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INTRODUCTION

One is often faced with the problem of deciding for a given set
X of groups which groups in the set are isomorphic and which are not.
A natural but often computationally difficult or impossible approach
is to choose a test group T and then compute and compare the number
of homomorphisms of G into T for each G € X .

Giving the groups has been standardized to some extent by
presenting the groups in terms of generators and defining relations,
The computations become feasible although possibly still impractical
if we restrict the groups in X to be finitely presented (finite
number of generators and relations) and the test group T to be finite.
Even under these restrictions, however, the method can be shown to
fail [J. Dyer - unpublished]. It is possible, however, that it will
work for groups with one relateor which are residually finite (the
intersection of all the normal subgroups of finite index is trivial).
In this paper the above technique is used to try to classify
(1) {H(i,5 | all integers i and 3}
and

(2) {G(ml,...,mt)l t > 0 , all integers ml,...,mt} ,

where
.. -l. i j
H(i,5) = (a,b,c; a [c,a][e?,b])
and
- . L, M2 my
G(ml,...,mt) = (xl,xz,...,xt, L SRR )




The computations can be made more practical in three ways.

(1) Count only the epimorphisms.

(2) All the information available from abelian test groups
can be obtained from the factor derived group. The Betti number and
torsion coefficients form a complete set of invariants for the factor
derived group. They can be computed by diagonalizing the relation
matrix.

(3) Use the above techniques on the complete set of kernels
of maps onto a well understood test group. Presentations for the
kernels can be computed by using the method of Reidemeister and
Schreier.

In Chapter 1, I define explicitly many of the terms mentioned
here and state a few well known facts which are used in the sequel.
Proofs are available in standard works, e.g. see [5].

In Chapter 2, I discuss the groups H(i,j) . Thé main result is
a formula for the number of epimorphisms of a subgroup of index 2
onto each member of an infinite family of finite groups. The formula
can be used to distinguish many of the groups, H(i,j) . In
particular we have
Theorem A. The groups H(i,j) are all distinct for (i,j) in the
set {(1,1),(1,2,(1,3,1,9,1,9,1,10),(2,2),(2,14),(2,15),(2,21),
(3,2),(3,15),(5,10),(5,14) } .

In Chapter 3, I discuss the groups G(ml,...,mt) . In this case
somewhat better results are obtained.

Theorem B. The groups G(ml,...,m ) can be completely classified

t
when gcd(ml,...,mt) 1.
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Theorem C. The groups G(ml,mz,ms) can be completely classified.

Most of the notation that is used is standard or it is introduced

as it is needed. The few exceptions are listed below.

@ = the empty set.
gp(X) = the subgroup of G generated by X , where X 1is a subset
of the group G .
ng(X) = the normal subgroup of G generated by X .
x = y—lxy , where x and y are elements of a group.
[x,y] = x Ty xy .
| x| = the cardinality of the set X .

the absolute value of the number a .

»
I
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CHAPTER 1 PRELIMINARIES

Section l. Presentations and the method of Reidemeister and Schreier
If X is a set of generators, x , for agroup G and R 1is a
set of X-words (finite strings of x's and x-l's) , r(x) , then we

write G = (X; R) and say that '(X; R) is a presentation for G

if and only if the kernel K of the homomorphism K of the free group
F on an equally indexed set Y = {yxlx € x} onto G which maps y_
to x is just gpF{r(yx)Ir(x) € R} . The elements of R are called
relators. |

We note first of all that if R is any set of X-words then
F/K = (X; R) . Secondly if Go is another group then amap © of
X into Go extepds to a homomorphism (epimorphism) of G = (X; R)
to Go if and only if r(x6) =1 for all r(x) € R
(and G_ =gp{x0|x €x}) . Finally if N = gp (R) then
G/N = (X; rRU R ).

Let H be a subgroup of G and T the natural isomorphism from
F/K onto G induced by } then Hﬂ-l = E/K where E is a subgroup
of F. E is free (all subgroups of a free group are free), and the
method of Schreier allows us to choose a free set of generators for E.

First we choose a system S of right coset representatives, s ,
for E in F such that

(i) 1 €8

t
. e _ o e -
(ii) if s ¥y Yy € s (yi €vy, = 1) then
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Such a system called a Schreier system always exists. Secondly we let

O be the map from F to S which sends each element of F to its
coset representative in S . Finally E is freely generated by the
set Z(S,Y) of those elements z(s,y) = sy(syG)—l, s€s,y€y
which are not equal to 1 .

By the Reidemeister rewriting process we may rewrite any word

e=e(y) in E as aword e = e(z) in the above generators of E .

€ € € €
. 1 t - 1 t
Indeed if e(y) = Yy e Vg then e(2) = z(sl,yl) ...z(st,yt) B
el €. 1 el €
J- . J
where s, = Y.  if € =+1 and s, = e y.)O  if
j (v, ] ) j 5 (vy Y5 )
ej ==-1. Now K = gpF(R) is also ng{r(s) = srs_1|r €R, s € S} .

Using the Reidemeister rewriting process we set
R(S,Y) = {r(N(2) |r €R, s €8} . Thus E/K = (Z(S,Y); R(S,Y))

We can translate everything we have done for E to H by_using
b . First of all H is generated by the set W(Su:,X) of elements
w(sk,x) = (z(s,yx))u . Secondly by the above discussion we see that
for R(SH,X) = {r(s)(aw) |r €R, s € 8} where H = (W(Sh,%); R(SM,X))
As a practical matter it is convenient to use [ to identify X-words
with Y-words. Another way of putting it is that we discard G and

look only at F/K .
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Section 2. Betti numbers, torsion coefficients and the relation matrix
The factor derived group of G, A(GQ) = /G’ , where G’ is the
derived group of G . If G is finitely generated then so is A(G)
and hence there is a unique non-negative integer B(G) and a unique
possibly empty set of integers T(G) =:&i(G)""’Tn(G)} all greater
than 1 , such that T, divides T, ., for i€ {1,...,n -1} with
the property that’ A(G) is isomorphic to a direct sum of B infinite

cyclic groups and finite cyclic groups of order Ti for each i .

B(G) is called the Betti number of A(G) and T(G) the set of

torsion coefficients.

The Betti number and torsion coefficients of the factor derived
group of a finitely presented group G = (X; R) can be computed by

diagonalizing its relation matrix. The relation matrix M(G) has

|R| rows and IXI columns; for convenience we may index them by R
and X themselves. The entry at the r'th row and x'th column,
M(G) (r,x) , is the exponent sum of x in r , By using elementary
row and column operations any rectangular matrix and in particular a

relation matrix can be put in diagonal form, that is with at most one

non-zero entry in each row and column. Moreover these non-zero entries
can all be chosen positive and so that when written down in increasing

order ¢t_,t ,ts they have the property that ti divides t

prtgre . 141
for i € {1,...,s -1} . When this has been done for M(G) the Betti
number of A(G), B(G) = |X| - s , and if t, =1 for

i €{1,...,s - n} but to o, F1 thenwith T.(G) =t . the set

of torsion coefficients for A(G) is T(G) = {Tl(G),...,Tn(G)} .
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We now list some elementary facts about elementary row and-column
operations which we will use frequently, often without explicit mention.
First if a square matrix in diagonal form has exactly one non-zero
entry in each row and column and each of these entries are equal then
the action of any elementary row operation may be negated by an
appropriately chosen elementary column operation. Secondly if a matrix
in diagonal form has two non-zero entries a and b then by elemen-
tary row and column operations we may chénge a to gecd(a,b) , the
positive greatest common divisor of a and b and b to lcm(a,b)
the positive least common multiple of a and b , leaving the balance
of the matrix unchanged. Thirdly an entry a of a matrix in diagonal
form may be changed to Ial . Finally if each non-zero'entry of a
matrix is the only ﬁon—zero entry in its column, then by elementary
column operations the matrix may be transformed into a matrix in
diagonal form with the gcd of the entries of each row placed in that
row and some column, a distinct column for each distinct row. The
ged of a set of integers N 'may be defined inductively by

(1) ged(d) =0 ;

(2) for any integer a gcd(a,0) = Ial and

(3) if N=N UN, then gecd(N) = ged(ged Nj,ged N,) .
For uniformity of some formulae it is convenient to introduce

the integer indexed sequence of non-negative extended torsion numbers

?(G) = {?i(G)li " an integer} which contains all the information given
by B(G) and T(G) = {Tl(G),...,Tn(G)} and has the added property

that

A@ =@ Z’T'i(G)



where is the cyclic group of exponent ?i(G) . ?(G) is

G
defined by
Fi(G) = 0 for i = B(G)
To(Q)sns1-i(® for B@® <1 SB@ +n
1 for B(G) +mn <i .



CHAPTER 2 THE GROUPS H(i,j)

Section 1. Some properties of the groups H(i,j)

(i) H(i,j) is the third term in an exact sequence
1~ N -H(i, ) =21

where N is free and Z is infinite cyclic;
(ii) the 2-~generator subgroups of H(i,j) are free;
(iii) ﬁ(i,j) is residually nilpotent, i.e.
®
Ly YHG, D = {1}
where YCH(i,j) is the c¢'th term of the lower central series of
HG, G

(iv) H(i,j)/YcH(i,j) is free nilpotent of class ¢ - 1 on
two generators for c = 1,2,... ;

(v) H(i,j)/H”(i,j) is free metabelian on two generators
where H”(i,j) is the second derived group of H(i,j) ;

(vi) ®(H(i,j)) = {1} where &(H(i,j)) is the intersection
of all the maximal subgroups of H(i,j) ;

(vii) ) H(i,j) 4is not free unless i =0 or j =0 .

All thé properties except (vi) are discussed and an indication .of.
their proofs is given in [1]. (vi) is proven in [3]. All the prop-
erties except (vii) are shared by a free group on 2 generators and if
i=0 or j=0 then H(i,j) is freely generated by b and c .
Properties (iii) and (iv) imply that the groups are residually finite.
Note also that if (i’,3j’) = (-i,-j) then H(i’,j’) % H(i,j) , whether

the converse is true when the groups are not free is not known.
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Thus we see that the groups are all very much alike, which makeé
distinguishing their isomorphism classes difficult., Because of prop-
erties (iv) and (v) we will not obtain any information about the
isomorphism classes from test groups that are either nilpotent or
metabelian.

Our course of action is to look at the subgroups of index two
in H(i,j) and show that we can restrict our investigation to one of
these, Kl(i,j) , which often does not satisfy (vi. For this subgroup
metabelian test groups can distinguish isomorphism classes. We proceed
to compute a general formula for the number of epimorphisms of Kl(i,j)
onto each number of a large class of finite metabelian groups.
Applying the formula for some particular test groups we are able to
determine a few classes of the groups Kl(i,j) such that groups in
distinct classes differ in the number of epimorphisms onto at least one
of the test groups. Thus groups in distinct classes are not isomorphic
and as we shall see this induces a similar classification of the groups

H(i,J3) .



Section 2. The subgroups of index 2 in H({i,}j)

Since the relation matrix of H(i,j) is
M(H(i!j)) = (_190,0)

(the columns are indexed by a,b, and c¢ in that order) we see that

A(H(i,j)) is the free abelian group generated by bH’(i,j) and

cH'(i,j) . Thus there are exactly three subgroups of index 2 :
- 2 1,. .
Kl(lyJ) = gp(b ,c,H (i,3))
. 2 1, .
K2(19J) = gp(b,c ,H (i,J))
. 2 .. .
K3(1’J) = gp(bc,c ,H (i,J))

At this point we can state
Theorem 2.1. Kz(i,j) = K3(i,j) for all i and j .

This is proven by using the method of Reidemeister and Schreier
to find presentations for the groups. We postpone the computations

until after a discussion of its immediate consequence.

Corollary 2.2, If H(i,j) =H(i',j’) then K (i,3) & Kn(i',j') for

n=1,2 or 3.
Proof. By the hypothesis K (i,j) Z Knﬂ(il,j') where T is a permu-

tation on {1,2,3} . If 1m

1 then K, (i,j) Z Kl(i',j’)
Furthermore 27 € {2,3} so Ky(i,3) = Kzﬂ(i',j') = Kz(i',j') by the
theorem and similarly for n =3 . If 17€ {2,3] and m is the
: -1

element in {2,3} not equal to 1T then mmT ~ € {2,3} and

» 3 ~ I I, ~ .I .l ~ (3 . ~ . 'S o~ 03 .
K (1,9 2K G7,3) 5K (1,5) 2K 10,9 2K,(1,9) 2Ky(1,9) .
In a similar manner the Kn(i',j') are all isomorphic to one another

hence each subgroup of index two in H(i,j) is isomorphic to all the
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subgroups of index two in H(i',j') proving the corollary in this case
also.

Thus K, (i,3) 2K (1',3') implies that H(i,3) % H(i’,3’) end
hence in the sequel when we distinguish non-isomorphic Kl(i,j)'s we
are also distinguishing non-isomorphic H(i,j)'s . The reasohs we
choose Kl(i,j) are first that we can write down its presentation
uniformly for all i and j and secondly that Kz(i,j) shares with
H(i,j) all properties of H(i,j) 1listed in Section 1 (except that in
(i&) and (v) two generators must be changed to read three generators)
wheregs Kl(i,j) shares all the properties (similarly modified) with
the important exception in some cases of (v).

