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Abstract

LINEAR AND NONLINEAR OPTIC’L RESPONSE 

OF :MALL METALLIC p a r : :l e s 

AND

ACCELERATED ENERGY TRANSFER OF DONER 

AND ACCEPTOR MOLECULES NEAR THE SURFACE 

OF A SMALL PARTICLE AND A LONG FIBER

BY

XIAOMING HUA

Advisor: Prefessor Joel I. Gersten

In t h ' 3  thesis the following problems have been 

studied:

(a), f.r -.frared absorption of a small metallic 

particle,

(b). second harmonic generation in a small metallic 

particle,

(c). enhanced energy transfer between a donor nd 

acceptor molecule near a small prolate 

spheroidally shaped particle,

(d). enhanced energy transfer between a donor and 

acceptor molecule near a long fiber.
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A classical model has been set up to combine the

effects ot electrons and acoustic phonons in metals. The 

ions are treated as an elastic jellium background and the 

electrons are treated hydrodynamically. The model has been 

used to calculate the far infrared absorption coefficient 

of a small metallic particle. T^e same model is also used 

to calculate the second harmon c generation of a small 

metallic particle in :he frozen jellium limit. A simple 

dielectric model is used in the calculations of enhanced 

energy transfer . The materials of interest in the last

two problems are not restricted to be metals.

The electric dipole absorption spectrum of a small 

metal particle is found to be oscillatory in the far

infrared region. The magnetic dipole absorption is found 

to be stronger than the electric dipole absorption by a

factor of 102 .

The second harmonic generation o a small metal sphere 

is found to produce quadrupolar radiation as the response 

to an incident plane wave with positive helicity. The 

cross section for second harmonic generation has two

resonant peaks, rne corresponds to the linear dipole 

resonance, the other to the nonlinear quodrupole resonance.

The enhanced ratio of energy transfer between a donor



V

and acceptor molecule near a steroidal particle is found 

to be a function of the frequency and the geometry of the 

system. When the molecules are inside the "active zone" 

and the frequency is close to the surface plasmon 

frequency the enhancement ratio is extremley high.

In a cylindrical configuration the long-range coupling 

between two molecules is found to be much stronger than 

the conventional dipole-dipole coupling. An excited 

surface mode provides a bridge for energy transfer between 

the two molecules.
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General Intro auction

In recent years there has developed an interest : the

properties of small particles. A variety of techniques 

have become available to prepare small particles ranging 

in 5 ize from what may be just called clusters of atoms to 

particles microns in size. Small particles differ from 

bulk matter in a number of important ways. Firstly they 

are composed of a finite number of atoms as opposed to the 

infinite number for bulk matter. Thus they are subject to 

substantial fluctuation effects, which may be either of a 

spatial or a temporal character. Secondly they have a 

non-negligible fraction of their atoms residing on the 

surface. Thus surface-specific effects can be more 

important than in a large piece of bulk solid. Thirdly 

the shape of the particle can be important in determining 

the optical properties of the system. This usual!/ 

manifests itself in the depolarization field set up cy the 

surface charge distributi n. Finally quantum mechanical 

effects associated with the confinement of electrons into 

a small volume can lead to a variety of quantum size 

effects.

Research on the optic 1 profsrties of small particles 

has a long history. At Plications in many domains of 

chemistry, pnysics, meteorology, astronomy, and
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atmospheric science have persisted.^ In the current

decade new interests have been arising in many problems
2involving small particles such as the work function ,

the electron scattering spectrum®, the resonance optical
4 5response , the spontaneous electric dipole moments ,

the enhanced van der Waals force between small

particles®, the surface plasmon radiation^ and so on.

Lots of attention has been attracted to the anomalous
Q

far-infrared absorption of small metallic particles .

Interest in the nonlinear optical response o': smrll
9

particles is also increasing . This is due :> the fact 

that the local fields in the vicinity of a sitia 1 particle 

would be modified strongly either by the resonance 

mechanism or by the morphology of the particle. The 

interest in studying the enhanced and quenching effects of 

some physical, chemical and biophysical processes when 

they occur near the surface of the small particle is 

highly appreciated^-®. Besides the single particle 

properties, research on the properties of the composition 

of small particles is very active. The percolation, 

cluster formation and fractal structure of systems 

composed of small particles have become some of the most 

tantalizing subjects in condensed matter research. On the 

other hand, research on the ■ uantum properties of an 

isolated, very small cluster of atoms is progressing year 

by year.
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In this thesis the linear and nonlinear optical

response of a single, small, but macroscopic particle has

been studied. Customarily a small particle is still

considered macroscopic even if its size is much smaller

than the wavelength of light it interacts with and the

classical skin depth, if it is much larger than the

lattice constant. In the linear response part of this

thesis we emphasize the far-infrared absorption

properties. The acoustic phonon exitation and screening

effect are considered in combination with electronic

effects. The difference between the traditional Mie

solution and our results is obvious. In the nonlinear

response part we emphasize the second harmonic generation

(SHG) by the conduction electrons in a small metallic
9

sphere. The difference between Jha's early work and

our results is given. The study of enhanced energy 

transfer between donor and acceptor molecules near the

surface of a small particle and a infinitely long cylinder 

is also described in the thesis. In these calculations a 

simple dielectric model is used. The predicted 

enhancement ratio of energy transfer is so high that it is 

not difficult to be observed experimentally.

The thesis is arranged as follows. In chapter I a 

classical model of a small metallic particle is built up 

to study the linear optical response in the far-infrared

region. The same model is used in chapter II to study SHG



of a small sphere. Chapter III is devoted to the enhanced

energy transfer between the molecules near a solid\
spheroidal article. The calculation for the cylindrical 

geometry is presented in chapter IV.
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Chapter I Far Infrared Absorption 

of Small Metallic Particle

1.1 Introduction

In 1974 Granqvist and Buhrman1 developed a technique, 

based on inert-gas evaporation, in which smaller and 

better characterized particles can be produced. They also 

found that the size dependence of a small particle sample 

has a log-normal distribution where the number of 

particles A n  per logarithmic diameter interval A(lnx) 

is A n - f L N A(lnx) with

f  = - J ------*■*' JzfjPntfj 1 £ ' * n < ^  ) J , (1.1.1)
where xM denote the statistical median of the diameters 

and (J"g is given experimentally by

0* - 1.48 + 0.12 . (1.1.2)

The shape of inert-gas evaporated particles smaller than 

about 200 A is almost spherical, while for larger sizes 

crystal faces are normally seen. According to the 

Gibbs-Wulff relation10'11, the external shape is 

governed by

S i  A^ = minimum , 

where is the specific surface free energy of the
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ith face, whose area is A ^ . This criterion predicts

polyhedral shapes for crystalline particles. But for the

particles smaller than 200 A, this apparently fails.

As the technique for making small particle samples
3 4became available, Tanner et al. and Granqvist et al.

made the first measurements of the far-infrared absorption

of small particles. Their purpose was to check the Kubo
12 2 formula and the Gor'kov-Eliashberg (GE) theory .

Frohlich1  ̂ was the first to point out that the

conduction electrons in small metallic particles occupy
12quantized energy levels. Kubo showed that the mean

energy level spacing at the Fermi surface is just the

inverse of the density of states for one spin direction of

the free electron gas

A  - 2TI*fi /Vm*kf - 4Ef /3N , (1.1.3)
*

where V is the volume of the particle, m is the 

effective mass of the electrons, N is the number of free 

electrons in the particle, and k^ and E^ are the Fermi

momentum and energy.
2Gor'kov et al. pointed out that the distribution of 

the conduction electron energy levels should be random 

even if the particles have the same volume and shape, 

because the electrons in the metal have a wavelength on 

the order of atomic dimensions. Therefore surface 

irregularities of atomic size are sufficient to make the 

energy level distribution perfectly random. They borrowed
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the concept of level distribution based on complete
14randomness of interactions from Wigner and

Dyson*5'1®. They studied the distribution of eigenvalues 

of matricies whose matrix elements were random variables. 

These distribution were found to depend on gross symmetry 

properties of the matricies, such as on their being 

orthogonal, sympletic or unitary: 1). orthogonal, which

describes systems that are invariant under time and space 

inversion, or with integer spin; 2). symplectic, invariant 

under time reversal; the total spin of the system is

half-integer; 3). unitary, for systems that are not

invariant under time reversal. The major prediction of 

the GE theory is the derivation of the electronic 

susceptibility of the small metal particles, which can be 

written as

^  - A k fx2/(20l*aB ) + 139A A(r|)/(1200TTZaBkf )

*
where A  is defined by m ■ A m  with m * free electron

mass, and a0 is Bohr radius. Factor A( 1 ) depends on

the ensembles,

Aorth(»J)-A(w)

*2-w-1sin2w-2Ci (w)(sinw/w-cosw)

+ i [2w-l/w+cos2w/w-S^(w)(sinw/w-cosw)] ,
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AS y m p ( r | ) - A ( z )

»2-(2z)-1sin2z(cosz/z+sinz)[Si (z) + TT/2]
2+ i[z-sin z/z-( sinz/z+cosz ) (S i ( z )+ TT/2 ) ] ,

where z »2w « ( 2 TT ) v i s  the wave number of the

external fields, and S.̂  and are the sine and

cosine integral. When the spin-orbit coupling is weak 

(light metals) the orthogonal ensemble applies, if it is 

strong (heavy metals) the symplectic ensemble would be 

used.
4

The first experimental measurement and the following 

series of m e a s u r e m e n t s h o w e d  that the GE theory is 

not applicable to smal. itallic particles both because no 

multiple peaks have b*aen found in the far-infrared 

absorption measurements a i , more importantly, the 

absolute magnitude of the absorption coefficients is in a 

few orders higher than that predicted by GE theory.
4

Granqvist et al. pointed out that the multiple-peak 

structure would be smeared if the parameter 0*̂  of size 

distribution function is larger than 1.1 . Until today no 

technique is available to prepare ultrafine particle

samples with (Tg is as small as 1.1 . Even putting this 

aside, there is still a big gap between the GE theory and 

the experimental data.

The phenomenon that the finite size of a small particle 

splits the energy band structure of the conduction
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electrons into a series discrete energy levels is now

called the quantum size effect 55. Many researchers

contributed to the theory of the quantum size

effect People discussed in detail under what

cond.* .ons the quantum size effect would be important and

the related problem of when the metal-insulator transition

would occur. They did get enhanced far-infrared absorption

when they applied their theory to the problem, but the

magnitude of the absorption coefficients was still one or

two orders lower than what observed experimentally.

Besides, the experimental observations extended to
5particle radii up to 1 ricron in radius without a

0
pronounced difference from the observations made at 24 A. 

If quantum size effect were really important, one would 

perhaps have expected to see a qualitative change as the 

size of the particle was allowed to increase by 3 orders 

of magnitude.

The attempt to observe the quantum size effect is 

still going on, but a general belief exists today that the 

anomalous far-infrared absorption of small particles is 

not maily caused by it. In contrast to the quantum 

mechanical theories, a number of classical mechanisms

leading to infrared absorption have also been studied.
31 32Simanek and Ruppin attributed the large

far-infrared absorption to the oxide coating on the

surface of the particles. In their calculation the



-11-
oxic?-coated metal particles are aggregated into long

cylinders, which enhance the absorption. (Electron

microscopy of gas evaporated particles frequently shows

that he particles have clustered into long chains.)*

Experimental measurements on palladium5'® (it does not

oxidize) and directly on aluminum oxide particles®

showed that the absorption by a thin oxide layer is

negligible. But the existence of the oxide layer does

reduce the volume fraction (or the filling factor) of

metal, and when the volume fraction of metal is small this

fact should be accounted for. The calculation by Sen et

a l . ^  also showed that the oxide absorption and long

chain aggregation do r jl give an absorption large enough

to explain the experiments.
34Stroud and Pan suggested that the effects of

induced magnetic dipole should be considered to include

the eddy current losses. Later Russell et al.5 , Carr et

al.®, and Devaty et al.^ pointed out that when the
•

radius of the particles is not very small ( around 100 A

or less) the magnetic dipole term would dominate the

electric dipole term or , at least, have equal importance.
34The calculation by Stroud and Pan predicted a 

magnitude of the absorption coefficient about a factor of 

10 smaller than that actually observed.

Instead of the electron contribution Glick and 

Yorke-^ proposed that the strong infrared absorption
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arises from the direct excitation of phonon modes by the 

field acting on unscreened surface ions. Monreal et 

al.^6 found that for frequencies ranging from 100 cm-1

to 200 cm-  ̂ phonon absorption dominates over the 

contribution coming from electric excitations or Joule

heating. Shen^7 showed that in contrast to bulk metal, 

the phonon absorption by small metal spheres can be fairly 

appreciable because the spherical surfaces not only break 

the momentum conservation requirement for absorption 

transitions ( which forbids acoustic phonon absorption in 

bulk crystals ), but also enhance the coupling between the 

phonon and the electromagnetic radiation through

incomplete screening of the surface jellium-density 

modulations arising from elastic vibrations. Hua and
OO

Gersten presented a classical theory to combine the 

effects of electrons and phonons, and found that while the 

electric dipole absorption is stronger than what it was 

previously thought to be, the magnetic dipole absorption 

is significantly altered by phonon effects.

As has been pointed out by Kreibig et al. the 

single particle optical properties are often veiled in 

many particle systems by effective medium and clustering 

effects. Indeed, the morphology of the samples upon which 

the measurements have been performed^-® reveal the 

presence of complicated clustering patterns and nonuniform 

size distributions. Gerardy and Ausloos did concrete
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calculations of the absorption spectrum of binary spheres

40in the optical region in their series of papers . They

showed explicitly that in a powder made of binary clusters

of various sized spheres the absorption spectrum would

consist of a rather broad absorption band with some smooth

structure nevertheless .
41Historically , two different theoretical approachs

nave been made to calculate the dielectric function of

composities. The first, known as Maxwell-Garnett theory

(M G T ), was a molecular-field model due originally to

Clausius and Mosotti and applied to optical properties by 
4 2Garnett . The second was a self-consistent embedding

4 3technique developed by Bruggeman and studied
4 4 4 5quantitatively by Landauer , and recently by Stroud

and Liebsch et al.^®. This is called the effective

medium approximation (EMA).

In MGT, the metal particles are considered to be

randomly embedded in the insulating medium. It is further 

assumed that the particles do not make contact so that the 

theory is restricted to very dilute systems. The MGT 

dielectric function, , is defined as the ratio of 

volume-averaged displacement to the volume-averaged 

electric field and is given by

(1.1.4)
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where €,• is the dielectric function of the insulating host 

and that of the metallic inclusions and f is the

filling factor.

In EMA, the dielectric function of the composite , 6 B , 

is defined to be equal to that of a self-consistent 

effective medium. The self-consistency condition is that 

the electric field ( and, therefore, the current and 

polarization ) in the erfective medium equals the averaged 

field ( and current and polarization ) in the

inhomogeneous medium. EMA treats each constituent of the 

mixure on an equal basis. A particular grain is chosen for 

consideration and outside this grain the material is 

assumed to have a homogeneous dielectric function, .

Volume averaging the fields then gives a quadratic

equation for :

-.ff» 6 | - - -  * C » - f ) ~  € * - - - -  =  0  .
e. ic e  + (1.1.5)

Of the two solutions to the equation the one with the 

positive imaginary part is physically significant. One 

can construct^ the effective magnetic permeability 

similar to the above equations by using MGT and EMA

respectively. It is easy to see that when f << 1, ,

the EMA equation goes over to the MGT formula, i.e., at 

low concentrations MGT and EMA give identical results.

Both MGT and EMA were derived at zero frequency and
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extended to a finite frequency in a naive manner. It is

quite certain that for high frequencies they break down. 
34Stroud et al. developed a dynamic effective medium

approximation (DEMA) also known as the coherent potential

approximation. They showed that the self-consistency

condition is rigorously equivalent to the requirement that

the forward scattering amplitudes of the particles in the

composite, measured relative to » should vanish on

the average. Cheylek et al. used DEMA and also considered
46the size distribution of the particles , and applied

4 7the formula to the far-infrared absorption problem 

They obtained a strong absorption and fitted the

experimental data. Later people, including themselves, 

realized that an incorrect approximation made this 

u p p e n 38'48'4 9 .

Devaty et al.^ were able to get a well-dispersed 

sample of particles by adding the desired volume fraction 

of gelatin into AgNO^ to get a Ag hydrosol. The water is 

removed by successive dilutions with acetone or by freeze 

drying. They showed that the far-infrared absorption of

well-dispersed metal particles is not enhanced by more
2 8 than 10 . Curtin et al. used the heat treatment of

the small Sn particles to get clustering of particles.

iased on these two experiments Curtin and Ashcroft 5 1

declare that the anomalous absorption is due to a

clustering effect. They have made three models for
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clustering, i.e., the fused cluster, cluster percolation 

and cluster tunnel junction. Each of these models 

satisfies the experimental data well. Perhaps due to 

mathematical difficulties there is no further closed-form 

theoretical work on the clustering effect which has been 

published.

Recently research on the localization of

electromagnetic waves by a randomly distributed dielectric
5 2 5 3system is also active a  deep understanding of

photon localization may also be helpful in solving the 

problem of the anomalous absorption of small particles in 

far-infrared as well as in the optical region.

In summary, for a full understanding of anomalous 

far-infrared absorption of small particles one should 

study the single particle properties as well as all the 

enviromental effects. For a very dilute and well-dispersed 

composite single particle absorption would be the dominant 

effect. As the volume fraction of the particles increases 

the multiple scattering, clustering and other possible 

mechanisms related to the topology of the whole system 

will become more and more important.

In this chapter a classical theory for far-infrared 

absorption of an isolated metal particle, taking into 

account the coupled electron-phonon modes of the system 

has been developed. The chapter is based on the work [38], 

and arranged as follows. In section II a classical model



is introduced to combine the effects of electrons and 

acoustic phonons and general theoretical relationships are 

presented. in section ill and IV the electric 

polarizability and magnetic polarizability , respectively, 

are studied, both are under long wavelength approximation. 

The full electrodynamical treatment is given in Appendix 

B. In section V the infrared absorption spectrum of small 

particles is discussed and the results of the calculation 

are presented.
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1.2. Theory

We will be concerned with the interaction of a 

metallic sphere of radius a with a long-wavelength 

electromagnetic wave. Thus we assume that a « A  , 

where \  is the wavelength. The problem then reduces to 

the study of the interaction of the sphere with externally 

imposed, uniform, time-varying electric and magnetic 

fields Eq (t ) and BQ (t). We shall start by considering 

the response to the electric field and derive an 

expression for the electric polarizability. Then we will 

consider the response to the magnetic field and obtain the 

corresponding expression for the magnetic response. In 

terms of these expressions we can compute the absorption 

constant for an assembly of spheres.

A number of approximations will be made. The electrons

will be treated as a classical continuum fluid. The 

background ions will be treated as an isotropic elastic 

jellium medium. This allows us to consider phonon effects, 

but obviously neglects the pointlike nature of the ions 

and ignores the lattice symmetry.

The basic equations governing the system are Gauss's

law,

V  • E ■ 4 IT P , (1.2.1)

the ion continuity equation,

9 tn+ + V* j+ -0 , (1.2.2)
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the electron continuity equation,

9 fcn_ + V • J_ =0 , (1.2.3)

Gauss's law for magnetism,

7  • B =*0 , (1.2.4)

Faraday's law,

7  x E+c " 1  3 fcB -0 , (1.2.5)

Ampere's law,

7 x 5  -c ' 1 9 tE - * 2  J, (1 .2 .6 )

the equation of motion of an electron,

me [dv/dt + v/x ]—  e[ E + v * B/c ]- 7/A , (1.2.7)

( the derivation of the equation of motion of an electron

(1.2.7) from the Boltzmann equation under the relaxation 

time approximation is presented in appendix A.) The

chemical potential accounts for the screening, 

and the equation of motion for the ions,

P- l 4 “4  + r 4 4 ) - n +Ze[ E +4-3.UXB ] + o C V u  +J*7V-u.
‘ a t *  x

(1.2.8)
In these equations, E and B denote the electric and

magnetic fields, P is the charge density, J is the 

current density, n+ (r) is the number of ions per unit

volume, J+ is the ion flux vector, n_(r) is the number

of electrons per unit volume, J_ is the electron flux

vector, m € is the electron's mass and e the magnitude of 

its charge, X. is the collisional relaxation time for the 

electron, v is the electron velocity field, ft is the
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chemical potential, P{ is the ion mass density, u is the 

ion displacement vector field, JT is the ion relaxation 

rate, Z is the valence charge of the ion, and *  and 0 

represent elastic constants for the isotropic ionic

medium. In terms of these quantities, we have

P - e(Zn+-n_) , (1.2.9)

J - e [ Zn+ 3 fcu - n_v ] , (1.2.10)

J+ * n+ 3  fcu , (1 .2 .1 1 )

J_« n_v , (1.2.12)

In Thomas-Fermi-Dirac theory the chemical potential is

M  «(tikf )2 /2me-e 2 (3n_/iT) 1 / 3  ' (1.2.13)
where k^ is the Fermi wave vector,

kf - (3Tl2 n _ ) 1 / 3  • (1.2.14)

The first term in Eq.(1.2.13) results from the kinetic

energy of the electrons, while the second term is the 

exchange energy contribution. Correlation energy 

contributions are much smaller and will be neglected.

For metals, where the conductivity is high, the

conduction cur ?nt dominates the displacment current. Thus

in place of Eq.(1.2.6), we will use

7 X  B ~(4TT/c)J . (1.2.6' )

Since l v l «  c and )9tu| << c, we will neglect the magnetic 

force contribution to Eqs.(1.2.7) and (1.2.8).

We will be interested in the linear response of the
a

sphere to the fields EQ and BQ , which will be taken to 

have the harmonic time behavior exp(-iUJt), where U> is
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the angular frequency of the radiation. Thus, we let 

.-1
n+“ z ‘ (no+ V f ) '

n o + V - '

(1.2.15)

(1.2.16)

where nQ is the mean number of electrons per unit volume 

and V* are density fluctuations. We will assume 

and linearize the preceding equations. The above equations 

then reduce to

V • 2 * 4Ue( t>+- ) I

V  • B - 0 ,

V  X E - i B ,

V *  B » -41Ten0 ( i w  u + v)/c

V  - u - - V +/no

v  • v ■ i to x)_/nQ

me (-i w + l / t  ]v • 
,2 ± .

-eE - X Q V  U_, 
2 -- Pi ( CO +i rui )u - nQeE+ *  v  u + 0 W - u ,

(1.2.17)

(1.2.18)

(1.2.19)

(1 .2 .2 0) 
(1 .2 .2 1) 
(1 .2 .2 2)
(1.2.23)

(1.2.24)

where the constant that results from linearizing the

chemical potential is

X 0 -(1ikf )2 /3menQ - e 2 kf/3tn( (1.2.25)

The Fermi wave vector in Eq.(1.2.25) is now evaluated 

using the mean electron density nQ , Eqs.(1.2.17)-(1.2.24) 

will be solved analytically in the next sections for the 

electric and magnetic response.
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In studying the electric polarizability let us neglect

the magnetic field altogether and disregard Eq.(1.2.20).

In place of Eq.(1.2.19) we then introduce the scalar

potential so that

E - - V«#> (1.3.1)

Eq.(1.2.17) is replaced by 
z .

V  -4*e( V+- V_) , (1.3.2)

Eq.(1.2.23) may be solved for v,

v - i[me (tO+i/t )J- 1 (ev4> - ) . (1.3.3)

Taking the divergence of Eqs.(1.3.3) and (1.2.24), and 

combining them with Eqs.(1.2.21) and (1.2.22), yields

[ to (to +i/t) U)'2-l 1 !>»_+ X"2 V 2 V_m~ V+

[ uJ(to + i r )J1“2-1] V++ l\2 V 2 V+—  V_

(1.3.4)

(1.3.5)

Here we have introduced the electron plasma frequency

W p - [4TTn0 e 2 /m e ] 1 / 2  , (1.3.6)

the ion plasma frequency

A p * n0e(4K/Pi)1/2 , (1.3.7)
the Thomas-Fermi-Dirac electronic screening constant

X  “ W p [ m e/ ^ 0 no ] 1 / 2  ' (1.3.8)
and what will be termed the "ion screening constant",

A  » A p/C< . (1.3.9)
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In place of the elastic constants o( and 0 , it is 

convenient to introduce two other constants with the 

dimensions of velocity

c, - [ ( « + 0 )/Pi]1/2 , (1.3.10)

and

ct - [ * / p . ] 1 / 2  . (1.3.11)

These represent the unrenormalized longitudinal and 

transverse sound velocities.

