==

. I =
::ul:!!ﬁ‘
EEEE

FEEE

{ANSI snd 180 TEST CHART No. 2)

University Microfilms Inc. ]
300 N. Zecb Road, Ann Arbor, M1 48106




INFORMATION TO USERS

This reproduction was made from a copy of a manuscript sent to us for publication
and microfiiming. While the most advanced technology has been used to pho-
tograph and reproduce this manuascript, the quality of the reproduction is heavily
dependent upon the quality of the material submitted. Pages in any manuscript
may have indistinct print. In all cases the best available copy has been filmed.

The following explanation of techniques is provided to help clarify notationa which
may appesar on this reproduction.

1. Manuscripts may not always be compiete. When it is not possibie to obtain
missing pages, a note appears to indicate this.

2. When copyrighted materiale are removed from the manuscript, a note ap-
pears to indicate this.

3. Oversise materials (maps, drawings, and charts) are photographed by sec-
tioning the original, beginning at the upper left hand corner and continu-
ing from left to right in equal sections with small overiaps. Each oversize
page is alsc filmed as one exposure and is available, for an additional
charge, as a standard 35mm slide or in biack and white paper format.*

4. Most photographe reproduce acoeptably on positive microfilm or micro-
fiche but lack clarity on xerographic copies made from the microfitm. For

an additional charge, all photographs are avaflable in black and white
standard 35mm alide format.®

*Por more information about black and whits slides or ealarged paper reproductions,
please contact the Dissertations Customer Servicss Department.

UM



8611364
MARINOVIC, NENAD M.

THE WIGNER DISTRIBUTION AND THE AMBIGUITY FUNCTION:
GENERALIZATIONS, ENHANCEMENT, COMPRESSION AND SOME APPLICATIONS

City University of New York PH.D. 1986

University
Microfilms
International 10N zeb Rosd. Ao Arbor. M1 4t106



PLEASE NOTE:

in all cases this material has been filmed in the best possibie way from the available copy.
Problems

© P NP A E PN =

-l
o

-l
it

12.
13
14.
18.
168.

encountered with this document have been identified here with a check mark _ y .

Glossy photographs of pages ___
Colored iNustrations, paperor print_______
Photographs with dark bldtground_JZ
Ifustrations are poor cOPY
Pages with black marks, not original copy
Print shows through as there is text on both sides of page
Indistinct, broken or small print on several pages __ .~

Print exceeds margin requirements

Tightly bound copy with print lost in apine
Computer printout pages with indistinct print _____

m.) lacking when material received, and not available from achool or

Page(s) seem to be missing in numbering only as text follows.
Two pages numbered _____ . Text folows.

Curiing and wrinkied pages ____

Dissertation contains pages with print at a siant, fiimed as received

Other

University
Microfilms
International



THE WIGNER DISTRIBUTION AND THE AMBIGUITY FUNCTION:
GENERALIZATIONS, ENHANCEMENT, COMPRESSION AND
SOME APPLICATIONS

by

NENAD M. MARINOVIC

A dissertation submitted to the Graduate Faculty in
Engineering in partial fulfillment of the requirements for the degree
of Doctor of Philosophy, The City University of New York.

1988




it

This manuscript has been read and accepted for the Graduate Facultg in Engineering in

satisfaction of the dissertation requirements for the degree of Doctor of Philosophy.
ol Grugatihoce..
Datle ichmann
Chair of Examining Committee

e

Exeéutive Officer

Supervisory Committee:

Prof, Richard Tolimieri

Prof. Leonid

Prof. Joseph Barba

Dr. Wallace A. Smith - Philips Laboratories

The City University of New York



Acknowledgements

I would like to use this opportunity to thank all the persons and institu-
tions who have contributed to the successfull completion of many years of my

formal education.

For nurturing my intellectual curiosity, and for all the love, dedication,
sacrifices, support and guidance, | express my deepest gratitude to my mother
and my father. For her love, faith and encouragement, I am grateful to my
wife Sofia who took mostly upon herself to bring up our sons, to free the time
that I needed to complete this work. To my brother, I am thankful for giving

me an example to follow and for support when I needed it most.

Outside my family, there are many others deserving special thanks. Pro-
fessors Mansour Javid and Paul Karmel provided me with the opportunity to
pursue Ph.D. studies at the City University of New York by awarding me with
the initial financial support. Professor Se Jeung Oh gave many words of
friendly advice and guidance. Most of all, | am grateful to my adviser, Profes-
sor George Eichmann, for suggesting the topic of this research, for guiding me

through it, and for being a constant source of challenging ideas.

For the extensive support provided, I wish to thank the management and
employees of Philips Laboratories in Briarcliff Manor, New York; most of this

research was done wusing the computational facilities, library and



iv

documentation services of the Labs. Finally, ] am especially indebted to Dr.
Wallace A. Smith, my supervisor at Philips Laboratories, whose technical
insights, suggestions, encouragement and support throughout the course of this

research, were invaluable,

This research was also supported, in part, by grants from the Air Force

Office of Scientific Research.

Riverdale, New York
November 1985



Table of Contents

1. INtrodUction ..o iiicieeiicceeriienisisseeesssensernrirssansarersrssnnsorersnssansanrosnssnns

3. Background ... s sssssssssassssrssssssssssssases

2.1

INEFOAUCLION 1rivrivrinnessnessesrsnsassrosnssssosssonssssasssssassssnnssnsanssnnnsasossssannanassnae

2.2 Bilinear Time-Frequency Signal Representations ........ccccccsmnenreaccesannnns

2.3

2.4

The Wigner DIStFIDUtION ....cvcrvriaeerirmnnisenrrrecseenssiriesssssmericesrasssssrscsssensses

The Amblguity FUnction ...

2.5 ADPPHCRLIONS civiiririiiiiiinniiincnmmmniiisisiisicassssansanssssssssssssasssssensessassssnnisasses

3. Characterisation of Ultrasonic Transducers .........cocicernenressnssensnes

3.1

3.2

33

34

3.5

Intmduction AR RPRFFARRFARFRRRAAP RN R R AN NN AR F AR R PR EFRARARA R RN AAR I RSN R INAARAREERLEAARERS
The Wigner Distribution of Band-Pass Signals ........ceerveeerenmrerseceeecennns
Characterization of Simulated Transducer Impulse Responses ...........

Characterization of Measured Transducer Impulse Responses ............

Conc}u’ion’ LLLN ST 2 LI RER Ll R Il Rty Rl Rl el R Rt il i tliale el ld il bl ylys st

4. Scale-Invariant Time-Frequency Signal Representations ..........

4.1

4.2

4.3

44

4.5

4.8

INtrOdUCHION iviiveernnnsrianmrmsnsssssssnnssrrincsesnieescssissiiseeseessnmassersnssasessanaaeenes
The Mellin Transform ........ccceonsicenennnnacrenna sersesssisssntnssssesssannrrrREasaaeeres
Scale-Invariant Wigner Distribution ......cccvvnvcceriimmnniennimimiciesinnin.
Scale-Invariant Ambiguity Function ......ccccriiicicivmmmmmccrvenciicenscsncosnennne
Two-Dimensional Signals and Systems ..........cccvviieiiiicssicsnssanerisaesaecense

Optical Implementation .....eeeeimmiiicnniieciiiannniisiniinnninniseeesen

11

13

15

23

23

24

31

35

37

41

41

43

46

51

61



vi
4.7 Numerical EXamples ... 62

4.8 Discussion and Conclusions ....c.cccciicenmecseceecsescesercrsessessescasessessssessesseasses 62

6. Outer Product Expansion of Time-Frequency Signal

Representations ..........c.ccciiniiiennnisennssensensnesissanessessssssnssrsssanssssosssssansassanes 71
5.1 INtroduction ....cccciieeesssnsessnnsaenssensenssorssssssssssnesenmmmrsnnassssasannmmmsssascsssanns 71
5.2 Outer Product Expansion - Continuous Case ..........cccooveeerirmmnmnncrcsinenes 73
5.3 Outer Product Expansion of the Sampled Wigner Distribution .......... 76
5.4 Enhancement of the Wigner Distribution .......c.cccevvviinnnissinsaensesessssessens 84
5.5 Conclusions ......cccccciiriccnsrssnressernsnnecesnireenrermnmereersisneessnsssassssssssnsasssssasses 02
8. Two-Dimensional Shape Description ................. Ctssrsnsesrernrrssiesanaee 95

6'1 Intmuctlon LA AR LR IS IR LR LR Rl Il Rl R i Rl R il il Ry lylt el RRlnlBXl}Y]J 95

8.2 Boundary Representations in Space-Spatial Frequency Domain ......... 97
6.3 The Singular Value Shape Descriptors .....cccvviveriresssessrsrnssrsrossersesssannses 08
6.4 Classification of Shapes ..ccccvierirrcricsnrcrssncsrrersisessrsssssnrsresnssnssrssrsssssssnsss 100
8.5 ConClUSIONS ....cccviimmeiiimticniiicnnircnnninnisnassisssesssssressnsessnsssssasssssssssansansasss 110
7. Tissue Characterisation ...............coorrirrieriiiiciiincccrrccscsnnsereeens 113
7.1 INtPOdUCLION ...ttt sttt cnn e st s s ss s s s s ss e ssssa e 113
7.2 The SVD of the Ultrasonic Echo's Wigner Distribution .....cceerenenrearines 115
7.3 Estimation of Frequency Shift in the Tissue - Method ....covcviiriineninenss 118
7.4 Frequency Estimation - Examples ......cccciiimmnmncnerinannrssnrssceesinsrriaansenen 124
7.5 ConclusiONS ...ieeereisscccsnmiieeessiscisssstsinerissssssssanasnssissssssssssasanssnnsnsssssssssse 130

8. Summary and Discusslon ..., 132



Chapter 1

Introduction

The Wigner distribution and the ambiguity function are well-
characterized signal processing tools used in a variety of applications(1-8].
This thesis addresses the issues of modifying these representations to extend
the range of their applications, and post-processing them to increase their

effectiveness in existing applications.

An essential feature of the Wigner distribution and ambiguity function is
their invariance to time aud frequency shifts in the signal. It is this property
that makes them appropriate for the analysis and processing of signals in
shift-invariant systems. However, there are many shift-variant systems that
cannot be treated in the same way - they lack corresponding tools. Among
such systems, scale-invariant optical and electronic systems have received a lot
of attention recently. A number of applications of scale-invariant signal pro-
cessing techniques have been reported: in restoration of images with spatially-
variant degradations|7,8], in spectral analysis[9] and signal recovery[10], in the
deformation-invariant and scale-indepe-~dent puttern recognition{l11-13], in
Doppler signal processing[14], in signal detection and estimation[15], in speech
analysis[16], and in speech bandwidth cumpression and word recognition|17].
In view of this, it is beneficial to extend the concepts of Wigner distribution
and ambiguity function to conform with scale-invariance rather than shift-
invariance. That can make these powerful signal analysis and synthesis tools
available for scale-invariant signal processing and characterization of scale-
invariant systems. With this aim, generalized scale-invariant signal represen-

tations will be proposed and fully characterized.



Conventional bilinear signal representations, especially the Wigner distri-
bution, have not been utilized to their full potential for several reasons. Being
the two-dimensional representations of one-dimensional signails they contain a
lot of redundancy. This increased amount of data often prohibita their
effective use in applications like signal detection and pattern recognition.
Hence, it is of practical interest to find methods of data compression to be
applied on time-frequency representations. One particular form of the redun-
dancy is represented by interfering cross-terms. These terms prevent the
visual interpretation of results and sometimes make estimation of signal
parameters rather difficult. Suppression of these terms is desired since it
would make representations like the Wigner distribution more useful for both

qualitative and quantitative signal characterization.

Related to this is the issue of the noise sensitivity of bilinear signal
representations. Namely, if the signal is contaminated by noise, its auto-
representation contains a correlated, linear noise term and an uncorrelated,
quadratic noise term. Consequently, the signal to noise ratio (SNR) in the
representation is significantly lower than in the original signal, and at low
SNR's there is 8 threshold in their functional relationship. This prevents suc-
cessful application of auto-representation of the signal at low SNR's. One of
the aims of this research is to find procedures for data compression, interfer-
ence elimination and noise suppression in bilinear time-frequency signal
representations, in general, and in the Wigner distribution and the ambiguity

function in particular.

In summary, two research directions are explored in this thesis, One is to
find scale-invariant bilinear signal representations with properties correspond-
ing to the conventional Wigner distribution and amblguity functions. The

other is to increase the utility of these conventional representations by



developing methods for their compression and enhancement. An overview of
the current state of the art in time-frequency signal representations is
presented in Chapter 2. In Chapter 3, the utility of the Wigner distribution
for characterization and analysis of the filtering action of ultrasonic transduc-
ers is demonstrated. The discussion is actually applicable to linear systems in
general, Scale-invariant modifications of the Wigner distribution and the
ambiguity function are proposed and their properties are extensively analyzed
in Chapter 4. A series expansion for the Wigner distribution {and ambiguity
function, also) is presented in Chapter 5; properties of the expansion
coefliclents are analyzed and related to the physical characteristics of the sig-
nal. This expansion is shown to be useful for data compression and enhance-
ment of the Wigner distribution. The coefficients of the expansion, regarded as
a generalized "spectrum” of the signal, are used as descriptors of 2-D shapes
for shape classification in image analysis. Finally, in Chapter 7, components
of the generalized "spectrum"”, defined in Chapter 5, are used for estimation of

the ultrasonic attenuation in tissues,
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Chapter 2

Background

1. Introduction

Finite energy signals are commonly encountered in many diverse engineer-
ing and scientific disciplines - communications, radar, sonar, acoustics, geophy-
sics, optics, biomedical engineering, to name a few. Conventional time or fre-
quency representations of such signals do not explicitly display all the informa-
tion that is present. In a number of signal processing problems joint time-
frequency signal representations reveal more and serve as a better starting
point for the analysis and synthesis. Although most of these representations
were proposed and defined a long time ago[1-7), only the spectrogram and
ambiguity function have found widespread use. More recently, there has been
revived interest in others, sparked by the series of papers on Wigner distribu-
tion by Claasen and Mecklenbraiiker(8]. This has also instigated research into
unified characterization and categorization of joint time-frequency signal

representations(0-13].

Most of these representations can be classified as being either of the
convolution-type (or 'energy-type') or of the correlation-type. Members of the
first class display how the signal energy is distributed in time and frequency.
Members of the second class display correlation characteristics of the signal in
the direction of time and frequency shifts. Since both energy and correlation
are bilinear, all representations in these two classes are bilinear too. Recently,
two new classes of multi-linear time-frequency signal representations have

been proposed{9-11], but they lack the practical appeal of bilinear ones.