The presentation of Kl(i,j) is obtained in

-1 J -j uj
Lemma 2.3, Kl(i,j) = (u,v,w,x,y; X [u ,xu Jy Mw,v <]

Proof. Choose as a Schreier system {1,b} , then Kl(i,j) is gener-

ated by a,bab~1,b2,c and bcb—l . The relators when rewritten in
terms of the generators are

- 3 — . - — 3 2

a et ale %) L beb ™y Ip®  and

(bab™ 1) X (beb ™) T bab ™ (ben ™) "I

corresponding to a [c ,al[ed ,b] and ba [c ,a][c b]b

respectively. We get the required presentation by setting:

u=c;

vV = bcb_l ;

w = b2 ;

X = a(bcb ) JcJ and

-1
)Y [V YV uJ])-
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Theorem 2.1 is a consequence of the next four lemmas, each of
which gives a presentation of Kz(i,j) and Ks(i,j) for various
values of i and j modulo 2 . In all cases we choose {1,0} as a

Schreier system for Kn(i,j) in H(i,j) and we see that

Kz(i,j) gp(a,cac_l,b,cbc—l,cz) and

gp(a,cac_l,cb,bc-l,cz)

]

K, (1,3

il

Lemma 2.4, If i

——

2n and j = 2m then

lit

Ky(L,) 2 Kg(1,3) = (u,v,w,x,y; w o [v,ullwh,x],v v, vIw",y ]

Proof. The relators a-l[cl,a][cJ,b] and ca—lfcl,a][cJ,b]c—l' when

rewritten in terms of the generators are

a [ (cH™,al[(cH™,b] and

(cac—l)_l[(cz)n,cac"l][(cz)m,cbc"1

]
respectively for Kz(i,j) and

a (B, al[ ()™, cb] and

(cac—l)_l[(cz)n,cac_l][(cz)m,bc-l]

respectively for K3(i,j) . The result now follows by setting u = a,
-1 2 -1

v=ca ,w=c¢ , for Kz X =Db and y = cbc and for K3 x =c¢cb

and y = bc_l .

Lemma 2.5, If 1

r———

2n and j =2m + 1 then

sy~ .. -l. n -m-1 -1 m+l
Kz(l,J) = K3(1,J) = (u,v,w,x,y; u [W ,u]w y w X,
v_l[wm,v]w—mx_lwmy)

Proof. The rewritten relators are for K2 and K3 respectively:



a—l[(cz)n,a](cz)_m_l(cbc-l)_1(c2)m+1b ,

(cr:».c_l)_l[(cz)n,cacml](cz)'-mb"l(cz)mcbc-1 and

-1 2.n 2, -m-1 -1,-1, 2.'m
a [(c7) " ,al(c) (bc ) “(c) cb ,
(cac ™) [ (e, cac 1) ™(eb) (P bt |
. -1 2
The required result follows by setting u=a, v=cac , w=c¢ ,
- 2
for K x=b and y = cbc 1 and for K Xx=cb and y = c¢ bc

2 3

Lemma 2,6, If i =2n 4+1 and j = 2m then

s~ . -1 -n-1 -1 n+l m
Kz(l,J) = K3(1,3) = (u,v,w,x,y; u w v Wt u[w ,x],

v_lw—nu_lwnv[wm,y])

Proof. The rewritten relators are for K2 and K3 respectively:

-1, 2, -n-1 -1 !
a (c

® 2V cac™ A af (¢BH™,p]

(cac_l)—l(cz)—na_l(cz)ncac—l[(cz)m,cbc_l] and

-1, 2, -n-1 1. -1, 2 n+l 2.m
a (c)) (cac 7) “(c)) a[(c”) ,cb] ,
-1 - 2 - - - -
(cac 1) 1(c ) "a 1(cz)ncac 1[(cz)m,bc 1]
. -1 2
The required result follows by setting u=a, v=cac ,w=c ,
for K2 x=b and y = cbc-'l and..for K x=c¢cb and y = bc-'l

3

Lemma 2.7. If i 2n +1 and j = 2m 4+ 1 then

Loy o~ A -1 -n-1 -1 n4l -m-1_ -1 m4l
K2(1,J) = K3(1,J) = (u,v,w,x,y; u W v'w uw y “w ,

-1 -n -1 n -m_-1m
v Tw w

u VWX wy) .

Proof. The rewritten relators are for K2 and K3 respectively:

2, -m-1 -1, 2
c

a—l(cz)_n-l(cac—l)—l(cz)n+la(c ) (cbc—l) ( )m+1b ’

(cac'_l)--]'(c?')-na“l(cz)ncacml(cz)"mb—]'(cz)mcbc—1 and

11



2, -m-1

—1(c2)n+1a(c ) (b

a-l(cz)n-l(cac-l)

(cac—l)-l(cz)_na_l(cz)ncac_l(cz)—m(Cb)

The required results follow by setting u = a,

for K, x =b and y=cbc-1 and for K, x

-1
c

_1(

V =

-1

)

2
c

)

cz)mcb

(

’

m+lbc_1 .

cac ~, w

=c¢cb and vy

12
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Section 3. The metabelian test groups

As test groups we use the non-abelian subgroups of the holomorph
of a cyclic group of prime order ¢q . Their derived groups are cyclic
of order q , the factor derived groups are cyclic of order p where

p divides gq -1 (p is not necessarily a prime). Hence the notation

Z7Z . 7227 has the presentation
qp qQp
(a,b; ap,bq,a_lbab-s)
D P4
where B° =1modq , but B> ¥1 modgq for x € {1,...,p -1} . It

follows that every element in Z Z can be written in the form asbt
qp
where s € {0,1,...,p -1} and t € {0,1,...,q - 1} .
Note that the exponents of b may be thought of as lying in the

field of ¢q elements so it is meaningful to write the inverse of non-

-1
zero exponents, e.g. bB

The following theorems concern some properties of the group ZqZp
which will be useful in the sequel.

mn s t m4-s nBs+t
Theorem 3.1. (i) ab.ab =a b ;

ns s, -1
(ii) (asbt)n = ansbt<l-ﬁ ) (1-B9) for s ¥ 0 ;

s, t, -1 -s —tB-S

(iii) (a"b’) =a b ;

. S
(iv) (asbt) -1 . ambn. aSbt - amb(l—Bm) t4+np ,
(v) [ambn,asbt] _ bglhsm)t"gl_@$}n .
t

Proof. (i) a'b . a°p’ = am+s.(a—sbas)n.b and

a1—sbB-as-1 1-s as—l)B

a_sbas = = (a b and the result follows

inductively.
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(ii) By applying (i) repeatedly we have (asbt)n =

s(n-1) s
anspt (P toe D Glearly (- B9 + B 4 ...+ 857D

1 - g% proving the result.
(iii) This follows easily by applying (i) to compute
-s
a 5B L aSpt
(iv) Follows easily from (i) and (iii).

(v) Follows easily from (i) and (iv).

Corollary 3.2, For s ¥ 0 the order of asbt is p(gcd(s,p))—l .

Proof. This follows easily from (ii) of Theorem 3.1.

Theorem 3.3. Aut Z Z = {o _|lao = ab’ be =0
e — qap p’GI p,O' ! p’O' !

p=0,1,,..,9 -1 and 0 =1,...,q9 -1} .

p

ag
Proof. 1t is clear that ab and b generate Zqu . PFurthermore

by applying Theorem 3.1 and its corollary it is not difficult to see

o o
that abp and b satisfy the necessary relators: (abp)p =1, (b )q

0. .1 )
1.0 -0 _ ,@-B)pseB” B0 BO B0 his

and (ab”) abP. b

shows that all the maps in question do extend to automorphisms in the
natural way. It remains to show that these are the only maps.
Let o € Aut Zqu then it is clear that ba € gp(b) ; let

. .
b = b, 0 %0 . Suppose ax = asbp then we must have

(a—]‘bab_B

ot
I

Yo

(1-Bo

1

[2%",0 b

S
O(B°-B)

1

This implies that s = 1 and concludes the proof of the theorem.

=1
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If © is an epimorphism of a group G onto Zqu then
{Gala € Aut ZqZp} is a set of q(q - 1) distinct epimorphismsof G
onto Zqu . Thus we may count all the epimorphisms of G onto Zqu

by counting one from each set and multiplying the result by q{(q - 1)
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Section 4. The main result and Theorem A

Our main result, Theorem 4.1, is just a formula for computing the
number of epimorphisms of Kl(i,j) onto ZqZp . The proof is post-
poned until Section 5. We specialize this theorem in numerous corol-
laries until we obtain enéugh information to prove Theorem A of the

introduction.
Theorem 4.1. The number of epimorphisms of Kl(i,j) onto Zqu is

q(q - 1) times
@+1E|s | vals,|+ [sg]y+
2 . :
2 (| 9l + | 1,91 )6 +
v, Uviianl s v uvita,l +
S vya,n nvtan !« lvga,n nvita,nly
where:

s s
Sn = {(sl,...,sn)l gp(at,...,a?) =gp(a) and s_=1,...,p-1} ;

k
{(

T (5 = {¢sy,...,5) €s | - 8B 21 mod q} ;
U, = {Csp,ens) €5 | a - p1hHpI05270) _ 1 pod o} ;
V., =T (,9) NU G, ;

-1
X~ = {(sz,sl,...,sn)l (sl,sz,...,sn) € x} ;
6(j) =1 if j=0mod g and O otherwise.

Corollary 4.2. The number of epimorphisms of Kl(i,j) onto Zqu is

3
7(¢ - q) unless q =3, i

1 mod2 and j = 3 mod 6 when it is

384, (Note that 7(q3 - q) 168 when ¢q = 3)
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Proof, We must first compute the parameters which enter into the

formula given in Theorem 4.1.

s, = {1}, S, = {(,1)} and S, = {a,1,n}.

B=q~-1 and (1 ~ Bx) BY =1 mod q iff x =1 mod 2,
y =1mod 2 and (2 - q)(q - 1) =1 mod q . The last equation implies
that -2 =1 mod q and indeed that gq = 3 .

Thus for q ¥ 3 we have T (1, =U G, = Vn(i,j) =@ for all
n,i and j . The only contribution to the number of epimorphisms is

from line 1 of the formula,

q(q - 1)(q + 1) (3.1 + 3-1 +1) ,

_proving the result in this case.

For q =3 we have Tn(i,j) = Sn for i and j =1 mod 2 ,
all n and Tn(i,j) = @ otherwise. In addition Un(i,j) = Vn(i,j) =@
for all n,i and- j . Thus in addition to the number of epimorphisms

contributed by line 1, when j = 0 mod 3 we have from line 2,
2
3-3-1)-2.3-(L +1)-1 = 216 .

This concludes the proof of the Corollary.

Corollary 4.3. The number of epimorphisms of X (i,j) onto Z.Z, is

20 times the sum of 336 and

200 for i =1mod 4 and j =2,5,6,14 or 18 mod 20
or i =2mod4 and j =5 or 15 mod 20
or i =3mod4 and j = 2,6,14,15 or 18 mod 20
400 for i =1 mod 2 and j = 10 mod 20

0 otherwise.
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Proof. S {1,3} ;

s, = {(1,2),(2,1),(2,9,3,9 | z € {1,2,3}} ;

7]
|

= {(x,7,2,(2,2,1),2,2,3 | x,y) €5,, z € {1,2,31} .

2 and (1 -f" BY =1 mod 5 iff

w
it

,» € {@,2),,1,(3,3) mod 4} .

T (L9 = {(s),...,8) €8 | s, =1} for (1,9 € {1,2,(2,1,(3,3) mod 4};

Il

3} for (i,3) € {(1,1),(2,3),(3,2) mod 4};

{(Sl,...,sn) € Snl s

1]

g otherwise.

U,(i,j) is given by the entries in the following table:

0 1 2 3 = j mod 4
o | o ? ¢ g )
1 g (1,3),(2,1) (1,2) a,3,(2,3),(3,2)
2 | ¢ (3,2) g (1,2)
3|98 @,2,2,0,61 (3,2 (2,3),(3,1)
= i mod 4

U3(i,j) arises from Uz(i,j) by replacing each entry (x,y)

with three entries (x,y,l),(x,y,2) and (x,y,3)

{@,2} for (i,

Il
il

Vz(i,j) (1,2) mod 4 ;

]
I

{(3,2)} for (i, =(3,2) mod 4 ;

@ otherwise,

V3(i,j) arises from V,(i,j) just as U3(i,j) arose from
The result follows by entering the above parameters in the

formula given in Theorem 4.1,



Corollary 4.4. The

8,736 unless i =

j = 14 mod 21 when

Proof,.

T, (3,9

U (1,9
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number of epimorphisms of Kl(i,j) onto Z 7, is

l1mod3 and j=7mod 21 or i =2 mod 3 and

it is 21,084 .

s = {(sl,...,sn)l s, € {1,21} .

B =2 and (L -PB" BY =1 mod 7 iff x‘ and y = 2 mod 3 .
= {(s),...,8) € snl s, =1} for (1,5 =(2,2) mod 3 ;

= {(s),..,8) € snl s, =2} for (i,j) = (1,I) mod 3 ;

= @ otherwise.

= {(sl,...,sn) € Snl s; =1, 5, = 2} for (i,3j) = (2,1) mod 3;
= {(sy,.00r8) € Snl s; =2, s, =1} for (1,9 = (1,2) mod 3;
= @ otherwise.

V.(i,) =% all n,i and j.

The result follows by entering the above parameters in the

formula given in Theorem 4.1.

