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ABSTRACT

FUNCTIONAL MEASURE IN

QUANTUM FIELD THEORY

BY

ZELJKO ANTUNOCVIC

Advisor: Professor Michio Kaku

In this thesis we discuss the local functional
measure in non-linear field theories. The local messure is
obtained explicitely for guantum gravity, gravity and

Yang-Mills theory and supergravity.
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ITUTRODUCTION

In the quantization of guage invariant £ield
theories in the functional integral method arises the
problem of the non-trivial Zunctional measure. Partic-
ularly, the problems arise in the theories with singular
Lagrangian when the int2raction Lagrangian depends non-
linearly on the field derivatives.

The most important example is the gravitational
fieid. The functional measure {or gravitational £field
irvolves the local factor, which is necessary if one is
to have covariant and gauge invariant gquantization

(8,11)
procedure .

Furthermore, the local factor in the Zunctional
measure cancels all the divergencies cf the type S (0)

which are gresent in the theories with derivative coup-

lings.
The functional measur2 for gquantum gravity was
(17
firs< calculatad by Fadeev and Popov , Wit the result
-
-5/2 J
/
[ 7§ W [ q (%)
x ey v
where g = det g .
e (8)
Independently, Fradkin and vVilkovisky and

(15)
Xaku and Senjancovic Zound:



D 90 370 []d g,

The measure contains non-covariant looking factor
9‘3/2(x) GO0 (x), but it is exactly this factor that makes
the theory unitary and gauge invariant and free of
guartic divergencies(s)

In this thesis we calculate the functional
measure f£for quantum gravity and gravity and Yang-Mills
theory using the fact that it is the measure that cancels
the quartic divergencies present in these theories. We

find the local factor in the functional measure for

qguantum gravity to be:
- 3/2_

9700 g7

and for gravity and Yang-Mills:
N7 N?
Z oo
3507
where N 1is the dimension of the internal symmetry
group SU(N).
The thesis is organized as £follows:
Chapter I is used to review the path integral gquantization.
In Chapter II the theory of systems with constraints is
reviewed, both at a classical and at a guantum level.

Chapter III deals with the local factors in the functional



measure. The necessity for the local term in the functional
measure is demonstrated on the example of a non-linear

- model. Furthermore, the cancellation of the quartic
divergences by the functional measure is shown on the simple
example and the more general theorem due to Lee and Yang (9)
is quoted.
Chapter IV is used to calculate the functional measure for
guantum gravity, gravity and Yang-Mills theory and super-
gravity.
The appendix contains the proof of the thecrem refered to in

Chapter III.



I. PATH INTEGRAL

Path integral - integral over all trajectories
in both configuration and phase space was introduced by

(1), (2)
Feynman.

Let H(p,q) be the Hamiltonian of one dimensional
system. Quantization of +this system consists in replac-

ing g and p by operators:

A A . ?t 3

= ' — P=-4 3%

(I.1) Z-'Z—Z ) F P 4
Footnote 1. These operators are defined in the Hilbert

space of the square integrable complex functions H{<i)

Time development of the system is given by Schrodinger

equation:
N S
(1.2) A3t HY

Where H is the operator obtained from the Hamiltonian of
the classical system by substitution (I.l). Formal

solution of the Schrodinger equation can be written as:

(1.3) Y(t\ = U(tvt*’) Y(‘t") ,

Footnote 1. We will use the system of units wnere h=c=l,



Where U(t,te) 1is evolution operator satisfying:

(1.4) Uk‘c,io) = expii(‘c—t‘,}\—{] |

Path integral expresses the matrix element of the evolu-
tion operator as the average over all trajectories

weighted by the factor:
(I.5) ex p LS[to,q

where

t

. |
- t ] - f *b)
reo Slt) =\ [pE) g -H(pe,qw)|dt
t,
is the action for the trajectory (g(t'), p{t')),
- t\ - a.z(t')
(te € t'< =) in the phase space Z( )* ‘E— .
The path integral is defined as the limit of the ordinary

integral, as follows:

divide the interval (t,,t) into N equal intervals by

points &, ,....,t,,

cn [t (%), (et ]

We will £ix the end points



(I.8) q(te) = g, and g(t) =g
and define the trajectory (g(t'), p(t')) by it's values
q(ty ) and p(t'y) and call themgq,,....,q,., and

P,reec-sPy-

Define the integral
1.9 W, (‘Z,, g: t,,t) = (ur)'“go(e dg ....dlg, dp, exp({S[t,,t])

where S(t,,t) is the action (I.6) for the trajectory
(q(t'),p(t")) cefined by G, v+ /QuiDPs s+ /Pp-
The basis of the path integral formulation of quantum
mecnanics is the following theorem:

The limit of the integral (I.9) for N-»°°

is the matrix element of the evolution operator :

1100 b M(Z,Z,’t,,t)'—“— <Zle“P[‘?(*-'*~)H1\7o>

N> oo

It is easy to verify this theorem in two special cases
when the Hamiltonian depends only on coordinates or only
on momenta.

If H = H(gq) the action for the trajectory

(@(t'),p(t')) is
t

(I.11) S(FQ“H)oUZ' = P.(Z,'io)-l-Pz(Z;Z,)ﬁ-....
to



t

C*p(z-g.) - Hlzw)] dt

Integrating over momenta in (I.9) gives the product of

8 - functions,
(I.12) S(Z.'Z)S(ZZ'Z)....S(Z’f,,-,}

which makes integration over > gn-y trivial and

(1.13) S(i, i)eXP[ (t-t) H( ] <Zg,exp[ tt H“9->

If H = H(p) the action is

t

(I.14) S(Pi H)& = P(Z—Z) p. (2. 'Z)*

to

. +P(2-2..) S

+,
Integrating in (I.9) over coordinates and then over

momenta gives
(I.15) -{l{_- golp QXP[&P(Z'Z,)'*'L(te't)H(P\]

which is the matrix element of the evolution operator



for the dHamiltonian H = H(p).

The proof of (I.10) complicates in general case
when the Hamiltonian depends on both coordinates and
momenta. The proof of the theorem exists for the cases
when H = H,(q) + Hy(p) and for the Hamiltonians which
are parabolic operators. In general case the limit of
(I.9) is not equal to the matrix element cf the evolution
operator.

The path integral 1is a limit N-®»9®of (I.9)

and is denoted as:

q(t)

ui )
(I.16) CXP /\,S[{,‘t’) n JP(*—) g (¢')

¢ 2T

7(t)

It is easy to generalize to a system with n degrees of

freedom. The action is
(1.17) SD‘-.,‘*:X = S ;;-[Pié&—H<i.P)]it,

and to define the path integral we substitute
-N -~

N~ m ) n ‘
cae (27) = (2T) 42&—'9‘&7“,‘ dp,— [1de?

e\

into (I.9) and denote this path integral by:



2l =9 Lo dot )
n 4,( :) P‘L ¢
E.XP( [tm ]) n n Z Z.tj"

7(t.)=4,

The extension to field theory is made by considering it
as a system with infinitely many degrees of freedom.

