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ABSTRACT 

THE INFLUENCE OF SURFACTANTS OF 
THE MOTION OF SPHERICAL FLUID PARTICLES IN 

AN INFINITE MEDIUM AND IN A TUBE
by

Zunqing He

A d v is o rs :  Professor Charles Maldarelli 
Professor Zeev Dagan

T h i s  t h e s i s  s t u d i e s  t h e  i n f l u e n c e  o f  s u r f a c t a n t  a d s o r p t i o n  

on th e  hydrodynamic c r e e p in g  m o t io n  o f  f l u i d  s p h e r e s .  B u lk  s o l u b l e  

s u r f a c t a n t  m o l e c u l e s ,  p r e s e n t  i n  th e  c o n t in u o u s  phase  th ro u g h  w hich 

f l u i d  d r o p l e t s  t r a n s l a t e ,  a d s o r b  o n to  t h e  d r o p l e t  s u r f a c e  a n d  a r e  

c o n v e c t e d  t o w a r d s  t h e  t r a i l i n g  s t a g n a t i o n  p o l e  o f  t h e  s u r f a c e .  

A ccum ulation  a t  t h i s  p o le  low ers  th e  i n t e r f a c i a l  t e n s i o n  and  c r e a t e s  a  

M a ra n g o n i  t e n s i o n  d i r e c t e d  tow ards th e  l e a d in g  p o le .  As t h i s  t e n s i o n  

opposes th e  s u r f a c e  f low , th e  flow  i s  r e t a r d e d .  T h i s  r e t a r d a t i o n  i s  

th e  o r i g i n  o f  th e  s u r f a c t a n t  e f f e c t  on th e  hydrodynamic m o tion .

F o u r  p r o b le m s  c o n c e r n i n g  t h i s  p h y s i c o c h e m i c a l  e f f e c t  a r e  

c o n s i d e r e d .  T h e  f i r s t  tw o  p r o b l e m s  c o n s i d e r  t h e  a x i s y m m e t r i c  

t r a n s l a t i o n  o f  a  d r o p l e t  i n  a n  i n f i n i t e  m e d iu m . The f i r s t  o n e  

e x a m in e s  t h e  s t e a d y  m o tion  when th e  s u r f a c t a n t  s o r p t i o n  k i n e t i c s  i s  

s low  i n  com parison  to  i n t e r f a c i a l  c o n v e c t io n ,  and a  s t a g n a n t  cap forms 

a t  t h e  t r a i l i n g  s t a g n a t i o n  p o i n t .  A s o l u t i o n  f o r  th e  cap a n g le ,  a s  a 

f u n c t i o n  o f  th e  p h y s ico ch e m ic a l  p a ra m e te r s ,  h a s  been  o b ta in e d  b a s e d  on
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a  n o n l i n e a r  s u r f a c e  e q u a t o n  o f  s t a t e ,  t h e  F ru m k ln  e q u a t io n ,  which 

a c c o u n ts  a c c u r a t e l y  f o r  t h e  co m p ress io n  o f  s u r f a c t a n t  i n  t h e  cap .

The s e c o n d  problem  s t u d i e s  th e  u n s te a d y  t r a n s l a t i o n  o f  a  d r o p l e t  

i n  an  i n f i n i t e  medium due to  th e  t r a n s i e n t  a d s o r p t i o n  o f  s u r f a c t a n t .  

S o lu t io n s  a r e  p r e s e n te d  f o r  t h e  u n s te a d y  m o tion  f o r  th e  c a s e s  i n  which 

th e  a d s o r p t i o n  tim e i s  much l a r g e r  th a n  th e  c h a r a c t e r i s t i c  c o n v e c t i o n  

t im e ( s m a l l  B io t  number) and when th e  two tim e s c a l e s  a r e  com parab le .

T h e  o t h e r  tw o  p r o b l e m s  a r e  c o n c e r n e d  w i t h  t h e  s t e a d y ,  

a x i s y m m e t r i c  m otion  o f  a  s p h e r i c a l  drop i n  a  tu b e .  The f i r s t  problem  

a d d re s s e s  th e  ca se  I n  which th e  a d s o r p t i o n  k i n e t i c s  i s  f a s t  r e l a t i v e  

t o  s u r f a c e  c o n v e c t i o n .  A f i r s t  o r d e r  c o r r e c t i o n  t o  t h e  Hadamard- 

R ybczynsky  t e r m i n a l  v e l o c i t y  i s  o b t a i n e d ,  w h ic h  a c c o u n t s  f o r  t h e  

i n f l u e n c e  o f  s u r f a c t a n t s  on th e  d r o p l e t  m o tion .  The m ajo r c o n c lu s io n  

o f  t h i s  s tu d y  i s  t h a t  when a  d r o p l e t  i s  suspended  i n  P o i s e u i l l e  f l o w ,  

t h e  p r e s e n c e  o f  s t a g n a t i o n  r i n g s  on th e  d r o p l e t  s u r f a c e  g iv e s  r i s e  to  

s u r f a c t a n t  d i s t r i b u t i o n s  which can  i n c r e a s e  t h e  d r o p l e t  v e l o c i t y  i n  

com parison  t o  t h a t  o f  an  u n co n tam in a ted  d r o p l e t .

The f o u r t h  p r o b le m  e x a m in e s  t h e  c a s e  i n  w h ic h  t h e  s o r p t i o n  

k i n e t i c s  i s  s lo w  r e l a t i v e  t o  c o n v e c t i o n ,  and a  s t a g n a n t  cap form s. 

S o l u t i o n s  f o r  t h e  t e r m i n a l  v e l o c i t y  o f  a  d r o p  w i t h  a  c a p  a r e  

c a l c u l a t e d  a s  a  f u n c t i o n  o f  th e  s u r f a c t a n t  p h y s ic o c h e m ic a l  p a ra m e te rs  

u s in g  th e  n o n l i n e a r  Frumkin e q a t io n .
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S u r f a c t a n t s  a re  m o lecu les  which p r e f e r e n t i a l l y  adso rb  o n to  f l u i d -  

f l u i d  I n t e r f a c e s ,  and low er th e  I n t e r f a c i a l  t e n s i o n  I n  t h e  r e g i o n  o f  

a d s o r p t i o n .  I n  n o n e q u l l l b r l u m  f lo w  c i r c u m s t a n c e s ,  c o n v e c t i o n  o f  

a d so rb ed  s u r f a c t a n t  m olecu les  tow ards c o n v e rg in g  s u r f a c e  s t a g n a t i o n  

p o in t s  c r e a t e s  g r a d ie n t s  o f  I n t e r f a c i a l  t e n s io n  which e x e r t  t a n g e n t i a l  

t r a c t i o n s  (Marangoni s t r e s s e s )  a long  th e  s u r f a c e .  T h ese  s t r e s s e s  o f  

p h y s i c o c h e m i c a l  o r i g i n  s i g n i f i c a n t l y  in f lu e n c e  th e  hydrodynamics o f  

th e  flow .

T h i s  d i s s e r t a t i o n  o u t l i n e s  a r e s e a r c h  p ro g ra m  t o  s t u d y  th e  

i n f l u e n c e  o f  s u r f a c t a n t  a d s o r p t i o n  and  M a ra n g o n i  s t r e s s e s  on th e  

c r e e p i n g  m o t io n  o f  s p h e r i c a l  f l u i d  p a r t i c l e s  moving i n  an  unbounded 

l i q u i d  medium o r  a x l s y m m e t r i c a l l y  i n  a  t u b e .  Such  p r o b le m s  f i n d  

im p o r ta n t  a p p l i c a t i o n s  i n  many a r e a s  o f  chem ica l e n g in e e r in g  p r a c t i c e ,  

a s  f o r  example, in  mass t r a n s f e r  i n  d r o p w is e  e x t r a c t i o n ,  foam  f lo w s  

and f l u i d - f l u i d  d isp la cem e n ts  i n  porous media and su sp e n s io n  rh eo lo g y .  

The s tu d y  o f  th e  m otion  o f  f l u i d  p a r t i c l e s  i n  tu b e s  i s  a l s o  a p p l i c a b l e  

to  hem odynam ic p ro b le m s  o f  th e  human m i c r o c i r c u l a t i o n  a s  f o r  example 

th e  m o t io n  o f  g a s  b u b b l e s  d i s s o l v e d  i n  t h e  b l o o d  a f t e r  t o o  r a p i d  

decom pression  in  deep se a  d iv e r s .

Four problem s connec ted  w ith  th e  in f lu e n c e  o f  s u r f a c t a n t s  on th e  

c r e e p i n g  m o t io n  o f  a  d r o p l e t  a r e  a d d r e s s e d .  I n  e a c h  o f  th e s e  th e  

d r o p l e t  i s  ta k e n  a s  s p h e r i c a l .  This  w i l l  be th e  c a s e  a s  l o n g  a s  th e  

c a p i l l a r y  num ber,  t h e  r a t i o  o f  th e  d i s t e n d in g  a c t i o n  o f  th e  v is c o u s  

flow  to  th e  r e s t o r i n g  f o r c e  o f  i n t e r f a c i a l  t e n s i o n ,  i s  s m a l l .  I n  

a d d i t i o n ,  i n  e a c h  o f  t h o s e  p ro b lem s ,  th e  s u r f a c t a n t  d i s t r i b u t i o n  i s  

a s su m ed  t o  b e  d e t e r m in e d  by  i n t e r f a c i a l  c o n v e c t i o n  and  s o r p t i o n
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k i n e t i c s ,  i . e .  th e  exchange o f  s u r f a c t a n t  betw een th e  s u r f a c e  and th e  

b u lk  s u b la y e r  im m edia te ly  a d j a c e n t  t o  th e  s u r f a c e .  I t  i s  assumed t h a t  

t h e  f lo w  c i r c u m s t a n c e s  a r e  such  t h a t  th e  s u r f a c t a n t  c o n c e n t r a t i o n  in  

th e  b u lk  i s  e f f e c t i v e l y  un ifo rm  and b u lk  d i f f u s i o n  does n o t  t h e r e f o r e  

c o n t r i b u t e .  The in d i v id u a l  problem s a d d re s s e d  a r e  o u t l i n e d  below.

The f i r s t  problem  s t u d i e s  th e  s t e a d y  m o t io n  o f  a  d r o p l e t  i n  an  

i n f i n i t e  medium u n d e r  c o n d i t i o n s  i n  w h ich  t h e  s u r f a c t a n t  s o r p t io n  

k i n e t i c s  i s  s lo w  i n  c o m p a r i s o n  t o  i n t e r f a c i a l  c o n v e c t i o n  a n d  a 

s t a g n a n t  c a p  fo rm s  a t  th e  t r a i l i n g  d r o p le t  edge. The mixed boundary 

v a lu e  problem  o f  z e ro  v e l o c i t y  i n  t h e  c a p  r e g i o n  an d  c o n t i n u i t y  o f  

t a n g e n t i a l  s t r e s s  i n  t h e  s u r f a c t a n t  f r e e  r e g i o n  h a s  b e e n  s o l v e d  

e x a c t ly  by S adha l  & J o h n s o n  (1 9 8 3 )  f o r  t h e  t e r m i n a l  v e l o c i t y  a s  a 

f u n c t i o n  o f  <j>, th e  cap a n g le .  A ttem pts  by th e s e  a u th o r s  a t  o b ta in in g  

e x p re s s io n s  f o r  ^ as  a f u n c t io n  o f  th e  p h y s ic o c h e m ic a l  p a r a m e t e r s  o f  

t h e  s u r f a c t a n t  w e re  c o n f in e d  to  a l i n e a r  e q u a t io n  o f  s t a t e ,  and t h i s  

a ssum ption  can  u n d e r p r e d ic t  th e  cap an g le  a s  c o m p re s s iv e  s t r e s s e s  i n  

t h e  c a p  r e g i o n  due t o  accu m u la tio n  o f  s u r f a c t a n t  a r e  u n d e re s t im a te d .  

In  t h i s  s tu d y ,  a  s o l u t i o n  f o r  ^ i s  p r e s e n te d  f o r  a n o n l i n e a r  e q u a t o n  

o f  s t a t e ,  th e  Frumkin e q u a t io n ,  which acco u n ts  more a c c u r a t e l y  f o r  th e  

com press ion  o f  s u r f a c t a n t  i n  th e  cap .

The s e c o n d  problem  s tu d i e s  th e  u n s tead y  t r a n s l a t i o n  o f  a  d r o p l e t  

i n  an i n f i n i t e  medium due to  th e  t r a n s i e n t  a d s o r p t io n  o f  a  s u r f a c t a n t .  

T h i s  i s  a new a r e a  o f  r e s e a r c h ,  s i n c e  a l l  o t h e r  s t u d i e s  have been  

r e s t r i c t e d  to  s t e a d y  m o t io n .  I n  t h e  p r e s e n t  s t u d y ,  s o l u t i o n s  a r e  

p r e s e n t e d  f o r  t h e  u n s t e a d y  m o t i o n  f o r  t h e  c a s e s  i n  w h ich  t h e  

a d s o r p t io n  i s  slow w ith  r e s p e c t  t o  c o n v e c t i o n  ( i . e .  t h e  g ro w th  o f  a  

s t a g n a n t  cap) and o f  a  com parable o rd e r .
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The t h i r d  and f o u r th  problem s c o n c e r n  t h e  s t e a d y ,  a x i s y m m e t r i c  

m otion o f  a  s p h e r i c a l  drop i n  a  tu b e .  The f i r s t  problem  a d d re s s e s  th e  

case  i n  which t h e  a d s o r p t i o n  k i n e t i c s  i s  f a s t  r e l a t i v e  t o  s u r f a c e  

c o n v e c t io n ,  and hence th e  te rm in a l  v e l o c i t y  i s  e x p re s s e d  a s  th e  sum o f  

th e  c l e a n  v a lu e  p lu s  a  sm a l l  c o r r e c t i o n .  The m ajor c o n c lu s io n  o f  t h i s  

s t u d y  i s  t h a t  when t h e  d r o p l e t  i s  suspended i n  P o i s e u i l l e  f low , th e  

p re s e n c e  o f  s t a g n a t i o n  r i n g s  on t h e  d r o p l e t  s u r f a c e  g i v e s  r i s e  t o  

s u r f a c t a n t  d i s t r i b u t i o n s  which can  a c c e l e r a t e  th e  d r o p l e t  r e l a t i v e  to  

th e  c l e a n  s u r f a c e  v a lu e .

The f o u r t h  problem  concerns  th e  o p p o s i te  c a s e  where th e  s o r p t io n  

k i n e t i c s  i s  slow r e l a t i v e  t o  c o n v e c t i o n ,  an d  a  s t a g n a n t  c a p  fo rm s .  

S o l u t i o n s  f o r  t h e  t e r m i n a l  v e l o c i t y  o f  a  d ro p  w i t h  a c a p  a r e  

c a l c u l a t e d  as  a  f u n c t io n  o f  th e  s u r f a c t a n t  p h y s ico ch e m ic a l  p a r a m e t e r s  

u s in g  th e  n o n l i n e a r  Frumkin e q a t io n ,  as  was done i n  th e  f i r s t  problem .

T h is  d i s s e r t a t i o n  i s  d iv id e d  in t o  s i x  c h a p t e r s .  C h a p te r  1 g i v e s  

a  b r i e f  d i s c u s s i o n  o f  t h e  p h y s i c o c h e m i c a l  h y d ro d y n a m ic  t h e o r y  

n e c e s s a r y  t o  u n d e r s t a n d  t h e  i n f l u e n c e  o f  s u r f a c t a n t s  on  d r o p l e t  

m o t io n ,  and  i t  a l s o  p r e s e n t s  a  l i t e r a t u r e  rev iew . Each o f  th e  n e x t  

f o u r  c h a p te r s  i s  devo ted  t o  one o f  t h e  f o u r  p ro b le m s  s t a t e d  a b o v e .  

The d i s s e r t a t i o n  en d s  w i th  a  co n c lu d in g  c h a p te r  which summerizes th e  

r e s e a r c h  and o u t l i n e s  some a r e a s  o f  f u t u r e  w ork  s u g g e s t e d  b y  t h i s  

t h e o r e t i c a l  s tu d y .
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f T h a y f r a y  1

Physicochemical Hvdrodvnaaic Theory and Literature Review

1 .1  The P h y s icochem ica l B a s i s  F o r  t h e  I n f l u e n c e  o f  S u r f a c t a n t s  on

D ro p le t  Motion

The slow hydrodynamic movement o f  f l u i d  d r o p l e t s  in  an im m isc ib le  

f l u i d  medium i s  s i g n i f i c a n t l y  in f lu e n c e d  by th e  p re s e n c e  o f  a d so rb in g  

s u r f a c t a n t s  d i s s o lv e d  e i t h e r  i n  t h e  d r o p l e t  o r  t h e  c o n t i n u o u s  b u l k  

p h a s e s .  The p h y s ic o c h e m ic a l  b a s i s  o f  t h i s  e f f e c t  was f i r s t  o u t l i n e d  

by L e v ic h  (F ru m k in  and  L e v ic h  (1 9 4 7 )  an d  L e v ic h  ( 1 9 6 2 ) ) .  L e v i c h  

p r o p o s e d  t h a t  t h e  c l e a n  s u r f a c e  o f  a  f r e s h l y  fo rm e d  d r o p l e t  which 

b e g i n s  t o  t r a n s l a t e  becom es p o p u l a t e d  w i t h  s u r f a c t a n t  m o l e c u l e s  

b e c a u s e  o f  t h e  a d s o r p t i o n  o f  th e s e  m olecu les  from th e  b u lk  a d jo in in g  

p h ase .  T h is  a d s o r p t io n  d e p l e t e s  t h e  m o l e c u l a r  c o n c e n t r a t i o n  i n  t h e  

v i c i n i t y  o f  t h e  i n t e r f a c e ,  an d  m o l e c u le s  f ro m  t h e  b u l k  b e g i n  t o  

d i f f u s e  tow ards th e  d r o p l e t  i n t e r f a c e .  S u r f a c ta n t  which i s  ad so rbed  i s  

co n v ec ted  tow ards th e  t r a i l i n g  p o le .  I n t e r f a c i a l  c o n v e c t io n  c r e a t e s  a 

g r a d i e n t  o f  s u r f a c t a n t  a lo n g  t h e  i n t e r f a c e ,  w i t h  t h e  t r a i l i n g  p o l e  

h av in g  a  much h ig h e r  c o n c e n t r a t i o n .  S u r f a c ta n t  c o l l e c t i n g  a t  t h i s  p o le  

b e g in s  t o  d eso rb ,  and th e s e  m olecu les  th e n  s u b s e q u e n t l y  d i f f u s e  away 

f r o m  t h e  d r o p l e t .  S u r f a c e  d i f f u s i o n  a l s o  s e r v e s  t o  r e d u c e  t h e  

c o n c e n t r a t i o n  a t  t h e  t r a i l i n g  p o l e .  E v e n t u a l l y  a s t e a d y  s t a t e  i s  

r e a c h e d  w h e r e in  t h e  u p t a k e  o f  s u r f a c t a n t  o n to  t h e  s u r f a c e  a t  th e  

le a d in g  edge by a d s o r p t i o n  an d  b u l k  d i f f u s i o n  to w a r d s  t h e  d ro p  i s  

b a l a n c e d  b y  th e  l o s s  a t  t h e  t r a i l i n g  edge v i a  d e s o r p t io n ,  d i f f u s i o n  

away from th e  drop and s u r f a c e  d i f f u s i o n  tow ards t h e  l e a d i n g  e d g e .  A
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s c h e m a t i c  o f  th e  t r a n s p o r t  mechanisms i s  g iv e n  i n  F ig .  1 f o r  th e  case  

o f  a  d r o p l e t  i n  an  i n f i n i t e  medium. The s u r f a c e  c o n c e n t r a t i o n  

g r a d i e n t  o f  s u r f a c t a n t  which deve lops  a s  th e  s u r f a c t a n t  d i s t r i b u t i o n  

ev o lv es  tow ards s t e a d y  s t a t e  c a u s e s  t h e  i n t e r f a c i a l  t e n s i o n  t o  be  

l a r g e r  away from th e  r e a r  p o le .  S ince  th e  t e n s io n  d e c re a se s  w i th  th e  

s u r f a c e  c o n c e n t r a t io n .  The i n t e r f a c e  e x p e r ie n c e s  a  s t r e s s  o p p o s i te  to  

t h e  f lo w ,  an d  t h e  s u r f a c e  v e l o c i t y  an d  c o n s e q u e n t l y  t h e  t e r m i n a l  

v e l o c i t y  o f  th e  drop a r e  reduced .

I n  a n  e f f o r t  t o  s i m p l i f y  t h e  a n a l y s i s ,  p re v io u s  s t u d i e s  o f  th e  

i n f i n i t e  medium problem have i d e n t i f i e d  a t  s te a d y  s t a t e  t h r e e  l i m i t i n g  

c a s e s .  These a r e  d is c u s s e d  below so as  t o  p ro v id e  a background f o r  th e  

l i t e r a t u r e  rev iew  which i s  p r e s e n te d  i n  s e c t i o n  1 .2  and 1 .3 .

The f i r s t  c a s e  p e r t a i n s  t o  t h e  r e g im e  w here th e  fo l lo w in g  two 

c o n d i t io n s  a re  govern ing : F i r s t ,  th e  t r a n s p o r t  o f  s u r f a c t a n t  m olecu les  

b y  s u r f a c e  d i f f u s i o n  i s  v e r y  s lo w  i n  c o m p a r i s o n  to  c o n v e c t i v e  

t r a n s p o r t .  (The n o n d im e n s io n a l  r a t i o  o f  t h e  c o n v e c t i o n  t o  s u r f a c e  

d i f f u s i o n  i s  t h e  P e c l e t  number d e f in e d  as th e  p ro d u c t  o f  th e  d r o p l e t  

v e l o c i t y  m u l t ip i e d  by th e  d r o p le t  r a d i u s  and  d i v i d e d  b y  t h e  s u r f a c e  

d i f f u s i v i t y . )  S eco n d ,  e i t h e r  s o r p t i o n  k i n e t i c s  i s  slow r e l a t i v e  to  

c o n v e c t i o n  o r  t h e  d i f f u s i o n  r a t e  o f  s u r f a c t a n t  m o l e c u l e s  i n  t h e  

a d s o r p t i o n  d e p t h  l a y e r  I s  s lo w  i n  c o m p a r is o n  to  c o n v e c t io n  i n  t h a t  

l a y e r .  The a d s o r p t io n  dep th  l a y e r  i s  th e  dep th  u n d e rn ea th  t h e  s u r f a c e  

f o r  w h ic h ,  p e r  u n i t  a r e a  o f  s u r f a c e ,  t h e r e  i s  as  much s u r f a c t a n t  a t  

e q u i l ib r iu m  as  on th e  s u r f a c e .  Under n o n e q u i l ib r iu m  f lo w  c o n d i t i o n s ,  

s u r f a c t a n t  e x c h a n g e d  from  th e  b u lk  to  th e  s u r f a c e  l i e s  p r i m a r i l y  in  

t h i s  l a y e r ,  and th e r e f o r e  th e  a d s o r p t i o n  d e p t h  t h i c k n e s s  p r o v i d e s  a 

c o n v e n i e n t  l e n g t h  s c a l e  f o r  t h e  e s t i m a t i o n  o f  b u l k  d i f f u s i v e  and 

c o n v e c t iv e  t r a n s p o r t  e f f e c t s .  The p ro p e r  nondim ensional measure o f  th e
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r a t i o  o f  t h e  r a t e s  o f  d i f f u s i o n  a n d  c o n v e c t i o n  i n  t h i s  l a y e r  i s  a 

P e c l e t  number b a se d  on th e  a d s o rp t io n  d e p th .  In  t h e  a s y m p t o t i c  l i m i t  

i n  w h ich  t h e  s u r f a c e  and  a d s o r p t i o n  d e p t h  P e c l e t  nu m b ers  t e n d  to  

i n f i n i t y ,  s u r f a c t a n t  on th e  s u r f a c e  c o l l e c t s  i n  z o n e s  l o c a t e d  a r o u n d  

t h e  s t a g n a t i o n  p o in t s  s in c e  c o n v e c t io n  tow ards th e s e  p o in t s  dom inates 

th e  d i s p e r s in g  mechanisms o f  s u r f a c e  d i f f u s i o n  and d e s o r p t i o n  c o u p l e d  

w i t h  d i f f u s i o n  b a c k  i n t o  t h e  b u l k .  T h i s  c a se  i s  r e f e r r e d  to  a s  th e  

" s t a g n a n t  cap" reg im e. The regim e i s  u s u a l l y  r e a l i z e d  i n  s y s t e m s  i n  

which th e  f low  i s  f a s t  enough so t h a t  th e  P e c l e t  numbers a r e  l a r g e .

In  th e  second  case  e i t h e r  th e  t r a n s p o r t  by s u r f a c e  d i f f u s i o n  i s  

v e r y  f a s t  i n  c o m p a r i s o n  to  c o n v e c t i o n ,  o r  t h e  s e r i e s  p ro c e s s e s  o f  

s u r f a c e  t o  b u l k  k i n e t i c  e x c h a n g e  and  b u l k  d i f f u s i o n  a r e  f a s t  i n  

c o m p a r i s o n  t o  c o n v e c t i v e  t r a n s p o r t .  F o r  t h i s  c a s e  t h e  s u r f a c t a n t  

d i s t r i b u t i o n  on th e  s u r f a c e  o f  th e  d r o p le t  d e v i a te s  o n ly  s l i g h t l y  from 

t h e  v a l u e  which would be r e a l i z e d  f o r  th e  s u r f a c e  c o n c e n t r a t i o n  und er  

e q u i l ib r iu m  (z e ro - f lo w )  c o n d i t io n s .  This  c a s e  i s  te rm ed th e  "u n ifo rm ly  

r e t a r d e d "  r e g i m e  b e c a u s e  t h e  s m a l l  d e v i a t i o n  o f  t h e  s u r f a c e  

c o n c e n t r a t i o n  from th e  e q u i l ib r iu m  v a lu e  a lo n g  t h e  s u r f a c e  c r e a t e s  a  

d i s t r i b u t e d  Marangoni t e n s io n  which r e t a r d s  u n i fo rm a l ly  th e  c o n v e c t io n  

on th e  s u r f a c e .  Uniform r e t a r d a t i o n  may b e  r e a l i z e d  i f  t h e  f lo w  i s  

e x t r e m e l y  s lo w  so  t h a t  s u r f a c e  P e c l e t  numbers a re  sm a ll  and s u r f a c e  

d i f f u s i o n ,  a c t i n g  a s  t h e  d o m in a n t  t r a n s p o r t  m e ch an ism , f o r c e s  t h e  

c o n c e n t r a t i o n  t o  b e  n e a r l y  u n i f o r m .  A l t e r n a t i v e l y ,  i f  th e  s u r f a c e  

P e c l e t  num ber i s  o f  o r d e r  o n e ,  t h i s  c a s e  o c c u r s  i f  t h e  k i n e t i c  

t r a n s p o r t  b e t w e e n  t h e  b u l k  and  t h e  s u r f a c e  i s  f a s t  com pared  t o  

c o n v e c t io n ,  and i f  th e  r a t e  o f  d i f f u s i o n  i n  th e  a d s o r p t io n  d ep th  l a y e r  

i s  f a s t  r e l a t i v e  t o  c o n v e c t io n  i n  t h a t  l a y e r  ( a d s o r p t io n  d e p th  P e c l e t  

number much l e s s  th a n  o n e ) .
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The f i n a l  c a s e  i s  t h e  re g im e  i n  which one ( o r  p o s s i b ly  two) o f  

th e  nonco n v ec tiv e  s u r f a c t a n t  t r a n s p o r t  mechanisms - e i t h e r  s u r f a c e  o r  

b u l k  d i f f u s i o n  o r  k i n e t i c  exchange  - i s  slow r e l a t i v e  to  c o n v e c t iv e  

t r a n s p o r t ,  and th e  r e s t  a r e  f a s t .  A s o l u t i o n  i s  o b ta in e d  w i th  th e  r a t e  

l i m i t i n g  m echan ism  s o lv e d  e x a c t ly ,  and th e  f a s t  t r a n s p o r t  mechanisms 

re g a rd e d  a s  i n  e q u i l ib r iu m  i n  a  q u a s i s t a t i c  s e n s e .  The p r im ary  example 

o f  t h i s  c a s e  i s  t h e  t r e a t m e n t  o f  th e  k i n e t i c  exchange a s  i n f i n i t e l y  

f a s t  (and th e re b y  reg a rd e d  a s  i n  e q u i l ib r iu m )  and  t h e  b u l k  d i f f u s i o n  

in  th e  a d s o r p t io n  d ep th  l a y e r  as  r a t e  l i m i t i n g .

1 .2  L i t e r a t u r e  Review o f  th e  I n f lu e n c e  of  S u r f a c t a n t s  on t h e  M o tio n

o f  A D ro p le t  i n  an I n f i n i t e  Medium

As m e n t io n e d  a b o v e ,  r e s e a r c h  e f f o r t s  o n  t h e  i n f l u e n c e  o f  

s u r f a c t a n t s  on th e  m o t io n  o f  a  d r o p l e t  i n  an  i n f i n i t e  medium have 

examined th r e e  reg im es: th e  s ta g n a n t  reg im e, th e  u n i f o r m  r e t a r d a t i o n  

r e g im e  a n d  t h e  d i f f u s i o n  l i m i t i n g  regim e. The l i t e r a t u r e  rev iew  o f  

i n v e s t i g a t i o n s  o f  th e se  t h r e e  c a se s  a r e  g iven  s e p a r a t e ly  below.

1 .2 .1  The S tag n an t Cap Regime

The s t a g n a n t  c a p  r e g im e  was f i r s t  s t u d i e d  t h e o r e t i c a l l y  a n d  

e x p e r i m e n t a l l y  b y  S a v ic  i n  1953 .  The mixed boundary  v a lu e  problem 

r e s u l t i n g  f r o m  t h e  a s s u m p t i o n  o f  a  s t a g n a n t  c a p  w as  s o l v e d  

a p p r o x i m a t e l y  b y  t r u n c a t i n g  t h e  G e g en b au e r  s e r i e s  s o l u t i o n  f o r  th e  

s t ream  f u n c t io n  to  s i x  te rm s ,  and a  r e s u l t i n g  e x p r e s s io n  f o r  t h e  d r a g  

c o e f f i c i e n t  a s  a  f u n c t i o n  o f  th e  cap a n g le  was o b ta in e d .  The s i z e  o f  

th e  cap a n g le  was c a l c u l a t e d  by assum ing  t h e  i n t e r f a c i a l  t e n s i o n  a t



8

t h e  p o l e  i n  t h e  s t a g n a t i o n  r e g i o n  t o  b e  e q u a l  t o  z e r o .  

E x p e r im e n ta l ly ,  p ho tog raphs  were o b t a i n e d  o f  w a t e r  d r o p s  f a l l i n g  i n  

c a s t o r  o i l  w h ich  r e v e a l e d  t h a t  t h e  s t r e a m l i n e s  w ere  n o t  symmetric 

abou t th e  e q u a to r ,  an  o b s e r v a t io n  c o n s i s t e n t  w i t h  t h e  p r e s e n c e  o f  a  

s t a g n a n t  c a p .  F u r t h e r  e x p e r i m e n t a l  e v id e n c e  f o r  cap fo rm a t io n  was 

p ro v id e d  by H orton , F r i t s c h  and K in tn e r  (1965) who o b se rv ed  a  s h i f t  i n  

th e  r e c i r c u l a t i o n  v o r te x  i n  th e  drop i n t e r i o r  away from th e  cap i n  th e  

p re se n c e  o f  s u r f a c e  a d s o r p t i o n .  A d d i t i o n a l  s t u d i e s  b y  G a r n e r  an d  

S k e l la n d  (1955),  E lz in g a  and Banchero (1961),  Huang and K in tn e r  (1969) 

and  B e i t e l  and  H e id e g e r  (1 9 7 1 )  c o n n e c t e d  w i t h  t h e  i n f l u e n c e  o f  

s u r f a c t a n t  a d s o r p t io n  on mass t r a n s f e r  from th e  d r o p l e t  a l s o  o bserved  

a  s ta g n a n t  cap o f  s u r f a c t a n t .

G r i f f i t h  ( 1 9 6 2 )  p o i n t e d  o u t  t h a t  i n  c o n t r a s t  t o  S a v i c ' s  

fo rm u la t io n ,  th e  i n t e r f a c i a l  t e n s i o n  a t  t h e  p o l e  i n  t h e  c a p  i s  n o t  

z e r o ,  b u t  s h o u l d  b e  c a l c u l a t e d  th rough  an e q u a t io n  o f  s t a t e  f o r  th e  

i n t e r f a c i a l  t e n s i o n  a s  a f u n c t i o n  o f  t h e  s u r f a c e  c o n c e n t r a t i o n .  

A ssum ing  a  l i n e a r  e q u a t i o n ,  h e  o b t a i n e d  an  e x p r e s s i o n  f o r  th e  cap 

an g le  a s  a  f u n c t io n  o f  th e  d i f f e r e n c e  betw een th e  e q u i l i b r i u m  s u r f a c e  

t e n s i o n  ( i . e .  t h e  t e n s i o n  co rre sp o n d in g  to  th e  b u lk  c o n c e n t r a t i o n  o f  

s u r f a c t a n t )  and th e  c l e a n  v a lu e .  G r i f f i t h  a l s o  u n d e r to o k  e x p e r i m e n t s  

i n  w h ic h  th e  te rm in a l  v e l o c i t y  was measured f o r  e t h y le n e - g l y c o l  d rops 

t r a n s l a t i n g  i n  m i n e r a l  o i l  a s  a  f u n c t i o n  o f  b u l k  s u r f a c t a n t  

c o n c e n t r a t i o n .  He found t h a t  h i s  approach  o f  c a l c u l a t i n g  th e  cap p o le  

t e n s i o n  r e s u l t e d  i n  c o r r e l a t i n g  fo rm u lae  w h ich  w o rk ed  w e l l  f o r  some 

s u r f a c t a n t s ,  b u t  n o t  o th e r s .

U n l ik e  G r i f f i t h ' s  a p p r o a c h  o f  u s i n g  a  l i n e a r  c o n s t i t u t i v e  

r e l a t i o n  to  compute th e  s i z e  o f  th e  cap a n g le ,  Davis and A crivos(1966)  

assumed t h a t  th e  i n t e r f a c i a l  t e n s i o n  a t  th e  p o le  i n  t h e  s t a g n a n t  cap
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was e q u a l  t o  t h e  m o n o la y e r  c o l l a p s e  t e n s i o n .  T h e se  a u t h o r s  th e n  

computed th e  cap an g le  as  a  f u n c t i o n  o f  t h e  d i f f e r e n c e  b e tw e e n  th e  

c o l l a p s e  and  th e  c l e a n  I n t e r f a c i a l  t e n s i o n s .  F u r th e r  p ro g re s s  I n  th e  

com puta tion  o f  th e  d rag  c o e f f i c i e n t  a s  a  f u n c t io n  o f  th e  cap a n g le  was 

made b y  H a rp e r  (1 9 7 3 )  an d  S a d h a l  and Jonson  (1982). H arper d e r iv e d  

a n a l y t i c  e x p re s s io n  f o r  th e  d rag  a s  a  f u n c t i o n  o f  t h e  c a p  a n g l e  f o r  

sm a l l  cap a n g le s .  F i n a l l y ,  Sadhal and Jonson  (1982) o b ta in e d  an e x a c t  

c lo s e d  form s o l u t i o n  f o r  a r b i t r a r y  s ta g n a n t  cap s i z e  by i n v e r t i n g  t h e  

d u a l  s e r i e s  e q u a t io n s  which come from th e  mixed boundary c o n d i t io n s  a t  

th e  i n t e r f a c e .  T h e i r  r e s u l t s  r e f i n e  t h e  n u m e r i c a l  c a l c u l a t i o n s  o f  

S av ic  and Davis and A crivos  and ag ree  a t  sm a ll  cap a n g le  w i th  H a r p e r ' s  

expans i o n .

1 .2 .2  The U n ifo rm R e ta rd a t i o n  Regime

I n  th e  un ifo rm  r e t a r d a t i o n  reg im e, th e  d i s t r i b u t i o n  o f  s u r f a c t a n t  

i s  a s su m ed  t o  d e v i a t e  o n ly  s l i g h t l y  from th e  e q u i l ib r iu m  v a lu e .  As 

e x p la in e d  i n  1 .1 ,  t h i s  regime i s  r e a l i z e d  when s u r f a c e  d i f f u s i o n  i s  

f a s t  r e l a t i v e  t o  s u r f a c e  c o n v e c t io n  ( s u r f a c e  P e c l e t  number sm a l l)  o r  

th e  s e r i e s  p ro c e s s e s  o f  b u lk  d i f f u s i o n  and s o r p t i o n  k i n e t i c  e x c h a n g e  

a r e  f a s t  r e l a t i v e  c o n v e c t i o n .  Frumkin and Levich (1947) and Levich 

(1962) examined in d i v i d u a l l y  th e  c a se s  i n  which th e  s o r p t i o n  k i n e t i c s ,  

t h e  b u l k  d i f f u s i o n  o r  t h e  s u r f a c e  d i f f u s i o n  a r e  f a s t  b u t  l i m i t i n g .  

These e x p re s s io n s  were u n i f i e d  by Newman ( 1 9 6 6 ) ,  a n d  g e n e r a l i z e d  by  

S c h e c h t e r  and  F a r l e y  (1 9 6 3 )  who o b t a i n e d  e x p r e s s i o n s  f o r  th e  d rag  

c o e f f i c i e n t  f o r  a g e n e r a l  d i s t r i b u t i o n  o f  i n t e r f a c i a l  t e n s i o n .  

A g raw a l and  H asan  (1 9 7 9 )  i n c l u d e d  s u r f a c e  v i s c o s i t y ,  an e f f e c t  n o t  

p r e s e n t  i n  a s ta g n a n t  cap w h ere  no s u r f a c e  m o t io n  i s  p r e s e n t .  The
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In f lu e n c e  o f  s u r f a c e  v i s c o s i t y  was fo rm u la ted  In  a more g e n e ra l  way by 

Levan (1981).

1 .2 .3  D i f fu s io n  L im it in g  Regime

S e v e ra l  s t u d i e s  have a t te m p te d  to  o b ta in  e x p re s s io n s  f o r  th e  d rag  

c o e f f i c i e n t  in  th e  in te rm e d ia te  l i m i t  i n  which mass t r a n s f e r  from th e  

b u lk  i s  n o t  i n f i n i t e l y  f a s t  r e l a t i v e  t o  c o n v e c t io n ,  and t h e r e f o r e  t h e  

s u r f a c e  c o n c e n t r a t i o n  i s  n o t  a sm all  p e r t u r b a t i o n  from th e  e q u i l ib r iu m  

v a lu e  and n o t  i n f i n i t e l y  s lo w  so  a s t a g n a n t  c a p  i s  r e a l i z e d .  The 

i n i t i a l  e f f o r t  was t h e  p e r t u r b a t i o n  s tu d y  o f  Wasserman and S l a t t e r y  

(1 9 6 9 )  , who a n a l y z e d  t h e  c a s e  o f  a  s m a l l  b u l k  c o n c e n t r a t i o n  o f  

s u r f a c t a n t .  A f i r s t  o rd e r  c o r r e c t i o n  to  th e  d rag  on a c l e a n  d r o p l e t  

was o b t a i n e d  a s s u m in g  s o r p t i o n  e q u i l i b i u m  and  n e g l e c t i n g  s u r f a c e  

d i f f u s i o n .  I f  t h e  b u l k  P e c l e t  number i s  l a r g e ,  th e n  boundary  l a y e r  

th e o ry  may be u se d  t o  o b ta in  a sy m p to t ic  e x p r e s s io n  f o r  t h e  d i f f u s i o n  

o f  s u r f a c t a n t  t o  t h e  s u r f a c e .  E f f o r t s  i n  t h i s  d i r e c t i o n  by S a v i l l e  

(1973) and  H a rp e r  (1 9 7 4 )  w ere  c o m p l i c a t e d  by a  d i v e r g e n c e  o f  t h e  

a s y m p t o t i c  s o l u t i o n  a t  t h e  t r a i l i n g  p o l e .  T h i s  s i n g u l a r i t y  was 

removed by H arpe r  ( 1 9 8 2 ) .  N u m e r ic a l  s o l u t i o n s  w ere  u n d e r t a k e n  by  

Levan  and  Newman (1976), and a r e  e s s e n t i a l l y  i n  agreem ent w i th  H arper 

(1982).  A d d i t io n a l  n u m e r ic a l  s o l u t i o n s  w ere  o b t a i n e d  b y  L evan  and  

H o lb ro o k  ( 1 9 8 3 ) .  The s tu d ie s  o f  S a v i l l e  (1973),  H arper (1974, 1982) 

and Levan and Newman (1976) a l l  assumed i n f i n i t e  s o r p t i o n  k i n e t i c s  . 

The i n c l u s i o n  o f  f i n i t e  s o r p t io n  k i n e t i c s  was u n d e r ta k e n  by Levan and 

Holbrook (1983) f o r  th e  case  i n  which b u lk  d i f f u s i o n  i s  f a s t  an d  t h e  

b u lk  c o n c e n t r a t i o n  i s  un iform .



1-3 L i t e r a t u r e  Review o f  th e  Motion o f  P a r t i c l e s  I n  Tube

H ost o f  th e  p re v io u s  I n v e s t i g a t i o n s  o f  th e  m otion  o f  p a r t i c l e s  i n  

a tu b e  were c o n c e r n e d  w i t h  s p h e r i c a l  s o l i d  p a r t i c l e s .  S t u d i e s  b y  

L a d e n b u rg  (1907),  Faxen(1922), B u rg e rs (1940),  Happer and Byrne (1954, 

1965), tfak lya ( 1 9 5 3 ) ,  Kynch ( 1 9 5 9 ) ,  B o h l l n  ( 1 9 6 0 ) ,  G r e e n s t e i n  and  

H a p p e l  (1 9 7 0 )  e t c .  w ere  b a s e d  on t h e  m ethod o f  b o th  r e f l e c t i o n  and 

u sed  th e  p o in t  f o r c e  te ch n iq u e  to  s o lv e  f o r  th e  axisym metry m o t io n  o f  

a  s i n g l e  s o l i d  s p h e r e  i n  a t u b e .  T hose  r e s u l t s  showed t h a t  th e s e  

methods a r e  good f o r  sm a l l  s p h e re - tu b e  d ia m e te r  r a t i o .  H aberm an and  

Sayre (1958) were th e  f i r s t  t o  o b ta in  th e  e x a c t  s o l u t i o n  f o r  th e  s o l i d  

s p h e re  t r a n s l a t i n g  by s o lv in g  th e  system  o f  l i n e a r  a l g e b r a i c  e q u a t io n s  

f o r  t h e  c o n s t a n t s  w hich  a r i s e  from a  s e r i e s  expans ion  f o r  th e  s tream  

f u n c t io n .  Vang an d  S k a la k  (19 6 9 )  s t u d i e d  a l i n e  o f  r i g i d  s p h e r e s  

i n s i d e  a  c y l i n d e r ;  t h e  d r a g  c o e f f i c i e n t  and th e  p r e s s u r e  drop  were 

o b t a i n e d  by s u p e r p o s i n g  p e r i o d i c  f u n c t i o n s  f o r  t h e  s t e a m l i n e s  i n  

s p h e r i c a l  c o o r d i n a t e s .  S k a la k  e t  a l  (1970) u sed  th e  f i n i t e - e l e m e n t  

method to  t r e a t  space p e r io d i c  s o l i d  p a r t i c l e s .  L e i c h t b e r g ,  F f e f f e r  

and  V einbaum , (1 9 7 6 )  p r e s e n te d  th e  s o l u t i o n  f o r  th e  d rag  c o e f f i c i e n t  

f o r  th e  S tokes  flow  p a s t  f i n i t e  r i g i d  s p h e r e s  i n s i d e  a  c y l i n d e r  b y  

s o l v i n g  t h e  f u n d a m e n t a l  g o v e r n i n g  e q u a t i o n s . A f t e r  F o u r i e r  

t r a n s fo rm in g  to  e l i m i n a t e  t h e  s p h e r i c a l  d i s t u r b a n c e ,  t h e  b o u n d a ry  

c o n d i t i o n s  on  t h e  tu b e  w a l l  a r e  s a t i s f i e d  e x a c t l y  a n d  m u l t i p o l e  

t r u n c a t i o n  i s  u se d  to  s a t i s f y  th e  boundary c o n d i t i o n s  on  t h e  s p h e r e s  

a t  d i s c r e t e  p o i n t s .  O th e r  w orks  w h ich  c o n f i r m  t h e  a c c u r a c y  o f  

Haberman a n d  S a y r e ' s  r e s u l t s  f o r  t h e  r i g i d  s p h e r e  a r e  C o u ta n c e a u  

( 1 9 7 1 ) ,  P a in e  and S h e r r  (1975) and Tozeren  (1983); i n  an  e x p e r im e n ta l  

i n v e s t i g a t i o n ,  v e r i f i c a t i o n  o f  th e  n u m erica l  r e s u l t s  was o b t a i n e d  b y
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A m b ari ,  G a u th i e r - M a n u e l  an d  Guyon (1 9 8 5 )  u s i n g  a  m a g n e t i c  s p h e re  

rheom e te r .

H aberm an and  Sayre (1958) a l s o  c a l c u l a t e d  a p p ro x im a te ly  th e  d rag  

e x e r t e d  on t h e  t r a n s l a t i n g  f l u i d  s p h e r e s  f o r  b o t h  s t a t i o n a r y  and  

m oving  f l u i d s  i n s i d e  a n  i n f i n i t e l y  l o n g  c y l i n d e r  by  ap p ro x im ate ly  

s o l v i n g  t h e  f i r s t  two o f  t h e  l i n e a r  s i m u l t a n e o u s  e q u a t i o n s .  The 

m e th o d  i s  v a l i d  f o r  d r o p l e t - c y l i n d e r  d i a m e t e r  r a t i o  up t o  0 . 6 . 

B renner (1970, 1971) w o rk ed  o u t  t h e  s o l u t i o n  f o r  s m a l l  n e u t r a l l y -  

b u o y a n t  d r o p l e t s  w i t h o u t  n e c e s s a r i l y  s a t i s f y i n g  t h e  b o u n d a ry  

c o n d i t i o n s  e x p l i c i t l y  on t h e  t u b e  w a l l .  The n u m e r i c a l l y  e x a c t  

s o l u t i o n  f o r  a p e r io d i c  t r a i n  f l u i d  sp h e re s  was o b ta in e d  by Hyman and 

S k a la k  (1 9 6 9 ,1 9 7 0 )  f o r  s p h e r e  t o  t u b e  d i a m e t e r  r a t i o  o f  0 . 8  a n d  

d i f f e r e n t  v a l u e s  f o r  t h e  s p a c e s  b e tw e e n  t h e  s p h e r e s .  The l a r g e s t  

i n t e r s p h e r e  d i s t a n c e  c a l c u l a t e d  was 40 c y l in d e r  r a d i i ,  and  th e  r e s u l t s  

may be  ta k e n  to  be v a l i d  f o r  s i n g l e  p a r t i c l e s .
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Chapter 2

The Size of Stagnant Caps of Bulk Soluble Surfactant on the 
Interface of Translating Fluid Droplets

2 .1  I n t r o d u c t io n

The p re s e n c e  o f  s u r f a c t a n t  m o l e c u le s  i n  t h e  c o n t i n u o u s  p h a s e  

th rough  which a f l u i d  d r o p l e t  t r a n s l a t e s  reduces  th e  te rm in a l  v e l o c i t y  

o f  th e  d r o p l e t .  The m echanism  f o r  t h i s  p h y s i c o c h e m i c a l  e f f e c t  was 

f i r s t  s u g g e s t e d  by F rum kin  an d  L e v ic h  (1 9 4 7 ) .  When a f l u i d  d r o p le t  

moves th rough  a con tinuous  l i q u i d  phase t h a t  c o n t a i n s  a  b u l k  s o l u b l e  

s u r f a c t a n t ,  th e  s u r f a c t a n t  m olecu les  adso rb  on to  th e  i n t e r f a c e  o f  th e  

d r o p l e t .  Once adso rbed , th e y  a r e  c o n v e c t e d  t o  t h e  t r a i l i n g  o r  r e a r  

p o l e  o f  t h e  d r o p l e t  w here  t h e y  a c c u m u la te  i n  t h e  v i c i n i t y  o f  t h a t  

p o le .  This  accum ula tion  e v e n tu a l ly  cau ses  d e s o rp t io n  o f  th e  m o le c u le s  

i n t o  t h e  s u b l a y e r  o f  l i q u i d  im m ediately  a d j a c e n t  to  th e  r e a r  p a r t  o f  

th e  i n t e r f a c e .  The d e s o rp t io n  l o c a l l y  e l e v a t e s  th e  b u lk  c o n c e n t r a t i o n  

o f  s u r f a c t a n t  r e l a t i v e  to  th e  c o n c e n t r a t io n  f a r  from th e  d rop , and the  

s u r f a c t a n t  d i f f u s e s  away in t o  th e  b u lk .  The c o n v e c t io n  o f  s u r f a c t a n t  

to  th e  r e a r  low ers th e  s u r f a c e  c o n c e n t r a t i o n  n e a r  th e  le a d in g  p o le  and 

le a d s  to  b o th  a s u r f a c e  d i f f u s i v e  f l u x  f ro m  t h e  r e a r  t o  t h e  l e a d i n g  

p o l e ,  and  a d d i t i o n a l  a d s o r p t io n  from th e  a d jo in in g  l i q u i d  s u b la y e r  a t  

t h e  d r o p l e t  f r o n t .  The s u b l a y e r  c o n c e n t r a t i o n ,  d e p l e t e d  b y  t h i s  

a d s o r p t i o n ,  i s  r e p l e n i s h e d  b y  d i f f u s i o n  a s  t h e  c o n c e n t r a t i o n  o f  

s u r f a c t a n t  i n  t h i s  s u b l a y e r  i s  lo w e r  t h a n  t h a t  f a r  from  t h e  d r o p .  

T h ese  s u r f a c t a n t  t r a n s p o r t  mechanisms a r e  p i c t u r e d  s c h e m a t ic a l ly  i n  

F ig u re  1.
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The a c c u m u l a t i o n  o f  s u r f a c t a n t  a t  t h e  r e a r  o f  t h e  d ro p  by 

c o n v e c t io n  low ers  th e  i n t e r f a c i a l  t e n s io n  in  t h i s  r e g i o n  r e l a t i v e  t o  

th e  f r o n t  end because  th e  s u r f a c t a n t  m olecu les  which a re  com pressed a t  

th e  r e a r  by th e  accum ula ting  a c t i o n  o f  th e  c o n v e c t io n  e x e r t  an outward 

f o r c e  ( t h e  s u r f a c e  p r e s s u r e ) .  This  d i f f e r e n c e  i n  i n t e r f a c i a l  t e n s io n  

cau ses  th e  s u r f a c e  to  be tugged  towards th e  f r o n t  p o le  and s in c e  t h i s  

a c t i o n  ( a  M aran g o n i t e n s io n )  i s  o p p o s i te  t o  th e  d i r e c t i o n  o f  s u r f a c e  

c o n v e c t io n ,  th e  s u r f a c e  flow  i s  r e t a r d e d .  The r e d u c t io n  in  th e  s u r fa c e  

f l o w  i n c r e a s e s  t h e  d r a g  e x e r t e d  by  t h e  c o n t i n u o u s  p h a s e  on  t h e  

d r o p l e t ,  c a u s i n g  t h e  d r o p l e t  t o  d e c e l e r a t e .  The s u r f a c e  f l o w  

r e t a r d a t i o n  a l s o  low ers th e  r a t e  o f  c o n v e c t iv e  c l e a r a n c e  o f  s u r f a c t a n t  

a t  th e  f r o n t  end and accum ula tion  a t  th e  r e a r  and th e r e f o r e  a l lo w s  the  

b u l k  d i f f u s i o n  and s o r p t io n  k i n e t i c  r a t e s  to  become commensurate w ith  

th e  r a t e  o f  s u r f a c e  c o n v ec tiv e  t r a n s p o r t .  E v e n tu a l ly  a  s te a d y  s t a t e  i s  

r e a c h e d  w here  t h e  r a t e  a t  w h ich  s u r f a c t a n t  d i f f u s e s  to w a r d s  and  

becomes a d so rb ed  o n to  t h e  f r o n t  end  i s  b a l a n c e d  by  d e s o r p t i o n  and  

d i f f u s i o n  b a c k  t o  t h e  b u l k  a t  th e  r e a r .  This  s te a d y  s t a t e  i s  one o f  

d im in ish ed  te rm in a l  v e l o c i t y  r e l a t i v e  to  th e  v a lu e  f o r  th e  s u r f a c t a n t - 

f r e e  s u r f a c e  c o n d i t io n s .

