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A b s tra c t

CANONICAL FORMALISM FOR RELATIVISTIC DYNAMICS

by

V ic to r  M iguel P e n a f ie l  Nava 

A dviso r: P ro fe s so r  Kenneth R. R a fa n e l l i

The p o s s i b i l i t y  o f  a  c a n o n ic a l form alism  a p p ro p r ia te  f o r  a  

dynam ical th e o ry  o f  i s o l a t e d  r e l a t i v i s t i c  m u l t ip a r t i c l e  system s

in v o lv in g  s c a la r  i n t e r a c t io n s  i s  s tu d ie d . I t  i s  shown th a t  a  s in g le
\

tim e-p aram eter s t r u c tu r e  s a t i s f y in g  th e  req u irem en ts  o f  P o incare  

in v a r ia n c e  and s im u lta n e i ty  o f  th e  c o n s t i tu e n ts  (g lo b a l t r a n s v e r s a l i t y )  

can n o t be d e r iv e d  from a  homogeneous L agrang ian . The dynamics i s  

deduced i n i t i a l l y  from a  non-homogeneous b u t s in g u la r  L agrang ian  

designed  to  accommodate th e  g lo b a l t r a n s v e r s a l i t y  c o n s t r a in ts  w ith  th e  

eq u a l-tim e  p lan e  a s s o c ia te d  to  th e  t o t a l  momentum o f  th e  system . An 

e q u iv a le n t s ta n d a rd  L agrang ian  i s  used  to  g e n e ra l iz e  th e  p a ra m e tr iz a tio n  

procedure which i s  r e f e r r e d  to  an  a r b i t r a r y  g eo d es ic  in  Minkowski 

sp ace . The eq u a tio n s  o f  m otion and th e  d e f in i t i o n  o f  c e n te r  o f  momentum 

a re  in v a r ia n t  w ith  r e s p e c t  to  th e  ch o ice  o f  g eo d es ic  and th e  e n t i r e  

form alism  becomes s e p a ra b le .  In  th e  o r ig in a l  8N -dim ensional p h ase- 

sp ace , th e  sym m etries o f  th e  L agrangian  g iv e  r i s e  to  a c a n o n ic a l 

r e a l i z a t i o n  o f  a  f i f t e e n - g e n e r a to r  L ie  a lg e b ra  which i s  p ro je c te d  in  th e  

6N d im ensional h y p e rsu rfa c e  o f  dynam ical m o tio n s. The tim e-com ponent 

o f  th e  t o t a l  momentum i s  th u s  reduced  to  a  n e u tr a l  e lem ent and th e  

can o n ica l H am ilton ian  s u rv iv e s  as  th e  o n ly  g e n e ra to r  fo r  t im e - t r a n s -  

la t io n s  so th a t  th e  n o - in te r a c t io n  theorem  becomes in a p p l ic a b le .
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INTRODUCTION.

N o n - r e la t iv i s t i c  o r  Newtonian dynamics i s  c h a ra c te r iz e d  by a  

w e ll  s tr u c tu r e d  and e le g a n t  m athem atical form alism  and by an  

im m ediate p h y s ic a l  i n t e r p r e t a t i o n  in  agreem ent w ith  o u r common 

e x p e rie n c e s  and i n t u i t i o n .  H ere, th e  e x is te n c e  o f  a  v a r i a t io n a l  

p r in c ip le  p lu s  a  g e n e ra l  group o f  tra n s fo rm a tio n s  (the G a l i l e i  group) 

a re  enough to  p ro v id e  us w ith  a l l  p h y s ic a lly  r e le v a n t  in fo rm a tio n  

ab o u t th e  dynam ical b ehav iou r o f  i s o la te d  system s o f  m a te r ia l  p a r t i c l e s .

A r a th e r  d i f f e r e n t  s i tu a t io n  i s  found in  r e l a t i v i s t i c  dynam ics, 

when th e  v e l o c i t i e s  o f  th e  p a r t i c l e s  can no lo n g e r be co n s id e re d  sm all 

compared w ith  th e  v e lo c i ty  o f  l i g h t ,  which i s  ta k e n  as a  u n iv e r s a l

c o n s ta n t.  There a re  s e v e ra l  p o in ts  where th e  new p h y s ic a l r e a l i t y  pu ts

us a p a r t  from th e  p rev io u s  framework:

(a) The tim es o f  th e  c o n s t i tu e n ts  e n te r  as  e x tr a  c o o rd in a te s  in

th e  th e o ry , expanding th e  c o n f ig u ra tio n  space by one dim ension 

p e r  c o n s t i tu e n t .

(b) The tim e-p aram ete r i s  no lo n g er " a b so lu te "  and i s ,  as  a 

m a tte r  o f  f a c t ,  no t even u n iq u e ly  d e fin ed  so th e r e  i s  n o t a 

p r e c is e  i d e n t i f i c a t i o n  o f  " th e  L agrangian" fo r  a  v a r i a t io n a l  

p r in c ip le .

(c) The tra n s fo rm a tio n  group among a l l  i n e r t i a l  o b s e rv e r s ,  th e  

P o in care  g roup , a f f e c t s  th e  tim e components as w e ll  as 

s p a t i a l  c o o rd in a te s , hen ce , th e  n o tio n  o f  th e  H am ilton ian  

as  a g e n e ra to r  fo r  tim e-p aram ete r t r a n s la t io n s  becomes 

am biguous.



This more com plica ted  scheme s t i l l  has a  sim ple r e s o lu t io n  when 

th e  system  i s  composed o f  a  s in g le  f r e e  p a r t i c l e ,  b u t when more con­

s t i t u e n t s  a re  in tro d u c e d  and in te r a c t io n s  among them c o n s id e re d , i t  

becomes a p p a re n t t h a t  a c a n o n ic a l t r a n s i t i o n  from n o n - r e l a t i v i s t i c  to  

r e l a t i v i s t i c  dynamics i s  f a r  from im m ediate. In  f a c t ,  th e  problem o f  

w h eth er i t  i s  p o s s ib le  to  c o n s tru c t  a  c a n o n ic a l form alism  com patib le 

w ith  th e  th e o ry  o f  r e l a t i v i t y  fo r  I s o la te d  system s in v o lv in g  s c a la r  

i n t e r a c t io n s  has g iv en  r i s e  to  a  rem arkably  abundant l i t e r a t u r e .  In ­

sh a rp  c o n t r a s t  to  what one i s  f a m il ia r  w ith  in  Newtonian m echanics, 

many p o s s i b i l i t i e s  have been  ex p lo red  each one showing d i f f e r e n t  

d eg rees  o f  su ccess  and d i f f e r e n t  l im i ta t io n s .  The main co m p lica tio n  

seems to  a r i s e  from th e  f a c t  t h a t  s in c e  th e  phase space has been 

e n la rg e d  to  8N dim ensions w h ile  a  p h y s ic a l ly  m eaningfu l th e o ry  r e ­

q u ire s  o n ly  6N d eg rees o f  freedom , a number o f  c o n s tr a in ts  have to  

be in c lu d e d  to  o b ta in  a p ro p e r r e a l i z a t i o n  o f  th e  P o incare  a lg eb ra  

and th e  form o f  th e se  c o n s t r a in t s  a re  to  be p o s tu la te d  in  a d d it io n .

The f i r s t  s te p  in  t h a t  d i r e c t io n  was g iv en  by D irac* whose "Forms o f  

Dynamics" a re  p r e c is e ly  such r e a l i z a t i o n s  w ith  in v a r ia n t  h y p e rsu rfaces  

as c o n s t r a in t s .  The seem ingly n a tu r a l  ch o ice  fo r  a H am ilton ian , th e  

tim e component o f  th e  t o t a l  l i n e a r  momentum (P0 ) ,  a r i s e s  from the  

" in s t a n t  form " which more r e c e n t ly  was shown to  be r e l a t e d  w ith  th e
2 3 a

n o - in te r a c t io n  theorem  * * .

L a te r ,  many o th e r  ways have been fo llo w ed : th e o r ie s  w ithou t

in v a r ia n t  w orld  l in e s  as in  Bakamjian and Thomas^*®, approxim ation  

methods l i k e  F o ld y 's ?  and m u ltip a ram e te r  form alism s l ik e  D ro z-V in cen t's  

p r e d ic t iv e  m e c h a n i c s ® C a n o n i c a l  form alism s w ith o u t a

• - 2 -



L ag ran g ian , v e lo c ity -d e p e n d e n t p o te n t ia l s  and many body in te r a c t io n s  

add to  an  a lm ost e n d le ss  number o f  v ia b le  approaches to  th e  

p ro b le m ^

Which o f  a l l  th e se  pathways i s  b e s t  seems to  be a  m a tte r  o f
I

c h o ic e , depending on what c h a r a c te r i s t i c s  a r e  to  be em phasized. But 

th e  q u e s tio n  o f  how c lo se  to  th e  n o n - r e l a t i v i s t i c  s t r u c tu r e  one can 

approach w ith  r e l a t i v i s t i c  fo rm u la tio n  i f  one i n s i s t s  on a  com plete 

c a n o n ic a l form alism  s t i l l  rem ains unansw ered. As an a tte m p t to  d ea l 

w ith  t h i s  q u e s tio n , th e  co n s is te n c y  o f  a  m a th em atica l s t r u c tu r e  in ­

v o lv in g  in v a r ia n t  w orld l i n e s ,  a  m a n ife s tly  c o v a r ia n t  v a r i a t io n a l  

p r in c ip l e ,  s u i ta b le  c o n s tr a in ts  and c a n o n ic a l r e a l i z a t i o n s  o f  a  maximal 

symmetry group i s  in v e s t ig a te d  in  t h i s  work.

A lthough many p a r ts  o f  such a program have a lre a d y  been d isc u sse d  

in  e a r l i e r  papers by s e v e ra l  a u th o rs* ® " ^ , we tak e  h e re  a somewhat more 

i n t u i t i v e  p o in t o f  view w ith  r e s p e c t  to  th e  geom etry o f  th e  w orld 

l in e s  in  Minkowski space . So, w h ile  o u r g e n e ra l  fo rm u la tio n  i s  m ostly  

in  th e  s p i r i t  o f  th e  works o f  R ohrlich  and o f  Mukunda & Sudarshan 

j u s t  c i t e d ,  th e  main f e a tu re  o f  th e  p re se n t models i s  th e  

c h a r a c te r iz a t io n  o f  th e  p a r t i c l e s  by t h e i r  own w orld l in e s  w hich a re  

reg a rd ed  as  in v a r ia n t .  A dynam ical system  o f  p a r t i c l e s  i s ,  th e r e f o r e ,  

a  c o l l e c t io n  o f  w orld  l in e s  in  th e  Minkowski space and must adm it a 

m a n ife s t ly  c o v a r ia n t d e s c r ip t io n  in  term s o f  t h e i r  c a n o n ic a l fo u r-  

c o o rd in a te s  { « } .  T h is be ing  th e  c a s e , a  p a ra m e tr iz a t io n  o f  

th o se  w orld  l in e s  w ith  r e s p e c t  to  any g iv en  e q u a l- tim e  p lane  should  

be p o s s ib le ;  th u s ,  th e  p a r t i c l e s  can be ta k e n  as  sim u ltaneous in  

any L o ren tz  frame b u t w i l l  be observed  in  d i f f e r e n t  s t a t e s  o f  

m otion in  each o f  th o se  fram es. As a consequence o f  t h i s  r e q u i r e -

-3-



m ent, th e  norm o f  th e  four-momentum f o r  every  p a r t i c l e  becomes 

a fu n c tio n  o f  th e  chosen p aram eter and i s  to  be determ ined  on ly  

a f t e r  th e  problem  has been  so lv e d , i . e . ,  when one has th e  fu n c tio n a l 

e x p re ss io n  f o r  th e  w orld  l in e s  as  a  r e s u l t  o f  th e  eq u a tio n s  o f  

m otion. W ith in  th e  sev e re  req u irem en ts  imposed on th e  m odel, th e  

n o - in te r a c t io n  theorem  can be avoided  o n ly  i f  th e  o v e r a l l  s t r u c tu r e  

i s  such t h a t  p e rm its  th e  in tro d u c t io n  o f  a  s e p a ra te  H am iltonian  as 

th e  o p e ra to r  f o r  tim e-p a ram e te r t r a n s la t io n s  in s te a d  o f  th e  tim e- 

component o f  th e  t o t a l  momentum.

We f in d  i t  co n v en ien t to  make a b r i e f  e x p o s it io n  o f  th e  c o n s tr a in t  

form alism  in  C hapter 1 s in c e  th e  need fo r  c o n s tr a in ts  to  reduce th e  

number o f  d eg rees  o f  freedom  c a l l s  f o r  p ro ced u res  i n t r i n s i c  to  non­

s tan d a rd  L ag ran g ian s , and because  th o se  p rocedures can a lso  be extended 

to  the tre a tm e n t o f  th e  s ta n d a rd  case  s u b je c t  to  imposed c o n s t r a in ts .

The b a s ic  framework i s  s e t . i n  C hapter I I  th rough  some g en e ra l 

p o s tu la te s ;  th en  s e v e ra l  h e u r i s t i c  argum ents and form al r e s u l t s  a re  

used  to  o b ta in  th e  i n i t i a l  form o f  a m a n ife s tly  c o v a r ia n t L agrangian 

s u i ta b le  fo r  o u r  p u rp o ses.

In  C hapter I I I ,  an a c tu a l  model i s  b u i l t  up s t a r t i n g  from a 

s in g u la r  L ag rang ian  and eq u a l- tim e  p lan e  c o n s tr a in ts  (g lo b a l 

t r a n s v e r s a l i t y  c o n d it io n s )  w ith  r e s p e c t  to  th e  t o t a l  momentum fo u r-  

v e c to r  o f  th e  system . I t  i s  shown th a t  c o n s is te n c y  among th e  

c a n o n ic a l v a r i a b le s ,  th e  m a n ife s t ly  c o v a r ia n t  r e a l i z a t i o n  o f  th e  

P o incare  a lg e b ra  and th e  c o n s t r a in ts  i s  p o s s ib le  in  p resence  o f  

s c a la r  i n t e r a c t io n s  and lead s  to  c o n s is te n t  d e f in i t io n s  o f  the  

"c e n te r  o f  momentum" and " in te r n a l  v a r ia b le s "  in  form al agreem ent 

w ith  models based  on expanded 8N + 8 d im ensional p h ase -sp ace .

-4-



A nother Im p o rtan t re q u irem en t, c l u s t e r  decom position , i s  

d isc u ssed  i n  C hapter IV. To a ch iev e  th a t  p ro p e r ty ,  th e  model has 

to  be based on an  e q u iv a le n t  s ta n d a rd  L agrangian  and g e n e ra liz e d  

g lo b a l t r a n s v e r s a l i t y  c o n d itio n s  used  to  p a ra m e triz e  th e  w orld  l in e s .  

The i d e n t i f i c a t i o n  o f  th e  p a r t i c l e s  w ith  t h e i r  w orld  l in e s  and e n e rg ie s  

r e la te d  to  th e  e q u a l- tim e  p lan e  employed fo r  th e  p a r a m e tr iz a t io n  

becomes more a p p a re n t a t  t h i s  p o in t .

F in a l ly ,  i t  i s  shown in  C hap ter V t h a t  i t  i s  p o s s ib le  to  d e r iv e  

th e  same dynamics from group t h e o r e t i c a l  c o n s id e ra t io n s .  A ca n o n ica l 

r e p re s e n ta t io n  o f  a  f i f t e e n  p a ram ete r symmetry group up to  n e u tr a l  

e lem ents i s  shown to  c o in c id e  w ith  th e  e q u a tio n s  g e n e ra te d  by th e  p re ­

v io u s ly  e s ta b l i s h e d  v a r i a t io n a l  p r in c ip le .
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I .  THE CONSTRAINT FORMALISM.

The c a n o n ic a l th e o ry  o f c o n s tra in e d  system s in tro d u ce d  by

27 28 29D irac  has been exposed i n  v a r io u s  forms by d i f f e r e n t

30 31 32a u th o rs  * * . We quo te  here  o n ly  th o se  o f  i t s  f e a tu re s  r e le v a n t

to  o u r  developm ent.

B ecause o u r in te n t io n  i s  to  s t a r t  from  a v a r i a t i o n a l  p r in c ip l e ,  

we i n s i s t  o n  th e  e x is te n c e  o f  a  L ag ran g ian  as w e l l  as a  H am ilton ian  

form alism .

In  o r d e r  to  s im p lify  the fo rm u lae , we s h a l l  adopt a  f u l l  te n s o r  

n o ta t io n  o v e r  b o th , p a r t i c le  (L a tin )  and c o o rd in a te  (Greek) in d ic e s .  

Hence, i t  i s  understood  th a t  sums a re  perform ed w herever re p e a te d  

in d ic e s  o c c u r , one o r  more c o v a r ia n t and one o r  more c o n t r a v a r ia n t ,  

w h ile  no sum i s  c a r r ie d  o u t when th e  re p e a te d  in d ic e s  a re  o f  th e  same 

k in d . E x c e p tio n a l ca ses  w ill  be e x p l i c i t l y  in d ic a te d .  Our m e tr ic  

te n s o r  in  th e  Minkowski space i s

1. L ag rang ian  Form alism .

C onsider a c lo sed  system o f  N in t e r a c t in g  p a r t i c l e s  in  th e  

Minkowski sp ace . The degrees o f  freedom , whose number i s  i n i t i a l l y  

4N, a r e  d e sc r ib e d  by a  s e t  o f  in d ep en d en t v a r ia b le s  

( {A =* 0 ,1 ,2 ,3 ;  a = 1 . . .N ) .  But s in c e  a  p h y s ic a l ly  m ean ingfu l 

d e s c r ip t io n  i s  to  be g iv en  only i n  term s o f  3N d eg rees o f  freedom , 

a s e t  o f  N c o n s tr a in ts  should be in c o rp o ra te d  to  th e  e v o lu t io n  o f
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th e  system  and re q u ire d  to  be in v a r ia n t  th ro u g h o u t th e  m otion .

The e q u a tio n s  o f  m otion  a re  supposed to  fo llo w  from th e  v a r i a t io n  

o f  th e  a c t io n  fu n c t io n a l

A W *  J  l ( a . i )

where £  i s  th e  m a n ife s tly  c o v a r ia n t L ag ran g ian , a  fu n c tio n  o f  th e  

c o o rd in a te s  and v e lo c i t i e s  £  ^  ^  j  ta k e n  a s  th e  t o t a l

d e r iv a t iv e s  o f  th e  c o o rd in a te s  w ith  r e s p e c t  to  some a r b i t r a r y  L oren tz  

p aram eter s .

In  p r in c ip le ,  th e  L agrangian t h a t  ap p ears  in  (1 .1 ) may be non­

s ta n d a rd , i . e . ,  i t s  H essian  m a tr ix , d e fin e d  by

v 1 r
i . / a b  _  °  (1 .2 )

V  -  I

may be s in g u la r :

4 (>
D a l  ( w )  -  | v | -  0 .

(1 .3 )

I f  such i s  th e  c a s e , th e  c o n s tr a in ts  a re  o b ta in e d  as  fo llo w s : ta k in g  

th e  two s e ts  o f  v a r ia b le s  I f f  and I as i n i t i a l l y  in d ep en d en t, 

th e  computed ran k  o f  th e  H essian i s  le s s  th a n  4N, say R ™ 4N -  K, due

to  i t s  s in g u la r i ty .  So, th e re  e x i s t s  a s e t  o f  K independen t n u l l
A (C 1c

a  (k = 1 . . . K) such th a t

w ; t  -  o .

-7-



On th e  o th e r  hand , th e  e q u a tio n s  o f  m otion  fo llo w in g  th e  v a r ia t io n

o f  (1 .1 ) ,

L (  2L W  1L  
M w  M S

(1 .5 )

can be w r i t t e n  i n  term s o f  th e  H essian , ( 1 .2 ) ,  as

W a v  f  b  =  0 ^ ( M )  a 6 )

where

_ (1 .7 )

i s  a  fu n c tio n  o f  th e  c o o rd in a te s  and v e l o c i t i e s .  Because th e

H essian  i s  s in g u la r ,  we know t h a t  th e re  a r e  n o t enough eq u a tio n s  o f
• •  .

m otion  to  d e te rm in e  a l l  th e  a c c e le r a t io n s  ^ 3  j  , b u t ,  acco rd ing  

to  ( 1 .4 ) ,  from (1 .6 )  we o b ta in  K a d d i t io n a l  r e l a t io n s

V.  • a . (1 .8 )

y u( f , V =  . ■ 0

in v o lv in g  o n ly  th e  independent v a r ia b le s  H i ! )  These r e la t io n s  

a re  c a l le d  "ca n o n ica l c o n s t r a in t  e q u a tio n s"  o r ,  when *fchey do n o t 

i d e n t i c a l l y  v a n ish , "ca n o n ica l c o n s t r a in t s "  and as  such d e f in e  a 

subspace s 'o f  th e  o r ig i n a l  space S o f  { f i  and H J  to  which 

th e  m otion  i s  co n fin ed . A lthough, in  p r in c ip le ,  th e  m issing  

e q u a tio n s  o f  m otion  can be g en e ra te d  from (1 .8 ) by sim ple 

d i f f e r e n t i a t i o n ,  s t i l l  s e v e ra l  p o s s i b i l i t i e s  may a r i s e  a t  t h i s  p o in t:



(a) The c o n s tr a in t  e q u a tio n s  (1 .8 )  may a f f e c t  th e  ran k  o f  

th e  H essian  and , hen ce , more n u l l  e ig e n v e c to rs  and more 

c o n s tr a in ts  may be found.