Corollary 4.5. The

42 times

0 for

1 for

or

2 for

or

3 for

or

i

the sum o

and j

it

1l mod 6

5 mod 6

number of epimorphisms of Kl(i,j) onto Z7Z6 is

f 1,456 and 294 <times
not mentioned below

7 mod 42

4 mod 6 and j

5 mod 6 and j 35 mod 42

3 mod 6 and j

]

4,10,16,22,34 or 40 mod 42

5mod 6 and j = 2,8,20,26,32 or 38 mod 42
and j = 28 mod 42
and j = 14 mod 42
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4 for i =1 mod 6 and j 35 mod 42

]

or i =2mod 6 and j = 2,3,8,9,15,20,26,27,32,33,38 or 39 mod 42

14 or 28 mod 42

or i =3 mod6 and j

or i =4mod 6 and j

3,4,9,10,15,16,22,27,33,34,39 or 40 mod 42

or i =5mod 6 and j 7 mod 42

6 for i =2 or 4mod 6 and j = 21 mod 42

7 for i =2 mod 6 and j 14 mod 42

or i =4mod 6 and j 28 mod 42

(The classification of the groups given by this corollary includes
that given by Corollary 4.4., see 1,3 and 7 above.)

Proof. S {1,5} H

1

Sg

It

{(x,2),(3,1),(3,2),(3,9,(3,9 | x €5, z € {1,...,5]]
U ({2,4} x {1,3,5]) ;
s, = {(x,7,2),(3,3,1,(3,3,2),(3,3,9,(3,3,5) |

(x,y) €58,, z €{1,...,5}} U ({2,4} x {2,4] X {1,3,5]) ;
B =3 and (1 -PB BY =1 mod 7 ifs

=, € {a,s,,3,(3,2),(4,4),(5,1) mod 6} .

{1,5} for (i,j) = (1,5) or (5,1) mod 6

T, (1,9

{1}  for (i,

(2,3),(3,2) or (4,4) mod 6

]
Il

{5} for (i,j) = (2,2),(3,4) or (4,3) mod 6

@ otherwise.

1

T,(i,j) arises from Tl(i,j) by replacing each element x with
five elements (x,z), z € {1,...,5} , adding elements (2,1),(2,3)
and (2,5) when (i,3) € {(2,2),(5,2),(2,5),(5,5) mod 6} , and adding

elements (4,1),(4,3) and (4,5) when



(i,5 € {@,1,(4,1),(1,9,(4,4) mod 6} . T,(i,J) arises from
T2(i,j) by replacing each element (x,y) with five elements
(x,y,2), = € {1’--- ’5}

Uz(i,j) is given by the entries in the following table:

21



1,2),(2,5)
(3,1),(5,4)

(1,9
(4,1),(,1)

1,5
3,1,(0,3)

(1,3)
2,5),(0,2)

5{9 (3,1),(4,1)

= i mod 6

(3,2),(3,5),(04,5)

(2,3),(5,3)

(1,3),(3,2)
(3,5),(,1),(5,4)

a,2,aa,5),(4,5)

(2,3,(3,2),(3,5

2,1,(02,3),(2,5)

(1,2),(1,4)
(4,1),(4,3),(4,5)

2,1),(2,3)

- (2,5),(5,2),(5,4)

(4,1),(4,3),(4,5)

(3,1),(3,4),(4,3)

(2,1,(5,1),(5,4)

a,2,a,5)
(3,1),(3,4,(5,3)

1,3),(4,3)

(2,1),(3,D,3,9

(2,5),(3,5

1,49
(4,1),(5,3)

1,3)
(3,95,(5,1)

1,5
(2,5),(0,2)

(1,2),(3,5)
(4,1),(5,4)

=jmod6

(44
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U3(i,j) arises from Uz(i,j) by replacing each entry (x,y)
with five entries (x,y,é), z € {1,...,5} , adding entries (2,4,1),
(2,4,3) and (2,4,5) when (i,7) € {(2,1),(2,4),(5,1),(5,4) mod 6}
and entries (4,2,1),(4,2,3) and (4,2,5) when
G, € {a,2,a,s,4,2),(4,5) mod 6} .

V,(i,J) is given by the entries in the following table:

0o 1 2 3 4 5 = jmod6
0' @ @ g ¢ g @

1 g g g @ (4,3) @

2 @ @ 2,3),(5,3) (1,2),(1,4) g @

3 g '/ (1,3) @ (5,3) )

4 @ @ @ (5,2),(5,4) (1,3),(4,3) @

5 '/ g (2,3) @ g @

=1 mod 6

V3(i,j) arises from Vz(i,j) by replacing each entry (x,y)
with five entries (x,y,z), z € {1,...,5} .

The result follows by entering the above parameters in the
formula given in Theorem 4.1.

We are now in a position to prove Theorem A which we restate here
for convenience. ''The groups H(i,j) are all distinct for (i,J)
in the set {(1,1),(1,2),(,3),(1,4,1,7n,1,10),(2,2),(2,14),(2,15),
(2,21),(3,2),(3,15),(5,10),(5,14)} ."

Indeed by Corollary 4.5 if H(i,j) = H(i%,j’) and (i,j) and
(i',j') are both in the above set then either they are equal ér they

are both in one of the following sets:
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{a,n,0,2,0,%,(3,15,(5,10} ,

{q,9,0,10,3,2} ,

{(2,2),(,15)} .

Applying Corollary 4.3 we divide all these sets up into singletons

except {(1,1),(1,3)} and {(1,2),(3,15)} . The result follows by

applying Corollary 4.2.
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Section 5. The proof of Theorem 4.1

It is convenient to consider various cases separately. .Let N be
the natural map of zqu onto Zp . If © is an epimorphism of
Kl(i,j) onto ‘ZqZp then ©7T] is an epimorphism of Kl(i,j) onto Zp.
We will have one subcase for each epimorphism onto Zp . In order to
do this we need the very easy to prove
Lemma 5.1. The number of epimorphisms of Kl(i,j) onto Zp is

3| sll + 3] syl + | 33| for all i,j .

Proof. Modulo K{(i,j), Kl(i,j) is free abelian on three generators,
uK{(i,j), vK{(i,j) and wKi(i,j) . Clearly there are 3| Sll maps
when two of the generators map trivially, 3| SZI maps when only one

of the generators maps trivially and I S when none of them map

N
trivially, proving the lemma.
We now give formal labels to the various cases. It is convenient

to assume that Z = a in Z Z
D gp(a) oZp

Definition 5.2, If © is an epimorphism-qf- Kl(i,j) onto Zqu

then 6 belongs to case:

I(s) iff udM = véN =1, woT = a°, s € 5,

1I(s) iff bl = a°, v =wh =1, s € 5,

III(s) iff wN =1, voN = a°, weN =1, s € 8, ;
1v(s,t) iff wl =1, v87 = a°, woll = a", (s,t) €8, ;
V(s,t) iff w0l =a", ¥ =1, wel =2, (s,t) €5, ;

Vi(s,t) iff bl = a°, vON = a®, woN =1, (s,t) € S, ;

Vii(s,t,r) iff udT] as, voT| at, woTl] = ar, (s,t,r) € S, -
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For each © ©belonging to a given case there is a unique ordered

set of five integers between 0 and q - 1, (kl,...,k ) such that:

5

wb = wdMbKL, v = vOTL*2, wh = weTp™3 ,
X = b4, y8 = b5 .

It is our task to count the number of such sets in each case.
For each case there is a unique map, ¢ , of {u,v,w} onto Z

such that © is covered by that case iff 01 restricted to {u,v,w}

equals ¢ .,
Lemma 5.3. Given an arbitrary set (kl""’kS) there will exist an

epimorphism © of K, (i,3) onto Zqu satisfying:

b = uqbkl, vl = vqbkz, wl = wakS, x0 = bk4, y0 = b5 (1)
if and only if at least one of the ki's is not O and they satisfy
the following two equations:

ky Ky i K K1y =J, Koy J k gy~ Cugp 1) J
b 4 = [(uPp 1) 7, b 4(upb 1) (v 2) T [wpp3, (vip2) ] ’ @
"5 = [ (vep 2) !, "5 (ven2) "I (um1) I}

Proof. We must show that the map © of {u,v,w,x,y} into Zqu
defined by the equations (1) extends to an epimorphism of Kl(i,j)
onto Zqu . Indeed since {u,v,w,x,y} generates Kl(i,j), the
condition that one of the ki's not be zero is necessary and suffi-
cient to imply that the images of {u,v,w,x,y} generates ZqZp
Equations (2) are just the condition that the images satisfy the

relators of Kl(i,j) (see Lemma 2.3).
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We now turn to the process of selecting from each set
{Oal @ € Aut ZqZp} of homomorphisms of K, (i,j) onto zqu a unique
one. First of all one of f{ud,vd,wd} must be of the form a°b® with

s ¥ 0 . By applying an automorphism ap o Where
H

p =-0k(1 - BQA - BS)-l mod q , we may choose k =0 . Among the

images of the remainder of the generators of Kl(i,j) there must be

t. k

one of the form a'b with k ¥ 0 . This time we want to apply only

automorphisms ap o which leave aS fixed. That is, we require that
?
p =0 . By applying ab k-1 we may choose k =1 . Now the only
’

automorphism which leaves both aS and atb fixed is ab 17" the
H

identity automorphism.
It follows that we can select the required unique homomorphism by
the following process. The process depends only on the case we are in.

(1) Select =z € {u,v,w} such that z¢ %1 .

)'s such that k&

0 where

(2) Consider only (kl,...,k5

£ =1,2,3 according as z = u,v,w .

(3) Consider only (k ..,k5)'s such that k 1 where £ is

£

17
the least m for which km £0 .

Our analysis of each case, X , is further divided up into q + 2
subcases, XA’XB’X ,...,Xq_1 , according to the possible values of

kl,k2 and k3 .  For subcase XA we allow only kl = kz = k3 =0 .

For subcase Xh we have kl = k2 =0 and k3 =1 except for I(s)B

where k., =k, =0 and k, =1 . For subcase Xk we have Kk, =k

1 3 2 3
except for I(s)k where k3 = 0 . Furthermore kl = 0 except for
I(s)k, III(S)k and IV(s,t)k where kl =1 . Finally, for I(s)k,

k2 =k , for III(s)k and IV(s,t)k we have k2 = 0 otherwise k2 =
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It is important to notice that the subcases are, except for A ,

set up to insure that (kl,...,k satisfies the selection criteria.

5)
For subcase A , the criteria becomes: either k4 =1 or k4 =0
d = .
an k5 1
The proof of Theorem 4.1 is an easy consequence of the next seven

lemmas. Each lemma takes care of a different set of cases.

Lemma 5.4. The number of solutions for cases I(s), s € Sl' is

@+nls|.
Proof. Equations (2) become

. s Jky
bk4 [as,b sz]b and

ks

b 1.

Thus for each s and each subcase there is a unique solution for k4

and k5 . In particular for subcase A we have k4 = k5 = 0 which
does not satisfy the criteria. Hence for each s € SL and each sub-

case except A there is one solution, proving the lemma.

Lemma 5.5. The number of solutions for cases II(s), s € S1 is

2 . .
@+vlsl+dlranl e
Proof. Equations (2) become
. s . . . ; k -js
pR4 _ [al% pFaa ISpIkey _ (418 pdk2g[als piepaT

b'5 = [p1h2,pR5TIN2, %) o ik sy

Thus for each s and each subcase there is a unique solution for

k_ . In particular for subcase A we have k5 =0 .

From the first equation we have

pka _ o (1-B19) (Jkp+kePis)
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Equivalently k,(1 - (1 - 875H879% = @ - Bls)jkz mod q . Now

s € T,(i,)) iff 1 - (1 - 5358795 - 0 mod q and this in turn
implies that (1 - BiS) ¥ 0 mod q . We now analyze each subcase
separately.

Subcase A. (k, = 0) We must have k, =1 . If s € T, (i,3) the

equation becomes O = 0 so that we have 1 solution. If s £ Tl(i,j)

we have no solutions. 1In all we have I Tl(i,j)l solutions,
Subcase B. (k, =0) If s €T (i,j) any k, in {o,1,...,q4 - 1}
is a solution. If s & Tl(i,j) only k, =0 will do. 1In all we

have I 81| + (q - l)l Tl(i,j)l solutions.
Subcases k. (k, =1) If s € Tl(i,j) there are q solutions for
each of the q k's when j =0 mod q , otherwise there are no solu-
tions. If s £ Tl(i,j) then for each of the q k's there is a
unique solution. 1In all we have q(l Sll - I Tl(i,j)l ) +
qzl Tl(i,j)l 8(j) solutionms.
The lemma follows by adding up the number of solutions in each of
the three subcases.
Lemma 5.6. The number of solutions for cases III(s), s € S1 is
@+0lsl+d®lnanl s |
Proof. Equations (2) become
bk4 _ [bikl,bk4_jk1ajs][bk3,a-js] _ [bikl,ajs][bk3,a—js]
bE5 _ [ais’bksa—jsbjkl] _ [ais,bjkl][ais’bks]a'JS .
Thus for each s and each subcase there is a unique solution for

k4 . In particular for subcase A we have k4 =0 ., Note that k1 has

the same value in each subcase that k2 had in Lemma 5.5. It follows

that the second equation arises from the first equation in Lemma 5.5 by



30

changing k, and k, to k and k, . The proof of the lemma then

follows exactly as that of Lemma 5.5.