2. Bilinear Time-Frequency Signal Representations

A time-frequency representation can be classified as bilinear if it obeys
the following "bilinear superposition principle". Let x(t) and y(t) be superposi-

tions of finite energy complex signals:

z(t) = %} an(t), y(t)= Zk: beya(t) (1)

Then, any bilinear joint time-frequency cross-representation T,,(t, I) is expres-

sible as
Tsy(‘ff) - Z*) Z'} atbl‘ Tz.].-(tif) (2)

where * denotes complex conjugation. Corresponding auto-representation
equals the sum of the auto-terms of individual component signals and the

cross-terms among each pair of componenta:

T,(t,f) = T,(t,f)= g |¢kl2 Ts,(t’f) + Zk: lgt “k“l. Ts.s,(‘af) (3)

A comprehensive theory of bilinear time-frequency signal representations
can be given in terms of linear operators(12,13]. As a basis of this theory, four

elementary bilinear signal representations are used:

- the time signal product
Ony(t,7) = 2(t47/2) ¥ (¢ —1/2) (4)
- the frequency signal product
Quy(f ) = X(S+v/2) Y'(f ~v/2) (5)
where X(f) and Y(f) are Fourier transforms of x(t) and y(t);

- the Wigner distribution (WD)

Woy(t.f) = [ tu(tir)e= 2 drm [ Quf )e/™ du (6)



- the ambiguity function (AF)
m - w L]
Ay(ry) = [ g, (e dt = [ Q, (1 v)e!*™"df (7
- 00 —co

From (6) and (7) it follows that the WD and the AF are a two-
dimensional Fourier transform pair. It can be shown that any bilinear signal

representation can be obtained from the elementary ones by linear transforma-

tions:
Toltf) = | ] tn(tier(tifitindtidr = ®)
= 1 ] Qs ssssigav = ©)
= 1 I Walt s Yorlt it Ve = (10)
- z_zA,,(r,u)Vr(t,j sw,dvdr (11)

or in more compact operator notation:
TmurquUprQ=uwW=Vrd (12)

Consequently, any bilinear time-frequency signal representation is uniquely
characterized by the linear operators ur,Ur,vr, and Vr with kernels
¢r,Upr,vp, and Vp. These kernels, like the elementary bilinear signal
representations (4) - (7), are related by one- and two-dimensional Fouri.r
transformations, and only one of them is sufficient to comnletely specify T.
Equations (8) - (12) are convenient starting points for the analysis of the pro-
perties of bilinear time-frequency signal representations. Most of these proper-
ties can be expressed in terms of simple constraints on the kernels uy and Up.
These two kernels can be regarded as time and frequency impulse responses of

the representations (T=urg if x and y are impulses, and T=Us if X and Y are



impulses).

A bilinear time-frequency representation is of the convolution-type if
shifts in time and frequency of the signal result in corresponding shifts of the
representation{12,13]. Such a representation has impulse responses of the

form:
wp(t,fit'1) m dp(t—t',1) e 37, Up(t,fif' W) = ®p(f —1" 1) 737 (13)

where ¢y and $; define a two-dimensional Fourler transform pair. Special

CA3es are:

- the spectrogram with window w(t) (see Egs. (4) and (5))
¢S(tvr) - QW(t+r/2!t—T/2)' q’S(!!V) - Qw(f_!’/2'! +”/2) (14)

- the Rihaczek distribution

¢p(t,7) = 6(""'7/2)! ORU W) -/ -V/2) (15)
- the Wigner distribution
Sw(t,7) = &t), QW(I!V) - 6(f) (18)

The unique character of the WD is a consequence of its ideally concen-
trated and symmetric impulse responses. Namely, for this class of representa-

tions, the kernel vy in (10) has to be of the convolution-type:
Ur(‘,f;t',f'] - p!‘(‘_"’f _I') (17)

From (10) it follows, then, that all convolution-type representations can be

constructed from the WD by performing the two-dimensional convolution:
TwmwyWespr s W (18)

In particular, v - kernel for the spectrogram S(¢,f) is the WD of the window

used
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vS(‘!f;t'nf') - ww(t,_t of _f') (19)

and as a result
S(t,f)= [ [ W(t" )W, (t'—t,f—f"dt'df’ (20)

So, the spectrogram is obtained by two-dimensional convolution of WD's of the

signal and of the window.

The correlation-type bilinear signal representations are defined by the
requirement that T, (¢,0) and T,,(0,/) are the cross-correlations of x and y in
time and frequency domains, respectively[12]. It can be shown that every such
representation Is a two-dimensional Fourier transform of some convolution-
type representation. The time and frequency impulse responses of these

representations are:

up(t,f it ym=tr(t,f Yo (t=1)e I, Up(t,f i1 wy=br(t,] ) S —v)ei®™(21)

where
Vr(t,f) = }o dp(rt)e 3 T dr = T &, (v,f )3 du. (22)

For T to be a proper correlation representation it is required that
¥r(t,0)=r(0,f )=1, (23)

which is equivalent to the constraint
o0 - -]
f dr(rit)dr= [ Sp(v,/)dv =1 (24)
-0 -0

that ensures proper energy interpretation of the corresponding convolution-

type representation. Substitution of (22) into (8) or (9) yields

T,'(t,f) - 'p.'f‘(‘lf) A,,(t.f ) (25)
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Hence, every correlation-type representation can be derived from the AF by
multiplication with the Fourier transform of the impulse response of the
corresponding convolution-type representation. This is a consequence of the
Fourier transform relationships between the WD and the AF, and between
convolution-type and correlation-type representations (see Eq. (18)). The
choice Yy(t,f )=l yields the symmetric form of the AF (7), while the choice
Ur(t,f y=e’*® yields the asymmetric form of the AF which is the two-

dimensional Fourler transform of the Rihaczek distribution.

Equations (10), (11), (18), (23), together with corresponding expressions for
the impulse responses, underscore the unique role that the WD and the AF

have among bilinear time-frequency signal representations.

3. The Wigner Distribution (WD)

Historically, this distribution was proposed in 1932 for phase-space
description of the relationship between the position and the momentum of a
particle in quantum-mechanics{l]. However, it may be defined for any pair of
quantities that are related through Fourier transform. Independently, Ville
has defined it in 1948[3) as a tool for signal analysis. It took thirty years for
his idea to get significant following, and currently the WD is a very active

research topic in signal processing.

Following are the properties of the WD that make it useful in signal
analysis and linear system characterization. They can be derived from the

definition of the WD (8) and from the properties of the Fourier transform[8)].

The WD is always real and for a real signal it is an even function of fre-
quency. In the time domain the WD has the same support ss the signal, and
in the frequency domasin it has the support of the Fourier transform of the sig-

nal. Shifting the signal in time (or, equivalently, introducing the phase shift in
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frequency domain) causes identical displacement of its WD in the time direc-
tion. Modulation of the signal by ezp(y27/,t) (or, equivalently, a shift in the
frequency domain by f,) results in a displacement f, of the WD in the fre-
quency direction. Shifting in time followed by a modulation produces the
corresponding displacements of the WD in the time and frequency directions.
Multiplication of signals in the time domain yields a one-dimensional convolu-
tion of their WD in the frequency direction. The time convolution of two sig-
nals results in a one-dimensional convolution of their WD in the time direc-

tion.

The volume under the WD is equal to the signal energy.

}o 0.’? W;(t,f )dtdf = E, (26)

—-00=00

Projection of the WD onto the time axis is equal to the squared magnitude

(instantaneous power) of the signal:
|2(¢)? = [ W.(t./)df (27)

The energy density spectrum can be obtained from the WD as its projection

onto the frequency axis:
|X(/N = [ Wi(t.f)dt (26)

Last two equations define marginals of the distribution. The instantaneous
frequency, which is meaningfully defined only on the analytic signal associated
with a real bandpass signal, is the first jocal moment in the frequency variable
of the WD of that analytic signal:

J 1 Wele,f) df
Ji(t) = |z(t]2

(20)
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The first local moment of the WD in the time variable is equal to the group
delay of the signal:

}" t W,(t,[) dt
Tg(!) - |X(f]’

Because of the properties (26) - (30), the WD is sometimes loosely called the

(30)

"energy density” of the signal in the time-frequency plane. However, since the
WD can have negative values, its interpretation as the pointwise energy den-
sity is inappropriate. A properly-weighted integral of the WD over a Heisen-
berg cell (AtAf = 1/4n, where At and Af are the rms widths in time and
frequency of the weighting functions) gives the signal energy in that cellf14].
Only in that sense the WD can be interpreted as the distribution of signal

energy in the time-frequency plane.

4. The Ambiguity Function (AF)

Analyzing the radar signal detection problem in early 1950's, Woodward
developed the concept of generalized matched-filter/correlator receiver. In
order to describe and analyze ita operation and the correlation properties of
the radar signal, he defined the ambiguity function[4]. Ever since then, it has
been widely used in radar and sonar system analysis and design, in communi-
cations and, more recently, in optics and pattern recognition. Its usefulness is
a natural consequence of the many convenient properties that are discussed

next.

In many instances it is preferable to deal with the real-valued squared
magnitude of the AF, called the ambiguity surface. From the definition of the
AF (7) and the characteristics of the Fourier transform, the following proper-

ties of these two representations may be deduced[15-17).
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In general, the AF is complex-valued. For purely even or purely odd sig-
nals it is real-valued. Moreover, the AF for such signals is equal to the scaled
version of their WD. The ambiguity surface is symmetric with respect to the

origin of the time-frequency plane where it has its peak:
|As(r)? <14,(00) = E} = [ [ [2(t)? dt |° (31)

The volume under this surface is independent of the signal shape and is equal
to the square of the signal energy:

7 ? |Ag(r)? drdy = B} (32)

-00=—00

This implies that for a given energy constraint, the peak value and the volume
of the ambiguity surface are fixed and only the distribution of that volume

may be altered by the change of signal shape.

Time and frequency shifts in the signal introduce a phase factor into the
AF, leaving the ambiguity surface unaffected. Simliarly, the magnitude of a
cross-AF is invariant if both signals are time and frequency shifted by the
same amount. If, however, only one of the signals is shifted in time, the phase
factor will be introduced whereas the cross-ambiguity surface will be shifted
by the corresponding amount in the direction of the delay axis - 7. Modulation
(shift in frequency) of only one signal produces a phase factor in the cross-AF
and a corresponding shift of the cross-ambiguity surface in the direction of the
Doppler axis - 1. These facts demonstrate the shift invariance property of the
ambiguity surface. The AF of the product of two signals is equal to the one-
dimensional convolution of their individual AF's in the direction of the Doppler
axls. The convolution of two signals results in the one-dimensional convolution

of their AF's in the direction of the delay axis.
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Introducing the quadratic phase factor into the frequency spectrum of the
signal (by passing the signal through a dispersive filter) produces a shearing of
the AF parallel to the delay axis. Similarly, shearing parallel to the Doppler
axis is achieved when a quadratic phase is introduced in the time domain by
linear FM. Compression of the time axis of the signal results in the
corresponding compression of the delay axis and expansion of the Doppler axis
in the AF. By carrying out all three transformations in sequence with suitably

selected parameters, a rotation of the original AF may be achieved.

The following important property relates the products of the cross-AF'’s
through the two-dimensional Fourier transform:
o0 o0 . . .
I I A,,(t,f) Ay (t,S) e3ltr=rl) 4y df = Au(fv") An(f"’) (33)
=000

Two special cases of this relation are of interest, If z=u and y=v, it follows
that the two-dimensional Fourler transform of the cross-ambiguity surface is

equal to the product of the individual auto-AF's:

T T | Agy (2,7 N2e3="1) dt df = A,(r0) A,(1,V) (34)

e e OO

Moreover, the auto-ambiguity surface is its own two-dimensional Fourier

transform (if x=y above):

7 °f | A, (6,0 N2eS2*)) de df = | A, (r0)? (35)

—00—C0

Not all non-negative self-transforming functions (those that satisfy (35)) are

ambiguity surfaces. Relation (32) follows from (31) and (35) for n=0 and =0,

5. Applications

Although the WD was introduced into signal processing earlier than the
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AF, it has found wide acceptance much later. So, it may be considered as a
relatively new tool with still undeveloped range of applications. Revival of
interest in the WD in mid-seventies began when it was used to describe the
concept of rays in geometrical optics[18-20]). There, the value of WD at some
position and in some direction was interpreted as the intensity of a light ray
at that point and direction. Projections of the WD give the intensity of the

ray and its spectrum.

However, it was the thorough analysis of the WD and its properties by
Claasen and Mecklenbraiiker(8] that provided the foundation for successful
application of this tool in signal processing. Their claim that the WD should
be useful for the analysis of linear systems and time-varying and transient sig-
nals was soon supported in practice. In acoustics, the WD has been success-
fully applied to characterization of loudspeakers[21)]. It has been used in robot-
ics for image representation and pattern recognition|22,23). Also, it has been
proposed to use the WD as a coding procedure in covert optical communica-
tion systems[24]. The WD is especlally useful for estimation of signal parame-
ters like instantaneous frequency of the non-stationary, phase-modulated sig-
nals that are common in radar, sonar, seismic and bio-medical applications.
For example, it has been used for the analysis of bat sonar signals[25], seismic
signals[26], and for the estimation of target range and azimuth in array pro-
cessing[27). The definition of the WD has also been extended to cover non-
stationary harmonizable random signals[28]. This was used then to partition
random signals into locally stationary segments[29,30] and to classify such sig-
nals according to the degree of non-stationarity[31]. Detection of modulated
signals with a specific variation of instantaneous frequency with time has been
performed in the WD domain and proven to be optimal[32-34). Synthesis of a
signal from its WD has been also achieved|35,38], which makes possible time-
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varying filtering and separation of multi-component signals in the time-
frequency plane{37]. Claims have been ralsed that the WD is also a better
speech analysis tool than the short-time Fourler transform, in the sense that it

better represents the transient behavior of this signal[38].

Unlike the WD, the AF has been widely used for over three decades and
has reached level of maturity in a variety of applications where it is now rou-
tinely applied. The AF reflects inherent time and frequency correlation
characteristics of the signal. That makes it suitable for use in detection and
estimation of radar and sonar signals, especlially in high-resolution applica-
tions. In this respect, the AF has been widely used to design, evaluate and
compare the performance of various radar signals like chirp, uniform pulse
trains, pseudo-noise sequences, Barker codes, phase-reversal codes, polyphase
codes, and complementary signals[15,168]. It has become a standard tool of the
radar system analysts and designers. Moreover, it has found use in spread-
spectrum communications{39] and in modeling of time-varying and multipath
communication channels[40]. In radio astronomy and geophysics it has been
used for exploration of the surface of the heavenly bodies and Earth[42,43].
More recently, the AF has found application in the analysis of optical sys-
tems{44] and optical pattern recognition{20,24,45,46].
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Chapter 3

Characterization of Ultrasonic Transducers

1. Introduction

The Wigner distribution (WD) [1-4] provides a mean to analyze the spec-
tral and temporal characteristics of linear systems in general. This approach
to the linear system analysis reveals in detail how an impulse response is dis-
tributed in the time-frequency domain. Indeed, the value of the WD at a
given time and frequency can be heuristically related to the signal energy at
that time and frequency. Here, the WD is used to study the impulse response
of medical ultrasonic transducers. It provides a characterization of ultrasonic
transducers that goes well beyond the conventional measures such as the

bandwidth and the ring-down (settling) time.

Plots of the WD in the time-frequency plane show the delay and spread of
each spectral component of the impulse response; they reveal how the instan-
taneous frequency and bandwidth vary over the pulse length. These plots
display the information contained in the transducers phase-frequency transfer
function in the time domain where it can be directly interpreted. If the phase
variation in an incident acoustic signal is to be accurately transduced into the
electrical output, a transducer should have a constant delay and uniform tem-
poral spread over its entire bandwidth. Typically, this is a requirement in
medical ultrasound applications, where the phase of the echo Is sometimes

used for the determination of the tissue characteristics.

The method of analysis is illustrated using both the simulated and the

measured transducer impulse responses. The WD captures all the relevant

23
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information about these impulse responses in a single time-frequency plane pic-

ture - both for quantitative calculation and qualitative apperception.

