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Abstract

COMPLEX EARTHQUAKES ARE HOLQMORPHfC

by

DragomirSarie

Advisers: Professor Linda Keen

Professor Frederick P. Gardiner

Earthquakes on compact Riemann surfaces have been studied extensively. They ®e 

m^Jpings of the TeichmnUer space of a compact Riemann surface to itself It is a result 

of Kerckhoff that an earthquake path is a real analytic path in tbe Tekhmoller space of a 

compact surface. We give a generalization of KerckhofTs result to the TejcfamuHer space 

of my Riemann surface, in feet, to tbe Universal Tekhmnlkx Space.

We start from a bounded measure on tbe hyperbolic plane and the corresponding 

earthquake path parameterized by tbe positive real numbers. We extend the 

parameterization to a neighborhood of tbe real line in the complex plane. The extension is 

a hoiomorphic map in the parameter and, for a fixed paraneter, it is a one to one mq> of 

the unit circle. Hence, the complex earthquake path, with the parameter in tbe given 

neighborhood of the real line, is a hokxnorphk: motion of the unit circle. By 

SlodkowskT s theorem, it is extendible to a hoiomorphic motion of the complex plane. 

Then, for a fixed postfve parameter, the earthquake map is the restriction to the unit

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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csde of a  qpaskxnifocnial map of tfae complex plane preserving the unit disk. Thus an 

eathquake with a bounded measme is qoasisyniraetric. We also prove that a 

tpasky mmeflrir earthqnake has hnnnded measmgL

The above results taken together show that for an earthquake tbe fbUowiiig are 

equivalent:

1. The measure of an earthquake is bounded,

2. An earthquake is quassymmetrie,

3. An earthquake path is a part of a hokiniorphic motion of tbe unit cirde- 

Moreover, s i  earthquake path with bounded measme is a real analytic path in the

Universal Tejcbmuller Space.
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1 Introduction

An parthgnakp is a bijective, but not continuous, piecewise hyperbolic isom- 

etry of the hyperbolic plane H2 with certain compatibility properties. The 

set of discontinuity lies in a geodesk: lamination £. £  is a collection of non- 

intersecting geodesic lines whose union forms a closed set in H2. The earth­

quake induces a non-negative transverse measure supported on the lines of 

£.

An earthquake extends to a homeomorphism of the boundary S l of H*. 

Thurston (see [13]) showed, conversely, that any homeomorphism o fS 1 can be 

obtained as the restriction of an earthquake and this earthquake is essentially 

unique. In particular, the lamination £  is unique and the assignments of 

hyperbolic isometries to the complementary components of £  and to the 

geodesics of £  determine a unique nonnegative transverse measure. Gardiner, 

Hu and Lakic gave different proof (see [6] and [7]).

We say that the transverse measure is bounded if the measures of all closed 

segments of hyperbolic length one transverse to the lamination are bounded 

by a constant. Given a geodesic lamination and a nonnegative, locally finite 

measure on it. we can always get a map which satisfies all the properties 

of an earthquake except surjectivity. If the measure is bounded, however, 

then the map is surjective and indeed is an earthquake. This fact, originally 

stated by Thurston, is a consequence of results proved in this paper.
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Thurston first introduced earthquakes in the context ofTeichm filler spaces 

of compact Riem ann surfaces. An earthquake is defined on the base Riemann 

surface as a piecewise hyperbolic isometry discontinuous along a geodesic 

lamination and satisfying a compatibility condition; its lift to tbe hyperbolic 

plane is an earthquake which is invariant under the action of the Fuchsian 

group representing the fundamental group. Kerckhoff [10| proved that if the 

transverse measure is multiplied by a positive parameter, the resulting path 

in any finite dimensional TeichmuUer space depends real analytically on the 

parameter.

If we start with an arbitrary nonnegative, bounded measure p supported 

on a lamination £  in HP and multiply it by a positive parameter t we get a 

path of bounded measures. Normalized earthquakes associated to this path 

form an earthquake path in the universal TeichmuUer space. In this paper, 

we multiply p by a complex parameter r . If the imaginary' part of r  is small 

enough, we can define a piecewise hyperbolic isometry on each component of 

H2 — £  and on each leaf of £  into hyperbolic three space H3. The images of 

the components of H2 -  £  are glued together along the images of the leaves 

of £  at an angle determined by the imaginary part of r. This map is often 

called a quakebend [4j. It extends to a homeomorphism of S l onto its image 

in S2. The quakebend. restricted to Sl. can thus be considered as a function 

of two variables.

Our main theorem is:

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Theorem  A Fix a bounded transverse measure and a point on S l . Then 

the complex earthquake path depends holomorphically on the parameter r .

This theorem is part of the following more general result:

Theorem  B The following three statements are equivalent:

1. The restriction of an earthquake to the boundary of the hyperbolic plane 

is quasisymmetnc,

2. The measure o f an earthquake is bounded,

3. An earthquake path is the restriction of the hoiomorphic motion o f the 

boundary of the hyperbolic plane. Furthermore, the domain of definition 

Dp o f the parameter t  of the hoiomorphic motion depends only on the 

bound on transverse measure and contams the real axis.

The main arguments of the paper depend on the cone lemma of Keen 

and Series [8], Lemma 6.3. on the crescent lemma. Lemma 2.7, and on the 

theorem of Slodkowski on hoiomorphic motions [12}.

The plan of the paper is the following:

In section 2 we give the definitions of an earthquake with measure p

and an earthquake path and the basic lemmas needed for the rest of 

the paper. In section 3 we find a sequence of finite earthquakes £ ^  which 

approximate E^. We show that the sequence of paths is also a good

approximation for the path E ^. In section 4 we use the lemmas of section

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



2 and tbe finite earthquake approximations of section 3 together with tbe 

Keen-Series cone lemma to prove our theorems.
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2 Definition and Properties of Earthquakes

Following Thuiston [13j, we give the definition of an earthquake.

D efinition 2.1 A geodesic lamination £  on the hyperbolic plane BP is a 

dosed subset £  of H2 which is a  union of disjoint geodesics called leaves. The 

components of the complement of £  are called gaps. The gaps are geodesic 

polygons with vertices only on the boundary of H2. The gaps and leaves of 

£  are called the strata of £ . H2 is partitioned by the strata of £ .

Definition 2.2 Let £  be a geodesic lamination of H2. A left earthquake E  

along L, the support of f ,  is a  (possibly discontinuous) one to one map from 

H2 onto H2 which is a hyperbolic isometry E\A  on each stratum A  of £ . A 

geodesic I separates two sets A and B  if any path connecting a point a in .4 

to a point b in B  intersects I. The map E  must satisfy the condition that for 

any two strata .4 and B  of £ . the comparison isometry

cmp(.4, B) = (£ |A )-1 o {E\B) : H2 -* H2

is a hyperbolic translation whose axis separates A and B and which translates 

B  to the left as viewed from A. A right earthquake E  along C is defined as 

above if we change the word “left “ to the word Tight".

In this paper by an earthquake we mean a left earthquake unless stated 

otherwise.

p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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Rem ark 2.1 If A is a  gap for £  and I is a geodesic on the boundary of A, 

which implies that I C £ , then E\A and E\l are not always the same; in this 

case the axis of the comparison isometry is I.

In general, a geodesic lamination £  can have infinitely, even uncountabiy 

many leaves. Since it is difficult to conceptualize general earthquakes it is 

useful to define finite earthquakes.

Definition 2.3 An earthquake E whose support £  = { k j i ,

. . . ,  Ifc} contains only finitely many leaves is called a finite earthquake.

In this paper we utilize finite earthquakes to approximate earthquakes 

with non-finite support.

The strata of a finite lamination are its gaps ,.4*} and its

leaves (4,4* - - - ,4}  which separate these gaps. For any two adjacent gaps 

.4* and Aj, with common boundary L, the comparison isometry cmp{At, Ay) 

of an earthquake ft is a  hyperbolic translation with axis 1. Given the trans­

lation length of cmp(Ai,A}) and E\A, we can recover E\Aj by the formula 

E\Aj = (£jA,) o cmp(At, A}) (see Thurston [13)). but we cannot recover E\L 

The ambiguity can be seen as follows. The condition that cmp{AtJ )  and 

cmp(l.A}) are hyperbolic translations with axis I which translate to the left 

as viewed from .4t, and the condition cmp(AtJ ) o cmp(L A}) =  cmp{Ax. A,) 

forces E\l to be equal to E\AX post composed with a hyperbolic translation

\I

1

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e rm is s io n .
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whose axis is i and whose translation length is between 0 and tbe translation 

length of Aj).

A finite earthquake E  extends continuously to the boundary 5 1 of BP, 

the map E \Sl is piecewise Mobius. If we are only interested in E\Sl then 

the ambiguity described above is not important, A finite earthquake can be 

given by finitely many disjoint geodesics in H2 and weights, positive num­

bers, assigned to them. The way to recover an earthquake E  given a finite 

lamination £  and weights on the leaves of £ is to take one gap A  and define 

E\A — id. Let B  be a gap of £. Let - - J t}  be the leaves of £  which

separate .4 and B  in the given order as viewed from A and let {aj, a2, - - - ,a*} 

be the assigned weights. Denote the hyperbolic translation with axis I, ori­

ented toward the attracting fixed point, and translation length a, by 7JV 

Define

where lx are oriented to the left as seen from A. E\B  is a hyperbolic trans­

lation whose attracting fixed point is in between the attracting fixed points 

of 7^1 and 7^*. and whose repelling fixed point is in between the repelling 

fixed points of T£l and T £ .

Let I be a geodesic leaf of C- Then I is on the boundary of two gaps B\ 

and Bi- We can define £jf to be E\Bi or E\Bi. If we are interested in the 

restriction of an earthquake E  to S l then this ambiguity is not important.

From now on we will consider two earthquakes to be the same if their

w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i t e d  w i th o u t  p e r m is s io n .
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restrictions to S ' are the same maps. Any two finite earthquakes Ex and 

£ 2  with the same underlying finite lamination £  and equal weights on the 

leaves differ by postcomposition with a  hyperbolic isometry. To see this we 

fix a  gap A  of £  and normalize Ex and Ei by post com posing them with 

hyperbolic isometries such that EX\A — E%\A = id. If A* is an adjacent 

gap to A  with common boundary lx and assigned weight a t then EX\AX =  

£ 21-4! =  7j“\  because cmpEl(A, A x) =  a i^ Et(A,Ai) = T£  and because of 

the above normalization. If .42 is adjacent to .41 we get that cmpEx (A [, .42) = 

anpBtiAuAz) = T£. Also from the above £Tl [J4t =  £ 2! At. Combining these 

two equalities, we get £i}.42 =  £a|A2- Continuing as above we get that the 

normalized Ex and Ez agree on each gap of £. Hence the original Ex and &> 

differ by a post composition with a hyperbolic isometry.

Finite earthquakes are dense in the set of all earthquakes in the topology 

of uniform convergence on S { (see Thurston [13] .Gardiner-Lakic [6]). A proof 

of this fact is essentially given in section 3 of this paper.

A geodesic lamination £. together with the atomic measure on £ , defines 

a transverse measure for any geodesic arc transverse to the leaves of C. This 

is the special case of the following:

D efinition 2.4 Let £ be a geodesic lamination. A transverse measure p 

with support £  is an assignment of a positive Borel measure to any closed 

geodesic segment f  which transversally intersects £- The support of the

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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measure on /  is /  D £. If /  isa  subset of I  then the measure on £  is equal 

to the restriction of the measure on I . Also if I  is homotopic to 7 by any 

hotnotopy which preserves the leaves of C then the measure on /  is equal to 

the pushforward of the measure on J  by the homotopy map.

