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ABSTRACT

THERMAL STRESSES IN BONDED DISSIMILAR
MEDIA CORTAINING PENNY-SHAPED CRACKS

by
Alvim M, Bregman

Adviser: Prefesser Mumtazr K, Kasair

A selutien is presemted fer the preblem of a umi-
foerm flew of heat disturbing am imsulated penny-shaped
erask em the bemding surface of twe (disaimilar) semi-
infinite medisa, The thermeslastie ansalysis 1is separated
inte indepomdent temperature and meechanieal preblems whish
are selved eensesutively. By the Iintreduction of apprepri-
ate analytlie fumetiens, the temperature preblem is reduced
te a bPesundary value preblem in petential theery with lmewm
selutien, The axisyrmetrie meeshanical beundary value preb-
lem eof the imfimite spaee is eenvertad te a petential preb-
lem of a half-space and 13 subsequently reduced te a twe-
dimensiemal Hilbert preblem by the use eof apprepriaste
transfermatioens. Empleying the apparatus ef the theery eof
essmplox variables, a selutiem te the Hilbert preblem 1is
determined frem whish expressiens fer displacements, stres-
ses, snergy less and stress-imntemsity fasters are ebtained,

Stress singularities and esseillatiens are ebserved im the

111



vieinity of the erask tip. The pessibility ef extending
the Griffith-Irwin theery ef frasture te eraeks in dis-

similar media eondueting heat under steady-z2tate comditiens

is alse examined,
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CHAPTER 1
INTRODUCTION

When a uniform flow of heat in an elastic solid 1s
disturbed by the presence of cracks or flaws, there 1a a
local intensification of the temperature gradient with as-
sociagted thermal streas, Disturbances of thils type may, in
some cases, contribute to the mechanical breakdown of struc-
tural members, Hence, a knowledge of the state of thermo-
olastic stress and deformation In such solids is of signif-
icant value 1in structural analysis and current theories of
fracture mechanics.

In moat practical applications, the effects of both
coupling and inertia may be disregarded and it 1is thereby
poasible to separate the original thermal stress problem
into two independent preblems to be solved consecutively.
The first requires a solution for the steady state temper-
ature field and the second 1is a determination of the ine
duced thermal displacements and stresses in the solid,

Such an analysis of a homegeneous msdium weakened by a
plane of discontinuity, er crack, can be reduced to & mixed
boundary value problem for a half-space with the crack
plane as a surface of separation of the boundary condi-
tions,

Based on the method of dual integral squations in

the Hankel transforms, Florence and Geodler [1]‘ treated

* Mumbers in brackets designate References on page 91,



the problem of uniform heat flow disturbed by an Iinsu-
lated penny-shaped crack, The antisymmetry of the temp-
erature and stress flields about the equatorial plane per-
mitted a reduction to a problem of a ssmi-infinite medium
with mixed boundary conditions, Kassir and Sih [2] con-
aidered the state of stress Induced by a uniform heat flow
past an insulsted elliptical crack which included the cir-
cular crack as a speclal case. The general solution was
constructed in terms of harmonle functions, and expres-
sions for stress and dlsplacement were derived, There 1is
a direct analogy between the problems alluded to above and
those of a planar crack under linear shearing stress [3].
Recently, the writer [u] considered the thermoslastic prob-
lem of two (or more) parallel coaxlial insulated penny-
shaped cracks by extending a method developed by Collins [SJ
for a similar configuration under mechenical loads. The
solution was formulated in terms of axially symmetric har-
monic funetlons which were then sought in terms of a com-
plex variable integral with Cauchy type kernels, The prob-
lem was then reduced to the solution of Fredholm lntegral
equations of the second kind from which results were ob-
tained by iteration. Other thermoelastic problems involv-
ing a linear flow of heat disturbed by cracks or cavitles
have been treated in [6 - 8] and others.

In all of the preceding investigationsa, the infi-
nite medium considered was homogeneous. A problem of con-

slderable practical impertance is that of determining the



induced thermal stresses in bonded semi-infinite bodies
ef different thermoelastic properties when a uniform heat
flow 1s disturbed by an insulated c¢rack on the surface of
bonding. This problem represents an idealization of two
dissimlilar materials welded together with a flaw devel-
oped on the common interface due to faulty Joining tech-
niques,. The imperfect contact may be due teo the sxistence
of an entrapped gas bubble which may have sharp edges and
for the purpose of analysis cculd be regarded as a flat
cut or planar crack, It 1s the purpose of this disserta-
tion to study such a problem. Specifically, a uniform flow
of heat 1s allowed toc pass through two bonded semi-infinite
media with an insulated penny-shaped crack situated on the
bonding surface normal to the direction of the heat flow,
It 1s desired to determine the induced atress-strain dis-
tribution Iin the solid. As the elevated stresses in the
vicinity of the crack tip will control the onset of crack
propagation and eventual breakdown of the material, spe-
cial emphasis will be devoted to the rfinding of the local
stresses and the value of the stress-intensity factors,
During the past decade, several two-dimensional
problems of bonded dissimilar media contalning cracks have
besen considered in the literature |9 - 12| . Employing an
eigenfunction expansion technique, Williams [9] discov=-
eired for the first time that for the problem of two dis-

* Thia list is not intended to be comprehensive, Only rep-
resentative works are mentioned,



similar materials with a semil-infinite line crack, the
stresses possess an osclllatory character of the type

r 72 gin (er cos) of the argument & log r, whers r 1s the
radial distance from the e¢rack tip and € is a function
of material conatanta:'Tho case of a finite crack (or
cracks) embedded along the interface of two bonded semi-
infinite planes was investigated by Erdogan [10] and Rice
and Sih [11] using the complex variable formulation of
plane elasticity problems (integrated with the eigenfunc-
tion expansion technique in [11]) while Brown [12] calcu-
lated the thermally induced streasesa when a uniform heat
flow 1s disturbed by an insulated Griffith crack, For the
axlaymmetric geometry, Mossskovakll and Rybka [13] consid-
ered an isothermal problem of a clrcular crack embedded
between bonded dissimilar materials, At large distances
from the plane of discontinuity, the two dissimilar helf-
spaces are acted upon by uniform normal stress, The axi-
symmatric problem was reduced to a subsidiary problem in
the plane which in turn was solved by Muskhelishvilil's
method in complex function theory. Erdogan [1&] pressnted
a solution for the problem of a circular or ring shaped
cavity between two dissimilar materiala. He utilized
Hankel transforms to reduce the problem to a system of
simultaneous singular integral equations, Only the demin-

ant part of these equations was considered and an approx-

* See equation (5.1-S5) for the defimition ef the bi-
elastic cematant €



imate selutiem was ebtaimed by reduectisen te a Hilbert
preblem, In these preblems, the eseillatery nature ef the
stresses and displaseemonts was alse emceumntered., Hewever,
as in the twe dimensienal eanses, the zZene ef escillatien
1s cenfined te a very amall distanee frem the erszek edge
where there weuld be plastie flew dus te ylelding ef the
material and se fer all praetieal purpeses the essillatery
bohavier of the leeal stresses, which 1s physieally im-
peasible, may be ignered,

Im this disssertatien, s selutien is presented fer
the preblem ef a uniferm flew ef heat disturbing an in-
sulated penny-shaped crack situated erm the bendinms surface
of twe semi-Infinite media, The twe materials have differ-
ent therme-meehanieal proverties and ars assumed te be
jdeally bendead se that a perfeet ecentact exists, i,e. con-
tinuity ef tempersture, heat flux, diaplacement and stress,
The thermal amalysis is separated inte independent temp-
erature and meehanical preblems gevermed by the steady
state temperature equatien amd the Ravier displacement
equatien ef statie equilibrium, respectively (Chapter 2),
The temperatiure field is ebtaimed by first censiderimg the
beundary and centimulty cenditiens ef temperature ard hast
flux., By intredieimy spprepriate anslytie fumctiems, it 1s
shewn that the beundary valus preblem is amalegeus te the
preblem cemsidered by Flerence and Geedier [1] fer whiehn

a selutiem is mewm in terms ef Bessel fumetiems, The me-



shanieal preblem is them selved by finding harmenie fume-
tions which satisfy the Caushy-Navier displaeement equa-
tiens ef three-dimensienal thermeelastieity. Upen utiliz-
ing the beundary senditiens en the c¢rack surfaces and the
centinuity conditions en the bending plane sutaide the eut,
the preblem of the infinite spaee i3 reduced te that ef a
half-space with retatienal, er pelar symmetry., This axi-
symmetric potential mreblem is then reduced te a subsid-
iary pstential preblam im the plame by using transferma-
tiens eriginally intredueced by Messakevskii [lSJ fer this
purpesse, The two dimensienal preblem is them shewn te re-
duce te the preblem eof linear relatienship whiech requires
the determinatien of a ssctienally helemerphie functien
whese boundary values, en the twe sidea ef a line ef dis-
eantinuity, are linearly related. A selutien ef this preb-
lem, usually knewn as the Hilbert pnreblem, is then eb-
tained by making use of the Plemelj ferwulas and Cauchy
integrals as develeped By Muskhelishvil} [16].

Having obtained the selutien te the Hilbert preblem,
it 1s pessible te evaluate the physieal quantities ef i(n-
terest of the original axisymmetrie preblem by empleying
the apprepriate transfermatiens mentiened prevleusly., Re-
sults are ebtained fer the stress and defermatien fields,
the ehange in petential energy due te the existenee of the
¢erack, and the eritieal heat flux whieh initiates eraek
snlargamant. An Impertant practical result is the stress

field in the vieinity ef the eraek cdge sinee this is esa-



sentlial In the investigatiem ef the stability behavier ef
the craeck, The Griffith-Irwin [17] theery of fracturs, fer
example, 1s Based upen the eoemcept that the emset of rapid
erask extensien seceurs wher the stress-intensity faeter
reaehas seme critieal value, The lecal stresszes are foeund
te have the same imverse square reet singularity as that
Teund in hemegeneseous preblems but, Iin additien, the elan-
tieity selutien sxhibits escillatiens (in displacements

and stressss) ef the ferm ain er ses of the argument

(€ leg R), Here R 1a the radial distanes frem the erask

rim and ¢ 1is s funetien ef the material senstamts, The
esclillatien, hewever, is eenfined te a very narrew zone
near the edge of the eut, This peeullar hshavior eof the le-
eal stresses agress with results ebtained in the twe-dimen-
simnal erack preblems fer dissimilar media [9, 10, 11, 12]
as well as in the axisymmetris preblems [13, 1l4]. Ex-
pressiens are ebtained fer the stress-intensity facters by
censidering the limiting behavier ef the nermal and shear
streasaeas as the crask edge 13 appreached, and numerical

valuss are ecemputed fer seme tynieal selids,



CHAFPTER 2
FUNDAMENTAL EQUATIONS OF THERMOELASTICITY

When the temperaturs diastribution in & selid imo-
tropie body 1is net uniform, there is a transfer of heat
by conduction between any two particles which are at dif-
ferent temperatures, The law of heat conduction may be

atated as follews:

— 37T — T — 2T
Qx—-"k'é—x‘s q,—-kg-,,-, qz——‘k—"z'

where k 1s the thermal cenductivity of the =0lid, x,y,z
are Cartesian ceerdinates, q,, 9y, Qg are the Cartesian
components of the heat flux vecter g and T(x,y,z) 1is the
tempsaraturae,

