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Chapter 1 

Introduction

The Wigner distribution and the ambiguity function are well- 

characterized signal processing tools used in a variety of appllcations[l-0j. 

This thesis addresses the Issues of modifying these representations to extend 

the range of their applications, and post-processing them to  increase their 

effectiveness In existing applications.

An essential feature of the Wigner distribution and ambiguity function is 

their invariance to time and frequency shifts in the signal. It is this property 

tha t makes them appropriate for the analysis and processing of signals in 

shift-invariant systems. However, there are many shift-variant systems that 

cannot be treated in the same way - they lack corresponding tools. Among 

such systems, scale-invariant optical and electronic systems have received a lot 

of attention recently. A number of applications of scale-invariant signal pro­

cessing techniques have been reported: in restoration of images with spatlally- 

variant degradations[7,8], in spectral analysls[9] and signal recovery[10], in the 

deformation-invariant and scaie-indeperdent pattern recognition^ 1-13], in 

Doppler signal processing[14], in signal detection and estimation[15|, In speech 

analysis[l6], and in speech bandwidth compression and word recognition[l7). 

In view of this, it is beneficial to extend the concepts of Wigner distribution 

and ambiguity function to conform with scate-invariance rather than shlft- 

invariance. That can make these powerful signal analysis and synthesis tools 

available for scale-invariant signal processing and characterization of scale- 

invariant systems. With this aim, generalized scale-invariant signal represen­

tations will be proposed and fully characterized.

1
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Conventional bilinear signal representations, especially the Wigner distri­

bution, have not been utilized to their full potential for several reasons. Being 

the two-dimensional representations of one-dimensional signals they contain a 

lot of redundancy. This increased amount of data often prohibits their 

effective use In applications like signal detection and pattern recognition. 

Hence, it is of practical interest to find methods of data compression to be 

applied on time-frequency representations. One particular form of the redun­

dancy is represented by interfering cross-terms. These terms prevent the 

visual interpretation of results and sometimes make estimation of signal 

parameters rather difficult. Suppression of these terms is desired since it 

would make representations like the Wigner distribution more useful for both 

qualitative and quantitative signal characterization.

Related to this is the Issue of the noise sensitivity of bilinear signal 

representations. Namely, if the signal is contaminated by noise, its auto- 

representation contains a correlated, linear noise term and an uncorrelated, 

quadratic noise term. Consequently, the signal to noise ratio (SNR) In the 

representation is significantly lower than in the original signal, and a t low 

SNR’s there is a threshold in their functional relationship. This prevents suc­

cessful application of auto-representation of the signal a t low SNR’s. One of 

the alms of this research Is to find procedures for data compression, interfer­

ence elimination and noise suppression in bilinear time-frequency signal 

representations, in general, and in the Wigner distribution and the ambiguity 

function in particular.

In summary, two research directions are explored in this thesis. One is to 

find scale-invariant bilinear signal representations with properties correspond­

ing to the conventional Wigner distribution and ambiguity functions. The 

other is to increase the utility of these conventional representations by
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developing methods for their compression and enhancement. An overview of 

the current state of the art In time-frequency signal representations is 

presented in Chapter 2. In Chapter 3, the utility of the Wigner distribution 

for characterization and analysis of the filtering action of ultrasonic transduc­

ers Is demonstrated. The discussion is actually applicable to linear systems in 

general. Scale-invariant modifications of the Wigner distribution and the 

ambiguity function are proposed and their properties are extensively analyzed 

in Chapter 4. A series expansion for the Wigner distribution (and ambiguity 

function, also) Is presented in Chapter 5; properties of the expansion 

coefficients are analyzed and related to the physical characteristics of the sig­

nal. This expansion is shown to be useful for data compression and enhance­

ment of the Wigner distribution. The coefficients of the expansion, regarded as 

a generalized “spectrum" of the signal, are used as descriptors of 2-D shapes 

for shape classification in image analysis. Finally, in Chapter 7, components 

of the generalized “spectrum", defined in Chapter 5, are used for estimation of 

the ultrasonic attenuation In tissues.
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Chapter 2 

Background

X. Introduction

Finite energy signals are commonly encountered in many diverse engineer* 

ing and scientific disciplines - communications, radar, sonar, acoustics, geophy­

sics, optics, biomedical engineering, to name a few. Conventional time or fre­

quency representations of such signals do not explicitly display all the informa­

tion tha t is present. In a number of signal processing problems joint time- 

frequency signal representations reveal more and serve as a better starting 

point for the analysis and synthesis. Although most of these representations 

were proposed and defined a long time ago[l-7], only the spectrogram and 

ambiguity function have found widespread use. More recently, there has been 

revived interest in others, sparked by the series of papers on Wigner distribu­

tion by Claasen and Mecklenbrauker[8]. This has also instigated research into 

unified characterization and categorization of joint time-frequency signal 

representations[0-13].

Most of these representations can be classified as being either of the 

convolution-type (or ’energy-type*) or of the correlation-type. Members of the 

first class display how the signal energy is distributed in time and frequency. 

Members of the second class display correlation characteristics of the signal in 

the direction of time and frequency shifts. Since both energy and correlation 

are bilinear, all representations in these two classes are bilinear too. Recently, 

two new classes of multi-linear time-frequency signal representations have 

been proposed|0-ll] , but they lack the practical appeal of bilinear ones.

6
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2. Bilinear Time-Frequency Signal Representations

A time-frequency representation can be classified as bilinear if it obeys 

the following "bilinear superposition principle". Let x(t) and y(t) be superposi­

tions of finite energy complex signals:

* (0  "  £  < W 0 . v(t)  -  £  hVk (0  (»)
k k

Then, any bilinear joint time-frequency cross-representation Tt$( t }f )  is expres­

sible as

W J - E S ^ W - / )  (2)
k t

where * denotes complex conjugation. Corresponding auto-representation 

equals the sum of the auto-terms of Individual component signals and the 

cross-terms among each pair of components:

Tt ( t J )  m  -  £ k | 2 T * ( t ,/)  +  £  2  W  (3)
k k Mi

A comprehensive theory of bilinear time-frequency signal representations 

can be given in terms of linear operators[12,13]. As a basis of this theory, four 

elementary bilinear signal representations are used:

- the time signal product

“  * (t+ r/2 ) y \ t~ r /2 )  (4)

- the frequency signal product

Qv {f  ,i/) -  X U  +v/2) Y*U - v /2 )  (5)

where X(f) and Y(f) are Fourier transforms of x(t) and y(t);

- the Wigner distribution (WD)

-  7 -  7 (6)
-00  -o o
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- th e  ambiguity function (AF)

A „(r,*) -  /  -  /  « „ ( /,< ')« '” "< '/ (7)
—OO —00

From (6) and (7) it follows that the WD and the AF are a two- 

dimensional Fourier transform pair. It can be shown that any bilinear signal 

representation can be obtained from the elementary ones by linear transforma­

tions:

00 00

r w( t , / ) -  J / « „ (« ' , T ) . T[ t , / ;t ' , T ) i t ' d T -  (8)
—00—00 

00 00

-  I  I  (#)
- 00-00 
00 00

-  /  /  - A f W d f ' -  (10)
—00—00 

OO OO

-  /  /  Af,(r,i/)Vr (t,/;i/,r)<iMfr (II)
—00—00

or in more compact operator notation:

T ™ q ■  Uf Q ■  jt>y W  ■  (12)

Consequently, any bilinear time-frequency signal representation is uniquely

characterized by the linear operators u j and VT with kernels

,vj*» and K7*. These kernels, like the elementary bilinear signal 

representations (4) - (7), are related by one- and two-dimensional Fourkr 

transformations, and only one of them is sufficient to comn’etely specify T. 

Equations (8) - (12) are convenient starting points for the analysis of the pro­

perties of bilinear time-frequency signal representations. Most of these proper­

ties can be expressed in terms of simple constraints on the kernels uT and UT. 

These two kernels can be regarded as time and frequency impulse responses of 

the representations (T —tty if x and y are impulses, and T ~ U f  If X and Y are
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impulses).

A bilinear time-frequency representation is of the convolution-type if 

shifts in time and frequency of the signal result in corresponding shifts of the 

representation^ 2,13]. Such a representation has impulse responses of the

form;

l / T ( l , / ; / »  -  * A f - / ' , » )  . ' “ " ( I S )

where 4>t and define a two-dimensional Fourier transform pair. Special 

cases are:

- the spectrogram with window w(t) (see Eqs. (4) and (5))

♦ ,(/,< /) -  QwwU —v f i J  + t//2) (14)

- the Rihuczek distribution

M ‘J) -  <-t-r/2), * « (/,!/)  - W - v / 2 )  (IS)

- the Wigner distribution

* » '( / .« ') - * ( / )  (IB)

The unique character of the WD is a consequence of its ideally concen­

trated and symmetric impulse responses. Namely, for this class of representa­

tions, the kernel vj> in (10) has to be of the convolution-type:

vr ( t , / ; ^ / ' ) “ M * - ^ / - / ' )  (17)

From (10) it follows, then, that all convolution-type representations can be 

constructed from the WD by performing the two-dimensional convolution:

T  -  pT * W  (18)

In particular, v - kernel for the spectrogram S { t J )  is the WD of the window 

used
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tfr(* ,/;f ', / 0  -  (10)

and as a result

OO 00

So, the spectrogram is obtained by two-dimensional convolution of WD’s of the 

signal and of the window.

The correlation-type bilinear signal representations are defined by the 

requirement that 7^(1 ,0) and ) are the cross-correlations of x and y in

time and frequency domains, respectively [12]. It can be shown tha t every such 

representation is a two-dimensional Fourier transform of some convolution- 

type representation. The time and frequency impulse responses of these 

representations are:

E /r  ( 1 , / ; /  > ) - < M  < . / ) « ( /  - " ) «  ̂ ” ' ( 2 1 )

where

0 0  OO

—OO —0 0

For T  to be a proper correlation representation it Is required that

V>r ( i ,0 ) - ^ r ( 0 , / ) - l ,  (23)

which is equivalent to the constraint

OO

—OO - o o

tha t ensures proper energy interpretation of the corresponding convolution- 

type representation. Substitution of (22) Into (6) or (9) yields

(25)
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Hence, every correlation-type representation can be derived from the AF by 

multiplication with the Fourier transform of the impulse response of the 

corresponding convolution-type representation. This Is a consequence of the 

Fourier transform relationships between the WD and the AF, and between 

convolution-type and correlation-type representations (see Eq. (18)). The 

choice yields the symmetric form of the AF (7), while the choice

0 r ( t , / ) “ yields the asymmetric form of the AF which Is the two- 

dimensional Fourier transform of the Rihaczek distribution.

Equations (10), (11), (18), (23), together with corresponding expressions for 

the impulse responses, underscore the unique role that the WD and the AF 

have among bilinear time-frequency signal representations.

3. The W igner D istribution (WD)

Historically, this distribution was proposed in 1032 for phase-space 

description of the relationship between the position and the momentum of a 

particle in quantum-mechantcs(l]. However, it may be defined for any pair of 

quantities th a t are related through Fourier transform. Independently, Ville 

has defined it in 1948[3] as a tool for signal analysis. It took thirty years for 

his idea to get significant following, and currently the WD is a very active 

research topic in signal processing.

Following are the properties of the WD that make it useful in signal 

analysis and linear system characterization. They can be derived from the 

definition of the WD (0) and from the properties of the Fourier transform[8].

The WD is always real and for a real signal It is an even function of fre­

quency. In the time domain the WD has the same support as the signal, and 

in the frequency domain it has the support of the Fourier transform of the sig­

nal. Shifting the signal in time (or, equivalently, introducing the phase shift in
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frequency domain) causes identical displacement of its WD in the time direc­

tion. Modulation of the signal by cxp(j2irf0 f ) (or, equivalently, a shift in the 

frequency domain by f 0) results in a displacement / a of the WD in the fre­

quency direction. Shifting in time followed by a modulation produces the 

corresponding displacements of the WD in the time and frequency directions. 

Multiplication of signals in the time domain yields a one-dimensional convolu­

tion of their WD in the frequency direction. The time convolution of two sig­

nals results in a one-dimensional convolution of their WD in the time direc­

tion.

The volume under the WD is equal to the signal energy.

oo oo
/  /  - e ,  (26)

Projection of the WD onto the time axis is equal to the squared magnitude 

(instantaneous power) of the signal:

OO
W '* *  -  J  (27)

•OO

The energy density spectrum can be obtained from the WD as its projection 

onto the frequency axis:

OO
J  (28)

—OO

Last two equations define marginals of the distribution. The Instantaneous 

frequency, which Is meaningfully defined only on the analytic signal associated 

with a real bandpass signal, is the first local moment in the frequency variable 

of the WD of that analytic signal:

oo
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The first local moment of the WD in the time variable is equal to the group 

delay of the signal:

00

/  t

m / r  (3 0 )

Because of the properties (26) - (30), the WD Is sometimes loosely called the 

"energy density" of the signal in the time-frequency plane. However, since the 

WD can have negative values, Its interpretation as the pointwise energy den­

sity is inappropriate. A properly-weighted integral of the WD over a Heisen­

berg cell (At A / — l/4fr, where A t and A / are the rms widths in time and 

frequency of the weighting functions) gives the signal energy in tha t cell[14]. 

Only in that sense the WD can be interpreted as the distribution of signal 

energy in the time-frequency plane.

4. The Am biguity Function (AF)

Analyzing the radar signal detection problem In early 1050’s, Woodward 

developed the concept of generalized matched-filter/correlator receiver. In 

order to describe and analyze its operation and the correlation properties of 

the radar signal, he defined the ambiguity functlon[4]. Ever since then, it has 

been widely used In radar and sonar system analysis and design, in communi­

cations and, more recently, in optics and pattern recognition. Its usefulness is 

a natural consequence of the many convenient properties that are discussed 

next.

In many instances it is preferable to deal with the real-valued squared 

magnitude of the AF, called the ambiguity surface. From the definition of the 

AF (7) and the characteristics of the Fourier transform, the following proper­

ties of these two representations may be deduced[15-17].
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In general, the AF Is complex-valued. For purely even or purely odd sig­

nals it is real-valued. Moreover, the AF for such signals Is equal to the scaled 

version of their WD. The ambiguity surface is symmetric with respect to the 

origin of the time-frequency plane where it has its peak:

|A , M |a <  |A ,(0 ,0 )|a - £ • ; - ( /  |* (()|a i t  ]a (31)
—OO

The volume under this surface is independent of the signal shape and is equal 

to the square of the signal energy:

/  /  d T d v - E *  (32)
—oo—oo

This implies that for a given energy constraint, the peak value and the volume 

of the ambiguity surface are fixed and only the distribution of tha t volume 

may be altered by the change of signal shape.

Time and frequency shifts in the signal Introduce a phase factor into the 

AF, leaving the ambiguity surface unaffected. Similarly, the magnitude of a 

cross-AF is invariant if both signals are time and frequency shifted by the 

same amount. If, however, only one of the signals is shifted In time, the phase 

factor will be Introduced whereas the cross-ambiguity surface will be shifted 

by the corresponding amount in the direction of the delay axis • r. Modulation 

(shift in frequency) of only one signal produces a phase factor in the cross-AF 

and a corresponding shift of the cross-ambiguity surface in the direction of the 

Doppler axis - u. These facts demonstrate the shift invariance property of the 

ambiguity surface. The AF of the product of two signals is equal to the one­

dimensional convolution of their individual AF's in the direction of the Doppler 

axis. The convolution of two signals results in the one-dimensional convolution 

of their AF's in the direction of the delay axis.



