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ABSTRACT

LARGE DEVIATIONS OF LOCAL TIMES OF LEVY
PROCESSES

by

Robert Blackburn

Adviser:Michael B. Marcus

Consider a real valued symmetric Lévy process, where the exponent ¥ of
the characteristic function defining the process is regularly varying at infinity
with index 1 < 8 < 2. Denote the local time of the Lévy process by Lf and
define the maximum local time by L} = sup,cp Lf. Results are given, for
fixed ¢, which show the limiting behavior of log P(L? > y) and log P(L} > y),

as y approaches infinity. The estimates are given in terms of 1.
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- Large Deviations of Local Times of Lévy
Processes

Robert Blackburn

1 Introduction

Let X = {X(t),t € R*} be a real valued symmetric Lévy process, where
by symmetry we mean that X and —X have the same distribution. A Lévy
process is a stochastic process that has stationary independent increments.
The characteristic function of X(t) is

E (X)) = exp(~t(N)). (1)

We include Brownian motion in which case ¥(A) = A?/2 and also where

¥ has general form
P(A) = 2/00(1 — cos Au) v(du) (2)
0

and v is a Lévy measure,i.e.

/_Zlimzu(dx) < o
v({0}) = O

Let pi(z) be the transition probability density for the Lévy process. By

the symmetry

Let pi(z) be the transition probability density for the Lévy process. By

the symmetry

p(z,y) = p(|z — yl)



and we write

p(0,z) = pi(x).
We assume that
o d)\
—_— <o a2 (3)
fi o+ P(A)

Define the a-potential density as
[e o]
wio)= [ el (4)
0
For symmetric Lévy processes
u’(z,y) = v(|z - y)

and we write

u(0,z) = u?(z). .

By the symmetry

ary _ 1 [¥ cosAz
u(z) = 7f]£ -—————a+¢()‘)d/\. (5)
Define
army _ L [T dA
k{a) =u (0)—WA ———-—a_*_d)()‘). (6)

Note that «(a) — 0 as o — oo.

A positive measurable function y(z) is said to be regularly varying at
infinity if
, .

Iim ——= =

A% P(a)



for every ¢ > 0. The number 3 in (7) is called the index of regular variation

of 1. By the definition, it can be seen that ¥(xz) is of the form
Y(z) = 2”5(2) (8)

where S(z) is slowly varying. A positive measurable function varies slowly
at infinity if for any ¢ > 0

lim S(tzx) _

lim S5 =1 9)

Throughout the paper ¥ is assumed to be regularly varying at infinity

with index

1<pg<.

Note that this means that (3) is satisfied.
The regular variation of % at infinity will force & to be regularly varying

at infinity with index —1/3 as will be seen in Lemma 3.4, where

1/8+1/8=1. (10)
Then we have, for all T > 0,
/ f@dy < oo. (11)
T Y

This is because

k(z) = z~/8 S(z)

where S(z) is slowly varying at infinity as described in-(8) and by [BGT) pp
23 for any fixed € > 0 there exists an N such that for all z > N

S(z) < z°. (12)
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Let {L%,(t,z) € R* x R} denote the local time of X(t) defined as

e 1 [
L =lim s /ﬁ Tiomemto(X(s))ds (13)

where I4(z) is the indicator function of the set A. This definition is valid for
all continuous local times. In the next section, it will be seen that the local

times we are considering are continuous. By (3) we have that
u®(z) < 00 VzeR

where the a-potential density is as defined in (4). This insures that the local
time of X exists; see Kesten 1969 [K]. L] can be normalized so that it is the

occupation density of X(¢). i.e. for all measureable sets B C R

[IB(X(S))ds=/BLfdm.

A Lévy process Y (t) is called a symmetric stable process of index 0 <

B < 2 if it has a characteristic function of the form
E exp(iAY (1)) = exp(—t|A]’) — o0 < A < oo. (14)

Note that this is a special case of (8) with ¥ being a pure power; () = |A|°.
If 1 < # <2 then the local time of Y'(t) exists and there is a version of
the local time which is jointly continuous in x and t, (see Boylan 1964 [B]
or Barlow 1985 [Ba]). It will be shown in the next section that this joint
continuity is also the case for our process defined by (1), (2), and (8).

Define the maximum local time as



;= sug L. (15)
z€

The main result of this paper is to obtain estimates for P(L? > y) and
P(L; > y) as 'y — oo for fixed t.
[o o]

The first result concerns the local time at zero. I'(t) = [ z'~'e™*dx for

t > 0 is the usual gamma function.

Theorem 1.1 Let X = {X(¢),t € [0,00)} be a symmelric Lévy process with
exponent i, given in (1). Assume that ' is reqularly varying at infinity with

index 1 < B < 2. Let LY be the local time of X at zero a! time t. Then for

allt >0
ClgP(#E>y) g
SETTNw (RPP =
where
K =T(1/A)I(1 +1/8)/r. (17)

The next result shows that the rates of decay of P(L? > y) and P(L} > y)

have the same constant in the exponent.

Theorem 1.2 Let X = {X(t),t ¢ [0,00)} be a symmetric Lévy process with
exponent 1, given in (1). Assume that ¢ is regularly varying at infinity with



index 1 < B < 2. Let L} be the mazimum local time of X at time t. Then

Jorallt >0
log P (-5 3
lim — (" >y)=—ﬂ,-1 (18)
y—oo P(y) (Kp)?

where K is given in (17).

For stable processes these results are known. Hawkes [H], proved Theorem
1.1 in 1971 and Lacey [L], proved Theorem 1.2 in 1990.

The following result of Hawkes and Lacey for stable processes is in (1.3)
of [L]. Letting L be the local time at 0 of the stable process Y(t) of index
B then

P(L} 2 y) ~ Cry™*exp(~ Cpy”) gy — o0 (19)

where we define f ~ g at infinity to mean limy_.o, f(y)/g(y) = 1.

Here C, > 0 is a constant and

Cs = B V(p/B)"®
p% = T(1+1/8)I(1/B)/x.

The result in (19) uses the fact that a stable processes Y () of index 3

satisfies a scaling property; i.e. for any constant a > 0

{Y(t):t>0} £ {a#Y(at) : t > 0}



where = means equal in distribution. This implies that
P
Lo = VP19 (20)

L £ /L (21)

for the local time of Y (f). This time rescaling is unavailable for the more
general class of Lévy processes considered in this paper. The details of the
arguement that leads to (19) are in the following Preliminary Section.

Perkins 1984 [P], using the Ray-Knight theorems, proved for standard
Brownian motion, (/(A) = A?/2), that

2

log P(L; 2 y) ~ —% y — oo. (22)

This proof does not go through for Lévy processes with jumps since there is
no version of the Ray-Knight theorems for these processes.

