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Abstract

LINEAR AND NONLINEAR OPTIC™L RESPONSE
OF :IMALL METALLIC PAR” 'LES
AND
ACCELERATED ENERGY TRANSFZR OF DONER
AND ACCEPTOR MOLECULES NEAR THE SURFACE

OF A SMALL PARTICLE AND A LONG FIBER

BY

XIAOMING HUA

Advisor: Prefessor Joel 1. Gersten

In th:s thesis the following problems have

studied:

(a). £.r i.frared auvsorption of a small metallic

purticle,

(b). second harmonic jeneration in a small metallic

particle,

(c). enhanced energy transfer between a donor nd
acceptor molecule near a small prolate
spheroidally shaped particle,

(d). enhanced energy transfer between a donor and

accertor molecule near a long fiber.

been
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A classical model has been set up to combine the
effects ot electrons and acoustic phonons in metals. The
ions are treated as an elastic jellium background and the
electrons are treated hydrodynamically. The model has been
used to calculate the far infrared absorption coefficient
of a small metallic particle. Tre same model is also used
to calculate the second harmon ¢ generation of a small
metallic particle in :he frozen jeilium 1limit., A simgle
dielectric model is used in the calculations of enhanced
energy transfer . The materials of interest in the last

two problems are not restricted to be metals.

The electric dipole absorption spectrum of a small
metal particle is found to be oscillatory in the far
infrared region. The magnetic dipole absorption is found
to be stronger than the electric dipole absorption by a

factor of 102.

The second harmonic generation o a small metal sphere
is found to produce quadrupolar radiation as the response
to an incident plane wave with Fpcsitive helicity. The
cross section for second harmonic generation has two
resonant peaks, cnae corresponds to the linear dipole

resonance, the other to the nonlinear quodrupole resonance,

The enhanced ratio of energy transfer between a donor




and acceptor molecule near a spaeroidal particle is found
to be a function of the frequency and the geometry of the
system, When the molecules are inside the "active zone"
and the frequency 1is <close to the surface plasmon

frequency the enhancement ratio is extremley high.

In a cylindrical configquration the long-range coupling
between two molecules is found to be much stronger than
the conventional dipole-dipole coupling. An excited
surface mode provides a bridge for energy transfer between

the two molecules.
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General Intro.::uction

In recent years there has developed an interest i the
properties of small particles. A variety of techniques
have become available to prepare small particles ranging
in rize from what may be just called clusters of atoms to
particles microns in size. Small particles differ from
bulk matter in a number of important ways. Firstly they
are composed of a finite number of atoms as opposed to the
infinite number for bulk matter. Thus they are subject to
substantial fluctuation effects, which may be either of a
spatial or a temporal character. Secondly they have a
non-negligible fraction of their atoms residing on the
surface, Thus surface-specific effects <can be nmore
important than in a large piece of bulk solid. Thirdly
the shape of the particle can be important in determining
the optical properties of the system. This usual./y
manifests itself in the depolarization field set up oy the
surface charge distributi n. Finally quantum mechanical
effects associated with the confinement of electrons into
a small volume can lead to a variety of quantum size
effects.

Research on the optic 1 propa2rties of small particles
has a 1long history. Ai >lications in many domains of

chemistry, physics, meteorology, astronomy, and
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‘atmospheric science have per51sted.l In the current
decade new interests have been arising in many problems
involving small particles such as the work functionz,
the electron scattering spectrum3, the resonance optical
response‘, the spontaneous electric dipole momentss,
the enhanced van der Waals force between small
particles6, the surface plasmon radiation7 and so on.
Lots of attention has been attracted to the anomalous
far-infrared absorption of small metallic particlesa.

Interest in the nonlinear optical response o% sm~ll
particles is also increasingg. This is due > the fact
that the local fields in the vicinity of a sma 1 particle
would be modified strongly either by the resonance
mechanism or by the morphology of the particle. The
interest in studying the enhanced and quenching effects of
some physical, chemical and biophysical processes when
they occur near the surface of the small particle is
highly éppreciatedlo. Besides the single particle
properties, research on the properties of the composition
of small particles 1is very active, The percolation,
cluster formation and fractal structure of s;stems
composed of small particles have become some of the most
tantalizing subjects in condensec matter research. On the
other hand, research on the - uantum properties of an

isolated, very small cluster of atoms is progressing year

by year.
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In this thesis the linear and nonlinear optical
response of a single, small, but macroscopic particle has
been studied. Customarily a small particle 1is still
considered macroscopic even if its size is much smaller
than the wavelength of 1light it interacts with and the
classical skin depth, if it 1is much 1larger than the
lattice constant. In the linear response part of this
thesis we emphasize the far-infrared absorption
properties. The acoustic phonon exitation and screening
effect are <considered in combination with electronic
effects. The difference between the traditional Mie
solution and our results is obvious, In the nonlinear
resHonse part we emphasize the second harmonic generation
(SHG) by the conduction electrons in a small metallic

9 and

sphere. The difference between Jha's early work
our results 1is given. The study of enhanced energy
transfer between donor and acceptor molecules near the
surface of a small particle and a infinitely long cylinder
is also described in the thesis. 1In these calculations a
simple dielectric model is used. The predicted
enhancement ratio of energy transfer is so high that it is
not difficult to be observed experimentally.

The thesis is arranged as follows. In chapter I a
classical model of a small metallic particle is built up

to study the linear optical response in the far-infrared

region. The same model is used in chapter II to study SHG
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of a small sphere. Chapter III is devoted to the enhanced
energy transfer between the molecules near a solid
spheroidal irticle. The calculation fo; the cylindrical

geometry is presented in chapter 1IV.
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Chapter I Far Infrared Absorption

of Small Metallic Particle

1.1 Introduction

In 1974 Grangvist and Buhrmanl developed a technique,
based on inert-gas evaporation, in which smaller and
better characterized particles can be produced. They also
found that the size dependence of a small particle sample
has a log-normal distribution where the number of
particles An per logarithmic diameter interval A(lnx)

is A n-f[‘N A(lnx) with

2'\(‘/Xp\))2]

! _1
fin -me""[ (s

(1.1.1)
¢

where x denote the statistical median of the diameters

M
and 0@ is given experimentally by
Ty = 1.48 + 0.12 . (1.1.2)

The shape of inert-gas evaporated particles smaller than
about 200 R is almost spherical, while for larger sizes
crystal faces are normally seen. According to the

10'11, the external shape is

Gibbs-Wulff relation
governed by
b %i A, = minimum ,

where Bi is the specific surface free energy of the
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ith face, whose area 1is Ai. This criterion predicts

polyhedral shapes for crystalline particles., But for the
particles smaller than 200 i, this apparently fails.

As the technique for making small particle samples

3

became available, Tanner et al. and Grangvist et al.4

made the first measurements of the far-infrared absorption

of small particles. Their purpose was to check the Kubo

2 and the Gor'kov-Eliashberg (GE) theoryz.

Fréhlichl3 was the first to point out that the

formulal

conduction electrons in small metallic particles occupy
quantized energy levels. Kubo12 showed that the mean
energy level spacing at the Fermi surface is just the
inverse o0f the density of states for one spin direction of
the free electron gas

b =27 /Vm*ke = 4E; /3N (1.1.3)
where V 1is the volume of the particle, m* is the
effective mass of the electrons, N is the number of free
electrons in the particle, and kf and Ef are the Fermi
momentum and energy.

Gor'kov et al.2 pointed out that the distribution of
the conduction electron energy levels should be random
even if the particles have the same volume and shape,
because the electrons in the metal have a wavelength on
the order of atomic dimensions. Therefore surface
irregularities of atomic size are sufficient to make the

energy level distribution perfectly random. They borrowed
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the concept of 1level distribution based on complete

14

randomness of interactions from Wigner and

15'16. They studied the distribution of eigenvalues

Dyson
of matricies whose matrix elements were random variables,
These distribution were found to depend on gross symmetry
properties of the matricies, such as on their being
orthogonal, sympletic or unitary: 1). orthogonal, which
describes systems that are invariant under time and space
inversion, or with integer spin; 2). symplectic, invariant
under time reversal; the total spin of the system is
half-integer; 3). wunitary, for systems that are not
invariant under time -eversal. The major prediction of
the GE theory is the derivation of the electronic

susceptibility of the small metal particles, which can be

written as
2
X -Akfxz/(ZO'[zaB) + 139AA(N) /(1200 agke)

*
where A is defined by m = A m with m = free electron
mass, and a, is Bohr radius. Factor A(7 ) depends on

the ensembles,

Aorth(Q)-A(w)

1

=2-w_ sin2w-2Ci(w)(sinw/w—cosw)

+i[2w-l/w+cosZw/w—Si(w)(sinw/w-cosw)] .
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ASYMP(q)=a(z)
=2-(Zz)'lsinzz(cosz/z+sinz)[Si(z)+'W/Z]

+i[z-sinzz/z-(sinz/z+cosz)(Si(z)+ w/2)) ,

where z=2w=(2 T )z‘hcf)/A . ﬁ is the wave number of the
external fields, and Si and C; are the sine and
cosine integral. When the spin-orbit coupling is weak
(light metals) the orthogonal ensemble applies, if it is
strong (heavy metals) ﬁhe symplectic ensemble would be
used,

The first experimental measurement4 and the following

5-7 showed that the GE theory is

series of measurement-
not applicable to smal. ::tallic parti~cles both because no
multiple peaks have b2en found in the far-infrared
absorption measurements a i , Mmore importantly, the
absolute magnitude of the absorption coefficients is in a
few orders higher than that predicted by GE theory.

Grangvist et al.4 pointed out that the multiple-peak
structure would be smeared if the parameter O'g of size
distribution function is larger than 1.1 . Until today no
technique 1is available to prepare ultrafine particle
samples with O'g is as small as 1.1 . Even putting this
aside, there is still a big gap between the GE theory and
the experimental data.

The phenomenon that the finite size of a small particle

splits the energy band structure of the conduction
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elec:rons into a series discrete energy levels is now
called the quantum size effect 55. Many researchers
contributed to the theory of the quantum size
effect .'30. People discussed in detail under what
cond.* .ons the quantum size effect would be important and
the related problem of when the metal-insulator transition
would occur. They did get enhanced far-infrared absorption
when +“hey applied their theory to the problem, but the
magnitude of the absorption coefficients was still one or
two orders lower than what observed experimentally.
Besides, the experimental observations extended to

5 without a

particle radii up to 1 ricron in radius
pronounced difference from the observations made at 24 R.
If quantum size effect were really important, one would
perhaps have expected to see a qualitative change as the
size of the particle was allowed to increase by 3 orders
of magnitude.

The attempt to observe the quantum size effect is
still going on, but a general belief exists today that the
anomalous far-infrared absorption of small particles is
not maily caused by it. In contrast to the gquantum
mechanical theories, a number of classical mechanisms
leading to infrared absorption have also been studied.

31 32 attributed the large

Simanek and Ruppin
far-infrared absorption to the oxide <coating on the

surface of the particles. In their —calculation the
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oxic>>-coated metal particles are aggregated into 1long
cylinders, which enhance the absorption. ({Electron
microscopy of gas evaporated particles frequently shows
that ne particles have clustered into 1long chains.)l

5,6 (it does not

6

Experimental measurements on palladium
oxidize) and directly on aluminum oxide particles
showed that the absorption by a thin oxide layer |is
negligible, But the existence of the oxide layer does
reduce the volume fraction (or the filling factor) of
metal, and when the volume fraction of metal is small this
fact should be accounted for. The calculation by Sen et
al.33 also showed that the oxide absorption and long
chain aggregation do r ;. give an absorption large enough
to explain the experiments.

Stroud and Pan34 suggested that the effects of
induced magnetic dipole should be considered to include
the eddy current losses. Later Russell et al.s, Carr et

al.s, and Devaty et al.7

pointed out that when the
radius of the particles is not very small ( around 100 A
or less) the magnetic dipole term would dominate the
electric dipole term or , at least, have equal importance.

34 predicted a

The calculation by Stroud and Pan
magnitude of the absorption coefficient about a factor of
10 smaller than that actually observed.

Instead of the electron contribution Glick and

Yorke3d proposed that the strong infrared absorption
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arises from the direct excitation of phonon modes by the
field acting on unscreened surface 1ions. Monreal et

al.36 found that for frequencies ranging from 100 cm"l

to 200 cm-1 phonon absorption dominates over the
contribution coming from electric excitations or Joule

37 showed that 1in contrast to bulk metal,

heating. Shen
the phonon absorption by small metal spheres can be fairly
appreciable because the spherical surfaces not only break
the momentum <conservation requirement for absorption
transitions ( which forbids acoustic phonon absorption in
bulk crystals ), but also enhance the coupling between the
phonon and the electromagnetic radiation through
incomplete screening of the surface jellium-density
modulations arising from elastic wvibrations. Hua and

38 presented a classical theory to combine the

Gersten
effects of electrons and phonons, and found that while the
electric dipole absorption is stronger than what it was
previously thought to be, the magnetic dipole absorption
is significantly altered by phonon effects.

.39 the

As has been pointed out by Kreibig et al
single particle optical properties are often veiled in
many particle systems by effective medium and clustering
effects. Indeed, the morphology of the samples upon which

a3® reveal the

the measurements have been performe
presence of complicated clustering patterns and nonuniform

size distributions. Gerardy and Ausloos did concrete
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calculations of the absorption spectrum of binary spheres
in the optical region in their series of papers‘o. They
showed explicitly that in a powder made of binary clusters
of various sized spheres the absorption spectrum would
consist of a rather broad absorption band with some smooth
structure nevertheless .

Historically4l, two different theoretical approachs
nave been made to calculate the dielectric function of
composities., The first, known as Maxwell-Garnett theory

(MGT), was a molecular-field model due originally to

Clausius and Mosotti and applied to optical properties by
42

Garnett®“, The second was a self-consistent embedding
technique developed by Btuggeman43 and studied
quantitatively by Landauer“, and recently by Stroud45

and Liebsch et al.so. This is <called the effective

medium approximation (EMA).

In MGT, the metal particles are considered to be
randomly embedded in the insulating medium. It is further
assumed that the particles do not make contact so that the
theory 1is restricted to very dilute systems. The MGT
dielectric function, €¢ , is defined as the ratio of
volume-averaged displacement to the volume-averaged

electric field and is given by

€, - €;
€. = €.+3f‘€- = - ’
q [ L (\"F)Gmf(Z‘tf‘)é( (1-1.4)
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where €; is the dielectric function of the insulating host
and €, that of the metallic inclusions and f is the
filling factor.

In EMA, the dielectric function of the composite , €g,
is defined to be equal to that of a self-consistent
effective medium. The self-consistency condition is that
the electric field ( and, therefore, the current and
polarization ) in the eifective medium equals the averaged
field ( and current and polarization ) in the
inhomogeneous medium. EMA treats each constituent of the
mixure on an equal basis. A particular grain is chosen for
consideration and outside this grain the material is
assumed to have a homogeneous dielectric function, 63 .
Volume averaging the fields then gives a quadratic

equation for €g :

£ €m = €y s(1-f) &= o =0. 1.1.5)
G.\#ZGB ei*zea (1.1.

Of the two solutions to the equation the one with the
positive imaginary part is physically significant, One

3 the effective magnetic permeability

can construct
similar to the above equations by using MGT and EMA
respectively. It is easy to see that when f<< 1, €g ~ €,
the EMA equation goes over to the MGT formula, i.e., at

low concentrations MGT and EMA give identical results.

Both MGT and EMA were derived at zero frequency and
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extended to a finite frequency in a naive manner. It is
qguite certain that for high frequencies they break down.
Stroud et al.34 developed a dynamic effective medium
approximation (DEMA) also known as the coherent potential
approximation. They showed that the self-consistency
condition is rigorously equivalent to the requirement that
the forward scattering amplitudes of the particles in the
composite, measured relative to Geff , Should vanish on
the average, Cheylek et al. used DEMA and also considered

the size distribution of the particles46, and applied

the formula to the far-infrared absorption problem47.
They obtained a strong absorption and fitted the
experimental data. Later people, 1including themselves,
realized that an incorrect approximation made this

kxppen38’4e’49.

Devaty et al.7 were able to get a well-dispersed
sample of particles by adding the desired volume fraction
of gelatin into AgNO3 to get a Ag hydrosol. The water is
removed by successive dilutions with acetone or by freeze
drying. They showed that the far-infrared absorption of
well-dispersed metal particles is not enhanced by more

8

than 102. Curtin et al. used the heat treatment of

the small Sn particles to get clustering of particles,
jased on these two experiments Curtin and Ashcroft51
deciare that the anomalous absorption is due to a

clustering effect, They have made three models for
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clustering, i.e., the fused cluster, cluster percolation
and cluster tunnel junction. Each of these models
satisfies the experimental data well. Perhaps due to
mathematical difficulties there is no further closed-form
theoretical work on the clustering effect which has been
published.

Recently research on the localization of
electromagnetic waves by a randomly distributed dielectric

52'53. A deep understanding of

system 1is also active
photon 1localization may also be helpful in solving the
problem of the anomalous absorption of small particles in
far-infrared as well as in the optical region.

In summary, for a full understanding of anomalous
far-infrared absorption of small particles one should
study the single particle properties as well as all the
enviromental effects., For a very dilute and well-dispersed
composite single particle absorption would be the dominant
effect., As the volume fraction of the particles increases
the multiple scattering, clustering and other possible
mechanisms related to the topology of the whole system
will become more and more important.

In this chapter a classical theory for far-infrared
absorption of an isolated metal particle, taking into
account the coupled electron-phonon modes of the system
has been developed. The chapter is based on the work {38],

and arranged as follows. In section II a classical model
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is introduced to combine the effects of electrons and
acoustic phonons and general theoretical relationships are
presented. In section II1 and Vv the electric
polarizability and magnetic polarizability , respectively,
are studied, both are under long wavelength approximation.
The full electrodynamical treatment is given in Appendix
B. In section V the infrared absorption spectrum of small

particles is discussed and the results of the calculation

are presented,
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1.2. Theory

We will be concerned with the interaction of a
metallic sphere of radius a with a 1long-wavelength
electromagnetic wave. Thus we assume that a<< A ,
where ) 1is the wavelength. The problem then reduces to
the study of the interaction of the sphere with externally
imposed, uniform, time-varying electric and magnetic
fields Eo(t) and Bo(t). We shall start by considering
the response to the electric field and derive an
expression for the electric polarizability. Then we will
consider the response to the magnetic field and obtain the
corresponding expression for the magnetic response. 1In
terms of these expressions we can compute the absorption
constant for an assembly of spheres.

A number of approximations will be made. The electrons
will be treated as a classical continuum fluid. The
background ions will be treated as an isotropic elastic
jellium medium. This allows us to consider phonon effects,
but obviously neglects the pointlike nature of the ions
and ignores the lattice symmetry.

The basic equations governing the system are Gauss's
law,

V- E = 4WP (1.2.1)
the ion continuity equation,

3.0, +v-3, =0 , (1.2.2)
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the electron continuity equation,
3 ,n_ +v-J_ =0, (1.2.3)
Gauss's law for magnetism,

v.B a0, (1.2.4)
Faraday's law,

vxE+cTt 9,8 =0, (1.2.5)
Ampere's law,

vxB -cla,E =417, (1.2.6)
the equation of motion of an electron,

mg(dV/dt+¥/x l=-el E + VxB/c 1-v§ (1.2.7)
( the derivation of the equation of motion of an electron
(l1.2.7) from the Boltzmann equation under the relaxation
time approximation is presented 1in appendix A.) The
chemical potential accounts for the screening.
and the equation of motion for the ions,

- 2

2= -
- \ > - >
P. [M +t§%]-n,2e[ E +Zd,UxB J+av u +Bvv.u,

t de?

(1.2.8)
In these equations, E and B denote the electric and
magnetic fields, P 1is the <charge density, 5 is the
current density, n,(r) is the number of ions per unit
volume, 3+ is the ion flux vector, n_(r) is the number
of electrons per unit volume, 3_ is the electron flux
vector, me is the electron's mass and e the magnitude of

its charge, T is the collisional relaxation time for the

electron, V is the electron velocity field, M is the
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chemical pctential, P, is the ion mass density, U is the
ion displacement vector field, ¥ is the ion relaxation
rate, Z is the valence charge of the ion, and & and 8
represent elastic <constants for the isotropic ionic

medium. In terms of these quantities, we have

p = e(Zn -n_) ’ (1.2.9)
= - -

J=el 2n,9,u-nyv] , (1.2.10)
Jy=n, 3.0 (1.2.11)
J=nv , (1.2.12)

In Thomas-Fermi-Dirac theory the chemical potential is
1/3 P (1.2.13)

K =(hk,)?/2m -e? (3n_/m)
where kf is the Fermi wave vector,

ke = (30%n_) 3 (1.2.14)
The first term in Eqg.(1.2.13) results from the kinetic
energy of the electrons, while the second term is the
exchange energy contribution. Correlation energy
contributions are much smaller and will be neglected.

For metals, where the conductivity 1is high, the
conduction cur >:nt dominates the displacment current. Thus
in place of Eq.(1.2.6), we will use

vxB T(4am/c)T . (1.2.6")
Since IVl<< ¢ and]atﬁ‘<< c, we will neglect the magnetic
force contribution to Egs.{(1.2.7) and (1.2.8).

We will be interested in the linear response of the

sphere to the fields Eo and go' which will be taken to

have the harﬁonic time behavior exp(-iwt), where W is
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the angular frequency of the radiation. Thus, we let
-1
n,= 2 (no+ v,) (1.2.15)
where n_ is the mean number of electrons per unit volume

o

and Va are density fluctuations. We will assume V,¢eng

and linearize the preceding equations. The above equations

then reduce to

V-E = dWel(w,-v) , (1.2.17)
v-B=o0 , (1.2.18)
vxE=~iwB , (1.2.19)
VxB = -4%en_(iwd + ¥i/c (1.2.20)
v-Uu=- Y./ng, (1.2.21)
v-V=iwuv_/n, (1.2.22)
mo(-iw+l/t IV = -eE - X v v_, (1.2.23)

-p(wi+irw )i = nef+uv? T + Bvw. T, (1.2.24)

where the constant that results from 1linearizing the
chemical potential is

X,=(Bke)2/3m n, - e?kg/3Un, . (1.2.25)
The Fermi wave vector in Eq.(1.2.25) is now evaluated
using the mean electron density Ny, Egqs.(1.2.17)=-(1.2.24)
will be solved analytically in the next sections for the

electric and magnetic response.
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1.3. Electric Polarizability

In studving the electric polarizability let us neglect
the magnetic field altogetrer and disregard Eq.(1.2.20).
In place of Eq.(l1.2.19) we then introduce the scalar
potential so that

E=-vp . (1.3.1)
Eq.(1.2.17) is replaced by

Véa -a¥e v-v) o, (1.3.2)
Eq.(1.2.23) may be solved for v,

Vs ilmg(weise )1 Hevd - Xovrl ) . (1.3.3)
Taking the divergence of Egs.(1.3.3) and (l1.2.24), and

combining them with Eqs.(1.2.21) and (1.2.22), yields

(ww+isew;i-11v_+ X2viy_=- 3,

(1.3.4)
; -2 -2o2
[w(wnr)..ﬁ.p L]V + NS VU =-

(1.3.5)

Here we have introduced the electron plasma frequency

2 1/2
u)p = [4Wne"/m ] ’ (1.3.6)
the ion plasma frequency
- 1/2
Ilp noe(4l/Pi) ’ (1.3.7)

the Thomas-Fermi-Dirac electronic screening constant
- 1/2
A wp[me/)(onol ' (1.3.8)
and what will be termed the "ion screening constant",

A=n/cy . (1.3.9)
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In place of the elastic constants o« and B , it is
convenient to introduce two other constants with the
dimensions of velocity
cg = (x+B)/pIY2 (1.3.10)
and

c, = twsp1t/2 . (1.3.11)

t
These represent the unrenormalized longitudinal and
transverse sound velocities.