Dividing the space into cubes V. (i = 1,2,....) of volume

v, + we define the i-th coordinate q‘(t)

(I.19) C,bi (t)

2, (t) by

Ax @ (xt)

_’_
%

XC

and the momenta

(I.20) (]r(t)

1

I

7’{-54& 7 (7,)
V.

In the field theory all physical gquantities are derivabls
from the vacuum - to - vacuum transition amplitude in
the presence of external sources W{J). The path integral

formula for the functional W(J) is

(I.21) \A[].]-] = S dedT exp l:{rs:a[,‘x{:m")ci’(")"
) + T 90} |
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The n - point Green's function - the vacuum expectation
value of the time - ordered - product of n fields - is

given by

(I.22) in.\V.[SIT}(xa) = 1"<o|T{e).... x|

T=0
=1 G (X')"")X‘> .

(I.22) gives the complete n - point Green's function.
We are more interested in connected Green's functions
Ge (X,/+0../Xn), which does not include the contribution
of disconnected vacuum - to - vacuum graphs. One can

show that by defining
(I.23) W(J) = exp (1 2(J) ).
One has

YA
(I.24) GCO('!'“"X“) = () §T(x) ... §T0x) L,

0

In the case of interacting field theory one writes the

Hamiltonian as

(I.25) 7‘{-—"" Fg{o + N‘Rx P
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where ' is the interacting part of the Hamiltonian,

and the 2(J) becomes

oo Z01) = e[l e (b 2,0
Z.\7] = Si# 4T exp[¢§4"x{7r(x)<;(x)_
— .0 + TR ]

I

where

and then uses Wick's theorem to evaluate

e e (i (ko] | =D ST M4 fedha]|

which is the basis for the perturbation theory.
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ITa. SYSTEMS WITH CONSTRAINTS (CLASSICAL THEORY)

Given the Lagrangian of a n - dimensional

mechanical system

(IT.1) L = L(g,q),

we define the canonical momenta

2L

(II.2) = > (i=1,....,n)
?% o Zk
We are interested in the case when the Lagrangian is
2Ll
singular, i.e. E;%" are not independent functiocns of
4

di. Eliminating the §'s one gets the m constraint

equations:
A
(II.3) -T;(Z,P;.) = O | (=1,....,m) .

The Hamiltonian is
(II.4) Ho (Zt) P\) = Pi Z“ —_ L .

We take the constraints to be the first class, i.e.

to satisfy

(II.5) {T-ﬁ ) T/s} = Ty» u:/s
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(11.6) {H.,T,‘} = T,v2

where
u = uip,q) and v =vip,q).

The Poisson's bracket is defined as

= [ 24 3B  *4 38
{A,e} =§— Ip. 9L 3% P+

r
If LL.,_,; = constant, then the constraints {_Tu}
form a Lie algebra.

Qur problem is to find the cconditional extremum
of the canocnical action restricted to the constraint

surface in phase space, i.e.

(I1.7) \Jo=§ou'—(\P~;T—H,)

T=0

_ ={dtL

and

(II.8) Sjo’:‘g #(Rz&—%’) =886&L .0

-0

For degenerate systems there are many extremals of (II.7)
that pass through each point of the constraint surface.

Indeed, introducing the Lagrange multipliers
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(II.9) SEZ;PJ\] =Sou: (P{é&‘H,“XMTPJ

one can see that extremals of (II.9) under the choice
(ITI.5) and (II.6' are consistent for any value of )\
We conclude that for initial data

(2,,P.)€ T (Pg) =0

there are infinitely many classical trajectories enumer-
ated by values of 7vk(t)

We will try to interpret this as dynamics of a
system with less degreees of freedcm, namely n - m
degrees of freedom, corresponding to the phase space of
the independent canonical variables (the physical space)

q* ., p* (a=1,2,....,n-m )

determined by H,.s. (%, P™ ).
One has tc prove the existence and uniqueness of tais
new dynamical system.

Let us consider the infinitesimal transformation
with parameters FM generated in the initial phase space

by constraints {1-‘} . So that
Fooi 4
(II.10) g Z° ’—"—{i ,T/;k F/.,L

and
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(II.10) SFPi = QP{ ,T’:S F/.A

(24,P)eT (2P =
(Z:, B )eT(2,p) =0

2 =2+ §7 2 =2 (TR =g - 2,

F=Pias2t = P (R TR = p— 25 Fa
Then from (II.5) we get:
T(T47) =Tu(24 P) =Ta(2482,p267)-Tu (2} R)=

_3Te R T o5y T 3T pm, 3Ty 3Ta
ST 3 SR =g Sh Pl S S F=



-16-

= {R,T,*} Flr=T,u, F =0

on the constraint surface T(p,gq) = 0.
Therefore, one may apply this transformation to the

action (II.7) and get
i 0
(II.11) g tf - ’

because: tz

g =Mt §(p - H)|,

\

Sit{gf )7+ Re'ge- s - 257

Using the equations of motion

1=2_};\i— ) *ﬁ.::-—-gHo.
EZ E>4Pi_ ) A 'a i{&
we get
t.



= £.(t) §7Ht) —R()STZHt) =

§7(t,) = §2°(t)=0".

The transformation (II.1l0) with constant parameters
M is canonical with the generating function F = T#F""

H. =Ho P Z)= (g {2 PR +fm. )R
= He(2-Zrnpor SEFY) =

] oHo T m , 2Ho OTu i _
= H(2,p) — Sge s F +5m 92*F

= t P 3P Tu ~p . 32, Tu o _
H"<Z’ﬁ) Tet sl T3t 921 F

a7, AT
= e g —
H+atF H+o(,t
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(A, —H.)dt = d(T.F = dF.

The action (II.9) is also invariant under transformation

(I1.10), i.e.
sFslz,p,2l =0

provided that one simultaneously transforms the Lagrange

multipliers according to the law:
FaMlk _ - M & «
aran § N =—-F - A FP—=UrF.
o3
Indeed, because of (II.1ll), if

() = = (e

and

0= 5700 =k (nFY) = 2 (zr ) frne)

so that

0= F"T. +{H+X"T. , T.F~}
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and
0= ﬁre‘j:g_ﬂ' {_Hc,,_r;:}F:“Lkggku;T;g}:f£rf‘*;ﬁr{1;‘;[;}F:G(

0= }':/“Tﬁ-»- 1};”F“1+<SFX“)E +LL;X°‘F”7;,,

§N = —Fr —yrE —wlwEe,

This insures (II.1l2).

The tranformation (II1.10) maps on each other the
points (q,,p,) , (q,,B)'" , (q,,P,)}" ,.... of the con-
straint surface. These points are obtained at the in-
stant t = t, as a result of the development from one and
the same initial point (q,,P,) at the instant t = te.
We define all such points physically equivalent. The
transformation (II.10) divides the constraint surface
into equivalence classes, the points belonging to each
class being connected to each other by the transformation
(II.10).

The physical space is defined as the space of these

equivalence classes.
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(Z;;, P.q) (Z:q, 7?') PHYSICAL

7 SPACE
/
/

7l 1, / it
/ @A 7 A (t)

(2,8) il A
/ l/fl.,?') / — alt)

\ ,
/t=t° /{‘t|
CONSTRAINT —
SURFACE T(Z;P> = O
All points in one class (q,,p,) ., (q,,p, )" . (q,.p,)" s

are characterized by one and the same value of the
Hamiltonian He and correspond to the same physical
state (g ,p ).

