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Abstract

ISOPERIMETRY AND LATTICES IN GROUPS OF HEISENBERG TYPE

By

Gordon Crandall

Advisor : Professor Jozef Dodziuk

In the first part of this thesis, an isoperimetric inequality is proved

for connected, simply connected nilpotent Lie groups N containing a

lattice. The proof is by rough isometry, consequently the inequality is valid

only for balls in N of large radius. In the second part, it is proved that

every Lie group of H-type contains an embedded lattice. Isoperimetric

inequalities on H-type groups then follow from the result obtained in the

first part.
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Chapter 1

Introduction and Background

1.1 Introduction

In this thesis, we will prove an isoperimetric inequality in the category of
connected, simply connected, nilpotent Lie groups. Our method will be that of
rough isometry, as introduced by Masahiko Kanai in [11]. The existence of a
rough isometry between a smooth manifold and a discrete net structure
embedded in the manifold allows the transferring of a discrete isoperimetric
inequality on the net to a “smooth” isoperimetric inequality on the manifold.
When the manifold is a Lie group, the role of an embedded net can be played by
a uniform lattice in the group. With an isoperimetric inequality on the lattice in
hand, the starting point for our theorem — illustrating de novo the interplay
between the Lie algebra and the group — is the criterion for the existence of a
lattice in a connected, simply connected, nilpotent Lie group. The criterion, due
to Mal'cev [17], is the existence of a basis for the corresponding Lie algebra of

the group, with respect to which the structure coefficients are rational. In the
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2
remainder of this introductory chapter, we will first outline the basic theory of Lie

groups and Lie algebras necessary for our work. For a more thorough
development, we refer the reader to the first four chapters of [24]. This
introductory material is followed by a presentation of the relevant details of
smooth isoperimetry on Riemannian manifolds, and by a lengthier discussion of
isoperimetry in discrete settings.

In chapter 2, we will prove an isoperimetric inequality on connected,
simply connected Lie groups, by transferring a discrete isoperimetric inequality
on a finitely generated, discrete, nilpotent group to the smooth ambient group by
means of the rough isometry methods of Kanai.

In the third chapter of this thesis, we will prove our main theorem, that it is
possible to put a rational structure on the Lie algebras of a more restricted class
of connected, simply connected, nilpotent Lie groups, namely those of
Heisenberg type or H-type. By Mal'cev's result we know that such groups
support co-compact lattices. An isoperimetric inequality on H-type groups can
then be proved.

Such groups were first introduced by Aroldo Kaplan ([12], [13], [14]), as
having properties nearly identical with the classical Heisenberg groups, namely,
the upper triangular matrices with real entries (ones on the main diagonal) of all
dimensions > 3. The H-type groups have played an important role in several
areas of modern analysis and differential geometry, particularly as counter-

examples in the question of isometry versus isospectrality, and aiso as counter
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3
examples to the Lichnerowicz conjecture, in the non-compact case. They ailso

serve as important special cases in their connection with non-compact rank one
simple groups. Paulo Barbano ([1]) has summarized this material well and

provides references to the key papers.

1.2 Lie Groups and Lie Algebras
A (real) Lie group over the real numbers is a group G carrying a
differentiable manifold structure such that the product map

GxG->G

(9+.92) 2 9,9,
is also C*. Just as differential geometry is enriched by the interplay of manifold
and tangent space, with many key results following from analysis done on the
latter, so is the power of Lie theory enhanced through linear algebra and analysis
on the “tangent algebra” of a Lie group, namely its Lie algebra.

A (real) Lie algebra 4 is a finite dimensional vector space over the real
numbers equipped with an additional bilinear operation [-,+:]: 4 x 4 - & called
the Lie bracket, such that for all X, Y £ g

M [X.X]=0 (=([X.,Y]=-[Y.X])
@ X2+ [ZX Y] +[Y.[2X]] =0 (Jacobi Identity).
Starting from the group, the standard construction of the aigebra is from

the left-invariant vector fields obtained as follows. Let G be a Lie group with
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4
1 £ G. Define ¢, on G as left translation of group elements by the element t. Let

X be a vector field on G, that is a function from G to the tangent bundle of G,
T(G), such that

O0eX = ¢,

where I1 is the natural projection from the tangent bundle to G. X is called left-
invariantifforallt € G

d¢oX=Xo¢ ,
where d ¢, is the differential of the left transiation by t on tangent spaces. The

set of left invariant vector fields is easily seen to be a vector space, naturally
isomorphic to any tangent space of G, and in particular to the tangent space at
the identity, T,(G). The required bracket operation for a Lie algebra is the Lie
bracket of vector fields, i.e. for (left-invariant) vector fields X, Y on G

X, Y]=XoY -YoX.

This bilinear operation on vector fields satisfies precisely properties (1) and (2)
above.

If we continue the analogy of the pair group/aigebra to manifold/tangent
space, we are led naturally to the question of exponential map. That is, what in
the former, plays the role of straight-line or geodesic in the latter? In Lie theory,
this is provided by the one-parameter semi-group, i.e.,, a smooth
homeomorphism f(t) from the real numbers as a Lie group to the Lie group G

such that f(t + s) = f(t)f(s). These conditions are sufficient to prove that f(0) = e,
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5
and that f (t), the tangent or velocity vector, is constant when moved to the
identity by the left transiation f(t). Recalling the isomorphism between the
tangent space at the identity and the Lie algebra of G, and letting f.(t) represent

the one-parameter subgroup with velocity £, & € 4 , one may define the

exponential map, exp: ¢ — G by exp (§) = f: (1), precisely as in Riemannian

geometry.

It is a standard result that, given any connected Lie group G, the
exponential map defined on 4 maps a neighborhood of 0 in 4 onto a
neighborhood of e in G diffeomorphically. However, for simply connected
nilpotent Lie groups, the exponential map is actually a global diffeomorphism.

We define a lattice in a Lie group G as a discrete, subgroup H, with the
condition that the quotient group G/H carry a G-invariant finite measure.
Actually, if G is nilpotent all lattices are uniform [3]. Although it can be proved
that a necessary condition for a Lie group G to contain a lattice is unimodularity
(equality up to scalar muitiple of the left invariant and right invariant Haar
measures, u, and pg, so that AG, the positive valued modular function on G,
defined for any integrable f by

AG (x)- fs f(@du = [of@-x)dp,
takes on constant value 1), and all nilpotent groups are unimodular, it does not
follow that every nilpotent group admits a lattice. Mal'cev has constructed a 2-

step nilpotent counterexample in [17). For connected and simply connected
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6
nilpotent groups, the only known necessary and sufficient condition for the

existence of a lattice subgroup is Mal'cev's criterion stated above.
We recall here the definition of a nilpotent group. Suppose that for any
vectors x,, X, X, in a Lie algebra # of a group G we have
(%, [xs  [..X%] 1=0.
Then 4 is termed p-step nilpotent if the above holds for some p, with G nilpotent

if and only if Z is nilpotent. A 1-step nilpotent algebra is called abelian.

