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Abstract

by

Luz Amaya-Bower

Adviser: Professor Taehun Lee

Dynamics of multiphase systems in micro-fluidic devices is a topic of great interest

in many industrial applications such as chemical synthesis, DNA analysis, enhanced

micromixing, and power generation. Due to the small transverse dimensions, mi-

crochannels provide a great surface to volume ratio, offering an enhanced heat and

transfer efficiency. In addition, they provide a great alternative for many chemical

reactions by minimizing the amount of reactants needed. Different from large scale

channels, bubbles can create significant problems in micro-fluidic devices by altering

or blocking the flow. On the other hand, controllable addition of bubbles is desired

to improve mixing and heat transfer in microsystems. Therefore it is important to

understand clearly the dynamic behavior of multiphase systems, from the point of

formation to transport along the microchannel. Bubble formation dynamics is gov-

erned by the set-up geometry and ratio between interfacial and viscous forces in the

system. Multiphase flow transport along microchannel is determined by wall sur-

face wettability, initial fluid conditions, and velocities. A stable Lattice Boltzmann

Method (LBM) based on the Cahn-Hilliard diffuse interface approach is used for the

iv



simulation of bubble formation and motion along the microchannel. Initial validation

of the model is presented for the dynamics of a single bubble rising in unconfined and

confined domains.
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Chapter 1

Nomenclature

a Radius of the spherical bubble

A Cross-sectional area normal to the bubble motion

a1 Constant

b1 Constant

Bo Bond number defined as Bo = g(ρl−ρg)R2
c

σ

C Composition

Ca Capillary number defined as Ca = ηlUt

σ

Cn Cahn number defined as Cn = D/d0

Cd Drag coefficient

cs Speed of sound

Cs Composition at a solid surface

c1 Constant

D Numerical interface thickness

Dh Hydraulic diameter

Dp Pinch-off distance

d1 Constant

E(Uy) Dimensionless error as function of vertical velocity

d0 Initial diameter of bubble

Emix Mixing energy density

E0 Bulk energy

1



CHAPTER 1. NOMENCLATURE 2

eα Microscopic particle velocity

F Averaged external force

F Flow number

Fr Froude number defined as Fr = Ut

√
ρ

2Rcg(ρl−ρg)

Fbu Buoyancy force

Fdr Drag force

fα Original particle distribution function to recover mass and momentum

gα Original particle distribution function to recover pressure and momentum

hα Original particle distribution function to recover composition

ḡα Modified particle distribution function to recover pressure and momentum

h̄α Modified particle distribution function to recover composition

f eq
α Original equilibrium function related to fα

geqα Original equilibrium function related to gα

heq
α Original equilibrium function related to hα

ḡeqα Modified equilibrium distribution function related to ḡα

h̄eq
α Modified equilibrium distribution function related to h̄α

g Gravitational acceleration

G Gravitational force defined as G = −ρg∇h

GW Glycerine solution

h Elevation from a reference point

H Width of channel

I Non-dimensional inertia defined as I = Re/Ca

Ic Critical non-dimensional inertia

J Diffusive flow rate

k Non-dimensional size of the bubble defined as k = a
Rc

L Length of the channel

Lbu Length of the bubble

Ldr Length of the droplet

M Mobility

Ma Mach number

Mo Morton number defined as Mo =
g(ρl−ρg)η4l

σ3ρ2l
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n Unit normal vector

P Sum of the dynamic and static parts of pressure

p0 Thermodynamic pressure

p1 Hydrodynamic pressure

pc Pressure due to curvature

Ptot Total pressure

Ptop Pressure at highest point in the domain

Pbtop Pressure at highest point in the bubble

Q Volumetric flow ratio defined as Q = Qd/Qc

Rc Characteristic length

Rh,v Horizontal and vertical radii of moving bubble

Re Reynolds number defined as Re = ρlUtd0
ηl

SO Sodium iodide solutions

t Time

T Non-dimensional time defined as T = t/tn1,n2,n3

Tc Formation time for a cycle

tn1 Simulation time defined as tn1 =
√
d0/g

tn2 Simulation time defined as tn2 =
√
Rc/g

tn3 Simulation time defined as tn3 = H/vd

tα Weighting factor for the D3Q19 model

Tp Pinch-off time

u Macroscopic velocity

Ut Steady terminal velocity

Uc1 Characteristic velocity defined as Uc1 =
√
gd0

Uc2 Characteristic velocity defined as Uc2 =
√
gRc

v Mean velocity

V Velocity number

W Width of the channel

Wbu Width of the bubble

Wm Maximum width of dispersed fluid stream

We Weber number defined as We =
ρlU

2
t Rc

σ



CHAPTER 1. NOMENCLATURE 4

x Space coordinate

y Space coordinate

Y1-Y4Location Markers

z Coordinate normal to the plane interface

Greek letters

α Lattice direction

α1,2 Constants

β Constant

Γα(u) Function defined as f eq
α /ρ

δ Film thickness

∆ Deformation parameter

δt Time step

η Mixture viscosity

θ Inclination angle

θeq Equilibrium contact angle

κ Gradient parameter

λ Viscosity ratio defined as λ = ηd/ηc

λ1 Viscosity ratio defined as λ1 = ηl/ηg

λr Relaxation time

µ Chemical potential

µ0 Classical part of the chemical potential

ρ Mixture density

ρave Average density

σ Surface tension

τ Dimensionless relaxation time

ϕc Constant

ϕi Constant coefficients
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Subscripts

b Bulk

c Continuous fluid

d Dispersed fluid

exp Experimental Results

g Gas

l Liquid

s Solid surface

sim Simulation Results

V Volume



Chapter 2

Introduction

Recently, there has been a growing interest in microscale systems in industrial ap-

plications which is mainly driven by reduction of cost, and increase of safety and

efficiency. The use of two immiscible fluids in microchannel geometries has become a

growing topic of interest in many industrial applications such as chemical processing,

biomedical analysis, and material science in order to improve and extend the perfor-

mance of single phase microsystems [1, 2, 3]. Introduction of a secondary immisci-

ble fluid, creates new recirculation patterns, larger interfaces, and additional eddies,

which improve reactants mixing and transverse channel transport. In addition, in-

troduction of a secondary flow will also allow reduction of common single-phase flow

issues, such as long diffusion times and axial dispersion. In principle, mixing in small

spaces is based on two phenomena: diffusion and convection [4]. Initially diffusion

was most frequently applied, taking advantage of reduction of distances and creating

high concentration gradients. However, due to micro-manufacturing limitations and

robustness issues, diffusion had its limits. Therefore, introduction of a secondary

flow, a convective flow, improves mixing by the principle that it creates larger mixing

interfaces. The most important factors that determine the type of flow that will be

generated in a microchannel are the mixing geometry and fluid properties at inlet

conditions.

Flow in a microchannel is divided into two equally important phenomena: devel-

opment and transport of the flow. The development of the flow takes place at the

6
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Figure 2.1: Mixing geometries.

mixing geometry section, where two fluids (continuous and dispersed) are introduced.

Three of the most used mixing geometries are cross-shape, T-junction and co-flowing.

A general configuration for each geometry is presented in Fig. 2.1. Once the flow

is fully established, the transport of the flow takes place along the main channel.

Dynamics of the flow along the microchannel is greatly dependent on the interaction

between gas, liquid, and solid wall. This area is known as the segregated area, where

the effect of wettability and contact angle would ultimately determine the behavior

of the flow.

The following sections will introduce some of the applications and a review of the

CFD models for multiphase flows in microfluidic devices.

2.1 Applications

In recent years there has been a significant progress in the development of microfluidic

devices with applications in areas such as biochemical reactions [5], ultrasound imag-

ing [6], chemical processing [1], biomedical analysis [2], material science [3], chemical

synthesis [7], monolith reactors [8, 9], and microencapsulation [10]. A brief description

of the last three applications will be provided in the following sections.

2.1.1 Chemical Synthesis: Colloidal Silica

Colloidal suspensions are used in many industrial applications, such as manufacturing

of displays, optical coating, and photocatalyst support [7]. As many chemical com-

pounds, their properties are direct result of the process to synthesize them. Synthesis
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Figure 2.2: LFR and SFR schematics [7].

is usually performed using batch rectors. Two important advantages of these reac-

tors are the flexibility and quality control. Batch reactors can be stopped, therefore

providing flexibility in production to meet economical restrictions. In addition, each

batch could have a different substance composition, providing a new specification in

every process. Quality control can be performed by isolating a flaw to a specific batch,

if needed. However, these reactors also have many disadvantages: due to their size,

local concentration and temperature inhomogeneities can develop requiring constant

stirring to maintain a homogeneous state. Moreover, their operating cost is very high.

In recent years, reactors have been scaled down to microscales to provide a better

control of size and composition of compound synthesis. Gas-liquid segmented flow

microreactors are very useful because they can easily separate gas and liquid, divid-

ing the liquid into small batches. Consequently, a more accelerated micromixing is

achieved by taking advantage of small segments and recirculation.

In their study, Khan et al. [7], examined two different microfluidic reactor config-

urations for the synthesis of colloidal silica: Single-phase laminar flow reactor (LFR)

and gas-liquid segmented flow reactor (SFR). A schematic of each reactor is given in

Fig. 2.2

The evaluation of the reactors is mainly based on particle size distribution. For the

laminar flow reactor design, uniform particle size is only feasible when flow conditions

minimize axial dispersion. This is very difficult to accomplish, especially for low res-

idence times. On the other hand, segmented flow reactors eliminate axial dispersion,

producing monodisperse particle distribution. Their study concluded that gas-liquid
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Circular Monolithic
Structure

Rectangular Monolithic
Structure

Figure 2.3: Circular and rectangular monolithic structures.

segmented flow reactors provide a great potential for the synthesis of colloidal silica

and other chemicals.

2.1.2 Monolith Reactors

Chemical reactions frequently take place in packed-bed reactors. However, when the

gas phase contains particulate matter, particles tend to clog the catalyst bed. In

order to avoid this problem, parallel-plate reactors (monoliths) are used. A simplified

schematic model of circular and rectangular monolith reactors is presented in Fig. 2.3.

The reacting gas mixture flows between the parallel plates and the reaction takes place

on the surface of the plates. Monolith reactors are particularly suitable for carrying

out fast reactions in applications where space is limited. They also provide a novel

and highly scalable solution to large-scale industrial applications. Monoliths were

originally designed for single phase in the automobile catalyst converter, however a

slug flow pattern was later introduced to enhance the mass transfer to the enzymes

located at the channel walls. Currently monolith reactors are used in other areas such

as hydrogenation reactions [11], selective catalytic reduction (SCR) to control power

plant emissions [12], and environmental applications [13].

2.1.3 Microencapsulation

Microencapsulation is a process in which a particle is encased by a coat creating

a capsule, in order to protect or immobilize the particle. This technique is widely
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Figure 2.4: Design of drop-based microfluidic device for encapsulating single cells [10].

used in food, pharmaceutical, textile, and biomedical industries, see [10, 14, 15, 16].

An example in the food industry is taste masking, where an ingredient that has

an unpleasant taste is encapsulated, so that the consumer can ingest it and take

advantage of its benefits. In the biology field, microencapsulation is used to isolate

single cells in order to gather statistical information of a large population of cells. This

isolation is needed to avoid selection of cells based on the properties of the molecules

they secrete, if there is no barrier against diffusion. Köster et al. [10] presented a

drop-based microfluidic device which is used to encapsulate, incubate, and manipulate

single cells in small drops. The device that is utilized for encapsulation is shown in

Fig. 2.4. The flow focusing device to produce the drops is shown in (a). A closer look

at the three inlet channels is presented in (b), where the middle channel contains cell

suspension and the side channels the oil phase. Size and frequency of the drops are

controlled by varying the overall flow rates.

2.2 CFD Models for Multiphase Microsystems

Simulation of microsystems could be divided in two main areas: Mixing area and

segregated flow area. The following is a brief description of some CFD models that

have been used to study each of these areas.
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2.2.1 Mixing Area

Mixing geometry and fluid inlet conditions are the most important criteria to de-

termine the type of flow that will be generated. Many experimental and numerical

studies have been performed to establish a relationship between geometry, mass flow

rate, and bubble dynamics. Three of the most used mixing geometries are cross-shape,

T-junction and co-flowing. A general configuration for each geometry was previously

presented in Fig. 2.1. The following sections introduce some of the numerical studies

that have been performed for each geometry.

Cross-Shape Geometry

Cross-shape geometry produces a very stable and uniform flow. The gas coming from

the horizontal channel forms an elongated bubble pinched off by the liquid coming

perpendicularly. The size and the frequency of the bubble depend on the ratio of

liquid and gas mass flow rates. Using this geometry Cubaud et al. [17] experimentally

developed a two-phase transition map including five regimes (bubbly, wedging, slug,

annular, and dry), providing transition criteria from one regime to the other based

on flow rate ratio. Recently, Yu et at. [18] presented a numerical study on two-phase

gas-liquid flows in microchannels using LBM. This model is based on a combination

of models by Shan et al. [19], and Sankaranarayanan et al. [20]. This study establishes

the importance of the capillary number (Ca), which is the ratio between viscosity and

surface tension (Ca = ηv
σ
), in the flow patterns, especially in the break-up process

and formation of bubbles. This confirms the experimental findings of Gunther et

al. [21]. As capillary number decreases, the surface tension forces increases, therefore

the bubble experiences less deformation. The influence of Ca can be seen on the

simulation results by Yu et al. in Fig. 2.5.

Simulation results were compared to experimental studies. There was a signif-

icant difference between the results including break-up process, bubble shape, and

bubble frequency. Authors believe that discrepancies are due to lack of proper wet-

ting conditions in the model and that simulation was performed in 2D. Comparison

of experimental and simulation results are presented in Fig. 2.6.
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Figure 2.5: Influence of Ca on flow patterns.

Figure 2.6: Comparison between simulation and experiment [18].
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T-Junction Geometry

T-junction geometry is one of the most used geometries. In general, gas stream pen-

etrates main channel from a perpendicular direction and bubble starts to grow. A

distortion of bubble in the downstream direction is created by the pressure gradi-

ent and the flow in the main channel. As the bubble interface in the upstream side

is approaching the edge, the neck connecting the bubble and the gas stream is re-

duced and finally broken. The gas plug continues downstream, while the gas stream

starts the process all over again. Using this geometry, Garstecki et al. [22] demon-

strated that at a low capillary number, the break-up process, usually referred to as

squeezing is a balance of the hydrostatic pressure between both fluids. In addition,

a scaling law was presented and verified, which relates the dimensions of channels,

and mass flow rate ratio with the final length and diameter of the bubble. Qian and

Lawal [23] presented a numerical study of Taylor flow in T-junction microchannels

using FLUENT, a commercial package based on Volume of Fluid (VOF). Taylor flow

is a special type of slug flow where bullet-shape bubbles are separated by liquid slugs.

Simulations were performed using a continuum surface force (CSF) model [24], which

adds surface tension calculations as a source term in the momentum equation. In

addition, FLUENT uses a dynamic boundary condition in the case of wall adhesion.

This boundary condition allows for adjustment of curvature of surface near the wall,

and this new curvature is used to change the body force term in the surface tension

calculation. In this study an analysis was performed comparing inlet condition and

tee orientations.

Inlet conditions were modified by changing the inlet gas-liquid velocity ratio. As

seen in Fig. 2.7, as velocity ratio is decreased, the flow pattern becomes bubblier

and the void fraction increases. The relationship between velocity ratio and the flow

regime generated was also seen in the Cubaud study [17], indicating that this type of

relationship is independent of mixing geometry. What changes from one geometry to

the next, is the transition or critical values from one regime to the other. It is also

noted, that while maintaining mass flow rate constant, changing the dimension on

the tee has a great effect on the size of the slugs. As shown in Fig. 2.8, the bubble

size is directly proportional to the dimensions of the channel.
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Figure 2.7: Gas-liquid velocity ratio comparison [23].

Figure 2.8: Inlet tee size comparison [23].
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Figure 2.9: Tee orientations comparison [23].

This study compared three different tee orientations as shown in Fig. 2.9. It is

noted that there is very little difference between (a) and (b), however, (c) creates

longer slugs. It is recommended that the latter orientation should be avoided since

it creates a smoother steam at mixing section, therefore creating a more difficult

detachment process.

Co-Flowing Geometry

Co-flowing geometry is used to represent a liquid nozzle with an air injection system.

In this geometry the bubble size and frequency is mainly determined by the exit

velocity of gas stream. As investigated by Sevilla et al. [25], gas flow could transition

from bubbling regime to jetting regime, if a critical value of gas-liquid velocity ratio is

reached. Shao et al. [26] introduced a numerical study on the effect of inlet conditions
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Figure 2.10: Contact angle comparison [26].

on the Taylor flow formation. Simulations were performed using ANSYS, a VOF

commercial package. This study is focused on the effect of different inlet conditions. It

was noted, that volume of the bubble is directly proportional to gas superficial velocity

and bubble velocity is also directly proportional to surface tension. In addition,

wetting condition of wall was investigated. Three different cases of contact angle

were explored: θeq = 0o, θeq = 60o, and θeq = 180o. As seen in Fig. 2.10, larger

contact angles favor the formation of larger bubbles. This study takes advantage of

symmetry, only top part of simulation is presented. However, it does not explore the

frequency of bubble formation, due to computational cost limitations.

2.2.2 Segregated Flow Area

Dynamics of bubble along the microchannel, referred to as segregated area, is greatly

dependent on the interaction between gas, liquid, and solid wall. At this point, the

effect of wettability and contact angle would ultimately determine the behavior of the

bubble. Cubaud et al. [27] provide a comprehensive overview of the morphological

changes of static and moving bubbles for different contact angles with hydrophillic

and hydrophobic surfaces in square microchannels. For hydrophillic surfaces, bubble

flow could be classified in five regimes (bubbly, wedging, slug, annular, and dry) as

seen in Fig. 2.11. For hydrophobic surfaces, bubbles are not lubricated and depend on

contact line friction. The flow could be divided in three regimes (isolated asymmetric

bubble, wavy bubble, and scatter droplet flow) as shown in Fig. 2.12. A similar study

was presented by Lee et al. [28] focusing in the influence of surface wettability on flow
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Figure 2.11: Hydrophillic flow regimes [27].

patterns in round mini-channels.

Various numerical studies have been performed for multiphase flows in microchan-

nels. Most of these studies are based on the VOF approach, since it is a conservative

method suitable to treat interface topological changes and calculate dynamic contact

angle. Taha and Cui [29] model the velocity fields as function of Ca using FLUENT

as shown in Fig. 2.13. Tseng et al. [30] investigated the influence of surface wetta-

bility on the filling process of liquid slugs. It was shown that hydrophobicity is the

dominating factor in this process. Fang et al. [31] provide a numerical VOF study

on contact angle hysteresis for microscale two-phase flows. It was shown that the

asymmetric distribution of contact angle might be one of the most important factors

in slug behavior on microchannels.
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Figure 2.12: Hydrophobic flow regimes [27].

Figure 2.13: Slug rising at different Ca [29].



Chapter 3

Motivation and Objectives

As it was described before, understanding the behavior of multiphase flows in a mi-

crochannel could be divided into two main areas: mixing area and segregated flow

area. Multiple numerical studies have been performed in each area, however there is

not a comprehensive numerical study that takes into account both of the areas. For

this reason, it is the motivation for this study, to utilize a Lattice Boltzmann Method

to simulate the dynamics of bubble formation and motion along a microchannel. LBM

is the numerical tool used in this study because of the great advantages it offers: abil-

ity to capture large topological changes at the interface, easy boundary condition

implementation, accuracy, easy implementation, and can be fully parallelized.

It is important that each phenomenon (development and transport of the fluids)

can be properly simulated in order to capture the complete dynamics of the flow.

Therefore, this study is divided into different stages in order to manage the complexity

of the problem, which represent the main objectives of this study.

Stage 1: Understanding Dynamics of Bubble Motion

The first stage is to evaluate the capabilities of the model to simulate dynamic be-

havior of a multiphase systems. This is done by simulating a single bubble rising in

an unconfined domain. A comprehensive analysis is presented which includes eight

different shape regimes, which are achieved by changing the values of Bo and Mo

within the following ranges (1 × 10−5 < Mo < 3 × 104) and (1 < Bo < 1 × 103).