15

Introducing the quadratic phase factor into the frequency spectrum of the 

signal (by passing the signal through a dispersive filter) produces a shearing of 

the AF parallel to the delay axis. Similarly, shearing parallel to  the Doppler 

axis is achieved when a quadratic phase is introduced tn the time domain by 

linear FM. Compression of the time axis of the signal results in the 

corresponding compression of the delay axis and expansion of the Doppler axis 

in the AF. By carrying out all three transformations in sequence with suitably 

selected parameters, a rotation of the original AF may be achieved.

The following important property relates the products of the cross-AF’s 

through the two-dimensional Fourier transform:

00 00

/  J  A „ { t J )  «*>•«-'/) Jt q  _  A„(T,U) A,\(T,U) (33)
—00—00

Two special cases of this relation are of interest. If x—k and y— v f it follows 

tha t the two-dimensional Fourier transform of the cross-ambiguity surface is 

equal to the product of the individual auto-AF's:

7 7  |A„((,/ dt q  _  AAriU) A;{r>l/) (34)
—00—00

Moreover, the auto-ambiguity surface Is its own two-dimensional Fourier 

transform (if x ^  above):

7  7  to to -  K M 8 ( » )
—00—00

Not all non-negative self-transforming functions (those that satisfy (35)) are 

ambiguity surfaces. Relation (32) follows from (31) and (35) for 7M3 and tM).

5. Applications

Although the WD was introduced into signal processing earlier than the
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AF, it has found wide acceptance much later. So, it may be considered as a 

relatively new tool with still undeveloped range of applications. Revival of 

interest in the WD in mid-seventies began when It was used to describe the 

concept of rays In geometrical optlcs(18-20]. There, the value of WD at some 

position and In some direction was interpreted as the intensity of a light ray 

at that point and direction. Projections of the WD give the intensity of the 

ray and its spectrum.

However, it was the thorough analysis of the WD and Its properties by 

Claasen and Mecklenbrauker[8] tha t provided the foundation for successful 

application of this tool in signal processing. Their claim tha t the WD should 

be useful for the analysis of linear systems and time-varying and transient sig­

nals was soon supported In practice. In acoustics, the WD has been success­

fully applied to characterization of loudspeakers[21]. It has been used in robot­

ics for image representation and pattern recognitlon|22,23]. Also, It has been 

proposed to use the WD as a coding procedure In covert optical communica­

tion systems[24]. The WD is especially useful for estimation of signal parame­

ters like instantaneous frequency of the non-statlonary, phase-modulated sig­

nals that are common In radar, sonar, seismic and bio-medical applications. 

For example, it has been used for the analysis of bat sonar signals[2&], seismic 

signals[26], and for the estimation of target range and azimuth in array pro­

cessing^]. The definition of the WD has also been extended to cover non- 

stationary harmonizable random slgnals[28]. This was used then to partition 

random signals into locally stationary &egments[29,30] and to classify such sig­

nals according to the degree of non-stationarity[31]. Detection of modulated 

signals with a specific variation of instantaneous frequency with time has been 

performed in the WD domain and proven to be optimal[32-34]. Synthesis of a 

signal from its WD has been also achieved[35,36], which makes possible time-
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varying filtering and separation of multi-component signals in the tlme- 

frequency plane[37]. Claims have been raised tha t the WD Is also a better 

speech analysis tool than the short-time Fourier transform, in the sense tha t It 

better represents the transient behavior of this signal [38].

Unlike the WD, the AF has been widely used for over three decades and 

has reached level of maturity in a variety of applications where it is now rou­

tinely applied. The AF reflects inherent time and frequency correlation 

characteristics of the signal. That makes it suitable for use in detection and 

estimation of radar and sonar signals, especially in high-resolutlon applica­

tions. In this respect, the AF has been widely used to design, evaluate and 

compare the performance of various radar signals like chirp, uniform pulse 

trains, pseudo-noise sequences, Barker codes, phase-reversal codes, polyphase 

codes, and complementary signals[15,16]. It has become a standard tool of the 

radar system analysts and designers. Moreover, it has found use in spread- 

spectrum communications[39] and in modeling of time-varying and multipath 

communication channels[40]. In radio astronomy and geophysics it has been 

used for exploration of the surface of the heavenly bodies and Earth[42,43]. 

More recently, the AF has found application in the analysis of optical sys­

te m s^ ]  and optical pattern recognition[20,24,45,49].
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Chapter 3 

C haracterisation of U ltrasonic Transducers

1. Introduction

The Wigner distribution (WD) [1*4] provides a mean to analyze the spec­

tral and temporal characteristics of linear systems in general. This approach 

to the linear system analysis reveals in detail how an impulse response is dis­

tributed in the time-frequency domain. Indeed, the value of the WD at a 

given time and frequency can be heuristically related to the signal energy at 

that time and frequency. Here, the WD is used to study the impulse response 

of medical ultrasonic transducers. It provides a characterization of ultrasonic 

transducers tha t goes well beyond the conventional measures such as the 

bandwidth and the ring-down (settling) time.

Plots of the WD in the time-frequency plane show the delay and spread of 

each spectral component of the impulse response; they reveal how the instan­

taneous frequency and bandwidth vary over the pulse length. These plots 

display the information contained in the transducers phase-frequency transfer 

function in the time domain where It can be directly interpreted. If the phase 

variation in an incident acoustic signal Is to be accurately transduced Into the 

electrical output, a transducer should have a constant delay and uniform tem­

poral spread over its entire bandwidth. Typically, this Is a requirement in 

medical ultrasound applications, where the phase of the echo Is sometimes 

used for the determination of the tissue characteristics.

The method of analysis is illustrated using both the simulated and the 

measured transducer impulse responses. The WD captures all the relevant

23
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information about these impulse responses in a single time-frequency plane pic­

ture - both for quantitative calculation and qualitative apperception.

In this chaptert the basic properties of the WD, tha t make It useful for 

characterization of linear systems, are discussed. To demonstrate its utility, 

the WD based analyses of simulated impulse responses of ultrasonic transduc­

ers were performed and related to their physical characteristics. The WD’s of 

experimentally measured Impulse responses were calculated and used to evalu­

ate several commercial transducers. It Is shown that the Wigner distribution 

provides a convenient and complete slngle-plot characterization of the trans­

ducer filtering action.

3. The W lgner D istribution of Band-Pass Signals

The Wigner distribution VVX (i , / )  Is a quadratic transformation of a one­

dimensional signal x(t). It is defined as [1]

-  J  i ( !+ r /2 )  * * (t—r/2) r » V r
—OO

-  /  X {f+ v /2 ) X * {J -v /2 )  ei%wi¥du  (1)
—00

where X ( f )  is the Fourier transform (FT) of x(<).

The discrete approximation to the WD may be obtained from the signal 

oversampled by a factor of two through the following sequence of steps [1,2]:

(1) the signal is shifted in one, while its complex conjugate is shifted in the 

opposite direction by an equal amount, and their products are formed for 

all possible shifts;

(2) for every value of the time index, the FT of the product is determined 

with respect to the shift index, and the result is multiplied by two.
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Following is a brief review of the WD properties! 1,2]. The WD is real, 

and for a real signal, it is an even function of frequency. In the time domain, 

the WD has the same support as the signal, and in the frequency domain It 

has the support of the FT of the signal. Figure 1 shows both perspective and 

contour plots of the WD of the complex analytic signal corresponding to a 

Gaussian radio-frequency pulse. Since the analytic signal spectrum is zero for 

negative frequencies, its WD, having the same support, vanishes there also. 

Hence, only positive frequencies are depicted. For convenience, therefore, the 

remaining WD plots will be for the analytic signals corresponding to the given 

real s ig h  ts.

The volume under the WD is equal to the signal energy. Projection of the 

WD on the time axis Is equal to the squared magnitude (instantaneous power) 

of the signal:

(2)
—oo

The energy density spectrum can be obtained from the Wlgner distribution as 

its projection onto the frequency axis:

7 ~\XUV (3)
— OO

Equations (2) and (3) define the marginals of the WD. The group delay and 

the instantaneous frequency of the signal can be recovered from the WD. The 

first local moment in the time variable gives the group delay as

7  t
r , U )  W

The instantaneous frequency, meaningfully defined only for the analytic signal
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associated with a real bandpass signal, is the first local moment in the fre­

quency variable of the WD of tha t analytic signal:

oo
/ /  t , / w

-00 -  MO (*)

For an illustration of the properties described by Eqs. (2) • (5), refer to Figures

4.b and 4.c that display the marginals and moments of the WD shown on Fig­

ure 4.d.

Because of these properties, the WD Is sometimes loosely called the 

"energy density" of the signal in the time-frequency plane. However, since the 

WD can have negative values, its interpretation as the pointwise energy den­

sity is inappropriate. A properly-weighted integral of the WD over a Heisen­

berg cell (A /A t—1/4*, where A/  and At are rms widths in frequency and 

time of the weighting function) gives the signal energy in tha t cell [3|. Only in 

tha t sense the WD can be interpreted as the distribution of signal energy in 

the time-frequency plane.

As a bilinear signal representation, the WD exhibits cross-term effects[4]. 

For a signal tha t has two components spaced apart in the time-frequency 

plane, the Wigner distribution will contain positive auto-terms and an oscilla­

tory cross-term that introduces negative values. The interfering oscillation 

will always be in the middle between the two auto-terms and perpendicular to 

a line drawn between their centers. The "spatial frequency" of these oscilla­

tions will be proportional to the spacing of these auto-terms. Two signals are 

disjoint if their WD supports do not overlap. However, the cross-term of dis­

joint signals gives zero contribution when averaged over the Heisenberg cell[4]. 

These effects are illustrated In Figure 2 , where the WD perspective and con­

tour plots for a signal composed of two complex Gaussian radio-frequency
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pulses of different carrier frequencies are shown. One can observe the cross- 

term that oscillates from positive to negative values with relatively high “spa­

tial frequency". In Figure 3, the pulses are closer, the cross-term partially 

overlaps the auto-terms, and the number of peaks and dips is smaller. If 

many components are present in the signal, there will be Interfering cross- 

terms between each pair of corresponding auto-terms, and the WD picture will 

become obscure. However, for a signal with only a few components, the WD 

plot may be used for easy simultaneous visualization of such signal properties 

as the width in frequency, the group delay, the spread in time of different fre­

quency components, the instantaneous frequency, and the energy concentra­

tion in the time-frequency plane.

There are several other relevant properties of the WD. For example, 

shifting the signal in time (or, equivalently, introducing a phase-shift in the f- 

domain) causes identical displacement of its WD in the time direction. Modu­

lation of the signal by exp(/27raf) (or, equivalently, a shift in the f-domain by

a) results in a displacement a  of the WD in the frequency direction. Shifting 

in time followed by a modulation produces the corresponding displacements of 

the WD in the time and frequency direction. Multiplication of two signals in 

the time domain yields a one-dimensional convolution of their WD's in the fre­

quency direction. The time convolution of two signals results in a one­

dimensional convolution of their WD’s in the time direction. This property 

makes the WD useful In the analysis of linear, time-invariant systems. The 

plot of the WD of the impulse response clearly characterizes the filtering 

action of the system. It identifies, in a qualitative manner, how much the indi­

vidual frequency components of the input signal will be attenuated, delayed 

and spread in time. This time-spread information is not available in any other 

commonly used characterizations of linear, time-invariant systems. It is this
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F igure  3. WD perspective and contour plots for two Gaussian pulses spaced 

apart In time and frequency. The oscillatory region In the middle Illustrates 

the effect of Interfering cross-terms.
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F igu re  S. WD perspective and contour plots for two Gaussian pulses that are 

close In time and frequency. Notice how the croes-terms and auto-terms over­

lap obscuring the essential simplicity of the signal.
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property tha t makes the WD especially convenient for characterization of 

ultrasonic transducers as linear filters.

3. Transducer Simulations

This section presents a WD analysis of simulated transducer impulse 

responses. The examples will show how the WD graphically depicts the essen­

tial features of the behavior of ultrasonic transducers. The simulations were 

done with an equivalent circuit implementation^,6] of the one-dimensional 

Mason model for a piezoelectric transducer [7]. This implementation, an 

enhancement of the one developed at Stanford University [8,0], allows the 

specification of a complex transducer design, including electrical and mechani­

cal losses in the piezoelectric, lossy matching layers, an electrical matching cir­

cuit, etc. Moreover, the impulse response can be optimized by varying the 

matching network components and the thickness and the impedance of the 

acoustic matching layers. All computer simulations used a nominal center fre­

quency of 2.25 MHz and the piezoelectric materials parameters for the lead 

zirconate titanate PZT5A.

Figure 4.a shows the tlme-domain Impulse response of a transducer with a 

quarter-wave thick matching layer whose acoustic impedance is chosen accord­

ing to the cube-root rule[10] (cube of the matching layer acoustic impedance is 

equal to the product of the acoustic impedance of the transducer and the 

square of the acoustic load Impedance). No electric matching network is intro­

duced although the echo is band limited to twice the center frequency. This is 

a reasonable, though clearly not optimal, design; it is a "strawman" for con­

trasting improved designs. Figure 4.d shows the WD of this signal. Squared 

envelope and instantaneous frequency of this impulse response waveform are 

shown in Figure 4 .b, and its spectrum and group delay In Figure 4.c. The
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F igure 4. Analysis of the simulated Impulse response of s  transducer with a 

quarter-wave acoustical matching layer but no electric matching: (a) the time 

domain signal, (b) Its envelope and instantaneous frequency, (c) Its spectrum 

and group delay, and (d) a contour plot of Its WD.
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essential features of this impulse response are immediately apparent. Namely, 

while ail the frequencies within the transducer bandwidth appear with the 

same initial delay, the low frequencies alone persist producing the long ring- 

down time. The persistence of the lower frequencies causes a shift in the 

instantaneous frequency - or chirp - over the duration of the pulse. Both 

aspects can be extracted separately from the frequency dependence of the 

group delay and from the time dependence of the instantaneous frequency, 

shown in Figures 4 .b and 4.c. However, the WD plot thrusts them forward In 

a single picture. In addition, this plot displays how individual frequency com­

ponents In the ultrasonic echo are distorted in passing through the transducer. 

None of the conventional characterizations describes the spreading of Indivi­

dual frequency components in transmission through the linear system, as the 

WD does. The transducer acts as a filter, and plot in Figure 4.d implies that, 

in both transmission and reception, the low-frequency components of the ultra­

sonic signal are delayed and spread more than the medium- and high- 

frequency ones. These are significant aspects of a transducer’s performance, 

since such a transducer can Introduce spurious frequency modulation in a med­

ical ultrasound echo.

