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c o n t r o l l e d  m a n n e r ,  a s  p a p p r o a c h e s  c u r v e s  b o u n d in g  

r e g i o n s  on t h e  s u r f a c e  ( f o r m e r l y  e d g e s  and  f a c e s ) .
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C h ap te r  Cne 

P r e l i m i n a r i e s

1 .1  I n t r o d u c t i o n .

In  t h i s  work we a r e  co n ce rn ed  w i th  one of  t h e  t h r e e  

c l a s s i c a l  boundary  v a lu e  problems t h a t  have been i n v e s t i ­

g a t e d  i n  P o t e n t i a l  Theory  (au  * o) and in  t h e  t h e o r y  of
p

th e  H elm holtz  ( o r  r e d u c e d  wave) e q u a t io n  G&u + w u - 0 ,  

w r e a l ) .  Each p roblem  depends  on a  g iv en  d a t a  f u n c t i o n  

d e f i n e d  on p o i n t s  p o f  a c l o s e d  bounded s u r f a c e  Z. i n  3^ .  

S p e c i f i c a l l y ,

1) u ( p ) :  D i r i c h l e t  p rob lem .

2) Normal d e r i v a t i v e ,  ! iM ! Neumann Problem.

3) + £ ( p ) u ( p ) :  Mixed problem.

The methods t h a t  we w i l l  use a r e  a p p l i c a b l e  to  a l l  

t h r e e  problems b u t  we w i l l  c o n c e n t r a t e  o u r  a t t e n t i o n  on 

t h e  e x t e r i o r  Neumann problem f o r  t h e  Helm holtz  e q u a t i o n ,  

t h a t  i s ,  a s o l u t i o n  i s  so u g h t  in  t h e  e x t e r i o r  o f  Z ,  h av in g  

th e  boundary  v a lu e  2 ) .  P o r  t h i s  ty p e  of  problem th e  

Sommerfeld (ou tw ard )  r a d i a t i o n  c o n d i t i o n  i s  a l s o  imposed, 

namely,  “  -  iwu * o ( r ” * ) ,  u n i f o rm ly  a lo n g  a l l  r a y s  from 

th e  o r i g i n .  Under t h e s e  c o n d i t i o n s  t h e  s o l u t i o n  i s  un ique  

[11] . 115].

The i n t e g r a l  e q u a t i o n  method (Neumann method) of  

s o l v i n g  t h e s e  p rob lem s depends  on f i n d i n g  a s o l u t i o n  which 

i s  a l i n e a r  c o m b in a t io n  of  a s i n g l e  l a y e r  p o t e n t i a l
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v (p )  -  J  e (q )Q (p * q ) d r ( q )

and a  d o u b le  l a y e r  p o t e n t i a l

u (p )  -  /  ♦ (q )^ (p * q )  de-(q) .
JZ

g and 4 a r e  c a l l e  i s n s i t y  f u n c t io n s ,  i s  th e  o u t­

ward norm al to  th e  s u r f a c e  a t  q c £ ,  r  ■ |p  -  ,

Q (p ,q ) -  e iw r/ r  , and K (p ,q ) -  | jj Q (p ,q ) .
q

W ith th e s e  p o t e n t i a l s  we a s s o c ia te  o p e ra t  r s  Q g tp )- 

v (p )  , K4(p) -  u (p )  , and K ^C p ) * j  4 (q )K (q ,p )  d r (q )  , 

F o r a  c lo s e d  sm ooth s u r f a c e  £  and w ith  th e  o p e ra to r s  

K , d e f in e d  on C °(£) , L e is  [fy  so lv e d  problem s 2) 

and 3 ) .  S o lu t io n s  o f  th e s e  p rob lem s p a r t i c u l a r l y  s u i t e d  to  

a p p l i c a t io n s  in  A c o u s tic s  a r e  g iv e n  by S a c k s te d e r  [ l 6 ] .

From h e re  on we w i l l  assume t h a t  th e  c lo s e d  s u r fa c e
o

Zm 1b p e rm it te d  t o  have edges and c o rn e rs  and i s  C e l s e ­

w here. now le a d s  o u t o f  th e  sp ace  o f  c o n tin o u s  fu n c ­

t io n s  ( c f .  S e c t io n  1 .4 ) .  In  C h a p te rs  4  and 3 we s o lv e  th e  

Neumann problem  by th e  i n t e g r a l  e q u a tio n  m ethod w ith  K,K^ 

d e f in e d  on th e  £anach  sp a c e s  r e s p e c t iv e ly .

We w i l l  show com pactness o f  an o p e r a to r  t h a t  i s

n e a r  enough in  norm to  K to  im ply  th e  F redholm  A l te r ­

n a t i v e .  T h is  i s  th e  program  t h a t  L a is  u sed  to  s o lv e  1) 

and 2 )  in  two d im e n s io n a l spaoe  f o r  a  boundary  cu rv e  £  

a l lo w in g  c o rn e r s  [ 8 ] .  Ha r e q u i r e d  t h a t  £  be l i n e a r  i n  a  

ne ig h b o rh o o d  o f each  c o rn e r .

T hera  a r e  some d i s t in g u i s h i n g  d i f f e r e n c e s  betw een th e
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two and th r e e  d im e n s io n a l p ro b lem s. In  two d im en sio n s  

o n ly  two s id e s  o f  th e  boundary m eet a t  a  c o rn e r  w hereas in  

th r e e  d im en sio n s many f a c e s  may meet at l  c o rn e r .  B ecause 

o f t h i s  o u r r e s u l t s  a re  l im i te d  to  a r e s t r i c t e d  c l a s s  o f  

s u r f a c e s  (P .C . s u r f a c e s ,  C h ap te r  4 ) ,  b u t th e s e  a r e  s u f f i ­

c i e n t  f o r  many im p o r ta n t a p p l i c a t i o n s .  An o u t l i n e  o f a  

s o lu t io n  to  th e  D i r i c h l e t  problem  f o r  a  s u b c la s s  o f  th e s e  

s u r f a c e s  w aB  g iv e n  by L e is  in  [9J*

A no ther c h a r a c t e r i s t i c  o f th e  two d im e n s io n a l c a se  i s  

t h a t  a  c e r t a i n  c r i t e r i o n  f o r  com pactness f o r  s e t s  o f  fu n c ­

t i o n s  in  L ^ (£ ) , w hich depends on th e  co n cep t o f t r a n s l a t i o n  

on th e  boundary  cu rv e  £  , can be u se d  ([&] Lemma 3* [2] ,

I t  b e a r s  i n v e s t i g a t i o n  a s  to  w hether t h e r e  i s  a  gen­

e r a l i z a t i o n  o f  t h i s  n o t io n  t h a t  i s  a p p l ic a b le  to  a c lo s e d  

boundary  s u r fa c e  £  in  . Our t r e a tm e n t  in  C h ap te r  4  

em ploys o th e r  m ethods to  show co m p ac tn ess .

In  a n o th e r  p a p e r  [lOj L e is  s o lv e s  th e  D i r i c h l e t  p ro b ­

lem i n  u s in g  ctmoanbr’io  s p h e re s  S^ ,  Sg w ith  th e  p ro p ­

e r t y  t h a t  £ c 3 jC S g  . An i n t e r i o r  s o lu t io n  f o r  th e  re g io n  

bounded by £ *  i s  J o in e d  to  a  s o lu t io n  in  th e  e x t e r i o r  

o f  • The u se  o f  t h i s  method f o r  th e  Neumann problem  

p r e s e n t s  d i f f i c u l t i e s ,  and in  any c a se  i t  do es n o t  su p p ly  

as e x p l i c i t  a  s o lu t io n  a s  does th e  i n t e g r a l  e q u a tio n  

m ethod.
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P rob lem s 1 ) ,  2 ) ,  and 3) c o u ld  ba so lv e d  f o r  g e n e ra l  

s u r f a c e s  w ith  c o rn e r s  i f  we c o u ld  f in d  a  Banach sp ace  o f 

f u n c t io n s  on £  w ith  th e  p ro p e r ty  t h a t  K and a r e

oom pact o p e r a to r s  on t h a t  B pace. K and a r e  bounded

o p e r a to r s  on th e  sp a ce  W(£) o f  C h ap te r 3* W hether th e s e  

o p e r a to r s  a r e  com pact on th e  sp a c e  W(£) o r  some o th e r  

sp ace  i s  a  m a tte r  f o r  f u tu r e  i n v e s t i g a t i o r . However, we 

do show in  C h ap te r  3 t h a t  K and a r e  com pact o p e ra to r s
p

on Vj(£) p ro v id e d  a l l  o f  £  i s  smooth (C ) . Based on 

t h i s ,  u s in g  th e  i n t e g r a l  e q u a tio n  m ethod, in  C h a p te rs -3 

and 5* we s o lv e  th e  Neumann problem  f o r  d a ta  f u n c t io n s  in  

V (£ ) . S in ce  th e  sp ace  o f  f u n c t io n s  W(£) i s  more e x te n ­

s iv e  th a n  C ° (£ ) , we have a  new r e s u l t .  A lso  W(£) 

c o n ta in s  f u n c t io n s  n o t a l lo w a b le  a s  d a ta  in  th e  s o lu t io n  

f o r  F .C . s u r f a c e s  ( p a r t i c u l a r i z e d  to  smooth s u r f a c e s ) .

T h a t s o lu t io n  r e q u i r e s  d a ta  f u n c t io n s  in  L ® ( £ ) .  The 

f u n c t io n s  g (p )  in  W(£) a r e  a llo w ed  to  grow in  a  con­

t r o l l e d  m anner a s  p ap p ro ach es  c u rv e s  bounding r e g io n s  

on th e  s u r f a c e  ( fo rm e r ly  edges and f a c e s ) .

The i n t e g r a l  e q u a tio n  m ethod o f s o lu t io n  depends on a 

s i z e a b le  c o l l e c t i o n  o f  lemmas ab o u t th e  b e h a v io r  o f  th e  

s in g l e  and d o u b le  l a y e r  p o t e n t i a l s ,  v (p )  and u ( p ) ,  f o r  

p on o r  ap p ro ac h in g  th e  s u r f a c e .  We have in c lu d e d  p ro o fs  

o f  them  in  C h ap te r  2 f o r  k e r n e l s  Q, K, t h a t  a r e  s o lu ­

t i o n s  o f  th e  H elm ho ltz  e q u a t io n ,  f o r  s u r f a c e s  t h a t  have 

ed g es and c o m e r s ,  and f o r  v a r io u s  c l a s s e s  o f  d e n s i ty
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f u n c t io n s  in c lu d in g  L ^ (Z ), 1® (X) • W(X) . The p ro o fs  a re  

s im i l a r  t o  th o s e  i n  th e  p o t e n t i a l  th e o ry  c a se  (c o r re sp o n d ­

in g  to  w » 0 ) .  Good s o u rc e s  o f  th e s e  a r e  [3] and [189 • 

F o r some o f  th e  lemmas a  c o n s id e r a b le  amount o f  e x t r a  work 

i s  r e q u i r e d  f o r  th e  H elm holtz  v e r s io n .  Our p ro o f  o f  lemma 

2 .2 4  i s  d i f f e r e n t  from  th o s e  i n  th e  p o t e n t i a l  th e o ry  

s o u r c e s .  I t  i s  b ased  on a  theorem  o f  K e llo g g  t h a t  i s  o f  

i n t e r e s t  in  i t s  own r i g h t .

1 .2  N a tu re  o f  th e  s u r fa c e  X .

We w i l l  now be more s p e c i f i c  ab o u t th e  n a tu r e  o f  th e  

s u r f a c e  on w hich boundary  v a lu e s  a r e  d e f in e d .

L e t £  be a  com pact o r ie n te d  two m a n ifo ld . I t  w i l l  

be assum ed t h a t  £  h a s  th e  s t r u c t u r e  o f  a  C m a n ifo ld  

w ith  c o r n e r s ,  t h a t  i s :
.n  —

r )  £  h a s  a  d ec o m p o s itio n  X  * 2 - j , where
i - 1  1

n i s  a  p o s i t i v e  i n t e g e r ,  each  i s  c lo s e d ,

and th e r e  i s  a  homeomorphism h ^ : X ^ —̂  .

2) Each s e t  i s  a  com pact s u b s e t  o f  th e

p la n e  bounded by a  f i n i t e  number o f  l i n e  

segm en ts and i s  th e  c lo s u re  o f th e  i n ­

t e r i o r  o f Ta .

3) F o r  e v e ry  p a i r  i , J  X ^ H  X j i s  e i t h e r

em pty , th e  image u n d e r  h^1 o f  a  v e r te x  o f  

Ti  (and  s im i l a r l y  o f  T j)  o r  th e  image
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u n d e r  o f  a  s id e  o f  T^ ( s i m i l a r ly  f o r

Td

4) Where th e  t h i r d  p o s s i b i l i t y  in  5) h o ld s ,  th e  

m apping h^« h i '

lr
i s  o f  c l a s s  C .

N ote: The d e f i n i t i o n  J u s t  g iv e n  i s  e q u iv a le n t  t o  th e

a p p a re n t ly  more g e n e ra l  one in  w hich th e  s id e s  o f T^ a r e
lr

r e p la c e d  by im ages o f  C im beddings o f  l i n e  segm ents

in to  E^ •

A homeomorphism f : £ — * E^ w i l l  be c a l l e d  a  Ck im -
—l  ^bed d in g  i f  f o r  e v e ry  i  ■ l , 2 , . . . , n  , f*h^  : T^ — Ey i s

a  r e g u la r  map, t h a t  i s ,  a  Ck map T^ —*■ E^ such

t h a t  th e  ta n g e n t  map i s  everyw here  o f  ra n k  2 .

The s u r fa c e  £  on w hich boundary  d a ta  i s  g iv e n  i s
z p

u n d e rs to o d  from  h e re  on to  be th e  image in  E*' o f  a  C
2

im bedding o f  a  C m a n ifo ld  w ith  c o m e r s .

1*3 N o ta t io n  and d e f i n i t i o n s .

The s e t s  £ ^  i n  th e  d e f i n i t i o n  o f  £  w i l l  be c a l l e d

th e  c lo s e d  f a c e s  o f  £  • The i n t e r i o r  o f  th e s e  s e t s  d e ­

n o te d  by a r e  c a l l e d  th e  (open) f a c e s  o f  £ .  L e t

i-PA . T h is  i s  th e  same a s  £  -  E where E i s  th e

s e t  o f  ed g es  o f  £  .

D enote by $2 th e  oom pact r e g io n  o f  bounded by £
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L e t Q _  ( o r  Z  _) d en o te  th e  i n t e r i o r  o f £2 and £2 +
( o r  2 +) th e  e x t e r i o r  o f  £2 • Ve w i l l  a l s o  f e e l  f r e e  to  

u s e  a  s u b s c r ip te d  s ig n  to  in d i c a t e  f o r  exam ple a  p o in t  p +

£2 + o r  a  l i m i t  F (p ) + o f  a  f u n c t io n  F (p +) a s

To c l a r i f y  and em phasize c a lc u lu s  o p e ra t io n s  w ith  r e s p e c t  

t o  a c e r t a i n  v a r i a b le  ( i n  t h i s  ca se  q ) we w i l l  uae n o ta ­

t i o n s  l i k e  2  o r  f (P * q )  •
5 Hq  9

fee w i l l  make r e p e a te d  u se  o f th e  fo llo w in g  d e f i n i t i o n s  

in  C h ap te r  2 .

D e f in i t io n  1 . 1 ; T angen t -  norm al c o o rd in a te  system  a t

At p Q c n s id e r  a  r e c t i l i n e a r  c o o rd in a te  system  w ith  

x ,y  p l ;.ne th e  same a s  th e  ta n g e n t  p la n e  a t  p c and th e  

p o s i t i v e  z a x i s  i n  th e  d i r e c t i o n  o f  th e  ou tw ard  norm al 

to  2  a t  p0 . r h i s  w i l l  be c a l l e d  a  ta n g e n t  -  norm al co - 

o r d in a te  system  a t  p Q .

D e f in i t i o n  1 » 2 ; An e lem en t o f  s u r f a c e  E o f r a d iu s  *  f t

p+—* p *  i
We w i l l  u se  th e  n o ta t io n f o r  volume

p0 « t

L e t F be th e  f a c e  c o n ta in in g  pQ and 1 th e
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nonnal l i n e  to  £  a t  p Q . L e t C be a  r i g h t  c i r c u l a r  

c y l in d e r  w ith  a x i s  1 and r a d iu s  €  • C a ll  th e  p o r t io n  o f  

th e  f a c e  F l o c a l l y  c u t o u t by C , an  e lem en t o f  s u r f a c e  

o f  r a d iu s  g  a t  pQ and d en o te  i t  by E . H ere , €  i s  

assum ed sm a ll enough so  t h a t  E i s  d e s c r ib e d  by a  s in g le

v a lu e d  f u n c t io n  z » q (x ,y )  i n  th e  ta n g e n t  -  norm al co­

o r d in a te  system  a t  p Q • N ote t h a t  E may be t r u n c a te d

i f  p i s  c l o s e r  th a n  6  to  th e  edge o f  F .

D e f in i t io n  1 ,5 : L oca l c y l i n d r i c a l  r e g io n  ( s u r f a c e )  a t  p 0 .

In  th e  c o n te x t  and n o ta t io n  o f D ef. 1 .2 ,  l e t  z » q (x ,y )  

d e s c r ib e  th e  s u r f a c e  l o c a l l y  i n  a  ta n g e n t  -  norm al c o o rd i­

n a te  system  a t  P0*> £ • L e t M be th e  minimum v a lu e  o f

z on E .  L e t D be th e  d is c  c u t  o u t from  th e  p la n e

z -  M -  6  by th e  c y l in d e r  C • L e t 52 be th e  th r e e  d i ­

m en sio n a l re g io n  bounded by th e  d is c  D , p a r t  o f  th e  c y l ­

in d e r  C and th e  s u r f a c e  e lem en t E . 52 w i l l  be c a l l e d  a

lo c a l  c y l in d e r i c a l  r e g io n  a t  p Q . I t s  b o u n d ary , £52. 
w i l l  be c a l l e d  a  l o c a l  c y l i n d r i c a l  s u r f a c e  a t  pQ •

D e f in i t i o n  1 . 4 ; E x te n s io n  o f  a  f u n c t io n  f ( q )  d e f in e d  

on a  s u r f a c e  e lem en t E , to  a  f u n c t io n  F (q )  d e f in e d  in  

(on) th e  c o rre sp o n d in g  lo c a l  c y l i n d r i c a l  r e g io n  ( s u r f a c e ) .

In  th e  c o n te x t  and n o ta t io n  o f  D e fs . 1 .2  and 1 .3 ,  th e  

g iv e n  f u n c t io n  f ( q )  can  be e x p re s se d  in  th e  ta n g e n t  -  

norm al c o o rd in a te  system  a s  f ( q )  -  f ( x ,y )  . 52 i s  th e  

l o c a l  c y l i n d r i c a l  r e g io n  c o rre sp o n d in g  t o  E . We d e f in e
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an e x te n s io n  F (q )  o f  4(<l) ti0 S2 O f l )  a s  f o l lo w s .  At 

a  p o in t  q * f t (d 5 2 ) t  l o t  F (q )  have th e  same v a lu e  t h a t  |  

h as  a t  th e  o r th o g o n a l p r o je c t io n  o f q on th e  s u r f a c e  e l ­

ement E , t h a t  i :  F ( x ,y ,z )  -  f ( x t y )  .

1 .4  Example

T here  fo llo w s  below , an exam ple o f a  s u r f a c e  w ith  

e d g e s , f o r  w h ich , w ith  d e n s i ty  f u n c t io n  f ( p )  I  1 , Kt f ( p )  

i s  lo g a r i th m ic a l ly  s in g u l a r .

C o n s id e r a  h a l f  c y l in d e r ,  H -  { ( x ,y , z ) « B ^ |  y f tO ,
P Px  + y -  1 , O l z i l } .  L e t p be th e  p o in t  ( 0 , 0 , t )  and

l e t  F be th e  f a c e  c o n ta in in g  p . L e t B be t h a t  f a c e  

o f  H on w hich z ■ 0 and C th e  cu rved  f a c e ,  { ( x ,y , s )

c h 5 |  x2 ♦ y2 -  1 , 0 * z * l ) .

l * f ( p )  » /  K (q ,p )  d r ( q )  + J  K (q ,p )  d r (q )  + /  K (q ,p )d » < q ).
■'F* 'C  ■'B

L e t A (r)  -  e iw r ( iw r  -  1 ) ,  and f o r  p , q « £  l e t  A be a

bound f o r  |A ( r ) |  . By Lemma 2 . 2 ,  K (q ,p )  -  A (r)  p ^ q . ^  .
r  r

S in ce  p i s  in  ?  , th e  f i r s t  i n t e g r a l  i s  z e ro ,  and

s in c e  f o r  q on C, r t l ,  a  bound on th e  second  i s  A

tim e s  th e  a r e a  o f  0 . F o r th e  t h i r d  i n t e g r a l ,  q -  ( x , y , 0 ) ,

Np -  ( C , - 1 ,0 ) ,  p -q  ■ ( - x , - y , t ) ,  and r 2 « * 2 + t2 where

2 2 2 $r •  x +y .

I n  p o la r  c o o r d in a te s ,
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f K(p*q)dv,(Q) * f f  v g  f&r&Q
J e  J o  J o  c r ^ + t ^ y ' *

-  f *  '" J J L  + l n c j t ^ + t 2 + ^ if
J o  ^

-  2 + l n < / l + t z  + 1) -  In  t | .
L y r ^  J

As t - ^ 0 ,  th e  f i r s t  two t e r n s  ap p ro ach  l i m i t s ,  and th e  t h i r d  

term  m a n ife s ts  th e  s in g u la r  b e h a v io r .

sinOdO
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C h ap te r Two 

B eh av io r o f  P o t e n t i a l s

In  t h i s  c h a p te r  we w i l l  i n v e s t ; a te  th e  p r o p e r t i e s  o f  

th e  s in g l e  and d o u b le  l a y e r  p o t e n t i a l s .  S in c e  t h i s  i s  

l e n g th y ,  th e  r e a d e r  who d e s i r e s  an  overv iew  and summary o f  

th e s e  r e s u l t s ,  b e fo re  p ro c e e d in g , i s  a d v is e d  to  re a d  s e c ­

t i o n s  3 .1  and 5 .2  »

Many o f  th e  r e s u l t s  o f  t h i s  c h a p te r  c: 1 be shown f o r  

s u r f a c e s  w hich a r e  o n ly  r e q u ir e d  to  s a t i s f y  a H Slder con­

d i t i o n .  S chauder [18] does t h i s  in  th e  p o t e n t i a l  th e o ry  

c a se  f o r  s u r f a c e s  w ith o u t e d g e s . Our re q u ire m e n ts  f o r  th e  

s u r f a c e  a r e  s t a t e d  i n  S e c t io n  1 .2  •

2.1 elementary estimates

Lemma 2 .1  L e t pQ be a p o in t  i n  £  . Suppose £  i s  o f  

c l a s s  C in  a  ne ig h b o rh o o d  N(p0 ) o f  p Q , and in  N(pQ) 

th e  f u n c t io n  z ■ q (x ,y )  d e s c r ib e s  £  in  a  ta n g e n t  -  norm al 

c o o rd in a te  system  w ith  o r ig in  a t  p Q . L e t f  •  7 ? + y 2 , 

th e n  in d e p en d en t o f  p Q ,

s - OC*2) , zx - OC*) , sy - OCf) .
The p ro o f  fo l lo w s  from  T a y lo r 's  fo rm u la  w ith  r e g a in -

d e r .

On a  number o f  o c c a s io n s  we w i l l  u se  l o c a l  p o la r  co -  

o r d in a t e s .  T h e ir  u se  i s  j u s t i f i e d  by th e  fo l lo w in g  d i s ­

c u s s io n .  Under th e  h y p o th e se s  o f  Lemma 2 .1  we in tro d u c e
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p o la r  c o o rd in a te s  in  th e  ta n g e n t  p la n e . The p o s i t io n

v e c to r  to  a  p o in t  on th e  s u r f a c e  i s  X » ( x ,y ,z )  and a s  

u s u a l  X « / cos 6, y * # s i n  0 . L e t z - q (x ,y )  - •
Ve c a l c u l a t e  th e  f i r s t  fu n d am en ta l form  u s in g  zx -  0 ( f )  

and z -  0 ( f )  from  Lemma 2 .1 :v

EP -  G2 -  (V V (W  -  (X^* Xe ) 2 

-  * 2 * 0(,f>4 ) .

The B inom ial Theorem th e n  y i e ld s

/ e F  -  G2 -  f  + OCT5 ) .

T h e re fo re ,  an  i n t e g r a l  o v e r an  e lem en t o f  s u r f a c e  E 

o f  s u f f i c i e n t l y  sm a ll r a d iu s  < a t  p Q can be e x p re s se d  a s

«
f (Q (^ ,C ) )  [^+ O C f5 )] dadG .

F o r m sm a ll f  d o m in a te s  te rm s  o f  h ig h e r  o rd e r  i n  f  h e n c e ,

a
|f ( $ C # ,o ) ) |^ d ^ d e  ,

where c i s  a  p o s i t i v e  c o n s ta n t .

Lemma 2 .2  C o n s id e r a  p o in t  p i n  £  and a  b a l l  B o f  r a ­

d iu s  t q c e n te re d  a t  p • F o r p , q < £ ,  l e t  A be a  bound 

o f  | e iw r ( i w r - l ) |  .  Then, f o r  f  C L 1 ^ )  and ||4 I  th e  L1 norm ,

L  lK <P.a)| d r ( q )  *  h  «W .
r*

The above i s  a l s o  t r u e  i f  we r e p la c e  X by K*'.

l | f  Cq)| drC q) *  ca

j f ( q ) d r ( q )  -  j f
J  CtJo
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F ro o f . Adopt th e  fo llo w in g  n o ta t io n :  p •  (X ,Y ,Z) , q «

(x*y*®) , r  -  |p - q |  -  / (x -X )2 + (y -Y )2 + ( z -Z )2 . The

e x t e r i o r  norm al v e c to r s  a t  q and p a re  r e s p e c t iv e ly ,

Kq ■ 0 ^ . » J . BJ) ’ Bp ■ (B?>Bp-Bp5 •

We o rg a n iz e  c a l c u l a t i o n s  f o r  u se  h e re  a s  w e ll a s  f o r  

f u t u r e  r e f e r e n c e .

Cl) Vqr  -  i  (x -X ,y -Y ,z -Z )

.  S=E
r

(2 )  7 pr  -  i  (X -x ,Y -y ,Z -z )

. E=S
r

K (p ,q ) -  f c « ( p , 9 )  -  V qQ’Kq -  | §  Vqr .H (J 

<}> K (p ,q )  -  2 i ! L i S E = n ^ E ) . H q

(4 ) K (p ,q )  -  e iw r ( iw r - l )  [(x-X)N* + (y-Y )K j + (z -Z )N * ].

S im i l a r ly ,

K ^ P .q )  -  K (q ,p ) -  VpQ-N,, -  Vpr-Mp

(5 )  K ^ p .q )  -  «1Wr( * j p l )
r  v

4 |||Y *

(6 )  I^Cp.q) ■ 2------£A»£=12 [ ( x- x )»£  + (X -y)B j + (Z -*)H *].
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T h e re fo re ,

(7 ) IK (p f q ) | £  ♦ |Kt ( p ,q ) |  S  (
r  r

and f o r  q « Z -B  t r f e r Q , hence

f I4(q)l lK (p ,q ) |d g < q )  f |$ (q ) |d o < q )
•'Z-B

£  ^ 5  •
r o

The same h o ld s  f o r  in  p la c e  o f  K •

Lemma 2 .3  W ith r e s p e c t  to  a  ta n g e n t  -  norm al c o o rd in a te

system  a t  th e  f ix e d  p o in t  p c £ *  (D ef. 1 .1 ) ,  th e  o rd e r s  o f  

m agnitude o f th e  com ponents o f  th e  norm al a t  p o in t  q , in  

th e  same f a c e  a s  p , a r e  g iv e n  by

( 1 ) Nq -  (OCP),OC»)t o a ) )  t

and th e  change w ith  r e s p e c t  t o  th e  norm al v e c to r  a t  th e  

o r ig in  i s

( 2 )  Nq -N p  -  (O C * ) ,O C * ) ,O C T 2 ) )  .

P ro o f . The C a lc u lu s  fo rm u la s  f o r  th e  com ponents o f  a re

. h; - t * . » * • £q i

/
S u b s t i t u t i n g  o rd e r s  o f  m agnitude from  Lemma 2 .1  we o b ta in

w here D • _/l+»^+®y

■q ■ ° < »  » , H* •  0 (1 )  .
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Np • (0,0,1) , bo clearly the first two components of

N -N a r e  c o r r e c t .  The t h i r d  component iB 
Q P

1 , 1-3) l - / 1+zx +* T
TJ -  1 “ U --------- ----------------*/

The B inom ial Theorem a p p l ie d  t o  th e  n u m era to r shows t h a t  

i t  h a s  O ( s ^ z ^ )  w hich by Lemma 2 .1  e q u a ls  0 ( p ^ ) .  TheJr
p

d en o m in a to r has 0 (1 )  , hence th e  t h i r d  com ponent h as  O i P ) 

a s  c la im ed .

D e f in i t io n  2 . 1 ; L .B . d e n o te s  th e  s e t  of I n te g r a b le  fu n c -

t i o n s  on £  t h a t  a r e  l o c a l l y  e s s e n t i a l l y  bounded on £  , 

t h a t  i s ,  g iv e n  any p o in t  p « £ ,  th e r e  i s  a  ne ighb o rh o o d  o f 

p , N(p) w ith  th e  p ro p e r ty  t h a t  $ i s  e s s e n t i a l l y  bounded 

in  N(p) • T h is  i s  t r u e  f o r  f u n c t io n s  o f  W (I) (C h a p te r  5) 

o r  L ^ Z )

Lemma 2 .4  F o r any p o in t  q in  a  s u r fa c e  e lem en t £  o f

s u f f i c i e n t l y  sm all r a d iu s  C , c e n te re d  a t  a  f ix e d  p o in t  

p c £  and L .B .

lK (p ,q ) | ■ 0 ( r _ 1 )

and -
I  M>(q)l lK (P iq)l de-(q) *  M e s s  s u p |^ ( q ) |

•'E qcE

w here a  i s  a  p o s i t i v e  c o n s ta n t  in d e p en d en t o f  p . The

above e s t im a te s  a l s o  h o ld  f o r  K re p la c e d  by K* .
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P ro o f .  In  a  ta n g e n t  -  norm al c o o rd in a te  system  a t  p , '

p * (X ,Y ,Z) * ( 0 ,0 ,0 )  . From (4 )  o f  Lemma 2 .2 ,

|K (p ,q ) | *  |A j  (xlt* + yMj +*m5)J .

S u b s t i t u t i n g  o rd e r s  o f m agnitude from  Lemmas 2*1 and 2 .3 ,
p

th e  f a c t o r  i n  p a re n th e s e s  i s  se e n  to  have 0 (?  ) . T h a t, 

t o g e th e r  w ith  , im p lie s

|K (p ,q ) | .  OCr"1 ) « O t y 1 ) .