In this chapter, the basic properties of the WD, that make it useful for
characterization of linear systems, are discussed. To demonstrate its utility,
the WD based analyses of simulated impulse responses of ultrasonic transduc-
ers were performed and related to their physical characteristics. The WD’s of
experimentally measured impulse responses were calculated and used to evalu-
ate several commercial transducers. It is shown that the Wigner distribution
provides a convenient and complete single-plot characterization of the trans-

ducer flitering action.

2. The Wigner Distribution of Band-Pass Signals

The Wigner distribution W,(¢,f) is a quadratic transformation of a one-
dimensional signal z(¢). It is defined as [1]

W,(t,f) = [ z(t4r/2) 2’ (t—1/2) e~1**/7dr

- ?X(f +1/2) X' (f ~vf2) /¥ dy (1)

where X([) is the Fourler transform (FT) of z(¢).

The discrete approximation to the WD may be obtained from the signal

oversampled by a factor of two through the following sequence of steps [1,2):

(1) the signal is shifted in one, while its complex conjugate is shifted in the
opposite direction by an equal amount, and their products are formed for
all possible shifts;

(2) for every value of the time index, the FT of the product is determined
with respect to the shift index, and the result is multiplied by two.
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Following is a brief review of the WD properties{1,2]. The WD is real,
and for a real signal, it is an even function of frequency. In the time domain,
the WD has the same support as the signal, and in the frequency domain it
has the support of the FT of the signal. Figure 1 shows both perspective and
contour plots of the WD of the complex analytic signal corresponding to a
Gaussian radio-frequency pulse. Since the analytic signal spectrum is zero for
negative frequencies, its WD, having the same support, vanishes there also.
Hence, only positive frequencies are depicted. For convenience, therefore, the
remaining WD plots will be for the analytic signals corresponding to the given

real sigonls,

The volume under the WD is equal to the signal energy. Projection of the
WD on the time axis is equal to the squared magnitude (instantanecus power)

of the signal:
_I W, (t,/)df = I"’(‘l2 (2)

The energy density spectrum can be obtained from the Wigner distribution as

its projection onto the frequency axis:
J We(t,f)dt =|X()? (3)

Equations (2) and (3) define the marginals of the WD. The group delay and
the instantaneous frequency of the signal can be recovered from the WD. The

first local moment in the time variable gives the group delay as

T Wt
XUY

The instantaneous frequency, meaningfully defined only for the analytic signal

=7,(/) (4)
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Figure 1. WD perspective and contour plots for the Gaussian pulse.
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associated with a real bandpass signal, is the first local moment in the fre-

quency variable of the WD of that analytic signai:

_°ff Wa(t.f )df
|=(e)?

For an illustration of the properties described by Eqs. (2) - (5), refer to Figures

= fit) (5)

4.b and 4.c that display the marginals and moments of the WD shown on Fig-

ure 4.d.

Because of these properties, the WD is sometimes loosely called the
“energy density" of the signal in the time-frequency plane. However, since the
WD can have negative values, its interpretation as the pointwise energy den-
sity is inappropriate. A properly-weighted integral of the WD over a Helsen-
berg cell (Af At=1/4x, where Af and At are rms widths in frequency and
time of the weighting function) gives the signal energy in that cell {3]. Only in
that sense the WD can be interpreted as the distribution of signal energy in

the time-frequency plane.

As a bilinear signal representation, the WD exhibits cross-term effects|4].
For a signal that has two components spaced apart in the time-frequency
plane, the Wigner distribution will contain positive auto-terms and an oscilla-
tory cross-term that introduces negative values. The interfering oscillation
will always be in the middle between the two auto-terms and perpendicular to
a line drawn between their centers. The "spatial frequency” of these oscilla-
tions will be proportional to the spacing of these auto-terms. Two signals are
disjoint if their WD supports do not overlap. However, the cross-term of dis-
joint signals gives zero contribution when averaged over the Heisenberg celi[4].
These effects are illustrated in Figure 2, where the WD perspective and con-

tour plots for a signal composed of two complex Gaussian radio-frequency
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pulses of different carrier frequencies are shown. One can observe the cross-
term that oecillates from positive to negative values with relatively high "spa-
tial frequency”. In Figure 3, the pulses are closer, the cross-term partially
overlaps the auto-terms, and the number of peaks and dips is smaller. If
many components are present in the signal, there will be interfering cross-
terms between each pair of corresponding auto-terms, and the WD picture will
become obscure. However, for a signal with only a few components, the WD
plot may be used for easy simultaneous visualization of such signal properties
as the width in frequency, the group delay, the spread in time of different fre-
quency components, the instantaneous frequency, and the energy concentra-

tion in the time-frequency plane.

There are several other relevant properties of the WD. For example,
shifting the signal in time (or, equivalently, introducing a phase-shift in the f-
domain) causes identical displacement of its WD in the time direction. Modu-
lation of the signa! by exp(s2mat) (or, equivalently, a shift in the f-domain by
a) results in a displacement a of the WD in the frequency direction. Shifting
in time followed by a modulation produces the corresponding displacements of
the WD in the time and frequency direction. Mulitiplication of two signals in
the time domain yields a one-dimensional convolution of their WD's in the fre-
quency direction. The time convolution of two signals results in a one-
dimensional convolution of their WD's in the time direction. This property
makes the WD useful in the analysis of linear, time-invariant systems. The
plot of the WD of the impulse response clearly characterizes the filtering
action of the system. It identifies, in a qualitative manner, how much the indi-
vidual frequency components of the input signal will be attenuated, delayed
and spread in time. This time-spread Information is not available in any other

commonly used characterizations of linear, time-invariant systems. It is this
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apart in time and frequency. The oscillatory region in the middle illustrates

the effect of interfering cross-terms.
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property that makes the WD especially convenient for characterization of

ultrasonic transducers as linear filters.

3. Transducer Simulations

This section presents a WD analysis of simulated transducer impulse
responses. The examples will show how the WD graphically depicts the essen-
tial features of the behavior of ultrasonic transducers. The simulations were
done with an equivalent circuit implementation[5,8) of the one-dimensional
Mason model for a plezoelectric transducer [7]. This implementation, an
enhancement of the one developed at Stanford University [8,0], allows the
specification of a complex transducer design, including electrical and mechani-
cal losses in the piezoelectric, lossy matching layers, an electrical matching cir-
cuit, etc. Moreover, the impulse response can be optimized by varying the
matching network components and the thickness and the impedance of the
acoustic matching layers. All computer simulations used a nominal center fre-
quency of 2.26 MHs and the piezoelectric materials parameters for the lead

zirconate titanate PZT5A.

Figure 4.a shows the time-domain impulse response of a transducer with a
quarter-wave thick matching layer whose acoustic impedance is chosen accord-
ing to the cube-root rule[10] (cube of the matching layer acoustic impedance is
equal to the product of the acoustic impedance of the transducer and the
square of the acoustic load impedance). No electric matching network is intro-
duced although the echo is band limited to twice the center frequency. This is
a reasonable, though clearly not optimal, design; it is a “strawman" for con-
trasting improved designs. Figure 4.d shows the WD of this signal. Squared
envelope and instantaneous frequency of this impulse response waveform are

shown in Figure 4.b, and its spectrum and group delay in Figure 4.c. The
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Figure 4. Analysis of the simulated impulse response of a transducer with a
quarter-wave acoustical matching layer but no electric matching: (a) the time
domain signal, (b) its envelope and instantaneous frequency, (c) its spectrum

and group delay, and (d) & contour plot of its WD.
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essential features of this impulse response are immediately apparent. Namely,
while all the frequencies within the transducer bandwidth appear with the
same initial delay, the low frequencies alone persist producing the long ring-
down time. The persistence of the lower frequencies causes a shift in the
instantaneous frequency - or chirp - over the duration of the pulse. Both
aspects can be extracted separately from the frequency dependence of the
group delay and from the time dependence of the instantaneous frequency,
shown in Figures 4.b and 4.c. However, the WD plot thrusts them forward in
a single picture. In addition, this plot displays how individual frequency com-
ponents in the ultrasonic echo are distorted in passing through the transducer.
None of the conventional characterizations describes the spreading of indivi-
dual frequency components in transmission through the linear system, as the
WD does. The transducer acts as a filter, and plot in Figure 4.d implies that,
in both transmission and reception, the low-frequency components of the ultra-
sonic signal are delayed and spread more than the medium- and high-
frequency ones, These are significant aspects of a tranaducer’s performance,
since such a transducer can introduce spurious frequency modulation in a med-

ical ultrasound echo.

Figure 5.2 shows the Wigner domain response of the same transducer
incorporating, however, an optimized electrical matching network. This plot
shows at a glance the improved performance. The bandwidth is wider, the
pulse shortened and the chirp negligible. One salient feature of quarter-wave
matching layers becomes prominent: they match optimally only at the center
frequency. The high and low frequencies are spread more in time due to the
“ears" shown in Figure 5.a. Optimizing the thickness and acoustic impedance

of the matching layer will eliminate those "ears.” Figure 5.b shows the

impulse response from just such a fully optimized transducer, The Wigner
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Figure 5. Contour plots of the WD's of simulated transducer impulse
responses: (a) alr-backed, quarter wave acoustlc matching and optimized elec-
tric matching, (b) slr-backed, optimized sacoustic and electric matching, (c)

matched backing, optimized acoustic and electric matching.




35

plot shows a nearly Gaussian-pulse character: symmetric in both time and
frequency and compact in the time-frequency domain. Further improvement,
broader bandwidth and shorter ring down, can be achieved - at the expense of
sensitivity - by introducing a heavy backing. Figure 5.c shows how the
response is stretched in frequency and squeezed in time for a fully optimized
transducer with a matched backing. The area the signal occupies in the
time-frequency domain cannot be reduced appreciably, but it can be squeezed

into a different shape.

These examples show how the essential features of a transducer design

can be perceived in a single WD plot of the impulse response.

4. Tranasducer Measurements

This section presents a WD analysis of three 3.5 MHz single-element com-
mercial transducers. Their impulse response was measured in a water tank by
recording the echo off a steel block in the focal plane. The transducers were
driven with a Metrotek MP203 pulser which, when loaded with a 50 chm resis-
tor, produced voltage spikes whose amplitude spectrum was flat to within 1
dB up to 10 MHz. A Metrotek MR101 Receiver followed by a Metrotek
MG701 Gate passed the echo to an HP5180A Waveform Recorder where it was

digitized at 20 MHz sampling frequency.

Figures 6.2 and 6.b show the WD of the impulse response for two highly
sensitive transducers. According to the manufacturer, these transducers
represent single and double matching layer designs, respectively. In Figure
B.a, the single matching layer design exhibits the characteristic “ears” seen in
the simulation of a quarter-wave matched transducer above (Figure 6.a). In
this case, however, the low frequencies are spread even more in time, produc-

ing a distinetive chirp over the pulse length. The WD of the two matching
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layer design (Figure 6.b) is much broader in frequency and somewhat narrower
in time. Again we see the low frequencies are delayed and spread out into a
tail which introduces a significant chirp over the pulse length. The tilted
orientation of the Wigner density in the time-frequency plane explains why the
ring-down time of this transducer is almost as long as the ring-down time in
the previous example, even though its bandwidth is much wider. Such tilts in
the WD reveal a transducer which does not make optimal use of its bandwidth

to produce shorter pulses.

Figure 6.c shows the time-frequency plot of a much less sensitive trans-
ducer; this suggests that the transducer has a backing that Introduces damp-
ing. In this case, the bandwidth is large and the characteristic "ears” of
quarter-wave matching appear - but are balanced in duration. This pulse

exhibits negligible chirp.

In these three cases we see how the WD of the transducer’s impulse
response captures graphically the interrelationship between the frequency-
dependent delay and time-dependent instantaneous frequency. In particular, a
frequency dependence in the time-delay or time-spread modifies the evolution
of the instantaneous frequency of the ultrasonic echo. A transducer should
have a constant delay and uniform temporal spread over its entire bandwidth,
if the phase variation information in an Incident acoustic signal is to be accu-

rately transduced into the electrical output.

5. Conclusions

The WD of a transducer's impulse response shows the essential transducer
performance characteristics - and their interrelationships - in a single plot. It
also provides additional information that is unavailable in more common char-

acterizations - the spreading of individual frequency components of the signal
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as it passes through the transducer. Therefore, the WD is a useful tool for
characterization and evaluation of ultrasonic transducers. More generally, this

is also true for any linear shift-invariant system.
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Chapter 4

Scale-Invariant Wigner Distribution
and Ambiguity Functions

1. Introduction

The conventional Wigner distribution (WD) and the ambiguity function
(AF) belong to a class of two-dimensional (2-D) representations of one-
dimensional signals. These 2-D functions encode important physical informa-
tion about the signal. Since WD’'s projection on the frequency axis is the
energy spectrum and its projection on the spatial {or time) axis is the local (or
instantaneous) power of the signal[1,2], the WD may be viewed as a local fre-
quency spectrum of the signal. On the other hand, the AF is a correlation
function in Doppler and space (or time) shifts{3]. The two representations are
not independent; they form a 2-D Fourler transform pair[l]. Both signal
descriptions have a number of optical implementations (see Ref.4 for refer-

ences).

An essential feature of these representations is their invariance to shifts
in the signal. This property makes them appropriate for analysis and process-
ing of signals in linear shift-invariant systems. However, there are many linear
shift-variant optical and electronic systems with acale-invariance rather than
shift-invariance as a desired property. Such systems, for example, are of
interest whenever the detection or eatimation of signals of unknown size has to
be performed. In these applications, it is required that linear scaling of input
signals has either no effect at all on the processing output, or gives rise to a
shift in the processing output, or results in a linear scaling of that output.

Inputs and outputs of such systems are often related through integral

41
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transformations of the so called scale-convolution or scale-correlation type.
An appropriate tool for the analysis of such systems is the Mellin transform
which in this case plays the same role as does the Fourler transform in the
case of linear shift-invariant systems[6]. A number of applications of scale-
invariant signal processing techniques have been reported: in the restoration of
images with spatially-variant degradations[6,7], in spectral analysis|8] and sig-
nal recovery[9], in the deformation invariant and scale-independent pattern
recognition{10-12), in Doppler signal processing[13], in signal detection and esti-
mation[14], in speech analysis[15], and in speech bandwidth compression and

word recognition[16].

New two-dimensional signal representations are proposed here to extend
the utility of WD and AF to scale-invariant systems. It is expected that these
signal processing tools will open new possibilities for scale-invariant processing
and characterization of not only one-dimensional but also two-dimensional sig-
nals and systems. The definition and the properties of the Mellin transform
are reviewed in Section 2. This transform plays the central role because of its
scale-invariant properties. In Sections 3 and 4, the scale-invariant Wigner dis-
tribution (SIWD) and the ambiguity function (SIAF) are defined, their proper-
ties are discussed, and the relationship between the two Is revealed. The two
representations are related to two-dimensional signals and systems in Sect. 5.
It is shown how a two-dimensional system with circular symmetry and with a
point-spread function which is a function of the radial variable only, can be
characterized with SIWD and SIAF. Also, the two-dimensional signals that
are separable into a product of radial and angular components can be
analyzed via SIWD and SIAF in the radial direction and via WD and AF in
the angular direction. This is shown to be true even in the general case using

the circular harmonic expansion of a two-dimensional signal. Following this
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discussion, optical implementations of SIWD and SIAF are proposed in Sect. 6,
and a number of examples are given in Sect. 7. Finally, in Sect. 8, the impli-
cations of scale-invariance of these representations are summarized and are

related to potential applications.