More exact estimates are obtained in Csaki 1989 [C] for the maximum
local time of Brownian motion,

a\?
Pz ~4(2) yet v (29

However Brownian motion has many special properties that can not be used
with Lévy processes with jumps.

Lacey [L2], in a 1990 paper proving results for the local times of the Brow-
nian sheet, gives a new proof of (22) for Brownian motion. This proof does
not rely on methods unique to Brownian motion. Using similar techniques

as in [L], which considers stable processes for 1 < 8 < 2 (neccessary for the

7



local time to exist), he proves that the exponential decay of P(L} > y) is the

same as P(L{ > y). i.e.

log P(L} 2 y) ~ —Ky” y — 00 (24)

where K is given in (17).

Throughout the paper, C will be a positive constant which may change
from line to line. In addition, when a process starts at a point z we will
write P? for its probability measure. P will generally be written for P? and
similarly E for E°, except perhaps when we want to emphasize the start at
0.

The main results of this paper are Theorems 1.1 and 1.2. The proof of
Theorem 1.1, a result on L?, has three steps. First we prove an analogue of a
theorem of Marcus and Rosen [MR] that gives good estimates of the moment
generating function of L?. We estimate Ee’’ in terms x~!(a) defined in
(6). Using the regular variation of ¢()), the exponent in the characteristic
function of X (t), we get an asymptotic relation between () and ¢~1()) as
A approaches infinity. Finally to get upper bounds on P%(L?) > w we use
Chebyshev’s inequality, properties of regular variation of ¥ and estimates of
the moment generating function of LY described above. To get lower bounds
on P°(L?) > w we use an inequality of Davies [D] which bounds P°(L?) > w
from below in a way that can be managed with our estimates of Ee®Lt.

The proof of Theorem 1.2, a result on Lj, has three main steps. First it

uses the bounds on P°(L? > )X) established in Theorem 1.1 to get bounds



on P°(L? > )). Secondly it uses an inequality of Barlow [Ba] that provides
probability estimates on the difference in the space variable of two local times.
Finally it uses an extension of a result in Ledoux and Talagrand [LT] to give
estimates on the supremum over a small interval of the difference of two local
times.

The organization of this thesis is as follows. In Section 2 we review results
about regular variation, Lévy processes and Orlicz spaces that are needed in
the proofs of Theorems 1.1 and 1.2. In Section 3 we prove a theorem which
estimates the moment generating function of L? and then use this result to

prove Theorem 1.1. Finally in Section 4 Theorem 1.2 is proved.



2 Preliminaries

Since regularly and slowly varying functions, defined in the introduction, are
used throughout this paper, we examine some of their properties. All results

used about regular variation are contained in Bingham,Goldie,and Teugels

[BGT] and Feller Vol 11 [F].

A simple nontrivial example of a function of slow variation is log z. The
case
f(z) = exp ((log 2)*/* cos((log :1:)1/3)) (25)
shows that a function can be slowly varying and have
lim inf f(z) = 0

lim sup f(z) = oo.

T—+00

See [BGT] 1.11.3.

It is a basic property of functions of slow variation at infinity that for any

fixed 6 > 0 there exists an N such that forallz > N

7% < S(z) < . (26)

See, e.g. [F] VIIL.8 Lemma 2.

We now review some facts about Lévy processes; see e.g. [Br] or Ito 1961
[I]. A process Y (?) is said to be continuous in probability at iy if given any
e>0
tll_g; P(lY, = Y,|>¢€)=0.

10



The Lévy process X (1) defined by (2) and (8) has its characteristic function
E(exp(iAX(t))) continuous at ¢ = 0 for every A. It follows that X(t) is
continuous in probability; see Breiman 1968 [Br] pp. 304. Every process
with stationary independent increments that is continuous in probability has
a version that is in D([0,00));i.e. functions defined on [0, c0) that are right
continuous and have left hand limits. See [Br]| pp. 306.

Let B a Borel set in R. Define

H(t,B)=#{s<t:X(s)— X(s—) € B}.

Then H(t,B) is a Poisson process of intensity v(B).
By the properties of the Poisson process if s < t then H(t, B) — H(s, B)
is independent of H(s, B). Since the holding times of the Poisson process are

exponentially distributed, if we define
T(B)=inf{s: X(s) — X(s—) € B}

as the hitting time of the set B then T'(B) is exponential with parameter
v(B). In addition, if A is a Borel set disjoint from B then H(t,A) and
H(t, B) are independent Poisson processes.

A real valued function ¢ : R* — R?* is called a Young function if it is

convex increasing and

¢(0) =0

lim ((z) = oo

11



The Orlicz space L. is defined as a vector space of all random variables X

such that E¢(|X|/¢) < oo. It is a Banach space with norm
1X[lc = inf{e > 0; BC(1X|/e) < 1}. (27)

When ((z) = 27,1 < p < oo, then L; is just L,. See e.g. Ledoux and
Talagrand 1991 [LT].

In addition to the power functions, the most commonly used are the

exponential functions

Co(z) = exp(z?) — 1 (28)
for 1 < ¢ < 0o0. The example we will use is
Gi(z) = exp(z) — 1. (29)

Let (T,d) be a compact pseudo-metric space with pseudo-metric d. A
pseudo-metric is a metric that doesn’t have to separate points;i.e. d(s,1) =0

doesn’t imply s = {. The covering numbers
Nd(c) = N(T7 d7 6)

are defined as the smallest number of open balls in the d-metric of radius

€ > 0 that cover T. Define the diameter of T as

8,teT

D = D(T) = sup d(s, 1) ' (30)
and the entropy integral as

J(T,d;¢) = /g N(T, d;¢))de (31)



where (~! denotes the inverse function of (.
We now show that the local times of the Lévy processes we are considering
are jointly continuous in z and ¢. This result goes back to Boylan [B] 1964;

we use a different proof.

Lemma 2.1 Let X(t) be the Lévy process defined by (1) and (2), with ¢(z) =
zP S(z) for B > 1. The local time L is defined in (13). Then a version of

LY exists which is jointly continuous in x and t.

To prove Lemma 2.1 we use Theorem I of Marcus and Rosen 1993 [MR3]
from which results about Lévy processes can be obtained by proving results

about related Gaussian processes.

Lemma 2.2 Let X(t) be the Lévy process defined by (1) and (2), with ¢(z) =
zP S(z) for B > 1. The local time L? is defined in (13). Let G = {G(y),y €
S} be the associated Gaussian process, i.e. G is a mean zero Gaussian pro-
cess with covariance EG(z)G(y) = u!(z,y) and independent of X(t). Then
{L%,(t,z) € R* x R} is continuous almost surely if and only if {G(y),y € R}

is continuous almost surely.