Eqs.(1.3.4) and (1.3.5) represent second-order partial 

differential equations for the electron and ion density 

fluctuations. Let us choose the z axis to be along the
• A

direction of the external electric field EQ . We will 

look for a dipolar fluctuation, i.e.,

V+m A+ j1 (kr)cos« , (1.3.12)

where A+ and A_ are constants to be determined, r is 

the radial distance from the center of the sphere, 

j^(kr) is a spherical Bessel function, and 6 is the 

polar angle. Eqs.(1.3.4) and (1.3.5) reduce to

[«0 (to +i/r )/tOp - 1 - (k/A )2]A_— A+,
(1.3.13)

and

[ttXto + i f  ) / A 2  - 1 - (k/A )2 1 A +*-A_,

(1.3.14)

There are two possibilities for a solution to 

Eqs.(1.3.13) and (1.3.14). The first corresponds to the
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"trivial" case A+-A_»0. The second corresponds to the 

case where

[ u) ( W + i r ) / J l p - l + ( k M ) 2 ]
X [to(io + i/T)/u) 2 -l-( k/A)2 ] « 1 . (1.3.15)

We start by considering the nontrivial case first. The 

solutions to Eq.(1.3.15) may be written as

-0.5 (1- € )-1+ A 2  t.(l- € . ) _ 1

+J[ a2« U -  6 )-1- A 2€ t (1- 6 i )-1 ]2+ (2 X A )2 }

(1.3.16)
and

k2 - p 2

-o.5 { x 2 e (l-^ )-1+ a .2 € . ( i - ^ r 1 

-J(X 2 €(1- € )-1- A 2 6 i (l- € i )'1 ]2+(2 X A )2 }
(1.3.17)

where € is the Drude dielectric function and the so

named "ion dielectric function", they are defined as

€ -1 - U) 2/co (tO + i/-c ) , (1.3.16')
€ i-l - A p/co (u>+i r ) . (1.3.17')

The general solution to Eqs.(1.3.4) and (1.3.5) may

therefore be written as a linear combination of spherical

Bessel functions,
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TJa*[AStj1 (kr (pr )+C1 n 1  (kr (pr ) Jcos®

(1.3.18)

From E . (1.3.14) and its analogs, we have 

A_-A+ [l* k/A )2- to (to+i r )/Jlp ]-Q1 A+ ,

(1.3.19)

B_*B+ [l-(p/A )2- (0(Ui+ir ) / A p  ]-q2 b+ ,

(1.3.20)

In order for V+ and V -  to remain finite as r approaches 0, 

it may be shown that C+»C_*D+«D_*0.

Insertion of Eqs.(1.3.18) into (1.3.2) and then 

searching for a dipolar solution to the resulting Poisson 

equation gives

$  ( r )-[Cgr+C^ (kr )+C2 i1  (pr ) )cos Q , r < a

(1.3.21)

and

$ ( r  )-[-E0 r+ffy/r2  ]cos® , r > a (1.3.22)

Here, CQ , and C 2  are constants to be determined.

The electric dipole moment of the sphere, Ms / is also to 

be determined. Since the matter that the sphere is 

composed of consists of ions and electrons, the boundary 

conditions are that the potential be continuous at r«a, 

and also that the radial component of the electric field, 

Ef, be likewise continuous. These result in the relations
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Cq*-Eq-(C^x/3a)jg(x)-(C 2 2 / 3 a)i 0 (z), (1.3.23)

and

^ s " a 2 [Clxj2 (x)"C2zi2 (z) 1 / 3  ' (1.3.24)
where

x*ka , (1.3.25)

and

z«pa . (1.3.26)

Inserting E q . (1.3.21) into the Poisson equation yields the

following expressions for and C 2

C 1 »4ire(l-Q1 )A+/k 2  , (1.3.27)

and

C 2 — 4Te(l-Q 2 )B+/p 2  . (1.3.28)

Next, we focus our attention on the ion displacement field 

u, which obeys Eq.(1.2.24). We let

r-u-F(r)cos® . (1.3.29)

We make use of the identity

r • u- V*( r ■ u )-2 V • u , (1.3.30)

and Eqs.(1.2.21), (1.2.24), (1.3.1), (1.3.18) and (1.3.21), 

to obtain

V* +q 2 )F (r)cos©
-I[nQec( (C0 r+C^kr ' (kr)+C 2 pri1 ‘ (pr) ]

+ 0 (* n 0 )_ 1 [A+ kr j1 * (kr)+B+pri1 ‘ (pr) ] 

-2n” 1 [A+ j1 (kr)+B+ i 1 (pr)]jcos© , (1.3.31)

where we have defined
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q 2» U>(W+i«T )/c\ . (1.3.32)

The solution to Eq.(1.3.31) which is finite at the origin 

is

F( r )-Dj1  (qr )+nQeC 0 r/«( q 2 +rA+ jj ' (kr)/nQ k 

-rB+ i 1 '(pr)/nQp

(1.3.33)

where D is an integration constant.

The displacement vector may be expressed as
^  A ^
u «r (F(r )/r )cos© + 8  G(r )sin 8  , (1.3.34)

A
where © is a unit vector in the polar-angle direction. 

Eq.(1.2.21) gives us an equation from which we can 

determine G{ r ):

r~ 2 d(rF)/dr + 2Gr - 1  

— n” 1 [A+ j1 (kr)+B+ i1 (pr)]

(1.3.35)

and thus

G(r)*r[-(D/2r 2 )[j j ^ q r ) + q r ^ '(qr) ]

- nQeC 0 / * q 2r - A+ jx (kr)/nQ (kr ) 2

+B+i 1 (pr)/n0 (pr)2 ] . (1.3.36)

We must impose boundary conditions on the system. 

Three constants need to be determined, A+ , B+ , and D.

In terms of these, the other constants may be obtained. 

Hence, three boundary conditions are called for.

Two boundary conditions result from the fact that the
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stress must vanish on the surface of the sphere. An 

expression for the stress tensor may be derived from 

Eqs.(1.2.7) and (1.2.8). It will be necessary to neglect 

damping to obtain this expression, however. The resulting 

expression will therefore be approximate. However since we 

are ultimately interested in the absorption of the sphere, 

and this is linearly proportional to the damping, the 

accuracy is still maintained to first order in the 

damping. The net force on the system (ions and electrons) 

is

F ■ S< p + nQmev )dr (1.3.37)

This may be written as

F - J (-n 0 V/A + * V 2  u+ 0 V V -  u)dr . (1.3.38)

Making use of standard vector identities allows us to 

rewrite this as a surface integral,

F - 5 r dS , (1.3.39)

where the stress tensor is given by

— ^nQ *i + 2  +($-*) ?  V ■ u . (1.3.40)

Here, u is the strain dyadic whose elements are given by

U£j*0.5[ ' (1.3.41)

and I is the unit dyadic. The vanishing of the surface 

stress implies

r- fr- r«0—  M n0+2 *  urr+( fi - ot ) v- u , (1.3.42)

and
A ** Ar* (T-e»0-2« u r 0  . (1.3.43)

Using the formulas
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ur r - 9 r \  ' (1-

“r#-0.5( a tu< -r" 1 ue +r" 1 3< ur ] , (1.

we obtain the boundary conditions(at r*a)

2 *  r- 1  ? rF-2 0( r~ 2 F-/* nQ/cosfi +(0 - « ) v  u/cos*» 0

(1.
and

d rG-r- 1 G-r- 2 F»0 . (1.

A third boundary condition is obtained by assuming

the electrons do not penetrate the surface, i.e.,

vr« 0 , at r-a . (1 .

From Eq.(1.3.3), this is equivalent to

e 3 r4> - * 0  3 r v_ , at r-a . (1 .

The three boundary conditions may be written as

-2nQDya" 2 j2 (y)

- A+ [(*§-)2 ( l + 4 ) Q 1 j1 (x) + (£ -1) jx (x)

- 2 j1 "(x)]

+B+[ ( ^ , 2 (1+ l ' ,Q2i l (z)  + ( «
+ 2 i1 "(z)]

(1.3

0.5noDq 3 j1 "(y)/y

«2kj 2 (x)A+/x 2 +2pi 2 (z)B+/z 2

(1.
-:o/4Tte-A+ [2(l-Q1 ) j2 (x)/3k+Q 1 kj1 ’ (x )/ A 2 ]

+B+ [2(l-Q 2 )i2 (z)/3p+Q 2 pi 1 ,(z)/ A 2 ] /

(1.

3.44)

3.45)

3.46)

3.47) 

that

3.48)

3.49)

.50)

.51)

.52)
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where

y»qa . (1.3.53)

Eqs. (1.3.50)— (1.3.52) may be solved simutaneously for 

A+ , B+ , and D in terms of EQ and the other

parameters of the problem. Thus, in particular,

A+*- [ Eq /4Kea][ D+/ (C+D+-E+N+ ) ] (1.3.54)

and

B+«-N+A+/D+ , (1.3.55)

where

N+-[-2j 1 "(x) + (-£) 2 (l+.|-)Q1 j1 (x)

+ (■£•-1 ) j: (x) ] j2 "(y)

+ 8 j 2 (X ) j2 (y)/xy , (1.3.56)

D+-[2i1"(z) + ( A ) 2 (i+ l ) Q 2i1(2)

+( «-_i,ii (z)]jr (y)
+ 8 i 2 (z)j2 (y)/zy , (1.3.57)

C+-x‘ 1 (2(l-Q 1 )j2 (x)/3+Q1 (-§ )2 j1 '(x)]

anc

(1.3.58)

E+«z- 1 [2(l-Q 2 )i2 (z)/3+Q 2 ( £ ) 2 i 1 I(z)]

(1.3.59)

The ele:tric polarizability for the sphere is given by

« e “ H s / e o ' (1.3.60)
where [A is given by Eqs. (1.3.24), (1.3.27), and

(1. j.28).



-31-
Let us now return to Eqs. (1.3.13) and (1.3.14) and 

study the "trivial" solution A+-0«A_. In this case

V + -0 . (1.3.61)

From Eq.(1.2.21) we obtain

V- u - 0 , (1.3.62)

and from Eq.(1.3.2),

V Z4»- 0 (1.3.63)

The potential inside the sphere may be written as

^ ■ C ^ ' r c o s ©  , (1.3.64)

while outside the sphere it is still given by (1.3.22). 

Matching boundary conditions at r*a yields

C 1 a*-EQa+ \*s/*2 t (1.3.65)

and

C 1 — EQ-2 M g / a 3 . (1.3.66)

Hence,

. (1.3.67)

Since the electric dipole moment vanishes for this 

solution, it does not contribute to the electric 

polarizability.

It is worth comparing the theoretical formula obtained 

wi*h the corresponding case, in which the ions are held 

frozen in place. We shall refer to this as the " frozen 

jellium " model. In this limit u -* 0, and so from 

Eq.(1.2.21) it also follows that t/f-0. The remaining 

equations, (1.2.17), (1.2.22), (1.2.23), and (1.3.1), may

be solved for the electric response. In place of
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E q .(1. 3 .4 ), we have

[ V  2+ \2€ /(I- * ) ] V  *0 (1.3.68)
whose solution is now simply

V _ * A i 1 (pr)cos© 

where p is given by

(1.3.69)

p- A [ € /(l- € ) ] 1 / 2 9 (1.3.70)

For frequencies far below the plasma frequency, p, and 

hence z, will become approximately real numbers. This is 

in contrast to the general case where phonon effects cause 

z to be imaginary in the low frequency domain, as will be 

seen later (see Fig.1.3). The dipolar solution to the 

Poisson equation now becomes

$  «[C0r + 4TTeAi1 (pr)/p 2 ]cos© , r < a  (1.3.71)

and Eq.(1.3.22) when r > a .  Application of the electrical 

boundary conditions yields

A<s— 4ifeAa3 i2 (z)/3p 9 (1.3.72)

and

C 0 “"Eo" 4 1 teAi0 (z)/3p * (1.3.73)

The radial velocity at the boundary is

vr (a ) « 0

-im ^ 1  (to +i/x ) - 1  [eCQ+4Tle2 Ai1 ' (z)/p

- X 0 pAi 1 '(z)]

(1.3.74)
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Solving Eqs. (1.3.72)— (1.3.74) simultaneously, and making 

use of Eq.(1.3.72)r yields

0 CE-a 3 i2 (z)/[io (z) + 3i1 ' (z ) / ( 6  -1) ] (1.3.75)

where < is the Drude dielectric constant 

€ « 1 -u>p/to (to+i/t ) (1.3.76)

In the limit where shielding is strong, i.e., |z] “ lpa|>>

1, Eq.(1.3.75) reduces to the familiar formula for a 

dielectric sphere,

For finite shielding, however, Eq.(1.3.75) must be used. 

In the most general case, where the ionic motion is taken

into account, Eq.(1.3.6 ) must be used along with its

associated equations.

1.4. Magnetic Polarizability

Let us now choose the z axis along the magnetic field

vector Bq and disregard the external field Eq. In

place of Eq.(1.2.18), we introduce the vector potential A 

and write

B =■ V  X A . (1.4.1)

Faraday's law yields the following expression for the

o(E -> a3( €• -!)/(€ +2) (1.3.77)
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induced electric field:

E - i M  a . (1.4.2)

we look for a solution with no scalar potential. Thus,

V + * V. • (1.4.3)

From Eqs.(1.2.21)-(1. 2.24 ), we obtain

mg (-i to + l/r )i u> V_/nQ —  (1.4.4)

and

/>. (- io2-iu) a* ) X)+/nQ-( ot + 0 ) V Z T ^ / n 0 , (1.4.5)

In general, Eqs.(1.4.3)-(1.4.5) will be incompatible with 

each other unless

V_ . (1.4.6)

It then follows from (1.2.21) and (1.2.22) that both u and 

v are divergenceless. Working in the Coulomb gauge

V- A-0 , (1.4.7)

we obtain two equations coupling A and u,

V 2A«(U)p/c)2u>A/(u) +i/x ) + i4Un0eto u/c

(1.4.8)

and

V 2u— q 2u-in0eioA /co( . (1.4.9)

In addition, v is simply related to A,

v»(u> e/mec)A/(u)+i/x ) . (1.4.10)

As in our study of Eqs. (1.3.4) and (1.3.5), we again 

look for solutions which satisfy

(V 2+k2 )A -0 , (1.4.11)
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and

(V 2 + k2 )u -0 . (1.4.12)

Then

( k2-q2 ) u * inQetoA /c <x , (1.4.13)

and

-k2A -( t*J /c ) 2 (t - € ) A + i4TIen0 u)U /c . (1.4.14)

A nontrivial solution results when

( k2-q2 ) [ k2+(to/c ) 2 (1-€ )]*[U)L/c]2 , (1.4.15)

where

L«Jlp/ct . (1.4.16)

Again, it is convevient to denote the two roots as

k2«k2 and k2*-p^:

k2-0.5{q2-( uj/c )2 (1-6 )

+J[q2+( 10/C)2 (1- 6 ) ] 2+ ( 2 U) L/C ) 2 }

and

-p2»0.5[q2-(td/c)2 (l- 6 )

-J(q2+(03/c)2(l-€ ) )2+(2<OL/c)2.y

The vector potential may be expressed as

A «(L+ j1 (kr)+M+ i1 (pr))sin® £  , (1.4.19)

and the ion displacement field as

u »[L_ji (kr)+M_i1 (pr)]sin®4  , (1.4.20)
A

where $  is a unit vector in the azimuthal direction.

Defining

(1.4.17)

(1.4.18)
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Qj '«c( 41fen0 i to) *[-k2-(u;/c)2 (l-€)]

(1.4.21)
Q 2 '«c(4,nen0 iiO)"1 (p2-(tO/c)2(l- « ) ], (1.4.22)

we find

L_*Qi'L+ (1.4.23)

M_-Q2 'M+ . (1.4.24)

Note that Eqs. (1.4.19) and (1.4.20) satisfy Eq.(1.4.7) 

and V- u*0.

The vector potential outside the sphere corresponds to 

a uniform magnetic field plus a magnetic dipole potential, 

A -  [0.5Bo r+Mr_ 2 ]sin© $  , (1.4.25)

where M is the magnetic dipole. The boundary conditions 

are that A ^  and B# be continuous at r*a, so that

0.5BQa+Ma"2-L+ j1 (x)+M+ i1 (z) (1.4.26)

and

B0a-Ma_2«L+ [xj1 (x)],+M+ [zi1 (z)]' . (1.4.27)

The boundary condition of vanishing surface stress gives 

r • ■  i « 0 , (1.4.28)

where (J- is now given simply by

*0" - 2 0 ^  . (1.4.29)

Hence,

u vf “0—0 .5[(rsins)-1 8+ uf+ 9 ru^-u^r_ 1 ] (1.4.30)

which yields the relation

k2L_[jx (x)/x],+p2M_(i1 (z)/z]'-0 . (1.4.31)

Eqs. (1.4.26), (1.4.27), and (1.4.31), along with (1.4.23) 

and (1.4.24), may be solved for L+ , M+ , L_, M_ and
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M in terms of BQ . In particular, we find 

M-0.5Boa 3 (Q2 '-Q1 ')IQ2 '(j0 (x)/j2 (x) )

+Q1 ’(i0 (z)/i2 (z) ]_ 1 ,

(1.4.32)
and the magnetic polarizability is

OC m «M/B0 • (1.4.33)

Let us now examine the magnetic polarizability in the 

frozen jellium limit. We shall let ct » and thus

Eq.(1.4.16) implies L 0. Then

p2 -» ( to/c ) 2 (1- « ) (1.4.34)

and

k2 q 2 . (1.4.35)

From Eq .(1.4.22)r we have Q 2 ' 0, so that

o(M -0.5a3i2 (z)/io (z) . (1.4.36)

This formula has been obtained in the literature. In the 

particular case where z << 1,

* M -*■ -(a5/30) ( tt>/c)2 (l- < ) . (1.4.37)

Thus Eq.(1.4.32) represents the general formula, while 

eqs.(1.4.36) and (1.4.37) are successively severer 

approximations.

In sections 1.3 and 1.4 we have obtained the solutions 

of the linear dipole response of a small sphere which are 

based on the long wavelength approximation. The full 

electrodynamic solution is obtained in appendix B and it 

has been proved that under long wavelength approximation 

these two solutions are consistent.
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1.5. Electromagnetic Absorption

Let us assume that the particle is isolated in free 

space and an electromagnetic wave of electric field

strength Eq impinges upon it. The magnetic field 

strength BQ is, of course, just equal to EQ . The power

absorbed by the particle will be the sum of the powers

absorbed by the electric and magnetic dipoles,

p »0.5wlm(E*ol|E0 + B*c*m Bo ) . (1.5.1)

The cross section for electromagnetic absorption is

obtained by dividing this by the incident intensity, so

0- - 4T-£ lm( « E + <XM ) . (1.5.2)

If we had a dilute nonclustered assembly of such particles 

of concentration n per unit volume, the attenuation 

constant for the electromagnetic indensity would be

<*r - n(T - 41n<^ Im(*B + oC^) . (1.5.3)

Expressing this in terms of the filling factor f,

f«4Hna3/3 , (1.5.4)

we obtain the familiar result

* r « ( 3 w  f/ca3 )lm( ott + ) . (1.5.5)

It should be emphasized, however, that the experiments are 

o:ten done for situations where clustering does occur, and 

so Eq.vl.5.5) may not be directly applicable to currently 

available experimental data.

We have applied our theory to the case of a 200 

A-radius sphere of aluminum. The electron concentration
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23 -3was taken to be n0»l. 81x10 cm and the mass

density is /,i«2.692 g/cm3 . The longitudinal speed of

sound is -6.42x10^ cm/s and the transverse speed of

sound is ct«3.04xl05 cm/s. The electron collision time
-14was taken as T - 1 0  s (because the particle size is 

small) and the phonon damping rate was taken as r« Jr’tO , 

where jr -0.01, in line with the estimates of Glick and 

York35. The filling factor f was taken to be 0.041.

In order to determine the constant c appearing in 

Eqs.(1.3.9) and (1.3.10), we fit the low frequency part of 

the dispersion curve of Eq.(1.3.17) to the straight line 

that characterizes the longitudinal-acoustic mode. Thus we 

obtained

cx - A p [V/2 ( J l p"2+ W p' 2 )- a'2 ) 1/2 • (1.5.6)

For Al, we have J1p-l .9xl014 rad/s, tUp-2.4xl016
8 — 1 5rad/s, and A  -2.6x10 cm . Thus c^ -i(3.63x10 ),

and the bare elastic constant 0 appearing in Eq.(1.3.10)

is thus negative. The actual longitudinal sound velocity

is thus seen to arise from the combination of Coulombic

and elastic effects.

It was found that throughout the frequency range

scanned, the real part of the electric polarizability was

accurately given by the Drude formula. Thus,

R e « E » a 3 , (1.5.7)
• -18 -3and for a-200 A this number was 8x10 cm . The

imaginary part of the polarizability, however, exhibited
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wide variations as either the frequency or size of the

particle was changed. This is illustrated in Fig. 1.1 and

1.2 in plots of the attenuation constant, which, by

Eq. (1.5.5), is proportional to the imaginary part of the

polarizability. In Fig.1.1 the attenuation constant is

plotted as a function of frequency. In Fig. 1.1(a) the low

frequ :ncy part is studied, while in Fig. 1.1(b) the high

frequency part is studied. Series of sharp peaks occurs at

bo> h low and high frequencies. At frequencies above 400

cm- ', the electric dipole absorption is seen to fall off

rather quickly, in Fig.1.2 the frequency is held fixed at

40 cm-* and the size of the sphere is allowed to vary.

One notices that there exists a set of closely spaced

resonances which are swept through if the particle changes 
0by only 0.7 A. In crossing such a resonance the electric 

dipole absorption can vary by almost 4 orders of 

magnitude. It should also be noted that the magnitude of 

the absorption is considerably larger than that predicted 

by the Drude theory even off resonance ( °*Drude“

1.2xl0-4 cm- * at £5*40 cm- *).

In Fig.1.3 we present the dispersion curves 

corresponding to the electric dipole absorption. These 

curves show the frequency (in wave numbers) plotted 

against the variables x,y, and z defined by Eqs.(1.3.25), 

(1.3.26), and (1.3.53). The variables x and z ( or k and 

p) are determined from Eqs. (1.3.16) and (1.3.17), while
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the variable y (or q) i, obtained from Eq.(1.3.32). For 

frequencies greater than 500 cm-*, x developes a large

imaginary part and z developes a large real part. Let us 

analyze some interesting features of this figure. At low 

frequencies and low wave numbers we have two acoustic 

branches, corresponding to the longitudinal (x) and 

transverse (y) modes. The longitudinal mode, however, is 

strongly coupled to plasmon modes through the Coulomb 

field and is therefore repelled by them. For large wave 

vectors it becomes the z mode and its frequency drops. 

This is probably a reminder that the ions would prefer to 

organize themselves into a crystalline array. In our 

jellium model, however, the ions are treated somewhat 

unrealistically, so numerically trustworthy predictions of 

lattice constants cannot be obtained. The fact that Rex 

and Imz appear as one continuous curve is expected, since 

Eq.(1.3.16) and (1.3.17), from which the variables x*ka 

and z-pa are defined, are both solutions to Eq.(1.3.15).

It is interesting, however, that z is largely 

imaginary at low frequencies. Since the variable z appears 

mainly as the argument of a modified spherical Bessel 

function [see, e.g., Eqs. (1.3.19) to (1.3.21)], this 

implies that shielding is not occuring in the usual 

manner. The fields inside the crystal are all oscillatory 

and not exponentially damped at low frequencies. This is 

presumably related to the fact that the phonons can
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penetrate the particle. This is quite different from the 

true shielding that one finds when the ions are held 

frozen in place[see Eq.(1.3.69) and (1.3.71)]. In that 

case, z is determined from Eq.(1.3.70) and is found to be 

real at low frequencies. Consequently, the fields are

exponentially damped inside the crystal. In the case where 

the ions are dynamic, however, we see that charge-density 

waves may be set up which penetrate the small particle.

Since the shielding is incomplete, this can account for

the increased electric dipole absorption seen in Fig. 1.1 

and 1.2.

The strong resonance seen in Fig. 1.1 and 1.2 occur 

because of the near vanishing of the denominator in

Eq. (1.3.54). Physically, they correspond to the exitation 

of a vibronic mode of the coupled electron-phonon system. 

The spacing of the resonances can be understood by

examining Fig. 1.3 again and noting that Imz is a rapidly 

changing function of frequency. For large values of Imz, 

the function i^(z) can be approximated by a sinusoidally 

varying function. Whenever Imz changes by IT , the 

possibility of sweeping through a resonance occurs. As may 

be seen from Fig. 1.3, Imz ss 900 at low frequencies and

becomes smaller at high frequencies. At high frequencies, 

Imz changes more rapidly as v  is varied, and thus the

resonances become more closely packed together. At low 

frequencies, Imz changes very slowly with V  , and thus
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there is a lack of this kind of resonance.