(b) A d i f f e r e n t i a t i o n  o f  (1 .8 )  may le a d  to  more c o n s t r a in t s ,  

s in c e  i n  o rd e r  to  s a t i s f y  th e  s t a b i l i t y  o f  th e  c o n s tr a in ts  

a long  th e  e v o lu tio n  o f  th e  system  one m ust have a lso

I f  the  r e s u l t in g  e x p re s s io n s  (1 .9 )  do n o t in v o lv e  th e  

a c c e le ra t io n s  and can n o t  be d e r iv e d  from (1 .6 )  and (1 .8 )  

by a lg e b ra ic  o p e ra t io n s  a lo n e ,  th e n  th e y  c o n s t i tu te  new 

c o n s t r a in ts .

(c) I t  i s  p o s s ib le  t h a t  th e  number o f  c o n s tr a in ts  i s  no t

la rg e  enough to  c o n fin e  th e  m otion  to  a  subspace s 'w i th  

th e  re q u ire d  d im e n s io n a li ty . Then, a d d i t io n a l  c o n s tr a in ts  

can be imposed from o u ts id e ;  th o se  w i l l  be c a l le d  " s u b s id ia ry  

c o n s tr a in ts "  and t r e a te d  in  e x a c t ly  th e  same way as th e  

ca n o n ica l c o n s tr a in ts  when c o n s is te n t  w ith  th e  e q u a tio n s  o f  

m otion.

Once a l l  p o ss ib le  c o n s t r a in t s  have been  found by an i t e r a t i v e  

procedure o r  imposed, th e  g e n e ra l s i t u a t i o n  should  in v o lv e  4N 

independent eq u a tio n s  o f  m otion  and 2N ind ep en d en t c o n s tr a in ts  whose 

d i f f e r e n t i a t io n s  w i l l  produce e i t h e r  c o n s t r a in ts  o r  e q u a tio n s  o f  

m otion th a t  a re  a lre a d y  c o n ta in e d  in  th e  s e t .

I f  th e  Lagrangian i s  in v a r ia n t  o r  q u a s i- in v a r ia n t  (see  appendix 

B) under gauge tra n s fo rm a tio n s  such  th a t  th e  v a r ia t io n s

-9-
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(1 .10a)

♦

( i  *» 1 . . . I )  in v o lv e  a  number I  o f  a r b i t r a r y  fu n c tio n s  o f  th e  

p aram eter and th e  same number o f  n u l l  e ig e n v e c to rs ,  th e n  th e  

co rresp o n d in g  c a n o n ic a l c o n s t r a in t  eq u a tio n s  w i l l  be i d e n t i c a l l y  

s a t i s f i e d ,  i . e . ,

9
(1 .10b)

le a v in g  I  unso lved  a c c e le r a t io n s  (w ithout e q u a tio n s  o f  m o tio n ).

Those gauges m ust a ls o  be f ix e d  by s u b s id ia ry  c o n s t r a in ts  as i n  (c )i 

I f  we choose to  keep th e  gauge in v a r ia n c e s  u n t i l  a l l  o th e r  

c o n s t r a in ts  a re  d e te rm in ed , o u r f in a l  scheme w i l l  be s p e c i f ie d  by a 

s e t  o f  R “  4N -  I  independen t e q u a tio n s  o f  m otion

( i . n )

d e fin e d  in  an 8N -dim ensional space S o f  and a s e t  o f  K

c o n s t r a in ts

k7  ( f } f  )  =  O  (1 .1 2 a)

whose d e riv e d  eq u a tio n s  o f  m otion

a
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a re  a lre a d y  I m p l ic i t ly  co n ta in ed  in  (1 .1 1 ) and (1 .1 2 a ) ; th e r e fo re ,  

i f  e q u a tio n s  (1 .1 2 a) a re  used to  s p e c ify  i n i t i a l  c o n d it io n s ,  

th o se  w i l l  a u to m a tic a lly  be p re se rv ed  a lo n g  th e  m o tion . R e la tio n s  

(1 .1 2 a) d e f in e  an  8N-K d im ensional subspace o f  S on which th e  

a c tu a l  e v o lu t io n  o f  th e  system  ta k e s  p la c e .  The o n ly  unsolved 

d eg rees  o f  freedom  a re  th o se  co rresp o n d in g  to  th e  I  gauge in v a r ia n c e s ; 

m a n ife s t  co v a ria n c e  im p lie s  th a t  K +  21 a  2N.

I t  i s  w orth  p o in tin g  o u t t h a t  i f  some o f  th e  c o n s tr a in ts  depend 

o n ly  on th e  c o o rd in a te s ,

th e y  can be used  to  a c tu a l ly  reduce th e  number o f  independent 

v a r ia b le s  and , h en ce , th e  d im e n s io n a lity  o f  th e  o r ig in a l  space S 

i t s e l f .3®

2. H am ilton ian  Formalism .

The g e n e ra liz e d  momenta a re  d e f in e d , as u s u a l ,  by th e  d e r iv a t iv e s

Q
because  th e y  produce two a d d i t io n a l  s e t s  o f  r e l a t io n s

7
and
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As a  consequence o f  th e  s in g u la r i ty  o f  th e  H essian  ( 1 .2 ) ,  

d e f in i t io n s  (1 .1 3 ) can  n o t be used h e re  to  e x p re ss  th e  v e lo c i t i e s  

in  term s o f  th e  v a r ia b le s  m  and { P ^ j. I n s te a d ,  s in c e  

r e l a t io n s  (1 .1 3 ) a re  n o t a l l  in d ep en d en t, a  number K o f  r e l a t io n s  

among th o se  v a r ia b le s  a lo n e  should  a r i s e  w ith o u t th e  use  o f  th e  

e q u a tio n s  o f  m otion  (1 .5 ) ;  such r e la t io n s  a re  c a l l e d  "prim ary  con­

s t r a i n t s "  and can  be re p re se n te d  by a s e t  o f  "weak e q u a l i t i e s "

(1 .14 )

where th e  weak e q u a l i ty  symbol (552 ) i s  used  to  s t r e s s  th e  f a c t  

t h a t  th ey  a re  v a l id  o n ly  on t h e i r  s e lf - d e f in e d  subspace o f  th e  t o t a l  

p h ase -sp ace  ^ j? \t  so th a t  t h e i r  P o isson  b ra c k e ts  (P .b .)  w ith  th e  

c a n o n ic a l v a r ia b le s  may be d i f f e r e n t  from z e ro . O b v io u sly , th e  

number o f  p rim ary  c o n s tr a in ts  must be th e  same a s  th e  number o f  n u l l  

e ig e n v e c to rs  o f  th e  H essian  and , hence, eq u a l to  th e  number o f  

c a n o n ic a l c o n s t r a in ts  (1 .8 ) .  So, a f t e r  ta k in g  th e  d e r iv a t iv e  o f

(1 .1 4 ) w ith  r e s p e c t  to  th e  param eter and u s in g  th e  eq u a tio n s  o f  m otion 

to  e l im in a te  th e  p aram eter d e r iv a t iv e s  o f  th e  momenta, we m ust have 

r e l a t i o n



The t r a n s i t i o n  from th e  L agrangian  to  th e  H am iltonian 

fo rm alism s, th e r e f o r e ,  m ust ta k e  in to  accoun t th e  in v a r ia n c e  o f  th e  

subspace d e f in e d  by th e  p rim ary  c o n s t r a in t s .  So, i f  th e  "can o n ica l 

H am ilton ian" i s  d e f in e d  by

h « =  - • - >
th e n  th e  "unso lved" v e l o c i t i e s  can  be in c lu d e d  in  a  s e t  o f  a r b i t r a r y  

c o e f f ic ie n t s  fo r  a  l i n e a r  com bination  o f  th e  p rim ary  c o n s tr a in ts  th a t  

i s  to  be added to  th e  c a n o n ic a l H am ilton ian  Hc to  form th e  t o t a l  

H am ilton ian ,

K -  H e  +  l/lc *  Hc_,  (1.17)

t h a t  leav es  th e  su b sp ace , d e f in e d  by th e s e  c o n s t r a in t s ,  in v a r ia n t .  

Now, in  term s o f  th e  P .b . ,

c i ^ B ^ E> 3  A

v . -  “ •>*>

t o t a l  d e r iv a t iv e s  w ith  r e s p e c t  to  th e  p aram eter (s)  a re  ex p ressed  

in  term s o f  (1 .1 7 ) th ro u g h  th e  g e n e ra l e q u a tio n  o f  m otion

A  =  { A  ,  U ]  +  • (1 .1 9 a)

In  p a r t i c u l a r ,  th e  e q u a tio n s  o f  m otion f o r  th e  can o n ica l v a r ia b le s  

become
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^  H e , r  )<fk
k  O .U b )

p *  —  f  p *  14  \  ~  _  u i  ^  ^
" "  <1 *1 9 c>

and a re  e q u iv a le n t to  th o se  fo llo w in g  from  th e  v a r i a t io n a l  p r in c ip le  

when ex p ressed  in  term s o f  th e  c a n o n ic a l H am ilton ian  (1 .1 6 ) and 

s u b je c t  to  th e  e x is te n c e  o f  th e  c o n s t r a in t s

A com plete ly  c o n s is te n t  form alism  r e q u i r e s  t h a t  th e  c o n s t r a in ts

(1 .14 ) them selves be p re se rv e d  a lo n g  th e  e v o lu t io n  o f  th e  system . 

T h e re fo re , we s t i l l  must r e q u ire  th e  s -d e r iv a t iv e s  o f  th e  c o n s t r a in ts  

to  v a n ish , i . e . ,

He } + < & { < r M «  o  ( i .2 0 )

(see  e q u a tio n  (1 .15) ) .  A t t h i s  p o in t  th e  s i t u a t i o n  i s  e n t i r e ly

s im i la r  to  t h a t  encoun tered  in  th e  L agrang ian  form alism :

(a) I t  may happen t h a t  e q u a tio n s  (1 .2 0 ) g iv e  r i s e  to  more 

r e la t io n s  among th e  in d ep en d en t v a r ia b le s  th a t  

do n o t invo lve  th e  c o e f f i c i e n t s  J L -

(b) One may need to  in c r e a s e  th e  number o f  c o n s t r a in ts  to  

account f o r  f u r th e r  req u irem e n ts  o f  th e  m odel, i n  o rd e r
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Co reduce th e  in v a r ia n t  subspace to  an even sm a lle r  

d im e n s io n a lity .

In  e i t h e r  c a s e , th e  l i n e a r  com bination  th a t  ap p ears  in  th e
«

H am ilton ian  (1 .17 ) w i l l  be expanded to  in c lu d e  a l l  th e  "secondary 

c o n s t r a in t s "  o b ta in e d  from (a ) ,  th e  " s u b s id ia ry  c o n s t r a in t s "  im­

posed i n  (b ) ,  i f  any , and a l l  subsequen t independen t c o n s tr a in ts  

t h a t  may a r i s e  by a g a in  r e q u i r in g  th e  s t a b i l i t y  o f  th e  new con­

s t r a i n t s .  T his i t e r a t i v e  p rocedure  ends up w ith  perhaps a  la r g e r  

s e t  o f  s ta b le  c o n s tr a in ts  t h a t  can be d iv id ed  in to  " f i r s t  c la s s  

c o n s t r a in t s "  o r  th o se  th a t  commute (have v a n ish in g  P .b .)  w ith  a l l  

o th e r  c o n s tr a in ts  and "second c la s s  c o n s t r a in t s "  which h a v e 'a t  l e a s t  

one nonvan ish ing  P .b . So, i f  th e  f in a l  s e t  o f  c o n s t r a in ts  i s  com plete 

and s e l f - c o n s i s t e n t ,  th e  new e q u a tio n s  (1 .2 0 ) w i l l  c o n ta in  o n ly  th e  

second c la s s  c o n s tr a in ts  3*^ whose number must be even i n  o rd e r  to  

adm it a s o lu t io n  f o r  th e  c o e f f ic ie n t s  UV s in c e  th e  an tisym m etric  

m a tr ix

( r ,r* =  1 . . . R )  i s  s in g u la r  when i t s  d im e n s io n a lity  i s  odd. The 

c o e f f i c i e n t s  l£y» a re  th e n

d ,  =  { H e , f '' }  c f t ' t  (1
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and the Hamiltonian (1.17) becomes I

(1 .23 )

where th e  l a s t  term  co rresp o n d s to  a  l i n e a r  com bination  o f  th e  f i r s t  

c la s s  c o n s tr a in ts  ( i  =» 1 . . . I )  w ith  I  unso lved  c o e f f ic ie n t s  to  accoun t 

f o r  th e  I  gauge in v a r ia n c e s  o f  th e  L agrang ian .

The rem aining c o e f f i c i e n t s  0 ^  can be f ix e d  by im posing I  sub­

s id ia r y  c o n s tr a in ts  in v o lv in g  th e  p aram eter S,

,  P ,  s  )  ~  °  • ( 1 2 4 )

The s t a b i l i t y  c o n d itio n s  now read

\ t  .
^ • =  - j i ~ °  (1-25a)

and

=  { f M

where th e  t o t a l  H am iltonian  24.

(1 .25b)

(1 .25c)
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w ith

(1 .25d) 

(1 .26 )

b u t th e  s e t  t r j  i s  i n i t i a l l y  f i r s t  c l a s s ,  so we have th e  v a n ish ­

in g  b ra c k e ts

w ith  which (1 .26) reduces im m ediately  to

u W  ; { U  -  i (l-27a)
th e n , th e  s u b s id ia ry  c o n s t r a in ts  do n o t ap p ear i n  th e  f in a l  form o f 

th e  H am ilton ian , w h ile  th e  c o e f f ic ie n t s  o f  th e  f i r s t  c la s s  con­

s t r a i n t s  a re

h  =  h < +  { r j  c ; T r
The e q u a tio n s  fo r  th e  c o e f f ic ie n t s  w i l l  b e , th e r e f o r e ,

Vtwm.wMW
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where the matrix I inverse of

i ‘: = i i i h , r t n

Once a l l  c o e f f ic ie n t s  have been determ ined  as b e fo re ,  th e  t o t a l  

H am ilton ian  i s  g iv en , now w ith o u t a r b i t r a r y  e lem en ts , by

H  +  S T  ( 1 2 8 )

where H i s  j u s t  (1 .2 5 d ).

To s im p lify  th e  n o ta t io n ,  l e t  us w r i te  th e  com plete s e t  o f  con-

j  (K ** 1

The m a tr ix  formed by t h e i r  P .b . i s

and we can w r ite  th e  H am iltonian  in  a more g e n e ra l form as

3 ( = H c +  ( { H c j f r } - 3 7 )  (1-25b)
where o n ly  th o se  c o n s tr a in ts  w ith  e x p l i c i t  param eter dependence w i l l  

su rv iv e  th e  p a r t i a l  d e r iv a t iv e  in s id e  th e  p a re n th e s is .

The D irac  b ra c k e ts  (D .b .)  a re  d e fin e d  by

< ? £ { ? * & }  ( 1 ' 3 0 )

.2N ).
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so t h a t  th e  D .b. o f  any v a r ia b le  w ith  a c o n s tr a in t  w i l l  v an ish  and ,

h en ce , i f  we choose to  work o n ly  w ith  them in s te a d  o f  th e  P .b . ,  

th e n  a l l  c o n s t r a in ts  can  be re p la c e d  by s tro n g  e q u a l i t i e s ,  i . e . ,  

t r e a te d  as i d e n t i t i e s  and we c o n fin e  o u rse lv e s  to  th e  In v a r ia n t  

subspace in  which th e  m otion  ta k e s  p la c e . E v e n tu a lly , one can use 

o n ly  th e  minimum number o f  v a r ia b le s  to  d e s c r ib e  th e  dynam ics.

The e q u a tio n  f o r  th e  t o t a l  d e r iv a t iv e s  w ith  r e s p e c t  to  th e  tim e- 

p a ram e te r,

when ex p ressed  i n  term s o f  th e  D .b. a re

(1 .3 2 a)

w ith

s in c e ,  u s in g  (1 .3 0 ) , we have, in  g e n e ra l ,

because

-19-



N a tu ra lly , o n ly  th e  c o n s t r a in t s  w ith  e x p l i c i t  tim e-p a ram e te r dependence 

w i l l  c o n tr ib u te  to  th e  f i n a l  r e s u l t .  In  term s o f  eq u a tio n s  (1 ,2 7 ) , 

f o r  in s ta n c e ,  i t  i s

^  A  . J  A i f  l T~l*  (1 .32c)

1 7  “  S S  +  *

In  p a r t i c u la r ,  th e  e q u a tio n s  o f  m otion 

w ith  ^  g iven  by (1 .2 9 ) w i l l  read

{ t f , x f * + T r

P p  “  (l.W b >

and th e  ex p ress io n s

t fi)*= s', si - 1 <5 1 i wW
d e f in e  th e  new can o n ica l b ra c k e ts  w ith  th e  v a r ia b le s  co n fin ed  to  

th e  in v a r ia n t  dynam ical subspace .

- -20-



I I .  CANONICAL SYSTEMS WITH THE GLOBAL TRANSVERSALITY CONDITION.

W hile th e  l a s t  c h a p te r  was an o u t l in e  o f  how to  h an d le  con­

s t r a in e d  system s in  g e n e ra l ,  we in te n d  h e re  to  be more s p e c i f ic  

ab o u t th e  k in d  o f  c o n s t r a in t s  t h a t  should  be exp ec ted  i n  a  r e l a t i -  

v i s t i c  m a n ife s t ly  c o v a r ia n t  m u l t ip a r t i c le  s c a la r  dynam ics, and to  

an a ly ze  some o f  t h e i r  fo rm al consequences.

1. B asic  P o s tu la te s .

( i )  As s ta t e d  p re v io u s ly ,  we i n s i s t  from th e  o u ts e t  t h a t ' t h e  

th e o ry  be based  on th e  e x is te n c e  o f  a  v a r i a t io n a l  p r in c ip le  w ith  an 

a c t io n  in t e g r a l  o f  th e  form (1 . 1) ,

which i s ,  o f  c o u rse , r e q u ire d  to  be In v a r ia n t  under tra n s fo rm a tio n s

supposed to  be a L o ren tz  in v a r ia n t  s c a la r  and i s  b e in g  k ep t a r b i t r a r y  

d u rin g  th e  i n i t i a l  d e d u c tiv e  s ta g e s .  R e p a ra m e tr iz a tio n  in v a r ia n c e

make a n e c e ssa ry  req u irem en t o f  i t .  Thus, a t  t h i s  p o in t ,  th e  

L ag rang ian  may o r  may n o t be homogeneous.

c o o rd in a te s  o f  th e  p a r t i c l e s  (a *» 1 . . .N )  in  a Minkowski sp ace . The 

c o n f ig u ra t io n  space i s ,  th e r e f o r e ,  th e  c a r te s ia n  p ro d u c t o f  N

b e lo n g in g  to  th e  P o in care  group ( / \ ^  £1^)*  The p aram eter (S) i s

18o f  (2 .1 )  i s  a d e s ir a b le  f e a tu r e ,  b u t fo llo w in g  R o h rlich  , we s h a l l  no t

( i i )  The v a r ia b le s ap p earin g  in  th e  L agrangian  a re  th e
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Minkowski spaces where th e  e v o lu tio n  o f  th e  system  w i l l  t r a c e  an 

N -w o rld -lin e  whose p a ra m e tr ic  e q u a tio n s  a re

? £  =  f £ < 5) c2-2)
In  th e  p h a se -sp ac e , such a s e t  o f  v a r ia b le s  w i l l  be augmented by a 

co n ju g a te  s e t  ^  } d e f in e d  by (1 .1 3 ) :

-  a

9

where With th o se  d e f in i t i o n s ,  the m a n ife s t

co v a rian ce  req u irem en t o f  th e  th eo ry  can be sim ply f u l f i l l e d  i f  the  

P o in care  g e n e ra to rs  P ^  , J ^ ,v a re  g iven  in  term s o f  th e  p a r t i c l e  

v a r ia b le s  by

t f - z  r ;  j r - - f  a ; « - « ! ’? )  «■«

and th e  m a n ife s tly  c o v a r ia n t  r e a l i z a t i o n  o f  th e  P o incare  a lg e b ra

el

(2 .5 a )

w ith  th e  s t r u c tu r e  c o n s ta n ts



=  c  < * -  s  <;“^  p̂ Vp o^j» a v o^v op

O'

(2.5h)

i s  s a t i s f i e d  as a consequence o f th e  fundam ental P o isson  b ra c k e ts

m / S i - s X  ° - b

( i i i )  In  o rd e r  to  in s u re  th e  e x is te n c e  o f the  independent

world l in e s  fo r  each o f th e  p a r t i c l e s  in  th e  system , the  tre a tm e n t

11 22should  be cen te red  around a s e t  o f  e q u a l- tim e -p la n e  eq u a tio n s  * 

th a t  i n i t i a l l y  a re  s e t  as

P. l£ i - o (2 .7 )

were

4 .b  *“~ * a  * b  (2 .8 )

and i s  th e  t o t a l  momentum ( 2 .4 ) .  The c o n d itio n  s ta te d  by equa­

tio n s  (2 .7 ) ,  v a l id  fo r  a l l  p a r t i c l e  in d ic e s ,  w i l l  be r e fe r r e d  

h e r e a f te r  as G lobal T ra n s v e rs a l i ty  (G .T .) p ro v id in g  us w ith  N -l 

independent c o n s tr a in ts  which g u aran tee  th a t  th e  i n t e r p a r t i c l e  

s e p a ra tio n s  (2 . 8 ) rem ain s p a c e lik e  th roughou t th e  m otion in  a l l

-23-



reference frames since their positions in the momentum rest frame

d i t io n  should  a r i s e ,  th e r e fo r e ,  a t  some p o in t  o f  th e  c a lc u la t io n s  

e i t h e r  as a s e t  o f c a n o n ic a l o r  s u b s id ia ry  c o n s t r a in t s .

