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Introduction

In this thesis, we discuss the arithmetic and geometric properties of Bianchi
groups. These groups appeared first in the work of Dirichlet on quadratic
forms with complex coefficients and in the work of Hermite on what we
now call binary Hermitian forms. The first example of a Bianchi group was
explicitly introduced and studied by Picard: it is the group of 2 x 2 invertible
matrices with entries in the ring of Gaussian integers. Replacing the Gaussian
integers by the ring of integers in an imaginary quadratic field, we obtain the

standard Bianchi groups.

Poincare, in his study of non-Euclidean geometry in dimension three, made a
beautiful and important discovery concerning the group theoretic properties
of discrete subgroups of PSLy(C), e.g., their presentations, and the geo-
metric structure of their fundamental domains in hyperbolic upper 3-space.
Following up on these ideas, Bianchi initiated at the end of the nineteenth
century the arithmetic and geometric study of general Bianchi groups and

the explicit description of their fundamental domains with a view towards
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describing generators and relations. Early in this century Humbert studied
further the ideas of Bianchi and made important arithmetic contributions to

the subject, e.g., the calculation of the volume as a value of an L-function.

After Humbert, very little attention was paid to Bianchi groups until they
reappeared as important objects in the work of Bass, Serre, and Milnor on
the congruence subgroup problem. The first in-depth study of Bianchi groups
was carried out by Swan [Sw1] and Woodruff [W] in late sixties. Swan gave a
general algorithm to determine fundamental domains for the Bianchi groups
and to describe the generators and relations for these groups. From Swan’s
description, the fundamental domain in the hyperbolic model of 3-space is
bounded by four vertical planes and by finitely many geodesic hemispheres

centered on the complex plane.

Throughout this thesis, we let K = Q(v/—d) be an imaginary quadratic

field, O be its ring of integers, and dx be the discriminant of K. We have

de = —4d d=1or2mod4
K=Y —d d=3mod4

The following are the contents of this thesis. In chapter 1, we follow the
ideas of Bianchi, Humbert, and Swan to construct a specific fundamental
domain of Bianchi group and give an improved bound for Swan'’s algorithm.
Throughout this thesis, we make the convention that the fundamental domain

refers to the fundamental domain constructed in chapter 1.
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Theorem A. If a geodesic hemisphere S meets the fundamental domain,

then the radius of S is greater than Cd=3> where C is an absolute constant.

Remarks. (a). In Swan’s paper, Swan has a bound C’d~%® for the radius
of geodesic hemispheres where C' is an absolute constant.

(b). Theorem A implies that the computational complexity of Swan’s algo-
rithm is a polynomial in d. Riley[R] developed a program called ”Poincare
File” to calculate fundamental domains and presentations of Bianchi groups.
Riley derived presentations for Bianchi groups with d up to 99.

(c). In Riley’s examples, there are several fundamental domains of Bianchi
groups that can not be determined(e.g. d = 33, dx = 132). On the basis of
these examples, we believe the bound we obtained in Theorem A for Swan’s
algorithm is best possible, but this requires an argument which is not worked

out in this thesis.

The method used in the proof of Theorem A is based on a complicated
diophantine property which relates singular points (cusps) and the ideal class

groups of K.
The results of chapter 1 have applications in the following three areas:

1. Reduction theory of binary Hermitian forms.
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Let
F(X,Y)= AXX + BXY + BXY +CYY

be a positive definite Hermitian form (i.e. A,C are positive rational integers,
B is integer in K and B is the conjugate of B. The discriminant D =
AC — BB > 0.). Two forms F, F' are called equivalent if there exists o
={ : g } € SLy(O) such that o - F(X,Y) = F(aX + BY,vX +4Y) =
F'(X,Y).

Theorem B. For any fized discriminant D, there are at most a finite num-
ber of non-equivalent binary Hermitian forms. In fact, the number of non-
equivalent binary Hermitian forms is less than Cd'*® where C is a constant

depending only on D.
This theorem is proved in chapter 2.
2. Reduction theory of binary quadratic forms.

Let f(z,y) = az® + 2bzy + cy? be a binary quadratic form over O(i.e.

a,b,c € O)and let D = b? —ac be its discriminant. Two forms f, f’ are called
23|
equivalent if there exists o = {{a B8 } SL,(O) such that f(az+By,yz+
, 7§
8y) = f'(z,y)-
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Theorem C. For any fized discriminant D, there are at most a finite number
of non-equivalent binary quadratic forms over the ring of integers of K. In
fact, the number of non-equivalent binary quadratic forms is less than C'd!*®

where C' is a constant depending only on D.

Dirichlet described the relation between the set of non-equivalent binary
quadratic forms and the ideal class groups of quadratic extensions of the
Gauss field. J. Hurwitz and G.B. Mathews generalized the notion of contin-
ued fractions to the Gauss field in order to find the fundamental unit of the
quadratic extension. We generalize the idea of Dirichlet and Mathews to any
imaginary quadratic field with class number 1. This method is described in

chapter 2.

The complexity of calculating a reduced set of binary Hermitian forms
and binary quadratic forms is determined by the inequalities that define a
fundamental domain for a Bianchi group. Conversely, for a fixed imaginary
field, the determination of all reduced Hermitian forms for all discriminants

is equivalent to the determination of the fundamental domain for the Bianchi

group.

3. Dilogarithm and Bloch groups.

Following Thurston’s idea, we can triangulate the fundamental domain as
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union of tetrahedra. The volume of the fundamental domain of Bianchi group
PSL,(0) is equal to ¥_n;D,(2;) where D, is the Bloch-Wigner Dilogarithm
function and 2; € C. From this operation, we get an element a = ¥ n;[z] €

T(C) (the pre-Bloch group). We have the following questions:

(1) Is a € B(C)(the Bloch group)?
(2) Let F be a finite extension of an imaginary quadratic field K, and suppose
Y n;[z:] € B(F) has infinite order. Is there any map ¢ : B(F') — B(K) such

that ¢(3 n:[2:]) has infinite order?

The above questions arise from Borel’s theorem and Lichtenbaum’s Con-
jecture. From Borel’s theorem, we have rank(B(F’)) = r, where F is an alge-
braic number field and r; is the number of complex archimedean valuations.
In particular, if F is an imaginary quadratic field, then rank(B(F)) = 1.
We can state Lichtenbaum’s conjecture as follows: let K be an imaginary

quadratic field and let O be its ring of integers. We have

|dx |32

L(2,x),

where b is a generator of B(K), dg is the discriminant of K, and y is the
character corresponding to K. If the answer of the above questions are
positive, we obtain an element a in B(K) for any given imaginary quadratic
field K(i.e. a = rb for some integer r). If a turns out to be a generator

of B(K), then Lichtenbaum’s conjecture gives a method for calculating the
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order of #K,(O). As, yet we are unable to get b from rb.
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Chapter 1

Fundamental Domains of
Bianchi Groups

1.1 Introduction

In this chapter, we discuss the fundamental domains of Bianchi groups and
an algorithm developed by Swan for their constructions. For this algorithm,

we estimate the computational complexity and give an improved bound.

Let K = Q(v/—d) be an imaginary quadratic field where d is a positive
square-free integer, O be the ring of integers of K, and dx be the discriminant
of K. Since the Gauss field and the Eisenstein field had been studied by
Picard, Klein, and Bianchi very clearly, we assume d > 5 in this thesis. Let H
be the upper space of Cx R (i.e. the set {(2,() | z € C,{ > 0}). The Mobius
transformation on H is the Poincare extension of Mobius transformation on
C (i.e. 0-P = (aP+8)(yP+6)! where P = (2,{),0c = { : g } € SLy(C).

Here we have written P = z 41y + j( as a pure quaternion.) We can identify
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H with the homogeneous space SU;(C)\SLz(C).

1.2 Fundamental Domain(Geometric Aspects)

We recall some elementary and well known results from the literature which

will be used constantly in this thesis.

]
given by o(z,() = (', (') where

Lemma 1.1. Ifeo = { : s } € SLy(C), then the action of o on H is

_ ¢
ez + 82+ Rl

CI

o - (Z+8)(az +B) + (*7e
vz + 82+ Chl*

Proof. Since o- P = (aP + B)(vP + é)™!, we can write

32 +(—j¢) + 4
[vz + 82 + [7[2¢*

o P =(a(z +j() +B)

It is easy to see that

(7% + 6)(az + B) + (*Fa ¢

N eI Rl mr T

(z’v CI) = (

Lemma 1.2. The Riemannian metric ds* = (~%(dz? + dy? + d(*) on H,

where z = z + ty, is invariant under the action of SLy(C).
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10
. 1 ¢ 0 -1

Proof. SL;(C) is generated by o1 = 01(°%2=%11 0 [0
{ g a(L } By Lemma 1.1, we have o, - (2,¢) = (z + t,{), 02 (2,() =
(MT-Z;(?’ I;I,—%(;), and o3 - (2,) = (F2,|%[¢). It is sufficient to check that
ds? is invariant under these three transformations. For instance, we verify
that d(o; - )% = (~%(d|z + t|* + d(?) = (~%(dz? + dy?® + d(?) = ds® since ¢
is a constant. We also see that d(o; - 5)2 = (B'z;(z)z((lzlff:z)z + (l—zlﬁ%—)s +

They) = ds? and d(os - 5)? = |a*¢ 2 Jz(da? + dy? + d(?) = ds™.

The group PSL,(C) = SL2(C)/{xI} is the group of all orientation pre-
serving isometries for the hyperbolic metric. We describe the elements of

PSLy(C) by matrices o = { : ’g } € SL,(C) identifying o and —o.Every
discrete subgroup I' € PSL,(C) acts discontinuously on H. In this thesis,

we concern ourselves mainly with the Bianchi groups PSL,(O).

Definition. Let T’ be a discrete subgroup of PSL,(C). A fundamental do-
main D for T’ is an open subset of H satisfying the following conditions.

(1) For every P € H, there isaoc €T witho- P € D.

(2) The members of {0 -D: o € I'} are mutually disjoint.

Let {1,w} be a basis for O as a Z-module and write w = w; + 1w,.
Let F be the set of all z = z + 1y with —w;/2 < y € wy/2 and -1/2 <
z<1/2 If u, A € O,(p,A) =0, let S, be the hemisphere in H given by
|[pz + A2 + |u|?¢? = 1. Let B be the set of points in H which lie above or on
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11

all S, (i.e. B={(2,{) € H: |uz+A*+|p*¢® > 1 for all (g,)) = O}). We
now introduce the fundamental domains of Bianchi groups. The structure
of the fundamental domain was indicated by Bianchi and studied in greater

detail by Swan.

Proposition 1.3. The set D = {(z,() : z € F}NB is a fundamental domain
of the Bianchi group PSL,(O).

Remark. (a) Here, we abuse of language of fundamental domain, since in
the last proposition we should say the closure of the fundamental domain.
(b) Throughout this thesis, we make the convention that the fundamental

domain refers to D.
Before we prove Proposition 1.3, we need the following Lemmas.

