
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI 

films the text directly from the original or copy submitted. Thus, some 

thesis and dissertation copies are in typewriter free, while others may be 

from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in reduced 

form at the back of the book.

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 6” x 9” black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly to 

order.

UMI
A Bell & Howell Information Company 

300 North Zeeb Road, Ann Arbor MI 48106-1346 USA 
313/761-4700 800/521-0600

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The Arithmetic and Geometry of Bianchi Groups

by

Wei-Chen Yao

A dissertation submitted to the Graduate Faculty in Mathematics in partial 
fulfillment of the requirements for the degree of Doctor of Philosophy, The 
City University of New York

1997

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 9732988

Copyright 1997 by Yao, Wei-Chen
All rights reserved.

UMI Microform 9732988 
Copyright 1997, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized 
copying under Title 17, United States Code.

UMI
300 North Zeeb Road 
Ann Arbor, MI 48103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



©1997

Wei-Chen Yao

All Rights Reserved

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This manuscript has been read and accepted for the Graduate Faculty in 

Mathematics in satisfaction of the dissertation requirement for the degree of 

Doctor of Philosophy. ^

H ( I  & / f  7 ________________________C ^ o J i A c n  J '

Date ^  Chair of Examining Committee

Date Executive Officer

(2 ^ U ^  f
Professor Carlos J. Moreno

Prof^§qr Raymond Hoobler

JkJtLU? 
Professor Ttavi jvufkami

Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



iv

Acknowledgments

I would like to express my greatest appreciation to my adviser, Professor 

Carlos Moreno, for his assistance in this thesis and guidance in Mathematics. 

I would also like to thank Professor Raymond Hoobler and Professor Ravi 

Kulkarni for their comments about this thesis. Moreover, many thanks to 

my family and friends for their support.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Contents

Acknowledgm ents iv

Introduction 1

1 Fundam ental Dom ains o f Bianchi Groups 8

1.1 Introduction................................................................................... 8

1.2 Fundamental Domain(Geometric A sp ec ts ) ..............................  9

1.3 Fundamental Domain(Arithmetic A spects).................................. 13

1.4 Swan’s A lgorithm ............................................................................. 24

2 Binary H erm itian Forms and Binary Quadratic Forms 29

2.1 Introduction...................................................................................... 29

2.2 Binary Hermitian F o rm s .................................................................31

2.3 Binary Quadratic(Dirichlet) F o rm s .............................................. 35

3 Poincare’s Polyhedron Theorem  and Swan’s Theorem  41

3.1 Hyperbolic 3-space and Polyhedra.................................................42

3.2 Poincare’s Polyhedron T heo rem ....................................................43

v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.3 Swan’s Theorem.................................................................................45

3.4 Elliptic E lem en ts ..............................................................................50

3.5 Poincare’s Theorem for Bianchi G roups.........................................53

4 Bloch Group and Dilogarithm s 56

4.1 Introduction.......................................................................................56

4.2 Basic D efin itions..............................................................................57

4.3 The Known R esults...........................................................................62

4.4 The New R e s u lts ..............................................................................67

4.5 Conclusion.......................................................................................... 73

Table of Sym bols 75

References 77

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Introduction

In this thesis, we discuss the arithmetic and geometric properties of Bianchi 

groups. These groups appeared first in the work of Dirichlet on quadratic 

forms with complex coefficients and in the work of Hermite on what we 

now call binary Hermitian forms. The first example of a Bianchi group was 

explicitly introduced and studied by Picard: it is the group of 2 x 2 invertible 

matrices with entries in the ring of Gaussian integers. Replacing the Gaussian 

integers by the ring of integers in an imaginary quadratic field, we obtain the 

standard Bianchi groups.

Poincare, in his study of non-Euclidean geometry in dimension three, made a 

beautiful and important discovery concerning the group theoretic properties 

of discrete subgroups of PSL,2 (C), e.g., their presentations, and the geo­

metric structure of their fundamental domains in hyperbolic upper 3-space. 

Following up on these ideas, Bianchi initiated at the end of the nineteenth 

century the arithmetic and geometric study of general Bianchi groups and 

the explicit description of their fundamental domains with a view towards

1
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describing generators and relations. Early in this century Humbert studied 

further the ideas of Bianchi and made important arithmetic contributions to 

the subject, e.g., the calculation of the volume as a value of an L-function.

After Humbert, very little attention was paid to Bianchi groups until they 

reappeared as important objects in the work of Bass, Serre, and Milnor on 

the congruence subgroup problem. The first in-depth study of Bianchi groups 

was carried out by Swan [Swl] and Woodruff [W] in late sixties. Swan gave a 

general algorithm to determine fundamental domains for the Bianchi groups 

and to describe the generators and relations for these groups. From Swan’s 

description, the fundamental domain in the hyperbolic model of 3-space is 

bounded by four vertical planes and by finitely many geodesic hemispheres 

centered on the complex plane.

Throughout this thesis, we let K  =  Q (\/—d) be an imaginary quadratic 

field, O be its ring of integers, and dx  be the discriminant of K. We have

, _  f —Ad d =  1 or 2 mod 4
K ~~ \  — d d =  3 mod 4

The following are the contents of this thesis. In chapter 1, we follow the

ideas of Bianchi, Humbert, and Swan to construct a specific fundamental 

domain of Bianchi group and give an improved bound for Swan’s algorithm. 

Throughout this thesis, we make the convention that the fundamental domain 

refers to the fundamental domain constructed in chapter 1.
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T heorem  A . I f  a geodesic hemisphere S  meets the fundamental domain, 

then the radius of S  is greater than Cd~3-5 where C is an absolute constant.

R em arks, (a). In Swan’s paper, Swan has a bound C'd~4 S for the radius 

of geodesic hemispheres where C' is an absolute constant.

(b). Theorem A implies that the computational complexity of Swan’s algo­

rithm is a polynomial in d. Riley[R] developed a program called ” Poincare 

File” to calculate fundamental domains and presentations of Bianchi groups. 

Riley derived presentations for Bianchi groups with d up to 99.

(c). In Riley’s examples, there are several fundamental domains of Bianchi 

groups that can not be determined(e.g. d =  33, dx  =  132). On the basis of 

these examples, we believe the bound we obtained in Theorem A for Swan’s 

algorithm is best possible, but this requires an argument which is not worked 

out in this thesis.

The method used in the proof of Theorem A is based on a complicated 

diophantine property which relates singular points (cusps) and the ideal class 

groups of K.

The results of chapter 1 have applications in the following three areas:

1 . R eduction  th eo ry  of b inary  H erm itian  forms.
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Let

F (X, Y)  =  A X X  +  B X Y  +  B X Y  + C Y Y

be a positive definite Hermitian form (i.e. A, C are positive rational integers,

B  is integer in K  and B  is the conjugate of B. The discriminant D = 

AC — B B  > 0.). Two forms F,F ' are called equivalent if there exists <r

T heorem  B . For any fixed discriminant D, there are at most a finite num-

depending only on D.

This theorem is proved in chapter 2.

2. R eduction  th eo ry  of b in ary  quadratic form s.

Let f { x , y ) =  ax2 + 2bxy + cy2 be a binary quadratic form over <9(i.e. 

a, 6, c 6  (3)and let D = b2 — ac be its discriminant. Two forms / ,  f  are called 

equivalent if there exists a — 6 SLi(O) such that f ( a x  + 0y, *yx +

€ S L 2(0)  such that <r • F (X ,Y ) = F (aX  +  (3Y,~(X + 5Y) =

F \X ,Y ) .

ber of non-equivalent binary Hermitian forms. In fact, the number of non­

equivalent binary Hermitian forms is less than Cd10'5 where C is a constant

5y) =  f '{x ,y ) .
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T heorem  C. For any fixed discriminant D, there are at most a finite number 

of non-equivalent binary quadratic forms over the ring of integers of K . In 

fact, the number of non-equivalent binary quadratic forms is less than C'd10 5 

where C' is a constant depending only on D.

Dirichlet described the relation between the set of non-equivalent binary 

quadratic forms and the ideal class groups of quadratic extensions of the 

Gauss field. J. Hurwitz and G.B. Mathews generalized the notion of contin­

ued fractions to the Gauss field in order to find the fundamental unit of the 

quadratic extension. We generalize the idea of Dirichlet and Mathews to any 

imaginary quadratic field with class number 1. This method is described in 

chapter 2.

The complexity of calculating a reduced set of binary Hermitian forms 

and binary quadratic forms is determined by the inequalities that define a 

fundamental domain for a Bianchi group. Conversely, for a fixed imaginary 

field, the determination of all reduced Hermitian forms for ail discriminants 

is equivalent to the determination of the fundamental domain for the Bianchi 

group.

3. D ilogarithm  and B loch groups.

Following Thurston’s idea, we can triangulate the fundamental domain as
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union of tetrahedra. The volume of the fundamental domain of Bianchi group 

P S L ^ O ) is equal to ]Cn,-.D2(2t) where D2 is the Bloch-Wigner Dilogarithm 

function and zt- € C. From this operation, we get an element a =  £ n ,[2,] € 

T(C) (the pre-Bloch group). We have the following questions:

(1) Is a 6  B (C )(the Bloch group)?

(2) Let F  be a finite extension of an imaginary quadratic field K, and suppose 

£n,-[z,-] 6  B(F)  has infinite order. Is there any map <j>: B(F) —* B(K)  such 

that 0C £n« [■*«]) has infinite order?

The above questions arise from Borel’s theorem and Lichtenbaum’s Con­

jecture. From Borel’s theorem, we have rank(B(F)) = r2 where F  is an alge­

braic number field and r2 is the number of complex archimedean valuations. 

In particular, if F  is an imaginary quadratic field, then rank( B(F)) = 1. 

We can state Lichtenbaum’s conjecture as follows: let K  be an imaginary 

quadratic field and let O be its ring of integers. We have

-  ' S ) u 2 ’x ) ’

where 6 is a generator of B (K ), dn is the discriminant of K , and x  is the 

character corresponding to K .  If the answer of the above questions are 

positive, we obtain an element a in B(K)  for any given imaginary quadratic 

field K ( i.e. a =  rb for some integer r). If a turns out to be a generator 

of B(K), then Lichtenbaum’s conjecture gives a method for calculating the
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order of # K i( 0 ) .  As, yet we are unable to get b from rb.
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Chapter 1 

Fundamental Dom ains of  
Bianchi Groups

1.1 Introduction

In this chapter, we discuss the fundamental domains of Bianchi groups and 

an algorithm developed by Swan for their constructions. For this algorithm, 

we estimate the computational complexity and give an improved bound.

Let K  =  Q (\Z —d) be an imaginary quadratic field where d is a positive 

square-free integer, O be the ring of integers of K, and cfor be the discriminant 

of K .  Since the Gauss field and the Eisenstein field had been studied by 

Picard, Klein, and Bianchi very clearly, we assume d > 5 in this thesis. Let H 

be the upper space of C x R  (i.e. the set {(2,C) I z € C,C > 0}). The Mobius 

transformation on H  is the Poincare extension of Mobius transformation on 

C (i.e. (T-P = (a P + fi i jP + S ) -1 where P = {z,(),<r =  j “  ^  j € SL2(C). 

Here we have written P  =  x +  iy as a pure quaternion.) We can identify

8
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H  with the homogeneous space SU2 {C)\SIs2 (C).

1.2 Fundam ental D om ain(G eom etric A spects)

We recall some elementary and well known results from the literature which 

will be used constantly in this thesis.

Lemma 1.1. /ftr =  |  °  ^ ^ SLi(C), ^ en ac^ on of a on H  is

given by <r(z,() = (z',C) where

c
C' =

\7 Z + 5\2 + C \ l \2

, _  (7z +  8)(az + (3) + C27 Q
2 Yfz +  6\2 +  C2ItI2

Proof. Since a • P =  (a P  +  f l)( iP  +  <£)-1, we can write

cr • P  = (a(* +  jQ  +

It is easy to see that

( , n  _  A j z  + 8){az + (3) + f i a  C_______ *
 ̂ 1 |7Z + <J|2 +  C2|7 |2 ’ |7Z +  <J|2 +  C2|7 |2 -̂

Lemma 1.2. The Riemannian metric ds2 =  (,~2{dx2 + dy2 +  d£2) on H, 

where z = x +  iy, is invariant under the action of SL2(C).
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Proof. S L 2{C) is generated by <xx =  |  J j j , a2 =  j J q1 }» ^ =

{  0 a”1 } '  B y  L em m a ^  we h ave 0-1 ‘ ( * » 0  =  (2 +  *iC)»^2 • (* ,C ) =  

N^+c?)’ a3 * (*»C) =  ( i z>l^-|C)- It is sufficient to check that

ds2 is invariant under these three transformations. For instance, we verify 

that d(<ri • s )2 =  C- 2(d |2 +  t |2 +  d(2) =  £~2(dx2 -f dy2 + d£2) =  ds2 since t 

is a constant. We also see that d(a2 • s )2 =  fel-̂ -1- ( +  

(El*K*)*) =  ds2 ^  d(cr3 • s )2 =  |a|2C~2|^p ( ^ 2 +  dy2 + d£2) =  ds2.