1.3 Isoperimetry and Discretizations
We review the fundamentals presented in [5]. The most basic
isoperimetric inequality is
L2 > 4nA,
for domains in R?* with area A and boundary length L. This is a direct
restatement of the classical inequality stating that of all planar domains with

equal area, the disk has shortest boundary length. Analogously, for domains Q in

R " we have
A(3Q > A(S™) = constant,
v (Q ) 1-U/n V (Bn) t-in

where A is (n-1)-dimensional measure. Note that the exponent 1- 1/n = (n/n-1)"

makes the inequality independent of the radius.
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7
For the case of Riemannian manifolds M, the inequality above may not

hold with n equal to the dimension of the manifold. We proceed as follows. For
v>1, and Q an open submanifold of M with compact closure and smooth

boundary, define the v-isoperimetric quotient as

F.,= A(GQ )
via )"

where A and V denote respectively (n-1)- and n-dimensional Riemannian
measure. Taking the infimum over all Q as above, we obtain the v-

isoperimetric constant of M:

(M) = infq AGBQ)
V(Q )1-1/v

For v = = , the isoperimetric constant I (M) = infq A(5Q) is called
v(Q)

Cheeger's constant. For a given Riemannian manifold M, isoperimetric analysis

proceeds by determining those values of v for which I (M) > 0. A result of S.T.
Yau [26] states that in calculating I (M) (1< v < x), it suffices to let Q range over

connected submanifoids of M.

In what follows, we will only be interested in the case v > n = dim (M),
(M = G, a Lie group), for which the above is an appropriate formulation.
However, a simple argument with Q = B(x, £), a metric disk, with € { 0 shows that

I(M) =0 for v <n. To correct this in the case 1 < v < n (or for any isoperimetric

constant), we may define a modified v - isoperimetric constant, [, ,(M), by further
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8
requiring the open sub-manifolds Q to contain a closed metric disk of radius

p > 0, then taking the infimum over the isoperimetric quotient as before.
A crucial result linking isoperimetry with classical analysis is the theorem
of Federer and Fleming, which states simply thatfor 1 <v <

(M) = S,M),

where S, (M) is the Sobolev constant of M, defined by
S.M) =inf llgradf[h
I 1ueg
where || ||, is the L>-norm on M, and f ranges over all smooth functions on M
with compact support. A similar result also holds in the “modified “ case.
Volume growth of a (non-compact) Riemannian manifold is measured in
terms of the volume growth of metric disks contained in the manifoild. We say,

for example, that a disk centered at x with radius r has polynomial growth if

V(x, ) < C . (C, D>0). A manifold M has polynomial growth if the above
estimate holds independently of x € M. Discretization refers volume growth in the
manifold to volume growth of a "disk” in an appropriately discrete structure within
the manifold. One may then put the question: is volume growth (i.e. polynomial
or exponential) the same in smooth and discrete cases?

In order for the answer to be affirmative, there must be some conditions of
local uniformity present at both the smooth and the discrete level. The first
example of this type of situation comes from the work of John Miinor [18], and

~r

assumes the following set-up: M, a non-compact manifold covers a compact
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9
manifold M, so that the covering map, I1, determines by a finitely generated

group I' of deck-transformations (homeomorphisms y of M with the property that

[Toy =1, for all y € I') acting on M. In fact, we will assume that I acts by
isometries and the action is free. The action of I, in turn, determines a relatively
compact fundamental domain Q in ﬁ' and the images of this domain under

elements of I tile the covering space, that is

U.r Q) =M, and
K (Q Ny(Q)=0 ,i= .

As a result of tiling and the freedom of action of I' on the fundamental
domain, the volume of the metric disk can be estimated in terms of fundamental
domains which are in 1-1 correspondence with elements of the discrete group.
Thus, volume growth of the disk may be related to volume growth of the group
once accurate overestimates and underestimates of the number of fundamental
domains containing/contained in a metric disk of given radius (assumed large)
are obtained. The details of this “calibration” may be found in Miinor [18] or
Chavel [5). The underestimate is of the form

nA) < VOGipu+e) ,
V(X ¢e)

where n(A) =card {y: Y] < A }and |y| is the so-called word metric, defined to
be the minimum length of y as a word in a given finite set of generators of I. In
the case of a non-compact Riemannian manifold covering a compact manifoid,

the constants u and € are independent of x. A similar overestimate in terms of a
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10
ratio of volumes of metric disks can be found for sufficiently large A:

naA) =2 V(XAv -(v+238)) .,
V(x;6)

for all A > 1 + 38/v, x € M, where v and 5 are positive constants. From the first
estimate, it is clear that polynomial growth in the manifold implies polynomial
growth in the group. Under the weaker assumption that M has non-negative
Ricci curvature, it follows from Bishop's Comparison Theorem (Ricci bounded

below case) that

lim In(n(3)) = g .
ATo A

Hence I' has what is termed sub-exponential growth. Using the second
estimate, it can also be shown that if M is compact with strictly negative
curvature (Bishop's estimate in the case of Ricci bounded above is invoked),

then the fundamental group of M,, =, (M,, X,) has exponential growth, that is

limsup In(n,, (A)) > 0
AT A

in summary, a finitely generated group of deck transformations acting by
isometries with compact quotient plays the role of discretization of the manifoid.
We then compare volume of metric balls with the "counted" volume of discrete
balls. Of course, the key object here was the fundamental domain which was
both a tiing element in the smooth manifold, and, through the 1-1
correspondence between tiling elements and isometries y of I', a counting

element in the discrete group.
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11
if we abandon the covering space structure and the machinery that it

implies, we must ask ourselves what structure embedded in the manifold will
play the role of fundamental group and what "calibrating” assumptions will be
required.

The second version of the “discrete group” circle of ideas comes not from
the external notion of covering space, but from the “internal” idea of a specified
point set within the manifold, chosen in such a way that the graph determined by
these points has properties similar to those of the combinatorial structure of a
tiling by fundamental domains.

Let M be a complete Riemannian manifold. A countable subset 4, such
that for each £ € ¢ there is a non-empty subset N (£) c 4\ {&} with finite
cardinality m (£) (and with the additional property thatn e N (§) © £ € N (1))
determines a graph structure G, if one postulates the existence of exactly one
directed edge from any £ to its neighbors in N (£). A (combinatorial) path in G
of length k is defined as a sequence of points (&, &,, ....5) suchthat& e N (§,)
forall j=1, ....k. G is connected if any two points in G are connected by a
path. The distance d (£,n) is defined to be the infinum of the lengths of all
combinatorial paths linking & to n. A natural definition of disks and bounding
spheres in G follows. The graph structure of G generalizes the notion of discrete
group in the sense that if [ is a finitely generated group with a generator set A,

and if, fory e C we define N (y ) =y (A u A’), then I" has a (Cayley) graph
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structure. Moreover, the word metric on I and the combinatorial metric on the

induced graph on I coincide.