For the steady state problem iIn which there l= ne
internal heat generation, the Fourier heat conductiocn
squation reguires the temperature at every point of the

saolid to satisfy the Laplace equation in three dimensions:
2 —
Ver({x,y,z) = © (2-1)

nce a solution for the temperature field i1s ob-
tained, 1t i1s possible tc solve for the resulting dis-
placements and atresses, respectively, frem the Navier

displacement equation of static equilibrium

UV -U o+ viO = 2(‘———-'_*2‘:,)0(9'—[' (2-2)



and the Duhamel-Neumann atress displacement relation

g = Agvﬁ + UV +|—_1?7[VV-U —U+v)°<T] ﬂ» (2-3)
Here u ias the displacement vector,EF is the stress ten-
sor and I 1s the isotrepic tensor. The shear modulus,
Pelissonts ratie, and the ceefficient of linear expansiem
are designated by .« vy and < respectively and the ma-
terial is considered to be hemogeneous and isetrepic in
its thermal and mechanical preperties, The gradient and
Laplacian operaters are represented by v amd v respect-
ively. It is cenvenient to seek the temperature fisld by
finding a thermeelastic potential (L defined by

--— 2710—=V) !!f}_
T (WM 3 zZ (2=4)

The induced displacements and stresses fellow upon solv-
ing the system of equations (2-2) subject te apprepriate
beundary conditlions acress the crack plane and regularity
conditiona at far away distances,

For the problem invelving a uniform flew of heat
passing threugh a solid, a selution of (2-2) may be rep-

resented in the ferm [18]

U = @ + Z j—‘;’(i + 7 g% (2-5a)
b )L
v = 0t 2y * Z 2 (2-5b)
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(1

w o= @, + 2z +0 + 255 (2-56)
where u, v and w are the Cartesian components of the dis-
placement vector u; Q)J(j‘z 1,2,3) and ¥ are harmonic

functions, It 1s strelightforward te cenfirm that the equa-

tioens of equilibrium, (2-2), are fulfilled provided that

Y | (Jfb. YD, 9D
YZ T (4ay-33)\ dx M Iy * 533 (2-6)

and some of the compoenents of the stress tensor are

(7;{:(7\-&2;{)-%-(@3"5")*' 7‘1(%% v—%—%‘) 1—21(2#(‘4’“’—(\L) (2-T7a)
3O, _ 30 ¥ ) (7 L¥ 0

T = (52 T 5% *M)*Z“.u(zi‘z*ﬂ*z%?) (2-7b)
- — 1 3O J - ' 1l

Gz“M{E&{“'ﬁ ‘*‘3%)4‘:.,0‘3);(2%#.0_-%2%) (2=T¢c)

where O?z is the normal stress across the z-plane, 7.,
and 7, are the shear stresses on the same plane and »

1s the Lame censtant given by

The other stresa compenents, 7., T

LTy and 727 are

net needed for the purpose of matiafying the boundary

conditiona,
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CHAPTER 3
FORMULATION OF TEMPERATURE PROBLEM

Censider twe semi-infinite elastic selids bounded
together with sach material homogeneous and isetropic, Let
the medium with thermal cenductlivity k; and coefficient ef
expansion o<l occupy the upper semi-apace S* and the me-
dium with conductivity k, and coefficient of expansien « ,
occupy the lewer semi-space S . Assume the bond te cen-
taln a plane circular cavity, er penny-shaped crack, sit-
uated in the plane of bonding. Referred teo a system of
cylindrical coeeordinates (r,9 ,z) with 1ts origin lecated
at the center of the crack and the z-coordinate along the
axls of rotational symmetry, the crack 1s determined by
2 = 0, O=pr=a (206 Fig.l).

When a uniform flew of heat passes through the sol-
14 along the z-direction, i.e. perpendicular to the plane
of the crack, the undisturbed temperature field may be
taken as 7z in S* and, in order to ensure perfect ther-
mal contact (continuity of temperature and heat flux aleng
the plane of jeining), 7 k;z/k, in S™. The uniform temper-
ature gradient has been designated by 7 ., The temperatures
in the presence of the plane of discontinuity may be writ-

ten am (mee Fig, 2)

THr,z) = Tz + *(r,z) 1in s* (3=-1a)

T (r,z) — %J-Tz + T (r,z) 4n S~ (3=1b)
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Fer the umdisturbed temperature, the displaee-

ments induced by the uniferm flew of heat (ebtained dy
selving (2-2)) are

+

Ul=w,Txz , VI=XTyz, W' '=-5o7(2*r?)

(3-2)
It kl = -l-(—Il - = & ’k! 2
¥ —dz.&.;“rXZ, Vv “zkz'?'YZ, wW —E—i—;’?’(z ~c?)

Wwith me aceompanying stresses (see, eo.g., [19], page 24).

In order te emsurs contimuity ef displacement acress the

plane z = 0, equatiens (3~2) indicate that eme must ae-

eount fer a nermal displacement given by

2

.&.W —_— - :( o(}kz—p(zl(,'] Z =O (3_3)

)
-2

f
~

i~

This 1is squivelent te applyling the fellewing stresses
in the umdisturbed selid:

Tw T PT . T =2 (3-1)
where
F — 7E1E1["‘<tk1*="~’1\<|]
ko [E20-7) ~ €,6-W)]
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The stresses and displaeemants given in eq. (3-2) and
(3=}j) ares te he suverimpos=ed en the wvalues feund in the
distirbed case in order te ebtalin the cemplets selutien.
Nete further that the atraessas (3-l|) de net affect the
broundary conditiens fer the disturbed case,

For an inaulated oenny-shaped crack, the axisym-
metric temneraturs T+(r,z) and T (r,z) must satisfy aqua-

tion (7-1) and tha follewing Boundary ccnditiens serosas

the plans z — 0O:
YT 7 )
LR (3-5a)
L r<a
’ x -
W3- = k3L (3-Se)

T = T-° (3-5&)

In additien, the temmnerature fleld te be detearmined must

vani=zh at large distsnces frem the crack, Opserve that



1y

cenditions (3-56¢) amd (3-5d) represent e easse of perfeet
thermal centact between the twe bedies, Mereover, it 1is
assumeé that there is ne gensratien of heant inside the

selid,
The fellewing function iIs intredueed fer censid-

eration:
T™(r,z}) = T(r,-z) (3-6)

It fellews that

™ r,z) = T {r,z) , T™ (r,z) = T'(r,z) (3=7)
and
YT (e _ T )T en . 3T )
= yZ ! 3z - Y= (3-8)

Susstituting (3-8) inte (3-5S¢) gives

» 7 -

k.i—%m + kz‘}_];?(r,_z\ = 0O, = O (3=9)
and an jidentieal relatien may be sstabliszhed fer r<a,
z = 0 by using equatiens {(3-Sa), (3-5b) snd (3-8), Hense,
(3-9) may be extended te the lewer semi-spsce by recalling
that 1f a harmenle funetion is equal te zsre on the beund-
ary of the regien fer whieh 1t 1= dafined, them ths fums-

tien 1s equal te zere everyvhers in the reg;ion.‘h Hence

*This fellews from Green's fermula (see e.g. [22], p.32)



15

QT'_(F-.Z} 3T ey

which may be integrated te glve

K, T° (r,z) + kT (r,z) = 0, z=0 (3-11)
From (3-7), it folleows that
k. T7(r,z) + kI (r,z) = 0, 2=0 (3-12)

If the condition of temperature centinuity on the beond-
ing surface, (3-54), is taken Inte account, (3-12) ylelds

when z = 0
T (r,0) = 0, THUr,0) = 0, r>a (3-13)

The boundary conditions for the temperature fileld now

become fer S~

T Tor -
JJTE—JE = - 1:” , r< a, z = 0 (3-14)

T "tr0) = © , r> a (3-15)

and similar ceonditions fer S+.

Except for a multiplying censtant, tnese con-
ditions are analegous to these enceuntered by Florence
and Goodier [1] for the corresponding preblem in a
hemegensous solid. Hence, the temperature field in S~

may bs written as



T <y = - ?—F ﬂ(QF‘ZS T3, (89} To(r9) ds

where J‘ is a Bessel function of the

der n, The temperature gradient thus becomes

Lot

f'rra Jr fﬁj(eQSWJEJWUIArQAS

-
-

Q

se that en the plane z — (0, it followa that

T (ro) = : '

O >
and
( .o
_ o k-_}. ) o=
YT ¢«
\ P4 -
lr=0
z Tk, A - a
—rn_ N r____("'-Cl; — b ?] ' r=a
Note that
‘Z?T-\/ql._—f? , M=
T 'r o) =

16

(3-16)

first kind and or-

(3-17)

(3-18a)

(3-18b)

{3-19a)

(3-19b)

{3-20a)

(3-200)
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[37+«;ﬂ _ y U<a (3-21a)
- <

2T Q e,
L_'TT_[VF—?-:E2 S0 r:l ’ vo>Q (3-21w)

At any neint ef the semi-spaes, the variatien ef tempera-
ture and temverature gradient ceuld be evaluated frem in-
tegrals (3-16) amd (3-17)., Details may be found im [24].

In erder te selve for the Indused thermal displaece-
ments and stresses (see relatiems (2-5)), 1t is neeessary
te evaluate the thermeelastie petential defined in (2-4)
and its apprepriate derivatives en the plane z = 0, Fer
this purpese, equatiens (2-l), (3-16) amd the regularity
of (1 at infinity” give

. 3/ -’,M;z -tz -
- . (rvder; 2 Tk’ TLLEN T ore ¥
s (F.Z, = - oo Vi i k‘ :: e X 3.0 (3_22)
: i N
o
Wwhish en the plame z — O heeemen
oy
RPN ey 1o ;
- (I+V;Y oy =z T‘L(‘l TR J%(’Jg)
POy = - 2L —_— :
fl 1 / 2(")}4) T k‘; _33{2 Jq (3-23)

o

The integral in (3-22) may bs ovaluated (see [20], ».}8;
[21] , ».SL) te yield

'Jﬁ_represents displacement and thersfere rust vanish
at large distances frem the erigim (sese eq, (2-5s)),
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Dol Tk, r 2
— (I;i}_i-z;) [20 f':l ,F = (3-24a)

LY (rO) = ¢

— VX rk, e 2 + avyrEal .
4'rrk1(nz—vn (o' r)un”? fman . rm (3-24b)

It fellews that

(1t¥) oy Tk o -
4“:““*’1) } rroe A (3 25..)