Figure 5.a shows the Wlgner domain response of the same transducer 

incorporating, however, an optimized electrical matching network. This plot 

shows at a glance the improved performance. The bandwidth is wider, the 

pulse shortened and the chirp negligible. One salient feature of quarter-wave 

matching layers becomes prominent: they match optimally only at the center 

frequency. The high and low frequencies are spread more in time due to the 

"ears" shown in Figure &.a. Optimizing the thickness and acoustic Impedance 

of the matching layer will eliminate those "ears." Figure 5.b shows the 

impulse response from just such a fully optimized transducer. The Wlgner
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F lgur*  5. Contour plots of the WD'i of simulated transducer impulse 

responses: (a) air-backed, quarter wave acoustic matching and optimised elec­

tric matching, (b) alr^backed, optimised acoustic and electric matching, (c) 

matched backing, optimised acoustic and electric matching.
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plot shows a nearly Gausslan-pulse character: symmetric In both time and 

frequency and compact in the time-frequency domain. Further improvement, 

broader bandwidth and shorter ring down, can be achieved - at the expense of 

sensitivity - by introducing a heavy backing. Figure 5.c shows how the 

response is stretched in frequency and squeezed in time for a fully optimized 

transducer with a matched backing. The area the signal occupies in the 

time-frequency domain cannot be reduced appreciably, but it can be squeezed 

into a different shape.

These examples show how the essential features of a transducer design 

can be perceived In a single WD plot of the Impulse response.

4. Transducer M easurements

This section presents a WD analysis of three 3.5 MHz single-element com­

mercial transducers. Their impulse response was measured in a water tank by 

recording the echo off a steel block in the focal plane. The transducers were 

driven with a Metrotek MP203 pulser which, when loaded with a 50 ohm resis­

tor, produced voltage spikes whose amplitude spectrum was flat to within 1 

dB up to 10 MHz. A Metrotek MR 101 Receiver followed by a Metrotek 

MG701 Gate passed the echo to an HP5180A Waveform Recorder where it was 

digitized at 20 MHz sampling frequency.

Figures 6.a and 6.b show the WD of the impulse response for two highly 

sensitive transducers. According to the manufacturer, these transducers 

represent single and double matching layer designs, respectively. In Figure

6.a, the single matching layer design exhibits the characteristic Hears" seen In 

the simulation of a quarter-wave matched transducer above (Figure 5.a). In 

this case, however, the low frequencies are spread even more in time, produc­

ing a distinctive chirp over the pulse length. The WD of the two matching
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layer design (Figure 6 .b) is much broader In frequency and somewhat narrower 

in time. Again we see the low frequencies are delayed and spread out into a 

tail which introduces a significant chirp over the pulse length. The tilted 

orientation of the Wigner density in the time-frequency plane explains why the 

ring-down time of this transducer is almost as long as the ring-down time in 

the previous example, even though its bandwidth Is much wider. Such tilts in 

the WD reveal a transducer which does not make optimal use of its bandwidth 

to produce shorter pulses.

Figure O.c shows the time-frequency plot of a much less sensitive trans­

ducer; this suggests that the transducer has a backing tha t introduces damp­

ing. In this case, the bandwidth is large and the characteristic "ears" of 

quarter-wave matching appear - but are balanced in duration. This pulse 

exhibits negligible chirp.

In these three cases we see how the WD of the transducer’s impulse 

response captures graphically the interrelationship between the frequency- 

dependent delay and time-dependent Instantaneous frequency. In particular, a 

frequency dependence in the time-delay or time-spread modifies the evolution 

of the instantaneous frequency of the ultrasonic echo. A transducer should 

have a constant delay and uniform temporal spread over its entire bandwidth, 

if the phase variation information In an Incident acoustic signal Is to be accu­

rately transduced into the electrical output.

5. Conclusions

The WD of a transducer’s impulse response shows the essential transducer 

performance characteristics - and their interrelationships - In a single plot. It 

also provides additional information tha t is unavailable In more common char­

acterizations - the spreading of individual frequency components of the signal
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as it passes through the transducer. Therefore, the WD is a useful tool for 

characterization and evaluation of ultrasonic transducers. More generally, this 

is also true for any linear shift-invariant system.
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Chapter 4

Scale-Invariant W igner D istribution  
and A m biguity Functions

1. Introduction

The conventional Wigner distribution (WD) and the ambiguity function 

(AF) belong to a class of two-dimensional (2-D) representations of one- 

dimensional signals. These 2-D functions encode Important physical informa­

tion about the signal. Since WD's projection on the frequency axis is the 

energy spectrum and its projection on the spatial (or time) axis is the local (or 

instantaneous) power of the signal[1,2], the WD may be viewed as a local fre­

quency spectrum of the signal. On the other hand, the AF is a correlation 

function in Doppler and space (or time) shifts[3]. The two representations are 

not independent; they form a 2-D Fourier transform pair[l]. Both signal 

descriptions have a number of optical Implementations (see Ref.4 for refer­

ences).

An essential feature of these representations is their invariance to  shifts 

in the signal. This property makes them appropriate for analysis and process­

ing of signals in linear shift-invariant systems. However, there are many linear 

shift-variant optical and electronic systems with scale-invariance rather than 

shlft-lnvariance as a desired property. Such systems, for example, are of 

interest whenever the detection or estimation of signals of unknown size has to 

be performed. In these applications, It is required tha t linear scaling of input 

signals has either no effect at all on the processing output, or gives rise to a 

shift in the processing output, or results In a linear scaling of th a t output. 

Inputs and outputs of such systems are often related through integral

41
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transformations of the so called scale-convolution or scale-correlation type. 

An appropriate tool for the analysis of such systems Is the Mellln transform 

which in this case plays the same role as does the Fourier transform in the 

case of linear shift-invariant systems[5]. A number of applications of scale- 

invariant signal processing techniques have been reported: in the restoration of 

images with spatially-variant degradations^,7], in spectral anatyBis(8] and sig­

nal recovery[9], in the deformation Invariant and scale-independent pattern 

re cognition [10-12], in Doppler signal processing[13], in signal detection and esti- 

mation[l4], in speech analysis[l5], and in speech bandwidth compression and 

word recognltlon[16}.

New two-dimensional signal representations are proposed here to  extend 

the utility of WD and AF to scale-invariant systems. It Is expected that these 

signal processing tools will open new possibilities for scale-invariant processing 

and characterization of not only one-dimensional but also two-dimensional sig­

nals and systems. The definition and the properties of the Mellin transform 

are reviewed in Section 2. This transform plays the central role because of its 

scale-invariant properties. In Sections 3 and 4, the scale-invariant Wigner dis­

tribution (SIWD) and the ambiguity function (SIAF) are defined, their proper­

ties are discussed, and the relationship between the two Is revealed. The two 

representations are related to two-dimensional signals and systems in Sect. 5. 

It is shown how a two-dimensional system with circular symmetry and with a 

point-spread function which is a function of the radial variable only, can be 

characterized with SIWD and SIAF. Also, the two-dimensional signals that 

are separable into a product of radial and angular components can be 

analyzed via SIWD and SIAF in the radial direction and via WD and AF In 

the angular direction. This is shown to be true even in the general case using 

the circular harmonic expansion of a two-dimensional signal. Following this
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discussion, optical implementations of SIWD and SIAF are proposed in Sect. 6, 

and a number of examples are given in Sect. 7. Finally, in Sect. 8, the impli­

cations of scale-invarlance of these representations are summarised and are 

related to potential applications.

2. The Mellin Transform (MT)

For the given signal f(x), existing on the positive real axis x>0, the Mellin 

transform is defined as[l7,18]

F[p)  - 7  / ( * ) * '* '  dx (1)
0

where p is a complex variable taking values from the region of convergence of 

the above integral. This transform has recently received attention in optics 

mainly because of its scale-invariant properties[6-14]. Its inverse is found to 

be[l7,18]

,  c+y«
/(* )  -  -537 /  F ( r ) x - ’ ip  (2)

ilr i  C - j O O

where c is chosen so tha t the line of integration lies in the region of conver­

gence of the Integral (1) in the complex p-plane. Properties of this transform 

pair are well documented in the !lterature[17,18].

For the purposes of the present discussion, however, it is advantageous to 

consider a Mellin transform evaluated on the imaginary axis p — >«:

£ ( « ) - ( 3 )  
0

/(* )  -  j :  1  5 * )  *  « )
"00

This form of the Mellin transform pair will exist if the integral (1) exists and

the imaginary axis is in its region of convergence. If the change of variables
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x —e* is made in (3), it follows tha t the Mellin transform of the imaginary 

argument equals the Fourier transform of the distorted function /(«*):

B>) ~  7  / ( « ')  *  “  r {/(«*)} (5)
—00

Therefore, the integral (3) will exist and the integral (4) will converge in the 

least square sense if f ( e {) is square-integrable, or, alternatively, if

J W 7 < »  (*)
0 x

It will be assumed In the rest of this chapter tha t these conditions are true for 

all signals of Interest, and the terms Mellin transform (MT) and Inverse Mellin 

transform will refer to Eqs. (3) and (4).

Many of the properties of the Mellin transform of imaginary argument fol­

low from the orthogonality relations of Its kernels[17,18]:

jfx ’2wtx - ’ 2**-ldx  -  6(s -<t) (7)
o

7  -  5(x-7) (8)
—o o

Some basic properties of the MT, defined in Eq. (3), will be outlined here for 

reference purposes. The ’Parseval relation’ for the MT is

7  / i(*)/»*(*)-t  -  7  « * ) £ *  (»)
0  *  - o o

Signal scaling results in a phase shift in the MT domain:

, ( * ) - / ( « )  —  g » )  -  « '*"£ [« ) (io)

Complex modulation of the signal causes a shift in the MT domain:

,(* )  -  x->2n/ ( x )  —  g « ) - f ( .- H T )  ( i i)
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Complex conjugation and change of sign have the following effects:

/ ' ( * )  ** ? ( - • )  (i*)
/(* -‘) -  5 -») (13)
/ ' ( * - ' )  -  / ( . )  (14)

If f(x) is real, then / ( * ) - / ( - « ) .  If # « )  is real, then / #( * W  (*“ ')• The MT 

of the product of signals is the linear convolution of individual MT’s:

( x ) / 2(s) «-► G(a) - £ { « )  * £ ( « )  (15)

where * denotes convolution. The following property Is very useful for the 

analysis of scale invariant systems. It states tha t the scale convolution of two 

signals, defined as

*(*) -  ■  / i(x ) ®  /*(*) (1®)
o V

has MT equal to the product of Individual MT’s:

g . ) - £ ( * ) £ ( . )  (17)

There are many problems in physics and engineering where the scale convolu­

tion integral (16) appears, and in such cases MT is an appropriate tool for 

their solution[l7,18|.

The next property finds its application in scale-invariant pattern recogni­

tion. The MT of the scale correlation of two signals, defined as

-  //■ (* ) /,* ( * / i ) - r  ■  (,8 >0 x

is equal to

3»(*) -  £ (« )  £ '( • )  (i«)

The MT of the scale autocorrelation function, ^ i( s ) ,  is called the Mellin 

"power" spectrum[8].
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S. Scale-Invariant Wlgner Distribution

The auto-Wigner distribution W j(x ,u ) is a quadratic transformation that 

is invariant to shifts in space and spatial frequency of a one-dimensional signal 

/ (x). This is a direct consequence of its definition

Wr (x,n) -  /

-  (SO)

where F(u)  Is the Fourier transform (FT) of f (x):

/ ' ( « ) -  7 /(*)e"-'*w ,d j (21)
—oo

The WD is obtained through the following sequence of steps:

(1) the signal is shifted in one, while its complex conjugate is shifted in the 

opposite direction by an equal amount, and their products are formed for 

all possible shifts;

(2) for every value of the spatial variable, the FT of the product Is deter­

mined with respect to the shift variable.

It is the shift, performed in the first step, tha t causes the WD to be shift- 

invariant. Therefore, to construct a SIWD, in the first step, a scaling rather 

than a shifting operation should be performed. In the second step, the FT 

should be replaced by the MT. Consequently, the cross-SIWD of two signals 

/lW *  fdix ) ^  defined as:

MfoOr,«) -  / / i(V/2x ) / a Yf^ wt“ 1 d 7 (22)
o

With the change of variable 7—ex, an expression Involving the FT is obtained: 

N W * ,* )-  7 / , ( ^ * ) / 2' ( e- ^ ) e- ^ X  (23)
—OO
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where X is an exponential scaling variable. Therefore, the SIWD can be 

obtained if the shifting and the Fourier transform in the aforementioned two- 

step procedure, are replaced by the linear scaling and the MT (as in (22)), or 

by the exponential scaling and the FT (as In (23)). With the help of the ortho­

gonality relations for the MT kernels Eqs. (7) and (8), an alternative expres­

sion for the SIWD may be derived:

» « (* .* )  -  7 f i ( * + f  )* '• " < < ' < « )

This equation Is analogous to the second part of (20) with the kernel of the 

inverse FT replaced by the kernel of the inverse MT.

Using the definition of the scale-1 nvariant WD, the properties of the MT, 

and the ortnogonallty relationships for the kernels of the MT, the following 

SIWD properties can be derived:

1) The scale-invariant auto-WD is real. For a real signal, it is also an even 

function of s. Moreover,

(25)

2) SIWD Is bilinear. Namely, if

ff(x) -  / i ( x ) + /2(x), h{x) -  / 3(x)+/<(x)

then

-  ffis+WU+Nfc+Mk (*«)

3) In the x-domain, scale-invariant WD has the same support as the signal,

and in the s-domaln, the same support as the MT of the signal.

4) Scaling in space (or, equivalently, phase-shlft in s-domnin) of both signals

causes the same scaling of W in the space dimension. That is, if
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* ( * ) - /  i(«^ar), h { x ) - f 2{e*x)

or, equivalently,

g.) -  g.) -
then

!& (*.*) "  (27)

5) Modulation in space by xj2ror (or, equivalently, shift in the s-domain by 

a) of both signals results in the shift of H^in the s-dlrection by a . That 

is, if

*(x) -

or, equivalently,

G ( . ) - £ ( * - a ) ,

then

!& (*.*) -  (28)

6) Scaling followed by modulation produces corresponding scaling of Hfin 

space and shift in s-domain. If

g{x) -  x i t n S x{t*x), h(x) — x i2 n f  2{ ^ x )

then

W,k{x,s) -  W ^ e ^ s - a )  (29)

7) Taking the inverse Fourier transform of (23), or inverse MT of (22), and 

changing variables yields

OO

/ i( * i) /a ( * a )  -  /  M52(V*i*2*«)e>2”
—OO

~  /  Wn ( ^ / x lx7,8){xl/ x 2y 2wtda (30)
—00
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For * 1™x2—x:

/i(* ) /a (* )  -  /  WSa(*,»)* (31)
—OO

In the case of the scale-invariant auto-WD this reduces to

\ f  (XH2 -  I  Wf(x >•)<*•- (32)
—OO

Eq. (32) can be used to extract the signal envelope. Integrating this 

expression over x yields the signal energy:

OO OO o o

E  -  J |/ ( x ) |2<(x -  /  /  Wf(x,s)d9 dx (33)
0 0— oo

If, on the other hand, i | « r ,  x3—l:

/ . ( * ) / ,* ( ! ) -  7 ^ ( V ^ , . (34)
— OO

Eq. (34) allows the signal f  \{x) to be recovered within a complex non-zero 

multiplying constant from its scale-invariant WD at “S/x  using the inverse 

MT.

