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Abstract

CANONICAL FORMALISM FOR RELATIVISTIC DYNAMICS
. by
Victor Miguel Penafiel Nava
Advisor: Professor KEnnéth R. Rafanelli
The possibility of a canonical formalism appropriate for a
dynamical theory of isolated relativistic multiparticle systems
involving scalar interactions is studied. It is shown that a single
time-parameter structure satisfying the requi;ements of Poincare
invariance and simultaneity of the constituents (global transversality)
can not be derived from a homogeneous Lagrangian. The dynamics is
deduced initially from a non-homogeneous but singular Lagrangian
‘designed to accommodate thé global transversality constraints with the
equal-time plane associated to the total momentum of the system. An
equivalent standard Lagrangian is used to generalize the parametrization
procedure which is referred to an arbitrary geodesic in Minkowski
space. The equations of motion and the definition of center of momentum
are invariant with respect to the choice of geodesic and the entire
formalism becomes separéble. In the original 8N-dimensional phase-
space, the symmetries of the Lagrangian give rise to a canonical
realization of a fifteen-generator Lie algebra which is projected in the
6N dimensional hypersurface of dynamical motions. The time-component
of the total momentum is thus reduced to a neutral element and the
canonical Hamiltonian survives as the only generator for time-trans-
lations so that the no-interéction theorem becomes inapplicable.
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INTRODUCTION.

Non-relativistic or Neﬁtonian dynamics is characterized by a
-well structured and elegant mathematical formalism and by an
immediate physical interpretation in agreement with our common
experiences and intuitfon. Here, the existence of a variational
principle plus a general group of transformations (the Galilei group)
are enough to provide us with all physically relevant information
about the dynamical behaviour of isolated systems of ﬁaterial particles.
A rather different situation is found in relativistic dynamics,
when the velocities of the particles can no longer be considered small
compared with the velocity of light, which is taken as a universal
constant. There are several points where the new physical reality ﬁuts
us apart from the previous framework:

(a) The times of the constituents enter as extra coordinates in
the theory, expanding the 6onfiguration space by one dimension
per constituent.

() The time-parameter is no longer 'absolute'" and is, as a
matter of fact, not even uniquely defined so there is not a
precise identification of '"the lLagrangian' for a variational
principle.

(c) The transformation group among all inertial observers, the
Poincare group, affects the time components as well as
.spatial coordinates, hence, the notion of the Hamiltonian
as a generator for time-parametér translations becomes

ambiguous.



This more complicated scheme still has a simple resolution when
the system is composed of a single free particle, but when more con-
stituents are introduced and interactions among them considered, it

becomes apparent that a canonical transition from non-relativistic to
relativistic dynamics is far from immediate. 1In fact, the problem of
whether it is possible to construct a canonical forﬁalism compatible
with the theory of relativity for isolated systems involving scalar
interactions has given rise to a remarkably abundant literature. In
sharp contrast to what one is familiar with in Newtonian mechanicg,
many possibilities have been explored each one showing different
degrees of success and different limitapions. The main complication
seems to arise from the fact that since the phase space has been
enlarged to 8N dimensions while a physically meaningful theory re-
quires only 6N degrees of freedom, a number of gonstraints have to
be included to obtain a proper realization of the Poincare algebra
and the form of these constraints are.to be postulated in addition.

1

The first step in that direction was given by Dirac* whose ''Forms of

Dynamics" are precisely such realizations with invariant hypersurfaces
as constraints. The seemingly natural choice for a Hamiltonian, the
time component of the total linear momentum (P,), arises from the

"instant form" which more recently was shown to be related with the

no-interaction theorem2’3’4.

Later, many other ways have been followed: theories without

5,6

invariant world lines as in Bakamjian and Thomas~?-, approximation

methods like Foldy's7 and multiparameter formalisms like Droz-Vincent's

8,9,10,11

predictive mechanics Canonical formalisms without a

‘-2-



Lagrangian, velocity-dependent poteﬁtials and many body interactions
add to an almost endless number of viable approaches to the
problem12-17.
* Which of all these pathways is best seems to be a matter of
~ choice, depending on what characteristics are to be emphasized. But
the question of how close to the non-relativistic structure one can
approach with relativistic formulation if one insists on a complete
canonical formalism still remains unanswered. As an attempt to dezl
with this question, the consistency of a mathematical structure in-
volving invariaut world lines, a manifestly covariant variational
principle, suitable constraints and canonical realizations of a maximal
symmetry group is investigated in this work.

Although many parts of such a program have already been discussed

in earlier papers by several authors18-26

, we take here a somewhat more
intuitive point of view with respect to the geometry of the world
lines in Minkowski space. So, while our general formulation is mostly
in the spirit of the works of Rohrlich and of Mukunda & Sudarshan
.just cited, the main feature of the present models is the
characterization of the particles by their own world lines which are
regarded as invariant. A dynamical system of particles is, therefore,
a collection of world lines in the Minkowski space and must admit a
manifestly covariant description in terms of their canonical four-
coordiné.tes { ;: } . This being the case, a parametrization of

those world lines with respect to any given equal-time plane should

be possible; thus, the particles can be taken as simultaneous in

any lorentz frame but will be observed in different states of

'motion in each of those frames. As a consequence of this require-

-3-



ment, the norm of the four-momentum for every particle becomes

a function of the chosen parameter and is to be determined only
after the problem has been solved, i.e., when one has the functional
expression for the world lines as a result of the equations of
motion. Within the severe requirements imposed on the model, the
no-interaction theorem can be avoided only if the overall structure
is such that permits the introduction of a sebarate Hamiltonian as
tﬁe operator for time-parameter translations instead of the time-
component of the total momentum.

We find it convenient to make a brief exposition of the constraint
formalism in Chapter I since the need for constraints to reduce the
number of degrees of freedom calls for procedures intrinsic to non-
standard Lagrangians, and because those précedures can also be extended
to the treatment of the standard case subject to imposed constraints.

The basiciframework is set . in Chapter II through some general
postulates; then several heuristic arguments and formal results are
used to obtain the initial form of a manifestly covariant Lagrangian
suitable for our purposes.

In Chapter III, an actual model is built up starting from a
singular Lagrangian and equal~-time plane constraints (global
transversality conditions) with respect to the total momentum four-
vector of the system. It is shown that consistency among the
canonical variables, the manifestly covariant realization of the
Poincare algebra and the constraints is possible in presence of
scalar interactions and leads to consistent definitions of the
"eenter of momentum' and '"internal variables" in formal agreement
with models based on expanded 8N + 8 dimensional phase-space.

4



Another important requirement, cluster decomposition, is
discussed in Chapter IV. To achieve that property, the model has
to be based on an equivalent standard Lagrangian an& generalized
global transversality conditions used to parametrize the world lines.
‘The identification of the particles with their world lines and energies
related to the equal-time plane employed for the parametrization
becomes more apparent at this point.

Finally, it is shown in Chapter V that it is possible to derive
the same dynamics from group theoretical considerations. A canonical
representation of a fifteen parameter symmetry group up to neutral
elements is shown to coincide with the equations generated by the pre-

viously established variational principle.



I. THE OONSTRAINT FORMALISM.

The canonical theory of constrained systems introduced by
Dirac?7+28,29 pag peen exposed in various forms by different

30’31’32. We quote here only those of its features relevant

' authors
to our development. b

Because our intention is to start from a variational principle,
we insist on the existence of a Lagrangian as well as a Hamiltonian
formalism.

In order to simplify the formulae, we shall adopt a full tensor
notation over both, particle (Latin) and coordinate (Greek) indices.
Hence, it is understood that sums are performed wherever repeated
indices occur, one or more covariant and one or more contravariant,
while no sum is carried out when the repeated indices are of the same

kind. Exceptional cases will be explicitly indicated. Our metric

tensor in the Minkowski space is

§ = D3 =1-0 =Dl

1. Lagrangian Formalism.

Consider a closed system of N interacting particles in the
Minkowski space. The degrees of freedom, whose number is initially
4N, are described by a set of independent variables { ?gi
(#=0,1,2,3; a=1...N). But since a physically meaningful
'description is.to be given only in terms of 3N degrees of freedom,
a set of N constraints shouid be incarporated to the evolution of

-6~



the system and required to be invariant throughout the motion.
The equations of motion are supposed to follow from the variation

of the action functional

Alsl= j‘zf ( ¥J¥) ds (1.1)

where £ is the manifestly cm;ariant Lagrangian, a function of the
coordinates -{ %6 } and velocities { ?6 g taken as the total
a e
derivatives of the coordinates with respect to some arbitrary Lorentz
parameter s.
In principle, the Lagrangian that appears in (1.1) may be non-

standard, i.e., ;I.ts Hessian matrix, defined by

Lo

ab = 2=
Wer = Sao3iy

may be singular:

Det (W)= | Wis|= 0. a.3)

If such is the case, the constraints are obtained as follows: taking
the two sets of variables {% f and { é} as initially independent,
the computed rank of the Hessian is less than 4N, say R = 4N - K, due
to its singularity. So, there exists a set of K independent null

Kk
eigenvectors Aa. (k =1 ...K) such that

(1.4)

b k
W X =o.

-
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*

On the other hand, the equations of motion following the variation

of (1.1),

d 7 3L L

ds\ 3§89tk

can be written in terms of the Hessian, (1.2), as
..vv a 4 .
Wt §o = ap(hi) - oo

where

2 .

ap(4i)= 2% - S e
e 296 3o ¥S

is a function of the coordinates and velocitiés. Because the

Hessian is singular, we know that there are not enough equations of

motion to determine all the accelerations { i} s but, according

to (1.4), from (1.6) we obtain K additional relations

@k (1.8)

Y(1E)= i da = O

involving only the independent variables {? ) ?} . Tﬁese relations
are called ''canonical constraint equations' or, when they do not
identically vanish, "canonical constraints' and as such define a
subspace S'of the original space S of {?S and {?‘} to which

the motion is confined. Although, in principle, the missing
equations of motion can be generated from (1.8) by simple
differentiation, still several possibilities may arise at this point:

-8~



(a) The constraint equations (1.8) may affect the rank of
the Hessian and, hence, more null eigenvectors and more
constraints may be found.

(b) A differentiation of (1.8) may lead to more constraints,
since in order to satisfy the stability of the constraints

along the evolution of the system one must have also

(1.9)

YL =0

If the resulting expressions (1.9) do not involve the
accelerations and canlnot be derived from (1.6) and (1.8)
by algebraic operations alone, then they constitute new
constraints,

(¢) It is possible that the number of constraints is not

large enough to confine the motion to a subspace ' with

the required dimensionality. Then, additional constraints
can be impoéé& from outside; those will be called "subsidiary
constraints'" and treated in eégctly the same way as the
canonical constraints when consistent with the equations of
motion,

Once all possible constraints have been found by an iterative
procedure or imposed, the general situation should involve 4N
independent equations of motion and 2N independent constraints whose
differentiationswwill produce either constraints or equations of
motion that are already contained in the set.

If the Lagrangian is invariant or quasi-invariant (see appendix

B) under gauge transformations such that the variations

-9-



8 ?‘: = € f2 (s) /\“f‘ (1.10a)

@ =1...I) involve a number I of arbitrary functions of the
'parameter and the same number of null eigenvectors, then the
corresponding canonical constraint equations will be identically

satisfied, i.e.,

(1.10b)

YE(34)= A Xa = ©

leaving I unsolved accelerations (without equations of motion).

Those gauges must also be fixed by subsidiary constraints as in (c).
If we choose to keep the gauge invariances until all other

constraints are determined, our final scheme will be specified by a

set of R = 4N - I independent equations of motion
sV ‘Va sq4 1.11
W't o (%4 .10

?b ¢ ,t

defined in an 8N-dimensional space S of {?) ?} and a set of K

constraints

7“ (?)?):‘ O (1.12a)

whose derived equations of motion
fj/“ 37" ,,(‘ Byk %(4 (1.12b)
- é%i a 3?8

-10-



are already implicitly contained in (1.11) and (1.12a); therefore,
if equations (1.12a) are used to specify initial condit%pns,
those will automatically be preserved along the motion. Relations
(1.12a) define an 8N-K dimensional subspace of S on which the
. actual evolution of the system takes place. The only unsolved
degrees of freedom are those corresponding to the I gauge invariances;
manifest covariance implies that K + 2I = 2N.