From (6 ) o f  Lemma 2 .2 ,

iK ^ p .q ) !  * | 3  (xK* ♦ y » J  + *H*)| .

U sing  Np * ( 0 ,0 ,1 )  , Lemma 2 .1 ,  and r m t t  we o b ta in

iK ^ p .q ) !  -  0 ( r* 1 ) -  OC^"1 ) .

L e t c d e n o te  a  p o s i t iv e  c o n s ta n t .  F o r th e  r a d iu s  

C o f  E s u f f i c i e n t l y  sm a ll ( in d e p e n d e n t o f p ) ,  we 

o b ta in  in  lo c a l  p o la r  c o o rd in a te s

I.W (q)l|K(pt<j)| d c(q ) s  /  I  |4 (q ) | C t f d e
JQ ^0

£ 2 t r c C e s s  sup |^ ( q ) | 
q C E

«  a  c e s s  sup  |^ (q ) | 
q c E

w here a  ■ 2VTc . The same h o ld s  f o r  K r e p la c e d  by X* • 

From h e re  on we w i l l  o n ly  c o n s id e r  s u r f a c e  e lem en ts
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sm a ll enough f o r  Lemma 2 .4  to  h o ld . L e t E be th e  s e t  o f 

edge p o in t s  o f  £  and S|Q th e  s e t  o f p o in ts  o f  £  h a v in g

d is t a n c e  from  E a t  l e a s t  l / 2 m • On C ° n L ^ (£ )  we can 

d e f in e  a  fa m ily  o f  norms f o r  m » 1 , 2 , 5 , . . .  by “

sup | f ( p ) |  • T hese a p p e a r  i n  th e  n e x t lemma and p la y  a

m ajo r r o l e  in  C h ap te r  5*

Lemma 2 .5  F o r ♦(<*) C C ° n L 1 (Z ) ,  u (p )  ■ K^Cp) e x i s t s  a t  

a l l  p o in t s  p c B ^ c f  and i s  bounded a s  f o l lo w s .  F o r a l l

Ik4 (p )| *  a W |D+1«  + DM

where a ,  b , and <  a r e  p o s i t i v e  c o n s ta n ts ,  a  and b a r e

in d e p e n d e n t o f and tn and C  i s  s u f f i c i e n t l y  s m a ll .

The Lemma a ls o  h o ld s  w ith  K $(p) r e p la c e d  by K ^ ( p ) .  

P ro o f . L e t F be th e  f a c e  o f  £  t h a t  c o n ta in s  p . L e t

B be a  b a l l  o f  r a d iu s  C  ab o u t p . Choose 4L « l / 2 m+1

and sm a ll enough t h a t  ( B / l £ )  C  F • L e t E be an e lem en t 

o f  s u r f a c e  a t  p o f  r a d iu s  C • E C  Sm+^ , so

sup |<}(q)| * M#m+ 1  • henc® Lemmas 2 .2  and 2 .4 ,  
q«E
|K $(p) | *  f  l$ (q ) | (K (p ,q ) | d*<q) + f K|>(q)( lK (p ,q ) | d » (q )  

' t / I B  JX -B

* » « a . +i  ‘ *♦<

a s  r e q u i r e d .



-18-

S im ila r  r e a s o n in g  p ro d u ces  th e  fo llo w in g  c o r o l l a r y .

C o ro l la ry  2 .5  I f  $ C L .B . , £  i s  a  s u r fa c e  e lem e n t o f 

s u f f i c i e n t l y  sm a ll r a d iu s  C a t  Pc  *  {  » and

e s s  sup  I6 (p )l » c , th e n  
peE

|K $ ( p ) |* a c «  + Hflt .

2 .2  C o n tin u ity  o f u ( p )  and v (p )  .

Lemma 2 .6  F o r d e n s i ty  f u n c t io n s  ♦ (q )»  e (q )  i n  l 1 ®  t

u (p )  and v (p )  e x i s t  and a r e  c o n tin u o u s  a t  a l l  p o in ts  n o t

on £  •

P ro o f .  L e t N(dq ) be a  n e ig h b o rh o o d  o f  chosen

so t h a t  i t  h as  p o s i t i v e  d is t a n c e  from  th e  s u r f a c e  £  . 

Q (p ,q ) and K (p ,q )  a r e  c o n tin u o u s  and bounded i n  N(pQ) .

( r  » |p -q i  i s  bounded away from  z e ro  f o r  p € N ( p 0 ) and 

q < i :  . )  C a l l  th e  bounds on th e  r e s p e c t iv e  a b s o lu te  v a lu e s  

A and B • Then

1v(p)| 5  lQ<Ptq)l de>(q)

and

lu (p )l a  J^I^(q)C  IK (p,qX  d*<q)

have in te g ra n d s  bounded by in t e g r a b l e  f u n c t io n s  |g ( q ) |A  

and lt>(q)l B r e s p e c t i v e l y .  Thus v (p )  and u (p )  e x i s t

f o r  p « N (p 0 ) and by L e b e sg u e 's  dom inated  conv erg en ce



theorem we can p a s s  t o  t h e  l i m i t  u n d e r  t h e  i n t e g r a l  s i g n .  

Thus

which shows t h a t  v (p )  i s  c o n t in u o u s  a t  p Q . S i m i l a r l y ,  

u (p )  i s  c o n t in u o u s  a t  p Q .

S i m i l a r  r e a s o n i n g  p ro d u c e s  th e  f o l lo w in g  c o r o l l a r y .

f u n c t i o n  g i s  i n  L.B. , t h e n  v ( p Q) e x i s t s ,  and v (p )  i s  

a  c o n t in u o u s  f u n c t i o n  a t  p Q .

P r o o f .  L e t  B, and be b a l l s  c e n t e r e d  a t  p_ w i th
■ 1  d  o

r a d i i  & and t f / 2  r e s p e c t i v e l y .  C o n s id e r  a t a n g e n t  -  

normal c o o r d i n a t e  system S^ a t  p0 ( D e f . l ) .  Denote th e  

t a n g e n t  p l a n e  a t  p Q by ■7T  • L e t  E -  £  AB^ , c o n f in e

p to  B2 , and s p l i t  t h e  i n t e g r a l  f o r  v ( p )  .

C a l l  t h e  f i r s t  i n t e g r a l  v^(p';  and th e  second  v2 (p) .

By th e  dom ina ted  conve rgence  theorem  VgCp) i s  a c o n t i n ­

uous f u n c t i o n  of  p a t  P0 •

L e t  ^ , 0 d en o te  a  l o c a l  p o l a r  c o o r d i n a t e  system a t  

pQ . L e t  q » ( x , y , z )  and l e t  q '  be th e  o r th o g o n a l  p r o ­

j e c t i o n  o f  q o n to  *77" . L e t  C » e s s  sup |g (q ) l  and n o te

l im  g tq )Q (p*q)  do<q)
P—

C o r o l l a r y  2 . 6  u ( p ) ,  v (p )  €  C°° (R3 - £ )  .

Lemma 2 .7  L e t  pQ be any p o i n t  i n  £  . I f  t h e  d e n s i t y

s(q )Q (p » q ) a«<q) +

q C E
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t h a t  | Q ( p 0 . q ) l  -  | e l w r / r l  *  1 / r  . H e r e ,  r  * l P Q- q l

7 x 2 + y 2 + z 2  , a n d  „ f  « I p ^ q * !  -  / x 2 + y 2  , s o  r & x  .  T h e r e f o r e ,

| v 1 Cp0 )(  < J  | g ( q ) |  l Q ( p o »q)l d«r(q )
— E

n s
i  r  drdG  

J f

shows th e  e x i s t e n c e  o f  v i^Po^ *

To show th e  c o n t i n u i t y  of  v ( p )  a t  p Q examine 

v1(p )  f o r  p i n  B2 • ^ e t  r  “ IP—q.| •

C l )  v l ^ p ) * /  l6 Cq)l lQ(Ptq) l  d<r{q)
J  E

~ CJe r  d < r ( q )  *

L e t  p/ be th e  o r th o g o n a l  p r o j e c t i o n  o f  p on to  1T . Let

p '  be t h e  o r i g i n  o f  a n o t h e r  p o l a r  c o o r d i n a t e  sy s tem ,  ,
_  ^

i n  p la n e  1T w i th  c o o r d i n a t e s  © and f  , where

(2 ) $  e  Ip-q'l *  r  * |p -q |  .

We want t o  e x p r e s s  (1 )  i n  te rm s  o f  c o o r d i n a t e  system S2 
F o r  p C B2 and q c E

( 3 ) r  *  |q-P01 + IP-P0 |

-  & + S / 2  

* C3/2) 6  .

From (1)  , (2 )  and (5 )  , f o r  p « B 2 ,
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fa1rf (3/2)6 , a ^W  W ^ p ) !  as acJ Q J Q £ / d f d G

SJ 3*frac /

where a  i s  a  p o s i t i v e  c o n s t a n t .  Then

( 5) | v ( p ) - v ( p 0 )| (v1( p ) - v 1(p0 )| + |v2 ( p ) - v2(p0 )|

f, (vL(p)( + Iv iCpq )I + lv 2 ( p ) - v 2 (^ ) t  

£  6 i T a c /  + | v2( p ) - v 2 (p0 )|

Given an C , a  6 can be found to  make th e  f i r s t  term

l e s s  t h a n  C / 2  . Then, w i th  £  f i x e d ,  p can  be chosen

c l o s e  enough t o  p Q to  make t h e  second te rm  l e s s  th an

C / 2  . T h e r e f o r e ,  v (p )  i s  co n t in u o u s  a t  pQ .

2 .3  Jump r e l a t i o n s  f o r  u (p )  and l» v /3 N ; ( p )  , as p 

ap p ro ach es  th e  s u r f a c e .

The "Jump r e l a t i o n s "  i n  Lemma 2 . 9 ,  w i l l  p ro v id e  th e  

i n t e g r a l  e q u a t io n s  t h a t  a r e  used  t o  s o l v e  t h e  t h r e e  c l a s ­

s i c a l  boundary  v a lu e  p rob lem s .  We w i l l  p rove  t h i s  lemma 

f o r  summable d e n s i t y  f u n c t i o n s ,  t h a t  i s ,  o f  c l a s s  L^(£)  . 

The jump r e l a t i o n s  w i l l  h o ld  a t  Lebesgue p o i n t s .

•
D e f i n i t i o n  2 .2  p0 d  w i l l  be c a l l e d  a Lebesgue p o in t  o f

f C L  ( J )  , i f  t h e r e  i s  an e lem en t  o f  s u r f a c e  E of  r a d i u s  

S  a t  p c w i th  t h e  p r o p e r t y  t h a t



lira - i *  /  | f ( p ) - f ( p Q)l i«<p)  -  0
J-+Q T 4  °

The s e t  of  non Lebesgue p o i n t s  has  measure ze ro  [h j  .

F u r t h e r ,  i f  f £ C  O L  (.£) th e n  a l l  p o i n t s  i n  £  a r e

Lebesgue p o i n t s  o f  f  .

L e t  1 be th e  normal l i n e  to  t h e  s u r f a c e  a t  P0 € £

and l e t  K be t h e  outward normal v e c t o r  a t  p_ . The d e -o

r i v a t i v e  ^ f f (p )  e x i s t s  a t  p o i n t s  p on 1 (p pQ) .

Let  j S^Pq) .  , j J t P 0 ) + d en o te  th e  l i m i t s  o f  ^ f f (p )

a s  p—►Pq a lo n g  1 from i n s i d e ,  o u t s i d e  £  . L e t  u ( p Q)_ ,

u ( p 0 ) + d en o te  t h e  l i m i t  o f  u ( p )  a s  P -*P0 from i n s i d e ,  

o u t s i d e  £  . Le t

u ( p 0 ) “ j  t U )  K(p0 ,q )  d « \q )

§ J ( p 0 ) * f sCq) iff  Q(p0»q) d«r(q)
p

These a r e  c a l l e d  th e  d i r e c t  v a l u e s  of  u (p )  and ^  a t

pQ . T h e i r  e x i s t e n c e  i s  im p l i e d  by th e  f o l l o w i n g  lemma 

C3] p .112 .

Lemma 2 .8  C o n s id e r  a  t a n g e n t  -  normal c o o r d i n a t e  system

a t  p Q and a  s u r f a c e  e lem ent  E o f  r a d i u s  £  a t  pQ

Let  q ■ ( x , y , z )  be an  a r b i t r a r y  p o i n t  i n  E , and f  -

/  2 2 1 • y x  + y . I f  p Q i s  a  Lebesgue p o i n t  o f  f € L  ( j )  t h e n

th e  i n t e g r a l
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j f ( q )  -  **(P0 ) a«r(q)
J z  r

i s  c o n v e rg e n t  and has  l i m i t  z e ro  as  *^C . Moreover, f o r  

p e l  , t h a t  i s ,  p ■ (0 , 0 , z) , th e  i n t e g r a l

f  ( f ( q )  -  f ( p o )l
l z l J  --------£— g a /2

JZ Cp +z )■" 

t e n d s  u n i fo rm ly  to  ze ro  a s  #0 , f o r  a l l  nonzero  v a lu e s  

o f  z .

The t e c h n i c a l  lemma J u s t  s t a t e d  w i l l  a l s o  be used  i n  

t h e  p ro o f  o f  t h e  jump r e l a t i o n s .

Lemma 2 . 9  L e t  u (p )  be a  do u b le  l a y e r  p o t e n t i a l  w i th  

d e n s i t y  $ ana l e t  v ( p )  be a s i n g l e  l a y e r  p o t e n t i a l  

w i th  d e n s i t y  g . I f  p Q i s  a Lebesgue p o i n t  o f  the  

f u n c t i o n s  ^ i g C L 1 ^ )  th e n

u ( P 0 )+ - + 2 irJ ) (po ) + u ( p Q)

( 1 > U(PQ)_ - - 2 i r{ ) (po ) -r u ( p o )

fJ}(P0 ) + “ - 21r sCP0 ) + I ^ P o 5
(2 )

| 5 ( P o > -  ■ *21rS<P0) - | 5 (P0 )

P r o o f . The p r o o f  w i l l  be g iv e n  i n  two p a r t s .  In  P a r t  A 

we w i l l  p r o v e ,  f o r  u n i t  d e n s i t y ,  (1)  t h e n  (2 )  . I n  P a r t  

B we w i l l  prove f o r  summable d e n s i t y ,  based  on F a r t  A, (2 )  

th e n  (1) .
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P a r t  A ( l ) . L e t  52 be th e  r e g i o n  i n t e r i o r  t o  Z  and l e t  

p be a  p o i n t  i n  th e  e x t e r i o r  o f  Z  . From G re e n ' s  i d e n ­

t i t y  f o r  th e  f u n c t i o n s  1 and Q (p ,q )  we w r i t e

/ K(p»q)dtr(q)  -  / / t ^  Q (p l q)+w2Q (p ,q ) )d A .(q ) - / J ’w2Q(p,q)d^Cq)
Z J X  a

The f i r s t  i n t e g r a l  i s  z e ro  because  Q s a t i s f i e s  t h e  r e ­

duced wave e q u a t i o n  in  52 . The second  i n t e g r a l  i s  a con­

t i n u o u s  f u n c t i o n  o f  p , c a l l  i t  H(p) . Thus

(3)  u (p )  -  -H(p)

Now c o n s i d e r  p i n  52 • Le t  B be a  b a l l  o f  r a d i u s  £

ab o u t  p . G r e e n ' s  i d e n t i t y  f o r  5 2 -B g i v e s

JlC(p ,q)do-(q)  -  J iC (p ,q )do<q)  -  - / J w 2Q (p t q)dA(q) .
Z  dB A -B

Cn * B ,  g jj  -  —  = e - j  -  — 7  ) and

/  m p ,q )d o - tq )  -  -47Teiw ,f  + 0 ( J )  ,
dB

so i n  th e  l i m i t  a s  we o b t a i n

(4) u ( p ) « -4-TT -  H(p) .

L a s t l y ,  c o n s i d e r  p * p Q . L e t  52 ̂  * 52 A B , ■ iB /> 5 2 ,

and Sg ■ Z A b . G r e e n ' s  i d e n t i t y  f o r  52 _ 52^ g iv e s

/ K ( p 0 ,q)dfl-<q)-/K(p#,q )d rC q )  -  -  J  J  w2Q(pQ,q ;dA (q )
I - s 2 " s x

and



f  K (p ,q )  <M q) = - 2 T re iw 4 + C « )  ,
S1

so i n  th e  l i m i t  a s  &-►O we g e t

(5 )  u ( p Q) -  - 2 7 r -  HCp0 )

Comparing e q u a t i o n s  ( 3 ) ,  ( 4 ) ,  and (5 )  i n  th e  l i m i t  a s  

p - * p0 , we o b t a i n

U( P 0 )+ * 2  7 r +  U^P0 )

U^P0 ^- “ -2 7T + u ( p o ) .

P a r t  A ( 2 ) . F o r  a  p o i n t  p on 1 , (p f t  p Q)

( 6 )  j £ ( p )  '  l w  / j .  Q(p»q)<i<r<q) m J  i n  Q(p,q)d*Kq) .

S e t  up a  t a n g e n t  -  normal c o o r d i n a t e  system a t  pQ w ith  

t h e  z a x i s  i n  t h e  d i r e c t i o n  o f  t h e  e x t e r i o r  normal N 

L e t  z * q ( x ,y )  d e s c r i b e  an e lem en t  o f  s u r f a c e  E of  

r a d i u s  a t  p Q . An a r b i t r a r y  p o i n t  q t fE  i s  deno ted  

by ( x , y , z )  , w hereas  p € l  i s  g iv e n  by ( 0 , 0 , z) . The 

d e r i v a t i v e s  t o  be t a k e n  a r e  w i th  r e s p e c t  t o  th e  p v a r i a b l e .

r  -  | p - q |  » /x ^ + y ^ + (Z -z )^  and ^  * /x^+y^ . Le t  A (r )  «

e i w r ( i w r - l )  and l e t  A be a  bound f o r  |A ( r ) |  f o r  q i n

a  ne ighborhood  o f  pQ .

<?> S§ - I ?  i s -  *3* <z-*>* •

Now c o n s i d e r  t h e  p o t e n t i a l  o f  a doub le  l a y e r  w i th  u n i t  

d e n s i t y ,  namely u ( p )  -  / ^ K ^ p , q ) d o \ q )  . Using K (p ,q )



from (4)  o f  Lemma 2 . 2  g iv e s  us

(8 ) u ( p )  -  J  [xN* ♦ yljy ♦ <z-Z)N*j d ^ q )  ,

S u b s t i t u t e  ( 7 ) i n t o  (6 ) , th e n  add (6 ) and (8 ) . The r e ­

s u l t  i s

g g ( p )  + U(p) -  J  [xN* + yH* + (Z-*)(1-k|)J dB<q) .

C a l l  t h e  l e f t  s i d e  F (p )  and s p l i t  t h e  r i g h t  s id e  i n t o  an

i n t e g r a l  over  E , c a l l  i t  F-^(p) , and one over  Z - E  ,

c a l l  i t  * ,ve want t0 show t h a t  F (p )  i s  a c o n t i n ­

uous f u n c t i o n  on 1 a t  p o i n t  pQ . Z-z » 0 ( 1 ) ,  and from

Lemma 2 .3  N* -  0 ( ^ ) ,  « OCP) and 1-N^ -  O ( ^ ) ,  hence

xN* + y li j  + (Z-z)Cl-H®) -  0(f2)q q q .

The l a s t  e s t i m a t e  and l o c a l  p o l a r  c o o r d i n a t e s  a t  pQ g iv e  

in d e p en d en t  o f  z ,

p i ( p )  -  f *  0 ( r ‘ 5) C(J*5) dJ> - 0 ( f )

C o n s id e r

|F ( p ) - F ( p 0 )| C lF1(p ) |  + lp 1(P0 )l + lp2 ( p ) - F2 ( p o )|

Given an C , a  £ can be found  so t h a t  each  o f  th e  f i r s t  

two te rm s  on t h e  r i g h t  i s  l e s s  th a n  €/3 , in d e p en d en t  of  

F o r  S  now f i x e d ,  by t h e  c o n t i n u i t y  o f  F2 (p)  , f o r  s u f f i ­

c i e n t l y  sm a l l  z , t h e  t h i r d  te rm  i s  l e s s  t h a n  C / 3  •
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T h e r e f o r e ,

5 ^ ( P )  * - u ( p )  + F (p )

where F (p )  i s  co n t in u o u s  on 1 . Hence,

f f l ( p 0 ) + -  -u<P0 ) + ♦ * ( p 0 )

f § ( p 0 ) .  -  - u ( p 0 )_ + * ( P 0 )

f f l ( P 0 ) * - “ (P0 ) + *<P0 > •

By com par ison  o f  t h e  above e q u a t i o n s , and u s e  o f  th e  r e ­

s u l t s  o f  F a r t  A ( l ) ,  we o b t a i n

f § ( P 0 ) + -  - 2 T T + g ( p 0 )

§ h ( p 0 >_ - * 2  i r +  § s < p 0 > •

F a r t  B ( 2 ) . L e t  ( r  ,N) d en o te  t h e  a n g le  between th e  v e c ­

t o r  p -q  and th e  v e c t o r  N . F o r  p on 1 (p yf p ) we 

w r i t e ,  by (5 )  o f  Lemma 2 . 2 ,

COs(rp q ’N)
(9 )  $ j ; ( p )  -  I  g ( q ) A ( r p q )---- ^—  ------ <*«■(<!)

Z  °  r P0<J

♦ 6 ( P 0 )
r c o s ( r p q ' N) ( c o s ( r p q .M)

J HlW - ? ----------  d «r - j A ( r ? J - j - S —  d r
pq r  pQq

f c o s ( r  ,N)
+J  ( 6 ( q ) - s ( P 0 ) ) A ( r p q ) g M —  do-

c o s ( r  ,N)

pq

(c o n t in u e d  on n e x t  page;



- J ( g ( q ) - 6 ( P 0 ) ) A ( r p ^q )

The f i r s t  i n t e g r a l  on t h e  r i g h t  i n  e q u a t i o n  (9 )  i s  t h e  d i ­

r e c t  v a l u e  © v / 3 N ) ( p 0 ) . The f u n c t i o n  i n  s q u a re  b r a c k e t s  

i s ,  f o r  u n i t  d e n s i t y ,  t h e  normal d e r i v a t i v e  o f  t h e  s i n g l e  

l a y e r  minus i t s  d i r e c t  v a l u e .  By P a r t  A (2 ) ,  t h i s  h a s  v a l u e  

- 2TT, (+2 7T) a s  p-*-P0 from t h e  e x t e r i o r  ( i n t e r i o r )  o f  Z  . 

To p ro v e  P a r t  B(2) i t  r e m a in s  o n ly  t o  show t h a t  t h e  d i f f e r ­

ence  o f  t h e  l a s t  two i n t e g r a l s ,  c a l l  i t  I ( p ) - I ( p 0 ) i  t e n d s  

t o  z e r o  a s  p -» p Q • S p l i t  £  i n t o  E, Z  -E . F o r  f i x e d  &  ,

[ I ( P ) - I ( P 0 )] i s  c o n t i n u o u s ,  and t e n d s  t o  0 a s  p -» P 0 i

so we need  o n ly  c o n s i d e r

R e c a l l  p » ( 0 , 0 , Z ) ,  q * ( x , y , z ) ,  and l e t  qQ -  ( x , y , 0 )  . 

By c o n s i d e r i n g  th e  t r i a n g l e  P tq » q0 and u s i n g  Lemma 2 .1  

we g e t

where b i s  a  p o s i t i v e  c o n s t a n t .  S in c e  , p * , r p q ,



Hence, f o r  q « E

1 ^  1+b.P ^  1+b J

r p « ~ p I P  p i ?

Then,

| c o s ( r  ,N)| = -IZ~z ! *  + -M—
pq pq r pq r pq

*  iz/ a+b4) + b^p f  .

From th e  above i n e q u a l i t i e s  i t  f o l l o w s  t h a t

| c o s ( r  ,N) J | z | ( i + b / ) 3  b r i l t ,-s2
p  i f t z t y k  f ( J) ‘

( 10)
r pq

A lso ,  from Lemma 2 .4

| c o s ( r  ,N) |
  Efi?—  a  .

?  -p
Po^

where c i s  a  p o s i t i v e  c o n s t a n t .  Lemma 2 .8  t o g e t h e r  w i th

(10)  and (11)  show t h a t  | l ( p ) - I ( p Q)| £ -* 0  a s  ^’-♦ 0  .

T h is  f i n i s h e s  F a r t  B (2 ) .

P a r t  B (1 ) . The p r o o f  i s  s i m i l a r  t o  t h a t  o f  P a r t  B (2 ) .  

C o n s id e r  p on 1 (p pQ) . I n  p l a c e  o f  ( 9 ) we have now

u ( p )  » u ( p 0 ) + 2T*<f(p0 )

r , c o s ( r  ,N )
♦ J  « K q ) - | ( P 0 ) ) A ( r p q ) -------- J 3— do-(q)

I  r pq
c o s ( r  ,Na )

-  J  t fCq)-»<P0» A l r p q ) --------|2 L _ L  -

Po'’



To f i n i s h  t h e  p r o o f  i t  s u f f i c e s  t o  show t h a t  th e  d i f f e r e n c e  

o f  t h e  l a s t  two i n t e g r a l s ,  c a l l  i t  I ( p ) - I ( p c ) , t e n d s  to  

ze ro  a s  p -* p „  . We need on ly  c o n s i d e r  | l ( p ) - l ( p rt)| .O O A

L et  u   be a  u n i t  v e c t o r  i n  th e  d i r e c t i o n  p t o  q *pq

Then, by Lemma 2 . 3  we g e t

(12) | c o s ( r p q ,Hq ) -  c o s ( r p q ,N)| *  |upq | |Kq-Hl * c r p^q ,

where c i s  a p o s i t i v e  c o n s t a n t .  C o n s id e r

1 f . c ° s ( r  )
(15) |X (p ) |  -  j / (<Kq)-*(P0) ) A ( r p q )   gq q d«<q)

r pq

C . . | c o s ( r  ,101
* A/  H ( q ) - ^ ( p 0 )l---- j 29-------  de<q)

J E  r pq

t i .  . . l c o s ( r .„ .» N , . ) -co s ( r  »N'/I
+ A j  I^Cq)-^(pQ)| -------- 99— ---------  ----i^Cq

JE Ppq

The f i r s t  i n t e g r a l  was shown t o  t e n d  t o  z e ro  a s  £  -♦O in

P a r t  B (2 ) .  By (12)  and r  <  2 f  , t h e  second  i n t e g r a l
Po"

has  t h e  bound

2kc f l ^ q H C P o ? !  a * , )  .
J  E S>

T his  goes t o  z e ro  a s  £-*>0 by Lemma 2 . 8  . ( 1 2 ) ,  ( 1 3 ) ,  and

th e  con seq u en c es  s t a t e d  above h o ld  w i th  p r e p l a c e d  by pQ

hence l l ( p ) - I ( p Q)| E —̂ 0 as  £-*-0 . T h is  f i n i s h e s  P a r t

B(2) and c o m p le te s  th e  p ro o f  o f  Lemma 2 .9  .



2 . 4  Geometr ic  e s t i m a t e s  and p r o p e r t i e s  o f  a u x i l i a r y  fu n c ­

t i o n s .

The n e x t  m a jo r  lemma (Lemma 2 .1 8 )  r e q u i r e s  ex ten d ed  

p r e p e r a t i o n s  c o n s i s t i n g  o f  Lemmas 2 .1 0  t o  2 .1 7  •

N o t a t i o n . L e t  r p q * |p —q| • Denote th e  a n g le  between th e  

v e c t o r s  p -q  and Nq by ( r p q ,Nq ) .

Lemma 2 .1 0  I f  p and q a r e  on t h e  same f a c e  o f  £  , 

t h e n

| c o s ( r pq»Nq)| .  0 ( r p q ) .

P r o o f . In  a  t a n g e n t  -  normal c o o r d i n a t e  system a t  p , by

Lemmas 2 .1  and 2 . )  ,

c o s ( r  ,11 ) -  ( x » y » O .N * 0 ( r  )p q T q '  r  q pq

Lemma 2 .1 1  I f  v d e n o te s  an a r b i t r a r y  d i r e c t i o n ,  and m, 

m^,m2 a r e  a r b i t r a r y  d i s t i n c t  p o i n t s  i n  s p a c e ,  th en

2 r n
| c o s ( r _  , v ) - c o s ( r  ,v ) l  i  — — i '  mm. 1 '* r1  c  D

m^nig
mm̂

P r o o f . L e t  x , y , z  be a  r e c t i l i n e a r  c o o r d i n a t e  system w i th  

x a x i s  c o i n c i d i n g  w i th  th e  v d i r e c t i o n .  Denote th e  x 

c o o r d i n a t e s  of  by x ,x ^ ,X2 , th e n



Observe t h a t  I x g - x J  ^  r m m , and by th e  t r i a n g l e  i n ­

e q u a l i t y  I r   - r „ m I r m _ , so we th e n  o b t a in^ * I mm2 mm̂ l —

2r
i ral m2I c o s ( r  _ » v ) - c o s ( r _ _  »v ) |  £  _i v mm, * * nun-,T '• r  „l  c. mm.

x
Lemma 2 .1 2  Let  and P2 he two p o i n t s  i n  . L e t

pQ be t h e  m id p o in t  o f  t h e  s t r a i g h t  l i n e  segment PqP2 »

and B12 a  b a l l  w i th  c e n t e r  and r a d i u s  r ^  * | P i ” P2l *
x

F or  any p o i n t  q i n  R ® i 2 *

1 r p l q 

P2<1

P r o o f .. By th e  t r i a n g l e  i n e q u a l i t y

1p2-q I  £  I p ^ I  + IP1-P2 I

D iv ide  by |p ^ - q |  t o  g e t

„  |p i - p g i
|p i -<ii i p i -<h  *

IP1-P2I |Pp“qi
S in c e  |p ^ - q |  5 .  —  g ■ we have ‘jp . q |  — 3 • By r e v e r s a l

0 f t h e r 0 l . 3 0 f  P l  P 2 . a l 5 0  .

Going t o  t h e  n e x t  i n t e g e r  t o  o b t a i n  s t r i c t  i n e q u a l i t i e s ,  

we o b t a i n  th e  a s s e r t i o n  of  t h e  lemma.