8) Applying MT on (24) and changing variables produces

£(* ■)£'(»,) -  7 (36)
o £

If «3—«, then

£ ( » ) £ * ( • ) - 7 * * W * .* )T L (33)0 x

Expression on the left side of this equation is the MT of one form of the 

scale correlation function, Eq.(18). The Mellin spectrum, i.e. MT of the

scale autocorrelation function, can be obtained from the scale-invariant
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auto-WD as:

I5*)l!l-/>&(*.» Hr (w)
0 x

Setting s 2̂ )  an inversion formula for the MT of the signal can be 

derived:

£ (« )£ T (0 )- /H 5 2( * ,f ) * ‘ ,'2’*", <fa (38)
0 z

9) Scale convolution In x-domain results in one-dimensional scale convolution 

of VVs in the direction of x axis. Let

*(*) ■* ! f  \(v)f A *h)^*-m /lOO ® f M  (30)
o y

* ( * )  "  / / a ( » ) / 4 ( * / » ) - * -  “  f M  ®  / M  ( 4 0 )
o *

Then

!£ * ( * .• )  -  /  ■  ILiaC*.*) W&4(*»•) (41)
o y

10) Multiplication in x-domain yields one-dimensional linear convolution of 

Wa in the direction of s axis. If

g{x) - / , ( * )  / 2(;r), h{x) -  f  3{x) f  4(i )

then

00

W^*(a:,*) — /  HJ2(x,<r)H^(*,«-(r)</cr* MfcC*,*) *, !& (*.«) (42)
—oo

11) The first local moment of scale-invariant auto-WD in the s variable is

00/ sWf{x,8)ds
-oo (4 3 )

/  WJ(x,s)da
—00
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where / '(x )  la the first derivative of /(x ) . If f(x) Is analytic signal, Eq. 

(43) may be used to recover the local spatial frequency of the signal at a 

point.

4. Scale-Invariant Am biguity Function

The radar ambiguity function (AF) Is a correlation function In space shift 

and spatial frequency shift. It is defined in its symmetrical form[3] as:

Since shifts in space and spatial frequency introduce only an additional phase 

factor in A^(f?,0» the magnitude of the AF is shift-invariant. For the cross- 

AF, shifting of one signal with respect to the other results in a displacement of 

the correlation peak in t},£ plane by the amount equal to the shifts. However, 

the shape of the magnitude of the cross-AF remains invariant. The AF is 

obtained through a sequence of similar steps as the WD. The only difference is 

tha t the FT of the product Is performed with respect to the reference rather 

than the shift coordinate. The SIAF can be constructed by transforming the 

cross-product, used in the definition of the SIWD, with respect to the reference 

coordinate x. The MT as in Eq. (22) must be used, since x is a linear and not 

an exponential argument of / .  Hence, the croos-SIAF Is defined as

Al2(cr,X) -  / /  t(ex/ax ) / 2' (e_x/2x)x~;2" _1 dx (45)
o

This expression can be transformed, by a change of variables i - c * ,  into a 

more suitable form

—00
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The following alternative representation of the SIAF, tha t also relies on the 

use of FT, may be obtained:

-  7 5('+ f (47)
—OO *

From the orthogonality relationships for kernels of the MT and of the FT, and 

from the definitions of the SIWD and of the SIAF, it follows tha t these new 

functions are related as

00 00

Aj2(<7,X) — f  f  WL2{x i*)e*2*it*x~*2w~1dx da 
—oo 0

-  7 7 *  (48)
— 00—00

and

00 00

Wl2(x,e) -  /  }  (40)
— 00—00

-  7  7  rfx (so)
- 00-00

Therefore, and Wj^e***) represent a two-dimensional FT pair, while

A12(ovX) and Wj2(z,«) constitute mixed two-dimensional transform pair with 

MT as the mapping between z  and <r axis and Fourier transform as the map­

ping between X and a axis.

From the definition of the scale-invariant AF, the properties of the MT, 

and from the Eqs. (7) and (8), it follows:

1) The magnitude of the scale-invariant auto-AF is symmetric with respect 

to the origin. Moreover,

M Ajjjf—o',—X) (51)
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2) Ai2 is bilinear. Namely, if

?(*) "  /i(* )+ /a (* )*  W*) -  /sOO+AOO

then

dr* “  dl3+dl4+d»3+d24 (®®)

3) Scaling in space (or, equivalently, phase-shlft in s-domain) of both signals

introduces only a phase factor Into A  . The magnitude of A  is Invariant 

to this scaling. If

p(*) - / i ( e Mx)f h { x ) - f 2{e*x)

or, equivalently,

g . )  -  « * )  -

then

4,,(<t,X) -  e>a-"*41I(<rtX) (S3)

If one signal is scaled with respect to the other, a phase factor is intro­

duced and the correlation peak is shifted In the X direction by a propor­

tional amount:

9{*) -  / i ( « ',*)t
A,*(<r,X) -  e ^ A ^ X + z i )  (54)

4) Modulation in space by x ^ na (or, equivalently, shift in the s-domain by

a) of both signals results in an additional phase factor only. If

g{z) -  *^*” / |(* ) , h{x) -  z*2w* f 2{x)

or, equivalently,

then
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d ,.to> 0  -  (m )

Hence, magnitude of the scale-invariant AF is invariant to shifts in the s- 

domain. If, however, only one signal is modulated, a phase factor is

created and the correlation peak Is shifted In the <r direction by a propor­

tional amount:

j(a?) -  xj2waf x{x), A(x) -  /,(* )
Aft (o,\) — e- ; *XaA12(<7—o,X) (5ft)

5) Scaling, followed by modulation, of both signals produces composite phase 

factor in A, while magnitude remains invariant:

, ( * )  -  x 's~ / i (« '* ) , A(x) -
4,*(<r,X) -  (57)

If only one of the signals is scaled and modulated, a composite phase fac­

tor is generated. In this case the correlation peak Is displaced ofF both 

axis:

g{x) -  A(*) -  f t i* )
Agh (<r,X) -  t  ̂ <f'‘“XaU 12(<r-a;,X+/i) (58)

Eq. (58) demonstrates the scale invariance property of the newly defined 

SIAF.

6) Performing the inverse MT of (45), and changing variables yields:

/ i(*i) / j (*j ) -  /  (59)
-oo 2

For x ^ x ^ x :

/ l ( a ) /J (x )  -  /  Ai2(<r,C)xJ,wd<r (80)
—00

In the case of the scale-invariant auto-AD this reduces to
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I / M ’ -  7  M a>°)*i ’' da  <“ )
“ 00

Eq. (01) can be used to extract the signal envelope. On the other hand, if 

Zi*«x, z3—l:

/i(* )/» (» ) -  7  A„(<r,to*)* '"<(<r (#2)
—00

Eq. (02) allows the signal / i ( z )  to be recovered within complex non-zero

multiplying constant from its scale-invariant AF at lnz using the inverse

MT.

7) Applying the Fourier transform to Eq. (47) and changing variables pro­

duces

£(*i)£‘(*a) "  7  (83)
—OO

If then

S(*)£'(•) -  7  Ai,(0.X)e->*'*xrfX (84)
—oo

The function A|<t(0,\) represents another form of the scale correlation 

function between f  \{x) and /a(x). It is related to  the product on the left 

side through the Fourier transform[8]:

4u(°.x) -  7 /i(«7 *)/i(«’ T* )-r  -  7 / 1 (*)/i(«“‘* )-r  (86)o * o 1

The change of variables may be used to transform the first form of 

the scale correlation, Eq. (18), into the second form, Eq (65). The Mellin 

spectrum is the Fourier transform of the scale autocorrelation function 

defined as above [8):



IfK'H2 -  /  4 ,(o,x)«-'"*k<<x (##)
—OO

Setting «!*>«, <2̂ )  an inversion formula for the MT of the signal can be 

derived:

£ I(»)fi*(0) -  7  (#7)
—OO

8) Scale convolution in x-domain results In a one-dimensional linear convolu­

tion of A s  in the direction of X-axis. Let

f  (*) -  J 7 i(» )/*(*/» ■  f i (* )  ®  /a(*) t®8)
o V

*(*) “  //* (» ) /< (* /» )“ ?■ ■  /*(*) ®  /<(*) (®9)o V

then

00

ff)rf 17 m  A|3(<r,X) *x 4m(o;X) (70)
—00

0) Multiplication In x-domain yields one-dlmenslonal linear convolution of A*s 

in the direction of the a  axis. If

ff(x) -  /ifx )  / 3(x), A(x) -  / 3(x) / 4(x)

then

00

4f*(°r*̂ ) “  /  ■  d ia (^x) *1 (71)
—00

10) Let the squared magnitude of the auto-SIAF be called scale-invariant 

ambiguity surface (S1AS). The SIAS peaks at the origin:

l4 »(«vX)|a < 4?,(0,0) (72)

where
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0 x -oo

11) The products of the cross-SIAF’s are related through the two-dimensional 

Fourier transform:

00 oo
/  !  4uK,irtd£K.<fl (74)

Two special cases of this relationship are of Interest. If / j (x )“ /a(*) and 

/ 2(x )« /4(x), it follows that the 2-D Fourier transform of the magnitude 

of the crosa-SIAF equals the product of the individual auto-SIAF’s:

OO 0 0

1 1  (75)

In addition, the SIAS is its own 2-D Fourier transform. This follows if 

/j(ar)—f 2{x) is put in the equation above.

00 oo
I  1 | - 14,(6*]* (75)

—00—00

From the property 10 and Eq. (76), the volume under the SIAS Is

OO 0 0

/  /  |4 l .(»A)|S<*Xrftr -  I4i.(0^j)|* -  [ / |/ , ( * ) |a- ^ ] s -  ( /  |S(-)|*«t.|a (77)
-00—00 0 * —00

12) The property that the SIAS Is Its own 2-D Fourier transform, Eq. (76), 

imposes a constraint on the distribution of the volume under the SIAS in 

the cr and X directions. The marginal distribution In the indirection of 

the volume under the SIAS is determined by the values of the SIAS on the 

X-axis, and, from the property 7, tha t means by the shape of the Mellin 

spectrum.

7 -  7 l4n(°'X)|2e'2’k'<,X (73)
— 0 0  — OO
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Similarly, the marginal distribution in the X-dlrectlon of the volume under 

the SIAS Is determined by the values of the SIAS on the <*axis, and, from 

the property 6, that means by the shape of the signal envelope.

7  l4ll(<7-X)|lrfX -  7 |4n(0,X*V,'X’<<X (79)
—00 —oo

The last two equations imply that, if the SIAS central peak is squeezed 

along the <7 axis, the volume under the SIAS must spread out In the X 

direction, and vice versa.

5. Two-Dimensional Signals and System s

In principle, one may define four-dimensional scale-invariant WD and AF 

as generalizations of Eqs. (22) and (46), and then derive their analogous sets of 

properties. However, in this chapter, attention will be focused on SIWD and 

SLAF as defined above. Although they are two-dimensional representations of 

one-dimensional signals, they could be useful for the analysis and characteriza­

tion of some two-dimensional signals and systems such as the signals and sys­

tems with circular symmetry. The point-spread function of such systems is a 

function of radial variable only. If the input to such a system has circular 

symmetry so does its output. It may be shown that these systems are scale- 

invarlant[18,10]. Therefore, scale-invariant analysis and characterization of 

these one-dimensional functions can be performed via SIWD and SIAF.

For example, consider the projection of a circularly symmetric signal 

/( r ,0 )—/ ( r ) a t angle 4>. Because of circular symmetry, the projection doesn’t 

vary with <f>. The collection of these projections for all values of <f> is the 

Radon transform of f(r ,6 )—f(r ) .  It Is, in this case, Independent of <f> and it is 

equal to the Abel transform of f(r) denoted as f^ {p )  (18). The Abel transform 

is defined as a scale convolution type Integral[18]. Therefore, the SIWD (or
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SIAF) of f  a (p) can be obtained through the one-dimensional scale-convolution 

of the SIWD (SIAF) of the transform kernel with the SIWD (SIAF) of f(r) 

according to Eq. (41) (Eq. (70)).

As another example, consider a general two dimensional signal as a func­

tion of polar coordinates, /(r,0 ). In this case, based on the discussion above, 

it seems natural to define a four-dimensional WD or AF by taking the MT in 

the radial direction and the Fourier transform in the angular direction:

OOjff
W,(rA>,*) -  dai-,(90)

0 0 £ * 
oo2ir

A f {<r&\ot) -  f f f ( c x/3r,$ + ■ £ ) / ?L)T- d O d r  (81) 
0 0 2  2

where angular addition Is modulo-2*r. If the signal is separable into radial and 

angular components, i.e.

/ ( r , 0 ) - « ( r ) ¥ ( * )  (82)

then the particular mixed four-dimensional WD and AF, defined above, also 

separate Into products of two-dimensional SIWD with WD (see Eq. (80)) and 

two-dimensional SIAF with AF (see Eq. (81))

Wf {rA»,<t>) -  i£ ( r ,s )  W ,(M ) (83)
-  A,(ff,X) A*(0,a) (84)

Hence, the separable signals, Eq. (82), can be analyzed in the radial direction

via SIWD and SIAF, and in the angular direction via WD and AF.

In a more general case, /  (r,0) can always be expanded as a sum of circu­

lar harmonic separable functions[19):

/(*»*) -  /(*■ cos0,r sintf) -  £  a ^ r ) ^ *  (85)

The mixed four-dimensional WD (or AF) of /( r ,0 )  in this case decomposes into
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a sum of four-dimensional auto-WD’s and croes-WD’s (auto-AF’s and cross- 

AF’s) of individual expansion terms:

H>(r S  £  W ^ K W ) (86)
■a-sdk>-«o

A f { a , ^ \ a )  -  2  £  (87)
m— oo*—oo

Here, V V ^fr^s,^) and A nk(cr}ifa\at) are four-dimensional cross-WD and cross- 

AF relating n-th and k-th terms in the expansion (85). As in (83) and (84), 

each of the elements In sums (86) and (87), however, Is separable.

SIWD’s (or SIAF’s) of the Inputs and outputs of various two-dimensional 

systems can be also related using the properties given in Sec. 3 (or Sec. 4). 

For example, the output of the two-dimensional Fourier transformer admits 

the circular harmonic expansion[10]:

F (u tv) — F(u> cost/,0/sinf/) “  2  ®im(ar) (88)
MB—00

where the output expansion coefficients o„b(cj) are n-th order Hankel

transforms of the Input expansion coefficients aM(r). The four-dimension a I WD

of F (u ,v) is the sum of the auto-terms and the cross-terms of the form (86). 

Each of the terms in this sum is separable, as in (S3), into a product of a 

radial SIWD and an angular WD. The n-th order Hankel transform is an 

example of the Mellin-type scale convolution. Hence, using the property (41), 

each SIWD term in the output four-dimensional WD can be related to its 

corresponding SIWD term in the input four-dimensional WD. Corresponding 

statements can be made about SIAF terms in the Input and output mixed 

four-dimenslonal AF.