It is worth pointing out that 1f some of the constraints depend

only on the coordinates,
¥Y(§)= Q,

~ because they produce two additional sets of relations:

. Y SE _
Y = ﬂ_?a"o

and

2 . .
S B’Y oo(‘ }y (4 V_o
'Y":——.—?a"""_'{‘_—v a Tb ™ 7
312 é?aé?b
they can be used to actually reduce the number of independent
variables and, hence, the dimensionality of the original space §

itself.3o

2. Hamiltonian Formalism.

The generalized momenta are defined, as usual, by the derivatives

- =11~



F?(?z?) §§¢t . (L.13)

. As a consequence of the singularity of the Hessian (1.2),
definitions (1.13) can not be used here to express the velocities
in terms of the variables {? } and { P } Instead, since
relations (1.13) are not all independent, a number K of relations
among those variables alone should arise without the use of the
equations of motion (1.5); such relations are called "primary con-

straints' and can be represented by a set of 'weak equalities'

9(4,p) ~ 0

where the weak equality symbol (=) 1is used to stress the fact

that they are valid only on their self-defined subspace of the total
phase-gpace { 1.;P}, so that their Poisson brackets (P.b.) with the
canonical variables may be different from zero. Obviously, the

number of primary constraints must be the same as the number of null
eigenvectors of the Hessian and, hence, equal to the number of
canonical constraints (1L.8). So, after taking the derivative of
(1.14) with respect to the parameter and using the equations of motion
to eliminate the parameter derivatives of the momenta, we must have

relation



The transition from the Lagrangian to the Hamiltonian
formalisms, therefore, must take into account the invariance of the
subspace defined by the primary constraints. So, if the ''canonical

Hamiltonian' is defined by

Hc = Pg ?i - I(?,i) (1.16)

then the 'unsolved" velocities can be included in a set of arbitrary
coefficients for a linear combination of the primary constraints that
is to be added to the canonical Hamiltonian H, to form the total

Hamiltoniéﬁ,

H= He + Ui ?k(?,P)% He, aan

that leaves the subspace, defined by these constraints, invariant,

Now, in terms of the P.b.,

_ 3A 8B 3B A
4,80 = g 3m T amare o

total derivatives with respect to the parameter (s) are expressed

in terms of (1.17) through the general equation of motion

A= {A,g’(}"l“%‘é‘ . (1.19a)

In particular, the equations of motion for the canonical variables

become

-13-



d P; d p?‘ (1.19b)

= 2 ~ -2 U T
HOSE AT T

(1.19¢)

AR

and are equivalent to those following from the variational principle
when expressed in terms of the canonical Hamiltonian (1.16) and
subject to the existence of the constraints (fl‘ .

A completely consistent formalism requires that the constraints
(L.14) themselves be preserved along the evolution of the system.
Therefore, we still must require the s-derivatives of the constraints

to vanish, i.e.,

P {9* H]={9* 0.} +u {9 9 =0 am

(see equation (1.15) ). At this point the situation is entirely
similar to that encountered in the Lagrangian formalism:. .
(@) It may happen that equations (1.20) give rise to more
relations among the independent variables {q ) P} that

do not involve the coefficients U-k .

(b) One may need to increase the number of constraints to

account for further requirements of the model, in order

-14-



to reduce the invariant subspace to an even smaller

dimensionality.
In either case, the linear combination that appears in the
hamiltonian (1.17) will be expanded to include all the ''secondary
‘constraints' obtained from (a), the "subsidiary constraints' im-
posed in (b), if any, and all subsequent independent constraints
that may arise by again requiring the stability of the new con-
straints. This iterative procedure ends up with perhaps a larger
set of stable constraints that can be divided into "first class
constraints' or those that commute (have vanishing P.b.) with all
other constraints and ''second class constraints'' which have-at least
one nonvanishing P.b. So, if the final set of constraints is complete
and self-consistent, the new equations (1.20) will contain only the
second class constraints S’f whose number must be even in order to

admit a solution for the coefficients Uy since the antisymmetric

C”'\'E I {cf'r)?'r‘}'” (L.21)

(e,r*= 1 ,..R) is singular when its dimensionality is odd. The

coefficients Uy are then

\ -1
o= {He g} O

-15-



and the Hamiltonian (1.17) becomes

A =He+{ H‘;‘f‘r\} C;"f 9"+ v ¢+

(1.23)

where the last tcim corresponds to a linear combination of the first

class constraints (1 = 1 ...I) with I unsolved .coefficients to account

for the I gauge invariances of the Lagrangian. |
The remaining coefficients U:; can be fixed by imposing I sub-

sidiary constraints involving the parameter S,

ks (gps)=0. (1.26)

The stability conditions now read

l}(:;= {3{;}9{}‘!‘ %—-&:’:O (1.25a)

and

(f: = {Cf:)’“} =0 | (1.25b)

where the total Hamiltonian 3{ is

o » : (1.25¢)

H=H +u? +u s

-16-



with

. "
-] T

H=H. + { HC)S‘”} Cpy ¢ (1.25d)
The equations for the coefficients will be, therefore,

{9597} {S"f&,l)(%)z( {H,s"‘;}l.) e
{k:,(f‘} {(k,:,}g} u {H)h} B '6_5:-
but the set { 50:} is initially first class, so we have the vanish-

(93 9'fx0 5 {$iH}mO

with which (1.26) reduces immediately to

3k:
oo D@10 = (0, 3 5 oo

then, the subsidiary constraints do not appear in the final form of
the Hamiltonian, while the coefficients of the first class con-

straints are

5= (1M, b 328 1%

(1.27b)

-17-



where the matrix I-L:’ is the inverse of

Iﬁz. = | { I)(:) Lf”} ” (1.27¢)

Once all coefficients have been determined as before, the total

Hamiltonian is given, now without arbitrary elements, by

H= Hot ((H, 2, }-32) T 97 o

where H is just (1.25d).
To simplify the notation, let us write the complete set of con-
straints, which in our case must be 2N in number, as { ffk} (K=1...2N).

The matrix formed by their P.b. is

et =1{ 75 P .z

and we can write the Hamiltonian in a more general form as

e Het (ot~ 3) E58° oo

where only those constraints with explicit parameter dependence will
survive the partial derivative inside the parenthesis.,

The Dirac brackets (D.b.) are defined by
{A)33¥= {A)B}—{A)cﬂ_} d—:{‘f'i B} (1.30)

-18-



so that the D.b. of any variable with a constraint will vanish and,
hence, 1f we choose to work only with them instead of the P.b.,
then all constraints can be replaced by strong equalities, i.e.,
treated as identities and we confine ourselves to the invariant
subspace in which the motion takes place. Eventually, one can use
only the minimum number of variables to describe the dynamics.

The equation for the total derivatives with respect to the time-

parameter,

o/

- A
A"-'-'{A,K}""’_s' > (1.31)

when expressed in terms of the D.b. are

+* 5
. Az {A1M§¥+§__AS_, (1.32a)

with

x = k
A= P -antdid

35S

since, using (1.30), we have, in general,

(A Y = (A +{A s 2E0

S

because

G s 9 ut+ 2L w0

-

-19-



Naturally, only the constraints with explicit time-parameter dependence
will contribute to the final result. In terms of equations (1,27),

for instance, it is

\F* -12 k|
%_,_;&_ — BA +{A Sf }I é'k (1.32¢)

In particular, the equations of motion

és,:{?‘:)g’(} 5 é;'-’{?;,}(} (1.33)

with §{ given by (1.29) will read

?'gz {gra M}-V- é ?a (1.34a)

Pq = {Pe 3{} + %%‘ (1.34b)

and the expressions

DRI LR TP ER Rt AT ol e

define the new canonical brackets with the variables confined to

the invariant dynamical subspace.

- -20-



II. CANONICAL SYSTEMS WITH THE GLOBAL TRANSVERSALITY CONDITION.

While the last chapter was an outline of how to handle con-
.strained systems in general, we intend here to be more specific
about the kind of constraints that should be expected in a relati-
vistic manifestly covariant multiparticle scalar dynamics, and to

analyze some of their formal consequences.

1. Basic Postulates.

(1) As stated previously, we insist from the outset that.the
theory be based on the existence of a variational principle with an

action integral of the form (1.1),

A[ﬂ=\f£(¥’,?)ds, @1

which i3, of course, required to be invariant under transformations
belonging to the Poincare group (/\6:)&6 ). The parameter (S) is
supposed to be a lorentz invariant scalar and is being kept arbitrary
Auring the initial deductive stages. Reparametrization invariance
of (2.1) is a desirable feature, but following Rohrlichls, we shall not
make a necessary requirement of it. Thus, at this point, the
Lagrangian may or may not be homogeneous.

(ii) The variables {?S} appearing in the Lagrangian are the
coordinates of the particles (a = 1 ...N) in a Minkowskl space. The
configuration space is, therefore, the cartesian product of N
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Minkowski spaces where the evolution of the system will trace an

N-world-line whose parametric equations are

78 = L )

In the phase-space, such a set of variables will be augmented by a

conjugate set { Pg} defined by (1.13):
.f)dl = — 2.3)
¢ D%t
a
where ?S = o(?g /ds . With those definitions, the manifest
covariance requirement of the theory can be simply fulfilled if the

Poincare generators P(‘ > J.E‘y are given in terms of the particle

variables by

q a pa & pa
=3 p° - = J (? Po~$,F ) @.4)

Pf‘ é ¢ Jgo a -y €
and the manifestly covariant realization of the Poincare algebra

{\TV’J;Q-}: ngn“" Jd@ ) iJ‘;y)Pe}:'C:Vf ?d
(2.3a)

{Be, D)= O

with the structure constants



o™ S 80 804 8,8 888,68, 80 8, 886

o (2.5h)

| ?yf = 8(4?803' écws‘:

is satisfied as a consequence of the fundamental Poisson brackets

Hi, Pt}=§2§(:, ; Hi}{:}:{r;,p\fj:.o (2.6)

" (11i) In order to insure the existence of the independent
world lines for each of the particles in the system, the treatment
should be centered around a set of equal-time-plane ec{uationsll’22

that initially are set as

Ptt ;ﬁb:" O @7

§fb?‘-= ?ﬁ" %i _ (2.8)

.and I%_is the total momentum (2.4). The condition stated by equa-
tions (2.7), valid for all particle indices, will be referred
hereafter as Global Transversality (G.T.) providing us with N-1
independent constraints which guarantee that the interparticle

separations (2.8) remain spacelike throughout the motion in all
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refevence frames since their positions in the momentum rest frame
s ' ° ° ’

( P =0) are all simultaneous, i.e., %d.—1h = 0., This G.T. con-

dition should arise, therefore, at some point of the calculations

either as a set of canonical or subsidiary constraints.

The question of separability (or Cluster Decomposition) will

be considered later when a explicit model is studied. ~This condi-
tion requires that after division of the system into, say, two
ciusters of N1 and N2 particles which are sufficiently far rémoved
from each other so that the inter-cluster interactions can be
ﬁéglected, the entire formalism: Lagrangian, equations of motion
and constraints automatically become applicable to the two inde-

pendent subsystems.

2. General Dynamical Implications.

The equations of motion are, hence, the Euler-Lagrange equa-
tions (1.5) derived from the variational principle. If one uses

definition (2.3), those can be formally written as

ca . 3L
P(‘(%ﬁ): S-i-& . (2.9)

Now, since the subsequent dynamics should correspond to a
closed system of particles in mutual scalar interactio;, the
Poincare invariance of the action integral (2.1) must lead us in-
mediately to the conservation of the total linear and angular mo-

menta, i.e., one expects that, for the quantities defined in (2.4),

the equations of motion (2.9) imply
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Pt'-: O : J., =0 . @

Both of these results are obtained by choosing'a Lagrangian which:

(a) depends only on the internal interparticle sepatations through

L

L (%,f)  @ay

with

fqh = §ss §ab(¢ | - (2.12)

and (b) is such that the momenta are expressible as linear combina-

tions of the veiocitiea

Y
%

a
where the Is b are some symmetric coefficients (which can not be

'P; (?)é) = Bﬂ,(%,?’) %: (2.13)

tensors in the coordinate indices @,V since only scalar interac-
tions are allowed). l: will depend, therefore, on quadratic func-
tions of the velocities.

Indeed, with (2.11), the equations of motion can be expressed

ab

/\Qb g ‘ (2.14a)

|

since

25«



Aoc 3L éfab' éf 45
é?(‘ éfdk é%« afab

ab
Then, with /\ b symmetric ( fab= fba ) while § is antisymmetric

= /\ § (2.14b)

in a,b, adding (2.14a) over index a, one has
< [ab]
Z‘=t PC‘ = /\(45) § “ =0 (2.15a)

. which is the first of the relations (2.10); therefore, we have
p |
P(‘—PH — Mo = constant (2.15b)

where Mo represents, naturally, the total mass of the system.