In addition to the strong resonances, we also see a

set of weak resonances occuring at low frequencies 
««/ . — 1(i.e., V  X 40 cm ). These are due to the Rex variable

sweeping through multiples of It / and correspond to the

acoustic oscillations of the sphere; they have been seen

in Raman scattring from small particles and surface 
54protrusions .

In order to detect the resonances it is important to 

work with a single particle or a dilute concentration of 

spheres of precisely the same size. Fig. 1.2 .shows that a 

size distribution that varies by only half of a percent 

would be sufficient to wash out the oscillatory structure.

We now turn our attention to the magnetic 

polarizability. The magnetic polarizability discussed here 

arises from the eddy currents induced in the sphere. The 

intrinsic permeability of the system is ignored. In Fig. 

1.4 a plot is made of the real and imaginary parts of the 

magnetic polarizability of the same 200-A-radius sphere 

considered before. In Fig. 1.5(a) and 1.5(b) we plot the 

dispersion curve for z-pa and x»ka given by Eqs.(1.4.17) 

and (1.4.18), respectively. We notice that the x

dispersion curve is practically identical to the y

dispersion curve in Fig. 1.3. The z dispersion curve, 

however, is radically different from the previously

considered curves. Now, Rez and Imz are of comparable



-44-
magnitude, and are both of the order of unity in the 

domain of interest.

In Fig. 1.6 the magnetic absorption constant is 

plotted as a function of frequency. Several curves are 

shown. In curves a and b the absorption constant is 

computed from the exact theoretical

expressions[Eqs.{1.4 .32), (1.4.33), and (1.5.5)] for Al

spheres of radii 200 and 500 A, respectively. In curve c 

and d, the same quantity is calculated using the 

expression derived in the literature which neglects phonon 

effects46,

* M» (3f tO/2c)Im[: 2 (pa)/j0 (pa) ] , (1.5.8)

where p*( /c)( U)X /2) 1 ^ 2 (l+i). One notices a

significant deviation of these curves at the high 

frequencies. This indicates the importance of phonons in 

modifying the magnetic response of the particle. Also 

shown are a set of curves, e and f, corresponding to the 

approximation in which pa is assumed to be small; thus 

Eq.(1.5.8) is replaced by

* M« (3f to/15c)Im[ (pa)2 ] . (1.5.9)

For a-200 A there is not much difference between curves c 

and e. However, for a*500 A one notices a significant 

disagreement. As a becomes larger, the disagreement 

becomes more pronounced.

The need for averaging over the size distribution has
46 47been pointed out in the literature ' . Since the
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magnetic absorption increaces strongly with increasing a,

those radii in the size distribution which are large tend

to dominate the magnetic absorption. We adopt the size

distributior that has been proposed 4 6 ' 4 7  and

average over this distribution:

n(a) * Aa* e x p ( - « a / a m ) , (1.5.10)

where a_ is a characteristic radius and <x is a m
constant characterizing the standard devia* on. We will

take <x*0.5, as in the literature. The constant A is

determined from the normalization condition that

(n(a)fda * 4TTna^/3 . (1.5.11)* m
The results of the averaging are presented in Fig.

1.7. We first remark that the approximate formula of 

Eq.(1.5.9) disagrees strongly with the exact formula of 

Eq.(1.5.8). Thus the conclusions reached in the

literature 4 6 ' 4 7  which were based on the approximate 

formula are called into question. Eq.(1.5.9) would
5

have o(M growing as a for large a, while Eq. (1.5.8) has 

it ultimately saturating to an a^ behaviour. This comes 

about because j2 (pa)/jQ (pa) approaches unity as pa 

develops a large imaginary part. In curve a we present the 

results based on the exact formula, including phonon 

effects. Curve b gives the prediction based on Eq.(1.5.8), 

while curve c gives the prediction based on Eq.(1.5.9). 

Curve d represents the electric dipole absorption 

contribution to the total attenuation constant. It is seen



to be more than 2  orders of magnetude smaller than the 

magnetic dipole absorption. The oscillations appearing in 

Figs. 1.1 and 1.2 are washed out when integrating over the 

distribution of the radii of Eq.(1.5.10). Several 

experimental points^ are also graphed for the sake of 

comparison. We see that the present theory is still about 

a factor of 4 too small to account for the observations.
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Appendix A

In this appendix the classical hydrodynamic equation of 

motion of an electron in the metal is derived fro^ the 

Boltzmann equation. The E. M. fields are treated as 

external perturbations.

In a phase space (r,k,t), where r, k, and t are 

independent variabales, the r and k coordinates of every 

electron would evolve, if no collisions occured, according 

to the semiclassical equations of motion:

r - v(t) , (A.la)

ti T  * -e(E + v x B / c )  ■ F(r,k) , (A.lb)

where v(k) is the velocity of the electron and F(r,k,t) is 

Lorentz for~e.

By considering the collision correction, the dynamic 

motion of an electron in phase space should obey the 

Boltzmann equation:

3 t f + v - V y f  + (F/fi)* 7* f - 0 * f ) c • (A.2)

Here, the terms on the left side are often refered to as

the drift terms, and the term on the right side as the 

collision term. The nonequilibrium distribution function

f(?,1?,t) in (A.2) is defined so that

dn(r,Tc,t)-f(?,T?,t)drdk/4TT* . (A.3)

By definition

n(r) f(r,lc,t) , (A.4a)
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and

e d<n ( r )<A> - f (r,Tc,t )A(?,k,t), (A.4b)

where nit) is the density of electrons at point r in real 

space (r,t), and A(r,k,t) is any kind of physical quantity 

in phase space (r,T<,t); and the bracket < > means

averaged over k.

We multiply both sides of the Boltzmann equation (A.2) 

by A(r,£,t) and then integrate over Tc. Thus we get

r Ale
3 tn(r)<A>+ 3 in(r)<viA)-n(r«DA> O tf)c A '

(A.5)

where i-x,y,z and D is a differential operator defined as 

D ■ 3* + v. V r + it A)' V k . (A. 6 )

The classical equation of motion in real space (r,t)

should be recovered from (A.5) when we specialize A. As is 

well-known, for A*l, (A.5) is the continuity eqution; and 

for A»v(r,E,t), Newton's equation is obtained. Indeed, for 

A»l, (A.5 jives

3 tn(r) + 3 in(r)vi (‘r) * 0 . (A.7)

The right side is zero because the number of electrons is

conserved during collisions in a classical process. For

A«v, (A.5) becomes

3 tn (r)<vi> + a in(f )<v, Vi>-n(r)<Dv.> .

(A.8 )

Keeping in mind that t, k, and t are independent in phase
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space^ and v*tik/m in the free electron approximation, we 

could write

DVj*F^ 3  ̂  kj/m*F^ ^Vj/m-Fj/m. (A.9)

The second term in (A.5) is usually expressed in terms of
a •*< v > and the peculiar velocity U with

U - v - < v >  . ( A . 10)
Thus,

< v iv j > - < v i>< v j> + < U i U j >  , ( A . 11)
since

< U. > - <Uj> - 0 .
The term n (?) <U^Uj> is usually refered to as the

"presure" term in textbooks of statistical mechanics.

Under the relaxation time approximation 

( 3 t f )c - -(f - f (o) )/x , ( A . 12)
where is the equilibrium distribution function,

f (o)- [ e x p ( 0 U  -A* m i ] - 1  , ( A . 13)
with & -1/kgT, € ■ €  (”k ), and jA m fX (z). We assume that

the relaxation time X in ( A . 12) depends on "k only

through 1 *k I , or, in other words, X. does not depend on

the orientation of k. Then
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since
f (o)

'♦IT*
Using (A.9) through (A.14), (A.8 ) becomes

j— ,f'u 'v - 0 (A. 14' )

Vj (r )9 ^n(r )+n(r )at v̂  (?)+v^ (?)a(- n(r)v. (r)

+n(r )v( (r )at- ( r ) -n(r )Fj ( r J/m+a^t^XU,- U^>

■ -n(?)v. (f )/t . (A. 15)J
Here the first term and the third term cancel each other 

because o: the continuity equation. Furthermore, we define 

a substantial derivative as

-ft * d t+vi » (A.16)

and rearrange (A.15), and we get

n(r) [■^•Vj(r )+Vj(r )/x ]

-n(r)Fj(r)/m- B in(?)<UiUj> •

The pressure term could be evaluated as follows.

(A.17)

® i n ( » X 0 1 DJ > f u ^

■ 9 i S tSS  EIVjVj-VjKv^-v^Vj)
+<Vi>< Vj>]

r  otic
“ 9 i J+Tp fvi<v j-<vj>) * (A.18)

since
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f [-vj<Vi>+<vi><Vj>) . 0

As we observed that (Vj - <v^> ) is the fluctuation of 

velocity, it is a small quantity so that we could replace 

f by in (A.18) without losing too much. By using

(A. 14'), (A.18) thus approximately becomes

S i i X r K U i V  ~ 3 i S £l0lvivj

“ IatT* ( a if{° ))viv j* 19)

Assuming that the temprature has a uniform distribution 

over the system, we could write

(A.20)
a i£<0> * a i H (t>—  7 T ~  3 i ^ (f)'

We evaluate at T*0, so

f (o) - 0  (ft - * > a 1 - 0  (« - /*)

and

- - S(* - H ) « - ( 2m/1i2 ) <5" ( k2-k J )
9 €  f

—  (m/ti2 k^ )[ £ ( k-k^) + ^ (k+k^)]

As we know that the term £(k+kp ) is out of the picture 

so (A.1 9 )  becomes

(mkf ) _ 1  <f( k-kf ) [ 3 i  /<(r)]kik j. ( A . 2 1 )
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We know

idAi: j - 4 J - ? ,
and

kf - (3Tl2 n ) 1 / 3

Finishing integral (A.21), then we obtain

a in(r)<UiU j> »  ( n O / m )  3  j/X (r) . (A.22)

Combine (A.17) and (A.22), cancel n(r) on both sides, and 

we finally get the hydrodynamic equation of motion of an 

electron as

m(ft* + 1/x )vj (lf) " F j (?) " 3 j /-*<*) , (A.23)

or, writing this in vector form as

m(lt + 1/x ^ (?) “ * (?) ' (?) * (A.24)

This is the equation we use in Chapter I and II.
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Appendix B

In this appendix a full electrodynamic solution of the 

linear equations is presented, (see section 1 . 2  for a 

definition of the symbols.)

We want to solve the following linear equations of 

motion:

V  • e - 4He( Vr - V.), (B.la)

V  • B - 0 , (B.lb)

V * E  > i-^B, (B.lc)

V » B  » - [ 41enc ( iwu + v ) - ioo E ] , (B.ld)

v  • u « -V*/n0 , (B.le)

v- v - itut/-/n0  , (B.lf)

v « -i(eE + Jlo7^-)/nie (u)+ i/t ) , (B.lg)

u * -(n0eE +otv*u + P w -  u )/P. to (to + if ) , (B.lh)

where the continuity equations (B.le) and (B.lf) are not 

independent from (B.ld), so we have six independent 

equations and therefore we have six independent 

coefficients.

The divergence of v and u give the wave equations of 

X>+ and V _  by using (B.la), (B.le) and (B.lf). 

Substituting (B.lc) into (B.lh) gives the wave equation 

for u. Double curl of (B.lg) gives the wave equation for 

v. These wave equations are

(V* + k!)V. - (B.2a)
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(V k* ) V+ - - A  V., (B.2b)

(v 2  + p2  )v - i-J£[l - i ( l -  € ) ]VV- + iwq* (1- e )u , (B.2c) 

(V* + p 2 )u - (-5 -) [ ^ v ^ +n0 ^,7H. - in0 m e (to+i/x )v ],

(B.2d)

where

k* - a* 6  k* - A*— is—k A * A , _ € , kA ^  I - 6 4  '
pj - q*€ , pj «u>(to+ir )/ c* ,

A2 - 4ire*//w , a2  - A * p /  CJ

€ - 1  - U>p /to (u)+ i/t ), « 1  -A*p/to(iO+ ir) ,

to2 - 4In.e2 /me , A 2 . 4Tln2 e2 /Pi

c * " •‘/Pt ' c i - (at + P )/Pi ,
q- U)/C

The physical intepretation of the above symbols were 

presented in section 2  already.

Equations (B.2a) and (B.2b) are the same as (1.3.4) and 

(1.3.5), using the same technique we can get the solutions 

for "U-k as

V-(?) «2L ( (kt r) + jt (k.r) ]Yfin (B.3a)

V^(r) - Z  [•UA^jj (k*r) + *_ B^jj, (k.r) ]Ylm (B.3b)

where

k* * * (  k* + kl ± / < k i  - k£ >*♦ 4 A* A* ],

« * -  ( k* - kj )/A* “ A*/( kj - k\ )

Making use of the identity 

r ■ v 2  A - V* (r • A) - 2V- a, 

the radial components of v and u obey the equations:

(V* + p 2  )r • v - iu»q* (1- 6  )r • u + i^-[ 1- i  (1- €)]r9.v».A n# AP
+ 2 l J t U -
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<VJ * P* > ? • «  - r3tl)<

+ J3*-X*- raTV. - 2 ^ *« T n,
Substituting (B.3) into above equations we found

r - v = £  t E<m ji (P+ c ) + F ^ j ^ P - r )  + c« A<W| jJ (k* r )
J i  W

+ c. B<m jt (k. r ) + e^A4 m k4r (k«r)

+ e- Bi m k- r 3 ;(k. D ]  YJw ,

and

r * IS « £  [h E< m ^  (Pfr ) + /*- F ^ j ^ p . r )  + f+ Ai w j4 (>IM
+ f-Bl m V k- r) + d+A<« kt r
+ d - B ^ k . r  j; (k.r) ] YJm , 

where

c 2 i w P* " f  A* CI - 6 ) K * 
* n * ( Pj? - k£ )2

»- t* A" 2  O  ” *)

d

* "• P* - K**

» (cj- C* )«* •* A p / ^

f

* Pa - * ;

2 A 2p ( a' S a ^ Q K I  - ottCi-CtT1
± n o°t (PA 2  - kj ) 2

S P* '  p» n . m t  ( u ) t i / t  >
* iu>s2 C i - e )  *  ( P* - P* )

« 4  ■ 7  I « » <  *  j  C P *  -  , *  ,* -f- 4 A « / c {  ]

In general we can write

v (r) -Z  v (r )tm n

(B.4a) 

♦ r ) 

(B.4b)

(B.5a)
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and

u (r) - E  u< m (r) , (B.5b)
Jt W\

where 

v 

and

ui m (r) * r u. (r)Ylm + u,(r)Xtm + u 2 ( r ) r x X Jm , (B.6 b)
■* — 1 / 2  and, Xim - [ < ( * + 1 )] LY|m is the vector spherical

harmonic lunction while L * -i r x 7  is the angular

momentum operator.

In general for an arbitrary vector function A(r), which

coul^ .e expressed in spherical coordinates as

“ (?) - r A.(r)Y,ro + A, (r )X|m  + A t(r)r * XJm , (B.7)

the differential operation would give

V A(r) - [2A.(r) + r a r A #(r) - i Ji(! + 1) A,{r)JYJin,

(B . 8 )

rVxA(r) - ir A, (r) Jjt( < +1 j Yiin

- [ A # (r) + r» r A t(c) + i J q( M + 1) A # (r) ] xJin

+ [ A,(r) + r 9 r A ((r) ] t x ? Jin . (B.9)

We could get v 2  and u 2  by simply using the continuity

equations (B.le) and (B.lf) in combination vith (B.8 ),

they are

vt (r) - -il>j*<* + i> 1  fE< m [pt r j( (p^r) ]' + [p. r (p. r ))'

+ AtIn[ (c^-i-^L r* ) j4  (k4 r) + (c^ + 2 e^)k, r (k^r )

+ e+ (k, r )* j4" ( kt r ) ]

+ Bf|||[ (c.-i^- r* ) jj (k.r) + (c. + 2e_ ) k. r (k. r )

+ e. (k.r)* j;(k.r) ] J , (B.lOa)
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-l.

ut(r) - -i[r i] \ ^ y P ^ j A(p^r)]'
+ P- FAmIP- r (P. r) ]'

+ Af m t ( f  t + r * > ^  ( k -*r > + (f-* + 2 d * ) k , r  j j  ( k * r  ) 

+ d « ( k * r ) f  j - ( k ^ r ) ]

+ Biw l (f- + n f  r* )j* (k’r) + (f- + 2 d. Jk.rj^(k.r) 
+ d.(k.r)* j;(k.r) ]J . (B.(B.10b)

To get the solutions for and u^, we note from

(B.9) that the r components of v  * v and v  x u are

proportional to and u^, hence we should construct

the wave e- lations for

V  x v and v x  u . To do so we note that (B.lg) gives the

relations between the e.m. fields and the density of

electrons as well as the velocity of electrons# they are 

eE « imt (u)+ i/t )v - X . 7 P -  » (B.lla)

eqB - m e (to+ i/t. ) v x v . (B.llb)

The curl of (B.lh) gives the wave equation for V a  u , and 

the curl of (B.ld) gives the wave equation for B, 

substituting (B.ll) into these wave equations and taking

their r components we get the wave equations for v^ and

u^ as follows:

(V* + p* )u, (r)YIln « -i[ no m #( w + i / t  )/« ] v, (r ) Ŷ Jl B. 12b) 

The solutions are

Solutions (B.3), (B.4), (B.10), (B.13) and (B.5), (B.6 )

(7* + pj )v» (r)YJm - iq4to (1- € )u, (r)Y*m (B.12a)

Vi r) " C* m V P* r) + D* m V P- r)
u, ( r ) ■ 0 * Cj|w. jj (P-» r ) +0. D ^ j ^ p . r )  . (B.13b)

(B.13a)
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are the full solution of wave equations (B.2), and by 

using (B.ll) we can get the solutions for the e.m. fields.

The fields outside the sphere are well-known. Assume 

that the incident wave is a circular polarized plane wave

where £ is the amplitude of the incident fields. The 

spherical expansion of the fields outside the sphere, 

including the incident wave and the scattering wave, is 

given in (2.2.17) where the coefficients and « Am

correspond to the electric and magnetic response, 

respectively.

The boundary conditions are the follows: at r*a, both E 

and B are continuous. This gives 6  equations of which only 

5 are independent. The surface force and the stress tensor 

are given in section 3 already. The vanishing of the 

surface stress implies

E; (r> - e ( x + iy )
B* (?) « Z » E ‘(?) - i iE‘(?) ,

9

(B .14b)

(B .14a )

A A -r • O' • r * 0 ,
A •* Ar • <r • 6 * 0  ,
A *♦ A
r • <T • ♦ * 0  .

or, in a explicit form

0  ,
(B.15a)

aa,u, (r)|r-a - u, (a) - 0  , (B .15b)

(B.15C)
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Thus we have total 8 independent conditions to 

determine 8 coefficients. These 8 conditions are separated 

into two groups, one is related to , the electric

response, another is related to , the magnetic

response.

They are

* G « [ V z) h7 < Z ) ], (B . 16a)

cfmy4 (iV ) + D#m y. j;(y_) * G,z[j;(z) +f£jp h'J'(z)] ,

(B .16b)

c ^ ^ t y ,  j;(y+ ) - j«(y4 >] + oJin p. [y_ j; (y.) - (y.) ] - o,

(B.16c)

and

+ + + W4 X*j;(X*)]

+ BJ|n[2L_ jj, (X. ) + W_X_jJ|(x. )] - Gt (jj(z) + £{■ llj(z)] ,

(B .17a)

e** [y4  jji (y+ ) J' + j4 (y-)l'

+ A^f[L^(2-p 1xa*+x{) + |(l+l)W4  ] j4  (x*) + 2L+x*j;(x+ )}

+ B4 m {[L. (2-p* a* +x*) + <(< + 1 )W« 1 (x») + 2L-X- jj^(x. )}

- G f [(z3t <z))' + ^ a ( z h 7 ( z ) ) ' ]  , (B. 17b)

E<my*jA (y+ ) + Fjm y* jj* <y ~ )

+ Ai w [2 p* a* L* jf (xt ) + (p* a* -x* )L*x 4 j^(x4 )]

+ B«m [2p* a* L. jj|(x.) + (p* a* -xf ) L . x . (x_ ) ]

* Glz*[jJl(z) +^p.h"jl(z>] , (B.17c)

y*> - V y * )] + p« m M y - 3 i < y . ) - V y- n
+ j, (x4  ) + (f4 - 2 d 4 )x4 j; (x4 ) ]

+ B ^ l D . j ^ X . )  + (f.-2d_)x_j;(x.)] - 0 , (B.17d)
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E« » » , (<(*+ 1 )-1-°*5y i )ji(y * > - y+jjfy+n
+ |4. [ ( *( *+l)-l-0.5Y?) jj, (y_ ) - y_jj(y_)]

+ (*t) + f, x +j;(x^) ]

+ (x. ) + F_ X . j ̂  (X . ) ] * 0 , (B . 17e )

where x* - k4 a, y t - p*a, z * qa,

G x — 1 4 + 1  <rm ,± 1 [4TT(2i+l) ]1 / 2 e/me (io+i/t) ,

G 2 *+i < + 1  <yni>il[4TT(2«+l)J?(i + l) ]1 / 2 eaJ/n<lqm# (u) + i/-e), 

and

Dt * dt , J(i + l)-xi )-f* + 7 ^ ^ * *  ~no X* ) *

E4  - *(P+l)(ft - d*)-f* (1 + 0 .5x£ ) ,

P. - d± i(*+l) - f* + £ -  * *  - 0.5d*xJ* X n%

L - ‘W px* - * o - o  k J

* n* <?Z - ) 2

ito i+ V * c i - e ) ( F »  - * * - * ! )
± x ne Pa - k?rx

From (B.16) the magnetic response coefficient is

where

^ ( ) - y + ^ (y+) 1 [y- j«(z,^ (y-)_z^ (y - i  
- Md*(y. )-y. j*(y.) 1 ty*iA (z) j;(y* )-zjj, (y+ ) j;(z) ] ,

(B .19a)

A  - p*[ jj, (y*)-y*jj(y* ) ] [y_h'”(z) j^(y_ )-zjA (y_ )tl” ' (z) ]
-P.I jf (y_ )-y. jj(y>) J [yt h"'(z) j;ty+ )-zjM (y+ )i5” ■ (z) ],

(B.19b)
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Th electric response coefficient has a

complicated form, an : it is better to solve for them 

computer.

In long wavelength approximation, z «  1,
(t)j,(z)jsz/3, h, (z)s: -i/z ,

the magnetic dipole response goes to

P* - P8a 3 (-i. _____________________
3  -'?*-?*)  g 3 , ( r . )  + y » S ; (M  I (r» » **.(*!+*.

i l (yt ) - y o . c y » )  * * j,cy.)-y.i.<y.)since

xj# (x) ■ 2  j, (x) + x j ( x )  ,

xjz (x) - j,(x) - x j *(x ) ,

and

i, (ix) = j0 (x), if (ix) * -j (x) ,

it becomes

<tl- ♦  p ’ ) 4 = ^ -  ( B -o» (y*)
This is exactly the (1.4.32).

In the frozen jellium limit, and o(^oo , 0-

the magnetic response becomes

«  =  2 Y ^ (Z)^ <Y)~ 2 ^ (V)3*(Z>
y - 2i (b.

where y ■ p^a ■ aj<f . (B.22) is consistent with (2.2

in Chapter II. In this limit L+-0, y_*0, *

y+-y,p^a, x+*x»kA a, and equations (B.17) become

more 

on a

2 0 )

21 )

“ DO ,

2 2 )

.18)

_=0,

B d>( y ) + A i * W * x j f (x) * G/ ( z ) + - ^  h z (2) 1 • (B .23a)
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E|ln[yj^(y)],+A<m *(«+nw* jx (x) * g2 [ (zj,(z)) •

a <■>+ Isp.(z h, (z)) ' ],

(B. 23b)
EJlmy2 j< (y) * G 1 z*[j< (z) + -8 »  ^ ’(z) ] . (B.23c)

The solution for the electric response in the frozen 

jellium limit is the same as (2.2.19) in Chapter II.

The full electrodynamic solution is then checked under 

two approximations: the long wavelength and the frozen 

jellium approximations.

