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INTRODUCTION

One i s  o f t e n  f a c e d  w i th  t h e  p ro b lem  o f  d e c i d i n g  f o r  a  g iv e n  s e t  

X o f  g ro u p s  w h ich  g ro u p s  i n  t h e  s e t  a r e  i s o m o rp h ic  and w h ic h  a r e  n o t .

A n a t u r a l  b u t  o f t e n  c o m p u ta t i o n a l l y  d i f f i c u l t  o r  im p o s s ib l e  a p p ro a c h  

i s  t o  c h o o se  a t e s t  g roup  T and th e n  compute and  compare t h e  number 

o f  homomorphisms o f  G i n t o  T f o r  e a c h  G € X .

G iv in g  th e  g ro u p s  h a s  been  s t a n d a r d i z e d  t o  some e x t e n t  by 

p r e s e n t i n g  th e  g ro u p s  i n  te rm s  o f  g e n e r a t o r s  and  d e f i n i n g  r e l a t i o n s .

The c o m p u ta t io n s  become f e a s i b l e  a l th o u g h  p o s s i b l y  s t i l l  i m p r a c t i c a l  

i f  we r e s t r i c t  t h e  g ro u p s  i n  X t o  be f i n i t e l y  p r e s e n t e d  ( f i n i t e  

number o f  g e n e r a t o r s  and r e l a t i o n s )  and t h e  t e s t  group T t o  be  f i n i t e .  

Even  u n d e r  t h e s e  r e s t r i c t i o n s ,  how ever,  t h e  m e thod  can be  shown t o  

f a i l  [ J .  D yer -  u n p u b l i s h e d ] .  I t  i s  p o s s i b l e ,  how ever,  t h a t  i t  w i l l  

w ork f o r  g ro u p s  w i th  one r e l a t o r ,  w hich  a r e  r e s i d u a l l y  f i n i t e  ( t h e  

i n t e r s e c t i o n  o f  a l l  t h e  norm al su b g ro u p s  o f  f i n i t e  in d e x  i s  t r i v i a l ) .

I n  t h i s  p a p e r  t h e  above t e c h n iq u e  i s  u se d  t o  t r y  t o  c l a s s i f y

(1 )  { H ( i , j )  | a l l  i n t e g e r s  i  and j}

and

(2 )  {G(m , .  . .  ,mt ) | t  >  0 , a l l  i n t e g e r s  ,

w here

H ( i , j )  = ( a , b , c ;  a 1 [ c 1 , a ] [ c J , b ] )

and

G(m.1 mt ) = (x



iv

The c o m p u ta t io n s  c a n  be made more p r a c t i c a l  i n  t h r e e  ways.

(1) Count o n ly  t h e  ep im o rp h ism s .

(2) A l l  t h e  i n f o r m a t io n  a v a i l a b l e  from  a b e l i a n  t e s t  g ro u p s  

can  be  o b t a i n e d  from  t h e  f a c t o r  d e r i v e d  g ro u p .  The B e t t i  number and 

t o r s i o n  c o e f f i c i e n t s  fo rm  a c o m p le te  s e t  o f  i n v a r i a n t s  f o r  th e  f a c t o r  

d e r i v e d  g ro u p .  They c a n  be com puted  by d i a g o n a l i z i n g  t h e  r e l a t i o n  

m a t r i x .

(3) Use t h e  above t e c h n i q u e s  on t h e  c o m p le te  s e t  o f  k e r n e l s  

o f  maps o n to  a  w e l l  u n d e r s to o d  t e s t  g ro u p .  P r e s e n t a t i o n s  f o r  t h e  

k e r n e l s  can  be com puted  by u s i n g  t h e  method o f  R e i d e m e i s t e r  and 

S c h r e i e r .

I n  C h a p te r  1 ,  I  d e f i n e  e x p l i c i t l y  many o f  t h e  te rm s  m e n t io n e d  

h e r e  and s t a t e  a  few w e l l  known f a c t s  w hich  a re  u s e d  i n  t h e  s e q u e l .  

P r o o f s  a re  a v a i l a b l e  i n  s t a n d a r d  w o rk s ,  e . g .  see  [ 5 ] .

I n  C h a p te r  2 ,  I  d i s c u s s  t h e  g ro u p s  H ( i , j )  . The m a in  r e s u l t  i s  

a f o r m u l a  f o r  t h e  number o f  e p im o rp h ism s  o f  a  su bg roup  o f  in d e x  2 

o n to  e a c h  member o f  an  i n f i n i t e  f a m i ly  o f  f i n i t e  g ro u p s .  The fo rm u la  

can  be u s e d  t o  d i s t i n g u i s h  many o f  t h e  g r o u p s ,  H ( i , j )  . I n  

p a r t i c u l a r  we have

Theorem A. The g ro u p s  H ( i , j )  a r e  a l l  d i s t i n c t  f o r  ( i , j )  i n  t h e  

s e t  { ( 1 ,1 )  , ( 1 ,2 )  , ( 1 ,3 )  , ( 1 ,4 )  , ( 1 ,7 )  , ( 1 ,1 0 )  , ( 2 ,2 )  , ( 2 ,1 4 )  , ( 2 ,1 5 )  , ( 2 ,2 1 )  , 

( 3 , 2 ) , ( 3 , 1 5 ) , ( 5 , 1 0 ) , ( 5 , 1 4 ) }  .

I n  C h a p te r  3 ,  I  d i s c u s s  t h e  g ro u p s  G(m^, . . . ,mt ) . I n  t h i s  c a s e  

somewhat b e t t e r  r e s u l t s  a r e  o b t a i n e d .

Theorem B. The g ro u p s  G ( m ^ , . . . ,m ^ )  can  be c o m p le te ly  c l a s s i f i e d  

when gcd(m1 , . . . ,mt ) + 1 .



V

Theorem  C. The g ro u p s  G(m ,m2 ,m3) c a n  be c o m p le te ly  c l a s s i f i e d .

M ost o f  t h e  n o t a t i o n  t h a t  i s  u s e d  i s  s t a n d a r d  o r  i t  i s  i n t r o d u c e d  

a s  i t  i s  n eeded .  The few e x c e p t io n s  a r e  l i s t e d  below .

0 = t h e  em pty s e t .

gp(X) = th e  su b g ro u p  o f  G g e n e r a t e d  by X , w here X i s  a  s u b s e t

o f  th e  g ro u p  G .

gp_(X) = th e  norm al su bg roup  o f  G g e n e r a t e d  by X .G
V -1x = y xy , where x and y a r e  e le m e n ts  o f  a  g roup .

r i -1 - I[ x , y ]  = x y xy .

| X 1 = th e  c a r d i n a l i t y  o f  t h e  s e t  X .

| a |  = th e  a b s o l u t e  v a l u e  o f  th e  number a  .
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CHAPTER 1 PRELIMINARIES

S e c t io n  iL. P r e s e n t a t i o n s  and t h e  m ethod o f  R e id e m e i s t e r  and S c h r e i e r  

I f  X i s  a  s e t  o f  g e n e r a t o r s , x , f o r  a  g ro u p  G and R i s  a 

s e t  o f  X-words ( f i n i t e  s t r i n g s  o f  x ' s  and x - 1 , s )  , r ( x )  , t h e n  we 

w r i t e  G = (X ; R )  and  sa y  t h a t  (X; R )  i s  a  p r e s e n t a t i o n  f o r  G 

i f  and o n ly  i f  t h e  k e r n e l  K o f  t h e  homomorphism (J, o f  t h e  f r e e  g roup  

F on an e q u a l l y  in d e x e d  s e t  Y = {y |x  6 x} o n to  G w hich  maps yX X

t o  x i s  j u s t  g p „ { r (y  ) | r ( x )  € r } . The e l e m e n t s  o f  R a re  c a l l e da x

r e l a t o r s .

We n o te  f i r s t  of a l l  t h a t  i f  R i s  any s e t  o f  X-words t h e n

F/K = (X; R )  . S econd ly  i f  Gq i s  a n o t h e r  g ro u p  t h e n  a map 0 o f

X i n t o  Gq e x t e n d s  t o  a  homomorphism (ep im o rp h ism ) o f  G = ( X; R )

t o  Gq i f  and o n ly  i f  r ( x 0 )  = 1 f o r  a l l  r ( x )  € R

(and  G = gp{x0 |x  € x}) . F i n a l l y  i f  N = gp_(R ) t h e n  o G o

G/N = (X; R U R )* .

L e t  H be a  subgroup  o f  G and T| t h e  n a t u r a l  iso m o rp h ism  from

__1
F/K o n to  G in d u c e d  by (l t h e n  HT| = E/K w here  E i s  a  su bg roup

o f  F . E i s  f r e e  ( a l l  s u b g ro u p s  o f  a  f r e e  g roup  a re  f r e e ) ,  and  th e

method o f  S c h r e i e r  a l lo w s  u s  t o  c h o o se  a  f r e e  s e t  o f  g e n e r a t o r s  f o r  E .

F i r s t  we choose  a  sy s te m  S o f  r i g h t  c o s e t  r e p r e s e n t a t i v e s ,  s  , 

f o r  E i n  F such  t h a t

( i )  1 € S
e e

( i i )  i f  s  = y 1 . . . y  * € S (y .  € Y, e. = + 1 )  t h e n1 t  1 1 '

®1 6 •y . . . y , J € S f o r  j  = l , . . . , t  -  1 .X J



Such a  sy s te m  c a l l e d  a  S c h r e i e r  sy s tem  a lw ay s  e x i s t s .  S e co n d ly  we l e t  

o  be t h e  map f ro m  F t o  S w hich  s e n d s  e a c h  e le m e n t  o f  F t o  i t s  

c o s e t  r e p r e s e n t a t i v e  i n  S . F i n a l l y  E i s  f r e e l y  g e n e r a t e d  by th e  

s e t  Z (S ,Y ) o f  t h o s e  e l e m e n t s  z ( s , y )  = sy(sycr) * ,  s  € S, y € Y 

w hich a r e  n o t  e q u a l  t o  1 .

By t h e  R e i d e m e i s t e r  r e w r i t i n g  p r o c e s s  we may r e w r i t e  any word

e = e ( y )  i n  E a s  a w ord  e = e ( z )  i n  t h e  above g e n e r a t o r s  o f  E .

e e e e
I t — 1 tIn d e e d  i f  e (y )  = y 1 . . . y t  t h e n  e ( z )  = - z ( s  , y )  . . . z ( s t ,y t >

e e . e e _
where s  . z= (y  1 . . .y  1 )cr i f  e .  = + l  and  s .  = ( y . 1 . . .y  ,^)cr i f

j  W 1  ‘' j - l  j  j  J 3

e. = - 1 . Now K = gp_(R) i s  a l s o  g p _ { r ( s )  = s r s  1 | r  € R, s  € s} .J j? ri

U sing  t h e  R e id e m e i s t e r  r e w r i t i n g  p r o c e s s  we s e t

R(S,Y) = { r ( s ) ( z )  | r  6 R, s  € s} . Thus E/K = (Z (S ,Y ) ;  R (S ,Y »  .

We c a n  t r a n s l a t e  e v e r y t h i n g  we have  done f o r  E t o  H by u s in g  

(i . F i r s t  o f  a l l  H i s  g e n e r a t e d  by t h e  s e t  W(S|J,,X) o f  e l e m e n t s  

w(s|J/,x) = ( z ( s , y x ))|i, . S e c o n d ly  by t h e  above d i s c u s s i o n  we s e e  t h a t  

f o r  R(S|1,X) = { r ( s | i )  (z(J,) | r  € R, s  € s}  w here  H = ( W ( S(X, X) ; R(SM-,X))

As a p r a c t i c a l  m a t t e r  i t  i s  c o n v e n ie n t  t o  u se  |i t o  i d e n t i f y  X-words 

w i th  Y -w ords . A n o th e r  way o f  p u t t i n g  i t  i s  t h a t  we d i s c a r d  G and 

lo o k  o n l y  a t  F /K  .
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S e c t i o n  2 . B e t t i  num bers ,  t o r s i o n  c o e f f i c i e n t s  and th e  r e l a t i o n  m a t r ix

The f a c t o r  d e r i v e d  g roup  o f  G, A(G) = G /G / , w here G/ i s  th e

d e r i v e d  g ro u p  o f  G . I f  G i s  f i n i t e l y  g e n e r a t e d  th e n  so i s  A(G)

and hence th ere i s  a unique non -negative  in teg e r  (3(G) and a unique

p o s s i b l y  empty s e t  o f  i n t e g e r s  T(G) = {^ (G ) , .  . .  >Tn (G) } a l l  g r e a t e r

than 1 , such th a t  T. d iv id e s  T. , for  i  6 { l , . . . , n  -  l }  with  » x 1+1

th e  property  tha:t' A(G) i s  isom orphic to  a d ir e c t  sum of j3 in f in i t e

c y c l i c  g ro u p s  and  f i n i t e  c y c l i c  g ro u p s  o f  o r d e r  T f o r  e a c h  i  .

(3(G) i s  c a l le d  th e  B e t t i  number o f A(G) and T(G) the s e t  o f

t o r s i o n  c o e f f i c i e n t s .

The B e t t i  number and to r s io n  c o e f f ic ie n t s  o f th e  fa c to r  derived

group of a f i n i t e l y  p resen ted  group G = (X; R) can be computed by

d i a g o n a l i z i n g  i t s  r e l a t i o n  m a t r ix .  The r e l a t i o n  m a t r i x  M(G) has

| r  | rows and | x |  co lum ns; f o r  c o n v en ien ce  we may in d e x  them  by R

and X th e m s e lv e s .  The e n t r y  a t  t h e  r ' t h  row and x ' t h  co lum n,

M (G )( r ,x )  , i s  t h e  e x p o n e n t  sum o f  x i n  r  . By u s in g  e le m e n ta ry

row and column o p e r a t i o n s  any r e c t a n g u l a r  m a t r i x  and i n  p a r t i c u l a r  a

r e la t io n  m atrix can be put in  diagonal form, th a t i s  w ith at most one

n o n - z e r o  e n t r y  i n  eac h  row and colum n. M oreover t h e s e  n o n - z e r o  e n t r i e s

c a n  a l l  be c h o se n  p o s i t i v e  and so  t h a t  when w r i t t e n  down i n  i n c r e a s i n g

o r d e r  t h e y  have t h e  p r o p e r t y  t h a t  t ^  d iv i d e s

f o r  i  € { l , . . . , s  -  l}  . When t h i s  h a s  been done f o r  M(G) t h e  B e t t i

number o f  A(G) , [3(G) = |x| -  s , and i f  = 1 fo r

i  € { l  . . , s  -  n} but t  , 4= 1 then w ith  T.(G) = t  . the s e t  ’ ’ s-n+1 l  s-n+x

o f  to r s io n  c o e f f ic ie n t s  fo r  A(G) i s  T(G) = {t^( G) , . . . , Tn ( G) 3 •



We now l i s t  some e le m e n ta ry  f a c t s  ab o u t e l e m e n t a r y  row  and column 

o p e r a t i o n s  w hich we w i l l  u se  f r e q u e n t l y ,  o f t e n  w i th o u t  e j q p l i c i t  m e n t io n .  

F i r s t  i f  a  s q u a re  m a t r ix  i n  d ia g o n a l  form  h a s  e x a c t l y  one n o n - z e r o  

e n t r y  i n  each  row and column and e a c h  o f  t h e s e  e n t r i e s  a r e  e q u a l  t h e n

th e  a c t i o n  o f  any e le m e n ta ry  row o p e r a t i o n  may be n e g a t e d  by  an

a p p r o p r i a t e l y  c h o s e n  e le m e n ta ry  column o p e r a t i o n .  S e c o n d ly  i f  a  m a t r i x  

i n  d ia g o n a l  form h a s  two n o n -z e ro  e n t r i e s  a  and b t h e n  by  e le m e n ­

t a r y  row and colum n o p e r a t i o n s  we may change a t o  g c d ( a , b )  , t h e  

p o s i t i v e  g r e a t e s t  common d i v i s o r  o f  a and b and b t o  l c m ( a ,b )  

t h e  p o s i t i v e  l e a s t  common m u l t i p l e  o f  a and  b , l e a v i n g  t h e  b a l a n c e  

o f  t h e  m a t r ix  unchanged .  T h i r d ly  an e n t r y  a  o f  a  m a t r i x  i n  d ia g o n a l  

fo rm  may be changed  t o  | a |  . F i n a l l y  i f  e a c h  n o n - z e r o  e n t r y  o f  a  

m a t r i x  i s  th e  o n l y  n o n -z e ro  e n t r y  i n  i t s  co lum n, t h e n  by e l e m e n t a r y  

column o p e r a t i o n s  th e  m a t r i x  may be t r a n s f o r m e d  i n t o  a  m a t r i x  i n  

d ia g o n a l  form w i t h  th e  g c d  o f  t h e  e n t r i e s  o f  ea c h  row p l a c e d  i n  t h a t  

row and some co lum n, a d i s t i n c t  column f o r  e a c h  d i s t i n c t  row . The 

g cd  o f  a  s e t  o f  i n t e g e r s  N may be d e f i n e d  i n d u c t i v e l y  by

(1 ) gcd(0) = 0 ;

(2 )  f o r  any i n t e g e r  a g c d ( a , 0 )  = | a |  and

(3 )  i f  N = N U Ng th e n  gcd(N) = g c d ( g c d  N ^ g c d  Ng) .

F o r  u n i f o r m i t y  o f  some fo rm u la e  i t  i s  c o n v e n ie n t  t o  i n t r o d u c e

th e  i n t e g e r  in d e x e d  seq u en ce  o f  n o n - n e g a t iv e  e x te n d e d  t o r s i o n  num bers 

T ( G )  = { t \ (G )  | i  an i n t e g e r }  w hich  c o n t a i n s  a l l  t h e  i n f o r m a t i o n  g iv e n  

by (3(G) and t(G ) = {t^ ( G )  , .  . . »Tn (G) } and h a s  t h e  ad d ed  p r o p e r t y  

t h a t
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w here Z— , N i s  t h e  c y c l i c  g ro u p  o f  e x p o n e n t  T .(G ) . T(G) i s  
T\(G) 1

d e f i n e d  by

T\(G ) = 0 f o r  i  ^  3(G)

Te (G )+ n + l - i* G) fOT M G ) < i * P < G ) + n 

1 f o r  3(G) + n  <  i  .



CHAPTER 2 THE GROUPS H ( i , j )

S e c t i o n  1 . Some p r o p e r t i e s  o f  t h e  g ro u p s  H ( i , j )

( i )  H ( i , j )  i s  t h e  t h i r d  te rm  i n  an e x a c t  seq u en ce

1 -♦ N -  H ( i ,  j )  -  Z -  1

w here N i s  f r e e  and Z i s  i n f i n i t e  c y c l i c ;

( i i )  t h e  2 - g e n e r a t o r  su b g ro u p s  o f  H ( i , j )  a r e  f r e e ;

( i i i )  H ( i , j )  i s  r e s i d u a l l y  n i l p o t e n t ,  i . e .

cDl YcH ( i ’ J )  -  ^  ; 

w here YcH ( i , j )  i s  t h e  c ' t h  te rm  o f  t h e  lo w e r  c e n t r a l  s e r i e s  o f

H ( i , j )  ;

( i v )  H ( i , j ) / Y  H ( i , j )  i s  f r e e  n i l p o t e n t  o f  c l a s s  c -  1 onc

two g e n e r a t o r s  f o r  c = 1 , 2 , . . .  ;

(v) H ( i , j ) / H /y ( i , j )  i s  f r e e  m e t a b e l i a n  on two g e n e r a t o r s  

w here H ^ C i j j )  i s  t h e  se c o n d  d e r i v e d  g ro u p  o f  H ( i , j )  ;

( v i )  § ( H ( i , j ) )  = { l}  w here  § ( H ( i , j ) )  i s  t h e  i n t e r s e c t i o n

o f  a l l  t h e  maximal su b g ro u p s  o f  H ( i , j )  ;

( v i i )  H ( i , j )  i s  n o t  f r e e  u n l e s s  i  = 0 o r  j  = 0 .

A l l  t h e  p r o p e r t i e s  e x c e p t  ( v i )  a r e  d i s c u s s e d  and an i n d i c a t i o n  o f

t h e i r  p r o o f s  i s  g iv e n  i n  [ 1 ] .  ( v i )  i s  p ro v e n  i n  [ 3 ] .  A l l  t h e  p r o p ­

e r t i e s  e x c e p t  ( v i i )  a r e  s h a r e d  by a  f r e e  g ro u p  on 2 g e n e r a t o r s  and i f  

i  = 0 o r  j  = 0 t h e n  H ( i , j )  i s  f r e e l y  g e n e r a t e d  by b and c  . 

P r o p e r t i e s  ( i i i )  and ( i v )  im ply  t h a t  t h e  g ro u p s  a r e  r e s i d u a l l y  f i n i t e .  

N ote  a l s o  t h a t  i f  ( i  7, j  7) = ( —i , — j )  t h e n  H ( i / , j / ) = H ( i , j )  , w h e th e r  

t h e  c o n v e r s e  i s  t r u e  when th e  g ro u p s  a re  n o t  f r e e  i s  n o t  known.



Thus we see  t h a t  t h e  g ro u p s  a re  a l l  v e r y  much a l i k e ,  w h ich  makes 

d i s t i n g u i s h i n g  t h e i r  isom orph ism  c l a s s e s  d i f f i c u l t .  B ecause  o f  p r o p ­

e r t i e s  ( i v )  and (v) we w i l l  n o t  o b t a i n  any i n f o r m a t i o n  ab o u t  t h e  

iso m o rp h ism  c l a s s e s  from  t e s t  g ro u p s  t h a t  a r e  e i t h e r  n i l p o t e n t  o r  

m e ta b e l i a n .

Our c o u r s e  o f  a c t i o n  i s  t o  lo o k  a t  t h e  s u b g ro u p s  o f  in d e x  two 

i n  H ( i , j )  and show t h a t  we c a n  r e s t r i c t  o u r  i n v e s t i g a t i o n  t o  one o f  

t h e s e ,  K ^ ( i , j )  , w hich  o f t e n  does  n o t  s a t i s f y  ( v ) . F o r  th i s  subgroup  

m e ta b e l i a n  t e s t  g ro u p s  can  d i s t i n g u i s h  iso m o rp h ism  c l a s s e s .  We p ro c e e d  

t o  compute a  g e n e r a l  f o rm u la  f o r  t h e  number o f  ep im o rp h ism s  o f  K ^ ( i , j )  

o n to  ea c h  number o f  a  l a r g e  c l a s s  o f  f i n i t e  m e ta b e l i a n  g ro u p s .

A pp ly ing  t h e  fo r m u la  f o r  some p a r t i c u l a r  t e s t  g ro u p s  we a re  a b le  t o  

d e te rm in e  a  few c l a s s e s  o f  th e  g ro u p s  K ^ ( i , j )  su ch  t h a t  g ro u p s  i n  

d i s t i n c t  c l a s s e s  d i f f e r  i n  th e  number o f  ep im orph ism s  o n to  a t  l e a s t  one 

o f  th e  t e s t  g ro u p s .  Thus g ro u p s  i n  d i s t i n c t  c l a s s e s  a r e  n o t  i s o m o rp h ic  

and as we s h a l l  s e e  t h i s  in d u c e s  a  s i m i l a r  c l a s s i f i c a t i o n  o f  t h e  g ro u p s



S e c t i o n  2. The su b g ro u p s  o f  in d e x  2 i n  H ( i , j )

S in c e  t h e  r e l a t i o n  m a t r ix  o f  H ( i , j )  i s

M (H (i , j ) ) = ( - 1 , 0 , 0 )

( t h e  colum ns a re  in d e x e d  by a , b ,  and c i n  t h a t  o r d e r )  we s e e  t h a t

A ( H ( i , j ) )  i s  t h e  f r e e  a b e l i a n  group  g e n e r a t e d  by bH/ ( i , j )  and

cH7( i , j )  . Thus t h e r e  a re  e x a c t l y  t h r e e  su b g ro u p s  o f  in d e x  2 :

K j ^ i j j )  = g p ( b 2 , c , H / ( i ,  j ) )

K g ( i , j )  = g p ( b , c 2 ,H / ( i , j ) )

K g ( i , j )  = g p ( b e , c 2 , H 7( i , j ) ) .