Assume that an earthquake E  has a general lamination £  as its support. 

Thurston(see [13]) showed the existence of a transverse measure p for £  

associated to E.

We need the following definition:

D efinition 2.5 Let £  be a geodesic lamination. Let I  =  [x, y\ be any closed 

geodesic arc which intersects £  transversally. A set P  =  {.4i.A2, . . . , A*} 

con sistin g  of finitely many strata of £  is called an allowable set for I  if each 

Ai intersects I , A\ = Ax contains x, A* =  .4, contains yt and if the order 

in which the .4, intersect t  is given by their enumeration. Further, if .4* 

is a geodesic, and if B  is a gap of £  whose boundary contains .4X, and if 

B n l  =  I  then we add B  to P  as the initial stratum and similarly for .4?. By 

a refinement of an allowable set for I we mean adding finitely many strata 

of £  which intersect I  to P  such that the new set is again an allowable set 

for / . A sequence of refinements Pn of an allowable set P  for /  is called a 

good sequence of refinements if the union of the elements in Vn. over all n. is 

dense in I.

w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e r m is s io n .
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Rpmarlr 2J2 If we start from mi allowable set V  we can get different good 

sf>fpu*fuvR of refinemen ts and "P*. Also, starting from different allowable 

sets V ' and P ’, corresponding sequences of good refinements T̂a and P ’ can 

agree after some no-

Definition 2.6 Let £  be an earthquake whose support is a geodesic lami­

nation £ . Let /  be a closed geodesic arc which intersects £  transversaily and 

let V  =  {Aj, A2, . . .  , A*} be an allowable set for /. Let frJ.{T} denote the 

translation length of the hyperbolic translation T. The approximate measure 

of f  with respect to P  is denoted by pp(/), and is defined as

k-1
Y ]  trJ.{anpiAi, Ai+i)}.
«=i

The main tool in the proof of the existence of a transverse measure is the 

following lemma, whose statement and proof is given by Thurston (see [13}). 

The details of the proof are given by Gardiner, Hn and Lakk (see [7]). It 

gives us a way to estimate the effect of an earthquake on a region between 

two strata in terms of the comparison map for those strata.

Lemma 2.1: Let £  be an earthquake and let tf > 0. Let /  =  be any 

closed geodesic arc of length less than or equal to d which intersects strata 

of E  transversaily. Let V -  {Ai = A*, A2, .... At =  A,} be an allowable set

with p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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for I. Set T[ = trd.{cmp(AT, .4,)}. Thai there exists A/ > 0 such that

4-1 4-1
| £ V . i { c m p ( A , * + i ) }  -  r , |  <  U  ( £ V . ( . { c m p < < 4 i , . 4 t + l ) »
t= I *=l

Moreover

4-1
y ^  trl^cmpjAt, i4i+i)} decreases as we refine V.
1=1

In particular, J^T ,1 tr.l.{cjnp(‘4t>^W)} < 7).

PH Suppose that gx and & are two hyperbolic translation whose axes are 

distance ef > 0 apart. Further, suppose gx and gt translate in the same 

direction and assume logAj = tr.l.{gi} > log A> =

Now, for convenience in calculating, we use the upper half plane model 

of HP. We normalize by conjugation such that g\(z) = Axz and gz(z) = 

— where 0  < a < 1 is the repelling fixed point of and b = 

I  is the attracting fixed point of #>. Then gt 0 9 2 (2 ) =

The repelling fixed point of 9 v o 92  is a point z  between 0 and a.

Xote that the multiplier of a hyperbolic isometry g is equal to its deriva­

tive at the repelling fixed point. To see it is. let 2  -»■ rr in the formula 

Mffcrr =  X-p~~ . where zr is the repelling fixed point of g and 2̂  is the 

attracting fixed point of g. Hence if A is the multiplier of gx a we have

AlA2 (6  ~ a )2

i(A2 -  l)(x -  a) +  {b -  a )]2

R e p r o d u c e d  with p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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so that

• ^ i i i  I I  ( * - a )  +  ( A a - l ) ( x - a )  t .(ogA -  iogAj -  IogA2 =  -2 lo g ---------------------   (1)
6 —0

Since 0 < x < a < b and A2 > I we have that

(6 -  a) +  (A2 -  l)(x -  a)
< 1.

b — a

Because x is the repelling fixed point of o <£ we have 

x -  Ata b - a
AiA2(x -  a) (Aj -  l)(x  -  a) +  (6 — a ) '

The expression on the left side of the above equality is positive because 

0 < x < a and At > 1. Hence

Q ^ (d -g ) - f  (A j- lH x -q )  <  t 
b -  a

and
, (& — a) + (Aj — l)( i — 0 )

---------------------------------6 ^ 0 ------------- < 0 -

The last inequality together with (1) implies that

logAi + log A2 < log A.

Now we estimate jtog { =  | log(l 4- (A2 — Since

jx -  of < a and 6 =  A we have

tx - a ,  a2 
I T    <b — a 1 — a2

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i t e d  w i th o u t  p e r m is s io n
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If i  is the distance between tbe axes of gt and and 6 is the angle 

between the axis of and the Euclidean fine passing through 0 which is 

tangent to the axis of #  we have that

sinh d — tan 9,

by Beardon [2], section 7.20. Using elementary formulas we compute that

for a < |
\/a2 + 3  

tanff =  a —-----— < 4a.
1 — a2

Thai for d snail, d ~  sinhd and a is small; in fact d ~  tan& ~  v̂ 3o- Then 

for A* in a bounded interval and d small we have that

| kg  [I +  (A, -  l ) ( | f | ) J I  = 0(rf*logA,).

Consequently,

log At + logA2 < log A 
< log Aj 4- log A2 +  0(<P - fog A2).

In words this says that the translation length of the composition of two

hyperbolic translations differs Grom the sum of the translation lengths of these

two translations by at most a constant times the smaller translation length

times the square of the distance between the axes. The last two statements

of the lemma follow directly from the left part of the above inequality.

Now we prove the first statement of the lemma. First by (21 we have

jtri. {cmp(A]. *Tfc-t)} + fr.I.{cmp( _4fc)} -  l i j

< M ■ tr.l.{cmp{Ak-i.A k)} - d2

R e p r o d u c e d  w ith  p e r m is s io n  of  t h e  c o p y r ig h t  o w n e r  F u r t h e r  r e p r o d u c t io n  p ro h ib i t e d  w i th o u t  p e rm is s io n .
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Then, also by (2) we have

(<rX{anp(J4l,-4*_2)} +  £rX{cmp{^*_2,4fc~i)} -  tTl.{cmp{Au Ak. x)}\ 

<  M  * tri.{cmp(.4i_2-4i_])} - d2.

Combining the above two inequalities and using the triangle inequality we

get

jtrXlcmfH^i, ̂ *-2)} +  tr.l.{cmp(Ak-2r +

+irJ.{cmp(At-u At)} -  Tf [

< M  - (frX{cmp(Xi _2, ̂ - i ) }  +  trX{crop{yU-i,^fc)}) - f .

Continuing in the same fashion we get

k-l k-l
| *jT trJ.{cmp(Ai, At+i)} -  Tt \ < M - ( trL{cmp(Ai,-4*+i)}) *<f -

*=2

Q

Now we can state and prove a proposition of Thurston on existence of 

transverse measures.

Proposition 2.1: (Thurston) Let E  be an earthquake with support C. Let 

I  be a closed geodesic arc intersecting C transversaily. Then the infimnnt of 

the approximate measure of /  with respect to all allowable sets is equal to 

the limit of the approximate measure of /  with respect to a sequence of good 

refinements.

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Corollary 2.1: The limit of the approximate measures of I  with respect 

to a  sequence of good refinements does not depend on the particular choice 

of the sequence.

Pf. o f P rop. 2.1 If only finitely many strata of E  intersect I  then the 

mfimnm is attained by taking ail of them in an allowable set and the proof 

is obvious.

We assume that infinitely many strata of E  intersect /  = [x, y{. Let m be 

the mfimnm of the approximate measures over all allowable sets for I. Fix 

a sequence of good refinements Vm. Let e > 0 be given. Then there exists 

an allowable set V‘ =  . . .  ,.4*} such that jftpr(I) -  m{ < e. We can

choose no > 0 big enough such that for any .4* € P  there exist B* and B^+i 

in "Pno- where .4, is in between them and dist([ n  B^, I  n < f - Note 

that x  € Ai = Bx and y €  .4* =  B*. By lemma 2.1
k-1
^ 2  trd^cmpiAi, Ai+i)}
i=i

k-l

i=I

+tr±{cmp(BH+1, B ^ J}  -ptri.{cmp(BJ>_t..4l- 1)}]- 

The right-hand side of the above inequality can be rewritten as
k-l
5 3  <r*<'{CniP(®h+t? % rl))
1=1

fc-2
(b-i-fcmp^B^^A,)} + tr.I.{cmjK.4l.B ^ i)}).

i=2

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e r m is s io n
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Again by lemma 2.1

trJ-lcmpiB^A)} + trl^cmpiAi, B*+I)} 

> tT.L{cmp(Bh , Bh+l)} -  0 {T i~ ),

because

T[ =  trl.icmpiBh B*)} >  m a x { t r i . { c m p ( B , i ; v 4 i ) } , f r X { C T i p ( ^ , B j i * ! ) f  J .

Hence
fc-2

] T  (frXCcmpCBj,,^)} + tri.{onp<.4t,Bj,+1)} j
i=2

t - 2  »
> tri.{cmp(BA, Bj,+i)\ -  [k -  2)0 (l> p ).

t= 2

Thus
t- i
^  trJ.icmpiA, -4«+i)}
«=i

fc-l t-2
> Y i  tr.L{cmp(BH+i, B ^ ,)}  + Y  Bj,+t)}

»=l *=2

-(*  -  2)0(T,p)
»— 1 f2

> y ;  tT-LjcmpjBj. BJ+i)} -  kO(T[j^)-
j=i

Hence the approximate measure of I  with respect to is dose to the 

infimnm m. Because the approximate measure decreases as n increases, the 

limit is as close as we want to m. Thus the limit is equal to m. O

We use above corollarv to define the measure of a dosed geodesic arc.

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Definition 2-7 The measure of a closed geodesic arc I  is the limit of the 

approximate measures of /  with respect to a sequence of good refinements.

It is obvious that if a  closed geodesic arc /  is homotopic to a closed 

geodesic arc J  by a homotopy respecting the leaves of £  then the measure of 

f  is equal to the measure of J .

In order to have a Borel positive measure on a closed geodesic arc we need 

to specify the measure on each half-open interval. To do that we will define 

the measure erf a single leaf of £ . Let I be a leaf of £  and let /  =  [x, y] be a 

closed geodesic arc whose interior intersects I in one point. Let /« =  jfe] 

be a sequence of closed geodesic arcs such that the intersection of the interior 

of 7* with I is one point, 7, C In~i C /  for all n > 1, and the length of 7a 

tends to zero as n  converges to infinity.

Lemma 2.2: The limit as u -* oc of the measures of the closed geodesic 

arcs /* does not depend on the choice of I  and ln as long as they satisfy the 

above properties.

P f. Take 7 and /  as closed geodesic arcs whose interiors intersect L Denote 

by /„ and 4  sequences of closed geodesic arcs corresponding to 7 and /  with 

the above properties. For a fixed n. there exists m such that fm can be 

homotoped to a subset of J*. The same is true if we reverse the roles of /„ 

and fn. Since the measures are decreasing as n increases we see that the

w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e r m is s io n .
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limits of the measures of /* and fm ate the same. □

Nov we can define the measure of an open interval of finite length as the 

measure of its closure minus the measure of its endpoints. The measure of 

a halfopen interval is defined similarly. Hence we obtain a positive Bore! 

measure on each closed geodesic arc which also respects homotopy. It is also 

obvious that the restriction of the measure to a subinterval is equal to its 

measure considered as an interval in its own right.