The scattering cross section , the absorption cross 

section 0 ^ , and the exinction cress section Q\ are then 

given by

O’, - (TT/2q2 ) I  (2*+l)[ |oftl2 + |P,)2 ] (B .24a)

ra - (TT/2q2 ) I  (2l+l)[2-|o(JJ+l|2- |P,+1|2 ]» (B .24b)

G; - -( ̂ T/q2) £  (2f+l)Re[«J + p, ] (B.24C)



-67-

Figure Captions

Fig.1.1 (a). Electric-dipole-absorption contribution
to the attenuation constant vs frequency for 
a 200 A-radius Al sphere. The frequency 
range is seen from 0 to 100 cm~l.
(b). Same as (a), but with a frequency range 
extending to 500 cm“ l. Series of sharp 
peaks occurs at both (a) and (b). At 
frequencies above 400 cm“ l, the electrical 
dipole absorption is seen to fall off rather 
quickly.

Fig.1.2 Electric-dipole-absorption attenuation
constant vs sphere radius for frequency 
v  *40cm~l. There exists a set of 
closely spaced resonances which are swept 
through if the particle size changes by only 
0.7 A.

Fig.1.3 Mode frequency vs scaled wave vector for the 
longitudinal (x and z) and transverse (y) 
modes. The abscissa is in dimensionless 
units. The real and imaginary parts of x 
and z are shown along with the real part of 
y. The imaginary part of y is small.

Fig.1.4 Real and imaginary parts of the magnetic
polarizability for a 200 A-radius sphere
plotted as a function of frequency.

Fig.1.5 (a). Real and imaginary parts of the scaled
wave vector z-pa plotted as a function of
the frequency for the magnetic mode.
(b). Real part of the scaled wave vector x*ka 
plotted as a function of frequency for the 
magnetic mode.

Fig.1.6 Magnetic contribution to the attenuation
constant plotted as a function of the 
frequency. Curves a, c, and e are for a 200 
A-radius Al sphere, and curves b, d, and f 
are for a 500 A-radius Al sphere, curve a 
and b include phonon effects, curve c and d 
exclude phonons, and curve e and f involve 
further approximation.
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Fig.l.7 Magnetic contribution to the attenuation
constant averaged over the size distribution 
plotted as a function of frequency. Curve a 
includes phonon effects, curve b neglets 
phonons, and curve c involves a further 
approximation. Curve d represents only the 
electric-dipole-absorption contribution to 
the attenuation constant. Several 
experimental points are also shown as x's. 
The electric-dipole-absorption is two more 
orders smaller than the magnetic dipole 
absorption. The present theory is still 
about a factor of 4 too small to account for 
the observation even in small filling factor 
case.
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Chapter II. Second Harmonic Generation by 

Small Metallic Particles

2.1. Introduction

Ever since intense sources of electromagnetic radiation

have become available, interest in the nonliear optical

properties of matter has persisted1 . One of the most

elementary manifestations of such a nonlinear property is

second harmonic generation (SHG). First-priciples

calculations of the effect in bulk matter have been
2carried out by numerous researchers. Adler discussed

the general symmetry properties of nonlinear media and

outlined a formalism to compute the nonlinear polarization

currents in polarization theory. Early theoretical studies

of the nonlinear optical behavior of metallic surfaces
3-4were conducted by Jha and co-workers . Experiments on

5
media with inversion symmetry confirmed ,to within an 

order of magnitude, these theoretical models. In more 

recent years attention has turned to rough surfaces 

primarily because of the observation of surface-enhanced 

Raman scattering**. Agarwal and Jha 7  have studied the 

surface enhancement of SHG at a metal grating using a 

perturbation expansion based on an expansion in terms of
Q

the surface roughnees parameter. Chen et al. have



-78-

studied the interconnection between SHG and Raman
9

scattering. Arya has developed a Green's-function 

formalism for treating SHG from rough metal surface. Chen 

et a l . 1 0  measured SHG at a silver-air interface and
A

found that SHG was enhanced by a factor of 10 by

surface roughnees. Since SHG is electric dipole forbidden

within the bulk of centrosymmetric media it is very

strongly affected by the surface layer in such a material.

Therefore the SHG technique has recently attracted

considerable attention as an optical probe with intrinsic

surface sensitivity. It is useful at the interface between

two condensed matter phases where the conventional tools

of surface science are not generally applicable. Boyd et

a l . 1 1  made a detailed study of the local field

enhancement of various solids using SHG as a probe. Heinz 
1 2et al. applied the SHG technique to study the surface

reconstruction and surface phase transition on Si(lll).

Akhmanov et a l . 1 3  reported the determination of the

degree of disorder of the surface of a noncentrosymmetric

semiconductor by using SHG and sum-frequency mixing with a

high time and spatial resolution. The recent theoretical
14remark pertaining to SHG by Keller emphasized the need

for including nonlocal electronic transport effects in 

describing SHG.

In a somewhat unrelated development there has also

developed in recent years an interest in the properties of
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small particles. An extensive body of work has been 

devoted to the study of the linear optical response of 

such particles15. Recently the interest in nonlinear 

optical response of small particles is increasing. Agarwal 

et al 6 studied SHG of spherical particles in the context 

of a dielectric model for the limiting case of the

particle size being much smaller than the wavelength of 

light. Hua and Gersten1® extended their work in two

directions. On one hand, instead of employing a dielectric 

theory a more microscopic theory was applied to include

screening effects; on the other hand, a full Mie theory 

was used to avoid the limitations arising from the long 

wavelength approximation in dealing with particle sizes 

more commonly found in nature. Heilweil et a l . 1 7  

reported the first measurement of the nonlinear dispersion 

of X (3) of aqueous colloidal gold at the frequency of 

the surface plasmon resonance.

As is well-known that the harmonic expansion of the

polarization P of matter could be written as

p .  X  * E +  A 1 - E E + . . .  . (2.1.1)

The susceptibility tensor is vanishing for the

dipole response in centrosymmetric crystals, but 

nonvanishing for the quadrupole response. As the particle 

grows in size, higher multipolar responses become more and 

more important. Thus we may envisage a range of particle 

size for which quadrupolar and higher multipolar harmonic
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generation becomes significant.

Bloembergen et al.^ have discussed the contribution 

of the conduction electrons in media with inversion 

symmetry to SHG. The equation of motion for the averaged 

velocity v of an electron in the hydrodynamic 

approximation is given by

+ v . y v  - -(e/me )( B + v * B / c  ) (2 .1 .2 )

Expanding the fields and the source quantities ( currents 

and charge density ) in an harmonic expansion series, the 

SHG polarization could be written as

P ( 2 toJ ) * (nQe 3 /4m 2  u> 4  ) { E(lO ) • V  ] E( UJ )

+ (e/8Hme u>2 )S(u> )V • B(cO )
+ i (nQe^/4m|c a ) 3  )E(u) ) x b ( w ) ,

(2.1.3)

where nQ is the number of conduction electrons per unit

volume. Based on simple symmetry considerations and

Maxwell's equations, it is possible to extend this formula

and develop simple formulas for the multipolar moments of

a small particle in terms of the incident fields. We
«* -» ** **restrict our attention to SHG and let , m , Q , and )C

d note the electric dipole moment, the magnetic dipole 

moment, the electric quadrupole moment and the magnetic 

quadrupole moment, respectively. Note that n  and x  are 

odd under parity reversals, while HI and Q are even. Also

note that /A. and Q are even under time reversal, while m

and x  are odd* Thus, in a truncated hierarchy,
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/a(2u> )- ^ e V E 2 + r E E . V E +  or E V B 2+ € E B ’ V B  , 

m ( 2 0 O ) - P M E X ( V X  B ) + r M B X ( V  X E )+ o }|E i 7 B i 

+ € m b i V  E i +  V»M E • V  B + 0"M B '  V  E ,

^}(2U> ) - *  2 ( E 2 *1 - 3 E E  ) + ^ q (B 2 *1 - 3 B B  ) ,

X(2UJ)- f I E-B +6 EB+ J ’BE , 

where « , (5 , y ,  are coefficients which depend on the

nature of the particle's composition.

This chapter is based on the work [16] and arranged as 

follows. In section II a classical model is presented, the 

linear solution is obtained in analytic form and the 

nonlinear solution is obtained by using the Green's 

function method. In section III numerical results are 

obtained for small Al and Ag particles and the discussion 

of the results is presented.
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a . The Model

Consider a metallic sphere of radius a interacting

with an incident plane electromagnetic wave. In our
18previous work we introduced a model in which both the

electrons and ions were modeled as interacting 

hydrodynamic and elastic systems. For the case of SHG, 

however, we are likely to be concerned with photon

frequencies sufficiently high that the ionic contribution 

will not be of significant size to warrant its inclusion 

in the model. Thus we consider an electronic fluid moving

in the presence of a uniform ionic jellium background. Our

goal is to solve Maxwell's equations.

V  • 2-4TTP , (2.2.1a)

V  • B - 0  , (2.2.1b)

V x 2 + ( l / c ) 3 t8-0 , (2 .2 .1 c)

V  X B-(l/c)at S«(4TT/c)J , (2.2. Id) 

together with the hydrodynamical equation for the electrons

mg [dv/dt+v/X ]— e[E+v*B/c]-T/4 . (2.2.2)

Here p and J are the charge and current densities, e and 

me are the charge and mass of the electron, X  is the 

electron relaxation time, v is the electron velocity

and ft is the chemical potential. Thus

P — e(n-nQ ), (2.2.3a)

J»-ne$ , (2.2.3b)
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where n is the electron density and nQ is the ion 

density. At the level of Thomas-Fermi-Dirac theory

We shall derive our description of SHG from 

perturbation theory. The first order response will be at 

the incident frequency, to > while the second order response 

includes, in principle, contributions from both 2 u) and 

D.C. effects. The latter are of no interest here so will 

be neglected. Thus let

n_no“nL+nS+ '* * • (2.2.5a)
v»vL+vs+... , (2.2.5b)

E-El +1?s+... , (2.2.5c)

B-Bl+Bs+... , (2.2 . 5d)

where the subscripts denote the particular harmonic in 

question (L * linear, S - second harmonic,...). By 

assumption, |ns l<< ln^l <« nQ etc. Noting that the 

chemical potential is nonlinear in the electron density we 

obtain

is the Fermi wave vector

(2.2.4)

(2.2.6)
where the expansion constants are

A*.«(fck°)2 / 2 me - e 2 k°/ir

«(tik°)2 /3n 0 me - e 2 k°/3HnQ

(2.2.7a)

(2.2.7b)

/•i —  /4,/9n2

k? - (3 IT2  n 0 )l/3 Carrying out similar

(2.2.7c)
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expansions for P and J and the various terms of Eq.(2.2.2) 

leads to a revised set of equations which may be separated 

into first and second order equations:

V • EL — 4TTenL , (2.2.8a)

V • Bl-0 , (2.2.8b)

V * E L« i ^ 8 L , (2 .2 .8 c)

V  x El —  iJgEL-4Hen 0 vL/c / (2 .2 .8 d)

me (-:tu+l/-c ) vL«-eEL- Jl#7 nL , (2 .2 .8 e)

and

7 -  Eg«-4TTens , (2.2.9a)

V  5S«0 , (2.2.9b)

V x E s- 2 i ^ B s , (2.2.9c)

V x  Bg«-2i-^Eg-4Tfe( nQVg+n^v^ )/c , (:.2.9d)

me (-2 i w + l / x  JVg+mevL -7 VL

— e(V V ® L /c)' ^ V n S - X . V n L '
( 2 .2 .9 e )

Note that the first order equations are homogeneous 

equations whereas the second order equations are

inhomogeneous with the first order variables acting as 

source terms. The incident field for the linear equations 

enters through the boundary conditions.

To compare with (2.1.3), we could define the second 

order polarization P(2tO ) by setting the Maxwell's

equation as

V X  Bg»-i(2to/c)€iEg+(4TT/c)a<P(2<0 ) .

Identify the above equation to Eq.(2.2.9d), P(2i*> ) could
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P(2u))-e(l-€1) [4Kme (u)+i/t > ]- 1 EL* 7 E l 

+e( 1 - €,) [41tme u)(iO + i/t. )

+e[ 8 fme 0 )( tO + i/t El

+$c (2 u>) ,

where Pc (2tO ) is correction to the second order 

polarization from the screening and is given by

£ C U « 0 )»- (*./ 4 *e){(l- €a) [4flme (io + i/t ) 2  1_ 1 1

El- W ( v . e l ) + V  (7-El )*VEl 

-(X./4He 2 )7(7- El )-77 (7-El )]

-(1- «a) [4irme u)(u:+i/-c ) ]_ 1 7  (V-El )x(7x el ) 

-[ 8 Um e to(tC + i/X ) ]- 1 (V-El )7(V-El )

- (1- <A) [ (*,/X.) (47e) -2V(7- )2- (l/4Tte )7V- Eg ]

If the correction Pc {240 ) is very small, and we are 

interested in the case that U) > > 1/-C , then the above 

equation for P(2cl>) coincides with Eq.(2.1.3).

b. Solution of the first order equations

Wave equations for nL ,EL , and BL follow directly 

from Eqs. (2.2.8):

(V 2  +k 2 )nL«o , (2 .2 .1 0 a)
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(V 2  +p 2 )EL-(4TTe/k2 )(p2 -k2 ) V n L , (2.2.10b)

(V 2  +p 2 )BL « 0  , (2.2.10c)

where we have introduced the plasma frequency,

W r «(4Hn 0 e 2 /m e ) 1 / 2  , (2.2.11a)

the Thomas-Fermi screening coi.stant,

A  -o>r (me/ x o n Q ) 1 / 2  , (2 .2 .1 1 b)

and

p-qJe ' (2 .2 .1 1 c)

where q is the wave vector of the photon in free space 

q ■ U)/c, and

k» A [ € /(l-< ) )l/1 , (2.2.lid)

and € is the Drude dielectric constant

€ - 1 - ujJ/[cu (U> +i/t ) ] . (2 .2 .lie)

Boundary conditions for the above equations will be

introduced late. The continuity equation follows directly 

from Maxwell's equations:

V- vL-iu)nL/nQ . (2.2.12)

The solutions to (2.2.10) which apply inside the sphere 

(r<a) are:

nL- Z  jA (kr )Yi m (r) , (2.2.13a)

EL r (r)-(l/r) £  (pr)+C4 l„(4Tre/k)j;(kr)]YJin(r) ,

(2.2.13b)

EL t (r)-2l{RJ m (4(<+l)r 1 / 2 jJt(pr)X<mJn v
-(A(i+l) 1 / 2 [(Jl(^+l)r)_ 1 Fi m 9 r(rjJt (pr))

+ (41Te/k2r)CI m jJ (kr) ,

(2.2.13c)
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BL r (r)-(qr)-1^  Ra m jj, (pr)YJln(r) , (2.2.13d)

BLt (r)— q_ 1 5: [P2 F,m j, ( p r r jrn

+ iR<inr_ 1 ar( r j, (pr)) r*XAln] (l(J + l ) )~1//2

(2.2.13e)

where the fields are expressed as radial and tangential 

fields

EL (r)«r EL r (r)+EL t (r) , (2.2.14a)

BL (r)«r BL r (r)+BLfc(r) , (2.2.14b)

and X ^  are the vector spherical harmonics defined by

XAm« U ( * + n  ) _ 1 / 2  L Y ^ r )  , (2.2.15a)

where

L - i t x V  . (2.2.15b)

The coefficients C.„, and R.„ are to bej(m im im
determined by matching boundary conditions on the surface 

of the sphere.

Let us focus our attention on an incident circularly 

polarized plane wave:

E-EQ (i + 5)elqZ / (2.2.16a)

B-*iE , (2.2.16b)

where EQ is the amplitude of the electric field. For 

the linear fields the general solution for elliptically 

oolarized light may be obtained by superposition, but for 

the nonlinear fields simple superposition does not apply 

and a more extensive analysis will be needed.
19The fields outside the sphere ( r > a )  are



- 8 8 -  

(1)
h mEo z  { [ j t (qr] +0 • 5 * * " h * ( q r  ]

+q*1 [vx ( jA (qr)Xl m )

+ 0.5 PlmV x  (hi1 1  (qr)Xl m ) )} , (2.2.17a)

V - E 0  iGim ^  >*im 1
+ (2q)~ 1 (*J|(nVx[l

+ [ jx (qr) + 0.5plmhi1) (qr) )X|m } (2.2.17b)

+ (2q)~ 1 (*J|(nVx[hJ[1) (qr)X| m ]

with

G« « - f m,± l i , [ 4 , " 2 < * 1 ) | 1 / 2  •
Again the coefficients and are to be

determined by matching boundary conditions.

In the present model we have explicitly taken into

account all dielectric effects in the charge and current

densities, so the boundary conditions are that E. ,Ij r
ELt' BLr' and ®Lt be continuous at r«a. This leads
to

0<jr̂ “ 2 Dj 1  [z j4 (x) (z)-xjA (z) (x ) ] , (2.2.18a)

(2.2.18b)

where

Dl -x jj, (z)h^1 * (x)-zh|1) (x) (z) , (2.2.18c)

and

Plm*-(2/d4 ){(xj4 (x))'-j 4 (x) [ (x/z) 2 (zj4 (z)) •/ jt (z)

+ (l-(x/z) 2 ) m + l )  (y)/yj;(y) ]},

(2.2.19a)
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Ctm- +(l/^)HJ m [kE0 /4Hex 2 j^(y) J [l-(x/z)2 ] ,

(2.2.19b)

Fl w *±(l/4 f )Hf m [qEQ/p 2 xjf (z) ] , (2.2.19c)

with

<Jm, + ii,+ 2 t4 1 I(2 *+ 1 )Jt(* + l > ] 1 / 2  »
where

A ,  - ( x h t 1 )  ( x ) ) , - h (f 1 )  ( x )  [ ( x / z ) 2 ( z j t ( z ) )  V j , ( z )

+(l-(x/z) 2 )*(*+l)j,(y)/yj|(y)] ,

(2.2.19d)

and x « qa, y - ka, and z » pa. Note that the coefficients (J
M W

and of4||l refer to the electric and magnetic multipoles of

the sphere, respectively. The coefficients C|(fl are

related to the charge density fluctuations. In the

present model the boundary condition v. (a) - 0  isl r
automatically satisfied, as would be expected for a 

problem in which the electrons are confined to the 

interior of the sphere.

In summary, Eqs. f2.2.13) and (2.2.17), in combination 

with Eqs. (2.2.18) and (2.2.19) provide an analytic 

solution to the linear problem.

c. Second Harmonic Generation

l.i order to solve Eq. (2.2.9) le- us introduce two 

auxiliary vectors

5  *nLvL , (2 .2 .2 0 a)
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^  - m evL.vvL-(e/c)vL x bl- ?C,*n£ .

(2 .2 .2 0 b)

Then the wave equations for the second harmonic fields 

become

(V 2  +k 2 )ng (r)«S(r) , (2.2.21a)

{V1 +p 2 )Bg(r)-T(r) , (2.2.21b)

and

( V 2  +P 2 )Es (r)-4 TTe( (p2 /k 2  ) 2-l 1 V n g+U( r ),

(2 .2 .2 1 c)

where we have introduced a second harmonic Drude

dielectric constant

€ a - 1 - cc$/2 u> (2 u) +i/t ) , (2 .2 .2 2 a)

and let

k2- A [«,/(l-«a) ] 1 / 2  , (2 .2 .2 2 b)

and

(2 .2 .2 2 c)

The source terms appearing in Eq. (2.2.21) are

T-(4Te/c)Vxi +i(wj /ce)v x /(2u)+i/-c ) , (2.2.23a)

U-i ( 8 TT« 0 e/c 2  ) 5 + ( 2q) 2  (€t -1)'I /e , (2.2.23b)

S— i( A*/2U) ) V - | / ( l - € t)+ Xl' V-iJ . (2.2.23c)

The radial components of E 2  and B 2  obey

(V* +p 2 )rBSr-r-T , (2.2.24a)

and

(V 2  +p 2  > rESr— 8 Ieng+r-U

+ 4ire[ (p2 /k2 )2-! lrarns ,

(2.2.24b)
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Equations (2.2.21a) and (2.2.24) may be solved by using 

the Green function G #t(r,r') which satisfies

In order to obtain solutions that are not overly 

involved let us simplify matters by making two assumptions 

now: a).the incident plane wave has positive helicity,

i.e. m«+l and b).the linear dipole response is assumed to 

be much more important than higher order multipole 

responses, i.e. the wavelength is not too short. In this 

case the subscripts i,m may be restricted to take the 

value 1,1 when considering the linear fields. Let

nL«n 1 (r)Yu  , (2.2.27a)

( V 2 + ja* )GM (r,?') —  S(r-r') . (2.2.25)

In free space we have

(2.2.26)

(2.2.27b)

BLe“B 2 *r *Yll/sin® + B 3*r *3 e Y n  • 
BL4"i ^B2 (r)a«Y ll+B3 (r,Yll/sine * •

(2.2.27c)

(2 .2 .27d)

(2 . 2 .27e)

VL* —  i(v2 (r jY^/sine + V j U J a ^ Y ^ ]  

vL4*v2(r )3 e Y ii+v 3 (r )Y1 1 /sin«• 1 1 3

(2.2.27f)

(2 . 2 . 27g )

Here

n ^ (r )*C^^j^(k r ) * 
B^rJ-Rj^qr^jj^pr) 
B 2 (r)-p 2 (2q)" 1 F 1 1 j1 (pr)

(2.2.28a)

(2.2.28b)

(2.2.28c)
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B3 (r)*R l 1 (2 qr)"lar lrjl(pr)] '
C 1 1 /n0k ) (kr )

+ ( e F ^ / m ^  uj +i/t. Mjj^prJ/r,

+ ̂ eFl]/ 2 me (<° +i/‘c > 1 r“ 1 3r I r jx (pr ) ]

(2

( 2

v 2 (r)«- [eRn /2me ( w  + i/t )]j1 (pr) , (2

v 3 (r )-(to C 1 1 /nQk 2 )j1 (kr)/r

( 2

Also we write

r-'O-'TTt r)Y 2 2  , ( 2

r - T - P ( r ) Y 2 2  , (2

S«(f(r)Y 2 2  , (2

where

Tf (r)-( 3/101) 1 / 2  {(8 Tl«oe/c2 )rn1 v 1

-( 2 q )2 (C,- 1 )e- 1 [

V rvla*'vl+vlv3+v2’v3 ) 
+erc_1(v2B3-v3B2 ) + 2pilrn19rn1 ] j>

(2 ,

P  (r)-(3/10TT)1 / 2 {-121Tec'1 n 1 v 2

+ [3 u)p /ce( 2 u> + i/t )][me (v1 arv 2  

+Viv 2 /r- 2 v 2 v 3 / r ) 

+ec_ 1 (v1 B 3 -v 3 B 1 )]

(2,
and

. 2 . 28d)

.2.28e) 

.2.28f )

. 2.28g )

.2.29a)

•2.29b)

.2.29c)

2.30a)

2.30b)
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(T (r )-(3/10T1)1 / 2  ( AZ/2u;) (1- € , ) - 1  [n, v,/r-v, ?rn,

2

-(l/^#)(3/10T ) 1 / 2  V v'lv«v' - O rv, ) 2  

-2v, r_ 1 arv, + 4r_ 2 v, vs -2(va / r ) 2  

-4(v,/r )2+4v, r_ 1 9rv,+w| r_ 1 a rv,

+ 2 va r' 1 arvJl - 2 v3  r_ 1 arv, ]

+ (e/c) [2r_ 1 (va B 3 -v3 B 2 )+B 8  >rvf +v2  9 rBs

“B**rv» -v,9rBa + 3r-1 ( v, Ba-VjB, )]
+ 2 jC,[ n, + O rn, )2 +2n, r_ 1 3 rn,

-3(n,/r)2 ] (2 .2 .

Expressed in terms of TTtr), P(r) and (fir) 
solutions for ng , t'Bg and r-Es are:

nS * [C22j2 (k2r)+V>(r) lY22 ' (2*:
r-Bg-((2q)_1r22j2 (p2r)+Z(r)]Y22 , (2.2

? '^s” [f2 2 j2 (p2r)+k(r,+C2 2I(r)lY22 (2,2
where

V»(r) — ik2 Jdr,r,2j2(k2r4)h(i1) (k2r> ) CT (r ’),

Z(r ) — ip2 Jdr ,r,2j2(p2r< )hj1,(p2r> ) P ( r l),

(2.2

(2.2
k(r) — ip 2  Jdr'r,2 j2 (p2 r< )h ̂ ) (P2 r> ) [

- 8 TTe ^(r')+4¥e( (P2 /k2 ) 2 - l ) r 'ar, V{ r • ) + Tf( r •) ]
(2.2

I(r) — ip 2 ^dr'r,2 j2 (p2 r< )ha1) (P2 r> ) [

- 8 TTej2 (k2 r' ) + 4¥e( (p2 /k2 ) 2 - l ) k2r ' j ' (k2r ') ].

