emp(B,., A0} + L {emp(A,, Bya1)})
‘=2k—2 62
> trl{omp(B,, B;+1)} - (k- 20(Trz)-
=2
Thus
E-1
Y trd femp(Ai, A}
[ lzlk—l k-2
i 2 Z tr-f-{a"p(B)ﬁh Bji+!)} + Z tr.l.{anp(B,;‘, B}iﬂ)}
=1 =2

é
| ~(k = 2)0(Ti73)

n~1 2
> Y trl{emp(B;, By)} ~ KO(Tr5)-
1

1=

Hence the approximate measure of ] with respect to P,, is close to the
infimum m. Because the approximate measure decreases as n increases, the

limit is as close as we want to m. Thus the limit is equal to m. U

We use above corollary to define the measure of a closed geodesic arc.
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Definition 2.7 The measure of a closed geodesic arc [ is the limit of the
approximate measures of / with respect to a sequence of good refinements.

It is obvious that if a closed geodesic arc | is homotopic to a closed
geodesic arc J by a homotopy respecting the leaves of L then the measure of
I is equal to the measure of J.

In order to have a Borel positive measure on a closed geodesic arc we need
to specify the measure on each half-open interval. To do that we will define
the measure of a single leaf of £. Let [be a leafof L and let [ = [z,y] be a
closed geodesic arc whose interior intersects ! in one point. Let I, = [Z,, Ua]
be a sequence of closed geodesic arcs such that the intersection of the interior
of I, with ! is one point, I, C I,y C I for all n > 1, and the length of I,

tends to zero as n converges to infinity.

Lemma 2.2: The limit as » — oo of the measures of the closed geodesic
arcs I, does not depend on the choice of I and I, as long as they satisfy the

above properties.

Pf. Take [ and I as closed geodesic arcs whose interiors intersect {. Denote
j by I, and I sequences of closed geodesic arcs corresponding to [ and I’ with
the above properties. For a fixed n. there exists m such that I, can be
homotoped to a subset of I,. The same is true if we reverse the roles of I,

and I,. Since the measures are decreasing as n increases we see that the

|

Reoro . . .
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limits of the measures of I, and I are the same. O

Now we can define the measure of an open interval of finite length as the
measure of its closure minus the measure of its endpoints. The measure of
a half-open interval is defined similarly. Hence we obtain a positive Borel
measure on each closed geodesic arc which also respects homotopy. It is also
obvious that the restriction of the measure to a subinterval is equal to its
measure considered as an interval in its own right.

These lemmas allow us to make the following definition:

Definition 2.8 To an earthquake E there is a naturally associated trans-
verse measure. The measure of a closed geodesic arc [ is equal to the himit
of the approximate measures of / with respect to a sequence of good refine-
ments. The measure of a single leaf in the support of E is equal to the limit
of the measures of a sequence of closed geodesic arcs whose intersection with
the leaf is equal to a point.
, We want to show that the map which associates a transverse measure to
a normalized earthquake is one to one.
Define the norm of a hyperbolic isometry T = £2% with ad - be = 1 by
1T} = max{ia] + b, |c! + id]}.
We need the following lemma.

R . . .
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Lemma 2.3: Let k be a closed geodesic arc and N > 0 fixed number. Let
I, and I, be two fixed disjoint geodesics passing through the endpoints of
k. Let m; and m, be any two disjoint geodesics between [, and ,. Let g
and ¢, be two hyperbolic translations which translate in the same direction
with the same translation length such that the axes of ¢; and ¢, (possibly
intersecting) lie between m, and m,. Set d = dist(m, N k,my N k). There
exists M > 0, depending ouly on & and N, and choice of [; and 1, such that

lgrogs' —idll < M-tri{g}-d,

for all gy, 9, with trl.{q:} < N.

Pf. It is encugh to prove the lemma for d sufficiently small, by the com-
pactness. We work with the upper half plane model and represent isometries
by elements of PSL,(R). For readability we use the same notation for a
hyperbolic isometry and for its representative in PSL,(R).

By conjugation we assume that k = [i,ai], a > 1, is an arc on the imagi-
nary axis. Then /; passes through ¢ and [, passes through ai. Assume that
m; = [z;, 1] and ma = [z,, y] are passing through endpoints of a closed
subarc k' = [bi.ci]. @ > ¢ > & > 1, of arc k whose length is d. We want to
estimate |1, — ;] and |y, — ¥} in terms of d.

Since & is a fixed closed geodesic arc in H? the hyperbolic distance on k is
comparable with the Euclidean distance. So for small d > 0, we can consider
k as an interval of fixed Euclidean length d. It is obvious that {g — y;| will
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be maximal if m; and m, have an endpoint in common, z, = z, = z, and
this endpoint coincides with the endpoint of I; and if k is at the highest
position in k {(which means ¢ = a).

Observe the triangle A, with vertices z, bt and 0, and the triangle A,

. with vertices 1, i = ai and 0. Let C; and C; be the Euclidean centers of

semicircles m; and my; let P, and P; be the midpoints of the segments [z, b]
and [z, ai]. Then the triangle A with vertices z, C and P, is similar to 4;;
and triangle A, with vertices z, C; and P, is similar to A,. Let ry be the
radins of m; and rp be the radius of m,. From the similarity of the above
tﬁan@eswegetrlztfiﬂ"—ﬂ-iandrzz%. Since |y — | = r2 — 1y we get

Iz - bif? — |z — ai?
2|z}

e —wnl=

From the triangle inequality |z — aij — |z — b < a — b = d and from the
above we obtain
e — 0l < K(h) - d,

where K(l;) is a constant which depends on [;. In the similar way we get
{r — 21l < K{b) - d.

where K(I5) is a constant which depends on ;.
Let us denote by z,, and y,, the fixed points of g; and by 1, and y,, the
fixed points of g,. Then. for K = sup{K ([}, K(5)}.

T — Tl M2 —nl <K-d

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



21

e —Unl Sl —ml < K-d

Let A = itrl{q) = jtrl{g.} and

& 0
e=(2 1)

Set
L1 I
A= \f’ﬂl“‘n ¥ ~En )
vVIn-tn -
and
B= !vzl‘"’z !!zl"‘n ) )
Vin-Tn fin-in
We estimate

|AEA'BE-'B™ - id]).

It is obvious that |AEA"!BE"'B~! — udl} is a real analytic function of
A, A and B. It is zero for A = 0 and any A and B; and it is zero for A = B

and any A. Hence we get

[AEA-'BE™'B~" — id}} < const - \- [|A - BY.

We prove that [j4 — Bl} < const -d, which gives the resuit. [n order to prove

this we subtract corresponding entries of A and B.

i
¥
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Set C = A — B. We estimate C(1,1) by

Yo Y  _Yuvin " Ia ~Yn VY — Ie
Vie —In  JVin —Ia Ve — Inyligq — Ig
< Yo/~ 7+ 2K — (1 — Kl 7
- Vie — InVia —Ia
< VaVTa T+ Kd) ~ 40 i~ + Ko =55
- V¥ — TaVUn — Ty

Vin — Ig
In a similar way we get an estimate for C(1,2).
For C(2,1) we get
1 1 _ Ve~ Te— in —In

Vie ~In Ve~ In VY — ToVlin — I
< Ve — Za(l + Kd) — /3, — 34 ___Kk d
- Vin ~Ia Ve — In Vi — Iy

Finally C(2,1) = C(2,2). O

Proposition 2.2: (Thurston) Let E; and E; be two earthquakes with the

e e

same underlying geodesic lamination £ and the same transverse measure .
Then there exists a hyperbolic isometry g such that the earthquakes g o E;

! and F, are essentially the same.

i‘ Pf. We call an earthquake E trivial if it has only one stratum, the hyper-
bolic plane. and is therefore a hyperbolic isometry of B? ot the identity.
We first prove that an earthquake E with zero associated transverse mea-

sure is trivial. Fix a stratum 4 of £. Let B be anyv other stratum of £ and
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let I be a closed geodesic arc connecting A to B. It is enough to prove that
anp(A, B) = id. Let T = tr1.{cmp( A, B)}} and let P, be a sequence of good
refinements. By lemma 2.1

(T; - pp (DI < M - {length() - pp, (I).

Since by assumption up, (I) — p(I) as n — oo, we get that 7y = 0. Since
cmp(A, B) is a hyperbolic translation with translation length zero, it is the
identity. Hence, E|B = E|A for all B. Thus E is trivial.