These lemmas allow us to make the following definition:

D e fin it io n  2 .8  To an earthquake E there is a naturally associated trans­

verse measure. The measure of a closed geodesic arc /  is equal to the limit 

of the approximate measures of /  with respect to a sequence of good refine­

ments. The measure of a single leaf in the support of £  is equal to the limit 

of the measures of a sequence of closed geodesic arcs whose intersection with 

the leaf is equal to a point.

We want to show that the map which associates a transverse measure to 

a normalized earthquake is one to one.

Define the norm of a hyperbolic isometry T  =  with ad -  be — 1 by 

JjTjj =  max{kt} |6j. \c\ + jdl}-

We need the following lemma.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i t e d  w i th o u t  p e r m is s io n .
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Lemma 2-3: Let k be a  closed geodesic arc and N  > 0 fixed number. Let 

li and lz be two fixed disjoint geodesics passing through the endpoints of 

Jfc. Let n?i and m2 be any two disjoint geodesics between lx and /2 Let §1 

and $2 be two hyperbolic translations which translate in the same direction 

with the same translation length such that the axes of gi and & (possibly 

intersecting) Be between mt and m2. Set d =  dxst{m.i n  i,m 2 n  k). There 

exists M  > 0, depending only on k  and N , and choice of h and i2, such that

||yi 0 521 — < M* tr-l-{9i}' d,

for all gti,gz with tr.l.{gi} < N.

PL It is enough to prove the lemma for d sufficiently small, by the com­

pactness. We work with the upper half plane model and represent isometrics 

by elements of PSLt(R). For readability we use the same notation for a 

hyperbolic isometry and for its representative in PSLz(R).

By conjugation we assume that k = [i, ox], a > 1, is an arc on the imagi­

nary axis. Then l\ passes through i and 12 passes through at. Assume that 

mt =  jx[, yj] and m2 =  [1 2 , 52! are passing through endpoints of a closed 

subarc k' = [hi, ail. a > c > 6 > 1, of arc & whose length is dL We want to 

estimate jx2 -  i i [ and [52 ~ 5r! in terms of d.

Since l i s a  fixed dosed geodesic arc in H3 the hyperbolic distance on k is 

comparable with the Euclidean distance. So for small d > 0, we can consider 

k' as an interval of fixed Euclidean length d. It is obvious that [53 -  5 i j will

w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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be maximal if mi and m2 have an endpoint in common, z x =  x2 =  x, and 

this endpoint coincides with the endpoint of and if k' is a t the highest 

position in k  (which means c = a).

Observe the triangle with vertices x, In and 0, and the triangle A2 

with vertices x, a ' — cn and 0. Let Cx and C2 be the Euclidean centers of 

semicircles mi and m2; let Px and Pi be the midpoints of the segments [x, 6t] 

and [x, atj. Thar the triangle Aj with vertices x, Cx and P\ is similar to At; 

ami triangle A^ with vertices x, C2 and P2 is similar to A2- Let be the 

radios of mt and r2 be the radius of m2 . From the similarity of the above 

triangles we get and r2 =  Since life -  jfe| =  r2 -  r t we get

, , |x — 6i|2 — |x — oip
'* - * •  =  2W •

From the triangle inequality |x -  aij -  |x — bi\ < a — 6 = d and from the

above we obtain

life -  yil < K(ti) <L, 

where K{lx) is a  constant which depends on lx. In the similar way we get

h - n i a f y - i

where Kih)  is a constant winch depends on l2.

Let us denote by and y9l the fixed points of gx and by x^ and the 

fixed points of ffe. Then, for K = sup{A"(fj). A'(l2)}.

~ xsJ ^  1*2 ~ -*tl < A' *d

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e rm is s io n .



21

and

lite -» „ { <

Let A =  !tri.{sx} =  §fri.{$2} and

£ = (  0 e - 0

Set

yj*n ~In_ ~zn

and

B =  I \/'frz ~zn  y / ln  z*i

y/*n _xn V**2 ***

We estimate

It is obvious that |jAEA~lBE~lB~l -  id\[ is a real analytic function of 

A, A and B. It is zero for A = 0 and any .4 and B : and it is zero for A = B  

and any A. Hence we get

\\AEA-lBE~lB~l -  idJ! < const - A - p  -  B*|.

We prove that Si-4 -  Bjf < const ■ d, which gives the result. In order to prove 

this we subtract corresponding entries of ,4 and B.

i

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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Set C  =  A — B. We estimate C (l, 1) by

r

yn _  y* =  ~ r fi -  g*>/g» -  ^
i/ifc -  r s» 's/Sfi —I ji >/S» ~  X9x'/Vsi ~ xn
<r ~ xn  + 2Kd -  (y* -  K $V »*  -  xg

~ X9i
< ~ xa»(̂  ~b ^*0 ~ gftVSft ~ J ?3 ~F ̂ ^VV fi ~

v y * - * *

In a similar way we get an estimate for C (l, 2). 

For C{2,1) we get

I 1 ^  V§»» x?i
V5* ^si y/Vn *n  Vgj*
^ \/Sfo gfi(* *^< 0  ~ y/9n ~ *  . d

v^gfi ~ xfi>/g» ~ r »  Vv» ~ x»

Finally C (2,1) =  C(2,2). □

Proposition 2.2: (Thurston) Let £ , and £ 2  be two earthquakes with the 

same underlying geodesic lamination £  ami the same transverse measure ft. 

Then there costs a hyperbolic isometry § such that the earthquakes go  £ t 

ami E% are essentially the same.

Pf. We call an earthquake E  trivial if it has only one stratum, the hyper­

bolic plane, and is therefore a hyperbolic isometry of H2 or the identity.

We first prove that an earthquake E  with zero associated transverse mea­

sure is trivial. Fix a stratum .4 of E. Let B be any other stratum of E  and

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e r m is s io n .
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let /  be a  closed geodesic axe connecting A to B. It is enough to prove that 

cmp(A, B) =  id. Let Tj =  tr.l.{cmp{A, B)} and let "P,, be a sequence of good 

refinements. By lemma 2.1

PV -  W .( /) l  <  u - ((ctj(A (/)P • « * .(/) .

Since by assumption f*pm(I) -> ft(I) as n —> oo, we get that 2j =  0. Since 

cmp(A, B) is a  hyperbolic translation with translation length zero, it is the 

identity. Hence, E\B  =  E\A for ail B. Thus E  is triviaL

Next, we assume that E\ and £ 2  are two earthquakes with the same 

support C and the same transverse measure p. We prove that E\ o E^1 

is a hyperbolic isometry. It is not dear that the map £ \ o £2 1 is even 

an earthquake, but it certainly is a hyperbolic isometry on each strata of 

the geodesic lamination £* = ^ (£ )-  We take two strata .4* and B ' of 

C  and connect them by a  closed geodesic arc /*. Let A =  £ ^ ‘(.4*) ami 

B — B ^l(B '), and let /  be a closed geodesic arc connecting .4 to B. Then 

(E roE -% 4- =  (£ t |4 )o (£ 2~l|4*) = ( E M M ^ A ) - 1 and (£ , o £->)(£« =  

(Eijfi) o (E {l \B’) = (£\jB) 0 The comparison maps for £ j o £T1

is defined by

cmp(.4\ B*) =  [(£, o E ^l) \A T l o [ fa  o ET‘)|B*] =

(E2|.4) o (£i|.4)~l o (£ ,|B ) o (^ fB )-1 =

o fa \A )~ l o (EijB) c (£2|B )_i o (£2|.4) o fa \A )~ l .

We can take the representation of the above isometries in PSLt(R). Then

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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we have

anp{A ',B ') =

=  (£2|Jt){[(EI|J )-‘(EIlS )(^ |B )- , (£iM)l -  u tm iA ) - '  +uL

Lei Vn =  {.4j =  A*, A%,. . . ,  =  B*} be an allowable set far /* with respect

to C  such that dist{In ^ , /n .4 j +1) <  j .

Then

cmp(,4\ Bm) ~ cmpiAliAl) o c m p ( A -4j) o .. .  o cm p(^_i, A‘k) (3)

and
cmp{.4*. .4*+1) =

"  « } ( W  H)
+«L

We want to apply lemma 2.3 to and (£^|.4^)_I(JE |̂̂ li+l),

but they do not have the same translation lengths. In aplying lemma 2.3 

constant will depend on the boundary geodesics of strata .4 and B. Let T  

be a hyperbolic translation with axis equal to the axis of (£11.4t)~1(£ijA ,J.l) 

and with the translation length equal to fr./.{(£jj.4,}_I(£2i-4t^i)}- 

If Ti = I f 1 and J2 = T?  then

IjTiTj-1 -  id\\ < const - |ai -  a2i- (5)

We apply this to (£ !j.4t)- l (£ii--L~i) and T. Let /, be a closed subarc of 

/  which connects .4, and Ax±i- For j  =  1,2. by lemma 2.1, we have

!*rJ.{(£Jj.4f) - l(£JM,+ l} -  d m  < const-dh)  • 4 .

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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H us by the triangle inequality
frJ .{ (£ ,|iy - 1 0  (E.IA*,)} -  lrJ .{ (fy y t,r ' O (E jI^ ,)} !
< I t r J .m iA ) - '  o -  M4)l fm

< coast - ji(/i) • J,.

By (5) and (6) we have

||(£ 1Hj)- ‘(B .I^+. ) ^ '  -  41  < const-ail.) - i .  (7)lr

Then fay Iwnma 2.3, where k is subarc of /  connecting .4, and .4i+|. /i is 

boundary leaf of .4, closest to .4*+!, fj is boundary leaf of 4 ,+1 closest to A* 

and M =  tr±{cmp(Au .4*)}; by (7) and by the triangle inequality

=  -  *df!
< !|[(Et |.4,)-l(Eii-4^x)T -1 -  m

< const I - p(Jt) - 4j + const2 - tri-fCEzl-A^) * ;
<  const3 - tr.h{(£2|.4t+,)“l (£2l-4,)} - A

Using (8) in (4) we get

|jcmp(4% A*+i) -«*!!<  const - trJ.{iEt\AiH r l{El \Ai)} - k

Replacing each cmp(.4*, A* ,̂) with [cmp{A^. .4*+l) -  id] + id in (3) we get 

cmp(A’. B‘) =
[cmp(.4J. .4 )̂ -  id]cmp(A2i Aj) - - - cmp( Al_, r .4;)
~[emp(A.;, .4;) -  uf}cmp{.4;, A;) - * - cmp(A£_t. .4;) 
i  + •cmp(.4^_I. A*) -  id} + id.

By the above. by the triangle inequality and by (8) we obtain

\\cm p(A\B-)-id\\
< i}[cmp(.4j. .4;) -  id]cmp(A^ .4j) • - -cmp(A'k_v A*)l 
^||[cmp(.4;. Al) -  i4cmp(.4;s A\) • - • ern^A*^, .4;)}}
4- - • - 4- ji[cmfK.4fc_„ .4;) -  id} 1J
< const • YH:i fr-M (£ 21 A.)~1 (£ 2! A,..)}  -

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e rm is s io n .
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For a fixed A '  and all strata B* intersecting /*, as n converges to infinity, 

we see that cmp(A’, B~) converges to the identity. Hence Ei a E ^1 is equal 

to a fixed hyperbolic isometry Ex o £ £ ljA \ □

Rem ark 2.3 The subjectivity property of earthquakes is not used in the 

proof of the above proposition- Hence for mappings which satisfy all the 

properties of earthquakes except subjectivity it is still true that two of them 

with the same support and the same transverse measure differ by postcom­

position with a hyperbolic isometry.