Lemma 1.4. A point (z,({) € H lies in B if and only if for every o € SL,(O)

we have o - (2,() = (2',(') with (' < (.

Proof. Let (2,{) € B and 0 = { : g } € SL,(0). By Lemma 1.1, we
can write (' = mfﬂ_—(w Since (z,¢) € B, |yz + 6>+ ¢?|v]* > 1. We have
¢'<¢

Suppose ¢’ < (forallo = { : 'g } € SLy(O), then |[yz+62+C?[v)? > 1
for all (v,6) = O. We have (z,() € B.
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Lemma 1.5. Let 0 = { z f } € SLy(O) withp #0. Then BNo™'B =
BNS,».

Proof. Let (z,{) € BNo™'B and (z',(') = 0-(2,(). By Lemma 1.4, we
have ¢’ = (. So we have |uz + A? + (®|u|* =1 (i.e. (2,{) € Sun)

Proof of Proposition 1.3. First, let P = (z,() be any point on H, and note
that |uP + A|? is a positive definite Hermitian form for p, A € O, (¢, A) = O.
There are g, A such that |uP + A|? is a minimum (i.e. |pz + A|? + |u]?¢? is
a minimum), hence there is a ¢ = { Z f } € SLy(0) such that (',{') =
o (z,¢) with ¢’ maximum. By Lemma 1.4, (2/,{’) € B. Let s € O be such

that 2’ —s=2"€ Fand T = { }. We have T.(z’,C') = (2”7C’) e€D.

1 —s
0 1

From the above argument, it follows that for every point (2,() in H, we can
find an element o € SL,(O) such that o-(z,{) € D.

Now we claim,cB =Bifand only ifc € ® = {{ g g } € SL,(0)} and if
o & @, then intBNo - intB = 0.

We can easily see that if o € @, then o = { (1) i } or { _01 —fl } for some
s € O. So, -8, = Syrssu only permutes the equations defining B. If
o= { Z \ } ¢ ®, then BNo™'B =BNS, ) by Lemma 1.5. This lies on
the boundary of B.

From the above argument , we can say D is a fundamental domain of the

Bianchi group.
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1.3 Fundamental Domain(Arithmetic Aspects)

In this section, we study some properties of PSL,(O) which depend heavily

on the arithmetic of the ring O.

Definition. We call s € C a singular point of the fundamental domain if
we cannot find p, A € O with (u,A) = O and | us — A |< 1 (i.e. there is no

S, such that s is lower than S, ).

Definition. Let A be any ideal of O. We say an element § € A is minimal

if |8 is minimal among all |a| for a € A4,a # 0.

Proposition 1.6. Let Ay = O, A,,---,Ay—1 represent the h ideal classes
of K. Foreachi=1,---,h — 1, write A; = (B, ) in all possible ways with
B minimal in A;. The singular points are of the form a/B. In this way we

get all possible singular points.

Proof. If z € C\ K, then there are infinitely many A, u € O with (A,u) = O

such that

A
o= =1 € =
g |l

where c is a constant only depending on K [Swl]. So, z is not a singular
point.

Suppose now s € K. Write s = a/f with a,8 € O. Let A = (a,8). If
(v,6) = A, then there are u,A € O with (A, u) = O such that pa — A8 =19
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14

(see Lemma 1.16). Therefore |us — A| = |v|/|B|- If |8] is not minimal, then
s is not a singular point.

If (a,8) = Ao, then |35 —a] =0 < 1. So, § is not a singular point.
Let (8,a) = A; fori > 0. H (p,)) = O, then [u§ — )| = Mﬁﬂ > 1.
Because ua — A8 € A; and § is minimal. Note that ua — AB # 0(otherwise
a=1t\f =tu for somet € K. Then A; = tQ, a contradiction.).

Now we check the uniqueness. Suppose § = %,(8,a) = Ai,(4,7) = A,
with 7,57 # 0 and $,¢é minimal in A;, A; respectively, then there is t € K
such that 4 = ta,8 = tB. Therefore A; = tA;. Wehavei: = jand tisa

unit. Since we only consider d > 5, t = £1.

For enumerating all singular points, we state the following well-known

theorem about the representatives of ideal classes. Let O = Z + Zw.

Definition. Let I be the set of all pairs (q,a) with q,a € Z, ¢ >0, —q/2 <

a <q/2,q4> < N(a+w) and q | N(a+w). For(q,a) € I, let A;, = (g, a+w).

Theorem 1.7. (1) Every ideal class is represented by some A, , for(q,a) € [
and the ideal class group is in one-to-one correspondence with the A, ,, ezxcept
for the identification A, , = A, which occurs if ¢* = N(a + w) and b= —a
ford=1o0r2 mod4,b=1—-a ford =3 mod 4.

(2) The minimal elements of A,,. are just £q unless ¢ = N(a+w) when
they are +q and £(a + w). In fact, A, = Zg + Z(a + w) as a Z module.
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Remark. Theorem 1.7 states the connection between the ideal classes of a
quadratic field K and a set of reduced binary quadratic forms of discriminant
dr. The calculation of ideal classes based on this relation can be found in

[He §53].

Corollary 1.8. A complete set of singular points of K is given by the set of
all p(a + w)/q + v, where (¢g,a) € I, ¢ # 1,4 € O, and p runs over a set of

representatives, modulo q of the integers(in Z) relatively prime to q.

Proof. By (2) of Theorem 1.7, ¢, £(a + w) are the only minimal element

of A;.. The singular points are of the form £, —%— for some a € A,..

g’ (atw)

From Theorem 1.7, we can write a = zq + y(a + w) where z,y € Z. For
the first form, we have ﬂ“:—‘”l + = + y'(a + w). In the second form, we have

y+ 2y =y 2 =y oo 4 w) + BERY),

We now check that the points obtained are all distinct mod O. Suppose

ﬂa:'—wl» 3"%'7'—"'1 are two points. If ”(“:'”) = pl(“;f"’) + z +yw,z,y € Z, then
Z—: =2 mod L. Since (p,q) =1 = (p',¢'), we have ¢ = g and p’ = p mod q.
Also %’—' = 22 mod 1 imply that p'a’ = pa mod q or pa’ = pa mod q. But

(p,q) =1, we have a’ = a mod g(i.e. ¢’ = a,p’ = p).
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Lemma 1.9. (1) If s € C s not a singular point, there is a neighborhood U
of s and € > 0 so that every (2,{) € B with z € U has { > .
(2) If s € C is a singular point, there is neighborhood U of s and ¢ > 0

so that every (z,{) €B with z €U has (> €|z — s [V/2.

Proof. We follow Swan’s method, except for part (2) we use the form of
singular points as given in Corollary 1.8 to get a better bound.

(1) Choose u,A € O so |us —A| < 1 and (g,A) = O. Let U be a
neighborhood of s and let 0 < 6 < 1 so that for z € U we have |uz — A| < 6.

Since all points of B satisfy |uz — A]?> + |z|>¢%2 > 1 we can take € = [p|~!(1 -
g2y2,

(2) Suppose now s = & is singular. Let 1,w be a basis for O. Then
we have |us —~ A| = 1 and (g,A) = O for g = B%,A = af £ 1 and for
p = wh? A= waf £ 1. The two circles |22 — af £ 1| = 1 pass through
z = s and are tangent along the line R(3%z — o) = 0. The two circles
|wB%z — waB £ 1| = 1 also pass through z = s and are tangent along the
line R(wB?z — waB) = 0. Since the lines are distinct, each of the first pair
of circles overlaps each of the second pair. Therefore a neighborhood of s
may be divided into 4 parts each lying inside one of circles and bounded by
two secants passing through s (Figure 1.1 and Figure 1.2). We consider the

following two cases.

(i) For d = 1 or 2 mod 4, w = y/—~d. By Corollary 3.4, we can write
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Figure 1.1: d =1 or 2 mod 4

Figure 1.2: d = 3 mod 4

5= ?i(“:—"’l The four circles have the equations

atl, |, vd 1
(2= o+ (- B2y = ~ and (z - B2

(ii) For d = 3 mod 4, w = }(~1+ v/—d). As in (i), we can write s =

ﬂ“qi”l. The four circles have the equations

2 —_
R TR O
and
_(1+d)pg(2a —1)F 4 [ +dpgF4vd, 4
(z 2¢%(1 +d) V4 2¢%(1 + d) )= ¢?(l1+d)
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For each of these circles, choose coordinates in the z plane so that the
circle has the equation (z —r)? + y? = r?, the point s having the coordinate
(0,0). The secants will have equations y = m;z and y = maz. Let M =
max{|m;|, |mz|}. The inequality |uz — A|?> + |z|>¢? > 1 becomes (? > 2rz —
z? —y% So, (? > 2rz — z? - M?z? > (2 + y*)Y/? = €?|z| for |z| very small,
since |y| < M|z| are satisfied by the points between the two secants.

For d =1 or 2 mod 4, we put

2d +1

U:{ZGCI|Z—S|<W},

then € = 1/q(1 + d)%/4.

For d = 3 mod 4, we put

4(2d - 1)

U=1{z€Cllz~sl < 7 od+ 9y

b

then € = v/2/qd'/4(d? + 10d + 9)/4.

Remark. The idea of the proof of Lemma 1.9 is to pick spheres that pass
through singular points. This choice of spheres is the best possible we can

make.

In addition to the four vertical planes which enclose the fundamental
domain D, the lower boundary is covered by a finite number of geodesic
hemispheres S, x. This is the content the following result which in addition

provides an estimate for the number of the spheres.
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Theorem 1.10. There are only finitely many u, A € O with (u,A) = O such
that DN S, # 0.

Proof. (1) For a given 1, DNS, » = 0 unless the distance from % to F < ll7l
Therefore if d is the diameter of F, DNS,, » = 0 unless H <d+ illl—l It is easy
togetd = m Hence there are only finite number of A satisfying
this.

(2) Let s1,---,s, be the singular points in F. Let Ui, ¢; satisfying (2) of
Lemma 1.7. Let e = mine; and V; = {z: |z — 54| < 52'2-}

(a) Since F \ UV; compact, Lemma 1.7 (1) implies that there is n > 0
such that (z,() € D,z € F\UV; then { > n. If |u| > 7!, then the highest
point of S, » has {( = |#11—| <nl

(b) Suppose z € Vi. Then ¢ > €|z —s:|*2. If (2,{) € S, then |2+ %lz +

2= ﬁ Therefore |z + %[2 + €|z — s < # In particular, |z + %|2

1
< e
Since s; is a singular point, |us; + A} > 1(i.e. |s; + %| > T:ITI) But |s; + %( <

|z + %I + |z — s;|, and we have

1 A A A
—_—< Z+—+Z-s;|2=z+—2+2z—s; Z+—+Z‘—'S;|2
(Iz+ 21+ F=lat 242 llz+ 21+

|ul> =
< 2 |z — si| + 2|z — s.-l-l— + |z —si?
|ul? ]
or
0 < —€z—si| + 2171;|-|z - si| + |z — si]%

1The effective estimate of n will be obtained in Theorem 1.17.
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So|z—s;| #0and 0 < —62+2|17|+|z—s,-|. Since z € V,, |z — si] < %
Therefore |u| < 4e72.