We now discuss the conditions and language in which the Miinor
estimates on volume growth of balls, given a finitely generated group of deck
transformations (that is, the covering space setup), can be carried over to
volume growth of balls, given an appropriate countable point set/graph. A
discretization of a complete Riemannian manifold M is a graph G determined by
a countable subset of points ¢ in M with two featured properties:

(1) 3¢, >0suchthat4is ¢, -separated,
that is, the distance between any two distinct points of 4 is greater than or equal
toe,, and

(2) 3e,>0such thatM =L, . B, &,).

€, is called the covering radius of the discretization. The graph structure G is
then determined by defining

N@E)={gnB(E 2¢c)}\&}.
If M has Ricci curvature bounded below, then it can be shown that:

V, (2r + £/2)
Vi (e/2) ,

card{Gnn B(x,rn} <

where V, is volume in the constant sectional curvature space M,. From this

estimate it follows immediately that

m (£) = card {N (£)} < Vx @2+ €/2) = congtant (k, ¢, €,) .
Vi (e,/2)
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This uniform bound on valence is referred to as “bounded geometry” of G.

To carry over estimates on volume growth of balls in G to similar
estimates on metric balls in M, we appeal to the concept of rough isometry.
Suppose X and Y are metric spaces with a map (not necessarily continuous)
¢ : X — Y and constants a 21, b >0 and 5 > 0 such that

(1/@) e d (X, X))x - b <d (@ (X;), P (X))y € @ed (Xy, X)) + D
for all x,, x, in X, and furthermore, ¢ is & - full, that is
Ugex Bl (X),d) =Y.
It is easy to show that if 9,: X, = X, and ¢,: X, = X, are rough isometries, then
sois @, ° @,, so that the rough isometry relation is transitive.

The key result linking discretization to rough isometry is that if M is a
complete manifold with Ricci curvature bounded uniformly from below and G is a
discretization of M, then M is roughly isometric to any of its discretizations and
the rough isometry is realized by the inclusion map i: G - M. Transitivity implies
further that any two discretizations are roughly isometric.

In order to extend the concepts of isoperimetry to discretizations, we need

the discrete analogue of F, (Q2) =

A(6Q) ,
\V; (Q ) 1-1/v

where Q is an open submanifold of a smooth manifold M. By subgraph of G, we

understand a finite subgraph K of G, arising from a finite subset of points % of &,
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4 being the set of vertices of the graph G. By the boundary of K, 5K we mean

the subset of the set of edges of G (denoted £) which connect points of % to
points in #\ X. The discrete area measure on £ is the counting measure, that is,
the cardinality of a set of oriented edges. Area of the boundary is then the count
of oriented edges on the boundary.

There is another definition of the boundary of a finite subgraph of a graph
G, namely:

oK={zecg:d(E,K=1}
d being the discrete path metric. Then J K has a natural area measure as the
cardinality of a subset of 4. This definition is usually easier in making proofs, and
if G has bounded geometry then the area measures defined on the two different
subcollections of boundaries are equivalent in the sense that their quotients are
uniformly bounded away from 0 and <. Now for v > 1 and any finite subgraph K
in G, we define the isoperimetric quotient of K as
F.(K)y= A(OK)
V (K)''"

and the isoperimetric constant [ (G) as the infimum of F (K) where K varies over
all finite subgraphs of G.

After this preparation, we are able to state the key theorem which will
allow us to transfer discrete isoperimetric inequalities on discretizations
(e.g., lattices in connected, simply-connected nilpotent Lie groups) to smooth

isoperimetric inequalities on manifolds with bounded geometry. We note that in
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the context of manifolds, as opposed to graphs, bounded geometry requires not

only that (1) Ricci curvature is bounded below, but, aiso that (2) the injectivity
radius of M is uniformly bounded away from 0. The following theorem is a resuit
of M. Kanai [11].

Theorem (1.3.1) Let M have bounded geometry. Then for any v > n
(= dim M), we have I, (M) > 0, if and only if [, (G) > 0, for any discretization G of
M.
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Chapter 2
An Isoperimetric Inequality on

Nilpotent Lie Groups

2.1 The discrete case

We are now in a position to use the methods described in Chapter 1 to
transfer an isoperimetric inequality on a net, i.e. a discretization, to a similar
isoperimetric inequality on a Riemannian manifold which contains the discrete
structure. We first state a discrete isoperimetric inequality which is the work of
T. Coulhon and L. Saloff-Coste [6].

Theorem (2.1.1). Let I" be a finitely generated infinite discrete group with
generating set {g,,... g,} . and forn = 1, let

Bn)={xellx=g",...8" in...l,e{1 ...k}, ¥,=0, £ 1).
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Put V (n) = card B(n). Then if V(n) > Cn° , we have

inf .- { card (6Q) / (card Q)°®"} = |(I')> 0,
where Q is any subsetof G, and aQ={x € Q|3ie{1,....,k}, y=+ 1 such that
xg' €Q}.

Then we need to determine whether there is a constant D > 1, for which
card(B(n) > Cn°. This question is answered in the affirmative by results of J.
Wolf [25] and H. Bass (2], following directly the work of J. Milnor [18].

Theorem (2.1.2). LetI be a finitely generated p-step nilpotent group, and
S a finite generating set for [. Then I satisfies the following growth condition

gs(m) = cm®™ |
with E(T') = 2., ,.(k +1) n,, where g,(m) (equivalent to V(n) above), is the growth
function of I' counting the number of distinct elements of ' expressible as words
in S of length equal to or less than m. n, is the rank of the finitely generated
abelian group I, / I.., and the I, belong to the lower central series
decomposition for [, with I, = [[",[] .
Thus, we conclude that

Theorem (2.1.3) I, () > O for I" discrete and finitely generated, with
D = E(I') as above.

N. Varopoulos [23] refers to D as the Dirichlet dimension of N, D. Robinson [22]
calls it the dimension at infinity of N, and P. Pansu [20] refers to it as the Carmnot-

Caratheodory dimension.
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Theorem (2.2.1): Suppose N is a connected, simply connected nilpotent

Lie group containing a lattice. For any left invariant metric on the Lie algebra %
of N, I, (N) > 0, with D = E().

Proof: N is a homogeneous Riemannian space, and any such space is always
geodesically complete. The exponential map # — N is a global diffeomorphism,
and consequently, the injectivity radius of N, is trivially bounded away from 0.
Thus using Lemma 2.2.2 below we conclude that N has bounded geometry.
Lemma (2.2.2) Ric (X, X) is bounded below by (n-1) k, k <0, for all X € %.
Therefore N has bounded geometry.

Lemma (2.2.3) A co-compact lattice in N is equivalent to a discretization of N.

We conclude that I5(N) > 0 by Theorem 1.3.1.