19
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In addition, simulations are performed using large density and viscosity ratios, 1000

and 100 respectively. This study will evaluate the topological changes, velocity and

pressure profiles, and drag coefficient of the bubble while rising at different regimes,

depending on the forces acting on the system. Moreover, the dependence of numerical

parameters such as interface thickness, surface tension, viscosity, and density of sur-

rounding on the terminal shape and Re are explored. Simulation results are compared

with experimental results for each regime.

Stage 2: Understanding Effect of Confined Domains

The second stage is to introduce the effect of the walls by evaluating the dynamics of a

bubble rising in a vertical and inclined square channel with large density and viscosity

ratios. This study will investigate the effect of initial conditions, fluid properties, and

inclination on the shape, velocity, vorticity, and pressure of the bubble as it rises. This

is the beginning stage of evaluating the flow in the segregated area, which currently

uses gravity as the driving force in the system.

Stage 3: Formation Process at Mixing Area

The third stage is to investigate the formation process using a T-junction mixing

area. This stage is divided into two different parts, one investigates liquid-liquid

systems and the other gas-liquid systems. In general, both parts investigate the effect

of capillary number, viscosity ratio, flow ratio, and contact angle on the formation

process of droplets and bubbles in a microchannel with a T-junction mixing geometry.

This stage has two geometrical components: the mixing and the segregated area. The

geometry used in the segregated area is similar to the one used in the second stage

of this study. However, at this stage gravity is not used as the driving force in the

system. Instead, a constant flow rate at each of the entrances becomes the driving

mechanism in this system.

The contents of this study are organized as follows:

• Chapter 4 provides background material for Lattice Boltzmann Method, Cahn-

Hilliard model, and wetting phenomena.
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• Chapter 5 presents the study of a single bubble rising in an unconfined domain.

• Chapter 6 presents the study of a single bubble rising in a vertical and inclined

square channel.

• Chapter 7 presents the study of droplet and bubble formation in a microchannel

with T-junction.



Chapter 4

Lattice Boltzmann Method

The Lattice Boltzmann Method (LBM) model has been proven to be a very useful

numerical method to simulate multiphase systems. The initial model was provided

by Gunstensen et al. [32] introducing a LBM based on lattice gas model. Multiple

variations have been introduced since then. Swift et al. [33] introduced a LBM us-

ing free-energy approach. In their model the equilibrium distribution function was

modified to provide consistency between the pressure tensor and the pressure derived

from free-energy. He et al.[34] proposed a new model that reduces the compressibility

effect on the LBM. This is accomplished by explicitly eliminating terms of order of

magnitude O(Ma2). Where Ma is the Mach number defined as the ratio between the

speed of the object over the speed of sound. This approximation is in accordance with

second order expansion in the Chapman-Enskog analysis. Shan et al. [19] incorpo-

rated the concept of microscopic mean-field interactions between particles into LBM.

He et al. [36] combined LBM with an idea of level-set for multiphase by using an index

function to track interface at different phases in order to simulate multiphase flow at

nearly incompressible limit. Inamuro et al. [37, 38] introduced a modified LBM to

deal with large density ratios. The modification uses Projection Method to calculate

the velocity that satisfies continuity at every step. This is to minimize the effect of

large density ratios that create spurious velocities. Later, Lee et al. [39] provided

a detailed study on parasitic currents. The study suggests the possible elimination

of parasitic currents can be accomplished if the potential form of the intermolecular

22
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forced is used with a compact isotropic discretization. The latter, is the model used

for this study. Mathematical details of this model will be presented in the following

section.

LBM simulates fluids based on microscopic or mesoscopic kinetic models, which

allows incorporation of underlying physics. The kinetic nature of LBM introduces

important features [40, 41]:

• Convection operator is the particle velocity, which is linear. This indicates

that a simple scheme could be used to solve an advection equation combined

with a collision operator. This allows the recovery of a non-linear macroscopic

equations using multi-scale expansion up to second order of accuracy in space

and time.

• LBM in the nearly incompressible limit, could recover the incompressible Navier-

Stokes Equation (NSE). In addition, pressure can be calculated using an equa-

tion of state, rather than solving the Poisson equation.

• LBM uses a minimal set of discrete velocities, reducing significantly the com-

putational cost.

In a general form Lattice Boltzmann Equation (LBE) with Bhatnagar-Gross-

Krook (BGK) collision operator is given by [42]

∂fα
∂t

+ eα · ∇fα = − 1

λr

(f eq
α − fα) (4.1)

where fα is the particle distribution function along α direction, eα is the microscopic

particle velocity, and λr is the relaxation time. The equilibrium distribution function

f eq
α is given by

f eq
α = tαρ

[
1 +

eα · u
c2s

+
(eα · u)2

2c4s
− (u · u)

2c2s

]
(4.2)

tα being the weighting factor, ρ is the density, u is the macroscopic velocity, cs is a

constant.

The number of microscopic particle velocities is given by the type of lattice model

used. Lattice models are usually described as DnQm, where n is the dimension and
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Figure 4.1: Lattice models.

m is number of α directions. Most common models used are D2Q9 and D3Q19, as

could be seen in Fig. 4.1

Particles in LBM go through two different steps: streaming and collision. Particles

live on the nodes of a discrete lattice. The particles jump from one lattice node to

the next, according to their microscopic particle velocity, this is the streaming step.

Then, the particles collide and get a new velocity, this is the collision step.

Macroscopic density ρ and velocity vector u are related to particle distribution by

ρ =
∑
α

fα

ρu =
∑
α

eαfα (4.3)

This study uses a discrete Boltzmann Equation (DBE) with external force in the

potential form described by Lee and Fisher [39] which can be written as

∂fα
∂t

+ eα · ∇fα = − 1

λr

(fα − f eq
α ) +

1

ρc2s
(eα − u) · (F+G)f eq

α (4.4)

where equilibrium distribution function f eq
α is given by Eq. (4.2) and F represents
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the averaged external force exerted on each particle. F is obtained by taking into

account the free energy of a system [35]. In a system of immiscible incompressible

fluids, external force represents the intermolecular attraction by using the mean-

field approximation, the exclusion-volume of molecules [36], and the hydrodynamic

pressure gradient, yielding

F = ∇ρc2s −∇p1 − C∇µ (4.5)

where p1 is the hydrodynamic pressure used to enforce incompressibility and µ is

the chemical potential. G represents the gravitational force which takes the form

G = −ρg∇h, where g is the gravitational acceleration and h is the elevation from a

reference point so that ∂yh = 1, but ∂xh = 0.

Eq. (4.4) recovers the mass and momentum equations. However, a transforma-

tion of the DBE is necessary to eliminate acoustic waves at the low frequency limit

and to improve stability. He et al. [36] first used the transformation to obtain the

pressure evolution equation. This study uses the following new particle distribution

function [35, 43]

gα = fαc
2
s + (p1 + ρlgh− ρc2s)Γα(0) (4.6)

in which Γα(u) = f eq
α /ρ and ρl is the density of liquid. Taking the total derivative

Dt = ∂t + eα · ∇ of the new variable gα gives

∂gα
∂t

+ eα · ∇gα = − 1

λr

(gα − geqα ) (4.7)

+ (eα − u) ·
[
∇ρc2s (Γα − Γα(0))− (C∇µ+ ρg∇h) Γα

]
+eα · (ρlg∇h) Γα(0),

where the new equilibrium geqα is

geqα = tα

[
P + ρc2s

(
eα · u
c2s

+
(eα · u)2

2c4s
− (u · u)

2c2s

)]
, (4.8)



CHAPTER 4. LATTICE BOLTZMANN METHOD 26

in which P = p1 + ρlgh. Using dimensional analysis, it could be shown that in the

case of low Ma the ratio of the dynamic and static pressures to the thermodynamic

pressure p0 is P/p0 ∼ O(Ma2), indicating that all thermodynamic quantities can

be assumed to be independent of the dynamic pressure [44]. In the derivation of

Eq. (4.7), the terms with u ·∇P are omitted since they are O(Ma3). LBE is obtained

by discretizing Eq. (4.7) along characteristics over the time step δt:

ḡα(x+ eαδt, t+ δt)− ḡα(x, t) = − 1

τ + 0.5
(ḡα − ḡeqα )|(x,t) (4.9)

+δt(eα − u) · [∇ρc2s(Γα − Γα(0))− (C∇µ+ ρg∇h) Γα](x,t)

+δteα · (ρlg∇h) Γ(0)α|(x,t).

In Eq. (4.9), the modified particle distribution function ḡα and equilibrium distribu-

tion function ḡeqα are introduced (see Appendix).

The macroscopic equations recovered from Eq. (4.7) using the Chapman-Enskog

expansion are the momentum and pressure equations described as follows:

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇P − C∇µ+∇ · η

[
∇u+ (∇u)T

]
+ (ρ− ρl)g, (4.10)

∂P

∂t
+ ρc2s∇ · u = 0, (4.11)

where η is the mixture viscosity that is related to the dimensionless relaxation time

(τ) by η = c2sρτδt.

From the Cahn-Hilliard model [45] it is known that the behavior of a multi-

component system out of equilibrium is governed by the evolution equation of the

composition C.
∂C

∂t
+ u · ∇C = ∇ · (M∇µ) . (4.12)

where M > 0 is the mobility. C and ρ have a linear relationship given by

ρ = ρlC + ρg(1− C) (4.13)

where ρg indicates density of gas.
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A new density function is necessary to recover the evolution equation of the com-

position C. The new density function could be simply obtained by hα = C
ρ
fα and

heq
α = C

ρ
f eq
α . Taking total derivative Dt of the new density function hα and taking

into account Eq. (4.12) produces

∂hα

∂t
+ eα · ∇hα = − 1

λr
(hα − heq

α ) (4.14)

+ (eα − u) ·
[
∇C − C

ρc2s
(∇p1 + C∇µ)

]
Γα +∇ · (M∇µ) Γα,

where

heq
α = tαC

[
1 +

eα · u
c2s

+
(eα · u)2

2c4s
− (u · u)

2c2s

]
. (4.15)

The modified particle distribution function h̄α and LBE for h̄α can be derived simi-

larly to equations presented in the appendix. Calculating the zeroth and first moment

of the modified particle distribution function, yields the composition, momentum and

a combination of static and dynamic pressure.

C =
∑

α h̄α + δt
2
∇ · (M∇µ) , (4.16)

ρc2su =
∑

α eαḡα − δt
2
C∇µ,

P =
∑

α ḡα + δt
2
u · ∇ρc2s.

In order to obtain composition C using Eq. (4.16) an implicit calculation is re-

quired since chemical potential µ is a function of C, as it is described in the following

section. Our model takes this value from the previous time step explicitly [46]. For

the discretization of forcing terms, see [39].

The LBM used in this study includes two different parts: diffuse interface model

and wetting boundary condition. The following sections will provide an introduction

to each of these parts.
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4.1 Diffuse Interface - Cahn-Hilliard Model

The interface between two species is produced by the system’s need to minimize

energy. At molecular level the energy of interaction of two molecules of different

species is larger than the energy for two of same species. Therefore, if molecules of

different species are separated the energy will be reduced. If molecules of one species

are added to the other, energy is increased and system tends to separate them, making

composition, C, a key thermodynamic variable in the behavior of the mixture. Cahn

and Hilliard [45] postulated that the mixing energy density for the isothermal system

takes the following form:

Emix (C,∇C) = E0 (C) +
κ

2
|∇C|2 (4.17)

where κ is the gradient parameter. Assuming that the bulk energy E0 is given by a

double-well potential function

E0 (C) ≈ βC2 (C − 1)2 , (4.18)

where β is a constant. The classical part of chemical potential is the rate of change

of E0 with respect to C

µ0 =
∂E0

∂C
. (4.19)

The equilibrium profile is determined such that the energy is minimized and reads

µ = µ0 − κ∇2C = const in 1D. In a plane interface at equilibrium, the interface

profile is

C (z) =
1

2
+

1

2
tanh

(
2z

D

)
, (4.20)

where D is the numerical interface thickness, which is chosen based on accuracy and

stability. Given D and β, one can compute the gradient parameter κ and the surface

tension force σ:

κ =
βD2

8
, σ =

√
2κβ

6
. (4.21)
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Figure 4.2: Interfacial tension acting on contact line.

In the convective Cahn-Hilliard equation, the diffusive flow rate j is assumed to be

proportional to a thermodynamic driving force, which is proportional the gradient of

the chemical potential [47]

j = −M∇µ, (4.22)

where M is the mobility. Mixing energy is minimized through bulk diffusion and the

behavior of the system out of equilibrium is dictated by the evolution equation for

the composition C as given in Eq. (4.12).

4.2 Wetting Phenomena and Contact Angles

Wettability of a liquid is described as the affinity of liquids for solids. Wettability is

quantified with a contact angle θeq, defined as the angle between liquid-gas interface

and solid surface measured from point 0 as shown in Fig. 4.2. In this figure there are

three interfaces: liquid-gas, solid-liquid and solid-gas. Each of these interfaces has an

interfacial tension associated to them, σlg, σsl and σsg respectively. At equilibrium, the

force balance at point 0 in the horizontal direction indicates that σlg cos θeq = σsg−σsl.

This is referred to as the Young’s Equation.

Given the contact angle, the degree of wettability of a fluid can be determined. If

θeq = 0o, it is said that liquid completely wets the surface. If 0o < θeq < 90o liquid

is classified as wetting. For 90o < θeq < 180o liquid is referred to as non-wetting and

θeq = 180o liquid is completely non-wetting. As liquid starts moving along the surface,
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there might be a change on the contact angle depending of the wetting properties of

the fluid. In addition, due to surface inhomogeneity, roughness and impurities, usually

there is a difference between the advancing and receding angles, usually referred to

as contact angle hysteresis.

Evaluation of interfacial tensions can be accomplished by introducing the total

free energy, which is a combination of bulk free energy Ψb and surface free energy Ψs

Ψb +Ψs =

∫
V

(E0(C) +
κ

2
|∇C|2)dV +

∫
S

(ϕ0 − ϕ1Cs + ϕ2C
2
s − ϕ3C

2
s + · · ·)dS (4.23)

where ϕi with i = 0, 1, 2 are constant coefficients. Using the same principle used in

the diffuse interface method, chemical potential of the bulk and the surface can be

obtained by taking the derivative of the total free energy with respect to C. Using

the chemical potential, the value of the three interfacial tensions σlg, σsl and σsg can

be obtained.

The solution of Eq. (4.12) requires two boundary conditions. The boundary con-

dition for ∇2µ ensures no mass flux due to the chemical potential gradient in the

direction normal to the solid boundary,

n · ∇µ|s = 0, (4.24)

where n is the unit normal vector. The boundary condition for∇2C can be established

by minimizing the total free energy subject to the specified wall free energy. This

study uses a cubic boundary condition is given as

n · ∇C|s =
ϕc

κ

(
Cs − C2

s

)
. (4.25)

where Cs is the composition at a solid surface that generally differs from the bulk or

equilibrium composition and ϕc is a constant related to the equilibrium contact angle

θeq by ϕc = − cos θeq
√
2κβ. Detailed derivation of these boundary conditions can be

found in the study presented by Lee and Liu [48].



Chapter 5

Single Bubble Rising in

Unconfined Domain

The first stage of this study is to understand the dynamic behavior of multiphase

systems, which is done by simulating the dynamics of a bubble rising in an unconfined

domain under the influence of buoyancy force.

5.1 Background

A bubble rising under the influence of gravitational force is one of the most com-

mon gas-liquid flow phenomena. Understanding the dynamic interaction between the

phases is an important key for the design and operation of industrial applications

such as gas-liquid column reactors [49, 50, 51]. Dynamic behavior of a rising bubble

has been a subject of both experimental and numerical studies for many years. Ex-

perimental studies and correlations were reviewed by Clift et al. [52]. Later, a more

comprehensive study was presented by Bhaga and Weber [53], introducing experi-

mental data and correlations for bubble rise velocity and shape regimes. Rising of a

bubble in a viscous fluid under the influence of gravitational forces can be generally

grouped in three different regimes: Spherical, Ellipsoidal, and Spherical Cap as de-

scribed in [52]. (Description of each regime will follow). These regimes are achieved,

depending on the values of two non-dimensional quantities, as defined below:

31
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Bond number:

Bo =
g△ρd20

σ
, (5.1)

Morton number:

Mo =
g△ρη4l
σ3ρ2l

, (5.2)

where d0 is the initial bubble diameter, ρl is liquid density, ηl is liquid viscosity,

△ρ = ρl−ρg is density difference between continuous medium and the dispersed fluid

and σ is the surface tension. Bo is the ratio of the body forces (effective gravitational

forces) and the surface tension, but it could also be considered as a dimensionless size

of the bubble [54]. Mo provides a description of the properties of the surrounding

fluid, mainly focusing on viscosity and surface tension. Using these non-dimensional

parameters, the dynamics of a single bubble could be predicted. Clift et al. [52]

introduced a bubble diagram to predict the terminal velocity and shape of a rising

bubble at low density ratios, as can be seen in Fig. 5.1. This diagram uses Bo, Mo

and Reynolds number, which is defined as follows:

Reynolds number:

Re =
ρlUtd0
ηl

, (5.3)

where Ut is the terminal velocity of the bubble. Terminal velocity is defined as the

steady velocity that the bubble reaches when there is a balance between buoyancy

and drag forces. A general classification of the bubble is usually done depending on

final shape or by the primary forces acting on the system. However, the transition

areas from regime to regime are still not well defined. A brief description of each

of the three main regimes: Spherical, Ellipsoidal, and Spherical Cap is provided as

follows [52]:

• Spherical Regime: This regime is dominated by surface tension and viscous

forces. Original size of the bubble is small, usually less than 1.3 mm. The

shape of the bubble remains spherical or nearly-spherical. Usually the ratio

of minor to major axis is less than 10%. In this regime, the terminal velocity

is proportional to the size of the bubble. For pure systems, meaning systems

which do not have contaminants at the interface, the evolution of terminal rising
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Figure 5.1: Shape regime map [52].

velocity can be described by Hadamard [55] and Rybczynski [56] as follows:

Ut =
gd20∆ρ

6ηl

(1 + (1/λ1))

(2 + 3(1/λ1))
, (5.4)

where λ1 = ηl/ηg is viscosity ratio.

• Ellipsoidal Regime: This regime is mainly dominated by surface tension.

Bubble size is intermediate, typically from 1.3 to 6 mm, and the range for Bo is

0.25 < Bo < 40. Final shape is usually oblate with convex interface if looking

from inside. Generally, there is no fore-and-aft symmetry. In this regime, there

is little viscous resistance to internal circulation, therefore drag and terminal

velocity are very sensitive to contamination. Terminal velocity for pure systems

is closely approximated by a correlation suggested by Mendelson [57] based on

wave theory

Ut =

√
2.14σ

ρld0
+ 0.505gd0. (5.5)
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• Spherical Cap Regime: This regime is governed by inertia force. Bubble

size is large, usually bigger than 6 mm. Bo > 40 and Re > 1.2. In this

regime, terminal velocity of bubble is proportional to size. In addition, large

inertia creates higher deformation by creating high pressure on the front and rear

while low at the sides. Rising velocity can be described by a theory proposed

by Davies and Taylor [58]

Ut =
2

3

√
gd0
2

∆ρ

ρl
. (5.6)

Computational studies for multiphase flows have been performed using various

numerical methods; see [41]. Specifically for bubble rising, numerical methods used

include but are not limited to following computational studies. Chen et al. [59] eval-

uated dynamics of transformation from spherical to toroidal bubble using a VOF

method. Tomiyama et al. [60] studied dynamic behavior in the regime of surface

tension dominance. However, more recent studies have expanded evaluation to dif-

ferent shape regimes. Van Sint Annaland et al. [61] presented a 3D VOF algorithm

using a new interface reconstructing technique based on piecewise linear interface

representation. Later, Van Sint Annaland et al. [62] introduced a 3D front tracking

model using new surface force to avoid the explicit computation of interface curva-

ture. Bonometti and Magnaudet [63] explored the dynamics of a single rising bubble

using a 3D algorithm which utilizes interface-capturing method for two-phase flows

with high density and viscosity ratios. Smolianski et al. [64] proposed a numerical

method to simulate single bubble and bubble swarms in ellipsoidal and spherical flow

regimes, which accurately captures the change and the deformation of the interface.

Hua et al. [65] used a front tracking algorithm to simulate dynamics of a single bubble

in a 3D model.