From (a) and (b), there are only finitely many choices for u 2.
Theorem 1.11. The fundamental domain is symmetric about =,y azis.

Proof. Let (z,() be a point in the fundamental domain.

(a) If (z,¢) is not in the fundamental domain then there is a hemisphere
S, such that (Z,() is lower than the sphere(i.e. | Z+ % 12 +¢2 < 'IZIIT) So
we have the inequality, | z +-§ 2 +¢ < IT:IL’ (i.e. (2,() is lower than the
hemisphere Sz 5). This contradicts our assumption, hence the fundamental
domain is symmetric about x-axis.

(b) If (—2,¢) is not in the fundamental domain then there is a hemisphere
S, such that (—z,() is lower the sphere (i.e. | z — % 2 +¢% < I—I:F) So we
can say that (z,() is lower than S_, ». This contradicts our assumption, and
the fundamental domain is symmetric about the line {(z,y, z)|z = y = 0}.
From (a) and (b) we can say that the fundamental domain is symmetric

about y-axis.

By Theorem 1.11, we only need to consider % of the fundamental domain

instead of the whole domain.

Before we begin to sketch Swan’s algorithm. We will review methods

2This estimate will be given in part (c) of Swan’s algorithm.
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used by Woodruff in his thesis [W]. Let h be the class number of K and let
A; = (7i,6:),i = 1,---,h, be a set of representatives for these classes where

we may assume that 4; = 0 and é6; = 1. Let a; and §; be chosen from K so

that o; = { ‘; gf },det(a,-) =1, with o0y = I,. Let L = Uo; - SL2(O).

Lemma 1.12. Ifu and )\ are integers of O with (u, ) # (0,0), then there is
a transformation oo in L such that og = { zo fo } JHo = np, Ao =1 |n| <
0o Ao

q where the constant q depends only on K.

Proof. The ideal (u,)) is equivalent to A; for some i. Thus there are
two non-zero integers n;,n; in K such that (n;)(u, A) = (n2)(vi,di). Hence

N(n)N(p,A) = N(nz)N(A;). So we have

N(n) _ N(A)

N(ma) = Mgy = VAD)-

Let ¢ = max N(A;), we have | 2 [< N(A;) < ¢g. By Lemma 1.16, there is a

transformation o = { : g } € SLy(O) such that

(nip,n12) = 0 - (n27yi, n2d;)

nig = angy; + Yned;

YO mph = Bngyi + 6ng6i

Let o9 = o;0 so that we have

po = av; +70;
Ao =Pyi+66;

Let n = 2, we note that po = ng, Ao = n) where [n| < g.
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Lemma 1.13. To each (z,¢) in H, there is a pair of integers (u, A) # (0,0)

in K for which the inequality

VIdx|¢
2,2 /\2 <

|1°C" + [pz + A S A5
holds.

Proof. Let {1,w} be a basis for O. We write u = p; + pow, A = uz + pyw
where p; are rational integers. Then ¢(u1, g2, 3, ) = [p[2¢? + |uz + A* =
I£2(|z[2 + ¢?) + pXz + Az + |A? is a positive definite quadratic form in p;.
Let a;; be the coefficient of y;u; and let A be the corresponding matrix of
this quadratic form (i.e. A = (b;;),bi; = a:; and b;; = a;;/2 for i # j.). In
particular, we can write

0 z Vdy

2
P
2 -
A= 2 dp \/c_iy dz ford = 1 or 2 mod 4,
d

—Vdy 1 0
Vdy  dz 0 d

and
p? /2 z (z + Vdy)/2
A p?/2 pPP(l+d)/4 (z—~Vdy/2 z(1+d)/4
z (z — Vdy)/2 1 1/2
(z+Vdy)/2 z(1+d)/4 1/2 (1+d)/4

for d = 3 mod 4 where z = z + iy and p? = 2% 4+ y? + (2. It is easy to see
that det(A) = L€
The theorem of Korkine and Zolotareff ([K-Z], page 583) can be stated as

follows: Let ¢(z1,22,23,24) = X ai;z:z; be a positive definite quadratic form
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with the corresponding matriz A where z; are integers. There are ny,nz,n3,nyg
such that ¢(ny,n2,n3,n4) < \‘/ZZeT(T).

From this theorem, we can find y; such that ¢(u1, g2, g3, pta) < WA—).
In the other word, we can find g, A such that

Vidk |

dk ¢
7

0 < [ul?¢® + [z + A <

Remark. In Woodruff’s paper, the inequality is

dx|¢
0 < |u|?¢? +,\2<|—-—.
|2 + [pz + A]° < /2

Note that we have reduced the exponent of dx to 1/2.

Proposition 1.14. For each (z,() € H, there is a o € L such that (2',{') =

o (z,¢) with ¢' > V2/(¢*\/|dx]) where ¢ = max{y/Norm(A;)}.

Proof. By Lemma 1.13, there is a pair(u, A) such that
202 2 VlIdxlC
+ + A < F—0n.
ul*¢* + |z + A" < 7

Qg ﬂo
Ho Ao

nA, |n| < q. So, we have the following inequality

: ¢ ¢ V2

= > > .
¢ = hoP 0 F Loz ¥ 2o = PUAPC + a2 +3P) = g2 fidn]

By Lemma 1.12, there is a ¢ = { } € L such that pug = nu, Ao =
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1.4 Swan’s Algorithm

We begin to describe the algorithm for determining the fundamental domain
for given d. Suppose we are given a set o; = A;/p; € K with (p;, ;) = O,
i =1,---,n. Let S(a) = S, and B(ay, -, aq) = {(2,¢) € H|(z,()
lying above or on all S(a; + v) for v € O}. As in proof of Proposition 1.3,
we have B(aj,---,ar) = B for some finite number k. Swan showed that
B(ai,---,a:) = B if and only if no vertex of dB(a4, - --,ax) can be strictly
below any S, with (z,A) = O. [Swl, Proposition 8.4] Hence the only
question left is to find a bound for |u;| and |X;].

(a) As proof of Theorem 1.10, [A| is bounded for any giving p.

(b) Let s1,---,5, be the singular points in F. By Corollary 1.8, every

singular point s; has the form ﬂ%"l Let

1

W:{zéC”Z—S;I(W

} ford =1 or 2 (mod 4)

and

Vi={z€Cl|lz—si| < } for d =3 (mod 4).

1
VAV +10d +9
By Theorem 10, if S, N {(2,{)|z € Vi} # 0 then | u [< 16¢*(1 + d) for
d = 1or 2 (mod4) and |u| < 2¢*/d? +10d + 9 for d = 3 (mod 4) where
g = maxg;.

We state the following results before we finish the algorithm.
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Lemma 1.15. If z is any complez number not in K and M is a positive
integer, there are u,A € O such that |uz — \| < dM ™! with |u| < AM where

A,d are constants depending only on K.

Proof. Let {1,w} be a basis for O as a module over Z and P = {z +
yw|0 <z < 1,0 <y < 1}. Any complex number is congruent, mod O, to a
number in P. Divide P into M? similar regions P, by dividing the intervals
0 <z<1,0<y<1into M parts each. These small P, have diameter
dM~! where d is the diameter of P. Let u = r 4+ sw where 0 < r,s < M are
integers. There are (M +1)? values of u. We can find two distinct p,, p with
p12, tpz mod O lying in the same P;. Let p = py — g, then [z~ 2| < dM ™!
for some A € O. Also |u| = |1 — p2| < |1 + w|M.

Lemma 1.16. Let A = (a,f) be a fractional ideal of O and let v # 0 € A.
There are pu, A € O such that pya + M3 = v and |u| < C|B| where C is a

constant depending only on A and ~.

Proof. We can assume A is an integral ideal by replacing A by tA for
some t € O. Since O is a Dedekind domain, we can find § € A such that
A = (7,d). Let v/,8' € A7! be such that vy’ + 86’ = 1. Let o', ' € A7 such
that aa’ + 84’ = 1. Let r € O be such that |[§—r| < d where d is a constant
depending only on K (as in Lemma 1.15). Replace o/,' by &/ —rf, ' +ra,

, _[o -8 v ¢
we can assume |¢| < d|B|. Leta—{ﬂ, o }a.nd'r—{_a, W },
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then detoc = detr = 1 and o7 = a,7+ﬂ6, *Le SL,(O). We have
By —abd =*
(a,B8)otr = (v,8). Let y = a’y— B4 and A = f'y—ad’. We have pa+Af3 = v

and [p| < |y|le’] + 16181 < (IvId + [6))IBI-

Theorem 1.17. If (z,{) is a point in the fundamental domain such that

(2,C) & V; for all i, then { > Cd~35 where C is an absolute constant.

Proof. (i) Let

1 2d+1
; = ——— < |z~ | < = 2
W; {Z€C|2q3(1+d)3/2"| s|<qi2(l+d)3/2}ford 1 or 2 (mod 4)
and
1 4d -1
Wi={z€C Sle—si <
e Ol mrars - ° ~ % < gvaver 0039’

for d = 3 (mod 4). We can easily see if (z,() in fundamental domain and

z € W; then

védd + 3

2 a3 =
¢ 2> 22 (L £ ) for d =1 or 2 (mod 4)

and
‘> Vad =1
= @VdV? +10d + 9

(ii) Let (z,¢) be a point in fundamental domain with z ¢ W; UV, for any

for d = 3 (mod 4).

i. For z € C\ K, there exist a,8 € O such that |8z -~ a] < dM~! and
B < AM for any positive integer M where A = |1 + w|. By theorem 1.7,
we choose A; = (¢:, a; + w) as representative of the ideal classes of K’ where

(g:, a:) € I; furthermore for any A;, we put the constant C; = (¢;:d +|a; + w]).
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Let ¢ = max{q;} and C = max{C;}. For each |8| < 2q and each nonsingular
%, there are p,A € O,(p,A) = O such that [p§ — A| = |F| < 1 where
¥ = pa — A3(Since B is not minimal). So we have N(y) < N(B) —1 or
|31 <1 - gz <1 - 5. By Lemma 1.16, we can take |u| < C|B] < 24C,

therefore we have

a A 1 v, 1 16 1
¢ _dic—1dpc 22—
57 a SRl ShE T adc

Let = gier and n = 335 If (2,{) €D and 2 € Upo = {z €Cl[z~ §| <

6}, then{ > 7n. Asin Lemma 1.9, we have (82, af%1) = (wf?, waf+£l) = O.
The spheres |3%2 — a8 + 1|* + |8]*¢* = 1 pass through % and tangent along
the plane ®(3%z — aB) = 0. The spheres |[wf%z — waB + 1| + |w|?|B]*¢? =1
pass through § and tangent along the plane ®(wf%z — waf) = 0. Since
the planes are different, each of the first pair of spheres overlaps each of the
second pair. we can choose p,n’ as in (i) and let Up , = {z: 0 < |z — 5[ < p}.
Therefore if (2,() is in the fundamental domain and z € Up,, ( 2 n'. We
can get easily that p = O(d~%/?) and n' = O(d~%/?).