The group PSL2(C ) =  SL2{C )/{± I}  is the group of all orientation pre­

serving isometries for the hyperbolic metric. We describe the elements of 

PSL2(C ) by matrices a  =  |  ^  ^ |  € SL2(C) identifying cr and —a.Every 

discrete subgroup T 6  PSL2(C) acts discontinuously on H . In this thesis, 

we concern ourselves mainly with the Bianchi groups P S L 2{0).

Definition. Let T be a discrete subgroup of PSL2(C). A fundamental do­

main T> for  T is an open subset of H  satisfying the following conditions.

(1) For every P  € H, there is a a 6  T with a  • P € V.

(2) The members of {a • T>: a € T} are mutually disjoint.

Let {l,to} be a basis for O as a Z-module and write w =  w\ + iw2. 

Let F  be the set of all z =  x  + iy with —w2{2 < y < w2/2  and —1/2 < 

x < 1/2. If x̂, A 6 0 ,(p ,  A) =  0 , let S^x  be the hemisphere in H given by 

|pz +  A|2 +  |/x|2C2 =  1- Let B be the set of points in H which lie above or on
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all S„,A (i.e. B =  {(2 ,0  6  H : | ^  + A|2 +  H 2C2 > 1 for all (/x, A) =  O}). We 

now introduce the fundamental domains of Bianchi groups. The structure 

of the fundamental domain was indicated by Bianchi and studied in greater 

detail by Swan.

Proposition 1.3. The set V  =  {(2, Q : z 6 F }n B  is a fundamental domain 

of the Bianchi group PSL,2(0).

Rem ark, (a) Here, we abuse of language of fundamental domain, since in 

the last proposition we should say the closure of the fundamental domain, 

(b) Throughout this thesis, we make the convention that the fundamental 

domain refers to V.

Before we prove Proposition 1.3, we need the following Lemmas.

Lemma 1.4. A point (2, ( ) 6 H  lies in B if  and only if for every a  € SL,2{0) 

we have a • (2, £) = (2', CO with £' < (.

Proof. Let (2 , 0  6 B and a  =  j ^  ^ |  6  SLiiO). By Lemma 1.1, we 

can write C ' =  1̂ 1̂ • Since (2, C) 6  B, I72 +  <f|2 +  C2|t I2 >  1- We have

C ' < C

Suppose < ( for all cr =  j ^   ̂ j 6  S L i(0 ) ,  then |tz + £ |2+C2|7 |2 > 1 

for all (7 , <S) =  O. We have (2 ,0  € B.
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Lemma 1.5. Let a  = |  ^ A }  ^ S L ^ O )  with /z ^  0. Then B fl a 1B =

6 n 5 ,>.A*

P roof. Let (z, £) G B H a~lB and (z', (,') =  <x • (z, 0 -  By Lemma 1.4, we 

have ( ' = (. So we have |/zz +  A|2 +  C2H 2 =  1 (i-e* (2>C) € £,».*)•

P ro o f of P roposition  1.3. First, let P = (z , £) be any point on H, and note 

that \fiP +  A|2 is a positive definite Hermitian form for /z, A € O, (fi, A) =  O. 

There are /z, A such that |fiP +  A|2 is a minimum (i.e. |fxz +  A|2 +  |/z|2C2 is 

a minimum), hence there is a <7 =  |  ^  ^  ^ such that (z',C') =

a - (z, C) with £' maximum. By Lemma 1.4, (z',C) € B. Let s G O be such 

that z' — s =  z” G F a n d r = |  J ~ S  J .  We have T  • (z', C') =  (z”, C) € V. 

From the above argument, it follows that for every point (z, C) in H, we can 

find an element cr G SL 2 P )  such that a  • (z, £) 6 V.

Now we claim, aB  =  B if and only i f « r G^  =  {^ ^  £ j  ^  S ^ i O ) }  and if 

a $ , then intB fl <7 • intB = 0.

We can easily see that if a  G $ , then a =  j  ^  ̂ |  or |  ^ |  for some

s G O. So, <r • 5> , a  =  S^x+tn only permutes the equations defining B. If 

(7 =  j / z  A } ^ t’̂ien ^  ^  ff~l B = Br\ S,t,x by Lemma 1.5. This lies on 

the boundary of B.

From the above argument , we can say "D is a fundamental domain of the 

Bianchi group.
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1.3 Fundam ental D om ain(A rithm etic A spects)

In this section, we study some properties of P S L i(0 )  which depend heavily 

on the arithmetic of the ring O.

D efinition. We call s 6 C a singular point of the fundamental domain if 

we cannot find p, A € O with (p, A) =  O and | ps — A |<  1 (i.e. there is no 

Sp,x such that s is lower than S^x).

D efinition. Let A  be any ideal of O. We say an element 0  G A  is minimal 

if \0\ is minimal among all |a | for a  6  A, a  0.

Proposition 1.6. Let Ao =  O, A i,  • • • ,A x- i  represent the h ideal classes 

of K . For each i =  1, • • •, h -  1, write A i  =  (/?, a) in all possible ways with 

0 minimal in Ai. The singular points are of the form a /0 .  In this way we 

get all possible singular points.

Proof. If z € C \ K ,  then there are infinitely many A,p  € O with (A,p) = O 

such that

i Ai ^  c
z V ~  H 2

where c is a constant only depending on K  [Swl]. So, z is not a singular 

point.

Suppose now s 6  K. Write s = a /0  with a ,0  6 O. Let A  = {a,0). If 

(7 , 6) = A , then there are p, \  £ O with (A, p) =  O such that pa — A/? =  7
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(see Lemma 1.16). Therefore |/is — A| =  |t|/|/? |- If \@\ is not minimal, then 

s is not a singular point.

If {a, (3) =  A o , then |/3j| — a | =  0 < 1. So, |  is not a singular point. 

Let (0 ,a)  =  A i for i > 0. If (/*, A) = O, then | / i |  -  A| =  > 1.

Because fia — X/? € -4,- and 0  is minimal. Note that fia — X0 ^  0(otherwise 

a = t \ , 0  = tfi for some t € K. Then Ai = tO, a contradiction.).

Now we check the uniqueness. Suppose |  =  j ,  (/?, a) =  .4,-, (5,7 ) = .4, 

with i , j  ^  0 and 0 ,8  minimal in Ai, Aj respectively, then there is t € K  

such that 7 =  ta ,8  = t0. Therefore Ai =  tAj. We have i =  j  and t is a 

unit. Since we only consider d > 5 , t  = ± 1.

For enumerating all singular points, we state the following well-known 

theorem about the representatives of ideal classes. Let O = Z + Zw.

Definition. Let I  be the set of all pairs (q, a) with q, a 6 Z, q > 0, — q/2 < 

a <  9 /2 ,92 < N(a+w) and q \ N(a+w). For(q,a) E I, let A q,a =  (?5 a + w).

T heorem  1.7. (1) Every ideal class is represented by some A q,a for (q, a) € I  

and the ideal class group is in one-to-one correspondence with the -4?,a, except 

for the identification A q,a «  -4 ?t4 which occurs if  q2 =  N(a + w ) and b = —a 

for d = 1 or 2 mod 4,6 =  1 — a for d =  3 mod 4.

(2) The minimal elements of A q,a are just ±q unless q2 = N(a + w) when 

they are ±q and ± (a  -f w). In fact, A q,a =  Zq +  Z(a + w) as a Z module.
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Rem ark. Theorem 1.7 states the connection between the ideal classes of a 

quadratic field K  and a set of reduced binary quadratic forms of discriminant 

djc. The calculation of ideal classes based on this relation can be found in 

[He §53].

Corollary 1.8. A complete set of singular points of K  is given by the set of 

all p(a +  w)/q + 7 , where (q, a) 6  I ,  q ^  1,7 € O, and p runs over a set of 

representatives, modulo q of the integers(in Z) relatively prime to q.

Proof. By (2) of Theorem 1.7, ±q, ±(a  +  10) are the only minimal element 

of A 1ia. The singular points are of the form (~^ y for some a €

From Theorem 1.7, we can write a  =  xq + y(a +  10) where x ,y  6  Z. For 

the first form, we have p(a+w) + x + y'(a + w). In the second form, we have

v + i ^  =  » +  HiP a =  s ' +  * '(“ +  “ ) +  E!2±!d-

We now check that the points obtained are all distinct mod O. Suppose 

Ei£±ifd, E ^± "l are two points. If + x  +  yw, x, y 6  Z, then

£  = q mod 1. Since (p, q) = 1 =  (p7, q'), we have cf =  q and p' =  p mod q. 

Also ^  mod 1 imply that p'a' =  pa mod q or pa' =  pa mod q. But 

(p, q) = 1, we have a' =  a mod q{i.e. a' =  a,p' =  p).
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Lemma 1.9. (1) I f  s E C is not a singular point, there is a neighborhood U 

of s and e > 0 so that every (z , £) € B with z  E U has £ > e.

(2) I f  s E  C is a singular point, there is neighborhood U of s and e > 0 

so that every (z , () E B with z E  U has £ > e | z — s |x/2.

Proof. We follow Swan’s method, except for part (2) we use the form of 

singular points as given in Corollary 1.8 to get a better bound.

(1) Choose p, A E O so \ps — A| < 1 and (p, A) =  O. Let U be a 

neighborhood of s and let 0 <  6 < 1 so that for z 6  U we have \pz — A| <8. 

Since all points of B satisfy \pz — A|2 + \p\2£2 > 1 we can take e = |/z[—1 (1 — 

02)1/2.

(2) Suppose now s = j| is singular. Let l,u; be a basis for O. Then 

we have \ps — A| =  1 and (/z, A) = O for p  =  /?2,A = a(3 ±  1 and for 

p =  tw/?2,A =  toa(3 ±  1. The two circles |(32z — a/3 ±  1| =  1 pass through 

z — s and are tangent along the line 9£(/?2z — ct0) =  0. The two circles 

\w02z — wa/3 ±  1| =  1 also pass through z = s and are tangent along the 

line 3£(to(32z — wa/3) =  0. Since the lines axe distinct, each of the first pair 

of circles overlaps each of the second pair. Therefore a neighborhood of s 

may be divided into 4 parts each lying inside one of circles and bounded by 

two secants passing through s (Figure 1.1 and Figure 1.2). We consider the 

following two cases.

(i) For d =  1 or 2 mod 4, w =  \f^-d. By Corollary 3.4, we can write
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Figure 1.1: d =  1 or 2 mod 4

Figure 1.2: d — 3 mod 4

s = rfa+w). The four circles have the equations

. p q a ±  1.2 . p V d . 7 1 , , p a .7 p q d ± \ . 7 1
) ! +  (V -  V > ! =  ^  aad (x -  ^ ) :! +  (y -  i 5 _ y >  =  _

(ii) For d =  3 mod 4, ty =  j ( —1 +  \f-~d)- As in (i), we can write s 

P(a+Wl . The four circles have the equations

, _  2 p q a - p q ± 2 2̂ 
( 2q* >2+ fo -^ > 2 = ^

and

_ (1 +  d)pq(2a -  1) y  4 2 _  [(1 +  d)P<? ?  4]y% 2   4
1 2q2(l +  d) ’ KV '  ' M f i .2q2( l  +  d) q4(l + d)
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For each of these circles, choose coordinates in the z plane so that the 

circle has the equation (x — r)2 +  y2 =  r2, the point s having the coordinate 

(0,0). The secants will have equations y =  m ix  and y =  m2x. Let M  = 

max{|mi|, |ro2|}. The inequality |fiz — A|2 +  |/x|2C2 >  1 becomes £2 > 2rx — 

x2 — y2. So, ( 2 > 2rx — x2 — M 2x2 > c2(x2 +  y2)1̂ 2 =  e2|z| for |i |  very small, 

since |y| < M\x\ axe satisfied by the points between the two secants.

For d =  1 or 2 mod 4, we put

then € = l/q (l  + d)3̂ 4.

For d =  3 mod 4, we put

U =  {z € C\\z -  s\ < 92(rf2 +  10(/ +  9)}’ 

then t  =  y/2/qd1̂ 4(d2 + lOd +  9)1/4.