Next, we assume that E, and E, are two earthquakes with the same
support £ and the same transverse measure yp. We prove that E; o E;
is a hyperbolic isometry. It is not clear that the map E, o E;' is even
an earthquake, but it certainly is a hyperbolic isometry on each strata of
the geodesic lamination £* = E,(£). We take two strata A* and B" of
L® and connect them by a closed geodesic arc /*. Let A = E;'(4°) and
B = E;'(B"), and let I be a closed geodesic arc connecting A to B. Then
(Ero E5Y|A™ = (Eild) o (E5 A7) = (ElA)o (Eal4) " and (Eyo B ')|B" =
(EilB) o (E;'|B") = (E:|B) o (E2|B)™". The comparison maps for Ey 0 B3
is defined by

cmp{ A7, B) = ((Ey o Ef)| 4 o (Ey o Ef)IBY] =
(Exl4) o (Ei]A) o (EilB) o (E[B) " =

(Ezj4) o (Exjd) ™ o (EqlB) o (E2iB) ™' o (Eald) o (E2l4) ™"

We can take the representation of the abeve isometries in PSL;(R). Then
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we have

cnp{A®,B%) =
= (Bal AHI(Ex|A) ' (Bx| BY(E2|B) (o} A)] — id}H(EolA) ™" +id.

Let P, = {A] = A", A}...., A; = B} be an allowable set for I* with respect
to £° such that dist(J N A;, [N Ai) < 1.
Then

cmp(A°, B”) = emp(A}, A3) 0 cmp{(A3, A o .. .oemp(A 1, 4) ()

and
?;zpl(ﬁﬁi{:'é:!z*(ExlAm)(Ez!Am)"(EzlAe)l —id}(Ea{A:)™! (4)
+id.
We want to apply lemma 2.3 to (Ey|A:) ™' (Exl4is1) and (B 4:) 7 (Eol Aisa)
but they do not have the same translation lengths. In aplying lemma 2.3
constant will depend on the boundary geodesics of strata 4 and B. Let T
be a hyperbolic translation with axis equal to the axis of (E;|4:) ' (Ey}Ain1)
and with the translation length equal to tr.l.{(Ex{ &)} (Eajdi-1)}-

T, =T" and T, = I}? then
“’TlT{‘ — id}| < const - |a; — ay|. (3)

We apply this to (E;}4,)"}(E1}Ai.1) and T. Let I, be a closed subarc of

I which connects 4, and 4;.,. For j = 1,2, by lemma 2.1, we have

\ 1
itrL{(E,id) " (Ejldeni} - slh)} < const - p(li) - .
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Thus by the triangle inequality

trl{(Er|A:) ™" o (ErlAi)} — trl{(Eol4) ™" o (B2l Ais)
< {trL{(BrjAs) ™ o (BalAint)} — (BN

! ®
() ~ LBl 4 o (Balden)
S const - p([,) - ;l‘r.
By (5) and (6) we have
HEA) EdAn)T™ i) < eonst-u(B)- . (D)

Then by lemma 2.3, where & is subarc of [ connecting A; and Ay, L is
boundary leaf of A; closest to A;,;, & is boundary leaf of A;;; closest to A;

and N = trl.{emp(A}, Ae)}; by (7) and by the triangle inequality
(B A (Brl i) (BalAi) " (BrlAia) —id]]
= WE| A (ErlAce)T T (B2} Air) 7 (B2l As) — id)]
< (A HErlAa) Tt — id|T(EalAvr ) (B2l A} (8)
+HIT(E2| i) (B2l As) — idl] 1
< consty - p(L) - & + consty - trL{( Bp| A1) " (B2l A} - 5
< consty - trL {( Byl Airt) N E2lA)} - &

Using (8) in (4) we get
lomp(A;, 45,1) — id] < comst - trL{(El ) (B2l 40} -

Replacing each cmp(;, A;,,) with [onp(4], A},,) — id] + id in (3) we get
cmp(A®,B*) =
[emp( 4], A3) — idlemp( A3, A3) - --emp(AL_;. A7)
+[emp( 43, A3) — idjemp( 43, A7) --- amp(AL_. A7)
-+ lemp(A;_ . A7) - id] +id
By the above, by the triangle inequality and by (8) we obtain

lemp(A”. B*) — id||

< llfemp( 43, 43) — idlemp(A3, A3) ---amp( A, A

+i{lemp(43. A7) — id]emp(A3, A7) --- omp{A¢_. )

+-o+ fllemp(A; . A7) —ad]jf |

< const - YA L {(BalAi) Y (Baldia)} -
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For a fixed A" and all strata B" intersecting [*, as n converges to infinity,
we see that emp(A®, B*) converges to the identity. Hence E, o E; "' is equal
to a fixed hyperbolic isometry E, o E;'j4". O

Remark 2.3 The surjectivity property of earthquakes is not used in the
proof of the above proposition. Hence for mappings which satisfy all the
properties of earthquakes except surjectivity it is still true that two of them
with the same support and the same transverse measure differ by pestcom-
position with a hyperbolic isometry.

Notation: If z and y are two points in the hyperbolic plane, then |,y is
| the hyperbolic geodesic arc which joins r and y. Also length(fz, y]) is the
length of the arc [z,y}. Let A and B be two sets in the hyperbolic plane.
Then dist(A, B) = infec.ases length((a, b]).

Definition 2.9 An earthquake E is bounded if there exists M > 0 such

i t+hat for any two strata A and B of E with dist(4, B) < 1, their comparison
map, cmp(4, B), has translation length less than or equal to M.

Definition 2.10 A transverse measure u is bounded if there exists a num-
ber a > 0 such that the measure of any geodesic arc of length 1 is less than
or equal to a. If F is the family of all geodesic arcs of length 1 and p is a

bounded measure we define the norm of i to be {jul} = sup,.r u(I)-

Reoro . . .
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We prove that for an earthquake these two notions are equivalent:

Proposition 2.3: Let E be an earthquake. Then E is bounded if and only
if E has bounded transverse measure.

Pf. Let I be a closed geodesic arc of length 1 and let P = {4, A,, ... , A}
be an allowable set for I. Then by lemma 2.1

[kzit”»{fmﬂ(ﬁﬁ As} =Tl <M "i“’—l»{‘-’"ﬂ&a Aic)}s
=1 =1
for a constant M > 0 depending on I and T} = tr.d.{omp{A,, As)}. Recalling
definition 2.6, this inequality is just inequality about approximate measures
for a given refinement. Taking a sequence of good refinements of P we have
the same irequality for each refinement. The limit of approximate measure
of I under good refinements of P is the measure of I.
Hence

{s(I) = Ti| < const - u(I).

Thus if the measure of / is bounded then E is a bounded earthquake.
Conversely, if E is a bounded earthquake then directly from lemma 2.1 £

has bounded transverse measure. O

Definition 2.11 Let E,, n = 1,2,... be a sequence of earthquakes and yu,
their corresponding transverse measures. Let £ be a single earthquake and

u its corresponding measure. The sequence yu, converges in the weak™ sense
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to u if for any closed geodesic arc / and any continuous function f,

n;'_hg[}fdue/lfdu

In order to prove that a certain sequence of earthquakes converges to a
given earthquake map we need the following basic estimate given by Epstein
and Marden (see [4]).

Notation: Let [ be a geodesic in H® with endpoints z and y in C = JF,
and @ a complex number. Assume that [ is oriented from x to y. 11" is the
loxodromic element of PSL,(C) deﬁnedby%ze‘g,forze—ﬁ Note
that 7 = T o {3 = Ty o ™.

Lemma 2.4: Let us fix a closed geodesic arc [ of length d > 0 and a
number N > 0. Then there exists a constant M > 0 such that for any finite
set of geodesics {l;,ly, .... I} intersecting / in the given order and oriented
to the left as viewed from one of the endpoints of /, and any finite set of
complex numbers {a;,as, ..., a;}, with -, |R(a;)| < N, and any geodesic [
intersecting / that is disjoint from or inside the set {{;,43,... . I},

T8 0T owe o T ~TE="] < M -d- Zla,

Definition 2.12 Let u be a finite transverse measure with support {{;.l>.
.. &}, p{l) = a; > 0 and h any homeomorphism of the boundary of the
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hyperbotic plane. Let [ be a hyperbolic geodesic whose endpoints are images
under h of the endpoints of the [, for i = 1,2,.. k. The pushforward of p
by h is the finite transverse measure p* with support {f,5,... [} and
w(l) =a.

Let u be a finite transverse measure. Then there exists an earthquake E,
whose measure is . For all £ > 0, tu is a family of finite transverse measures.
There exists a family of earthquakes E,, whose measures are tu. Earthquakes
E,, bave the same strata as E, and we normalize them to be identity on a
fixed stratum A. The family E, is called an earthquake path. Because u
is a finite measure, if ¢ < 0 we define Ey, as the earthquake obtained by
translating to the right on each of the finite strata.

Denote by u; the pushforward of the measure u by E,,. We need the
following result from Gardiner-Hu-Lakic [7]. We include the proof for com-
pletness and note that we obtain an explicit expression for a constant with
Hasll-

Lemma 2.5: Let u be a finite transverse measure and for ¢ € R, let y; be
the pushforward of the measure g by Ey,. Then

lagl < 8e'sH.

Pf. Let E, be an earthquake with transverse measure p. Let [, and [,

be two geodesics in the support of a finite transverse measure u. Let J be
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the closed common orthogonal geodesic arc connecting [, and l; assume the
length of J to be at least 1. Now we prove that the distance between the
geodesics [, = E,(I;) and [, = E, () is at least 1e~"%".