Let € = min{e;, p} where ¢; is the radius of V; UW; and U be the union of
Vi, Wi, Up,e, and Uy, with 8 < 3/2¢. Now choose M such that Cd/M < 1/4
and d/M < e. If z€ C\K and z ¢ U. We can find ,a € O so that
1Bl < AM,|Bz — o] < d/M < e. Since § € O, we have [z ~ §| < e
Since z ¢ U, |B] > 3/2q. Now find g,A € O with (g,A) = O such that
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lpa — AB| = |y| £ qand |u| < C|B| < CAM. Then

a

a q
5+15 '-lmM Bl <

A
|z == <]z -
u

dC L 1,2 11
Mlp| * 3qlp| = 4lpl  3lul T 12)p|

So, we have

1 Aoy 1 121 23

G2s-lz-=’2—F- = :
|2 el 144[p2  144pf?

Therefore

¢> V3 V23
2 1ol = T2CAM

We now return to the algorithm.
(c) By Theorem 1.17, if S, meets the fundamental domain, the radius
of Sy, T;I‘-', must be

.5
>(>Cd> (ie [u] £ f—)-

o
Remarks. (a) In [Sw1], the bound obtained in Swan’s algorithm is C'd~**

where C' is a constant.

(b) If K has class number 1, then L = SLy(O). By Proposition 1.14, we
have |u| < \/|dk[/V2.
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Chapter 2

Binary Hermitian Forms and
Binary Quadratic Forms

2.1 Introduction

Let f(z,y) = az? + bzy + cy? be a binary quadratic form with a,b,¢c €
Z. The reduction theory of binary quadratic forms was studied by many
mathematicians. In History of the Theory of Numbers, Dickson described
the development of relations between reduction theory and the fundamental

domain of PSL,(Z).

"In 1851, Hermite developed his fundamental method of continual reduc-
tion. Closely related to it is the geometrical theory introduced by Smith in
1876 and applied by him to elliptic modular functions, later simplified by
Hurwitz in 1894, by Klein in 1890, 1896, and by Humbert in 1916, 1917.
A like goal was reached by Dedekind in 1877 and Hurwitz in 1881, both by

means of equivalence of complez numbers.

29
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H. Minkowski proved that if f(z,y) = az?® + 2bzy + cy® is a positive form
with § = b —ac < 0,a > 0, we can assign integral values not both zero to =
and y such that f < 2\/%.. The equality sign holds only when f is equivalent
to V8(z? + zy + y?). He gave a simple geometrical interpretation by means
of the thickest packing of circles.” [D]

Hermite first introduced the form F(X,Y) = A|X|* + BXY + BXY +
C|Y|* where A < C € Z and B € Z[i] the so-called Hermitian form. Bianchi
and Humbert generalized Hermite's idea to study the form FI(X,Y) = A|X|*+
BXY +BXY+C|Y|* where A < C € Z and B € O, the ring of integers of an
imaginary quadratic field. They described the relations between fundamen-
tal domains of Bianchi groups and reduced sets of binary Hermitian forms
and implied that the reduced sets of binary Hermitian forms are decided by

the fundamental domains of Bianchi groups.

Dirichlet followed Gauss’ method to consider the binary quadratic forms
f(z,y) = az? + 2bzy + cy? with a,b,c € Z[i]. Hurwitz, Fricke, and Klein
described those forms that have geometric meaning similar to the classical

case.

In this chapter, we discuss the reduction theory of binary Hermitian forms
and binary quadratic forms with coefficients in the ring of integers of an

imaginary quadratic field.
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2.2 Binary Hermitian Forms

Throughout this chapter K = Q(v/—d) is an imaginary quadratic field where

d is a positive square free integer and O is the ring of integers of K. Let
F(X,Y)=AXX + BXY + BXY +CYY

be a positive definite Hermitian form (i.e. A, C are positive rational integers,
B is an integer in K and B is the conjugate of B. The discriminant D =
AC — BB > 0). The form is called a proper primitive form if (A,C) = 1
and A, B, B,C have no common real divisor. Two forms F, F' are called

equivalent if there exists o ={ : g } € SLy(O) such that - F(X,Y) =

F(aX +8Y,7X +6Y) = F'(X,Y) = AXX +BXY + B XY +C'YY where
A’ = F(a,v) = Aa@ + Bay + Bov + Cv7,
C' = F(B8,8) = ABB + BB& + BBs + Cé3,
B’ = AapB + Bf7 + Baés + C74.

It follows that

A'C' — BB = (ad — v)(ad — B7)(AC — BB) = D,

so that the discriminant D is an invariant.

We also have a matrix definition of Hermitian form. We can write

F(X,Y):{X,Y}{g g}{ : }
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= {3 414 8){2 2) ()

A B
a.ndD:det{-E C }

For the binary Hermitian form F(X,Y) = AXX+BXY + BXY +CYY,
let
B D

PF=Z+JT€H

be its representative point.

Definition. A positive Hermitian form F(X,Y) = AXX + BXY + BXY +
CYY is called semi-reduced if Pr lies in the fundamental domain D of the
Bianchi group PSL,(O).

Remark. Following chapter 1, D is equal to {(2,{)|z € F} n B. The
coefficients of the reduced Hermitian form satisfy 2b; < A< C,200 < AL C
and some other finite inequalities corresponding to hemispheres on the lower
boundary of the fundamental domain(e.g. when d = 5, we have |b;| +4]b,| <

A+ C and 5|b,| £ A + C) where B = b; + /—db;.

If Pr is the point corresponding to an arbitrary positive Hermitian form
F(X,Y) = AXX + BXY + BXY + CYY of discriminant D, we can find
o= { : ? } € SLy(O) such that o- Pr lies inside the fundamental domain.

We can easily check that ¢’ - F(X,Y) is a semi-reduced form where ¢’ =
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«

{ i p }E SL,(O).

Theorem 2.1. For any fized discriminant D, there are only finitely many
non-equivalent Hermitian Forms. In fact, the number of non-equivalent bi-
nary Hermitian forms is less than Cd'®® where C is a constant depending

only on D.

Proof. We only need to prove that there are only finitely many semi-reduced
positive Hermitian forms for fixed discriminant D. Let F(X,Y) = AXX +
BXY +BXY +CYY be a semi-reduced Hermitian form; then Pr € C*xR*
lies in the fundamental domain. We separate the following three cases :

(a) (%,0) is a singular point. By Corollary 1.8, the singular points are of
the form ﬂ‘:‘"—wl where (g,a + w) are representatives of ideal classes of O
and p mod q. We have q | N(a + w) and ¢*> < a® + d. We can write that
A = gr, B = p(a + w)r, where r is a positive integer. Since C = E':"—D is
an integer, we have A|(| B |* +D). (ie. qr | p°r*N(a + w) + D). Since
q| N(a +w), gr | D(i.e. A| D).

(b) % € V; = {z € C||z — si| < ¢;} as described in Theorem 1.10 for some
where s; is a singular point and -ﬁ- # s;. By Lemma 1.9, we have

_l_)_> 1 IE_a+w
A? 7 g¥(1+44d)3/?2" A

| for d =1 or 2 mod 4,

and

D 2 B a+4w _
A? > P2 (& + 10d + 9)172 | Z——q—l for d = 3 mod 4.
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It easily follows that

D 1 gB — A{a + w)

= > =

ke PO 1 dPR | Aq |= AP+ A7 ford =1 or 2 mod 4,
and

_D_> 2 qu—A(a+w) > 9

A? 7 g%d/?(d? + 10d + 9)1/2 Aq = A@d\2(d? + 10d + 9)'/2

for d = 3 mod 4. Hence

A< ¢®D(1+d)*¥*for d=1 or 2 mod 4,

and

A < ¢*DdY?(d? + 10d + 9)'/? for d = 3 mod 4.

(c) If % ¢ Vi, then
vD

= > d-3.5
y) C

by Theorem 1.17. Hence

\/5 d33
c

From the above, we can say that A is bounded. There are only finitely

A<

many semi-reduced positive Hermitian form.

Remarks. (a) From the proof of Theorem 2.1, we can easily find semi-
reduced Hermitian forms for given discriminant D.

(b) From the proof of Theorem 2.1, given a discriminant D, the number
of non-equivalent binary Hermitian forms is less than M D where M is a

constant depending only on K.
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Example. Let K = Q(v/=5). Following Theorem 2.1, if F(X,Y) =
AXX + BXY + BXY + CYY is a semi-reduced form, we have A < Dq(1 +
d)®/? where D is the discriminant of F. Since the representative point P lies
inside of the fundamental domain of PSL;(2[v/-5]), we have the following

inequalities

Cal

2
A
A<LC, |b|+4jbl<A+C, 5|b]<A+C

-5 < -5 <

N -
DI | =

b}

x| &
DN

<

|~

where B = b, + /—5b,.

For D = 6, we have the set of semi-reduced Hermitian forms as follows:
(1,0,6),(2,0,3),(2, £1 £ w,6),

(3,£1 + w,4),(5,£2 £ 2w, 6), (6, £3 £ 3w, 10),
(12,£5 £ 5w, 13), (15, £7 + Tw, 20)
where w = /=5 and we represent the reduced form F(X,Y) = AXX +

BXY + BXY + CYY as (4, B,C).

2.3 Binary Quadratic(Dirichlet) Forms

Let f(z,y) = ax?+2bzy+ cy® be a binary quadratic form over O(i.e. a,b,c €
0). Two forms f, f' are called equivalent if there exists o = { : g } €
SLy(0) such that f(az + By,vz+d8y) = f'(z,y). As above, the discriminant
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D = b? — ac is an invariant. For any binary quadratic form, let

Q —2+’—IlﬂeH
f—a Jlal

be its representative point.

Definition. A binary Dirichlet form f(z,y) = az®+ 2bzy + cy? is called re-
duced if Q; lies in the fundamental domain D of the Bianchi group PSL,(O).

Remark. As above, the fundamental domain provides several inequalities,

inciuding the following obvious ones :

b, 1 (8l o w2
3} —} < = —_ —_ >
{lal}—2’g{lal}—<- 2,|C|_|a|

Theorem 2.2. For any fized discriminant D, there are only finitely many
non-equivalent binary quadratic forms. In fact, the number of non-equivalent
binary quadratic forms is less than C'd'®® where C' is a constant depending

only on D.