(2.2

30c)

, the

.31a)

.31b)

.31c)

.32a)

.32b)

.32c)

. 32d)
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To obtain the tangential components of Eg and Bg let

us write

e s«£ ESrY 22+ f ( r ) x 22+ f ( r ) r x X 22 

Bc«r Bc J „  + u(r)X„+v(r)r x x „  

(2.2.33a)

(2.2.33b)

and

4>(r)-(2q/J7 )r-Bs ,

^(r)-(-i/JJ ) (4Tleri^(r) + 4TleC22r j2 (k2 r) 

+2Egr+r3yESr^'

(2.2.34a)

(2.2.34b)

u (r)■(i/2q)[ij 6 r“ 1 ESr+r” 1 3^(r ̂  ( r ) ] 

v(r)«(-i/J? )[2BSr+rarBS r ]

(2.2.34c)

(2.2.34d)

There are three coefficients, r22, C 22, and f22•

to be determined by matching boundary conditions. The 

fields outside the sphere are given by formulas analogous 

to those of Eq. (2.2.17) but without an incident field at 

frequency 2u> being present. Thus, for r>a:

2 s (r)»- (5H)1 / 2 {a 2 2 hjl1 )(2qr)X 2 2 +(b 2 2 /2q)[

( ij"6 /r )ch^ * (2 qr )Y2 2 +r_ 1 aT ( rh ^ 1  * (2 qr ))r * 3C2 2  1 ,

(2.2.35a)

Bs (r) — (i/2q)VX Es (r ) .

Again r • Eg, r • Bg , Egt and Bgt must be c 

at r*a. we find, after some lengthy algebra, that

continuous

(2.2.35b)

a22*“ ( 2q/P2a43(nr Jl^aJ/A , (2.2.36)

where

(2.2.37a)

A  » 2 qaj 2 (p2 a)h(E1) ( 2 qa )-p2ah ̂  * ( 2 q a ) jJJ(p 2 a )

(2.2.37b)
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and

b -(2iq/j30TT ) A b / V  , (2.2.38)
22

where
. f »[l+P2aj^(p2a)/j2 (p2a)

-( 6 /k 2 a)j 2 (k2 a)/j'(k 2 a) ]

+ 4TTeal3 (a)/(k 2 a ) 2  j2 (p2 a)

+ I4 (a)/aj 2 (p2 a)

- 24feal2 (a)/(k2a)3 , (2.2.39a)

A z *p 2  [ 2 qah ̂  * ( 2 q a ) ] '

- h (z1) (2 qa) ((2 q/p 2 )2 (p2 aj 2 (p2 a ) ) '/j2 (p2 a) 

+(l-( 2 q/p 2 )2 )6 j2 (k2 a)/k 2 aj'(k 2 a ) ] ,

and
A  -

I2(a)“ j dr(p2r ) [ j2(k2r)/j^(k2r ) ] (T(r) ,

(2.2.39b)

(2.2.39c)

I 3 (a) - ^ d r ( p 2 r) 2 (p2 rj^(p 2 r) + j2 (p2 r)](T(r)

(2 .2 . 39d)

I4(a)-J#dr(p2r)2j2(p2r)1T(r) . (2.2.39e)
The integrals 1^ to I 4  are evaluated numerically.

2.3. Results and Discussion

In the previous section we have derived expressions 

for the linear and nonlinear electric and magnetic fields 

both inside and outside a small metallic spherical
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particle illuminated by an incident electromagnetic wav-.. 

The sources of the nonlinearity included the Lorentz 

force, the convection of electron velocity, nonlinear 

contributions to the electron current and nonlinear 

chemical potential terms. In order to be able to compare 

these expressions with laboratory measurements let us 

compute the cross section for SHG and compare it with the 

corresponding linear cross section. We define the SHG 

cross section as the ratio between the radiated SHG power 

at frequency 2  and the incident intensity at frequencycO. 

Thus, putting in the atomic units explicitly,

^ S H G =( 5 1 T/8 q 2 )(la 2 2 ' 2 + lb 2 2 l2)

[Eoao/el 2 ao'
(2.3.1)

where e is the electron charge and aQ is the Bohr 

radius. The cross section is proportional to the square 

of the incident electric field. It includes contributions 

form both the electric and magnetic quadrupole terms. The 

corresponding linear cross section may be written as a 

multipole series

(TL-(ir/2 q 2 ) Z  (2 f + l)( ldill2+ IPn l 2 ), (2.3.2)

where, in the dipole approximation, only the terms with 

fl. * 1 are retained. This cross section will be denoted
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by Q'1.

In order to compare our results with those of Agirwal

and Jha^ let us start by writing expressions for the

general solution for the linear internal electric fields 

given by Eqs. (2.2.13b,c) in the limit in which the wave 

length is much larger than the particle size both inside 

and outside the particle (pa << 1 and qa «  1 ) and the 

screening length is much less than the particle size (ka>> 

1). Then our formulas reduce to that given by dielectric 

theory and we get the formula quoted in Ref. 7 for the 

internal field

g-3E 0 / ( € + 2 )  - (i/2)rx(q*E0 ) . (2.3.3)

However, for the cases of interest in this paper the above 

limits are not satisfied. Thus at the resonance frequency 

for Al, for example, qa * 0.43 for a - 100 A and qa - 0.74
O O

for a * 200 A. Typical values of pa for a 100 A sphere

are in the range 0 . 6  to 0 . 8  and typical values of ka are

around 200. The fact that the values of qa and pa are not 

that small points to the need for using the full Mie 

theory in evaluating the cross sections.

Another point of comparison between our theory and the 

standard Hie theory involves evaluating Eq. (2.2.19a) 

explicitly. We do this for the linear theory because it 

is simpler to write analytic expressions than for the 

nonlinear theory. Analogous considerations hold, of 

course, for the nonlinear coefficient given by
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G q . (2.2.38). The general expression for is

* -  & k i w - ? < « > ( < f f i ' - <i>']i r £ 77r 4 2 3 4
p,

In the strong screening limit (y<*oo ) this result reduces 

to the Mie formula

ft - .1 -------------   illL . (2.3.5)

**<•)
In Fig.2.1 we plot the quantity

2 2a E ) for aluminum as a function of the o
dimensionless parameter x - qa - toa/c. Graphs are 

presented for several values of the sphere radius varying 

from 50 X to 200 A. Several features are worthy of note. 

Ac low values of x, corresponding to low frequencies, the 

cross sections rise rapidly with frequency, as would be 

expected for a sphere of finite conductivity. The bulk 

plasma frequency for A1 corresponds to » 2.4xl0 * 6

rad/sec. In each case we see two resonance peaks. The 

low frequency peak corresponds to the quadrupolar plasmon 

resonance frequency while the higher frequency peak occurs 

at the dipole plasmon resonance. In Mie theory these 

occur at frequencies given by the condition^

. . - ,u> . .2 (JNiKIA + O
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The dipole plasmon is excited for 4* 1 and the quadrupole 

plasmon for 4* 2. Since we are concerned with values for 

a which are reasonably large, the approximation 4 e ( o O ) + 4  

+ 1  - 0  is not appropriate for determining the position of 

the resonances.

In Fig.2.2 we plot, for comparison purposes, the

linear dipole and linear quadrupole cross sections as a 

function of x * qa for spheres of the same size as in

Fig.2.1 (100 A). We note that the linear quadrupole cross 

section is several orders of magnitude smaller than the 

linear dipole cross section. These results including the

screening effects are in good agreement with the Mie 

scattering formulas.

In Fig.2.3 curves similar to those of Fig.2.1 are

presented, but this time for Ag spheres ranging in size

from 50 to 2 0 0  X .  Again the nonlinear cross section 

displays t'-e pronounced dipolar and quadrupolar

resonances. One would naturally expect these linear 

resonances to play a role in the nonlinear quadrupolar 

resonance because the nonlinear quadrupole is generated by 

the mixing of two dipole excitations in the incoming field 

and the production of a quadrupole outgoing field.

We have not shown the differential cross sections for 

SHG explicitly, but these may be obtained from tne total 

cross sections by noting that the fields have an angular 

dependence associated with y 2 2 (?)‘ Thus a standard
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quad rupo 1 ar pattern is to be expected.

In Fig.2.4 we compare our calculations with the

calculations of Agarwal and Jha^ for A1 spheres of two

sizes: a ■ 50 A and 100 X .  We see that for small spheres

the agreement is good, whereas for large spheres there is

considerable disagreement. For larger spheres the need

for a full Mie theory accounts for a considerable amount

of the disagreement. Then the wave length of the light

inside the sphere becomes smaller than the radius and

different parts of the sphere begin to destructively

interfere in the production of both a dipole in the

in-field and a quadrupole in the out-field. This leads to

a diminished cross section.

In Fig.2.5 we plot the dimensionless linear dipolar

cross section 0 ^/TTa and the cross section for second

harmonic generation QgHG /IT a as a function of radius

a for two fixed values of the frequency ■ 5.0xl0 1 5

rad/sec and uo > l.OxlO^-® rad/sec. The curves are

plotted for aluminum particles. The SHG cross section is

plotted for an incident electric field strength

corresponding to one atomic unit (e/aQ ). Values for

other field strengths may be obtained by multiplying by 
2 2(E^a*/e) • For low values of a the cross sectionO 0

rises rapidly with size but tends to saturate when the 

dimensionless parameter becomes of the order of unity. 

For values of x larger than one we know that higher order
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linear multipoles begin playing a more important role in 

scattering. Presumably the same thing will occur in the 

nonlinear scattering, but we have not computed higher

multipoles as of yet.

Let us estimate the rate of generation of SHG photons 

for a hypothetical experimental arrangement. Suppose we

prepare a smoke of 100 A Al particles with a concentration
1 2 - 3  12of 10 cm . For an incident intensity of 10

2 2 9W/cm we have a field strength Eq * 8.4x10
2 -4 -5esu cm ■ 2.9x10 atomic units. For the

quadrupolar resonance frequency in Fig.2.1, ui - 1.3xl0 1 6

2 9rad/sec the flux of incident photons is 7.4 x 10 
-2 -1cm sec . The cross section for second harmonic

-15 2generation is 6.4 x 10 cm as compared with the

cross section for linear dipole scattering which 6.3

xlO - 1 1  cm2 . Thus 4.7xl0 3 5  photons per second will 

be produced at frequency 2u> , per sphere. Taking an

illuminated volume of 1 0 ~ 5 cm 3  we would have 1 0 7

22spheres contributing, for a net rate of 4.7x10 photons

per second. This large number may be increased even

further by increasing the illumination volume, the 

cont ntration of the spheres, or the intensity of the 

radiation.
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Figure Captions

Fig.2.1 Cross sections for scattering of e ;ctromagnetic 
radiation by aluminum spheres in u .ts of the 
geometric cross section for sphere of radii 50, 
100, 150 and 200X radii. Abscissa denotes the 
dimensionless parameter x - uja/c, where u> is 
the radian frequency, a is the sphere radius and 
c is the speed of light. The set of curves give 
second harmonic generation cross sections 
corresponding to an incident electric field of 
strength one atomic unit (E0 -e/a£).

Fig.2.2 Linear cross sections for dipole (electric and
magnetic) and quadrupole interaction for spheres 
of var.ous radii (50, 1 0 0 , 150 and 2 0 0  X) .

F g.2.3 Same as Fig.2.1 but for silver spheres.
Fig.2.4 Comparison of the second harmonic cross sections 

as computed in this paper (solid curves) with 
those given by Ref. 7# (broken curves). Curves 
are given for a - 50 A and 1 0 0  X.

Fig.2.5 Linear dipolar cross section (broken curves) and 
second harmonic cross section (solid curves) as a 
function of sphere radius for Al spheres. Graphs 
for two frequencies are given, u) » 5xl0 * 5  rad/s 
and 1 .0 x1 0 * 6  rad/s.
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Chapter III. Enhanced Energy Transfer 

between Donor and Acceptor Molecules 

near a Spheroidal Small Particle

3.1. Introduction

Currently energy transfer is a wide open subject in

physics, chemistry and biology. Research on energy

transfer either as a basic process or a perturbation has

attracted a considerable amount of attention both from

theoretical and experimental physicists. The mechanisms of

energy transfer which have been discussed in detail are

mainly for transfer in position coordinate space. The

transfer in momentum space and wave vector space have also

been noted. The dominant processes which compete with

energy transfer are radiative and nonradiative decay^.

It has been realized for a long time that energy transfer

plays a fundamental role in such optical processes related

to molecular spectroscopy as quenching of luminescence,

sensitizing of luminescence, and photosynthesis. Concrete

measurements on energy transfer rates have also been
2performed by fluorescence measurements .

A well-known mechanism for the transfer cf energy from 

one site to another in crystals, amorphous materials, 

solutions and biological systems is resonant energy
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transfer. This mechanism was explained quantum

mechanically by Forster^, in the dipole approximation,
4 5for transfer between organic molecules. Dexter ' 

generalized the theory to higher order interactions, 

including the exchange interaction, and applied the theory 

to energy transfer between dopant ions in inorganic

solids. The earlier work based on the long range

electromagnetic interaction was due originally to
6 7 8Vavilov , Perrin and Perrin . The basic point of

Forster-Dexter theory is that the donor molecule couples

to the acceptor molecule through a dipole-dipole

interaction. The quantum transition probability of

deexciting the donor and exciting the acceptor

simultaneously could be simply formulated by using the

Fermi Golden Rule and expressed in terms of the emissivity

of the donor and the absorptivity of the acceptor. The

theory is successful in explaining the energy transfer

between donor and acceptor molecules. Of course, when

dealing with different processes other mechanisms and

theories may apply.

In recent years active research has been performed on a

variety of optical processes when they occur near a solid

state particle as well as a rough surface. The motivation

is due to the anomalous enhancement effects. For example,

in Raman scattering the cross section can be enhanced by 6

9
orders of magnitude near a rough surface . Detailed
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calculation of Raman scattering by molecules adsorbed on

spherical particles^® were also performed. Gersten et
1 1  1 2al. ' studied the energy transfer process when it 

occurs near a solid spheroidal particle by using a long 

wavelength approximation. The frequency dependence of the 

energy transfer enhancement ratio showed explicitly the 

importance of the surface plasmon excitation. They also 

found that there exist zones of activity ( around the tip 

of the spheroid ) in which the molecules display 

significantly enhanced energy transfer. In contrast, the 

orientation of the molecules is less sensitive. The 

competition between the energy transfer and the radiative 

and nonradiative decay are also obvious. The enhanced 

ratio of energy transfer would be as high as 5 orders of 

magnitude if the frequency approached the surface plasmon 

frequency and the molecules were inside the active zones. 

Folan et al.*^ reported the first measuremant of 

enhanced energy transfer. The overall transfer within a 

particle 1 0  microns in diameter was found to exceed 

conventional dipole-dipole transfer by more than a factor 

of 1 0 2 .

It is clear today that a large part of the enhancement 

mechanism is of purely electrodynamic origin. It is also 

clear that the existence of a solid state particle would 

modify the local electric field in the region near the 

surface. The modification would be very strong if the
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surface modes were excited, or if the rrjrphology of the 

particle allowed the concentration of the electric field 

lines10-14. Electromagnetic theory has also been applied 

to explaining enhanced fluorescence15,

photochemistry1®, and second harmonic generation1^.

This chapter is based on the work [12] and arranged as 

follows. In section II we develop the theory for energy 

transfer and define the enhanced ratio of energy transfer. 

In section III we develop the theory of nonradiative decay 

and establish its connection to the energy transfer. In 

sectijn IV we focus our attention on radiative decay. 

Finally, in section V we present the results of our 

computations and discuss them.
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3.2. Theory of energy transfer

We shall study the transfer of erer between a donor 

molecule (d) and an acceptor molecule (a) in the vicinity 

of a solid state particle. The particle will be taken to 

have a spheroidal shape with semi-major axis a and 

semi-minor axis b. It will be assumed to possess a 

frequency-dependent dielectric function, €(u)). The donor 

and acceptor molecules will be represented by point

electric dipoles and at locations rd and ra ,

respectively. It will be assumed that all distances of

relevance (a,b,rd , and r& ) are small compared with the

wave length of light whose frequency corresponds to 

molecular electronic transitions of interest, so that 

retardation effects may be neglected. On the other hand, 

it will be assumed that the distance scales are

sufficiently large that nonlocal dielectric effects are 

not of significant importance.

Let us take the z-axis parallel to the symmetry axis 

(the major axis) and introduce prolate spheroidal 

coordinates ;*> , and . The surface of the particle

will be denoted by % * , where S0» a/f and

f-(a 2 -b2 ) .  While this description more naturally 

applies to prolate shaped particles, the generalization to 

oblate structures may readily be obtained by analytic

continuation. The coordinates of the donor and acceptor
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molecules will be denoted by ( and

( ^ a# >] a, j>a). The v artesian oordinates are

elated to the spheroidal coordinat 3  by

x-ft(S*-l)<l-rl* ' ]1 / 2 cos+ , (3.2.1a)

y-f [ (Sl- 1 ) (1 - 7 *) ]1 / 2 s i n *  , (3.2.1b)

z-f *»l , (3.2.1c)

Before developing the theory for the general case,

consider first the situation ir. the absence of the

particle. Forster and Dexter have described the energy

transfer rate from the donor to the acceptor molecule in

terms of Fermi's golden rule, taking the dipole-dipole

interaction as the perturbation responsible for driving

the transition. The donor molecule is initially in an

excited state |f.) with energy € f and falls to a
d d

lower state |id ) with energy . At the same time
d

the acceptor molecule is promoted from an initial state

|ia ) to some excited state )fa )» with corresponding

energies €, and , respectively. Because of
a a

the presence of a M g n  density of vibrational levels 

associated with the electronic states we expect some 

distribution of initial donor and acceptor levels. These 

will be described by the distribution function 

and F _ (i.). The average transition rate is given byCl Cl

* l‘ld£al “o l V a ’I2

x £( 6 f + - €. - € f ), (3.2.2)
d a d a
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where UQ is the dipole-dipole interaction

U .

_a >* A  "• A
Hd- Mft - 3 / ^ - r  Mg r

Y* (3.2.3)

rd-r .and r » 

vector.

Let

^ d ^ d ^ d ^ d

is the intermolecular displacement

and

where m. and m a are transition moments and d a
and are

ractors. Then UQ may be written as

(1d£a|uol£dia ’” ,amd?td X a Ao 
where AQ is an angular-dependent factor

(3.2.4a)

(3.2.4b)

Franck-Condon

(3.2.5)

A A A A A Am<i' m a - 3 m <i-rn’v r
(3.2.6)

Then, introducing an auxiliary integration, we obtain

AIM
K-2ITA2"O O L - “  t

£  IF, lXal2l"a'2I(F'.-<f.tt,“J '1 
* f  [Fd IXd|2tBdt2 i(efd -

* (3.2.7)

which may be rewritten as
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K «(9Apc 4 /8Tn j** dtu | V (t0). (3.2.8)

O O to u) +

where 0 “ ( u> ) is the electromagnetic absorption cross
a

section for the acceptor molecule

0'a-(4TT*«O /3c )£ Fa I X al 2  * "'a' 2  ^ < € « 4  ” Cf +*«»> ) .

(3.2.9)

and Tjjt W  ) is the emission rate per unit frequency of 

the donor

rd-(4"'/3c3) p d I Xdl 2 |Sdl 2 <T .
(3.2.10)

Let us now introduce the particle. Since Eq. (3.2.8)

involves an integration over angular frequencies

associated with both the donor and acceptor transitions it

is reasonable to assume tnat the dielectric properties of

the solid at frequency to will now enter the formalism.

What we need is a generalization of the expression for the

dipole-dipole interaction, UQ . To obtain this we must

first solve the general electrostatic problem presented b/

naving two point dipoles in proximity to a spheroidal

particle. The electrostatic potential inside the particle

( X <■ X.) may be expanded as

§(»,H,t>-£  £.[AnBco«i.* +Bnnainm* ]

x p " ( 5 >P*< 1 ) (3.2.11a)n n '
and the potential outside the particle( X  > X. ) as
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3 '1 [Anmcosm» " Bnmalm"* 1

x q^( % )pjj( n )

+ 4 d+ 4 a • (3.2.11b)

Here P^( 3 ) and Q™( 3 ) denote associated Legendre 

func^ ont of the first and second kind, respectively. The 

dipolar potentials associated with solated donor and 

acceptor molecules are denotea ay $ d and $ a . 

Expansions for these potentials may be obtained starting 

with the Coulomb Green function

■ n r - - 7  - 2  £  F nmp™( S< ) < £ (  %y )If * y  I «•!«*«• nm n n *
x P~(*|)p£('l')cosm(* - V ) ,

(3.2.12)

where

Fnm*f” 1 (-)m (2 -^«,.) (2 n+l) [ (n-m) !/(n+m)! ] 2  ,

(3.2.13)

and B<*min(3,3') and )>>max()/ %'). The potential due to a 

dipole located at rd is

x _ Z d t r - Y d )  _ - . v  \

I?- r* 13 ' d Ir - r<l (3.2.14)

The components of the gradient operator may be written as
A A  Arr.ia.i_ . Jk 2_ + -la. J_ ,
kV * * < 1 ^  9f* (3.2.15)

A A A  I l
where 3 ^ , and ^  are unit vectors and ,
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and are metric coefficients defined by

hU  mfli Id' ( S d - D ] 1 / 2  (3.2.16a)

h «U "f[( *d_ *ld,/(1" 1 d )]l/2 (3.2.16b)

hta *f[ ( 5 d"1)/(1" ] 1 / 2  ' (3.2.16c)
so

^d"^T 0  j£0 Fnm (
( ^ / h i ,  ) T , ;  CP” ( 3>)Q^( 5< )] 

x PjJ( )pm ( ^  )cosm(<t> - <*>d )

xpjl n > iPSd-l ) 1 ,coam( ♦  - <4*d )

+ m ( K ^ / h ^ ) P ^ ( 5 > ) Q ^ 5 < )
* p£ < 7  J P ^ ^ r f J s i n m d . - ^ ) }  •

(3.2.17)

A similar formula holds for with d replaced by a.cl
We now demand that $  be continuous at the surface of

the dielectric and also that the normal component of the

electic displacement vector be continuous there. This

allows us to solve for the unknown constants A 1 __ andnm
B'nm appearing in Eq. (3.2.11b):

(b£)
s. >i-1„ „m # * w nm, 

x y /ii_ /u if«® / »

)q” < )tp” < t, ) r ( ; j S  £ )

«(>«♦;/h,.)Q"( *i )P™( 1, ,
(3.2.18)
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where

3 « ,Pn ( *.>'

-^r;( *• >'
(3.2.19)

The interaction energy is obtained from the expression

U— [p* • Ea+ pd- E d ] / 2  . (3.2.20)

Here E. is the electric field at the position of theCl
acceptor molecule and is the corresponding field at

the donor molecule. These fields are obtained from Eq.

(3.2.11b) using

E —  , (3.2.21)

and omitting the terms #_ of Eq.(3.2.11b) when computingd
Efl and when computing E^. Thus we may write

U«UQ AU(tO ) , (3.2.22)

where UQ is given by Eq. (3.2.3) and

A U ( t o ) - [ p a v l  | r-r + p 4 v | | r_r ]/Z , (3.2.23)
a d

where

^  OJ) ^
*  % ? . l r . IA'nmC 0 S m * tB,r,n,»lr""« 1

x q JJ( S )pJJ( 1 )  .

(3.2.24;
0*0

Here $  is the potential just due to the induced charges 

of the dielectric and AU( U) ) is the additional 

interaction energy between the donor and acceptor caused 

by the presence of the nearby particle. Thus
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cosm^- ]

j

cosm ̂  j+B

(3.2.25)

Equation (3.2.25) contains three types of terms: terms
■I ^

bilinear in fJL̂ and fjLa, terms quadratic in ^  and 

terms quadratic in Ha* Only the terms bilinear in

JA.£ and jJLa cause energy transfer. The other terms, 

however, are responsible for modifying the decay rates of 

the donor and acceptor molecules and will be studied 

later. We will denote the bilinear terms collectively 

as A U d a (io).