Lemma 5.7. The number of solutions for casses IV(s,t), (s,t) € S2 is

@+0ls,l+ 6,0l 8

Proof. Equations (2) become

bk4 - [blkl,bk4—JklaJS][atbk3,a—Js] _ [blkl,aJS][atka,a:J§]

. — . . . . _J's
bk5 = [als,bk5a JSkal] - [als,bakl][alsqbks]a
The equations parallel almost exactly those of Lemma 5.6. S2 and

Tz(i,j) are thé'appropriate analogues of S, and Tl(i,j) and the

1

proof follows exactly as those of Lemmas 5.5 and 5.6.

Lemma 5.8. The number of solutions for cases V(s,t), (s,t) € S2 is
| s, 1 +d®l 0,91 8¢
(@ + D1 S,1 +a | T,(>E,3)1 9
Proof. Equations (2) become
. . . — js
bk4 _ [als,bk4a JSkaz][atbk3,b sz]a

is . jk is . ka-a~J8_ t .-jko.als
[a*%,09%2][a™",b™4]% *T[a",p7I"2]

bk5 - [blkz,bk5—3k2aJS] - [blkz’aJS]

From the first equation we have

kg _ o (1-BL9) (kg+kgBTIS) +(1-BE) (~jkg) BI°

o . e
Equivalently k4(1 - (1 - BlS)B JS) =[@ - Bls) - -8B )BJS]jk2 mod d.
Now 1 - (L - B*%)B™9% = 0 mod q implies that

a-8h -a- Bty pI® - BE*I% £ 0 mod q . Therefore the proof

follows exactly as those of Lemmas 5.5, 5.6 and 5.7.
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Lemma 5.9. The number of solutions for cases VI(s,t), (s,t) € Sz is

2 . s s 3 .. -1,. .
@+0lsl+al vy, Uuvya,nl+ ol vya,n nvya,nl.
Proof. We analyze the subcases separately.

Subcase A (kl = kZ = k3 = 0) Equations (2) become

is kg -js+jt is .ky,ad(t-8)
[a ’b 4a J J ] = [a )b 4]

. _= . '(s_t

ks _ [alt,bk5a Jt+js] - [alt,bks]aJ )

These equations yield

Ky _ p(1-BLS) K pI(6=9) L (L-Bit)KgBI(s=t)

b and b5 -

Equivalently k,(1 - (1 - 815y gI(t=%)y _ 0 mod q and

k(1L - Q- Blt)BJ(S‘t)) =0 mod q . We need simultaneous solutions

to these equations satisfying the further condition that either k4=:1

or k, =0 and k=1 . Note that (s,t) € U,(1,5) iff

1-@ - %It _ g 0dq . Hence if (s,t) £ U, (i, U U1,

there are no solutions, if (s,t) € Uz(i,j)\U;I(i,j) there is only

one solution k, =1, k=0, if (s,t) € Ugl(i,j)\Uz(i,j) there is
only one solution k, =0, kg =1 and if (s,t) € Uz(i,j) n U;I(i,j)
there are q + 1 solutions, %k, =1, k. =0,1,...,4 -1 or k, =0,

4 5 4

k5 =1 . 1In all there are IUz(i,j) U Ugl(i,J)l +ql Uz(i,j) n U;1(1,3)|

solutions,

Subcase B (k1 =k, =0, k_, =1) . Equations (2) become

2 3

. s . — it R B j(t_s -3t jS
vEa [als,bk4a JS+Jt][b’a Jt]aJ _ [als;bk4]a )[b a~ity2

b

: a3 : j(s-t)
bk5 _ [als,bk5a Jt+Js] - [alt’ka]aJ

The second equation is exactly the same as in subcase A .
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From the first equation we get

Jka _ o (1-BES)kyBI(t-5) - (1-B~IT) BIs

Equivalently k,(1 - (1 - iy Ity _ L 1 - g% nod q . We
must solve this equation and k5(1 - Q@ - Bit)Bj(s—t)) =0 mod q
simultaneously.

Note that (s,t) € Vz(i,,j) = Tz(i,j) n Uz(i,j) iff
@-a-8%p3 ) omdq ad @ - @ - 8% =0 modq
Bis)Bj(t-s))

which is equivalent to (1 - (1 - =0 mod q and

- @ - 87958 —0mod q . Hence if (s,t) £ U,G,5) U Uy,

there is only one solution, k4 =- (1 - B_jt)BJS(l -1 - Bis)Bj(t-s))-l

(= W), ke =0 . If (s,t) € Uz(i,j)\Vz(i,j) there are no solutions.

If (s,t) € Vz(i,j)\Ugl(i,j) there are ¢q solutions, k, =0,1L,...,9 - 1,

4

k5 0. If (s,t) € Ugl(i,j)\Uz(i,j) there are q solutions k4 =W,

- 2
ke = 0,1,...,4 -1 . If (s,t) € V2(i,j) n Uzl(i,j) there are q

I

solutions, k4 =0,1,...,9 -1, k5 =0,1,...,4 -1 . In all there are

(hsyl - Tv6,» Uogta,nl) «a vy, \vyta,al
ral Ut o, |+ ol vy, nota,nl .

Subcases k. (kl =0, k2 =1, k., = k) Equations (2) become

3

b54 = [al®, (a¥) ][, 01472 ORI Ik (ot m3yRY0
= [(atb)i,a‘js][(atb)i bk5](atb)—jajs .

The corresponding simultaneous equations are

k(1 - @ -B%pI0 )y _a-phra - 8% a - eH 7T+ k8IC nod g

4(

k- - 85Iy S a - pra - BhHa - 5 ned g

If (s,t) & Uz(i,j) U Ugl(i,j) there is one solution for each subcase

k, k4 and k5 are uniquely determined.
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. A -1,. .
If (s,t) € (WU, (L, \V, (1, \U, (i,J) there are no solutions unless
it t,-1,j(t~-
k=-@QA-B")Q -8 1BJ(t s) , when there are q solutions,

k, =0,1,...,4 ~1 and k

4 is uniquely determined. If (s,t) €

S5
(Uz(i,j)\Vz(i,j)) n V;l(i,j) there are no solutions unless k is as

2
above when there are ¢ solutions, k4 =0,1,...,9 - 1,

k5 =0,1,...,q -1 . If (s,t) € Ugl(i,j)\V;I(i,j) there are no

solutions. If (s,t) € Vz(i,j)\U;I(i,j) there are ¢ solutions for

each k, k, =0,1,...,9 =1 and k

4 is uniquely determined. If

5

1. Ll
(s,t) € v, (1,3)\U2 (i,j) there are q solutions for each k, k, is

uniquely determined, k5 =0,1,...,9 =1 ., Finally if (s,t) €

- 2
Vz(i,j) n Vzl(i,j) there are q  solutions for each Kk,

k =0,1,...,9 -1, k. =0,1,...,4 -1 . 1In all there are

a4 - 5
acl 8,1 - 1y, Vot + al @a, mv,a,ane a@anl +
d vy@,n Uvtanl - Tv,an nuta,nly +

3 - -1, .
| vy, N el .
The lemma follows by adding up the number of solutions in each of
the three subcases.
Lemma 5.10, The number of solutions for cases VII(s,t,r),
. 2 .. L A

(s,t,r) € S, is (q + 1) | 83| +q | vo(i,3) Uv, 1,9+

3 C -1,. .
qa | V. (i, N vy i, l.
Proof. This lemma has the same relationship to Lemma 5.9 as Lemma 5.7
and 5.8 have to Lemmas 5.5 and 5.6. Indeed the simultaneous equations
of Lemma 5.9 remain unchanged for subcase A and B whereas for
subcases k only the entry (1 - Bls) on the right hand side of the

equation for k, changes to (1 - BSI) -1 - Br)B_Jt which does not

4
affect the analysis. Therefore the proof follows exactly as that of

Lemma 5.9.
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CHAPTER 3 THE GROUPS G(ml,...,m

Section 1. Some properties of the groups G(ml,...,mt)

We recall that G(ml,...,mt) = (xl,...,xt; S RERE )

(i) the 2-generator subgroups of G(ml,...,m ) are free when

t
gcd(ml,...,mt) =1 and t 23 ;

(ii) G(ml,...,mt) is residually nilpotent when gcd(ml,...,mt) =1
and t = 3 ;
(iii) G(ml,...,mt)/YcG(ml,...,mt) is free nilpotent of class
cA- 1 on t -1 generators for ¢ =1,2,... when gcd(m ,...,mt) =1
and t 23 ;

(iv) G(m,,...,m is residually finite;

)

(v) (G ,...,m)) = {1} unless t =1 and m, ~is divisible

by a square;
(vi) G(ml,...,mt) is not free unless m, = 0 for all i or

mi =1 for at least one i .

Properties (i) - (iv) are due to G. Baumslag (see [2], [3] and
[4]), while property (v) follows from [6]. Property (vi) is quite
clear, For if mi ¥ 0 for at least one i then by looking at the

) is free then it is

factor derived group we see that if G(ml,...,mt

free on t - 1 generators. On the other hand if my *¥1 for all i ,
m,

then by adding the relations x Y =1 we see that G(m

1 m,) has

pree e oMy

a t-generator homomorphic image. Thus under the combined circumstances

G(ml,...,m is not free. Conversely if mi =0 for all i then

)

G(ml,...,m is free on t generators and if m, = 1 for at least one

)

i then it is free on t - 1 generators.
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Note that if (m{,...,m') arigses from (m,,...,m ) by a permuta-
t 1 t
tion or change of sign of some or all the mi's then
G(m{,...,mé)'z G(ml,...,mt) . Whether the converse is true when the

groups are not free is not completely known. My work may be considered
as a partial proof of the validity of the converse.

In Section 2 we introduce some notation and obtain very easily a
partial classification of the groups by looking at their factor
derived groups. 1In Section 3 we state without proof all the results
we need which arelobtained by looking at the kernels of the maps onto
a cyclic group of prime order. With just Section 3 (indeed by Theorem
3.1 alone) we are able to deal with the case that gcd(ml,...,mt) * 1
(see Theorem B). The goal of the balance of the chapter is the case
that t = 3 (see Theorem C).

In Section 4 we state again without proof the results we need
which are obtained by looking at the kernels of the maps onto a cyclic
group of order pgq , p and q distinct primes. Secfions 5 through 9
deal with the complicated computations needed to prove two theorems of
Section 3 and two theorems of Section 4. 1In particular the lemma
proved in Section 7 contains the essential part of the proofs of the
theorems in Sections 6 and 9. Sections 10 and 11 deal with the proofs

of the remaining theorems of Sections 3 and 4 respectively.
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Section 2. The factor derived groups and some.notation
We view G as a map from t-tuples of integers to groups. We

want to know when two of the tuples map under G onto isomorphic
groups. Since we know already that permutations of the t-tuples map
onto isomorphic groups, it is convenient to let G be a map into iso-
morphism classes of g;;ﬁps whose domain consists of sets of permutations
of t-tuples. We can also assume that integers are non-negative.

To this end we need some definitions.

Definition 2,1, M = the set of formal polynomials in one indeterminate

X with positive integer coefficients and non-negative exponents.
Any such polynomial can be written uniquely (up to the order of

its terms) with only unit coefficients.

Definition 2.2. Let m = X1 4+ X2 4 ... + x't €M then (m)G = the
isomorphism class of G(ml,...,mt)

Aside from being a notational convenience, we will see that by
giving these polynomials an ordering and a multiplicative structure
that is a bit unusual we can greatly simplify the proofs of Theorems
3.4 and 3.5.

Definition 2.3. We give maps defined on (M)G , the image of M under

G , a bar, e.g. A . The composition of G and A we denote by A .

We say that m is A-equivalent to m’ if and only if (m)A = m’ya .

The identity map on (M)G is called G .

We may view our goal then as trying to determine G-equivalence
classes, Clearly if A is any map defined on some union of G-
equivalence classes then the A-equivalence classes will themselves be

unions of G-equivalence classes.
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By looking at the factor derived groups it is easy to prove
Theorem g;g. M is the disjoint union of the sets listed below which
are themselves unions of G-equivalence classes,

For g =2,3,... and t =1,2,...

A ={x™ 4+ ... + Xt € M| g = gcd(ml,...,mt)} ;

For t =1,2,...

A = {tx°} U {xl + X2 4 .. 4 Xtel Em]

For t = 2,3,...
m m '
= 1 PR t = v e M
A {x"L 4 +xt € M\At—l,ol 1 = ged(m,, ,mt)} ;
And finally A | = {x*} .
,1
Proof. It is clear that for m € A .
’

Ty (G ,...))

1l

0 for n <t ;
=g for n=1t ;

=1 for n~>t.

The extended torsion numbers depend only on isomorphism class so we
have the map

A:m6 - {7 Gm,...0 | n=0,+1,..]

The A-equivalence classes are At,g with g ¥ 0,1, At,O U At+1,1
d .
and 4,
It remains to split up the sets A Ua . But under the

t,0 t+1,1
map G the elements of At 0 map to the isomorphism class of the
’
free group of rank t , whereas the elements of At+1 1 Map to iso-
?
morphism classes of groups which are not free, This concludes the

proof of the theorem.

Corollary 2.5. At & is a G-equivalence class when g =0 or t =1.
?
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Section 3. Kernels of prime index and Theorem B

The primes in question will be called p and we will take the
elements of Z  to be {0,1,...,p = 1} . The proofs of the theorems
are complicated and are consequently postponed.