Observe t h a t  |x2- x j  i  r m m , and by th e  t r i a n g l e  i n ­

e q u a l i t y  | r   - p  „ I r „  „ , so we th en  o b t a i n’ * I mm2 mm^| —  m^m2

2r
I P| c o s ( r  m fv ) - c o s ( r  m , v ) |  5; ^' mm-, 1 '  mm0 T '» r

l  d  m m ^

3
Lemma 2 .1 2  L e t  p1 and p2 be two p o i n t s  i n  R'' . L e t  

P Q be th e  m id p o in t  o f  t h e  s t r a i g h t  l i n e  segment p^p2 » 

and B^2 a b a l l  w i th  c e n t e r  p Q and r a d i u s  r 12 « |p ^ -p 2 |

F o r  any p o i n t  q i n  *

1 .  1*1* 
r p2 q

P r o o f . By th e  t r i a n g l e  i n e q u a l i t y

|p2-<il s  b i - ^ l  + IP1-P2 I

D iv ide  by | Pj_—q| t o  g e t

IP2- 1I  ̂ lpl ~ p2 l 
lpl-<«l P l - q l ‘

J P l“ Po| |Po~Q|
S in c e  |P ^ -q |  X  g ■ we have | p -q j  — ^ r e v e r s a l

|P l - q |
o f  t h e  r o l e s  o f  p^ and p2 , a l s o  ]p  »qj  — 5

Going t o  th e  n e x t  i n t e g e r  t o  o b t a i n  s t r i c t  i n e q u a l i t i e s ,  

we o b t a i n  th e  a s s e r t i o n  of  t h e  lemma.



_ z z _

m
Lemma 2 .1 3  F o r  P ^ iP o  on same ^ ace  F o f  £  and

q « Z -B 12 ,

1 ) I c o s C ^ q . N q )  * c o s ( r p2q - Kq ) |  * °Cr 12>

2) lc o s ( r P1q ,IV  "  C08<rp2q ,HP2 ) l '  C ( r i 2 ) ’

i n d e p e n d e n t  o f  t h e  l o c a t i o n  o f  P ^ i P j  ** •

P r o o f , I n  a  t a n g e n t  -  normal c o o r d i n a t e  sy s tem  a t  ,

* ( 0 , 0 , 0 )  . L e t  q » ( x , y , z )  and p2 * (x2 , y2 , z 2 ) .

F o r  b r e v i t y ,  l e t  r i  * r p q and  r 2 “ r p q * ex*ey ’

e_ be u n i t  v e c t o r s  i n  t h e  x , y , z  d i r e c t i o n s ,

(1 )  c o a ( r 1 ,Nq) - c o s ( r 2 ,Nq) -  [ c o s ( r 1 , e x ) - c o s ( r 2 , e x )j cos (N q te x )

+ a n a lo g o u s  t e rm s  i n  y and z 

Now, cos (N q , e x ) -  Nq * 0 ( r p q ) from Lemma 2 . 3 i  t o g e t h e r

w i th  Lemma 2 .1 2  , g i v e s

2 r
(2 ) | c o s ( rp iq ,ex ) - c o s ( rp2q ,ex)| |cos(Iiq ,ex )| <  0 ( 1 ^ )

-  0 ( r 12) .

The same e s t i m a t e  h o l d s  f o r  y i n  p l a c e  o f  x i n  ( 2 ) .

Now c o n s i d e r

CJ) | e ° s ( r p i q . e z ) - c o s ( r p2q , e z )| | e os(Nq , a i ) | S j - £ - q-

I p xq p2qI p£q



Observe t h a t

I 1 1W Ir  r  l
Pxq p2 ql

r  -  r
P2 q Pxq
r  r

pxq p2 q

r12
r  r

px q p2 q
p

f o l l o w s  from th e  t r i a n g l e  i n e q u a l i t y .  A lso ,  z « q )

p
and Zg ■ 0 ( r ^ 2 ) from Lemma 2 . 3  . Using t h e s e ,  we o b t a i n

th e  f o l l o w i n g  e s t i m a t e  f o r  t h e  r i g h t  s i d e  of  (3)*

n f r 2 'i r12 0 ( r 12^
'  Pt q r  r  rp xq p2q p2q

Using Lemma 2 .1 2  i n  th e  f i r s t  te rm ,  and r ,0 f* 2 r„  _ f o r12 p2q

q C  J) "®12 s econ -̂ te rm ,  we see  t h a t  th e y  both  have

o r d e r  r 12 . T h e r e f o r e ,  each  o f  t h e  t h r e e  te rm s  on th e

r i g h t  s i d e  of  (1) have o r d e r  r ^2 •

Now t o  prove 2 ) ,  s t a r t  w i th

cos ( r  ,N ) -  c o s ( r _  ) -
pl q P1 p2q p2

| c o s ( r _  ,N ) - c o s ( r _  _,K_ + f c o s ( r _  „,N„ ) - c o s ( r _  „,N„ j .
L p^q Pj P2q Px I l  p2q Px P2<i P2 1

Examine th e  f i r s t  t e rm ,  Because t h e  c o o r d i n a t e  system was 

s e t  up a t  p^ ,

cos(rP1q’V ) '  cos(rP2q’,V  ’  COS(rPl<l’B* ) ■ '“ P̂aq’*̂

-  0 ( r l a ) .

The o r d e r  of magnitude was shown i n  1) s t a r t i n g  a t  (3)*
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For th e  second  te rm ,  l e t  u be a u n i t  v e c t o r  i n  th e  d i ­

r e c t i o n  o f  pgq . Then,  by Lemma 2 .3

|c o ' ( r p2<i’ I,p 1 ) '  o o a ( r P2q ’NP2)l " | u , k p1 •  u-t ,P2'

s  Wl 1 %  - Npj

“  ° ^ r 12^

T h is  com ple tes  th e  p r o o f  o f  Lemma 2.13*

The n e x t  lemma i s  t h e  s t a r t i n g  p o i n t  o f  a  development 

t h a t  l e a d s  t o  e x i s t e n c e  o f  t a n g e n t i a l  d e r i v a t i v e s  o f  t h e  

doub le  l a y e r .  The lemma i t s e l f  f o l l o w s  d i r e c t l y  from 

e q u a t io n  (5 )  o f  Lemma 2 .9 -

Lemma 2 .1 4  F o r  p i n  £  ,

f  K (p ,q )  d « tq )  -  -2*7T -  v2j Q (p ,q )  dJX(q)

where S I  i s  th e  r e g i o n  o f  s p a ce  bounded by £  .

Lemma 2 .1 5  D ef ine  t h e  volume i n t e g r a l  G(p) by:

GCp) -  J ^  Q (p ,q )  d A ( q )

G(p) i s  a d i f f e r e n t i a b l e  f u n c t i o n  of  p f o r  p i n  Z  .

P r o o f . L e t  p1 and pg be p o i n t s  i n  a s u r f a c e  e lem ent  

E C £  . L e t  pQ be t h e  m id p o in t  o f  th e  s t r a i g h t  l i n e  

segment B be a b a l l  w i th  c e n t e r  a t  pQ

and r a d i u s  € > 2 | p 1~P2| • C o n s id e r ,



iwr_ _ _iwr
f  G "‘ Pp*! e ~ Pl^ , .

G(p2 ) -  G(P l ) « /  — - ---- - --------- 5-----—  d A ( q )  .
J j l  P2^ PiG

S p l i t  t h i s  i n t e g r a l  i n t o  one over  B A A ,  c a l l  i t  1^ , 

and one o v e r  A - B  , c a l l  i t  I 2 • C o n s id e r  1^ w r i t t e n  

t h u s

J r  « iw r « o r
 2 - f ----------------* e ^ P ^ M  j i — ] d « ( q ) .

E n j i  r p2q 1 Lr p2q pxqj

Now c o n s i d e r

(2 )  I e iw l P 2 - 9 l - e i w ' P l - 1 l |  -  e iw 'P - « l |  d B(p)J  p x P

where t h e  i n t e g r a t i o n  i s  pe rfo rm ed  over  th e  s h o r t e s t  p a t h  

on 2! from p^ t o  P2 • IVp « 1Wrl * 0 (1 )  , hence

| , i w |p2 - q | . , i « I P i - q H  .  0 ( | P l - p 2l )  -  0 ( r 1 2 ) .

Using  t h i s  e s t i m a t e ,  and (4)  o f  Lemma 2 .1 3  i n  (1)  y i e l d s

f 0 ( r ,  2 ) r ,  3
I 1]) -  I  ■ + r  ^ ------  d « ( q )  •■ 'Bnn p2q pxq p2 q

C o n s id e r  b a l l  B^2 r a d i u s  r ^ 2 abou t  t h e  m id p o in t  o f

l i n e  segment P^P2 • S p l i t  t h e  i n t e g r a l  f o r  1^ i n t o  one

o v e r  B ^ g A A ,  c a l l  i t  i j  , and one over  (B -312) A J T ,

c a l l  i t  I *  . L e t  'TT be t h e  p la n e  p e r p e n d i c u l a r  to  p^p2

and p a s s i n g  th r o u g h  i t s  m id p o in t .  I T  s p l i t s  B ^ r t J l  i n t o  

a  s e t  c o n t a i n i n g  p^ and a s e t  Hg c o n t a i n i n g  p2 .



L 0( r ,  P) r l p
12 - 2-  -  d n ( q )

h2 r p2q r pxq r p2q

* / ,
0( r .  p) 2

12 2 - d J l ( q )
H2 r P2(l  r p2<l

5  0 i  / h 2  r P 2 «  d 'a ( < i )  s  ° 2  r 1 2  r  d r  * o ( r 2 s )

where we u sed  s r h e r i c a l  c o o r d i n a t e s  ab o u t  p0 w ith  r * r2 p2 q

cl » c2*c 3 , c 4 den° t e  p o s i t i v e  c o n s t a n t s .  A r e s u l t  s i m i l a r  

t o  t h e  above h o ld s  f o r  t h e  i n t e g r a l  o v e r  , and s i n c e  

^  * we can w r i t e  11^1 r ^2 0 ( € )  . How examine

1^ . 3y Lemma 2 .1 2  we can w r i t e

| I f  | « /  S^iil + _ f l 2 4<B( j
A b-B1 2 ) O A  r p2q r ?  .

P2<1

f C i r 15 I r ~2 d A ( q )
5 12 A 3 - 3 10) /1A P2q12  ‘

Again  u se  s p h e r i c a l  c o o r d i n a t e s  ab o u t  p2 t o  o b t a i n  

I X1I -  c4r 12 / ,  d r  " c4 r 12  ̂ €  ~ 2r 12^
Vl2

< r 12 0 (€  )

Hence, 11^1 ■ r ^2 0 ( €  ) •



Now c o n s i d e r  t h e  d i f f e r e n c e  q u o t i e n t

G(p 2^ ~ G(pl^  _ I 1 12
|P2 " pl l  '  IP2-P1I IP2“pll

C a l l  t h e  f i r s t  te rm  on th e  r i g h t  T ^ ( £ )  and th e  second

term’ T2 ( £ )  • L e t  p2 approach  p̂  ̂ a lo n g  t h e  t a n g e n t i a l

d i r e c t i o n  s p e c i f i e d  by th e  u n i t  v e c t o r  t  .  By th e  domi­

n a t e d  convergence  th e o re m ,  f o r  f i x e d  €

l im  T2 ( € )  -  j  V  Q(p1 ( q ) * t  d j x ( q )  , 
p2—►P1 J J L -  B *

and f u r th e r m o r e  t h e  l i m i t  o f  t h e  above i n t e g r a l  as  €  -*■() 

e x i s t s  because  Vp Q(p»q) * 0 ( r  ) . The e s t i m a t e  f o r  11J

shows t h a t  T ^ ( € )  h a s  o r d e r  £  in d e p e n d e n t  o f  IP2 - P 1I •

T h is  i m p l i e s  t h e  d i f f e r e n t i a b i l i t y  o f  G(p) a t  p^ and

co m p le te s  t h e  p r o o f  o f  t h e  lemma.

Lemma 2 .1 6  The d e r i v a t i v e  g{ p j  o f  GCd ) * f  0 ( o < a ) d A ( q }  

i s  a  Hfilder c o n t in u o u s  f u n c t i o n  of  p f o r  p c £  . S p e c i f ­

i c a l l y ,  lG tp1 )-G^p2 ) |  -  OClPj^-Pgl1^ )  f o r  px , p2 i n  a 

n e ig h b o rh o o d  of  p •

P r o o f .  I t  i s  s u f f i c i e n t  t o  c o n s i d e r  ^  where t  i s  a 
—— ——— J u

l o c a l  p a r a m e te r  o f  t h e  s u r f a c e  a t  p o i n t  p » ( x ( t ) , y ( t ) , z ( t ) ) <
5 t  * r  p d t



> J

Denote t h e  f u n c t i o n  i n  th e  sq u a re  b r a c k e t s  above by f ( p , q )  

so t h a t  ^  * A lso  den o te  j ^  ^  d J l ( q )  by

G^p) .
■ / / , f  f (P i»q)  f ( p 2»q)

(1)  G(p^)-G(p2 ) * I — j   “ — 5------- d i l ( q )
J j l  r p, q r p~q

1

pxq p2q 

f ( p 1 tQ)“ f ( p 2»q)■̂CppiQ) r -i -i T
2— ~-----  + ^Cp2*q)| —2------2“ J d i i ( q ) .

A  r pxq UiP1q *P2qd

L e t  p Q be t h e  m id p o in t  o f  l i n e  segment "p^pg and l e t  B

be th e  b a l l  w i t h  c e n t e r  p„ and r a d i u s  X« whereo i d
0 < u < l  and r i 2 < l  • S p l i t  t h e  i n t e g r a l  i n  (1)  i n t o  one 

o v e r  B f l A ,  c a l l  i t  1^ , and one over  A - B ,  c a l l  i t  ^  .

i «  ^ f  lf (Pi»q)l + lf <P2»q)l , y , r  1 1 1
 ? -------------- ♦ u < p 2 . o i [ ^ -  ♦ p - J - t o .

J Piq Pxq p2q

I n t e g r a t i n g  each  term s e r a r a t e l y ,  and u s i n g  s p h e r i c a l  co -  

o r d i n a t e s  ab o u t  p^ o r  p2  a s  a p p r o p r i a t e , we o b ta in  w i th

th e  h e l p  o f  I f ( p , q ) l  < c where c i s  a  p o s i t i v e  c o n s t a n t ,  

( 1 ^  -  0 (A  ) .

Now c o n s i d e r  I 2 • We w i l l  u se  t h e  f o l l o w i n g  i n e q u a l ­

i t y  f o r  q « A - B
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( 2 )
r  r

Pxq P2<1

1  . +  1r  r  M r  r
I p ^  P2 q l I  P i^  VzV

12
r  + r

pxq p2q 

r pxq r p2q r P].q r p2 q

0<r1 2 )

-  ~ P  *px q

T h is  f o l l o w s  from Lemma 2 .1 2  and (4)  o f  lemma 2 .1 3 .  By
-1d i r e c t  c a l c u l a t i o n  i t  can be s e e n  t h a t  Vp f (p » q )  ■ 0 ( r ” ) .

Now n o t i c e  t h a t  f o r  p on t h e  a r c  ( s h o r t e s t  p a th )  Pj_P2 *
i  r ,  o

and q c R  -B , Tpq > X -  - j — and X* so

(3)  r pq *  X/2 .

T h e r e f o r e ,  V f ( p » q )  •  0 (  X ) . Then

( “0  I f  ( P i . q ) - f  ( P p .q ) l  £ .  f  IVD f ( p , q ) |  d s ( p )  -  Ip j -P jIO C x- 1 ).
J P2

C ons ide r

f M'(PT*q)~^(p2 *q)| % , vi i  i  I 
| I 2 I * J  r 2 ----------- ♦ | f ( p 2 >q)| -------^ 2 — | d A ( q )  .

r _ — r _ r
pxq pxq p2q

.-2E s t im a te  (3 )  h o ld s  f o r  p •  , so  r p q

( 2 ) ,  ( 4 ) ,  and | f ( p 2 , q ) l <  c , y i e l d

\12\ ± f  r 12 0 ( X “ 3 ) d J l ( q )  J A - B

0 ( X " 2 ) . T h i s ,

— r12 volume o f  SX
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T h e r e f o r e ,

IO(p1 ) -  G(Pg)l 5  | I 1 I + | I 2 I

- 0 (A) ♦ r 12 0(A*3 )

.  0 ( r “ 2 ) + 0( r j 2 3 u ) .

Now s e t  u « l - J u  , from which we choose u -  1 /4  , th e n  

c o n c lu d e  t h a t

|G(P l ) -  G(p2 ) |  -  0 ( r ^ 4 ) .

T h is  co m p le te s  t h e  p r o o f  o f  Lemma 2 .1 6 .

The f o l l o w i n g  i s  a  t e c h n i c a l  lemma t h a t  we w i l l  r e ­

p e a t e d l y  make r e f e r e n c e  t o .  I t  a l l o w s  us  t o  make more

e x te n d e d  u se  of  e s t i m a t e s  o f  d i f f e r e n c e s .

Lemma 2 .1 7  L e t  F , h be f u n c t i o n s  d e f i n e d  on £  . Sup­

pose t h a t  lF (p ) l  i s  bounded by a  p o s i t i v e  c o n s t a n t  c^ i n

a  n e ig h b o rh o o d  o f  p^ t h a t  i n c l u d e s  P2 • Suppose t h a t

h (p )  s a t i s f i e s  a  L i p s c h i t z  c o n d i t i o n ,  | h ( p ^ )  -  h ( p 2 ) |  £

c | p 1~P2 l i and lh (p ) |  ^  H where c and H a r e  p o s i t i v e

c o n s t a n t s .  Then,

| h ( P l ) F ( P l ) -  h ( p 2)F (p 2 ) |  £  H |F (P l ) - F ( p 2 ) |  + 0 ( | P l - p 2 | )  .

P r o o f . By u se  o f  t h e  g e n e r a l  i d e n t i t y

( l )  A1®1 — A2fl2 * + A2(B1-B2 ) ,

we o b t a i n  t h e  i n e q u a l i t y
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| h ( p 1 )P ( p 1 ) -  h ( p 2 )F (p 2 ) |

±  |hCpx ) |  | P ( p 1 ) - P ( p 2 )l + |h ( p 1 ) - h ( p 2 ) | | F ( p 2 )|

^  H | P ( p 1 ) - P ( p 2 ) |  + c | p x -  p2 | c x

2 . 5  H o ld e r  c o n t i n u i t y  and d i f f e r e n t i a b i l i t y  o f  u (p )  on 

t h e  s u r f a c e .

D e f i n i t i o n  2 . 3 i A f u n c t i o n  <) i n  L1 ^ )  i s  l o c a l l y  

H o lder  c o n t in u o u s  a t  i f  t h e r e  i s  a s u r f a c e  e lement

£  a t  p0 and p o s i t i v e  c o n s t a n t s  c ,  u ( 0 < u s l )  depen­

d e n t  on E f p Q such t h a t  f o r  any p^ ,  p2 i n  E

|4 ( P X) -  ♦ (P 2 )* - c | P i “ P 2 |U

Lemma 2 . 1 8  I f  t h e  d e n s i t y  f u n c t i o n  <|} i s  i n  1 ^ (2 )  and 

s a t i s f i e s  a  l o c a l  HSlder  c o n d i t i o n  a t  P0 c {  » namely 

!♦ ( ? !>  -  * (P2 )I * ^ r 12^ where 0 < u £ l  , t h e n  th e  double  

l a y e r  p o t e n t i a l  u (p )  « J ’ $ ( q )K ( p ,q )  dw-Cq) i s  l o c a l l y  

HSlder  c o n t in u o u s  a t  pQ w i th  exponen t  1 •

P r o o f . Prom Lemmas 2 .1 5  and 2 . 1 6 ,  G(p) i s  H o lder  con­

t i n u o u s  w i th  exponent  1 . D e f in e  T ( p ^ ,p 2 ) as  f o l lo w s :

(1 )  T (p x1p2 ) - J  [♦(q)-t(P1)] [k (p ^ » q ) -K (p 2 ,q ^  d«r(q)

-  j  ♦(q )K (p1 ,q )do< q)  - J  ♦ (q )K (p2 l q)da*(q) 

( c o n t i n u e d  on n e x t  page)
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■ ^ pl ^ [  / -  K^pi  , q ) do’C(l) — J  K(p2 ,q)dff<q)]

Prom ( 1 ) ,  by Lemma 2 . 1 4  we have

(2)  T (p1 (p2 ) -  uCpj^) -  u ( p 2 ) + w2| ( p x ) [G(p1)-G(p2 )] ,

which i m p l i e s

(3 )  |u ( p1) - u ( p 2 )l £  |T (p l t p2 )| + w2 | $ ( p x ) |  |G (p1) -G (p2 ) |  .

The c o n c lu s io n  w i l l  f o l l o w  i f  we can show T(p l t p2 ) - 0 ( r ^ 2 )

L e t  A (r)  « e*w r( i w r - l )  , A, * A (r  ) and A0 ■± p^q ^

A (r  ) • L e t  A be a  bound f o r  |A ( r ) |  . By (3) o f  Lemma P2 q

2 .2 ,
f T c o s ( r „  _»N _ ) c o s ( r _  _ ,N_^

ko-(q '(4 )  T (p l f p2 ) «y [ < K q ) - + ( p 1 )]
C0S ( r p1q ’Kq ) C° S ( r p2q ’V

A1 P  A2 P ---------
pxq p2 qI

L e t  E^ « E(^»P0 ) d e n o te  an e lem en t  o f  s u r f a c e  of r a d i u s  

£ a t  pQ i n  which ^ i s  l o c a l l y  H older  c o n t in u o u s .  L e t

pl*  p2 be two Po i n t s  e2 * E ( r f /2 ,p 0 ) . Le t  B^2 
be a  b a l l  o f  r a d i u s  r ^2 c e n t e r e d  a t  th e  m id p o in t  o f  l i n e  

segment P]_P2 . S p l i t  X i n t o ,  S1 -  £  rt B12 , S2 « 

Z / 1 ( E ^ - B ^ 2 ) i  an<i  S j  ■ £  - E i  .  Denote t h e  c o r r e s p o n d in g  

i n t e g r a l s  3^, I 2 , I j  » I ^ ( p )  i s  C ^ E g )  , hence H older

c o n t in u o u s  w i th  ex ponen t  1 i n  Eg . N ex t ,  c o n s id e r



| I 1l 4 A m ( q ) . ^ ( p 1 )|

J h

‘ L

| c o s ( r p i q ,Nq )| | c o s ( r p2q ,Nq )| 

   +  12---------
'P]q

° < V
b ( r _  ) 0 ( r  )?l<l P2<1
“ 2-----  + T 2-----

L Pi*!

P2<1

do-(q) .

d«-(q)

P2<1 J

T his  f o l l o w s  from t h e  h y p o th e s i s  and Lemma 2 . 1 0 .  B ecause ,  

r p1q ^  2 r 12 f o r  QCB12 , we can w r i t e

I1!* * r?2/ s °(r; ^  * ***> ■

Now, f o r  i n s t a n c e ,  i n  l o c a l  p o l a r  c o o r d i n a t e s  ab o u t

f  OCr*1 ) do-(q) £  f 2*12  | # d ^ * 0 ( r 1 2 ) ,
J s x pl q J  0 *

where c i s  a p o s i t i v e  c o n s t a n t .  T h e r e f o r e ,

(5 )  | I J  ■ r “ 2 o ( r 12) -  0 ( r ^ u ) .

To t r e a t  I 2 , f i r s t  c o n s i d e r  th e  i n e q u a l i t y



O C r ^ )  ^ r 12^
-  " 7 ------  + 0 ( r p2q) ■

p xq P jq

The l a s t  l i n e  f o l l o w s  from Lemmas 2 .13  and 2 .1 7 i  Lemma 2 .1 0 ,

and (2 )  o f  Lemma 2 . 1 6 .  F u r t h e r ,  by Lemma 2 .1 2 ,  0 ( r  ) ■? i q

0 ( r n _rt) ,  so we o b t a i n  from (6 ) ,  f o r  q c D - B ^
p2q

A1o o s ( r p i q ,Mq ) A2c09( r p24 lHq)

3  3 "r  rpxq P2 q

T h e r e f o r e ,
° ( r i 2 )

° ( r 1 2 )

p^q

| i 2 l £  f  W O - l t p , ) !  — 2^ -  a»-(q) 
J S2 r pxq

«/, u ^ ^ 1?^
° ( r n n ) — 5-----  d»(q )

s o p i q „2 Pxq

^ 2/3  0 ( r P iqU) *'2
Now use  l o c a l  p o l a r  c o o r d i n a t e s  ab o u t  and l e t  c^ ,

c 2 t den o te  p o s i t i v e  c o n s t a n t s .

,I*1 5  / ( l / 2) r 12e^ ' 2+U-Pd/> •

A f t e r  i n t e g r a t i n g ,  we o b t a i n

| I 2 I a  r 12 c2 [ (2 * )u -  C^r1 2 ) u]

g  c2 (2i ) u r 12 -  ° ( r i 2  ̂ *



In  c o n c l u s i o n ,  b ecause  1^ ,  I 2 , I j  a r e  each  of o rd e r  

r 1 2 , so a l s o  i s  T C p ^ P g ) ,  hence by ( 3 ) ,  | u ( p 1 ) - u ( p 2 ) |  -

0 ( r i 2 ) f o r  p^ ,  p2 in  E ( J / 2 , p 0 ) . T h i s  com pletes  t h e

p r o o f  of  th e  lemma*

Lemma 2 .1 9  C o n s id e r  a d e n s i t y  f u n c t i o n  . L e t

l i t i  -  /  t<Kq)| d«<q) • Suppose e i t h e r  o f  t h e  fo l lo w in g :

1) <() i s  l o c a l l y  e s s e n t i a l l y  bounded on £  (Def.  2 .1 ) ,

p Q i s  a p o in t  i n  Z and i s  t h e  f a c e  c o n t a in i n g  pQ .

L e t  B2 be a b a l l  o f  r a d i u s  r Q ab o u t  p Q , i n  which a l ­

most everywhere l*c q)| £  b . b i s  a  p o s i t i v e  c o n s t a n t .  

F u r th e rm o re ,  assume t h a t  r Q i s  sm a l l  enough t h a t  Z flB2

c o n t a i n s  only  p o i n t s  o f  P^ .

2)  Z i s  smooth (C^) and $CW(X) ( c f .  C hap ter  3 ) .

| |M* * £  2~mWim ^Gf '  p a r a g ra p h  p ro ce e d in g  Lemma 
m*l

2 . 5 ) .

Then t h e  double  l a y e r  p o t e n t i a l  i s  l o c a l l y  KSlder c o n t i n ­

uous (Def 2 .3 )  a s  s t a t e d  below. L e t  €  , c ^ ,  j  - 1 t o  5,

d e n o te  p o s i t i v e  c o n s t a n t s  in d e p e n d e n t  o f  $ and id , C i s  

a r b i t r a r i l y  s m a l l .

From h y p o th e s i s  1 ) .



T h is  h o ld s  f o r  p ^ ,  P2 i n  a  s u r f a c e  e lem en t  E of r a d i u s

r V 2 ab o u t  p„ . o o

From h y p o th e s i s  2 ) .

| u ( P;L) - u ( p 2 ) |  + c j w *  + c5WH) |p i* p 2 I 1/4
T h is  h o ld s  f o r  p ^ ,  p2 i n  Sm and |p ^ -p 2 | £  l / 2 m+^

P r o o f . P a r t  1 ) .  L e t  A (r )  « e l w r ( i w r - l ) ,  Ax -  A (rp q ) ,

A« -  A(r_ _) and l e t  A be a  bound f o r  |A (r ) |  . Also l e t
d P2q

a l ’ a 2 Po s '̂fĉ ve c o n s t a n t s .  Le t  p^ ,  p2 be any two 

p o i n t s  i n  E and l e t  B^2 be a b a l l  w i th  c e n t e r  a t  t h e

m id p o in t  pQ0 o f  l i n e  segment P^P2 and r a d i u s  r 12 .

A1coB(pp i q ,Nq ) A2c o s ( r p ^ q l Nq )
( 1) u ( p1) - u ( p 2 ) -  I *Cq)  --------------------------------

p^q p2q
de’Cc

z
L e t  H B1 2 , S2 - I  rt(B2-B12) and * 2) *

S p l i t  t h e  i n t e g r a l  o v e r  £  i n t o  i n t e g r a l s  o v e r  th e  above 

r e g i o n s  and d e n o te  t h e i r  a b s o l u t e  v a l u e s  by 1^ ,  I 2 , 1^ •

By Lemma 2 .1 0 ,

f lc o s C r p 1 q>Hq )l r H 0 S ( W V l
Ix £  A / |< f (q ) |    d < q )  + A/ J<fCq)|-------

r p2q

r 0 ( r  ) /■* 0 ( r  )
f  A J ty(q)|  — yjr̂ - d»<q) + A J |$ (q ) |  — g - ^  d c ( q )  . 

J S1 r pxq Js1 r p2q



4-0

T h e r e f o r e ,

ll 5 a l b r12
Now c o n s i d e r  th e  f o l l o w in g  bound f o r  I ^ ;

r  I V o s ( r p q . % )  -  A2c o s ( r p ,Hq )|
(2 )  I 2 5  /  |* (q )| --------------±---------- 2---------------- -̂-------- 4<r(q)

J S -  r D,Q2 pl q

Ao
d«<q) .♦ J l 4 ( < i X  lc o s Cr p2q - Nq)l

A1 A2
r “ _ r .

*2

S2 “ "Pjq "P2 q

Use Lemmas 2 .1 3  and 2 .1 ?  i n  th e  f i r s t  i n t e g r a l  and Lemma 

2 . 1 0 ,  (2)  o f  Lemma 2 .1 6 ,  and Lemma 2 .1 ?  i n  t h e  second i n ­

t e g r a l .  Then u se  Lemma 2 .12  to  combine i n t o  one i n t e g r a l  

as  f o l l o w s ;

* 0O i 2 ) J |$(q)l  - g —  de-(q) .
J S2 r P l q

Because ^  r ^  <  r p q » f o r  ^ o u t s i d e  B ^  we can w r i t e

I 2 * 0 ( r j ” *) b f r " 2+ C d < q )  ,
Js2

and i n  l o c a l  p o l a r  c o o r d i n a t e s

h  5  °< r i 2*) b f T * 0 ' " 1 + t  tU“d82 12 J 0  J ( l / 2 ) r , ,

s * 2  * i i *  b

F or  I j  we f o l lo w  th e  same i n i t i a l  s t e p s  a s  f o r  I2 »

t h e n
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I ,  i  0 ( r 1 2 ) f  | $ ( q ) | - i —  dtf<q)
7  J  S ,5 pxq

—  o ( r i p )  — -— j  |l$ll 12 ( r A/ 2)2o

T h e r e f o r e ,

|u (p1) - u ( p 2 )| £  l ^ b  + c2 - ^ i j l P i - P a l 1-4 •

T h is  f i n i s h e s  P a r t  1 ) ,

P a r t  2 ) . At f i r s t  we u se  t h e  n o t a t i o n  and r e s u l t s  of

P a r t  1 ) .  L e t  p1 and p2 be i n  w i th  r 12 - | P i “P2 laS

l / 2 m+1 . Then b -Wllra+1» and from 1) ^  £  a1|l4>llm+1 r12 .

L e t  B0 be a  b a l l  o f  r a d i u s  r „  -  l / 2 m+1 ab o u t  p  . Wed o r oo

o b t a i n  from 1) ,  I 2 *  a2 **■♦1 •

Now, l e t  be a b a l l  o f  r a d i u s  r ^  ( sm a l l  bu t  i n ­

d ep en d en t  o f  m ) . L e t  - B^-B2 and = £  -B^

Denote t h e  c o r r e s p o n d in g  i n t e g r a l s  1^ ,  1^ . £  i s  assumed

smooth (C ) b u t  s t i l l  w i th  f a c e s  ( s e c t i o n s ) ,  and |CW(2.)  