The study of dynamics of a rising bubble using LBM have been explored by

Sankaranarayanan et al. [66] using a multi-component model as described by [19], [67],

and [68] as a benchmark study to gauge the capabilities of LBM to simulate bubbly

flows, with a density ratio of 100, Bo < 5 andMo > 1×10−6. Later, the same authors

introduced a new implicit formulation in order to increase the range of dimensionless

simulation parameters to Bo < 10 andMo > 1×10−8 [20]. Takada et al. [69] provided
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a comparison study for single and multiple bubbles rising between LBM and VOF.

LBM simulation was performed using free energy based on the model by [33], and VOF

simulation was done based on a model presented by Hirt and Nichols [70]. This study

showed that LBM exhibited higher deformation than VOF, which was attributed

to the uniformly applied buoyancy force in the LBM simulation. The free energy

model described by [33] was also employed by Frank et al. [71], for a single bubble

rising at Re < 1.8. They reported inadequate agreement with experimental results,

largely because the simulations were performed in two-dimensions. A projection

method was introduced by Inamuro et al. [37], where simulations with density ratios

up to 1000 were achieved. Kurtoglu and Lin [54] presented a LBM based on phase-

field approach [45] and total variation diminishing (TVD) discretization [43], and the

simulation results were presented in the range of Bo < 100 and the density ratio of

2.45. Considering that gas-liquid systems in industrial practice typically have values

of Mo and Bo in the range (10−12 < Mo < 106), and (10−2 < Bo < 104), and the

density ratio of up to 1000, studies of a single bubble rising using LBM thus far, have

been limited to a few shape regimes and low ranges of Bo, Mo, and density ratio

used in the simulations.

5.2 Numerical Method Validation

In order to gauge the capabilities of the LBM algorithm, a series of 2D analyses are

performed to evaluate the effect of important numerical parameters in the simulation.

These parameters included grid resolution, domain size, density ratio, viscosity ratio,

interface thickness, and surface tension. Unless otherwise mentioned, the evaluation

is performed for fixed values of Bo = 10, Mo = 2× 10−2, and d0 = 40 in lattice unit.

5.2.1 Grid Resolution Dependence

A grid resolution analysis was performed using a grid size as a function of the initial

diameter of the bubble 4d0 × 7d0. The sizes of the grids used in this analysis were

160 × 280, 320 × 560, and 640 × 1120. Note that plots presented in this task use
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Figure 5.2: Effect of grid resolution on terminal shape at T = 10.

non-dimensional time T = t/tn1, where tn1 =
√

d0/g.As shown in Fig. 7.3, the effect

of the grid resolution on the final shape is not very significant. Comparing grid sizes

320 × 560, and 640 × 1120, the final shape for each case is almost overlapping each

other. However, the final shape in the coarse grid, 160× 280, has a slight difference

at the sides of the bubble, but overall the shape is properly maintained. In addition,

Fig. 5.3 presents the effect of grid resolution on terminal Re indicating a percent

difference no greater than 5% between the results. Considering the results provided

by this analysis, it is determined that using the coarse grid in this study, corresponding

to d0 = 40 would provide reasonable accuracy and avoid high computational cost.

5.2.2 Domain Size Dependence

Simulations are performed in a confined domain, ergo boundary conditions are no-slip

in all directions and bounce-back conditions are applied for both gα and hα. Analysis

of domain size dependence is performed to determine the influence of the radial and

vertical walls on bubble rising. In the radial direction, as domain increases, the
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Figure 5.3: Effect of grid resolution on terminal Re.

viscous effect created by wall becomes less significant on the behavior of the bubble.

Viscous effects caused by the walls will constrain the radial deformation and slow

down the bubble. Therefore, it is critical to determine the minimum radial size of the

computational domain that practically eliminates the wall effect on the dynamics of

a rising bubble.

In order to determine the minimum radial size for 3D calculations, tests are per-

formed by systematically increasing the radial size by multiples of d0. A comparison

on terminal shape and Re between different tests is presented. As shown in Fig. 5.4,

the deformation of the bubble is less affected by wall when radial direction is 4d0. In

addition the wall effect on terminal velocity is reduced significantly when the domain

is 6d0, as could be seen in Fig. 5.5. However, the use of this dimension will become

computationally costly in 3D calculations. When the domain size is less than 4d0,

bubble velocity is decreased due to a higher wall viscous effect. In addition, this will

reduce the vertical translation of the bubble and minimize the deformation radially.

Therefore, to reduce this viscous effect a radial domain size of 4d0 is selected, since

it has a difference of less than 10% and provides a final shape very close to that in a
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Figure 5.4: Effect of radial domain size on terminal shape at T = 10.

larger domain. This domain size provides a compromise between computational cost

and simulation accuracy. The influence of the size on the vertical direction is not

very significant as long as the bubble does not reach the top wall. The vertical size is

different in each case, since the bubble displacement depends on the value of Re. For

cases of Re ∼ 1, vertical size is around 4d0. However, for Re ∼ 100 size could be as

high as 9d0. Similar validation was performed by [72], resulting in a radial domain of

4d0 and vertical of 12d0.

5.2.3 Density Ratio Dependence

Effect of density ratio is evaluated by comparing the terminal Re and shape of three

different cases. A density ratio is defined as ρl/ρg and the test cases have density ratios

of 10, 100, and 1000, while maintaining all other parameters constant. As shown in

Fig. 5.6, the density ratio has a small effect on the final Re of the bubble. The

difference between cases of the density ratios of 10 and 1000 is about 10%. The rising

Re is influenced by the numerical value of gravity. Using non-dimensional numbers,
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Figure 5.5: Effect of radial domain size on terminal Re.
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Figure 5.6: Effect of density ratio on terminal Re.
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Figure 5.7: Effect of density ratio on terminal shape at T = 10.

it can be seen that gravity is inversely proportional to △ρ. Assuming ρl = 1, ∆ρ for

each case is 0.9, 0.99 and 0.999 respectively. Therefore, the difference between the

numerical values of gravity in each case is also around 10%. Fig. 5.7 shows the final

shape for all the cases at T = 10. As can be seen from the figure, a change on a

density ratio has a small effect on final shape. Deformation mainly depends on the

value of surface tension, which remains unchanged for all the test cases. However, the

density ratio has an effect on final position. A higher density ratio provides a lower

value of terminal Re, therefore the bubble will reach smaller distances in the same

amount of time. A study presented by [72] investigated the effect of density ratio

on terminal velocity and shape. Their conclusion indicates that the effect of density

ratio is more significant in terminal velocity than on terminal shape. The results of

their study agree with the results obtained in current validation.



CHAPTER 5. SINGLE BUBBLE RISING IN UNCONFINED DOMAIN 41

λ1 = 500

λ1 = 1000

λ1 = 100

T

T
e
r
m
i
n
a
l

R
e

0 2 4 6 8 10
0

2

4

6

8

λ1 = 1

λ1 = 10

λ1 = 200

Figure 5.8: Effect of viscosity ratio on terminal Re.

5.2.4 Viscosity Ratio Dependence

In order to evaluate the effect of viscosity ratio, defined as λ1 = ηl/ηg, on the dynamic

behavior of a rising bubble, the six cases evaluated are λ1 = 1, 10, 100, 200, 500 and

1000. As viscosity ratio decreases, the interface becomes more immobile and shear

stress in the system becomes more significant. These factors make the bubble behave

more like a rigid object and enhance the effect of the wall on the rising bubble.

In addition, reduction of viscosity ratio has increased the internal circulation of the

bubble, which delays the wake formation behind the bubble [52]. Therefore, when the

viscosity ratio is at the lowest value studied here, 1, the terminal Re is considerably

reduced and the bubble exhibits little deformation. The effect of modifying viscosity

ratio can be seen in Fig. 5.8 for terminal Re. It is noted that as the value of viscosity

ratio is increased, terminal Re tends to collapse into a single curve. Effect of viscosity

ratio for terminal shape is presented in Fig. 5.9. These results show that there is very

little change on the final shape is viscosity ratio is ≥ 500. However, terminal shapes

for viscosity ratios ≥ 100 maintain same characteristics and profile. In general, using
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Figure 5.9: Effect of viscosity ratio on terminal shape at T = 10.

a high viscosity ratio is needed to achieve a high and accurate value of Re and reach

a consistent final shape. The study by [72] also concluded that change on viscosity

ratio has a strong effect on the terminal velocity as well as terminal shape, a viscosity

ratio of 100 was used in their work.

5.2.5 Interface Thickness Dependence

Interface thickness D is a numerical value used in the diffuse interface method to

improve stability and accuracy in the simulation. A dimensionless number that relates

D and a characteristic length scale is the Cahn number (Cn), defined as Cn = D/d0.

As the value of D increases, a higher level of accuracy and stability in terms of

numerical discretization is achieved while the description of phase interface deviates

from the sharp interface limit. As can be seen in Figs. 5.10 and 5.11, change of Cn

value does not have a significant effect on the terminal Re or shape of the bubble.

Note that there is a lower stability limit in the value of D ∼ 3, which is related to

the number of grid points needed to resolve the interface region. The LBM model
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Figure 5.10: Effect of interface thickness on terminal Re at T = 10.

used in this study uses an isotropic discretization suggested by Lee and Fischer [39],

in order to eliminate the parasitic currents in the system.

In addition to the evaluation of the effect of interface thickness on terminal Re and

shape, numerical tests are also performed to ensure satisfaction of Galilean invariance.

A lack of Galilean invariance is an undesirable feature of some two-phase flow LBM,

and is due to unwanted terms proportional to u · ∇ρ in the recovering process of

macroscopic governing equations [73]. Galilean invariance can be quantified by a

dimensionless error as a function of Uy, a constant and homogeneous vertical velocity,

defined as

E(Uy) = 1− Rv

Rh

(5.7)

where Rv and Rh are the vertical and horizontal radii of a moving bubble measured

after 50, 000 iterations respectively. Numerical tests are performed in order to deter-

mine E(Uy) by varying the values of vertical velocity Uy from 5 × 10−3 to 8 × 10−2,

while maintaining identical numerical conditions: Square domain size of 100 grid

points, bubble diameter 50 grid points, density and viscosity ratio 10, surface tension



CHAPTER 5. SINGLE BUBBLE RISING IN UNCONFINED DOMAIN 44

____ Cn = 0.125

_._. Cn = 0.175

---- Cn = 0.200

x

y

-2 0 2

10

12

.... Cn = 0.100

_.._ Cn = 0.150

Figure 5.11: Effect of interface thickness on terminal shape at T = 10.

1×10−4 and relaxation time 0.5. As can be seen in the results plotted in Fig. 5.12, as

the value of D increases, the dimensionless error remains unchanged and is parallel

to second-order line. Therefore, the model used in this study satisfies Galilean invari-

ance to second-order of accuracy in velocity, an expected and satisfactory accuracy

for LBM.

5.2.6 Surface Tension Dependence

Surface tension is a measure of free energy per unit area at constant temperature.

Evaluation of the effect of surface tension is performed by systematically changing

the value of Bo. As described previously, Bo can be described as the dimensionless

size of the bubble. Therefore, as Bo increases, inertia force has more influence on the

bubble and higher deformation will be experienced by the bubble. Four different cases

are performed at Bo = 1, 10, 100, and 1000. Terminal Re is maintained constant

by changing the values of Mo accordingly. Results for final shape at T = 10 are

presented in Fig. 5.13. As can be seen in the figure at Bo = 1, final shape remains
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Figure 5.12: Dimensionless error as function of Uy with different interface thicknesses
D at 50, 000 iterations. Domain size is 100 × 100, bubble radius d0 = 50, ρl = 1.0,
ρg = 0.1, τl = 0.5 and τg = 0.5.

almost spherical. When Bo = 10, the bubble is deformed mainly at the bottom,

forming a spherical cap. The bubble becomes skirted when Bo = 100 and Bo = 1000,

however, as can be seen when Bo = 1000 the skirt is wider, taller and thinner.

5.2.7 Application of Buoyancy Force Dependence

In order to establish the effect of the method of application of buoyancy force on

the model, three different alternatives were explored. First, gravitational force G

is defined so that the force is applied uniformly in all domain, G = −ρg∇h, as

suggested by Takada et al. [69]. Second, force is defined so that it only affects the

gas, equivalent to G = −(ρ−ρl)g∇h. And, third, force is defined as it was suggested

by Bunner and Tryggvason [75], G = −(ρ − ρave)g∇h, where ρave is the average

density, which is introduced to guarantee that the net momentum flux across the

boundaries in the domain is zero. These three alternatives were tested in two different

2D cases, evaluating the possible change on deformation and terminal velocity. The

parameters used in each case are as follows: test 1, Bo = 32.2, Mo = 8.2 × 10−4
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Figure 5.13: Effect of surface tension on terminal shape at T = 10.

and test 2, Bo = 243, Mo = 266. As can be seen in Fig. 5.14, the difference in the

deformation in both test cases for the three alternatives is almost non-existent. In

addition, the difference between the terminal Re is less than 1% in both test cases.

This indicates that the method of application of buoyancy force in the system has no

effect on the results for deformation and terminal velocity. This contradicts previous

results obtained by Takada et al. [69], where a comparison study between VOF and

LBM was performed for bubble rising. This study showed that LBM exhibited higher

deformation than VOF, which was attributed to the uniformly applied buoyancy force

in the LBM simulation.

5.3 Numerical Results

A new shape regime diagram based on Bo, Mo, and Re, was introduced by Bhaga

and Weber [53]. This diagram has different locations for the transition lines and

introduces additional shape regimes to the diagram introduced by Clift et al. [52].

This diagram is a rise velocity - volume relationship, represented as Re vs. Bo and
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Figure 5.14: Effect of the method of application of buoyancy force at T = 4.5.

function of constant Mo. The new eight different shape regimes are: S, spherical;

OE, oblate ellipsoid; OED, oblate ellipsoidal (disk-like and wobbling); OEC, oblate

ellipsoidal cap; SCC, spherical cap with closed, steady wake; SCO, spherical cap

with open, unsteady wake; SKS, skirted with smooth, steady skirt; SKW, skirted

with wavy, unsteady skirt. The dynamics of single bubble rising has been previously

explored numerically using LBM; however, previous studies have limited analysis on

different flow regimes. In this study, numerical tests are performed by using LBM to

simulate a case for each shape regime. Location of each test case in Bhaga’s shape

regime diagram is presented in Fig. 5.15. Table 5.1 provides the values of Bo and

Mo used in each case. Five cases were selected from experimental results obtained

by Bhaga and Weber. These cases are indicated with an asterisk ∗ in the table.

5.3.1 Terminal Velocity and Shape

Results of 3D simulations are summarized in Tables 5.2 and 5.3. Table 5.2 provides a

comparison between current 3D simulations and experimental results from Bhaga and
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Figure 5.15: Shape regime map for bubbles in liquids: S, spherical; OE, oblate ellip-
soid; OED, oblate ellipsoidal (disk-like and wobbling); OEC, oblate ellipsoidal cap;
SCC, spherical cap with closed, steady wake; SCO, spherical cap with open, unsteady
wake; SKS, skirted with smooth, steady skirt; SKW, skirted with wavy, unsteady
skirt [53].
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Table 5.1: Values of Bo and Mo.

Case CaseBo BoMo Mo

A
Spherical

B
Oblate

Ellipsoid

C*

Oblate
Ellipsoidal

Disk-like

D*

Oblate
Ellipsoidal

Cap

E*

Spherical
Cap Closed

Wake

F
Spherical

Cap Open
Wake

G*

Skirted
Smooth
Steady
Skirt

H*

Skirted
Wavy

Unsteady
Skirt

1.0 ×100

8.2 ×10 -4

1.0 ×101 1.0 ×10 -2

3.2 ×101

1.0 ×10 -5

2.4 ×102 2.6 ×102

1.2 ×102 4.6 ×10 -3

1.0 ×102 1.0 ×10 -3

3.4 ×102 4.3 ×101

6.4 ×102 4.3 ×101

Table 5.2: Comparison of 3D Simulation results and experimental results based on
the study by Bhaga and Weber [53].

Case Current Simulation
Results

Experimental
Results

C
Reexp = 55.3
Resim = 51.7

D
Reexp = 7.8
Resim = 6.2

G
Reexp = 18.3
Resim = 15.2

H
Reexp = 30.3
Resim = 26.8

E
Reexp = 94.0
Resim = 78.9
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Table 5.3: Comparison of 3D Simulation results and previous simulation results
based on Hua et al. [65, 72] and Bonometti and Magnaudet [74].

Case Case
Current

Simulated
Results

Current
Simulated
Results

Previous
Simulation
Results

Previous
Simulation
Results

A
Resim = 8.9

B
Resim = 9.5

C
Resim = 51.7

D
Resim = 6.2

E
Resim = 78.9

F
Resim = 106

G
Resim = 15.2

H
Resim = 26.8

Case E [39]
Resim ~ 10

Case F [39]
Resim ~ 10

Case A2 [18]
Resim = 54.8

Case A3 [18]
Resim = 7.6

Case K [39]
Resim ~ 100

Case A8 [18]
Resim = 88.7

Case A5 [18]
Resim = 17.8

Case A5 [37]
Resim = 29.9

Weber [53]. In this table, the first column provides the values of terminal Re obtained

from the simulation and experimental results from Bhaga’s shape regime map. The

second column provides an illustration of the simulated final shape in each case. The

third column provides experimental final shape in order to quantitatively compare

the simulation results. Table 5.3 shows current results versus previous computational

simulations. In this table, the first column provides the values of terminal Re obtained

from the current simulation and simulation results based on Hua et al. [65], and [72]

and Bonometti and Magnaudet [74]. The second column provides an illustration of

the current simulated final shape in each case. The third column provides the final

shape from previous simulation results. In general, simulation results for terminal

Re tend to be slightly lower than experimental and previous simulation results. This

pattern can be explained by three important factors: first, simulation domain was

reduced in the radial direction to maintain computational cost reasonable. As shown

in previous section, smaller radial size, provides lower terminal Re values. Second,

experimental results were obtained based on small density ratio ∼ 1.5. However,
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Table 5.4: Comparison of 3D simulation terminal Re results with different viscosity
ratios.

A

Reexp = 9.9

B

Reexp = 10.1

C

Reexp = 55.3

D

Reexp = 7.8

G

Reexp = 18.3

H

Reexp = 30.3
CASE

Resim at

λ1 = 100
Resim = 7.6 Resim = 8.2 Resim = 47.8 Resim = 5.6 Resim = 13.5 Resim = 21.7

Resim at

λ1

Resim = 8.9

λ1 = 1000

Resim = 9.5

λ1 = 1000

Resim = 51.7

λ1 = 200

Resim = 6.2

λ1 = 500

Resim = 15.2

λ1 = 500

Resim = 26.8

λ1 = 300

simulations were carried out with density ratio of 1000. Higher value of density ratio

can also decrease the value of terminal Re, as it was shown in previous section. Third,

experimental results were obtained with large viscosity ratio∼ 104. Simulation results

were originally performed using a viscosity ratio of 100 producing low terminal Re. As

shown in previous section, a high viscosity ratio is necessary to obtain high terminal

Re values. Unfortunately, increasing the value of viscosity ratio creates instability

in the simulation for cases with high Re and deformation. Therefore, computations

with higher viscosity ratios were performed in most of the cases, while maintaining

numerical stability, from 200 to 1000. It is noted that using a higher viscosity ratio

provides a higher terminal Re, as shown in Table 5.4. Cases A and B were performed

using a viscosity ratio of 1000, increasing the terminal Re by 15%. Cases D and G

were run with viscosity ratio of 500 raising terminal Re by at least 10%. Case H

was done using viscosity ratio of 300, improving terminal Re by 20%. Case C was

performed with viscosity ratio of 200, increasing terminal Re by 7.5%. Unfortunately,

numerical stability was not reached for cases E and F . However, it is estimated that

if this stability issue is resolved, the terminal Re would be raised in order to obtain

more accurate results. Final simulation shapes are compared using second and third

columns in Tables 5.2 and 5.3. It is the purpose of the comparison to gauge the

capability of the model in order to capture the topological changes based on initial

values of Bo and Mo. Variation of Bo and Mo provides a change on deformation

and velocity, respectively. Deformation is directly proportional to Bo and velocity is
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Figure 5.16: Shape and position evolution for cases A and B.

inversely proportional to Mo. Cases A and B have the lowest values of Bo therefore

they experience the least amount of deformation. These cases are governed mainly

by viscous and surface tension forces. On the other hand, cases E, F, G, and H have

the highest value of Bo exhibiting greater deformation. These cases are dominated

by inertia. However, cases E and F have lower values of Mo, therefore terminal Re

tends to be higher. In addition, simulated results for these cases show that the bubble

is transformed from a spherical cap to a toroidal bubble. Although these results are

different from an experimental solution, this transformation has been obtained by

other numerical studies, including [74], [72], and [63]. Bonometti and Magnaudet [63]

established that the transition from spherical cap to a toroidal shape is very sensitive

to grid resolution. Therefore, in order to capture a more accurate transition process,

it is necessary to increase the grid resolution significantly. Overall, simulated final

shapes exhibit the desired topological changes as described experimentally [53] and

numerically [65], [72], and [74].