When the spheroidal particle is in proximity to the 

donor-acceptor pair the transition rate is
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In place of Eq.(3.2.8) we now obtain

00

K-(9c 4 /8TT)J da) |A(U) )| 2  0^(U) ) Td(a) )/c04  . (3.2.27)

The frequency dependent factor A ( t O )  replaces the factor 

Aq of Eq. (3.2.6) and is defined as

A -A Q+ AA , (3.2.28)

where
A a A

A  A- , (3.2. 2-9)

and A^4da is a tensor which may be written as

A M da- 2  21 T ? d a (n,m) . (3.2.30)«T* *7e nm
Here

Tnm-[(l-#)/Anm]FnmPn(3.)(Pj(8.)l',

(3.2.31)

and the spheroidal components of the E tensor are

Eu  s. ))•

X pJ( ffd )pJJ( %  JcosiM+a - ta ) * (3.2.32a)

1 1  ^ Ch-U(h 1 * r  X ^ ^ Q n ^ a )

x r pn 1 *7 ^ >]'cosm(4 >d - 4>«) ,

(3.2.32b)

X pjJ( 7d )pJJ( 7a >cosm<4>d -<|>a ) * (3.2.32c)



Esn -in3an 1aJ 1 wn ' ** ,l wn v *
) ] ’ cosm( ̂  ) ( 3. 2 . 3 2d )

Pn ( 'U )Pn ( 'k )sinn»(4d - 4 a )  > (3.2.32e)

E 1 ? ■ |h1 - h**l‘:l"Qn ( J ‘' ,Qn < S * ’
“ ’" " U  ) ] 'Pj}( f\a )sinm(4d - 4>a ) (3.2.32f)

Expressions for E^j*, E%\ and Ê {j are obtained

from the last three equations by interchanging d and a. 

Similarly, we may express AQ in spheroidal coordinates 

by writing

V S a ' V  S a  > (3.2.33)
where

M - £  H  F_r,S(n,in) , (3.2.34)O n«* mim nm
and W is a tensor whose spheroidal components are

w«  )l,tQS ( *> n '
Pn ( Td )pn ( *?« >cosm(*d * +a ) (3.2.35a)

wm  " Ih<uhi*i"lp; ( 3 < )Qn ( S > >
[ p m ( ^  , ] . [ ! > * (  r | a ) ] ' c o s m ( 4 u  - * «  > ,

W* 4 - [ h f c h ^ r V p J J l  ?<)Qj( %  )
pm ( ^  )pm ( r? a ,cosm(<|>4 - «>a ) ,

(3.2.35b)

(3.2.35c)



W Vl ^ lV  3< ,un' 3>
Pn (flo» )[Pn (rU  ))'cosm(4d * *« > (3.2.3bd)

WH  >0"<S>>)
Pn ( 1*  )Pn ( )sinm(+* - > • ( 3 . 2 . 35e )

" 1 * *>>
pn ( T«t J [Pn ( } ] ’sinm (̂ -< - 4 « )  ( 3 . 2 . 35f )

Expressions for , W^jand wt 1  are obtained from the last 

three equations by interchanging d and a. In the above,

- min( 5 d , J a ) and -max( $ d , $&).

The spheroidal components of the dipole unit vectors are 

related to the cartesian components by

Kj "( * f/hij) [ A x cos* + fry sin^ ] + ( •] f/hj)M» » (3.2.36a)

A«i - ('I f/h^) [ A* c o s 4 > + Ay sin ♦  ]-( %  f/h,,) A *  , (3.2.36b)

£ ♦ —  A* s i n 4 + A y C O s 4 >  . (3.2.36c)

A comparison of Eq. (3.2.27) to Eq. (3.2.8) shews that 

the integrands differ by a factor

R(u> )-|A(to )/AQ | 2  . (3.2.37)

We shall refer to this quantity as the enhancement 

factor. In addition to its frequency dependence it also 

depends on the locations of the molecules, their 

orientation and the size, shape and composition of the 

particle.

The present theory may be adapted somewhat so that it
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may also apply to intramolecular energy transfer.

Consider, for example, a molecule which is in some 

vibrational state associated with a given electronic

state. Assume this molecule also post sses another 

electronic state associated with a given electronic

tate. This level is embedded in the vibrational manifold

associated with lower electronic states and if the latter 

are dense enough intramolecular radiationless transitions 

usually occur. Consider now the effect of the presence of 

the dielectric particle on such transitions. Since we now 

will be concerned with one molecule rather than two, we 

must talk in terms of donor modes and acceptor modes of 

that given molecule. The physical location of these modes 

are given by rd*ra but there still can be independent 

transition dipole moments associated with the different 

electronic states.

Unlike the case of intermolecular energy transfer, the 

direct dipole-dipole interaction between the modes is no 

longer an appropriate concept. Since the modes are 

attached to the same molecule, the idea of representing 

them by point dipoles which will then interact is not very 

meaningful. Rather their direct interaction is already 

included in the Hamiltonian which will describe the 

internal dynamics of the isolated molecule. However, it 

is meaningful to talk about the donor and acceptor modes 

being represented by point dipoles when describing their
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interaction with the solid particle and indirectly with 

each other through the presence of ne solid. The 

interaction to be used in place of the dipole-dipole 

interaction is then simply a U ( i o ) given Dy Eq. (3.2.25). 

One simply sets ( 3 d , rjd , <$>d )«( rja , ^ a ).

The rate of energy transfer induced by the coupling is

K'-(9c4/8Tn S^dWcJhAt iO)l ( UJ ) T«* < ) r
(3.2.38)

where A A is given by Eq. (3.2.29) and (J* is thea

absorption cross section for the acceptor band and T d 

is the corresponding emission function for the donor 

band. This rate K' is in addition to the normal 

intramolecular energy rate that may be present for the 

isolated molecule. In Eq.(3.2.38) we have included now a

summation over all intermediate electronic states, where 

0“a( 40 ) and rd( 40 ) are the line shapes related to 

virtual transitions involving these states. The reason 

for this summation becomes apparent if we compare the 

Forster-Dexter matrix element of Eq.(3.2.2) with the 

corresponding matrix element for the intramolecular case. 

In he former case the interaction is bilinear in the 

donor and acceptor dipole operators, so it only deexcited 

the donor molecule and excited the acceptor molecule. In 

the case of intramolecular energy transfer, where the 

donor and acceptor are the same molecule, the interaction
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is quadratic in the dipole operator. Thus by inserting a

complete set of states we see that we may first virtually

excite the molecule and then virtually deexcite the 

molecule to some final electronic state.

3.3. Nonradiative decay

Let us now focus our attention on the other terms

appearing in Eq. (3.2.25) which were previously

neglected. These terms are quadratic in or We

shall show that they are simply related to the 

nonradiative decay rates of the molecules. Let us 

consider one molecule at a time. Let

udd— k i v 8d • <3 -3 -11
•» -*#Note that fa is assumed real, but we have written fa

in place of fa , for reasons which will soon become

clear. Consider the quantity

r d-ti"1lm(Ud d ) , (3.3.2)

which has the dimensions of a frequency. For a point

dipole we may write the corresponding charge density as

P d - M d ' *  s  < *  -  f d >  > < 3 - 3 - 3 1

as may readily be seen by computing the first moment of

the charge density:

SPdxid?—S7' [RlXîr-rd)]dr
+ $ 5(*-?d )( ? 4 ) i d r

(3.3.4)
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The first integral vanishes so w- obtain

' (3.3.5)
as conjectured. Consider next the integral 

$ + p * d ? ~  j d ? 7 -  +  i <f-rd > >

+ S ^ (r"rd )M d  V<T> ' (3.3.6)
where the region of integration is outside the particle.

Again the first integral vanishes and we obtain

J Pd +  dr ~ # d 1?d • (3.3.7)out
Thus we have

P d*ti-1lm[-(1/2) ? *  Ed J-(l/2‘Fi)Imj p* * d r
out (3.3.8)

Using the Poisson equation, this becomes 

P d-(l/2ti)ImJ <$>V-e V ( 4TT )dr
out

* (l/8lfi) Im J V - (<♦»?*) d?-( 1/81 T»)lm j 6 *  v<p dr.
out out

(3.3.9)
The last term vanishes while the first term can be 

converted to an integral over the particle's surface

rd=(l/8*ti)lmj nin- S*4> dS , (3.3.10)
where nin denotes an inward pointing normal. Using the 

continuity of the normal component of D, this may also be 

rewritten as

Pd—  (l/8lti)lm j nQUt- D*<*> dS , (3.3.11)
where nQUt is an outward pointing normal and the 

integral is now over a surface slightly inside the 

particle. Then converting the integral to one over the 

particle's volume we obtain
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U/8lti)Im J. V- D*)dra iO
-(l/8«1i)ImC t  |E\ 2dr . (3.3.12)

in
Finally we use the relation

lm€ -4TT T/u> , (3.3.13)

where Q" is the phenomenological conductivity to obtain

r H-(l/2tiu;)$ 0“ ) E l2dr . (3.3.14)
a «n

The interpretation of the right hand side is that it is

the power delivered to Ohmic heating divided by the photon

energy. This is the nonradiative decay rate if the

magnitude of the dipole is chosen to correspond to the

molecule being excited with one quantum of energy.

The expression for the nonradiative decay rate becorros

r H« « W i m Z  Z  T n m L(.-E • M a  • (3.3.15)d na* maa n m ”4
j  j

Here £ is given by Eqs. (3.2.32) but with a replaced 

by d. A similar expression may be found for the

nonradiative decay rate of the acceptor by replacing d by 

a in the above equation. We have expressed in terms

of the static polarizability, oc , rather than in terms of 

the transition dipole so that the classical nature of the 

formula is manifest. Thus we have replaced 1 | 2 by

2 <X ?)(0.
Wo note in passing that the real parts of Udd and 

U__ are associated with the level shifts of thead
molecules due to the interaction with the solid state 

particle.
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Just as the nonradiative decay of a molecule near a 

particle may be enhanced, the same is true of the

radiative decay. The donor molecule induces a dipole in 

the particle in response to its own dipole. The coherent 

sum of these dipoles is responsible for the net emission 

at the donor molecule frequency. (In addition a similar 

effect can occur at the acceptor molecule frequency). in 

pr /iou: worK Gersten et al. have derived formulas for the

enhanced d pole moment of the system for a collinear

geometry. The generalizations of this formula is readily 

obtained from the previous formulas.

If we examine the system far away from the molecule or 

particle we can describe the system as consisting of a 

dipole located at the origin: ( 3^, *

(1,0,0). The field due to such a dipole may be obtained 

from Eq.(3.2.17) and is

+ F iiQi<5>pi<n> C O S +  + #Xt sin+ ]} .

(3.4.1)

On the other hand, an expression for $  has been given in

E q .(3.2.lib). Substituting the values for A' m andJ nm
B'nm of Eq.(3.2.18) leads to an alternate expression 

for 5  in terms of the molecular dipole components. 

Equating the coefficients of terms with similar angular
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behavior leads to the following

’ Ml' f F« F11 F* ,Mi
M* - FH Fn h |

pti F«
where » /̂ d and Mid are tlie donor molecular
coordinates and

Fn  -(fcos+rf/h,w )pj(^) flpjd*)]'

+ [(1- € ) / ^ 11]p J(30)P}(§#)[q J(?4 )]'}

(3.4.3a)

fee /h,4 )[pj(14 )]'(pj(54)
+ [ l- * ) / ^ 11]p J(3-)[p J(3.)],q J(34 )}

(3.4.3b)

FH — (fsin*„/h*4)pj<»|4) { pJ(34)
+ [(i- € ) / a 11]pJ(|.)[pJ(3.)],qJ(34)}

(3.4.3c)

FH - (f/hl4,pl(1 ^  {
+ [(1- € ) / A 10lP1(S.)[P1( |.)],[Q1( Ja)]'}

(3.4.3d)

Fnn * (f/ h-u} lPi (,U) 1' t pi (^ )
+ [(1- « ) / A 10JP1( f.)[P1(3.)]'Q1(34)} (3.4. 3e)

Fnf- 0 ( 3 .4 . 3f )

Ftl-(fsin4d /hu )pj(q4){ P^S*)

+ [(1- € ) / A u ]p J( i.) [P^ ( J. ) ] • [Q^ ( 5^) ] * J-

( 3.4.3g )

Ft(l-(fsin<fc« /h^ H P ^ M '  {Pj(la)

+ [(!-€ )/A 11 lpi( I.)[pJ(1#)]'qJ(14 ) }

( 3 .4.3 h )
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F^-(fcos^ /hu )p}cU> { pJ(Ŝ )
+ [(1- 6 ) / A n lP}f I . ) [ P } ( I . ) J ' Q i ( l 4 ) }  •

( 3 .4 . 3 i )

The decay rate due to radiation may be written as

r r, d - r ? , d I f - A d l J (3-4 -4)
Here r r° <j is the radiative decay rate of the free

molecule and ^ is the rate in the presence of the 

particle.

3.5. results and discussion

In the previous sections we have developed a theory

for the energy transfer between a donor and acceptor 

molecule in the presence of a small solid state particle

in the shape of a spheroid. The energy transfer may be 

enhanced by having the particle actively assist in the

transfer process. Secondly the presence of the particle

opens up decay channels which would tend to compete with 

the energy transfer. A complete theory of energy transfer 

must take these two aspects into account.

In order to understand how energy transfer may be

enhanced consider first the case of energy transfer in the 

absence of the particle. It is brought about by the 

dipole-dipole interaction. The dipole operator of the

donor molecule deexcites the donor while the dipole 

operator of the acceptor molecule excites the acceptor.
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The strength of the interaction falls off rapidly with

distance, as r- 3 / and the energy transfer rate, which is

proportional to the square of the matrix element of this 

interaction, falls off as r~®. If a solid state 

particle is in the presence of the molecules, however, the 

donor dipole will induce multipole moments on the 

particle. In particular, the dipole that is induced on 

the particle may be much larger than the donor dipole

itself. This phenomenon, is partly responsible for the 

enhanced electrodynamic processes on rough surfaces or 

near small particles, including surface-enhanced Raman 

scattering, enhanced fluorescence, enhanced photochemistry 

and enhanced second-harmonic generation. The degree of

enhancement of the dipole depends on the shape of the 

particle, the location of the molecular dipole and whether 

or not a resonance of the solid is excited. Once the 

dipole (and other multipoles) have been excited in the 

particle, the fields set up by the moment(s) can couple to 

the acceptor dipole and affect the energy transfer, 

whereas in the absence of the particle the rate of energy 

transfer depends primarily on the molecule-molecule 

separation, now the energy transfer depends primarily on 

the molecule-solid distance. For a large particle size 

the molecules may be rather far apart and still have rapid 

energy transfer occur. However, if the molecules are far 

away from the solid, then the solid has little influence
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on the transfer proce again. One of the main goals of 

this work is to define precisely how tha location of the 

molecules influence transfer dynamics. We shall see the 

co n c e t  of 'activity zones' emerge.

We have developed side-by-side a theory for energy 

transfer and for nonradiative decay as well as for 

radiative decay. Just as the energy transfer depends 

sensitively on the location of the molecules relative to 

the particle, so do the decay losses. At those locations 

where there will be large internal fields in the solid, 

one would also expect large Ohmic losses to occur, as we 

shall see.

In Fig.3.1 we show the geometrical arrangement of the 

molecules and the particle. Figure 3.2 shows the 

dependence of the enhancement factor, R, of Eq.(3.2.37) on
i 0

acceptor molecule location, (rfl, &d , * (125 A, 0,

°*)f ( 6a' " V  " (180# ' °° )" {6** » * k , > - ( 0 " ,  0°) and
( 0* ). The semi-major axis of the spheroid

was a * ICO A and the semi-minor axis of the spheroid was 

b-50 A. The particle is made of silver and curves for 

--veral energies, tuo , are shown. We note that when the 

acceptor molecule is close to the particle the enhancement 

rate grows fairly large, i.e. by as much as five or more 

orders of mmagnitude. As the acceptor is moved away from 

the particle the fall-off is at first rapid, but tapers 

off to a slower fall-off at larger distances. Significant
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?nhancements persist out to r_ ■ 500 A, corresponding to

O
a donor-acceptor separation of 725 A. There is also

evidence in Fig.3.2 for a strong resonance at tiu; » 3.12

ev. This is close to the energy of the dipolar plasmon

for a 2:1 prolate spheroidal silver particle.

In Fig.3.3 we study the effect of rotating the

acceptor dipole orientation, still keeping everything else

in a collinear geometry. Here (rd ,6d , ^^)mi 125&,0°,0*),

(ra , 6a, * a )»(125 A , 18 0*, (f), ( 6 ^  , ^ ) - ( 0 *  ,0*),

fy^-0* , and (a,b) ■ (100 A, 50 A). The energy is held

fixed at tiio ■ 3.0 ev. Two curves are drawn, the solid

curve is lA(<u)| , where A(uJ) is the interaction energy

associated with unit dipoles near a particle and is given
2by Eqs. (3.2.28) and (3.2.29). The dashed curve is AQ , 

where AQ is the interaction energy of two free unit

dipoles. We note that in both cases the interaction 

energy is a maximum for a parallel alignment and falls to 

zero as the acceptor molecule is rotated to a 

perpendicular configuration. The interaction strengths 

are seen to differ by more than two orders magnitude. The 

enhancment ratio, R » l A ( w ) / A 0 l is found not to depend

on the acceptor angle orientation, as is shown in Fig.3.4. 

The parameters are the same as in Fig.3.3, but curves are 

given for several energies, tiio .

In Fig.3.5 we plot the enhancement ratio as a function 

of the shape of the particle, keeping a collinear geometry.
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ere a was held fixed at 100 X bat b was allowed to vary 

between 10 A (a needle-like str cture) to 90 A (a nearly 

spherical structure). The donor and acceptor molecules

had the same parameters as in Fig.3.3. Curves are drawn

for several energies. We note the presence of resonance 

structure appearing in the optical region of the spectrum. 

As the particle's shape is varied the multipolar resonances 

of th> particle sweep through tne spectrum. Evidence for 

dipolar and quadrupolar resonances appear in this figure. 

Whenever the resonance peak overlaps with the donor

emission band and the acceptor absorption band, we would 

expect strong energy transfer to occur, as shoulu be clear 

from an examination of the integrand of Eq. (3.2.27). 

This should be kept in mind when attempting to design a 

particle to optimize the energy transfer.

In Fig.3.6 we vary both the angular location of the 

donor and acceptor molecules, keeping their orientations 

antiparallel to each other. The angular location is 

specified by giving the spheroidal coordinate ̂  . The

two are related by the formula

tan* - ( S T  )- 1 (( * 2-l)(l- T 2 ) ]1/2 . (3.5.1)

A plot is made of R( to ) vs rJa with ^ d * - r|a . Here 

the molecules are allowed to move over the spheroidal 

surfaces which pass through the points Z»+ 125 A along the 

symmetry axes. The molecules are oriented parallel to the 

normals to these spheroidal surfaces. Curves are drawn
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r several values of b, keeping a fixed at 100 A. We 

notf that as the molecules are moved away from the

vicinity of the sharp tips of the spheroid, the 

enhancement factor starts to fall off dramatically. In

some cases, there may even be de-enhancement occuring. 

The largest degree of falloff occurs for the sharpest 

spheroid.

The general trends exhibited by Figs.3.2 and 3.6 are

consistent with the existence of activity zones near the

tips of the spheroid. If the donor and acceptor molecules

lie within these activity zones they are able to couple to

the solid effectively and efficient energy transfer ensues.

If either or both of the molecules lie outside these zones

the coupling is diminished and the energy transfer

enhancement is quenched. This is in agreement with a

lightning rod picture in which electric field lines tend

to be concentrated near the sharpest features of a

structure. The size of the activity zone may crudely be

taken as the characteristic size of the sharpest feature

on the solid. For the spheroid this is the radius of
2curvature of the tip: rc ■ b /a. Thus, if the

molecules both lie within a distance rc of either tip 

strong energy transfer will occur. If the molecule is 

allowed to move out of the activity zone in the radial 

direction, as in Fig.3.2, or in an angular direction, as 

in Fig.3.6, the coupling drops off dramatically.
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evertheless, there is still some remnant long range 

nature of the transfer due the presence of the particle, 

even when the activity zone is left. This is because it 

is the distances to the solid that are now mere

significant than the interparticle distances. It is not 

until the distance from the particle is large compared 

with the size of the particle that these will become 

unimportant.

In Fig.3.7 we keep the donor fixed along the symmetry 

axis and move the position of the acceptor over a 

spheroidal surface. The donor dipole is fixed parallel to 

the symmetry axis and the acceptor dipole is perpendicular 

to the spheroidal surface, so it varies as the acceptor 

molecule is moved. The geometry is shown in the inset.

Here (rd ,«d , ♦ d )-(125 A,180*,0*), 4>a»0,

)«(0* ,0* ) and rfl-125 \ for »|a» +1,

corresponding to 0 «oT Curves are shown for severalQ
• *

values of the energy. As before, a-100 A and b-5C A. The 

results here are consistent with those of Fig.3.6, but the 

falloff with rJa is less dramatic. Since only one

molecule is being taken out of the activity zone while the 

other molecule remains inside, this is to be expected.

In Fig.3.8 a graph is made of the enhancement ratio as 

a function of energy for spheroids of several different 

shapes. Here the molecules were held as in Fig.3.3. In 

addition to the resonance structure seen below the plasmon
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energy we also see a : -gion of de-enhancement. The curves 

are presented here for silver. Curves for other materials 

may be generated by using the corresponding o p t i a l  

properties of those materials. Having studied the energy

transfer rate in some detail, let us now look at the 

behavior of the decay rate. This too we expect to depend 

strongly on such factors as the molecular location and 

orientation. In Fig.3.9 we present the nonradiative decay 

rate as a function of frequency for the same geometrical

arrangements as were used in Fig.3.8. The dipole is taken 

to be of unit strength. We see that when there is a 

resonance in energy transfer there is also a peak in the 

decay rate. Since nonradiative decay is a competition

mechanism, having a resonance situation is not a guarantor

of efficient energy transfer. However, in affecting 

energy transfer we want the resonance to be located in the 

spectral region where there is the most overlap between 

donor and acceptor bands. This need not necessarily 

coincide, for example, with the donor emission band 

itself. Thus, to some extent, it is possible to 'tune' 

the structure to optimize energy transfer while not at the 

same time maximizing the nonradiative decay.

In Fig.3.10 the decay rate is presented as a function 

of molecular location on a spheroidal surface as in 

Fig.3.7. Curves are presented for several values of the 

molecular resonance energy. Some structure is seen as the
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angular position is varied, which is probably due to the 

coupling of the molecule to the various multipolar modes 

of the solid. Associated with each mode is a particular 

angular pattern and, depending on the energy one of these 

patterns may tend to dominate the electrodynamics.

In Fig.3.11 the damping rate is plotted as a function 

of dipole orientation 9^ for several locations on a 

spheroidal surface. Some sensitivity of the orientation 

of the dipole relative to the spheroid and its model 

structure are again noted. As in Fig.3.10, the spheroidal 

surface is taken as one which passes within 25 A of the 

particle along the symmetry axis.

In addition to nonradiative decay there is also 

enhanced radiative decay. This comes about because the 

dipole that is induced in the particle adds coherently to 

the donor dipole and leads to a system dipole which m? / be 

much larger than the molecular dipole. Since the decay 

rate goes as the square of this dipole, radiative decay 

can be significant. These effects have been considered by 

Gersten et al. in a previous work for the case of a 

collinear geometry.
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Fig. 3.

Fig. 3. 

Fig.3.

Fig. 3. 

Fig. 3.

F i g . 3.

F i g .3.

Figure Captions

1. Geometrical arrangement of donor (d) and acceptor 
(a) molecules. The locations of d and a are 
specified by spherical coordinates (rd , 0 d ,
* d ) and (ra ,fa ,4>a ), respectively. The 
donor and acceptor dipoles have orientations 
given by the polar angles ( ©/*d , and
( ® H a ,tya ), respectively.

2. Enhancement factor R as a function of acceptor 
location, ra for a collinear geometry. The
particle is a prolate silver spheroid with a 2:1
aspect ratio. '.urves are drawn for several 
energies, tiiO . The donor molecule is held fixed
25 X from the tip of the particle.

3. Absolute square of the interaction energy as a 
function of acceptor dipole orientation for an 
otherwise collinear geometry. The solid curve is 
with the particle present and the dashed curve is 
with it absent. The donor and acceptor molecules 
are held 25 & away from the opposite tips of a 
prolate 2:1 silver spheroid.

4 The enhancement ratio as a function of dipole 
orientation for the case of Fig. 3. Curves for 
several energies are shown.

5. The enhancement ratio as a function of semi-minor 
axis size, b, for the collinear geometrical 
arrangement of Fig. 3.3. Curves are presented for 
several energies.

6. The enhancement ratio plotted against the 
spheroidal coordinate associated with angular 
location of the donor and acceptor. The geometry 
is depicted in the inset. Curves are presented 
for several values of b, for fixed a.

7. Enhancement ratio as a function of acceptor 
location on a spheroidal surface. The acceptor 
dipole is perpendicular to the spheroid. The 
geometry is depicted in the inset. Curves are 
drawn for several energies.
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Fig.3.8. Enhancement ratio as a function of energy for

fixed donor and acceptor positions arranged in a 
collinear geometry. Curves are presented for
several values of the semi-minor axis, b, for 
semi-major axis a-100 A .