The i n i t i a l  e s t i m a t e  f o r  I2 h o ld s  a l s o  f o r  1^ .

1^ *  ° ( r i2^ f 14^)1 ”5“  d*<q) .
J S H- r pq

S p l i t  i n t o  S ^ r tF ^  and OF , where F^ i s  th e

f a c e  c o n t a i n i n g  p^ and p2 , and OF s t a n d s  f o r  the

o t h e r  f a c e s  ( s e c t i o n s ) .  C a l l  th e  c o r r e s p o n d in g  i n t e g r a l s



1^ and I & . Examine . We w i l l  i n t e g r a t e  over  s t r i p s

Rm+k “ Fl^  n  ^Sm+k “ Sm+k-l^ ' th e n  sum from k-1 t o  QD*

To do t h i s ,  s t a r t  by l e t t i n g  d e n o te  th e  edge p o i n t

c l o s e s t  t o  p • L e t  p^ be i t s  o r th o g o n a l  p r o j e c t i o n  on to

th e  t a n g e n t  p la n e  a t  p . S e t  up a t a n g e n t  -  normal c o o r ­

d i n a t e  system  a t  p w i th  p o s i t i v e  x a x i s  i n  th e  d i r e c t i o n
i  / “ p  5

P t o  P j  • See F ig u re  3 . 2 .  L e t  f ■ / x  +y . By Lemma 

2 . 1 ,  r pq - f + 0 ( y 2 ) -  0 ( / ) .  L e t  I R d en o te  th e  f o l ­

low ing  i n t e g r a l .

J  J ^ a 2L  d < q) *  | M m, k -jfy  dr dx
m+k pq J  u x +y

H ere ,  c i s  a p o s i t i v e  c o n s t a n t  and x^ ,  a r e ,  r e s p e c ­

t i v e l y ,  t h e  s m a l l e s t  and l a r g e s t  x c o o r d i n a t e s  i n  th e  

s t r i p  Rm+k • The y i n t e g r a t i o n  c o r r e s p o n d s  to  i n t e ­

g r a t i n g  a lo n g  t h e  l e n g t h  o f  Rm+k and th e  x i n t e g r a t i o n  

c o r r e s p o n d s  t o  i n t e g r a t i n g  a c r o s s  i t s  w id th .

2  r °  - T - Z  *  ■ H  t a n "1 ? ] r °  sJ o  x +y x y-0
and

I I I  ^  dx (ltz' Xl) *

b ecause  x^ £  l / 2ra+^ and x2” xl  “ i / 2m+^ .

T h e r e f o r e ,  I R s  HWn+k * Because r 12 *  l / 2m+1,
m+k 2



r v *  2 -k+l a  2-<V*)(«l)-ktl a 2- ( V * ) C - k )  f so we get

J 5 ■ 0 ( r l 2 > kf 2 V k

i  w „ k

* 0( r J / 4 ) |#llw ,
The l a s t  l i n e  f o l l o w s  from s e t t i n g  J=m+k, th e n  u s in g  th e

Cauchy i n e q u a l i t y ,  £ a ;jb j  — a j  £ b j  » w i th  -  2" ^ 4
and b j  -  2~J/2 .

Because t h e  d i s t a n c e  from p Q to  t h e  s t r i p s  

i n  o t h e r  f a c e s  i s  g r e a t e r  t h a n  t h a t  i n  , an  e s t i m a t e  

s i m i l a r  t o  t h a t  f o r  1^ h o ld s  f o r  I g ,  hence

I*. - I 5  ♦ I6 i  c4 0<rj£4) .

L a s t l y ,  as  f o r  1^ i n  1 ) ,

I 7  -  0 ( r 1 2 ) L  a l+( «^ - 2 —  d,r<'3 >
4 pxq

£ ° ( r i 2 ) ||4|| .

U sing  t h e  e s t i m a t e s  f o r  I ^ t I 2 , 1^, and 1^ ,  we o b t a i n

| u ( P l ) - u ( p 2 )| £  ( c5W m+1 + <^ ||<N |W + c 5 IH )||) I P i - P ^ I 1 7 ^  • 

T h is  co m p le te s  t h e  p ro o f  o f  Le::ma 2 . 1 9 .



C o r o l l a r y  2 .1 9  F o r  g c L . B . ,  t h e  s i n g l e  l a y e r  p o t e n t i a l ,

v ( p )  - Qg(p) -  j' g (q)QCp,q)  d < q )  where Q (p ,q )  -  e lw r / r ,  

i s  l o c a l l y  H o lder  c o n t in u o u s  a t  p o i n t s  o f  £  .

P r o o f . The p ro o f  o f  Lemma 2 .1 9  can be t r a c e d  th rough  w i th

m inor  m o d i f i c a t i o n s  f o r  th e  s im p l e r  k e r n a l  Q .

Lemma 2 .2 0  I f  th e  d e n s i t y  f u n c t i o n  $ i s  i n  L1( J )  and 

s a t i s f i e s  a  l o c a l  H o lder  c o n d i t i o n  a t  p Q ( D e f . 2 . 3 ) ,

|<fl(Pl)**$(p2 )| ■ O C r ^ )  where 0 * u * l ,  t h e n  th e  double

l a y e r  p o t e n t i a l  u ( p )  i s  d i f f e r e n t i a b l e  on 3E a t  PQ •

P r o o f . Take e q u a l  t o  pQ . From (2)  of  Lemma 2 .1 8

we w r i t e  t h e  d i f f e r e n c e  q u o t i e n t

u ( P l ) - u ( p 2 ) T (p l t p2 ) 2 l , x G(P l )-GCp2 )

lp l - p2l " lpl - p2l '  * 1 lpl ‘ p2l

L e t  t h e  u n i t  v e c t o r  t  s p e c i f y  a  t a n g e n t i a l  d i r e c t i o n  on 

t  a t  P i  • By Lemma 2 .1 5  G(p) i s  d i f f e r e n t i a b l e  on £

so t h e  second term on t h e  r i g h t  has  a l i m i t  a s  P2~*Pi

a lo n g  t  . T h e r e f o r e ,  t o  show t h e  d i f f e r e n t i a b i l i t y  o f  

u ( p )  we need o n ly  c o n s i d e r  T ( p ^ t P g ) /  |P i~P2l * In  Lemma

2 .1 8  we s p l i t  T (p ^ ,p £ )  i n t o  t h r e e  p a r t s  1^ ,  1̂ * I j  .

F i r s t  c o n s i d e r  . I n  Lemma 2 .1 8  b a l l  B had a

f i x e d  r a d i u s  r Q . Now r e g a r d  t h e  r a d i u s  a s  no lo n g e r



f ix e d *  Denote i t  by €  • F o r  ■* €  , (5)  and (7) o f

Lemma 2 ,1 8  can be w r i t t e n  ( i j  -  £ U 0 ( r 1 2 ) and Ix^l £  

c2 € U r i 2 * ^ ow c o n s i d e r t

T (p1 .Pg) __ *1 + l2 X3

; | P r p2 i lp r p2 i l P i _p 2 l ‘

3y th e  above e s t i m a t e s  f o r  |I^I and we have

» 0( € U)(})
I I  ♦ I 2

PX- P 2

i n d e p en d en t  o f  |p i -p 2 i • As P2“ *Pi a lo n g  t  , f o r  any 

f i x e d  C ,

! , ( € )  f
l im  Ip -p  i " /  ( ♦ t q ) - f ( P 1 ) )  V  K ( p , , q ) . t  d r ( q )
P2 - * P 1 lP l  P2I P

by th e  dominated  convergence  theo rem . T h is  i n t e g r a l  e x i s t s

and p o s s e s s e s  a l i m i t  a s  €  -*0 because  V p K (p » q ) ' t  has

0 ( r “ 2+u) .  T h is  f o l l o w s  by an e x p l i c i t  fo rm u la  f o r  

VpK ( p ,q ) * t  , (2) o f  Lemma 2 . 23, t o g e t h e r  w i th  e s t i m a t e s

(5) o f  Lemma 2 .2 3 .  In  f a c t ,  by (2) and ( 3 ) ,  i n  th e  l i m i t  

a s  £-»0 ,

(*0 l t p 1 ) » J  (♦(q)-<Kp1 ))  VpK(pl t q ) * t  d«*(q)

Then by ( 1 ) ,  u f p ^ )  e x i s t s  and

(5)  u'(p1 ) » t J p x ) -  w2 Gtpx ) .

T h is  com ple tes  t h e  p ro o f  o f  Lemma 2 .2 0 .
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To show t h a t  t h e  t a n g e n t i a l  d e r i v a t i v e  o f  t h e  doub le  

l a y e r  i s  H o lde r  c o n t in u o u s  ( I .  2 .2 3 )»  we need c e r t a i n  p r e p ­

a r a t i o n s ,  CL. 2.21 and L. 2. 22) .

2 . 6  G eom etr ic  e s t i m a t e s

Lemma 2 .21  R e f e r r e d  to  a f i x e d  s e t  o f  l o c a l  c o o r d i n a t e s ,  

l e t  t ^  and t g  d e n o te  u n i t  v e c t o r s  s p e c i f y i n g  c o r r e s p o n d ­

in g  t a n g e n t i a l  d i r e c t i o n s  a t  p o i n t s  p^ ,  p2 r e s p e c t i v e l y .

P i  and Pg a r e  on th e  same f a c e  o f  J) . Then, f o r  a p o s ­

i t i v e  c o n s t a n t  a

P r o o f . Suppose t h e  s u r f a c e  i s  d e s c r i b e d  by th e  v e c t o r  

X » ( x ^ ( u , v ) , X 2( u , v ) , X j ( u , v ) ) ,  where u ,  v a r e  l o c a l  co -

I h i s  i m p l i e s  t h a t  t ( u , v )  s a t i s f i e s  a  L i p s c h i t z  c o n d i t i o n ,  

which i s  e q u i v a l e n t  t o  t h e  a s s e r t i o n  o f  t h e  lemma.

Lemma 2 .2 2  u n d e r  t h e  same h y p o th e se s  a s  i n  Lemma 2 .2 1 ,  i f  

P i ,  p2 and q (q*fcpi,p2 ) a r e  a l l  on t h e  same f a c e  o f  £  ,

th e n

| c o s ( e x , t 1 ) -  c o s ( e x , t 2 )l '

o r d i n a t e s .  L e t  t  * Xu/  Xu . By h y p o t h e s i s  X C ( ^ ( J )  .

1) | c o s ( a q , t i )  -  cos ( : ;q , t 2 )| £  3a r 12



6i*i22 ) I c o s C r ^ . ^ i - c o s C r p ^ . t j ) !  £  — - * 3 a  r 12

where a  i s  t h e  p o s i t i v e  c o n s t a n t  i n  t h e  s t a t e m e n t  of  

Lemma 2 .2 1 ,

P r o o f . C o n s i d e r f

cosCN(j, t 1 ) -  cos(Nq , t 2 ) -  Nq*Ct1- t 2 ) .

In  t e rm s  o f  d i r e c t i o n  c o s in e s  t h i s  i s :

cos(Nq l e x ) ( c o s ( e x , t ^ ) - c o s ( e x , t 2 ) )  + a n a lo g o u s  te rm s  in
e„  and e„ y i

^  5 s  r 12 •

T h is  f o l l o w s  from Lemma 2 . 2 1 ,  That  p ro v es  1 ) .

F o r  2)  s t a r t  by l e t t i n g  up q and u p q be u n i t

v e c t o r s  i n  th e  d i r e c t i o n s  o f  p^q and p2 q r e s p e c t i v e l y .  

Then,

c o s ( r „  . ( t , )  -  c o s ( r _  „ , t . O  -  u - t .  -  u * t0 .p1q '  V  p2q '  2 p1q 1 p2q 2
The r i g h t  s i d e  can be w r i t t e n  i n  te rm s  o f  d i r e c t i o n  c o s i n e s .  

From t h a t  comes th e  i n e q u a l i t y :

(1) |eos(rp ,1^) - cos(rp q .t2>l

^ | c o s ( r p ^q , e x ) c o s ( e x ( t 1 ) -  c o s ( r p^q l e x ) c o s ( e x , t 2 )|

+ an a lo g o u s  t e rm s  i n  e„  and e_y z

£ | C c o s ( r p^ q , e x ) - c o s C r p^ q , e x ) ) c o s ( e x , t ^ ) |  +

| ( c o s ( e x , t 1) - c o s ( e x , t 2 ) ) c o s ( r p^ q , e x ) |  + an a lo g o u s  terms .



By Lemma 2 .11

I008 '  ° ° 8( r p2q ' V

and by Lemma 2 .2 1

| c o s ( e x , t 1 ) -  c o s ( e x l t 2 )| ^  a r 12 ,

w i th  s i m i l a r  e s t i m a t e s  f o r  t h e  an a lo g o u s  t e r m s .  Using t h e s e  

e s t i m a t e s  i n  th e  r i g h t  s i d e  o f  ( 1) y i e l d s  a s s e r t i o n  2) .

2 .7  H d lder  c o n t i n u i t y  o f  u t p ) . v£p) on th e  s u r f a c e . 

R e s u l t s  f o r  O v / a i O ( B ) .

Lemma 2 .2 3  I f  t h e  d e n s i t y  f u n c t i o n  $ i s  i n  L^(Z) and 

s a t i s f i e s  a  l o c a l  H d lde r  c o n d i t i o n  a t  P0c £  »

(1 )  | t ( P 1)-<J(p2 )| -  O C l p ^ p g l 11) where 0 - u » l  :

t h e n  t h e  doub le  l a y e r  p o t e n t i a l  u (p )  h as  a  t a n g e n t i a l  

d e r i v a t i v e  t h a t  i s  a l s o  l o c a l l y  H dlder  co n t in u o u s  (w i th  

exponen t  u /2  ) a t  P0 *

P r o o f . L e t  t  be a u n i t  v e c t o r  t a n g e n t  t o  £  a t  P0 •

L e t  a prime d e n o te  d i f f e r e n t i a t i o n  a t  pQ i n  th e  d i r e c t i o n

o f  t  * From (5)  o f  Lemma 2 . 2 0 ,

u{p)  -  T{p) -  w2 $ (p )  G^p) •

S in c e  G(p) i s  H d lder  c o n t in u o u s  by Lemma 2 .1 6 ,  we need 

o n ly  c o n s i d e r  T^p) . By (4 )  o f  Lemma 2 .2 0 ,

?{p)  - J  (<t(q)-< |(p))  V p K (p ,q ) - t  de<q) .

I *
2r12

P ,q



We w i l l  c a l c u l a t e  t o  o b t a i n  a workable  e x p r e s s i o n  f o r  

T^p) . Using th e  n o t a t i o n  and fo rm u la s  o f  Lemma 2 . 2 ,

K(p»q) * [ e i w r ( iw r “2- r “ 5 )] [(x-X)Nq+(y-Y)N^+(z-Z)Nq]

C a l l  t h e  f i r s t  f a c t o r  f ( p , q )  and th e  second g ( p , q )  .

K(p) -  V_K*t  -  -fM * t  + r fp q r  r  q r

I n  te rm s o f  d i r e c t i o n  c o s in e s

(2)  K^p) -  [A ( r )c o s (N q , t )  -  B ( r ) c o s ( r p q , t ) c o s ( r p q ,Nq )]

where r  - r „ „  andpq
A (r)  « e l w r ( i w r - l )

B ( r )  -  e i w r (-w2r 2 -  3iwr + 3 )

L e t  A and B be bounds f o r  |A(r)l and |B ( r ) |  r e s p e c t i v e l y  

Now we must show l o c a l  H older  c o n t i n u i t y  o f

(3) T (p)  »

(q)- ( f (p)]  i j [ A ( r ) c o s ( N q , t ) - B ( r ) c o s ( r p q l t ) c o s ( r p q ,Nq )] d<r<q)

L e t  E1 ■ E ( J , p 0 ) d en o te  t h e  e lem en t  o f  s u r f a c e  o f  r a d i u s  

& a t  p0 i n  which <|> i s  l o c a l l y  H o lder  c o n t in u o u s .  L e t  

p ^ ,  p2 be any two p o i n t s  i n  E2 -  E « / 2 , p 0 ) . L e t  B12 
be a  b a l l  o f  r a d i u s  r ^2 c e n t e r e d  a t  t h e  m id p o in t  o f  l i n e  

segment p1p2 • F o r  b r e v i t y  l e t  A^ -  A( r p q ) » A2 ’  A^r p q^

and s i m i l a r l y  f o r  B^, B2 • t ^  and t 2 a r e  d e f i n e d  i n  

Lemma 2 .2 1 .



J [ $ ( q ) - $ ( P l )] - 3- [A1cos(Kq , t 1) -B1c os ( r p i q ,)] d<r(q

X P i<l

I  ^ P 2 q

S p l i t  Z i n t o  I  r t B 1 2 i I  n  ( E ^ B ^ )  and Z -S^ . Denote 

t h e s e  r e g i o n s  by S1( S2* S j  and th e  c o r r e s p o n d in g  i n t e ­

g r a l s  , I g t  I j  . i s  C ^ E g ) ,  hence HfJlder c o n t i n ­

uous i n  E2 • To t r e a t  1^ and we w i l l  need  th e s e

e s t i m a t e s

To show th e  f i r s t  e s t i m a t e ,  c o n s i d e r  a t a n g e n t  -  normal 

c o o r d i n a t e  system a t  p^ . The u n i t  v e c t o r  t ^  can be

r e p r e s e n t e d  by ( a , b , 0 )  . Then by Lemma 2 .5

i n  ( 5) fo l lo w  d i r e c t l y  from Lemma 2 .1 0 .

Now we u se  e s t i m a t e s  (5)»  th e  boundedness  o f  A ( r ) , 

B ( r )  and (1 )  t o  o b t a i n f b a s e d  on e x t e n d in g  th e  i n t e g r a l s

cos(Nq l t 1 ) - Nq* t x « ( 0 ( r ) , 0 ( r ) , 0 ( l ) ) * ( a , b , 0 )

The second  two e s t i m a t e s



on t h e  r i g h t  a i d e  o f  (4)  over  i n s t e a d  o f  J) , r e p l a c i n g

t h e  b r a c k e t s  by a b s o l u t e  v a lu e  s i g n s ,  and ad d in g  th e  second 

i n t e g r a l  i n s t e a d  o f  s u b t r a c t i n g  i t :

f  Q (r  ) C 0 ( r  )

1111 ' h  rV  - % f  ***> +fs rP2q T r f  ^  •1 p-j q̂ 1 p2q

Use of  l o c a l  p o l a r  c o o r d i n a t e s  a t  p^ and th e n  a g a in  a t

P2 y i e l d s

llj.1 a  C J ^ 12 J*11"1 M - 0 ( r j 2)

where c i s  a  p o s i t i v e  c o n s t a n t .

Now c o n s i d e r  I 2 w r i t t e n  as  f o l l o w s  (compare w i th  ( 4 ) ) :

(6) I2 -

[<f(p2) - $ ( P l j | /  - ^ - [ A ^ o s O i ^ t ^ - B j C o s C r p  q , t 1) c o s ( r p q l Nq )] d<r{q)

V p i q  1 1

♦ ^ ♦ U M C P g ) ]  ^ [ V o s % ' V - Bl co8( r p1q>t l > c o s ( r p1q ’V ]
o ,  PI q

-  -^ -[A 2cos(tiq, t 2 )-B2oos(rp2)1, t 2 )cos(r  .N q ^ W q )
PgQ

/ ff
C a l l  th e  f i r s t  te rm  above I 2 and th e  second  I 2 • By ( 1 ) ,  

e s t i m a t e s  ( 5 ) t  and t h e  boundedness o f  A ( r ) ,  B ( r ) ,  we o b t a i n
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(7) | l 2 | £  r i 2 Js 0CrP i q )
3 -----  d<r(q)

S2 r p , q

- r u/2 
—  r 12

The l a s t  l i n e  f o l l o w s  from r ^  r p q * Using  l o c a l

p o l a r  c o o r d i n a t e s  a t  y i e l d s

2 4
( 8 ) | i ' l * o c ^ 2 ) / ( 1 / 2 ) r ^ - 1+u/2 ^

S 0 ( r j / 2 ) .

Now c o n s i d e r  II^I  w r i t t e n  a s  f o l l o w s :

m f I A t c o s ( N „ * t , ) A0co s (N „ , t O
(9) \l,\ ^  /  | * ( q ) - * < P , ) |  - L- P  1 -  — — S l - 2

J S p  * r ^  r „pxq p2 q

d<r(q)

h f  |+(q)-<|l(p2 )| X
J S2

B2o o s ( r p2q , t 2 ) c o s ( r p ^ ,Nq )p2 q' Bl C03( r p l q ' 1:l ) c o s ( r pl q ' Nq )
------------------------- 3 ---------------------------

p2q pxq

dcr(q)

We w i l l  need t h e  e s t i m a t e

I 1 1(10) 12
v' r ^  I r^" 

pxq p2<i pxq

v a l i d  f o r  q C R  - B ^  • T h is  f o l l o w s  by f a c t o r i z a t i o n ,  th e n



u se  o f  Lemma 2 .1 2 .  To e s t i m a t e  (9)  we use  i d e n t i t y  (1 )  o f  

Lemma 2 .1 7  r e p e a t e d l y !  f o l lo w e d  by Lemmas 2 .1 2 ,  2 . 1 3 t 2.17* 

2 . 2 2 ,  e s t i m a t e s  (5 )  and ( 1 0 ) ,  and th e  h y p o th e s i s  ( 1 ) ,  to  

o b t a i n

^  - f s 2 T f f d<q) •
2 PXQ

S in ce  f o r  q o u t s i d e  B12 , ( l / 2 ) r 12 < r p q » we can w r i t e

1 4 f ' 42 Pj^q

T h is  i s  t h e  same e x p r e s s i o n  a s  f o r  | I 2I i n  (7)1 which l e a d s  

t o  e s t i m a t e  ( 8 ) .  T h e r e f o r e ,  we conc lude  l i k e w i s e  h e re

11*1 £ 0 ( r ^ 2 ) .

Then, f o r  p l t  p2 i n  E ( * / 2 , p Q) ,

| t ' ( P i ) -  T(p2 )| -  0 ( r ^ 2 ) .

T h is  com ple tes  t h e  p ro o f  o f  Lemma 2.23*

C o r o l l a r y  2 .2 3  I f  t h e  d e n s i t y  f u n c t i o n  s a t i s f i e s  th e

h y p o th e s e s  o f  Lemma 2.23* t h e n  t h e  s i n g l e  l a y e r  p o t e n t i a l

v ( p )  - Q$(p) ♦ (q )Q (P tq )  d r (q )  has  a H dlder  c o n t in u o u s

d e r i v a t i v e  on £  .

P r o o f . The p r o o f  o f  Lemma 2 .2 3  and i t s  a n c i l l a r y  lemmas can 

be t r a c e d  th ro u g h  w i th  a p p r o p r i a t e  m o d i f i c a t i o n s  f o r  th e  

s im p le r  k e r n a l  Q .



Lemmas 2.19* 2 .2 0 ,  and 2 .2 3  a r e  t r u e  i f  we r e p l a c e  

u ( p )  by (3 v /? N ) (p )  i where v i s  t h e  p o t e n t i a l  o f  a  

s i n g l e  l a y e r  and N i s  t h e  outward  normal t o  Z a t  p €  £  

See th e  s t a t e m e n t s  below. S o u rc es  o f  p r o o f s  i n  t h e  p o te n ­

t i a l  t h e o r y  c a s e  (w*0 ) f o r  a smooth c l o s e d  s u r f a c e  a r e  i n ­

d i c a t e d .

Lemma 2 . 1 9  ̂ I f  p c i  and t h e  d e n s i t y  f u n c t i o n  $ € L . B .  

t h e n  th e  normal d e r i v a t i v e  o f  t h e  s i n g l e  l a y e r  p o t e n t i a l  

O v / J N ) ( p )  i s  H d ld e r  c o n t in u o u s  on £  .

P r o o f . [3J page 6 1 ,  [ l8 ] page 633 .

Lemma 2 . 2 3  ̂ I f  t h e  d e n s i t y  f u n c t i o n  ^ s a t i s f i e s  a  H o lder  

c o n d i t i o n  on £  t h e n  th e  normal d e r i v a t i v e  o f  t h e  s i n g l e  

l a y e r  p o t e n t i a l  (3 v /d N )(p )  p o s s e s s e s  a t a n g e n t i a l  d e r i v ­

a t i v e  on £  t h a t  i s  a l s o  H older  c o n t in u o u s .

P r o o f .  [31 page 312.

2 . 8  C o n t in u i t y  o f  ( J u /g H ) ( p )  a s  p ap p ro ach es  th e

s u r f a c e .

Lemma 2 .2 4  C o n s id e r  t h e  doub le  l a y e r  p o t e n t i a l  u (p )  *

4 (9) K(p»q) • I*et pQ be an  a r b i t r a r y  p o i n t  i n  £

Suppose ♦ ( q ) * L 1 ( J )  h a s  H dlder  c o n t in u o u s  d e r i v a t i v e s  i n  

a  ne ighborhood  o f  p Q . L e t  1 be t h e  normal l i n e  t o  t h e

s u r f a c e  a t  pn and  t h e  outward  normal a t  p„ . Then,
r Q  O  Q  T



a s  p ap p ro a c h e s  p Q a lo n g  1 , O u /? H Q) ( p )  has a  l i m i t

(3u /aN0) ( p 0 )_ from i n s i d e  Z , and a  l i m i t  (»u/dNQ) ( p Q) + 

from o u t s i d e  Z « end t h e s e  l i m i t s  a r e  e q u a l .

P r o o f . L e t  E be an e lem en t  o f  s u r f a c e  o f  r a d i u s  £  a t

pQ . S p l i t  t h e  i n t e g r a l  f o r  u (p )  a s  f o l l o w s :

u (p )  -  ♦ (q )K (p ,q )do-(q )  +  ̂ < K q )K (p ,q )d < q )

C a l l  t h e  f i r s t  i n t e g r a l  u ^ ( p )  and th e  second U2^P) •

The dom ina ted  convergence  theorem  j u s t i f i e s  t h e  passage  to  

t o  t h e  l i m i t  u nder  th e  i n t e g r a l  s i g n  i n  th e  f o l lo w in g  two 

a s s e r t i o n s .  Because K (p ,q )  and (dK/^N0)C p ,q )  a r e

bounded ( r  i s  bounded away from z e r o ) ,  and $ (q )  i s  i n t e -  

g r a b l e ,  we have

O u 2/3U0) ( p )  -J  $ (q )  (3K/*N0) ( p , q )  d«<q) ,
£  E

l im  ( a u y W O C p )  -  I <J(q) l im  ( S K /J S „ ) (p ,q )  d» (q )  
P -*P0 2 0 JZ-  E P - P 0 °

The l i m i t  h e r e  i s  in d e p en d en t  o f  t h e  d i r e c t i o n  of  ap p ro ach .  

I n  view o f  th e  c o n t i n u i t y  o f  (du2/ j N 0) ( p )  a t  pQ , j u s t

shown, t h e  lemma w i l l  be p roved  i f  we can show

(du1/ d F 0) ( p 0 )_ « C3u1/^N o ) ( p 0 ) + .

S t a r t  by l e t t i n g  J 1  be a  l o c a l  c y l i n d e r i c a l  r e g io n  of  

r a d i u s  2 C a t  P0 • L e t  d A  be i t s  boundary  and E2 t h e

c o r r e s p o n d in g  s u r f a c e  e l e m e n t .  See F ig u re  2 .1  on page 64 .
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F i g u r e  2 .1
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L e t  F (q )  be t h e  e x t e n s i o n  o f  $ ( q )  t o  3J3- d e s c r i b e d  i n

D ef .  1 . 4 .

By w e l l  known s o l u t i o n s  o f  t h e  D i r i c h l e t  problem of 

p o t e n t i a l  t h e o r y  t h e r e  i s  a  f u n c t i o n  h (q )  which i s  h a r ­

monic i n  t h e  i n t e r i o r  o f  Ji. and a g r e e s  w i th  F (q )  on .

o f  K e l lo g g  {5} i m p l i e s  t h e  e x i s t e n c e  and c o n t i n u i t y  of  

O h / d N ) ( q )  on t h e  boundary  a t  i n t e r i o r  p o i n t s  o f  t h e  f a c e s  

( n o t  i n c l u d i n g  t h e  edges)  o f  t h e  l o c a l  c y l i n d r i c a l  s u r f a c e  

3JI . F o r  l a t e r  u s e  we w i l l  need  i n t e g r a b i l i t y  of  

( 3 h / i N ) ( q )  on a  l o c a l  c y l i n d r i c a l  s u r f a c e .  To e n s u re  t h i s  

we w i l l  c o n s i d e r  t h e  n e s t e d  l o c a l  c y l i n d r i c a l  r e g i o n  S 

o f  r a d i u s  €, a t  pQ c o r r e s p o n d in g  t o  t h e  s u r f a c e  e lem en t

E (See F i g .  2 .1  and Def.  1 . 5 . ) .  We w i l l  show t h a t  

( 5 h / J N ) ( q )  i s  c o n t in u o u s  on each  c l o s e d  f a c e  of  d S  •

Denote t h e  f a c e s  o f  d S  a s  f o l l o w s :  e lem e n t  o f  s u r f a c e

E, t r u n c a t e d  c y l i n d e r  C, d i s c  D . Because h (q )  i s  

harmonic  i n  t h e  l a r g e r  r e g i o n  jTL , i t  p o s s e s s e s  a c o n t in u o u s  

normal d e r i v a t i v e  on D and on C . By K e l l o g g ' s  theorem 

t h i s  d e r i v a t i v e  p o s s e s s e s  a  l i m i t  a s  q c C  a p p ro a c h es  an 

edge p o i n t  on E . A lso  from K e l l o g g ' s  theorem  h (q )  has 

a  c o n t in u o u s  normal d e r i v a t i v e  on a l l  o f  E .

G r e e n ' s  second  i d e n t i t y  f o r  a  domain R w i th  boundary  

d R  i s :

From t h e  H older  c o n t i n u i t y  of  F^q) (from <(>{q)) a  theorem

R u - V u„ .



We w i l l  u se  t h i s  i d e n t i t y  w i th  v -  Q(p»q) and u * h (q )  •

To do t h i s ,  th e  domain R must ex c lu d e  t h e  s i n g u l a r  p o i n t

p o f  Q (p ,q )  . T h e r e f o r e ,  d e f i n e  R as  f o l l o w s :

Case 1 . Fo r  p « l  and p / S  l e t  R * S .

Case 2 . For  p e l  and p c S  l e t  R * S-B where B i s

a  b a l l  o f  r a d i u s  &  ab o u t  p •

(1 )  j f  h (q )  A _Q(p »q)dA(q) -  f  h (q )O Q /» N  ) (p ,q )d * < q )
■'JR q J9R  q

-  f  Q (p ,q ) (3 h /* N )(q )d v < q )  .