2. The Mellin Transform (MT)

For the given signal f(x), existing on the positive real axis >0, the Mellin

transform is defined as[17,18]
F(P)-,gf(x) 2?1 dz (1)

where p is a complex variable taking values from the reglon of convergence of
the above integral. This transform has recently received attention in optics
mainly because of its scale-invariant properties[6-14]. Its inverse is found to
be[17,18]

c+joo

f(z)-ﬂfj IROEAE @)

where ¢ is chosen so that the line of integration lies in the reglon of conver-
gence of the integral (1) in the complex p-plane. Properties of this transform

pair are well documented in the literature[17,18].

For the purposes of the present discussion, however, it is advantageous to

consider a Mellin transform evaluated on the imaginary axis pms—js:

Fo)= [ () 57 s ®
fe)m L [ B0 e o )

This form of the Mellin transform pair will exist if the integral (1) exists and

the imaginary axis is in its region of convergence. If the change of variables
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zwme' is made in (3), it follows that the Mellin transform of the imaginary

argument equals the Fourier transform of the distorted function f(ef):
o0
Fs)= [ [(c') e™7** ds = F{f(e")} (8)
-00

Therefore, the integral (3) will exist and the integral (4) will converge in the

least square sense if f(¢') is square-integrable, or, alternatively, if
o0
[17e5 <o (®)

It will be assumed in the rest of this chapter that these conditions are true for
all signals of interest, and the terms Mellin transform (MT) and inverse Mellin

transform will refer to Egs. (3) and (4).

Many of the properties of the Mellin transform of imaginary argument fol-

low from the orthogonality relations of its kernels{17,18]:

:fz”"z"fﬂ"-ldx = ¥8—0) ()
—ef :I:’.Q“'T-jeﬂ-ldl - 6(.1:—"7) (3)

Some basic properties of the MT, defined in Eq. (3), will be outlined here for
reference purposes. The 'Parseval relation’ for the MT is

o0
*

[ 13y = | BBl ©)

Signal scaling results in a phase shift in the MT domain:

9(z) = f{az) > s) = a’?™ Ha) (10)

Complex modulation of the signal causes a shift in the MT domain:

g(z) =z ((z) « de) = He+0) (11)
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Complex conjugation and change of sign have the following effects:

['(z) + F(-s) (12)
(z™") = FR-s) (13)
17z e~ F(e) (14)

If f(x) is real, then F’(s)=F{—~s). If Fs) is real, then f‘(z)=f(z"!). The MT
of the product of signals is the linear convolution of individual MT’s:
g(z) = [y(z) fo(z) + G(s) = Fy(s) s F5(e) (15)

where * denotes convolution. The following property is very useful for the
analysis of scale invariant systems. It states that the scale convolution of two

signals, defined as

o(z) = {f.(m(s/u)% = /4(z) ® /afz) (16)

has MT equal to the product of individual MT's:

Qo) = Fi(e) Eils) a7)
There are many problems in physics and engineering where the scale convolu-

tion integral (18) appesars, and in such cases MT is an appropriate tool for

their solution|17,18].

The next property finds its application in scale-invariant pattern recogni-

tion. The MT of the scale correlation of two signals, defined as

Baln) = [1:(=)/3(e /YT = 1 stn) @ /o) (18)
is equal to
Sials) = F(s) F(s) (19)

The MT of the scale autocorrelation function, §,(s), is called the Mellin

"power" spectrum|8].
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3. Scale-Invariant Wigner Distribution

The'a.ut.o-Wigner distribution W;(z,u) is a quadratic transformation that

is invariant to shifts in space and spatial frequency of a one-dimensional signal

J(z). This is a direct consequence of its definition
Wyies) = [ 1450 "=t
= ] Fa+2)P (u=Lyeitrenan (20)
where F(u) Is the Fourler transform (FT) of f{z):
F(u)m T [(z)e~73" 4z (21)

The WD is obtained through the following sequence of steps:

(1) the signal is shifted in one, while its complex conjugate is shifted in the
opposite direction by an equal amount, and their products are formed for

all possible shifts;

(2) for every value of the spatial variable, the FT of the product is deter-
mined with respect to the shift variable.

It is the shift, performed in the first step, that causes the WD to be shift-
invariant. Therefore, to construct a SIWD, in the first step, a scaling rather
than a shifting operation should be performed. In the second step, the FT
should be replaced by the MT. Consequently, the cross-SIWD of two signals

fi(z), foz) is defined as:
o0 . i
Wa(zi8) = [11(1"22)f 3 (7 2z )y 73" 1dy (22)
0
With the change of variable y=e?, an expression involving the FT is obtained:

Wig(z,8) = 7f.(eV’x)f;(e-V?z)e-f’"*dx (23)
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where X\ is an exponential scaling variable. Therefore, the SIWD can be
obtained if the shifting and the Fourler transform in the aforementioned two-
step procedure, are replaced by the linear scaling and the MT (as in (22)), or
by the exponential scaling and the FT (as in (23)). With the help of the ortho-
gonality relations for the MT kernels Egs. (7) and (8), an alternative expres-
sion for the SIWD may be derived:

Wikew) = | B+ DIEu=Taimdo (24)

This equation is analogous to the second part of (20) with the kernel of the
inverse FT replaced by the kernel of the inverse MT.

Using the definition of the scale-invariant WD, the properties of the MT,
and the ortnhogonality relationships for the kernels of the MT, the following
SIWD properties can be derived:

1) The scale-invariant auto-WD is real. For a real signal, it is also an even

function of s. Moreover,
Wia(z,0)mWsy(2,8) (25)
2) SIWD is bilinear. Namely, if
0(z) = fo(2)+/a(z), h(z) = falz)+] (z)
then
W = Wigt Wi+ Wt Wi (26)

3) In the x-domain, scale-invariant WD has the same support as the signal,

and in the s-domain, the same support as the MT of the signai.

4) Scaling in space (or, equivalently, phase-shift in s-doin:uin) of both signals

causes the same scaling of Win the space dimension. That is, if
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g(z) = [ ,(e*z), A(z) = fq{ez)
or, equivalently,
Qo) = e E(s),  Ha) = ™ E(s),
then
Woa(z,0) = Wigle*z,0) (27)
Modulation in space by z/2* (or, equivalently, shift in the s-domain by
a) of both signals results in the shift of Win the s-direction by a. That
is, if
g(z) = 22 (2),  M(z) = 27 y(2)
or, equivalently,
Qs) = F(s—a),  Hs) = Fs—a)
then

Wi (2.0) = Wis(z,0—0) (28)

Scaling followed by modulation produces corresponding scaling of Win

space and shift in s-domain. If
g(z) = 2/ [ (e*z),  M(z) = 2TT"[ (e*)
then

Wo(z,8) = Wig(e¥z,0—0) (20)

Taking the inverse Fourier transform of (23), or inverse MT of (22), and
changing variables yields
- -]

FieNf3(z) = | WiV Ermpa)e™ o0y,

- ]? Wis(V/7129.8 )21 /2,) 2™ ds (30)
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For z =z mz:
00

I1(2)f2(z) = [ Wig(z,8)ds (31)

In the case of the scale-invariant auto-WD this reduces to

|7 (z)? = _I W, (z,8)ds. (32)

Eq. (32) can be used to extract the signal envelope. Integrating this
expression over x yields the signal energy:
o0 - M- -]
E = [|f(z)%dz = [ | W;(z,8)ds dz (33)
i 0 —o00
If, on the other hand, z,;=z, z,=1:
20

[1(2)f300) = [ Wio(V7z ,8)z73" ds. (34)

Eq. (34) allows the signal f,(z) to be recovered within a complex non-zero
multiplying constant from ita scale-invariant WD at Vz using the inverse
MT.

Applying MT on {24) and changing variables produces

. o4 81483 . _ionfe—
Ei(o1)Ff(s2) = [ Wig(z, = =2)a™ 4"V N (35)

If 8, m=s,mg, then
F(e)F(s) = {m,(z.a)% (36)

Expression on the left side of this equation is the MT of one form of the
scale correlation function, Eq.(18). The Mellin spectrum, i.e. MT of the

scale autocorrelation function, can be obtained from the scale-invariant
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|Fs)? = .g "!;(x.c)-“f- (37)

Setting &,ms, s,=0 an inversion formula for the MT of the signal can be

derived:

BB (0) = [ Walz, 2~ ~1ds (38)

9) Scale convolution in x-domain results in one-dimensional scale convolution

of Ws in the direction of x axis. Let

o(z) = :ff @) ole oYL m 1,(2) @ £ta) (39)
h(z) = {famn(x/y)i’} = 14(z) @ 1.4(2) (40)

Then
Wa(z,2) = {macv.a)%.(z/v.a)% = Wig(z,8) ®, Wa(s,0)  (41)

10) Multiplication in x-domain ylelds one-dimensional linear convolution of

Ws in the direction of s axis. If

g(z) = f1(z) fo(z),  h(z) = [4(z) [ (2)

then

W (z,8) = 7 Wis(z,0) Way(z,8—0)d o m Wig(z,8) », Way(z,s) (42)

11) The first local moment of scale-invariant auto-WD in the s variable is

-z Im-L'(i)- (43)
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where f'(x) is the first derivative of f(z). If f(x) is analytic signal, Eq.

(43) may be used to recover the local spatial frequency of the signal at a

point.

4. Scale-Invariant Ambiguity Function

The radar ambiguity function (AF) is a correlation function in space shift

and spatial frequency shift. It is defined in its symmetrical form[3] as:
o [ ] i 4 o ] !
Ar(n)= | 1 (245)f *(a— )i dzm [ F(u+-L)F (6 —T)e /™ Edu(44)
Zoo 2 2 oo 2 2

Since shifts in space and spatial frequency introduce only an additional phase
factor in A;(n,£), the magnitude of the AF Is shift-invariant. For the cross-
AF, shifting of one signal with respect to the other results in a displacement of
the correlation peak in 7,£ plane by the amount equal to the shifts. However,
the shape of the magnitude of the cross-AF remains invariant. The AF is
obtained through a sequence of similar steps as the WD, The only difference is
that the FT of the product is performed with respect to the reference rather
than the shift coordinate. The SIAF can be constructed by transforming the
eross-product, used in the definition of the SIWD, with respect to the reference
coordinate z. The MT as in Eq. (22) must be used, since z is a linear and not

an exponential argument of /. Hence, the cross-SIAF is defined as
o0 . .
Au(oN) = [11(e¥2)f 3(e?2)z792" " ds (45)
0

This expression can be transformed, by a change of variables zme?, into a

more suitable form

Ao\ = [ Fo(eVMR)f (1Mt gy (40)
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The following alternative representation of the SIAF, that also relies on the
use of FT, may be obtained:
o0

Ain(oN) = [ Fa+3)E(e—o)e ™™ ds (47)

From the orthogonaslity relationships for kernels of the MT and of the FT, and
from the definitions of the SIWD and of the SIAF, it follows that these new

functions are related as

o0 oo
AploN = [ | Wig(z,8)e 2™ e p—i2%00— 14z 4y
—000

- Z_}; Wig(e?,8)e 3 2o -19)gy 4y (48)

and
Wis(z,0) = Z_z Ap{oN)zi eI g g g\ (49)
Wig(e?,8) = z_}; Ayp(o N e/ reD)g 5 g\ (50)

Therefore, Aj5(o,\) and W;.(e?,8) represent a two-dimensional FT pair, while
App(0,)) and Wig(z,s) constitute mixed two-dimensional transform pair with
MT as the mapping between z and o axis and Fourier transform as the map-

ping between )\ and s axis.

From the definition of the scale-invariant AF, the properties of the MT,
and from the Egs. (7) and (8), it follows:

1) The magnitude of the scale-invariant auto-AF is symmetric with respect

to the origin. Moreover,

An(o)) = 45,(~0,=N) (51)
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A,q is bilinear. Namely, if

0(z) = [1(z)+/o(z),  b(z) = [ol=)+] (2)

then
Ap = Aizt+A 1 +Antdy (52)

Scaling in space (or, equivalently, phase-shift in s-domain) of both signals
introduces only a phase factor into A. The magnitude of A is invariant

to this scaling. If
9(z) = f\(e*z),  h(z) = [4(c*s)
or, equivalently,
Qs) = /" Fi(a),  Ha) = /¥ Fya),
then
Ap (o)) = /1™ Ap(aN) (53)

If one signal is scaled with respect to the other, a phase factor is intro-
duced and the correlation peak is shifted in the \ direction by & propor-

tional amount:

g(z) = [1(e"z),  h(z) = f4z)
A (0N) = ¢! Ao +p) (54)

Modulation in space by 2/?*® (or, equivalently, shift in the s-domain by

a) of both signals results in an additional phase factor only. If
g(z) = 2" \(z),  h(z) = 27" ox)
or, equivalently,
Qs) = Fi(s—a),  Hs) = Fs—0)

then
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Ap (o)) = =714, (5 (65)

Hence, magnitude of the scale-invariant AF s invariant to shifts in the s-
domain. If, however, only one signal is modulated, a phase factor is
created and the correlation peak is shifted in the o direction by a propor
tional amount:

g(z) =23 f (),  M(z) = f4(2)
“_l'i (U,X) - e_j'h"_‘lﬂ(H')‘) (56)

Scaling, followed by modulation, of both signals produces composite phase

factor in A, while magnitude remains invariant:

g(z) = 273 f (e¥2),  h(z) = 23 [ (e¥z)
I CAYE R i) WCAY (57)
If only one of the signals is scaled and modulated, a composite phase fac-
tor is generated. In this case the correlation peak is displaced off both

axis:

g(z) = 2131 \(e*z),  h(z) = [o(z)
A (o)) = efMor=2aly, (6o N+p) (58)

Eq. (58) demonstrates the scale invariance property of the newly defined
SIAF.

Performing the inverse MT of (45), and changing variables yields:

N@) () = | Aloin MYz ™do (59)
For z,mz mz:
I((2)f3(z) = [ Anlo0ja’™do (60)

In the case of the scale-invariant auto-Al) this reduces to
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oo

|£(z)? = [ As(0.0)z™da (61)

Eq. (61) can be used to extract the signal envelope. On the other hand, if

T =z, Tow];
11(@)2(1) = [ Auloine)z/™do (62)

Eq. (62) aliows the signal /,(z) to be recovered within complex non-zero

multiplying constant from its scale-invariant AF at Inz using the inverse

MT.