Proof of Lemma (2.2.2).

If a Lie group N contains a co-compact lattice I, then
inf,.,y» Ricg = inf, . Ricg ,
and the right hand side is bounded from below by the compactness of N/T .

Proof of (2.2.3)

First, we need to prove that our discretization I' (here " is a discrete,
finitely generated subgroup of N, which is a connected, simply connected Lie
group) is &, separated, that is, for any a, g in I’ , we have d (a, B) = ¢, , where
d (., «) is distance measured in the ambient manifold N. The inspiration here is

[18], and the discussion in [5].
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Choose e e N, and define the functiond (e, y-e) =d (e, y) = |yl ], , the

so-called displacement norm on . The Miilnor theorems then give a constant
c 2> 1, such that

c'lyle < llyll, s clyle,
where | v |, , is the word metric on the finitely generated group I'. If we then
insert " into Nby ¢ (yY) =y.e =y, it follows that ¢ is a quasi-isometry, that is, for
all distinct « and B in I' we have

c' [B'yle < d(oB). o) <c|p'yl.
Now we have d (¢(B). @(y)) = d (B,y) = c', since [B'yl 21. So we take
g, =c’.
Secondly we need to find €,, such that N = U, B(y, ;). Since NT is
compact, we may cover it with finitely many balls B(e,’, nI'), i=1,2, ....p,
belonging to NT. Then N =y, u;.,_, B(e,, ny). We can cover the inner union

by a single ball B(g,, ny), and then we have easily that N = U, B(g,, v).
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Chapter 3

H - Type Algebras and Lattices

in the second part of this thesis, we will prove that a significant class of
Lie groups, namely the connected, simply connected, 2-step nilpotent Lie groups
of H-type, contain (co-compact) lattices. To do this we will use Mal'cev’s criterion
for the existence of such lattices, namely the rationality of the structure constants
for the Lie algebras corresponding to the Lie groups under consideration.

Following the work of Aroldo Kapian ([12], [13], [14]), we take as given
finite-dimensional inner product spaces U and V of dimension m and n
respectively, along with a bilinear map J : U — End (V) satisfying the properties

1, wiy=ldylvly (orthogonal muitiplication) (3.1), and

2(V)=J, ([ (v)=-1d%.v,foralize Uandv e V. (3.2)
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A Lie algebra structure is obtained on U & V by polarizing conditions (3.1)

and (3.2) above:
(2, (V) . Jz, (V) Y=(2,,2,)|v|?, and
({o(vq) L Jo(v) D =212 vy, vy )
These together imply immediately that
(2 (V1) V2 ) +(Vy, dy(v) }=0,
and consequently, we have a “pre-bracket” [.,:]: V x V = U defined by
@, Ve, V2l ) = (Vy). v )
Now we set N = U & V, the orthogonal direct sum of the inner product spaces U
and V, and extend the pre-bracket to all of N, by
(2 +Vvi. Za#V, [ en = [V Va2l vy -
it follows immediately that N is a two-step nilpotent Lie algebra with center U.
The algebra N thus constructed is called a Lie algebra of H-type.

If vectors v,,...,v, and 2,,...,z,, constitute orthonormal bases for V and U,
then the only non-zero structure constants for the Lie algebra N = U @ V are real
numbers A;* appearing in the equations

Vi Vi1 = X s n AN 2 . (3.3)
This follows from the fact that the bracket on N x N takes values in U, and the
fact that the brackets [U, V] = [U, U] = {0}.
Clifford coefficients on V are defined by

J V) = Zoey A% V, (3.4)

it is apparent that
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Aaii =(Z im Kaxs Ve, Vi) =/ Jzu v). v;»

=(Z,, Vi v]) =(2, . E e A AN 2 ) =AY,
so that Clifford coefficients and H-type algebra structure constants are equal,
and we will prove the rationality of the former.

it will be convenient for us to recast the given data on the spaces U and

V, as well as the properties of the J-map linking them, in the language of Clifford
algebras and Clifford modules. Starting from a fixed space U,, with associated
inner product and orthonormal basis e,,....e,, a standard construction (see [10]
and [18] for details) gives rise to a Clifford aigebra, C (U,) = C,, with generators
e,,...e,, and satisfying the relations

e’= -1, 1<i<k, and (3.5)

ee = -¢e, 1<ij< k i=j. (3.6)
U,, is naturally embedded in C,. The properties (3.5) and (3.6) of the J-map
allow it to be factored as J = p o i, where i is the embedding of U, into C, and p is

the inclusion of the aigebra generated by {J| z € U} in End(V). The image

p (a) = p (x)(v) = a - v is termed Clifford multiplication. Under the action of p,
V =V, becomes a Clifford module over the Clifford algebra C,.

In what follows, it will be natural for us to use the language and formalism
of Clifford algebras and Clifford modules. In this formulation, the J-map and the
map p are equivalent, and verifying property (3.1) is the same as showing that
Clifford multiplication by elements of U is an orthogonal multiplication. Also,

verifying property (3.2) is unnecessary, given the relations (3.5) and (3.6) in the
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algebra C,. However, the main reason for preferring the second model of

interaction between the spaces U and V is that it provides us with the
classification theory of Clifford modules, which has been worked out completely
(see [10] and [16] for details). In particular, classification tells us that for each
C, with k > 1 there is a unique irreducible Clifford module V, over C,, except
when k = 3 mod 4, when there are two irreducible modules that are non-
isomorphic. Classification also gives us the exact dimension of the irreducible
Clifford module V, over the Clifford algebra C,. This is the classical Hurwitz
formula. If we know the dimension of the irreducible module V,, irreducibility will
never be an issue in what follows. We will never need to prove irreducibility for
any Clifford module, as long as it has the dimension given by the Hurwitz
formula. If such a module were reducible, then it could be factored, producing
(eventually) an irreducible module of dimension necessarily lower than that
determined by the Hurwitz formula. This is a contradiction. A table of the
dimensions of irreducible Clifford modules taken from [15] is given below for the

benefit of the reader.

dim U, 8r 8r+1 8r+2 8r+3 8r+4 8r+5 8r+6 8r+7

dmV, | 2% | 27 | 277 | 2% | 2% | 27 | 2% | 2%

Given a Clifford algebra C,, we will show for every k > 1 how to construct
an irreducible Clifford module V, with an induced inner product and a

distinguished orthonormal basis v,,..,v, such that
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J, v=2z.v, as Clifford multiplication, is an orthogonal mulitiplication (3.7),

and

Jo, Vi =t v, for some |, 1< | <m, that is J., permutes the basis elements
Vq,....Vm Of V, up to sign.  (3.8)

Properties (3.7) and (3.8) taken together are sufficient to show that U, ® V, is an
irreducible Lie algebra of H-type with integral structure constants.