The f i r s t  i n t e g r a l  on t h e  r i g h t  s i d e  o f  (1 )  can be w r i t t e n :

I h (q )K (p ,q )d « < q )  . S p l i t  i t  i n t o
J*R

(2 )  f  h (q )K (p ,q )d « < q )  + f  h (q )K (p ,q )d * < q )  .
J  E J2R -E

The f i r s t  i n t e g r a l  i n  (2 )  i s  j u s t  ui ( p )  • B es id e s  th e s e  

c h a n g e s ,  add w2 J J  Q (p ,q )dA (q)  t o  b o th  s i d e s  o f  (1) .

The new l e f t  s i d e  i s :

J J  h ( q ) [ A qQ(Piq)  + w2 Q(p,q)]  dA(q) .

The f a c t o r  i n  t h e  b r a c k e t s  i s  ze ro  b ec au se  Q i s  a  s o l u t i o n  

o f  t h e  Helm holtz  e q u a t i o n  i n  R • Hence, from (1) we o b t a i n  

an e q u a t i o n  t h a t  can be o rg a n iz e d  t h u s

(3 )  0 -  u x (p)  -  Q ( p ,q ) ( 3 h /* N ) ( q )d F (q )

+ J^R E h ^ K^P ,q d̂*’̂  + <̂ P ,q d̂* ^  *



In  Case 1 p so we s im p ly  r e p l a c e  R by S i n  (3 )  

Label  t h e  r e s u l t i n g  e q u a t i o n  ( 4 ) .  I n  Case 2 p ( S ,  so 

R ■ S-Q . E q u a t io n  (3 )  t h e n  y i e l d s  a new e q u a t i o n  composed 

o f  (4 )  p l u s  t h r e e  a d d i t i o n a l  te rm s  on th e  r i g h t  s i d e ,  

namely

(5) /  Q (P iq ) (3 h /? N )(q )d a r (q )  -  f h ( q )K ( p ,q )d « tq )
J2 b JibJB J3B

Q (p ,q )dA (q)  .
-  w2//b'B

£y th e  argument l e a d i n g  t o  (4)  o f  Lemma 2 . 9 t a s  th e  r a d i u s  

J o f  B goes  t o  z e r o ,  t h e  second term i n  (3 )  app roaches  

4'fTh(p) . A s i m i l a r  argument shows t h a t  t h e  f i r s t  i n t e g r a l  

i n  (3 )  ap p ro ac h es  z e ro  a s  4 -»0  . The t h i r d  i n t e g r a l  when 

w r i t t e n  i n  s p h e r i c a l  c o o r d i n a t e s  can e a s i l y  be seen  t o  a p ­

p roach  z e ro  as  - * 0  . From t h e s e  o b s e r v a t i o n s ,  (3)* i n  

Case 2 where p c S ,  becomes i n  th e  l i m i t  a s  J  -*0

(6 ) 0 -  u , ( p )  + 4 t r h ( p )  -  f  Q ( p ,q ) U h /P N ) ( q ) < M q )
1 J*  S

+ /  h ( q ) K ( p t q)d«-(q) + w2f\ Q (p ,q )dm (q)  . 
J ^ S - E  ■'-'S

Now a p p ly  t h e  o p e r a t o r  Cd /SNQ) t o  (4 )  and (6) .

The r e s u l t i n g  e q u a t i o n s  a r e  l i s t e d  below a s  ( 4 ) '  and (6 )'.

The r e s u l t  f o r  t h e  l a s t  two te rm s  on th e  r i g h t  i n  bo th  

e q u a t i o n s  i s :

J h(q)G*K/*N0) ( p ,q ) d « < q )  + w2ff & Q / M q) ( p ,q ) d * ( q )  . 

The d e r i v a t i v e s  h e r e  a r e  w i th  r e s p e c t  t o  p . L e t  A(p)



d e n o te  th e  sum of  t h e s e  two t e r m s .  The d e r i v a t i v e  under  

t h e  i n t e g r a l  s i g n  a s  w e l l  as  t h e  c o n t i n u i t y  o f  A(p) f o l ­

lows from th e  dom ina ted  convergence  theo rem .  Thus we have

W ' 0 -  ( a u 1/^N 0 ) ( p )  -  (4 ^ V j ^ g  Q (P .q ) (3 h /* N ) (q )d e< q )

+ A(p)

(6 )  0 -  O u j / A l ^ X p )  + 41T (3h / iN o ) (p )

-  / JN  ) /  Q (p i q ) ( Jh / JN ) (q )d < K q )  + A(p) .

Now l e t  P—»P0 from o u t s i d e  S i n  (4-Z and from i n s i d e

S i n  ( s / .  The i n t e g r a l

I ( p )  - J s  Q(p,q)<»h/*N)d<Kq)

can be t h o u g h t  o f  a s  a  s i n g l e  l a y e r  p o t e n t i a l  w i th  d e n s i t y  

(5 h /d N )(q )  . As s u c h ,  by Lemma 2 . 9

(d I /^ N0) ( p )  —*. -2  7T(dh/*N0X p 0 ) + C(po )

a s  P-*P0 from o u t s i d e  S i n  ( 4 )7 and

( d i / ^ N o ) ( p )  +2-»rcd h/dNo ) ( p 0 ) + C(p0 )

as  P“*P0 from i n s i d e  S i n  (6 f̂, where

CCP0 ) -  J  » Q /3 N 0 ) ( p 0 ,q )  ( J h / J N ) ( q )  d«<q) .

By t h e  c o n t i n u i t y  o f  A (p ) :  A (p )—*-A(p 0 ) . By K e l l o g g ' s

theorem  t h e  te rm  ^ ‘Or(*h/3N X p )  i n  (b'f ap p ro ac h es  a l i m i t

4 ‘W O h /3NQ) ( p Q) a s  p -* p0 from i n s i d e  S . The r e s u l t i n g

e q u a t i o n s  i n  t h e  l i m i t  a r e :
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W  0  -  ( 3 u 1 / d N o ) ( p 0 ) + + 2 ' f T ( d h / 5 N 0 ) ( p 0 )  -  C ( p 0 )  + A ( p o )

Cef  o -  ( i u 1/aN 0 ) ( p 0 )_ + ^ 'n r( J h / J N 0 ) ( p Q)

-  2 f l t ^ h / « N 0 ) ( p 0 )  -  C ( p Q) + A ( p 0 )  .

T h e  e q u a t i o n s  ( 4 - f  a n d  ( 6 ) *  s h o w  t h a t  t h e  s e p a r a t e  l i m i t s

( i u 1 / d N Q) ( p 0 ) + a n d  C d U j /d N 0 ) ( p Q) _  e x i s t .  C o m p a r i s o n  o f

t h e  e q u a t i o n s  s h o w s  t h a t  t h e  l i m i t s  a r e  e q u a l .  T h i s  com ­

p l e t e s  t h e  p r o o f  o f  Lemma 2 . 2 4 - .

C o r o l l a r y  2 . 2 4  D e n o t e  t h e  v a l u e  o f  l i m  GSu/SN ) ( p )  b y
P - P 0

P<Kp q ) • A s  a  f u n c t i o n  o f  p Q , F $ ( p 0 ) i s  i n  C ° n L 1 ( f )  .  

P r o o f .  From  o f  Lemma 2 . 2 4 - ,  f o r  P Qc J

O u 1 / d N 0 ) ( p 0 ) -  - 2 7 T ( * h / * N 0 ) ( p 0 )  + 0 ( p o )  -  A ( P q ) .

B y K e l l o g g ' s  t h e o r e m  C d h /d N Q) ( p 0 )  i s  c o n t i n u o u s .  By

Lemma 2 .4 -  a n d  t h e  d o m i n a t e d  c o n v e r g e n c e  t h e o r e m T 

C ( p 0 ) -  A ( p 0 ) i s  c o n t i n u o u s .  O u 2 / £ N 0 H p 0 ) i s  a l s o  c o n ­

t i n u o u s  s o  P $ ( p Q) i s  c o n t i n u o u s  f o r  P0 f i £  .  F o r  t h e  

i n t e g r a b i l i t y  s e e  [ i d ]  p a g e  6 J 0 .
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C h ap te r  Three 

K and K11 on t h e  apace VKJ)

3 .1  The f u n c t i o n  sp ace

Z  i s  a  C^ m a n i fo ld  w i th  c o r n e r s  ( c f .  S e c t i o n  1 . 2 ) .  

L e t  E be t h e  s e t  o f  edge p o i n t s  o f  Z and Sffl t h e  s e t  of

p o i n t s  o f  Z h a v in g  d i s t a n c e  from E a t  l e a s t  l / 2m . 

F u r th e r *  l e t  {  * I - E  , and den o te  by D th e  c l a s s  of

f u n c t i o n s  C °n L ^ ( jE ) .  F o r  f  CD we can d e f i n e  a  f a m i l y  o f  

norms f o r  m > l ,  2 , 3* • • •  a s  f o l l o w s :

M m  ■ SUP |f (P ) l  *
P * Sm

A norm d e f i n e d  i n  te rm s  of  t h e s e  i s

llfljj -  z  2- m Ilfu ̂  .
m=l

2 2 C a l l  t h i s  t h e  W norm. D eq u ipped  w i th  t h e  Vf norm

i s  a f u n c t i o n  sp a c e  (Dt || ||w) which f o r  b r e v i t y  we d e n o te

by W(2 ) .

I n  t h i s  c h a p t e r  we i n v e s t i g a t e  p r o p e r t i e s  o f  W(Z) 

and t h e  o p e r a t o r s  K, d e f i n e d  on V(Z)*

Lemma 3 .1  L e t  llfll0 d e n o te  t h e  L norm of  f  on Z  •

I f  f  CW(Z) t h e n  f  i s  s q u a re  i n t e g r a b l e  on Z  and 

Cl) llfllo * ( 2 A  + L) | |f | |2

where A i s  th e  a r e a  o f  Z and L i s  a  p o s i t i v e  c o n s t a n t  

in d e p en d e n t  c f  f  .
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P r o o f .  D ef ine  a  sequence  o f  f u n c t i o n s  a s  f o l l o w s :

£,n(P) “ f 2 (P) f o r  p « S m

- 0 f o r  p c E - S n .

C l e a r l y ,  (6m} i s  a monotonic sequence  o f  f u n c t i o n s ,  

O bserve  t h a t

J  S j / p )  do- -  f 2 (p )  d«- -  A | f | | ^

— 2 A | | f | |2

where A i s  t h e  a r e a  o f  J) . L e t  R , -  S , -  Sm+i m+i m

The w id th  o f  Rm+i  — c / 2 m+^ where c i s  a  p o s i t i v e  con­

s t a n t  in d e p e n d e n t  o f  m • L e t  L^ d e n o te  t h e  l e n g t h  of  

t h e  edges  o f  £  , t h e n  Area o f  Rm+1 ^  cL ^ /2in+1 .

Now c o n s i d e r ,

f -  f  f 2 (p)d*-
J Z  V i

m f  t2(p)dr * I f 2 (p )d « -
J a i  J V i

i  /  s j ( p )d , r  * p r r  •

L e t  L * cL1 and u se  i n d u c t i o n  to  o b t a i n

^ ( P j d ^ - S A  W  . 1 1  - n i
0 - 2

- ( 2 A  + L) |lfII2 .

T h is  shows th e  un ifo rm  boundedness  o f  IlSm'l *

L
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By t h e  monotone convergence  theorem we conclude  t h a t

t h e r e  i s  an  i n t e g r a b l e  f u n c t i o n  h (p )  such  t h a t  a lm os t

everywhere  on Z : h (p )  ■ l im  SmCp) • T h is  l i m i t  a l s o
m—» od

O
e q u a l s  f  (p)  and

f f 2 (p)d»r -  f h(p)d«- -  l im  f g2(p )d*-  
J j ;  m— od J j;

£ (2A + L) | |fll^ .

T h is  com ple tes  t h e  p r o o f  o f  th e  lemma.

2 1 Remark: As i s  w e l l  known, f c L  im p l i e s  f c L  on a

space  of  f i n i t e  m e a su re .  F o r  l a t e r  u se  we need s p e c i f i c

bounds.  By H o l d e r ' s  i n e q u a l i t y ,

| f ( p ) l  d«* * JJ,1 d r  //j r 2 ( P) <b- .

L e t  b^ be t h e  s q u a re  r o o t  o f  th e  a r e a  o f  Z so t h a t

Ilf 11 *  bx ||fll0 .

Now use  (1)  and l e t  k -  b^ JZk + L to  o b t a i n

(3 )  llfll -  k |lf|lw .

Lemma 3 .2  W(Z) i s  a  Banach s p a c e .

P r o o f . I t  i s  e a s i l y  s e e n  t h a t  || | |y p o s s e s s e s  th e  p rop ­

e r t i e s  o f  a  norm.

To show c o m p le t e n e s s ,  l e t  f f ^ }  be a  Cauchy sequence

of  f u n c t i o n s  o f  W(J) . Given an €  t h e r e  i s  an N such 

t h a t  f o r  a l l  j ,  k fcN
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Cl) «  ‘  J i  2" "  l| f d - r k llm

We s t a r t  by showing Cauchy convergence  o f  on

each  Sm i n  t h e  su p .  norm. From (1)  we o b t a i n  the  e s t i ­

mate

-  2"

Now, g iv e n  any €  , by th e  h y p o t h e s i s  an N can be found ,

so t h a t  <  < /2m f o r  a l l  J ,  k 2  N and hence by

th e  above e s t i m a t e  | | f  .j-f j j l^  — 2m« /2m » €  a s  r e q u i r e d .

S in ce  t h e  convergence  i s  u n i fo rm ,  f ^  co n v e rg e s  on Sffl t o

a  c o n t in u o u s  f u n c t i o n  f  . T h is  h o ld s  f o r  any m so 

f  « C ° ( i ) .

Now, s p l i t  t h e  sum i n  (1)  a s  f o l l o w s :

£ 2- m + mf  2“ " * «m«l u m«r+l u

where r  i s  an a r b i t r a r y  p o s i t i v e  i n t e g e r .  C o n s id e r  th e  

f i r s t  sum. I f  we f i x  k and p a s s  t o  th e  l i m i t  a s  j-*cc 

we o b t a i n

£ 2' “  «■ «m - i

S in ce  t h e  i n e q u a l i t y  i s  v a l i d  f o r  a r b i t r a r y  r  we can p a s s  

t o  t h e  l i m i t  a s  r-»a> and o b t a i n

QO
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S in c e  €  was a r b i t r a r y ,  we co n c lu d e  t h a t  f ^  app roaches
2

f  i n  t h e  W norm. T h is  co m p le te s  t h e  p ro o f  o f  Lemma 3 . 2 ,

3 .2  Boundedness o f  K and on _ w £2 .

Theorem 3 .1  Suppose X i s  an  a r b i t r a r y  m a n i fo ld  w i th

c o r n e r s  ( c f .  S e c t i o n  1 . 2 ) .  Then, K and a r e  bounded 

o p e r a t o r s  on t h e  space  W(£).

P r o o f . We w i l l  o n ly  d i s t i n g u i s h  between K and K** as  i t

becomes n e c e s s a r y .  When a r e l a t i o n  h o ld s  f o r  b o th  K and

we w i l l  g e n e r a l l y  w r i t e  i t  o n ly  f o r  K .

We must show, f o r  a  p o s i t i v e  c o n s t a n t  c ,

IMIIw tttHu

o r  e q u i v a l e n t l y ,

I ,  2-  N U »  i  0 £  2- “  Will  .
m*l m»l

T h is  depends  on e s t i m a t e s  f o r

IIkî IL - sup |K|(p)| - sup I f 4 <9 )K(p,q)d.(q)|
“ p « s m' P . s J J x

The p ro o f  i s  lo n g  and i s  o r g a n iz e d  a s  f o l l o w s .  F i r s t  

we d i v i d e  t h e  f i n d i n g  o f  e s t i m a t e s  (and  showing t h a t  t h e i r  

c o n t r i b u t i o n  t o  IMIIw i s  bounded) i n t o  two p a r t s  a c c o rd in g  

to  t h e  l o c a t i o n  o f  p . L e t  u be a  f i x e d  p o s i t i v e  i n t e ­

g e r  l a r g e  enough t h a t  Lemma 2 . 4  h o ld s  f o r  any e lem ent  o f  

s u r f a c e  o f  r a d i u s  2 D where D » 1 /2 U .
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P a r t  1 . P * s m f o r  m- u 

P a r t  2 . p C Sm-S u f o r  m

We w i l l  d i v i d e  P a r t  2 a f t e r  i n t r o d u c i n g  some n o t a t i o n .  

Denote by pQ , t h e  n e a r e s t  edge p o i n t  to  p . L e t  B be 

a  b a l l  w i th  c e n t e r  a t  p Q and r a d i u s  2D . L e t  F^ de­

n o te  th e  f a c e  of  £  t h a t  c o n t a i n s  p . I n  P a r t  2 we s p l i t  

t h e  i n t e g r a l  bound ing  |K<f>(p)| i n t o  i n t e g r a l s  over  compli­

m en ta ry  s u b s e t s  o f  £  , namely 

2 a ) .  ( P ^  B) y ( t - B )

2b ) .  ( I - P ^ O B  .

Most o f  t h e  work o f  p ro v in g  t h e  theorem b e lo n g s  t o  

F a r t  2 b ) ,  i n  which p and q a r e  on o p p o s i t e  f a c e s  and 

n e a r  t o  each  o t h e r .  The p ro o f  of  P a r t  2b) i s  b u i l t  up by 

means o f  s u c c e s s i v e l y  more g e n e r a l  c a s e s .

Case 1 . No more th a n  two f a c e s  o f  £  meet a t  any

edge and £  i s  p l a n a r  a t  a l l  p o i n t s  w i th in  

d i s t a n c e  2D o f  any edge .

Case 2 . No more th a n  two f a c e s  o f  £  meet a t  any 

ed g e .

Case 3 . £  i s  an  a r b i t r a r y  C m a n i fo ld ,  (n f a c e s

may meet a t  a  c o r n e r . )

Now we b e g in  t o  p rove  t h e  p a r t s  and c a s e s .

P a r t  1 . From Lemma 2 . 5  t h e r e  a r e  c o n s t a n t s  a ,  b ,  and £  

such  t h a t  f o r  any p i n  SmfiSu
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CD |k * (p ) |  ± a |W I |m t l C + - ^ 2  WH •

We s t a t e  an  i n e q u a l i t y  h e r e  f o r  f u t u r e  u s e :

[ n i 2 n
I  b< *  n I

d-i JJ d-i
T h is  f o l l o w s  from t h e  Cauchy i n e q u a l i t y  (pagfe 51* a . « l )0
R e l a t i o n s  (1 )  and (2) g i v e ,  t a k i n g  n»2 ,

(5 )  | k *||2 s  2 | a2 f o l i o s 2 + IW 2]

Wow c o n s i d e r  t h e  sum f o r  ||k$II^ and s p l i t  i t  as  

f o l l o w s :

O) Ml* * I  S'” Mil* * I  2'” l|K*h| •m*l ra»u+l

C a l l  t h e  f i r s t  sum and t h e  second  sum S2 • By (5)*

t h e  d e f i n i t i o n  o f  ||$|l^ * and (5)  o f  Lemma 5*1 we o b t a i n

Sl * 2 J i  2"°[a2 * 7*  MU2]
,2

2 .2  _2 5  IWIm+i b2 iuii2 ,-m
— 2 a  C£ Z  657 ?  ^ 2 £  fo | |c Z  2

m*l 2 *  m»l

>2.2 _2 lui.2 . .  b2 ,2 IHI.2i 2 * «2 |»||2 ♦ 2 k2 foil2

L e t  c ,  « 22a 2 < 2 + 2b2lc2/ c *  , so t h a t

( 5) Sx £  c :  f o||2 .



P a r t  2 . To t r e a t  S2 i t  i s  s u f f i c i e n t  t o  c o n s i d e r  an 

a r b i t r a r y  p o i n t  p c S  -S  f o r  m > u t f o r  i f  sup |k |C P )|
P ‘ s .

were a c h ie v e d  f o r  P « s u • by (3 )  i t  would l e a d  t o  th e

bound (3)1 a l r e a d y  shown. We want t o  o b t a i n  an  e s t i m a t e  o f  

M ( p ) |  :

( 6 )  | K $ ( p ) |  £  j ’ | ^ C q ) l | K ( p 1q ) |  d< r (q )  + J  | $ ( q ) | | K ( p t q ) |  d < q )

(F^AB) V(I-B) ( I - F ^ n B

We p a r t i t i o n  F^A B f u r t h e r  i n t o  ■ Fi ^  B/"*Sm+l 

(F^A B) -  t a s  shown i n  th e  t a b l e  below. The c o r r e s p o n ­

d in g  i n t e g r a l  i s  d e n o te d  on th e  r i g h t .

Region  I n t e g r a l

P a r t  2 a)

D1 “ Pl r tB A B m+l  h W

D2 -  (F1 n  B) -  Dx I 2(m)

- 2 -  B I 3(m)

P a r t  2 b )

D4 » ( 2 - F 1 ) A B  I 4 (n)

F ig u r e  3*2 on page 73 i l l u s t r a t e s  n e a r  an  edge.

With t h e  n o t a t i o n  from th e  t a b l e  we w r i t e t based  on (6 )

f o r  p C 3 „ -S „  and m > u  .' m u  *

(7 )  M ( p ) | 2 5  ( ix C o )  + l 2 ( “>) ♦ I j GO ♦ 2 •
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F ig u r e  5.X

F ig u re  5 .2

Vi

Q
Vj
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F a r t  2 a ) . In  t h i s  p a r t  we w i l l  f i n d  e s t im a te s  f o r  1 ^ , I g ,

1^ and t h e i r  c o n t r i b u t i o n  t o  ||K$lly • By Lemma 2 .4  t h e r e

a r e  c o n s t a n t s  a  and €  in d e p e n d en t  o f  $ and m such  

t h a t  f o r  an e lem en t o f  s u r f a c e  £  o f  r a d i u s  £  a t  p

/,

♦ • • f

W (q)l |K (p ,q ) | d < q )  £  a  €  sup |<J(q)|
£ q €  E

T h is  h o ld s  a l s o  f o r  th e  t r u n c a t e d  e lem en t o f  s u r f a c e  ■ 

B n P l ' , S «M-l > 80

I ^ n )  i  a  2 D |H|lm+1 .

N ex t, we want t o  i n t e g r a t e  o v e r  Dg » ( F ^  B) -  . We

w i l l  do t h i s  by i n t e g r a t i n g  o v e r  each  s t r i p

Rm+k * B n ^Sm+k"Sm+k-l^ f o r  k " 2 »3»4,

By Lemma 2 .4  t h e r e  i s  a p o s i t i v e  c o n s ta n t  c^ in d e p e n d en t

o f  m , such  t h a t  |K (p ,q ) |  ^  c - ^ r  f o r  p ,  q i n  Dg .

L e t d be th e  d i s t a n c e  from p t o  Rm+^  • F o r  p c S D

and k * 2 ,  d f c l / 2 m+1. See F ig u re  3 .2 .  L e t

J ( k )  -  L  W (q) ||K (p ,q ) | dff<q) . 
m+k

T h is  can be e s t im a te d  as  f o l lo w s :

J ( k )  £  sup |$ (q )l  sup |K (p ,q ) | Area o f  H .
q < H m*k

£  |* lm+k (o^ d ) c z (2 /2 u ) c 3 ( l / 2 n+k)

where C g(2 /2U) i s  a  bound on t h e  l e n g th  o f  »
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C j ( l / 2 m+^) i s  a  bound on th e  w id th  o f  and c2 *

a r e  p o s i t i v e  c o n s t a n t s .  T hese  bounds fo l lo w  from th e  

sm oothness  o f  t h e  f a c e  F-̂  and th e  f a c t  t h a t  Rm+icc ® •

Now, l e t  c » c xc2 Cj , s u b s t i t u t e  f o r  d , and s im p l i f y  to

o b ta in

J ( k )  £  M l l ^ k c / 2 u tl t

T h e r e f o r e ,

I 2 (->  -  J 2 JOc) *  kf 2 Wlln+k c /2 U+k

Now c o n s id e r  q €D^ -  2 -B  i n  which r  - |q-p | fcD » 1 /2 U.

Lemma 2 .2  g iv e s

I*(m) i  I  l t ( q ) l | K ( p , q ) |  dc<q)
7 j2~b

-  o ^ D 2 tyll

i  o 1 22u Mil .

Going back t o  S2 i n  ( 4 ) ,  and u s in g  ( 7 ) , th e n  ( 2 ) ,  we have

s 2 -  * I  2 ' m[ l f  (») * l |(m )  + Ij<m) + l|(n>)] •

I n t ro d u c e  th e  n o t a t i o n ,  f o r  j  * 1 ,2 ,3 » 4 :

<P, ■ I  2 - °  I 2 (m)
J m-u+1 J

so t h a t

( 8 )  S2  g  4  (T j + T2  + T}  + T^) .

T. b e lo n g s  t o  F a r t  2b) and w i l l  be t r e a t e d  l a t e r .  L e t
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S j  -  4 (Tx + T2 + T j)

To e s t im a te  , u se  th e  p r e v io u s  bounds o b ta in e d  f o r  

I j (m )  f o r  j  -  1 , 2 , 3 .  The r e s u l t s  a r e :

Tx * a 2 ( 2 /2 2 u )2 2 _ I  N l|2+1 ,

I 2ti j-lr 1 •

'  2 Z  2 -
m-u+1

O D p — m / 2  1.

:?2 v »
<D

L I  1 /2 1
m»u+l

m

Thus,

T , i  a2 2 ^  ||$ ||2 ,

an d , u s in g  e s t im a te  (3 )  o f  Lemma 3-1 f o r  we o b ta in

T3 -  C1 2^U fc2 W ly  •

F o r  T2 we u se  a  g e n e r a l i z e d  M inkow sk i 's  i n e q u a l i t y  [1] :

[
n p m 1 / 2  m r  n 5 i l / 2

Thus,

UO)

L e t  th e  sum over  m i n  (10 )  be d e n o te d  by T^ .

® 1 iu.112
^5 * ? . i  ? ffij2u+2k M « * km«u+l d d

m-u+1 ’ m+k
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T h e r e f o r e ,  i 2 " k ll<|lly ■ S u b s t i t u t e  t h i s  back i n t o  (10) 

to  g e t

( 11)

Denote th e  sum by 2 and sq u a re  (11) t o  o b t a i n

12 4 c 2 R2 |ty||

To f i n i s h  ou r  t r e a tm e n t  o f  ,u s e  th e  e s t i m a t e s  f o r  Tl t  

T2 , and T j i n  ( 9 ) ,  and o b t a in

T h is ,  t o g e t h e r  w i th  ( 4 ) ,  ( 5 ) ,  ( 8 ) ,  and ( 9 ) ,  co m p le tes  th e  

p ro o f  o f  P a r t  2 a ) .

At t h i s  p o in t  we would l i k e  to  show how we can f i n i s h  

up th e  p ro o f  o f  th e  theo rem  i f  we g r a n t  th e  r e s u l t  t o  be 

shown l a t e r  i n  P a r t  2b) t h a t

where i s  a  p o s i t i v e  c o n s t a n t .  Then, ( 8 ) ,  w ith  t h e

h e lp  o f  (12) can  be w r i t t e n

+ c R + c f  k 2 ) ,  th e n

( 12 ) S j  *  c 3 p 2

* 4  £  « 4  ( M w

S2 <  S3 + 4

■£. c 3 IMIlw * 4  ° 4  Mllw
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L et Cg ■ Cj + 4 so t h a t

Cl}) lltu »

E s t im a te s  (3 )  and (13)*  t o g e t h e r  w i th  ( 4 ) ,  p ro d u ces

T h is  shows th e  boundedness o f  th e  o p e r a t o r  K on th e  space

P a r t  2 b ) . In  te rm s  o f  o u r  p re v io u s  n o t a t i o n  ( c f .  ( 4 ) )  we 

w i l l  now i n v e s t i g a t e

P C S  -S „  w i th  m > u  and p C f a c e  F, • We in te n d  to  r  m u  r 1

Case 1 . No more th a n  two f a c e s  o f  £  meet a t  an  edge and 

£  i s  p l a n a r  a t  a l l  p o i n t s  w i th in  d i s t a n c e  2 D  o f  any 

ed g e . L e t F2 be th e  f a c e  a d j a c e n t  t o  f a c e  F^ • F^ and

F2 a r e  p l a n a r  i n s i d e  B . See F ig u re  3 .3  on page 84.

C o n s id e r  an x y z r e c t i l i n e a r  c o o r d in a te  sy s tem  a t  p Q ,

w i th  x a x i s  a lo n g  th e  ed g e , and y a x i s  i n  F2 . p i s

i n  F^ a t  d i s t a n c e  t  from pQ and q -  ( x , y , 0 )  i s  i n  

F2 . The p e r t i n e n t  v e c to r s  a r e :

(14) H l l ^  £ c x ||4||y + c2 Ilf 11̂  -  ( ° 1 +C2^ W w

WOE).

where

f  W ( q ) l | K ( p , q ) l  de<q) 
A l - F ,  )nB

show t h a t  T^ ^  c^ Il f  II y where c^ i s  a p o s i t i v e  c o n s t a n t .

»
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F ig u re  5«3 £  i n s i d e  B . F^ i s  s e e n  on edge .

F ig u re  5 .4  B ^ ? 2 .



— w s

r- .  p_q > ( - x , t  c o s *  -  y , t  s in * )

Np -  ( 0 , - s in * ! c o s * )  , Nq -  ( 0 , 0 , - 1 )

Then,

K (p.q) -  « iWr< | ^ ~ U  2=2 .  Hq

w here , h e re  r  -  tp -q l . L e t A be a  bound f o r  

|e iw r ( i w r - l ) |  . Then,

(15) |K (p ,q ) |  i ( A / r 2 ) | c o s ( r p q ,Hq )| i  A / r 2 ,

(16) |K (p ,q ) |  i ( A / r ^ )  t  s i n *  .

S i m i l a r l y ,
4 y p  . ( *

K ^ p . q )  -  K ( q ,p )  -  2  i i w r = i l  2 = 2  .  ^  .

Hence,

(17) I ^ C p .q ) !  i ( A / r 2 ) | c o s ( r p q ,Np )l 4 A / r 2 ,

IK^Cp^q)! * ( A / r ^ )  y s i n *  .

L e t a 2 * ( t  c o s *  -  y ) 2 + ( t  s i n * ) 2 : th e n  r 2 ■ x2 + a 2 .
2 tWe have th e  same bound A /r  f o r  b o th  K and  K so  th e

fo l lo w in g  c a l c u l a t i o n s  h o ld  f o r  e i t h e r  o p e r a t o r .