Egs.(1.3.4) and (1.3.5) represent second-order partial
differential equations for the electron and ion density
fluctuations. Let us choose the 2z axis to be along the
direction of the external electric field Eo' We will

look for a dipolar fluctuation, i.e.,

v,

where A+ and A_ are constants to be determined, r is

- Aijl(kr)coso ’ (1.3.12)

the radial distance from the center of the sphere,
jl(kr) is a spherical Bessel function, and & is the

polar angle. Egs.(l1.3.4) and (1.3.5) reduce to

(w(w+i/e /wl -1 - (k/a)21a_=-a,,
(1.3.13)
and
[W(w+iy )/n2 -1 - (k/An)2]a, ==
P !
(1.3.14)
There are two ©possibilities for a solution to

Egs.(1.3.13) and (1.3.14). The first corresponds to the
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"trivial™ case A =A_=0. The second corresponds to’ the

case where

W w+in)/n 2-1+(k/m) 2]

X (wlw+i/e)/wl-1-(k/n)%] = 1 . (1.3.15)
We start by considering the nontrivial case first. The
solutions to Eq.(1.3.15) may be written as
2,2
+'k
=0.5{a%¢ 1-€) A€ (1-¢,)"
fiRe-e) - a2 1-e ) T2z an)?

k
1

(1.3.16)
and
kf--p2
=0.5{a%e1-e)t+n%€ (1- €))7}
-j[)\zé(l-é 1Tl- A2 e, (1- €712 2 AI\TZ}
(1.3.17)

where € is the Drude dielectric function and ei' the so
named "ion dielectric function", they are defined as
€ -1 - wiwiwsi/e), (1.3.16")
€=l - Al/wiwrir) . (1.3.17")
The general solution to Egs.(1.3.4) and (1.3.5) may
therefore be written as a linear combination of spherical

Bessel functions,
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Ve=[Ag], (kr)+Bgi, (Pr)+Cqn, (kr)+Dyk) (pr)lcose

(1.3.18)
From E-.(1.3.14) and its analogs, we have
2 . 2
A=A [l k/A)"- Wlw+i¥ )/Np 1=Q.A,,
(1.3.19)
2 ) 2
B_=k,[1-(p/A ) - w(w+i¥ )/Np ]=Q,B,,
(1.3.20)

In order for V4 and V. to remain finite as r approaches 0,
it may be shown that C _=C_=D_ _=D_=0.

Insertion of Egs.(1.3.18) 1into (1.3.2) and then
searching for a dipolar solution to the resulting Poisson

equation gives

¢(r)-[C0r+cljl(kr)+czil(pr)]cose , re¢a
(1.3.21)
and

¢(r)-[-E0r+#3/r2]coso ' r >a (1.3.22)

Here, C,. C, and Cz are constants to be determined.
The electric dipole moment of the sphere, Mg , is also to
be determined. Since the matter that the sphere 1is
composed of consists of ions and electrons, the boundary
conditions are that the potential be continuous at r=a,
and also that the radial component of the electric field,

Er' be likewise continuous. These result in the relations
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Co--Eo-(Clx/3a)jo(x)-(sz/3a)io(z), (1.3.23)
and
Kg=allc %9, (x)=Cpzi,(2)1/3 (1.3.24)
where
x=ka ’ (1.3.25)
and
z=pa . (1.3.26)

Inserting Eq.(1.3.21) into the Poisson equation yields the
following expressions for Cl and C2:

c,=4We(1-0,)A,/k% (1.3.27)
and

c --41’e(1-QZ)B+/p2 . (1.3.28)

2
Nex*-, we focus our attention on the ion displacement field
ﬁ, which obeys Eq.(l1.2.24). We let

T.U=F(r)cose . (1.3.29)
We make use of the identity

F.ooti-viE.d)-2v-T (1.3.30)
and Eqs.(l1.2.21), (l.2.24), (1.3.1), (1.3.18) and (1.3.21),

to obtain

(vz+q2)F(r)coss

=in e e(.'[conclkrjl' (kr)+c2pril' (pr)]
+B(an )" (A kej, " (ke)+B,pri *(pr)]
-2n;l[A+jl(kr)+B+il(pr)]}cose ’ (1.3.31)

where we have defined
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2 . 2
g =w(w+i¥ )/c, . (1.3.32)
The solution to Eq.(1.3.31) which is finite at the origin

is

F(r)-Djl(qr)+noeC0r/u q2+rA+j1'(kr)/nok

-rB+il'(pr)/nop

(1.3.33)
where D is an integration constant.
The displacement vector may be expressed as
% =2(F(r)/r)cos@ +8G(r)sin® (1.3.34)

where 3 is a unit vector in the polar-angle direction.
Eq.(1.2.21) gives us an equation from which we can

determine G(r):

r~2a(rF)/dr + 267t

--n;1[A+j1(kr)+B+il(pr)]

(1.3.35)
and thus
G(r)=r[-(b/2r®) 13, (qr)+qri, ' (qr)]
- noeco/u«qzr - A+jl(kr)/no(kr)2
+B,1, (pr)/n (pr)?] . (1.3.36)
We must impose boundary conditions on the system.
Three constants need to be determined, A+, B+, and D.

In terms of these, the other constants may be obtained.
Hence, three boundary conditions are called for.

Two boundary conditions result from the fact that the



-28-

stress must vanish on the surface of the sphere. An
expression for the stress tensor may be derived from
Egqs.(1.2.7) and (l1.2.8). It will be necessary to neglect
damping to obtain this expression, however. The resulting
expression will therefore be approximate. However since we
are ultimately interested in the absorption of the sphere,
and this is 1linearly proportional to the damping, the
accuracy 1is still maintained to first order 1in the
damping. The net force on the system (ions and electrons)
is

Fo=§0pd+ nn ot . (1.3.37)
This may be written as

F=§ (-n v + v 4+ vy DHat . (1.3.38)
Making use of standard vector 1identities allows us to

rewrite this as a surface integral,

F=§%.Tas , (1.3.39)
where the stress tensor is given by

Te-un, T+2aT+(B-a)To -0 . (1.3.40)
Here, tf is the strain dyadic whose elements are given by

uij-O.S[ ajui+ Biuj] ’ (1.3.41)
and ? is the unit dyadic. The vanishing of the surface

stress implies
L ad
T. - T=0=- pn +2au_ +(B-a)v- T , (1.3.42)

and

A

A
r--0=0=20¢ u, (1.3.43)

e L]
Using the formulas



-29-

9,u. (1.3.44)

u[t. rr

and

1

=0.509 ug-r TugtrTia u 1 (1.3.45)

urO
we obtain the boundary conditions(at r=a)

2

Z%r—l atF-Zur- F-Mno/coss +(B -a)V-'ﬁ/cosOn 0

(1.3.46)

and

1 2

arc-r‘ G-r “F=0 . (1.3.47)
A third boundary condition is obtained by assuming that
the electrons do not penetrate the surface, i.e,,

v =0, at r=a . (1.3.48)
From Eq.(1.3.3), this is equivalent to

e‘ar4>-xoary_ , at r=a , (1.3.49)

The three boundary conditions may be written as

-ZnODya_zjz(y)

- a, (&2 80,3, 0+ -1) 3, (%)
-23,"(x)]

+B, [ (4)2(1+ 80,1, (z)+(& -1)i  (2)

+21,"(2)]
(1.3.50)
0.5n,Dg>3,"(y)/y
-ijz(x)A+/x2+2piz(z)B+/zz
(1.3.51)

- 1o /4We=A_ [2(1-01)3,(x)/3k+Q k3, " (x)/ A

+B,[2(1-Q,)i,(2)/3p+Q,pi, ' (z)/ A %)

’

(1.3.52)
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where

y=qa . (1.3.53)
Eqs. (1.3.50)-(1.3.52) may be solved simutaneously for

and D in terms of E and the other

A ) o

+4r B

parameters of the problem. Thus, in particular,

A+--[Eo/4ﬂea][D+/(C+D+-E+N+)] (1.3.54)
and

B+--N+A+/D+ ' (1.3.55)
where

Ny=[-23, "0+ (&2 oy 3, (x)
+(E-13,0013,"(y)
+83,(x)3,(y)/xy (1.3.56)

D,=(2i,"(2)+($)2(1+ £10,1,(2)
& -1 ()13,
+8i2(2)j2(Y)/zy ’ (103-57)

c,=x"112(1-0))3,(x)/3+0, (%123, (x))
(1.3.58)
anc
B, =z 1 [2(1-0,)1,(2)/3+Q,(£)%1 " (2)]
(1.3.59)
The ele:tric polarizability for the sphere is given by
o= Mg/E, (1.3.60)
where ;Ls is given by Egs. (1.3.24), (1.3.27), and
(1.5.28).



-31-
Let us now return to Egs. (1.3.13) and (1.3.14) and
study the "trivial" solution A _=0=A_. In this case
v, =0 . (1.3.61)
From E;.(l.2.21) we obtain
v-u=0 |, (1.3.62)
and from Eq.(1.3.2),
vie-0 . (1.3.63)
The potential inside the sphere may be written as
¢-C1'rcoso ' (1.3.64)
while outside the sphere it is still given by (1.3.22).

Matching boundary conditions at r=a yields

2
and
3
Hence,
“s-o . (103067)

Since the electric dipole moment vanishes for this
solution, it does not contribute to the electric
polarizability.

It is worth comparing the theoretical formula obtained
with the cor:esponding case, in which the ions are held
frozen in place. We shall refer to this as the " frozen
jellium " model. 1In this 1limit U -» 0, and so from
Eq.(1.2.21) it also follows that Uy =0. The remaining
equations, (1.2.17), (l1.2.22), (1.2.23), and (1.3.1), may

be solved for the electric response. 1In place of
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Eq.(1.3.4), we have

(v2+ a2e /(1-€)] v_=0, (1.3.68)
whose solution is now simply

V_=Ai,(pr)cose ' (1.3.69)
where p is given by

p=ale/(1-€))t/% (1.3.70)
For frequencies far below the plasma frequency, p, and
hence 2z, will become approximately real numbers. This is
in contrast to the general case where phonon effects cause
2z to be imaginary in the low frequency domain, as will be
seen later (see Fig.l.3). The dipolar solution to the

Poisson equation now becomes
é =[C,r+aneri, (pr)/p’lcose , r<a (1.3.71)

and Eq.(1.3.22) when r > a. Application of the electrical
boundary conditions yields

H=-dmenali,(z)/3p (1.3.72)
and

The radial velocity at the boundary is

vr(a)-o

-im;l (w+ife)~t [ec0+4ne2

Ail'(z)/p
- xopAil'(z)]

(1.3.74)
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Solving Eqs. (1.3.72)-(1.3.74) simultaneously, and making

use of Eq.(1.3.72), yields
& gmadiy(2)/[ig(2)43i,'(z)/(€ -1)] , (1.3.75)

where ¢ is the Drude dielectric constant,

€ ~l-wl/wlwsi/e) . (1.3.76)
In the limit where shielding is strong, i.e., |2] =|pal|>>
1, Eq.(1.3.75) reduces to the familiar formula for a
dielectric sphere,

. +a(e-1)/(€ +2). (1.3.77)

E

For finite shielding, however, Eg.(1.3.75) must be used.
In the most general case, where the ionic motion is taken
into account, Eq.(l1.3.€ ) must be used along with its

associated equations.
1.4. Magnetic Polarizability

Let us now choose the 2z axis along the magnetic field
vector 30 and disregard the external field EO' In
place of Eq.(1.2.18), we introduce the vector potential Fy
and write

-

B=VxA . (1.4.1)

Faraday's law yields the following expression for the
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induced electric field:
E = iR, (1.4.2)

We look for a solution with no scalar potential. Thus,

T (1.4.3)
From Egs.(1.2.21)-(1.2.24), we obtain

Mo (-iw+l/T )iw v /n == X, V2 V_, (1.4.4)
and

P - w?-1wy ) Ve/n =(a +8)9% Vy/n, (1.4.5)

In general, Egs.(1.4.3)-(1.4.5) will be incompatible with
each other unless
V,=0=v_ . (1.4.6)
It then follows from (1.2.21) and (1.2.22) that both U and
V are divergenceless. Working in the Coulomb gauge
v-3=0 , (1.4.7)

: . N - -l
we obtain two equations coupling A and u,

22 2,,% : : -
V A=(wp /c)“WA/(w +i/T )+i4lUn ewl/c

(1.4.8)
and
vz.a 2= -
U=-q“u-injewaA /c« . (1.4.9)
In addition, V is simply related to i,
V=(we/mc)A/(w+i/T ) . (1.4.10)

As in our study of Egs.(l1.3.4) and (1.3.5), we again
look for solutions which satisfy

(v2+k2)2 =0, (1.4.11)
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and
(v %+l =0 . (1.4.12)
Then
2 2, . >
(k“=g“)u = injewA /cot , (1.4.13)
and
2= 2 - . -
-k“A =( W /c)“(1-€)A + 14Wenou,u /¢ . (1.4.14)
A nontrivial solution results when
(k2-q2) (k%+(w/c)2(1-€ ) )=[wL/c)? , (1.4.15)
where
L-.ﬂ.p/ct . (l1.4.16)
Again, it is <convevient to denote the two roots as
k2=k? and kZa-p*:

k2=0.5{q?-(w/c)2(1-€ )

+J[q2+(w/c)2(1-6)]2+(2wL/c)2} (1.4.17)
and
-p2.o_5{q2-(u,/c)2(1_.€)
-j[q2+(w/c)2(l-e)]2+(2wL/c)2.} (1.4.18)

The vector potential may be expressed as
- A
A -[L+jl(kr)+M+il(pr)]sinOQ P (1.4.19)
and the ion displacement field as
A
U =[L_j,(kr)+M_i,(pr)lsineé (1.4.20)
where $ is a unit vector in the azimuthal direction.

Defining
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Ql'-c(4uenoiau)'ll-kz-(u)/c)z(l-»e)1 ,
(1.4.21)
. C=1,.2 2
Q,'=c(4Men iw) (p?-(w/c)?(1- €)1, (1.4.22)
we find
L_=Q, 'L, (1.4.23)
M_=Q,'M, . (1.4.24)

Note that Egs. (1.4.19) and (1.4.20) satisfy Eq.(1.4.7)
and ¥- U=0.

The vector potential outside the sphere corresponds to
a uniform magnetic field plus a magnetic dipole potential,

A - . ~

A = [0.5B r+Mr 2]smoti’ ’ (1.4.25)
where M is the magnetic dipole. The boundary conditions
are that A4, and By be continuous at r=a, so that

-2 .

O.SB°a+Ma L+jl(x)+M+11(z) (1.4.26)

and

2

Boa-Ma- =L, [x3;(x)]'+M (2zi,(2)]" . (1.4.27)

The boundary condition of vanishing surface stress gives

T. T4 =0, (1.4.28)
where f? is now given simply by

“ -

0 =2 u . (1.4.29)
Hence,

Uy =0=0.5[(rsin®) 1 B4 u + @ uy-ugrt] (1.4.30)
which yields the relation

K2L_[4,(x)/x1'+p2M_[1,(z)/2]'=0 . (1.4.31)

Egqs. (1.4.26), (1.4.27), and (1.4.31), along with (1.4.23)

and (l1.4.24), may be solved for L M L, M and

+! +! - -
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M in terms of Bo. In particular, we find
M=0.5B_a’(Q,"=0; ") [Q," (35(X)/3,(x))
+Q, ' (i (2)/i,(2)17L,
(1.4.32)
and the magnetic polarizability is
O(M-M/Bo . (1.4.33)
Let us now examine the magnetic polarizability in the
frozen jellium limit. We shall let ct-Ooo . and thus
Eq.(1.4.16) implies L - 0. Then
p2 5 (w/c)?(1-€) (1.4.34)

and

2 5 q%2 (1.4.35)

k
From Eq.(1.4.22), we have QZ'-O 0, so that

X, *-0.5a’i,(z)/i (z) . (1.4.36)
This formula has been obtained in the literature. In the
particular case where 2z << 1],

x, »-(a°/30) (w/c)2(1-€) . (1.4.37)
Thus Eq.(1.4.32) represents the general formula, while
egs.(1.4.36) and (1.4.37) are successively severer
approximations,

In sections 1.3 and 1.4 we have obtained the solutions
of the linear dipole response of a small sphere which are
based on the 1long wavelength approximation. The full
electrodynamic solution is obtained in appendix B and it

has been proved that under long wavelength approximation

these two solutions are consistent.
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1.5. Electromagnetic Absorption

Let us assume that the particle is isolated in free
space and an electromagnetic wave of electric field
strength E, impinges upon it. The magnetic field
strength B0 is, of course, just equal to Eo. The power
absorbed by the particle will be the sum of the powers
absorbed by the electric and magnetic dipoles,

P =0.5WIM(E dgE + BB ) . (1.5.1)
The c¢ross section for electromagnetic absorption is
obtained by dividing this by the incident intensity, so

0= 40 Im(&R +,) . (1.5.2)
If we had a dilute nonclustered assembly of such particles
of <concentration n per unit volume, the attenuation
constant for the electromagnetic indensity would be

Ay = nC = 4Un% Im(otg +oty) . (1.5.3)
Expressing this in terms of the filling factor £,

f=4Wnad/3 |, (1.5.4)
we obtain the familiar result

Ap=(3we/cad)Im(og + &y ) . (1.5.5)
Jt should be emphasized, however, that the experiments are
o’ten done for situations where clustering does occur, and
so0 Eq..1.5.5) may not be directly applicable to currently
available experimental data.

We have applied our theory to the case of a 200

[ 4
A-radius sphere of aluminum. The electron concentration
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was taken to Dbe no-l.slxlo23 cm™3 and the mass

density is f,=2.692 g/cm>. The longitudinal speed of

5

sound is vy =6,42x10 cm/s and the transverse speed of

sound is ct-3.04x105 cm/s. The electron collision time
was taken as 't-1o'14 s (because the particle size |is
small) and the phonon damping rate was taken as ¥ = xh),
where ¥ '=0.01, in line with the estimates of Glick and

35 The filling factor £ was taken to be 0.041.

York

In order to determine the constant ¢ appearing in
Egqs.(1.3.9) and (1.3.10), we fit the low frequency part of
the dispersion curve of Eg.(1.3.17) to the straight line

that characterizes the longitudinal-acoustic mode. Thus we

obtained
. 2,4 =2, =2y =2,1/2
o =Np A H wrh- X2 . (1.5.6)
For Al, we have .np-1.9x1014 rad/s, u)p-2.4x1016
rad/s, and A =2.6x10% cem™l. Thus ¢, =i(3.63x10°),

X
and the bare elastic constant f appearing in Eq.(1.3.10)

is thus negative. The actual longitudinal sound velocity
is thus seen to arise from the combination of Coulombic
and elastic effects.,

It was found that throughout the frequency range
scanned, the real part of the electric polarizability was
accurately given by the Drude formula. Thus,

Rec(Eza3 ' (1.5.7)
and for a=200 i this number was 8x10-18 cm-3. The

imaginary part of the polarizability, however, exhibited
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wide variat:ons as either the frequency or size of the
particle was changed. This is illustrated in Fig. 1.1 and
1.2 ia plots of the attenuation constant, which, by
Eq.(1.5.5), is proportional to the imaginary part of the
polarizability. In Fig.l.1 the attenuation constant is
plotted as a function of frequency. In Fig. l.l(a) the low
frequ :ncy part is studied, while in Fig. 1l.l(b) the high
frequency part is studied. Series of sharp peaks occurs at
both low and high frequencies. At frequencies above 400
cm -, the electric dipole absorption is seen to fall off
rather quickly. In Fig.l.2 the frequency is held fixed at

1 and the size of the sphere is allowed to vary.

40 em”
One notices that there exists a set of closely spaced
resonances which are swept through if the particle changes
by only 0.7 3. In crossing such a resonance the electric
dipole absorption <can vary by almost 4 orders of
magnitude. It should also be noted that the magnitude of
the absorption is considerably larger than that predicted
by the Drude theory even off resonance ( “Drude'

1.2x107% cn~! at U =40 con7}).

In Fig.l.3 we present the dispersion curves
corresponding to the electric dipole absorption. These
curves show the frequency (in wave numbers) plotted
against the variables x,y, and z defined by Egs.(l.3.25),
(1.3.26), and (1.3.53). The variables x and z ( or k and

p) are determined from Egs. (1.3.16) and (1.3.17), while
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the variable y (or q) i. obtained from Eq.(1.3.32). For
frequencies greater than 500 cm'l, X developes a large
imagirary part and z developes a large real part. Let us
analyze some interesting features of this figure. At low
frequencies and low wave numbers we have two acoustic
branches, corresponding to the 1longitudinal (x) and
transverse (y) modes. The 1longitudinal mode, however, is
strongly coupled to plasmon modes through the Coulomb
field and is therefore repelled by them. For large wave
vectors it becomes the 2z mode and its frequency drops.
This is probably a reminder that the ions would prefer to
organize themselves into a crystalline array. 1In our
jellium model, however, the ions are treated somewhat
unrealistically, so numerically trustworthy predictions of
lattice constants cannot be obtained. The fact that Rex
and Imz appear as one continuous curve is expected, since
Eq.(1.3.16) and (1.3.17), from which the variables x=ka
and z=pa are defined, are both solutions to Eq.(1.3.15).

It 1is interesting, however, that 2z is largely
imaginary at low frequencies. Since the variable z appears
mainly as the argument of a modified spherical Bessel
function [see, e.9., Egs. (1.3.19) to (1.3.21)], this
implies that shielding is not occuring in the usual
manner. The fields inside the crystal are all oscillatory
and not exponentially damped at low frequencies. This is

presumably related to the fact that the phonons can
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penetrate the particle., This is quite different from the
true shielding that one finds when the ions are held
frozen in place[see Eq.(1.3.69) and (1.3.71)]). In that
case, 2z is determined from Eq.{(1.3.70) and is found to be
real at 1low frequencies. Consequently, the fields are
exponentially damped inside the crystal. In the case where
the ions are dynamic, however, we see that charge-density
waves may be set up which penetrate the small particle.
Since the shielding is incomplete, this can account for
the increased electric dipole absorption seen in Fig. 1.1
and 1.2.

The strong resonance seen in Fig. 1.1 and 1.2 occur
because of the near vanishing of the denominator 1in
Eq.(1.3.54). Physically, they correspond to the exitation
of a vibronic mode of the coupled electron-phonon system.
The spacing of the resonances can be understood by
examining Fig. 1.3 again and noting that Imz is a rapidly
changing function of frequency. For large values of 1Imz,
the function il(z) can be approximated by a sinusoidally
varying function. Whenever 1Imz changes by T , the
possibility of sweeping through a resonance occurs. As may
be seen from Fig. 1.3, Imz = 900 at low frequencies and
becomes smaller at high frequencies. At high frequencies,
Imz changes more rapidly as ¥ 1is varied, and thus the
resonances become more closely packed together. At low

frequencies, Imz changes very slowly with v , and thus
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there is a lack of this kind of resonance.
In addition to the strong resonances, we also see a
set of weak resonances occuring at low frequencies

l). These are due to the Rex variable

(i.e., D £40 cm”
sweeping through multiples of T{ , and correspond to the
acoustic oscillations of the sphere; they have been seen
in Raman scattring from small particles and surface
protrusion354.

In order to detect the resonances it is important to
work with a single particle or a dilute concentration of
spheres of precisely the same size, Fig. 1.2 shows that a
size distribution that varies by only half of a percent
would be sufficient to wash out the oscillatory structure.