N otation: If x  and y are two points in the hyperbolic plane, then [x,yj is

the hyperbolic geodesic arc which joins x  and y. Also length{[x,y\) is the 

length of the arc [x, y}. Let .4 and B  be two sets in the hyperbolic plane. 

Then dist(A,B) = length(\a, 6j).

De fin itio n  2 .9  An earthquake E  is bounded if there exists M > 0 such 

that for any two strata A and fl of E  with dist(Ar B) < 1. their comparison 

map. cmp(.4. B), has translation length less than or equal to M.

Definition 2.10 A transverse measure p is bounded if there exists a num­

ber a > 0 such that the measure of any geodesic arc of length 1 is less than 

or equal to a. If JF is the family of all geodesic arcs of length 1 and p is a 

bounded measure we define the norm of p to be j|p!j =  sup/€jrp(/).

w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e r m is s io n .
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We prove that for an earthquake these two notions are equivalent:

Proposition 2.3: Let £  be an earthquake. Thai E  is bounded if and only 

if E  has bounded transverse measure.

PC. Let I  be a dosed geodesic arc of length 1 an d te tP  =  ,.4*}

be an allowable set for I. Then by lemma 2.1

k-l  k-l
(y'frX{cn^>(A,.4t+i)} -  T/| < M

t=i i-i

for a constant M > 0 depending on /  and T/ = fr./.{cmp(.4i7 Xfc)}. Recalling 

definition 2.6, this inequality is just inequality about approximate measures 

for a given refinement. Taking a sequence of good refinements of V  we have 

the sam e inequality for each refinement. The limit of approximate measure 

of /  under good refinements of P  is the measure of I.

Hence

|p(I)  -  Ti| <  const - n(I).

Thus if the measure of /  is bounded then £  is a bounded earthquake. 

Conversely, if £  is a bounded earthquake then directly from lemma 2.1 E 

has bounded transverse measure. □

Definition 2.11 Let £„. n = 1. 2 .... be a sequence of earthquakes and ^  

their corresponding transverse measures. Let £  be a single earthquake and 

p its corresponding measure. The sequence ^  converges in the weak* sense

i

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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to \t if for any dosed geodesk arc /  and any continuous function / ,

lim f  fdp*  =  f  I  dp.

In order to prove that a certain sequence of earthquakes converges to a 

given earthquake map we need the following basic estimate given by Epstein 

and Maiden (see [4]).

N otation: Let I be a geodesic in H3 with endpoints x  and y  in C = 5H3, 

and a a complex number. Assume that I is oriented from x to y. T f is the 

loxodromic element of P SI^iC) defined by »for r  6 C  Note

that T? = 7̂ *“ o Tf** =  T f*  o 7fV

Lemma. 2.4: Let us fix a dosed geodesic arc f of length d > 0 and a 

number .V > 0. Then there exists a constant .1/ > 0 such that for any finite 

set of geodesics {li,l2....J t}  intersecting /  in the given order and oriented 

to the left as viewed from one of the endpoints of / . and any finite set of 

complex; numbers (al5 a2, afc}, with j8(a,)| < i¥. and any geodesic I 

intersecting I  that is disjoint from or inside the set {lu /2. - -. . It}.

k
R if ° 3 ?  ° •• ■ ° J ?  -  < X -  d- £  M - a

t=r

Definition 2.12 Let p be a finite transverse measure with support {Il; l2. 

. ..  .It}. p{k) =  Qi > 0 and h any homeomorphisra of the boundary of the
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hyperbolic plane. Let £ be a  hyperbolic geodesic whose endpoints are images 

under h of the endpoints of the for i =  1,2,.. .k . The pushforward of ft 

by h is the finite transverse measure ft' with support ,4} and

Let ft be % finite transverse measure. Then there exists an earthquake Ep 

whose measure is ft. For afi t > 0, tft is a family of finite transverse measures. 

There exists a family of earthquakes whose measures are tp. Earthquakes

have the same strata as E„ ami we normalize them to be identity on a 

fixed stratum A. The family is called an earthquake path. Because ft 

is a finite measure, if t < 0 we define as the earthquake obtained by 

translating to the right on each of the finite strata.

Denote %  pj the pushforward of the measure p by E^. We need the 

following result from Gardiner-Hu-Lakic [7]. We include the proof for com- 

pletness and note that we obtain an explicit expression for a constant with

IMI-

Lemma 2.5: Let p be a finite transverse measure and for f € R. let p^ be 

the pushforward of the measure p by Etu. Then

Pf. Let £„ be an earthquake with transverse measure p. Let and l2 

be two geodesics in the support of a finite transverse measure p. Let J  be

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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the dosed common orthogonal geodesic arc connecting lt and l2; assume the 

length of J  to be at least 1. Now we prove that the distance between the

We work with the upper half-plane model- By a conjugation, we can 

assume that /t is a geodesic with endpoints 0 and oo fixed by E, and I? is a. 

geodesic with endpoints 1 and c > 1. Then the common orthogonal geodesic 

is a half-circle with center at 0 and orthogonal to l2- Because of the formula 

for the hyperbolic metric, we get

where d is the hyperbolic distance of lx and l2, and 0O ® the angle between 

the x-axis and the Euclidean line tangent to l2 and passing through 0. By 

elementary Eudidean geometry we get

. „ c -  1srnSn -------
c +  1

From the above two formulas we obtain

from which

Suppose that a finite earthquake has n support lines in between lx and 

ly. indusive. Then the action of on B is given by B x o f t  o - - - o  Bnr where

geodesics (x — £„(fi) and 4  =  E^(f2) is at least f
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Bi ace hyperbolic translations whose axes are in the support of p and in 

between lx and fa Set 6, =  fr./.{£?,}. Let a =  Ep(l) > 1 and b = E^{c) > c. 

We can write down the distance from 4 =  lx to 4  hi terms of a and b. To 

estimate it in tom s erf c we use Lemma 2.1. Let A(z) =  iz  be the hyperbolic 

translation with axis l\ which maps a to 1. Then A o E„ is an earthquake 

fixing 0,1 and oo. Denote, again, bjr 4 = lx and 4  the images of l\ and 

l2 under A o E^. The maximal value of A o E^(c) will give us the smallest 

possible distance from 4 to 4- We can write

A o Ep |/2 — A  o B j o B2 o —  o B i 

= (A o Bi o A~l) o (A  o B2 o A~l) o - • • o (A o B* o A-1) o A.

Then the image of c under *4 o E^ is equal to the image of {j under (A o 

Bi o A~v) o (A o o A-1) o --- o ( .4  o Bb o A-1). However, by lemma 4.6, 

(A o Bi o A~l) o {A o B io  A~l) o - o ( .4 o B ,o  A-1) translates ~ less than 

the hyperbolic translation B  =  T^*=t *. Recall J  is the common orthogonal 

to li ami fa Then < B(c) =  e ^ c .  Denote by dt the distance between 

4 and 4- Then by the above

/»  ) r~-
^  > y^ L i, +i  > v & *

r~ 1 r~ tyfee - — 1 yjce * I

By taking logarithms in the above inequality we get

r~ £t£2
v a  1

rfi >Iog -----f— e’* 1
v'ce 2
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and consequently

* >  1r  et£>' y/ce -

Since we know that the distance from 4 to /2 is at least 1 we get v/c <

Now we take a closed geodesic arc /  of length 1 and estimate /q ( /) -  Let 

f'j and 4  be the leftmost and the rightmost geodesics in the support of the 

pj which intersect / .  Let 4 and 12 be the corresponding geodesics for the 

measure p. Let /  be the closed common orthogonal geodesic arc joining 4 

and f2. Then /*£(/) =  p (/)- In between the geodesics 4 and U we choose fc 

geodesics {4 ,4 , • - • , 4} of the support Lamination of p  such that 4 = 4 and 

4  =  /2: and if /, is the closed common orthogonal geodesic arc connecting 4 

and 4 ri, then for i = 1,27. . .k  -  1,

m  <

and the length of /, is at least 1, except possibly 4 - i  whose length could be 

less than 1.

Suppose k > 2. Let /* denote the closed common orthogonal geodesic 

segment connecting £  =  £**(4) and = £tp(4+i}- Then, by the above, 

the length of /* is greater than or equal to . Thus

k-l
dist{tv  4) > J ]  lengih(l*} > ^(k -  2)e 

1=1

Hence \ { k - 2)e”^ < 1, thus k - 2 < from which k - 1  < 4eH
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Abo,

t=l

and it follows that

* • ( /)  = r t f )  <

Suppose k  =  2. Then the length of /  is less than or equal to 1. Immedi­

ately / )  < j[pj|. The statement follows from the above two inequalities.

O

Given an earthquake we have its transverse measure. The converse is not 

true; given a lam ination and a transverse measure on it we do not necessar­

ily get an earthquake. The induced map on H2 may fail to be surjective. 

See Thurston [14} for a counterexample and also see Gardiner-Hu-Lakic [?}. 

Thurston (see [13}), however, states the following result.

Proposition 2.4: For any bounded transverse measure ft, there is an earth­

quake having ft as its transverse measure.

Pf. Let .4 be a stratum of ft. We define an earthquake E.

Let £|.4 =  id. Let B  be any other stratum of ft and let /  be a closed 

geodesic arc connecting .4 to B . Let Vn — {hJ?. - ..!«„•} be a sequence of 

finite sets of leaves of p such that P„ C  P«~i, and such that /  n  (U^P,,} 

is dense in /  P support(ft). Fix n. Then, for t' = 1 ,2 .... k — 1, we take r, 

to be the mid point of {I P lt) and ( / O x<j to be the left endpoint of
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/, and xfc to be the right endpoint of I. The weights on U are defined as 

Oi = pftx^x,^]) -  Thai we define E\B =  I im ,^  I^ 1 o

o - • ■ o l j .  The limit exists (see section 3). It has the property that for 

any two strata B  and C  of p, (lijB )-1 o (£jC) is a  hyperbolic translation 

whose axis separates B  and C, mid which translates C  to the left as viewed 

from B. Hence, E  is defined on the intersection points of the strata of p 

with S1. These are dense in S x. Also, E  is monotone on this set. In order 

to prove that E  maps H2 onto BP it is enough to prove that E\Sl is onto. 

To prove that E\Sl is onto it is enough to prove that E  extends to a map of 

S l. In other words, we prove that E  can be extended by continuity to the 

points of S1 which do not lie on the boundary of some strata of p.

Let x 6 S l be such a point. For each leaf g of p  we define a half plane h9 

whose boundary contains g mid the point x. There exists a sequence of 

leaves of p such that C h ^ , for all n. and the intersection of the closures 

of is equal to the point x. In particular, the Euclidean axe of goes 

to zero. We prove that the Euclidean size of the image of goes to zero. 

Let £ be a geodesic ray starting from the stratum .4 and ending at a point x. 

Then, after some k intersects all of the g^. for n > n«j. Out of {<&,}„>«„ 

we choose a subsequence, call it {<&,}„> i, such that disiig*. > 1. Define

g* =  E{gn). By the first part of the proof of lemma 2.4

<bst(9v9n-i) > = C
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Since

a—I
dtst{A,g^) > ^ d is t ( g ‘,g*+l) > ( n -  l)C  - 4  oo, as n -4 oo,

i=l

and hjz D for all rt. we conclude that the Euclidean size of goes to 

zero. Hence, we can extend the map E continuously to x.