Similarly, the output //? (p ,4>) of the Radon transformer admits a circular 

harmonic expanslon[20]:
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fn(p*4) -  E  «o .(p) **** (*®)
»—oo

where the output expansion coefficients cQn(p) are Gegenbauer transforms of 

the input expansion coefficients a„ ( r ). The four-dimensional WD of f  r (p ,<j>) is 

the sum of the auto-terms and the cross-terms in the form of (86). Each of the 

terms in this sum is separable, as In (83), into a product of a radial SIWD and 

an angular WD. Since the Gegenbauer transform[20] is another example of 

the Me 11 in-type scale convolution, the input SIWD terms and the output SIWD 

terms can be related using the corresponding property (41).

The scale convolution appears also in some imaging systems that suffer 

from shift-variant distortions like coma aberrations and tilt of the imaging 

plane out of focal plane for a cylindrical lens system[6|. The SIWD’s and 

SIAF’s of Inputs and outputs In such systems can also be related In a manner 

outlined above.

6. Optical Implementation

There are many optical implementations of the WD and the AF (see Bef.4 

for references), geometric optical transform ations^ ,22] and the MT[23-2&]. 

These realizations may be used as building blocks for the optical implementa­

tion of the SIWD and SIAF.

A convenient way of producing the SIWD Is based on Eq.(23). The reali­

zation Is illustrated on Fig. 1. The signals are first subjected to  logarithmic 

coordinate transformation, then the WD of such pre-dlstorted signals Is gen­

erated, and finally the post-dlstortlon by exponential transformation of spatial 

(time) coordinate of WD Is performed.

The optical realization of the SIAF, Illustrated on Fig. 2 and based on 

Eq.(46), is even simpler. Logarithmic coordinate transformation is first
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performed on the signals, followed by generation of the optical ambiguity func­

tion of the pre-diatorted signal.

7. Numerical Examples

In the examples tha t follow, numerical evaluations of SIWD an SIAF were 

based on Eqs. (23) and (46) to take advantage of the fast algorithms for the 

Fourier transform calculation. Necessary coordinate transformations were 

done using the standard cubic spline interpolation. The fast Fourier transform 

was used to generate the WD and the AF. Resulting SIWD and SIAF for a 

sinusoid signal modulated by the Gaussian pulse and for a rectangular chirp 

signal are presented In Figs. 3 and 4. In each case, for comparison, both the 

WD and the AF of the signal are also given. Figs. 3.a and 4.a show the input 

signals, Figs. 3.b and 4.b show the corresponding WD’s, and in Figs. 3.c and

4.c the SIWD’s are depicted. The AF's of these signals are presented on Figs.

3.d and 4.d, and their SIAF’s on 3.e and 4.e. In these examples, one can 

observe tha t the space (time) - bandwidth product Is larger In the domains of 

scale-invariant representations. However, this is not true In general. For 

example, If the frequency of the chirp is decreasing instead, the space (time) - 

bandwidth products would be reduced in the domains of scale-invariant 

representations. These effects can be used advantageously In radar, spread 

spectrum communication and pattern recognition systems.

8. Discussion and Conclusion

Performance of shift-invariant signal processing systems is known to 

deteriorate rapidly with small scale changes of the signal being processed. 

Many problems of this type have been resolved by the nonlinear (logarithmic) 

coordinate transformation followed by linear shift-invariant processing, or by 

use of the scale invariant linear integral transformation (MT)[6-14j. The
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Figure 1 Block diagram of an optical realisation of SIWD.
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Flgura 3 Block diagram of an optical realisation of SIAF.
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1? «— 0 (7 4— 0

Figure S (a) Gaussian RF chirp signal, (b) Conventional WD. (c) Scale- 

invariant WD. (d) Conventional AF. (e) Scale-invariant AF.
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0 0

0

Figure 4 (•) Rectangular RF chirp signal, (b) Conventional WD. (c) 

Scale-invariant WD. (d) Conventional AF. (e) Scale-invariant AF.
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SIWD and S1AF could be used a t least In those scale-invariant applications 

tha t correspond to shift-invariant applications In which WD and AF are used.

The Wlgner distribution has been applied to analysis and characterisation 

of space (time) Invariant electronic and optical syBtems[2,26-28]. It has been 

also used for shift-invariant parameter estimation and feature extraction [26- 

28]. Similarly, scale-invariant WD may be used for analysis and characteriza­

tion of space variant, scale invariant systems like interpolators, declinators 

and magnifiers. Its immunity to scale changes in the signal should make it 

useful for a range of parameter estimation and feature extraction problems 

tha t have not been tackled before. Applications of the ambiguity function 

have been mainly in the radar and communication signal processing and 

design, and also in pattern recognition. Since Doppler frequency shifts are 

equivalent to signal scaling, scale-invariant processing preserves Doppler 

invariance(l3]. This Implies tha t scale-invariant ambiguity function should be 

useful in radar and communications, e.g. for the synthesis and optimal pro­

cessing of non-linear spread spectrum codes [13] that are created by coordinate 

transformation of linear codes. Scale independent pattern recognition is 

another possible application of SIAF.
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Chapter 5

O uter Product Expansion o f Tim e-Frequency 
Signal R epresentations

1. Introduction

Among bilinear joint time-frequency representations of finite energy sig­

nals and harmonizable random signals the Wlgner distribution (WD) is optimal 

in many respects[1-5].The following problems are encountered in applica­

tions^]: WD sensitivity to noise, abundance of redundant information in the 

WD (like undesirable interfering cross-terms In the WD of multicomponent sig­

nals), and smearing caused by the use of windows for signals of long duration.

Any square-integrable function of two variables, regarded as the kernel of 

on an integral operator on Hilbert spaces, Is determined by its singular 

system[7-0]. This system Is defined by three sets: the set of singular values, 

and two sets of corresponding biorthogonal singular functions. In this chapter, 

an outer product expansion of the WD in terms of its singular values and 

singular functions is proposed. Its use to alleviate aforementioned problems is 

illustrated by examples with synthetic and experimental data. The 

corresponding expansion of the ambiguity function has the same expansion 

coefficients and most of the discussion is directly applicable there.

The Wlgner distribution W§( t J )  of a finite-energy signal «(f)» tha t has 

the Fourier transform (FT) £ ( /) ,  is defined as [1]

**•(*>/) *  /  «(*+r/ 2) *#( t—̂ r/2) e " ; l*/ f rfr
—OO

-  /  S(/+1//2) S* (f —u/2) e>2*tvd v  (1)
— OO
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In applications of the WD several problems are encountered. First, there 

is a lot of redundancy in the WD since It Is a 2-D representation of a 1-D sig­

nal. In order to use the WD successfully tn applications like pattern recogni­

tion and signal detection, it would be desirable to find a data reduction 

method for the WD. Secondly, for many applications, such as parameter esti­

mation, the noise sensitivity of the WD should be reduced. Because the WD is 

a quadratic signal representation, the WD of a signal contaminated by noise 

will contain two noise-induced components. One of them, the quadratic noise 

component, Is uncorrelated with signal. The other, linear noise component, is 

correlated with the signal. Therefore, dependence of the signal-to-nolse ratio 

(SNR) in the WD on Input SNR exhibits a threshold effect: for high Input SNR 

it is linear, for low input SNR it is quadratic. In the case of multicomponent 

signals, the presence of oscillatory cross-terms caused by the bilinear nature of 

the WD may obscure the picture of auto-terms. This may prohibit successful 

use of the WD with multicomponent signals of complex structure. Two tech­

niques have been presented so far tha t address the last two problems(5,ft]. 

One possibility [5] Is to smooth the WD independently in time and frequency 

direction by windowing. The other[6] Is to  perform 2-D filtering of the WD 

relying on the separability of the auto-terms and the cross-terms in the ambi­

guity function domain. However, both methods fail to successfully suppress 

cross-terms from closely spaced signal components. By 2-D smearing of the 

WD, they also introduce distortion tha t limits their noise suppression 

effectiveness.

To address these issues, an outer product expansion, based on the singu­

lar value decomposition (SVD) of the Wlgner distribution, will be used. This is 

an application of the basic idea from the theory of Hilbert spaces tha t allows 

the use of the SVD as a series expansion of compact, non-normal
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operators[7,8]. This expansion has found many different applications in sci­

ence and engineering. One of the earliest was In the analysis of Integral equa­

tions with general, non-symmetric kernets|9]. The well-known special cases are 

the Karhunen-Loeve expansion [10] and the expansion of time- and band- 

limited signals in terms of prolate spheroidal wave functions(ll). Another 

important application Is In solution of over-determined, under-determined or 

ill-conditioned systems of linear equations[12,13]. More recently, SVD has been 

used In image processing for data compression and restoration of images[14], in 

non-Hnear spectral estimation for noise suppresslon[l5,10], and in signal extra­

polation [17].

2. Outer Product Expansion - Continuous Case

Any square integrable function of two variables, such as the Wlgner dis­

tribution or ambiguity function, can be expanded into a series of outer pro­

ducts. Many such expansions are possibte, but the most interesting are the 

ones that provide acceptable approximation with a minimum number of 

expansion terms. The Hilbert space theory provides the most general frame­

work to study this problem.

Let K (x,y)  be a function tha t belongs to the Hilbert space of square 

integrable functions, K (x ,y )€L 2[RXR),  where R  is the set of real numbers. 

Let the sets {</>,(i)}  and {V’j(y)} be two orthonormal bases of the Hilbert 

space L 2{R). Consider a problem of finding a series expansion for A(x,ir) in 

terms of these orthonormal bases

* (* .» ) -  (2) 
' i

Here, equality means "almost everywhere" (everywhere, except possibly on a 

set of measure zero) and the series Is mean convergent (L2-norm tends to
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zero). The expansion coefficients are bilinear forms

00 00

a0 -{Ktyrfi}  -  /  # ( * )  /  A:(*,y)^y(r)rfy 4x (3)
— OO — 0 0

In this equation, angle brackets denote the Inner product and Krp denotes the 

Integral transform:

6 { x ) -  ° jK { x rVm V)dy mKif> (4)
—00

K (x,y )  is the kernel of the linear operator K  and /ft(jr,y)—/if*(y,x) is its 

adjoint.

The Hilbert space L 2{R) is separable and, therefore, Its orthonormal 

bases and the corresponding matrix of coefficients a,-y are countably infinite. 

Depending on the choice of the bases, this matrix can have different forms. 

The most interesting is a particular choice of the bases {^, } and {rpj} that will 

produce the diagonal coefficient matrix.

To find such bases, consider the two compositions of kernel K (x,y )  and 

its adjoint AT*(:r,y) that define Integral operators KK^ and K ^K t respectively:

/  “  */(*»*') (3)
—00

/  /n» ,* )#(»,»')<** ■ ^r(y.v') («)
—oo

These two kernels, and K r, are non-negative definite and Hermitlan. As 

such, they have full sets of eigenvalues and associated orthonormal eigenfunc­

tions^]. It can be shown (see Ref. [0]) tha t the eigenvalues of kernels and 

K r are identical (and non-negative):

K rt+ i(x) -  ofa,(*), i - 1  oo (7)
7ftK>l(» )-< r1ty>i(»), i- l , . . . ,  oo (S)
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white their eigenfunctions < ,̂(x) and tfy(y) are blorthogonal with respect to K

K $ i  -  K*4>i «■ (0)

The eigenfunctions <£, and are the singular functions of K ( x , y )  belonging to 

the singular value cr,. The set );<rf} is the singular system of

K(x,y).  The elements of this set are indexed In such an order that the singu­

lar values in the sequence {<r, } are non-increasing.

Substituting from Eq. (0), into E<p. (3) and (2), an outer product 

expansion in terms of the singular system of K ( x fy) t with diagonal coefficient 

matrix, is obtained as

* (* ,* ) -  £<r,-*#(*W(ir) {10)
1 - 1

The equality above means "almost everywhere" and the series is mean conver­

gent. Moreover, the squared £ 3-norm of K ( x , y )  is equal to the sum of the 

squared singular values:

II * ( * , , )  IP -  £ 0 ? ( l i)
l- l

The best least squares approximation of K ( x , y )  by the kernel of the finite 

rank n is [0]

* . ( * . » ) -  (12)
1-1

with the least squares error

II K ( x , y )  -  K , ( x , y )  IP — £  a? (13)
I—II+ 1

The outer product expansion (12) is the optimum one, in a sense that, for a 

prescribed approximation error, it requires the minimum number of expansion 

terms[0]. Any integral transform with K(x,y)  or its adjoint as the kernel can
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also be expanded in terms of the singular system For every

p(x) -  Ka -  /  /f(x,y)s{y)djf -  (14)
—OO 1 — 1

f(y) -  k H  -  /  /ic*(y,x)6(j)dx -  £ 0 i(M ,)0 ,(* )  (15)
-O O  1 - 1

Also, for every / ,6 € £ 2(f?)»

(K,i , * ) - £ » , < « , V>,)<*,,») (1#)
1 - 1

If !f(x,y) is a continuous function, the convergence in Eqs. (10), (14), (15) and

(16) is uniform and absolute.

3. O uter Product Expansion o f the Sam pled W lgner D istribution

As a square-integrable function of two variables, the WD admits expan­

sion (10) in the series of outer products of Its singular functions weighted by 

corresponding singular values o’,. Since the WD is real-valued, so are its 

singular functions. Moreover, the marginals and local moments of WD, being 

integral transforms with WD as a kernel, have orthonormal expansions in 

terms of one or the other set of singular functions, as in (14) and (15). In most 

practical cases, however, one deals with discrete approximations to the WD. 

Therefore, the optimum outer product expansion of the WD will be given, in 

this section, in the framework of finite-dimensional vector spaces.

In order to numerically evaluate the WD, the signal has to be sampled 

and, If necessary, time-limited. From N data samples a discrete approxima­

tion to the WD of the continuous signal can be calculated in one of the several 

ways[l,4,18]. One of the procedures most often used for this, achieves compu­

tational efficiency through the use of the FFT but also requires either over­
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sampling by a factor of 2 or use of analytic signal to  avoid allaslng[l]. How­

ever, regardless of the method used, the result is an N X M  matrix W  of sam­

ples of the continuous WD. In the discrete case, the singular system Is gen­

erated by the singular value decomposition of this matrix of the WD 

samples[12-14). Singular functions are replaced by singular vectors, outer pro­

ducts in the expansion are unit rank matrices, the number of terms in the 

expansions Is finite, and there are no convergence problems. Then, the singu­

lar system {u, ,v, ;(T, } of the WD matrix Is defined by

where IIWIIjp is the Frobenius matrix norm. As a consequence of the proper- 

ties of the WD, the volume under the surface that corresponds to a particular 

expansion term is equal to the signal energy contained in tha t term. The frac­

tion of signal energy contained in i-th term is denoted The best least 

squares approximation of W by the matrix of the lower rank K <  N is

(17)
(18) 
(18)

The SVD of the discrete WD Is

(20)

(21)

with least squares error

II W -  wK III -  £  o f (22)
i-JT+1

In addition, the linear transformations, with W  or W T as the transformation 

matrices, admit expansions as
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P "  w* -  (23)
i- i

, - W Tb -  E <r,(«,r  »)», (24)
1 -1

a T W Tb -  E<T,.(or  v,X«,r *) (26)
i- i

The proposed expansion, Eq. (20), can also be regarded as a non-linear 

and non-unitary transformation of the signal, with {a,} as Its generalized 

"spectrum". The singular value (s.v.) spectrum {<r,} exhibits several Interest­

ing properties. If T(6) and £(£) are essential time- and band-llmlt of the sig­

nal defined so tha t only S fraction of Its energy lies outside, the essential 

dimensionality of this signal Is 2T{8)B{8) [II]. In the processing of synthetic 

noiseless monocomponent signals, It has been observed that with 

K(S) »  2 T(S) B(6) in Eq. (21), the fractional approximation error is A ft* 26. 