0T (D)
Ns

_(’l*l']!ufz.?'k' I’:—-:L.Jr_\-__:_zl — .”,:-'QJ -, e = ¥ (3-25b)

sTk,o-vy I F

In a similar manner, it is feund that fer the upper half-

space (S%)
— T iy eea (3-260)
Qo) =
gt gt s ] oen (e
and
Vol T O
ot r-a (3-27a)
it oy
s )

_(I+V.)'ﬂ(‘T __(l T a . -1
TIT -V [r‘ yr-at = Cuin ?J , e (3-27v)
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With the selutiem te the temperature preblem and

the values eof (L and PEE. o z — O, 1t 1s new peasible
dr

te selve feor the i1ndused thermal displacements amd stres-
sas,

It sheuld be mentionsad that the temperature preb-
lem censidered In this chaptsr may de fermuleted by using
Hankel transferms en heundary cenditiens (3-Sa) threugh
(3-5d4d) witheut the intreduetien ef the funetilon T‘(r,z).
The resulting pair ef dual integral equatiens ureeuple
immediately and yleld the same results as abeve, This

altarnate methed of sslutien 13 presented in Appendix A,
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CHAPTER Uy
THERMAL STRESS PROBLEM

The diaturbed temperature field dissussed in the
previsus chapter gives rise te thermal stresses which be-
ceme highly intensified at the periphery eof the eraek,
These stresses supply the surface energy required fer
erack prepagatioen, and a critical value ef the temper-
ature gradient may be ebtalned beyend whieh erack enlarge-
ment eecurs, This eritieal tempesrature gradient is anal-
ereus te the eritieal franmture stresas in the Griffith
theery eof fracture and thereferes 1s nf parameunt impertance
in nractical applicatiens,

Te ebtaln the lecnl strasses=, the state ef thermal
stress and deformatien in tha selid must be determined.
Foer this purpese, the displacement representatiom (2-5)
will be empleyed and the harmenie functions will be deter-
mined by first reducing the preblem te an axisymmetric pe-
tential preblem fer a half space depending on twe func-
tiens which is them tramsferred inte a preblem ef linear
combinations ef twe analytie funectiens in a plane whese
selutien is seurght by Muskhellishvilii's methed in cemplex

varishles,

1.1 Derivatien eof Beundary Cenditiens

The Besundary cenditiens fer the preblem are spee-
ified en the z — O plane. A perfect keond batween the twe

boedies is assumed and henes, the cempenents ef displace-



memt and streas mmiat be centimueus fer r > a, while the
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stress cempenents must vanish ea the (free) crack surface.

Those conditiens may be stated as fellews:

+
Ty = O
+
7., = O
— + _
Tz =
—_—
2z =
I + —_
f s =
— _
fy: -
+ -
u p—
v o=
.
WA =

(hol'l)
(h-l 1-2 )

(4.1-3)

(hol-4)
(4.2-5)

U-l--l-6)

u-l-c 1-7)
(4.1~-8)

(4.1-9)

where quantities related te the upper half-space are dea-

ignated by plus, te the lewer by minus,

In gddition, the

displacementa and stresses must vanish at large distamces

from the crack,

Making use ef equatiens (2-5) and (2-7), the beund-

ary cenditiens acress the crack surface take the ferm:
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3 + .+ 30,7 L 39,y ,
(A +2u) (@ +v7) + 2,(48= + Sy )= o | (4.1-10a)
D o - - @, YD)
(A2+242) 55Dy 7)o "z(JT e ) = C© (4.1-10Vv)
.@lf ln.s - - ‘]'..f).-' . ~
w (B0 AT )y 2w A = o (l4.1-11a)
[ |
_?z: =O‘
v L I Yt |
ulfaz o v 1 v 2un M = o (4.1-11b)
oN YO L T I W A
AL = o 25w — | b S, = O el~
(48 40 ”) x | (4.1-12a)
/JQ)L )ij* 4 h .
AL Y= j;‘ Tf{) + 2#;%%% = QO (4.1-12b)
Here 7, 44, and Ny, A4, are the Lam; ceeflficlents fer

the upper and lewer half-spaces respectively., The astress

centinuity cenditiens exterier te the crack imply

J + Qr +
e ) - (8T 38) =

< (3T D, 207 ,
(-h.zf'zﬂ;:)‘)dz (d}& -*'\f// + hz (‘%‘ + J)/Jl) \ r:’l])Z:O (u.l-lB)
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Yo 3O, P - J QY
(53 + 2+ S:—) v 2T =
- VB - y 0 .
(3% + 3P 4 W ) - cuy 3, rea 7o (b=l
\ —
N o 1
J/ S J j* J‘*’? -+ 2 il J—
/(_11 7 + 07 + JY A4y 37

7 [l r:»nIZ:O (h—ol'15)

=&y + il a2 =0 (Ll-.l-lﬁ)

In erder te simplify the ensuing develepment, it
is cenvenient te intreduce harmenic functiens ( @." and
@, )} cerrespending te the upper and lewer half-spaces
defined by

P Lt (AR Nl IV 7 o, (4.1-17)

(ay TN >0 vy

Making use ef (2-6) and (4,1-17), it fellews that

D@* r* + - - .
V7 - ';? * ())Q; ' ')’J?,: - %L " —Jﬁl (h‘.l-la)

Hence, beundary cenditiens (i .l-10a) amd (4.1-10b) sim-

plify te



2l

(7, v2u) g(@)+¥) + 2,38 = o (.1-19a)

P e, 72 =0

’

+ :‘.u;)"?-*(@f-+ v+ N 22+ = o (4.1-190)

Substituting frem (2-6) inte (4.1-19a) and (4.1-19b),

the fellowing egquations are ebtained:

+ - )
Yo, ) 3Gy 1-20a
= A 5z O (4. )

s o 29. (4.1=20b)

N, = Ay 2 Al Cro o= 2D (4.1~-21)

New, if cenditiens (};,1-11a) and (4.1-12a) are
differentiated with respect te x and y respectively and

added, the resulting equatien is

7y Yo e an?) ¢ L0 s
AL {.}xl + Iyt O vwir2 i v F 00T 37’/1 B Q}

(4.1=-22)

Since @;, ¥ and (i are harmemic fumctiena, it fellews

that
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5% 3 + . W N - +
rfr *?X‘Ds“’ *2“) = = @ v ean) (4.1-23)
Taking inte acceunt (L,.1-18) and (4,1-23), (4.1=22) tekes

the ferm

3: + - ) Dy - =G
- e e em) 58] <o cnaee gy

A similar expressien en the beundary ef the lewer semi-
space {S”) may be ebtained by applying the same prece-
dure te cenditiens (,.1-11b) and (4.1-12b), Thus

-

1 T -
T e 2 OV ) Do _
- (0T evTrza) y aJ = O [rea,z=c (4.1-25)

ALy
F

Making use ef the relatliens

:lwf _ . ,:a‘-& L@__*)

I S ( =t T.:“ (4.1-264a)
and

Jzh T rayv, oY b J2r / , (4.1-26b)

the cenditiens that the crack surfacss are free frem

shear stresses Imply the fellewing funetienal relatiensa:
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N NN PI N e
)zL o ’L\l 32.: + _D-I.— :’21 = 0O (u¢1-27.)
:/ =< Q , £ = '
.-“’k@; N ) Do v A yar = O
yz* 2yt 0, Jdz* (4L.1-27®)

where the censtamts Dn(n=: 1,2) designate

ct, * - =
On = 05a 0 (0 (h.1-28)

It sheuld be neted that the value of 5oz is knewn,

since 1t is prepertional te the temperature gradient
acress the surfaces ef the insulated crack (mee (2-4)},

{3-5a) and (3-5Sk))}, Upon making use sf the idemtitiesn

B T, = Lo Ve C(ro=r 1)

N N -
)‘ — A L2y = Tk (4.1-29a)

= L:"J"Lf“ (u.l-29b)

where the fellewing abbreviatiens have bsen intreduced

Ter cenvenience:
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— (3-4V YU +Va) o _
Lr'-. an(l_vn)(i‘?.Vﬂ) ! (n - IJZ) “4—-1-30)

Since O, and P, are axlially symmetric harmeniec fumo-

tiena, equatiems (4.1-29) yield

. Tk ‘
®31- - fL\|CD4 — T : 4‘5 R C' “4‘!1‘31.-)
b I’A.q.IJZ:C
o] E ‘
N T R (4.1-31b)

where Cl and 02 are arbitrary censtants subject teo deter-
minatien,

Thus, the beundary cemditiens acress the crack
surfaces have been reduced te twe cenditiens which dater-
mine O, and @©,. These cenditiens may be taken fer either
creck surface and fer that in S, are given by (4.,1-20b)
and (}4.1-31b),

The remaining beundary cenditiens geverning the
selutien are (4.,1-4) = {,.1-9) which represemt cemtim-
ulty ef stress amd displacement acress the bending sur-
face exterier te the crack, Befere preceeding te reduce
these cenditiens, it sheuld be neted that subatitutien ef
(2-6) and (4.1-18) inte (4.1-13) gives

] JO — @ Dy YDa~
8.5 03t = 8 -0 rraz=0 (h.1-32)
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where

B — Aiﬂ(q,a+2,¢‘.\‘ (.(_": |42_)

" AL« Had, )

(4.1-33)

Mereever, differsntiating (L4.1-1l) and (4,1-15) with re-
spect te x and y, sdding and taking inte acceunt (l;.1-18)
and (4.1-23) results in

_u.[— J_i__;(ib_;* s \(‘+211*) " JJD:‘J —

L _ - Y Ca
gl emn) 02 e gy
l ¥

while the substitutiem ef (4.1-26) inte (4.,1-34) ylelds

p * - * 2
R Y Dy y i Yy Oy -~ ) D, 1L
DI 321 b; P + f e Lj‘ jzr ‘5;'1_ 1 3

Equatiens (4,1-32) and (4.1-35) represent centinuilty ef
nermal amd shear stress respectively acress the bonding
surface, These cenditions must necessarily be true net
enly en the bending surface, but acress the creck sur-
faces as well (since the crack surfaces are subjected te
zere stresses). This may be cenfirmed by multiplying
(4.1-20a) and (4.1-20b) by B, and B, respectively and
subtracting. The result is



g% - L o g 8 2 oo g
Neting that
%ﬁ = D, (riuD |
equation (4,.1-36) takes the ferm
8. 5% -0 e < 6. 0% - D*)ﬁ‘j , T 2ED (4.1-37)

Wwhich represents centinuity ef nermal stress acress the
crack epening. A similar precedure may be applied te
(4,.1-27) te ebtain an expressien fer shear stress centin-
uity acress the cut analegeus te (4.1-35). (In this case,
(4.1-27a) and (4.1-27b) are multiplied by D; amd D, re-

spectively and subtracted.) The result is

)" 8y VO ey
= A
DI J.zj. - }:1 + “'{' e
VD, -~ ) D y N
Dljré’ ~ 9, J:: Ty, fe a2 =0

(Llo 1" 38)

Thus, the equatiens ef streas centinulty, which

are valid en the (whole) z — O plane, may be expressed

N);_ - YO, - ) Ds ~ Dy Y-
3,53 > SRS e DR 0,70 (§h,1-39)




bma); J—L©3_ — )'O* }3(1') - Ty
- D, - ) /. = - — N )_[1
D,‘ yz x e o, izt T j= "’{1 iz AA, d=r
(Ll-cl"‘-l-o)
2Z = O

where the thermeelastic petentials (1' and (L have been
determined previeusly in Chapter 3.