As in section 3, the transverse measure of E  is equal to p. O

We recall a lemma given in Epstein- Marden [4] in the case of a hy­

perbolic translation and extended in Keen-Series [8] to the case of a laxo- 

dromic translation. Let H3 be the upper half space {(x, y,t) €  R : t > 0} 

with the standard hyperbolic metric. Identify the boundary of H3 with 

C = {z =  x +  *y} U {oo}. Let H2 be the geodesic plane whose boundary 

meets the boundary of H3 on the x-axis ami oo, i.e. H2 =  {(x, 0, s ) : s > 0}. 

In this embedding the point t = (0 ,1) 6 H2 corresponds to j  = (0,0.1) € H3. 

Denote by X1!!3, the unit tangent bundle of H3 and write (C,tr) f°r its el­

ements, where Q is in H3 and u is a unit vector. Then every element of 

PSL2 (C) extends to a map from T1!!3 onto itself. The distance on XlH3 is 

given by:

dTi&{{Q, »).(£,«?)) =  + l|Tg(v) -  tt?|,

where is the parallel translation from C to £ along the geodesic joining 

them. Elements of PSX>(C) are isometries for this metric.
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Lcanma 2.6:[Epstein-MardeiL, Keen-Series] Let K  C H3 be a compact 

set and let L C PSLi(C) also be a compact set. There exists a  constant 

If > 0 such that if p = is a point in K  and, Tx ami T2 are any two 

elements of L then

d r r m i T ^ v l U ^ v ) )  < M  - ||Tt -  r 2|.  O

Instpad of using this lemma we derive a similar lemma that better fits our 

needs. Recall that a  laxodromk translation Tf~u in H3 consists of a hyper­

bolic translation along its axis 7? in H3 followed by a hyperbolic rotation T f  

along the same axis. The transformation is determined by the given data- 

in lemma 2.7 we take a loxodromic transformation with small rotation 

angle, sm all real translation length and a point p of T!B? a bounded distance 

from the axis of the transformation. Then we obtain a similar but more 

uniform estim ate  where the constant M > 0 does not depend on the compact 

subset L of PSLi(C).

Definition 2.13 Let I C H3 be a geodesic. For d > 0 define

D(h d) = { « , t?) € TlH3 (distance from Q to I is

less than or equal to d in the hyperbolic metric of H3}.

Lemma 2.7:( Crescent Lemma) Given d > 0 and c > 0 there exists 

M > 0 depending only on e and d such that for any loxodromic translation
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T  =  I f  with |of < c, if p € D(/; rf), then

drtg»(p,T(p)) < Afjoj.

Pf. Any T 6 PSL>(C) is conjugate by an isometry i? 6 PSLi(C) to

S{z) =  e*z

(La R o T o R ~ l = 5  and the axis of S is the t -  axis in H3). Since

drigp (p,r(p)} = dri&(R(p),RoT(p})

= djnm (Rip)r R ° T o  R rl{Rip))) = <h*m(Rip), S(R(p)))

and

- w  € R $ w i; m

it is enough to prove the lemma for S.

Denote an arbitrary point of D{lu d) by p =  ((z, £), tT) , where z = x-fty € 

C and t > 0. Then dist((z. t). lt)  < d and S{(z. t), v) =  ((e“z, «**£), e“c). By 

Beardon (see [2} section 7.35):

d5j((z,£),(eRlz,e®‘t)) =  2smh~t[cosh(dtsf((z,t)Jt)}sinh(^j3fci|)].

Since 2sm irl [cosh{efef({z, t), h ))sinh(||£nj)l is a differentiable function of 

jftai. and it is equal to zero for Ra =  0 and |Staj < e. there exists M\ > 0 

such that

d S3( (_ - .£ ) . ( e s “ z . e Stt£)) <  M x\ f ta l
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Also to estimate the rotation from above we integrate along a Euclidean 

segment joining the points to get

<**,((**•*,e 'fM e 'r .e N ) )  < y i ^ l

=  cosh[«fcsi((2,f),/i)]|3a|.

The equality follows by the formula for the distance of a point to a geodesic 

(see [2], section 7.20]). Using the triangle inequality and the two inequalities 

above we obtain

dm ((z,t)7S(z,t)) < M2|«|.

For the second part of drl&* we get

||T,(e‘r) -  c|| = lie'3*" -  »ll = I*0 - -  1| W  < W M - 

Putting last two inequalities together we obtain the desired inequality. O

Lemma 2.8: Let E  be an earthquake and K  C H2 a compact set. For a 

given e > 0 there exist only finitely many strata of E  which intersect K  and 

whose measure is greater than or equal to e.

Pf. Note that if 6  is a gap then /»(B) =  0.

Then only geodesics can have nonzero measure. Assume to the contrary 

that we have a sequence of geodesks {$,} with /x(g„) > e and K  fig* #  0, for 

all n. Then a subsequence of g^, call it g* again, converges to the geodesic g. 

Hence any closed geodesic arc which intersects g transversally also intersects
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A* transversally for all n > no and some Mg no- By the countable additivity 

of fiv e  get fi(I) =  OG. Contradiction. □
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3 Approximation by Finite Earthquakes

For the duration of this section let D — {z : |z| < 1} with the standard 

hyperbolic metric be our model of the hyperbolic plane. Then the boundary 

is S l =  {z : \z\ = 1}. Let p be a bounded transverse measure. Denote by £M 

the corresponding earthquake- We can normalize £M to be the identity on 

any stratum of p. In this section we construct a sequence of finite transverse 

measures p* whose corresponding earthquakes converge to under 

proper normalization.

Lemma 3.1 Let £  be a bounded earthquake, p its measure and A a fixed

stratum of £ . Assume that E\A =  id. There exists a sequence of finite

transverse measures p*, which have .4 as a subset of one of their strata 

.4„, and whose corresponding earthquakes £ ^  are normalized such that 

Et^\An =  id, with the following properties:

1. for all t > 0. E t^  -* E^  uniformly on S l , as a  -*• oo,

2. p» -*■ p in the weak* sense as n -+ oo,

3- M  -> 1/*1 « » •+ * ■

Pf. We divide the proof into several steps.

Step L (Inductive definition o f pn) In order to define p„, we need 

to give finitely many nonintersecting geodesics and weights on them. Let Gn 

be the hyperbolic disk of radius n around 0. Let £  be an underlying geodesic
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lamination for p. Let £ , be the family of all leaves of £  which intersect Gu. 

From amoung the £* we choose finitely many leaves whose union is —dense 

in £ ,  n  Gn. To this finite set of geodesics we add all geodesics in £* who6e 

measure is greater than or equal to A. By lemma 2.8 we have only finitely 

many of these. If A is a geodesic we add it to this set. If A is a geodesic 

polygon then we add the finitely many sides of A which intersect Gn to this 

set. Call this finite set of geodesics Sn. In the case that A is a geodesic or a 

geodesic polygon with finitely many sides then A is a stratum of for all 

n big enough. If A is a geodesic polygon with infinitely many sides then A 

is a proper subset of some stratum Aa of S„.

We specify weights on the elements of 5„. The complement of Sn consists 

of a set of geodesic polygons with finitely many sides whose vertices are 

on S l. Some of them are just hyperbolic halfplanes. Let - - - ,&}

be the geodesics in Su which bound these halfplanes. Fix a point £ € A. 

Connect (  to g, with a closed geodesic segment st, for * = 1 ,2 ,. . . ,k. Any 

geodesic g in Sn intersects at least one s* from the set 5b =  {sx, s2, . . . .  sfc}. 

Let (hq, h ij,. . .  . } be the geodesics in Sn which intersect s, in the given

order. Then hi, E ,£t} so that bounds a halfplane in the

complement of 5n: hit could be A, if A is a geodesic. Set x*, = £ and set

=  hi n  Si for j  =  1 .2 ,... , r. Let y^ = let y,; be the midpoint of the 

segment [xv  r,„ ,]  for j  = 1 .2 . r  -  1. and let = xtr.

Some of the elements of 5„ can intersect more than one Si- For each
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such g €  Sn let s* be the closed geodesic segment with smallest index i 

which intersects g. For any other k > i, for which g intersects str we change 

the definition of some of the 9 *̂ . Let be the segment on s* which

contains g fls, and let [yht be the segment on sk which contains g n s fc. 

Then we change the definition of yt, and y ^ ^  to the points on st  which are 

the images of y^ and yit+1 under a homotopy respecting £.

At this point we give the definition of the measure on each g € Sn. We

fix i  and define the measure for each h For readibility we drop the first

subscript and write hy instead of hlj etc.

If hi =  A then £ =  x8 =  Xj — Sfc- Define

M»(hi) = K A ),

t^(h2) = p((»o>%i) “

Pn(hj) =  /*([%,y ^ il) ~ + Mlfj+Olt for i  = 3 ,4 ,... , r — 1,

and
I

ftuihr) = P(\lh-Ur+l\) -  ^(Ur)-

Lf hi /  -4 then go =  xQ and xj #  go- Define 

Mn(h7) = Mfe? Ib+il) -  liMlft) +  M(SEr+i)lt for i  =  2,3, - - - , r  -  t.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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and

t**(hr) =  t*(far , f r + l D  “  ^ P ( y r ) -

For the convergence step we will need p ((ijrxJ+i)) < i .  To achieve this 

we add more leaves of £  to Sm. For s,. if p((xj,xj+1)) > £ then we add to 

s ;  finitely many leaves of £  which intersect (x,, xy+i) such that the measure 

p  of parh of the complementary open intervals for the new division is less 

than K To choose these leaves, we divide p\(xjf Xj+l) into an atomic part 

and an absolutely continuous pant. Choose finitely many leaves from the 

support of the atomic part of ^|(x_,,xJ+i) such that the measure p of the 

rem aining atomic leaves is less than Then we choose finitely many leaves 

of the support of the absolutely continuous part of (i\(xv x1+i) such that 

the absolutely continuous part of the measure /i of each open interval in the 

complement of the union of the chosen leaves in ( ij, xJ+1) is less than We 

add these leaves to 5 , and call it Sn again. Use the above procedure to define 

i j  and y3 for the new Sn and to define the weights on the leaves of the new

S.- Now p((xj.Xj+i)) <

We form S*+> by adding leaves of p to S„.

Step II. (convergence of For any point z e  D, we prove -*• 

fi(z) as n oc. If fi(z) > 0 then the leaf cm which _ Ires is included in S„. 

for n big enough. If p(z) = 0, then z is either on a leaf of ft with 0 measure 

or 2  is in a gap of p. If 2  is in a gap of fx then z is in a gap of p*, for all n.
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In that case p»(z) =  0 -* p(z) = 0 as n -> oc. If z is on a leaf of ft bat not 

m i a leaf of for all n, then ^ ( z )  =  0 -*■ ft(z) =  0 as n - i  oo. If z is on a 

leaf of p and on a leaf of p* then p„(z) is equal to p(/m) -  |[p(xm) +- p(ft»)]. 

where / ,  =  [z„ ft,] is a closed geodesic arc containing z of length at most | .  

Thai p*(z) < /i(/„) p(z) =  0. Hence ^i«(z) -+ p(z) as n -» oc.

Let /  be a closed geodesic segment which intersects the support £  of ft 

transversally, ami hence, for sufficiently large n, also intersects the support 

S„ of p* transversally. Now we prove that p*(/) - f  p(/) and !}/*„§ -+ ||p||, 

as n -> oo. Let {/tl7 . . .  ,/*„»} be the geodesics of S* which intersect I

in order. In general, however, there are Mirer leaves of £, not in the set 

{hi.h2, - , hm}, which intersect /.