R em ark . The idea of the proof of Lemma 1.9 is to pick spheres that pass 

through singular points. This choice of spheres is the best possible we can 

make.

In addition to the four vertical planes which enclose the fundamental 

domain V , the lower boundary is covered by a finite number of geodesic 

hemispheres 5m,a - This is the content the following result which in addition 

provides an estimate for the number of the spheres.
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T heorem  1 .10 . There are only finitely many fi, A € O with (/z, A) =  O such 

that V  fl SMia ^  0-

Proof. (1) For a given /z, V n S^\  =  0 unless the distance from ^ to F  < 

Therefore if d is the diameter of F , V d S ^ x  = 0 unless |£j <  It is easy

to get d =  yjl  +  dfc/i. Hence there are only finite number of A satisfying 

this.

(2) Let Si, • • •, sn be the singular points in F. Let t/,-, ef- satisfying (2) of
2

Lemma 1.7. Let e =  mine,- and Vi = {z : \z — s,| < ^ } .

(a) Since F \  UK compact, Lemma 1.7 (1) implies that there is rj > 0 

such that (z, C) 6 V, z 6  F \  U V: then (  > 77. If |/z| > 77“ *, then the highest 

point of Sp'X has C =  ĵ f < *7 *•

(b) Suppose 2 6 V{. Then £ > e|z — s,-|x/2. If (2, £) € S^.a, then 12 + ^ |2 +  

C2 =  1̂ 5-. Therefore 12 +  £ |2 + e2|2 -  s, | < jfa. In particular, 12 +  £ |2 < 

Since s,- is a singular point, |/zs,- +  A| > l(i.e. |s,- +  >  j^)- But |st- +  <

\z +  +  \z — s,|, and we have

]—rj < (\z + ~ | +  \z ~  -s.l)2 =  \z +  ~ |2 +  2|2 — s ,||2  +  —| + |2 — s , |2 
1̂ 1 P V- A*

<  j“ j2 ~  e2|z ~  -s.l +  2|2 -  Sf||~y +  |« -  5,12

or

0  <  - £ 2 |2  -  Si\  +  2 r —r |2  -  S , |  +  12  -  S t | 2 .
M

1The effective estimate of t) will be obtained in Theorem 1.17.
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So |z  — 5t | ^  0 and 0 <  — e2 +  2 ^  +  |z  — s , | .  Since z  €  V*, \z — s«| <  y -  

Therefore |/r| < 4c-2.

From (a) and (b), there are only finitely many choices for y. 2.

Theorem  1.11. The fundamental domain is symmetric about x ,y  axis.

Proof. Let ( z , £ )  he a point in the fundamental domain.

(a) If (z, £) is not in the fundamental domain then there is a hemisphere 

such that (z , £) is lower than the sphere(i.e. | z  +  ^ |2 + C 2 <  [“ j?)- So

we have the inequality, | z  +  ~ |2 + C 2 < (i-e- C) >s lower than the

hemisphere S - j ) .  This contradicts our assumption, hence the fundamental 

domain is symmetric about x-axis.

(b) If (—2, Q  is not in the fundamental domain then there is a hemisphere 

a such that ( —z, C)  is lower the sphere (i.e. | z  — £ |2 + £ 2 < j^ -) . So we

can say that (z , £) is lower than S-^.a- This contradicts our assumption, and 

the fundamental domain is symmetric about the line {(x, y, z)\x =  y =  0}. 

From (a) and (b) we can say that the fundamental domain is symmetric 

about y-axis.

By Theorem 1.11, we only need to consider  ̂of the fundamental domain 

instead of the whole domain.

Before we begin to sketch Swan’s algorithm. We will review methods

2This estimate will be given in part (c) of Swan’s algorithm.
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used by Woodruff in his thesis [W]. Let h be the class number of K  and let 

Ai  =  (7 ,-, £,), i = / , • • • ,  h, be a set of representatives for these classes where 

we may assume that 71 =  0 and Si =  1. Let a t- and /?,• be chosen from K  so 

that 07 =  |  ^  |  ,det(<Ti) = 1, with a\ =  I2. Let L  =  U«r,• • SL2{0 ).

L em m a 1 .12 . I f  p and A are integers ofO  with (p , A) ^  (0,0), then there is

a transformation <tq in L such that (Tq =  I a ° 1 , Mo = np , Ao =  nA, |n| <
( M o  ^0  J

q where the constant q depends only on K.

Proof. The ideal (p., A) is equivalent to Ai for some i. Thus there are 

two non-zero integers n l 5n2 in K  such that (ni)(p, A) =  (n2)(7;, £,). Hence 

N (n i)N (p , \)  =  N(n 2 )N(Ai). So we have

o m = i m l  < m A A
N(n2) N(p, A) -

Let q =  max N(Ai), we have | jji |<  N(Ai) < q. By Lemma 1.16, there is a 

transformation 0  =  |  ^  ^ |  G 5 ^ ( 0 )  such that

{nip.nxA) =  <r- (n27,-,n2̂ )

=  an 27,• +  7n2£,- 
tijA =  /?n27,- +  £n2£,-

Let <To =  <7,<7 so that we have

Mo =  0 7 . ' +  7<*i 
Ao =  /?7 t +

Let 7i =  s l, we note that po =  np, Aq =  nA where |n| < q.
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Lemma 1.13. To each (2, C) in H, there is a pair of integers (p, A) ^ (0,0) 

in K  for which the inequality

holds.

Proof. Let {l,io} be a basis for O. We write p =  pi +  p 2 iv, A =  pz +  Paw 

where pi are rational integers. Then <j>(p\,p2 ,P3 ,PA) =  \p \2 C2 +  +  -M2 =

M 2(M2 +  C2) +  P^z + Xpz + I'M2 is a positive definite quadratic form in pi. 

Let a ,j be the coefficient of piPj and let A  be the corresponding matrix of 

this quadratic form (i.e. A  =  (6,j) , =  a,-,,- and 6,-j =  a ,j/2  for i ^  j.). In

particular, we can write

P2 0 x y/dy
0 dp2 —y/dy dx ■ for d = 1 or 2 mod 4,
X - v d y  I 0

y/dy dx 0 d d

P2 P2/* X (x +  y/dy) /2
P2/  2 p2 ( l+ d )/4  (x — y/dy/I x(l +  d)f 4

X (x -  \/dy ) /2 1 1/2
+ y/dy) / 2 x ( l+ d ) /4 1/2 ( 1  + < 0 / 4

for d =  3 mod 4 where z = x + iy and p2 = x 2 + y 2 + £2. It is easy to see 

that det{A) =

The theorem of Korkine and Zolotareff ([K-Z], page 583) can be stated as 

follows: Let 4>(xi,X2 ,xz,Xa) =  £  ai,jxixj be a positive definite quadratic form
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with the corresponding matrix A where xt- are integers. There are n \ , n2, ^3,714

such that 4>{nx,n2 ,n 3 ,n 4 ) < y4det(A).

From this theorem, we can find pi such that <f>(p 1 , p i , p . 4 ) <  fed e t(A ). 

In the other word, we can find p, A such that

0 < \fi\2 C2 +  If1 2  +  ^ |2 ^ v /2  •

R em ark. In Woodruff’s paper, the inequality is

0 < \p\2?  +  |pz +  A|2 <
v /2  ‘

Note that we have reduced the exponent of da to 1/2.

P roposition  1.14. For each (z,£) 6  H, there is a a 6 L such that {z',C) =

a • (z,£) with C > \ / 2 /(q2 xJ\dh-\) where q =  max{^/N orm (A i)}.

Proof. By Lemma 1.13, there is a pair(^, A) such that

| „ | J C2 + 1,,*  +  A |!  <

By Lemma 1.12, there is a cr0  =  { a ° f 0 > € L such that pQ =  np, A0
{ Po -'o J

nA, |n| < q. So, we have the following inequality

C' = ________ £_________> _ _____ L_____ _ >  ^S 1.. nso 1 1.. .  1 \ 10 — -a / x.aiai 1  1 \ m  —M 2C2 + +  A0|2 q2 {\p\2 C2 + \pz + X\2) q*yj\d^\
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1.4 Swan’s A lgorithm

We begin to describe the algorithm for determining the fundamental domain 

for given d. Suppose we are given a set a, =  A,//z,- 6  K  with (^i,A,) =  O, 

i =  1, •••,« . Let 5 (a .) =  SMila, and £ (a i ,- • • ,at„) =  { (* ,0  € H |(2,C) 

lying above or on all 5(a,- +  7 ) for 7 € O}. As in proof of Proposition 1.3, 

we have B(ai, • • • , a*) =  5  for some finite number k. Swan showed that 

B(ai, • • •, a t)  =  B if and only if no vertex of dB(ct\, • ■ ■, a*) can be strictly 

below any S^.x with (/z, A) =  O. [Swl, Proposition 8.4] Hence the only 

question left is to find a bound for |/zt-| and |A, |.

(a) As proof of Theorem 1.10, |A| is bounded for any giving fi.

(b) Let Si, • • •, sn be the singular points in F. By Corollary 1.8, every 

singular point s,- has the form Let

Vi = {z e  C\\z -  s,-| < for d =  1 or 2 (mod 4)

and

H =  {z 6 C||. -  * | < *» i  ■ 3 (mod 4).

By Theorem 10, if SM,\ fl {(z, Q \z € Vi} ^  0 then | n |< 16g2(l +  d) for

d =  1 or 2 (mod 4) and | t̂| < 2q2 y/dP + lOd + 9 for d =  3 (mod 4) where 

q =  max 9,.

We state the following results before we finish the algorithm.
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Lemma 1.15. I f  z is any complex number not in K  and M  is a positive 

integer, there are p, A 6  O such that \pz — A| <  d M ~l with |/z| < AM  where 

A , d  are constants depending only on K .

Proof. Let {l,io} be a basis for O as a  module over Z and P =  {x +  

t/tu|0 < x < 1,0 < y < 1}. Any complex number is congruent, mod O, to a 

number in P. Divide P  into M 2 similar regions Pk by dividing the intervals 

0 < x < 1,0 <  y < 1 into M  parts each. These small Pk have diameter 

d M ~l where d  is the diameter of P. Let p = r + sw where 0 < r, s < M  axe 

integers. There are (M + 1 )2 values of p. We can find two distinct p i,p 2 with 

p iz ,p 2 Z mod O  lying in the same Pk. Let p =  p\ —p 2 , then \pz — \\ < dAT-1 

for some A S O. Also |/z| =  \pi — p 2 \ <  |1 +  w\M.

Lemma 1.16. Let A  = (a,/?) be a fractional ideal of O and let 7 ^  0 € A . 

There are p,X  € O such that pa  +  A/3 =  7 and \p\ < C\j3\ where C is a 

constant depending only on A  and 7 .

Proof. We can assume A  is an integral ideal by replacing A  by tA  for 

some t € O. Since O is a Dedekind domain, we can find 8  € A  such that 

A  =  (7 , 8 ). Let Y , 8 ' 6 A~l be such that 77 ' + 8 8 ' =  1. Let a ', /3' € A~l such 

that aa’ + (3j3' =  1. Let r € O be such that | j  — r | < d where d is a constant 

depending only on K  (as in Lemma 1.15). Replace a ', f.3' by a' — r(3, /?' +  ra , 

we can assume |q'| < d\(3\. Let a =  j a  \  an(  ̂ r  =  j —8 ' 7 ' f ’
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then deta =  detr  =  1 and <tt =  |  ^ SL 2 (0 ). We have

(a,/?)<rr =  (7 , 8 ). Let n = ce'j—(38' and A = P'^f — aS'. We have fia+XP  =  7 

and H < l 7 l l « , l +  W I < ( l 7 | d  +  m ) | / ? | .

Theorem 1.17. I f  (z,Q  is a point in the fundamental domain such that 

(z i C) £ K- /o r oW *» then (  > Cd~3-5 uj/iere C is an absolute constant.