Fig.3.9. Damping rate as a function of energy of the
molecular resonance for several shapes of the
solid. Here a»100 A and ra~125A, in a
collinear arrangement.

Fig.3.10.Damping rate as a function of the molecular
location on a spheroidal surface. Curves are 
shown for several energies.

Fig.3.11 .Damping rat-? as a function of molecular dipole 
otien ation angle for several locations on a 
spheroidal r;rface.
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Fig.3.1
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Chapter IV. Enhanced Energy Transfer 

Between Donor and Acceptor Molecules 

near Surface of Cylinder

4.1. Introduction

As antennas and waveguides have long been 

technologically important, there has been considerable 

interest in cylindrical configurations. Unlike small 

particles, which have a finite size, a long cylinder could 

be considered as a one-dimensionally infinite system. If 

the surface modes were excited a long-range coupling 

between the molecules adsorbed on the surface of the 

cylinder would be possible. Since the long wavelength 

approximation would fail at large intermolecular 

separations, a discussion of the full electrodynamic 

treatment is necessary.

As we described in Chapter III, the enhanced ratio of 

energy transfer is given by

R ( Ui ) * J A ( lO ) / Aq | 2* 1+|aa/Aq| 2  . (4.1.1)

where AQ is an angular-dependent factor

Ao " lmd ,ma~ 3 rad‘ma rad ,md 1/€>» rad ' 

in the long-wavelength approximation, and

(4.1.2a)



in the full electrodynamic treatment/ and a A is a 

function of the geometry of the solids; with to

representing the circular frequency and c, the speed of 

light in vaccum. It is clear that if krfld < < 1 /  the long 

wavelength approximation is good. The main task in this 

Chapter is therefore to find the closed-form solution 

for A  A .

The Chapter is arranged as follows. In section II a 

long wavelength approximation is made for the cylindrical 

configuration, and a comparison with the flat plane 

configuration is presented. Section III is devoted to the 

full electrodynamic treatment for the energy transfer. The 

agreement of it and the long wavelength approximation in 

the limit to ~  0 is checked. In section IV and V the 

expressions for nonradiative decay and radiative decay are 

formulated, respectively. In section VI the numerical 

results and discussion are presented. The emphasis will be 

on the long-range coupling between the molecules adsorbed 

on the surface of the cylinder.
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4.2. Long Wavelength Approximation.

Consider a infinitely long cylinder with dielectric 

function € , immersed in a homogeneous host with

dielectric function . The axis of the cylinder is

taken as the z axis in cylindrical coordinates. Consider a 

single charge Q, situated at (P',+',z') with P > a, where 

a is the radius of the cylinder.

In a static approach the Poisson equation s ould be 

satisfied both inside and outside the cylinder:

- 6 ( P -a)4TTQ/€K , (4.2.1)
where ^  is the static electrical potential.

The solutions of (4.2.1) are well known*:

-Q/1 r-r ' I 6 k

+ H  S°°dk 4>_(k)K (kP)I_(ka)eirn* +lkz nts-M cq m m m
(4.2.2a)

for P > a; and

§  «2L dkvV U ) I  (kp)K <a)eim* +ikz ,*n=-«o - oO 1 m  m
(4.2.2b)

for P < a, where and ^ m (k  ̂ are
k-dependent coefficients that should be determined by 

boundary conditions.

The point charge potential Q/ \r-r'|^K could be 

expanded in cylindrical coordinates as*



-1 -

Q/lr-r’l€h

-CQ/W«fc» t  C*° <3kl ( k p* )&_(*(*> -■"«+- 4>'> + ik<*-z,>
^ - to 111

(4.2.3)

where P> ( P< ) stands for max(P, P‘) [min(P, P* ) ]. Since 

P > a is the case we considered, when matching the 

boundary conditions we always take P«, »a, P» ■ P .

At the boundary the potential and the electric 

displacement should be continuous, this gives

<t>m (k)“ A s (m)"1(Q/'lT,(1- fe/€ h )Im '(ka)Km (kp’)
„ -im4-ikz * 6

H V 10" A s (m)"1 (Q/lT)(Km (kp')/Km (ka))

x tkm ’(ka)Im (ka)"Im ' (ka,Km (ka)le" lm+ ” ikZ'

where

A s (m)" € l m ,(ka)Km (ka)_ €h Km ' (ka)lm (ka) .

The normal modes would be excited when A a (m)
0

The electrostatic interactio. is

U - ^ R e [ Q i ( P ' , V f Z ' ) ]  •

where $  is the induced potential:

q0 ^
§  « Z  f dk ♦  (k)K (kP)I (ka)eim^+lkz. (4.2.7)m:-« m m 1 m

(4.2.5)

- 0 .

(4.2.6)

(4.2.4a)

(4.2.4b)

Substitute (4.2.4a) into (4.2.7) and get
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U-(Q2/2Tr)Re[(l-«/€K ) X . , . ^  Ik

A "s(m)Im (ka)Irn ^ a )Km (k^ ) ]
(4.2.8)

In the viewpoint of second quantization the 

Hamiltonian of the system including a single charge and a 
long cylinder is

H - £  f  dkti u) (k)a*(k)a(k)m«-»o J-oo m m m

+Q?. 5°° dk( Jl(k)a (k)K (kf- eim^+ikz '+ h .c . ],J-w n\ m m 1
(4.2.9)

here u> (k) is the eigenf requency of mth normal mode, 

a^(k) and are the creation and destruction
operators of the mth normal mode, and they obey the 

commutation of Bosons. The first term in (4.2.9) is the 

energy carried by the normal modes, the second term 
describes the coupling between the single charge Q and the 
normal modes. The induced potential has been expanded in 

terms of the normal modes with amplitude foc
mth normal mode.

Based on a second order perpurbation calculation, the 
ground state energy of the system is

U«Q2Z  die |rm(k)|2k2(kp)/(-tiu)(k)) . vru-ao ''.w m m m
(4.2.10)

Since (4.2.8) and (4.2.10) describe the same thing they 
should be equal, so



-162-

|ym (k)i2/(-iiu)in(k))
»(1/2H) (1- 6 /eh ) \~g(m)IJn(ka)lm '(ka) (4.2.11)

Note that <0 (k) is determined by the condition m
A s (m)»0 , 

this implies

€ m (k)Im' (ka)Km (ka)_ € h K m ' (ka,Im (ka)“0# (4.2.12)
here, for simplicity, we assume that is not a

frequency dependent quantity. Expanding € around € m (k):

«  - ,„,♦••• . (4.2.13)
m

we would get

- “ m(k> i £ U m<k)I .n'(ka> V ka> •
(4.2.14)

Substituting (4.2.14) into (4.2.11) we obtain

i',/
■(V2TI)Bet((fK- «m<k))/«l,|^L (k))Im(ka)/Km(ka)I

* m

•(t,/2W)Im(ka)|k.I|„’(ka)K2(ka)]',[l.eU|%(k)l"
(4.2.15)

In obtaining (4.2.15) we have assumed that €  * ^ m ^k  ̂ in

(4.2.11) and used the condition (4.2.12).

So far we have only considered the second quantization



of the fields outside the cylinder. Now let us consider 

two molecules situated outside the cylinder. The donor 

molecule is located at position ^d-( P <$>d, 9*d )

with orientation parameters (6^4 , $^4  ) • In cylindrical 

coordinates we have

A similar formalism applies to by replacing the

subscripts d by a.

The Hamiltonian therefore could be expressed as

(4.2.18)

is the induced potential which has been quantized.

In cylindrical coordinates

Hd m P Hd.f cos(4» - sin(<|> - 4 ^ + 2  Pd.9, (4.2.16)

| |  ^  ^  ^

H-2. J ^  dktiiOm (k)a+(k)am (k) + | i » V $ ( r  )m«-oo m m m a
+ / v * i < rd > + u0 , (4.2.17)

where UQ is t e dipole-dipole interaction , while

im^+ikz
m t * «  - t o

Ms fcos(ff - ^ . ) k (  r mamKm Mk/». )e 

in (ti - ) (im/f,) [ r mamKm (kf,. )e

(4.2.19)
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where i stands for d or a, respectively.

In second order perpurbation we have to calculate the 

quantity

<oi[M. V $ ( ? a ) + p <t.7l(rd )][p^V>i(ra ) + fX- v I ( ? d ) o> .

Note that the only terms with a combination of different 

kinds of dipole moments contribute to the energy transfer, 

the other terms will be related to nonradiative decay as 

we pointed out in Chapter III. Furthermore, the operators 

are all hermitian. This quantity could be written as

2 <o| <j*a- V i  <ra ))( p.d • V ?  ( ?d ) )+ \o > .

After some lengthy calculation, using (4.2.15) for rm (k) 

and noting the properties for the Bessel functions:

K (-x)«+K(x) , ( + for m even, - for m odd) , m —  m
K™'<"X )"+Km'(x) I (+ for m odd, - for m even) , to —  in 9

we finally get the formula for A A da as 

A  A d . -  f 1 s V  < » .  > ■ * * ' » « < V  ,
(4.2.20)

where



P;sinBfil cos(4 t. - 4 ^,.)-4 {sinfl^ sin i C O S

(4.2.21)

and

A?/> -Gm k2Km ,(k/>a )Km ,(k/»a )[cm][ck] (4.2.22a)

AJ4 "Gm (m‘/^fti )Km (kfa )Km (k^)lcin][ck]

A*m. “Gm k2Km (k/,a )Km (k^ )Icm][ckl

A?4"”Gm (mk/^  ,Km ,(k ^ ) Km(k/U)lsm][ck]

(4. ' .22b)

(4.2.22c) 
(4 . 2.22d)

An - V JV (k/’« )Km (k«<,|c",Jlsk) (4.2.22e)

AjE -Gm (mk/ftl )Km (k )Km (k /»,«)[SRI][sk]

A!f"A?4 with a " d '
A*f "A® with a d ,

A«!**A 5 » with a ♦♦ d .

where

(4.2.22£) 

(4 . 2 . 22g ) 
(4 . 2.22h) 

(4.2.221)

G -2I_(ka) [kalfn' (ka)K^(ka) ] _ 1  . m m m m

and

[cm]«cosm( ♦ a "  +d>' [sm]»sinm( 4 fl- 4 ,3) ,
[ck ]«cosk(za-zd ), [skJ«sink(za-zd )

We could compare the cylindrical configuration with
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the flat plane configuration. Consider two molecules fXd
and located at rfl and ?d , respectively. A flat

plane z- 0  seperates the space into two semispaces, the 

dielectric function in the region z < 0  is ( ; while € » 1

for z > 0  (vaccume). A simple image method is applied. The 

image dipole

f t . ^ [ - f t * * f t - *  s i

is located at (x^,y^,-z^), with i*a,d. The induced 

interaction energy would then simply be
-» ' «* _ —* ' A / -a >

A i i _ Ma ' H-d “ 3 /̂ a' Md ' 'adA U -------------- — 3------------------ .
’ad

where

ad "ra * rd ‘ 2  z z t a •
We could see clearly that the induced interaction would 

not be large except around the region e ~  - 1 . In using 

the Drude model,

€ -1 - «Op/u>2 ,
2 2the peak would appear at U) /u>p-0.5 .

In the cylindrical configuration, according to

(4.2.12), the normal modes would be excited if

In the Drude model this means
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u)J/u)p-(ka)Im '(ka)Km (ka). (4.2.23)

2 2In Fig. 4.1. we plot u>*/ uj* vs ka for first a

few in's, this shows that at low frequencies only the m - 0

mode could be excited, but as the frequency increases
2 2higher m modes could also be excited, at U)^/u)p 

-0.5, all of the modes would be excited. The conclusion is 

therefore that the induced interaction spectrum would 

broaden in the cylindrical configuration, and so does the 

enhanced ratio of energy transfer compared to the flat 

plane configuration.

4.3. Full Electrodynamic Theory.

As the distance between the donor and the acceptor 

molecules is comparable with the wavelength retardation 

effects become important, and a full electrodynamic 

treatment is necessary.

Maxwell's equations .nside and outside the cylinder 

are as follows:

V • ! — <4H/*h >[p*- Vc r a )+p*- W ( r - r d ) ], (4.3.1a)

V  • B-0 , (4.3.1b)

7 X  E— c- 1 at B , (4.3.1c)

V * B - c _ 1 e H 9 * E  , (4.3. Id)

for P > a, and
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V  • E-0 (4.3.2a)
V  • B-0 ,

7 * E— c- 1 3*B
_ ^ — 1 ^ 7 x B-C € 3^ E (4.3.2d)

(4.3.2b)

(4.3.2c)

for p < a.

The Maxwell equations inside the cylinder are 

homogeneous, while outside the cylinder two dipoles exist. 

The solution of the fields outside the cylinder is the sum 

of the homogeneous fields and the dipole fields. The 

procedure to solve the Maxwell's equations are as follows. 

Firstly, we solve the homogeneous equations both inside 

and outside the cylinder, then expand the dipole fields in 

cylindrical coordinates, and finally determine the 

coefficients by the boundary conditions.

Furthermore we assume that the z-dependence and 

-dependence of the fields are through the factor

a). The Homogeneous Solutions.

Assuming the fields have e-iaJt harmonic behavior

the wave equations are

(4.3.3a)

P* a (4.3.3b)

where and q^* ~j €
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e ipz+im^ W ith integer m (since the fields should be 

singlevalued)/ so the wave equations could be simplified as

P  > a (4.3.4a)

f> < a (4.3.4b)

where Q 2 *q 2 -p2 , Q' 2 »p 2 -k2 , and V 2 is the

transverse Laplacian:

(4.3.5)

It is obveous that the z components of the fields are

satisfied by Bessel's equation for P < a, and the modified

Bessel's equation for P  > a. The natural boundary

conditions at P  «0, and P  ■ oo confirm that J„(Q P )m
and Km ( Q ' P  ) are suitable solutions for P <  a and P > a,
respectively, to describe the fields. The symbols for

cylindrical functions used through this chapter are the 

same as in [ 1  ].

With Ez and Bz in hand the other components of the 

fields could be obtained by the following relations*,

a zEt+i(o>/c)z * Bfc« V fcEz , (4.3.6a)

3 z Bt-i(<0 /c)« z * Efc« V fcBz , (4.3.6b)

We list the homogeneous solutions as follows:

The solutions inside the cylinder, P <  a, are

(4.3.7a)
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B* ' C  dpJ : -  ' V i '"'1 ' (4>

dpi. PO"‘liPVm,(OP>-^5yVm(0P>)m  v • p

b, - £  dp Pd'1 !** JJr B ^ l a P H i P B ^ M O P ) )

E * “ C  a P J L  PO" lli T f V m < 0 ( ,»tif V m ,<Q<,»l 

V  5.1 dpJL PO'1!̂ * AmJm' (0P>-5pBn,Jn1(0f’) >

(4.

(4.

The homogeneous solutions outside the cylinder,

are

v C  dp £ . „  ■ |4-

V C  dp£ - . .  PDm V ° ' ' , )  > 14‘

e, - 5" d p £  PQ,-1( ipc K ' (Q1/ )
r -•© m*-M m m

(4.

+ iPDmKm ,(Q ,/,)] '
(4.

oO 0 0 ,
E* “ J-- dP £  „  P Q ’" t (mP/Q,/,)Cm Km (Q,/»)

+ i<*>/c)DmKm ' ( Q y )] ,

(4.

3.7b)

3.7c)

3. 7 d )

3. 7 e )

3. 7 f ) 

a,

3.8a)

3.8b)

3.8c)

3. 8 d )

3. 8e)
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B# *- ̂ d p Z .  PQ'~1 [-( *o/c) € C Km '(Q',°)♦ -«• mT-oo n m m

-(mp/2'P)DmKm (Q'^)] ,

(4.3.8f)
where the phase factor P is

P«exp[ ipz+im+-i*»> t ] ,

and A,  B „ , C„, and D„ are coefficients to benr m m m
determined by boundary conditions.

b). The Dipole Fields.

The dipole fields in a medium with dielectric 

function €|» is given by*

S «v« A , (4.3.9a)

E - i(J£ 6 k I’ W x B  , (4.3.9b)

A - -ikjx’ exp[ik|r-rQl - i «*>t ]/lr-rQ l , (4.3.9c)

where A is the vector potential, k - ^ J i h  , K  « f* 

and ft is the dipole moment, rQ is the position where 

the dipole sits. The Green's function could be expanded in 

cylindrical coordinates as*

e*klr-r0 l/|?_?o|

eip z~zm ) + im(4 ,Im (Q'/>< )Km(Q'P>)

where Q ,2 *p 2 -k2 , and ( P>) stands for P * P . ( P > P 9 ).
A straightforward calculation gives the dipole fields 

expanded in cylindrical coordinates as follows:
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B? - 1'c*-W U P£-2 [ iJr  +iP^/»sin( * - )1
X lm (Q,̂ ) K m (Q,̂ > )

(4.3.10a)

B - i i £  « f dp £ s  ♦ c rr J-«o ^r. n

+ ipM/»cos(* - >Km <Q,^> ) J
(4.3.10b)

x [ Q 1 sin(4 -  ♦a* ^ ( q ' ^ ^ k ] , ? q V ) )

+ i-^cos(t - 4M )Im J' /»< )Km (Q'/>> )] , (4.3.10c)

e> ~ ^ O pJ L s{- V a ,f< >
x [i~f sin(4 - 4ft) + (-̂ t +p 2 )cos(4 - 4y») ]

Q l W Q ' / > .  )K^(Q'/»)

X t-ip/4» + i m ^  Sin(4 - 4M )+ cos (4 - 4^ ) ] J

(4.3.lOd)

M#cos<4 ) + >sin<* - V 1

+ 0 .M/ / U(Q'/# )Kw,(q,/». )\
+Q p \ lm (Q'/>. ) K i ( Q V ) /

x [ imcos ( 4  - 4 m )-sin ( 4  - 4^ ) ] > , (4.3.lOe)
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(4 . 3 . lOf )
where the phase factor S is

S-exp[ip(z-z0 ) + im(* -4 .  )-iu>t]

and the upper lines in the parenthesis correspond to P*P», 

while the lower lines to P * P* . For molecules outside the 

cylinder Pm is always larger than a, so when matching the 

boundary the upper lines are always used.

The sum of (4.3.8) and (4.3.10) would give the full 

solutions for the fields outside the cylinder.

c). The Boundary Conditions.

The boundary conditions are as usuo , the tangential 

conponents of G and B are continuous, the radial 

components of 3 and D are continuous. These give us total 

6  conditions of which only 4 are independent. The four 

coefficients determined by boundary conditions are the 

following.

Di (m)» A i (D,m)/pKm (Q'a) A(m) 

Bi(m)» ̂  (B,m)/pJm (Qa) A(m) , 

C i (m)« (C,m)/AtKm (Q'a) a  (m) 

(m)» (A,m)/J4|t.Jm (Qa) A (m) (4.3.lid)

(4.3.11b)

(4.3.11a)

(4.3.11c)
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where the subcscript i denotes a (acceptor) or d (donor), 

and

A(m)-(m/a)2 ( u)/c)2 p 2 ( € - €* )2 (QQ ' ) " 4

- ( [J] + [K] ) ( € [J]+ C k [K] ) , (4.3.12)

where

(Qa)/QJm (Qa), [K]-Km '(Q'a)/Q,Km (Q'a).

(4.3.12’ )
2It is well-known that A(m)»0 corresponds to the 

excitation of the normal modes in the cylindrical,

dielectric wave guide.

By introducing the folowing symbols 

A (I,m)«(m/a) 2 (u>/c) 2 p 2 (€ - € k ) 2 (QQ ' ) ” 4

-([J 1+ 111) ( € (J]+ [kj) , (4.3.13a)

A(J,m)»(m/a) 2 (ui/c) 2 p 2 (€ - € k ) 2 (QQ ' ) “ 4

-([J] + [K|)( £ [J)+ (I]) , (4.3.13b)

L ((J,m)»

(m/a)2 (w / c )2 (€ - )Q"2 Q'" 4 Km (Q'p. )/Km (Q'a)

+(Q'/ 6 k )In ( Q ,a)Km ,(Q,A  ) ^ (J»m) / (4.3.13c)
W . (J,m)«

(tt)/c)2 (« - «K)(Qa)_ 2 Q ,' 3 Km ’(Q ’̂ i )/Km (Q’a)

+ Im (Q,a)Km (Q'^ * 4 (J'm) , (4.3.13d)
L;(I,m)*

•£(m/a) 2 p2 (« - «h )Q"2 Q ," 4 Km (Q’/» )/Km (Q’a) 

+Q'Im (Q'a)Kni,(Q’^  ) A(I,m) , (4.3.13e)
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Wf. (I#m)-(p/a)2 (« - «h )Q_ 2 Q'" 3 Km ' (Q• />• )/Km (Q'a)

+ T-Im (Q,a)Km (Q'^ } A ( I 'm) ' ( 4 . 3 .13f )
with [I]-Im '(Q'a)/Q'Im (Q'a) , (4.3.13')

we can write A^(C,m) and A^(D,m) in a compact way as

A i (C,m)-Tf3 ( to/c)e- i ^pz«+ m ^i

M i , z Q ’ 2  € s’ llm (Q ,a)Km (Q,^ ) A(J,m>
4 /X i ̂ ̂  [ ipLi (a , m ) c°s (♦. - ̂ J - m p V ^  (j fm)sin(4\. - fy.) ]}

(4.3.14a)

A t- (D,m)-(p/»)( io/c)e"i(pzi+ m ^  ]

-i ~ *K ) ( Q a r 2 Q ’" 3 Km (Q'/\- )/Km (Q'a)

+ H ^ ^ I m W .  (l,m)cos( 4 { - 4 .̂ .)4-iI^ (I ,m) sin ( ^  - + H .) ] j

(4.3.14b)

d). The Induced Interaction Energy.

The induced energy is

A U — 0. 5 [ f L ’ Ei (ra ) + p 4 -Ei (rd )], (4.3.15)

where E^ is the induced electric field, and is the 

homogeneous solution presented in (4.3.8). Substituting 

(4.3.8d)-(4.3.8f) into (4.3.15) we get

Q' - ♦ A,.HiPCj (m)Km * (Q'/>. )
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+Q*'' Mi.p sin(t  )
+ i Jc D j (m ) Km ' (Q ' /; >1

- M i ^ C j d n J ^ t Q '  P. ) J ei(pzi+ m 4 * * . (4.3.16)

As we noted only the terms with i4j contribute to the 

energy transfer, and the terms with i-j are responsible 

for the nonradiative decay. Thus the part of induced 

energy that contributes to energy transfer is

* Uda'
-1 r°° SS.

$ dP lo mi«
(4.3.17)

T _ 1  5. d p J r .  *  "  ' / V ? a >  >

and 

A  Ada 00 oo
n _ 1 S d P Z  0 >Sa (?a> ' “  “ ' V ?d> -• mao

(4.3.18)

where

m i ( f i )
m^aine^. 0 0 8 (4  ̂-4>K )- sin(+. "♦Ml )+2iC086pi

(4.3.19)

with i-a,d.
++ mThe elements of tensor A are

Am

-2 A ( m j ‘ ̂  (mu)p/acQ)2Q'"4 ( € - €K ) [K a ) (Kd ] ((K a ' ]+ [K d ' ])



+P2 € k1 [ Ka ] [ Kd ] [ IK ] [ K a ' ] [ K u ' ] A (J,m)

+ (m 1 0 /c)2 [ IK ] [Ka ] [ Kd ] A (I ,m) Jcosm( 4* - )cosp( za-zd '

(4.3.20a)

-2 Aim) | ( m w p / a c Q ) 2Q ’"4 (e - «K )(K a ][K d ]([K a •]+[K d •1)
+ (mp)2 f k 1 [IK1 [Ka][Kd]4(J,m)

+ ( tO/c)2 (Ka] [Kd] (IK] [Ka‘ ] [Kd’ ] A(I,m)y 

xcosm($4 - )c°8p(za+zd )

4.3.20b)

Ai* — 2 A ( m ) ‘ C k ' Q 12(Q'faQ'f a )(IK ][K a ][K d ] A(J,m)

xC08m(4^ - )cosp(zfl+zd ) , (4.3.20c)

Aj; «m A(m)' |( C0/acQ)2Q'- 4 (# - «K )(p2+ ^ i )

x [K a ][K d ](m* + [K a '](Kd' ])

+ 2€k' [IK] (Ka] (Kd] (pz (Ka']+( o)/c)2 (Kd']) A(J,m)j 

xsinmt^a “ $4 )cosp(za-zd ) , (4.3.20d)

A ^  —  2 p A ( m f  {

(mu>/acQ)2Q'~3 (€ - «H )(Q' fa)[ Ka] (Kd]

+ Q ' € h l (Q'fa ) [IK] [Ka1 ] [Ka] [Kd] A(J,m)} 

Xcosm(4>a - ♦ d  )sinp(za-zd ) , (4.3.20e)

Ajt — 2mp A ( m ) 1 {

( 40/acQ)2Q '~3(€ - «k ) (Q'fal ) (Ka' ] [Ka] [Kd] 
+Q'€k' (Q'fa)[IK][Ka][Kd]A(J,m)j 

x sinm(4a - ̂  )sinp(za-zd ) , (4.3.20£)
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and

a J p -a J4 , with a ♦♦ d { 4 . 3.20g )

A?P -Afa , with a ♦♦ d (4.3.20h)

A™4 “A4z ' with a ** d (4.3.20i)

where

[Ka]-Km (Q'Pa )/Q'Pa Km (Q'a) , ( 4 . 3 . 20 ' a )

[Kd ]-Km (Q*/>ll )/Q'pd Km(Q'*) , (4.3.20'b)

[Ka* ]-Q'/>a K m '(Q,/>a)/Km (Q,/>a ) , (4.3.20'c)

[ Kd ' (Q*/>d )/Km (Q'/>d ) , (4.3.20'd)

and

tIK]-Im (Q'a)Km (Q'a) . (4.3.20'e)

The enhanced rate of energy transfer is, in accordance 

with definition,

R(U) ) - | l + A A da/A0 |2 , (4.3.21)

where AQ is given by (4.1.10b).

e). Long wavelength Limit.