Also, from (2.4) it follows that
- S a X, ) ( é a_g 4) .
v (?arpv" ?’avPe + aer %wP(L 3
.the first parenthesis vanishes as a consequence of (2.14), for,
A% (50§80 ) =
?4(‘ ?av P(‘ b ?4(( § Y avy -
while the second term vanishes becouse of (2.13), i.e.,

%qt:.Pv av (« b(?ae? ?o.v% ) B(ab)%:ijlso

and the second of the relations (2.10) is satisfied as well.
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A further, and very important, restriction on the choice of
possible Lagrangians comes from postulate (iii). If the G.T. con-
ditions are to be integrated somehow into the dynamics, it is re-
quired that the particle energies in the momentum rest frame (MRF)
be constants of the motion. indeed, contracting both sides of '

equations (2.15) with the total momentum vector, we have
Pept= AW BYEY ;e
AR S '

thus, if G.T. (2.7) holds. the right hand side vanishes for all

values of a leaving

Pt Pt? =0, (2417a)

but, due to the constancy of Ih*, this equation is entirely equi-

valent to
a
pe P; = k= constant. (2.17b)

The converse is also true provided all particles are indeed inter-
acting, If we start from (2.17), the equations (2.16) can be

written in terms of the set of N-1 antisymmetric quantities

')(“" = P g;" (2.18a)

as
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a ab __ .
A\ b (k =0 ’ (2.18b)

b
but not all 3{' are independent. For example, we can set

-~

kab = % - 5 (2.18¢)
transforming (2.19b) into
(Aq 5qb - Aab) )(u =0 (2.19a)
with

c (2.19b)

then, if no other special condition is imposed on the elements

/\ P the matrix
SA —— qQ 84 AQ
b = /\ b b (2.19c)

is singular and admits only one null eigenvector, namely, the

vector whose elements are all ones, i.e.,
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SQE(‘,-..,I) | (2.19d)

gqsab = 2 qu= O.

The rank of (Sab) is, therefore, N-1 so that the only solution
for thé set of N-1 independen;: equations in N-1 unknowns, .)(o.l ,
is fhe trivial one: k‘u =0, which, becouse of (2.19¢) and (2.19a)
is the G.T. statement (2.7).

When (2.17b) is expressed in the MRF (which is inertial be-

couse .E‘., is constant) defined by

.:L)e - Mogt: : (2.20a)

J

we find that

" where the c-number M° represents the time component of the a-th

particle's momentum, which is the energy in the MRF, and equation

(2.17b) can now be written



Q Q
P F# =M, M*, @.21)
Summing over index a and comparing with (2.15b) one sees that

—_— a
Mo =2 M (2.22)
: a
The consequence of the above results in connection with the
development given in (Ch. I, #2) is that if G.T. is to constitute a
set of canonical constraints, then equations (2.21) must necessarily

be the corresponding primary constraints according to equation (1.15),

3. Homogeneous Lagrangians.

By a "homogeneous Lagrangian'' it is understood a Lagrangian whose
dependence on the velocities is such that for any real positive

quantity ol ,

.L(Ol?‘,f’): Ol.ﬁ(?)f) 5 2.23)

i.e., L_possesses a first order homogeneity in the velocities. It
is well known that this property is directly related with repara-
metrization invariance of the action integral and, consequently,
that this type of Lagrangian must involve interaction potentials
only in a multiplicative form.

However, the conclusions of the last section rule out the
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possibility of having a homogeneous Lagrangian for (2.11) in the
general case of a system with more than two particles!

To prove this statement, let us consider two special cases,
remembering that the dependence on the velocities must also be

quadratic. For a Lagrangian of the form

L= U.3° 2.26a)

with

Ua = Ua(f) and 345 W %'2 %“t‘ (2.24b)

which is the natural generalization of the two particle Lagrangian

of the Gomis modelzz, the momenta are

a .4
Pf‘:: "‘j:?((

(2.24¢)

and give N primary mass-shell type constraints
a\ %
F; pat — ('l,( ) (2.264d)

which can not be made compatible with (2.21) without introducing

more conditions which overconstrain the system, viz



USCE) U(e) ge v 4
S T nl PR

(2.24e)

The exceptional case of N=2 is discussed in appendix A. The only

other choice consistent with (2.13) is

L=]c%® ?S?: ]'/1 2.250)
The nomenta (2.3) are now
pe = 1'— Cqﬁ't‘ 2.25b)
thus,

i)y — -}Cj Zo: C“b ?é‘- @.25¢c)

and we can seek the structure of the Cab's such that the condition

(2.21) is fulfilled, i.e.,
a | —
Pepp = 4 2 cietglf C= e

or, equivalently,
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. a .c ub
Zé' ¢% C% ?C‘ 1 F Mo M“,Cl (2.25d)

. Substituting for jtzits explicit form (2.25a) we obtain the

~

bilinear equality
(Z‘ ds C“ M M“C‘) 7 (¢ ..'a'_ (2.25e)
T e -b Tl b ¥c ?e“o T

that can be satisfied, without leading to more constraints, only if

the expression inside the parenthesis vanishes identically, i.e., 1if

J Cec% =M,MC¢%, . @9
e

This reduces the coefficients C®b to plain ¢~ numbers since the

only possible structure consistent with (2.25f) is
a
C4 =M "M | @.25g)

The Lagrangian (2.25a) is, therefore, reduced to the form

« . [
L= (emiti)B e

The preceding arguments can be extended, in fact, to any
Lagrangian and, although a formal proof would be rather cumbersome,
the evidence that Lagrangian (2.26) is the only one which admits
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equations (2.21) as its primary constraints can be seen from the
fact that since (2.13) is the general form for the momenta, to

satisfy (2.21) one has to reduce the equivalent expression
ZBiei i, =mm @.2)
4 Be b c e"’ o

to an identity without-any further requirement. After an inspection
of ‘the coefficients B®b, one is forced to admit that the only
possibility to achieve that goal is precisely by deriving those
coefficients from the Lagrangian (2.26).

But it is not difficult to see that (2.26) and the subsequent
equations of motion describe a system with only three degrees of

freedom., Indeed, its Hessian

ab MaM© ' ?«Pv . (2.28)
W(.(v:T (S(W" MZ‘) |

admits 4N-3 independent null eigenvectors, namely, N null eigenvectors

of the form

Py [of
/\a(" = { 2¢ (2.29a)
and 3(N-1) of the form

;:: _ (g: Mc_ SZMQ)XQ:‘ (2.29b)
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where the three four-vectors X‘:‘ (n=1,2,3) are orthogonal to the

total momentum,

PFX(:‘ =0. (2.29¢)

The Hessian (2.28) is, hence, of rank three. Furthermore, the

momenta for this Lagrangian,
a
a M
P = =M, ?(‘ (2.30a)

can be expressed in terms of the total momentum (see eq. (2.22) ),

Pt‘ — ﬁf_ M %: | (2.30b)

as

@ Mo O (2.30¢)

é; =0 . P(‘ =0 _ (2.30d)

Consequently, Lagrangian (2.26) can be interpreted as appropriate to

describe the motion of the center of momentum

Q
at = 1%

(2.31)



of a figid system of particles whose rest masses, because those
constituents have no internal motion, become in this case identical
to their energies M2.

We conclude, therefore, that G.T. conditions can not be
expected to constitute a set of canonical constraints for systems
with more than two particles but, rather, they must be imposed as
subsidiary constraints in a way that becomes consistent with the
equations of motion if internal motions can be included somehow in

(2.11).

4, Non-homogeneous Lagrangians.

.

From the results of the last section, it is apparent that in
order to include G.T. condition in a manifestly covariant canonical
formalism we have to relax reparametrization invariance and turn cur
attention to non-homogeneous Lagrangians which, singular or standard,
must be compatible with G.T. as a set of subsidiary constraints.

One example of that kindvof Lagrangian has been proposed by
Rohrlich!8 in an initially expanded configurati;n space of 4 (N + 1)
coordinates {Q“; gt;}(the C.M. plus internal variables). We shall
' show in this section and next chapters that similar, but not
equivalent, approaches are possible on the original configuration
space of 4N coordinates { gt;} .

Actually, a model consistent with G.T. can be built up by adding
terms to (2.26), allowing for relative constituent motions and
interactions, in such a way that the last 3N-3 null eigenvectors

(2.29b) of the Hessian and N-1 of those in (2.29a) are eliminated
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from the analysis. To this end, we consider a Lagrangian with the

following general structure

'C:'CH +£o(2, f) (2.32a)

where ,C“ is the homogeneous form (2.26) and f o 4 quadratic

*ab a gb
function of the relative velocities = - through
= TeT Ve

g"’b = éah éak(‘ ‘ (2.32b)

(-L

The momenta are here

2.33a)

-0
f o
i
=X
D
-
o
-t} o
* o
-F
\w
o_ﬁ
U™
-x

with
a o
.D c - 4 S (2.33b)

some symmetric coefficients. Since

[a bl
Deat) g = 0 2.33¢)

by symmetry arguments; the total momentum is

(2.34)

Pt"" MMb%t‘ .
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From this equation and (2.26) we get immediately
2
P Ec*: Mo (2.35a)

as a primary constraint. Because the G.T. conditions and their
derivatives already give a set of 2N-2 constraints on the variables
{?)’ ?}, we expect (2.35a) to constitute a first class constraint,
which 1is to say that there mus.t be only one null eigenvector for the
Hessian and it must not lead to any canonical constraint; therefore, ,Co

can not be homogeneous and we should make

D%

—_——=0 (2.35b)

J§%

so that the Hessian becomes

Wab MQH&(SFV P?V) <DQ “")‘S{w (2.35¢)

( D“ = Z qu) whose only null eigenvector is, as required,

>\(:_ = S. E“) (2.35d)

where 84 is the vector defined in (2.19d). The equations of

motion are

ai_?{: — dz (1’,?‘) (2.36a)
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where, in this case, the function (1.7) is

IDsEle
3 4

The fact that there are no canonical constraints following from

?b (2.36b)

a . a ab
Lt )=A0 5 -

these equations of motion can be seen immediately, as a result of
‘summations performed over objects with opposite symmetries, when a

contraction is carried out between (2.35d) and (2.36a) obtaining

ST kL P2 K Dz 0 o

as in (2.15a) and (2.33c); hence

0(4(‘ )‘t; =0 . (2.36d)

this is an indication that the Lagrangian (2.32) is at least quasi~-

invariant under a gauge transformation of the form (1.10):

$9t = ef) 2 2.37)

and that the only primary constraint (2.35a) will be first class.
The subsidiary constraints to be imposed come naturally 1if
we transform the identity (2.36d) into a stronger set of require-

ments:

a: A“t‘ - O 2.38a)
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whose satisfaction implies simultaneously the G.T. condition and

its derivative,

Pt %4: =0 iy é;b-: o . (2.38b)

Those equations constitute the only set of constraints in the

theory so far, because a differentiation of the second one gives

pt g: =0 (2.38¢)

a set of N-1 eq;lations for the accelerations which are already con-
tained in the equations of motion (2.36a) implicitly. The proof
of this statement follows from the fact that (2.38c) can be
deduced from (2.36a) '‘and (2.38b) by algebraic operations alone.
Indeed, if we take the internal product of (2.36a) with E(&

and use (2.38a) we are left with

(Dq gab_ D“) 1)(* ?.'(‘6 =0 (2.39a)

which can be rewritten as

o b .o
D’:P(sgabsbbar}(abzo 5 (2.39b)

by arguments similar to those that led to equations (2.19%e),
equations (2.39b) constitute a set of N-1 independent equations

in N-1 independent variables )( fa whose only solution is the
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trivial one, so

lab:‘-?(t .§.55=O

as in (2.38c).

We have then 4N-1 independent equations of motion (2.36a)
which leave the 2N-2 constraints (2.38b) invariant in{q.; ?.} -
Our effective number of degrees of freedom in the configuration
space is, therefore, 3N + l; the remaining one degree of freedom
corresponds to the arbitrariness of time-parameter and can be
determined by a gauge-fixing constraint.

One can notice that, using (2.34), the momenta can be

expressed in the form

P; %—f Pu + T'(; (2.40a)

Q
where the "internal momenta' T(F_are defined as

n“e = D g‘: (2.40b)

Now, equations (2.38b) are equivalent to

Pt T[?‘ =0 (2.40¢c)

and one finds from (2.40a) that equations (2.21) will indeed play
the role of '"primary constraints'' when the passage to the

Hamiltonian formaliém is done.
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The Lagrangian, according to the above analysis, must

have the general structure

~a 14 |
[= (Ma”b?@.%t) + ;%-D“(f) “4. U(g) | @

In the next chapter we shall consider in detail a model based

on the simplest explicit choice, i.e.,

-Dab o MQMN? ' (2.42)

leaving only the additive term for the interaction potentials. .
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III. MULTIPARTICLE DYNAMICAL MODEL BASED ON A SINGULAR LAGRANGIAN,

From the analysis carried out in the preQious chapters we see
that the possible choices for a specific Lagrangian structure have
. been reduced greatly as a result of the G.T. requirement. Since the
impossibility of having such condition as a set of canonical con-
straints makes completely unnecessary the requirement of homogeneity
of the Lagrangian and, thence, the choice of multiplicative potenéials,!
the form (2.41) with (2.42) as its coefficignté becomes a sufficient

starting point for a canonical formalism.