All the results in this section follow from the next two theorems.
Theorem 3.1. 1If ¥ is a homomorphism of G(m ,...,mt) onto Zp and

(x?i) ¥ =0 for all i then

;F(t-z)p+2 (kernel ¥) = ng(mil x. ¥ = 0)

Theorem 3.2. If V¥ is a homomorphism of G(ml,...,m

t) onto Zp and

(™) ¥ # 0 for at least one i then
i

T = e .
(£-2)p+2 (kernel V) gcd(ml, ,mt)
Now the homomorphisms of G(ml,...,mt) into Zp are either onto
or trivial. For the epimorphisms we put M) = F(t-Z)p+2 (kernel V{) .
For the trivial map we put M) = g . We are now in a position to

make the important
5, MD

Definition 3.3. Eﬁ(ma) =
the sum being taken over all homomorphisms of an element of mG  into

Z ., Remember that £ = GE_ .
p P P

We are now able to use induction to prove

Theorem 3.4. The fp—equivalence classes on At . where p divides
?

g and g * 0 are all singletons.

Theorem B follows immediately for when gcd(ml,...,mt) > 1 there

)

is a prime p which divides gcd(ml,...,mt

By using all the maps fp simultaneously we can prove
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Theorem 3.5. The G-equivalence classes on
= E i i i
Bt {m At,ll gcd(mjl jF*i) ¥#1 for each i}

are all singletons.

. Since A =B we have immediately
2,1 2

Corollary 3.6. The G-equivalence classes on A2 p are all singletons.
’

Theorem 3.5 is a first stép in determining what we may call <£-

classes, that is the intersections of the fp—equivalence classes for

all primes p . On A3 1 the f-classes divide up nicely according
H

to the number of gcd's of pairs of {ml,mz,ms} which are not one:
3 in B3, 2 in C, 1 in D and none in E . Indeed if we let

a,b, and B be non-negative integers and put

{C(Z E)I ged(a®, bB) =1, a1, B+ 1}

C =
o B) _ B
where C<a v = {m € A3’1| m, = ad, mj = bB,
ged(m;,m) = @, ged(m ,m) =B, i ¥ j+k=* i} .

=)
|

= {D(Z)l ged(a,®) =1, a1, o F 1}

a . . —
—_ = =
where D<a> = {m € A3,1| m, = a, gcd(mj,mk)

gcd(mi,mj) = gcd(mi,mk) =1,1i%jFkF i} .

and E =1{m€ A3,1| gcd(ml,mz) = ng(ml’m3) gcd(mz,ms) =1} .

Then we can prove

Theorem 3.7. The f-classes on A3 p are just the elements of
- ’

B,,C,D, and {E} .

This classification greatly simplifies the proof of Theorem C

which we discuss in Section 4.
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Section 3, Kernels of index pq and Theorem C

Here p and ¢q are distinct primes. Let the elements of 2

pa
be {0,1,...,pq -1} . As in Section 3 proofs are postponed.
Corresponding to Theorem 3.1 we have
Theorem 4.1. If { is a homomorphism of G(ml,...,mt) onto qu

and (x?i) Y =0 for all i ‘then

F(t-z)pq+2 (kernel V) = ng(mil x,¥ = 0)

It is the information that we obtain from Theorem 4.1 that allows

us to finish off the proof of Theorem C (i.e. all the G-equivalence

classes on A3 1 are singletons). Indeed suppose we can choose p
?
and q so that p divides ml and ¢ divides m2 for some
€ . i
m A3,l Then the map which sends X to q4,. %, to p and X,

to 0 extends to a homomorphism, ¥ , which falls within the scope of
Theorem 4.1. We conclude then that ?£q+2 (kernel ) = m, . If we can
somehow distinguish this homomorphism from all the others, then we will
have shown that for any m’ , G-equivalent to m, mj'_ = m, for some i.
We must first make sure that for any m’ which is G-equivalent
to m there are i and j, i ¥ j in {1,2,3} so that p divides
mi and q divides m3 . This is easy for m € C(Z E) or D(Z) .
Indeed we let p divide o and ¢ divide B in the first case and
p divide a and q divide @ in the secona case. For m €E we
need the next two lemmas, The first is trivial and its proof is
omitted. The second uses some results obtained in the proof of
Theorem 4.1.
Lemma 4.2. If for some i gcd(mi,s) =1 then

G(ml,...,mt)/gp(gsl g € G(ml,...,mt)) can be generated by t -1

elements.
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Lemma 4.3. If P, divides m, for each i and s = P;P,yP5 then
vG(ml,mZ,ms)/gp(gs(g € G(ml,mz,ms)) needs 3 generators.
Theorem 4.1 does not deal with all homomorphisms onto qu .
Although we do not have the required information for all homomorphisms

we can prove

Theorem 4.4. If { is a homomorphism of G(ml,mz,ms) onto qu of.
the type described after Theorem 4.1 which does not fall within the
scope of Theorem 4.1 then ?§q+2 (kernel V) is either

pr = i mjp .
gcd(mi i¢ =0) or 1 depending on whether X, ¥ =0 for all i
or not.

We are now in a position to finish off the proof of Theorem C

(see Theorem 3.7) by proving

Theorem 4.5. The G-equivalence classes on C(Z E), D(Z) and E are

all singletons,
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Section 5. The proof of Theorem 3.1

We begin by restating Theorem 3.1.

"If Y 4is a homomorphism of G(ml,...,m ) onto Zp and (x?i)¢ =0

t
for all i then

T = = "
(t-2)p+2 (kernel V) gcd(mil xi¢ 0) .

We may assume without loss of generality that xt¢ =1 and that
there is a u in {0,1,...,t - 1} such that x, V=0 iff i <u.

It follows that p divides m, for i >u.
The first step is to use Reidemeister-Schreier to find a presenta-

tion for kernel VY . We may take S = {x:| n=0,1,...,p -1} as our

xV

Schreier system. The map ¢ from G(m 6 ,...,m N

t
The (t - 1)p + 1 generators for kernel | are

) to S is x0 = x

N _ ¥y xeneni
i,n4l T TtTiTt

X =X2,

t,p

for i ¥t,n=0,1,...,p -1

where ni = xi¢ and we use the notation @® and © +to indicate the
operations in Zp , or alternatively that the resulting number is to
be reduced mod p to lie in {0,1,...,p -1} . Notice that the sub-
script n + 1 ranges between 1 and p . This is for notational
convenience., It will be necessary at times to write these subscripts
as sums and in that case we use ® and © to indicate that numbers
are to be reduced mod p but this time they must 1lie in {1,...,p} .
It is not difficult to show that the p relators for kernel

are r , n=1,...,p where:
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n-l m mg l-n
r X, KpteeeXy X = rn(l)...rn(t) and
r (i) = x1i_ for i <u ;
n i,n '
= (x, _x x )mip;i for u<i <t
~ i, n®n, T T, n®(p-1)ny ’
-1
= xtP for i=1¢t .
t,p

The entry r at the n'th row (n =1,...,p) and

n, (i-1)p+j
(i -p + j'th columm (i=1,...,t, j=1,...,p unless i =t

when j =1 only) of the relation matrix of kernel V{ is:

m, when i =u and j=n

0 when i <u and j Fn
-1 .

mip when i > u.

The next step is to diagonalize the relation matrix. Note that
i = u the submatrices consisting of the (i - 1)p + j'th columns,
j=1,...,p are in diagonal form whose possible non-zero entries are
all equal. For the balance of the matrix the rows are all equal. We
diagonalize the matrix in three steps:

(1) Subtract the first row from each of the others.

(2) Restore the submatrices to diagonal form which originally
were in diagonal form.

(3) Put the gcd of the entries in the n'th row in the n'th
row and n'th column; make all the remaining entries O .,

The resulting matrix is 0 except for p - 1 entries equal to
gcd(ml,...,mu) and one entry equal to

ged(m m

-1 S
L1 TR A Thus we have

1200
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?h (kernel ¥) = 0 for n < (t -2)p +1
= gcd(ml,...,mu) for (t - 2)p +1 <n =< (t - 1)p
= gcd(ml,...,mtp-q)for n=(t-1p+1
= 1 — for n> (t -1p +1

This concludes the proof of Theorem 3.1. It is easier then and can

serve as a guide to the proofs of Theorems 3.2, 4.1 and 4.4.
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Section 6. The proof of Theorem 3.2

"If { is a homomorphism of G(m »ee.,m) onto Zp and

(x?i)¢ # 0 for at least one i then

T - 1
(t-2) p+2 (kernel V) ged(my,...,m) .

We may assume without loss of generality that xt¢ =1 and that

there are u and v in {0,1,...,t - 1} such that

x. ¥

1

0 iff i <=u and

1l

m;
i
x; ¥

0 iff i sv.

it follows that u Sv =t - 2 , that p divides m, for u <i sy
and that p does not divide m, for v<i =<t . It is of no con-
sequence whether or not p divides mi when i =u .

We take S = {le n=0,,...,p - 1} as our Schreier system.

The resulting (t - 1)p + 1 generators for kernel ¥ are

n_ _-n
= i S
xi,n+1 xtxixt for i u
x = xx xeneni for u<i<+t,n, =x,V and
i,n4l T TtTiTt A B |
Xt,p = xi

1,...,p where

I

The p vrelators for kernel { are r,n

n-1_m my 1-n
- 1 t =
r = X X e X UK = rn(l)...rn(t) and
. m; .
r (i) =x,1  for i =u ;
n i,n
= (%, _x x )mip'l for u<i=sv;
Tt Ti,nTi,n®ng "t i,nOn; !

[mip~1]
= %5 @i, %1 ric,@ny " 4,10k 0ny

*i 0@k, %1, 0®K@ng" " " 1,00k O({myp1}-1)ny
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for u<i <t (our notation here is ki =m o4+

and [mip_l] and {mip—l} are integers satisfying

1 -1, -1
m =[mp Ip+{mp™} with {mp~}€{1,....p -1D ;
_1 -
=x[mtp 141 for i =t and n =1,2,...,{mp 1} ;
t,p t !
_ oImgp~1] - -1
_xt,p for i =t and n_{mtp }+1,...,p .
4 —

The entry rn,(i-l)p+j at the n'th row (n =1,...,p) and

(i -1)p + j'th columm (i =1,...,t, j=1,...,p unless i =t when

j =1 only) of the relation matrix of kernel V| is:

m, when i =u and j =n ;

o when i <u and j ¥ n ;
-1 .

m, p when u <i Sv ;

[mip—1]+1 when u <i <+t and j=n®ki®(s—1)ni,
or i=t, j=1 and n =s , with

-1
S=1,...,{mip. } ;

[mip_l] same as above except with s = {mip-l} + 1,...,P .

It is important to note that for all i and j the sum of the
entries in the (i - l)p + j'th column is m, . Indeed the theorem
follows from this fact and
Lemma 6.1. By using only elementary column operations and permutations
of the rows, the square submatrix consisting of the columns
(t -2)p +1, (t -2)p +2,...,(t -1)p can be transformed into a

matrix such that the entry at the n'th row and k'th column is:



1 when k =n ¥ p ;
0 when k ¥ n ¥ p ;
-1 when k ¥n =p ;
mt_1 when k =n =1p
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We postpone the proof of Lemma 6.1 until we have finished proving

the theorem. Since in Lemma 6.1 we used only permutations of the rows,

it is still true that the sum of the entries of the transformed matrix

in the (i - 1)p + j'th column is m, for i ¥t -1,

The next step in diagonalizing the matrix is to subtract

3 - 1
T, (i-1)p+j times the (t - 2)p + n'th column

(i -1)p + j'th column for all i ¥t -1, j and n ¥p .

of this step is to replace for i ¥ t - 1 the

from the

r .
n, (i-1)p+

with 0 if n ¥p and m, if n =p . The only non-zero entry

remaining in the n'th row for n ¥p is 1
columm. The entry in the p'th row below this

other entries in the p'th row are mn .o ,m

1,- oy 't .

with O by adding the 1'st through p - 1l'st
Finally we put the gcd of the elements in the
gcd(ml,...,mt)) into the first column and make
entries in the last row O .

The resulting matrix is in diagonal form.
p - 1 entries equal to 1 and one entry equal
Thus we have:

0 for n =

l

?£ (kernel V)

fi

gcd(ml,...,m ) for n =

t
1 for n >

U}

This concludes the proof of the theorem.

in the

1 is -1 . The

j'th entry

(t - 2) +n'th

The effect

We replace the =~ 1's

rows to the last.
last row (that is

all the remaining

It is 0 except for
to gcd(ml,...
(t -2)p +1
(t -2)p + 2

(t -2)p + 2.
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Section 7. The proof of Lemma 6.1

We restate the lemma slightly more generally. This form makes it
useful in Section 9 as well as Section 6.

Let a,b,c,d and p be fixed integers 0 <d <p such that
ged(e,p) = ged(d,p) =1 . Let the entry at the n'th row and k'th

column of a p X p square matrix be: - —
a+1l iff k=n +b +scmodp, s =0,1,...,d -1

a iff k

n+b+scmdp, S =d,...,p - 1.

(We do not assume that p 1is prime.) Then by permuting the rows and
using elementary column operations we can transform it into a matrix

such that the entry at the n'th row and k'th column is:

1 when k =n ¥ p ;
0 when k ¥ n ¥p ;
-1 when k ¥n =p ;
ap +d when k=n-=p.