Suppose that all geodesics in the set {h i,h2, . . .  .A*,} intersect a single 

geodesic segment 6 6*. Let

, h_i, /l®, h |. . . . .  ^wfb * * *

be the complete ret of geodesics in 5„ which intersect st. Let x} be the points 

of the intersection of h, with st. Let ŷ  be the midpoints of the [x,,xJ+l] for

j  = - r ,  - r - r  1__ _ p ~ 1 and let ft, = xp. Each of the segments [y}. y ^ ;-  for

j  = 2,3__ . m - 2. can be homotoped to the subsegment of /  by a homotopy

respecting L, but {yn, yij and ym] might not. In other words, tire image 

of under this homotopy map may contain the whole interval

L  The other possibility is that not all points of £  n  I  can be covered by this 

homotopy of u f ^ l\yr
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Let t  be the subsegment of I  which joins ht and h^. Then by the 

definition of n* and by the homotopy

= $ 2  ~ lU'(Sfi) +  M%+i)l}
j=0

= Y1 Sj+jD -  \  Wj»)+ Ms-)]
j=°

m~2

= { 5 3  + ^ f X[»*) ) + * x™i}}
>=t

+ m(liter -Cl)) + M(*«* ft-]) ~ ^ l#*(Sh) + 

n n

Abo /*(/) < fin if), because fx*{t) is greater than or equal to the measure 

fi of some open geodesic arc containing t .  For fixed I, we can find n big 

enough such that /  C Gn. If the endpoints of /  have nonzero measure it 

then they will be included in the set S„ for n big enough. If not, then by 

our choice of Gn, the set /  -  /  can be homotoped to two half open intervals 

on some s ,e S *  not containing the points xr  Thus n(I) < p ( /)  + By 

the above and ftn(l’) =  M*(f) ^  bavie M-f) ~ |  S P«(f) < M(f) + Hence, 

#j*{I) -» p (/) as n -» oc.

Suppose that not all geodesics in the set {hi,h2, ■ . - ,/»«*} intersect one 

geodesic segment Then we take two geodesic segments and sm which 

join £ to h{ and respectively. We divide /  into two parts, one homotopic 

to a subsegment of s t and other homotopic to a subsegment of s m , by the 

homotopies presaving L. and we apply the above reasoning to each of them

fe d ')

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4 6

separately. Then again we get the same inequality as above.

For any closed geodesic segment J of length 1, pn(I) < ft(l) + f . Then 

tM  < M  + 1- Hence jjpij -+ f|p{j as n -+ oc and p , converges in the 

weak* sense to p.

Step ELL (convergence o f E ^ ) We define finite earthquakes 

The measure fp„ is just the multiple by 1 > 0 of the weights of the measure 

/*„ on the geodesics in S„. Let An D A be a stratum of Sn. We normalize 

Etp*. such that Etp.j.4,, =  id  If A is a  geodesic, we take D„, a gap of Sn, on 

whose boundary A  is, and define £t*J — vL For all m > n, there exists 

Dm, a gap of Sm, such that Dm C A* and A is on tire boundary of Dm. We 

define E,riJD m =  id

Tate a stratum B  of C. Thai there exists a stratum Ba of ^  which 

contains B. Connect £ 6 .4 to B» by a closed geodesic segment s. Let 

{hi, h2. - - - - hr(n)} be all geodesics from Sn which intersect s in order, where 

r(n) is an integer function of n. Then E ^B * . — o o • • • o

Because ||#c.{| -» f|p|| as n -»■ oc, given a closed geodesic segment 

?, there exists a constant K > 0, such that Hn(s) < K  for all n. Since 

pi»(s) < K. for some constant K  > 0 and all n > G, and all geodesics 

{ h i.h i,... ,hr(„)} intersecting the segment s, the sequence of hyperbolic 

isometries E ^ B * .  for a fixed f > O. is compact. Hence, there exists a 

subsequence that converges. Also, feu all n and for all 1 < i < j  < n ,
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the set of hyperbolic isometries o o - - o is com­

pact. Hence there exists a constant jV > 0 such that, for all n and for all 

1 < i < j  < n, o T ^ ^ +l) o - . - o 7 ^ * <*l) !J < N. Let n < m. Then

5 . C Sm. For each in the formula for .E^JB*, we have the corre­

sponding composition o --o i  in the formula for

where ^  are the geodesics in Sm which intersect the

segment [y,, tfc+l] C s. By the triangle inequality and by lemma 2.4 we have

< C * £ - — /ini(ht,) — )| "F

+M -£ - [^ (h q ) + Pw»(hi,) -I F * — <

2  1 1C t -  + M t - K  -  <Ci n n n

Applying the triangle inequality and the above inequality r(n) times, 

we get that l|£i*JBW -  £g*J£mfi < CV v -  Hence, for fixed £ > 0, the 

whole sequence Et*. [B* converts to a hyperbolic isometry F |B . Piecing 

the isometnes F\B we get a map F  of H 2 into H2. Let B and C be any 

pair of strata for F , and take B„ D B ami C„ 3  C in Sn. The axis of 

the approximations (T ^JB ,,)-10 (Ft^fC*) separates and C„ and moves 

C« to the left as viewed from Bn- Moreover the translation length of these 

a p p r o x i m a t i o n s  is bounded below by the measure of a closed geodesic arc
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connecting the strata B  and C. Therefore F  satisfies the separation property. 

Hence it is also a one to one map of H2 into H2. We can define the measure 

a for F  in the same way as we did for £ .

Next we prove that measure a  which corresponds to F  is equal to fp- 

Then by the uniqueness of earthquakes with given transverse measure, we 

m nclnde that F  — Et* (see remark 2.3). Take a closed geodesic interval 

I  = [x,y] which intersects strata of E„ transversally. Let e > 0 be a real 

number. Choose finitely many strata {At =  Ax, A2,.„,A* = .4,} of £j, 

which intersect I  such that Ax contains x, and A, contains y, and such that 

they are dense in /. Set T = fri.{(F)A*)~l o (F|A,)} and let A/ be

the constant from lemma 2.1. By lemma 2.1

k - l

| £  <rJ.{(F|A,)-‘ o (F |* , ,) }  -  »V)  < §■
«=l

Since F|A* is the limit of Et^JA,, for n = n(k) big enough, the transla­

tion length of (F |A j)~ l o  (F|Al+l) is estimated by the translation length of 

(FtpJA,)-1 ° (EtuJA,+i) up to an error of Thus 

k - i  * - i
j^ tr i-d F I .^ ) -1 o (F|.4.+1)> -  °(£fc.!--V,i)}| < ,

i=I i=l

Note that (Et^jA ,)-1 o  (Ee^JA^i) is just the composition of finitely many 

hyperbolic translations whose axes are elements o f S„ which intersect / .  De­

note them by ,1^}. Then ( E ^ I A , ) -1 o (E ^ lA .^ v )  =  Q

q . .. q In our choice of strata {At =  Ar , A2, .— .-it = As}
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a lp  we ensure that the distance between A id  I  and Ai+i n J  is less than or 

equal for all fc > 3. Then %  lemma 2.1

h

J=tl
^  length{l)2 - M T
-  ( * - d 2  '

Using the triangle inequality k - l  times we obtain

k-l
2 > x { ( E U ''i r 1 ° ( £ ^ 1** ,)}
i=i

- E E ‘* .M <
—  -5- • len g th ilf ■ M -T

k - lt=l i=»i

Choose k  so large that < §. Then from the above three in­

equalities, |<x(/) -  tp il)| < e, for any e. Hence a{I) = Thus we get

F = E ^

Since E t^ \B  - f  F\B for any stratum B  of p, and F  =  we get that

Eepjf? —>■ EtplB. The same is true for the boundary points of B  on S1. 

This means that Et(l̂  converges to on a dense set of S1. Since the maps 

E ^jS1 are monotone, the convergence is uniform. □
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4 Function ETfS(x)

Let E  be a  bounded earthquake with associated transverse measure p. For 

t > 0, denote by an earthquake path with measure tp. In this section 

we prove that for fixed x  in R the function £^,(x) is the restriction of a 

holomorphk function Ertt{x), for r  = f + is in a neighborhood of R, and 

that, for t  fixed, Er„{x) is a  one to one map of R into C.

N otation. Let 6 > 0 be a real number and I a geodesic in H3. Then we 

define Rf =  T f  as the rotation of an angle 6 about L If / is a loxodxomic 

element with axis I that moves a point on I a distance a we write Tf** = 

7 r o f l f = s * o ^ .  We call a  + ib the complex translation length a + ib-

This notation will be convenient to differentiate between the translation 

and rotation components of a laxodromk transformation. In the following 

lemma we show how to interchange the order of the composition of a hyper­

bolic translation and hyperbolic rotation, with disjoint axes.

Lemma 4.1: Let lt and l2 he two non-intersecting geodesics in

H3 =  { (x , y , t ) \ x , y  €  R ,f >  0}

contained in a geodesic place, and oriented in the same direction. Let a > 0 

and b > 0 be two real numbers. Then 7^ o/Zf2 =  oTj*. where C = 7j*(/2).
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Pf. Let g be an isometry which maps the plane containing and l2 into 

the plane ((x ,0 ,t)|t >  0Tx € R} C H3, g(lt) = {(0,0 ,t)|t >  0} and g(l2) 

is the geodesic with endpoints (c, 0.0) and (d, 0 0) where 0 < c < d. We 

conjugate and by the isometry g ami call than and flf, again.
a? iz)-i , , _

Thai T^(z) = Az. A =  e“ /  1 ami ^ zy_e — are actions on C, the 

boundary of BP. It follows that fi£(z) =  31x1

™ nb i x Md -  e*c)z -  A(1 -  e*)cd
= {! — e*)z 4- de* — c
_  (Ad -  e*Ac)(Az) -  (1 -  e*)\c\d  „  _  ^

(1 — e*)(Az) +  Ade* — Ac 4 h 'KZh

where 4  has endpoints Ac =  TĴ (c) and Ad  =  7^(d). O

Definition 4.1 Let p be a finite transverse measure and A a fixed stratum

of /i which contains oc. Let be a finite earthquake with the transverse 

measure fp normalized such that E^IA  =  id. Let B be a stratum of p and let 

{fv, . . .  ,lk} be the geodesics in the support of p between .4 and B. Then 

Etp\B  = Let r  =  t+ is  6 C, and let T ^ } be the

loxodromic element o R ^ 1' 1. We define a finite complex earthquake

Er#l. the extension of E^. as ETfl\B =  T ^ flJ o o - - - o j ^ lk\  Also 

Er{,(.4 =  id.

If f < 0 and s = G then ET(t =  E ^ is a right earthquake i.e. the compari­

son maps translate to the right.
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An earthquake acts on H2. We embed H2 =  {(i, t)ft > 0,x e  R} into 

H3 =  {(x,y ,f) |t  >  0,x €  R ,y  e  R} such that (x,t) -> (x,0,f), and call it H2 

again. E)enote by R  the boundary {(x,0,0)Jx € R} of H2 C H3.

We consider a complex earthquake ETfl as a mapping of the embedded H2 

intoB3. Ertt extends to the boundary R of H2 and maps it into the boundary 

C of H3; for r  real it preserves R.

Tjm m a 4.2: Let ETft be a finite complex earthquake. Then, for x in R  

tire map l?T<g(x) is a holomorphic function in r.