For example, chirped raised-coslne pulse, shown in Fig. l.a , has TB  — 4 with 

6 — 0.01. Contour plot of the WD of this signal is depicted on Fig. l.b, and its 

singular values on Fig. I.e. For this signal K  — 8, and error In the approxima­

tion (21) Is 2%. The dependence of the singular value spectrum on the time- 

bandwidth product of the signal is displayed on Fig. 2 for TB  ™ I, 4, 6, 17. 

Observe how the s.v. spectrum spreads with increase in the tlme-bandwldth 

product of the signal. It is also noticeable tha t the number of significant, 

non-zero singular values tha t determines the width of the s.v. spectrum Is 

equal to signal dimensionality 2TB. The exact shape of the s.v. spectra Is 

dependent on the actual frequency vs. time dependence within the signal.

Permutations of rows and columns or unitary transformations of W  lead 

to similarity transformations of W W T and W T W, Consequently, the s.v.’s of 

W  remain the same. The s.v.'s of W  are Invariant to time and frequency

shifts of the signal since these correspond to permutations of rows and columns
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F igu re  1. Chirped RF raised cosine pulse (TB — 4) - (a) waveform, (b) WD 

contour plot, (c) WD’s singular values.
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(a)

(b)

(c)

(d)

F ig u re  3. waveforms and s.v. spectra for chirped RF raised cosine pulses of 

different chirp rate - (a) TB — 1, (b) TB — 4, (c) TB ■■ 6, (d) TB »  17.
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Figure S. Waveform* and a.v. spectra for chirped RF raised cosine pulses of 

different central frequencies and delays with the same chirp rate, TB — 4.



82

- Jp, —  -

iii........

1 Hi11**...............

-jf-— 4" llllllllllHl.......... _ _ .......

l l l l l i l l l l i u n i i i H u ^ ......

F igu re  4. Waveforms and s.v. spectra for different multicomponent signals. 

Individual components have identical chirp rate and TB «  4.
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of W. This is demonstrated in Fig. 3, where four signals with the same time- 

bandwidth product (TB  “  4} but with different central frequency and position 

in time are shown to have Identical s.v. spectra. The ambiguity function has 

the same s.v.'s as Its 2-D Fourier transform, the WD. Other time-frequency 

signal representations tha t can be obtained from the WD by unitary transform 

mations (such as the Rihaczek distribution) possess the same s.v.’s also.

For a multicomponent signal, containing M similar components displaced 

in the time-frequency plane, the s.v. spectrum changes as a function of the 

number of components and their spacing. Fig. 4 illustrates this effect. Each 

component of the signals in the Figure has TB  ■■ 4. Notice how the width of 

the s.v. spectrum Increases and Its shape changes as the number of com­

ponents is Increased. Also, with the same number of components, the width 

and shape of the spectrum depend on the spacing between the components in 

time-frequency plane.

The singular value spectrum has a high data reduction potential. It 

encodes the following signal features: time-bandwidth product, frequency vs. 

time dependence, number of signal components and their spacing. The spec­

trum is invariant to shifts of the signal in time and frequency. It can be 

obtained by SVD either from the Wlgner distribution (which Is real-valued), 

from the ambiguity function (which is complex-valued), or from any other 

time-frequency representation that is related to  WD and AF through a unitary 

transformation (such as the Rihaczek distribution). Consequently, the s.v. 

spectrum seems to be well suited for pattern recognition and signal detection 

tasks. This fact will be demonstrated in subsequent Chapters. In the next 

section, the potential of the SVD for noise and interference suppression in the 

Wigner distribution are explored.
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4. Enhancem ent o f the W inner D istribution

The SVD may be used to suppress noise In the WD without smearing it In 

any direction, thus preserving its resolution. As an example, consider a signal 

of very low dimensionality, such as the Gaussian high frequency pulse shown 

In Fig. &a. The WD of this signal is shown in Fig. 6b and its s.v. spectrum in 

Fig. 5c. When the same signal is corrupted by noise, SN R —6dB, as shown in 

Fig. 6a, its WD and s.v. spectrum are perturbed as displayed in Figs. 6b and 

6c. The amount of noise in the WD is proportional to the noise energy and 

hence to the observation time. The noise contributions, having larger tlme- 

bandwidth product than the signal, are distributed over the larger number of 

expansion terms than those of the signal. Consequently, by proper truncation 

of the outer product expansion (20), most of the signal contributions will be 

retained, while a significant fraction of the noise contributions will be rejected. 

From the s.v. spectrum shown in Fig. 5c, we see tha t it is sufficient, in this 

example, to take only the first expansion term as an approximation of the sig­

nal WD. Comparing Fig. fid with Fig. 6b (ignore the change of scale), the 

strong noise suppression effect is noticeable. However, for a signal with larger 

time-bandwldth product this noise suppression gain is smaller. In such a case, 

the fraction of expansion terms tha* has to be retained is larger, and so Is the 

amount of noise. As a rule, the smaller the dimensionality of the signal com­

pared to the dimensionality of the noise tha t falls in the observation interval, 

the greater the noise reduction potential of this technique. If the number of 

terms retained after truncation is less than the signal dimensionality, even 

better noise suppression can be achieved a t the expense of some WD distor­

tion. The amount of distortion is proportional to the least squares error (see 

Eq. (22)).



85

(a)

(b)

<7,

(c)

F igu re  S. Gaussian RF pulse - (») waveform, (b) WD perspective plot, (c) s.v. 

spectrum.
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(a)

(b)

(c)

....................

(d)

F igure  6. Gaussian RF pulse In noise (S/N — MB) - (a) waveform, (b) WD

perspective plot, (c) s.v. spectrum, (d) enhanced WD.
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The same method may be applied to improve estimates of various signal 

characteristics that may be obtained from the WD. For example, the squared 

envelope of the signal and its energy density spectrum, being simple integral 

transformations of the WD of the signal[l], have series expansions like (23) 

and (24). To reduce noise effects, these expansions can be truncated as 

explained above.

All these observations carry over to the case of multicomponent signals. 

One such signal, tha t in s is ts  of components with low TB product, Is depicted 

on Fig. 7.a. It is an experimentally measured series of ultrasonic echoes in 

noise, SNR^l& dB. They were obtained with broadband, Gausslan-like RF 

driving pulse of 77? <1. The singular value spectrum of the measured signal is 

shown in Fig. 7b. Perspective plot of the WD of this signal is shown on Fig. 

8.a, together with the first five outer product expansion terms. There are four 

echoes in the signal on Fig 7.a, so the WD Is reconstructed with K "*4 as the 

truncation point, and the result is presented on Fig. 8.b. Observe how the 

noise is almost completely suppressed, and the complex structure of the WD of 

the multicomponent signal is clearly visible. The signal envelope estimate 

from the WD on Fig. 8.a is shown on Fig. O.a, and its improvement obtained 

with truncation at Fig. O.b, However, even more could be done for multicom­

ponent signals to separate auto-terms from cross-terms In the WD. The outer 

products dominated by the auto-terms contain significant fraction of signal 

energy et . Therefore, they are characterized by large <7, and e,. Products 

dominated by the cross-terms exhibit contain very little or no signal energy; 

the corresponding <7, are large and e,- are small. Finally, small <7, and c, 

characterize noise dominated expansion terms. Based on these facts, the 

cross-terms in the WD may be suppressed. Ftg. lO.a shows the distribution of 

energy over the terms of expansion (20) for the signal In Fig. 7a. Notice that
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(a)

Figure 7. Series of ultrasonic echoes in noise - (a) waveform, (b) s.v. spec­

trum.
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(a)

Cb)

Figure S. WD perspective plots for the signal in Fig. 7.a - (a) outer product 

expansion, (b) enhanced WD.



TIME

(b)

TIME

F igure  0. Envelope estimates for the signal In Fig. 7.a - (a) from the original 

WD on Fig. 8.at (b) from the enhanced WD on Fig. 8.b.
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F igu re  10. (e) Distribution of energy over the expftnslon terms, (b) Restored 

WD auto-terms only.
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the autoterm s are mostly concentrated in the first term of the expansion. 

Using this as the criterion for the truncation of the outer product expansion of 

the WD, cross-terms were suppressed as shown on Fig. lO.b.

We see that the suppression of both noise and Interfering cross-terms Is 

possible using the SVD of the Wigner distribution. The resulting enhancement 

of the Wigner distribution may be Important In situations where a signal has 

wide dynamic range and low level components in Its Wigner distribution are 

corrupted by noise.

5. Conclusions

The proposed outer product expansion of the WD has high data compres­

sion and interference suppression potential, especially for low tlme-bandwidth 

signals. Examples involving synthetic and experimental data in noise demon­

strate possible enhancement of WD by the proposed method which makes vari­

ous post-processing techniques potentially more effective. For example, 

improved estimates of signal parameters can be obtained from the enhanced 

WD. Also, better performance signal detection and recognition in WD domain 

is possible.
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Chapter 0 

Two-Dimensional Shape Description

1. Introduction

Object classification and recognition are among the most fundamental 

and important problems in computer vision. The significance of shape for 

object recognition by a human visual system is well understood. Shape is 

Invariant to many variations in the imaging process, such as the changes in 

lighting conditions, the dynamic range, the signal to noise ratio, the sensor 

resolution, the detector sensitivity, etc. The problem of shape description, in 

addition to scene analysis for computer vision, also arises in cell classification 

in biology and medicine, in chromosome classification in genetics, in the 

Interpretation of X-ray images in radiology, in radar and sonar target 

identification, etc, (1-10],

In image analysis, for the purpose of classification, an object's boundary 

extracted from the image represents the shape of the object. Boundary data 

compression is achieved through the extraction of geometrically Invariant 

features tha t are used as shape descriptors. A variety of such shape descrip­

tion techniques are available for object classification and recognition [1,2]. 

They can be called either external, if they rely on local boundary followers 

that trace the boundary only, or internal, if they rely on global boundary fol­

lowers tha t also examine the interior. Alternatively, classification into either 

scalar transform or space domain techniques Is possible. The former produce 

an array of scalar features used as an Input to statistical pattern classifiers, 

while the latter transform an image into another Image to be used as an input 

to subsequent syntactic pattern classifiers. Depending on whether It is possible

05
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to reconstruct the boundary from the descriptors or not, the distinction can be 

made between information preserving and non-preserving techniques.

Shape descriptors must be invariant to scaling, to rotation, to translation 

of the boundary, to change of the starting point and to the direction of boun­

dary tracing. Recognition of both the similarities and the differences between 

shapes should be facilitated. Significant dimensionality reduction, equivalent 

to data compression, should be achieved. Descriptors should be sensitive to 

local boundary variations while insensitive to noise and fuzziness in the boun­

dary description.

There are several boundary representations employed with external scalar 

transform techniques. For example, Cartesian coordinates as functions of arc 

length have been suggested[3,4,5|. Other parametrizations, such as local 

tangent angle, cumulative angular bend[6,6], or relative angular bend[7] as 

functions of arc length have been employed also. Alternatively, the curvature 

or the radius of the curvature as functions of arc length have been preferred 

sometlmes[8]. For a restricted class of boundaries, polar coordinates can be 

chosen [0]. More recently, the radius as a function of arc length has been 

used[10|. While some of these representations are Inherently shape Invariant, 

others may require normalization. However, all of the above representations 

are parametrizations of the boundary as a periodic function of single indepen­

dent variable.

Standard scalar transform methods are based either on the method of 

moments[l], or on the Fourier analysis of some function derived from the 

boundary[3-8], or on the circular auto-regressive (CAR) modeling of the boun­

dary [9,10], The major drawback of the moment method Is tha t the first few 

moments carry significant information only for simple but not for more compli­



07

cated objects[l]. The problem with the other two methods Is their relative 

insensitivity to local shape variations[l].

This paper presents a novel shape description method that is based on 

the representation of a boundary in space - spatial frequency domain. It com­

bines two signal processing tools - the Wigner distribution (WD) and the singu­

lar value decomposition (SVD). It is expected that the method will be useful 

in applications where boundaries need to be classified according to their signa­

ture in the space - spatial frequency plane. For shape classification, one of the 

many 1-D representations of the 2-D contours is employed. Boundary features, 

or shape descriptors, are obtained using singular value decomposition of the 

WD. The rationale for this approach lies in the properties of WD singular 

values - they encode certain shape features such as the space-bandwldth pro­

duct, the shape complexity in terms of number of components and their spac­

ing, and the spatial frequency vs. the space dependence. The singular values 

of the boundary WD possess all the properties required of good shape descrip­

tors. To Illustrate the effectiveness of these descriptors in shape classification, 

a number of examples are presented. The proposed method is useful, more 

generally, for robust classification of any 1-D waveforms.

2. Boundary R epresentation In Space - Spatial Frequency Domain

For a case of a periodic function of spatial variable, such as the boundary 

of an object, the boundary WD (BWD) Is defined as

l  * *  .Wj(x,m)  -  - j  J  / ( i+ o /4 ) /  (x -a /1 )  t  s ia ,  0 < * < S  (1)
S  - S / 2

where 5 is the spatial period.

For the numerical evaluation of the BWD, the boundary is sampled at N 

points and N X M  matrix VF(n,m) of BWD samples is obtained as outlined in
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earlier chapters. Because the BWD Is a 2-D representation of a 1-D signal, it 

is a redundant representation. To reduce the BWD redundancy, the SVD is 

used, as explained in Chapter 5:

W (n,m) -  V D V T -  lltVlf* -  (2)
1 - 1  1 - 1

where T denotes a transpose, and D —diag(<Tit<Tit . . . , <rN). The numbers 

• • • >aN are the singular values (s.v.) of the BWD with following pro­

perties (Chapter 5). Permutations of the rows (columns), or unitary transfor­

mations of Wt lead to similarity transformations on W W T and W T W, Con­

sequently, the s.v.'s are invariant to these transformations. The s.v.'s are also 

invariant to spatial shifts of the signal (and also to  spatial frequency shifts of 

the analytic signal) since these shifts correspond to permutations of rows 

(columns) of W. If $  and B  are the essential space- and band-limits of the 

signal defined such tha t only 5 fraction of its energy lies outside, the essential 

dimensionality of this signal is 2BS. For a monocomponent signal, In the 

absence of noise, the number of significant expansion terms tha t contain (1 - 5) 

fraction of the signal energy is approximately equal to the dimensionality of 

the signal K(S) — 25(5)5(5).

As shown In Chapter 5, the s.v.’s of the WD encode certain invariant 

features of the signal such as the space-bandwidth product, the signal com­

plexity in terms of number of components and their spacing, and the spatial 

frequency vs. space dependence. Therefore, the s.v.'s of the BWD are pro­

posed for descriptors of shape.