Applying the Fourier transform to Eq. (47) and changing variables pro-

duces
F(s)E() = J AulormeaNe P (#9)
If 5 m8ym=s, then
F(O)E(e) = [ A0Ne77dx (04)

—-00
The function A;9(0,2) represents apother form of the scale correlation

function between f,(z) and f4(z). It is related to the product on the left

side through the Fourier transform(8]:
40N = [[i(e? )5 Ty E = [T ()

The change of variables £me* may be used to transform the first form of
the scale correlation, Eq. (18), into the second form, Eq (65). The Mellin
spectrum is the Fourier transform of the scale autocorrelation function

defined as above(8|:
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| F(a)? = ?Q(O,)\)e"j""‘d)\ (68)

-0

Setting & m=s, 8,m0 an inversion formula for the MT of the signal can be

derived:
E()E©) = [ Auls Ve~ dz (®7)

Scale convolution in x-domain results in a one-dimensional linear convolu-

tion of A's in the direction of d-axis. Let

o(5) = {1,001 e/9) 3L m 1,(0) @ 1ole) (08)
b(a) = L1500 /vy m 1 (o) ® 1 o) (69)

then
An(oN) = | Aoniuodn)in m dgod) s dueX) (10

Multiplication in x-domain ylelds one-dimensional linear convolution of A’s

in the direction of the o axis. If

g(z) = J1(z) [o(z),  B(z) = [s(z) [d(2)

then

o0

Ap (o)) = _f AN A (0—EN)dE = Ag(0)0) #, A(0)N) (71)

Let the squared magnitude of the auto-SIAF be called scale-invariant
ambiguity surface (SIAS)., The SIAS peaks at the origin:

|4u(oN)? < 41(0,0) (72)

where
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4400) = [l (=N = [ |B(eXde (73)

The products of the cross-SIAF’s are related through the two-dimensional

Fourier transform:
I Ao NauoN)e M AN 7 = g€ m)Asy(Em) (74)

Two special cases of this relationship are of interest. If f,(z)=fa(z) and
[o{z)mf (x), it follows that the 2-D Fourler transform of the magnitude
of the cross-SIAF equals the product of the individual auto-SIAF's:

T ofo | Ag(oN)2e /2 E—d NG o mm Ay(€,7)Ara(€,m) (75)

In addition, the SIAS is its own 2-D Fourier transform. This follows if
J1(z)=f4(z) is put in the equation above.

TT Ay (o N2/ M- d o = | A4,,(E0)2 (786)
[V RCAY | 441(€m)

—00—00

From the property 10 and Eq. (78), the volume under the SIAS is

I 1o arda = |4,00)" = (i1 0 = (T |E@ Il @)

—D0—00

The property that the SIAS is its own 2-D Fourier transform, Eq. (76),
imposes a constraint on the distribution of the volume under the SIAS in
the o and A directions. The marginal distribution in the o-direction of
the volume under the SIAS is determined by the values of the SIAS on the
M-axis, and, from the property 7, that means by the shape of the Mellin

spectrum.

T1An(@N2x = [ |Au(0nf?eax (18)
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Similarly, the marginal distribution in the M-direction of the volume under
the SIAS is determined by the values of the SIAS on the o-axis, and, from
the property 8, that means by the shape of the signal envelope.

J Ao )?dn = [ Ay (00272 ™7d (79)

The last two equations imoly that, if the SIAS central peak is squeezed
along the o axis, the volume under the SIAS must spread out in the A

direction, and vice versa.

5. Two-Dimensional Signals and Systems

In principle, one may define four-dimensional scale-invariant WD and AF
as generalizations of Eqs. (22) and (45), and then derive their analogous sets of
properties. However, in this chapter, attention will be focused on SIWD and
SIAF as defined above. Although they are two-dimensional representations of
one-dimensional signals, they could be useful for the analysis and characteriza-
tion of some two-dimensional signals and systems such as the signals and sys-
tems with circular symmetry. The point-spread function of such systems is a
function of radial variable only. If the Input to such a system has circular
symmetry so does its output. It may be shown that these systems are scale-
invariant[18,19]. Theréfore, scale-invariant analysis and characterization of

these one-dimensional functions can be performed via SIWD and SIAF.

For example, consider the projection of a circularly symmetric signal
f(r,0)=f(r) at angle ¢. Because of circular symmetry, the projection doesn’t
vary with ¢. The collection of these projections for all values of ¢ is the
Radon transform of f{r,f)=/(r). It is, in this case, independent of ¢ and it is
equal to the Abel transform of f(r) denoted as f,(p) [18]. The Abel transform

is defined as a scale convolution type integral[18]. Therefore, the STWD (or
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SIAF) of f4(p) can be obtained through the one-dimensional scale-convolution
of the SIWD (SIAF) of the transform kernel with the SIWD (SIAF) of f(r)
according to Eq. (41) (Eq. (70)).

As another example, consider a general two dimensional signal as a func-
tion of polar coordinates, f(r,f). In this case, based on the discussion above,
it seems natural to define a four-dimensional WD or AF by taking the MT in
the radial direction and the Fourier transform in the angular direction:

co2x

Wi(r8i0.8) = [ [1(3 /204621 (7 or,8— 2 )y #2564 dady(80)
00
ool

Ap(oNa) = [ [1(MPr 04-3)f (721 6= )r =716 =i 404y (81)
00

where angular addition is modulo-2x. If the signal is separable into radial and

angular components, i.e.

[(r,0) = a(r) W(6) (82)
then the particular mixed four-dimensional WD and AF, defined above, also
separate into products of two-dimensional SIWD with WD (see Eq. (80)) and
two-dimensional SIAF with AF (see Eq. (81))

Wi (r.8:0.8) = Wi(r.0) We(6,9) (83)

A0 M0) = A(0)) Ag(¥i0) (84)
Hence, the separable signals, Eq. (82), can be analyzed in the radial direction
via SIWD and SIAF, and In the angular direction via WD and AF,

In a more general case, f(r,f) can always be expanded as a sum of circu-

lar harmonic separable functions[19]:

f(z,y) = f(r cosb,r sin8) = 3 a,(r)e’™’ (85)

A =00

The mixed four-dimensional WD (or AF) of f(r,8) in this case decomposes into
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a sum of four-dimensional auto-WD’s and cross-WD's (auto-AF's and cross-

AF's) of individual expansion terms:

W, (r 8:0,6) = Eﬂiﬁ Wi (r 0:0,9) (86)
A (050a) = Ewi Au(ovhe) (87)

Here, W,,(r,ﬂ;a ,¢) and I,,,(a‘,d:;)\,a) are four-dimensional cross-WD and cross-
AF relating n-th and k-th terms in the expansion (85). As in (83) and (84),

each of the elements in sums (86) and (87), however, is separable.

SIWD’s {or SIAF's) of the inputs and outputs of various two-dimensional
systems can be also related using the properties given in Sec. 3 {or Sec. 4).
For example, the output of the two-dimensional Fourier transformer admits
the circular harmonic expansion[19]:

F(u,v) = F(w cosy,w siny) = E Tpa (W) e~ (88)

where the output expansion coefficients a,,(w) are n-th order Hankel
transforms of the input expansion coefficients a,(r). The four-dimensional WD
of F(u,v) is the sum of the auto-terms and the cross-terms of the form (86).
Each of the terms in this sum Is separable, as in (83), into & product of a
radial SIWD and an angular WD. The n-th order Hankel transform is an
example of the Mellin-type scale convolution. Hence, using the property (41),
each SIWD term in the output four-dimensional WD can be related to its
corresponding SIWD term in the input four-dimensional WD. Corresponding
statements can be made about SIAF terms in the input and output mixed

four-dimensional AF.

Similarly, the output fp(p,#) of the Radon transformer admits a circular

harmonic expansion[20]:
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fpd) = 5 agalp) e (89)

where the output expansion coefficients ag,(p) are Gegenbauer transforms of
the input expansion coefficients a,(r). The four-dimensional WD of fz(p,$) is
the sum of the auto-terms and the cross-terms in the form of (86). Each of the
terms in this sum is separable, as in {83), Into a product of a radial STWD and
an angular WD. Since the Gegenbauer transform|20] is another example of
the Mellin-type scale convolution, the input STWD terms and the output SIWD

terms can be related using the corresponding property (41).

The scale convolution appears also in some imaging systems that suffer
from shift-variant distortions like coma aberrations and tilt of the imaging
plane out of focal plane for a cylindrical lens system({8]. The SIWD’s and
SIAF's of inputs and outputs in such systems can also be related in a manner

outlined above.

6. Optical Implementation

There are many optical implementations of the WD and the AF (see Ref.4
for references), geometric optical transformations[21,22] and the MT[23-25).
These realizations may be used as building blocks for the optical implementa-

tion of the SIWD and SIAF.

A convenient way of producing the SIWD is based on Eq.(23). The reali-
zation is illustrated on Fig. 1. The signals are first subjected to logarithmic
coordinate transformation, then the WD of such pre-distorted signals is gen-
erated, and finally the post-distortion by exponential transformation of spatial
(time) coordinate of WD is performed.

The optical realization of the SIAF, illustrated on Fig. 2 aad based on

Eq.(48), is even simpler. Logarithmic coordinate transformation is first
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performed on the signals, followed by generation of the optical ambiguity func-
tion of the pre-distorted signal.

7. Numerical Examples

In the examples that follow, numerical evaluations of SIWD an SIAF were
based on Eqgs. (23) and (46) to take advantage of the fast algorithms for the
Fourier transform calculation. Necessary coordinate transformations were
done using the standard cublc spline interpolation. The fast Fourler transform
was used to generate the WD and the AF. Resulting SIWD and SIAF for a
sinusoid signal modulated by the Gaussian pulse and for a rectangular chirp
signal are presented in Figs. 3 and 4. In each case, for comparison, both the
WD and the AF of the signal are aiso given. Figs. 3.a and 4.a show the input
signals, Figs. 3.b and 4.b show the corresponding WD’s, and in Figs. 3.c and
4.c the SIWD’s are depicted. The AF's of these signals are presented on Figs.
3.d and 4.d, and their SIAF’s on 3.e and 4.e. In these examples, one can
observe that the space (time) - bandwidth product is larger in the domains of
scale-invariant representations. However, this is not true in general. For
example, if the frequency of the chirp is decreasing instead, the space (time) -
bandwidth products would be reduced in the domains of scale-invariant
representations. These effects can be used advantageously in radar, apread

spectrum communication and pattern recognition systems.

8. Discussion and Conclusion

Performance of shift-invariant signal processing systems is known to
deteriorate rapidly with small scale changes of the signal being processed.
Many problems of this type have been resolved by the nonlinear (logarithmic)
coordinate transformation followed by linear shift-invariant processing, or by

use of the scale invariant linear integral transformation (MT){6-14]. The
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Figure 3 (a) Gaussian RF chirp signal. (b) Conventional WD. (c) Scale-
invariant WD. (d) Conventional AF. (e) Scale-invariant AF.
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SIWD and SIAF couid be used at least in those scale-invariant applications
that correspond to shift-invariant applications in which WD and AF are used.

The Wigner distribution has been applied to analysis and characterisation
of space (time) invariant electronic and optical systems[2,26-28]. It has been
also used for shift-invariant parameter estimation and feature extraction[26-
28]. Similarly, scale-invariant WD may be used for analysis and characteriza-
tion of space variant, scale invariant systems like interpolators, decimators
and magniflers. Its immunity to scale changes in the signal should make it
useful for a range of parameter estimation and feature extraction problems
that have not been tackled before. Applications of the ambiguity function
have been mainly in the radar and communication signal processing and
design, and also in pattern recognition. Since Doppler frequency shifts are
equivalent to signal scaling, scale-invariant processing preserves Doppler
invariance[13]. This implies that scale-invariant ambiguity function should be
useful in radar and communications, e.g. for the synthesis and optimal pro-
cessing of non-linear spread spectrum codes[13] that are created by ecoordinate
transformation of linear codes. Scale independent pattern recognition is

another possible application of SIAF.
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Chapter b

Outer Product Expansion of Time-Frequency
Signal Representations

1. Introduction

Among bilinear joint time-frequency representations of finite energy sig-
nals and harmonizable random signals the Wigner distribution (WD) is optimal
in many respects[1-5].The following problems are encountered in applica-
tions[6]: WD sensitivity to noise, abundance of redundant information in the
WD (like undesirable interfering cross-terms in the WD of multicomponent sig-

nals), and smearing caused by the use of windows for signals of long duration.

Any square-integrable function of two variables, regarded as the kernel of
on an integral operator on Hilbert spaces, is determined by its singular
system(7-9]. This system is defined by three sets: the set of singular values,
and two sets of corresponding biorthogonal singular functions. In this chapter,
an outer product expansion of the WD in terms of its singular values and
singular functions is proposed. Its use to alleviate aforementioned problems is
illustrated by examples with synthetic and experimental data. The
corresponding expansion of the ambiguity function has the same expansion

coefficients and most of the discussion is directly applicable there.

The Wigner distribution W,(¢,f) of a finite-energy signal s(t), that has
the Fourler transform (FT) S(f), is defined as [1}

W,(t,f) = [ s(t+7/2) 8" (t—7/2) 73"/ "dr

- ?S([+u/2) S =vf2) P4y (1)

71



72

In applications of the WD several problems are encountered. First, there
is a lot of redundancy in the WD since it is a 2-D representation of a 1-D sig-
nal. In order to use the WD successfully in applications like pattern recogni-
tion and signal detection, it would be desirable to find a data reduction
method for the WD. Secondly, for many applications, such as parameter esti-
mation, the noise sensitivity of the WD should be reduced. Because the WD is
a quadratic signal representation, the WD of a signal contaminated by noise
will contain two noise-induced components. One of them, the quadratic noise
component, is uncorrelated with signal. The other, linear noise component, is
correlated with the signal, Therefore, dependence of the signal-to-noise ratio
(SNR) in the WD on input SNR exhibits a threshold effect: for high input SNR
it is linear, for low input SNR it is quadratic. In the case of multicomponent
signals, the presence of oscillatory cross-terms caused by the bilinear nature of
the WD may obscure the picture of auto-terms. This may prohibit successful
use of the WD with multicomponent signals of complex structure. Two tech-
niques have been presented so far that address the last two problems{s,s).
One possibility[5] is to smooth the WD independently in time and frequency
direction by windowing. The other{8] is to perform 2-D filtering of the WD
relying on the separability of the auto-terms and the cross-terms in the ambi-
guity function domain. However, both methods fail to successfully suppress
cross-terms from closely spaced signal components. By 2-D smearing of the
WD, they also introduce distortion that limits their noise suppression

effectiveness.

To address these issues, an outer product expansion, based on the singu-
lar value decomposition (SVD) of the Wigner distribution, will be used. This is
an application of the basic idea from the theory of Hilbert spaces that allows

the use of the SVD as a series expansion of compact, non-normal
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operators[7,8]. This expansion has found many different applications in sci-
ence and engineering. One of the earliest was in the analysis of integral equa-
tions with general, non-symmetric kernels|[9]. The well-known special cases are
the Karhunen-Loeve expansion[10] and the expansion of time- and band-
limited signals in terms of prolate spheroidal wave functions{l1]. Another
important application is in solution of over-determined, under-determined or
ill-conditioned systems of linear equations[12,13]. More recently, SVD has been
used in image processing for data compression and restoration of images|14), in
non-linear spectral estimation for noise suppression|15,18}, and in signal extra-

polation[17].

2. Outer Product Expansion - Continuous Case

Any square integrable function of two variables, such as the Wigner dis-
tribution or ambiguity function, can be expanded iato a series of outer pro-
duets. Many such expansions are possible, but the most interesting are the
ones that provide acceptable approximation with a minimum number of
expansion terms. The Hilbert space theory provides the most general frame-

work to study this problem.

Let K(z,y) be a function that belongs to the Hilbert space of square
integrable functions, K(z,y)EL*(RXR), where R is the set of real numbers.
Let the sets {#,(z)} and {¢;(y)} be two orthonormal bases of the Hilbert
space L2(R). Consider a problem of finding a series expansion for K(z,y) in

terms of these orthonormal bases

K(z,y) = X0 bi(2)}(y) (2)
i J

Here, equality means "almost everywhere" (everywhere, except possibly on a

set of measure zero) and the series is mean convergent (L%-norm tends to
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zero). The expansion coefficients are bilinear forms
Q; -<K¢’j,¢.') = [#(z) [ K(z,y);(y)dy dx (3)

In this equation, angle brackets denote the inner product and K+ denotes the

integral transform:
Kz) = _I K(z,y)¥(y)dy = K (4)

K(z,y) is the kernel of the linear operator K and K'(z,y)=K'(y,r) is its
adjoint.