To prove that the associated Gaussian process has continuous paths a.s.

13



we use Theorem 3.1 of Jain and Marcus 1978 [JM]. If

o0 _ z 1/2
[ (_I:c_(i—oi_(a:_))l_)/i—dx < 00 (32)

where F is spectral distribution function of the covariance, then the Gausssian

process is continuous. In our case

z dA
F(z) = —_ 33
@ =159 (33)
and so we consider -
/ U o) dz (34)
1 z(log z)'/2 .

By the regular variation of 1 at oo, for large enough A we have that for
B—e>1
M=t < p(A). (35)

Finally using this in the integral
[Foran, e a9
1 z(logz)1/2 . x(logz)1/?
< oo (37)

since 1—"-‘2& < 0.

The following estimate will be needed in the final section of the paper.

Lemma 2.3 Define

1 [®1—cosAzx '
fofa) = = [ R (38)

14



Then

cs
bo(z) ~ w5(1/2) z—0 (39)

where Y(z) = zP S(z) for S(z) slowly varying at infinity and cg is a constant

depending only on 3 > 1.

Proof We use a result of Pitman 1968, [Pi]. Let X be a random variable
with probability measure P and distribution function F(z), ie. F(z) =
P(X < ). Defineforz 2 0

H(z)=1-F(z)+ F(—x). (40)

Write
U(t):/ costz dF(z).

oo

By Theorem 1 of [Pi] if H(z) is regularly varying of index —8 when z — oo,
and 0 < B < 2 then

1-U(t) ~ cH(1/t) t10 (41)

where ¢ is a constant depending on the distribution of X.

Define X to be the random variable with density

C
1+ ¢(z)

0 otherwise.

forx>0

Then we have

© C *® C
1-U(t) = /_oo 1+¢(z)dz—[wcostmmdx
6oft): (42)

15



In our case

e C
Hlz)= / e

c
&)= @y

Since 1(z) is regularly varying at infinity of index 8, f(z) is regularly varying
at infinity of index —f. Thus by Theorem 1.5.11 of [BGT]

Let

z f(2) |
Wqﬂ——l T — 00 (43)

and so H(x) is regularly varying at infinity of index —3+1. Since1 < <2
then 0 < f~1 < 2 and we can apply (41) and (42) to get

6o(t) = 1-U(1)

~ cH(1/t) t0
©
B ./1'/¢ 1+¢($)d‘t. ()
Rewrite (43) in the form
a/ra/
flo;; F(@)de g—1 t10. (45)

Using (45) and (44) we see

e C
So(t) ~ /1/t1+¢(x)dx (10
C
wap e

and the proof of Lemma 2.3 is complete. O

16



As a final result of this section, we show details of the arguement that
leads to (19) in the Introduction. The essential estimate in contained in
Hawkes, [H], which quickly leads to (19) as will be seen below.

For 0 < a < 1, define 7(t) to have characteristic function
E exp(iA7(t)) = exp(~t cos(ra/2)|A|*(1 — isgn(A) tan(ra/2). (46)

It can be seen that 7(1) has increasing sample paths. 7(t) is called the stable

subordinator of index c.

Lemma 2.4 (Hawkes) Let 7(1) be a stable subordinalor of index o. Then as
z — 07

P(T(t) s tlla.'l') ~ Cll'a/(z(l—a)) exp (—62$—(af‘<;_a))) (47)

where

a =cfa) = (2r(1 - Oz)of’(z(l"’)))_l/2

ez = ¢p(a) = (1 — a)a®l=9),

Let L? be the local time at 0 of Y (¢), the symmetric stable process of
index 0 < 8 < 2, as defined in (14). Stone 1963 [S] showed that if Uy(w) is

defined by
Ui(w) = inf{v : LY(w) > t} (48)

then
Un(w) = pre(w) (49)

17



where 7;(w) = 7(f,w) is the stable subordinator of index o and

a = 1-1/8=1/B (50)
p~Vf = T(1+1/B)(1/B)/x. (51)

Since by (50) we have a relation between a stable process of index # and the

stable subordinator of index a, we can apply Lemma 2.4 and (47) to see that

P(r(t) <t'/°z) = P(U. < pt'/°z)
= P(L°(U,) < LO(pt'/*z))
= P(L°%pt'°z) > 1).

U, is the right continuous inverse of L°(t) = LY.

Then, as in Lacey [L], using the scaling in (20) and Lemma 2.4 we obtain
P(L(pt'°z) 2 1) = P((pt""z)" L 2 1)
= P(LO3> poz™).
Using (47) we get
P(L% > p~2z7%) ~ cyz®/H1-N exp (—cza:'("/(l'“))) . (52)

Letting
= (y/p)" "
we have

P(L] > y) ~ Cry™Pexp(— Cy®)  y — oo.

18



For Brownian motion the above result can be arrived at more quickly
since more is known about the distribution of the local time of Brownian
motion. By a well known result of P. Lévy for a Brownian motion B(t) and

its local time L{

P(Ly > y) = P(sup B(t) > y).

0<t<1

By the reflection principle

P(sup B(t)>y) = 2P(B(1) >y)

0<t<1
1 /oo —r2/2
= — € dr.
Var Jy

Finally using the Gaussian tail estimates

Y e-v'/2 ¢ /°° e 12z < —l-e""’z/2
1+y? y Ty

we get the result

19



3 Local Time at zero

We consider
P(L; > y)
for a fixed t and large y. Good estimates will be needed for this in order to

prove Theorem 1.1. By Chebyshev’s inequality
E(est)

P(LY>y) = P(e™ > e¥) < =

To estimate E(e**t) we will use the following theorem.

Theorem 3.1 Let X = {X(t),t € [0,00)} be a symmetric Lévy process with
local time LY. Let k(u) be as defined in (6) and let £(u) be regularly varying
at infinity with index —1/B. Then there exists an so such that for all s ¢

[s0,00) we have

IEoesL? _ f(s) en"(l/s)tl < Ce(l/2)n"‘(1/s)t Vi 0. (53)

Here k™! is the inverse of k and 1/8+1/8 = 1. The function f(s) is defined
so that lim,_. f(s) = B and the constant C depends only on sy and B.

Proof of Theorem 3.1:

The proof takes the same approach as Marcus and Rosen 1992 [MR]

Theorem 2.2. they consider s small and the same methods work for s large.



First we need some properties of the analytic extension of £(a) to the

right half plane. For z =z 4 iy, = > 0 set

1 [ d)

Let N = N(f) be a fixed positive number such that
2 \'"" 1
\/5 (m) < 2 (55)

Since « is regularly varying at infinity with index —1/8, given € > 0, let z{,

be large enough so that for all € [z, 00) .