The s u r f a c t a n t  g r a d ie n t  which develops  a t  s te a d y  s t a t e  d e te rm in es  

th e  Marangoni t e n s io n  and hence th e  magnitude o f  th e  t e rm in a l  v e l o c i t y  

r e d u c t io n .  The g r a d ie n t  which evo lves  i s  a  f u n c t i o n  o f  t h e  r e l a t i v e  

r a t e s  w i t h  w h ich  t h e  s u r f a c t a n t  t r a n s p o r t  p ro c e s s e s  ta k e  p la c e .  Two 

reg im es p ro v id e  bou n d s  on th e  r e t a r d a t i o n .  I f  t h e  r a t e  o f  s u r f a c e  

c o n v e c t i o n  i s  much s lo w er  th an  e i t h e r  th e  r a t e  o f  s u r f a c e  d i f f u s i o n ,  

o r  th e  r a t e s  o f  th e  s e r i e s  mechanisms o f  a d s o rp t io n  and d e s o r p t io n  and 

b u lk  d i f f u s i o n ,  th e n  th e  s u r fa c e  c o n c e n t r a t i o n  i s  a s y m p to t i c a l ly  c lo s e  

to  r^ j , t h e  v a l u e  w h ich  i s  r e a l i z e d  u n d e r  e q u i l i b r i u m  ( z e r o - f l o w )
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c o n d i t io n s .  I n  t h i s  c a s e ,  th e  c o n c e n t r a t io n  a t  th e  r e a r  o f  th e  drop I s  

o n ly  s l i g h t l y  l a r g e r  th a n  Tq , and t h a t  a t  th e  f r o n t  en d  i s  J u s t  l e s s

t h a n  r £ .  T h i s  i s  t h e  r e g im e  o f  u n i f o r m  r e t a r d a t i o n ,  r e f e r r e d  to  as

such  becau se  th e  sm a ll  d e v i a t i o n  o f  th e  s u r f a c e  c o n c e n t r a t i o n  from

c r e a t e s  a d i s t r i b u t e d  Marangoni t e n s io n  which u n i fo rm a l ly  r e t a r d s  the  

s u r f a c e  v e l o c i t y .  The regime has  been  s tu d ie d  t h e o r e t i c a l l y  by Frumkin 

and  L e v ic h  (1947),  L ev ich  (1962), Newman (1966) ,  S c h e c h te r  and F a r le y  

(1963) and Agrawal and Wasan (1979). S ince  i n  un ifo rm  r e t a r d a t i o n  t h e  

s u r f a c t a n t  g r a d i e n t  an d  c o r r e s p o n d i n g  M arangoni t e n s i o n  a r e  sm a l l ,  

t h i s  regim e r e s u l t s  i n  the  l e a s t  r e t a r d a t i o n ,  and th e  drop moves w i t h  

n e a r l y  t h e  c l e a n  s u r f a c e  v a lu e .  A l t e r n a t i v e l y  i f  th e  r a t e  o f  s u r f a c e  

c o n v e c t io n  i s  b o th  f a s t  w ith  r e s p e c t  to  th e  r a t e  o f  s u r f a c e  d i f f u s i o n  

a n d  f a s t  when co m p ared  t o  e i t h e r  t h e  r a t e  o f  b u lk  d i f f u s i o n  o r  th e  

r a t e s  o f  a d s o r p t io n  and d e s o rp t io n ,  th e n  th e  s u r f a c t a n t  i s  sw e p t  i n t o  

a  cap  r e g i o n  where th e  s u r f a c e  v e l o c i t y  i s  eq u a l  to  z e ro .  For a  g iven  

b u lk  c o n c e n t r a t i o n  o f  s u r f a c t a n t ,  t h i s  regime r e s u l t s  i n  th e  g r e a t e s t  

r e t a r d a t i o n .  O b v i o u s l y ,  i f  enough  s u r f a c t a n t  i s  p r e s e n t  i n  t h e  

c o n t in u o u s  phase  th e  s ta g n a n t  cap an g le  can s t r e t c h  a c ro s s  t h e  e n t i r e  

s u r f a c e  o f  t h e  d r o p l e t  r e s u l t i n g  in  a  co m p le te ly  immobile i n t e r f a c e  

and  a t e r m i n a l  v e l o c i t y  c h a r a c t e r i s t i c  o f  a  s o l i d  p a r t i c l e .  The 

s t a g n a n t  c a p  r e g im e  h as  been  examined t h e o r e t i c a l l y  by S av ic  (1983),  

G r i f f i t h  (1962),  Davis and A crivos  ( 1 9 6 6 ) ,  H a r p e r  ( 1 9 7 2 ,  1973 , 1974 

and 1982), and Sadhal and Johnson (1982).

C l e a r l y ,  t h e  r a t e  a t  w h ic h  s u r f a c t a n t  i s  t r a n s p o r t e d  b y  

c o n v e c t i o n  r e l a t i v e  t o  t h e  r a t e  o f  t r a n s p o r t  b y  s u r f a c e  o r  b u l k  

d i f f u s i o n  i s  c h a r a c t e r i z e d  b y  t h e  v a l u e s  o f  t h e  b u l k  an d  s u r f a c e  

P e c l e t  numbers, d e f in e d  as UqD '/® ' an<* U ^ D ^ /a ', r e s p e c t i v e l y ,  where a '
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and  Uq a r e  t h e  d r o p l e t  r a d i u s  an d  t e r m i n a l  v e l o c i t y  f o r  a  c l e a n

s u r f a c e  and  Dr and D* a re  th e  b u lk  and s u r f a c e  d i f f u s i o n  c o e f f i c e n t s .s

I n  drop  flow s P e c l e t  numbers a r e  u s u a l l y  v e r y  l a r g e  b e c a u s e  o f  t h e  

s m a l l  v a l u e s  o f  th e  d i f f u s i o n  c o e f f i c i e n t s  o f  s u r f a c t a n t s  i n  l i q u i d s ,  

and th e r e f o r e  th e  s ta g n a n t  cap regim e i s  p o t e n t i a l l y  t h e  m o s t  common 

p h y s i c a l l y  r e a l i z a b l e  reg im e. S e v e ra l  e x p e r im e n ta l  i n v e s t i g a t i o n s  a t  

h ig h  P e c l e t  and sm a ll  Reynolds numbers have p ro v id e d  i n d i r e c t  ev id en ce  

f o r  t h e  e x i s t e n c e  o f  a s t a g n a n t  c a p .  S a v ic  (1 9 5 3 )  n o t e d  t h a t  th e  

s t r e a m l in e s  su rro u n d in g  a  f a l l i n g  drop o f  w a te r  i n  c a s t o r  o i l  were n o t  

s y m m e tr ic  a b o u t  t h e  d r o p l e t  e q u a t o r .  H o r to n  ££ g l .  (1965) observed  

t h a t  i n  t h e  p r e s e n c e  o f  s u r f a c t a n t s  i n  t h e  c o n t i n u o u s  p h a s e ,  t h e  

c e n t e r  o f  t h e  r e c i r c u l a t i o n  v o r t e x  i n  th e  drop i n t e r i o r  s h i f t e d  away 

from t h e  l e a d i n g  p o l e .  A d d i t i o n a l  s t u d i e s  by  G a rn e r  a n d  S k e l l a n d  

( 1 9 5 5 ) ,  E l z i n g a  a n d  B an ch e ro  ( 1 9 6 1 ) ,  Huang a n d  K in tn e r  (1969) and 

B e i t e l  and H eideger (1971) connec ted  w i th  th e  in f lu e n c e  o f  s u r f a c t a n t  

a d s o r p t i o n  on  mass t r a n s f e r  from a  f a l l i n g  d r o p l e t  a l s o  o bserved  th e  

v o r t e x  s h i f t  and th e  a sym m etr ic  s t r e a m l i n e  p a t t e r n  a ro u n d  t h e  d ro p  

e q u a t o r .  The v o r t e x  s h i f t  and  s t r e a m l in e  asymmetry a r e  i n c o n s i s t e n t  

w i t h  u n i f o r m  r e t a r d a t i o n  s i n c e  i n  t h i s  r e g i m e  t h e  v e l o c i t y  i s  

u n i f o r m a l l y  r e d u c e d  a lo n g  th e  le n g th  o f  th e  drop and th e  s t r e a m l in e s  

rem a in  s y m m e tr ic  a b o u t  t h e  d ro p  e q u a t o r  a s  t h e y  a r e  i n  t h e  c l e a n  

s u r f a c e  H adam m ard-R ybczynsk i s o l u t i o n .  H ow ever, a  cap w here in  th e  

s u r f a c e  v e l o c i t y  i s  z e ro  b reak s  t h i s  symmetry, and th e  i n t e r i o r  v o r te x  

moves away from  th e  cap  t o  r e d u c e  t h e  v i s c o u s  d ra g  on th e  cap s id e  

f a c in g  th e  i n t e r i o r .

I n  t h i s  c h a p t e r ,  we s tu d y  th e  s ta g n a n t  cap regime becau se  i t  can  

be r e a l i z e d  i n  t h e  p h y s i c a l l y  common c i r c u m s t a n c e  o f  h i g h  P e c l e t  

n u m b e rs .  We c o n s i d e r  t h e  c a s e  o f  a s i n g l e  d r o p le t  t r a n s l a t i n g  i n  an
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i n f i n i t e  medium i n  s t e a d y ,  a x i s y m m e t r i c  c r e e p i n g  f l o w  w i t h  t h e  

i n t e r f a c i a l  t e n s i o n  l a r g e  enough  s o  t h a t  v i s c o u s  t r a c t i o n s  do n o t  

d i s t e n d  t h e  d r o p l e t  from  s p h e r i c i t y .  Thus b o t h  t h e  R e y n o l d s  a n d  

c a p i l l a r y  numbers a r e  each  assumed to  be much s m a l le r  th a n  one, where

( 2 )th e  R e y n o ld s  num ber i s  d e f i n e d  a s  p ' U ^ a ' / P  a n d  t h e  c a p i l l a r y

( 2 )num ber a s  p ' '  ' U ^ / o ' . (H ere  o '  d e n o t e s  t h e  i n t e r f a c i a l  t e n s i o n  and 

( 2 )
H 1 v th e  v i s c o s i t y  o f  th e  c o n tin u o u s  phase ;  i n  w h a t  f o l l o w s  d r o p l e t  

v a r i a b l e s  a r e  d e n o t e d  by  a s u p e r s c r i p t  ( 1 ) a n d  c o n t i n u o u s  p h a s e  

v a r i a b l e s  by a  s u p e r s c r i p t  ( 2 ) . )  As a  p u r e l y  h y d ro d y n a m ic  p ro b le m ,  

t h e  v e l o c i t y  f i e l d  due to  a  s ta g n a n t  cap a t  th e  r e a r  o f  a  t r a n s l a t i n g  

d rop can  be s o lv e d  f o r  e x a c t ly  (Sadhal and Johnson (1982) i n  t e rm s  o f  

an  i n f i n i t e  s e r i e s  o f  Gegenbauer po lynom ia ls  w i th  c o n s ta n t s  which a r e  

a f u n c t i o n  o f  t h e  cap  a n g l e  From t h i s  s e r i e s ,  a  c l o s e d  fo rm  

s o l u t i o n  f o r  t h e  d r a g  e x e r t e d  on t h e  d ro p  c a n  b e  o b t a i n e d  a s  a 

f u n c t io n  o f  <j>, and from t h i s  f u n c t i o n  th e  t e r m i n a l  v e l o c i t y  may be  

computed once th e  e x t e r n a l  f o r c e  on th e  drop i s  r e s o lv e d .

The cap a n g le ,  a s  y e t  unde te rm ined , i s  o b ta in e d  by co m p u tin g  t h e  

s u r f a c t a n t  d i s t r i b u t i o n  i n  th e  cap r e g io n .  T h is  i s  o b ta in e d  by f i r s t  

e q u a t i n g  t h e  d i f f e r e n c e  i n  v i s c o u s  s h e a r  s t r e s s e s  e x e r t e d  on  t h e  

s u r f a c e  b y  t h e  a d j o i n i n g  b u l k  p h a s e s  ( a s  c o m p u t e d  f r o m  t h e  

h y d ro d y n am ic  s o l u t i o n )  t o  t h e  i n t e r f a c i a l  t e n s i o n  g r a d i e n t .  T h i s  

g r a d i e n t ,  w h ic h  r e p r e s e n t s  t h e  s u r f a c e  p r e s s u r e  e x e r t e d  b y  t h e  

s u r f a c t a n t  m o l e c u l e s  a s  t h e y  a r e  c o m p re s s e d  i n  t h e  c a p ,  c a n  b e  

r e w r i t t e n  a s  a s u r f a c t a n t  c o n c e n t r a t i o n  g r a d i e n t  once an e q u a t io n  o f  

s t a t e  r e l a t i n g  t h e  s u r f a c e  c o n c e n t r a t i o n  ( T ' )  t o  t h e  i n t e r f a c i a l  

t e n s i o n  o '  i s  s p e c i f i e d .  T he b a l a n c e  o f  M a ra n g o n i  an d  v i s c o u s  

s t r e s s e s ,  r e f o r m u l a t e d  i n  te rm  o f  o ' ,  i s  i n t e g r a t e d  t o  o b t a i n  t h e
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s u r f a c t a n t  d i s t r i b u t i o n  a n d  y i e l d s  a ' a s  a  f u n c t i o n  o f  <f> a n d  a  

d im e n s io n le ss  g ro u p  ( t h e  M aran g o n i  num ber,  Ma) c h a r a c t e r i z i n g  t h e  

r a t i o  o f  t h e  s u r f a c e  p r e s s u r e  w h ich  t h e  s u r f a c t a n t  m o lecu les  e x e r t  

when th e y  a re  com pressed to  th e  v is c o u s  f o r c e s  te n d in g  to  c o n c e n t r a t e  

t h e  s u r f a c t a n t .  O nce o b t a i n e d ,  t h e  s u r f a c t a n t  d i s t r i b u t i o n  i s  

i n t e g r a t e d  o v e r  t h e  cap  r e g i o n  t o  o b t a i n  t h e  t o t a l  am ount on th e  

s u r f a c e ,  M. The v a r i a b l e  M i s  a l s o  com puted  in d e p e n d e n tly  from th e  

s u r f a c t a n t  c o n s e rv a t io n  e q u a t io n s ;  e q u a t in g  th e  two e x p re s s io n s  y i e l d s  

Once <f> i s  s p e c i f i e d ,  th e  problem i s  c lo s e d  a s  th e  d rag  c o e f f i c e n t  

and te rm in a l  v e l o c i t y  may be computed.

The above p rocedu re  was f i r s t  in t ro d u c e d  by G r i f f i t h  (1962) whose 

s tu d y  i s  in c o m p le te  s i n c e  he  d i d  n o t  h a v e  t h e  p r o p e r  h y d ro d y n a m ic  

s o l u t i o n ,  and  l a t e r  by S a d a h a l  and  J o h n s o n  (1 9 8 2 )  i n  t h e i r  e x a c t  

s o l u t i o n  o f  t h e  p ro b le m .  Each o f  t h e s e  a u t h o r s  assu m ed  t h a t  t h e  

s u r f a c e  p r e s s u r e  e x e r t e d  by th e  s u r f a c t a n t  com pressed i n  th e  s ta g n a n t  

cap may be r e p re s e n te d  by th e  gaseous e x p re s s io n :

a 'Q - a '  -  R 'T 'T '  , (1 .1 )

w h e r e  R ' a n d  T '  d e n o t e ,  r e s p e c t i v e l y ,  t h e  g a s  c o n s t a n t  a n d  

t e m p e r a t u r e .  The u s e  o f  t h i s  c o n s t i t u t i v e  e q u a t i o n  f o r  a l l  f lo w  

regim es i s  s e r i o u s l y  f law ed  b ecause  gaseous b e h a v io r  i s  o n ly  r e a l i z e d  

when t h e  s u r f a c e  coverage i s  low. When th e  s u r f a c t a n t  d e n s i t y  becomes 

l a r g e ,  s t r o n g  r e p u ls io n s  between s u r f a c t a n t  m o l e c u le s  y i e l d  s u r f a c e  

p r e s s u r e s  t h a t  v a ry  much more s t r o n g ly  th a n  l i n e a r l y  w i th  th e  s u r f a c e  

c o n c e n t r a t i o n .  The c o n c e n t r a t i o n  o f  s u r f a c t a n t  i n  t h e  s t a g n a n t  cap  

w i l l  d e p e n d  p r i n c i p a l l y  on t h e  am ount a d s o r b e d ,  and  th e  d eg ree  o f  

com pression  e x e r t e d  by th e  v is c o u s  f o r c e s .  I f  t h e s e  f o r c e s  a r e  l a r g e
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e n o u g h ,  t h e y  c a n  com press th e  s u r f a c t a n t  to  a d e n s i t y  h ig h  enough so 

t h a t  ( 1 . 1 ) does n o t  a p p ly .  In  such a  f lo w  c i r c u m s t a n c e ,  t h e  s u r f a c e  

p r e s s u r e  w h ich  th e  s u r f a c t a n t  e x e r t s  w i l l  be much l a r g e r  th a n  ( 1 . 1 ) 

because  o f  th e  s t r o n g e r  r e p u l s io n s  o c c u r in g  a t  th e  h ig h e r  d e n s i t y ,  and 

t h i s  e x t r a  s u r f a c e  p r e s s u r e  above th e  gaseous v a lu e  must be  d e s c r ib e d  

by a  n o n l i n e a r  e q u a t i o n .  S in c e  t h e  u s e  o f  a  g a s e o u s  c o n s t i t u t i v e  

e q u a t i o n  u n d e r p r e d i c t s  t h e  s u r f a c e  p r e s s u r e ,  S a d h a l  and Jo h n s o n 's  

r e s u l t s  u n d e r p r e d l c t  t h e  c a p  a n g l e  a n d  c o n s e q u e n t l y  t h e  d r a g  

c o e f f i c e n t .  The aim  i n  t h i s  c h a p t e r  i s  t o  o b t a i n  a  more r e a l i s t i c  

v a lu e  f o r  th e  cap an g le  by a l lo w in g  f o r  n o n l in e a r  i n t e r a c t i o n s .

In  t h i s  s tu d y ,  to  fo rm u la te  an e x p re s s io n  f o r  a  n o n l in e a r  s u r f a c e  

p r e s s u r e ,  th e  Langmuir iso th e rm  i s  u sed  in  c o n ju n c t io n  w ith  th e  G ibbs- 

Duhem e q u a t i o n .  I n  t h i s  i s o t h e r m ,  t h e  s u r f a c e  c o n c e n t r a t i o n  i n

e q u i l ib r iu m  w i th  th e  un iform  b u lk  c o n c e n t r a t i o n  i s  g iv e n  by:

where i s  th e  maximum p ack ing  d e n s i t y  o f  th e  s u r f a c t a n t  and k i s  th e

nond im ensional measure o f  th e  b u lk  c o n c e n t r a t io n  g iv e n  by k -  0 'C ^ / a ' .

I n  th e  d e f i n i t i o n  o f  k ,  0 '  and a '  a r e  t h e  a d s o r p t i o n  and  d e s o r p t i o n  

r a t e  c o n s t a n t s ,  w i t h  t h e  n e t  s o r p t i o n  g i v e n  f o r  a  s u b l a y e r  

c o n c e n t r a t i o n  C' by Q ' ( r * , C ' )  -  0 ' C ' ( r '  - T ' )  - a ' F ' . Assuming t h a t  th e
S  8  8  ®

b u l k  c o n c e n t r a t i o n  o f  s u r f a c t a n t  i s  sm all  enough so t h a t  a c t i v i t i e s  

may be r e p la c e d  by c o n c e n t r a t io n s  i n  th e  e x p r e s s io n  f o r  t h e  c h e m ic a l

p o t e n t i a l ,  V *  -  j . I n t e g r a t i n g  t h i s  iso th e rm  r e s u l t s  i n

F rum kin 's  c o n s t i t u t i v e  eq u a t io n :
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a'Q -  a - R 'T ' ^ n ( l - r ' / r 4 )  (1 .3 )

Note t h a t  t h i s  r e l a t i o n  r e d u c e s  t o  g a s e o u s  b e a v i o r  f o r  low  s u r f a c e  

c o v e r a g e  c o m p a r e d  t o  t h e  maximum p a c k i n g  d e n s i t y  ( T ' / T ^  « 1 ) .

F r u m k in 's  e q u a t i o n  a l s o  r e t a i n s  t h e  p h y s i c s  we s e e k  i n  t h a t  t h e  

s u r f a c e  p r e s s u r e  v a r i e s  much more s t r o n g ly  th a n  T ' f o r  h ig h  s u r f a c e  

co v e ra g e s .  The Frumkin e q u a t io n  does ,  however, have i t s  l i m i t a t i o n s  in  

t h a t  t h e  s u r f a c e  p r e s s u r e  d i v e r g e s  a s  F '  a p p r o a c h e s  t h e  maximum 

p ack in g  d e n s i t y  and c l e a r l y  th e  Frumkin e q u a t io n  o v e r c o m p e n s a te s  f o r  

t h e  r e p u l s i v e  i n t e r a c t i o n s .  T h e r e f o r e  t h e  r e s u l t s  o b ta in e d  h e r e i n  

u s in g  t h i s  e q u a t io n  may be re g a rd e d  a s  g i v i n g  an  u p p e r  bou n d  on  t h e  

cap an g le  f o r  a  p a r t i c u l a r  flow c i rc u m s ta n c e .

T his  c h a p te r  i s  o r g a n iz e d  a s  f o l l o w s .  I n  t h e  n e x t  s e c t i o n  th e  

s u r f a c t a n t  c o n s e r v a t i o n  e q u a t i o n s  a r e  fo rm u la ted ,  and th e  n u m erica l  

te c h n iq u e  f o r  o b ta in in g  th e  cap a n g le  u s in g  th e  n o n l in e a r  i s o t h e r m  i s  

d e s c r i b e d .  The f o l l o w i n g  s e c t i o n  p r e s e n t s  and g iv e s  a  d i s c u s s io n  o f  

th e  r e s u l t s .

2 .2  F orm ula tion

The s u r f a c t a n t  c o n s e rv a t io n  e q u a t i o n s  on  t h e  d r o p l e t  i n t e r f a c e  

b a l a n c e  t h e  d i f f u s i v e  f l u x  o f  s u r f a c t a n t  b e tw e e n  th e  b u lk  and th e  

s u r f a c e  w i th  c le a r a n c e  due to  c o n v e c t io n  and d i f f u s i o n  on th e  s u r f a c e ,  

a n d  b a l a n c e  t h e  b u l k  to  s u r f a c e  d i f f u s i v e  f l u x  w i th  th e  exchange due 

t o  t h e  s o r p t i o n  p r o c e s s .  To f o r m u l a t e  t h e s e  e q u a t i o n s  

n o n d im e n s io n a l ly ,  s c a l e s  o f  Uq , and a r e  chosen  f o r  v e l o c i t y  and

b u lk  and s u r f a c e  c o n c e n t r a t i o n s ,  r e s p e c t i v e l y .  In  th e  c o n te x t  o f  th e s e



22

s c a l e s ,  i t  i s  c l e a r  t h a t  co n v e c t io n  and d i f f u s i o n  a r e  o f  o r d e r  C 'U i /a '
00 0 '

2
and CVD^/a' , r e s p e c t i v e l y  an d  a d s o r p t i o n  and  d e s o r p t i o n  s c a l e  a s

/9 '< T r ;  an d  r e s p e c t i v e l y .  S c a l i n g  t h e  d i f f u s i v e  f l u x  i s  more

in v o lv ed .  At l a r g e  P e c l e t  numbers, s u r f a c t a n t  i s  t r a n s p o r t e d  t o  t h e  

s u r f a c e  t h r o u g h  a b o u n d a ry  l a y e r .  The s i z e  o f  t h e  b o u n d a ry  l a y e r  

t h i c k n e s s ,  S ' ,  i s  d e p e n d e n t  upon  t h e  s u r f a c e  m o b i l i t y .  E l e m e n ta r y  

b o u n d a ry  l a y e r  a rg u m e n ts  (L e v ic h  (1962)) in d i c a t e  t h a t  f o r  a  m obile

s u r f a c e  S ' / a '  -  0 ( P e ' ^ ^ )  , w h i l e  f o r  a s t a g n a n t  I n t e r f a c e  S ' / a '  -  

- 1 / 30 (P e  '  ) .  W ith  s u r f a c t a n t  adso rbed  onto  th e  s u r f a c e  th e  m o b i l i t y  on 

ave rage  i s  in t e r m e d ia te ,  and th e r e f o r e  th e  boundary l a y e r  th i c k n e s s  i s

t a k e n  h e r e  a s  S ' / a '  — 0 (P e  ^ ) ,  l / 3 £ t j £ l / 2 . Thus t h e  d i f f u s i v e  f lu x

s c a l e s  as  C^D'Pe ^ / a '  . With t h e s e  n o n d i m e n s i o n a l i z a t i o n s , t h e  mass

c o n s e rv a t io n  e q u a t io n s  become:

sii? i<v9>rsi"#>+ f t  < »  - •‘1 If, „ t2-1)| r - 0

« _1 -  Bi[c ( O d - r )  - k_1r] (2.2)
| r - 0  s

These e q u a t io n s  a r e  fo rm u la ted  w ith  r e s p e c t  to  a  s p h e r i c a l  c o o r d i n a t e  

system  ( r ' , 0 ,^ )  f ix e d  w ith  r e s p e c t  t o  th e  d r o p le t  and w ith  th e  an g le  0  

measured from t h e  f r o n t  s t a g n a t i o n  p o i n t .  The f u n c t i o n s  V&( 0 )  and

<?s ( 0 ) d e n o te  t h e  d i m e n s i o n l e s s  t a n g e n t i a l  s u r f a c e  v e l o c i t y  and the

s u b la y e r  c o n c e n t r a t i o n .  The n o n d im en s io n a l  r a d i a l  c o o r d i n a t e  i n  t h e  

n o rm a l  f l u x ,  r ,  i s  d e f i n e d  by  ( r ' - a ' ) / S ' .  The b u lk  (Pe) and s u r fa c e
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(Pe ) P e c l e t  num bers  and  t h e  p a r a m e t e r  k  w h ic h  a p p e a r  i n  t h e s e

e q u a t io n s  have been  d e f in e d  In  th e  I n t r o d u c t io n .  F i n a l l y ,  i n  ( 2 .1 )  and 

( 2 .2 ) ,  Bi -  j8 'C ^ / ( U ^ /a ' ) ,  and c h a r a c t e r i z e s  th e  r a t i o  o f  t h e  r a t e  o f

a d s o r p t i o n  o f  s u r f a c t a n t  t o  t h e  r a t e  o f  s u r f a c e  c o n v e c t io n  and $  -

Pe^ ^ ( r ^ / a 'C £ ) , and c h a r a c t e r i z e s  th e  s u r f a c e  c o n v e c t i v e  r a t e  t o  t h e

b u l k  d i f f u s i v e  r a t e .  (9  i s  te rm e d  th e  s u r f a c e  a c t i v i t y  p a ra m e te r  as  

in t ro d u c e d  and d i s c u s s e d  by D eryagin  £ £  &!.. (1 9 6 0 )  an d  H a r p e r  (1972 

and 1974)) .

S tag n a n t  cap b e h a v io r  fo l lo w s  i n  the  l i m i t s  Pes-*» and e i t h e r  Bi-K)

o r  $-»«> s in c e  i n  th e se  l i m i t s  th e  s u r f a c e  c o n s e rv a t io n  e q u a t io n  reduces  

to

!*<v,>rsin#> - 0 <2-3>

As th e  g e n e ra l  s o l u t i o n  o f  ( 2 . 3 )  i s  Vg ( 0 ) r  -  x / s i n 0 ,  ^  a c o n s t a n t ,

t h e r e  a r e  no n o n t r i v i a l  co n t in u o u s  s o l u t i o n s  f o r  b o th  T(tf) and V (0)s

which a re  bounded and v a l i d  e v e rw h e re  i n  t h e  dom ain  (0 s 8Sjt) . Hence

s o l u t i o n s  a r e  c o n s t r u c t e d  which a re  p ie c e w ise  c o n t in u o u s .  The s im p le s t

c o n s t r u c t io n  c o n s i s t e n t  w ith  th e  u n i d i r e c t i o n a l  n a tu r e  o f  t h e  s u r f a c e

c o n v e c t i o n  p a t t e r n  i s  t o  assum e I*(0 ) to  be nonzero  in  a r e g io n  on ly

a lo n g  th e  r e a r  o f  th e  d r o p l e t ,  i . e .  <  $ < w. S in c e  t h i s  r e g i o n

in c lu d e s  th e  p o le  6 - i r, x -0 ,  and s in c e  r ( 0 )  i s  nonzero , V (0)-O  and  th es

s e c t o r  i s  s ta g n a n t .  In  t h i s  r e g io n ,  th e  d i f f e r e n c e  i n  s h e a r  s t r e s s e s

( 2 1  ( 1 )e x e r t e d  b y  th e  b u lk  phases  on th e  s u r f a c e  (d e f in e d  as r f l(s )^

i s  eq u a ted  to  th e  Marangoni s t e s s .  For t h e  l e a d i n g  p a r t  o f  t h e  d ro p
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0£$<it-$,  r ( 0 ) - O  an d  t h i s  s a t i s f i e s  ( 2 .3 ) .  I n  t h i s  f r o n t  r e g io n  Vg (0)

i s  l e f t  u n c o n s t r a i n e d  and  t h e  s h e a r  s t r e s s e s  e x e r t e d  by t h e  b u l k  

p h a s e s  on  t h e  s u r f a c e  a r e  r e q u i r e d  t o  be  e q u a l .  S u m m a r iz in g ,  th e  

fo l lo w in g  boundary p r e s c r i p t i o n  s a t i s f i e s  th e  c o n s e rv a t io n  e q u a t io n :

r ( 0 ) -  0 (2 .4 a )

. ( 2 ) . (1)
r S ( s )  r f l ( s ) -  0 (2 .4 b )

Vs (0) -  0 (2 .5 a )

r < 2 > .  r d >
r 0 ( s )  r f f ( s )

( k -4> < 6  £  w)

1

V (2)  89
(2 .5 b )

O th e r  c o n s t r u c t i o n s  i n  w h ich  s u r f a c t a n t  i s  o r g a n i z e d  i n  b e l t s  a re  

c o n s i s t e n t  w i t h  ( 2 . 3 ) ,  b u t  a r e  n o t  r e l e v a n t  h e r e  s i n c e  t h e  c l e a n  

s u r f a c e  f lo w  i s  u n i d i r e c t i o n a l .  H ow ever, i f  t h e  s u r f a c t a n t - f r e e  

c o n v e c t io n  p a t t e r n  c o n t a i n e d  s t a g n a t i o n  r i n g s ,  a s  i s  t h e  c a s e  f o r  

c e r t a i n  s l u g  a n d  d r o p l e t  c r e e p i n g  f lo w s  r e g im e s  i n  t u b e s ,  t h e n  

s u r f a c t a n t  w i l l  p a r t i t i o n  i t s e l f  i n  dom a ins  a b o u t  t h e s e  r i n g s ,  and  

more c o m p lica ted  c o n s t r u c t io n s  would be r e q u i r e d .

The hydrodynamic problem c o n s i s t i n g  o f  th e  S tokes  f i e l d  e q u a t io n s  

an d  t h e  i n t e r f a c e  boundary c o n d i t io n s  o f  c o n t i n u i t y  o f  v e l o c i t y  a long  

th e  e n t i r e  s u r f a c e  and (2 .4 b )  and ( 2 .5 a )  i s  w e l l - p o s e d  ( f o r  unknown 

4>) , and  an  e x a c t  s o l u t i o n  was o b ta in e d  by Sadhal and Johnson  (1982). 

The cap a n g le  i s  d e t e r m in e d  by c o m p u t in g  t h e  am ount o f  s u r f a c t a n t  

w h ich  i t  i s  n e c e s s a r y  t o  a d s o r b  t o  c a u s e  a s u r f a c e  p r e s s u r e  t h a t
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b a la n c e s  th e  com pression  due t o  th e  v is c o u s  s h e a r  on a  cap o f  an g le  4>t 

an d  t h e n  com paring t h i s  v a lu e  to  th e  amount adso rbed  as  computed from 

th e  c o n s e rv a t io n  e q u a t io n .

Sadhal and Johnson g ive  th e  fo l lo w in g  e q u a t io n  f o r  th e  d i f f e r e n c e  

in  s h e a r  s t r e s s e s  e x e r t e d  by th e  su r ro u n d in g  p h a s e s  on  t h e  i n t e r f a c e  

i n  th e  cap re g io n :

w here  #c i s  th e  r a t i o  o f  th e  d r o p le t  to  th e  c o n t in u o u s  phase v i s c o s i t y

A -  {[2^ + s in ^  - s in 2 ^  - ^ s i n 3 ^ ] /2  + jt ( 2+3/c ) ) / 2 tt(1+k)

The d im ens iona l  d rag  F^ e x e r t e d  by th e  co n t in u o u s  phase  on th e  d r o p l e t

From t h e  F rum kin  c o n s t i t u t i v e  e q u a t io n  (1 .3 )  and th e  Marangoni 

s t r e s s  b a la n c e  ( 2 . 5 b ) ,  a d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  s u r f a c t a n t  

d i s t r i b u t i o n  may be  o b ta in e d :

(cos? “
( 1  + co s 6 )

(2 .6 )

3
g ( l  + costf) [ a r c s in ( (cosfl - c o s 6 ) v 1 / 2  ( c o s 6  - c o s d )1/f2( l  + c o s d )1/ 2 ,

1 - COS0 (1  + COS0) •*

) and A i s  th e  d rag  c o e f f i c e n t  d e f in e d  by:

i s  g iv e n  b y  F^ -  2 n f i ‘ ^ a '  [ (2+3/e ) / ( ! + « )  ]U' , where U' i s  th e  te rm in a l

v e l o c i t y .

(2 .7 )
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w h ere  Ha i d e n t i f i e s  t h e  M aran g o n i num ber,  an d  i s  d e f i n e d  a s  Ha -

R ' T ' r <J)/ ( / i '  . The Marangoni number c h a r a c t e r i z e s  th e  r a t i o  o f  t h e

l i n e a r  s u r f a c e  p r e s s u r e  f o r c e  t o  t h e  c o m p r e s s iv e  f o r c e  due to  th e  

v i s c o u s  s h e a r .  The s u r f a c t a n t  d i s t r i b u t i o n  T ( 0 )  i s  o b t a i n e d  b y  

i n t e g r a t i n g  (2 .7 )  from jt-^ to  an  a n g u la r  p o s i t i o n  $  i n  th e  cap ; from a 

second i n t e g r a t i o n  th e  t o t a l  amount on th e  s u r f a c e  i s  o b ta in e d .  Thus:

T (0 ) -  1  - exp (-  j j J -  [ h ( 0 ' , * ) / A d r )  ( 2 . 8 )

M ( * ) /2 jt -  r  s i n 0 ( l  - exp( - f Ah(tf' ' ) ) d 0  (2 .9 )
J jt- 0

In  o b ta in in g  (2 .8 )  th e  c o n d i t io n  T (x -^ )  -  0 h as  been  u sed .

A second  r e l a t i o n  f o r  th e  t o t a l  am ount a d s o r b e d  i s  o b t a i n e d  by  

m u l t i p l y i n g  th e  c o n s e r v a t i o n  e q u a t i o n s  ( 2 . 1 ) and ( 2 . 2 ) by s i n 0 and 

i n t e g r a t i n g  from 0 to  jr. Using t h i s  p ro ced u re  (2 .1 )  d e m o n s t r a te s  t h a t  

th e  n e t  d i f f u s i v e  f l u x  i s  equa l  t o  z e ro ,

fJ n
s i n f f  dtf -  0  ( 2 . 1 0 )

0  | r - 0

w h ile  ( 2 . 2 ) r e s u l t s  i n  an  e q u a t io n  f o r  M (^):

- rJ n
M ( * ) /2 jt -  s in *  [kC ( * ) ( l - r ( * ) ) ] d *  (2 .11 )

’0 s
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N ote  t h a t  a l t h o u g h  (2 .1 0 )  and (2 .1 1 )  a r e  t r u e  f o r  a l l  Bi and 4 ,  they  

do n o t  y i e l d  a  d e f i n i t i v e  v a lu e  f o r  M(^) w i th o u t  c o m p le te  r e s o l u t i o n  

o f  t h e  s u r f a c e  and s u b la y e r  c o n c e n t r a t i o n  f i e l d s .  To r e a l i z e  s ta g n a n t  

cap b e h a v i o r ,  e i t h e r  B1-+0 o r  4-*®. T h re e  p o s s i b i l i t i e s  e x i s t  w i t h  

re g a rd  to  th e s e  asym pto tes :  ( i )  Bi-»0, Bi4-»0, ( i i )  4-*®, Bi4-*« and ( i i i )  

Bi-*0, 4-*®, B i4 -0 (1 ) .  In  th e  f i r s t ,  s o r p t i o n  k i n e t i c s  i s  s lo w e r  t h a n

b u lk  d i f f u s i o n ,  and to  le a d in g  o r d e r ,  from ( 2 .2 ) ,  4^  -  0. T h e re fo re
| r - 0

th e  c o n c e n t r a t i o n  o f  s u r f a c t a n t  in  th e  b u lk ,  and p a r t i c u l a r l y  i n  t h e  

s u b l a y e r ,  r e m a in s  e q u a l  t o  o n e .  From ( 2 .1 1 )  w i th  Cg ( 0 ) - 1 ,  a s im ple

e q u a t io n  f o r  M(^) i s  o b ta in e d :

M W / 2 * -  ( 2 . 1 2 )

In  th e  second  p o s s i b i l i t y  (4-+®, Bi4-*«), b u lk  d i f f u s i o n  i s  s l o w e r  t h a n

s o r p t i o n  k i n e t i c s .  From (2 .2 )  i n  th e  l i m i t s  4-*® and B14-*® th e  s u b la y e r

and  s u r f a c e  a r e  fo u n d  to  be  i n  l o c a l  e q u i l i b r i u m  T ( 0 ) -  kC ( 0 ) /s

(1+kC ( 0 ) ) .  H ow ever, M(^) canno t be found e x p l i c i t l y  u n t i l  C (0) i s
3  S

o b ta in e d  as th e  s o l u t i o n  o f  a  b o u n d a ry  l a y e r  p ro b le m  w i t h  s u r f a c e  

c o n d i t i o n s  Cg (0)-O , O<0<x-^, and Cg (0) g iv e n  by th e  s o l u t i o n  o f  (2 .8 )

and  t h e  l o c a l  e q u i l i b r i u m  c o n s t r a i n t  f o r  n  . I n  t h e  l a s t

p o s s i b i l i t y  (B i-»0 ,  4-»®, B i 4 - 0 ( 1 ) ) ,  b u l k  d i f f u s i o n  and  s o r p t i o n  

k i n e t i c s  a r e  o f  the  same o rd e r .  The b u l k  a n d  s u b l a y e r  c o n c e n t r a t i o n  

f i e l d s  and u l t i m a t e l y  M(^) a re  o b ta in e d  from th e  s im u ltan e o u s  s o l u t i o n  

o f  the  boundary  l a y e r  e q u a t io n  and ( 2 . 2 ) and ( 2 . 8 ) .
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H ere  t h e  f i r s t  p o s s i b i l i t y  Bi-*0, Bi4M) w i l l  be a d d re s s e d .  For 

t h i s  c a s e ,  c o m b in in g  ( 2 . 9 )  and  ( 2 .1 2 )  r e s u l t s  i n  t h e  f o l l o w i n g  

i m p l i c i t  e q u a t io n  f o r

-  \  f  * exp( - j j J -  j 9 h « 9 ' ,* ) / A d * ') ] d 0  (2 .1 3 )

As t h e  i n n e r  i n t e g r a l  i n  ( 2 .1 3 )  c a n  b e  e v a l u a t e d  a n a l y t i c a l l y ,

s o l u t i o n s  f o r  ^ a s  a  f u n c t io n  o f  k and Ha may be  o b ta in e d  by f i x i n g  Ha 

and 4> and n u m e r ic a l ly  e v a lu a t in g  th e  o u te r  i n t e g r a l  so as  to  s o lv e  f o r  

k .  The r e s u l t s  o b ta in e d  a re  p r e s e n te d  in  th e  n e x t  s e c t i o n .

2 .3  R e s u l t s  and D isc u ss io n

C onsider  f i r s t  t h e  c a s e  i n  w h ich  Ha i s  v e r y  l a r g e  ( > 1 0 ) ,  and  

t h e r e f o r e  t h e  c h a r a c t e r i s t i c  l i n e a r  s u r f a c e  p r e s s u r e  f o r c e s  a r e  much 

l a r g e r  th a n  th e  c o m p r e s s iv e  v i s c o u s  s h e a r  f o r c e s .  B e c a u se  o f  t h i s  

d i s p a r i t y ,  t h e  a d s o r b e d  m o n o la y e r  canno t be com pressed v e ry  much by 

th e  v is c o u s  f o r c e s ,  and th e  c a p  s i z e  <j> i n c r e a s e s  d r a m a t i c a l l y  w i t h  

s m a l l  i n c r e a s e s  i n  t h e  b u l k  c o n c e n t r a t i o n .  T h i s  e x p e c te d  t r e n d  i s  

e x h i b i t e d  by th e  s o l i d  l i n e s  i n  F ig .  (2 )  w h ic h  a r e  t h e  s o l u t i o n  o f

( 2 ,1 3 )  f o r  k ( ^ )  w i th  Ha as a  p a ram ete r  equa l  to  10, 100 and 1000 and 

k- 0 . I n  th e  l i m i t  o f  l a r g e  Harangoni number, an  e x p a n s i o n  i n  i n v e r s e

Ha c a n  be  c o n s t r u c t e d  f o r  k ( H a ,^ )  o f  t h e  form: k (H a ,^ )  -  ^  S (^)  +

_2
0(Ma ) ,  where S (^) s a t i s f i e s  ( f o r  jc- 0) th e  r e l a t i o n
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f*(s in *  h ( * ' , ^ ) d * ' ) d *  (3 .1 )
-<f> '  n-4>

S ( 4 > )  -  ( 2 4  -  U 4 c o s 4  - s ln 2 ^  + 4 s in ^ ) /4 i r  (3 .2 )

The s e c o n d  l i n e  f o l l o w s  from  a n a l y t i c  i n t e g r a t i o n .  The approx im ate  

r e l a t i o n  k  = S (^)/(M a) i s  p l o t t e d  i n  F ig .  2 a s  t h e  d o t t e d  l i n e s ,  an d  

t h e  e x c e l l e n t  a g r e e m e n t  w i t h  t h e  n u m e r i c a l  s o l u t i o n  i s  c l e a r l y  

e v id e n t .  R e c a s t in g  th e  a sy m p to tic  r e l a t i o n  i n  th e  fo rm  S (^ )  »  kA*Ma, 

an d  n o t i n g  t h a t  f o r  s m a l l  k ,  M « 4 x k ,  S ( ^ )  «  (K /4x)M a — R 'T 'T ^ /

( 2 )(/i ' U ' ) .  These l a t t e r  e q u a t io n s  a l s o  fo l lo w  from  t h e  a s s u m p t i o n  o f

l i n e a r  k i n e t i c s  (Q* ( r '  ,(V)-/} ' CV IV- ar* ; iso th e rm  T^-k) and a  gaseous

e q u a t io n  o f  s t a t e  ( a ^ - a '  -  R 'T 'T ) ,  and were o b t a i n e d  by  S a d h a l  an d

Johnson.

When t h e  M aran g o n i num ber i s  s m a l l ,  t h e  v i s c o u s  c o m p r e s s i o n  

f o r c e s  f a r  e x c e e d  t h e  l i n e a r  s u r f a c e  p r e s s u r e ,  and  s u r f a c t a n t  i s  

com pressed c o n s id e ra b ly  so t h a t  n o n l in e a r  r e p u l s io n s  p ro v id e  th e  added 

s u r f a c e  p r e s s u r e  n e c e s s a ry  to  b a la n c e  th e  v is c o u s  a c t i o n .  As a r e s u l t  

o f  th e  s i g n i f i c a n t  com pression , r e l a t i v e l y  h ig h  b u lk  c o n c e n t r a t i o n s  o f  

s u r f a c t a n t  (co m p a re d  t o  t h e  l a r g e  Marangoni regim e) a r e  r e q u i r e d  to  

ach iev e  s i g n i f i c a n t  cap a n g l e s .  T h ese  r e s u l t s  a r e  shown i n  F i g .  3 , 

a g a i n  f o r  k- 0. For sm all  Ma, we do n o t  e x p e c t  th e  gaseous e q u a t io n  to  

g iv e  a c c u r a te  r e s u l t s  b ecause  o f  th e  s i g n i f i c a n t  v i s c o u s  c o m p re s s io n .  

For t h i s  c a s e ,  k(^,Ma) i s  o b ta in e d  by expanding  th e  r i g h t  hand s id e  o f

(2 .1 3 )  to  o b ta in :

S(tf) - r

-  2S(*)/(3M a) (3 .3 )
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T his  e q u a t io n  i s  p l o t t e d  as  th e  d o t t e d  l i n e  i n  F ig .  3, and i t  i s  c l e a r  

t h a t  t h e  u s e  o f  t h e  l i n e a r  e q u a t io n  o f  s t a t e  a l lo w s  th e  monolayer to  

be to o  co m p re ss ib le ,  and th u s  s e v e r e l y  u n d e r p r e d i c t s  t h e  c a p  a n g l e .  

More i m p o r t a n t l y ,  f o t  v a lu e s  o f  Ma<l, i t  can  e a s i l y  be shown t h a t  th e  

r i g h t  hand s id e  o f  (3 .3 )  reac h es  1 f o r  $ < x ,  and th e r e f o r e  f o r  Ma < 1, 

a s  k i n c r e a s e s ,  t h e  c a p  a n g l e  asym pto tes  to  a f i x e d  v a lu e .  Thus th e  

monolayer i s  so co m p ress ib le  t h a t  an  i n f i n i t e  amount o f  s u r f a c t a n t  can 

b e  c o n t a i n e d  i n  a f i n i t e  s i z e d  cap  i f  Ma i s  s m a l l  e n o u g h .  The 

s u r f a c t a n t  d i s t r i b u t i o n s  f o r  M a-0 .5  i s  p i c t u r e d  i n  F i g .  4 f o r  t h e

l i n e a r  an d  n o n l i n e a r  iso th e rm , f o r  th e  same v a lu e  o f  k (0 .2 1 8 ; ^ -60°

f o r  t h e  n o n l i n e a r  and  4 5 . 6 °  f o r  t h e  l i n e a r ) .  The f i g u r e  c l e a r l y  

i n d i c a t e s  t h a t  t h e  u s e  o f  t h e  l i n e a r  i s o t h e r m  y i e l d s  a  s u r f a c t a n t  

c o n c e n t r a t i o n  a t  th e  r e a r  p o le  which i s  a f a c t o r  o f  1 .5  l a r g e r  th a n  

t h e  maximum p a c k i n g  d e n s i t y .  A r e p r e s e n t a t i v e  d i s t r i b u t i o n  f o r  l a rg e

Ma i s  a l s o  p r o v i d e d  (M a-100, k -  1 . 8 x 1 0 " ^ ,  <f> -  5 9 . 9 ° ) ,  a n d  t h e  

agreem ent between th e  l i n e a r  and n o n l in e a r ,  and th e  sm a ll  v a lu e s  o f  I”  

i n  r e l a t i o n  to  a r e  c l e a r l y  e v id e n t .

C o n s id e r  t h e  l i m i t  o f  ^(k,Ma) as  Ma-*0 f o r  f i x e d  k .  I f  a  gaseous 

e q u a t i o n  i s  a s su m ed , ^-*0 ( c f .  ( 3 . 3 ) )  and  a l l  t h e  s u r f a c t a n t  i s  

c o m p re s s e d  i n t o  t h e  r e a r  p o l e .  H ow ever, when th e  n o n l in e a r  Frumkin 

e q u a t i o n  i s  u s e d ,  when Ma->0 an d  t h e  v i s c o u s  c o m p r e s s iv e  s t r e s s e s  

become i n f i n i t e ,  s u r f a c t a n t  i s  com pressed to  th e  e x t e n t  t h a t  T-+1  and 

th e  s u r f a c e  p r e s s u re  f o r c e s  become s i n g u l a r  i n  o r d e r  t o  b a l a n c e  th e  

i n f i n i t e  v is c o u s  f o r c e s .  S u r f a c ta n t  i s  packed w i th  a  d e n s i t y  i n t o  a

cap o f  a  p a r t i c u l a r  s i z e  o b t a i n e d  b y  t a k i n g  t h e  l i m i t  o f  ( 2 .1 3 )  a s  

Ma-K). The r e s u l t  i s :



(3 .4 )

The above  f u n c t i o n ,  p l o t t e d  i n  F ig u re  3, p ro v id e s  an  envelope  below 

which th e  v a lu e  o f  k f o r  a p a r t i c u l a r  cap  a n g l e  a t  f i n i t e  M aran g o n i 

number may be  found.

Thus we conclude  t h a t  th e  use  o f  a  gaseous e q u a t io n  o f  s t a t e ,  a s  

h a s  b e e n  u n d e r t a k e n  e x c lu s iv e ly  i n  th e  l i t e r a t u r e ,  i s  o n ly  v a l i d  f o r  

l a r g e  Marangoni numbers (Ma>10), and t h a t  th e  e x te n s io n  to  r e g im e s  o f  

s m a l l  Ma s i g n i f i c a n t l y  u n d e r p r e d i c t s  t h e  c a p  a n g l e .  The num erica l  

s o l u t i o n s  g iv e n  in  F ig .  3 which use  th e  F rum kin  e q u a t i o n  t o  d e s c r i b e  

t h e  i n t e r f a c i a l  t e n s io n  c o n s t i t u t i v e  e q u a t io n  p ro v id e  a more a c c u ra te  

com puta tion  o f  th e  cap an g le  f o r  th e  r e g im e  o f  Ma<10. T o g e t h e r  w i t h  

A (^) , F ig .  3 a l low s  f o r  th e  d i r e c t  d e te rm in a t io n  o f  th e  t r a n s l a t i o n a l  

v e l o c i t y  o f  th e  d r o p l e t  i n  te rm s  o f  t h e  b u l k  c o n c e n t r a t i o n  an d  th e  

Langmuir c o n s ta n t s  o f  th e  s u r f a c t a n t .
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Chapter 3

The Unsteady Translation of a Fluid Droplet Owing to 
the Adsorption of a Surfactant Monolayer

3 .1  I n t r o d u c t io n

The hydrodynam ic  movement o f  a  f l u i d  d r o p l e t  i n  a n  u n b o u n d ed  

c o n t i n u o u s  l i q u i d  p h a se  i s  s i g n i f i c a n t l y  r e t a r d e d  by th e  p re se n c e  o f  

s t r o n g ly  a d so rb in g  s u r f a c t a n t s  d i s s o lv e d  in  th e  d r o p l e t  o r  c o n t i n u o u s  

b u l k  p h a s e s .  The p h y s ic o c h e m ic a l  b a s i s  o f  t h i s  r e t a r d a t i o n  was f i r s t  

o u t l i n e d  by L ev ich  (F ru m k in  an d  L e v ic h  (19 4 7 )  an d  L e v ic h  ( 1 9 6 2 ) ) ,  

L e v ic h  p r o p o s e d  t h a t  t h e  c l e a n  s u r f a c e  o f  a f r e s h l y  formed d r o p le t  

which b e g in s  to  t r a n s l a t e  becomes p o p u la te d  w i th  s u r f a c t a n t  m o l e c u le s  

b e c a u s e  o f  a d s o r p t i o n  o f  t h e s e  m o l e c u l e s  f ro m  t h e  b u l k  a d j o i n i n g  

p h a s e s .  T h is  a d s o rp t io n  d e p l e te s  th e  m o l e c u l a r  c o n c e n t r a t i o n  i n  t h e  

v i c i n i t y  o f  t h e  i n t e r f a c e ,  and  m o l e c u le s  from  t h e  b u l k  b e g i n  t o  

d i f f u s e  tow ards th e  d r o p le t  i n t e r f a c e .  S u r f a c ta n t  w h ich  h a s  a d s o r b e d  

i s  c o n v e c t e d  to w a rd s  t h e  t r a i l i n g  p o le .  The i n t e r f a c i a l  co n v e c t io n  

c r e a t e s  a  g r a d i e n t  o f  s u r f a c t a n t  a l o n g  t h e  i n t e r f a c e ,  w i t h  t h e  

t r a i l i n g  p o l e  h a v i n g  a much h i g h e r  c o n c e n t r a t i o n .  S u r f a c t a n t  

c o l l e c t i n g  a t  t h i s  p o l e  b e g i n s  t o  d e s o r b ,  a n d  t h e s e  m o l e c u l e s  

s u b s e q u e n t l y  d i f f u s e  away from th e  d r o p l e t .  E v e n tu a l ly  a  s te a d y  s t a t e  

i s  reac h ed  w here in  th e  u p ta k e  o f  s u r f a c t a n t  o n to  t h e  s u r f a c e  a t  t h e  

l e a d i n g  edge  b y  a d s o r p t i o n  and  b u l k  d i f f u s i o n  to w a rd s  th e  drop i s  

b a la n c e d  by th e  l o s s  a t  th e  t r a i l i n g  edge v i a  d e s o r p t io n  and d i f f u s i o n  

away from  th e  d rop . The s u r f a c e  g r a d ie n t  o f  s u r f a c t a n t  which deve lops  

as  th e  s u r f a c t a n t  d i s t r i b u t i o n  ev o lv es  tow ards s t e a d y  s t a t e  c a u s e s  a
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g r a d i e n t  I n  i n t e r f a c i a l  t e n s i o n ,  and th e r e f o r e  a  t a n g e n t i a l  s t r e s s ,  

w h ich  o p p o s e s  t h e  s h e a r  s t r e s s  a p p l i e d  t o  t h e  d r o p l e t  b y  t h e  

c o n t i n u o u s  p h a s e .  The r e s u l t  i s  a  g ra d u a l  r e t a r d a t i o n  o f  th e  d r o p l e t  

te rm in a l  v e l o c i t y .

The e x t e n t  o f  t h e  r e t a r d a t i o n  i s  a f u n c t io n  o f  th e  s e v e r i t y  o f  

th e  s u r f a c t a n t  g r a d ie n t  which d e v e lo p s .  The g r a d i e n t  i s  p r i m a r i l y  a 

f u n c t i o n  o f  t h e  t i m e  s c a l e s  w h ich  c h a r a c t e r i z e  t h e  i n t e r f a c i a l  

c o n v e c t io n ,  b u lk  d i f f u s i o n  and a d s o r p t i o n - d e s o r p t i o n  o f  s u r f a c t a n t .  

When t h e  t im e  s c a l e  f o r  c o n v e c t io n  i s  much f a s t e r  th a n  b o th  th o se  o f  

b u lk  d i f f u s i o n  and a d s o r p t io n -d e s o r p t io n ,  th e  s u r f a c t a n t  c o n c e n t r a t i o n  

a t  t h e  t r a i l i n g  edge  i s  v e r y  h ig h  compared to  e lsew here  on th e  drop 

i n t e r f a c e  and th e  r e t a r d a t i o n  i s  l a r g e .  In  th e  f u r t h e r  l i m i t  i n  w h ich  

t h e  l a t t e r  two t im e  s c a l e s  become i n f i n i t e ,  th e  le a d in g  p o le  o f  th e  

drop i s  swept com ple te ly  c l e a n ,  and s u r f a c t a n t  c o l l e c t s  i n  a  s t a g n a n t  

cap  a t  t h e  t r a i l i n g  p o le .  This  c i rc u m stan c e  o f  s ta g n a n t  cap fo rm a t io n  

r e s u l t s  i n  th e  l a r g e s t  r e t a r d a t i o n .  When t h e  r a t e s  o f  a d s o r p t i o n -  

d e s o rp t io n  and s u r f a c t a n t  d i f f u s i o n  a re  v e ry  f a s t  i n  com parison to  th e  

r a t e  o f  s u r f a c e  c o n v e c t io n ,  th en  th e  s u r f a c t a n t  g r a d ie n t s  a r e  r e d u c e d  

s i n c e  t h e  r a p i d  exchange  from th e  b u lk  m inim izes th e  sweeping e f f e c t  

o f  i n t e r f a c i a l  c o n v e c t io n .  The r e s u l t  i s  a  sm a l l  r e t a r d a t i o n .