1. Lagrangian Formalism.

Let us consider the following Lagrangian:

L= (Mg )5 Neate gy (p) o

with all quantities defined previously. The nature of the c-numbers
M2? is still undetermined and the explicit form ofU(f) wh:.Lch contains
the interactions is also arbitrary at this point. Of course, in
spite of the non homogeneity of the last two terms, the Lagrangian
(3.1) is singular and the results of (Ch. II, #4) are all applicable.

The Hesslan (2.35¢) becomes

‘ apb
W;.&:MLT (gtw_?el:‘__}r}) ( gab MMML)S“‘, (3.2)

whose only null eigenvector is (2.35d), while the function 0{4

(-L
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is here specifically

0(; = AN, %:f 6.3
- with
U
APy = -4 —a-J-,Z, (3.3b)

thus, 0(; A(;‘_:_._'Q as in (2.36d). According to equation (B.7) of
Appendix B, this means that under a gauge transformation of the

form (2.37) the variation of the Lagrangian is

(L =c¢ i(F) (3.4a)
with

F= 'F(S) Pt‘ Pe, (3.4b)

The Lagrangian (3.1) is, therefore, quasi-invariant under such
transformation and the associated conserved identity is, as we

already know,

2 2
<F'-'-..E P-Mo=0 . (3.4¢)

We have, then, that (3.1) gives rise to 4N-1 independent

equations to motion

by -



W:s {b = OL:‘ (%) (3.5)

supplemented and compatible with a set of ZN-é independent con-
straints given by the G.T. conditions and their derivatives,

(2.38b), imposed as the subsidiary constraints (2.38a). Because of
the relationship of G.T. with equations (2.21), the identification
of the constants M? with the M.R.F. energles of the particles appears
at this point. Only the gauge remains to be fixed but we shall post-

pone that until after the Hamiltonian has been found.

2, Hamiltonian Formalism.

According to equation (2.33a), the momenta are

M%Me § (3.6a)

where

MMy g b
P = il %(‘ . (3.6b)

The canonical Hamiltonian is defined as usual by

He = Pagi-1 . 6.1
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Because the Lagrangian yields one primary constraint, (3.4c),the
Hamiltonian for the system will be weakly equal to the canonical

Hamiltonian modulo So :

H=H.+0 (2-M) oo

The explicit form of H, is easily determined if we use the relation

Mo Hb

which follows directly from (3.6) through

. Q b
g“" = Pe Py (3.9)

* _ _'__
?(‘ T Ma Pt‘ Mo
(3.7) then gives

e = S (5 - ) [ - G- )2t

e (R (- uo;

after expanding the terms and performing the sums this reduces to

— P:Ps f(‘P# (3.11)
He = 2Ma Mq-&-ﬂ(f)

an expression that, by virtue of (3.4c), is weakly equal to
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R, = P(;Ma + (U(f ) (3.12)

- Therefore, (3.8) becomes

H=H, +U(P*>M2) e

The stability of (3.4c) is automatically satisfied since

commutes with H, :

g=1FH}={¢H}=

as should be the case since (f is first class. But (3.13) is not
yet complete; one has to impose now the subsidiary constraints

(2.21). The set

ff“ = Pt 'P; - M M* = O (3.14)

contains only N-1 independent constraints because they are connected

with (3.4¢) through

= 2 * =~ o0 (3.15)

a

and,involving only the momenta, they obviously commute with (.f :
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{9 %f=o0.

(3.16)

Oonsequently, stability conditions on the ?4 glve rise to a

second set of N-1 independent constraints,

P HE = H - T (5 PO 88 )= 0 o

(1 e 3

where, from (3.12) and (3.3b),

o/

‘Ho < ec \
- = Ae 5

. (3.17b)

0

Further, using (2.15a), one reduces (3.17a) to

?a""-{ ?a, Ho}’"" /\qe P“E‘;‘e = 0O (3.170)

which is satisfied if G.T. holds:

iak = Pt‘ §Sb =0

(3.18)
Now, it can be readily verified that the &45 conmute with (f

and that stability conditions for these constraints are satisfied
modulo (3.14), i.e.,
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Ho dHe ¢ pe
{')(db)H}:Pe(é H )-;-.P‘4 P P )z

P2 O e~ ME
o MoMa MoMy\
= (S - )= 0
then
’)‘a.e = 0 (3.19)

Now, if we rewrite the complete set of 2N-2 subsidiary con-

straints as

¢ = Pt P:"'MoM‘tzO @.202)
(d=3...N)
'j(a\ = ?6‘ gé:a\ ~ O (3.20b)

the total Hamiltonian,ﬂ( , becomes

H=Ho +0F +Ua %+ u ko ; o

in terms of this Hamiltonian, since all subsidiary constraints

commute with (f , equations (1.20) become, after some rearrangement,

<{‘f“l?°‘} v ke})("e) - ( (9% HJ) 022
{%a, 9 { s, %ed/ \ @€ [ ko Hdl
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where the matrix of P.b. among the subsidiary constraints, t,,

is nonsingular. But, beéause of (3.17¢) and (3.19), the right hand
side of equation (3.22) vanishes weakly giving as a result the
trivial solution

\)

Usz O ; U=o (3.23)

-

for the coefficients in (3.21). Thus, the total Hamiltonian is

strongly equal to (3.13),
Q{EH= H°+U"5’). (3.24)

and only the gauge is left to be determined. The P.b. equations

of motion are

?.s:‘{?ﬁ)}f}': -%' + 20§, B (3.258)

3 b
o= {Pg, H =~ _l_t_ = Np Sy o

At

3. Gauge Fixing Constraint.

The Hamiltonian (3.24) and equations (3.26) describe a system

with 6N + 1 degrees of freedom. In order to obtain a 6N dimensional
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description one can apply formulae (1.24) to (1.27) once the last
subsidiary gauge fixing constraint is chosen. Although sucb a
constraint has an arbitrary structure in principle, our model re-
quires it to be manifestly covariant.

Because the form of the only primary constraint corresponds
to the masg-shell condition for a free single particle, it seems
quite evident that the unsolved velocity, contained in the co-
efficient (¥, should be related to the velocity of the center of
momentum. The immediate choice for the constraint in question is,

therefore,

L= PuQf-Hos=0  om

where s represents hereafter the proper timeé (or world line length)
of the C.M. which also requires a manifestly covariant definition.
Since none of the C.M. definitions listed by Pryce33 seem to

fit properly in the present scheme, we shall adopt the following:

Q y = ‘14 ?{; (3.27a)

with

Q
74-" ‘z"‘ > Z ‘14’" [ (3.27b)
o A .

It can be readily verified that (3.27) satisfies the correct P.b.
with ]?H" and only when restricted to the subspace determined by

(3.14) and (3.4c) 1is consistent with the weak definition
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The total Hamiltonian is now complete and given by

a¥ ~

-

PVpl
P, P

(a4

Ho + v 9

1.

+ u'k

(3.28)

(3.29)

To determine the coefficients, we apply hgre'the solutions (1.26)

taking into account that

14

{%,91=2p*

while
. . «
{%, Ko}~ 1t I
and
dk _
3s M
Consequently,
o —229‘)(
(22’ o/
so that
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(3.30a)

(3.30b)

(3.30¢)

(3.31a)



a0 |, U= 0 (3.31b)

This reduces the total Hamiltonian to an expression strongly

equal to H,, i.e.,

a p i
H=H, = L2+ U)o

with

U((f) = UF) - %_‘3 (3.33)

and the equations of motion (3.17) assume their final form

TRTFIEE- S

[3; = { P:, Hy =-— S‘i_'@ (3.34b)

leaving invariant the subspace of the phase-space defined by
equations (3.4c), (3.20), (3.26) which are 2N in total.

Finally, if we compare (3.10b) with (3.25a), we get

{
U':'-é— (-&é - .,_'1.0) (3.35)
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so, at the Lagrangian level, the solution (3.31b) corresponds to

fﬂ =M, (3.36)

consistent with definition (3.27): 1f we adopt that definition from

the outset, the Lagrangian descriptions can be given by

L= M (éif‘é'lg)'/2 + 2‘3: “"-—W_f) @.372)

plus the subsidiary constraints

?-(t £§5,=0 &(‘Qy.:’.' (3.37b)

4. Internal Variables.

The model, as developed thus far, permits consistent defini-

tions of the .M. variables {Q“; P }in terms of the canonical set

“
{ 2 ; P: } . It therefore permits explicit realization of the

"internal variables", i.e., those relative to the C.M., as well.

Such variables { g: . T(?‘ } have the familiar definitionl8,20,25,26,
P

K _ “® (3.38a)
%4 - &(‘ + g a
P: = 2. + T(Qe ] (3.38b)
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One then finds, recalling (3.6a) and (3.27), that

£ = 45§ 5 =A% PL am

~with

§$% = "°S, 3. 39)

A%y

Further, substitution of (3.38) into (3.32) allows separation
of the Hamiltonian into a part for the C.M. and a remaining part .
which describes the internal dynamics of the particles relative to

the C.M., i.e.,
3{ = ch + g'(I (3.40a)
where

g{c’—" = (21- Mz ) (3.40b)

and

(‘
MI = nl = U(f) (3.40c)

Q

Therefore, the equations of motion (3.34) become

& (3.41a)

e = {8, 4= &




. U
(W, 8] =~ 35

(3.41b)

and

(‘_{&y 9'(}"' P“ {E“,?(}=O (3.41c)

Clearly, the solution of the last set of equations is as for free

particle motion

Qé‘._: 2_65 + Q(‘(o) (3.42)

since Gze‘(a) should be consistent with constraints (3.4c),
(3.20) and (3.26), in terms of all the constants of the motion we

can write- (3.42) as a weak equality

v .
Q¢ ~ —:1—'3-;54- Jt‘M;fV (3.43)

whose P.b.'s

(3.44)

vl _ =l tuv , ~ (K _ P“Pv
@t =3; 0% ; {6k B~ 85 - 25

(valid only in the subspace of the constraints) are identical, as
we shall see, with the corresponding Dirac brackets.
The internal motion of the particles will be determined, of

course, from equations (3.41) once the explicit form of the
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pot:ent/ial u( f) is given; except for its dependence on the relative
separations alone, we have made no other assumption on the possible
structure of that term, so there is still a good deal of flexibility
in the model., 1If u(f) does not depend explicitly on the time-

parameter, the Hamiltonian itself becomes a constant of the motion:

9(}-"—.:0)

then, from (3.40) we have that

QK /
9(1- = ]-—-(-ﬁ-r—"s + U(f) = constant (3.45)
2Ma

5. Dirac Bracket Realization.

An alternative, equivalent and more symmetrical way to express
the 2N constraints (3.4c¢), (3.20) and (3.26) is as the set of 2N

weak equalities

?QE PFP;"Mquz @) ' (3.46a)

Xa

_P“ ?ﬁ - Mo‘s ~ 0O (3.46b)
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It can be verified that (3.4c) and (3.26) are consequences of

(3.46) since
(f._._.{_'cya ;o k= 41“154, (3.47)

Using (3.46) and (3.47) one can also write

cfaz pe (p“:_ ’laP(*) - :‘EB R; =0 (3.48a)

')(4‘-'-‘3?(4(%2-&“): Pf‘ éﬁzo (3.48b)

for the internal variables (3.39).

The Hamiltonian (3.32) remains, of course, unchanged and the

stability conditions on (3.46) are automatically satisfied

{(fq;}(}zo {’kqﬂ(}-i-ahz . (3.49)

Now, the matrix (1.28) of P.b.'s among those constraints is

CAB = P? O (8% +1° Sc) (3.50a)
($%+8" M) o
whose inverse is
S o (2%~ 5"")
C 2= 73 ( (235 §4 1) o (3.500)
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For any given operator, J{ , let us adopt the notation:
{X,‘f“})
x, 9" :—:(
<’ ) EF ) {.zc‘,’t‘l}

(3.51)

. and we find by direct calculation the following:

.(Jt(v)(fA):<g) - (Ph(f*):(_sgye)(s.sza)
(@599=("5)s (9= (R) e

(Pe T )‘( gac ) (?t‘ ‘)= (Sig—?ﬁfcv)_a.szc)

From this and (1.30) we have

(3.53a)

x " .
{JB‘G ‘ytw} :fpc JdP 5 '{ ?1,}: C:vf ?\, ) {’Pt‘::e“}: e

(3.33b)

(Jer, & } chr&d >{‘3“1’ {&“G”}‘ =% 7
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¥
[T, ¥} =03 {8, af=0 s {@tU}=0 oo

) :me -
(8 01 e~ L5 1 29~
(3.55a)

— $a8, (QFR% Q" B*) 1+ 6,5, T}

Qa L )
~ Hﬁ, Pt}‘: @g" ;z (P%'-'?bf“)fv’ ){ P{!, P:k =Q (3.55b)

* U
{%(‘ } {P =—S¥*; (3.55¢)

We see that the Poincare algebra (3.53a) is preserved when con-
fined to the dynamical subspace. The equations of motion are

given here by (1.32)

. * A
A ={A)3{}+ s
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and they coincide, as they should, with (3.34). Or, if internal
variables are introduced, with (3.40) and (3.41). In terms of
those internal variables, incidentally, we can replace the D.b.'s

(3.55) by the simpler relations

X

(g8, 5010 s (o, iR o

%

{§(:_’T[t}“; A:,@(:) {gi)&} =0 (.56

which coincide with algebraic structures given elsewherels’zo’ze.