Pf. Define T — IJ*. If rT is the repelling fixed point and <*r the attracting 

fixed point then From the above equation we see that the

entries of a matrix representing T  can be written as holomorphic functions 

of r . is a composition of finitely many elements 7£“\  Tire conclusion 

follows- O

Definition 4.2 Let p be a point in H3 and let a  be a real number between 

0 and f . Let i be an oriented geodesic ray starting at the point p. Then the 

hyperbolic cone C(pJ,a) is tire pencil of geodesic rays starting at p which 

subtend an angle not greater than a  with 1. The shadow of C(p.La) is tire 

9et of endpoints of rays in C(p. L a). The boundary of C(p. I, a) is the set of 

geodesic rays which subtend an angle equal to a  with L

Let v be a unit vector at p. A vector c determines the geodesic ray L
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starting at p. For simplicity we set C(p, vr a) = C(p, i,, a).

Definition 4.3 Let Slr% =  {r =  f +  :s G C : |3 r | < min{c^ >,e}} be 

an open neighborhood of R in C, where M = M  (c, 1) is the constant of 

Crescent Lemma, for e > 0 and rf =  1, a > 0 is an arbitrary real number 

and C(t) =  Se151*21 is the function from lemma 2.5. Let y* be the geodesk 

ray that joins j  =  (0,0,1) in H3 to the point x cm the real axis. Let V be 

equal to the union, over all x € R, of the shadows of the hyperbolic cones 

C (j,7x, a). Thus V is a neighborhood of R  in C

Definition 4.4 Let p be a finite transverse measure and let r  =  is, s € R. 

Then the complex earthquake Er^ with measure sp is called a pare bend or 

simply a bend.

Lemma 4.3 (Keen-Series Cone Lemma): Let p be a finite transverse 

measure and A a stratum of p which contains j  e  H2 C H3 and oc. Let 

a be a real number between 0 and and let y* be the geodesic ray from 

j t o  x 6 R. Let EUfx be the bend with measure sp normailized such that 

E ^ A  = id Thai there exists a real number e > 0, depending only on a, 

such that the bent geodesic £^(y*) is contained in the cone C{j, 7 x,a ), for 

all real s with |sj < where M  =  Af(e, 1) is the constant from Crescent 

Lemma.
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Pf. Orient yx from j  to x. Divide the geodesic ray yx into intervals of length

1. Let xQ -  j , z i , ... be the division points and r0, vi t the unit 

tangent vectors in the direction of j .  at the points xl7x2, .. .  .x*, —  Since 

the hyperbolic distance from x, to xt+i is 1, ^([xj.x^t]) < lj/i||.

The image of yx under is a  geodesic ray bent along the intersection 

points of 7 X with the support of ft; the angles at the bending points are less 

than or equal to s times the measure of the geodesic in the support of ft. Bent 

geodesics have two tangent vectors at the bending points. In the following 

we always take the forward tangent vector with respect to the orientation of 

7x-

There exists a real number 3 strictly greater than a  such that the cone 

C(xi,vit 3) is inside the cone C(x0,t%, a). To see this, take a hyperbolic plane 

P which contains j x. Form the hyperbolic triangle with vertices x0,x i and 

third vertex y E dP. The intersection of dP  and the shadow of C(x«, uo,a) 

is an arc on C. We choose the vertex y to be one of the endpoints of this 

arc. The outer angle at xt of the triangle xoXiy is 3. Then the inner angle 

is x — 3. The sum of the angles in the triangle x0xiy is tt -  d + or. Since the 

sum of the angles in a hyperbolic triangle is strictly less than r  we obtain 

3 > ot. A hyperbolic triangle with one finite side and two infinite sides is 

uniquely determined by the length of the finite side and one of the nonzero 

angles. Hence d -  a  > 0  is a constant independent of the position of x0 and 

xt (see the proof of lemma 6.3 in Keen-Series i8 |} .
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By Crescent Lemma it follows that for a  given d =  1 and e > 0 there 

exists M  =  M (l,e) > 0 such that

dri&dxuBi), Ri(xuvi)) < M|sj,

for all |s| < e and any geodesic I whose distance from is less than I.

Let {lu l2 , . . .  ,k }  be the support geodesics of measure /i which intersect 

the segment [xo, xt] in order. Then

° K * hl ° ■ --»

By the triangle inequality

dr , e ( R ; f ' ] o - o  m), f i f 1111 o • -  O in)).

Since xi has distance less than I from d rm  Is invariant under the 

action of PSL%{C) and by Crescent Lemma we have

o - o  0 - 0  m)) (10.
=  rfT,«.((!!, tn), m)) < A/N0<A),

for all real s such that js( <  m in{^|-pe}.

Using (10) in (9) we get

dr ie3((x i- l’i)-£uf.(-r i - l’i)} <  ^ f s l5Zj=i#*(0)
< Af|s|/t([xo, xi]) < A% j| - is j (11)
< M\\p\\ ' ajf^j =  e -

for all real s such that ;sj < min{c. xfi-j}-
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Define (x^pj) =  Pi)). A hyperbolic cone C(p,I,a) and its

shadow are continuous in its vertex p, direction 1 and angle a. By (11), 

for e small, C(x'j, is dose to C{ii, vi.a). Because 3 > a. tlie cone 

C(xj, i?i, a) is strictly inside the cone Thus, for e small enough,

the shadow of the cone C(x\, v\,a) is inside the shadow of the cone C(x\, vi, 3) 

and x\ is inside the cone C(xo,i,o,q). Hence the cone C ^x^uj.a) is inside 

the cone C(x0, t’o, a). Here the choice of e depends only on a.

Define (x2, v2) — 2%,,,((x2, 02))- Let B  be a stratum of ft which contains 

xi- We prove that the ante C(x2, u2,a ) is inside the cone C (iltt)j,a). The 

map is just a Mobius transformation. Let P  =  (E^tJBKH2) and

Bp =  E w iB ). Thus P  is a hyperbolic plane in H3 and Bp is the image of 

B, under the bending E u^B  and is contained in P . In particular, Bp is a 

geodesic polygon with vertices at the boundary of P .

Let ftp be the pushforward of the measure ft by (BuJB). The support 

of the measure ftp is on the hyperbolic plane P. Let £,«(.r be the bending 

normalized such that E,.rr\Br> = id. Then £*„ =  Eaitp a (£„„jB).

We repeat the above procedure for (x;. i'i) =  (£tJfl|B)(x1, i’i), and (x2, t?2) = 

(Eis(,IB)(x2r &>). and bending EUftp. Note that (x2. e2) =  E^ppixo- e2). The 

geometry is the same and C(x2. r2- a) is inride C{xx, i-j.a) for the same e > 0. 

Let = E ^ X j .  i'j). for j  — 3 .4 , ...  . Continuing as above we obtain

that any subsequent cone with vertex x’, direction p". and angle a  is con­

tained in the previous cone with vertex xJ_l. direction if _j and angle a.
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Thus the bait geodesic f ^ ( 7 z) ® inside the first cone. □

Lemma 4.4: Let a  be a real number between 0 and | .  Assume [i is a finite 

transverse measure with stratum A containing j  € H2 ami oo. Thor there 

exists a real number e > 0  depending only on a  such that, for r  € S ^ i  and 

r  £ R, Etpix) extends to the function ETpt(x) holomorphic in r  whose image 

is contained in V.

Pf. Normalize ETtt to be the identity on A. Take a point x € R and connect 

it to j  by the half geodesic yx and orient from j  to x. Let B  be a stratum 

of /r such that x € dB. Let {UJ2, . . .  ,1*} be the leaves of /i between A and B 

in order. Take e > 0 from Lemma 4.3 (Cone Lemma). Let r  =  i-f-is € SejM- 

By definition ET)t\B = T**h) o T[*h) 0  — 0  T ^ lk). Write each term 

as R ^ k) o T ^ k). Then Ertt\B =  % f l) o T ^ li) o a T ^ h) o - - • o 

o By lemma 4.1. 7 ^ - l) o = R ^ k) o where

= T ^ k~x\k )-  Csing the above and induction we obtain

Er^B =  O 0 - - - 0  o  O • - - O 7 j (Ik3,

where the tx are geodesics obtained as images of the 4 under the map £f*j> = 

ftp-

The real earthquake £ t<, moves x to x = Etll(x). support lines f, to 

f- =  £^(4) and pushes forward the measure sp to spt\  Denote by yy the 

oriented geodesic ray from j  to x . Let be the bending normalized such
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that E .r-\A =  id  Then E^^B — iE..r- o £^,)|B for every stratum B  of p. 

%  Crescent Lemma, jj^jj < C(f)j{p|| =  8 c*3 *54 f|/r{{. By Cone Lemma the 

bait geodesic E ^ ( j x<) is contained inside the cone C(j, 7 / ,  a), for all real s 

such that |sj < min{€, Hence the endpoint £UMi. ( x } of the bent

geodesic E..r-h x>) is in the shadow of C(j, j x’, a). It follows that for x € R 

and t  6  ETp(x) is in the set V. O

Rem ark 4.1: Instead of normalizing £„ to fix j  6  H2 and oo it is possible 

to have some other point p € H2 and q € 3H2 fixed. Lemma 4.4 is still true 

with the same e, but a different neighborhood V of R.

Rem ark 4 .2 : Let a = supf6:Fl p (/), where ^  is the family of dosed 

geodesic arcs of length I that lie on the geodesic rays from j  G H2 to the 

boundary points. Since C T , a < !|p||. It is dear from the proof of lemma

4.3, that can be replaced %

Lemma 4.5: Let a be a real number between 0 and | .  Let p be a bounded 

transverse measure and .4 a stratum of p which contains j  £ H2 and oc. Then 

there exists a  real number e > 0  depending only on a  such that, for r  € St juif 

ami x  € R, £f^(x) extends to the function Erit{x) holomorphic in r  whose 

image is contained in V.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 9

P t  For a general earthquake E0 we use the approximation by finite earth­

quakes from section 3. The sequence of measures p* converges weakly 

to p, fjp.B -*• H *  and - f  Etft uniformly on S1, as n -)■ oc. By lemma

4.4, for t  G the points J?T(*,(x) belong to V . For simplicity, assume

that j|/*a|{ decreases to ||p|| as n oo. Fix x G R and m > 0. Since 

C - V  contains more than two points it follows that {£V,»« (*)}«>« is a nor­

mal sequence of holomorphic maps in the variable r  G S-j^ i .  By MonteLs 

theorem there exists a convergent subsequence. For p 0. however, the 

whole family converges for r  = i 6  R to a non constant function Et^{x). 

Hence the whole family converges to a holomorphic function Ertl{x) and 

Et,(z ) |( t G R) =  Etpix). Since £r*(x) is a  non constant holomorphic func­

tion in r  its image mast be contained inside V. Also = Se,w-

Letting m - t  oc, the domain of definition of ETtt(x) is R x 5 * ^ , and the 

image of x G R  for all r  G Sej ^ ,  is contained in V. □

Lemma 4.6: Let p be a bounded transverse measure and let ETp[x), for 

r  G Sf>!Wi and x G R, be the extension of £^(x). Thai, for fixed r  G S ^ ,  

Erft{x) is a one to one map from R into C.

Pf. Take two different points xi and yi in R.

IF they belong to the boundary of a single stratum B  of £* then and 

yi are mapped by the same loxodromic element Erit\B . Since elements of 

PSLi(C) are one to one mappings on C  Erii(X\) #  Erft(tf{).
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Nov assume that z t and yi do not lie on the boundary of one stratum. 

Abo a s s u m e  for the moment that ft is a finite earthquake. First apply the 

teal earthquake E ^  and then the pure bend EWf̂ . Define x =  E ^(x i) and 

y =  E,p{ifj). Real earthquakes are one to one on the boundary of H2, hence 

x ^  y. Connect x and y with the geodesic 7 - Then 7  transversally intersects 

strata of p*'. Take one leaf of which intersects 7 . Fix a point q on lmfi 7 . 