Proof, (i) Let

W i  =  { z  s  C | 2 ^ ( l + J ) 3 / »  2  f o r  d  S  1 0 r  2  ( m o d  4 )

and

Wi = {z e  c i — 7= - = i = =  < b  -  5,1 < o _  A.d ~ }  -= }
1 qfy/dVd2 +  lOd +  9 ~  ' ' q?y/dy/d* + 10d +  9

for d = 3 (mod 4). We can easily see if (2, C) in fundamental domain and

z € Wi then

C -  2qH l+ ^ / 2  for s  1 or 2 (mod 4)

and

C > . r— __=== =  for d = 3 (mod 4).
S “  qfy/dy/tP + lQd + 9

(ii) Let (z, £) be a point in fundamental domain with z ^ Wi U K' for any

i. For z 6  C  \  K , there exist a ,fi E O such that |(3z — a |  <  d M -1 and

/? <  AM for any positive integer M where A =  |1 +  to|. By theorem 1.7, 

we choose «4,- =  (?,, a, + w) as representative of the ideal classes of K  where 

(q<, Oi) 6 I ; furthermore for any -4, , we put the constant Ci =  (<j,d + |o.- +  w|).
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Let q =  max{^;} and C =  max{C,}. For each \ft\ < | q and each nonsingular 

there are p, A 6  0 ,(p ,X )  =  O  such that |pj| — A| =  |^ | < 1 where 

7 =  pa  — A/?(Since ft is not minimal). So we have # ( 7 ) < N(ft) — 1 or 

|^ |2 <  1 — < 1 — g^j. By Lemma 1.16, we can take |/x| <  C\ft\ <  §gC,

therefore we have

,a  A . ,  1 i 7i 2 1 1
l- r  -I <
'/? / x ' - H 8'/?' -  H 2 81 ^ c 2’

Let 0 =  s i^ c?  and 77 =  | ^ .  If (z, C) 6 and z G C/p,* =  {« € C||z -  | |  < 

5}, then £ > 77. As in Lemma 1.9 , we have (ft2, ar/?±l) =  (wft2, tua/?±l) =  0 . 

The spheres |/?2z — aft ±  1|2 + |/? |4C2 =  1 pass through |  and tangent along 

the plane 3fc(/?2z — a/?) =  0. The spheres |io/?2z — waft ±  1|2 +  |u;|2|/?|4C2 =  1 

pass through |  and tangent along the plane %t(wft2z — waft) =  0. Since 

the planes are different, each of the first pair of spheres overlaps each of the 

second pair, we can choose 75, 77' as in (i) and let Upta =  {z : 8  < \z — < p). 

Therefore if (z,C) is in the fundamental domain and z 6 Up>Q, £ > V1- We 

can get easily that p =  0 (d~3̂ 2) and 77' =  0 (d~5/2).

Let e =  min{e,-, p} where e,- is the radius of V  U W,- and U be the union of 

Vi, Wi, U0 ta, and U'̂  a with ft < 3 /2 q. Now choose M  such that C d / M  < 1/4 

and d / M  < t. If z € C \  K  and z £ U. We can find ft, a  6  0  so that 

\ft\ < A M ,\ftz  — q| < d /M  < e. Since ft € O, we have \z — j|| < e. 

Since z £ U , \ft\ > 3/2g. Now find p, A 6  O with (p, A) =  0  such that
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|fia — X0\ =  |7 | < q and |/*| < C |/?| <  CAM . Then

■ a.  . a A . ^ d  q ^
|z "  ^ 1 - | z "  + ^  -  -  \j}\M +  \i% A ~

So, we have

d C _29_ < J _  2 11
A/|/z| +  3q\fi\ -  4|/i| +  3|^| “  12|/x|‘

C2> 1 1 _  121 23
H 2 l/*l2 144|/i|2 144|/z|2

Therefore
c > > v/23

1 2 | / i |  “  1 2 C / 1 M '

We now return to the algorithm.

(c) By Theorem 1.17, if S^x meets the fundamental domain, the radius 

of SMia, jjp must be

> C > Cd~ 3  5 (i.e. M < ^ - ) .

R em arks, (a) In [Swl], the bound obtained in Swan’s algorithm is C'd~ 4 -5 

where C' is a constant.

(b) If K  has class number 1, then L =  SLv{0). By Proposition 1.14, we

have \/i\ < J \d K\/V 2 .
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Chapter 2 

Binary Herm itian Forms and 
Binary Quadratic Forms

2.1 Introduction

Let f ( x , y )  = ax 2 + bxy + cy2 be a binary quadratic form with a, 6, c G 

Z. The reduction theory of binary quadratic forms was studied by many 

mathematicians. In History of the Theory of Numbers, Dickson described 

the development of relations between reduction theory and the fundamental 

domain of PSLi{7,).

”In 1851, Hermite developed his fundamental method of continual reduc­

tion. Closely related to it is the geometrical theory introduced by Smith in 

1876 and applied by him to elliptic modular functions, later simplified by 

Hurwitz in 1894, by Klein in 1890, 1896, and by Humbert in 1916, 1917. 

A like goal was reached by Dedekind in 1877 and Hurwitz in 1881, both by 

means of equivalence of complex numbers.

29
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H. Minkowski proved that if f (x,  y) =  ax2 +  2bxy + cy2 is a positive form 

with 5 =  b2 — ac < 0, a > 0, we can assign integral values not both zero to x 

and y such that f  < 2yJd/Z. The equality sign holds only when f  is equivalent 

to y/S(x2 + xy + y2). He gave a simple geometrical interpretation by means 

of the thickest packing o f circles.” [D]

Hermite first introduced the form F ( X , Y )  =  A |X |2 +  B X Y  + B X Y  + 

C\ Y \2 where A < C G Z and B 6 Z[i] the so-called Hermitian form. Bianchi 

and Humbert generalized Hermite’s idea to study the form F(X,  Y)  = A \X \2+ 

B X Y + B X Y + C \ Y \2 where A < C 6  Z and B  € O, the ring of integers of an 

imaginary quadratic field. They described the relations between fundamen­

tal domains of Bianchi groups and reduced sets of binary Hermitian forms 

and implied that the reduced sets of binary Hermitian forms are decided by 

the fundamental domains of Bianchi groups.

Dirichlet followed Gauss’ method to consider the binary quadratic forms 

f ( x , y )  = ax2 + 2bxy -f cy2 with a, 6, c € Z[i]. Hurwitz, Fricke, and Klein 

described those forms that have geometric meaning similar to the classical 

case.

In this chapter, we discuss the reduction theory of binary Hermitian forms 

and binary quadratic forms with coefficients in the ring of integers of an 

imaginary quadratic field.
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2.2 B inary H erm itian Forms

Throughout this chapter K  =  Q(y/—d) is an imaginary quadratic field where 

d is a positive square free integer and O is the ring of integers of K.  Let

F(X,  Y ) =  A X X  +  B X Y  +  B X Y  + C Y Y

be a positive definite Hermitian form (i.e. A, C are positive rational integers, 

B  is an integer in K  and B  is the conjugate of B. The discriminant D = 

AC — BB  > 0). The form is called a proper primitive form  if (A, C) = 1 

and A , B , B, C have no common real divisor. Two forms F, F' are called 

equivalent if there exists a = |  ^  ^  j € S L ^ O )  such that a ■ F( X, Y )  = 

F{ aX + P Y n X  + 6 Y) = F’{X, Y)  = A ' X X  + B ' X Y + W X Y +  C 'Y Y  where

A' = F(q, 7 ) = Aaa  + B a j  + Borf + C7 7 ,

C' =  F((3,5) = A00  +  B0S +  BPS + CSS,

B' =  Aap + B py  +  BaS  +  C 7 6 .

It follows that

A'C' - B B 1 = (aS -  p~f)(aS -  Pi){AC -  BB) =  D, 

so that the discriminant D is an invariant.

We also have a matrix definition of Hermitian form. We can write

= c }{ y } ’
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and D =  det |  —  ^  j.
For the binary Hermitian form F (X , Y )  =  A X X  +  B X Y + B X Y  + CYY,

let

be its representative point.

B y/D
* - A + i i r e n

Definition. A positive Hermitian form F (X , Y) = A X X  +  B X Y  + B X Y  + 

C Y Y  is called semi-reduced if  Pp lies in the fundamental domain V  of the 

Bianchi group PSLilfD).

R em ark. Following chapter 1, V  is equal to {(*, £)|z G F} fl B. The 

coefficients of the reduced Hermitian form satisfy 2bi < A < C, 262 < A < C 

and some other finite inequalities corresponding to hemispheres on the lower 

boundary of the fundamental domain(e.g. when d =  5, we have |&i| +4|62| < 

A +  C and 5|62| < A  +  C) where B = bi + y/—db2 .

If Pf is the point corresponding to an arbitrary positive Hermitian form 

F(X,  Y)  = A X X  +  B X Y  +  B X Y  +  C Y Y  of discriminant D,  we can find 

°  ~  { 7  ^  ^ such that a-Pp lies inside the fundamental domain.

We can easily check that a' • F(X,  Y)  is a semi-reduced form where a' =
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{ y t } £
T heorem  2.1. For any fixed discriminant D, there are only finitely many 

non-equivalent Hermitian Forms. In fact, the number of non-equivalent bi­

nary Hermitian forms is less than Cd10 '5 where C is a constant depending 

only on D.

Proof. We only need to prove that there are only finitely many semi-reduced 

positive Hermitian forms for fixed discriminant D. Let F ( X , Y ) =  A X X  +  

B X Y + B X Y  A C Y Y  be a semi-reduced Hermitian form; then Pp € C2 x R + 

lies in the fundamental domain. We separate the following three cases :

(a) ( j ,0 )  is a singular point. By Corollary 1.8 , the singular points are of 

the form where (q, a + w) axe representatives of ideal classes of O

and p mod q. We have q \ N(a  +  w) and q2 < a2 + d. We can write that 

A = qr, B  =  p(a + 1o)r, where r  is a positive integer. Since C = is

an integer, we have j4|(| B \2 +D).  (i.e. qr \ p2 r 2 N(a + w) +  D ). Since 

q | N(a +  to), qr | D(i.e. A \ D ).

(b) j  €  Vi = {z 6  C ||2 — s,-1 <  6,} as described in Theorem 1.10 for some i 

where s,- is a singular point and j  ^  st. By Lemma 1.9, we have

D 1 B a + w , A
— r 1 for d s  1 or 2 mod 4’

and

D 2 B a  + w c j  o 1  *—— > n n— ——— — 7-  — ------------ for d = 3 mod 4.
A 2 q2d}/2(cP + lOd +  9)1/2 A q
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It easily follows that

D 1 q B - A ( a  + w) 1 , , ,
^ > ^ 7 ) 3751----- T q ' - A j V T W 1

and

D_ _________2_________  gB -  A(a +  ttf)
AO ^  -OM/OfJO . 1AJ i n\!/5 I A~ I —A 2 q2 d}/2 {d2 +  lOd +  9)1/2 1 Aq A ?dV 2 {d? +  lOd + 9)1/2

for d =  3 mod 4. Hence

A < q3 D{ 1 + d) 3 / 2  for d =  1 or 2 mod 4,

and

A <  q3 Dd1 2̂ (di +  lOd +  9) ^ 2 for d =  3 mod 4.

(c) If f  * V-, then

^5 >  Cd~3 S
A

by Theorem 1.17. Hence
V d <p *

A - — c ~

From the above, we can say that A is bounded. There are only finitely 

many semi-reduced positive Hermitian form.

R em arks, (a) From the proof of Theorem 2.1, we can easily find semi­

reduced Hermitian forms for given discriminant D.

(b) From the proof of Theorem 2 .1, given a discriminant D, the number 

of non-equivalent binary Hermitian forms is less than M D  where M  is a 

constant depending only on K.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

Exam ple. Let K  =  Q (\/—5). Following Theorem 2.1, if F( X , Y )  = 

A X X  + B X Y  + B X Y  +  C Y Y  is a semi-reduced form, we have A  <  Dq( 1 -f 

d ) 3 / 2 where D is the discriminant of F.  Since the representative point Pp lies 

inside of the fundamental domain of PSLii{L[\/—5]), we have the following 

inequalities

X < h < i
2 ~  A -  2 2 ~  A ~ 2

A < C, |6i| +  4[62! ^  A -f- C, 5(62! ^  A -f- C

where B = 61 +  >/—5^2-

For D = 6, we have the set of semi-reduced Hermitian forms as follows:

(l,0 ,6 ),(2 ,0 ,3 ),(2 ,± l± u> ,6 ),

(3, ±1 ±  w, 4), (5, ±2 ±  2io, 6), (6, ±3 ±  3u>, 10),

(12, ±5 ±  5w, 13), (15, ±7 ±  Iw, 20)

where w =  y/—b and we represent the reduced form F ( X , Y )  =  A X X  + 

B X Y  + B X Y  +  C Y Y  as (A , £ , C).

2.3 B inary Q uadratic(D irichlet) Form s

Let /(x , y ) =  ax2+26xy +  cy2 be a binary quadratic form over 0 { i.e. a, 6, c 6 

O). Two forms / , / '  are called equivalent if there exists <7 =  |   ̂  ̂ j 6 

SL,2 {0 ) such that f ( ax  + Py,yx + 8 y) = f ' (x,y) .  As above, the discriminant
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D =  b2 — ac is an invariant. For any binary quadratic form, let

b ,y/\D\
= T + J - V l -Qf = -  + i  u  G Ha |a|

be its representative point.