The q u e s tio n  o f  s e p a r a b i l i ty  (o r C lu s te r  Decom position) w i l l  

be co n sid e red  l a t e r  when a e x p l i c i t  model i s  s tu d ie d .  This cond i­

t io n  re q u ire s  th a t  a f t e r  d iv is io n  o f  th e  system  in to ,  say , two 

c lu s te r s  o f and Ng p a r t i c l e s  which a re  s u f f i c i e n t ly  f a r  removed 

from each o th e r  so th a t  th e  i n t e r - c l u s t e r  in te r a c t io n s  can be 

n e g le c te d , th e  e n t i r e  form alism : L ag rang ian , e q u a tio n s  o f m otion 

and c o n s tr a in ts  a u to m a tic a lly  become a p p lic a b le  to  th e  two in d e ­

pendent subsystem s.

2 . G eneral Dynamical Im p lic a tio n s .

The eq u a tio n s  o f m otion a re ,  hence , th e  E uler-L agrange equa­

t io n s  (1 .5 ) d e riv e d  from the  v a r i a t io n a l  p r in c ip le .  I f  one uses 

d e f in i t io n  ( 2 .3 ) ,  th o se  can be fo rm a lly  w r i t t e n  as

Now, s in c e  th e  subsequen t dynamics should  co rrespond  to  a
4

c lo se d  system  o f p a r t i c l e s  in  m utual s c a la r  i n t e r a c t io n ,  th e  

P o incare  in v a r ia n c e  o f th e  a c t io n  in t e g r a l  (2 .1 )  m ust lead  us in -  

m ed ia te ly  to  th e  c o n se rv a tio n  o f  th e  t o t a l  l in e a r  and an g u la r mo­

m enta, i . e . ,  one ex p ec ts  t h a t ,  f o r  th e  q u a n t i t i e s  d e fin e d  in  (2 , 4 ) ,  

th e  e q u a tio n s  o f m otion (2 . 9) imply

( P = 0) a re  a l l  s im u ltan eo u s , i . e . ,  t : - n  = 0 . This G.T. con-

(2 .9 )
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Both o f th e se  r e s u l t s  a re  o b ta in ed  by choosing  a L agrangian  Xirtiich: 

(a ) depends only  on th e  in t e r n a l  i n t e r p a r t i c l e  s e p a ra tio n s  through

w ith

P -  £J4,la a b

and (b) i s  such th a t  th e  momenta a re  e x p re s s ib le  

t io n s  o f th e  v e lo c i t i e s

4
where the  D  b a re  some symm etric c o e f f ic ie n t s  (which can n o t be 

te n so rs  in  th e  c o o rd in a te  in d ic e s  p , V s in c e  on ly  s c a la r  in te r a c ­

t io n s  a re  a llo w ed ). w i l l  depend, th e r e fo r e ,  on q u a d ra tic  func­

t io n s  o f the  v e lo c i t i e s .

Indeed , w ith  (2 .1 1 ) ,  th e  eq u a tio n s  o f m otion can be exp ressed

(2 . 11)

(2 . 12) 

as l in e a r  combina-



"  i f . k  i n =  1 ( 4  =  A •■ ^  < 2 - 1 4 b )

Then, w ith  /^t t^ symmetric ( fab = fba ) w h ile  i s  an tisym m etric

i n  a ,b ,  adding (2 .1 4 a) over index a , one has

P u  =  Z  P m  =  A ( « t > )  O  (2 .15a)

which i s  th e  f i r s t  o f  th e  r e la t io n s  (2 . 10) ;  th e r e fo r e ,  we have

*̂
P < %  =  M o  = c o n s ta n t (2 .15b)

where r e p re s e n ts ,  n a tu r a l ly ,  th e  t o t a l  mass o f th e  system . 

A lso , from (2 .4 )  i t  fo llow s th a t

;fr  = ?«v p ; ) + ;

th e  f i r s t  p a re n th e s is  v an ish e s  as a consequence o f (2 .1 4 ) , f o r ,

=  ( % < * ! t ~  ^ « v ) 2  ° >

w h ile  th e  second term  v an ish es  becouse o f (2 .1 3 ) ,  i . e . ,  

and the  second o f  th e  r e la t io n s  (2 . 10) i s  s a t i s f i e d  as w e ll .
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A f u r th e r ,  and very  im p o rtan t, r e s t r i c t i o n  on th e  ch o ice  o f 

p o s s ib le  L agrangians comes from p o s tu la te  ( i i i ) .  I f  the  G.T. con­

d i t io n s  a re  to  be in te g ra te d  somehow in to  th e  dynam ics, i t  i s  r e ­

q u ire d  th a t  th e  p a r t i c l e  en e rg ie s  in  th e  momentum r e s t  frame (MRF) 

be c o n s ta n ts  o f  th e  m otion . Indeed, c o n tra c tin g  both  s id e s  o f 

e q u a tio n s  (2 .15) w ith  th e  t o t a l  momentum v e c to r ,  we have

th u s , i f  G.T. (2 .7 )  h o ld s ,  th e  r ig h t  hand s id e  v an ish es  fo r  a l l  

v a lu e s  o f a leav in g

(2 .1 6 )

o (2*17a)

b u t ,  due to  the  constancy  o f p ^ .,  th i s  e q u a tio n  i s  e n t i r e ly  eq u i­

v a le n t  to

= c o n s ta n t. (2 .17b)

The converse i s  a lso  t ru e  p rov ided  a l l  p a r t i c le s  a re  indeed i n t e r ­

a c t in g .  I f  we s t a r t  from (2 .1 7 ) , th e  eq u a tio n s  (2 .1 6 ) can be 

w r i t te n  in  terms o f th e  s e t  o f  N -l an tisym m etric  q u a n t i t ie s



A W  4b =  O ; (2.18b)

b u t n o t a l l  ^ ^ a r e  in d ep en d en t. For example, we can s e t

V ' -  \ b '  (2 .1 8 c)

tra n sfo rm in g  (2 .19b) in to

(A 4  -  A a (>) jcbl =  0  (2 .i9o

w ith

A * *'  c  (2 .19b)

th e n , i f  no o th e r  s p e c ia l  c o n d itio n  i s  imposed on th e  elem ents 

, th e  m a trix

i\ S A4 i\ -  A4b C2O90)

i s  s in g u la r  and adm its on ly  one n u l l  e ig e n v e c to r , nam ely, th e  

v e c to r  whose elem ents a re  a l l  ones, i . e . ,
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cM O cn

s in c e

S .  5 % =  4 - « V  o

The rank o f (S i s ,  th e r e fo r e ,  N -l so th a t  the  only  s o lu t io n
A *1

f o r  th e  s e t  o f  N -l independen t eq u a tio n s  in  N -l unknowns, X ,
« A I

i s  th e  t r i v i a l  one: X = 0 »  w hich, becouse o f  (2 .1 9 c) and (2 .1 9 a) 

i s  th e  G.T. s ta te m e n t ( 2 .7 ) .

When (2 .17b ) i s  ex p ressed  in  the  MRF (which i s  i n e r t i a l  b e ­

couse £ p . is  c o n s ta n t)  d e f in e d  by

( 2 . 20a)

we f in d  th a t

P » =  " H ;  ~  M f t =  C° n S + '>  ( 2 . 20b)

where th e  c-number M re p re s e n ts  th e  tim e component o f  th e  a - th  

p a r t i c l e 's  momentum, which i s  the  energy in  th e  MRF, and eq u a tio n  

(2 .17b) can  now be w r i t t e n
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*

(2.21)

Summing o v e r  in d ex  a and com paring w ith  (2 .15b) one sees  th a t

M o  ~  X  (2 . 22)
a

The consequence o f  th e  above r e s u l t s  in  co n n e c tio n  w ith  th e  

developm ent g iv en  in  (Ch. I ,  #2) i s  t h a t  i f  G.T. i s  to  c o n s t i tu t e  a 

s e t  o f  c a n o n ic a l c o n s t r a in t s ,  th e n  e q u a tio n s  (2 . 21) must n e c e s s a r i ly  

be th e  co rre sp o n d in g  p rim ary  c o n s t r a in t s  acco rd in g  to  e q u a tio n  (1 .1 5 ) ,

3. Homogeneous L ag ran g ian s .

By a "homogeneous L ag ran g ian " i t  i s  u n d ersto o d  a  L agrangian  whose 

dependence on th e  v e l o c i t i e s  i s  such th a t  fo r  any r e a l  p o s i t iv e  

q u a n ti ty  oL ,

X (fltf j )  = e L l ( % f )  ; <2-23>

i . e . ,  £  p o sse s se s  a f i r s t  o rd e r  hom ogeneity in  th e  v e l o c i t i e s .  I t  

i s  w e ll known th a t  t h i s  p ro p e r ty  i s  d i r e c t l y  r e l a t e d  w ith  r e p a ra -  

m e tr iz a t io n  in v a r ia n c e  o f  th e  a c t io n  in t e g r a l  and , c o n se q u en tly , 

th a t  t h i s  type  o f  L ag rang ian  must in v o lv e  i n t e r a c t io n  p o te n t ia l s  

o n ly  in  a m u l t ip l ic a t iv e  form.

However, th e  c o n c lu s io n s  o f  th e  l a s t  s e c t io n  r u le  o u t the
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p o s s i b i l i t y  o f  h av in g  a  homogeneous L agrangian f o r  (2 .1 1 ) in  th e  

g e n e ra l case  o f  a  system  w ith  more th a n  two p a r t i c le s !

To prove t h i s  s ta te m e n t, l e t  us c o n s id e r  two s p e c ia l  c a s e s ,  

remembering th a t  th e  dependence on th e  v e lo c i t i e s  must a ls o  be 

q u a d ra t ic .  For a  L agrang ian  o f  th e  form

X  =  Ua. 3 *  t f - 24*)

w ith

U a . - ' U a . d )  and (2 .24b)

which i s  th e  n a tu r a l  g e n e r a l iz a t io n  o f  th e  two p a r t i c l e  L agrang ian  

o f  th e  Gomis m o d e l^ ,  th e  momenta a re

1ia • a
p *  —  3  (2 .24c)

and g iv e  N prim ary  m a s s - s h e l l  type c o n s tr a in ts

ptf ( Ua) 2 (2 .24d)

which can  n o t be made co m p atib le  w ith  (2 . 21) w ith o u t in tro d u c in g  

more c o n d it io n s  which o v e rc o n s tr a in  th e  system , v iz
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The e x c e p tio n a l case  o f  N=2 i s  d isc u sse d  i n  appendix  A. The o n ly  

o th e r  ch o ice  c o n s is te n t  w ith  (2 .13 ) i s

i - [ t w i l i t  i'4 (2-25a)
The momenta (2 .3 ) a re  now

p;
th u s ,

f>

(2 .25b)

(2 .25c)

and we can  seek  th e  s t r u c tu r e  o f  th e  Ca| j 's  such th a t  th e  c o n d itio n  

(2 . 21) i s  f u l f i l l e d ,  i . e . ,

=  ±  i

o r ,  e q u iv a le n t ly ,



S u b s t i tu t in g  fo r  i t s  e x p l i c i t  form  (2 .2 5 a) we o b ta in  th e  

b i l i n e a r  e q u a l i ty

( X d ‘ C £ - M.M* £ I ) f f  f  £ = o »•**•)

t h a t  can be s a t i s f i e d ,  w ith o u t le a d in g  to  more c o n s t r a in t s ,  o n ly  i f  

th e  e x p re ss io n  in s id e  th e  p a re n th e s is  v a n ish e s  i d e n t i c a l l y ,  i . e . ,  i f

z  d ee =  Mo Ma <±et, . P-2M>e
This red u ces th e  c o e f f ic ie n t s  Cab to  p la in  c -  numbers s in c e  th e  

o n ly  p o s s ib le  s t r u c tu r e  c o n s is te n t  w ith  (2 .2 5 f)  i s

c ! a b  =  K a M b  . (2.25g>

The L agrang ian  (2 .25a) i s ,  th e r e f o r e ,  reduced  to  th e  form

£  a  (  ^  p  Y x .  <*-2 6 >

The p reced in g  argum ents can  be ex ten d ed , in  f a c t ,  to  any 

L agrang ian  and , a lth o u g h  a  form al p ro o f would be r a th e r  cumbersome, 

th e  ev idence t h a t  L agrangian  (2 .26 ) i s  th e  o n ly  one which adm its



eq u a tio n s  (2 . 21) as i t s  p rim ary  c o n s t r a in t s  can be seen  from th e  

f a c t  t h a t  s in c e  (2 .13) i s  th e  g e n e ra l form fo r  th e  momenta, to  

s a t i s f y  (2 . 21) one has to  reduce  th e  e q u iv a le n t e x p re ss io n

to  an  i d e n t i t y  w ith o u t any f u r th e r  re q u irem en t. A f te r  an in s p e c tio n  

o f  th e  c o e f f i c i e n t s  Bab ,  one i s  fo rced  to  adm it t h a t  th e  o n ly  

p o s s i b i l i t y  to  ach iev e  th a t  g o a l i s  p r e c is e ly  by d e r iv in g  th o se  

c o e f f i c i e n t s  from th e  L ag rang ian  (2 .2 6 ) .

But i t  i s  n o t d i f f i c u l t  to  see th a t  (2 .26 ) and th e  subsequen t 

e q u a tio n s  o f  m otion d e s c r ib e  a system  w ith  o n ly  th re e  d eg rees o f  

freedom .. Indeed , i t s  H essian

adm its 4N-3 independen t n u l l  e ig e n v e c to r s ,  nam ely, N n u l l  e ig e n v e c to rs  

o f  th e  form

(2 .27 )

(2 .28 )

(2 .29a)

and 3 (N -l) o f  th e  form

(2.29b)
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where th e  th re e  fo u r -v e c to rs  X  ( n » l ,2 ,3 )  a re  o r th o g o n a l to  th efl
t o t a l  momentum,

The H essian  (2 .2 8 ) i s ,  h en ce , o f  ra n k  th r e e .  F u rth erm o re , th e  

momenta f o r  t h i s  L ag ran g ian ,

can  be ex p ressed  In  term s o f  th e  t o t a l  momentum (see eq . (2 . 22) ) ,

(2 .30b)

as

p « -  i f  P
r t* ~ Mo ^ (2-30°)

and th e  eq u a tio n s  o f  m otion  reduce to

(2 .30d)

C onsequently , L ag rang ian  (2 .2 6 ) can  be in te r p r e te d  a s  a p p ro p r ia te  to  

d e s c r ib e  th e  m otion  o f  th e  c e n te r  o f  momentum

< 3 (‘ =  J - r  fM  Mo 1
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o f  a  r i g i d  system  o f  p a r t i c l e s  whose r e s t  m asses, because th o se  

c o n s t i tu e n ts  have no I n te r n a l  m otion , become in  t h i s  case  id e n t i c a l  

to  t h e i r  e n e rg ie s  M®.

We co n c lu d e , th e r e f o r e ,  t h a t  G.T. c o n d it io n s  can  n o t be 

e x p ec ted  to  c o n s t i tu t e  a  s e t  o f  c a n o n ic a l c o n s t r a in t s  f o r  system s 

w ith  more th a n  two p a r t i c l e s  b u t ,  r a t h e r ,  th ey  m ust be imposed as 

s u b s id ia ry  c o n s t r a in t s  i n  a  way th a t  becomes c o n s is te n t  w ith  th e  

e q u a tio n s  o f  m otion i f  I n te r n a l  m otions can be in c lu d e d  somehow in  

(2 . 11).

4 . Nan-homogeneous L ag ran g ian s.
s

From th e  r e s u l t s  o f  th e  l a s t  s e c t io n ,  i t  i s  a p p a re n t t h a t  in  

o rd e r  to  in c lu d e  G.T. c o n d it io n  in  a  m a n ife s tly  c o v a r ia n t  c a n o n ic a l 

form alism  we have to  r e l a x  r e p a ra m e tr iz a t io n  in v a r ia n c e  and tu rn  o u r 

a t t e n t io n  to  non-homogeneous L agrangians w hich, s in g u la r  o r  s ta n d a rd , 

must be com patib le  w ith  G.T. as  a  s e t  o f  s u b s id ia ry  c o n s t r a in t s .

One example o f  t h a t  k ind  o f  L agrangian  has been proposed by 

Rohrlich*® in  an i n i t i a l l y  expanded c o n f ig u ra t io n  space o f  4 (N + 1) 

c o o r d in a t e s ^ ^ *  (th e  C.M. p lu s  i n t e r n a l  v a r i a b le s ) .  We s h a l l  

show in  t h i s  s e c t io n  and n ex t c h a p te rs  th a t  s im i la r ,  b u t n o t 

e q u iv a le n t ,  approaches a re  p o s s ib le  on the' o r ig in a l  c o n f ig u ra t io n  

space o f  4N c o o rd in a te s  { •

A c tu a l ly ,  a  model c o n s is te n t  w ith  G.T. can  be b u i l t  up by add ing  

term s to  (2 .2 6 ) , a llo w in g  fo r  r e l a t i v e  c o n s t i tu e n t  m otions and 

in t e r a c t io n s ,  i n  such a  way th a t  th e  l a s t  3N-3 n u l l  e ig e n v e c to rs  

(2 .29b) o f  th e  H essian  and N -l o f  th o se  in  (2 .2 9 a) a re  e lim in a te d
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from th e  a n a ly s is .  Tb t h i s  end , we c o n s id e r  a L agrangian  w ith  th e  

fo llo w in g  g e n e ra l s t r u c tu r e

£  =  jCH + la (t, f) (2 .3 2 a)

w here ^  i s  th e  homogeneous form (2 .26 ) and jCo a  q u a d ra tic
iab A a q b

fu n c t io n  o f  th e  r e l a t i v e  v e lo c i t i e s  =  P  t îrou 8̂ 1

Z  = 5 ^ 5  (2'. 32b)
r

The momenta a re  h e re

r ; -  + p \ i f
w ith

some sym m etric c o e f f i c i e n t s .  S ince

D(ab)  §  p  =  o

by symmetry argum ents; th e  t o t a l  momentum i s

(2 .33a)

D a« =  A (2 .33b)

" b t l

(2 .33c)

p  _  M o M b  <2 - 34>

V  •
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From this equation and (2.26) we get immediately

2 * 1 p  =  M i  v - 35*)

as a p rim ary  c o n s t r a in t .  Because th e  G.T. c o n d it io n s  and t h e i r  

d e r iv a t iv e s  a lre a d y  g iv e  a  s e t  o f  2N-2 c o n s t r a in ts  on th e  v a r ia b le s  

{ ?  j  ? } »  we exPe c t  <?.35a) to  c o n s t i tu te  a  f i r s t  c la s s  c o n s t r a in t ,  

which i s  to  say  th a t  th e re  m ust be o n ly  one n u l l  e ig e n v e c to r  f o r  th e  

H essian  and i t  must n o t le a d  to  any c a n o n ic a l c o n s t r a in t ;  th e r e f o r e ,  

can n o t be homogeneous and we shou ld  make

=  O  (2 .35b)

so th a t  th e  H essian  becomes

( V  ?* § ) + O r -  t * % v  p - 3 3 . )

whose o n ly  n u l l  e ig e n v e c to r  i s ,  as r e q u ire d ,
b

(2‘ 35d)

where So, i s  th e  v e c to r  d e f in e d  in  (2 .1 9 d ). The e q u a tio n s  o f



w here, in  t h i s  c a s e ,  th e  fu n c tio n  (1 .7 )  i s

A \ S * b  -  U  ( 2 3 6 b

The f a c t  t h a t  th e r e  a re  no c a n o n ic a l c o n s t r a in t s  fo llo w in g  from 

th e s e  e q u a tio n s  o f  m otion  can  be seen  im m ed ia te ly , as  a  r e s u l t  o f  

summations perform ed o v e r  o b je c ts  w ith  o p p o s ite  sym m etries, when a 

c o n tr a c t io n  i s  c a r r ie d  o u t  betw een (2 .35d) and (2 .3 6 a) o b ta in in g

t h i s  i s  an  in d ic a t io n  th a t  th e  L agrangian  (2 .3 2 ) i s  a t  l e a s t  q u a s i­

in v a r ia n t  under a gauge tra n s fo rm a tio n  o f  th e  form (1 . 10) :

and th a t  th e  o n ly  p rim ary  c o n s t r a in t  (2 .3 5 a) w i l l  be f i r s t  c la s s .

The s u b s id ia ry  c o n s t r a in t s  to  be imposed come n a tu r a l ly  i f  

we tra n s fo rm  th e  i d e n t i t y  (2 .36d) in to  a  s tro n g e r  s e t  o f  r e q u i r e ­

m ents:

as  in  (2 .1 5 a) and (2 .3 3 c ) ; hence

O  . (2 .36d)

(2 .37)

o (2.38a)
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whose s a t i s f a c t i o n  im p lie s  s im u lta n e o u s ly  th e  G.T. c o n d it io n  and 

i t s  d e r iv a t iv e ,

£ ( *  | a t  =  O  ‘ £  I* i j b =  O  . (2 .38b)

Those e q u a tio n s  c o n s t i t u t e  th e  o n ly  s e t  o f  c o n s t r a in t s  in  th e  

th e o ry  so f a r ,  because  a  d i f f e r e n t i a t i o n  o f  th e  second one g iv es

f li L* 4
C- g  =1 O  (2 .3 8 c)

a s e t  o f  N -l e q u a tio n s  fo r  th e  a c c e le r a t io n s  which a re  a lre a d y  con­

ta in e d  i n  th e  e q u a tio n s  o f  m otion  (2 .3 6 a) im p l i c i t l y .  The p ro o f 

o f  t h i s  s ta te m e n t fo llo w s from th e  f a c t  t h a t  (2 .3 8 c) can  be 

deduced from (2 .3 6 a) 'and (2 .38b) by a lg e b ra ic  o p e ra t io n s  a lo n e . 