This definition of the physical space makes
possible the separation between invariance and dynamics
of the system. The dynamics of the system contained in
the generalized Hamilton equations (extremals of (II.9))
deals with the equivalence classes on the whole.

The pnysical space, being the space of the
equivalence classes, ore has to choose a representative
point for each class. This is done by imposing m

additional constraints that break the invariance under
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the transformation (II1.10):
‘ .
(II.149) @ (q*,p,) =0, «£=1,....,m

such that

(II.15) SFCE‘ = {4;(, TA} FA;E O .

The @ constraints are arbitrary apart from the require-
ment that they break the invariance under (II.1l0) and

are independent. This is eonsured by requiring that

(II.16) det {4:“,'\',5} =+ 0O .

Thus the dynamics of the system is described by the

wan S[4,1,4] =Scu—{:ﬁ?}-H°—1" T2,

where éfg are additional Lagrange multipliers. The
dimensionality of the physical space is
2n - m - m = 2(n - m).
So, to treat the system with degenerate action - which
is degenerate because of the existence of the constraints

(I1.3) subject to conditions (II.3) and (II.6) - cne
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must impose new constraints (II.1l4), and the total number

of constraints doubles.

Let us introduce the compact notation for all

constraints:

T«
e %= 1 3=0m0),

where k runs from 1 to 2m, so that the action becomes
[ K
(II.19) S[f,f’,l,é] = \ dt P{T-H,—G,E,

We also cdefine the new operator: the Dirac bracket

(11.20) {A,B* A,B —{A,G?C,;'{ee,B}

I

where
.21 = {QK ec
-\
The existence of c:ut is guaranteed because

det Cxe # O by virtue of (II.1l6).

The Dirac bracket can be shown to have all the
usual properties of the Poisson bracket. In addition,
it also has %wo impor+tant properties, which are the

reason for its introduction. Namely, for any function
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A(q,p) we have:

wn {67 =fho-eenforel

={4,6} - {4,9”‘} S =0,

Footnote 2. Because of (II.20) it is obvious that

{e",e‘}*= O which is a necessary condition for the
passage to the quantum theory, i.e. the replacement of
classical brackets by commutators.

Indeed, if

e _—
O o> =0 e O 1> =0

[6%6%Tla> = O

which corresponds to the classical equation

le",e] =0
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and because of the consistency conditions

w9 ={H,8"\ =0
where
(11.24) H=H, - 3,6"
we have
aras [,y = {H,AY - {86y {6t A= 1 A}
and so:
. -
(1226 A={n,A} .
From (I1.21) we also have
0=6"={1,0" =K, 8} +5 [ 6"} +{7, 646

so, that in the physical space:

"3 .
(I1.27) S (Zﬂ?«') =0 s k=1,...., 2m



we have

Ee{egek} - “{H°>QK}

and finally

(II.28) v?i“ _ - CZ-:Q{:€9Q; }L=} -
Equations of motion are
gt ={n, 2] = {n, 2] + 3.0, =
={n, 1+ {3,210 = {n., 2}

because of (II.20) and (II.27).
Thus, under the restriction to the physical
space (II.27) the Cauchy problem acquires the unigque

solution determined by
% *
‘. a . A .
(II.29) Z& ={Ho 3 Z } ) Pi "{H°>’PJS

while the Lagrange multipliers are determined by (II.28).
Now we can introduce the canonical coordinates
in the physical space: (q*,p*). To do this one has to

solve the system of equations:



7= ZL(ZTPQ) ; Pi=p (2997

(II.30)

6 =0"[2' (), (2279 =0
where a =1,....,n - m,

in such a way that 2(n - m) independent variables

(q®,p*) are canonical variables, i.e.
(11.31) SP&Z& dt =§P°~2q dt .

Then under the substitution of functions (II.30) into
(IT.27), (II.28) and (II.29) the equations of motion take

the canonical form:

a“ms.(itlpq‘) . - 2 HPHYS.(i&' Po‘)

(II.32) Z“'—‘ >p= y -P%= 5%

with the Hamiltonian:

HPHYS. <zdf Pq) = H" (Zi’ P"‘)

6=0
This follcws from the property of Dirac brackets which
(3)

we cite without proof:



(II.33) ) - ngi :;/q E;Es - :;/q °8
. y - —_— — apa aza. ‘azq EPG

where

/Q =0(2£,P~:)

= A[i (r27), Ai(Pe 2"‘)]

BB(ZP{ -—BKZM ﬂ

The initial data for equations (II.32) are 2(n - m)

independent initial data

(II.34) Z: =2q(t) ) ’P: ='Pq(t)

The canonical equations of motion (II.32) can be derived

t=0 t=o0

from the action

e SOl’t </Pqi°‘ o Hms.(Z&/PL)) =

= (4t (as’z‘* ~ H, (¢ P&ﬁ

1‘::(? =0
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The uniqueness of the physical dynamics is guaranteed by
the fact that the replacement of the additional constra-
ints @ in (II.35) by some cother additional constraints
is,equivalent to a canonical transformation of the vari-
ables (g®*,p*). Thus, an equivalence class on the sur-
face T(g,p) = O projects as a whole on one point of the
physical space, and the arbitrariness in the choice of
a member of a class - @g(q,p) = 0O - reduces to a
standard canonical transformation in the physical space.
The classical theory of the systems with

(3=-7)
constraints has been developed by many authors.
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IIb. QUANTIZATION OF SYSTEMS WITH CONSTRAINTS

In sectionIla. we have seen that mechanical
system (II.l), with 2n degrees of freedom and 2m
constraints (II.18), is equivalent to a system with
2(n = m) independent degrees of freedom (II.30) with
canonical variables (q%*,p*) where a = 1,2,....,n-m.
To quantize this system one imposes the canonical
commutation relations upon the independent initial data

S et = (e =

adh

i

(I1.36) :L[sz Zo&] ={Z:, Zf‘j& =0

' o el X ,FDC. —

&.[:FZ,,‘FL -& - %;136 y lo -_— CD
and solves the Hamilton equations (I1I.32) for the
Heisenberg operators q®(t) and p®(t). The needed

guantities are vacuum expectation values of time ordered

products of these operators:

o <o T\ 2. 2@)PE).. Pl

Path integral expression for this Green's function can

be obtained frcm the functional:



-30-

(11.38) st. = g dgdp, exp[’tj&t{f’o‘f&" o (25 P&)}]

which determines the S - matrix in the Hilbert space cf
physical states.

The problem of quantization of systems with
constraints consists in the equivalent reformulation of
the commutation relations (II.36), dynamical equations
(IT1.32) and the solution (II1.38) for the S - matrix in
terms of the initial phase space (q‘,pi) and the
explicitly given guantities: the Hamiltonian He ,

constraints T¢ and the arbitrary additional conditions

Bs -

The commutation relations for the original var-

iables are:
ok (ol ot 96 - 98°
t[Z,P@]‘-‘{i,P,} = gi “g—p:cu';z,—

. .4 * - ‘
(II.39) i{Z«lgg]g{zzf}*E -g-g—: """ 9931

* 20 _- 28t
A

and due to the property (II.33) of Dirac brackets the

above relations reduce to (1I.36) under the restriction
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to the constraint surface: GK = 0.