Definition. A binary Dirichlet form f ( x , y )  =  ax2 +  26xy +  cy2 is called re­

duced i fQj  lies in the fundamental domain D of the Bianchi group PSL,2 (0 ).

R e m a rk . As above, the fundamental dom ain provides several inequalities, 

including the following obvious ones :

s < R > 4 a0 s f ' ' ci^ '
T heorem  2.2. For any fixed discriminant D, there are only finitely many 

non-equivalent binary quadratic forms. In fact, the number of non-equivalent 

binary quadratic forms is less than C'd10 5 where C' is a constant depending 

only on D.

Proof. Let /(x , y) =  ax2 + 2bxy +  cy2 be an arbitrary binary quadratic 

form. There is a  6 ^ 0  such th a t 6 =  aS +  &i and ^  € F. Let f i {x,y)  =  

q  ^ |  y) =  ax2+ 2bixy+ciy2. If Q / ,  does not lie in the fundam ental(
domain, then there is a S^.a, such that (^-, lies lower than SM,,A,(i-e. 

| +  A, |* +  | w  |! g  < 1). Let <7. =  |  *  |  € S L ^ O )  and

/ 2(x, y) =  0i • f i{x,  y) =  aix2 +  2 b2 xy  +  c2y2 where ax = a \\  +  2bi\ifii + cy\.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



37

We have

'/ToT '/Tp T > . i/Tp T
I ° i  I I ° ^ i  +  26xAx^i +  c/z2 | | + I2 +  I Mi I2 I a I

(i.e. | ax |< | a |)

(
Let <Ji € O be such that 62 =  d\S +  63 and ^  € F. Let f 3 (x,y)  =

q ^ j • f 2 (x,y)  =  a xx2 +  263x2/ +  C22/2. If Qj3 does not lie in the  funda­

m ental domain, then  there is a  Sw ,a2 such th a t (j^-, ^ ^ p )lie s  lower than  

S „ ,a 2. Let <r2 =  |  ^  ^  |  €  S L 2(0 ) and U{x, y)  =  <r2 • f 3 {x,y)  =  

a2x 2 +  264x1/ + c4 y2. We have

M  # T , .  , , ,

Now consider the  sequence of forms

f 2 ? f  4 J }  6  J '  ‘ •

We have
y'ifli vTof vToi

M < l«.l N  ’
where a ,a i ,a 2,-- -  are the first coefficients of f , f 2 , f 4, - - - .  Hence { |a,|}  is a 

diminishing sequence of positive real integers which m ust eventually stop. 

Let f 2n(x, y ) = dnx 2 +  2b2nxy + c2ny 2 be the last form  a t which we arrive; 

then there is no sphere higher than ( ^ -  +  j^1 So, f2n(x,y) is a  reduced 

form.

To complete the proof, we need to  prove tha t there are only finitely many 

reduced forms.
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Let f (x,  y) =  ax 2 +  2bxy +  cy2 be a  reduced form and Q/  be its represen­

ta tive point. Since Qj  lies in the fundam ental domain, |£| <  —[g6- where dfc 

is the  discriminant of K.  We consider the following cases:

(a) If £ is a singular point of the fundamental domain, then £ =  — . 

We may write 6 =  np(a +  w ) ,  & — nq for some integer n. Since D =  b2 — ac, 

we can write Z) =  n2p2(a + w)2 — nqc = n(np2(a +  to)2 — qc). That is, 

\D\ =  |n| • |m| for some integer m. Since |m| > 1, |n| < |jD|(i.e. |a| <  \D\q).

(b) If £ € Vi =  { z  6  C||z — s,-1 <  c,} as described in Theorem  1.10 for 

some i where s,- is a  singular point and £ ^  s,-, Then by Lemma 1.9, we have

\D\ 1 b a  +  w 1 , j  . i
M2 > Yn I ^ \ 3 / 2 ------------------  i î 3~n  ~7\3/2 for d =  1 or 2 (mod 4)|a |2 <?2(l + d)3' 2 a 9 |a|<r(l + a ) '

and

\D\ 2 6 a +  to
r-rr > --------_ ■ r -------------------------------->
|a |2 qty/dy/d2 +  10d +  9 a q IdyV dv 'd2 +  10d +  9 

for d =  3 (mod 4).

Thus,

|a| < g3(l +  d)3f2\D\ for d = 1 or 2 (mod 4)

and

M < £ V 5 V ™ ± M for<, s 3 (m=d4).
mt

(c) If h-  i  then

> CJ-™
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by Theorem 1.17. Hence

From the above argument, there are only finitely many reduced forms.

R e m a rk s , (a) For any given discriminant, the complexity of calculation of 

reduced sets of binary quadratic forms and binary Herm itian forms is decided 

by the fundam ental domains of Bianchi groups. On the other hand, not obvi­

ously, the determ ination of all reduced Herm itian forms for all discrim inants 

implies the determ ining of the fundam ental domains of Bianchi groups.

(b) From the proof of Theorem 2.2, given a discrim inant D , the num ber 

of non-equivalent binary quadratic forms is less than M'\D\  where M'  is a 

constant depending only on K.

J. Hurwitz and G. B. Mathews [Ma] generalized the  continued fraction 

to the Gauss field to calculate the class num ber and the  fundam ental unit 

of biquadratic fields. Mathews’ idea is as follows: Let K  =  Q ( \ /—1) be the 

Gauss field, Then
1

z =  a0 +
«i +  £+ZZT

where z  is a complex number and a,- are Gaussian integers. We can w rite

z  =  a\Ta<iT • • • TZk where <r,- =, =  |  q |  and r  =  |  ^  ̂ |  and the action

a • z =  ***2 for a  =   ̂ j  We generalize M ethews’ idea to imagi-cz+d

nary quadratic fields K  =  Q (y/—d) with class num ber 1 as follows: Let

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



40

Si, S2, • • •, Sn be the boundary hemispheres of the fundam ental dom ain of 

the Bianchi group and let At- be the corresponding generator of 5 , (see chap­

ter 3). For any complex num ber 2, there is an integer a\ €  O  such that 

2 — oj 6 F  where F  is defined as in chapter 1. We can w rite 2 =  <T\z' where 

<7i =  |  q |  and z' 6  F. If S, is the highest sphere th a t covers z', we 

write 2 =  <71X12! where ri =  A,. Let <12 € O be such th a t 21 — a2 6  F, and let 

*2 =  { l  Then 2 =  <7iXi<722(. Like z',z\ €  F. Let Sj  be the highest

sphere th a t covers z[, then 2 =  01T10-2X222 where x2 =  Aj.  Continuing in this 

manner, we can write 2 =  <7iXi • • • <7ifcXfc2jt(i.e.

<*kz +  0kz = ---------=-
7 kZ +  dk

where <7iXi • • -ô X/t =  < i). It is easy to see that if the generalized
{ Ik ok J

continued fraction is periodic, then 2 is of the form a + by/c where a,b,c  6  K. 

We have the following conjecture:

C onjecture: If 2 is of the form a +  byjc. where a,b,c 6  K , then the gener­

alized continued fraction of 2 is periodic.

If the conjecture is true, we can follow the classical method to determine 

the fundamental units and ideal class groups of complex biquadratic fields.
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Chapter 3 

Poincare’s Polyhedron  
Theorem  and Swan’s Theorem

Poincare gave a m ethod for extending the action of SLi(C)  to the upper 3- 

space H . This action extends the transform ation of SL,2(C) from C to H . He 

also gave a  famous theorem relating the presentation of a  discrete subgroup 

T for 5 L2(C ) with the fundamental domain of I \  Bianchi and Humbert used 

these ideas of Poincare in their work (see [B], [Hu2]). Following Bianchi and 

H um bert, R. Swan gave an algorithm to determ ine the  fundamental domain 

and together with a theorem of M acbeath to describe the presentations of 

Bianchi groups. In this chapter, we will discuss Poincare’s theorem and 

Swan’s theorem  from the point of view of the arithm etic  structure of Bianchi 

groups.

41
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3.1 H yperbolic 3-space and Polyhedra

Let H  =  {(z,C)|* €  C,C >  0} be the  upper half space. Consider every point 

P  of H  as a quaternion P  =  x +  iy  +  jQ. As in Chapter 1, we define the 

action of PSL2{C)  on H  as follows: Let a  =  ^  ^  ^ |  6  PSLi(C) ,  a  • P  =  

(aP  +  /?)(7P  +  £)-1 (This is called the  Poincare extension of o \). Let T be 

a discrete subgroup of PSL^C) .  It is well known that T has a fundam ental 

domain[Masl]. For example, the fundam ental domain of T =  P 5 L2(Z [ \/—2]) 

is given Figure 3.1.

F igure 3.1:

D e fin itio n . A (convex) polyhedron V  in H  is a nonempty, open, (convex) 

subset of H  such that the collection S  of its sides is locally finite in H .

The polyhedra with which we are concerned in this chapter are typically 

bounded by four vertical planes and several geodesic hemi-spheres (e.g. Fig­

ure 3.1).
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3.2 P oincare’s Polyhedron Theorem

We now proceed to describe the facts needed to obtain a  presentation of I \  

They include the  seven conditions given below. Let V  be a  polyhedron. An 

identification on the  polyhedron V  is a  map which assigns, to  each side(face) 

s, a  side s ' not necessarily distinct from s and an isometry <7(5,3') € T, 

satisfying th e  following conditions:

(1) *(-, s') maps s onto s'.

(2 ) (s')' =  s and a (s \  s) =  ( < j ( s ,  s ') ) -1

(3 ) For each side s, there is a neighborhood V of s such th a t a(V C \V )nV  =  0 

where <7 =  <7(s, s').

The elem ents <7(s,s ') which identify the sides of the  polyhedron V  are 

called generators. Let T be the group generated by those generators. If s =  s', 

then condition (2) implies that the corresponding generator a  =  <7(s,s) is 

of order 2. In fact, <7 is a reflection in the side s; the  relations of the  form 

<r2 =  1 axe called reflection relations.

Let V  be a polyhedron with an identification; then there is a V ’ obtained 

by identifying the sides of V(\.e. there is a  surjective m ap tt : V  —► P" where 

7r(x) =  t t ( x ' )  if there is a  generator a  with <7(x) =  x ' for x, x ' € V"). We set 

d“(x ,x ')  =  inf £2"=1 d(z,-, z\) where the  infimum is taken over all finite sets 

of points {* i,*(, •••,*«,**} Wlth =  7r(z«+1)> ^  * iz 'n) =  x'

and d is the  hyperbolic metric defined in chapter 1.
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(4 ) For each x G V',  7r- 1(a;) is a  finite set, in which case dm defines a metric 

on V ’.

( 5 ) V m is complete in this metric.

T he basic property of the m etric d* is dm(Tr(z),Tr(zt)) <  d(z,z')  so tha t n : 

V  —► V" is continuous. We call V  complete if (4), (5) are satisfied.

Let ei be some edge of V.  There are precisely 2 sides of V  which meet 

a t ei; call one of them s i. Then there is a  side s j , and there is a side 

transform ation cri =  0 (s ,s ') . Set e-i =  0 i(e i) . Like ej, ei lies on the boundary 

of exactly two sides. One of them  is s^; call the o ther s2. Again there is a 

side s2, and a  side pairing 02(52) =  s2- Continuing in this m anner, we have a 

sequence {e,} of edges, a sequence {0,} of side pairing transformations, and 

a sequence {(s,-,s()} of pairs of sides. Since each point of e\ is equivalent to 

a t most finitely many other points of V  (condition (4)), the sequences are 

periodic. Let k be the least period so th a t all three sequences are periodic 

with period k. The cyclically ordered sequence of edges {ei, • • •, e*} is called a 

cycle of edges, and k is the period of the cycle. Observe th a t 0*0 .. .O0!(ei) =  

ex; r  = 0* 0 . . .  o is called the cycle transformation at e\.

(6 ) For each edge e, there is a positive integer n such th a t r n =  1.

The relations in T of the form r"  =  1 are  called the  cycle relations. Let 

a (e ) be the angle measured from inside V  a t  the  edge e, we require

m  Z L  =  * .
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We axe now ready to s ta te  Poincare’s Theorem.

T heorem  3.1. (Poincare) Let V  be a polyhedron satisfying conditions (1) 

through (7), and let T be the group generated by the identifying side pairing 

isometries. Then T is discrete, V  is a fundamental polyhedron 1 for T, and 

the cycle relations together xoith the reflection relations form a complete set 

of relations for  I \

3.3 Sw an’s Theorem

Poincare’s Theorem  applies to  fairly general polyhedra in hyperbolic 3-space. 