Indeed , i f  we ta k e  th e  i n t e r n a l  p ro d u c t o f  (2 .3 6 a) w ith  3?̂ *. 

and use (2 .3 8 a) we a re  l e f t  w ith

=  O  <*•«■>

which can  be r e w r i t t e n  as

M i l  = = o ; (2 .39b)

by argum ents s im i la r  to  th o se  th a t  le d  to  e q u a tio n s  (2 .1 9 e ) , 

e q u a tio n s  (2 .39b) c o n s t i t u t e  a s e t  o f  N -l in d ependen t e q u a tio n s  

i n  N -l in dependen t v a r ia b le s  \ l a .  whose o n ly  s o lu t io n  i s  th e

♦
I
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t r i v i a l  o n e , so

« •

t1

as in  (2 .3 8 c ) .

We have th e n  4N-1 in d ependen t e q u a tio n s  o f  m otion  (2 .36a) 

w hich leav e  th e  2N-2 c o n s t r a in t s  (2 .38b) in v a r ia n t  i n { ^ . ^ J .

Our e f f e c t iv e  number o f  d eg rees  o f  freedom  in  th e  c o n f ig u ra t io n  

space i s ,  th e r e f o r e ,  3N + 1; th e  rem ain ing  one deg ree  o f  freedom  

co rresp o n d s to  th e  a r b i t r a r i n e s s  o f  tim e -p a ram e te r  and can  be 

de term ined  by a  g a u g e - f ix in g  c o n s t r a in t .

One can  n o t ic e  t h a t ,  u s in g  (2 .3 4 ) , th e  momenta can be 

ex p ressed  i n  th e  form

where th e  " in te r n a l  momenta" ^  a re  d e f in e d  as

. , a d  c  AC
d *c  . <2 -4 o b >

(2 .4 0 a)

Now, e q u a tio n s  (2 .38b) a re  e q u iv a le n t to

P  t* TI» =  O

and one f in d s  from (2 .4 0 a) t h a t  e q u a tio n s  (2 .2 1 ) w i l l  indeed  p lay  

th e  r o le  o f  "prim ary  c o n s t r a in t s "  when th e  passage  to  the  

H am ilton ian  form alism  i s  done.



The L agrang lan , acco rd in g  to  th e  above a n a ly s is ,  must 

have th e  g e n e ra l s t r u c tu r e

In  th e  n e x t c h a p te r  we s h a l l  c o n s id e r  i n  d e t a i l  a  model based  

on th e  s im p le s t e x p l i c i t  c h o ic e , i . e . ,

=  s -  <2A2)

le a v in g  o n ly  th e  a d d i t iv e  term  fo r  th e  i n t e r a c t io n  p o te n t i a l s .  s
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III. MULTIPARTICLE DYNAMICAL MODEL BASED ON A SINGULAR LAGRANGIAN.

From th e  a n a ly s is  c a r r ie d  o u t in  th e  p rev io u s  c h a p te rs  we see 

t h a t  th e  p o s s ib le  ch o ice s  fo r  a  s p e c i f i c  Lagrangian  s t r u c tu r e  have 

been reduced  g r e a t ly  as a  r e s u l t  o f  th e  6 .T . req u irem en t. S ince th e  

im p o s s ib i l i ty  o f  hav ing  such c o n d itio n  as a s e t  o f  c a n o n ic a l con­

s t r a i n t s  makes co m p le te ly  u n n ecessary  th e  req u irem en t o f  hom ogeneity 

o f  th e  L agrangian  and , th e n c e , th e  ch o ice  o f  m u l t ip l ic a t iv e  p o t e n t i a l s ,  

th e  form (2 .41 ) w ith  (2 .4 2 ) as i t s  c o e f f ic ie n t s  becomes a s u f f i c i e n t  

s t a r t i n g  p o in t f o r  a c a n o n ic a l form alism .

1. L agrangian  Form alism .

Let us c o n s id e r  th e  fo llo w in g  L agrang ian :

w ith  a l l  q u a n t i t i e s  d e f in e d  p re v io u s ly . The n a tu re  o f  th e  c-num bers

th e  in te r a c t io n s  i s  a lso  a r b i t r a r y  a t  t h i s  p o in t .  Of c o u rse , in  

s p i t e  o f  the  non hom ogeneity o f  the  l a s t  two te rm s, th e  Lagrangian

(3 .1 )  i s  s in g u la r  and th e  r e s u l t s  o f  (Ch. I I ,  #4) a re  a l l  a p p l ic a b le .  

The H essian  (2 .35c) becomes

(3 .1 )

Ma i s  s t i l l  undeterm ined and th e  e x p l i c i t  form o f  U(f) which c o n ta in s

whose o n ly  n u l l  e ig e n v e c to r  i s  (2 . 35d ) ,  w h ile  th e  fu n c tio n
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I s  h e re  s p e c i f i c a l l y

0 3 a )

w ith

A b = ~ 7 f b <3-3b)

th u s ,  as in  (2 .3 6 d ). A ccording to  e q u a tio n  (B .7) o f

Appendix B, t h i s  means t h a t  under a  gauge tra n s fo rm a tio n  o f  th e  

form (2 .3 7 ) th e  v a r i a t io n  o f  th e  L agrangian  i s

i  £  =  ^  4 - ( f )  « - 4 a >ds

w ith

F = t e ) P ( < K  . (3 .4b )

The L agrang ian  (3 .1 ) i s ,  th e r e f o r e ,  q u a s i- in v a r ia n t  under such 

tra n s fo rm a tio n  and th e  a s s o c ia te d  conserved  id e n t i t y  i s ,  as  we 

a lre a d y  know,

( f =  p 1-  Mo =■ O . (3

We have, th e n , th a t  (3 .1 ) g iv e s  r i s e  to  4N-1 independen t 

eq u a tio n s  to  m otion



w ; i n

supplem ented and com patib le  w ith  a  s e t  o f  2N-2 in d ependen t con­

s t r a i n t s  g iv en  by th e  G.T. c o n d itio n s  and t h e i r  d e r iv a t iv e s ,

(2 .3 8 b ), imposed as th e  s u b s id ia ry  c o n s t r a in ts  (2 .3 8 a ) . Because o f  

th e  r e la t io n s h ip  o f  G.T. w ith  eq u a tio n s  (2 .2 1 ) , th e  I d e n t i f i c a t i o n  

o f  th e  c o n s ta n ts  M* w ith  th e  M.R.F. e n e rg ie s  o f  th e  p a r t i c l e s  appears  

a t  t h i s  p o in t .  Only th e  gauge rem ains to  be f ix e d  b u t we s h a l l  p o s t ­

pone th a t  u n t i l  a f t e r  th e  H am ilton ian  has been  found.

2. H am ilton ian  Formalism .

(3 .6 a )

(3 .6 b )

The c a n o n ic a l H am ilton ian  i s  d e fin e d  as u su a l by

A ccording to  e q u a tio n  (2 .3 3 a ) , th e  momenta a re

M4 p  , MaMb i 4t 
p ;  =  +  —

where

Xu

H e  = nil -  X (3 .7 )

-45-



Because th e  L ag rang ian  y ie ld s  one prim ary  c o n s t r a in t ,  (3 .4 c ) , th e  

H am ilton ian  fo r  th e  system  w i l l  be w eakly eq u a l to  th e  c an o n ic a l 

H am ilton ian  modulo ^  :

H  =  t t c  +  (  £ -  M s )  (3 .8 )

The e x p l i c i t  form  o f  Hq i s  e a s i ly  d e term ined  i f  we use th e  r e l a t io n

5  Mo “  M b

(3 .9 )

w hich fo llo w s d i r e c t l y  from (3 .6 )  th rough

i *  — —  Pu-----L f \ -  (3 .10 )
U  n t  T  Mo '  M. I  <* >

(3 .7 )  th e n  g iv e s

Mc -  !ll±b (11 - It )\IL _ (± _ Isl ) £ i o  _
Mo '  Mo Mb j L M* (  Mo Ml /  J

_ +  W e ) -*4Mo I  Mfc M  tic Hb J ^ >
a f t e r  expanding th e  term s and perfo rm ing  th e  sums th i s  red u ces  to  

U  _  P<* P tt 1 ( ( f )  (3 .1 1 )
He ~ I m I  -  T 7 T o +  ^ r)

an  e x p re s s io n  t h a t ,  by v i r t u e  o f  ( 3 .4 c ) ,  i s  weakly e q u a l to
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t

h . - ? £ + ( « « - * ) .  - ■ >

T h e re fo re , (3 .8 )  becomes

H =  H .  +  u - ( p a _ M o )  . (3 .1 3 )

The s t a b i l i t y  o f  (3 .4 c )  i s  a u to m a tic a lly  s a t i s f i e d  s in c e  

commutes w ith  Hp :

f  =  { O  ,

as  should  be th e  case  s in c e  i s  f i r s t  c l a s s .  But (3 .1 3 ) i s  no t

y e t  com plete; one has to  Impose now th e  s u b s id ia ry  c o n s t r a in t s  

(2 .2 1 ) . The s e t

f  ¥ *  P 2 -  M 0 M a  «  o  ( 3 .U )

c o n ta in s  o n ly  N -l in d ependen t c o n s t r a in ts  because  th ey  a re  connected  

w ith  (3 .4 c )  th rough

?=  x  r  ~ o (3. is)
4

an d , in v o 1v ing  o n ly  th e  momenta, th ey  o b v io u s ly  commute w ith  (f :
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4

1 % V \ * 0 .  0.M)

C onsequen tly , s t a b i l i t y  c o n d it io n s  on th e  3** g iv e  r i s e  to  a  

second s e t  o f  N -l in d ep en d en t c o n s t r a in t s ,

h i  = { ? :  r +  r e f  “ ) « o  < 3 .1 7 . )

1C

w here, from (3 .1 2 ) and (3. 3b ) ,

S H 0  a c  a * c
-  —  =  A •  5 p  . (3 .17b)

F u r th e r ,  u s in g  (2 .1 5 a ) , one red u ces  (3 .1 7 a) to

y a = { r ,  H . } =  A e P ' f l ' s o (3 .17c)

w hich i s  s a t i s f i e d  i f  G.T. h o ld s :

l a b  ~  f a b  ~  °

Now, i t  can  be r e a d i ly  v e r i f i e d  th a t  th e  conmute w ith

and t h a t  s t a b i l i t y  c o n d it io n s  f o r  th e se  c o n s t r a in ts  a re  s a t i s f i e d  

modulo (3 .1 4 ) ,  i . e . ,
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Now, i f  we r e w r i te  th e  com plete s e t  o f  2N-2 s u b s id ia ry  con­

s t r a i n t s  as

(p * 2* ^  p P  p * - .  J^0 M *  «  O  (3 .20a)
J f1

( £  *  2  • ,  . N )

3c a.' -  ~  0  O .2 0 b )

th e  t o t a l  H am ilto n ia n ,X  > becomes

U  =  H o  +  w  S ’ +  ? a' +  K '  ;  (3- 21)

in  term s o f  t h i s  H am ilto n ian , s in c e  a l l  s u b s id ia ry  c o n s tr a in ts  

commute w ith  , e q u a tio n s  (1 .20 ) become, a f t e r  some rea rran g em en t,

( {?i r'l {r] b )'\ ^  | ~ ._ (l*i h*f \ (3.22)
\ { M e' M u W \  u v



where th e  m a tr ix  o f  P .b . among th e  s u b s id ia ry  c o n s t r a in t s ,  , 

i s  n o n s in g u la r . B ut, because o f  (3 .1 7 c) and (3 .1 9 ) , th e  r i g h t  hand 

s id e  o f  e q u a tio n  (3 .22 ) v an ish e s  w eakly g iv in g  as a  r e s u l t  th e  

t r i v i a l  s o lu t io n

CTcv £■ O  ;  U C «  O  (3 .2 3 )

f o r  th e  c o e f f i c i e n t s  in  (3 .2 1 ) . Thus, th e  t o t a l  H am ilton ian  i s  

s tro n g ly  e q u a l to  (3 .1 3 ) ,

3 (  =  H =  +  ) (3.24)

and o n ly  th e  gauge i s  l e f t  to  be de te rm in ed . The P .b . e q u a tio n s  

o f  m otion a re

- ^ + 2 ' ' s - r
(3 .25a)

=  | i = A ‘ k 5 V
(3 .25b)

3. Gauge F ix in g  C o n s tra in t .

The H am ilton ian  (3 .24 ) and eq u a tio n s  (3 .2 6 ) d e s c r ib e  a system  

w ith  6N + 1 deg rees  o f  freedom . In  o rd e r  to  o b ta in  a  6N d im ensional
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d e s c r ip t io n  one can ap p ly  form ulae (1 .2 4 ) to  (1 .27 ) once th e  l a s t  

s u b s id ia ry  gauge f ix in g  c o n s t r a in t  i s  chosen . A lthough such a 

c o n s t r a in t  has an a r b i t r a r y  s t r u c tu r e  in  p r in c ip l e ,  o u r model r e ­

q u ire s  i t  to  be m a n ife s t ly  c o v a r ia n t .

Because th e  form o f  th e  o n ly  prim ary  c o n s t r a in t  co rresp o n d s 

to  th e  m a ss -sh e ll  c o n d it io n  fo r  a  f re e  s in g le  p a r t i c l e ,  i t  seems 

q u i te  e v id e n t t h a t  th e  un so lv ed  v e lo c i ty ,  c o n ta in ed  in  th e  co ­

e f f i c i e n t  (X , shou ld  be r e l a t e d  to  th e  v e lo c i ty  o f  th e  c e n te r  o f  

momentum. The im m ediate ch o ice  fo r  th e  c o n s t r a in t  in  q u e s tio n  i s ,  

th e r e f o r e ,

where s r e p re s e n ts  h e r e a f t e r  th e  p ro p er tim e (o r w orld  l in e  le n g th )  

o f  th e  C.M. which a ls o  r e q u ire s  a  m a n ife s t ly  c o v a r ia n t d e f in i t i o n .

f i t  p ro p e r ly  i n  th e  p re s e n t  scheme, we s h a l l  adopt th e  fo llo w in g :

I t  can  be r e a d i ly  v e r i f i e d  th a t  (3 .2 7 ) s a t i s f i e s  th e  c o r r e c t  P .b .

(3 .26 )

S ince  none o f  th e  C.M. d e f in i t io n s  l i s t e d  by P r y c e ^  seem to

f* _ (3 .27a)

w ith

M . a. r (3 .27b)

w ith  3 ? u ., and o n ly  when r e s t r i c t e d  to  th e  subspace determ ined  by
r

(3 .1 4 ) and (3 .4 c ) i s  c o n s is te n t  w ith  th e  weak d e f in i t i o n
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~  ^  (3 .2 8 )pv r  ' “• •
The t o t a l  H am ilton ian  i s  now com plete and g iv en  by

} (  =  H. +  UrCf + t ‘ 1c 0 . 2 9 )

To determ ine th e  c o e f f i c i e n t s ,  we ap p ly  h e re  th e  s o lu t io n s  (1 .26 ) 

ta k in g  in to  accoun t t h a t

P

{  ^  < f }  =  2  P a  <3 -30 a >

w hile

and

 ̂V —  M (3 .3 0 c)

C onsequently ,

.2.r.(s)O  - 2 *
..................  O  (3 .3 1 a)

2 P'

so th a t
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ir  ss o  ; u «  o  .

This red u ces  th e  t o t a l  H am ilton ian  to  an  e x p re ss io n  s tro n g ly  

e q u a l to  1 ^ , i . e . ,

K  -  H .  -  ? £  +  W O

w ith

and th e  e q u a tio n s  o f  m otion (3 .1 7 ) assume t h e i r  f i n a l  form

le a v in g  in v a r ia n t  th e  subspace o f  th e  p h ase -sp ace  d e f in e d  by 

e q u a tio n s  ( 3 .4 c ) ,  (3 .2 0 ) ,  (3 .26 ) which a re  2N in  t o t a l .  

F in a l ly ,  i f  we compare (3 .10b) w ith  (3 .2 5 a ) , we g e t

Xuy - J .  (  * ±  -  - L  )
v  m :  m J
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so , a t  th e  L agrang ian  l e v e l ,  th e  s o lu t io n  (3 .31b) co rresp o n d s to

X« =  M .  , <3-36>
c o n s is te n t  w ith  d e f i n i t i o n  (3 .2 7 ) :  i f  we adop t t h a t  d e f i n i t i o n  from

th e  o u t s e t ,  th e  L ag rang ian  d e s c r ip t io n s  can  be g iv en  by

j> Mo (3 .3 7 a)

p lu s  th e  s u b s id ia ry  c o n s t r a in t s

i p  i  £b = °  i -  I • (3-37b>

4 . I n te r n a l  V a r ia b le s .

The m odel, as  developed  th u s  f a r ,  p e rm its  c o n s is te n t  d e f i n i ­

t io n s  o f  th e  C.M. v a r ia b le s  * J in  term s o f  th e  c a n o n ic a l s e t

{ i  P ?  } . I t  th e r e fo r e  p e rm its  e x p l i c i t  r e a l i z a t i o n  o f  th e  

" in te r n a l  v a r ia b le s " ,  i . e . ,  th o se  r e l a t i v e  to  th e  C.M., as  w e ll .

Such v a r ia b le s  £ J  have th e  f a m il ia r  defin ition^® »^® »^^»^^:

f '  =  a ' +
£  (3 .38a)

CL

p £  =  • ( 3 - 3 8 b )
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One then finds, recalling (3.6a) and (3.27), that

; T i ; = A % P

w ith

a

(3.39a)

a \ =  s v n t  (3 .39b)

F u r th e r ,  s u b s t i t u t i o n  o f  (3 .3 8 ) in to  (3 .3 2 ) a llo w s s e p a ra t io n  

o f  th e  H am ilton ian  in to  a p a r t  fo r  th e  C.M. and a  rem ain ing  p a r t  

which d e s c r ib e s  th e  I n te r n a l  dynamics o f  th e  p a r t i c l e s  r e l a t i v e  to  

th e  C.M., i . e . ,

H  — <Hck +CK ® v I  (3 .40a)

where

K r  t m  o .4 0 b )

and

=  U l l f + K C f ) .  (3 .4 0 c)
X n*

T h e re fo re , th e  e q u a tio n s  o f  m otion (3 .34 ) become

£  J V  I  -  (3 .41a)
I  4  -  I  I  “  ^<1
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u ;  =  { n ^ 3 { }  =  - —  ( 3 - 4 1 b )

vu
as*.

and

p i *
 .............  (3 .41c)= {ap,3<}= ^  j P M * W a o

C le a r ly , Che s o lu t io n  o f  th e  l a s t  s e t  o f  eq u a tio n s  I s  as  fo r  f re e  

p a r t i c l e  m otion

J L ^  S -f- (3 .42)
M o *

s in c e  W l o )  shou ld  be c o n s is te n t  w ith  c o n s tr a in ts  (3 .4 c ) ,  

(3 .2 0 ) and (3 .2 6 ) , In  term s o f  a l l  th e  c o n s ta n ts  o f  th e  m otion we 

can w r i t e - (3 .42 ) as a weak e q u a l i ty

P * -  . l H h  (3 .4 3 ,

M o M *

whose P . b . ' s

(v a lid  o n ly  in  th e  subspace o f  th e  c o n s t r a in t s )  a re  i d e n t i c a l ,  as 

we s h a l l  s e e , w ith  th e  co rresp o n d in g  D irac  b ra c k e ts .

The in te r n a l  m otion o f  th e  p a r t i c l e s  w i l l  be de te rm in ed , o f  

c o u rse , from e q u a tio n s  (3 .4 1 ) once th e  e x p l i c i t  form o f  th e
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p o te n t i a l  i s  g iv e n ; ex cep t fo r  i t s  dependence on th e  r e l a t i v e

s e p a ra t io n s  a lo n e , we have made no o th e r  assum ption  on th e  p o s s ib le

s t r u c tu r e  o f  th a t  te rm , so th e re  i s  s t i l l  a  good d e a l o f  f l e x i b i l i t y

in  th e  m odel. I f  % ( f )  does n o t depend e x p l i c i t l y  on th e  tlm e-

p a ra m e te r, th e  H am ilton ian  I t s e l f  becomes a  c o n s ta n t o f  th e  m otion :
%

3< =  {3<,iKj + ™ - o  ,
th e n , from (3 .4 0 ) we have th a t

s s  -J- X l C f )  “ c o n s ta n t (3 .45 )

5. D irac  B racket R e a liz a tio n .

An a l t e r n a t iv e ,  e q u iv a le n t  and more sym m etrical way to  ex p ress  

th e  2N c o n s t r a in ts  ( 3 .4 c ) ,  (3 .2 0 ) and (3 .2 6 ) i s  as th e  s e t  o f  2N 

weak e q u a l i t i e s

O  (3 .4 6 a)

0c<* =  P „  - M o S  =5 O  (3 .46b)
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I t  can  be v e r i f i e d  th a t  (3 .4 c )  and (3 .2 6 ) a re  consequences o f  

(3 .4 6 ) s in c e

<f = Z ($ a ;  y . = *1* %«..  (3 .M )
CL

Using (3 .4 6 ) and (3 .4 7 ) one can  a ls o  w r i te

y * *  £<• c *  °  C 3 ' 4 8 a )

=  P , c  I l « 0  (3.48b)

f o r  th e  i n t e r n a l  v a r ia b le s  (3 .3 9 ) .