We now turn our attention to the magnetic
polarizability. The magnetic polarizability discussed here
arises from the eddy currents induced in the sphere. The
intrinsic permeability of the system is ignored. In Fig.
1.4 a plot is made of the real and imaginary parts of the
magnetic polarizability of the same 200-A-radius sphere
considered before. In Fig. 1l.5(a) and 1.5(b) we plot the
dispersion curve for z=pa and x=ka given by Egs.(1.4.17)
and (1.4.18), respectively. We notice that the X
dispersion <curve 1is practically identical to the vy
dispersion curve 1in Fig. 1.3. The 2z dispersion curve,

however, is radically different from the previously

considered curves. Now, Rez and 1Imz are of comparable
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magnitude, and are both of the order of unity in the
domain of interest.

In Fig. 1.6 the magnetic absorption constant is
plotted as a function of frequency. Several curves are
shown. In curves a and b the absorption constant |is
computed from the exact theoretical
expressions[Eqs.(1.4.32), (1.4.33), and (1.5.5)] for Al
spheres of radii 200 and 500 i, respectively. In curve ¢
and d, the same quantity is calculated using the
expression derived in the literature which neglects phonon
effects46,

Ry (3fw/2c)Im(3,(pa)/j (pa)] ’ (1.5.8)

1/2(1+i). One notices a

where p=( Wp /c)( wx /2)
significant deviation of these <curves at the high
frequencies. This indicates the importance of phonons in
modifying the magnetic response of the particle. Also
shown are a set of curves, e and f, corresponding to the
approximation in which pa is assumed to be small; thus
Eq.(1.5.8) is replaced by

A= (3fw/15c)Im((pa)?] . (1.5.9)
For a=200 A there is not much difference between curves ¢
and e. However, for a=500 R one notices a significant
disagreement. As a becomes larger, the disagreement
becomes more pronounced.

The need for averaging over the size distribution has

46,47

been pointed out in the literature Since the
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maynetic absorption increaces strongly with increasing a,
those radii in the size distribution which are large tend

to dominate the magnetic absorption., We adopt the size

distributior that has been proposed“'47 and
average oy over this distribution:

n(a) = Aa% exp(- xa/a ) , (1.5.10)
where a is a characteristic radius and & is a

m
constant characterizing the standard devia*: on. We will

take & =0.,5, as in the literature. The constant A is
determined from the normalization condition that

fn(a)fda = awnal/3 . (1.5.11)

The results of the averaging are presented in Fig.

l1.7. We first remark that the approximate formula of

Eq.(1.5.9) disagrees strongly with the exact formula of

Egq.(1.5.8). Thus the conclusions reached in the

46,47 which were based on the approximate

literature
formula are called into question. Eg.(1.5.9) would
have oy growing as a5 for large a, while Eq.(1.5.8) has
it ultimately saturating to an a3 behaviour. This comes
about because jz(pa)/jo(pa) approaches unity as pa
develops a large imaginary part. In curve a we present the
results based on the exact formula, including phonon
effects. Curve b gives the prediction based on Egq.(1.5.8),
while curve ¢ gives the prediction based on Eq.(1.5.9).

Curve d represents the electric dipole absorption

contribution to the total attenuation constant. It is seen
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to be more than 2 orders of magnetude smaller than the
magnetic dipole absorption. The oscillations appearing in
Figs. 1.1 and 1.2 are washed out when integrating over the
distribution of the radii of Eq.(1.5.10). Several
experimental points3 are also graphed for the sake of
comparison. We see that the present theory is still about

a factor of 4 too small to account for the observations.
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Appendix A

In this appendix the classical hydrodynamic equation of
motion of an electron in the metal is derived fror the
Boltzmann equation. The E. M. fields are treated as
external perturbations.

In a phase space (r,?,t), where T, i, and t are
independent variabales, the T and k coordinates of every
electron would evolve, if no collisions occured, according
to the semiclassical equations of motion:

T = vi=) , (A.la)

- =

% = —e(B + $xB/c) = B(E,R) (A.1b)

where V(k) is the velocity of the electron and F(?,?,t) is
Lorentz for-e,

By considering the collision correction, the dynamic
motion of an electron in phase space should obey the
Boltzmann equation:

Bt + V-V £ + (F/B)- 7 £ = (f), . (A.2)
Here. the terms on the left side are often refered to as
the drift terms, and the term on the right side as the
collision term. The nonequilibrium distribution function
£(7,k,t) in (A.2) is defined so that

an(7,k,t)=£(7,k,t)dfdk/4w? | (A.3)
By definition

- K ..
n(r) = i%;s f(r,?,t) ’ (A.4a)
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and .
n(T)gaY = S-i%‘-g £(7,%,t)a(2,%,t), (A.4b)

where n(?) is the density of electrons at point T in real
space (¥,t), and A(%,k,t) is any kind of physical quantity
in phase space (?,F,t); and the Dbracket < » means
averaged over X.

We multiply both sides of the Boltzmann equation (A.2)

by A(?,?,t) and then integrate over ?. Thus we get

2 n(T)(AY+ 3, n(T){v;AY-n(T){DA) -S-;—’,‘—E‘ (D f)eA
(A.5)
where i=x,y,2 and D is a differential operator defined as
D =3¢+ V¥ + (FA)- 9, . (A.6)
The <classical equation of motion in real space (?,t)
should be recovered from (A.5) when we specialize A. As is
well-known, for A=]l, (A.5) is the continuity eqution; and
for As?(?,f,t), Newton's equation is obtained. Indeed, for
A=1, (A.5 jives
(D) + n(T)v (F) =0 . (A.7)
The right side is zero because the number of electrons is
conserved during collisions in a classical process. For

A-V, (A.5) becomes

atn(?)(vs)+ain('f)<v, vs)—n('r')(Dv:‘) -Sf%-, (Ieflev; -
(A.8)

Keeping in mind that T, ?, and t are independent in phase
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space, and Vsﬁi/m in the free electron approximation, we
could write
DVJ‘FIakikJ/m'Fi Slj/m-Fj/m. (A.g)

The second term in (A.5) is usually expressed in terms of

< '\7)and the peculiar velocity U with

-5 - -

U=v-¢(Vv) . (A.10)
Thus,
since

¢U;> = (Uj> =0 .
The term n(%) <U;Uy> is usually refered to as the
"presure" term in textbooks of statistical mechanics.
Under the relaxation time approximation
(3,6), = (£ - £%)e (A.12)
where f(°) is the equilibrium distribution function,
£°) a(exp(Ble -pu1)+117L (A.13)
with ﬂ-l/kBT, € = € (x), and K= MU(r). We assume that
the relaxation ¢time T 1in (A.l12) depends on 't only
through 1X] , or, in other words, T does not depend on

the orientation of I. Then

.53_ K (o)
84“3 ( atf)cvj = - S'%‘__s(f"f )Vj/t

= -n('r‘)(vj>/f, , (A.14)



-54-

since
d-K. (o)= = '
Sﬁ,f ve=o . (A.14")
Using (A.9) through (A.14), (A.8) becomes
vi ()3, n(T)+n(T)ay vy (T)+v; (2)3; n(T) v, (T)
+n(T) v (F)ap vy (T) -n(T)F; (T)/m+3;n(T)(U; Uy
Here the first term and the third term cancel each other

because oI the continuity equation. Furthermore, we define

a substantial derivative as

d
gt = 9.tV 94 ’ (A.16)

and rearrange (A.l15), and we get

n(f)[g-t-vj(?)wj(‘f)/r, ]

(A.17)
The pressure term could be evaluated as follows.
di
ain(?)wiuj) =3, Sm £0;0y
AK
= 31 S]Fis f[vivj-vi<vj>-vj(vi>
+<vi)<vj>]
5 Sdi:'

since
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(i:—f[-v (vHIH{vICv D] =0
S j i i j *

As we observed that (vj - <vj> ) is the fluctuation of
velocity, it is a small quantity so that we could replace
f by f(O) in (A,18) without 1losing too much. By using

(A.14'), (A.18) thus approximately becomes

9n(r)K0 0> =3, Y 4w £V, vy
. (dE (o)
54“-’ (alf )ViVj. (A.19)

Assuming that the temprature has a uniform distribution

over the system, we could write

f(o)
2K

f(o)
€

(o) -
aif = aiH(r)--

= 3; K(D).
(A.20)
We evaluate f(°) at T=0, so
£(°) 2@(u-€¢)=1- 6(e-pM)
and

(o)
2f . _S(e- = -(2 2y §(k2-k?
=y ( K) (2m/h ( £)

=-(m/h2kf)[ é (k=kg)+ J(k+kf)].

As we know that the term S(k+kp) is out of the picture

so (A.19) becomes

K - 4
5%,—; (mkg) ™t Eikke) [ D5 K(F) 1Kk (A.21)
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We know
A A
fank x -%‘-’f .
and
kf = (31!2n)l/3

Finishing integral (A.21), then we obtain

ain('r')wiuj)'-' (n(:)/m)aj;.u'r‘) . (A.22)
Combine (A.17) and (A.22), cancel n(f) on both sides, and
we finally get the hydrodynamic equation of motion of an
electron as

d - -

m(ge + 1/t )vj(?) = Fy(T) - 25 ,(T) , (A.23)

or, writing this in vector form as

ne + 12 )W) = F(B) - VK () . (A.24)

This is the equation we use in Chapter I and 1II.
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Appendix B

In this appendix a full electrodynamic solution of the
linear equations is presented. (see section 1.2 for a
definition of the symbols.)

We want to solve the following linear equations of

motion:

V-E = 4ne(v, -v.), (B.la)
v-B=0 , (B.1b)
VxE = i®E, (B.1c)
vxB = - L(4¥en, (iwl + V) - iwE] , (B.1d)
v-U = -VUyn, , (B.le)
v-V = iwv-/n, (B.1f)

T = -i(eE + X9V ) /me(w+ i/t ), (B.1g)

U = -(ngek +a v T+ v/ wl(w+ i¥r ) (B.1h)

where the continuity equations (B.le) and (B.lf) are not
independent from (B.ld), so we have s8ix independent
equations and therefore we have six independent
coefficients.
The divergence of V and U give the wave equations of

v, and vV_ by using (B.la), (B.le) and (B.1f).
Substituting (B.lc) into (B.lh) gives the wave equation
for U. Double curl of (B.lg) gives the wave equation for

b .
v. These wave equations are

(vi e kv = - A, (B.2a)



-58-
2
(Vv "i’v” -NU_, (B.2b)
- z -t
(v2+ pi)v = i-‘#-[l -la.a(l-e)]vv- + iqu(l-e)u s (B.2c)

-

(vl + p:)ﬁ = (—;-)[-'g:vv,mox.vv_- ingmg{w+i/c v ],

(B.2d)
where
ki-f‘fe , k:-t\',—f‘e—‘ ,
py = a"€ ' p? =w(w+ivr )/ ct
X oawel/x, N -yl
€=1-wd/ww+i/t), € =1-0}/wiw+in ,
w! = 4¥n,e? /me a% - mnte?/p,
c? = &/p, , cp = (2 +B)/P ,
g= w/c .

The physical intepretation of the above symbols were
presented in section 2 already.

Equations (B.2a) and (B.2b) are the same as (1.3.4) and
(1.3.5), using the same technique we can get the solutions

for Vs as

Vo(E) =% [ Mgy (ko) + Byudy (kor) 1gm (B.3a)
V(1) -5‘ [0y Agpdy (ko) +&. Bo 3, (kor) Yo, (B.3b)
where

e N Y I LT

Ay = ( ki - k3 )/aT =A%/( k2 - k%)
Making use of the identity

t.92R =vi(2-3) - 2v- &,

[ 3

the radial components of V and U obey the equations:

--

(V8 + p )E. V = iwqf(l-€)T -0 + i-"ﬁll--g(l-e)]ra Vv
pa n. A‘ r ¥~

+ 21-,% - )
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2 -h . ; -t -
(Vv + p: )T- U = -1"'mL(:“ fe) 3.3 +%: L9y Ve
- v
+.‘3.|.“1n. ra\»‘lJ. 27\-:' .
Substituting (B.3) into above equations we found
-r.' -\; Sz [ Ezmjj (P,.r) + F‘.‘j‘(p_r) + CQAl-j‘(er)

am

+ c-ij.(k-r) + e A kel 35 (k1)

+ e.Bypkor Ja(kor)] Yo (B.4a)
and
t.1 =§‘ [By Egndy (Pof) +B. Fopdg (por) + fahp 3, (ker)
+ £.Bpd, (kar) + dePgpker Jplker)
+ doBggpkor Jp(kor)] Yem (B.4b)
where
_2iw Pr-8'xX%C-e)K}
L (py - k1)? '
e =W -8 X 0-0)
\ Cci- ey + A /8
9 "H.cl 2 T ’
. -1
. . 20%  (RTeA o) KE - XeC1-€;)
£ n,c? 2 z .2
* (Py - Ke)
2 2
a = PA - PL = - N Mg (wW+i/c)
lwgici-¢) « (pf - p? '
2 \ ] 2
In general we can write
Vv (f) =X ¥, (T) ' (B.5a)

'm an
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and

u (?) -z Ugm () ' (B.5b)

where
- A - A -
Vam (T) = T v (£)Y, o+ v (D)Xgp + Vo(r)Ix Xopp , (B.6a)

and

-l
ulm

and, Xgm =[2(2+1)])

(F) = ¢ Ug (E)¥py + u, ()X + U, (r)F x Xem o+ (B.6b)

~1/2 Yom is the vector spherical

I
harmonic tunction while 'I‘, = -i TxV is the angular
momer-um ot-arator.

In gene.al for an arbitrary vector function 3(?), which
coul® _e expressed in spherical coordinates as

TUT) = T Ag(C)¥pm + A (D)Xg + Ap(r)ExXy + (B.7)
the differential operation would give

V. R(E) = L (28,(r) + o, A (r) - i Je(a+D) A (r)lY,, ,

(B.8)
tex A(T) = iT A, (r) JR(R+1 ) ¥,
- [ Ag(r) + ray Aylr) + i Ja(a+ 1) A (r) ] ﬁ,m
+ [ A, (r) + £y A () ] ?xi‘,ﬂ . (B.9)
We could get vy and u, by simply using the continuity
equations (B.le) and (B.lf) in combination «ith (B.8),
they are

vel(r) = -i[YJZT;:B'f%é..[p,rjl(p,r)]' + Fem [Pt (p.r) )’

+ Agmllc,-idd t? )3, (ker) + (cp+2e4)ke iy (kyr)
+ e,(k,t)' g (ker))
+ Bypl(c.-ifr®)3, (kor) + (c.+2e)k.ri,(k.r)

+ e-(k-r)’j;(k-r)] } ’ (B.1l0a)
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uglr) = -i[rm}‘{qmﬁ,[p.rjl(p.r)]'
+ B Femlp.rig(p.r) ]’
SRV 4 2 e 3 (kD) + (£442d0)ke03) (kot)
+ dy(ker) 37(kyr) ]
+ By [(E£.+&=r®) 3 (kor) + (£.42d.)k.r3)(k.r)
+ d. ko) g1} . (B.10b)
To get the solutions for A and u;, we note from
(B.9) that the r components of wxV and ¥ x U are
proportional to Vi and Uy hence we should construct
the wave e« 1ations for
v x V and ¥x 1 . To do so we note that (B.lg) gives the
relations between the e.m. fields and the density of
electrons as well as the velocity of electrons, they are
eE = ime(w+ i/t )V - X, vv. ' (B.1la)
eqB = me(w+ i/t )Vx V . (B.11b)
The curl of (B.lh) gives the wave equation for wa U, and
the curl of (B.1ld) gives the wave equation for E,
substituting (B.l1l1) into these wave equations and taking
their r components we get the wave equations for A and
u, as follows:
(V34 p2 )v, (£)¥g = iq'w (1- €)u,(r) Y (B.12a)
(v*+ pX Ju, (£)Y,, = -il n me(w+i/e )/ e Jv, (r)Y¥, (B.12b)
The solutions are
Vi T) = Cpndp(Per) + Dppd, (p.r) ' (B.13a)
U, (r) =P, Coodp(P,r) +B. Dy dp(pPr) (B.13b)
Solutions (B.3), (B.4), (B.10), (B.13) and (B.S), (B.6)



~-62-
are the full solution of wave equations (B.2), and by
using (B.1l1) we can get the solutions for the e.m. fields.

The fields outside the sphere are well-known. Assume
that the incident wave is a circular polarized plane wave

B () =€ (% + iy ) eldz-iwt (B.1l4a)

BE(P) = 2xEY(E) = 5 iEN(D) , (B.14b)
where € 1is the amplitude of the 1incident fields. The
spherical e2xpansion of the fields outside the sphere,
including the incident wave and the scattering wave, is
given in (2.2.17) where the coefficients By, and ..
correspond to the electric and magnetic response,
respectively.

The boundary conditions are the follows: at r=a, both E
and B are continuous. This gives 6 equations of which only
5 are independent. The surface force and the stress tensor
are given in section 3 already. The vanishing of the

surface stress implies

?‘?‘f’o ’
?.?.3-0 ’
t-T-4=0.

or, in a explicit form

cng X 18) + 2630 ey - (8 - w) B2 1 g

(B.15a)

@3y () oy - U (@) =0 (B.15b)
i

—‘_’———‘(!N) (a9, Ug(r)lr'a - uy(a) ) + u (a) =0 . (B.15¢)
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Thus we have total 8 independent conditions to
determine 8 coefficients. These 8 conditions are separated
into two groups, one is related to B:m , the electric

response, another 1is related to oy the magnetic

m
response.
They are
Coamdg (¥o) + Dy 3, (y.) = G, [ 3,(z) +3m nl(z) ], (B.16a)
Com¥s 34 (¥, ) + Dppy_33(y.) = G, z[3)(2) +2%p n)'(2)] ,
(B.16b)
Com By (¥, 30 (¥, ) = Jg(y, )] + Dy g [y Jp(y )=3,(y.)] =0,
(B.16c)
and
EgmJy (Yo ) + Fo 3 (Y ) + Rp [2L4 3, (Xe) + WeXe32(x,)]
+ Bynl[20o3,(X.) + Woxo3)(x)] = G,[3,(2) +famniy(z)) ,
(B.17a)
Egm [Yo3g (Yo ) 1" + Fop (¥ i, (v ) ]!
+ A’n([L,(Z-pia'+x=)+1(l+l)w,]j.(x,)+2L,x,j".(x,)}
+ By {[Lo(2-pia" +x2)4 2(a+1)W. 19, (x ) +2L-x-3}(x )}
= Gyl (zig(z))' + fam(zn(2))') (B.17b)
EqmYs 35 (¥4 ) + Fomyt3, (y.)
+ Agml2p3a Lodg(xy) + (B a® =x% JLyxe3)(x,)]
+ Beml2pya" LoJ, (x2) + (Pra®=x% )L.x-3)(x.)]
= 6,2 3,(2) +Hm iy, (B.17¢)
Egm By (Y4 I4(¥y) = 3o (¥ )] + By Ly 34(¥_) = 3,(y.)]
+ Agm[Ded (Xy) + (£4-2d4)%43)(x,)])

+ Bem [D-J,(x.) + (f.-2d.)x 3 (x.)) =0, (B.174)
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Egm B, [(2(241)-1-0.5y2)3,(y,) - ¥,3}(y,)]
+ Fp B.0(2(241)-1-0.5Y2)3,(y_) - y_3}(y.)]
+ Ay [Egdy(xy) + Fux, 3 (x,)]
+ B [E.J, (x.) + Fox 3 (x.)] =0, (B.17e)

where x, = kya, Y, = Pga, 2 = qa,

G =-1*? Jm'*l[4ﬂ(29+1)]l/ze/me(w+i/c) ,
, R .
G, =+ift! Jm'*l[4ﬂ(2p+l)2(2+l)]l/zew/n,qme(w+1/t),
and
t x-8
D, = de 2(R2+1)-X3 )-fa + 25 ( A% -ngX,)
E, = 2(8+1)(fy - dg)-fy (1+0.5x% ) ,
a? ?
Lo w pr-g'xtc-erk}
£ Py - ki)?
w1t A CGa-er)(P2-88-ki)
s " h 2 ] '
° Py = Ky

From (B.16) the magnetic response coefficient om 1is
A (B.18)
where
A, =B, 00 ¥y )= 3g (Y ) 1Y, 3o (2) 3 (Y )=2],(y.)3a(2)]
=B L3y N-y 33y )Ily 3, (2) 3,0y, )-23, (¥, )Ig(2)] ,
(B.19a)
A = B13,(y, )=y, 35y, ) 11y B, (2)3}(y_)-23, (Y )0} (2)]
=B L3y (v )=y 34 (v ) My, By (2) 330y, )-23, (v, )0p " (2) ],
(B.19b)
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Th electric response coefficient ﬂ,m has a more
complicated form, an: it is better to solve for them on a
computer.

In long wavelength approximation, 2« 1,

3, (2) = 2/3, W zx -izz

the magnetic dipole response goes to

2 2
« =il 2} P - P
' - (p2-p2y 2N SN) | 2 1 2004305 20)
5.(1,)-‘/'3.(7') o 5:”‘)'7-30(7’)
since
xj (x) = 2 3, (x) + x 3/ (x) ,
sz(x) = J, (x) = x 3} (x) ,
and
ig (ix) = 3 (x), ig(ix) = -3, (x) ,
it becomes
w222} =P+ ?:
| s =2 . . v
R P - 2 f(lY.) 2_ o2, S4(Yy) (B.21)
AR TYTE A ML S on)

This is exactly the (1.4.32).
In the frozen jellium limit, f~ 00 and &~o0 , f~o0,

the magnetic response becomes

Y 3502)35¢Y) = Z 30 (V) 35(2)

E—z (U] . r . th”
Y hy (=33, (Y) = Z 32¢Y) hy (2) (B.22)

aln
where y = p a --%laIE . (B.22) is consistent with (2.2.18)
in Chapter II. In this limit L =0, y_=0, x_=0,
y+-y=paa, x+-x-kxa, and equations (B.17) become

. . ] B w
E’mj‘(y)ﬂ\mw,xj;(x) = G,[)l(z)+—%l hp(z)] , (B.23a)
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Ep [Y3g (Y)1'4+A,, RE+1)W, 3, (x) = G, [(z],(z))"
+.£g1(zﬁ:(z))'],
(B.23b)

2 2.. m
EqmY 3y (¥) = Gpz [3,(2) +-F-g-'lh (z)] . (B.23c)

|
The solution for the electric response in the frozen
jellium limit is the same as (2.2.19) in Chapter 1I1I.

The ful. electrodynamic solution is then checked under
two approximations: the 1long wavelength and the frozen
jellium approximations.

The scattering cross section 0; , the absorption cross

section Oy and the exinction cr-ss section (g are then

a !
given by
2 bl 2 2
0y = (W/2q°) 2 (20+1) 0 lay1® + |By)° ) (B.24a)
- 2 2 2
Ja = (W/2q ))’Z (20+1)[2-fat,+11%- | B+1]“], (B.24b)

0, = -(W/q?) Z (2#+1)Relo, + By] . (B.24c)



Fig.l.1

Fig.l.2

Fig.1l.3

Fig.1l.4

Fig.1l.5

Fig.l.6

-67~

Figure Captions

{(a). Electric-dipole-absorption contribution
to the attenuation constant vs frequency for
a 200 A-radius Al sphere. The frequency
range is seen from 0 to 100 cm-1,

(b). Same as (a), but with a freguency range
extending to 500 cm~l, sSeries of sharp
peaks occurs at both (a) and (b). At
frequencies above 400 cm'l, the electrical
dipole absorption is seen to fall off rather
quickly.

Electric-dipole-absorption attenuation
constant vs sphere radius for frequency

v =40cm~l. There exists a set of

closely spaced resonances which are swept
throggh if the particle size changes by only
0.7 L]

Mode frequency vs scaled wave vector for the
longitudinal (x and z) and transverse (y)
modes. The abscissa is in dimensionless
units. The real and imaginary parts of x
and z are shown along with the real part of
Y. The imaginary part of y is small.

Real and imaginary parts of the magnetic
polarizability for a 200 A-radius sphere
plotted as a function of frequency.