In order to bring out the arithm etic  structure of Bianchi groups, one m ust use 

more specific information about the  fundamental dom ains. We now describe 

Swan’s version of Poincare’s Theorem.

Let K  =  Q { V —d) be an imaginary quadratic field and let O be its ring 

of integers. The Bianchi group P S L 2(0 ) is a  discrete subgroup of P S £ 2(C). 

Following Poincare’s theorem, we can determine the  presentation of PSZ/2(0 ) 

by determ ining the fundam ental domain. The determ ination of a  presenta­

tion of a Bianchi group is in general a  difficult problem. Swan gave a  m ethod 

th a t exploits the  arithm etic struc tu re  of the group. We now describe Swan’s 

method.

lV  is a fundamental domain of P and is also a polyhedron.
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Swan generalized M acbeath’s result [Mac] on groups of transform ations of 

a  topological space. In particular, let X  be a pathwise connected topological 

space, and let G act on AT as a  group of homeomorphisms of X . Suppose 

V  is a pathwise connected open subset of X  such th a t G • V =  X . Let 

S  =  {cr € G : <tV n  V ^  0}. Let T be a  group generated by the symbol [<r] if 

<r 6  S and with relations [<t][t] =  [<tt] for each <r, r  6  S  with V(IcrVf l r V ^  0. 

Define ^  : T —* G by V»([<t]) =  a.  Since X  is connected, 0  is onto. We can 

now state Swan’s results[Swl],

Theorem  3.2. Let A', V, G, T be as above. Then there exists an exact se­

quence

1 _> AT-»7ra( X ) - ^ r ^ ( ?

where N is a normal subgroup o f G and is generated by all elements repre­

sented by the loops in at least one o f the sets a V D r V  with a,T € (? .  The map 

9 is defined by subdividing a loop A into small paths contained successively in 

the sets a0V, <7i V, • • •, anV, cr0 =  <rn and let 0(A) =  [<Tq1 a*) • • • [Cn-i^nj-

Let Ai , - - - ,An €  ni{X).  We say these elements generate f t i(X) nor­

mally over G if the smallest G -stable normal subgroup of tti(A’) containing 

Ai, • • •, An is tti(A!’) itself.
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Corollary 3.3. Let A,- 6 JTi(X) be elements which generate ttx(X) normally 

over G. Then ker(*/») is the smallest normal subgroup o f F containing the 

elements 0(A,).

Since we discussed the closure of the fundamental domains of Bianchi 

groups in the first chapter, we need discuss closed subsets of X  rather than 

open subsets of X . A subset W  with GW  =  X  is called G-inflatable if 

there exists an open V D W  such that <j\V fl • • • crnV  ^  0 if and only if 

n  ■ ■ ■ a n W  ^  Hi.

Definition. A loop X : S 1 —* X  is called well-behaved relative to W  if  

there is a subdivision of S 1 into arcs /o, • • •, /n such that for each i there 

exists <7, € G with X(I{) C <T{W. For such a loop, 6 (A) is conjugate to

Corollary 3.4. Let G ,X  be as above and W  a G-inflatable subset with 

GW  =  X . Let a,- 6  ^ i (X)  be elements which generate ^ i (X)  normally over 

G, and let X be a well-behaved loop relative to W  which represents each a,- up 

to conjugacy. Let S  = {<r € G, aW  fl W  ^ 0 } . Then G has a representation 

with generators [<r] for <r 6  S  and relations [<r][r] =  [<tt] for  a, r  € S where 

W  fl crW H (t t W  0 and also the relations 0(A,-) =  1.

We are going to use Swan’s results to give an arithmetic description of 

the structure of Bianchi groups.
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Now, we recall that

B =  { ( r , C )  €  H  : | / i z  + A|2 +  > 1 for all = O ),

F  =  {z =  x  + iy\ — 1/2 < x <  1/2, — tu2/2 < y <  102/ 2},

V  =  B n  { (* ,0  : z € F}, and = {(z,C) 6 H : |/zz +  A|2 +  M 2C2 =  1} 

where l ,w  = Wi + iv)2  is a basis of O. The boundary of B has a regular cell 

decomposition with 2-cells of the form B fl S^t\. Let Eq be the 1-skeleton 

of the cell decomposition and E = UaesLtio)#Eo- Then E  is a 1-complex 

which is stable under SL2(0 ) and E0  is the subcomplex of E. Corollary 3.4 

can be applied to G = SL2(0 ), X  =  H \  E, and W = B \  E = B \  E0. 

Since V  is SL2(0)-normal(i.e. each point of H has a neighborhood meeting 

aT> for only a finite number of a € SL2(G)). Following Macbeath’s theorem 

[Mac, Theorem 2], V  is G-inflatable. Then V  =  V  \  E  is G-inflatable. 

Since W  =  § iy  where $  =  { | ^  5 } ^ SL 2 {0 )}, W  is G-inflatable [Swl,

Lemma 1.8]. Let S  =  {a £ SL,2 {0 ),crW  fl W ^  0}. If a =  j  ^  ^  j ,  we 

have aW  fl W  ^  0 if and only if aB fl B <£. E  or B fl <x~lB =  B PI 5m,a <£ E. 

Therefore S  is the set of |  ^  ^  } G SL2(G) such that either n =  0 or 

B  fl Sjx.-a is a 2-cell of dB. Let 5m1ia,, • • • ,SMn,a„ be the boundary spheres 

of the fundamental domain. Since (m , \ ,) =  O, there exist a,-,/?,- such that 

a,A,- — fiifii =  1. We call <r, = |  ^  |  6 5L2(G) the corresponding

transformations of SMl,a,.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



49

D efinition. I f  a  € S  and a we can write a  =  <tx7 i<f>' where 4>,d>' G 

We refer to this as the canonical form for a  and denote the formal word d><7,-0' 

by [a].

The above definition gives the relation o f 1 = [erf1] which stands for 

[erf1] =  <£<7j<ff where 0, cf>' 6 Suppose e is an edge of dB and let 

be the distinct Su \ where e lies on Su Then 2; =  =̂ L all lie on a line*•* m

in C. Order these in some lineax order z\, • • •, zs and choose matrices a, = 

|  G SL 2 (0 )  with Z{ = \ i /m .  Then the formal word [er.crf ĵ] 

is defined for all i; let /2(e) =  [o-f l][<7i<rf1] • • ■ [<r4]. In SL 2 (0),  we have 

/2(e) =  1. We give Swan’s theorem now.

T heorem  3.5. (Swan) SL 2 (0)  is generated by J  =  |  ^ j,T =

{ o i },c/ = f i r )  , (Tj, • • •, <rn with the following relations where a,- 

are the corresponding transformations of the boundary spheres.

(1) J  central, J 2 =  1.

(2) TU  = UT.

(3) e r f 1 =  [af1]

(4) The edge reflection relations /2(e) =  1, where e runs over a set of 

representatives for edges of dB  modulo the action of SL 2 (0) .

j  a. Pi
1 M -A
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3.4 E llip tic E lem ents

The torsion elements determine the edge relations of Bianchi groups. In this 

section, we discuss the elliptic elements(torsion elements) of Bianchi groups. 

We start with a well-known theorem.[Si]

T H E O R E M  3.6. Let A be a finite subgroup of PGLi{C).

(1) The group A is isomorphic to one of the following groups:

A = Cn= cycle group of order n, n > 1.

A = T>2n =  dihedral group of order 2n, n > 2.

A = U4 =  tetrahedral group = alternating group of order 12.

A = Ga = octahedral group = symmetric group of order 24.

A = U$ = icosahedral group = alternating group of order 60.

(2) More precisely, if  we let denote a primitive nth root of unity, then A 

is linearly conjugate to one of the following subgroups of PGL2 :

Cn — (CnZ), — (CnZ, ), Ua — ( Z, ,i ),
Z Z Z — 1

G -  l\y I  i i i i \  77 -  lr - I  ^5  +C5~1)Z +  l y 
Z Z — 1 z ’ 1 -(C s + C5-1)z

(Here, ( / i , . . . , / n) denotes the group generated by f \ , . . . , f n.) In particular, A 

is linearly conjugate to a subgroup of PGL2 which is defined over C.
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By Theorem 3.6, we can easily say that the order of the torsion elements 

in Bianchi Groups axe 2, 3, 4, and 5. Now we study separately each case.

(A) Torsion elements of order 2.

Since d > 5, the units of O axe only ±1. P S L iiP )  = SL2(0 ) / ( ± 1). Let 

r = j ^  ^ |  be an element of order 2 in PS L^ O) ,  then T 2 = I2 or —1 2 . If 

T 2 = I2 , T  = I2 or T  = —I2 since the only units of O axe ± 1. For T 2 = —I2 , 

we have |  ^  ^  |  =  |  ^  ^  |  (i.e., a = —8).  Since T  € £ £ 2(^)7 we 

have a5 — /3~f = I. So we have the diophantine equation a 2 +  =  —1.

(B) Torsion elements of order 3.

Let T  — |  ^  ^ |  be an element of order 3 in P SL 2 (0 ). Then T 3 =  I2 

or —1 2 .

If r 3 = h ,  we have T2  =  T ' '  (i.e., j £ $  } -  { j ,  })■
If (3 or 7 is equal 0, we have a2 =  8  and 8 2 =  a. So a  = 8  = 1 and T  = I2 , 

contradicting our assumption. For (3 and 7 both not equal to 0, a  +  <5 =  — 1. 

Then a 2 +  (3j = 8 , 8 2 + /?7 = a  and a 8  — (3~i =  1 are the same diophantine 

equations.

If T 3 =  —1 2 , we have T 2 = —T~l . So we have the diophantine equation 

a 2 +  /?7 =  a  — 1.

(C) Torsion elements of order 4.

Let T =  j ^  ^ |  be an element of order 4 in P S L 2 (0 ). Then T 4 =  — 12
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(If T4 =  I2, T  is order 2 in PGL2 {0)). We have T 2 =  - r " 2(i.e.,

J a2 + P i a/3 + f38 ) _  f  - S 2 -  (37 (38 + a(3 1.
| q 7  +  7^ /?7 +  $2 J ~  \  7^ +  07  —a 2 — P i  J '

From the matrix, we have a 2 +  P i  =  —(J2 — (3~f. Since a 8  — P7  = 1, we have 

(a + 8 ) 2 =  2. This is impossible for <f > 5. There is no element of order 4 in 

the Bianchi Groups.

(D) Torsion elements of order 5.

Let T  =  |  ^  ^ |  be an element of order 5 in P SL 2 (0 ). Then T 5 =  I 2 

or - / 2. We have T 3 = T ~ 2 or T 3 =  - T -2 (i.e.,

f a 3 +  2 a /? 7  +  /?7  ̂ a 2/? +  /328 +  a/38 +  (382 1 _  f £ 2 +  (3j —(38 — a(3
|  q27  +  cry# +  cry2 +  7 2# a /? 7  +  2(3-y8 +  83 J |  —78  — 0 7  a 2 +  /? 7

or

f a 3 +  2q /?7 +  P7 8  a 2/? +  /32# •+• a(38 + (382 1 _  f ~ 8 2 ~  P i (38 + a(3
|  a27 +  cry# +  cry2 + 72# a /?7 +  2/?7# +  #3 J \  7^ +  <*7 — a2  — P i

From the matrix, we have four equations together with a 8  — (37 =  1. By an 

easy calculation, we know that there is no solution for the equations. There 

is no element of order 5 in the Bianchi groups.

R em ark. From the above discussion, the torsion elements of Bianchi groups 

only have order 2 or 3.
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3.5 Poincare’s Theorem  for B ianchi Groups

In this section, we use algebraic properties of Bianchi groups to explicate 

Poincare’s Theorem. If 5m,a fl B is a  side(face) of the fundamental domain, 

then let a  =  |  ^  ^  |  be the corresponding transformation of S ^ \ .  Let

(z,C) 6 Su,a H B. By Lemma 1.5, a  - (z, () € SM,a H B. Replacing a, (3 by 

q — r/z, (3 + r \  respectively if necessary, we can assume that 5M,Q fl B is a side 

of the fundamental domain. For any side s =  S^x  fl B, we have s' =  fl B 

and cr(s, s') = |  ^  ^  ^  Can state P°incares theorem for Bianchi

groups as follows.

T heorem  3.7. S L2 (0 ) is generated by J  = j ^ 1 } ’^  =

Or )  , where Oi are the corresponding transformations of the

boundary spheres and the cycle relations together with the reflection relations 

form a complete set of relations for S L 2 (0 ).

