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Solution of the Neumann problem,
for the Helmholtz equation,
in the exterior of a surface with corners.
oy
Whitney S. Harris, Jr.

Adviser: Professor Richard Sacksteder.

In R5, let & be a 02

manifold with corners, Let E
denote the set of edges of 2, and let i = & - E denote
the set of open faces of 2. The integral equation method
is used to solve the Neumann problem for the Helmholtz
equation in the exterior of & , under either of the fol-

lowing hypotheses:

l). ): has the property that, near an edge or corner, P
is part of a polyhedron having angle between faces at least
90° or is part of a right circular cylinder. The allow-

able Neumann data functions are in CoﬂLm(i) .

2). All of & is smooth (02). The Neumann data functions
-

g(p) are in C°(\L2CZ) . They are allowed to grow, in a

controlled manner, as p approaches curves bounding

regions on the surface (formerly edges and faces).

Proofs of lemmas about the behavior of single and

double layer potentials are also given.
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Chapter Cne
Preliminaries

1.1 Introduction.

In this work we are concerned with one of the three
¢lassical boundary value problems that have been investi-
gated in Potential Theory (Au = 0) and in the theory of
the Helmholtz (or reduced wave) equation (Au + wau = 0,

w real). FEach problem depends on a given data function
defined on points p of a closed bounded surface & in 35.
Specifically,

1) u(p): Dirichlet problem,

2) Normal derivative, %ﬁap): Neumann Problem.

3) g§-+ d(piu(p): Mixed problem.

The methods that we will use are applicable to all
three problems but we will concentrate our attention on
the exterior Neumann problem for the Helmholtz egquation,
that is, a solution is sought in the exterior of &, having
the boundary value 2). For this type of problem the

Sommerfeld (outward) radiation condition is also imposed,

namely, g% - iwu = o(r'l). uniformly along all rays from

the origin. Under these conditions the solution is unique
(13, [19].

The integral equation method (Neumann method) of
solving these problems depends on finding a solution which

is a linear combination of a single layer potential
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v®) = [ e@apia) deta)
and a double layer potential

u(p) = II: $(Q)K(p,q) ds(q) .
€ and ¢ are calle .ensity functions, 1'~lq is the out=-
ward normal to the surface at Q€ X, r = |p - 1| ,
Qpya) = *¥T/x , and K(pyq) = gan(paq) .

With these potentials we associate operat rs GCg(p)=

v(p) » K¢(p) = u(p) , and K%§(p) = fz $(Q)K(q,p) de(q) .
For a closed smooth surface J and with the operators
K, k¥ defined on c®(Z) , Leis [7] solved problems 2)
and 3), Solutions of these problems particularly suited to

applications in Acoustics are given by Sacksteder [16].

From here on we will assume that the closed surface
2. is permitted to have edges and corners and is 02 else-
vhere. k' now leads out of the space of continous funce
tions {(cf. .Section 1.4). In Chapters 4 and 5 we solve the
Neumann problem by the integral equation method with K,Kt
defined on the Banach epaces LME),L1(E) respectively.
We will show compactness of an operator Ktﬂh that is
near enough in norm to K¥ to imply the Fredholm Alter-
native. This is the program that leis used to solve 1)
and 2) in two dimensional space for a boundary curve E
allowing corners (8). He required that ¥ be linear in a
neighborhood of each corner.

There are some distinguishing differences between the
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two and three dimensional probdleme. In two dimensions
only two sides of the boundary meet at a corner whereas in
three dimensions many faces may meet at ¢ corner. Because
of this our results are limited to a restricted class of
surfaces (P.C. surfaces, Chapter 4), but these are suffi-
cient for many important applications. An outline of a
solution to the Dirichlet problem for a subclass of these
surfaces was given by Leis in [9].

Another charactéristic of the two dimensionzl case is
that a certain criterion for compactness for sets of func-
tions in I.l(Z), whieh depends on the concept of translation
on the boundary curve X , can be used ((8) Lemma 3, [2] ,
£3).

It bears investigation as to whether there is a gen-
eralizati~n of this notion that is applicable to a ¢losed
boundary surface § in R? . Our treatment in Chapter 4
employs other methods to show compactness.

In ancther paper [10] Leis solves the Dirichlet prob-
lem in R? using concaniric 3pheres Sy 32 with the prop-
erty that zcslc.sz » An interior solution for the region
bounded by I, S2 is joined to a solution in the exterior
of 5, « The use of this method for the Neumann problem
presents difficulties, and in any case it does not supnly
as explicit a solution as does the integral equation
method,



Problems 1), 2), and 3) could be solved for general
surfaces with corners if we could find a Banach space of
functions on E with the property that K and & are
compact opersators on that space. K and Kt are bounded
operators on the space W(I) of Chapter 3. whether these
operators are compact on the space W(J) or some other
gspace is a matter for future investigatior. However, we
do show in Chapter 3 that K and Kt are compact operators
on %W(X) provided all of § is smooth (02) . Based on
this, using the integral equation method, in Chapters-3
and 5, we solve the Neumann problem for data functions in
V(@&). 8Since the space of functions W(J) is more exten-
sive than c°(£), we have a new result. Also W(Z)
contains functicns not allowable as data in the solution
for F.C. surfaces (particularized to smooth surfaces).
That solution requires data functions in L% (¥). The
functions g(p) in W(Z) are allowed to grow in a con-
trolled manner as p approaches curves bounding regions
on the surface (formerly edges and faces).

The integral equation method of solution depends on a
sizeable collection of lemmas about the behavior of the
single and double layer potentials, v(p) and u(p), for
p on or approaching the surface. We have included proofs
of them in Chapter 2 for kernals (, K, Kt that are solu-
tions of the Helmholtz equation, for surfaces that have

edges and corners, and for various classes of density
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functions including 1.1(!), 1® X)y WE) . The proofs are
similar to thnase in the potentisl theory case (correspond-
ing to w = 0'). Good sources of these are [3] and [18}.
For some of the lemmas a considerable amount of extra work
is required for the Helmholtz version. Our proof of lemma
2.24 is different from those in the potential theory
sources. It is based on a theorem of Kellogg that is of

interest in its own right.

l.2 Nature of the surface z .

We will now be more specific about the nature of the
surface on which boundary velues are defined.

Let J be a compact oriented twc manifold. It will
be assumed that JF has the structure of a c* manifold
with corners, that is: '

n
1) $ hes a decomposition 2 = U zi , where
i=1

n is a positive integer, each Zi is closed,
and there is a homeomorphiam hi: zi—- Ti .
2) Each set Ty is a compact subset of the
plane bounded by a finite number of line
segments and Ti is the closure of the in-
terior of Ty »
3) Por every pair i, Z;N zd is either

empty, the image under hzl of a vertex of

T; (and similarly of TJ) or the image
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under hi

TJ e

of & side of Ty ( similarly for

4) Where the third possibility in 3) holds, the

mapping hd-hi"lz h, (& N td) — hJ(Iiﬂ 23)

is of class ck .

Note: The definitiom Just given is equivalent to the

apparently more general one in which the sides of Ti are

replaced by images of Gk imbeddings of line segments
into E° .

A homeomorphism f:X —e E° will be called a cK im-
bedding if for every i = 1,2,...4D , f0h;1: Ty —e E? is

k map Ti — EZ’ such

a regular Ck map, that is, a C
that the tangent map is everywhere of rank 2.

The surface & on which boundary data is given is
understood from here on to be the image in E5 of a 02

imbedding of a C‘? manifold with corners.

1.3 Notation and definitions.
The sets & in the definition of & will be called
the closed faces of X . The interior of these sets de-

noted by fi are called the (open) faces of J . Let

$-032
* Hl i + This is the same as 2 -E where E is the
set of edges of X .

Denote by §) the compact region of R’ bounded by 2.
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Let §_ (or £_) denote the interior of §2 and R,

(or £,) the exterior of §2. We will also feel free to

use a subscripted sign to indicate for example a point p +

in Q , or a limit F(p), of a function F(p,) as
p—pal.
We will use the notation I I £f(pyq) &A(q) for volume
Ji

integrals and f £{p,q) do(q) for surface integrals.
b X

To clarify and emphasize calculus operations with respect
to a certain variable (in this case ¢q ) we will use nota-

tions like gﬂ f{(p,q) or Aq £(p,q) .
q
We will make repeated use of the following definitions

in Chapter 2.

Definition 1.1: t - normal coordinate system at
po ‘ t .

At p, c nsider a rectilinear coordinate system with
X,Y pline the same as the tangent plane at P, and the
positive 2 axis in the direction of the outward normal

to & at P, » "his will be celled a tangent - normal co-

ordinate system &t Py *

Definition 1.2: An element of surface E of radius € at
po‘-t'

lLet F Dbe the face containing P, and 1 the




normal line to ¥ at P, + let C be a right circular
cylinder with axis 1 and radius € ., Call the portiocn of

the face F 1locally cut out by C , an element of surface

of radius € at p, and denote it by E . Here, € is

assumed small encugh so that E 1is described by a single

valued function 2 = q(x,y) in the tangent - normal co-
ordinate system at Po * Note that E may be truncated
if p is closer than € to the edge of F .

Definition 1,3: Local cylindrical region (surface) at Poe

In the context and notation of Def. 1.2, let 2z=q(x,y)
describe the surface locally in a tangent - normal coordi-
nate system at pott « let M Dbe the minimum value of
2z on E, Let D be the disc cut out from the plane
z =M -€ by the cylinder C . Let $2 be the three di-
mensional region bounded by the disc D , part of the cyl-
inder C and the surface element E . S will be called a

locsl cylindericel region at p, . Its boundary, &,
will be called a local cylindrical surface at Py
Definition 1l.4: Extension of a function ¢(q) defined

on a surface element E , to a function F(g) defined in
(on) the corresponding local cylindrical region (surface).
In the context and notation of Defs. 1.2 and 1.3, the
given function ¢(q) oan be expressed in the tangent -
normal coordinate system as ¢(g) = t(x.y) . §2is the
local c¢ylindrical region corresponding to E . We define
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an_extension F(q) of ¢(q) to $§2 (@§2) as follows. At
a point qef2(98), let F(q) have the same value that ¢
has at the orthogonal projection of q on the surface el-
ement E , that i: F(X,¥,2) = :(x,y) .

l.4 Example
There follows below, an example of a surface with

edges, for which, with density function f£(p) E 1, K¥r(p)
is logarithmically singular.

Consider a half cylinder, H = {(x,y,z)&R°| ya0,
x°* + %=1, 0Otz81}. Let p be the point (0,0,t) and
let F be the face containing p . Let B be that face
of H on which £z = 0 and C the curved face, {(x,y,2)
€r’t 2 4+ y2 = 1, Oz 81},

x°r(p) » fF.K(q.p) de(q) + Ic K(q,p) ae(q) + fB K(q,plde(q).

Iet A(r) = ei“r(iwr - 1), and for p,q&y let A be a
bound for JA(r)}. By Lemma 2.2, K(q,p) = A(r) P-g.N. .
r r P

Since p is in ¥ , the first integral is zero, and
since for q on C, r#l, a bound on the second is A
times the area of C . PFor the third integral, q = (x,y,0),
Ny = (04-1,0)y p-q = (~X,-J,t), and 1° - #2
’2 - xa+ya .

In polar coordinates,

+t2 where
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f K(p,q)aw(q) -f f fein @ . sardo
0 (.r +t°)

fwl-—__'L— + 1n(£ +t2 +?{sin0d0
+t

-2[ =1 + 1n(J1+t +1)-1n1:].

J l-n-t:2

As t—+0, the first two terms approach limits, and the third

term manifests the singular behavior,



Chapter Two
Behavior of Potentials

In this chapter we will invest ~ate the properties of
the single and double layer potentinls. Since this is
lengthy, the reader who desires an overview and summary of
these results, before proceeding, is advised to read sec-
tions 5.1 and 5.2 .

Many of the results of this chapter :: 1 be shown for
surfaces which are only required to satisfy a H8lder con-
dition. Schauder [18] does this in the poten:ial theory
case for surfaces without edges. Our requirements for the

surface are stated in 8Section l.2 .

2.1 3zlementary ecstimates
Lemma 2,1 Let p_, be a point in i . Suppose & is of
class C° in a neighborhood N(po) of p, s and in N(po)
the function z = q(x,y) describes 3 in a tangent - normal
coordinate system with origin at Py - let p = J;E:;E '
then independent of Po ¢
3-00'2) R zx-O(.P) ’ zy-O(,P).

The proof follows from Taylor's formula with rerain-
der.

On a number of occasions we will use local polar co-
ordinates. Their use is justified by the following di;-

cussion. Under the hypotheses of Lemma 2.1 we introduce
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polar coordinates 4,0 in the tangent plane. The position
vector to a point on the surface is X = (x,y,2) and as
usual x = Scos @, y =#8in @, let z = q(x,y) = §(»,0) .
We calculate the first fundamental form using z, = o)

and zy = O(#) from Lemma 2.1:

EP - G2 = (XX, ) (X Xg) - (X0 Xg)2
-2 o(eh .
The Binomial Theorem then yields

VEr - 62 - 2+ 0(e?) .

Therefore, an integral over an element of surface E

of sufficiently small radius € at P, can be expressed as

4
[ e - [[ tawen[pr06?)] aseo .
E 040

For 4 small, $ dominates terms of higher order in # hence,

[ 3
[E If(Q)las(q) < cj:‘o £ (8, 0))| parae

where ¢ is a positive constant.

lemma 2.2 Consider a point p in t and a ball B of ra-

dius T, centered at p . For p,qlt, let A be a bound
of 1ei¥T(iwr-1)| . Then, for ¢ &1L () ana Yl the L! norm,

f:_B W K(p,q)l dr(q) = f‘f e .

The above is also true if we replace K by Kt.
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Proof. Adopt the following notation: p = (X,Y,2) , q =

(x,7+2) 4y * = |p-gq} = Vix-x)2 + (y-Y)"r+ (n—z)r . The
exterior normal vectors at q and p are respectively,
- (N*.nY.n2 = (N¥,NY N2
Nq (Nq.Nq,Nq) s Np (Np,Np,Np) .
We organize calculations for use here as well as for

future reference.

@) UF = 3 (x-X,3-Y,2-2)
= =P
I

(2) Vv = § (X-x,Y-3,2-2)
= B8
r

K(pyq) = quQ(p.q) - V'K = 2V ren,

iwr .
(3) K(p,q) = °—;§M@-§2)- Ny

iwr
(4) K(p,q) = L(%ml [(x-x)N{; + (y-Y)Ng + (z-zmgj.

b of

Similarly,

t
K*(pya) = K(a,p) = V Qe = §2 W reN,

iwr
t iwr-1) (p-
(5) k¥(p,q) - _%_19 . .(P?ql.np

iwr
(6) k%(p,q) = °—(i1"‘"—1)- [(x=08% + (=387 + (z-2)F).



Therefore,
) Ik(p.q)lsiz SNCEE. 3

and for q€Z-B , rer  , hence
IX(p,q)l & - i f a
jz_BM(q)l (pyq)l do(q) ;‘E z__Bltb(tsl)l o(q)

=4 n .

Fo

The same holds for ¥ in place of K .
lemma 2,3 With respect to a tangent - normal coordinate

system at the fixed point plt, (Def. 1.1), the orders of
magnitude of the components of the normal at point q , in

the same face as p , are given by

) N, = (00£),009),00))

and the change with respect to the normal vector at the
origin is

(2) N-N, = (0(#),0),06)) .

Proof. The Calculus formulas for the components of Nq are

-2 -2 1

N7 o+ M= N =%

, 2. 2
where D = 1+zx+zy .

Substituting orders of magnitude from Lemma 2.1 we obtain

x- y- z-
Kg=0 , N =0 , N =0Q) .
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Np » (0,0,1) , 80 clearly the first two components of

N_-N are correct., The third component is

qQ P
2 _2
1=-/1+2
1_1.;52.___1J*x*'

)]
, 2 2
1+zx+zx

The Binomial Thecr=m applied to the numerator slows that

it has 0(zi+z§) which by Lemma 2.1 equals 0(’2). The

denominator has 0(l) , hence the third component has 0@92)

as claimed.

Definition c,1: L.B. denotes the set of integr:ble func-

tions § on & that are locally essentially bounded on z ’

that is, given any point pct. there is a neighborhood of

P » N(p) with the property that ¢ is essentially bounded
in N(p) . This is true for functions of W(E) (Chapter 3)

or LY .
Lemma 2,4 For any point q in a surface element E of

sufficiently smal. radius € , centered at a fixed point
pef ana ¢ecL.8,
IK(py@)} = O(z™1)

and
flb(q)l IK(p,q)] de(q) & agess sup i$(qg)!
E QeE

where a is a positive constant independent of p . The

above estimates also hold for K replaced by Kt .
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Proof. In a tangent - normal coordinate system at p ,-

p = (x’Y|Z) = (0,0’0) . From (4) of Lemma 2.2,

IK(p,q)| = |§3 (KN: + yNg +zN:)| .

Substituting orders of magnitude from Lemmas 2.1 and 2.3,
the factor in parentheses is seen to have 0(’2) . That,

together with rze , implies
IK(py)l = O(r™1) = 0r™Y) .
From (6) of Lemma 2.2,

t A X y 2z |
IX*(p, )l =|r3 GaE o+ yNY + 2| .

Using N_ = (0,0,1) , Lemma 2.1, and r&p, we obtain

P

IkK%p,a)l = 0(x"1) = 0(e~1) .
let ¢ denote a positive constant. For the radius
€ of E sufficiently small {(independent of p ), we

obtain in local polar coordinates

.
IEN(q)IIK(p.q)I de(q) S ’0 f0|¢(q)| crle arae

= 2frc e ess sup {§(q)l
Q& E

< acess sup |§(q)l
qe E

wvhere a = 2Mc . The same holds for K replaced by x® .

From here on we will only consider surface elements
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small enough for Lemma 2.4 to hold. Let E be the set of
edge points of & and 5, the set of points of 3 having

distance from E at least 1/2° . on c°nil@ we can
define a family of norms for m = 1,2,3,... by "‘“m =

sug I£(p)] . These appear in the next lemma and play a
PeS,,

major role in Chapter 3,

lemma 2.5 For ¢$(g) e GoﬂLl(z), u(p) = K‘(p) exists at

all points pcsmct and is bounded as follows. For all
P‘-Sm ’

lkd(p)} = aldly, € + 25 WO

where a, b, and € are positive constants. a and b are
independent of ¢ and m and € is sufficiently small.
The Lemma also holds with K§(p) replaced by K®§(p).
Proof. let F be the face of & that contains p . ILet
B be a ball of radius @€ about p . Choose € 41/2"'1
and small enough that (BAZ)C F . Let E be an element

of surface at p of radivs € . E CS!M:l y BO

sup {$(q)} = W4N_,, » hence by Lemmas 2.2 and 2.4,
qQeLE

IKQ(p)| # f! W@ 1K, 0 avt@) - f: J K, a) de(a) -

saiifl,,, €+

as required.
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Similar reasoning produces the following corollary.
Qorollary 2,5 If $€L.B. , E is a surface element of
sufficiently small radius &€ at Po & t » and

ess sup I$(p)l = ¢ , then
peE

b
K$(p)l s ace+ ‘-EMII .