In order to construct V, inductively from modules V, with | < k, it is
convenient to work in the category of Z,-graded Clifford modules. In fact, the first
step in constructing V,, is to construct a Z,-graded Clifford module over C,, which
we will denote W,. W,, too, will have an inner product and a distinguished
orthonormal basis w,,.....w, of W,°, the 0-component of W, , such that
(1) We L w',

(i) J.w = z . w, as Clifford multiplication, is an orthogonal muitiplication, and
(i)  Fori=j, Jg e J.j permutes the basis w,,....w,, up to sign.

if we treat W, as an ungraded module with orthonormal basis w,,...w,,
e,w,,....e,W,, then properties (ii) and (iii) imply (3.7) and (3.8) for W,. The

implication property (ii) = (3.7) is obvious. To show that property (iii) = (3.8),
we check that

e(e.w) = eew, = +w,, for some a, and

ew, =-e.2ew,
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= -e,8,eW,

=+ew,.

it turns out that in certain dimensions (k = 3 mod 4), the dimension of W,
as a real vector space is twice the dimension of V,. We will show how to split W,
in these cases into an orthogonal direct sum W, = V, & V.’ of non-isomorphic
Clifford modules that will, however, yield isomorphic H-type aigebras. We will
also show how to construct orthonormal bases (with respect to an inner product
inherited from W,) in V, and V,' by using the oriented volume element in the
underlying inner product space of C,. These bases will satisfy properties (3.7)
and (3.8).

Iif k =5 or 6 mod 8, we can obtain an irreducible Clifford module by
restriction of the split module V;, j =7 mod 8. Ifkis not = 3mod 4 and not= 5 or
6 mod 8, then classification tells us that W, is irreducible as an ungraded module,
and we may simply take W, = V, as the unique irreducible Clifford module over
C.. By either of these three methods, we obtain for all k > 1 an irreducible Clifford
module satisfying (3.7) and (3.8). Consequently, for every k > 1 there is a unique
(up to isomorphism) irreducible Lie algebra of H-type, U, ® V, , with integral
structure constants. Since an arbitrary H-type Lie algebra may be written as

N=UeVve Ve..e V, ,
with each U®V, ireducible, it follows from the decomposition

J=J,8J,8...... ®J, ., where J, = J|V, that every H-type algebra possesses a
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basis with integral Lie structure constants. Using Mal'cev's criterion, we reach

our main result which we state as follows:

Theorem 3.1 Every Lie group of H-type contains an embedded lattice.

Our construction of the Clifford modules V, will be inductive, and to start
the induction, we will refer to the work of P. Barbano [1], who has worked out a
presentation of U, and irreducible V, for 0 < k < 7. Not all of the V, obtained by
Barbano are Z,-graded, and our first concern will be to construct corresponding
W, satisfying properties (i), (ii), (iii) above. Secondly, we will need to construct
W, as a Z,-graded irreducible module over C,. These two constructions are
instances of the same general procedure and will constitute Lemma 3.2 below.
With W,, k < 8, constructed, we proceed to the induction step. Lemma 3.3 below
will verify that if W, is irreducible and has an induced inner product and basis
satisfying (i), (ii), and (iii), then W, & W,, considered as a Z,-graded module over
C..s =C, 8 C,. also possesses an induced inner product and basis with the same
three properties, and is irreducible. This will complete the inductive construction
of the Z,-graded Clifford modules W, for all k = 1. Lemma 3.4, which follows,
treats the splitting of W, , when k = 3mod 4. Finally, we will show that the non-
isomorphic Clifford modules V, and V,’ obtained in Lemma 3.4 give rise to
isomorphic H-type Lie algebras.

Before proving Lemma 3.2, we motivate it by giving some additional
details concerning the results of P. Barbano [1] on irreducible Lie algebras of H-

type for 0 < dim U < 7. These are summarized in the tabie below.
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ki O 1 2 3 4 5 6 7
U:. | {0} | IR | H | Hi* | O | Os* | Os* | O,
V, R C H H o 0] O o

H and O are the standard algebras of quaternions and octonions. H* and O,*

respectively denote purely imaginary subspaces of dimension j and k. By using

canonical bases for C, H, and O and the standard inner product

(x,y) =Rexy

forx and y in C, H or O, it is very easy to check that properties (3.7) and (3.8)

hold for J, (v) = zv. Since the Clifford aigebra relations are not invoked, it must

be verified that J,>v = - {z |2 . v. This is straightforward for C and H, but non-

trivial for O, which is not associative. It is possible to make a proof of this fact by

using the muiltiplication formula

valid in O = H® H given by L.E. Dickson in [9].

Forz=(h,, w,) e U,;=0,*,4<k<7 wehaveh?=-lh| 2andw,2=-|w,| 2

(hy, Wy (hy, W) = (hsh, - wW,w,, w;h, + Wzﬁ1) '

Taking v = (h,, w,) and using associativity in H, we obtain

z (zv) = (hy, W, ) (hh, - W,w, , wih, + wh))
= {(h,h, - W1Wz) h, - W, (w;h, + W2F1) . Wy (hh, W, w,) + (w;h, + wzﬁ1) F1-1}
= {h,h? 'W1w1hz'w1w2h1'w1wzh1- w,hh, - w,w,w, + w1hzﬁt + Wz(ﬁ1)2 }

= { hz (h12 - I w1' 2): W, ("."12 - | W1l 2}
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=-|2zl?v.

Verification that the V, are irreducible proceeds by showing that C, H, and O
contain no non-trivial submodules with respect to action by iR, H*, and O,*, as
shown by Barbano in [1].

In order to build inductively on these irreducible modules to create Clifford
modules over Clifford algebras C, for arbitrary k > 1, we will work with Z,-graded
modules over Z,-graded Clifford algebras. We will see that Clifford algebras
have a natural Z,-grading. However, not all of the modules above are Z,-graded
with respect to their corresponding Clifford algebras. To see this clearly, we give
a brief discussion concerning Z,-grading of algebras and modules.

We will say that an algebra A is Z,-graded if there is a direct sum
decomposition

A=A°® A’ and
A' A c A" with indices taken modulo 2.
For tensor aigebras A ® B with A and B Z,-graded, we can put a
Z,-graded structure on A ® B by means of the multiplication
(a®b).(@®b) = (-1)%CHa® (a3’ @ bb'),
where elements b and a’ are assumed to be of pure degree O or 1. The resuiting
graded tensor algebra is denoted A 5 B, and has the direct-sum decomposition
(A® BY = A°®B° + A'® B', and
(A€B)'= A’®B' +A'®B",

where the tensor product on the right hand side is the usual tensor product
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determined by

(@a®b). (a’®b’) = (aa’ @ bb').
Similarly, we define a Z,-graded module over a Z,-graded algebra A as an
A-module possessing a decomposition
M= M®&M', and
AMc M forije 2,
To see that the Clifford algebra C, is Z,-graded, we consider the
automorphism
a:C, - C,
which extends the linear map
a: U - C,,
u - -i(u),
where i is the embedding of U, into C(U,).
See [10] for details. Under the action of a on the Clifford algebra, we obtain a
decomposition
C.=Cl @&C/,
where C,° and C,' are the +1 and -1 eigenspaces of X . It is easy to check that
(C) (C) = C™,
so that C, is Z,-graded. Because of the defining relations of the Clifford aigebra,
C. is the linear span of products of even numbers of generators of C,, and C,' is
the span of products of odd numbers of the generators. It follows directly from

this that dim C,° = dim C,' = 2*', and that C,° is a subaigebra of C,, while C,' is a
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submodule over the ailgebra C.,°. We will say that a Clifford module is a module

V over a Clifford algebra C,, and that W, is a Z,-graded Clifford module if it is
Z,-graded as module over C, considered as a Z,-graded aigebra.