Questions related with whether we can systematically use time-
parameters other than the C.M.'s and whether we can achieve cluster
decomposition will lead us to look at the problem from a different

point of view in the next chapter.
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IV. MULTIPARTICLE DYNAMICAL MODEL BASED ON A STANDARD LAGRANGIAN.

The result that G.T. conditions can not follow, as a set of

~ canonical constraints, from a Lagrangian treatment has lead us to
the model based on the singular Lagrangian considered in the pre-
ceding chapter and explicitly adapted to accommodate G.T. as a set
of subsidiary constraints. However, the main properties of the
formalism developed before can also be obtained starting from a
standard Lagrangian with the additional advantage that the cluster
decomposition properéy can be made possible after a reinte;pretation
of the constraints. This calls for a more detailed discussion of

postulate (1ii) in (Ch. II, #1).

1. World Lines and Parametrization.

Since we are working with a manifestly covariant formalism
in.which the éarticles are defined by their invariant wﬁrld lines
in Minkowski space, these world lines must also be indeperident of
the parameter used to describe them, i.e., invariant under a change
of time-parameter in theilr differential equations, provided a clear
specification of such parameters, and the procedure for replacement,
is made., Because little is known at this point about the behavior
of an interacting multiparticle system, while the free particle case
is quite familiar, it is important to clarify the nature of the
generalizations introduced.

From a purely geometrical point of view, it is noticeable that

in order to introduce a common parametrization to a given set of
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world lines, one needs of a fixed operational rule such as the

concept of distance3? ¢+ we have called '"separation' between two

given world lines to the four vector

fb: AR xS (ay); @

now, 1if we take separations with
respect to some geodesic (straight

world line) given by

Z ¥ (s) — k(‘s %.2a)

X(G') (only the direction is important, so
L——V Z(0) = O 1is taken for simplicity)
$ with
zz (s)

l(t‘kt( = ' 3 4.2b)
then, for any arbitrary world line, X“(U‘) , the separation
gt‘ = x¢@) - ks “.3)

can be used to define the '"distance' from the world line ¥ to

the geodesic X at the point s through an.additional restriction,

namely,

‘((‘ ¢ =0 @.4a)



hence

p'=t'% @ (4.4D)

represents that distance. This procedure assigns automatically

the value s to the point ¢ in % , i.e.,

X¥(s(n) — ko xt(s)=s, &3

So, if (4.4a) holds for every world line in the set, then the

separation (4.1) is orthogonal to ke‘ :

kt‘ ESB =0 .6a)

and we can take

fon = € oo Cab (4.6b)

as the distance between world lines a,b with respect to Z%(S).
Equation (4.6a) is a G.T. condition with respect to an arbitrary
equal-time place perpendicular to the four vector k% . since
geodesics are well determined in direction, any other geodesic can
be used to parametrize the whole set of world lines,

Suppose, for instance, that we have two geodesics given by

the equaticns
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Z¢= k%S &+ qt

zi‘:her+b(‘

(Eek%l;hvhﬁ | )3 then,

if the separation

is made orthogonal (spacelike) to Z‘ ’

ke = O,
we have
S+ ke at-kuhtr - keb®=0
and,hence,
T=d S+8 ,
with

& = (keht)! 5 @= ke (b af)
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4.7b) -

- (4.8a) -

4.8b) -

%.8¢c) -

4.9) -
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therefore 22 parametrized with respect to Z1 becomes

Z¢=hs + bt @

-where
\ \ .
ht= o h® ;b =g,k + bt <
Conversely, if the separation (4.8a) is made orthogonal to Zy,
& _
t1tt 11 2 = o J @
instead of (4.8c) we get
T+ h(‘ b — hekbs —hpat=0 . @
Then
S=dT + 83, @
with
- — & K
Q“(“le ‘((‘) 5 @,.-Olk(,(b-a ) G
and Z, parametrized with respect to Z, is, analogously,
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Z‘e = k“'r ~+ a‘“ (4.1.3a)
-where
\ .
k= « Kt 5 Q\.e"-‘—‘ B2 kt 4 at (4.13b)

Obviously (4.10) and (4.13) represent the same world lines as(4.7).
| We see, therefore, that the G.T. condition (4.6a) remains valid even
when all world lines are geodesics and, hence, it should not be
regarded as a dynamical relation but simply as a technique to
associate a single time-parameter to the entire set, in the sense
that it will not affect the motion of the particles (the configuration
of the world lines) but just their description. It is in this re-
spect that it is always permissible to change the time-parameter by
referring all world lines to a different equal-time plane (4.6a),
i.e., by specifying
a new set of separations (4.3).
Suppose the world lines are
parametrized with respect to 2y,

the separations are

gi(s)-_-, ?(a(." ks @.14a)
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(it is clear that only the direction of the geodesics is important
and the last terms, q¥, b“, in (4.7) can be neglected). Now

sett{ng
¢
[de £, =0 (.14b)

is equivalent to parametrize the coordinates ?S by s, i.e.,

kt‘ ?i‘(s)z_. S . | (.l4c)

Another description of the same set of world lines is obtained when
the parametrization is changed to be with respect to ZZ' The

separations are now
£¢ (x)= 9t - htx 6150)
s0
ht‘ g\g =0 (4.15b)
is equivalent to parametrize the coordinates ?ﬁby T, i.e.,
ht‘ ?ﬁ(t) = T. %.15¢)

The outcome of the dynamical equations for a multiparticle

system will be a collection of invariant world lines described
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with respect to a geodesic if the corresponding differential

equations are covariant and compatible with a set of relations like

(4.14c0),
ke’ ?i: S (.l6a)

which imply the G.T. condition

létc Efb =0, (4.16b)

Thus, if we restrict the family of possible tiﬁe-parameters
to those associated with geodesics in Minkowski space, permitting
only standard clocks associated with inertial observers, the para-
metrizations will be specified as in (4.l4c), (4.15¢c) and the time-
parameters will be related to each other by affine transformations
of the form (4.9a), (4.12a).

Since the procedure ;efers the same set of world lines to
different equal-time-planes, we find that the particles can be taken
as simultaneoué in any reference frame but are observed in different
states of motion in each of them. The parametrization with respect
to the total momentum four vector as in (Ch. III) is, then, con-
venient but not necessary and its applicability is related to the

fact that ]?“ is known to be a constant of the motion from the outset,

2, Standard Lagrangian for a Closed Multipartiéle System,

Let us consider the manifestly covariant Lagrangian
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£= ’%Ea%gé: - U(f) %.17)

where the c- numbers E, are st1ll undetermined and Y(f) represents
- the additive potential, a function only of the inter-particle
separations.

The generalized momenta (2.3) are obtained as usual,

P; =g ?: . (%.18)

and the equations of motion, (2.14), become

' b
ce=aEg e

These equations (4N in total) are consistent with the imposition

of N subsidiary constraints

& _
kt‘?a =S , %.20)

through which the parameter s is fixed; k“ must be specified at
this point in a practical situation. In general, it represents

a momentum-like constant four vector such that
@ k -— I “.21)
k€ k. |
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and only the direction of the associated geodesic is considered
for simplicity. Since the variables{qs and {?f are initially
independent, a second set of constraints arise from the

differentiation of (4.20),
e L e
k @ L =1 ®.22)

A further differentiation does not provide additional information

since

cu s
“t‘?a"o (4.23a)

can be obtained algebraically from the equations of motion and

(4.20); indeed, (4.20) implies the G.T. conditions
ab - -
= 4.23b
LEE " o , %.23b)
hence, the contraction of equations. 4.19) with k“ gives
E2kt§e = A% kEEY = O
(v ¢ )

as (4.23a). We have, therefore, the correct number of degrees of
freedom.

The total momentum

4.24)

I':
1
m
p
-t ¢
g
ll
»M
-
® N
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is obviously conserved and the definition (3.27) for the C.M. can

be introduced at once, so that

2(-'-=Eé€‘ ,Pj?“ E'G?= M (.25a)

with

— a 1_ s
= é E ; @ = aé‘q& .25b)

are simple consequences of the equations of motion (4.19) and M,

stands for the rest mass of the whole system.

3. Hamiltonian Formalism.

Using definition (3.7) and equations (4.18), the canonical

Hamiltonian becomes simply

«Q (4 .
He = %—‘—E% + U(p) t.26)

while from (4.22) and (4.18) one has that the N subsidiary con-

straints are
?= k“Pg-—Ea*-‘O, @.27)

The stability of these constraints,

ha a BU(S’) ab
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requires

k¢ §:" ~ O .28)

which is satisfied with the existence of N additional ''gauge-

fixing'" constraints

DCQE I‘t‘ ?ﬁ_ s~ O %.29)

which are preserved already as a result of (4.27),

* B:ka. FL? ~
’)Cq"-'{‘)(a)Hc}"’"S;:ke'é'a"l"'o.

The total Hamiltonian is, thus,

H=Ho+n9oeutks  ©o

But equations (1.20), (1.26) reduce in this case to
a v
Oh =& bb ~ © (4.31a)
§a o) U o) .
therefore

b
U'b ~0 ; W ~ 0 (.31b)

and the total Hamiltonian becomes strongly equal to the canorkcal
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Hamiltonian Hc:

Pe P
H = ?.g'é'i + U(F) @.32)

" with the subsequent equations of motion

. ' (o .
fe=es, wh= B 5 bu=te,ug=- 3% e
The final Hamiltonian formalism reduces, then, to a structure
identical to that obtained in (Ch. III, #4) for the singular
Lagrangian (3.1). It is clear also that the definition of internal
variables { gﬁ 3 n:‘} can be maintained and it leads to
essentially the same equations of motion (3.41) (even in the new
parametrization). Such .results are not really unexpected since
Lagrangian (3.1) contains mainly the same characteristics as (4.17).
In fact, one can obtain the latter from the former by elimination
of the singularity in (3.1). To see this, one expands (3.1) and

substitutes (4.25b) to get
P @
L= M (a-ya) + 52 e ta - U

Now, because G = constant, the first term is a constant altogether

and does not affect the dynamics of the system, hence
_ HMa g2ge _
13 = T2 f?t‘ ?41 'L( (j’)

7=



as (4.17). The substitution of G = constant into the Lagrangian
eliminates P2 - sz = 0 as the only existing primary constraint

and the lLagrangian has been standardized.

4, Reparamatrization and Cluster Decomposition.

~

Lagrangian (4.17), as written, containg 8N independent variables
{Q‘é} and N arbitrary c-numbers E,. We have seen that a formalism
based on this standard structure is relativistically valid if

(1) the c-numbers E; do not represent the rest masses of the
particles, i.e., if we relinquish the mass as the primary concept
for the identification of a particle. '"A particle'’ means here '"a
world-line''. |

(i1) While the world lines are time-like, their mutual
separations must be space-like., Therefore, the definition of dis-
tance between world lines implies the specification of a common
parametér through constraints which determine the simultaneity of
the particles in a given frame of reference. Since the allowed frames
are all inertial, we are restricting the set of possible time-
parameters to proper times measured by inertial standard clocks,

The parametrization is then referred to equal-time planes orthogonal
to geodesics in the Minkowski flat space. The transformations among
time-parameters in the set are thus always linear.

Consequently, a change in parameter of the form (4.12a) in the
action integral (2.1), will alter the Lagrangian on1§ by a multi-

plicative constant:
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Atst=Tds = [£22 de= [l de = [Lur = A

(4.34a)

where

-[\= & ( EC ?f: ?:- u(f)) % .34b)

2 .

but, if we put

—+9
>
il
o
40
P
~
Q.
«
\»

(%.34c)
we have

?’i - "o"t' %i .36d)
hence,

\ o
L =—E£%S.%;—°’-U(f). (. 34e)

Now, the form of the Lagrangian remains the same if we introduce

the potentials so that

u(e) = .'_ZLEQ( VL (f) - mi ) &.35)
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{the rest misses hig are introduced for convenience and obviously

do 19t play a r1ole in the equations of motion). The new Lagrangian

is now
\ \a o (<] \
E™ q¢ g4
[ = = Ta?(‘ — U (3.36a)
with

u\(r):f{l&j‘ (Va(f)-— W‘Z) (3.36b)

Q

Relative to the new geoda2si:, the constraints are

LR
ht‘ﬁm -T=0 (3.37a)

the rest of che analysis bei:ny completely equivalent to that pre-

\
viously performed and the c- numbers E g come to be determined by

e ey \ :
hx‘ pé — [ 2~ 0O (3.37b)

at the Hamiltonian lavel. Both descriptions are comnected through

a trarsformation (4.12) and

\
E® = E%/a , (3.38)

so the equations of motion will have the same solutions except for

these constants, i.e., the reparametrization has. an ecffect only on
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<he initinl conditions (3.37). The C.M. also remains unchanged since

E. e M
&é‘:: — ¢ = .= ‘i]e‘( = e ?“ (3.39a)
E‘ a c 1 Q MO Q
from (3.38), with
N - —~a R e g
E=2E ¢ E’l’E = Mo= . M (3.39L)

Qa

As a result ¢ the above analysis, we find that if ke and
s are arbitrary in the sense that no particular clock or reference
frame is preferred to any other to parametrize and describe the
system as long as we deal with inertial obscrers, then the wmodel
based nn Lagranéian 4.17) plus constraints (4.20) can be made

completaly sceparable if the potentials in (4.35) are chosen so that

Vo (P) = Zb\ Var (fap) .40)

i.ec., if they include only binary interactions(l). Indeed, when
?