3. The singular value shape descriptors

Let the boundary be represented by the circular sequence r(n). The 

sequence r (n)  can be any of the various representations for 2-D shape boun­
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daries. We next evaluate Its WD and perform a SVD of the result. The set of 

singular values, thus obtained, represents the desired feature vector that 

describes the boundary shape. We term these singular values as the singular 

value descriptors (s.v.d.’s).

The s.v.d.’s satisfy all shape description requirements. For boundary 

rotation, or for change in the starting point, r(n)  shifts circularly resulting in 

row permutation of the WD matrix. A change of the direction of tracing 

results in a reflection of r (n) which is another row permutation of W.  These 

row permutations do not change the s.v.d.’s. The translation and scaling of 

the image do not change r(n),  and hence the s.v. descriptors are invariant. 

Even if the boundary representation is not scale Invariant, the complexity of 

the signal, the nature of spatial frequency vs. space dependence and the 

space-bandwidth product remain the same, and the s.v.d.’s do not change. 

Therefore, none of the invariance properties of the s.v.d.’s, except translation 

invariance, depend on the particular choice of the boundary representation. 

Since all of the standard representations are translation invariant, any one of 

them can be used to produce a particular set of s.v.d.’s. The number of essen­

tially non-zero s.v.d.'s Is equal to the space-bandwldth product of r (n)  which, 

in general, is not large. In the examples th a t follow, It will be demonstrated 

tha t only a few dominant s.v.d.’s are sufficient for successful shape 

classification. This means that s.v.d.'s achieve a high degree of data compres­

sion. The noise induced perturbations are distributed almost uniformly over 

all s.v.d.’s resulting in a high signal-tonoise ratio for the dominant s.v.d’s (see 

Chapter 5). This property provides for the good noise immunity of these 

descriptors. Using different examples, other properties of s.v.d.’s, such as the 

tolerance to within-class variations, good between-class separation, and a sen­

sitivity to local shape variations will also be demonstrated.
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4. C lassification of shapes

In the examples tha t follow, the boundary Is represented by a 1-D 

sequence of radial distances measured from the centroid to each of N equidis­

tant points on the boundary, r (n)  It can be shown that the circular sequence 

r (n)  is scale, rotation and translation invariant, and provides an unambiguous 

representation of arbitrarily complex boundaries[9-10). It Is rather Insensitive 

to noise. Because of the nonlinear nature of the feature extraction process, 

these properties do not propagate directly Into the s.v.d's. As explained 

above, however, the corresponding s.v.d.’s properties are not Induced by the 

particular choice of boundary representation.

Several examples are used to illustrate the classification potential of the 

s.v. descriptors. In all of the examples, the contours have been hand digitized 

using a digitizing tablet, the samples were interpolated, and then resampled to 

obtain a set of equidistant points. This process introduces a substantial 

amount of boundary noise, or uncertainty. However, it will be seen th a t this 

does not impair the classification performance of the s.v.d.’s.

The contour in Fig l.a  has been geometrically transformed in several 

ways as shown on Figs. i.b, l.c, and l.d. Both the starting point and the 

direction of boundary tracing are indicated on the figures. Boundaries were 

sampled at 128 equidistant points. Fig. 2 shows the resulting representations 

r(n).  Noticeable are the ripples introduced by the digitizing process. The WD 

of the contour in Fig. l.a , and twenty largest s.v. descriptors are displayed In 

Figs. 3.a and 3.b. The relative scatter among the feature vectors, caused by 

the imperfection of digitizing process, Is less then 2% Illustrating the Invari­

ance property of the s.v.d.’s.

In Figure 4. two classes of shapes are presented. A significant degree of



101

OS 15 Z

3Qr

36

0 5  15
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o «  n  uo 0 4)  10 12)

0 40 80 UO 0 40 80 130

F igu re  9. Boundary representation* of shapes on Fig.
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Figur*  S. (a) The WD of the boundary on Fig. 2.a. (b) The singular values 

of the distribution on Fig. 3.a.
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variability exists within each class. The boundaries were sampled at 128 

equidistant points. The largest twenty s.v. descriptors for typical members of 

each class, AO and BO, are shown In Fig. 5.a. Fig. 5.b displays a scatter plot 

of the pairs of dominant s.v.d.’s. Noticeable is the tight clustering of shapes 

within each class and the good separation between the clusters. This demon­

strates the high tolerance to intra-class variability and good Inter-class separa­

bility provided by the s.v.d.'s. Moreover, this result was achieved using only 

two of the largest s.v.d.’s, demonstrating the high data compression property 

of the descriptors.

To show the sensitivity of the s.v.d.'s to local shape variations, even with 

large lntra-class variations, forty hand printed Roman characters B and D, 

collected in Fig. 8, were analyzed. The characters were represented by their 

outer boundary sampled at 32 points. The notch in the boundary of B, 

represents the localized shape variation tha t distinguishes It from the boun­

dary of D. Using four dominant s.v.d.'s as a feature vector, boundaries were 

classified using standard hierarchical clustering based on the simple Euclidean 

distance measure [11]. Fig. 7.a shows the resulting clustering tree. In this 

diagram, the vertical spacing between the nodes indicates the separation 

between the classes. Two well separated clusters are noticeable, one contain­

ing the B’s and the other containing the D’s. As shown on the scattering 

diagram of Fig. 7.b, clear separation exists even if only two dominant s.v.d.'s 

are used.

The digitized boundaries of six aircrafts, displayed In Fig. 8.a, were used 

to show that the s.v.d.’s are also appropriate for complex shapes. The cluster 

ing diagram of Fig. 8.b Is obtained using four largest s.v.d.'s, while Fig. 8.c 

displays the scatter plot of two dominant s.v.d.’s. It Is clear that the s.v.d.’s 

provide high degree of data compression.
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Figure 6. (a) The twenty dominant s.v.d.’* for ahapea AO and BO. (b) Scatter 

plot of the two dominant a.v.d.’a for ahapea In Fig. 4.
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Ftgura 7. (a) The clustering tree obtained using first four s.v.d.’s for letters 

In Fig. 0. (b) Scatter plot of the first two s.v.d.*s for the same letters as In (a).
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with four dominant s.v.d.’s. (c) Scatter plot of the two dominant s.v.d.’s for 

shapes In (a).
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Due to the ordering of the s.v.'s, increasing the number of s.v.d.'s used for 

classification would only improve the resolution of the classifiers in all of the 

above examples. It should be underscored that the above results were 

obtained using a non-optimal classification procedure. Further performance 

improvement can be achieved if more sophisticated, optimal and other sub- 

optimal procedures, are used. For example, the Fukunaga-Koontz or the 

Foley-Sammon transformation of the feature vector can be performed to max­

imize the inter-class separation[12].

5. Conclusions

The singular values of the boundary WD are proposed as shape descrip­

tors. They possess all the shape descriptors properties. The singular values 

are Invariant to all geometrical transformations of shapes normally encoun­

tered during imaging, segmentation and boundary tracing. They provide a 

high degree of data compression and good noise immunity. Small changes in 

the object result in small changes in the descriptors. Tolerance to intra-class 

variations is significant, while good inter-class separability is maintained. The 

singular value descriptors are also sensitive to local shape variations. In spite 

of the increased computational complexity associated with the calculation of 

the WD and the SVD, it is hoped tha t the s.v. descriptors will find applica­

tions in shape classification primarily due to their robustness, high data 

compression and other properties described above. More generally, the singu­

lar values of the WD should also be useful for classification of arbitrary 1-D 

patterns.



I l l

References

1. T. Pavlidls, "A Review of Algorithms for Shape Analysis," Computer 

Graphic* and Image Proceeeing, vol. 7, pp. 243-268, Apr. 1078.

2. T. Pavlidls, "Algorithms for Shape Analysis of Contours and Waveforms," 

IEEE Trane. Pattern Anal. Machine IntcU., vol. PAMI-2, no. 4, pp. 301- 

312, July 1080.

3. G. H. Granlund, "Fourier Preprocessing for Hand Print Character Recog­

nition," IEEE Trane. Comput., vol. C-21, pp. 106-201, Feb. 1072.

4. C. W. Richard and H. Hemaml, "Identification of Three-Dimensional 

Objects Using Fourier Descriptors of the Boundary Curve," IEEE Trane. 

Syet., Man, Cybcrn., vol. SMC-4, pp. 371-378, July 1074.

5. E. Persoon and K. S. Fu, "Shape Discrimination Using Fourier Descrip­

tors,” IEEE Trane. Syet., Man, Cybem., vol. SMC-7, pp. 170-170, March 

1077.

ft. C. T. Zahn and R. Z. Roskles, "Fourier Descriptors for Plane Closed 

Curves," IEEE Trane. Comput., vol. C-21, pp. 260-281, March 1072.

7. A. OHviero and G. Scarpetta, "A New Approach to Contour Coding,"

Computer Graphice and Image Proceeeing, vol. 16, pp. 87-02, Feb. 1081.

8. D. H. Ballard and C. M. Brown, Computer Vieion, Prentice-Hall, Engle­

wood Cliffs, 1082.

0. R. L. Kashyap and R. Chellappa, "Stochastic Models for Closed Boundary 

Analysis: Representation and Reconstruction," IEEE Trane. Inform. 

Theory, vol. IT-27, no. 6, pp. 027-637, Sept. 1081.

10. P. F. Singer and R. Chellappa, "Classification of Boundaries on the Plane 

Using Stochastic Models," Proc. CVPR-8S, pp. 146-147, June 1083.



112

11. K. Fukunaga, Introduction to Statistical Pattern Recognition, Academic 

Press, 1072.

12. D. Casasent and V. Sharma, "Feature extractors for distortion-invariant 

robot vision", Optical Engineering, vol. 23, no. 5, pp. 402-408, Sept./Oct. 

1084.



Chapter 7 

Tissue C haracterisation

1. Introduction

Estimation of the ultrasound attenuation of tissue is an important area 

for research in medical ultrasonics. This tissue parameter, once properly 

measured, promises to be useful for tissue characterization, In general, and for 

discriminating diffuse liver diseases, in particular [1,2]. Many techniques have 

been advanced to determine the tissue attenuation from the echo signal of the 

broadband ultrasonic pulse used In forming conventional medical ultrasonic 

images. In this setting, while the transducer is rotated over a limited angular 

segment, a radio-frequency (KF) ultrasonic pulse is transmitted perlodlcly and 

an echo signal is received. In this way, an area in the tissue can be effectively 

scanned. An echo signal received from a single angular direction during the 

scanning process is called an A-line.

One useful approach to tissue characterization exploits the empirical 

observation tha t ultrasonic attenuation in tissue Increases roughly in propor­

tion to frequency [3,4]. The mean frequency of a broadband pulse steadily 

decreases as the pulse propagates through tissue since its high frequency com­

ponents are attenuated more strongly than its low frequency components. The 

downward shift in mean frequency with depth in a train of ultrasonic echos, 

then, provides a direct measure of the slope of attenuation versus frequency.

In extracting the attenuation from the frequency variation one must take 

into account a number of important physical effects, such as the Initial pulse 

spectrum, the transducer diffraction and the precise form of the frequency 

dependence of the attenuation. However, an accurate estimate of the
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frequency variation with depth is the key element required In this approach. 

The commonly used methods for evaluating this frequency shift require averag­

ing of the estimates from a large number of A-llnes In order to  suppress noise­

like variations in the local frequency caused by Interference effects [4,5]. In 

this chapter, an efficient technique Is presented for the estimation of intrinsic 

frequency variation from an ultrasonic A-ltne with little or no averaging 

between the lines. By identifying echo segments corrupted by interference- 

induced noise, we eliminate the need for averaging large amounts of data. 

These segments are rejected in evaluating the local frequency. The 

identification is achieved using the singular value decomposition (SVD) on the 

Wigner distribution (WD) of the signal. The method essentially performs a 

non-linear filtering of the echo signal to reduce greatly the interference effects 

between overlapping echoes • both the correlated noise, as well as the uncorre­

lated electronic noise. Then, the local frequency Is evaluated both accurately 

(i.e. without bias by noise) and efficiently (t.e. with a small data set). This 

analysis Is carried out on the Wigner tlme-frequency function calculated from 

a segment of echo data. With the help of the singular value decomposition of 

the Wigner distribution, echo segments corrupted by interference and noise are 

rejected. In this way, correlated interference Is suppressed much more 

efficiently than by averaging. This method is then applied on the traditional 

problem of estimating the attenuation slope from the downward shift In mean 

frequency with depth. Analysis of simulated echoes shows tha t accurate esti­

mates can be obtained from a single A-line. Moreover, the correct answer is 

obtained with two orders of magnitude less data than the conventional Fourier 

approach. The resulting savings in data acquisition time and computation 

time are substantial.



3. The SVD of the Ultrasonic Echo's W igner Distribution

Among joint tlme-frequency representations of finite energy signals, 

periodic signals and harmontzable random signals, the Wigner distribution ts 

optimal In many respects(5-7). It encodes important physical Information 

about the signal in the form of a local frequency "spectrum". Ultrasonic echo 

is a bandpass signal. When dealing with such signals, it Is more convenient to 

work with the WD of the corresponding analytic signal.

The WD properties were discussed In earlier chapters. Only the most per­

tinent results will be repeated here. We shall assume th a t the signal Is ana­

lytic. For finite energy signals, the volume under the WD is equal to the signal 

energy or, for finite power signals, to the signal power. Projection of the WD 

on the time axis Is equal to the squared magnitude (instantaneous power) of 

the signal:

7  - W f i 1 a )
—00

The energy density spectrum can be obtained as the projection onto the fre­

quency axis:

]  - m n *  (2)
—oo

The instantaneous frequency, which is meaningfully defined only on the ana­

lytic signal associated with a real bandpass signal, is the first local moment in 

the frequency variable of the WD of that analytic signal:
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For the numerical evaluation of the WD, the signal is sampled. From the 

N data samples, a discrete approximation of the continuous signal WD is cal­

culated. There are several procedures to evaluate sampled WD[8j. Regardless 

of the method used, the result Is an N X M  matrix W(n,m) of WD samples. 

Because the WD is a 2-D representation of a 1-D signal, It Is a redundant 

representation. For the redundancy suppression and the enhancement of the 

WD, the singular value decomposition (SVD), introduced in Chapter 5, can be 

used. With this technique, improved signal parameter estimates are obtained 

from the WD.

In finite dimensional linear spaces, the singular value decomposition is 

essentially a generalization of the eigen-analysis to non-symmetric and even 

non-rectangular matrices. The sampled WD matrix VF(n,m) is an example of 

such a matrix, and Its decomposition, given In Chapter 6, Is:

VF(n,m) -  U D V T -  £ * ,* ,( » Jv/'fm), \\W\P -  (4)
t - i  i - i

where T denotes a transpose, and D  is the diagonal matrix, 

D^diag{<7x,a2, . . . ,crN). The numbers <Ti><t2>  * • * ><r^ are the positive 

square roots of the eigenvalues of the square matrix W W T (and W T W  also), 

and are called the singular values (s.v.) of the matrix W. The columns of U 

(or V) are orthonormal eigenvectors s, (or v,) of W W T (or W T W).  The set 

{u,, v,-; a,} is called the singular system of the matrix W.  The singular vec­

tors ut- are functions of the sampled time variable - n, while v,- are functions of 

the sampled frequency variable - m. As shown In Chapter 5, any linear 

transformation, with W  as the transformation matrix, can be expanded in 

terms of one or the other set of singular vectors. Specifically, the sampled 

squared envelope of the signal, Eq. (1), and the sampled energy density spec­
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trum, Eq. (2), admit orthogonal expansions:

|x(»)|3 -  We -  E<Ti(eTVj)«,(«) (5)
i - i

|A'(m]|2 -  W Te -  S ffi(«r * .K (m ) (®)
i - i

where «™[l 11 ■ ■ ■ l ] r , and expression in parenthesis represents the inner 

product of vectors. Similarly, if p —|0 1 2  3 • • ■ N —l ] i t  follows tha t the 

vector Wp has the expansion

Wp -  E<T,(pT« ,K (n )  (7)
1 - 1

Therefore, sampled instantaneous frequency, Eq. (3), can be expressed as

/.'(») -  /< ^   (8)
E » i(« r <vK(»)
i - i

where f ,  Is the sampling frequency.