Proof. Let f(z,y) = az? + 2bzy + cy? be an arbitrary binary quadratic
form. There is a § € O such that b = ad + b, and & € F. Let fi(z,y) =

{ (1) f } fi(z,y) = az®+2b1zy+c1y®. If Q, does not lie in the fundamental

domain, then there is a S,,,,», such that (2, 3@) lies lower than S, »,(i.e.
b 2 2 |D _J M B
| Zps+ M 2+ | | ]';r}<1). Let al—{m JI}GSLQ(O) and

fo(z,y) = 01 - fi(z,y) = a12% + 2b,zy + cy® where a; = ad? + 2by Ay + cpl.
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We have
1D
D1 _ | D | S £|a| . ’_—IDI.
| a1 | Ia/\§+2b1A1l£1+cy§|‘|u1%+,\1|2+|u1|2]|£_} la|

(i.e. | a1 |<| a )
Let §; € O be such that b, = a;0 + b3 and 72- € F. Let f3(z,y) =

{ (1) 611 } - fa(z,y) = a12? + 2b3zy + coy?. If Qy, does not lie in the funda-

mental domain, then there is a S, 1, such that (72-, @)lies lower than
A

Sz Let 0z = {,,: ?j} € SLy(0) and fi(z,y) = o2~ fala,y) =

asz?® + 2bszy + cqy®. We have

D D
\/I——l > \/ﬁ (i.e. |a2| < |a1|).

|<12| |‘11|

Now consider the sequence of forms

f21f4’f63""

We have
VIDI yIDI +/IDI
< < <...,
|a| |ai] |az
where a, a;,a,,--- are the first coefficients of f, fa, f4,---. Hence {|a;]} is a

diminishing sequence of positive real integers which must eventually stop.
Let fan(z,y) = @xz? + 2b2,2y + c20y? be the last form at which we arrive;
then there is no sphere higher than (%3: +7J 3@) So, fan(z,y) is a reduced
form.

To complete the proof, we need to prove that there are only finitely many

reduced forms.
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Let f(z,y) = az? +2bzy + cy? be a reduced form and @ be its represen-
tative point. Since @y lies in the fundamental domain, H < 1+1—‘é1\'- where di
is the discriminant of K. We consider the following cases:

(a) If g is a singular point of the fundamental domain, then % = m;—'"—“—’l.
We may write b = np(a + w), a = nq for some integer n. Since D = b* — ac,
we can write D = n?p?(a + w)? — ngc = n(np*(a + w)? — gc). That is,
|D| = |n| - |m| for some integer m. Since |m| > 1, |n| < |D|(i-e. |a] < |D|g).

(b) If 2 € Vi = {z € C||z — si| < €} as described in Theorem 1.10 for

some 1 where s; is a singular point and g # s;, Then by Lemma 1.9, we have

|D| 1 b a+w

1
- - > = 2 d
oF > EATdPE T g Pl apr S tor2(medd)

and

|D| 2
>
la? © q2\/dv/d® +10d + 9

for d = 3 (mod 4).
Thus,

a+t+w

2
>
q 12 lalg3vdv/d? +10d + 9

b
IZ_

la| < ¢*(1 +d)*?|D| for d =1 or 2 (mod 4)

and

< @VdV& +10d + 9| D)
2

la] for d = 3 (mod 4).

(c) If f ¢ V;, then

\/l_ﬁ_l Z C d—3.5

|a]
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by Theorem 1.17. Hence
D|d35
ol YOI

From the above argument, there are only finitely many reduced forms.

Remarks. (a) For any given discriminant, the complexity of calculation of
reduced sets of binary quadratic forms and binary Hermitian forms is decided
by the fundamental domains of Bianchi groups. On the other hand, not obvi-
ously, the determination of all reduced Hermitian forms for all discriminants
implies the determining of the fundamental domains of Bianchi groups.

(b) From the proof of Theorem 2.2, given a discriminant D, the number
of non-equivalent binary quadratic forms is less than M’|D| where M’ is a

constant depending only on K.

J. Hurwitz and G. B. Mathews [Ma] generalized the continued fraction
to the Gauss field to calculate the class number and the fundamental unit
of biquadratic fields. Mathews’ idea is as follows: Let K = Q(v/—=1) be the
Gauss field, Then

1

z=ap+ 1
a1+02+‘————

.'°k+':lk'

where z is a complex number and a; are Gaussian integers. We can write

2 = 017037 - - - T2 where g; = { (11 ‘;i } and 7 = { (1) -Bl } and the action
oc-2 = ﬁ for ¢ = { Z Z } We generalize Methews’ idea to imagi-

nary quadratic fields K = Q(v/—d) with class number 1 as follows: Let
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S1,S52,---,85, be the boundary hemispheres of the fundamental domain of
the Bianchi group and let A; be the corresponding generator of S;(see chap-
ter 3). For any complex number z, there is an integer a; € O such that

z —a; € F where F is defined as in chapter 1. We can write z = 0,2’ where

01
write z = 0y712; where 7 = A;. Let a, € O be such that z; —a; € F, and let

o] = { Lo } and z' € F. If S; is the highest sphere that covers z/, we

0 1
sphere that covers 2], then z = 0y710,722, where 7, = A;. Continuing in this

o = { 1 a, } Then z = oym022]. Like 2’,2] € F. Let S; be the highest

manner, we can write z = o1 - - - O T 2k(i.€.

akz+ﬂk
2= —
Yez + Ok

ar B
T Ok
continued fraction is periodic, then z is of the form a +b./c where a,b,c € K.

where o171 -+ - Ok = { }) It is easy to see that if the generalized

We have the following conjecture:

Conjecture: If z is of the form a + b/c where a,b,c € K, then the gener-

alized continued fraction of z is periodic.

If the conjecture is true, we can follow the classical method to determine

the fundamental units and ideal class groups of complex biquadratic fields.
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Chapter 3

Poincare’s Polyhedron
Theorem and Swan’s Theorem

Poincare gave a method for extending the action of SL,(C) to the upper 3-
space H. This action extends the transformation of SL,(C) from C to H. He
also gave a famous theorem relating the presentation of a discrete subgroup
T for SL,(C) with the fundamental domain of I". Bianchi and Humbert used
these ideas of Poincare in their work (see [B], [Hu2]). Following Bianchi and
Humbert, R. Swan gave an algorithm to determine the fundamental domain
and together with a theorem of Macbeath to describe the presentations of
Bianchi groups. In this chapter, we will discuss Poincare’s theorem and

Swan’s theorem from the point of view of the arithmetic structure of Bianchi

groups.

41
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3.1 Hyperbolic 3-space and Polyhedra

Let H = {(2,()|z € C,{ > 0} be the upper half space. Consider every point
P of H as a quaternion P = z + iy + j{. As in Chapter 1, we define the
action of PSL;(C) on H as follows: Let o = { : g } € PSLy(C),0-P =
(aP + B)(yP + &)~ (This is called the Poincare extension of 7.). Let I' be
a discrete subgroup of PSL,(C). It is well known that T has a fundamental
domain[Masl]. For example, the fundamental domain of ' = PSLo(Z[v/-2})

is given Figure 3.1.

Figure 3.1:

Definition. A (convez) polyhedron P in H is a nonempty, open, (convez)

subset of H such that the collection S of its sides is locally finite in H.

The polyhedra with which we are concerned in this chapter are typically
bounded by four vertical planes and several geodesic hemi-spheres (e.g. Fig-

ure 3.1).
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3.2 Poincare’s Polyhedron Theorem

We now proceed to describe the facts needed to obtain a presentation of I'.
They include the seven conditions given below. Let P be a polyhedron. An
identification on the polyhedron P is a map which assigns, to each side(face)
s, a side s’ not necessarily distinct from s and an isometry o(s,s’) € T,
satisfying the following conditions:

(1) o(s,s’) maps s onto s'.

(2) (s'Y = s and o(s',s) = (o(s,s")?

(3) For each side s, there is a neighborhood V of s such that o(VAP)NP =0
where o = o(s, s).

The elements o(s,s’) which identify the sides of the polyhedron P are
called generators. Let I be the group generated by those generators. If s = &/,
then condition (2) implies that the corresponding generator o = o(s,s) is
of order 2. In fact, o is a reflection in the side s; the relations of the form

0% = 1 are called reflection relations.

Let P be a polyhedron with an identification; then there is a P~ obtained
by identifying the sides of P(i.e. there is a surjective map 7 : P — P~ where
m(z) = m(z’) if there is a generator o with o(z) = z’ for z,z' € P~). We set
d*(z,z') = inf T, d(z;, z!) where the infimum is taken over all finite sets
of points {z1,2],*+,2n, 2.} With m(z1) = z,7(2!) = 7(zit1), and 7w(z}) = =’

and d is the hyperbolic metric defined in chapter 1.
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(4) For each z € P, #~(z) is a finite set, in which case d* defines a metric
on P-.

(5) P* is complete in this metric.

The basic property of the metric d* is d*(7(2),7(2")) < d(z,2’) so that = :

P — P is continuous. We call P complete if (4), (5) are satisfied.

Let e, be some edge of P. There are precisely 2 sides of P which meet
at e;; call one of them s,. Then there is a side sj, and there is a side
transformation o} = o(s,s’). Set e; = 1(e;). Like e;, e lies on the boundary
of exactly two sides. One of them is s}; call the other s,. Again there is a
side s}, and a side pairing 03(s2) = s5. Continuing in this manner, we have a
sequence {e;} of edges, a sequence {o;} of side pairing transformations, and
a sequence {(s;, st)} of pairs of sides. Since each point of e, is equivalent to
at most finitely many other points of P (condition (4)), the sequences are
periodic. Let k be the least period so that all three sequences are periodic
with period k. The cyclically ordered sequence of edges {e1, - - -, e} is called a
cycle of edges, and k is the period of the cycle. Observe that ox0...00:(e;) =
e1; T =0, 0...00 is called the cycle transformation at e;.

(8) For each edge e, there is a positive integer n such that ™ = 1.
The relations in T of the form 7" =1 are called the cycle relations. Let

a(e) be the angle measured from inside P at the edge e, we require

(7) Thiale) = 2.
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We are now ready to state Poincare’s Theorem.

Theorem 3.1. (Poincare) Let P be a polyhedron satisfying conditions (1)
through (7), and let T be the group generated by the identifying side pairing
isometries. Then T is discrete, P is a fundamental polyhedron® for T, and
the cycle relations together with the reflection relations form a complete set

of relations for T'.

3.3 Swan’s Theorem

Poincare’s Theorem applies to fairly general polyhedra in hyperbolic 3-space.
In order to bring out the arithmetic structure of Bianchi groups, one must use
more specific information about the fundamental domains. We now describe

Swan’s version of Poincare’s Theorem.

Let K = Q(v/—d) be an imaginary quadratic field and let O be its ring
of integers. The Bianchi group PSL,(O) is a discrete subgroup of PSL,(C).
Following Poincare’s theorem, we can determine the presentation of PSL,(O)
by determining the fundamental domain. The determination of a presenta-
tion of a Bianchi group is in general a difficult problem. Swan gave a method
that exploits the arithmetic structure of the group. We now describe Swan’s

method.

1P is a fundamental domain of I’ and is also a polyhedron.
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Swan generalized Macbeath’s result [Mac] on groups of transformations of
a topological space. In particular, let X be a pathwise connected topological
space, and let G act on X as a group of homeomorphisms of X. Suppose
V is a pathwise connected open subset of X such that G-V = X. Let
S={c€G:0VNV #0}. Let T be a group generated by the symbol [o] if
o € S and with relations [g][r] = [o7] for each 0,7 € S with VNoVNTV # 0.
Define ¥ : T' — G by ¥([¢]) = . Since X is connected, ¥ is onto. We can

now state Swan’s results[Swl].