(1) Rezent papersl7’35 have shown that, in theories based on
the Todorov-Komar model, cluster decomposition can not
be achieved with pairwise interactions like (4.40) in the
general N-particle case., The reason behind this con-
clusicn is that, in such theories, the mass-shell type
constraints are required to be first class which intro-
duces more conditions on the potentials than the simpler
relation (4.40).
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the system is divided into two clusters with labeling a; = 1...N1

and a, = N; + 1 ...N; the Lagrangian (4.17) is written as

with

"

N
v, = ‘é ab(f’ai,) ; Va,_=,§ Vanbz(fqabz)o G611,
(92

So, when the two clusters are brought far apart, the last two
terms in (4.4la) car be assumed to vanish and the Lagrangian is

separated into the two independent terms

[=1+L, oo

with separate respective scts of constra.nts (4.20)

o =

y - : 9 - S = Q A
k({. %a."s =0 ) k(A Ve, > @ (4.420)

since k(" does not necessarily belong to the oviginal system,

The Hamiltonian is then similarly separable,
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4(=9(;+3{: L G.420)
_ and constraints (4.27) give two separate sets
a : Q a a
¥ ='<8P¢"-E '203;F =k Pu—E =0 @.u2a)
while the C.M.'s become, respectively,

Q
&6_ E% %e . &‘;:— _EE-_: S‘, (4.43a)

where

.

a
E=2XE* : E, =2 E% (.43b)
a, a
plus corresponding equations of motion for each cluster. Clearly,
the definition of internal variables can be reintroduced in terms
of (4.43) after the separation is performed leading to basically

the same structures except for index adjustments.

5. Systems of Free Particles.

For a system of particles without mutual interaction, the
Hamiltonian (4.32) with potentials (4.35) reduces to the familiar

form
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I | a pY 2
o = nsa(Pf‘ Pe-Ma) (.44)
The solutions of the equations of motion are in this case
?f; =aq¥ s+ 3§ .45a)

where 0(_6; and (560, are constants subject to the conditions

ool =t 5 kepho

obtained from the constraints (4.20). Thus only 6N initial values
remain to be specified, in accordance with the correct number of
degrees of freedom. All the world lines are, of course, geodesics.
The rest mass of each particle is determined in terms of the c-

numbers E, by
ma=Eaga= Ea. (dgdae) .45¢)

and the total rest mass for the system is

)
M,=EG = (Ea Ebd;ot*‘b)/_“

(4.45d)

Since the momenta become
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Q
Pi=E*QA, PezEad'(*, %.46a)

P“ - m: -0 - P"_ M:-- (o) (4.46b)

while the proper time of each particle,

dc’: = d ?g A ?d(‘ 5 G.47a)

satisfies the relation

d Ga . _iMa

so, in terms of the common time-parameter, we have

o, (s) = _'E% S + constant @.47¢)

as in (4.9), (4.12); hence

¥ps = E¢
’<P(.¢EJ

as should be. This shows that G.T. condition persists and is
needed to give a complete description of the world lines in terms
of a common time-parameter even when the particles are free,

Note that for the internal momenta
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o E ) (4.48a)

the relations equivalent to (4.46b) are
q a Q 2 a)%
R«T( ¢ = (me)- (E*) . (4.48b)

therefore, with the rest masses defined as in (4.45c), the
Hamiltonians (3.40c) and (4.45) can be set equal to zero initigll&
and that value will be kept fixed for the rest of the evolution

because they are constants of the motjon.

6. Nonrelativistic Limit.

When all speeds become small compared with the speed of light,
¢, the Lorentz boosts become negligible, so the nonrelativistic limit
is obtained by equating all times and retaining only the first
power in ¢! of the usual series expansion.

In order to obtain the correct signs in this limit, we should

actually write the Lagrangian as

L[=- ;?i?;-l-uw)] %.49)

Since

ch‘ si=c¢ dt® + ?ds=c¢ dt (.50a)
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we have

. (o
?6‘ -— _7_ d %a (4.50b)
a C dt
with
-2 I | Y {
a _ Ue "/:L . u'2 "/1
14 (l--&%) ; V= (l-—c—,) (&.50¢)
and

=d$, /dt 5 T=ck/k° (.50d)

where G“ is written in terms of the vector k. The action integral

2.1) 1is, thus,

2, 2 % SO
Asi=[ LU48) ds = v{lv’é{d« = [ L(G§0d=Anesw

with

_ VE“[ca(At.x) ﬁ:] + e, LVa (8)- MﬁC’]} . 51b)

One can now use the constraints (4.20) in the k-rest frame where

'0-":_ o) ) 9/___ ' ; ta =+ 4.51c)
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to write the Lagrangian (4.51b) in its reduced form

a -9 ¢ 2 o Ec
E o, - ____[Va(q-z)_mac - = . “.51d)

a2c 2Eaq

On the other hand, if we define the "canonical mass", M%(9),

as the norm of the momentum four-vector,
' !
Qe — 2 pap\/
mecs) = ( Pu P ¢) ; @.52)
from (4.18) one has that
a a a ga 2 a 2
Pu P = (E*3%) = [m*(s)] %.53)

so, in the k-rest frame and restoring the familiar units, the

relation (4..52) becomes
; ol
m*t)c = B*(7?) (.56)

In the nonrelativistic limit, when

! U‘a‘
] ' a .
’)’a ~ | -+ T -----—c::1 ) .55a)
we find
2
a Ea | Ua (4 .55b)
mo(t) ~ = +t37



Therefore, retaining only the first term of the expansion

(@az U%c << | ), we can make

a a g
M (t) = M® = = = constant %.56)

The nonrelativistic potential now turns out to be

U, = £ Va (12) .57)

Q 2 Ma

while the last two terms in (4.51d) cancel each other. Con-

sequently, the nonrelativistic Lagrangian is
[=MG2_ U, () .58)
T T T T '

as expected,
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V. CANONICAL REALIZATIONS OF THE RELATIVISTIC SYMMETRY GROUP,

The Hamiltonian (4.26) can also be obtained from group
theoretical considerations after we recognize the enlarged symmetries
" of the Lagr#ngian 4.17), namely a quasi-invariance under replace-
ment of the coordinates by spacelike variables. As will be seen,

that invariance is at the root of the center of momentum definition

(3.27).

1. Transformations to Spacelike Variables.

From the discussion given in the last chapter concerning the
invariance of the world lines and the separability of the Lagrangian,
we see that the equations of motion can be written down in terms of
separations like (4.3) instead of using the coordinates {?’gi . In
fact, the Lagrangian (4.17) itself can be expressed as a function
of these separations without alteration of the dynﬁmics. So, adopt-
ing the notation of (Ch. IV, #l), if we substitute in (4.17) the

relation

\ \
i) = 80+ hbs ev

\
where l;e is the direction vector of the geodesic 2y parametrized

with respect to Z;, we find

£=—§(§.\5+£“)(§.;+Qe).~ ucr)
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_-Ea -\é‘ -\a a"g\ E\t“
but
.\a “q \ ( . \ )
so that
E“ .\l‘.‘ Va . \(‘ \“\
£= N §a §t‘ "’u(f}"'E( tu"l "";'L“h ‘le)'(S.Za)
Since the last ierm is an exact differential of the function
— 8 pk \ (5.2b)
F=e(&*~4hf)hy
it can be dropped out, leaving
Eq '\t‘ ‘‘a
£="5: %a. ge—U(F) ©-3)

Only the constraints can tell us if we are dealing with time-like

or space-like variables; in this last case, (4.20) becomes

\
"t‘ §S=O- ‘ (5.4)

As we see from (5.2b), a transformation like the one just per-
formed is possible only because of the existence of a definition
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for the C.M., (3.27), whose conjugate momentum Qeis a constant of
the motion. Aside from the constraints, therefore, those two types
of variables are not discriminated by the canonical equations and
a transformation like (5.1) constitute a symmetry transformation
for the Lagrangian. Furthermore, since the direction of the
geodesics is well determined, it is always possible to find a four

\
vector A such that the spacelike variables

=k _ gt . g€ _ gu_
‘ga_?q...k(‘s © o= 9t_pts G
become related to each other by
A Y \
«
§i= §.- L¥s (5.5b)

(e.g.,jfgﬁﬁ.ﬁ°) hence, in a given parametrization, the trans-
formations (5.5) or (5.1) form a group. The world lines are thus
equally well described using any geodesic as a ''guide' to the
separation variables. The decomposition of the equations of motion
into two sets, one for the C.M. geodesic and one for the internal

variables as in (3.41) 1s a good example of that situation.

2. The Lie Algebra of the Complete Symmetry Group.

If we postpone the specification of the time-parameter until
the complete algebra has been deduced, and we incorporate also a

translation in the parameter itself of the form

(5.6)
Jg':: S - 6
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then the complete group of transformations that leaves the world

lines invariant can be written

N\
g4 (=N, (X-ks) +at ; $=s5-6 &

where all relations are assumed to hold, initially, iq a un-
constrained four dimensional space but with the explicit suppo-
sition that all world lines can be -referred to a common time-
parameter. Hence, the vectors k¥ are all constants but not
necessarily normalized to unity.

When a second transformation (5.7) is performed, one has

W . ‘
g f(S‘\)=A:((§\“(§)—k25)+a’;; $'=5-6, (5.8a)

=AL (X-ks)+al ; s'=s-6,

with

g _ AP Y -1
Aav—AaeAct‘v ) k:'-'-'-"k,'f' /\,vo- ‘(‘

2
(5.8¢)

af= Al (at+k8o)+af ; 6,= o+e,

We observe at this point that although the quantities involved in
this transformation have a different meaning and function, the
structure (5.8c) bears a close resemblance with that of the Galilei

group for transformations in the Euclidean three dimensional
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space3o

so we can proceed by analogy to deduce the respective Lie
algebra and its canonical representation.

Let us construct the operators

. ...L ey
Emsa” ter

e h

k3¢
(5.9a)

Tu(o)= € Ta(a)= ¢*%

Then, the complete-action of the abstract group can be represented

N ©

115 (‘() = CZ

by

’ﬂ'())k,a,a): Td T Tﬂ T, (5.9b)

and

Tr (Al, kJ)ez,az) .".(A,)kl) 9' ,al ) =
=T (A, Ak, +ky, 640, ) M@+ ka8 + Q)
= .”—( A3Jk3)93,03). (5.9¢)

The Lie algebra among the operators 1l,g,h and d in (5.9) is

easily found by observing that the factors T4 and T;, corresponding
to the Poincare group, will yield the known commutation relations
among their respective generators. These commute with h of Th

(8) because the Poincare group leaves the parameter, s, invariant.

It also follows that the transformations Tg(k) and lLorentz trans-
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formations '1'1()1) form a semidirect product of the same kind as the
translations Tq(a) with T; (\), hence, the brackets between .l(w
and §t have the same structure as those between lfw and AI‘ .