We work with the upper half-plane model. By a conjugation, we can
assume that [y is a geodesic with endpoints 0 and oc fixed by E,and L, isa
geodesic with endpoints 1 and ¢ > 1. Then the common orthogonal geodesic
is a half-circle with center at 0 and orthogonal to l,. Because of the formula
for the hyperbolic metric, we get

T df oo
“-/.:m-""g‘“?

where d is the hyperbolic distance of I, and /4, and 6, is the angle between
the x-axis and the Euclidean line tangent to l; and passing through 0. By
elementary Euclidean geometry we get

c—1
c+1

sinfy =
From the above two formulas we obtain

s

2
a1

from which
¢« Vel
-‘/E—l'

[4

Suppose that a finite earthquake E, has n support fines in between [; and

I, inclusive. Then the action of E, on I, is given by B; 0 Byo---0 B,, where
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B; are hyperbolic translations whose axes are in the support of u and in
between [, and I,. Set b; = tr1.{B;}. Let a = E (1) > 1 and b= E,(c) > ¢
We can write down the distance from [; = I; to [, in terms of a and b. To
estimate it in terms of ¢ we use Lemma 2.1. Let A(z) = 1z be the hyperbolic
translation with axis [; which maps a to 1. Then A o E, is an earthquake
fixing 0,1 and co. Denote, again, by I, = I, and [, the images of I; and
l; under Ao E,. The maximal value of A o E,(c) will give us the smallest
possible distance from [; to [,. We can write

AoE, b =A0oByoByo---0B,

.—_-(AaBloA"l)o(AoBzoA"l)o--~o(AoBqu"l)oA.

Then the image of ¢ under A o E,, is equal to the image of £ under (Ao
BioA™Yo(AoByoA')o---0(A0B,oA™"). However, by lemma 1.6,
(AoBioA ™) o(doByoA ) o---0(4A 0B, A™!) translates € less than
the hyperbolic translation B = ’T,‘F:“b‘. Recall J is the common orthogonal
to {, and I,. Then B(£) < B(c) = e#¥)c. Denote by d, the distance between
[, and [,. Then by the above

A{J! !ﬂ-”
d JEE = +1 JC-E 3
et > 5

T Vet -1 Ve -1

By taking logarithms in the above inequality we get
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and consequently

1
dy > ———.
I

Since we know that the distance from I; to I is at least 1 we get /c < £

and 4 > &1 > L. Hence dy > le™"%.

Now we take a closed geodesic arc J of length 1 and estimate y(J). Let
[, and [, be the leftmost and the rightmost geodesics in the support of the
p; which intersect J. Let l; and [, be the corresponding geodesics for the
measure pu. Let I be the closed common orthogonal geodesic arc joining I,
and l,. Then i(J') = p(I'). In between the geodesics [; and I, we choose k
geodesics {l}, I, . .. , I} of the support lamination of p such that I, = I; and
[, = l; and if I is the closed common orthogonal geodesic arc connecting i,
and .y, then fori=1,2,...k— 1,

wL) < 2jpll

and the length of I is at least 1. except possibly I;_; whose length could be
less than 1.

Suppose k£ > 2. Let I7 denote the closed common orthogonal geodesic
segment connecting { = E, (L) and &,, = Ey(l+1). Then, by the above,
the length of I is greater than or equal to %e"‘g'ﬂ Thus

i |
5

k-1
dist(ly, 1) > Y length(I7) > 7 (k - 2)e 5.

1=t

|-

ad

Hence }(k—2)e~F < 1. thus k—2 < 3¢ "*, from which k—1 < 4e*¥*.
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Also, ,
—1
mI)< Z p(k) < 2(k - 1)
and it follows that

() =u(l) < 8" Hjulj.

Suppose k = 2. Then the length of I' is less than or equal to 1. Immedi-
ately 43(J') < llull- The statement follows from the above two inequalities.

o

Given an earthquake we have its iransverse measure. The converse is not
true; given a lamination and a transverse measure on it we do not necessar-
ily get an earthquake. The induced map on H? may fail to be surjective.
See Thurston [14] for a counterexample and also see Gardiner-Hu-Lakic [7}.

Thurston(see [13}), however, states the following result.

Proposition 2.4: For any bounded transverse measure y, there is an earth-

quake E, having p as its transverse measure.

Pf. Let A be a stratum of u. We define an earthquake E.

Let E!4 = id. Let B be any other stratum of yx and let I be a closed
geodesic arc connecting 4 to B. Let P, = {l;.l5... . lyn;} be a sequence of
finite sets of leaves of u such that P, C P,.,, and such that [ N (U, P,)
is dense in { " support(p). Fix n. Then, fori = 1.2....k — 1. we take r,
to be the mid point of (I 114} and (I N{;.1}); o to be the left endpoint of
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I, and z; to be the right endpoint of /. The weights on [; are defined as
a; = p{[Zi, Tis1]) — 2(ps(z:) + s(Zis1)). Then we define E|B = lim, .o T ©
Tro---oT*. The limit exists (see section 3). It has the property that for
any two strata B and C of g, (E|B)™! o (E|C) is a hyperbolic translation
whose axis separates B and C, and which translates C to the left as viewed
from B. Hence, E is defined on the intersection points of the strata of g
with S'. These are dense in S'. Also, E is monotone on this set. In order
to prove that E maps H? onto H? it is enough to prove that E|S' is onto.
To prove that E|S! is onto it is enough to prove that E extends to a map of
S!. In other words, we prove that E can be extended by continuity to the
points of S! which do not lie on the boundary of some strata of .

Let £ € S' be such a point. For each leaf g of u we define a half plane A,
whose boundary contains g and the point x. There exists a sequence {g,} of
leaves of pusuch that hy_,, C h,_, for all n, and the intersection of the closures
of h,, is equal to the point z. In particular, the Euclidean size of h,, goes
to zero. We prove that the Euclidean size of the image of Ay, goes to zero.
Let k be a geodesic ray starting from the stratum A and ending at a point z.
Then, after some ng, k intersects all of the g, for n > ng. Out of {ga}a>me
we choose a subsequence, call it {ga}s>1, such that disi{gx, ga.1) > 1. Define

g. = E{g,). By the first part of the proof of lemma 2.4

1
dist(g}.g3.) 2 3¢ F =C.
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Since
n~1}
dist(A,02) > ) dist(g].g},) > (n—~ 1)C — o0, asn — o,
i=i
andh,;D%‘,forﬂn,wmmmmmEmManmdhggmm
zero. Hence, we can extend the map E continuously to z.

As in section 3, the transverse measure of E is equal to . O

We recall a lemma given in Epstein-Marden [4] in the case of a hy-
perbolic translation and extended in Keen-Series (8] to the case of a laxo-
dromic translation. Let H® be the upper half space {(z,y.t) e R:t > 0}
with the standard hyperbolic metric. Identify the boundary of H® with
C = {z = z + iy} U {oc}. Let B? be the geodesic plane whose boundary
meets the boundary of B on the x-axis and oo, i.e. B? = {(z,0,s) : s > 0}.
In this embedding the point i = (0, 1) € H? corresponds to j = (0,0, 1) € FF.
Denote by T'H®, the unit tangent bundle of H* and write ((,v) for its el-
ements, where ( is in H® and v is a unit vector. Then every element of
PSL,(C) extends to a map from T'H? onto itself. The distance on T'H is
given by:

drias((C, v). (€. w)) = dg(C. &) + | Te(v) — |,

where T is the parallel translation from ¢ to £ along the geodesic joining
them. Elements of PSL.(C) are isometries for this metric.
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Lemma 2.6:[Epstein-Marden, Keen-Series] Let K C H® be a compact
set and let L C PSL,(C) also be a compact set. There exists a constant
M > 0 such that if p = ((,v) is a point in K and, T} and 75 are any two
elements of L then

dree(Ti(C,0), To(C,v) < M- T - Tof. ©

Instead of using this lemma we derive a similar lemma that better fits our
needs. Recall that a loxodromic translation 7;™ in B® consists of a hyper-
bolic translation along its axis T} in H® followed by a hyperbolic rotation T}*
along the same axis. The transformation is determined by the given data.

[n lemma 2.7 we take a loxodromic transformation with small rotation
angle, small real translation length and a point p of T'H® a bounded distance
from the axis of the transformation. Then we obtain a similar but more
uniform estimate where the constant M > 0 does not depend on the compact

subset L of PSL(C).

Definition 2.13 Let { C B be a geodesic. For d > 0 define

D(l:d) = {(¢, v) € T'B’|distance from (to lis

less than or equal to d in the hyperbolic metric of H*}.

Lemma 2.7:(Crescent Lemma) Given d > 0 and ¢ > 0 there exsts
M > 0 depending only on € and d such that for any loxodromic translation
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T =T with |af < ¢, if p € D(l; d), then
drw(p, T(p)) < Mlal.
Pf. Any T € PSL,(C) is conjugate by an isometry R € PSL,(C) to
S(z) =ez
(ie. RoT o R! =5 and the axis [, of S is the ¢ — aris in B®). Since

drw (. T(p)) = drm(R(p), RoT(p))
= dre(R(p), RoT o R(R(p)) = dnw(R(p), S(R(p)))

ST Ry RIDM:d) = DER(d) = Dik:d).

it is enough to prove the lemma for S.