At t h i s  p o i n t  we can  s t a t e  

Theorem 2 . 1 . K g ( i , j )  = K g ( i , j )  f o r  a l l  i  and  j  .

T h i s  i s  p ro v e n  by u s in g  t h e  method o f  R e i d e m e i s t e r  and S c h r e i e r  

t o  f i n d  p r e s e n t a t i o n s  f o r  th e  g ro u p s .  We p o s tp o n e  th e  c o m p u ta t io n s  

u n t i l  a f t e r  a  d i s c u s s i o n  o f  i t s  im m edia te  c o n se q u e n c e .

C o r o l l a r y  2 . 2 . I f  H ( i , j )  = H ( i 7 , j 7) th e n  Kn ( i , j )  = K n ( i 7 , j 7) f o r  

n = 1 ,2  o r  3 .

P r o o f . By t h e  h y p o t h e s i s  Kn ( i , j )  = KnTT( i 7 , j 7) w here Tt i s  a  perm u­

t a t i o n  on^ { l , 2 , 3 }  . I f  ITT = 1 th e n  K ^ ( i , j )  = K ^ ( i 7 , j 7) . 

F u r th e rm o re  2tt € {2 ,3} so K2 ( i , j )  = K 2TT( i 7 , j 7) = K 2 ( i 7 , j 7) by th e  

th e o re m  and s i m i l a r l y  f o r  n = 3 . I f  ITT € {2 , 3} and m i s  th e  

e le m e n t  i n  {2 ,3} n o t  e q u a l  t o  ITT t h e n  mn * € {2 , 3} and 

Kx ( i , j )  = K 1TT( i 7 , j 7) 5 K m( i 7, j 7) = K m T r l ( i , j )  = K 2 ( i , j )  = K3 ( i , j )  .

I n  a s i m i l a r  m anner t h e  Kn ( i 7 , j 7) a r e  a l l  i s o m o rp h ic  t o  one  a n o th e r  

h en ce  eac h  subg roup  o f  in d e x  two in  H ( i , j )  i s  i s o m o rp h ic  t o  a l l  th e



su b g ro u p s  o f  in d e x  two i n  H ( i / , j / ) p r o v i n g  th e  c o r o l l a r y  i n  t h i s  c a s e  

a l s o .

Thus K ^ ( i  , j )  £  K ^ ( i 7 , j  7) i m p l i e s  t h a t  H ( i , j )  ^ H ( i / , j / ) and 

hence i n  th e  s e q u e l  when we d i s t i n g u i s h  n o n - i s o m o rp h ic  K ^ ( i , j ) ' s  we 

are  a l s o  d i s t i n g u i s h i n g  n o n - i s o m o r p h ic  H ( i , j ) ' s  . The r e a s o n s  we 

choose K ^ ( i , j )  a r e  f i r s t  t h a t  we c a n  w r i t e  down i t s  p r e s e n t a t i o n  

u n i fo rm ly  f o r  a l l  i  and j  and s e c o n d ly  t h a t  K _ ( i , j )  s h a r e s  w i t hA
H ( i , j )  a l l  p r o p e r t i e s  o f  H ( i , j )  l i s t e d  i n  S e c t i o n  1 ( e x c e p t  t h a t  i n

( iv )  and  (v) two g e n e r a t o r s  m ust be c h a n g e d  t o  r e a d  t h r e e  g e n e r a t o r s )  

w h e reas  K ^ ( i , j )  s h a r e s  a l l  t h e  p r o p e r t i e s  ( s i m i l a r l y  m o d i f ie d )  w i th  

th e  im p o r ta n t  e x c e p t io n  i n  some c a s e s  o f  (v )  .

The p r e s e n t a t i o n  o f  K ^ ( i , j )  i s  o b t a i n e d  i n

Lemma 2 . 3 . K ^ i J )  = ( u , v , w , x , y ;  x 1 [ u 1 . x u ^ v ^ l f w . v ^ ] 11 , y ”1 [ v 1 ,y v  'V*

P r o o f . Choose a s  a S c h r e i e r  s y s te m  { l , b }  , t h e n  K ^ ( i , j )  i s  g e n e r -

- 1 2  -1 a te d  by a ,b a b  ,b  , c  and bcb  . The r e l a t o r s  when r e w r i t t e n  i n

te rm s  o f  t h e  g e n e r a t o r s  a r e

a ^ [ c ^ a j c  ^ (b ^ )  ^ ( b c b  ^)  ^b^ and

(bab  *) *[ (b cb  ^ ^ . b a b  ^ ] ( b c b  *) J c J

c o r r e s p o n d in g  t o  a  ’̂[c *  , a ] [  c^ ,b ]  and  b a  ^ [ c * , a ] [ c ^  , b ] b  * 

r e s p e c t i v e l y .  We g e t  t h e  r e q u i r e d  p r e s e n t a t i o n  by s e t t i n g :
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Theorem 2 .1  i s  a  c o n seq u en c e  o f  t h e  n e x t  f o u r  lemmas, e a c h  o f  

w h ich  g i v e s  a  p r e s e n t a t i o n  o f  K „ ( i , j )  and  K _ ( i , j )  f o r  v a r i o u sa
v a l u e s  o f  i  and j  modulo 2 . I n  a l l  c a s e s  we choose  { l , c }  a s  a

S c h r e i e r  sy s te m  f o r  Kn ( i , j )  i n  H ( i , j )  and we s e e  t h a t

—I  “1 2K2 ( i , j )  = g p ( a , c a c  , b , c b c  , c  ) and

K3 ( i , j )  = g p ( a , c a c  1 , c b , b c  1 , c 2) .

Lemma 2 . 4 . I f  i  = 2n and j  = 2m th e n

K2 ( i , j )  = K3 ( i , j )  = ( u , v , w , x , y ;  u _1[wn ,u ] [w m, x ] , v _1[wn ,v ][w m,y ] )  . 

P r o o f . The r e l a t o r s  a  ̂ [ c * , a ] [ c ^ , b ]  and  c a  * [ c i , a ] [ c ' ^ , b ] c  ^ when

r e w r i t t e n  i n  te rm s  o f  t h e  g e n e r a t o r s  a re

a  1 [ ( c 2) n , a ] [ ( c 2) m,b ]  and

( c a c  1) 1 [ ( c 2) n ,c a c  1 ] [ ( c 2) m,c b c  1 ]

r e s p e c t i v e l y  f o r  K2 ( i , j )  and

a  1 [ ( c 2) n , a ] [ ( c 2) m,c b ]  and

( c a c " 1) " 1[ ( c 2) n ,c a c  1 ] [ ( c 2) m,b c  1 ]

r e s p e c t i v e l y  f o r  K ( i , j )  . The r e s u l t  now f o l l o w s  by s e t t i n g  u = a ,

-1  2 -1v = c a c  , w = c , f o r  K_ x  = b and y = cbc  and f o r  K_ x = cbA O

and y = be ^ .

Lemma 2 . 5 . I f  i  = 2n and j  = 2m + 1 t h e n

„  / .  .v ~ . .v ,  - l r n t -m-1 -1  m+1K2 ( i , j ) = K3 ( i , j ) = ( u , v , w , x , y ;  u  [w ,u]w  y w x ,

- l r m t -m -1  m . v [w ,v]w  x w y) .

P r o o f . The r e w r i t t e n  r e l a t o r s  a r e  f o r  and K3 r e s p e c t i v e l y :
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a " 1 [ ( c 2) n , a ] ( c 2) “m"1 ( c b c " 1) " 1 ( c 2) m+1b ,

( c a c  * [ ( c 2) n , c a c  ^ ] ( c 2) "Hi ^ ( c 2 ) mcbc 1 and

a 1 [ ( c 2) n , a ] ( c 2) m 1 (b c  1) 1 ( c 2) mcb ,

( c a c  ■*■) "*■[ ( c 2) n f c a c  '*‘] ( c 2) m(cb )  '*'(c2) m+^bc 1 .

-1  2The r e q u i r e d  r e s u l t  f o l l o w s  by s e t t i n g  u  = a ,  v = c a c  , w = c  ,

-1  2 -1
f o r  K0 x = b and y = cbc  and f o r  K„ x = cb and y = c  beA U

Lemma 2 . 6 . I f  i  = 2n + 1 and j  = 2m th e n

Tr , .  ... ~ , .  .v ,  -1  -n -1  -1  n+1 r m tK2 ( i , j ) = K3 ( i , j ) = ( u , v , w , x , y ;  u w v w u[w , x ] ,

-1 - n  -1 n  r m v w u w v[w , y j )  .

P r o o f .  The r e w r i t t e n  r e l a t o r s  a r e  f o r  K0 and K0 r e s p e c t i v e l y :———— ^ U

a - 1 ( c 2) n  1 ( c a c  1) 1 ( c 2) n+1a[ ( c 2) m,b ]  ,

,  -1 .  - 1 ,  2 -n  -1  2 n - l r ,  2 m . -1-, .( c a c  ) ( c  ) a  (c  ) c a c  [ ( c )  ,c b c  J and

a - 1 ( c 2) n 1 ( c a c  1) 1 ( c 2) n+1a [ ( c 2) m,c b ]  ,

( c a c  ■*■) 1 ( c 2) n a  ^ ( c 2) n c a c  ( c 2) m,b c  *] .

-1  2
The r e q u i r e d  r e s u l t  f o l l o w s  by s e t t i n g  u  = a ,  v = c a c  , w = c ,

f o r  K2 x = b and y = cbc  1 a n d - f o r  x = cb and y = b e  1 .

Lemma 2 . 7 . I f  i  = 2n + 1 and j  = 2m + 1 th e n

x . .x ~ x . .x x -1  -n -1  -1  n+1 -m-1 -1  m+1K2 ( i , j ) = K g ( i , j )  = ( u , v , w , x , y ;  u w v w uw y w x ,

-1 -n  - I n  -m -1  m . v w u w v w x w y ) .

P r o o f . The r e w r i t t e n  r e l a t o r s  a r e  f o r  Kg and r e s p e c t i v e l y :

a " 1 ( c 2) _ n - 1 ( c a c -1 ) “1 ( c 2) n+1a ( c 2) " m“1 ( c b c " 1) _ 1 ( c 2) m+1b , 

( c a c  ■*■) 1 ( c 2) n a  1 ( c 2) n c a c  1 ( c 2) 1 ( c 2) mcbc 1 and



The r e q u i r e d  r e s u l t s  f o l l o w  by s e t t i n g  u  = a ,  v = c a c  1 , w
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S e c t i o n  3_. The m e ta b e l i a n  t e s t  g ro u p s

As t e s t  g ro u p s  we u se  t h e  n o n - a b e l i a n  su b g ro u p s  o f  t h e  holom orph 

o f  a  c y c l i c  g roup  o f  p r im e  o r d e r  q . T h e i r  d e r iv e d  g ro u p s  a re  c y c l i c

o f  o r d e r  q , t h e  f a c t o r  d e r i v e d  g ro u p s  a r e  c y c l i c  o f  o r d e r  p where

p  d i v i d e s  q -  1 (p  i s  n o t  n e c e s s a r i l y  a  p r i m e ) . Hence t h e  n o t a t i o n

Z Z . Z Z h a s  th e  p r e s e n t a t i o n
q p q P

( a , b ;  a ^ b ^ a  ^bab

w here  (3̂  = 1 mod q , b u t  (3X 4= 1 mod q f o r  x € { l , . . . ,p  -  l }  . I t

s tf o l l o w s  t h a t  e v e r y  e le m e n t  i n  Z Z can  be w r i t t e n  i n  t h e  form  a  b
q P

w here  s  € { o , l , . . . , p  -  l }  and t  € { o , l , . . . , q  - l }  .

N ote  t h a t  t h e  e x p o n e n t s  o f  b may be th o u g h t  o f  a s  l y i n g  i n  th e

f i e l d  o f  q e l e m e n t s  so i t  i s  m e a n in g fu l  t o  w r i t e  t h e  i n v e r s e  o f  n o n -

p-1
z e r o  e x p o n e n t s ,  e . g .  b

The f o l l o w i n g  th e o re m s  c o n c e rn  some p r o p e r t i e s  o f  t h e  group  Z Z
q p

w h ich  w i l l  be u s e f u l  i n  t h e  s e q u e l .

ml_ „ n . . .  m, n s. t  m+s. nf3S+tTheorem 3 . 1 . ( l )  a  b • a  b = a  b ;

f - - \  t  n s . t ( l - 3 nS) ( 1 - P S) „ . n( n )  ( a b )  = a  b f o r  s T O  ;

. . . . .  ,  s . t . -1  -s -t(3 s( i n )  ( a  b ) = a  b ;

( i v )  ( . ^ V ^ a V . a V  = A ( l - ^ t « p S .

(v) [ a V . a V 1] = b^1 - ^ .

„  ^ . . .  m, n s, t  m+s ,  - s .  s. n . t  .P r o o f . ( l )  a b - a b  = a • ( a  b a ) - b  and

-S, S 1—S P' s-l . 1“S S-l. P ... , . J.a b a = a  b a  = ( a  ba  ) and the result follows

inductively.



s i n( i i )  By a p p l y in g  ( i )  r e p e a t e d l y  we have  ( a  b ) =

n s . t ( p S ^n 1^+ . . .  +PS+1) „  n fls. . .  Qs Qs ( n - 1 ) .a  b . C l e a r l y  (1 -  P ) (1 + P + . . .  + P v ' )

sn1 -  P proving th e  r e s u lt .

( i i i )  T h i s  f o l l o w s  e a s i l y  by a p p ly in g  ( i )  t o  compute

- s  -tP  S s. t  a b ■ a  b .

( i v )  F o l lo w s  e a s i l y  from  ( i )  and ( i i i ) .

(v) F o l lo w s  e a s i l y  f rom  ( i )  and ( i v ) .

s t  -1C o r o l l a r y  3 . 2 . F o r  s =f= 0 t h e  o r d e r  o f  a  b i s  p ( g c d ( s , p ) )

P r o o f . T h i s  f o l l o w s  e a s i l y  from  ( i i )  o f  Theorem 3 .1 .

Theorem 3 . 3 .  Aut Z Z = {a „  = a b ^ ,b a  = bCT ,
--------------------  q p p , a  p . c  p , a

p = 0 , 1 , . .  . , q -  1 and C = l , . . . , q - l 3  .

P oP r o o f .  I t  i s  c l e a r  t h a t  ab and b g e n e r a t e  Z_Z_ . F u r th e rm o re
" Q P

by a p p ly in g  Theorem 3 .1  and i t s  c o r o l l a r y  i t  i s  n o t  d i f f i c u l t  t o  se e

t h a t  ab^5 and s a t i s f y  t h e  n e c e s s a r y  r e l a t o r s :  (ab^)*3 = 1 ,  ( b 0) ^

and (a b " )-1 .b a .ab ', .b - pa = l.<1- e 0 )',+^ . b - pO = bP<r.b - Pa = l  . T h is

shows t h a t  a l l  t h e  maps i n  q u e s t i o n  do e x te n d  t o  au tom orph ism s i n  t h e

n a t u r a l  way. I t  r e m a in s  t o  show t h a t  t h e s e  a re  t h e  o n ly  maps.

L e t  a; € Aut Z Z th e n  i t  i s  c l e a r  t h a t  ba  € gp (b ) : l e t  
q P

b a  = bCT, a  =t= 0 . Suppose a a  = a Sb^ th e n  we must have

1 = ( a -1 b a b " ^ ) a

= [ a V W 1 ' ^

=  b a ( p S ~ P )

T h is  i m p l i e s  t h a t  s  = 1 and c o n c lu d e s  th e  p r o o f  o f  t h e  th e o re m .
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I f  9 i s  an ep im orph ism  o f  a  g roup  G o n to  t h e n

{So? la  £ Aut ZqZp3 i s  a s e t  o f  q ( q  -  1) d i s t i n c t  ep im orphism s o f  G

o n to  Z Z . Thus we may co u n t  a l l  t h e  ep im o rp h ism s  o f  G o n to  Z Z q P q P

by c o u n t in g  one from  e a c h  s e t  and  m u l t i p l y i n g  t h e  r e s u l t  by q (q  -  1) .
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S e c t i o n  4.  The m ain  r e s u l t  and Theorem  A

Our main r e s u l t ,  Theorem 4 . 1 ,  i s  j u s t  a f o r m u la  f o r  com pu ting  t h e

number o f  ep im orph ism s  o f  K ( i , j )  o n to  Z Z . The p r o o f  i s  p o s t -1 q p

poned  u n t i l  S e c t i o n  5 . We s p e c i a l i z e  t h i s  th e o re m  i n  num erous c o r o l ­

l a r i e s  u n t i l  we o b t a i n  enough  i n f o r m a t i o n  t o  p ro v e  Theorem A o f  th e  

i n t r o d u c t i o n .

Theorem 4 . 1 . The number o f  ep im o rp h ism s  o f  K ^ ( i , j )  o n to  *s

q (q  -  1) t im e s

(q  + 1) (3  | 81 | + 3 | S2 | + | S3 | ) +

2q2 ( l  T ^ i . j )  | + | T2 ( i , j )  | ) 6 ( j )  +

q 2 ( I V2 ( i ,  j )  U V2'L( i ,  j )  | + | V3 ( i ,  j )  U V31 ( i , j )  | ) +

q 3 ( l  V2 ( i , j )  fl V2'L( i ,  j )  | + | V g ( i , j )  n Vg1 C i , j> I ) ,

w h e re :

Sn = { ( s 1 , .  . . , s n ) | g p ( a S l , . . .  , a Sn) = g p (a )  and s fe = 1 , . . . , p - l }  ; 

Tn ( i , j )  = £ ( s l f . . . , s n ) 6 Sn l (1  -  ps l a ) P “ S l J  = 1 mod q} ;

Un ( i , j )  = { ( s ^ .  . .  , s n ) € Sn l (1 -  ps l 1) P J(:s2 ' ' s l^  = 1 .mod q} ;

Vn ( i , j )  = Tn ( i , j )  D Un ( i , j )  ;

X = £ (®2 j >• • • } ® I  C , S g , . . .  t £ x} ;

6 ( j )  = 1 i f  j  = 0 mod q and 0 o t h e r w i s e .

C o r o l l a r y  4 .2 .  The number o f  ep im o rp h ism s  o f  K , ( i , j )  o n to  Z Z„ i s
— ' 1 Q a

3
7 (q  -  q) u n l e s s  q = 3 ,  i  = 1 mod 2 and j  = 3 mod 6 when i t  i s

384. (N o te  t h a t  7 ( q 3 -  q) = 168 when q = 3) .
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P r o o f . We m ust f i r s t  com pute t h e  p a r a m e t e r s  w h ich  e n t e r  i n t o  t h e  

f o r m u la  g iv e n  i n  Theorem  4 .1 .

S± = {l}, S2 = {(1,1)3 and S3 = {(1,1,1)} .

(3 = q -  1 and (1 -  |3X) ( 3 ^ = 1  mod q i f f  x = 1 mod 2 ,

y = 1 mod 2 and (2  -  q ) ( q  -  1) = 1  mod q . The l a s t  e q u a t i o n  i m p l i e s

t h a t  -2  = 1 mod q and in d e e d  t h a t  q = 3 .

Thus f o r  q 4= 3 we have  Tn ( i , j )  = Un ( i , j )  = Vn ( i , j )  = 0 f o r  a l l  

n , i  and j  . The o n ly  c o n t r i b u t i o n  t o  t h e  number o f  ep im o rp h ism s  i s  

f ro m  l i n e  1 o f  t h e  f o r m u la ,

q (q  -  l ) ( q  + 1) ( 3 .1  + 3 - 1 + 1 )  ,

p r o v i n g  t h e  r e s u l t  i n  t h i s  c a s e .

F o r  q = 3 we hav e  T ( i , j )  = S f o r  i  and j  = 1 mod 2 ,n n

a l l  n and  Tn ( i , j )  = 0 o t h e r w i s e .  I n  a d d i t i o n  Un ( i , j )  = = ^

f o r  a l l  n , i  and j  . Thus i n  a d d i t i o n  t o  t h e  number o f  ep im orph ism s

c o n t r i b u t e d  by l i n e  1 ,  when j  = 0 mod 3 we have  from  l i n e  2 ,

3 . ( 3 -  1 ) - 2 . 3 2 . ( 1  + 1 ) - 1  = 216 .

T h i s  c o n c lu d e s  t h e  p r o o f  o f  t h e  C o r o l l a r y .

C o r o l l a r y  4 . 3 . The number o f  ep im o rp h ism s  o f  K ^ ( i , j )  o n to  ZgZ4 i s

20 t i m e s  t h e sum o f  336 and

200 f o r i  = 1 mod 4 and j = 2 , 5 , 6 , 1 4 o r 18 mod 20

o r i  = 2 mod 4 and j = 5  o r  15 mod 20

•or i  = 3 mod 4 and J = 2 , 6 , 1 4 , 1 5 o r 18 mod 20

400 f o r i  = 1 mod 2 and j = 10 mod 20

0 o t h e r w i s e .



P r o o f . = {1 ,3}  ;

52 = { ( 1 ,  z ) , ( 2 , 1 ) , ( 2 , 3 ) , ( 3 , z ) |  z € { 1 ,2 ,3 } }  ;

53 = { ( x , y , z ) , ( 2 , 2 , l ) , ( 2 , 2 , 3 )  | ( x ,y )  € S2> z € { l , 2 , 3 } }  .

P = 2  and (1 -  pX) P_y = 1 mod 5 i f f  

( x ,y )  € { ( 1 , 2 ) , ( 2 , 1 ) , ( 3 , 3 )  mod 4} .

Tn ( i , j )  = { ( s 1 , . . . , s n) € s j  s L = 1 }  f o r  ( i , j )  6 { ( 1 ,2 )  , ( 2 ,1 )  , ( 3 ,3 )

= , s n ) € S J s L = 3} f o r  ( i ,  j )  6 { ( 1 , 1 ) , ( 2 , 3 )  , ( 3 , 2 )

= 0 o t h e r w i s e .

UQ( i , j )  i s  g iv e n  by th e  e n t r i e s  i n  t h e  f o l l o w i n g  t a b l e :a

0 1 2 3 = j  mod

0 

1 

2 

3

= i  mod 4

0 0 0 0

0 ( 1 , 3 ) , ( 2 , 1 )  ( 1 ,2 )  ( 1 , 3 ) , ( 2 , 3 ) , ( 3 , 2 )

0 ( 3 ,2 )  0 ( 1 ,2 )

0 ( 1 , 2 ) , ( 2 , 1 ) , ( 3 , 1 )  (3 ,2 )  ( 2 , 3 ) , ( 3 , 1 )

U „ ( i , j )  a r i s e s  from  U „ ( i , j )  by r e p l a c i n g  e a c h  e n t r y  ( x , y )
O a

w i th  t h r e e  e n t r i e s  ( x , y , 1 ) , ( x , y ,2) and ( x , y , 3 )  .

V2 ( i , j )  = { ( 1 ,2 ) }  f o r  ( i , j )  = ( 1 ,2 )  mod 4 ;

= { ( 3 ,2 ) }  f o r  ( i , j )  = ( 3 ,2 )  mod 4 ;

= 0 o th e r w i s e .

V3 ( i , j )  a r i s e s  from  V2 ( i , j )  j u s t  as  U g ( i , j )  a r o s e  from

U2 ( i , j )  .

The r e s u l t  f o l l o w s  by e n t e r i n g  t h e  above p a r a m e te r s  i n  t h e  

fo r m u la  g iv e n  i n  Theorem 4 .1 .

mod 4}; 

mod 4};



C o r o l l a r y  4 . 4 . The number o f  ep im o rp h ism s  o f  K ^ ( i , j )  o n to  Zr

8 ,736  u n l e s s  i  = 1 mod 3 and j  = 7 mod 21 o r  i  = 2 mod 3

j  = 14 mod 21 when i t  i s  2 1 ,0 8 4  .

P r o o f .  Sn = { ( s l f . . . , s n ) | s ± € { l , 2 } }  .