Theorem 3.2. Let X,V,G,T" be as above. Then there erists an eract se-

quence

1-N-omX)2rde

where N is a normal subgroup of G and is generated by all elements repre-
sented by the loops in at least one of the sets cVNTV witho,7 € G. The map
0 is defined by subdividing a loop A into small paths contained successively in

the sets ooV, 01V, -+ ,0,V, 00 = o, and let 8()) = [0g o1][o7 03] - - - [07110m).

Let Aj,---,An € m(X). We say these elements generate m1(X) nor-
mally over G if the smallest G-stable normal subgroup of m,(X) containing

/\1, crey ’\n is 71’1(X) itself.
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Corollary 3.3. Let \; € m1(X) be elements which generate m(X) normally
over G. Then ker(vy) is the smallest normal subgroup of I' containing the
elements 6(X;).

Since we discussed the closure of the fundamental domains of Bianchi
groups in the first chapter, we need discuss closed subsets of X rather than
open subsets of X. A subset W with GW = X is called G-inflatable if
there exists an open V O W such that 3V N ---0,V # 0 if and only if
oWn--.o,W #0.

Definition. A loop A : S' — X is called well-behaved relative to W if
there is a subdivision of S' into arcs ly,---,I, such that for each i there
exists 0; € G with MI;) C o;W. For such a loop, 6()\) is conjugate to

[05 o1)[o7 2] - - - [072 1 00].

Corollary 3.4. Let G,X be as above and W a G-inflatable subset with
GW = X. Let o; € m(X) be elements which generate m(X) normally over
G, and let A be a well-behaved loop relative to W which represents each a; up
to conjugacy. Let S = {0 € G, oW NW # d}. Then G has a representation
with generators [o] for o € S and relations [o][r] = [oT] for 0,7 € S where

WnNnoW NorW # 0 and also the relations 6();) = 1.

We are going to use Swan’s results to give an arithmetic description of
gong £l p

the structure of Bianchi groups.
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Now, we recall that
B={(z,() €H: |pz + A’ + [*¢* 2 1 for all (g, ) = O},

F={z=z+iy|-1/2 <z <1/2,-w/2 <y S wp/2},

D=Bn{(2,):z€F},and Spr = {(2,¢) € H: Juz + A + [uf?¢? = 1}
where 1,w = w, + 1w, is a basis of O. The boundary of B has a regular cell
decomposition with 2-cells of the form BN S, . Let Ey be the 1-skeleton
of the cell decomposition and E = U,es1,(0)0Eo. Then E is a 1-complex
which is stable under SL,(O) and Ey is the subcomplex of E. Corollary 3.4
can be applied to G = SL,(0), X = H\E,and W = B\ F = B\ E;.
Since D is SL;(O)-normal(i.e. each point of H has a neighborhood meeting
oD for only a finite number of ¢ € SL,(0)). Following Macbeath’s theorem
[Mac, Theorem 2], D is G-inflatable. Then ©' = D\ F is G-inflatable.

Since W = ®D’ where & = {{ (C; ? } € SL,(0)}, W is G-inflatable [Swl1,

Lemma 1.8]. Let S = {0 € SL,(O),ecWNW #£8}. lf o = { Z f }, we

have csWNW # 0 ifand only if e BNB ¢ FEorBNoe 'B=8BNS,, ¢ E.
Therefore S is the set of { Z f } € SLy(O) such that either 4 = 0 or
BNS,_»is a2-cell of 3B. Let Sy, z,,- " Su..2, be the boundary spheres
of the fundamental domain. Since (ui, A;) = O, there exist ¢;, 8; such that
a; A — Bip; = 1. We call 0; = { :: —ﬂ/{; } € SLy(O) the corresponding
transformations of S, 3, .
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Definition. Ifo € S and o ¢ ®, we can write ¢ = ¢o;¢’' where ¢,¢' € .

We refer to this as the canonical form for o and denote the formal word ¢o;¢’

by [o].

The above definition gives the relation o' = [07}] which stands for
[67'] = ¢o;¢' where ¢,¢' € ®. Suppose e is an edge of 9B and let S,
be the distinct S, where e lies on S, . Then z; = % all lie on a line

in C. Order these in some linear order z;,---,z, and choose matrices o; =

{ Z _ﬂ/\ } € SLy(O) with z; = A;/p;. Then the formal word [o;07}]
is defined for all i; let R(e) = [o7})[o107] - [0s). In SLy(O), we have

R(e) = 1. We give Swan’s theorem now.

6 -1
11 1 w . . .
{ 01 },U = { 01 },al,-u,a'n with the following relations where o;
are the corresponding transformations of the boundary spheres.
(1) J central, J* =1.
(2) TU =UT.

(3) o7t =[07]

Theorem 3.5. (Swan) SLy(O) is generated by J = { -1 0 },T =

(4) The edge reflection relations R(e) = 1, where e runs over a set of

representatives for edges of B modulo the action of SL,(O).
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3.4 Elliptic Elements

The torsion elements determine the edge relations of Bianchi groups. In this
section, we discuss the elliptic elements(torsion elements) of Bianchi groups.

We start with a well-known theorem.[Si]

THEOREM 3.6. Let A be a finite subgroup of PGL,(C).
(1) The group A is isomorphic to one of the following groups:
A = C, = cycle group of ordern, n > 1.
A = D, = dihedral group of order 2n, n > 2.
A = Uy = tetrahedral group = alternating group of order 12.
A = G4 = octahedral group = symmetric group of order 24.
A =2 Us = icosahedral group = alternating group of order 60.
(2) More precisely, if we let (. denote a primitive nth root of unity, then A

is linearly conjugate to one of the following subgroups of PGL,:

cn = ((nZ), D?n = (anv %)7 u4 = (_27 év]Zi i)’
_ o loz+l L (Gs+¢)z+1
g4"‘ (lz’z’lz—-l)’ us—((s, z71_(<.5+cs_1)z)‘

(Here, (f1, ..., fn) denotes the group generated by fi,..., fa.) In particular, A

is linearly conjugate to a subgroup of PGL, which ts defined over C.
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By Theorem 3.6, we can easily say that the order of the torsion elements

in Bianchi Groups are 2, 3, 4, and 5. Now we study separately each case.

(A) Torsion elements of order 2.

Since d > 5, the units of O are only +1. PSLy(0Q) = SL2(O)/(£1). Let
T= { : ? } be an element of order 2 in PSLy(0), then T? = L, or —[,. If
T* =1, T = I, or T = —1I, since the only units of O are 1. For T? = -1,
we have { : 'g } = { ';6 —’Ba } (i.e., « = —4). Since T € SLy(O0), we
have ad — B = 1. So we have the diophantine equation a? + 8y = —1.

(B) Torsion elements of order 3.

Let T = { : g } be an element of order 3 in PSLy(Q). Then T3 = I,

or —1,.
2
3_ 2 _ -1 +fy af+p5 | _ )] & B
IfT° =1, wehaveT* =T (l'e"{a'y-{-'y& By+8 [S) =1 a )-
If Borvisequal 0, we havea? =d and 6 =a. Soa=d8=1and T = I,

contradicting our assumption. For 8 and v both not equal to 0, a + 6 = —1.
Then o + By = 4, 62 + By = a and ad — v = 1 are the same diophantine

equations.

If T3 = —1I,, we have T? = —T~'. So we have the diophantine equation

A+ py=a-1.

(C) Torsion elements of order 4.

Let T = { : g } be an element of order 4 in PSL,(0). Then T4 = -1,
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(If T4 = I, T is order 2 in PGL,(0)). We have T? = —-T%(i.e.,

?+py of+B5\ _[-8-py Bi+ap |
ay+98 By+8* [T | ¥ty —-py [7

From the matrix, we have a® + 8y = ~4% — 3. Since ad — Sy = 1, we have
(a + 8)% = 2. This is impossible for d > 5. There is no element of order 4 in

the Bianchi Groups.

(D) Torsion elements of order 5.

Let T = { : g } be an element of order 5 in PSLy(QO). Then T° = I,
or —[,. Wehave T3 =T"20or T3 = -T2 (i.e,,

o +2afy+pBy8 PP+ P¥+aBs+pR | _ [ +By —-BS—op
o?y+avd+ oy’ +4%8  afy+26v5+6° Tl -v-ay A48y

or

a®+2aBy+Pv8  PB+PN+aps+pE | _ | -2 -py BS+aB )
y+ayd+ar+4%8 afy+26v6+8° T Ytay -2 -py )7

From the matrix, we have four equations together with ad — Sy = 1. By an
easy calculation, we know that there is no solution for the equations. There

is no element of order 5 in the Bianchi groups.

Remark. From the above discussion, the torsion elements of Bianchi groups

only have order 2 or 3.
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3.5 Poincare’s Theorem for Bianchi Groups

In this section, we use algebraic properties of Bianchi groups to explicate

Poincare’s Theorem. If S, s N B is a side(face) of the fundamental domain,

-
(2,¢) € SuxNB. By Lemma 1.5, o - (2,{) € S, N B. Replacing a, S by

then let o = { z A } be the corresponding transformation of S, .. Let

a—ru, 3 +r) respectively if necessary, we can assume that S, , N B is a side
of the fundamental domain. For any side s = S, N B, we have s' = 5, ,NB
and o(s,s’) = { z _ﬂA } We can state Poincare’s theorem for Bianchi
groups as follows.

Theorem 3.7. SL,(0Q) is generated by J = { —01 _?1 },T = { (1) i }, U=

01
boundary spheres and the cycle relations together with the reflection relations

1 ) .
{ w },al, ---,0n where o; are the corresponding transformations of the

form a complete set of relations for S L,(O).

Remark. From the above construction, we know that s and s’ have the

same radius.

Example. Let K = Q(v/-2). The fundamental domain of the Bianchi
group PSLy(Z[+/-2]) is described in section 1 (Figure 3.1). The four vertical

planes are

1 1
Si={(z,9,2):2=3} 52 ={(z,9,2) : 2 = =5},
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Ss={(z,y,2):y = g},& = {(z,y,2):y = —{2-},

and the geodesic sphere is S5 = {(z,y,2) : 22 + y* + (* = 1}. The four
vertices are
n = (1/2,V2/2,1/2),p2 = (=1/2,V2/2,1/4),
ps = (—1/2,—v2/2,1/4),ps = (1/2,—V2/2,1/4).

By Theorem 3.7, we see that the generators of SLa2(Z[\/-2]) are J,T, U, and

1
follows.

A= { 0 _01 } with J2 = I and J central. We describe the relations as

(a). Since the corresponding transformation of Ss is A and A - Ss = S,
A has a reflection relation(i.e. A? = J).

(b). Let e; = {(z,y,2):z = —1/2,y = —/2/2}. We have ¢; = S, N S,.
Let s; = S3,00 = T. Then e; = {(z,v,2) : 2 = 1/2,y = —2/2},8, = S1.
Let s; = S5,00 = U. Then e3 = {(z,y,2): = 1/2,y = v2/2},s5 = S3. Let
s3 = 51,03 = T-1, then eq = {(z,y,2) : T = —=1/2,y = V2/2},55 = Ss. Let
s4 = S3,04 = U™!. Then es5 = ;. Let 7 = 0403030;. We have 7 = [(i.e.
TU =UT).