1—c<v1/[’M<l+c 1 <v<2N. (56)
h',l‘o)

Two lemmas will be needed. The first is

Lemma 3.2 Let & be as defined in (6) then

Z K (A) ~ %K(A) A = oo, (57)

Proof:
This proof uses a variant of the Monotone Density Theorem. See Bing-

ham,Goldie, and Teugels [BGT] Theorem 1.7.2. Asin [MR] which had A — 0

set

k(a) = — /:o &'(u)du

21



and note that —«(u) is monotone decreasing as u — oo. Then proceed as in

(1.7.5) and below in [BGT] to get (57). O

Lemma 3.3 Lel & be regularly varying al infinity with indez —1/8. Let
z = o +1y,z0 > 0 where z¢ and N are such that (55) and (56) are satisfied.

Then
I8(z)] < V2(zo+y) Vy20 (58)
[T ey < cnva) (59)
Nzg Y
oot 2 #(5)  0sysmz ()
IIm k(zo +iy)| > Cr((N + 1)z0) i’zﬂgygzvxo (61)
Proof

For (58) we have

Oy
_ 1 /°° )
T Jo  ((D(X) + x0)? + y?2)/2
V2 /°° d\
T Jo P(A)+zo+y

For the proof of (59) use (11) and the regular variation of &« at infinity.

dA
z+ w()\)’

We use Feller Vol 11 [F] pp 281 with p = —1 which implies that

22



=C.

lim (Vo)
zo—oo [0 y~lk(y)dy

To obtain (60) write that

|k(zo +iy)] > Rek(zo+1iy)

1 [ P(A) + zo
- | sy

S
T Jo ¢(’\)+$0+m%

v

1 /°° dA
L -
TJo Y(A) + 2o+ ymTee

where the last step uses the fact that y < zo/2. Then since ¢ > 0

_1_/°° d S _l_/°° d\
T Jo ¢’(/\)+$0+W§'§¢;0—) _ TJo PA)+zot+ T

For (61) we have

(o = L[ y
e N Er

v
|

1 * .'L‘o/2
w/o WO + 202 (Naa)? ™

23



since 22 < y < Nxo. Then

1 [ z0/2 20 [® d)
! GO+ w0+ (NeoP = | GO

To

= '2—(—&'((1‘/ +1)zo)
> Ck((N + 1)zo)
where for the last inequality we use Lemma 3.2 and large enough zo. o

Continuing with the proof of Theorem 3.1, define
f(s,1) = E%12. (62)
Denote the Laplace transform of f(s,t), for fixed s and a function of t, by
Lf(s,t) = jﬁw e~ f(s,t)dt.

We estimate f(s,?) by estimating the inverse Laplace transform of (ol —

k(a)s) 1.
By (2.5) of [MR]

for k(a)s < 1. Since

and



we have
L)1) = s (63)

"Then by the inversion formula

1 e*k(z)s
fst) =1 2mi /1: z(1 — k(z)s) Y (64)
where ' = 2’ + iy for some fixed =’ for which x(z')s < 1.

For each s choose g such that

h‘,(2$0) =

| —

However only consider those s € [so,00) where sg is large enough so that
(56) holds for zo. Note 1/s is small so g is large since lim, . k(z) = 0.
Take z' > 2zq.

The right side of (64) equals

F(s,1) =1 = e ' F1F (e {(f (s, 1) — 1))

where F and F~! are the Fourier and inverse Fourier transforms. We shall

prove the integral

2t

is in L' and so f(s,t) = f(s,t) for all t.
To evaluate this integral we shall consider a contour consisting of the
straight line segments {z’ + iy, —M <y < M} {zo+1iy,—-M <y < M} and

the horizontal lines that join them at y equal M and —M.
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Now pass to the limit as M — oo. The value of the integral parallel to

the x-axis,

[

goes to 0 as M gets large. This is because x is bounded, |e'¥| = 1, £(z) gets
small for |z| large and z is away from the pole x(z) = 1/s.

Then since z = k~1(1/s) is a simple pole and

/Cf(z)dz = 2mi(Res(f(20))

we get
e*'k(z)s 1
l)— = ———— 2 =
f(syt) =1 Res{z(l—n(z)s) K (l/s)}+
00 iyt . q
oo [ s,
7 Jo To+iyl— k(zo+ty)s
where '
zt L |
Res{ eTH(z)s cz=£K"Y(1/5)} = ' lim z = w7 (1/s)

z(1 — k(2)s) e—=s=3(1/s) 2(1 — K(z)s)

To evaluate the residue term, we use L'Hospitals rule to get

e2:l:ot eZ.‘cot

et 1) (L= 0(2)5) + (=R (2)s) — R (1[s)—R (T (1 ]5))s’
Let

—1
ﬂ'l‘(l/S)(—n'(ﬂ"(l/S))s

w(s) =

* T @)
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Then by Lemma 3.2

mols) = fim s
ke
B J-l—{{olo“an'(a)
= A

Thus

Ee'li =1 = f(s,0)—1.

e2zotw(s) + ez‘otRe}_ /°° eiyt K(l’o + zy)S
0

T zo 41y 1 — k(zo + 1y)s

iyt :
k=1 (1/8)t Le=Y(1/s)t __1__ e’ R(.’L‘o + Zy)S du.
© w(s) +e? Rem' o ZTo+iyl —k(zo+y)s y

We will show that

/00 Ieiyll
0 @y

which completes the proof since the 1 can be absorbed into C exp(3£7'(1/s)t)

k(zo + ty)s

1 — k(xo + ty)s <C (65)

to get (53).
To obtain (65) we first show that
k(zo + ty)s
<y<

I—K(IEQ-{-iy)S <C 0<y< Nzg (66)

which gives
Nao 1 k(zo + 1y)s
d .
/0 @+ (1= w(zo+ig)s| ™ © Ne (67

We show (66) for 0 <y < zo/2. By the proof of (60)
k(2z0) S k(2z0)

Rex(z) = k(5z0/4)"
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By (56)

1/8 K(2$0)
1—65(8/5)/ﬁm31+6

since ¢ € [zg,00). Thus

a k(2xp)
E(5$0/4)

> (1-€)(1 - (5/8)'°)

and so

Rex(z) — :ls- > CRek(z2) 0 <y <zof2.

Using (68) for 0 <y < zo/2

sk(z) |? _ (Rex(z))? + (Im x(z2))?
1 — sk(=2) (Rek(z) —1/s)? + (Imk(z))?
(Re(2))? + (Im k(2))*
~ 2(Rek(2))? + (Imk(2))?
< C.

Now consider when zo/2 < y < Nzy. By (58) and (61)

2 (Re x(2))?
= 1 ime)?
2c%(zo + y)
C2x2((N + 1)zo)
2k2(320/2)
C?R2((N + 1)z0)

sk(z)
1 — sk(z2)

< 1+

IA

1+

< C.