Proof. (1) Permute the rows by the permutation which maps the
nc mod p'th row to the n'th row.
(2) Permute the columns by the permutation which maps
(k +d -1)c + bmod p'th column to the k'th column.
In the resulting matrix the entry at the n'th row and k'th

column is:

a4+ 1l iff n k®s s

]

0,...,d = 1 ;

It

a iff n

k®s s=4d,...,p -1.

(3) Subtract the k + 1l'st column from the k'th column,

k=1,...,p -1 , starting with k =1 .



49
In the resulting matrix the entry at the n'th row and k'th

column is zero except that it is:

1 for n=%k ¥p ;

-1 for n

Il

k + dmod p, k ¥ p ;

unchanged for k

|

p .

(4) Permute the rows and columns by the permutation which maps
the 4£d mod p'th row or column to 4'th row or column respectively.
In particular the p'th column remains fixed.

(5) Add the k 4 1'st column to the k'th column for
k=1,...,p - 2 , starting k =p - 2 .

The resulting matrix is just what we want except for the p'th
column which is just a permutation of one of the original columns. The
sum of the entries in the p'th column is ap + d . We finish the
proof of the lemma by using the first p - 1 columns to sum the p'th
column to the last row. That is we replace each entry in the p'th
column with zero except the entry in the p'th row which becomes

ap + d . This concludes the proof of Lemma 6.1,
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Section 8. The proof of Theorem 4.1

"If { is a homomorphism of G(m ,...,m) onto qu and

t
(x?i) Y =0 for all i then

T (t-2)pa+2 (kernel V) = gcd(mil x¥=0)."

We divide the proof up into two parts which differ in the way we
choose our Schreier éystem. In either case we may assume p > q .
Case I. There exists an x, such that xi¢ generates qu (or
equivalently xi¢ is divisible by neifher p nor 4q) .

We may assume without loss of generality that xt¢ =1 and that

there are u,v and w in {0,1,...,t - l} such that:

xi¢ =0 iff i Su;

24

il
(=]

iff i Sv
xg¢ =0 iff i fSu or v<i=sw.

It follows that u Ssv =w, p divides m, while q but not »p
divides n, = xi¢ for u<i <v, q divides m, while p but not
q divides ni for u<i=<w and pq divides mi while neither
p nor q divides n, for w <i =t .

We take S = {le n=0,1,...,pq - 1} as our Schreier system.

The resulting (t - 1)pd + 1 generators for kernel V are

X nx x—n for i =u
i,n+l T TtTiTt
n

= i <i <t d
xi,n+1 xtxixt for u i an

X =
t,pa t
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The pq relators for kernel V¢ are rn, n=1...,pa , where:

_ -1 omy my l-n _
r =X X T..ox tx = rn(l)...rn(t) and
. m. .
r (i) = x.1 for i s u .
n i,n

ymaP

(xi ,nxi ,Il@)li. e xi ,n@(p -1) nj_
for u<i=yvw

ymia~t

G5 0™ 080y ¥4, 0®(q-1)ny
for v <isw

(x, x, ve X,
i,n7i,n®ny 1,n6ni
for w<i <t

-lg-1
= thp 4

for i=1t.
t,pq

The relation matrix for kernel V| is zero except that the entry
at the n'th row, n=1,...,pq, and k'th column,

k=1,...,(t - VDpg +1 , is:

m, for k=(i -1pg +n i =u;
-1 . .
m. p for k=(i - 1)pg + ja + h, n = 4q + h,
u<i<vy, jif=0,1,,..,p -1and h=1,...,q;
-1 . .
m.q for k=( -1pg + jp +h, n=4p + h,
v<i<w, jif=0,1,...,q~-1adh=1,...,p;
-1 -1
mp q for k > wpq and all n .

We proceed to diagonalize the matrix,
(1) Subtract the (i - 1)pqg + h'th columns from the equal

(i - Jpg + jg + h'th columns, u <i <v, j=1,...,p ~1 and h =1,...,q.
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(2) Subtract the (i - 1)pq + h'th columns from the equal
(i -1)pg + jp + h'th columns, v <i <w, j=1,...,9 -1 and
h=1,...,p.

(3) Subtract the (i - 1)pg + 1l'st columns from the equal
(i - 1pq + j'th columns, w <i <¢t, j=2,...,pq .

(4) Subtract the first row from each of the other rows.

(5) Add the (i - 1)pg + j'th columns to the (i - 1l)pg + 1l'st
column for all i and j = 2,...,pq .

The resulting matrix is O except that the entry at the n'th

row and k'th column is:

m, for k=(i ~1)pg +n i S u ;
_l A
m,p for k=(i - 1)pgq + h, n = 4£q + h,
u<is<v @, €{o0,1,...,p-1} x {2,...,q} U (0,1);
-1 .
m.q for k=(i -1)pgq +h, n=4q +h

v<is<sw, @, €{0,1,...,9-1} x {2,...,p} UO,1);

-1 -1

m.p g for k 1, i>w.

]
]

(i '1)pq+]7’ n

In order to continue we must define two maps on the set
{1,...,p -1}, @ and B . 1Indeed for all 4 € {0,...,p - 1} there
exist unique integers o, € {1,...,p} and ﬁ& € {o,...,4 -1} so
that

£Q+1=B&P+Q’&.

It is important to note that QL = q£/ implies 4 = 4’ and that

aO =1 . Thus as 4 runs through {1,...,p - 1}, o, runs through

{2,..-,p} . We continue thediagonalization process.
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(6) Subtract the 4£q + l'st rows from the Pp + @,'th rows

2
B * QL’ £ =2,...,9 .
(7) Subtract the h'th rows from the now equal 4q + h'th rows
£ =1,...,p -1 and h=2,...,q9 .
(8) Restore the square submatrices consisting of the
(i -1pq + j'th columms j =1,...,pq for i =< u .to diagonal form.
(They were in diagonal form with equal ''non-zero'" entries to begin with).

The resulting matrix is zero except that the entry at the n'th

row and k'th colum is:

mi for k=(i -1)pg +n i =u, all n ;
"1 . < s <

m,p for k=(i -1)pq + n, u i v, n=1,...,q9 ;

miq—l for k = (i - 1)pq + @, n = 49 +1, v<isw,4{L=0,...,p - 1;
-1 -1 . -

mp g for k=@ -DVpg+1l,n=1,w<i=<t,

Hence we are in a position to complete the process,

(9) Put the gcd of the entries in the n'th rows into the
n'th columns; make all the remaining entries O .

The resulting matrix is zero except that the entry at the n'th

-~

row and column is:

g, = gcd(mil i<u) for n#*+1,...,q9,1 +q,L + 24,...,L + (p - 1)q ;
-1 .

g, = gcd(gl,{mip l u<is<v]) for n=2,...,q;
...1 .

gy = gcd(gl,{miq I v<isw} for n=1+ Qy,..0, + (p - 1)q_;.

-1 -1 .
= gcd(gz,gs,{mip q I w<i<t}) for n=1.
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Thus we have

F£ (kernel §) =0 for n < (t - 2)pq + 1
8, for (t - 2)pgq +1 <n < (t -1)pgq ~p -q + 2

lem(g,,g,) for (t - 1)pq -p ~q +2 <n=(t -1)pq -p +1

gq for (t - 1)pq -p +1 <n=<(t ~LVpq -q +1
ged(g,y,8,) for (t - 1)pg - q + 1 <n = (t - 1)pq

gy for n=(t - 1pqg +1

1 for n> (t - Vpa + 1

This concludes the proof of the theorem in the first case.
9353.11. For all xi, xi¢ does not generate qu (or equivalently
xi¢ is divisible by either p or q)

We may assume without loss of generality that xt¢ = p and that

there are u and s in {0,1,...,t - 1} such that:

xi¢ =0 iff i <u ;

Ly =0 iff i Ss ;
1
Xslb =q and
xg¢ =0 iff i <u or i>s .

It follows that u < s, p divides m, while q but not p
divides n, = xi¢ for u <i <s, and q divides m, while p but
not q divides n, for i > s .

We take S = x:le m=0,1,...,p -1, n=0,1,...,9 - 1} as our
Schreier system. The resulting (t - 1)pg + 1 generators for kernel

I are:



55

X, = X X X X X for i Su, all m and n ;

for u<i<s, all m and n ;

!
b
0
»
™
»

= <ji < .

X X X, X s for s i t, all m and n ;

= xz for i =s,m=p -1, n=0;
mn_ _-n_Smé1 .

= X X XX X for i =s, all m, n ¥0 ;
m_q_-m .

= X X X for i =t, all m,n=q-~-1.

The pq relators for kernel Yy are r

m=0,1,...,p-1, n=0,1,...,4 -1 , where

_Jnn my mg mg -n_-m
rm,n = X XX X0 X VR X o= rm,n(l)"'rm,n(t) and
r (i) = x1 for i <u, all m and n ;
m,n i,m,n

= ( myp~t

xi,m,nxi,nO(niq"l)n"'xi,me(niq-l),n

for u<i<s, all m and n ;

-1
_ JhsP s — .
= xs,p-l,O for i = s, all m, n = 0 ;
-1
= (x .. y®SP " for i=s, all m, n *O0 ;

x vl X
s,m,n" s,n®l,n s,mO81,n

= (

X, X, T -
i,m,n"i,m,0®(n;p"1) i,m,n9 (n;p~h)

for s <i <t, all m and n ;

-1
= ot for i =t, all m and n .
t,m,q-1

The relation matrix for kermel V is zero except that the entry
at the np +m + 1'st row and (i - l)pq + ﬁb +m + 1'st column

mm=0,l,...,p -1 n,n=0,1,...,q -1, i =1,...,t , is:
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. m, for i Su, m = 5, n=n;
mip-1 for u<i<s,all m and m, n = 1n ;
mi+1q_l for s <i<t-1,m=m, all n and n ;
msp"1 for i=t -1, m=m all n and n =0 ;
m p—1 for i =t -1, all m and m, n=n*0 or

for i=t, all mym=n=n=0 .

We proceed to diagonalize the matrix,

(1) Subtract the (i - l)pqg + Eb + 1'st columns from the equal
(i -1)pq +np +m + 1'st columns, for u <i <s, m#* 0 and all n
or for i =t -1, m¥0, n+0.

(2) Subtract the (i - 1l)pq + m + 1'st columns from the equal
(i -1)pg +mp +m+1 colums, for s <i <t -1, all m, n 0 .

(3) Subtract the np + 1'st rows from the np + m + 1'st rows.
Then add the (i - 1)pg + np + m + 1'st columns to the
(i -1)pq + np + 1'st columns. For all i, m and m ¥ 0, all n
and n .

(4) Subtract m + l'st rows from the np + m + 1'st rows, Then
add the (i - 1)pq + 0p + m + 1'st colums to the (i - 1)pq + m + 1'st
colums for i ¥t -1 . Add the (t - 2)pq + np + 1'st colummns to
the (t - )pq + 1'st column. For all m and m, n and n*o.

The resulting matrix is zero except that the entry at the

np +m4+ 1'st row and (i - 1)pg + Eb +m + 1'st column is:

m for 1 Su, m=m, n=n ;

m, p for u<i<s,m=m

1 for s =i st-1,m m

1l
o
o]
i

1l

3
=]
]
=
i
=

™
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-1

m_p for i =t -1, m= m=0,n=n%0 or
for i=t,m=H=n=H=0.

We are now at a point in the proof very similar to where we were
in the first case after step 8. 1Indeed if in this case I had written
mg + n rather than np + m we would have exactly the same matrix. In
any case continuing by the same process as in the first case we get
exactly the same final answer for ?; (kernel ¥) except that

g, = gcd(gz,gs) . This concludes the proof of the theorem.
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Section 9. The proof of Theorem 4.4
We will see in the proof of Theorem 4.5 that all the homomorphisms
in question are covered by the two cases listed below. In order to

keep the number of cases down to two and avoid repetition it is con-

venient to suppose that V| is a homomorphism defined on G(m ,...,mt)
for arbitrary t . The results we want are:
T = = :
(-2) pgs2 (kernel V) gcd(mi| x?¢ 0) for Case 1 and

(kernel V) gcd(ml,...,mt) for Case 2.

',F
(t-2)pq+2

Case 1. There are exactly two i's sSuch that XLy 0, x"iy =0

implies xg¢ =0, xg¢ = 0 implies xi¢ =0 and x?ip¢ =0 for all i.

We may assume without loss of generality that xt¢‘= 1 and that

there are u,v and w in {0,1,...,t - 1} such that:
xi¢ =0 iff i < u ;
x?i¢ =0 iff i Sv ;
xz¢ =0 iff i Sw .

It follows that u sv sw, v=1t -2, p divides m, for
u <i <v,'p does not divide m, for v <i=<w,q but not p
divides n; = xi¢ for u<i <w and q but not p divides m,
while neither p nor q divides ny for w<i=st,

We take S = {le n=20,11,...,pq - 1} as our Schreier system,
The resulting (t - 1)pq + 1 generators for kernel | are:

-n

n
b's = X, X.X for i =u ;
i,n+l tit !
n_ Onfn; .
X, = xox, M for uw<i <t and;
i,n+l t it

q
X = Xp .
t,pq t
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The pq relators for kernel V| are r,n=1,...,pq , where:

= Ll T

rn = X, 1 + xt =rn(1)...rn(t) and
r(i):xmi for i sSu;
n i,n !
-1
mn;p < i o< .
= ( 1,051,000y 'xi,n®(p-1)ni) for u<1i =u;

) [mip-l]

(5 00K, %4, 0@k O(p-1)n;

X, .o X, - for v <i =sw ;
i,n®Pky 1,n@ki@({mip 1}-l)ni ’

(for notation see the proof of Theorem 3.2)

[mip~1q-1]
= (xi,ani°"xi,kai9ni)

X, ' - for w<i<¢t ;
i,n®ky 1,n@ki®({mip 1q‘1}-1)ni !