In order to provide a better description of the topological changes encountered in

each case, Figs. 5.16 to 5.19 are presented. These figures provide the evolution of the
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Figure 5.17: Shape and position evolution for cases C and D.

shape and the position for each case. As can be seen in Fig. 5.16, case A remains

spherical throughout the trajectory. On the other hand, case B starts to have a

deformation in the lower surface around T = 2 until it reaches an oblate ellipsoidal

shape. Fig. 5.17 shows the evolution for cases C and D. In case C, bottom surface of

the bubble starts to deform pushing side surfaces outward, creating a disk-like shape.

In case D, the bottom surface is deformed until an oblate ellipsoidal cap is formed.

Note that the bubble in case C reaches a higher position than in case D at the same T,

due to a higher value of Re. Fig. 5.18 presents the evolution of the spherical cap cases

E and F. As mentioned previously, these two cases transform from a spherical cap to

a toroidal shape. This transformation takes place sooner in case F, due to its higher

Re and its unsteady wake. Fig. 5.19 shows the evolution of the skirted cases G and

H. The bottom surface of the bubble in case H has a higher deformation throughout

the trajectory, due to a higher value of Bo, making inertia the dominating force in

the system.
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Figure 5.20: Streamlines for cases A and B.

Velocity and Pressure Fields

Figs. 5.20 to 5.23 present the streamlines for each case, at their final T. A closed

toroidal wake region is formed at the back of the bubble as it rises. A recirculation

pattern is produced within the wake. This wake is related to the degree of deforma-

tion, terminal Re, and the size of the bubble. Experimental observation of this wake

region was performed by Bhaga and Weber [53] using H2 tracers. It was noted that

at higher volume, deformation, and Re, a larger wake region was formed. Cases A

undergoes very little deformation and case B has a flatter bottom surface. There-

fore, the wake produced behind the bubble is very small. Streamlines surround the

periphery of the bubble, as could be seen in Fig. 5.20. On the other hand, cases G

and H have high Re and deformation, therefore the wake region is larger. Another

factor to quantify the wake size is the value of Bo, since it could be considered as the

dimensionless size of the bubble. As Bo increases, so does the toroidal wake. There-

fore, when comparing wake size between case E and F, and G and H, cases E and

H will have higher wake regions since their Bo values are also higher, see Figs. 5.22
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Figure 5.21: Streamlines for cases C and D.

and 5.23.

As can be seen from Fig. 5.21, case C experiences an open wake, unlike other cases.

It is believed that this case has crossed the transition point from closed to open wake.

Different experimental studies have been performed to determine the transition from

a closed, steady to an open wake region. Bhaga and Weber [53] indicate that for high

Mo cases, the transition is believed to occur at Re = 110. However, for low Mo,

this transition is a function of other factors such as the Weber number, defined as

We = Re2
√
Mo/

√
Bo. In their study, the critical value to describe high or low Mo

is given by Mo = 4× 10−3. Case C has a Mo = 8.2× 10−4, which is considered as a

low Mo case, therefore it is possible that at its terminal Re, the bubble has crossed

the transition point.

Figs. 5.24 to 5.31 provide three different pressure contours: Total pressure (Ptot),

sum of static and dynamic part (P ), and sum of thermodynamic part (p0) and curva-

ture part (pc). These figures have been non-dimensionalized using Pi−Ptop

0.5ρlU2
c
, where Pi is

the pressure in each contour, Ptop is the pressure value at highest point in the domain,

far away from the bubble and Uc is the characteristic velocity of the system defined
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as Uc1 =
√
gd0. These results emphasize the idea that thermodynamic properties

are independent of the dynamic pressure, since p1/p0 ∼ O(Ma2). This can also be

seen in the contours Ptot, which are very similar to the ones of P , indicating that p0

and pc have very little effect on the total pressure of the system. Another important

observation can be done by comparing the contour values between the cases. Cases

A, B and C, have high range values of p0 and pc, indicating the primary forces acting

on the system are surface forces. This corresponds to low values of Bo, where surface

tension is higher. These three cases have a range of Bo < 35, see Figs. 5.24 to 5.26.

On the other hand, cases G and H, have low range values p0 and pc, indicating that

surface tension is not the primary force in the system. These cases have large Bo,

which makes inertia the driving force in the system. In general, the range level of P

remains very close in all the cases. In addition, it can be noticed that higher values

of P are concentrated at the top surface of the bubble. This indicates that at that

point, the bubble is trying to push away liquid in order to keep rising.

Drag Coefficient

As the bubble rises, there are two main forces acting on the system: buoyancy and

drag. Buoyancy is the driving force and drag is the force that opposes the bubble

motion. The rising bubble reaches a point where these two forces are balanced,

reaching a steady velocity, known as terminal velocity. Studies have been performed

to relate the terminal velocity with drag force. Using experimental studies, Bhaga

and Weber [53] established a relationship between the drag coefficient Cd and Re,

limited to large values of Mo > 4 × 10−3. The relationship between Cd and Re is

given by:

Cd =

[
(2.67)0.9 +

(
16

Re

)0.9
] 1

0.9

. (5.8)

Using the principle that terminal velocity is reached when drag and buoyancy

forces are balanced, a theoretical relationship can be established between Ut and Cd.

Buoyancy force can be estimated as weight of a spherical bubble Fbu = πd30∆ρg/6 and

drag force can be calculated using Fdr = −ρU2
t ACd/2, where A is the cross-sectional
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and dynamic part, p0 is the thermodynamic part, and pc is the curvature part.
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Figure 5.25: Pressure contours for case B. Ptot is total pressure, P is the sum of static
and dynamic part, p0 is the thermodynamic part, and pc is the curvature part.
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Figure 5.26: Pressure contours for case C. Ptot is total pressure, P is the sum of static
and dynamic part, p0 is the thermodynamic part, and pc is the curvature part.
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Figure 5.27: Pressure contours for case D. Ptot is total pressure, P is the sum of static
and dynamic part, p0 is the thermodynamic part, and pc is the curvature part.
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Figure 5.28: Pressure contours for case E. Ptot is total pressure, P is the sum of static
and dynamic part, p0 is the thermodynamic part, and pc is the curvature part.
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Figure 5.29: Pressure contours for case F. Ptot is total pressure, P is the sum of static
and dynamic part, p0 is the thermodynamic part, and pc is the curvature part.
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Figure 5.30: Pressure contours for case G. Ptot is total pressure, P is the sum of static
and dynamic part, p0 is the thermodynamic part, and pc is the curvature part.
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Figure 5.32: Drag coefficient comparison between experimental results from Bhaga
and Weber [53] and simulation results.

area normal to the bubble motion. Using these definitions, a theoretical relationship

between Cd and Ut is given by

Cd =
4∆ρgd0
3U2

t ρl
. (5.9)

Simulation results are compared to experimental correlation Eq. (5.8), based on the

constraint that Mo > 1× 10−4. Comparison was performed by calculating Cd using

theoretical relationship given in Eq. (5.9), using numerical values for Ut. As can

be seen in Fig. 5.32, simulation results are in good agreement with experimental

correlation.

5.3.2 Comparison with Correlation

Rodrigue [76] proposed a simple correlation for the dynamics of bubble rising in a

pure viscous fluid, obtaining terminal velocity as function of physical parameters.

This correlation was obtained using a dimensional analysis on experimental results

from 19 studies, covering a large range of physical parameters, such as ρl, ηl, σ, Re,
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Figure 5.33: Comparison of velocity number for simulation results and correlation [76].

and Mo. Bubble motion is described using two non-dimensional numbers obtained

from this study:

Flow number:

F = g

[
d80ρ

5
l

ση4l

]1/3
= Bo

(
Re

Ca

)2/3

, (5.10)

and Velocity number:

V = Ut

[
d20ρ

2
l

σηl

]1/3
= (Re2Ca)1/3, (5.11)

where Ca = ηlUt

σ
is the capillary number. Rodrigue [76] proposed a new correlation

between these two non-dimensional numbers in the form of

V =
a1F

b1

1 + c1F d1
, (5.12)

where a1 = 1/12, b1 = 1, c1 = 49/1000 and d1 = 3/4.

A comparison between current numerical results and this correlation is performed

to test the ability of LBM to predict V for a large range of physical parameters, and
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it is shown in Fig. 5.33. In general, there is a reasonable agreement between the

numerical results and the correlation. This indicates that numerical simulation can

predict an important non-dimensional number, which is related to terminal velocity,

a factor that described the dynamic behavior of a rising bubble.

In summary, a 2D analysis is performed in order to establish the dependence

on physical and numerical parameters such as density ratio, viscosity ratio, surface

tension, interface thickness, and domain size. In addition, a 3D analysis was per-

formed by simulating a case for each of the eight different shape regimes introduced

by Bhaga and Weber [53]. These analyses are a suitable foundation for the under-

standing of dynamics of multiphase systems. The next stage is to add the complexity

of confinement, in order to investigate the effect of wall in the evolution on the flow.



Chapter 6

Single Bubble Rising in a Square

Channel

The second stage is to introduce the effect of the walls by evaluating the dynamics

of a bubble rising on a vertical and inclined square channel. The driving force is this

stage is the buoyancy force in the system.

6.1 Background

The flow of a bubble rising in a liquid-filled channel has many practical and indus-

trial applications in enhanced oil recovery [84, 85], trickle-bed reactors [86], mono-

lithic structures [8], biomedical applications [87, 88], and microelectronic cooling sys-

tems [89]. For this reason, the motion of bubbles in vertical capillaries with circular

and square cross-sections has been studied experimentally, theoretically, and numer-

ically. Experimentally, Taylor [90] performed a study to measure the fluid film thick-

ness in circular capillaries. This study established that the value of film thickness

converged to a constant value as a critical value of the capillary number Ca was

reached. A complementary study for low viscosity fluids and high velocity cases was

presented by Aussillous and Quéré [91]. This study proposed a first order analysis in

order to describe the film thickness for cases at high velocity which tended to deviate

66



CHAPTER 6. SINGLE BUBBLE RISING IN A SQUARE CHANNEL 67

from Taylor’s law [90]. This deviation was attributed to the effect of inertia. Thu-

lasidas et al. [96] performed an experimental and computational analysis to calculate

the main mass transfer in the bubble train flow process for circular and square capil-

laries. Liquid film thickness and gas-liquid areas were determined experimentally for

different flow rates. An iterative scheme was used to find the velocity of the bubble

and liquid slugs, as well as the volume fraction of liquid inside of channel. Later,

Thulasidas et al. [97] performed a theoretical and experimental study of the dynam-

ics of a bubble-train flow inside circular and square capillaries. This study provided

a description of the velocity profiles for a wide range values of Ca. Clanet et al. [98]

carried out an analytical and experimental study for rising bubbles in arbitrary cross

section tubes. This study presented a relationship between the rising velocity (Ut)

of a bubble and the geometrical properties of the tube. The results of this study

were divided into two domains based on the value of the Reynolds number, defined

as Res =
UtSρ
Prη

, where S is the cross sectional area, Pr is the perimeter of the channel,

ρ and η are the density and dynamic viscosity of the liquid, respectively. In the low

Res domain, Ut is related to the geometrical properties by Ut = 0.012gS/ν where g is

the gravity. In the high Res domain, the relation is given by Ut =
√
8πgPr. Recently,

Li et al. [99] introduced a study for bubble rising under the influence of gravity for

different bubble sizes. This study proposed a relationship between the Weber number

We and important flow parameters such as bubble velocity, bubble deformation, and

film thickness.

Theoretically, Bretherton [100] used lubrication theory to analyze a long bubble in

circular tubes with low Ca (Ca < 10−4), treating it as a tight fitting piston problem.

In this study a power-law relationship between wetting film thickness and Ca was

presented. An extension of this study was presented by Reinelt and Saffman [101]

introducing a theoretical and computational analysis for cases up to Ca < 10−1. In

addition, Ratulowski and Chang [102] performed a study which used an arclength-

angle formulation of a modified lubrication equation to compute the pressure drop and

wetting film thickness for single bubble in circular and square capillaries at higher Ca.

For cases with Ca < 10−1, the pressure drop results agreed with study presented by

Reinelt and Saffman [101]. Kolb and Cerro [103] developed a film evolution equation
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for long bubbles in square channels. This equation can be coupled with the Young-

Laplace equation to provide a complete set of equations to describe the interface

profile for large values of Ca and Bo.

Numerically, Bugg et al. [104] introduced an analysis based on finite difference

method to evaluate the dynamic behavior of the gas-liquid interface for large range of

Bo and Mo in circular capillaries. The predictions for bubble velocity and film thick-

ness were in good agreement with experimental results. Yang et al. [105] presented an

investigation of bubbly flow in a narrow channel based on the lattice Boltzmann equa-

tion (LBE) method. The focus of this paper was small channels, where the capillary

forces are dominant. For a single Taylor bubble, simulation results for film thick-

ness were in good agreement with analytical correlation given by Bretherton [100].

This correlation describes film thickness y as function of Ca, using y/H = 1.337Ca
2
3 ,

where H is half of hydraulic diameter. Hazel and Heil [106] presented a study based

on the finite element method to evaluate the shape and pressure drop across the tip

of a long bubble in tubes of elliptical and rectangular cross-sections. This study is in

good agreement with the theoretical work presented by Wong et al. [107] for pressure

drop in low Ca cases in rectangular channels. It also showed that gravity tended

to affect the fluid film deposited behind the rising bubble. As the gravity increases,

more fluid accumulates at the film region, therefore increasing pressure drop across

the tip of the bubble. Taha and Cui [29] performed a computational analysis using

FLUENT focusing on slug flows. This study provided a relationship between Ca and

the shape and velocity field of the bubble.

Dynamics of rising bubbles in inclined capillaries with circular and square cross-

sections has been studied experimentally and numerically as well. Experimentally,

Zukoski [108] showed that the influence of surface tension was higher than that of

viscosity in the evolution of velocity for a long bubble. This study also observed

the influence of the inclination on the dynamic behavior of the bubble. It showed

that the velocity of the bubble reached a maximum value when the inclination of the

tube was around 45◦, and that at a constant inclination the velocity of the bubble

decreased with surface tension. Later, Maneri and Zuber [109] performed a study on

two-dimensional bubbles and determined that bubble rising motion could be classified
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into three regimes depending the angle of inclination. In addition, this study showed

that the wall effect decreased as the inclination increased. More recently, Shosho

and Ryan [110] introduced a study for bubble rising in inclined tubes in Newtonian

and Non-Newtonian fluids as a function of the Froude number Fr, Bo and Mo. This

study corroborated the findings from Zukoski [108] where a maximum value of Fr was

reached, as the value of inclination reached a critical value around 45◦. Furthermore,

it was found that the critical inclination angle reduced with the value of Mo and Fr

increased with Bo. In general, values for Fr tend to be lower for Non-Newtonian

fluids. Norman and Miksis [111] performed a two-dimensional computational study

using a level set finite difference method. This study discussed the effect of Bo, Re

and inclination on the final shape of the bubble and the distance from the wall. At

low inclination, bubble reaches a steady shape and remains at a constant distance

away from the wall. Once the inclination has reached a critical value at intermediate

Bo, the bubble starts bouncing within the channel. At Bo higher than the critical

value, the bubble becomes unstable and breaks up. DeBisschop et al. [112] performed

a two-dimensional study using boundary integral method with and without insolu-

ble surfactant. In the cases without surfactant, it was noticed that increasing Bo

increased the deformation and the final velocity of the bubble. In the case with sur-

factant, the bubble tended to be more elongated and slender, therefore increasing the

distance between the bubble and the wall.

6.2 Test Cases and Computational Setup

The simulation cases were selected from the experimental study performed by Li et

al. [99]. The experimental study was performed using solutions based on glycerine

and sodium iodide at different viscosities. The notation used in the experiment cases

is also used in the present study to maintain consistency. GW denotes glycerine

solutions and SO denotes sodium iodide. Each case is followed by a number, which

was used to distinguish different viscosity levels in the experiment. In the cases of

GW, channels with different cross-sectional dimensions are used and they are labeled

as -1 and -2. SO cases have only one cross-sectional dimensions. Table 6.1 shows



CHAPTER 6. SINGLE BUBBLE RISING IN A SQUARE CHANNEL 70

CASE

GW1-1

GW2-1

GW3-1

GW2-2

GW3-2

GW4-2

BO MO ρratio CASE BO MO ρratio

GW5-2

SO2

SO3

SO4

SO5

SO6

5.4

1.7x10 -1

8.1x10 -4

4.9x10 -3

1.7x10 -1

4.9x10 -3 6.1x10 -2

3.4x10 -1

8.3x10 -1

3.7x10 0

7.2x10 2

7.0x10 1

7.8x10 3

907.5

947.5 790.0

997.7

947.5

997.7

1016

1051

907.5

790.0

798.3

849.2

9.3

10.4

10.8

11.2

11.2

11.4

5.3

4.8

11.8

10.8

10.3

Table 6.1: Values of Bo, Mo and density ratio in each case from experimental study
by Li et al. [99].

the different cases used in the current study with non-dimensional numbers Mo and

Bo. Bo is defined using Rc which is the characteristic length chosen to be half of

the hydraulic diameter Dh. For a square channel Dh is the channel width. ηl is the

dynamic viscosity of liquid. The dimensionless bubble size is described as k = a
Rc
,

where a is the radius of the spherical bubble. Each of the cases performed in this

study uses four non-dimensionless bubble sizes, k = 0.6, k = 0.8, k = 1.05, and

k = 1.25. In the current study the density ratio is the same as the experimental

values, as it was shown in Table 6.1. However, the viscosity ratio is fixed at 100

to maintain numerical stability. Amaya-Bower and Lee [77] showed that when the

viscosity ratio is larger than 100, the solution does not depend on the viscosity ratio.

The experiments were performed using channels of length at least 30 times their

hydraulic diameter. Simulation of this aspect ratio will create a prohibitively high

computational cost. Therefore, a domain size analysis is performed to establish the

minimum acceptable channel length that can be used while maintaining accuracy

in the results. The domain size analysis is done by comparing two non-dimensional

physical parameters at four different channel lengths, 10Rc, 15Rc, 20Rc, and 30Rc

for the case GW1-1. These parameters are the film thickness δ and the deformation

parameter ∆. δ is defined as the minimum thickness between the bubble and the wall



CHAPTER 6. SINGLE BUBBLE RISING IN A SQUARE CHANNEL 71

30 Rc

20 Rc

10 Rc

k

δ

0.6 0.8 1.0 1.2 1.4

0.2

0.3

0.4

0.5

15 Rc

(a) Film Thickness δ

30 Rc

15 Rc

10 Rc

k

∆

0.6 0.8 1.0 1.2 1.4

0.0

0.1

0.2

0.3

0.4

0.5

10 Rc

(b) Deformation Parameter ∆

Figure 6.1: Effect of channel length on non-dimensional parameters in (a) film thick-
ness δ and (b) deformation parameter ∆ at T = 10 for case GW1-1. The channel
lengths are 10Rc, 15Rc, 20Rc and 30Rc.

divided by Rc. ∆ is the ratio based on the length Lbu and width Wbu of the bubble,

defined as ∆ = Lbu−Wbu

Lbu+Wbu
. The results of the analysis are shown in Fig. 6.1a for δ and

in Fig. 6.1b for ∆. Note that plots presented in this task use non-dimensional time

T = t/tn2, where tn2 =
√

Rc/g. As it can be observed from these plots, the results

for k < 1 are very close to each other when the channel lengths are ≤ 20Rc, and they

are different from the channel length for 30Rc by less than 7%. Therefore, for cases

where k < 1, a channel length of 10Rc will be used. However, this channel length has

a higher effect on the cases where k > 1, for which 15Rc will be used. The results

obtained with a channel length of 15Rc are very similar to those with 20Rc.