Thus (66) and (67) have now been proven for 0 < y < Nuxy.

(68)

Now we examine the second part of the integral in (65) and want to show

that
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s 1 k(zo + 1y)s
- dy<C
/!-V.ro (25 +y?)'/2 |1 — K(zo + iy)s
For y > Nz
\/in((N + 1)xo)
<
o)) < LHEL
2\
= \/E(N + 1)
1
< Z
- 2

by (58), the fact that & is decreasing and (56),(55). So

<

since the denominator is bounded. Then

/°° 1 k(zo + ty)s Cs/°° n(:c0+y)d
Nzxo (‘7"8 + y2)1/2 1- K(‘TO + Zy)S . Nzg Yy
< Cs iy)d
Nzg Y
by the above inequality and (58). By (59)
Cs E-(ﬂzdy < Csk(Nzo)
Nzo
< C.
This finally yields that
i 1 k(zo + iy)s
<
|, e o tan v <C
and the proof of Theorem 3.1 is complete. m]
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The following lemma will be needed for the proof of Theorem 1.1. We

present it here to minimize the interruptions in the proof.
Lemma 3.4 Let k£ and i be as defined in (6),(2) then
Ae(A) ~ Kyp~H(A) A — 00 (69)

where K = T(1/8)T(1 +1/8)/x.

Proof: By the form of the characteristic function

exp(—1(A)) = E(eM©) = / " M, (y)dy. (10)

-~ 00

Taking the inverse Fourier transform in (70) we have

p(0) = 1 / e~ Vg,
0

T

Define the two monotone functions as follows

P(A) = sup ¥(z)

0<z<A

(V) = inf $(a).

2

Since ¢ is regularly varying at infinity with index 8 > 0 it is known that
P(A) ~ B(N) A— o0
B ~p() Ao oo

See e.g. [BGT] Theorem 1.5.3,Theorem 1.5.12. Since 3 and 3 are monotone

they are invertable and so

PN ~ BT (N)) ~ A A = oo,
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Clearly
e sno 5 [ etaimo.
0

s 7 Jo
Now we use [BGT] Theorem 1.7.1. Since 3~} is regularly varying with index
1/8

_T(+1/8)
T

p:(0) PI(1/1) t—04.

Since
Ak(A) = /\/ e *p,(0)dt
0
we can use [BGT] Theorem 1.7.6 to get

LTA+1A-1/8)

! as A — oo.

Ak(A)

This completes the proof of Lemma 3.4. o

Proof of Theorem 1.1: We first obtain an upper bound for P(L > w).

Using Theorem 3.1 and Chebyshev’s inequality, there exists an sq such that
for all s > sy

P(L} > w) < Cexp (k~1(1/s)t — sw). (71)

Let
s = 1/k(a/t).
For fixed t, x(a/t) goes to 0 as a goes to infinity and s gets large as required.

So
P(L° > w) < Cexp (a - ?(5")/7)) . (72)
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Let

w = 1"Pk(a)y

in (72) which yields

; 1Pk (a)y
0 - 41/8 < _ _
P(L} > t'/Pk(a)y) < Cexp (a w(a/D) (73)
Fix € > 0. Since s(a) is regularly varying at infinity with index —1/8 we
have
. ka) a5
a]-l»rgu n(a/t)t =1 (1)
Therefore given any ¢ > 0
P(L? > t'%k(a)y) < Cexp(a— (1 - €)y). (75)

Note that we have required a to be sufficiently large twice; once above and

once in the application of Theorem 3.1. Let

Substituting this value in (75) we see that

P(L? > tY%u) < Cexp (a -(1- e);—(%-)-) (76)

To get a good upper bound we want to minimize the exponent in (76). We
show below that the y that minimizes is a simple multiple of a. Differentiating

the exponent in (6) with respect to a and setting it to zero yields

14 (1 —-¢€)u



Use Lemma 3.2 to approximate £’(a).

] — (1=e)u
Bar(a) ~
which implies
y = fa

since u = yk(a). Substituting for y in (75) yields

P(L® > 1Y%k (a)aB) < Cexp(a — ap). (77)
By Lemma 3.4
ak(a) ~ K¢~ (a)
and so
P(LY > t/PK py~"(a)/(1 = ¢)) < Cexp(~a(f - 1)). (78)

Letting @ = ¥ (y) we get

P (rriz > v) < Coxpl=v)(F - 1-1) (19)
where 7 > 0 can be made small by taking y large. This completes the proof
of the upper bound of (16) in Theorem 1.1.

Continuing with the proof of Theorem 1.1, we need a lower bound on

PS(LY > w). For this, an inequality from Davies [D] is very useful. (See e.g.

[MR] in the proof of Lemma 3.2.).
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Lemma 3.5 Foranyut> 0,0<6<land0<w<y

PO(L? > w) > e—(l—&)uyEO(e(l—é)uL?)
_e—uyEO(euL?)

_e—(1—5)uy /w 6(1_6)uzdP0(L? < Z)
0

Label the parts in the inequality above as follows

PYLY > w) > Jy — Jp — Ja.
First consider
Jy = e "W E°(e*),
Apply Theorem 3.1 to get
J2 e exp (k7' (1/u)t).
Let

1

U= ——-

r(a/t)
for t fixed and large a. Then

Jo < C exp (a— K(g/t)).

Let

34
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y= a/c(a)tl/ﬁ_ﬁ (83)

p(__zyTt))=p(___<(_“/tL)"é)

Using the regular variation of « and (74) we see that, with ¢ = &4,

then

J2<C exp(a—aB(l—¢))=C exp(~a(B(l—¢)—1)).
Now by Lemma 3.4
K¢~ Y a)(1 —¢) < ar(a) < Ky~ (a)(1 +¢€)

where K is defined in Theorem 1.1.
Even though ¥ is not monotone, for large a, ¥ can be treated as though
it is invertable in asymptotic relations. This is well known, see e.g. [BGT]

Theorem 1.5.12.

a(l-—e)w(;’{ ,)5a<1+e> (84)

Substituting for a we get

Jz < Cexp (—¢ ( - ) (1-€)B(1-¢) - 1))
18 QK

Letting € and ¢ = §* we have

_ Y a_ 3
J2 < Cexp ( ¥ (t’EBI’) (B-1+0(6 ))) (85)

A
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Next consider

J1 = e—(]—&)uyEO(e(1—6)uL?)