The cenditlens ef displacement eentinuity (equa-
tiens (};.1-16)) acress the bended surface previde the re-
maining equatiens needed fer the determinatien ef O3 and
D4 « Differentiating the firat twe equatiens ef (L4.1-16)
By x and y reapectively and adding gives

Yo Yo, @ 1D, > =
T TR TR e

Upen making use ef (4.1-18), equation (L.l=41l) givesa

09y . Qs (4.1-42)

At this peint, 1t 1as cenvenlent te intreduce the

fellewing functiens fer censideratien:
D, (x5 2) = Dy(xv,-2) | Dytix,y2) = Byexy o7 (4.1-43)

The purpese ef these functiens 1is te reduce ocenditiens
(4Le1-39) and (4.1-40) (which apply te beth half-spaces)
te cenditiens valid fer a half-space enly (the lewer ene,
say) thereby facilitating the selutien ef the preblem

under censiderstien. New, (L.1-43) imply
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L I _ -
(DL (xy2) = @ (xy7z) ; G’bl‘ xy2) = @ 1{”‘:7.2) (4.1-Y4lLia)
ﬁ(D" (% Z) _ 3@;'(‘\ z_}_ “)@l';x,y_ Z] -

Y@ iyt L 234y (Lal-liftb)

Ad )z ! 3z P, (
- ] N - - - .
YO  (xy2) Yo e YO 'y V@ ey 2)

|
: |

32t uzn ! )z~ jz > ]

(4.1-Yhe)

and homoe cenditiens (;,1-39) and (4.1-40) take the ferm

* *»

" JO = 3@'; 3D 3@4_' _
% "R v L sy =0 (4.1-45)
x) 'D'\ ] -):r'a_'x- }A‘KDA'- ) ] \D‘_ Vi o= O

D‘J*" - D‘ﬁ:" S 3zt ©L 73 - |

|

)4 eyt v ks 300

Ay 2S5 L g DIAVG V) s By D

! a7 o Sy ek, J2t (h—'l-ub)

where equatisns (2-}4) and (3-5s) have been empleyed. Since
a harmmenlc functlem that 1s zere everywhere en the beunmd-
ary of a regien 1is zere everywhere within the rogion',
equatiens (l1,1-45) and (4.1-46) may be extended te include
z < 0. Integrating these twe expreasiens im S, and mak-
ing use of the regularity cenditiens at infinity ef the
petential functions invelved, 1t fellews that

* See feetnete en page 1l.



32

- N

~8.0; -8.,0.7 + Dot LD =
° (4a1-47)
DO - 0,0, - B.D + B, Dy Yo
SN RPN ATT Y I LIL I Y (4.1-48)

i l“l'f'.)ll-v.}(_-’lk.i

It 13 a aimple matter te deduce frem these equatiens that

- = - D'I i V,yl‘-‘)(;.)u'k.“-l - -~
(D* = E_G_) —_ H@A - : N Pty .{,(. - B XY - 11. - ,{_J_r‘ -(‘L
b 3 D*- 0 L el Y ;.}u,;k. (u.l_hg)
and
* - - [} (;1)’]("?“;):1.‘( . - -
= - _ e N (T 4L
®4 — }'“D,', EG)A D}-B,IL [-“L l 10}',)’.-'V.]t:/;k|, 4 AL ! (Ll-ol-Eo)

where the fellewing avbreviatienszs have been adepted:

. BB, r 0D ] 8,0, 8,0
= DS - &} , TONIER (4.1-51)

[

Differentiating (,.1-50) with respect te z gives

20 UL N T IRRIRA (8 NN SO ECINITS
3‘—; =Ry 3 3z Bt £ ISATEAEN A J:J (4.1-52)

Frem the defimitiens ef D, amd @ , it is pessible te
eliminate the atar quantities frem (4.1-49) amd (4.1-52),
Substituting frem (L.1-hl) inte (4.1-49) and (4.1-52)
results in
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+ - - D, o Larn-ateck -
CD3 =k $3 - H(D‘ - Dr‘_ GF [ A4 L V;){l-v,)u{.:ll - 46 i (LI-- 1-53)
@) _ @) a0 B | ey ek, Ery

SRS Tl - el Rl rrrrvrie i Sl IR FIN C TR ST

If attentien is new fecused sn the bending sur-
face (r > a, £ = 0), it is pessible te use the physical

conditiens ef the preblem te simplify (4.1-53) and

(4.1-54), Neting that Xt = O ferr >a, z = O and
making use ef the cenditions ef centinuity of diasplace-
ments acreas the bend, cenditions (.,1-53) and (4.1-54)

reduce te

_ .. I - D ¢ I THAERGN L -
‘I‘r_;_ - AO @4 = (—-I-—l—&:;! at-1n - D,‘-B-.il;\ o, [T;lf(;'l—:\’—f’:ﬁh. — ol 1\ i -’
t Z
L | =
T EEe (4.2-55)
YD, i Y.
=73 —_ — it - ~ - =
7 n, 7 C o, rrrEeEc (l4.1-56)
where AO atands fer
_— i
Ao & =) (4.1-57)

Equatiens (4.1-20b), (4.1-31b), {(4.,1-55) and (4,1-56)

represent the beundary cenditiens required fer a se-



lutien te the thermal stress preblenm,

Fer the purpese ef reducing the axisymmetric pe-
tential preblem inte a subsldiary preblem in the plane,
it 15 cenvenient te recast beundary cenditiems (4.1-20b),
(4.1-31b), (4.1-55) and (4.1-56) in terms ef functiens

F (x,7,z) and Fa(x,y,z) defined by
FT(?"x ‘;‘,Z\) = @_;{'_x\; >y — PN @4--’7"-78) (!4..1-58;)

Forxy2) = @iyt = - Tl e ) (4.1~58b)

which, when selved simultaneeusly, imply

) ALY, - SN
@3 - a Tt \ ®4 = 2 - U—I-.l-sg)
o AT

Substituting (4.1-59) inte (4.1-55) and (4.1-56) and
evaluating the right side ef (4.1-55) frem Chapter 3
(see (3-2) and (3-26)) leads te

E(‘.Y_O) — AF,xy0) = Ko?(r'} WI (4,1-60)
L |
)E (x v 2z __;BAEQiqu = O
)z J= 7 o (4.1-61)

where the censtants A and B represent

MmN - e A A
e VST TN S N A TN
A | I Au"h‘z ’ i II_-) 'n‘l - A:, (hll-62)
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and
P B {I_Az-\. I ro ¥e (;+)1)L,< —
k\o-— (-AaALXH-E)
("*_"il)_o'fl (A-fn* 4"1(‘*2)‘/1)]7
ZGvhy ke A J_r (4 .1-63)
. JL”’jdy (avyd,
£ir) Iz =
- | o
_\/% :iql__; [ (f( —-r )-“,-.I"—?L + ’J)/r'l__:u"
; 4 (.1-6l)

while frem (/;.1-20b), (4.1-31b) and (4.1-58), it fellews
that

Fiieyo) = = 2450+ o (L. 1-65)

) (v )] = O

_ | (4.1-66)
17 Pl A J

Equatiens (4.1-60), (4.1-61), (4.1-65) and (4.1-66) are
beundary cenditiens of an axially symmetric preblem in
potential theery iIn three dimensiens, Since the fumctiens
F, and F, were defined fer the lewer semi-space, s, 1t

is clear that the eriginal beundary value preblem fer an
infinite selld haa been reduced te that ef a semi-infinite

space,



1.2 Reductien of Axially Symmetric Preblem in g Half-
Spaces te Subsidiery Preblem in a Plane

The axially symmetric petential preblem ferm-
ulated In the previous sectien requires s determinatian
of the harmenic functiens F,(x,y,z) and F,(x,y,z) sub-
ject te boundary cenditions (4.1-60), (4,1-61), (4.1-65)
and (4.1-66). Since F)(x,y,z) and F-o(x,y,z) are inde-
pendent ef & and vanish fer large z (z = 0), they may

be expressad in the ferm
o0 2} = [kx,ufjﬂ;ft)ecz4f SRR {(4L.2=1)

where J,(rt) iz a Beasel function ef the first kind and
a.(t), (n = 1,2) are arbitrary functions, Nete that as

£ > ~oco (iIn S87), F; and Fp vanish. Differentiating

(L.2-1) with respect te z gives

[ -]

F,_ £
AN Z\) ::[{)ﬁ(t) t jU(rI_)rf‘,t 4T (N =1.2) (h.2-2)

Nz

The applicatien ef beundary and centinuity cen-

ditiens (4.1-60), (4.1-61), (4.1-65) and (4.1-66) te

Jrn

these expressiens fer F, and 77 ,

(n = 1,2) results in
twe sets ef ceupled dual integral equatiens fer the un-
knewn functiens a (t), (n = 1,2) which are difficult te

selve, Hewever, a simpler precedure is te ebtain the se-

36

lution eof the preblem under conaideratien by transferring
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the axisymmetric preblem te a twe dimensienal preblem
and applying the theery ef cemplex variablea te plane
elasticity problems as developed by Muskhelishvili [16].
In erder te reduce the axislly symmetric fermulatlien te

a plane preblem, harmenic functiens Ul(x,z) and Ua(x,z)

are intreduced as
(. (v 2) :d/’-? S INAD o (tx) 2t ‘dt L =) (L.2-3)

where U .(x,z), (n = 1,2) ars defined in the lewer half-
space S and are antisymmetric with respect te x. The

derivative ef (L ,.2-3) with reaspect te z yields

W'f(;'zf‘.. :f-’h’x,_,fr,} ENS RSN S O (4.2=l)
Fellewing the precedure of Messakevakii and

Rybka [13] the fellewing transfermations, which illus-

trate the cerrespendence between the axisymmetric fune-

tiens F.(r,z) and the plane functiens U, (x,z), may be

astablished:
2 Fait lorde = g lkeed)
_\[" A I (L".E-S.)

I

‘__(r( - - 1)1’,‘{1&‘\
fﬂ—\ J== T i Ty (L.2-5b)

|
N|
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fenes
» [ Facmy L 4 3D
T % vﬁ?fjﬁF’rdr = iz (4.2-5¢)
I
] Juaie 2) ~ - - .
i+ [ S e TR (.2-54)
r
R I B DT B S S AR 3
2mr Ar]’ \ird et <t 1z (4.2-5e)
=
b 3 Jl.’_,.fxgl £ 1x — APRLER.
e }i'_[ J R '\.-"T —-_r o y_-JL:l “4-.2-51')
r
_!__[ HEN WA SN - T o .‘,‘) (}-I- 5 5
e ,or o2 2=5g)
2 ",f! ERr Y —F
_ “‘JFF,_(i:__Z:' S rAdr o bR 7)
f Zoyro A Tax (4.2-5n)
m — 1,2)

Empleying these equatiens, it 1s new pessible te
transform the beundary cenditiens en F.(r,z) (n =1,2)
te cerrespending beundary cenditiens en U, (x,z) (n = 1,2)

in the xz-plane. Subatituting (L,.1-65) inte (4.2-5a) gives

AL ES))
J %

- Jlfx‘) ; | x| = 2 “-I--2'6)

where g (x) = 4C. - 2L, 7k, x".
Frem (4.1-66) and (4.2-5b), a secend twe-dimsnsional
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beundary cenditien is ebtained as

F.
[J_u_:f*?)] = o xi < o
‘) I

< Je=o

(4.2-7)

Making use ef (4.,2-5h), beundary cendition (4,1-61) is
reduced te

Juhte2) bl&’f_;_(f_.o}

J = FEN

= O . %l > Q (L.2-8)