A grid resolution analysis was performed keeping the channel aspect ratio constant

at 2Rc×15Rc×2Rc for case SO4 at inclination of 75◦. The grids used in this analysis

were 60 × 450 × 60, 90 × 635 × 90, and 120 × 900 × 120. As shown in Fig. 6.2, the

final shape in the coarse grid has only a slight difference at the top and bottom of the

bubble from the finer grids and overall the shape is properly maintained. Considering

the results given by this analysis, it is determined that using the 60× 450× 60 grid

in this study, corresponding to Rc = 30 would provide reasonable accuracy and avoid

high computational cost.
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Figure 6.2: Effect of grid resolution on final shape at T = 10 for case SO4 at inclination
of 75◦.

Simulations with different equilibrium contact angles ranging from 30◦ to 150◦

were performed but there was no noticeable difference in the bubble deformation and

the values of δ and ∆. Therefore, we will fix the equilibrium contact angle at 150◦

for all the cases of vertical and inclined channels.

6.3 Validation: Comparison with Experimental Re-

sults

The steady shapes of the bubble for four different cases GW2-2, GW3-2, GW4-2, and

SO4 are compared with the experimental results [99]. This comparison is shown in

Figs. 6.3a to 6.3d. In general, the computed steady shapes present the basic features

of the experimental bubble shapes. For k = 0.6, the bubble tends to remain spherical,

as it is for cases GW3-2, GW4-2, and SO4. However, in case GW2-2 the final shape

is a spherical cap. For k = 0.8, the bubble tends to take an elongated mushroom

shape, as it is for cases GW2-2, GW3-2, and SO4. In the case of GW4-2 final shape
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becomes an elongated egg. For k = 1.05 the bubble tends to take a bullet shape for

all of the cases. Lastly, for k = 1.25 the bubble transforms into a slug shape.

The values of δ and ∆ for two experimental cases GW2-2 and GW4-2 are also

compared with the LBE simulations. Comparison between simulation and experi-

mental results is shown in Fig. 6.4a for δ and in Fig. 6.4b for ∆. As can be seen from

these plots, the results from the LBE simulations are in good agreement with the

experimental results by Li et al. [99]. In general, the simulation results capture the

trend between k and the non-dimensional parameters. As the value of k increases δ

decreases and ∆ increases. This provides a good level of confidence on the accuracy

of the simulation results.

All the numerical results are organized into three groups in order to keep the cases

within similar ranges of Ca. The three groups in the increasing order of Ca are: three

cases for GW-1, four cases for GW-2, and five cases of SO. The following sections

will examine the effect of k on the main physical characteristic of the rising bubble,

namely the final shape, δ, and ∆. In addition, the streamlines, vorticity and pressure

contours of all the cases at k = 1.25 will be presented.

6.4 Final Shape

Figs. 6.5a to 6.8c show the results for all the cases organized by the increasing order

of Ca in each group for each non-dimensional size k. Each of the figures includes

the final shape of each case as well as the values of non-dimensional numbers in the

simulation, such as Weber number We, δ, ∆, and Reynolds number Re based on Rc.

We is the ratio between inertia and surface tension and it is defined as We =
ρlU

2
t Rc

σ

Looking closely at the final shapes of the bubble, interesting conclusions can be

drawn. In all the figures, Ca increases and We and Re decrease from left to right.

This indicates that effect of inertia and surface tension is being reduced as the viscous

effect is increased in the same direction. For k = 0.6, bubble tends to remain spherical

except for case GW2-2. This case corresponds to the highest We and Re, indicating

that the surface tension and viscous effect are lower than other cases. The reduction

of viscosity and surface tension promotes higher deformation in the bubble. In cases
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Figure 6.3: Comparison of the final shapes between the LBE simulations and the
experimental results by Li et al. [99] for four cases (a) GW2-2, (b) GW3-2, (c) GW4-
2, and (d) SO4. The upper rows present the LBE simulations and the lower rows the
experimental results.
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Figure 6.4: Comparison of non-dimensional parameters (a) film thickness δ and (b)
deformation parameter ∆ between the LBE simulations and the experimental results
by Li et al. [99] for cases GW2-2 and GW4-2.

where k ≥ 0.8, deformation is not as consistent. Cases with low Ca such as GW-

1 experience the lowest amount of deformation, since surface tension is higher in

those cases. As Ca increases so does the deformation. However, We starts playing an

important role. Cases with higher values of We tend to have a flatter bottom surface.

In addition, cases where We is the highest have a concave surface at the bottom. This

observation is consistent with the results presented by Taha and Cui [29] and Li et

al. [99]. Taha and Cui attributed the re-entrant cavity to the high value of Ca, whereas

Li et al. claimed that it was a combination of high values of Ca andWe. Furthermore,

it is important to emphasize the interesting patterns that can be obtained from the

non-dimensional numbers given in the plots. δ is directly proportional to We, which

is consistent with the findings by Li et al. [99]. However, a consistent pattern for ∆

and Ca or We is not perceived from these results. For low k, ∆ tends to increase or

fluctuate with Ca. In cases shown in Figs. 6.5a, 6.6a, and 6.6b, ∆ increases with Ca

which implies that the bubble is becoming more elongated along the flow direction.

These cases have the largest values of We and Re. On the other hand, for high k the

value of ∆ tends to decrease or fluctuate with Ca. Cases presented in Figs. 6.7a, 6.7c,

and 6.8c, ∆ decreases with Ca showing that the bubble is becoming less prolate.
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GW1-1
Ca = 0.0579
We = 0.2744
Re = 4.7380
δ = 0.4663

∆ = -0.0233

GW2-1
Ca = 0.0607
We = 0.1210
Re = 1.9925
δ = 0.4662

∆ = -0.0174

GW3-1
Ca = 0.0678
We = 0.0244
Re = 0.3601
δ = 0.4329

∆ = -0.0081

(a) Group GW-1

GW2-2
Ca = 0.1255
We = 0.7724
Re = 6.1529
δ = 0.4329

∆ = -0.0932

GW3-2
Ca = 0.1495
We = 0.1782
Re = 1.1918
δ = 0.4329

∆ = -0.0019

GW4-2
Ca = 0.1476
We = 0.1203
Re = 0.8148
δ = 0.4329
∆ = 0.0033

GW5-2
Ca = 0.1489
We = 0.0783
Re = 0.5257
δ = 0.4329
∆ = 0.0035

(b) Group GW-2

S02
Ca = 0.1239
We = 0.1894
Re = 1.5293
δ = 0.4663

∆ = -0.0190

S03
Ca = 0.1835
We = 0.0569
Re = 0.3101
δ = 0.4330
∆ = 0.0131

S04
Ca = 0.1958
We = 0.0153
Re = 0.781
δ = 0.4329
∆ = 0.0079

S05
Ca = 0.2074
We = 0.0054
Re = 0.0259
δ = 0.3996

∆ = -0.0223

S06
Ca = 0.2215
We = 0.0019
Re = 0.0085
δ = 0.3996

∆ = -0.0227

(c) Group SO

Figure 6.5: Simulation results for final shape at T = 10 and for k = 0.6 for all cases
organized in three groups. (a) GW-1, (b) GW-2, and (c) SO.
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GW1-1
Ca = 0.0466
We = 0.1774
Re = 3.8105
δ = 0.2997
∆ = 0.0541

GW2-1
Ca = 0.0532
We = 0.0928
Re = 1.7468
δ = 0.2996
∆ = 0.0426

GW3-1
Ca = 0.0600
We = 0.0191
Re = 0.3189
δ = 0.2664
∆ = 0.0533

(a) Group GW-1

GW2-2
Ca = 0.1045
We = 0.4915
Re = 4.7024
δ = 0.3330

∆ = -0.0186

GW3-2
Ca = 0.1517
We = 0.2105
Re = 1.2953
δ = 0.2997
∆ = 0.0989

GW4-2
Ca = 0.1575
We = 0.1369
Re = 0.3189
δ = 0.3330
∆ = 0.1503

GW5-2
Ca = 0.1602
We = 0.0906
Re = 0.8695
δ = 0.2997
∆ = 0.1152

(b) Group GW-2

S02
Ca = 0.1254
We = 0.1942
Re = 1.5487
δ = 0.3330
∆ = 0.0845

S03
Ca = 0.2020
We = 0.0690
Re = 0.3414
δ = 0.2997
∆ = 0.1145

S04
Ca = 0.2089
We = 0.0174
Re = 0.0833
δ = 0.2331
∆ = 0.0311

S05
Ca = 0.2143
We = 0.0057
Re = 0.0267
δ = 0.1997

∆ = -0.0051

S06
Ca = 0.2397
We = 0.0022
Re = 0.0092
δ = 0.1996

∆ = -0.0099

(c) Group SO

Figure 6.6: Simulation results for final shape at T = 10 and k = 0.8 for all cases
organized in three groups. (a) GW-1, (b) GW-2, and (c) SO.
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GW1-1
Ca = 0.0395
We = 0.1278
Re = 3.2336
δ = 0.2331
∆ = 0.2825

GW2-1
Ca = 0.0524
We = 0.0902
Re = 1.7209
δ = 0.2330
∆ = 0.2687

GW3-1
Ca = 0.0601
We = 0.0192
Re = 0.3192
δ = 0.1664
∆ = 0.2668

(a) Group GW-1

GW2-2
Ca = 0.0976
We = 0.4666
Re = 4.7823
δ = 0.2330
∆ = 0.1783

GW3-2
Ca = 0.1384
We = 0.1527
Re = 1.1032
δ = 0.1997
∆ = 0.2818

GW4-2
Ca = 0.1551
We = 0.1329
Re = 0.8564
δ = 0.2664
∆ = 0.3274

GW5-2
Ca = 0.1562
We = 0.0861
Re = 0.5516
δ = 0.2330
∆ = 0.3081

(b) Group GW-2

S02
Ca = 0.1335
We = 0.2200
Re = 1.6481
δ = 0.2664
∆ = 0.3338

S03
Ca = 0.2175
We = 0.0799
Re = 0.3675
δ = 0.1997
∆ = 0.3124

S04
Ca = 0.2296
We = 0.0210
Re = 0.0916
δ = 0.1664
∆ = 0.2760

S05
Ca = 0.2333
We = 0.0068
Re = 0.0291
δ = 0.1664
∆ = 0.2706

S06
Ca = 0.2653
We = 0.0027
Re = 0.0102
δ = 0.1664
∆ = 0.2702

(c) Group SO

Figure 6.7: Simulation results for final shape at T = 10 and k = 1.05 for all cases
organized in three groups. (a) GW-1, (b) GW-2, and (c) SO.
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GW1-1
Ca = 0.0471
We = 0.1814
Re = 3.8527
δ = 0.1997
∆ = 0.4483

GW2-1
Ca = 0.0544
We = 0.0974
Re = 1.7883
δ = 0.1664
∆ = 0.4241

GW3-1
Ca = 0.0603
We = 0.0193
Re = 0.3204
δ = 0.1331
∆ = 0.4411

(a) Group GW-1

GW2-2
Ca = 0.0956
We = 0.4482
Re = 4.6867
δ = 0.1331
∆ = 0.3228

GW3-2
Ca = 0.1588
We = 0.2009
Re = 1.2655
δ = 0.1664
∆ = 0.4638

GW4-2
Ca = 0.1501
We = 0.1244
Re = 0.8285
δ = 0.1665
∆ = 0.4629

GW5-2
Ca = 0.1639
We = 0.0949
Re = 0.5789
δ = 0.1662
∆ = 0.4662

(b) Group GW-2

S02
Ca = 0.1444
We = 0.2576
Re = 1.7835
δ = 0.1997
∆ = 0.4831

S03
Ca = 0.2275
We = 0.0875
Re = 0.3844
δ = 0.1663
∆ = 0.4792

S04
Ca = 0.2321
We = 0.0215
Re = 0.0926
δ = 0.1664
∆ = 0.4668

S05
Ca = 0.2359
We = 0.0069
Re = 0.0294
δ = 0.1665
∆ = 0.4642

S06
Ca = 0.2728
We = 0.0028
Re = 0.0104
δ = 0.1665
∆ = 0.4641

(c) Group SO

Figure 6.8: Simulation results for final shape at T = 10 and k = 1.25 for all cases
organized in three groups. (a) GW-1, (b) GW-2, and (c) SO.
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These cases correspond to the lowest values of We and Re. Therefore, the behavior

of ∆ is a combination of k, We, and Re. This is not consistent with the experimental

findings by Li et al., which indicates that ∆ is inversely proportional solely to We.

Their conclusion was reached by comparing only two cases GW2-2 and GW4-2, as

presented in the previous section. If only these two cases are considered, the current

study predicts increasing ∆ with decreasing We as well, as it is presented in Fig. 6.4b.

6.4.1 Final Shape vs. Bo

Bo is an important factor that determines the level of deformation of the bubble.

To assess the effect of Bo, a comparison of the final shapes between two cases GW2

and GW3 for two different Bo each, labeled as −1 and −2 is performed. The values

of Bo for each case are presented in Table 6.1. The comparison is presented in

Figs. 6.9a to 6.9b. As can be seen from these plots, deformation for the cases labeled

−2 is greater. These cases have higher values of Bo, which indicates that the surface

tension is lower and deformation is enhanced. For k ≤ 0.8 and low Bo bubble tends

to remain spherical. However, as Bo increases the bubble tends to become a spherical

cap with a flatter bottom surface. In the case of k ≥ 1.05 and low Bo, the bubble

remains elongated with rounded top and bottom surfaces. However, as Bo increases,

the radius of curvature at top and the bottom is increased. This effect is more

pronounced at the bottom surface, which becomes flatter.

6.4.2 Film Thickness vs. k

A preliminary result for the relationship between δ and k was presented in the previous

section as it was compared with the experimental results for two cases. As the value of

k increases, so does the volume and the cross-sectional area of the bubble. Therefore,

as the bubble rises, it tends to push away liquid from the sides towards the top of

the bubble and the corners of the channel, and the value of δ is reduced. Simulation

results, which capture this physical relationship between k and δ are presented in

Figs. 6.10a to 6.10c. In addition, these plots list the cases in decreasing Ca and

increasing We. It could be noticed that the value of δ decreases with Ca and as We
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k = 0.6 k = 0.8 k = 1.05 k = 1.25

GW2-2

GW2-1

(a) Cases GW2-1 and GW2-2

k = 0.6 k = 0.8 k = 1.05 k = 1.25

GW3-2

GW3-1

(b) Cases GW3-1 and GW3-2

Figure 6.9: Effect of Bo on final shape at T = 10 for cases two cases (a) GW2 and
(b) GW3.



CHAPTER 6. SINGLE BUBBLE RISING IN A SQUARE CHANNEL 82

goes up. This pattern is consistent with the findings by Li et al. [99].

6.4.3 Deformation Parameter vs. k

An initial result for the relationship between ∆ and k was presented in the previous

section comparing the simulation results with the experimental results for two cases.

For these two particular cases, ∆ increases with k. Simulation results show that this

pattern is consistent for all the cases, as it is shown in Figs. 6.11a to 6.11c. These

plots also list the cases in a decreasing Ca and increasing We. It could be noticed

that a consistent pattern that relates ∆ and Ca or We is not obtained from these

plots. Therefore, ∆ is a combination of k, Ca and We.

6.5 Streamlines and Vorticity Contours

To facilitate a clear representation of the three-dimensional vectors, two different

planes XY and XZ are used to present these streamlines for the all the cases at

k = 1.25. This value of k was selected since it represents the bubbles that have the

highest volume and greatest interaction between the bubble and the walls. Figs. 6.12a

to 6.12c show the streamlines in the XY plane at the center of the channel Z = 0.

Looking closely at these plots, the general silhouette of the streamlines is similar for

all the cases. There is a symmetrical recirculation pattern inside of the bubble, which

goes over the cross-sectional area of the bubble. Case SO6 has additional eddies inside

of the bubble. This case has the highest level of Ca, therefore the viscous effect will

be higher. Furthermore, for all the cases there are no additional eddies at the back of

the bubble, since in general the value of the Re is intermediate. The only case, that

has a different profile is case GW2-2, since this case has a negative curvature at the

bottom of the bubble and it also has the highest value of Re.

Figs. 6.13a to 6.18c present the streamlines and the Y-component of vorticity

contours in the XZ plane at four different elevations of Y -axis. These elevations

were selected by dividing each bubble in 5 equally spaced segments. The placement

of these elevations is presented in each of the XY plane plots by four markers label
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GW1-1

GW2-1
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δ
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(a) Group GW-1
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(b) Group GW-2

SO6

SO5

SO2

SO3
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δ

0.4 0.6 0.8 1.0 1.2 1.4 1.6
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0.2

0.3

0.4

0.5

SO4

(c) Group SO

Figure 6.10: Evolution of film thickness δ as function of k for all cases organized in
three groups. (a) GW-1, (b) GW-2, and (c) SO.
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(c) Group SO

Figure 6.11: Evolution of deformation parameter ∆ as function of k for all cases
organized in three groups. (a) GW-1, (b) GW-2, and (c) SO.
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(a) Group GW-1

(b) Group GW-2

(c) Group SO

Figure 6.12: Streamlines in the XY plane at T = 10 for all cases organized in three
groups. (a) GW-1, (b) GW-2, and (c) SO.
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Y1-Y4. Observing in detail these cross-sectional plots, significant patterns can be ob-

tained for the streamlines and the vorticity contours. These patterns will be discussed

for each location. For location Y1, the streamlines have an asymptotic-like pattern

starting at the corners going to center of the channel. In terms of vorticity three

different patterns can be observed (along the wall, around the boundary of the bub-

ble, and a combination between them). These patterns can be more easily observed

by describing each group individually. For group GW-1, the cases with the low Ca,

GW1-1 and GW2-1 have noticeable vorticity along the wall. However, case GW3-1

with the highest value of Ca has large vorticity along the wall and the boundary of

the bubble. Note that vorticity is non-dimensionalized using Uc2

Rc
, where Uc2 is the

characteristic velocity of the system defined as Uc2 =
√
gRc. In general, the value of

vorticity is reduced as the Ca increases. As the value of Ca increases, so does the

effect of viscosity. This creates a higher resistance to circulation, therefore reducing

the value of vorticity. For group GW-2, all the cases have vorticity contours along

wall and boundary. In addition, the relationship between the vorticity values and the

level of Ca is the same as group GW-1. In group SO, cases with low Ca, SO2 to

SO4 have noticeable vorticity contours along the wall and the boundary. However,

for cases with high Ca the vorticity contour is concentrated only along the wall.

Locations Y4 have also an asymptotic streamline pattern which is in the opposite

direction to that on location Y1, from center towards corners of channel. However,

case SO6 has a different pattern in the inner part of the bubble. This corresponds

to a non-uniform eddy in the XY plane, see the last plot 6.12c at marker Y4. Vor-

ticity contours are concentrated along the wall and the boundary of the bubble. The

distribution of these contours depends on the value of Ca in each group. In general,

at low Ca contours are along the wall and in the outer perimeter of the bubble edge.

However, as Ca increases vorticity contours start to appear in the inside of the bubble

and tend to decrease along the wall. The values of vorticity decrease as the value of

Ca increases, as it was described in previous location. Another important feature to

notice at this location is that the sign of the vorticity is the opposite as location Y1.

This agrees with the different streamlines direction between two locations, as it was

described previously.
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(a) Streamlines for case GW1-1 (b) Vorticity contours for case GW1-1

(c) Streamlines for case GW2-1 (d) Vorticity contours for case GW2-1

Figure 6.13: Streamlines and vorticity contours in the XZ plane at four elevations for
cases two cases, the upper row presents case GW1-1 and the lower row case GW2-1.
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(a) Streamlines for case GW3-1 (b) Vorticity contours for case GW3-1

(c) Streamlines for case GW2-2 (d) Vorticity contours for case GW2-2

Figure 6.14: Streamlines and vorticity contours in the XZ plane at four elevations for
cases two cases, the upper row presents case GW3-1 and the lower row case GW2-2.
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(a) Streamlines for case GW3-2 (b) Vorticity contours for case GW3-2

(c) Streamlines for case GW4-2 (d) Vorticity contours for case GW4-2

Figure 6.15: Streamlines and vorticity contours in the XZ plane at four elevations for
cases two cases, the upper row presents case GW3-2 and the lower row case GW4-2.
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(a) Streamlines for case GW5-2 (b) Vorticity contours for case GW5-2

(c) Streamlines for case SO2 (d) Vorticity contours for case SO2

Figure 6.16: Streamlines and vorticity contours in the XZ plane at four elevations for
cases two cases, the upper row presents case GW5-2 and the lower row case SO2.
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(a) Streamlines for case SO3 (b) Vorticity contours for case SO3

(c) Streamlines for case SO4 (d) Vorticity contours for case SO4

Figure 6.17: Streamlines and vorticity contours in the XZ plane at four elevations for
cases two cases, the upper row presents case SO3 and the lower row case SO4.
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(a) Streamlines for case SO5 (b) Vorticity contours for case SO5

(c) Streamlines for case SO6 (d) Vorticity contours for case SO6

Figure 6.18: Streamlines and vorticity contours in the XZ plane at four elevations for
cases two cases, the upper row presents case SO5 and the lower row case SO6.
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The most interesting streamlines and vorticity contours are presented in levels

Y2 and Y3. At these locations, bubble tends to push liquid out from the sides

and move it towards the corners. In location Y2, streamlines are asymptotic like

from the corners to the center of the bubble. Different patterns are observed in

cases where the value of Ca is higher. For example, GW3-1 has additional eddies

at the center of each side of the bubble. A similar behavior starts to appear in

case SO3. However, it is not accentuated as much as it is in case SO4 where the

eddies are larger and a different recirculation pattern is found in the center of bubble.