( IS )  I q ( a )  4  A /  J & a i L  d«<q)
r

£  A ff ■ dxdy
J-/BftP2 x2 + a 2

L e t » b / ' ^ s l +1”SL^ a s  shown i n  F ig u re  5 .4 .  F or p i n

Smrt , l e t  I (m ,L ) be th e  i n t e g r a l  o v e r  th e  s t r i p  R^ .
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We e s t im a te  i t  a s  f o l lo w s ;

I(m ,L ) *  A ■ w id th  o f  RL • ||<NL+1 * J

where

2Dr  iJ  * 2 I — j — j  dx t
JO x +a

P * p p *a  * ( t  cosat -  y ) + ( t  sinat) , y i s  t h a t  v a lu e  o f  y

betw een  2“ ^L+^  and 2“L f o r  w hich th e  i n t e g r a l  i s  a 

maximum, and 2D i s  th e  r a d i u s  o f  B .

|2D2J  * — a r c  t a n
a  *10

,

aJ(

a

and w id th  o f  RL i  c ( l / 2 ^ +^) where c i s  a  p o s i t i v e

c o n s t a n t ;  t h e r e f o r e

lCml L ) - C A  c - r r  i  .

R a th e r  th a n  sum o v e r  L c o r re s p o n d in g  to  q c B O F 2 * we 

u se  th e  l a r g e r  bound

Ia<m>  ̂ I I(m,L) .
H L - l

Now exam ine . Change in d e x , l e t t i n g  s « L+l .

®  m O CD r CD 1 2
(19) T* •  I  2 I 2 (m) ±  Z  2 1 Z  I(m ,L )

* m-u+1 * m-1 U - l  J

iC A c io 2  £ * - [ ?  M j a i l 48- .
m-1 ls-2 2s aJ
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To p ro cee d  f u r t h e r  we need t o  make a c a s e  s tu d y  d ep en -
pd in g  on e s t i m a t e s  f o r  a  • R e c a l l ,

o  * 2  2
a  - ( t  c o s *  -  y ) + ( t  s in * )

*
Note t h a t  a  i s  th e  d i s t a n c e  from p i n  F^ to  q i n  Fg

* *
where p ■ ( 0 , t c o s * , t s i tw c )  and q * ( 0 ,y  ,0 )  . P c S m 30

2“m< t  and q c  hl +1 “ SL+1”SL 80 y <• 2”1' »

To d i s t i n g u i s h  t h e  fo r th c o m in g  c a s e s ,  and to  e s t a b l i s h  

th e  v a l i d i t y  o f  t h e  e s t i m a t e s  w hich come from th e  geom etry , 

p l e a s e  see  F ig u r e s  3 -5  and 3 .6  on page 3 8 .

Case I . 9 0 ° * * < 1 8 0 °

a  s / ( 2 " mc o s * -  2 " (L + 1 )) 2 + (2 "ms in « 0 2 .

Case I I . 0 °*  < 9 0 °

We s p l i t  t h i s  ca se  i n t o  two s u b c a s e s :

1 1 a ) .  F o r  ( 1 /2 L ) * ( l / 2 m)c o s a t

a  £  / ( 2 “ mc o s « t - 2 “L )^ + (2 “ ms in * ) ^  .

l i b ) .  F o r  ( 1 /2 L) >  ( l / 2 m) c o s *  

a  2  ( l / 2 L+1) s in « .  .

Case I . R e w rite  t h e  s q u a re  o f  t h e  sum o v er  s  a p p e a r in g  

i n  (19) a s  a d o u b le  sum,

( 2 0 )  £  ( A c i r ) 2  Z  2 ' “  Z  Z  — -------- ------------------------------- .
m-1 s«2 n«2 2 a (m ,s )  2 a (m ,n )
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F ig u re  3 .5  Case I  9 0 ° ^  ot -* 1 8 0 °

_L

F ig u re  5 .6  Case I I  0°  ■< <* <  90°

x

f
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L e t G be th e  g e n e r a l  te rm  o f  th e  d o u b le  sum and r e w r i t e  

i t  a s  f o l lo w s :

a .  Hfl's ll» ln
2 ^ 3 /^  + +a/,^ y a (m ,s )a (m fn)

„  i f mm____________ mug 1
-  S ^ l s ^ / a  a(nt8)a(lllin) 2n2la*n;/2 a(B>, )a(Bin)J  '

1 2 2The l a s t  l i n e  f o l lo w s  from th e  i n e q u a l i t y :  ab  & ^  ( a + b )  .

When we s u b s t i t u t e  t h i s  bound f o r  G , we o b t a i n  two sums 

which d i f f e r  o n ly  i n  n o t a t i o n  f o r  i n d i c e s .  These can be 

com bined. With some re a r ra n g e m e n t  and change o f  o rd e r  we 

h a v e :

O 00 Hilla OD CD -i
(21) T̂ , ^  (A c t r )  X ---   X {m+s)/2---------------  £  "Tm+nT72--------

4 s - 2  2 s m-1 2 t'm+SJ/2a ( m ,s )  A  2 ('m+nJ/2a(m ,n )

C a l l  t h e  sum o v e r  s ; S1 and th e  sum o v e r  n ; S2 *

U sing  th e  e s t i m a t e  o f  a  f o r  Case 1 , we have

od ,
Si £  I  1#     ^ ^

m«l _ (m + s)/2  /, ^-m « -s> 2  /-.-m i ~2 '  / /  / ( 2  c o s a  -  2 ) + (2 s i n e ;

£  I
m -l / ( 2 ( s - m ) /2 C08-t _ 2 ( m - s ) /2 ) 2 +

Change in d e x ,  l e t t i n g  J -  m-s .

ao ,
(22) S, ^  I  -------- 1

d « l - s  / ( 2 “ *^2c o s *  -  2 ^ 2 ) 2 + (2 “ ^ 2 sin« t)2 

E x tend  th e  low er l i m i t  to  - od , which makes th e  bound
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in d e p e n d e n t  o f  s  . L e t D . be th e  e x p r e s s io n  under  th eu
r o o t  s ig n  above . Upon s q u a r in g  and a d d in g ,  we f in d

(25) Dj -  2"^ -  2 cose t + 2^ .

F or  90° ±  at S  180° t -2  c o s *  *0  . Dq « 2 ( l - c o s * )  t and

f o r  a l l  non ze ro  j  , Dj >  2 ^  . Hence, com bining th e  

sums o v e r  p o s i t i v e  and n e g a t iv e  j  , we h a v e ,  in d e p en d en t 

o f  s  ,

2 ( l - c o s * )

2 (1 -c o s * )

The same bound h o ld s  f o r  S2 , in d e p e n d e n t  o f  m , so from 

(21) we g e t

t^  ^  (Ac rr)2 [  i 1 + — ^— 1 \\$\\? .
4  L / 2 U - C O S * )  fz -  i j  "

T h is  co m p le tes  Case I .

Case I I . The ra n g e  f o r  Case H a ) ,  2” L sS 2“ mc o s *  , can  be

e x p r e s s e d  a s  2m i  2^ 2 ^0®2C0S"* . S in c e  l o g 2Cosot i s  

n e g a t i v e ,  d e n o te  i t  - b  . Then m 4  L -£b] o r  e q u i v a l e n t l y  

m + CbJ -  L • We can  s p l i t  th e  sum (19) t h a t  bounds T^ a s  

f o l l o w s :

T4 * ( A c-n-)2 I  2 - " T r D>1‘ 1 + £  M ! U
m-1 [ l - 1 2 a  L-m+fb] 2L+1

C a l l  th e  f i r s t  sum i n  th e  p a r e n th e s e s  ( which
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c o r re s p o n d s  t o  Case l i b )  and th e  second  S2 ( which c o r r e ­

sponds to  Case I l a ) .  By ( 2 ) ,  f o r  n * 2 , we o b ta in

(2 4 )  T . -  2(A c * r )2 [  I  2 “mS2 + Z  2 “mS2l  .
* I m-1 1 m«l J

C a l l  t h e  f i r s t  sum and th e  second  •

'  5? ,-m  2  W»L*1 1
2 ’  A  L-m+ [bj 5  •

Now u se  th e  e s t im a te  o f  a f o r  Case I l a )  and ex ten d  th e  

low er in d e x  to  L -  1 .

.  2  - m  2  * H l+ 1  1s ? =  2. 2 2,  TTT 1 — =:----
m-1 L .1  a 1-*1 / ( 2- » co e«  -  2 - L) 2 ♦ ( 2 - “ s i n « ) 2

M u l t ip ly  th e  d en o m in a to r  by 2 1 *2” i  to  g e t

82 - n i l 2 A  T p s r j
c o s « - 2 " L _ 1 ) 2 + (2"m-1s i n * ) 2 

Change in d e x , l e t t i n g  a -  L+l and r e p l a c i n g  m+1 by m ; 

th e n

a'2 i l  a “ ” I  ^  _ i -------- -----------=  •
m‘ 2 a’2 2 / ( 2-ac e a < -  2”s )2 ♦ ( a 'S in . ) 2

The sum h e re  i s  bounded by t h a t  i n  Case I ,  (1 9)1 ( 2 0 ) ,  

which l e a d s  t o  ( 2 1 ) ,  hence

(251 s '  -  ?  M  ?  1 2  1
2 “  s - 2  2 s  m-1 2 lm+8>/ 2 a (m ,s )  n -1  2 tm+nJ/Sa (m ,n )

Denote th e  sum o v e r  m a s  S . J u s t  a s  b e f o r e ,  ( 2 2 ) ,  ( 2 3 ) ,
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we obtain
CD

s  -  I
a—® Jz-i . 2cos«« + 2*

o n ly  now co s« c£  0 .  L e t  D. d e n o te  t h e  e x p r e s s io n  u n d e rU

th e  r o o t  s i g n .  DQ ■ 2 ( l - c o s a t )  , * D_^ ■ (5 /2 )-2 c o s« t  2 1 /2 ,

and  f o r  j  e  2 ,

- 2**"1(2 + 2"2^+1 - 22“^coe«0 >  2^_1 .

T h e r e f o r e ,  s p l i t t i n g  o f f  th e  te rm s  f o r  DQ, D^, and

com bin ing  th e  sum f o r  |d l & 2  , we h a v e ,  in d e p e n d e n t  o f  s , 

o  ^  1 . ^ 3 /2  . „  ?  1
8 -  + 2 + 2 &  a U - T r a

 ■. + & *  + 2 _  .
y 2 ( l - c o s « )  j2 - 1

The same bound h o ld s  f o r  th e  sum o v e r  n i n  (25)« in d e p e n ­

d e n t  o f  m , so  from  (25) we g e t

(26) S' < , L .  i.   ♦ | * | g  .
d | / 2 ( l - c o s « 0  / 2  -  1 J *

Now c o n s id e r  , (24-). U sing  th e  e s t im a te

a  B ( 1 / 2 L+1) s i n  at , f o r  Case l i b ) ,  and l e t t i n g  s  - L+l ,

we o b t a in

< • i  E?r 9  -h*
1  £  - m  m + C b J  n + r a  M a m  m a m< -V 2 2 z, £, W. M«n •a m  at m-1 s -2  n -2
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R e w rite  t h e  g e n e r a l  te rm  o f  th e  d o u b le  sum t h u s :

I,,., iu ii  m l  m i  - i  n w 6  , m i  l
l»Hs IWIln ‘  2 ( s - n ) A  2 ( n - s 5 A  |_2 U - n ) / 2  + 2 ( n - s ) / 2 | -

When we s u b s t i t u t e  t h i s  i n t o  th e  bound f o r  , we g e t  two

sums w hich d i f f e r  o n ly  i n  th e  l e t t e r s  u se d  f o r  th e  i n d i c e s .  

Combining t h e s e ,  and ch an g in g  t h e  o r d e r ,  we g e t

® H il l  s  i/ 1 lit IIfl 1 » • 1
S l S  ^  m i-C b ] 2 ^ - * V 2  n? 2 ^S=K 773 ■

Change in d e x ,  l e t t i n g  j  ■ m-s and  k -  n-m .

a ' - *  i  ? M  S  i  W  i
1 — s i n 'V  8 -2  2 s  J — [b] 2 j / 2  k?2-m *2^75

Bach o f  t h e  l a s t  two sums i s  bounded by

?  1 ^  ^2 + 1
j « - G D  2 ^  ”  fz - 1

hence

S u b s t i t u t i n g  (26 )  and (2 7 )  i n t o  (24) y i e l d s  

,2S  2(A c7rV — 1— + wi 5  •s i n 'tllJ2 - l j  | / 2  ( 1 -c o s * )  /sT - l j

T h is  c o m p le te s  Case I I  and  F a r t  2b) Case 1 .

The id e a  o f  th e  n e x t  p a r t  o f  th e  p ro o f  i s  t o  show t h a t  

’|K $(p ) | , f o r  a s u r f a c e  w i th  g e n e r a l  f a c e s ,  i s  bounded by a 

c o n s ta n t  t im e s  t h e  i n t e g r a l  bounding  i n  th e  c a se
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j u s t  t r e a t e d ,  i n  w hich th e  s u r f a c e  i s  p l a n a r  n e a r  th e  e d g e s .

P a r t  2 b ) . Case 2 . No more th a n  two f a c e s  meet a t  any edge 

o f  Z  • E v e ry th in g  i s  a s  i n  Case 1 e x c e p t  t h a t  th e  a d ja c e n t  

f a c e s  F^ and Fg need  n o t  be p l a n a r  anyw here . We need

t h e  f o l lo w in g  p r e p a r a t i o n s .

L e t  pQ be any edge p o i n t ,  n o t  a  c o r n e r ,  o f  an a r b i ­

t r a r y  f a c e  P . By h y p o th e s i s  th e  norm al v e c t o r  a t  any

i n t e r i o r  p o in t  p o f  f a c e  F ap p ro ac h e s  a  l i m i t i n g  v a lu e  

N a s  p a p p ro a c h e s  pQ from w i th in  F . L e t  “7T(po ,F )

d e n o te  t h e  p la n e  p e r p e n d i c u la r  t o  N a t  P0 • T h is  p la n e  

p o s s e s s e s  th e  u s u a l  p r o p e r t i e s  o f  a  t a n g e n t  p la n e  f o r  

p o i n t s  i n  f a c e  F • Now, d e n o te  by pQ th e  n e a r e s t  edge

p o i n t  t o  p . The a d j a c e n t  f a c e s  a t  p Q , and F2 ,

have t a n g e n t  p la n e s  and -lK p0 ,F 2 ) * C a l l  th e s e

s im p ly  *77̂  and Tfc, .

L e t  p7 be th e  o r th o g o n a l  p r o j e c t i o n  o f  p onto 77^

and qf th e  o r th o g o n a l  p r o j e c t i o n  o f  q o n to  . See

F ig u r e  5 .7  on page 95• L e t  <* be th e  d i h e d r a l  a n g le  be­

tw een  *77̂  and  77̂ , . L e t  o l '  be th e  a n g le  p/ p0 q/ , p  th e

a n g le  p Q p7 q  , and ^  th e  a n g le  pQ q/  py . Denote |p -P 0l

by t  and |p Q~q/ | by &  • From th e  law o f  s i n e s  in  t r i a n g l e

p/ p Q q , and 0° ̂  o/#, p , ^ < 1 8 0 °  , we o b t a in :
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F ig u re  3 .7
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S  t  ain £  - 1 .  ̂ 1 t
vjt * s i n  s in * t '  * "  — sin«c"" pq'pq «*

t _ s i n r  ^  1 *. ^  1_
V q '

r j _/ * s in « t '  “  s in** ' * ^ *  s ln e p  *

From Lemma 2 . 1 ,  and th e  above r e l a t i o n s ,  we o b ta in

r /  &  c t 2 i  — %*- r 2/ / ; r  / £ C f 2 £  — r 2/ / ,
PFr s in V  pq qq s i A '  pq

where c i s  a  p o s i t i v e  c o n s t a n t .  Now, o b se rv e  t h a t

lr «« -  r / / I  r  / + r  /I pq pq* — pp qq

2c _2
16 — V q 'am

^  i  ^
-  2  ’

The l a s t  l i n e  f o l lo w s  f o r  b a l l  B , hence r „ A / , s u f f i c i e n t l ypq
s m a l l .  T h e r e f o r e ,

i r W * r p q * 2 1W  •
T h is ,  t o g e t h e r  w i th  (15)* g iv e s

|K (p ,q ) |  jg ^r~ — * 
r pq

S uppose , q » f ( q )  i s  th e  l o c a l  r e p r e s e n t a t i o n  o f  Fg 

w ith  r e s p e c t  t o  7)g . Then, f o r  an  a p p r o p r i a t e  p o s i t i v e  

c o n s t a n t  c :

f  M(q) l  | K ( p , q ) |  d c ( q )  f  f o u ( q )  ) |  <ta-(q') .
2 ^*2 r pq



-97-

The ty p e  o f  i n t e g r a l  on th e  r i g h t  was t r e a t e d  in  P a r t  2b)

Case 1 ( 1 8 ) .  I t  l e a d s  to  a  c o n t r i b u t i o n  t o  iM lly t h a t  

i s  bounded .

P a r t  2 b ) . Case 3 . I  i s  an  a r b i t r a r y  C m an ifo ld  w ith  

c o r n e r s .  L e t  p0 be a c o r n e r  p o in t  o f  £  and B a  b a l l

o f  r a d i u s  2D ab o u t  pQ . F o r  m >  u  , l e t  p be an

a r b i t r a r y  p o in t  i n  (Sm-S u ) f i B  . D enote t h e  f a c e  c o n ta in in g

p by F^ and th e  a d j a c e n t  f a c e s  a t  pQ by F2 , F ^ , . . . ,  Fn .

S p l i t  th e  i n t e g r a l  o v e r  (Z -F ^ )A B  and  w r i t e  i t  sym boli­

c a l l y  t h u s :

f  M(q)llK(p,q)| d v ( q )  ■ f  + f  + . . . +  f
J ( I -F jJ r tB  JF jftB  J F nflB

L et th e  supremums o v er  p € ( S m-S u ) n B  o f  ea ch  of th e  i n t e ­

g r a l s  on th e  r i g h t  be d en o te d  by H2 (m ) , . . . ,Hn (m) . 

d e n o te s  t h e i r  c o n t r i b u t i o n  to  IlKtylj;. ( c f .  ( 8 ) ) .

T? -  I  2 ~ m f H p ( m )  +  H , ( m )  + . . . +  H _ ( m ) l  2  
*  m - u + 1  1 d  5  n  J

£ n [  £  2 " m h | ( b )  +  . . . +  £  2 - m H j j ( m ) |
Lm«u+1 * m«u+l n J

by i n e q u a l i t y  ( 2 ) .  Each o f  th e  sums i n  t h e  p a r e n th e s e s  was 

shown t o  be bounded, by th e  a rgum ents  o f  P a r t  2b) Case 2 .

L e t t i n g  Cj MU y d e n o te  t h e  b ounds , we have



-9 6 -

n
where c., ■ n T  c .  . T h is  i s  th e  l a s t  e s t im a te  we needed  

4 d-1  J
2

to  show. The boundedness  o f  T^ was u sed  i n  th e  argum ent 

l e a d in g  t o  t h e  boundedness o f  ||K<M2 , ( 1 4 ) .  T h is  f i n i s h e s  

th e  p ro o f  o f  Theorem 3 -1 .

3 .3  Compactness o f  K and f o r  Z sm ooth.

Theorem 3 .2  As a  s p e c i a l i z a t i o n  o f  th e  C m an ifo ld  Z
( c f .  S e c t io n  1 . 2 ) ,  suppose  a l l  o f  Z  smooth ( C ) .  The 

f a c e s  o f  Z a r e  now s e c t i o n s .  Then, K and a r e  com­

p a c t  o p e r a t o r s  on th e  sp a ce  W(J) *

P r o o f . We w i l l  work w ith  K th ro u g h o u t  t h e  p r o o f .  The

d e m o n s t r a t io n  h o ld s  word f o r  word w ith  i n  p la c e  o f  K .

L e t S * [ f j ]  be a  bounded sequence o f  f u n c t i o n s ,  

s p e c i f i c a l l y ,

(1) llfjlyi <0 .
We must show t h a t  th e  seq u en ce  o f  f u n c t io n s  i a

com pact, t h a t  i s ,  t h e r e  i s  a c o n v e rg e n t  subsequence  i ^ n ]

i n  th e  W2 norm. We a l r e a d y  know t h a t  {Kf j}  C  W(J) by 

Theorem 3*1*

Prom ( 1 ) ,  c2 a  * Z 1 ^ l ^ j H m  * we o b ta in  th e

bound

( 2 )  l l f j l l , ,  £  2 b / 2  c  .
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Prom (3 )  o f  Lemma 3*1 *we o b ta in ,  l e t t i n g  r  d e n o te  th e  

c o n s ta n t  kc , a  bound on th e  L1 norm o f  f ^ :

(3 )  | f 3M  * llfjllw * r  •

By Lemma 2 .5 ,  f o r  f « C ° n L 1 ( £ ) ,  i s  bounded a s  f o l ­

low s:

||KfHm ^  a | | f ||m+1C  + ^2 | |f | | ,

where a ,  b ,  and € (m ) a r e  p o s i t i v e  c o n s t a n t s .  R e p lac in g  

f  by f j  and u s in g  th e  bounds (2 )  and ( 3 ) ,  we have

W  ||Kf ̂ 11  ̂ * a  2 ( ” +1^ 2 c €  + ± 2 t .

T h e r e f o r e ,  IlKf^)^ i s  u n i fo rm ly  bounded f o r  a l l  •

By Lemma 2 .1 9 ,  f o r  £  smooth (C2 ) and f  CW(2)» th e  fu n c ­

t i o n  Kf i s  H Slder c o n t in u o u s  on S , a s  f o l lo w s :m

f o r  px , p2 i n  Sn and |P1~P2 | JS l / 2 m+1 ,

(5 )  |K f (P l ) -K f (p 2 )| « ( c } | f | l m+1 + c4 | | f | |w + =5 l | f | l ) |p 1- p 2 | 1 / 4 ,

where th e  c o n s t a n t s  c ^ ,  c ^ f c^ a r e  in d e p e n d e n t  o f  f  and

m . R e p lac in g  f  by f ,  th e n  u s in g  ( 1 ) ,  ( 2 ) ,  and (3 )  weJ
have

(6 )  |K fJ (p 1 ) -K f<1(p2 ) | S ( c }2 Cm*1 ) / 2 o + c4 c + o 5r ) | P l - p 2 | 1 /4

where a^ i s  a  p o s i t i v e  c o n s t a n t .  T h is  shows t h a t  th e  

sequence  o f  f u n c t i o n s  fKf.,1 i s  e q u ic o n t in u o u s  on S
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T h is ,  t o g e t h e r  w i th  th e  u n ifo rm  boundedness  o f  on

Sn , 0 0 ,  y i e l d s  by A s c o l i ' s  theorem  th e  e x i s t e n c e  o f  a 

su b seq u en ce  o f  u n i fo rm ly  c o n v e rg e n t  on Sm . De­

n o te  t h e  subsequence  by T h is  i s  t r u e  f o r  each

m “ 1 , 2 , 3 , * * •  *

C o n s t ru c t  a d ia g o n a l  sequence a s  fo l lo w s*  L et Kf-^

be t h e  f i r s t  f u n c t i o n  o f  {Kf}^ * K̂ 2 secon<* f u n c t io n

of { K f ^  80 on* D enote th e  r e s u l t i n g  sequence by

^Kfn l  • I t  i s  co n v e rg e n t  on each  Sm f o r  m -  1 , 2 , 3 , . . .

i n  th e  c o r re s p o n d in g  norm. L e t  g be t h e  f u n c t io n  t o  which 

[K fn } c o n v e rg e s .  By th e  su p .  norm co n v e rg en ce  on Sm ,

g € C°(S ) .  T h is  i s  t r u e  f o r  ea ch  , h en ce  g « C °(2 )  . in m

The convergence  o f  Kfn  to  g i n  e a c h  m norm im p l ie s

Cauchy convergence  on each  s e t  Sm . T h a t i s ,  g iven  an €  ,

t h e r e  i s  an  N(m) d ep en d in g  on m , such  t h a t ,  f o r  n ,  m

g r e a t e r  th a n  N(m) , |K f €  , where Kfn and Kf^

a r e  f u n c t i o n s  from {Kfn J • In t ro d u c e  th e  n o t a t i o n  h - f ^ f ^ .

From (2 )  we o b t a in  t h e  bound

M »  -  M m  + *  2 2 ( a + 1 ) /2 c

S i m i l a r l y ,  (h |l g  2 r  and ||htlw i  2c . U sing  th e s e  bounds in

(3 )  p r o d u c e s ,  where a2 * 2a^ ,
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(7 )  |K h(P l ) -  KU(p2 ) |  S » j  .

Now we s t a r t  a  developm ent t h a t  w i l l  show Cauchy co n -  

v e rg e n c e  o f  Ix f n ] i*1 t'ke w norm. F i r s t  we need t o  i n ­

c r e a s e  th e  a l lo w a b le  d i s t a n c e  betw een p ^ , pg i n  ( 5 ) ,  ( 6 ) ,

(7 )  which h o ld  f o r  p ^ ,  p2 i n  Sm and |p 1- p 2 l a  i / 2“ +1 .

L e t  s ^ ,  s^  be p o i n t s  i n  Sm and | s 1- s ^ |  £  l / 2 m .

L e t  s 2 » s^  be i n t e r m e d ia t e  p o i n t s  on th e  a r c  ( s h o r t e s t

p a th )  a ^ s^  so  t h a t  |S j - s . .+1 | £  ( 1 /2 )  |s 1—8^| f o r  J - 1 , 2 , 3

(F o r  m s u f f i c i e n t l y  l a r g e  t h e s e  p o i n t s  e x i s t . )  Then,

3
| K h ( s 1 ) - K h ( 8 2 ) |  ■ £. f  | K h ( s ^ ) - K h ( S j + 1 ) |

£ a2 2 < - l V 2  5 ( 1 / 2 )1A K . s4 , 1 A  .
1 / i L

L e t 8 j  « a2 J 2 '  . T hus , we o b ta in  f o r  p ^ , p2 m  Sm

and j p ^ P g l  ^  l / 2 m,

(8 )  |K h(P l )-lQ l(p2 ) | a  a ? 2m/2 | P l -H2 | 1 /4  .

To f i n d  an e s t im a te  f o r  th e  g row th  o f  ||Khllm as  m i n ­

c r e a s e s ,  we w i l l  i n v e s t i g a t e  t h e  geom etry  o f  t h e  system  o f  

s e t s  (Sm) • F ig u re  3 .8  on page 102 i l l u s t r a t e s  a  f a c e  o f  

E  • Because S i s  c l o s e d ,  |lKh|L ■ sup |K h(p ) | i s
P « Sm
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g ig u r e  3 .8  a f a c e  o f  £  .



-1 0 5 -

a c h ie v e d  a t  aome p o i n t  s * S m - S i m i l a r l y ,  WKhll,^ i s

a c h ie v e d  a t  some p o i n t  t  « Sm*l • Note t h a t  a and t

may be on d i f f e r e n t  f a c e s .  I f  t « S ffl th e n  l|Kh(lm e q u a ls

llKh|| ^ , hence e s t im a te  ( 1 1 ) ,  t h a t  we a r e  w orking to w a rd s ,

i s  c e r t a i n l y  s a t i s f i e d .  O th e rw ise ,  and more im p o r ta n t ly ,  

assume i - S m * I ,e t  be P0*11'*' i R c l o s e s t

t o  t  • Because s '  i s  a l s o  i n  Sm+^ t we can  u se  th e

H o ld er  c o n t i n u i t y  (8 )  to  o b ta in

(9 )  |K h ( t ) -K h (s ') |  i  a ? 2 (m+1)/2 l t - ^ 1 1^  •

S in c e ,  |K h (^ ) | £  |K h (s ) |  £  |K h ( t ) |  , i t  f o l lo w s  t h a t

(10) |K h ( t ) |  -  |K h(s) | £  |K h(t) | -  (KliCs^l .

U sing  ( 9 ) ,  ( 1 0 ) ,  t h e  d e f i n i t i o n s  o f  s  and t  , and

11—8* I ±  w id th  o f  Sm+^ « l / 2 m+1 , we have

(1 1 )  l|Kh|lm+1 -  |lKh|lm £  a j  2 (m +1)/2 ( l / 2 m* 1 ) 1 /4

- a } .
E q u i v a l e n t l y ,

I M I ^  £  l|Khllm + S j  2 ( m t l ) / 4  .

Then, by i n d u c t i o n ,  we o b ta in  a  g row th  r e l a t i o n :

(1 2 )  £  IDCh|lm + a } 2m /4[21 / 4  + . . . +  2J /4 ]

£ ||K h |lm + a  2<»+J ) / 4  ,

where a  -  (a^  21 / 2 ) / ( 2 1 /4 - l ) .
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2
Now c o n s id e r  t h e  W norm o f  Kh :

HKhil2 -  I  2“mllKh|l2 ^
Dal

L e t  r  be a  p o s i t i v e  i n t e g e r  t h a t  we w i l l  choose l a t e r ,  

and s p l i t  th e  sum.

IlKhHg -  Z  2 - m||Khl|2 + Z  2 " ( r + J ) l|Kh|(2 .
w m-1 m j - 1  r+ J

C a l l  t h e  f i r s t  sum and t h e  second  sum T2 •

T2 -  ^ [ * - ( r t a ) / 2 [ £  2 - ( r *J ) / 2 UKhllr+Jl 2 .

C a l l  t h e  sum i n s i d e  t h e  p a r e n th e s e s  , and u se  th e  grow th  

r e l a t i o n  (12) t o  e s t im a te  i t .

T? i  2“ r̂+J')/2p|Kh||r + a 2 r̂+ii)/4j

£, 2"r / 2 |Kh|| I  2"J /2  + a 2~r / 4  £  2~J / ^ 
r  d-1  3«i

5  ^  2 " r / 2 ||Kh||r  + a  c2 2_ r A  ,

where c ^ ,  c2 d e n o te  th e  sums o f  th e  g e o m e tr ic  s e r i e s .

Now we w i l l  show t h a t  |K h ||^  , w hich i s  th e  same a s  

||Kfn-K fk ||y , i s  a r b i t r a r i l y  s m a l l ,  f o r  n ,  k l a r g e  enough. 

G iven an *  , choose  r  l a r g e  enough t h a t  a c 2 2~r ^ ^  c  • 

W ith r  now f i x e d ,  choose n ,  k s u f f i c i e n t l y  l a r g e  t h a t  

cx 2 " r / 2 |Kh]|r  -c € , and ||Khllr  < . €  .  Then Tg *  T2 *  4 « 2 ,
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and by th e  n a tu r e  o f  t h e  su p .  norm |K h |n - e . e  f o r  ev e ry

m &  r  , so  T1 c 2 £  2_m € 2 • G a th e r in g  th e  e s t i -
m-1

O 5
m a te s ,  we o b t a in  ||Kh||y 5 C * T h is  c o m p le te s  th e  p ro o f

p
t h a t  i a  a  Cauchy sequence  i n  th e  W norm. By

c o m p le ten ess  (Lemma 5 -2 )  t h e r e  i s  a f u n c t i o n  g fiW (J)  such  

t h a t  |K f n-g | |w —♦O . T h is  must be th e  same f u n c t io n  g

to  w hich th e  d ia g o n a l  sequence  c o n v e rg e s ,  b ecau se  c o n v e r-

2gence i n  th e  W norm im p l ie s  convergence  i n  each  m norm. 

T h is  c o m p le te s  th e  p ro o f  o f  Theorem 3*2.

3 -4  N o rm a l iz a t io n  o f  Q, K. . P redholm  A l t e r n a t i v e .

