
72 - 13,459

BREGMAN, Alvin M., 1945-
THERMAL STRESSES IN BONDED DISSIMILAR 
MEDIA CONTAINING PENNY-SHAPED CRACKS.

The City University of New York, Ph.D., 1972 
Engineering Mechanics

University Microfilms, A XEROX Company , Ann Arbor, Michigan



THERMAL STRESSES IH BONDED DISSIMILAR 
MEDIA CONTAINING PENNY-SHAPED CRACKS

by

ALVIN M. BREGMAN

A Aissertatien submittai te the 
GraAuate Paoulty in Engineering In 
partial fulfillment af tha require- 
ments far tha Aegree af Dactar af 
Philesephy, The City UnlTerslty af 
Haw Yerk.

1971



This manuserint has heen read and accepted for the 
Graduate Faculty in Engineering in satisfaction ef 
the dissertation require^ant far the degree of 
Doctor of Philosophy.

M/l ̂  //??/ i i  ̂Ovn
' ' date tt-v• <h4« 4»*

11/ 10/71
date

Chnirman^of Examining Committee

O O lc-Pu j l^  t . ®uujuo^>wLte
Executive Officer

Prof. Jacques E. Benvenisto
Prof. David H, Cheng
Prof. Mumtaz K. Kassir. Chairman
Prof. Raymond Pames

Supervisory Committee

The City University of Hew York

ii



PLEASE NOTE:

Some pages have indistinct 
print. Filmed as received.

UNIVERSITY MICROFILMS*



ABSTRACT

THERMAL STRESSES EC BONDED DISSIMILAR 
MEDIA CONTAINING PENNY-SHAPED CRACKS

*7

Alrin M . Bregman 

AdTiser: Prefesser Mumtas K. Kassir

A selutien is presented far tke prablem af a uai- 
fara flaw af keat disturbing aa insulated penny-shaped 
crack aa tke bending surfaae af twe (dissimilar) semi- 
iafiaita madia. Tke tkermaelastie analysis Is separated 
iata Independent temperature aad meekaaleal prablams wkiak 
are salved eenseautlvely. By tha iatraduetiaa af apprepri- 
ate analytla funetlens, tka temperature prablem is reduced 
ta a beundary Talue prablem la petential theary with kaawa 
salutiaa. Tke axisymmetrie meahanieal bauadary Talue preb- 
laa af tha iafiaita space is eanrerted ta a petential prab­
lem af a kalf-spaea and is subsequently reduced ta a twe- 
dlmeasleaal Hilbert prablem by tke use af apprapriata 
transfarmatians. Empleyiag the apparatus af tka theary af 
eemplex variables, a salutlam ta tka Hilbert prablem is 
determined frem wkiah expresslens far displacements, stres­
ses, energy lass and stress-intensity faatars are ebtalned. 
Stress singularities and asalllatlans are ebserTed in tka

iii



▼ieiaity af tka araak tip. Tka pessihility af extending 
the Griffith-Irwin theary af fraeture ta cracks in dis­
similar media eanduetlng heat under steady-state eenditiens 
is alsa examined.

It
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CHAPTER 1 
INTRODUCTION

When a uniform flow of heat In an elaatic solid la 
disturbed by the presence of cracks or flaws, there la a 
local intensification of the temperature gradient with as­
sociated thermal stress. Disturbances of this type may, In 
some cases, contribute to the mechanical breakdown of struc­
tural members. Hence, a knowledge of the state of thermo- 
elastic stress and deformation In such solids is of signif­
icant Talue in structural analysis and current theories of 
fracture mechanics.

In most practical applications, the effects of both 
coupling and Inertia may be disregarded and It Is thereby 
possible to separate the original thermal stress problem 
into two Independent problems to be solTed eonsecutlTely.
The first requires a solution for the steady state temper­
ature field and the second is a determination of the In­
duced thermal displacements and stresses in the solid.
Such an analysis of a homogeneous medium weakened by a 
plane of discontinuity, or crack, can be reduced to a mixed 
boundary Talue problem for a half-space with the crack 
plane as a surface of separation of the boundary condi­
tions.

Based on the method of dual Integral equations in 
the Hankel transforms, Florence and Goodler [l]* treated

* Numbers In brackets designate References on page 91.
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the problem or uniform heat flow disturbed by an insu­
lated penny-shaped crack. The antisymmetry of the temp­
erature and stress fields about the equatorial plane per­
mitted a reduction to a problem of a semi-Infinite medium 
with mixed boundary conditions. Kasslr and sih [2] con­
sidered the state of stress Induced by a uniform heat flow 
past an Insulated elliptical crack which Included the cir­
cular crack as a special case. The general solution was 
constructed In terms of harmonic functions, and expres­
sions for stress and displacement were derived. Hiere is 
a direct analogy between the problems alluded to above and 
those of a planar crack under linear shearing stress [3]• 
Recently, the writer [î ] considered the thermoelastic prob­
lem of two (or more) parallel coaxial insulated penny­
shaped cracks by extending a method developed by Collins [5] 
for a similar configuratlon under mechanical loads. The 
solution was fomulated in terms of axially symmetric har­
monic functions which were then sought in tanas of a com­
plex variable Integral with Cauchy type kernels. The prob­
lem was then reduced to the solution of Fredholm integral 
equations of the second kind from which results were ob­
tained by iteration. Other thermoelastic problems involv­
ing a linear flow of heat disturbed by cracks or cavities 
have been treated in [6 - 8] and others.

In all of the preceding investigations, the infi­
nite medium considered was homogeneous. ▲ problem of con­
siderable practical importance is that of determining the
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induced thermal stresses In bondad semi-infinite bodias 
af dlffarant thermoslastic propartios whan a uniform haat 
flow is disturbed by an insulatad crack on tha surface of 
bonding. This problem represents an idealization of two 
dissimilar materials welded together with a flaw devel­
oped on the common interface due to faulty Joining tech­
niques. The imperfect contact may be due to the existence 
of an entrapped gas bubble which may have sharp edges and 
for the purpose of analysis could be regarded as a flat 
cut or planar crack* It is the purpose of this disserta­
tion to study such a problem. Specifically, a uniform flow 
of heat is allowed to pass through two bonded semi-infinite 
media with an Insulated penny-shaped crack situated on the 
bonding surface normal to the direction of the heat flow.
It is desired to determine the Induced stress-strain dis­
tribution in the solid. As the elevated stresses in the 
vicinity of the crack tip will control the onset of crack 
propagation and eventual breakdown of the material, spe­
cial emphasis will be devoted to the finding of the local 
stresses and the value of the stress-intensity factors.

During the past decade, several two-dimensional 
problems of bonded dissimilar media containing cracks have 
been considered in the literature [9 - 12] * Employing an 
eigenfunction expansion technique, Williams [9] discov­
ered for the first time that for the problem of two dis­

* This list is not intended to be comprehensive. Only rep­
resentative works are mentioned.
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similar matarials with a semi-Infinite llna crack, tha
stresses possess an oscillatory character of tha type
r_Vz sin (or cos) of tha argument log r, where r Is tha
radial distance from tha crack tip and £ is a function

*of material constants. Tha case of a finite crack (or 
cracks) embedded along the Interface of two bonded semi- 
infinite planes was Investigated by Erdogan [lo] and Rice 
and Slh [11] using the complex variable formulation of 
plane elasticity problems (Integrated with the eigenfunc­
tion expansion technique in [ll] ) while Brown [l2] calcu­
lated the thermally induced stresses when a uniform heat 
flow is disturbed by an insulated Griffith crack. For the 
axisyrametric geometry, Mossakovskii and Rybka [13J consid­
ered an isothermal problem of a circular crack embedded 
between bonded dissimilar materials. At large distances 
from the plane of discontinuity, the two dissimilar half­
spaces are acted upon by uniform normal stress. The axi- 
symmetric problem was reduced to a subsidiary problem in 
the plane which in turn was solved by Huskhellshvili1s 
method in complex function theory. Erdogan [lij-] presented 
a solution for the problem of a circular or ring shaped 
cavity between two dissimilar materials. He utilized 
Hankel transforms to reduce the problem to a system of 
simultaneous singular integral equations. Only the domin­
ant part of these equations was considered and an approx-

* See equation (5.1-5) for the definition ef tke bl 
elastic censtant £ .
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Imate solution was obtained by reduction ta a Hilbert 
prablem. In these preblems, the eseillatery nature af the 
stresses and displacements was alsa encountered. HawaTer, 
as in the twa dlmenslanal eases, the zone af aselllatian 
is confined ta a very small distance fram the crack edge 
where there wauld be plastic flaw due ta yielding af the 
material and aa far all practical purpasea the eseillatery 
behavior af the leeal stresses, which is physically im­
passible, may be ignored.

In this dissertatlen, a selutien is presented far 
the prablem af a unifarm flaw af heat disturbing an In­
sulated penny-shaped eraek situated an the bending surface 
ef twa semi-infinite media, Tha twa materials have differ­
ent theme-meehanleal properties and are assumed ta be 
ideally banded so that a perfect contact exists, i.e. een- 
tin uity ef temperature, heat flux, displacement and stress. 
The thermal analysis Is separated into independent temp­
erature and mechanical preblems governed by the steady 
state temperature equation and the Havier displacement 
equation af static equilibrium, respectively (Chapter 2). 
The temDerature field is obtained by first considering the 
boundary and continuity conditions af temperature and heat 
flux. By introducing appropriate analytic functions, it is 
shewn that the boundary value prablem Is analogous ta the 
prablem considered by Flerenee and Geedier [ l] far which 
a solution is known in terns af Bessel functions. The me-
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chemical problem is tke* solved by finding harmonic func­
tions whlek satisfy tke Cauehy-Navier displaeement equa­
tions ef threo-dimensienal thenceelasticity. Upon utiliz­
ing tke boundary conditions en tke eraek surfaces and tke 
continuity eendltlens •* tke bending plane outside tke out( 
tke problem of tke Infinite spate Is reduced to tkat of a 
half-space with rotational, or polar symmetry. This axi- 
symmetric potential problem is tken reduced to a subsid­
iary potential oroblem in tke plane by using transforma­
tions originally introduced by Hossakovskii [l$J for this 
purpose. The two dimensional problem is then shown to re­
duce to tke problem of linear relationship which requires 
the determination of a sectionally kolomorpkic function 
whose boundary values, on tke two sides of a line of dis­
continuity, nre linearly related. A solution of this prob­
lem, usually known as the Hilbert nreblem, is then ob­
tained by making use of the Plemelj formulas and Cauchy 
integrals as developed by Muskhelishvili [l6] .