The remaining external beundery cenditien, (4.1-60), nmay
be reduced by empleying (l;.2-5¢). Befere achieving this

some manipulatien i1s necesssry. Thus tramsfermatien (.2-5S¢)

implies _ (s

Ji/ (% 7) Yol i ) - — 4 __:’__f__r;ri_i: C . 0

- T — -..i_Flf{’ o) — AW,y J

[ 37 or L. ey AV ANASLY | (00 (L.2=9)
PNESS A

Substituting fer F, - AF, frem (4.1-60) and (L4 .1-64)

and making the fellewing permissible change ef erder eof

Integratien

/

and replaeing the immer imtegrel by the equlvalent

[& a3

r1 jr[ Tt ) Jy (20 ___f NERCRER :J'uu-:?)_r_j_g (.2-10)
{' —-

;..L . A2 ‘J.!'f:

.

rasult

fias )

: 4 f\\' | [ “
/ [T\}-r:]'u'(v w b l. = _-F?:\ h ) (u.z-ll)

A



it fellews that

1\/.{1_'2) JU;{“Li‘} _ .
J_j_{__ - AT = F.(x) , 2 =0, x> A (h.2-12)

where Fo(x) designates the discentinueus Weber-Senine-

Schafhelitlin integral given by

L - - . CAS]) S0, xS o
Fooa) = 41\,] Jsn "3;5- X202 (4h.2-13)

which may Be shewn to be gliven by

.y QLJ *-.*1]’nf$;fl + £X g
z_mﬁ?ﬂl{ A ] in(G55) e (4.2-1ha)
Foo) =

-xb)
2 Kax #%-( (Tqm e ( Z S ixle (4.2-14b)

Thus, the desired ebjective ef reducing the original
axisymmetric beundary value preblem inte an equivalent
preblem in the plane has been achieved, The harmenic
functiena Ul(x,z) and U,(x,z), which are defined imn S,
mist be determined subject te beundary cenditiens (4.2-6),
(L ,2-7), (4L.2-8) anéd (,.2-12). This will be done in the

next sectien using the theery ef cemplex variables,
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.3 Reduetion of Twe-Dimemsiemal Preblem te Preblem eof
Limear Relatiemship

The selutiem te the subsidiary preblem imn the plane
may be ebtaimed hy fermulating a srevlem of limear rela-

tiemship, er Hilbert preblem, between the fumetiems U;

and I5, This preeedurs is Imitiated by regardiag the fume-

tiens U;(x,z) amd TU,(x,z), harmemie in S°, as the real

parts of amalytis fumetiemns T (9D amd T of the com-

plex variable ¥ = x + 1z, Thus
UnlxZ) = $ Q@ + 5 TN (4o3-1)

Differemtiatien of (I|.3-1) gives

B(‘}r — | LI [ L,
B o= T CN - 3O (s.3-20)
\iuh - L N o o e \
iz 3 & s o T (11,3-2b)

Simee U,(x,z) and Us(x,z) were defired fer the lewer
half-space S where 7z < O, the same must be true fer the
fumctions O anmd O,(%) , In the Hilbert preblem, haw-
ever, there must he a limear relatiemship ef the beundary
valiies of a cortaim sectiemally helemerphic fumetiem em
both sides of a lime eof diseentimulty, Im the present ease,
this moans that a relatiem hetweer plus and mimus quanti-
ties at 2 = O 1s required, This may be sccomplishad by

defining (sme referemce [16], page 294 fer mere
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details en the extensien ef analytic functiens) F(3 )
&8s the functien having the cenjugate cemplex value ef
F(3) at the peimt $ , where 3 1is the cenjugate cemplex

value ef X , Thus,

F(y) = F(3) J o SRR (ho3=3)
Therefere, in the present case
D3 = DD (=) (4o3-0)

Since L, ( ¥) i=s defined in the lewer s=emi-sapace S, it

follews that

T = .

(=) Q. 7= O o) (L.3-5)
Thus, 1f (4.3-2) is censidered en z — 0O, and substi-
tuted inte (L4.2-6}, (4.2-7), (4L.2-8) and (4.2-12)}, the

fellewing beundary cenditiens en T (7 ) and DO, (7 )

rre ebtained:

®, o+ @, = =g an b (4.3-6a)

©' - @ = O ao b (L. 3-6b)
O -~ T~ AR 4 AT = -2 Fn) or L7 (. 3-7a)
G LG~ B -0 = O o

(4.3-7b)
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where L' denstes the regien ef the real axis fer which
-a< x< & and L' refers te the remaining part ef the
axis. (see Fig. 4)

The beundary value preblem pesed in esquatiens
(4,3=-6) and (4,.3-7) may be simplified by intreducing func-
tiena (L. (¥ ) and {:,(Y ), analytic ever the entire
plane, with the exceptien ef & slit ceinciding with L',

as fellews:

'y — N,y (e (L. 3-8a)
T — AD, D) 4 e = () . <’ (L. 3-8b)
D) o @, N == () coosT (4.3-8¢c)
D= = A, — ) = (o0 CsT (4.3-8d)

Frem these relatiens, it can be shewn that

Ly A B0 4 D) -
Cﬁ, ; j — n_Hﬁ D s R u-l-' 3-9.')
o [ iy + Blig s+, OF (”fﬂ +
Do o LAL TSN B (l.3-9v)
1 - B
{.Th_‘\\f 'Vtr\_‘f.j’) -
..(J. ! rl "ﬂ__ — - \‘\ (u--B-gc)

1{\' — — JE— .- for, -
D, IS



T L0,03) + {1,069 + F.0Y) )
_L'Dlijﬂ = - [ TR __ﬁ_______._J_ PP (. 3-94)

Using these relatiens, i1t fellews that (4.3-7a) and
(4J.3-7b) are satisfied i1dentically. This cendition meti-
vated the cheice ef (!, () and {1,(3) in (4.3-8) and
permits a determinatien ef the unknown functiens frem the

cenditiens en L' enly, Substituting (4.3-9) inte (L.3-6)

leads te
ATt R T R
A-R (2 PRI A3 T T AR Joex (4.3=-10a)
l )
oot L
o A o WU Wi S, |
A3 {x PR R L SR ET R NS (4.3-10b)
where g,(x) = %%%g and g (x) is defilned in (4.2-6),

Befere concluding the general develepment eof the

present sectien, eq. (L4.3=-10a) is multiplied by (A-8)

A JAB

JAB (A-B)

and (!{,. 3—10b) b}' Tﬁ

. Additien and subtractioen of

the twe resulting equatiens resulta in the stendard ferm
ef the preblem ef linear relatienship, er Hilbert preb-

lem, as fellews:
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_ +
: " \/_e ~ *, - A_W/ \f_ f'l( f—
erm - Pl )} Aﬂxgg{ SRENPNIVY S K)J

2 (A= B\ {(j(‘) BN/ ’) (x] (L4.3-11a)
At VAR |

i - BB ] =
[“.( ) A'm(' J

5

-

o N
{Iz (x} — E 7‘%% (it “)} A

n-8 hﬂf’”‘- + VARG 9] (4.3-11b)

rd
i?,
(T

4.4 Selutien ef Hilbert Preblem

Briefly, the Hilbert preblem requires a selutiem

of the equatienm

Frt) - GEOFE ) = £¢) e~ L (4oly=1)

Which relates the beundary values (F' (t) and F (t)) ef
a sectienally helemerphic functien, F( 7 ), as a line ef
discentimuity (L) 1s appresched frem abeve and belew.
G(t) amd r£(t) are functiens given en L and G(t) # O
esverywhere en L, Beth G(t) and f£(t) muat satisfy the
Helder cenditlien en L, i.,s, fer svery pair ef peints ¢t
and t, of L, the fellewing imequalities held:

St ) = }<~Ifé-h-t'! )
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[y - Feed| = K-t

where K and ) are pesitive censtants, Equatiens (}.3-11)
are of the abeve type where G(t) is a censtant, say G,. Im
such a case, the selutiea ef the Hilbert preblem depends
sn the Plemelj functien X, ( ¥ ) which has the impertant

preperty that

X oG = GoX TN weo L (4oh=2)

Fer the preblem under discussien, the Plemel) functiens

are

X, () = (BN e (s.14-3)

where the twe values ef n refer te the flrst and secend
equations ef (4,3~11l) and m_ are cemplex censtants, It

can be shewn that X.( ) will satisfy (4.4-2) previded
G, = € (L ali=ls)

Taking (4.3-11), (4.4=-1) and (4.4-4) inte acceunt ylelds
the fellewing values fer m.(m = 1,2):

LA = '-I'YL' {r E‘_j:\_—: = — rr“‘; “*'LP—S)

The reader is refarred te [16], page L27, fer further dia-

cetisaien of the Hilbert preblsem,



L7

It sheuld be neted that the ferm ef the Plemel ]
function gives rise te the escillatien ef the stress
fleld at the periphery ef the crack,

The selutien ef the Hilbert preblem as pesed in
(L,.3=11), is given by [16]

& - Rl =6
A+ JAE PRI 7,(\‘1"(\“\’, - (u‘ u a)

[

Gy = BAEE o = el Figds

.":\"‘\”/:'\D. i ) ST

. oo o K,\,l ?\ : .',.-::. i~
E( {?1\ — mf—fi "\'.\ — (] 7

- X, x ¥ - Y (4.4~6b)
A
where
-*:‘ fw ) = e :‘Q I'-] ] — J;'\; ;} ‘,\\Tj
" peurE T A (4.l=7a)
1
) { A —- ‘_._(.f\_‘_ ’b\ F'.?I."K‘J b \/E\_ﬂ: 31('&\
T A+ VAR | (4.L4=7b)

The imtegrals in (4 .4~6) may be evaluated frem cemplex

functien theery. Specifically, using the residue thesrem

and Cauchy integral fermula, 1t fellows that

£ 60 dx R VR OGS 7 o }
— T = ¥, Y = X, ¥ - - X, =
d/;\'ru#x-?ﬂ L Gal X ) ’ ! T ' (4.4-8)
¢

I

(.
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where g Yg., .. %, represent the ceefficients ef
ks w7 ! @ '{\n (g\}
L% . , S in the expansien ef I~ fer largse Y .