(a). Real and imaginary parts of the scaled
wave vector z=pa plotted as a function of
the frequency for the magnetic mode.

(b). Real part of the scaled wave vector x=ka
plotted as a function of frequency for the
magnetic mode.

Magnetic contribution to the attenuation
constant plotted as a function of the
frequency. Curves a, c, and e are for a 200
A-radius Al sphere, and curves b, d, and f
are for a 500 A-radius Al sphere. Curve a
and b include phonon effects, curve c¢ and d
exclude phonons, and curve e and f involve
further approximation.
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Magnetic contribution to the attenuation
constant averaged over the size distribution
plotted as a function of frequency. Curve a
includes phonon effects, curve b neglets
phonons, and curve c involves a further
approximation. Curve d represents only the
electric-dipole-absorption contribution to
the attenuation constant. Several
experimental points are also shown as Xx's,
The electric-dipole-absorption is two more
orders smaller than the magnetic dipole
absorption. The present theory is still
about a factor of 4 too small to account for
the observation even in small filling factor
case,
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Chapter II. Second Harmonic Generation by

Small Metallic Particles

2.1. Introduction

Ever since intense sources of electromagnetic radiation
have become available, interest in the nonliear optical
properties of matter has petsistedl. One of the most
elementary manifestations of such a nonlinear property is
second harmonic generation (SHG) . First-priciples
calculations of the effect in bulk matter have been
carried out by numerous researchers. Adler2 discussed
the general symmetry properties of nonlinear media and
outlined a formalism to compute the nonlinear polarization
currents in polarization theory. Early theoretical studies
of the nonlinear optical behavior of metallic surfaces
were conducted by Jha and co-workers3'4. Experiments on
media with inversion symmetry confirmeds,to within an
order of magnitude, these theoretical models. In more
recent Yyears attention has turned to rough surfaces
primarily because of the observation of surface-enhanced

6 7

Raman scattering . Agarwal and Jha have studied the

surface enhancement of SHG at a metal grating using a

perturbation expansion based on an expansion in terms of

8

the surface roughnees parameter. Chen et al. have
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studied the interconnection between SHG and Raman
scattering. Arya9 has developed a Green's-function
formalism for treating SHG from rough metal surface. Chen
et al.10 measured SHG at a silver-air interface and
found that SHG was enhanced by a factor of 104 by
surface roughnees. Since SHG is electric dipole forbidden
within the bulk of centrosymmetric media it is very
strongly affected by the surface layer in such a material.
Therefore the SHG technique has recently attracted
considerable attention as an optical probe with intrinsic
surface sensitivity. It is useful at the interface between
two condensed matter phases where the conventional tools
of surface science are not generally applicable. Boyd et
al.ll made a detailed study of the local field
enhancement of various solids using SHG as a probe. Heinz

12

et al. applied the SHG technique to study the surface

reconstruction and surface phase transition on Si(lll).
Akhmanov et a1.13 reported the determination of the
degree of disorder of the surface of a noncentrosymmetric
semiconductor by using SHG and sum-frequency mixing with a
high time and spatial resolution. The recent theoretical

14 emphasized the need

remark pertaining to SHG by Keller
for 1including nonlocal electronic transport effects in
describing SHG.

In a somewhat unrelated development there has also

developed in recent years an interest in the properties of
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small particles. An extensive body of work has been
devoted to the study of the linear optical response of
such particlesls. Recently the interest in nonlinear
optical response of small particles is increasing. Agarwal
et al6 studied SHG of spherical particles in the context
>f a dielectric model for the 1limiting case of the
particle size being much smaller than the wavelength of

16 extended their work in two

light. Hua and Gersten
directions. On one hand, instead of employing a dielectric
theory a more microscopi¢c theory was applied to include
screening effects; on the other hand, a full Mie theory
was used to avoid the limitations arising from the 1long
wavelength approximation in dealing with particle sizes
more commonly found in nature. Heilweil et al.17
reported the first measurement of the nonlinear dispersion
of x‘3) of aqueous colloidal gold at the frequency of
the surface plasmon resonance.
As 1is well-known that the harmonic expansion of the
polarization P of matter could be written as
B xw)l.g, x2Wi g8 ..., . (2.1.1)
The susceptibility tensor x(2u>) is vanishing for the
dipole response in centrosymmetric crystals, but
nonvanishing for the quadrupole response. As the particle
grows in size, higher multipolar responses become more and

more important. Thus we may envisage a range of particle

size for which quadrupolar and higher multipolar harmonic
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generation becomes significant.

Bloembergen et al.5 have discussed the contribution
of the conduction electrons in media with inversion
symmetry to SHG. The equation of motion for the averaged
velocity v of an electron in the hydrodynamic
approximation is given by

Y+ VvV = —(e/m)( B+ VxB/c) (2.1.2)
Expanding the fields and the source quantities ( currents
and charge density ) in an harmonic expansion series, the
SHG polarization could be written as

Bl2w) =(n e’/4nd wh)[ Bw): v ] E(w)
+(e/81‘mew2)§(w)v- B(w)
+i(n ed/amlcw B(w) x B(w),

(2.1.3)
where n, is the number of conduction electrons per unit
volume. Based on simple symmetry considerations and
Maxwell's equations, it is possible to extend this formula
and develop simple formulas for the multipolar moments of
a small particle in terms of the incident fields. We
restrict our attention to SHG and let p ' m ’ ‘5 , and Y
d-:note the electric dipole moment, the magnetic dipole
moment, the electric quadrupole moment and the magnetic
quadrupole moment, respectively. Note that ﬁ and ‘; are
odd under parity reversals, while ® and ?f are even. Also

“ -
note that ;1 and Q are even under time reversal, while m

and ;(’ are odd. Thus, in a truncated hierarchy,
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R(2w)= B vE?+ ¥ E.VE+ §_ vB%+ € 8- VB

- - - - - e
M(2w)= BME X(Vvx B)+ ¥ ,Bx(Vx E)+ o ,E;, VB

-

VE- V3B B v
+€MBiVBi+ ME - ¥ B+ O“MB- E '

-~ 2 - -
Q2w)=o (2 T - 3EE)+ B (B

2

X(2w)= ¥ T E-B -5 tB+ 3'BE ,
where o« , B, ¥, §,... are coefficients which depend on the
nature of the particle's composition.

This char-er is based on the work [l16] and arranged as
follows. In section II a classical model is presented, the
linear solution is obtained in analytic form and the
nonlinear solution is obtained by using the Green's
function method. In section III numerical results are
obtained for small Al and Ag particles and the discussion

of the results is presented.
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2.2 Theory

a. The Model

Consider a metallic sphere of radius a interacting
with an incident plane electromagnetic wave, In our
previous work18 we introduced a model in which both the
electrons and ions were modeled as interacting
hydrodynamic and elastic systems. For the case of SHG,
however, we are likely to be concerned with photon
frequencies sufficiently high that the ionic contribution
will not be of significant size to warrant its inclusion
in the model. Thus we consider an electronic fluid moving

in the presence of a uniform ionic jellium background. Our

goal is to solve Maxwell's equations.

V - B=4Tp, (2.2.1a)
v-B=0 , (2.2.1b)
vx B+(1/c)a.B=0 , (2.2.1c)
V x B-(1/c)a B=(4w/c)T , (2.2.1d)
together with the hydrodynamical equation for the electrons
mg [dV/dt+V/¢ )=-e[E+¥xB/cl-vu . (2.2.2)

Here P and J are the charge and current densities, e and
m, are the charge and mass of the electron, T is the
electron relaxation time, V is the electron velocity
and MK is the chemical potential. Thus

P =-e(n-n,), (2.2.3a)

J=-ned , (2.2.3b)
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where n 1is the electron density and n, is the 1ion
density. At the level of Thomas-Fermi-Dirac theory

Bo=hkp)Z/am, - efan/matd (2.2.4)

1/3 is the Fermi wave vector.

where kf-(3ﬂzn)

We shall derive our description of SHG from
perturbation theory. The first order response will be at
the incident frequency,w . while the second order response
includes, 1in principle, contributions from both 2w and

D.C. effects. The latter are of no interest here so will

be neglected. Thus let

n-n =n;+nc+... , (2.2.5a)
b b -

VRV +Vct. .. ’ (2.2.5b)
E-§L+ES+... , (2.2.5¢)
B=B_ +Bg+... , (2.2.5d)

where the subscripts denote the particular harmonic 1in
question (L = 1linear, S = second harmonic,...). By
assumption, |ns|¢< \nL\<c n, etc. Noting that the
chemical potential is nonlinear in the electron density we

obtain
Ko=p+Xn +Xngt xnie... (2.2.6)
where the expansion constants are
Me=(hkD)2/2m, - e%kQ/w (2.2.7a)
Xo=(hk2)%/3n_m, - e’kQ/3Mn,
(2.2.7b)
K== HKe/9nl , (2.2.7¢)

0 2
and kg = (3W"° ny)1/3,  carrying out  similar
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expansions for P and J and the various terms of Eg.(2.2.2)
leads to a revised set of equations which may be separated

into first and second order equations:

v- EL--menL ’ (2.2.8a)
v 'éL-o , (2.2.8b)
vxE =i%8 (2.2.8¢)
VxE =-iME -4nen ¥ /c , (2.2.8d)
me(-;w+l/t. )vL--eEL-;(oan ’ (2.2.8e)
and

v ES--mens , (2.2.9a)
v 'ég-o , (2.2.9b)
VxEg=2i¥B; , (2.2.9¢)
Vx Bo=-2i$E -4We(n Vg+n ¥ )/c (7.2.9d)
me(-2iw+l/t )vs+mevL-va

-l - b 2
=-e(Eg+V,xB, /c)=X,Vng= X, Vnp

(2.2.9%e)
Note that the first order equations are homogeneous
equations whereas the second order equations are
inhomogeneous with the first order variables acting as
source terms. The incident field for the linear equations

enters through the boundary conditions.

To compare with (2.1.3), we could define the second
order polarization '15(24.0) by setting the Maxwell's
equation as

Bom~i B n P2w

VX Bg==~i(2W/C)€,Eg+(4W/c)a P(2W) .

Identify the above equation to Eq.(2.2.9d), P(2w ) could
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be derived as
1.5 -
EL- A4 EL
1

P(2w)=e(1-€,) [4xm (w+i/T )]~
+e(l- €) [4Mm_ w(w+i/e )1~ ELx(vx'éL)
te[8¥m, W(W+i/c )]'IELV- EL

+PC2w) |,

where ic(ZlD ) is correction to the second order

polarization from the screening and is given by

BC(cw)=-(Xo/a¥e) {(1- €) (4lmg (w+i/e 1217

-- -> - b
E VV(V-E )+V(V-E )VE

-l

- (Xe/4Me2)V(T-E ) vV (V- E )]
1 b

-(1- &) [4wm w (W +i/T )] V(T E IR (Vx B

L}
-1 - =
-[8umew(w+i/t )] (V'EL)V(V- EL)

-(1- ) [(Xi/X,) (4We) “2y(v- B ) 2-(1/4me)VV- Eg)
If the correction BS(2w ) is very small, and we are
interested in the case that w »> 1l/¢ , then the above

equation for P(2w) coincides with Eq.(2.1.3).

b. Solution of the first order equations

Wave equations for "L'EL' and EL follow directly
from Egs. (2.2.8):

2
(V" +k?)n =0 (2.2.10a)
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(v? +p?)E = (ame/k?) (p?-k2) @0, (2.2.10b)
(v2 +p2)B =0 (2.2.10¢)
where we have introduced the plasma frequency,
wy =(4wn_e?/m )12, (2.2.11a)
the Thomas-Fermi screening constant,
- 172
A=wp(m,/x, ng) ' (2.2.11b)
and
p=a e ' (2.2.11c)

where q is the wave vector of the photon in free space
q = w/c, and
keal€/(1-€)12/2 (2.2.11d)
and € is the Drude dielectric constant
€ =l-wp/[w(w+i/T)] . (2.2.11e)
Boundary conditions for the above equations will be
introduced late., The continuity equation follows directly
from Maxwell's equations:
V.V =iwn /n, . (2.2.12)
The solutions to (2.2.10) which apply inside the sphere
(rca) are:
nL';a C‘.j‘(kr)y‘n(?) , (2.2.13a)
Epe (D)=(1/0) B [Fy, 3 (PE)+C,, (4Me/k) ) (kD) 1Yy, (£)
(2.2.13b)
Ee (D=L {Rum (00417123, (P0) R g
-2+ 12 (2(241)0) 1y 9 (23, (pE))
+(41e/k2r)clmj‘(kr) ]?xi‘n}- .
(2.2.13¢c)
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B, (E)=(qr) ™ E Ry 3 (POIY (1), (2.2.13d)
B (D)m-a 1L (P23, (PE)7 4
+iR, 1o, (3, (pr))Tak,,, ) (2(2+1))71/2
(2.2.13e)

where the fields are expressed as radial and tangential

fields

2 e A . a

Ez(r)-r ELr(t)+ELt(r) ’ (2.2.14a)

- - A - -

BL(r)-r BLt(t)+BLt(r) ' (2.2.14b)
and 3‘“ are the vector spherical harmonics defined by

Kgm= (20241))7 12 Ty, (2) (2.2.15a)
where

L=-ift x9 . (2.2.15b)
The coefficients cgm' Fzm and R:m are to be

determined by matching boundary conditions on the surface
of the sphere.

Let us focus our attention on an incident circularly
polarized plane wave:

E=E (1 + §rel®® (2.2.16a)

B=FiE , (2.2.16b)
where Eo is the amplitude of the electric field. For
the linear fields the general solution for elliptically
volarized light may be obtained by superposition, but for
the nonlinear fields simple superposition does not apply
and a more extensive analysis will be needed.

The fields outside the sphere ( r > a) arelg.
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= % ¢ {13, (qr)+0.5%.h'1? (qr) )X
L Ogm m [ § * tmit g 'm
+a” 2w x (3, (qr)kym)

+0.5B, vx(h{1 (ar)Re) 1} (2.2.17a)

B =-E_ T iGyp {q'lnlj,(qr)im]
+(2q)'1d,MVx[h§1)(qr)i,m]
1[j‘(qr)+o.spmh£“(qr)l'i,,,.}(2.2.17b)

with
- . | 1/2
Gym™ O, 411 [4T(20+1)) :
Again the coefficients oy and me are to Dbe
determined by matching boundary conditions.
In the present model we have explicitly taken into

account all dielectric effects in the charge and current

densities, so the boundary conditions are that ELr'

ELt' BLr' and aLt be continuous at r=a. This leads
to

Rym=2Dg (23, (X)3](2)-x3,(2) 3] ()] (2.2.18a)

Ram=Eofp,+11" - (XD " am 2o aeae /2,

(2.2.18b)

where

De=x3g(z)h{) (x)-zn{ ()35 (2) (2.2.18¢)
and

Bum == (2/80 ) { (%34 (x)) =3, () [(x/2)2(23,(2))* /3 (2)
+Q=(x/2)2) 2004113, (9)/v33 (01},
(2.2.19a)
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cm-i(l/A,)H,m[kzo/mexzj;(y) 11-(x/2)%)

(2.2.19b)
Fim'i(l/d.)ﬂ..lqu/pzxj,(z)l ' (2.2.19¢)
with
Hom= O 11" 204M(204 1) 0 (041) 1172
where

Ay =(xn gV o - B 0 ix/2) 223, (2)) /9, (2)
+(1-(x/2)2) 000+ 1) 3, (y) /y3)(¥)]
(2.2.194d)
and x = ga, y = ka, and z = pa. Note that the coefficients Q“
and %om refer to the electric and magnetic multipoles of
the sphere, respectively. The coefficients Cnm are
related to the <charge density fluctuations. In the
present model the boundary condition er(a) = (0 |is
automatically satisfied, as would be expected for a
problem in which the electrons are confined to the
interior of the sphere.
In summary, Egs. /2.2.13) and (2.2.17), in combination

with Eqgqs. (2.2.18) and (2.2.19) provide an analytic

solution to the linear problem.

c. Second Harmonic Generation

Ta order to solve Eq. (2.2.9) le: us introduce two
auxiliary vectors

3 ’“LVL , (2.2.20a)
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- --> - 2
7( =MV ¥V, -(e/c)vy X B - Xa%ng .
(2.2.20Db)

Then the wave equations for the second harmonic fields

become
2 2 - -
(v +k2)ns(r)-S(r) ’ (2.2.21a)
(v apd)B(B)=T(}) (2.2.21b)
and

2 2.2 - 2 - .
(W +p2)Es(r)-4ue[(p2/k2) —l]VnS+U(r).
(2.2.21c¢)
where we have introduced a second harmonic Drude

dielectric constant

€,°1- Wp/2w (2w +i/e ) , (2.2.22a)
and let

k,=ale/(1-¢)1Y2 (2.2.22b)
and

pz-ZqJ?; . (2.2.22¢)

The source terms appearing in Eq. (2.2.21) are

Ta(4¥e/c)VR Y +i(wp /ce)V xR /(2w+i/e ) , (2.2.23a)

U=i(8Mwes/c?) 3 +(2q)2(e,-1) /e , (2.2.23b)

s=-i(X/2w)V-F /(1-g)+ x]' 0 . (2.2.23c)
The radial components of Ez and Ez obey

(v?+pd)reg =T, (2.2.24a)
and

(v pzﬁrES --BIenS+?-ﬁ

+4We[(pz/k2) =1]rd,ng.
(2.2.24b)
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Equations (2.2.21a) and (2.2.24) may be solved by using
the Green function G,(%,T') which satisfies
(92 + mG(E,E)=-&(E-11) . (2.2.25)
In free space we have
G#(?'i,)_eiulf-?'l/4ulf;f'l .. )
=iMR J, (R dhy (K o ) E Y (T)Y, (T) .
(2.2.26)
In order to obtain solutions that are not overly
involved let us simplify matters by making two assumptions
now: a).the incident plane wave has positive helicity,
i.e., m=+]1] and b).the linear dipole response is assumed to
be much more important than higher order multipole
responses, i.e., the wavelength is not too short. 1In this

case the subscripts f2,m may be restricted to take the

value 1,1 when considering the linear fields. Let

nL-nl(r)Y11 p (2.2.27a)
By =B (r)Y;; (2.2.27pb)
B e=By(r)Y,,/8ine + B3(r)dgY,, , (2.2.27c)
Bre=i[By(r)agY, +B3(r)Y,,/8in0 ] , (2.2.27d)
Vee=—ivy o)y, (2.2.27e)
Vie=~ilvy(r)Y,,/sine + v3(r)agY,,] (2.2.27f)
Vie=V2(r)9Y  +v4(r)Y, /8in0 . (2.2.27q)
Here
n,(r)=Cy;3,(kr) (2.2.28a)
B, (r)=Ry, (qr) 13 (pr) (2.2.28b)

Bz(f)'Pz(zq)-lFlljl(pr) ’ (2.2.28c)
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-1
83(r)aRll(2qr)

a lri(pr)] ,
vilr)=(w Cll/nok)j'l(kr)

+(eFll/me(uJ+i/t_))jl(pr)/r'
vz(r)=—[eRll/2me(u)+i/t )]jl(pr) ’
v3(r)-(u)cll/nokz)jl(kr)/r

+leF /2m (w +i/e ) 1r™ 13, lrd, (pr) )

Also we write

?-3-1T(t)¥22 ,

r.'I‘-S)(r)Y22 ’

S= m‘”zz ,
where

'TT(r)-(3/10!)1/2{(8“me/c2)rn1v1
-(29)%(€, -1)e 1|
2 .2
Mo (=EV dpv +V Va4V -V3)

-1
t+erc (v283-v382)+2}.rnla,nl]}

P (ry=(3/10m¥/?{-121ec™In v,
+[3lD;/Ce(ZuJ+i/t )][me(vlarv2
+V v,/r=2v,v,/r)
-1
+ec (le3-v381)]}:

and

(2.2.284d)

(2.2.28e)
(2.2.28¢)

(2.2.289g)

(2.2.29a)

(2.2.29Db)
(2.2.29c)

(2.2.30a)

(2.2.30b)
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T (r)=(3/20m/2(R/2w) (1- €) "L (n,vy/r-v, 21,
2

. +%1.n,]

-(1/x,)(37/10m % m 1=y, 2 v, - (B, )2

2v,v,-2(v,/r)2

-2y, r-la,v,+4r'
-4(v,/r)2+4v,r'la,v.+u.r'la'm
+2vzr°la,vz—2v3r'larv,]
+(e/c)[Zr'l(v,_Bs-v3B.‘,)+Ba'a,,v,+v2'a',Ba
-Bzarv,—v,3'32+3r'l(w By-V,B, )]
+2 ;(,[n..g;.‘n,ﬂa,n, )2+2n, r'larn,
-3(n, /r)?] (2.2.30¢)
Expressed in terms of 1 (r), P(r) and ("(r), the

. - - - =
solutions for Ng, r-BS and r-ES are:

ng=[C,,d,(kr)+ V() ]Y,, (2.2.31a)

T Bg=1(20) 71y, 3, (0,0 )+ 2(0) 1Y, (2.2.31b)

2 Eg=1£,,3,(p,r)+k(r)+C,,I(r) 1Y, (2.2.31c)
where

Vir)=-ik, far e 29,k ram i (k) Cery,
(2.2.32a)
z(r)=-ip, {ar'r' 23, (pr 0 (p,r,) Py,
(2.2.32p)
k(t)--ingdr'r'zjz(pzr‘)h(zl) (P, )
-8We V(r')+4¥e( (pz/kz)z—l)t'a',,‘l/(r' )+ ("))
(2.2.32¢)
I(r)--ingdr't'zjz(pzr()h(!l)(pzr,)[
~8Te3, (k,r*)+4¥e((p,/k,) =10k, r 3" (kyr') ],
(2.2.32d)
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To obtaln the tangentxal components of ES and 38 let
E:S-r Eg, Y2+ ¢(r)x22+ Yir)Tx x22

us \
E‘SS rL B:.Ss rszzz;vu-(rr\ )nyzAz;zvv( r-r)\rz ’l‘ zx)g 25 22 ¢ (2.2.33a)
S'? BSrY22+u(r)x22+v(r)rx x22 ’ (2.2.33b)
and
$(r)=(2q/J6 )T-Bg , (2.2.34a)

Yir)=(-i/]6 )[4Ner v/ (r)+4NeC 22E3, (k)

(2.2.34b)
u(r)-(i/Zq)[ijgr'1E8r+r'la,(r1’(r)] ' (2.2.34c¢)
vir)=(-i/J6 )[2Bg +ra,Bg ] . (2.2.34d)

There are three coefficients, Yy C22, and f22,
to be determined by matching boundary c¢onditions. The
fields outside the sphere are given by formulas analogous
to those of Egq. (2.2.17) but without an incident field at
frequency 2w being present, Thus, for r»a:

B (F)=-(sm 1 2{a, 0t (2a0)%,,+(by,/2a)

(11-/r)rn;1)(2qr)Y22+z a,(rhg})(qu))?x'fzzl,

(2.2.35a)

Bg(T)=-(i/2q)v x Eg(F) . (2.2.35b)
Again ? 'ES' ?- ES' ESt and ESt must be continuous

at r=a., We find, after some lengthy algebra, that

a,,=-(2q/p2af30W )1 (a)/a |, (2.2.36)
where
a 2.
1,(a)=§ ar(p,r) %3, (pyr) Py (2.2.37a)

(1)'

A =2gaj (pza)h (an)-pzah(zl)(an)j;',_(pza)

(2.2.37b)
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and

b,,=(2iq/ 30T )A'b/A'z , (2.2.38)
where
Ay =[1+p,a3}(pya)/i,(pya)

+ 4ﬂeaI3(a)/(k2a)2j2(p2a)

+ I (a)/aj,(pya)

- 24¥eaI,(a)/(k,a)’ , (2.2.39a)
A =p2 (1) '

2 =P, [2qah’; " (2qa)]
-h1) (2qa) [(2a/p,)2(p,ad,(p,ya) ) /3, (pya)
+(1-(2a/p,) 2163, (K a) /kpaii(kpa)]

(2.2.39b)
and
4 2
1 a)={ ar(p,r) 213, (kpr) /350601 GCED
(2.2.39¢c)
* 2
I3(a)=§ dr(p,ye)?lp,yedy(p,yr)+d,(pyr) ] G ir)
(2.2.394)
C 2
I4(a)=§ ar(p,r)?3,(p,0) Wie) . (2.2.39e)

The integrals Il to I, are evaluated numerically.