2.2 QContinuity of u(p) and w(p) .

lemma 2,6 For density functions §(q), g(q) in Ll(I) .
u(p) and v(p) exist and are continuous at all points not
on ¥ .

Proof. Let N(po) be a neighborhood of p°¢z chosen

80 that it has positive distance from the surface z .
Q(pyq) and K(p,q) are continuous and bounded in N(p,) .
( ¢ =|p=-q| is bounded away from zero for ptN(po) and
qtz.) Call the bounds on the respective absolute values
A and B ., Then

ivip) = fxls(q)l 1Q(p,qll as(q)

lu(p)l & f:IO(q)l IK(p,qX de(q)

have integrands bounded by integrable functions [g(q)lA
and ($(qQ)I B respectively. Thus v(p) and u(p) exist
for pa&N(p,) and by Lebesgue's dominated convergence
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theorem we can pass to the limit under the integrsal sign.

Thus

lim v(p) -I lim g(q)Q(p,q) de(q) ,
P—*D, s PP,

which shows that v(p) is continuous at P, + Similarly,
u(p) is continuous at Po *

Similar reasoning produces the following corollary.

Corollary 2.6 u(p), v(p) € c® (r? -2 .

Lemma 2.7 Let Py be any point in i . If the density
function g is in L.B. , then v(po) exists, and v(p) is
a continuous function at Po

Proof. Iet B; and B, be balls centered at P, with

1l
radii & and &/2 respectively. Consider a tangent -
normal coordinate system Sl at Po (Def.1). Denote the
tangent plane at p, by 77 . Let E = ZﬂBl » confine
P to B, , and split the integral for v(p) .

v(p) -[ 6(q)Q(p,q) de(q) +f 8(qiG(p,q) dolq) .

E 2-C

Call the first integral vl(p} and the second va(p) .

By the dominated convergence theorem VE(p) is a contin-

uous function of p at Py -

Let £, ¢ denote a local polar ccordinate system at
P, - Let q = (x,y,2) and let q’ be the orthogonal pro-

Jection of q onto 77 . let C = ess sup Jg(qg)l and note
q&E
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that 1G(p,,a)l = le*™*/zl = 1/r . Here, r = |p-ql =

K2+32+22 y 8and P = Ipo-qﬂ = x2+y2 y SO0 rgr ., Therefore,

Ivy (py)l ﬁj; (8(a)l 1Q(py,q)l dolq)

fﬂﬂ' F 3 N
c -~ P drde
0 fo s

shows the existence of vl(po) .

11}

To show the continuity of v(p) at P, examine

vi{p) for p in B, . Let r = {p-q| .

(1) v,(p) -IE 16(a)l 1Q(p,a)l dot(q)
= CIE %; do(q) .

Let p’ be the orthcgonal projection of p onto T . Let
p’ be the origin of another polar coordinate system, 82 ’
in plane M with cuvordinates @ and f » where

(2) $=zIP-dlere=p-q .

We want to express (1) in terms of coordinate system S5

For ptB2 and qe&E

(3) r £ [g-p,l + I1P-P,l
23 +48/2
% (3/2) & .

From (1) , (2) and (3) , for Pe&B, ,



A r(3/2)8
(4) v, ()| = acf i—ﬁdfdc
o “Z0
= ZMmac &

where a 1is a positive constant. Then

(5) Iv(p)-v(p )l = [vi(p)=vy(p il + |vy(P)=v,(p )l
< |vl(P)| + |Vl(p°)l + |V2(p)-V2(P.)‘
€ 6macd + |vy(p)-vo(p )l .

Given an € , a & can be found to make the first tern
less than €/2 . Then, with & fixed, p can be chosen

close enocugh to P, to make the second term less than

€ /2 . Therefore, v(p) is continuocus at Py -

2.3 Jump relations for u(p) and @v/dN,(p) , as p

approaches the surface,

The "jump relations" in lemma 2.9, will provide tue
integral equations that are used tc¢ solve the three c¢las-
sical boundary value protlems. We will prcve this lemma
for summable density functions, that is, of class Ll(Z) .

The Jjump relations will hold at lebesgue points.

&
Definiticn 2.2 poei will be called a Lebesgue point of

&
fe Ll(i) y if there is an eleument of surface E of radius

& at P, Wwith the property that



|
(1]
mn
|

. 1
1i —= f I£(p)-£(p )l de(p) = C
;-fo s E ©

The set of non Lebesgue points has measure zero [4] .
Further, if f€c°n thi} then all points in i are
Lebesgue points of [ .

Iet 1 be the normal line to the surface at poei

and let N be the ocutward normal vector at Py - The de-
rivative Q‘é(p) exists at points p on 1 (p # p.)
=) o/ *
oV oV C e v
Let Sﬂ(po)-— . Sﬁ(po)-v- dencte the limits of ‘%\v(p)
as p—»p, along 1 from inside, outside 2 . let u(po)_ '

u(p°)+ denote the limit of wu{p) as p-+p, from insigde,

outside 2 . Let

u(p,) = f¢(q) K(pgyra) dexq)
2

iy = fg(q) 2 Qlpgea) deta)
) ¥ P

These are called the direct values of u(p) and g—E at
P, - Their existence is implied by the following lemma

(3} p.112 .

Lemma 2.8 Consider a tangent - normal coordinate system
at Py and a surface element E of radius & at Po -
Let q = (x,¥,2) be an arbitrary peoint in E , and p =

x2+ye . If p, is a Lebesgue point of f-tLl(i) then

the integral
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j £(q) - f(Po) de(q)
Jg >

is convergent and has limit zero as & ~—C . Moreover, for
p€l , that is, p = (0,0,2) , the integral

1£(a) - £(p )|

1zl do(q)
A TR e

tends uniformly to zero as &-+0 , for all nonzero values

of z .

The technical lemma Jjust stated will also be used in

the proof of the jump relations,

Lemma 2.9 Let wu(p) be a double layer potential with
density ¢ ana let v(p) be a single layer potential
with density g . If P, is a2 Lebesgue point of the
functions ¢,g€ 1l (f) then

u(p,), = +2mh(p ) + ulp,)
(1)

up )_ = =2TP(p,) ~ ulp,)
) a%(po)+ = =2%Wg(p,) + g—‘ﬂ’v(po)

gﬁ(po)_ = +2Wg(p,) - g{;(po)

" Proof. The proof will be given in two parts. In Part A
we will prove, for unit density, (1) then (2) . 1In Part

B we will prove for summable density, based on Part A, (2)

then (1) .
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Part A(1). Let $2 be the regicn interior to & and let
p be a point in the exterior of 2 . TFrom Green's iden-

tity for the functions 1 and Q(p,q) we write

fk'(p.q)d‘r(q) = ff&AqQ(p.q)weQ(p,q))dA(q)-ffwaQ(p,q)dn(q)
p 3 n n

The first integral is zero because Q satisfies the re-
duced wave equation in §2 . The second integral is a con-
tinuous function of p , call it H(p) . Thus

(3) u(p) = -H(p)

Now consider p in $2 . Let B be a ball of radius §

about p . Green's identity for -8 gives

fmp Qas(q) - [k(p,a)ac(a) = - [wPQ(p,a)aata) .

2B Ja-B
Cn 2B, g -g-%= l‘""g f‘w-"%) and

affs K(p,q)do(q) = ~umreivd o)

so in the limit as S-+C we obtain
(4) u(p) = ~47r - H(p) .
Lastly, consider p = p, . Let Ql = 2nB |, S, = BN,

and 32 = LNAB . Green's identity for S 91 gives

fK(po,q)dﬂ‘@-fK(psq)aﬁq) = - ff waQ(po,qad&q)
2 -5, 5 n-A,

and
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fs K(p,q) de(q) = -2mei¥d | c&) ,
1

80 in the limit as §—+0 we get

(5) u(p,) = =277 - B(p,)

Comparing equations (3), (4), and (5) in the limit as

P—»D, » We obtain
u(p,), = 27+ u(p,)

u(p,)_ = =27 + u(p,) .

Part A(2). F¥or a point p on 1 , (p#po)

6) ) - 3y fzq(p,q>d-<q) -fz £ p,a)de(q) .

3et up a tangent - normal coordinate system at Py with
the 2z axis in the direction of the exterior normal N .,
Let 2z = q(x,y) describe an element of surface E of
redius & at P, + An arbitrary point q&E is denoted
by (x,y,2) , whereas p€l is given by (0,0,z) . The

derivatives to be taken are with respect to the p variable.

r = |p-q[ = &2+32+(Z—z)2 and F = x2+y2 . Let A(r) =

eiwr(iwr-l) and let A be a bound for JA(z)! for q in

a neighborhoocd of Py *
= aﬂ r = g-gl -
(7 -2 3 2-2)
Now consider the potential of a double layer with unit

density, namely u(p) = I:K\p,q)dcr(q) . Using K(p,q)



from (4) of Lemma 2.2 gives us

(8) u(p) = fz A—i-? [xN’; ¢ iy + (z-zmg] ae(q) .

Substitute (7) into (6) , then add (6) and (8) . The re-

sult is

gﬁ(p) + u(p) -f ﬂj’- [xN’; + y’f-*g + (Z-z)(l—i‘-‘-z)] de(q) .
b2

Call the left side F(p) and split the right side into an
integral over E , call it F,(p) , and one over T-E ,
call it Fa(p) . %We want to show that F(p) is a contin-

uous function on 1 at point Py - Z-z = 0(1), and from

Lemma 2,3 Ni = O(#), N} = O(P) and 1-NZ = 0(p°), hence

Ak + 1Y 4 (2-2)A-ND) - 0(r%)

The last estimate and local polar ccordinates at Po give,

independent of z ,
S =3 3
F,(p) = o O(r 7) C(P7) ap = 0()
Consider

IF(p)-F(pyil = IF ()] + IF (P )l + IF5(P)-F5(p )] .

Given an € , a &§ can be found so that each of the first
two terms on the right is less than €/3 , independent of z.
For & now fixed, by the continuity of F5(p) , for suffi-
ciently small 2 ,the third term is less than. €/3 .



Therefore,

() = -ulp) + F(p)

where F(p) is continuous on 1 , Hence,
@), = ~ulp,), + Flp,)
¥ (py)_ = ~ulp,)_ + F(p,)
SN '\Po/- 0’= o

(py) = -ulpy) + F(py) -

By comparison of the above eguations, and use of the re-

sults of Part A(l), we obtain
gﬁ(po)a- = -2+ gﬁ:(po)

o). = w27+ Blpy) -

Fart B(2). Let (rpq,N) denote the angle between the vec-

tor p-q and the vector N . For p on 1 (p#po) we
write, by (5) of Lemma 2.2,

cos(r WN)

v . qu
(9) 3 -[z 8(a)Alr, o)— ae(q)
P4
cos(rpq,N) cos(rpoq.N)
+ g(po) A(rpq)—z—— do -[A(rp q’ p, de
: r ] r
Pa T P,a

(continued on next page;



cos(rp q,N)
-f:(s(q)—s(po))A(rpoq) ~—2— do ,

“poa

The first integral on the rizht in equation (9) is the di-
rect value GBVABN)(pO) . The function in square brackets
is, for unit density, the normal derivative of the single
layer minus its direct value. By Part A(2), this has value
2T ,(+27r) as pP-*p, from the exterior (interior) of % .
To prove Part B(2) it remains only to show that the differ-
ence of the last two integrals, call it I(p)-I(po), tends
to zero as p—sp, . Split T into E, Z-E . For fixed & ,

[I(p)-I(po)] g . 1s continuous, and tends to O as p—sp,

80 we need only consider

cos(r_ _,N}
II(p)--I(pc,)IE ﬁAfE lg(a)-s(p ) | S I<:"ur(q)

Tpq
N\
. |°°s(rpoq’ y
+ A |E(Q;'6(P°)| ) do(g) .
E r

Recall p = (0,0,Z), q = (x,¥,2), and let q, = (x,¥,0)
By considering the triangle P»34q, and using Lemma 2.1

we get

Irpq - J.pa+z2| < |zl <

where b is a positive constant. Since ‘.,rpq ’

32+z2
Tpa

1l - < by .




Hence, for qe&€E

1 < 1+bP < 1+bd .

r
ra [p2,z2 02,22

Then,

lcos(rpq,N)l = 'Z;zl < 'f‘l N lgl
pa Pq PqQ

<120 (1+bd) . be2
.92+2.2 £

From the above inequalities it follows that

cos(r__,N) 2
rpq ;2+Zz) :'2 »

Also, from Lemma 2.4

lcos(r

poq‘N)|

e

Pod

-

Yo

where ¢ is a positive constant. lLemma 2.8 together with
(10) and (11) show that |I(p)-I(p°)|E -0 as &—0 .
This finishes Part B(2).

Part B(l). The proof is similar to that of Part B(2).
Consider p on 1 (p # po) . In place of (9) we have now

u(p) = u(py) =+ 2mh(p,)
cos(r_ ,N_)
+ I(Q(q)—tb(po))-&(rpq) gq' 9 da(q)
by
i Pa
cos(r. L,N_)
- Jr(¢(q}-¢(po))A(rp " p 1 9 de(q) -
Q
z P q



To finish the prcof it suffices to show that the difference
of the last two integrals, call it I(p)—I(pc) » tends to

zero as p—»p, . We need only consider lI(p)-I(po}lE .

Let Usq be a unit vector in the direction p to q .

Then, by Lemma 2.3% we get

(12) Jcos(r ,Nq) - cos(rp

N)] = ! -
q 0] lupqlll*q Nl scr

’
q Py

where ¢ 1is a2 positive constant. Consider

(r o
13) lx(p)l = If (()-4(pg)IA(r, ) ——B9 2 setq)
E r
Pq
cos( W)
ﬁAfE [4C)-dCp I | ;pq Idcr(q)
Tpa
N - N
+ Al l)-4¢p ) |c0=Cpq q;_ 205 (pg '{do-(q}.
E *pa

The first integral was shown to tend to zero as &§ -0 in

Part B(2). By (i2) and r, q‘t 2¥® , the second integral
o

has the bound

ohe j |¢(Q)'¢(po)l de(q) .
E o

This goes to zero as § —0 by Lemma 2.8 . (12), (13), and
the consequences stated above hold with p replaced oy Py 0

hence |I(p)-I(po)| g —*0 as &§—+0 . This finishes Part

B(2) and completes the proof of Lemma 2.9 .



2.4 Geometric estimates and properties cof auxiliary func-

tions,

The next major lemma (Lemma 2.18) requires extended
preperations consisting of Lemmas 2.10 to 2.17 .
Notation. Let r = |p-q| . Denote the angle between the

Pq
vectors p-q and Nq by (r ,Nq) .

Paq

Lemma 2,10 If p and q are on the same face of i ’

then

lcos(rpq,ﬂqﬂ = O(rpq) .

Proof. In & tangent - normal coordinete system at p , by
Lemmas 2.1 and 2.5 , _
Ny = £Xa¥a2) .y .
cos(ry,qsg) r g * Olrpg)

Lemma 2,11 If v denotes an arbitrary direction, and m,

m, @, are arbitrary distinet points in space, then
2r
M2

r -

cos(r v)=-cos(r V)| =
l mml' mm2 l mm,

Proof. Let x,y,2 be & rectilinesr coordinate system with
x axis coinciding with the v direction. Denote the x

coordinates of myMy yMy by XyX19X5 then

(2gq, ¥)-cos(ryy ,v) = & - 222
mml mm2 rmm rmm
1 2
r -1
r T ‘

r
mml mml mm2



Observe that |x2-xl| =<r ., and by the triangle in-

m M2
equality Irmma'rmmll - rmlmz , 50 we then obtain
ar
m,m
172
cos(r v)=cos(r W) & ———= .
I mml’ mm 5 l rmml

Lemma 2.12 Let Py and Po be two peoints in R3 . Let

P, be the midpoint of the straight line segment p;p, ,
and 312 a ball with center Po and radius Tyo * lpl—pal.
For any peoint q in R5-B12 '

r

P;q
PoQq

1
T < T

<4 .

Proof. By the triangle inequality
Ipo-al € |py-al + fpy-Pol -

Divide by Ip;-ql to get

fpo-af . lp1-Pal
[P1-9] (CFECT
. |Py~Pp| fpo-aj
Since ‘pl-—ql > we have W <3% , By reversal
Ip;-9]|

of the roles of Py and Ps also -'p—__ql- =3 .
2

Going to the next integer to obtain strict inequalities,

we obtain the assertion of the lemma.



Observe that |x2—x1| = r ., and by the triangle in-
172
equality r -1 -« T so we then obtain
| mm., mmll = mm, '
|cos( )-cos( )} = “mymp
mml’ mm2 rmml

Lemma 2.12 Let Py and Py be two points in > . Let

P, be the midpoint of the straight line segment '3;35 ,
and By, a ball with center P, and radius Tp = |pl-p2|.
For any point gq in R5-B12 '

r

1 P14
T < T

< 4 .
P;_)q

Proof. By the triangle inequality

Ipo-al = lp;-ql + |py-pol -
Divide by |p;-q| to geb

lpa";“ <1 + lpl"Pgl

|P1‘Q| ipl'Q| *

'pl-pEI lpa'QI

Since |p1-q|g-—T- we have 1P1-4] <32 , By reversal

Py-q
of the roles of P and Po also ]I_Pl_“él_: =3 .
2

Going to the next integer to obtain strict inequalities,

we obtain the assertion of the lemma.



Lemma 2.13 For p,,p, on the same face F of L and
Q‘Z'Ble '

1) |cos(rplq,Nq) - cos(r = O(r

Poq’ q)l 12)

2) Icos(r N_ ) - cos(r

Poa’"p

independent of the location of Py1P> in F .

Proof. In a tangent - normal coordinate system at Py »
P = (0,0,0) . Let g = (x,5,2) and p, = (X5,55,2,)

For brevity, let ry=T and T, =T . lLet e_,e

P19 P»a X7y’

e, be unit vectors in the x,y,z directions.

(1) cos(rl,Nq)—cos(ra,Nq) = [cos(rl,ex)-cos(ra,ex)]cos(Nq,ex)
+ gnalogous terms in y and z .