Selving fer {1, (V) and {L.(Y ), the fellewing re-

sults are ebtalned:

L7 43) _-(A ED J Lﬁﬁ%F\\)-&aL Tkn, Afﬁ ) '}(%;gjri

-8 N wl(Z- 2 AR AN
L = .’5..6“\':[— AT H AL TR Y vl TR ﬂ“l-(? 1\ {7? x\ :'
L .
L . — ¢ L - ['/171 .f/‘l__ I\( 1
— L3 [P '3 A - lL

Tea, T yaay Jlj (4 J4~9b)

The censtant ef integration, 02, may be evaluated by cen-
sidering the selutien at infinity. The functiens i, (7 ),
(n = 1,2) were defined in terma ef derivatives ef analytic
functiens LT, (Y )}, (n- 1,2) (ase (4,3-8)) and must there-

fere vanish at infinity as L., This cenditien gives
— I:"’ A C\ AiTk‘al r
Co = smamVir * e () (4.14=10)
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Omees the amalytie fumetiems (L .(%), m = 1,2, gev-
erning the fermlation ef the thermal stress preblem are
knewn, the physieal quamtities ef imterest im the erigimal
selid may be ebtaimed by substituting the values ef (L (O
and (1:(%) inte the apprepriate transfermations whieh re-
latea the plame preblem selved in this ssetiem te the erig-
inal axisymmetrie preblem umder discusasiem, This will be

dene in the mext chapter,
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CHAPTER 5
EVALUATION OF PHYSICAL Q@ANTITIES

The Hilbert aelutien of the previeus chapter may
be used te evaluate all the physical gquantities erf the
thermal stress preblem., The quantities ef interest in-
clude displacements and stresses en the bending plane,
petential energy less due to the exlatence of the crack,
the critical value ef the heat flux and the streas in.
tensity facters, These qQuantitles are essential in the
applicatien eof the Griffith-Irwin theory ef fracturs., The
details invelved in calculating these guantities are
quite lengthy. They invelve evpressing the astresses and
displacements in terms ef the harmonic functlons . and
s end then in terms ef F, and F, as defined in (4.1-58).
Making use ef the transfermations derived 1n egs. (4.2-5),

the stresases and displacements are expressad in terms ef

J P!

the functiens '?k and %;; which are related te the ana-

lytic functiens i and {!. ebtained frem the Hilbert se-
lutien in (4.4-9) (see (L.3-2) and (4.3-8))., Only the per-
tinent resulta and essential ateps in the precedure will
be indicated in the ssquel, The detalls ef the calcula-

tiens will be left eut.

5.1 Displacements Acress Plsne z = O
Fer the lewer half-space, the radial displacement

acress the plane z - O may be expresssd by
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- ___I W, (= 2) TP Z}J x_ 1% o
U 2T v (& ~ A L[{ 3z =N e 0 (5.1-1)

where use has been made ef equatiens (2-5), (4.1i-18),
(4.1-59) and (4.2-S5e). Taking acceunt ef (L.2-7), the
radial displacement en the lewer crack surface may new

be written as

[ - . B
. = — L . I ir —d I P {(5.1-2)
f ?,Tfrr_'-‘— AN Nyl "VIT )‘_.,\- !

- L .- e, )
)I' II.II — ! g i;\a’. ( .*‘* {: ) - ‘{_ fe :-‘ ~del o4 P ‘:3?‘1 AN -
J H

(5.1=3)

and F_(x) 1s defined in (4.2-1)). Evaluating the limit-
ing values as z ->0 frem abeve and belew the crack (sees

Appendix B fey further details), expressiem (5,1-3) becemes

-]
. : -~ My - - !
XS . . R Jrf..(le;..;\ A= ARG [ _
‘-)r_-'?l = F__,‘\_'| + \IA(,A\Q;\ —_:/'A_\; ’ "; ]1‘# ! + | T4 T
o L i, i
- 1
-
" %
. . - . 3 ,(,‘ o/ K
l'_t_ﬁ__;;"(" Sl e L"(l-ttll‘-.1) + _i:_'__\\[ ]/h <) 11‘!_\ |
b L VAR O JATE TN I il

Pl S SE B S (5-1"'4-)
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where m, = i< and < 1is the blelastic censtant given by
e g ELWYa AV By,
€ 27 n £ (1+%) + Lo V,y3-4Y) (5.1-5)

Substituting (5.1-})4) inte (5.1-2) ylelda

L)

¢ o - £
- i - LR (S

y = - - ~ Fooc) + T-fma-84 — i -[ PR
e ?Trai'-AﬁJ/ [ o / Ioes U

[% L

/n—x&'"( Wiy e e A LT . K A
DTN I B A R S el
RS, L - AN ¢ AR ' 3¢ A6 2T |

(5.1-6)

A similar precedure gives fer the upper surface ef the

crack

—_ - H - 5 Tk _E-| L E:O(J
SR Y T N LA R

where u, 18 given by (5,1-6),
The radial displacement en the bending plane eut-

side the cut may be evaluated frem
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w o= Wil e ] e
¢ = —m Trlia A [ T e (5.1-8)

Censideratien ef (4.3-2a) and (4.3-9) leads te

DL T C I A S VU P S P (5.1-9)
J s fan - 1) SENFR (A=)
since .= G and (., =l fer z— O, r> a,

Substituting (5.1-9) inte (5.1-8) and evaluating (/.(7)

at z = 0, |xi >~ a (Appendix B) results in

[y _ P
K A A A [(3 AN é-ﬁ} __z] « A=
et mtul a. a R
nbea-BYR, -ANVET O T Ve o
2 v
r ~a o= (5.1-10)

and an identical expressien fer u.' em zr= 0, - a, This

ekeacks the cemtimuity scemditiem u,”" = u,” eutside the craek,
Fer the hemogeneeus case, i,e, when the twe bond-

od materials have the same thermemechanical preperties

(kl = k, = k, Voo Y, ey y cmy T om, oo )’ (5.,1-6)

reducea te
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- S i P N
W PR 2 -l = O
i 32T \/ » r t ’ (5.1_11)
Perferming a =imilar reductien en (5.1-10) yilelds
(4 P O : I (501-12)

These results agree with these feund by Flerence and
Geedier [ 1.
The nermal displacement acress the plane z = 0©

is given by
X G -+ ‘[1 5= (5- 1"'1-3)

Since : i= known from the temperature solution (see
(3-2l;) and (3-26)), w may be ebtasined if . is evaluated,

Taking inteo acceunt (}.1-59) and (4.2=5d), it fellews that

nTo= . / f l o ,’\;L_.'.é. . ‘_-'II""__ - =
L8 i} —_'.‘. _ A ‘\I_d é‘l-\‘x o I, _-J" e (5. l"l)-l-)
wWhen x| ~. a, g£%$&95 is given by (4.2-6) and

L may be feund by censidering (.3-2a) and

lﬁy S (ﬂ,i'j;jJ'—{fiii-fxfﬂ Rl T (5,1415)
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which may be evaluated by censidering limiting values
{(z—>0) of G.(5) and 1i, (T ) frem (4.4-9) (Appendix B).
Substituting (5.1-15) and (4.2-6) inte (5.1-14) ané tak-
ing inte acceunt (3-2La), (4.4-9) and (5.1-13), it can
be shewn that the nermal displacement en the lewer crack

surface takes the ferm

{2k _ETEL./ ce ™) ot A-L .‘rg__@ B r a 2 ¢ syt 5 .I
wTE e 3 A 2~ 5 | YK T 2 |
21Tl A * !
vo Ay ey N IS S N I bt o) I D ] +
‘( 14 » ! +(<11\ NN l Q™ AAR

. . e
N NP RV L L VoA A ey
RS ¥ o B e T ES RV

) N — . . .
/o=y A LG w'/ —ode R )
F i % - ]l e (2 .
e R Jvr ------ w. L. o —A‘)A-d} = Bee-v ) k'l
Fea =D (5.1-16)

The nermal displacement en the upper crack asurface
may be determined frem a knewledge eof . and i , It
can be seen frem (4,1-53) that D may be expressed in
terms of O, , . and Y. , Since {i  and . are knewn
frem the temperature selutien and 0. was feund in cem-

puting w: 1t fellews that w' may be ebtained if the value

of P. 1is determined, Substituting (4.2-54) inte (4.1-59)
leads te



56

.
[ R I L L B = (5.1-17)
CamE A [ T e 0

which may bs evaluated by censlidering (4L.2-6) and {(5.1-15).
If (4.1-53) and (3-26a) are taken inte acceunt, it can be
shown frem (5.1-13) that

¢ ]\ o ¥ e b £y
Lo (25 e 2B e AY = HAL e
+ =L ! A | |
€0-iG) i -
K e a s 3 o A\T —+
4_ - [ —— __ .l*l‘ r / 1' A'\ . - H L A; - '
PRI 79ESe Fin )
. ¢ €3
[ H -t {_ LR U AR b‘['§4r\ +'% R
syt A , S T
-1 A 3
7 Cdm o1
_2x IR }2_!4—1” 'f-(r;‘\} 1
R LQA*LJ 2T [ -
¢ -
20, mkieaxvie 2 2=y L e
i” AN A=
r <~ 1, &= o (5.1-18)

A similar precedure may be used te evaluate the
nermal displacement eutaide the crack. Witheut geing inte

the details ef the precedure, the results are
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N QevN4TE (0™ )in & o c:ﬂﬁ?fﬂ‘j
: v AT ‘Kz(!“h\ '
o \ . € - . L “r-‘ .
| r( rr/ Y — 2ive(h ) [ TS R - *;\j L
+ g T Seca-By ¥aT LR SORREEY PO

IT - A H

(5.1-19)

Fer the case ef hemegeneous materials, (5,1-16)

reduces te

ot ﬂ::f';r§4:%3—:0 S e =0 (5.1.20)

while eutside the cut, the normal displacement en z - 0O,

given by (5.1-19), takes the fellewing form:

et . d
- Fieaite T N . _ v,
NN e PRI (— SC /=y a2 i ﬂ +

Tepr-tt) Jetar r{ . c>a2 == 0O
L

' {(5.1-21)

These expressions agree with the serreeted results ef

Fleremee amd Geedisr ‘1. as meted by Kassir amd Sth ([2],
’¢13u-135)0
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5.2 Centact Stresses
On the plane z = O, it fellews frem (2-6), (2-7),
(4.1-18) and (4.1-58a) that

- 25 21 . _
%, = 2D, v zunys , zac (5.2-1)
Since RIELS is knewn frem the tempsrature selutien (see

iIr
(3-25)}), the shear stress may be ebtained 1if —“}"; is de-

tsrmined, It 1s evident frem (L4.2-5g) that

F. DI B IS £ =
T srf S (5.2-2)
.

Neting frem (4.3-2b) and (4,3-9) that

JL I-, . _i__*\ B ) B _ ,,__B_.__ i) -
AT (5.2-3)

it fellews that fer the regien eutside the cus,

(L2}

AL — I N [;AiifvaZ ix r> 1, Z =
y ST (A -B) 37 e ! (5.2-4)

r

Substituting frem (B-9) inte (5.2-4) results in
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—- ML f_ %,
3 VAR cf

-
“

%(i M) -€a’+

r -

% -aVE oy eaytt dx
+ cG'ZIxI’(:TH) +(A+CZ ]}

N
o[ Tr e AN R
M T oar j e e A-8)Yarr
i

W

e t-‘\ b
_ L,_“t_\ BT R . N
< % 7\ | omr A jlr Kl‘-f‘ :
-~ AT = 7

With a change ef variables te

t = &, and noting that
t- t.F
_ 7 ) . at
E___,‘) b cesuw T 1 sim.« ', where ' = < {n LI
it y 4 e
it is feund that
0
£ o
FT h _L__);_h_;:L %L_E:-L. ’_V‘n_._l_t:-:; "'V:'\J [ ’al 42 r(_: P!
r el V=Y {': AN R R S A "‘V,‘.fj 3 tt { Tl
I,
1 ‘ ‘5' 17
e B - L f_?_ T sh_ 2 v I Q__\I o rl_'.'{- — e -
1—[ +*r’ jiﬁ)k %‘16— = t l_".-'r-tt
/t -
- I -
CKGE L Y)Y ‘/'_‘ 2, ra. . _2Aat c,osw{—=-‘J—---—__—.
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' (5.2-6)

In the special case when the bended materials

have the same thermeelastic preperties, the abeve ex-

x=ay ‘ ::_-_9,)"
ot (2

|
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preasisn reduc~as te

3
- Eo 70
7:’1 - 3-n-k('_-v)r-.’r1_n1 (5-2-7)
where k, = k.= k, X, = 4, = » V, =V, = Vv ’
E,= E,= E, This result is identleal te the ene ob-

tained by Flerence and Geedier [1l] for the hemsgemseus
problem, It sheuld he noted that 7;.,' = 7/~ when
r>a, £ = 0 since the stresses are centinueus acress
the centact surfaece,

M the 2z = (O plane, the nermal stresa is ebtained

frem {2-7a) in the ferm

Tre = (reza)@loty) + a(42 + 3 = (5.2-8)

Takimpgy inte ameceunt (2-6), (4.1-18), (4L.1-58b), (4h.2-5r)

and (5.1-.9), the aheve expressien reduces te

C >0 =

- 24 I D) 3 AL, L ==
— P e : - , T =
z NN O R -t T (5.2-9)
.