We w ish  t o  n o rm a l iz e  Q (hence  K and K ^). T h is  

n o r m a l i z a t io n  w i l l  be i n  e f f e c t  h e re  and i n  C hap ter  5 . L e t

Q -  ( e ^ wr) / 2 t T r  . Hence, th e  new o p e r a t o r s  K, e q u a l

th e  o ld  o p e r a to r s  K, d iv id e d  by 2 TT .

By Theorem 3 .2 ,  f o r  Z smooth (C2 ) ,  K and a r e

compact o p e r a t o r s  on W(£), so th e  Fredholm  A l t e r n a t i v e  

(F .A .)  [\1\ h o ld s  f o r  th e  p a i r  o f  e q u a t io n s :

A. v -  ( ± 1  + K)u and X « ( ± 1  + K*)Y 

where v ,  u « W (£ )  and X, Y«W (2)* .

The F .A . a l s o  h o ld s  f o r  t h e  p a i r  o f  e q u a t io n s :

B. v ■ ( i  I  + K ^ u  and X - ( i l  + Kt # )Y. .

The n e x t  lemma w i l l  p ro v id e  us w i th  a  p r a c t i c a l



-106-

c r i t e r i o n  f o r  s o l v a b i l i t y  o f  th e  p a i r  o f  e g u a t io n s  A. F or 

an  o p e r a t o r  T l e t  R(T) d e n o te  i t s  n u l l s p a c e .

Lemma 3 .3  NU+K11) -  Ntl+K*) .

P r o o f . L e t  a ( q ) ,  b (q )  d e n o te  f u n c t io n s  i n  W(2) .  By 

Lemma 3 .1  t h e y  a r e  i n  L ^ (2 ) ,  so  J  a (q )b (q )d * -(q )  e x i s t s

and d e f i n e s  a  p a i r i n g  < a ,b >  . b * W (£ )  can  be tho u g h t o f

a s  a  l i n e a r  f u n c t i o n a l  a  i-»<a,b> a c t i n g  on th e  f u n c t io n  

a « W (2 )  .

Claim 1 . can  be c o n s id e re d  a s  an  o p e r a t o r  on some o f

th e  f u n c t i o n a l s  o f  W(2) t th e  c o n ju g a te  o f  W(2) • <a,K t b>  

a g re e s  w i th  K b ( a )  , and

(1 )  dim NCI+K*) 4  dim N(I+K*)
* .

P ro o f  o f  th e  c l a im . The d e f i n i t i o n  o f  K b  i s  K b ( a )  »

b(Ka) . Now o b s e rv e  that**

(2 )  < K a,b>  -  [ (K a ) (p ) ]b (p )  d < p )

- j^ ^ a (q )K C p lq) do*(q)J b(p) d < p )

-  a ( q ) b (p ) K ( p ,q )  d«*(q) d < p )

• J/t b(p)K(p,q) d<p)J a(q) de<q)

-  J  [(Kt b ) (q ) ]  a ( q )  d e (q )

< a 1Kt b> .

We j u s t i f y  th e  change o f  o r d e r  o f  i n t e g r a t i o n  a s  f o l lo w s .  

ByTheorem 3 -1  f o r  a € W (£ ) ,  J ^ |a ( q ) | |K ( p l q ) | dw(q) <  W(2) ,
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hence t h e  f u n c t io n  d e f in e d  by th e  i n t e g r a l  i s  a sq u a re  i n t e -  

g r a b l e  f u n c t io n  o f  p ,  by Lemma 3*1• T h e r e f o re ,

f J  |a (q ) | |K (p ,q ) |  de<q) |b (p)[ dw<p)

e x i s t s .  T h is  i s  s u f f i c i e n t  t o  j u s t i f y  t h e  in te rc h a n g e  of 

o r d e r  o f  i n t e g r a t i o n  i n  (2 ) (consequence o f  P u b i n i ' s  Theorem

[6] * p . 362)

We d o n ' t  know t h a t  a l l  th e  l i n e a r  f u n c t i o n a l s  i n  W(£) 

can  be r e a l i z e d  by th e  p a i r i n g  < a ,b >  , b u t  we can co n c lu d e  

t h a t  N(I+K^) £  N(I+K ) , and hence

(3 )  dim NCI+K*) £  dim N(I+K*) .

Claim 2 . K can be c o n s id e r e d  a s  an o p e r a t o r  on some o f

th e  f u n c t i o n a l s  o f  W(2) , <a,K b> a g r e e s  w ith  K ^b C a)  , 

and

(4 )  dim N(I+K) ±  dim NU+K**) .

The p ro o f  i s  s i m i l a r  to  t h a t  g iv e n  f o r  Claim 1 .

The F .A . [17] a p p l i e d  t o  th e  p a i r  o f  e q u a t io n s  A 

y i e l d s

(5 )  dim N(I+K*) -  dim N(I+K) ,

and F .A . a p p l ie d  t o  th e  p a i r  o f  e q u a t io n s  B y i e l d s

(6 )  dim -  dim NCI+K11) .

T h e r e f o r e ,

dim N(I+K*) -  dim N(I+K) -g dim N CI+K ^) * dim Kd+K*) 

by (5 )  i M i  and ( 6 ) ,  hence
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dim N(I+K*) S  dim NCI+K11) .

T h is ,  t o g e t h e r  w i th  (3 )»  im p l ie s

dim N(I+K^) -  dim N(I+K*) .

S in ce  th e  domain o f  I+K^ i s  a  s u b s e t  o f  th e  domain 

o f  I+K , and dim N(I+K^) « dim N(I+K ) , we conc lude  t h a t  

NU+K*) -  N(I+K*) .

By re p la c e m e n t  o f  I  by - I  th ro u g h o u t  th e  p ro o f  o f  

Lemma 3«5 we o b ta in  t h e  f o l lo w in g  r e s u l t .

C o r o l la r y  3 .3  NC-I+K11) -  N(-I+K*) .

The F .A . a p p l i e d  to  th e  p a i r  o f  e q u a t io n s  A , t o g e t h e r  

w ith  C o r o l la r y  3*3*g iv e s  th e  l a s t  r e s u l t  o f  th e  c h a p te r .

Lemma 3 .4  F o r  Z  smooth (C2 ) and th e  o p e r a t o r s  K, 

d e f in e d  on W(Z), v ■ ( - I+ K )u  h as  a s o l u t i o n  u , i f  

< v fY> * 0 ,  f o r  a l l  s o l u t i o n s  Y o f  0 » ( -I+ K t )Y .
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C h ap te r  Four 

K, on th e  sp a c e s  L °^ 2 ) ,  L ^ (J )

4-.1 Boundedness o f  o p e r a to r  K on L " t o .

Lemma 4-.1 T here  i s  a  p o s i t i v e  c o n s ta n t  c such  t h a t

/  |k ( p *q)I d » (q )  ^  c

f o r  a l l  p C £  .

P r o o f . We w i l l  c o n s id e r  t h r e e  c a s e s .

Case 1 . p i s  n e a r  an edge b u t  n o t  a  c o r n e r .

Case 2 .  p i s  n o t  n e a r  an edge n o r  a c o r n e r .

Case 5* P i s  n e a r  a c o r n e r .

Case 1 . L e t  p Q be an edge p o i n t  o f  Z  . By h y p o th e s i s

th e  norm al v e c t o r  a t  p < £  ap p ro a c h es  a  l i m i t i n g  v a lu e  N 

a s  P—*P0 from  w i th in  a  f a c e  F . L e t 7T(p0,F )  d en o te

th e  p la n e  p e r p e n d i c u l a r  to  N a t  PD • T h is  p la n e  p o s ­

s e s s e s  t h e  u s u a l  p r o p e r t i e s  o f  a ta n g e n t  p la n e  f o r  p o in t s

i n  f a c e  F . L e t  F^ and F2 be th e  a d j a c e n t  f a c e s  a t  p0
and TTCp0 ,F1) , 'TrtpQ^Fg) th e  c o r re s p o n d in g  p l a n e s .  From

h e r e  on , c a l l  them s im p ly  77^ and 77̂  •

L e t  B be a b a l l  o f  r a d i u s  h a b o u t p0 and l e t  p

be a  p o in t  i n  . By Lemma 2 . 1 ,  th e  d i s t a n c e  by which

a  p o in t  p i n  7^ d e p a r t s  from i t s  p r o j e c t i o n  o n to  p la n e
o

77  ̂ i s  0 ( t  ) where t  i s  t h e  d i s t a n c e  from  p t o  P0 •
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S i m i l a r l y ,  f o r  a  p o in t  q c F 2 r>B a t  d i s t a n c e  s from pQ ,
  O

d C q i-n ^ )  * ° ( a ) * F ig u re  4 .1  on page 111 i l l u s t r a t e s  t h e

s i t u a t i o n .  L e t d e n o te  th e  a n g le  betw een 77^ and 77*2 •

Note t h a t  0 <  o t-< 7 r  and r e g io n  R i n  F ig .  4 .1  may be in  

d i t h e r  t h e  i n t e r i o r  o r  e x t e r i o r  o f  £  •

F ig u re  4 .2  on page 111 i l l u s t r a t e s  th e  s p e c i a l  c a s e ,  

w hich we w i l l  h a n d le  f i r s t ,  where th e  f a c e s  a r e  p l a n a r ,  

t h a t  i s , F-  ̂ « 77^ and F2 -  77*2 . L e t  T * 1T̂  t\ 7Tj *

C o n s id e r  a  r e c t i l i n e a r  c o o r d in a te  sy stem  w ith  xy p la n e  

e q u a l  t o  77^,, th e  x a x i s  p a r a l l e l  t o  T and th e  z a x i s

th ro u g h  p • In  t h i s  c o o r d in a te  sy s te m , th e  outw ard norm al 

v e c t o r  t o  7T, i s  Nq ■ (0 ,0 , - l )  , and th e  v e c to r  r  « q -p

i s  g iv e n  by ( x ,y , - t s i n « ( )  .

K(P„) - «iWrtiwr-l) g . , .
r ^  4

L e t

F (p )  -  /  |K (p ,q ) |  do<q) ,
«'Bfl7T2

w hich we p r e f e r  t o  w r i t e  i n  p o l a r  c o o r d in a t e s  , where

■ x2+y2 • L e t  A (r)  -  e iw r ( i w r - l )  and l e t  A be a

bound on |A (r) | .

f f  A (r)  t  s i n *  *  d *  dO
F (P ) JJ*n1r2

*  A l t e i n . l l  [ ZY h  a  f  * *  f
Jo  Jo  Cp^+t s i n  «()5/
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Figure 4,1

F ig u re  4 .2  F^ i s  s e e n  on ed g e .
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F (p )  i  2 trA  |ts in«(l 1 1
( t  s i n c*t) 

1
( 4h2+t ^ s  i n 2*.)T72

-  2 -fTA 1

<  2'W'A .

Note t h a t  F ig .  4 .2  shows •< between 0 and IT/2 h u t  th e

e s t im a te s  h o ld  f o r  0 <■ «( <■ •n- .

Now, we c o n s id e r  F1 and F2 n o t  n e c e s s a r i l y  p l a n a r .

We a r e  s t i l l  t r e a t i n g  F (p )  -  f  |K (p ,q ) |  d«<q) f o r
j B A P2

p C F ^ A B  . As s t a t e d  e a r l i e r  i n  th e  p ro o f  d (p i i i^ )  ■ 0 ( t 2 )

and dCq,*!!-,) h a s  o r d e r  eq u a l  t o  th e  sq u a re  o f  d ( p Qtq) ,

2 2t h a t  i s ,  d(q,l£>) » 0 (x  + (y+ tcos«0  ) .  Based on th e s e  e s t i ­

m ates we w r i t e

From Lemma 2 .3*  th e  u n i t  norm al v e c to r  a t  q can  be ex­

p r e s s e d  a s

We u se  th e  f a c t  t h a t  x and y a r e  o f  o r d e r  f  * combine 

te rm s  o f  th e  same o r d e r , and a b so rb  te rm s o f  h ig h e r  o r d e r

(1) r  ■ ( x ,y , t s i n « c  + 0( t 2 ) + 0 (x2+ (y+ tcos« t)2 ) )

Nq -  ( 0 ( d ( p o , q ) ) t O (d(p0 , q ) ) t 0 ( 1 ) )

where

•  / x  + (y + tc o s* ) '

A |x| + |y | + t t c o s * |

x  + ( y + tc o s«0 « + 2y tcos« t + t  cosnw. .

Now c a l c u l a t e  r  • N i n  te rm s  o f  o rd e r s  o f  m agnitude



-1 1 3 -

i n t o  th o s e  o f  lo w er  o rd e r  t o  o b ta in

r -N q -  0Q>2 ) + 0 ( P ) 0 ( t )  + 0 ( t )  .
O

Now exam ine r  . From (1 )  we w r i t e

r 2 -  P 2 + [ t s i n *  + 0 (P2 ) + 0 ( t 2 ) + 0 ( p )0 ( t ) J  2
-  CP2 + t 2s i n 2* )(1 + 0 ( t )  + 0 (P ) + 0(P )0 ( t ) )  

Because t  and P  a r e  bounded and in d e p e n d e n t ,  we ab so rb  

th e  0 ( P ) 0 ( t )  te rm  i n t o  0 ( t )  + OCf) . N e x t ,  u se  th e  d e f ­

i n i t i o n  o f  th e  o r d e r  n o t a t i o n  from which we can  th e n  f in d

a s i n g l e  p o s i t i v e  c o n s ta n t  c , such  t h a t

r 2 e  CP2 + t 2s i n 2* ) ( l  -  c t  -  cP) .

Remark: B ecause h i s  chosen  sm a ll  a t  th e  o u t s e t ,  t  and

p  a r e  s m a l l ,  hence  th e  f a c t o r  1 -  c t  -  c p  w i l l  be pos­

i t i v e .

Now c o n s id e r  F (p )  , f o r  t  r e s t r i c t e d  t o  l i e  between 

0 and l / J c  . A lso  r e s t r i c t  th e  domain o f  i n t e g r a t i o n  to  

0 <  P  <  l / 3 c  . C a l l  th e  r e s u l t i n g  i n t e g r a l  F ^ p )  » and 

o b se rv e  t h a t  l - c t - c p f e  1/ ?  , so  t h a t

r 27J o  J o  £^(P + t s i n  « t)J5 /

S p l i t  o f f  th e  i n t e g r a l  c o r re s p o n d in g  t o  th e  f i r s t  two te rm s

o f  th e  n u m e ra to r .  These c o n ta in  0 ( t )  and  c o n t r i b u t e  a

bounded i n t e g r a l  by e s s e n t i a l l y  th e  same argum ent a s  i n  th e

p l a n a r  c a s e .  The i n t e g r a l  c o r r e s p o n d in g  t o  th e  t h i r d  term
*

w i l l  be bounded b ecau se  i t  h a s  a n u m e ra to r  o f  o r d e r  p  ^
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w hich i s  n o t  ex c ee d ed  by th e  o r d e r  o f  th e  d en o m in a to r .

To p ro ceed  f u r t h e r  we r e c a l l  two e a r l i e r  r e s u l t s .  We 

s t a t e  them i n  a  form  s u i t a b l e  t o  t h e  p r e s e n t  c o n te x t .

I .  L e t  p be i n  £  . L e t £  be an  e lem en t o f  s u r f a c e

o f  r a d iu s  C a b o u t p (D ef. 1 .2 )  i n  which th> s u r f a c e

i s  smooth (C ) th e n  by Lemma 2.4-, t h e r e  i s  a  c o n s ta n t

a  such t h a t  J  |K (p ,q ) |  d*{q) <  aC ,  Because p may
£

be a r b i t r a r i l y  c lo s e  t o  an  e d g e ,  E may be t r u n c a t e d  

a t  th e  edge . T h is  does n o t  a f f e c t  th e  e s t im a te .

I I .  L e t  D be a domain o f  i n t e g r a t i o n  i n  which th e

d i s t a n c e  r  -  |q-pl i s  bounded away from  z e ro .  By 

Lemma 2 .2 ,  /  |K (p ,q ) |  do-(q) i s  bounded.
' d

Now we w i l l  f i n i s h  up F (p )  . From (1 )  we see  t h a t
p

f o r  9  l / 3c and f o r  any t  , r  i s  bounded away from

z e r o ,  so  by I I  t h e  c o r re s p o n d in g  p a r t  o f  F (p )  i s  bounded .

To com plete  Case 1 ( p c B f t F ^ )  o b se rv e  t h a t  I  t a k e s

c a re  o f  th e  i n t e g r a t i o n  f o r  q t E  D (B H F ^ )  and I I  a p p l i e s

t o  q o u t s id e  B UE , hence F (p )  i s  bounded.

Case 2 . H ere , p i s  i n  a  f a c e  and th e  d i s t a n c e  o f  p from

th e  n e a r e s t  edge p o in t  i s  g r e a t e r  th a n  h . I  and I I

im ply  t h e  boundedness o f  F (p )  .

Case 3 . Suppose n f a c e s  F ^ , F2 f » »  Fn meet a t  a  v e r t e x  

pQ .  L e t  B be a  b a l l  o f  r a d i u s  h  a b o u t  pQ and l e t  p 

be an a r b i t r a r y  p o i n t  in  BrtF-^ . The a rgum ents  i n  Case 1
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a p p ly  t o  q i n  B O F j f o r  j  * 2 , . . . , n  a s  w e ll  a s  to

q c B A P ^  o r  q c Z - B  • Hence, we conc lude  t h a t  F (p )  i s  

bounded .

Lemma 4 .2  K i s  a  bounded o p e r a t o r  on th e  sp a ce  L ^ J )  • 

P r o o f .

||Kl|>(p)|L -  e s s  sup |K<)(p)|
P « Z

i  e s s  sup  / _ |< K q) ||K (p ,q ) | d*<q)
P«Z  *

£  Mil e s s  sup f  |K (p ,q ) | d«<q)
P * Z  *

-M H ®  c .
The l a s t  l i n e  f o l lo w s  from Lemma 4 .1 .

4 .2  P .O . S u r f a c e s .

D e f i n i t i o n  4 .1  P .O . S u r f a c e s .

L e t  Z now be p o ly h e d r a l  o r  c y l i n d r i c a l  i n  th e  f o l lo w ­

in g  s e n s e .  In  t h e  n e ig h b o rh o o d  o f  any c o r n e r ,  Z i s  p a r t  

o f  a  p o ly h e d ro n  f o r  which th e  a n g le  between a d j a c e n t  f a c e s  

i s  a t  l e a s t  9 0 ° .  In  t h e  n e ig h b o rh o o d  o f  any edge p o in t  

t h a t  i s  n o t  a  c o r n e r ,  Z i s  p a r t  o f  a  r i g h t  c i r c u l a r  c y l i n ­

d e r  o r  one o f  t h e  above p o ly h e d ro n s .  C a l l  t h e s e  P .C . s u r ­

f a c e s .  Exam ples: a box, c y l i n d e r ,  o r  p ip e .

The P .C . s u r f a c e s  a r e  more l i m i t e d  th a n  we would l i k e .  

I t  seems c l e a r  t h a t  t h e  n e x t  lemma would h o ld  f o r  somewhat
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more g e n e r a l  s u r f a c e s .  The d e f i n i t i v e  c l a s s  o f  such  s u r ­

f a c e s  i s  a  t o p i c  f o r  f u t h e r  i n v e s t i g a t i o n *

L e t  be t h e  s e t  o f  p o in t s  o f  £  t h a t  have d i s t a n c e

Lemma 4 .5  F o r  any  P .C . s u r f a c e ,  t h e r e  i s  an  h^ >  0 , so

P r o o f * At f i r s t ,  c o n s id e r  o n ly  two f a c e s ,  F^ c o n ta in in g  

p , and an a d j a c e n t  f a c e  Fg • See F ig u re  4 .3  on page 117*

L e t T be th e  edge i n  common t o  F^ and Fg . F^ can be

non p l a n a r .  Fg i s  p l a n a r  i n  th e  n e ig h b o rh o o d  o f  T . L e t

p Q be an  edge p o i n t  c l o s e s t  to  p • S up p o se , f o r  now,

t h a t  p i s  i n  , t h a t  i s ,  d ( p Q,p )  < h  • L e t  B^, Bg

be b a l l s  a b o u t  p Q w ith  r a d i i  2h and D r e s p e c t i v e l y ,

where 2h <  D ■ 1 /2 0  |wI * To a v o id  e x c e s s iv e  d e t a i l ,  th e  

e s t i m a t e s  below w i l l  te n d  to  be generous*  By Lemma 2*4 , 

t h e r e  a r e  c o n s t a n t s  A^, Ag so  t h a t

a t  l e a s t  h from  th e  s e t  o f  edge p o i n t s  o f  £  .

t h a t ,  f o r  a l l  p c f  and a l l  h <  h^ ,

an d , l e t t i n g  S « F^ (Bg-B^)A  ( £ -8^ )



Figure 4,3

F ig u r e  4 .4
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L e t  s  r e p r e s e n t  a r c  l e n g t h  a lo n g  th e  edge T , m easured  

from p Q . F o r  q c Bg-B^ , t h e r e  a r e  p o s i t i v e  c o n s ta n t s

C-. , c« so  t h a t  c, s  «  r „ „  «  c«s  ,  and a c o n s ta n t  c ,  so1 * 2  1 pq 2 1 5
t h a t  w id th  o f  Z - S ^  ^  c^h . T h e r e fo re ,  t h e r e  i s  a  con­

s t a n t  c such  t h a t

I 2 S  [*fh I  4b] o f  Z - S h]

^  2c(log2D  -  lo g h )c ^ h  .

Now, w i th  q no lo n g e r  r e s t r i c t e d  t o  F^,

I ,  -  f  |K (p ,q ) |d o < q )  * /  de<q)
5 J X -b 2 Jz -b2 r d

i  ”5 ( a r e a  o f  2  ~B«) Cy.h
D

where c^  * ( l e n g th  o f  th e  edges o f  Z )

N ext, c o n s id e r  th e  i n t e g r a l

I .  -  f  |K (p ,q ) |d -< ( i )  *  A f  S 2 i2 S d « < q )  .
JB2O P2 B j M j  r ' q

The e s t im a te  f o l lo w s  from (16) o f  Theorem 3«1- Bee F i g .  3*5 

and th e  d i s p l a y e d  c a l c u l a t i o n s  on page 83*

n D 1— 5— 3" T77 dx dy 
•D ( l  «  )

p 2 2where a  -  (y-tcos*c) + ( t s in r t )  •

Jo ( M > ' s dx ■ 7 ^ « 2 ) V s ] o
l  l  ^  1

■ T5 r .2 ,1/2  ”2 •
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T h e r e f o r e ,
f D 1I*. £  A t s i n *  2 I ----------------3--------------------- dy

J o  (y - tc o s« t)  + ( t s i n «0

* 2k t 8 i n *  tSTH i o'0 t a n ( r t s l n S * ) ] °

-  a r c  t a n ( - c o t* ) ]  

i 2A ^ J  -  a r c  t a n ( -  t a n ( J  - * ) ) ]

I n  Bg i lelw r ( i w r - l ) l  ^ 1  +IWI2D , which s e r v e s  i n  p la c e  

o f  A , hence I ^  S  2 (1  + |w |2 D ) ( t r -  «t) .

G a th e r in g  th e  e s t im a te s  f o r  1^ th ro u g h  1^ we have 

I ( p )  ^  4A^h + 2 c£ lo g 2 D -lo g h jc ^ h  + Ah C *  T  “ 2 + I ii. D *

By h y p o th e s i s ,  «( i W / 2  .  S in c e  D -  1 /2 0  |w| , we o b ta in  

1^ i  2 ( 1 1 / 1 0 ) ( * / 2 )  » 1. 1TT. A f t e r  t h a t ,  h can  be chosen

sm a ll  enough t o  make th e  f i r s t  t h r e e  te rm s  l e s s  th a n  19”/1 0  . 

Then

(1 )  K p )  ^  .1*^+

I f  h d ( p Q,p )  <  1 /2 0  |w | , by Lemma 2 . 4 ,

I i  -  /  |K (p ,q )l d<r(q) ^  f  |K (p ,q ) |  do<q) ^ 4 A , h  
x Bx E2“E1

where and Eg a r e  e le m e n ts  o f  s u r f a c e  w i th  c e n t e r  a t

p and r a d i i  d ( p ,B 1 ) ,  d (p Q,p )  + 2h r e s p e c t i v e l y .  The

r e s t  o f  th e  e s t i m a t e s  go th ro u g h  a s  b e fo re  y i e l d i n g  (1 ) .

I f  1 /2 0  IwI l d ( p Q,p )  , th e n  choose D 1 /4 0  |w| ,
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so  t h a t  d -  d ( p ,2 - S h ) 2  1 /4 0  |w I. Then by Lemma 2 .2 ,

I (p )  • /  |K(P.q)l d"<q) i f  ^5 d«<q)
; I - Sh Z - Sh  r

^  a r e a  o f  (Z -S^)
d

^  (40 |w| )2 A h .

h can  be chosen  sm a ll  enough t h a t  (1) a g a in  h o ld s .

F o r  p n e a r  a  c o r n e r ,  l e t  p Q be th e  c o rn e r  p o i n t .

Bi , B2 &t>out pQ now in c lu d e  p a r t s  o f  £  on two a d ja c e n t

f a c e s  F2 i P j  . The i n t e g r a l  1^ ( f o r  p c F j )  can be

w r i t t e n

14 * /  |K (p ,q ) | do*(q) + J lK (p ,q ) | d*<q)
B2AP2 B2nF3

n D f D /■D
|K ( p , q ) |d y d z  + /  /  |K ( p , q ) |d x d z  .

i Jo JO
C a l l  th e  i n t e g r a l s  on th e  r i g h t  1^ 2 an<* *4 3 r e s p e c ­

t i v e l y .  We w i l l  c a r r y  o u t  th e  p ro o f  f o r  B2A £  b e in g  p a r t  

o f  a  cube w i th  c o r n e r  pQ • See F ig u re  4 .4  on page 117»

The p r o o f  i s  s i m i l a r  when th e  a n g le  betw een a d j a c e n t  p a i r s

o f  f a c e s  a t  th e  c o r n e r  i s  g r e a t e r  th a n  90°* The ax es  a r e

s e t  up so  t h a t  B A F ^ c x y  p l a n e ,  B f lF g C x z  p la n e ,  and

B A F j C y z  p la n e .  C o n s id e r  p on a  r a y  making an g le  0
w ith  t h e  x a x i s  and q i n  B A?2 . The argum ent w i l l  be

s i m i l a r  t o  t h a t  a l r e a d y  g iv e n  f o r  j u s t  two f a c e s .
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L e t  p « ( d , t , 0 )  , q ■ ( x , 0 , z )  and

a  -  / ( z - tc o s « t)^  + ( ts inoe ) 2  t

where d e n o te s  th e  a n g le  betw een F^ and •

( L a te r  we w i l l  s e t  « * » 'W /2 .)  O bserve t h a t

a / d  *  t / d  « tan© .

Now s e t  up new ax es  X,Y,Z p a r a l l e l  t o  a x e s  x , y , a  r e ­

s p e c t i v e l y !  b u t  w i th  o r i g i n  p** (d » 0 ,0 )  . Then,

n D-d .
~  "3  a—m / m dX dZ •

■d ( X S a 2 ) 5 7 2

r D" d 1 dv x i D’ d

■ Kt* - <&T I1 • 91
— ^ 2  I 1  + ( l + t a n 2©)"1^2] .

The r e s t  o f  th e  i n t e g r a t i o n  i s  l i k e  t h a t  o f  1^ f o r  j u s t  

two f a c e s .  Thus w ith  s i m p l i f i c a t i o n ,

I ^ 2  5 ( 1  + 2 |w| D) (7T -  «t) (1 + cos©) .

The same p ro c e d u re  f o r  1^ ^ g iv e s

I ^ 3  5 ( 1  + 2 |w |D )(7T - « 0  (1 + sin© ) . 

T h e r e f o r e ,  f o r  «f -  *7/2 , 0 5  0**77/2  , and D ■ 1 /2 0  |w | , 

I 4  ±  ( 1  + 2 lwlD)(1T/2 ) ( 2  + cos© + sin©)

5 i.l*nr(i + yr/2) < 1.88-7T .
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T h is  bound a g a in  y i e l d s  t h e  v a l i d i t y  o f  i n e q u a l i t y  (1 )  f o r

Now c o n s id e r  p n e a r  th e  edge o f  a  r i g h t  c i r c u l a r  

c y l i n d e r ,  p i n  t h e  cu rv ed  p o r t i o n  Fg h a s  been  t r e a t e d  

a l r e a d y .  C o n s id e r  p i n  th e  p la n a r  p a r t  . We need 

o n ly  c o n s id e r ,  f o r  p c B g A F ^  ,

S e t  up a  r e c t i l i n e a r  c o o r d in a te  system  w i th  o r i g i n  a t  th e  

c e n t e r  o f  th e  c i r c l e  o f  r a d i u s  R which i s  t h e  base  o f  

th e  c y l i n d e r .  The x a x i s  goes th ro u g h  p and th e  z 

a x i s  i s  th e  a x i s  o f  th e  c y l i n d e r .  L e t  pQ be th e  p o in t

where th e  x a x i s  i n t e r s e c t s  th e  edge o f  t h e  c y l i n d e r .

The i n t e r s e c t i o n  o f  th e  b a l l  B- o f  r a d i u s  I) ab o u t pd o

w ith  th e  cu rved  f a c e  Fg c o r re sp o n d s  t o  th e  r a n g e s

-k  £  0 ±  k and 0 * z £ D  , where k -  t a n ”^(D/R) • Suppose 

p « F 1 i s  g iv e n  by p ■ ( t , 0 ,0) . q c * ^  *s  S iv en

q - ( x , y , z )  , v e c t o r  r p(  ̂ » ( x - t , y , z )  and v e c t o r  ■

( 1 / R ) ( x , y , 0 )  . By (4 )  o f  Lemma 2 .2 ,  l e t t i n g  A (r)  *

iWT»
e ( i w r -1) , we beve

I ( P )  •

2 2 2Use x +y ■ R , x  » RcosO and l e t  A be a  bound on |A (r) |.
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Then,

T  ^  a  r D r k  R 2- t R c o s ©
x* * * J o L

Change v a r i a b l e s ,  l e t t i n g  s « t /R  , u « z/R  , and U -

In  ^ 2A f k  f U  ? 1-scosO  du de
*  J o  Jo  (u +s +1—2 sc o s 9 )^

2 2l e t  a  ■ s + l-2 sco s©  • Upon i n t e g r a t i n g ,  we see  t h a t

'0
T h e r e f o r e ,

f n (u2. a 2 ) - 5 /2 du ,1 1/ a 2 .
Jo

I 4 £  2A f  ? -~3C08°  de . 
JO s +1—2scosQ

C a l l  t h e  i n t e g r a l  ab o v e , I  •

k f k
.  r   s r  - » coa8—  l e

Jo ( s  +1) -  2scosG Jo ( s  +1) -  2s c o s0
2 '

( s c + l)  - 2scos© 

2

f  * r  —a— sa2 2 Jo (s +
k

0

m  “ » s ] '
® f a n - V S + l  l kw -  t a n
* |o

D/R.