[mgp~Llq-1741 . -1 -1

= = < .

xt,pq for i t and n {mtp q } ;
[mgp-lg-1] . -1 -1

=X for i =t and n > {m .
t,pq { tp 1 }

The relation matrix for kernel V| is zero except that the entry
at the n'th row, n =1,...,pd, and (i - 1)pq + k'th column,

k=1,...,pq4 except when i =t where k =1 , is:

m, for i =u and k =n ;

-1 . ) .
m.p for u<i<v and k =n mod q ;
[mip_fl]+l for v<iSw,k=n®ki®sni and

-1
s =0,l,...,{mip } -1 ;
-1 { -1
[mip ] same as above except that s = im.p | S
-1 -1 .
[mip qa ] + 1 for w<1<t,k=n6~)ki®sn:L or
for i=t,k=1,n=s®1 and

-1 -1
s=0,1,...,{mp qa"} -1;

q—l] same as above except that s = {mip_lq-l},... ,pd .
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The first step in the diagonalization process is to eliminate the
ki's by permuting the columns by the permutation which maps the
(i - DDpg + k'th column to the (i - L)pq + (k © ki)'th coiumn.

The succeeding steps divide up into two subcases according to the
value of w . Assume first of all that w=t -2 =v . Then

ng(nt_l,PQ) =1 and hence x

nt_lmod pa runs through all the values

1,...,p4 as x does. Thus the following steps are meaningful.
(1) Permute the rows by the permutation which maps the

nnt_lmod pa'th row to the n'th row.

(2) Permute the columns by the permutation which maps the

1q_l}-l)n 'th column to the (t - 2)pg + k'th

(t - 2)pq + (k + {m £-1

g1P
column, where the second term is taken mod pa in both instances.
(3) Permute the columns by the permutation which maps the
(i - pg + knt_l'th column to the (i - 1)pq + k'th column, for
i <t -1 where the second term is taken mod pq in both instances.

In the resulting matrix the entry at the n'th row and

(i - Dpqg + k'th row is zero except that it is:

m, for i Su and k =n ;

mip—l for u<i<t -1 and k =n mod q ;

[mt_lp_lq—l] +41 for i=t -1, n=k®s and s = 0,...,{mt_1p-lq_l}~ 1;
[mt_lp—lq—l] for i =t -1, n=k®s and s = {mt lp_lq_l}, ,bq-1
[mtp—lq—l] + 1 for i =t, k=1 and on,_, = 1,...,{mtp_1q—1}
[myﬂqd] for i=t, k=1 and nmkl={mpdqd}+l,“.mqv

(4) Subtract the (t - 2)pa + k + 1'st column from the

(t - 2)pq + k'th column, k =1,...,pq - 1 .
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In the resulting matrix the entry at the p'th row and
(t - 2)pq + k'th column for k ¥ pq is zero except that when n = k
it is 1 and when n = k C>{mt_lp_lq_l} it is = 1 . The remaining
columns are unchanged,

Since q but not p divides m the same is true for

t-1
-1 -1 ' -1 -1
{mt—lp q '} = m_, - [mt-lp q "Jpq . Hence as x runs through
l,...,p and y runs through 0,1,...,q -1, x{mt_lp_lq_l} @y runs

through 1,...,pq and equals pq when x =p and y =0 . Thus the
following steps are meaningful.

(5) Permute the rows by the permutation which maps the
&{mt_lp_lq—l} @m'th row £ =1,...,p,, m =0,...,4 -1 to the
(4 -1 -mp +4'th row.

(6) Permute the columns by the permutation which maps the
(i - )pq + (h{mt_lp‘—lq—l} ® j>'th colum h=1,...,0, j=0,...,9 -1
to the (i - 1pq + (@ -1 - j)p + h'th column for i #t . 1In
particular the (t - 1)pq'th column remains fixed.

(7) Add the (t - 2)pq + jp + B'th columns to the
(t - 2)pg + jp + h'th column for each h, h <h <p , where
j=0,1,...,9 -1 and h=1,...,p - 2.

(8 Add the (t - 2)pq + jp + 1'st column to the
(t - 2)pq + (j + 1)p'th column, where j =0,1,...,94 - 2 .

In the resulting matrix the entry at the n'th row and

(i - 1)pg + k'th column is Zero except that it is:
m for i Su and k =n ;

m.p for u<i<t-1,n=mp+4, k=3jp +h

m=j=0,...,4 ~1 and 4, h=1,..., p ;
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1 for i =t -1 and k =n ¥ pq ;
-1 for i =t -1, n =p, 2p,...,Pq ,
and k=n-p +1,...,n -1 ;

[mt_lp_lq_l] +lfori=t-1,k=pdg,n=mp +4, m=0,...,9 -1
and 4 takes on {mt_'_lp"lq_l}q—l distinct values
in {1,...,p} ;

[mt_lp_1 _1] for i =t -1, k=pg, n=mp +4, m=0,...,q -1

and 4 takes on the other values in {1,...,p} ;

[mtp_lq—l]—;-l for i=t, k=1, n=mp +4, m =0,...,9 -1

{mtp—lq-l}q-l distinct values

and 4 takes on
in {l,...,p} ;

[mtp_lq-l] for i=t, k=1, n=m +4, m=0,...,q -1

and 4 takes on the other values in {1,... ,p} .

We can now view the rows as consisting of ¢q sets with p rows
each, We are in a position similar to the position we were in in the
proof of Theorem 3.2 after the application of Lemma 6.1. Proceeding

then in a similar manner it is not difficult to show that:

?ﬁ (kernel ¥) =0 for n =< (t - 2)pq + 1 ;

gcd(m1 se o ,mt_z)

for n=(t - 2)pq + 2,...,(t - 2)pg + q ;

-1 -1
gcd(ml 100 )m.t_z ’mt_lq ’mtq )

for n=(t - 2)pqg g +1;

]

1 for n~>(t -~ 2)pg +1
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This completes the discussion of the first subcase. We assume now

that w =t -1 . Note that gq divides

R

(1) Permute the rows by the permutation which maps the

49 + m'th row, £ =0,1,...,p -1, m=1,...,9 , to the

(n -Vp +4 + 1'st row.

(2) Permute the columns by the permutation which maps the

ja + h'th columns, j =0,1,...,p -1, h=1,...,9 , to the

(h - Vp + j + 1'st column,

In the resulting matrix the entry at the mp + £'th row,

m=0,...,9 -1, 4 =1,...,p and (i - 1)pg + hp + j'th ‘column,

h=0,...,4, j =1,...,p 1s zero except that it is:

m, for i €<y, m=h and 4L = j ;

mip-l for u<i<t-1 and m=h;

[m p_l] +1for i=t-1,m=h, j=4 + sn q— mod p
t-1 ’ ! t-1

=

and s

I

-1
0,...,{mp } -

[mt_lp_l] same as above except that

S

-1
= {mip },...,p -1 ;

[mtp_lq_l] +1fori=t,h=0,j=1,m=0,...,q9 -1

and 4 takes on {mtp-lq—

-1
[m p

in {1,...,p}

1

}q_l values in {1,...,p} H

q—l] same as above except that 4 takes on the other values

Again we view the rows as consisting of q sets with p rows

each., We are in a position similar to the position we were in in the

proof of Theorem 3.2 just before the application of Lemma 6.1,

Proceeding then in a similar manner it is not difficult to show that:
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?; (kernel {) =0 for n < (t - 2)pgq _+ 1 ;

gcd(ml,...;ht_l) for n = (t - 2)pqg + 2,...,(t - 2)pq + q;

-1
gcd(ml,...,mt_lmtq ) for n=(t - 2)pgq +q +1 ;

i

1 for n>(t - 2)pg +1 .

This concludes the discussion of case 1.
Case 2., There is an i such that:

(1) neither p nor q divide m,
(2) neither p nor q divide xi¢ ;
@ eGx¥l gD =z .
The discussion of this case follows almost exactly the lines of -
the proof of Theorem 3.2, 1t is only necessary to prove something
slightly more general than the statement of Lemma 6.1 in the proof of

Theorem 3.2, which we have done in Section 7. It is not difficult to

show that:

?ﬁ (kernel §) =0 for n S (t - 2)pg + 1

gcd(ml,...,m ) for n=(t - 2)pgq + 2

t

1 for n>(t - 2)pq + 2 .

This concludes the proof of Theorem 4.4.
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Section 10. The proofs of Theorems 3.4, 3.5 and 3.7
Before we actually prove the theorems it is necessary to discuss
in detail the map fp . In our discussion we derive two formulas for
fp and show that with a slight modification fp maps the natural
additive structure of M into a multiplicative structure for M .
The computations involved in the proofs of the lemmas do not bear
directly on the proofs of the theorems and are consequently postponed.
The first formula is a direct application of Theorems 3.1 and 3.2,

Lemma 10.1. If m=x2% 4 ... + xt €M then
(mf =2 n(J)xg(J) where:
P J

the sum is taken over all subsets J of {1,...,t} H

a(J) = I {j € JI p does not divide mj}l ;
g(d) = gcd(mil i 83 if a(d) =0 ;
= gcd(ml,...,mt) if a(Jd) ¥ 0 ;
@ = @ - vl D L@ @ gy

Indeed if ¥ is a homomorphism of G(ml,...,m ) into Zp and

t
J = {il xi¢ # 0} then g(J) = MY¥) . It is only required to show that

the number of homomorphisms, | , such that J = {il xi¢ * 0} is

n(J) .

We now modify the map fp slightly.

Definition 10.2. Henceforth the map fp will be taken to mean the
map defined by the formula given in Lemma 10.1 except that g(J) =1
if a(J) ¥ 0 .

Note that fp remains unchanged when p divides gcd(ml,...,mt)

or when gcd(ml,...,mt) = 1 . Since these are the only times that fp
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is applied there can be no real confusion. We can now state the second

and more explicit formula for f

Lemma 10.3. Let m=x1 4 ... + X't €M, H = {i] p divides mi} and

K ={i| p does not divide m.} then

(m)fp = S(K)(pt'l - pl Hl)xl + JEH 0 - l)l H| -‘ Jlxgcd(mil i€JK)

where O8(K) =0 if K=¢ and 6() =1 if XK ¢ .
In order to facilitate the proof of Lemma 10.3 we define inductively

a multiplication on M .

Definition 10.4. (xml + vee + xmt)-xmO = ngd(ml’m0)+ ees + ngd(mt’mo)

and for m, m €M, m(m + x'0) =m-m + m-x0 .

It follows that M is a commutative monoid under multiplication
(the identity is xO) and that multiplication distributes over addi-
tion. This can be proved directly. Alternately we can embed M in
an integral semigroup ring. The semigroup consists of the non-negative
integers where the product of h and k is gecd(h,k)

The multiplication is useful because of

Lemma 10.5. If m €M and p divides m, then

Mo - . (xM0
(m + X .)fp = (m)fp (x )fp .

We need only one more concept before we can proceed with the
proofs of the theorems.

Definition 10.6. If h and k are non-negative integers themn h <;k

iff h 0 and either h <k or k=0 . h Sk iff h =k or h k.

It follows that for any pair of non-negative integers h and K,

gcd(h,k) Sh .
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The proof of Theorem 3.4.

"The fp-equivalence classes on A . where p divides g
’

and g ¥ 0 are all singletons.”

Indeed suppose m = xm1 + ees + xmt and m = xml + s0e + th

belong to At & where the exponents are in increasing order,
?

m £m,.% ... . Suppose further that m ¥ m . The theorem will

follow if we can show (m)fp F (ﬁ)fp . Pix i to be the least index
for which m, =m, for all j > i . Hence m, #*m, .
J J i i

From Lemma 10.3 we have:

(xmo):fp = x0 4 (» - l)x0 if p divides LN

(xnl F ovee + X S)fp = (& i&J) + (p - l)SxO where

.,ns) if p divides gcd(nl,...,ns)

Consequently

m ms ms ms m
m) £ xL 4 ., +x i Lyr c(xA)F J(x it 4., 4+ x O)F
(m) p ( ) p (x1) p ( ) p

=@My - E™ e -1 (@ @ - DD

where hj...%mi_l.%mi for all j ;

O T ¢ xmt)fp + ( - 1) G- mip ok

-1 p - DIEEH 4L xmt>fp

t-1 m;

]
™
»
o
3
)
1
C
»
™
+

(p - D)V 4L xmt>fp

where rj Sbmi for all j .

The theorem follows now by comparing this with the corresponding

expression for (ﬁ)fp .
Before proceeding to the proof of Theorem 3,5 we draw a

corollary from Lemma 10, 3.
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Corollary 10.7. If m € A 4 and p divides m,,...,m_  then
H

t-2
+(p - 1) ML (™2 L, 4 XY

(mz = (p - 1t lm
G - 1)t_3xm1-(xm2-xm3 Hoeee + X250 4 L 4 xmt'l-xmt) +
+ (- DxXLE™2. L ™l L 4 XT3 LX) 4 .