Having obtained the solution to the Hilbert problem, 
it is possible to evaluate the physical quantities of in­
terest of tke original axisymmetrie problem by employing 
the appropriate transformations mentioned previously. Re­
sults are obtained for the stress and deformation fields, 
the change in potential energy duo to tke existenee of tke 
crack, and the critioal heat flux which initiates craek 
enlargement. An important practical result is tke stress 
field in the vicinity of the craek edge sinee this is es­
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sential in tha investigation of the stability behavior ef 
the eraek. The Griffith-Irwin [17] the®ry ®f fracture, f®r 
example, la based upon the concept that the •as«t ®f rapid 
era*k extension occurs wham the stress-intensity factor 
reaches seme critieal value. The l®eal stresses are found 
ta have the same inverse square rent singularity as that 
feund In homogeneous preblems but, la addltlen, the elas­
ticity solution exhibits aseillatiens (In displacements 
and stresses) ef the ferm sin er aes ef the argument 
(£ leg R). Here R is the radial distance frem the crack 
rim and £ I s a  funetien ef the material eenstants. The 
eselllatlen, hewever, is eenflned te a very narrow zone 
near the edge ef the cut. This peculiar behavior of the le- 
eal stresses agrees with results ebtalned in the two-dimen­
sional craek problems for dissimilar media [9, 10, 11, 12] 
as well as in the axisymmetrie preblems [13, 1U]* Ex­
pressions are obtained for the stress-intensity factors by 
considering the limiting behavior ef the normal and shear 
stresses as the crack edge is approached, and numerical 
values are computed for seme typical solids.
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CHAPTER 2
FUNDAMENTAL EQUATIONS OF THERMOELASTICITT

When tha temperature distribution in a solid iso­
tropic body Is not uniform, there is a transfer of heat 
by conduction between any two particles which are at dif­
ferent temperatures. The law of heat conduction may be 
stated as follows:

_ _  -k n _  £T —  t ^T
q* -  k Tx ’ ~  It ’ q* -  k it

where k Is the thermal cenductlTlty of tho solid, x,y,z 
are Cartesian coordinates, qx , q^, q2 are the Cartesian 
components of tho heat flux rector q and T(x,y,z) is the 
temperature.

For the steady state problem in which there is no 
internal heat generation, the Fourier heat conduction 
equation requires tho temperature at every point of the 
solid to satisfy the Laplace equation In three dimensions:

V 2T(x,y,z) =  0 (2-1)

Chaco a solution for the temperature field is ob­
tained, it Is possible to solve for tho resulting dis­
placements and stresses, respectively, from the Navler 
displacement equation of static equilibrium

(2-2)
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and the Duhamel-lfeumann stress displacement relation

Here u is the displacement vector, cr~ is the stress ten­
ser and I is the lsotrepic tensor. The shear modulus, 
Pelsson's ratio, and the coefficient of linear expansion 
are designated by V and ck respectively and the ma­
terial is considered to be homogeneous and isetrepio in 
its thermal and mechanical properties. The gradient and 
Laplacian operators are represented by V and V" respect­
ively. It Is convenient to seek the temperature field by 
finding a thermoelastic potential It defined by

T  - Z({ ~v)

The Induced displacements and stresses follow upon solv­
ing the system of equations (2-2) subject to appropriate 
boundary conditions across the crack plane and regularity 
conditions at far away distances.

For the problem involving a uniform flew of heat 
passing through a solid, a solution of (2-2) may be rep­
resented in the form [l8j

u  =  + Z + Z (2-5a)

(2-Sb)



10

W  —  (2-5c)

where u, v and w are the Cartesian components of the dis­
placement vector u; 0 j ( J  — 1»2,3) and are harmonic 
functions. It is straightforward to confirm that the equa­
tions ef equilibrium, (2-2), are fulfilled provided that

W' (a-6)iz t4-v~a)

and some of the components of the stress tensor are

0~ZL - (7i + Zm ) +  ̂w 2) ^ 2jt< z Tl) (2-7a)

I =  A-<

r«  ~ " ( if1 f + if) +  n  * 2]#) (2-7c)

where is the normal stress across the z-plane, T̂ z

and % 2 are the shear stresses en the same plane and 7) 
is the Lame censtant given by

—\   iL X* V
* '  T^Ti7

The other stress components, and T,; are
not needed for the purpose of satisfying the boundary 
conditions.
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CHAPTER 3 
FORKULATIOH OF TEMPERATURE PROBLEM

Cans Ida r twa semi-infinite elastic solids bounded 
together with each material homogeneous and isotropic. Let 
the medium with thermal cenductivity k^ and coefficient ef 
expansion o< ̂  occupy the upper semi-space S + and the me­
dium with conductivity k  ̂ *nd coefficient of expansion 2 
occupy the lower semi-space S-. Assume the bond to con­
tain a plane circular cavity, or penny-shaped crack, sit­
uated in the plane of bonding. Referred to a system of 
cylindrical coordinates (r,0,z) with its origin lecated 
at the center of the crack and the z-coordinate along the 
axis of rotational symmetry, the crack is determined by 
z =  0, O s r s a  (see Fig.l),

When a uniform flew of heat passes through the sol­
id along the z-dlrectlon, i.e. perpendicular to the plane 
of the crack, the undisturbed temperature field may be 
taken as T  z in S+ and, in order to ensure perfect ther­
mal contact (continuity of temperature and heat flux along
the plane of Joining), T  k^z/k^ in S -. The uniform temper­
ature gradient has been designated by T  . The temperatures 
in the presence of the plane of discontinuity may be writ­
ten as (see Fig. 2)

T +(r,z) —  T z  +  T+(r,z) in S + (3-1*)

T~(r,z) z= ^ T z  +  T~(r, z ) in S~ (3-lb)
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Par the undisturbed temperature, the displace­
ments Induced by the unlferm flew ef heat (ehtained by 
solving (2-2 )) are

u + = * , 7 x z  , V + = * < , T y Z ,  w + = ̂  ̂ ,r(za-r2)

(3-2)
u- = e<2ki r x z  , V' = o<2^  r y z  w ~  =k2 *2 2 k7

with ne accompanying stresses (see, e.g., [19] , page 2ljl+). 
In order te ensure continuity ef displacement across the 
plane z —  0 , equations (3-2) Indicate that erne must ac­
count for a normal displacement given by

A  w  = — TjJ
2 ~ *< 2 U:, Z = O (3-3)

This is equivalent te applying the following stresses 
In the undisturbed solid:

= r z • - f°z (3-k)

where

=  y E,E,[-<A-. - .^W,1 
k2 [EiC'-*.) - E.Ci-vo]
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The stresses and displacements given in eq. (3-2) and 
( 3 - U )  are to be suoerimposed en the values found in the 
disturbed ease in erder te ebtain the complete selutlen. 
Hate further that the stresses (3-U) do net affect the 
boundary conditions for the disturbed case.

Per an insulated oenny-shaped crack, the axisym- 
metric temne ra ture T+ (r,z) and T (r,z) must satisfy equa­
tion (0-1) and the following boundary conditions across 
the plane z 0:

AX2
> r < a

AX_“ = ki y
k2

(3-5a)

(3-5*)

v _  i y
dZ ■2 iZ <3-5e)

> r >

T *  =  T (3-5d)

In addition, the temnerature field te be determined must 
vanish at large distances from the crack. Observe that
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conditions (3-5®) and (3-?*) represent e ease ef perfect 
thermal centaet between the tw# bodies. Moreover, it is 
assumed that there is ne generation of heat inside the 
solid.

The following function is introduced for consid­
eration:

T*(r,z) =  T(r,-z) (3-6)

It follows that

T++(r,z) =  T {  r, z ) , T* (r,z) = T*(r,z) (3-7)

and

) T  * (rtz3 _ _ JT'frz1! ) T  * C<~,z) _ _ 3TVrz)
JZ > ' JZ

Substituting (3-8) into (3-5c) gives

(3-8)

k ') T *'(r7) +  k JT'Cr,^ n  r ,  . _ « ,<■ az. +  <2 — --  =  O ,  r ’ ',2 = o  (3-9)

and an identical relation may be established for r< a, 
z =  0 by using equations (3-5*), (3-5b) and (3-8). Henee, 
(3-9) may be extended to the lower semi-space by recalling 
that if a harmenle function Is equal to zero on the bound­
ary of the region for whioh It is defined, then the func­
tion is equal to zero everywhere in the region.* Hence

*This follows from Green's formula (see e.g. \2.2\ t P. 32)
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(3-10)

which nay be integrated te give

k LT* (r, jg ) +  k2T (r, z) (3-11)

Prom (3-7), it follows that

k xT +(r,z) +  k2T (r,z) 0, z 0 (3-12)

If the condition of temperature continuity on the bond­
ing surface, (3-54), is taken into account, (3-12) yields 
when z ~ 0

The boundary conditions for the temperature field now 
become for S "

and similar conditions for S+,
Except for a multiplying constant, these con­

ditions are analogous to these encountered by Florence 
and Goodier [l] for the corresponding problem in a 
homogeneous solid. Hence, the temperature field in S~ 
may be written as

T (r,0) =  0, T +(r,0) = 0 ,  r a (3-13)

j t f.r, z )  

i Z
T k, r <l a, z =  0 (3-lU)

T  (f.o) =  O r > a (3-15)
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J  ̂ f e ’rr'"tJVi(Sa)J„(rS1dS (3-16)

where J is a Bessel function of the first kind and or-
at

der n. The temperature gradient thus becomes

v,z) = _ /X -LXl.N erz S,/a X^a) xj(rr))Z V TT It; J (3-17)

se that on the plane z ~  0, it follows that

T  “( r , o ) -

O

r  c\ (3-l6a)

(3-l8b)

and

)z

k. 7

7=o
X .
tFTTj.

■h. r a

(3-19a)

(3-19b)

Note that

T  X  o) -
ZJ_
TT

o
(3-20a)

(3-20b)



At any point ef the s»nl-s|iac«, the variation ef tempera­
ture an* temperature gradient could be evaluated from in-

meiits and stresses (see relatiens (2-?)), It is necessary 
te evaluate the thermeelastie potential defined in (2-i|) 
and its appropriate derivatives on the plane z —  0. Far
this purpose, equations (2-li)# (3-16) and the regularity
of XL at infinity* give

The integral in (3-22) may be evaluated (see [20] , p.i^S; 
[2l] , p.SU) to yield

tegrals (3_l6) and (3^17). Details may be found in
In order to solve for the Induced thermal displace-

which on the plane z =  0 becomes

n ' /r,o) = Cl+O ̂
0

* XI represents displacement and therefore must vanish 
at large distances from the origin (see eq. (2-5>e)).
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n + y>
8k
)̂ rk, r7^ _  r*'

i i - vO) ]_ , r <■ a  (3 -2 I4.*)

-_T1 <rp) =  I

T-kiA-Trk1(i -Vii + a Yr1- a1 "J r-;» (3-2Ub)

It fellews that

SSL <r.o) _

( i t y l ) g . , r k , r
4L,(i-vO a

  f I ♦ V' 1 fc I; 17 k J. r ( - V 0 -
Cl

(3-25»)

(3-25b)

In a similar manner, it is feund that for the upper hair- 
space (S+)

S l f (  o )  -

6 ' 1 - v,)  ̂ >

_ ( n v,> «t T
4TT i > - V.( r ■> q.