Examining our modules V, above for k < 7, we see that if k = 1 and
U, = iR, with a single generator i, then C,° = R. C,' = iR. If we decompose
C=V,=V,°® V,'=R &R, then it is obvious that C = V, is a Z,-graded Clifford
module over C,. For k =2, suppose U, = H,” = spang {j, k}. Checking the
multiplication table for H, it follows that linear combinations of products of even
numbers of j and k are spanned by 1 and i, while linear combinations of products
of odd numbers of j and k are spanned by j and k. So C,° = spang {1, i} and
C,' = spang {j, k}. Itis clear that (C,)(C,) = C,*. If we decompose H =V, in the
same way, then it is easy to check that H is Z,-graded over the graded Clifford
algebra C,. ThusV, =W, and V,=W,.

Finally, for k = 4, we consider U, = O,* = span, {0,, Os, Os, 0;}. In the
Clifford algebra C,, these elements become generators e,, e,, e,, e,, which act
on the Clifford module O by octonion multiplication. O itself is Z,-graded with
decomposition O = V.° ® V,' = spang{ 1, 0,, 0,, 0,} ® spang {0, Os, O 0;}. TO
verify that O = V, is a Z,-graded Clifford module over C, , we need to check the
inclusion relation

(CJ) (C)) e C™M
Since C/,i=0, 1, are determined by products of an even number of generators

and by products of an odd number of generators respectively, we need only
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check that single products e, acting on the basis {1,0,,0,,0,} take it to

* {0.,05,06,0,}, and that double products ee, take {1,0,,0,,0,} to + {1,0,,0,,0,}. But
this is obvious from a multiplication table for octonions.
Remark: It can be shown that C, itself is isomorphic to the 16-dimensional space
of 2 x 2 matrices with entries in the quaternion algebra H. See [10] for details.
Lemma 3.2 If Vis an ungraded module over the aigebra C,°, then W=C, ® c oV
is a Z,-graded module over C, of twice the dimension of V. The Z,-grading is
givenby W=C,® . oV={1®v|/veV}andW' =C,'® oV={e,®VvIveV}
Furthermore:

(i) If V is equipped with an inner product, then W° and W' have a natural
inner product, and we define W° and W' to be orthogonal.;

(i) If (zev, ze,vy = |42 |[v|? for all z €U, v € V, then the Clifford
multiplication J,w = z . w is orthogonal; and

(iii) If V is equipped with an orthonormal basis v,...,v, such that multiplication
by products ee, of generators of C, permute the v, up to sign, then similar
multiplication by ee; permute the basis elements 1® v,,....1 ® v, for W° up to
sign.
Proof: It is obvious that C, ® c,oV is a module over C,. Now we decompose
C.®coVasC®'® V& C, ®.,V. By transposing even products of
generators from left to right and using the fact that V is a module over C,°, we

can express any element of C.° ® coVas1®y, for some v € V. Carrying out
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the same procedure on C,'® c,cV. we obtain elements of the form e, ® v (k < n).

If in addition, we multiply by 1 = -e.2, use e.e, = -e,e,, and transpose, we see that
any elementof C,' ® c,,oV can be expressed as e,® vforsomeveV. Ifk=n
above, then this conclusion is obvious. Generators of C, act on the module by
left multiplication. We check thatfor1® v, e C,’® .,V

e(1®v,)=e,®v, . k=n

=.e2e ®v,

= -e, Qe eV,

= e,®v, €C,'®,,V,
ande,(1®v,))=e,®v, €C,'® c,oV-
Similarly, fore,® v, € C,' ® ¢,V

el(e,®v,)=e., e, v, k=n

=-e, v,

=-1®e, ¢ Vv,

=1® v,eC® oV,
and e, (e,®Vv,) =-1®v, € C°® V. We conclude that C, ® c oV is a
Z,-graded module over C,.

(i) tisclearthat W={1®v|/veV}=VandW'={e,®vlveV}=zV.

We have W +W'={1®@ v +e,® w/| (v, w) € V). Without loss of generality, we

may consider W° + W' as W° & W', a direct sum, and define W° L W'.
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(ii) Before computing || J,wl|?, we observe that by polarization, and by the

hypothesis in (ii)

(Z,e.V, 2,8V ) =(Z,, z) IV
In particular, we have

(ee.v. eev)=5;llvil?
so that by putting j = n,

(ee,v,v)=0,i<n.
We now proceed to calculate

Hawllz2=1l1d, (1®v,)+J, (e, ® V)2

=l z@v,+2e,® v, |2

=l z@® v, [|2+]] ze,® v, 1|2, since
z® v, € W' and ze,®v, ¢ W° (recall that z is a linear combination of the e, and
transpose double products to the right, using e,>=-1 as necessary), and W' 1 W°.
We then decompose z as z = 2’ + a e,, where 2’ € span {e,,.....e,,}. We now
have

Hz®v,+ae,@v,||2+]||ze,®Vv,B v, +a e, ®V,||2
By writing 2’ = -e,’2’ = e,2'e,, so that 22 ® v, = e,2e, ® v, = e, ® Z'e,v, (by
transposition of products ee,, for i < n), and using the relation (ee,v, v) = 0 for
i <n, weconclude thatz’ ® v, L e, ® v,, so that
Hz®v,+ae,®v,||2=]lz e, v, |2+ a?|lv,]]2
=|z12[|v,12+ a?llv,|? by hypothesis,

=(z|2+a?)llv?
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= 12?[lv,]2

Forllze,® v, + a e, ® v, || itis easy to see, by transposing terms ee,
fori<n, thatze,® v, e Wand a e, ® v, € W'. Consequently
llze,®v,+ae,®v,l|?=llz e, v, |2+ a?llv, ]2
=212|lv]1? + a?llv,]]? by hypothesis,
=(zl2+a?)llv,)?
= [Z2[lv,)][2
We conclude that || Jw| =|2 [Iwl], and we are done.
(iiiy To verify that double products permute basis elements of the form
1 ® v, up to sign, we check first that fori, j < n
ee(1®v)=(1®e € V), sincee eis even,
=+(1Qv,),
using the assumption that the double products e, e, , i = j act on v, by permuting
them up to sign. Similarly fori=n, forj <n,
e,e(1®v,) = (1®e V),
=+(19®v,).
We will apply Lemma 3.2 for two different purposes. Our first aim is to
complete the construction of Z,-graded modules W,, k<7. Fork=3, V=V, = H,
and fork =7, V=V, = O. Since H is a Clifford module over C,, it is also a module

over C,°, so that by Lemma 3.2, there is a distinguished basis with respect to

which C; ® .o H is a Z,-graded module over C,. Similarly, O is a Clifford module
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over C,, hence a module over C,° and it follows, again by Lemma 3.2, that there

is a distinguished basis with respect to which C, @ c,° H is a Z,-graded module
over C,.