Also, since Ty and 'l‘g' form abelian subgroups and commute with

each other, their generators will all commute in the same way.
Finally, the bracket between h and §t can be calculated by observ-

ing that because Ty (8) and Ty(a) commute, the relation
T(o,k;,0,0) T(0,0,6,0)=T(0,k,,8, k,8,)
cap be written as

T (0,0,-6,,0)T (0, k2,0,0)T (0,0,86,,0)=T (0,k,,86,, k&)

or

Q"e"‘a"zejeg_e'h = @"ze(e.d“-i-ﬂ“)

expanding both sides up to the first order in e' one gets

ko (3646, L35 RT) = ks (§+0,d¢)

and, thence,
¢ = d&
The complete Lie algebra for the group (5.8) is, therefore, as

follows:
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[‘((W, Ifd"]= 8(«0’ f(vf' - évo- X." + ‘S(‘f Icy —Syf 10’(‘
(5.10a)

'[Iech‘fJ‘-'—'sefdv-Svfd(‘ . [dtt,dv]:'o

J

[ltw,ar]""ge.fgy‘sgvgp 3 [3(‘,3\’1 =Q ]

Elp,li]:O SEdE,L!]:O; [d&,s\’Jz o ,
[3¢h]=d" )

Furthermore, because'of the existence of a faithful canonical

(5.10b)

realization of the Poincare algebra, (2.5), the fact that the
generators Qf‘ (the canonical representatives of Gt ) have to
transform in the same way as P ® under Lorentz transformations and
still working by analogy with the Galilean case, we find that the
canonical realization of (5.10) will retain the structure of that
abstract algebra except for a neutral element (a c-number) for the

bracket between the representatives of dt"and 3“, i.e.,

(5.11a)

[J'!“') Jf‘]= C:sfd' J—dp ; [J(W,?f]: C:yf?q; [P(‘J?V]-:O

(5.11b)

[Tuv, Gpl= Conp Ga s [G4BI=E $4, s [G46 ]=0

-93-



(T, #1=0 ;[B, &]=0 ; [G, #]=Fs

(5.11c)

Although realizations with E = 0 can be here acceptable, we
shall take E # 0 from now on. This canonical realization of the
fifteen-parameter symmetry group (5.7) replaces (2.5) as the point
of departure for a relativistic dynamics. Further realizations in
terms of Dirac brackets can be constructed as soon as one identifies
the c-number E and the parameter s by means of the imposition of
subsidiary constraints which are to be treated as additional neutral
elements for the algebra that can break some symmetries reducing
the number of degrees of freedom so that the actual physical dynamics

is obtained. Let us consider the simplest case first.

2. Single Particle Systems,

For a closed system consisting only of a single particle, the

choice

- (5.12a)
P = F

[

J‘tw = ?@ Pv"?v P(-t

GH= E ¢ M:z-l—'é(P(.Pt‘-mz) (5.12b)

v

satisfies the algebra (5.11l) using the fundamental P.b.'s
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{?(‘) Pv]’: sev .

(5.13)

Several realizations with the proper number of degrees of
-freedom can be obtained from (5.11) and (5.12) according to the form
of neutral elements involving dynamical variables (the constraints)
tﬁat are imposed. The choice of such subsidiary conditions, is in
principle, a matter of convenience depending on the physical in-
formation one wishes to extract from the abstract general form.

For instance, the most common realizations assume that the mass
of the particle determine the Hamiltonian operator in (5.12b)

through the constraint
¢=p m=zo (5. 14a)

so that

3( = A(f (5.14b)

while the remaining condition, which is here a gauge-fixing constraint,

&(?}P}s) e (5. L4c)

is chosen as one of the following:

(5.144d)
(@ §°=0 ; (b) §*~t=0 ; (c) Ftt-ms=o0
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The choice (a) involves only a function of the coordinates, meaning
that the subsidiary condition fixing the time-parameter, whose trans-
lations are generated by H, is used, in fact, to reduce the phase
space. The time-parameter comes to be one of the coordinates and H
_ceases to exist since translations of the coordinates are generated
by:ELof the Poincare algebra alone. This is precisely the kind of
constraint that leads to Dirac's "instant form'l and, for multi-
particle syséems, to the no-interaction theorem. Indeed, a direct
application of the procedure given in (Ch. I, #2) shows that the
stability of the constraints are satisfied, in this case, only with

vanishing coefficients

K= D9+) k=0

J

$=0;%=~0 = A=Xx=O

therefore, H becomes the product of two weakly vanishing quantities
and itself vanishes strongly (identically) 9( = QO . The algebra

(5.11) in terms of D.b.'s (1.30) with

- l (O l.)
- —— 5.15
C:,4|3 2P, -1 O (3.152)
reduces to

X X ol
{Tuv, Tro b = CatpoTug 5 1Ter, B} = Covp B

(5.15b)

* * o Pt
(h, AR 05 148 ET= 05 {E5RT=80-50g
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From this, the number of variables can effectively be reduced since
P, comes to play the role of a Hamiltonian; so if we make
H = P,, all other operators are expressed as functions of the six

phase-space variables ($°zo):

J’,‘EJ,E,=§;?,'%,%;, 5 P=F
' | (5.15¢)
H= (§2+mz)/z : K:' = J-.:o _ ?z( P.z-l-m")’/"

and the algebra (5.15b)’ coincides with the usual P.b. realization

{ hh=€ T 5 AT, RE= €k P {Ti,k;}= €29k K

{Ki,kj}’:-eijk:rk 3 {k.:,%}:&laH Q{Ki,?}}: %{H) ?1}

(5.15d)
{p,Ri=0 ; {¢ =8 ;5 {¢, ¢l=0

: Pt .
{Ii, HY= {P;JH}=O > {3)H}=(Pz,_mz)'/1 ,{K;)H}ﬁi

which, as is well known, can not be extended to multiparticle systems
involving {nteractions »& .
The choice (b) in (5.14d) is only slightly different from the

previous one. In this case the Hamiltonian operator vanishes only

weakly

_ L Pt mY=o (5.16a)



and with (5.15a) the algebra in terms of D.b. is the same as (5.15b)

and (5.15¢c) but one has to add the following brackets

{‘Tt“’, ?f}z.c‘:\lf ?ot ) {I \53(}‘:'-' @)
{e,ut=0 ;5 L#u}”

while  the equations of motion have to be evaluated according to

(5.16b)

formulae (1.32) and are, as expected,

. (( . *
?é‘ {?(‘4 }+3 4 2{( 3 P“={P{(’M}=O . (5.16¢)

Generators QB are
G'=r ¢ (5.16d)

This type of constraint still destroys manifest covariance and
that will be carried over to any generalization to many particle

systems.
With choice (c) we get a more symmetrical realization due to
its manifestly covariant nature. In this case, the standard

procedure yields

U= :z—'v'n ( P”:_mﬁ) =0 (5.17a)

so with
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Cf-‘ i o) l‘)
AB T a2p2 \-l O/, (5.17b)

the D.b. algebra for the Poincare group is left unchanged as in

(5.15b); the remaining brackets are

" * peR,

Uotf=copte 5 {HRI=8-5
T * ¥ gt

(99f=-5 10, af={Ruj={#u}=0

from (1.32), the equations of motion give

? i 4{}"'3%“&63&‘:{?,‘}(}*:0 (5.17d)

and the generators G! become
Gl=m§¥ (5.17e)

Finally, still another realization can be obtained from which
the Hamiltonian does not vanish as a result of the constraints and
is manifestly covariant. This realization is obtained by relaxing

the mass-shell constraint (5.14a) and replacing it by
¢ =kt Pt“ -E=O (5.18a)
which give a different meaning to the neutral element E, Instead

of (5.14d), the time parameter is also specified by the vector kg
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(ke k¥ = 1 ) through the additional constraint

’}( = L(‘ q,(‘_ S X0 (5.18b)
. The algebra (5.11) with operators (5.12) and
C‘-' = o | ) | (5.18c)
AB -1 0 .
then gives the D.b. realization

{ gv,J}w} K@v‘:«L@ ,{Jv P} Kt‘”f “){ P}*::O(S.wa)

T4 {95 =0

(5.19b)

{I@v, %(‘}t" k:‘v‘n ?“ ) {%t_(, Pv}

{J'(Ng(} k Rf ,‘Va:{P 9(} Q) {?63(}""'-’%«

(5.19¢c)

where kt‘is the vector given in (5.18),%k% the constants

¢ = S5 - k" k., (5.19d)

and

€0 o o % _p % g )
K Hﬁfd’r- xergvsg'#' xng(‘ ge—KC‘USVSP—'KVfSHSG. (5.1%)
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o oL ol
keyf = keva" key Se . (5.19£)

In spite of the brackets (5.19c) we obtain the correct equations

of motion using (1.32), i.e.,

 Jw
}é

o+ S0 Refr = 0 o

¥ 'ar
?é‘— { 9'6‘ 3’(} b E. (5.20b)

Because the Hamiltonian itself is a constant of the motion, one
can always choose it equal to zero by adjusting the constant M in
(5.12b) so that it becomes exactly equal to the final rest mass of

the particle which must be defined here by

],

bt o weE(fSimes s

Of course, for a single particle all those realizations are
finally equivalent in their physical content and interpretation,
but the generalization to multiparticle systems is greatly simplified

if we use the last one,
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3. Multiparticle Systems.

A generalization of ‘the last structure to systems involving
more than one particle and scalar interactions is now straight
- forward, regarding the new realization as the direct‘product of N
single particle realizations where N is the number of particles.
Then, all operators of the algebra become direct sums of their
single particle countérparcs as do the neutral elements. Con~-

sequently, the algebra (5.11) is satisfied by the fifteen generators

I(”': ?;Fav-?: Fa',, 3 Pf"::%F; (5.20a)

. apk
GH“—"-EQ?“; )9’(= P::Z-i'z'((f). (5.20b)

provided that

a
E = Z.«; E P (5.20¢)

and l((f)defined as in (4.40). The c-numbers E2, on the other hand,
will acquire a physical meaning by the generalization of (5.18a)
while the time-parameter is specified in accordance to (5.18b).

One has, then, a set of 2N weak equalities

-102-



%45 “(4?‘;—5 =0

J (5.21b)
with k&‘ some arbitrary constant momentumlike vector ( k(. k“= 1).

A plain repetition of the calculations performed in (Ch. III, #5)

using kt‘ instead of 136‘ shows that with

C-‘ _ 0 dab (5.22a)
A "sab O

and

(‘TeV,(fA)"’(ke?;-kv?;) (20,9 = g0k, )
(8, 9*)= (Tokt‘) ; (#,9%) ("(}) (5.220)
(P2 9¢) = (-—3‘?@) ;(?g)(fc):(éiokt‘)

(5.23a)

o * x*
{J@V:J;‘}i K (‘gf‘J‘;P ) {IeV, Pf} = K:Vf ?al ) {Pf, ?v}'-: o

-103-



X

(T, @ } Ke,fQ.,,{q B=xY '{&«&9} O

(5.23b)

{ J'(} ka ky e,{P 9{} (o {Q“ }"—"-kﬂ

(5.23c)

o ¢
where the constants K‘w, o Ky are defined exactly as in

o
(5.19) and the C.M. variable is given by

Q¢ = % . (5.24)

Again, the equations of motion give the correct results

=0 (5.25a)

(5.25b)
while the rest of the brackets are

(5.26a)

(3 poFEe st 5 (38, RF=(Pe P =0
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{1“9(} ____k(‘ {Pe,x} =

Thus, the individual particle equations of motion become

4- 3 ?“_ Ps . .27a)

?F"H“ "+ E=

e}

: . 3P U
: P;z{Pe,g’(}'*'—_s":—-g_?_tz (5.27b)

as before. The use of Pe,instead of the arbitrary vector k@'
is, of course, permissible because of (5.25b); in this case the

D.b. algebra coincides entirely with (3.53) and (3.55).

4, Reduction of Variables.

It is now possible, using the constraint ;quations, to re-
duce the algebra just obtained so that it becomes expressed solely
in terms of the independent variables. Constraints (5.21b) are
the manifestly covariant counterparts of (5.14b) (b). Hence,
when one passes to the k-rest frame of reference, a generalization
of algebra (5.15e) is obtained for the multiparticle case with the
exceptions that the rest masses do not enter explicitly in the
formalism and the time component of the total momentum reduces to

a c-number. Apparently, these are the facts that permit the
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presence of interaction potentials thus sidestepping the no-inter-

action theorem.