P - 2  and (1 -  f3X) (3 ^  = 1 mod 7 i f f  x and y = 2

Tn ( i >j) = C(s 1 > - - - . s n) € S j  s l  = l }  f o r  ( i , j )  = ( 2 ,2 )  mod 3 ;

= £ Sn l = 2 }  f o r  ( i , j )  = ( 1 ,1 )  mod 3 ;

= 0 o th e r w i s e .

Un ( i , j )  = { ( s ^ . . . , s n ) € Sn l s 1 = 1 ,  s 2 = 2 }  f o r  ( i , j )  = (2 ,1 )

= { ( s 1 , . . .  , s n) € Sn | s.  ̂ = 2 ,  s 2 = l }  f o r  ( i , j )  = (1 ,2 )

= 0 o th e r w i s e .

Vn ( i , j )  = 0 a l l  n , i  and j  .

The r e s u l t  f o l l o w s  by e n t e r i n g  t h e  above p a r a m e te r s  i n  t h e  

fo rm u la  g iv e n  i n  Theorem 4 .1 .

C o r o l l a r y  4 .5 .  The number o f  ep im o rp h ism s  o f  K ( i , j )  o n to  Z,

42 t im e s th e sum o f 1 ,4 5 6 and 294

0 f o r i and j n o t  m e n t io n e d below

1 f o r i = 1 o r 4 mod 6 and j  = 7 1

o r i = 2 o r 5 mod 6 and j  = 35

2 f o r i = 1 o r 3 mod 6 and j  = 4,:

o r i = 3 o r 5 mod 6 and j  = 2 ,

3 f o r i = 1 mod 6 and j = 28 mod 42

o r i = 5 mod 6 and j = 14 mod 42

19

z 3 i s

and

mod 3 .

mod 3; 

mod 3;

Z6 1S
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and j  = 35 mod 42

and j  = 2 , 3 , 8 , 9 , 1 5 , 2 0 , 2 6 , 2 7 , 3 2 , 3 3 , 3 8  o r  39 mod 42

and j  = 14 o r  28 mod 42

and j  = 3 , 4 , 9 , 1 0 , 1 5 , 1 6 , 2 2 , 2 7 , 3 3 , 3 4 , 3 9  o r  40 mod 42

and j  = 7 mod 42

6 f o r  i  = 2 o r  4 mod 6 and j  = 21 mod 42

7 f o r  i  = 2 mod 6 and j  = 14 mod 42

o r  i  = 4 mod 6 and j  = 28 mod 42

(The c l a s s i f i c a t i o n  o f  t h e  g ro u p s  g iv e n  by t h i s  c o r o l l a r y  i n c lu d e s  

t h a t  g iv e n  by C o r o l l a r y  4 . 4 . ,  s e e  1 ,3  and 7 ab o v e .)

P r o o f . S1 = {1 ,5}  ;

52 = { ( x , z ) , ( 3 , 1 ) , ( 3 , 2 ) , ( 3 , 4 ) , ( 3 , 5 ) | x € 8± , z € { l , — , 5}}

U ( {2 , 4} X {1 , 3 , 5}) ;

53 = { ( x , y , z ) , ( 3 , 3 , 1 ) , ( 3 , 3 , 2 ) , ( 3 , 3 , 4 ) , ( 3 , 3 , 5 )  |

( x ,y )  € S2 , z € { l , — ,S ]}  U ({ 2 ,4 }  X {2 ,4}  X { l , 3 , 5 } )  ;

0 = 3  and (1 -  pX) P_y = 1 mod 7 i f f

( x ,y )  6 { ( 1 , 5 ) , ( 2 , 3 )  , ( 3 , 2 )  , ( 4 , 4 ) , ( 5 , 1 )  mod 6} .

T ^ ( i , j )  = { l , 5 }  f o r  ( i , j )  = ( 1 ,5 )  o r  ( 5 ,1 )  mod 6

= { l}  f o r  ( i , j )  = ( 2 , 3 ) ,  ( 3 ,2 )  o r  ( 4 ,4 )  mod 6

= {5} f o r  ( i , j )  = ( 2 , 2 ) , ( 3 , 4 )  o r  ( 4 ,3 )  mod 6

= 0 o t h e r w i s e .

T0 ( i , j )  a r i s e s  from  T ( i , j )  by r e p l a c i n g  ea c h  e le m e n t  x w i th

f i v e  e l e m e n t s  ( x , z ) , z € { l , . . . , 5 }  , ad d in g  e l e m e n ts  ( 2 , 1 ) , ( 2 , 3 )

and ( 2 ,5 )  when ( i , j )  6 { ( 2 , 2 ) , ( 5 , 2 ) , ( 2 , 5 ) , ( 5 , 5 )  mod 6} , and ad d in g

e le m e n t s  ( 4 , 1 ) , ( 4 , 3 )  and ( 4 ,5 )  when

4 f o r  i  = 1 mod 6

o r  i  = 2 mod 6

o r  i  = 3 mod 6

o r  i  = 4 mod 6

o r  i  = 5 mod 6
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( i , j )  € { ( 1 ,1 )  , ( 4 , 1 ) , ( 1 , 4 ) , ( 4 , 4 )  mod 6} . Tg ( i , j )  a r i s e s  from  

T0 ( i , j )  by r e p l a c i n g  e a c h  e le m e n t  ( x ,y )  w i th  f i v e  e le m e n ts  

( x , y , z ) , z 6 { l , . . . , 5 }  .

UQ( i , j )  i s  g iv e n  by t h e  e n t r i e s  i n  t h e  f o l l o w i n g  t a b l e :



0 1 2 3

0 0 0 0

0 ( 3 * 1 ) | (5*4) <3 >2> , ( 3 , 5 ) , ( 4 , 5 )  ( 2 , 1 ) , ( 2 , 3 ) , ( 2 , 5 )

0 ( 1 ,4 )  
( 4 , 1 ) , ( 5 , 1 )

( 2 , 3 ) , ( 5 , 3 ) ( 1 , 2 ) ,  ( 1 ,4 )  
( 4 , 1 ) , ( 4 , 3 ) , ( 4 , 5 )

0 ( 1 ,5 ) ( 1 , 3 ) ,  ( 3 ,2 )
( 3 , 1 ) , ( 5 , 3 )  ( 3 , 5 ) , ( 5 , 1 ) , ( 5 , 4 ) 0

a (1’3) n n v  (a ^  (2 ,1) , ( 2 ,3)
0 ( 2 , 5 ) , ( 5 , 2 )  ( 1 ’ ( 2 , 5 ) , ( 5 , 2 ) , ( 5 , 4 )

0 ( 3 , 1 ) , ( 4 , 1 )  ( 2 , 3 ) , ( 3 , 2 ) , ( 3 , 5 )  ( 4 , 1 ) , ( 4 , 3 ) , ( 4 , 5 )

=  i  mo d  6

4 5 = j  mod 6

0

( 3 . 1 ) , ( 3 , 4 ) , ( 4 , 3 )

( 2 . 1 ) ,  ( 5 , 1 ) ,  ( 5 ,4 )

( 1 . 2 ) ,  ( 1 ,5 )
( 3 . 1 ) , ( 3 , 4 ) , ( 5 , 3 )

( 1 . 3 ) , ( 4 , 3 )

( 2 . 1 ) , ( 3 , 1 ) , ( 3 , 4 )

( 2 , 5 ) , ( 3 , 5 )

( 1 ,4 )  
( 4 , 1 ) , ( 5 , 3 )

( 1 ,3 )
( 3 , 5 ) ,  ( 5 ,1 )

( 1 ,5 )
( 2 , 5 ) , ( 5 , 2 )

( 1 , 2 ) ,  ( 3 ,5 )  
( 4 , 1 ) , ( 5 , 4 )

to
t o
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a r i s e s  f ro m  U gC i,^ )  by r e p l a c i n g  e a c h  e n t r y  ( x ,y )  

w i th  f i v e  e n t r i e s  ( x , y , z ) , z € { l , . . . , 5 }  , a d d in g  e n t r i e s  ( 2 , 4 , 1 ) ,  

( 2 , 4 , 3 )  and ( 2 , 4 , 5 )  when ( i , j )  € { ( 2 , 1 ) , ( 2 , 4 ) , ( 5 , 1 ) , ( 5 , 4 )  mod 6} 

and e n t r i e s  ( 4 , 2 , 1 ) , ( 4 , 2 , 3 )  and ( 4 , 2 , 5 )  when 

( i , j )  ^ { ( 1 , 2 ) ,  ( 1 , 5 ) ,  ( 4 , 2 ) ,  ( 4 , 5) mod 6 ]  .

V g ^ j j )  i s  g iv e n  by t h e  e n t r i e s  i n  t h e  f o l l o w i n g  t a b l e :

0 1 2 3 4 5

0 0 0 0 0 0 0

1 0 0 0 0 ( 4 ,3 ) 0

2 0 0 ( 2 , 3 ) , ( 5 , 3 ) ( 1 ,2 )  , ( 1 , 4 ) 0 0

3 0 0 ( 1 ,3 ) 0 ( 5 ,3 ) 0

4 0 0 0 ( 5 , 2 ) , ( 5 , 4 ) ( 1 , 3 ) ,  ( 4 ,3 ) 0

5 0 0 ( 2 ,3 ) 0 0 0

= 1 mod 6

V _ ( i , j )  a r i s e s  f ro m  V _ ( i , j )  by r e p l a c i n g  e a c h  e n t r y  ( x ,y )  

w i th  f i v e  e n t r i e s  ( x , y , z ) , z  6 ( l , . . . , 5 }  .

The r e s u l t  f o l l o w s  by e n t e r i n g  t h e  above p a r a m e te r s  i n  th e  

f o rm u la  g iv e n  i n  Theorem  4 . 1 .

We a r e  now i n  a  p o s i t i o n  t o  p ro v e  Theorem  A w h ich  we r e s t a t e  h e r e  

f o r  c o n v e n ie n c e .  "The g ro u p s  H ( i , j )  a r e  a l l  d i s t i n c t  f o r  ( i , j )  

i n  t h e  s e t  { ( 1 , 1 ) , ( 1 , 2 ) , ( 1 , 3 ) , ( 1 , 4 ) , ( 1 , 7 ) , ( 1 , 1 0 ) , ( 2 , 2 ) , ( 2 , 1 4 ) , ( 2 , 1 5 ) ,  

( 2 ,2 1 )  , ( 3 , 2 )  , ( 3 , 1 5 )  , ( 5 , 1 0 ) , ( 5 , 1 4 ) }

I n d e e d  by C o r o l l a r y  4 . 5  i f  H ( i , j )  £ H ( i ^ , j / ) and ( i , j )  and 

( i / , j / ) a r e  b o th  i n  t h e  above s e t  t h e n  e i t h e r  t h e y  a re  e q u a l  o r  t h e y  

a re  b o th  i n  one o f  t h e  f o l l o w i n g  s e t s :
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{ ( 1 ,1 )  , ( 1 , 2 )  , ( 1 , 3 ) ,  ( 3 , 1 5 ) ,  (5 ,1 0 }  ,

{ ( 1 , 4 ) ,  ( 1 , 1 0 ) ,  ( 3 ,2 ) }  ,

{ ( 2 ,2 )  , ( 2 , 1 5 ) }  .

A p p ly in g  C o r o l l a r y  4 .3  we d iv i d e  a l l  t h e s e  s e t s  up i n t o  s i n g l e t o n s  

e x c e p t  { ( 1 , 1 ) , ( 1 , 3 ) }  and { ( 1 , 2 ) , ( 3 , 1 5 ) }  . The r e s u l t  f o l l o w s  by 

a p p ly in g  C o r o l l a r y  4 . 2 .
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S e c t i o n  5. The p r o o f  o f  Theorem 4 .1

I t  i s  c o n v e n ie n t  t o  c o n s i d e r  v a r i o u s  c a s e s  s e p a r a t e l y .  L e t  T] be

t h e  n a t u r a l  map o f  Z Z o n to  Z . I f  0 i s  an ep im o rp h ism  o f
Q P P

o n to  ZqZp th e n  0T| i s  an ep im orph ism  o f  K ^ C i j j )  o n to  Z ^ .

We w i l l  have  one s u b c a s e  f o r  e a c h  ep im orph ism  o n to  Z^ . I n  o r d e r  t o

do t h i s  we n e e d  t h e  v e r y  e a s y  t o  p ro v e

Lemma 5 .1 .  The number o f  ep im orph ism s  o f  K . . ( i , j )  o n to  Z i s

3 1 s j  + 3 1 S2 | + | S3 I f o r  a l l  i , j  .

P r o o f . Modulo K ^ ( i , j ) ,  ^ ( i . j )  i s  f r e e  a b e l i a n  on t h r e e  g e n e r a t o r s ,

u K ^ ( i , j ) ,  v K ' ( i , j )  and w K ^ ( i , j )  . C l e a r l y  t h e r e  a r e  3 1 | maps

when two o f  t h e  g e n e r a t o r s  map t r i v i a l l y ,  3 |  S2 | maps when o n ly  one 

o f  t h e  g e n e r a t o r s  maps t r i v i a l l y  and | | when none o f  them  map

t r i v i a l l y ,  p r o v in g  t h e  lemma.

We now g iv e formal. la b e ls  to  the v ar iou s c a se s . I t  :i s con ven ien t

to  assume th a t  Zip = gp(a) in  Z Z q P
D e f in it io n  5 .2 . I f  0 i s an epim orphism -of- K ^ ( i ,j )  onto Z Zq p
then  0 belongs to  case:

I ( s ) i f f U0T1 = v0T) = 1 ,  w0T] = aS , s G ;

II  (s ) i f f u07] = aS , V0T| = w0T] = 1 ,  s € ;

I I I (S ) i f f u0T| = 1 ,  v0T] = aS , w0T] = 1 ,  s 6 !

I V ( s ,t ) i f f U0T1 = 1 ,  v0T] = aS , w0T] = a*, ( s , t ) € S2 ’

V ( s ,t ) i f f u0T] = a S , V07] = 1 ,  w0Tj = at , ( s , t ) € S2 '

V I ( s ,t ) i f f u0T] = aS , V0T] = a^, w0T| = 1 ,  ( s , t ) e S2 ’

V I I ( s , t , r ) i f f u0T] = aS , v0T] = a*, w0T] = a1*, ( s , t , r ) 6 S 3 *



For e a c h  6 b e lo n g in g  t o  a  g iv e n  c a s e  t h e r e  i s  a  u n iq u e  o r d e r e d

s e t  o f  f i v e  i n t e g e r s  be tw een  0 and  q -  1 ,  ( k , , . . . , k _ )  such  t h a t :1 5

u0 = u9T|bk l , v0 = v9T]bk 2 } w0 = w9T|bk3 f

x9 = bk4 ,  y9 = bk 5 .

I t  i s  o u r  t a s k  t o  co u n t  t h e  number o f  such  s e t s  i n  e a c h  c a s e .

F or e a c h  c a s e  t h e r e  i s  a  u n iq u e  map, cp , o f  {u ,v ,w }  o n to  Z
P

such th a t 9 i s  covered by th a t  case  i f f  07] r e s t r ic t e d  to  {u ,v ,w }  

eq u a ls  cp .

Lemma 5 .3 .  G iven  an a r b i t r a r y  s e t  ( k , , . . . , k _ )  t h e r e  w i l l  e x i s t  an 
---------    1 5

epimorphism 9 o f K . ( i , j )  onto Z Z s a t is f y in g :i  Q p

u9 = ucpbk^ , v9 = vcpbk^ , w9 = wCfbk^ , x9 = bk ^ , y9 = bk ®

i f  and o n ly  i f  a t  l e a s t  one o f  t h e  k ^ ' s  i s  n o t  0 and th e y  s a t i s f y

t h e  f o l l o w i n g  two e q u a t i o n s :

bk 4 = [(ucpbkl ) 1 ,b k4(ucfbk l ) " ’:j(vcpbk2) j][wcpbk 3,(vcpbk 2 ) _:j] (uCfb 1) ,

bk 5 = [(vcpbk2 ) 1 ,b k 5(vcfbk 2 ) “ :i(ucfbk l )  j ]

P r o o f . We must show t h a t  t h e  map 9 o f  { u ,v ,w ,x ,y }  i n t o

d e f i n e d  by th e  e q u a t i o n s  (1) e x t e n d s  t o  an ep im orph ism  o f  K ^ ( i , j )

o n to  Z Z . In d e e d  s i n c e  { u ,v ,w ,x ,y }  g e n e r a t e s  K - jC i j j ) ,  t h e  
Q P

c o n d i t i o n  t h a t  one o f  t h e  nafc be z e r o  i s  n e c e s s a r y  and s u f f i -

c i e n t  t o  im ply  t h a t  t h e  im ages  o f  { u , v , w , x , y )  g e n e r a t e s  Z Z
q p

E q u a t io n s  (2) a re  j u s t  t h e  c o n d i t i o n  t h a t  t h e  im ages  s a t i s f y  t h e  

r e l a t o r s  o f  K ^ ( i , j )  ( s e e  Lemma 2 . 3 ) .
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We now t u r n  t o  t h e  p r o c e s s  o f  s e l e c t i n g  from  e a c h  s e t

{0o;| a  € Aut Z Z } o f  homomorphisms o f  K - . ( i , j )  o n to  Z Z a  u n iq u eq p q p
one . F i r s t  o f  a l l  one o f  {uG ,v6 , wG3 m ust be o f  t h e  fo rm  a Sbk  w i th

s + 0 . By a p p ly in g  an au tom orph ism  or ^  w here

s  "1p = -crk(l -  P) (1 -  P ) mod q , we may choose  k = 0 . Among th e

im ages o f  t h e  r e m a in d e r  o f  t h e  g e n e r a t o r s  o f  K ^ ( i , j )  t h e r e  m ust be

t  kone o f  t h e  fo rm  a  b w i th  k + 0 . T h i s  t im e  we w ant t o  a p p ly  o n ly
g

au tom orph ism s ^  w h ich  l e a v e  a  f i x e d .  T h a t  i s ,  we r e q u i r e  t h a t  

p = 0 . By a p p ly in g  a   ̂ we may choose  k = 1 . Now t h e  o n lyU | K
S  "tau tom orph ism  w h ich  l e a v e s  b o th  a  and a b f i x e d  i s  o' — th e

U , 1

i d e n t i t y  au tom orph ism .

I t  f o l l o w s  t h a t  we can  s e l e c t  t h e  r e q u i r e d  u n iq u e  homomorphism by

t h e  f o l l o w i n g  p r o c e s s .  The p r o c e s s  d epends  o n ly  on t h e  c a s e  we a r e  i n .

(1 )  S e l e c t  z  £ {u ,v ,w }  su ch  t h a t  zcp 4  l  .

(2) C o n s id e r  o n ly  (k ,  , . . . ,k_)  1 s su c h  t h a t  k„ = 0 where
1 5  a/

-L = 1 , 2 , 3  a c c o r d in g  a s  z = u ,v ,w  .

(3 )  C o n s id e r  o n ly  (k . , . . .  , k _ ) ’s  su ch  t h a t  k» = 1 w here -t i s
1 5  ' v

th e  l e a s t  m f o r  w h ich  k 4= 0 .m

Our a n a l y s i s  o f  e a c h  c a s e ,  X , i s  f u r t h e r  d i v i d e d  up i n t o  q + 2

s u b c a s e s ,  X^,Xg,XQ, . . . ,X^ ^ , a c c o r d in g  t o  t h e  p o s s i b l e  v a l u e s  o f

k ^ k g  and  kg . F or  s u b c a s e  XA we a l lo w  o n ly  k^ = kg = kg = 0 .

F o r s u b c a s e  X^ we have  k^ = kg = 0 and kg = 1 e x c e p t  f o r  K s ) g

where k^ = kg = 0 and kg = 1 . F o r  s u b c a s e  X̂  ̂ we h av e  kg = k

e x c e p t  f o r  I ( s )  w here k_ = 0 . F u r th e rm o re  k = 0 e x c e p t  f o r
K X

I ( s ) k , I I I ( s ) k and I V ( s , t > k  w here k.  ̂ = 1 . F i n a l l y ,  f o r  I ( s > k ,

k 0 = k , f o r  I I I ( s )  and I V ( s , t )  we have  k9 = 0 o th e r w is e  k 9 = 1



28

I t  i s  im p o r t a n t  t o  n o t i c e  t h a t  th e  s u b c a s e s  a r e ,  e x c e p t  f o r  A ,

s e t  up t o  i n s u r e  t h a t  ( k - , . . . , k _ )  s a t i s f i e s  t h e  s e l e c t i o n  c r i t e r i a .X o

F o r  su b c a s e  A , t h e  c r i t e r i a  becom es: e i t h e r  k .  = 1 o r  k .  = 0> 4 4

and k_ = 1 .5

The p r o o f  o f  Theorem 4 .1  i s  an e a s y  consequence  o f  t h e  n e x t  s e v e n  

lemmas. E ach  lemma t a k e s  c a r e  o f  a  d i f f e r e n t  s e t  o f  c a s e s .

Lemma 5 . 4 . The number o f  s o l u t i o n s  f o r  c a s e s  I ( s ) ,  s  6 . i s

(q  + 1) I s 1 1 .

P r o o f . E q u a t io n s  (2) become

bkl* = [ a s , b - J k 2 ] b J k l  

bk 5 = 1 .

Thus f o r  e a c h  s and e a c h  s u b c a s e  t h e r e  i s  a  u n iq u e  s o l u t i o n  f o r  k^ 

and kg . I n  p a r t i c u l a r  f o r  s u b c a s e  A we have  k^ = kg  = 0 w hich  

does  n o t  s a t i s f y  t h e  c r i t e r i a .  Hence f o r  e a c h  s 6 and e a c h  s u b ­

c a s e  e x c e p t  A t h e r e  i s  one s o l u t i o n ,  p r o v in g  th e  lemma.

Lemma 5 . 5 . The number o f  s o l u t i o n s  f o r  c a s e s  I I ( s ) , s  6 i s

(q  + 1) | S]L | + q2 | ^  ( i , j )  | 6( j )  .

P r o o f . E q u a t io n s  (2) become

bk * = [ a i s , b k4 a - J V k 2] = [ a i s , b j k 2 ] [ a i s ,bk 4 ] a ' j s

bk5 = [ b i k 2 , b k5 - Jk 2 a J S ] = [ b i k 2 , a JS 3

Thus f o r  ea c h  s and eac h  s u b c a s e  t h e r e  i s  a u n iq u e  s o l u t i o n  f o r  

k . I n  p a r t i c u l a r  f o r  su b c a se  A we have  k  = 0 .O O

From t h e  f i r s t  e q u a t i o n  we have

bk4 _ b ( l - P i s ) ( j k 2+k4 P“ j s )
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E q u i v a l e n t l y  k 4 ( l  -  (1 -  piS )P  ,:’S) = (1  -  pi S ) j k 2 mod q . Now

s € T4 ( i , j )  i f f  1 -  (1 -  P1S) P  = 0 mod q and t h i s  i n  t u r n

i sim p l i e s  t h a t  (1 -  (3 ) + 0 mod q . We now a n a ly z e  e a c h  s u b c a s e

s e p a r a t e l y .

Subcase  A. (k g = 0) We m ust hav e  k4 = 1 . I f  s  € T ^ i j j )  t h e  

e q u a t i o n  becomes 0 = 0  so  t h a t  we h av e  .1 s o l u t i o n .  I f  s  £  T ^ ( i , j )  

we have  no s o l u t i o n s .  I n  a l l  we hav e  | T ^ ( i , j )  | s o l u t i o n s .

S ubcase  B. (k 2 = 0 )  I f  s € T ^ i j j )  any k 4 i n  { o , l , . . . , q  -  l }

i s  a  s o l u t i o n .  I f  s  £  T4 ( i , j )  o n ly  k 4 = 0 w i l l  do. I n  a l l  we

have  I S I + (q  -  1) | T ( i , j )  I s o l u t i o n s .