We already know the form of the dynamical
equations for the original variables. They are equations
(IT.29) and (II.28) for the constrained variables
(qi',pi_) .

The main result of this section is the expression

for the S - matrix first obtained in reference (3):

w2, =) Mgida) (s et {767
erel [t (it —H, = X T

It contains the classical action S(q,p,A%) {II.17) and
the non-trivial measure of integration over the trajec-

tories in the initial phase space

(II.41) A#(Zi, F«.) — [:l (Cifs’blfi)c[e‘t{u,‘bé}.

The proof of the expression (II1.40) consists in
showing that it is identical to the functional integral
(I1.38) over independent canonical variables (q~,p%).

First we rewrite the measure as
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(II. 42)8[3 (Jl’uéﬂ) exp 'Ljd,t (‘Xﬂu-éﬂ‘bﬁ)} a[/u(fi, P{) =
=00 (500 5t (7. 49

The main idea of the proof is in showing that is possible

to perform the canonical transformation such that the

guage conditions are the new canonical momenta:

.43) C#x(Z{,Fi):pi ) L=1,....,m.

(I

H

The consistency condition (II.l6) now becomes

o4 det g“;; =+ O

where q" are the coordinates conjugate to p“ . The

conditicn (II.44) ensures that the constraints (II.3)
can be solved for g% . The constrained surface in the

phase space (qi,p&) is then defined by
ol . d—_ o« xX = §
(a1.45; P =0 ; 2= 92" (Z P

where o= 1,....,m and a=1,....,n-m,
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and where
(II.46) Tb (ZM) O , fq) Pa) = O

and (q%,p®) are the remaining 2(n - m) canonical
variables which act as independent variables in the phys-

ical space.

In the new canonical representation the measure

(IT.42) becomes

14 15 300 e
(11.47) L]J’ii‘(‘& QS(T“)S(’P.() det 92/3 —
iSO g

After a trivial intergration over p, and g% the

measure becomes

(II.48) [;l a(.ZQO[»Pq

which is indeed the integral measure for the integration
over the independent canonical variables (q%,p*) in

the physical space.
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For application to the quantum £ield theory ocne
still has to show that the above canonical transformation
is equivalent to a unitary transformation of the field
operators. This can be done in the case of the Yang -
Mills field theory, but it meets serious obstacles in
the gravity theory. (8) The problem is that, in contrast
to the Yang - Mills gauge transformations, the general
coordinate transformation affect not only the form of the
field operators, but also their space-time argument. For
this reason a coordinate transformation in the gravita-
tional theory does not reduce to a unitary transformation
of the field operators, but it also involves a change of

time-ordering in the S - matrix.
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IIIa. LOCAL FACTORS IN FUNCTIONAL MEASURE

The local factors in the functional measure
arise in theories with singular Lagrangians when the
interaction Lagrangian depends nonlinearly on the field
derivatives. To illustrate this let us consider the
particle on the n - dimensional sphere (non-linear

é - model).

The Lagrangian is:

2
om— ‘ v
(III.1) L-—-—i-X 5 K= (X reenn,%n)
with the constraint,
—,z »
(III.2) X = X-tX"=\ i=1, ,n

Let us introduce the independent ccordinates

(III.3) q = X i=1,....,n-1

with

g\ /2
(III.4) X*v\. = (l" 4 ) .

In terms of the new variables the Lagrangian is
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(III.5) = ‘l—z_‘ z -+ 2 | — gz-z -
: nl, .
where

_ Z: 2
(I11.6) G&;h(i» - S&g - | — g

Due to the constraint (III.2) the functional integral for

the theory is obviously not given by the simple express-

Sﬂ Lo, ex,,(a fLde)

The correct theory is given by

(III.7) Z =Sio[.g&o[xug(?z—() eXF(%S?zoLt)

= Tz, { dv 8- (l—'z"):& exeli{L(2)dt]

The additional term present is:

(I11.8) SJ«X% SY_X: —0’?1)] -



= chu -Qj(‘l?)— § (- (n-i*)"‘) +4 (x\+(|—?z”)"“)

= "7 =0\ + -9\ - —tp
2_(,__2'7'/1 2("‘2 )/1. (l_zz Ya

and the correct functional integral is

(III.9) Z = SOL-Z‘ (\J';zﬂ)'lz QXP[{SL&)OU'-].

We see that the correct functional measure requires a

-l/
local factor (1 - T%) * due to the constraint (III.2).

But how would one gquantize the theory given by

the Lagrangian (III.5):
m .

- A
2— (_'31'.\ 1
without any constraints?
The correct way is the canonical guantization.

The momenta are given by

oL 3 '
(II1.10) i =';'a’_2_ - VZ‘. 6«3 2.3

so. chat Z. = i (G-)qﬂ!

Q»,

and the Hamiltonian is
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(111.11) H= Z ’ﬂ(@

01 =\

The functional integral in the phase space is then

(I11.12) Z =Sﬂd£¢{ﬂ exp[igit(?-? ’"pl_‘-is-G"f/B’)] .

To go to the configuration space one has to integrate

over momenta

Sol.p exp[ So(f.( LP.G™()F + B.-7 :{
= (a[at G-') zexp[&gaﬁt rZ- ?]

so, that the correct functional integral is

airay /= Scl_'z‘(alei‘ G)'/zexp[&go(«t L(Z)]

and we again recover the local factor in the functional

\
measure ( det G )h'. It is easy to calculate it:

el <(ad - 5T
_.exp[ %c{ef- J exP[:Taema(S-.z Ytz‘ﬂ



— - | 9.9 n o0 (_\) = ?z n
=expl LT 2.6 L{ZL VY __ oyl L
P n=y 7 l--z"' - ZZ M l— 2
<=\
o2
l.ap% (l*—-—gl——) 1 l
= &P\ 7 (-Z* CXPlZ -
so, that
Y -
2 — ES
R
(III.14) (cLe)t G —_— (l - 2
which is identical to (III.8).
In gauge invariant quantum field theories the
local factor in functional measure is important for the
(8)

proof of gauge invariance and unitarity of the theory.

Furthermore, the local factor in the functional measure

cancels all quartic divergencies which are present in the
(9-11)

non-linear theories.

Let us demonstrate this on a simple example.

I
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IIIb. CANCELLATION OF SH(O) DIVERGENCIES

We start with a scalar field
M
(II1.15) o(u.? = '%_‘ Q/u.cb 9 CP '

It's S - matrix is given by a functional integral
Y
x
(III.186) Z = g aP &P[& Solfx i( )] .