<3-26a)

(3-26b)

and

jr

( 1 ■* v 1) 0/ ,  t  r  
4- ( 1 -v ,)

( 11 V,) p< , T
rird-v.)

a r'-a1- — r-.in' 1 a

r a (3-27*)

(3-27b )
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With the solution te the temperature problem and.

the Talues of -A. and on z =  0f It Is now possible

to selre for tke Induced tkermal dlsplaeements and stres­
ses.

It skould ke mentioned tkat the temperature prob­
lem considered In this ekapter may be formulated by using 
Hankel transforms on boundary conditions (3-5*) threugk 
(3-5d) without tke introduction ef the function T (r#z). 
The resulting pair of dual integral equations uncouple 
Immediately and yield the same results as ahore. This 
alternate method of solution is presented in Appendix A.
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CHAPTER b 
THERMAL STRESS PROBLEM

The disturb®* temperature field diseussed in the 
previous chapter gives rise te thermal stresses which be- 
eeme highly intensified st the periphery ef the track.
These stresses supply the surface energy required fer 
crack propagation, an* a critical value ef the temper­
ature gradient may he ebtalned beyend which crack enlarge­
ment eecurs. This critical temperature gradient is anal­
ogous te the critical fracture stress in the Griffith 
theory ef fracture and therefore Is of paramount importance 
In oractieal applications.

Te obtain the local stresses, the state ef thermal 
stress and deformation in the solid must be determined.
For this purpose, the displacement representation (2-5) 
will be employed and the harmonic functions will be deter­
mined by first reducing the problem to an axisymmetric po­
tential problem for a half space depending on two func­
tions which is them transferred into a problem of linear 
combinations of two analytic functions in a plane whose 
solution is sought by Muskhelishvlli1s method in complex 
variables.

1 Derivation ef Boundary Conditions
The boundary conditions for the problem are spec­

ified on the z =  0 plane. A perfeet bend between the two 
bodies is assumed and hence, the components of displace-
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memt and stress wist be continuous for r >  a, while the 
stress components must Tanish en tke (free) crack surface. 
These eemdltlems may be stated as fellews:

'y,r = o , = o

'Kt = c ( <-<.ax z = o

(U.i-i) 

(4.1-2) 

(4.X-3)

'rz = r-

(4.1-4) 

(4.1-5) 

(4.1-6)

u —  u

V -  !.

W  -- VV

(4.1-7)

(4,1-6)

(4.1-9)

where quantities related te the upper half-space are des­
ignated by plus, te tke lewer by minus. In addition, tke 
displacements and stresses must vanish at large distances 
from the crack.

Making use ef equatlens (2-5) and (2-7), the bound- 
ary cendltiens acress the crack surface take tke form:
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(U.i-io*)

f7»z+2^)j“ ( ® r + ^ 7  v ^(ii (l+.l-lOb)

j a

J 0, 
J*

) V 
J X. ■) +■ Z M X

) iV
-  (J

h?.. )
) X  / ' m ‘T T  ■= o

O

(if.l-lla)

(4.1-llb)

j©r jg.rJy J/ /
) ir 
Jy - o (if .1-12a)

A<J*S>± +. —̂ 2U  = Jy 4*) + 2*. #' = o (U.l-12b)

Here >m , aad ) , are the Lane ceefflcients Ter
the upper an* lewer half-spaces respectively. The stress 
centlnuity centltlena exterier te the crack Imply



while continuity of displacements gives rise te

Q>? ■= <T>~ , © /  = © /  , © /  + il1 - CD/ +■ il" r > .1 t z - o  (U.l-16)

In erder te simplify the ensuing development, it 
is convenient te lntreduce harmonic functions ( ©*"*' and 
<Da ) corresponding te the upper and lower half-spaces 
defined by

* ® » )  . r  " ®/) (4.1-17)

Making use ef (2-6) and (if. 1—17)» it fellows that

^  ^  ^  * V®A (4-!-ie)

Hence, boundary conditions (i^.l-lOa) and (if. l-10b) sim­
plify to
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(4.1-19*)

(4.1-19b)

Substituting from (2-6) into (4.1-19*) m i  (4.1-19b), 
the fallowing equations are obtained:

ir. a 1 az* Q ± -  - a (4.1-20*)

J7 -  uA  2 1 (U.l-20b)

Here, the constanta A^tn — 1,2) are defined by

A n = + Z*l, ( r, 1 (4.1-21)

New, If conditions (4.1-11*.) and (4.1-12*) are 
differentiated with respect te x and y respectively and 
added, the resulting equation is

-  O
(4.1-22)

r <- A , Z = O

Since <Z>3 f V' and 11 are harmonic functions, it fellows 
that

(±-V K l 0 fi /jc,; li
y /
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(s& + £ K  + * 2 a’) = “ ^  w  n ') (4.1-23)

Taking Inte aoceunt (4*1-18) wa* (4.1-23)* (4.1-22) takas 
tha fans

" iVl(0i+ ** V'* *  ? P^) + (4*1-24)

A. similar expresslan an the baun*ary af the lawer semi- 
spaoe (S“) may be abtaine* by applying the same prece- 
*ure ta canAltlens (4*1-Hb) an* (4*l-12b). Thus

~  + A 0 +■ if? = °  (4 .1-25)

Making use ef the ralatians

 1___
< 4 V, - ̂  I i J ZV / (4-l-26a)

an*

' I 7L 1A - ?>') V J ■)Jz1- i (4*l-26b)

tha can*ltlans that the erack surfaoas are free fram 
shaar straasaa Imply tha faliawlng functlanal ralatians:
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r©.> ^ j1®.’ , *<, jta- _
“TT1- ~  Tz17 "d T T Z  ~ (4.1-27*)

/  r  <  ca , ~z - L_v
J z 1

i\ i ©A j i- J - fN
! T Z  "DT T z 1 ~ (4.1-27b)

where the constants Dn (n — 1,2 ) designate

/ /
7 \ r 6- 3 A,. (r, = 1,2') (14..1-28)

v “ ('It should be noted that the value of ^ Is known,

since It Is proportional te the temperature gradient 
across the surfaces ef the insulated crack (see (2-10* 
(3-5*0 and (3-5h) ). Upon makin* use ef the Identities

M,, ~ EL,.
? I I ♦ v . ) ( '• v'~)< i - TV.-)

(V. -- - 2)

equations (J+.1-27) take the fern

Vo*
jzl a 1 )zl — L 7 k , (I4.. l-29a)

y$> A ) ‘ 2>r _-  L . zk (U.l-29b)

where the follewlng abbreviations have been Introduced 
for convenience:
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L n _  ( 3 ~

2 kn(i-V,0(i-2V/O (14- 1-30)

Sinoe and are axially symmetric harmanic fumc-
tiena, aquatiaao (^,1-29) yield

- A,CD.’ =  - ' C (^.l-31a)

-j v A . ® /  =  - ’ C. (1̂.1-31b)

where an4 ara arbitrary censtants subject to deter-
mlnatlam.

Thus, tha beundary ceadltlens acrass tha crack 
surfaces have been reduced te ttra candltlans which deter­
mine 0̂ , and © 4 . These cenditiena may be taken far either 
crack surface and far that in S~, are given by (i4..1-20b) 
and (4 .1-31b).

The remaining beundary cendltiens gaveming the 
salutien are (l̂ .l-ij.) - ( *  1—9) which represent centln- 
uity af stress and displacement aoross the bending sur­
face exterler te the crack, Befere preceeding te reduce 
these cendltiens, it sheuld be nated that substltutlen ef 
(2-6) and (U.l-lS) inte (1|.* 1—13) gives

D  rs J __ J®* )<2h' - >. - ___^'Tz- ~~ Dl ~5z ~  biJ^ - . r ̂  O ,-2r = O (U.l-32)
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who re

Bn  = Z.) dl-l-33)

MereeTer, differentiating (li..l-lif) and (I|.l-l5) with re­
spect te x and y, adding and taking lnte account (U.l-18) 
and (I4..I-23) results in

,-u. J V 1 ’

■ J 7 ^  "
ri;_) +

■' J 7 (J+.1-3U)

while the subatitutien ef (/4..I-26) lnte (i|. l-3i+) yields

D ' J Z ‘ -  » • —  M -TTT ~ ’ " » 7 ? .  >

r ' ’ - 7 " (It-. 1-35)

Equations (l|..l-32) and (l*.l-35) represent centinuity ef 
nermal and shear stress respectirely across the banding 
surface. These conditions must necessarily be true net 
only on the bending surface, but across the craok sur­
faces as well (since the crack surfaces are subjected te 
sere stresses). This nay be cenflrcaed by multiplying 
(l4..1-20a) and (ij..l-20b) by end respeetiTely and 
subtracting. The result is
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o l ® i  - 6 r.aA, Jz -  J-Z A. dZ * r- a . ̂  ^ (if. 1-36)

Neting that

6r-
A, =  D„ rr-T.,2)

equatlan (L(..l-36) takas the farm

6 ' W  ~ ^  (k.1-37)

which represents centlnulty ef nermal stress acress the 
crack epening. A similar precedure may be applied te 
{I4..I-27) te ebtain an expresslen far shear stress contin­
uity across the cut analegeus te (1̂ . 1-35). (In this case, 
(4.1-27a) and (l4_.l-27b) are multiplied by and D2 re­
spectively and subtracted.) The result is

ra, c i isr) _— —J- — ^ ^ j 1 u---
U| i? 1

-—i ) J 11U i_pr2r — A p -  z a -— , r ^ a , z - o
(if. 1-30)

Thus, the equatiens ef stress centlnulty, which 
are valid an the (whole) 1 — 0 plane, may be expressed 
as

S > 7 T  - * I T' ~ l A  * ^  I A  = 0 , 7 * 0  (^.1-39)



D
A T

' J <p»~
JZ1- rnJz - XA,j\rr

J 7 l  >

■z - o
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(iv.l-W

where the thermoelastic potentials -iV and H  hare been 
determined previously In Chapter 3.