By Theorem 3.1 for large u and fixed t

Ji > C exp (-(1 —8)uy + &7 (:7(’1’1:—5—)) t). (86)

Now consider the exponent. Define

A = ((1—6)uy — g (u(ll_ 5)) t). (87)

We will bound A; above. Substituting for u defined in (82)

(1—4é)y _1( £(%) )
A= - K t. 88
= 1-5) )
By the regular variation of  at infinity, the 1 — é comes out as a power for
large a. So
-6 _
A £ g——aﬂ — a(1 —=2¢)(1 = 6)°. (89)
k()
Since ¢ = &*
1-6 3
A £ (1+6% ((—:(-3)1 - a(l —6)f’). (90)
t

From (83) we have y = an(a)t%B and using the regular variation of &

-

A < (146 ((1—5)aﬁ(1+e) - a(l—s)ﬁ) |
= (1+6) (a1 -6)B1+6) - (1 —6)5)).

Expanding (1 — 6)°

AAZ(1+6% (a(c(l——é)B + B(1-6)~1 +B&-B(—ﬂ;~}—)52+0(53)>.
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Thus o
A <a (B —1- -[Mé-_—ll&? + 0(63))
after absorbing ¢ = 6* and 6% terms into O(6) and so
exp(—A,;) > exp (-—a ([3 —1- 5(_[?_2-_1_)52 + 0(53))) .

By (84)

— Yy 3
o = (g ) (1+06) (o1)

J1 2 exp (—1,0( l?{ ) (3—1—3(5—1)62+O(63))). (92)
16K .2

Having bounded J, from below and J; from above, we need an upper bound

for J3. This will complete the lower bound for P°(L? > w).
For
O<y<w (93)

Jy = e (-0w / ! dpP(L] < 2)
0

< c—(l—b)uy (6(1—6)u'y + /w e(l-—&)uzdP(L? < Z))
Y
< 27 (0ulu=m) L gy(1 — §)e (100w / 1=z p(L0 > 2)dz (94)

oy
using integration by parts for the last inequality.

Substituting for y and u which are given in (83), (82) and recalling ¢ = 6

exp(—(1 — 8)uy) = exp(=(1= 6) T L)
< exp(~(1 - )aB(1 - )
< exp(~a(B(1 - 6) + O(¢))) (95)
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for a sufficiently large.

Let
_ ak(a)t'’? _ ¥
=73 T25 (96)
then by (95)
exp(~(1 - 8)u(y 7)) = exp(~(1— Suy(l - 5%)

< exp(—a(B(1 —6) — (1 —6)/2+ 0(6%))).(97)

Using (92) and (91) for é sufficiently small

BB-1),

Bl—6)—(1-6)/2>F—-1- 5

as long as
1

28 -1
Now we consider the integrand in (94). By (79)

6 <

z

W) (B-1-6%)
' exp(h(z)) (98)

1P 2) < exp((] —6)uz—¢(

for z > z5. By (96) and (93), since y approaches infinity, so does 4 and

therefore w. Let

w=(1-cbly . (99)

where ¢ is determined by 8 and ¢ < 1.
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The first term of A(z)

(1 —6)z
k(a/ft)

by Lemma 3.4. Note that by (84), for large a, a(l1—¢) < ¥ (zT/_gb_}T) < a(l+e)

(14 ¢)(1 —6)az

K- alt) for a > ag (100)

<

and so a and y both approach infinity.

Let
z=38yYy
where
1
EE <s<1l-¢cb
so that
y<zsw

Then by Lemma 3.4, (74), (83) and (84) for sufficiently large y

(1 + ¢)(1 — &)a(sy) (14 Ce)(1 — 6)a*k(a)PBs
tKvy=1(a/t) K+y-1(a)
(14 Ce)(1 = 6)afBs

Y
b (MBK) (14 Ce)(1—6)8s  (101)

IA

IN

IA

where C > 1 is a constant not necessarily the same at each occurrence.

The second term of the exponent h(z) is

sy _ y _
v (tllﬁ"g_]‘») (B-1-6%>9 (tI/BBK) (1-e)(B-1-6%s" as y— o0
(102)
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using the regular variation of ¥ of index f at infinity. Define

gu)=¢(ﬂ;%K)«1+Cﬂx1—®3»—u—6ﬂw—1b%- (103)

It has been established that

h(z) < g(z) for z > z. (104)

We now show that g is increasing for 4 < z < w. For this calculation g

will be considered as a function of s with y fixed. The derivative of
(1+C8Y (1 —8)Bs— (1 =6 (B ~1)s° (105)

must be greater than or equal to zero to have g(z) increasing. This is true if

. (1-4Y

(1-6)8- B(B—1)s" > 0.

(1 +Cé) =

“Since (%%4)—) < 1, using B = B(B — 1) from (10) means that it sufficient that
1-8)-(1—-cb)1>0

since s < 1 — ¢é. Since # > 1 is fixed, we can choose

c>aq ¥ 1 (106)

B -1
so that
(1=6)> (1 —cb)’?

for é sufficiently small. Thus g(z) is increasing for v < 2 < w.
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By (98), (103) and (104)

exp (1= ez~ (e ) (B-1-6%)
< exp (v (g ) 10+ €890 = 6B = (1= 83 = 1))

< e (4 (i) (14 C89(1 = B30 - c))

exp (- (5 ) 01 - 808 = 101 - ) (107)

where since g(z) is increasing, s can be replaced by 1 — cé. Using (94), (98),
and (107)

u(l — 6)6'““”“”/ 10w p(LY > 2)dz
v

< uem (0w /w exp ((1 —8uz — (t’lﬁfﬁ) (B-—1~ 54))) dz
< u(w— 1) exp(~(1 - 8)uy)

exp (4 (e ) (1 + €891 = )31 = cf) = (1 = 8(5 = 1)1 = o))
< wewn (~v (5 ) 1 - 61 - €595)

exp (= (e ) (1= 83 = 1)(1 = e8)° = (1+ C8)(1 = £)A(1 - c«s)))
< uyexp (—tl’ (-ﬁﬁyﬁ) (1- 5)3)

‘exp (-lﬁ (t'/gBl\') (B -1 - c6)? — (1 = 6)B(1 — cb) — C63)

using (95) to recall estimates on uy.

wee (¢ () #)
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for large y, using the series expansion for (1 — ¢é)? the expression in (108) is

Y 3 2 B(B—1) 2y _ 43
< exp (—d’ (tl/ﬁ'ﬂ'K> (1 =6)Bes + (B—1)(1 —ﬂc5-|: 2 (c6)) - C8 ))

y Y I | PV
< oxp (o () (0 - E)Bet+ =1 = Btet) + Lo ee) - 069)

< e (~o (s ) -1 - (9)(60) + PO ety - 8)) .

Using (92) we will need

B(B-1)
2

(c6)?>p3—-1- é(—B—Z‘—l—)&z

B~ 1~ (c8)(B8) +

which means that

(24205), 220

Since the right part of the above inequality is less than zero it is sufficient

that
c(B—1)

5 1>0.