The H am ilton ian  (3 .3 2 ) rem a in s , o f  c o u rse , unchanged and th e  

s t a b i l i t y  c o n d it io n s  on (3 .4 6 ) a re  a u to m a tic a l ly  s a t i s f i e d

{ <f t, H } « 0  J { ^ 3 ( } +  ~  *  O .  (3-49)

Now, th e  m a tr ix  (1 .2 8 ) o f  P . b . ' s  among th o se  c o n s t r a in t s  i s

j /  o  ( l \ + K * S c ) \
^ , a E  I (3.50a)

W  * + * * & )  O /
whose in v e rse  i s

, /  O ( a i% - S 41b)\
A — - L  I ,  a . (3 .50b)

b )  0  /
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For any g iv en  o p e r a to r ,  , l e t  us adop t th e  n o ta t io n :

( { x . r i  \

and we f in d  by d i r e c t  c a lc u la t io n  th e  fo llo w in g :

52c)

From th i s  and (1 .3 0 ) we have

(3 .53a)

*  ^{ JjivH £(ivp<r «Xdp J {JJcVj 5j » ? V  J { P^Py} = O

(3 .53b)
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w ith

*  u u F P v® v =  S V - - - - S T  » •» >
The rem ain ing  D .b . a re

{ ? S J ! U * - p { ( S . f t j - S b ^ P p ) -

- £ . S k ( f l l p ® - « v S ,l) + U b J * v }

(3 .5 5 a )

M S ,  pv } =  j { P ? , P y f =  o  (3 .55b)

r « «  - { I .  P i 1 5 C  . f p ,  x l + - - 2 ¥
(3 .5 5 c)

We see t h a t  th e  P o incare  a lg e b ra  (3 .5 3 a ) i s  p re se rv ed  when con­

f in e d  to  th e  dynam ical subspace . The e q u a tio n s  o f  m otion a re  

g iv en  h e re  by (1 .3 2 )

A={A;^r+i7'
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and th ey  c o in c id e , as  th e y  sh o u ld , w ith  (3 .3 4 ) .  O r, i f  i n t e r n a l  

v a r ia b le s  a re  in tro d u c e d , w ith  (3 .4 0 ) and (3 .4 1 ) .  In  term s o f  

th o se  I n te r n a l  v a r i a b l e s ,  I n c id e n ta l ly ,  we can r e p la c e  th e  D . b . ' s  

(3 .5 5 ) by th e  s im p le r  r e l a t io n s

;  i Q ' X f 9 - * * * * '  (3-56a>

{  I *  ,  "K t  }  =  A  *  9  C  } [  t l } E v j  =  O  (3 .5 6 b )

{ * ? , * * / =  { P ( . , ' n * v 3 f * °  i  { a *  n : } = F ^ (3 - 56c)

18 20 26which co in c id e  w ith  a lg e b ra ic  s t r u c tu r e s  g iv en  e lsew h ere  * *

Q uestions r e l a t e d  w ith  w hether we can  s y s te m a tic a l ly  use tim e- 

p aram eters  o th e r  th a n  th e  C .M .'s and w hether we can ach iev e  c lu s t e r  

decom position  w i l l  le ad  us to  look  a t  th e  problem  from a d i f f e r e n t  

p o in t  o f  view  in  th e  n ex t c h a p te r .
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IV. MULTIPARTICLE DYNAMICAL MODEL BASED ON A STANDARD LAGRANGIAN.

The r e s u l t  t h a t  G.T. c o n d itio n s  can n o t fo llo w , as  a  s e t  o f  

c an o n ic a l c o n s t r a in t s ,  from a L agrangian  tre a tm e n t has le a d  us to  

th e  model based  on th e  s in g u la r  L agrangian  c o n s id e red  in  th e  p re ­

ced ing  c h a p te r  and e x p l i c i t l y  ad ap ted  to  accommodate G.T. as  a  s e t  

o f  s u b s id ia ry  c o n s t r a in t s .  However, th e  main p ro p e r t ie s  o f  th e  

fo rm alism  developed b e fo re  can a lso  be o b ta in e d  s t a r t i n g  from a 

s ta n d a rd  L agrangian  w ith  th e  a d d i t io n a l  advantage th a t  th e  c lu s t e r  

decom position  p ro p e rty  can be made p o s s ib le  a f t e r  a  r e i n te r p r e t a t i o n  

o f  th e  c o n s t r a in t s .  T his c a l l s  fo r  a  more d e ta i l e d  d is c u s s io n  o f  

p o s tu la te  ( i i i )  i n  (Ch. I I ,  # 1 ) .

1. World L ines and P a ra m e tr iz a tio n .

S ince we a re  w orking w ith  a m a n ife s tly  c o v a r ia n t  fo rm alism  

in  which th e  p a r t i c l e s  a re  d e f in e d  by t h e i r  in v a r ia n t  w orld  l in e s  

in  Minkowski sp a ce , th e se  w orld  l in e s  must a lso  be in d ependen t o f  

th e  param eter used  to  d e sc r ib e  them, i . e . ,  in v a r ia n t  under a change 

o f  tim e-p a ram e te r in  t h e i r  d i f f e r e n t i a l  e q u a tio n s , p ro v id ed  a c le a r  

s p e c i f ic a t io n  o f  such p a ra m e te rs , and th e  p rocedure  fo r  rep lacem en t, 

i s  made. Because l i t t l e  i s  known a t  t h i s  p o in t about th e  b eh a v io r  

o f  an i n te r a c t in g  m u l t ip a r t i c le  system , w h ile  th e  f re e  p a r t i c l e  case 

i s  q u ite  f a m i l i a r ,  i t  i s  im p o rtan t to  c l a r i f y  th e  n a tu re  o f  th e  

g e n e r a l iz a t io n s  in tro d u c e d .

From a p u re ly  g eo m e tric a l p o in t o f  v iew , i t  i s  n o tic e a b le  th a t  

in  o rd e r  to  in tro d u c e  a common p a ra m e tr iz a tio n  to  a  g iv en  s e t  o f
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w orld  l i n e s ,  one needs o f  a  f ix e d  o p e r a t io n a l  r u le  such as th e  

co ncep t o f  d i s t a n c e ^ :  we have c a l le d  " s e p a ra t io n "  betw een two

g iv en  w orld  l in e s  to  th e  fo u r  v e c to r

CL

now, i f  we ta k e  s e p a ra t io n s  w ith  

r e s p e c t  to  some g eo d es ic  ( s t r a i g h t  

w orld  l i n e )  g iv en  by

£t‘Cs)= k̂ S <4.2a)
(only  th e  d i r e c t io n  i s  im p o rta n t, so 

Z(0) =r O  i s  tak e n  f o r  s im p l ic i ty )  

w ith

=  I (4 .2 b )

th e n , fo r  any a r b i t r a r y  w orld  l i n e ,  , th e  s e p a ra t io n

=  7c<‘ 6 r ) -  k ^ s (4 .3 )

can  be used to  d e f in e  th e  " d is ta n c e "  from th e  w orld  l in e  % to  

th e  g eo d es ic  j j  a t  th e  p o in t s th ro u g h  a n .a d d i t io n a l  r e s t r i c t i o n ,  

nam ely,



hence

(4.4b)

r e p re s e n ts  th a t  d is ta n c e .  T his p ro ced u re  a s s ig n s  a u to m a tic a lly  

th e  v a lu e  s to  th e  p o in t  <T i n  5C » i . e . *

(4 .5 )

So, i f  (4 .4 a )  h o ld s  f o r  ev ery  w orld  l in e  in  th e  s e t ,  th e n  th e  

s e p a ra t io n  (4 .1 )  i s  o r th o g o n a l to  k  ^  :

(< _
k u  t a b  =  °  ( 4 6 a )

and we can tak e

P £
) a h  =  5 Sab(4 (4 .6 b )

as th e  d is ta n c e  betw een w orld  l in e s  a ,b  w ith  r e s p e c t  to 

E qu a tio n  (4 .6 a )  i s  a G.T. c o n d it io n  w ith  r e s p e c t  to  an a r b i t r a r y  

e q u a l- tim e  p lac e  p e rp e n d ic u la r  to  th e  fo u r v e c to r  • S ince

g eo d es ic s  a re  w e ll de term ined  in  d i r e c t io n ,  any o th e r  g eo d esic  can 

be used to  p a ra m e triz e  th e  whole s e t  o f  w orld  l i n e s .

Suppose, f o r  in s ta n c e ,  t h a t  we have two g eo d es ic s  g iv en  by 

th e  e q u a tio n s
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Z , 2 ,

Z? = k<‘s +  a f (4 .7 a )

Z £  =  k ^ T  +  b * 1

(bt.l<(f= l;li|.H', = ' ) ! then'
I f  th e  s e p a ra t io n

(4 .7 b ) .

l , a  —  -  , ~  2

i s  made o r th o g o n a l ( s p a c e l ik e )  to  t

(4 .8 a )  -

we have

(4 .8b ) -

(4 .8 c )

an d ,h en ce ,

r =  cl  s ■+ 0, , (4 .9 a )

w ith

(4 .9 b ) -
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th e r e fo r e  Z2 p a ra m e triz e d  w ith  r e s p e c t  to  Z^ becomes

(4.10a)

where

C onverse ly , i f  th e  s e p a ra t io n  (4 .8 a )  i s  made o r th o g o n a l to  Z j,

10b)

J l f c l  J  < 4 - U a )

in s te a d  o f  (4 .8 c )  we g e t

r +  l t ( .  b*1 -  l i p  1 ^ 5  -  O  . <4 - l i b )

Then

S  =  O t T  +  (32  (4 .1 2 a)

w ith

=  ( b p  k * )~  ; (3Z = <X tip  (4 . 12b )

and Z  ̂ p a ram e triz e d  w ith  r e s p e c t  to  Z2 i s ,  a n a lo g o u s ly ,
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I

2 * = k ?  r  -f a.* (4 .13a)

where

QC j  Q ?  -  f a  - f  Q ?  (4 .i3 b )

O bviously  (4 .10 ) and (4 .1 3 ) r e p re s e n t  th e  same w orld  l in e s  as (4 .7 ) .

We s e e , th e r e f o r e ,  t h a t  th e  G.T. c o n d it io n  (4 .6 a )  rem ains v a l id  even 

when a l l  w orld  l in e s  a re  g eo d es ic s  and , h en ce , I t  shou ld  n o t be 

reg a rd ed  as  a  dynam ical r e l a t i o n  b u t sim ply as  a  te ch n iq u e  to  

a s s o c ia te  a  s in g le  tim e -p a ram e te r  to  th e  e n t i r e  s e t ,  In  th e  sense  

th a t  I t  w i l l  n o t a f f e c t  th e  m otion  o f  th e  p a r t i c l e s  (th e  c o n f ig u ra t io n  

o f  th e  w orld  l in e s )  b u t j u s t  t h e i r  d e s c r ip t io n .  I t  I s  In  t h i s  r e ­

s p e c t  t h a t  I t  i s  always p e rm is s ib le  to  change th e  tim e-p a ram e te r by 

r e f e r r in g  a l l  w orld  l in e s  to  a  d i f f e r e n t  eq u a l- tim e  p la n e  (4 .6 a ) ,

I . e . ,  by s p e c ify in g

a new s e t  o f  s e p a ra tio n s  (4 .3 ) .

Suppose th e  w orld  l in e s  a r

p a ram e triz ed  w ith  r e s p e c t  to  Z^, 

th e  s e p a ra t io n s  a re

a re
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( i t  i s  c l e a r  t h a t  o n ly  th e  d i r e c t io n  o f  th e  g eo d es ic s  i s  im p o rtan t 

and th e  l a s t  te rm s , a?, h«, i n  (4 .7 ) can be n e g le c te d ) .  Now 

s e t t i n g

i  -  nK £ 5  a  *“■* w  (4 .14b)

a  by s ,  i . e . ,

(4 .14c)

A nother d e s c r ip t io n  o f  th e  same s e t  o f  w orld  l in e s  i s  o b ta in e d  when 

th e  p a ra m e tr iz a t io n  i s  changed to  be w ith  r e s p e c t  to  Z^. The 

s e p a ra tio n s  a re  now

A.

f t -  ^  ( 4 ' 1 5 a >

SO

h p  5  a  =  °  (4 .15b)

i s  e q u iv a le n t to  p a ra m e triz e  th e  c o o rd in a te s  ^ ^  by X , i . e . ,

^ f a ( T ) = T - (4 ‘ 15c)

The outcome o f  th e  dynam ical e q u a tio n s  f o r  a  m u l t ip a r t i c l e

system  w i l l  be a  c o l l e c t io n  o f  in v a r ia n t  w orld  l in e s  d e sc r ib e d
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w ith  r e s p e c t  to  a  g eo d es ic  i f  th e  co rresp o n d in g  d i f f e r e n t i a l  

e q u a tio n s  a re  c o v a r ia n t  and com patib le  w ith  a s e t  o f  r e l a t io n s  l ik e  

( 4 .1 4 c),

(4 .1 6 a)

which im ply th e  G.T. c o n d it io n

/ 5ab 9 (4 .16b)

Thus, i f  we r e s t r i c t  th e  fam ily  o f  p o s s ib le  tim e-p a ram e te rs  

to  th o se  a s s o c ia te d  w ith  g eo d es ic s  in  Minkowski sp a c e , p e rm it t in g  

o n ly  s ta n d a rd  c lo ck s  a s s o c ia te d  w ith  i n e r t i a l  o b s e rv e r s ,  th e  p a ra -  

m e tr iz a tio n s  w i l l  be s p e c i f ie d  as in  (4 .1 4 c ) , (4 .1 5 c) and th e  tim e- 

p aram eters  w i l l  be r e l a t e d  to  each o th e r  by a f f in e  tra n s fo rm a tio n s  

o f  th e  form (4 .9 a ) ,  (4 .1 2 a ) .

S ince  th e  p rocedure  r e f e r s  th e  same s e t  o f  w orld  l in e s  to  

d i f f e r e n t  e q u a l- t im e -p la n e s ,  we f in d  th a t  th e  p a r t i c l e s  can  be tak en  

as s im u ltan eo u s in  any re fe re n c e  frame b u t a re  o b serv ed  in  d i f f e r e n t  

s t a t e s  o f  m otion in  each  o f  them. The p a ra m e tr iz a t io n  w ith  r e s p e c t  

to  th e  t o t a l  momentum fo u r  v e c to r  as  in  (Ch. I l l )  i s ,  th e n , con­

v e n ie n t b u t n o t n e c e ssa ry  and i t s  a p p l i c a b i l i t y  i s  r e l a t e d  to  th e  

f a c t  t h a t  i s  known to  be a c o n s ta n t o f  th e  m otion  from th e  o u t s e t .

2 . S tandard  L agrang ian  fo r  a C losed M u l t ip a r t ic le  System.

Let us c o n s id e r  th e  m a n ife s tly  c o v a r ia n t L agrangian
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(4.17)

where th e  c -  numbers Ea a r e  s t i l l  undeterm ined  and V i C f )  r e p re s e n ts  

th e  a d d i t iv e  p o t e n t i a l ,  a  fu n c tio n  o n ly  o f  th e  l n t e r - p a r t l c l e  

s e p a r a t io n s .

The g e n e ra l iz e d  momenta (2 .3 )  a re  o b ta in e d  a s  u s u a l ,  

and th e  e q u a tio n s  o f  m o tio n , (2 .1 4 ) ,  become

(4 .1 9 )

These e q u a tio n s  (4N in  t o t a l )  a re  c o n s is te n t  w ith  th e  Im p o s itio n  

o f  N s u b s id ia ry  c o n s t r a in t s

<* • a

th ro u g h  w hich th e  p a ram ete r s i s  f ix e d ; |<^ must be s p e c i f ie d  a t  

t h i s  p o in t  in  a  p r a c t i c a l  s i t u a t i o n .  In  g e n e ra l ,  i t  r e p re s e n ts  

a momentum-like c o n s ta n t fo u r  v e c to r  such th a t

k *  k e « l  ( 4 ' 2 l )
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and o n ly  th e  d i r e c t io n  o f  th e  a s s o c ia te d  g eo d es ic  i s  c o n s id e red  

fo r  s im p l ic i ty .  S ince  th e  v a r ia b le s  H i  and a re  i n i t i a l l y  

in d ep en d en t, a  second s e t  o f  c o n s t r a in ts  a r i s e  from th e  

d i f f e r e n t i a t i o n  o f  (4 .2 0 ) ,

ku ! £  =  I . (4.22)e  1 a

A f u r th e r  d i f f e r e n t i a t i o n  does n o t p ro v id e  a d d i t io n a l  in fo rm a tio n  

s in c e

k  e f  I = O (4.23a)

can be o b ta in e d  a lg e b r a ic a l ly  from th e  e q u a tio n s  o f  m otion  and

(4 .2 0 ); in d eed , (4 .2 0 ) im p lie s  th e  G.T. c o n d it io n s

/ (* C a b  q  (4 .23b)
K  S  (f- J

hen ce , th e  c o n tr a c t io n  o f  e q u a tio n s  (4 .1 9 )  w ith  k** g iv es

=  A \ k * f V  =  o

as (4 .2 3 a ) . We have, th e r e f o r e ,  th e  c o r r e c t  number o f  d eg rees  o f  

freedom.

The t o t a l  momentum
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i s  o b v io u s ly  conserved  and th e  d e f in i t i o n  (3 .2 7 ) fo r  th e  C.M. can 

be in tro d u c e d  a t  o n ce , so t h a t
1

Pp. =• E <&tt ; Mo <4-25a>

a re  s im ple  consequences o f  th e  e q u a tio n s  o f  m otion  (4 .1 9 ) and jVf0 

s ta n d s  fo r  th e  r e s t  mass o f  th e  whole system .

3. H am ilton ian  Form alism .

Using d e f i n i t i o n  (3 .7 )  and e q u a tio n s  (4 .1 8 ) , th e  c a n o n ic a l 

H am ilton ian  becomes sim ply

w h ile  from (4 .2 2 ) and (4 .1 8 ) one has t h a t  th e  N s u b s id ia ry  con­

s t r a i n t s  a re

w ith

E  =  J . (4- 25b>
CL J  ~

(4 .2 6 )

(4 .27 )

The s t a b i l i t y  o f  th e s e  c o n s t r a in t s ,
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requires

(<** | at «  O (4 .28)
&

w hich i s  s a t i s f i e d  w ith  th e  e x is te n c e  o f  N a d d i t io n a l ' "gauge- 

f ix in g "  c o n s tr a in ts

^  1 a ~  S  ~  °
(4 .29 )

which a re  p re se rv ed  a lre a d y  as a r e s u l t  o f  (4 .2 7 ) , 

The t o t a l  H am ilton ian  i s ,  th u s ,

U  =  H e +  ( 4 ' 3 0 )

But eq u a tio n s  (1 .2 0 ) , (1 .26 ) reduce in  t h i s  case  to

A

th e re  fo re

^i> ~  O  ;  u . 4* C5: O  (4 .31b)

and th e  t o t a l  H am ilton ian  becomes s tro n g ly  eq u a l to  th e  canonical
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H am ilton ian  H : c

P *
<K S  - 2 = ^ -  + U ( f )  ( 4 .3 2 )

2* t  a

w ith  th e  subsequen t e q u a tio n s  o f  m otion

; p;=(p^3(i=-i| <*-33>
The f in a l  H am ilton ian  form alism  re d u c e s , th e n , to  a  s t r u c tu r e

id e n t i c a l  to  th a t  o b ta in e d  i n  (Ch. I l l ,  #4) f o r  th e  s in g u la r

L agrangian  (3 .1 ) .  I t  i s  c l e a r  a lso  t h a t  th e  d e f in i t i o n  o f  in t e r n a l  

v a r ia b le s  can be m ain ta in ed  and i t  le ad s  to

e s s e n t i a l l y  th e  same e q u a tio n s  o f  m otion (3 .4 1 ) (even in  th e  new 

p a ra m e tr iz a t io n ) .  Such r e s u l t s  a re  n o t r e a l l y  unexpected  s in c e  

L agrang ian  (3 .1 ) c o n ta in s  m ain ly  th e  same c h a r a c t e r i s t i c s  as (4 .1 7 ) . 

In  f a c t ,  one can o b ta in  th e  l a t t e r  from th e  form er by e l im in a t io n  

o f  th e  s in g u la r i ty  in  ( 3 .1 ) .  To see t h i s ,  one expands (3 .1 )  and 

s u b s t i tu t e s  (4 .25b) to  g e t

£ = m . ( 6 - k )  +

Now, because G ■ c o n s ta n t ,  th e  f i r s t  term  i s  a c o n s ta n t a l to g e th e r  

and does n o t a f f e c t  th e  dynamics o f  th e  system , hence

L =  - T  -  U ( f )
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as (4 .1 7 ) . The s u b s t i t u t i o n  o f  6 3 c o n s ta n t In to  th e  L agrang ian  

e l im in a te s  -  Mq^ 3 0 a s  th e  o n ly  e x i s t in g  prim ary  c o n s t r a in t

and th e  L agrangian  has  been  s ta n d a rd iz e d .