The eendltlene ef displacement centlnulty (equa- 
tlens (1̂. 1-16)) acre as the bended surface prerlde the re­
maining equatlena needed fer the determlnatlen ef and
© 4.. Differentiating the firat tw* equatlena ef (I4..I-I6 ) 
by x and y reapectlrely and adding girea

—  + T7- = K" ' Ty ■ (U.l-UD

Upen making use ef (1+. 1—1© )» equation (U.l-^l) glvea

-  i%- (1+. 1-1+2)v 7. j 2".

At thla point, it la cenrenlent te Intreduce the 
fellewlng functlena fer cenalderatien:

< D * ( * : y . ? . )  — <Z>,(x,y.-z) ( ® 7 (N yz)= CD4(X y -r) (U.1-U3)

The purpeae ef theae functlena la t* reduce oenditlena 
(It..1-39) and (î .l-î O) (which apply t* beth half-spaces) 
t* cendltlena ralid fer a half-apace enly (the lower one, 
aay) thereby facilitating the aelutlen ef the problem 
under cenalderatien. Mew, (J+. 1—1+3) Imply
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 ̂T _ _
<Dt ( K. y zi) -  (D ( x y z )  t 0 *  (<"i 2 ) -  0  ’ (<  y : )

 ̂CD (* v z)t. ' *

Jz
JCt i'x'. 2) J©( f̂ 7>) __

Jz

(U.l-l+JUa)

- iQ>."<*'/*} (l+.l-i^b)
Jz

)2l j Z.1 1 J z Jz; (It. !-!*•)

as4 hence cendltiena (l|.l-39) and (l\.l-l±0) take the fer*

- 6,)<b J Cb Jz. J 7
J<D* = O

a  TZ" " T Z 1 - 3. Jz ■+ ot Jz

y

where equatlena (2-U) and (3-5«^ have been enpleyed. Since 
a hanaenlc functien that la sere everywhere en the beund- 
ary ef a re glen la zere everywhere within the reglen , 
equatlena (1+.1-45) and (l|.l-i+.6) may be extended te Include 
z — 0. Integrating theae twe expreaalena la S~f and mak­
ing use ef the regularity cendltlens at infinity ef the 
petentlal functlena lnvelved, It fellews that

* See feetnete en page llj..
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-6,0* - 6;®3‘ + D;® /  *0,(5;- o (4.1-47)

D,©/~- 0^3 - B,®A* + 6t!% O

Mi Si M t Jl - O  ! (4.1-48)

It la a simple matter te deduce frem tkeae equatlena that

O* = H O /  - a-D ‘ - D.“ < f*/j V -v.)̂; t V I ^ X/i XL (4.1-49)

and

<£l = H O r - E © A'- (4.1-50)

where the fellewing abbreviatiens have been adepted:

t- - Di,_ 6i. , H  - (4.1-51)

Differentiating (4.1-50) with reapect te z gives

- H j<2>i
)z -E JtZUJz L\ - o

(I tViX' -y O ^ i W  0_6l _  .. 0 1 ̂ , 1 - r'-, \1 (i+Ayt-y,)̂ ,.̂ , Jz x Jz (4*1-52)

Frem the definitiena ef Q>* and (Z)A* , it Is passible te 
eliminate the star quantities frem (4*1-49) and (4*1-52). 
Substituting frem (4*1-44) inte (4*1-49) and (4*1-52)
results in
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a>3+ -  e.£3 - h © 4"- n  (4.1-53)

X A  _ H 3®£ __ r i®4 __ 6.
jz Jr ->z o:*--5l

,, ('* v'.Y‘-v'W,X _ ,
’ ci+v.yi-v.v.V. x 1

jn
~jT  (4.1-54)

If attention Is n#w focused an tha banking sur­
face (r >■ a, z — 0), it is passible ta use tha physical
conditions af the problem ta simplify (4*1-53) and

(4.1-54). lfating that ~ 0 far r j- a, z ~ 0 and
making use af tha canditlons af cantinuity of displace­
ments acres* the band, conditions (4.1-53) and (4.1-54) 
reduce ta

CD/ - '■ -F. i \
■vl si' - Si o'-8.A  1 ■ t. >\yi ■ .r >ATV. 0 -A [

r -- l z  ~ Q (4.1-55)

j
JZ

I J 04
An J ̂ C  r) (4.1-56)

where A~ stands far

A, H 
E - I (4.1-57)

Equations (4.1-20b), (4.1-31b), (4.1-55) and (4.1-56) 
represent the boundary conditions required far a aa-



lutien te the thermal stress preblem.
Far the purpase af reducing the axisymmetric pa­

tent ial preblem lnte a subsidiary preblem in the plane, 
it is cenvenient ta recast beundary cenditiens (14.. 1-20b), 
(i4_.l-31b)f (4 .1-55) and (4.1-56) in terms af functlena 
pl(x»T*z ) defined by

F|7*y.z) “ — /\ t *-y s) (4 -l-50a)

(U.l-50b)

which, when salved slmultaneausly, imply

Substituting (4.1-59) inta (4.1-55) and (4.1-56) and 
evaluating the right side af (4*1-55) frem Chapter 3 
(see (3-214-) and (3-26)) leads ta

(4.1-59)

s
F](vy.o) —  —  K 0 +"(r) (4*1-60)

_ g y o (4.1-61)

where the censtants A and B represent



while from (U.l-20b), (U.l-31b) and (It-. 1-58), it follows
that

(14-. 1-65)

z1)] O (i|. 1-66)
- 2 ■■ C

Equations (I4.I-60), .X—6l ) , (I4..I-65) and (i+. 1—66 ) aro
boundary conditions ef an axially symmetric problem in 
potential theory in three dimensions. Since the functions 
F^ and F2 were defined for the lower semi-space, S -# it 
is clear that the original boundary ralue problem for an 
infinite solid has been reduced to that of a semi-infinite 
space.
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4.2 Reduction ef Axially Symmetric Problem in a. Half- 
Spaca f  Subsidiary Problom la a Plane

The axially symmetric petential preblem form­
ulated in the previous sectien requires a determination 
ef the harmenic functlene Fy(x,y,z) and F2 (x,y,z) sub­
ject te boundary conditions (4.1-60), (4.1-61), (4.1-65)
and (4.1-66). Since Fi(x,y,z) and F2 (x,y,z) are inde­
pendent ef ©  and vanish fer large z (z == 0), they may 
be expressed in the ferm

K ' r ? - )  =  a r it' j  ,ift) , (r.--w) (4-2-1)

where JD(rt) is a Bessel function ef the first kind and 
a,. (t), (n -- 1,2) are arbitrary functions, Nete that as 
s —> - c-=> (in S~), Fy and F2 vanish. Differentiating 
(4.2-1) with respect to z gives

The application ef boundary and continuity con­
ditions (4 .1-60), (4.1-61), (4.1-65) and (4.1-66) te
these expressions fer Fn and , (n = 1,2) results in
two sets ef coupled dual Integral equations fer the un­
known functlena an (t), (n — 1,2) which are difficult te 
solve. However, a simpler procedure is te obtain the so­
lution ef the problem under consideration by transferring
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the axi symmetric problem t# a tw# dimensional problem 
and applying the theory or complex variables to plane 
elasticity problems as developed by Muskhelishvili [l6j . 
In order to reduce the axially symmetric rorraulatlon to 
a plane problem, harmonic functions U^(x,z) and
are introduced as

{ Jr (*, 7.) - j  O., I, T ') M  r , (t x) e  ‘ ̂ oit _ (4.2-3)

where U,, (x, z), (n =  1,2) are defined in the lower half- 
space S “ and are antisymmetric with respect to x. Hie 
derivative of (4.2-3) with respect to z yields

= I 4 a/r.) , (n-,44 (4.2-4)

Following the procedure of Hessakovakii and 
Rybka [13], tho following transformations, which illus­
trate tho correspondence between the axisymmetric func­
tions F r. (r,z) and the plane functions U n(x,z), may be 
established:

(4.2-5«)

F F r F  r~ r
Vx.1- f 1

(4.2-5b)
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I KA,(*z)
)X i r ) z " ~ " (l+.2-5c)

j / hv_v5.)
J i / r  y.1 --= r.irz] (U.2-5*)

r
o / jl',fx.r] k ~u _ jr.,(<■■ z)

jz. -ifPvir., ■- ~~ Jz: (U .2-5e)

c«
._L A  / lAlx—Z1 < ._ ;r.,tr ̂
’’TT r j r I j x -y'/ _ r ̂  Jr

.a Jl'ntVZ'. 4 -  ^  r - ,r z) (4.2-5g)
j j-- ~V y- — r

!EiAfA  .1 - _L /,, p ^^  v 7 r: ̂  4- ja (I4..2-5*)

(> ^ 1,2)

Qspleying these equations, It la new passible ta 
transform the boundary candltlans an Fr (r,z) (n ■= 1,2) 
ta corresponding boundary candltlans on U t, (x,z) (n - 1,2) 
In the xs-plane, Substituting (I4..I-65) into (14..2-5*) giToe

= ->„o _ |X, <. „  (U.2-6)J )*>

where g,(x) - U G r - 2LJ.7'k|x 2.
From (U.l-66) and (l(..2-5b), a second two-dimensional



39

boundary condition la obtained as

J z
■= O |x| <  &

- z - o (4.2-?)

Making uae of (4.2-5h), boundary condition (4.1-61) la 
reduced ta

- K 4 (x o)
D  —  — ■- -

J A —  o (4.2-8)

The remaining external boundary condition, (If.. 1-60), may 
be reduced by employing (4.2-^c). Before achieving this 
some manipulation la necessary. Thus transformation (4.2-5>e )
implies
r-

£')
jz

~~ A ~  IJL iS

I A I > ■'I A
F', f r  o') — AF/i o') (if..2-9)

Substituting for P-̂  - AP2 from (4.1-60) and (4.1-64)

and making the following permissible change of order of 
lntegratIon

r dr f X ( . f - O T X _ f ,̂.yj.(gs)X ( X (<  ̂r ̂ - i I --------  ~ I .3/2 1 „r~i “VV r l- 3 | t/XC (4.2-10)

and replaolmg the lamer integral by tho equivalent 
result

..X-'  ̂)'
V f "• X. 1 (4 .2-11)
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It fallows that

where P c(x) designates the dlscentlnueus Weber-Sonine- 
Schafheitlln Integral given by

f ;c>o  - 4 K j

which may he shewn to be given by

K!