Let
2

c; = F—Tf (109)
Choosing

cC>C >

where ¢; was defined in (106), we have that

J3 < exp (—w ( L ) (B—-1- ﬂ62)) (110)
1K
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where ;
B(B—-1)
5

From (81), we have
PO(L?>’LU) >dh—Jo—Js

where J;, J2, J3 are in terms of y. However w = (1 — ¢6)y and é approaches
0. Then using (110), (92), and (85) and the regular variation of 9 at infinity

with index 3, we have that for all y > yo

PO(L? > y) 2 I\’l - ]\’2 - I\’3

with
K, > exp (—1/) ( 1'1{ ) (B—1—-ps+ 0(54)))
153K
K, < Cexp (—1/) ( ,?{ ) (B-1+ 0(54)))
tspK
K3 < exp (—i,b ( 13{ ) (B—1-v8+ 0(64))>
150K
and

v < p.

This completes the proof of the lower bound of (16) and so Theorem 1.1 is

proven. O

Remark 3.6 Our resull agrees with Lacey’s result (see the Introduction) on
the constant in the exponent in the case X(t) is a symmelric stable Lévy

process where Y(A) = M. From [L] we have that
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log P ('t'%'/?g > y)

Iim
Yy—00

yP

= ~Cs

where Cg = B1(p/B)P/? and p='1P = K. Our result for the stable process is

log P (t_I’:/i’E > y)

B—1

y?

Y=o

and

44

T (KB)P



4 Maximum Local Time

Before proving Theorem 1.2, some estimates are needed on the size of |[Lf— L7
when z and y are near each other, for fixed t. Barlow [Ba] has such a result

for 1-dimensional Lévy processes.
Denote E°® as expectation with respect to P*, where P* is the law of X

starting at a. Define T} to be the first hitting time of b. i.e.
T, = inf{t > 0: X, = b}. (111)
Following Barlow define
h(a,b) = h(b~— a) = E°L%,. (112)

The next lemma is a weaker version of Lemma 2.8 in [Ba] in the sense that

it does not consider the supremum over 1.

Lemma 4.1 Foreach A >0, p>0

22
P(lp/\L?—p/\L?l>/\)S2€Xp (-—W) (113)

It is shown in [Ba] Lemma 2.4 that for sufficiently small z

for constants 0 < Cy < C, where

1 [®1—=cosAzx
o) =1 [T
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as defined in (38).
Using Lemma 2.3 which estimates 6o(z) as ¢ — 0 and (113) and (114),

there exists an v > 0 such that for ja — b] < v

o b C)\?
P(lpAL; —pAL)|>)) £ 2exp|———F
P (1 /Ta—8D

2¢_1 _8-1g(_1_
= 2exp (— O () S(Ia_bl)) . (115)

p

We used the representation of the regular variation of ¢ at infinity, as in (8)
and recalled that S is a slowly varying function.

As discussed in the preliminary section, we can control a function of slow
variation at infinity in the following way. For any fixed § > 0 there exists an

v’ such that for all ja —b] < v/

(o) <s(a)<(cta) - oo

Since § > 1, 6 can be chosen small enough so that
1 B-1-6>0. (117)
Then using (116) and (115) we have that

C\?
a _ b A
P(lpAL; —pA L >/\)<2exp< p|a—b|")' (118)

Let (T,d) be a compact pseudo-metric space with pseudo-metric d and

covering numbers Ny(¢) as described in the Preliminary Section. In all that

follows we assume that the metric d is monotone. In the application of
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the lemma, and in the proof of Theorem 1.2, the metric we will define is

monotone.

Lemma 4.2 Let X = (X;)ier be a random process such that

P(|X, — X:| > )) < Cexp ("E(EAT)) (119)

and forall0 <e< D
l(e€) =/ log Ng(u)du < oo. (120)
0
Then for all X\,e > 0

1 A '
d’s - 4’ < T, o~ - -
P (d(s:j%)« X — X¢| > A+ 1(()) ST exp ( (Ce)) (121)

s,teT

where C is a conslant and d™! is the inverse of d.

Proof We use the following result in [LT] pp 300 to prove Lemma 4.2. Here
as described in the Preliminary Section, D = D(T) = sup, . d(s,1) is the
diameter of T and the entropy integral J = J(T,d;() = foD C"YN(T, d; €))de.

Lemm'a 4.3 Let ( be a Young function and let X = (X;)ier be a random
process in Ly(§2, A, P) such that for all measureable sets A in Q0 and all s,1
in (T,d)
1
X — X |dP < d(s,t T —.
[1xe-xap < dosy P (55 ) (122
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Then for every A

/A sup [X, — X.|dP < 8P(A) /0 e (%T(’Td);i)) de.  (123)

ateT

Further it is shown in [LT] 11.4 pp 302, under the assumption of (122)
and using Lemma 4.3, that for Young functions of the exponential type, for

every u > 0

P (sup IX, — X,| > 8C(J + u)) < (g (%))" . (124)

s,teT
Here C depends only on the Young function (.
We now assume the condition of Lemma 4.2; that a process satisfies an
exponential inequality in the form

P(|Xs = Xi| > A) < Cexp (— -(-1-(—:—6) (125)

for some fixed C > 0. By the definition of the Orlicz space norm with Young
function (;, defined in (29),

| Xs — Xille, = inf{c > 0; E¢1(| X, — Xi|/c) < 1} (126)

Since (; is increasing we can use integration by parts to get that

EG(X, - XilJe) = /OOP(I-)—(’—-——X—‘l>t)e‘dt

0 c

* 176 ¢
< C/o exp( d(s,t)) e dt

using (125). Taking the infimum over ¢ means that
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| Xs = Xielle, < d(s,t). (127)
It is shown in [LT] pp 300 that (127) implies that (122) is satisfied. We
therefore have that (125) implies (124), with C depending on (; only;

j2 (sup X, — X.| > 8C(J + u)) <exp (- 3) . (128)
steT D

This gives a modulus of continuity result over T'. Cover T with balls By
of radius 2¢ and centers c; such that the c; are within ¢ of each other, all in
the d—metric. Then for s, € T and d(s,t) < ¢ there is some Bj such that
s,t € By. This is because for any s € T for some ¢, we have d(s, cx) < € and
)

d(t,cx) < d(s,t) + d(s, ) = 2e.

Therefore

dis,t)<e
steT

P ( sup | X, — Xi| > C(I(2¢) + u))

B d(st)<e
s,t€ By

< P (sup sup |Xs = Xi| > C(1(2¢) + u))

d(at)<e
By 3,t€ By

< ZP ( sup | X, — Xi| > C(1(2¢) +u)) (129)

by the properties of probability measures.