In the same manner, cases SO5 and SO6 have an additional recirculation pattern

concentrated at the middle of the bubble. In general, these cases with different

streamline patterns correspond to the vorticity contours which are concentrated at

the boundary. Also, for these cases the sign of vorticity changes at this location,

which accounts for the additional recirculation patterns. In the location Y3, the

streamlines have an asymptotic behavior from the center to the corners in cases SO4

to SO6. The remaining cases have different patterns at this location. These patterns

include additional recirculation eddies at the center of the bubble. Furthermore,

these patterns correspond to vorticity contours that are concentrated along the wall

and boundary of bubble. As it was described in previous location, these cases with

interesting recirculation patterns also have a change on the sign of vorticity. It can

be noticed that the magnitude of vorticity is higher at location Y4 compared to the

other level for all cases, except for SO5 and SO6. This indicates that at the bottom

area of the bubble, there is higher circulation, helping the bubble to move upwards.

Additionally, there is a relationship between vorticity level and Re, in which the

highest value of vorticity level in each case is proportional to the value of Re.

6.6 Pressure Contours

Figs. 6.19a to 6.19l provide three different pressure contours: Ptot, P and sum of

p0 and pc. These figures have been non-dimensionalized using
Pbtop−Pi

1/2ρlU2
c
, where Pbtop

is the pressure value at highest point in the bubble. Using these contours, note

that the main contribution on Ptot is given by P . However, the sum of p0 and pc
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has a subtle effect by creating additional contours in the periphery of the bubble.

P is distributed along the channel and the values are inversely proportional to the

elevation. The static pressure is reduced as the elevation and gravity is decreased,

therefore the difference between Pbtop − P becomes larger. In general, the highest

values of the non-dimensionalized P are located at the bottom surface of the bubble,

since it denotes the highest distance within the bubble away from the top. In addition,

the range of P becomes smaller in the lower rows, which correspond to the cases with

higher values of Mo, indicating that the gravity force is higher, therefore increasing

the static pressure. Conversely, contours of p0 and pc are concentrated across the

interface of the bubble. Evaluating the effect of Bo can be done by comparing these

contours between cases GW2 and GW3. Cases GW2-1 and GW3-1 have lower Bo,

therefore the surface tension is higher enhancing the curvature effect. Also, values

of p0 and pc tend to increase as the value of Ca decreases, since the surface tension

becomes stronger.

6.7 Inclined Channel

Effect of inclination is evaluated at four different angles 30◦, 45◦, 60◦, and 75◦ for

three different cases SO2, SO3, and SO4 with k = 1.25. The following sections

will introduce the effect of inclination in the main physical aspects such as the final

shape of a bubble, the film thickness, the deformation parameter, and the velocity.

In addition, the streamlines, vorticity, and pressure contours for case SO3 at each

inclination angle will be presented.

6.7.1 Final Shape

Figs. 6.20a to 6.20c show the results in all inclinations for the three cases organized

by the increasing value of Ca. Each of the figures includes the final shape of each

case as well as the values of non-dimensional numbers in the simulation, such as Ca,

We, δ, ∆, and Froude number (Fr) that is defined as Fr = Ut

√
ρ

2Rcg(ρl−ρg)
. As can

be seen from these plots, as the inclination angle increases, the surface area at top
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Figure 6.19: Pressure contours: Ptot is the total pressure, P is the sum of static and
dynamic part, p0 is the thermodynamic part, and pc is the curvature part.
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of the bubble tends to become flatter and more parallel to the wall. The interesting

behavior occurs at the right side of the bubble. For case SO2, the bubble tends to

be wider at the front of the bubble. On the other hand, in case SO3, the rear area is

where the wider part of the bubble is located. In case SO4, the widest part is located

somewhere along the middle of the bubble. Looking closely at the values in these

plots, it could be noticed that the values of Ca, Fr, and We have a maximum value

which corresponds to an inclination close to 45◦. In addition, at constant inclination

the value of Fr decreases with Ca. This indicates that as the value of surface tension is

reduced, so does the value of the Ut. This is consistent with findings by Zukoski [108].

Film Thickness vs. Inclination

The relationship between δ and inclination for all the cases is presented in Fig. 6.21a.

In general, value of δ decreases as the inclination angle is increased. This result is

consistent with the observations by DeBisschop et al. [112]. The cases in this plot

are presented in increasing Ca. Therefore, the value of δ increases with Ca for all

the inclinations. Similar conclusion was obtained for the vertical channel, confirming

that inclination has no effect on the trend between δ and Ca.

Deformation Parameter vs. Inclination

The effect of inclination on ∆ is presented in Fig. 6.21b. In general, the value of ∆

increases with inclination. This indicates that the bubble becomes slender and more

elongated as the inclination increases. The cases in this plot are listed in increasing

value of Ca. Therefore, for these cases, the value of ∆ decreases as the value of Ca

increases. In the vertical case, it was concluded that ∆ is a function of k and Ca.

However, by looking closely at the vertical results for these three cases at k = 1.25,

it can be seen that ∆ decreases as Ca increases. Therefore, the inclination has no

effect on the relationship between ∆ and Ca at a specific value of k.
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(a) Case SO2
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δ = 0.0476
∆ = 0.5762
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Ca = 0.3198
We = 0.1729
Fr = 0.1000
δ = 0.0432
∆ = 0.5928

Inclin. = 75o

Ca = 0.2419
We = 0.0989
Fr = 0.0756
δ = 0.0414
∆ = 0.5990

(b) Case SO3

Inclin. = 0o

Ca = 0.2321
We = 0.0215
Fr = 0.0346
δ = 0.1664
∆ = 0.4668

Inclin. = 30o

Ca = 0.3504
We = 0.0490
Fr = 0.0523
δ = 0.0685
∆ = 0.4972

Inclin. = 45o

Ca = 0.3761
We = 0.0564
Fr = 0.0561
δ = 0.0634
∆ = 0.5133

Inclin. = 60o

Ca = 0.3548
We = 0.0502
Fr = 0.0529
δ = 0.0601
∆ = 0.5259

Inclin. = 75o

Ca = 0.3000
We = 0.0359
Fr = 0.0448

δ = 0.059176
∆ = 0.5336

(c) Case SO4

Figure 6.20: Final shape at T = 10 for different inclination angles for cases SO2, SO3
and SO4.
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Figure 6.21: Effect of inclination angle on non-dimensional parameters for cases SO2,
SO3 and SO4.

6.7.2 Velocity vs. Inclination

Evaluation of the velocity at different inclinations is usually performed by comparing

the value of Fr. The effect of inclination on Fr is presented in Fig. 6.22. For each case

there is a critical angle close to 45◦ where the value of Fr is the highest. This pattern

is consistent with the results presented by [108], [109], and [110]. The cases in this

plot are listed in increasing Ca. Using this, note that as the value of Ca decreases,

the critical angle value becomes smaller. Therefore, for low Ca cases a maximum

velocity is reached at lower inclinations. In addition, the value of Fr is reduced

as Ca increases, a result which confirms the experimental findings [108]. Moreover,

the critical angle is higher for case SO4, which corresponds to the highest value of

Mo between the three cases. This confirms the previous experimental findings [110],

which indicates that the critical inclination angle is proportional to the value of Mo.

6.7.3 Streamlines and Vorticity Contours

Analysis of streamlines and vorticity contours is performed on case SO3 for all incli-

nation angles using the same definition of elevations Y1 to Y4 as the vertical cases.

The streamlines for the XY plane at different inclination angles are given in Fig. 6.23.
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Figure 6.22: Effect of inclination angle on Fr for cases SO2, SO3 and SO4.

As can be seen from this plot, the symmetry of the streamlines is lost as the channel

is inclined. The streamlines at left side of the bubble tend to go along the wall, and

then recirculate towards the right side of the bubble. At 30◦, there is an eddy formed

at the bottom left side of the bubble. As the inclination is increased, this eddy is

reduced in size, until it is completely removed. In addition, there is a recirculation

eddy concentrated at the top left side of the bubble. This eddy moves to a higher

position in the bubble and becomes smaller as the value of the inclination increases.

The streamlines and vorticity contours in the XZ plane for the different inclina-

tions are presented in Figs. 6.24a to 6.25d. For all the inclinations, the streamlines

have a similar asymptotic recirculation pattern at elevations Y1 and Y2. This is a

symmetric pattern over Z axis which starts at the right corner towards the center of

the bubble. Then, an eddy is generated about the Z axis and parallel wall. Note

that the size of these eddies increases with inclination. In terms of vorticity con-

tours for elevations Y1 and Y2, the contours are concentrated at the front and rear

of the bubble. In addition, as the inclination is increased there is a development of

vorticity along the three walls that are closest to the bubble position. For elevation
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Figure 6.23: Streamlines in the XY plane at T = 10 for case SO3 at inclination
angles 30◦, 45◦, 60◦,a 75◦.

Y3 the streamlines for inclinations of 30◦ and 45◦ have a new recirculation pattern

created at the center of the bubble, which corresponds to the change of direction of

the vorticity. This type of behavior is similar to the one encountered in the vertical

channel. At the same elevation for inclinations 60◦ and 75◦ there is no change on the

behavior of the streamlines or the vorticity. The streamlines for elevation Y4 for all

the inclinations are very similar. The streamlines start moving from the left side of

the bubble towards the right wall, and then returning to the left wall of the channel.

In terms of vorticity, it can be seen that for inclinations 30◦ and 45◦ the contours are

mainly localized at the point where the streamline patterns start at the left side of

the bubble. However, for inclinations 60◦ and 75◦ there are vorticity contours inside

of the bubble and along the three wall closest to the bubble. In general, it could be

observed that the values of vorticity are within the same order of magnitude for every

inclination at each level.
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(a) Streamlines at 30◦ (b) Vorticity at 30◦

(c) Streamlines at 45◦ (d) Vorticity at 45◦

Figure 6.24: Streamlines and vorticity contours in the XZ plane at four elevations for
case SO3, the upper row presents inclination angle 30◦ and the lower row 45◦.
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(a) Streamlines at 60◦ (b) Vorticity at 60◦

(c) Streamlines at 75◦ (d) Vorticity at 75◦

Figure 6.25: Streamlines and vorticity contours in the XZ plane at four elevations for
case SO3, the upper row presents inclination angle 60◦ and the lower row 75◦.
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Figure 6.26: Pressure contours: Ptot is the total pressure, P is the sum of static and
dynamic part, p0 is the thermodynamic part, and pc is the curvature part.

6.7.4 Pressure Contours

Figs. 6.26a to 6.26d provide the same pressure contours as presented for the vertical

cases. Looking closely at these contours the primary mode of pressure is P , and that

the effect of p0 and pc is mainly concentrated around the bubble. These findings are

consistent with the results obtained in the vertical channel cases, therefore inclination

does not affect the interaction between the different pressures in the system. However,

an interesting feature to notice in regards to the contour lines in P and Ptot is that

their value range becomes higher as inclination increases. This indicates that the effect

of the gravity is lower, therefore reducing the static pressure effect on the system. In

addition, the contour lines have a tendency to be perpendicular to the gravity.

In summary, the effect of the wall was evaluated by simulating vertical and inclined

square channels. For both cases the simulations were in good agreement with previous
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experimental results. This analysis corresponds to the simulation of the segregated

area in a microfluidic device, which evaluates the transport of the flow in the main

channel. At this point, the task at hand is the simulation of the flow formation, which

takes place in the mixing area. This task is introduced in the following section.



Chapter 7

Formation Process in a

Microchannel

The last stage in this study is to investigate the bubble and droplet formation process

using a T-junction mixing area. This stage is divided into two different parts, one

investigates liquid-liquid systems and the other gas-liquid systems. In addition this

stage has two geometrical components: the mixing and the segregated area. The seg-

regated area is the same geometry used in the last section, however the main difference

is that gravity is not the driving force of the system. Therefore, non-dimensional num-

bers such as Bo and Mo do not play an important role in the formation or transport

processes.

7.1 Background

The use of two immiscible fluids in microchannel geometries has become a growing

topic of interest in many industrials applications. Mixing geometry and fluid prop-

erties at inlet conditions are the most important criteria to determine the type of

flow that will be generated in a microchannel. T-junction is one of the most used

mixing geometries to form two-fluid flows in microchannels. Many experimental and

numerical studies have been performed to establish a relationship between geometry,

mass flow rate and the dynamics of the flow for liquid-liquid and gas-liquid systems.

105
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Experimentally, Xu et al. [113] performed a study that adds a capillary tube in-

side the dispersed fluid flow to increase the shear force and enhance the formation

of droplets. This study shows how the flow patterns are strongly dependent on the

ratio between fluid velocities and surface contact angle. Later, Nisisako et al. [114]

performed a study in order to develop a reliable method to control the size and the

frequency in the generation of droplets. It was established that controlling the ve-

locity ratio is the key to obtain a consistent method of droplet generation for the

given experimental setting. Garstecki et al. [22] demonstrated that at a low capillary

number, the break-up process, usually referred to as squeezing is a balance of the

hydrostatic pressure between both fluids. In addition, a scaling law was presented

and verified which relates the dimensions of the channels, and flow rate ratio with

the final length and diameter of the bubble. Fu et al. [115] investigated squeezing,

dripping and the transition regimes for gas-liquid systems. These regimes correspond

to three different mechanisms: confined break-up, unconfined, and partially confined,

respectively. It was noted that in the squeezing regime the bubbles are long slugs,

they are dispersed bubbles in the dripping regime, and short slugs in the transition

period between the regimes. Size in the transition regime was compared to the model

proposed by Christopher et al. [116]. Santos and Kawaji [117] performed an ex-

perimental and numerical study. Experimentally two different flows were identified,

slug and stratified. The slug flow is further classified into three categories, namely

snapping, breaking, and jetting, which are presented in a map as function of fluid ve-

locities. 2D modeling using Fluent was able to capture the effect of surface tension.

In addition, void fraction was calculated and correlated linearly with homogeneous

void fraction. Lastly, it was shown that the velocity slip depends on how the dispersed

fluid covers the cross-sectional area of the channel and the presence of liquid at the

edges. van Steijn et al. [118] described the bubble formation using high-resolution,

time resolved values using camera, and µ-PIV. Three stages were identified in the

formation process of bubble in squeezing regime: filling, squeezing and constriction of

the neck followed by break-up. Prediction of bubble length can be estimated without

fitted parameter by taking into account the leakage past the bubble. This provides a

justification of the confined mechanism. Later, same authors [119] confirmed that the
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collapse and pinch-off processes are triggered by a sudden reversed flow of liquid from

tip of the gas thread to the neck. Velocity in the corners of the channel is relative to

the growing threat itself, which is related to the ratio between the area occupied by

the dispersed fluid and the gutters. Velocity increases with the length of the bubble.

Numerically, Qian and Lawal [23] presented a gas-liquid study of Taylor flow using

FLUENT. This study evaluated the influence of inlet conditions, the fluid properties,

and the wall wetting conditions. It showed that the flow pattern becomes bubblier

and the void fraction increases as velocity ratio is decreased. It was also determined

that the length of the slugs increases with surface tension, however it was not effected

by changing the viscosity or density ratios. In addition, variation of the contact angle

changed considerably the shape of the slug making it either concave or convex. Van

der Graaf et al. [120] performed a liquid-liquid 3D study using a Lattice Boltzmann

method based on the model introduced by Swift et al. [33]. This study investigated

the effects of capillary number and contact angle on the volume of the droplets. It

was determined that size of bubble decreases as the values of capillary number and

contact angle increase. De Menech et al. [121] performed a liquid-liquid 3D study

using phase field model which shows three distinct regimes of droplet formation:

squeezing, dripping, and jetting. Each of the regimes has a governing force and a

set of parameters which enhances the droplet formation. The transition between

one regime to the other is mainly given by the value of a capillary number. Gupta et

al. [122] performed a liquid-liquid 3D study using Lattice Boltzmann for high capillary

numbers. This study established a dependence between shear, surface tension, and

viscosity ratio on the transition between dripping to jetting regimes.

7.2 Simulation Set Up

Fig. 7.1 provides the schematic diagram of the T-junction mixing geometry used in

this study. In the T-junction dispersed fluid (label d) penetrates the main channel

which is already filled with continuous fluid (label c) from a vertical direction and a

plug starts to grow. A distortion of the dispersed fluid in the downstream direction is

created by the pressure gradient and the flow in the main channel. As the dispersed
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Figure 7.1: 2D Schematic diagram of T-junction. vd and vc are the mean velocities of
the dispersed and continuous liquid respectively. ηd and ηc are the dynamic viscosities
and ρd and ρc are the densities.

fluid stream starts to get reduced and a neck is created and finally broken, and a

plug is created. This plug continues downstream in the main channel and the process

starts all over again.

7.3 Validation Test

For a 2D geometry, the main dimensions in both geometries are H, W , and L. In

order to determine the relationship between these quantities a series of 2D runs are

performed using T-junction. In addition, simulations were carried out to determine

the effect of other important numerical parameters such as density ρratio = ρd/ρc

and contact angle θeq in the formation process to be consistent with experimental

results. Simulations were performed in a gas-liquid system with constant viscosity

ratio λ = ηd/ηc = 1.0 and variable Q which is the volumetric flow ratio defined

as Q = Qd/Qc. Evaluation of each parameter is performed by comparing the final

shape of the bubble and the evolution of two important values Wm and Lbu. Wm is

the maximum width that the gas stream will reach at the tee section and Lbu is the

length of gas stream measure from the tee, before the bubble detaches. Graphical

representation of these values is presented in Fig. 7.2. All the results in this section

are presented using non-dimensional time defined as T = t/tn3, where tn3 = H/vd.
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Figure 7.2: Graphical representation of Wm and Lbu.

7.3.1 Grid Resolution

A resolution analysis was performed by varying the numbers of grid points in di-

mension H while maintaining the following relations W = H and L = 15H. The

numbers of grid points used in this analysis were 20, 30, 40, and 60. Although all

grid resolutions are able to capture the break-up process, there is a significant differ-

ence between the final lengths of the bubble, as shown in Fig. 7.3. Comparing the

finest and coarsest grid cases, the difference between final values of the length of the

slug is around 16%. Fig. 7.4a shows the effect of grid resolution on the evolution of

Lbu, which indicates the location where break-up takes place. In general, the value

of Lbu tends to increase with resolution and its evolution tends to collapse to a single

line if resolution is significantly higher. Another important feature to analyze is the

value of Wm, which shows the growth of the gas stream around the tee. Fig. 7.4b

shows that for all the cases, the evolution for Wm has the same behavior representing

the three stages of formation: expansion, collapse, and break-up. In the expansion

stage, the value of Wm increases until it reaches a maximum value where the collapse

stage starts. Once the value of Wm reaches its minimum the break-up takes place.

In general, the gas stream enters the main channel sooner for high resolution cases,

therefore expansion of Wm takes place faster. The maximum value of Wm reached for

all the cases is about the same, and the evolution for 40 and 60 are very close to each

other. Considering the results provided by this analysis, it is determined that using
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Figure 7.3: Effect of grid resolution on terminal shape for Ca = 0.005, Q = 0.8, and
λ = 1, θeq = 30◦ at T = 12.

the intermediate grid in this study, corresponding to H = 40 grid points will provide

reasonable accuracy and avoid high computational cost.