The Hilbert space L?(R) is separable and, therefore, its orthonormal
bases and the corresponding matrix of coefficients a;; are countably infinite.
Depending on the choice of the bases, this matrix can have different forms.
The most interesting is a particular choice of the bases {¢;} and {4;} that will

produce the diagonal coefficient matrix.

To find such bases, consider the two compositions of kerne! X(z,y) and
its adjoint K '(z,y) that define integral operators KKt and KK, respectively:

—? K(z,y)K*(y,z")dy = K;(z,2) (5)
7 K'(y,2)K(z,y)dz = K, (y,y") (6)

These two kernels, K; and K,, are non-negative definite and Hermitian. As
such, they have full sets of eigenvalues and associated orthonormal eigenfune-
tions[9]. It can be shown (see Ref. [0]) that the eigenvalues of kernels K; and
K, are identical (and non-negative):

KK'¢,(z) = odi(z), w100 (7)
K'Kd(y) = ofi(y),  iwl,..,00 (8)
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while their eigenfunctions ¢;(z) and ¥;(y) are biorthogonal with respect to K
K'I)" d O’.'¢,°J K’é‘ - U;‘lpl" i-l,...,oo (0)

The eigenfunctions ¢; and t; are the singular functions of K(z,y) belonging to
the singular value o;. The set {¢;(z),¥:(y);0;} is the singular system of
K{(z,y). The elements of this set are indexed in such an order that the singu-

lar values in the sequence {o;} are non-increasing.

Subatituting K'¢;, from Eq. (9), into Egs. (3) and (2), an outer product
expansion in terms of the singular system of K(z,y), with diagonal coeflicient
matrix, is obtained as

x> L]
K(z,y) = ) o,6{z)¥i(y) (10)
i
The equality above means "almost everywhere"” and the series is mean conver-
gent. Moreover, the squared L3-norm of K(z,y) is equal to the sum of the
squared singular values:
o0
| K(z,y) IP = S of (11)
ful
The best least squares approximation of K{z,y) by the kernel of the finite
rank n is [0]
R
K,(z,y)= _Ef."ﬁ.‘(’)'ﬁ'-’(ﬂ (12)
(L]
with the least squares error

I K{z,y) — Ky(z,y) P= 3 o (13)

=N+l

The outer product expansion (12) is the optimum one, in a sense that, for a
prescribed approximation error, it requires the minimum number of expansion

terms|9). Any integral transform with K(z,y) or its adjoint as the kernel can
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also be expanded in terms of the singular system {¢;,¥;;0;}. For every
a,6ELYR):

p(x) = Ko = | K(z)a(r)dy = Eodabi)oe) (14
o(9) =K' = ] K'y)b(ss = Eofbtr) (15)

Also, for every f ,bEL’(R )
(Kd lb) - Ela',-(a !'lbl') <¢|!b) (16)

If K(z,y) is a continuous function, the convergence in Egs. (10), (14), (16) and

(18) is uniform and absolute.

3. Outer Product Expansion of the Sampled Wigner Distribution

As a square-integrable function of two variables, the WD admits expan-
sion (10) in the series of outer products of its singular functions weighted by
corresponding singular values o;,. Since the WD is real-valued, so are its
singular functions. Moreover, the marginals and local moments of WD, being
integral transforms with WD as a kernel, have orthonormal expansions in
terms of one or the other set of singular functions, as in (14) and (15). In most
practical cases, however, one desals with discrete approximations to the WD.
Therefore, the optimum outer product expansion of the WD will be given, in

this section, in the framework of finite-dimensional vector sbaces.

In order to numerically evaluate the WD, the signal has to be sampled
and, if necessary, time-limited. From N data samples a discrete approxima-
tion to the WD of the continuous signal can be calculated in one of the several
ways{1,4,18]. One of the procedures most often used for this, achieves compu-

tational efficiency through the use of the FFT but also requires either over-
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sampling by a factor of 2 or use of analytic signal to avoid aliasing[l). How-
ever, regardleas of the method used, the result is an N XM matrix W of sam-
ples of the continuous WD. In the discrete case, the singular system is gen-
erated by the singular value decomposition of this matrix of the WD
samples[12-14]. Singular functions are replaced by singular vectors, outer pro-
ducts in the expansion are unit rank matrices, the number of terms in the
expansions is finite, and there are no convergence problems. Then, the singu-

lar system {u;,v;;0;} of the WD matrix is defined by

WWTy, = cfy;, iml,.,N (17)
wWIwy; = ofy;, iml,..,N (18)
Wv,- - O Wrﬂ" = 0; v, l'-l,u.,N (19)

The SVD of the discrete WD is
N N
W e So;u07, IWiE = S of (20)
| (2]
where IWllp is the Frobenius matrix norm. As a consequence of the proper-
ties of the WD, the volume under the surface that corresponds to a particular
expansion term is equal to the signal energy contained in that term. The frac-
tion of signal energy contained in i-th term is denoted ¢;. The best least

squares approximation of W by the matrix of the lower rank K < N is

X T
Wi = 3 0,4,v; (21)
fmi
with least squares error
N
IW—-Wxlf= 3 of (22)
imK+1

In addition, the linear transformations, with W or WT as the transformation

matrices, admit expansions as
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N

p = Wa = Toof a)u (23)

¢ =WTh = S (e] by (24)
im]

aTWTh = So(aT u)XuTb) (25)

!
=]

The proposed expansion, Eq. (20), can also be regarded as a non-linear
and non-unitary transformation of the signal, with {5;} as its generalized
"spectrum”. The singular value (s.v.) spectrum {o;} exhibits several interest-
ing properties, If T(6) and B(J) are essential time- and band-limit of the sig-
nal defined so that only & fraction of its energy lies outside, the essential
dimensionality of this signal is 2T(6)B(§) [11]. In the processing of synthetic
noiseless monocomponent signals, it has been observed that with
K(8) = 2 T(8) B(6) in Eq. (21), the fractional approximation error is A == 24.
For example, chirped raised-cosine pulse, shown in Fig. 1.a, has TB = 4 with
6 = 0,01. Contour plot of the WD of this signal is depicted on Fig. 1.b, and its
singular values on Fig. 1.c. For this signal K = 8, and error in the approxima-
tion (21) is 2%. The dependence of the singular value spectrum on the time-
bandwidth product of the signal is displayed on Fig. 2 for TB = 1, 4, 8, 17.
Observe how the s.v. spectrum spreads with increase in the time-bandwidth
product of the signal. It is also noticeable that the number of significant,
non-zero singular values that determines the width of the s.v. spectrum is
equal to signal dimensionality 2TB. The exact shape of the s.v. spectra is

dependent on the actual frequency vs. time dependence within the signal.

Permutations of rows and columns or unitary transformations of W lead
to similarity transformations of WW7T and WTW. Consequently, the s.v.'s of
W remain the same. The s.v.'s of W are invariant to time and frequency

shifts of the signal since these correspond to permutations of rows and columns



(@)

®)

©)

Ill..,

.........

79

Figure 1. Chirped RF raised cosine pulse (TB = 4) - (a) waveform, (b) WD

contour plot, (c) WD's singular values.
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Figure 3. waveforms and s.v. spectra for chirped RF raised cosine pulses of
different chirp rate - (s) TB = 1, (b) TB = 4, (c) TB = 8, (d) TB = 17.
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Figure 3. Waveforms and s.v. spectra for chirped RF raised cosine pulses of
different central frequencies and delays with the same chirp rate, TB = 4.
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Figure 4. Waveforms and s.v. specira for different multicomponent signals.

Individual components have identical chirp rate and TB = 4,
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of W. This is demonstrated in Fig. 3, where four signals with the same time-
bandwidth product (TB == 4} but with different central frequency and position
in time are shown to have identical s.v, spectra. The ambiguity function has
the same s.v.'s as its 2-D Fourier transform, the WD. Other time-frequency
signal representations that can be obtained from the WD by unitary transfor-

mations (such as the Rihaczek distribution) possess the same s.v.'s also.

For a multicomponent signal, containing M similar components displaced
in the time-frequency plane, the s.v. spectrum changes as a function of the
number of components and their spacing. Fig. 4 illustrates this effect. Each
component of the signals in the Figure has TB = 4. Notice how the width of
the s.v. spectrum increases and lts shape changes as the number of com-
ponents is increased. Also, with the same number of components, the width
and shape of the spectrum depend on the spacing between the components in

time-frequency plane.

The singular value spectrum has a high data reduction potential. It
encodes the following signal features: time-bandwidth product, frequency vs.
time dependence, number of signal components and their spacing. The spec-
trum is invariant to shifts of the signal in time and frequency. It can be
obtained by SVD either from the Wigner distribution (which is real-valued),
from the ambiguity function (which is complex-valued), or from any other
time-frequency representation that is related to WD and AF through a unitary
transformation (such as the Rihaczek distribution). Consequently, the s.v.
apectrum seems to be well suited for pattern recognition and signal detection
tasks. This fact will be demonstrated in subsequent Chapters. In the next
section, the potential of the SVD for noise and interference suppression in the

Wigner distribution are explored.
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4. Enhancement of the Wigner Distribution

The SVD may be used to suppress noise in the WD without smearing it in
any direction, thus preserving its resolution. As an example, consider a signal
of very low dimensionality, such as the Gaussian high frequency pulse shown
in Fig. 5a. The WD of this signal is shown in Fig. 6b and its s.v. spectrum in
Fig. 5c. When the same signal is corrupted by noise, SNR=8dB, as shown in
Fig. Ba, its WD and s.v. spectrum are perturbed as displayed in Figs. 6b and
6¢c. The amount of noise in the WD is proportional to the noise energy and
hence to the observation time. The nolse contributions, having larger time-
bandwidth product than the signal, are distributed over the larger number of
expansion terms than those of the signal. Consequently, by proper truncation
of the outer product expansion (20), most of the signal contributions will be
retained, while a significant fraction of the noise contributions will be rejected.
From the s.v. spectrum shown in Fig. 5¢, we see that it is sufficient, in this
example, to take only the first expansion term as an approximation of the sig-
nal WD. Comparing Fig. 6d with Fig. 5b (ignore the change of scale), the
strong noise suppression effect is noticeable. However, for a signal with larger
time-bandwidth product this noise suppression gain is smaller. In such a case,
the fraction of expansion terms that has to be retained is larger, and so is the
amount of noise. As a rule, the smaller the dimensionality of the signal com-
pared to the dimensionality of the noise that falls in the observation interval,
the greater the noise reduction potential of this technique. If the number of
terms retained after truncation is less than the signal dimensionality, even
better noise suppression can be achieved at the expense of some WD distor-
tion. The amount of distortion is proportional to the least squares error (see

Eq. (22)).
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Figure 5. Gaussian RF pulse - (a) waveform, (b) WD perspective plot, (c) s.v.

spectrum.
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Figure 6. Gaussisn RF pulse in noise (§/N = 6dB) - (a) waveform, (b) WD
perspective plot, (¢) s.v. spectrum, (d) enhanced WD.
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The same method may be applied to improve estimates of various signal
characteristics that may be obtained from the WD. For example, the squared
envelope of the signal and its energy density spectrum, being simple integral
transformations of the WD of the signall], have series expansions like (23)
and (24). To reduce noise effects, these expansions can be truncated as

explained above.

All these observations carry over to the case of multicomponent signals.
One such signal, that donsists of components with low TB product, is depicted
on Fig. 7.a. It is an experimentally measured series of ultrasonic echoes in
noise, SNR=15dB. They were obtained with broadband, Gaussian-like RF
driving pulse of TB<1. The singular value spectrum of the measured signal is
shown in Fig. 7b. Perspective plot of the WD of this signal is shown on Fig.
8.a, together with the first five outer product expansion terms. There are four
echoes in the signal on Fig 7.a, so the WD is reconstructed with K =4 as the
truncation point, and the result is presented on Fig. 8.b. Observe how the
noise is almost completely suppressed, and the complex structure of the WD of
the muiticomponent signal is clearly visible. The signal envelope estimate
from the WD on Fig. 8.a is shown on Fig. 9.a, and its improvement obtained
with truncation at Fig. 9.b. However, even more could be done for multicom-
ponent signals to separate auto-terms from cross-terms in the WD. The outer
products dominated by the auto-terms contain significant fraction of signal
energy ¢,. Therefore, they are characterized by large o; and ¢;. Products
dominated by the cross-terms exhibit contain very little or no signal energy;
the corresponding o; are large and ¢; are small. Finally, small o; and ¢;
characterize noise dominated expansion terms. Based on these facts, the
cross-terms in the WD may be suppressed. Fig. 10.a shows the distribution of

energy over the terms of expansion (20) for the signal in Fig. 7a. Notice that
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Figure 7. Series of ultrasonic echoes in noise - (a) waveform, (b) s.v. spec-

trum.
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Figure 8. WD perspective plots for the signal in Fig. 7.a - (a) outer product

expansion, (b) enhanced WD.
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Figure 9. Envelope estimates for the signal in Fig. 7.a - (a) from the original
WD on Fig. 8.a, (b) from the enhanced WD on Fig. 8.b.
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(@)

Figure 10. (a) Distribution of energy over the expansion terms. (b) Restored
WD auto-terms only.
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the auto-terms are mostly concentrated in the first term of the expansion.
Using this as the criterion for the truncation of the outer product expansion of

the WD, cross-terms were suppressed as shown on Fig. 10.b.

We see that the suppression of both noise and interfering cross-terms is
possible using the SVD of the Wigner distribution. The resulting enhancement
of the Wigner distribution may be important in situations where a signal has
wide dynamic range and low level components in its Wigner distribution are

corrupted by noise.

6. Conclusions

The proposed outer product expansion of the WD has high data compres-
sion and interference suppression potential, especially for low time-bandwidth
signals. Examples involving synthetic and experimental data in ncise demon-
strate poesible enhancement of WD by the proposed method which makes vari-
ous post-processing techniques potentially more effective. For example,
improved estimates of signal parameters can be obtained from the enhanced
WD. Also, better performance signal detection and recognition in WD domain

Is possible,
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Chapter 6

Two-Dimensional Shape Description

1. Introduction

Object classification and recognition are among the most fundamental
and important problems in computer vision. The significance of shape for
cbject recognition by a human visual system is well understood. Shape is
invariant to many variations in the imaging process, such as the changes in
lighting conditions, the dynamic range, the signal to noise ratio, the sensor
resolution, the detector sensitivity, etc. The problem of shape description, in
addition to scene analysis for computer vision, also arises in cell classification
in biology and medicine, in chromosome classification in genetics, in the
Interpretation of X-ray images in radiology, in radar and sonar target

identification, ete. [1-10).

In image analysis, for the purpose of ciassification, an object’s boundary
extracted from the image represents the shape of the object. Boundary data
compression is achieved through the extractlon of geometrically invariant
features that are used as shape descriptors. A variety of such shape descrip-
tion techniques are avallable for object classification and recognition|1,2].
They can be called either external, if they rely on local boundary followers
that trace the boundary only, or internal, if they rely on global boundary fol-
lowers that also examine the interlor. Alternatively, classification into either
scalar transform or space domain techniques is possible. The former produce
an array of scalar features used as an input to statistical pattern classifiers,
while the latter transform an image into another image to be used as an input

to subsequent syntactic pattern classifiers. Depending on whether it is possible

95
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to reconstruct the boundary from the descriptors or not, the distinction can be

made between information preserving and non-preserving techniques.