Now, COS(Nq.Bx) = Ng = 0(rplq) from Lemma 2.3, together

with Lemma 2,12 , gives

2
(2) |cos(rp1q,ex)-cos(r Po )llcos(h ,@ )I -'rplq O(r lq)

= 0(r12) .

The same estimate holds for y in place of x in (2).

Now consider

Z-2
(3) |eos(r, .,e,)- cos(r .8 )l‘cos(N .0 )[4‘ - 2|.1
P32 P2l q plq rpaq

z
\ . |r2|
"pa Tpoa P.q

«-lzl\



Observe that

r - T
P>q P;4d < "2

"p,a"poa

1 i
(4) T i
P19 Py

“pia “poa

follows from the triangle inequality. Also, 2z = O(r§ q)
1

and z2, = O(ria) from Lemma 2.3 . Using these, we obtain

the following estimate for the right side of (3):

2 .
r o(rs,)
02 ) gtz 212l
1 P12 "Pq Poa
Using Lemma 2.12 in the first term, and ri, =% 2r for

P-4
g € E'Blz in the second term, we see that they both have
order rio . Therefore, each of the three terms on the

right side of (1) have order Tyo -«

Now to prove 2), start with

y I ) -

N -
cos(r q’ pl) cos(rpaq P

Py

[cos(r

N
p]_Q’ Py pa‘l' Py

~
Y=cos(r N ﬂ + [cos(rpaq,Npl,-cos(rpaq,Npai.
Examine the firat term, Because the coordinate system was

set up at Py

cos(rplq,Npl) - cos(rpaq,Npl) = cos(rplq,ez) - cos(rpzq,ez)

= 0(ry5)

The order of magnitude was shown in 1) starting at (3).
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for the second term, let u be a unit vector in the di-

rection of Poq . Then, by Lemma 2.3

|cos(r N_ ) - cos(r M = Jusk. = uweN_|
P 2 ' P

Pa
-“< N - N
|Ul ‘ pl P2|

N
p>q’ Poq’ P

= 0(ry,)
This completes the proof of Lemmz 2,13,
The next lemma is the starting point of a development
that leads to existence of tangential derivatives of the
double layer. The lemma itself follows directly from

equation (5) of Lemma 2.9.

Lemma 2.14 For p in t N

fK(p,q) de(q) = -27r - w2f Q(p,q) dan(q)
T n

where 1 is the region of space bounded by Z .

Lemma_2.19 Define the volume integral G(p) by:
¢p) = [, a(py@) an(e) .

&
G(p) is a differentiable function of p for p in Z .

Proof. Let Py and Po be points in a surface element
EC t . Let Po be the midpoint of the straight line
segment P1Po » and let B be a ball with center at P,

and radius € >2|p,-p,| . Consider,



G(pa) - G(Pl) ‘[ T - T d-ﬂ-(Q) .
JL

Split this integral into one over BAN, call it Il ’
and one over JSL-B , call it 12 . Consider Il written

thus
eiwrp q - eiwrp q _
(1) Il - f 2 = l + elwrplq[rl - rl ]M(q).
En.n Po4 P>q P,q

how consider

- i - P iw{p-
(2) | e2¥IP2-al _givip; q'ls] Av_ o1¥1P-9l| 45(p)
P P
where the integraetion is performed over the shortest path
on 3 from Py teo P> . va eiwr| = 0(1) , hence
|e1W|92"Q| _eJ.WIPl"Q.l\ - 0(|pl-p2|) - 0(r12) .

Using this estimate, and (4) of Lemma 2.13 in (1) yields

O(r ) r
I} = f 12 1§ an(q) .
Bna pgq plq Poq

Consider ball 512 of radius S about the midpeoint of
line segment P1P5 Split the integral for I1 into one
over Blan.n., call it Ii , and one over (B"Blg) Nnn,

call it If'. Let T be the plane perpendicular to P1P)

and passing through its midpoint, 7 splits .3121111 into

a set Hl containing Py and a set H2 containing Py -



1 1 2
For qel T =0 S0 <
2 "pg =212 rplq Ty,

0(ry,) r
fH 12° , 12 4a(q

> TPa Tpya e

« Then

0(ry,)
= 12 . 2 dna(q)
Hy "poa Pod

2T
% cq fH r;Zq dn(q) = o fo 12 r 4dr = O(ria)
P

where we used srherical c¢cordinates about P» with rnrp q°
2

c1'°2’°3’c4 denote positive constants. A result similar

to the above holds for the integral over Hl y and since
. / . .

T1p < € , we can write |Ill - ris O(€) . Uow examine

I{ « By Lemma 2.12 we can write

0(xr,,) r
Y < 12 12
e[ i 2R anw
12 2 paq

-2
< ¢,T [ r “ da(q) .
3712 J(5-3,,)na P20

Again use spherical coordinates about Po to obtain

€

1
2r12

€r,, o(€) .

” 1
1) 2 ¢4ry; dr = c,ry, (€ - 3r95)

Hence, |I,| = r;, O(€) .



Now consider the difference quotient

(3 Gpp) - G(py) 44 I
3 P = Pyl ) {p=-P,| * 1Po>=Psl ’

Call the first term on the right ‘I‘l(e) and the second
term T,(€) . Let p, approach p; along the tangential

direction specified by the unit vector t . By the domi-

nated convergence theorem, for fixed €&

lim  T,(€) -f vV, @ppia)et dnlq)
Po=+p; 4L~3

and furthermore the limit of the above integral as € =0

-2) . The estimate for IIll

exists because Vp Q(p,a) = O(r
shows that ‘I.‘l(e) has order € independent of lpo-p41
This implies the differentiability of G(p) at Py and

completes the prcof of the lemma,

lemma 2.16 The derivative G’(p) of G(p) = IAQ(p,q)d.ﬂ.(q)
is & Hélder continucus functicon of p for ptt . Specif-

. ‘ ’ .
ically, 16¢p,)-G{p,)1 = 0Upy-po1*/*) for p), p, ina

neighborhood of p .

Proof, It is sufficient to consider g—% where t 1is a

local parameter of the surface at point p = (x(t),y(t),z(t)).

g%'g_g' vpr'g%



= 1 [ iwr(lwr l)(_- x ‘z‘) (if'at'at’] *

Denote the function in the square brackets above by £(p,q)

9 1
S0 that a—% = ;-2 £(p,q) + Also denote L‘ g—% dniq) by

G?p) .
- £f(py,q) £(psyq)
(1) G’(pl)'G'(pz) "j 21 - 22 da(qg)
s pa "poq

f(plfQ)‘f(P21Q)
n rplq plq paq

Let Po be the midpoint of line segment P1P> and let B
be the ball with center p, and radius A= r‘{e where
O<u€l and rla-:l . Split the integral in (1) into one

over BA L, call it I1 » and one over s -B, call it 12 .

lf(P 1Q)|*|f(P 'qﬂ
Il -‘-[ 1 5 CLladg T £(pyia)l [—2-— —Q—]WQ)
Bn.n r
P19 P1Q P

Integrating each term serarately, and using spherical co-

crdinates about p, or p, as appropriate, we obtain with
1 2 !

the help of [f(p,q)l «c where c¢ is a positive constant,

Now consider 12 +» We will use the following inequal-

ity for qenN-B



i

1 1 1 1 1

1
“ ?p; ) ;3; ) “pya ) rpzq‘ |rp1q ' "paq
. T2 ma’ Tpa
~ ®pja “poa Fpie Tpoa
- 0(ry5) )
rplq

This follows from Lemma 2.12 and (4) of lemma 2.13, By
direct calculation it can be seen that Vp f(p,q) = O(r'l).
Now notice that for p on the arc (shortest path) P1Ps

3 12
(3) Thq 2 A’z .

Therefore,vp £(p,q) = O( L'l) . Then

p |
(4) 1£(p14+q)-£(py,a)| = llvp f(pyq ds(p) = |p1-p2|0(x‘1).

)
Consider
(Py+2)-£(p5,a)| |
JL-B T r r
P9 P;a P-4

Estimate (3) holds for p = p; , 8o r;2q « 0(A"%) . This,
1

(2), (4), and lf(P21Q)I< ¢ , yield
1] < oO(AN"3) an.
R _IA_B r15 O(A73) an(q)

£ T, 0(3\'3) volume of N2 .,
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Therefore,
1G(py) - G(py)l = 1T31 + 11,)

= O(A) + 1, o(A~?)

= orly) + o(r1z?) .

Now set u = l1-3u , from which we chcose u = 1/4 , then
conclude that
1/4

This completes the proof of Lemma 2.16,

The following is a technical lemma that we will re-
peatedly make reference to. It allows us to make more
extended use of estimates of differences.,

Lemma 2.17 let F , h be functions defined on & . Sup-

pose that |F(p)| is bounded by a positive constant ¢, in

a neighborhood of P that includes Po - Suppose that
h(p) satisfies a Lipschitz condition, |h(pl) - h(p2)| <
clp;-Pol + and |h(p)] € H where ¢ and H are positive
constants. Then,

Ih(py)E(p,) - h(py)F(py)| £ HIF(py)-F(py)l + 0(Ipy-pol)
Egggg. By use of the general identity
(1) AlBl - A232 = (Al-A2)31 + Az(Bl-Ba) '

we obtain the inequality
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lh(Pl)F(pl) - h(pa)F(pa)l
= |h(p) ) IF(p)-F(py)l + [n(py)-h(p)f IF(p,)

=H 'F(P]_)"F(pz)l + clpl - pal cl .

2.5 Holder continuity and differentiability of u(p) on

the surface.

Definition 2.3: A function ¢ in IY(F) is locally

Holder continuous at poci if there is a surface element
E at p, end positive constants ¢, u (O<u=l) depen-

dent on E, P, such that for any Pys Py in E

1§ - §o )N ¢ |pyp-pyf® -

Lemma 2.18 If the density function ¢ is in Ll(Z) and
satisfies a local Hblder condition at poct y nanely
M(pl) - ¢(p2)| = O(r‘l"z) where O<u€l , then the double
layer potential u(p) = fz ¢(q)K(p,q) de(q) is locally

Hélder continuous at P, with exponent 1 .

Proof. From Lemmas 2.15 and 2,16, G(p) is Holder con-
tinuous with exponent 1 . Define T(pl,pz) as follows:

W ey = [ [#@-4ey) [Kery0)-8(pz00) aota)

- Iz $(0K(p, ,a)de(q) - Iz $(a)K(p,,9)dm(q)

(continued on next page)
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- ‘9(91)[[: K(py,a)doie) = fz K(pyya)aetq)] .
From (1), by Lemma 2.14 we have
(2)  T(py,py) = ulpy) - ulpy) + w2¢(pl)[6(pl)-0(p2ﬂ ’
which implies
(3) ta(py)=ulp )t = 1T(py,p)l + w?I$(p)11G(py)-G(p)| -
The conclusion will follow if we can show T(p,p,) = 0(r12)‘

iwr
Let A(r) = e (iwr=-1) , A, = A(rplq) and A,

A(rp q) . Let A be a bound for {A(r)l. By (3) of Lemma
2

2.2,
cos(r_ ,N ) cos(r_  _,N
P,a'q Poa’q N
(4 T(py.pp) -J{t@(q)-¢(plﬂ Ay = Ay o(a.
£ *p1a Tpoa

Let E, = E(J,po) denote an element of surface of radius
& at P, 1in which @ is locally Holder continucus. Let
Pyr Do be any two points in E; = E(J/E,po) . Let B,
be a ball of radius ry, centered at the midpoint of line
segment, 51_92 . 3plit ¥ into, S, = anlz v S, -

N (E;-By,}, and 8; = b -E, . Denote the correspcnding
integrals I 12, I5 . Iﬁ(p) is CG%EE) y hence Hdélder

continuous with exponent 1 in Ee « Next, consider



—ihhm

lcos(r M fcos(r )|
pq’ P>q’ q
17,1 < & [1$¢a)-p(p, )l b ——F— ae(q)

8, pa 'poa

. O(rplq) O(rpaq) ;
= . O(rplq) ) + w(q) .

1 rplq rpaq

This follows from the hypothesis and Lemma 2.10, Because,

r - .
2 2r12 for q€B12 s+ We can write

u -] -1 .
IIll < rlafs O(rplq) + O(rp2q; de(q) .
1l

Now, for instance, in local polar coordinates about Py

oek ) cote) & [ 12 geass 0y
s, P ~Jo £

where ¢ is a pcsitive constant., Therefore,
l+u
(5) |1} = ], o(r;p) = o(r3h)

To treat Ia, first consider the inequality

Alcos(rplq,Nq) - Azcos(rpaq,Nq)
(6) 2 2
r r
P19 Poa
- i
|A1cos(rp1q,Nq) Aacoa(rpzq,tq)l
P
- r_z_
plq
+ |Ascos(r, 4V )I -4
e Paq r r2
P9 Poq




_4;—

0(r,,) o(r,,)

< 12 12
p— _;2___ + O(rpeq) " .

P4 P14

The last line follows from Lemmas 2.13% and 2.17, Lemma 2.10,
and (2) of Lemma 2.16., rurther, by Lemma 2,12, O(rp q) =
i

O(rpzq), so we obtain from (6), for q€2-B12

Alcos(rplq,ﬂq) Aacoa(rpzq,Nq) O(rla)
2 - 2 -
*p1a Tpoa ’piq
Therefore,

)
1,1 “f |¢(q)-¢(P1)l rE: dw(q)
plq

¢(r,5)
O( u 12 de
<[, o ST e

plq

-2
= rlaf 0( p ;\1) d‘CQ) .
52 1

Now use local polar coordinates about P and let c,,

Cos C3 denote positive constants.

24 =2+u
llal -"”12] ¢, P PLap .
(1/2)1'12

ifter integrating, we obtain
u 1 u
1Tl = rp, ¢ [@OY - Gryp)Y]

u
- 02 (28) Pla = O(rlz) )
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In conclusion, because Il' 12, 15 are each of order

Fy5y 80 also is T(pl,pa), hence by (3), |u(p1)-u(p2)| -
0(ry,) for pyy Py in E(J/E.po) . This completes the

proof of the lemma.

Lemma 2.19 Consider a density function QG Ll(Z) . Let
IMJI = f! {d(q)I de{q) . Suppose either of the following:

1) ¢ is locally essentially bounded on t (Def. 2.1),
»

p, is a point in L and F, is the face containing p, .

Let 132 be a ball of radius r, about P in which al-

most everywhere |$(q)l €b . b is a positive constant.

Furthermore, assume that r, is small enough that ana

contains only points of Fl .
2) ¥ is smooth (02) and QC‘«'(Z) (cf. Chapter 3).
22 & empyy2 .
Let |i¢hs = Zl 2”77 (cf. peragraph preceeding Lemma
m=

2.5)
Then the double layer potential is locally Hdlder contin-
uous (Def 2.3) as stated below. Let € , €4 jJ =1%o 5,

dencte positive constants independent of ¢ and m . € is
arbitrarily small.

From hypothesis 1).

lu(py)-ulpy)l < [clb + °2Ig:||91'?2|1-¢ :
0




This holds for Pyy Pp in a surface element E of radius
r°/2 about p, .

From hypothesis 2).

lapy)-ulpp)l = Cex M,y + oy llly + cc M) [p-pp1 7% .

This holds for p,, p, in S, and |p,-p,| = 1/2™% |

Proof. Part 1). Let A(r) = e "T(iwr-1), Ay = A(rplq),

A2 = A(rp q) and let A be a bound for |A(r)l. Also let
2

a5y 85 be positive constants. Let P1y Pp be any two
points in E and let 312 be a ball with center at the

midpoint Poo of line segment PP, and radius Tin o

A cos(r N ) A,cos{r N )
1 p.q'q 2 Poa'q
(1) u(pl)"‘u(pa) 'IQ(Q) o) 1 - > € de{g)
3 Tpya Tpoq

Split the integral over & into integrals over the above

regions and denote their absolute values by Il’ 12’ 13 .

By Lemma 2.10,

os(r WN )l Icos(r N )
P19" q . P»4d" q
I, = Al ——— de(a) + Af W)} —FF——  de(a)
8, *pia 8, *poq
o(r ) O(r )

P1Q Psq
<Al W@ —— ao(a) + A @] —2 ar(a) .
Sl rplq Sl rpaq
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Therefore,

Il = alb Tyo

Now consider the following bound for I2:

N) -4 N

@ 1 e [l et A pe: ?l e
2 - a)l 2 q,

S *pq

e 1

A
j|¢(q)| Icos(rp q' Nq)| - 22 Idf(Q) .
plq "p,a

Use Lemmas 2.13 and 2.17 in the first integral and Lemma
2.10, (2) of Lemma 2.16, and Lemma 2.17 in the second in-

tegral., Then use Lemma 2.12 to combine into one integral

as follows:

I, s.o(rlg)j 1$<a)l —2— de(q) .
S5 plq

1 . .
Because 3 ry, ‘rplq y for q outside B,, we can write

I, = _O(rl") bf 2+ € 3a(q)
S,

and in local polar coordinates

$O(r )b][ P 1€ 4040
(1/2):-12

l-¢
‘82 r12 b .

For I3 we follow the same initial steps as for 12 y

then
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0(r12)f ()l 5 aeta)
plq

Therefore,
. I!QII -€
Iu(Pl)"u(Pz)l < [Clb + Cy ]Ipl'pall .
r

This finishes Part 1).
Part 2). At first we use the notation and results of

Part 1). Let p, and p, be in §  with £y = |P1-Pols
1729+ ppen b -||¢|lm+l, and from 1) I, = all|¢||m+1 ryo -

Let B, be a ball of radius r, = 1/2™") about p__ . We

. l-&
obtain from 1), I, % a, “¢'m+1 ris .

Now, let B, be a ball of radius r, (small but in-
dependent of m ) . ILet S, = B,-B, and 8, = Z-B, .

Denote the corresponding integrals Iq, I,? . & is assumed
smooth (02) but still with faces (sections), and $&wW(Z) .

The initial estimate fcor 12 holds alsc for I4 .