Denote an arbitrary point of D({;;d) by p = ((z,t).v) , wherez = z+iy €
C and t > 0. Then dist((z.t).1;) < d and S((z.1),v) = ((e*z, €®*¢),e%c). By
Beardon (see [2] section 7.35):

dio (2. (¢, €%%1)) = 2sinh ™ cash(dist((2, ). L)) sink( 5 R}

Since 2sinh ~‘/cosh(dist({z.t). 1)) sinh(}|Rel})] is a differentiable function of
'Ral, and it is equal to zero for Ra = 0 and [Ra| < ¢, there exists M; > 0
such that

d=a((=.£), (¥, e¥81)) < M, {Ral.
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Also to estimate the rotation from above we integrate along a Euclidean
segment joining the points to get

o (552,20, (2, %0) < il

cosh|dist((z, t),;)]|Sal.

The equality follows by the formula for the distance of a point to a geodesic

(see [2], section 7.20]). Using the triangle inequality and the two inequalities
above we obtain
dﬂ’((zv t)’ S(Zs t)) S M?‘“*'

For the second part of drigs we get
ITy(e*v) — vfl = [[€*v — vff = [e™* ~ 1{flo]| < My[Sa].

Putting last two inequalities together we obtain the desired inequality. O

Lemma 2.8: Let E be an earthquake and K C H? a compact set. For a
given € > 0 there exist only finitely many strata of E which intersect K and

whose measure is greater than or equal to €.

Pf. Note that if B is a gap then s(B) = 0.

Then only geodesics can have nonzero measure. Assume to the contrary
that we have a sequence of geodesics {g,} with u(g,) > ¢ and K g, # 0, for
all n. Then a subsequence of g,, call it ¢, again. converges to the geodesic g.
Hence anv closed geodesic arc which intersects ¢ transversally also intersects
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ga transversally for all n > ne and some big ne. By the countable additivity
of u we get u(l) = oo. Contradiction. O
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3 Approximation by Finite Earthquakes

For the duration of this section let D = {z : |z} < 1} with the standard
hyperbolic metric be our model of the hyperbolic plane. Then the boundary
is §' = {z: |z| = 1}. Let u be a bounded transverse measure. Denote by E,
the corresponding earthquake. We can normalize E, to be the identity on
any stratum of u. In this section we construct a sequence of finite transverse
measures g, whose corresponding earthquakes E, converge to E, under
proper normalization.

Lemma 3.1 Let E be a bounded earthquake, g its measure and A a fixed
stratum of E. Assume that E|A = id. There exists a sequence of finite
transverse measures p,, which have A as a subset of one of their strata
A., and whose corresponding earthquakes E,_  are normalized such that
Ey. |Aq = id, with the following properties:

1. for all t > 0, E,,_ — E,, uniformly on S?, as n — oo,

2. p, — p in the weak® sense as n — oo,

3. ltall = [lsll as 7 — oc.
Pf. We divide the proof into several steps.

Step L. (Inductive definition of yu,) In order to define p,, we need
to give finitely many nonintersecting geodesics and weights on them. Let G,

be the hyvperbolic disk of radius n around 0. Let £ be an underlyving geodesic
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lamination for u. Let £, be the family of all leaves of £ which intersect G,.
From amoung the £, we choose finitely many leaves whose union is -dense
in £, NG,. To this finite set of geodesics we add all geodesics in £, whose
measure is greater than or equal to 1. By lemma 2.8 we have only finitely
many of these. If A is a geodesic we add it to this set. If A is a geodesic
polygon then we add the finitely many sides of A which intersect G, to this
set. Call this finite set of geodesics S,. In the case that 4 is a geodesic or a
geodesic polygon with finitely many sides then A is a stratum of S, for all
n big enough. If A is a geodesic polygon with infinitely many sides then A
is a proper subset of some stratum A, of S,.

We specify weights on the elements of S,. The complement of S, consists
of a set of geodesic polygons with finitely many sides whose vertices are
on S'. Some of them are just hyperbolic halfplanes. Let {g.9,..- .6}
be the geodesics in S, which bound these halfplanes. Fix a point £ € A.
Connect £ to g; with a closed geodesic segment s,, for 1 = 1,2,... . k. Any
geodesic ¢ in S, intersects at least one s; from the set §; = {s1.52,... .5}
Let {A;,. hiy,-- . . k; } be the geodesics in S, which intersect s; in the given
order. Then h;, € {gi.9.---.9¢} so that h;, bounds a halfplane in the
complement of Sy; h;, could be A, if A is a geodesic. Set r;, = £ and set
I, =k Nsiforj=1.2,....r. Let y, = 1. let y;, be the midpoint of the
segment (x; . Iy ,jforj=1.2.... .r-lLandlet i, =z

Some of the elements of S, can intersect more than one s;. For each
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such ¢ € S, let s5; be the closed geodesic segment with smallest index 1
which intersects g. For any other & > 1, for which g intersects s, we change
the definition of some of the y; . Let [y;,%,,,] be the segment on s; which
contains gN's; and let {yx, yx,,,} be the segment on s; which contains g si.
Then we change the definition of ys, and ys,,, to the points on s¢ which are
the images of y; and y;,, under a homotopy respecting £.

At this point we give the definition of the measure on each g € S,. We
fix 1 and define the measure for each h;,. For readibility we drop the first
subscript and write h; instead of h;, etc.

If hy = A then £ = 1y = 1; = y. Define

palln) = 4,
pallz) = (30, 9]) = 5,

palh;) = p(lys. yia]) — Slply;) + plya)l for =3,4,...,r =1,

and
palhy) = pllge-Yraa]) - %;x(yr)—

If hy # A then yo = 1 and I, # yg. Define
1 1.
ta() = sllyo- 1) ~ 5001,

malhy) = p([ys. y5ad) — 3iplyy) + plya)] for =23, r - L.
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pnlF) = il ) = 5.

For the convergence step we will need p((z;,z;+1)) < L. To achieve this
we add more leaves of £ to Sa. For s;, if u((z;,2;4+1)) > 1 then we add to
'S, finitely many leaves of £ which intersect (z;,z;..) such that the measure
p of each of the complementary open intervals for the new division is less
than L. To choose these leaves, we divide u|(z;,z;+1) into an atomic part
and an absolutely continuous part. Choose finitely many leaves from the
support of the atomic part of u|(z;,z;+1) such that the measure u of the
remaining atomic leaves is less than 5. Then we choose finitely many leaves
of the support of the absolutely continuous part of u{(z;,z;4+1) such that
the absolutely continuous part of the measure u of each open interval in the
complement of the union of the chosen leaves in (z;, z;4.) is less than 2. We
add these leaves to S, and call it S, again. Use the above procedure to define
z, and y; for the new S, and to define the weights on the leaves of the new
Sa- Now p((z;:2;41)) < 3-

We form S,.: by adding leaves of p to S,.

Step I1. (convergence of u,) For any point 2 € D, we prove p.(z) =
u(z) as n = oc. If u(z) > 0 then the leaf on which = lies is included in S,,
for n big enough. If u{z} = 0. then z is either on a leaf of s with 0 measure

or zisin a gap of u. If z isin a gap of p then z is in a gap of py, for all n.
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In that case py(z) =0 — p(z) =0as n — co. If z is on a leaf of u but not
on a leaf of y,, for all n, then p,(2) =0 —> p(z) =0asn 5 o00. Hzisona
leaf of 41 and on a leaf of s, then pa(z) is equal to p(ly) — 3{u(za) + p(va)l:
where I, = [Za, ¥a] is a closed geodesic arc containing z of length at most 2.
Then pa(2) < p(la) = p(z) = 0. Hence po(z) — p(2) as n - oo.

Let I be a closed geodesic segment which intersects the support £ of i
transversally, and hence, for sufficiently large n, also intersects the support
Sa of p transversally. Now we prove that pa(I) — p(I) and pafi — lull,
as n — oo. Let {hy,h,,...,hy} be the geodesics of S, which intersect /
in order. In general, however, there are other leaves of £, not in the set
{hiha, ... , hm)}, which intersect I.

Suppose that all geodesics in the set {h;, Ry, ... .hn} intersect a single
geodesic segment s; € S,. Let

be the complete set of geodesics in S, which intersect s;. Let z; be the points
of the intersection of k; with s,. Let y; be the midpoints of the {z;, z,,,] for
j=-r,—r+1,....p~1and let y, = z,. Each of the segments [y;, y;1.]. for
] =2.3....,m—2, can be homotoped to the subsegment of / by a homotopy
respecting L. but [yo, 11} and {ym—_1. ¥m| might not. In other words, the image
of UT'[u5. 4;+1] under this homotopy map may contain the whole interval
[. The other possibility is that not all points of £ [ can be cavered by this

— -1 1
homotopy of Uy [y;. yj-1)-
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Let I be the subsegment of I which joins h; and h,. Then by the
definition of 4, and by the homotopy

m—1

) = 3 {9501 - 5000) + o)l }
j=0

m-1
= ) iy yl) - %[u(yo) + (Y}
j=0

m~2

= { Z wllys, ¥5:1]) + ullz, ) + i‘((ym-ffz“'})}

+ #([w, 71)) + 8((Zms ¥]) — %[n(ya) + 15(tm )}

< u(l’)+§$p(l)+§.