The second use of Lemma 3.2 is to construct an irreducible Z,-graded
Clifford module over C,. To do this, we identify C, with C,° by means of the
algebra isomorphism:

¥:C,=C°

X+ x' 5 x*+xe, .
We conclude that once again, W, = C, ® ceo O POssesses a basis with respect to
which it is Z,-graded. It is then irreducible because it has the dimension of the
unique (up to isomorphism) irreducible Clifford module. Thus V, = W,. The
Clifford modules constructed in this manner aiso satisfy properties (1), (i), and
(). Remark: In our three applications of Lemma 3.2, it is easy to verify the
assumption in (i) that (ze,v, ze,v) = |Z2||vl|?forallz € U, v € V. One has only
to examine the standard inner products on H and O.

We have now constructed irreducible Z,-graded modules for k = 1, k = 2,
k=4,and k =8. For k=3 and k = 7 we have constructed Z,-graded modules W,
of dimension (as a real vector space) twice that of V,. In Lemma 3.4, we will
show how these W, may be split to yield ungraded irreducible modules. For
k =5 and k = 6, we begin with the graded module over C, of real dimension 16,
and spilit it, using Lemma 3.4, to obtain V,, an ungraded irreducible module of

dimension 8. C, acts on V, with generators {e,,..., e;}. To obtain V, and V,, we
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have only to restrict the action to the subalgebras C, , C, = C,. It is obvious that

Clifford coefficients for V; and V, are then subsets of those for V, and integrality
is assured once we have proved it for V,. The initial stage of our inductive
argument ( k < 8) is complete.
Lemma 3.3 [If W, and W, are Z,-graded Clifford modules over the algebras C,
and C, with {v,, .....v,} and {e,v,, ....,e,v,} orthonormal bases for W,’ and W,', and
{w,......w.} and {f,w,,....f.w.} othonormal bases for W'’ and W,’, then Wkﬁ W is a
Z,-graded module over C, ® C =C, with {v; ® w} U {ev, ® f,w} a basis for
(W, @ W,)° and {v, ® f,w, } U {e,v, ® w,} a basis for (W, & W, )'. Furthermore:
() WOLW and WP LW, =W, 8W,)° LW, 8W)';
(i) If C, acts on W, by orthogonal multiplication and C, acts on W, by orthognal
multiplication, then C, ® C, acts by orthogonal multtiplication on W, & W, and
(iii) If double products of generators e,e, for C, and f.f, for C, permute the base of
W,° and W? up to sign, then double products of generators of C, & C, namely
{e,®1,...6® 1, 1 @f,,....1 ® f} permute basis elements of (W, & W,)° up to
sign.
Proof. (i) Follows easily from the decomposition (W, ® W,)° = (W, ® W) +
(W,' ® W) and (W, B W)' = (W’ @ W) + (W,' ® W),
(ii) To verify orthogonal multiplication, it will be more convenient to use a
property equivaient to it, given that we are working in the category of Clifford

algebras where the property that J2v = -| u| ?vis assumed. We show below
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that!l J,vil =1 ulll vil| is equivalentto J*, v = - J,, where J*, is the adjoint

operator to J,. Indeed, if the latter property is true, then

[Hd M1 2 = (Jv, dv)

Jov = v, J W)

<V, 'Juz V)

v lud?2 vy = vl d 2.

On the other hand, if || Jvl] 2 =] ul? |ivi|? , then
(Vv ) = W, Jv ) =l Ul 2 (v, v)
=(v,lul?v)
= (v, -J V).
Since this is true for all v, we have J* J, = - J2 But J, is a non-singular,
invertible operator, and we may conclude that J,* = - J,..
Now, if W, and W, are inner product spaces, there is an induced inner

product defined on W, & W, defined by
(Vi @V, W, @ W, )y 0m = Vy, Wy )y (V2 W2,
We define J acting on elements v, ® v, over span {e;® 1, 1 ® f}, e, and f, being
the generators of C, and C,. In particular
Joo1 (Vi®V)) =ev, @ v, = J.iv1 ®v,, and
J, o (Vi®Vv,) = (-1)*"1 v, ® fv,
=(-1)*"My, ® J,jvz ,

using the Z,-graded tensor product.
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Recalling that the Clifford aigebra C,, = C, & C, is generated by

{e, ® 1, 1 ® £}, we can express an arbitrary element in U,,, = spang{e,® 1, 1 @ f}
as
Z2=2,01+1®2,,
wherez, =3 ae, € C,,andz,=3 pf € C.
We need to check that J,* = -J,, and since J, = o *+ Jisz, and the operation of

taking the adjoint is linear, it is enough to check that J*,e1 = - J o1 and that

J*1ez,=-J The first equality follows from the simple calculation

182, .
(I 2,81 (V1BVY) , (W,BW, ) = (V, B V,, J; o1 (W, B W)) )

=(Vi®V,, 2w, ®W,)

(V5 Z0W, ) (Vy, W)
= (0%, VoW ) (VW)
= -( J,,‘ v, ® v, , w, ®w, ), using the induction hypothesis,
= (-dpar (V1O V) , W, @ W, ),

which implies that J*; 5, = - J,181 , Since w, ® w, was arbitrary.

To prove the second equality, we assume without loss of generality that
elements v,, v,, w, , and w, are of pure degree. We then follow the previous
calculation:

(162, (Vi@ V) , W, O W, ) = (V; BV, , Jygr, (W, B W) )
= (-1) G (v @ v, , W, D ZW, )

= (-1)9%%) (v,, W, ) ( V5, Z,W, ), since deg z, = 1,
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= (-1) e Vi, Wy ) (Y, Jzzwz )

= (1) vy, Wy ) (7 V2 Wy)

= (-1)9% (v,, W, ) ( ~J,, V2, W, ), by assumption,

= (1) S (V@ Iy v Wi W, )

= (1)) (- Uy, (ViBV), W,BW, ),
from which we conclude that J’lezz = -Jiez,- We note that as iong as v, and w,
have the same degree, (-1)*™:**™ = 1_ |f v, and w, have unequal degrees, then
v, and w, are orthogonal, and both sides of the equality above vanish.