L e v ic h 's  model has  been  th e  b a s i s  o f  s e v e r a l  t h e o r e t i c a l  s t u d i e s .  

The h y d r o d y n a m i c s  o f  t h e  s t a g n a n t  c a p  h a s  b e e n  i n v e s t i g a t e d  

n u m e r i c a l l y  by  D av is  an d  A c r iv o s  (1966), and a n a l y t i c a l l y  by Harper 

(1 9 7 3 ,  1982) f o r  s m a l l  c a p s  and  S a d h a l  a n d  J o h n s o n  ( 1 9 8 3 )  f o r  

a r b i t r a r y  cap s i z e s .  The o p p o s i te  l i m i t i n g  c a se  o f  r a p i d  exchange from 

th e  b u lk  was o r i g i n a l l y  s tu d ie d  by Levich  (1962 ) ,  who c o n s i d e r e d  th e  

m echan ism s o f  d i f f u s i o n  an d  a d s o r p t i o n - d e s o r p t i o n  s e p a r a t e l y ,  and 

l a t e r  Newman ( 1 9 6 6 )  who t r e a t e d  b o t h  t r a n s p o r t  m e c h a n i s m s
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s i m u l t a n e o u s l y .  An u n d e r s ta n d in g  o f  th e  problem f o r  th e  in te r m e d ia te  

c a s e  i n  which th e  a d s o r p t io n -d e s o r p t io n  and d i f f u s i o n  r a t e s  a r e  s lo w ,  

b u t  n o t  i n f i n i t e l y  slow so as  t o  form a s ta g n a n t  cap ,  were u n d e r ta k e n  

by Levan (1982) and Holbrook and Levan (1 9 8 3 a ,  1 9 8 3 b ) ,  who o b t a i n e d  

n u m e rica l  s o l u t i o n s  f o r  th e  t r a n s l a t i o n a l  v e l o c i t y .

The p r e v i o u s  s t u d i e s  h a v e  b e e n  c o n c e r n e d  s o l e l y  w i t h  t h e  

c a l c u l a t i o n  o f  t h e  s t e a d y  t r a n s l a t i o n a l  v e l o c i t y .  No a t t e n t i o n  has  

been  focused  on t h e  s t u d y  o f  t h e  u n s t e a d y  h y ro d y n a m ic s  o f  g r a d u a l  

d r o p l e t  r e t a r d a t i o n  w i th  th e  a d s o rp t io n  o f  s u r f a c t a n t .  The aim o f  t h i s  

c h a p te r  i s  to  d e t a i l  th e s e  u n s tead y  hydrodynam ics.

3 .2  M athem atical Fo rm ula tion

The s y s t e m  u n d e r  c o n s i d e r a t i o n  i s  a s p h e r i c a l  v i s c o u s  

i n c o m p r e s s i b l e  d r o p l e t  o f  r a d i u s  a '  m o v in g  u n s t e a d i l y  a n d  

a x i s y m m e t r i c a l l y  a t  t h e  i n s t a n t a n e o u s  t r a n s l a t i o n a l  v e l o c i t y  U ' 

t h r o u g h  an  u nbounded  N e w to n ia n  f l u i d  w h ic h  i s  im m is c ib le  w i th  th e  

d r o p l e t  f l u i d .  I t  i s  assumed t h a t  th e  s u r f a c e  t e n s i o n  o f  t h e  d r o p l e t  

i s  l a r g e  enough t h a t  th e  d r o p l e t  r e t a i n s  i t s  s p h e r i c a l  shape as  i t  i s  

moving. The s u r f a c t a n t  i s  assu m ed  t o  b e  u n i f o r m l y  p r e s e n t  i n  t h e  

c o n t in u o u s  phase and adso rbs  on th e  s u r f a c e  o f  th e  d r o p l e t .

The o r i g i n  o f  th e  c o o rd in a te  system  i s  l o c a t e d  a t  t h e  c e n t e r  o f  

t h e  d r o p l e t .  The an g le  8  i s  measured from th e  f r o n t  s t a g n a t i o n  p o in t  

( F i g . l ) .  D ro p le t  v a r i a b l e s  a r e  d e n o te d  w i t h  t h e  s u p e r s c r i p t  1 an d  

c o n t in u o u s  phase  v a r i a b l e s  a re  dem arcated  w i th  th e  s u p e r s c r i p t  2. The 

v a r i a b l e s  i n  th e  fo rm u la t io n  a r e  n o n d im e n s io n l i z e d  i n  t h e  f o l l o w i n g  

way: (D im en s io n a l  q u a n t i t i e s  a r e  marked by a  p rim e, and d im e n s io n le ss  

q u a n t i t i e s  a re  unprimed th ro u g h o u t th e  a n a l y s i s . )



i n  th e  above t '  i s  th e  t im e ,  p '  i s  th e  v i s c o s i t y ,  i s  t h e  s t r e s s

t e n s o r ,  a n d  r q i s  t h e  e q u i l i b r i u m  s u r f a c e  c o n c e n t r a t i o n .  Uq i s  th e

s te a d y  v e l o c i t y  o f  th e  d r o p l e t  i n  th e  absence o f  th e  s u r f a c t a n t ,  i . e . ,  

th e  Hadmard-Rybczynski v e l o c i t y  g iv e n  by

D, _ 2 ( 1 +*) ( g ' ( 1 ) - ( 1  0b .
U0 3«+2 3 ^ ( (2) (Z ' 0b)

where p ’ i s  th e  d e n s i t y  and g '  i s  th e  g r a v i t a t i o n a l  c o n s t a n t .  F i n a l l y

in  e q u a t io n  (2 .0 a )  V j ^  a r e  th e  components o f  th e  v e l o c i t y .

Owing t o  t h e  a s s u m p t i o n  o f  a x i s y m m e t ry ,  th e  components o f  the  

v e l o c i t y  may be e x p re s s e d  in  te rm s o f  th e  s tre a m  f u n c t io n  \f>, t h a t  i s

V( 1 > -  - — ■—  “ (1 )  (2  l a )V 2  3 9  U . i a ;
r  s in#

ij(i)
' 6  ~  rs in f l  d r

^  ( 2 . 1 b)

and th e  d im e n s io n le ss  form o f  th e  f u n c t io n  i/> i s
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i >  ( 2 . 1 c)
a '  U'

N ote  I n  t h e  a b o v e ,  t h e  t im e  i s  s c a le d  by th e  c o n v e c t iv e  tim e s c a l e ,  

a*
uo '

A ssum ing  t h e  R e y n o ld s  number f o r  th e  drop i s  s m a l l ,  th e  N av ie r-  

S tokes  e q u a t io n s  i n  term s o f  th e  s tream  f u n c t io n  become

E2 (E2 0 ( i ) ) -  0 (2 .2 )

2The E o p e r a t o r  i s  t h e  a x i s y m m e t r i c  s t r e a m  f u n c t i o n  o p e r a t o r  i n  

s p h e r i c a l  c o o r d in a te s ,  which i s  d e f in e d  below:

e 2 -  +  s l n f i .  3— / _ 1 —  jgL ■w / o  o v

3 r 2  r 2  8 6  s i n 0  8 6

The hydrodynamic boundary c o n d i t io n s  a re  a s  fo l lo w s :

(1) Far from th e  d r o p l e t ,  th e  v e l o c i t y  f i e l d  i s  un ifo rm :

i im  tf<2) -  j  r 2  s i n 2* (2 .3 a )

(2) The v e l o c i t y  components must rem ain  f i n i t e  a t  a l l  p o in t s  

w i th in  th e  d r o p le t .
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(3) S i n c e  t h e r e  I s  n o  s l i p  b e t w e e n  f l u i d s  a t  t h e i r  

i n t e r f a c e ,  t h e  t a n g e n t i a l  i n t e r f a c i a l  v e l o c i t y  

components must be c o n t in u o u s ,  i . e .

(4) The n o rm a l  co m p o n en ts  o f  t h e  i n n e r  a n d  o u t e r  f l u i d  

v e l o c i t i e s  a r e  c o n t in u o u s  and ze ro  s in c e  th e  i n t e r f a c e  

i s  n o t  moving; th u s

(5) Because th e  drop h as  been  assumed t o  r e m a in  s p h e r i c a l ,  

t h e  u s e  o f  t h e  n o rm a l  s t r e s s  b a la n c e  i s  p re c lu d e d ,  and 

t h e  i n s t a n t a n e o u s  t r a n s l a t i o n a l  v e l o c i t y  i n  t h e  

g r a v i t a t i o n a l  f i e l d  i s  d e te rm ined  by an i n t e g r a l  fo rc e  

b a la n c e  in  th e  d i r e c t i o n  o f  th e  m otion . Thus

v ( l )  _ y<2 ) r - 1  (2 .3 b )

-  0r  r r - 1  (2 .3 c )

)COS0 - T

(2 .3 d )

r - 1

( 6 ) The t a n g e n t i a l  s t r e s s  i s  b a la n c e d  by th e  g r a d i e n t  o f  th e  

s u r f a c e  c o n c e n t r a t i o n  o f  th e  s u r f a c t a n t :
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where o '  i s  th e  s u r f a c e  t e n s i o n  and i s  a  f u n c t io n  o f  th e

d i s t r i b u t i o n  o f  th e  s u r f a c t a n t  on th e  s u r f a c e .

As i s  e v d e n t  from  th e  a b o v e  f o r m u la t io n ,  i n  o r d e r  to  so lv e  th e  

problem  com ple te ly  th e  s u r f a c t a n t  d i s t r i b u t i o n  m u st  b e  d e t e r m i n e d .  

T h i s  d i s t r i b u t i o n  i s  com pu ted  from  th e  e q u a t i o n  w h ic h  r e p r e s e n t s  

c o n s e r v a t i o n  o f  s u r f a c t a n t  a t  t h e  i n t e r f a c e  o f  t h e  d r o p l e t .  The 

e q u a t io n  g iv in g  th e  s u r f a c t a n t  b a la n c e  on th e  i n t e r f a c e  can  be w r i t t e n  

i n  s p h e r i c a l  c o o rd in a te  as  fo l lo w s :

s u r f a c e  P e c l e t  n u m b e r  (Pe -  - —— , D' i s  t h e  s u r f a c e  d i f f u s i o n
S  v  ss

c o e f f i c i e n t ) .  The f u n c t io n  Q(T,C ) i n  (2 .4 )  d e s c r ib e s  th e  a d s o rp t io n -s

d e s o r p t i o n  k i n e t i c s  (Cg i s  th e  s u r f a c t a n t  s u b la y e r  c o n c e n t r a t i o n  and 

n o n d i m e n s i o n a l i z e d  b y  C ' ,  C -  C ( r - 1 , # ) ) .  H e r e  t h e  L a n g m u i rco S

fo rm u la t io n  f o r  th e  k i n e t i c s  i s  adop ted  (D avies and R id e a l  1963); th u s  

i n  d im ens iona l  form

2 E + - 1 —  2 _
8 t  s in #  8 6

(sintfFV^) Pe s in #  8 6  s
i a_ ( . i n *  | f )  + Q (r .C s ) (2 .4 )

where Vg i s  th e  s u r f a c e  v e l o c i t y  (Vg-  ( # , r - 1 ) ) ,  an d  P eg i s  t h e

Q'(r' . c ' )  -  -q'P' - £'C'(r' - r n
& s  ® (2 .5 )



43

where a ’ and /9' a r e  k i n e t i c  c o n s t a n t s  o f  d e s o r p t i o n  an d  a d s o r p t i o n  

r e s p e c t i v e l y ,  i s  th e  maximum pack ing  d e s i t y  o f  th e  s u r f a c t a n t .  From

( 2 .5 ) ,  th e  c o n c e n t r a t i o n  Tq which i s  in  e q u i l i b r i u m  w i t h  t h e  maximum

s u b l a y e r  s u r f a c t a n t  c o n c e n t r a t i o n  c a n  e a s i l y  b e  o b t a i n e d  from

Q ' ( r » , c ; ) - o ; th u s

r 'io _ H n
r  1 + k (2,6)

00

where k -  /3 'C ^ /a ' and i s  th e  r a t i o  o f  a d s o r p t io n  to  d e s o r p t i o n  r a t e s .  

N o n d i m e n s i o n a l i z a t i o n  o f  ( 2 . 5 )  b y  U ^ r ^ / a '  y i e l d s  a f t e r  some 

m a n ip u la t io n  th e  s u r f a c t a n t  mass e q u a t io n

iJT — 1— £_ ( s i n 0rv ) -  -1 (s in ff^")
a t  s in 0  8 0  V  Pe s i n 0  8 0  {' s x n a 8 0 }

8

(2 .7 )

Bi*[cs (r - l) + J (r - cg)]

where Bi i s  c a l l e d  B lo t  number and i s  i n  th e  form:

Bi - ( U £ /a ' )

Two d i s p a r a t e  r e g im e s  a r e  d e s c r i b e d  by th e  B l o t  num ber.  When t h e

a ' 1c o n v e c t i v e  t im e  s c a l e  7 7 7  i s  much l e s s  th an  th e  a d s o r p t io n  tim e 7 7 7 7
u 0  P  «  

t h e  B l o t  num ber i s  s m a l l  co m p a re d  t o  u n i t y .  W i th  t h i s  r e g i m e  

s u r f a c t a n t  accum ula tes  a t  th e  r e a r  p o le  e x e r t i n g  a  d rag  r e s i s t i n g  th e
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flow . On th e  o th e r  hand, when th e  B lo t  number I s  l a r g e ,  t h e  s o l u t i o n  

a p p r o a c h e s  t h e  e q u i l i b r i u m  c o n d i t i o n  w h e r e b y  t h e  i n t e r f a c i a l  

c o n c e n t r a t i o n  i s  un ifo rm  and e q u a l  t o  th e  e q u i l ib iu m  v a lu e  Tq .

The s u b l a y e r  c o n c e n t r a t i o n ,  Cs , i s  s o lv e d  a s  fo l lo w s .  Form ally ,

Cg can  be o b ta in e d  by s o lv in g  th e  s te a d y  c o n v e c t iv e - d i f f u s i o n  e q u a t io n

in  th e  co n t in u o u s  phase ,  i . e .

Pe\N fa -  V2C (2 .8 )

2
w h ere  7 i s  t h e  L a p l a c i a n  o p e r a t o r ,  P e c l e t  number i s  U ^ a ' / D'» D' i s

t h e  b u l k  d i f f u s i v i t y  o f  t h e  s u r f a c t a n t  a n d  C i s  t h e  b u l k  

c o n c e n t r a t i o n .  The boundary  c o n d i t io n s  on th e  b u lk  c o n c e n t r a t i o n  a r e :

“ r - 1 -  £ Pe B1*Ic ,< r  - U  + k <r  ‘ Cs »  <2 ' 9>

and

lim  C ( z , p )  -  1 
|z|-«o

a c
d p |p -b

( 2 . 10)

( 2 . 11)

where S '  i s  th e  a d s o rp t io n  d e p t h  o f  t h e  s u r f a c t a n t ,  T ^ /C ^ .  Assume

f M ao
“■(z ~ B i «  1 ,  E q n . ( 2 . 9 )  i s  r e d u c e d  to   ̂ 0, t h e r e f o r e  C i s  aa  r e  a r \ r - i  s

c o n s ta n t  w hich i s  eq u a l  to  1. E q n .(2 .7 )  i s  i n  th e  form

“  + f? g_ (sln9aE) . B1(r . t) (2-li)
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where Bi i s  c a l l e d  m o d if ied  B io t  number and equa l  t o  B i*^?^  -  flTTf ■
0

W ith t h e  L angm uir  c h o ic e  o f  th e  a d s o rp t io n  iso th e rm  ( E q n . ( 2 .5 ) ) ,  th e  

d e p e n d e n c e  o f  t h e  s u r f a c e  t e n s i o n  o n  t h e  s u r f a c t a n t  s u r f a c e  

c o n c e n t r a t i o n  ( o' (r ' ) )  may be fo rm u la ted  from th e  Frumkin e q u a t io n

— -  El£!  / 2  13)ar' (i - r ' / r )  n . u ;

S u b s t i t u t i n g  E q . ( 2 , 1 3 )  i n t o  E q . ( 2 . 3 e )  y i e l d s  t h e  f o l l o w i n g  

e q u a t io n :

r i V  ■ -  • Ma 1 -  k  r “ L ( 2 -3 f >

where

R 'T 'T '  
Ma -  (2) V

A lth o u g h  t h i s  p ro b le m  s h o u ld  be  s o l v e d  u s i n g  t h e  n o n l i n e a r  fo rm

E q n . ( 2 . 3 f ) ,  we a s s u m e  h e r e  t h a t  k  i s  s m a l l  en o u g h  so  r ^ ^  I s

n e g l i g i b l e  com pare  t o  1. T h e r e f o r e  t h e  l i n e a r  c o n d i t i o n  o f  t h e  

t a n g e n t i a l  s t r e s s

i s  v a l i d  f o r  b o th  l a r g e r  and sm all  Marangoni numbers ( c f .  C hap te r  2 ) .

3 .3  S o lu t io n  P rocedure



The s u r f a c t a n t  c o n c e n t r a t i o n  r ( t , 0 )  c a n  b e  e x p r e s s e d  i n  a  

Legendre s e r i e s

(3 .1 )

where Pm(cos0) i s  th e  Legendre p o ly n o m ia l  o f  o r d e r  m a n d  a m( t )  i s  a

s e t  o f  unknown tim e dependen t c o e f f i c i e n t s .

The s o l u t i o n  o f  E q . ( 2 . 2 )  c a n  be  o b t a i n e d  b y  a  s e p a r a t i o n  o f  

v a r i a b l e s .  The s o l u t i o n  f o r  the  d r o p l e t  and e x t e r i o r  ph ases  which i s  

bounded a t  th e  p o le s  i s :

po lynom ia l o f  o r d e r  n and degree  - 1 / 2 .

The boundary c o n d i t io n s  (2 .3 )  a r e  a p p l ie d  to  th e  above expans ions  

i n  a  s t r a i g h t  f o r w a r d  manner. C onsequen tly ,  th e  s t ream  f u n c t io n  can  

th e n  be r e w r i t t e n  i n  term s o f  th e  unknown a  ( t )  c o e f f i c i e n t s :

*(1>- 2 n (A( i >rn + B<i > r ' n + 1  + C<l >rn f 2  + 
r  n - 0  v n n  n n '  n (costf) (3 .2 )

f o r  i - 1 ,  2 r e s p e c t i v e l y .  I n  Eq. (3 .2 )  C ^ ^ 2 (c o s0 )  i s  t h e  G e g e n b a u e r

n

an l ( t ) ] r n ( r 2  - l ) C ‘ 1 / 2 (cos* ) (3 .3 a )

i6̂ 2 “̂ 2 Tuf r2 - —2+3Kf --------g— 1—
V r  2 ( l+ « )  r  + 2 ( 1  + k ) r  ) n 2
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A f t e r  u s i n g  t h e  b o u n d a ry  c o n d i t i o n  (2 .3 d )  th e  d im e n s io n le ss  d r o p le t  

t r a n s l a t i o n a l  v e l o c i t y  i s  g iv e n  by:

Note t h a t  U depends, t h e r e f o r e ,  on th e  f i r s t  unknown c o e f f i c i e n t  i n  

t h e  e x p a n s i o n  o f  t h e  s u r f a c t a n t  c o n c e n t r a t i o n  r(t,0), Furtherm ore , 

th e  te rm in a l  d r o p l e t  v e l o c i t y  can be o b t a i n e d  from  Eq. ( 3 . 4 )  i n  t h e  

l i m i t  as  t-*«. N um erica lly ,  i t  depends on ly  on th e  convergence o f  a ( t )  

f o r  l a r g e  v a lu e  o f  t .

I n  o r d e r  t o  d e t e r m in e  a ( t ) ,  i t  i s  n e c e s s a r y  t o  i n t r o d u c e  th e  

ex p an s io n  o f  th e  t a n g e n t i a l  i n t e r f a c i a l  v e l o c i t y  In to  e q u a t io n  ( 2 . 1 2 ) .  

T h i s  v e l o c i t y  i s  o b t a i n e d  d i r e c t l y  from  ( 3 .3 b )  t o g e t h e r  w i t h  th e  

d e f i n i t i o n  ( 2 . 1 b) a t  r - 1 , t h a t  i s :

S u b s t i t u t i o n  o f  Eq. (3 .5 )  and th e  expans ion  (3 .1 )  i n t o  th e  s u r f a c t a n t  

b a la n c e  e q u a t io n  ( 2 . 1 2 ) r e s u l t s  i n  a  n o n - l i n e a r  e q u a t i o n  i n  t h e  t im e  

dependent c o e f f i c i e n t s  a ^ ( t ) :

U -  1 +  a- ( t )
3(1+2*)

(3 .4 )

s in ( l+ « )  n - 2

(3 .5 )

S a  ( t ) P  (COS0) -  7 ^ -  §  „ § n  [US m- 0  m m 1 +x n - 2  m- 0  1

[m(m+l)am( t )
C 1^ 2 (cosO )C’ ^ 2 (cos^ ) n  ra-ri - a ( t ) P  (cos0)P  . .(co s f l) ] -  m m n - i
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f e  S - l  n>(m+l)am( t ) P m(cos^)  - Bi[ | _ Q am( t ) P m(c o s* ) - 1 ] (3 .6 )

w h e r e  4 ^  r e p r e s e n t s  t h e  t im e  d e r i v a t i v e  o f  and  U i s  g i v e n  by

e q u a t io n  (3 .4 )  in  term s o f  a^.

The f i r s t  c o e f f i c i e n t  &Q<t) c a n  be  s o l v e d  i n d e p e n d e n t l y  and

e x a c t ly ,  p ro v id in g  th e  le a d in g  term  i n  t h e  s u r f a c t a n t  c o n c e n t r a t i o n  

s e r i e s  r e p r e s e n t a t i o n .  S ince

w i t h  t h e  i n i t i a l  z e r o  c o n c e n t r a t i o n  on  t h e  d r o p l e t  i n t e r f a c e  

c o n d i t io n ,  i . e .

( 3 .7 )

fo r  a l l  m (3 .8 )

Eq (3 .7 )  i s  th e n  s o lv ed  in  th e  form

(3 .9 )

Note t h a t  s in c e

T s in 0 d0
0

(3 .10)
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2
4wa a ^ ( t ) r Q  r e p r e s e n t s  th e  t o t a l  amount o f  s u r f a c t a n t  I n s t a n t a n e o u s l y  

a d s o r b e d  on th e  d r o p le t  s u r f a c e .  Uhen t  -* ^ ( t )  -  1 , and th u s

2
th e  s te a d y  amount on th e  s u r f a c e  i s  s im ply  4jra Tq

The s o l u t i o n  o f  E q . (3 .6 )  f o r  o th e r  c o e f f i c i e n t s  w i l l  be d e s c r ib e d  

i n  th e  fo l lo w in g  s u b s e c t io n s  f o r  t h r e e  d i f f e r e n t  c a s e s :  ( i )  n o n - l i n e a r  

s o l u t i o n  f o r  a r b i t r a r y  H a ra n g o n i  and B io t  number, ( i i )  s o l u t i o n  f o r  

sm a ll  v a lu e s  o f  Ma, and ( i i i )  s o l u t i o n  f o r  sm a ll  v a lu e s  o f  B i.

3 .3 .1  S o lu t io n  f o r  A r b i t r a r y  Ma and Bi Number

Eq. ( 3 .6 )  can  be s o lv e d  by th e  n u m e rica l  G a le rk in  te c h n iq u e .  The 

e x pans ions  i n  Eq. (3 .6 )  a r e  t r u n c a te d  a f t e r  N te rm s .  Thus

1-0 ' &  1-2 t o  'US„2 + V l (t) 1

c : 1 / 2 (co s* )c :] ;{ 2 ( c o s 0 )
[m(m+l)a ( t )  -------------------------   - a ( t ) P  (cos0 )P  - ( c o s 0 ) ] +

m s i n  0  m m n _ 1

Pi L lra(m+1)V t)Pm(costf) + Bit|-Oam(t)Pm(costf) ' 1] "
(3 .1 1 )

I n  Eq. ( 3 . 1 1 ) ,  R ^ ( t , 0 )  i s  t h e  r e s i d u a l .  The r e s i d u a l  i s  m ade

o r t h o g o n a l  t o  L e g e n d r e  f u n c t i o n  P ^ ( c o s 0 )  f o r  i  -  0 t o  N on  t h e

i n t e r v a l  f -  0 to  ir w ith  r e s p e c t  t o  th e  w e ig h t in g  f u n c t io n  s i n 0 .  The 

r e s u l t  i s  t h e  s e r i e s  o f  N+l d i f f e r e n t i a l  e q u a t io n s  i n  tim e f o r  a g ( t )

. . .  S j j ( t ) .  These e q u a t io n s  a re  o f  th e  form:
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K l + l)
Pe a i ( t )  + B i t a j j f t )  - ( i  -  1 , 2 , . . . ,N)

(3 .12 )

if f tH  S+J S „ a2 ( l+ « )  n - 2  m- 0  m an _ i ( t:) 1 I ( m ,n , i + 1 )

where l(m ,n ,J !+ l)  I s  an  i n t e g r a l  d e f in e d  by

I ( m , n , i + 1 ) -  f  
J 0

Pm(costf)Cn 1/ 2 (cosfl)C i i l 2 (co s tf ) l f c ?  de (3 .13 )

The above i n t e g r a l  can  be s o l v e d  a n a l y t i c a l l y  b y  u s i n g  t h e  r e s u l t s  

g iv e n  by  Hsu (1938).

The s o l u t i o n  o f  e q u a t i o n  ( 3 . 1 2 )  f o r  i n  0 c a n  b e  o b t a i n e d  by  

f o r w a r d  i n t e g r a t i o n  u s i n g  a  s t a n d a r d  Runge-K utta p ro ced u re  w ith  the  

i n i t i a l  c o n d i t io n s  ( 3 .8 ) .

T he c a l c u l a t i o n s  b a s e d  on ab o v e  p r o c e d u r e  a r e  e f f e c t i v e  f o r  

i n t e r m e d i a t e  t o  l a r g e  v a l u e s  o f  t h e  M a ra n g o n i  a n d  B i o t  n u m b e r .  

C o n v e r g e n c e  was d e t e r m in e d  b a s e d  on  t h e  f o l l o w i n g  two c r i t e r i a .  

F i r s t ,  a s u f f i c i e n t l y  l a r g e  v a l u e  o f  N was d e t e r m in e d  so  t h a t  t h e  

r e l a t i v e  c h a n g e  b e t w e e n  t h e  N a n d  N +l t e r m s  o f  t h e  s t e a d y

t r a n s l a t i o n a l  v e l o c i t y  ( i . e .  a ^ ( t ) )  was l e s s  th an  1 0 "**, i . e .

< 10 -5 (3 .1 4 )
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N ext, N was In c re a s e d  u n t i l  t h e  s t e a d y  T d i s t r i b u t i o n  c o n v e r g e d  to

th e  s u r f a c e  o f  th e  s p h e re .

The above p ro ced u re  works w e l l  f o r  a l l  c a s e s  e x c e p t  when b o th  th e  

Ma an d  Bi num ber a r e  v e r y  s m a l l .  F o r  t h e  l a t t e r  c a s e s  e x c e s s i v e  

num ber o f  t e rm s  a r e  r e q u i r e d  to  o b ta in  th e  convergence . I n  o r d e r  to  

f a c i l i t a t e  s o l u t i o n s  i n  low Ma and Bi reg im es ,  a sy m p to t ic  methods were 

employed. These a re  d e s c r ib e d  i n  th e  n e x t  two s u b s e c t io n s ,

3 .3 .2  S o lu t io n  f o r  Small Marangoni Number

When t h e  M aran g o n i num ber i s  s m a l l  th e  b e h a v io r  o f  th e  d r o p l e t  

w i l l  n o t  d e p a r t  g r e a t l y  from  th e  s o l u t i o n  f o r  an  u n c o n t a m i n a t e d  

d r o p l e t  ( i . e . ,  th e  Hadamard-Rybczynksi r e s u l t ) .  This  d e p a r tu r e  can  be 

examined in  term s o f  an a sy m p to tic  expans ion  in  th e  sm a ll  p a r a m e t e r  e 

-  Ma. I n  t h i s  p e r t u b a t i o n  schem e , t h e  f u n c t i o n s  am( t ,P e ,M a ,B i)  a re

expanded r e g u l a r l y  i n  Ma. Thus

- 3 0w i t h i n  5 . 0 u l 0  a t  eac h  o f  37 e q u a l ly  spaced  p o s i t i o n s  (e v e ry  5 ) on

(3 .1 5 a )

(3 .15b )

The r e l a t i o n s h i p  between and am( j j  i® g iven  by Eq. ( 3 .4 ) :

U(0 ) 1 (3 .16a)
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U(1) ~ (3 .16b)
3(l+*ic)

Thus t h e  U ^ j ' s  ( j  -  1 , 2 , . . . )  r e p r e s e n t  t h e  c o r r e c t i o n s  t o  t h e

s u r f a c t a n t  f r e e  d r o p l e t  t e r m i n a l  v e l o c i t y  ( th e  Hadamard-Rybczynskl 

fo r m u la ) , and acco u n t f o r  th e  In f lu e n c e  o f  Harangonl s t r e s s e s .

S u b s t i t u t i n g  ex pans ions  (3 .1 5 a )  and (3 .15b )  In to  E q .(3 .1 2 )  y i e l d s  

th e  fo l lo w in g  e q u a t io n s  f o r  a ^ Q j  :

* J ( 0 i + + B i l a i ( 0 ) -  2 o S )  L * » ( 0 ) <3 -13>

( i  -  1 , 2  N)

and th e  f i r s t  o rd e r  c o r r e c t i o n  f o r  U fo llo w s  from E q . (3 .1 6 b ) ,  th u s

B -  1  + 3(l+3>c/2) »1 (0 )< e > + °<«*> <3 -18>

3 .3 .3  S o lu t io n  f o r  Small B lo t  Number

The s m a l l  B l o t  num ber l i m i t  c o r r e s p o n d s  t o  a  s l o w  r a t e  o f  

e x c h a n g e  s u r f a c t a n t  b e tw e e n  t h e  s u r f a c e  o f  t h e  d r o p l e t  a n d  t h e  

co n t in u o u s  phase s u b la y e r  b en e a th  th e  s u r f a c e .  U n l ik e  t h e  l i m i t  o f  

s m a l l  M aran g o n i n u m b e rs ,  E q . ( 3 .1 2 )  can n o t  be expanded in  a  r e g u la r  

a sy m p to t ic  expans ion  in  th e  B lo t  number f o r  Bi -> 0 .  The r e a s o n  l i e s  

in  th e  p re se n c e  o f  a  long  tim e s c a l e  f o r  r e a c h in g  s te a d y  s t a t e  when Bi 

-» 0. T h is  s c a l e  becomes e v id e n t  from th e  e x a c t  e q u a t io n  f o r  th e  t o t a l  

a m o u n t  o f  t h e  s u r f a c t a n t  on th e  s u r f a c e  a s  t h e  f u n c t i o n  o f  t im e  

(Eq. ( 3 . 9 ) ,  E q . ( 3 .1 0 ) ) :
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4ira^rQaQ<t) -  4wa2rQ( 1 - ) -  2 « 2 r 0 J ^ rsinfld* (3 .1 9 )

A r e g u l a r  expansion  o f  th e  above i n  po w ers  o f  B i w ou ld  n o t  be  

u n i f o r m  i n  t  a s  t  -*■ <®. To remove t h i s  nonuniform ty  an  ex ten d ed  time 

s c a l e  r  which i s  eq u a l  to  B i0 t  i s  in t ro d u c e d  i n t o  t h e  f o r m u l a t i o n  t o  

r e p l a c e  t .  V a r i a b l e s ,  now c o n s id e re d  a s  f u n c t io n  o f  r  i n s t e a d  o f  t ,  

a r e  expanded r e g u l a r l y  i n  t h e  p a r a m e t e r  « f o r  c -  B i .  As w i l l  be  

shown b e lo w ,  t h i s  s c a l e d  e x p a n s io n  has a  s ta g n a n t  cap a s  i t s  z e ro th  

o rd e r  s t a t e .  The l a t t e r  p o s se s s e s  an e x a c t  s o l u t i o n  (Sadhal & Johnson 

1983) and  c o n s e q u e n t l y  i t  i s  more u s e f u l  to  fo rm u la te  th e  a sy m p to t ic  

a n a l y s i s  i n  te rm s o f  th e  o r i g i n a l  v a r i a b l e s  r a t h e r  t h a n  t h e  L e g e n d re  

s o l u t i o n  g iv e n  by E q , ( 3 .6 ) .

I n  o r d e r  t o  be  a g re e m e n t  w i t h  t h e  r e s u l t  g i v e n  b y  S a d h a l  & 

J o h n s o n  (19 8 3 )  , t h e  c o o r d i n a t e s  o f  t h e  p rob lem  a re  ta k e n  to  be th e  

same a s  th o se  u sed  i n  t h e i r  s tu d y ,  i . e .  th e  a n g le  6 i s  m e a s u re d  from  

th e  back  s t a g n a t io n  p o in t .

The v a r i a b l e s  r ( r , M a , e , 9 )  and  ^ ( r , M a , e , 0 , r )  a r e  e x p r e s s e d  a s  

expans ion  ab o u t e -  0. Thus

r ( r , M a , e , 0  -  r (O )(r ,M a,0 )  + * r ( 1 ) ( r ,M a ,0) + 0 ( e 2) (3 .2 0 )

^ ( r . M a . e . t f . r )  -  i / > ^  ( r  ,Ma, 6  , r )  + ( r  ,Ma,0 , r )  + 0 ( e 2 ) (3 .2 1 )

U -  U(Q) + eU(1) + 0 ( e 2) (3 .22)

The f i e l d  e q u a t io n s  become
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E2 (E2^ j ) ) -  0 (3 .2 3 )

f o r  e a c h  o r d e r  j .  The boundary c o n d i t io n s  ( 2 .3 a -d )  f o r  each  o r d e r  j  

rem ain  unchanged e x ce p t  t h a t  a l l  th e  v a r i a b l e s  a re  s u b s c r i p t e d  b y  t h e  

o rd e r  j . The z e r o th  and f i r s t  o rd e r  o f  mass b a la n c e s  a re

where s u r f a c e  d i f f u s i o n  has  been  n e g le c te d .

The s i n g u l a r  s c a l i n g  o f  t  y i e l d s ,  t h e r e f o r e ,  a  q u a s i - s t e a d y  

z e r o t h  o r d e r  e q u a t i o n  ( 3 .2 4 )  w h ich  r e p r e s e n t s  t h e  b e h a v i o u r  o f  

i n s o l u b l e  s u r f a c t a n t s  on t h e  d r o p l e t  s u r f a c e .  T h is  problem  adm its  a 

s t a g n a n t  cap  s o l u t i o n ,  w h ereb y  f o r  t h e  d r o p l e t  s u r f a c e  i s

im m o b ile  due t o  t h e  p r e s e n c e  o f  s u r f a c t a n t s ,  w h ile  on th e  rem ain ing  

s u r f a c e  ^<0<jt th e  s u r f a c t a n t  c o n c e n t r a t i o n  i s  z e ro .  The e x a c t  s o l u t i o n  

f o r  t h i s  ca se  has  been  o b ta in e d  by Sadhal and Johnson  (1983).  The cap 

a n g le  i s  a  f u n c t io n  o f  th e  t o t a l  amount o f  s u r f a c t a n t  t o  o r d e r  z e ro  on 

th e  s u r f a c e . From Eq. (3 .1 9 )

(3 .2 4 )

) s i n 0 ] + (r(Q)- l )  -  0 (3 .2 5 )

s i n 0 d0

The r e l a t i o n s h i p  b e tw e e n  th e  c a p  a n g l e  and  th e  t o t a l  amount o f  th e  

s u r f a c t a n t  on th e  s u r f a c e  can  be o b ta in e d  from e q u a t i o n s  d e t a i l e d  i n
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Sadhal & Johnson . A f te r  n o n d im en s io n a l lz ln g  a s  g iv e n  In  E q . (2 .0 a )  and 

u s in g  th e  above I n t e g r a t i o n  th e  fo l lo w in g  fo rm ulas  a r e  o b ta in e d :

r(0)<#> - ■ 2*ftaa  8.1-kofe Ck[Pk(co»*)-Pk(cos*)] (3.26)

C -
(1 - e ' r )4 jt Ma ^  -  2* - 4*cos^ + 4sin^  - s in20  (3 .2 7 )

s

where

Ck  ”  4 ir( l+«) ( s *n (k+2 )^  - s in k ^  + s in ( k + l ) ^  - s i n ( k - l ) ^  -

2 ( + s lg ( j c - l ) 4  j } 2  (3 .2 8 a )
s i

1 1 c
Cl "  '  4w(l+«) [2 ^+ s in ^ “Sin2^- £s in30] - f  (3 .28b)

s l

c s -  - 2 0 ^ 7  <3 ’28c>

"sl -  - 4 ^ i +;y  [ 2* + s i «* - s in 2 * - s in 3 * /3  ] + Cg (3 .28d)

E q . ( 3 . 2 7 )  i s  u s e d  to  de te rm ine  th e  cap a n g le  [ ^ ( r ) ]  as  a  f u n c t io n  o f  

th e  Marangoni number (Ma) and th e  th e  t o t a l  amount i n s t a n t a n e o u s l y  on 

t h e  s u r f a c e ,  E q . ( 3 .2 6 )  and  (3 .2 7 )  assumed t h a t  Tq (^) -  0 i n  o rd e r

t h a t  f o r c e s  be b a la n c e d  a long  th e  r i n g  9  -  <f>. When t h e  t o t a l  am ount 

a d s o r b e d  i s  l a r g e  enough  so  t h a t  ^  a p p ro a c h e s  i r ,  E q . (3 .2 7 )  must be



56

m o d if ied  becau se  m a te r i a l  b e g i n s  t o  a c c u m u la te  a t  n .  The m o d i f i e d  

e q u a t io n s  which in c o rp o r a te  r ( ir )  a r e :

r ( o )  -  -  2 x i f i  S - r i f e  v ? k < “ * « - p k ( c o ” > i +  r < ' )  < 3 - 2 9 >

and r ( 7r) can  be  computed from E q . (3 .1 9 )  th u s

r <” > -  ( 1  '  e ' ' >  ’ H a( l  * « )  <3 -30>

The c o r re sp o n d in g  i n t e r f a c i a l  v e l o c i t y  i s

V«<0> -  • J t a .  t 3 C2 1 / 2 (“ *») + 2 < 0 0 .0 1  (3 .3 1 )

w i th

C* -  C , C *  -  C ( 3 . 32a ,b )n  n I s

The z e ro th  o rd e r  t e rm in a l  v e l o c i t y  i s  g iven  by

U<0) "  1 U  + s in d  - s ln24  - s in 3 d /3  ( 3 ‘33)
1  + 2* (3k +  2)

where <f> i s  th e  cap an g le  g iv e n  by E q . ( 3 ,2 7 ) .

The f i r s t  o r d e r  s o l u t i o n  i s  now s o u g h t  b y  i n t r o d u c i n g  t h e

Legendre  s e r i e s  r e p r e s e n t a t i o n  t o r  r (1) [r(1)-  an ( 1 ) < r ) P (c o s t ) l

and s o lv in g  th e  f i r s t  o rd e r  hydrodynamic e q u a t i o n s  w h ic h  a r e  o f  t h e
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fo rm  o f  e q u a t i o n  ( 3 . 2 3 )  and  b o u n d a ry  c o n d i t i o n s  ( 2 . 3 ) .  The f i r s t  

o rd e r  i n t e r f a c i a l  v e l o c i t y  i s  o b ta in e d  by

V«(l)<1'S> - A  f idi “1(1) Cj1/2<cos«)

A s e t  o f  e q u a t io n s  f o r  a  c a n  be  d e r i v e d  from  t h e  m ass  b a l a n c e
“ ( 1 )

e q u a t i o n  ( 3 . 2 5 )  a c c o r d in g  to  th e  G a le rk in  p ro c e d u re ,  i . e .  s u b s t i t u t e  

Eq. ( 3 .2 6 ) ,  ( 3 .3 4 ) ,  and (3 .31 )  f o r  r ^ 0 ) * V0 ( l )  and  V0(O) resPectiv®ly

i n  E q . ( 3 . 2 5 ) .  T r u n c a t i n g  t h e  s e r i e s  o f  N te rm s  and  m ak ing  t h e  

r e s i d u a l  o r th o g o n a l  to  P^(cos0) . . .  PN(cosfl) o v e r  t h e  i n t e g r a l  8  -  0

to  7r y i e l d s  th e  e q u a t io n s  i n  th e  l i n e a r  form, t h a t  i s :

1 - 1  -  1 ' 2  *> <3 ' 35>

where G^m i s  th e  e lem ent i n  th e  N by N m a tr ix  and i t  has  th e  fo l lo w in g  

form

_ (1+rO f i  °x+l  (i+1)cl - l   (1 s v +
im 3«+2 1 ( £ + 2 )  (2,8+1) ( * - l )  (2jM-1) '  c £ l )  +

2. 8  —Zfeil- p p / roqii \ f  i t   3 1 (1 + 1 )  » .
3 S-l k(k+l) CkPk(COŜ )5n ]5lm ' 4(2.8+!) ( 2 ,8 - 1 ) (.C-l)ra

^ ^ 2  1-1 M^l) Vk<“ s*> sf», <3 • Sil> + <3-36>
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4 (2 * + l) (2 i+ 3 )  * ( i+ l)m  + 2 [1 -1  Ck  I (m.k+1. i+ 1 ) +

m2 m+l' 1 - 1  k (k + l)  Ck I (k . m+1. i+ 1 )<x -

and i s  th e  colum v e c to r  i n  th e  form

n _ m i ,-f ff) , * !2 a  . a  + fp. 2a  n  37s
£  Mal(£ + 1) 9  d<f> £ ( £  + 1) Ma

3 C ,  •
I n  t h e  above  f o r m u l a ,  can be o b ta in e d  from E q . ( 3 .2 8 ) ,  <j> -  ^  and

i t  can  be o b ta in e d  from E q . (3 .2 7 ) ,  th u s

- r  2 s l4*Mae

* ---------------------------------------------- smI-----------------------------------------------<3-38>1 + 2^ s in ^  - cos2<£ + (e - 1) jjj (2 + cos^  - 2cos2<£ cos3^)

F in a l ly ,  th e  t r a n s l a t i o n a l  v e l o c i t y  o f  t h e  d r o p l e t  i s  o b t a i n e d  

from  th e  i n t e g r a l  f o r c e  b a l a n c e .  The f i r s t  o r d e r  c o r r e c t i o n  can be 

w r i t t e n  in  term s o f  a ^ ^ .  Thus

U -  U( 0 > - BI 3 ( 3 ^ 2 )  a l < l )  + °< ‘ 2 > < 3  39>

where a x (x j  *-s t *ie num erica l  c o e f f i c i e n t  o b ta in e d  from th e  s o l u t i o n  o f

( 3 . 3 5 )  an d  i s  th e  s o l u t i o n  g iv e n  by E q . ( 3 ,3 3 ) .  E qua tion  (3 .39 )

p ro v id e s  a p r a c t i c a l  c o r r e c t i o n  t o  t h e  S a d h a l  an d  J o h n s o n  t e r m i n a l  

v e l o c i t y  f o r  a  d r o p l e t  e x p o s e d  to  slow a d s o r p t io n  r e g a r d l e s s  o f  th e
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magnitude o f  th e  Marangoni number. F u r th e r m o r e ,  i t  c a n  b e  u s e f u l  i n  

e x p e r i m e n t a l  s t u d i e s  i n  which a d s o rp t io n  r a t e s  can  be c a l c u l a t e d  from 

s im ple  v e l o c i t y  measurements.

3 .4  N umerical S im u la tio n s

3 .4 .1  A r b i t r a r y  Values f o r  th e  Marangoni and B lo t  Numbers

As e x p l a i n e d  i n  S ec .  3 . 1 ,  n u m e r i c a l  r e s u l t s  f o r  t h e  u n s tead y  

t r a n s l a t i o n a l  v e l o c i t y  and s u r f a c t a n t  d i s t r i b u t i o n  a r e  o b t a i n e d  by  

i n t e g r a t i n g  th e  s e t  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n s  ( 3 .1 2 ) .  In  

th e s e  r e s u l t s ,  th e  v a lu e  o f  th e  s u r f a c e  P e c l e t  number, Pe, i s  eq u a l  to

1 0 ^, and, t h e r e f o r e ,  th e  in f lu e n c e  o f  s u r f a c e  d i f f u s i o n  i s  n e g l i g i b l e .  

The main purpose  o f  th e s e  c a l c u l a t i o n s  i s  to  examine th e  e f f e c t  o f  th e  

r a t e  o f  e x c h a n g e  o f  s u r f a c t a n t  and  t h e  M aran g o n i s t r e s s  on  t h e  

u n s te a d y  and te rm in a l  d r o p l e t  v e l o c i t y .

C onsider  f i r s t  th e  case  o f  a gas bubble  ( k  -  0 ) .  F i g . 2 and F i g . 3 

show r e s p e c t i v e l y  th e  te rm in a l  v e l o c i t y  U a s  a  f u n c t i o n  o f  t h e  B lo t  

and Marangoni numbers. I t  i s  c l e a r  from F i g . 2 t h a t  U in c r e a s e s  a s  the  

Bl number i n c r e a s e s  f o r  f i x e d  v a lu e s  o f  th e  Ma number. For each  f ix e d  

v a lu e  o f  th e  Marangoni number a l l  th e  cu rv es  a s y m p to t i c a l ly  approach  1 

a s  Bi -+ « .  As th e  Bi number becomes l a r g e ,  t h e  r a t e  o f  e x c h a n g e  o f  

t h e  s u r f a c t a n t  becom es l a r g e  i n  com parison to  th e  r a t e  o f  co n v ec t iv e  

sweeping. Thus a un ifo rm  d i s t r i b u t i o n  o f  th e  s u r f a c t a n t  d e v e lo p s ,  th e  

Marangoni f o r c e  ten d s  to  ze ro  and U-+1. In  th e  o p p o s i te  l i m i t  as  Bi-*0, 

th e  exchange becomes so slow t h a t  a s ta g n a n t  cap deve lops  a n d  r e t a r d s  

t h e  t e r m i n a l  v e l o c i t y .  F i g . 4 shows th e  development o f  th e  s ta g n a n t
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cap d i s t r i b u t i o n  a t  d e c re a s in g  v a lu e s  o f  th e  B io t  number. The low Bi 

l i m i t  w i l l  be d i s c u s s e d  f u r t h e r  i n  s e c t i o n  4 ,2 .

F i g . 3 e s t a b l i s h e s  t h a t  a t  a  f ix e d  exchange r a t e ,  i n c r e a s i n g  t h e  

M a r a n g o n i  n u m b e r  d e c r e a s e s  t h e  t e r m i n a l  v e l o c i t y .  T h i s  c a n  b e  

u n d e r s t o o d  i n  t h e  f o l l o w i n g  way. As Ma-no, s u r f a c t a n t  g r a d i e n t s  

d i s a p p e a r .  S in c e  from  E q . ( 2 . 3 d )  i t  i s  c l e a r  t h a t  i n  o rd e r  f o r  th e

a p /  a \
d i f f e r e n c e  i n  s h e a r  s t r e s s  to  r e m a in  b o u n d ed  a s  Ma-*<*>, m us t

become z e r o .  T h is  b e h a v io u r  i s  a l s o  shown n u m e r ic a l ly  i n  F i g . 5. As 

T(0) becomes un ifo rm  th e  b a l a n c e  ( 2 . 4 )  i n d i c a t e s  t h a t  V ^ ( 1 ,0 )  m us t

t e n d  t o  z e r o .  T h e r e f o r e ,  t h e  t e rm in a l  v e l o c i t y  ten d s  t o  th e  S tokes

o
v a lu e .  For k  — 0, Ugj-Q^gg “  3  an<* th e r e f o r e  a l l  t h e  c u r v e s  o f  F i g .  3

2
a p p r o a c h  2 /3  a s y m p t o t i c a l l y  to  ^ as  Ma-*«>. I n  th e  o p p o s i te  l i m i t ,  a s

Ma ~> 0, th e  s u r f a c t a n t  d i s t r i b u t i o n  has no e f f e c t  on th e  s h e a r  s t r e s s ,  

and  t h e  v e l o c i t y  t e n d s  to  th e  Hadamard-Rybczynski v a lu e .  F ig .  3 a l s o  

i n d i c a t e s  t h a t  t h e r e  i s  a  s e n s i t i v e  r e g i o n  i n  w h ich  t h e  t e r m i n a l  

v e l o c i t y  changes r a p id l y  a s  a  f u n c t io n  o f  th e  Marangoni number between

2
th e  a sy m p to t ic  v a lu e s  o f  *  and 1. T h is  r e g io n  e x t e n d s  a p p r o x i m a t e l y

from 0 .2  and 2 i n  th e  Marangoni number.

The in f lu e n c e  o f  k  on th e  te rm in a l  v e l o c i t y  i s  shown i n  F ig .  6  and 

F ig .  7 . B o th  f i g u r e s  i n d i c a t e  t h a t  a t  f ix e d  v a lu e s  o f  Bi and Ma, as  

«-»«, U-*T. T h i s  l i m i t  i s  r e a l i z e d  b e c a u s e  a s  k  -» «  t h e  s u r f a c e  

v e l o c i t y  becom es u n i f o r m l y  s m a l l e r  and  e v e n t u a l l y  app roaches  z e ro .  

The t e r m i n a l  v e l o c i t y  U a p p r o a c h e s  t h e  S to k e s  v a l u e  a s  d o e s  t h e  

Hadmard-Rybczynski v a lu e  ( 2 .0 b ) .  Thus th e  n o n d im en s io n a l ized  v e l o c i t y  

a p p ro a c h e s  1. N o te  a l s o  t h a t  a s  k  becom es l a r g e  (k  > 0 . 7 5 ) ,  t h e
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t e r m i n a l  v e l o c i t i e s  a r e  l e s s  s e n s i t i v e  f u n c t i o n s  o f  t h e  B l o t  and 

Marangoni numbers.

The u n s t e a d y  r e g im e s  a r e  d e s c r i b e d  by  F i g . 8  and F i g . 9. F ig . 8  

shows th e  accu m u la tio n  o f  s u r f a c t a n t  on th e  c l e a n  d r o p l e t  s u r f a c e  a s  

f u n c t i o n  o f  t i m e .  I n i t i a l y ,  a n  a p p r o x i m a t l y  u n i f o r m  s u r f a c t a n t  

p r o f i l e  i s  p r e s e n t  on th e  s u r f a c e ;  w i th  tim e s u r f a c e  c o n v e c t io n  sweeps 

t h e  a d s o r b e d  s u r f a c t a n t  t o  one end, form ing th e  cap . (The cap w i l l  

n o t  b e  e x a c t ly  s t a g n a n t  b e c a u s e  o f  t h e  s m a l l  i n f l u e n c e  o f  s u r f a c e

.  5
d i f f u s i o n ,  a s  Pe -  10 i n  t h e  s i m u l a t i o n . )  F ig .9  i l l u s t r a t e s  th e  

dependen ts  f o r  a gas bubb le  ( k  -  0 ) o f  th e  u n s tead y  te rm in a l  v e l o c i t y  

on t h e  M aran g o n i  num ber f o r  a  f i x e d  B l o t  num ber (B i  — 0 . 1 ) .  The 

cu rv es  i n d i c a t e  t h a t  s te a d y  s t a t e  i s  reac h ed  e a r l i e r  a t  l a r g e  v a l u e s  

o f  t h e  Ma num ber.  T h i s  i s  due t o  t h e  f a c t  t h a t  f o r  t h e  l a r g e  Ma 

numbers, th e  s u r f a c t a n t  d i s t r i b u t i o n  i s  n e a r ly  un ifo rm  ( 2 .3 d ) .  In  th e  

s u r f a c t a n t  b a l a n c e  ( 2 . 4 )  t h e r e  a re  on ly  t h r e e  te rm s; th e  c o n v e c t io n

1  3  apte rm  ( g^n  ̂ g j  (sintfV^T), th e  u n s tead y  te rm  ( j£ )  and th e  exchange  r a t e

te rm  [ B i ( r  - 1 ) ] .  S ince  th e  l a t t e r  two a re  p r o p o r t i o n a l  t o  th e  B io t  

number and th e  Bi number i s  s m a l l ,  t h e s e  two te rm s  a r e  a l s o  s m a l l .  

Thus

0  -  i fc ff  8 9  <sin*V> "  3 9  <sin*V  <4 ‘l >

and  t h e r e f o r e  V ^(1 ,0 )  te n d s  t o  z e ro .  Hence f o r  l a r g e  Ma and sm all  Bi

n u m b e rs ,  t h e  S to k e s  v e l o c i t y  i s  a p p r o a c h e d  w hen  a n y  a m o u n t  o f  

s u r f a c t a n t  i s  a b s o r b e d .  F o r  t h e  c a s e  o f  l a r g e  B i o t  n u m b e rs ,  

o b v io u s ly ,  th e  s te a d y  s t a t e  i s  reached  v e ry  q u ic k ly .
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T h ese  n o n l i n e a r  r e s u l t s  can on ly  be o b ta in e d  to  good a cc u racy  up 

to  Ma < 1 and Bi -  0 .5 .  For lower v a lu e s ,  ro u n d o ff  e r r o r s  c o n t r i b u t e  

and th u s  i n  th e se  r e g io n s  asym pto tic  e x p re s s io n s  a r e  n e c e s s a ry .  These 

a sy m p to t ic  e x p re s s io n s  a r e  p r e s e n te d  below.