The proof of Theorem 3.5,

"The G-equivalence classes on Bt ={m € At 1‘ gcd(mj| jgFi)F1
H
for each i} are all singletonms."
First we note that m,  * m, for all i #3j in {1,...,t} .

Secondly if p .divides less than t -1 of the m,'s then by

£-1 | m
-p

Lemma 10.3 the coefficient of xl, 8(K) (p ) +1 , is

greater than or equal to p . On the other hand if p divides exactly

t -1 of the mi's then by Corollary 10.7 the coefficient of xl is

exactly 1 . Hence (m)fp = (p - l)t-lxmi + & icj + x1 where

1 <5&j ngi for each j iff p divides gcd(mj| j¥1i) . As p

runs over all primes, t distinct integers will appear as the greatest
exponent in (nofp when the coefficient of x1 is 1 . This distin-
guishes the whole set from the other elements of At,l and the
integers themselves distinguish the elements from one another, con-

cluding the proof of the theorem.

The proof of Theorem 3.7,

"The f-classes on A, , are the elements of B,,C,D and {g} ."
?

There are three possible forms for (nofp when m € A3 1 ¢
H

@ - DAL - pEEeimLmy | eedimymdy b oe
divides m, and m , i FjFKkFL;
(1) (p - xECImEmI 2 oyt ir p divides m,  but

not mj or m , i ¥ jFkFi,;

k,
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(iii) ple if p divides neither m, ,m, nor m, .

Clearly form (i) can never look like form (iii) but form (ii)
can if gcd(mj,mk) =1 . It follows that (m)fp = ple for all p
iff m€E, Hence E is an f-class. Form (i) can look like
form (ii) but only if gcd(mi,mj) =-gcd(mi,mk) =1 in form (i) and
p=2.

The coefficient of x1 can be p only in form (i) when one but

not both of gcd(mi,mj) and gcd(mi,mk) are 1 . Of course p

divides gcd(mj,mk) so that it is not 1 . It follows that all the

elements m € A3 1 with two gcd is not equal to 1 are in a
b
different f-class than the remainder of A3 1" Furthermore
. ?
m € C(Z E) iff (m)fp = (p - 1)2xaa + (p - l)a + px1 if p divides B;
= (p - 1)2be + (p - 1)B + px1 if p divides «;

(p - l)xa + (p2 -p + l)xl if p divides b

but not B ;

B

= - 1x" + (p2 - P + 1)x1 if p divides a

but not « ;
= ple otherwise,
Proving that the elements of C are f-classes.

/
Finally m € D(Z) iff

(p - l)zxa + (2p - l)x1 if p divides « ;

1l

(m)fp

o 2 1 . .
(P -Vx + (P -p + Dx if p divides a ;

2
p x1 otherwise.
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x /
The only confusion that can arise is between D(Z) and DKi) . But

gcd(a,®) =1 so that 2 can divide only one of & and a . By
choosing a prime which divides the odd one they are easily distin-
guished. This completes the proof of the theoren.

The proof of Lemma 10.1.

We are only required to show that the number of homomorphisms,

¥, of G(m ,...,m

) into Z  for which J={il x ¥ #0} is n(®

which equals

| 5] -a»

® -1 (- L« 2P -yt

where a(J) = l {j € JI p does not divide mj}l .

If j€J and m, = 0 mod p then xj¢ can take on any of the
p -1 values {l,...,p -1} . Whereas for j € J and mj % 0 mod p
we must have the equation X mj(xj¢) =0 mod p . Hence n(J) equals

® - 1)| 3| -a(m

times p(a) , the number of zero sums mod p
which can arise from a = a(J) given non-zero mod p integers with

non-zero mod p coefficients unless a =0 when p(a) =1 . We

want to show then that for all a

Bea) = (@ - D + (- D¥*p - p .

This is certainly true for a =0 . We proceed inductively and assume
a >0 . The total number of zero sums for a non-zero mod p integers
is clearly pa—1 . Using our induction assumption and the fact that

the number of these zero sums with exactly j non-zero mod p

F o\
coefficients is (gji(j) for j=0,1,...,a2a -1 we have
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K (a)

a-1 azl (a\
- N .
P j=i \j W (3) ’

-1, a _3agl ‘a _ j._ agl /fa\._ . 3, .
6% - 3 (e -7 - E (e nie - ;

p - D + (- D - 1)

This concludes the proof of the lemma.

The proof of Lemma 10.5.

mz @Oz = Gn@E D) " 4 e -0
_ § n(J)xgcd(g(J),mo) N § o - 1)n('J)xg(J) ;

where the sums are taken over all subsets, J , of {l,...,t} . There
is a one to one correspondence between the subsets of {l,...,t} and
. pairs of subsets of {O,l,...,t} which assigns to each subset, J ,
of {1,...,t} the pair (J, J U {0}) . It is clear that
a(J) = a@ U {0}) and that (p - )n(P) =n(s U {0}) . Purthermore
if we let 7VY( ) be the function with respect to {0,1,...,t} cor-
responding to g( ) then Y(J) = gcd(g(J),mO) and
Y3 U {0 =g(d) . Therefore

I‘L(J)ngd(g(J) ,mO) = § n (J)XY(J) and

g(D JYeuloh

PX
J
§ ( - Vn(I)x JE{O} n(3 U {o}

Their sum then is just (m

4

xmo)fp , proving the lemma.

The proof of Lemma 10.3.

The proof is by induction on l Hl .
1t |Hl =0 then H=@ and K =1{1,...,t} $0.
We want to show that

(m)fp _ (pt—l _ 1)x1 + chd(ml,...,mt)
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This follows directly from Lemma 10.1. 1Indeed let J be a subset of

{1,...,t} then a(J) =0 iff J =46, g(@) = gcd(ml,...,mt) and
n(g) =1. If J*¢@ then a(d® = | J| , g =1 and
n(y = ((p - 1)' il (- Nl (@ - 1)p" . Thus
3 2 @E? 2 2 (e -1 v - pIe - it
j=1 \j/"

=@ -1 - (@ -1)p

= (pt-l - 1)x1 .
This proves the result when | HI =0 .

1f | H|l %0 then m=m + =™ where p divides m, and mEM

unless t =1 . If t =1 then m = xmt and

bt

(m)fp = n(ﬂ)xg(¢) + n(l)xg(l) where a(@) =0, g(@) = m n(@) =

x4 (r - l)XO’

n

and a(l) =0, g(1) =0, n(l) = (p ~1) . Thus (m)fp
which is just what is required. If t #1 then | H| = |ul -1
where H corresponds to H with respect to m and we can assume
that the lemma holds for m . Note that K is the same for both m

and‘ m .

- m
(m)fp (m)fp(x )fp

il

- =1 ) .e
(G(K)(pt 2 pl p - l)l Hl l Jlngd(mlll JUK)).

0
"t ¢ (p - D)x)
Now x (™ 4 (p - DxD) =px" so that
i

sx) (p° 72 - pl |yt Gt -1 = @@ t-p B

Furthermore
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(E®-D | ®l-1 3] geacm;| 163Uy me _
£ (p - 1)| a|-| suf¢}| xgcd(mil i€gkU{th
JH
and _ oo
(F @ -l Fl ol geam]seno, o yy00
Jéﬁ (@ - 1)I Hl-| sl xgcd(mil i€JUK) ]

The lemma follows by putting together the above equations.



Section 11. The proofs of Lemma 4.3 and Theorem 4.5

The proof of Lemma 4.3.

1" .

If pi divides mi for each i and s = plpzp3 then
S 11
G(ml,mz,méVgp(g I g € G(ml,mz,ma)) needs 3 generators.

Assume first of all that there are distinct primes p and q
so that p divides p, and q divides p, . Let ¥ be the homo-
morphism of G(ml,...,mt) onto qu which maps X, to q, X, to
p and Xg to O . By the proof of Theorem 4.1 we see that

NN = 2P @ z!flg'l) (@D g .

o , where N = kernel V . Let

K = gp({gpsl g € N},N') then K is characteristic in N and thus
normal in G(ml,mz,ms) . N/K is a direct sum of more than pq + 1
cycles of order P, and has index pq in G(ml,mz,ms)/K . If
G(ml,mz,m3)/K needed only two generators then by the Schreier index
theorem N/K would need no more than pq + 1 generators. Hence
G(ml,mz,ms)/K needs three generators. Since g° € X for each

g € G(ml,mz,ms) we see that G(ml,mz,ma)/K is a homomorphic image
of G(ml,mz,ms)/gp(gsl g € G(ml,mz,ms)) , proving the lemma in this
case, If P, =P, =Pz =p a prime then we prove the lemma in a
similar way substituting Theorem 3.1 for Theorem 4.1.

The proof of Theorem 4.5,

"The G-equivalence classes on C<Z E), D(Z) and E are all

singletons."
. . a B o
We will deal with c(a °)y D and E separately. For all
cases though, the number of homomorphisms of G(ml,mz,ms) onto qu
is (p2 - 1)(q2 -1) . If | is a homomorphism then A(}) will be

an abbreviation for T (kernel V) .
pa+2

74
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o 4 \
The class C(a E) . Let m€ C(Z g . We may assume without loss of

generality that gcd(ml,mz) =, gcd(ml,ms) = B, m, = aw and

m, = bB . Choose distinct primes p and q so that p divides «

and q divides B . Then by Theorem 4.1 we see that A(Y¥) is:

0 if x V¥ *0, x,¥ =q,...,(p - Da, x¥ =p,...,(a - 1)p ;
ml if x1¢ = 0, X2¢ = q,-'-’(p - 1aq, x3¢ = P,---,(q - 1p ’
aw if x1¢ * 0 mod p, x2¢ =0, x3¢ =DPye..,(@d - 1)p ;
b if xl¢ % 0 mod q, x2¢ =q,y...,(p - Da, x3¢ =0 ;

1 if xl¢ ¥ 0 mod p and mod q, x2¢ =0, x3¢ =0 .

2
The total number of maps listed above is (p - 1)(q2 - 1)

(g - - 1(q -1) for 0, (p -1)(a-1) for m),

(pa - )(q - 1) for a2, (pq - p)(p - 1) for bP and

(p ~1)(q -1) for 1 . Therefore we have listed all of them.
Clearly m is distinguished from all the other elements of C(Z E)

by the second line, proving the theorem in this case,

The class D(Z) . Let mE€ D(Z) . We may assume without loss of
generality that ml = a and gcd(mz,ms) = & , Choose distinct primes
p and gq so that p divides a and q divides « . By Theorem

4.1 we see that MA({) is:

0 if xl¢ Py+..,(@-1)p ,

q,---,(P - l)q) X2¢ p,-..,(q - 1)9) X3¢

]
I
]

m,, if le dy...,( - 1a, x2¢ 0 , x3¢ Py...,(q-1)p ,

]
]
Il
o

m, if xV¥=qa,...,p - Da, x¥ =p,...,(a - Dp, x5}
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By Theorem 4.4 (Case 1), A({) is:

1 if x1¢ = 0 mod q, x2¢ +0mod p and q, x3¢ =q,...,(p - 1)q ;

]

or if x1¢ 0 mod q, x2¢ =q,...,( - 1q , x3¢ *# 0 mod p and q ;

a if xl¢ 0 mod q, x2¢ and x3¢ +0modp and q ;

where in all cases we must have mz(x2¢) + m3(x3¢) =0 mod p .

The total number of maps listed above is (p2 - 1)(q2 -1) :
®-1D@-D? for 0, (p-D@-1 for my, (p-1(a-1) for
mg, 2p(p - 1)(q - 1) for 1 and p(p - 1)(q - 1)2 for a .
Therefore we have listed all of them. Cleraly m is distinguished
from all the other elements of D(Z) by the second and third line,
proving the theorem in this case,

The class E . Let m€E . Let p,q and r be distinct primes

which divide ml,m2 and m_ respectively. By Lemmas 4.2 and 4.3 if

3
m is G-equivalent to m then p,q and r also divide —1’-“—‘2 and
Eé , in some order, respectively. First we look at the maps onto qu

and show that the Hi which is divisible by r must equal ms .

The exact same process works for maps onto Zpr and qu proving

that and m, must be m , and m, in some order, which

1'™2 3 1°™2 3
is just what is required.

For all maps' ¥ onto qu x3¢ is uniquely determined, once
xl¢ and x2¢ have been chosen, by the equations

ml(xl¢) + m3(x3¢) = 0 mod q and mz(xzw) + m3(x3¢) =0 mod p .

By Theorem 4.1 MA(Vy) is

mg, if xl¢ =d,...,(p - Daq, x2¢ =p,...,(¢ - Vp, x3¢ =0,



77
By Theorem 4.4 (Case 1) M) is

1 if xl¢ = 0 mod q, x2¢ ¥ 0 mod p and q, x3¢ =dq,...,(p -~ 1)q .

By Theorem 4.4 (Case 1), the roles of p and q interchanged)

A s

Py..+,(d ~ L)p .

1 if x1¢ ¥ 0mod p and q, x2¢ = 0 mod p, x3¢
By Theorem 4.4 (Case 2) M) 1is
1 if x1¢ ¥ 0 mod q, x2¢ ¥ 0 mod p, xsw $Omodp and q .

2
The total number of maps listed above is (p2 (@ -1) :

(p - 1)( -1) for m and p(p - 1)(q - 1) +a(p -1)(q - 1) +

(pqa - pP)(pq - q) for 1 . Therefore we have listed all of them.

The required result follows from the first line,.
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