Then using (128) and that the diameter of all the balls By is 2¢ we have

P (d(s:%:)]ic | X, — Xie| > C(1(26) + u)) < exp (—- i) . (130)

s,tEB;
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Since d is monotone, the number of balls with centers that are € apart covering

T is less than or equal to

1
m (131)

where d~1! is the inverse of d. Therefore we have that

1 u
P ( sup | X, — Xi| > C(I(2¢) + u)) < mexP (_ 2_5)

d{s,t)<e
s,teT

which is (121) after changing the constant in the exponent and so we have

proven Lemma 4.2. O

Proof of Theorem 1.2:

By Theorem 1.1 since
P(LY> A) < P(L} > ))

only the upper bound in (18) needs to be proven.

The proof uses several ideas from Lacey 1990 [L] and Griffin 1985 [G]. As
in [L] we first consider the supremum of L7 over an interval / of length one.
Define for a fixed A > 1

Z: =2\NLE.

Let the metric d be as follows
d(z,y) = Clz —y|" (132)
where 7 > 0 is as defined in (117). Using (118) we have that

A
P(|Z, - 2] > \) < Cexp (— ﬂ)
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which is the first requirement in Lemma 4.2.

Using (30), the diameter D of (/,d) is just a constant. Setting

4 (u) = (—C’é)’/" (133)

we get a bound on the entropy numbers
N(u) <14 (Cu~t)!/", (134)

Let ¢ = A~? and note that

=B/n
d1(e) = (-2-) (135)
and that
l(e) = /:(log N(u))du
< /C Clog (1/u)du
< Celog(l/e). (136)
Therefore
li_r.gl(c) =0. (137)

Define I, to be a set of points in I such that

supmind(z,y) < e
zel VEle

and the cardinality of I, as small as possible. I, is called an e-net on I with

the metric d. Since ¢ = A~ using (135) we have that
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card(1,) < CAP/M, (138)

Now consider

P (supo > A+ )\3/4) = P (supr > /\+)\3/4)
zel zel

< P (supr > A) +
z€l,

d(z,y)<¢
z,y€l

P ( sup |Z: — Zy| > )\3/4) (139)

by a version of the triangle inequality.

For the first term in the inequality we have that

P (sup Z: > /\> < card(I,)sup P(L] > }) (140)

rele zel

since the e-net is finite. Then

sup P(L¥ > )) < P(L?>))

xel
B-1
< exp (—¢(A)(( 2 B)}) (141)
by the strong Markov property and our estimate on L? in (16). Thus
P (sup Z, > A) < CAMexp (—;b(,\)@-:_-l—) (142)
-TGI: - ('I(ﬂ)ﬁ

Considering the second expression in (139) we have

P Zo — Zl > N34 1 A
Sup |2e= 2l > < d-l(e>e""(‘ ('0_»

z,yel
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3/4
< on(-(5)

)\B+3/4
< MMexp (— ) .

= (143)

Here we used (121) in Lemma 4.2 to control the supremum increment process
with ¢ = A% and we recall that d-1(¢) = (2)™/".
Since ¥(A) = A?S()) we have that

()
jim o =0

Therefore the exponent in (143) becomes much smaller than the one in

(141) as A approaches infinity and so

S r 3/4 B/n g —ah (B__l))
P(Ilé;l)Lt>x\+)\ )<C/\ xp( d(’\)(]\'ﬂ)a . (144)

We then have the result of Theorem 1.2 but with Ly replaced by sup_.; L7,
i.e.
log P (255t > 0) | _ g

mTTam R 1)

We now can make an extension of the result in (144) by taking the supre-

mum over a larger, but still finite, interval. Namely that

P(sup Lf>A+A3/4) < > P( sup Lf>/\+,\3/")

IZISAzﬁ —A2B<j< A28 1<z<i+1

< 21\230Aﬂ/"exp( (/\)((I\ﬁ)l))

(1)
< exp( ) ) (146)
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where we used (144) when the supremum is taken over the unit interval. This

result will be needed in the last steps of the proof of Theorem 1.2.

As described in Griffin [G], X(t) can be decomposed as the sum of two

independent Lévy processes
X(t) = Xa(t) + Xat)

where

Xao(t) = Y (X(s) = X(s=DI{|X(s) - X(s—)| > 1}

Xi(t) = X(t)-Xa(t)

because the jumps are in disjoint sets.

Since X,(t) is symmetric and has bounded jumps it has a moment gen-
erating function
E exp(aX;(1)) = exp(id(a)) (147)
where

1
é(a) = /_ (e = 1)u(da),

Note that ¢(a) — 0 as a — 0.

Define stopping times by

To - 0
T = inf{s:|X(s)— X(s=)]>1} (148)
Teyr = inf{s > T} : | X(s) — X(s=)| > 1}. (149)
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Because X is a Lévy process Ty,T; — Tj,... are independent exponential

random variables with parameter
v(jz| >1)=1b
as discussed in the Preliminary Section. Define
J=max{j:T; <1}.

J then has a Poisson distribution with parameter b. Finally define

My = sup_ |X(s)= X(Tyy) (150)
T,-]SQ(TJ
M = max{M;:j<J}. (151)

We now are ready to prove the following lemma due to Lacey in [L].

Lemma 4.4 There exists an o > 0 and a C > 0 such that for all A > C

P(J>)) < Ce (152)
P(My>)) < Ce™ (153)
P(M*>)) < Ce® (154)

Proof Let
X{(¢) = sup |Xi(s)|-

0<a<t
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Then by (147) there is an a > 0 so that
E exp(aXi(t)) < exp(t) (155)
since ¢(a) — 0 as a — 0. Then for ¢t < Xa/2

P(XI(t) > )

IN

C P(X,(1) > A)

IA

Cexp(—aX +t)
< Cexp(—a)/2)

by Levy’s and Chebyshev’s inequalities using (155). Then for A > 4/a we

have

P(M; > )) < P(Ty > a)/4)+ P(X{(a)r/4) > ))
< Cexp(—al)
which proves (153). (154) follows from (153) and (152).
Now the proof of Theorem 1.2 can be finished. If

JsA2B

and

for large enough A then

sup LY € |J (X(Ty) — N, X(T;) + A*F).

J<AB
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This is because the above union is the maximum range of the process X ()

and the local time is zero at a point z if the process doesn’t hit z. Therefore

P(L; > A+ X% < P(J > NP)+ P(M™ > )\

+ CP ( sup LY > A+ W") (156)
z]<A28

< 2Cexp(~CA*?) + C exp ((1];5')6‘37,0()\))

. 1— [;

< Cexp (Wzb()\)) . (157)

Here Lemma 4.4 was used to bound P(J > A*) and P(M* > X\*). To
handle the supremum over |z| < A% we used (146). The proof of Theorem

1.2 is now complete.
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