S u b cases  k .  ( k Q = 1 )  I f  s  € T ( i , j )  t h e r e  a re  q s o l u t i o n s  f o r
a  J.

e a c h  o f  t h e  q k ' s  when j  = 0 mod q , o th e r w i s e  t h e r e  a r e  no s o l u ­

t i o n s .  I f  s  £ T ^ ( i , j )  t h e n  f o r  e a c h  o f  t h e  q k ' s  t h e r e  i s  a

u n iq u e  s o l u t i o n .  I n  a l l  we have  q ( |  S^ | -  [ T ^ C i j j )  | ) + 

q2 I T ( i , j )  | 6 ( j )  s o l u t i o n s .

The lemma f o l l o w s  by ad d in g  up t h e  number o f  s o l u t i o n s  i n  e a c h  o f  

t h e  t h r e e  s u b c a s e s .

Lemma 5 . 6 . The number o f  s o l u t i o n s  f o r  c a s e s  I I I ( s ) , s  € S^ i s  

(q  + 1) | Sx | + q2 I Tx ( i , j )  I 6 ( j )  .

P r o o f . E q u a t io n s  (2) become

bk « = = [ b l k l , a J S ] [ b k3 , a - J S ]

bk 5 = [ a i S ,b k 5 a - J V kl ]  = [ a i S , b Jk l ] [ a i S ,b k 5 ] a ' dS .

Thus f o r  e a c h  s and ea c h  s u b c a s e  t h e r e  i s  a  u n iq u e  s o l u t i o n  f o r  

k 4 . I n  p a r t i c u l a r  f o r  s u b c a s e  A we hav e  k 4 = 0 . N o te  t h a t  k^ h a s  

t h e  same v a lu e  i n  ea c h  s u b c a s e  t h a t  k2 h ad  i n  Lemma 5 . 5 .  I t  f o l l o w s  

t h a t  th e  se c o n d  e q u a t i o n  a r i s e s  f rom  t h e  f i r s t  e q u a t i o n  i n  Lemma 5 .5  by
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c h a n g in g  k and k .  t o  k . and k_ . The p r o o f  o f  t h e  lemma th e n
6  4 ± 5

f o l l o w s  e x a c t l y  as  t h a t  o f  Lemma 5 .5 .

Lemma 5 .7 .  The number o f  s o l u t i o n s  f o r  c a s e s  I V ( s , t ) ,  ( s , t )  6 S„ i s  

(q  + 1) | S2 | + q2 | T2 ( i , j )  | 6 ( j )  .

P r o o f .  E q u a t io n s  (2) become

bk « = = [ b l k l , a J S ] [  , ' b kS ,  a ^ S]

bk 5 = [ a i s , b k 5 a - J s b J k l ]  = [ a i s , b Jk l ] [ a i s ,b k 5 ] a ' jS  .

The e q u a t i o n s  p a r a l l e l  a lm o s t  e x a c t l y  t h o s e  o f  Lemma 5 .6 .  S anddt

T g C i j j )  t h e  a p p r o p r i a t e  a n a lo g u e s  o f  and T ^ i j j )  and th e

p r o o f  f o l l o w s  e x a c t l y  as  t h o s e  o f  Lemmas 5 .5  and 5 .6 .

Lemma 5 . 8 . The number o f  s o l u t i o n s  f o r  c a s e s  V ( s , t ) , ( s , t )  € S2 i s  

(q  + 1) | S2 | + q 2 | Tg ( i , j )  | 6 ( j )  .

P r o o f . E q u a t io n s  (2) become

bk * = [ . “ . b V ' l . ^ l I . V . b * ] ^ 1

bk 5 = [ b ik 2 _ bk 5- j k 2 a j s ] = [ b i k 2 j a j s ] _

From t h e  f i r s t  e q u a t i o n  we have

bk 4 _ b ( l - P l s ) ( j k 2 +k4 P_j s ) + ( l - P t ) ( - j k 2) P ^ S

E q u i v a l e n t l y  k 4 <l -  (1 -  f3iS ) 3 ^ 8) = [ ( 1  -  (3i S ) -  (1 -  Pt ) P ^ S] j k 2 mod q. 

Now 1 -  (1 -  f31S) 3 = 0 mod q im p l i e s  t h a t

(1 -  p8*) -  (1 -  P^P '-’8 = pt + j s £  0 mod q . T h e r e f o r e  t h e  p r o o f  

f o l l o w s  e x a c t l y  as  t h o s e  o f  Lemmas 5 . 5 ,  5 .6  and 5 .7 .
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Lemma 5 . 9 . The number o f  s o l u t i o n s  f o r  c a s e s  V I ( s , t )  , ( s , t )  € S2 i s

(q  + 1) | S2 | + q2 | V2 ( i , j )  U V2 ( i , j )  | + q3 | V2 ( i , j )  fl V ^ d ,  j )  I .

P r o o f . We a n a ly z e  t h e  s u b c a s e s  s e p a r a t e l y .

S u b case  A (k  = k_ = k = 0 )  E q u a t io n s  (2) become1 A O

bk 4 = [ a i - , b lt4 a - J S + J t ] = [ a l s ,bk 4 ] a d ( t " a)

bk 5 = [ a i t ( bk 5 a ” d t+ d s ] = [ a l t Ibk » ] aJ< S ‘ t )

T hese  e q u a t i o n s  y i e l d

bk 4 _ b ( i - e i S) k 4 p j < t - 3 )  ^  bk5 = b ( i - Pi t ) k 5 p j < s - t )

E q u i v a l e n t l y  k  (1 -  (1 -  pi s ) [3'-’ ̂  s ^ )  = o mod q and
4

X"t 1 f S “ t )k _ ( l  -  (1 -  3 ) p  ) = 0 mod q . We n e e d  s im u l t a n e o u s  s o l u t i o n s5

t o  t h e s e  e q u a t i o n s  s a t i s f y i n g  t h e  f u r t h e r  c o n d i t i o n  t h a t  e i t h e r  k.^= 1

o r  k  = 0 and k_ = 1 . N ote  t h a t  ( s , t )  6 U „ ( i , j )  i f f4 5 ^

1 -  (1 -  3i-t) 3 ^ s ^  = 0 mod q . H ence i f  ( s , t )  f. U2 ( i , j )  U U2 ( i , j )

t h e r e  a r e  no s o l u t i o n s ,  i f  ( s , t )  € U2 ( i , j ) \ U 21 ( i , j )  t h e r e  i s  o n ly

one s o l u t i o n  k 4 = 1 ,  kg = 0 ,  i f  ( s , t )  € U ^ C i , j ) \ U 2 ( i , j )  t h e r e  i s

o n ly  one s o l u t i o n  k^ = 0 ,  kg = 1 and i f  ( s , t )  6 U2 ( i , j )

t h e r e  a r e  q + 1 s o l u t i o n s ,  k^  = 1 ,  kg = 0 , 1 , . . . ,q  -  1 o r  k 4 = 0 ,

kg = 1 . I n  a l l  t h e r e  a r e  |lJ2 ( i , j )  U U ^ i j j )  | + q |  U2 ( i , j )  fl U ^ C i , ^ )  |

s o l u t i o n s .

S u b case  B (k  = k = 0 ,  k = 1) . E q u a t io n s  (2) become1 A O

bk 4 = [ a 1 S ,b k4 a - J S + J t ] [ b , a - d t ] a J t  = £ a i S ;b k 4 ] a J ( t ’ S>[ b . a ^ Y ^  

bk 5 = [ a i s , b k 5 a - J t + J s ] = [ a i k , bk b ] ( s - t d

The se c o n d  e q u a t i o n  i s  e x a c t l y  t h e  same as  i n  s u b c a s e  A .
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From t h e  f i r s t  e q u a t i o n  we g e t

bk 4 _ b ( l - P i s ) k 4 p j ( t - s ) _ ( i _ p - j t ) p j s

E q u i v a l e n t l y  k4 ( l  -  (1 -  piS ) P ^ *  S^ )  = -  (1 -  P ^ t ) p^s  mod q . We

i t  i ( s " t )
m ust s o lv e  t h i s  e q u a t i o n  and k _ ( l  -  (1 -  P ) P  ) = 0 mod q5
s im u l t  a n e o u s ly .

N ote  t h a t  ( s , t )  € V2 ( i , j )  = T2 ( i , j )  (1 U2 < i , j )  i f f  

(1 -  (1 -  pl s ) P J ^t " s ^) = 0 mod q and  (1 -  (1 -  p1S) p“ j s ) = 0 mod q

w hich  i s  e q u i v a l e n t  t o  (1 -  (1 -  P^S) P ^ ^  S^) = 0  mod q and

-  (1 -  P = 0 mod q . Hence i f  ( s , t )  f. U2 ( i , j )  U U ^ C i , , ) )

t h e r e  i s  o n ly  one s o l u t i o n ,  k^ = -  (1 -  P ^ ) P ^ S(1 -  (1 -  P^S) P ^ ^  S^ )  ^

(= jj.) , k g = 0 . I f  ( s , t )  € U2 ( i ,  j ) \ V 2 ( i ,  j )  t h e r e  a r e  no s o l u t i o n s .

I f  ( s , t )  € V2 ( i , j ) \ U 2^ ( i , j )  t h e r e  a r e  q s o l u t i o n s ,  k4 = 0 , 1 , . . .  ,q  -  1 ,

kg = 0 . I f  ( s , t )  € U21 ( i ,  j ) \ U 2 ( i ,  j )  t h e r e  a re  q s o l u t i o n s  k 4 = (X, 

kg = 0 , 1 , . . . , q  -  1 . I f  ( s , t )  6 V2 ( i , j )  H U ^ C i j j )  t h e r e  a r e  q2 

s o l u t i o n s , k 4 = 0 , 1 , . . . ,q  -  1 ,  kg = 0 , 1 , . . . , q  -  1 . I n  a l l  t h e r e  a r e  

( I  S2 I -  | U2 ( i , j )  U U ' V , j )  | ) + q |  V2 ( i , j )  X U ^ d . j ) !

+ q l  U21 ( i , j ) \ U 2 ( i , j )  | + q2 | V2 ( i , j )  0 U ^ C i j j ) !  .

S u b cases  k .  (k  = 0 ,  k g = 1 ,  kg = k) E q u a t io n s  (2) become

bk*  = [ a i s , ( a t b ) J ] [ a i s ,b k4 ] a ' J ^ tb ) ; ! [ b k , ( a t b ) - J ] aJS

bk 5 = [< a t b ) i , a J S ] [ ( a t b ) i ,bk 5 ] ‘ a t b > ' daJS  .

The c o r r e s p o n d in g  s im u l ta n e o u s  e q u a t i o n s  a re

k 4 ( l  -  Cl -  piS ) P J ( t “ S ) ) = (1 -  PJ t ) [ ( l  -  Pi 3 ) ( l  -  P b ' 1 + k p J ( S _ t ) ]mod q

k _ ( l  -  (1 -  pi t ) P J ( s ” t ) ) = (1 -  PjS ) [ ( l  -  Pi i : ) <1 -  Pt ) _1 ]mod qo

I f  ( s , t )  £ U „ ( i , j )  U U ^ C i j j )  t h e r e  i s  one s o l u t i o n  f o r  e a c h  s u b c a s ea A

k ,  k .  and k a r e  u n iq u e ly  d e te rm in e d .ft o
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I f  ( s , t )  € ( U g C i , j ) \V 2 ( i , j ) \ U 2^ ( i , j )  t h e r e  a r e  no s o l u t i o n s  u n l e s s

k = -  (1 -  pi-fc) (1 -  P*) , when t h e r e  a re  q s o l u t i o n s ,

k j  = 0 , 1 , . . . , q -  1 and kg i s  u n iq u e ly  d e te rm in e d .  I f  ( s , t )  €

(U2 ( i , j ) \ V 2 ( i , j ) )  fl V2‘L( i , j )  t h e r e  a r e  no s o l u t i o n s  u n l e s s  k  i s  as

2above when t h e r e  a r e  q s o l u t i o n s ,  k 4 = 0 , 1 , . . . , q -  1 ,

kg = 0 , 1 , . . . , q -  1 . I f  ( s , t )  € U21 ( i , j J X V ^ C i , j )  t h e r e  a re  no

s o l u t i o n s .  I f  ( s , t )  € V2 ( i , j ) \ U 2* ( i , j )  t h e r e  a r e  q s o l u t i o n s  f o r

e a c h  k ,  k .  = 0 , 1 , . . . , q  -  1 and  k_ i s  u n iq u e ly  d e te rm in e d .  I f4 5
( s , t )  6 V g ^ C i , j J X U g ^ i , j )  t h e r e  a re  q s o l u t i o n s  f o r  e a c h  k ,  k^ i s

u n iq u e ly  d e t e r m in e d ,  k = 0 , 1 , . . . , q  -  1 . F i n a l l y  i f  ( s , t )  €5
-1  2 

V2 ( i , j )  n V2 ( i , j )  t h e r e  a re  q s o l u t i o n s  f o r  e a c h  k ,

k 4 = 0 , l , . . . , q - l ,  k = 0 , 1 , . . . ,q  -  1 . I n  a l l  t h e r e  a r e

q (  I S2 I -  | U2 ( i , j )  U U ^ i J )  | ) + q |  (U2 ( i ,  j ) \ V 2 ( i ,  j ) ) \ U 21 ( i ,  j )  | +

q2 ( l  V2 ( i , j )  U V ^ C i . j )  | -  | V2 ( i , j )  n U g V . j )  I ) +

q3 I V2 ( i ,  j )  fl V ^ C i ,  j )  I .

The lemma f o l l o w s  by ad d in g  up th e  number o f  s o l u t i o n s  i n  e a c h  o f

th e  t h r e e  s u b c a s e s .

Lemma 5 . 1 0 . The number o f  s o l u t i o n s  f o r  c a s e s  V I I ( s , t , r ) ,

( s , t , r )  € Sg i s  (q  + 1) | Sg | + q2 | V g ( i , j )  U V g ^ i j j )  | +

q 3 I V3 ( i , j )  D V"1 ( i , j )  I .

P r o o f . T h i s  lemma h a s  t h e  same r e l a t i o n s h i p  t o  Lemma 5 .9  as  Lemma 5 .7

and 5 . 8  have  t o  Lemmas 5 .5  and 5 . 6 .  I n d e e d  t h e  s im u l ta n e o u s  e q u a t i o n s

o f  Lemma 5 .9  re m a in  unchanged  f o r  s u b c a s e  A and B w h e re a s  f o r

1 ss u b c a s e s  k o n ly  t h e  e n t r y  (1 -  P ) on t h e  r i g h t  h an d  s i d e  o f  t h e

s i  x* “* i*fc
e q u a t i o n  f o r  k c h an g e s  t o  (1 -  P ) -  (1 -  P ) P w hich  d o es  n o t4

a f f e c t  t h e  a n a l y s i s .  T h e r e f o r e  t h e  p r o o f  f o l l o w s  e x a c t l y  as t h a t  o f  

Lemma 5 .9 .
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CHAPTER 3 THE GROUPS G(n^ , .  . . ,m )

S e c t i o n  1 .  Some p r o p e r t i e s  o f  t h e  g ro u p s  G ( m ^ , . . . ,m ^ )

mi  mt
We r e c a l l  t h a t  GCm^, . . . =  ( x , . . . , x ^ ;  x^ . . . x ^  ) .

( i )  t h e  2 - g e n e r a t o r  su b g ro u p s  o f  G(m , . . . , m  ) a r e  f r e e  whenX D

g cd (m ^ , . . . ,mt ) = 1 and t  ^  3 ;

( i i )  G(m , . . . ,m ) i s  r e s i d u a l l y  n i l p o t e n t  when gcd(m. , . . . , m. ) = 1
X X  X X

and t  ^  3 ;

( i i i )  G(m , . . . ,m ) / Y  G(m , . . . , m  ) i s  f r e e  n i l p o t e n t  o f  c l a s s
X X C X X

c -  1 on t  -  1 g e n e r a t o r s  f o r  c = 1 , 2 , . . .  when g cd (m ^ , . . . ,mt ) = 1

and t  ^  3 ;

( i v )  GCm^ , .  . . ,111̂ ) i s  r e s i d u a l l y  f i n i t e ;

(v) $(G(m^ , . .  . ,m ^)) = { l } u n l e s s  t  = 1  and i s  d i v i s i b l e

by a s q u a r e ;

( v i )  G(m , . . . , m  ) i s  n o t  f r e e  u n l e s s  m. = 0 f o r  a l l  i  o r
JL X X

m. = 1 f o r  a t  l e a s t  one i  .l

P r o p e r t i e s  ( i )  -  ( i v )  a r e  due t o  G. Baum slag ( s e e  [ 2 ] ,  [ 3 ]  and

[ 4 ] ) ,  w h i le  p r o p e r t y  (v) f o l lo w s  f ro m  [ 6 ] .  P r o p e r t y  ( v i )  i s  q u i t e

c l e a r .  F o r  i f  m. + 0 f o r  a t  l e a s t  one i  t h e n  by lo o k i n g  a t  t h e

f a c t o r  d e r i v e d  g roup  we see  t h a t  i f  G ( m ^ , . . . ,m ^ )  i s  f r e e  t h e n  i t  i s

f r e e  on t  -  1 g e n e r a t o r s .  On t h e  o t h e r  hand  i f  m. +  1 f o r  a l l  i  ,
m.

th e n  by ad d in g  t h e  r e l a t i o n s  x^ = 1  we s e e  t h a t  G(m^, .  . . ,m̂ _) h a s

a t - g e n e r a t o r  homomorphic im age. Thus u n d e r  t h e  com bined c i r c u m s ta n c e s

G(m , . . . , m. ) i s  n o t  f r e e .  C o n v e r s e ly  i f  m. = 0 f o r  a l l  i  t h e n
1  v  X

G(m , . . . ,m ) i s  f r e e  on t  g e n e r a t o r s  and  i f  m. = 1 f o r  a t  l e a s t  one 
X X x

i  t h e n  i t  i s  f r e e  on t  -  1 g e n e r a t o r s .
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N ote  t h a t  i f  ( m ^ , . . . , m 7) a r i s e s  from  ( m ^ , . . . , ! ^ )  by a  p e rm u ta ­

t i o n  o r  change  o f  s i g n  o f  some o r  a l l  t h e  m ^ ' s  t h e n

G(m7, . . . , m7) = G(m. , . . . ,m ) . W hether t h e  c o n v e r s e  i s  t r u e  when th e  x is x x

g ro u p s  a r e  n o t  f r e e  i s  n o t  c o m p le te ly  known. My w ork may be c o n s i d e r e d  

a s  a  p a r t i a l  p r o o f  o f  t h e  v a l i d i t y  o f  t h e  c o n v e r s e .

I n  S e c t i o n  2 we i n t r o d u c e  some n o t a t i o n  and o b t a i n  v e r y  e a s i l y  a 

p a r t i a l  c l a s s i f i c a t i o n  o f  t h e  g ro u p s  by lo o k i n g  a t  t h e i r  f a c t o r  

d e r i v e d  g ro u p s .  I n  S e c t i o n  3 we s t a t e  w i t h o u t  p r o o f  a l l  t h e  r e s u l t s  

we n eed  w h ich  a re  o b t a i n e d  by lo o k i n g  a t  t h e  k e r n e l s  o f  t h e  maps o n to  

a  c y c l i c  g ro u p  o f  p r im e  o r d e r .  W ith  j u s t  S e c t i o n  3 ( i n d e e d  by Theorem 

3 .1  a lo n e )  we a re  a b l e  t o  d e a l  w i t h  t h e  c a s e  t h a t  gcd(m , .  . .  ,m .) + 1
X b

( s e e  Theorem B ) . The g o a l  o f  t h e  b a l a n c e  o f  t h e  c h a p t e r  i s  t h e  c a se  

t h a t  t  = 3 ( s e e  Theorem C ) .

I n  S e c t i o n  4 we s t a t e  a g a in  w i th o u t  p r o o f  t h e  r e s u l t s  we n eed  

w hich  a r e  o b t a i n e d  by lo o k i n g  a t  t h e  k e r n e l s  o f  t h e  maps o n to  a  c y c l i c  

g roup  o f  o r d e r  pq , p and q d i s t i n c t  p r im e s .  S e c t i o n s  5 th r o u g h  9 

d e a l  w i t h  t h e  c o m p l ic a te d  c o m p u ta t io n s  n e e d e d  t o  p ro v e  two th e o re m s  o f  

S e c t i o n  3 and two th e o re m s  o f  S e c t i o n  4 . I n  p a r t i c u l a r  t h e  lemma 

p ro v e d  i n  S e c t i o n  7 c o n t a i n s  t h e  e s s e n t i a l  p a r t  o f  t h e  p r o o f s  o f  t h e  

th e o re m s  i n  S e c t i o n s  6 and 9 .  S e c t i o n s  10 and  11 d e a l  w i t h  t h e  p r o o f s  

o f  t h e  r e m a in in g  th e o re m s  o f  S e c t i o n s  3 and 4 r e s p e c t i v e l y .
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S e c t io n  2 . The f a c t o r  d e r iv e d  groups and som e.n o ta t io n

We view  G a s  a  map from  t - t u p l e s  o f  i n t e g e r s  t o  g ro u p s .  We 

w ant t o  know when tw o o f  t h e  t u p l e s  map u n d e r  G o n to  is o m o rp h ic  

g ro u p s .  S in c e  we know a l r e a d y  t h a t  p e r m u t a t i o n s  o f  t h e  t - t u p l e s  map 

o n to  i s o m o rp h ic  g r o u p s ,  i t  i s  c o n v e n ie n t  t o  l e t  G be a map i n t o  i s o ­

morphism c l a s s e s  o f  g ro u p s  whose domain c o n s i s t s  o f  s e t s  o f  p e r m u t a t i o n s  

o f  t - t u p l e s .  We c a n  a l s o  assume t h a t  i n t e g e r s  a re  n o n - n e g a t i v e .

To t h i s  end  we n eed  some d e f i n i t i o n s .

D e f i n i t i o n  2 . 1 . M = th e  s e t  o f  fo rm a l  p o ly n o m ia l s  i n  one i n d e t e r m i n a t e  

x w i th  p o s i t i v e  i n t e g e r  c o e f f i c i e n t s  and n o n - n e g a t i v e  e x p o n e n ts .

Any su ch  p o ly n o m ia l  can  be w r i t t e n  u n i q u e l y  (up t o  t h e  o r d e r  o f  

i t s  te rm s )  w i th  o n ly  u n i t  c o e f f i c i e n t s .

D e f i n i t i o n  2 . 2 . L e t  m = x"1-*" + xm2 + . . . + x™^ € M th e n  (m)G = t h e

iso m o rp h ism  c l a s s  o f  G(m , . . . ,m ) .
1  X

A side  from  b e i n g  a  n o t a t i o n a l  c o n v e n ie n c e ,  we w i l l  s e e  t h a t  by 

g i v i n g  t h e s e  p o ly n o m ia l s  an o r d e r i n g  and a  m u l t i p l i c a t i v e  s t r u c t u r e  

t h a t  i s  a  b i t  u n u s u a l  we c a n  g r e a t l y  s i m p l i f y  t h e  p r o o f s  o f  Theorem s 

3 . 4  and 3 . 5 .

D e f i n i t i o n  2 . 3 . We g iv e  maps d e f i n e d  on  (M)G , t h e  image o f  M u n d e r

G , a  b a r ,  e . g .  A . The c o m p o s i t io n  o f  G and A we d e n o te  by A .

We say  t h a t  m i s  A - e q u iv a l e n t  t o  n /  i f  and  o n ly  i f  (m)A = (m /)A . 

The i d e n t i t y  map on  (M)G i s  c a l l e d  G .

We may view  o u r  g o a l  t h e n  as  t r y i n g  t o  d e te rm in e  G -e q u iv a le n c e  

c l a s s e s .  C l e a r l y  i f  A i s  any map d e f i n e d  on  some u n io n  o f  G- 

e q u i v a l e n c e  c l a s s e s  th e n  t h e  A -e q u iv a le n c e  c l a s s e s  w i l l  th e m s e lv e s  be 

u n io n s  o f  G -e q u iv a le n c e  c l a s s e s .
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By lo o k i n g  a t  t h e  f a c t o r  d e r i v e d  g ro u p s  i t  i s  e a s y  t o  p ro v e  

Theorem 2 . 4 . M i s  t h e  d i s j o i n t  u n io n  o f  t h e  s e t s  l i s t e d  below  w hich  

a r e  th e m s e lv e s  u n io n s  o f  G -e q u iv a le n c e  c l a s s e s .