Shape descriptors must be invariant to scaling, to rotation, to translation
of the boundary, to change of the starting point and to the direction of boun-
dary tracing. Recognition of both the similarities and the differences between
shapes should be facilitated. Significant dimensionality reduction, equivalent
to data compression, should be achieved. Descriptors should be sensitive to
local boundary variations while insensitive to noise and fuzziness in the boun-

dary description.

There are several boundary representations employed with external scalar
transform techniques. For example, Cartesian coordinates as functions of arc
length have been suggested(3,4,6). Other parametrizations, such as local
tangent angle, cumulative angular bend[5,8], or relative angular bend[7] as
functions of arc length have been employed also. Alternatively, the curvature
or the radius of the curvature as functions of arc length have been preferred
sometimes(8]. For a restricted class of boundaries, polar coordinates can be
chosen[9]. More recently, the radius as a function of arc length has been
used|{10]. While some of these representations are inherently shape invariant,
others may require normalization. However, all of the above representations
are parametrizations of the boundary as a periodic function of single indepen-

dent variable.

Standard scalar transform methods are based either on the method of
moments(l], or on the Fourler analysis of some function derived from the
boundary[3-8)], or on the circular auto-regressive (CAR) modeling of the boun-
dary[9,10]. The major drawback of the moment method is that the first few

moments carry significant information only for simple but not for more compli-
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cated objects[l]. The problem with the other two methods is their relative

insensitivity to local shape variations][l].

This paper presents a novel shape description method that is based on
the representation of a boundary in space - spatial frequency domain. It com-
bines two signal processing tools - the Wigner distribution (WD) and the singu-
lar value decomposition (SVD). It is expected that the method will be useful
in applications where boundaries need to be classified according to their signa-
ture in the space - spatial frequency plane. For shape classification, one of the
many 1-D representations of the 2-D contours is employed. Boundary features,
or shape descriptors, are obtained using singular value decomposition of the
WD. The rationale for this approach lies in the properties of WD singular
values - they encode certain shape features such as the space-bandwidth pro-
duct, the shape complexity in terms of number of components and their spac-
ing, and the spatial frequency vs. the space dependence. The singular values
of the boundary WD possess all the properties required of good shape descrip-
tors. To illustrate the effectiveness of these descriptors in shape classification,
a number of examples are presented. The proposed method is useful, more

generally, for robust classification of any 1-D waveforms.

3. Boundary Representation in Space - Spatial Frequency Domain

For a case of a periodic function of spatial variable, such as the boundary

of an object, the boundary WD (BWD) is defined as

s/ . - .'.'mn’
W;(z,m) = %-sfn [e+0/2)f ‘(z—af2) e~ ° dao,  0<z<S (1)
where § is the spatial period.

For the numerical evaluation of the BWD, the boundary is sampled at N
points and NXM matrix W(n,m) of BWD samples is obtained as outlined in
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earlier chapters. Because the BWD is a 2-D representation of a 1-D signal, it
is a redundant representation. To reduce the BWD redundancy, the SVD s
used, as explained in Chapter 5:

Winm)=UD VT = ﬁa,.u(n),-uf(m),-, NWIP = f;a,? (2)

fe=1 i=]
where T denotes a transpose, and Dmdiag(0y,03, .. . ,0x). The numbers

0,20,2 - - - 20y are the singular values (s.v.) of the BWD with following pro-
perties (Chapter 5). Permutations of the rows (columns), or unitary transfor-
mations of W, lead to similarity transformations on WWT and wTW. Con-
sequently, the s.v.'s are invariant to these transformations. The s.v.'s are also
invariant to spatial shifts of the signal (and also to spatial frequency shifts of
the analytic signal) since these shifts correspond to permutations of rows
(columns) of W. If § and B are the essential space- and band-limits of the
signal defined such that only § fraction of its energy lies outside, the essential
dimensionality of this signal is 2BS. For a monocomponent signal, in the
absence of nolse, the number of significant expansion terms that contain (1 - §)
fraction of the signal energy is approximately equal to the dimensionality of
the signal K(4) = 2B(58)S(9).

As shown in Chapter 5, the s.v.'s of the WD encode certain invariant
features of the signal such as the space-bandwidth product, the signal com-
plexity in terms of number of components and their spacing, and the spatial
frequency vs. space dependence. Therefore, the s.v.'s of the BWD are pro-

posed for descriptors of shape.

3. The singular value shape descriptors

Let the boundary be represented by the circular sequence r(n). The

sequence r(n) can be any of the various representations for 2-D shape boun-
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daries. We next evaluate its WD and perform a SVD of the result. The set of
singular values, thus obtained, represents the desired feature vector that
describes the boundary shape. We term these singular valies as the singular

value descriptors (s.v.d.'s).

The s.v.d.'s satisfy all shape description requirements. For boundary
rotation, or for change in the starting point, r(n) shifts circularly resulting in
row permutation of the WD matrix. A change of the direction of tracing
results in a reflection of r(n) which is another row permutation of W. These
row permutations do not change the s.v.d.’s. The translation and scaling of
the image do not change r(n), and hence the s.v. deacriptors are invariant.
Even if the boundary representation is not scale invariant, the complexity of
the signal, the nature of spatial frequency vs. space dependence and the
space-bandwidth product remain the same, and the s.v.d.’s do not change.
Therefore, none of the invariance properties of the a.v.d.'s, except translation
invariance, depend on the particular choice of the boundary representation.
Since all of the standard representations are translation invariant, any one of
them can be used to produce a particular set of s.v.d.’s. The number of essen-
tially non-zero s.v.d.'s is equal to the space-bandwidth product of r(n) which,
in general, is not large. In the examples that follow, it will be demonstrated
that only a few dominant s.v.d.s are sufficient for successful shape
classification. This means that s.v.d.’s achleve a high degree of data compres-
sion. The noise induced perturbations are distributed almost uniformly over
all s.v.d.’s resulting in a high signal-to-nolse ratio for the dominant s.v.d's (see
Chapter 5). This property provides for the good noise immunity of these
descriptors. Using different examples, other properties of s.v.d.'s, such as the
tolerance to within-class variations, good between-class separation, and a sen-

sitivity to local shape variations will also be demonstrated.
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4. Classification of shapes

In the examples‘ that follow, the boundary is represented by a 1-D
sequence of radial distances measured from the centroid to each of N equidis-
tant points on the boundary, r(n) It can be shown that the circular sequence
r{n) is scale, rotation and translation invariant, and provides an unambiguous
representation of arbitrarily complex boundariea[8-10]. It is rather insensitive
to noise. Because of the nonlinear nature of the feature extraction process,
these properties do not propagate directly into the s.v.d's. As explained
above, however, the corresponding s.v.d.'s properties are not induced by the

particular choice of boundary representation.

Several examples are used to illustrate the classification potential of the
s.v. descriptors. In all of the examples, the contours have been hand digitized
using a digitizing tablet, the samples were interpolated, and then resampled to
obtain a set of equidistant points. This process introduces a substantial
amount of boundary noise, or uncertainty. However, it will be seen that thia

does not impair the classification performance of the s.v.d.’s.

The contour in Fig 1.a has been geometrically transformed in several
ways as shown on Figs. 1.b, l.c, and 1.d. Both the starting point and the
direction of boundary tracing are indicated on the figures. Boundaries were
sampled at 128 equidistant points. Fig. 2 shows the resulting representations
r(n). Noticeable are the ripples introduced by the digitizing process. The WD
of the contour in Fig. 1.a, and twenty largest s.v. descriptors are displayed in
Figs. 3.a and 3.b. The relative scatter among the feature vectors, caused by
the imperfection of digitizing process, is less then 2% illustrating the invari-

ance property of the s.v.d.’s.

In Figure 4. two classes of shapes are presented. A significant degree of
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Figure 1. Geometrical transformations of the boundary.
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of the distribution on Fig. 3.a.
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variability exists within each class. The boundaries were sampled at 128
equidistant points. The largest twenty a.v. descriptors for typical members of
each class, AO and B0, are shown in Fig. 6.a. Fig. 5.b displays a scatter plot
of the pairs of dominant s.v.d.’s. Noticeable is the tight clustering of shapes
within each class and the good separation between the clusters. This demon-
strates the high tolerance to intra-class variability and good inter-class separa-
bility provided by the s.v.d.'s. Moreover, this result was achieved using only
two of the largest s.v.d.’s, demonstrating the high data compression property

of the descriptors.

To show the sensitivity of the s.v.d.'s to local shape variations, even with
large intra-class variations, forty hand printed Roman characters B and D,
collected in Fig. 8, were analyzed. The characters were represented by their
outer boundary sampled at 32 points. The notch in the boundary of B,
represents the localized shape variation that distinguishes it from the boun-
dary of D. Using four dominant s.v.d.'s as a feature vector, boundaries were
classified using standard hierarchical clustering based on the simple Euclidean
distance measure[ll]. Fig. 7.a shows the resulting clustering tree. In this
diagram, the vertical spacing between the nodes indicates the separation
between the classes. Two well separated clusters are noticeable, one contain-
ing the B's and the other containing the D’s. As shown on the scattering
diagram of Fig. 7.b, clear separation exists even if only two dominant s.v.d.’s

are used,

The digitized boundaries of six aircrafts, displayed in Fig. 8.a, were used
to show that the s.v.d.'s are also appropriate for complex shapes. The cluster-
ing diagram of Fig. 8.b is obtained using four largest s.v.d.'s, while Fig. 8.c
displays the scatter plot of two dominant s.v.d.'s. It is clear that the s.v.d.’s

provide high degree of data compression.
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Figure 4. Two classes of shapes with substantial intra- class variation.
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Figure 7. (a) The clustering tree obtained using first four s.v.d.’s for letters

in Fig. 6. (b) Scatter plot of the first two s.v.d.'s for the same letters as in (a).
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Due to the ordering of the s.v.'s, increasing the number of s.v.d.'s used for
classification would only improve the resolution of the classifiers in all of the
above examples. It should be underscored that the above results were
obtained using a non-optimal classification procedure. Further performance
improvement can be achieved if more sophisticated, optimal and other sub-
optimal procedures, are used. For example, the Fukunaga-Koontz or the
Foley-Sammon transformation of the feature vector can be performed to max-

imize the inter-class separation(12].

5. Conclusions

The singular values of the boundary WD are proposed as shape descrip-
tors. They possess all the shape descriptors properties. The singular values
are invariant to all geometrical transformations of shapes normally encoun-
tered during imaging, segmentation and boundary tracing. They provide a
high degree of data compression and good noise immunity. Small changes in
the object result in small changes in the descriptors. Tolerance to intra-class
variations is significant, while good inter-class separability is maintained. The
singular value descriptors are also sensitive to local shape variations. In spite
of the increased computational complexity associated with the calculation of
the WD and the SVD, it is hoped that the s.v. descriptors will find applica-
tions in shape classification primarily due to their robustness, high data
compression and other properties described above. More generally, the singu-
lar values of the WD should also be useful for classification of arbitrary 1-D

patterns.
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Chapter 7

Tissue Characterisation

1. Introduction

Estimation of the ultrasound attenuation of tissue is an important area
for research in medical ultrasonics. This tissue parameter, once properly
measured, promises to be useful for tissue characterization, in general, and for
discriminating diffuse liver diseases, in particular [1,2]. Many techniques have
been advanced to determine the tissue attenuation from the echo signal of the
broadband ultrasonic pulse used in forming conventional medical ultrasonic
images. In this setting, while the transducer is rotated over a limited angular
segment, a radio-frequency (RF) ultrasonic pulse is transmitted periodicly and
an echo signal is received. In this way, an area in the tissue can be effectively
scanned. An echo signal received from a single angular direction during the

scanning process is called an A-line.

One useful approach to tissue characterization exploits the empirical
observation that ultrasonic attenuation in tissue increases roughly in propor-
tion to frequency [3,4]. The mean frequency of a broadband pulse steadily
decreases as the pulse propagates through tissue since its high frequency com-
ponents are attenuated more strongly than its low frequency components. The
downward shift in mean frequency with depth in a train of ultrasonic echos,

then, provides a direct measure of the siope of attenuation versus frequency.

In extracting the attenuation from the frequency variation one must take
into account a number of important physical effects, such as the initial pulse
spectrum, the transducer diffraction and the precise form of the frequency

dependence of the attenuation. However, an accurate estimate of the

113
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frequency variation with depth is the key element required in this approach.
The commonly used methods for evaluating this frequency shift require averag-
ing of the estimates from a large number of A-lines in order to suppress noise-
like variations in the local frequency caused by interference effects [4,5]. In
this chapter, an eﬂicicnt_ technique is presented for the estimation of intrinsic
frequency variation from an ultrasonic A-line with little or no averaging
between the lines. By identifying echo segments corrupted by interference-
induced noise, we eliminate the need for averaging large amounts of data.
These segments are rejected in evaluating the local frequency. The
identification is achieved using the singular value decomposition (SVD) on the
Wigner distribution (WD) of the signal. The method essentially performs a
non-linear filtering of the echo signal to reduce greatly the interference effects
between overlapping echoes - both the correlated noise, as well as the uncorre-
lated electronic noise. Then, the local frequency is evaluated both accurately
(i.e. without bias by noise) and efficiently {i.e. with a small data set). This
analysis is carried out on the Wigner time-frequency function calculated from
a segment of echo data. With the help of the singular value decomposition of
the Wigner distribution, echo segments corrupted by interference and noise are
rejected. In this way, correlated interference is suppressed much more
efficiently than by averaging. This method is then applied on the traditional
problem of estimating the attenuation slope from the downward shift in mean
frequency with depth. Analysis of simulated echoes shows that accurate esti-
mates can be obtained from a single A-line. Moreover, the correct answer Is
obtained with two orders of magnitude less data than the conventional Fourier
approach. The resulting savings in data acquisition time and computation

time are substantial.
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2. The SVD of the Ultrasonic Echo’s Wigner Distribution

Among joint time-frequency representations of finite energy signals,
periodic signals and harmonizable random signals, the Wigner distribution Is
optimal in many respects(6-7]. It encodes important physical information
about the signal in the form of a local frequency “spectrum”. Ultrasonic echo
is a bandpass signal. When dealing with such signals, it is more convenient to

work with the WD of the corresponding analytic signal.

The WD properties were discussed in earlier chapters. Only the most pe:r-
tinent results will be repeated here. We shall assume that the signal is ana-
lytic. For finite energy signals, the volume under the WD is equal to the signal
energy or, for finite power signals, to the signal power. Projection of the WD
on the time axis is equal to the squared magnitude (instantaneous power) of

the signal:
7 Wy(t.S)df =|=(¢)? (1)

The energy density spectrum can be obtained as the projection onto the fre-

quency axis:
T W0 =Xy @

The instantaneous frequency, which is meaningfully defined only on the ana-
lytic signal associated with a real bandpass signal, is the first local moment in

the frequency variable of the WD of that analytic signal:

j I W(t.f)df
fi(t) = Iz(tlg

3)
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For the numerical evaluation of the WD, the signal is sampled. From the
N data samples, a discrete approximation of the continuous signal WD is cal-
culated. There are several procedures to evaluate sampled WD(8]. Regardless
of the method used, the result is an NXM matrix W(n,m) of WD samples.
Because the WD is a 2-D representation of a 1-D signal, it is a redundant
representation. For the redundancy suppression and the enhancement of the
WD, the singular value decomposition (SVD), introduced in Chapter 5, can be
used. With this technique, improved signal parameter estimates are obtained

from the WD.