14“0("12)[ [$<a)l T de(q) .
Tpq

Split Sq_ into Sanl and S“‘nOF s+ Where F is the

1

face containing P and Po s and OF stands for the

other faces (sections). Call the ccrresponding integrals
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I5 and I . Examine I5 . We will integrate over strips

R k-(sanl)n(s -5

0+ y then sum from ksl to w.

m+k m+k-l)

To do this, start by letting Pz denote the edge point
closest to p . Let pg be its orthogonal projection onto

the tangent plane at p . Set up a tangent - normal coor-
dinate system at p with positive x axis in the direction
p to pg « See Figure 3.,2. let £ = x2+32 . By Lemma

2.1, 7. = »+ 0(82) = 0(p). Let I denote the fol-
Pq Rm+k

lowing integral.

f _“Lés)_ deo(q) = |, [ *2, f s dydx

flere, ¢ 1is a positive constant and Xyy X, are, respec-

tively, the smallest and largest x coordinates in the

strip R The y integration corresponds to inte-

m+k °
grating along the length of Rk and the x integration

corresponds to integrating across its width.

r r
o __¢c . 2¢ -1 310 cm
2 fo —é——zx dy % tan x] o £ =5

+y
and
X
2 T
f X 9% 3""" (xp-xy) =~y
5 2
because x; z»l/2m+l and x5-x; = l/2m+k .

Therefore, IR - Im|m+k'2'1%1§ . Because r1241/2m+1,

m+k
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3/4 5=k+l  =(3/84)(m+l)=k+1 o 5=(3/4)(m+k)

r12 y S0 we get

Ig = 0(ry) k§2 Iy m+k

@O

m+k

‘-C(rl/q) Il

L4

The last line follows from setting j=m+k, then using the

Cauchy inequality, Tab, = /2 a? Zbg , with aj = am3/4

and b, = 2732 ||
J J
Because the distance from p, to the strips Rm+k
in other faces is greater than that in Fl s &an estimate
similar to that for 15 holds for 16’ hence
1/4
I, = Ig + Ig % ¢, ||¢I,“o(r/) .

Lastly, as for I in 1),

7 = 0(r12)f '¢(Q)l —é‘— d-ﬂ'(Q)
P]_q

Using the estimates for Il' I5, I, and 17, we obtain

latpyd-utpp)l £ (o3 Milg,y + culblly + 5D oy-po1**

This completes the proof of Lerma 2.19.
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Corcllary 2.19 For g€L.B., the single layer potential,

v(p) = Qg(p) -.f £(a)Q(p,q) de(q) where G(p,q) = e**T/r,

is locally Holder continuous at points of t

Proof. The proof of Lemms 2,19 can be traced through with

minor modifications for the simpler kernal Q .

Lemma 2.20 If the density function ¢ ig in Ll(Z) and

satisfies a local Holder condition at Py {Def.2.3),

|¢(pl)—Q(p2)l = O(rge) where O<u=l, then tie double

layer pdtential u(p) is differentiable on ¢ at Py -

Proof. Take p; equal to p, . From (2) of Lemma 2.18

we write the difference quotient

U(pl)-u(pa) T(Plspe) 2@( ) G(Pl)"G(pa)
= -w
[P1-P} |P1-P;] P1 IP; -P5|

(1)
Let the unit vector +t specify a tangential direction on
i at p; . By Lemma 2,15 G(p) 1is differentiable on i

80 the second term on the right has a limit as p,-»p,

along t . Therefore, to show the differentiability of

u(p) we need only consider T(pl,pa)/|p1-p2| « In Lemma
2.18 we split T(pl.pa) into three parts Il' 12, I5 .
First consider I1 + 12 o In Lemma 2.18 ball B had a

fixed radius r, . Now regard the radius as no longer
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e

fixed, Denote it by &€ ., For Ty, = €, (9) and (7) of
Lemma 2.18 can be written |Ill - e" 0(r;,) and |12|_¢,
5 Gu ry» « Now consider,

T(pl.pa) I, + I, 15

Pr-Pal P2l PPl

By the above estimates for |I;| and II,| we have

- B T
P;-Po

(2)

= 0(e")

independent of |p1-p2| . As p,—ep, along t , for any

fixed € ,

1.(€)
lim 2t =
p,—p, [P17P2l

fz-—E CICYEIEIDY Vpx(pl.q)-t de(g)
by the dominated convergence theorem., This integral exists
and possesses a limit as € —0 Dbecause VpK(p,q)-t has
O(r'2+u). This follows by an explicit formula for

Vpl((p,q)-t y (2) of Lemma 2,23, together with estimates

(5) of Lemma 2.23. 1In fact, by (2) and (3), in the limit

as €-s0 ,

(4) T'(pl) . f}: ($Ca)=9(p})) V&(py1q)-t de(q)
Then by (1), u{p;) exists and

(5) u(py) = Tfpl) - W $(py) G'(pl) .

This completes the proof of Lemma 2.20.



To show that the tangential derivative of the double
layer is HOlder continuous (L. 2.23), we need certain prep-

arations, (L. 2.21 and 1. 2.22).

2.6 Geometric estimates

Lemma 2.21 Referred to a fixed set of local coordinates,

let tl and t2 denote unit vectors specifying correspond-
ing tangential directions at points Py» Pp respectively.
P and p, are on the same face of f. « Then, for a pos-
itive constant a

\

|cos(e yt;) ~ cos(e b )l

|cos(ey,tl) - cos(ey,taﬂ

A
o
H

[
no

|cos(ez,t1) - cos(ez,ta)lJ

Proof. Suppose the surface is described by the vector

X » (xl(u,v),xa(u,v),xa(u,v)), where u, v are local co-
ordinates. Let t = X/ X_ . By hypothesis X&C2(}) .
This implies that +t(u,v) satisfies a Lipschitz condition,

which is equivalent to the assertion of the lemma.

Lemma 2.22 under the same hypotheses as in Lemma 2.21, if

Py» P and gq (q;tpl,pa) are all on the same face of t s
then

1) |cos(:iq,t1) - cos(:-;q,t2)| £ 3a £y
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)-cos( ol b E
ntl -COosS(r y € —3 + 3ar
p-q’ 2 r 12
2 plq

2) |cos(rplq

where a is the positive constant in the statement of

Lemma 2,21,

Proof. Consider,

cos(Nq,tl) - cos(Nq,te) = Nq'(tl'tz) .
In terms of direction cosines this is:
cos(Nq,ex)(cos(ex,tl)-cos(ex,ta)) + analogous terms in
ey and e,

5581'12 .

This follows from Lemma 2.21. That proves 1l).

For 2) start by letting up1q and up2q be unit

vectors in the directions of P14 and P»q respectively.
Then,
- t = ] - L] »
cos(rplq,tl) cos(rpeq, 2) uplq t up2q ts

The right side can be written in terms of direction cosines.

From that comes the inequality:

(1) |cos(rp1q.tl) - cos(rpzq,tan

=|cos(r ve )coa(ex,tl) - cos(r_ _,e

plq x paq )cos(ex,te)l

x

+ analogous terms in ey and e,

-t -
__kcos(rplq,ex) cos(rpzq,ex))cos(ex,tl)l +

|(cos(ex,tl)-cos(ex,t2))cos(r ,ax)l + analogous terms .,

P5q



By Lemma 2.11

2r12 ,
rplq

[cos (r ,e.) = cos(r

P2’ °x poa' x| £

and by Lemma 2.21
Icos(ex,tl) - °°B(°x't2)| < ar, ,

with similar estimates for the analogous terms, Using these

estimates in the right side of (1) yields assertion 2).

2.7 H8lder continuity of utp), vfp) on the surface.
Results for @v/dii)(p).

Lemma 2.23 If the density function @ is in Ll(Z) and

satisfies a local HYlder condition at poct ,
(1) |¢(p1}'¢(pg)| = 0(|p1-pelu) where QO=wus=]l

then the double layer potential wu(p) has a tangential
derivative that is also locally Hélder continuous (with

exponent u/2 ) at p, .
Proof, Let t be a unit vector tangent to 2 at Py
let a prime denote differentiation at Po in the direction

of ¢+ . From (5) of Lemma 2.20,

y; ¢ y
_ ulp) = 1(p) - w? $p) G(p) .
Since G(p) 1is HSlder continuous by Lemma 2.16, we need

’
only consider T(p) . By (4) of Lemma 2.20,

(p) f ($(a)-8(p2) VK(p,a)-t awla) .
b 3
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We will calculate to obtain a workable expression for
/
T(p) « Using the notation and formulas of Lemma 2.2,
- iwr, . =2__-3 _ X _ Yy - 4
K(p,q) [e (iwr Cer )] [(x X)Nq+(y Y)Nq+(z Z)Nq]

Call the first factor f(p,q) and the second g(p,q) -
‘ . . {g-p) ,» (p-a)
K(p)-VpKt--qut+rfr TNy SRt
In terms of direction cosines

(2) kip) = -ig [A(r)cos(Nq,t) - B(r)cos(rpq,t)cos(rpq.mqﬂ

W = nd
here T rpq a

A(r) = e*"F(iwr-1)
B(r) = eiwr(-war2 - 3iwr + 3) .
Let A and B be bounds for [A(r)l and |B(r)|l respectively.
liow we must show local Hélder continuity of

(3) T(p) =

L[@(e;)-@(p)] S3[atr)con iy 0)-Blr)cos(ryg trc0sry )] deta).

Let E, = E(J,po) denote the element of surface of radius
§ at p, in which ¢ is locally Hélder continuous. Let
P;» P, be any two points in E, = E(S/a,po) . Let B,

be a ball of radius o centered at the midpoint of line

segment 5;52 . For brevity let A, = A(rplq), A, = A(rpeq)

and similariy for Bl' B2 . tl and ta are defined in

Lemma 2.21.



(4) (p;) - p,) =

f[¢(Q)'¢(pl)] ;%—[*‘-1‘303([“(1’tl)“31°°5(rp,tn't'n Yeos(r_ ﬂ,Nq)] do(q)

T P14 : l)cos(rplq,Nq

1
_f[¢(q)_¢(p2)] ;B—[Azcos(biq,ta)-BEcos(rpaq,te)cos(rpaq,Nq)] de(qg)
b ¥ P4
these regions by Sl' 82, 85 and the corresponding inte-
grals I;, I,, I3 . I5 is Ca{Ea), hence H¥lder contin-
uous in E2 « To treat I1 and 12 we will need these

estimates

2‘1)

qu)

|cos(Nq,tl)l = O(rplq) |cos(Nq,t2)| = O(rp

= N =
lcos(rplq,Nq)| O(rplq) |cos(rp2q, q)I O(r

(%)

To show the first estimate, consider a tangent - normal

coordinate system at P, - The unit vector tl can be

represented by (a,b,0) . Then by Lemma 2.3
COS(thtl) = Nq‘ tl = (O(r),O(r),O(l))-(a,b,O)

= O(rplq) .

Similarly, cos(Nq.ta) = O(rp ) « The second two estimates

2
in (5) follow directly from Lemma 2.10.
low we use estimates (5), the boundedness of A(r),

B(r) and (1) to obtain, based on extending the intezrals
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on the right side of (4) over §, instead of 2 , replacing

the brackets by absolute value signs, and adding the second

integral instead of subtracting it:
o(r
1l = RO (paq>dc<>
U 3 vt Tp.q 3 a/ -
S 1 S 2
1 plq 1 Poa
Use of local polar coordinates at P, and then again at

Py yields
ar ]
5l o[22 5 0 oty

where ¢ is a positive constant.

Now consider 12 written as follows (compare with (4)):

(6) I

2

[¢(P2)-¢(P1/ _S_[AICOS(N ,tl) -B cos(r ,tl)cos(rplq,liq)] da(q)
s, P19
2

+j[¢(q)-¢(p2)] {T[Alcos(Nq,tl) -B coss(::-p q,i:.l)cos(rplq,:biq)]
3 P19

- -3~[A2cos(ﬂ t2) Bacoa(r Poa ,tz)cos(r ,N )}dt(q)
qu
Call the first term above Ié and the second I; . By (1),

estimates (5), and the boundedness of A(r), B(r), we obtain
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, O(r )
u
(7) |12| =T S _'5'_ de(q)
P9
u/2 =2+u/2
2
The last line follows from % T2 «srplq « Using local
poelar coordinates at Py yields
2d
(8) 1151 = o(z44?) poLru/2 40
(1/2)r,,

-< O(rgé‘g) .

»
Now consider |12| written as follows:

Ajco os(N_,t ) A cos(N _,t,)
9 I3l ‘[ $C@)-pp |- =3 e o ] SOy
*pya Tpoq

+f [§Cad-¢(py)| %
S,

Bacos(rpaq,ta)cos(rpzq,nq) Blcos(rplq,tl)cos(rplq,Nq)
X - 3 d"(‘l)-
r T
Poa P19

wWe will need the estimate

(10) > -3 T— '
e “poa p.a

valid for q€R3-312 . This follcws by factorization, then



use of Lemma 2.12. To estimate (9) we use identity (1) of
Lemma 2,17 repeatedly, followed by Lemmas 2.12, 2.13, 2.17,
2.22, estimates (5) and (10), and the hypothesis (1), to

obtain

N u O(rla)
1zl ::-.fs P de(q) .
2

P49
Since for q outside Bios (1/2)r12 < rplq , We can write
o(r )
o u plq
IIZI £r12 S '—rr— d"(Q) .
2 "Pq

: /
This is the same expression as for lIal in (?7), which leads
to estimate (8), Therefore, we conclude likewise here
¥ u/2
Then, for p;, P, in E(J/Z,po) ’
7 /
Iz(p,) - T(p)l = o353 .

This completes the proof of Lemma 2.23.

Corollary 2.23 If the density function ¢ satisfies the
hypotheses of Lemma 2.23, then the single layer potential

v(p) = Q§(p) = f£ $(q)Q(p,q) de(q) has a H&lder continuous

derivative on i .
Proof. The prcof of Lemma 2.23 and its ancillary lemmas can

be traced through with appropriate modifications for the

gsimpler kernal Q .
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Lemmas 2.19, 2.20, and 2.25 are true if we replace
u(p) by (@v/eN)(p) , where v is the potential of a
single layer and N is the outward normal to £ at pé€ t .
See the statements below. Sources of proofs in the poten-
tial theory case (w=0) for a smooth closed surface are in-

dicated,

Lemma 2,19 If pet and the density function ¢ €L.B.
then the normal derivative of the single layer potential
(dv/Pi)(p) 1is HOlder continucus on t .

Proof. (3) page 61, [18] page 633.

Lemma 2.2}1 If the density function ¢ satisfies a Hélder
condition on t then the normal derivative of the single
layer potential (dv/aN)(p) possesses a tangential deriv-
ative on t that is also H6lder continuous,

Proof. [3] page 312.

2.8 Continuity of (du/il)(p) as p approaches the

surface.

Lemma 2.24 Consider the double layer potential u(p) =

fz Q(Q)K(p,q) de(q) . Let p, be an arbitrary point in t .

Suppose Q(q)tLl(I) has HSlder continuous derivatives in
a neighborhood of Py - Let 1 be the normal line to the

surface at Pg and No the outward normal at Py Then,
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as p approaches Po along 1 , Cau/;NO)(p) has a 1limit
(3u/aN°)(po)_ from inside X , and a limit (Ou/ONo)(p°)+

from outside 2 , and these limits are equal.

Prcof. Let E be an element of surface of radius € at

Py » Split the integral for u(p) as follows:
u(p) -f ¢$(a)K(p,q)de(q) +f $(qa)k(p,q)de(q) .
E §-E

Call the first integral ul(p) and the second ug(p) .

The dominated convergence theorem justifies the passage to
to the limit under the integral sign in the following two

assertions. Because K{(p,q) and (aK/aNo)(p,q) are

bounded (r is bounded away from zero), and ¢(q) is inte-

grable, we have

(du,/3t ) (p) .fz-E $(a) K/ON)(p,q) daelq)

lim  (Suy/al ) (p) =f $(a) lim (KN, )(pyg) da(q) .
pP—*P, J-E PP,

The limit here is independent of the direction of approach.

In view of the continuity of (aua/bNo)(p) at D, » just
shown, the lemma will be proved if we can show
(aul/aﬁo)(po)_ = (Dul/aNo)(Po)+ .

Start by letting JSfL be a local cylinderical region of
radius 2€ at Po * Let @ be its boundary and E2 the

corresponding surface element. See Figure 2.1 on page 64.



Figure 2,1




-55m

Let P(g) be the extension of Q(q) to & described in
Def. l.4.

By well known solutions of the Dirichlet problem of
potential theory there is a function h(q) which is har-
monic in the interior of fr and agrees with F(q) on a.n .
From the Hélder continuity of qu) (from @fq)) a theorem
of Kellogg [5] implies the axistence and continuity of
(@h/al)(q) on the boundary at interior points of the faces
(not including the edges) of the local cylindrical surface
@) , For later use we will need integrability of
(dh/aN)(q) on a local cylindrical surface. To ensure this
we will consider the nested local c¢ylindrical region S

of radius € at P, corresponding to the surface element

E (See Fig. 2.1 and Def, 1.3.). We will show that
(®h/dN)(q) is continuous on each closed face of @8 .
Denote the faces of &S as follows: element of surface
E, truncated cylinder C, disc D . Because h(q) is
harmonic in the larger region f), it possesses a continuous
normal derivative on D and on C . By Kellogg's theorem
this derivative possesses a limit as q &€C approaches an
edge point on E . Also from Kellogg's theorem h(gq) has
a continuocus normal derivative on all of E .

Green's second identity for a domain R with boundary

®#R is:
ffRuA\r-vAudn- IRqu-vuﬁdtr.
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We will use this identity with v = Q(pyq) and u = h(q) .
To do this, the domain R must exclude the singular point
p of Q(p,q) . Therefore, define R as follows:
Case 1. For p&l and pygS let R=8 .,
Case 2, For pe&€l and pe«S let R = S-B where B is

a ball of radius & about p .

(l)[[ h(q) A ,Q(p,q)da(q) -f h(q) @Q/SN _)(p,q)de(q)
R 9 3R q

-f Q(p,q)(®h/aN) (gq)de(q) .
SR

The first integral on the right side of (1) can be written:

f h(q)K(p,q)de(q) . Split it into
oR

(2) IE h(q)K(p,q)de(q) +fa h(q)K(p,q)de(q) .
The first integral in (2) is Jjust ul(p) . Besides these
changes, add waffR'Q(p,q)dn(q) to both sides of (1).
The new left side is:

ff h(q)[AqQ(p.q) e Q(p.q)] da(q) .
R

The factor in the brackets is zero because {Q 1is a solution
of the Helmholtz equation in R . Hence, from (1) we obtain

an equation that can be organized thus

(3) 0 =u;(p) - L Q(p,q) (db/aN) (q)dev{q)

+ LR - h(q)K(p,q)de(q) + wafjn Q(p,ql)dalq) .



In Case 1 p#S, so we simply replace R by S in (3).
Label the resulting equation (4#). In Case 2 pe€S, s;)
R = S-B , Equation (3) then yields a new equation composed
of (4) plus three additional terms on the right side,

namely

(5)f Q(p.q)(ah/aN)(q)dv(q)-j h(q)X(p,q)de<{q)
JB 2B

‘WaffB Q(p,qlda(q) .