Let us perform a non-linear point transformation on a

field @(x)

(III.17)

CP (x) —_— Y<X) -+ &y?{x)
The transformation of the functional measure is

(III.18) dP — A ¥ (/1" 2.6(1//)
and includes a local factor U [l *2&\{(’0] )

Under the transormation (III.17) the Lagrangian changes

to

(III.19) o\leig,ulf’(‘*h&‘f’*w"%)z) Q'ut/ —
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= _\Z_ ?#Y<l+ ?_&V)ZQMy

and the functional integral (III.l6) becomes:

e = SOW (1+2wY) exp[f‘agi‘x 98(9’)__}.

We can exponentiate the local factor in the functional

measure as:

(v 20) = exe| 2 & (120 V)] =

= exp Z\TZ,&: A X &3(1+?—&V(’<)> —

Ax -0

. ex{u (din glivasvel]

so, that (III.20) becomes
(III.21) Z =§0Pf/ QXP('{.SOU‘XE\X tgt‘ [\*7-*\*;&).

The effective action is

(III.22) S -‘SAI' i “1.8 gﬂ?[l*‘l& Vj\
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Let us carefully investigate the contents of this

theory. The momentum conjugate to 1f/’(x) is

§&
$(3,¥)

I

(r11.23) = (H— Z&‘V)zg:‘fj

and Y =(1+20¥) T .

The Hamiltonian 1is

W =Ty = =T(v2at] T~f3Y o) 0"y

and
(I11.24) ﬂ = {-T('*MV)°ZT-£%V(/+24e9723W .

Let us define:

I =¥, +&

(III.25)

H =¥ ~¥#

where:

L=tavay

i o = 5%V (Ve bV - Lay(ay) Sy
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o =+TT

A rdetyt \
gfr-— \Z_-H— (\_‘_7_&\()1 ""‘i?.;.w(l*‘zée‘#j)z?t(/.

Because

4V + Lt vt
(a1 3V (r2d) (e eev)o™y

= L, Y (4eY+4 VY)Y + o,V (heV+40r V) 5y

we see that interaction Hamiltonian is not the negative

of the interaction Lagrangian, i.e.
Y =~ — Lo Vlievri vy 2V
(III1.27) a - T 2 Ce .

Furthermore, because the interaction Lagrangian is
guadratic in the field derivatives, non-covariant

propagators appear in the theory. Indeed, defining the

contraction

crras Y V) = <o) TPV Vel o>

we have

aran V9V = 2, <ClTLYEIVG)] 10>



(III.30) B#Y(x)' I, ¥Y(x) =
= 22 <OT{YI Y[\ > — 4 5uS,0 § ¢ (x-y)

because: <oA\T LY oy Y(nlo> =

= B4 Y () 3 W(4) +6(8,%.) 0, Y () % Y (x) =
= %<1 T{¥(x)3, Y (3]} 0> — Suo S(x14.) [W"’ o W*ﬂ:

= 2.9, <OlTLYE VY lo> —iSuudvo ¥ (x-y) .

The non-covariant piece of the propagator (III.30)
will contribute divergent terms of the S“(o) - type to
the S- matrix. This contribution can be calculated using the

following theorem, which is proved in the appendix (9).(10)
A system

(II1.31) L= _2;:.;#¢an&(¢) Q’qu&
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with the contraction
sz QG2 == 2.3, { 479" ¢ -
- ol
T e 80 87 8 (xy)
and the non-covariant interaction Hamiltonian

sy Rp=-Lo = 727 (6-1), *
has the same S - matrix, .

(II1.34) S =T exp {—LSJ}X '}’ﬁl(x):( ,
as the covariant system with

e W= — 2y + 5 5C) TrilnGule
and the contraction

are %8 2,9 = ~33, {814 i}

In other words, we can treat this system as

given by:
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(III.37) o% ¥+§c¥ f—f— 8 ?MAG (4’

where in evaluating the S - matrix in the perturbaticn
theory one has to take only the covariant term in the

propagator (III.32). The additional term in the action

(1II.38) SS = Si“x SO\ZI=:LS£XS“(O]%(|+2&(W>

is the contribution from the non-covariant term in the
propagator (III.30).
In the functional formalism this term is cancell-

ed by the local functional measure
[1(+2v) = expl-i [dix §%0) bog (1+226Y)

so:

The local factor in the functional measure
cancels the SA(O) -type divergences coming from the non-
covariant term in the propagator of the theory with the
derivative couplings.

The cancellation of gquartic divergencies by
the functional meas?ii)occurs in the similiar way in

the gravity theory. For cur purpose of calculating

the functional measure in quantum gravity we need to
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know only that the cancellation occurs on the one loop
level. We will calculate the contribution of the non-
covariant propagators in the theory in the one loop
approximation which must be cancelled by the first term

in the expansion of the local measure.
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IVa. THE FUNCTIONAL MEASURE FOR QUANTUM GRAVITY

(12)
The Lagrangian for the theory of gravity is:

(IV.1) £ = f?_ + f@r. + XGN.

where

—_ 2 [T MY
(IV.2) Xz_ = - &z{} VZ_J—R - KZW 8 R/,Ly
with R*=32TG,

where G 1is Newton's constant.
The gauge fixing and ghost Lagrangians will be

specified later. The Lagrangian (IV.2) contains the

(13)
total derivative term which can be eliminated to give
oL A o
wa o=y (re o
2 i€ MotV T Luv L

where the Christoffel's symbols are:

oL
oo [ v —IZ— jm( g,u/sw +jv/b'#—(7f“”"’

and (IV.3) becomes

(1v.5) 0%2__ = 2’&?— v:?— jo%/j’ j/u,v/é{?“ﬂ ,uvjye _
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— 2?"‘”?’“’5’?%_5#‘70?%4_2 ?%?m:jvfj .
To quantize the theory one introduces the

quantum gravitational fields &Pyby

(IV.$6) y/“*’ = 7/‘“’ -+ H téu_y

where ‘QF" is the metric tensor of Minkowski space with
the signature (+---). The quadtratic part of the

(14)
Lagrangian (IV.5) is the Pauli-Fierz free field

Lagrangian for a massless spin 2 particle:

v Ly = L Dy L | TN
2 ,,Zawwzﬁe %ve, _ /7#4,,Z/év7fe Y e yg:]

This Lagrangian is singular due to the invariance under

general coordinate transformations:

(IV.38) gj,w = Eolj,ujow +3: j/‘“i +'_3°( g/w/,x

and requres the gauge breaking term. We take the harmonic

gauge:
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pre &L M
(IV.9) F:VM—zz Jk éj'l{.m =

= 1 (U0 = 10%)

and the gauge fixing Lagrangian:

(IV.10) O\Z/cs. =-—-7Z F#sz
v

RSV e apep—"

Adding (IV.7) and (IV.10) we get the quadratic part of

the gravitational Lagrangian:

() M $&
(IV.11) O\Z = "% sz/fféw//é P

2

where
MV /sY o
(1v.12) P% = '7’_' (/7#(42 +7 V“Z”"-’Z"’“Z”‘”),

with the property

o4fd
(IV.13) Pm’ﬂ - '21_"<5::5f + é‘vc(é;f) = ﬂ#v.

o o



The

(IV.

SO,

(Iv.

The

(Iv.