It has been shown in Chapter 5 tha t the low order expansion terms carry 

gross information about the signal, while the higher order expansion terms 

reveal the fine structure In the signal. If all but K s.v.'s are close to xero, the 

above expansions (4)-(8) can be truncated to K terms, resulting In the best 

least squares approximation of W  by a matrix of the lower rank K <  N. The 

least squares error is equal to the sum of the squares of the deleted singular 

values. In the presence of noise, we can enhance the Wlgner distribution and

improve signal parameter estimates by properly truncating the expansions In

Eqs. (4)-(8).

As explained in Chapter 5, the s.v. "spectrum" of the Wlgner distribution 

encodes certain invariant features of the signal such as the time-bandwidth
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(TB) product, the signal complexity In terms of the number of components and 

their spacing, and the frequency vs. time dependence. These features In an 

ultrasonic echo reflect the attenuation and the scattering characteristics of the 

medium. Therefore, using the s.v. spectrum it is possible to separate those 

segments of an ultrasonic A-line tha t have stable local frequency (small TB- 

product) from the ones with unstable local frequency variation (targe TB- 

product).

S. Estim ation o f the Frequency Shift in Tissues - the M ethod

To illustrate the idea behind the method, consider the example shown in 

Fig. 1. The signal In Fig. l.a  is composed of four Gaussian RF pulses, two of 

which overlap - a composition similar to a typical ultrasonic A-line segment. 

In constructing this signal, prior to the superposition of pulses, the frequency 

within each pulse Is chirped and the central frequency is shifted down going 

from the first to the last pulse. The resulting built-in frequency trend is indi­

cated in Fig. l.b  by the dotted line. The instantaneous frequency in the com­

posite signal, calculated using Eq. (3), exhibits a different variation with time 

as displayed in Fig. l.b  by the solid line. The transient effects, shown in Fig.

l.b, are a consequence of the phase differences between the adjacent pulses.

We are interested in estimation of the local frequency variation trend, not 

in the transients that obscure it. The standard approach is to extract a signal 

segment by windowing, calculate its Fourier spectrum, and determine the spec­

tra) centroid. This process Is repeated for different positions of the sliding 

window. The shift in the spectral centroid delineates the local frequency vari­

ation trend. Typically, window lengths between one and eight pulse lengths 

are used. However, when the sliding window extracts the two randomly 

spaced overlapping pulses, the mean frequency of the corresponding spectrum
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F igure  l .  (a) Four partially overlapping Gaussian RF pulses, (b) Instantane­

ous frequency (solid tine) and the built-in trend (dashed line) for the signal In 

(a)., (c) Short-time FT centroid estimates (points) and the built-in trend.
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is a random variable. This random variable can significantly deviate from the 

overall trend. Fig. l.c shows the centroid frequency estimates (points), 

obtained with this standard procedure, for three adjacent, non-overiapped 

positions of the 32-point rectangular window. Notice the significant deviation 

from the reference trend (solid tine) a t the middle window position. This 

noise-tike deviation of the centroid frequency results from interference between 

randomly spaced overlapping pulses, and is thus correlated with the signal 

(unlike thermal noise). In the centroid frequency estimation from an ultra­

sonic echo signal, the conventional remedy is to use longer windows for 

smoothing along an A-line, and to average many lines. However, since the 

interference is correlated with the signal, and adjacent lines are correlated 

with each other, effective suppression of this type of noise requires averaging of 

excessive amounts of data. To use independent A-lines only, data should be 

taken from large tissue regions. As a result, genuine differences of trends 

between individual A-llnes, tha t are due to the tissue characteristics, may also 

be averaged out in the process.

A much more efficient approach is to discard the noisy segments using the 

SVD of the WD. We can discriminate the stable from the unstable (noisy) 

local frequency points using the s.v. spectrum. Fig. 2 shows three sets of the 

WD s.v.’s obtained from the same windowed data as used in Fig. I.e. To 

insure tha t the s.v. spectra are insensitive to pulse amplitude variations, prior 

to application of the SVD, the WD's are normalized to unit energy. The first 

window contains an isolated Gaussian RF chirp pulse resulting in the nar­

rowest s.v. spectrum. The second window contains two pulses. Strong tran­

sient effect that exists between the two pulses (see Fig. l.a ) substantially 

increases the TB product of the extracted signal segment. Therefore, Its s.v. 

spectrum is wide. In the last window (see Fig. l.a), there is a slight overlap
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F igu re  2. Singular values of the WD for the first (a), second (b), and third 

(c) 32-polnt segment of the signal In Fig. l.a.
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between the tails of the third and fourth pulse in. Here, the transient effect is 

not as pronounced as in the previous case; as a result, the s.v. spectrum Is only 

slightly differs from the first case. Observe that, the magnitude of the dom­

inant s.v. is low whenever the s.v. spectrum is wide and vice versa. The 

dependence, however, is not exactly inverse proportional. Namely, athough 

the signal energy is normalized, the sum of the s.v.’s need not necessarily be a 

constant.

Notice tha t the data windows characterized by stable local frequency pos­

sess the most compact s.v. spectra with the largest dominant s.v. On the 

other hand, wide s.v. spectra and smaller dominant s.v. imply that the local 

frequency In the data window is unstable. Using this fact we can separate the 

stable from the unstable frequency points. These conclusions remain true even 

in the presence of substantial uncorrelated thermal noise (see Fig. 3). Noise, 

in general, increases the TB-product of the data In the window and perturbs 

the s.v. spectrum (decreasing the dominant s.v.). The dominant s.v.’s have the 

best signal-to-noise ratio, and, therefore, are used for noise and interference 

discrimination.

The centroid frequency, as a gross signal feature, can be estimated using 

the first frequency singular vector as an approximation to the signal spectrum. 

This corresponds to the truncation of the expansion (6) to a single term, K—1. 

Such a sharp truncation of the expansion is acceptable because the TB- 

product of a clean ultrasonic RF pulse is low, and therefore the gross Informa­

tion is contained in the dominant first term while the remaining terms 

represent second order effects.

The following procedure is proposed for estimating the intrinsic frequency 

variation trend. As a first step, the A-line is partitioned into overlapping seg-
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F igu re  3. Singular values of the WD for the first (a), second (b), and .third 

(c) 32-point segment of the signal In Fig. I.a, corrupted by noise, S /N  “  18dB.
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ments using any standard window, e.g. Hamming window. On each data seg­

ment the WD is calculated and normalised. Then, the dominant s.v. of the 

WD and the corresponding frequency singular vector are determined. Data 

segments with stable frequency are identified by comparing their dominant 

singular value to a predetermined threshold. The local frequency is then the 

centroid of the dominant singular vector for each well-behaved data segment. 

The success of this technique is illustrated on the examples in the next section.

4. Frequency Estim ation - Examples

Simulated ultrasonic EF A-lines are used to evaluate the performance of 

the proposed technique and to compare it with the standard, short-time 

Fourier transform based, technique. One such A-line is shown in Fig. 4.a. The 

RF pulse at the beginning of the A-line has 80% relative SdB bandwidth and 

its central frequency is 1/4 of the sampling frequency (relative frequency 

ug- f 0 In all the simulations, the A-line length is 256 wavelengths 

and a linear, 15% downward frequency shift along the A-line is present. 

Reflectors are randomly distributed along the A-llne, resulting in random vari­

ations of the Instantaneous frequency. Fig. 4.b shows the local frequency vari­

ation along the A-llne from Fig. 4.a, estimated with the standard approach 

using 32-point (two pulse lengths) Hamming window with 75% overlap. 

Averaging of the estimates from many A-lines is needed to suppress the sub­

stantial amount of correlated random deviation from the linear trend. For 

comparison, the result obtained with the new method using the same data is 

shown in Fig. 4.c. Hardly any additional averaging is needed in this case.

The result in Fig. 4.c was obtained through the following procedure. We 

have found that half of the pulse length (8 points) is nearly the optimum win­

dow size. An A-line is segmented employing 8-point Hamming window with
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F lg u rs  4. (a) Simulated ultraaonlc A-line, (b) Standard, abort-time Fourier 

transform centroid estimates using 39-point windows with 75% overlap, (c) 

Wlgner distribution based centroid estimates using 8-point windows with 75% 

overlap.
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trend (normalized to the sampling frequency) vs. magnitude of the correspond­

ing dominnnt singular vftlue. (b) Probftbillty density of the linear regression 

reslduftls for short-time Fourier ftnftlysis method (wide spreftd) and for Wlgner 

analysis method (narrow spread).
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75% overlap. The dominant singular value, the corresponding frequency 

singular vector and Its centroid are calculated for each data segment. The 

thrust of the method is that in the data segments characterised with largest 

dominant s.v.’s, the frequency is stable and therefore deviates very little from 

the actual frequency trend. The actual correlation of the frequency error and 

the magnitude of the dominant s.v.’s is shown in Pig. 5.a using the data from 

twelve simulated A-lines. The largest dominant s.v.’s correspond to smallest 

frequency estimation error; the threshold is set as shown in the Figure. By 

selecting only the frequency estimates from the data segments whose dominant 

s.v. is greater than the threshold, the plot shown in Fig. 4.c is obtained. 

Linear regression analysis of the data shown In Fig. 4.c produces a slope esti­

mate deviating only 0.75% from the true value. Clearly, accurate frequency 

estimation on a single A-line is possible with this method.

The improvement over the standard short-time Fourier transform based 

technique becomes obvious when the plots shown in Figs. 4.b and 4.c are com­

pared. To quantity this, the estimates of the frequency estimation error pro­

bability densities for the two methods were obtained as shown In Fig. 5.b. 

The standard error with the conventional approach Is 23 times greater than 

with the new method. This implies that, for the same accuracy, about 500 

times more data needs to be averaged with the standard technique. Strictly 

speaking, this is true only for the data with high signal to noise ratio. How­

ever, this is the case In conventional ultrasonic imaging.

When a substantial amount of white noise is added to  the A-line in Fig.

4.a, so tha t the signal to noise ratio is only 18dB, the performance of both 

methods is Impaired. Local frequency estimates obtained from a single A-llne 

with conventional and WD based techniques are shown in Fig. 5. To compen­

sate for noise effects, some between line averaging in the WD based method
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F igure  5. Results for simulated ultrasonic A-llne In noise, S /N  — 18 dB. (a) 

Standard, short-time Fourier transform centroid estimates using 32-polnt win­

dows with 76% overlap, (b) WD based centroid estimates using 8-point win­

dows with 76% overlap.
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analysis method (wide spread) and for Wlgner analysis method (narrow 

spread), noise added to the signal, S/N  ■■ 18 dB.
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may be needed also. As can be observed In Fig. 7.a, the noise perturbs both 

the s.v.’s and the singular vectors. This affects the ability of the method to 

extract segments with stable frequency and the accuracy of the centroid esti­

mate within each segment. Plots of the frequency estimation error probability 

density (see Fig. 7.b) indicate that the WD based method loses some of its 

advantage over the conventional technique. However, since the standard fre­

quency estimation error is 7 times larger, the WD method requires still about 

50 times less data for the same accuracy. In practice, the signal to noise ratio 

is usually higher than 18dB, and better Improvement is expected.

5. Conclusions

Using the proposed method, accurate estimation of the local frequency 

trend with very little or no between line averaging is possible. Instead of 

brute force averaging, the regions of unstable frequency are identified and dis­

carded by analyzing the singular values of the WD. For simulated ultrasonic 

A-lines, compared to the conventional short-time Fourier transform technique, 

the amount of data required for accurate frequency estimation is reduced by 

about two orders of magnitude. Although the WD based method is more com­

plex, the actual number of computations per line is only somewhat larger since 

substantially shorter data windows are used. Therefore, this approach prom­

ises substantial savings In data acquisition and data processing time for the 

estimation of the attenuation by the frequency-shift method.
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C hapter 8 

Sum m ary and discussion

Focus of this research has been on two generic time-frequency representa­

tions • the Wlgner distribution and the ambiguity function. Two directions 

have been followed. These representations have been redefined to provide for 

scale-invarlance. Properties of the scale-invariant representations have been 

analyzed In detail and shown to be well suited for the scale-invariant process­

ing of signals and analysis of the scale-invariant systems.

The other research avenue focused on the data compression, enhancement 

and applications of the Wlgner distribution in particular, although the discus­

sion is valid more generally. It was shown that the Wlgner distribution pro­

vides Insight into the filtering action of the linear systems th a t is not available 

with conventional approaches. An outer product expansion was proposed and 

used for enhancement of the Wlgner distribution. This provides for improved 

parameter estimation and detection of signals in the time-frequency plane. 

Moreover, it was shown th a t the expansion defines a non-linear, non-unitary 

signal transformation with the generalized Spectrum" of the signal determined 

by the set of expansion coefficients. The "spectrum** properties have been 

correlated with the physical characteristics of the signal. This, then, served as 

a basis for two different applications.

In one, the singular value spectrum was used to identify segments of an 

ultrasonic echo with unstable, noisy frequency, thereby enabling efficient esti­

mation of the frequency shift along the region in the reflecting tissue. This is 

necessary for accurate measurement of the ultrasonic attenuation in tissue - a 

very extensively studied problem, but without much success. Spectrum
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coefficients hsve been also successfully used In another area of signal process* 

ing - image analysis. They provided very good descriptors of shape tha t 

satisfy all standard requirements. Using the simple procedures successful 

classification of planar shapes was achieved.

A variety of applications for the scale-invariant Wlgner distribution and 

ambiguity function remains to be explored. Some of the possibilities are: 

characterization of scale-invariant optical and electronic systems, scale- 

invariant parameter estimation, feature extraction and pattern recognition, 

Doppler processing, and non-linear spectrum spreading.

The transformation of the signal Into Its singular value spectrum seems to 

be a rather powerful tool for variety of signal processing applications. It takes 

advantage of the fact that representation of signals in time-frequency plane 

encodes more explicitly certain signal features, such as its time-bandwidth pro­

duct, the complexity of frequency vs. time variation, and the complexity of sig­

nals in terms of the number of components and their spacing. Possibilities for 

further research seem very open here: in the classification of tissue states 

using ultrasonic echography, in the analysis of underwater acoustic transient 

signals, in speech analysis and recognition, in analysis of electroencephalo- 

graphlc and electromyographic signals, in 2-D shape description and 

classification for image analysis, target identification, biology, robotics, etc.