By the argument leading to (4) of Lemma 2.9, as the radius
d of B goes to zero, the second term in (5) approaches
4mh(p) . A similar argument shows that the first integral
in (5) approaches zero as 4§ —(Q . The third integral when
written in spherical coordinates can easily be seen to ap-
proach zero ae € -0 . From these observations, (3), in

Case 2 where pe€S, becomes in the limit as & —»0

(6) 0 = u,(p) + 47h(p) -fas Q(p,q) @h/AN)(q)dw(q)

+f h(q)K(p,q)de(q) + waff Q(p,q)da(q) .
SS-E S

Now apply the operator (& /aNo) to (4) and (6).

s’
The resulting equations are listed below as (4) and (652
The result for the last two terms on the right in both

equations is:
fas £ h(Q)OK/‘NO)(th)d'(Q) + Waffs QQ/D'NO)(p!Q)d‘(Q) .

The derivatives here are with respect to p . Let A(p)
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denote the sum of these two terms. The derivative under
the integral sign as well as the continuity of A(p) fol-

lows from the dcominated convergence theorem. Thus we have

(4) 0 = (Pu/a8 ) (p) - @ /°N°)fas G(p4q) (Pn/N) (q)de(q)

+ A(p)

(6 O = (u/aN )(p) + 4T (3h/3N_)(p)

- (@ /JNO)LS Q(p:q) @h/AN) (q)de(q) + A(p) .

#
Now let p—ep, from outside S in (4) and from inside
7/
8 in (6). The integral

I(p) = js Q(p» ) (In/aN)as(q)

can be thought of as a single layer potential with density

(@h/IN)(g) . As such, by Lemma 2.9
(GI/JNO)(P) -— -277'(3h/3N°)(P°) + C(Po)
as p-sp, from outside S§ in (uf'and
(3I/38,)(p) —» +27Sh/3N )(p,) + C(p,)
as p-ep, from inside S in (6f, where

Clpg) = j; o G (Bgea) GN/AN(a) deta) .

ﬁy the continuity of A(p): A(p)-—.ﬁ(po) . By Kellogg's
theorem the term 417@DhjaN°)(p) in (EY'approaches a limit

41763h/3N°)(p°) as  p-sp, from inside S . The resulting

equations in the limit are:



(45 0 = (up/aN )(p,), + 2Mr(an/3N ) (p,) - C(p,) + Ap,)

” .
(6) 0 = (Ju;/3N, ) (p,)_ + 4T (@h/aN ) (p )

- 2(3h/3N ) (p,) - C(p,) + Alp,) .
The equations (45’ and (6)” show that the separate limits

(aul/aNo)(p°)+ and (aul/amo)(po)_ exist. Comparison of

the equations shows that the limits are equal. This com-

pletes the proof of ILemma 2.24,

Corollary 2.24 Denote the value of 1lim (au/aNo)(p) by
P—*Dp,

P¢(p°) . As a function of p, , P¢(p°) is in Cor\Ll(t) .

Proof. From (ll-sl of Lemma 2.24, for poci
(@u, /9N )(p,) = -2TM@h/aN ) (p,) + C(p,) - Alp,) .

By Kellogg's theorem (ah/aNo)(po) is continuous. By

Lemma 2.4 and the dominated convergence theorem,

c(p,) - A(p,) is continuous. (du,/dN )(p,) is also con-
tinuous so P¢(po) is continuous for po€£ . For the

integrability see [18] page 630.
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Chapter Three

K and Kt on the space W(ZX)

3.1 The function space W(J).

2is a 02 manifold with corners (c¢f., Section 1.2).

Let E be the set of edge points of 2 and S the set of

peints of 2 having distance from E at least ZL/2m .

Further, let t = 2 -E , and denote by D the class of

functions ConLl(i). For f€D we can define a family of

norms for m =1, 2, %, ... as follows:

e, = sup  |e(p .
PES,

A norm defined in terms of these is
2 D _-m 2
ells; = m§l 2™ hewe .

Call this the W2 norm. D equipped with the W2 norm
is a function space (D, || Il‘d) which for brevity we denote
by W(Z).

In this chapter we investigate properties of W(J)

and the operators K, kK® defined on wQ).

Lemma 3,1 Let IIfllo denote the L2 norm of £ on 2 .
If f€W(E) then f is square integrable on & and

e < 2
(1) el =(2a + L) |I£llg

where A is the area of ¥ and L is a positive constant

independent ¢f f .
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Proof. Define a sequence of functions as follows:
By(P) = £2(p) for PE€S;
= 0 for ch-Sm .

Clearly, {85} is a monotonic sequence of functions,
Observe that
(p) d 2 = A N2
g1(p) do = | £2(p) ao = 4 el
p X 1
=
2 & Wl

where A is the area of 2 . Let Roy1 = Sper = Sp »

The width of R, = c:/2m+1 where c¢ 1is a positive con-

stant independent of m . Let L1 denote the length of

the edges of X s, then Area of Rm+1 —3 c11/2m+1 .

J

z

Now consider,

85,1 (P)dw -f £2(p)as
8441

-f fa(p)dcr +f f2(p)d¢-
SJ R

J+l

cl, 2

Let I = cLl and use induction toc obtain

& . (p)de < 2A "i"a L f -".%ui
I}: ™ - ¥ je2 2

=2 + L) o2 .

This shows the uniform boundedness of |lg Il .
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By the monotone convergence theorem we conclude that
there is an integrable function h(p) such that almost

everywhere on&: h(p) = lim gm(p) « This limit also
M= @D

equals fa(p) and

ffa(p)dtr-f h(p)de = lim jgﬁ(p)dr
S 3 n—®/y

2(2h + L) 02 .
This completes the prcof of the lemma.

Remark: As is well known, fel1° implies f&L' on a
space of finite measure. For later use we need specific

bounds, By H8lder's inequality,

f: i£(p)l de -_c_ﬂzl de ﬂzfa(p) de~ .

Let bl be the square root of the area of 2 so that

ek = o, NiSh, .
Now use (1) and let k = bl laA + L to obtain

(3) hew = kel

lemma 3.2 W(J) is a Banach space.

Proof. It is easily seen that | “U possesses the prop-

erties of a norm.

To show completeness, let [fk} be a Cauchy sequence

of functions of W(F) . Given an € there is an N such

that for all j, k 2N
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(1) € =lr.-£,1I° = §:° 2™ fig £ 12
="J kW mel J k'm
We start by showing Cauchy convergence of {fk} on

each 8 in the sup. norm. From (1) we obtain the esti-

mate

lle -l = 2" e j-e g
Now, given any € , by the hypothesis an N can be found,
so that ||rj-fk||$ <€/2® for all 3, k 2N and hence by
the above estimate “f,j'fk"ﬁ = 2%¢/2™ = € as required.
Since the convergence is unifornm, fk converges on Sm to

a continuous function f ., This holds for any m so
reco(d).
Now, split the sum in (1) as follows:
mil 2-® IIfJ-fkllg + mgﬂa""‘ llfd-rkllﬁ < €
where r 1is an arbitrary positive integer. Consider the
first sum. If we fix k and pass to the limit as Jj—sm

we obtain
T
- 2
mz-l . “r-fk“m =€

Since the inequality is valid for arbitrary r we can pass

to the limit as r—em and obtain

2 g _-m 2
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Since € was arbitrary, we conclude that rk approaches

f in the Wz norm. This completes the proof of Lemma 3.2.

3.2 Boundedness of K and K® on w(g).

Theorem 3.1 Suppose 2 is an arbitrary ¢® manifold with

corners (c¢f. Section 1.2). Then, K and Kt are bounded

operators on the space W(l).

Proof. We will only distinguish between K and K% as it
becomes necessary. When a relation holds for both K and K*
we will generally write it only for K .

We must show, for a positive constant ¢ ,

$llZ = c PN

or equivalently,

@ e
270 IK¢|)S = ¢ 2°0 I .
ng 4l mgi i
This depends on estimates for

K = K$( = K(p,q)d v
gl _gu‘psml 163) g?smlfz()(q) (pradde(q)]

The prcof is long and is organized as follows. First
we divide the finding of estimates (and showing that their
contribution to “K@"E is bounded) into two parts according
to the location of p . Let u be a fixed positive inte-
ger large enough that Lemma 2.4 holds for any'element of

surface of radius 2 D where D = 1/2Y .
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Part 1. pcSm for me=u
Part 2. peSm-Su for m»u .

We will divide Part 2 after introducing some notation,
Denote by p, , the nearest edge point to p . Let B be
a ball with center at Po and radius 2D . Let Fl de-
note the face of X that contains p . In Part 2 we split
the integral bounding |K¢(p)|l into integrals over compli-
mentary subsets of ¥ , namely

2a). (F;N B) v(E-B)
2b). (¥-Fy)NB .

Most of the work of ©proving the theorem belongs to
Fart 2b), in which p and q are on opposite faces and
neer to each other. The proof of Part 2b) is built up by
means of successively more general cases,

Case 1. No more than two faces of & meet at any
edge and 2 is planar at all points within
distance 2D of any edge.

Case 2. No more than two faces of 3 meet at any
edge.

Case 3. & is an arbitrary c® manifold. (n faces

may meet at a corner.)
Now we begin to prove the parts and cases.

Part 1. From Lemma 2.5 there are constants a, b, and &€

such that for any p in Smssu
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1) ko)l = alfll,, € « 2z KO .

We state an inequality here for future use:

2 b -
2) [):1 J] » 2%

This follows from the Cauchy inequality (page 51, for aj-l).
Relations (1) and (2) give, taking n=2 ,

(3) fx¢lZ < 2[ W2, e + —-5 ||¢I|]

Now consider the sum for “K@"E and split it as

follows:

u CD
OO | g 2" Ixllz 27" [k .

m= m-u+1
Call the first sum S, and the second sum S, « By (3),

the definition of |IPiS , and (3) of Lemma 3.1 we obtain

u 2
=2 £ o[ W, « 2% i

22 2 & ||¢||m+1 02 w2 & .-m
=27a" € —=T * 2 T3 | 2

mzl 2m* & Im m§1
=2%a% & G + 2 X; o ° 2 Y

2.2 2

Let ¢y = 2a“ ¢~ + 2b2k2/¢& , 50 that

(5) s, = ¢, 45 .



Part 2. To treat 82 it is sufficient to consider an

arbitrary point pES_-S, for m>u, for if sup k¢ (p)i
PES,

were achieved for pe¢S by (3) it would lead to the

u '
bound (5), already shown. We want to obtain an estimate of
x$(p)l :

(6) Kb (p)| .‘.fM(q)lIK(p,q-)Idc'(q) + f|¢(q)||K(p.q)|d¢'(q)-
(F,NB) V(I -B) (3-F, B

We partition FlnB further into Dl = Flﬂ anm-c-l and
(Fln B) = D, , as shown in the table below. The correspon-

ding integral is denoted on the right.

Region Integral
Part 2a),

D, = F{NBAS I, (m)

Dy = (F;AB) - Dy I,(m)

Dy = £- B Iy(m)
Part 2b),

D, = (- F))NnB I,(m)

Figure 3.2 on page 78 illustrates Fl near an edge.
With the notation from the table we write, based on (&),

for p(Sm-Su and m>»u ,

@ &P = [ ) + @) ¢ Im) + @] .
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Part 2a). In this part we will find estimates for Il’ I,
I5 and their contribution to ||K¢II% . By Lemma 2,4 there

sre constants a and & independent of ¢ and m such

that for an element of surface E of radius € at p

[ I$COIK(p,a)l de(q) = a € sup [§(q)l .
E Q& E
This holds also for the truncated element of surface Dl -

BnFlﬂ sm+l y SO

I,(m) £a 2D [l

m+1

Next, we want to integrate over Dy = (Fln B) - Dy . We

will do this by integrating over each strip

m+ S

1) for k = 2,5"4‘,00- .

m+k Cm+k~

By Lemma 2.4 there is a positive constant ¢y independent
of m , such that |K(p,q)] = ¢,/r for p, q in D, .
Iet d Dbe the distance from p ¢to Rm+k .

and k22, d21/2%!, See Figure 3.2. Let

For »p CSm

J(k) = IR BC)lK(p,a)l dalq) .
_ m+k
This can be estimated as follows:

J(k) $sup_ |§Ca)l sup  IK(p,q)l Area of R,
Q‘Rm-k Q€Ry,

< Wllg,, (e)/a) cy(2/2) cga1/2™K)

where c2(2/2u) is a bound on the length of Rm+k '
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c3(1/2m*k) is a bound on the width of R, and c, cg

are positive constants. These bounds follow from the

smoothness of the face Fl and the fact that R CB .

m+k

New, let ¢ = °1°2°5 y substitute for d , and simplify to

obtain

c/2u+k

J(x) = Wl

m+k

Therefore,
@ @O
K
I,(m) = J(k) = i c/2%*
2 L2 k§2"¢ m+k

Now consider q€D; =3~B in which r = ig-pl 2D =1/24,

Lemma 2.2 gives

I(m) ﬁfz EI;¢(q)llK(1;m:1)ldcl'(q)
°1/D2 Ui
= ¢, 22y B .

Going back to S, in (4), and using (7),then (2), we have
2

S5, %<4 2"“‘[1?;(::1) + I3(m) + I‘;(m) + Iﬁ(m)] .

X
m=u+l
Introduce the notation, for j = 1,2,3,4:

o 2

T = 2-1!1 I (Ill
J m-Eil J )
80 that
(8) Sy 4 (T + Ty + Ty + 1)

T, belongs to Part 2b) and will be treated later. Let



-8le

S, = 4 (Tl + TE + T

3 3
To estimate 55 , use the previous bounds obtained for

Ij(m) for § = 1,2,3. The results are:

7 a2 (2/22%)2 2 o-(m+l) ||¢||

m=tsl m+l !

l-

5 @ a: m/2
T2 <c m-§+1 [ _I.I;E M“mk] '

@
1, 23 [BI2 2% 3 12t
m=u+l

Thus,
1, % 8% 227 RIS
and, using estimate (3) of Lemma 3.1 for “Q"a, we obtain

r, 52 2402 WIE

3

For T, we use a generalized Minkowski's inequality {1) :

[Jﬁ:l [kijl a dk]Z]l/aﬁ k)‘i:‘l [J}‘E’l agk]l/z .
Thus,

0) [T, ¢ [ [—;4; ||¢||1M]2]1/'2

Let the sum over m in (10) be denoted by T

Tg = z 1 ——Z_EE m“mk

M=+

<2k § (w2

m=u+1 m+k *
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Therefore, Tg < 27K II¢II§ . Substitute this back into (10)

to get

D
(11) [2=c iy T 272 .

‘Denote the sum by R and sgquare (11) to obtain
2

To finish our treatment of S3 yuse the estimates for Tl’

T,y and T, in (9), and obtain
S, = 4 (a2 227MRIZ + o R% IOHG + of 2™ x* WD .

= 4 (32 23-4u c2 R + c2 ke 2““), then

Let 1

°3
(12) S5 €cy WIS .

This, together with (4), (5), (8), and (9), completes the

proof of Part 2a).

At this point we would like to show how we can finish
up the proof of the theorem if we grant the result to be
shown later in Part 2b) that

2
Tl-l- ﬁcq, Il#"h
where ¢, is a poeitive constant. Then, (8), with the

help of (12) can be written

82533+4T4

<cs JOIG + 4 o MG -
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Let Co = 03 + 4 ¢, 80 that

(13) s, < c, IS .

Estimates (5) and (13), together with (4), produces
(14) IIK¢||$ <c, I|¢||6 + c, “ﬂle = (cy+e5) M"ﬁ .

This shows the boundedness of the operator K on the space

W(Z).

Part 2b). In terms of our previous notation (cf. (4)) we

will now investigate

T, = y 2™ IS (m)

m=u+l

where

I,(m) = | |¢CadiX(p,q)l de(q) .
(i"Fl)nB

pesm-su with m>»u and p &€ face Fl « Wwe intend to
show that T, <c, IM)IIE where ¢, 1is a positive constant.

Cagse 1. No more than two faces of J} meet at an edge and
Y is planar at all points within distance 2 D of any
edge., Let F2 be the face adjacent to face F1 . Fl and

F2 are planar inside B . 8See Figure 3.3 on page 84.
Consider an x y z rectilinear coordinate system at Py
with x axis along the edge, and y axis in F2 « P is

in F, at distance t from p, and q = (xsy,0) is in

F2 « The pertinent vectors are:



Figure 3,3 2 inside B . Fl is seen on edge.

4

Figure 3.4 BnF2 .

"‘\
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r = p-q = (-x,t cose - y,t sinw)

Then,

iwr, .
K(pyq) = &—Jwr=l) 2=, y
r

where, here r ={|p-ql . Let A be a bound for
le3"T(iwr-1)l . Then,
?

(15) {K(p,q)! <(A/r%) Icos(rpq,Nq)l < A/r°

(16) IK(p,a)] =(A/T>) t sine .
Similarly,

iwr,.
K¥(p,q) = K(q,p) = =—{fwE=l) p-g .y
r

Hence,

1?7)  1K%(p,a)l &(A/r%) |eos(rp Nl = a/x°

Paq
1K%(p,q)| =(A/r?) y sine .

2

let a“ = (t cosd - y)2 + (t sin¢)2: then r2 = x2 + a2

we have the same bound A/r2 for both K and Kt 80 the

fcllowing calculations hold for either operator.

(18)  I(a) & fB —ﬁ-jﬁ— da(q)
| |
<A —2-(-‘1)—: dxdy .
-j];ﬂFa x~ +a B

Let R; = B"(SL+1'SL) as shown in Figure 3.4, For p 1in

8 NF, , let I(m,L) be the integral over the strip Rp .



We egtimate it as follows:

I(m,L) = A-wiath of R - {idli;,, - J

where
Jsafen—z—-—él dx
0 x“+a !
aa = (t cosel = y')2 + (¢t sind)a, y. is that value of ¥y

vetween 2-I*1) ana 27T for which the integral is a
maximum, and 2D 1is the radius of B .
2D
J = £ arc tan 5]
a al,

<3

+

and width of R; = ¢ (1/21""1) where ¢ is a positive
constant; therefore

I(lm,L) < A ¢ —EL—I— a

L

Rather than sum over I corresponding to tht‘\]?2 y We

use the larger bound
4]
I,(m) = ¥ I(ml) .
L=1

Now examine T, . Chenge index, letting s = L+l .,

' ® -m 2 ® e 2
(19) T4 = 2 2 Iq(m) < ¥ 2 [Lzl I(m,L)]

meu+]l m=]

< (Acr)? m}afl 2=m ﬁe I_"g!;g%]a .
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To proceed further we need to make a case study depen-
ding on estimates for a® . Recall,

2 2

. "
a = (t cose -y )< + (& sine)¢

Note that a is the distance from p in F, to q. in F

where p = (0,tcos«,tsin«) and q‘ = (O,y',o) - peS, so0

-m . -(L+1) . ~-L

2 «t and q"RL+1'SL+1'SL so 2 <y <2 .
To distinguish the forthcoming cases, and to establish

the validity of the estimates which come from the geometry,

please see Figures 3.5 and 3.6 on page 88.