F o r  g = 2 , 3 , . . .  and t  = 1 , 2 , . . .

At  ^  = {xmi + . .  . + xmt  € M | g = gcd(m;L, . .  . ,mt > } ;

F o r  t  = 1 , 2 , . . .

At  0 = ^t x °^  *“* ^  + ^ 2 + • • • + xm t+ l € m} ;

F o r  t  = 2 , 3 , . . .

At  x = {xml  + . . .  + xmt  € J^A t _1 o | 1 = gcd(ml f . . .  ,mt ) }  ;

And f i n a l l y  A^ ^ = {x1 } .

P r o o f .  I t  i s  c l e a r  t h a t  f o r  m € A^
  t , g

Tn (G(m^, . . . ) )  = 0  f o r  n  <  t  ;

= g f o r  n = t  ;

= 1 f o r  n >  t  .

The e x t e n d e d  t o r s i o n  num bers depend  o n ly  on iso m o rp h ism  c l a s s  so  we

hav e  th e  map

A : mG -» f Tn (G(m1 n = 0 ,  + 1 , . . . }  .

The A -e q u iv a le n c e  c l a s s e s  a r e  A, w i t h  g + 0 , 1 ,  A. _ U A , ,  nt , g  6 ’ t  ,0  t+ 1 ,1

and A .
1 ,1

I t  r e m a in s  t o  s p l i t  up t h e  s e t s  A,. „  U A, ,  . . B ut u n d e r  t h et ,0  t+ 1 ,1

map G t h e  e le m e n t s  o f  A, _ map t o  t h e  isom orph ism  c l a s s  o f  th e1/ jU

f r e e  g roup  o f  r a n k  t  , w h e re a s  t h e  e l e m e n t s  o f  A^+1 ^ map t o  i s o ­

m orphism  c l a s s e s  o f  g ro u p s  w hich  a r e  n o t  f r e e .  T h i s  c o n c lu d e s  th e  

p r o o f  o f  t h e  th e o re m .

C o r o l l a r y  2 . 5 .  Â . i s  a  G -e q u iv a le n c e  c l a s s  when g = 0 o r  t  = 1 .t , g
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S e c t io n  3 . K ern els  o f  prim e in d ex  and Theorem B

The p r im e s  i n  q u e s t i o n  w i l l  be c a l l e d  p and we w i l l  t a k e  th e

e le m e n ts  o f  Z t o  be { o , 1 , . . . , p -  l }  . The p r o o f s  o f  t h e  th e o re m s  
P

a re  c o m p l ic a te d  and a re  c o n s e q u e n t ly  p o s tp o n e d .

A l l  t h e  r e s u l t s  i n  t h i s  s e c t i o n  f o l l o w  from  th e  n e x t  two th e o re m s .

Theorem 3 . 1 . I f  i|r i s  a  homomorphism o f  GOn^, . . .  ,mt > o n to  Z^ and

(x™i) ^ = 0 f o r  a l l  i  t h e n

T( t _2) p +2 ( k e r n e l  i|r) = gcdOiu | x ±^ = 0 )

Theorem 3 . 2 .  I f  i|i i s  a  homomorphism o f  G(m, , . . .  , r O  o n to  Z_ and1 ■ — 1 x x  p

(x™*) i]f 4= 0 f o r  a t  l e a s t  one i  t h e n

r( t -2 )p +2 (kernel = e c d C n ^ , . . . ^ )

Now t h e  homomorphisms o f  G(m^, . . . ,mt > i n t o  Z^ a r e  e i t h e r  o n to  

o r  t r i v i a l .  F o r  t h e  ep im o rp h ism s  we p u t  \(i|i) = T _ ( k e r n e l  | )  .

F o r  t h e  t r i v i a l  map we p u t  ^-(ty) = g . We a r e  now i n  a  p o s i t i o n  t o

make t h e  im p o r ta n t
  \ (

D e f i n i t i o n  3 .3 .  f  (mG) = £x----------------------------    p v

t h e  sum b e in g  t a k e n  o v e r  a l l  homomorphisms o f  an e le m e n t  o f  mG i n t o

Z . Remember t h a t  f  = Gf 
P P P

We a r e  now a b le  t o  u se  i n d u c t i o n  t o  p ro v e

Theorem 3 . 4 .  The f  - e q u i v a l e n c e  c l a s s e s  on Â . w here  p d i v i d e s
------------------------------------ p t , g

g and g =t= 0 a r e  a l l  s i n g l e t o n s .

Theorem B f o l l o w s  im m e d ia te ly  f o r  when gcd(m^ , . . .  ,m̂ _) >  1 t h e r e  

i s  a  p r im e  p w h ich  d i v i d e s  gcd(m^ , .  . . ,m^.) .

By u s in g  a l l  t h e  maps f  s i m u l t a n e o u s l y  we can  p ro v e
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Theorem  3 . 5 . The G - e q u iv a l e n c e  c l a s s e s  on

B = {m € A . ,  | gcd(m . | j  4= i )  4= 1 f o r  e a c h  i}
t  x ,  1  J

a r e  a l l  s i n g l e t o n s .

. S in c e  A_ = B0 we h a v e  im m e d ia te ly

C o r o l l a r y  3 . 6 .  The G - e q u iv a l e n c e  c l a s s e s  on A„ , a r e  a l l  s i n g l e t o n s .<4,1

Theorem 3 .5  i s  a  f i r s t  s t e p  i n  d e t e r m in i n g  w hat we may c a l l  f -

c l a s s e s ,  t h a t  i s  t h e  i n t e r s e c t i o n s  o f  th e  f ^ - e q u i v a l e n c e  c l a s s e s  f o r

a l l  p r im e s  p . On A t h e  f - c l a s s e s  d i v i d e  up n i c e l y  a c c o r d in g3,1
t o  t h e  number o f  g c d ’ s o f  p a i r s  o f  {m_.m_.m_} w h ich  a r e  n o t  one:

3 i n  

a ,b,Q?

w here

w here  

and

Then we c a n  p ro v e

Theorem 3 . 7 .  The f - c l a s s e s  on A0 n a r e  j u s t  t h e  e l e m e n t s  o f  
------------------------- J ,1

B3 ,C,D , and  fE} .

T h i s  c l a s s i f i c a t i o n  g r e a t l y  s i m p l i f i e s  t h e  p r o o f  o f  Theorem C 

w hich  we d i s c u s s  i n  S e c t i o n  4.

- - 1 ' 2 '  3 -

Bg, 2 in  C, 1 in  D and none in  E . Indeed i f  we l e t

and (3 be n o n -n eg a tiv e  in te g e r s  and put

C = {c(“ £ ) |  gcd (a a , b P )  =  1 , or 4= 1 , P 4= l }

C(a  b) = [n  € * 3 ,1 1 “ i  = “ ■ " j = b ? '
gcd(nu,m^) = a , gcd(m , 11̂ ) = P, i  4  j  4= k 4= i }  .

D = {d(®) I gcd(a ,a9  = 1 ,  a 4= 1 , or 4= l }

D( a )  =  ̂ A3 ^i I = a > ecd(m , 11̂ ) = a

gcd(m .,m .) = gcd(m. , i i l  ) = 1 ,  i  4= j  4= k 4= i }  .
1  J  I K

E = {m 6 Ag 1 | gcd(m^ ,m2) = gcdCm^nig) = gcd(m2 ,mg) = l }



S e c t io n  4 . K e rn e ls  o f  in d ex  pq and Theorem C

H ere  p and q a r e  d i s t i n c t  p r im e s .  L e t  t h e  e l e m e n t s  o f  Z
PQ

be { o , l , . . . , pq -  l }  . As i n  S e c t i o n  3 p r o o f s  a r e  p o s tp o n e d .

C o r r e s p o n d in g  t o  Theorem 3 .1  we have

Theorem 4 . 1 . I f  f  i s  a  homomorphism o f  G(m^, . . . ,m^) o n to  Z 

and (x™*) ijr = 0 f o r  a l l  i  t h e n

T ( t - 2 ) p q + 2 ( k e r n e l  ty) = gcd(nu | x ^ f  = 0) .

I t  i s  t h e  i n f o r m a t i o n  t h a t  we o b t a i n  f rom  Theorem 4 . 1  t h a t  a l lo w s

u s  t o  f i n i s h  o f f  t h e  p r o o f  o f  Theorem C ( i . e .  a l l  t h e  G -e q u iv a le n c e

c l a s s e s  on A„ .. a r e  s i n g l e t o n s )  . I n d e e d  suppose  we can  choose  p 
0 .1

m € A_ . Then t h e  map w h ich  s e n d s  x t o  q ,  x_ t o  p and x
o , l  1 ’ «  O

t o  0 e x t e n d s  t o  a  homomorphism, ^ , w h ich  f a l l s  w i t h i n  t h e  scope o f

Theorem 4 . 1 .  We c o n c lu d e  t h e n  t h a t  T  „ ( k e r n e l  i|f) = m„ . I f  we canpq+2 3

somehow d i s t i n g u i s h  t h i s  homomorphism from  a l l  t h e  o t h e r s ,  t h e n  we w i l l

I n d e e d  we l e t  p d i v i d e  o' and  q d i v i d e  (3 i n  t h e  f i r s t  c a s e  and

p d i v i d e  a  and q d i v i d e  c* i n  t h e  se c o n d  c a s e .  F or  m € E we

n e e d  t h e  n e x t  two lemmas. The f i r s t  i s  t r i v i a l  and i t s  p r o o f  i s

o m i t t e d .  The se c o n d  u s e s  some r e s u l t s  o b t a i n e d  i n  t h e  p r o o f  o f

Theorem  4 .1 .

Lemma 4 . 2 . I f  f o r  some i  g c d ( n u , s )  = 1 t h e n
g |

G(m1 , . . . ,mt ) / g p ( g  I g € G(m1 , . . . ,mt >) can  be g e n e r a t e d  by t  -  1

and q so  t h a t  p d i v i d e s  m and q d i v i d e s  m0 f o r  some1 £*

h av e  shown t h a t  f o r  any n /  , G - e q u i v a l e n t  t o  m, mf = m_ f o r  some i .1 o

We m ust f i r s t  make s u r e  t h a t  f o r  any m/ w hich  i s  G - e q u iv a l e n t  

t o  m t h e r e  a r e  i  and j ,  i  4= j  i n  { l , 2 , 3 }  so  t h a t  p d i v i d e s

o r

e l e m e n t s .



41

Lemma 4 . 3 .  I f  p .  d i v i d e s  m. f o r  e a c h  i  and  s = p , p 0p 0 th e n  ------------------------------------------------------- i  c l c 2r 3

G(m]L,m2 ,m3) / g p ( g S(g € G O n ^ m ^ n ^ ) )  n e e d s  3 g e n e r a t o r s .

Theorem 4 .1  does  n o t  d e a l  w i th  a l l  homomorphisms o n to  Z .

A lth o u g h  we do n o t  have  t h e  r e q u i r e d  i n f o r m a t i o n  f o r  a l l  homomorphisms 

we can  p ro v e

Theorem 4 . 4 .  I f  f  i s  a  homomorphism o f  G(m ,mQ>m ) o n to  Z o f■ —  1 ^ 0  pq

t h e  ty p e  d e s c r i b e d  a f t e r  Theorem  4 .1  w h ich  d o es  n o t  f a l l  w i t h i n  t h e

sco p e  o f  Theorem 4 .1  t h e n  T ( k e r n e l  ty) i s  e i t h e rpq+2

gcd(m i  | = 0 )  o r  1 d e p e n d in g  on w h e th e r  = 0 f o r  a l l  i

o r  n o t .

We a r e  now i n  a  p o s i t i o n  t o  f i n i s h  o f f  t h e  p r o o f  o f  Theorem C 

( s e e  Theorem 3 .7 )  by p r o v in g

Theorem 4 . 5 . The G - e q u iv a l e n c e  c l a s s e s  on j ^ ,  ® (a )  ® 31-6

a l l  s i n g l e t o n s .



S e c t i o n  £>. The p r o o f  o f  Theorem 3 .1

We b e g in  by r e s t a t i n g  Theorem 3 . 1 .

" I f  t  i s  a  homomorphism o f  G(mn , . .  . , i O  o n to  Z and  (x ? 1) i|» = 0I t  p i

f o r  a l l  i  t h e n

T( t - 2 ) p + 2  (k e r n e l  ^  = gcd(m i | xi t  = 0 )

We may assume w i th o u t  l o s s  o f  g e n e r a l i t y  t h a t  x f  = 1 and  t h a t
v

t h e r e  i s  a  u i n  { o , l , . . . , t  -  l }  su c h  t h a t  x i|» = 0 i f f  i  ^  u .

I t  f o l l o w s  t h a t  p d i v i d e s  m. f o r  i  > u  .l

The f i r s t  s t e p  i s  t o  u se  R e i d e m e i s t e r - S c h r e i e r  t o  f i n d  a  p r e s e n t a  

t i o n  f o r  k e r n e l  ij/ . We may t a k e  S = { x ^ |  n  = 0 , 1 , . . . , p -  l }  as  o u rb

S c h r e i e r  sy s te m . The map ex from  G(m , . . . , m  ) t o  S i s  xcr = x
X v w

The ( t  -  l ) p  + 1 g e n e r a t o r s  f o r  k e r n e l  a r e

n 0n9n.; „ . , J ,x . , = x ^ x .x ^  i  f o r  i  =t= t ,  n  = 0 , 1 , .  . . ,p  -  1x ,n + l  t  x t  ’

X  =  X ?  ,t , p  t

w here n .  = x.ty and we u s e  t h e  n o t a t i o n  © and 9 t o  i n d i c a t e  t h e  x x

o p e r a t i o n s  i n  Z^ , o r  a l t e r n a t i v e l y  t h a t  t h e  r e s u l t i n g  number i s  t o  

be r e d u c e d  mod p t o  l i e  i n  { o , l , . . . , p  -  l }  . N o t i c e  t h a t  t h e  s u b ­

s c r i p t  n + 1 r a n g e s  be tw een  1 and p . T h i s  i s  f o r  n o t a t i o n a l

c o n v e n ie n c e .  I t  w i l l  be n e c e s s a r y  a t  t im e s  t o  w r i t e  t h e s e  s u b s c r i p t s  

as  sums and i n  t h a t  c a s e  we u se  © and 9 t o  i n d i c a t e  t h a t  num bers 

a r e  t o  be r e d u c e d  mod p b u t  t h i s  t im e  th e y  m ust l i e  i n  { l , . . . , p }  .

I t  i s  n o t  d i f f i c u l t  t o  show t h a t  t h e  p r e l a t o r s  f o r  k e r n e l  ^

a r e  r  , n  = 1 , . . . , p w h e re :
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n-1  m-, m* 1 -n  , ,  .

r n = Xt  X11 •* * Xt  Xt  = r n • • • r n ( t )  ***

r  ( i )  = xmi  f o r  i  ^  u  :n  x , n  ’

= <xi , n x i , « a i i - - - !ti >n® ( p - i ) „ 1) " i P " 1 f o r

-  JH P  f o r  i  = t  . t , p

The e n t r y  r n . a t  t h e  n ' t h  row (n = l , . . . , p )  and

( i  -  l ) p  + j ' t h  column ( i  = j  = 1 , . . . , p u n l e s s  i  = t

when j  = 1 o n ly )  o f  t h e  r e l a t i o n  m a t r i x  o f  k e r n e l  i s ;

m. when i  ^  u  and i = n
i  J

0 when i  ^  u  and j  #= n

m.p when i  >  u  .l

The n e x t  s t e p  i s  t o  d i a g o n a l i z e  th e  r e l a t i o n  m a t r i x .  N ote  t h a t  

i  ^  u t h e  s u b m a t r i c e s  c o n s i s t i n g  o f  t h e  ( i  -  l ) p  + j ' t h  co lu m n s ,  

j  = l , . . . , p  a r e  i n  d i a g o n a l  form  whose p o s s i b l e  n o n - z e r o  e n t r i e s  a re  

a l l  e q u a l .  F o r  t h e  b a l a n c e  o f  t h e  m a t r i x  t h e  rows a re  a l l  e q u a l .  We 

d i a g o n a l i z e  t h e  m a t r i x  i n  t h r e e  s t e p s :

(1) S u b t r a c t  t h e  f i r s t  row from  ea c h  o f  t h e  o t h e r s .

(2) R e s to r e  t h e  s u b m a t r i c e s  t o  d ia g o n a l  fo rm  w hich  o r i g i n a l l y  

w ere  i n  d ia g o n a l  fo rm .

(3) P u t  t h e  gcd  o f  t h e  e n t r i e s  i n  t h e  n ' t h  row i n  t h e  n ' t h  

row and n ' t h  column; make a l l  t h e  r e m a in in g  e n t r i e s  0 .

The r e s u l t i n g  m a t r i x  i s  0 e x c e p t  f o r  p -  1 e n t r i e s  e q u a l  t o  

g c d ( m^ , . . . ,mu> and one e n t r y  e q u a l  t o  

gcdCim^ , . . .  >mu >mu+1P 1 , .  . . , mt p ►1) . Thus we have
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( k e r n e l  i|f) = 0 f o r  n ^  ( t  -  2 )p  + 1

= g c d C m ^ , . . . , m u> f o r  ( t  -  2 ) p  + 1 <  n  ^  ( t  -  l ) p

= gcdCm^, . . . ,mt p f o r  n = ( t  -  l ) p  + 1

1 -  f o r  n  >  ( t  -  l ) p  + 1

T h i s  c o n c lu d e s  t h e  p r o o f  o f  Theorem 3 . 1 .  I t  i s  e a s i e r  t h e n  and can  

s e r v e  as  a  g u id e  t o  t h e  p r o o f s  o f  Theorem s 3 . 2 ,  4 .1  and 4 .4 .
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S e c t io n  6 . The p r o o f  o f  Theorem 3 .2

" I f  t  i s  a  homomorphism o f  G(m^, . .  . ,m^.) o n to  and

(x™i) |  4= 0 f o r  a t  l e a s t  one i  t h e n

? ( t - 2 ) p + 2  <k e r n e l  ♦> = g c d ( m i , . . . , m t )

We may assume w i th o u t  l o s s  o f  g e n e r a l i t y  t h a t  x  = 1 and t h a t  

t h e r e  a r e  u  and v i n  { o , l , . . . , t  -  l }  su c h  t h a t

x.i|r = 0 i f f  i  ^  u and

xm = 0 i f f  i  ^  v

I t  f o l l o w s  t h a t  u  ^  v ^  t  -  2 , t h a t  p d i v i d e s  m. f o r  u < i  ^  v’ l

and  t h a t  p does  n o t  d i v i d e  m. f o r  v <  i  ^  t  . I t  i s  o f  no c o n -
i

se q u en ce  w h e th e r  o r  n o t  p d i v i d e s  nu when i  ^  u  .

We ta k e  S = { x ^ |  n = 0 , l , . . . , p - l }  a s  our S c h r e i e r  sy s tem .

The r e s u l t i n g  ( t  -  l ) p  + 1 g e n e r a t o r s  f o r  k e r n e l  t  a re

n - n  .  . ^x . _ = x ^ x .x .  f o r  i  ^  ui , n + l  t i t

x . . = x**x.x^n ^ n i  f o r  u < i  <  t ,  n . = x . ^  andi , n + l  t i t  l  l

x = x?t , p  t

The p r e l a t o r s  f o r  k e r n e l  a re  r  , n = 1 , . . . , p w here

r  = x ^ ^ x ™ ! .  . .x '" t x;J;~n  = r  (1 )  . . . r  ( t )  and n t  1 t  t  n  n

r  ( i )  = x ^ i  f o r  i  ^  u ; n  i , n
-1

= (x .  x .  g*. . . . x ,  a ) iP  f o r  u  < i  ^  v ;v i , n  a ^ n © ^  i ^ o n ^

j [ rai P - 1 3

Ci,n © k ^ Xi,n©kj©njj>' ’ ‘ Xi,n©kjL©({m^p- -*-}-l)n^
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f o r  u  <  i  <  t  ( o u r  n o t a t i o n  h e r e  i s  k. = m, + . . . + m. ,1 1 i —l

and [nup  and {nup a re  i n t e g e r s  s a t i s f y i n g

"»i  = [m^p 1 ]p + {m p 1 } w i t h  {m p 1 } € { l , .  . .  ,p -  l } )  ;

_ xCmtP  3+1 f o r  i  = t  and n = l , 2 , . . . , { m  p ;
t , p  t

_ x [ mtP  ] f o r  i  _ t  and n  = {m.p 1 } + 1 , . . . , p .
t , p  t

The e n t r y  r  . a t  t h e  n ' t h  row ( n  = l , . . . . p )  andn ,  ( i - l ) p + j

( i  -  l ) p  + j ' t h  column ( i  = 1 , . . .  , t ,  j  = 1 , . . . , p  u n l e s s  i  = t  when 

j  = 1 o n ly )  o f  t h e  r e l a t i o n  m a t r i x  o f  k e r n e l  ^ i s :

nu when i  ^  u and j  = n  ;

0 when i  ^  u and j  4= n  ;

m.p ^ when u  <  i  ^  v :l

[n u p  ■*■] + 1 when u  <  i  <  t  and j  = n © k^ © ( s  -  l ) n ^  ,

o r  i  = t , j  = 1 and  n = s , w i th

s = 1 , . .  . , {nup 1 } ;

“1 f "1 *)[n u p  ] same a s  above e x c e p t  w i t h  s = lirup j  + l , . . . , p  .

I t  i s  im p o r t a n t  t o  n o t e  t h a t  f o r  a l l  i  and j  t h e  sum o f  th e  

e n t r i e s  i n  t h e  ( i  -  l ) p  + j ' t h  column i s  m^ . I n d e e d  t h e  th e o re m  

f o l l o w s  from  th i s  f a c t  and

Lemma 6 . 1 . By u s i n g  o n ly  e l e m e n ta r y  column o p e r a t i o n s  and p e r m u t a t i o n s  

o f  t h e  ro w s ,  t h e  s q u a re  s u b m a t r ix  c o n s i s t i n g  o f  t h e  colum ns 

( t  -  2 )p  + 1 ,  ( t  -  2 )p  + 2 , . .  . , ( t  -  l ) p  can  be t r a n s f o r m e d  i n t o  a  

m a t r i x  such  t h a t  t h e  e n t r y  a t  t h e  n ' t h  row and k ' t h  column i s :



47

1 when k = n 4= p ;

0 when k 4= n 4= p ;

-1  when k  + n = p ;

m when k = n  = p .

We p o s tp o n e  th e  p r o o f  o f  Lemma 6 .1  u n t i l  we hav e  f i n i s h e d  p r o v in g

t h e  th e o re m . S in c e  i n  Lemma 6 .1  we u s e d  o n ly  p e r m u t a t i o n s  o f  t h e  ro w s ,

i t  i s  s t i l l  t r u e  t h a t  t h e  sum o f  t h e  e n t r i e s  o f  t h e  t r a n s f o r m e d  m a t r i x

i n  t h e  ( i  -  l ) p  + j ' t h  column i s  nu f o r  i  4= t  -  1 .

The n e x t  s t e p  i n  d i a g o n a l i z i n g  t h e  m a t r i x  i s  t o  s u b t r a c t

r  , .  t i m e s  t h e  ( t  -  2 )p  + n ' t h  column from  th en ,  ( i - l ) p + j

( i  -  l ) p  + j ' t h  column f o r  a l l  i  4= t  -  1 ,  j  and  n  4= p . The e f f e c t

o f  t h i s  s t e p  i s  t o  r e p l a c e  f o r  i  4= t  -  1 t h e  r  . ' t h  e n t r yn , ( i - l ) p + j

w i t h  0 i f  n 4= p and  nu i f  n  = p . The o n ly  n o n - z e r o  e n t r y

r e m a in in g  i n  t h e  n ' t h  row f o r  n 4= p i s  1 i n  t h e  ( t  -  2) + n ' t h

colum n. The e n t r y  i n  t h e  p ' t h  row below  t h i s  1 i s  -  1 . The

o t h e r  e n t r i e s  i n  t h e  p ' t h  row a r e  m , . . . ,m . We r e p l a c e  t h e  -  l ' sX b

w i t h  0 by a d d in g  t h e  l ' s t  t h r o u g h  p -  l ' s t  row s t o  t h e  l a s t .  