The
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canonical momenta are

77‘09$.== Sé{é°) - __‘E>°V%/*”

14)
S[o{/&/o 'o
that
£
15) 4«//0 = - P/,W,Su T :

canonical commutation relations are then

16) [Z%(X),/é«wlo(g)] = 4P SB(’?’%

x.-: c." m//.w

non-covariant propagator appear in

T{‘&!/f//"/b} =% T{/% 4"} ~44 0&0 ‘B/s,/w Sl'(o/-

We are interested only in the quartic divergent terms,

SO

we will take only the non-covariant term in the propagator,

i.e.

(Iv.17 T{&aéwfoéw/e} =—4 SJ,,S °Pavs,,~w 5"(0) »Z«_a .

To find the one loop contibution of the quartic divergent

terms to S-matrix we start from (IV.S) and use:

\E:EY = l“* 2%‘47¢1£)é£41 S
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,(,,,g =¥ éﬂ/f

ym=7%—o‘€ [’%:- 7%__& ’7““47&/3/“& ,

to obtain the three graviton vertices:

m ak, s, puu, 94
(IV.18) Lg, 4,3,; ﬂéu/[(, V !

where:

al ,«a
(IV.19) V 1 IN'?B

= % 42“‘3*»70%41,0«/7% _
— ?(aui<z“4’7/03%?y¢L'é%;?‘“zydyﬁyzuz?f?ﬁ;37“1%f¥“ ,éé%pq:

-2 ,7“?4,, ey u+z_/7a-t4zée,,lﬂf42v4+ 242"5/,« anyty_

27 »;Z&f‘ Vf+z,,z 7514144 »



Using (IV.17) we find the quartic divergent terms to be:

w0 THA | = S AT 0] s,

The only other contribution comes from the ghost La-
grangian:

(IV.21) ‘;‘ﬂcu. = A/UL

pi*

= [\

where [y‘is anticommuting ghost field and

(1v.22) g/e,% &( ER A )4&%*&2*@/;)3)

where we used(IV.8).
For the quadratic part of the ghost Lagrangian

we find:
SFr = P75 (a3,403) = 337

and

(o) N M
(IV.23) ;f;H. = — [\fuf'[\ .

The canonical momenta are:
(o) —
7]—'/1_ SX ® /l.[o
SA,u.lo
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and the canonical anticommutation relations
- . 3
wao {06 AGY = 45 87(R-T)
Xo=Ye

The non-covariant term in theApropagator is

T{hus Ay = 08,0800 8, §40)

so, that the gquartic divergent term is:
(Iv.25) T{t&& A/(If Aylb} ={' é;,wS OSLO 59(0)&& .

The one-loop contribution is found from the ghost-graviton

vertices. From

SE =P, (/,‘,;;),»,[NQ‘ + ) 3"

we see that the last term doesn't contribute to guartic

divergencies, and the first two terms give:

(1v.26) xc(’u) =—U Kﬂlf p"”l'“f/dy’zs‘ +,4y ,‘”“é)/\r“,-

Using (IV.25) we find the one-loop quartic divergent

contribution to S— matrix:

(IV.27) T{O‘E:)ﬁ = — 1 J"'/o) %M[a&



Combining (IV.20) and (IV.27) we get the quartic divergent

part in the one-loop approximation for the S-matrix:

oo T} = T 2} =
— -S| 21175 L

This must be cancelled by the contribution
coming from the functional measure, which means, that the
term of the first order in R imthe functional measure

must be:

(1v.29) b%(l) =& g‘«(o) 3242“&"'42”/1&0]&&

M

This is the first term in the expansion of

o =80 L[4 9]

because:

7 = o d = - T

We conclude that the local factor in the func-

tional measure for gquantum gravity must be:
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(Iv.31) [:L (j-%-(x) joo(x)

and the complete functional measure is

won [1] 701970 [] da .

Iu,‘V

(8,15)

o]



IVb. THE FUNCTIONAL MEASURE FOR THE GRAVITATIONAL AND

YANG-MILLS FIELDS

The Lagrangian is given by:
- 2\ —_ = ggpV—a -
wvon L= +&y, =g MR- RTIEES

where

oL @ @ 4‘ <
F;(/b =90L/?/3 —9/3/7& + K;Za&cﬁxﬁ/s .

(Iv.39)

a
The fields Au belong to adjoint representation of
internal symmetry group SU(N), so that a = 1,....,N2 = 1,
The quadtratic part of the Yang-Mills Lagrangian
is
(e)

won 2 = =R (077 7G7) A 4L

;)a.
and in the gauge: oL

a
7—: - - 494/0

The commutation relations are

(IV. 36) [/'):(X), Af(a (3)] =4 S"‘z‘(& "S“SM) S?Y"S) .

Xo= 30

0, we finéd the canonical mcmenta:
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The non-covariant part of the propagator is:

avan T{AS A% = W8, £.8.)5.5.8%)

where the factor (Nz-l) results from the summation over
SU(N) indices.

The first order Yang-Mills Langrangian is

) all | o4, pav
(IV.38) o‘fl —% é& A,«IVD

with

ol ap
(IV.39) D #

=T Lyt
=TI 2 g oy _ gy b
oy TLLLY = et £40) |yt L

where we used (IV.37).

This term must be cancelled by the first order

contributicn from the fuctional measure, i.e.



-59-

won @0 =l W) [ i),

Hym.

which is the first term in the expansion of

(IV.42) O%H =—1 54(0) 47 NKH.

VM.

Finally we get the local factor in the functional measure

for the Yang-Mills fields:
1
N1/, N*-|

(IV.43) MY,H, — ﬁ (300)

where we used:

g = |+ K”La&réa&+
g” — (_&_QZOO—-'— [— R A/ZM/‘Z&O»Z“&

The total functicnal measure for gravitational and

Yang-Mills fields is then:

N=Y

NE-|
(IV.44) [} g (%) %o (X\E}’J@/&V(QRMZ.

This result was first obtained using different method by
(16)
Aragone
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IVce. THE FUNCTIONAL MEASURE FOR SUPERGRAVITY

In this section we will calculate the functional
measure for supergravity. The result we obtain is the same as
the one obtained by authors in ref. (18), although we work
in different gauges.

The Lagrangian of the theory is

<§£ = ;fz_ -+ szvz -+ ;zi
£o= - &R
x-*/z._ -3 €7 ?»X}J}DA Y

;ek is a term quartic in spin 3/2 Majorana fields %L(*) and

(IV.45)

with

is not important for our considerations. Our conventions are
the same as those in ref. (19). The spin 2 Lagrangian is given
in terms of the vierbein fields é;ug instead of the metric é&;v
Greek indices refer to the Riemman space while atin indices

refer to locally flat space. The basic formulae are:

f/uz /-«.a.e: /Zat‘ze“f"eiz-
SR et Dy = + T &oaa ™
R=e*g,. R =€ "“Rpac

Q,uyo(ﬂ* =3#é/y,m—9v [‘ﬁ':.ab *&) ,acw,,u —&)V, a_C&j,u,, Le

Wy g = LZ. [QI: (eﬂglv ‘(fv@/,() + @Z ezei efcléj - (QH@)
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Using the above andé discarding the surface term the spin 2

Lagrangian can be written as:

2, = L8 (e¥e ™)t o5t ac

e

(IV.46)