Cagse I. 90°¢e«<180°

a zl(a'mcoau.— 2'(I'+l))2 + (a'msind.)a .

Case II., 0% et <90°

We split this case into two subcases:

1Ia). For (1/2%) =(1/2)cosa

a2 (z'mcoa«.-Z“I‘)2 + (2'msin¢)2 .

1Ib). For (1/2%)> (1/2™)cosw

a > (1/2I‘+l)sin-t .

éase I. Rewrite the square of the sum over s appearing

in (19) as a double sum,

m=1 s=2 n=2 2%a(m,s) 2na(m,n)



-

Figure 3.5 Case I 90°% o < 180°

1_4
«—— )
EL"*' auu :1‘7_ ’:
Figure 3.6 Case II 0%« o < 90°
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Let G be the general term of the double sum and rewrite

it as follows:
Igh, . UL
23575 + /8 [ (m, syatmyn) 257* 275 [5(a,5)a(m,n)
2

- +
-'2[232(s+n)/2 a{(m,s)a(m,n) 2n2(é+n;/2 a(m,s)a(m,n)

G =

The last line follows from the inequality: ab s% (a2+b2) .

When we substitute this bound for G, we obtain two sums
which differ only in notation for indices. These can be

combined. With some rearrangement and change of order we

have:
2
2 “’"¢“s @ 1 @ 1
(21) T, =% (AcTr) .
4 sgé 28 mzi 2(m+s)/2a(m,s) n=1 2(m+n)/2a(m,n)

Call the sum over s ; S1 and the sum over n ; 52 .

Using the estimate of a for Case I, we have

D 1
5, = ¥
mel S(m+8)/2 f oMo ce - 2752 , (27Pgina}?
aO
< L .

Tarl (000 2gnn . 2WB-8)/2,2 , (2(8-M)/25 00,2

Change index, letting Jj = m-s .,
& 1
(22) S]_ = 3 .
J=1-8 JEZ'J/acosu - 23/2)2 + (2'3/2sinq)2

Extend the lower limit to -® , which makes the bound
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independent of s . Let Dd be the expression under the

root sign above. Upon squaring and adding, we find
(23) Dy = 279 - 2 coset+ 29 .
For 90°= « =5 180° , -2 cosa20 . D = 2(l-cose) , and

for =all non zero Jj , DJ >-2|jl. Hence, combining the
sums over positive and negative Jj , we have, independent

of 8 ,
S, < 1 + 2 g 1
; za(l-cosd) J=1 23:2

< Y-
Jres o1

The same bound holds for SE‘ independent of m , so from

(21) we get

2
e 1 2 2
T, < (AcTr e
y = (ko) [JE(l-cosd) : ]2 - l] "¢"“

This completes Case I.

Case 1I. The range for Case Ila), 2-1‘ = 2 Mcosa , can be

expressed as i 2l 21032“’3"l . Since log,coset is
negative, denote it -b . Then m % L -[b] or equivalently
m +[b)J=<L . We can s8plit the sum (19) that bounds T, @as
Ffollows:
® _ {m+{b]-1 @ 2
T, € em? § 2 m[z Ml o Il . 1] ,
1

+ -
m= L=1 2L+l a L=m+[b] 2-*1 @

Call the first sum in the parentheses S, ( which
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corresponds tc Case IIb) and the second S, (which corre-

sponds to Case IIa)}. By (2), for n = 2 , we obtain

e 0] @D
(24) T, =2(Ac)® I 27ms? 4 mzl 2'"‘s§] .

Call the first sum Si and the second Sé -

g E’ o-m @ IM"L...]_ 1
2 m=l L=m+[Db) EI+I &

Now use the estimate of a for Case IIa) and extend the

lower index to L = 1 .

’ > |¢“I.+1 1
SE‘ =1 Chl 21.4-1 ¢
m=l Lgl J?é'mcosu -27hye (E'msin-02
Multiply the denominator by 2.2t o get
< £o-(mel) @ “¢||L+1 1 .
Tm=1 Lel 2% fommel gy o L1328, prm-l; 2

Change index, letting 8 = L+1 .and replacing m+l by m ;
then

2 - s
m=2 a=2 2 I(E-mcos-t- 2-8)2 + (2-msin¢)2

The sum here is bounded by that in Case I, (19), (20),
which leads to (21), hence

"*"2 o 1 @

s-2 28 pa1 2lM¥8)/c

S

' ’
(25) 5, = 2(m+n)/§ °

a(m,s) ngl (myn)

Denote the sum over m as 5 . Just as before, (22), (23),
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we obtain
@
= % L
J=-® ﬁ"j - 2cose + 29

only now cos«2 O , Let D,j denote the expression under

the root sign. D = 2(l-cosa) , Dl =D, = (5/2)=-2cosst 21/2,

and for jE2 ,

D, = 23'1(2 s 272341 _ 22'%03:) - 2d-1 |

J
Therefore, splitting off the terms for Dgyr Dy D_,, and

combining the sum for |jl22 , we have, independent of s ,

1 . 03/2
S < 2
72(1-cos¢) * 22 [3 I]]E
1 . 23/2 2

= ;2(l—cos¢) ¥ |?2 -1 )

The same bound holds for the sum over n in (25), indepen-

dent of m , so from (25) we get

-, 1 + 6-2"-2.2.“4)"2. .
- 72(1-008&) ;2 -1 W

Now consider Si , (24). Using the estimate

(26) S

N ™

a 2(1/21""1) sine , for Case IIb), and letting s = L+l ,

we cbtain

s{ g & 2 I:ul)+:th"1 il ]2

g=2 28 Blnd

m+[b] m+ [b]
b3

8in“et m=]l 3-2

Wi, M1, .
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Rewrite the general term of the double sum thus:

W, BE e
H‘HIS mlln >(s-n)/4 2(|:-s)/4 "'T—.‘ 2(5-11)/2 (!!-S)/E *

When we substitute this into the bound for SI s We get two

sums which differ only in the letters used for the indices.
Combining these, and changing the order, we get

Y | [H- G
sine s=2 25 meS-[b) ~(m-5)/2 n§2 >(m=-nj/2 °

[
Sl:s
Change index, letting J = m-s and k = n-m ,

2
, o, o o, m
B = sin“et a§2 28 Jg— {v] 23: 2 k§2-m al‘_' 2

Each of the last two sums is bounded by

;E 1 IE + 1
e 22 o

hence

(27 S’ - 1 [f--c- 1 2 .
‘ 1= sin L /2 - 1 m"

Substituting (26) and (27) into (24) yields

e
1, = 20em? Ly E*ﬂ +[ L +6—'g£]2 oG -

slnd J2 ‘/2(1-—coa¢) 2 -1

This completes Case II and Pert 2b) Case 1.
The idea of the next part of the proof is to show that
1K¢(p)l, for a surface with general faces, is bounded by a

constant times the integral bounding |K¢(p)| in the case
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Just treated, in which the surface is planar near the edges.

Part 2b). Case 2. No more than two faces meet at any edge
of 3 . Everything is as in Case 1 except that the adjacent

faces Fl and F2 need not be planar anywhere. We need

the following preparations.

Let Py be any edge point, not a corner, of an arbi-

trary face F . By hypothesis the normal vector at any
interior point p of face PF epproaches a limiting value

N as p approaches p, from within F . Let ‘IT(pO,F)

denote the plane perpendicular to N at Py This plene
possesses the usual properties of a tangent plane for

points in face F . Now, denote by Py the nearest edge
point to p . The adjacent faces at Pg Fl and 1‘-‘2 '

have tangent planes ‘TT(po,Fl) and 17‘(p°,F2) « Call these
simply ‘ﬂ'l and 172 .

Let p' be the orthogonal projecticen of p onto 'r.'r'1
and q' the orthogcnal projection of q onto 17'2 . oee

Figure 3.7 on page 95. Let o be the dihedral angle be-
twean 'n'i and 17'2 . Let of be the angle p'po q', B the

angle p, ’q’, ana ¥ the angle Po ¢ p’. Denote |p‘:-p°|
by t and |p°-q'| by P . From the law of sines in triangle

p’p, a4 and 0%<al’ p,¥ <180° , we obtain:
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Figure 3.7




-G6—

P gin A 1 ] 1
T * Bing Z5ine L
t sin¥ 1 , 1l
T " Bine’ =Sina’ ¢ 30w Ty -

From Lemma 2.1, and the above relations, we obtain

Qe _CS__ 2, . 2 . _¢C 2
I‘pplﬁt:t _;;;; pq 3 I‘qqlﬁc.P _m’rpﬁi '

where ¢ is a positive constant. Now, cbserve that

|Tpq — Tl S Tpp’* Tqq

2¢ 2

-1 I se
sinz' Pa
1

<

= 2 "¢ -

The last line follows for ball B , hence rpfq: , sufficiently

small, Therefore,

3 Tt % Tpq €3 T¥d -

This, together with (15), gives

Ix(p,)| = gz- é%— .
pa od

Suppose, q = £(¢) is the local representation of F,
with respect to 17'2 « Then, for an appropriate positive

constant ¢ :

;

4@ 1€(p, )l av(q) ‘cf el - aecdy .
2 pq



-97-

The type of integral on the right was treated in Part 2b)
Case 1 (18). It leads to a contribution to ||K¢II$‘ that

is bounded.

Part 2b). Case 3. 2 is an arbitrary 02 manifold with

corners, Let p, be a corner point of Y and B a ball

of radius 2D about Py o For m>u , let p he an
arbitrary point in (8,-8,)NB . Denote the face containing
p by Fl and the adjacent faces at Ps by F2, FE""' Fn.

Split the integral over (Z—Fl)r\B and write it symboli-
cally thus:

f 19l (pya)] dw(q) f +f +...+[ .
(I-Fl)nB F,NB F5nB F AB

Let the supremums over pG(Sm-Su)nB of each of the inte-
grals on the right be denoted by Ha(m),...,Hn(m) . T,

denotes their contribution to "K@"% (ef. (8)).

2 Q ,-m 2
- T2 [Ho(m) + Hy(m) +...+ H(m)]

@ @
< 20 §2 20 g2 ]
‘n[m-§+1 2(m) enet m-§+1 n(m)

by inequality (2). Each of the sums in the parentheses was
shown to be bounded, by the arguments of Part 2b) Case 2.

Letting °,j|m|$l denote the bounds, we have

n
Toan T ooy My 2o, IO



n
where ¢, = n ¥ c¢. . This is the last estimate we needed
4 {5 i

to show. The boundedness of Tﬁ was used in the argument

leading to the boundedness of |IK¢|I$ , (14}, This finishes

the proof of Theorem 3.1,

3,3 Compactness of K and Kt forﬁz smooth.

Theorem 3.2 As a specialization of the ¢® manifold &

(cf. Section 1,2), suppose all of ¥ is smooth (Ca). The
faces of I are now sections. Then, K and K® are com-
pact operators on the space W(3) .

Proof. We will work with K throughout the prcof. The

t

demonstration holds word for word with K" in place of X .

Let S = [fd] be a bounded sequence of functions,

gpecifically,

(1) ||f3||w <c .

We must show that the sequence of functions [de] is
compact, that is, there is a convergent subsequence [Kfnj

in the W° norm. We already know that {Kf J} CW@) by

Theorem 3.1,

co
From (1), c© = Ird||$ - 21 Z'mut‘dllg , we obtain the
m=

bound

(2) el =22 ¢ .
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From (3) of Lemma 3.l1,we obtain, letting r denote the

constant kc , a bound on the I.l norm of fJ.:

(3) Be o=k llell, == -
By Lemma 2.5, for recn Ll(i), lll{fllm is bounded as fol-
lows:
b
lkell, < aliell,,, € + oz flet
where a, b, and €(m) are positive constants., Replacing
f by f.j and using the bounds (2) and (3), we have

(&) "Kfj"m < a 2(m+l)/2c¢ + ‘22- T .

Therefore, "Kf;j"m is uniformly bounded for all fd es .

By Lemma 2.19, for 2. smooth (02) and f&€WwW(Z), the func-

tion Kf is H&Slder continuocus on Sm, as follows:

for py, p; in S, and |p;-p,| = 1720+ ,

(5) [Ke(p))-KeE(p)l % (e5litlly, + cylithy + coliolh) |py-pa| ™™,
where the constants Cz1 Cy» Cg are independent of f and

m ., Replacing f by f.

P then using (1), (2), and (3) we

have
(&) |Krd(pl)-KfJ(p2)| = (052("""1)/20 + cuc + csr)|p1*P2|1/4

1/4

(m+l)/2
< a) 2 [py-Pol '

where a, 1is a positive constant. This shows that the

sequence of functions [Krdl is equicontinuous on 8 .
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This, together with the uniform boundedness of {Krd} on
Bm , (#), yields by Ascoli's theorem the existence of a
subsequence of [KrJ] uniformly convergent on S . De-
note the subsequence by {Kf} . This is true for each

m=1,2,3000 o

Construct a diagonal sequence as follows. Let Krl
be the first function of {Kf]l » Kf, the second function
of [Kf}a and so on. Denote the resulting sequence by
len] . It is convergent on each Sm for m=1,2,3,.4¢0
in the corresponding norm. Lat g be the function to which
[Kfn} converges. By the sup. norm convergence on S_ ,
g¢c°(sm) « This is true for each Snl y hence g¢c°(f) .
The convergence of Kfn to g in each m norm implies

Cauchy convergence on each set Sm « That is, given an € ,

there is an N(m) depending on m , such that, for n, m

greater than N(m) , JKf -Kf || < € , where Kf and Kf,
are functions from {Kfn] « Introduce the notation h-fn-fk.
From (2) we obtain the bound
. (m+1)/2

i, = He M, + el 22 ¢
Similarly, W§hll € 2r and |nll, £ 2c . Using these bounds in

(5) produces, where a, = 28, ,
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(?7) IKh(pl)" Kh(pa)l 532 2(m+1)/2 Ipl'p2|l/4 .

Now we start a development that will show Cauchy con-
vergence of [Kf ] in the w2 norm. First we need to in-
crease the allowable distance between P;» Po in (5), (&),
(7) vhich hold for p;, P, in S, and |p,-p,| = 1/2™1 |

Let s,, s; be points in 8  and |s,-8,] < 172",
Let 85y By be intermediate points on the arc (shortest
path) 8,8, 80 that |s,j'sj+l| = (1/2) |sy~-8,| for j=1,2,3

(For m sufficiently large these points exist.) Then,

3
|Kh(s,)-Kh(s,)l ﬁa;: |Kn (s )~Kn(sy, ;)|
3
=% e 2(m1)/2 g g, 11"

< 82 2(ﬂl+l)/2 5(1/2)1/4131_54'1/4

1/4 . .
Let az = aj 3 2 / . Thus, we obtain for Pys Pp in Sm

and |p;-p,| = 1/27,
(8) |Kh(91)'K-h(P2)| ‘—‘35 2n/2 lPl’P2|1/4 .

To find en estimate for the growth of |IKhll  as m in-

creases, we will investigate the geometry of the system of

sets {8 } . Pigure 3.8 on page 102 illustrates a face of

2 . Because s, is closed, ||Kh||m = sup |Kh(p)| is
PES,
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achieved at some point s&S . Similarly, "Kh"mﬂ is
achieved at some point ¢ ‘Sm+1 . Note that s and ¢+
may be on different faces. If t &S  then lIKhllm equals
“Kh“m+l , hence estimate (11), that we are working towards,
is certainly satisfied., Otherwise, and more importantly,

’ N .
assume ttsml-sm « Let 8 be the point in Sm closest

to t ., Because g is also in 3 s+ We can use the

m+1
Hélder continuity (8) to obtain

9  |Kn(t)-Kkn(e)| 5 a; 20012 g g|1/%

Since, [Kh(d)l < |kn(s)| = |kn(t)| , it follows that

(10) lkn ()l - [Kh(s)| = IKn(t)l - [Kn(H .
Using (9), (10), the definitions of 8 and t , and

It-s’| = width of 8 , = 1/.'-.‘“1"'1 , we have

1) lixnlly,, - lignll, = ag 2041072 (g 0me1)i/%

2(m+l)/4

- a

5
Equivalently,

1)/4
lcnll, y = lKnl, + &g 2¢241)/
Then, by induction, we obtain a growth relation:
(12) ki, ; < IKnll, + ag et P AP 1
<(Knll, + a 2(m*3)/%

where & = (aj 21/2y ya1/% 1y
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Now consider the Wa norm of Kh :
o .
Wknli2 = T 27"IknliZ .
m=1

Let r be a positive integer that we will choose later,

and split the sum.

2 oy 2 . e o=(T+3) peni
HEnily - z 2 lKnil® + J)-_‘,l 2 WKnllz, s -

Call the first sum Tl and the second sum T2 .

a A\ @®

Call the sum inside the parentheses T5 y and use the growth

relation (12) to estimate it.

T, = 3}-:1 2-(r+d)/2[||Kh"r +a 2(r+:l)/4]
< 27/ }"f om3/2 , g o=T/4 fz" o= 3/
T j=1 j=1
< ¢ 2'r/2||Kh||r +8cy 27/%

where ¢,, ¢, denote the sums of the geometric series.

Now we will show that HKh"s s which is the same as
"Krn-kaﬂﬁ , is arbitrarily small, for n, k large enough.
Given an &€ , choose r large enough that ac, 2"/ “< € .
With r now fixed, choose n, k sufficiently large that

-r/2
¢, 2 /ﬂKhllr‘G.and lkhll | < € . Then Taé‘l‘%!#cz,
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and by the nature of the sup. norm IIKhImf- € for every

r
2 )} 2™ « 62 . Gathering the esti-

m=<r , 80 '1‘146: L
Mm=

mates, we obtain ||Kh||$ <5 62 « This completes the proof
that [Kfn] is a Cauchy sequence in the we norm. By

completeness (Lemma 3.2) there is a function g &W(2) such
that qun-gllw «—e0 ., This must be the same function g

to which the diagonal seguence converges, because conver-

gence in the w2 norm implies convergence in each m norm.

This completes the proof of Theorem 3.2.