T h is  h o ld s  f o r  0 £  s  £ l ,  o r  e q u i v a l e n t l y  0 5  t  i  H 

H ence,

^  2AI -  A(k + if) .
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Choose D &  M in ( l /2 0  Iwl ,R ta n ( i r / lO ) ) .  Then, f o r  p i n  B2 ,

|A ( r ) |  *  1+ Iwl 2D * 1 . 1  , and k « t a n - 1(D/R) * t r / 1 0  , 

t h e r e f o r e

i ^ s i . i  (.1 ir+fr) « i . 2i t r  .

T h i s ,  t o g e t h e r  w i th  th e  e s t i m a t e s  f o r  q o u t s id e  B2H F2 ,

a g a in  y i e l d s ,  a s  i n  ( 1 ) ,  I ( p ) « < . 2 ‘n’ . The p ro o f  o f  Lemma

4 .3  i s  now co m p le te .

4 . J  P r o j e c t i o n  o p e r a t o r  , com pactness o f  on

l 3 z i .

R e c a l l  t h a t  Sh i s  th e  s e t  o f  p o in t s  o f  Z a t  d i s ­

ta n c e  a t  l e a s t  h from  th e  s e t  o f  edge p o in t s  o f  Z .

D e f i n i t i o n  4 .2  -77̂  <J(p) » $ (p )  f o r  P  € Sfa

-  0 f o r  p c Z “s h •

Lemma 4 .4  I f  Z  i s  a  P .C . s u r f a c e  th e n ,  f o r  a l l  s u f f i ­

c i e n t l y  sm a ll  h  ,

||k -  T ^ K l ^ - e a i r  .
P r o o f . B6C.UB., K̂ ) ■ on , and  177>K$ ■ 0 on

Z “®h , we have

IKK -  -  e s s  sup  |(K -  irh* K )$ (p ) |
P « I

2  e s s  sup  /  M (q)l)K (p ,q)| de<q)
p « z ' r - s h
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||(K -  1*>K )$ || M l _  e s s  sup /  |K (p ,q ) |  d » (q )
11 ® °° p € l  i'Z - S h

2 IT  .

The l a s t  l i n e  f o l lo w s  from Lemma 4.3*

Lemma 4 .5  G iven any  h >  0 ,  ‘̂ * K i® a  compact o p e r a t o r  

on th e  sp a c e  L ^ S )  •

P r o o f ,  h  i s  f i x e d .  L e t  ! f n> d e n o te  a  bounded sequence  

o f  f u n c t i o n s  o f  L ^ J )  , 13 1 where b i s  a  p o s ­

i t i v e  c o n s t a n t .  We p r e p a r e  t o  use  Lemma 2 .1 9 .  L e t d be 

th e  minimum d i s t a n c e  betw een t h e  components o f  • A

b a l l  Bg o f  r a d i u s  d/2 a b o u t  any p o in t  p o f  w i l l

c o n ta in  o n ly  p o i n t s  o f  on th e  same f a c e  a s  p . L e t

| | f R{| d e n o te  th e  I?" norm o f  f  . L e t  a d e n o te  t h e  

a r e a  o f  Z  . Then l U n ll ^  be • Lemma 2 .1 9  y i e l d s ,  f o r  

|P l “ P2 | < d / 4  ,

|trh.K f n ( P l ) - 7 r h.K f n (p 2 )| -  ( = x b  .  c 2  _ ^ - 2j | P l . p 2 | i - «  ,

where and Cg e r e  p o s i t i v e  c o n s t a n t s  in d e p e n d e n t  o f

p and f  , and €  i s  an  a r b i t r a r i l y  sm a ll  p o s i t i v e  con­

s t a n t .  T h is  shows th e  e q u i c o n t i n u i t y  o f  f‘Wj1# K^n (p )J  on * 

t  . Prom Lemma 4 , 2 ,  l lT j’ K fjJ I^  *  *  be . By

A s c o l i ' s  th eo rem , t h e r e  i s  a  u n i fo rm ly  c o n v e rg e n t  s u b -
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seq u en ce  .of i s  known t o  be co m p le te ,

so  th e  lemma i s  p ro v e d .

4 .4  A c o n d i t io n  l e a d i n g  to  th e  Fredholm  A l t e r n a t i v e .

The f o l lo w in g  lemma i s  due t o  R. L e is  [8] .

Lemma 4 .6  L e t B be a  Banach sp a ce  and B i t s  c o n ju g a te
*

s p a c e .  L e t T be a l i n e a r  t r a n s f o r m a t i o n  on B and T

i t s  c o n ju g a te  t r a n s f o r m a t i o n  on B . I f  t h e r e  e x i s t s  a 

compact l i n e a r  t r a n s f o r m a t i o n  T i n  B w ith  Ht - Y H ^ I  ,

th e n  th e  Fredholm  A l t e r n a t i v e  (F .A .)  i s  v a l i d  f o r  th e  p a i r

o f  e q u a t io n s :

v -  ( I  + T)u  and X -  ( I  + T*)Y ,

where I  i s  th e  i d e n t i t y  t r a n s f o r m a t i o n .  S p e c i f i c a l l y ,

1 ) .  I f  (v ,Y ) * 0 f o r  e v e ry  s o l u t i o n  Y o f
*

0 * ( I  + T )Y , th e n  v * ( I  + T)u h a s  a  s o l u t i o n  

u .

2 ) .  I f  (X ,u) * 0 f o r  e v e ry  s o l u t i o n  u of

0 ■ ( I  + T )u ,  th e n  X » ( I  + T*)Y h a s  a  s o l u t i o n

Y .

P r o o f . L e t H » T -  T . L e t G -  ( I  + H )"1 . T h is  in v e r s e

—1 2e x i s t s  and i s  g iv e n  by th e  s e r i e s  G « ( I + H ) «  I-H+H -

H5+ . . .  which c o n v e rg e s  b ecau se  ||H|I<1  .

C la im . The f o l lo w in g  a r e  e q u i v a l e n t  e q u a t io n s :

(1 )  v -  ( I  + T )u

(2 )  Gv * v^ « ( I  + GT)u .
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P ro o f  o f  th e  c l a im . Given

v -  ( I  + T)u  -  ( I  + H + T )u

- ( I  + H )( I  + GT)u ,

a p p ly  G . L e t  Gv -  v.  ̂ .

Gv » vx -  G (I + H ) ( I  + G f)u  

« ( I  + GT)u , 

w hich  p ro v e s  th e  c la im .

Now o b s e r v e , from th e  s e r i e s  e x p r e s s io n  f o r  G , t h a t  

G i s  bounded t w hich t o g e t h e r  w i th  T com pact, im p l ie s  

t h a t  G? i s  a l s o  com pact. T h e r e f o r e ,  t h e  F .A . [17] h o ld s  

f o r  t h e  p a i r  o f  e q u a t io n s :

(2 )  Gv -  v x » ( I  + GT)u

(3 )  L ■ ( I  + (GT)')M .

C la im . The f o l lo w in g  a r e  e q u i v a l e n t  e q u a t io n s :

(3 )  L -  ( I  + (Gf)*)M

(4 )  L -  ( I  + T*)G*M .
*  *

P ro o f  o f  th e  c l a im . F i r s t  n o te  t h a t  G -  ( I  + H) -  

( I  + H *)"1 , and T* » (H + T)" -  H* + T * , th e n

L -  ( I  + (Gf)*)M -  ( I  + T V ) M

« ( I  + T *G *)(I + H*)G*M

- ( I  + H* + T*)G*M

- ( I  + T*)G*H ,

which p ro v e s  th e  c la im .
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Now we w i l l  p rove  th e  two a s s e r t i o n s  o f  th e  lemma.

1 ) .  Suppose ( v t Y) « 0 f o r  e v e ry  s o l u t i o n  Y o f

0 ■ ( I  + T )Y . L e t  y -  G “ ^Y so  Y -  G y th e n  (G v ,y) «

(v ,G *y) -  (v ,Y ) -  0 f o r  e v e ry  s o l u t i o n  G H -  G*y of
* *

homogeneous ( 4 ) ,  0 ■ ( I  + T )G M , which i s  e q u i v a l e n t  to

(Gvt y )  ■ 0 f o r  e v e ry  s o l u t i o n  y o f  homogeneous (3)»

0 ■ ( I  + (GT) )y  , which by the F .A . for compact operators
M ,  applied to (2) ,  (3)> implies there i s  a  solution u
of ( 2 ) t Gv ■ v 1 -  ( I  + GT)u |Which is equivalent to u

b e in g  a s o l u t i o n  o f  ( 1 ) ,  v ■ ( I  + T)u  •

2 ) .  The p ro o f  i s  s i m i l a r  t o  t h a t  o f  1 ) ,  based  on

s ta te m e n t  2 )  i n  th e  F .A . f o r  compact o p e r a t o r s  ( [17] » p . 1 9 1 ) .

C o r o l l a r y  4 .6  Under th e  h y p o th e se s  o f  Lemma 4 .6*  th e  F .A . 

h o ld s  f o r  th e  p a i r  o f  e q u a t io n s :

v » ( -1  + K)u and X » ( -1  + K )Y

P r o o f . F o llow  th e  same s t e p s  a s  i n  Lemma 4 .6 ,  u s in g

G -  ( - 1  + H)’1 -  - ( I  -  H)”1 -  - ( I  + H + H2 + . . .  ) .

4 .5  Boundedness o f  K^. Com pactness o f  on I-1 CD -

Lemma 4 .7  •

P r o o f . A l l  l i n e a r  f u n c t i o n a l s  on L^(Z) can  be r e p r e s e n ­

te d  by th e  p a i r i n g  < f , g ^  -  Jr f ( p ) g ( p )  d c (p )  , where
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f  € L1 (Z) and g c L ® ^ )  [14] . We w i l l  t h i n k  o f  < f ,g >  a s  

th e  l i n e a r  f u n c t i o n a l  g a c t i n g  on f  . The d e f i n i t i o n  of 

( K * . ^ ) ’ i s  <(Kt. t ^ l ) f , S >  -  « , « W h ) ' j >  , b u t

<OtWh)I,J> - /  (K^^(P))S(P) d»(p)

“ ( [ ^ Q W G i P )  d*<q) s ( p )  d«-(p)Jz ' s h

J  f ( q )  J  s ( p ) K ( q ,p )  d*<p) d*-(q) 
Sh Z

-  < f , ( 7rh-K )g >  .

T h e r e f o r e ,  ITj^K » (K6* ^ )

C o r o l l a r y  4 .7  K -  (K*)* .

Lemma 4 .8  On L^(Z) * i s  a  bounded o p e r a t o r  and f o r

a r b i t r a r y  h >  0 , ^*10^ i fi a  compact o p e r a t o r .

P r o o f . The boundedness  of comes from  Lemma 4 . 2 ,  C or-
*

o l l a r y  4 . 7 ,  and th e  g e n e r a l  f a c t  t h a t  T bounded, im p l ie s  

t h a t  T i s  bounded , £6] p . 253- The com pactness  o f  

comes from  Lemmas 4 . 3 ,  4 . 7 ,  and th e  g e n e r a l  f a c t  t h a t  T 

com pact, im p l i e s  t h a t  T i s  com pact, £17} p .  187.

Lemma 4 .9  I f  I  i s  a  P .C . s u r f a c e ,  th e n  f o r  a l l  s u f f i ­

c i e n t l y  sm a l l  h , th e  L^ norm o f  i s

bounded a s  f o l lo w s :  ||K^ -  ■< 2*77" .
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P r o o f . IlK* -  K .W JI .  IICK* -  kW ^ ' I I ^

’  IK -  V K|l<o 

c  2 ir  .
T h is  f o l l o w s ,  b ecau se  th e  norm o f  an o p e r a t o r  and I t s  ad­

j o i n t  a r e  e q u a l ,  [6] p .  233 , (Kt  -  K W h )* -  K -  17J-K

from Lemma 4 .7  and i t s  c o r o l l a r y ,  and Lemma 4 .4 .

4 .6  n o r m a l i z a t io n  o f  Q, K, K^. Fredholm  A l t e r n a t i v e .

I n  o r d e r  t o  u se  Lemma 4 . 6 ,  we w i l l  n o rm a liz e  Q

(hence  K and K^) a s  f o l l o w s .  L e t  Q (p ,q )  * ( e iw r ) / 2 n r  . 

We w i l l  c o n t in u e  w ith  t h i s  n o r m a l i z a t io n  from h e re  on. In

te rm s  o f  th e  new o p e r a t o r  ( e q u a l  to  th e  o r i g i n a l  o p e ra ­

t o r  d iv id e d  by 27T ), from  Lemma 4 .9  we o b ta in ,  f o r

P .C . s u r f a c e s  and h s u f f i c i e n t l y  s m a l l ,  IlK  ̂ -  •< 1 .

From t h i s ,  by Lemmas 4 .6  and 4 . 8 ,  we o b t a in  th e  co n c lu d in g  

r e s u l t  o f  t h i s  c h a p te r .

Lemma 4 .1 0  I f  £  i s  an a r b i t r a r y  P .C . s u r f a c e ,  th en  th e  

Fredholm  A l t e r n a t i v e  i s  v a l i d  f o r  th e  e q u a t io n s :

v -  (±1 + K ^ u  and X -  (tl + K)Y , 

where v and  u a r e  i n  L ^(£ )  and X and Y a re  in

I ^ I )  .
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C h a p te r  F iv e  

E x is te n c e  P ro o f

5 .1  I n t r o d u c t i o n  and s e t  up f o r  e x i s t e n c e  p r o o f .

I n  t h i s  c h a p te r  we w i l l  f i n d  a  s o l u t i o n  u (p )  , o f  th e  

Neumann problem  i n  f i n  t h e  e x t e r i o r  £ + , o f  a  C^

m a n ifo ld  w ith  c o r n e r s  £  » ( c f .  C h a p te r  1 . ) .  L e t £ be

th e  s e t  o f  edges o f  £  a11*1 £  * £  -  E * A s ta te m e n t  o f  th e  

problem  i s :

1 ) ,  A f u n c t io n  g d e f in e d  on £  i s  g iv e n .

2 ) .  F in d  a f u n c t i o n  u (p )  , d e f in e d  i n  £  , t h a t  s a t i s f i e s :

a ) ,  th e  re d u c e d  wave e q u a t io n ,

A u  + w u  « 0 i n  £ + (w i s  a  r e a l  c o n s t a n t . )

b ) .  uN -  g on i  ,

c ) .  th e  Sommerfeld r a d i a t i o n  c o n d i t io n :

(® u /s r )  -  iwu « o ( r - 1 ) ,

u n i fo rm ly  a lo n g  a l l  r a y s  from th e  o r i g i n .

We w i l l  a t te m p t  t o  f i n d  a  s o l u t i o n  u (p )  t h a t  i s  t h e  

d i f f e r e n c e  o f  a  s i n g l e  l a y e r  p o t e n t i a l  v (p )  , w ith  d e n s i t y  

th e  same as  th e  g iv e n  Neumann d a t a  f u n c t io n  g (q )  , and a 

d o u b le  l a y e r  p o t e n t i a l  w(p) , w ith  a  d e n s i t y  f u n c t io n  

h (q )  , y e t  t o  be d e te rm in e d .  S p e c i f i c a l l y ,  l e t

v ( ? )  « J  g (q )Q (p»q)  dw<q) ,

wCp) -  J  h (q )K ( p ,q )  dw<q) ,
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where Q -  ( e iw r ) / 2 t r r  , and l e t

u ( p )  -  | [ w ( p )  “ v ^p }) *

Both v ( p )  and w(p) s a t i s f y  2a) and 2 c ) , so  th e  prob lem

i s  t o  f i n d  h  so  t h a t

UN ( p > “ z [ WN “ VN+^ ]  M.®(p ) *

H ere , (p )  , f o r  exam ple , means l im (5 u /5 N ) (p +) a s

P+- * P « £  from  Z  + .

I n t ro d u c e  th e  fo l lo w in g  n o t a t i o n .  L e t  L .B . d e n o te  th e  

s e t  o f  i n t e g r a b l e  f u n c t i o n s  on Z t h a t  a r e  l o c a l l y  e s s e n -  

t i a l l y  bounded on Z  , (D e f .2 . 1 , p . 15)* The f u n c t i o n s  o f  

W(J) (c f*  C h a p te r  3*) o r  a r e  c o n ta in e d  i n  L .B . .

W ith in  th e  s e t  o f  i n t e g r a b l e  f u n c t io n s  on Z , l e t  H d e ­

n o te  th e  s e t  o f  l o c a l l y  H6‘l d e r  c o n t in u o u s  f u n c t i o n s  on £  

(D e f .2 .3 »  P*4 2 ) ,  and H* th e  s e t  o f  f u n c t i o n s  w i th  l o c a l l y  

H o lder  c o n t in u o u s  f i r s t  p a r t i a l  d e r i v a t i v e s  on £  . F o r  p 

i n  Z we r e g a r d  Q and K a s  o p e r a t o r s  and w r i t e  v ( p )  ■ 

Qg(p) and w(p) -  Kh(p) .

We w i l l  f i n d  a  s o l u t i o n  t o  th e  e x t e r i o r  Neumann 

problem  u n d e r  e i t h e r  o f  t h e  fo l lo w in g  h y p o th e s e s :

1) .  A l l  o f  Z  i s  smooth (C2 ) and g«W(Z) t  ( c f .  C h a p te r  3*)*

2) .  Z  i s  a  P .C . s u r f a c e  and g c C ° n L 0(̂ Z ) i  ( c f .  C h a p te r  4 . ) .  

The d e m o n s t r a t io n  from h e re  on i s  v a l i d  f o r  e i t h e r  1)

o r  2 ) .  The s u p p o r t in g  lemmas to  co v e r  b o th  1 )  and 2 )  w i l l  

be c i t e d  a s  n eed ed .
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5 .2  Summary o f  C h a p te r  2 .

The fo l lo w in g  two theorem s s e rv e  t o  summarize th e  

r e s u l t s  o f  C h a p te r  2 as  w e l l  a s  l a y  o u t t h e  f a c t s  t h a t  we 

w i l l  draw o n . The s ta te m e n ts  o f  t h e  jump lemmas have been 

changed t o  r e f l e c t  th e  n o r m a l i z a t io n  b a se d  on Q - 

(e^ w r) / 2 i r r  . The s u p p o r t in g  lemma o r  c o r o l l a r y  i s  g iv e n  

i n  p a r e n t h e s e s .

Theorem 5 .1  I f  g c L . B .  ( o r  H) th e n  Qg ( C .2 .1 9 i  C .2 .2 3 )  

and K^g cH  ( o r  if) ( L .2 .1 9 ' .  L .2 .2 0 ') . I f  g « L .B .  th e n

v -  Q g c C °(R3-E )  ( L .2 .6 ,  L . 2 . 7 ) .  I f  p c f  , th e n

vN+(p )  -  (K^ + I ) g ( p )  » f o r  g C C 0/ ! ! 1 ®  ( L . 2 . 9 ) .

Theorem 5 .2  I f  h ( L , B .  ( o r  H) th e n  KhCH ( o r  it) (L .2 .19»

L .2 .2 3 ) .  As p « . - * p c £  , where p+ *  » w(p± ) —►

(K ± I ) h ( p )  -  w«.(p) , f o r  h « 0 ° / M l ( f )  ( L . 2 . 9 ) .  I f  h c H ' ,  

th e n  th e  l i m i t s  o f  (3w/dN)(p4.) e x i s t  a s  p+ —» p c £  and a re  

e q u a l  ( L .2 .2 4 ) .  The common v a lu e  w i l l  be d e n o te d  by Ph(p) 

and P h (p )  C C ° n  L1 ^ )  ( C .2 .2 4 ) .

The n e x t  two s e c t i o n s  employ th e  p ro o f  id e a s  o f  L e is  

[7] t and  S a c k s te d e r  [16] .

5 .3  R e l a t i o n s  among Q. K. Kt . P .

Theorem 5 .3  KQ -  QK* maps t o  H and PQ -

(K^)^ -  I  maps H to  H , Qg ■ 0 i f  and o n ly  i f  g ■ K^g,
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and Q maps any i n v a r i a n t  su b sp a ce  b e lo n g in g  to  an e ig e n ­

v a lu e  X. 4 l  o f  K1* i s o m o r p h ic a l ly  on to  a  c o r re sp o n d in g  

su b sp a ce  f o r  K •

P r o o f . I f  p + , th e n  Q(p+ »q) i s ,  a s  a  f u n c t io n  of 

q f a  s o l u t i o n  o f  th e  red u ce d  wave e q u a t io n  i n  -A , th e  

r e g io n  o f  bounded by Z * So a l s o  i s  v . C onsider

th e  e q u a t io n

/ / Q ( P +»<l)(Av(q)+w2v) -  v ( q ) ( A qQ(p+ iq)+w2Q) &ft(q)
A

• J [ Q ( P + »q)vN (q )  -  v(q)Qjj (p+ ,q)] d*-(q).

2 2W ithou t th e  te rm s  w v and w Q i n  p a r e n th e s e s  on th e  

l e f t  s i d e ,  th e  above e q u a t io n  i s  G re e n 's  i d e n t i t y .  I n s e r t ­

in g  th o s e  te rm s does  n o t  change th e  v a lu e  o f  th e  e x p r e s s io n ,  

b u t  does  show t h a t  th e  l e f t  s id e  i s  z e r o .  T h e re fo re ,

(1 )  v (q )K (p + ,q )  d<r(q) -  J  vN (q )Q (p + ,q )  dv (q )  .

L e t  p + ap p ro ach  p * £  . On th e  l e f t  s i d e ,  by Theorem 3 -2 ,  

we o b t a in  (K + I ) v ( p )  * (K + I ) Q g ( p ) c H  , and on th e  r i g h t  

we o b t a i n ,  by Theorem 5*1 ( c o n t i n u i t y  o f  Qv^ (p )  , th e n  

vN (p )  » (K^ + I ) g ( p ) )

Qvn (p )  -  QCK* + I ) g ( p )  €  H .

Comparing th e  l a s t  two e q u a t io n s  g iv e s  KQ - QK  ̂ •

Apply th e  o p e r a t o r  ( ^  ) t o  b o th  s i d e s  o f  ( 1 ) ,
•  *

th e n  l e t  p+ ap p ro ac h  p « Z • Assuming g c  H , by Theorem 

5*1* v * Qg €H* th e n  on th e  l e f t ,  by theorem  £ .2 ,  we o b ta in
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Fv(p )  -  PQg • On th e  r i g h t ,  two a p p l i c a t i o n s  o f  Theorem

5 .1  g i v e ,  f o r  g c C ^ L ^ f ) :  (Kt - I ) v N -  ( K ^ I ) ( K t + I )g  .

Comparing th e  l a s t  two e q u a t io n s  g iv e s :  PQ -  (K ^ )^ - I  ,

and shows t h a t  PQg i s  d e f in e d  by means o f  t h e  above f o r ­

m ula , f o r  g C ^ n i / ^ X )  • F u r t h e r ,  t h i s  shows t h a t  P 

makes se n se  on th e  r a n g e  o f  Q a s  w e l l  a s  on E ( c f . T h . 5 . 2 ) . 

T h e r e f o r e ,  i f  E d e n o te s  t h e  s m a l l e s t  su b sp a ce  o f  C0n L ^ ( £ )  

c o n ta in in g  H* and th e  ra n g e  o f  Q , th e n  E i s  a  n a t u r a l  

domain f o r  P •

By Theorem 5 - 1 i vN « 0 i f  and o n ly  i f  g ■ K^g ,

and by th e  u n iq u e n e s s  theorem  o f  L ev ine  £ l l ]  , v „  * 0  i s
+

e q u i v a l e n t  t o  v x 0 i n  £ + , so  v ■ 0 on £ ,  o r  e q u iv ­

a l e n t l y  Qg » 0 . The re m a in in g  a s s e r t i o n s  fo l lo w  from 

what h a s  a l r e a d y  been  p ro v e d .

Theorem 5 .4  PK -  K^P and QP ■ K ^-I , i t  b e in g  u n d e r s to o d  

t h a t  i n  b o th  c a s e s  th e  domain i s  t a k e n  t o  be K* . Ph -  0 

i f  and o n ly  i f  h -  -Kh , and P maps any i n v a r i a n t  sub ­

sp ace  b e lo n g in g  t o  an  e ig e n v a lu e  X if -1 o f  K isom orph- 

i c a l l y  o n to  a  c o r r e s p o n d in g  subspace  f o r  K •

P r o o f . The p ro o f  i s  s i m i l a r  t o  t h a t  o f  Theorem 5 .3 .  S t a r t  

by r e p l a c i n g  v by w i n  (1) :

(2 )  w_(q)K(p+q) de-(q) -  J  wN (q)Q (p+ l q) d«<q) .

L e t p +- * p * £  . On th e  l e f t ,  by Theorem 3*2 tw ic e ,  we g e t

(K +D w jp) -  (K+I) ( K - I )h (p )  .
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On t h e  r i g h t ,  by Theorem 3*1 th e n  Theorem 3*2, we g e t  

Qwn (p )  ■ QPh(p) • T h e r e f o r e ,  K ^-I •  QP •

Apply /^N p) t o  ( 2 ) ,  th e n  l e t  p+-**p . On th e

l e f t ,  by Theorem 5 .2  tw ic e ,  we g e t  Pw_(p) -  P (K - I ) h (p )  .

On th e  r i g h t ,  by Theorem 5 .1  th e n  Theorem 5*2, we g e t  

(K ^ D w j,  (p )  -  (K ^ -I )F h  . T h e r e f o r e ,  PK ■ K^P .

By th e  u n iq u e n e s s  theorem  o f  L ev in e  [ l l ]  , we o b ta in :  

w+(p) -  (K + I)h (p )  « 0 < = = >  w(p) ■ 0 i n  Z + < = >  

wN(p) -  0 on I  , o r  e q u i v a l e n t l y ,  Ph « 0 • The rem a in in g  

a s s e r t i o n s  fo l lo w  from  what h a s  been p ro v e d .

5*4 C om ple tion  o f  e x i s t e n c e  p r o o f .

C la im . To co m p le te  t h e  e x i s t e n c e  p ro o f  i t  s u f f i c e s  t o  f i n d  

an h i n  E su ch  t h a t  th e  f o l lo w in g  two i n t e g r a l  e q u a t io n s  

a r e  s a t i s f i e d .

(5 )  Qs « (K - I )h  ,

W  ( K ^ D g  ■ Pht  .
P ro o f  o f  th e  c l a im . The boundary  c o n d i t io n  t h a t  must be 

met i s :

X  ■ 2 (wHt - x >  ■ 8
-  j ( P h + -  (Kt - I ) S ) -  E •

The l a s t  e q u a t io n  i s  e q u i v a l e n t  t o  ( 4 ) .  The r o l e  o f  (3 )  

w i l l  be s e e n  s h o r t l y .

To f i n d  a  f u n c t i o n  h i n  E t h a t  s a t i s f i e s  b o th  (3 )
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and ( 4 ) ,  s t a r t  w i th  (3)*  By Lemmas 3 .4  and  4 .1 0 ,  th e  

F redholm  A l t e r n a t i v e  h o ld s  f o r  th e  p a i r  o f  e q u a t io n s  (3 )  

and X > (K ^-I)Y  • Hence, (3 )  can be s o lv e d  f o r  h in  

I*̂ 2 )  o r  W(2) , i f  <Qg,s> ■ 0 f o r  a l l  s o l u t i o n s  s o f  

( K ^ - I ) s  « 0 . H ere , < a ,b>  d e n o te s  th e  p a i r i n g

j  a ( q ) b ( q )  d«<q) f o r  a ,  b i n  W(2)t o r  f o r  one o f  a ,  b

i n  L ^ i )  and th e  o th e r  i n  L1 ^ )  . I t  sh o u ld  be n o te d  

t h a t  h , th e  s o l u t i o n  o f  (3)*  w i l l  a u t o m a t i c a l l y  be i n  H , 

s i n c e  g ,  h e  L .B . im p l ie s  t h a t  Qg and Kh a r e  i n  H .

Now, o b se rv e  t h a t :  < Q g ,s>  » <Qg,Kt s >  » <g,QKt s>  -

<g,KQs> * <g,K0> -  0 , by s  -  K^s , th e  symmetry o f  th e
4-  4*

o p e r a t o r  Q , QK * KQ , and s * K s  im p l i e s  Qs ■ 0 , 

from  Theorem 5«3» T h is  argum ent p r o v id e s  a  s o l u t i o n  h^C  H 

o f  ( 3) ,  b u t  h^ i s  n o t  u n iq u e ly  d e te rm in e d  i f  A -  1 i s

i n  t h e  spec trum  o f  K . (T ha t i s ,  i f  (K - I )h  -  0 h as  a

s o l u t i o n  h2 « th e n  h -  h^+h2 i s  a l s o  a  s o l u t i o n  o f  (3) .

Note t h a t  h2€ L .B .  and h2 ■ Kh2 » im p l ie s  h2 <H  , th e n

h2 c  h ' , by Theorem 3*2 tw ic e ,  so Ph2 e x i s t s . )

I t  s t i l l  needs t o  be shown t h a t  f o r  some h2 s a t i s f y ­

in g  ( K - I ) h2 ■ 0 , t h e r e  i s  an  h ■ h^+h2 which s a t i s f i e s

C 4), t h a t  i s ,  (Kt + I)g  * P(h^+h2 ) , o r  e q u i v a l e n t l y ,

Ph2 « (Kt + I )g  -  P t^  .

(N ote t h a t  F a p p l i e d  t o  (3 )  g iv e s  PQg ■ P (K -I)h ^  , hence

Ph^ e x i s t s ,  b ecau se  PQg and PKh^ e x i s t . )
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Theorem 5*4 shows t h a t  F maps th e  space  o f  a l l  h2 
i n  H s a t i s f y i n g  h2 ■ Kh2 (Note X 4 - 1 . )  i s o m o r p h ic a l ly

on to  th e  sp a ce  o f  s o l u t i o n s  o f  0 » K^O . L e t  (K ^+I)g-Ph^ 

be d e n o te d  by Q1 . I f  we can show t h a t  (Kt - I )©1 -  0 , 

th e n  by Theorem 5*4-t t h e r e  e x i s t s  a  d e f i n i t e  f u n c t i o n  h2 t 

s a t i s f y i n g  ( K - I ) h2 -  0 ,  w ith  th e  p r o p e r ty  t h a t  Ph2 ■ ©1 , 

a s  r e q u i r e d .  Now t o  show (K ^-I)O ^ ■ 0 :

(K * -!)  [ (K ^+ D g  -  P h J  -  [(Kt )2- l ] g  -  ( K ^ D P ^

-  PQg -  FC K -D i^

-  0 ,
by Theorem 5*5* Theorem 5 -^ t  and P a p p l ie d  t o  (3) w ith  

h ■ h^ • T h is  co m p le te s  th e  e x i s t e n c e  p r o o f .

The methods o f  t h i s  c h a p te r  a r e  a l s o  a p p l i c a b l e  to  th e  

e x t e r i o r  D i r i c h l e t  and mixed problem s a s  w e l l  a s  to  i n t e r i o r  

p rob lem s [16] .
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