7.3.2 Domain Size

Simulations are performed in a semi-confined domain, ergo wall boundary conditions

are no-slip in all directions and bounce-back conditions are applied for both gα and

hα. All open conditions are treated with equilibrium boundary condition for gα and

hα. Density and velocity are fixed at the entrance and gradient free at the exit. It

is important to understand what effect the location of the exit has on the formation

of the bubble. Therefore, analysis of the domain size is performed by changing the

value of the L as function of H. The different cases tested were 10H, 15H, 20H,

and 30H. Fig. 7.5 shows that final shape of the slug for all the domain sizes is quite

similar, and the length of slug is different by less than 7%. The main difference is

the location of the slug, which is slightly closer to the tee for largest domain size.

Fig. 7.6a shows that final value of Lbu is about the same for all the cases. In addition,

Fig. 7.6b shows evolution of Wm is not significantly effected by the domain sizes.

The maximum value of Wm is almost the same for all the cases and it is reached at
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Figure 7.4: Effect of grid resolution on the evolution of Lbu and Wm for Ca = 0.005,
Q = 0.8, λ = 1, and θeq = 30◦ at T = 12.

comparable times. Using these results, it is determined that using an intermediate

domain size corresponding to L = 20H would provide reasonable accuracy and avoid

high computational cost. In addition, using this domain size would allow capturing

significant topological changes that may take place further along the main channel.

7.3.3 Density Ratio

Liquid-liquid systems have density ratio magnitude in the order of unity. However,

gas-liquid systems can reach low density ratios in the order of 10−3. Previous numer-

ical studies assume that both fluids (gas and liquid) have the same density, arguing

that at microscale the buoyancy has little to no effect on the evolution of the flow.

However, a numerical comparison has not been yet presented verifying this assump-

tion. In order to evaluate the effect of density ratio, four ratios are considered: 1, 0.1,

0.01, and 0.001 in two cases with Ca = 0.005 with Q = 0.8 and Q = 5.0. This value of

Ca corresponds to the squeezing regime, where surface tension is the dominant force

and the size of the bubble is proportional to the value of Q. Decreasing the value of

Q makes flow bubblier and increases the frequency of formation. Figs. 7.7a and 7.7b

show the final shape of a bubble forming at Q = 0.8 and Q = 5.0 respectively. For
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Figure 7.5: Effect of domain size on terminal shape for Ca = 0.005, Q = 0.8, λ = 1,
and θeq = 30◦ at T = 12.
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Figure 7.6: Effect of domain size on the evolution of Lbu and Wm for Ca = 0.005,
Q = 0.8, λ = 1, and θeq = 30◦ at T = 12.
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the case with Q = 0.8, it is noted that the break-up process is enabled when the

density ratio is the smallest. However, for the case with Q = 5.0 the final shapes at

the front and middle of the bubble are almost overlapping each other. From these

plots it can be seen that the main difference in both cases is concentrated in the area

close to the tee. It is believed that the source of the dissimilarity is due to the inertia

effect on the system. Using a non-dimensional number for inertia I = Re/Ca, the

inertia of the continuous fluid for the case with Q = 0.8 is more than 6 times higher

than for the case Q = 5. Wagner et al. [123] showed that the increase in inertia

produces larger deformation, which in this case leads to bubble break-up. Therefore,

comparing the given cases, inertia plays a more important role as the value of Q is

reduced. In addition, Wagner et al. presented evidence that suggests that inertia is

a necessary component for the loss of stability in a 2D break-up. The concept of

critical inertia Ic is introduced, where a singularity is observed in the deformation

curve creating a steeper slope. This indicates that there is a sudden transition when

I = Ic, and the deformation mode would be different when I < Ic compared to I > Ic.

Furthermore, the authors question whether simulations performed in 3D would also

undergo the sudden transition that was seen in 2D. In conclusion, setting the density

of the fluids to be the same when simulating a gas-liquid system is not viable, an

acceptable assumption unless the ratio of inertia is acceptably low. Unfortunately,

using a low value of density ratio may create numerical instability in the simulation.

Therefore, in order to reach a compromise between an accurate solution to physical

cases and a numerical stability, this study will use a density ratio of 0.01 and 0.001

when possible.

7.3.4 Contact Angle

The effect of contact angle is evaluated on a gas-liquid system by comparing five

different cases θeq = 30◦, θeq = 60◦, θeq = 90◦, θeq = 120◦, and θeq = 150◦ for

Ca = 0.005, Q = 0.8, λ = 1, and ρratio = 0.01. Fig. 7.8 shows the final shapes for the

gas-liquid system, where the contact angle is measured in the continuous fluid. As

the contact angle increases, the surface becomes more non-wetting; ergo the surface
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Figure 7.7: Effect of density ratio on terminal shape.

attracts the gas and rejects the liquid. When the contact angle is small, the shape of

the slug becomes convex; however for high contact angle it tends to become concave.

It is important to note that the effect of θeq is significant regardless of the fluids

in the system or the value of Ca. Figs. 7.9 and 7.10 present the formation process

of bubble and droplets respectively at three different Ca and three θeq. In the gas-

liquid system it is noted that for all the values of Ca, as the value of θeq increases the

formation is hindered, since the gas tends to be more attached to the wall surface.

On the other hand, liquid-liquid systems exhibit the opposite behavior, since in this

system the contact angle is measured in the dispersed fluid. As can be seen in Fig. 7.10

decreasing θeq hinders droplet formation regardless of the value of Ca. For the cases

with a low Ca, note that as θeq is reduced, the plug formed by the dispersed fluid

is reduced in size and is drawn and stretched more towards the upper surface of the

channel. This conclusion was also reached by Van der Graaf et al. [120]. On the

other hand, droplets do not pinch-off when the value of θeq decreases for cases of

larger values of Ca. In general, experimental and numerical studies assume that the

surface is almost completely wetting. Therefore, simulations in this study are carried

out using a value that would represent physical wetting, θeq = 30◦ and θeq = 150◦ for

gas-liquid and liquid-liquid systems respectively.
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Figure 7.8: Effect of contact angle θeq on bubble terminal shape for θeq = 30◦, θeq =
60◦, θeq = 90◦, θeq = 120◦, and θeq = 150◦ with Ca = 0.005, Q = 0.8, ρratio = 0.001,
and λ = 1 at T = 15.
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Figure 7.9: Effect of contact angle θeq on bubble terminal shape for θeq = 30◦, θeq =
90◦ and θeq = 150◦ with Ca = 0.005, Ca = 0.01, and Ca = 1. Q = 0.8, ρratio = 0.001,
and λ = 1 at T = 15.
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Figure 7.10: Effect of contact angle θeq on droplet terminal shape for θeq = 30◦,
θeq = 90◦ and θeq = 150◦ with Ca = 0.005, Ca = 0.05, and Ca = 0.5. Q = 0.25 and
λ = 1 at T = 12.

7.4 Comparison to Experimental Results

Capabilities of the numerical method used in this study are assessed by simulating

a benchmark case selected from the experimental study by van Steijn et al. [118].

The working fluids are ethanol and air, and the surface of the channel is considered

fully wetting. The square channel size is H = 800µm and L ≈ 200H. Comparison

between the experimental and simulation results is performed using the silhouette of

the bubble at different stages of the formation process, the evolution of Wm, and the

final shape and dimensions of the bubble.

7.4.1 Formation Process

Experimental results are presented using the time for a formation cycle, which corre-

sponds to Tc = 170ms. In order to provide a reasonable comparison, the numerical

results will be presented using same notation, where numerical non-dimensional time

formation cycle corresponds to Tc = 11. Fig. 7.11 presents the formation process of

the bubble at four different times. In general, it can be noted that the numerical

results for the evolution of the gas at each time are in good agreement with the ex-

perimental results. To provide a more complete comparison, Fig. 7.12 introduces the

in-plane velocity field. Time T/Tc = 0.03 and T/Tc = 0.3 correspond to the filling
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Figure 7.11: Comparison of shape in the formation process for ethanol and air and
Q = 1.5. Top row presents the simulation results and lower row are experimental
results by van Steijn et al. [118].

or expansion stage, where the bubble enters and fills the main channel distorting the

fully developed pattern. T/Tc = 0.75 illustrates the squeezing stage, where the gas

has completely blocked the main channel and is being pushed along. At this time,

the velocity direction in the experiments tends to be mainly along the main channel

and the velocity at the gas-liquid interface is diverging. However, for the simulation

results the y-component of the velocity has a different behavior depending on the

elevation in the channel. In the lower half of the channel, the y-component tends

to vanish, leaving the velocity to be predominantly in the x-direction. In the upper

half, the velocity vectors have a propensity of being perpendicular to the interface,

therefore their direction is continuously changing. One of the main sources of this

discrepancy is that the simulation is performed in 2D, which does not account for

the flow in the corners of the channels. According to van Steijn et al. [118, 119] flow

in the corners is an essential component which affects the evolution of the bubble

and enhances the collapse and pinch-off process. In addition, it was shown that the

velocity at the corners and length of the gas thread are related quantities. T/Tc = 1.0

presents the final stage of the process, the pinch-off, where the neck of the thread is

reduced to a minimum and the bubble detaches. At this time, the velocity vectors

are directed to the position, where the pinch-off takes place, which corresponds to the

edge of the tee.
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T/Tc=0.03 T/Tc=0.3 T/Tc=0.75 T/Tc=1.0

Figure 7.12: Comparison of velocity field in the formation process for ethanol and
air and Q = 1.5. Top presents the simulation results and lower row are experimental
results by van Steijn et al. [118].

7.4.2 Evolution of Wm

Wm represents the maximum width that the gas stream will reach at the tee section.

The evolution of Wm provides a more quantitative description of the growth of the

gas thread in the main channel and its subsequent collapse until pinch-off takes place.

Fig 7.13 provides the evolution of Wm comparing the experimental and simulation

results. From this graph it can be seen that the maximum value of Wm is around

0.5 for both experimental and numerical solutions. Numerically, this maximum value

of Wm is reached faster, around T/Tc = 0.275 compared to T/Tc = 0.4 for the

experimental result. In addition, the numerical evolution has a more rapid expansion

and collision process, which is represented by the steepness of the slope. The difference

in the evolution of Wm between experimental and simulation results is expected since

the simulation is a 2D representation of the experimental case.

7.4.3 Final shape and Dimension of Bubble

The case used in the experimental study corresponds to the squeezing regime. Garstecki

et al. [22] showed that in this regime, the size of the bubble is solely effected by the

value of the volumetric flow ratio Q. The length of the bubble is non-dimensionalized

by the height of channel H, and is given by the relation Lbu/H = α1+α2Q, where the

constants α1,2 are in the order of unity and depend on the geometry of the channel.
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Figure 7.13: Comparison of evolution of Wm for experimental results by van Steijn
et al. [118] and simulated results for ethanol and air and Q = 1.5.

Using Q = 1.5 and α1 = α1 = 1.5 as given by van Steijn et al. [118], the theoretical

value of the length of the bubble is Lbu/H = 3.75. Simulation results for the length

of the bubble is Lbu/H = 3.94 which indicates that the percent difference is around

5%. In conclusion, similarity of simulation results with the experimental case provide

a good level of confidence of the capabilities of the numerical model to represent the

formation process in a T-junction.

7.5 Numerical Results

The parameters which are needed to fully describe the 2D T-junction problem are the

fluid dynamic viscosities (ηd and ηc), mean speeds of the fluids set at each entrance (vd

and vc), and the interfacial tension σ. These parameters can be combined into four

non-dimensional groups; namely capillary number Ca = ηcvc/σ, Reynolds number

Re = ρvcH/ηc, viscosity ratio λ = ηd/ηc, and flow rate ratio Q = Qd/Qc = vd/vc.

In general, the formation process of a droplet or bubble in a microchannel with a
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T-junction mixing geometry is determined by the balance of the forces. There are

two primary forces, the interfacial and viscous forces. By varying the values of Ca, Q,

Re, and λ the influence of these forces will be affected. Considering cases with small

constant values of Re, leaves only Ca, λ, and Q as governing factors. The following

sections will explore the effect that each of these non-dimensional numbers has on the

formation process of droplets and bubbles.

7.5.1 Droplet Formation

Effect of Ca

In order to capture the effect of Ca, five different cases were performed using Ca =

0.005, Ca = 0.01, Ca = 0.05, Ca = 0.1, and Ca = 0.5 at constant Q = 0.25,

λ = 1.0 and θeq = 150◦. The final shapes of these simulations are presented in

Fig. 7.14. Numerically, varying the value of Ca represents a change of the value of

surface tension, while the other values are maintained constant. From these plots,

two formation regimes can be identified based on the value of Ca. Cases with low

Ca, belong to the squeezing regime. It is noticed that for this regime the dispersed

fluid enters the channel and creates a droplet that plugs the continuous flow. The

droplet starts moving as it is pushed or squeezed by continuous fluid. For these cases,

break-up does not occur since the viscous force is not large enough to overcome the

interfacial tension. Previous studies have determined that formation of the droplet

in this regime is only proportional to the value of Q. However, as it will be discussed

in the following sections, viscosity ratio also plays an important role in the formation

process. Garstecki et al. [22] determined that viscous forces start playing an important

role in the droplet formation, when Ca > 0.01. Cases with higher Ca values belong

to the dripping regime. As the dispersed fluid enters the channel, the continuous

fluid starts pushing it, not allowing a plug to be formed. This fluid is confined to the

upper wall of the channel, where shear stress starts acting and inducing the break-up

process.

It is important to quantify the effect that Ca has on the pinch-off process. This

is done by evaluating how long it takes for the droplet to pinch-off (Tp) and how
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Figure 7.14: Effect of Ca on droplet formation for Ca = 0.5, Ca = 0.1, Ca = 0.05,
Ca = 0.01, and Ca = 0.005 with Q = 0.25, λ = 1, and θeq = 150◦ at T = 7.5.

far from the tee this process takes place (Dp). Figs. 7.15a and 7.15b present the

relationship between Tp and Dp with Ca. From these plots it can be seen that Tp

decreases and Dp increases with higher value of Ca. This indicates that the dispersed

fluid is moving farther along the main channel as Ca increases, since there is a higher

viscous force exerted on the system. Increase in viscous force also induces pinch-off,

therefore Tp is smaller for high values of Ca. Ca also affects the size of the dispersed

fluid stream and consequently the size of the droplet. This effect is quantified by

examining the evolution of Wm and the final non-dimensional length of the droplet

(Ldr/H). Fig. 7.16a shows that Ca has a significant affect on the evolution of Wm.

The maximum value of Wm is higher as Ca decreases. This indicates that for lower

Ca the dispersed fluid tends to occupy more space in the tee area before moving along

the main channel. It also illustrates that the expansion and collapse rates are higher

for low Ca. Interestingly, the value of Ca does not affect the final value of Wm. On

the other hand, Fig. 7.16b shows that length of the droplet decreases as the value of

Ca goes up. All these findings are consistent with previous studies [120, 122].
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Figure 7.15: Effect of Ca on (a) Tp and (b) Dp for cases in the dripping regime with
Q = 0.25, λ = 1 and θeq = 150◦.
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Figure 7.16: Effect of Ca on (a) Wm and (b) Ldr/H for cases in the dripping regime
with Q = 0.25, λ = 1 and θeq = 150◦.
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Figure 7.17: Effect of Q on droplet formation for Q = 0.25 and Q = 2.5 with
Ca = 0.005, Ca = 0.01, Ca = 0.05, Ca = 0.1, and Ca = 0.5 for λ = 1, and
θeq = 150◦ at T = 7.5.

Effect of Q

Evaluating the effect ofQ is performed by comparing two valuesQ = 0.25 andQ = 2.5

with all the values of Ca introduced in previous section, and λ = 1.0 and θeq = 150◦.

Results for final shapes are presented in Fig. 7.17. In general, it can be noticed that

modifying the value Q has an effect on both regimes, squeezing and dripping. As the

value of Q decreases the void fraction increases and size of the droplet decreases. In

the squeezing regime, increasing Q creates a bigger plug which blocks the channel,

therefore delaying or even hindering the break-up process. At this point, there is not

enough pressure to promote the break-up, therefore the plug keeps on growing and

moving as it is squeezed by the continuous fluid. In the dripping regime, increasing Q

creates a more elongated thread. Shear stress is not high enough to induce break-up,

so the stream continues flowing along the main channel. These findings are consistent

with previous experimental and numerical studies [23, 113, 121].
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Effect of λ

In order to evaluate the effect of λ, three values are used λ = 0.1, λ = 0.5, and

λ = 1.0 with all the values of Ca introduced in previous sections, and Q = 0.25

and θeq = 150◦. Final shape for these cases are presented in Fig. 7.18. Note that as

the value of λ decreases, the viscous effect exerted by the continuous flow increases.

In general, the higher effect can be seen in two different ways: as the dispersed

fluid encounters more resistance, it takes longer to enter the channel and to start

formation process. And, once the dispersed fluid is in the channel, it experiences a

higher shear stress. Therefore, it is stretched further and faster along the continuous

flow direction. In addition, increasing the viscous forces enhances the formation

process. As can be seen in the cases in the squeezing regime, a droplet is formed

when λ = 0.1. Previous studies indicated that the formation process in the squeezing

regime is mainly controlled by the value of Q, [22, 113, 120]. However, these results

show that λ is also an important factor in the droplet formation process.

For cases in the dripping regime, the droplets pinch-off faster and closer to the

tee as λ is decreased. This is better illustrated in Figs. 7.19a and 7.19b, which shows

the effect of λ on Tp and Dp. In general, value of Tp rises and Dp drops as Ca

increases for all values of λ, which is consistent with findings in the previous section.

This indicates that the value of λ does not affect the relationship between Ca and

Tp or Dp. In addition, it can be seen that Tp and Dp become smaller with λ, which

shows that there is a higher viscous force in the system that enhances the pinch-off

process. Fig. 7.20a shows that λ has little effect on the expansion and collapse time

as described in the evolution of Wm. However, the final value of Wm increases with

λ. Fig. 7.20b illustrates the effect of λ on the non-dimensional length of the droplet.

It is noticed that at low Ca, Ldr/H decreases with λ. However, the opposite relation

is seen with large Ca.
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Figure 7.18: Droplet formation for Ca = 0.005, Ca = 0.01, Ca = 0.05, Ca = 0.1, and
Ca = 0.5. Q = 0.25, λ = 0.5, and θeq = 150◦ at T = 7.5.
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Figure 7.19: Effect of λ on (a) Tp and (b) Dp for cases in the dripping regime with
Q = 0.25, λ = 1 and θeq = 150◦.
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Figure 7.20: Effect of λ on (a) Wm and (b) Ldr/H for cases in the dripping regime
with Q = 0.25, λ = 1 and θeq = 150◦.

7.5.2 Bubble Formation

Effect of Ca

In order to capture the effect of Ca, five different cases were performed for bubble

formation using Ca = 0.005, Ca = 0.01, Ca = 0.1, Ca = 0.5, and Ca = 1.0 at

constant Q = 1.0, λ = 0.02, and θeq = 30◦. Fig 7.21 shows that by varying the value

of Ca three different regimes can be obtained: squeezing, dripping, and jetting. The

squeezing regime corresponds to Ca < 0.01 [22]. The cases presented in this regime

show that the length of the bubble decreases as the value of Ca increases. This is

consistent with the finding presented for the liquid-liquid system. The dripping and

jetting regimes are for higher values of Ca, however an established critical value of

Ca has not yet been determined. In this study, Ca ∼ 0.1 is used as a transition

value between these two regimes. This value is selected by comparing the features of

the final shapes of high Ca cases. For Ca = 0.1 the gas stream is thicker than for

Ca > 0.5. In addition, the tip of the stream for Ca = 0.1 has a shape of the bullet,

juxtaposed to the tear like shape for other cases. The cases presented in the dripping

or jetting regime do not present any break-up. This means that the shear force is not
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Figure 7.21: Effect of Ca on bubble formation for Ca = 1.0, Ca = 0.5, Ca = 0.1,
Ca = 0.01, and Ca = 0.005 with Q = 1.0, λ = 0.02, ρratio = 0.001, and θeq = 30◦ at
T = 18.0.

high enough to overcome surface tension.