We could check our main results (4.3.20) in the long 

wavelength limit. Note that, when U) 0, Q •* ip, and 

Q' -4 p; and from the property of the combination of 

Bessl's functions

xlm '(x)/Im (x)-ixJm '(ix)/Jm (ix) .

We could find out that in CO ~  0 limit 

A (I ,m) -v 0 ,

and

A (J,m) -V (€ - eh )[Ip]/( e [ip]- t k [Kp]),



-179-

where

[lp]-Im '(pa)/lm (pa),

and

[Kp]-Km M p a ) / K m (pa).

Substituting these facts into Eq. (4.3.20) and 

expanding around $ m ( p ) as we did in section II

(« - «i, ) 4 s (m)'1

-  (pa)Im '2 (pa)K^(pa> ]

one could prove that Eq.(4.3.20) reduces to Eq.(4.2.22), 

i.e., the solution under static limit. Thus the full 

electrodynamic solution is checked under the long 

wavelength approximation.

4.4. Nonradiative Decay.

In Chapter III we have proved that the nonradiative 

decay rate is

r  <J*—^ ImUdd * (4.4.1)
where

Ud d - 0 -5 ? d - E (? d )* (4.4.2)
By using the same calculation as in section 4.3 we can 

formulate the nonradiative decay as follows.
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r < i“  -  -  
( t m - 1 ! * !  d p i  ( 2 - f  > / J d ( c d ) - N  j i d ( ? d :

•  w \*  •  *

where N m is diagonal with the elements

(4.4.3)

n JJ, - A ( m ) “1|2( m « p / a c Q ) 2Q'_ 4 (« - « h ) [ Kd ]2 [ Kd • ]

+P2 € h‘1 (Q,/>d )_ 2 [IK][Kd' ]2 4(J,m)

+ (mu)/c)2 [IK] [Kd]2 A (I,m)J , (4.4.4a)

n]J4 « A  (m)_ 1 ^2(mu> p/acQ)2Q '“ 4 (* - ) [ Kd ]2 [ k d ' ]

+(mp)2 € H“ 1 [ IK ] [Kd]2 A(J,m)

+(U)/c)2 [IK][Kd]2 [Kd']2 A (I,m)^ (4.4.4b)

N*x * A  (m )-1Q ' 2 6 K 1 (Q'/>d )2 [IK][Kd]2 ^(J,m)

(4.4.4c)

where [IK], [Kd], and [Kd'] are given in (4.3.20').

4.5. Radiative Decay

In considering the radiative decay we assume, as is 

usual in the liturature, that is a real quantity so that 

Q' is either pure real when p>!£in£” or pure imaginary 

when P .

The complex Poynting vector is 

(c/8iT)E*B* .



-1

So the power radiated by the s ?m is

P « (C/8TT) £ Re(E * !*)• P d. (4.5.1)

where the integral is defined on a big cylindrical surface 

encompassing the molecules and the solid cylinder, and P

is the unit vector perpendicular to the surface and 

pointing outward.

We know that the fields include two parts, the dipole 

fields and the induced fields, so the radiated power could 

be written as

P - (C/8H) $ Re[EM x +E.X B*

+Em  * B* +E.x B^ ]-p dS. (4.5.2)

The first term in (4.5.2) is the dipole radiation power

and it is well-known that

PM  - (ck4/3 €K > I? I 2 r (4.5.3)

where k«(u>/c)j€^

The second term in (4.5.2) is the power radiated by 

the cylinder, the fields E^ and are given in

(4.3.8). Note that the integral element dS on a 

cylindrical surface is 

dS- P d $  dz ,

then the integral on ^  would reduce the double sum on m 

and m' to a single sum and give a factor of 2 IT ; the 

integral on z would give a <S-function as <f(p-p'). It 

would reduce the double integral on p and p 1 to a single

integral and give another factor of 2 TT . Hence che power

radiated by the cylinder is
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ac - (C/81T) $ Re(Ei x £* )• P 3 

nr oo
- (c/8JT) J d +  J dz P R e ( * B* - Ez b J, )

° -«o

- (TTiO/2) J°°dpZl Re f• OO I
Pi [ J Dml 2Q ,H Km ' (Q*P >Km (Q'P ) *

-«h ICn||2Q 1‘ 'Knl(a'f)Knl'(Q'P)*]}

-  (ino/2)J_” dpiZ ^ ( iDm|2* <=h Icj2)
x Im[P Q'"1Km ,(Q,̂ )Km (Q'P)*].

Using the asymptotic form of Bessel's function Km (x): 

Km (Q'P ) ■* fir/2Q'P )1/̂ 2e~®  ̂ , when P is large,

then

(P /Q')Km '(Q ' )Km (Q' )* 4

-(P /Q')(T/2Q'P )1/2e~Q'P (F/2Q'*P )1/2e“Q ' ^

—  (F/2) (Q'JQ'I )-1e- ^ (Q,+Q' *
/- 0, , when Q' is real;

\ • when Q' is pure imaginary.

where Q1-iQ'-[(<o/c)2€h -p2 ]1/2. Finally,
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PC “

<lDml 2+€»lcm|2> •C, o

(4.5.4)
2

As usual the term lDm | is interpreted as a

magnetic response, and the term 6. | c  I2 is ann m 1
electric response of the cylinder.

The cross terms in (4.5.2) is zero, this could be

proven as follows

Pcro"(c/81,) $ Re[RM  x 8 i + R i X ]* ? d S
-(c/8K)ReC V -  [Eu x B* - St. x E. ]dr

where "out" means outside the cylinder because the dipole

fields Em  and are defined only outside. A

straightforward calculation gives

Pcro"(c/8ir)J utRe(®i* (Vx ' (Vx V
-E.- (v x b J )+B^ • (Vx E.) ]dr

* (c/8T)S««tRel8i- • iJ£ € k K
-E.- +S* • i^-B.Jdr

»(c/8Tr)S^tRei-^-[B*> Bm  + b £ • B.
-* *

Since the quantity in the brancket [ ] is purely real (

we have assumed that €|, is real ) the intergrand is zero.

P -0 cro
In summary, the power radiated by the system is 

P " p/4 + Pc ' (4.5.5)
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where ? is dipole radiation p ?r and is given in (4.5.3); 

Pc is the power radiated by the cylinder and is given in

(4.5.4).

The radiative decay rate is iefined as 

rr - P/f>* - r oRr (u>) , (4.5.6)

where r"0 is the radiative dec^y rate of a dipole in a 

homogeneous system, T0 ■ P|* / «̂*> » is the

enhanced rate of radiative decay,

R r " 1 + Pc/PM * (4.5.7)

4.6. Numerical Results and Discussion.

The general features of enhanced energy transfer and

the competition between the energy transfer and the 

radiative and the nonradiative decay was discussed in 

Chapter III. Here we present some discussions about the 

energy transfer which occurs near a long fiber. Through

this section the material of the cylinder is chosen to be 

the silver whose dielectric function was experimentally 

measured by Johnson and Christy3 . Fig.4.2 shows the 

relation between the enhanced ratio R( cu ) of energy 

transfer and the frequency (taking the units of Tiio to be 

ev). Here the radius of the cylinder is a-100 A, the 

position of the molecules are

( ^ a ' za )* (105 °* ' 0 ) '

( **d' +d' zd )-(105 i, 0* , 100 ‘ ).
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i.e., the distance between t molecules and the surface 

of the cylinder is 5 A, -.he distance between two 

molecules is equal to the radius of the cylinder: 

za(j»a, P^/a-1.05. Three curves are presented

in correspondance with three different orientations of the 

two molecules. The direction of the molecules is shown 

tlong with the graphs by the arrows. Curve 1 corresponds 

to the case that two molecules are parallel to the axis of
A A

the cylinder: /'‘d*2 * curve 2, two molecules are

parallel to the surface of the cylinder but perpendicular
 ̂ <\ A

to the axis of the cylinder: <̂a> ^ d> <$> ; curve 3,

two molecules are both perpendicular to the surface and
A A A

the axis of the cylinder: /xfl> /Xd> f> . It may be

noted that a sharp peak, corresponding to the surface

plasmon resonance, is present at tiio >3.62 ev in all three 

of three cases. It is consistent with the fact that the 

resonance would occur when € >-1 in long wavelength 

approximation as we discussed in section 4.2, and in 

Fig.4.1 also. The computation that leads to Fig.4.2 is

based on the full electrodynamic formulas (4.3.20). We 

also calculate this configuration oy using the long 

wavelength formulas (4.2.22). The results of these two 

calculations are close to each other, eventhough we do not 

present the curves obtained from the long wavelength 

calculation.

As the distance between two molecu is, and between the
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molecules and the surface of the cylinder, get larger and 

larger the wave picture of the process would become more 

and more obvious. Fig.4.3 shows that as the distance

quantities related to the problem become larger, the

enhanced ratio of energy transfer reveals oscillations, 

especially in the high frequency region. In Fig.4.3 two

molecules are perpendicular to the surface of the

cylinder, Pa/a" /^/a-l.OS, and the distance between

two molecules is zad*a. Curve 1 corresponds to the case

that a*1000 A, and curve 2, a*5000 A. From the picture we 

see that as the relative distances get larger, and as the 

frequency gets higher, a single resonance at t *-1 would

be replaced by a series of oscillations. To see this more 

clearly we present Fig.4.4. Here we keep the frequency tiuj 

*2.01 ev and vary the radius a of the cylinder. Again, we 

have Pa/*m P$/a-1.05 and za<j*a * The orientations of 

the molecules are the same as in Fig.4.2. We see that in 

this situation the enhanced ratio of energy transfer is 

increasing as the radius is increasing for small a, and 

then it oscillates and decreases to 1 for large a. The 

wave picture presented in the last two Figs. is the result 

of the long distance coupling between two molecules near a 

long fiber. An excited surface mode offers a bridge for 

the energy transfer between the donor and the acceptor.

This mechanism becomes obvious when we look at 

Fig.4.5. Here the radius of the cylinder is a*1000 A,
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and Pa/a* />d/a“ 1*05 . The distance between the two

• O
molecules varies from 100 A to 15,000 A, i.e.,

zad/a-0.1 ~  15 . The frequency is tico *3.62 ev. A few

interesting things should be noted, firstly the enhanced
5ratio R increases up to 10 as zfld gets large,

corresponding to the surface mode being excited. Secondly

a series of periodic oscillations occur obviously with the

period equal to */2, where A is the wavelength, this

corresponds to a standing wave picture. Thirdly we also 

see the saturation of R(iO ) at some point. After that 

point R(cO) begin to decrease, corresponding to the decay 

of the surface modes that play a role in enhancing the 

energy transfer. Finally we see that two configurations,

in which two molecules are perpendicular to the axis of

the cylinder, have almost the same result for large a, 

corresponding to the fact that at large scales space 

really has only one special direction, z, the other two 

directions are on an equal footing.

Let us turn to the other configurations. Fig.4.6 shows 

the relation between the enhanced ratio R( to ) and the

frequency, but the positions of two molecules are

different from Fig.4.2. .re we have

( f>a , 4>a , za )-(105 A, 0° , 0),

{ Pd' *d' zd ,IB(105 *' 180°' 0)'
i.e., two molecules are on the opposite sides of the

cylinder. The orientations of the molecules are shown in
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the inset. We see that a sharp peak is presented again at 

1ia?«3.62 ev. The peculiar feature in this picture is that 

the enhanced ratio R is much higher than that in Fig.4.2. 

This could be understood from the fact that the enhanced 

ratio of energy transfer is due to the enhanced induced

interaction between the real dipole and the image dipole 

in a static picture. In the configuration of Fig.4.2 the 

distance between the real dipole and the image dipole is 

larger than the one between two real dipoles; in Fig. 4.6 
it is smaller than the distance between two real dipoles. 

Since the interaction is proportional to the inverse of 

the cube of the distance and the enhanced ratio is 

proportional to the inverse of the sixth order of the

distance, the big difference between Fig.4.2 and 4.6 is 

understood. We also note that for the configuration that 

two dipoles are parallel to the surface but perpendicular 

to the axis of the cylinder the enhanced ratio in Fig.4.6

is not much higher than that in Fig.4.2. This is because

the induced electric fit i , E^ / is proportional

to m, consequently ther* s no m*0 mode for E4 .

The final picture f energy transfer is Fig.4.7. Here 

the two dipoles are aga. . at opposite side of the cylinder 

as in Fig.4.6, but the distance between the molecules and 

the surface of the cylinder is varying from 5 A to 200 A. 

The enhanced ratio R is decreasing as the distance 

increases as expected.
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We have discussed some properties of energy transfer. 

The characteristic property which differs from the one in 

Chapter III is the wave picture in long distance coupling. 

An excited surface wave, which is a standing wave for an 

infinitely long cylinder, plays a role for enhancing the 

coupling between two molecules and hence enhancing the 

energy transfer between them. This mechanism may find 

applications in technology.

To complete the discussion we present Fig.4.8, for 

nonradiative decay, and Fig.4.9, for radiative decay. We 

do see the resonance at -3.62 ev. This makes for a 

strong competition to the energy transfer. We have pointed 

out in Chapter III that in the case that the resonance 

frequency of the donor and the acceptor is different the 

competition may be weaker. On the other hand the decay 

rate of a single molecule has nothing to do with the 

distance between the two molecules, consequently the 

radiative and the nonradiative decay does not smear out 

the lrng distance coupli g between two molecules.
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Fig.4. 

Fig. 4.

Fig.4. 

Fig.4.

Fig.4. 

Fig .4.

Figure Captions

(uJm/uj_)2 vs kaj based on the Eq.4.2.23.
At low frequency only m>0 mode is excited, at 
( u>m/u)_)2.o.5 all modes are excited.
Enhanced energy transfer ratio R(u>) vs. 
frequency hu) . The position of the donor is (105 
A, 0* ,0), the position of the acceptor is (1C 5 A ,  
0*, a); the radius of the cylinder is a-100 ;.
The distance between the two dipoles is za<j-a. 
Three curves correspond to three different 
orientations of two dipoles as shown in the 
picture. Resonance occur at 3.62 ev for Ag 
corresponding to 6(3.62 ev)>-l.
Enhanced energy transfer ratio R(co ) vs. 
frequency. Same configuration as in Fig.4.2, 
curve 3, but the radius of the cylinder is 
different, curve 1 corresponds to a>1000 A ,  and 
curve 2, a-5000 A .  The wave picture is obvious 
especially at high frequencies.
Enhanced energy transfer ratio R(u>) vs. a, the 
radius of the cylinder . tiw-2.01 ev, fa/*m 
fd/a-1.05, zad“a. Same configuration as in 

Fig.4.2. As radius a gets larger other relative 
distances also get larger, and the wave picture 
is more and more obvious. The distance between 
two peaks is A/2.
Enhanced energy transfer ratio vs. the distance 
between two dipoles, za<j. tiw >3.62 ev, 
fa/®“ Pd/*“ 1*05, a>1000A. The standing wave 
picture of surface plasmon is quite clear.
Enhanced energy transfer ratio R(to ) vs. #
frequency. The position of the donor is (105 A ,  0*, 
0), and the position of the acceptor is (105 A ,  
180*,0). the radius of the cylinder is a>100 A .  
Three orientations of the two dipoles are shown 
in the picture.
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Fig.4.7 Enhanced energy transfer ratio R(to) vs. the

distances between the molecules and the surface 
of the cylinder. Same configurations as in Fig.
4.6, but is varying. W - 3 . 6 2  ev.

Fig.4.8 Nonradiative decay rate P nr vs. frequency.
The three curves correspond to three different 
orientations of the molecule as shown in the # 
picture. The radius of the cylinder is a-100 A, 
Pd/a-1.05. The resonance occurs at 3.62 ev.

Fig.4.9 Enhanced radiative decay ratio vs. frequency.
Same geometry as in Fig.4.8. The resonance 
occurs at 3.62 ev.
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Appendix. Program for Computing the 

Combir.ations of Bessel Functions

As is well-known one would be likely to encounter an 

overflow problem when computing a single Bessel function 

on a computer. One way to avoid the difficulty is to 

compute combinations of the Bessel functions. Fortunately, 

in some physi.cs problems this is all we need. In this 

appendix a program for computing the combinations of 

Bessel functions xJm '(x)/Jm (x), xl ' (x )/lm (x),

xKm '(x)/Km (x), and Im (x )Km (x ) is presented for

integer m. The output of the program has been checked with 

the PORT library, when it works, and also with f-he 

mathematical tables1 for Bessel functions. The agreement 

between them is very good.

I. The principles for the program.

From the recursion relations of J„(x):m

Jm ' (x) — (m/x)Jm (x,+Jm-l(x,“ (ln/x,Jm (x)”Jm+ l (x) • 
and

Jm-1 ̂ X +̂Jm+1 ̂ x  ̂Jm*x  ̂*

we could derive
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[(m + : )/x+Jm + 1 '<x)/Jm+ i (x)H(m/x,-Jm '(x)/Jm (x)J-lf

thus the recursion relation for computing xJ '(x)/J (x)m m
is

xJm '(x)/Jm (x)-m-x2[m+l+xJm + 1 ix)/Jm + 1 (x)j"1 .

(1 )
For n >> x, we have asymptotic form:

xJm '(x)/Jm (x)«m . (2)

Formulas (1) and (2) are the main principles needed in 

computing xJm '(x)/Jm (x).

Since

xlm '(x)/Im (x)-ixJm '(ix)/Jm (ix) , (3)

the same program could be used to compute xl '(x)/Im (x)

The recursion relations for K„(x) arem

Km '(x*“~Km- l (x J ( m /x >Km (x **~Km + l (x} + (m/x * Km (x * 

and

From these one could get
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[xKm '(x)/Km (x)-mJ[xKm + 1 '(x), 1+1(x)+(m+l)]«1,

thus the recursion relation for xK '(x)/K (x) ism m

xKm + l ' (x)/Km (x)-m]_1

(4)

The formulas for KQ (x), K ^ x ) ,  KQ '(x) and K ^ f x )

are available in a mathematical handbook*. With those

and formula (4) one could program jcKm * <x )/Km ( jc ).

Using the relation

Im (x)Km ,(x)- Im ,(x)Km (x)“- 1/x' 

one gets

[Im ( O K n,(x)]-1-xIm M x ) / I n,(x(-xKm M x ) / K nl(x)

(5)

Formula (5) is the principle used in computing

II. The program.
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300

301
302

10

11

400

401
402

200

100

subroutine xdjo; 
m*highest order of Jm(x 
complex x,x0 xdjoj(m+l),
X-X0
ax-cabs(x ) 
a-ax/m
pi-3.1415926
if(a.ge.10.)goto 100
if(a.le.0.1)goto 200
if(a.gt.1.)goto 300
if(a.le.O.l)goto 400
if(ax.It.10.)goto 301
n-2. *ax
goto 302
n-ax+10
v-n
tj-cmplx(v,0.) 
tj-v-1.-x*x/(v+tj) 
v-v-1. 
n-v
if(n.eq.-1Jgoto 41 
if(n.le.m)goto 11 
goto 10 
xdjoj(n+l)-tj 
goto 10
if(m.It.10Jgoto 401
n-2*m
goto 402
n-m+10
v-n
tj«cmplx(v,0.) 
goto 10 
n-m+20 
v-n
tj«cmplx(v,0.) 
goto 10
if(m.gt.50)goto 101
n-m+100
v-n
if(v.lt.ax)goto 102

xO,m,xdjoj )
, xdjoj-xJ'(x;/J(x) 
tj,cs,sj
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n-2*n
v-n
tj-cmplx(v,0 .) 
goto 10

101 if(ax.gt.1000.)goto 102 
n-2.*ax
v-n
tj-cmplx(v,0.) 
goto 10

102 n-m+5 
v-n
y-(0.5*v+0.25)*pi 
sj-cs(x)*cos(y)+sin(y) 
t j— 0.5+x* (-cos(y )+cs(x)*sin(y))/sj 
goto 10

41 continue 
return 
end

complex function cs(x)
c cs(x)-cos(x)/sin(x)

complex x,cs,y,zx,xz,ui 
ui-cmplx(0. ,1.) 
xi-aimag(x) 
y-2.*ui*x 
if(xi.gt.0.)goto 1 
if(xi.lt.0.)goto 2 
cs-cco8(x)/csin(x ) 
goto 3

1 zx-cexp(y) 
cs-ui*(zx+l.)/(zx-l.) 
goto 3

2 xz-cexp(-y) 
c8-ui*(l.+xz)/(l.-xz)

3 continue 
return 
end
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subroutine xdioit{x0,m,xdioi) 
c m«highest order of Im(x), xdioi«xlm'(x)/lm(x)

complex ui,x,x0,xdioi(m+l),dioim,xdjoj(1001),yy 
x-xO
ui«cmplx(0.,1.) 
yy-ui*x
call xdjojt(yy,m,xdjoj) 
do 1 n«l,m+l 
dioim-xdjoj(n )

I xdioi(n)*dioim 
return
end

subroutine xdkokt(xO,m,xdkok) 
c m-highest order of Km(x), xdkok-xKm'(x)/Km(x)

complex x,x0,xdkok(m+l),z,kl,k2,ui,i0,il 
complex y,t,dkokm 
x«x0
ui«cmplx(0.,1.) 
xr-real(x) 
ax-cabs(x) 
if(xr.lt.0.)goto 11 
goto 12

II X - - X  
12 y-x/2.

z-2./x
t-(x/3.75)**2 
if(ax.It.2. )goto 10
kl«1.25331414-.07832358*z+.02189568*z**2
kl«kl-.01062446*z**3+.00587872*z**4
kl«kl-.00251540*z**5+.00053208*z**6
k2-1.25331414+.23498619*z-.03655620*2**2
k2-k2+.01504268*z**3-.00780353*z**4
k2«k2+.00325614*z**5-.00068245*Z**6
xdkok(l)— x*k2/kl
n«l
goto 3 

10 continue
i0«l.+3.5156229*t+3.0899424*t**2
i0-i0+1.2067492*t**3+.2659732*t**4
i0»i0+.0360768*t**5+.0045613*t**6
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il-0.5+.87890524*t+.51498869*t**2 
il«il+.15084934*t**3+.02658733*t**4 
il»il+.00301532*t**5+.00032411*t**6 
il»x*i1
kl*-clog(y)*i0-.57721566+.4227842*y**2
kl-kl+.23069756*y**4+.0348859*y**6
kl«kl+.00262698*y**8+.0001075*y**10
kl*kl+.0000074*y**12
k2-x*clog(y)*il+l.+.15443144*y**2
k2»k2-.67278579*y**4-.18156897*y**6
k2«k2.01919402*y**8-.00110404*y**10
k2»k2-.00004686*y**12
xdkok(l)— k2/kl
n-1

3 continue 
v*n
dkokm*-v+x*x/(xdkok(n)-v+l.) 
n*n+l
if(n.gt.m+l)goto 41 
xdkok(n)*dkokm 
goto 3

41 if(x r .I t . 0.)goto 42 
goto 43

42 X--X
43 return 

end

subroutine ikt(x0,m,ik)
c m«highest order of I, K; ik«lm(x)Km(x)

complex x,x0 ik(m+1),xdkok(1001),xdioi(1001),If 
x«x0
call xdkokt(x,m,xdkok) 
call xdioit(x,m,xdioi) 
do 1 n«l,m+l 
lf»xdioi(n)-xdkok(n)

1 ik(n)*l./lf
return 
end
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