2K-,. /XT! I - ̂a ̂ ■/. nix' i x l a

(4-2-14*)

(4.2-14b)

Thus, the desired abjective of reducing the original 
axiaymmstric beundary value problem Into an equivalent 
problem in the plan* has been achieved. The htmonlc 
functions TJ-^x.z) and T^tx.z), which are defined In S~, 
must be determined subject t* boundary conditions (4.2-6)# 
(4.2-7), (4.2-8) and (4.2-12). This will be done in tho 
next section using the theory of complex variables.
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U.3 Raductlan ef TVre-Dlmenslenal Preblem ta PrthlflM ef 
Linear Rel at lanshln

The selutlen te the subsidiary treble* In the plane 
may be attained by femulating a erehlem of linear rela- 
tienshlp, er Hilbert preblem, between the funetlens 
and TT̂ . This oreeedure Is Initiated by regarding the fune- 
tiens TJ^(x,z) and n2 ( x,z), harmenie in S , as the real
parts #f analytic funetlens and ef the eem-
pi ex Tar lab le "$ = x + Iz. Thus

iV.v?) (u. 3-1 )

Differentiatien ef (lu3-l) gives

y y  - 2 W „ i-n + z U ^ (1+.3-2*)

, W ,

Slnee U^(x#z) and TTp(xtz) were defined far the lever 
half-spaee S where z ^  0, the same must be true far the 
functions CD.Ol'i and . In the Hilbert preblem, how­
ever, there must be a linear relatienshlp ef the beundary 
values af a certain seetlenally helemerphle funatlan an 
bath sides af a line af disc antlnulty. In the present ease, 
this means that a relatian between plus and minus quanti­
ties at z — 0 Is required. This may be aeeenrplished by
defining (see reference [16] , page 2914. far mare
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details en the extension ef analytic functions) P(^ ) 
as the function having the conjugate complex value of 
F( 'S ) at the point 3 , where "S is the conjugate complex 
value ef ^ , Thus,

F(^) = F(?) } - F(T) (4.3-3)

Therefore, in the present case

ax , i Fi -  cd", • ■>) t -. • ■ ' (4.3-4)

Since CD̂  ( ^ ) is defined in the lower semi-space S~, it
follows that

5D„■*<*) =  CD,r^ or. o  ,■ (4.3-5)

Thus, if (4.3-2) is considered en z -■= 0, and substi­
tuted into (4.2-6), (4.2-7), (4.2-8) and (4.2-12), the
following boundary conditions on CD, ( /f ) and CD, ( ^ ) 

obtained:

CD/ + CD,’ + -= --3,^) l 1 (4.3-6a)

CD/“ - m / + o  o, I.‘ (4.3-6b )

cd/ - Am;' + a q ; h' - - z . r , ^  flr, C

CD / '  + tD ,Ht -  6 ® , '  - B ® / ’* -  O  .T-. L'

(4.3-7*) 

(4.3-7b)
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Iwhere L denotes the region ef the real axis for which 
-a x <■ a and L" refers te the remaining part ef the 
axis, (see Fig. I4.)

The boundary Yalue problem posed in equations 
(ij.,3-6) and (Iu3-7) way be simplified by Introducing func­
tions . ( S ) and -111 ( "N ), analytic over the entire 
plane, with the exception of a slit coinciding with l', 
as follows:

=-: -/I./:.) ... ‘ “ (ij.. 3-8a)

(^.3-6b)

- o (D, < 5̂  —  — U/'^ £ - S'* (ii.3-8c)

_ Affi.'t'-'I - i = Ji.*•••■'! s* (I4..3-Bd)

From these relations, it can be shewn that

_  , . _ A  + . oF, .'*A
~ ......a"-"6 " ' (U.3-9a)

__ [ a  n.i ̂  b Xiit ̂  -► < o r ^ J (i+. 3-9b>

i) ,< - .0 ,/V) ■* . r <')
a - s / r\ (ll.3-9c)
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tEjo) =
iO-V> + ■XU*'*') ■+ < On)] 

A '■ 6 t S' (U-3-9*)

Using these relatiena, It fellows that (l|..3-7a) and 
(i+. 3— 7b) are aatiafiod Identically. This candition meti- 
▼ ated the chaiee af ~n, ( 0 ) and S J 1 ( A ) in (1+. 3— 6) and 
permita a determination ef the unknown funetlens fram the 
canditiona an L 1 anly. Substituting (i|..3-9) inta (i;.3-6) 
leads ta

Cl 7 -  - A  I.;- r - ‘ - r U -  - A  n :  L. 2 i,,oA  -  B A - o  A - O A - o  j (l(.. 3-10a)
ON L

O s  A  -  A S  a - A L'd r i ’  "  O b  f t  ’  ■= - " '  3 > 0  ( 4 . 3 - l O b )

where g 2(x)-- •n*i *|(x ) la defined in (^.2-6).
Befare concluding the general development af the

 ■
A  * V a  13

present section, eq. (I(..3-10a) is multiplied by lA

and (k.3-10b) by ^  . Additian and subtraction ofA +VAB
the twa resulting equations results in the standard fenn 
af the prablem af linear relationship, ar Hilbert preb­
lem, as fallaws:
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At V/\6
L . /rr=r J

^/V 6' q (V> +- , ^ 3  ^ ..!*.)[ (l4..3-llb)
\ - & e  J,‘ ' J ‘ 1

Selutien ef Hilbert Preblem
Briefly, the Hilbert preblem requires a selutien 

ef the equatlem

which relates the beundary values (P^(t) and F~(t)) ef 
a sectlenally helemerphlc function, P(^ ), as a line ef 
discontinuity (L) Is appreached from above and below. 
G(t) and f(t) are functions given en L and G(t) 7^ 0 
everywhere en L. Beth G(t) and f(t) must satisfy the 
Helder cendltlen en L# i.e. fer every pair ef peints t, 
and t 2 ef Lf the following inequalities held:

F V O  - G ' O r ' c n  - -TCO L ik.k-D



where K and  ̂ ar« positive constants. Equations (lj..3-ll) 
aro af tha abare type whera G(t) is a constant, say Go. In 
such a case, the solution of the Hilbert problem depends 
on the Plemelj function X 0 ( t ) which has tho important 
property that

x j ( 0  -- Ci.X.'fO L (ij-.ij.-2)

For the problem under discussion, the Plemelj functions 
are

X,, (-0 ■= - ■■ (l4-.i4.-3)

where the two values of n refer to the first and second 
equations of (ij..3-ll) *nd n, are complex constants. It 
can be shown that Xc ( j ) will satisfy di.ij.-2) provided

Taking (ij..3-ll)# (1+ .1+—1 J and (ij-.î-ij.) into account yields
tho following values for m r(n - 1,2):

tr, ~ ‘ (r. 4 (k k-5): n, A - VA6 ‘ ^ ^

The reader is referred to [l6j, page i±27, f»r further dis­
cussion of the Hilbert problem.
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It should be noted thet the f t n  ef the Plemelj 
function gives rise to the oscillation ef the stress 
field at the periphery ef the crack.

The solution ef the Hilbert problem as posed in 
(U.3-H), ia given by [ 16J

(4.i|-6a)

and

1 V.
-u-̂ ' a-v/v£ '' “ :r: (ii..u-6b)

where

■" " ' 3-'-' • 3*-'1 (1+.U-7*)

r J‘ ' ' ik.k-n»

lhe Integrals in (l|..lf.-6) may be evaluated from complex 
function theory. Specifically, using the residue theorem 
and Cauchy integral formula, it follows that

/ _ ^  ' _Ts * x  ' *1 t
K  1 * G -> ' * f 1 ^  ^  Jl J

V'(•' -



where 5? , -j-i,

J . j

represent the oeefficients ef

fer large ^ •1  ̂ In the expanelen ef ^

Selling fer D  , ( ^ ) end li^( ̂  ), the fellewlng re­
sults are ebtalned:

L - I

f1-* A/ \ r-t

*■ t- ! I .1 -*■ a / JJ (U.l+-9b)

The constant ef integration, G ^ w may be evaluated by con­
sidering the solution at infinity. The functions w ,. ( V ), 
(n =  1,2) were defined in terms ef derivatives ef analytic 
functions ^ )» (n ~~ 1*2) (see (l(_.3-8)) and must there­
fore vanish at infinity as ~  . This condition gives

C, -  L
r̂r, ,< A - V2 hrzz +* LtT-Ic.q ’(l + 2rfi,r) (U.U-10)
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Onee the analytic funetlens , m - 1,2, gev-
eralng the fermulatlon ef the thermal stress preblem are 
krnewrn, the physical quantities ef Imterest la tke eriginal 
selld may be ebtained by substituting tke values ef -ft, ( 
and Jlit'-?') Inte tke apprepriate transfermations whieh re­
late the plane preblem salved in this seetlen te the erlg- 
Inal axisymmetrie preblem under discussien, This will be 
dene in the next chapter.
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CHAPTER 5 
EVALUATION OP PHYSICAL ANTITIES

The Hilbert aelutlen of the previous chapter may 
be used, to evaluate all the physical quantities of tho 
thermal stress problem. The quantities of interest in­
clude displacements and stresses on the bonding plane, 
potential energy loss due to the existence of the crack, 
the critical value ef the heat flux and the stress in­
tensity factors. These quantities are essential in the 
application of the Griff1th-Irwin theory of fracture. The 
details involved in calculating these quantities are 
quite lengthy. They Involve expressing the stresses and 
displacements in terms of the harmonic functions sD and 
£* and then in terms of F-̂  and F^ as defined in (Jj_.1-5>6). 
Making use of the transformations derived in eqs. (U.2-5)» 
the stresses and displacements are expressed in terms of

the functions -- and which are related to the &na-j *. J *-
lytic functions and ^ o b t a i n e d  from the Hilbert so­
lution in tU.l4.-9 ) (see (U.3-2) and (U.3-8)). Only the per­
tinent results and essential steps In the procedure will 
be Indicated in the sequel. The details of the calcula­
tions will be left out.