Substituting (B-10) inte (5,2-9) and changing variables
as in (5,2«6) lesnds te
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(5.2-10)

Imtersrals in (5.2-6) amd (5.2-10) may be ebtaimed by
mumerical svaluatien, Frem the condliti-m ef =tress cen-

timulty, )0 — T3, en r > a, z — 0, For the case in

Fard

which the handed materials have the ssme thermnelastie

provertias, (5,2-10) reduces to

which 1s expecte” fer the hemegeneesus prablem,

5.3 Less in Petential Energy amd Critical Heat Flux

The existence im the bedy of a cireuls:r erack »f

radius a reduces 1ts petential emergy by am amnunt

I
[}

! [
\ . ! i _" A _" . - s - A ¥ . A=l
WO T e ST e T e rea e (5.3-1)
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The shear stress which centributes te the less in pe-

tent 1al energy due te the heat flux is given by

- -:__1: T o=
A T (5.3-2)

which may be evaluated frem eqs., (3-25a) and (3-27a).

Thus,
. - o £ o e k. (
}r . ..__.?_k_j_' — 1/;_\I- (S . 3"3‘)
3 I - A ‘ O
ST SCTAt S (5.3-3b)
z A

Taking inte acceunt (5.3-1) and (5,.,3-3), the energy

may be sxpressed as

N 5T VAl AW (5.3-4)
where
a b
T T‘:E“m_l"r’ 1 B .
WooT - ‘Ef,__;frj"“ (o [ (5.3=5a)
© ';. {f <« 4 7 -
~ T e .‘/a . RUTEE
WooT TLJ “etr (5.3-5b)

&

Thus, the energy may be evaluated using the expreaslens

previeusly ebtained fer u_' and u, (see (5.1~7) and
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and (5.1-6)), Substituting (5.,1-6) inte (5,3-5b) and

changing the erder ef integratien leads te

— Yoo T L {ai/ fﬂ -
rTo Enk, 7 ke o Ba ) -:’4‘&[ *_( ]
= T b B ¢ At TR,

\/\/ 2 0D {}\—L - ;\L\ ‘5- ~, ﬂ‘\.
il
: g B B e T
x & & ¢ ¥ '-‘_.‘i) — N
+ [2 ¢ " 'Cﬂ (th LA/ [ VAT A
-~
L ,f . o i
_ E o ‘:"".\:I - \, ‘E..\ . "’.i{"v‘ﬂl .II‘K.
Al -V R =AY
~
bt §

X\"i"--x".'ix ,

(5.3-6)

Evaluating the integrals in (5.3-6) (see Appendix C) re-

sulta in
. [ . "\ 2 = - N3 i
‘\'-"\‘_.l"" - __L___l_L_ L o / /‘1. ( v A}.l“ [ \]/ ‘__;_'_.{_f_‘
‘¥‘“ ~ LS “J(Al. - Hl)
Fi
DL, Tk JA -"ul N N T
3’L f\ Vﬂ( AL .ﬂ;\\ f},\ - \._ll b f‘-'{_:‘Co_«. me¢eE
; o
- s TR N — \/'EE (5.3-7)

R {.) L . -_“-‘\':\,."' .- ,'\__'J Cl.

The value ef W' may be determined by subatituting (5.1-7)
inte (5.3-5a) amd perferming a similar precedure. The

result in this case 1is given by



W= (E-% £ Thy (V) /™

A1 E]ilTkt(\—vl)

ui,'.?'zk (f+)’,]as E\"\-\k"- _ Ei"(,_ (503—8}
B lc;kh -k, Ce-Va)

Equatiens (5,3-7) and (5.3-8) may new be cembined accerd-
ing te (5,3-44) te yield sn expres=sien for the tetal energy
less, Taking inte acceunt the fact that

Cos NLeE = . S
AT =AY
1t can be shewn that
_ 7, T'k.E ] )
= e ol S v + {14V, p()kl
\/\/ 4Sk11(|‘..‘y'1) [(i1 l):’(lkl ( )

e el e B )] [ € caet e )]

(£ VY -2 - E1(1+V.)'r-zv,)][e,<mfl)(l ) + B, ey =vy)

> o= 2
+ Ko G- 2V)EL T V20T 1r( EEARAN +(|+v1)0(1k,”2 O’y &) = 9}
QOka (1tVX3I-4Y,) L :

CI+Y)e, T a°
i Ok‘l(‘hvl)(l_vl)

|:E',o<‘(|~v'1)l<1 — Eidlkiu—v.)" (5.3-9)

where the fellewing representatiens have been empleyed:

Ve = Q-2¥X1-2W,) + 40-w)(- W) (5.3-10a)

Y, = V)3~ 4y, o (k=0D) (5.3-10Db)
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Im the hemegenesous ease, when the twe hended ma-
terials have the same thermemeshanical prepsrties, equs-

tien (5.3-9) reduces te

4% 7T2E (1+)
45 (1~V)

\A/ =

whieh agrees with that repearted by Kassir [3],
Accerding te the Griffith theery ef frasture, the
conditien neeossary fer the enlargement ef the erack may

be expres-ad imn the ferm

—)_(W _U) = G (5.3-11)

da

where U repressnts thse erack surface snerry givea by

Uy = - 2ma’y (5.3-12)

with O renressnting the speeifie surfasee energy. The
erack In the dissimilar ease will net sxtend aleng the
bend surfaee., Its extensiem 13 met knewn a prieri. Hew-
ever, an appreximate Griffith type failure eriterien may
bes ebtained I1f it is assumed that the erack will extend
aleng the z — O mlane, Making use ef (5,3-9), the (ap-
preximate} eriteriem of failure given by (5,3-11) takes

the semewhat semplieanted oxpressien
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whers represents the appreximats eritical vala

t

ne eof the heat flux.

Fer the hemogeneeus case, (5,3-13) reduces te

S.4 Stress Intensity Facters

A kmewledge of the stress fileld in the vicinity
of the crack edge 1s essential in the investigatien ef
the stability behavier ef the crack. In this regien, the
stresses are infinitely large In magnitude and change
their sign an infinite number ef times with the thermal
leading centributing te beth stress intensity facters,

K, and K

1 According te the Griffith-Irwin theeory ef frac-

2.
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tures, the enset ef rapid crack extensiem eccurs when the
magnitude ef the crack berder stress field reaches seme
critical value. (Fer the dissimilar preblem, this value
1s given in terms ef an assumed functien ef K, and K2.)
Fer the purpese ef ebtaining clesed ferm expressiens fer
the stress intensity fescters, 1t is sufficient te study
the singular paerts eof the external bend strasses when
(r - a) = 0.

In view ef (5.2-1), (4.2-5d) and (3-25b), the
centact shear stress eutslde the crack may be determined

by the relatien

—~— - o rmL;:1 R S T A
e v - SNV L (5.4-1)

and frem (5.2-8), (2-6), {(4.1-18), (4.1-58b) and (4.2-5e),

the nermal contact stress is given by

: L1
Py [Jum A

RN (5.4-2)

Theae expressiens may be evaluated by neting frem
(4.2-6), (4.2-7), (5.1-9), (4.3-2b), (4.3-9) and Appendix B
that

W = A= T T4 ;'Fva {L.‘T"L ol
Ix |

— ot e ‘} L \l BRI (5.4-3)
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"‘:L-‘_:‘i‘.‘( gx) _?‘i 1)"‘ ]H(x._q\_. (S h-lt)

where H(x - a) denetes the Heaviside step functien and
the real and imaginary parts ef a functien ef a cemplex
variable have been deneted by Re and Im, respectively.
Subastituting expressiens (5.4~3) and (5.4-IL) in relatiens

(5.h=1) and (5.4-2), and making use ef the change ef var-
iables

R S S T TN o 2oty (S5.4-5)

results In the fellewing expreasiens fer the centact

stresses sutslide the crack:

14 AR FE g

—_ ’Tk . ‘J R Cl .\_5' T e —6
) s T (5ee0)

3 !

!
' > Y P Y .\)r;r- EEES AT R S T N
L Y s L (5.4-7)

1‘]' (SRS | r-"-“. - ‘,;r. e
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Upen taking the 1imilt as r -» a’ , and neting that fer

large < and G the fellowing relatiens held (see Appemdix D
fer moere details)

('_'I)f’\ of = b :L?— -
! i ] B \_ I ...,(.—).._. . i LI - T A
St M B T ros = T T e - et 4
i 'u/ll -
]
- b . .
Y 7o e =) e . -A)
. ) o, -2
x':__; 1 ‘e :\ o

it is net difficult te shew that the limiting values ef
the stresses in (5.4,-6) and (5.4-7) beceme

N AT Toae )
- S, T A T el -
z l"t’../_'.__l:. l'*YL(ti‘-\\
AT ’
+ ] v ! [ ¢
(5.’-'»"8)
. . fr . A
e, ™M = - ;--'l Trv\' -3 N vt 11—-'._, A
[ ™
k © R zzj —, LN :
-~ PR 'E’r" ' J ‘i“_r11' ,
RN . T} - ]
. _\H“'H—I)('.*.&{.n}
Foor . _-\--_..( gy (5.’4—"9)
g 2o
where 2 may be written in the equivalent ferm

lb

TR _iz_. {((}-_) o (n 22 Gt fpy Loih
( © [ o Ponefe o 2] (5.1-10)



Making use of Deugall's fermula (ses, fer examnle [21])

Ter the summatien of the gamma funetienm

(2]

_Tin+ 7). — T Ceeee)
LT one e e n) T3 +a6)

n=o

sxnrassisns (S, i-8) and (5.1-9) may be writtem in the

atandard ferm

g - | o Q \ o : Q
.-’rz(r_O\! = ‘Jﬁl’}('“nk Lﬂ";mz—ri,' - K:_CC“:Lé ('nélwzc_). }
+ finte fznf-’lr‘f-‘f\ {Suh—ll)
D LR e RN
U zlr0) = ,Eﬁi{f<nce%<6LrﬁQx20) MLSERACE ®-za’|
-+ {Xﬂlhf ?meqifr (goh“la)
whers R — r - a and the stress-intemsity facters Kl and
K2 ars given by
N . . T Tzt
K. = %I-’Y [Lz?dk.a + 2L Tk eea =-2L,7k € 'ZC'-'_(H:E)F'(i—ne