4 . R e p a ra m a tr iz a tio n  and C lu s te r  D ecom position.

L agrang ian  (4 .1 7 ) ,  a s  w r i t t e n ,  c o n ta in s  8N in d ependen t v a r ia b le s  '  

I f  i f  1 an<* N a r b i t r a r y  c-num bers Ea . We have seen  th a t  a  form alism  

based  on  t h i s  s ta n d a rd  s t r u c tu r e  i s  r e l a t i v i s t i c a l l y  v a l id  i f

( i )  th e  c-num bers Ea  do n o t r e p re s e n t  th e  r e s t  m asses o f  th e  

p a r t i c l e s ,  i . e . ,  i f  we r e l in q u is h  th e  mass as th e  p rim ary  concept 

f o r  th e  i d e n t i f i c a t i o n  o f  a  p a r t i c l e .  "A p a r t i c l e "  means h e re  "a 

w o r ld - l in e " .

(11) W hile th e  w orld  l in e s  a re  t im e - l ik e ,  t h e i r  m utual 

s e p a ra t io n s  must be s p a c e - l ik e .  T h e re fo re , th e  d e f in i t i o n  o f  d i s ­

tan ce  betw een w orld  l in e s  im p lie s  th e  s p e c i f i c a t io n  o f  a  common 

p a ram ete r th ro u g h  c o n s t r a in t s  which d e term in e  th e  s im u lta n e ity  o f  

th e  p a r t i c l e s  in  a  g iv en  frame o f  r e f e r e n c e .  S ince th e  allow ed  fram es 

a re  a l l  i n e r t i a l ,  we a re  r e s t r i c t i n g  th e  s e t  o f  p o s s ib le  tim e- 

p a ram ete rs  to  p ro p e r tim es m easured by i n e r t i a l  s ta n d a rd  c lo c k s .

The p a ra m e tr iz a t io n  i s  th e n  r e f e r r e d  to  e q u a l- tim e  p lan es  o rth o g o n a l 

to  g eo d e s ic s  in  th e  Minkowski f l a t  sp ace . The tra n s fo rm a tio n s  among 

tim e -p a ra m e te rs  in  th e  s e t  a re  th u s  alw ays l i n e a r .

C onsequen tly , a  change i n  p aram eter o f  th e  form (4 .1 2 a) in  th e  

a c t io n  in t e g r a l  ( 2 .1 ) ,  w i l l  a l t e r  th e  L agrangian  o n ly  by a m u l t i ­

p l i c a t i v e  c o n s ta n t:
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AM=J(£ds = £ £  dr-f«i  dr =JYdr-AM
(4 .34a)

where

a :
x ' =  ( 4 -  (4- 34b)

b u t ,  i f  we p u t

we have

i

h en ce ,

o ©

(4 .3 4 c)

(4 .34d)

(4 .34e )

Now, th e  form o f  th e  L agrang ian  rem ains th e  same i f  we in tro d u c e  

th e  p o te n t i a l s  so th a t

U ( f )  =  ^ a ( V a ( f ) - m i )  #.35)
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(the r e s t  musses KiA are in trod uced  for  convenience and o b v io u s ly  

do i i O t  p lay  a r o le  in  th e  eq u ation s  o f  m otion ). The new Lagrangian  

i s  now

/  =  A ?  f *  _  U ' ( f )  (3 .3 6 a)

w ith

U (f) ~ (Va(f)- m*)
A & 0.

(3 .36b )

R e la t iv e  to the new g e o d e s ic ,  th e  c o n s tr a in t s  are

f u f « - T = °  (3-37a)t*

the r e s t  o f  the a n a ly s i s  be ing  com plete ly  e q u iv a le n t  to th a t  pre-
\

v io u s ly  performed and the c -  numbers £  come to be determined by

M ‘ P ; : ~ E a ~ o  <3-37b>
(r

a t  the Hamiltonian l e v e l .  Both d e s c r ip t io n s  are connected through  

a tran sform ation  (4 .1 2 )  and

B a  =  B ^ / O L  j  (3 .3 8 )

so th e  eq u ation s  o f  motion w i l l  have the same s o lu t io n s  e x cep t  fo r  

th e se  c o n s ta n t s ,  i . e . ,  th e  rep a ra m etr iza tio n  h as-an  e f f e c t  o n ly  on
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tihe initial conditions (3.37). The C.M. also remains unchanged since

from ( 3 .3 8 ) ,  w ith

As a r e s u l t  c:. the above a n a ly s i s ,  we f in d  th a t  i  f  and

s are a r b itr a r y  i n  the sen se  th a t  no p a r t ic u la r  cloclc o r  r e fer en ce  

frame i s  p re ferred  to any o th e r  to param etrize and d e sc r ib e  the  

system  as  long as we d ea l  w ith i n e r t i a l  o b s e r v e r s ,  then the model 

based on Lagrangian (4 .1 7 )  p lu s  c o n s tr a in ts  (4 .2 0 )  can be made 

com plete ly  sep arab le  i f  the p o t e n t ia l s  in  (4 .3 5 )  are chosen so that

the Todorov-Komar model, c l u s t e r  decom position  can not  
be ach ieved  w ith  p a irw ise  in t e r a c t io n s  l ik e  (4 .4 0 )  in  the  
g en era l  N -p a r t ic le  c a s e .  The reason behind t h i s  con­
c lu s io n  i s  t h a t ,  i n  such t h e o r i e s ,  the m a s s - s h e l l  type  
c o n s tr a in t s  are req u ired  to  be f i r s t  c l a s s  which i n t r o ­
duces more c o n d it io n s  on th e  p o t e n t ia l s  than th e  s im p ler  
r e l a t i o n  (4 .4 0 ) .

(4 .4 0 )

i . e . ,  i f  they  in c lu d e  o n ly  b inary i n t e r a c t i o n s ^ .  Indeed, when

(1) Recent p a p e r s ^ * ^  have shown th a t ,  in  t h e o r ie s  based on
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th e  system  i s  d iv id ed  in to  two c l u s t e r s  w ith  la b e l in g  = l . . . N ^  

and a2 = N-̂  + 1 . . . N ;  th e  Lagrangian (4 .1 7 )  i s  w r i t te n  as

r .. .§?■ ati . J_ (vt-hj* ) a.
2  ' a ,  *! V  '

^  A a , } /  2 \
+ • —  f c J v  ~  2 E n ( Va , - M „ , J

(4.41a.)

w ith

So, when the two c lu s t e r s  are brought fa r  a p a r t ,  the l a s t  two 

terms in  (4 .4 1 a )  car be assumed to  van ish  and th e  Lagrangian i s  

separated  in to  the two independent terms

X = X, +  X*

w ith  sep ara te  r e s p e c t iv e  s e t s  o f  c o n s tr a in t s  (4 .20)

L 9t‘_s =  0  I — 3  =  0  (4 .42b)
K {t I a  > # cfijj

s in c e  j<,^ does not n e c e s s a r i ly  be long  to  the o r i g i n a l  system .

The Hamiltonian i s  than s im i la r ly  sep a ra b le ,
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H  = (4.42c)

and c o n s t r a in ts  (4 .2 7 ) g iv e  two s e p a ra te  s e ts  

? “ • =  I W ' - E * '  «  O 3 f S  k ^ P t f - E ^ O  (4 .42d)

w h ile  th e  C .M .'s  become, r e s p e c t iv e ly ,

f t * -  & ! *  £<? . _  * ! *
“  T " ,  T « ,  • E a  1

where

(4 .43a)

E , =  Z E a '. ; Ea = Z E '
1 a ,  a a

(4 .43b)

p lu s  co rresp o n d in g  e q u a tio n s  o f  m otion fo r  each  c l u s t e r .  C le a r ly , 

th e  d e f in i t i o n  o f  i n t e r n a l  v a r ia b le s  can be re in tro d u c e d  in  term s 

o f  (4 .4 3 ) a f t e r  th e  s e p a ra t io n  i s  perform ed le a d in g  to  b a s ic a l ly  

th e  same s t r u c tu r e s  ex cep t f o r  in d ex  a d ju s tm e n ts .

5. Systems o f  F ree  P a r t i c l e s .

For a  system  o f  p a r t i c l e s  w ith o u t m utual i n t e r a c t io n ,  th e  

H am ilton ian  (4 .3 2 ) w ith  p o t e n t i a l s  (4 .3 5 ) red u ces  to  th e  f a m il ia r  

form
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3 < =  I e J

4

(4 .44 )

The s o lu t io n s  o f  th e  eq u a tio n s  o f  m otion  a re  In  t h i s  case

(4 .45a)

where e &  and a r e  c o n s ta n ts  s u b je c t  to  th e  c o n d itio n s

o b ta in e d  from th e  c o n s t r a in ts  (4 .2 0 ) . Thus o n ly  6N i n i t i a l  v a lu e s  

rem ain  to  be s p e c i f ie d ,  in  accordance w ith  th e  c o r r e c t  number o f  

d eg rees  o f  freedom . A ll th e  w orld  l in e s  a r e ,  o f  c o u rse , g e o d e s ic s . 

The r e s t  mass o f  each p a r t i c l e  i s  de term ined  in  term s o f  th e  c -  

numbers Ea by

(4 .4 5 c)

and th e  t o t a l  r e s t  mass fo r  th e  system  i s

(4 .45d)

S ince  th e  momenta become

-81-



P* = E a d *  ;  *>r ~ EaC*( i j  (4 -*6a)

one can  w r i te  (4 .4 5 c) and (4 .45d) as

p *  _  H |J  =  O  ’ £  -  M »  -  O  (4 .46b)

w h ile  th e  p ro p e r  tim e o f  each  p a r t i c l e ,

d <Ta = d fa d fa <?

s a t i s f i e s  th e  r e l a t i o n

d  Oa  d    W a
'a. era4 s  ~  ^  E

 ̂e*P“ =  EL'

(4 .47a)

(4 .47b)

so , in  term s o f  th e  common tim e -p a ra m e te r , we have

(j^  ( 5^ =  JULs s  4* C o n s i ^ n i  (4.47c)
E

as  in  ( 4 .9 ) ,  (4 .1 2 ) ; hence

4

as  shou ld  b e . This shows th a t  G.T. c o n d it io n  p e r s i s t s  and i s

needed to  g iv e  a  com plete d e s c r ip t io n  o f  th e  w orld  l in e s  i n  term s

o f  a  common tim e -p a ram e te r  even when th e  p a r t i c l e s  a re  f r e e .

Note t h a t  f o r  th e  i n t e r n a l  momenta
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=  p! -  ^ P (4.48a)

th e  r e l a t io n s  e q u iv a le n t  to  (4 .46b) a re

l t a P  =  ( « « ) * -  ( E * ) 1  • (4 .48b)

th e r e f o r e ,  w ith  th e  r e s t  m asses d e f in e d  as  in  (4 .4 5 c ) , th e  

H am ilton ians (3 .4 0 c) and (4 .4 5 ) can  be s e t  eq u a l to  zero  i n i t i a l l y  

and th a t  v a lu e  w i l l  be k ep t f ix e d  f o r  th e  r e s t  o f  th e  e v o lu t io n  

because  th ey  a re  c o n s ta n ts  o f  th e  m otion .

6 . N o n r e la t iv is t i c  L im it.

When a l l  speeds become sm all compared w ith  th e  speed o f  l i g h t ,  

c ,  th e  L oren tz  b o o s ts  become n e g l ig ib le ,  so th e  n o n r e l a t i v i s t i c  l im i t  

i s  o b ta in e d  by e q u a tin g  a l l  tim es and r e t a in in g  o n ly  th e  f i r s t  

power in  o f  th e  u s u a l s e r i e s  expan sio n .

In  o rd e r  to  o b ta in  th e  c o r r e c t  s ig n s  in  t h i s  l i m i t ,  we should  

a c tu a l ly  w r i te  th e  L agrang ian  as

(4 .49 )

S ince

7 “'A s 0' -  C dt* ; r d s = c d t  (4 .5 0 a)
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we have

9 ^  — JL  i l ?  (4 .50b)
T» c  alt

w ith

y a  =  ( i - ]& ) / l  ;  * = ( i - Jk ) / l  <4 - 50c)

and

{jra =  d  f A /At * ( J  -  C k  /  k °  (4 .50d)

where i s  w r i t t e n  in  term s o f  th e  v e c to r  k * \  The a c t io n  in t e g r a l

(2 .1 )  i s ,  th u s ,

2 2 .

ACs3=J ds = Jy'cI«iT= J iVwl'fc'AW^-sia)

w ith

51b)

One can  now use  th e  c o n s t r a in t s  (4 .2 0 ) in  th e  k - r e s t  fram e where

i r =  O  ;  V-1 ;  t a  =  t (4 .51c)
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to write the Lagrangian (4.51b) in its reduced form

I  =  -  j T a  C  ^  C T l )  ~  ° ■ ¥  ’ ( 4 - 5 U )

On th e  o th e r  hand, i f  we d e f in e  th e  “c a n o n ic a l mass !!m »nA(3) *

as  th e  norm o f  th e  momentum f o u r -v e c to r ,

Ht a ( s )  —  ( P u P a ? ) ' / j l  (4.52)
J

from (4 .1 8 ) one has th a t

Pf^ P “ f = ( B . a  S a ) 3 =  [lHa ( S ) J Z (4.53)

so , in  th e  k - r e s t  frame and r e s to r in g  th e  f a m il ia r  u n i t s ,  th e  

r e l a t i o n  (4 .5 2 ) becomes

- (ht*(t)c = E a ( ' y a ) (4.54)

In  th e  n o n r e l a t i v i s t i c  l i m i t ,  when

7 l l a t  I +  i  ,  (4 .55a)

we f in d

±
a

m l
c*

(4.55b)
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T h e re fo re , r e t a in in g  o n ly  th e  f i r s t  term  o f  th e  expansion  

C (3*=  U 7 c  «  I )  , we can make

( £ )  ~  zz 83 c o n s ta n t

The n o n r e l a t i v i s t i c  p o te n t i a l  now tu rn s  o u t to  be

U„= z
w h ile  th e  l a s t  two term s in  (4 .51d) c a n c e l each  o th e r ,  

s e q u e n tly , th e  n o n r e l a t i v i s t i c  L agrang ian  i s

a

Con-

as  ex p ec ted .



V. CANONICAL REALIZATIONS OF THE RELATIVISTIC SYMMETRY GROUP.

th e  H am ilton ian  (4 .2 6 ) can a ls o  be o b ta in e d  from group 

t h e o r e t i c a l  c o n s id e ra t io n s  a f t e r  we re c o g n iz e  th e  e n la rg e d  sym m etries 

o f  th e  L ag rang ian  (4 .1 7 ) ,  namely a  q u a s i- in v a r ia n c e  under r e p la c e ­

ment o f  th e  c o o rd in a te s  by s p a c e l ik e  v a r ia b le s .  As w i l l  be se e n , 

t h a t  in v a r ia n c e  i s  a t  th e  ro o t  o f  th e  c e n te r  o f  momentum d e f i n i t i o n

1. T ran sfo rm atio n s  to  S p a c e lik e  V a ria b le s .

From th e  d is c u s s io n  g iv en  i n  th e  l a s t  c h a p te r  co n cern in g  th e  

in v a r ia n c e  o f  th e  w orld  l in e s  and th e  s e p a r a b i l i ty  o f  th e  L ag ran g ian , 

we see t h a t  th e  e q u a tio n s  o f  m otion can be w r i t t e n  down in  term s o f

f a c t ,  th e  L agrang ian  (4 .1 7 ) i t s e l f  can be ex p ressed  as  a  fu n c tio n  

o f  th e se  s e p a ra t io n s  w ith o u t a l t e r a t i o n  o f  th e  dynam ics. So, a d o p t­

in g  th e  n o ta t io n  o f  (Ch. IV, # 1 ) ,  i f  we s u b s t i t u t e  in  (4 .1 7 ) th e  

r e l a t i o n

(3 .2 7 ) .

s e p a ra t io n s  l ik e  (4 .3 )  I n s te a d  o f  u s in g In

(5 .1 )

where i s  th e  d i r e c t io n  v e c to r  o f  th e  g eo d es ic  Z£ p a ra m e triz e d  

w ith  r e s p e c t  to  Z^, we f in d
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but

.V
E a i “ =  E « 4 j “ Ef c e  -  E  ( <S ^  h v  )

so t h a t

S ince  th e  l a s t  te rm  i s  an  e x a c t  d i f f e r e n t i a l  o f  th e  fu n c tio n

F =  E (6 1 ^ -4 - e.2b)

i t  can be dropped o u t ,  le a v in g

t r *  * n m * va
x  =  - 4  i f  t j -  « c f ) .

Only th e  c o n s t r a in t s  can  t e l l  us i f  we a re  d e a lin g  w ith  t im e - l ik e  

o r  s p a c e - l ik e  v a r ia b le s ;  in  t h i s  l a s t  c a s e ,  (4 .2 0 ) becomes

k t c i ^ o .  (5-4 )

As we see  from (5 .2 b ) , a  tra n s fo rm a tio n  l ik e  th e  one j u s t  p e r ­

formed i s  p o s s ib le  o n ly  becau se  o f  th e  e x is te n c e  o f  a d e f i n i t i o n
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f o r  th e  C.M., (3 .2 7 ) , whose co n ju g a te  momentum i s  a  c o n s ta n t o f

th e  m otion . A side from th e  c o n s t r a in t s ,  th e r e f o r e ,  th o se  two ty p e s  

o f  v a r ia b le s  a re  n o t d is c r im in a te d  by th e  c a n o n ic a l e q u a tio n s  and 

a  t ra n s fo rm a tio n  l ik e  (5 .1 )  c o n s t i tu t e  a  symmetry t r a n s fo rm a tio n  

f o r  th e  L ag ran g ian . F u rth e rm o re , s in c e  th e  d i r e c t io n  o f  th e  

g e o d e s ic s  i s  w e ll  d e te rm in e d , i t  i s  alw ays p o s s ib le  to  f in d  a  fo u r  

v e c to r  A.P such t h a t  th e  s p a c e l ik e  v a r ia b le s

fo rm atio n s  (5 .5 )  o r  (5 .1 )  form a  g roup . The w orld  l in e s  a re  th u s  

e q u a lly  w e ll  d e s c r ib e d  u s in g  any g e o d e s ic  a s  a  "g u id e"  to  th e  

s e p a ra t io n  v a r i a b le s .  The deco m p o sitio n  o f  th e  e q u a tio n s  o f  m otion  

in to  two s e t s ,  one f o r  th e  C.M. g eo d es ic  and one f o r  th e  i n t e r n a l  

v a r ia b le s  a s  i n  (3 .4 1 ) i s  a  good example o f  t h a t  s i t u a t i o n .

2 . The L ie  A lgebra o f  th e  Complete Symmetry Group.

I f  we postpone th e  s p e c i f i c a t io n  o f  th e  tim e -p a ra m e te r  u n t i l  

th e  com plete a lg e b ra  h as  been  deduced, and we in c o rp o ra te  a ls o  a  

t r a n s l a t i o n  in  th e  p a ram ete r i t s e l f  o f  th e  form

J
(5 .5 a )

become r e l a t e d  to  each o th e r  by

(5 .5 b )

h en ce , in  a  g iv en  p a r a m e tr iz a t io n ,  th e  t r a n s -

(5.6)
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th e n  th e  com plete group o f  tra n s fo rm a tio n s  t h a t  le a v e s  th e  w orld  

l i n e s  I n v a r ia n t  can  be w r i t t e n

%*(£)=■ A % ( x v-I<tws)  ; s ' = s - e ,  (5.7)

w here a l l  r e l a t i o n s  a r e  assumed to  h o ld ,  I n i t i a l l y ,  In  a  un­

c o n s tra in e d  fo u r  d im en sio n a l space b u t  w ith  th e  e x p l i c i t  suppo­

s i t i o n  t h a t  a l l  w orld  l in e s  can  be referred to  a  common tim e - 

p a ra m e te r. Hence, th e  v e c to r s  k** a r e  a l l  c o n s ta n ts  b u t  n o t 

n e c e s s a r i ly  no rm alized  to  u n i ty .

When a  second tra n s fo rm a tio n  (5 .7 )  i s  p erfo rm ed , one has

% f(s") = Aj(,(it<(s')-kiis') + a'1; s"= s-e2 cs.8a> 

= A ,v ( %v~ kj s ) + aj| * s'l=rs-a, (5.8b)
w ith

A i, v - A j e A , ev  } k3= k|+A,
(s .8 o )

‘ i j *  A / p ( a * L+ k j s , )  +  a {  j  e 3 = e i + e *

We o b se rv e  a t  t h i s  p o in t  t h a t  a lth o u g h  th e  q u a n t i t i e s  in v o lv ed  in  

t h i s  t ra n s fo rm a tio n  have a  d i f f e r e n t  m eaning and fu n c t io n ,  th e  

s t r u c tu r e  (5 .8 c )  b e a rs  a  c lo se  resem blance w ith  t h a t  o f  th e  G a l i l e i  

group fo r  t ra n s fo rm a tio n s  in  th e  E u c lid ea n  th re e  d im en sio n a l

-90-



space^O so we can  p roceed  by analogy  to  deduce th e  r e s p e c t iv e  L ie 

a lg e b ra  and i t s  c a n o n ic a l r e p re s e n ta t io n .