(c). Let e; = arc(pips). We have ¢ = 51N Ss. Let s, = Ss5,01 = A.
Then e; = arc(pzp3),s; = Ss. Let s2 = S2,00 = T. Then e3 = €;. Let
T = 0,0;. We have 73 = J(i.e. (TA)3 =J).

(d). Let e; = arc(paps). We have e; = S4NSs. Let s, = Sy,0 = U. Then

ez = arc(pap1), s; = Sa. Let s; = Ss,02 = A. Then e3 = arc(p1p2), s5 = Ss.
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Let s3 = S3,03 = U~!. Then e3 = arc(psps),s5 = Si. Let s4 = Ss,04 = A.

Then es = e;. Let T = 0403020;1. We have 7 = J (i.e., (AUTTAU)? = J).

Theorem 3.8 SLy(Z[\/=2]) is generated by T,U, A,J with the following
relations:

(a). JE =1,

(b). J is central,

(¢). TU =UT,

(d). (AT =,

(e). (AUTTAU)? = J.
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Chapter 4

Bloch Group and Dilogarithms

4.1 Introduction

Following Thurston’s idea, we can triangulate the fundamental domain of
Bianchi group as a union of ideal tetrahedra A,,---.A; parametrized by
complex numbers z;,- - -, zx with multiplities n;. The volume of the funda-
mental domain for the Bianchi group PSL,(O) is equal to 3" n;D,(2;) where
D, is the Bloch-Wigner Dilogarithm. These parameters define an element
a = Y¥n;[z;] € T(C) (the pre-Bloch group). In this chapter, we give two
algebraic methods to determine the element a in the Bloch group. Since this
element a is constructed from the fundamental domain of the Bianchi group,
we would like to understand the Bloch group and relating topics (e.g. Licht-
enbaum’s conjecture) from this direction. As yet, we are unable to resolve

all the questions in this area.

56
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4.2 Basic Definitions

For a field F, let A(F) be the free abelian group generated by z, where
2 € F,z # 0,1; and let A : A(F) » F*AF* = F* @ F*/S?A be the
homomorphism given by z — zA(1—2z) where S2A is the subgroup generated
by elements of the form (a ® b + b ® a). The properties of A may be found

in Linear Algebra by K. Hoffman and R. Kunze. Let

_ y l—-z7! 1-2z
R(z,y)==z y+x+1__y_1+1_yforz,y€F\{0,1}a.nda:;éy.

It is easy to show that the induced homomorphism A(F) — F*A F* is trivial
on elements of the form R(z,y). We denote by T'(F') the factor group of A(F)

by the subgroup generated by the above elements.

Definition. Define T(F) = A(F)/(R(z,y)|z,y € F\{0,1} and = # y) and
call T(F') the pre-Bloch group of F. Let B(F) be the kernel of the induced
homomorphism T(F) — F* A F* and call B(F') the Bloch group of F'.

From the above definition, we have the following exact sequence:

0—- B(F)—=T(F)» F*AF" - K,F - 0.

We now give an alternative definition for Bloch group. For an arbitrary
field F, define an abelian group P(F) generated by all 4-tuples of distinct

points of the projective line P!(F) which satisfies the following relations:
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(020,021,02,023) = (20, 21, 22, 23),

for 0 € PGL,(F), z; distinct in P(F) for 0 <j < 8 and

4
Z(-l)i(zo, cee 3,000 ,24) =0, 2z distinct in P}(F)
1=0

where Z; means that z; is omitted. Recall the definition of the cross ratio:

20— 222 —

% e F\{0,1}

{203 21, 22, 23} =
20— 2321 — 22
for four different points zg, 21, 22, 23 € P}(F). Our definition is chosen so that

the cross ratio of 00,0,1, z is just z. We have the following properties.

Lemma 4.1. (1) PGLy(F) acts ezactly 3-transitively on P(F).

(2) For two quadruples (zo,z1,z2,z3) and (g, r],5,23) of distinct points
there ezists 0 € PGLy(F) with (0z9,011,022,023) = (zg, 2], 25, 73) if and
only if

{IOa I, T2, :53} = {1:6’371173,27‘1:3}'

Proof. (1) For any z;,2;,23 € P!(F) with z; # z;, we define ¢(z) =

{z,21,22,23}. It is easy to see that ¢(z;) = 1,¢(22) = 0,¢(z3) = oo. Let
_ 21— 22 —22(21 - 23) oy —

o= { o — 25 —zs(z1 — 23) } € GL2(F). We can see that 0.z = ¢(z2).

For any two 3-tuples (z1,22,23) and (2], 23,23), we have (0z1,022,023) =

(1,0,00), and (0'2},0'25,0'2;) = (1,0,00) for some a,6’' € GLo(F). Let

7 =o' 0. Then (121,722, 723) = (2}, 25, 2}).
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(2) If (6o, 021, 02, 023) = (T4, 27, TH, T3) for some o € PGLy(F'), then
{zo, 21, 22,23} = {0T0,011, 022,023} = {4, 2}, 25, 25}

Conversely, from (1), we can find ¢ € PGL,(F) such that (oz,,0z2,023) =
(z}, x5, x3). Since {0zg, 021,022,023} = {z0, 21,22, 23} = {xg, 21,25, 25} =

{z4, 021,022,023}, it follows that oz¢ = zj.

Definition. Let T'(F) be the abelian group generated by the symbols [z] =
(00,0,1,2),z € C\ {0, 1} with the relations

4 -

Y (-1)[{zo, -+, &Eiy- -+, 7a}] =0, z; distinct in P'(F).

=0

From Lemma 4.1, we have the following result:
Proposition 4.2. P(F) is isomorphic to T'(F).

Proof. Let ¢ : P(F) — T'(F) be defined by (2o, 21, 22, 23) — {20, 21, 22, 23}.
Since ¢((00,1,0,2)) = [z] for any z € F, we can say the map is onto. By

Lemma 4.1, it is easily seen that the map is injective.

In the relation of Proposition 4.2, any term involving a cross-ratio of
non-distinct points is interpreted as zero. Thus at least four elements among
Zg,- -+, 24 must be distinct. By Proposition 4.1, three of them can be taken

to be 00,0,1 and we have the following lemma:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



60

Lemma 4.3. The relations in Proposition 4.2 can be written as

z~1 l1-z
=0

(o1~ Iyl + (21 + (1=

where ¢,y € F\ {0,1} and z # y.

Proof. Let zo,z;,%2,23,24 = 00,0,1,z,y respectively. We can easily see

that the relation in Proposition 4.2 can be written in the above form.

Denote F* @ F*/52A by F*AF= where §2A = {z € F* ® F*|2z € 5?4}
and let X : T'(F) — F*AF" be defined by [2] = zA (1 —2). Let g:
F*AF~ — F~AF* be defined by z Ay — 2zAy. The kernel of g is annihilated

by multiplication by 2. This provides another definition for the Bloch group:
Definition. Let B'(F) be the group Ker(X').

We now investigate the difference between these two definitions of Bloch
group. Let f : T(F) — T'(F) be defined by [z] ~ [z]. The following diagram
is commutative.

T(F) — F*AF"

i !
T'(F) — F*AF-

Let f': B(F) — B'(F) be the induced map. We have the following results:

Proposition 4.4. (1) Coker(f’') is annihilated by multiplication by 2.
(2) Ker(f') is annihilated by multiplication by 6.

Proof. Part (1) follows from the definition of B(F) and B'(F).
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It was shown in [Su2] that the following relations hold in B(F'):
61z + (1 —al) =0, 2(le]+ (=) =0.
By the definition of B(F) and B'(F), we get (2).

Dilogarithms have been studied for a long time[Lel] and can be defined from

the series
e o] n

%M=Z%,MSI

1

or the integral

ZIOg(—I—L)du forz€ C\ {0,1}.

u

LMQ:—L

The latter extends the domain outside the unit circle, and the function, as
thus defined, has real values for real z in the range —oo < z < 1. S. Bloch

and D. Wigner introduced[Bl2] the single-valued dilogarithm as follows:

Definition. The real-valued function
Da(2) = S(Liz(2)) + arg(l — 2) - log ||
is called Bloch-Wigner dilogarithm.

The Bloch-Wigner dilogarithm has the following properties:
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Lemma 4.5. (1) —Dy(z) = D2(Z) = D2(1/2) = D,(1 — 2).

(2) D2(z") = n L ynay Dapz).

(3) Da(21) ~ Da(22) + Da(21/22) — Da((1 — 1)/ (1 — 22) + Da((1 = 22)z1 /(1 -
z1)z2) =0, for 21,2, € C\ {0,1}, 2z # 2.

Proof. The relations of (1) come from arg(l/z) = arg(z) = — arg(z) and
Liy(z)+ Li)(1 - 2) = % log z - log(1 — z)[Lel, p.5]. (2) and (3) come from

the properties of Li,[Lel, p.6 and p.9].

The function D;(z) can be extended to the group A(C) by linearity. From

(c) of Lemma 4.5, we can define D; as a function from T(C) to R.

4.3 The Known Results

In this section, we will state several well-known theorems of Bloch groups and
Hyperbolic Geometry. The motivation for the results stated in this section
comes from the Dirichlet class number formula which states as follows: Let
F = Q(£) be a cyclotomic field with discriminant dr where € is an fth root

of unity and let h be the class number of F'. We have

27)2hR
(27)hR T = IT L(1,x)
wldr x#1
where r; is the number of complex valuations of F, w is the number of roots

of unity in F', R is the regulator of F, and x run through all the Dirichlet
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characters of conductor f. The L — series is defined by

L(s,x) = f: @

n=1

([L], page 77)
The followings are the results relating this topic.

Humbert’s Formula for the volume of the fundamental domain of
the Bianchi group. Let K be an imaginary quadratic field. The volume of
the fundamental domain of the Bianchi group PSL(O) is equal to

|dg|*?
472

Ck(2)

where (i is the Dedekind zeta function associates to K and dy is the dis-

criminant of K. [El-G-M]

The most important Theorem of this section is the Milnor’s formulas for
the volume of the hyperbolic 3-mainfold. We state two important Milnor’s
formulas.

(1) Consider an ideal tetrahedron, that is a tetrahedron A with all four
vertices on the sphere of points at infinity. If a, 8, are the dihedral angles
along three edges meeting at a common vertex, then a+ 8+ v = 7 (e.g.