F i n a l l y  we p u t  t h e  gcd  o f  t h e  e l e m e n t s  i n  t h e  l a s t  row ( t h a t  i s  

gcd(m , . . . ,m ) )  i n t o  t h e  f i r s t  column and make a l l  t h e  r e m a in in g
X b

e n t r i e s  i n  t h e  l a s t  row 0 .

The r e s u l t i n g  m a t r i x  i s  i n  d ia g o n a l  fo rm . I t  i s  0 e x c e p t  f o r  

p -  1 e n t r i e s  e q u a l  t o  1 and one e n t r y  e q u a l  t o  g c d ( m^ , . . . ,m^) . 

Thus we h av e :

( k e r n e l  i|f) = 0 f o r  n ^  ( t  -  2 )p  + 1

= gcd(m , . . . , m ) f o r  n = ( t  -  2 )p  + 2
X b

= 1 f o r  n  >  ( t  -  2 )p  + 2 .

T h i s  c o n c lu d e s  t h e  p r o o f  o f  t h e  th e o re m .



S e c t i o n  T_. The p r o o f  o f  Lemma 6 .1

We r e s t a t e  t h e  lemma s l i g h t l y  more g e n e r a l l y .  T h i s  fo rm  makes i t  

u s e f u l  i n  S e c t i o n  9 a s  w e l l  a s  S e c t i o n  6.

L e t  a , b , c , d  and p be f i x e d  i n t e g e r s  0 < d <  p such  t h a t  

g c d ( c ,p )  = g c d ( d ,p )  = 1 . L e t  th e  e n t r y  a t  t h e  n ' t h  row and k ' t h  

column o f  a p X p s q u a re  m a t r i x  b e :  - —

a + 1  i f f  k = n + b + s c  mod p ,  s  = 0 , 1 , . . . , d -  1

a  i f f  k = n + b + s c  mod p ,  s  = d , . . . , p  -  1 .

(We do n o t  assume t h a t  p i s  p r im e . )  Then by p e rm u t in g  th e  row s and 

u s in g  e l e m e n t a r y  column o p e r a t i o n s  we can  t r a n s f o r m  i t  i n t o  a m a t r i x  

such  t h a t  t h e  e n t r y  a t  th e  n ' t h  row and k ' t h  column i s :

1 when k = n  t p  ;

0 when k 4= n 4= p ;

-1  when k 4= n = p ;

ap + d when k = n = p .

P r o o f . (1) P e rm u te  t h e  rows by t h e  p e r m u t a t i o n  w h ich  maps th e  

nc  mod p ' t h  row t o  t h e  n ' t h  row.

(2) P erm u te  t h e  co lum ns by th e  p e r m u t a t i o n  w hich  maps

(k  + d -  l ) c  + b mod p ' t h  column t o  t h e  k ' t h  column.

I n  t h e  r e s u l t i n g  m a t r i x  t h e  e n t r y  a t  t h e  n ' t h  row and k ' t h  

column i s :

a + 1  i f f  n = k © s  s = 0 , . . . , d - l  ;

a  i f f  n = k © s  s = d , . . . , p - l  .

(3) S u b t r a c t  t h e  k + l ' s t  column from  t h e  k ' t h  co lum n, 

k  = 1 , . . . , p -  1 , s t a r t i n g  w i t h  k = 1 .
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I n  t h e  r e s u l t i n g  m a t r i x  t h e  e n t r y  a t  t h e  n ’ t h  row and k ' t h  

column i s  z e r o  e x c e p t  t h a t  i t  i s :

1 f o r  n  = k  4= p ;

-1 f o r  n = k + d mod p , k 4= p ;

u n ch an g e d  f o r  k  = p .

(4) P e rm u te  t h e  rows and co lum ns by t h e  p e r m u t a t i o n  w h ich  maps 

t h e  -Ld mod p ' t h  row o r  column t o  -L 'th  row o r  column r e s p e c t i v e l y .

I n  p a r t i c u l a r  t h e  p ' t h  column r e m a in s  f i x e d .

(5) Add th e  k + l ' s t  column t o  t h e  k ' t h  column f o r  

k = 1 , . . . , p - 2  , s t a r t i n g  k = p -  2 .

The r e s u l t i n g  m a t r i x  i s  j u s t  w hat we w ant e x c e p t  f o r  t h e  p ' t h  

column w h ich  i s  j u s t  a  p e r m u t a t i o n  o f  one o f  t h e  o r i g i n a l  co lum ns. The 

sum o f  t h e  e n t r i e s  i n  t h e  p ' t h  column i s  ap + d . We f i n i s h  t h e

p r o o f  o f  t h e  lemma by u s i n g  t h e  f i r s t  p -  1 co lum ns t o  sum t h e  p ' t h

colum n t o  t h e  l a s t  row. T h a t  i s  we r e p l a c e  e a c h  e n t r y  i n  t h e  p ' t h  

column w i t h  z e r o  e x c e p t  t h e  e n t r y  i n  t h e  p ' t h  row w hich  becomes 

ap + d . T h i s  c o n c lu d e s  t h e  p r o o f  o f  Lemma 6 . 1 .
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S e c t io n  8 . The p r o o f  o f  Theorem 4 .1

" i f  f  i s  a  homomorphism o f  G (m ^, . . . ,m^) o n to  Z and

(x^*) f  = 0 f o r  a l l  i  t h e n

T( t - 2 ) p « +2 ( k e r n e l  +> = * i*  = °> • "

We d i v i d e  t h e  p r o o f  up i n t o  two p a r t s  w hich  d i f f e r  i n  t h e  way we

ch o o se  o u r  S c h r e i e r  sy s tem . I n  e i t h e r  c a s e  we may assume p >  q .

Case I .  T h e re  e x i s t s  an  x. such t h a t  x.ty g e n e r a t e s  Z ( o r-----------  l  i T pq

e q u i v a l e n t l y  x f  i s  d i v i s i b l e  by n e i t h e r  p n o r  q) .

We may assume w i th o u t  l o s s  o f  g e n e r a l i t y  t h a t  x f  = 1 and t h a t

t h e r e  a r e  u , v  and  w i n  { o , l , . . . , t  -  l }  su ch  t h a t :

x i|i = 0 i f f  i  ^  u ;

x ^  = 0 i f f  i  ^  v ;l

x j t  = 0 i f f  i ^ u  o r  v < i ^ w .

I t  f o l l o w s  t h a t  u  ^  v ^  w, p d i v i d e s  iru w h i le  q b u t  n o t  p

d i v i d e s  n . = x.i|f f o r  u <  i  ^  v , q d i v i d e s  m. w h i le  p b u t  n o t  1 1  i

q d i v i d e s  n^ f o r  u  <  i  ^  w and p q  d i v i d e s  nu w h i le  n e i t h e r  

p n o r  q d i v i d e s  n^ f o r  w < i  ^  t  .

We t a k e  S = {x“ | n  = 0 , 1 , . . . , p q  -  l}  a s  o u r  S c h r e i e r  sy s tem .
1/

The r e s u l t i n g  ( t  -  l ) p q  + 1  g e n e r a t o r s  f o r  k e r n e l  i]» a r e

n  - n  „ . ^x , = x , x . x ,  f o r  i  ^  u
l , n+1 t i t

n 0n9n j . ^  . -  . .x . , = x x . x ,  1 f o r  u <• l  <  t  and
i , n + l  t i t

x = x?q .
t , p q  t
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The pq r e l a t o r s  f o r  k e r n e l  i|f a r e  r  , n  = l , . . . , p q  , w here :

n -1  mi m+ 1 - n  . . .r  = x x . •*•...x . t x .  = r  ( l ) . . . r  ( t )  and n t l  t t  n  n

mi P -1

r  ( i )  = x ^ i  f o r  i  ^  u n  x ,n

“  ^Xi  ,n Xi , n @ n i ' ' *Xi ,n © ( p - l ) n . j ^  

f o r  u  <  i  ^  v

= fx  x X l mi q_1i , n  i , n © n j / ‘ ’ i . n ^ C q - l ) ^

f o r  v <  i  ^  w

= (x .  x . .j. . . . x .  ) mi p  qi , n  l .nSn.^  l ^ o n .^

f o r  w <  i  <  t

mt p -1 q - l  _ .= x . f o r  1 = t  . t , p q

The r e l a t i o n  m a t r i x  f o r  k e r n e l  i|r i s  z e r o  e x c e p t  t h a t  t h e  e n t r y  

a t  t h e  n ’ t h  row , n = l , . . . , p q ,  and k ' t h  co lum n, 

k  = 1 , . . . , ( t  -  l ) p q  + 1 , i s :

itu f o r  k  = ( i  -  l ) p q  + n i  ^  u  ;

m p 1 f o r  k = ( i  -  l ) p q  + j q  + h ,  n = -tq + h ,

u  < i  ^ v ,  j , £  = 0 , l , . . . , p  - 1  and h  = 1 , .  . . , q ;

nuq 1 f o r  k = ( i  -  l ) p q  + j p  + h ,  n  = -Lp + h ,

v < i  ^  w, j  ,-C = 0 , 1 , . . .  ,q  -  1 and  h = 1 , .  . . ,p ;

nup ^q ^ f o r  k >  wpq and a l l  n .

We p r o c e e d  t o  d i a g o n a l i z e  t h e  m a t r i x .

(1) S u b t r a c t  t h e  ( i  -  l ) p q  + h ' t h  co lum ns from  t h e  e q u a l  

( i  -  l ) p q  + j q  + h ' t h  c o lu m n s , u <  i  ^  v ,  j  = 1 , . . .  , p - 1  and h = 1 , . . . , q .
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(2 )  S u b t r a c t  t h e  ( i  -  l ) p q  + h ' t h  colum ns from  th e  e q u a l  

( i  -  l ) p q  + j p  + h ' t h  c o lu m n s , v <  i  ^  w, j = l , . . . , q - l  and 

h = l , . . . , p  .

(3) S u b t r a c t  t h e  ( i  -  l ) p q  + l ' s t  co lum ns from  t h e  e q u a l  

( i  -  l ) p q  + j ' t h  co lu m n s ,  w < i < t ,  j  = 2 , .  . .  ,pq  .

(4) S u b t r a c t  t h e  f i r s t  row from  e a c h  o f  t h e  o t h e r  row s.

(5) Add th e  ( i  -  l ) p q  + j ' t h  co lum ns t o  t h e  ( i  -  l ) p q  + l ' s t  

column f o r  a l l  i  and j  = 2 , . . . , p q  .

The r e s u l t i n g  m a t r i x  i s  0 e x c e p t  t h a t  t h e  e n t r y  a t  t h e  n ' t h  

row and k ' t h  column i s :

ltu f o r  k = ( i  -  l ) p q  + n i  ^  u  ;

m.p 1 f o r  k  = ( i  -  l ) p q  + h ,  n  = -tq + h ,l

u  <  i  =£ v  ( - 1 , h )  6  { 0 , 1 , .  . . , p - l }  X { 2 , .  . . , q }  U ( 0 , 1 ) ;

m . q  1  f o r  k  =  ( i  -  l ) p q  +  h ,  n  =  - t q  +  hl

<  i  ^  w ,  0 L , h )  €  {o , 1 , .  . . , q - l }  X { 2 , .  . . , p }  U ( 0 , 1 ) ;

nup ^q  1 f o r  k  = ( i  -  l ) p q  + 1 , n = 1 ,  i > w  .

I n  o r d e r  t o  c o n t in u e  we m ust d e f i n e  two maps on t h e  s e t  

{ l , . . . , p  -  1 } ,  O' and (3 . I n d e e d  f o r  a l l  -6 € { o , .  . . ,p  -  1} t h e r e  

e x i s t  u n iq u e  i n t e g e r s  6 { l , . . . , p }  and P^ 6 { o , . . . , q  -  l }  so  

t h a t

-tq + 1 = P^p + .

I t  i s  im p o r t a n t  t o  n o te  t h a t  = o ^ /  i m p l i e s  -t = - t / and t h a t  

( 2 = 1 .  Thus as  -t r u n s  th r o u g h  { l , . . . , p  -  l } ,  Qf̂  r u n s  th r o u g h  

{ 2 , . . . , p }  . We c o n t in u e  t h e d i a g o n a l i z a t i o n  p r o c e s s .
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(6) S u b t r a c t  t h e  -tq + l ' s t  row s from  t h e  |3p + Q ^ ' t h  rows

j3 4= I  = 2 , . . . , q  .

(7) S u b t r a c t  t h e  h ’ t h  rows from  t h e  now e q u a l  -tq + h ' t h  row s

-t = 1 , .  . .  ,p  -  1 and h  = 2 , .  . . ,q  .

(8) R e s to r e  t h e  s q u a re  s u b m a t r i c e s  c o n s i s t i n g  o f  t h e

( i  -  l ) p q  + j ' t h  co lum ns j  = l , . . . , p q  f o r  i  ^  u . t o  d ia g o n a l  fo rm .

(They w ere i n  d ia g o n a l  fo rm  w i t h  e q u a l  " n o n - z e r o ” e n t r i e s  t o  b e g in  w i t h ) . 

The r e s u l t i n g  m a t r i x  i s  z e r o  e x c e p t  t h a t  t h e  e n t r y  a t  t h e  n ' t h

m.x

m.px

m. q x

a n d k ' t h c o l u m n is:

f o r k =  (i -  D p q + n  i ^  u ,  a l l  n  ;

- 1 f o r k =  (i -  l ) p q + n ,  u  <  i ^  v ,  n  =  1 , . . . , q  ;

- 1 f o r k = ( i -  D p q + Q^,  n  =  - t q  + 1 ,  v < i ^  w, -L =  0

- 1  - 1  
q f o r k = (i -  D p q + 1 ,  n  =  1 ,  w <  i ^  t  .

Hence we a r e  i n  a  p o s i t i o n  t o  c o m p le te  t h e  p r o c e s s .

(9) P u t  t h e  gcd  o f  t h e  e n t r i e s  i n  t h e  n ' t h  rows i n t o  t h e  

n ' t h  co lum ns; make a l l  t h e  r e m a in in g  e n t r i e s  0 .

The r e s u l t i n g  m a t r i x  i s  z e r o  e x c e p t  t h a t  t h e  e n t r y  a t  t h e  n ' t h  

row and column i s :

g x = gcd(mi  | i  ^  u) f o r  n =t= 1 , .  . . , q , l  + q , l  + 2 q , .  . . ,1 + (p -  l ) q  ;

g2

g3

= g c d (g 1 , {nup-  | u  <  i  ^  v}) f o r  n  = 2 , .  . . ,q  ;

= g c d C g ^ f n u q  1 | v <  i  ^  w}) f o r  n = 1 + q , .  . . ,1  + (p  -  l ) q  ;

r “1 “1 l •)g4 = g c d C g g .g g j tn u p  q | w <  i  ^  t j )  f o r  n  = 1 .
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Thus we have

T ( k e r n e l  t )  = 0 f o r  n ^  ( t  -  2 )p q  + 1n

f o r  ( t  -  2 )p q  + 1 <  n ^  ( t  -  l ) p q  -  p -  q + 2

lc m (g 2 ,g 3) f o r  ( t  -  l ) p q  -  p -  q +  2 < n ^ ( t -  l ) p q  -  p + 1

g3 f o r  ( t  -  l ) p q  -  p +  l < n ^ ( t -  l ) p q  -  q + 1

g c d (g 2 ,g g )  f o r  ( t  -  l ) p q  -  q +  l < n ^ ( t -  l ) p q

g 4 f o r  n = ( t  -  l ) p q  + 1

1 f o r  n >  ( t  -  l ) p q  + 1

T h i s  c o n c lu d e s  t h e  p r o o f  o f  t h e  th e o re m  i n  t h e  f i r s t  c a s e .

Case I I . F o r  a l l  x ^ ,  x^ty does  n o t  g e n e r a t e  Z ( o r  e q u i v a l e n t l y  

x^ijf i s  d i v i s i b l e  by e i t h e r  p o r  q) .

We may assume w i th o u t  l o s s  o f  g e n e r a l i t y  t h a t  x^ty = p and t h a t  

t h e r e  a re  u and s i n  { o , l , . . . , t  -  l }  su ch  t h a t :

x^ty = 0 i f f  i  ^  u  ;

x?<|r = 0 i f f  i  =£ s  ;l

x  ^ =  q  a n ds

x . i]f = 0 i f f  i  ^  u o r  i  >  s  .

I t  f o l l o w s  t h a t  u <  s .  p d i v i d e s  m. w h i le  q b u t  n o t  pl

d i v i d e s  n^ = x^ty f o r  u <  i  ^  s ,  and q d i v i d e s  nu w h i l e  p  b u t

n o t  q d i v i d e s  n .  f o r  i  >  s  .l

We t a k e  S = {xmx” | m = 0 , l , . . . , p  -  1 ,  n = 0 , 1 , . . . , q  -  l }  a s  o u r  s  *c

S c h r e i e r  sy s te m .  The r e s u l t i n g  ( t  -  l ) p q  + 1 g e n e r a t o r s  f o r  k e r n e l  

i|i a r e :
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m n - n - m  _ . , ,x .  = x  x ^ x .x ^  x f o r  x ^  u ,  a l l  m and n ;x , m, n  s  t  x t  s

m n - n  0m0(nHq “l )  _ s  ^  n  -j= x  x  x X j  x 1 f o r  u <• x <  s ,  a l l  m and n ;
s  t  i  t  s

m n 0 n 0 (n ^ p - ^) -m .  ^  ^  , __ .= x x . x .  x, 1 x f o r  s  <  x <  t ,  a l l  m and n ; 
s  t  i  t  s

= f o r  i  = s , m = p -  l , n  = 0 ;s

= xmx^x x n x6m01 f o r  i  = s ,  a l l  m, n 4= 0 ;s  t  s  t  s

m q -m i= x x ;x  f o r  x = t .  a l l  m, n  = q -  1 .s t  s

The pq r e l a t o r s  f o r  k e r n e l  \|f a r e  r^  m,n

m = 0 , 1 , . .  . ,p -  1 ,  n =4) , 1 , .  . . ,q  -  1 , w here

r m
= x W l x ! " 2 . . . x ^ t x : n x"m = r  (1 )  . .  . r  ( t )  and ,n  s t  1 2 t  t  s  m , n N '  m, n

r  ( i )  =  x ^  f o r  i  ^  u ,  a l l  m a n d  n  : m , n  x , m , n

-  f x  x  x mi p_1i , m , n  i , i r i $ > ( n i q ~ 1 ) n *  i  ,m0 ( n . ^ q - 1 )  , n

f o r  u  < 1  <  s ,  a l l  m a n d  n  ;

_  x ms P  f o r  f  _  s  a n  m n  =  0  ; 
s , p - l , 0

=  ( x  x  . . . x  ) ™ s P  1  f o r  i  =  s ,  a l l  m ,  n  *  0  ;s , m , n  s , n © l , n  s , m 0 1 , n

t  mi q ~ 1
-  i  , m , n X i , m , r i $ ) ( n ^ p “ l )  * '  * x i  , m , n 0  ( n . j p ~ - l - )

f o r  s  <  i  <  t ,  a l l  m a n d  n  ;

= x"1̂  , f o r  i  = t , a l l  m and  n .
t , m , q - l

The r e l a t i o n  m a t r i x  f o r  k e r n e l  i s  z e r o  e x c e p t  t h a t  t h e  e n t r y  

a t  t h e  np + m + l ' s t  row and ( i  -  l ) p q  + np + m + l ' s t  column 

m,m — 0 j 1 ^ i •« jP 1 n , n  — 0 ^1 ^« t ■jQ I f  x — 1 , .  « . , t  f i s *
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m.l f o r i u ,  m = m ,  n  =  n  ;

- 1rn.jP f o r u < i  <  s , a l l m a n d  m ,  n  =  n  ;

mi + l q _ 1 f o r s :£ i  <  t " 1 , m =  m ,  a l l  n  a n d  n  ;

- 1m ps f o r i = t  -  1 , m = m ,  a l l  n  a n d  n  =  0  ;

- 1m ps f o r i = t  -  1 , a l l m a n d  m ,  n  =  n  4= 0  o r

f o r i = t ,  a l l m , m =  n  =  n  =  0  .

We p r o c e e d  t o  d i a g o n a l i z e  t h e  m a t r ix .

(1) S u b t r a c t  t h e  ( i  -  l ) p q  + np + l ’ s t  co lum ns from  t h e  e q u a l  

( i  -  l ) p q  + np + m + l ' s t  co lu m n s ,  f o r  u < i < s ,  m 4 = 0  and a l l  n 

o r  f o r  i  = t -  l ,  m + 0 ,  n 4 = 0 .

(2) S u b t r a c t  t h e  ( i  -  l ) p q  + m + l ' s t  co lum ns from  t h e  e q u a l  

( i  -  l ) p q  + np + m + 1 c o lu m n s ,  f o r  s  ^  i  <  t  -  1 ,  a l l  m, n 4= 0 .

(3) S u b t r a c t  t h e  np + l ' s t  rows f ro m  th e  np + m + l ' s t  row s. 

Then add t h e  ( i  -  l ) p q  + np + m + l ' s t  co lum ns t o  t h e

( i  -  l ) p q  + np + l ' s t  co lum ns. F o r  a l l  i ,  m and  m 4= 0 ,  a l l  n

and n .

(4) S u b t r a c t  m + l ' s t  row s from  t h e  np + m + l ' s t  row s. Then

add th e  (i -  l ) p q  + np + m + l ' s t  colum ns t o  t h e  (i -  l ) p q  + m + l ' s t

colum ns f o r  i 4= t  -  1 . Add th e  ( t  -  2 )p q  + np + l ' s t  colum ns t o

t h e  ( t  -  l ) p q  + l ' s t  colum n. F o r  a l l  m and m, n and n 4= 0 .

The r e s u l t i n g  m a t r i x  i s  z e r o  e x c e p t  t h a t  t h e  e n t r y  a t  t h e  

np + m + l ' s t  row and ( i  -  l ) p q  + np + m + l ' s t  column i s :

m. f o r  i ^ u ,  m = m ,  n = n ;l

m^p ^ f o r  u  <  i  < s ,  m = m = 0 ,  n = n  ;

m.  , q  ^ f o r  s ^ i  ^  t  - 1 ,  m = m ,  n = n = 0  :l + l  ’
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m p "*■ f o r  i  = t -  l , m  = m = 0 ,  n = n=t =0 o r  s

f o r  i  = t ,  m = m = n = n = 0  .

We a r e  now a t  a  p o i n t  i n  t h e  p r o o f  v e r y  s i m i l a r  t o  w here  we w ere

i n  t h e  f i r s t  c a s e  a f t e r  s t e p  8. I n d e e d  i f  i n  t h i s  c a s e  I  had  w r i t t e n

mq + n  r a t h e r  t h a n  np + m we w ould  have  e x a c t l y  t h e  same m a t r i x .  I n

any c a s e  c o n t i n u i n g  by t h e  same p r o c e s s  a s  i n  t h e  f i r s t  c a s e  we g e t

e x a c t l y  t h e  same f i n a l  answ er f o r  T ( k e r n e l  ty) e x c e p t  t h a tn

g4 = g c d ( g 2 ,g 3) . T h i s  c o n c lu d e s  t h e  p r o o f  o f  t h e  th e o re m .