L et us c o n s tru c t  th e  o p e ra to rs

Tj, ( \ )  m <i' ;  T j  Ck) = <zke 3<<
(5 .9 a )

Tk ( s ) «  <L ; T d ( « ) m < z ? d *

Then, th e  com plete a c t io n  o f  th e  a b s t r a c t  group can  be re p re s e n te d  

by

T ( \ j k , e , a ) =  TjTfcTjTj, C5.»>

and

T  (>' i , l ‘3 , e 1>a 2) T ( X l j k , , e , , a t ) =

= •  T ^ A , A j  ,  A 3 k ,  +  f c j j e i  +  » J , / i a « i + k a 8 >+ a = )

=  T (  X3 ) k 3 j e } ) a 3 ) .  (5.9c)

The L ie  a lg e b ra  among th e  o p e ra to rs  l , g , h  and d i n  (5 .9 )  i s  

e a s i ly  found by o b se rv in g  th a t  th e  f a c to r s  T^ and T^, c o rre sp o n d in g  

to  th e  P o in ca re  g roup , w i l l  y ie ld  th e  known com m utation r e l a t io n s  

among t h e i r  r e s p e c t iv e  g e n e ra to rs .  These commute w ith  h o f  Th 

(0) because  th e  P o in ca re  group le av es  th e  p a ra m e te r, s ,  in v a r ia n t .  

I t  a ls o  fo llo w s t h a t  th e  tra n s fo rm a tio n s  Tg(k) and L o ren tz  t r a n s -
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fo rm atio n s  T ^ ( A )  form a  s e m id ire c t  p ro d u c t o f  th e  same k ind  as  th e  

t r a n s l a t i o n s  T ^(a) w ith  T ^ ( / \ ) ,  hence , th e  b ra c k e ts  betw een i p v  

and have th e  same s t r u c tu r e  as  th o se  betw een j tp v  and dp. .

A lso , s in c e  and Tg form a b e l ia n  subgroups and commute w ith  

each  o th e r ,  t h e i r  g e n e ra to rs  w i l l  a l l  commute in  th e  same way. 

F in a l ly ,  th e  b ra c k e t  betw een h and |(* c a n  be c a lc u la te d  by o b se rv ­

in g  t h a t  b ecause  (0) and T<j(a) commute, th e  r e l a t i o n

T  ( o ,  kx>o , o )  T  ( o i oJ ei j o )  = J ( o 1 k l>9,i kl e,)

can be w r i t t e n  as

T  (o, o,-e, ,o ) T  (0; , o, o)T (o, o, 6, ,o) =1 (o, k,, e„ k,e,)
o r

d 9' 11

expanding b o th  s id e s  up to  th e  f i r s t  o rd e r  in  one g e ts

k? ( ^+e ,C 3f,> 3 )  = ka p (JP+e,dP)

and , th e n c e ,

The com plete L ie  a lg e b ra  fo r  th e  group (5 .8 )  i s ,  th e r e f o r e ,  as 

fo llo w s :
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♦

>(vf  — ivo-z lpp +  i f fy  “  Svf  ^

E ^ V j  dj> J  — c/v -  S v f  dp * L } d y  J ~  O
(5.10a)

[V,af]=V * - V ^  J E^ri
C V ^ > ° > Cdt * > :i =  o j i : c l ( ‘ ' 3 V : i "

C 3 ? ,  k ] = c r

0

o (5 .10b)

F u rth erm o re , because  o£ th e  e x is te n c e  o f  a  f a i t h f u l  c a n o n ic a l 

r e a l i z a t i o n  o f  th e  P o in ca re  a lg e b ra ,  ( 2 .5 ) ,  th e  f a c t  t h a t  th e  

g e n e ra to rs  (th e  c a n o n ic a l r e p re s e n ta t iv e s  o f  J f  ) have to  

tra n s fo rm  In  th e  same way a s  P p  under L oren tz  tra n s fo rm a tio n s  and 

s t i l l  w orking by analogy  w ith  th e  G a lile a n  c a s e ,  we f in d  t h a t  th e  

c a n o n ic a l r e a l i z a t i o n  o f  (5 .10 ) w i l l  r e t a i n  th e  s t r u c tu r e  o f  th a t  

a b s t r a c t  a lg e b ra  ex cep t f o r  a  n e u t r a l  elem ent (a c-num ber) f o r  th e  

b ra c k e t betw een th e  r e p re s e n ta t iv e s  o f  d * 1 and i . e . ,

(5 .11a)

E ^ v )  yffl* X e p  j  C C p v f ? * )  E ^ B v l - 0

(5 .11b)

[ J f o G f J -  C*vf  ;  [ G ^ P v I -  E  % * „ ;  L W ' l  = o
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[ Jev; JK ] - o ) [P(tJ3^]=o )
(5.11c)

A lthough r e a l i z a t i o n s  w ith  E 83 0 can  be h e re  a c c e p ta b le ,  we 

s h a l l  ta k e  E j* 0 from now on. T his c a n o n ic a l r e a l i z a t i o n  o f  th e  

f if te e n -p a ra m e te r  symmetry group (5 .7 )  re p la c e s  (2 .5 ) a s  th e  p o in t  

o f  d e p a r tu re  fo r  a  r e l a t i v i s t i c  dynam ics. F u r th e r  r e a l i z a t i o n s  in  

term s o f  D irac  b ra c k e ts  can  be c o n s tru c te d  a s  soon as  one i d e n t i f i e s  

th e  c-num ber E and th e  p aram eter s by means o f  th e  im p o s itio n  o f  

s u b s id ia ry  c o n s t r a in t s  w hich a re  to  be t r e a te d  as  ^ ad d itio n a l n e u t r a l  

e lem en ts  f o r  th e  a lg e b ra  th a t  can  b rea k  some sym m etries red u c in g  

th e  number o f  d eg rees  o f  freedom  so th a t  th e  a c tu a l  p h y s ic a l dynamics 

i s  o b ta in e d . Let us c o n s id e r  th e  s im p le s t case  f i r s t .

2. S in g le  P a r t i c l e  System s.

For a  c lo se d  system  c o n s is t in g  o n ly  o f  a  s in g le  p a r t i c l e ,  th e  

cho ice

] >  =  V v - U f .  ;  ± v =  pe  ( 5 - l 2 a )

<Z*l= E H =  J g  (Pf. P̂ -W1) (5 .12b)

s a t i s f i e s  th e  a lg e b ra  (5 .1 1 ) u s in g  th e  fundam ental P . b . ' s
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{ f , P v } =  S ' v
(5.13)

S e v e ra l r e a l i z a t i o n s  w ith  th e  p ro p e r  number o f  d eg rees  o f  

freedom  can  be o b ta in e d  from  (5 .1 1 ) and (5 .1 2 ) a c c o rd in g  to  th e  form 

o f  n e u t r a l  e lem en ts  in v o lv in g  dynam ical v a r ia b le s  ( th e  c o n s t r a in t s )  

t h a t  a r e  im posed. The c h o ic e  o f  such  s u b s id ia ry  c o n d i t io n s ,  i s  i n  

p r in c ip l e ,  a  m a tte r  o f  convenience depending  on  th e  p h y s ic a l  i n ­

fo rm a tio n  one w ishes to  e x t r a c t  from  th e  a b s t r a c t  g e n e ra l  form .

For in s ta n c e ,  th e  m ost common r e a l i z a t i o n s  assume t h a t  th e  mass 

o f  th e  p a r t i c l e  d e te rm in e  th e  H am ilton ian  o p e ra to r  in  (5 .12b) 

th ro u g h  th e  c o n s t r a in t

w h ile  th e  rem ain ing  c o n d i t io n , which i s  h e re  a  g a u g e - f ix in g  c o n s t r a in t ,

(5 .1 4 a)

so th a t

(5 .14b)

(5 .1 4 c)

i s  chosen  as one o f  th e  fo llo w in g :

( 5 .14d)
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The ch o ice  (a) in v o lv e s  o n ly  a  fu n c tio n  o f  th e  c o o rd in a te s ,  meaning 

th a t  th e  s u b s id ia ry  c o n d i t io n  f ix in g  th e  tim e -p a ra m e te r , whose t r a n s ­

l a t io n s  a re  g e n e ra te d  by H, i s  u sed , in  f a c t ,  to  reduce th e  phase 

sp ace . The tim e -p a ra m e te r  comes to  be one o f  th e  c o o rd in a te s  and H 

ce a se s  to  e x i s t  s in c e  t r a n s l a t i o n s  o f  th e  c o o rd in a te s  a re  g e n e ra ted  

b y P p o f  th e  P o in care  a lg e b ra  a lo n e . This i s  p r e c i s e ly  th e  k in d  o f  

c o n s t r a in t  t h a t  le a d s  to  D irac*s " in s ta n t  form "! and , f o r  m u l t i ­

p a r t i c l e  sy stem s, to  th e  n o - in te r a c t io n  theorem . In d eed , a  d i r e c t  

a p p l ic a t io n  o f  th e  p ro ced u re  g iv en  i n  (Ch. I ,  #2) shows t h a t  th e  

s t a b i l i t y  o f  th e  c o n s t r a in t s  a re  s a t i s f i e d ,  i n  t h i s  c a s e , o n ly  w ith  

v a n ish in g  c o e f f i c i e n t s

U  =  \  ~  o

f  ~  o  ; 1  ~ o  => = }

th e r e fo r e ,  H becomes th e  p ro d u c t o f  two w eakly v a n ish in g  q u a n t i t i e s  

and i t s e l f  v a n ish e s  s tro n g ly  ( id e n t i c a l ly )  2( 3  O  • The a lg e b ra  

(5 .1 1 ) in  term s o f  D . b . ' s  (1 .3 0 ) w ith
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From t h i s ,  th e  number o f  v a r ia b le s  can e f f e c t iv e ly  be reduced  s in c e  

PQ comes to  p la y  th e  r o le  o f  a  H am ilton ian ; so i f  we make 

H a  PQ, a l l  o th e r  o p e ra to rs  a re  ex p ressed  as  fu n c tio n s  o f  th e  s ix  

p h ase -sp ace  v a r ia b le s  C f - O )  :

i  ? = ?
(5 .1 5 c)

H= (pW)*'2 ; s J Xo = ?x( p W / A
and th e  a lg e b ra  (5 .15b) c o in c id e s  w ith  th e  u su a l P .b . r e a l i z a t i o n

Ik,k 1 = - 1 =  =  h , % }
( 5 .15d)

I i ~ o  ; i  U M J } =  °

{ is, h  } =  i  pit h  }=0  j  { f ;  h } = ( ^ . 4

w hich , as  i s  w e ll  known, can n o t be ex tended  to  m u l t ip a r t i c l e  system s 

in v o lv in g  in te ra c t io n s ^ * ^ .

The ch o ice  (b) in  (5 .14d ) i s  o n ly  s l i g h t l y  d i f f e r e n t  from th e  

p rev io u s  one. In  t h i s  case  th e  H am ilton ian  o p e ra to r  v a n ish e s  o n ly  

w eakly



and w ith  (5 .1 5 a) th e  a lg e b ra  In  term s o f  D .b. I s  th e  same as  (5 .15b) 

and (5 .1 5 c) b u t one has to  add th e  fo llo w in g  b ra c k e ts

w h ile  th e  e q u a tio n s  o f  m otion have to  be e v a lu a te d  ac co rd in g  to  

form ulae (1 .32 ) and a r e ,  as  ex p ec ted ,

This type  o f  c o n s t r a in t  s t i l l  d e s tro y s  m a n ife s t co v arian ce  and 

th a t  w i l l  be c a r r ie d  o v e r  to  any g e n e r a l iz a t io n  to  many p a r t i c l e  

system s.

W ith ch o ice  (c) we g e t  a  more sym m etrical r e a l i z a t i o n  due to  

i t s  m a n ife s tly  c o v a r ia n t  n a tu re .  In  t h i s  c a s e , th e  s ta n d a rd  

p rocedure  y ie ld s

(5 .16c)

G en era to rs  a re

( 5 .16d)

(5 .1 7 a)

so w ith
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j _  r  o  i \
A R  2  p a  V —I OJ  j  (5 .17b)

th e  D .b. a lg e b ra  fo r  th e  P o in care  group I s  l e f t  unchanged as In  

(5 .1 5 b ); th e  rem ain ing  b ra c k e ts  a re

;  { t f & I -  S i -  ^
(5 .17c)

from (1 .3 2 ) ,  th e  e q u a tio n s  o f  m otion  g ive

f  =  I  f i  =  • £ • ;  ^ *  t  k #  J * *  °  ( 5 - 1 7 d )

and th e  g e n e ra to rs  become

C ^ s r W ^  ( 5 .17e)

F in a l ly ,  s t i l l  a n o th e r  r e a l i z a t i o n  can be o b ta in e d  from which 

th e  H am ilton ian  does n o t v a n ish  as a r e s u l t  o f  th e  c o n s t r a in ts  and 

I s  m a n ife s t ly  c o v a r ia n t .  This r e a l i z a t i o n  I s  o b ta in e d  by r e la x in g  

th e  m a ss -sh e ll  c o n s t r a in t  (5 .1 4 a) and r e p la c in g  i t  by

?  = Pu -  E ~  O (5 .1 8 a)

which g iv e  a d i f f e r e n t  meaning to  th e  n e u t r a l  elem ent E. In s te a d

o f  (5 .1 4 d ) , th e  tim e p aram eter i s  a lso  s p e c i f ie d  by th e  v e c to r  kji
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(k^t kt* =» 1 ) th rough  th e  a d d i t io n a l  c o n s t r a in t

')t =  L f - s « o (5.18b)

The a lg e b ra  (5 .1 1 ) w ith  o p e ra to rs  (5 .1 2 ) and

-I

-  ( - l i )
th e n  g iv e s  th e  D .b. r e a l i z a t i o n

* 1 ^  T  . / t  o l * ! ^
<r}“  (.Vf<r j  {  J fV j ^ } = ^ ( .V f  j  (  =  ®  (5 .1 9 a)

f ̂  ? /=  k J* % ; {f, Pvl-^v; fj  = o
(5 .19b)

{ X } * =  k ' Pv- kv P(. J {P. X } '=  o  i { f , n f =  I  -  k*
(5 .1 9 c)

where k p * s th e  v e c to r  g iv en  in  ( 5 . 1 8 ) , ^ ^  th e  c o n s ta n ts

1C «  &  -  k*1 kv (5‘19d)
and

s r  «v- C^C^.L 'V* C« C^ — Tr 1C 4 (5 .1 9 e)^  ^ v Cf 0(1 O f vf P  *
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I> *=* 1r i *  -  V  if*~  N ^ d y  y  ,  ( 5 .19f)

In  s p i t e  o f  th e  b ra c k e ts  (5 .1 9 c) we o b ta in  th e  c o r r e c t  e q u a tio n s  

o f  m otion  u s in g  (1 .3 2 ) ,  i . e . ,

! < ■ =  f s f  H l * + £ f  =  I ?
T U ; ^ J  T  E - (5 .20b)

Because th e  H am ilton ian  i t s e l f  i s  a  c o n s ta n t o f  th e  m o tio n , one 

can  alw ays choose i t  eq u a l to  zero  by a d ju s t in g  th e  c o n s ta n t h t in  

(5 .12b) so t h a t  i t  becomes e x a c t ly  e q u a l to  th e  f i n a l  r e s t  mass o f  

th e  p a r t i c l e  which m ust be d e f in e d  h e re  by

pf1 = m2 => m = &3 (5.20c)

Of c o u rse , f o r  a  s in g le  p a r t i c l e  a l l  th o se  r e a l i z a t i o n s  a re  

f i n a l l y  e q u iv a le n t  in  t h e i r  p h y s ic a l c o n te n t and i n t e r p r e t a t i o n ,  

b u t th e  g e n e r a l iz a t io n  to  m u l t ip a r t i c l e  system s i s  g r e a t ly  s im p lif ie d  

i f  we use  th e  l a s t  one.
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3 . M u l t ip a r t l c le  System s.

A g e n e r a l iz a t io n  o f  th e  l a s t  s t r u c tu r e  to  system s in v o lv in g  

more th a n  one p a r t i c l e  and s c a l a r  i n te r a c t io n s  i s  now s t r a i g h t  

fo rw ard , re g a rd in g  th e  new r e a l i z a t i o n  a s  th e  d i r e c t  p ro d u c t o f  N 

s in g le  p a r t i c l e  r e a l i z a t i o n s  where M i s  th e  number o f  p a r t i c l e s .

Then, a l l  o p e ra to rs  o f  th e  a lg e b ra  become d i r e c t  sums o f  t h e i r  

s in g le  p a r t i c ld  c o u n te rp a r ts  a s  do th e  n e u t r a l  e lem en ts . Con­

s e q u e n tly , th e  a lg e b ra  (5 .1 1 ) i s  s a t i s f i e d  by th e  f i f t e e n  g e n e ra to rs

j  $ 4  =  +  ( 5*20b)

p ro v id ed  th a t

E = X E.’a j (5 .2 0 c)

and U(f) d e f in e d  as  in  (4 .4 0 ) . The c-num bers Ea , on th e  o th e r  hand, 

w i l l  a c q u ire  a p h y s ic a l  m eaning by th e  g e n e r a l iz a t io n  o f  (5 .1 8 a) 

w h ile  th e  tim e-p a ram e te r i s  s p e c i f ie d  i n  accordance to  (5 .1 8 b ).

One h a s ,  th e n , a  s e t  o f  2N weak e q u a l i t i e s

(5.21a)
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(5 .21b)

w ith  k *  some a r b i t r a r y  c o n s ta n t momentumlike v e c to r  ( k ^ k 1*- 1 ).

A p la in  r e p e t i t i o n  o f  th e  c a lc u la t io n s  perform ed i n  (Ch. I l l ,  #5) 

u s in g  k*4 in s te a d  o f  shows th a t  w ith

- (  /  O  ^ t t b  \  (5 .2 2 a)

A B ^  V - S a b  O  /

and

( r J‘e) ; 22b)

f

we o b ta in  th e  D .b. a lg e b ra

(5 .23a)
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{^« }= k , ? v -  k v ? r  i  f P p , #f= O i  ( O j =  f - k *
(5 .23c)

where th e  c o n s ta n ts  K £ v f< - » ^ e v f » X*V a re  d e f in e d  e x a c t ly  as in  

(5 .1 9 ) and th e  C.M. v a r ia b le  i s  g iv en  by

Q ?  =  —  . (5 .24)
c*

A gain, th e  e q u a tio n s  o f  m otion  g iv e  th e  c o r r e c t  r e s u l t s

i . . » {Ji* ,f< r+  * °  <!!” >

(5 .25b)

w h ile  th e  r e s t  o f  th e  b ra c k e ts  a re

t t

(5 .26a)
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/ if V l+_ _ k«* * f Pa x}*- - -̂ Cf}
I ’ * / 1 '  E “  j l  3 ^  (5 .26b )

Thus, th e  in d iv id u a l  p a r t i c l e  e q u a tio n s  o f  m otion become

* 3*1* Pe (5 .27a)

•a , a i* afP*
(5 . 27b )

as  b e fo re . The use o f  in s te a d  o f  th e  a r b i t r a r y  v e c to r  

i s ,  o f  c o u rse , p e rm is s ib le  because o f  (5 .2 5 b ); in  t h i s  case  th e  

D .b. a lg e b ra  c o in c id e s  e n t i r e ly  w ith  (3 .53 ) and (3 .5 5 ) .

4 . R eduction  o f  V a r ia b le s .

I t  i s  now p o s s ib le ,  u s in g  th e  c o n s t r a in t  e q u a tio n s , to  r e ­

duce th e  a lg e b ra  j u s t  o b ta in e d  so th a t  i t  becomes ex p ressed  s o le ly  

in  term s o f  th e  independen t v a r ia b le s .  C o n s tra in ts  (5 .21b) a re  

th e  m a n ife s tly  c o v a r ia n t  c o u n te rp a r ts  o f  (5 .14b) (b ). Hence, 

when one p asse s  to  th e  k - r e s t  frame o f  r e fe r e n c e ,  a g e n e r a l iz a t io n  

o f  a lg e b ra  (5 .15e) i s  o b ta in e d  fo r  th e  m u l t ip a r t i c l e  case  w ith  th e  

e x c ep tio n s  t h a t  th e  r e s t  m asses do n o t e n te r  e x p l i c i t l y  in  th e  

fo rm alism  and th e  tim e component o f  th e  t o t a l  momentum red u ces  to  

a c-num ber. A p p aren tly , th e se  a re  th e  f a c ts  th a t  p erm it th e

-105-



presen ce  o f  i n t e r a c t io n  p o te n t i a l s  th u s  s id e s te p p in g  th e  n o - in t e r ­

a c t io n  theorem .

Using (5 .2 1 ) we have

n =  k ; ' s  + u - f a  ; p:  = k ; ' E a + u - p *

w ith

k / k 0  .

The o p e ra to rs  (5 .20  a ,b )  become

J=fttAPa - P = | P* ; §= r i  

x  =  -  i l f a -f W ( c u - f . 0 -  r . i f ) -I-
2 E  a

C u - i f  U-P E.
i E a  k o  “  * k j

k ;  =  T . x  =  T . s  "  T . S i  +  u i J i *  

po= k:'e-i-u-I j &°= k;' s + d-6

(5 .2 8 a)

(5 .28b)

(5 .29a)

(5 .29b)

(5 .29c)

(5.29d)
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The com plete a lg e b ra  fo r  th e s e  o p e ra to rs  i s  g iv en  in  append ix  C.