In finite dimensional linear spaces, the singular value decomposition is
essentially a generalization of the eigen-analysis to non-symmetric and even
non-rectangular matrices. The sampled WD matrix W(n,m) is an example of
such a matrix, and its decomposition, given In Chapter 5, Is:

Winm)mUD VT = f;la,-a,-(n)o,?‘(m), IWIP = ﬁla,? (4)

= fom

where T denotes a transpose, and D is the diagonal matrix,
Dmdiag(0,05, . . . ,0y). The numbers 0,2>0,>> - - - >0y are the positive
square roots of the eigenvalues of the square matrix WW7T (and WT W also),
and are called the singular values (s.v.) of the matrix W. The columns of U
(or V) are orthonormal eigenvectors s; (or v;) of WWT (or WTW). The set
{s;, v;; 0;} is called the singular system of the matrix W. The singular vec-
tors u; are functions of the sampled time variable - n, while v; are functions of
the sampled frequency variable - m. As shown in Chapter 5, any linear
transformation, with W as the transformation matrix, can be expanded in
terms of one or the other set of singular vectors. Specifically, the sampled

squared envelope of the signal, Eq. (1), and the sampled energy density spec-
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trum, Eq. (2), admit orthogonal expansions:

N
|z(n)? = We = S o,(eTv)ui(n) (5)

(=1

N
[X(m)? = WTe = $i0;(eTu;)vi(m) (8)

Fm=]
where em=[111 - - 1]T, and expression in parenthesis represents the inner
product of vectors. Similarly, if p=j0123 - - N—l]r, it follows that the

vector Wp has the expansion
NoioT
Wp = 3 0:(p” vi)ui(n) (7
fm]

Therefore, sampled instantaneous frequency, Eq. (3), can be expressed as

N
Yoy Tv)si(n)

[i(n)=/, ';rl (8)
> 0;(eTu;)ui(n)

fel

where f, is the sampling frequency.

It has been shown in Chapter 5 that the low order expansion terms carry
gross information about the signal, while the higher order expansion terms
reveal the fine structure in the signal. If all but K s.v.'s are close to zero, the
above expansions (4)-(8) can be truncated to K terms, resulting in the best
least squares approximation of W by a matrix of the lower rank K < N. The
least squares error is equal to the sum of the squares of the deleted singuiar
values. In the presence of noise, we can enhance the Wigner distribution and
improve signal parameter eastimates by properly truncating the expansions in
Egs. (4)-(8).

As explained in Chapter 5, the s.v. "spectrum” of the Wigner distribution

encodes certain invariant features of the signal such as the time-bandwidth
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(TB) product, the signal complexity in terms of the number of components and
their spacing, and the frequency vs. time dependence. These features in an
ultrasonic echo reflect the attenuation and the scattering characteristics of the
medium. Therefore, using the s.v. spectrum it is possible to separate those
segments of an ultrasonic A-line that have stable local frequency (small TB-
product) from the ones with unstable local frequency variation (large TB-

product).

3. Estimation of the Frequency Shift in Tissues - the Method

To illustrate the idea behind the method, consider the example shown in
Fig. 1. The signal in Fig. 1.a is composed of four Gaussian RF pulses, two of
which overlap - a composition similar to a typleal ultrasonic A-line segment.
In constructing this signal, prior to the superposition of pulses, the frequency
within each pulse is chirped and the central frequency is shifted down going
from the firat to the last pulse. The resulting bullt-in frequency trend is indi-
cated in Fig. 1.b by the dotted line. The instantaneous frequency in the com-
posite signal, calculated using Eq. (3), exhibits a different variation with time
as displayed in Fig. 1.b by the solid line. The transient effects, shown in Fig.

1.b, are a consequence of the phase differences between the adjacent pulses.

We are interested In estimation of the local frequency variation trend, not
in the transients that obscure it. The standard approach is to extract a signal
segment by windowing, calculate its Fourier spectrum, and determine the spec-
tral centroid. This process is repeated for different positions of the sliding
window. The shift in the spectral centroid delineates the local frequency vari-
ation trend. Typically, window lengths between one and eight pulse lengths
are used. However, when the sliding window extracts the two randomly

spaced overlapping pulses, the mean frequency of the corresponding spectrum
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Figure 1. (a) Four partially overlapping Gaussian RF puises. (b) Instantane-
ous frequency (solid line) and the built-in trend (dashed line) for the signal in

(a).. (c) Short-time FT centroid estimates (points) and the built-in trend.
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is a random variable. This random variable can significantly deviate from the
overall trend. Fig. l.c shows the centroid frequency estimates (points),
obtained with this standard procedure, for three adjacent, non-overlapped
positions of the 32-point rectangular window. Notice the significant deviation
from the reference trend (solid line) at the middle window position. This
noise-like deviation of the centroid frequency results from interference between
randomly spaced overlapping pulses, and is thus correlated with the signal
{unlike thermal noise). In the centroid frequency estimation from an ultra-
sonic echo signal, the conventional remedy is to use longer windows for
smoothing along an A-line, and to average many lines. However, since the
interference is correlated with the signal, and adjacent lines are correlated
with each other, effective suppression of this type of noise requires averaging of
excessive amounts of data. To use independent A-lines only, data should be
taken from large tissue regions. As a result, genuine differences of trends
between individual A-lines, that are due to the tissue characteristics, may also

be averaged out in the process.

A much more efficient approach is to discard the noisy segments using the
SVD of the WD. We can discriminate the stable from the unstable (noisy)
local frequency points using the s.v. spectrum. Fig. 2 shows three sets of the
WD s.v.'s obtained from the same windowed data as used in Fig. 1l.c. To
insure that the s.v. spectra are insensitive to pulse amplitude variations, prior
to application of the SVD, the WD's are normalized to unit energy. The first
window contains an isolated Gaussian RF chirp pulse resulting in the nar-
rowest s.v, spectrum. The second window contains two pulses. Strong tran-
sient effect that exists between the two pulses (see Fig. 1.a) substantially
increases the TB product of the extracted signal segment. Therefore, its s.v.

spectrum is wide. In the last window (see Fig. 1.a), there is a slight overlap
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between the talls of the third and fourth pulse in. Here, the transient effect is
not as pronounced as in the previous case; as a result, the s.v. spectrum is only
slightly differs from the first case. Observe that, the magnitude of the dom-
inant s.v. is low whenever the s,v. spectrum is wide and vice versa. The
dependence, however, is not exactly inverse proportional. Namely, athough
the signal energy is normalized, the sum of the s.v.’s need not necessarily be a

constant.

Notice that the data windows characterized by stable local frequency pos-
sess the most compact s.v. spectra with the largest dominant s.v. On the
other hand, wide s.v. spectra and smaller dominant s.v. imply that the local
frequency in the data window is unstable. Using this fact we can separate the
stable from the unstable frequency points. These conclusions remain true even
in the presence of substantial uncorrelated thermal noise (see Fig. 3). Noise,
in general, increases the TB-product of the data in the window and perturbs
the s.v. spectrum (decreasing the dominant s.v.). The dominant s.v.'s have the
best signal-to-noise ratio, and, therefore, are used for noise and interference

discrimination.

The centroid frequency, as a gross signal feature, can be estimated using
the first frequency singular vector as an approximation to the signal spectrum.
This corresponds to the truncation of the expansion (6) to a single term, Km1,
Such a sharp truncation of the expansion is acceptable because the TB-
product of a clean ultrasonic RF pulse is low, and therefore the gross informa-
tion is contained in the dominant first term while the remaining terms

represent second order effects.

The following procedure Is proposed for estimating the intrinsic frequency
variation trend. As a first step, the A-line is partitioned into overlapping seg-
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Figure 3. Singular values of the WD for the first (s), second (b), and third

(¢) 32-point segment of the signal in Fig. 1.s, corrupted by nolse, S/N = 18dB.
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ments using any standard window, e.g. Hamming window. On each data seg-
ment the WD is calculated and normalized. Then, the dominant s.v. of the
WD and the corresponding frequency singular vector are determined. Data
segments with stable frequency are identified by comparing their dominant
singular value to a predetermined threshold. The local frequency is then the
centroid of the dominant singular vector for each well-behaved data segment.

The success of this technique is illustrated on the examples in the next section.

4. Frequency Estimation - Examples

Simulated ultrasonic RF A-lines are used to evaluate the performance of
the proposed technique and to compare it with the standard, short-time
Fourier transform based, technique. One such A-line is shown in Fig. 4.a. The
RF pulse at the beginning of the A-line has 80% relative 6dB bandwidth and
its central frequency is 1/4 of the sampling frequency (relative frequency
v,=f,/f,=0.25). In all the simulations, the A-line length is 256 wavelengths
and a linear, 15% downward frequency shift along the A-line is present.
Reflectors are randomly distributed along the A-line, resulting in random vari-
ations of the instantaneous frequency. Fig. 4.b shows the local frequency vari-
ation along the A-line from Fig. 4.a, estimated with the standard approach
using 32-point (two pulse lengths) Hamming window with 75% overlap.
Averaging of the estimates from many A-lines is needed to suppress the sub-
stantial amount of correlated random deviation from the linear trend. For
comparison, the result obtained with the new method using the same data is

shown in Fig. 4.c. Hardly any additional averaging is needed in this case.

The result in Fig. 4.c was obtained through the following procedure. We
have found that half of the pulse length (8 points) is nearly the optimum win-
dow size. An A-line is segmented employing 8-point Hamming window with
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Figure 4. (a) Simulated ultrasonic A-line. (b) Standard, short-time Fourier
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Figure §. (a) Deviation of the centroid estimates from the bullt-in frequency
trend (normalized to the sampling frequency) vs. magnitude of the correspond-
ing dominant singular value. (b) Probabllity density of the linear regression
residusls for short-time Fourier analysis method (wide spread) and for Wigner
analysis method (narrow spread).
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75% overlap. The dominant singular value, the corresponding frequency
singular vector and its centroid are calculated for each data segment. The
thrust of the method is that in the data segments characterized with largest
dominant a.v.'s, the frequency is stable and therefore deviates very little from
the actual frequency trend. The actual correlation of the frequency error and
the magnitude of the dominant s.v.'s is shown in Fig. 6.2 using the data from
twelve simulated A-lines. The largest dominant s.v.'s correspond to smallest
frequency estimation error; the threshold is set as shown in the Figure. By
selecting only the frequency estimates from the data segments whose dominant
s.v. is greater than the threshold, the plot shown in Fig. 4.c is obtained.
Linear regression analysis of the data shown in Fig. 4.¢ produces a slope esti-
mate deviating only 0.76% from the true vajue. Clearly, accurate frequency

estimation on a single A-line is possible with this method.

The improvement over the standard short-time Fourier transform based
technique becomes obvious when the plots shown in Figs. 4.b and 4.c are com-
pared. To quantify this, the estimates of the frequency estimation error pro-
babllity densities for the two methods were obtained as shown in Fig. 5.b.
The standard error with the conventional approach is 23 times greater than
with the new method. This implies that, for the same accuracy, about 500
times more data needs to be averaged with the standard technique. Strictly
speaking, this is true only for the data with high signal to noise ratio. How-

ever, this is the case in conventional ultrasonic imaging.

When a substantial amount of white noise is added to the A-line in Fig.
4.a, so that the signal to ncise ratio is only 18dB, the performance of both
methods is impaired. Local frequency estimates obtained from a single A-line
with conventional and WD based techniques are shown in Fig. 6. To compen-

sate for noise effects, some between line averaging in the WD based method
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Figure 7. (a) Deviation of the centroid estimates from the built-in frequency
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ing dominant singular value, noise added to the signal, 3/N = 18 dB. (b) Pro-
bability density of the linear regression residuals for short-time Fourier
analysis method (wide spread) and for Wigner analysis method (narrow
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may be needed also. As can be observed in Fig. 7.a, the noise perturbs both
the s.v.'s and the singular vectors. This affects the ability of the method to
extract segments with stable frequency and the accuracy of the centroid esti-
mate within each segment. Plots of the frequency estimation error probability
density (see Fig. 7.b) indicate that the WD based method loses some of its
advantage over the conventional technique. However, since the standard fre-
quency estimation error is 7 times larger, the WD method requires still about
50 times less data for the same accuracy. In practice, the signal to noise ratio

is usually higher than 18dB, and better improvement is expected.

5. Conclusions

Using the proposed method, accurate estimation of the local frequency
trend with very little or no between line averaging is possible. Instead of
brute force averaging, the regions of unstable frequency are identified and dis-
carded by analyzing the singular values of the WD. For simulated ultrasonic
A-lines, compared to the conventional short-time Fourier transform technique,
the amount of data required for accurate frequency estimation is reduced by
about two orders of magnitude. Although the WD based method is more com-
plex, the actual number of computations per line is only somewhat larger since
substantially shorter data windows are used. Therefore, this approach prom-
ises substantial savings in data acquisition and data processing time for the

estimation of the attenuation by the frequency-shift method.
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Chapter 8

Summary and discussion

Focus of this research has been on two generic time-frequency representa-
tions - the Wigner distribution and the ambiguity function. Two directions
have been followed. These representations have been redefined to provide for
scale-invariance. Properties of the scale-invariant representations have been
analyzed in detall and shown to be well suited for the scale-invariant process-

ing of signals and analysis of the scale-invariant systems.

The other research avenue focused on the data compression, enhancement
and applications of the Wigner distribution in particular, although the discus-
sion is valid more generally. It was shown that the Wigner distribution pro-
vides insight into the filtering action of the linear systema that is not available
with conventional approaches. An outer product expansion was proposed and
used for enhancement of the Wigner distribution. This provides for improved
parameter estimation and detection of signals in the time-frequency plane.
Moreover, it was shown that the expansion defines a non-linear, non-unitary
signal transformation with the generalized "spectrum” of the signal determined
by the set of expansion coefficients. The “spectrum” properties have been
correlated with the physical characteristics of the signal. This, then, served as

a basis for two different applications.

In one, the singular value spectrum was used to identify segments of an
ultrasonic echo with unstable, noisy frequency, thereby enabling efficient esti-
mation of the frequency shift along the region in the reflecting tissue. This is
necessary for accurate measurement of the ultrasonic attenuation in tissue - a

very extensively studied problem, but without much success. Spectrum



133

coefficients have been also successfully used in another area of signal process.
ing - image analysis. They provided very good descriptors of shape that
satisfy all standard requirements. Using the simple procedures successful

classification of planar shapes was achieved.

A variety of applications for the scale-invariant Wigner distribution and
ambiguity function remains to be explored. Some of the possibilities are:
characterization of scale-invariant optical and electronic systems, scale-
invariant parameter estimation, feature extraction and pattern recognition,

Doppler processing, and non-linear spectrum spreading.

The transformation of the signal into its singular value spectrum seems to
be a rather powerful tool for variety of signal processing applications. It takes
advantage of the fact that representation of signals in time-frequency plane
encodes more explicitly certain signal features, such as its time-bandwidth pro-
duct, the complexity of frequency vs. time variation, and the complexity of sig-
nals in terms of the number of components and their spacing. Poesibilities for
further research seem very open here: in the classification of tissue atates
using ultrasonic echography, in the analysis of underwater acoustic transient
signals, in speech analysis and recognition, in analysis of electroencephalo-
graphic and electromyographic signals, in 2-D shape description and

classification for image analysis, target identification, biology, robotics, etec.