R em ark . From the above construction, we know that s and s' have the 

same radius.

Exam ple. Let K  =  Q (\/—2). The fundamental domain of the Bianchi 

group PS£/2(Z [\/—2)) is described in section 1 (Figure 3.1). The four vertical 

planes are

Si =  {(x, y ,z ) : x =  ^}, S 2 =  {(x, y, z ) : x  =  - ^ } ,
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s 3 = {(*, y , z)  •• y = y  }, .Si = {(a, y, z ): y =  — —}, 
and the geodesic sphere is 5s =  {(x ,y ,z ) : x 2 + y2 +  C2 =  1}- The four 

vertices are

p,  =  ( l / 2, V 5 / 2, l / 2) , p j  =  ( - 1 / 2 ,  V 2/ 2. 1/ 4),

P3 =  ( —1 / 2 , —V5 / 2. 1/4 ) , p .  =  ( 1 / 2 , - i ^ / 2 , 1/ 4).

By Theorem 3.7, we see that the generators of S / 2(Z [\/—2]) are J, T, {/, and 

, 4 = { ;  < / }  with J 2 = I  and J  central. We describe the relations as

follows.

(a). Since the corresponding transformation of S5 is A  and A • S5 =  S5, 

A has a reflection relation(i.e. A 2 =  J).

(b). Let ej =  {(x,y, z) : x = —1/2, y =  —\f2j2}. We have ei = S2 fl 54. 

Let Si =  52,<ri =  T. Then e2 =  {(x,y,z) : x = 1/2 ,y =  -y /2 /2 } ,s \  =  Si. 

Let s2 =  S2,cr2 =  [/. Then e3 = {(x,y, z ) : x = 1/2,y =  yj2 /2},s2 =  53- Let 

53 =  S i, 03 = T _1, then e4 = {(x,y,z) : x =  -1 /2 ,y =  \/2/2},S3 =  S4. Let 

s4 =  53, <r4 = C/-1. Then es = ei. Let r  =  ^ c r ^ o i .  We have r  =  /(i.e. 

TC/ =  UT).

(c). Let ei =  arc(pip4). We have ei =  Si fl 5s. Let Si =  5s,<xi =  A. 

Then e2 =  arc(p2 P3 ) ,s \ = S5. Let s2 =  S2,a 2 =  T. Then e3 =  Let 

r  =  cr2<ri. We have r 3 =  ./(i.e. (TA)3 =  7).

(d). Let ei =  arc{pzPA)- We have ei =  54DSs. Let Si =  54, a =  {/. Then 

e2 =  arc(p2pi), s[ = S3 . Let s2 =  Ss,<r2 =  A. Then e3 =  <zrc(pip2),S2 =  S5.
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Let s3  =  S3, crz =  U l . Then e3 =  arc(p4p3), S3 =  S4 . Let s4 = Ss,a 4 =  A. 

Then es =  ej. Let r  =  We have r 2 =  J  (i.e., {AU~lAU ) 2 = J).

T heorem  3.8 SL 2 {Z[y/—2]) ts generated by T ,U ,A ,J  with the following 

relations:

(a). J 2 =  1,

(b). J  is central,

(c). TU  = UT,

(d). (AT)3 = J ,

(e). (A U - 'A U f = J .
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Chapter 4 

Bloch Group and Dilogarithm s

4.1 Introduction

Following Thurston’s idea, we can triangulate the fundamental domain of 

Bianchi group as a union of ideal tetrahedra A i, • • • .A* parametrized by 

complex numbers z\, • • •, Zk with multiplities n,-. The volume of the funda­

mental domain for the Bianchi group P SL 2 {0 ) is equal to £ n»fMz«) where 

D2 is the Bloch-Wigner Dilogarithm. These parameters define an element 

a =  ]Cfn,[z,] £ T (C) (the pre-Bloch group). In this chapter, we give two 

algebraic methods to determine the element a in the Bloch group. Since this 

element a is constructed from the fundamental domain of the Bianchi group, 

we would like to understand the Bloch group and relating topics (e.g. Licht- 

enbaum’s conjecture) from this direction. As yet, we are unable to resolve 

all the questions in this area.

56
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For a field F, let A(F) be the free abelian group generated by z, where 

z € F, z ^  0,1; and let A : A(F) —► F* A F '  =  F ' <8> F ’/ S 2A be the 

homomorphism given by z ■-* z A(l — z) where S 2A  is the subgroup generated 

by elements of the form (a 0  6 +  6 ® a). The properties of A may be found 

in Linear Algebra by K. Hoffman and R. Kunze. Let

R (x,y ) =  x -  y + -  + ^ +  -J— -  for x ,y  € F \  {0,1} and x ±  y. 
x 1 — y~l 1 - y

It is easy to show that the induced homomorphism A(F) —» F* AF* is trivial 

on elements of the form R (x , y). We denote by T (F ) the factor group of .4(F) 

by the subgroup generated by the above elements.

Definition. Define T(F) =  A (F )/(R (x , y)|x, y € F  \  {0,1} and i ^ y )  and 

call T(F)  the pre-Bloch group of F . Let B(F)  be the kernel of the induced 

homomorphism T(F) —* F ' A F* and call B(F)  the Bloch group of F.

From the above definition, we have the following exact sequence:

0 -  B{F)  — T(F)  —► F* A F* —► K 2F  0.

We now give an alternative definition for Bloch group. For an arbitrary 

field F , define an abelian group V(F)  generated by all 4-tuples of distinct 

points of the projective line P J(F) which satisfies the following relations:
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(erz0, crzi, <rz2 , trz3 ) =  (z0, zi, z2, z3), 

for a £ PGL2 (F), Zj distinct in P 1(F) for 0 < j  < 3 and

4
D - l ) '( * o ,  • • •. • • • 12<i) =  °> *»■ distinct in P X(F)
«=o

where £,• means that zt- is omitted. Recall the definition of the cross ratio:

{z0, zi, z2, z3} =  —— — — 6 F  \  {0,1} 
zo - Z 3 Z1 -  z 2

for four different points z0, Zi,z2, z3 £ P X(F). Our definition is chosen so that 

the cross ratio of 00,0, l ,z  is just z. We have the following properties.

L em m a 4.1. (1) PGL2 (F) acts exactly 3-transitively on P a(F).

(2) For two quadruples (xo, xi, x2, x3) and (x'0, x \, x'2, x'3) of distinct points 

there exists a £ PGL2 (F) with (axo, o-xi,ax2 ,<rx3) = {x'Q,x \,x '2 ,x 3) i f  and 

only if

{ x o ,  X j ,  X 2 , X3 } =  { x 0 , X 1, X 2 , X 3 } .

P roof. (1) For any zi, Z2, z3 € P X(F) with z,- ^  zy, we define 4>(z) =

{z ,z i,z2,z3}. It is easy to see that 4>{z\) =  l,<j>(z2) =  0 ,<j>(z3) =  00. Let

a =  {  Zx ~  Z2 ~ Z2\Zl “  23| 1 6 GL2 (F). We can see that a ■ z =  <f>{z).y Zl — z3 — z3(zi — z3) J
For any two 3-tuples (zi , z2 ,z3) and (z[,z2 ,z3), we have (azi,o-z2 ,a z3) = 

(l,0 ,oo), and (o 'z'^o'z2 ,o 'z ’̂) =  (1 ,0 ,00) for some <7 , a1 £ GL2 (F).  Let 

r  =  a'~l (T. Then ( rz i ,rz 2,TZ3) = (z[, z2, z3).
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(2) If (ax0, axi,<rx2 , cx3) =  {x'^x'^x^x'^) for some a  6 PGL 2 (F),  then 

{xo,xi,x2,x3} =  {<7 Xo,azu <rx2 j<rx3} = {x^x^x^Xg}.

Conversely, from (1), we can find a 6 PGL2 (F) such that (0 x1, <rx2, crx3) = 

( x i , X 2 , x 3 ) .  Since { < r x 0 , < r x x , c r x 2 , c r x 3 }  =  { x 0 , X j , x 2 , x 3 }  =  { x q ,  x [ ,  x '2 , x '3 } =  

{xq, o-x1,<tx2,(7x3}, it follows that <rx0 =  xf0.

Definition. Let T f(F) be the abelian group generated by the symbols [z] = 

(00, 0 ,1, 2), z € C \  {0 , 1} with the relations 

4

^ (  —l ) f [ { xo ,  •••, x , x 4 }] = 0, X{ distinct in P 1 (F).
:=0

From Lemma 4.1, we have the following result:

Proposition 4.2. V{F) is isomorphic to T ’(F ).

Proof. Let <j>: V(F)  —* T'{F)  be defined by (20, 21, 22,23) ■-* {20, ^i, 22, 23}. 

Since 0((oo, 1, 0, 2)) = [2] for any z 6 F, we can say the map is onto. By 

Lemma 4.1, it is easily seen that the map is injective.

In the relation of Proposition 4.2, any term involving a cross-ratio of 

non-distinct points is interpreted as zero. Thus at least four elements among 

x0, • • • ,x 4 must be distinct. By Proposition 4.1, three of them can be taken 

to be 00, 0 ,1 and we have the following lemma:
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Lemma 4.3. The relations in Proposition 4-2 can be written as

w-M+if ]+ [£ £ ]+[rEfi-o
where x, y 6 F \  {0,1} and x y.

Proof. Let x0,Xi,x2,X3, x4 =  oo, 0, l ,x , y respectively. We can easily see 

that the relation in Proposition 4.2 can be written in the above form.

Denote F “ 0  F ‘/ S 2A by F mA F m where S 2A  =  { i 6 F* 0  F'\2x  6 £ 2A} 

and let A' : T'(F)  —► F"AF~ be defined by [z] ►-+ z A (1 — z). Let g : 

F’ A F ’ —» F’AF" be defined by x Ay t—» 2xAy. The kernel of g is annihilated 

by multiplication by 2. This provides another definition for the Bloch group:

Definition. Let B' (F) be the group Ker(X').

We now investigate the difference between these two definitions of Bloch 

group. Let /  : T(F)  —> T'{F) be defined by [z] t-+ [z\. The following diagram 

is commutative.
T(F)  -> F - A F ’

i  1
T' (F)  -> F 'A F '

Let f  : B(F)  —* B '(F ) be the induced map. We have the following results:

Proposition 4.4. (1) Coker(f ' )  is annihilated by multiplication by 2.

(2) Ker(f ' )  is annihilated by multiplication by 6 .

Proof. Part (1) follows from the definition of B (F ) and B'{F).
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It was shown in [Su2] that the following relations hold in B ( F ):

6([x] +  [1 -  *]) =  0, 2([x] +  [x-1]) =  0.

By the definition of B(F)  and B '(F), we get (2).

Dilogarithms have been studied for a long time[Lel] and can be defined from 

the series

£*a(*) =  I2! - 1l n
or the integral

Li2 (z) = -  f  for z € C \  {0,1}.
Jo u

The latter extends the domain outside the unit circle, and the function, as 

thus defined, has real values for real z in the range —oo < z < 1. S. Bloch 

and D. Wigner introduced[B12] the single-valued dilogaxithm as follows:

Definition. The real-valued function

D2 (z) = 3{L i2 (z)) -I- arg(l -  z) ■ log \z\

is called Bloch-Wigner dilogarithm.

The Bloch-Wigner dilogarithm has the following properties:
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Lemma 4.5. (1) —D2 (z) = D2 (z) =  D2 ( l / z ) =  D2{ 1 — z).

(2) D2 {zn) =  n E ^ =1 D2(/z2).

(3) D 2( z i ) -  D 2{Z2) +  D 2(Z1/ Z 2) -  D 2{{ 1 -  2 i ) / ( l  -  z2) +  D 2{{1 -  22)2 l / ( l  -  

zi)z2) =  0, for 2i , 22 € C  \  {0, 1}, zx ^  ?2.

Proof. The relations of (1) come from arg(l/z) =  arg(z) =  — arg(z) and 

Li2 (z) +  Li2( 1 — 2) = — log 2 • log(l — 2)[Lel, p.5]. (2) and (3) come from

the properties of Lz2[Lel, p .6 and p.9].

The function D2 (z) can be extended to the group A(C) by linearity. From

(c) of Lemma 4.5, we can define D2 as a function from T(C) to R.