To quantize the theory we introduce the gquantum vierbein field
C/u:. by:
63;441 ==‘%;44z + . Cuea

CH % = YA _ o P 4 02 CH e CT =

(IV.47)

in terms of which we have:
D = T 7° Lua €O +# Gua Ty + 0™ Gum 5
j’wz PP Ca—e Y+ 300G
I-4 =(Ir2en G r.) = [+ &N+

Cv)
wv,a& = & (C—vqm_ C—v&lq)

. ®E,ec
Wyt > [_CVC Cpee. + 2CaC

- qu Cvc;& - C,rq C/—(Clv 72{1 _ (aeﬁ)
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Collecting the terms ofzeroth and first order in & from

(IV.46) we find:

L= & Genig e[ 1 4 oy ur g

(Iv.48)
G B I e N IS AP
and
2= £ € Gy G| 1 iqrig e _
-2 /7““/7/‘(1,71/!113.‘_7”7”4{ 4,3 4,(?6 - 7“?’“’74-{"‘1’&4,
vy T LTS iy gy,
LA IR g P Sy iy ysayemibyif
TR A e A i B K T
BRI B i ST IR s }

To define the propgator we need to svecify the gauge. Taking

the gauge condition as in ref. (19)

—_ lx - L Ve
(1V.50) Fﬂ_ GM 5 4{ Cva,#

we get a gauge fixing Lagrangian
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=22=. = —'%'F;*’nquF:; =
(IV.51) _ ""5_@,‘419Cvmb[.‘l(wﬁlv“z%"\iyﬂ/f%m
___%:Azquza$4zve~ +_qz/*“42‘*f4z&b:] ]

From (IVv.48) and (IV.51l) we have:
‘ L gpmd, vl 05 IO PR T
2, = b Guag Gt £ Lyl
(1v.52) ———'.i"Z’u&’?"qdzf"] —
=7 Cuaue Crags "
with
rUZ‘V&;._ ) A PYA
(IV.53) P ‘E(ﬂ '»l _’)Z/‘*“’/;Z _/,Z,u&,,zva)
and it's inverse

(IV.54) - _LZ (/?V&AZPC‘?VfA?&C— ’?Vc 7&{’) .

Pue,se

The canonical momenta are

£
s s

so, that
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Taking the commutation relations:

(G0, T(4)] = —i .83 (x-g)

[C;ua("), Cu&la(?f)] - =-21 P:a,va S“ 83(’?'-'8’),

“do

the quartic divergent part becomes

(IV.55) T{G.Ja/fC/&“,} =24 P;(V& A}a Seo SQ(O) .

The one-loop contribution to quartic divergences is found

from (IV.49) to be:

() .
(IV.56) T{éé’,_ } = 4&89(0)@4[’7#«—2 "Z';( 7:]
The only other contribution comes from the ghost Lagrangian

- F, v
Lo =9 A 5 S’“ A

v
where the gauge parameter-j (x) is a vector field.

The transformation law for the veirbein field is from(IV.8):

(1V.57) SC"‘“ -’—&‘Y(A’IMQNCM%#C,««W 3’

so, that the ghost Lagrangian becomes:
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o V
(IV.58) i;;,’—"— /“.A A Aw

(1) —ﬂla via
086#- =& A-l,u ;(A CVdA -

v

it K N+ £ K,

. éeﬁl ' 84
The last two terms ind&g, do not contribute to (a)terms
and we need concern ourselves with the first two terms only.

From (IV.58) we find:

7;"=_LZ]K°'°+.7I_.]'\_E; (i-—/,z,s)

T; = "A/i

and

AI/—L _(g ro)r +A/1&w

The commutation relations are

U0, Ay =4 S 8°(7-3)
W, L, =435, 5,.)5 %)

and the non-covariant part is:

(IV.60) T{Aaqlquf} /,u/ /-wSVO)SoJ (O .
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From (IV.60) and (IV.59) the ghost contribution to quartic

ey TLLY, 7= iw§i(o) Gua (- 174] .

Now we need to find the quartic divergences associated with spin

3/2 fields. Using the formula:
El‘wfb&«sxga LHE%/'W&)‘_ zﬁbxv_xﬂavb*_dxﬂxcxvl
_ iy .
=28 Lt -pepeee]
we can write the Lagrangian as:
(IvV.62) 0%3/?_:%[:% ({u (XVX?X,*_XHX?KV)D? VV
The gquadratic part of this Lagrangian 1is
(¢ o & @
SVET L 21 (0 A et o o R A

Taking the gauge:

(1V.63) (d %%d\q (‘}) 5 F.=7MV la

di) 4) (4) Ay )

( indices in parenthesis are spinoreal ),
and the gauge fixing Lagrangian:
%F'—/r F(_"‘) (a%)F(/s) 4 uffd‘ ¢4

we get:
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Canonical momenta and commutation relations are:

o 87 LT wlpena
7= 50 = TR

and

so, that:

{Vc(x), Yo (3)] = —1 Sy g{é 53(?‘-’/
() G) Xe ™o

and

- 3
X } =—(ao - o) S(F-3

(Vo 0 Yo G} =—bdh-t8acbdt) 57

which ensures consistency with the gauge condition (IV.63).

The quartic divergent part is then:

(IV.64) T{ Va(i M(»ia‘) D? va(d)} =

)

= 45T [ (- 45unber ] S,

where M, is any combination of Y~ -matrices.
% is present on the right side of (IV.64) because a Majorana

field has half as many degrees of freedom as complex Rarita-

Schwinger field.
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Neglecting the terms in which the derivatives of the veirbein
appear, (their contribution to quartic divergences being zero),

the first order Lagrangian is:

L5,= 5 G T (g o e
A R e N & o
_.7?“€/my%ﬂ»q1k1p“€#yy4ﬂuc_+g7/“2~efa44c#_7,Q2P%rﬁr§]Q§d
Using (IV.64) we have:

wves TLa ) =<‘*€5‘/°)94°2’1”‘“+Mf"73] .

Finally, combining (IV.56), (IV.61l) and (IV.65) one gets;

cree T{LY+ 28 + &0 = it 80 Gua [-477]

This must be cancelled by the first order term comming from

the measure, which means that:

xz’ _-wé"(O/Qa[:é"Z’““]

and the measure term in the Lagrangian is

L =80 by € =i §Ye) log T °

giving the local measure for the supergravity:

09«



APPENDIX
We prove the theorem cited in the section IIIb.

(9)
The result was obtained by Lee and Yang by explicitly

summing the relevant graphs. This proof is due to
(10)
Gerstein and all.

Let us consider a system with the Lagrangian
/ a e
(al) _ - 9 Cb G%(Cb) o
2 M
where

(A2) Gu& (d:) = ga.Q,_ + -@aanb) .

We divide the Lagrangian into free and interacting part

& =cfo '*'ofz
£,
Ly

The momemta are defined as

£ o &
;7r;t — —5%255;: = cg;adb.:; b

given by

)l

| « M

a —~ ﬂ-e*
%r.:a*}#p G;adL B> Cb .