3 .4 .2  A svm totic  R e s u l t s  f o r  sm all Marangoni and B lo t  Numbers

A sym totic  r e s u l t s  f o r  Marangoni and B io t  number t e n d i n g  to  z e r o  

w ere  o n l y  o b t a i n e d  a t  s t e a d y  s t a t e .  C o n s id e r  f i r s t  th e  case  o f  a 

s m a l l  M aran g o n i nu m b er.  The r e g u l a r  p e r t u r b a t i o n  p r o c e d u r e  i s  

d e s c r i b e d  i n  S e c .  ( 3 . 2 ) .  F o r  s te a d y  s t a t e  c o n d i t io n s ,  th e  e q u a t io n s  

which d e te rm in  th e  z e r o t h  o r d e r  L e g e n d re  c o e f f i c i e n t s  f a ^ 0 ) ]  a r e

g iv e n  by E q . (3 .1 7 )  w ith  4g(Q) “  0* R ew ri t in g  t h i s  e q u a t io n  in  m a tr ix -  

v e c t o r  form y i e l d s :

8-1 Bim * .« » < * >  -  E t  ( 1 - 1 . 2 . . . . H )  (4 .2 )

where

+ B1 ) 5 2 »  - 2 u t i >  + x> <4 -4 >

E t  "  2 ( 1 * 0  + X) ( 4 -3)

The N*N m a t r ix  B^m was in v e r t e d  to  o b ta in  v e c t o r  am(Q) ^o r  Pa* t i c u l ar

v a lu e s  o f  th e  v i s c o s i t y  r a t i o  k  and t h e  Bi num ber.  S in c e  t h e  f i r s t  

o rd e r  c o r r e c t i o n  to  the  te rm in a l  v e l o c i t y  i s  g iven  by a ^ ( o j ( “ ) ( c f .E q .

3 . 1 8 ) ,  s u f f i c i e n t l y  l a r g e  v a l u e s  o f  N w e r e  u s e d  s o  t h a t  a ^ (Q )
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.  3
c o n v e r g e d  to  w i th in  10 . The r e s u l t s  f o r  k  -  0 , k  -  0 .1  and k  -  1 .0

and  B i -  0 . 2 ,  B i -  0 . 5  an d  B i -  1 . 0  a r e  l i s t e d  i n  t a b l e  1 f o r

a i ( 0 )  (<*>)■ R e c a l l  from E q .(3 .1 8 )  t h a t  a i ( 0 ) ^  ^  + *s e(lu a i

to  th e  f i r s t  o rd e r  c o r r e c t i o n  f o r  U i n  th e  sm all  Marangoni number. In  

t a b l e  I I ,  a com parison i s  g iven  o f  th e  n u m erica l  v a lu e s  f o r  U as  g iven  

by E q . (3 .1 8 )  and Eq. (3 .4 )  . ( i . e .  , th e  n o n l i n e a r  Eq. f o r  k  -  0 . )  The 

r e s u l t s  i n d i c a t e  t h a t  f o r  Ma v a l u e  l e s s  t h a n  0 . 1  t h e  agreem ent i s  

w i th in  1%. S im i la r  c o n c lu s io n s  were reach ed  f o r  k -  0 .1  and k  -  1 . 0 .

-3
I n  r e s o l v i n g  a i(Q ) to  an  accu racy  o f  10 f o r  « -  0, N -  275 f o r  Bi -

0 .2 ,  N -  69 f o r  Bi -  0 .5  and  N -  17 f o r  B i -  1 . 0 .  F o r  k > 0 ,  l e s s  

term s were r e q u i r e d  f o r  each p a r t i c u l a r  v a lu e  o f  th e  B io t  number.

C onsider  n e x t  th e  regime o f  sm a l l  B io t  numbers. As d e s c r i b e d  i n

t h e  S e c .  3 . 3 ,  th e  c o r r e c t i o n  to  th e  d r o p l e t  v e l o c i t y  i s  g iv e n  i n  term s

o f  th e  f i r s t  c o e f f i c i e n t  i n  th e  Legendre ex pans ion  o f  th e  f i r s t  o r d e r  

c o r r e c t i o n  f o r  t h e  s u r f a c t a n t  d i s t r i b u t i o n .  T h i s  c o e f f i c i e n t  i s  

o b t a i n e d  i n  a m a n n e r  s i m i l a r  t o  t h e  c o m p u t a t i o n  o f  

a l ( 0 )  ^ ° r  t *ie c a s e  smal l  M aran g o n i  num bers. Again a t t e n t i o n  i s

r e s t r i c t e d  to  th e  s te a d y  s t a t e .  Thus th e  e q u a t io n  f o r  s o l v i n g  a ^ ^ j

c a n  b e  w r i t t e n  i n  t h e  same form  a s  E q . ( 3 . 3 5 )  b u t  d e f i n e d  a s

f o l l o w s :

u 2  £ ( £  + 1) Ma

becau se  th e  f i r s t  term  i s  eq u a l  to  z e ro  f o r  a  q u a s i - t i m e  in d e p e n d e n t  

a s s u m p t i o n .  N o te  t h a t  some o f  t h e  te rm s  G^m c o n t a i n  a n  i n f i n i t e

s e r i e s ;  th e s e  term s a r i s e  from th e  s ta g n a n t  cap s o l u t i o n  ( S a d h a l  and
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J o h n s o n  1 9 8 3 )  w h i c h  I s  t h e  z e r o t h  o r d e r  s t a t e  I n  t h e  a s y m t o t l c  

s o l u t i o n .  V a lu es  o f  w e re  o b t a i n e d  I n  t h e  f o l l o w i n g  m an n er :

F i r s t  t h e  v a l u e  o f  N was f i x e d  and s u f f i c i e n t  te rm s In  th e  s ta g n a n t

_ 9
c a p  s e r i e s  w e re  t a k e n  u n t i l  a ^ ^ ^ c o n v e r g e d  t o  10 . N e x t  N w as

I n c r e a s e d  by  1 , th e  p rocedu re  was r e p e a te d  and th e  r e s u l t i n g  v a lu e  o f  

a l ( l )  WaS comParec* to  th e  v a lu e  f o r  N - 1. The r e s u l t s  a r e  g i v e n  I n

t a b l e  I I I  f o r  k  -  0, 0 .1  and 1 .0 .  Also t a b u la t e d  In  t a b l e  I I I  a r e  the  

v a lu e s  o f  th e  cap an g le  as  o b ta in e d  from th e  E q . (3 .2 7 )  w i th  r  -» <*>. In  

T a b le  IV i s  g iv e n  t h e  r e s u l t s  from a l i n e a r  app rox im ation  (3 .3 9 )  and 

th e  s o l u t i o n  o f  t h e  n o n l i n e a r  e q u a t i o n s  ( 3 . 4  and  3 .1 1 )  f o r  k  -  0 . 

C o m p a r iso n  o f  th e  i n d i c a t e s  t h a t  th e  v a lu e s  o f  Bi number l e s s  th a n  o r  

e q u a l  0 . 1 ,  t h e  l i n e a r  a p p r o x i m a t i o n  i s  w i t h i n  1.5% o f  t h e  e x a c t  

r e s u l t s .

3 .5  C onc lusions

T h i s  s t u d y  h a s  exam ined  th e  in f lu e n c e  o f  s u r f a c t a n t  a d s o rp t io n -  

d e s o r p t io n  k i n e t i c s  on th e  u n s te a d y  r e t a r d a t i o n  o f  d r o p l e t  m otion  i n  a 

c o n t i n u o u s  l i q u i d  p h a s e .  L i n e a r  a d s o r p t i o n - d e s o r p t i o n  k i n e t i c s  i s  

assumed in  th e  s tu d y .  The m a them a tica l  fo rm u la t io n  i n d i c a t e d  t h a t  t h e  

e f f e c t  o f  f i n i t e  l i n e a r  k i n e t i c s  on t h e  t r a n s l a t i o n a l  v e l o c i t y  was 

d e s c r i b e d  by a  B i o t  num ber r e p r e s e n t i n g  t h e  r a t i o  o f  t h e  l i n e a r  

exchange c o e f f i c i e n t ,  0 ' C^  to  th e  c o n v e c t iv e  s c a l e  U ^/a ,  Two num erica l

s o l u t i o n s  were deve loped . In  th e  f i r s t ,  t h e  u n s t e a d y  e q u a t i o n s  w ere  

s o l v e d  f o r  a r b i t r a r y  v a l u e s  o f  th e  B io t  number, and p r o f i l e s  o f  the  

u n s te a d y  t e rm in a l  v e l o c i t y  an d  s u r f a c t a n t  d i s t r i b u t i o n  on  t h e  d ro p  

s u r f a c e  w ere  o b ta in e d .  The s im u la t io n s  showed th e  ex p e c te d  t r e n d  t h a t
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as  th e  B io t  number i s  s u c e s s iv e ly  d e c r e a s e d ,  t h e  t im e  n e c e s s a r y  f o r  

t h e  s t e a d y  v e l o c i t y  t o  be ach ie v e d  i s  in c re a s e d .  The s im u la t io n s  a l s o  

i n d i c a t e d  t h a t  t h i s  t im e  c a n  d i m i n i s h  a s  t h e  M a ra n g o n i  num ber i s  

in c re a s e d .  As e x p la in e d  i n  th e  t e x t ,  t h i s  r e s u l t  fo l lo w s  from th e  f a c t  

a t  a  f ix e d  v a lu e  o f  th e  Bi num ber,  i n c r e a s i n g  t h e  M a ra n g o n i  num ber 

f o r c e s  t h e  s u r f a c t a n t  d i s t r i b u t i o n  t o  be  f a i r l y  u n i f o r m  a t  e a c h  

i n s t a n t  i n  t i m e .  The  e n f o r c e d  u n i f o r m  v e l o c i t y  l o w e r s  t h e  

t r a n s l a t i o n a l  v e l o c i t y  o f  th e  d r o p le t  tow ard  th e  a sy m p to t ic  v a lu e .

S u f f i c i e n t l y  converged  s o lu t i o n s  c o u ld  n o t  b e  o b t a i n e d  f o r  B i < 

0 . 0 5  w i t h o u t  th e  expense o f  ex tended  com puter t im e .  For th e  regim e o f  

Bi -» 0 an  asym potic  a n a l y s i s  was u n d e r ta k e n .  The z e r o th  o rd e r  s o l u t i o n  

i n  t h e  p e r t u r b a t i o n  scheme was found to  be a  s ta g n a n t  cap s o l u t i o n  in  

which th e  s i z e  o f  th e  cap grew w i th  t im e . A f i r s t  o rd e r  c o r r e c t i o n  i n  

Bi was o b ta in e d  f o r  th e  s te a d y  te rm in a l  v e l o c i t y ;  t h i s  c o r r e c t i o n  was 

a c c u r a te  to  l e s s  th a n  one p e r c e n t  when com pared  t o  t h e  n u m e r i c a l l y  

o b ta in e d  n o n - l i n e a r  s o l u t i o n  f o r  Bi < 0 .1 .



TABLE 1

Small Marangoni Number L in e a r  C o r re c t io n s

Bi  a l ( t » (,0)
3(1 + 3* /2)

k  -  0 . 0

0 .2  -0 .8109

0 .5  -0 .4652

1 .0  -0 .2892

k  -  0. 1

0 .2  -0 .5883

0 .5  -0 .3842

1 .0  -0 .2336

* " 1 . 0

0 .2  -0 .2113

0 .5  -0 .1159

1 .0  -0 .06378
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TABLE I I

Comparison o f  Exact R e s u l t s  w i th  L in e a r  A pproxim ation 

f o r  the  Small Marangoni Number (« -  0)

Mp L in r e a r  U N o n lin e a r  U

Bi -  0 .2

0 . 1 0,9302 0.9378

0 . 2 0.8605 0.8879

0 .5 0.6511 0.7920

Bi -  0 .5

0 . 1 0.9533 0.9576

0 . 2 0.9066 0.9224

0 .5 0.7664 0.8483

Bi -  1 .0

0 . 1 0.9710 0.9730

0 . 2 0.9420 0.9495

0 .5 0.8551 0.8948
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TABLE I I I

Small B lo t  Number L in e a r  C o r re c t io n s

k  -  0 . 0

« -  0 . 1

K — 1 . 0

* im .wMa Cap Angle 3 ( 1  J  3«/ 2 )

0 .1  47 .58  -1 .2522

0 .5  99.07° -0 .7161

1 .0  180.00° -0 .0333

0 .1  47 .37° -1 .4321

0 .5  97.03° -0 .7063

1 .0  159.15° -0 .3521

0 .1  46 .64° -1 .4214

0 .5  90.22° -0 .6199

1 .0  133.88° -0 .3793
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TABLE UJ

Comparison o f  E xact R e s u l t s  w i th  L in e a r  A pproxim ation 

f o r  th e  Small B io t  Number ( k  -  0)

Bi L in e a r  U N o n lin e a r  U

Ma -  0 .1

Ma -  0 .5

Ma -  1 .0

0.1

0.2

0 .5

0 . 1

0. 2

0 .5

0. 1

0 . 2

0 .5

0.9254

0.9379

0.9754

0 .7490

0.7848

0.8922

0.7000

0.7333

0.8333

0.9265

0.9378

0.9576

0.7608

0.7920

0.8483

0.7035

0.7300

0.7846
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Chapter 4

The Influence of Surfactant on Droplet Motion 
Inside a Cylindrical Tube 

I. Uniform Retardation Controlled by Sorption Kinetics

4 .1  I n t r o d u c t io n

The slow movement o f  f l u i d  d r o p le t s  in  l i q u i d  f i l l e d  channe ls  i s  

a hydrodynamic flow  w ith  i m p o r t a n t  and  o b v io u s  a p p l i c a t i o n s  i n  t h e  

s t u d y  o f  foam t r a n s p o r t  and  l i q u i d - l i q u i d  d i s p l a c e m e n t s  i n  porous 

media ( c f . ,  f o r  e x a m p le ,  H a s t  ( 1 9 7 2 ) ,  B ike rm an  (1 9 7 3 ) ,  Lawson and  

H i r a s a k i  (1985) and G inley  and Radke (1 9 8 8 )) ,  and c e l l  and gas bubb le  

m otion  i n  b lo o d  v e s s e l s  (E vans  and  S k a la k  (1979 )  and  D. B i e s e l  e t  

a l . ( 1 9 8 6 ) ) .  A l o g i c a l  s t a r t i n g  p o i n t  f o r  th e  i n v e s t i g a t i o n  o f  th e  

c h a n n e l  f lo w s  o f  f l u i d  p a r t i c l e s  i s  t h e  c o n s i d e r a t i o n  o f  t h e  

f u n d a m e n ta l  problem o f  th e  t r a n s l a t i o n  o f  a  s in g l e  f l u i d  d r o p l e t  i n  a 

lo n g  c y l i n d r i c a l  t u b e .  I n  t h i s  p a p e r ,  f u l l y  c o n v e r g e d  n u m e r i c a l  

s o l u t i o n s  o f  th e  N a v i e r - S t o k e s  e q u a t i o n s  f o r  t h e  s i n g l e  d r o p l e t  

p ro b lem  a r e  c o n s t r u c t e d  f o r  s p h e r i c a l  f l u i d  p a r t i c l e s  i n  s t e a d y ,  

a x i s y m m e t r i c  c r e e p i n g  f lo w .  C le a r ly ,  th e  g e o m e tr ic a l  c o n s t r a i n t  o f  

s p h e r i c i t y  r e s t r i c t s  t h e  a n a l y s i s  t o  s i t u a t i o n s  i n  w h i c h  t h e  

i n t e r f a c i a l  t e n s i o n  o f  t h e  d r o p l e t  i s  l a r g e  enough  t o  r e s i s t  th e  

d i s t e n d in g  a c t i o n  e x e r t e d  by th e  v is c o u s  t r a c t i o n s  o f  th e  s u r r o u n d i n g  

l i q u i d  phase .

The a n a l y s i s  p r e s e n te d  h e r e i n  a d d re s s e s  two s e p a r a t e  problem s in  

t h e  m o t io n  o f  a f l u i d  p a r t i c l e  i n  a  tu b e .  In  th e  f i r s t  problem , th e  

p a r t i c l e  f l u i d  and th e  l i q u i d  f i l l i n g  th e  tube  ( th e  c o n t in u o u s  p h a s e )  

a r e  b o t h  assumed to  be f r e e  o f  s u r f a c t a n t  c o n ta m in a t io n  and th e r e f o r e
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th e  f l u i d - f l u i d  I n t e r f a c e  o f  t h e  d r o p l e t  i s  c l e a n ,  a n d  c o m p l e t e l y  

m obile .

The s te a d y ,  a x isy m m etr ic , c r e e p in g  m o t io n  o f  a n  i n t e r f a c i a l l y  

m obile  s p h e r i c a l  f l u i d  p a r t i c l e  i n  a  tube h a s  n o t  been  s tu d ie d  i n  much 

d e t a i l  i n  th e  l i t e r a t u r e .  The e a r l y  e f f o r t s  on problem s o f  t h i s  ty p e  

c o n c e r n e d  s o l i d  s p h e r e s :  L ad e n b u rg  ( 1 9 0 7 ) ,  F axen  ( 1 9 2 3 ) ,  W akiya 

(1953), Happel and Byrne (1954) and B oh lin  (1960) u s e d  t h e  m e thod  o f  

r e f l e c t i o n s  ( c f .  H ap p e l  and  B re n n e r  ( 1 9 6 2 ) )  to  o b t a i n  approx im ate  

v a l u e s  f o r  t h e  h y d ro d y n a m ic  d r a g  e x e r t e d  on  a  t r a n s l a t i n g  s o l i d  

s p h e r e .  B e c a u s e  o f  t h e  f a c t  t h a t  o n ly  a  few r e f l e c t i o n s  w ere  

c a l c u l a t e d ,  th e s e  r e s u l t s  were e s t im a te d  to  be o n ly  v a l i d  f o r  s p h e r e  

t o  tu b e  d i a m e t e r  r a t i o s  o f  a p p ro x im a te ly  0 .6  and l e s s .  N um erica lly  

e x a c t  v a lu e s  o f  th e  d rag  f o r  a r b i t r a r y  sp h e re  to  tube  d ia m e te r  r a t i o s  

w ere  f i r s t  o b t a i n e d  by Haberman and Sayre (1958) u s in g  a  m atch ing  o f  

c y l i n d r i c a l  and s p h e r i c a l  s o lu t i o n s  o f  t h e  c r e e p i n g  f lo w  e q u a t i o n s .  

The n u m e r ic a l ly  e x a c t  r e s u l t s  e s t a b l i s h e d  t h a t  th e  few term  r e f l e c t i o n  

c a l c u l a t i o n s  were on ly  v a l i d  up t o  0 . 6 ,  a s  e s t i m a t e d .  L a t e r  e x a c t  

s o l u t i o n  i n v e s t i g a t i o n s  by Wang and Skalak  (1969) ,  Coutanceau (1971), 

Pa ine  and S herr  (1975), L e ic h tb e rg  e t  a l ..  (1 9 7 6 )  and  T o z e r e n  (19 8 3 )  

c o n f i r m e d  t h e  a c c u r a c y  o f  H a b e rm a n  a n d  S a y r e ' s  c a l c u l a t i o n s ;  

e x p e r im e n ta l  v e r i f i c a t i o n s  o f  th e  n u m erica l  r e s u l t s  w ere  o b t a i n e d  a s  

w e l l  b y  A m b ari ,  G a u th ie r - M a n u e l  and  Guyon (1 9 8 5 )  u s in g  a  m agnetic  

sp h ere  rheom eter .

F o r  f l u i d  s p h e r e s ,  t h e  f i r s t  t h e o r e t i c a l  e f f o r t  was t h e  

i n v e s t i g a t i o n  o f  Haberman and Sayre (1958). These a u th o r s  computed an 

a p p r o x im a te  e x p r e s s i o n  f o r  t h e  d r a g  e x e r t e d  on a  s p h e r i c a l  f l u i d  

p a r t i c l e  i n  tu b e  f lo w  u s i n g  t h e  c y l i n d r i c a l  - s p h e r i c a l  s o l u t i o n  

m a tc h in g  p r o c e d u r e  w h ich  t h e y  employed i n  th e  e x a c t  s o l u t i o n  o f  th e
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s o l i d  sp h e re  problem . However, th e y  t r u n c a t e d  t h e  p r o c e d u r e  a f t e r  a 

two c o n s t a n t  m a tc h in g ,  and th e re b y  o b ta in e d  o n ly  approx im ate  r e s u l t s  

I n  t h e  fo rm  o f  an  a n a l y t i c a l  e x p r e s s i o n .  B a s e d  o n  a  s i m i l a r  

t r u n c a t i o n  f o r  a s o l i d  s p h e r e  and  t h e  c o m p a r i s o n  w i t h  t h e  e x a c t  

r e s u l t s ,  Haberman and Sayre e s t im a te d  t h a t  t h e i r  a p p r o x im a te  f o r m u la  

i s  v a l i d  f o r  sp h e re  to  tu b e  d ia m e te r  r a t i o s  o f  0 .6  and l e s s .  An e x a c t  

num erica l  com puta tion  o f  t h e  d r a g  was o b t a i n e d  by  Hyman a n d  S k a la k  

( 1 9 6 9  a n d  1 9 7 0 ) .  Hyman an d  S k a la k  c o n s i d e r e d  t h e  p ro b le m  o f  an  

i n f i n i t e  p e r i o d i c  c h a i n  o f  f l u i d  s p h e r i c a l  p a r t i c l e s  w h i c h  a r e  

a r b i t r a r i l y  s p a c e d .  P e r i o d i c ,  i n f i n i t e  s e r i e s  s o l u t i o n s  o f  t h e  

c re e p in g  flow  e q u a t io n s  which c o n ta in e d  c o n s ta n t s  were d e v e lo p e d ,  and  

t h e  s e r i e s  was t r u n c a t e d  so  t h a t  t h e  c o n s t a n t s  c o u l d  be  o b t a i n e d  

n u m e r ic a l ly  by s a t i s f a c t i o n  o f  th e  boundary c o n d i t i o n s .  The r e s u l t s  

f o r  th e  hydrodynamic d rag  f o r  a  p a r t i c l e  s p a c in g  o f  40 tube  r a d i i  were 

found to  c o in c id e  w i th in  a  few p e r c e n t  to  th e  approx im ate  f o r m u la e  o f  

H a b e rm a n  a n d  S a y r e  f o r  a l l  v a l u e s  o f  t h e  r a t i o  o f  d r o p l e t  t o  

co n t in u o u s  phase v i s c o s i t y  and f o r  sphere  to  tu b e  d ia m e te rs  o f  0 . 6  and 

l e s s .  B re n n e r  (1970  and  1971) o b t a i n e d  approx im ate  v a lu e s  f o r  th e  

d rag  o f  a s in g l e  p a r t i c l e  i n  ax isym m etric  f low  by an e x p a n s io n  i n  t h e  

r a t i o  o f  t h e  p a r t i c l e  t o  t u b e  d i a m e t e r .  The v a l u e s  f o r  th e  d rag ,  

c o r r e c t  to  th e  f i f t h  power i n  t h i s  r a t i o ,  were i n  agreem ent w i th  Hyman 

and  S k a la k  and Haberman and S a y r e 's  approx im ate  e x p re s s io n  f o r  sp h ere  

to  tube  d ia m e te r  r a t i o s  o f  0 . 6  o r  l e s s ,  r e g a r d l e s s  o f  t h e  v i s c o s i t y  

r a t i o .

From t h i s  rev iew  o f  th e  com ple ted  s t u d i e s  on t h e  a x i s y m m e t r i c  

m otion  o f  a  c l e a n  f l u i d  sp h e re  i n  a  tu b e ,  i t  i s  c l e a r  t h a t ,  u n l ik e  th e  

case  o f  th e  s o l i d  s p h e r e ,  t h e  o n ly  e x a c t  r e s u l t s  f o r  t h e  d r a g  a r e  

t h o s e  o f  Hyman an d  S k a l a k ,  and  t h e s e  h a v e  o n ly  b e e n  c h e c k e d ,  by
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asy m p to t ic  p ro c e d u re s ,  f o r  sp h e re  t o  tube  d ia m e te r  r a t i o s  o f  0 . 6  an d  

l e s s .  T h e re fo re ,  w i th  r e s p e c t  to  th e  m otion o f  c l e a n  f l u i d  p a r t i c l e s ,  

i t  i s  t h e  aim  o f  t h i s  i n v e s t i g a t i o n  t o  v e r i f y  Hyman a n d  S k a l a k ' s

r e s u l t s  f o r  s p h e r e  t o  tu b e  d i a m e t e r  r a t i o s  o f  0 . 6  and l a r g e r .  In

a d d i t i o n  i t  i s  th e  i n t e n t i o n  o f  t h i s  s tu d y  to  p ro v id e  f u l l y  c o n v e r g e d  

v e l o c i t y  f i e l d s  f o r  t h e  c l e a n  s u r f a c e  f l o w s ,  and  t o  i d e n t i f y  

s t a g n a t io n  p o in t s  on th e  f l u i d  p a r t i c l e  s u r f a c e .  T h ese  h y d ro d y n a m ic  

d e t a i l s  were n o t  p ro v id e d  by Hyman and S ka lak , b u t  th e y  a r e  e s p e c i a l l y  

im p o r ta n t  i n  u n d e r s ta n d in g  how s u r f a c t a n t s  in f lu e n c e  t h i s  t u b e  f lo w .  

The e f f e c t  o f  s u r f a c t a n t s  i s  th e  second and m ajor problem  a d d re s s e d  in  

t h i s  i n v e s t i g a t i o n ,  a n d  t h e  s c o p e  o f  t h e  s t u d y  w h i c h  w i l l  b e

u n d e r ta k e n  w i th  r e g a rd s  to  t h i s  e f f e c t  i s  d e s c r ib e d  below.

I n  t h e  s e c o n d  p ro b le m ,  t h e  c o n t i n u o u s  p h a s e  i s  a s s u m e d  t o  

c o n t a i n  a b u lk  s o lu b le  s u r f a c t a n t .  When th e  d r o p l e t  i s  p la c e d  i n  th e  

c o n t in u o u s  phase  a n d  b e g i n s  t o  move, s u r f a c t a n t  m o l e c u l e s  d i f f u s e  

to w a r d s  and  a d s o r b  o n to  t h e  s u r f a c e  o f  t h e  f l u i d  p a r t i c l e .  Once 

ad so rb ed ,  th e s e  m olecu les  a r e  c o n v e c t e d  to w a rd s  s u r f a c e  s t a g n a t i o n  

p o i n t s  w h e re  t h e y  may c o l l e c t ,  d e s o r b  o r  d i f f u s e  away a l o n g  t h e  

s u r f a c e .  At s te a d y  s t a t e  a  s u r f a c t a n t  d i s t r i b u t i o n  e v o l v e s  on  t h e  

s u r f a c e  w hich  r e p r e s e n t s  th e  b a la n c e  o f  th e  com peting e f f e c t s  o f  b u lk  

and s u r f a c e  d i f f u s i o n  an d  c o n v e c t i o n ,  and  s u r f a c e  t o  b u l k  k i n e t i c  

a d s o r p t io n  and d e s o rp t io n .

Of key im portance  i s  th e  f a c t  t h a t  th e  s u r f a c t a n t  d i s t r i b u t i o n  

g i v e s  r i s e  t o  i n t e r f a c i a l  t e n s i o n  g r a d i e n t s  on t h e  s u r f a c e  w hich 

c r e a t e  t a n g e n t i a l  t r a c t i o n s  (M ara n g o n i  s t r e s s e s ) .  B e c a u s e  t h e  

s u r f a c t a n t  c o n g re g a te s  a t  th e  s u r f a c e  s t a g n a t io n  p o i n t s ,  a r e a s  i n  th e  

v i c i n i t y  o f  th e s e  p o in t s  a re  a t  low er i n t e r f a c i a l  t e n s i o n  th a n  r e g io n s  

w i t h  l e s s  s u r f a c t a n t .  As a  r e s u l t ,  th e  Marangoni s t r e s s  i s  d i r e c t e d
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o p p o s i te  to  th e  t h a t  o f  c o n v ec t io n ,  and th u s  r e t a r d s  th e  f lo w  to w a rd s  

th e  s t a g n a t i o n  p o i n t s .

The e x i s t i n g  l i t e r a t u r e  h a s  n o t  ex a m in e d  t h e  i n f l u e n c e  o f  

s u r f a c t a n t s  on th e  movement o f  f l u i d  p a r t i c l e s  i n  tu b e s ,  a l th o u g h  th e  

c o r re sp o n d in g  problem o f  t h e i r  in f l u e n c e  on  t h e  m o t io n  o f  s p h e r i c a l  

f l u i d  p a r t i c l e s  i n  a n  i n f i n i t e  medium h a s  been  s tu d i e d  th o ro u g h ly .  

Owing t o  t h e  c o m p le x i t y  o f  t h e  s u r f a c t a n t  mass t r a n s f e r  a n d  t h e  

M a ran g o n i  c o u p l in g ,  i t  i s  d i f f i c u l t ,  even f o r  th e  i n f i n i t e  medium, to  

s o lv e  th e  e n t i r e  hydrodynamic and mass t r a n s f e r  p ro b le m  f o r  t h e  m os t 

g e n e r a l  c a s e  i n  w h ich  a l l  t r a n s p o r t  mechanisms a r e  im p o r ta n t .  In  an 

e f f o r t  to  s i m p l i f y  t h e  a n a l y s i s ,  p r e v i o u s  s t u d i e s  o f  t h e  i n f i n i t e  

medium p ro b le m  h a v e  i d e n t i f i e d  a t  s te a d y  s t a t e  t h r e e  l i m i t i n g  c a s e s .  

These a r e  d is c u s s e d  below so a s  t o  p r o v id e  a  b a c k g r o u n d  f o r  how t h e  

i n f l u e n c e  o f  s u r f a c t a n t s  in  th e  c o n f in e d  geometry o f  th e  tube  w i l l  be 

t r e a t e d .

The f i r s t  c a s e  p e r t a i n s  t o  t h e  regime where th e  fo l lo w in g  two 

c o n d i t io n s  a r e  govern ing : F i r s t ,  th e  t r a n s p o r t  o f  s u r f a c t a n t  m olecu les  

b y  s u r f a c e  d i f f u s i o n  i s  v e r y  s lo w  i n  c o m p a r i s o n  t o  c o n v e c t i v e  

t r a n s p o r t .  (The n o n d im en s io n a l  r a t i o  o f  t h e  c o n v e c t i o n  t o  s u r f a c e

d i f f u s i o n  i s  t h e  P e c l e t  number d e f in e d  as th e  p ro d u c t  o f  th e  d r o p le t

v e l o c i t y  m u l t i p l i e d  by th e  d r o p le t  r a d iu s  and d i v i d e d  b y  t h e  s u r f a c e  

d i f f u s i v i t y . )  S eco n d ,  e i t h e r  s o r p t io n  k i n e t i c s  i s  slow  r e l a t i v e  to  

c o n v e c t i o n  o r  t h e  d i f f u s i o n  r a t e  o f  s u r f a c t a n t  m o l e c u l e s  i n  t h e  

a d s o r p t i o n  d e p t h  l a y e r  i s  s lo w  i n  c o m p a r is o n  to  c o n v e c t io n  i n  t h a t  

l a y e r .  The a d s o r p t i o n  d e p t h  l a y e r  i s  t h e  d e p t h  u n d e r n e a t h  t h e

s u r f a c e  f o r  w h i c h ,  p e r  u n i t  a r e a  o f  s u r f a c e ,  t h e r e  i s  a s  much

s u r f a c t a n t  a t  e q u i l ib r iu m  a s  on t h e  s u r f a c e .  U nder  n o n e q u i l i b r i u m  

f lo w  c o n d i t i o n s ,  s u r f a c t a n t  e x c h a n g e d  from  th e  b u lk  t o  th e  s u r fa c e
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l i e s  p r i m a r i l y  i n  t h i s  l a y e r ,  an d  t h e r e f o r e  t h e  a d s o r p t i o n  d e p t h  

t h i c k n e s s  p r o v i d e s  a c o n v e n i e n t  l e n g t h  s c a l e  f o r  th e  e s t i m a t io n  o f  

b u l k  d i f f u s i v e  an d  c o n v e c t i v e  t r a n s p o r t  e f f e c t s .  T he  p r o p e r  

n o n d im e n s io n a l  m e a su re  o f  t h e  r a t i o  o f  t h e  r a t e s  o f  d i f f u s i o n  and 

c o n v e c t io n  i n  t h i s  l a y e r  i s  a  P e c l e t  num ber b a s e d  on t h e  a d s o r p t i o n  

d e p t h .  I n  t h e  a s y m p t o t i c  l i m i t  i n  w h ic h  th e  s u r f a c e  P e c l e t  Number 

te n d s  to  i n f i n i t y  and e i t h e r  th e  s o r p t i o n  k i n e t i c  e x c h a n g e  t e n d s  t o  

z e r o  o r  t h e  a d s o r p t i o n  d e p t h  P e c l e t  num bers  t e n d  t o  i n f i n i t y ,  

s u r f a c t a n t  on  t h e  s u r f a c e  c o l l e c t s  i n  z o n e s  l o c a t e d  a r o u n d  t h e  

s t a g n a t i o n  p o in t s  s in c e  c o n v e c t io n  tow ards th e s e  p o in t s  dom inates th e  

d i s p e r s i n g  mechanisms o f  s u r f a c e  d i f f u s i o n  and d e s o r p t io n  coup led  w ith  

d i f f u s i o n  b a c k  i n t o  t h e  b u l k .  T h i s  c a s e  i s  r e f e r r e d  t o  a s  t h e  

" s t a g n a n t  cap" reg im e. The regime i s  u s u a l l y  r e a l i z e d  i n  s y s te m s  i n  

w h ic h  t h e  f lo w  i s  f a s t  enough  so t h a t  th e  P e c l e t  numbers a r e  l a r g e .  

The movement o f  a f l u i d  sphere  i n  an i n f i n i t e  medium f o r  th e  s t a g n a n t  

cap regim e h as  been  s tu d ie d  by Sav ic  (1953),  Davis and A crivos  (1966), 

H arper (1973, 1982), Sadhal and Johnson (1982) and H olbrook a n d  Levan 

(1 9 8 3 a ) .

In  th e  second c a se  e i t h e r  th e  t r a n s p o r t  by s u r f a c e  d i f f u s i o n  i s  

v e r y  f a s t  i n  c o m p a r i s o n  t o  c o n v e c t i o n ,  o r  t h e  s e r i e s  p ro c e s s e s  o f  

s u r f a c e  t o  b u l k  k i n e t i c  e x c h a n g e  and  b u l k  d i f f u s i o n  a r e  f a s t  i n  

c o m p a r i s o n  t o  c o n v e c t i v e  t r a n s p o r t .  F o r  t h i s  c a s e  th e  s u r f a c t a n t  

d i s t r i b u t i o n  on th e  s u r f a c e  o f  th e  d r o p le t  d e v ia te s  o n ly  s l i g h t l y  from 

t h e  v a l u e  which would be r e a l i z e d  f o r  th e  s u r f a c e  c o n c e n t r a t i o n  under 

e q u i l i b r i u m  ( z e r o - f l o w )  c o n d i t i o n s .  T h i s  c a s e  i s  t e r m e d  t h e  

"u n ifo rm ly  r e t a r d e d "  regime because  th e  sm a ll  d e v i a t i o n  o f  th e  s u r f a c e  

c o n c e n t r a t i o n  from th e  e q u i l ib r iu m  v a lu e  a lo n g  t h e  s u r f a c e  c r e a t e s  a 

d i s t r i b u t e d  M aran g o n i  t e n s i o n  which r e t a r d s  u n ifo rm ly  th e  c o n v e c t io n



85

on th e  s u r f a c e .  Uniform r e t a r d a t i o n  may b e  r e a l i z e d  i f  t h e  f lo w  i s  

e x t r e m e l y  s low  so  t h a t  s u r f a c e  P e c l e t  numbers a re  sm a ll  and s u r f a c e  

d i f f u s i o n ,  a c t i n g  a s  t h e  d o m in a n t  t r a n s p o r t  m echan ism , f o r c e s  t h e  

c o n c e n t r a t i o n  t o  b e  n e a r l y  u n i f o r m .  A l t e r n a t i v e l y ,  i f  th e  s u r f a c e  

P e c l e t  number i s  o f  o r d e r  o n e ,  t h i s  c a s e  o c c u r s  i f  t h e  k i n e t i c  

t r a n s p o r t  b e t w e e n  t h e  b u l k  and  th e  s u r f a c e  i s  f a s t  com pared  to  

c o n v e c t io n ,  and i f  th e  r a t e  o f  d i f f u s i o n  i n  th e  a d s o rp t io n  dep th  l a y e r  

i s  f a s t  r e l a t i v e  to  c o n v e c t io n  in  t h a t  l a y e r  ( a d s o r p t io n  dep th  P e c l e t  

number much l e s s  t h a n  o n e ) . The c a s e  o f  u n i f o r m  r e t a r d a t i o n  was 

i n t r o d u c e d  b y  L e v i c h  ( 1 9 6 2 )  i n  h i s  s t u d y  o f  t h e  i n f l u e n c e  o f  

s u r f a c t a n t s  on th e  m otion o f  a d ro p  i n  an  i n f i n i t e  medium, a n d  was 

l a t e r  s t u d i e d ,  f o r  t h e  same problem , by S ch ech te r  and F a r le y  (1963), 

Newman (1967) and Holbrook and Levan (1983a).

The f i n a l  c a s e  i s  t h e  regim e in  which one o f  th e  nonconvec tive  

s u r f a c t a n t  t r a n s p o r t  mechanisms - e i t h e r  b u l k  d i f f u s i o n  o r  k i n e t i c  

e x c h a n g e  - i s  s lo w  r e l a t i v e  to  co n v e c t iv e  t r a n s p o r t  and th e  o th e r  i s  

f a s t .  A s o l u t i o n  i s  o b ta in e d  w ith  th e  r a t e  l i m i t i n g  mechanism s o l v e d  

e x a c t l y ,  and  th e  f a s t  t r a n s p o r t  m echan ism s r e g a r d e d  as  b e i n g  i n  

e q u i l ib r iu m  in  a  q u a s i s t a t i c  s e n s e .  The p r im ary  example o f  t h i s  c a s e  

i s  t h e  t r e a t m e n t  o f  t h e  k i n e t i c  e x c h a n g e  a s  i n f i n i t e l y  f a s t  (and 

th e re b y  re g a rd e d  a s  i n  e q u i l i b r i u m )  an d  th e  b u l k  d i f f u s i o n  i n  th e  

a d s o r p t i o n  d e p t h  l a y e r  a s  r a t e  l i m i t i n g .  T h is  case  was t r e a t e d  by 

L e v ic h  (19 6 2 )  and  l a t e r  S a v i l l e  ( 1 9 7 3 )  u s i n g  a b o u n d a r y  l a y e r  

t e c h n i q u e .  Vasserman and S l a t t e r y  (1969) and Levan and Newman (1976) 

s tu d ie d  t h i s  c a se  in  th e  l i m i t  o f  ze ro  s o l u b i l i t y  o f  th e  s u r f a c t a n t  by 

a r e g u l a r  p e r t u r b a t i o n ,  and f i n a l l y  Holbrook and Levan (1983b) so lv e d  

n u m e r ic a l ly  th e  c o n v e c t iv e - d i f f u s i o n  e q u a t io n  f o r  th e  s u r f a c t a n t  mass
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t r a n s f e r .  The a l t e r n a t i v e  c a s e  i n  which s o r p t i o n  k i n e t i c s  i s  r a t e -  

l i m i t i n g  and b u lk  d i f f u s i o n  i s  f a s t  was t r e a t e d  by Holbrook an d  Levan  

(1 9 8 3 b )  an d  He £ £  a l .  ( 1 9 8 8 ) .  I n  a l l  o f  th e s e  s t u d i e s  th e  s u r f a c e  

P e c l e t  number was e i t h e r  v e ry  l a r g e  o r  i n f i n i t e .

This  s tu d y  examines th e  regime o f  un ifo rm  r e t a r d a t i o n  c o n t r o l l e d  

by k i n e t i c  exchange. S ince  s u r f a c e  P e c l e t  numbers i n  f l u i d  f lo w s  a r e  

s e l d o m  v e r y  s m a l l  a n d  o n l y  c a u s e d  t o  b e  s u c h  u n d e r  s p e c i a l  

c i rc u m s ta n c e s ,  un iform  r e t a r d a t i o n  i s  p r a c t i c a l l y  r e a l i z e d  when t h e  

s e r i e s  p r o c e s s e s  o f  k i n e t i c  e x c h a n g e  and  b u l k  d i f f u s i o n  a r e  f a s t  

r e l a t i v e  to  co n v ec t io n .  As remarked above, th e s e  p r o c e s s e s  a r e  f a s t  

when t h e  k i n e t i c  e x c h a n g e  i s  f a s t  ( r e l a t i v e  to  c o n v e c t io n )  and th e  

P e c l e t  number based  on th e  a d s o r p t i o n  d e p t h  i s  s m a l l .  To d e s c r i b e  

u n i f o r m  r e t a r d a t i o n  p r e c i s e l y ,  a  r e g u l a r  p e r t u r b a t i o n  approach  i s  

a d o p te d  i n  w h ich  t h e  i n v e r s e  r a t i o  o f  t h e  t im e  s c a l e  f o r  k i n e t i c  

e x c h a n g e  t o  t h e  s c a l e  f o r  c o n v e c t i o n  i s  s e t  e q u a l  t o  a  s m a l l  

p a r a m e te r . To focus  s o l e l y  on th e  in f lu e n c e  o f  k i n e t i c  e x c h a n g e , t h e  

a d s o r p t i o n  d e p th  P e c l e t  number i s  e q u a t e d  t o  t h e  s q u a r e  o f  t h i s  

p a ram e te r ,  th u s  r e l e g a t i n g  b u lk  d i f f u s i v e  e f f e c t s  t o  h ig h e r  th a n  f i r s t  

o r d e r .  T h i s  i s  a  s e n s i b l e  a p p r o a c h  b e c a u s e  e v e n  a t  low  b u l k  

c o n c e n t r a t io n s  o f  s u r f a c t a n t  a d s o r p t i o n  d e p t h s  a r e  u s u a l l y  o f  t h e  

o r d e r  o f  t e n t h s  o f  m i l l i m e t e r s  o r  l e s s  ( c f .  t h e  d i s c u s s i o n  in  th e  

rev iew  a r t i c l e  by H arper (1 9 7 2 )) .  F u rtherm ore , t h e  a d s o r p t i o n  d e p t h  

becom es v a n i s h i n g l y  s m a l l  a s  t h e  b u l k  c o n c e n t r a t i o n  app roaches  and 

exceeds th e  c r i t i c a l  m ic e l l e  c o n c e n t r a t i o n  o f  t h e  s u r f a c t a n t .  N ote  

f i n a l l y  t h a t  i n  t h i s  p e r t u r b a t i v e  scheme, th e  z e r o th  o r d e r  s o l u t i o n  

w i l l  have an  un ifo rm  c o n c e n t r a t i o n  o f  s u r f a c t a n t  on  t h e  s u r f a c e  and  

th u s  w i l l  be i d e n t i c a l  to  th e  c le a n  s o l u t i o n  s in c e  Marangoni s t r e s s e s  

a r e  equa l t o  z e ro .



87

T h is  c h a p t e r  i s  o r g a n i z e d  i n t o  s i x  m ajor s e c t i o n s .  S e c t io n  2 

d e t a i l s  th e  e x a c t  govern ing  e q u a t io n s  and boundary  c o n d i t i o n s  ( $ 2 . 1 ) 

and  o u t l i n e s  t h e  p e r t u r b a t i o n  scheme w h ich  d e s c r ib e s  th e  reg im e o f  

k i n e t i c a l l y  c o n t r o l l e d  uniform  r e t a r d a t i o n  ( $ 2 .2 ) .  S e c t io n  3 o u t l i n e s  

th e  c o l l o c a t i o n  te ch n iq u e  which i s  u sed  to  o b ta in  n u m e rica l  s o l u t i o n s .  

The tech n iq u e  in v o lv e s  e x a c t  s a t i s f i c a t i o n  o f  t h e  w a l l  h y d ro d y n a m ic  

c o n d i t i o n s  ( $ 3 .1 )  an d  a p o in tw ise  s a t i s f i c a t i o n  o f  th e  k in e m a t ic  and 

s u r f a c t a n t  m ass t r a n s f e r  c o n d i t i o n s  a t  t h e  s p h e r i c a l  p a r t i c l e  

i n t e r f a c e  ( $ 3 . 2 ) .  C o n v e rg en c e  c r i t e r i a  an d  a  v e r i f i c a t i o n  o f  th e  

method by com parison to  s o l i d  sphere  r e s u l t s  a r e  p r e s e n t e d  i n  $ 3 . 3 .  

The r e s u l t s  a r e  d e t a i l e d  in  $4 f o r  th e  c a se  o f  a c l e a n  d r o p l e t  and $5 

f o r  th e  s u r f a c t a n t  con tam ina ted  c a s e .  The r e s u l t s  a r e  p r e s e n t e d  i n  

t a b u l a t i o n s  o f  h y d ro d y n a m ic  d r a g  c o e f f i c i e n t s ,  t h e  c a l c u l a t i o n  o f  

t e rm in a l  v e l o c i t i e s  and  th e  p r e s e n t a t i o n  o f  v e l o c i t y  f i e l d s .  The 

c h a p te r  ends w i th  a  c o n c lu s io n  s e c t i o n  ($6 ) .

4 .2  F orm ula tion

4 .2 .1  Governing E quations  and Boundary C ond it ions

The problem under exam ination  i s  t h a t  o f  a f l u i d  d r o p l e t  m oving  

s t e a d i l y  an d  a x i s y m m e t r i c a l l y  t h r o u g h  a  c o n t i n u o u s  l i q u i d  i n  an  

i n f i n i t e l y  long  c y l i n d r i c a l  t u b e .  B o th  t h e  d r o p l e t  a n d  c o n t i n u o u s  

p h a s e s  a r e  assumed to  be in c o m p ress ib le  and Newtonian. F ar  away from 

t h e  d r o p l e t ,  t h e  c o n t i n u o u s  f l u i d  f lo w  i s  e i t h e r  s t a t i o n a r y  o r  

P o i s e u i l l i a n .  The R e y n o ld s  and  c a p i l l a r y  numbers a r e  assumed to  be 

sm all  enough so t h a t  i n e r t i a  i s  n e g l i g i b l e  and t h e  d r o p l e t  r e t a i n s  a 

s p h e r i c a l  s h a p e .  A b u l k  s o l u b l e  s u r f a c t a n t  i s  p r e s e n t  i n  t h e
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co n t in u o u s  phase  and I s  adsorbed  on th e  s u r f a c e  o f  t h e  d r o p l e t .  The 

c o n c e n t r a t i o n  o f  s u r f a c t a n t  f a r  from  t h e  d r o p l e t  I s  assumed to  be 

u n i f o r m .  I n  t h e  s o l u t i o n  t e c h n i q u e  w h i c h  w i l l  b e  u s e d  b o t h  

c y l i n d r i c a l  ( p , u > , z ) and s p h e r i c a l  c o o rd in a te s  ( r , 6 , 4 )  a r e  needed . The 

o r i g i n  o f  b o th  system s I s  lo c a te d  a t  th e  c e n t e r  o f  th e  moving d r o p le t ,  

a n d  t h e r e f o r e  I n  t h e s e  s y s te m s  th e  tube  w a l l  i s  moving i n  th e  a x i a l  

d i r e c t i o n  (see  F l g . l ) .  The v e l o c i t y  o f  th e  d r o p l e t  I n  a b se n c e  o f  t h e  

s u r f a c t a n t s  i s  deno ted  as  Uq. (D im ensional q u a n t i t i e s  a r e  marked by a

p r im e ,  and  d i m e n s i o n l e s s  q u a n t i t i e s  a r e  u n p r lm e d  t h r o u g h o u t  t h e  

a n a l y s i s . )  i s  t a k e n  a s  p o s i t i v e  when th e  drop i s  moving i n  th e

p o s i t i v e  z d i r e c t i o n ,  and th e r e f o r e ,  i n  th e  d r o p le t  fram e, th e  w a l l  i s  

m oving  i n  -z  d i r e c t i o n  when i s  g r e a t e r  th a n  z e ro .  The c e n t e r

l i n e  v e l o c i t y  i n  th e  P o i s e u i l l e  flow  i s  d eno ted  as  V' and i s  t a k e n  a s  

p o s i t i v e  when P o i s e u i l l e  f low  i s  i n  th e  +z d i r e c t i o n .  The a n g le  6  i s  

measured from th e  f r o n t  s t a g n a t io n  p o in t  and th e  g r a v i t a t i o n a l  f o r c e  

i s  a c t i n g  in  th e  -z  d i r e c t i o n .

I n  f o r m u l a t i n g  th e  h y d ro d y n a m ic  e q u a t i o n s  f o r  t h e  d r o p l e t  

m o t i o n ,  d r o p l e t  a n d  c o n t i n u o u s  p h a s e  v a r i a b l e s  a r e  d e n o t e d  by  

s u p e r s c r i p t s  (1) and (2) r e s p e c t i v e l y .  The tu b e  a n d  t h e  d r o p l e t  

r a d i i s  a r e  d e n o t e d  by  b r and  a '  r e s p e c t i v e l y .  C o o r d i n a t e s  a r e  

n o n d im en s io n a l ized  by th e  d r o p le t  r a d iu s  a * . The k in e m a tic  v a r i a b l e s  

( o f  b o t h  p h a s e s )  a r e  s c a l e d  a s  f o l l o w s :  v e l o c i t i e s  by  t h e  s t e a d y  

t r a n s l a t i o n a l  v e l o c i t y  o f  th e  d r o p le t  i n  th e  absence  o f  th e  s u r f a c t a n t

i n  t h e  t u b e ,  U^, and  s h e a r  s t r e s s  t e n s o r s  a n d  p r e s s u r e  P ' by

( 2 ) ( 2 )
f i ' v where f i ' ^  '  i s  t h e  v i s c o s i t y  o f  t h e  e x t e r i o r  f l u i d .  The

s u r f a c t a n t  c o n c e n t r a t i o n  T' i s  n o n d im en s io n a l ized  by which i s  th e
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s u r f a c t a n t  c o n c e n t r a t i o n  i n  e q u i l i b r i u m  w i t h  t h e  u n i f o r m  b u l k

c o n c e n t r a t i o n  and k  i s  th e  v i s c o s i t y  r a t i o  . S ince  th e

flow  i s  ax isym m etric  and in c o m p re s s ib le ,  v e l o c i t i e s  may be r e p r e s e n te d

2
by a s tream  f u n c t io n  rft* which i s  no n d im en s io n a l ized  by a '  Uq.

The N av ie r-S to k e s  e q u a t io n  f o r  s te a d y  ax isym m etric  c re e p in g  flow

c a n  b e  w r i t t e n  i n  te rm s  o f  t h e  s t r e a m  f u n c t i o n  (H ap p e l  and

B renner (1970)) a s :

E2 (E2^ ( i ) ) -  0 ( i  -  1, 2) (2 .1 )

2
where E i s  th e  ax isym m etric  s tream  f u n c t io n  o p e r a t o r .  I n  s p h e r i c a l

2 2 c o o r d in a te s ,  E i s  deno ted  by Eg and i s

e 2  W  .  & a )  + s l M  2 _  ( - L .  M (1 >, ( 2  2)
3 r  r  8 8  s in *  8 8

w hile  in  c y l i n d r i c a l  c o o r d in a te s ,  i t  has th e  form

EV i , - ^ ‘ l l * ^ (1 ’ - l a < I )  (2 .3 )
C 8 z  d p  p  d p

The v e l o c i t y  components can be e x p re s s e d  i n  te rm s o f  th e  s tream  

fu n c t io n :

v ( i )  _  L ^ ( i )  v ( i ) _____ l _ & 6 ( i )
r  r 2 s in *  8 6  ’ 9  r s i n * d r
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(2 .4 )

v ( i )  _ . 1  M
z p  d p

( i ) v ( i )  _ 1  S ±
p  p  d z

( i )

The boundary  c o n d i t i o n s  a r e  f o r m u l a t e d  a t  t h e  c e n t e r  o f  t h e  

d r o p l e t ,  t h e  tube w a l l ,  th e  d r o p le t  s u r f a c e  and f a r  from th e  d r o p le t .  