S e c t io n  The p ro o f o f  Theorem 4 .4

We w i l l  see  i n  t h e  p r o o f  o f  Theorem 4 .5  t h a t  a l l  t h e  homomorphisms 

i n  q u e s t i o n  a re  c o v e re d  by t h e  two c a s e s  l i s t e d  be low . I n  o r d e r  t o  

keep  t h e  number o f  c a s e s  down t o  two and a v o id  r e p e t i t i o n  i t  i s  con ­

v e n i e n t  t o  suppose  t h a t  |  i s  a  homomorphism d e f i n e d  on G(m , . . . , m )
X b

f o r  a r b i t r a r y  t  . The r e s u l t s  we w ant a r e ;

T( t - 2 ) p q + 2  (k e r n e l  ^  = g c d(mi  | x?i|f = 0) f o r  C ase  1 and 

T( t - 2 ) p q + 2  <k e r n e l  ^  = gcdCn^ , . .  . ,mt ) f o r  Case 2..

Case 1_. T h e re  a r e  e x a c t l y  two i ' s  su c h  t h a t  x"1̂  4= 0 ,  xmii|i = i0 

i m p l i e s  x?i]f = 0 ,  x*?i|f = 0 im p l i e s  x^i|f = 0 and xjj^ijr = 0 f o r  a l l  i .

We may assume w i th o u t  l o s s  o f  g e n e r a l i t y  t h a t  x i|f = 1 and  t h a t  

t h e r e  a re  u , v  and w i n  { o , l , . . . , t  -  l }  su ch  t h a t :

x i|r = 0 i f f  i  £  u  ;

x ^ H  = 0  i f f  i  £  v ;

x ? t  = 0 i f f  i  ^  w .

I t  f o l l o w s  t h a t  u ^ v ^ w .  v = t - 2 , p  d i v i d e s  m. f o rl

u <  i  ^  v ,  p d o es '  n o t  d iv i d e  m f o r  v <  i  ^  w, q b u t  n o t  p

d i v i d e s  n .  = x . t  f o r  u <  i  ^  w and q b u t  n o t  p d i v i d e s  m.1 1  l

w h i l e  n e i t h e r  p n o r  q d i v i d e s  n . f o r  w <  i  ^  t  .l

We t a k e  S = {x^ | n  = 0 , 1 , . . . , p q  -  l }  as  o u r  S c h r e i e r  sy s tem .

The r e s u l t i n g  ( t  -  l ) p q  + 1 g e n e r a t o r s  f o r  k e r n e l  i|f a r e :
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The pq r e l a t o r s  f o r  k e r n e l  i|t a r e  r  , n  = 1 , . . . , pq , w h ere :

r  = x” -1 x!'ll . . .  x™tx^ n = r  ( l ) . . . r  ( t )  and n t  1 t  t  n  n

r  ( i )  = x ^  f o r  i  ^  u  ;n  '  i , n  ’

= ( x - x - • • *x - as/ ) miP f o r  u  <  i  ^  u ;x ,n  i , m ) n i  i , n © ( p - l ) n i

= fx  x ) [ mi P “'L]
i , n © k i ’ * ' i ,n S k ^© (p - l)n jL

x - • • *x - a .  as/f -11  ̂\ f o r  v <  i  ^  w ;x ,n© kf i ,n © k i© ( im ip  J- j - l ) n ^

( f o r  n o t a t i o n  se e  t h e  p r o o f  o f  Theorem 3 .2 )

= (x  x J m i P ^ q " 1 ]
i , n © k ^ ' ' ‘ i.nSk^Bn.^

X i f n ffik1 - ” Xi f a fflki © ( C m 1p - l q - l } - l ) n i  f ° r  w < A  < t  5

= ^ " p q  l q  1 ’*+1 f o r  1 = t  311(1 n  ^  ^mt p l q  ;

_  x CmtP  1 3 f o r  i  = t  and n >  {m p 1q 1 } .
t  ,pq  t

The r e l a t i o n  m a t r i x  f o r  k e r n e l  i s  z e r o  e x c e p t  t h a t  t h e  e n t r y

a t  t h e  n ' t h  row , n  = l , . . . , p q ,  and ( i  -  l ) p q  + k ' t h  co lum n,

k  = l , . . . , p q  e x c e p t  when i  = t  w here k = 1 , i s :

m. f o r  i  ^  u  and k = n ;x

nup ■*" f o r  u  <  i  ^  v and k = n mod q ;

[m. p ?"] + 1 f o r  v <  i  ^  w,  k = n © k.  © s n .  andL x J x x

s = 0 , 1 , . . . ,  {Hup 1 } -  1 ;

[nup  same as  above e x c e p t  t h a t  s  = {nup ^ } , . . . , p  ;

[m .p  *q *1 + 1  f o r  w < i < t ,  k = n © k .  © s n .  o rL x x x

f o r  i = t ,  k = l , n = s © l  and

s = 0 , 1 , .  . . , {n^p 1q 1 } — 1 ;

1 1 "X "“X[m. p q ] same as above e x c e p t  t h a t  s = {m^p q } , . . . , pq .
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The f i r s t  s t e p  i n  t h e  d i a g o n a l i z a t i o n  p r o c e s s  i s  t o  e l i m i n a t e  th e  

k i ' s  by p e rm u t in g  th e  colum ns by t h e  p e r m u t a t i o n  w hich  maps th e  

( i  -  l ) p q  + k ' t h  column t o  t h e  ( i  -  l ) p q  + (k  0 k ^ ) ' t h  column.

The s u c c e e d in g  s t e p s  d iv i d e  up i n t o  two s u b c a s e s  a c c o rd in g  t o  th e  

v a l u e  o f  w . Assume f i r s t  o f  a l l  t h a t  w = t  -  2 = v . Then

g c d (n  ,p q )  = 1 and h e n c e  xn mod p q  r u n s  th r o u g h  a l l  t h e  v a l u e s
X “ i .  X “ X

l , . . . , p q  a s  x d o es .  Thus t h e  f o l l o w i n g  s t e p s  a re  m e a n in g fu l .

(1) P e rm u te  th e  row s by t h e  p e r m u t a t i o n  w h ich  maps th e  

nn mod p q ' t h  row t o  t h e  n ' t h  row.
X “ X

(2) P e rm u te  t h e  colum ns by t h e  p e r m u t a t i o n  w hich  maps th e

r - 1  - 1 1( t  -  2 )pq  + (k  + ^p q J - l ) n ^  column t o  t h e  ( t  -  2 )p q  + k ' t h

co lum n, w here  t h e  seco n d  te rm  i s  t a k e n  mod pq i n  b o th  i n s t a n c e s .

(3) P erm u te  th e  colum ns by t h e  p e r m u t a t i o n  w hich  maps th e

( i  -  l ) p q  + kn ' t h  column t o  t h e  ( i  -  l ) p q  + k ' t h  colum n, f o r  
X —X

i  <  t  -  1 w here t h e  seco n d  te rm  i s  t a k e n  mod pq  i n  b o th  i n s t a n c e s .

I n  t h e  r e s u l t i n g  m a t r i x  t h e  e n t r y  a t  th e  n ' t h  row and 

( i  -  l ) p q  + k ' t h  row i s  z e r o  e x c e p t  t h a t  i t  i s :

m. f o r  i  ^  u and k = n :x

Hup 1 f o r  u  < i  <  t  -1  and k = n mod q ;

r - 1 “In  [ m t P  q J + 1

r " I  -11[mt p q j

f o r

f o r i  = t , k  = 1 and nn^ ^ = {m ĵp *q 3̂ + 1 , . .  . , pq

(4) S u b t r a c t  th e  ( t  -  2 )p q  + k + l ' s t  column from  th e

( t  -  2 )pq  + k ' t h  colum n, k = l , . . . , p q  -  1 .
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I n  t h e  r e s u l t i n g  m a t r i x  t h e  e n t r y  a t  t h e  p ' t h  row and

( t  -  2 )p q  + k ' t h  column f o r  k + pq i s  z e r o  e x c e p t  t h a t  when n  = k

r -1  -1  ti t  i s  1 and when n  = k © i m ^ ^ p  q j  i t  i s  -  1 . The re m a in in g

co lum ns a r e  unchanged .

S in c e  q b u t  n o t  p d i v i d e s  m t h e  same i s  t r u e  f o r
w “X

{m p ^q 1 } = m -  [m _p ^q 1 ]pq . Hence a s  x r u n s  th ro u g hV W "1 V
“X —1l , . . . , p  and y r u n s  th r o u g h  0 , l , . . . , q - l ,  x{m q } © y  r u n s

th r o u g h  1 , . . .  ,pq  and e q u a l s  pq when x = p and y = 0 . Thus t h e

f o l l o w i n g  s t e p s  a r e  m e a n in g fu l .

(5) P erm u te  t h e  row s by th e  p e r m u t a t i o n  w h ich  maps t h e

,P  ^3 © m1 t h  row £  = 1 , .  . .  , p ,_ m = 0 , . . . , q  -  1 t o  t h e  

(q -  1 -  m)p + £ ' t h  row.

(6) P e rm u te  t h e  co lum ns by th e  p e r m u t a t i o n  w h ich  maps th e

( i  -  l ) p q  + (h{mt _1p- "^q 1 } © j )  ' t h  column h  = 1 , .  . . , p ,  j  = 0 , . . . , q -  1

t o  t h e  ( i  -  l ) p q  + (q -  1 -  j ) p  + h ' t h  column f o r  i  =t= t  . I n

p a r t i c u l a r  t h e  ( t  -  l ) p q ' t h  column re m a in s  f i x e d .

(7) Add th e  ( t  -  2 )p q  + jp  + h ' t h  colum ns t o  t h e

( t  -  2 )p q  + jp  + h ' t h  column f o r  e a c h  h ,  h <  h <  p , w here

j  = 0 , 1 , . . . , q  -  1 and h = l , . . . , p  - 2  .

(8) Add th e  ( t  -  2 )p q  + jp  + l ' s t  column t o  t h e

( t  -  2 )p q  + ( j  + l ) p ' t h  co lum n, w here j  = 0 , 1 , . . . , q  -  2 .

I n  t h e  r e s u l t i n g  m a t r i x  t h e  e n t r y  a t  t h e  n ' t h  row and

( i  -  l ) p q  + k ' t h  column i s  z e r o  e x c e p t  t h a t  i t  i s :

m. f o r  i  ^  u  and k  = n :l

nup 1 f o r  u < i  < t  - 1 ,  n = m p  + £ ,  k = j p  + h

m = j =  0 , . . . , q - l  and £ ,  h = l , . . . ,  p ;
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1 fo r  i  = t  -  1 and k = n + pq ;

-1 f o r  i  = t  -  1 ,  n = p ,  2 p , . . . , p q  ,

and k = n - p + l , . . . , n - l  ;

[m _p " q̂ 1 ] + 1  f o r  i  = t  - 1 ,  k = p q , n = mp + £ ,  m = 0 , . . . , q  - 1

" I  “1and -L t a k e s  on {V , p  q }q d i s t i n c t  v a l u e st - 1

i n  { l , . . . , p} ;

[m^ p "̂ q ■*■] f o r  i  = t  - 1 ,  k = p q ,  n = m p  + -t ,  m = 0 , , q  - 1

and  -t t a k e s  on t h e  o t h e r  v a l u e s  i n  { l , . . . , p }  ;

[m p 1q 1 ] + 1  f o r  i  = t , k = 1 ,  n = mp + £ ,  m = 0 , . . . , q  - 1
X

and i, t a k e s  on Cm p ^q ^}q ^ d i s t i n c t  v a l u e s
X

i n  { l , . . . , p} ;

[m p 1q 1 ] f o r  i  = t ,  k = 1 ,  n = mp + £ ,  m = 0 , . . . , q  - 1
X

and -L t a k e s  on t h e  o t h e r  v a l u e s  i n  { l , . . . , p }  .

We can  now v iew  th e  rows as  c o n s i s t i n g  o f  q s e t s  w i th  p rows 

e a c h .  We a r e  i n  a  p o s i t i o n  s i m i l a r  t o  t h e  p o s i t i o n  we w ere  i n  i n  t h e  

p r o o f  o f  Theorem 3 .2  a f t e r  t h e  a p p l i c a t i o n  o f  Lemma 6 .1 .  P ro c e e d in g  

th e n  i n  a  s i m i l a r  manner i t  i s  n o t  d i f f i c u l t  t o  show t h a t :

T ( k e r n e l  'Jf) =  0 f o r  n ^  ( t  -  2 )p q  + 1 ;
n

= g cdC n^ ,.  . .  ,mt _2)

f o r  n = ( t  -  2 )pq  + 2 , . . . , ( t  -  2 )p q  + q ; 

= g c d O t^ , .  . . ,mt _2 ,mt _1q 1 ,mt q 1)

f o r  n = ( t  -  2 )p q  ^  q + 1 ;

= 1 f o r  n >  ( t  -  2 )p q  + 1 .
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T h i s  c o m p le te s  t h e  d i s c u s s i o n  o f  t h e  f i r s t  s u b c a s e .  We assume now 

t h a t  w = t  -  1 . N o te  t h a t  q d i v i d e s  n
L “"1

(1) P e rm u te  t h e  row s by t h e  p e r m u t a t i o n  w hich  maps th e  

£q  + m ' t h  row , & = 0 , 1 , . . . , p  -  1 ,  m = 1 , . . . , q , t o  t h e

(m -  l ) p  + -t + l ' s t  row.

(2) P e rm u te  t h e  co lum ns by th e  p e r m u t a t i o n  w h ich  maps t h e  

jq  + h ' t h  co lum ns ,  j  = 0 , 1 , . . .  ,p - 1 ,  h  = 1 , . . .  ,q , t o  t h e

(h -  l ) p  + j  + l ' s t  column.

I n  t h e  r e s u l t i n g  m a t r i x  t h e  e n t r y  a t  t h e  mp + -L’ t h  row ,

m = 0 , . . .  , q -  1 ,  t  = l , . . . , p  and ( i  -  l ) p q  + hp + j ' t h  co lum n,

h = 0 , . . . , q ,  j  = 1 , . . . , p i s  z e r o  e x c e p t  t h a t  i t  i s :

m. f o r  i  ^  u ,  m = h  and £  = j  ;
1

m.p ^ f o r  u  <  i  <  t  -  1 and m = h ;l

[m p 1 ] + 1 f o r  i  = t -  l , m  = h ,  j  = £  + s n ^ ^ q  1 mod p

and s  = 0 , . . . , {m^p ^ -  1 ;

[m^ jP  ■*■] same a s  above e x c e p t  t h a t  s  = {ltup 1 } , . . . , p  -  1 ;

[m^p 1 ] + 1  f o r  i  = t ,  h = 0 ,  j  = 1 ,  m = 0 , . . . , q  - 1

and -t t a k e s  on {n^P ^q  "Mq ^ v a l u e s  i n  { l , . . . , p }  ;

[m p * ]  same as  above e x c e p t  t h a t  £  t a k e s  on t h e  o t h e r  v a l u e sI

i n  [ l , . . . , p} .

A gain  we view  t h e  rows as  c o n s i s t i n g  o f  q s e t s  w i th  p row s

e ac h .  We a r e  i n  a p o s i t i o n  s i m i l a r  t o  t h e  p o s i t i o n  we w ere  i n  i n  t h e

p r o o f  o f  Theorem 3 .2  j u s t  b e f o r e  t h e  a p p l i c a t i o n  o f  Lemma 6 . 1 .  

P r o c e e d in g  th e n  i n  a  s i m i l a r  manner i t  i s  n o t  d i f f i c u l t  t o  show t h a t :



( k e r n e l  t )  = 0 f o r  n ( t  -  2 )pq_+  1 ;

= gcd(m , .  . . Tin ) f o r  n = ( t  -  2 )p q  + 2 , . . . , ( t  -  2 )p q  +

= gcd(m1 , . . . ,mt _1mt q 1) f o r  n  = ( t  -  2 )p q  + q + 1 ;

= 1 f o r  n >  ( t  -  2 )p q  + 1 .

T h i s  c o n c lu d e s  t h e  d i s c u s s i o n  o f  c a s e  1.

Case 2_. T h e re  i s  an i  such  t h a t :

(1) n e i t h e r  p n o r  q d i v i d e  ;

(2) n e i t h e r  p n o r  q d i v i d e  x ;

(3) g p (x  j r |  j  4= i )  = Z
J r4

The d i s c u s s i o n  o f  t h i s  c a s e  f o l l o w s  a lm o s t  e x a c t l y  t h e  l i n e s  o f  

t h e  p r o o f  o f  Theorem 3 . 2 .  I t  i s  o n ly  n e c e s s a r y  t o  p ro v e  so m e th in g  

s l i g h t l y  more g e n e r a l  t h a n  t h e  s t a t e m e n t  o f  Lemma 6 .1  i n  t h e  p r o o f  o f

Theorem 3 . 2 ,  w h ich  we have  done i n  S e c t i o n  7. I t  i s  n o t  d i f f i c u l t  t o

show t h a t :

T ( k e r n e l  i|») = 0 f o r  n  ^  ( t  -  2 )p q  + 1
n

= gcdO n^, .  . . ,mt > f o r  n = ( t  -  2 )p q  + 2

= 1 f o r  n >  ( t  -  2 )p q  + 2 .

T h i s  c o n c lu d e s  t h e  p r o o f  o f  Theorem 4 . 4 .
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S e c t io n  1 0 . The proofs o f  Theorems 3 .4 ,  3 .5  and 3 .7

B e fo re  we a c t u a l l y  p ro v e  th e  th e o re m s  i t  i s  n e c e s s a r y  t o  d i s c u s s

i n  d e t a i l  th e  map f  . I n  o u r  d i s c u s s i o n  we d e r i v e  two f o r m u la s  f o r
P

f  and show t h a t  w i th  a  s l i g h t  m o d i f i c a t i o n  f  maps th e  n a t u r a l  
P P

a d d i t i v e  s t r u c t u r e  o f  M i n t o  a  m u l t i p l i c a t i v e  s t r u c t u r e  f o r  M .

The c o m p u ta t io n s  in v o l v e d  i n  t h e  p r o o f s  o f  t h e  lemmas do n o t  b e a r  

d i r e c t l y  on t h e  p r o o f s  o f  t h e  th e o re m s  and a r e  c o n s e q u e n t ly  p o s tp o n e d .

The f i r s t  f o rm u la  i s  a  d i r e c t  a p p l i c a t i o n  o f  Theorem s 3 .1  and 3 . 2 .  

Lemma 1 0 . 1 . I f  m = xml  + . . .  + xmt € M th e n

(m )f = §  n ( J ) x g ^  w here :
P J

th e  sum i s  t a k e n  o v e r  a l l  s u b s e t s  J  o f  { l , . . . , t }  ;

a ( J )  = I { j  £ j |  p does  n o t  d iv i d e  m . } |  ;
J

g (  J )  = gcdOru | i  £  J )  i f  a ( J )  = 0 ;

= gcd(m1 , . . . ,mt > i f  a ( J )  4= 0 ;

n ( J )  = (p -  1 )1  J l_ a ( J ) ( ( p  -  l ) a ( J )  + ( -  l ) a ( J ) (p -  l) )p -1  .

I n d e e d  i f  i s  a homomorphism o f  G ( m ^ , . . . , m ^ )  i n t o  and

j  = [ i  | x  j|f 4= o} th e n  g ( J )  = X.(|) . I t  i s  o n ly  r e q u i r e d  t o  show t h a t

t h e  number o f  homom orphisms, t  , such  t h a t  J  = { i  | x ^  4= o} i s

n ( J )  .

We now m o d ify  t h e  map f  s l i g h t l y .
P

D e f i n i t i o n  1 0 .2 .  H e n c e f o r th  th e  map f  w i l l  be t a k e n  t o  mean th e  ---------------------------  P

map d e f i n e d  by t h e  fo rm u la  g iv e n  i n  Lemma 1 0 .1  e x c e p t  t h a t  g ( J )  = 1 

i f  a ( J )  4= 0 .

N ote  t h a t  f  r e m a in s  unchanged  when p d i v i d e s  gcd(m , . . . ,m ) p ± r

o r  when gcd(m , . . . ,m ) = 1 . S in c e  t h e s e  a r e  t h e  o n ly  t i m e s  t h a t  f
1 I r
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i s  a p p l i e d  t h e r e  can  be no r e a l  c o n f u s io n .  We c a n  now s t a t e  t h e  seco n d  

and more e x p l i c i t  f o r m u la  f o r  f
P

Lemma 1 0 . 3 . L e t  m = xml  + . . . + x"1* € M, H = { i  | p d i v i d e s  m^} and

K = { i |  p does  n o t  d i v i d e  nu} th e n

* \  j? t  * -1  I h L  1 v t  _  ̂ | H | — | J  | g cd (m i | i€jUK)(m )fp = o(K) (p  -  p '  ) x + jg j j  (p -  1) 'x B v 11

w here 6 (k) = 0  i f  K = 0 and 6(K) = 1  i f  K *  0 .

I n  o r d e r  t o  f a c i l i t a t e  t h e  p r o o f  o f  Lemma 1 0 .3  we d e f i n e  i n d u c t i v e l y  

a m u l t i p l i c a t i o n  on M .

D e f i n i t i o n  1 0 . 4 . ( Xml  + . . .  + >">0> + . . .  + xe c d <” t  ’"0>

and f o r  m, m € M, nr (m + x111̂ ) = m-m + m^x1̂  .

I t  f o l l o w s  t h a t  M i s  a  com m uta tive  monoid u n d e r  m u l t i p l i c a t i o n  

( t h e  i d e n t i t y  i s  x^) and t h a t  m u l t i p l i c a t i o n  d i s t r i b u t e s  o v e r  a d d i ­

t i o n .  T h i s  can  be p ro v e d  d i r e c t l y .  A l t e r n a t e l y  we can  embed M i n  

an i n t e g r a l  sem ig roup  r i n g .  The sem ig roup  c o n s i s t s  o f  t h e  n o n - n e g a t iv e  

i n t e g e r s  w here  t h e  p r o d u c t  o f  h and k i s  g c d ( h ,k )  .

The m u l t i p l i c a t i o n  i s  u s e f u l  b e c a u s e  o f

Lemma 1 0 . 5 . I f  m € M and p d i v i d e s  m^ th e n

(m + x ^ f  = (m )f  - ( x ^ f  .
P P P

We n e e d  o n ly  one more c o n c e p t  b e f o r e  we can  p r o c e e d  w i th  th e  

p r o o f s  o f  t h e  th e o re m s .

D e f i n i t i o n  1 0 . 6 . I f  h and k a r e  n o n - n e g a t iv e  i n t e g e r s  t h e n  h <Qk 

i f f  h 4= 0 and e i t h e r  h <  k o r  k = 0 . h  ^ Qk i f f  h = k o r  h ^ k .

I t  f o l l o w s  t h a t  f o r  any p a i r  o f  n o n - n e g a t i v e  i n t e g e r s  h  and k ,  

g c d ( h ,k )  -^,h .
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The p ro o f o f  Theorem 3 . 4 .

"The f  - e q u i v a l e n c e  c l a s s e s  on w here p d i v i d e s  g
P t , g

and g 4= 0 a r e  a l l  s i n g l e t o n s . "

In d e e d  su p p o se  m = x”1* + . . .  + xmt and  m = xml  + . . .  + x™*

b e lo n g  t o  A w here t h e  e x p o n e n ts  a r e  i n  i n c r e a s i n g  o r d e r ,  
i  > S

m ^ .m 0 £  . . . . Suppose f u r t h e r  t h a t  m 4= m . The th e o re m  w i l l1 o & o

f o l l o w  i f  we can  show (m )f 4= (m )f . F ix  i  t o  be t h e  l e a s t  in d e x
P P

f o r  w h ich  m. = m. f o r  a l l  i  >  i  . Hence m. 4= m. .
J J i i

From Lemma 1 0 .3  we have :

(xm° ) f  = x ^  + (p -  1) x^ i f  p d i v i d e s  m ;
P ^

(x 11!  + . . .  + xn s ) f  = (£  x ^J)  + (p -  1) Sx °  w here
P

-L . -^,max(n , .  . . ,n  ) i f  p d i v i d e s  g c d (n  , . .  . ,n  ) . j  1 s  i s

C o n s e q u e n t ly

(m )f = (xml  + . . .  + xmi _1) f  - ( x m i) f  • (x ”*3̂ 1 + . . .  + xmt) f  J 
P P P P

= ( 2  xh j  + (p -  l ) 1 - 1 x°)  • (xmi + (p -  l ) x ° ) . ( ^ i  + (p  -  l ) 1" 1x°)

w here h . ^ , m .  . -^-.m. f o r  a l l  j  : j  °  l - l  °  l

= (S  xh J ) • (xmi + . . .  + xm t) f  + (p -  1 ) ^  1^xm i-S  xk J +
P

(p -  l ) t "1xmi + (p  -  l ) i (xmi + l  + . . .  + xm t) f
r

= S xr J + (p  -  1 )^  "^x^i + (p -  l ) i (xmi + l  + . . .  + xmt) f
P

w here r . -^ m . f o r  a l l  j  .
J 1

The th e o re m  f o l l o w s  now by com paring  t h i s  w i th  t h e  c o r r e s p o n d in g

e x p r e s s i o n  f o r  ( ra) f p  • __

B e fo re  p r o c e e d in g  t o  th e  p r o o f  o f  Theorem 3 ,5  we draw a 

c o r o l l a r y  from  Lemma 1 0 .3 .
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C o r o l l a r y  1 0 .7 .  I f  m € ,  and p d i v i d e s  th e n' * ir " ' 1 t  ,1 a Jj

(m) f  = (p  -  1 ) t  V l  + (p -  1) * 2xmi • (x™2 + . . .  + xmt) +
P

(p -  1 ) t ”3 xm i• (x”12• xm3 + . . .  + xm2. x mt  + . . .  + xmt - l . x mt )  +

. . .  + (p  -  l ) x m i (xm2* . . .  -x 11̂ " !  + . . .  + x™3 * . . .  • xmt )  + X 1  .