- a
;a,qbcz = G au&.;7~
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and the Hamiltonian of the theory is
— 1Lre & a b
(A4) %=%a+\}{él— ?,T GaaT "Jz'gicP Cae? P

with

and

a =< A -
(A6) %1=‘J7: 3,3‘4’ GQ&Q'“‘P —'%‘;Z,?SG,&? 49&:

The S - matrix for the theory is
. ¢
(a7) S = T exp "S‘{X 7 ()

where the operator gtx_should be written in terms of
the interaction picture operators. The transformation
to the interaction picture is easy once the interaction
Hamiltonian is written in terms of ¢%, 3,#% and 7% .

Then we can make the substitution:

Fo — Va
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Z?i,qiz _— ;%.in
Do = 9o %

Db —= G, D°PC

so, that the Hamiltonian in the interaction picture

%‘%o +%z

becomes :
where
(A8) %o = ?/_- 2. PE2° 7 ——é?ib”“a"fq

and

o Hp=-1%Y 5w9ﬂf4+%%5’q[52(/+5)_j 37"
ad.

It is easy to verify that there are non-covariant

propagators in this theory:

o, A) = ik e ZelT{no% e

(A10) ga‘b Afk(K) :SALIX e‘u"‘<o lT{QMfﬁ((X)%‘(G)‘B\@



Sea Byl =Fdixe™ <o\ {5, 9 (13, % ()} 10>
the explicit form of which is

4

(All) A(K?_) - K+ + €
K
(a12) A#(K) = irie

' K
(A13) A/u.v (IL) _ A M — j/w jyo .

K+ L€
One should prove that the $ - matrix for this theory

is identical to the $§ - matrix for the theory given by:

H, = -7 Y G 3P + SH

£ K Ky
foLv (kL) - K~2' +{E .

with

Let us rewrite the interaction Hamiltonian (A9) as:
/ /‘bﬁq ( ) v A
(Al4) %I -_— 2 9 Ha&//“_y y 9 y

where

(Al5) Ha&,w (f): Ea& gﬂ”—[@—z(ﬁ -G—)"]%’)’Z,le .

We introduced a unit timelike vector 79u,.



The S - matrix is
ale) S = TCXPI%SJ"X Plov e Nog,,ﬂ, QVY&]

The inverse of the interaction Hamiltonian (Al4) is:

-\ =
(AL7) Haﬁ,,w = G,@ j/w, -+ Sa&n#nv
because

- vp
(A18) [4«&’” H&c’“? = ch ?/“

The propagators of the theory are
@92 LI T{L M A @YVID> = { A (x-y)

a19m) Lo\T (Y %.(3)} o> = 1% Aag(x~%)
(3190 LOIT{ %), % (9} 10> = — 13, Any (x-¥) -

. 9 1]
We want to collect all terms in S that contain
(x-9), i t forr h tracti
A“&,P'/ dl, i.e. we want to perform all the contractions

between o -\7’;._ and ;y-y . To achieve that we re-
/3 é



place Q,o.ya. (x) by:

9/17; (x) —->9'“Ji (x)*—i.jol‘x'A’::(x-x')

From (Al6) we get:
. e 5
(A20) s :"—:QXP{-}—Z_SA}X [Bﬂbfl(x)-f-tgil’x A’Z;(X-X')m]

WAMEYANLT vy ' ) .
oo [0+ 8 o) 5%, cw)j} ‘

because uaal}w(")doesn't depend on 9%°X(x), although it

§
S ML (X)

does depend on é&éx). To simplify the equations we

introduce matrix notation:
") =Q
Q being a vector with three indices,
a - isospin index
M- space-time index
x = "coordinate" index

and matrices:

A = A ag (x-3)
H = Hog o ) 870

H'= Hog, () § (x-)

The S - matrix is then:
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o 5= 1o §foriliufaeiledl):

Differentiating with respect to Q we have

(A22) SS __(/(, HQ _‘HA%SE> S

d Q

with the solution:
ggé + HA & = LHas
(1 HA)—S%S—: HQ S
(H’-PA)ES—S—:'LQS
22 _i(h+a)R8R
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and differentiate (A2l1) and (A23) with respect to H to
get:

={£[@+&A§3][a+&A§Q—}}S =
{@ 0——QA§Q (AS%XAS%)}S:
_—_{* =1h- aam %(A%}A(H-‘v*ﬁ).b}s =

‘ L AnAS o L AR p)
:{%QL—%A—EQASQ +2_A(H "'A)A}S

and because

S| =
we have Q=0
33 = -Lac +3a(w+n)"acs
SH |ges
:=.-—-%Z A [j\“ (¥{_‘+-£s)-|[§jX(:L=:
= -+ A(H'+A) TR
and
3 - -1
(A24) —_— — > (AT +H] ¢
SH Q=o 2 ( )

ard from (a23):



35 > C
(A25) —_ _ —
oH lg=0 H
so, that:
(A26) -gg— = —‘(Z‘(A—“*'H\—\CL

with the solution: -\
%CL. = —-;:A(H-AH) SH

and

(A27) C=A J&t(/'f'AH

)"

To fix the constant A we reguire
sl..=¢Cl. =| = A=|

so, that

(A28) C."_: O[_e_’t(l—i‘AH)—/Q_.

H=0O Rh=o

The S - matrix is

(h29) O= QP[—%&?JPX H] exPEJi&'Z JJ(H’WAH
ey iabees]a]:
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To seprarate the non-covariant terms in S we

introduce from (Al7) and (Al9c¢c):

A=A+ A=A-7
H'=H'-m H' =B+ M

where the non-covariant matrix n is:

N= 4N §, 0 S(x-4)

From (A29) is then :

S= exp[{&?abi(ﬁunﬂexf{—%fogm A*“/:} CXP[ QRA+HY Q]'.

Now:

1,;0»%& R'em) = L%M[H -((MH)]_
=%Q°3R-‘+£Zv?a(e/f(l+nH) =
=—JZ&7MIL7+‘£‘&?M(/+%/7)

and we have

30 S = exp[£lg dot (1R )] exp [ -4 fog et B
e*"’[”z‘ log et “"*Z)]? eXPEa (&+R")"q]

The only non-covariant term is:
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%M(H—ﬁﬂ) = TA@;‘(/+/7—77) =

= Tr /ay [l + Goo (X) Nu?, S“(x—g)] =
= Ti §dt 80) by [1+Bus o un] =

- ga("x gq(o) T2 Z’?[l+ _C-fa&(x)]

and finally:

(A33) /‘7 a[&t (/+ /771_) =ﬂ[¢x g(’(a/ TR 47 G(x)
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(A34) 85 = €xp {’z‘_‘goﬁx SQ(O) TR 2/73@(")] )

The covariant part of the S - matrix is computed from
the interaction Hamiltonian
— Ll My = &
2.'? s G;a& ;LLEP

with the covariant propagator

"/&V _ — M v X__)

l& ¢n&_(x %) - 979 ZS¢1b_( 3

Therefore, S - matrix may be evaluated with the

naive Feynam rules, provided the interaction Hamiltonian

is chosen to be:

(A35) ,}er = "Jigﬂyaé;&g,ubo&*- ?‘__1’,84(0)‘[1@3 G(x).
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