These a r e :

(1) At th e  d r o p l e t  c e n t e r  l im  and l im  e x i s t .
r - * 0  r - 0

(2) Far from th e  d r o p le t ,  th e  v e l o c i t y  f i e l d  i s  e i t h e r  un iform

lim  V(2 ) -  -U
| z | — z ( 2 -5)

o r  o f  P o i s e u i l l e  type

Vz 2>-  ^  - U ( 2 . 6 )I z rW) b

where U i s  th e  v e l o c i t y  o f  th e  d r o p l e t  an d  V i s  t h e  c e n t e r  

l i n e  v e l o c i t y  o f  t h e  P o i s e u i l l e  f l o w  a t  i n f i n i t y  

(n o n d im en s io n a lized  by Uq) ,

(3) At th e  tube  w a l l ,  p -b  ( b - b ' / a ' )

V<2) -  - U, V*2 * -  0 z p
(2 .7 )



91

(4) At th e  s u r f a c e  o f  th e  d r o p l e t ,  r - 1  ( r - r ' / a ' “ l )

V( D  _ y (2) _ 0 <2 8)

v![1) -  V<2) (2 .9 )

4 V  ■ ^  <210>
9  X 9  8 9  8 8

w here  o '  I s  t h e  s u r f a c e  t e n s i o n  and  Ha i s  t h e  M arangoni 

number d e f in e d  by

r*m* 0 SsL- / 2 \ 
ii , K arf

Due to  th e  assum ption  t h a t  t h e  d r o p l e t  r e t a i n s  I t s  s p h e r i c a l  

s h a p e ,  t h e  n o rm a l  s t r e s s  b a l a n c e  on th e  I n t e r f a c e  i s  r e p la c e d  by an 

I n t e g r a t e d  fo rc e  b a la n c e :

p(2>+ ' « > « * - ' S ’ s i n 0 } s i n 0 d 0 

-  |  Wa ' 3 < p '( 1 ) . p ' ( 2 ) ) g '  ( 2 . 1 1 a)

where i s  th e  hydrodynamic d rag  e x e r t e d  by th e  e x t e r i o r  f l u i d  on th e  

d rop ,  i s  t h e  d e n s i t y  o f  p h a s e  1  and  g '  i s  t h e  g r a v i t a t i o n a l



92

a c c e l e r a t i o n .  E quation  (2 .1 1 a )  w i l l  be  used  to  de te rm ine  th e  d r o p l e t

( 2 )  ( 2 )t e r m i n a l  v e l o c i t i e s .  W r i t i n g  th e  n o rm a l  ( r V / )  a n d  s h e a r  ( r ' . ; )rir r  u

s t r e s s e s  i n  te rm s  o f  t h e  s t r e a m  f u n c t i o n  i n  s p h e r i c a l  c o o r d in a te s ,

( 2 . 1 1 a) may be e x p re s se d  in  th e  form

F' -  a ' l f y i ' ( 2 )* r  r ' 3 s i n 3< ? ^ , [  ]A9  (2 .11b)
2  U J 0 d r  r '  s i n  9

The appearance  o f  th e  Marangoni s t r e s s  term  in  (2 .1 0 )  i n d i c a t e s  

t h a t  t h e  s u r f a c t a n t  d i s t r i b u t i o n  on th e  s u r f a c e  o f  th e  d r o p l e t ,  r ( 0 ) ,

m ust be  d e t e r m in e d  i n  o r d e r  t o  o b t a i n  t h e  v e l o c i t y  f i e l d .  T h i s

d i s t r i b u t i o n  i s  e s t a b l i s h e d  from  t h e  s o l u t i o n  o f  t h e  e q u a t i o n  o f  

s u r f a c t a n t  c o n s e rv a t io n  a t  t h e  i n t e r f a c e  o f  t h e  d r o p l e t ;  a t  s t e a d y  

s t a t e  t h i s  r e l a t i o n  i s  in  th e  form

§ j  (siti»rvs> -  (sl[,s|E) + Q(r,Ca, (212,
S

w here  Vg i s  t h e  s u r f a c e  v e l o c i t y  (V ( 0 ,  r - 1 ) ) , and Peg i s  the

a'U-
s u r f a c e  P e c l e t  number (Pe -  , w here D' i s  t h e  s u r f a c e  d i f f u s i o ns D' ’ ss

c o e f f i c i e n t ) .  The f u n c t i o n  Q (T ,C  ) i n  ( 2 . 1 2 )  d e s c r i b e s  th es

a d s o r p t i o n - d e s o r p t i o n  k i n e t i c s  (C g i s  t h e  s u r f a c t a n t  s u b l a y e r

c o n c e n t r a t i o n  and  n o n d im e n s io n a l i z e d  by C^, Cg- C ( r - 1 , 0 ) ) . Here the

Langmuir f o rm u la t io n  f o r  th e  k i n e t i c s  i s  a d o p t e d  (D a v ie s  a n d  R i d e a l  

1963); th u s  i n  d im ens iona l form
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Q '( r ' . c ' )  -  -o'r* - 0 ' c ' ( r ( - r;> (2.13)

w here  a '  and  /?' a r e  k i n e t i c  c o n s t a n t s  o f  d e s o r p t io n  and a d s o r p t io n  

r e s p e c t i v e l y  and i s  th e  maximum s u r f a c t a n t  c o n c e n t r a t i o n  a t  t h e

s u r f a c e .  From ( 2 .1 3 ) ,  th e  e q u i l ib r iu m  c o n c e n t r a t i o n  can e a s i l y  be

o b ta in e d  from Q ' ( r ^ , C ^)- 0 ; thus

r - T T l T  <2 1 4 >
GO

where k -  P ' C ^ / a t ’ and i s  th e  r a t i o  o f  a d s o r p t io n  to  d e s o r p t i o n  r a t e s .  

N o n d i m e n s i o n a l i z a t i o n  o f  ( 2 . 1 3 )  b y  U ^ T ^ / a '  y i e l d s  a f t e r  some 

m a n ip u la t io n  and com bination  w ith  ( 2 . 1 2 ) th e  s u r f a c t a n t  mass e q u a t io n

 1 — \ _ ------- 1---  - n-r f r  /r> _ 1 \ 1sin# >* <sin#rvs) -  at <sl"Q> - Bl<Vr - 1> + { (r - cs»s

where (2 .1 5 )

r  COBi -
a y * ' )

and  i s  t h e  n o n d i m e n s i o n a l  r a t i o  o f  t h e  r a t e  o f  a d s o r p t i o n  o f  

s u r f a c t a n t  o n t o  t h e  s u r f a c e  t o  t h e  r a t e  a t  w h ich  s u r f a c t a n t  i s  

co n v ec ted  from one end o f  th e  d r o p le t  to  th e  o th e r .

With th e  above ch o ice  o f  th e  a d s o r p t io n  iso th e rm , th e  dependence 

o f  t h e  s u r f a c e  t e n s i o n  on t h e  s u r f a c t a n t  s u r f a c e  c o n c e n t r a t i o n  

( o ' ( r ' ) )  may be fo rm u la ted  from th e  Gibbs a d s o r p t io n  e q u a t io n ,
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J jf  -  - r- (2.16)

w h e r e  ) i ’ I s  t h e  c h e m ic a l  p o t e n t i a l .  The b u l k  c o n c e n t r a t i o n  i s  

a s su m ed  t o  b e  d i l u t e  enough  so  a s  t o  b e  i d e a l ,  p* -  p ^ ( T ' , p ' )  +

R ' T ' i n ( C ' ) ,  where T' d en o te s  th e  te m p e ra tu re ,  p* i s  th e  thermodynamic 

p r e s s u r e  and R' i s  th e  gas c o n s ta n t .  I n t e g r a t i n g  (2 .1 6 )  g iv e s

a '  “  - R 'T 'I V je n ( l / ( l  - T ' / r p )  (2 .17 )

where <7q i s  s u r f a c e  t e n s i o n  o f  t h e  c l e a n  i n t e r f a c e .  C o n s e q u e n t ly ,

n f
from (2 .1 7 )  ~ r  i s  c a l c u l a t e d  to  be 

0 1

ML  _ .  Rli:____  f2 18}
d v  (l - r '/rj,)

and

R 'T T '  k

Ma "  u ' {2 >U' ( 1  + k - } <2' 19)f*

The p ro b le m  i s  n o t  f u l l y  d e t e r m i n e d  u n t i l  Cg , t h e  s u b l a y e r  

c o n c e n t r a t i o n ,  i s  s o lv e d  f o r .  F orm ally , Cg can  be o b ta in e d  by s o lv in g  

th e  s te a d y  c o n v e c t iv e - d i f f u s i o n  e q u a t io n  i n  th e  c o n t in u o u s  p h ase ,  i . e .

-  V2C (2 . 20)



2
w h e r e  7 i s  t h e  L a p l a c i a n  o p e r a t o r ,  P e - U ^ a ' / D ' ,  D' i s  t h e  b u l k

d i f f u s i v i t y  o f  th e  s u r f a c t a n t  and C i s  t h e  b u l k  c o n c e n t r a t i o n .  t h e  

boundary  c o n d i t io n s  on th e  b u lk  c o n c e n t r a t i o n  a r e :

i as Bi[cs<r - i) + £ <r - ca)] (2 . 21)PeA 3 r | r - 1

and

lim  C (z ,p )  -  1
lz |-*°

( 2 . 22 )

^  -  0  d p |p-b (2 .23 )

I n  ( 2 . 2 1 ) ,  PeA“  —jjl— w h e r e  S '  i s  t h e  a d s o r p t i o n  d e p t h  o f  t h e  

s u r f a c t a n t ,  Tq/CV. This  com pletes  th e  fo rm u la t io n .

4 . 2 .2  P e r tu r b a t io n  Scheme D esc r ib in g  th e  S u r f a c ta n t  In f lu e n c e

In  th e  absence o f  d i s s o lv e d  s u r f a c t a n t s  i n  th e  c o n t in u o u s  p h ase ,  

th e  govern ing  e q u a t io n s  a re  g iv e n  by ( 2 . 1 ) and th e  boundary  c o n d i t io n s  

a r e  e q u a t i o n s  ( 2 .5 ) - ( 2 .1 1 )  w ith  th e  Marangoni s t r e s s  eq u a te d  to  z e ro .  

As r e m a rk e d  i n  t h e  I n t r o d u c t i o n ,  t o  d e s c r i b e  t h e  i n f l u e n c e  o f  

s u r f a c t a n t  a d s o r p t i o n ,  t h e  l i m i t i n g  c a s e  i n  which s u b la y e r - s u r f a c e  

k i n e t i c  e x c h a n g e  i s  f a s t  b u t  r a t e  d e t e r m i n i n g  i s  c o n s i d e r e d .  To 

d e s c r ib e  t h i s  case  p e r t u r b a t i v e l y ,  th e  r a t i o  o f  th e  a d s o r p t io n  r a t e  to  

th e  r a t e  a t  which th e  s u r f a c t a n t  i s  convec ted  (0 '  C ^ / U ^ / a ' - B i )  i s  s e t

e q u a l  t o  1 / e ,  and  k ,  th e  r a t i o  o f  a d s o r p t io n  to  d e s o r p t io n ,  i s  ta k en
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to  be o f  o rd e r  1. The P e c l e t  numbers, Pe and Pe a r e  b o th  ta k e n  to  bes

o f  o r d e r  1 .  T h i s  r e l e g a t e s  t h e  i n f l u e n c e  o f  s u r f a c e  d i f f u s i o n  to  

second o rd e r  and above. With t h i s  s c a l i n g ,  h o w e v e r ,  b u l k  d i f f u s i o n  

w o u ld  be r a t e  d e t e r m in g  to  z e r o t h  o r d e r .  To remove t h i s  e f f e c t  to

2
second o rd e r  and h ig h e r ,  Pe^ i s  ta k e n  to  be o f  o r d e r  c , a r e a s o n a b l e

o r d e r i n g  s i n c e  a d s o r p t i o n  d e p t h  6 ' i s  u s u a l l y  much sm all  th a n  one

(H a r p e r  1 9 7 3 ) ,  and  becom es v a n i s h i n g l y  s m a l l  a t  h i g h  s u r f a c t a n t  

c o n c e n t r a t i o n s .  The o rd e r in g  scheme i s  summarized below:

PeA-  0(€ 2 )

Pes -  0(1)

k  -  0 (1 )  (2 .2 4 )

Bi -  0 ( c ' 1)

The s tre a m  f u n c t i o n ,  t e r m i n a l  v e l o c i t y  and  s u r f a c e  an d  b u l k  

c o n c e n t r a t i o n  o f  s u r f a c t a n t  a r e  expanded i n  an asy m p to t ic  s e r i e s  i n  

powers o f  e as  fo l lo w s :

i ,  -  * (Q) + e*(1) + 0 (e2 )

U -  U(Q) + eU(1) + 0 ( e 2 ) 

r  "  r ( 0 ) + € r ( i )  + 0 <‘ 2 >

(2 .25)
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C _ + c C ^ j  + 0 (c  )

where th e  s u b s c r ip t s  i n d i c a t e  th e  a sy m p to tic  o r d e r  o f  t h e  v a r i a b l e s ,  

For each  o rd e r  o f  e , th e  s tream  fu n c t io n  e q u a t io n  i s  g iv e n  by

E2 (E2 ^ * j )  -  0  (je -  0 , 1 , 2 , — ) (2 .2 6 )

A ls o ,  f o r  e a c h  o r d e r  o f  e , th e  v e l o c i t y  boundary c o n d i t io n s  a t  r  -  1 

a r e :

V<^) -  v^2  ̂ -• 0 and -  v ^ 2  ̂ (2 27a b c)r( i!)  vr ( i )  0 ( 2 )  0 ( 2 )  u . z / a , o , c j

w h ile  a t  p  -  b

Vz « >  -  - ° ( i>  ‘md -  0  (2 .2 8 a ,b )

F a r  away from  th e  d r o p l e t ,  f o r  u n i f o r m  f l o w ,  t h e  p e r t u r b a t i o n  

c o n d i t io n  i s

^  '  ” <*> <2-29)

F o r  P o i s e u i l l e  flow , th e  z e r o th  o rd e r  c o n d i t io n  i s  d i f f e r e n t  from th e  

h ig h e r  o rd e r  c o n d i t io n s .  Thus
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lim V
| z b

( 2 ) _ 
z ( 0 ) V(1

2
£ - )

b 2>
- U(0) (2 .3 0 )

and

lim  V 
| z | -

( 2 ) 
z ( i ) -  - U<i) (J  -  1 ,2 , . (2 .3 1 )

The forms f o r  th e  t a n g e n t i a l  s t r e s s  and i n t e g r a t e d  f o r c e  b a l a n c e  a r e  

a l s o  d i f f e r e n t .  For th e  z e r o th  o r d e r ,  th e y  a re

r (2 )  . r < D  _  .  Ma(r (2 32)
r tf (0 ) r tf (0 ) ( 0 ) } d 6

and

f  . ( 2 ) ( 2 ) . ( 2 ) . 6  . d A 6  _ 2 fl.'.(p>(1) - p >(2 ) ) g '
J 0  ( ( 0 ) r r ( 0 )^ r tf( 0 ) slntfdtf * ( 2 >|t.

i p

(2 .3 3 )

where Ma(r) i s  g iv e n  by ( 2 .1 9 ) .  For h ig h e r  o r d e r s ,  t h e  p e r t u r b a t i o n  

c o n d i t io n  f o r  th e  i n t e g r a t e d  fo rc e  b a la n c e  i s :

J ^ { ( -  P<2 > + r£ 2>(je))costf - r £ 2 )( i ) sintf} sintfdtf -  0  (2 .3 4 )

( £  -  1 , 2 , - . . )

For th e  t a n g e n t i a l  b a la n c e ,  a s im ple  form f o r  th e  h ig h e r  o rd e r s  i s  n o t  

p o s s i b l e  s i n c e  t h e  M aran g o n i number must be expanded. S t i l l ,  s in c e  

th e  p ro b le m  w i l l  o n ly  b e  s o l v e d  t o  f i r s t  o r d e r ,  o n ly  t h e  o r d e r  e 

t a n g e n t i a l  b a la n c e  i s  d e t a i l e d .

r r t f ( l ) ( r " l ) * r r t f ( l ) ( r " 1) "  " tM a ( r - r ( 0 ) ) a / 1 1  + f r “ | F - r <0 j r ( l ) 3 tff ° * ]

(2 .3 5 )
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To z e ro th  o r d e r ,  th e  s u r f a c t a n t  c o n s e r v a t io n  e q u a t i o n s  ( 2 . 1 5 ) ,  

( 2 .2 0 -2 .2 3 )  become, (n o te  th e  s c a l i n g s  (2 .2 4 ) )

Cs ( 0 ) < r( 0 ) - »  + k  <r ( 0 ) '  ° . « » >  -  0  ( 2 ' 36)

P e , (0 ) - ?C( 0 > -  ^ ( O )  <2 -37>

— ^  -  0 (2 .3 8 )flr | r - 1

}z‘JÎ oC( 0 ) <Z,p) "  1  (2 .3 9 )

u "  0 (2 .4 0 )
d p  | p —o

From th e  l a s t  f o u r  r e l a t i o n s  i t  i s  c l e a r  t h a t  (z ,p)-*l and th u s  

Cs ( 0 ) ” ^" ®^nce ^g(O)” '*'’ ^rom e q u a t io n  ( 2 .3 6 ) ,  F ^ ^ - l ,  and t h e  z e r o t h  

o rd e r  t a n g e n t i a l  b a la n c e  becomes

( 2) ( 1) _ 0 n
r rtf(0) '  r tf(0) 0  (2 .41 )

T h u s  t h e  z e r o t h  o r d e r  s o l u t i o n  i s  j u s t  t h e  s o l u t i o n  f o r  t h e  

hydrodynamic f i e l d  i n  th e  absence  o f  s u r f a c t a n t s  and U^qj—1 .

For th e  f i r s t  o rd e r ,  th e  s u r f a c t a n t  b a la n c e s  become:
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± 7  4 r ( s i n * I \ n ,V„/ n . )  -  -B i* ( l  + i  ) r /lx + S^C /1X (2 .4 2 )s inS  (0) s ( 0 ) 7 k  7 * (1 )  k  s ( l )

*

where Bi -  *—  and

P e? ( 0 ) - ?C( 1 ) -  v 2 c ( i )  <2 4 3 >

,  , -  0 (2 .4 4 )9 r  | r - l  '  *

l im  C( 1 ) U , 0 ) -  0 ( 2  45)
z !“♦«

^c d )T " ^ ,  v “  0 (2 .4 6 )8 p  |p -b

The l a s t  fo u r  e q u a t io n s  d e t e r m in e  t h a t  0 .  H ence , E q n . ( 2 . 4 2 )

becom es an  e x p l i c i t  e q u a t i o n  f o r  i n  te rm s o f  th e  z e r o th  o rd e r

d i l a t i o n  o f  th e  s u r f a c e .  T h is  e x p r e s s i o n  f o r  c a n  be  com bined

w ith  th e  f i r s t  o rd e r  t a n g e n t i a l  b a la n c e  to  y i e l d

• r r i ( l ) < r - l > -  S* s l " ,Vs<0 )> <2 -47>

B i* ( l+ l /k )
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R 'T 'T '
Ma(r-l) -  k.

S o lu t io n  o f  ( 2 .2 6 ) ,  ( 2 . 2 7 a , b , c ) , ( 2 .2 8 a ,b ) . (2 .2 9 )  ( o r  ( 2 .3 1 ) ) ,  ( 2 .3 4 ) ,

( 2 .4 7 )  d e te rm in e s  th e  f i r s t  o rd e r  v e l o c i t y  ■ These e q u a t io n s  a re

i d e n t i c a l  to  th e  z e r o th  o rd e r  ( s u r f a c t a n t - f r e e )  e q u a t i o n  e x c e p t  f o r  

t h e  te rm  r e p r e s e n t i n g  t h e  g r a d i e n t  o f  t h e  s u r f a c e  d i l a t i o n  i n  th e  

t a n g e n t i a l  s t r e s s  b a l a n c e  ( 2 . 4 7 ) .  Thus an  i d e n t i c a l  n u m e r i c a l  

t e c h n i q u e  can be u sed  f o r  th e  z e ro th  and f i r s t  o rd e r .  T h is  te c h n iq u e  

i s  o u t l i n e d  i n  t h e  n e x t  s e c t i o n .  N o te  f i n a l l y  t h a t  i n  p r i n c i p l e  

c o r r e c t i o n s  to  U o f  a l l  o rd e r s  can be c a l c u l a t e d ,  b u t  th e  e f f o r t  h e re  

I s  c o n f in e d  to  th e  f i r s t  o rd e r .

4 .3  S o lu t io n  Technique

The e f f o r t  i n v o l v e d  i n  s o l v i n g  th e  z e r o t h  a n d  f i r s t  o r d e r  

e q u a t i o n s  c a n  be  re d u c e d  i f  advan tage  i s  ta k en  o f  the  symmetry i n  z .  

The govern ing  e q u a t io n s  and boundary c o n d i t io n s  a re  in  te rm s o f  p , z ,

2 2 1/2
8 ,  and  r  where 8  (p , z ) - A r c ta n ( p /z )  (0stf<jr) and r - ( p  +z ) '  . C onsider

th e  t r a n s f o r m a t io n  to  c o o rd in a te s  p " , z " ,  8 "  and r "  where p " -p ,  z "— z, 

8 " - 7r - 0 and r " - r .  Note t h a t  i n  th e  double  prim e system , th e  f u n c t i o n a l  

t r a n s fo rm a t io n s  0 " ( p " , z " )  and r " ( p n ,z " )  a re  i d e n t i c a l  i n  fo rm  t o  t h e  

u n p r im e d  s y s t e m .  I f  t h e  f i e l d  e q u a t i o n  i n  te rm s  o f  p  an d  z ,  and 

b o u n d a ry  c o n d i t i o n s  o f  t h e  z e r o  a n d  f i r s t  o r d e r  ( i . e .  ( 2 . 2 6 ) ,

( 2 . 2 7 a , b , c ) >  , ( 2 . 2 8 a , b ) ,  ( 2 .2 9 ) ,  o r  (2 .3 0 )  and ( 2 .3 1 ) ,  and (2 .4 1 )a n d

( 2 .4 7 ) )  a r e  w r i t t e n  i n  te rm s  o f  p " ,  z " ,  8 ” , a n d  r "  t h e y  w ou ld  be  

i d e n t i c a l  i n  fo rm . Thus, i f  th e  s o l u t i o n  f o r  th e  s tream  f u n c t io n  in
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th e  c y l i n d r i c a l  system  Is  0 ( p , z ) ,  t h e  s o l u t i o n  I n  t h e  d o u b le  p r im e  

s y s te m  i s  I d e n t i c a l  i n  form and I s  g iv e n  by rf>n ( . p n , z " ) - 0 ( p "  , z n) . But 

from th e  d e f i n i t i o n  o f  th e  t r a n s f o r m a t io n ,  $ n ( . p n , z " ) - ^ ( p n , - z )  . Hence

$ ( p tt , z " )  -  ^ ( p " , - z " )

and th e  symmetry i n  z i s  proved . Note t h a t  s in c e

r < 1 ) U ) "* B i* ( i + i / k )  s i « 9 ^  and *  i s  i n  2 -

(ff) , i . e .  i s  a n t isy m m e tr ic .

I n  c y l i n d r i c a l  and s p h e r i c a l  c o o r d in a te s ,  th e  s o l u t i o n  o f  (2 .26 )  

may be o b t a i n e d  by  t h e  m e thod  o f  s e p a r a t i o n  o f  v a r i a b l e s .  For th e  

d r o p l e t  i n t e r i o r ,  o n ly  t h e  s o l u t i o n  i n  s p h e r i c a l  c o o r d i n a t e s  i s

n e e d e d .  The form f o r  ^ | j j j ( r , 0 )  which adm its  bounded s o l u t i o n s  as  r-»0

f o r  and (a s  g iven  by ( 2 . 4 ) )  a n d  w h ic h  i s  s y m m e tr ic  i n  z

i s :

-  2  ^ ( E ^ r 11 + F ^ r n+2 ) C ' 1 //2 (cos0) n -ev en  (3 .1 )( i )  n - 2  n n n 7

- 1/2where 7 ( c o s 8 )  i s  th e  Gegenbauer polynom ial o f  o rd e r  n  and degree  

- 1/ 2 .

For th e  co n tin u o u s  f l u i d ,  th e  c y l i n d r i c a l  c o o rd in a te  s o l u t i o n  o f  

(2 .2 6 )  which i s  symmetric i n  z an d  b o u n d ed  a s  |z |-+ «  ( n e c e s s a r y  f o r  

c o m p a t ib i l i t y  w ith  (2 .2 9 )  o r  (2 .3 0 )  and (2 .3 1 ) )  i s
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1̂ 2 j ( p , z )  -  i p )  + j ^ d k ( A ^ j  (kJpIj^Ckp) + B ^ j ( k ) p 2 I 0 (k p ) )c o s (k z )

(3.2)

+ J^dk{C^jjj (k)pK^(kp) + D ^ j ( k ) p 2 KQ(k p ) )c o s (k z )

where

^  j p 2  (Uniform)

* (0 > (P)  ̂ -Vb2 [ | ( g ) 2  - J ( g ) 4 ] + | p 2  ( P o i s u e l l e )

and

u

^ ( i ) (p) "  ~ 2 i l p 2  ( i - 1 , 2 , . . . )

w here  Ig  , 1 ^ ,  Kg, and  a r e  t h e  m o d i f i e d  B e s s e l  f u n c t io n s  o f  th e

( 2 )f i r s t  and second k in d .  The above form f o r  i f r ^ ' ( p , z )  i s  s u b je c t  to  th e

( 2 ) ( 2 )c o n d i t i o n  t h a t  a n d b® bounded as  p-+0  a lo n g  th e  r a y s  z> l

and z < - l .  T h is  c o n d i t io n  i s  d i f f i c u l t  to  app ly .  The second  i n t e g r a l

( 2 )i n  ( 3 . 2 )  g i v e s  u n b o u n d e d  v a l u e s  f o r  a s  p - * 0  f o r  a l l  z ;

e l im i n a t io n  o f  t h i s  i n t e g r a l  i s  too  r e s t r i c t i v e  s i n c e  b o u n d e d n e s s  i s  

o n ly  r e q u i r e d  f o r  | z | >1 .

To c i r c u m v e n t  t h i s  d i f f i c u l t y ,  t h e  s e c o n d  i n t e g r a l  c a n  b e

r e p l a c e d  by t h e  G agenbauer expansion  s o l u t i o n  o f  which y i e l d s

bounded v e l o c i t i e s  a t  i n f i n i t y .  Thus

V > ^ j (p ,z , r ,0 )  -  ifr“ X)(p) + j ^ d k (A ^ j ( k ) p I 1 (kp)
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2
+ B ^ j ( k ) p  Ig (k p )  }cos(kz) n -ev en

(3 .3 )

+ 8  + F ' ^ r - ^ I C ' ^ ^ c o s J )n - 2  n  n  n  '  '

The above form c o n s t i t u t e s  a s u f f i c i e n t l y  g e n e ra l  s o l u t i o n  (L e lc h tb e rg  

e t  a l i (1 9 7 6 )) .

The te ch n iq u e  used  to  o b ta in  th e  c o n s ta n t s  an d  t h e  k  f u n c t i o n s  

i n  E q . ( 3 . 1 )  and  ( 3 . 3 )  i s  o u t l i n e d  a s  f o l l o w s .  F i r s t ,  th e  boundary 

c o n d i t i o n s  on  t h e  tu b e  w a l l  a r e  s a t i s f i e d  e x a c t l y ,  by  u s i n g  t h e  

F o u r i e r  i n v e r s e  c o s in e  i n t e g r a l  to  s o lv e  f o r  th e  unknown c o e f f i c i e n t s  

A(k) and B(k) i n  ( 3 .3 ) .  Second, th e  s tream  f u n c t io n  i s  r e w r i t t e n  i n  a

( 2 ) ( 2 )co m p ac t  form  in  term s o f  r , 6  and th e  unknown c o n s ta n t s  E and F . r  n  n

F i n a l l y ,  a  c o l l o c a t i o n  t e c h n i q u e  i s  u s e d  t o  s a t i s f y  t h e  b o u n d a ry

c o n d i t io n s  on th e  s u r f a c e  o f  the  d r o p l e t .  In  th e  fo l lo w in g  s u b s e c t io n

$ 3 .1 ,  th e  f i r s t  two s t e p s  a re  d e t a i l e d .  The c o l l o c a t i o n  s a t i s f a c t i o n

o f  th e  r - 1  boundary c o n d i t io n s  i s  d e s c r ib e d  i n  $ 3 .2 .  I n  $3 .1  and $3.2

th e  s o l u t i o n  tech n iq u e  i s  d e s c r i b e d  f o r  t h e  z e r o t h  o r d e r  i n  i , an d

t h e r e f o r e  th e  s u b s c r i p t  i s  dropped in  th e  n o t a t i o n .  The s o l u t i o n  f o r

i - 1  i s  s i m i l a r ,  and i s  d e s c r ib e d  a t  th e  end o f  $ 3 .2 .  F i n a l l y ,  i n  $3 .3

t h e  c o n v e r g e n c e  c r i t e r i a  i s  f o r m u l a t e d ,  a n d  a  v e r i f i c a t i o n  o f  th e

method i s  p re s e n te d .

4 . 3 .1  Exact S o lu t io n  o f  th e  Wall Boundary C o n d it io n s

U sing E q . ( 3 .3 ) ,  th e  boundary c o n d i t io n s  (2 .2 8 a )  becomes

J*dk{A (k)kI0 (b k )+ B (k )[b k l 1 (bk) + 2 l Q( b k ) ] )c o s (k z )  -
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(3 .4 )

§ , [E ^ 2 ^G1 (z )  + F*2 *G2 ( z ) ]  n - 2 L n  n '  '  n  n '  ' 1

I n s t e a d  o f  u s i n g  V^2 ^ ( p - b ) - 0  ( 2 . 2 8 b ) ,  t h e  e q u i v a l e n t  c o n d i t i o n

/A\ Q Q

^  ( p - b ) ~ \ p  (b) i s  a p p l i e d  f o r  conven ience . T hat i s

j a>dk (A (k )b I 1 (bk)+B(k)b2 I 0 (b k ) )c o s (k z )  -  - S_ 2  [e£ 2 ^ ( z )  + F^2 ) G^(z)]

(3 .5 )

£
where, f o r  i - 1 , 2 , 3 , 4 ,  Gn (z )  a r e  o f  th e  form a s :

*1 . . - . 2  2 . - f n + l W 2 _ , z
V 2> -  (b + 2 > n[ ,.2 ̂ 2,1/21(b + z ) '

g 2 <z > -  (b 2  + «2 )-< n - 1 ) / 2 ,p n i 2  8  2  1 / 2 i + 2c; 1 / 2 i 2  8  2  1 / 2 11
n  n (b^ + z z ) L / z  n (b + z z ) L / z

(3 .6 )

<*.) - (b2 +»U,-‘D ‘<b2 + z2)V2'

G (z)  -  (b 2  + x 2 y ( n ^ / 2 c : l / 2  *

(b 2  + z 2) 1^ '

I n  th e  above, s p h e r i c a l  c o o rd in a te s  (r,0) have b e e n  t r a n s f o r m e d  i n t o  

c y l i n d r i c a l  c o o r d i n a t e s  ( p , z ) .  The b o u n d a ry  c o n d i t i o n s  ( 3 .4 )  and
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(3 .5 )  can  be  In v e r te d  by th e  In v e rs e  F o u r ie r  c o s in e  t ra n s fo rm  so a s  to  

so lv e  f o r  A(k) and B ( k ) . I n t e g r a t i n g  th e  in v e rs e  i n t e g r a l s  y i e l d s :

A (k )k l 0 (bk) + B (k ) [b k l 1 (bk) + 2I0 (bk ))  -  - 2_ 2 (E^2 ) H^(k) + F<2 )H2 (k )]

(3 .7 )

A (k )b lx (bk) + B(k)b 2 I Q(bk) -  - | _ 2 [E<2 )H^(k) + F<2 )H*(k)]

where, H ^ (k ) , i - 1 , 2 , 3 , 4 ,  a re  g iven  as (L e ic h tb e rg  e t  a l , (1 9 7 6 ) ) :

HL(k) -  ( - D ^ - V - k ’X ^ k )  n wn! 0

H2 (k) -  - ( - l ) n / 2 ^ - k n ' 2 [n (n - l )K 0 (bk) - (2n-3)bkK 1 (bk) ]

(3 .8 )

H*(k) -  - < - D n /2 ^ 7  bkn "1 K^(bk)

H*(k) -  - ( - D n /2 ^ 7  bkn ' 3 [(2n-3)bkKQ(bk) - (n -2 )  (n-3)K 1 ( b k ) ]

( 2 )A(k) and B(k) can  be s o lv ed  i n  term s o f  th e  unknown c o n s ta n t s  E andn

( 2 )F^ . S u b s t i t u t i n g  t h i s  s o l u t i o n  i n t o  E q . ( 3 .3 ) ,  t h e  s t r e a m  f u n c t i o n

c a n  be w r i t t e n  i n  a  new co m p ac t form  i n  s p h e r i c a l  c o o r d i n a t e s  as  

f o l l o w s :

/ 2>( 0 , r )  -  A r , 0 )  + § . 2 [E<2 ) sJ;(r , t f)  + F<2 ) S2 ( r , * ) ] (3 .9 )
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In  th e  above

S ^ ( r ,0 )  -  r ' n+^ C ~ ^ 2 (cos0) + [ d k  cos(k rcosf l)  {T ^(k )rs in0 I. .  (k r s in f l ) n n  y  q ti x

+ T ^ (k ) ( r s in t f ) 2 I 0 ( k r s in J )}

(3 .1 0 )

S2 ( r , 0 )  -  r ’n+^ C ' ^ 2 (co s0 ) + [ dk co s (k rco s f l) {T2 (k ) r s in 0 I . ,  (k rs in f f ) n  n J a n  j.

+ T ^ (k ) ( r s i n 0 ) 2l Q ( k r s i n 0 )]

The T * ( k ) ' s  ( i - 1 , 2 , 3 , 4 )  fu n c t io n s  a p p ea r in g  i n  (3 .10 )  a r e  d e f in e d  as

T*(k) -  [(2  + bkfl)Hj(k) - b ¥ ( k ) ] / f l

T2 (k) -  [ (2  + bkfl)H^(k) - b 2 H2 (k )] /A

(3 .1 1 )

rj(k) -  [bflH^(k) - kH*(k)]/A

T^(k) -  [bflH2 (k) - kH ^(k)]/A

where fl and A a re  d e f in e d  below
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y k b )
A -  b2k I Q(bk) - 2 b l1 (b k )-b 2k l 1 (bk)n

The I n t e g r a l s  In  (3 .1 0 )  must be e v a lu a te d  n u m e r ic a l ly .

4 . 3 .2  C o l lo c a t io n  S o lu t io n  o f  D ro p le t  S u rface  Boundary C o n d it io n s

I f  th e  o th e r  boundary c o n d i t io n s  a t  r - 1  ( ( 2 . 2 7 b , c )  and  ( 2 . 4 1 ;  

i - 0 )  o r  ( 2 .4 7  H — 1 ) )  a r e  a p p l i e d  t o  t h e  s o l u t i o n  ( 3 .9 )  and ( 3 .1 2 ) ,  

t h r e e  s i m u l t a n e o u s  e q u a t i o n s  i n  t h e  fo rm  o f  i n f i n i t e  s e r i e s  a r e  

o b ta in e d .  In  th e  c o l l o c a t i o n  te c h n iq u e ,  th e  th r e e  boundary c o n d i t io n s  

a re  s a t i s f i e d  a t  m d i s c r e t e  p o in t s  a lo n g  t h e  s u r f a c e  o f  t h e  s p h e r e , 

and  t h e  s e r i e s  (3 .9 )  and (3 .12 )  i s  t r u n c a te d  in t o  a f i n i t e  form which 

i n c l u d e s  a  t o t a l  o f  3m t e r m s .  A s e t  o f  3m s i m u l t a n e o u s  l i n e a r  

a l g e b r a i c  e q u a t io n  i s  t h e r e f o r e  g e n e ra te d  and can be s o lv e d  u s in g  any 

s ta n d a rd  m a tr ix  r e d u c t io n  te ch n iq u e  to  o b t a in  th e  3m unknown c o n s ta n t s

E( l )  e ( 2 ) nd f ( 2 \  
n  ’ n ’ n

When th e  boundary c o n d i t io n s  on t h e  s u r f a c e  o f  t h e  s p h e r e  a r e  

a p p l i e d  by th e  c o l l o c a t i o n  te ch n iq u e  d e s c r ib e d  above, th e  3m t r u n c a te d  

e q u a t io n s  from boundary c o n d i t io n s  (2 .2 7 b ,c )  and (2 .4 1 )  a re  g iv e n  a s :

The b o u n d a ry  c o n d i t i o n  v £ ^ ( r - l , 0 ) - O  ( 2 .2 7 a )  c a n  b e  a p p l i e d

d i r e c t l y  to  (3 .1 )  t o  e l im in a te  F ^ ^  . Thus th e  in n e r  s o l u t i o n  becomes

(3 .1 2 )
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VcoaSt [1 - ( s i n ^  /  b ) 2 ] - c o s ^  -  j£ 2  [E<2 ) S * (1 , 6 ± )  + f £ 2 >S*(1, ^  ]

(3 .1 3 )

V s i n ^ l  - ( s in tf t  /  b ) 2 ] - s i n * t  -  | ? 2  [E^2 ) S^<1 , 6 J  + F^2 ) S*<1 , « 1)

(3 .1 4 )

+ ~ r t  e ( 1 ) c ' 1/ 2 (coss  )]s l n j ^  n  n  I  1

V s l n ^ t l  + ( s i n ^  /  b ) 2 ]-  s in f i l  -  g 2  [E<2 ) S2 ( 1 , 0 ± )  +  F ^ s j d , ^ )

(3 .1 5 )

.  2 1 2 ^  e ( 1 ) c - 1 / 2
s inS ^  n  n  1/ J

w here  i  d e n o t e s  t h e  c o l l o c a t i o n  p o in t  ( i - 1 , 2 , • • • ,m) and th e  S ^ ( 1 , 0 ^)

a re  g iv e n  i n  Appendix A. The above e q u a t io n s  a r e  v a l i d  f o r  P o i s u e i l l e  

f l o w  a t  i n f i n i t y .  The e q u a t i o n s  v a l i d  f o r  u n i f o r m  f lo w  may be  

o b ta in e d  from th e s e  by l e t t i n g  V-0.

The f i r s t  o r d e r  s o l u t i o n  fo l lo w s  th e  same p ro ced u re  o f  s o lv in g  

unknown c o e f f i c i e n t s  a s  th e  z e r o t h  o r d e r  e x c e p t  t h a t  t h e  M aran g o n i 

s t r e s s  t e rm  o f  (2 .4 7 )  must be in c lu d e d .  W r i t in g  V / n %(0) up to  o rd e r

2 m as

v s (O) (0 )  -  - V s in 0 [1 - ( s i n 0 / b ) 2 ] + s in *

(3 .1 6 )

+ n-2  + Fi(0 > Sn<1 ' '> l
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w here  t h e  E ^ (0 )  an(* * n (0 )  a r e  ° b t a *ne<* fro®  E qs . ( 3 . 1 3 ) - ( 3 . 1 5 ) ,  and 

u s in g  th e  above e x p re s s io n  f o r  ^ S(Q) ’ t *ie e q u a t io n s  which de te rm ine

th e  f i r s t  o rd e r  c o e f f i c i e n t s  > Pn ( l )  an(* ^ n ( l )  a r e :

U( l ) s in F i  -  1 - 2  [En a > Sl ( l ’, l ) +

(3 .18 )

+ - t 2 * E ^ i J . C ' ^ ^ c o s f l . ) ]  s in f l j  n ( l )  n '  1 /J

- U ^ jS in f l^  + ( g i^  s i n $ (  - V s in 0 [ l  - ( s in t f / b ) 2 ] + sinfl

-  &p [E( 2 \ s 7 (1 ,0  . )  + F<2 ) .S 8 ( M . )  - E ^ . C ' ^ ^ c o s * . ) ]n - 2  1 n ( l )  n '  i '  n ( l )  n '  * V  s i n 0 ^ n ( l )  n '  i /J

w here  2p I s  t h e  o r d e r  o f  t h e  f i r s t  o r d e r  f i e l d .  A gain , th e  above 

e q u a t io n s  a r e  v a l i d  f o r  P o i s u e l l l e  flow . Those v a l i d  f o r  un ifo rm  flow  

may be o b ta in e d  by s e t t i n g  V-0 in  (3 .1 9 ) .

An im p o r ta n t  q u e s t io n  a r i s e s  a s  to  how to  choose th e  l o c a t i o n  o f  

d i s c r e t e  p o i n t s  on th e  s u r f a c e  o f  th e  d r o p l e t  to  o b ta in  a  p r e s c r ib e d  

acc u racy  and how t o  f o r m u l a t e  a c o n v e r g e n c e  c r i t e r i a .  Due t o  t h e  

sym m etry  i n  z ,  c o l l o c a t i o n  p o in t s  need o n ly  be lo c a te d  from O<0<7r/2.
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F u r th e r m o r e ,  s i n c e  t h e  d r o p l e t  I s  m oving  I n  a  b o u n d e d  d o m a in ,  a 

h y d r o d y n a m i c  I n f l u e n c e  o f  t h e  w a l l  on t h e  m oving d r o p l e t  c a n  be  

s i g n i f i c a n t .  T h is  In f lu e n c e  I s  l a r g e s t  a t  th e  e q u a to r  o f  t h e  d r o p l e t

and  d e c r e a s e s  a s  6 v a r i e s  from  ^  t o  0 .  The p o in t s  chosen  a r e  th u s

more dense n ea r  th e  e q u a to r  and l e s s  dense  n e a r  t h e  p o l e  I n  o r d e r  t o  

ta k e  In to  accoun t th e  e f f e c t  o f  th e  w a l l .

4 .3 .3  Convergence C r i t e r i a  and V e r i f i c a t i o n  o f  Method

As e x p l a i n e d  I n  t h e  I n t r o d u c t i o n ,  th e  aim o f  t h i s  s tu d y  I s  to  

com pute  t h e  h y d r o d y n a m i c  d r a g  on t h e  d r o p l e t ,  a n d  t h e r e f o r e  

c o n v e r g e n c e  c r i t e r i a  a r e  b a s e d  on t h e  a c c u r a t e  c o m p u ta t io n  o f  F^.

I n s e r t i n g  (3 .9 )  i n t o  (2 .11b)  shows t h a t  th e  d rag  i s  d e te rm in e d  s o l e l y

by F<2 ) .

F' -  - 4 jra 'u '  ^ U ' F ^ 2) z ^ 0  2

Hydrodynamic d rag s  a re  u s u a l l y  e x p re s s e d  i n  term s o f  d ra g  c o e f f i c i e n t s

( 2 ) ( 2 )
A. C onsider  f i r s t  th e  z e r o th  o rd e r  * 2 ( 0 ) ’ ^o r  un*-̂ orm f l ° w> *2(0)

o b t a i n e d  from  th e  s o l u t i o n  o f  ( 3 . 1 3 ) - ( 3 . 1 5 )  w i t h  V—0 . The d r a g  

c o e f f i c i e n t  f o r  un iform  flow  w i th  no s u r f a c t a n t  I s  d e n o t e d  by  Au and

i s  d e f in e d  as th e  r a t i o  o f  F^ to  th e  f o r c e  e x e r te d  on a d r o p l e t  moving

a t  Uq i n  an  i n f i n i t e  medium. The l a t t e r  i s  t h e  H a d a m a rd -R y b c z y n sk i

v a lu e  4fffa V ( 2 ) U^(1+ ^ 2) .  Thus
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Au “  F2(0) l \  3k/ 2  (3 .2 0 )

F o r  F o l s e u l l l e  f lo w ,  ( 3 .1 3 ) - ( 3 .1 5 )  I n d ic a te  t h a t  F2(0 )  i s  th e  sum o f

( 2 )two c o n t r i b u t i o n s ,  one *2 u ( 0 ) from th e  un ifo rm  f lo w  te rm s  ( i d e n t i c a l

( 2 )t o  t h e  p r e v i o u s  c a s e )  and one from th e  F o l s e u l l l e  term s (F2v(0)^ an<* 

which i s  l i n e a r  i n  V-V'/Uq . The c o n t r i b u t i o n  due t o  t h e  P o i s e u i l l e

(2 ) ( 2)te rm s  g i v e s  r i s e  to  a  d rag  4jraf^ '  2 v ( 0 ) ’ A d rag  c o e f f i c i e n t ,  A^

i s  d e f in e d  as t h i s  c o n t r i b u t i o n  d i v i d e d  b y  t h e  H ad a m a rd -R y b c z y n sk i  

d ra g  f o r  a  sp h e re  moving w ith  v e l o c i t y  V ' . Thus

A — —1 + /c—  ,
v  2v(0) 1 + 3k/ 2

and th e  t o t a l  z e r o th  o rd e r  d rag  i n  te rm s o f  d rag  c o e f f i c i e n t s  i s

”  * 4*8*m* < 2 > ( 1  + 3" / 2) . V'A ] (3 .2 2 )z ( 0 ) ^  l  + /c 0  u  v J '

This decom position  r e f l e c t s  th e  l i n e a r i t y  o f  th e  z e r o th  o r d e r  problem: 

The t o t a l  z e r o th  o rd e r  d ra g  c a n  b e  t h o u g h t  o f  h a s  t h e  sum o f  d r a g s  

f rom  two f low  i d e a l i z a t i o n s ,  one th e  unifo rm  flow  p a s t  a f ix e d  sphere  

and th e  second F o l s e u l l l e  flow  p a s t  a  f ix e d  sp h e re .

For th e  f i r s t  o r d e r ,  i t  i s  e v id e n t  from (2 .3 4 )  and ( 3 .1 7 ) - ( 3 .1 9 )  

( 2 )
t h a t  F2 ( l )  a  sum oF t h r e e  c o n t r i b u t i o n s  a n d  t h e  sum i s  e q u a l  t o

(  2 )
z e r o .  The f i r s t  i s  F2 u ( l ) ’ an(* ^ ue t 0  ( an(* l f n e a r  ^n ) th e
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( 2 )  ( 2 )te rm s .  T h is  i s  I d e n t i c a l  to  Fi . The second. F i . i s  due to  th e
2 u ( 0 ) 2 u ( l )

un ifo rm  flow  term s i n  ( 3 .1 6 ) .  A d rag  c o e f f i c i e n t  A . . .  may be d e f in e d  

as

\ . ( 1 >  -  F2 » ( l )  I l / 2 > <3 2 3 >

Note t h a t  s in c e  (3 .1 9 )  i s  l i n e a r  i n  <f>, th e  p rob lem  i s  s o l v e d  f o r  t h e

n o rm alized  case  ^—1 , and th en  ̂  i s  r e in t ro d u c e d  i n  th e  d rag  e x p re s s io n

( 2 )(3 .2 5 )  ( see  be low ).  F in a l l y  th e  t h i r d  c o n t r i b u t i o n  *2V(1 )  ^ ue t o

t h e  P o i s e u i l l e  term s in  (3 .1 6 )  and i s  l i n e a r  i n  V; a  d ra g  c o e f f i c i e n t  

s i m i l a r  to  A may be d e f in e d  by:

Jv ( i>  - 5? r£ a > « -1KrH ^ 2 >  <3-24)

Thus th e  com plete  f i r s t  o rd e r  d rag  i s

F ' (1) -  - 4 . » > ’ <2 >(W f 2> *u (1 )  - V'Av ( 1 ) ) ) - 0

(3 .25 )

The d e c o m p o s i t i o n  o f  F2 ( i )  r e s u l t s  from th e  l i n e a r i t y  o f  th e  f i r s t

o rd e r :  The f i r s t  o rd e r  d rag  can be th o u g h t o f  as  th e  sum o f  d ra g s  from 

t h r e e  f l o w  i d e a l i z a t i o n s .  The f i r s t  i s  t h e  u n i f o r m  f lo w  ( w i t h  

magnitude U ^ )  p a s t  a  f i x e d  s p h e r e .  The s e c o n d  a n d  t h i r d  a r e  t h e

flow s due to  th e  Marangoni s u r f a c e  fo r c e  term  on th e  l e f t  hand s id e  o f

( 3 .1 9 ) ,  w i th  g iv e n  by th e  u n ifo rm  f lo w  c o n t r i b u t i o n  Uq i n  one
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I d e a l i z a t i o n  and by th e  P o l s e u i l l e  c o n t r i b u t i o n  ( I . e .  th e  te rm s l i n e a r  

In  V) In  th e  o th e r  I d e a l i z a t i o n .

F o r  t h e  z e r o t h  o r d e r ,  Au  a n d  Av  a r e  c o m p u te d  u n t i l  t h e

d i f f e r e n c e  f o r  s u c c e s s iv e  v a lu e s  o f  m d iv id e d  by th e  p re v io u s  v a lu e  i s

l e s s  t h a n  10*'’ . For an<* same p re o c e d u re  i s  fo l lo w ed

. 5
i n  p w i th  m h e ld  f ix e d ,  and th e n  m i s  v a r i e d  u n t i l  a  p r e c i s i o n  o f  1 0

i s  r e a c h e d .  T a b le  1 i l l u s t r a t e s  t h e  number o f  p o in t s  n e c e s s a ry  to

ach iev e  t h i s  d e s c r i b e d  a c c u r a c y  f o r  k- 0 and  f o r  A , A , A . .  . and
J  u '  v ’ u ( l )

Av ( i )  • I n t e r e s t i n g l y ,  a s  T a b le  I  i n d i c a t e s ,  f o r  convergence o f  the

f i r s t  o rd e r  d rag  c o e f f i c i e n t s ,  l e s s  c o l l o c a t i o n  p o in t s  were n e c e s s a r y  

f o r  t h e  d e t e r m i n a t i o n  o f  th e  z e ro th  o rd e r  s u r f a c e  v e l o c i t y  th a n  were 

needed f o r  th e  convergence o f  th e  z e r o t h  o r d e r  d r a g  c o e f f i c i e n t s  (m 

f o r  c o n v e r g e n c e  o f  Au an d  A^ a r e  l a r g e r  t h a n  m f o r  convergence o f

A , , .  and A . u ( i>  v ( i r

T h i s  s e c t i o n  c o n c l u d e s  w i t h  a  v e r i f i c a t i o n  o f  t h e  m e th o d .  

P rev ious  s tu d i e s  by Haberman-Sayre (1958) and Wang and  S k a la k  (1969 )  

have computed Au and Av  f o r  a s o l i d  sp h e re .  These v a lu e s  a r e  compared

O
i n  Table I I  w i th  v a lu e s  o b ta in e d  from t h i s  method f o r  k-10  . The f a c t  

t h a t  t h e  d e v i a t i o n s  a r e  a l l  l e s s  t h a n  1 % l e n d s  c o n f id e n c e  to  the  

method. F u r th e r  v e r i f i c a t i o n  w i l l  be o b t a i n e d  when t h e  c l e a n  f l u i d  

p a r t i c l e  d r a g  c o e f f i c i e n t s  a r e  compared to  th o s e  o f  Hyman and S kalak  

(1969 and 1970) . T h i s  c o m p a r i s o n  i s  d e t a i l e d  i n  t h e  n e x t  s e c t i o n  

($ 4 ) .

4 .4  C lean  S u rface  R e s u l t s :  Hvdrodvnamic D rag C o e f f i c i e n t s .  T e rm in a l  

V e l o c i t i e s  and Flow F ie ld s
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The z e r o th  o rd e r  hyd ro d y n am ic  d r a g ,  ^ ( O ) '  t *ie  sum two

te rm s  and  t h e s e  te rm s  may be  th o u g h t  o f  a s  th e  d ra g s  from two flow  

i d e a l i z a t i o n s .  The f i r s t  i s  th e  un ifo rm  flow w ith  m agnitude Uq p a s t  a

f i x e d  s p h e r e .  The d im ens iona l d rag  f o r  t h i s  i d e a l i z a t i o n  i s  -£ 'A uU^,

where £ ' - U i r a ' ( t ' K '  ( l + 3 f c / 2 ) / ( l + k )  . The s e c o n d  i d e a l i z a t i o n  i s  t h e  

P o i s e u i l l e  f lo w  w i t h  c e n t e r l i n e  v e l o c i t y  V' p a s t  a  f i x e d  sp h e re ;  th e  

d rag  f o r  t h i s  i d e a l i z a t i o n  i s  £'AvV ' . Converged v a lu e s  f o r  Au and

a r e  d e t a i l e d  g r a p h i c a l l y  i n  F ig s .  2 and 3, r e s p e c t i v e l y ,  f o r  k  -  0 ,

g
0 .5 ,  1 .0 ,  2 .0  and 10 ( s o l i d  s p h e re ) ,  and f o r  a range  o f  a ' / b '  between 

0 and 1. The v a lu e s  a re  a l s o  l i s t e d  i n  Table 111 f o r  k -  0 and 1, and 

compared w i th  t h e  r e s u l t s  o f  Hyman and  S k a l a k ' s  n u m e r i c a l l y  e x a c t  

s o l u t i o n .  The f a c t  t h a t  th e  agreem ent i s  w i th in  0 .1  p e r c e n t  f o r  a l l  

v a lu e s  o f  a ' / b '  between 0 .1  and 0 .8  ( th e  range  c o n s id e re d  by Hyman and 

S k a la k )  s u p p o r t s  t h e  a c c u r a c y  o f  th e  c a l c u l a t i o n s  p r e s e n te d  in  t h i s  

p a p e r .

F i g u r e s  2 and  3 e x h i b i t  s e v e r a l  i n t e r e s t i n g  f e a t u r e s .  I t  i s  

c l e a r  from th e s e  f i g u r e s  t h a t ,  f o r  f ix e d  k , b o th  Au  and Av  in c r e a s e  as

a ' / b '  i n c r e a s e s .  S i n c e  t h e  d r a g  i n  e a c h  i d e a l i z a t i o n  i s  t h e  

c o e f f i c i e n t  m u l t i p l i e d  by th e  f a c t o r  £'U^ (o r  £ ' V ' ) ,  an d  £ '  i s  n o t  a

f u n c t io n  o f  a ' / b ' , i t  i s  c l e a r  t h a t  f o r  f ix e d  v a lu e s  o f  Uq and V ' , th e

d rag  in c r e a s e s  a s  a ' / b '  i n c r e a s e s .  T h is  i s  t o  be e x p e c te d  b e c a u s e  a s

t h e  gap be tw een  th e  sp h e re  p e r im e te r  and th e  tu b e  w a l l  d e c r e a s e s ,  th e

s h e a r  r a t e  i n  th e  gap i n  th e  v i c i n i t y  o f  th e  s p h e r e  i n c r e a s e s  . T h i s

r e s u l t s  i n  a h i g h e r  s h e a r  s t r e s s  b e in g  a p p l i e d  to  th e  sp h e re  by th e

f l u i d ,  a n d  th e  d r a g  c o n s e q u e n t l y  i n c r e a s e s .  A s e c o n d  common

c h a r a c t e r i s t i c  o f  F i g s .  2 and  3 i s  th e  f a c t  t h a t  A and A in c re a s e
°  u  v
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w ith  k  a t  f i x e d  a ' / b ' .  For f ix e d  Uq o r  V' , t h e  d r a g  a l s o  I n c r e a s e s

b e c a u s e  £ '  i s  a  m o n o to n ica l ly  in c r e a s in g  f u n c t io n  o f  k  v a r y in g  from 1  

to  3 /2 .  S im i la r  re a s o n in g  e x p la in s  t h i s  in c r e a s e :  As th e  r a t i o  o f  th e  

d r o p l e t  to  c o n t i n u o u s  phase v i s c o s i t y  i n c r e a s e s ,  th e  d r o p l e t  s u r f a c e  

v e l o c i t y  d e c r e a s e s .  This  r e d u c t io n  i n  th e  s u r f a c e  v e l o c i t y  c a u se s  th e  

s h e a r  r a t e  i n  th e  v i c i n i t y  o f  th e  drop to  in c r e a s e ,  and th u s  th e  drag  

c o e f f i c i e n t  becomes l a r g e r .  F in a l ly ,  th e  r e s u l t s  show t h a t  f o r  f i x e d  

k  and  a ' / b ' ,  A^ i s  always l a r g e r  th a n  A^, and t h i s  d i f f e r e n c e  i s  more

pronounced a t  l a r g e r  v a l u e s  o f  a ' / b *  and  k . From t h e  d e f i n i t i o n s

g iv e n  i n  $ 3 . 3 ,  i t  i s  c l e a r  t h a t  th e  d rag  c o e f f i c e n t  f o r  un ifo rm  flow

i s  equa l  ( a p a r t  from th e  f a c t o r  £ ' )  to  th e  d rag  f o r  u n i t  v e l o c i t y  a t

i n f i n i t y  ( u n i t  t e r m i n a l  v e l o c i t y ) , w h i l e  t h e  d r a g  c o e f f i c i e n t  f o r

P o i s e u i l l e  f lo w  i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  d r a g  f o r  a  u n i t

c e n t e r l i n e  v e l o c i t y .  Thus th e  flow r a t e  o f  f l u i d  i n  th e  gap betw een

th e  sp h e re  and tube  i s ,  f o r  th e  case  o f  u n i f o r m  f lo w ,  t w i c e  t h a t  o f

P o i s u e l l e  flow . This  in c re a s e d  flow  r a t e  g iv e s  r i s e  to  a h ig h e r  sh e a r

r a t e  n e a r  th e  s p h e re ,  and th u s  a  l a r g e r  d rag .  Note t h a t  when t h e  gap

i s  v e r y  t h i n  ( a ' / b '  l a r g e )  o r  t h e  s u r f a c e  v e l o c i t y  i s  r e d u c e d  ( k

l a r g e )  t h i s  e f f e c t  i s  p r o p o r t i o n a t e l y  h i g h e r ,  and  i t  e x p l a i n s  t h e

l a r g e r  d i f f e r e n c e s  b e t w e e n  A a n d  A a s  e i t h e r  a ' / b '  o r  k  i s  *> u v  '

in c re a s e d .