5.1 Displacements Across Plane z — 0
For the lower half-space, the radial displacement 

across tho plane z - 0 may be expressed by
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u z)
JiT

m A (- 
)Z

Z = O (5.1-1)

whore use has been made ef equations (2-5)» (U.l-18)#
(^..1-59) and (ij..2-5e). Taking acceunt ef (i^.2-7), the 
radial displacement en the lower crack surface may new 
be written as

* t, =■ s, i a.
jz: V- (5.1-2)

where is ebtained from equations (J4.. 3 —2b) and (l±.3-9)
as

) ■ . _  _t j 1, %  [<  ̂ f- r ■-1 ■' - ■ 4 ? ■■
■ j - -  ~

\<\ -I < s --
(5.1-3)

and F0 (x) is defined in (I4..2-U4.). Evaluating the limit­
ing values as z 0 from above and belew the crack (see 
Appendix B fe* further details), expresslem (5.1-3) beeernes

a *■J Z

< L ’Asr1

(5.1-U)
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where m, =  it and t is tha bielastic constant given by

2TT L.O + VO ■+ L J_( H v,y 3 - ^V.) (5.1-5)

Substituting (5.1-lj-) into (5.1-2) yields

F O O  -f- — - ■ yF*~  ̂v
/."j - *. I 5-* ̂

/  r i  -  > o .■) + o._. l  ■;
3^ A  - 61 £

'/n - • O /CL" XV /
( y f ;) i X.

(S.1-6)

A similar procedure gives Tar the upper surface af the 
crack

0 rlc.J_______

2~n k/D l- 6*1
£Ti*6 Ei*<i y  -v-
fi-V.lk, rWiS 3»' 3 r

p: -- o (5.1-7)

where u r~ is given by (5.1-6).
The radial displacement en the bending plane eut- 

side the cut may be evaluated frem
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(5.1-8)

Censideratien ef ()4..3-2a) and (1+. 3—9) leads te

M  = -- J=. r; 7 , Y Y - _ _L-Z (5.1-9)
j f  'M-ts'l 1 J C A - 6)

since -ii.'’- li-. and -U-Z ~ for z - 0, r ^ a.
Substituting (5.1-9) int# (5*1-8) and eTaluating !'-(" ) 
at z - 0, ixi >- a (Appendix B) results in

i C, - I

A'b
r,_v -u
. V x-* u

fr
-x ̂  J J

/a
t- —

X Y : 1 Y- \ M  _ j? Vi-2<
V -

+ < J.H.' Y - - 0
■ >nb<' ( A ‘ -’Y aTj 1 »,•* O. /<- '

&

-7 - C (5.1-10)

and an identical expression f e r  u r+ e n  z —  0, r ^  a. This 
ehecks the continuity send it Ion u r+ -- u r_ eutside the critk, 

F e r  the hemogeneeus case, i.e. when the two bond­
ed materials hare the same the m e m o  chanic al preperties
(k| — k, k, v, - V, - v , ( - «s ), (5.1-6)
reduces te
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"• '%-Tf3T7 VTv-

Performing a similar reduction an (5.1-10) yields

O r -• .i (5.1-12)

These results agree with these found by Florence and
Gaadier [l"J.

The nermal displacement across the plane z =  0
is given by

- C . (5.1-13)

Since is known from the temperature solution (see 
(3-214.) and (3-26)), w may be obtained if <35 * is evaluated. 
Taking into account <1)̂ .1—59) and (1|.2-5d), it fellows that

( (5-1-11+)

When ix| a, ^ 4̂ °  i8 given by (I4..2-6 ) and 

may be found by considering (l(..3-2a) and

(l|..3-9). Thus,

j
î l ---o (5.1-15)
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which may be evaluated by considering limiting values 
(z—>0) ef -fi, ( 3 ) and -fi , ( ̂  ) from (lf.lf-9) (Appendix B)( 
Substituting (5.1-15) end (if.2-6) into (5.1-lif) tak­
ing into account (3-2lf»), (if.if-9) and (5 .1-13)* it can
be shown that the normal displacement on the lower crack 
surface takes the form

w
’ TT( '  A  ij i

I
3 A. '

rr_f•2 t ■'t

/ ' >*VA '
/,\ " " ■ ’ v 4<v-

-  K 1 X  ! 
'vT

v'. -/A
■ - X .n t - a * :Va - ̂  1

■ 1 x  .\ ̂  x/ +-

1- - . P-V '•i1*-/ - k. A k.T.."A^ '  ̂ '*:r
(5.1-16)

The normal displacement on the upper crack surface 
may be dete m ined from a knowledge of and . It
can be seen from (If. 1-53) that £>/ may be expressed in 
terms ef , C a n d  '■ . Since and Ji. are known
from the temperature solution and 2)- was found in com­
puting w # it follows that w+ may be obtained if the value 
of <£>a is determined. Substituting (if.2-5d) into (if.1-59) 
leads te



which may be evaluated by considering (1^.2-6) and (5.1-15) 
If (U-.1-53) and (3-26a) are taken into account, it can be 
shown frem (5.1-13) that

// —
r_,

<■> i '' ' - K f . (i- •

r-
6(1 )'

,.'6- i>]

r  - -IL\..
Ztf- ! L - ̂

1

H - s- A f  (
_ <

_n,^ ~A*
V'A ■ o

,/A
.ix i■a -x.

( a7/a -g 'V- lir. A -* v.

21, r  Ic, 1 1 a x vV:© [7:3. ' *-)
.; Vvc

I J ci X>- r-̂Vr -*.v

(5.1-18)

A similar procedure may be used to evaluate the 
normal displacement outside the crack. Without going into 
the details of the procedure, the results are
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v\' .LL^Y.'V^14rt Vi
( l o ^ -  f')  f i n  ‘f1 t a a 1 ]

rr
+ J__ '^r.^f. - Atl)j

2; i»v a J-<0 /IT. [? IV , -^4^-“ 7'~  U'-Ti . X-' -V
' 1 '

v;

.■*;■-aV ( ,
IT a  1 a  . * -  1 I

£!--*■* t. ^'H ~  I^  x) ‘ - ■■ • ‘VI -v.-* .i y  ̂̂ n /

( ’ 7- ,  a )  >+ , :>
J  [ y _ v  i 1  ,’

Fer the case ef heraegeneaus materials, (5.1-16) 
reduces ta

vv- - ! 4 |V;-v) - '.r V. -•/>[ (5.1-20)

while autside the cut, the normal displacement on z ~ 0,
given by (5.1-19), takes the fall awing form:

~ / I -t l' i- .. , - jJ■ \V   ■ ^ .■ ' ptnr . - . 1
—  H r V *-

(5.1-21)
These expressions agree with the eerreeted results af 
Fleremee and Geedler ' lj as mated by Kassir and Sid ([2],
P.13U-135).



58

5*2 Cmttet Stresses
Cki the plane z ~ 0, it fellews frem (2-6), (2-7),

(i|.l-l8) an* (l±.l-58a) that

^  ,f + 2^ 7-^ 2-0 (5.2-1)

> ^Since -H— is knewn frem the temperature selutlen (see» r
(3-25))# the shear stress may be ebtaine* if y^- is de­
termine*. It is eTi*ent frem (l4..2-5g) that

J r1 If
.1Jr

HA J; 
vV- (5.2-2)

Neting fren (1̂ .3—2b) an* (U-.3-9) that

K
T~7 - -- A- - 1.(A - &1 A (5.2-3)

it fellews that fer the reglen eutside the cut,

( a  i i N  br,
-u

/x1- r - » (5.2-lt)

Substituting frem (B-9) inte (^.2—J+) results in
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* 1)r « s r '
r ^

/ K - ^ V
^(XTa) Yr1- ̂

+ ? ~  "i'rl 1 '
1<. A K  . fa. <; (A -Fi)̂ :2Tr ( - - - — )  ' l -  •• J 

I  <-* c \ j  \ ̂  •*■ /vV r' ,

-  O (5.2-5)

With a change af variables te t = 7- f and noting that

( f rti / c*Sk r 1 ainu , where . > f - n  t^ Ui — -- ..1" 1 TT

it is feund that

X X  - -Jh-SA. •L, [t, - ■v>"_ . ^  v"! _

v\\ -:v;1 — t. i. ■ / V :v̂ i I 1
4 a* r a

I~'. i.v

J L r * \ 
t r ; i -t

+- :'<o£v -
rr r„ ■ tU

-2_Aat _
A -S' , ‘-

*1
cos u j  (~ XL

I X

• * _
'̂'1 i-. r Vrr- v (5.2-6)

In the special case when the bended materials 
have the same thermeelastic prepertlea, the abeve ex-
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prnssl^n reduces te

(5.2-7)3TT k<i-V) W

where k, =  k 2 =  k, k  ( - = c< , y, =  Vj = v 9

E| — E j =  E. This result is identical t* the ene ob­
tained by Flerenee and Geedier f l] for the hemegeneeus 
problem. It sheuld be noted that X/ - X when 
r =- a, z — 0 since the stresses are centinueus aeress
the eentact surface.

Oi the as —  0 plane, the nermal stress is attained 
frem (2-7a) In the farm

Taking inte aeceunt (2-6), (I4..I-I8 ), (Lp.l-58b)# ()|.2-5f)
and (5.1-9), the abeTe expression reduces te

(5.2-8)

< Tv1 -t 3 -W ̂  j I f i T

Substituting (B-10) inte (5.2-9) and changing variables 
as in (5.2-6) leads te
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g -  - _ _ !.?' k. [E, f E , M-V/?] __

-nk^i-yO [TT^VvVi- ;v^ - e.xtitv v^v.VI

/ Y r V  *  i r  r j r  W < ^  ,  ^  -  * ° V . . r  1j.^-(,-2£)- +[t^ " ir" lr (r'-*H')\
COS cU

: a ^  /rY _ -L-4 
;f ’■-a't'A 3' '-'

Ao'tl _ ^  '
5”' ' -f

1, £ £ : U it
{ t ’ VT^7:

+ ^  *  a.A  * a J A i O r ^ 1) + E» fi-v,1)]
; t ; A . ' ^ T r r l "  <r i +yo/-' - A v1’> If.', ✓,--vt\ .-. vo - £ * , , t> y . « i]

■ u  —
j_.i t t

V'' t-u

(5.2-10)

Integrals in (^.2-6) and (5.2-10) may be obtained by 
numerical eYoluatian, Pram the condition af stress con­
tinuity, an r a, z ~ 0, Per the ease ii
which the bended materials hexe the same thermnelnstie 
properties, (5.7-10) reduces to

rr~

which is expected far the homogeneous problem.