3.4 Normalization of Q, K, K¥ . PFredholm Alternative.

We wish to normalize @ (hence K and Kt). This

normalization will be in effect here and in Chapter 5. Let

Q = (eiwr)/21'rr . Hence, the new operators K, & equal
the o0ld operators K, Kt divided by 27 .

By Theorem 3.2, for Z smooth (¢%), K and K® are
compact operators on W(E), so the Fredholm Alternative

(F.A.) [17) holds for the pair of eguations:

A. vae=(tI +Ku and X = (£I + K )Y
where v, ucw(z) " and X, Yc‘d(z)‘ . .

The F.A. also holds for the pair of equations:
B. ve(tI+K%u and x = (21 + k%)Y .

The next lemma will provide us with a practical
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criterion for solvability of the pair of eguations A. For

an operator T 1let N(T) denote its nullspace,

Lemma 3.3  N(I+K¥) = N(I+K') .

Proof. Let a(q), b(q) denote functions in W(2) . By
Lemma 3.1 they are in Le(i). 80 f: a(q)b(q)de(q) exists

and defines a pairing «<a,b> . bL&W(E) can be thought of
as a‘ linear functional a +s<a,b>» acting on the function
a&W(X) .

Claim 1. Kt can be considered as an operator on some of
the functionals of H(Z')., the conjugate of W(X) . <a,Ktb>
agrees with K'b(a) , and

(1) dim N(I+K®) = aim N(I+K )
Proof of the claim. The definition of K b is K b(a) =

b(Ka) . Now observe that:
@)  <ks,b> = [ [(xa)(p)] (p) awtp)
. j! jza(q)x(p.q) de(q)| b(p) de(p)
. f: _f:a(q)b(p)K(p,q) d-v'(q) de(p)
. f fb(p)K(p.q) de(p)| a(q) de(q)
b 4 C % d
j: [(x*v)(2)] ata) aw(a)

- <a,Ktb> .

We Justify the change of order of integration as follows.
By Theorem 3.1 for a&W(@), I:IQ(Q)"K(P:Q)ldc(q) € W) ,
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hence the function defined by the integral is a square inte-

grable function of p , by lLemma 3,1. Therefore,

fz fz la(Q)IIK(p,q)| de(q) [b(p)| ae(p)

exists. This is sufficient to Jjustify the interchange of
order of integration in (2) (consequence of Pubini's Theorem
(61, p.362) |

We don't know that all the linear functionals in H(Z).
can be realized by the pairing «<a,b>» , but we can conclude

that N(I+K%) € N(1+k') , and hence
(3) dim N(I+K®) = dim N(I+K) .
Claim 2., K can be considered as an operator on some of

the functionals of U(Z)., <2,Kb> agrees with Kt'b(a) ,
and

(4) dim N(I+K) = dim N(I+®")

The proof is similar to that given for Claim 1.

The F.A. [17] applied to the pair of equations A

yields

(5) dim N(I+K ) = dim N(I+K) ,

and F.A, applied to the pair of equations B yields
(6) dim N(I+k*") = dim N(I+k®) .
Therefore,

dim N(I+K ) = dim N(I+K) = dim N(I+K®') = aim N(I+k®)

by (5), (4), and (6), hence
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dim N(I+K') = dim N(I+KY) .
This, together with (3), implies

dim N(I+k®) = aim N(Z+k") .
Since the domain of I+Kt is a subset of the domain
of I+K , and dim N(I+K®) = dim N(I+K ) , we conclude that
N(I+K®) = N(T+k") .

By replacement of I by -1 $hroughout the proof of

Lemma 3.5 we obtain the following resulst.

Corollary 3.3  N(-I+K%) = N(-I+K') .

The F.A. applied to the pair of equations A , together
with Corollary 3.3,gives the last result of the chapter.

Lemma 3.4 For 2 smooth (02) and the operators K, k¥
defined on W(¥), v = (-I+K)u has a solution u , if

<v,Y> = O, for all solutions Y of O = (-I+Kt)Y .
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Chapter Four
K, K¥ on the spaces LM3), Ll(Z)

4,1 Boundedness of operator K on LHZ).

Lemma 4.1 There is a positive constant ¢ such that
J_ K(p,@)lae(a) = ¢
b3
for all p & t .

Proof. We will consider three cases.
Case 1. p is near an edge but not a corner.
Case 2. p is not near an edge nor a corner.

Case 3, p 1is near a corner.
Cagse 1. Let Po be an edge point of L . By hypothesis

the normal vector at p ¢t approaches a limiting value N

as p-ep, from within a face F . Let 1T(p°,F) denote
the plane perpendicular to N at Py - This plane pos-

sesses the usual properties of a tangent plane for points

in face F . Let F, and F, be the adjacent faces at Po
and TT(pO,Fl).‘n(po,Fa) the corresponding planes. From

here on, call them simply 171 and ™ .
Let B Ve a ball of radius h about Py and let p

be a point in Flr\B . By Lemma 2.1, the distance by which

a point p in Fl departs from its projection onto plane

fﬁ' is O(ta) where t 1is the distance from p to Py *
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Similarly, for a point qchnB at distance s from Py »
d(q.11é) = 0(32) . PMigure 4,1 on page 111 illustrates the
situation. Let ol denote the angle between 1r1 and m5 .

Note that O =< oL «<7r and region R in Fig. 4.1 may be in
either the interior or exterior of & .

Figure 4.2 on page l1lll illustrates the special case,
which we will handle first, where the faces are planar,

that is, F, = 71, and F

1 1 2 = T

2 - Let T - ”.l,‘?,-a .
Consider a rectilinear coordinate system with xy plane
equal to ey the x axis parallel to T and the 2z axis
through p . In this coordinate system, the outward normal
vector to M, is Hq = (0,0,-1) , and the vector r = g-p.
is given by (x,y,-tsin«) .

iwr
K(p,q) = £ (igr-l) r -Nq
r

Let

F(p) -f IK(p,q)l de(q)
BAT,

which we prefer to write in polar coordinates , where

92 = x2+y2 . Lat A(D) = ei"r(iwr-l) and let A be a

bound on |A(z)|.
7 _f] A(r) t sine @ de a9
() BATE, (Portosinca) > 2

2% 2h |
= aboinal [T L8000
0JOo (P

+t“8in%e)
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Figure 4,1

Figure 4,2 F1 is seen on edge.

N

p (0,0, Caindt)

s- (”J ’a o)

M
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. 1 1
F(p) = 2maA Itslndl[ - ]
P (t2sin°w) 72~ (4n+t2gincm)l’ 2
4h + 1
tTsin"a

= 2T
Note that Fig. 4.2 shows o« between O and /2 but the
estimates hold for O <ol <1,
Now, we consider Fl and F2 not necessarily planar.

We are still treating F(p) = I' IK(p,q)l de(q) for
BnF2
PEF;NB . As stated earlier in the proof d(p,'ni) = O(ta)

and d(q,ﬂé) has order equal to the square of d(po,q) ,

that is, d(q,ﬂé) = 0(x2+(y+tcos¢)2). Based on these esti-
mates we write
(1) T = (X,y,tsina «+ o(tz) + 0(x2+(y+tcos¢)2)) .
From Lemma 2.3, the unit normal vector at q can be ex-
pressed as

N, = (0(d(p,.a)), 0(a(p,sad), 0(1))
where

d(pgra) = Vx2 + (y+tcose)®
& x|+ |yl+ lkcoswm| .
Also,
x4 (y+tcos¢)2 -.’2 + 2ytcosw + tacos%u .

Now calculate r - Nq in terms of orders of magnitude,

We use the fact that x and y are of order; P , combine

terms of the same order, and absorb terms of higher order
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into thoge of lower order to obtain
r-Ng = 00s%) + 0(#)0(t) + O(8) .
Now examine r2 . From (1) we write
r? = p2 + [tsinw « 0(#%) + 0(+?) + 0(e)O(8)] 2

= (#2 + t2sin%w)(1 + O(t) + O(P) + O(P)O(L)) .
Because t and # are bounded and independent, we absorbd
the O0(P)0(t) term into O(t) + O0(r) . Next, use the def-
inition of the order notation from which we can then find

a single positive constant ¢ , such that

r? & (#° + t%sina)(l - ct - cP) .

Remark: Because h is chosen small at the outset, t and
S are small, hence the factor 1 - ct - cp will be pos-
itive,

Now consider F(p) , for t restricted to lie between
0O and 1/30 « Also restrict the domain of integration to
0=« p<l/3c . Call the resulting integral Fl(p) y and
observe that 1 - ¢t - cp 2 1/3 , s0o that

» 2Mmr2h 2
P, (p) _,‘f j’ ogx:pcgﬂog.r)mé.r ) papde .
o Jo [3(.9 +t%sin «.)]
Split off the integral corresponding to the first two terms
of the numerator. These contain O(t) and contribute a
bounded integral by essentially the same argument as in the

planar case. The integral corresponding to the third term

will be bounded because it has a numerator of order JP3
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which is not exceeded by the order of the denominator.
To proceed further we recall two earlier results. We

state them in a form suitable to the present context.

I. let p be in t . Let E be an element of surface
of radius € about p (Def. 1.2, in which th: surface
is smooth (CZ) then by Lemma 2.4, there is a constant

a such that j%lx(p,q)ldv(q)'s a€&€ ., Because p may

be arbitrarily close to an edge, E may be truncated

at the edge. This does not affect the estimate.

IT, ILet D be a domain of integration in which the
distance r = |gq-pl is bounded away from zero. By

Lemma 2.2, j.IK(p,q)Idt(q) is bounded.
D

Now we will finish up PF(p) . From (1) we see that

for # »1/3c and for any & , ro

is bounded away from
zero, so by II the corresponding part of F(p) is bounded.
To complete Case 1 (p€BNF,) observe that I takes

care of the integration for q «E (B nFl) and II applies
toc q outside BWVE , hence F(p) is bounded.

Case 2, Here, p 1is in a face and the distance of p from
the nearest edge point is greater than h . I and II

imply the boundedness of F(p) .

Case 3. Suppose n faces Fl, Fa,..., Fn meet at a vertex
Py Let B be a ball of radius h about Po and let p

be an arbitrary point in BI\Fl +« The arguments in Case 1
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apply to q in Bl"l}.?.j for J = 2,...,N 88 well as to

q€BNF, or q€2-B . Hence, we conclude that F(p) is

bounded,

Lemma 4.2 K is a bounded operator on the space LKJ) .

Proof.
Ixp(o)ll, = ess sup |kd(p)l
Pesx
= ess sup [_I0CQIK(p,q)l deaq)
pex %

< K(p,q)l @
N, ess g:pzle (pyq)| de(q)

=i, ¢

The last line follows from Lemma 4,1.

4,2 P,C., Surfaces.

Definition 4,1 P.C. Sﬁrfaces.

Let L now be pclyhedral or cylindrical in the follow-
ing sense. In the neighborhood of any corner, T is part
of a polyhedron for which the angle between adjacent faces
is at least 90°. 1In the neighborhood of any edge point
that is not a corner, Z is part of a right circular cylin-
der or one of the above polyhedrons. Call these P.C. sur-
faces, Examples: a box, cylinder, or pipe.

The P.C. surfaces are more limited than we would like.

It seems clear that the next lemma would hold for somewhat
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more general surfaces, The definitive class of such sur-
faces is a topic for futher investigation.

Let S, be the set of points of 2 that have distance

at least h from the set of edge points of .

Lemma 4.3 For any P.C. surface, there is an hl >0, 80

that, for all pc.i and all h <= hl ’

I(p) = ]z JE@ldeta) <2
~*h

Proof, At first, consider only two faces, Fl containing

p , and an adjacent face F2 . See Figure 4.3 on page 1l17.
Jet T be the edge in common to Fy and F2 - F; can be
non planar. F, is planar in the neighborhood of T . Let
Po be an edge point closest to p . Suppose, for now,

that p is in E-Sh , that is, d(po,p) <h . Let B,, B,

be balls about Po with radii 2h and I respectively,

where 2h €D = 1/20|wl . To avoid excessive detail, the
estimates below will tend to be generous. By Lemma 2.4,

there are constanta Al. A2 8o that

I = [ _IK(p,q)lde(q) = A, 4b ,
1 Janr, 1

A .
I, = [IK(p,q)ld é[id .
2 fs Pyq)l do(q) s Tou «(q)
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Figgre q'o 2

Figure'4.4
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Let 8 represent arc length along the edge T , measured

from p, . For qd:B‘?-B1 y» there are positive constants
Cyy» €5 8O that c,8 = rpq < C,y8 and a constant ¢z 80
that width of Z-Sh< czh . Therefcre, there is a con-

stant ¢ such that

2D e
I, 5[2 jn < ds] [width of z-sh]
< 2c{log2D -~ logh)c5h .

Now, with q no longer restricted to Fl'

I -f IK(p,q)l de(q) éf A de(q)
> Jz-3, 2‘32;2

h

-_‘_%2- (area of 2-—32) < Cy

l:inJP

where ¢, = (length of the edges of 2) C3 o

Next, consider the integral

I, = f IK{p q)'d-'(q) < A f tsinel de(q) .
¢ ’ ot R
B,NF, ByAF, o

The estimate follows from (16) of Theorem 3.l1. See Fig. 3.3
and the displayed calculations on page 8S5.

DgeD
1l
Iuiﬂtsinﬂfof-n(—xzj—mdxdy

where 32 = (y--t‘.cos-t.)2 + (1:s'innt)"g .

D D
1l - p.d
fO (xzuz);: 3 & 2( 2 2)13 2]0

a \x +a

1 1

22 e v R S
1l +
[
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Therefore,

I4 = A tsinw 2 f >
0 (y-tcose)© + (tsina)

D
1 =-tCO8el
=24 tsine tsine arc tan(l-ﬁiw)]o

.‘-.EA[E- arc tan(-COt")]

Y 1

5 4y

5.21\[5 - arc tan(-tan(g -d.))] .

In 32 ' |eiwr(iwr-1)| =1 +|wl2D , which serves in place
of A, hence I, =< 2(1 +jwi2D)(1mr- o) .
Gathering the estimates for I1 through 14 we have
Cy
I(p) < 4A;h + 2c[1ogan-1ogh] csh + &b 5+ I, .
By hypothesis, e 27/2 . Since D = 1/20|wl, we obtain
I, = 2(11/10)(m/2) = 1,17, After that, h can be chosen

small encugh to make the first three terms less than 710 .
Then

(1) I(p) < .17+ I,
< 27
If h= d(po,p) < 1/20|wl, by Lemma 2.4,
I, = f IK(p,q) de(q) 5] IK(p,q)l de(q) =4A.h
1 B E~-E 1
1 2 71
where E1 and E2 are elements of surface with center at

p and radii d(p,Bl), d(po,p) + 2h respectively. The

rest of the estimates go through as before yielding (1).
If 1/20 twi s-.d(po,p) » then chocse D = 1/40 (wl,
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80 that 4 = d(p,}_’-Sh) Z1/40 wl. Then by Lemma 2,2,

I(p) = IK(p,g)l do(q) = A de(q)
Iz-sh Iz-sh 2

< iz area of (£-Sp)

< (W02 Ac, h .

4
h can be chosen small enough that (1) again holds.

For p near a corner, let Po be the corner point.
Bl R B2 about p, now include parts of & on two adjacent
faces F,, F5 . The integral I, (for chl) can be

written

I, = [ Kplarta) + [ IK(p,q)l de(a)
Bat"lF'2 BE“Fs

DD D gD
= ffIK(p'q)Idy dz +ff|K(p,q)Idx dz .
0 Jo o Jo

Call the integrals on the right I, 2 and I, 3 Trespec-

L) L
tively. We will carry out the proof for Bant being part
of a cube with corner Pg * See Figure 4.4 on page 117.

The proof is similar when the angle between adjacent pairs
of faces at the corner is greater than 90°. The axes are

set up so that BnFlc Xy plane, BnFacxz plane, and
BnF3cyz plane. Consider p on a ray making angle @
with the x axis and q in BI\F2 « The argument will be

similar to that already given for just two faces.
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Let p = (d4,t,0) , q = (x,0,2) and

as= f(z-tcosd)z + (tssincvl)2 '
where ol denotes the angle between F, and F, .

(Later we will set o = #/2,) Cbserve that
a/d = t/d - tan® .
Now set up new axes X,Y,Z parallel to axes x,y,2 re-

spectively, but with origin p’- (4,0,0) . Then,

D rD-d
I $Atsin¢ff mcﬂ[dz R
442 0 J-d +a“)

D-d 1D-d
f 1 X = X
-d  (X°+a®)?/¢ a®(Xx°+a®)/<) -4

l ]_ 32 '1/2 1 a2‘1-l/2
= -+ +
:2[ el B

[1 + (l+tan29) 1/2]

mldt-

The rest of the integration is like that of I, for just
two faces. Thus with simplification,

I, 2 < (1l +2WwWID)(M=at)(l + cos0) .
The same procedure for 14'3 gives

I3 £(1 + 2WID)(T-&)(1 + 8inQ) .
Therefore, for ofl=m/2 , 0O Q0 s7/2 , and D = 1/20|wi,

I, =(1 + 2wiD)(®/2)(2 + cos@ + s8ing)
= 1,11 + J2/2) < 1.88T" .
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This bound again yields the validity of inequality (1) for
I(p) .

Now consider p near the edge of a right circular
cylinder. p 1in the curved portion F2 has been treated
already. Consider p in the planar part Fl » We need

only cocnsider, for p(BenFl y

I, = K(pyq)l de(q) .
4 IBz“Fal (pyq)l de(q)

Set up a rectilinear coordinate system with origin at the
center of the circle of radius R which is the base of
the cylinder. The x axis goes through p and the z
axis is the axis of the c¢cylinder. Let P, be the point

where the x axia intersects the edge of the cylinder.

The intersection of the ball B2 of radius D about Po
with the curved face Fz corresponds to the ranges

-k 20 2k and O£z<D , where k = tan'l(D/R) « Suppose
p€F, is given by p = (¢,0,0) . qQ€F, is given by

q = (X,y,2) , vector r = (x-t,y,2) and vector N _ =

Pq q

(1/R)(x,y,0) . By (4) of Lemma 2.2, letting A(r) =

ei"r(iwr-l) , We have
' 2
. Alr . Alr) R™-tx
K(p,a) ;S:'rpq'uq 3 ~ &’

2. .2 2

Use x“+y° = R , x = Rcos@ and let A be a bound on JA(x)l
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Then,

-tRCOBO
8 = >—33/3 R 40 dz
Hf fk (R -2tRcos@+t“+2 )

Change variables, letting s = t/R , u = z2/R , and U = D/R.

k rU
=<2 f f St —2C058 373 du 46
0 JO0 (u©+3S+1=-28cosl)

Let a2 = 52+1-230030 . Upon integrating, we see that
¢ 2,-3/2 2
(ul+a®)” du = 1/a° .
0
Therefore,
k
Iu.‘.QAf 280080 49
0 8"+l-2scos6

Call the integral above, I .

k k
I = j 5 de s j c0os® do
0 (85+1) =~ Zscoso 0 (s +1) - 2sc080

- 2 f (s +1) 28c030
2
. 8. Qs l[ﬁjt (s2-1) tanea)]

(s-1)

k

= % tan'l(s+1 tang)]o

+T .