Also u(I') < p(I’), because po (I') is greater than or equal to the measure
4 of some open geodesic arc containing I . For fixed I, we can find n big
enough such that I C G,. I the endpoints of I have nonzero measure g
then they will be included in the set S, for n big enough. If not, then by
our choice of G,, the set [ — I’ can be homotoped to two half open intervals
on some s; € S, not containing the points ;. Thus u(f) < u(l') + % By
the above and po(I') = pa(I) we have p(f) — 2 < po(I) < u(I) + 2. Hence,
pa{l) = pu(I) as n = 2.

Suppose that not all geodesics in the set {h;,ho.... . hy} intersect one
geodesic segment s;. Then we take two geodesic segments s; and sy, which
join £ to h; and hy, respectively. We divide / into two parts. one homotopic
to a subsegment of s, and other homotopic to a subsegment of sy, by the

homotopies preserving L. and we apply the above reasoning to each of them
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separately. Then again we get the same inequality as above.

For any closed geodesic segment I of length 1, pa(I) < p(I) + 2. Then
flsall < sl + 2. Hence flu|| — flpif as n — oc and p, converges in the
weak* sense to p.

Step 1. (convergence of E,, ) We define finite earthquakes E,,_.
The measure iu, is just the multiple by t > 0 of the weights of the measure
iin On the geodesics in S,. Let A, D A be a stratum of S,. We normalize
E,,. such that E,,_ |4, =1id If A is a geodesic, we take Dy, a gap of S,, on
whose boundary A is, and define Eq, | D, = id. For all m > n, there exists
Dra, a gap of S, such that D,,, C D, and A is on the boundary of D,,. We
define Eyy_|Dp = td.

Take a stratum B of L. Then there exsts a stratum B, of g, which
contains B. Connect £ € 4 to B, by a closed geodesic segment s. Let
{1, ha,. .., hyn)} be all geodesics from S, which intersect s in order, where
r(n) is an integer function of n. Then Ew_]&zﬁf(“‘)ng‘(h”o-~-o
Ty=%=). Because [|a]] - f} as m — 50, given a closed geodesic segment
s, there exists a constant K > 0, such that p,(s) < K for all n. Since
pe(s) < K. for some constant K > 0 and all » > 0, and all geodesics
{Ri.has. ..  he(n)} intersecting the segment s. the sequence of hyperbolic
isometries Ey, |B,. for a fixed t > 0. is compact. Hence. there exists a

subsequence that converges. Also, forall nand forall 1 <1 <) <n,
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the set of hyperbolic isometries Ty~ o T2=%+) o ... o T*®) 5 com-
pact. Hence there exists a constant N > 0 such that, for all » and for all
lS_i_<_j5n,I]‘It‘("‘)oT:f"'“)o--~01'::_“(h’)x]<N- Let n < m. Then
Sa C Sa- For each T*) in the formnla for Ey,,|B,, we have the corre-
sponding composition 7:":“"‘) oT,:':“") ° --~0f:(h") in the formula for
Eep.|Bn, where by, h,, ... , h;_are the geodesics in S, which intersect the
segment [y, ¥i11] C s. By the triangle inequality and by lemma 2.4 we have

T _ T:‘“'" 01.:::(&,) oo T:"“‘"’u
< T ,It-(l.,}-#tv-(&,H*#-(h.,)u

AT i (B 4t (b —_— 01';:""*’ om0 T::.u..)"
< C-t-|pa(h) — pmlhs) — (b)) — - - — pmlbs)i +
M-t [imlh) + pmlhi) -+ (b)) 2 <

2 1 1
C-t-Z+M-t- K--<Cy--.
n n n

Applying the triangle inequality and the above inequality r(n} times,
we get that ||Ey,. |Ba — Equa|Ball < C1 - 2. Hence, for fixed ¢ > 0, the
whole sequence E,,_|B, converges to a hyperbolic isometry F|B. Piecing
the isometries F|B we get a map F of H? into H®. Let B and C be any
pair of strata for F, and take B, D Band C;, D C in S;. The axs of
the approximations (Eq,_|Ba) ™" 0 (Ey,. iC:) separates B, and C, and moves
C, to the left as viewed from B,. Moreover the translation length of these

approximations is bounded below by the measure of a closed geodesic arc

-
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connecting the strata B and C. Therefore F satisfies the separation property.
Hence it is also a one to one map of H? into H2. We can define the measure
o for F in the same way as we did for E.

Next we prove that measure o which corresponds to F is equal to tu.
Then by the uniqueness of earthquakes with given transverse measure, we
conclude that F = E,, (see remark 2.3). Take a closed geodesic interval
I = [z,y] which intersects strata of E, transversally. Let € > 0 be a real
number. Choose finitely many strata {4, = A,, 4y,.., A = Ay} of E,
which intersect I such that A, contains r, and A, contains y, and such that
they are /557 dense in I. Set T = tr.{(F|A;)™" o (F|Ay)} and let M be
the constant from lemma 2.1. By lemma 2.1

k-1
lz trL{(FlA:) " o (FlAu)} - 0([)[ <

Wim

Since Fl4; is the limit of E,,_|A;, for n = n(k) big enough, the transia-
tion length of (F|4;)" o (F|Ai41) is estimated by the translation length of
(Eep14i) 7! 0 (Bt |4is1) up to an error of 3. Thus

k-1 £l
!;‘*—‘-{(F 147" o (FlAu)} - gtﬂ-{(sm.w" © (Buu i} < 5-

Note that (E,_ |4:) ! o {Egu.[Ai+1) s just the composition of finitely many
hyperbolic translations whose axes are elements of S, which intersect /. De-
note them by {l .l —ly}. Then (Eyeld4i) % 0 (Epldicr) = :z;f’:“‘*r’ o
TZ‘:“"} c---a T::"(t‘i). In our choice of strata {4; = A;, 45, ... 4 = 4}
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of ;4 we ensure that the distance between A; N I and A;y; N T is less than or
equal ‘=220 = leng®(D) for all k > 3. Then by lemma 2.1

oL {(Euea |47 0 (Bl Aia)} = Yt
. length(I)>- M -T
IV

Using the triangle inequality £ — 1 times we obtain

k~1
‘ Z trL{(EgpalA) " 0 (Bl Aiin)}

;:1;::,
Choose k so large that “Z#UPMT < Then from the above three in-
equalities, |o(I) — tu(f)} < €, for any . Hence o(I) = tu(l). Thus we get
F = E,.

Since E,,. |B —+ F|B for any stratum B of x4, and F = E,, we get that
E,..|B — Ey|B. The same is true for the boundary points of B on S'.
This means that E,,  converges to £y, on a dense set of S'. Since the maps

E,.|S' are monotone, the convergence is uniform. O
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4 Function E ,(z)

Let E be a bounded earthquake with associated transverse measure pg. For
t > 0, denote by E, an earthquake path with measure ¢x. In this section
we prove that for fixed z in R the function E,,(z) is the restriction of a
holomorphic function E,,(z), for 7 = t + ts in a peighborhood of R, and
that, for T fixed, E,,(x) is a one to one map of R into C.

Notation. Let b > 0 be a real number and [ a geodesic in H®. Then we
define R = T;* as the rotation of an angle b about l. If [ is a loxodromic
element with axis [ that moves a point on { a distance a we write T7*® =
T* o B = R} o T*. We call @ + ib the complex translation length a + ib.

This notation will be convenient to differentiate between the translation
and rotation components of a loxodromic transformation. In the following
lemma we show how to interchange the order of the composition of a hyper-
bolic translation and hyperbalic rotation, with disjoint axes.