5.3 Leas la Patentlal Energy and Critical Heat Flux
The existence in the bedy of a circular crack ef 

radius a redueea its potential energy by an amount

"X

w r /V, w *i _ _yrz_ u,. - x z u, (5.3-D



62

The shear stress which contributes t# the less In po­
tent ial energy due to the heat flux is given by

JUiJ l
j r ' r a  ~z ~ O (5.3-2)

which may be evaluated from eqs. (3-25a) and (3-27*). 
Thus,

v r l, <
•4 * > - '-V (5.3-3*)

r - "x O

(5.3-3b)

Taking into account (5.3-1) and (5.3-3), the energy 
may be expressed as

V W'' \ v (5.3-10
whore

V . KL,

> f < J 77, - O
f
a

Vv IL*- r  j u ,  r -t (

(5.3-5*)

(5.3-5b)

Thus, the energy may bo evaluated using the expressions 
previously obtained for u r" and u r~ (see (5.1-7) and
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and (5.1-6)). Substituting (5.1-6) into (5.3-5b) and 
changing the ardor ef Intagratlen leads te

w

4- ■*- - p- ( I ~r A £/ \T5

____
a it, f. - 'i-vy  ̂*- a X

< - ■<
ci t •<

i t
\Tv- y 1 x K

/- '*
I . _\' , '■X ** V':X • v,1

4- ^ ‘ ' 1 _ _ _ f__ ,
';y k  ,<t /i \

■'SV“It V. 11-' X v'i -X 'iK

(5.3-6)

Evaluating the integrals in (5.3-6) (see Appendix C) re­
sults in

vV "  l j F . . in l .■ '/ -

''A.
a

+ . / V'. j. ..'.X . ".' f oi rr < t

L 'k,k,4 /CITT
k ~ _‘XTS V a. - ► , j: x - A *_/ f (5.3-7)

The Talue ef VI may be detenmined by substituting (5.1-7) 
inte (5.3-5a) and perferaing a similar procedure. The 
result in this case is given by
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iok».
E\*.
Ci-v^

(5.3-8)

Equations (5.3-7) and (5.3-8) may new be cembined accerd- 
i»g ta (5.3-4) ta yield an expresslan far the tatal energy 
lass. Talcing inte aeceunt the fact that

co"- m e  = A
V a’ - a ,'

it c an be shewn that

w iroVj r 2k.G,
AS Ci-Vi)

. [z^r.N C  v 2 E X , ^  '+v(\i f *)1 ,̂6- ̂  >)]
[E.c i-n/.yi-2vJ - EiOf*yi-zv,)][e,o t + E*('ifk'.y i‘V,)1

j C a V
90k

t;2V Q £ tr V 2_QTT k  + C 11 i  ' * 9L .L

L±±*j)^2lQ?
i ok^'^.X1-^) (5.3-9)

where the fellewlng representatlens hare been ©rap1eyed;

Uy-L —  Ci-2y,Vi-2V0 + A n - y,)Ci - vV) (5.3-10a)

= f < + V,)lC3-4yK'|  ̂ (k-=l,2) (5.3-10b)
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Im the k*m«g«n»*us ease, when the twe beaked, ma­
terials hare the same the raiemeehanie al properties, equa-
tlen (5.3-9) reduces te

\ / _  _  4 a V r iE(n>')
™  4 S d - n )

whleh agrees with that reported by Kassir [3]*
According te the Griffith theory of fracture, the 

condition necessary fer the enlargement ef the eraek may 
he expressed in the form

- ^ ( W - U )  =  C  (5.3-H)

where U represents the crack surface enerry given by

\J - - ZTTa2* (5.3-12)
with ^ representing the specific surface energy. The 
crack in the dissimilar ease will net extend along the 
bend surface. Its extension is net known a priori. How­
ever, an approximate Griffith type failure criterion may 
be obtained if it is assumed that the crack will extend 
along the z —  0 plane. Making use ef (5.3-9), the (ap­
proximate) criterion ef failure given by (5.3-H) takes 
the somewhat complicated expression
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jJ-±? 1- ' ' r  ̂1 f : -» V'l ̂ f. ( it ̂ + ' i ■* iO c/ 1 t
: c .o

[^9S-^ + .'4‘ ** )- ___________  'H
■ ■ 1-v I'l

t ,  . •
, 1.N 1» *• 'l .V

.̂.__' * *0 -1 ■ r ‘ (i ■+ i711 ■■ ̂ -1 * " i ~ ' i) w it ! | 2 O : ̂ -* - *)' \j2̂  '2 *
.' f1'' i ' ’ ^vO “

(- I- Al" 1 _ j'T' J • '. • ‘ 1 \  ” | • ? j r,4V!X l* 2 V ^) -  '
i - /I y*sY - t.' \’ rr ■ ;r - -V: ̂ - C (i +vj . 1 r

__ L' ' * ,'/■ - L 1 ** rL . - i ■ '■ O  - L A . S.,  ̂ J r ' <
Vl)“ (5.3-13)

where i. , represents the approximate eritical val­
ue ef the heat flux.

Par the haniegeneaus case, (5.3-13) reduces te

■\; ■ 
V < ■ . A  . “

5 .i+ Stress Intensity Facters
A knewledgo ef the stress field in the vicinity 

ef the crack edge Is essential in the investigatien ef 
the stability behavior ef the crack. In this reglen, the 
stresses are infinitely large in magnitude and change 
their sign an infinite number ef times with the thermal 
leading centributing te beth stress intensity facters,

and K^. According te the Griffith-Irwin theory ef frac-



ture, the onset ef rapid crack extension accurs when the 
magnitude ef the crack border stress field reaches seme 
critical value. (Far the dissimilar problem, this value 
Is given In terns ef an assumed function ef and K_,. ) 
Far the purpose ef obtaining closed form expressions for 
the stress intensity factors, it is sufficient te study 
the singular parts ef the external bend stresses when 
(r - a) ^  0\

contact shear stress outside the crack may be determined 
by the relation

and from (5.2-8), (2-6), (I4..I-I8 ), (l|.l-58b) and U4..2-5e),

In view ef (5.2-1), (^.2-5d) and (3-25b), the

{
r

r j
(5.U-1)

the normal contact stress is given by

r

} ■ c ‘r.1j \\‘ -v (5.U-2)

These expressions may be evaluated by noting from 
(U.2-6), (ij.,2-7), (5.1-9), (^.3-2b), (i^.3-9) and App^adlx B
that
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'L . ( i * *

where H(x - a) denotes the Heaviside step function and 
the real and imaginary parts of a function of a complex 
variable have been denoted by Re and Im, respectively. 
Substituting expressions (5.1i-3) and in relations
(5.U-1) and (5,i|-2), and making use ef the change of var­
iables

.v - . A : ot *• (5.^-5)

results in the following expressions for the contact 
stresses outside the crack:

2 ' ’: f  J l T T  TP, v  +• . . ' V. t A '  - • , t*■

\/c of A1
(5.^-6)

• i! " f 1 a if ...

:
T  k . 1 t

1 * *
\ ? ‘ /" .jf l| ^  ; J ' i 1 f M  f*,
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Upan taking the limit as r -> a , and neting that far 
large <*. and 3̂ the fallowing relatians hald (see Appendix D
far mare details)

'■/ of*' «; - I

C V o  -
. v> f
t' / n ■

V
l '  '  J

\ I IM

it is nat difficult ta shaw that the limiting values af 
the stresses in (5.U-6) and (5.^-7) became

l -T

2 , /
r^-.i O  
. ^"X‘t f m  -0

i. i ■ i

v\, < - ij. T  ' 'i  fY\ 1— i > K t
i- ,, ;

f  ( t  ( —  / .  . k  t  t

\ ? r  -i 3;

\' < n+ i)( i - , t + fi)

.f T >J f '? (5.^-9)

where - ?< < >
may ba written in the equivalent farm

MVr - ex (r r . r(.
(5.U-io)
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Making use ef Deugall's fermula (see, fer example [21]) 
fer tke s u m a t l n  ef the gamma funetien

no

r / I +<o

exeressiens and (5.U-9) may ke written in tke
standard farm

/ ( r o) - lr' ' ^ )  - K ^ ' U *  ^s7?a)_

+ 7 % [ ' a  f l t - V-

CT (ro) =  - Vz r K , ^ ( fei>£77a) + K z -''^ -'■

? r' L I !- Y ( 5 . 1 4 - 1 2 )

wkere R =  r - a and tke stress-intensity facters and 
K,> are aiven ky

K t =  J = r  Irr, ̂ U T k . a N -  2L^Tk,<t a x - d  ,-vk P P -  Z C ^ Hit)V(
Yrfa

(5.U-13)

(5.U-il|)

witk tke eenstnnts D^, and keing determined ky
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(U.l-26), (U.l-30) and (lwU-10) respee t i vely. Net# that
the gamma funetien ef seisplex arguments has been tabulate* 
extensirely [26] se that there is me difficulty in comput­
ing the numerical values ef am* K2 freia eqns. (?.[4.-13) 
and (5.I4-II4.).

la the hemegeneeus problem, 6 — 0 (see (5.1-5)) 
se that (5.U-13) and (5.tf.-lL|.) re due© te

= 4 Dz U
2 3TT Ja

Per the geaeral ease, the streas-inteasity factors 
may be evaluated by substituting the Talues ef the mater­
ial eenstants ef the bended materials int# (5.U-13) and 
(S.li-lU). Values fer steel-glass and steel-eepner are as 
fallows:

Steel-Glass 0.11583 T a v= -1.1066T av*

Steel-Cepper 6l.358 7'a,/* 1906.8 T a V2

where lengths are measured la iaehes and temperatures 
in °P. In each ease, steel is the material eeeupying the 
upper semi-spaee. Expressions (5.U-13) and (5.U-lli) cea-



72

trel the onset ef track preparation due te the Influence 
ef the linear heat flew in the solid. It is interesting 
te nate that heth and K£ nedes (the crack opening and 
edge sliding modes) are operating in the general dis­
similar solid.
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CHAPTER 6
DISCUSSIOH, CONCLUSIONS AND 

SUGGESTIONS FOR FUTURE RESEARCH

In the preceding study, e methed la presented fer 
solving the thermeelaatlc preblem ef two bended semi- 
infinite media with different preperties centaining a pen­
ny-shaped crack en the interface and subjected te a uni- 
ferm flew ef heat. This represents an impertant extension 
te the werks previously censldered in the literature which 
have been restricted te twe-dimensienal studies ef dis­
similar media er axlsymmetric heraegeneeus preblems.

The unceupling ef the temperature and stress dis­
tributions permits an independent determinatlen ef the 
temperature field fellewed by a solution te the elastic 
part of the preblem. The transfermatien ef the eriginal 
femulation for an infinite space to that of a semi-infi­
nite space is the first significant step in the selutien 
and ence this is accomplished, appropriate integral trans- 
femotions are employed in order te reduee the axlsymmet- 
ric formulation to a subsidiary preblem In the plane. This 
forms the crucial step in the selutien and permits a fur­
ther reduction te a Hilbert problem from which closed form 
expressions fer displacement, stress, energy less, crit­
ical heat flux and stress-intenslty facters are obtained.