The p r o o f  o f  Theorem 3 . 5 .

"The G - e q u iv a l e n c e  c l a s s e s  on  B = {m € A. 1 | g c d ( m . |  j  + i )  4= 1t  t  ,1 j

f o r  e a c h  i }  a re  a l l  s i n g l e t o n s . "

F i r s t  we n o te  t h a t  m. 4= ra . f o r  a l l  i  4= j  i n  { l , . . . , t }  .
i  J

S e co n d ly  i f  p d i v i d e s  l e s s  th a n  t  -  1 o f  t h e  m . ' s  t h e n  by

Lemma 1 0 .3  t h e  c o e f f i c i e n t  o f  x * , 6(K )(p*  * -  p^ ^  ) + 1  , i s

g r e a t e r  t h a n  o r  e q u a l  t o  p . On t h e  o t h e r  hand  i f  p d i v i d e s  e x a c t l y

t  -  1 o f  t h e  n u ’ s t h e n  by C o r o l l a r y  1 0 . 7  t h e  c o e f f i c i e n t  o f  x^ i s

e x a c t l y  1 . Hence (m )f = (p -  l)'*' *xm-*- + S x ^ j  + x^ w here
P

1 V i  <Qm. f o r  e a c h  j  i f f  p  d i v i d e s  g c d (m . | j  4= i )  . As p 
J ^ 3

r u n s  o v e r  a l l  p r i m e s ,  t  d i s t i n c t  i n t e g e r s  w i l l  a p p e a r  a s  t h e  g r e a t e s t

e x p o n e n t  i n  when t h e  c o e f f i c i e n t  o f  x* i s  1 . T h i s  d i s t i n ­

g u i s h e s  th e  w hole s e t  f ro m  th e  o t h e r  e l e m e n t s  o f  A. 1 and t h et , 1

i n t e g e r s  th e m s e lv e s  d i s t i n g u i s h  t h e  e l e m e n t s  from  one a n o t h e r ,  c o n ­

c l u d i n g  t h e  p r o o f  o f  t h e  th eo rem .

The p r o o f  o f  Theorem  3 . 7 .

"The f - c l a s s e s  on  A„ . a r e  t h e  e l e m e n t s  o f  B_, C, D and {e } . "0 |1  o

T h ere  a r e  t h r e e  p o s s i b l e  fo rm s  f o r  when m € Ag ^ :

( i )  (p -  i ) V i  + (p -  i u * ltcd(Bi ' 1M) + + x1 i f  p

d i v i d e s  m^ and m^, i  4= j  4= k  4= i  ;

( i i )  (p -  l ) x gCd(mj ’mk> + (p2 -  p + l)x'*' i f  p d i v i d e s  nu b u t

n o t  m. o r  m, , i  4= i 4= k 4= i  :
.1 k



2 1
( i i i )  p x i f  p d i v i d e s  n e i t h e r  m.,m„ n o r  mQ .

jL ^ o

C l e a r l y  fo rm  ( i )  can  n e v e r  l o o k  l i k e  fo rm  ( i i i )  b u t  fo rm  ( i i )

2 1c a n  i f  gcd( m. , m_)  = 1 . I t  f o l l o w s  t h a t  (m )f  = p x f o r  a l l  p
J  k P

i f f  m € E . Hence E i s  an f - c l a s s .  Form ( i )  can  lo o k  l i k e  

fo rm  ( i i )  b u t  o n ly  i f  g c d ( m . , m .) = g cd (m .,m  ) = 1  i n  fo rm  ( i )  and
X J  X 1C

p  =  2  .

The c o e f f i c i e n t  o f  x'*' c an  be p o n ly  i n  fo rm  ( i )  when one b u t

n o t  b o th  o f  gcd(m. , m .) and gcd(m. , hl ) a r e  1 . Of c o u r s e  p
X J  X K

d i v i d e s  gcdOn^jit^) so t h a t  i t  i s  n o t  1 . I t  f o l l o w s  t h a t  a l l  t h e

e le m e n t s  m 6 A_ , w i th  two g cd  i s  n o t  e q u a l  t o  1 a r e  i n  a
0,1

d i f f e r e n t  f - c l a s s  th a n  t h e  r e m a in d e r  o f  A_ .. . F u r th e rm o re
*

m € C( “  i f f  = (P “ l ) 2x aQf + (p -  l ) a  + px^ i f  p d i v i d e s  3

= (p  -  l ) 2xbP + (p  -  1) ^ + px* i f  p d i v i d e s  a

= (p  -  l ) x ^  + (p 2 -  p + l ) x ^  i f  p d i v i d e s  b

b u t  n o t  P ;

Q 2 ^
= (p  -  l ) x  + (p  -  p + l ) x  i f  p d i v i d e s  a  

b u t  n o t  Qf ;

= p 2x^ o th e r w i s e .

P r o v in g  t h a t  t h e  e l e m e n t s  o f  C a r e  f - c l a s s e s .

F i n a l l y  m € i f f

(m )f = (p -  l ) 2x a + (2p -  l ) x ^  i f  p d i v i d e s  o' ;
P

a  2 1 
= (p -  l ) x  + (p  -  p + l ) x  i f  p d i v i d e s  a  ;

= p 2x^ o t h e r w i s e .
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The o n ly  c o n f u s io n  t h a t  can  a r i s e  i s  be tw een  d ( ^ )  and D^a ^ . But 

gcd(a ,oO  = 1  so  t h a t  2 can  d i v i d e  o n ly  one o f  ot and a . By 

c h o o s in g  a p r im e  w hich  d i v i d e s  t h e  odd  one th e y  a r e  e a s i l y  d i s t i n ­

g u i s h e d .  T h i s  c o m p le te s  t h e  p r o o f  o f  t h e  th e o re m .

The p r o o f  o f  Lemma 1 0 . 1 .

We a r e  o n ly  r e q u i r e d  t o  show t h a t  th e  number o f  hom om orphism s, 

f  , o f  G(m , . . . , m  ) i n t o  Z f o r  w hich  J  = { i  | x . f  4= o} i s  n ( J )x t  p X

w hich  e q u a l s

(P -  l )  I ~a ( J ) ( ( P -  i ) a ( J )  + ( -  i ) a ( J ) (p -  D f r 1 ,

w here a ( J )  = | { j  € j |  p does  n o t  d i v i d e  m } |  .
3

I f  j  € J  and m . = 0 mod p t h e n  x can  t a k e  on any o f  t h e
’J J

p -  1 v a l u e s  { l , . . . , p  -  l ]  . W hereas f o r  j  € J  and m. + 0 mod p
3

we m ust h a v e  t h e  e q u a t i o n  2  m .(x .i |i)  = 0 mod p . Hence n ( J )  e q u a l s  
. j  J  J

(p -  1) ^  a ( J )  t i m e s  | l ( a )  , t h e  number o f  z e r o  sums mod p

w hich  c a n  a r i s e  from  a  = a ( J )  g iv e n  n o n - z e r o  mod p i n t e g e r s  w i th  

n o n - z e r o  mod p c o e f f i c i e n t s  u n l e s s  a  = 0 when |i>(a) = 1 . We

w ant t o  show t h e n  t h a t  f o r  a l l  a

M-(a) = ( ( p  -  l ) a  + ( -  l ) a (p -  l ) ) p _1 .

T h i s  i s  c e r t a i n l y  t r u e  f o r  a  = 0 . We p r o c e e d  i n d u c t i v e l y  and assume

a  >  0 . The t o t a l  number o f  z e r o  sums f o r  a  n o n - z e r o  mod p i n t e g e r s  

3>“1i s  c l e a r l y  p . U sing  o u r  i n d u c t i o n  a s s u m p tio n  and th e  f a c t  t h a t

t h e  number o f  t h e s e  z e r o  sums w i th  e x a c t l y  j  n o n - z e r o  mod p
,'a \

c o e f f i c i e n t s  i s  f o r  j  = 0 ,1 , . . .  , a  -  1 we have



T h is  c o n c lu d es  th e  p ro o f o f  th e  lemma.

The p r o o f  o f  Lemma 1 0 . 5 .

(m )f - ( x ^ f  = (2  n ( j ) x g < J ) ) . ( x ino + (p  -  l ) x ° )  ;
P P J

= s  n C J J x ^ ^ - V  + Z (p  -  l ) n ( J ) x B<J) i
«J J

w here  t h e  sums a r e  t a k e n  o v e r  a l l  s u b s e t s ,  J  , o f  { l , . . . , t }  . T h e re  

i s  a  one t o  one c o r r e s p o n d e n c e  be tw een  th e  s u b s e t s  o f  { l , . . . , t }  and 

p a i r s  o f  s u b s e t s  o f  { o , l , . . . , t }  w h ich  a s s i g n s  t o  e a c h  s u b s e t ,  J  , 

o f  { l , .  . . , 1 3 t h e  p a i r  ( J ,  J  U {o}) . I t  i s  c l e a r  t h a t

a ( J )  = a ( J  U {o}) and  t h a t  (p -  l ) n  ( J )  = n ( J  U {o}) . F u r th e rm o re

i f  we l e t  Y( ) be t h e  f u n c t i o n  w i th  r e s p e c t  t o  { o , l , . . . , t }  c o r ­

r e s p o n d in g  t o  g (  ) th e n  Y (J) = g c d ( g ( J ) ,m Q) and 

Y (J  U {o}) = g ( J )  . T h e r e f o r e

S . 1( J ) xe c cl(gCJ>,n'o> = S „ ( J ) X Y (J)  andJ J

J  (p -  l ) n ( J ) x g ( J )  = n ( J  U {0})xY (jU f° }) .

T h e i r  sum th e n  i s  j u s t  (m + x ^ J f  , p r o v in g  t h e  lemma.
P

The p r o o f  o f  Lemma 1 0 . 3 .

The p r o o f  i s  by i n d u c t i o n  on | H |

I f  | H | = 0 t h e n  H = 0 and K = { l , .  . . , t } 4= 0  .

We w ant t o  show t h a t

(m )f = ( p * - 1 -  D x 1 + xgod0nl  mt> .
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T h i s  f o l l o w s  d i r e c t l y  from  Lemma 1 0 .1 .  I n d e e d  l e t  J  be a s u b s e t  o f

{ l , . . . , t }  t h e n  a ( J )  = 0  i f f  J  = 0 ,  g (0 )  = g cd (m ^ ...........m̂ .) and

n (0 )  = 1 . I f  J  *  0 t h e n  a ( J )  = | j |  , g ( J )  = 1 and

n ( J )  = ( (p  -  1) ' J |  + ( -  1) 1 J |  (p  -  l) )p_1 . Thus

^  n ( J ) x g(J> = ( * ) « p  -  l ) j  + ( -  l ) j (p -  m p ' V

= (p t  -  1 -  (p -  l ) ) p  1x1

= (p -  l ) x  .

T h i s  p r o v e s  t h e  r e s u l t  when | H | = 0  .

I f  | H | 4= 0 t h e n  m = m + xm̂  w here  p d i v i d e s  m. and  m € M
v

u n l e s s  t  = 1 . I f  t  = 1 t h e n  m = xm^ and

(m )f  = n (0) x g ^  + n ( l ) x g ^  w here a (0) = 0 , g (0) = m , n (0) = 1
P

and a ( l )  = 0 ,  g ( l )  = 0 ,  n ( l )  = (p -  1) . Thus (m )f = xm̂  + (p -  l ) x ® ,
P

w h ich  i s  j u s t  what i s  r e q u i r e d .  I f  t  4  1 th e n  | h | = | h | -  1 

w here  H c o r r e s p o n d s  t o  H w i t h  r e s p e c t  t o  m and we can  assume

t h a t  t h e  lemma h o ld s  f o r  m . N ote  t h a t  K i s  t h e  same f o r  b o th  m

and m .

(m )f = (m )f (xmt) f  
P P P

-  (SOOCP*-2 -  P 1 51 ^  + s_  (p - 1 ) 1
J^H

(xmt + (p -  l ) x ° )

Now x ^ (x m^ + (p -  l ) x ^ )  = px^ so  t h a t

6(K) ( p t_ 2  -  p '  J x ^ C x " 1* + (p -  l ) x ° )  = 6( K ) (p t _ 1 -  p '  H ') .

F u r th e rm o re



and

^cdOtijJ iSjlteK xmt
J^H

S  (p  _ 1) I H l - |  j U { t }  | x g c d ( m ^ |  i € j U K U { t } )  
JSH

( (p -  l ) 1 h|' 1 J l x e ° d <mil i € J U K ) ) . (p  -  1 )x °  =
kj£H

(p _ i ) I  H l“ l J l xecd(mi I  i^JUK)
J^H

The lemma f o l l o w s  by p u t t i n g  t o g e t h e r  t h e  above e q u a t i o n s .
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S e c t io n  1 1 . The p r o o fs  o f  Lemma 4 .3  and Theorem 4 .5

The p r o o f  o f  Lemma 4 . 3 .

" I f  p .  d i v i d e s  m. f o r  e a c h  i  and s  = p , p 0p 0 t h e ni  x 1 2  3

G C m ^m gjm ^gpCg3 1 g 6 G C n ^ m ^ in g ))  n e e d s  3 g e n e r a t o r s . "

Assume f i r s t  o f  a l l  t h a t  t h e r e  a r e  d i s t i n c t  p r im e s  p and q

so  t h a t  p d i v i d e s  p and q d i v i d e s  p_ . L e t  t  be t h e  homo-
J . A

m orphism  o f  G ( m ^ , . . . , m ^ )  o n to  Z w h ich  maps x^ t o  q ,  t o

p and x3 t o  0 . By t h e  p r o o f  o f  Theorem 4 .1  we s e e  t h a t

N / n '  = ZPq+1 © z ^ P " 1) ( q - 1) ® , mm w here  N = k e r n e l  i|r . L e t  0 m3 ’

K = g p ({ g P 3 l g £ N j j N 7) t h e n  K i s  c h a r a c t e r i s t i c  i n  N and t h u s

no rm al i n  G(m ,m0 ,m ) . N/K i s  a  d i r e c t  sum o f  more t h a n  pq + 11 £* O

c y c l e s  o f  o r d e r  p g and h a s  in d e x  pq i n  GCm^,m2 ,mg)/K . I f

G(m ,m0 ,m ) /K  n e e d e d  o n ly  two g e n e r a t o r s  t h e n  by th e  S c h r e i e r  in d e x1 A O

th e o re m  N/K w ould  n e e d  no more th a n  pq + 1 g e n e r a t o r s .  Hence
g

G(m ,m0 ,m_)/K n e e d s  t h r e e  g e n e r a t o r s .  S in c e  g € K f o r  eac h1 A 0
g € G(m ,m0 ,m ) we s e e  t h a t  G(m. ,m_,m0) /K  i s  a  homomorphic image 1 ^ 0  1 ^ 0
o f  G(m^,m2 ,m3) / g p ( g S | g € G(m ,m2 ,m3) )  , p r o v in g  th e  lemma i n  t h i s

c a s e .  I f  p  = p = p = p a p r im e  t h e n  we p ro v e  t h e  lemma i n  a1 ^ U

s i m i l a r  way s u b s t i t u t i n g  Theorem  3 .1  f o r  Theorem 4 .1 .

The p r o o f  o f  Theorem 4 . 5 .

"The G - e q u iv a l e n c e  c l a s s e s  on j ^ f aad  E 3X16 311

s i n g l e t o n s . "

We w i l l  d e a l  w i t h  and E s e p a r a t e l y .  F o r  a l l

c a s e s  th o u g h ,  t h e  number o f  homomorphisms o f  G(m. ,m„,m„) o n to  ZX A U PQ
2 2i s  (p  -  l ) ( q  -  1) . I f  ^ i s  a  homomorphism th e n  w i l l  be

an a b b r e v i a t i o n  f o r  T ( k e r n e l  t )  .
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f a  B\ f a  B\
The c l a s s  C^a  . L e t  m € Cl^a  . We may assume w i th o u t  l o s s  o f

g e n e r a l i t y  t h a t  gcd(m^,m2) = or, gcdO n^nig) = (3, m2 = aa  and

m2 = bB . Choose d i s t i n c t  p r im e s  p and q so  t h a t  p d i v i d e s  a

and q d i v i d e s  B • Then by Theorem 4 .1  we s e e  t h a t  X(i|0 i s :

0 i f  x ^  4= 0 ,  x ^  = q , . . .  , ( p  -  l ) q ,  x ^  = p , .  . . , ( q  -  l ) p  ;

m^ i f  x i|r = 0 ,  x ^  = q , . . . , (p -  l ) q ,  Xgi|f = p , .  . . , ( q  -  l ) p  ;

aa  i f  x ^  4= 0 mod p ,  x ^  = 0 ,  Xgi|f = p , . . .  , ( q  -  l ) p  ;

bB i f  x ^  4= 0 mod q ,  x ^  = q , .  . . , (p -  l ) q ,  Xgi|r = 0 ;

1 i f  x 4= 0 mod p and mod q ,  Xgt = 0 ,  Xgty = 0 .

2 2
The t o t a l  number o f  maps l i s t e d  above i s  (p  -  1 ) (q -  1) :

(pq -  1 ) ( P  -  1) (q  -  1) f o r  0 ,  (p  -  l ) ( q  -  1) f o r  ,

(pq ~ q ) ( q  ~ D  f o r  a a ,  (pq  -  p ) ( p  -  1) f o r  bB and

(p -  1 ) (q -  1) f o r  1 . T h e r e f o r e  we hav e  l i s t e d  a l l  o f  them.

** 01 ft\
C l e a r l y  m i s  d i s t i n g u i s h e d  from  a l l  t h e  o t h e r  e l e m e n t s  o f  C^& 

by t h e  se c o n d  l i n e ,  p r o v in g  t h e  th e o re m  i n  t h i s  c a s e .

The c l a s s  . L e t  m € . We may assume w i th o u t  l o s s  o f

g e n e r a l i t y  t h a t  m = a  and  gcd(mq ,m_) = a  . Choose d i s t i n c t  p r im e sJ. ^ u

p and q so  t h a t  p d i v i d e s  .a and q d i v i d e s  a  . By Theorem

4 .1  we s e e  t h a t  X (i)  i s :

0 i f

m i f  xA

x \|r = q , .  . .  , (p  -  l ) q ,  x ^  = p , . . .  , ( q  -  l ) p ,  xg i|r = p , . . .  , (q 

= q , . . • , (P  -  D q ,  x 2 i|f = 0 , Xgijf = p , . . . , ( q

mg i f  x . ^  = q , .  . . , (p -  1 ) q , x ^  = p , .  . .  , ( q  -  l ) p ,  Xgi|r = 0 .

- D p  , 

- D p  ,
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By Theorem 4 .4  (Case 1 ) ,  \(t|r) i s :

1 i f  x î|f = 0 mod q , Xg'l' + 0 mod p and q , x ^  = q , . . . , ( p  -  l ) q  ;

o r  i f  x îjf = 0 mod q , x ^  = q , . . . , ( p  -  l ) q  , x ,^  4 0 mod p and q ;

a i f  x = 0 mod q,  x-'l' and x 4 0 mod p and q ;X A U

w here  i n  a l l  c a s e s  we m ust h av e  n igC x^)  + n igC x^) = 0 mod p .

2 2
The t o t a l  number o f  maps l i s t e d  above i s  (p  -  1 ) (q  -  1) :

(p  -  l ) ( q  -  l ) 2 f o r  0 ,  (p -  l ) ( q  -  1) f o r  m2 , (p  -  1) (q  -  1) f o r

2
m3 , 2 p (p  -  1) (q -  1) f o r  1 and p ( p  -  1) (q -  1) f o r  a  .

T h e r e f o r e  we hav e  l i s t e d  a l l  o f  them. C l e r a l y  m i s  d i s t i n g u i s h e d

[oi 'f ro m  a l l  t h e  o t h e r  e l e m e n t s  o f  by bhe se c o n d  and t h i r d  l i n e ,

p r o v i n g  th e  th e o re m  i n  t h i s  c a s e .

The c l a s s  E . L e t  m € E . L e t  p , q  and r  be d i s t i n c t  p r im e s

w h ich  d i v i d e  m ,m0 and m r e s p e c t i v e l y .  By Lemmas 4 . 2  and 4 .3  i f1 A 3

m i s  G - e q u i v a l e n t  t o  _m th e n  p , q  and  r  a l s o  d i v i d e  m^>ro2 

m , i n  some o r d e r ,  r e s p e c t i v e l y .  F i r s t  we lo o k  a t  t h e  maps o n to  Z%j P4

and show t h a t  t h e  m. w h ich  i s  d i v i s i b l e  by r  m ust e q u a l  m„ .i  o

The e x a c t  same p r o c e s s  w orks  f o r  maps o n to  Z and Z p r o v in gp r  q r

t h a t  m^,m2 m3 mus4 be m^,m2 and m^ i n  some o r d e r ,  w h ich

i s  j u s t  w hat i s  r e q u i r e d .

F o r  a l l  maps i|r o n to  x ^  i s  u n iq u e ly  d e t e r m in e d ,  once

x I  and x0 |̂f h av e  been  c h o s e n ,  by t h e  e q u a t i o n s  
X  ^

mi(X i« 0  + ltigCXg'lr) = 0 mod q and m2 ( x 2 ^) + m3 (x 3 i|f) = 0 mod p .

By Theorem 4 .1  \ ( t )  i s

mg i f  x ^  = q , .  . . , ( p  -  1) q , Xgj = p , . . .  , (q -  l ) p ,  x ^  = 0 .



By Theorem 4 .4  (C ase 1) \(t|f) i s

1 i f  x^ilf = 0 mod q ,  x , ^  4= 0 mod p and q ,  x ^  = q , . . . , ( p  -  l ) q

By Theorem 4 .4  (C ase  1 ) ,  t h e  r o l e s  o f  p  and q i n t e r c h a n g e d )

X(ijt) i s

1 i f  x i|f 4= 0 mod p and q ,  x = 0 mod p ,  x  ^ = p , . . . , (q -  l ) p1 a  u

By Theorem 4 .4  (C ase  2) \(ty) i s

1 i f  x , f  t  0 mod q ,  x„ty 4= 0 mod p ,  x i|f 4= 0 mod p and q .1 A U

2 2The t o t a l  number o f  maps l i s t e d  above i s  (p -  1 ) (q  -  1) :

(p  -  l ) ( q  -  1) f o r  m1 and p ( p  -  1) (q  -  1) + q (p  -  1) (q -  1) +

(p q  -  p ) ( p q  -  q) f o r  1 . T h e r e f o r e  we h av e  l i s t e d  a l l  o f  them . 

The r e q u i r e d  r e s u l t  f o l l o w s  from  t h e  f i r s t  l i n e .
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