(5.4-13)

A .2—1-\ ‘)
. = ZDl IVL“'T: 1* i ""I ‘L_ ! LI - r_‘ (‘-..____
Kz* I QE |5+ = Q ZL:f(rt‘la ZL,7k ¢ _“C"-_(Iﬂ'f)r(**‘.e)

(Soh-lu)

with the eenstamts D,, L, samd C> being determimed by
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(L.1-28), (L4L.1-30) amd (L .[;-10) respeetively., Nete that
the gemma fumetior of somplex arguments has been tabuleted
sxtensively [26] se that there im me diffieulty im eemput-
ing the numerieal values ef K, amd K, frem eqns, (5.4-13)
and (5. h1-1k),

In the hemegenasus preblem, € — O (see (5,1-5))

se that (5.1;-13) and (5.L1.1l}) reduss te

K., = O

K = 4011-171"{1“1
< CRETeY

Fer the gemeral case, the streas-intemsity feeters
may be svaluated by substitutimg the values eof the mater-
ial eenstants of the bended materimls inte (5.5-13) and

(5.51-1l4)., Values fer steel-glass and stesl-cenner are as

fellews:

Kq K,
Steel-Glass 0.11583 T &'~ ~1.18667 2"
Steel-Cepper 61.358’T.”Z 1906.87’1“2

whares lengths are measured im imshes amnd temperatures
in °F, In eaeh ease, steel is the materiasl eesupying the

upper semi-spases. Expressiemns (5.-13) and (S.4=1l) cem-
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trel the ensst ef eraek prepagatien due te the influenee
of the linear hoeat flew in the selid, It is interesting
te mete that beth K, amd K; medes (the eraek spemnimg anmd

edge nliding medea) are eperating in the general dis-

similar selid,
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CHAPTER 6
DISCUSSION, CONCLUSIONS AND
SUGGESTIONS FOR FUTURE RESEARCH

In the preceding study, a methed 12 presented fer
sSelving the thermeelastic preblem ef twe bended semi-
Infinite media with different preperties centaining a pen-
ny-shaped crack sn the interface and subjected te a uni-
ferm {lew of heat, This represents am Impertant extensien
te the werks presvieusly censidered in the literature which
have been 1restricted te twe-dimensienal studies ef dis-
similar media er axisymmetric hemegenesus preblems,

The unceupling ef the temperature and stress dis-
tributions permits an independent determinatien ef the
temperature fleld fellewsad by a selutien te the elastic
part sf the preblem. The tranafermatien ef the eriginal
fermulatien fer an infinilte apsce te that ef a semi-infi-
nite space 1s the first significant step in the selutien
and emce this is uccemplished, apprepriate integral trans-
fermatiens are empleyed in order te reduce the axlisymmet-
rie fermulatien te a subsidiary preblem in the plane, This
ferma the cruclal step in the selutien and permits a fur-
ther reductien te a Hilbert preblem frem which clesed ferm
expressiens fer displacement, streas, energy leas, crit-
ical heat flux and stress-intemsity facters are sbtained,

It 1s shewm that the stresses at the crack tip have

singularities ef the ferm 1/VR (where R repressnts the
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distanee frem the eraek rim) and exhibit oseillatiens eof
the ferm sin (or ees) € 1m R (where € 1s a functien ef
meatarial censtants), The streaszes depoenéd uren the material
canst~nts amd the radius ef the erack and are linearly
propertional te the heat flux, Thus, the direetien ef ap-
nlied heat flux determines whether tenslile or cempressive
strmsses are present, The stresases are shewn te invelve

twe stress-intensity fascters represemting different medes
of fracture, as eppesad te the single faeter in hemegem-
ssus preblems, Thus, fer the dissimilar preblem, seme fune-

tien eof K, and K,, say f(K1'K2)' must be assumed, which

will eause the eraek te grew upen resching seme critieal
value,

The physical quantities ebtained in Chapter 5 are
evaluated fer the smeeial ease in whieh the twe Bonded
materials are identieal and are sheum te agree with pre-
vieus studies invelving hemoepeneceus materials, It sheuld
be neated that Iin the homngeneecus esse, the right side eof
{(l; ,1-60) wvenishes se that all terms invelving K, vaniash
frem the resulting selutien,

The suscess of the apureach tmken in the present
study suggests the pessibility ef Curther applicatien te
saveral prebt ms met censidered In the literature, Examples
Include the case of an sxternal penny-shaped craesk umder
ceonditions similar te these nresently censideored, and

nrablems invalving dissimilar media coentaining eracks ef
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different shapes., The 2ame methed ecamn alse ke censidered
in dealing with selids eentaining mere tham ene plane ef
diseontinuity {(either eraeks eor rigid inelusiens), Im each
of the makheve mentiened ecenfigurations, the type eof lead-
ing may be thermal, meehanical, er both; hewever, certain
thermeelnstie crack preblems may be trested frem an ise-
thermal reint ef view, It is shown in the preesding werk
that the uniform heat flew problem iIs related te nn 1se-
thermal preblem with applied shear stress,

The results ef this study centribute te the under-
standing of failure ef diszimilar materjial= when used in
esnjunctien with the eurrent theeries of fracture mechan-

ies,
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APPENDIX A
ALTERNATE FORMULATION OF TEMPERATURE PROBLEM

The temperature fisld in the upper and lewer semi-

spaces may be represemnted respectively, in the ferm

—_t N . \ N P4 -
| (r.z; _:/Hﬁ\(ﬁ J.r e 7708 (A-1)
4]

[

T v 2 =[ AL Toord) 208 (A-2)

where A)( €) and A,(% ) are arbitrary funetiens te be de-
termined frem the thermal beundary eenditienms,

In view eof eq, (3-16), the Hankel tramsferm ap-
proseh talkken here will yield a selutiem ldentieal te that

of Chapter 3 If it ean be shewn that

. 5 LS -,
AL = -y TR ATt

(A=3)
Differentiatisan eof (A-1l) and (A-2) yields
!) i frz" 3 — R a -‘Z,'
JZ" - —f\'Al;YSH“:rK\ = 1‘; (A_h)
o]
3T . - eey ot
"*Jz /_.Al(‘}:ruf-rg 2 4% (A""S)

o)

se that beundary eonditions (3-5a) amd (3-5b) give
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f=_a)
5 \ T A} v —— -~
[g P It‘_ -..iu I_T‘S f} K — !
8]

s

{(4=-6)
F
N
.m{ AL T reyar = — LIPS i
VAL e B A v : (4-7)
while cenditiens (3=5e¢) and (3«5d) yield
- 1< [ CA DT, irh4y = k;j TALDI D :u"x’.1 (4=8)
(, R |
{ A DL ey = [-ﬁui{‘IJ”‘)f? ; {A-9)

T

Multiplying (A-6) amd (4-7) by k; and k, respectively

and addiang resulta im

-

& ) . - |
{ [L‘."“\.‘I:-} + kaﬁ“g{ﬂ\H Y, t":'l,qg = O ] r« 2 (A-lO)

Y

while fer r > a, (4-8) may be written as

o
j(|L ALY+ k;&;HQJ?\TJr?}Jﬁ =N, = (A=11)

]

Therefere, by the Hankel inversiem theerem

k AGD) = - kAT (4-12)
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se that (A-7) and (A-9) yield

f gAlfgﬁ_j,:f{) J? = - "E’: T , < (A"lB}

f A Javsrids = O r = Q (A-1L)

The selutien te these dual integral equatiena (see [24],

P.65-70) is

~ "“’Ir LIS

= - o o2t teT i T, v
A, "fr- o S (A=15)

which 1s im agreememt with eq. (3-16) amd thus leads te

ths same results as these ebtaimed im Chapter 3.
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APPENDIX B
LIMITING FORMS OF {1,( %) AND {1,(%) A8 2->0

Expressiens fer (1.( %) and (21,(<) em the z = O
plane are ebtained by evaluating egs. {(L.4L-9) as z—0.
The limiting values ef the terma

/‘S—'f-l\n'\- (S _:_'1\__(!’”
9 to L oS

may be determined by first recalling that

T rm

(\”\ (- a o) (B-1)
where > — arg(3s-C). New, if < describes a clesed

path beginning et a peint x ef the src L (see Fig. B-1)
and leading, witheut intersecting L', frem the tep ef L
areund the snd a te the bettem ef the are as shewn, it

Tfellews that
e = |x=n] 2
L A s {B=2a)

IR SR HE I P TR TE (B-2b)

.\Z':‘O-)'\'-;.']
[(xn—«ﬂ“"] = ke T (B-2¢)

T,

f%?_grm} = e | (B-24)
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Figurs B=1
Hence,

Co ——‘!(_-\- e

< - 1 - X , _
S T awe o | (B-3a)

|
: |
T A _ 22 N - ’
v - 0. F | (B-3b)
™ :/ ":), !"i‘ <_ 1
ro ..rf‘_f‘r R T SR A
I(ﬁ‘{\ — ".. s _I' o B (5-35)
o e
!
r A _T - ¢ '1 om0y : f"’"-. L U
AL ISR A ' - Ll o -
k:‘\ T._i..l. .- ) < LRt~ . ' (]3 3‘)

Fer the case when £z — O and (x! -» a, it fellews frem

(B-1) that
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t . -
& S N I A SR
vEetra | L Sra i Lo (B=La)

r/”§ 7-(1 \- f\'\_l-! t _ \': *a -—m| - . .:\:-__“_1 \.- A8
ek g “ia e (B=-lib)

since the argumeat of ( -7 ) (7 = -10) dees net change

in geing frem plus te minus values. Making use ef egs.

(B=3), {(B-4) and (4.2-1;) and neting (see (L.4-5)}) that

__‘n'l' K R _ o _ :JA
£ — - __ _
V-
. 1 LI} _ : _\“:'T(%_
B Vo - -

the fellewing expressiens are ebtained frem eqas. (L.4-9)

-+ — _ _ l'
(41 s db, ) = VAR IRONS +
IR < b
P :\! <
- r - L i 1
AR . . Froe xy ™o
4 \J DS A LD N :1“..}*_ - 2 -

_\/%ﬁ——' a QL,?'L;.‘&L 4 4L,k mtal— 4C:’°
. : - : '
f-”ré!._‘i >N A '__"~_\"" 3
PP Tt o : |

L] (B-5)
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APPENDIX C
EVALUATION OF INTEGRALS OF SECTION 5.3

Empleying the well kanewm fermula

/
< o R ! . = l_.‘__.; \_r‘ ;‘h
. , Cal v 1) o=

expressiens fer the integrala in (5,3-6) are ebtained as
Tellews:
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The gamma functiens im ega. (C=2) - (C-4)} are

avaluated by mesans ef the relatiens (see [21], p.2)
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se that the abeve imtegrals take the ferm
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The remaining integral im (5,3-6) may be integrated

parts and yilelds
1 at o
: s Ko 2T
[ oty dn = Sy

where F. (x) is givem by (4.2-1ib)},
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APPENDIX D

SERIES EXPANSION OF SECTION 5.4

Fer large values ef < and °,

coth o« = | + zeo~ "

(D=1}
. - 4= iF
¢t [3 = | + « + (D-Q)
frem which it fellews that
1
N = o By L die— S
R I e R L (D-3)
Expansion eof (D=3) leads te
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