Lemma 4.1: Let {; and [; be two non-intersecting geodesics in
B = {{z.y,t)lz.y e R, t > 0}

contained in a geodesic plane. and oriented in the same direction. Leta > 0
and b > 0 be two real numbers. Then T2 o R}, :R’l‘,xof}:,wheref? =T (k).
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Pf. Let g be an isometry which maps the plane containing I, and [, into
the plane {(z,0,t)|t > 0,z € R} C B?, g(l;) = {(0,0,¢){t > 0} and g(I)
is the geodesic with endpoints (c,0,0) and (4,0.0) where 0 < ¢ < d. We
conjugate T and R! by the isometry g and call them T}? and RY, again.
'rhenm(z)=,\z,x=e=¢1and%‘;—_’:=e“§3macﬁonson'é,me

boundary of B®. It follows that R} (z) = (‘a‘_:‘}’):ﬁ? and

Md - e®c)z — A1 — e®)ed
{1 —e?)z+de®—c

(M = eAA)(0z) = (1 - e* e _
(1-e®)(A2) +Me®—Ac &

TioRy(2) =

o T (2),

where [, has endpoints Ac = T¥(c) and M = T3{d). O

Definition 4.1 Let u be a finite transverse measure and 4 a fixed stratum
of pu which contains oc. Let E,, be a finite earthquake with the transverse
measure {u normalized such that Ey, {4 = id. Let B be a stratum of x and let
{li,ls, - .. .} be the geodesics in the support of u between A and B. Then
EylB=T"oT¥Wo.. .o "W Let 7 = t+is € C, and let T,"™ be the
loxodromic element T,:”“‘} o E{,"f‘(“}. We define a finite complex earthquake
E.,. the extension of Ey,, as E,,|B = ;" o " o .. o ¥ Also
E.,j4=1id

[ft <0and s =0 then E, = Ey, is a right earthquake i.e. the compar-

son maps translate to the nght.
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An earthquake E,; acts on B?. We embed B? = {(z,t)|¢ > 0,z € R} into
B = {(z,y,t)|t > 0,z € R,y € R} such that (z,t) — (z,0,t), and call it B?
again. Denote by R the boundary {(z,0,0)|z € R} of B2 C BP.

We consider a complex earthquake E,, as a mapping of the embedded B?
into HB. E,, extends to the boundary R of H? and maps it into the boundary
C of BP; for 1 real it preserves R.

Lemma 4.2: Let E,, be a finite complex earthquake. Then, for r in K,
the map E,,(r) is a holomerphic function in 7.

Pf. Define T = T;*. If rp is the repelling fixed point and ar the attracting
ﬁxedpointthenfé,—%: “:—f"—”f_. From the above equation we see that the
entries of a matrix representing T can be written as holomorphic functions
of 7. E,, is a composition of finitely many elements 7. The conclusion

follows. O

Definition 4.2 Let p be a point in H? and let o be a real number between
0 and 3. Let { be an oriented geodesic ray starting at the point p. Then the
hyperbolic cone C(p.l,a) is the pencil of geodesic rays starting at p which
subtend an angle not greater than a with I. The skadow of C(p.l, a) is the
set of endpoints of rays in C(p.l.a). The boundary of C(p.l,a) is the set of
geodesic rays which subtend an angje equal to @ with [.

Let v be a unit vector at p. A vector v determines the geodesic ray [,
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starting at p. For simplicity we set C(p,v,a) =C(p, L,, a).

Definition 4.3 Let S., = {r =t +is € C: |S7| < min{ ;. ¢}} be
an open neighborhood of R in C, where M = M(¢, 1) is the constant of
Crescent Lemma, for ¢ > 0 and d = 1, a > 0 is an arbitrary real number
axmth(t):Se’ig‘d is the function from lemma 2.5. Let v, be the geodesic
ray that joins j = (0,0,1) in H® to the point r on the real axis. Let V be
equal to the union, over all £ € R, of the shadows of the hyperbolic cones
C(j, 7z, @). Thus V is a neighborhood of R in C.

Definition 4.4 Let u be a finite transverse measure and let T =13, s€ R
Then the complex earthquake E,, with measure sy is called a pure bend or
simply a bend.

Lemma 4.3 (Keen-Series Cone Lemma): Let u be a finite transverse
measure and A a stratum of g which contains j € H> C B® and oc. Let
a be a real number between 0 and 7. and let y; be the geodesic ray from
jtoz € R Let E,, be the bend with measure s normalized such that
EiulA = id Then there exists a real number ¢ > 0, depending oaly on a,
such that the bent geodesic Ei,,(7;) is contained in the cone C(J, 7. a}. for
all real s with {sj < g where M = M{e, 1) is the constant from Crescent

Lemma.
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Pf. Onent 7, from j to z. Divide the geodesic ray 7, into intervals of length
1. Let 23 = j, 14, ..., I3, .- be the division points and vy, vy, ..., v;, ... the unit
tangent vectors in the direction of 7 at the points z;,25,... ,z;,.... Since
the hyperbolic distance from z; to Z;yy is 1, p{[zi, Zisa]) < -

The image of 7, under E,, is a geodesic ray bent along the intersection
points of 7y, with the support of y; the angles at the bending points are less
than or equal to s times the measure of the geodesic in the support of u. Bent
geodesics have two tangent vectors at the bending points. In the following
we always take the forward tangent vector with respect to the orientation of
Tx-

There exists a real number S strictly greater than a such that the cone
C(zy,v, 3) is inside the cone C(zy, vo, @). Tosee this. take a hyperbolic plane
P which contains 7;. Form the hyperbolic triangle with vertices £y, z, and
third vertex y € @P. The intersection of 3P and the shadow of C(zq, v, a)
is an arc on C. We choose the vertex y to be one of the endpoints of this
arc. The outer angle at r, of the triangle o1y is 3. Then the inner angle
is T — 3. The sum of the angles in the triangle zoxy is * — 3+ . Since the
sum of the angles in a hyperbolic triangle is strictly less than © we obtain
3 > a. A hyperbolic triangle with one finite side and twe infinite sides is
uniquely determined by the length of the finite side and one of the nonzero
angles. Hence 3 — a > 0 is a constant independent of the position of 1o and

1; (see the proof of lemma 6.3 im Keen-Series {8).
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By Crescent Lemma it follows that for a given d = 1 and € > 0 there
exists M = M(1,¢€) > 0 such that
JT‘E’((II:UI)'I R{(Ilvvl)) < MlSL

for all |s| < € and any geodesic | whose distance from 1 is less than 1.
Let {l;,l2,... ,l} be the support geodesics of measure i which intersect
the segment [zq, )] in order. Then

Eiplzi,m) = R:faﬂ °R?f“”°-"°&'f""(rhvl)-

By the triangle inequality
drg (T 1), Buspl@, 1) < drgs((z, ), BEY (20, 1))+
P«zﬂ;ur:“‘ Uz, v), B o R::“”(zi.vow -+ 9)

d’rtgs(}q:“ 1} &‘:(lk-:)(: ). &‘B(h) Iq:(‘&)(xl Ul)
Since r; has distance less than 1 from [, drig is invariant under the
action of PSL,(C) and by Crescent Lemma we have

dfrlg&(lﬂﬁm OR":““"”(I 0, R:u(:} oRf“”(r;,v;))

= dr{{z1, 01). RX‘(I')(I o)) < Mlslu(k). 1o
for all real s such that |s| < min{m,e}.
Using (10) in (9) we get
dpes (21 11), Eaulzim)) < Mlst Y, pll;)
<M ISiﬂ(IIe £i}) < Mijuj - ls| (11)

< M|

T = €.

for all real s such that |s{ < min{e. uw

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



56

Define (z;,v;) = Eisu{(z1,m))- A hyperbolic cone C(p,l.a) and its
shadow are continuous in its veriex p, direction ! and angle a. By (11),
for € small, C(z},v;,e) is close to C(z1,v;,a). Because 3 > a, the cone
C(x1, 71, a) is strictly inside the cone C(zy. 71, 3). Thus, for € small enough.
the shadow of the cone C(x, v}, @) is inside the shadow of the cone C(z3, v1, 3)
and r, is inside the cone C(zg,vo,@). Hence the cone C(r},v;.a) is inside
the cone C(zy, vg, ). Here the choice of € depends only on a.

Define (1, 75} = Eiyu((22,12))- Let B be a stratum of p which contains
;. We prove that the cone C(z,, 5, a) is inside the cone C(z,,v,,a). The
map E,|B is just a Mdbius transformation. Let P = (E;,|B)(H?) and
Bp = E,,(B). Thus P is a hyperbolic plane in H® and Bp is the image of
B, under the bending E;,|B and is contained in P. In particular, Bp isa
geodesic polygon with vertices at the boundary of P.

Let up be the pushforward of the measure u by (£,,,|B). The support
of the measure pp is on the hyperbolic plane P. Let E,,,, be the bending
normalized such that E,.|Bp = id. Then E;, = Eiy,, 0 (Eisu|B)-

We repeat the above procedure for (z;, ;) = (E,|B)(21. 1), and (5. 1) =
(Ezspl B)(z2, 12). and bending Euugp. Note that (3, 5) = Evgup (T3, t3). The
geometry is the same and C(2,. t5. @) is inside C(z;, v;. @) for the same € > 0.
Let (z,.v}) = Eyu(z,.v;), for j = 3.4,... . Continuing as above we obtain
that any subsequent cone with vertex z . direction v, and angle a is con-

tained in the previous cone with vertex r,_,. direction v,_; and angle a.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Thus the bent geodesic E;,,(7,) is inside the first cone. O

Lemma 4.4: Let a be a real number between 0 and 5. Assume y is a finite
transverse measure with stratum A containing j € H2 and co. Then there
exists a real number € > 0 depending only on a such that, for r € S,y and
r € R, Ey,(z) extends to the function E.,(z) holomorphic in r whose image
is contained in V.