2,3. Results and Discussion
In the previous section we have derived expressions

for the linear and nonlinear electric and magnetic fields

both inside and outside a small metallic spherical




-96-
particle 1i1lluminated by an incident electromagnetic wav-,
The sources of the nonlinearity included the Lorentz
force, the convection of electron velocity, nonlinear
contributions to the electron <current and nonlinear
chemical potential terms. In order to be able to compare
these expressions with laboratory measurements let us
compute the cross section for SHG and compare it with the
corresponding linear cross section. We define the SHG
cross section as the ratio between the radiated SHG power
at frequency 2 and the incident intensity at frequency w.

Thus, putting in the atomic units explicitly,

Ospe=(5T/8a%) (1a,,12+1b,,1 2)
[ang/elzag.

(2.3.1)
where e 1is the electron charge and a, is the Bohr
radius. The cross section is proportional to the square
of the incident electric field. It includes contributions
form both the electric and magnetic quadrupole terms. The

corresponding linear cross section may be written as a

multipole series
Op=(W2aP) T (20+1) Cloty | 24 18,01 2), (2.3.2)

where, in the dipole approximation, only the terms with

8 = 1 are retained. This cross section will be denoted
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by Q-
In order to compare our results with those of Agirwal
and Jha7 let us start by writing expressions for the

general solution for the linear internal electric fields
given by Egs. (2.2.13b,c) in the limit in which the wave
length is much larger than the particle size both inside
and outside the particle (pa<<l and ga<<1l) and the
screening length is much less than the particle size (ka»
1). Then our formulas reduce to that given by dielectric
theory and we get the formula quoted in Ref. 7 for the
internal field

B=3E /(€ +2) - (i/2)Tx(@E) . (2.3.3)
However, for the cases of interest in this paper the above
limits are not satisfied. Thus at the resonance frequency
for Al, for example, qa = 0.43 for a = 100 A and ga = 0.74
for a = 200 R. Typical values of pa for a 100 A sphere
are in the range 0.6 to 0.8 and typical values of ka are
around 200. The fact that the values of ga and pa are not
that small points to the need for using the full Mie
theory in evaluating the cross sectijions.

Another point of comparison between our theory and the
standard Mie theory involves evaluating Eq. (2.2.19a)
explicitly. We do this for the linear theory because it
is simpler to write analytic expressions than for the
nonlinear theory. Analogous considerations hold, of

course, for the nonlinear coefficient given by
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Eq.(2.2.38). The general expression for B, is

(.5.) [?J,(?)I [ (L) ]l(lﬂ))‘(y;}

[xJx] - j,(x){ 2

Y i (Y)
B =-2 - f(.) !(l*“)l (y)(2.3.4)
Bk on] = hroo (& k2] eSS Pelnidi e’ 1144
20l = hy {(')t 3 () *L-@)] Y 35 (V) }

In the strong screening limit (y»00 ) this result reduces

to the Mie formula

23(R)
M; Cx\)‘(X)} - J‘(‘)(é [ 2 ]
p‘..z"' ') . (2.305)
[xh,(x)] ‘. a(§) —*SA‘_"J.
,(l)
In Fig.2.1 we plot the quantity O“SHG/(TT
azag) for aluminum as a function of the

dimensionless parameter X = ga = wa/c. Graphs are
presented for several values of the sphere radius varying
from S0 3 to 200 i. Several features are worthy of note.
At low values of x, corresponding to low frequencies, the
cross sections rise rapidly with frequency, as would be
expected for a sphere of finite conductivity. The bulk
plasma frequency for Al corresponds to UJp = 2.4x1016
rad/sec. In each case we see two resonance peaks. The
low frequency peak corresponds to the quadrupolar plasmon
resonance frequency while the higher frequency peak occurs
at the dipole plasmon resonance. In Mie theory these

occur at frequencies given by the condition7

(R+1)C2R+1)
222-1)(22+3)

n
]

2
fetw)r2+i t 2(Fa)
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The dipole plasmon is excited for &= 1 and the quadrupole
plasmon for Q= 2. Since we are concerned with values for
a which are reasonably large, the approximation fe( w)+g
+1 = 0 is not appropriate for determining the position of
the resonances.

In Fig.2.2 we plot, for comparison purposes, the
linear dipole and linear quadrupole cross sections as a
function of x = qga for spheres of the same size as in
Fig.2.1 (100 i). We note that the linear quadrupole cross
section is several orders of magnitude smaller than the
linear dipole cross section. These results including the
screening effects are 1in good agreement with the Mie
scattering formulas.

In Fig.2.3 curves similar to those of Fig.2.1 are
presented, but this time for Ag spheres ranging in size
from 50 to 200 X. Again the nonlinear cross section
displays t-e pronounced dipolar and quadrupolar
resonances. One would naturally expect these linear
regsonances to play a role in the nonlinear quadrupolar
resonance because the nonlinear quadrupole is generated by
the mixing of two dipole excitations in the incoming field
and the production of a quadrupole outgoing field.

We have not shown the differential cross sections for
SHG explicitly, but these may be obtained from tne total
cross sections by noting that the fields have an angular

dependence associated with Yzz(?). Thus a standard
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quadrupolar pattern is to be expected.

In Fig.2.4 we compare our calculations with the
calculations of Agarwal and Jha7 for Al spheres of two
sizes: a = 50 A and 100 R. We see that for small spheres
the agreement is good, whereas for large spheres there is
considerable disagreement. For 1larger spheres the need
for a full Mie theory accounts for a considerable amount
of the disagreement. Then the wave length of the 1light
inside the sphere becomes smaller than the radius and
different parts of the sphere begin to destructively
interfere in the production of both a dipole in the
in-field and a quadrupole in the out-field., This leads to
a diminished cross section.

In Fig.2.5 we plot the dimensionless linear dipolar
cross section 01/1ta2 and the cross section for second
harmonic generation O'SHG /n'az as a function of radius
a for two fixed values of the frequency w = 5.0x1015
rad/sec and W = l.Oxlo16 rad/sec. The <curves are
plotted for aluminum particles. The SHG cross section is
plotted for an incident electric field strength
corresponding to one atomic unit (e/ag). Values for
other field strengths may be obtained by multiplying by
(ang/e)z. For low values of a the «cross section
rises rapidly with size but tends to saturate when the
dimensionless parameter becomes of the order of unity.

For values of x larger than one we know that higher order




-101-
linear multipoles begin playing a more important role in
scattering. Presumably the same thing will occur in the
nonlinear scattering, but we have not computed higher
multipoles as of yet,
Let us estimate the rate of generation of SHG photons
for a hypothetical experimental arrangement. Suppose we

prepare a smoke of 100 i Al particles with a concentration

of 101% cm73. For an 1incident intensity of 1012
W/cm2 we have a field strength Eg = 8.4x109
esu?cm™4 = 2.9%107° atomic units. For the
quadrupolar resonance frequency in Fig.2.1, W= 1.3x1016
rad/sec the £flux of incident photons is 7.4 x 1029
cm~2sec”!. The «cross section for second harmonic

generation is 6.4 x lo'lscm2 as compared with the

cross section for 1linear dipole scattering which 6.3

-11 2 15

x10 cm®, Thus 4.7x10 photons per second will

be produced at frequency 2w , per sphere. Taking an

illuminated volume of 10 °cm® we would have 10’

22 photons

spheres contributing, for a net rate of 4.7x10
per second. This large number may be increased even
further by 1increasing the illumination volume, the
sonc ‘ntration of the spheres, or the intensity of the

radiation.
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Fiqure Captions

Cross sections for scattering of e :ctromagnetic
radiation by aluminum spheres in L. .ts of the
geometric cross section for sphere. of radii 50,
100, 150 and 200} radii. Abscissa denotes the
dimensionless parameter x = W a/c, where w is
the radian frequency, a is the sphere radius and
¢ is tne speed of light. The set of curves give
second harmonic generation cross sections
corrasonding to an incident electric field of
strength one atomic unit (Eg=e/ag).

Linear cross sections for dipole (electric and
magretic) and quadrupole interaction for spheres
of var-ous radii (50, 100, 150 and 200 A).

Same as Fig.2.1 but for silver spheres,
Comparison of the second harmonic cross sections
as computed in this paper (solid curves) with
those given by Ref. 7 (broken curves). Curves
are given for a = 50 A and 100 A.

Linear dipolar cross section (broken curves) and
second harmonic cross section (solid curves) as a
function of sphere radius for Al spheres. Graphs
for two freguencie: are given, w = 5x1015 rad/s
and 1.0x1016 rad/s.
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Fig.2.1
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Chapter II1I. Enhanced Energy Transfer
between Donor and Acceptor Molecules

near a Spheroidal Small Particle

3.1. Introduction

Currently energy transfer is a wide open subject in
physics, chemistry and Dbiology. Research on energy
transfer either as a basic process or a perturbation has
attracted a considerable amount of attention both from
theoretical and experimental physicists. The mechanisms of
energy transfer which have been discussed in detail are
mainly for transfer in position coordinate space. The
transfer 1n momentum space and wave vector space have also
been noted. The dominant processes which compete with
energy transfer are radiative and nonradiative decayl.
It has been realized for a long time that energy transfer
plays a fundamental role in such optical processes related
to molecular spectroscopy as quenching of luminescence,
sensitizing of luminescence, and photosynthesis. Concrete
measurements on energy transfer rates have also been
performed by fluorescence measurementsz.

A well-known mechanism for the transfer c¢f{ energy from

one site to another in «crystals, amorphous materials,

solutions and biological systems is res.nant energy
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transfer. This mechanism was explained quantum

mechanically by FSrster3, in the dipole approximation,

for transfer between organic molecules. Dexter4'5
Jeneralized the theory to higher order interactions,
includir.g the exchange interaction, and applied the theory
to energy transfer between dopant 1ions in inorganic
solids. The <earlier work based on the 1long range
electromagnetic interaction was due originally to

1 and Perrine. The basic point of

Vavilov6, Perrin
Forster-Dexter theory is that the donor molecule couples
to the acceptor molecule through a dipole-dipole
interaction. The quantum transition probability of
deexciting the donor and exciting the acceptor
simultaneously could be simply formulated by wusing the
Fermi Golden Rule and expressed in terms of the emissivity
of the donor and the absorptivity of the acceptor. The
theory is successful in explaining the energy transfer
between donor and acceptor molecules. Of course, when
dealing with different processes other mechanisms and
theories may apply.

In recent years active research has been performed on a
variety of optical processes when they occur near a solid
state particle as well as a rough surface. The motivation
is due to the anomalous enhancement effects. For example,
in Raman scattering the cross section can be enhanced by 6

orders of magnitude near a rough surfaceg. Detailed
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calculation of Raman scattering by molecules adsorbed on

spherical particleslo were also performed. Gersten et

al.ll'12 studied the energy transfer process when it
occurs near a solid spheroidal particle by using a 1long
wavelength approximation. The frequency dependence of the
energy transfer enhancement ratio showed explicitly the
importance of the surface plasmon excitation. They also
found that there exist zones of activity ( around the tip
of the spheroid ) in which the molecules display
significantly enhanced energy transfer. In contrast, the
orientation of the molecules is 1less sensitive, The
competition between the energy transfer and the radiative
and nonradiative decay are also obvious. The enhanced
ratio of energy transfer would be as high as 5 orders of
magnitude if the frequency approached the surface plasmon
frequency and the molecules were inside the active zones.
Folan et a1.13 reported the first measuremant of
enhanced energy transfer. The overall transfer within a
particle 10 microns in diameter was found to exceed
conventional dipole-dipole transfer by more than a factor
of 102.

It is clear today that a large part of the enhancement
mechanism is of purely electrodynamic origin. It is also
clear that the existence of a solid state particle would

modify the 1local electric field in the region near the

surface. The modification would be very strong if the
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surface modes were excited, or if the r.rphology of the
particle allowed the concentration of the electric field
lineslo'l4. Electromagnetic theory has also been applied

to explaining enhanced fluorescencels,

16, and second harmonic gene:ation17.

photochemistry

This chapter is based on the work [l2] and arranged as
follows. In section II we develop the theory for energy
transfer and define the =nhanced ratio of energy transfer.
In section III we develop the theory of nonradiative decay
and establish its connection to the energy transfer. 1In
section IV we focus our attention on radiative decay.

Finally, in section V we present the results of our

computations and discuss them.
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3.2. Theory of energy transfer

We shall study the transfer of erer between a donor
molecule (d) and an acceptor molecule (a;, in the vicinity
of a solid state particle. The particle will be taken to
have a spheroidal shape with semi-major axis a and
semi-minor axis b, It will be assumed to possess a
frequency-dependent dielectric function, €(w). The donor
and acceptor molecules will be represented by point
electric dipoles ﬁd and ﬁa at locations Ty and I,
respectively. It will be assumed that all distances of
relevance (a,b,rd, and ra) are small compared with the
wave length of 1light whose frequency corresponds to
molecular electronic transitions of interest, so that
retardation effects may be neglected. On the other hand,
it will be assumed that the distance scales are
sufficiently large that nonlocal dielectric effects are
not of significant importance.

Let us take the z-axis parallel to the symmetry axis
({the major axis) and introduce prolate spheroidal
coordinates X ' Q and ¥ . The surface of the particle
will be denoted by 3 =3 , where 3 = a/f and
f-(az-bz)l/z. While this description more naturally
applies to prolate shaped particles, the generalization to

oblate structures may readily be obtained by analytic

continuation. The coordinates of the donor and acceptor
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molecules will be denoted by ( 3., Ngr $q 2nd
(3 ar Nar pa)e The .artesian >ordinates  are

elated to the spheroidal coordinat s by

x=£[(85-1)(1-712cose , (3.2.1a)
y=£((8%-1)(1- %1} %sin e, (3.2.1b)
z=f %1 ’ (3.2.1c)

Before developing the theory for the general case,
consider first the situation ir the absence of the
particle, Forster and Dexter have described the energy
transfer rate from the donor to the acceptor molecule in
terms of Fermi's golden rule, taking the dipole-dipole
interaction as the perturbation responsible for driving
the transition. The donor molecule 1s initially in an
excited state Ifd) with energy efd and falls to a
lower state lid) with energy Eid. At the same time
the acceptor molecule is promoted from an initial state

lia) to some excited state ]fa), with corresponding
energies eia and Gfa, respectively. Because of
the presence of a hign density of vibrational levels
associated with the electronic states we expect some
distribution of initial donor and acceptor levels. These
will be described by the distribution function Fd(fd)

and Fa(i ). The average transition rate is given by

a
K= (2WBIE F Pa(£4)F, (1)
X (i€l UL Eqi )] 2

X (€, +€. - €. - €
fd la 1d

£ ) (3.2.2)
a
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where Uo is the dipole-dipole interaction

- - - A - "
U = Ma- Ko - 3Ha'Y Mg Y
[} "’

and T = ?d'?a is the intermolecular
vector.
Let

(iglMal£q)= Xgqligrfq) Ty
and
(0 Kali )= X (£, 00,0,

where ﬁd and ﬁa are transition moments and

Kgligefy) and Xalfariy) are
ctactors. Then Uo may be written as
(igfal Uplfaia)=mamy X g Xaho
where Ao is an angular-dependent factor
A A A A A A
mg:Mg =~ 3Ma-YMy-Y
vs

A, =

(3.2.3)

displacement

(3.2.4a)

(3.2.4b)

Franck-Condon

(3.2.5)

(3.2.6)

Then, introducing an auxiliary integration, we obtain

Ko=2MAZ § dw {
z [F, 1X,) 2170 2l e - € +hw) ]

x L (Fy |xql *1g) % Step -¢ -hwii}
fa

which may be rewritten as

(3.2.7)
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(-]
K =(9a2ct/em § aw Jacllatw) (3.2.8)

w*
where OB(‘” ) is the electromagnetic absorption <cross

section for the acceptor molecule

]
2,2, 2
=4 w /302 F, | K, 1R, d'(e.-‘-cf‘a,}aw) .
(3.2.9)
and rd( W) is the emission rate per unit frequency of

the donor

rd-<4w'/3c3)§isd 1Xg) 217512 & (eg - €, -bw) .
(3.2.10)
Let us now introduce the particle. Since Eq. (3.2.8)
involves an integration over angular frequencies
associated with both the donor and acceptor transitions it
is reasonable to assume that the dielectric properties of
the solid at frequency w will now enter the formalism.
What we need is a generalization of the expression for the
dipole-dipole interaction, Uo. To obtain this we must
first solve the general elecgrostatic problem presented b
njaving two point dipoles in proximity to a spheroidal
particle. The electrostatic potential inside the particle
( % < 3,) may be expanded as
$ (5,'],?)-3.;. :%.[Anmcosm«f +B pSinme ]
xPR( )P (M) (3.2.11a)

and the potential outside the particle( ¥ > 3% ) as
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%(3,’1.@-;“ %. (A Cosme +B_ sinme ]

X Qn(3)pn(N)

+ 35+ @, . (3.2.11b)
Here P':( %) and Q'r':( %) denote associated Legendre

func- ons of the first and second kind, respectively. The
dipolar potentials associated with solated donor and
acceptor molecules are denote oy *d and Qa‘

Expansions for these potentials may be obtained starting

with the Coulomb Green function

Lo- s £ m X om
ir-vi '“-'.m.anpn( ‘)"n( !>)
X P (P (T)cosm(e - ¢') ,
(3.2.12)
where
pnm-f‘l(-)‘“(z-s.,.)(zn+1)[(n-m):/(n+m):12 ,
(3.2.13)

and ¥, =min(3,8') and 3, =max(3, '), The potential due to a

dipole i;d located at 'r'd is

R L) R S N
2, I¥- ¥ql3 Ha ¥ iv - vl (3.2.14)

The components of the gradient operator may be written as

“ o, 3
a 9 d d 3
v - — Cm—— + + ’
d "34 %, h'ld Mg he, 2% (3.2.15)

A A A , l\ l'\
’ n ' ’
where 3 , f, and ¢, are unit vectors and Ay N
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and hy, are metric c-efficients defined by

2 2 2 1/2

hy, =f1(85- M5 (35D (3.2.16a)
2 2 2,,1/2

he, =£0( 33- n21/7(1- 02 (3.2.16b)

he, =f1(82-11/701- 73112 (3.2.16¢)

s0O
325
d'.,,. ,,N,an{

(Mya/nyy ) S, (PR 3,000 3,)]
X PR IPN( Ny )cosm( - )
+(Ma/hg, )PT(35)Q(3,)
XPR(N V[P () ) cosm(® - ¢4)
+m(Kay/he, )N (3,100 (B,)
x PR )R sinm(e - ¢4) } -
(3.2.17)
A similar formula holds for ia with d replaced by a.
We now demand that & be continuous at the surface of
the dielectric and also that the normal component of the
electic displacement vector be continuous there. This

allows us to solve for the unknown constants A'nm and

B'nm appearing in Eq. (3.2.11b):

(Aim)
Bam
=l1-elaj 2 PR (PM (3, )]

x X (My/hg 0 lQn(3,01'B0(1; )

lsa,d

-si
+m(}‘¢;/h,‘.)02( 5 )P':‘ (F )(cgsrr:lmﬁ"‘) )

(3.2.18)
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where
A (w)=€(w)n( 3P (3,)"
-eT (B0 (3,
(3.2.19)

The interaction energy is obtained from the expression

Ua-[fa- B+ Ha-Bgl/2 . (1.2.20)
Here Ea is the electric field at the position of the
acceptor molecule and Ed is the <corresponding field at
the donor molecule. These fields are obtained from Egq.
(3.2.11b) using

E=-v$ , (3.2.21)
and omitting the terms éa of Eq.(3.2.11b) when compu*-ing

Ea and id when computing Ed’ Thus we may write

U=U, aU(w) , (3.2.22)
where UO is given by Eq. (3.2.3) and

Au(w)-[ﬁ.-v§\r_ra+ﬁ,-v§\r_rd1/z, (3.2.23)
where

~ n

$ -'g. ';. [(A' pcosme +B' ~sinmé ]

xQh(¥)P0(N) .
(3.2.24;
Here i is the potential just due to the induced charges
of the dielectric and AU( W ) is the additional
interaction energy between the donor and acceptor caused

by the presence of the nearby particle. Thus




Mo m m
m-h—:’;Qn( 3 ep( Ny

Al : '
X[-A nms1nm¢j+B mncosm<rj1}

K3y om ‘oM
+{-;:[Qn( 30PNy
J

K3 .m m .
*T,an‘Bj’“’n"h”

3
X[A'nmcosm¢j+8'nmsinm¢j]} .

(3.2.25)
Equation (3.2.25) contains three types of terms: terms
bilinear in izd and [:(.a, terms quadratic in }-.Zd and
terms quadratic in ﬁa. Only the terms bilinear in
;(d and pa cause energy transfer. The other terms,
however, are responsible for modifying the decay rates of
the donor and acceptor molecules and will be studied
later. We will denote the bilinear terms collectively
as AUy, (W) .
When the spheroidal particle is in proximity to the

donor-acceptor pair the transition rate is

k= (2W/R)E ; FaFy |(1gE,]U* aU,,) £4i )
ad
xd(e + &, - € € . (3.2.26)
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In place of Eq.(3.2.8) we now obtain
K=(9c /smS aw Ja(w)|? Guw) Tgw)/w* . (3.2.27)

The frequency dependent factor A(W ) replaces the factor

A_ of BEq., (3.2.6) and is defined as

o)

A-A°+AA ’ (3.2.28)
where

wda

AAaud AM “a ’ (3.2.29)
and Anda is a tensor which may be written as

atda. 2 E9%(n,m) . (3.2.30)

numu

Here

T o[ (1-€)/4 ]pnmpn(s )[P (8,)1',

(3.2.31)
and the spheroidal components of the .!:3. da tensor are
E32 =(hy hy, 171 IQ™(Bg )1 [Q™(Bq )]
1 ] %d '%a n' vd n'~a
XPR( Ny )PP (Mg Jcosm(®y - $a) (3.2.32a)
.da -1 m
Znq =lhy he 17 QR (3 4)Q0( 3,)
XTPRiMq )1 [PR(Ng )1 cosmiPy - $a)
(3.2.32b)
d
Egg =lhache, )7 m%Q] (34100 3q)

"Pn‘ d )Pn('la Jcosm(Pg - ba) (3.2.32¢c)
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da -1,.m ' M
Eyg =(hy hq, 1 (07 (34)1%0)(3a)

PPNy ) [P (Na )]'cosm(da - da) (3.2.324)

da -1 m y oM
Es’ '[huh"] m[Qn( !d)] Qn(SQ)
PR(Nq )P0 (Ng )sinm(dy - da) (3.2.32e)

d -1
Eqg =[hg he,) 'maD(34)Q0( 3a)

[PR(N, ) 1'PR(Na)sinm(dq - 4a) (3.2.32f)
Expressions for Egg, Eii and Eg: are obtained

from the last three equations by interchanging d and a.