W ith  t h e  h y d ro d y n a m ic  d rag  de te rm in ed ,  te rm in a l  v e l o c i t i e s  f o r  

d i f f e r e n t  c i rc u m s tan c es  can  be computed. Three c a s e s  a r e  c o n s i d e r e d  

h e re :  ( i )  th e  m otion o f  a drop i n  a  v e r t i c a l  tu b e  due o n ly  t o  g r a v i t y ,

( i i )  th e  m otion o f  a  n e u t r a l ly - b o u y a n t  d ro p  s u s p e n d e d  i n  P o i s e u i l l e  

f lo w  and  ( i i i )  th e  m otion o f  a  drop i n  a  v e r t i c a l  tube  due to  g r a v i t y
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and  P o i s e u i l l e  f lo w .  T h ese  a r e  c o n s i d e r e d  s e p a r a t e l y  i n  t h e  

fo l lo w in g  th r e e  p a ra g ra p h s .

The f i r s t  c ase  i s  t h a t  o f  th e  m otion  o f  a  d r o p l e t ,  i n  a  v e r t i c a l  

t u b e ,  due t o  g r a v i t y  w i t h  t h e  f l u i d  a t  r e s t  f a r  away from th e  drop .

In  t h i s  c a se  th e  fo r c e  e x e r te d  on th e  drop i s  e q u a l  t o  ^ w a ' 3 ( p ' ^ ^  -

( 2 )
p ' ) g '  • E q u a t in g  t h i s  f o r c e  t o  th e  hydrodynamic d ra g  as  g iv e n  in

(3 .2 2 )  w i th  V'-O y i e l d s :

- W  - ^ r a ' 3 ( , ' (1) - p ' ( 2 ) ) g '  -  0 (4 .1 )

In  E q . (4 .1 )  th e  s ig n  on each  term  d en o te s  th e  d i r e c t i o n  o f  t h e  f o r c e .  

From (4 .1 )  th e  fo l lo w in g  e q u a t io n  f o r  Uq i s  o b ta in e d :

u o iTT» -  T ^ -  (A. 2)
H-R u

w here  ^  d e n o t e s  t h e  H a d am a rd -R y b czy n sk i  g r a v i t a t i o n a l  te rm in a l  

v e l o c i t y  i n  an  i n f i n i t e  medium and i s  g iv e n  below.

U' -  - - P ' ( 2 ) ) R \  - 1 ± S _  ) ( 4  3)
H-R _ , ( 2 )  1 1+3/2k ; K }

— 4

An i l l u s t r a t i o n  o f  th e  v e l o c i t y  f i e l d  f o r  t h i s  c a s e  f o r  a ' / b ' - 0 . 5  and  

k -0 .5  i s  g iv e n  i n  F ig .  4 i n  th e  r e f e r e n c e  frame i n  which th e  sp h e re  i s  

s t a t i o n a r y  and t h e  w a l l  and  t h e  f l u i d  a t  i n f i n i t y  a r e  m oving  w i t h  

v e l o c i t y  Uq. At e a c h  p o i n t  t h e  m a g n i tu d e  o f  t h e  v e l o c i t y  i n  t h i s
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i l l u s t r a t i o n  I s  nond im ens iona l ized  by Uq . T h is  f i e l d  and o th e r s  which

f o l l o w  a r e  com pu ted  i n  t h e  f o l l o w i n g  m anner: A p o r t i o n  o f  th e  flow  

f i e l d  i n  th e  tube  i s  d iv id e d  in t o  a  g r id .  At each o f  th e  g r i d  p o in t s  

t h e  v e l o c i t y  i s  computed from th e  e x p re s s io n s  f o r  th e  s tream  f u n c t io n  

g iv e n  i n  Gqs. (3 .9 )  and ( 3 .1 2 ) .  This  i s  u n d e r t a k e n  a t  a p a r t i c u l a r  

v a lu e  o f  m, and m i s  th en  in c re a s e d  u n t i l  a  one p e r c e n t  convergence i s  

o b t a i n e d  a t  a l l  t h e  g r i d  p o i n t s .  F i g u r e  4 s h o w s  c l e a r l y  t h e  

c i r c u l a t i o n  i n s i d e  th e  drop owing to  th e  s h e a r  s t r e s s  e x e r t e d  by th e  

e x t e r i o r  f l u i d  and th e  p re sen ce  o f  a maximum in  t h e  m a g n i tu d e  o f  t h e  

v e l o c i t y  i n  th e  gap between th e  sphere  and th e  tube  w a l l .

The second case  i s  th e  m otion o f  a  n e u t r a l l y  b o u y a n t  s p h e r e  i n  

P o i s e u i l l e  f lo w .  I n  t h i s  c a s e  no fo r c e  i s  e x e r t e d  on th e  d rop , and 

th e  hydrodynamic d rag  i s  e q u a l  to  z e r o .  S e t t i n g  ^ ( O ) ” ^ ( ^ . 2 2 )

y i e l d s  t h e  r e l a t i o n s h i p  between Uq , th e  s te a d y  d r o p le t  v e l o c i t y ,  and

V ' , th e  c e n t e r l i n e  v e l o c i t y  o f  th e  P o i s e u i l l e  flow:

Note t h a t  s in c e  ^v<^u i th e  te rm in a l  v e l o c i t y  Uq i s  a lw a y s  l e s s  t h a n

t h e  c e n t e r l i n e  v e l o c i t y  V ' . Note t h a t  Ay/* i s  a d e c re a s in g  f u n c t io n

o f  k and a ' / b '  s in c e  as  d is c u s s e d  above th e  d i s p a r i t y  b e tw e e n  A^ an d

Au i n c r e a s e s  a s  e i t h e r  a ' / b '  o r  i t  i s  i n c r e a s e d .  Thus th e  te rm in a l

v e l o c i t y  o f  a  f l u i d  d r o p l e t  s u s p e n d e d  i n  a  P o i s e u i l l e  f l o w  w i l l  

d e c re a se  r e l a t i v e  to  th e  P o i s e u i l l e  c e n t e r l i n e  v e l o c i t y  V' as  e i t h e r  k  

o r  a ' /b *  i s  in c re a s e d .  I l l u s t r a t i o n s  o f  th e  flow  f i e l d  f o r  t h i s  c a s e
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a r e  g iv e n  i n  F i g s .  5a  and 5b f o r  k—0 .5  and a ' / b ' —0 .5  i n  th e  frame in  

which th e  drop i s  s t a t i o n a r y  and th e  w a l l  i s  moving a t  Uq . I n  t h e s e

i l l u s t r a t i o n s ,  a s  i n  F ig .  4 ,  th e  magnitude o f  th e  v e l o c i t y  v e c t o r  a t  

each p o in t  i s  no n d im en s io n a l ized  by Uq .

The flow  f i e l d s  o f  F ig s .  5a and 5b show th e  r e c i r c u l a t i o n  o f  th e  

c o n t in u o u s  phase i n  th e  f r o n t  and  b a c k  o f  t h e  d ro p  due t o  t h e  f a c t  

t h a t  t h e  t e rm in a l  v e l o c i t y  i s  l e s s  th a n  th e  c e n t e r l i n e  v e l o c i t y .  The 

s t a g n a t io n  r i n g s  on th e  s u r f a c e  o f  th e  sp h ere  which a re  c a u s e d  by  t h e  

r e c i r c u l a t i o n  a r e  shown c l e a r l y  i n  t h e  i n s e t  s c h e m a t ic  (5 b ) .  For 

d e c re a s in g  v a l u e s  o f  U ^/V ' ( f o r  exam ple  due t o  i n c r e a s i n g  k ) , t h e

r i n g s  move to w a rd s  t h e  e q u a t o r  ( 0 —7r / 2 ) as  th e  r e c i r c u l a t i o n  becomes 

more pronounced. T his  t r e n d  i s  shown in  Tab le  IV w h ere  t h e  l o c a t i o n  

o f  t h e  u p s t r e a m  s t a g n a t i o n  r i n g  i s  d e t a i l e d  a s  a  f u n c t io n  o f  k f o r  

a ' / b ' - 0 . 5.

The l a s t  c a s e  i s  a d r o p l e t  m oving  i n  a v e r t i c a l  tu b e  due to  

g r a v i t y  w i th  P o i s e u i l l e  f lo w  a t  i n f i n i t y .  The z e r o t h  o r d e r  f o r c e  

b a la n c e  i s :

from  w h ich  t h e  t e r m i n a l  v e l o c i t y  Uq may be computed i n  te rm s o f  th e  

c e n t e r l i n e  P o i s e u i l l e  v e l o c i t y  and th e  g r a v i t a t i o n a l  f o r c e .  Thus:

(V'Av  - U' Au ) ? '  - | 7r a ' 3 ( p ' ( 1 ) - p ' ( 2 ) ) g '  -  0 (4 .5 )

V' (4 .6 )
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I t  i s  c l e a r  from (4 .6 )  t h a t  Uq/ V '  may ta k e  on any v a l u e  d e p e n d in g  on 

t h e  r a t i o  U' n / V ' .  As O' „ / v ' d e c re a se s  from z e ro  and te n d s  t o  -Ar i -K  n - K  V

( th e  v a lu e  t h a t  a r r e s t s  th e  sph ere )  Uq/V ' d e c re a se s  from th e  n e u t r a l l y

b o u y a n t  v a l u e  ( ^ v / ^ u ) to w a rd s  z e ro .  The s t a g n a t io n  r i n g  moves from

th e  n e u t r a l l y  b o u y a n t  l o c a t i o n  to w a rd s  t h e  e q u a t o r  ( 0 - j r / 2 )  . T h i s  

b e h a v io r  i s  d e t a i l e d  i n  Table IV f o r  k—0 .5  and a ' / b '  — 0 .5 .

The c e n t e r l i n e  v e l o c i t y  f o r  which th e  s p h e re  r e m a in s  s u s p e n d e d  

in  th e  g r a v i t a t i o n a l  f i e l d  o f  th e  v e r t i c a l  tube  i s  o b ta in e d  from (4 .6 )  

by s e t t i n g  Uq — 0. The r e s u l t  i s  V' eq u a l  t o  -U£ The v e l o c i t y

f i e l d  a ro u n d  th e  a r r e s t e d  sp h ere  i s  i l l u s t r a t e d  i n  F ig .  6 , a g a in  f o r

a ' / b ' - 0 . 5  an d  k- 0 . 5 .  I n  t h i s  i l l u s t r a t i o n  t h e  m a g n i tu d e  o f  t h e  

v e l o c i t y  v e c t o r  i s  n o n d im en s io n a l ized  by th e  c e n t e r l i n e  v e l o c i t y  V' . 

The flow  f i e l d  i s  s i m i l a r  to  t h a t  o f  F ig .  4.

4 .5  S u r f a c ta n t  R e s u l t s

4 .5 .1  Hvdrodvnamic Drap C o e f f i c i e n t s

As e x p l a i n e d  in  $ 3 .3 ,  th e  f i r s t  o rd e r  hydrodynamic d rag ,  F ' . , . ,
Z \ i . )

i s  composed o f  t h r e e  te rm s .  B eca u se  o f  t h e  l i n e a r i t y  o f  t h e  f i r s t

o r d e r  e q u a t i o n s ,  t h e s e  terms may be i n t e r p r e t e d  as  th e  d rags  e x e r t e d

on th e  d r o p le t  from  t h r e e  s e p a r a t e  f lo w  i d e a l i z a t i o n s .  The f i r s t  

i d e a l i z a t i o n  i s  t h e  u n i f o r m  f lo w , w i th  m agnitude , p a s t  a f ix e d

s p h e re .  T h is  d rag  i s  d im e n s io n a l ly  eq u a l  to  The s e c o n d

and  t h i r d  i d e a l i z a t i o n s  a r e  th e  flow s caused  by th e  s u r f a c e  f o r c e  <j>$rz
o u



121

^sinfl s ^n ^Vs ( 0 ) ^ '  ŵ e r e  Vs ( 0 ) *s e<lu a^ to  t *ie z e r o t h  o r d e r  s u r f a c e

v e l o c i t y  r e s u l t i n g  f ro m  u n i f o r m  o r  P o i s e u i l l e  f lo w .  I n  t h e s e  

I d e a l i z a t i o n s  th e  w a l l  and th e  f l u i d  a t  I n f i n i t y  a r e  m o t i o n l e s s .  The 

s u r f a c e  v e l o c i t y  I s  t h e  sum o f  two c o n t r i b u t i o n s .  The f i r s t  I s  th e  

s u r f a c e  v e l o c i t y  which r e s u l t s  from un iform  flow  ( w i t h  m a g n i tu d e  U^)

p a s t  a f i x e d  sp h e re .  The second I s  th e  s u r f a c e  v e l o c i t y  which r e s u l t s  

from P o i s e u i l l e  f lo w ,  w i t h  c e n t e r l i n e  v e l o c i t y  V  , p a s t  t h e  f i x e d  

s p h e r e .  F o r  t h e  u n ifo rm  flow  c o n t r i b u t i o n ,  when Uq>0, s u r f a c t a n t  i s

convec ted  to  th e  n e g a t iv e  z p o le ,  and th e r e f o r e  a  Marangoni s t r e s s  i s  

d i r e c t e d  from  th e  n e g a t i v e  z t o  th e  p o s i t i v e  z p o le .  T h is  t r a c t i o n  

cau ses  th e  f l u i d  to  move in  th e  p o s i t i v e  z d i r e c t i o n ,  and a  b a l a n c i n g  

h y d r o d y n a m i c  d r a g  i n  t h e  n e g a t i v e  z d i r e c t i o n  d e v e l o p s .  The 

d im en s io n a l  magnitude o f  t h i s  d rag  i s  eq u a l  t o  The f lo w

p a t t e r n  f o r  U ^ - l  i s  shown i n  F ig .  7. The f i g u r e  i n d i c a t e s  t h a t  th e

magnitude o f  th e  f l u i d  v e l o c i t y  i s  l a r g e s t  a t  t h e  d r o p l e t  s u r f a c e .  

T h i s  h i g h  s u r f a c e  v e l o c i t y  i s  due to  th e  f a c t  t h a t  th e  d r iv i n g  fo rc e  

i s  b e in g  e x e r t e d  on th e  s u r f a c e .  A ls o  n o t e  f ro m  t h e  f i g u r e  t h a t  a 

r e c i r c u l a t i o n  deve lops  i n  th e  gap between th e  sp h e re  and th e  tu b e  w a l l  

s i n c e  t h e  f lo w  a t  i n f i n i t y  i s  e q u a l  t o  z e r o .  F o r  t h e  s e c o n d  

c o n t r i b u t i o n ,  when V '>0, th e  z e r o th  o rd e r  f low  co n v ec ts  s u r f a c t a n t  to  

th e  p o s i t i v e  z p o le  and th e r e f o r e  a Marangoni s t r e s s  i s  c r e a t e d  w h ich  

i s  d i r e c t e d  from th e  p o s i t i v e  t o  th e  n e g a t iv e  p o le .  T h is  c a u s e s  f l u i d  

to  move i n  th e  minus z d i r e c t i o n ,  and an e q u a l i z in g  hydrodynam ic d r a g  

d e v e l o p s  i n  t h e  p o s i t i v e  z d i r e c t i o n .  The m agnitude o f  t h i s  d rag  i s  

e q u a l  to  The f lo w  p a t t e r n  f o r  t h e  P o i s e u i l l e  in d u c e d

s u r f a c e  f o r c e  i s  g iv e n  in  F ig .  8  f o r  V ' - l .  The s t r u c t u r e  i s  s i m i l a r
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to  th e  f i e l d  induced  by th e  u n i f o r m  f lo w ,  b u t  t h e  m a g n i tu d e  o f  t h e  

v e l o c i t i e s  i s  u n i f o r m l y  s m a l l e r .  T h is  can  be e x p la in e d  as  fo l lo w s .  

As rem arked in  $4, f o r  u n i t  magnitudes o f  Uq and V ' , th e  f lo w  r a t e  i n

th e  gap betw een th e  sphere  and th e  tube  w a l l  f o r  un ifo rm  flow  i s  tw ice

as l a r g e  a s  t h a t  f o r  P o i s e u i l l e  flow . S ince  th e  f lo w  r a t e  i s  l a r g e r

t h e  c h a n g e  i n  t h e  a v e r a g e  v e l o c i t y  betw een th e  e n t ra n c e  and e x i t  to

th e  gap, and th e  gap c e n t e r ,  i s  much l a r g e r  f o r  un ifo rm  f lo w  t h a n  f o r

P o i s u e i l l e  f low . T h ere fo re  the  s u r f a c e  g r a d i e n t  o f  v e l o c i t y  and th u s

th e  d i l a t a t i o n  i s  l a r g e r .  S ince th e  d i l a t a t i o n  i s  p r o p o r t i o n a l  to  th e

s u r f a c e  f o r c e  i t  to o  i s  l a r g e r  f o r  t h e  u n i f o r m  f lo w  and  t h u s  th e

v e l o c i t i e s  a r i s i n g  from th e  s u r f a c e  fo r c e  f o r  t h i s  c a s e  a re  l a r g e r .

T h e  c o n v e r g e d  r e s u l t s  f o r  A . .  . a n d  A . . .  a r e  g i v e n ,°  u ( l )  v ( l )  6  *

r e s p e c t i v e l y ,  i n  F i g s .  9 and  10 f o r  /c-0 , 0 . 5 ,  1 and  2 an d  t h e  gap

r a t i o  a ' / b '  i n  t h e  range  0 .1  to  0 .7 .  From th e s e  f i g u r e s  i t  i s  c l e a r

t h a t  an<* Av ( i )  a r e ,  f o r  f ix e d  k , i n c r e a s in g  fu n c t io n s  o f  a ' / b ' .

This  b e h a v io r  i s  i d e n t i c a l  to  th e  dependency o f  th e  z e r o th  o rd e r  d rags  

A^ and A on a ' / b ' , and  t h e  r e a s o n  i s  t h e  sam e: At d e c r e a s i n g  gap

t h i c k n e s s e s ,  l a r g e  s h e a r  r a t e s  develop  around  th e  p a r t i c l e  and th e se  

h ig h  r a t e s  cause  in c re a s e d  v is c o u s  s h e a r  s t r e s s e s  to  be e x e r t e d  on th e  

d r o p .  However, th e  dependency on th e  v i s c o s i t y  r a t i o  f o r  f ix e d  a ' / b '  

i s  d i f f e r e n t  f o r  t h e  f i r s t  o r d e r  d r a g  c o e f f i c i e n t s  i n  t h a t  t h e y  

d e c re a se  r a t h e r  th an  in c re a s e  w ith  i n c r e a s in g  k . Note t h a t  when

and a r e  m u l t i p l i e d  by £ ' which in c r e a s e s  m o n o t o n i c a l l y  w i t h  k  ,

£ 'A u ^ j U '  and £ ' A ^ ^ V '  and th u s  th e  a c t u a l  d ra g  s t i l l  d e c re a se s  w i th

k  w i th  Uq^ and V '^  h e ld  c o n s ta n t .  This  phenomenon c a n  b e  e x p l a i n e d

a s  f o l l o w s .  As t h e  r a t i o  o f  t h e  d r o p l e t  t o  t h e  c o n t i n u o u s  phase
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v i s c o s i t y  in c r e a s e s ,  th e  c i r c u l a t i o n  w i th in  th e  d r o p l e t  i s  d i m i n i s h e d

9 1 9

a n d  t h e  s u r f a c e  d i l a t a t i o n  g j  g j  s ^n ^Vs ( 0 )^ re<*uced«

r e d u c t io n  in  th e  d i l a t a t i o n  c a u s e s  a d e c r e a s e  i n  t h e  s u r f a c e  f o r c e  

w h ich  d r i v e s  th e  flow s i n  th e  two i d e a l i z a t i o n s  w i th  r e s p e c t  t o  which 

and a re  d e f in e d .  From F ig u re s  9 and 10, i t  i s  c l e a r  t h a t

t h i s  d e c re a se  i n  d rag  due to  th e  r e d u c t io n  in  th e  s u r f a c e  fo r c e  i s  n o t  

com pensated by th e  in c re a s e  i n  d rag  due t o  th e  i n c r e a s e  i n  v i s c o s i t y  

o f  t h e  c o n t i n u o u s  f l u i d .  F i n a l l y  n o t e  f ro m  F i g s .  7 and 8  t h a t  as  

a ’ / b '  te n d s  to  z e ro ,  approaches  • T h is  i s  t o  be e x p e c t e d

s in c e  as  a ' / t ' - » 0 , th e  z e ro e th  o rd e r  s u r f a c e  v e l o c i t i e s  f o r  un ifo rm  and 

P o i s e u i l l e  f lo w  becom e e q u a l .  ( R e c a l l  t h a t  i n  t h i s  l i m i t ,  Au

approaches  A ^).

As rem arked i n  th e  I n t r o d u c t io n ,  t h e r e  have been  no a t t e m p t s  i n  

t h e  l i t e r a t u r e  t o  exam ine  t h e  h y d ro d y n a m ic  d r a g  e x e r t e d  on f l u i d  

p a r t i c l e s  in  tu b es  f o r  th e  case  i n  which s u r f a c t a n t s  a r e  ad so rb ed  onto  

th e  f l u i d  p a r t i c l e  s u r f a c e s .  However, th e  in f lu e n c e  o f  s u r f a c t a n t s  on 

th e  d rag  e x e r t e d  on p a r t i c l e s  in  an i n f i n i t e  medium h a s  b e e n  s t u d i e d  

e x t e n s i v e l y  an d  t h e s e  s t u d i e s  may be  u s e d  t o  v e r i f y  t h e  p r e s e n t  

r e s u l t s .  I n  p a r t i c u l a r ,  f o r  t h e  c a s e  d e s c r i b e d  i n  $ 2 .2  i n  w h ich  

s u b l a y e r - s u r f a c e  k i n e t i c  exchange i s  f a s t ,  b u t  r a t e  l i m i t i n g ,  Levich 

(1962) d e r iv e d  th e  fo l lo w in g  e x p re s s io n  f o r  :

(2 1 +  2 k  
1  +>c )

u ( l )  3(1 + 3/c/2)
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Values from L e v ic h 's  e x p re s s io n  shou ld  ag ree  w i th  th e  converged  v a lu e s

th e  hydrodynamic e f f e c t  o f  th e  w a l l  on t h e  d r a g  becom es n e g l i g i b l e .  

The v a l u e s  f r o m  L e v i c h ' s  e x p r e s s i o n  f o r  k- 0 ,  0 . 5 ,  1 a n d  2 a r e ,  

r e s p e c t i v e l y ,  0 .333 ,  0 .1 2 7 ,  0 .0667 , an d  0 .0 2 7 8 .  T h ese  v a l u e s  a g r e e  

w i th  th e  asym pto tes  In  th e  f i g u r e ,  and t h i s  agreem ent p ro v id e s  a  check 

o f  th e  f i r s t  o rd e r  r e s u l t s .

5 .2  F i r s t  o rd e r  t e rm in a l  v e l o c i t i e s

In  t h i s  s u b s e c t i o n ,  t h e  t h r e e  f lo w  c i r c u m s t a n c e s  w h ic h  w ere  

e x am in ed  p r e v i o u s l y  I n  $4 a r e  r e - e v a l u a t e d  In  o rd e r  to  compute th e  

f i r s t  o rd e r  te rm in a l  v e l o c i t i e s  f o r  e a c h  o f  t h e s e  f l o w s .  The f i r s t  

f lo w  i s  t h e  m o t io n ,  due  t o  g r a v i t y ,  o f  a  d r o p l e t  In  a  v e r t i c a l  tube  

f i l l e d  w i th  a  q u ie s c e n t  l i q u i d .  The z e ro e th  o r d e r  v e l o c i t y  i s  g i v e n  

by e q u a t i o n  ( 4 . 2 ) ,  Uq- U '^  S ince  th e  f i r s t  o r d e r  f o r c e  e x e r t e d

on th e  drop i s  eq u a l  to  ze ro  f o r  th e  g r a v i t y  d r i v e n  m o t io n ,  ^ ( l ) " ® ’

and Eq. (3 .2 5 )  w ith  V'-O becomes:

o f  a s  g iv e n  i n  F ig .  9 as  a ' /b *  ten d s  to  ze ro  s in c e  i n  t h i s  l i m i t

(5 .1 )

From Eq. (5 .1 )  may be o b ta in e d .  Thus

U'ill _ (5.2)
u
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N ote  t h a t  s i n c e  i s  o f  o p p o s i t e  s i g n  t o  U^, t h e  p re se n c e  o f  a

s u r f a c t a n t  red u ces  th e  d r o p l e t  speed . A g r a p h ic a l  r e p r e s e n t a t i o n  o f  

t h e  d ep en d en ce  o f  - U ' ^ / ^ U ^ )  on a ' / b '  f o r  ic-0, 0 .5 ,  1 and 2 i s  g iven

in  F ig . 11. (Note t h a t  ^ i s  n o t  a  f u n c t io n  o f  a ' / b '  o r  k ) . The f ig u r e  

i n d i c a t e s  t h a t  th e  r e l a t i v e  c o r r e c t i o n  i s  a  d e c re a s in g  f u n c t i o n  o f  k . 

T his  i s  to  be ex p ec ted  s in c e  A^ in c re a s e s  w i th  k , and d e c r e a s e s

w i t h  k . Thus m u s t  d e c re a s e  w ith  k . The f ig u r e  a l s o  shows

t h a t  " U ^ j /Uq i s  an  in c r e a s in g  fu n c t io n  o f  a ' / b '  f o r  a ' / b '< 0 . 5 .  A f te r

t h i s  p o i n t  a s  a ' / b '  i n c r e a s e s  t h e  c u r v e s  l e v e l - o f f ,  and  f o r  k - 0 ,

b e g i n s  t o  d e c r e a s e .  T h e s e  r e s u l t s  r e f l e c t  t h e  f a c t  t h a t  f o r

a ' / b  '< 0 . 5 ,  A . . .  i n c r e a s e s  f a s t e r  w ith  a ' / b '  th a n  does A , b u t  a f t e r  
'  u ( l )  '  u ’

0 .5  th e  r e v e r s e  b e g in s  to  be t r u e .

F o r  t h e  g r a v i t y  d r i v e n  f l o w ,  t h e  f i r s t  o r d e r  s u r f a c t a n t

d i s t r i b u t i o n  may be o b ta in e d  from (2 .4 2 )  w i th  Cg ^ j “ 0 . A g^apb

o f  r ( 1 ) / B i * ( l + l / f )  f o r  k- 0 . 5 and  a ' / b ' - 0 . 5  i s  p r e s e n te d  i n  F ig .  12

(dashed  l i n e )  . The graph e x h i b i t s  th e  a c c u m u la t io n  o f  s u r f a c t a n t  a t  

t h e  d o w n s t r e a m  p o l e  ( 0 —jt) d u e  to  t h e  z e r o t h  o r d e r  f lo w  an d  i s  

a n t isy m m e tr ic  w i th  r e s p e c t  t o  8 - w / 2  b e c a u s e  o f  t h e  sym m etry  i n  t h e  

v e l o c i t y  f i e l d  ( c f .  th e  d i s c u s s io n  a t  th e  b e g in n in g  o f  $3 ) .

The s e c o n d  f lo w  c i r c u m s t a n c e  i s  t h e  m o t io n  o f  a n e u t r a l l y -  

b o u y a n t  p a r t i c l e  s u s p e n d e d  i n  P o i s e u i l l e  f lo w .  The z e r o e th  o rd e r  

v e l o c i t y  i s  g iv e n  by Eq. (4 .4 )  as  V' ’ S in c e  t h e  f o r c e  on

t h e  d ro p  i s  z e ro  f o r  t h i s  c a s e ,  F ' - . v  -  0 ,  and Eq. (3 .2 5 )  may be used
Z y , L )

t o  so lv e  f o r  . The r e s u l t  i s
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111 Au m  \ q )  .
A ' A  }

(5 .3 )

where u se  h as  been  made o f  t h e  z e r o t h  o r d e r  r e s u l t  U ^-(A v /A u )V ' t o  

e l im i n a t e  V ' . Graphs o f  ) as  a  f u n c t io n  o f  a ' / b '  f o r  k- 0 ,

0 .5 ,  1 and 2 a r e  g iv e n  i n  F ig ,  13. The graphs i n d i c a t e  t h a t

d r o p l e t  s p e e d  i s  o n ce  a g a i n  r e t a r d e d  b e c a u s e  o f  t h e  s u r f a c t a n t  

a d s o r p t i o n .  The d e p e n d e n c i e s  o f  t h e  c o r r e c t i o n  on a ' / b '  and k  a r e  

s i m i l a r  t o  t h a t  f o r  th e  g r a v i t y  d r iv e n  m otion (F ig .  11 ) .

The f i r s t  o r d e r  s u r f a c t a n t  d i s t r i b u t i o n  f o r  t h e  m o t io n  o f  a 

n e u t r a l l y  bouyan t sp h e re  i n  P o i s u e i l l e  flow i s  g iv e n  i n  F ig .  12 ( s o l i d  

l i n e )  f o r  k  a n d  a ' / b '  e q u a l  t o  0 .5 .  This  f ig u r e  sh o u ld  be compared 

w i th  th e  z e r o e th  o rd e r  v e l o c i t y  f i e l d  a s  g i v e n  i n  F i g s .  5a  and  5b . 

B e c a u se  o f  t h e  z e r o t h  o r d e r  f lo w , s u r f a c t a n t  i s  swept away from th e

s t a g n a t io n  r i n g  a t  23 .58°  and  th e  d o w n stream  p o l e ,  an d  to w a rd s  t h e

u p s t r e a m  p o l e  and  t h e  s t a g n a t i o n  r i n g  a t  156 .42° .  T h is  c au ses  th e

acc u m u la t io n  o f  s u r f a c t a n t  a t  th e  upstream  p o le  and  t h e  1 5 6 .4 2 °  r i n g  

an d  a d e p l e t i o n  i n  th e  o th e r  two s t a g n a t io n  a r e a s .  Note im p o r ta n t ly  

t h a t  even i n  t h i s  f i r s t  o r d e r  t h e o r y ,  t h e  m inim a a n d  maxima do n o t  

o c c u r  p r e c i s e l y  a t  t h e  s t a g n a t i o n  z o n e s  b u t  a r e  o f f s e t  from th e s e .  

T h is  i s  becau se  (from ( 2 .4 2 ) ) ,  ex trem e b e h a v i o r  i n  o c c u r s  when

th e  d i l a t a t i o n  i s  a t  a  minima o r  maxima, n o t  when th e  s u r f a c e  v e l o c i t y  

i s  z e ro .

The l a s t  f lo w  i s  t h e  m otion o f  d r o p l e t  suspended i n  P o i s u e i l l e  

f low  in  a  v e r t i c a l  tube  and a c te d  upon by g r a v i t y .  The z e r o t h  o r d e r

’U ( i ) / ^ U £ q j )>0 f o r  th e  v a lu e s  o f  a ' / b '  and ic u sed ,  and th e r e f o r e  th e
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v e l o c i t y  i s  g iv e n  b y  Eq. ( 4 . 6 ) .  A g a in  from  ( 3 .2 5 )  w i th  th e

f i r s t  o rd e r  v e l o c i t y  may be  o b ta in e d .  The r e s u l t  i s :

^ h i  _ A  . \ < i )  \ d ) x i i  , 5 , ,
U' *  X  X  U ' '  ( J
U0  u  u  U0

V'f o r  a g iv e n  v a lu e  o f  “  . This  l a t t e r  r a t i o ,  o b ta in e d  from ( 4 . 6 )  i s  a
u 0

f u n c t i o n  o f  ^  a n d  may t a k e  on any v a lu e  depending  on Thus

f o r  t h i s  c a s e  th e  d r o p le t  speed  may be a c c e l e r a t e d  i n  th e  p r e s e n c e  o f  

s u r f a c t a n t  a b s o r p t i o n  i f  V '/U q i s  l a rg e  enough. T h is  p o s s i b i l i t y  i s

i n d i c a t e d  i n  Tab le  IV, where i t  i s  shown t h a t  f o r  « - a ' / b ' - 0 . 5 , v a l u e s  

o f  U q/V ' l e s s  t h a n  o r  e q u a l  t o  0 . 8  r e s u l t  i n  a c c e l e r a t i o n  o f  th e

p a r t i c l e  (U ^ j /U ^ > 0 ) .

4 .6  D is c u s s io n  and Summary

T his  s tu d y  has  focused  on th e  d e te rm in a t io n  o f  th e  h y d ro d y n am ic  

d r a g  e x e r t e d  on a s p h e r i c a l  f l u i d  p a r t i c l e  i n  a tube  f o r  th e  c a s e s  i n  

w h ic h  t h e  p a r t i c l e  i n t e r f a c e  i s  c l e a n  an d  c o v e r e d  by s u r f a c t a n t  

a d s o r b e d  from  t h e  c o n t in u o u s  l i q u i d  phase  f i l l i n g  th e  tu b e .  For the  

ca se  o f  a  c l e a n  i n t e r f a c e ,  th e  converged  d rag  c o e f f i c e n t s  f o r  u n i f o r m  

and  P o i s e u i l l e  f lo w  p a s t  a  f i x e d  sp h ere  were found to  be w i th i n  one- 

t e n t h  o f  a p e r c e n t  o r  l e s s  o f  th e  v a lu e s  o b ta in e d  by Hyman an d  S k a la k  

(1969  and  1970) f o r  sphere  to  tube d ia m e te r  r a t i o s  o f  0 .1  to  0 .8  and 

p a r t i c l e  t o  co n tin u o u s  phase v i s c o s i t y  r a t i o s  o f  0 and 1 ( T a b le  I I I )  . 

T h i s  a g r e e m e n t  ( a s  w e l l  a s  t h e  agreem ent w i th  s o l i d  sp h e re  r e s u l t s ,
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Table I I )  len d s  c o n f id e n ce  to  th e  s u r f a c t a n t  c a l c u l a t i o n s  w h ich  w ere  

u n d e r t a k e n  u s i n g  th e  same c o l l o c a t i o n  scheme a s  t h a t  f o r  th e  c l e a n  

s u r f a c e .  F u l ly  converged  v e l o c i t y  f i e l d s  and v a lu e s  f o r  t h e  l o c a t i o n  

o f  s u r f a c e  s t a g n a t i o n  p o i n t s  - hydrodynamic d e t a i l s  n o t  computed by 

Hyman and Skalak  - were a l s o  c a l c u l a t e d .

W i th  r e g a r d s  t o  t h e  m o t io n  o f  a s u r f a c t a n t - l a d e n  d r o p ,  t o  

compute th e  in f lu e n c e  o f  th e  adso rbed  m o n o la y e r  on t h e  h y d ro d y n a m ic  

d r a g ,  t h e  s u r f a c e  s u r f a c t a n t  d i s t r i b u t i o n  must be de te rm in ed  so as  to  

c a l c u l a t e  th e  i n t e r f a c i a l  t e n s io n  g r a d i e n t  o r  M aran g o n i  f o r c e .  The 

c a l c u l a t i o n  o f  t h i s  d i s t r i b u t i o n  i s  a c o m p lica ted  problem  because  o f  

th e  in v o lv ed  n a t u r e  o f  s u r f a c t a n t  t r a n s p o r t .  The d i s t r i b u t i o n  o f  

s u r f a c t a n t  on t h e  p a r t i c l e  i n t e r f a c e  i s  de te rm in ed  by th e  com peting 

e f f e c t s  o f  b u lk  and s u r f a c e  d i f f u s i o n  and c o n v e c t io n ,  and t h e  k i n e t i c  

e x c h a n g e  o f  s u r f a c t a n t  betw een th e  p a r t i c l e  s u r f a c e  and th e  s u b la y e r  

o f  f l u i d  u n d e r n e a t h  t h e  s u r f a c e .  I n  t h i s  s t u d y  a p e r t u r b a t i v e  

a p p r o a c h  w as a d o p t e d  w h ich  s i m p l i f i e s  t h e  d e t e r m i n a t i o n  o f  t h e  

s u r f a c t a n t  s u r f a c e  c o n c e n t r a t i o n  by i s o l a t i n g  i n  a  s i m p l i f i e d  way one 

n o n c o n v e c t i v e  t r a n s p o r t  m e c h a n is m ,  k i n e t i c  e x c h a n g e .  I n  t h i s  

a p p ro a c h ,  t h e  k i n e t i c  e x c h a n g e  o f  s u r f a c t a n t  a t  t h e  i n t e r f a c e  by  

a d s o r p t i o n  and  d e s o r p t i o n  i s  assumed to  be much f a s t e r  th a n  th e  time 

f o r  co n v ec t io n  o f  s u r f a c t a n t  from one p o l e  o f  t h e  d ro p  t o  t h e  o t h e r

( B i» 0 ( e * ^ )  an d  f - O ( l ) ,  e « l ) ) .  D i f f u s io n  o f  s u r f a c t a n t  i n  th e  b u lk  

and s u r f a c e  i s  r e l e g a t e d  to  h i g h e r  o r d e r  e f f e c t s  by t h e  a s s u m p t i o n  

t h a t  t h e  b u l k  a n d  s u r f a c e  P e c l e t  num bers  a re  o f  o rd e r  one, and th e

2
a d s o r p t io n  d ep th  P e c l e t  number P e ^ i s  o f  o r d e r  0 ( e  ) .  W i th in  t h i s

p e r t u r b a t i o n  schem e , t o  o r d e r  z e r o  i n  e ,  t h e  s u r f a c e  s u r f a c t a n t  

c o n c e n t r a t io n  was shown to  b e  u n i f o r m ,  an d  t h e  d r a g  was t h e r e f o r e
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d e s c r ib e d  by th e  c l e a n  s u r f a c e  d rag  c o e f f i c i e n t s  Au and The f i r s t

o rd e r  s u r f a c t a n t  d i s t r i b u t i o n  i s  de te rm in ed  s o l e l y  by th e  z e r o th  o rd e r  

s u r f a c e  d i l a t a t i o n .  The f i r s t  o rd e r  d rag  c o e f f i c e n t s  were computed 

from th e  M arangoni s u r f a c e  f o r c e  c o r r e s p o n d i n g  t o  t h e  f i r s t  o r d e r  

s u r f a c t a n t  d i s t r i b u t i o n .  The s o lu t i o n s  o b ta in e d  f o r  th e  f low  due to  

th e  Marangoni s u r f a c e  fo r c e  may be viewed i n  a  g e n e r a l  way s i n c e  t h e  

f lo w  due t o  any  a r b i t r a r y  s u r f a c e  f o r c e  may be o b t a i n e d  from  th e  

framework by r e p la c in g  th e  ^ term  on th e  l e f t  hand s id e  o f  (3 .1 9 )  w i th  

th e  a r b i t r a r y  s u r f a c e  fo r c e  e x e r te d  a s  a  f u n t io n  o f  8 .

The r e s u l t s  f o r  un iform  flow  r e s e m b le d  t h o s e  f o r  u n i f o r m  f lo w  

p a s t  a s p h e r i c a l  d r o p l e t  i n  an  i n f i n i t e  medium: The o n ly  s t a g n a t io n  

r e g io n s  a long  the  c l e a n  s u r f a c e  a re  a t  th e  p o le s  (F ig .  4) ; s u r f a c t a n t  

m o l e c u le s  c o l l e c t  a t  t h e  dow nstream  s ta g n a t io n  p o le  ( F ig s .  12 ) ,  and 

th e  r e s u l t i n g  Marangoni s t r e s s  r e t a r d s  th e  te rm in a l  v e l o c i t y

< 0 ,  F ig ,  1 1 ) .  R e c a l l  t h a t  in  t h i s  s ta te m e n t  and th e  ones t h a t  fo l lo w  

below, f o r  Uq>0 , th e  upsteam p o le  i s  th e  p o le  a t  0 - 0  and th e  downsteam

p o l e  i s  a t  8 - n  and  t h e  u p s t r e a m  (d o w n s tre a m )  s t a g n a t i o n  r i n g s  a re  

l o c a t e d  a t  p o s i t i v e  (n e g a t iv e )  z ( r e f e r  to  F ig u re  1 ) .

The m o s t  i n t e r e s t i n g  s u r f a c t a n t  r e s u l t s  w ere  o b t a i n e d  f o r  

p a r t i c l e s  p la c e d  in  P o i s e u i l l e  flow . For n e u t r a l l y  bouyan t p a r t i c l e s  

th e  z e r o th  o rd e r  f low  e x h i b i t e d  two s t a g n a t io n  p o in t s  a t  th e  p o le s  and 

two s t a g n a t io n  r in g s  ( F ig s .  5a and  5 b ) .  The s u r f a c e  f lo w  f o r  t h i s  

c a s e  i s  s u c h  t h a t  f l u i d  moves away from th e  ups tream  s t a g n a t io n  r i n g  

and d o w n stream  p o l e  and  to w a rd s  t h e  u p s t r e a m  p o l e  a n d  d o w n s tream  

s t a g n a t i o n  r i n g .  I t  i s  im p o r tan t  t o  n o te  t h a t  th e  back  f low  tow ards 

th e  ups tream  s t a g n a t io n  p o in t  and away from th e  downstream p o le  i s  due 

t o  t h e  P o i s e u i l l e  c o m p o n e n t  o f  t h e  f l o w  a t  i n f i n i t y .  As t h e
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c e n t e r l i n e  v e l o c i t y  V' In c re a s e s  r e l a t i v e  to  Uq , th e  s t a g n a t i o n  r i n g s

move to w a r d s  0 - ir /2  ( T a b le  IV ) .  As a  r e s u l t  o f  t h e  z e r o t h  o r d e r  

s u r f a c e  v e l o c i t y  d i s t r i b u t i o n ,  s u r f a c t a n t  a c c u m u la t e s  i n  t h e  f i r s t  

o rd e r  s t a t e  a t  th e  upstream  p o le  and downstream s t a g n a t io n  r i n g  and i s  

d e p l e t e d  a t  t h e  o t h e r  s t a g n a t i o n  z o n e s  ( F i g .  1 2 ) .  B e t w e e n  t h e

u p s t r e a m  s t a g n a t i o n  r i n g  and upstream  p o le  a Marangoni t e n s i o n  i n  th e  

minus z d i r e c t i o n  i s  c r e a te d .  The same i s  t r u e  betw een th e  downstream 

p o l e  an d  d o w n stream  s t a g n a t i o n  r i n g .  These Marangoni t r a c t i o n s  a re  

b a la n c e d  by s t r e s s e s  e x e r t e d  in  th e  p o s i t i v e  z d i r e c t i o n  by th e  l i q u i d  

s u r r o u n d i n g  t h e  f l u i d  p a r t i c l e .  Such s t r e s s e s  a c c e l e r a t e  t h e  

p a r t i c l e ,  an d  t h e r e f o r e  t e n d  to  make > 0 .  B e t w e e n  t h e

d o w n stream  and  u p s t r e a m  r i n g s  a  Marangoni t e n s i o n  i n  th e  p o s i t i v e  z 

d i r e c t i o n  a r i s e s ,  and a b a la n c in g  c o n t in u o u s  f l u i d  d r a g  d e c e l e r a t e s  

t h e  p a r t i c l e  a s  i t  a c t s  in  th e  minus z d i r e c t i o n .  These e f f e c t s  a re  

r e f l e c t e d  i n  Eq. (5 .4 )  where t h e  f i r s t  te rm  on  t h e  r i g h t  h a n d  s i d e  

a c c o u n t s  f o r  th e  r e t a r d i n g  s t r e s s  o f  th e  r e g io n  betw een th e  r i n g s  and 

th e  second term  r e p r e s e n t s  th e  a c c e l e r a t i n g  s t r e s s e s  o f  t h e  r i n g  t o  

p o l e  r e g i o n s .  F o r  t h e  c a s e  o f  t h e  n e u t r a l l y  bouyan t p a r t i c l e ,  th e  

r e l a t i o n s h i p  betw een V' and i s  such t h a t  th e  d e c e l e r a t i n g  e f f e c t s

p redom inate  and the  v e l o c i t y  i s  r e t a r d e d  (F ig .  13, T ab le  IV ).

I f  th e  d e n s i t i e s  o f  th e  p a r t i c l e  and c o n t in u o u s  p h a s e s  a r e  n o t  

e q u a l ,  t h e n  t h e  p a r t i c l e  i s  s u b j e c t  t o  a bouyancy f o r c e .  When th e  

p a r t i c l e  i s  p la c e d  a t  th e  c e n t e r  o f  a  v e r t i c a l  tu b e  and  s u s p e n d e d  i n  

P o i s e u i l l e  f low  w ith  f ix e d  c e n t e r l i n e  v e l o c i t y  V ' , Uq/V ' i s  de te rm in ed

by the  r a t i o  o f  th e  g r a v i t a t i o n a l  s e t t l i n g  v e l o c i t y  i n  an  i n f i n i t e  

medium (a  m e a su re  o f  t h e  b o u y an cy  f o r c e )  t o  V ' (E q . ( 4 . 6 ) ) .

S e v e ra l  c a se s  a r e  p o s s i b l e .  I f  th e  bouyancy f o r c e  and th e  c e n t e r l i n e
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v e l o c i t y  a r e  i n  th e  same d i r e c t i o n ,  th e n  From Eq. ( 4 .6 )  i t

i s  c l e a r  t h a t  f o r  t h i s  ca se  Uq/V '> 0 and i s  l a r g e r  t h a n  t h e  n e u t r a l l y

bouyan t v a lu e .  From Eq. ( 5 .4 ) ,  U ^ / U ' q<0 and, i n  f a c t ,  i s  l a r g e r  ( i n

a b s o lu t e  v a lu e )  th a n  th e  n e u t r a l l y  bouyant v a lu e .  Thus f o r  t h i s  c a s e  

t h e  d ro p  i s  r e t a r d e d  e v e n  more t h a n  f o r  t h e  c a s e  o f  th e  n e u t r a l l y  

bouyan t sp h e re .  The r e a so n  i s  c l e a r :  As U g .g /^ '  i n c r e a s e s  f ro m  z e r o ,

Uq/V  i n c r e a s e s  from  t h e  n e u t r a l l y  b o u y a n t  v a lu e  and th e  s t a g n a t io n

r in g s  approach  th e  p o le s .  The r e g i o n s  on th e  s u r f a c e  o f  M a ran g o n i  

s t r e s s  w h ic h  c a u s e  a c c e l e r a t i o n  o f  t h e  d ro p  d i s a p p e a r ,  a n d  t h u s  

r e t a r d a t i o n  i s  in c re a s e d .

C o n s id e r  n e x t  t h e  c a s e  i n  w h ich  t h e  bouyancy  f o r c e  i s  i n  th e  

o p p o s i t e  d i r e c t i o n  t o  t h a t  o f  t h e  P o i s e u i l l e  c e n t e r l i n e  v e l o c i t y  

(U^ g / V  b u t  l a r g e r  t h a n  - A^ ( th e  v a lu e  which a r r e s t s  th e  c l e a n

sp h ere  t r a n s l a t i o n ) .  Then U^/V' i s  s t i l l  l a r g e r  th a n  z e ro  (Eq. ( 4 .6 ) ,

b u t  s m a l l e r  t h a n  th e  n e u t r a l l y  b o u y a n t  v a lu e  o f  Av/ ^ u * As g/V*

te n d s  to  -A , ^ q/V ' ten d s  to  ze ro  (Eq. ( 4 .6 ) )  and E q . ( 5 . 4 )  i n d i c a t e s

t h a t  w i l l  become l a r g e r  th a n  z e ro .  Thus d r o p l e t  a c c e l e r a t i o n

can be r e a l i z e d  i n  th e  l i m i t  i n  which UA D/V '  t e n d s  t o  -A an d  U i/Vr i -K  V U

c o n s e q u e n t l y  becom es v a n i s h i n g l y  s m a l l .  The r e a s o n  i s  a s  g /V '

app roaches  th e  s t a g n a t io n  r in g s  a p p r o a c h  ir/2  and  t h e  M aran g o n i

s t r e s s e s  w h ich  a c c e l e r a t e  t h e  drop in c r e a s e  a t  th e  expense o f  th o se  

which r e t a r d  th e  t r a n s l a t i o n .  Hence t h e  e v e n t u a l  i n c r e a s e  i n  s p e e d  

w i th  s u r f a c t a n t  a d s o rp t io n .

F i n a l l y ,  f o r  th e  case  i n  which th e  bouyancy an d  t h e  c e n t e r l i n e  

v e l o c i t y  a r e  i n  o p p o s i t e  d i r e c t i o n s  (U^ g /V ' <0 ) and g /V ' <“^v *
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Uq/V ' becomes l e s s  th a n  ze ro  (Eq. ( 4 .6 ) )  and th e  sp h e re  moves o p p o s i te

t o  t h e  P o i s e u i l l e  f l o w .  The s u r f a c t a n t  d i s t r i b u t i o n  i n c r e a s e s  

m o n o to n ic a l ly  tow ards th e  downstream p o le  (now a t  0 - 0 ) and  M aran g o n i 

s t r e s s e s  s im ply  r e t a r d  th e  speed  < 0 ,  Eq. ( 5 . 4 ) ) .
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Table 1.

The number o f  c o l l o c a t i o n  p o i n t s  n e c e s s a r y  t o  a c h i e v e  t h e  

accu racy  req u ire m en t f o r  th e  gas bubb le  ( k - 0 )

A a ' / b  0 .1  0 .2  0 .3  0 .4  0 .5  0 .6  0 .7  0 .8  0 .9

A ,  A m 4 4 5 7 7 9 10 11 13u v

A(1) p 4 4 5 7 7 9 10 11 13

m 3 4 5 5 6 6 6 9  10
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T able  I I .

Comparison o f  converged  v a lu e s  o f  d rag  c o e f f i c i e n t s  Au and A w i t h  th e  

r e s u l t s  o f  Haberman and Sayre (1958) and Wang and Skalak  (1969) f o r  a

O
s o l i d  p a r t i c l e  (k -  1 0  ) .

a ' / b ' Au AV

Haberman and Sayre

A A u V

Wang and Ska lak

A A u  V

0 . 0 1 . 0 0 0 0 1 . 0 0 0 0 1 . 0 0 0 1 . 0 0 0 1 . 0 0 0 1 . 0 0 0

0 . 1 1.2632 1.2547 1.263 1.255 1.263 1.255

0 . 2 1.6795 1.6348 1.680 1.635 1.680 1.635

0 .3 2.3701 2.2289 2.371 2.231 2.370 2.229

0 .4 3.5914 3.2157 3.596 3.218 3.592 3.216

0 .5 5.9474 4.9953 5.970 5.004 5.949 4 .996

0 . 6 11.092 8.6130 11.135 8.651 1 1 . 1 0 8.617

0 .7 24.676 17.474 24.955 17.671 24.70 17.49

0 . 8 74.670 47.620 73.555 47.301 74.97 47 .81

0 .9 469.15 266.37



137

Table I I I .

Comparison o f  converged  v a lu e s  o f  d rag  c o e f f i c i e n t s  Au  and Av  w ith  th e

r e s u l t s  o f  Hyman a n d  S k a la k * s  e x a c t  s o l u t i o n  (1 9 7 0 )  f o r  a  f l u i d  

d r o p l e t .

Hyman and Skalak

a ' / b ' K Au AV Au AV

0 . 1 0 . 0 1.1632 1.1631 1.16 1.16

1 . 0 1 . 2 1 1 1 1.2063 1 . 2 1 1 1.206

0 . 2 0 . 0 1.3900 1.3895 1.39 1.39

1 . 0 1.5209 1.4965 1.520 1.496

0 .3 0 . 0 1.7251 1.7211 1.725 1.722

1 . 0 1.9951 1.9222 1.995 1.922

0 .4 0 . 0 2.2626 2.2486 2.263 2.241

1 . 0 2.7647 2.5820 2.765 2.582

0 .5 0 . 0 3.2224 3.1295 3.222 3.130

1 . 0 4.1197 3.6847 4.123 3.685

0 . 6 0 . 0 5.2043 4.8453 5.205 4.846

1 . 0 6.8070 5.7435 6.808 5.744

0 .7 0 . 0 10.257 8.8356 10.26 8.838

1 . 0 13.242 10.321 13.22 10.32

0 . 8 0 . 0 28.615 21.704 28.59 21.72

1 . 0 34.450 24.231 34.47 24.26

0 .9 0 . 0 173.39 109.89

1 . 0 182.98 111.91
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T able  IV.