Effect of Q

In order to evaluate the effect of Q, four different values were tested for a case in

each regime. Fig. 7.22 shows the effect of Q for the squeezing regime at Ca = 0.005

by comparing Q = 0.5, Q = 1.5, Q = 3.0, and Q = 4.5. As described previously

and as shown in the plot, this regime is mainly dominated by the value of Q. As Q

decreases, the size of the bubble becomes smaller and the flow becomes bubblier. In

addition, the length of the bubble can be estimated by the value of Q [22]. The scaling

law introduced in section 7.4 for the non-dimensional length of the bubble, Lbu/H =

α1 + α2Q, where α1 = α1 = 1.5 [118] is used to compare the simulation results

obtained for different Q. The results of this comparison is presented in Fig. 7.23,

which shows a good agreement between simulation results and scaling law.

Figs. 7.24 and 7.25 illustrate the effect of Q for dripping and jetting regimes at

Ca = 0.05 and Ca = 0.1 respectively, using Q = 0.3, Q = 0.5, Q = 1.0, and Q = 3.0.

Results in both regimes indicate that reduction of Q reduces the size of the bubble

and increases void fraction. In both regimes, break-up tends to take place when the

value of Q < 0.5.
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Figure 7.22: Effect of Q on bubble formation in the squeezing regime for Q = 0.5,
Q = 1.5, Q = 3.0, and Q = 4.5 with Ca = 0.005, λ = 0.02, ρratio = 0.01, and
θeq = 30◦ at T = 18.0.
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Figure 7.23: Effect of Q on the non-dimensional length of the bubble in the squeezing
regime with Ca = 0.005, λ = 0.02, ρratio = 0.01, and θeq = 30◦ at T = 18.0.
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Figure 7.24: Effect of Q on bubble formation in the dripping regime for Q = 0.3,
Q = 0.5, Q = 1.0, and Q = 3.0 with Ca = 0.05, λ = 0.02, ρratio = 0.01, and θeq = 30◦

at T = 18.0.
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Figure 7.25: Effect of Q on bubble formation in the jetting regime for Q = 0.3,
Q = 0.5, Q = 1.0, and Q = 3.0 with Ca = 0.5, λ = 0.02, ρratio = 0.01, and θeq = 30◦

at T = 18.0.
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Figure 7.26: Effect of λ on bubble formation in the squeezing regime for λ = 1.0,
λ = 0.1, λ = 0.05, and λ = 0.02 with Ca = 0.005, Q = 0.5, ρratio = 0.001, and
θeq = 30◦ at T = 18.0.

Effect of λ

In order to evaluate the effect of λ, four values are used λ = 0.02, λ = 0.05, λ = 0.1,

and λ = 1.0 with the three values of Ca used in the previous section. Garstecki et

al. [22] showed that in the squeezing regime, the size of the bubble is solely effected

by the value of the volumetric flow ratio Q. Therefore, change on λ is expected to

have little nor no affect in the formation process. This assumption is validated by

the results presented in Fig. 7.26, which shows that neither the size of the bubbles,

their position, or their frequency is affected by the value of λ. A different result

was obtained for the liquid-liquid system in the previous section. In this system,

reduction of λ enhances the break-up process, by increasing the effect of shear forces.

This indicates that λ has a greater affect in the formation of a droplet rather than of

a bubble for low Ca.

Evaluation of λ in the dripping and jetting regime is performed using the values

of Ca from the previous section with Q = 0.3 and Q = 0.5. These values of Q were

selected to see how λ affect flows with and without break-up. Figs. 7.27 and 7.29
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Figure 7.27: Effect of λ on bubble formation in the dripping regime for λ = 1.0,
λ = 0.1, λ = 0.05, and λ = 0.02 with Ca = 0.05, Q = 0.3, θeq = 30◦ at T = 18.0.

present the effect λ for the dripping and jetting regimes respectively with Q = 0.3.

As can be seen from these plots, changing value of λ does not have a great effect on

the frequency and the void fraction of the flow. However, the size of the bubble tends

to increase as λ decreases. Figs. 7.28 and 7.30 shows that the value of λ has very

little effect on the final shape of the flows. In the case of the dripping regime, the

slug at the tip of the flow tends to decrease with λ. In general, it can be seen that the

change of λ in less significant in the gas-liquid systems compared with liquid-liquid

systems.

7.6 3D Results

After a comprehensive 2D analysis of the formation of bubbles and droplets in a

T-junction, it is necessary to expand this study by simulating the cases in 3D. It is

critical to understand how the physical behavior of the flow changes by transforming

the geometry to fully 3D. Preliminary simulations of droplet formation and bubble

formation are performed using ρratio = 1 and λ = 1. In addition, coarse grid resolution
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Figure 7.28: Effect of λ on bubble formation in the dripping regime for λ = 1.0,
λ = 0.1, λ = 0.05, and λ = 0.02 with Ca = 0.05, Q = 0.5, θeq = 30◦ at T = 18.0.
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Figure 7.29: Effect of λ on bubble formation in the jetting regime for λ = 1.0, λ = 0.1,
λ = 0.05, and λ = 0.02 with Ca = 0.5, Q = 0.3, θeq = 30◦ at T = 18.0.
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Figure 7.30: Effect of λ on bubble formation in the jetting regime for λ = 1.0, λ = 0.1,
λ = 0.05, and λ = 0.02 for Ca = 0.5, Q = 0.5, θeq = 30◦ at T = 18.0.

was used which corresponds to H = 20.

7.6.1 Droplet Formation

Simulations of droplet formation are presented in Figs. 7.31 and 7.32 for each of the

regimes. These cases correspond to the first and last cases shown in 7.14. For the

dripping regime, Ca = 0.5, it can be seen that the dispersed fluid enters the channel

and the thin thread is pushed along the main channel. The displaced fluid thread

has a conical shape, which keeps elongating with time and no droplet formation is

shown. In the squeezing regime, Ca = 0.005 the disperser fluid thread is thicker than

in the dripping case. As the thread enters the main channel starting the expansion

stage, Wm increases until it reaches a maximum value. At this point, the collapse

stage starts and a neck in the thread starts reducing and ultimately pinch-off takes

place. As expected, the behavior of the flow in 3D is not exactly the same as 2D.

In general, 3D simulations are able to capture the flow around the displaced fluid

and on the corners of the channels. The geometrical change will definitively have an

impact on the type of flow that will be generated. 3D simulations do not capture
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Figure 7.31: 3D Simulation for droplet formation for Ca = 0.5, λ = 1, Q = 0.25, and
θeq = 30◦.

T = 24.0T = 18.0
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Figure 7.32: 3D Simulation for droplet formation for Ca0.005, λ = 1, Q = 0.25, and
θeq = 30◦.

pinch-off in the dripping regime, however, they do in the squeezing regime. On the

other hand, some important features are maintained. The thickness of the dispersed

thread is proportional to the value of Ca, which indicates different regime and forces

acting on the system.

7.6.2 Bubble Formation

Simulations of bubble formation are presented in Figs. 7.33 to 7.35 for each of the

regimes. These cases correspond to the first, third, and last cases shown in 7.21. In the

jetting and dripping regimes, Ca = 1 and Ca = 0.01 respectively, the dispersed fluid
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Figure 7.33: 3D Simulation for bubble formation at Ca = 1.0, λ = 1, Q = 1.0, and
θeq = 30◦.
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Figure 7.34: 3D Simulation for bubble formation at Ca = 0.01, λ = 1, Q = 1.0, and
θeq = 30◦.

enters the main channel and forms a thread. As this thread is pushed further along

the channels, disturbances start affecting the thread and finally pinch-off takes place.

It is believed that is disturbances are caused by the Rayleigh-Plateau instability. It

is believed, that this instability triggers pinch-off, since the dispersed fluid tends to

minimize its surface area. This effect cannot be captured in the 2D simulation, which

explains why there is not break-up. In the squeezing regime Ca = 0.005, the dispersed

fluid enters the main channel forming a thicker thread than in the dripping or jetting

cases. As the dispersed fluid is pushed along, and necking starts to occur and a

bubble forms. This flow differs from the 2D simulation on the size of the bubble and

thickness of the thread.
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Figure 7.35: 3D Simulation for bubble formation at Ca = 0.005, λ = 1, Q = 1.0, and
θeq = 30◦.

Preliminary 3D simulations provide a good starting point to evaluate flow for-

mation in the microchannel. Results showed the ability to capture the droplet and

bubble formation process. However, additional analysis has to be performed in order

to investigate whether the results are physical or are due to numerical values such as

grid resolution, density and viscosity ratios.



Chapter 8

Summary and Future Work

8.1 Summary

Industry is switching to microscales systems, since they can reduce cost, improve

safety, and increase efficiency. In general microfluidic devices use single-phase flows,

however some specific microfluidic applications, such as chemical synthesis and fluid

mixing processes, are now taking advantage of multiphase flows. Introduction of a

secondary immiscible flow, creates new recirculation patterns, larger interfaces and

additional eddies. These multiphase flows are improving the mixing of reactants and

transverse channel transport. In addition, introduction of a secondary flow will allow

reduction of common single-phase flow issues, such as long diffusion times and axial

dispersion.

Study of multiphase flows in a microreactor could be divided into two main areas:

mixing area and segregated area. In the mixing area, mixing geometry and gas-liquid

inlet conditions are the most important criteria to determine the type of gas-liquid

flow that will be generated. On the other hand, segregated area, is greatly dependent

on the interaction between gas, liquid, and solid wall. At this point, the effect of

wettability and contact angle would ultimately determine the behavior of the flow.

In order to understand the behavior of multiphase flows in microsystems, this

study used LBM as a numerical tool to simulate the dynamics of bubble formation

and motion along a microchannel. This study was completed in three different stages:
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first, analyze the dynamic behavior of a single bubble as it rises. Second, add the

effect of the wall by evaluating a bubble rising in vertical and inclined square channels.

Lastly, investigate the formation process in a microchannel for liquid-liquid and gas-

liquid systems. The following is a review of the key points obtained in each stage of

the study.

Single Bubble Rising in Unconfined Domain

2D analysis is performed in order to establish the dependence on physical and nu-

merical parameters such as density ratio, viscosity ratio, surface tension, interface

thickness, and domain size.

• Density ratio has little effect on terminal shape and velocity.

• Viscosity ratio has a large effect on the terminal velocity and shape of the

bubble. As viscosity ratio decreases, interface becomes more immobile and shear

stress is higher in the system. Therefore, the bubble suffers less deformation

and terminal velocity is reduced.

• Increase of Bo reduces the surface tension, therefore higher deformation is ex-

hibited by the bubble.

• Interface thickness has very little to no effect on terminal velocity and shape,

as long as the value is high enough to use an isotropic discretization to reduce

the parasitic currents in the system.

• Domain size in the radial direction has to be large enough to reduce the wall

effect on the dynamics of the bubble.

3D analysis was performed by simulating a case for each of the eight different shape

regimes introduced by Bhaga and Weber [53].

• Terminal Re and shape for each case are in good agreement with experimental

results.
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• Velocity streamlines are given for each case. It was shown that the wake behind

the bubble has a dependence on the size, velocity, and deformation of the bubble.

• Pressure contours show that pressure concentrates at the top of the bubble,

indicating that the bubble is pushing liquid away in order to continue rising.

• Drag coefficient is calculated using simulation results and it is compared satis-

factorily with experimental results.

Single Bubble Rising in a Square Channel

Vertical channel simulations were compared with the experimental results by Li et

al. [99].

• Simulation results generally agree with the experimental results, except for the

evolution of ∆. Experimentally, it was considered that ∆ is only a function of

k. However, it was found that ∆ is also influenced by Ca and We. In addition,

a proportional relationship between δ and Ca was established.

• Streamlines and vertical component of vorticity are introduced at different ele-

vation levels of the bubbles to show the different circulation patterns along the

flow. It was identified that the change of direction of the vorticity creates com-

plex streamlines. It was shown that the magnitude of the vorticity was reduced

as the Ca was increased.

Inclined channel simulations were compared with previous experimental and numer-

ical studies by Zukoski [108], Maneri and Zuber [109] and Shosho and Ryan [110].

• Relationship of δ and Fr at different inclination angles was successfully com-

pared to previous results.

• Streamlines and vorticity contour coupling was not affected by the inclination
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Formation Process in a Microchannel

Formation process in a microchannel with a T-junction mixing area was studied for

liquid-liquid and gas-liquid systems. It was shown that different non-dimensional

parameters such as Ca, Q, ρratio, λ, and θeq have an effect on the formation process

in each system.

• Density ratio for the liquid-liquid is considered to be 1. However, in the gas-

liquid system this assumption is not valid unless the inertia ratio between the

fluids is considerably low.

• Using different values of Ca two different regimes can be identified for the liquid-

liquid system, the squeezing and the dripping regimes, where critical value is

around Ca = 0.01.

• In the gas-liquid system three regimes were identified, the squeezing, the drip-

ping, and jetting regimes. Transition from squeezing to dripping takes place

around the same critical Ca for the liquid-liquid system. It was estimated that

the transition between dripping and jetting takes place around Ca = 0.1.

• In the squeezing regime for the gas-liquid system, the size of the bubble was

successfully compared to a scaling law that relates non-dimensional length of

the bubble and Q. In addition, it was shown that in this regime, λ has very

little effect on the frequency, size or location of the bubble.

• In the squeezing regime for the liquid-liquid system, the formation process is

affected by Q and λ. Break-up process is enhanced as both of these values are

reduced.

• In the dripping regime for the liquid-liquid system, size of the droplet and pinch-

off time are reduced as value Ca increases. In addition, increase of Ca reduces

the expansion and collapse rate, as shown in the evolution of Wm.

• Formation process in the dripping and jetting regimes for the gas-liquid system

seems to be more influenced by the value of Q rather than λ. This effect is the



CHAPTER 8. SUMMARY AND FUTURE WORK 141

opposite to liquid-liquid systems, where reduction of λ enhances the break-up

process.

• Surface wettability plays a very important role in the formation process, regard-

less of the fluids in the system or the value of other non-dimensional factors.

As the surface becomes more non-wetting, the dispersed fluid is repelled from

the wall thus enhancing the pinch-off process.

8.2 Future Work

The results obtained in the current study are a good starting point, however it could

be extended by investigating micro-channel devices with different mixing areas such

as cross-section, and co-flowing, with and without symmetrical geometries. In each

case, the goal is to identify the different formation regimes and the primary forces that

affect the transition from one regime to the next. 3D simulation results presented

in this study are a foundation to evaluate the effect of the flow in the corners of the

pinch-off process, as it was described by previous experimental studies [118, 119]. This

effect has to be further examined by performing simulations of each geometry using a

3D model. In addition, it is believed that the formation process in the dripping and

jetting regimes is triggered by the Rayleigh-Plateau instability. Unfortunately, this

instability is completely lost for 2D simulations. 2D simulations are a good alternative

to explore the factors that affect the formation process, however a 3D simulation

is required to provide a more accurate depiction of the problem. Furthermore, an

analysis has to be performed to evaluate the effect of numerical parameters such as

grid resolution, density, and viscosity ratio.

Another important factor that has to be explored is the level of contamination or

impurities in the system by introducing surface acting agents (Surfactants). Surfac-

tants have the ability of modifying the intermolecular forces, therefore modifying the

surface tension of the bubble. However, the addition of surfactants also creates com-

plexities in the simulation of the dynamics of the multiphase flow, since it affects the

velocity and the deformation of phases. The advantage of adding surfactants is that
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the model will become more realistic and would have a broader range of applications.

Any numerical model always has the possibility for improvement, and it is a never

ending task to find alternatives to expand its capabilities and applications. At this

point it is necessary to develop numerical schemes that would help overcome some

of the limitations of LBM. These limitations include complex enclosure geometries,

high velocity and high viscosity ratio cases. Ultimately, the goal is to engage in a

cooperative research. This research would focus on the improvement and use of LBM

and other numerical tools to explore multiphase models involving different complex

phenomena and gas-liquid-solid flows at different scales. Areas that I would like to ex-

plore include but are not limited to porous media, bubbly flows, suspensions, boiling,

atomization, drop impact, solidification, mixing, energy generation and conservation,

biomechanical systems, and heat exchangers.



Appendix A

Modified Particle Distribution

Functions

In Eq. (4.9), the modified particle distribution function ḡα and equilibrium distribu-

tion function ḡeqα are introduced:

ḡα = gα +
1

2τ
(gα − geqα ) (A.1)

−δt

2
(eα − u) ·

[
∇ρc2s (Γα − Γα(0))− (C∇µ+ ρg∇h)Γα

]
−δt

2
eα · (ρlg∇h) Γα(0),

and

ḡeqα = geqα (A.2)

−δt

2
(eα − u) ·

[
∇ρc2s (Γα − Γα(0))− (C∇µ+ ρg∇h)Γα

]
−δt

2
eα · (ρlg∇h) Γα(0).
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Appendix B

Discretization of First and Second

Derivatives

B.1 D2Q9 Model

The first derivative can be expressed in terms of grid indices.

∂ϕ

∂x
|(i,j) =

[
ϕ(i+1,j) − ϕ(i−1,j)]

/
3 +

[
ϕ(i+1,j+1) − ϕ(i−1,j−1)]

/
12 (B.1)

+
[
ϕ(i+1,j−1) − ϕ(i−1,j+1)]

/
12

and

∂ϕ

∂y
|(i,j) =

[
ϕ(i,j+1) − ϕ(i,j−1)]

/
3 +

[
ϕ(i+1,j+1) − ϕ(i−1,j−1)]

/
12 (B.2)

+
[
ϕ(i−1,j+1) − ϕ(i+1,j−1)]

/
12

in which i and j are the grid indices in the x− and y−direction respectively.

The second derivative is calculated using the following finite difference.

∂2ϕ

∂xk

|(i,j) = [ϕ(i+1,j+1) + ϕ(i−1,j+1) + ϕ(i+1,j−1) + ϕ(i−1,j−1) (B.3)

+ 4ϕ(i+1,j) + 4ϕ(i−1,j) + 4ϕ(i,j+1) + ϕ(i,j−1) − 20ϕ(i,j)]/6
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B.2 D3Q19 Model

The first derivative can be expressed in terms of grid indices.

∂ϕ

∂x
|(i,j,k) =

[
ϕ(i+1,j,k) − ϕ(i−1,j,k)]

/
6 +

[
ϕ(i+1,j+1,k) − ϕ(i−1,j−1,k)]

/
12 (B.4)

+
[
ϕ(i+1,j−1,k) − ϕ(i−1,j+1,k)]

/
12 +

[
ϕ(i+1,j,k+1) − ϕ(i−1,j,k−1)]

/
12

+
[
ϕ(i+1,j,k−1) − ϕ(i−1,j,k+1)]

/
12

∂ϕ

∂y
|(i,j,k) =

[
ϕ(i,j+1,k) − ϕ(i,j−1,k)]

/
6 +

[
ϕ(i+1,j+1,k) − ϕ(i−1,j−1,k)]

/
12 (B.5)

+
[
ϕ(i−1,j+1,k) − ϕ(i+1,j−1,k)]

/
12 +

[
ϕ(i,j+1,k+1) − ϕ(i,j−1,k−1)]

/
12

+
[
ϕ(i,j+1,k−1) − ϕ(i,j−1,k+1)]

/
12

and

∂ϕ

∂z
|(i,j,k) =

[
ϕ(i,j,k+1) − ϕ(i,j,k−1)]

/
6 +

[
ϕ(i+1,j,k+1) − ϕ(i−1,j,k−1)]

/
12 (B.6)

+
[
ϕ(i−1,j,k+1) − ϕ(i+1,j,k−1)]

/
12 +

[
ϕ(i,j+1,k+1) − ϕ(i,j−1,k−1)]

/
12

+
[
ϕ(i,j−1,k+1) − ϕ(i,j+1,k−1)]

/
12

in which i, j, and k are the grid indices in the x−,y−, and z−direction respectively.

The second derivative is calculated using the following finite difference.

∂2ϕ

∂xk

|(i,j) = [ϕ(i+1,j+1,k) + ϕ(i−1,j−1,k) + ϕ(i+1,j−1,k) + ϕ(i−1,j+1,k) (B.7)

+ ϕ(i+1,j,k+1) + ϕ(i−1,j,k−1) + ϕ(i+1,j,k−1) + ϕ(i−1,j,k+1)

+ ϕ(i,j+1,k+1) + ϕ(i,j−1,k−1) + ϕ(i,j+1,k−1) + ϕ(i,j−1,k+1)

+ 2ϕ(i+1,j,k) + 2ϕ(i−1,j,k) + 2ϕ(i,j+1,k) + 2ϕ(i,j−1,k)

+ 2ϕ(i,j,k+1) + 2ϕ(i,j,k−1) − 24ϕ(i,j,k)]/6
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