Similarly, we may express Ao in spheroidal coordinates

by writing
- L ->
Ao."d'Mo' “a ’ (3.2.33)
where
® =2 N -
MOI“Z.. mz.‘ FnMW(n'm) ’ (3-2034)

and'w is a tensor whose spheroidal components are
-l,.Mm
Wy =(hy by I [PR(3)]'QR(T,))"
PRy )P( N, Jcosm(®a ~ a) (3.2.35a)

Waq =(hgghn 171ET (3 )Q0( 3, )
[PR( N, )1 PR N )] cosm(dy ~4a ),
(3.2.35b)
Woe =[heghe ) m20( 3)0R( %, )
P':;('zd )P'r':('?q)cosm(¢4-¢¢) ' (3.2.35¢)
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-1
Wy =lhyhn, 170 B, (RO 3 IQR( 3,01
PP (Mg ) (PR (Mg )]'cosm(dg - 4q) (3.2.354)

-1_® m m
Wyp =lhy he, 17°m 3y (P B )QT( S, )]
P Ng )P (Na)sinm(da - 4a) (3.2.35e)

-1 _.m m
W.l’ '[hq‘h¢“] mPn( 3( )Qn( !))
PR(Nq ) (PR(Nq )] 'sinm(éy - ¥q) (3.2.35£)

Expressions for wq!, w,,and w,qare obtained from the last
three equations by interchanging d and a. 1In the above,
3. = min( 34, 3,) and 3, =max( 3d' 3,0

The spheroidal components of the dipole unit vectors are
related to the cartesian components by

ﬁ'-( §f/hq)[ ﬁ,cos¢ + ﬁ,sinQ 14 ( ']f/h,)ﬁ. , (3.2.36a)

Fg =(N £/hy) [ figcose + fiysing 1-(Be/n ) Re,  (3.2.36b)

flg=- Aysine + fiycose . (3.2.36c)

A comparison of Eq. (3.2.27) to Eq. (3.2.8) shcws that
the integrands differ by a factor

Rlw)=]A(w)/A? . (3.2.37)
We shall refer to this quantity as the enhancement
factor. In addition to its frequency dependence it also
depends on the locations of the molecules, their
orientation and the size, shape and composition of the
particle.

The present theory may be adapted somewhat so that it
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may also apply to intramolecular energy transfer.
Zonsider, for example, a molecule which 1is 1in some
v7ibrational state associated with a given electronic
state. Assume this molecule also pos:=>sses another
electronic state associated with a given electronic

tate. This level is embedded in the vibrational manifold
associated with lower electronic states and if the latter
are dense enough intramolecular radiationless transitions
usually occur., Consider now the effect of the presence of
the dielectric particle on such transitions. Since we now
will be concerned with one molecule rather than two, we
must talk in terms of donor modes and acceptor modes of
that given molecule. The physical location of these modes
are given by ?d'?a but there still can be independent
transition dipole moments associated with the different
electronic states.

Unlike the case of intermolecular energy transfer, the
direct dipole-dipole interaction between the modes is no
longer an appropriate concept. Since the modes are
attached to the same molecule, the idea of representing
them by point dipoles which will then interact is not very
meaningful. Rather their direct interaction is already
included in the Hamiltonian which will describe the
internal dynamics of the isolated molecule. However, it
s meaningful to talk about the donor and acceptor modes

being represented by point dipoles when describing their
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interaction with the solid particle and 1indirectly with
each other through the presence of -~ ne solid. The
interaction to be used in place of the dipole-dipole
interaction is then simply aU{w ) given by Eg. (3.2.25).
One simply sets ( Sd, Ngr $a'=C Bar Nar ¢5) -

The rate of energy transfer induced by the coupling is

x'-(gc“/emS:dw‘Jﬁm WS Ta(w) Mg (w) ,

(3.2.38)
where AA is given by EQ.(3.2.29) and G‘a is the
absorption cross section for the acceptor band and rd
is the corresponding emission function for the donor
band. This rate K' is in addition to the normal
intramolecular energy rate that may be present for the
isolated mclecule. In Eq.(3.2.38) we have included now a
summation over all intermediate electronic states, where

0}( w) and T4(w ) are the line shapes related to
virtual - transitions involving these states. The reason
for this summation becomes apparent if we compare the
Forster-Dexter matrix element of Eg.(3.2.2) with the
sorresponding matrix element for the intramolecular case.
in he former case the interaction is bilinear in the
donor and acceptor dipole operators, so it only deexcited
the donor molecule and excited the acceptor molecule. 1In

the case of intramolecular energy transfer, where the

donor and acceptor are the same molecule, the interaction
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is quadratic in the dipole operator. Thus by inserting a
complete set of states we see that we may first virtually
excite the molecule and then virtually deexcite the

molecule to some final electronic state.
3.3. Nonradiative decay

Let us now focus our attention on the other terms

appearing in Eq. (3.2.25) which were previously
-b -h
neglected. These terms are quadratic in ,Md or }“a‘ We
shall show that they are simply related to the
nonradiative decay rates of the molecules. Let us
consider one molecule at a time. Let
L =R o

Udd.--i}‘d'gd . (3-3.1)
Note that /.'24 is assumed real, but we have written ﬁ;
in place of i@t + for reasons which will soon become
clear. Consider the quantity

Thlmmcugy) (3.3.2)
which has the dimensions of a frequency. For a point
dipole we may write the corresponding charge density as

- S - -
as may readily be seen by computing the first moment of
the charge density:
- - S - - -
thxidr--gv- [H’.‘xi (£-r4)ldr
> - - -
+§8(2-1 ) (Pa) af
(3.3.4)
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The first integral vanishes so w:: ob*tain
SPdi'df';‘d ' (3.3.5)
as conjectured. Consider next the integral
* - [ - .
S¢Pdd?--5dtv- (}Ad4><g(r-rd))
out - - - -

+ (8-t g9 ot , (3.3.6)
where the region of integration is outside the particle.
Again the first integral vanishes and we obtain

* ®*
{Padar —-RGE, . (3.3.7)
out
Thus we have
-1 - % a * -
Mg Im(-(1/2) g -Egl=(1/2h)Im{ P $at
out
(3.3.8)
Using the Poisson equation, this becomes
-.' -

My=(1/28)1m§ $v-E°/(4W )aE

out - «

=(1/8%R)Im§ v- (B )a2-(1/8th)Im JB v af.
out out
(3.3.9)
The last term vanishes while the first term can be
converted to an integral over the particle's surface
N *

Fg=(l/8wt)Im( A, -B das , (3.3.10)
where ﬁin denotes an inward pointing normal. Using the
continuity of the normal component of 3, this may also be
rewritten as

A a2t
Ty=-(1/exB)m (B -Ddas , (3.3.11)

where ® is an outward pointing normal and the

out
integral is now over a surface slightly inside the
particle, Then converting the integral to one over the

narticle's volume we obtain
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[g=-(. oxtym§ o (4 ")t
-(1/anﬁ)1m5me|§\2d? : (3.3.12)

Finally we use the relation

Ine=4wT/w , (3.3.13)
where @ is the phenomenological conductivity to obtain

rd-(l/zﬁu})sm(rl'é\zd'r’ : (3.3.14)
The interpretation of the right hand side is that it is
the power delivered to Ohmic heating divided by the photon
enerqgy. This 1is the nonradiative decay rate if the
magnitude of the dipole is chosen to correspond to the
molecul: being excited with one quantum of energy.

The expression for the nonradiative decay rate becor2s

F=awms £ v #4599 1 (3.3.15)
d LR mEo nm"‘d d - to
Here‘? dd is given by Egs. (3.2.32) but with a replaced

by d. A similar expression may be found for the
nonradiative decay rate of the acceptor by replacing d by
a in the above equation. We have expressed fa in terms
of the static polarizability, & , rather than in terms of
the transition dipole so that the classical nature of the
formula is manifest. Thus we have replaced li&ilz by
2 hw,

We note in passing that the real parts of Udd and
Uaa are associated with the 1level shifts of the

molecules due to the interaction with the so0lid state

particle.
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3.4. Radiative decay

Just as the nonradiative decay of a molecule near a
particle may be enhanced, the same 1is true of the
radiative decay. The donor molecule induces a dipole in
the particle in response to its own dipole. The coherent
sum of these dipoles is responsible for the net emission
at the donor molecule frequency. (In addition a sim:lar
effect can occur at the acceptor molecule frequency). 1In
pr- viour work Gersten et al. have derived formulas for the
enhancec d‘pole moment of the system for a collinear
geometry. The generalizations of this formula is readily
obtained from the previous formulas.

If we examine the system far away from the molecule or
particle we can describe the system as consisting of a
dipole located at the origin: ( ¥,, nN,, $;) =
(1,0,0). The field due to such a dipole may be obtained
from Eq.(3.2.17) and is

§,f-1{smol(3)91(1)

+FllQi(3)Pi(']) [M;cos¢+“¢sin¢ ]} .
(3.4.1)
On the other hand, an expression for € has been given in
Eq.(3.2.11b), Substituting the values for &' and

nm

B'nm of Eq.(3.2.18) leads to an alternate expression

for € in terms of the molecular dipole comp-nents.

gquating the coefficients of terms with similar anguiar
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behavior leads to the following
“‘] [ Fyy Py B T
P"t-'lp'l! Fan
el

Mg

{

where x4 , J4q and [y are the donor molecular

coordinates and
1 1 '
Fyy =(fcosey /hy )P)(1q) f[pl(Sd)l
+[(1- €)/4),1P1(3,)p] (3, [Q1(31'}

(3.

F‘1= fcc s Py /hq‘)[Pi(Q4)]'{>Pi(§4)
s 1- 21741030 p1 s 1t 30 )

(3.

) 1 1
Fyp =~ (£5inq /he,)P] () {130
+1(1- €)/ A, 1P (3,0[P1(3,)1'0] (30 }

(3.

Fay = (£/hy )P} (1) {te (301"
+1(1- €)/4,,1P) (2,)[P(3,)1'[Q(3,))'}

(3.

Faq =(£/hp )[R ()1 { R} (3

+l(1-€)/A,,1P (3P (3,)]1'0, (30} (3.
F1’. 0 (3.

Poy =(£51inda /hy )P (Ma) { P1( 3y
+1(1- €)/A1;1PT(3)[P1(3,)]' (0} (301"}

(3.

Foq =(£81n 44 /by, ) [P (M) 1" { P1(F

+0-€)/a 108 (g ) elox, 140k (30 )}

.3a)

.3b)

.3¢c)

.3d)

. 3e)

J3£)

.39)

.3h)
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Foq=(£COS4, /he )PT(M4) { PT(3
* P4 /Neg P11 a 1'34
SR IV NI IE SIS RILHE AR
(3.4.31)
The decay rate due to radiation may be written as
o - 2

rr'd-rr'leoHd‘ (304.4)
Here r;id is the radiative decay rate of the free
molecule and r;,d is the rate in the presence of the

particle,
3.5. results and discussion

In the previous sections we have developed a theory
for the energy transfer between a donor and acceptor
molecule in the presence of a small solid state particle
in the shape of a spheroid. The energy transfer may be
enhanced by having the particle actively assist in the
transfer process. Secondly the presence of the particle
opens up decay channels which would tend to compete with
the energy transfer. A complete theory of energy transfer
must take these two aspects into account.

In order to understand how energy transfer may be
enhanced consider first the case of energy transfer in the
absence of the particle. It is brought about by the
dipole-dipole interaction. The dipole operator of the
donor molecule deexcites the donor while the dipole

operator of the acceptor molecule excites the acceptor.
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The strength of the interaction falls off rapidly with
distance, as r'3, and the energy transfer rate, which is
proportional to the square of the matrix element of this
interaction, falls off as r'6. If a solid state
particle is in the presence of the molecules, however, the
donor dipole will induce multipole moments on the
particle., In particular, the dipole that is induced on
the particle may be much larger than the donor dipole
itself. This phenomenon, is partly responsible for the
enhanced electrodynamic processes on rough surfaces or
near small particles, including surface-enhanced Raman
scattering, enhanced fluorescence, enhanced photochemistry
and enhanced second~-harmonic generation. The degree of
enhancement of the dipole depends on the shape of the
particle, the location of the molecular dipole and whether
or not a resonance of the solid is excited. Once the
dipole (and other multipoles) have been excited in the
particle, the fields set up by the moment(s) can couple to
the acceptor dipole and affect the energy transfer.
Whereas in the absence of the particle the rate of energy
transfer depends ©primarily on the molecule-molecule
separation, now the energy transfer depends primarily on
the molecule-solid distance. For a large particle size
the molecules may be rather far apart and still have rapid
energy transfer occur. However, if the molecules are far

away from the solid, then the s0lid has 1little influence
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on the transfer proce again. One of the main goals of
this work is to define precisely how the location of the
molecules influence transfer dynamics. We shall see the
conce~* of 'activity zones' emerge.

We have developed side-by-side a theory for energy
transfer and for nonradiative decay as well as for
radiative decay. Just as the energy transfer depends
sensitively on the location of the molecules relative to
the particle, so do the decay losses. At those locations
where there will be large internal fields in the solid,
one would also expect large Ohmic losses to occur, as we
shall see,

In Fig.3.1 we show the geometrical arrangement of the
molecules and the particle. Figure 3.2 shows the
dependence of the enhancement factor, R, of Eq.(3.2.37) on
acceptor molecule 1location, (ra, Od, '+d) = (125 i, d:
0), ( 6,, ¢,) = (180", 0°),. (6, , ¥y, )=(0°, 0

(Opq » Pu,)=(0°, 0°). The semi-major axis of the spheroid

) and

was a = 100 A and the semi-minor axis of the spheroid was
b=50 A. The particle is made of silver and curves for
‘cveral energies, hw , are shown. We note that when the
acceptor molecule is close to the particle the enhancement
rate grows fairly large, i.e. by as much as five or more
orders of mmagnitude. As the acceptor is moved away from
the particle the fall-off is at first rapid, but tapers

off to a slower fall-off at larger distances. Significant
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:nhancements persist out to r, = 500 X, corresponding to
a donor-acceptor separation of 725 R. There 1is also
evidence in Fig.3.2 for a strong resonance at fw = 3.12
ev, This is close to the energy of the dipolar plasmon
for a 2:1 prolate spheroidal silver particle,

In Fig.3.3 we study the effect of rotating the
acceptor dipole orientation, still keeping everything else
in a collinear geometry. Here (rd,ed, ¢d)-<1zsx,oid),

(c,, 8,, 4,)=(125 £,180°8), (Ouy, ¢y )=(0%,0%),

4’“‘-0‘, and (a,b) = (100 i, 50 A.). The energy is held
fixed at hw = 3.0 ev. Two curves are drawn, the solid
curve is |A(w)] 2, where A(w) is the interaction energy
associated with unit dipoles near a particle and is given
by Egs. (3.2.28) and (3.2.29). The dashed curve is Ag,
where Ao is the interaction energy of two free unit
dipoles. We note that in both cases the interaction
2n~rgy is a maximum for a parallel alignment and falls to
zero as the acceptor molecule is rotated to a
perpendicular configuration. The interaction strengths
are seen to dirffer by more than two orders magnitude. The
enhancment ratio, R= IA(GJ)/AOI 2 is found not to depend
on the acceptor angle orientation, as is shown in Fig.3.4.
The parameters are the same as in Fig.3.3, but curves are
given for several energies, hw .

In Fig.3.5 we plot the enhancement ratio as a function

of the shape of the particle, keeping a collinear geometry.
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ere a was held fixed at 100 2 rut b was allowed to vary
retween 10 A (a needle-like str cture) to 90 A (a nearly
spherical structure). The donor and acceptor molecules
had the same parameters as in Fig.3.3. Curves are drawn
for several energies. We note the presence of resonance
structure appearing in the optical region of the spectrum,
As the particle's shape is varied the multipolar resonances
of th. particle sweep through tn2 spectrum. Evidence for
dipolar and quadrupolar resonances appear in this figure.
Whenever the resonance peak overlaps with the donor
emission band and the acceptor absorption band, we would
expect strong energy transfer to occur, as shoulu be clear
from an examination of the integrand of Eq. (3.2.27).
This should be kept in mind when attempting to design a
particle to optimize the energy transfer.

In Fig.3.6 we vary both the angular 1location of the
donor and acceptor molecules, keeping their orientations
antiparallel to each other. The angular 1location |is
specified by giving the spheroidal coordinate N . The
two are related by the formula

tano =(30) (8 2-1)(1- 0212 | (3.5.1)
A plot is made of R(w) vs ", with "4 = - 1n,. Here
the molecules are allowed to move over the spheroidal
surfaces which pass through the points Z=+ 125 i along the
symmetry axes. The molecules are oriented parallel to the

normals to these spheroidal surfaces. Curves are drawn
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'r several values of b, keeping a fixed at 100 i. We
note that as the molecules are moved away from the
vicinity of the sharp tips of the spheroid, the
enhancement factor starts to fall off dramatically. In
some cases, there may even be de-enhancement occuring.
The largest degree of falloff occurs for the sharpest
spheroid.

The general trends exhibited by Figs.3.2 and 3.6 are
consistent with the existence of activity zones near the
tips of the spheroid. If the donor and acceptor molecules
lie within these activity zones they are able to couple to
the solid effectively and efficient energy transfer ensues.
If either or both of the molecules lie outside these zones
the coupling 1is diminished and the energy transfer
enhancement is quenched. This 1is in agreement with a
lightning rod picture in which electric field lines tend
to be concentrated near the sharpest features of a
structure., The size of the activity zone may crudely be
taken as the characteristic size of the sharpest feature
on the solid. For the spheroid this is the radius of
curvature of the tip: r = bz/a. Thus, if the

c
molecules both 1lie within a distance L. of either tip
strong energy transfer will occur. If the molecule 1is
allowed to move out of the activity 2zone in the radial
direction, as in Fig.3.2, or in an angular direction, as

in Fig.3.6, the coupling drops off dramatically.
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evertheless, there 1is still some remnant 1long range
nature of the transfer due the presence of the particle,
even when the activity 2zone is left. This is because it
is the distances to the solid that are now mcre
significant than the interparticle distances, It is not
until the distance from the particle is 1large compared
with the size of the particle that these will become
unimportant,

In Fig.3.7 we keep the donor fixed along the symmetry

axis and move the position of the acceptor over a
spheroidal surface. The donor dipole is fixed parallel to
the symmetry axis and the acceptor dipole is perpendicular
to the spheroidal surface, so it varies as the acceptor
molecule is moved. The geometry is shown in the inset.
Here (r,,8y, #4)=(125 A,180°,0°), ¢,=0,
(Opa o+ Pug )=(0° ,0° ) and r, =125 R for M = +1,
corresponding to Oasof Curves are shown for several
values of the energy. As before, a=100 A and b=50 i. The
resul-s here are consistent with those of Fig.3.6, but the
falloff with Y, 1is less dramatic. Since only one
molecule is being taken out of the activity zone while the
other molecule remains inside, this is to be expected.

In Fig.3.8 a graph is made of the enhancement ratio as
a function of energy for spheroids of several different
shapes. Here the molecules were held as in Fig.3.3. In

addition to the resonance structure seen below the plasmon
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energy we also see a ::gion of de-enhancement. The curves
are presented here for silver., <Curves for other materials
may be dgenerated by using the corresponding opti.al
properties of those materials. Having studied the energy
transfer rate in some detail, 1let us now 1look at the
behavior of the decay rate. This too we expect to depend
strongly on such factors as the molecular location and
orientation. In Fig.3.9 we present the nonradiative decay
rate as a function of frequency for the same geometrical
arrangements as were used in Fig.3.8. The dipole is taken
to be of unit strength. We see that when there is a
resonance in energy transfer there is also a peak in the
decay rate. Since nonradiative decay 1is a competition
mechanism, having a resonance situation is not a guarantor
of efficient energy transfer. However, in affecting
energy transfer we want the resonance to be located in the
spectral region where there is the most overlap between
donor and acceptor bands. This need not necessarily
coincide, for example, with the donor emission band
itself. Thus, to some extent, it is possible to 'tune'
the structure to optimize energy transfer while not at the
same time maximizing the nonradiative decay.

In Fig.3.10 the decay rate is presented as a function
of molecular location on a spheroidal surface as 1in
Fig.3.7. Curves are presented for several values of the

molecular resonance energy. Some structure is seen as the
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angular position is varied, which is probably due to the
coupling of the molecule to the various multipolar modes
of the solid. Associated with each mode is a particular
angular pattern and, depending on the energy one of these
patterns may tend to dominate the electrodynamics.

‘In Fig.3.11 the damping rate is plotted as a function
of dipole orientation Su for several locations on a
spheroidal surface. Some sensitivity of the orientation
of the dipole relative to the spheroid and its model
structure are again noted. As in Fig.3.10, the spheroidal
surface is taken as one which passes within 25 A of the
particle along the symmetry axis.

In addition to nonradiative decay there is also
enhanced radiative decay. This comes about because the
d.pole that is induced in the particle adds coherently to
the donor dipole and leads to a system dipole which me& ' be
much larger than the molecular dipole. Since the decay
rate goes as the square of this dipole, radiative decay
can be significant. These effects have been considered by
Gersten et al. in a previous work for the case of a

collinear geometry.
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Figure Captions

Geometrical arrangement of donor (d) and acceptor
(a) molecules. The locations of d and a are
specified by spherical coordinates (rg, @4/

¢®3) and (ry,0a, ¥,3), respectively. The

donor and acceptor dipoles have orientations

given by the polar angles ( Oug, $M4) and

( Ou,,Puy), respectively.

Enhancement factor R as a function of acceptor
location, ra for a <collinear geometry. The
particle is a prolate silver spheroid with a 2:1
aspect ratio. drves are drawn for several
energies, hw . The donor molecule is held fixed
25 X from the tip of the particle.

Absolute square of the interaction energy as a
function of acceptor dipole orientation for an
otherwise collinear geometry. The solid curve is
with the particle present and the dashed curve is
with it absent. The donor and acceptor molecules
are held 25 1} away from the opposite tips of a
prolate 2:1 silver spheroid,

The enhancement ratio as a function of dipole
orientation for the case of Fig. 3. Curves for
several energies are shown.

The enhancement ratio as a function of semi-minor
axis size, b, for the <collinear geometrical
arrangement of Fig. 3.3. Curves are presented for
several energies.

The enhancement ratio plotted against the
spheroidal ccordinate associated with angular
location of the donor and acceptor. The geometry
is depicted in the inset. Curves are presented
for several values of b, for fixed a.

Enhancement ratio as a function of acceptor
location on a spheroidal surface. The acceptor
dipole 1is perpendicular to the spheroid. The
geometry is depicted in the inset. Curves are
drawn for several energies.
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Fig.3.9.
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Enhancement ratio as a function of energy

for

fixed donor and acceptor positions arranged in a

collinear geometry. Curves are presented
several values of the semi-minor axis, b,
semi-major axis a=100 }.

Damping rate as a function of energy of
molecular resonance for several shapes of

solid. Here a=100 A and ra=125&, in

collinear arrangement.

Fig.3.10.Damping rate as a function of the molecular

location on a spheroidal surface., Curves are
shown for several energies.

Fig.3.ll.Damping rat= as a function of molecular dipole

or.en-ation angle for several locations on a
spheroidal ¢ :rface.
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Chapter 1IV. Enhanced Energy Transfer
Between Donor and Acceptor Molecules

near Surface of Cylinder

4.1. Introduction

As antennas and wavegquides have long been
technologically important, there has been considerable
interest in c¢ylindrical <configurations. Unlike small
particles, which have a finite size, a long cylinder could
be considered as a one-dimensionally infinite system. If
the surface modes were excited a 1long-range coupling
between the molecules adsorbed on the surface of the
cylinder would be possible. Since the 1long wavelength
approximation would fail at large intermolecular
separations, a discussion of the full electrodynamic
treatment is necessary.