A ngular l o c a t i o n  o f  ups tream  s ta g n a t io n  r i n g  ( a ' / b ' - 0 . 5 )  

N e u t r a l ly  bouyant

* V V '  9

0 .0  0.9712 14.84° 0 .1335

0 .5  0.9169 23.58° 0 .0491

1 .0  0 .8944 26.59° 0 .0254

2 .0  0.8743 29.10° 0 .0104

Suspended d r o p le t  a c te d  upon by bouyancy ( k- 0 .5 )

0 .5  0 .85  41 .10° 0 .0076

0 .8 0  54.16° -0 .0096

0 .75  72.50° -0 .1077



Figure 1
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Chapter 5
The Influence of Surfactant on Droplet Motion 

Inside a Cylindrical Tube:
IT. Stagnant Can Reglee

5 .1  I n t r o d u c t io n

T h i s  c h a p t e r  I s  t h e  s e c o n d  p a r t  o£ a two p a r t  s t u d y  on th e  

in f lu e n c e  o f  s u r f a c t a n t s  on th e  c re e p in g  t r a n s l a t i o n  o f  a  f l u i d  sp h ere  

i n  a c y l i n d r i c a l  t u b e .  As i s  w e l l  known, the  p re se n c e  o f  s u r f a c t a n t  

m o l e c u l e s  i n  t h e  c o n t i n u o u s  p h a s e  t h r o u g h  w h ich  a  f l u i d  d r o p l e t  

t r a n s l a t e s  red u ces  th e  te rm in a l  v e l o c i t y  o f  th e  d r o p l e t .  The mechanism 

f o r  t h i s  phys icochem ica l  e f f e c t  was f i r s t  s u g g e s t e d  by  F ru m k in  and  

L e v ic h  (1 9 4 7 ) .  When a f l u i d  d r o p le t  moves th rough  a  c o n t in u o u s  l i q u i d  

p h a s e  t h a t  c o n t a i n s  a  b u l k  s o l u b l e  s u r f a c t a n t ,  t h e  s u r f a c t a n t  

m o l e c u l e s  a d s o r b  o n to  t h e  i n t e r f a c e  o f  t h e  d r o p l e t .  Once adso rbed ,  

th ey  a re  convec ted  to  th e  t r a i l i n g  o r  r e a r  p o le  o f  t h e  d r o p l e t  w here  

t h e y  a c c u m u l a t e  i n  t h e  v i c i n i t y  o f  t h a t  p o l e .  T h i s  a c c u m u l a t i o n  

e v e n tu a l ly  cau ses  d e s o r p t i o n  o f  t h e  m o le c u le s  i n t o  t h e  s u b l a y e r  o f  

l i q u i d  im m e d ia te ly  a d j a c e n t  t o  t h e  r e a r  p a r t  o f  th e  i n t e r f a c e .  The 

d e s o r p t i o n  l o c a l l y  e l e v a t e s  t h e  b u l k  c o n c e n t r a t i o n  o f  s u r f a c t a n t  

r e l a t i v e  t o  t h e  c o n c e n t r a t i o n  f a r  from th e  drop , and th e  s u r f a c t a n t  

d i f f u s e s  away in t o  th e  b u lk .  The c o n v e c t io n  o f  s u r f a c t a n t  t o  t h e  r e a r  

lo w e r s  t h e  s u r f a c e  c o n c e n t r a t i o n  n e a r  th e  le a d in g  p o le  and le a d s  to  

b o th  a  s u r f a c e  d i f f u s i v e  f l u x  from th e  r e a r  to  t h e  l e a d i n g  p o l e ,  and  

a d d i t i o n a l  a d s o r p t i o n  from  t h e  a d j o i n i n g  l i q u i d  s u b l a y e r  a t  t h e  

d r o p l e t  f r o n t .  T he s u b l a y e r  c o n c e n t r a t i o n ,  d e p l e t e d  b y  t h i s
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a d s o r p t i o n ,  I s  r e p l e n i s h e d  b y  d i f f u s i o n  a s  t h e  c o n c e n t r a t i o n  o f  

s u r f a c t a n t  i n  t h i s  s u b la y e r  i s  low er th a n  t h a t  f a r  from th e  d rop .

The a c c u m u l a t i o n  o f  s u r f a c t a n t  a t  t h e  r e a r  o f  t h e  d ro p  by  

c o n v e c t io n  low ers  th e  i n t e r f a c i a l  t e n s io n  in  t h i s  r e g i o n  r e l a t i v e  t o  

th e  f r o n t  end because  th e  s u r f a c t a n t  m olecu les  which a re  com pressed a t  

th e  r e a r  by th e  accum ula ting  a c t i o n  o f  th e  c o n v e c t io n  e x e r t  an  outw ard 

f o r c e  ( t h e  s u r f a c e  p r e s s u r e ) .  This  d i f f e r e n c e  i n  i n t e r f a c i a l  t e n s i o n  

cau ses  th e  s u r f a c e  to  be tugged  tow ards th e  f r o n t  p o le  and s in c e  t h i s  

a c t i o n  ( a  M aran g o n i te n s io n )  i s  o p p o s i te  to  th e  d i r e c t i o n  o f  s u r f a c e  

c o n v e c t io n ,  th e  s u r f a c e  flow  i s  r e t a r d e d .  The r e d u c t io n  i n  th e  s u r f a c e  

f l o w  i n c r e a s e s  t h e  d r a g  e x e r t e d  by  t h e  c o n t i n u o u s  p h a s e  on t h e  

d r o p l e t ,  c a u s in g  th e  d r o p le t  to  d e c e l e r a t e .

The s u r f a c t a n t  g r a d ie n t  which deve lops  a t  s te a d y  s t a t e  d e te rm in e s  

th e  Marangoni t e n s io n  and hence th e  magnitude o f  th e  te rm in a l  v e l o c i t y  

r e d u c t i o n .  The g r a d i e n t  w h ich  ev o lv es  i s  a  f u n c t io n  o f  th e  r e l a t i v e  

r a t e s  w i th  which th e  s u r f a c t a n t  t r a n s p o r t  p r o c e s s e s  t a k e  p l a c e .  Two 

r e g im e s  p r o v i d e  b o u n d s  on  t h e  r e t a r d a t i o n .  I f  t h e  r a t e  o f  s u r f a c e  

c o n v e c t io n  i s  much s low er th an  e i t h e r  th e  r a t e  o f  s u r f a c e  d i f f u s i o n ,  

o r  th e  r a t e s  o f  th e  s e r i e s  mechanisms o f  a d s o r p t io n  and d e s o r p t io n  and 

b u lk  d i f f u s i o n ,  th e n  th e  s u r f a c e  c o n c e n t r a t i o n  i s  a s y m p to t i c a l ly  c lo s e  

t o  Tq , t h e  v a l u e  w h ich  i s  r e a l i z e d  u n d e r  e q u i l i b r i u m  ( z e r o - f l o w )

c o n d i t io n s .  I n  t h i s  c a s e ,  the  c o n c e n t r a t i o n  a t  th e  r e a r  o f  th e  drop i s  

o n l y  s l i g h t l y  l a r g e r  th a n  r ^ ,  and t h a t  a t  th e  f r o n t  end i s  j u s t  l e s s

th a n  Tq . T h is  i s  th e  regim e o f  u n i f o r m  r e t a r d a t i o n ,  r e f e r r e d  t o  a s

s u c h  b e c a u s e  th e  sm a l l  d e v i a t i o n  o f  th e  s u r f a c e  c o n c e n t r a t i o n  from

c r e a t e s  a d i s t r i b u t e d  Marangoni t e n s io n  which u n l fo rm a l ly  r e t a r d s  t h e  

s u r f a c e  v e l o c i t y .  The r e g im e  h a s  been  s tu d ie d  t h e o r e t i c a l l y  f o r  th e
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m otion o f  a  drop In  an I n f i n i t e  medium by Frumkin a n d  L e v ic h  ( 1 9 4 7 ) ,  

L e v lc h  (1 9 6 2 ) ,  Neuman (1966), S ch ech te r  and F a r le y  (1963) and Agrawal 

and Uasan (1979). In  F a r t  I  o f  t h i s  s e r i e s ,  t h e  u n i f o r m  r e t a r d a t i o n  

regime was s tu d ie d  f o r  f l u i d  sp h e re s  i n  tu b e s .

I f  th e  r a t e  o f  s u r f a c e  c o n v e c t io n  i s  f a s t  b o t h  w i t h  r e s p e c t  t o  

t h e  r a t e  o f  s u r f a c e  d i f f u s i o n  and  f a s t  when compared to  e i t h e r  th e  

r a t e  o f  b u lk  d i f f u s i o n  o r  th e  r a t e s  o f  a d s o rp t io n  and d e s o r p t io n ,  then  

t h e  s u r f a c t a n t  i s  sw ept i n t o  a  cap r e g io n  where th e  s u r f a c e  v e l o c i t y  

i s  eq u a l  to  z e ro .  For a g iven  b u lk  c o n c e n t r a t i o n  o f  s u r f a c t a n t ,  t h i s  

r e g im e  r e s u l t s  i n  t h e  g r e a t e s t  r e t a r d a t i o n .  O b v io u s ly ,  I f  enough 

s u r f a c t a n t  i s  p r e s e n t  in  th e  con tinuous  phase  th e  s t a g n a n t  c a p  a n g l e  

c a n  s t r e t c h  a c r o s s  t h e  e n t i r e  s u r f a c e  o f  th e  d r o p l e t  r e s u l t i n g  i n  a 

c o m p le te ly  Immobile i n t e r f a c e  and a te rm in a l  v e l o c i t y  c h a r a c t e r i s t i c  

o f  a  s o l i d  p a r t i c l e .  The s t a g n a n t  cap  re g im e  h a s  b e e n  e x am in ed  

t h e o r e t i c a l l y  f o r  th e  i n f i n i t e  medium case  by S a v ic  ( 1 9 8 3 ) ,  G r i f f i t h  

( 1 9 6 2 ) ,  D avis  and A crivos (1966), Harper (1972, 1973, 1974 and 1982), 

and Sadhal and Johnson (1982).

I n  t h i s  c h a p t e r ,  we s t u d y  t h e  s t a g n a n t  cap regim e f o r  a  f l u i d  

sphere  in  a  tu b e .  We c o n s id e r  th e  ca se  o f  a s i n g l e  d r o p l e t  t r a n s l a t i n g  

i n  s t e a d y ,  a x l s y m m e t r l c  c r e e p i n g  f lo w  w i th  th e  i n t e r f a c i a l  te n s io n  

l a r g e  enough so t h a t  v is c o u s  t r a c t i o n s  do n o t  d i s t e n d  th e  d r o p l e t  from 

s p h e r i c i t y .  Thus b o t h  t h e  R e y n o ld s  and  c a p i l l a r y  numbers a re  each 

assumed to  be much s m a l l e r  t h a n  o n e ,  w here  t h e  R e y n o ld s  number i s

d e f i n e d  a s  and th e  c a p i l l a r y  number a s  (Here

( 2 )
o '  d en o te s  th e  I n t e r f a c i a l  t e n s i o n  and  p ' v '  t h e  v i s c o s i t y  o f  t h e  

co n t in u o u s  p h a s e . )  This  s tu d y  i s  d iv id e d  in t o  fo u r  s e c t i o n s . The f i r s t
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(Sec. 2) p ro v id e s  th e  fo rm u la t io n .  The s o l u t i o n  p ro ced u re  I s  d e s c r ib e d  

In  Sec. 3, and th e  r e s u l t s  and c o n c lu s io n s  a r e  p r e s e n te d  I n  Sec. 4 .

5 .2  F o rm u la tion

5 .2 .1  Governing E quations  and Boundary C o n d it io n s

The problem under exam ina t ion  i s  t h a t  o f  a f l u i d  d r o p l e t  m oving  

s t e a d i l y  an d  a x i s y m m e t r i c a l l y  t h r o u g h  a c o n t i n u o u s  l i q u i d  i n  an  

i n f i n i t e l y  long  c y l i n d r i c a l  t u b e .  B o th  t h e  d r o p l e t  and  c o n t i n u o u s  

p h a s e s  a r e  assumed to  be in c o m p ress ib le  and Newtonian. Far  away from 

t h e  d r o p l e t ,  t h e  c o n t i n u o u s  f l u i d  f lo w  i s  e i t h e r  s t a t i o n a r y  o r  

P o i s e u i l l i a n . The R e y n o ld s  and  c a p i l l a r y  numbers a r e  assumed to  be 

sm a ll  enough so t h a t  i n e r t i a  i s  n e g l i g i b l e  and t h e  d r o p l e t  r e t a i n s  a  

s p h e r i c a l  s h a p e .  A b u l k  s o l u b l e  s u r f a c t a n t  i s  p r e s e n t  i n  t h e  

c o n t i n u o u s  p h a s e  an d  i s  a d s o r b e d  on t h e  s u r f a c e  o f  t h e  d r o p l e t .  

Adsorbed s u r f a c t a n t s  i s  swept to  the  r e a r  p a r t  o f  the  d r o p l e t ,  where a 

s ta g n a n t  cap fo rm s .  The c o n c e n t r a t i o n  o f  s u r f a c t a n t  f a r  f ro m  t h e  

d r o p l e t  i s  assum ed  t o  b e  u n i f o r m .  I n  t h e  s o l u t i o n  te ch n iq u e  which 

w i l l  b e  u s e d  b o t h  c y l i n d r i c a l  ( / » , « , z )  and  s p h e r i c a l  c o o r d i n a t e s  

( r , 0 , 0 )  a r e  n e e d e d .  The o r i g i n  o f  b o t h  s y s te m s  i s  lo c a te d  a t  th e  

c e n t e r  o f  th e  moving d r o p le t ,  and th e r e f o r e  i n  th e s e  system s t h e  tu b e  

w a l l  i s  moving i n  t h e  a x i a l  d i r e c t i o n .  The an g le  6 i s  measured from 

th e  f r o n t  s t a g n a n t  p o i n t  and  t h e  c a p  ^ i s  c o u n t e d  from  t h e  r e a r  

s t a g n a t i o n  p o i n t .  The g r a v i t a t i o n a l  f o r c e  i s  a c t i n g  i n  t h e  -z  

d i r e c t i o n  ( se e  F i g . l ) .

In  fo rm u la t in g  th e  hydrodynamic e q u a t io n s  f o r  th e  d r o p le t  m otion , 

d r o p l e t  and co n t in u o u s  phase v a r i a b l e s  a r e  d e n o t e d  by s u p e r s c r i p t s
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(1 )  a n d  (2 )  r e s p e c t i v e l y .  D im e n s io n a l  q u a n t i t i e s  a re  marked by a  

p r im e ,  a n d  d i m e n s i o n l e s s  q u a n t i t i e s  a r e  u n p r im e d  t h r o u g h o u t  t h e  

a n a l y s i s .  The tu b e  an d  th e  d r o p l e t  r a d iu s  a re  deno ted  by b '  and a '  

r e s p e c t i v e l y .  C o o r d i n a t e s  a r e  n o n d i m e n s i o n a l i z e d  b y  t h e  d r o p l e t  

r a d i u s  a '  . The k i n e m a t i c  v a r i a b l e s  ( o f  b o th  p h ases )  a r e  s c a le d  as  

f o l l o w s :  v e l o c i t i e s  by  t h e  s t e a d y  t r a n s l a t i o n a l  v e l o c i t y  o f  t h e

d r o p l e t  i n  t h e  a b s e n c e  o f  t h e  s u r f a c t a n t  i n  th e  tu b e ,  U^, and s h e a r

( 2 ) ( 2 ) s t r e s s  t e n s o r s  and p r e s s u r e  P ' by  p '  '  Uqi w h e re  p ' v '  i s  t h e

v i s c o s i t y  o f  th e  e x t e r i o r  f l u i d .  The s u r f a c e  s u r f a c t a n t  c o n c e n t r a t i o n  

T' i s  n o n d im en s io n a l ized  by w here  1 / r ^  i s  t h e  l i m i t i n g  a r e a  p e r

m ole o f  t h e  s u r f a c t a n t  and  k  i s  t h e  v i s c o s i t y  r a t i o

S ince th e  flow  i s  axisym m etric  and in c o m p re s s ib le ,  v e l o c i t i e s  may b e

r e p r e s e n t e d  by  a  s t r e a m  f u n c t i o n  if>' w h ich  i s  n o n d im en s io n a l ized  by

The N a v ie r - S to k e s  e q u a t io n  f o r  s te a d y  ax isym m etric  c re e p in g  flow

c a n  b e  w r i t t e n  i n  te rm s  o f  t h e  s t r e a m  f u n c t i o n  ( H a p p e l  a n d

Brenner (1970)) a s :

E2 (E2^ ( i ) ) -  0 ( i  -  1,  2) ( 2 . 1)

2
w here  E i s  t h e  ax isy m m etr ic  s tream  fu n c t io n  o p e r a to r .  I n  s p h e r i c a l

2 2 c o o r d in a te s ,  E i s  denoted  by Efi and i s

s ing  8   ̂ 1

r  8 9  s in g  8 9
( 2 . 2)
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w h ile  in  c y l i n d r i c a l  c o o r d in a te s ,  i t  h as  th e  form

.2 -<±) a 2  . ( i )  , a.A( i )
( 2 . 3 )

d z  d p  p  d p

The v e l o c i t y  components can be e x p re s sed  i n  te rm s  o f  t h e  s t r e a m

f u n c t io n :

v ( i )  _  &6 (1) « ( i )  1  M (1)
'  r 2 s in*  8 9  ’ 9  I B i n 8  3r

(2 .4 )

v ( i )  _ . I  £ * (1) v ( i )  .  1  & i(1)
z p  d p  ’ p  p  d z

The b o u n d a ry  c o n d i t i o n s  a r e  f o r m u l a t e d  a t  t h e  c e n t e r  o f  t h e  

d r o p l e t ,  th e  tube  w a l l ,  th e  d r o p l e t  s u r f a c e  and f a r  from th e  d r o p l e t .  

These a r e :

(1) At th e  d r o p le t  c e n t e r  lim  and l im  e x i s t .
r - * 0  r  r - * 0  9

(2) F ar  from th e  d r o p l e t ,  th e  v e l o c i t y  f i e l d  i s  e i t h e r  un ifo rm

lim  V(2 ) -  -U
|z|-**i z (2 .5 )

o r  o f  P o i s e u i l l e  type
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2
l im  V<2>- V(1 - - U
| z |-ho z b U .o J

w here  U i s  t h e  v e l o c i t y  o f  t h e  d r o p l e t  and V i s  th e  c e n t e r  

l i n e  v e l o c i t y  o f  t h e  P o l s e u i l l e  f l o w  a t  i n f i n i t y  

(n o n d im en s io n a lized  by U ^).

(3) At th e  tube  w a l l ,  p -b  ( b - b ' / a ' )

v f 2) -  - U, V<2) -  0 ( 2 . 7 a ,b )z p

(4) At th e  s u r f a c e  o f  th e  d r o p l e t ,  r - 1  ( r - r ' / a '~ l )

Vr1J " Vr2> " 0 ( 2 . 8 a ,b )

v a 1> “  Vl 2> (2 .9 )

The s t r e s s  c o n d i t i o n s  a r e  d e te rm in e d  by th e  fo l lo w in g .  Due to  

th e  a s s u m p t i o n  t h a t  t h e  d r o p l e t  r e t a i n s  i t s  s p h e r i c a l  s h a p e ,  t h e  

n o rm a l  s t r e s s  b a l a n c e  on t h e  i n t e r f a c e  i s  r e p la c e d  by an i n t e g r a t e d  

f o r c e  b a la n c e ;

F ' -  2 jr/ i '( 2 )U' a2 f* ( ( -  P( 2 )+ r ( 2 ) )costf - r ^ s i n t f )  sintfd* z u j  q r r  r t f

-  f  wa'3 ( p ' ( 1 ) - p ' ( 2 ) )g' (2.10a)
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where F ' I s  th e  hydrodynamic d rag  e x e r t e d  by th e  e x t e r i o r  f l u i d  on th e  z

drop , i s  t h e  d e n s i t y  o f  p h a s e  1  a n d  g r i s  t h e  g r a v i t a t i o n a l

a c c e l e r a t i o n .  E quation  (2 .1 0 a )  w i l l  be u s e d - to  d e te rm in e  th e  d r o p le t

( 2 )te rm in a l  v e l o c i t i e s .  W r i t i n g  t h e  p r e s s u r e ,  t h e  n o rm a l  ( r ^ r  ) anc*

( 2 )s h e a r  ( T ^ g  /  s t r e s s e s  i n  te rm s  o f  t h e  s t re a m  f u n c t io n  i n  s p h e r i c a l  

c o o r d in a te s ,  ( 2 . 1 0 a) may be ex p re s se d  i n  th e  form

F' -  a ' l f y * ' ( 2 ) * r r ' 3 s i n 30 ]d 9  (2 .10b )
Z U J 0  d r  r '  s i n  6

The t a n g e n t i a l  s t r e s s  c o n d i t io n  h as  t o  depend on th e  d i s t r i b u t i o n  

o f  t h e  s u r f a c t a n t s .  T h i s  d i s t r i b u t i o n  i s  e s t a b l i s h e d  f ro m  t h e  

s o lu t i o n  o f  th e  e q u a t io n  o f  s u r f a c t a n t  c o n s e r v a t io n  a t  t h e  i n t e r f a c e

o f  th e  d r o p le t ;  a t  s te a d y  s t a t e  t h i s  r e l a t i o n  i s  i n  th e  form

Tike ae <sintfrV  - TTTiTe fe <sin*!5> + Q<r.cs> (2-n >s

w here  Vg i s  t h e  s u r f a c e  v e l o c i t y  (Vg- V ^ ^  (fl , r - 1 ) ) , and Peg i s  th e

a ' u os u r f a c e  P e c l e t  number (Pe -  - t -:— , D' i s  t h e  s u r f a c e  d i f f u s i o ns D' ’ s s

c o e f f i c i e n t ) .  T he f u n c t i o n  Q ( r , C  ) i n  ( 2 . 1 1 )  d e s c r i b e s  th es

a d s o r p t i o n - d e s o r p t i o n  k i n e t i c s  (C g i s  t h e  s u r f a c t a n t  s u b l a y e r  

c o n c e n t r a t i o n  and  n o n d im e n s io n a l i z e d  by Cr , C - C ( r —1 , 0 ) ) .  Here th e•* oo 3
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Langmuir fo rm u la t io n  f o r  th e  a d s o r p t i o n  k i n e t i c s  i s  a d o p t e d  (D a v ie s  

and R id e a l  1963); th u s  i n  d im ens iona l  form

w here  a '  a n d  0 *  a r e  k i n e t i c  c o n s t a n t s  o f  d e s o r p t io n  and a d s o r p t io n

r e s p e c t i v e l y .  From ( 2 . 1 2 ) ,  t h e  c o n c e n t r a t i o n  T '  w h i c h  i s  i n

e q u i l i b r i u m  w i t h  t h e  s u b la y e r  s u r f a c t a n t  c o n c e n t r a t i o n  C' can e a s i l ys

be o b ta in e d  from Q ' ( r ' , C ^ ) - 0 ;  th u s

where k -  0 ' C ^ / a '  and i s  th e  r a t i o  o f  a d s o rp t io n  to  d e s o r p t i o n  r a t e s .  

N o n d i m e n s i o n a l i z a t i o n  o f  ( 2 . 1 2 )  b y  U ^ T ^ / a '  y i e l d s  a f t e r  some 

m a n ip u la t io n  and com bination  w i th  ( 2 . 1 1 ) th e  s u r f a c t a n t  mass e q u a t io n

Q ' ( r ' , c ' )  -  -o 'r '  - £ 'C '(r '  - r ' )  s  s ( 2 . 12)

L - (sinflrv ) s ( s i n * | J )  - Bi[Cs (r - 1 ) + £  r]sinfl 8 8 Pe sinfl 8 8  
s

where ( 2 . 1 4 )

and  i s  t h e  n o n d i m e n s i o n a l  r a t i o  o f  t h e  r a t e  o f  a d s o r p t i o n  o f  

s u r f a c t a n t  o n t o  t h e  s u r f a c e  t o  t h e  r a t e  a t  w h ic h  s u r f a c t a n t  i s  

convec ted  from one end o f  th e  d r o p l e t  to  th e  o th e r .
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T h i s  s t u d y  i s  concerned  w i th  c o n d i t io n s  f o r  which a  s ta g n a n t  cap

forms on th e  s u r f a c e  o f  t h e  d r o p l e t .  S t a g n a n t  c a p  c o n d i t i o n s  a r e

r e a l i z e d  when Bi-»0 an d  Fe -»0 b e c a u s e ,  i n  t h e s e  l i m i t s ,  E q n .(2 .1 4 )s

I n t e g r a t i n g  t h i s  e q u a t io n ,  th e  fo l lo w in g  s im ple  form can  be o b ta in e d :

T h is  e q u a t io n  sh o u ld  be s a t i s f i e d  e v e ry w h e re  on t h e  s u r f a c e  o f  th e  

d r o p l e t  and  t h e r e f o r e  t h e  c o n s t a n t  m u s t  be ze ro  i n  o r d e r  t o  have a  

bounded s o l u t i o n  a t  8  -  0 and jr. Hence on each p o r t i o n  o f  th e  d r o p le t  

s u r f a c e ,  e i t h e r  V ^-0 o r  r—0 .  H ere  o n l y  t h e  c a s e  o f  a cap  a t  th e

t r a i l i n g  edge i s  c o n s id e re d .  T h is  s u r f a c t a n t  o r g a n i z a t i o n  i s  a lw a y s  

r e a l i z e d  w i t h  t h e  u n i f o r m  f lo w .  I t  i s  a l s o  r e a l i z e d  i f  th e  drop i s  

s u sp e n d e d  i n  a P o i s e u i l l e  f lo w  a s  lo n g  a s  t h e  s p h e r e  v e l o c i t y  i s  

l a r g e r  th a n  th e  c e n t e r l i n e  v e l o c i t y  o r  on th e  o p p o s i te  d i r e c t i o n .  For 

a  s in g l e  cap a t  th e  t r a i l i n g  edge, t h e  f o l l o w i n g  s u r f a c e  c o n d i t i o n s  

a r e  v a l i d :

becomes

nb a* <3ln'rv  - 0sinfl 8 8
(2 .15 )

r v s -  c o n s ta n t / s in f l (2 .16 )

VU> .  v<2> -  0 ( 2 ,1 7 a ,b )

(2 .18a)
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T his  com ple tes  th e  hydrodynamic boundary c o n d i t io n s ,  b u t  n o te  t h a t  th e  

ca p  a n g l e  4> J-s as yet u n d e te rm in e d .  The cap a n g le  i s  computed from 

th e  phys ico ch em ica l  p r o p e r t i e s  o f  th e  s u r f a c t a n t  a s  d e s c r ib e d  below.

On th e  s t a g n a n t  c a p  r e g i o n ,  t h e  d i s t r i b u t i o n  o f  th e  s u r f a c t a n t  

can a l s o  be e x p re s se d  by th e  t a n g e n t i a l  s t r e s s  b a la n c e .

* r r J } "  ( 2 ) ^  ^  <2 . 18b)
re m' a v  ae

where o '  i s  th e  s u r f a c e  t e n s i o n .  W ith  t h e  c h o i c e  o f  t h e  L angm uir  

a d s o r p t i o n  i s o t h e r m  ( E q n . ( 2 . 1 2 ) ) ,  t h e  d e p e n d e n c e  o f  t h e  s u r f a c e  

t e n s i o n  on t h e  s u r f a c t a n t  s u r f a c e  c o n c e n t r a t i o n  ( o ' ( T ' ) )  may b e  

fo rm u la te d  from th e  Gibbs a d s o rp t io n  e q u a t io n ,

(2 .1 9 )

w h e r e  p '  i s  t h e  c h e m ic a l  p o t e n t i a l .  The b u l k  c o n c e n t r a t i o n  i s  

a s su m ed  t o  b e  d i l u t e  enough  so  a s  t o  b e  i d e a l ,  p '  — p ^ ( T ' . p ' )  +

R 'T 'J 8n ( C ' ) ,  where T ' d en o tes  th e  te m p e ra tu re ,  p '  i s  th e  thermodynamic 

p r e s s u r e  and R' i s  th e  gas c o n s ta n t .  I n t e g r a t i n g  (2 .1 9 )  g iv e s

o '  -  o '  -  R ' T ' T ' i n ( l / ( l  - r ' /T '))  (2 .2 0 )

where th e  r e l a t i o n  between Cs an d  T (E qn . ( 2 . 1 3 ) )  i s  u s e d  an d  O q  i s

s u r f a c e  t e n s io n  o f  th e  c l e a n  i n t e r f a c e .  C onsequen tly ,  from (2 .2 0 )  ^ 7  

i s  c a l c u l a t e d  to  be
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&Ll
a r ' (i - r ' /r ;)

E U l (2.21)

S u b s t i t u t i n g  E q . ( 2 . 2 1 )  i n t o  E q . ( 2 .1 8 b )  y i e l d s  t h e  f o l l o w i n g  

e q u a t io n :

The d i m e n s i o n l e s s  s u r f a c t a n t  c o n c e n t r a t i o n  p r o f i l e  i n  t h e  

s t a g n a n t  c a p  r e g i o n  c a n  b e  o b t a i n e d  f r o m  t h e  i n t e g r a l  o f  t h e  

t a n g e n t i a l  s t r e s s  c o n d i t io n  (E q n .( 2 .1 8 c ) ) as  fo l lo w s :

w here  t h e  c o n c e n t r a t i o n  a t  th e  edge o f  th e  cap ( 0 - ir - 0 ) i s  d e f in e d  to  

be eq u a l  t o  z e ro .

The t o t a l  amount o f  s u r f a c t a n t  on th e  d r o p le t  s u r f a c e  can now be 

o b ta in e d  by  s u b s t i t u i n g  th e  c o n c e n t r a t i o n ,  T, from, e q u a t i o n  ( 2 . 2 3 )  

i n t o  E q n .( 2 .1 3 ) .  Thus,

i t (2 .1 8 c )

where

( 2 . 22)

(2 .2 3 )

I 3 c -  -  2  r , 1 1  ■ *x p [ ‘f c  fs J ir-<p ■ 'n - t p

(2 .2 4 )
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The p r o b l e m  I s  n o t  f u l l y  d e t e r m i n e d  u n t i l  C , t h e  s u b l a y e rs

c o n c e n t r a t i o n ,  i s  o b ta in e d .  Form ally ,  Cg can be o b ta in e d  by s o lv in g  

th e  s te a d y  c o n v e c t iv e - d i f f u s l o n  e q u a t io n  i n  th e  c o n tin u o u s  p h ase ,  i . e .

P e ^ . f c  -  V2C (2 .2 5 )

2
w here  V i s  t h e  L a p l a c i a n  o p e r a t o r ,  P e - U ^ a ' / D ' ,  D ' i s  t h e  b u l k

d i f f u s i v i t y  o f  t h e  s u r f a c t a n t  and C i s  th e  b u lk  c o n c e n t r a t i o n ,  th e  

boundary c o n d i t io n s  on th e  b u lk  c o n c e n t r a t i o n  a r e :

PeA S ? | r - 1  -  B1 < V r  - l > + j | < r - c , ) ]  (2 .2 6 )

and

lim  C (z , p )  -  1 
1 * 1-*"

(2 .2 7 )

“ i n . - 0  <2 -28>

w here  P e^  -  Pe S ' / a '  and S '  i s  th e  a d s o r p t io n  d ep th  o f  th e  s u r f a c t a n t ,  

r ' /C ' . As th e  l i m i t  Bi -» 0 and Pe. chose  0 ( 1 ) ,  E q n .(2 .2 6 )  i s  r e d u c e doo oo A

a r*
t o  aTTI- 0 ,  t h e r e f o r e  C i s  a c o n s ta n t  which i s  e q u a l  to  1. Thus o r | r - i  s

th e  f i n a l  e q u a t io n  f o r  th e  cap ang le  s i z a  i s :

(2 .29)
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5 .3  S o lu t io n  Technique

In  c y l i n d r i c a l  and s p h e r i c a l  c o o r d in a te s ,  t h e  s o l u t i o n  o f  ( 2 . 1 ) 

may be  o b t a i n e d  by  t h e  m ethod  o f  s e p a r a t i o n  o f  v a r i a b l e s .  For th e  

d r o p l e t  I n t e r i o r ,  o n ly  t h e  s o l u t i o n  i n  s p h e r i c a l  c o o r d i n a t e s  i s

n e e d e d .  The form f o r  0 ^ ( r , 0 )  which adm its  bounded s o l u t i o n s  a s  r-»0 

f o r  and (a s  g iv e n  by ( 2 .4 ) )  i s :

t ( 1 ) ( r , 0 )  -  S_2 (E^1 }r n + F^1 ) r n+2 )C^1 / 2 (costf) (3 .1 )

- 1/2where '  (cosfl) i s  th e  Gegenbauer po lynom ial o f  o r d e r  n  and d eg ree  

- 1/ 2 .

For th e  co n t in u o u s  f l u i d ,  th e  mixed c o o r d in a te s  s o l u t i o n  o f  (2 .1 )  

which i s  bounded as |z|-w» i s

( p , z , r , 8 )  -  ^ " (p )  + J"°dk(A(k)pI1 (kp) + B (k)p 2 I Q(kp) )co s (k z )

+ J^ d k (A " (k )p I 1 (kp) + B "(k )p 2 I 0 (k p )} s in (k z )

( 3 .2 )

+ 2  {E<2 ) r ' n + 1  + F( 2 ) r ' n+3 }C‘ 1 / 2 (cos0)n—z n  n  n

where

t p  (Uniform)
*  i p )  ~  1 9 1 « 9 i . a t 9  ( 3 .3 )

-Vb [ J ( f )  - J ( £ ) 4 ] + h 2  ( P o i s u e l l e )
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and I q and 1^ a re  th e  m o d i f ie d  B e s s e l  f u n c t i o n s  o f  t h e  f i r s t  k i n d .

( 2 )The a b o v e  fo rm  f o r  i> ( p , z ,  r , 0 )  r e p l a c e s  t h e  K ^(kp)  a n d  K ^(kp)

i n t e g r a l s  o f  t h e  g e n e r a l  s o l u t i o n  a s  g i v e n  by  H aberm an a n d  S a y re  

( 1 9 5 8 )  w i t h  e q u i v a l e n t  G e g e n b a u e r  s u m m a t io n s  a s  d e s c r i b e d  by  

L e ic h tb e rg ,  e t  a l .  (1976).

The te c h n iq u e  u sed  to  o b ta in  th e  c o n s ta n t s  and th e  k  f u n c t io n s  i n  

E q . ( 3 . 1 )  and  ( 3 . 2 )  i s  o u t l i n e d  a s  f o l l o w s .  F i r s t ,  t h e  b o u n d a r y  

c o n d i t i o n s  on  t h e  tu b e  w a l l  a r e  s a t i s f i e d  e x a c t l y ,  b y  u s i n g  t h e  

F o u r ie r  in v e r s e  c o s in e  and s i n e  i n t e g r a l s  t o  s o l v e  f o r  t h e  unknown 

c o e f f i c i e n t s  A (k ) , B (k ) ,  A"(k) and B"(k) i n  ( 3 . 2 ) .  Second, th e  s tream  

f u n c t i o n  i s  r e w r i t t e n  i n  a  co m p ac t fo rm  i n  te rm s  o f  r , 6  a n d  t h e

( 2 ) ( 2 )unknown c o n s t a n t s  and F^ . F i n a l l y ,  a  c o l l o c a t i o n  te c h n iq u e  i s

u sed  to  s a t i s f y  th e  boundary c o n d i t io n s  on th e  s u r f a c e  o f  th e  d r o p l e t .  

I n  t h e  f o l l o w i n g  s u b s e c t i o n  $ 3 .1 ,  th e  f i r s t  two s t e p s  a r e  d e t a i l e d .  

The s a t i s f a c t i o n  o f  th e  r - 1  boundary c o n d i t i o n s  u s i n g  a  c o l l o c a t i o n  

t e c h n i q u e  i s  d e s c r i b e d  i n  $ 3 . 2 .  F i n a l l y ,  i n  $ 3 .3  th e  convergence 

c r i t e r i a  i s  fo rm u la te d ,  and a v e r i f i c a t i o n  o f  th e  method i s  p r e s e n te d .

5 .3 .1  Exact S o lu t io n  o f  th e  Wall Boundary C o n d it io n s

Using E q . ( 3 .2 ) ,  th e  boundary c o n d i t io n s  (2 .7 a )  becomes

| fl°dk(A (k)kI0 (b k )+ B (k )[b k l1 (bk) + 2 IQ( b k ) ] }cos(kz) +

J a,dk{A "(k)k lQ (bk)+ B "(k )[bk l^ (bk)  + 2 I g ( b k ) ] } s in (k z )  - (3 .4 )



168

+ Fn 2 >Gn ( l >l

( 2 )I n s t e a d  o f  u s i n g  V ' ( p - b ) - O  ( 2 . 7 b ) ,  t h e  e q u i v a l e n t  c o n d i t i o n
P

(p—b ) — <b) I s  a p p l ie d  f o r  conven ience . T hat i s

j <Odk{A (k)bI1 <bk)+B(k)b2 I 0 (b k )} co s (k z )  + (3 .5 )

J^dk{A "(k )b I 1 (bk)+B "(k)b 2 I 0 (b k ) ) s in ( k z )  -  - S_2 [e£ 2 V < z )  + F<2 )G *(z)]

where, f o r  i - 1 , 2 , 3 , 4 ,  G^(z) a re  o f  th e  form a s :

- 1 , . . , 2  , 2 . - ( n + l ) / 2 _ ,  z ________ ,
n  -  (b  + * > Pn ' ( b 2  ‘

g2 (z> -  (b 2  + z 2 ) - ( " - 1> /2 ,p  [ a ] + 2 cn 1 / 2 [ z 2  1 / 2 H
n n ( b *  +  z z ) v  n  (b + z ^ ) 1'

(3 .6 )

r 3 . . y, 2  . 2 . - ( n - l ) / 2 r - l / 2 f____ 5 ________.
Gn (z )  -  (b + z ) Cn  [ (b2 + z 2 ) l / 2 ]

G*(z) -  (b 2  + z 2) - ( n - 3 ) / 2 c - l / 2 [ s  }

n  n  (b + z  ) '

In  th e  above, s p h e r i c a l  c o o rd in a te s  ( r , 0 )  have b e e n  t r a n s f o r m e d  i n t o  

c y l i n d r i c a l  c o o rd in a te  ( p , z ) .  The boundary c o n d i t io n s  (3 .4 )  and (3 .5 )
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can  be in v e r t e d  by th e  in v e r s e  F o u r ie r  c o s in e  and s in e  t r a n s fo rm  so  as  

t o  s o l v e  f o r  A ( k ) , B ( k ) ,  A " (k )  and  B " ( k ) .  T h e se  c a l c u l a t i o n s  a re  

c a r r i e d  o u t  i n  t h e  A p p en d ix  A. The r e s u l t i n g  e x p r e s s i o n  f o r  t h e  

s t ream  f u n c t io n  can  be w r i t t e n  a s  ( c f .  th e  Appendix A):

* ( 2 ) < 0 ,r )  -  A r , « )  + 2_2 [E<2 ) s J ( r , 0 )  + F<2 ) S2 ( r , 0 ) ]  (3 .7 )

1  2  where S^Cr.fl) and Sn ( r , 0 )  a r e  g iv e n  i n  Appendix A.

5 .3 .2  C o l lo c a t io n  S o lu t io n  o f  D ro p le t  S u rface  Boundary Condions

T he  b o u n d a r y  c o n d i t i o n  V ^ ^ ( r - 1 , 0 ) - O  ( 2 . 8 a )  c a n  b e  a p p l i e d  

d i r e c t l y  to  ( 3 .1 )  to  e l im in a te  F ^ ^ . Thus th e  in n e r  s o l u t i o n  becomes

tf( 1 ) ( r , * )  -  2_ 2  E*1^  r 11 - r n + 2  )C"1 / 2 (cos* )  (3 .8 )

I f  th e  o th e r  boundary c o n d i t io n s  a t  r - 1  ( ( 2 . 8 b ) ,  ( 2 . 9 ) ,  ( 2 .1 7 a )  

a n d  ( 2 . 1 8 a ) )  a r e  a p p l i e d  t o  t h e  s o l u t i o n  ( 3 . 7 )  a n d  ( 3 . 8 ) ,  t h r e e  

s im u ltan eo u s  e q u a t io n s  i n  th e  form o f  i n f i n i t e  s e r i e s  a r e  o b t a i n e d .  

I n  t h e  c o l l o c a t i o n  t e c h n i q u e ,  t h e  t h r e e  b o u n d a ry  c o n d i t i o n s  a r e  

s a t i s f i e d  a t  m d i s c r e t e  p o in t s  a lo n g  t h e  s u r f a c e  o f  t h e  s p h e r e ,  an d  

t h e  s e r i e s  ( 3 . 7 )  and  ( 3 . 8 )  i s  t r u n c a t e d  i n t o  a  f i n i t e  fo rm  w hich 

in c lu d e s  a  t o t a l  o f  3m te rm s .  A s e t  o f  3m hom ogeneous  s i m u l t a n e o u s  

l i n e a r  a l g e b r a i c  e q u a t i o n  i s  t h e r e f o r e  g e n e r a te d  and can  be  s o lv e d
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u s in g  any s ta n d a rd  m a tr ix  r e d u c t io n  te ch n iq u e  to  o b ta in  th e  3m unknown

c o n s ta n t s  E ^ ,  E^2  ̂ and F^2 \  n  ' n  n

When th e  boundary c o n d i t i o n s  on t h e  s u r f a c e  o f  t h e  s p h e r e  a r e  

a p p l i e d  by  th e  c o l l o c a t i o n  te ch n iq u e  d e s c r ib e d  above, th e  3m t r u n c a te d  

e q u a t io n s  a re  g iv e n  a s :

V cos*^[l  - ( s in * ^  /  b ) 2 ]

V s in f l jJ l  - ( s i n « 1  /  b ) 2 ]

V s i n * ^ !  + ( sin(?i  /  b ) 2 ]-  s i n ^  -  §+];[E< 2  V d , * ^  + F ^ s j d , * ^

o r

0  -  - r ^ r  2 + J e ( 1 ) C ' 1 / 2 ( c o s *  ) s in * jn - 2  n  n  N V

where i  d en o te s  th e  c o l l o c a t i o n  p o in t  ( i - 1 , 2  m) a n d  t h e  S ^ ( l , f f ^ )

a r e  g iven  i n  Appendix A. The above e q u a t io n s  a r e  v a l i d  f o r  P o i s u e i l l e  

f lo w  a t  i n f i n i t y .  The e q u a t i o n s  v a l i d  f o r  u n i f o r m  f l o w  may b e  

o b ta in e d  from th e s e  by l e t t i n g  V-0.

E ^ ^ C ” ^ / 2 ( c o s 0  ^1 s in * ,  n  n  <co s? i > ]i

< K 6 * i r - 4 >  (3 .1 1 a )

n - 4 < 8 £ n  (3 .11b)

(3 .9 )

s i n * i  "  + F n2 ) s n<1 «*i>

(3 .1 0 )

s in * Ei 1 >Cn 1 / 2 (coSlJi )]
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An Im p o rtan t  q u e s t io n  a r i s e s  as  t o  how to  choose th e  l o c a t i o n  o f  

d i s c r e t e  p o i n t s  on th e  s u r f a c e  o f  th e  d r o p l e t  to  o b t a in  a p r e s c r ib e d  

a c c u ra c y .  The p r e s c r i p t i o n  w h ich  was fo u n d  t o  be  t h e  m o s t  r a p i d l y  

c o n v e r g e n t  l o c a t e d  p o i n t s  su c h  t h a t  t h e  t h e  r a t i o  o f  t h e  p o i n t s  

l o c a te d  on th e  con tam in a ted  s u r f a c e  to  th o se  on th e  c l e a n  s u r f a c e  p a r t  

were eq u a l  t o  th e  r a t i o  o f  th e  a r e a s .  Thus mcap / mc i ean  “  where

mcap an<* mc le a n  a r e * r e s Pe c t l v ® ly> th e  number o f  c o l l o c a t i o n  p o in t s  i n  

th e  cap and c le a n  r e g io n s .

5 .3 .3  Convergence C r i t e r i a  and V e r i f i c a t i o n  o f  Method

As e x p l a i n e d  i n  t h e  I n t r o d u c t i o n ,  t h e  aim  o f  t h i s  s tu d y  i s  to  

com pu te  t h e  h y d r o d y n a m i c  d r a g  o n  t h e  d r o p l e t ,  a n d  t h e r e f o r e  

c o n v e r g e n c e  c r i t e r i a  a r e  b a s e d  on th e  a c c u r a t e  c o m p u ta t io n  o f  F^.

I n s e r t i n g  (3 .7 )  i n t o  (2 .10b )  shows t h a t  th e  d rag  I s  d e te rm in e d  s o l e l y

by F<2 ) .

Y ’z  -  -  4 > r a ' / i ' ( 2 ) U o F 2 2>

Hydrodynamic d rag s  a r e  u s u a l l y  e x p re s se d  In  te rm s o f  d rag  c o e f f i c i e n t s  

A. For un ifo rm  f lo w ,  F ^ ^ i s  o b t a i n e d  from  t h e  s o l u t i o n  o f  ( 3 . 9 ) -

( 3 . 1 1 )  w i t h  V-0. The d rag  c o e f f i c i e n t  f o r  un ifo rm  flow  i s  deno ted  Au

and i s  d e f in e d  a s  th e  r a t i o  o f  F^ to  t h e  f o r c e  e x e r t e d  on a  d r o p l e t  

m oving  a t  i n  an  i n f i n i t e  medium. The l a t t e r  i s  t h e  Hadamard-

Rybczynski v a lu e  A s ' a ' / i ' . Thus
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\  B v ( 2 )  __ c \  i o \
u  2 1 + 3k/ 2  (3 -12)

For F o l s e u i l l e  f low , ( 3 .9 ) - ( 3 . 1 1 )  in d i c a t e  t h a t  i s  th e  sum o f  two

( 2 )c o n t r i b u t i o n s ,  one F£ y from th e  uniform  flow term s ( i d e n t i c a l  to  th e

( 2 )p re v io u s  ca se )  and one from th e  P o i s e u i l l e  term s (F ^v  '  an<* w h ic h  i-s

l i n e a r  i n  V -V '/U q * T h i s  r e f l e c t s  t h e  f a c t  t h a t  t h e  p ro b le m  f o r

P o i s e u i l l e  f low  c o u ld  have been  decomposed in to  two p r o b le m s ,  one  i n  

w h ich  t h e  w a l l  i n  m oving and  t h e  f lo w  i s  q u ie s c e n t  a t  i n f i n i t y  and 

a n o th e r  i n  which th e  w a l l  i s  s t a t i o n a r y  and th e  f lo w  i s  P o i s e u i l l i a n  

a t  i n f i n i t y .  The c o n t r i b u t i o n  due to  th e  P o i s e u i l l e  term s g iv e s  r i s e

to  a  d ra g  - 4 7 r a ' j u '^ U ^ F g ^  . A d rag  c o e f f i c i e n t ,  i s  d e f in e d  as  t h i s

c o n t r i b u t i o n  d i v i d e d  b y  t h e  H ad a m a rd -R y b c z y n sk i  d r a g  f o r  a  sp h ere  

moving w ith  v e l o c i t y  V ' . Thus

\  -  F 2 v  ( 3 - 1 3 )

and th e  t o t a l  d rag  i n  te rm s o f  d rag  c o e f f i c i e n t s  i s

F'z  -  - 4 » a V <2 ) <V + 3«/Z ) [U0 Au '  V' V  (3‘14)

Convergence c r i t e r i a  f o r  Au and A^ w ere  f o r m u l a t e d  a s  f o l l o w s .

For a g iv e n  cap a n g le ,  th e  d i s t r i b u t i o n  o f  c o l l o c a t i o n  p o in t s  i s  g iven  

by mcap / mc i ean  "  An in t e g e r  num ber f o r  mc a p was s e l e c t e d ,

a n d  t h e  mc ^ean  was computed from th e  d i s t r i b u t i o n  r e l a t i o n .  The d rag
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c o e f f i c i e n t s  A^ and Â , a r e  th e n  computed. A n e x t  s e t  I s  c h o s e n  w i t h

i n t e g e r  v a l u e s  f o r  n»cap and mc ^ean which a r e  l a r g e r  th a n  th e  p re v io u s

v a lu e s  b u t  s t i l l  s a t i s f y  th e  d i s t r i b u t i o n  r e l a t i o n .  C a lc u la te d  v a lu e s  

o f  Au and  Ay  a r e  t h e n  com pared  w i t h  t h e  p r e v i o u s  v a lu e s ,  and th e

c a l c u l a t i o n s  a re  s to p p ed  when th e  a b s o lu te  v a lu e  o f  th e  p e r c e n t  change 

i s  l e s s  th a n  0 . 1 .

T h i s  s e c t i o n  c o n c l u d e s  w i t h  a  v e r i f i c a t i o n  o f  t h e  m e t h o d .  

P r e v i o u s  s t u d i e s  b y  S a h d a l - J o h n s o n  ( 1 9 8 3 )  h a v e  c o m p u te d  A^

a n a l y t i c a l l y  i n  an  i n f i n i t e  medium. I n  T a b le  I  t h e i r  r e s u l t s  a r e  

com pared  w i t h  t h o s e  o b t a i n e d  by  th e  p r e s e n t  te ch n iq u e  f o r  k  -  0  and 

s e v e r a l  v a lu e s  o f  <f>. The r e s u l t s  show e x c e l l e n t  agreem ent. I n  T a b le  

I I  and Table  I I I ,  com parisons a re  made o f  th e  d rag  c o e f f i c i e n t s  Au  and

A^ i n  a tube  f o r  c l e a n  ( c a p  a n g l e  ^ -  0 ,  T a b le  I I )  and  c o m p l e t e l y

c o n t a m i n a t e d  o r  s o l i d  (^  -  180 , T a b le  I I I )  s u r f a c e  c o n d i t io n s  w i th  

th o se  o f  Hyman and Ska lak  (1970). The l a t t e r  a u t h o r s  s o l v e d  f o r  t h e  

d r a g  on f l u i d  an d  s o l i d  sp h e re s  moving in  an  i n f i n i t e  c h a in  i n s id e  a  

c y l i n d r i c a l  tu b e ,  and th e  r e s u l t s  l i s t e d  i n  th e  t a b l e s  a r e  f o r  s p h e r e  

s e p a r a t io n s  o f  40 r a d i i .  Again e x c e l l e n t  agreem ent i s  o b ta in e d .

5 .4  R e s u l t s  and D iscu ss io n s

The r e s u l t s  f o r  t h e  c o a x i a l  hydrodynamic m otion  o f  a  s p h e r i c a l  

d r o p l e t  i n  a  tube  i n  th e  p re se n c e  o f  a  s ta g n a n t  cap o f  s u r f a c t a n t s  a re  

p r e s e n t e d  i n  t h e  f o l l o w i n g  s u b - s e c t i o n s .  S e c t io n  4 .1  c o n ta in s  th e  

num erica l  r e s u l t s  f o r  th e  d rag  c o r r e c t i o n  c o e f f i c i e n t s  f o r  a n  a x i a l l y  

t r a n s l a t i n g  d r o p l e t ,  A^, an d  f o r  P o i s e u i l l e  f low  p a s t  a  s t a t i o n a r y
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d r o p l e t ,  A^. The d r o p l e t  t e r m i n a l  v e l o c i t y ,  a t  two d i s t i n c t  f lo w

c o n d i t io n s ,  and th e  co r re sp o n d in g  flow  f i e l d s  a re  p r e s e n te d  i n  S e c t io n  

4 .2 .  F i n a l l y ,  i n  S e c t io n  4 .3 ,  th e  s ta g n a n t  cap a n g l e  i s  d e t e r m i n e d ,  

f r o m  t h e  i n t e r f a c i a l  s t r e s s  b a l a n c e  c o n d i t i o n ,  i n  t e rm s  o f  t h e  

p h y s ico ch em ica l  p a ra m e te rs .

5 .4 .1  The Drag C o r r e c t io n  C o e f f i c i e n t s

The hydrodynamic d ra g ,  F ' , a c t i n g  on a  d r o p l e t  moving i n  a t u b e ,z

ca n  be  e x p r e s s e d  a s  t h e  sum o f  th e  fo l lo w in g  two c o n t r i b u t i o n s :  th e  

d rag  due t o  c o a x ia l  t r a n s l a t i o n  o f  t h e  d r o p l e t  a n d  t h e  d r a g  due  t o  

P o i s e u i l l e  f low  p a s t  a s t a t i o n a r y  d r o p l e t .  The s u p e r p o s i t i o n  o f  th e s e  

flow  f i e l d s  i s  p e r m i s s ib le  p ro v id e d  th e  s ta g n a n t  cap an g le  i s  c o n s ta n t  

an d  i t s  l o c a t i o n  i s  c o n g r u e n t  w i t h  t h e  c o n v e c t iv e  f i e l d  around  th e  

d r o p l e t .  A ccord ing  to  e q u a t io n  ( 3 .1 4 ) , .  th e  d rag  on a  d r o p l e t  i n  p u r e

t r a n s l a t i o n  i s  - £ 'A u U^, w here  £ ' - 4 i r a 'p '  (1+3x/ 2 ) / ( 1 + k) . The d rag

due to  P o i s e u i l l e  f low  can  be e x p re s s e d  a s  £ 'A vV ' ,  w h ere  V ' d e n o t e s

th e  c e n t e r l i n e  f l u i d  v e l o c i t y  i n  th e  absence o f  th e  d r o p l e t .

The t r a n s l a t i n g  d rag  c o r r e c t i o n  c o e f f i c i e n t s ,  Au> i s  shown i n

f i g u r e s  2 ( a , b , c )  f o r  k - 0 ,  0 .5  and 2, r e s p e c t i v e l y ,  as  a  f u n c t io n  o f  

th e  s p h e r e - t o - tube  r a d i i  r a t i o ,  a ' / b ' , and f o r  s i x  v a lu e s  o f  t h e  cap  

an g le  v a ry in g  betw een z e ro  ( f o r  a  c l e a n  d r o p l e t )  and ir ( s o l i d  s p h e r e ) . 

The n u m e ric a l  c a l c u l a t i o n s  have been  perfo rm ed  f o r  a ' / b ' < 0 . 6  so  t h a t  

t h e  d e f o r m a t i o n  o f  t h e  d r o p l e t  c a n  be  n e g l e c t e d .  The g e n e r a l  

b eh av io u r  o f  th e  d r a g  c o e f f i c i e n t  shown i n  t h e s e  f i g u r e s  e x h i b i t s  

m o n o t o n i c  i n c r e a s e  i n  t h e  d r a g  e x e r t e d  on  t h e  f l u i d  d r o p l e t  f o r  

in c r e a s in g  r a d i i  r a t i o ,  a ' / b ' ,  and cap a n g le .  I n  t h e  l i m i t  a ' / b ' - O ,
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t h e  v a l u e s  o f  t h e  d r a g  c o e f f i c i e n t s  f o r  d i f f e r e n t  c a p  a n g l e s  

c o r re sp o n d  to  th e  ca se  o f  a  d r o p l e t  m oving  i n  u n b o u n d e d  f l u i d ,  and  

c o i n c i d e  w i t h  t h e  e x a c t  s o l u t i o n  o f  Sadhel and Johnson  (1983),  The 

in c r e a s e  i n  th e  d rag  f o r  in c r e a s in g  v a lu e s  o f  a ' / b '  i s  a s s o c i a t e d  w ith  

t h e  i n c r e a s e  o f  t h e  s h e a r  r a t e s  i n  t h e  d im in is h in g  gap betw een th e  

sp h e re  p e r im e te r  and th e  tube  w a l l .  A s i m i l a r  t r e n d  i s  o b s e r v e d  w i t h  

i n c r e a s i n g  c a p  a n g l e s ,  a l t h o u g h  t h i s  e f f e c t  i s  p r i m a r i l y  due to  th e  

im m o b il iz a t io n  o f  l a r g e r  i n t e r f a c i a l  a r e a  and , c o n s e q u e n t ly ,  e n h a n c e d  

s h e a r  r a t e s  i n  i t s  v i c i n i t y .