Pf. Normalize E,, to be the identity on A. Take a point = € R and connect
it to j by the half geodesic v, and orient 7, from j to . Let B be a stratum
of i such that z € 9B. Let {I},,, ... ,[;} be the leaves of u between A and B
in order. Take ¢ > 0 from Lemma 4.3 (Cone Lemma). Let T = t+is € S -
By definition E,|B = T;"™ o T, ... o T/™) Write each term T,**
as B™ o T#Y Then E,|B = R™ o T o R o T o ...
R o T By lemma 4.1, T4V o R = [g‘f“" o T here
; = T;*“-)(L;). Using the above and induction we obtain

E..|B= R:‘IM)"R::“‘:} o---0 RZ-(M 012&(‘1}0..-07::(“)’

where the I, are geodesics obtained as images of the [; under the map Egr), =
E,.

The real earthquake E), moves r to z = E:.(z}), support lines [, to
[; = E,(l) and pushes forward the measure su to su;. Denote by v, the
oriented geodesic ray from j to r. Let Eisx; be the bending normalized such
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that E,,;|A = id Then E.|B = (Ey; © E,)|B for every stratum B of 4.
By Crescent Lemma, {5} < C(®)li] = 8¢5 lull. By Cone Lemma the
bent geodesic E,,.(7,) is contained inside the cone C(j, 7., ), for all real s
such that |s{ < min{e, gy} Hence the endpoint E.,,. (z') of the bent
geodesic Ei,:(v.') is in the shadow of C(j, 7. a). It follows that for z € R
and 7 € S gy, Erp(z) isintheset V. O

Remark 4.1: Instead of normalizing E, to fix j € H? and it is possible
to have some other point p € B? and q € JH2 fixed. Lemma 4.4 is still true
with the same ¢, but a different neighborhood ¥V of R

Remark 4.2: Let a = supicx u(I), where F; is the family of closed
geodesic arcs of length 1 that lie on the geodesic rays from j € H? to the
boundary peints. Since F; C F, a < |ju|l- It is clear from the proof of lemma
4.3,thatmcanbemplacedbyi‘—‘—.

Lemma 4.5: Let a be a real number between 0 and 7. Let u be a bounded
transverse measure and A a stratum of g which contains j € H? and oc. Then
there exists a real number € > 0 depending only on a such that, for 7 € S
and £ € R, Ey,(1) extends to the function E.,(r) holomorphic in 7 whose

image is contained in V'.
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Pf. For a general earthquake E, we use the approximation by finite earth-
quakes E,_ from section 3. The sequence of measures u, converges weakly
to i, fpall — llusll, and Ey,, — Ep, uniformly on S', as n — oc. By lemma
44, for 7 € S, g, the points E;,_ (z) belong to V. For simplicity, assume
that |}i,|| decreases to |jull as » — oo. Fixr € R and m > 0. Since
C - V contains more than two points it follows that {E,,_(Z)}a>m is a nor-
mal sequence of holomorphic maps in the vaniable 7 € S, y,.;. By Montel’s
theorem there exists a convergent subsequence. For g # 0, however, the
whole family converges for 1 = t € R to a non constant function Eq(z).
Hence the whole family converges to a holomorphic function E.,(z) and
E..(z)l(t € R) = Ey,(z). Since E.,(z) is a non constant holomorphic func-
tion in 7 its image must be contained inside V. Also UR_, S puntl = St
Letting m —+ oc, the domain of definition of E;,(z) is R X Sy, and the
image of z € R, for all T € S, is contained in V. O

Lemma 4.6: Let u be a bounded transverse measure and let E,(z), for
T € Sy and £ € R, be the extension of E,(z). Then, for fixed 7 € Sy,

E.,(z) is a one to one map from R inte C.

Pf. Take two different points 1; and y; in R
If they belong to the boundary of a single stratum B of E, then 1, and
y; are mapped by the same loxodromic element E.,!B. Since elements of

PSL,(C) are one to one mappings on C, E.,(11) # E-.{w)-
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Now assume that z; and y; do not lie on the boundary of one stratum.
Also assume for the moment that y is a finite earthquake. First apply the
real earthquake E;, and then the pure bend E,,.. Define z = E,,(z;) and
y = E(y1)- Real earthquakes are one to one on the boundary of H?, hence
z # y. Connect z and y with the geodesic v. Then + transversally intersects
strata of y;. Take one leaf !, of u; which intersects 7. Fix a point ¢ on [,N~.
Denote by v, the tangent vector to 7y at the point ¢ in the direction of z and
denote by v, the tangent vector to v at the point q in the direction of y. The
map Eg,: |l is just a MGbius transformation that maps B into some other
embedded hyperbolic plane P, and maps v, ¢, 7; and vy onto v, ¢, v, and v,
respectively.

Let pup be the pushforward of p; by Eiy;|l,. The leaves of the support
of up are in P. Let E,,, be the pure bend of P normalized such that
Eiup|Eus: (1) = id. Then Eiye = Eiqup©(Eisyel,). In order to find Eiype(7)
and Ei,; (y) we apply the pure bend E;, to the geodesic (Eiq,; [l,)(7) C P
This bending fixes the point ¢ € P. The geometry of the bending is the
same as if we had started from a fixed embedding of H2. For that reason the
estimates and the conclusions of lemma 4.4 hold. In particular, for0 <a < 3
and for real numbers s such that js| < min{m,e}, E\q; (z) is contained
in the shadow of the cone C(q , v,.a) and E\su; (y) is contained in the shadow
of the cone C(g,v,,a). Since a < 3, these shadows are disjoint. Hence

Eisuz () # Eiuz (y)-
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Fix e and suppose g is bounded but not a finite transverse measure. As
in section 3, take an approximating sequence u, of finite transverse measures.
For each p, we have shown that there is a neighborhood S, .y such that
E.,.IR is an injection. Since [jp,}i — lul], given & > 0 there exists nq such
that, for n > ng, E,,_ is injective for 7 € S g 44- Also Ej |, — E,|l,
which is an element of PSL,(C).

To see that E.,[R is also an injection, again, let 7, # y; € B? and let ¥
be the geodesic joining 1, and y;. Since real earthquakes are one to one, we
can assume that 7 = is, so that £,, = Ei,, is a pure bend. Let z = E (1.}
and y = E,;,(1n). For ng big enough, -y intersects some leaf [, in the support
of sin, for n > ng. By the definition of s, I, is also in the support of u. Let
g = [,N~. Let v* be the geodesic ray from ¢ to z and let 7~ be the geodesic
ray from q to y. Define

7: = (Erpe llp)('7+)=
Ta = (Erpullu)(77)-

I = (Erulu)(z)
UIn = (Ef,,‘§ W) {(Y)-

Let

. = (Enally)(77)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7- = (Bl )(r7)-

Then'y,f-—)'y;,'y; 47 ,Ia > T, Yo > yand g +qgasn — oo. The
cones are continuous in the vertices, central directions and angles. Thus
C(gn, 72, a) =+ C(g,7,.0) and C(gn. 77, @) — C(g.7_, @) as n — co. Hence
the shadows of C(g,, 7, a) converge to the shadow of C(g,7,,) and the
shadows of C(g,¥;,a) converge to the shadow of C(g,7_,a). Since z, is
in the shadow of C(ga, 7}, a) and y, is in the shadow of C(gg, 77, a), by the
continuity of the shadows, the point z is in the shadow of C(g, 7,, a) and the
point y is in the shadow of C(g,7_,a). Because 0 < a < § these shadows
are disjoint so that r # y. O

We state the main result of the paper:

Theorem 4.1: Let a be a real number between 0 and . Let p be a
bounded transverse measure. Then there exists € > ( depending only on a
such that the real earthquake Ey,(z), for £ € Rand t € R™, can be extended
to the complex earthquake E..(r), for 7 in an open neighborhood S, .y of
Rand z € R For z € R the map E.,(z) is holomorphic in 7 € S . For

T € Se . the map E. (1) is one to one on R.

Pf. Given in lemmas 4.3. 4.4, and 4.5. O

Another wav to state the main theorem is:
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Theorem 4.1 If u is a bounded transverse measure then there exists

€ > 0 such that the complex earthquake E, (z), for T € S,y and z € R, is
a holomorphic motion of the real line. O

As a corollary we have:

Corollary 4.1: Let u be a bounded transverse measure. Then the earth-
quake E,|R can be extended to « quasiconformal map of the upper half plane;

that is, E,|R is a quasisymmetric map.