(iii) To verify that double products of generators of C, ® C, permute basis
elements of (W, @ W)°, we need to check Clifford multiplication of (v, ® w;) and
(e,v« ® f,w)) by double products of 3 types, namelye,e,® 1, 1® ff.ande,®f,

(1) (ene,® 1) (Vi®w) =e,e.v, ®w,=zxv,®w, by hypothesis.

@) 1Sff)(vidW)=v,®ffw,=+v,®w,, for some a.
() (e, ®f)(vi®w)=e,v,®f,

=-e,’e,v, ® -f, A w

= e, (e,e,v) ® f,(f,f,w)

=t+ev,®fw, .
4) (ene,® 1) (e,v, ®fw) =ee.e,v, D fw,

= e,e e,V ® f,w, by two transpositions of e,,

=+ev,Dfw,.
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(5) (1®ff,) (e, ®fiw) =e,v, ®fffw,

= e,v, ® f,ffw,
=t+e,Vv,®fw, ,asin (iv).
6) (e, ®f;) (e,vi ® fiw) =e.e,v, D ffw,
= + v, ® w, by assumption,
and the permutation of bases property is proved. The proof of Lemma 3.3 is
finished.
Corollary: W,., =W, ® W, is an irreducible Z,-graded Clifford module.

Proof: Classification, assuming that W, was irreducible.

Suppose W, is a Z,-graded module over C,, where k = 3mod 4, that is,
k=3o0or7mod 8. Let o = e,e,,....e, be the oriented volume element in the
underlying inner product space U. Recalling the relations ee, = ee, (i=j) and
e? = -1 for generators of the Clifford algebra, it follows easily that

(i) 0?=1,
(i) vo = ov ,forallv e C, (o is central in C,) , and
(iii) multiplication by ©, as an automorphism of W,, is
self-adjoint.
We then have the following
Lemma 3.4 There is a direct sum decomposition

W, =W W, = V8V,
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where W' and W, are the +1 and -1 eigenspaces for the automorphism

muitiplication by ©. W,” and W, are non-isomorphic ungraded submodules of
W,.
Proof We define two mapson W, :
é,(W) = ((1 + ©)/N2)w, and
(W)= ((1-0)N2)w.
We check first that Im¢, =W,* , and im ¢, =W, .
First suppose that w € im¢,. Then there is a z ¢ W, such that
(1+o)N2)z =w
o((1+0)N2)z =ow
((@ +0)N2)Z=ow
((@ +1)N2)z=ow
W= ow,
so w € W,.". Next suppose thatw € W,’, so that
OW =W
(0 +1)w=2w
((@+ NN2)(WN2) = w,
so there is a z e W, (namely w/v2) such that ¢,(z) =w. Hence w € Im¢,. The
proof for ¢, is precisely the same.
To show that ¢, and ¢, are module homomorphisms, we must verify that
for ¢, , say

b, (Vvw)=v ¢, (W), forallve C,,weW,.
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The left hand side is given by

(1 +0)N2) (vw)

=S(Vw+ o vw) /N2

= (Vvw + v o W)/V2, since o is central,

=v(w+ o w)N2

= v ((1 +0)/N2)(w) = v ¢,(w), the right hand side .
The proof for ¢, is the same. From these facts it follows that W," and W, are
submodules of W,. Since

(1+e)N2)(1-0)N2)= (1-0)N2)(1+0)N2)=0,
we have ker ¢, = W,  and ker ¢, = W,". Since
(1+0)N2)> =1+0,and (1-0)N2)%*= 1-0,

we conclude that ¢,> (W,") = W, and ¢,°> (W,) = W,. W,* and W, are then
proper submodules and the decomposition is completed with the observation
that

(1+0)2)+((1-0)2)= 1.
That W,” and W, are non-isomorphic Clifford modules follows from the fact that
any isomorphism ¢ from the first to the second must satisfy

$(owW ) = 0d (W) = -0 ¢ (W),
which is impossible. W,* and W, are, however, isomorphic as vector spaces,
and this implies that each as a submodule has half the dimension of W,.

Corollary: If the vectors w,,...,w, are an orthonormal basis for the

Z,-graded module W, such that Clifford coefficients are integral then the vectors
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(1 + ®)N2) w,,...., (1 + ©)N2) w, are again orthonormal and constitute a basis

for the (ungraded) submodule W,*, such that Clifford coefficients calculated with
respect to this new basis are again integral.

Proof: That the given vectors are orthonormal and span W,* follows
directly from the decomposition given above. We check the integrality of the new
Clifford coefficients

(Je, (1+0)N2) w,, ((1+0)/N2)w, ), €, a generator of C,

= 2{(ew,+eowW,, W +ow,). -
Observe that e, ow, and w, are elements of W,°, while ew, and ow, belong to W, '.
The above inner product simplifies then to

“{{ew,, ow, ) + (eow, w,)}

=%2. 2 (e W, ow, ), since multiplication by o is self-adjoint.
Now ow, can be expressed as e times pairs eg,, which permute basis elements
of w,. So (e;w,, e w,)=(w, w,)= 3§, by othogonal multiplication, and the
proof is complete.

We now show how to continue the construction inductively, using Lemma
3.3, to obtain irreducible Clifford modules V,, for all k > 1. Irreducibility is
automatic because the dimensions of the W, agree with those given by
classification. First of all

Wa = Wiy ® W, = Vi,

Wiias = Wa(k-1)01 g W, = Vot
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Weo2 = W,(k,,m@ W, = V,.., . and
Wares = Wigerpos @ Wi = Voo
and bases for these modules have the appropriate properties stipulated in
Lemma 3.3. Similarly,
Wares = Wigeryes & Wy, and
Wieer = Wagerjer & W,
and again bases have appropriate properties. Then using Lemma 3.4, we split
these Z,-graded modules to obtain W*,,,, and W,.,, and similarly W*,,,, and
W.;. We choose W'g,.3 = Vg sand Wiy, = V,.,. Of course, we could equally
well have chosen the other submodule.
Finally, V4.5 and V.., are equal to V,., as vector spaces, with Clifford
multiplication obtained from the embeddings Cg,.s < Cg.; and Cgpus < Cypor-
As a last observation, we note the following. Had we calculated Clifford
coefficients for ¢, = (1- » )/V2 , instead of ¢,, we would have found that
(e, ((1+0)N2W, , (1 +0)N2)w,)= -( Je, ((1-0)N2) w, ((1-0)/V2)w, ).
Recalling that two H type Lie a!gebras are isomorphic if and only if there exist
isometries ¥ and @ (® not necessarily the identity map), such that
W (V) =dew ¥ (V),
we see that if we take ® = -1 , the Clifford coefficients, which are equal to Lie

structure constants are identical for W," and W,. Since we have shown before
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that W," and W," are not isomorphic as modules, we have an example where

non-isomorpic Clifford modules yield the same H type Lie aigebra.
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