The dependence o f  th e  d rag  c o e f f i c i e n t  on th e  v i s c o s i t y  r a t i o ,  k , 

i s  a l s o  shown to  i n c r e a s e ,  f o r  a  f i x e d  v a lu e  o f  a ' / b ' ,  w i th  in c r e a s in g  

k . The a c t u a l  in c r e a s e  i n  th e  d rag  i s  l a r g e r  t h a n  t h a t  o f  Au  due t o

t h e  m o n o to n ic  growth o f  £ '  which v a r i e s  between 1 f o r  « -0  and 3 /2  f o r  

/c-+<o. T h i s  b e h a v i o u r  i s  c o m p a t i b l e  w i t h  t h e  f a c t  t h a t  i n c r e a s i n g  

v i s c o s i t y  r a t i o  r e s u l t s  i n  d im in is h in g  d r o p l e t  i n t e r f a c i a l  v e l o c i t y  

and , c o n c o m ita n t ly ,  i n c r e a s in g  s h e a r  r a t e s .  F u r t h e r m o r e ,  f o r  l a r g e  

v i s c o s i t y  r a t i o ,  t h e  i n f l u e n c e  o f  th e  cap a n g le  on th e  magnitude o f  

th e  d rag  c o e f f i c i e n t  i s  reduced  because  th e  r e t a r d a t i o n  o f  th e  s u r f a c e  

v e l o c i t y  due  t o  l a r g e  k  becom es s i g n i f i c a n t  i n  com parison  w i th  th e  

i m m o b i l i z a t i o n  e f f e c t  d u e  t o  t h e  p r e s e n c e  o f  s u r f a c t a n t s .  

C o n s e q u e n t ly ,  no s i g n i f i c a n t  change i s  o bserved  i n  th e  v a lu e s  o f  A^

f o r  l a r g e  cap a n g le s  between 150 and 180°.

The v a r i a t i o n s  o f  th e  d rag  c o e f f i c i e n t  f o r  P o i s e u i l l e  f low  p a s t  a  

s t a t i o n a r y  s p h e re  e x h i b i t  a s i m i l a r  b e h a v io u r  ( f i g u r e s  3 a , b , c ) .  I t  i s  

im p o r ta n t  to  n o te ,  however, t h a t  Au  i s  always l a r g e r  th a n  A^, and t h i s

d i f f e r e n c e  i s  more pronounced a t  l a r g e r  v a l u e s  o f  a ' / b '  an d  *c. The 

l a r g e r  m agnitude o f  Au> a s  compared to  A^, i s  due to  th e  f a c t  t h a t  i t s
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d e f i n i t i o n  i s  b a sed  on th e  un ifo rm  v e l o c i t y  f a r  from th e  sp h e re ,  w h ile  

X v  i s  d e f i n e d  f o r  a u n i t  c e n t e r l i n e  v e l o c i t y  o f  t h e  P o i s e u i l l e

p r o f i l e .  Hence, th e  flow  r a t e  f o r  th e  c a se  o f  un ifo rm  f low , i s  tw ic e  

t h a t  f o r  P o i s e u i l l e  f low , and, t h e r e f o r e ,  h ig h e r  s h e a r  r a t e s  develop  

i n  t h e  gap b e tw e e n  t h e  s p h e r e  and  t h e  tu b e  w a l l .  T h i s  e f f e c t  i s  

e n h a n c e d  w hen  t h e  r a t i o  a ' / b '  i n c r e a s e s  due t o  t h e  d i m i n i s h i n g  

P o i s e u i l l e  v e l o c i t y  n e a r  th e  w a l l .

5 .4 .2  D ro p le t  Term inal V e lo c i ty  and Flow C h a r a c t e r i s t i c s

The te rm in a l  v e l o c i t y  o f  a s u r f a c t a n t  la d e n  sp h e re  a lo n g  th e  a x is  

o f  a  tube  can  now be a s c e r t a i n e d  f o r  two d i s t i n c t  f low  s i t u a t i o n s :  ( i )  

th e  m otion  o f  a d r o p l e t  i n  a  v e r t i c a l  tu b e  due  t o  g r a v i t y ,  and  ( i i )  

t h e  m o t io n  o f  a d r o p l e t  i n  a tube  due to  g r a v i t y  and P o i s e u i l l e  f low . 

The second case  i s  r e s t r i c t e d  to  m otions i n  which th e  sp h e re  moves i n  

t h e  o p p o s i t e  d i r e c t i o n  t o  t h e  P o i s e u i l l e  f l o w ,  o r  i n  t h e  same 

d i r e c t i o n  w i t h  a  t r a n s l a t i o n  v e l o c i t y  l a r g e r  t h a n  t h e  P o i s e u i l l e  

c e n t e r l i n e  v e l o c i t y .  The l a t t e r  can be r e a l i z e d ,  i n  g e n e r a l ,  i n  th e  

p re se n c e  o f  an e x t e r n a l  f o r c e .  The need f o r  th e s e  r e s t r i c t i o n s  s te m s  

from th e  f a c t  t h a t  o n ly  flow  s i t u a t i o n s  which g u a ra n te e  cap fo rm a t io n ,  

by p e r s i s t e n t  c o n v e c t iv e  sweeping o f  th e  s u r f a c t a n t s  a long  t h e  s p h e r e  

s u r f a c e  to w a rd s  t h e  r e a r  s t a g n a t i o n  p o i n t ,  a r e  p e r m i t t e d  i n  t h e  

p r e s e n t  a n a l y s i s .  I n  t h e  c a s e  when t h e  d i r e c t i o n s  o f  t h e  s p h e r e  

m o t io n  a n d  t h e  P o i s e u i l l e  f lo w  c o in c id e ,  and th e  sp h e re  v e l o c i t y  i s  

s m a l le r  th a n  the  P o i s e u i l l e  c e n t e r l i n e  v e l o c i t y  ( a s  i n  t h e  c a s e  o f  

n e u t r a l l y  buoyan t sp h e re  suspended in  P o i s e u i l l e  f lo w ) ,  ( c f .C h a p te r  4) 

have shown t h a t  i n  a d d i t i o n  to  th e  p re sen ce  o f  t h e  s t a g n a t i o n  p o i n t s  

a t  t h e  s p h e r e  p o l e s ,  tw o  s t a g n a t i o n  r i n g s  d e v e l o p  due  t o  f lo w



177

r e c i r c u l a t i o n .  The consequence o f  such flow  o r g a n i z a t i o n  may r e s u l t  

i n  s u r f a c t a n t  a ccu m u la tio n  i n  a form o f  two a d d i t i o n a l  s ta g n a n t  b e l t s  

i n  th e  v i c i n i t y  o f  th e  s t a g n a t io n  r i n g s .

B ased  on t h e  d i s c u s s i o n  a b o v e ,  t h e  s e c o n d  f lo w  s i t u a t i o n ,  i n  

which b o th  g r a v i t a t i o n a l  f o r c e  and P o i s e u i l l e  f low  a r e  p r e s e n t ,  can be 

d e s c r i b e d  by d i r e c t  s u p e r p o s i t i o n  o f  two d i s t i n c t  f l o w s :  d r o p l e t  

t r a n s l a t i o n  due to  an g r a v i t y  and P o i s e u i l l e  f lo w  p a s t  a  s t a t i o n a r y  

s p h e r e .  T h i s  s u p e r p o s i t i o n  r e q u i r e s ,  o f  c o u r s e ,  t h a t  th e  geom etr ie s  

o f  t h e  two f lo w s  b e  i d e n t i c a l  an d  th e  p o s i t i o n  a n d  s i z e  o f  t h e  

s t a g n a n t  c a p  be  t h e  sam e. T h u s ,  t h e  c o m p le te  d e s c r i p t i o n  o f  the  

combined f low s can  be o b ta in e d  from th e  d e s c r i p t i o n  o f  c a s e  ( i )  and  

P o i s e u i l l e  f low  i n  a  tube  p a s t  a  f ix e d  d r o p le t .

The flow  f i e l d  f o r  each  o f  th e s e  m otions h a s  b e e n  c a l c u l a t e d  by  

c o m p u t in g  t h e  v e l o c i t y  a t  d i s c r e t e  p o in t s  i n s id e  th e  s p h e re ,  in  th e  

e x t e r i o r  phase  and on th e  i n t e r f a c e .  The com puta tion  h a s  been  c a r r i e d  

o u t  by  u s i n g  th e  e x p re s s io n s  f o r  th e  s tream  f u n c t io n  ( e q u a t io n s  (3 .7 )  

and  ( 3 . 8 ) )  f o r  i n c r e a s i n g  v a l u e s  o f  m u n t i l  a  1% c o n v e r g e n c e  i s  

a t t a i n e d .

The t e r m i n a l  v e l o c i t y  o f  a  s p h e r e  i n  a  v e r t i c a l  tu b e  due t o  

g r a v i t y  can  be o b ta in e d  from th e  b a la n c e  between th e  d rag  and buoyancy 

f o r c e s . Hence,

- UAu£' - f*a'3(p'(1)-p'(2))g' - 0 (4 .1 )

and th e  d r o p le t  te rm in a l  v e l o c i t y ,  U, i s ,  t h e r e f o r e

HI _ i_
U' „ A„ (4 .2)



178

where d eno tes  th e  Hadamard-Rybczynski g r a v i t a t i o n a l  v e l o c i t y  I n

unbounded medium and i s  g iv e n  by

H-R 3 m,( 2 )  (1+3/2*)

The v e l o c i t y  f i e l d s  a s s o c i a t e d  w ith  th e  g r a v i t a t i o n a l  s e t t l i n g  

( o r  r i s e )  o f  a d r o p l e t  i n  a  v e r t i c a l  tu b e  a r e  sh o w n  i n  f i g u r e s  

4 ( a , b , c )  f o r  t h r e e  s t a g n a n t  c a p  a n g l e s  o f  3 0 ,  90 a n d  1 5 0 ° ,  

r e s p e c t i v e l y .  These v e l o c i t y  f i e l d s  a r e  p r e s e n te d  f o r  a ' / b  ' - 0 . 5  an d  

* " 0 .5  i n  th e  r e f e r e n c e  frame in  which th e  sp h e re  i s  s t a t i o n a r y  and th e  

tu b e  w a l l ,  and t h e  f l u i d  f a r  from  th e  s p h e r e ,  a r e  m oving  w i t h  t h e  

t e r m i n a l  v e l o c i t y  U ' . The v e l o c i t y  v e c t o r  i s  shown i n  d i s c r e t e  

p o i n t s ,  and I t s  magnitude has  been  s c a le d  by th e  te rm in a l  v e l o c i t y .

The s t a g n a n t  cap  i n  f i g u r e  4 i s  l o c a t e d  around  th e  downstream 

p o le  o f  th e  s p h e r e .  T h i s  im m obile  i n t e r f a c e  r e s u l t s  i n  r e g i o n  o f  

lo w e r  v e l o c i t y  b o t h  i n s id e  and o u ts id e  th e  sp h e re .  F urtherm ore , th e  

r e c i r c u l a t i n g  flow  p a t t e r n  in s id e  th e  s p h e r e ,  w h ic h  i s  s y m m e tr ic  i n  

t h e  c a s e  o f  a  c l e a n  i n t e r f a c e ,  i s  s h i f t e d  away from th e  immobile cap 

r e g io n .  The asym etry  i s  more pronounced a t  l a r g e r  cap a n g le s  ( f i g u r e  

4 b ) .  A t  c a p  a n g l e s  c l o s e  t o  1 8 0 ° ,  t h e  m o t io n  i n s i d e  t h e  d ro p  i s  

p r a c t i c a l l y  h a l t e d  ( f i g u r e  4 c ) .

I n  th e  second c a s e ,  when th e  d r o p l e t  i s  moving due to  g r a v i t y  and 

P o i s e u i l l e  flow , th e  fo r c e  b a la n c e  req u ire m en t  i s

(V'Av -U'Au)£ ' - ! * a '3 ( p ' ( 1 ) - p ' <2) )B’ -  0 (4 .4 )



and, t h e r e f o r e ,  th e  te rm in a l  v e l o c i t y ,  U* , c a n  b e  o b t a i n e d  f ro m  th e  

e q u a t io n :

U' l
U '_  1  IHzE . _v ( 4 .5 )V' A V' T AV' A V' u u

E q u a t i o n  ( 4 .5 )  i s  v a l i d  on ly  when U'>V' o r  when th e s e  v e l o c i t i e s  have 

opposing  d i r e c t i o n s .  The sp h ere  v e l o c i t y  can be  m a in ta in e d  a t  z e r o  i f  

UH-R“  - V ' V  *>or smaH-e r  v a lu e s  ° f  ( f a s t e r  s e t t l i n g )  th e  m otion

o f  th e  sp h ere  w i l l  always be o p p o s i te  to  t h a t  o f  th e  P o i s e u i l l e  f lo w .  

I f ,  on  t h e  o t h e r  h a n d ,  0 ( th e  d r o p le t  i s  r i s i n g ) ,  th e  d r o p l e t

v e l o c i t y  w i l l  exceed  th e  P o i s e u i l l e  c e n t e r l i n e  v e l o c i t y  o n ly  i f  U '^

The v e l o c i t y  f i e l d s  f o r  P o i s e u i l l e  flow  p a s t  a  s t a t i o n a r y  s p h e r e  

a re  shown i n  f i g u r e s  5 ( a , b , c ) ,  f o r  a ' / b ' - 0 . 5  , k- 0 .5  and cap a n g le s  o f  

30, 90 and 150°, r e s p e c t i v e l y .  The v e l o c i t y  v e c t o r s  i n  t h e s e  f i g u r e  

a r e  s c a l e d  b y  t h e  P o i s e u i l l e  c e n t e r l i n e  v e l o c i t y .  The s u p e r p o s i t i o n  

o f  th e s e  f i e l d s  w i th  th e  co r re sp o n d in g  flow s f o r  a  s p h e r e  m ov ing  due 

t o  g r a v i t y  ( f i g u r e  4 )  w i l l  p r o v i d e  a  c o m p le te  d e s c r i p t i o n  o f  th e  

second flow  s i t u a t i o n .  As b e f o r e ,  i n c r e a s i n g  t h e  c a p  a n g l e  r e d u c e s  

t h e  v e l o c i t y  i n  i t s  v i c i n i t y  and  s h i f t s  t h e  r e c i r c u l a t i o n  r e g io n  

tow ards th e  f r o n t  s t a g n a t i o n  p o i n t .  I n  a d d i t i o n ,  t h e  i n t e r f a c i a l  

v e l o c i t y  i s  s m a l le r  f o r  t h i s  f low  i n  com parison w i th  th e  p re v io u s  one 

due to  th e  low er v o lu m e tr ic  f low  r a t e .

5 .4 .3  The S ta g n a n t  Cap An?le
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The hydrodynamic r e s u l t s  p r e s e n te d  h i t h e r t o  h a v e  b e e n  o b t a i n e d  

I n d e p e n d e n t l y  from  th e  s u r f a c t a n t  a d s o r p t i o n /d e s o r p t io n  k i n e t i c s  f o r  

t h e  g e n e r a l  c a s e  when t h e  s o r p t i o n  r a t e  i s  much s lo w e r  t h a n  t h e  

I n t e r f a c i a l  c o n v e c t i o n  r a t e  s o  t h a t  s t a g n a n t  c a p  f o r m a t i o n  I s  

g u a ra n te e d .  The hydrodynamic s o l u t i o n ,  t h e r e f o r e ,  h a s  b e e n  o b t a i n e d  

f o r  an  a  p r i o r i  p r e s c r ib e d  cap a n g le ,  S t i l l ,  in  o rd e r  t o  de te rm ine  

th e  d rag  f o r c e  a c t i n g  on a d r o p l e t  i n  th e  p re se n c e  o f  a  s t a g n a n t  c a p , 

i t  i s  n e c e s s a r y  to  e s t a b l i s h  f i r s t  th e  s i z e  o f  t h i s  cap . The s i z e  o f  

th e  s ta g n a n t  cap i s  i n f l u e n c e d  n o t  o n ly  b y  t h e  v i s c o u s  i n t e r f a c i a l  

f o r c e s  a n d  t h e  H a r a n g o n i  f o r c e ,  b u t ,  I n  a d d i t i o n ,  b y  t h e  

p h y s i c o c h e m i c a l  p a r a m e t e r s  w h i c h  c o n t r o l  t h e  t o t a l  a m o u n t  o f  

s u r f a c t a n t s  adso rbed  on to  th e  i n t e r f a c e .

The i n f l u e n c e  o f  t h e  v i s c o u s  and  i n t e r f a c i a l  f o r c e s  an d  t h e  

s o r p t i o n  k i n e t i c s  on th e  s i z e  o f  th e  s ta g n a n t  cap i s  a p p a re n t  from th e  

t a n g e n t i a l  s t r e s s  b a la n c e  on th e  immobile i n t e r f a c e  ( e q u a t io n  2 . 1 8 c ) .  

Th is  c o n d i t io n  can  be  s a t i s f i e d  o n ly  by an  a p p r o p r i a t e  s u r f a c e  t e n s i o n  

d i s t r i b u t i o n  a lo n g  th e  immobile s u r f a c e  which, i n  t u r n ,  i s  r e l a t e d  to  

t h e  s u r f a c t a n t  c o n c e n t r a t i o n  p r o f i l e  a c c o r d i n g  t o  t h e  n o n - l i n e a r  

Langmuir a d s o r p t io n  iso th e rm .

E q u a t io n  ( 2 . 2 4 )  p r o v i d e s  t h e  i m p l i c i t  e x p r e s s io n s  f o r  th e  cap 

a n g le ,  i n  term s o f  th e  k i n e t i c  r a t e  c o n s ta n t ,  k ,  and th e  H a ra n g o n i  

n u m b e r ,  M a. The v e l o c i t y  s c a l e  u s e d  i n  t h e  d e f i n i t i o n  o f  t h e  

Marangoni number (E q u a tio n  2 .22 )  h as  been  chosen  i n t e n t i o n a l l y  a s  t h e  

c l e a n  d r o p l e t  v e l o c i t y  to  e l im in a te  th e  dependence o f  Ma on th e  cap

a n g le ,  The k i n e t i c  r a t e  c o n s ta n t  (k-aC^//J) can be  c a l c u l a t e d  from

t h e  know n b u l k  c o n c e n t r a t i o n ,  C^, and  a d s o r p t i o n  a n d  d e s o r p t i o n

c o n s ta n t s  (£ and a ,  r e s p e c t i v e l y ) .  The M arangoni num ber c a n  b e  a l s o
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c a l c u l a t e d  f o r  a  s p e c i f i c  s u r f a c t a n t ,  w ith  a known l i m i t i n g  p ack ing  

c o n c e n t r a t i o n  r ^ ,  and th e  co rre sp o n d in g  v e l o c i t y  o f  an  u n c o n ta m in a te d

d r o p .  F i n a l l y ,  t h e  t a n g e n t i a l  s t r e s s e s  i n  e q u a t i o n  (2 .2 4 )  can be 

e v a l u a t e d  from  th e  r e s p e c t i v e  e x p r e s s i o n s  f o r  t h e  e x t e r i o r  a n d  

i n t e r i o r  s t re a m  fu n c t io n s  (E qua t ions  3 . 7 - 3 . 8 ) .

Two l i m i t i n g  s t a t e s  a r e  im m e d ia te ly  a p p a r e n t  f r o m  e q u a t i o n

( 2 . 2 4 ) .  F o r  l a r g e  v a l u e s  o f  t h e  H a ra n g o n i  num ber ( M a » l )  , t h e  

e x p o n e n t ia l  f u n c t io n  can be l i n e a r i z e d  t o  y i e l d  t h e  S a d h a e l - J o h n s o n  

r e s u l t

w h ich  i s  a l s o  v a l i d  f o r  t h e  l i n e a r  G ibbs  m o n o la y e r ,  The o p p o s i te  

l i m i t  (Ma-»0 ) y i e l d s  e x p l i c i t  r e l a t i o n  b e tw e e n  t h e  k i n e t i c  r a t e  

c o n s t a n t  an d  t h e  cap  a n g l e ,  in d e p en d en t o f  th e  Marangoni number, i n  

th e  form:

F urtherm ore ,  e q u a t io n  (4 .7 )  i n d i c a t e s  t h a t  th e  fo rm a t io n  o f  a s ta g n a n t  

cap  i n  t h e  l i m i t  Ma- » 0  i s  in d e p e n d e n t  o f  th e  geom etr ic  c o n f ig u r a t io n  

and th e  hydrodynamic f o r c e s ,  and t h a t  i t  i s  u n iq u e ly  d e te rm in ed  by th e  

k i n e t i c  r a t e  c o n s t a n t .  S t i l l ,  a c c o r d i n g  t o  t h e  s t r e s s  b a l a n c e  

c o n d i t io n  ( e q u a t io n  ( 2 .1 8 c ) ,  th e  cap can be r e a l i z e d  o n ly  when r-*l so  

t h a t  t h e  r a t i o  M / ( 1 - T )  i s  f i n i t e .  I f ,  on th e  o th e r  hand, th e  r i g h t

h a n d  s i d e  o f  e q u a t i o n  ( 2 .1 8 c )  v a n i s h e s  a s  Ma-*0, t h e  i n t e r f a c i a l

(4 .6 )

-  2  < 1  - cos*> (4 .7 )
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m o b i l i t y  I s  r e s t o r e d  and  t h e  d r o p l e t  m o t io n  i s  n o t  h in d e re d  by th e  

p re se n c e  o f  s u r f a c t a n t s .  T h is  s i t u a t i o n  i s  p r e d i c t e d  by  t h e  l i n e a r  

k i n e t i c  e q u a t i o n  w h ich  was u s e d  by Sadhal and Johnson  (1983) and i s  

r e d u c ib le  to  th e  form o f  e q u a t io n  ( 4 . 6 ) .  T h e i r  c o n c lu s io n  i s  t h a t  i n  

t h e  l i m i t  o f  v a n is h in g  Harangoni number th e  cap  a n g le  approaches  ze ro  

so t h a t  a l l  o f  th e  adsobed s u r f a c t a n t  m o l e c u l e s  a r e  c o n c e n t r a t e d  i n  

t h e  d o w n s tre a m  s t a g n a t i o n  p o in t .  The n o n - l i n e a r  k i n e t i c  e x p re s s io n s  

p r o h i b i t s  e x c e s s iv e  com pression  o f  th e  s u r f a c t a n t  l a y e r  s u c h  t h a t  a 

f i n i t e  s t a g n a n t  cap  c a n  b e  e s t a b l i s h e d  w ith  a  un ifo rm  c o n c e n t r a t i o n  

d i s t r i b u t i o n .  I t  i s  i m p o r t a n t  t o  n o t e ,  h o w e v e r ,  t h a t  a t  e l e v a t e d  

s u r f a c e  c o n c e n t r a t i o n s  (T-+1 ) t h e  s u r f a c e  t e n s i o n  may becom e 

p r o h i b i t i v e l y  low ( l a r g e  c a p i l l a r y  num ber; s e e  e q u a t i o n  2 . 1 8 c ) ,  an d  

c o n s e q u e n t ly  th e  d r o p l e t  s p h e r i c a l  shape w i l l  n o t  be m a in ta in e d .

The n u m e rica l  c a l c u l a t i o n s  u n d e r ta k e n  to  e v a l u a t e  t h e  c a p  a n g l e  

from  e q u a t i o n  ( 2 . 2 4 )  w ere  p e r f o r m e d  by  e v a l u a t i n g  t h e  t a n g e n t i a l  

s t r e s s e s  a t  th e  c o l l o c a t i o n  p o i n t s  and  u s i n g  t h e  E u l e r  i n t e g r a t i o n  

m e th o d .  A t e s t  f o r  th e  acc u racy  o f  th e  com pu ta tions  i s  p r e s e n te d  in  

f i g u r e  6 . T h i s  f i g u r e  co m p a re s  t h e  e x a c t  r e s u l t s  o f  S a d h a l  a n d  

J o h n s o n  ( 1 9 8 3 ) ,  f o r  a  c a p p e d  g a s  b u b b le  t r a n s l a t i n g  i n  unbounded 

f l u i d ,  w i th  th e  p r e s e n t  c o l l o c a t i o n  s o l u t i o n  i n  th e  l i m i t  o f  l a r g e  Ha 

( e q u a t i o n  4 . 6 ) .  From t h e  f i g u r e ,  i t  i s  c l e a r  t h a t  t h e  p r e s e n t  

c a l c u l a t i o n s  a re  i n  e x c e l l e n t  agreem ent w i th  th e  e x a c t  s o l u t i o n ,  and  

th e  d e v i a t i o n  does n o t  exceed 5%.

The cap an g le  r e s u l t s ,  f o r  a  g a s  b u b b le  r i s i n g  c o a x i a l l y  i n  a 

t u b e ,  a r e  p r e s e n t e d  i n  f i g u r e  7 f o r  d i f f e r e n t  v a l u e s  o f  a ' / b ’ 

( i n c l u d i n g  a ' / b ’ - O ,  w h ic h  d e s c r i b e s  t h e  m o t i o n  o f  a  b u b b l e  i n  

u n b o u n d ed  f l u i d )  an d  a  c o n s t a n t  H a ra n g o n i  n u m b e r.  The H a ra n g o n i  

number, i n  t h i s  f i g u r e ,  i s  s c a le d  by th e  Hadamard-Rybczynski v e l o c i t y
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Ujj_R, which d i f f e r s  from th e  a c t u a l  d r o p l e t  v e l o c i t y  i n  th e  tu b e .  For

a  c o n s ta n t  s p h e re  r a d i u s ,  a ' ,  t h e  d r o p l e t  v e l o c i t y  d e c r e a s e s  w i th  

i n c r e a s i n g  v a l u e  o f  a ' / b '  ( o r  d e c re a s in g  tu b e  r a d iu s )  and cap a n g le .  

The t o t a l  amount o f  s u r f a c t a n t s  on a  sp h e re  o f  r a d i u s  a* i s  c o n s t a n t  

when k  i s  c o n s ta n t  (as  shown by e q u a t io n  2 .1 3 ) .  The cap a n g le ,  on th e  

o th e r  hand, may v a ry  w i th  a ' / b '  an d  t h e  s p h e r e  v e l o c i t y .  A t l a r g e  

v a l u e s  o f  a ' / b ' ,  t h e  i n c r e a s e d  s h e a r  r a t e  i n  t h e  v i c i n i t y  o f  the  

sp h e re  i n t e r f a c e  r e s u l t s  i n  a  s t r o n g e r  co m p ress io n  o f  t h e  s u r f a c t a n t  

m o l e c u le s  on t h e  i n t e r f a c e  so  t h a t  an  e q u a l  am ount o f  s u r f a c t a n t s  

forms s m a l le r  cap a n g le s .  The b eh av io u r  i s  monotonic w i th  d e c r e a s i n g  

v a l u e s  o f  t h e  r a t e  c o n s t a n t .  I n  Che l i m i t  k - 0 , no s u r f a c t a n t  i s  

a d s o rb e d  o n to  t h e  i n t e r f a c e  ( ^ - 0 ) ,  an d  t h e  i n t e r f a c e  m o b i l i t y  i s  

r e c o v e r e d .  A t s u f f i c i e n t l y  l a r g e  v a l u e s  o f  k ( e . g .  l a r g e  b u lk  

c o n c e n t r a t i o n ) , th e  cap an g le  re a c h e s  i r and  t h e  b u b b le  b e h a v e s  a s  a 

s o l i d  s p h e r e .  A ny a d d i t i o n a l  i n c r e a s e  i n  t h e  v a l u e  o f  k 

(c o r re sp o n d in g  to  in c re a s e d  b u lk  c o n c e n t r a t io n )  c a n n o t  i n f l u e n c e  th e  

cap  g e o m e try  a l t h o u g h  th e  i n t e r f a c i a l  t e n s i o n  i s  f u r t h e r  reduced  due 

to  in c re a s e d  s u r f a c e  c o n c e n t r a t io n .

In  o r d e r  to  de te rm ine  th e  cap a n g le  and, s u b se q u e n t ly ,  th e  sphere  

v e l o c i t y ,  th e  r e s u l t s  a r e  p r e s e n te d  i n  an a l t e r n a t i v e  way i n  f i g u r e  8  

f o r  a ' / b ' - 0 . 2 ,  0 .4  and 0 .6  and a  wide range  o f  H arangoni numbers. (The 

r e s u l t s  f o r  a  sp h e re  moving in  unbounded f l u i d  a r e  g iv e n  i n  C hap ter  2. 

I n  t h e s e  f i g u r e s ,  t h e  M aran g o n i  number i s  s c a l e d  by th e  v e l o c i t y  o f  

th e  sphere  i n  th e  absence o f  s u r f a c t a n t s ,  Uq. T h ese  g r a p h s  c a n  be

u s e d  t o  d e t e r m i n e  th e  cap  a n g l e  f o r  known sp h e re  and tube  r a d i i  ( a '  

and b ' ) ,  r a t e  c o n s ta n t  (k) and M arangoni num ber ( w i t h  g i v e n  i n ) .

Once th e  cap  a n g le  i s  known, th e  d rag  c o e f f i c i e n t  can be o b ta in e d  from
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f i g u r e s  2 and 3 f o r  t h e  a p p r o p r i a t e  c o n f i g u r a t i o n ,  a n d  t h e  s p h e r e  

v e l o c i t y  can  th e n  be computed from e q u a t io n s  (4 .2 )  o r  ( 4 . 5 ) ,  depending  

on th e  flow  c o n d i t io n s .  C onverse ly ,  I f  th e  a c t u a l  sp h e re  v e l o c i t y  I s  

m e a s u re d  e x p e r im e n ta l ly ,  one can  use  th e  p r e s e n t  r e s u l t s  to  de te rm ine  

th e  r a t e  c o n s ta n t ,  k .

F i g u r e  8  a l s o  d e m o n s t r a t e s  c o n s i s t e n t l y  th e  f a c t  t h a t  th e  cap 

a n g le  i n c r e a s e s  w i t h  i n c r e a s i n g  Ha ( f o r  a  f i x e d  v a l u e  o f  k )  w h ich  

r e p r e s e n t s  l a r g e r  r e s t o r i n g  i n t e r f a c i a l  f o r c e s .  The r e s u l t s  f o r  l a r g e  

H arangoni numbers (Ha>100) have been  c a l c u l a t e d  from  t h e  a s y m p t o t i c  

e q u a t i o n  ( 4 . 6 )  w i t h o u t  l o s s  o f  acc u racy .  S im i l a r l y ,  a t  sm a ll  v a lu e s  

o f  Ha th e  s ta g n a n t  cap s o l u t i o n  a p p r o a c h e s  t h e  l i m i t i n g  e x p r e s s i o n  

g iv e n  by e q u a t io n  (4 .7 )  a l th o u g h  th e  b eh a v io u r  e x h i b i t s  a s i g n i f i c a n t  

d e p a r tu r e  from th e  e q u a t io n  (4 .7 )  when t h e  c a p  a n g l e  i s  c l o s e  t o  tt. 

This  d e v i a t i o n  i s  e x p la in e d  by th e  f a c t  t h a t  a  s o l i d  sphere  b e h a v io u r ,  

a t  Ha-O, can  o n ly  be r e a l i z e d  when th e  b u lk  c o n c e n t r a t i o n  i s  i n f i n i t e  

(k-»«) a n d ,  t h u s ,  t h e  s p h e r e  i s  co m p le te ly  covered  by s u r f a c t a n t s  a t  

th e  maximum s u r f a c e  p r e s s u r e  ( T - l ) .
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Appendix A

I .  S o lu t io n  f o r  A (k ) , An(k ) ,  B(k) and B"(k)

I n t e g r a t i n g  t h e  i n v e r s e  F o u r i e r  c o s in e  and s in e  i n t e g r a l s  from 

E q n .(3 .4 )  and E q n .(3 .5 )  y i e l d s :

A (k )k l 0 (bk) + B (k ) [b k l 1 (bk) +2I0 (bk)] -  - S_2 [E£2 ) l £ c (k) + F<2 )H2 c <k)]

A " (k )k IQ(bk)+ B " (k ) [b k I 1 (bk )+ 2I 0 (bk)] -  - 2_ 2 [E^2 ) H^s <k> + F ^ ^ d c ) ]

A C k Jb l^ b k )  + B (k)b 2 I 0 (bk) -  - 2_2 [E^2 )H^c (k) + F^2 ) H^c (k )]

A " (k )b l 1 (bk) + B "(k )b 2 I Q(bk) -  - 2_ 2 [E^2 )H^s (k) + F^2 )H^s (k )]

where, H*" (k) and H* (k) a r e :  n c '  '  n s '  7

HL (k) "  \  J^G * (z )c o s (k z )d z  H^s (k) f Q G * (z )s in (k z )d z

For i - 1 , 2 , 3 , 4 ,  Ĥ c ( s ) ^ k  ̂ a re  8 iv en  as  (L e ic h tb e rg  ££  f l l , (1 9 7 6 )) :

H1  (k) -  b , v - * 7  k1*!^ (bk) n c ( s ) '  '  n c ( s )  xn! O' '
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Hn c (s )< k > -  '  bn c ( s )  ^ 7  Kn - 2 [n (n - l )K 0 (bk) - <2n-3)bkKl ( bk) ]

Hnc(S)<k> - •bnc(s) bk"'Vbk>

HL ( 3 ,< k ) -  bnc ( a ,  ^ 7 bkn ’ 3 [ ( 2 n - 3 )bkK0 (bk) - ( n - 2 ) ( n -B JK ^bk)  1

where

bnc-  ( - l ) n / 2  n -ev en  bn s -  ( - l ) ( n _ 1 ) / 2  n -odd

A ( k ) , B ( k ) , A "(k ) an d  B " (k )  c a n  be  s o l v e d  i n  te rm s  o f  t h e  unknown

c o n s ta n t s  E^2  ̂ and F^2\  T hat i s :  n n

A (A")(k ) -  I . 2 [EnT ;c ( s ) (k> + FnT2 c ( s ) (k ) ]

B(B") (k) -  2  „[E T3  . J k )  + F T4  , x (k ) l  n - 2  n  n c ( s ) '  7 n n c ( s ) v 7J

where th e  T * ( k ) ' s  ( i - 1 , 2 ,3 ,4 )  fu n c t io n s  a p p e a r in g  above a r e  d e f in e d  as

Tic(S)<k> - " 2 + bko>HL(8)(k> - b2HL (s)<k>i/A

Tn c ( S)<k > -  « 2  + b k Q >H™ ( s ) < k > • b 2 HL ( a ) <k ) ^ A

Tn c ( s ) < k > -  lb ™ i c ( 3 ) ' k ) - “ L ( . ) J k > l / 4
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where fl and A a re  d e f in e d  below

I-,(kb) „ ?
0  -  x ( k b )  and A  “  b k I Q(bk) - Z b l ^ b k J - b  k lj^ b k )! !

( 2 )
Thus , t h e  s t r e a m  f u n c t i o n  ^  i s  w r i t t e n  i n  an  compact form in te rm s

o f  E and F : n  n

/ 2 >( r , 0 ) -  A r . 0 )  + ! _ 2 [E^2 ) s J ( r , 0  + F<2 ) S2 ( r , * ) ]

1  2where and a r e  g iv e n  i n  th e  fo l lo w in g  s e c io n .



I I .  E x p ress io n s  f o r  S^ ' s - (q -1 ,9 6 6  8 ) 

S * ( r , 0 )  -  r ' n+1 C’ 1 / 2 (cos0) +

| dk c o s (k rc o s 0 ) {T^ (k ) r s in 0 I . .  ( k r s i n l )  + T3  ( k ) ( r s i n 0 ) 2 I n ( k r s i n 0 ) }
j  a X1C 1 TIC U

I dk s in (k r c o s f l ) { T ^ _ ( k ) r s in 0 I . . ( k r s in l )  + T3  ( k ) ( r s i n t f ) 2 I n ( k r s i n 0 ) } 
j  a ns x ns u

S2 ( r , 0 )  -  r ' n+3 C^1 / 2 (cosfl) +

J dk c o s ( k r c o s 0 ) (T 2  ( k ) r s i n 0 I , ( k r s i n f l )  + ( k ) ( r s i n 0 ) 2 I - ( k r s i n 0 )} +J a TIC X TIC U

I dk s in (k r c o s 0 )  {T2  (k ) rs in tf l . ,  (k rs in f l)  + ( k ) ( r s i n 0 ) 2 l n ( k r s i n f l ) )
j  a us  x ns  u
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r*3in
S4nJ

-  P - ( c o s l )  + I d k { k s in tf s in (k c o s 0 ) [ n_J- in
nc

r2nc-
I ^ k s l n O

rT 3  1 
nc

J 4  ,L ncJ
s in ^ lQ (k s in f l ) ] + c o s 0 cos(kcostf) [

rT1  ' nc

- nc-
k lQ (k s ln ^ )

rT3 -i 
nc

ncJ
( 2 lQ (ksintf) + k s in f l l ^ ( k s in 0 ) ]

- k s ln 0 c o s (k c o s 0 ) [
rTl n

ns

ns
I^ (k s in t f )  +

r3 1ns
r4ns-

s i n 0 l Q ( k s l n ( ) ] }

+ c o s 0 s ln ( k c o s 0 ) [
rTl  i  

ns

J 2  . ̂ n s -1

klgC ksln^)

rT3  1 ns

nsJ
( 2 I 0 (ksinfl) + k s i n 0 1 ^ (k s in f l ) ]
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r„5 "(1 -n)
-  [

.(3 -n) .

, - 1 /2  
J3___

(c o s 0 )
s i n 9

J 0
d k (k co s 0 s in ( k c o s 0 ) [•

rTl  i  
nc

T2L nc-
I ^ k s i n t f )

T3nc
T4ncJ

s i n 0 lQ (k s in 0 ) ]  + s i n 0 c o s (k c o s 0 ) [
■ 1  -iTA n nc
™2Tu ncJ

k lQ (k s in ? )

nc
r4ncJ
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rTl  -i 

nc

- ncJ
( 2 ksin® lQ (ksin® )- I^ (k s in ® ))

C3  1 nc
r4 JncJ
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rTl  i 

ns

nsJ

2 2 k ( s i n 6 - cos  ®)I^(ksin® )

rT3 i 
ns

T4  H  ̂ n s -1
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+ k c o s 0 c o s (k c o s 0 ) [
rTl  i 

ns

J 2L ns-
( 2 ks i n 0 I q (k s  in # ) - I

'T3  '
s l n 0 ( 3 I o (k s in 0 )  + a k s l n f l ^ k s i n * ) )  ])

-^ns-*

The above I n t e g r a l s  must be e v a lu a te d  n u m e r ic a l ly .
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Table I

A com parison o f  Au f o r  a  gas bubb le  (k-0 )
In  th e  i n f i n i t y  medium 

w ith  th e  r e s u l t s  from S ahdal-Johnson  (1983)

cap an g le  ^ Au A (Sahda l-Johnson )

0 1 . 0 1 . 0

30 1.025 1.028

60 1.166 1.167

90 1.355 1.356

1 2 0 1.469 1.471

150 1.499 1.499

180 1.500 1.500

* Table I I

A com parison o f  A^ and Av f o r  a c le a n  gas bubb le  ( < £ - 0 , K-0)
w ith  th e  r e s u l t s  from Hyman-Skalak (1970)

a ' / b Au A
V

Hyman-Skalak(1970) 
A A

u  V

0 . 1 1.1632 1.1631 1.16 1.16

0 . 2 1.3900 1.3895 1.39 1.39

0 .3 1.7251 1.7211 1.725 1.722

0 .4 2.2626 2.2409 2.263 2.241

0 .5 3.2224 3.1295 3.222 3.130

0 . 6 5.2043 4.8453 5.205 4.846
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Table  I I I

A com parison o f  Au and Av  f o r  a s o l i d  sp h e re  (^-180) 
w i th  th e  r e s u l t s  from Hyman-Skalak (1970)

Hyman- S k a la k (1970)
a ' / b ' Au X V X u AV

0 . 1 1.2633 1.2548 1.263 1.255

0 . 2 1.6793 1.6348 1.680 1.635

0 .3 2.3701 2.2289 2.371 2.231

0 .4 3.5914 3.2157 3.596 3.218

0 .5 5.9473 4.9953 5.970 5.004

0 . 6 11.093 8.6130 11.135 8.651
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Figure 1
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C h a p te r 6

Concluding Remarks

The in f lu e n c e  o f  b u lk  s o lu b le  s u r f a c t a n t s  on th e  c re e p in g  m otion  

o f  s p h e r i c a l  f l u i d  d r o p l e t s  i n  an i n f i n i t e  medium o r  i n  a  tu b e  h as  

been  i n v e s t i g a t e d  a n a l y t i c a l l y  i n  o r d e r  t o  p r e d i c t  t h e  a x i s y m m e t r i c  

t r a n s l a t i o n a l  v e l o c i t i e s .  The s u r f a c t a n t  d i s t r i b u t i o n  was d e te rm in ed  

by th e  c o m p e t i t io n  between s o r p t io n  k i n e t i c s  and s u r f a c e  c o n v e c t i o n ,  

w i t h  b u l k  d i f f u s i o n  assum ed  to  be f a s t e r  th a n  th e  k i n e t i c  exchange. 

Four problem s were i n v e s t i g a t e d ,  two concerned  w i t h  t h e  m o t io n  i n  a n  

i n f i n i t e  medium, and  two i n  t h e  c o n s t r a in e d  geom etry o f  a  tu b e .  The 

i n f i n i t e  medium problem s computed th e  s t e a d y  t r a n s l a t i o n a l  v e l o c i t y  

f o r  t h e  c a s e  o f  s low  s o r p t io n  k i n e t i c s  ( th e  s ta g n a n t  cap reg im e) and 

th e  u n s tead y  m otion due to  th e  t r a n s i e n t  a d s o r p t io n  o f  a  monolayer f o r  

a r b i t r a r y  r a t e  o f  k i n e t i c  exchange. The tube  problem s c a l c u l a t e d  th e  

s t e a d y  t r a n s l a t i o n a l  v e l o c i t i e s  f o r  a r b i t r a r y  s p h e r e  t o  d i a m e t e r  

r a t i o s  f o r  t h e  c a s e s  o f  un ifo rm  r e t a r d a t i o n  ( f a s t  s o r p t i o n  k i n e t i c s )  

and th e  s ta g n a n t  cap regim e.

The m a jo r  r e s u l t s  o b ta in e d  from t h i s  s tu d y  a r e  as  fo l lo w s .  In  

an  i n f i n i t e  medium f o r  t h e  s t a g n a n t  c a p  r e g i m e  ( C h a p t e r  2 ) ,  a 

n o n l in e a r  s u r f a c e  e q u a t io n  o f  s t a t e  ( th e  Frumkin r e l a t i o n )  was u sed  to  

com pute  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  c a p  a n g l e  a n d  t h e  b u l k  

c o n c e n t r a t i o n  an d  p h y s ico ch e m ic a l  p r o p e r t i e s  o f  th e  s u r f a c t a n t .  The 

r e s u l t s  a l lo w  f o r  th e  r e a l i s t i c  p r e d i c t i o n  o f  th e  b u l k  c o n c e n t r a t i o n  

n e c e s s a r y  t o  c o m p le t e ly  s ta g n a t e  th e  s u r f a c e ,  and th e  com pression  o f  

th e  cap  a n g l e  w i t h  i n c r e a s e d  s p h e r e  v e l o c i t y .  The r e s u l t s  a l s o  

i n d i c a t e  t h a t  t h e  l i n e a r  i s o t h e r m  i s  o n ly  v a l i d  f o r  e i t h e r  l a r g e
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H arangonl number o r  sm a ll  cap an g le  ( c f . C hap te r  2) . For t h e  c a s e  o f  

s m a l l  H a ra n g o n l  n um ber,  a s  i s  u s u a l l y  th e  case  In  polym er rh eo lo g y ,  

th e  l i n e a r  i s o th e r m  c a n  u n d e r p r e d i c t  t h e  c a p  a n g l e  a s  t h e  s u r f a c e  

p r e s s u r e  i n  th e  cap r e g io n  i s  u n d e re s t im a te d .

The e q u a t i o n  t h a t  d e s c r i b e s  t h e  u n s t e a d y  h y d r o d y n a m i c s  o f  

g ra d u a l  d r o p l e t  r e t a r d a t i o n  w i th  th e  a d s o r p t io n  o f  s u r f a c t a n t  (C hap te r  

3) was s o l v e d  f o r  a r b i t r a r y  v a l u e s  o f  t h e  r a t i o  o f  t h e  k i n e t i c  

e x c h a n g e  t o  t h e  s u r f a c e  c o n v e c t i o n  ( t h e  B l o t  n u m b e r ) .  U n s te a d y  

p r o f i l e s  o f  th e  t r a n s l a t i o n a l  v e l o c i t i e s  an d  t h e  s u r f a c e  s u r f a c t a n t  

d i s t r i b u t i o n  w ere  o b t a i n e d .  The s i m u l a t i o n s  show ed t h e  e x p e c te d  

t r e n d :  As t h e  B l o t  num ber i s  s u c c e s s i v e l y  d e c r e a s e d ,  t h e  t i m e  

n e c e s s a r y  f o r  th e  s te a d y  v e l o c i t y  to  be ach ie v e d  i s  in c re a s e d .  I t  was 

a l s o  shown t h a t  t h i s  tim e w i l l  d i m i n i s h  a s  t h e  H a ra n g o n l  num ber i s  

in c re a s e d .

I n  a  c y l i n d r i c a l  t u b e ,  t h e  i n f l u e n c e  o f  s u r f a c t a n t  o n  t h e  

hydrodynamics was f i r s t  s o lv e d  p e r t u r b a t i v e l y  (C hap te r  4) i n  th e  l i m i t  

o f  s o r p t io n  c o n t r o l l e d  u n i f o r m  r e t a r d a t i o n .  I n  t h i s  p e r t u r b a t i o n  

p r o c e d u r e  an o rd e r in g  p a ram e te r  e was c o n s t r u c t e d  a s  th e  r a t i o  o f  th e  

c o n v e c t iv e  r a t e  o f  s u r f a c t a n t  t r a n s p o r t  t o  th e  r a t e  o f  a d s o r p t i o n  and  

d e s o r p t i o n  from th e  b u lk  to  th e  s u r f a c e ,  t h a t  i s  e - l / B l .  The l i m i t  e 

e q u a l  to  z e r o  y i e l d s  e q u a t i o n s  i d e n t i c a l  t o  t h e  c a s e  o f  a c l e a n  

d r o p l e t ,  an d  t h e  f i r s t  o r d e r  e q u a t i o n s  d e s c r ib e  c o r r e c t i o n s  t o  th e  

hydrodynamic d rag .  F i r s t  o rd e r  d rag  c o e f f i c i e n t s  w ere  o b t a i n e d ;  i t  

w as  sh o w n  t h a t  t h e  p r e s e n c e  o f  a n  a d s o r b e d  s u r f a c t a n t  l a y e r  c a n  

a c c e l e r a t e  th e  d r o p le t  when t h e  d r o p l e t  i s  s u s p e n d e d  i n  P o i s e u i l l e  

f l o w  a n d  b o u y a n c y  i s  d i r e c t e d  o p p o s i t e  t o  t h e  d i r e c t i o n  o f  t h e  

P o i s e u i l l e  flow .
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The r e s u l t s  o f  t h e  s t u d y  o f  a s p h e r i c a l  f l u i d  d r o p l e t  i n  a  

c y l i n d r i c a l  tu b e  in  th e  case  o f  sm a ll  B io t  number, i . e .  when s o r p t i o n  

k i n e t i c s  a r e  s lo w  r e l a t i v e  t o  c o n v e c t i o n  a l lo w in g  s t a g n a n t  caps  to  

form, were g iv e n  i n  C h a p te r  5 .  The e x a c t  e q u a t i o n s  g o v e r n i n g  t h e  

h y d ro d y n a m ic s  and  mass t r a n s f e r  w ere  s o lv e d  n u m e r ic a l ly .  The d rag  

c o e f f i c i e n t  was a s t ro n g  fu n c t io n  o f  th e  cap a n g le  <f> f o r  t h e  r a t i o  o f  

t h e  d ro p  t o  tube  d ia m e te rs  a ' / b '  l a r g e r  th a n  0 .4 .  The cap a n g le  as  a  

f u n c t i o n  o f  t h e  s u r f a c t a n t  p h y s i c o c h e m ic a l  p a r a m e t e r s  w as  a l s o  

c a l c u l a t e d ,  a n d  i t  was fo u n d  t h a t  f o r  l a r g e  Marangoni numbers, v e ry  

l i t t l e  s u r f a c t a n t  i s  n e c e s s a ry  to  c o m p le te ly  s t a g n a te  th e  i n t e r f a c e .

The tw o s o l u t i o n  t e c h n i q u e s  u s e d  f o r  s o l v i n g  t h e  p ro b le m s  

a d d re s se d  i n  t h i s  s tu d y  a r e  th e  G a le r k in  t e c h n i q u e  and  t h e  b o u n d a ry  

c o l l o c a t i o n  m e th o d .  For th e  u n s tead y  problem , th e  G a le rk in  r e s i d u a l  

method was adop ted  to  s o lv e  th e  n o n l in e a r  t r a n s i e n t  mass c o n s e r v a t i o n  

e q u a t io n  and o b t a in  th e  t r a n s l a t i o n a l  v e l o c i t y .  I t  was found t h a t  f o r  

B io t  number l a r g e r  th a n  0 .0 5 ,  a  s u f f i c i e n t l y  converged  s o l u t i o n  c a n  

be  o b t a i n e d  w i t h o u t  t h e  e x p e n s e  o f  e x te n d e d  computer t im e . For th e  

tube  p roblem s, th e  boundary c o l l l o c a t i o n  method was u sed .  T h is  method 

was q u i t e  pow erfu l i n  i t s  a b i l i t y  to  o b ta in  s a t i s f a c t o r i l y  converged  

r e s u l t s .  T h i s  was e s p e c i a l l y  t r u e  i n  s o l v i n g  t h e  m ix ed  b o u n d a ry  

p ro b le m  o f  z e r o  v e l o c i t y  i n  t h e  c a p  and  c o n t i n u i t y  o f  t a n g e n t i a l  

s t r e s s  i n  th e  s u r f a c t a n t  f r e e  re g io n .  Of key im portance , h o w e v e r ,  was 

t h e  l o c a t i o n  o f  t h e  c o l l o c a t i o n  p o i n t s .  Convergence o f  b e t t e r  th a n  

.1% were o b ta in e d  w ith  on ly  36 p o in t s  on t h e  s e m i a r c  s u r f a c e  o f  t h e  

d r o p l e t .  T h i s  i s  e s p e c i a l l y  rem ark ab le  com sidering  th e  d i f f i c u l t i e s  

en co u n te red  by o th e r  i n v e s t i g a t o r s .

Areas o f  i n t e r e s t  f o r  f u tu r e  r e s e a r c h  a r i s e  from th e  r e s u l t s  and 

d i s c u s s io n s  in  th e  above f o u r  c h a p t e r s .  Some o f  them  a r e  d e t a i l e d
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below. F i r s t ,  i n  t h i s  s tu d y ,  th e  h u lk  d i f f u s i o n  o f  s u r f a c t a n t  was n o t  

in c lu d e d  due to  th e  assum ption  BiPe^-»0. The e f f e c t s  o f  c o n c e n t r a t i o n

g r a d i e n t s  w i t h i n  t h e  b u l k  c a n  be  i n c l u d e d  by  s o l v i n g  t h e  b u l k  

c o n t i n u i t y  e q u a t io n  f o r  th e  s u r f a c t a n t .

R e c a l l  t h e  s o l u t i o n  p r o c e d u r e  u s e d  i n  C h a p te rs  4 and 5. This  

method c a n  b e  u s e d  to  s o l v e  t h e  p ro b le m  o f  more t h a n  one d r o p l e t  

m oving  i n  a  tube  r e t a r d e d  by s u r f a c t a n t  ( c f .  L e ic h tb e rg ,  s i  1976). 

This  i s  a second a r e a  o f  r e s e a r c h  s u g g e s te d  by t h i s  s tu d y .

T h i r d l y ,  i n  C h a p t e r s  4 a n d  5 , t h e  s o l u t i o n s  f o r  t h e  d r a g  

c o e f f i c i e n t s  f o r  t h e  s u r f a c e  f o r c e  c a u s e d  by  t h e  d i s t r i b u t i o n  o f  

s u r f a c t a n t  c a n  a p p ly  t o  o t h e r  s u r f a c e  f o r c e s .  An exam ple  i s  th e  

m otion  o f  a d r o p l e t  caused  by Marangoni f o r c e s  d e r iv e d  from an  imposed 

te m p era tu re  g r a d i e n t ,  which i s  o f  i n t e r e s t  i n  th e  a r e a  o f  m ic ro g ra v i ty  

th e rm o p h o re t ic s .

The f o u r th  problem which i s  su g g e s te d  i s  th e  e f f e c t  o f  more th an  

one s t a g n a t i o n  zone  on t h e  s u r f a c e  o f  t h e  d r o p l e t .  A c c o r d in g  t o  

C h a p t e r  4 ,  when t h e  c e n t e r l i n e  v e l o c i t y  o f  t h e  P o i s e u i l l e  flow  i s  

l a r g e r  th a n  th e  te rm in a l  v e l o c i t y  ( a s ,  f o r  example, i n  th e  m otion o f  a 

n e u t r a l l y  b o u y a n t  s p h e r e ) ,  th e r e  a re  two s t a g n a t io n  r i n g s  which form 

on th e  c le a n  s u r f a c e  o f  t h e  d r o p l e t  a s i d e  from  t h e  two s t a g n a t i o n  

p o i n t s .  The s u r f a c t a n t  adsorbed  on th e  s u r f a c e  o f  th e  d r o p le t  under 

th e  above flow  c ircum stance  w i l l  form one s u r f a c t a n t  s t a g n a n t  cap  and  

o n e  s u r f a c t a n t  s t a g n a t i o n  r i n g  f o r  t h e  c a s e  o f  s lo w  a d s o r p t i o n  

k i n e t i c s .

F i n a l l y ,  an  e x p e r i m e n t a l  s tu d y  b ased  on t h i s  r e s e a r c h  c o u ld  be 

fo rm u la te d  i n  o rd e r  to  measure th e  s o r p t i o n  k i n e t i c  c o n s ta n t s .
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