This holds for O =8 %1, or equivalently O =t <R .,

=

nw

Hence,

Iq.‘_EAI = A(k + 1)
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Choose D = Min(1/20 Iwl ,Rtan(®/10))}. Then, for p in Bss

IA(x)l % 1+Wi2D %1.1 , and k = tan"1(D/R) = /10 ,
therefore

14 = 1.1 (.lw-""'r) = 1,211 .
This, together with the estimates for q outside l?'af'\F2 s

again yields, as in (1), I(p) < 27T. The proof of Lemma

4.3 is now complete,

4.3 Projection operator ™ compactness of 1rhoK on

LAZ).

Recall that 8, is the set of points of X at dis-

tance at least h from the set of edge points of & .

Definition 4.2 ‘ﬂ'h ¢(P) = @(p) for 1:0(&-‘5h

= 0 for pcz-sh .

Lemma 4.4 If & is a P.C. surface then, for all suffi-
ciently small h ,
lIK - Th.KIlm‘aw -

Proof. Because, Kf = k¢ on S, , and 75eK$ = O on
‘Z=5, » we have

KK - e k)Pl = ess sup KK - meK)P(p)I
Pe}

< eS8 § $Ca)llk(p,q)l de(q)
<e p:;;:fz_sh¢q pia)l de(q
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- e = [l K(p,q)| d=
Ik - mex)ll, < Ml ess sup IZ-Sr! (py)| aw(q)
<l¢ll, 27 .

The last line follows from Lemma 4.3,

Lemma 4.5 Given any h >0, TrhoK is a compact operator
.on the space LNJ) .

Proof. h is fixed. Let {f_} denote a bounded sequence
of functions of LN3I) , ||rnl|m$.b , where b is a pos-

itive constant. We prepare to use Lemma 2.19. Let 4 be

the minimum distance between the components of Sh « A

ball B2 of radius d4/2 about any point p of Sh will
contain only points of Sh on the same face as p . Let
llz Il denote the ! norm of f, - Let a denote the
area of 2 . Then |Ifn|| < ba . Lemma 2.19 yields, for
jp-po| <d/4 ,

|meke, (py)- Treke (p)] = (clb + Cy —-E’a—g lpl-pall" ’

(4/2)

where ¢, and c, are positive constants independent of
P and tn y and € 1is an arbitrarily small positive con-
stant. This shows the equicontinuity of {MeKf (p)} on .
f . From Lemma 4,2, llwh-xrnllm = ||1«:rn||CI= %€ bc . By

Ascoli's theorem, there is a uniformly convergent sub-
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sequence of Pﬂ%fKrn} - Lin) is known to be complete,

so the lemma is proved.

4,4 A condition leading to the Fredholm Alternative.

The following lemma is due to R. Leis [8]) .
Lemma 4,6 ILet B be a Banach space and B its conjugate
space. Let T be a linear transformation on B and T.
its conjugate transformation on B. . If there exists a
compact linear transformation T in B with §r-Tll<1 ,
then the Fredholm Alternative (F.A.) is valid for the pair
of equations:
v=(I+Tu ad X =(I+ 7)Y ,
where I 1is the identity transformation. Specifically,
1), If (v,Y) = O for every solution Y of
0= (I + T-)Y » then v = (I + T)u has a solution
u .
2). If (X,u) = 0 for every solution u of
0= (I+Tu, then X = (I + T )Y has a solution
Y .
Proof. Let H = T - T. Let G = (I + H)'l. This inverse

exists and is given by the series G = (I + I-I)'l = I-H+H2-

H°+... which converges because |H|I<1 .
Claim, The following are equivalent equations:
(1) va=(I+ T

(2) Gv = v; = (I + ¢MHu .
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Proof of the claim. Given

ve(I+TMNus=(I+H=+MHu
= (I + H(I + GTHu ,
apply G . let Gv = v, .

Gv = v, = G(I + H)(I + GTMu
= (I +GMHu ,
which proves the claim.
Now observe, from the series expression for G , that
G is bounded, which together with T compact, implies
that GT is also compact. Therefore, the F.A. [17] holds

for the pair of equations:

(2) Gv = vy = (I + GTHu

(3) La(I+(@MIM .

Claim. The following are equivalent equations:
(3) L=(I+ (6MHHM

(4) L=(I+T)CM .

-
Proof of the claim. First note that G = (I + H)'l' =

(I + H‘)'l, and T = (H + T). = H + T‘, then

L=(I+ @ IM=(I+Te)M

(I + T¢I +8 )M

(I+8 +THe'M

(I +T)M ,

which proves the claim.
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Now we will prove the two assertions of the lemma.
l). Suppose (v,Y) = 0 for every solution Y of

lYy s0o Y « G.y then (Gv,y) =

0= (I +1).Let y=6G -
(v,G‘y) = (v,Y) = 0 for every solution G‘M = G.y of
homogeneous (4), O = (I + T-)G.M , which is equivalent to

(Gv,y) = O for every solution y of homogeneous (3),

0= (I + (GT)-)y s which by the F.A. for compact operators
[17] » applied to (2), (3), implies there is a solution u
of (2), Gv = vy = (I + GT)u ,which is equivalent to u

being a solution of (1), v = (I + T)u .
2). The proof is similar to that of 1), based on

statement 2) in the F.A. for compact operators ([17], p.191).

Corollary 4,6 Under the hypotheses of lemma 4.5, the F.A.

holds for the pair of equations:
-
v e (-I + Ku and X = (=-I +K)Y .
Proof. Follow the same steps as in Lemma 4,6, using

G (I +H ™ 2 c(@-H"T e (T+H+H +...) .

t

t 1
4.5 Boundedness of K'. Compactness of Ko _on L (J) .

Lemma 4,7 mek = (K%Wm)" .

Procf, All linear functionals on Ll(Z) can be represen-

ted by the pairing <f,57»--nz f(p)g(p) de(p) , where
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rerl(3) and geL™E) [14]. We will think of <f,g> as
the linear functional g acting on £ . The definition of

(k%) is <(x%mT)r <, (Kem )’ b
h h 18> = ’ "”’h g> , but

<(K%em) 8> = [ (KT £(p))E(R) dwp)

- f f £(q)K(q,p) de(q) g(p) de(p)
I /s,

« [ f£ta) [ e(0)K(a.p) del(n) dela)
= [ £ [_ &(p)k(q,p) av(p) dw(q)
Sy z

= (.f, (‘ﬂ'h' K)G, .

»
Therefore, T *K = (KT n) e

Corollary 4.7 K = (Kt)‘ .

Lemma 4,8 On I.l(Z) . k¥ is a boundea cperator and for

arbitrary h >0 , Kt'm‘ﬂl',1 is a compact operator.

Proof. The boundedness of K® comes from Lemma 4.2, Cor-
ollary 4.7, and the general fact that T' bounded, implies
that T 4is bounded, (6] p. 233. The compactness of Kt-ﬂ‘h
comes from Lemmas 4.5, 4.7, and the general fact that P’

compact, implies that T is compact, [17] p. 187.

Lemma 4.9 If X is a P.C. surface, then for all suffi-

1

ciently small h , the L' norm of K° - k% is

bounded as follows: [K® - k% || <27 .



-130-

t .t .
Proof. IIKt - Kt-'ﬂ'h" = "(K - K "‘Wh) “cn
= lix - mekll

< 27r .
This follows, because the norm of an operator and its ad-

joint are equal, (6} p. 233, (k% - k%7 )" = K - Mmex

from Lemma 4.7 snd its corollary, and Lemma 4.4,

4,6 Normalization of Q, K, K'. Fredholm Alternative.

In order to use Lemma 4.6, we will normelize Q

(hence K and Kt) as follows. Let Q{(p,q) = (eiwr)/awr .
We will continue with this normalization from here on. In
terms of the new operator K® (equal to the original opera-
tor K¥ divided by 27r), from Lemma 4.9 we obtain, for

P.C. surfaces and h sufficiently small, WK® - k%7 Il <1,

From this, by Lemmas 4.6 and 4.8, we obtain the concluding

result of this chapter.

Lemma 4,10 If ¥ is an arbitrary P.C. surface, then the

Fredholm Alternative is valid for the equations:

v = (£I + Kt)u and X = (I + K)Y |,
where v and u are in Ll(Z) and X and Y are in

LA .
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Chapter Five

Existence Proof

5.1 Introduction and set up for existence proof.

In this chapter we will find a solution wu(p) , of the
Neumann problem in R , in the exterior % s 1 ofa C2
manifold with corners 2 , (cf. Chapter l.). Let E be
the set of edges of ¥ and f = 3 -E . A statement of the

problem is:
[ ]

1). A function g defined on & is given.

2), Find a function u(p) , defined in Z+ , that satisfies:

a). the reduced wave eguation,

Du + weu = 0 in 2. (w is a real constant.)

b). uy = € on t ’
¢). the Sommerfeld radiation condition:
(du/ar) - iwu = o(r~1)
uniformly along all rays from the origin.
We will attempt to find a solution u(p) that is the
difference of a single layer potential v(p) , with density
the same as the given Neumann data function g{(q) , and a

double layer potential w{(p) , with a density function
h(q) , yet to be determined. Specifically, let

v(z) = I:. €(q)Q(p,q) dv(q) ,
w@) = [ n(@K(p,q) deta)
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where Q = (ei"'r)/a‘rrr , and let
u(p) = étv(p) - V(p)] .

Both v(p) and w(p) satisfy 2a) and 2¢), so the problem
is to find h 8o that

1
uy (p) = g[wn+(p) - vN+(p)] - &(p) .
Here, uy (p) 4 for example, means lim(du/oN)(p,) as
+

p;—opti from I, .

Introduce the following notation, Let L.B. denote the
set of integrable functions on 2 that are locally essen-
tially bounded on 5 , (Def.2.1, p.15). The functions of
W(3) (cf. Chapter 3.) or L™JI) are contained in L.B. .
Within the set of integrable functions on & , let H de-
note the set of locally H&lder continuous functions on t
(Def.2.3, p.42), and H' the set of functions with locally
Holder continuous first partial derivatives on t . For p

[ ]
in & we regard Q and K as operators and write v(p) =

Ge(p) and w(p) = Kh(p) .

We will find a solution to the exterior Neumann
problem under either of the following hypotheses:
1). All of & is smooth (02) and g&W(Z), (cf. Chapter 3.).

2). ¥ is a P.C. surface and s¢c°n1.“’(z), (ef. Chapter 4.).
The demonstration from here on is valid for either 1)
or 2). The supporting lemmas to cover both 1) and 2) will

be cited as needed.
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5.2 Summary of Chapter 2.

The following two theorems serve to summarize the
results of Chapter 2 as well as lay out the faéts that we
will draw on. The statements of the Jjump lemmas have been
changed to reflect the normalization based on Q =
(eiwr)/21rr . The supporting lemma or corollary is given

in parentheses,

Theorem 5.1 If g&L.B. (or H) then Qg (C.2.19, C.2.23)
and k%zeH (or H) (L.2.19,.L.2.20). If g «L.B. then

v = Qg €C°(R3-E) (1.2.6, L.2.7). If pel , then
vN+(p) = (k*7 Dglp) , for gec®nil(® (r.2.9).

Theorem 5.2 If h&L.B. (or H) then Khe€H (or H) (L.2.19,
L.2.23). As pt—-pcf » where p, &« L, , w(p,) —»
(K £ I)h(p) = wy(p) , for hec®nit(@ (L.2.9). If hed,
then the limits of (aw/aN)(pt) exist as p,,_—rptt and are
equal (L.2.24). The common value will be d;noted by Ph(p)
and Pn(p)ec°nit@) (c.z2.24).

The next two sections employ the proof ideas of Leis
[7] , and Sacksteder [16].

5.3 Relations among Q, K, Kt. P .

Theorem 5.3 KQ = Qk¥ maps c°ni*(¥) to H ana PQ -

k%)% - 1 maps H to H , Qg =0 if and only if g = Kts,
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and Q maps any invariant subspace belonging to an eigen-
value A¢ 1 of K© isomorphically onto a corresponding

subspace for K .

Proof. If p+¢§:+ , then Q(p+,q) is, as a function of
qQ , & solution of the reduced wave equation in J , the
region of R’ bounded by & . So also is v . Consider

the equation

[, (A v(0)+v) - v(@) (AR, 10)+w2Q) aalq)
Ja

-f[Q(p,,.q)vN (g) - v(q)QNq(p+.q)] ar(q).
< -

2v and w2Q in parentheses on the

Without the terms w
left side, the above equation is Green's identity. Insert-
ing those terms does not change the value of the expression,

but does show that the left side is zero. Therefore,
(1) j; v(Q)K(p, ,q) do(q) = j; vy (DQ(p, 1a) de(a) .

Let p, approach pcf « On the left side, by Theorem 5.2,
we obtain (K + I)v(p) = (K + I)Qg(p)e€H , and on the right
we obtain, by Theorem 5.1 (continuity of Qvy (p) , then
vy () = (k¥ + D)a(p)) ]

i Qvy (p) = K" + Deplel .

Comparing the last two equations gives KQ = QKt .

Apply the operator CD./aNp) to both sides of (1),
then let p, epproach peX . Assuming geH , by Theorem
B«l, Vv = QgtH’ then on the left, by theorem 5.2, we obtain
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Pvip) = PQg + On the right, two applications of Theorem
5.1 give, for gec®nil(@): «*-Iyvy = &E-D)(x%D)g .

Comparing the last two equations gives: PQ = (Kt)a-I .
and shows that PQg is defined by means of the above for-
mula, for g&C°N Ll(i) . Purther, this shows that P
makes sense on the range of Q as well as on H’(cf.Th.s.a).
Therefore, if E denotes the smallest subspace of CorlLl(f)
containing 1 and the range of Q , then E is a natural
domain for P .

By Theorem 5.1, VN+ = 0 if and only if g = th s
and by the uniqueness theorem of Levine [11] ' VN+ =0 is

equivalent to v2 0 in I , s0 v =0 on X, or equiv-
alently Qg = O . The remaining assertions follow from

what has already been proved.

Theorem 5.4 PK = K'P and QP = KE-I y 1t being understood

that in both cases the domain is taken to be H . Ph = O
if and only if h = -Kh , and P maps any invariant sub-

space belonging to an eigenvalue A ¥ -1 of K isomorph-

ically onto a corresponding subspace for Kt .

Proof. The proof is similar to that of Theorem 5.3. Start
by replacing v by w in (1):
@) [g v (@K(p,@) an(q) = [ vy (Qp,,0) de(a) .

Let p+-op¢t « On the left, by Theorem 5.2 twice, we get
(K+I)w(p) = (K+I)(K-I)h(p) .
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On the right, by Theorem 5.1 then Theorem 5.2, we get
Quy (p) = QPh(p) . Therefore, K°-I = QP .

Apply (@ /3Np) to (2), then let P,—P . On the
left, by Theorem 5.2 twice, we get Pw_(p) = P(K-I)h(p) .
On the right, by Theorem 5.1 then Theorem 5.2, we get
(K*-I)wy (p) = (K®-I)Pn . Therefore, PK = K'P .

By the uniqueness theorem of Levine [11] , we obtain:
w,(p) = (R+I)h(p) = 0 &> w(p) 2 0 in I <
wN(p) =0 on &, or equivalently, Ph = O . The remaining

assertions follow from what has been proved.

5.4 Completion of existence proof.

Claim. To complete the existence proof it suffices to find
an h in E such that the following two integral equations
are satisfied.

(3) Qg = (K-I)h ,

(#) (k+I)g = Pn, .

Proof of the claim. The boundary condition that must be

met is:
R U R
+ + e
= $(Pn, - (k°-I)g) = & .
The last equation is equivalent to (4)., The role of (3)

will be seen shortly.
To find a function h in E that satisfies both (3)
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and (4), start with (3). By Lemmas 3.4 and 4.10, the
Fredholm Alternative holds for the pair of equations (3)
and X = (Kt-I)Y . Hence, (3) can be solved for h in
LHI) or W) , if <Qg,s>» = O for all solutions s of
(Kt-I)s = Q0 ., Here, <a,b» denotes the pairing
]:a(q)b(q) de(q) for a, b in W(I), or for one of a, b

in L™Y) and the other in Ll(Z) . It should be noted
that h , the solution of (3), will automatically be in H ,
since g, h€L.B. implies that Qg and Kh are in H .

Now, observe that: «Qg,8> = <Qg,Kts> = q,QKtazp =
<g,KQs> - <gE,K0>» = O , by 8 = Kta s the symmetry of the
operator Q , QKt = KQ , and s = K¥s implies Qs = O ,
from Theorem 5.3. This argument provides a solution hlc. H
of (3), but hi is not uniquely determined if A =1 is
in the spectrum of K . (That is, if (K-I)h = O has a
solution h2 g then h = hl+h2 is also a solution of (3).
Note that hae L.B. and h2 = Kh2 , implies h2¢H s, then
h,€ 1 » by Theorem 5.2 twice, so Fh, exists.)

It still needs to be shown that for some h2 satisfy-
ing (K-I)h2 = 0, there is an h = h,+h, which satisfies
(4), that is, (Kt+I)g - P(hl+h2) y, or equivalently,

t
Pha = (K +I)s - Phl -
(Note that P applied to (3) gives PQg = P(K—I)hl , hence

Ph, exists, because PQg and PKh; exist.)
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Theorem 5.4 shows that P maps the space of all h2
in H satisfying h, = Kh, (Note A ¢ -1.) isomorphically

onto the gpace of solutions of © = kK% . Let (Kt+I)s-Ph1

be denoted by @ If we can show that (Kt-I)O1 =0,

l -
then by Theorem 5.4, there exists a definite function h,
satisfying (K-—I)h2 = 0, with the property that FPh, = 6, ,

as required. Now to show (Kt--I)O1 =0 :
(x*-1) [(kP+1)g - Pn)] = [(x®)2-1)g - (k®-1)Pn,
= PQg - P(K-I)h;
= () ’

by Theorem 5.3, Theorem 5.4, and P applied to (3) with

h = hl « This completes the existence proof.

The methods of this chapter are also applicable to the
exterior Dirichlet and mixed problems as well as to interior

problems [16] .
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