4.3 The Known R esults

In this section, we will state several well-known theorems of Bloch groups and 

Hyperbolic Geometry. The motivation for the results stated in this section 

comes from the Dirichlet class number formula which states as follows: Let 

F  =  Q(f) be a cyclotomic field with discriminant dp where f  is an f th  root 

of unity and let h be the class number of F. We have

W h R  „

where r2 is the number of complex valuations of F, w is the number of roots 

of unity in F, R  is the regulator of F , and x  run through all the Dirichlet
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characters of conductor / .  The L — series is defined by

4*. x>
n = l  11

([L], page 77)

The followings axe the results relating this topic.

H um bert’s Formula for the volume o f the fundamental domain of 

the Bianchi group. Let K  be an imaginary quadratic field. The volume of 

the fundamental domain of the Bianchi group P SL 2 (0 ) is equal to

where £a' is the Dedekind zeta function associates to K  and dj< is the dis­

criminant o f K . [El-G-M]

The most important Theorem of this section is the Milnor’s formulas for 

the volume of the hyperbolic 3-mainfold. We state two important Milnor’s 

formulas.

(1) Consider an ideal tetrahedron, that is a tetrahedron A with all four 

vertices on the sphere of points at infinity. If a , /?, 7 are the dihedral angles 

along three edges meeting at a common vertex, then a  +  /? +  7 =  it (e.g. 

Figure 4.1). The first formula of Milnor can stated as follows:
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Figure 4.1:

M ilnor’s Form ula for th e  volum e of H yperbolic  3-m anifold (I). Let

A be an ideal tetrahedron with dihedral angles ol,(3, 7 . The volume of A is 

given by

V =  Q(a) +  n ( /3 )  +  Q(7 )

where
. I ^ s i n 2 n 0  r6 .
n (g =  = ~ /  log 2 sm<|rft

I  j n* Jo

is the Lobachevsky function. [Mi2]

Let A(z) be the tetrahedron with four vertices 1 ,0 ,00, z. (see figure 4.2)

Figure 4.2:
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This tetrahedron is an ideal tetrahedron. By Milnor’s formula, the volume 

of A(z) is equal to n (a)-f fi(/3) +  0 (7 ) where a,/?, 7  are angles of the triangle 

(1,0, z). We can write a = arg(z), /? =  arg(l — 1/z),  7 =  a rg (l/(l — z )). 

Since D2(e2,fl) =  2f2(0), we obtain

Voi(A  (*)) = m i ) +z 1 — 1/z I — z

By (1) and (2) of Lemma 4.5, we get Vol(A(z))  =  ZM2)-

(2) The second formula of Milnor relates the volume of the fundamental 

domain of the Bainchi group. Let K  be an imaginary quadratic field. By 

Humbert’s formula, the volume of the fundamental domain of the Bianchi 

group PSL,2 {0 ) is equal to

^ C a-(2)

where is the Dedekind zeta function associates to K  and d*- is the dis­

criminant of K. Using the standard identity

Ca'(s) =  Cq (s)L(s , x)

where x  is the character corresponding to K  (i.e. x i a) = (■^))- We can 

express the number L(2, x)  by the fomula

Id# l-i
£(2,X) =  IdK\-'l* £  x W 2 ^ ' , I M )- ([Mi2], page 21)

(= 1

We now state the second formula of Milnor.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



66

M ilnor’s Form ula for th e  volum e of H yperbolic  3-m anifold (II). Let

K  be an imaginary quadratic field. By Humbert’s formula, the volume of the

where d^ is the discriminant of K . [Mi2]

Bloch has shown that rank(B(F))  =  rank{Kz{F)) [B12, Gl] where F  is 

an algebraic number field. In order to calculate the rank of Bloch group, we 

now introduce Borel’s Theorem.

B orel’s T heorem . For a number field F  and n >  0,

O f  is the ring of integers of F. Moreover rank(Kn(F))  =  rank(Kn(0  f ))  , 

for n > 1. [Bol, Bro2]

R em ark . Let K  be an imaginary quadratic field. Following Borel’s theorem, 

we have rank(B(K))  = rank{Kz{K))  =  1.

ture of Lichtenbaum. Because we mainly interest in the Bianchi groups, we

fundamental domain of the Bianchi group PSL 2 {0) is equal to

0, if n is even, n > 0, 
if n =  3( mod 4), 
if n =  1( mod 4), n > 1 
ifn  =  1, 
ifn  =  0,

7*2,
rank(I \ n ( 0  f ))  = n  +  r 2,

n  +  r2 -  1, 
1.

where r x (resp. r2) is the number o f real (resp. complex) valuations of F and

The general frame work for understanding these formulas is the Conjec-
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only consider the Lichtenbaum’s conjecture for imaginary quadratic fields.

L ichtenbaum ’s C onjecture. Let K  be an imaginary quadratic field and 

let O be its ring of integers. Then we have the formula

# * ’( 0 > =  5 S £(2’* )

where dx is the discriminant of K , b is a generator of B(F)  and x  Is the 

character corresponding to K  (i.e. x (°) =  ( ^ ) ) -  [Brol]

The last result relating this topic is Thurston’s Theorem. Here we are 

mainly concerned with the fundamental domain of the Bainchi group. We 

state Thurston’s Theorem in this special case.

T h u rsto n ’s T heorem . Let V  be a fundamental domain of the Bianchi 

group PSLi iO) .  Then T> can be triangulated as a union of ideal tetrahedra. 

([Zl], page 2SS or [Z2], page 242)

4.4 The N ew  R esults

Let K  — Q (yj—i )  be an imaginary quadratic field where d is a square-free 

positive integer and let O be its ring of integers. From chapter 1, we have a 

fundamental domain of the Bianchi group PSLi ( 0 )  which is bounded by four 

vertical planes and finitely many geodesic spheres. Following Thurston’s idea, 

we can triangulate the fundamental domain of Bianchi group as a union of 

ideal tetrahedra Aj, • • • .A* parametrized by complex numbers zl5 • • •, z* with
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multiplities n,-. The volume of the fundamental domain for the Bianchi group 

PSLi ( 0 )  is equal to £n,-Z?2(*«) which Di  is the Bloch-Wigner Dilogarithm. 

These parameters define an element a =  6  T(C) (the pre-Bloch

group). D. Zagier and W. Neumann has shown that a is an element in the 

Bloch group B{C). [N-Y] In this section, we introduce two algebraic methods 

to get the element a from the fundamental domain of the Bianchi group.

(i) For an arbitray imaginary quadratic field, we can cut the fundamental 

domain in such a way that the fundamental domain is a union of finitely many 

tetrahedra(i.e. bounded by three vertical planes and a geodesic sphere, e.g. 

Figure 4.3). For any tetrahedron A, we can follow Milnor’s idea [Mi2] to

Figure 4.3:

calculate the Volume of A as follows: As in Figure 4.4, looking down from 

infinity, we see a triangle and a point P; draw the straight lines from P  to the 

vertices and perpendiculars from P  to the sides of this triangle. In this way, 

we can cut the triangle into six right triangles and the tetrahedron into six 

tetrahedra of the kind shown in Figure 4.5. The volume of the tetrahedron
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Figure 4.4:

of Figure 4.5 is given by the formula

VoJ(A„.,) = i( I l(o  +  7 ) +  « (a  -  7 ) +  2S l( | -  Q» 

where fl is the Lobachevsky function.

p

M,

Figure 4.5:

After necessary transformations, we can assume that the tetrahedron lies 

above the unit sphere 5i,o and has vertices (0,1), oo, (x, £), (x +  iy, CO where 

x,y € R. Hence we can write cos 7 =  x ,s in 7  =  \ / l  — x2 and cos a  =
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x f  s/x1 +  y2, sin a = y / y / x i +  y2. Since D2 (e2t8) =  2Q(0), we can write

where zx = (x2 — yy/1 — x2 +  i(xy +  x \/l  — x2))2/(x 2 +  y2),^2 =  (z2 +  

y V I -  x2 + i(xy -  x \ / l  - x 2 ))2 / ( x 2 +  y2), and z3 =  - ( x  + iy)2/(x 2 +  y2). 

From this construction, we have that the volume of the fundamental domain 

is equal to £  k{D2 (zi) where k € Q. By the choice of x , y  we can assume 2, 

is of degree at most 4 over K.  Multiplying by a suitable constant, we can 

get an element £n,-[x,-] 6 T(F)  where [F : K] < 00.

E xam ples, (a) I< =  Q (\/-2 )-

In chapter 1, we show the fundamental domain is symmetric about x, y- 

planes. We only need to consider the  ̂ of the fundamental domain in the 

first quadrant. The dotted edges are spurious ones. We can cut Q as in figure 

4.6. The volume of (I) is

Vol( AQi7) =  i(I>2(e2(a-Hr,,') +  0 a(e2(cr- ^ )  +  2D2 (e{*-2a)i)).

Hence

Vol(A„.,) =  i ( D a(j,)  + D 2( z 2) -  2 D 2( z 3 ))

i ( i  D2 (e2̂ > ‘) +  i  D ^ ^ 1) +

where

We can write Volume(I) =

))+2D2( i + . ^ ) ] .
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Figure 4.6:

By the same calculation, we can get Volume(II) =

^(Hr-4)+£,’<¥)+20;(t +i2r»-
Let z = ( l+ 2 \ /—2)/3 and w =  (—l-fi\/3 )/2 . The volume of the fundamental 

domain is given by

V -  Di{z)  +  D2( - z )  +  1 d j(i2 ) +  ~D2( - i z )  +  +  ^ Di ( w z )

= £>,(*) +  i f t t - T )  +  j D2( - 2 2) +  i f t f - I 3).

The second equality follows from Lemma 4.5. Let

« =  12(M +  \  W +  j [ - ^ I  +  ^ I -* 3]) =  12W +  6M +  3 [-22] +  21-53].

Since # I \ 2 {0 ) = l[Brol], following Lichtenbaum’s conjecture, a is a genera­

tor of the Bloch group B(K).

(b) K  = Q (7= 7)

As in (a), we only need to consider j  of the fundamental domain. We cut 

Q into four parts(Figure 4.7). As in (a), we can compute the volume of the
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fundamental domain as follows:

V .  2D2( = i ± ^ ) + -  D ^ ) + D ^ - ± M i )+

n , V 7 - 3 V 3  , (3  + V 2 1 )t \  . „  f Z y / Z - y / 1  (3  +  n /21)*\
----- o ------- 1-------- o ------ ) +  ^ 2 1---- „ ----------------- o ------

L>2(

8 8 
V7 + 3v/3 (v /2 l-3 ) i

8 8
, „  , - V 7 - 3 v /3  , (3-V 5T)«\
J “   5------------ 1----------- o -------- ) ■8 ‘ 8 8 8 

Let z =  (3 +  v/70/4 and tw =  (—1 -f iy/3)/2, the cube root of unity. By

Lemma 4.5, we can write the volume of the fundamental domain as follows:

V  =  2D,(z) + D2( - z 2) -  ^D2( - z 6).

Let a =  6(2[z] + [—z2] — | [ —z6]) =  12[z] +  6[—z2] — [—z6]. We get an element 

of B(K) .  This element coincides with an example of Browkin[Brol]. Using 

similar reasoning as above, a is a generator of B(K).

(ii) The second method comes from how the evaluation of the L-series of 

an imaginary quadratic field. Following the second formula of Milnor, the 

volume of the fundamental domain of the Bianchi group

\dis\

^  t = l
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Let a' =  \dx \ 1 x(*)[e2,rt/,*d**] be an element in T(C). It is known that 

a.' € 5 (C ) ([Gro] page 13, [Brol] page 31).

E xam ple

This example comes from Zagier [Z2]. K  =  Q ( \ / —7). Since

C * ( 2 )  =  ^ = ( £ > 2( e 2^ / 7 ) +  D2( e ^ 7) -  D2(e6̂ 7))

where x  is the character corresponding to K, we have the element a = 

7 ( [ e 2W 7] +  [e ^ . / 7 j  _  [e 6~77]) 6  B ( C )_

4.5 Conclusion

From the last section, we can produce an element of the pre-Bloch group 

from the fundamental domain of the Bianchi group. In order to evaluate 

# K 2 ( 0 ) from the Lichtenbaum’s conjecture, we need to find a generator of 

the Bloch group. The following questions need to be answered.

Q uestion  1. Is the element a that we produced in that last section belonging 

to the Bloch group B(K)1

Q uestion  2. Let F  be a finite extension of an imaginary quadratic field K  

and £)Tii[2;] 6 5 (F ) has infinite order, is there any map <f>: 5 (F )  —► B( K)  

such that rc.[z«']) bas infinite order?
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Q uestion 3. Given an element a in the Bloch group B(K),  Can we deter­

mine a generator b of the Bloch group from this element at

If the answer to the above questions are positive, then we can calculate 

from Lichtenbaum’s conjecture. As yet, we are unable to answer the 

questions.
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