Denote by vx the tangent vector to 7  a t the point q in the direction of x and 

denote by u, the tangent vector to 7  at the point q in the direction of y. The 

map Ei.r- flp is just a  Mobius transformation that maps H2 into some other 

embedded hyperbolic plane P, and maps 7 , q, vx mid tr, onto 7 ', q\ vx and t?,, 

respectively.

Let ftp be the pushforward of /ij by The leaves of the support

of ftp are in P- Let £ ,,,,, be the pure bend of F  normalized such that 

Etsw>\Eisp;(lt) -  «*- Then =  £«„po(£W,*IU- order tofind £U(tj-(x} 

and we apply the pure bend to the geodesic C P.

This bending fixes the point q € P. The geometry of the bending is the 

same as if we had started from a fixed embedding of H2. For that reason the 

estimates and the conclusions of lemma 4.4 hold. In particular, for 0 < a < |  

and for real numbers s such that js| < m in { ^ ^ j^ .e } . £Ufit- (x) is contained 

in the shadow of the cone C{q, vx,a) and £ Uflt- (jf) is contained in the shadow 

of the cone C(q\ t’r o). Since a  < f .  these shadows are disjoint. Hence 

E ^ U )  #  E ^ iy ) .
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Fix a  and suppose it is bounded but not a finite transverse measure. As 

in section 3, take an approximating sequence fin of finite transverse measures. 

For each p* we have shown that there is a neighborhood such that

Er^JR is an injection. Since -* ||p{j, given S > 0 there exists n<j such 

that, f o n > %  E r^  is injective for r  € 5*^+*. Abo Erpjf* -> ET<,|/„ 

which b  an element of PSLz[C).

To see that £TM|R b  also an injection, again, let xt ^  yi € H2 and let 7  

be the geodesic joining x x and yi- Since real earthquakes are one to one, we 

can assume that r  =  is, so that ETfl =  b  a pure bend. Let x  = Er(l(x\) 

and y = ETfi(yi). For no big enough, 7  intersects some leaf in the support 

of ft*. for n > no- By the definition of ft*, is also in the support of p. Let 

q = Ipf1 7 . Let 7 + be the geodesic ray from q to x  and let 7 " be the geodesic 

ray from q toy . Define

7 ;  = ( i ^ i y  (7+),

7b = {Erp^ |fj*)(7~)*

= {Er^lQ iq).

= (E r ,jy (x )

and

Vn = (E rjJU te)-

Let

? ; = { E r M t i n
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and

7 I  =  (E r M iy ') -

Then 7 + - 4  7 ^, 7 “ - 4  7 I , r n -► x, ft, ->• y and ft, -* q as n - 4  0 0 . The 

cones are continuous in the vertices, central directions and angles. Thus 

C(ft,,7«><*) c (^7+ 'a) ^  C(<hr%iQ) C{q,y-**) as i n -  oo. Hence

the shadows of C(ft,,7 * ,a) converge to the shadow of C(q,j'+,a) and the 

shadows of C(ft,.7 „ ,a )  converge to the shadow of C(q,j_,a). Since i*  is 

in the shadow of C(ft,T 7 +,a) and ft, is in the shadow of C (ft„7 ~,a), by the 

continuity of the shadows, the point x  is in the shadow of C(q, 7 ^, a) and the 

point y is in the shadow of C(g,7 _ ,a). Because 0 < a  < |  these shadows 

are disjoint so that x #  y. □

We state the main result of the paper.

Theorem  4.1: Let a  be a real number between 0 and | .  Let p be a 

bounded transverse measure. Then there exists e > 0 depending only on a  

such that the real earthquake Et^(x)t for x € R and t G R~, can be extended 

to the complex earthquake £Tft(x), for r  in an open neighborhood SejW! of 

R and x G R- For x G R, the map £ .M(x) is holomorphic in r  G For 

r  G the map Erft(x) is one to one on R.

Pf. Given in lemmas 43, 44, and 4.5. □

Another way to state the main theorem is:
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Theorem  4.1’: If p is a bounded transverse measure that there exists 

e > 0  such that the complex earthquake for r  and x  £ R, is

a holomorphic motion of the real line. □

As a corollary we have:

Corollary 4.1: Let ft be a bounded transverse measure. Then the earth­

quake £„|R  can be extended to a quasiconformal map of the upper half plane: 

that is, £p|R is a quasisymmetric map.

Pf. By theorem 4.1T and by Slodkowski’s theorem (see [12]) we can extend 

the holomorphic motion ETlt(x) of the real line R to a holomorphic motion of 

the complex plane C. Since E ^x ) maps R to R the extension for r  =  t  € R 

maps the upper half plane to itself. For t  fixed the extension of Erfl{x), for 

x € R, to ETfl(z), for z E C, is quasiconformal- It follows from Ahlfors' 

theorem (see [1]) that £„JR is a quasisymmetric map. O

Lemma 4.7: Let A > G, a < c < d < b belong to R u  {—oc, oc}, where 

a could be —oc and b could be oo. but not at the same time. Let g be the 

hyperbolic translation with repelling fixed point a. attracting fired point 6  

and multiplier A. Let h be the hyperbolic translation with repelling fixed 

point c, attracting fixed point d and multiplier A. For any x € (c.d)

g(x) > h{x).
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PC. Case 1. Assume a =  c. Normalize by conjugation such that a = c = 

-co  and 0 = b > d . Thai g{z) = Az, h(z) =  A(z -  d) +  d and 0 < A < 1 . 

For x 6  (-oc, d), g{z) =  Ax and h(x) = Ax +  (1 -  A)d. Hence g(x) > h(x), 

with equality only if b= d.

Case 2. Assume b — d. Normalize by conjugation such that 0 =  a < c and 

6  =  d = oo. Then g{z) =  Az, k(z) =  A(z—c)+c and A > 1. For i  € (c, -Foo), 

g(x) =  Ax and h(x) =  Ax -I- (1 — A)c. Hence g(x) > h(x), with equality only 

if a =  c.

Case 3. Assume a ^  c and d ^ b .  Let hx be the hyperbolic translation with 

repelling fixed point a, attracting fixed point d and multiplier A. Then, for 

x 6  (c,d), $(x) > ki(x) by Case 2 and hx{x) > h(x) by Case I, so that 

S(x) > h(x). O

Theorem  4.2: Let ft be a transverse measure. If the corresponding earth­

quake £„ : R -» R is quasisymmetric then p is bounded.

Pf. Assume p is an unbounded transverse measure. Thai there exists a 

sequence of closed geodesic arcs {/*} such that length of /* is I, for all fc. 

and p(/fc) -¥ DC, as k -> oc. Divide each Ik into two closed geodesic arcs of 

length i . For each A, one of them has measure not less than half the measure 

of It- Denote this arc by It.i- Then p(4.i) > |m (4) and the length of Lu 

is | .  Divide each Lu to two geodesic arcs of length Denote by Ikj  one of 

the two arcs such that p(4 z) -  kpih.i)- In the n-th step we get 4 ,„ whose
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length is ^  and /i(/M) > Then it(It^) > ^ p { h )  -► oo, as

fc -+ oo, for n fixed- Using a diagonal process on the sequence {/*,»} choose 

J* =  h{n)* such that ft{Jn) converges to oo as n converges to oo.

Let A* and Bn be two strata of ft which contain endpoints of Ju. Define 

Em =  (F^jAn) -1  o so that £*|A, =  id. Let 1* be the geodesic on the 

boundary of A*(it is possible that A* = I*) closest to Bm and let ft* be the 

geodesic on the boundary of Bm (possibly B* = /»*) closest to An. Let be 

the element of PSL^R) which maps I* to the y-axis and the endpoints of 

hm to the points On and 6a in R+ , such that 6* — a* = 2. Denote the new 

geodesics by i* and ft*, again. Denote the map 7 * o £ . o 7 - 1 by £* again. 

Let Bn be the angle of the crescent region around 1* which touches h*. Using 

elementary trigonometry a* =  — 1. The map En is an earthquake which

is the identity on 7 „(A„) and whose measure fin is the push-forward of ft by 

7„. For each closed geodesic arc I, ft(I) =  p«(7«C0) because yn £ PSL2CR).

Let g be the hyperbolic translation with axis h* and with translation 

length log A* equal to the translation length of £*|7w(i2U; that is

i x 2A n ( i  — On) t _
m  — 77-----777 TTo +  ®»*(A,-!} (*-««)  1-2

Since the translation length of En\~<n(Bn) — cmj^AmBn) is not less than 

fi(Jn). the multipher A, satisfies A„ > e^J' ]. By lemma 4.7. for any point 

■TO G &a);

{Enftm(Bn))[x0) > $(-T<)).
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Since I q might not be on the boundary of -yn(Bn) and £„ is a left earthquake, 

En(x0) > {En\jn(Bn))(x9). -Also En{-x0} > -x<* because En\'fn{Am)  = id 

and En is a left earthquake. The expression for cheking quasisymmetry 

condition at x =  0 and above inequalities gone

Enjx + Jo) -  En(x) _  Ea(x0) ^  g(jp)
En(x) -  En(x -  Xq) -E a( - X 0) ~  Xo

Let xn =  <*„ + Obviously xn € (a»,6»). In the above inequality we use 

r„ instead of x0. We obtain

5̂ r  2^,
»<I -) = ^ r T 3 + “. = A>_ 1 + s . +, + “.

and

a M  ,  *». 2 -^ ‘a .
x . o . + i  - ( A .  +  2*+')(a. +  i )  (A. + 2-+‘)P M . +  l>'

The expression converges to oo because A„ -+ oc, as n -+ oc. Now

=  Ssiw ~ * aEK* -̂v formu â f°r tbe distance of a point to a Due {see [2,

section 7.20]). if <4 is the distance from /„ to h„ then a„ = cosh dn -1  <

By our construction < yr- Hence 2nan < |£ < I. for n big enough. It

follows that tj^ g £ rj£ i^ rf, -+ oc as n oc. Hence

■£«

a s « - 4 x .

The sequence £« |R has a bounded constant of quasisymmetrv. To see 

this, let /  be a quasiconibrmai extension of £„{R. Then the sequence /„ =
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7n°(£aiAi)~lo/ 07a 1 has bounded constant of quasiconfonnality, because it 

is a pre and post composition by conformal maps of the quasiconformal map 

/ ,  and it fixes oc. Then by the AMfors’ result (see [1]), /n|R has bounded 

constant of quasisymmetry. But f a\R = Ea\R and ->■ oo gives a con­

tradiction. Therefore p must be bounded. □

Putting together Theorem 4.1 and Theorem 4.2 we easily obtain:

Theorem  4.3: Let E  be an earthquake. The following three statements 

are equivalent:

1. E\R is quasisymmetric,

2. £  is bounded,

3. there exists an e > 0 such that, for z  e R and t > 0. the map (x. t) -+ 

Et^(x) extends to a hoktmorphic motion (x, r) —> ETft(x) of R for r  6

Rem ark 4.3 There is a stronger version of the equivalence of 1. and 2. 

obtained by Gardiner-Hu-Lakic (see [7}). Let us denote by ||h||cr the cross 

ratio norm of the quasisymmetric map h : R -+ R. This norm is defined as

cr{h(Q)).

where Q — (a. 6. c. d) is a quadruple of points given in counterclockwise 

order on 5 l. cr(Q) = and the supremum is taken over all Q with
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cr(Q) =  -1 . Let C0 > 0. For all ft with j|/i({ <  C0, there exists C > 0 such 

M < il̂ IKiier < CI/1«.
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