Pf. By theorem 4.1’ and by Slodkowski’s theorem (see [12]) we can extend
the holomorphic motion E, ,(z) of the real line R to a holomorphic motion of
the complex plane C. Since E,,(r) maps R to R the extension fort =t € R
maps the upper half plane to itself. For 7 fixed the extension of E. (), for
z € R, to E,(z), for z € C, is quasiconformal. It follows from Ahlfors’

theorem (see [1j} that E |R is a quasisymmetric map. O

Lemma 4.7: Let A > 0, a < ¢ < d < b belong to R U {—oc, 0}, where
a could be —oc and b could be 20, but not at the same time. Let g be the
hyperbolic translation with repelling fixed point a. attracting fixed point b
and multiplier \. Let & be the hyperbolic translation with repelling fixed

point ¢, attracting fixed point d and multiplier A. For any z € (c.d)

g(z) 2 h(z).
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Pf. Case 1. Assume a¢ = c. Normalize by conjugation such that e = ¢ =
—ocand 0 =b>d. Then g(z) = Az, h(z) = Mz -d)+dand 0 < A< L
For £ € (—o0,d), g(z) = Az and h(z) = Az + (1 — A)d. Hence g(z) > h(z),
with equality only if b =d.

Case 2. Assume b = d. Normalize by conjugation such that 0 = a < ¢ and
b=d = oco. Then ¢g(z) = Az, h(z) = Mz—c)+cand A > 1. Forz € (¢, +00),
g(z) = Az and h{z) = Ax + (1 — A)c. Hence g(z} > h(z), with equality only
ifa=c

Case 3. Assume a # c and d # b. Let h; be the hyperbolic translation with
repelling fixed point a, attracting fixed point d and multiplier . Then, for
z € (¢, d), g(z) > h;(z) by Case 2 and h\(z) > h(z) by Case 1, so that
g(z} > h(z). O

Theorem 4.2: Let u be a transverse measure. If the corresponding earth-

quake E, : R — R is quasisymmetric then y is bounded.

Pf. Assume u is an unbounded transverse measure. Then there exists a
sequence of closed geodesic arcs {I;} such that length of I; is 1. for all k,
and p{ly) = x, as k — oc. Divide eacn [; into two closed geodesic arcs of
length 1. For each k. one of them has measure not less than half the measure

of I;. Denote this arc by Ix;. Then p(lx;) > ;u(Ji) and the lensth of [i,
is 1. Divide each [;; to two geodesic arcs of length {. Denote by I;» one of

the two arcs such that p(fc2) > 35(Jk;)- In the n-th step we get [y ;whose
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length is 3L and p(fea) > 1u(fia1). Then pullea) > Fp(le) = oo, as
k — o0, for n fixed. Using a diagonal process on the sequence {;,} choose
Ja = Ii(n)n such that pu(J,) converges to oo as n converges to co.

Let A, and B, be two strata of g which contain endpoints of J,. Define
E. = (Eu|Aa)"" 0 E, o that E,|A, = id. Let L, be the geodesic on the
boundary of A, (it is possible that A, = l) clesest to B, and let h, be the
geodesic on the boundary of B, (possibly B, = h,) closest to A,. Let 7, be
the element of PSL,(R) which maps [, to the y-axis and the endpoints of
h. to the points a, and b, in R, such that b, — a, = 2. Denote the new
geodesics by I, and h,, again. Denote the map 7, 0 Ey 07" by E, again.
Let 8, be the angje of the crescent region around [, which touches A,. Using
elementary trigonometry @, = - — 1. The map E, is an earthquake which
is the identity on 7,(A.) and whose measure p,, is the push-forward of i by
a- For each closed geodesic arc I, p(I) = pa( (1)) because v, € PSLy(R).

Let g be the hyperbolic translation with axis h, and with translation
length log A, equal to the translation length of Ey|va(B,); that is

20(z — 6a)
(Aa — Iz —an) +2

g(z) = + Gy

Since the translation length of E,}v.(Ba) = emp(A.. Ba) is not less than
u(Ja). the multiplier ), satisfies A, > e*”~). By lemma 4.7, for any point
Iy € {aun bn)~

(Enia(Ba)}{ze) > g(za)-
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Since 74 might not be on the boundary of 1,(B,) and E, is a left earthquake,
Eu(ze) > (Eu|mm(Ba))(zo)- Also Ex(—7¢) > —7o because En|ta(Aa) = id
and E, is a left earthquake. The expression for cheking quasisymmetry
condition at z = 0 and above inequalities give

En(z + x0) — Ex{z) Ea(zo) Q(Io)'

E.@)-Ealz—1)  ~Ea(-:) = 20

Let z, = a, + . Obviously £, € (aa.b). In the above inequality we use

z, instead of 5. We obtain

2 2

9(za) = - +2+%=m+%
and
9(za) _ 3TiiEe T 0 S 2\, _ =,
Tn Gtz (P aa+ %) (A + 2T (an +1)

Theexprasion;_%conmgwtombecanse&. — oC, as n — o¢. Now
an=a—;—,—‘--landbytheformnlaforthedistanceofapointtoaIine(see[?,
section 7.20]). if d, is the distance from L, to hy then a, = coshd,—1 < Md;.

By our construction d, < 5. Hence 2%a, < ¥ < 1. for n big enough. It

: 22y ; v
follows that o TmaT T OC &N oC. Hence
T
9iza)
I

as » = .
The sequence E,|R has a bounded constant of quasisymmetry. To see

this. let f be a quasiconformal extension of £,/R. Then the sequence f, =
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Y2 0(Eq}4n) 1o foy ! has bounded constant of quasiconformality, because it
is a pre and post composition by conformal maps of the quasiconformal map
f. and it fixes oc. Then by the AhHors’ result(see [1}), fa|R has bounded
constant of quasisymmetry. But f,/R = E;|R and ’(—:fl — 00 gives a con-

tradiction. Therefore y must be bounded. O

Putting together Theorem 4.1 and Theorem 1.2 we easily obtain:

Theorem 4.3: Let E be an earthquake. The following three statements
are equivalent:

1. E{R is quasisymmetric,

2. E is bounded,

3. there exists an € > 0 such that, for r € R and ¢ > 0, the map (r,t) =
E.,(z) extends to a holomorphic motion (z,7) = E.,(z) of R for T €

Sewit- B

Remark 4.3 There is a stronger version of the equivalence of 1. and 2.
obtained by Gardiner-Hu-Lakic (see {7]}. Let us denote by [[hllo the cross
ratio norm of the quasisymmetric map h : R = R. This norm is defined as

; T(h
o 22,

where Q@ = (a,b.c.d)} is a quadruple of points given in counterclockwise

order on S'. cr(Q) = ff—:‘%—;%;—; and the supremum is taken over all Q with
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cr(Q) = —1. Let Cy > 0. For all p with [{uff < Co, there exists C > 0 such
that ‘é"“i‘" < ﬂEARﬂa < Cﬂ.’*ﬁ-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



References

(1] Lars V. Ahlfors, Lectures on Quasiconformal Mappings, D. Van Nos-
trand Company, Inc., Princeton, New Jersey, 1966.

[2] Alan F. Beardon, The Geometry of Discrete Groups, Graduate Texts
in Mathematics 91, Springer-Verlag, New York Inc., 1983

[3] R D. Canary, D. B. A. Epstein, and P. Green. Notes on notes of
Thurston. In D.B.A. Epstein, editor, Analytical and Geometric As-
pects of Hyperbolic Space, LMS Lecture Notes 111, pages 3-92. Cam-
bridge University Press, 1987.

[4] DB.A. Epstein and A. Marden. Convex hulls in hyperbelic space, a
theorem of Sullivan and measured pleated surfaces. In D.B.A. Ep-
stein, editor, Analytic and Geometric Aspects of Hyperbolic Space,
LMS Lecture Notes 111, pages 112-253. Camnbridge University Press,
1987.

[5] F. Gardiner and L. Keen, Holomorphic Motions and Quasifuchsian
Manifolds, Contemp. Math. 240, 159-174, 1998.

6] F. Gardiner and N. Lakic. Quasiconformal Teichmiller Theory,
Mathematical Surveys and Monographs. Volume 76. A.M.S. 2000.

[7] F. Gardiner, J. Hu, N. Lakic, Earthquake Curves, preprint.

Reproduc i iSSi i
p ed with permission of the copyright owner. Further reproduction prohibited without permission



70

[8] L. Keen and C. Series, How to bend pairs of punctured tori, In J.
Dodziuk and L. Keen, editors, Lipa’s Legacy, Contemp. Math. 211,
359-388, AM.S, 1997.

{9] S. Kerckhoff, The Nielsen Realization Problem, Ann. of Math. 117,
235-263, 1983.

[10] S. Kerckhoff, Earthquakes are Analytic, Comment. Math. Helv. 60,
17-30, 1985.

[11] O. Lehto and K. L. Virtanen, Quasiconformal Mappings in the Plane,
Second Edition, Springer-Verlag, Berlin, Heidelberg, New York, 1973.

[12] Z. Slodkowski. Holomorphic motions and polynomial huils, Proc.
AM.S., 111:347-355,1991.

[13] W. Thurston, Farthquakes in two-dimensional hyperbolic geometry.
In Low-dimensional Topology and Kleinian Groups, Warwick and
Durham, 1984 ed. by D.B.A. Epstein, L.M.S. Lecture Note Series
112, Cambridge University Press, Cambridge, 1986, 91-112.

{14] W. Thurston, Three-Dimensional Geometry and Topology, Volume 1,

Princeton University Press, Princeton, New Jersey. 1997.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