It is shewn that the stresses at the crack tip have 
singularities ef the form l/VR (where R represents the



distance from the crack rim) and exhibit oscillations of 
the fern sin («r ees) f li R (where £ is a function ef 
material constants). The stresses depend upon the material 
constants and the radius of the crack and are linearly 
proportional to the heat flux. Thus, the direction of ap­
plied heat flux determines whether tensile or compressive 
stresses are present. The stresses are shown te involve 
two stress-intensity footers representing different modes 
of fracture, as opposed to the single factor in homogen­
eous problems. Thus, for the dissimilar problem, some fune 
tion of and K^, say ffK-^.K^), must bo assumed, which
will eause the eraok to grew upon reaching some critical 
value.

The physical quantities obtained in Chapter 5 are 
evaluated for the special ease in whieh the two bonded 
materials are identical and are shown te agree with pre­
vious studies involving homogeneous materials. It should 
be noted that in the homogeneous case, the right side of 
(U.l-60) vanishes so that all terms involving K 0 vanish 
from the resulting solution.

The success of the apnreaeh taken In the present 
study suggests the possibility of further application to 
several preb ms not considered in the literature. Example 
include the case of an external penny-shaped crack under 
conditions similar to those nresently considered, and 
nroblems involving dissimilar media containing cracks of
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different shapes. Tke same method earn alae be considered 
in dealing with solids containing Mere than ene plane ef 
discontinuity {either eraeks er rigid inclusions). In eask 
ef the above mentioned eenfigurations, the type ef lead­
ing may be thermal, mechanical, er both; however, certain 
thermeelastie crack oreblems may be treated from an ise- 
thermal point ef view. It is shown in the preceding werk 
that the uniform heat flow problem is related te nn iso­
thermal preblem with applied shear stress.

Tke results ef this study contribute te the under­
standing of failure ef dissimilar materials when used in 
conjunction with tke current theories ef fracture mechan­
ic s,
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APPENDIX A
ALTERNATE FORMULATION OF TEMPERATURE PROBLEM

The temperature field In the upper and lower semi- 
spaces may he represented respeetirely, In the farm

| \r,Z; —  f A,(S' e~ (A-l)
'o

-j" "(r Z' = f A ^  X,<-
•7 «

(A-2)

where A-̂  ( % ) and A? ( X ) are arbitrary funetiena te be de­
termined frem the thermal boundary conditions.

In riew ef eq. (3-l6)# the Henkel transform ap­
pro aeh taken here will yield a selutien identical to that 
ef Chapter 3 if it can he shewn that

~ O 'V u _ 3)

Differentiat1nn ef (A-l) and (A-?) yields

— -” 1 = - (A-U)

A ,<>0 Ut (A.5)

se that boundary conditions (3-5a) and (3-5b) giro
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5 A - U-6)

k . (A-7)

while cendltlens (3“5>*) and (3-53) yield

k  5 A/^J.rrvA^ „

r -■ ,-i
(A-8 )

f Ai'v  T,'^) (A-9)

Multiplying (A-6) and (A-7) by k-̂  and k£ respectively 

and adding results In

^ , A, / t -  L, rr',^ - O (A-10)

while fer r ■> a, (A-8) nay be written as

I A/V) + L. A i ‘ V) V j/rv VV ~ O r '.'i (A-ll)

Therefere, by the Hankel Invarslen theeren

k A,«) -- - U-12)
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Be that (a -7) and (A-9) yield

J,( r f )  A  = - r  1 r i c. (A-1 3 )

7^ A.rO O  i'i ~ O  r>a (A-11+)

The selutien te these duel integral equatiens (see [2U-] * 
P.65-70) is

* ..1 ,

whloh is in agreement with eq. (3-16) and thus leads te 
the same results as these ebtaimed In Chapter 3*
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APPENDIX B
LIMITING FORMS OF -il,( 1 ) AND -U, ('S ) AS Z-^-0

Expresslens fer I'M'’? ) and -M( ̂  ) an the z — 0 
plana are obtains* by evaluating eqs. (i^.^-9) as z-^-0. 
The limiting values of the terms

/"$ - a >n ' f"!L~ :1 V  ,f"'1
T + 'V ( ■+ a

may bo determine* by first recalling that

( V - M 1 ' I"'.;- ! O 1l"'' ̂  (■■ a .V) (B-l)

where ^  — a r g M  - c }. New, if ^ describes a clesed 
path beginning at a pelnt x ef the arc L* (see Fig. B-l)

I land leading, witheut intersecting L , from the tep ef L 
areund the end a te the bettem ef the arc as shewn, it 
fellews that

i . -rr T
U:~o'I (B-2a)

M - a V - '’■■■]' - K- V ,fr,- 1 (B-2b)
- zr ~ o i • >. i 1

(t t- ] - !x ̂   ̂,r ' (B-2c)
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Figura B-l

Hence,

i! ii.-A V
i *. -  ■< \  

a <  ■' (B-3a)

1 VI / -V - A' /> -
1 , V (B-3b)

y 0 I'*- <- »

(T 1

r . 1a - aA
u , a ;

(B-3c)

(B-3*>

Far the case whan z — 0 an# jx! > a, it fallaws fram
(B-l) that
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A A + a  j
- ''— Ii x.- a '

ai,
(B-4*)

r w ~ ][A A < V "  ' _ I - -' 4 ' - (*•
(B-i+b)

sine* the argument ef ( ' ~ ̂ ) ( ' , a ) dees net change
1b  gelng fr*n plus te minus values. Making use ef eqs. 
(B-3), (B—It) an* (lt.2-lit) and netlng (see (U-U-5)) that

, ■ 1 i" , , T ’ VA
V/x - A

,r,\* 1

the fellewing expreesiens are ebtalned frem eqs. ( .  1|.—9) s

(-U, J 1

2* v O
1-

I V

4 A-
\

st:
A'"t ■ X ’>!rr.

Ta  - A  r
A - e - k X -f- A - L  / ' r I- # ! .  <-

T- 1

A2 AYJ ̂ X

4  C

A • 1
(B-5)
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U , - n r )  ■= - ^  L'rkj

/a - s
+  2 v ^ '

~i 1 • - nli / K *■ t 2 L,rk.,n',ya - z c L
/,a ^ > y "’'' > 1~|

i +'<
(B-6}

A r W - 8 7 ,  1 al.TL

4  W ~ ^ T  lT V A - - p , k . fT, a  ̂  if 4 V -1 i \ ■ i  +  v .

/ -» -x,yri i ]
\ r - ^ - V .  i

V . A
a .- o

L ; If » . Z. I . >r, , {?.— .) 
..~X ■* v.

(B-7)

zy /A: A f/; 1 X
■■V ■•- 1

i A - x \ , •* xr. ^x /  ̂* -<

r ' ? t x‘- + j| i. * m, A -.\ . A/;.; - Y..X,
(B-6)

- i  j i j
* ;  >  U

2  "'4

v  r'> f /. r - . - ^ i -A A'1
'|V!> V? - V

., tl'i .IX-

i , y k x ■+ ";, 7A />• i -
/k-aym r^-r*A x + A  ■ i . * •» ; > (b-9)! 1
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-  i):
r*J >Ct
-Z ;• ̂

1"2 ' C*

( A -  A' 1.
X  +■

C' ; i X
( ' X  - A ' N- a

x . in, 1 /2S-. a>! I< ■* ̂ A ;

<v / x - a ^ '  
■* (B-10)



APPENDIX C 
EVALUATION OP INTEGRALS OP SECTION 5.3

Bnpleying the well knewn fermula

-\
j - I 

^  J  *v (C-l)

expressiena far the Integrals In (5.3-6) are ebtaine* as
fellews:

r v ^  rf r- i ._ n  y  , rr, ) r .. i (C-2)

"2̂ ;:̂ \,T1 - a -
(. ■■ J * /

<r )

L

1 K.

4 \ y f  - rfi,) r ! *fT1 ^
"fv A A

v- ■' x - <r. ) v: Y i m .) , 4 V  ' I + <r V*' i " ni ̂-t- +■ _ —  . _4 : ^  (4:4

A\7^- *oO -i7!.3
r- 4",

r . -'Ti<3
Y'V* (c-3)
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-a - ^ /a - ,yit _ / c / ! *

a < '7 < ‘O
i 2 V /z t^O

Vf sV  -■■“

r/
r~,: \ r i- 4 rt'')

r (^

FSK"c ̂ + fT: ̂ ̂ 
\ (t7

~
. A (*\ + ! ,t~) \ A * ,r' ) \

• -o’
-5-.i. • tl"\.

+ j'T' ._
' A\

■i r i rn )r -  f7 !M

Tke gamma functieno la eqs. (C-2) - CG—if.) 
evaluated by means ef the relatlens (see [ 21J , p

r M t z " )  - z r ; 7  ) ̂ I

JL-. , • . . ,n , ' 71r-z)V^-7.) - \ C i **)P- I -z; -■ ' S. ̂ I I 2 r O'., [i z

(C-1+)

are
2)

(c-5)

se that the abeve Integrals take the fen*
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a
A «-X (z7rV">V^

■4 a W , f (Ti II
/ > o * J r im, (C-6)

-a /r\ - X ra
r \ ( -'a -k. _

o Y  ̂  t. -p/*. ^ m. <71 . (C-7)

-A
ff' ,

1 I X
/(X - x  
-n * x

, - m
■1 * r; X  x / r V  

J

'X \ \ < '■— ■— ■ ■ 4 rT. ■ 4 .1 f f , ,) ZT ■- n’., ) --—, ■=. \ / ,■ 1 - •J'-. n <r>, (C-8)

The remainin® Integral In (£.3-6) may be Integrate* by 
parts an* ylel*s

F:YV*Va^xx K  T- (C-9)

where F,, (x) is glTe* by (i;.2-lUb).
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APPENDIX D 
SERIES EXPANSION OP SECTION 5.1+

F*r large rallies ef and ^  ,

c. o t h ,x =  | + 2 (D-l)

(D-3 )

fr#M which It fellews that

- V r

(D-3)

Erpansinn ef (D-3) leads ta

/ L i ■*" \ ^(r --tf" p — < ot*' “O  —
P»

, a r~.-■ rO 1 -3 - ‘ ‘+ -

which may be writtew In the farm

(D-1+)

( c, ̂  >

DO

t , i \ ■ i - •r:
ft -  ̂'>{i‘ •<) — z." 2-,  ̂̂ (D-5)

where

b n  ~ ill1
/ 1 / f f ‘
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