As we described in Chapter III, the enhanced ratio of
energy transfer is given by

R(w)-lA(w)/A°|2- l+l6A/A°|2 . (4.1.1)
where Ao is an angular-dependent factor

1“0'["'d"'\"a':"i'ad'?“a?ad'?“d]/'Eh ‘id '

(4.1.2a)

in the long-wavelength approximation, and
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~ A A A A A
Ao=[my- mg=3m,- £ Mg Loy
x(r;g-ikr;g)exp(ikrad)/eu
-kz[aa'ﬁd'ﬁa'?adﬁd'?ad]

xexp(ikr,4)/ €pr,4 (4.1.2b)
in the full electrodynamic treatment, and AA is a
function of the geometry of the solids; k--‘::_)-,]'a with w
representing the circular frequency and ¢, the speed of
light in vaccum. It is clear that if krad << 1, the long
wavelength approximation is good. The main task in this
Chapter 1is therefore to find the closed-form solution
for aAA,

The Chapter is arranged as follows. In section II a
long wavelength approximation is made for the cylindrical
configuration, and a comparison with the flat plane
configuration is presented. Section III is devoted to the
full electrodynamic treatment for the energy transfer. The
agreement of it and the long wavelength approximation in
the 1limit W ~0 1is checked. In section IV and V the
expressions for nonradiative decay and radiative decay are
formulated, respectively. 1In section VI the numerical
results and discussion are presented. The emphasis will be

on the long-range coupling between the molecules adsorbed

on the surface of the cylinder.
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4.,2. Long Wavelength Approximation.

consider a infinitely 1long cylinder with dielectric
function € , immersed in a homogeneous host with
dielectric function €j, . The axis of the cylinder is
taken as the z axis in cylindrical coordinates. Consider a
single charge Q, situated at (P',% ,z') with P'>a, where
a is the radius of the cylinder.

In a static approach the Poisson equation s ould be
satisfied both inside and outside the cylinder:

v'd =6(P -a)img/e, (4.2.1)
where é is the static electrical potential.

The solutions of (4.2.1) are well knownl:

$ =0/1t-1'1€y
= (= ime +ikz
2§k P (0K (kP I, (ka)e

"me-
(4.2.2a)
for P > a; and
= (" ime +ikz
$ -2 §_ ey ar ek <ade
(4.2.2b)
for P < a, where <}>m(k) and \Pm(k) are

k-dependent coefficients that should be determined by
boundary conditions.

The point charge potential Q/ YT~r'lé€) could be

expanded in cylindrical coordinates as1



Q/1T-T' €y
- . - ’ . -
=o/menZ (" akr,(kPOK (xp, MO #)rik(z=z!)
mi-pe Yo
(4.2.3)
where P, ( P, ) stands for max(P,P') [min(P, #)]. Since

P> a 1is the case we considered, when matching the
boundary conditions we always take P, =a, Py = P’.
At the boundary the ©potential and the electric

displacement should be continuous, this gives

P, (k)= A (m)"HQ/m (1- €/ep 11" (ka)K (kf)
xe-imf—ikz (4.2.4a)
-1 ’
Yo (k)= &g (m) 71 (Q/m) (K, (kF)/K (ka))
' [ -imQ'-ikz'
x[km (ka)1 (ka)-I_'(ka)K (ka)]e
(4.2.4b)

where

As(m)-GIm'(ka)Km(ka)- €nKy'(ka)I (ka) .
(4.2.5)
The normal modes w'ould be excited when As(m) = (,
The electrostatic interactio. is
U=t RrelE (P, 4,2 . (4.2.6)

~

where @ is the induced potential:

; .20 w S:

ak _(K)K_(kP)I_(ka)el™P*ikz, (4.2.7)

Substitute (4.2.4a) into (4.2.7) and get
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ol o
= 2 -
U=(Q?/2MRe( (1-¢/en) X §_ ik
- ) 2 ’
As(m)Im(ka)Hn\ka)Km(kP)]
(4.2.8)
In the viewpoint of second quantization the
Hamiltonian of the system including a singl2 char.e and a
long cylinder is
w
+ -
=2 (7 akhw (cat(k)ag (k)

Mo -

0 i mé. '
3 §_aklg, ()ay Gk, (kr e 2™ RE Ny oy,

wi-¢®

(4.2.9)

th

here u)m(k) is the eigenfrequency of m normal mode,

a;(k) and am(k) are the <creation and destruction

th normal mode, and they obey the

operators of the m
commutation of Bosons. The first term in (4.2.9) is the
energy carried by the normal modes, the second term
describes the coupling between the single charge Q and the
normal modes. The induced potential has been expanded in
terms of the normal modes with amplitude rm(k) for
mth normal mode,

Based on a second order perpurbation calculation, the

ground state energy of the system is

2 (% 2,2,.4
v=°Z § ak v 001 ke (kf)/(-hw () .
(4.2.10)
Since (4.2.8) and (4.2.10) describe the same thing they

should be equal, so
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2
1Y, (k)1 €7 (-hwp (k)
=(1/2M) (1- €/€n ) Va(m)I (ka)I_'(ka) (4.2.11)

Note that UJm(k) is determined by the condition
As(m)‘oy

this implies

ém(k)Im'(ka)Km(ka)- éuKm'(ka)Im(ka)-o, (4.2.12)
here, for simplicity, we assume that €, 18 not a
frequency dependent quantity. Expanding € around ém(k):

= - 2¢
€ = € (k)+(w wm(k))’w|wm(k)+ , (4.2.13)

we would get

9 '
Ag(m)=(w -wm(k))r‘%lwm(k)Im (ka)K_ (ka)

wre ¢ :
w~o, "“m(k)aw\wm(k)lm (ka)K_(ka)
(4.2.14)
Substituting (4.2.14) into (4.2.11) we obtain
Ir 1
= - 2€
(h/2WRe( ( (€, Gm(k))/eusm—‘wm(k))Im(ka)/l(m(ka)]
' 2 N he 2€ !
=(h/2W)1_(ka)[kaI_'(ka)K:(ka)] [Resalwm(k)]
(4.2.15)

In obtaining (4.2.15) we have assumed that € = €, (k) in
(4.2.11) and used the condition (4.2.12).

So far we have only considered the second quantization
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of the fields outside the cylinder. Now let us consider
two molecules situated outside the cylinder. The donor
molecule 1is located at position ?d-( Pd' $gr 2y
with orientation parameters (Oyd .'¢yd). In cylindrical
coordinates we have
ﬁa -?}14,' cos(¢ -¢“‘)-$#d,p sin(¢ - ¢,~)+3 Hd.2, (4.2.16)

where Ka,p = Hg8inbu, + [y .= Kyco86u, .

A similar formalism applies to F&‘a by replacing the
subscripts d by a.

The Hamiltonian therefore could be expressed as

P

= *x + -
He2. § _akhw_(k)ah(ka (k) +Ha' V2 (r,)

me-0

“ ~
where Uo is t e dipole~dipole interaction , while

~ w () . .
B(r)=2 S_n akl ¥, (k)a (k) (k )el™* 1KZn o )
(4.2.18)

is the induced potential which has been quantized.

In cylindrical coordinates

Movrad §7 ax |
Hipcos (e - oy, Ikl ¥ mankn' (k P, )elm’-'“kz"+h.c.]

“Hpsin(e; - ey ) (Am/R) [ ¥ a K (kP e

*H; o (ik) [ ¥oa Ko (kP )eim*‘+ikzi-h.c.]} ‘ (4.2.19)
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where i stands for d or a, respectively.
In second order perpurbation we have to calculate the

quantity
- 4 - - >~ - -l ~ - - ~ - *
CollMa VR(T, )+ Ha TR(T4) 1 [ R vR(T, )+ TR(E ) T10) .

Note that the only terms with a combination of different
kinds of dipole moments contribute to the energy transfer,
the other terms will be related to nonradiative decay as
we pointed out in Chapter III. Furthermore, the operators

are all hermitian. This quantity could be written as
2¢o| (R VR (E,))( Ua-vB(F ) 10> .

After some lengthy calculation, using (4.2.15) for Tﬁ(k)

and noting the properties for the Bessel functions:

Km(‘X)'ixm(X) y ( + for m even, - for m odd) ,

K,'(=x)=#K '(x) , (+ for m odd, - for m even) ,

we finally get the formula for AAda as

o0 o0
-1 (2-d8ms) A . Omoa
AAg,=W Sdk,n%.(w-wm)ul ma{r,)-A7-m
dw IWwm

(4.2.20)

where
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™ (E))

-ﬁ.sinom cos (¢, -4"‘)-%sin9p‘,sin(4‘. -Qm)+£icose,4i ’

(4.2.21)
and
Ay =G k2K ' (kP )K_* (kPy) [cm][ck] (4.2.22a)
Mpe =Gy (m? /Py P, VK (kPa)K (k) [em)[ck]
(4. .22b)
AR =G k2K _(kpy )K_(kPy) [cm][ck]
(4.2.22c)
Apg=~Cp(mk/fy VK ' (k Pa) K (kpy) [sm][ck] (4.2.22d)
AR, =G k2K ' (kpy )K (kp,)lcm](sk) (4.2.22e)
Aoz =Gp (mk/Pa VK (KPa) K (kPy)[sm][8k] (4.2.22f)
Agp=Ah, Wwith awed, (4.2.229)
Al, =A), with a e d , (4.2.22h)
Apg=Rey With a esd . (4.2.22i)
where
G_=2I (ka)[kaIl '(ka)l(z(ka)]'1 .
m m m m
and

(cm]=cosm( ¢,-¢4), [sml=sinm( .- ¢,),
[ck]-cosk(za-zd), (sk]=sink(z,-z4) .

We could compare the cylindrical configuration with
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the flat plane configuration. Consider two molecules iia
and ﬁd located at ?a and ?d' respectively. A flat
plane z=0 seperates the space into two semispaces, the
dielectric function in the region z <0 is € ; while € =1

for z >0 (vaccume). A simple image method is applied. The

image dipole

ﬁ;: ‘-‘[-ﬁ"tng'ss]

¢ ¥

is located at (xi,yi,-zi), with i=a,d. The induced
interaction energy would then simply be
-/ - i , [y A’
AU = Mo Ha = 3Ha 9« Ha " Yaa

’
3
Yad

where

a
We could see clearly that the induced interaction would
not be large except around the region € ~ <1, In using
the Drude model,

€ =] - wg/wz ’
the peak would appear at u)z/uJé-O.S .

In the cylindrical configuration, according to

(4.2.12), the normal modes would be excited if
€ (k)=K '(ka)I_(ka)/I_*'(ka)K,(ka) .

In the Drude model this means
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2 2 '
u)m/ugp-(ka)lm (ka)Km(ka). (4.2.23)

In Pig. 4.1. we plot tu;/ uJ; ve ka for first a

few m's, this shows that at low frequencies only the m=Q

mode could be excited, but as the frequency increases

2
p

=(0.5, all of the modes would be excited. The conclusion is

higher m modes could also be excited, at Uui/u)

therefore that the induced interaction spectrum would
broaden in the cylindrical configuration, and so does the
enhanced ratio of energy transfer compared to the flat

plane configuration.
4.3, Full Electrodynamic Theory.

As the distance between the donor and the acceptor
molecules 1is comparable with the wavelength retardation
effects become important, and a full electrodynamic
treatment is necessary.

Maxwell's equations .nside and outside the cylinder

are as follows:

V- Es-(4W/€p e Vo P+ far A(E-E4) ], (4.3.1a)
v B=0 , (4.3.1b)
vx B=-c13,8 , (4.3.1c)
vx BacTley o  E (4.3.1d)

for P >a, and
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V- E=0 , (4.3.2a)
v. B=0 , (4.3.2b)
vx E=-cTla 8 , (4.3.2c)
vxB=clea, B , (4.3.2d)

for P« a.

The Maxwell equations inside the cylinder are
homogeneous, while outside the cylinder two dipoles exist.
The solution of the fields outside the cylinder is the sum
of the homogeneous fields and the dipole fields. The
procedure to solve the Maxwell's equations are as follows.
Firstly, we solve the homogen:ous equations both inside
and outside the cylinder, then expand the dipole fields in
cylindrical coordinates, and finally determine the

coefficients by the boundary conditions.

a). The Homogeneous Solutions.
Assuming the fields have e'i‘”t harmonic behavior,

the wave equations are

(v* +k?)(E)=0 , P> a (4.3.3a)
2 -
(v° +a?)(g)=0 , Pca (4.3.3b)
2wt 2_w?
where k -%G.‘ and g -%6 .

Furthermore we assume that the z-dependence and

$ -dependence of the fields are through the factor
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elPZHimM®  Liih integer m (since the fields should be

singlevalued), so the wave equations could be simplified as
(v 2-0'2)(§)=o0 P>a (4.3.4a)
t : ' +3-

(v2-02)(E)=0 , P<a (4.3.4b)
where Qz-qz-pz, Q'z-pz-kz, and V’t is the
transverse Laplacian:

vi-<a,pa, + 59 - (4.3.5)

It is obveous that the z components of the fields are
satisfied by Bessel's equation for P« a, and the modified
Bessel's equation for P > a. The natural boundary
conditions at P =0, and P =00 confirm that JnQpP)
and K (Q'P ) are suitable solutions for P<a and P> a,
respectively, to describe the fields. The symbols for
cylindrical functions used through this chapter are the
same as in [1].

With Ez and Bz in hand the other components of the
fields could be obtained by the following relationsl,

2,E,+i(w/c)2xB =V .E, , (4.3.6a)

azﬁt-i(w/c)e ZxE=V.B, . (4.3.6b)
We list the homogeneous solutions as follows:

The solutions inside the cylinder, P« a, are

« 00
E,=f  dpZ  PALI (QP) , (4.3.7a)

mes-
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z - %0 me-

« w _
Ep=§., dpZ PO l[ipAme-(op)-lgaﬂP-Bme(Qp)1

E.=S” dp2  po'~li(mp/a'PIC K (Q'P)
o= S.wdp2  PQ p oK (Q

+i(w/c)DyK *(0'P)]

[ )
= ap> PB_J (QP) , (4.3.7b)
"

me-00
(4.3.7¢)
® a8 “liwem , - - .
a,-.f“ dp% PO ezl AT (QP)+ipBLI, ' (QP)]
(4.3.74)
[ ] [ _1 mp ,
Eem= S,y P.L | PO EREALI (QP)I+iB I " (QP)]
(4.3.7e)
b = -1, ' m
By~ 5., dpZ PO li%eny, (op)-;}!amemm
(4.3.7£)
The homogeneous solutions outside the cylinder, a,
- o
B,=f. 4P PCKn(Q'F) (4.3.8a)
o [
B,=S.. 9P | PDyKn(Q'P) (4.3.8b)
w b -1,
Ep=-§_ dpX__ PQ'TT[ipC K '(Q'P)
-(wm/cQ'PID K (Q'P)] ,
(4.3.8¢c)
© o4 -1
By=- §_ dp2 _ PQ'T[(weénm/cQ'P)C K (Q'P)
+ipD K '(Q'P)] ,
(4.3.8d)

(4.3.8¢e)
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“ -
Bo=-§ ., ap¥  PQ' i(w/er e c x "(@'2)

-(mp/2'P)D K (Q'P)] ,
(4.3.8£)
where the phase factor P is
P=expl[ipz+im¢ -iw t] ,

and D are coefficients to be

and A m’ m

B C

m’ m’

determined by boundary conditions.

b). The Dipole Fields.

The dipole fields in a medium with dielectric

function €, 1is given byl
B=vx]a, (4.3.9a)
E=i(e )"lovxd , (4.3.9b)
A = -ikp expliklT-T |-iwt]/iz-T | , (4.3.9¢)

where A is the vector potential, k=t f&, , K= p/Je,

and YK is the dipole mcment, 3 is the position where

0
the dipole sits. The Green's function could be expanded in
cylindrical coordinates asl

ik|Z-T 2
- -
e o'/lr-r°|

[ -] o - -
'lrlg dPZ eip z2=2,)+im(¢ - &, )Im(Q'P¢ )Km(QoP’)

-9 ms-o

2_k2, and P, (P,) stands for P<P,(P>P,).

where Q'z-p
A straightforward calculation gives the dipole fields

expanded in cylindrical coordinates as follows:
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. o = . M ;
Bp=-ift g { 9pL SUE HasipKpsin(e - 4]
X1_(Q'P VK (Q'P,)

(4.3.10a)

w
T IN(Q P Km(Q" Pa)
*(-Q'H, x:(o'p,)?,;,(o';'n)

+ipHpcos(® - ¢, )1 (Q'PIK (Q'P, )]

(4.3.10b)
LW Mee®R &
B.-l%-.-‘-,depZ,f

-3 mse
[ [ [

+17';‘-cos(¢-¢“)1m:)'P‘ JKa(Q' P )1, (4.3.10c)

Y had ' '
By _“apz;_“s{- MpI_(Q'PIK_(Q'P,)

x [15% sin(# - @)+ (55 +pl)cos(® - @) ]
I,:\(Q'P)Km(Q'P.))

*Q' (12315, IReta'h)
x {-ip K, +im'—;’- sin(¢ - ¢, )+-’1-:{-cos(¢ -4, )l}
(4.3.104)
[ ' '
EQ'&I;S_-GPNZ...S{-Im(Q P VK (Q A)
2
x[-’%ly,u;"-‘; Hpcos(e -9, )+;1,(k2-% )sin(¢ - ¢,)]

Hp [(ITM(Q'PIKm(Q"Ps )
+or L (I:(Q'P. JKL(Q'p)

x[incos(4 - 4, )-sin(4 - &)1}, (4.3.10e)
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L (%455 ' '
E =aq 5902 S{1 (@ pOK (Q'F,)

x[-y‘Q'2+ -'gfypsin(q' - 4 )]

(4.3.10f)
where the phase factor S is
S=explip(z-2z )+im(¢ - ¢, )-iwt] ,
and the upper lines in the parenthesis correspond to P<§,,
while the lower lines to P>P, . For molecules outside the
cylinder P, is always larger than a, so when matching the
boundary the upper lines are always used.
The sum of (4.3.8) and (4.3.10) would give the full

solutions for the fields outside the cylinder.

¢). The Boundary Condit-ons.

The boundary conditions are as usue., the tangential
corponents of E and B are continuous, the radial
components of B and D are continuous. These give us total
6 conditions of which only 4 are independent. The four

coefficients determined by boundary conditions are the

following.
Di(m)zAi(D,m)/me(Q'a)A(m) P (4.3.11a)
Bi(m)ﬂAi(B,m)/me(Qa)A(m) ’ (4.3.11b)
Ci(m)-Ai(C,m)/-%le(Q'a)A(m) ’ (4.3.11c)

Ai(m)-Ai(A,m)/{f-Jm(Qa)A(m) P (4.3.114)
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where the subcscript i denotes a (acceptor) or d (donor),

and
A(m)=(m/a)?(w/c)%p?(e - €y )2(0q*) 4
-([JI+[K]) (€ [J])+ €\ [K]) (4.3.12)
where
[31=3,,'(Qa)/QI (Qa), [KI=K '(Q'a)/Q'K _(Q'a).
(4.3.12"')

It is well-known2 that A(m)=0 corresponds to the

excitation of the normal modes in the «c¢ylindrical,

dielectric wave guide.
By introducing the folowing symbols

A(I,m)=(m/a)%(w/c)?p%(€ - €, )%(Qa*)~*

=([J]+(1])(€(T]+ €y([k]) , (4.3.13a)
A3,m=(m/a)2(w/c)?p?(e - €,)%(00" )4
—([I)+IKD) (€ [T+ €, (1]) , (4.3.13b)
L((J,m)'
(m/a)?(w/c)?(e - e4)0 20 "4k _(0'p: ) /K (Q'a)
+(Q'/€y VI (Q'a)K (0" ) A(I,m) , (4.3.13c)
W, (J,m)=
2 -2 0‘3 (] (] [
(w/c)?(e - ey)(0a)"20" 3k _*(Q' P ) /K (Q'a)
‘ [} [ ]
tans: InfQ'a)K (@A) Ata,m) , (4.3.134)
La(I'm).
7.(n/a)p? (e - €107 %0 K (@' A ) /K Q1)
(4.3.13e)

+Q'I (Q'a)k '(Q'F;) A(1I,m) ,
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W, (I,m)=(p/a)2 (6 - €10 %Q" 3Kk _*(Q' P ) /K (Q'2)
+-;-_1m(o'a)xm(o'f,-)4(1,m) ' (4.3.13f)
with [I]=I_'(Q'a)/Q'I_ (Q'a) , (4.3.13")

we can write Ai(c,m) and Ai(D,m) in a compact way as

Ai(C,m)-fl(w/c)e'i(pzi*’m".‘ ) {
}li,zo'z e,,'ltm(Q'a)xm(Q'P,-)A(J,m)
4Hi,P[iPLi(J.m)cos(¢,--#F..)-mpwi(J,m)sinM‘.-¢m)]}
(4.3.14a)
A (D,m)=(p/M)(w/c)e L (PZitmdy )

-3

-i My mpe - ey )(Qa)T2Q" Ik (@A) /K Q")

+ Wy, plmW; (I,m)cos(4; - 4, )+il; (I,m)sin(4; - dy) 1}

(4.3.14Db)
d). The Induced Interaction Energy.
The induced energy is
- - - s -- >
AU“O.S[“.' Ei(ra)*‘}-‘"Ei(td)], (4.3.15)

where Ei is the induced electric field, and 1is the
homogeneous solution presented in (4.3.8). Substituting

(4.3.84)-(4.3.8f) into (4.3.15) we get
0 oQ
Au=i+ ¥ 4
‘a-;,‘;-“g-.g pn\;-n {

Q" H"’cos(."-Qm)[ipcj(m)!(m'(Q'P.- )
_sgﬁnj(m)xm(Q'P‘ )]
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+Q."}4('P sin(#;-¢“‘)(£‘.—% Cy(mIKp(Q'F )

+1%D(m)K, ' (Q" ;)]
- Ki,aC3(mEq(Qt ) ) el(PZitme; ) (4.3.16)

As we noted only the terms with i%j contribute to the
energy transfer, and the terms with i=j are responsible
for the nonradiative decay. Thus the part of induced

energy that contributes to energy transfer is

AUda-
-1 (] x - - “ mnm - -
w e X (2-8 DU (E0 AT PRy
(4.3.17)
and
‘Ahda"‘0
-1 = A - s m A -
T Sodpmzu(Z-Jm'o)ma(ra)- ATm(Ey
(4.3.18)
where
m, (t;)

i
-Fisinsﬂ.. cos(¢, - 4’#.')' $isin0“‘. sin(¢; -0“‘)+21coso"‘
(4.3.19)

with i-a'do

*d
The elements of tensor A M are

m
Ay

-zA(m)"{mwp/aco)zo"“(e - €, )[Ka][KA]([Ka']+[Kd'])
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+ple; (KallKA)J[IK][Ka']l[Ku']A(J,m)
+(mw/c)2[IK][Ka][Kd] A(I,m)}cosm(#, - &4 )cosp(za-zd‘.

(4.3.20a)

m =
¢

-1
-2 A(m) {(mwp/aco)zo"‘(e - @, )[Ka][Kd]([Ka']+[Kd'])

A

+(mp)2 €5' [IK](Kal[Kd) A(J,m)
+(w/c)?(kal(KAI[IK][Ka'][Kd'] 4(1,m)}
x cosm (P, -¢d)cosp(za+zd)
4.3.20b)
moa2A(m) €' @'2(Q'A0'Pd) (TKI[Kal(Kd] A(I,m)
X cosm(¢, -4‘)c089(za+zd) ’ (4.3.20c)

-l 2
ATy =mam) {(w/aca) (e - e)(p?e %)
x(Ka][Kd)(m®+[Ka'][KA"])
+2€,' [1K][KallKa](p?[Ka']+(w/c) [Ka']) A(3,m)}

x sinm($, - Pq)cosp(z,-2z4) , (4.3.204)

Al --ZpA(m).’{
(mw/acQ)2Q' 3 (e - €, ) (Q'Py) [Kal[Kd]
+Q' €' (Q'Pq) [IKI(Ka'][Ka][Kd] &(3,m)}
X cosm(ég -Qd)sinp(za-zd) ’ (4.3.20e)

-1
Azz =-2mp A(m) {
(w/ac)2Q' " 3(e - €4 ) (Q'Pg) [Ka'][Ka][Kd]
+Q'ey’ (Q'Pd)[IK][Kal[Kd]A(J,m)}
x sinm(®, - ¥4 )sinp(z,-z4) , (4.3.20f)
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and
A} =Ap, , with aed {4.3.209)
AT, =A}; , with aed (4.3.20h)
ATy =A%; , with a e d (4.3.20i)
where
[Ka]-Km(Q'Pa)/Q'PaKm(Q'a) ' (4.3.20'a)
[Kd]=K_ (Q'P4)/Q'PyKy(Q'a) (4.3.20'b)
[Ka']=Q'PaK ' (Q'fa)/Kp(Q' fa) (4.3.20'c)
[KA'1=Q' PyK " (Q'Pq ) /Ky (Q"Pa) (4.3.20'd)
and
[IK]-Im(Q'a)Km(Q'a) . (4.3.20'e)

The enhanced rate of energy transfer is, in accordance
with definition,
R(w)=|1+ Ay, /A |2 , (4.3.21)

where A  is given by (4.1.10b).

e). Long wavelength Limit.