Using (5.21) we have

-—h

- - ...' a -h b
$a=kis+ U9 ;Po=k, ET+U-P"
with
-l - |
U= k/7ks .
The operators (5.20 a,b) become

-d

f:?az\?"‘ : I?"—'%_ - )

—b'-la 3 - N
H=- F;EP + UCLH-Rg= Tad) +
Q
o =\2 -l =
(Lb'ﬂz) _ Ll'E'__ Ei
2E€ a ko 2k3

(5.28a)

(5.28b)

(5.29a)

(5.29d)



The complete algebra for these operatdrs is given in appendix C.
Here we are interested only in pointing out that in the k-rest
frame, i.e., when k=0 and k, = 1, P, becomes a neutral element
of the algebra while the Hamiltonian is left as the only generator

- for time translations. This is something expected since, in that’
particular reference frame, the common time-parameter coincides with
the time coﬁrdinate for all particles so P, and H have to coincide

or one of them must be eliminated from the élgebra. Then with

Fo=E ; Q@=t §=2t—e§) (5.30a)
the rest of the operators reduce to
- - -‘Q =3 _ -ba . - _ a ? (5.30b)
I= O.AP ) P"Z—P ) Q-'( a
a
- -

W - BP0 w4 £

l E a (5.300)

and, because K in (5.30a) is just a linear combination of P and

Q in (5.30b), the only meaningful P.b. of the algebra are
[T:,3.)= € T ) {J:',-P:}:Eijk'?k

{3:,8,8=€,8c 5 [P P }=0
{P‘:JP_ﬂ } =0
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(5.31)
_P..'
(T #l=1{® aj=0;{Q%}=F
and the equations of motion have the expected form,
.;’ :' -'——4:; . .4 — au
?a.:'{ aJJ‘{}- g ) Pz :‘.{Pg) -_-é?a (5.32)

The bare rest masses of the particles are not defined but they
can be assumed to be implicitly included in the definition of

the "canonical mass" (4.52),

(FeP)" = mecs

then, from the first of the equations of motion (5.32) and since

(5.28a) implies
(3a = ?: = | : (5.34)

when s = t, equation (5.33) can be written as

- . -
maeey = E2 [1-()*]? = E*75(¢)
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E%= ')’a(t) m*(+) . (5.35)

Oonsequently, 1if the energy E? is positive, the particle moves
in its world line in such a way that when its velocity increases

the 'canonical mass' decreases accordingly and vice versa.
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CONCLUSTIONS.,

The no-interaction theorem has placed severe restrictions on
the extension of the theory of relativity to the description of
isolated systems with more than one particle involving direct
interactions. Nevertheless, several starting points have proven
useful in the development of a consistent solution to the problem.
Theories without invariant world lines, multiparameter Hamiltonian
formalisms and canonical theories based on generalized mass-shell
type constraints, among others, are still in the process of being
completed.

In the present work, an attempt has been made to analyze the
most immediate mathematical implications of a set of postulétes
chosen to constitute a direct generalization of the non-relativistic
case, The postulation of a variational principle’involving in-
dividual canonical coordinates and subject to equal time-plane
constraints (global transversality conditions) has led us to the
introduction of arbitrary c-numbers (other than the rest masses of
the particles) into the manifestly covariant Lagrangian. The
arbitrariness of such constants is removed by the constraints and
they soon become identified with the energies of the particles re-
lative to the constraining plane., With the abandonment of the mass-
shell type constraints, the need for a homogeneous Lagrangian
disappears, as well as the existence of a vanishing canonical

Hamiltonian. The insertion of arbitrary constants in the formalism
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permits the definition of a center of momentum (C.M.) coordinate
satisfying the correct Poisson brackets and the norm of its
canonically conjugate momentum coincides with the rest-mass of the
system as a whole. But the invariance of the individual world
lines prevents the norm of the individual momenta from being con-
stants of the motion, in fact, they must remain indeterminate until
the solution of the equations of motion is eventually found.
Further, becausé the Lagrangian is not invariant under
arbitrary reparametrization in our case, one has to restrict the
set of admissible time-parameters to be proper times associated with
inertial observers, i.e., only arc-lengths of Minkowski flat-space
geodesics can be used in the formulation of the variational prin-
ciple and constraints. Since those parameters are related to one
another by éffine transformations, we have the important consequence
that the lagrangian remains formally unchanged under a parameter
transformation if the structure of the interaction elements are such
that the coefficients associated with the transformation can be
absorbed into the c-numbers. These constants are finally identified
when the geodesic involved in the parametrization is specified via
the constraints. A Lagrangian which clearly admits the new re-
quirement and is also expressible in terms of spacelike variables
related with the chosen geodesic, turns out to be of a simple
standard form. The interpretation of the parametrization process
can be given in purely geometrical arguments and is valid even
when the particles are free; therefore the G.T. conditions affect

the description of the world lines but not the dynamics of the syétem.
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This being the case, cluster decomposition can be achieved here
with binary interactions.

. All those features appear as a consequence of the fact that
although transformations among inertial observers are carried out
. by operators belonging to the Poincare group, still the parametri-

zation process introduces additional symmetries in the description of

the world lines so that the C.M. and the Hamiltonian can be accepted
as independent additional operators. Then a canonical realization of
the complete fifteen operator algebra modulo the c-numbers and con-
straints as neutral elements yields the same dynamics that follow
from the variatiqnal principle. When Dirac brackets are calculated,
one can, in fact; reduce the number of variables and a further Lorentz
transformation reduces the time component of the total linear
momentum to a neutral element so the Hamiltonian is left as the only
time~translation operator.

For the models proposed in this work, the nonrelativistic limit
is obtained by identifying the observable constant mass of every
particle with its total energy divided by the square of the speed of
light when the usual limit for that speed approaching infinity is
applied.

Although this work deals only with the classical formulation of
the pEoblem, we think that the theory can be quantized(*) and,

(*) A first attempt in that direction is the work of Crater36
who obtained a Hamiltonian similar to (5.20b) for a three=-
body system, Although his derivation is more directly
related to the Todorov-Komar model, some of his final re-

sults can be linked to ours and subject, eventually, to
equivalent analysis.
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eventually, extended to include particles with nonzero spin.
Realizations of the fifteen operator algebrav(S.ll) with null c-
number neutral elements, E = 0, may be also interesting and worth-
while to study. Also, some velocity-dependent potentials -can be
included in this formalism without major changes but whether the
electromagnetic interactions can f£fit in the present scheme is not

yet clear.
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APPENDIX A

The Two-Body Case.

It has been shown that, for a system composed of just two
. particles, the homogeneous Lagrangian (2.24a) gives the G.T. as its
canonical constraints??, This apparently contradicts the conclusions
arrived at before equation (2.24d), i.e., that (2.21) and (2.24c)
will overconstrain the system.

While such a conclusion is true in general, for this particular
system with two constituents we find a circumstantial relation between

those two sets of constraints., Indeed, here the primary constraints

(2.24d) can be written
2
PP =(U) 5 PP =(U) e

while from the conservation of the total linear momentum, P% = MO?,

-~

one has
(. ] 2 .2 2
PHPF+2P(LP(*+P(LP6= Ms 5 (A.2)
therefore,

PP = LM+ UY- (U] e

2 ] 2 2)2 1)2
Now, for a two body interaction, (U]'):2 and (Uz)2 can differ only

by constants; for instance, in the Gomis model

-114-



('L(“)2= m2— V(f) (A.4)

(a = 1,2). So, (A.3) becomes

Eé‘pt“ = "‘f (M3+m’,‘- M) = const,
(A.5)
p pt‘-.:,-%:(M:.‘. mi- m} )= const.

Equations (2.24d) and (2.21) are thus’ satisfied without ovarcon-
straining the system. Obviously, the critical relation (A.4) can
not hold for N greater than two, nor can the procedure followed
above be generalized since the number of mixed products like '

in (A.2) increases too rapidly with N.
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APPENDIX B

Gauge Transformations.

An arbitrary variation of the Lagrangian in (1.1) is given by

_ 3L
sL= ws%t‘ é%“

In particular, let us consider a gauge transformation which pro-

S, %t‘ (B.1)

duces the variations (1.10) on the coordinates with

é?i‘:_z_'_s(g?(;) (8.2)

the respective variations on the velocities., If we introduce

the functions

@ gy AL |
Pv(?,?)z -5-%:-3 ) (®.3)

one has for (B.l),

sL= <8?ﬂ) N gée 1L e

which, by adding and subtracting the quantity
5 Q € d a t (B.4b)
Pe $38 = 55(Pe)dta
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is transformed into

s L=< (PstL)-(Pa- gg.gmg B.40)

‘Using (1.10) and the definition

o

d

(8.5)

j‘t‘E Pu-

Qs

s
we find

§£=€{£(P; ﬂ,A”ﬁ)—&ﬁ,A‘i}; (8.6)

then, if the last term vanishes identically (i.e., without re-

quiring that (B.5) must vanish),

b
L; F(, AS;EO ®.7)

the total variation of the Lagrangian becomes equal to the total

derivative of a given function F:

| .
L =€ dSCF) (8. 8a)

with
T
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and we say that the'Lagrangian is quasi-invariant30, under the
transformations considered. The Lagrangian is said invariant when
SL = 0 under the same transformation.
Since the >\l‘ “f.‘ are the vnull eigenvectors of the Hessian,
'equation (1.4) holds automatically and (B.7) is identical to the re-
quirement that the constraint equations (1.8) be identically satisfied

and no constraints will actually appear.
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APPENDIX C

P.B. Algebra in the Reduced Phase-Sgace.

With operators (5.29) one obtains, from the D.b. expressions

" (5.23), or, by direct calculation the following structure, valid in

any Lorentz frame:

. QC‘;:= é;i -.‘C:%
SYRCRTII o

k%= 1-k3
[T, Josd= %ee Tig = %y 30 = Kye g = Ky T2r
{ Tz, Tos 1=K (ke Jog + ks Tee) ~%2p Jos ~ Kis Jor
{Too, Joy = Ko (ky Toz + kg Toy) + (1-Kk5) Tz,
{Tey, P} = X2e P - Xya B2
{%, B} = -k (ke®, - k, B)
{Toz, 2,1= - (koky P + x5 2,)

{Ioz’ Po} = (“’(?;) Pz + kok: Pg
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{%, Qe = %Q,-%, 8z
ATy Qb= -k (ke @, - k,8:)

{%z, Q,}= - (kok,Q: + %3, Q.)

{ Toz, Qo1 = (1-k3) Q2 + koks 8

{P:,2,} = {&,P:}={P, P }=0

{Q:,Q, 1= {8, Q:}={8o,&)=0 |

(@52, 1=%% ;{Q) B, =-kk, 5 (& Bab=-kK?
{32y, 0} = k2 ®-ky P 5 {Te HY= ko Pr-keEo

{p,uy=0 , {p, &}=0

teiugs Fakt s @ 2k

A Lorentz transformation to the k-rest frame where ky; = 0,

ko = 1 gives us (5.31).
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APPENDIX D

Poincare~-Invariant
D.b. Realizations.

The Dirac~-bracket realizations (5.19) and (5.23) do not
correspond to the familiar form of the Poincare algébra; that is due
to the fact that, strictly speaking, one should fnclude the para-
metrizing geodesic into ﬁhe system as an arbitrary freely moving
particle. Indeed, if the operators (5.20) are consequently modified,
we have that

\ \
Pe.:P{x“'k(& ' 3 J@V=J—ev+1t¢v
{D.1)

9‘_6

‘with

= (EQ*+x¢); 3 = H + LK)

'(t‘y = X(‘kv—Xv kg)

still satisfy algebra (5.11) in terms of the P.b. brackets

the complete set of constraints is now

39‘1

[l

kt‘pg_ E4~ 0O ) }(a_‘e-: ke\?s_-s =~ O 0.3

\
keke-\zo 5 X = kuX¥~-s=0
--121-
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so that the matrix (1.29a) becomes

O-S“b; o -E%
a a
LI 8% o | 0-s8 ®.4)
8~ \ 760 o+ O -2
Bp S8, 2 O
its inverse being
o §% :--5’-:3“ o
Q f
N - o Lpa
A x Z8h © 1zET O L,
P\ Eh iR 0
(®) o "2 o
Instead of th? relations (5.22b) one obtains
O
\ \ o A a.
(J‘@v,?A): (_9_) (P(-I) ) ( 5‘ g)
o : o
o "}ce
\
\ A\ ’l“k::";: Pg \ A\ (;a
& = cw=Bla 3( - :...
( t‘a? ) 2',[;“;; )< ch ) -ol
‘l"xe‘ (D.6)
§< k¢ 0
d\ _ q d) _ - cae
($%.9 ) A B (Pe)(f )-(___“g
(& o
o o
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pee 0
(x¢, §¢) = ("ZT;" ; (ke, € )= ( g
X & -k

where

\- Ea, ‘7\_ )
L=%n ° L=%Eqn - @7

Using (D.5) and (D.6) we find that the complete D.b. structure
L V%
{va Jf&'} thfO'J;l { Qw Py}
\ - 8a)
{Pe\,Pv} = O

¥ & )
waf ?d (D.8a)

\ v V¥ \ \ \ ¥ \
{J.(N,Qf} = C:vg Qo{ 5 {Qt‘) P\y} = gt‘v' ‘Q\e 2ekv
\ v V¥ \ \ \ ¢ \
{J.(N,Qf} = C:vg Qo{ 5 {Qt‘) P\y} = gt‘v' ‘Q\a 2ekv

\

{Qe e} = -2 g > 37
= {J +s(P¢‘k Pk} (5.5

\ \\4 \ \ » \ V)
{Te, ) = ”eﬁff: o ;{Q6 ]}

Also, since

* * X o .
U..«v.-.-.o . 3__1}_ =0 ‘)__io:f_-_'l‘ e @9
35S ? 9SS ) S °
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one has, according to (1.32a),

2\

J}w =0 i?\t‘ =0 &.,‘(‘= “f; P‘e» (D.10)

L W'

Obviously, the insertion of the geodesic into the formalism has no
effect in the equations of motion or the cluster decomposition process
since the addition of independent terms to the Lagrangian and to

the Hamiltonian is permissible.
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