Figure 4.1). The first formula of Milnor can stated as follows:
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Figure 4.1:

Milnor’s Formula for the volume of Hyperbolic 3-manifold (I). Let

A be an ideal tetrahedron with dihedral angles a,3,7. The volume of A is

given by
V =Q(a) + 2(B) + 2(v)
where
1 & sin2nf ¢ )
0(8) = 5\; = —/o log |2 sin ¢|dt

is the Lobachevsky function. [Mi2]

Let A(z) be the tetrahedron with four vertices 1,0, 00, z. (see figure 4.2)

2

Figure 4.2:
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This tetrahedron is an ideal tetrahedron. By Milnor’s formula, the volume
of A(z) is equal to Q(a)+Q(B)+Q(v) where a, B, v are angles of the triangle
(1,0,z). We can write a = arg(z), 8 = arg(l — 1/z2), v = arg(1/(1 — z)).
Since D, (e%%) = 2Q(6), we obtain

1-1/=2 1-%

Vol(A(2)) = (Da(3) + D= 5) + D7 )2

By (1) and (2) of Lemma 4.5, we get Vol(A(z)) = D,(z).

(2) The second formula of Milnor relates the volume of the fundamental
domain of the Bainchi group. Let K be an imaginary quadratic field. By
Humbert’s formula, the volume of the fundamental domain of the Bianchi
group PSLy(0) is equal to

|dx [2
472

Cr(2)

where (x is the Dedekind zeta function associates to K and dp is the dis-

criminant of K. Using the standard identity

(k(s) = ¢Q(s)L(s, x)

where x is the character corresponding to K (i.e. x(a) = (4;‘&)). We can

express the number L(2, x) by the fomula
ldg|~1

L(2,x) = |dk|™/? 2 X(t)Da(e*™/1%xl). ([Mi2], page 21)

We now state the second formula of Milnor.
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Milnor’s Formula for the volume of Hyperbolic 3-manifold (II). Let
K be an imaginary quadratic field. By Humbert’s formula, the volume of the

fundamental domain of the Bianchi group PSL,(O) is equal to

ldri-1
Biel ™5™ (e Dol
t=1

where di is the discriminant of K. [Mi2)

Bloch has shown that rank(B(F)) = rank(K3(F)) [B12, G1] where F is
an algebraic number field. In order to calculate the rank of Bloch group, we

now introduce Borel’s Theorem.

Borel’s Theorem. For a number field F and n > 0,

0, if n is even,n > 0,

r2, if n = 3( mod 4),
rank(K,(Of)) = m + 2, ifn=1( mod 4),n > 1,

m+re—1, ifn=1,

1, ifn=0,

where 7y (resp. r2) is the number of real (resp. complez) valuations of F and
OF is the ring of integers of F'. Moreover rank(K,(F)) = rank(K,(OF)),
for n > 1. [Bol, Bro2]

Remark. Let K be an imaginary quadratic field. Following Borel’s theorem,

we have rank(B(K)) = rank(K3(K)) = 1.

The general frame work for understanding these formulas is the Conjec-

ture of Lichtenbaum. Because we mainly interest in the Bianchi groups, we
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only consider the Lichtenbaum’s conjecture for imaginary quadratic fields.

Lichtenbaum’s Conjecture. Let K be an imaginary quadratic field and

let O be its ring of integers. Then we have the formula

IdK|3/2

#K2(0) = 5705

L(2,x)

where di is the discriminant of K, b is a generator of B(F) and x is the

character corresponding to K (i.e. x(a) = (gf)) [Brol]

The last result relating this topic is Thurston’s Theorem. Here we are
mainly concerned with the fundamental domain of the Bainchi group. We

state Thurston’s Theorem in this special case.

Thurston’s Theorem. Let D be a fundamental domain of the Bianchi
group PSLy(O). Then D can be triangulated as a union of ideal tetrahedra.
([Z1], page 288 or [Z2], page 242)

4.4 The New Results

Let K = Q(v/—d) be an imaginary quadratic field where d is a square-free
positive integer and let O be its ring of integers. From chapter 1, we have a
fundamental domain of the Bianchi group PSL2(0O) which is bounded by four
vertical planes and finitely many geodesic spheres. Following Thurston’s idea,
we can triangulate the fundamental domain of Bianchi group as a union of

ideal tetrahedra Ay, - - - .A; parametrized by complex numbers 2, - - -, 2; with
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multiplities n;. The volume of the fundamental domain for the Bianchi group
PSL,(0) is equal to ¥ n;D,(2;) which D, is the Bloch-Wigner Dilogarithm.
These parameters define an element a = ¥ ¥ n;[z] € T(C) (the pre-Bloch
group). D. Zagier and W. Neumann has shown that a is an element in the
Bloch group B(C). [N-Y] In this section, we introduce two algebraic methods

to get the element a from the fundamental domain of the Bianchi group.

(i) For an arbitray imaginary quadratic field, we can cut the fundamental
domain in such a way that the fundamental domain is a union of finitely many
tetrahedra(i.e. bounded by three vertical planes and a geodesic sphere, e.g.

Figure 4.3). For any tetrahedron A, we can follow Milnor’s idea [Mi2] to

5 iP, R,
Py
/ ¢
Figure 4.3:

calculate the Volume of A as follows: As in Figure 4.4, looking down from
infinity, we see a triangle and a point P; draw the straight lines from P to the
vertices and perpendiculars from P to the sides of this triangle. In this way,
we can cut the triangle into six right triangles and the tetrahedron into six

tetrahedra of the kind shown in Figure 4.5. The volume of the tetrahedron
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Figure 4.4:

of Figure 4.5 is given by the formula
1
Vol(Aan) = 7 (a+7) + Qa—7) + 29(1;— - a))

where ) is the Lobachevsky function.

Rlz

Ll

LN Z P!

M,

h:)

Figure 4.5:

After necessary transformations, we can assume that the tetrahedron lies
above the unit sphere S;0 and has vertices (0, 1), o0, (z, (), (z + 1y, (') where

z,y € R. Hence we can write cosy = z,siny = V1 —-2? and cosa =
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z//T% + y%,sine = y//z? + y2. Since Dy(e*®) = 20)(6), we can write
VO[(AG'.,) = %(Dz(ez(aﬂ)i) + Dz(e2(a—‘7)i) + 2Dz(e(w-2a)i)).

Hence

Vol(Aay) = é(Dz(zl) + Da(z2) — 2D2(z3))

where z; = (2?2 — yv1 — 22 + i(zy + zV1 — 22))?/(2® + 3?),22 = (2% +
yVI— 22 +i(zy — 2v1 —22)?/(z® + ¢?), and z3 = —(z + iy)?/(2? + ¥?).
From this construction, we have that the volume of the fundamental domain
is equal to 3° k;D,(z;) where k € Q. By the choice of z,y we can assume z;
is of degree at most 4 over K. Multiplying by a suitable constant, we can

get an element ¥ n;[z;] € T(F) where [F : K] < oco.

Examples. (a) K = Q(/-2).

In chapter 1, we show the fundamental domain is symmetric about z,y-
planes. We only need to consider the $ of the fundamental domain in the
first quadrant. The dotted edges are spurious ones. We can cut @ as in figure

4.6. The volume of (I) is

4(2D (62(a+‘7)z) += D (62(0—‘7)1) + D, (ez(,r/g_a)))

where
a= arccos(-\}g—Z) = a,rccos(—\}?f),')’ = a.rccos(%).

We can write Volume(I) =

1—62\/6_2.(2\/2';\/‘ D,(HN- (\/' 62f J+2Da (L +l¥]

';'[Dz(

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



71

¥
(0.5) IR
2°2
| | 7
I s X/
| I ’
I 2T
| | 7
. "— - - J
c (3.¢)
Figure 4.6:
By the same calculation, we can get Volume(II) =
1 —2v2 i 2v2 1, .2V2

g[Dz( 3 +§)+Dz('3—)+202(%+2‘7‘)]-

Let z = (14+2v/=2)/3 and w = (—1+44v/3)/2. The volume of the fundamental

domain is given by

1 ) 1 ; 1 1
V = Dg(z) + Dg(—'-f) + 502(12) + 502(—12) + §D2(—w7) + §D2(-'LFE)
1 _ 1 2 1 -3
= DQ(Z) + EDQ(—Z) + ZDQ(—Z ) + EDQ(—Z )

The second equality follows from Lemma 4.5. Let
| R T D T - 2 53
a=12([z] + 5[21 + Z[—z |+ 6[—'2 1) = 12[z] + 6[Z] + 3[—2°] + 2[-Z°].

Since #K>(O) = 1[Brol], following Lichtenbaum’s conjecture, a is a genera-

tor of the Bloch group B(K).

(b) K = Q(=T)
As in (a), we only need to consider 1 of the fundamental domain. We cut

@ into four parts(Figure 4.7). As in (2), we can compute the volume of the
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I 5 (C’)‘g‘ (L”/J;r, (-211‘2)
[ < b v
i ' I/ T n 3
: S;.a :l, -7 (U)TT’)
" 1;/ ’jlt. J
- Dll ..... l‘;f;”)
Figure 4.7:
fundamental domain as follows:
-3+ V7i ~V7+3i 7T+ 3i 1+ 3V7i
v = ap AV | p,YTHE)_ p (FTEE, | g, LEWE,
7-3v3 (34 V2 3V3I-VT (3+V21)i
py (L=, VL) BVEVT_ (B4 VR,
7433 21 — 3)i —V7-3V3 (3-V21)i
L Y e e I B0

Let z = (3 + V7i)/4 and w = (=1 + i/3)/2, the cube root of unity. By

Lemma 4.5, we can write the volume of the fundamental domain as follows:
V= ‘)DQ(Z) + DQ(—ZZ) - éDz(—'ZG).
Let a = 6(2(z] + [—2%] — g[—2%]) = 12[z] + 6[—2?%] — [~ 2°]. We get an element

of B(K). This element coincides with an example of Browkin[Brol]. Using

similar reasoning as above, a is a generator of B(K).

(ii) The second method comes from how the evaluation of the L-series of
an imaginary quadratic field. Following the second formula of Milnor, the

volume of the fundamental domain of the Bianchi group
dic|—-1

[
V = ld_Kl 2 x(t)Dg(e2ﬂ/IdK|).
24 t=1
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Let o’ = |dx| I8! x(¢)[€2™/1x1] be an element in T(C). It is known that

a' € B(C) ([Gro) page 13, [Brol] page 31).
Example
This example comes from Zagier [Z2]. K = Q(v/=7). Since
(k(2) = 3—”\;—7(02(«:2""’) + Dy(e*"/") — Dy(e*/"))

where x is the character corresponding to K, we have the element a =

7([62’"./7] + [eqm'/7] - [esxiﬁ]) € B(C).

4.5 Conclusion

From the last section, we can produce an element of the pre-Bloch group
from the fundamental domain of the Bianchi group. In order to evaluate
#K>(0O) from the Lichtenbaum’s conjecture, we need to find a generator of

the Bloch group. The following questions need to be answered.

Question 1. Is the element a that we produced in that last section belonging

to the Bloch group B(K)?

Question 2. Let F be a finite extension of an imaginary quadratic field K’
and ¥ n;[z] € B(F) has infinite order, is there any map ¢ : B(F) — B(K)

such that ¢(T n;[z]) has infinite order?
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Question 3. Given an element a in the Bloch group B(K'), Can we deter-

mine a generator b of the Bloch group from this element a?

If the answer to the above questions are positive, then we can calculate
#K,0 from Lichtenbaum’s conjecture. As yet, we are unable to answer the

questions.
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