We could check our main results (4.3.20) in the long
wavelength limit. Note that, when W - 0, Q #+ 1ip, and
Q' % p; and from the property of the combination of
Bessl's functions

XI' () /I (x)=ixd ' (ix) /3 (ix) .

We could find out that in W~ 0 limit

A(I,m) 50,

and

A(J,m) » (€ - €,)(Ipl/(€[Ip)- €[Kp]),
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where
(Ip]=I,'(pa)/I (pa),
and
(Kpl=K_'(pa)/K (pa).
Substituting these facts into Eq.(4.3.20) and

expanding around énJ P) as we did in section II

(€ - € )4 (mt

x (€ -6, )/[(w-w...)-;—:, I1.'(pa)K (Pa)]

Wm

= en[(w-wm&| (pa)1 '?(pa)kiipa)]

one could prove that Eq.(4.3.20) reduces to Eg.(4.2.22),
i.e., the solution under static 1limit. Thus the full
electrodynamic solution is checked under the long

wavelength approximation.
4.4. Nonradiative Decay.

In Chapter III we have proved that the nonradiative

decay rate is

where
Uqq=-0.5 M4 E(T,). (4.4.2)

By using the same calculation as in section 4.3 we can

formulate the nonradiative decay as follows.
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M=
-1 o o - N -« > -
(R 1) rm§ dpé.(Z-{m'o) Byl N R(Ey)
(4.4.3)
where N ™ is diagonal with the elements
Np, = a(m H2(mopracar?e e - en)ikal?[ka"]
+p? e 1@ )72 (1K1 (kA" 1% A (3,m)
+(mw/c)?(1k] (k)2 a(1,m]} (4.4.4a)
Ng’ -A(m)'l{Z(mmp/acQ)ZQ'-4(6 - G.‘)[Kdlzlkd']
+(mp)? €, t11k1(kd1? A3, m)
+w/e)?rkI(kal?ixkat 12 acr,m) (4.4.4b)
Nho=amTler? entiaip?ikiikal?aca,m .
(4.4.4¢c)

where [IK], [Kd], and [Kd'] are given in (4.3.20').
4.5. Radiative Decay

In considering the radiative decay we assume, as is
usual in the liturature, that is a real quantity so that
. s ) w . :
Q' is either pure real when pz.EJZ: or pure imaginary
w
when p<1;!€k .
The complex Poynting vector is

(c/8MExB" .
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So the power radiated by the s °:¢m is

P = (c/8mbre(ExB’) P o (4.5.1)
where the int :gral is defined on a big cylindrical surface
encompassing the molecules and =he solid cylinder, and F
is the wunit vector perpendicular to the surface and
pointing outward.

We know that the fields include two parts, the dipole
fields and the induced fields, so the radiated power could
be written as

P = (c/8M) § RelE, x By +E x B}

+Eux B +E;x By 1-f as. (4.5.2)
The first term in (4.5.2) is the dipole radiation power
and it is well-known that

Py = (ck/3e )| %, (4.5.3)
where k=(w/c)]e, .

The second term in (4.5.2) is the power radiated by
the cylinder, the fields Ei and Bi are given in
(4.3.8). Note that the integral element dS on a
cylindrical surface is

ds= Pdé dz ,
then the integral on ¢ would reduce the double sum on m
and m' to a single sum and give a factor of 2W ; the
integral on z would give a d{-function as d(p-p'). It
would reduce the doutble integral on p and p' to a single

integral and give ancther factor of 27 . Hence :he power

radiated by the cylinder is
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°, = (c/8ﬂ)§Re(§ix E; )'? 3
P
- (c/en')gdt?-“ dzPRe( , B, - E By )
- (w/2) §oop . re |
Pitin 112%™k "('PIK (Q'P)"
-€nIleZQ'.qu(Q'P)Km'(Q'P)'l}

oQ o
.-mw/Z)S_“dme-:w( [D,} 2 €, lcmlz)
x Im( P Q"le'(Q'P)Km(Q'P)'].

Using the asymptotic form of Bessel's function Km(x):

K (Q'P ) + (W/2Q'P )l/ze'Q'P , when P is large,
then
*
(P/Q"IK ' (Q" IK (Q' )+
*
—(P /Q")(¥/20'P )1/2e7Q'P (wyagrtp )1/2e70" P
] l*
--(¥/2)(Q']Q'| )2 PLO'+QT )

0, , when Q' is real;

- { -iELQ’ , when Q' is pure imaginary.
1

where Q,=iQ'=((w /c)2€, -p211/2, Fpinally,
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0

C
ng"dp}: (2-&, )07 (o) 2+ &y lcy ]

mso

(4.5.4)
As usual the term D.| is interpreted as a
magnetic response, and the term éh ICm|2 is an

electric response of the cylinder.
The cross terms in (4.5.2) is zero, this could be
proven as follows
Porom(c/8M G Re(Ey x B) + B, x By 1-P as
=(c/8WIRe§ V- [E, x B - B, x B, jat
where "out"™ means outside the cylinder because the dipole

-

fields E and B, are defined only outside. A

M
straightforward calculation gives
-(c/8t)S Re(B; To(wx E“) B, - (VxB])

;- (wxBu 4By (vx E) )t

»

=(c/8M)§ _ RelB] -1&3 B, - i€,

-

E.
* . ) = -
- 1- 1-<—-4s.§M +B, - i ¢ B, at
w > o - % -
=(c/8m)§ Rei@ (B By + Bu-B
*
i

- Gh(ﬁ“

Since the guantity in the brancket | ] is purely real (
we have assumed that €, is real ) the intergrand is zero.
Pero™0
In summary, the power radiated by the system is

P = PF + Pc ’ (4.5.5)
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where P“ is dipole radiation p :r and is given in (4.5.3);
Pc is the power radiated by the cylinder and is given in
(4.5.4).

The radianive decay rate is Jefined as

I, =ptw =T R (0) , (4.5.6)

where ro is the radiative deciy rate of a dipole in a
homogeneous system, \"o = Pp /hw + R. is the
enhanced rate of radiative decay,

Rt = 1 + Pc/g“ . (4.5.7)

4.6. Numerical Results and Discussion.

The general features of enhanced energy transfer and
the competition between the energy transfer and the
radiative and the nonradiative decay was discussed 1in
Chapter III. Here we present some discussions about the
energy transfer which occurs near a long fiber. Through
this section the material of the cylinder is chosen to be
the silver whose dielectric function was experimentally
measured by Johnson and Christy3. Fig.4.2 shows the
relation between the enhanced ratio R(w ) of energy
transfer and the frequency (taking the units of hw to be
ev). Here the radius of the cylinder is a=100 i, the
position of the molecules are

( Par ®ns 2z,)=(105 &, 0%, 0),

(Par g, z4)=(105 &, 0°, 100 ).
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i,e.,, the distance between t molecules and the surface
of the «c¢ylinder 1is 5 i, -he distance between two
molecules 1is equal to the radius of the c¢ylinder:
LY P,/a= Pd/a-l.os. Three curves are presented
in correspondance with three different orientations of the
two molecules. The direction of the molecules is shown
ilong with the graphs by the arrows. Curve 1 corresponds
to the case that two molecules are parallel to the axis of
the cylinder: ﬂa’ ﬁd-ﬁg curve 2, two molecules are
parallel to the surface of the cylinder but perpendicular
to the axis of the cylinder: ﬁa' F‘d's’ : curve 3,
two molecules are both perpendicular to the surface and
the axis of the cylinder: ﬁa' ﬁd-? . It may be
noted that a sharp peak, corresponding to the surface
plasmon resonance, is present at fw =3.62 ev in all three
of three cases. It is consistent with the fact that the
resonance would occur when € =-1 in 1long wavelength
approximation as we discussed in section 4.2, and in
Fig.4.1 also. The computation that leads to Fig.4.2 is
based on the full electrodynamic formulas (4.3.20). We
also calculate this configuratior »y using the 1long
wavelength formulas (4.2.22). The :esults of these two
calculations are close to each other, eventhough we do not
present the curves obtained from the 1long wavelength
calculation.

As the distance between two molect 2s, and between the
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molecules and the surface of the cylinder, get larger and
larger the wave picture of the process would become more
and more obvious. Fig.4.3 shows that as the distance
guantities related to the problem become larger, the
enhanced ratio of energy transfer reveals oscillations,
especially in the high frequency region. In Fig.4.3 two
molecules are perpendicular to the surface of the
cylinde:, Pa/a- pd/a-l.os, and the distance between
two molecules is PPLLE Curve 1 corresponds to the case
that a=1000 i, and curve 2, a=5000 i. From the picture we
see that as the relative distances get larger, and as the
frequency gets higher, a single resonance at € =-1 would
be replaced by a series of oscillations. To see this more
clearly we present Fig.4.4. Here we keep the frequency hw
=2.0]1 ev and vary the radius a of the cylinder. Again, we
have fg/a- Ph/a-l.os and z,4=a. The orientations of
the molecules are the same as in Fig.4.2. We see that 1in
this situation the enhanced ratio of energy transfer is
increasing as the radius is increasing for small a, and
then it oscillates and decreases to 1 for large a. The
wave picture presented in the last two Figs. is the result
of the long distance coupling between two molecules near a
long fiber. An excited surface mode offers a bridge for
the energy transfer between the donor and the acceptor.

This mechanism becomes obvious when we 1look at

Fig.4.5. Here the radius of the cylinder is a=1000 i,
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and Pa/a- Pd/a-l.OS . The distance between the two
molecules varies from 100 A to 15,000 i, i.e.,
2,4/3=0.1 ~ 15 . The frequency is Fw =3.62 ev. A few
interesting things should be noted, firstly the enhanced
ratio R increases up to 105 as 2,4 49gets large,
corresponding to the surface mode being excited. Secondly
a series of periodic oscillations occur obviously with the
period oqual to A /2, where A 1is the wavelength, this
corresponds to a standing wave picture. Thirdly we also
see the saturation of R(w ) at some point, After that
point R{w ) begin to decrease, corresponding to the decay
of the surface modes that play a role in enhancing the
energy transfer. Finally we see that two configurations,
in which two molecules are perpendicular to the axis of
the cylinder, have almost the same result for large a,
corresponding to the fact that at large scales space
really has only one special direction, %, the other two
directions are on an equal footing.

Let us turn to the other configurations. Fig.4.6 shows
the relation between the enhanced ratio R(w ) and the
frequency, but the positions of two molecules are
different from Fig.4.2. . :re we have

( Pyr $ar 2,)=(105 &, 0°, 0),
( Pgr Pgr 2g)=(105 A, 180°, 0),
i.e., two molecules are on the opposite sides of the

cylinder. The orientations of the molecules are shown in
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the inset. We see that a sharp pe;k is presented again at
hw =3,62 ev. The peculiar feature in this picture is that
the enhanced ratio R is much higher than that in Fig.4.2.
This could be understood from the fact that the enhanced
ratio of energy transfer is due to the enhanced induced
interaction between the real dipole and the image dipole
in a static picture. In the configuration of Fig.4.2 the
distance between the real dipole and the image dipole is
larger than the one between two real dipoles; in Fig. 4.6
it is smaller than the distance between two real dipoles.
Since the interaction is proportional to the inverse of
the cube of the distance and the enhanced ratio is
proportional to the inverse of the sixth order of the
distance, the big difference between Fig.4.2 and 4.6 is
understood. We also note that for the configuration that
two dipoles are parallel to the surface but perpendicular
to the axis of the cylinder the enhanced ratio in Fig.4.6
is not much higher than that in Fig.4.2. This is because
the induced electric fie¢ 1 , Ee -7' 3,; , 18 proportional
to m, consequently ther: s no m=0 mode for E4 .

The final picture f energy transfer is Fig.4.7. Here
the two dipoles are aga. . at opposite side of the cylinder
as in Pig.4.6, but the distance between the molecules and
the surface of the cylinder is varying from 5 A to 200 A.
The enhanced ratio R is decreasing as the distance

increases as expected.
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We have discussed some properties of energy transfer.
The characteristic property which differs from the one in
Chapter III is the wave picture in long distance coupling.
An excited surface wave, which is a standing wave for an
infinitely long cylinder, plays a role for enhancing the
coupling between two molecules and hence enhancing the
energy transfer between them. This mechanism may find
applications in technology.

To complete the discussion we present Fig.4.8, for
nonradiative decay, and Fig.4.9, for radiative decay. We
do see the resonance at hw =3.62 ev. This makes for a
strong competition to the energy transfer. We have pointed
out in Chapter III that in the case that the resonance
frequency of the donor and the acceptor is different the
competition may be weaker. On the other hand the decay
rate of a single molecule has nothing to do with the
distance between the two molecules, consequently the
radiative and the nonradiative decay does not smear out

the 1-ng distance coupli- j between two molecules,.



-190-

References

For general references of energy transfer please see
the references in Chapter III.

1. J. D. Jackson, "Classical Electrodynamics", 2nd
edition, (Wiley, New York, 1975).

2. R. E., Collin, "Field Theory of Guided Waves",
(McGraw-Hill, New York, 1966).

3. P. B. Johnson and R. W. Christy, Phys. Rev. B 6§,

4370(1972).



-191-

Fiqure Captions

Fig.4.1 (wp/wy)2 vs ka; based on the Eq.4.2.23.

At low Erequency only m=0 mode is excited, at
(Wp/W,)2=0,5 all modes are excited.

Fig.4.2 Enhanceg energy transfer ratio R(w) vs.
frequency hw. The position of the donor is (105
A, 0°,0), the position of the acceptor is (175 &,
0°, a); the radius of the cylinder is a=100 /.
The distance between the two dipoles is zz4=a.
Three curves correspond to three different
orientations of two dipoles as shown in the
picture. Resonance occur at 3.62 ev for Ag
corresponding to €(3.62 ev)=-1,

Fig.4.3 Enhanced energy transfer ratio R(w ) vs.
frequency. Same configuration as in Fig.4.2,
curve 3, but the radius of the cylinder is
different. curve 1 corresponds to a=1000 A, and
curve 2, a=5000 KA. The wave picture is obvious
especially at high frequencies.

Fig.4.4 Enhanced energy transfer ratio R(w) vs., a, the
radius of the cylinder . hw =2.01 ev, fpa/a=

P3/a=1.05, zag=a. Same configuration as in
Fig.4.2. As radius a gets larger other relative
distances also get larger, and the wave picture
is more and more obvious. The distance between
two peaks is A /2,

Fig.4.5 Enhanced energy transfer ratio vs. the distance
between two dipoles, 2,3. hw =3.62 ev,
fa/a= P3/a=1.05, a-1oooi. The standing wave
picture of surface plasmon is gquite clear.

Fig.4.6 Enhanced energy transfer ratio R(w ) vs.
frequency. The position of the donor is (105 i, o
0), and the position of the acceptor is (105 X,
180°,0). the radius of the cylinder is a=100 &.
Three orientations of the two dipoles are shown
in the picture.



Fig.4.7

Fig.4.8

Fig.4.9
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Enhanced energy transfer ratio R(w ) vs. the
distances between the molecules and the surface
of the cylinder. Same configurations as in Pig.
4.6, but Pa= Pg is varying. hw =3,62 ev.
Nonradiative decay rate [, vs. frequency.
The three curves correspond to three different
orientations of the molecule as shown in the
picture. The radius of the cylinder is a=100 A,
f3/a=1.05. The resonance occurs at 3.62 ev.
Enhanced radiative decay ratio vs. frequency.
Same geometry as in Fig.4.8. The resonance
occurs at 3.62 ev,
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Appendix. Program for Computing the

Combirations of Bessel Functions

As is well-known one would be likely to encounter an
overflow problem when computing a single Bessel function
on a computer. One way to avoid the difficulty 1is to
compute combinations of the Bessel functions. Fortunately,
in some phys.cs problems this is all we need. In this
appendix a program for computing the combinations of
Bessel functions XJp ' (x) /3 (x), XI ' (x)/1 (x),
xxm'(x)/Km(x), and Im(x)Km(x) is presented for
integer m. The output of the program has been checked with
the PORT 1library, when it works, and also with the
mathematical tables1 for Bessel functions. The agreement

between them is very good.

I. The principles for the program.

From the recursion relations of Jm(x):
I (X)==(m/X)J (x)+J 1 (X)=(m/X)T (x)=T ,(X),
and

oo (X)+3p, 1 (X)=(2m/%) 3 (X)L

we could derive
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[(m+1)/x+J "(X)/Tp e (X TL(mM/x =3 (%) /T (%) ]=1,

m+1l

thus the recursion relation for computing me'(x)/Jm(x)
is

xJ_'(x)/J (x)-m-xz[m+1+xJ {X)/J (x)]_1

m m m+1 m+l *

(1)

For a >> x, we have asymptotic form:
me'(x)/Jm(x)-m . (2)

Formulas (1) and (2) are the main principles needed in
computing xJ_'(x)/J(x).
Since

xIm'(x)/Im(x)-ime'(ix)/Jm(ix) ' (3)

the same program could be used to compute xIm'(x)/Im(x)

The recursion relations for Km(x) are
Kp' (X)==K_, (x)=(m/x)K  (x)==K , (x)+(m/X)K_(x)

and

=K1 (X)+K (x)=(2m/x)K_(x).

m+l

From these one could get
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[me'(x)/Km(x)-ml[xK '(x), 1+l(x)+(m+l)]-l,

m+1l
thus the recursion relation for me'(x)/Km(x) is
XKy 1 (X) /K () == (me1)+x2 (XK " (x) /K (x)-m] 7L

The formulas for Ko(x), Kl(x), Ko'(x) and

are available in a mathematical handbookl. With

and formula (4) one could program me'(x)/Km(x).

Using the relation
In (XK' (x)=I *(X)K (x)==1/X,
one gets

-1 . '
[Im(x)Km(x)] =xI_ (x)/Im(x)-me (x)/Km(x)

(4)
Kl'(x)

those

(5)

Formula (5) is the principle used in computing

Im(x)Km(x).

II. The program,
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subroutine xdjo: x0,m,xdjo3)
m=highest order of Jm(x , xdjo3i=xJ'(x)/J(x)
complex x,x0 xdjoj(m+l),tj,cs,s]
x=x0
ax=cabs(x)
asax/m
pi=3.1415926
if(a.ge.10.)goto 100
if(a.le.0.1)goto 200
if(a.qt.l.)goto 300
if(a.le.0.1)goto 400
if(ax.1t.10.)goto 301
n=2.%ax
goto 302
n=ax+10
v=n
tj=cmplx{v,0.)
timv-l.-x*x/(v+t3)
vay-1,
n=v
if(n.eg.-1l)goto 41
if(n.le.m)goto 11
goto 10
xdjoj(n+l)=t]
goto 10
if(m.1t.10)goto 401
n=2*m
goto 402
n=m+10
v=n
tj=cmplx(v,0.)
goto 10
n=m+20
v=n
tj=cmplx(v,0.)
goto 10
if(m.gt.50)goto 101
n=m+100
v=n
if(v.1t.ax)goto 102
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n=2%n

v=n

tj=cmplx(v,0.)

goto 10
if(ax.q9t.1000.)goto 102
n=2,*%*ax

v=n

tj=cmplx(v,0.)

goto 10

n=m+5

v=n

y=(0.5*v+0,25)*pi
sj=cs(x)*cos(y)+sin(y)
tjm-0,.5+x*(-cos(y)+cs(x)*sin(y))/s3
goto 10

continue

return

end

complex function cs(x)
cs(x)=cos(x)/sin(x)
complex x,c8,Y,2ZX,XzZ,ui
ui=cmplx(0.,1.)
xi=aimag(x)
y=2.%ui*x
if{xi.gt.0.)goto 1
if(xi.1t.0.)goto 2
cs=ccos8(x)/csin(x)
goto 3
zZx=cexp(y)
cssui*(zx+l.)/(zx-1.)
goto 3
xz=cexp(-y)
cs=ui*(l.+xz)/(1.-x2)
continue
return
end
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subroutine xdioit(x0,m,xdioi)

m=highest order of Im(x), xdioi=xIm'(x)/Im(x)
complex ui,x,x0,xdioi(m+l1l),dioim,xdjoj(1001),yy

x=x0

ui=cmplx(0.,1.)

yy=ui®*x

call xdjojt(yy,m,xdjoj)
do 1 n=1,m+l
dioim=xdjoj(n)
xdioi(n)=dioim

return

end

subroutine xdkokt(x0,m,xdkok)

m=highest order of Km(x), xdkok=xKm'(x)/Km(x)

complex x,x0,xdkok(m+l),2z,kl,k2,ui,i0,il
complex y,t,dkokm

Xx=x0

ui=cmplx(0.,1.)

Xr=real(x)

ax=cabs(x)

if(xr.lt.0.)goto 11

goto 12

X=~X

y=x/2.

Z=2,/%

t=(x/3.75)**2

if(ax.1lt.2.)goto 10
kl=]1,25331414-.07832358*2+.02189568%*2**2
kl=kl=.01062446%z**3+,00587872%z%**4
kl=kl-,00251540*z**5+,00053208%z**¢
k2=1.25331414+.23498619*2-,03655620%2z**2
k2=k2+.01504268%*2%*3-,00780353%2%*4
k2=k2+.00325614*z**5-,00068245%z**¢
xdkok(1l)=-x*k2/kl

n=1

goto 3

continue
10=1.43.5156229*t+3.0899424*¢t*s2
i0=1i041.2067492*t**34,2659732¢%**4
1i0=10+.0360768*t**5+,0045613%t**¢
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i1=0,5+.878905%4*t+,51498869*t**?2
i1=11+.,15084934%t**3+,02658733%t%*4
11=1)14,00301532%t**54+,00032411*t**g
il=xti]
kl==clog(y)*i0~-.57721566+.4227842*y**2
kl=k1l+,23069756%*y**4+,0348859*y**¢
kl=kl+,00262698%y**8+,.0001075*y**10
kl=kl+,0000074*y**]12
k2=x*clog(y)*il+1l.+4.15443144*y**2
k2=mk2~-,67278579%y**4-,18156897*y**¢
k2=k2.01919402*y**8-,00110404*y**10
k2=k2-,00004686%*y**12
xdkok(1l)=~k2/kl

n=1

continue

v=n

dkokm=-v+x*x/(xdkok(n)-v+l.)

n=n+l

if(n.gt.m+l)goto 41

xdkok (n)=dkokm

goto 3

if(xr.1t.0.)goto 42

goto 43

X==X

return

end

subroutine ikt(x0,m,ik)
m=highest order of I, K; ik=Im(x)Km(x)
complex x,x0 ik(m+1l),xdkok(1001),xdioi(1001),1f
Xx=x0
call xdkokt(x,m,xdkok)
call xdioit(x,m,xdioi)
do 1 n=1,m+l
lf=xdioi(n)~-xdkok(n)
ik(n)=1./1f
return
end
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