Here we a re  i n t e r e s te d  o n ly  in  p o in t in g  o u t t h a t  in  th e  k - r e s t

o f  th e  a lg e b ra  w h ile  th e  H am ilton ian  i s  l e f t  a s  th e  o n ly  g e n e ra to r  

f o r  tim e t r a n s l a t i o n s .  This i s  som ething ex p ec ted  s in c e ,  in  th a t  

p a r t i c u l a r  r e fe re n c e  fram e, th e  common tim e -p a ra m e te r  c o in c id e s  w ith  

th e  tim e c o o rd in a te  f o r  a l l  p a r t i c l e s  so and H have to  c o in c id e  

o r  one o f  them m ust be e l im in a te d  from  th e  a lg e b ra .  Then w ith

?„ = E. J t  ; K = St-E<a ^ (5 .3 0 a)

and, because K in  (5 .3 0 a) i s  j u s t  a  l i n e a r  com bination  o f  P and 

Q in  (5 .3 0 b ) , th e  o n ly  m eaningfu l P .b . o f  th e  a lg e b ra  a re

fram e, i . e . ,  when Tc =* 0 and kp ** 1, PQ becomes a  n e u t r a l  e lem en t

th e  r e s t  o f  th e  o p e ra to rs  reduce to

A

(5 .3 0 c)

{T.')S Ji = €^|ca (c ;
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«

{ 4 \ 6 n l  =  o  ;  =

and th e  e q u a tio n s  o f  m otion  have th e  ex p ec ted  form ,

(5.31)

(5 .3 2 )

The b a re  r e s t  m asses o f  th e  p a r t i c l e s  a r e  n o t d e f in e d  b u t th ey  

can be assumed to  be i m p l i c i t l y  In c lu d ed  in  th e  d e f i n i t i o n  o f  

th e  "c a n o n ic a l m ass" (4 .5 2 ) ,

(P{? P*?)1'1 = m̂ cs) (5-33)
th e n , from th e  f i r s t  o f  th e  e q u a tio n s  o f  m otion (5 .3 2 ) and s in c e  

(5 .28a) im p lie s

o
/ 3 “ =  =  I o .3 » )

when s ** t ,  e q u a tio n  (5 .3 3 ) can be w r i t t e n  as

,ACt) -  E* = Ea r : 'i

i . e . ,
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E * =  7 * C t )  m a ( t )  .  (5 .3

C onsequently , I f  th e  energy  Ea  I s  p o s i t iv e ,  th e  p a r t i c l e  moves 

In  I t s  w orld  l in e  i n  such a  way th a t  when i t s  v e lo c i ty  in c re a s e s  

th e  "c a n o n ic a l m ass" d e c re a se s  a c c o rd in g ly  and v ic e  v e r s a .
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CONCLUSIONS.

The n o - I n te r a c t io n  theorem  has p la c ed  sev e re  r e s t r i c t i o n s  on 

th e  e x te n s io n  o f  th e  th e o ry  o f  r e l a t i v i t y  to  th e  d e s c r ip t io n  o f  

i s o l a t e d  system s w ith  more th a n  one p a r t i c l e  In v o lv in g  d i r e c t  

in t e r a c t io n s .  N e v e r th e le s s , s e v e ra l  s t a r t i n g  p o in ts  have proven 

u s e fu l  in  th e  developm ent o f  a  c o n s is te n t  s o lu t io n  to  th e  problem . 

T h eo ries  w ith o u t in v a r ia n t  w orld  l i n e s ,  m u ltip a ra m e te r  H am iltonian  

form alism s and c a n o n ic a l th e o r ie s  based  on g e n e ra liz e d  m a ss -sh e ll  

ty p e  c o n s t r a in t s ,  among o th e r s ,  a re  s t i l l  in  th e  p ro cess  o f  be in g  

com pleted .

In  th e  p re s e n t  w ork, an  a tte m p t has been made to  an a ly ze  th e  

m ost Immediate m ath em atica l im p lic a t io n s  o f  a s e t  o f  p o s tu la te s  

chosen  to  c o n s t i tu t e  a  d i r e c t  g e n e r a l iz a t io n  o f  th e  n o n - r e l a t i v i s t i c  

c a s e . The p o s tu la t io n  o f  a  v a r i a t io n a l  p r in c ip le  in v o lv in g  i n ­

d iv id u a l  c a n o n ic a l c o o rd in a te s  and s u b je c t  to  eq u a l tim e-p lan e  

c o n s t r a in t s  (g lo b a l t r a n s v e r s a l i t y  c o n d it io n s )  has le d  us to  th e  

in t ro d u c t io n  o f  a r b i t r a r y  c-num bers (o th e r  th an  th e  r e s t  masses o f  

th e  p a r t i c l e s )  in to  th e  m a n ife s t ly  c o v a r ia n t L agrangian . The 

a r b i t r a r i n e s s  o f  such c o n s ta n ts  i s  removed by th e  c o n s t r a in ts  and 

th ey  soon become id e n t i f i e d  w ith  th e  e n e rg ie s  o f  th e  p a r t i c l e s  r e ­

l a t i v e  to  th e  c o n s tr a in in g  p la n e . W ith th e  abandonment o f  th e  m ass- 

s h e l l  ty p e  c o n s t r a in t s ,  th e  need fo r  a  homogeneous Lagrangian  

d is a p p e a rs ,  as  w e ll  as  th e  e x is te n c e  o f  a v a n ish in g  ca n o n ic a l 

H am ilton ian . The i n s e r t i o n  o f  a r b i t r a r y  c o n s ta n ts  in  th e  form alism
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p e rm its  th e  d e f in i t i o n  o f  a  c e n te r  o f  momentum (C.M. ) c o o rd in a te  

s a t i s f y in g  th e  c o r r e c t  F o isso n  b ra c k e ts  and th e  norm o f  i t s  

c a n o n ic a lly  co n ju g a te  momentum c o in c id e s  w ith  th e  re s t-m a ss  o f  th e  

system  as  a w hole. But th e  in v a r ia n c e  o f  th e  in d iv id u a l  w orld  

l in e s  p re v e n ts  th e  norm o f  th e  in d iv id u a l  momenta from b e in g  con­

s ta n t s  o f  th e  m o tion , i n  f a c t ,  th e y  must rem ain  in d e te rm in a te  u n t i l  

th e  s o lu t io n  o f  th e  e q u a tio n s  o f  m otion  i s  e v e n tu a lly  found.

F u r th e r ,  because  th e  L agrang ian  i s  n o t in v a r ia n t  under 

a r b i t r a r y  re p a ra m e tr iz a t io n  in  o u r  c a s e , one has to  r e s t r i c t  th e  

s e t  o f  a d m iss ib le  tim e-p a ram e te rs  to  be p ro p e r tim es a s s o c ia te d  w ith  

I n e r t i a l  o b s e rv e rs ,  i . e . ,  o n ly  a r c - le n g th s  o f  Minkowski f la t - s p a c e  

g eo d es ics  can be used i n  th e  fo rm u la tio n  o f  th e  v a r i a t io n a l  p r in ­

c ip le  and c o n s t r a in t s .  S ince th o se  p aram eters  a re  r e l a t e d  to  one 

a n o th e r  by a f f in e  t r a n s fo rm a tio n s ,  we have th e  im p o rta n t consequence 

th a t  th e  Lagrangian  rem ains fo rm a lly  unchanged under a  p aram eter 

tra n s fo rm a tio n  i f  th e  s t r u c tu r e  o f  th e  i n t e r a c t io n  e lem en ts a re  such 

th a t  th e  c o e f f ic ie n t s  a s s o c ia te d  w ith  th e  tra n s fo rm a tio n  can be 

absorbed  in to  th e  c-num bers. These c o n s ta n ts  a re  f i n a l l y  i d e n t i f i e d  

when th e  g eo d esic  in v o lv ed  in  th e  p a ra m e tr iz a t io n  i s  s p e c i f ie d  v ia  

th e  c o n s t r a in t s .  A L agrang ian  which c l e a r ly  adm its  th e  new r e ­

quirem ent and i s  a ls o  e x p r e s s ib le  in  term s o f  s p a c e lik e  v a r ia b le s  

r e l a t e d  w ith  th e  chosen g e o d e s ic , tu rn s  o u t to  be o f  a sim ple 

s ta n d a rd  form. The i n t e r p r e t a t i o n  o f  th e  p a ra m e tr iz a t io n  p ro c e ss  

can be g iv en  in  p u re ly  g e o m e tr ic a l argum ents and i s  v a l id  even 

when th e  p a r t i c l e s  a re  f r e e ;  th e r e fo r e  th e  G.T. c o n d itio n s  a f f e c t

th e  d e s c r ip t io n  o f  th e  w orld  l in e s  b u t n o t th e  dynamics o f  th e  system .
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T his b e in g  th e  c a s e , c l u s t e r  decom position  can be ach iev ed  h e re  

w ith  b in a ry  i n t e r a c t io n s .

A ll  th o se  f e a tu re s  ap p ear as a  consequence o f  th e  f a c t  th a t  

a lth o u g h  tra n s fo rm a tio n s  among i n e r t i a l  o b se rv e rs  a re  c a r r ie d  o u t 

by o p e ra to rs  b e lo n g in g  to  th e  P o incare  g roup , s t i l l  th e  p a ra m e tr i­

z a t io n  p ro c e ss  in tro d u c e s  a d d i t io n a l  sym m etries in  th e  d e s c r ip t io n  o f  

th e  w orld  l in e s  so t h a t  th e  C.M. and th e  H am ilton ian  can  be accep ted  

as  Independen t a d d i t io n a l  o p e r a to r s .  R ien a  c a n o n ic a l r e a l i z a t i o n  o f  

th e  com plete f i f t e e n  o p e ra to r  a lg e b ra  modulo th e  c-num bers and con­

s t r a i n t s  as  n e u t r a l  e lem en ts  y ie ld s  th e  same dynamics th a t  fo llo w  

from  th e  v a r i a t io n a l  p r in c ip le .  When D irac  b ra c k e ts  a re  c a lc u la te d ,  

one can , in  f a c t ,  red u ce  th e  number o f  v a r ia b le s  and a  f u r th e r  L oren tz  

tra n s fo rm a tio n  red u ces  th e  tim e component o f  th e  t o t a l  l i n e a r  

momentum to  a  n e u t r a l  e lem ent so th e  H am ilton ian  i s  l e f t  as th e  o n ly  

t im e - t r a n s la t io n  o p e r a to r .

For th e  models p roposed i n  t h i s  work, th e  n o n r e l a t l v i s t l c  l im i t  

i s  o b ta in e d  by id e n t i f y in g  th e  o b se rv a b le  c o n s ta n t mass o f  ev ery  

p a r t i c l e  w ith  i t s  t o t a l  energy  d iv id e d  by th e  sq u are  o f  th e  speed o f  

l i g h t  when th e  u su a l l im i t  f o r  th a t  speed approach ing  i n f i n i t y  i s  

a p p lie d .

A lthough t h i s  work d e a ls  o n ly  w ith  th e  c l a s s i c a l  fo rm u la tio n  o f  

th e  problem , we th in k  t h a t  th e  th e o ry  can be q u a n tiz e d  and ,

(*) A f i r s t  a tte m p t in  t h a t  d i r e c t io n  i s  th e  work o f  C ra ter*^  
who o b ta in e d  a  H am ilton ian  s im i la r  to  (5 .2 0 b ) fo r  a th r e e -  
body system . A lthough h is  d e r iv a t io n  i s  more d i r e c t l y  
r e l a t e d  to  th e  Tbdorov-Kbmar m odel, some o f  h is  f i n a l  r e ­
s u l t s  can  be lin k e d  to  o u rs  and s u b je c t ,  e v e n tu a l ly ,  to  
e q u iv a le n t  a n a ly s is .

-112-



e v e n tu a l ly ,  ex ten d ed  to  In c lu d e  p a r t i c l e s  w ith  nonzero s p in .  

R e a liz a tio n s  o f  th e  f i f t e e n  o p e ra to r  a lg e b ra  (5 .1 1 ) w ith  n u l l  c -  

number n e u t r a l  e le m e n ts , E *  0 , may be a ls o  I n te r e s t i n g  and w o rth ­

w h ile  to  s tu d y . A lso , some v e lo c ity -d e p e n d e n t p o te n t i a l s  can  be 

In c lu d ed  In  t h i s  fo rm alism  w ith o u t m ajo r changes b u t w hether th e  

e le c tro m a g n e tic  I n te r a c t io n s  can  f i t  In  th e  p re s e n t  scheme I s  n o t 

y e t  c l e a r .
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APPENDIX A

The Two-Body Case.

I t  has been shown t h a t ,  f o r  a  system  composed o f  j u s t  two 

p a r t i c l e s ,  th e  homogeneous L agrang ian  (2 .2 4 a) g iv e s  th e  G.T. as  i t s  

c a n o n ic a l c o n s t r a i n t s ^ .  T h is a p p a re n tly  c o n t r a d ic ts  th e  c o n c lu s io n s  

a r r iv e d  a t  b e fo re  e q u a tio n  (2 .2 4 d ) , i . e . ,  t h a t  (2 .2 1 ) and (2 .2 4 c) 

w i l l  o v e rc o n s tr a in  th e  system .

W hile such a  c o n c lu s io n  i s  t r u e  i n  g e n e ra l ,  fo r  t h i s  p a r t i c u l a r  

system  w ith  two c o n s t i tu e n ts  we f in d  a  c i r c u m s ta n t ia l  r e l a t i o n  betw een 

th o se  two s e ts  o f  c o n s t r a in t s .  Ind eed , h e re  th e  p rim ary  c o n s t r a in ts  

(2 .24d) can  be w r i t t e n

p'* = { U' f  ; PjpSf' = (wi)2 ».i>
w h ile  from th e  c o n s e rv a tio n  o f  th e  t o t a l  l i n e a r  momentum, P^ = Mq? , 

one has

th e r e f o r e ,

Now, fo r  a two body i n t e r a c t io n ,  (U^)^ and (U^)^ can d i f f e r  o n ly  

by c o n s ta n ts ;  f o r  in s ta n c e ,  in  th e  Gomis model
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( K * ) 2 =  m 2 -  W f ) (A.4)

(a ** 1*2). So, (A.3) becomes

E * 1 •=  y  ( Mo +  w ? -  w 2 )  =

2 * *  P % -  i  (  M o +  m 2 -  w 2 )  =  co*sh

(A. 5)

E qua tions (2 .24d) and (2 .2 1 ) a re  th u s  s a t i s f i e d  w ith o u t ov erco n ­

s t r a in in g  th e  system . O b v io u sly , th e  c r i t i c a l  r e l a t i o n  (A.4) can 

n o t h o ld  f o r  N g r e a te r  th a n  tw o, n o r  can th e  p ro ced u re  fo llow ed 

above be g e n e ra liz e d  s in c e  th e  number o f  mixed p ro d u c ts  l ik e  

i n  (A.2) in c re a s e s  too r a p id ly  w ith  N.
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APPENDIX B

Gauge T ran sfo rm a tio n s .

An a r b i t r a r y  v a r i a t io n  o f  th e  L agrangian  in  (1 .1 )  i s  g iv en  by

In  p a r t i c u l a r ,  l e t  us c o n s id e r  a gauge tra n s fo rm a tio n  which p ro ­

duces th e  v a r ia t io n s  (1 .1 0 ) on th e  c o o rd in a te s  w ith

=  ® -2)d s

th e  r e s p e c t iv e  v a r ia t io n s  on th e  v e l o c i t i e s .  I f  we in tro d u c e  

th e  fu n c tio n s

- ....
one has fo r  ( B . l ) ,

(B .4a)

w hich , by adding  and s u b tr a c t in g  th e  q u a n ti ty
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i s  tran sfo rm ed  in to

U sing (1 .1 0 ) and th e  d e f in i t i o n

1 «    ' a
I p  -

we f in d

5 i  =  € j l J U S J ;  * • < >
d s v , r

th e n , i f  th e  l a s t  term  v a n ish e s  i d e n t i c a l l y  ( i . e . ,  w ith o u t r e ­

q u ir in g  th a t  (B .5) must v a n is h ) ,

th e  t o t a l  v a r i a t io n  o f  th e  L agrangian  becomes eq u a l to  th e  t o t a l  

d e r iv a t iv e  o f  a  g iv en  fu n c tio n  F:

& £  =  €  f )  (B*8a)

w ith

a  (B.8b)
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and we say  t h a t  th e  L ag rang ian  i s  q u a s i- in v a r ia n t^ ® , under th e  

tra n s fo rm a tio n s  c o n s id e re d . The L agrang ian  i s  s a id  in v a r ia n t  when 

S i  = 0 under th e  same t ra n s fo rm a tio n .

S ince  th e  a re  th e  n u l l  e ig e n v e c to rs  o f  th e  H essian ,* Cl

e q u a tio n  (1 .4 )  h o ld s  a u to m a tic a l ly  and (B .7) i s  i d e n t i c a l  to  th e  r e ­

qu irem en t t h a t  th e  c o n s t r a in t  e q u a tio n s  (1 .8 )  be i d e n t i c a l l y  s a t i s f i e d  

and no c o n s t r a in t s  w i l l  a c tu a l ly  a p p ea r .
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APPENDIX C

P.B. Algebra in the Reduced Phase-Space.

W ith o p e ra to rs  (5 .2 9 )  one o b ta in s ,  from th e  D .b. e x p re ss io n s  

(5 .2 3 ) ,  o r ,  by d i r e c t  c a lc u la t io n  th e  fo llo w in g  s t r u c t u r e ,  v a l id  In  

any L o ren tz  fram e;

f
J  ic° = - k ° k 3

U - w

{ ^ j ,  Jrs ]  =  * * t  J i s  “  ”  * i s

{ J0 * ( J ts } = - k  ( kf Jjs + ks J i t )  Jos “  J o t

{ J . o , J i j  } =  k° (  kj I ,x +■ k* J0J)  + f l -  k»)

{ j*., > P T ) = )c.Tpa -1c

I J j a , p . }  =  ~ k ° (  k ? ! -  k l £ * )

-  ( t . k j P x  + x , a p e)

{ J<>i j P0 } = 0 -  k .)  p .  + kok^ 5 0
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{ t  Q j  ~  ^  i t  ®  *■

{ X i ,  s , j =  -  ( M . S :  +  * * « . )  

{To;J<ao}= d-k*.)«a + kokxS.

{?*,?„} = {?.,?•}= {±>o,?.}=0

{ $ i , Q a }= { 8 . , s * M a . , s . }  = o

{<a% P4 } = TĈ  i {$*, P, 1 = - k* k, 3 {S ‘ P .h -k V

{ J-4 3i} = k i ? , - k d? i  ; k0? i - k i P o

{ 2^30=0  ; {p0jXi=O

• | 4 - k * ’ ; {6L°,^|= 4 ° - k °

A L oren tz  t ra n s fo rm a tio n  to  th e  k - r e s t  frame where k^ 3 0, 

kQ 3 1 g iv es  us (5 .3 1 ) .
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APPENDIX D

P o in c a re - In v a r ia n t  
D .b. R e a liz a t io n s .

The D ira c -b ra c k e t r e a l i z a t i o n s  (5 .1 9 ) and (5 .2 3 ) do no t 

co rrespond  to  th e  f a m il ia r  form o f  th e  P o in care  a lg e b ra ;  th a t  i s  due 

to  th e  f a c t  t h a t ,  s t r i c t l y  sp eak in g , one should  in c lu d e  th e  p a ra ­

m e tr iz in g  geo d esic  in to  th e  system  as an a r b i t r a r y  f r e e ly  moving 

p a r t i c l e .  Indeed , i f  th e  o p e ra to rs  (5 .2 0 ) a re  co n seq u en tly  m o d ified , 

we have th a t

<D. 1)

w ith

s t i l l  s a t i s f y  a lg e b ra  (5 .1 1 ) in  term s o f  th e  P .b . b ra c k e ts

th e  com plete s e t  o f  c o n s t r a in ts  i s  now

(D.3)

J
- - 121-



so that Che matrix (1.29a) becomes

C K a  *

I t s  In v e rse  being

O  -  S A b  

O

o  o  
Eb

O - Ea
o * $ sa
O  -3-
2  o

5 - ! * a  o

S  b  Os’2
J- p ‘ 
a

- iE<. ! 0 I

■ I/  1 O

(D.A)

CD/5)

In s te a d  o£ th e  r e l a t io n s  (5 .22b) one o b ta in s

( _ o _ )  ; ( * V , ? A i  =

S a  k *  \
o

(D.6)

O  
O I
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(x* V)  =

where

E g .  . f  _  _ J _  

E*H ° ” E + I (D. 7)

Using (D .5) and (D .6) we f in d  t h a t  the  com plete D.b. s t r u c t u r e  

c o n ta in s  h e re  the  r e a l i z a t i o n  o f  the  P o in ca re  A lgebra:

. \ \ .0{A f̂ \  /** "S
1 C p v f t r  Jolp j ~  (*vf 06 D̂,8â

vX \ *

=  O

{ & , « ' , } *  < v f ^  ;  U '

{a>,&'vr= -i2 {j W  s (Fkv- ? V)} (D 8b)
{ j V ^ r =  { ^ 1 , ^ } ' =  O  ;  O

A lso, s in c e

i * * V -  n - t A - o  • =  V  ? V  <»•»>
1 7  ~  °  J d s  ~ u s (o 1
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one has, according to (1.32a),

j e'v  =  o  .  ? ^  =  o  ;  » • « »

O bviously , th e  in s e r t i o n  o f  th e  g eo d es ic  in to  th e  form alism  has no 

e f f e c t  in  th e  e q u a tio n s  o f  m otion  o r  th e  c l u s t e r  decom position  p ro c e ss  

s in c e  th e  a d d i t io n  o f  Independen t term s to  th e  L agrang ian  and to  

th e  H am ilton ian  i s  p e rm is s ib le .
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