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Consider a real valued symmetric Levy process, where the exponent ip of 

the characteristic function defining the process is regularly varying at infinity 

with index 1 <  j3 <  2. Denote the local tim e of the Levy process by L f and 

define the maximum local time by L* =  supxe/?Lf. Results are given, for 

fixed t, which show the limiting behavior of log P{L°t >  y)  and log P{L* >  y ), 

as y  approaches infinity. The estim ates are given in terms of ip.
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Large Deviations of Local Times of Levy 
Processes

Robert Blackburn 

1 Introduction

Let X  =  { X ( t ) , t  €  R + } be a real valued symmetric Levy process, where

process is a stochastic process that has stationary independent increments. 

The characteristic function of X (t) is

by symmetry we mean that A' and —X  have the same distribution. A Levy

(1)

We include Brownian motion in which case V’(A) =  A2/2  and also where 

?/> has general form

and v  is a Levy measure, i.e.

" ((0 )) =  0.

Let Pt(x)  be the transition probability density for the Levy process. By 

the symmetry

Pt{x,y) -  Pt{\x -  y\)

1



and we write

P t ( 0 , x )  = p t(x) .

We assume that

r°° dX/ -Jo a
< 0 0  ct >  0 . (3)

+  V>(A)

Define the a-potential density as

poo
ua(x) =  I e~aipt{x)dt .  (4)

Jo

For symmetric Levy processes

ua( x , y )  -  u °(|x  -  y\)

and we write

u“(0, x)  =  ua(x).  .

By the symmetry
a . . 1 f°° cosXx  , >

u x = ~  —7—77T\7T J0 a  +  ip(X)

Define
1 t°° t i \

K { a )  =  u " ( 0 )  =  -  /   7 7 ^ .  ( 6 )

V V ' 7r Jo « +  </>(*)

Note that « (o ) —*• 0 as a  —> 00.

A positive measurable function ip{x) is said to be regularly varying at 

infinity if
) _  f, ‘ m



for every t >  0. The number /? in (7) is called the index of regular variation 

of ip. By the definition, it can be seen that ip(x) is of the form

ip{x) =  x^S(x)  (8)

where S(x)  is slowly varying. A positive measurable function varies slowly 

at infinity if for any t >  0

S ( i x )  1
lim  " c T T  =  Li —oo <b(x)

Throughout the paper ip is assumed to be regularly varying at infinity 

with index

1 <  0 < 2.

Note that this means that (3) is satisfied.

The regular variation of ip at infinity will force k to be regularly varying

at infinity with index —1//? as will be seen in Lemma 3.4, where

l / /3 +  l / P  =  l .  (10)

Then we have, for all T  >  0,

r ^ l d y <  oo. (11)
J t  y

This is because

k (x ) =  x~xlP S(x)

where S( x)  is slowly varying at infinity as described in (8) and by [BGT] pp 

23 for any fixed e >  0 there exists an N  such that for all x  >  N

S(x)  <  x e. (12)



Let { I f ,  (<,a;) €  R + x R)  denote the local tim e of X { t )  defined as

i f  =  l i m i  f I {x. v ^ ( X ( s ) ) i s  (13)
Zt Jo

where Ia {x ) is the indicator function of the set A.  This definition is valid for 

all continuous local times. In the next section, it will be seen that the local 

tim es we are considering are continuous. By (3) we have that

ua(x)  < 00  Vx € R

where the a-potential density is as defined in (4). This insures that the local 

tim e of X  exists; see Kesten 1969 [K]. Lf  can be normalized so that it is the 

occupation density of X( t ) .  i.e. for all measureable sets B  C R

f  JB( X { s ) ) d s =  f  LTt dx.
Jo J b

A Levy process Y( t )  is called a symmetric stable process of index 0 <

<  2 if it has a characteristic function of the form

Eexp{ i XY( t ) )  =  exp (—t |A|^) — 00 <  A <  00. (14)

Note that this is a special case of (8) with iff being a pure power; V’(^) =  l^l0- 

If 1 <  j3 <  2 then the local tim e of T(<) exists and there is a version of 

the local tim e which is jointly continuous in x and t, (see Boylan 1964 [B] 

or Barlow 1985 [Ba]). It will be shown in the next section that this joint 

continuity is also the case for our process defined by (1), (2), and (8).

Define the maximum local tim e as

4



L*t = s u p L xt . (15)
x£R

The main result of this paper is to obtain estim ates for P ( L ° >  y ) and 

p (l ; >  y)  as y —> oo for fixed t.

The first result concerns the local tim e at zero. T(f) =  f j °  x l~l e~xdx  for 

t >  0 is the usual gamma function.

T h e o r e m  1.1 Let X  =  {X( l ) , t  t  [0,ooj} be a symm etric Levy process with 

exponent if, given in (1). Assume that 4' is regularly varying at infinity with 

index 1 <  ft <  2. Let Lfit be the local time of X  at zero at time t. Then fo r  

all t >  0

, 0 - 1
.;■(!/) { Kl f y1 ( *

where

k  = r ( i /^ )r ( i  +  i//j)/ir. (17)

The next result shows that the rates of decay of P (T ° >  y)  and P {L \  >  y)  

have the same constant in the exponent.

T h e o r e m  1 .2  Let X  =  { X( t ) , t  c [0,oo)} be a sym m etric Levy process with 

exponent ij>, given in (1). Assume that if is regularly varying at infinity with

5



index 1 <  /? <  2. Let L* be the maximum local time of X  at time t. Then 

fo r  all t >  0

r l o s P ( & > y )  i - i  
v™  im

where K  is given in (17).

For stable processes these results are known. Hawkes [H], proved Theorem  

1.1 in 1971 and Lacey [L], proved Theorem 1.2 in 1990.

The following result of Hawkes and Lacey for stable processes is in (1.3) 

of [L]. Letting L° be the local tim e at 0 of the stable process Y( t )  of index 

/3 then

P ( L ° > y ) ~ C , y - el2e x p ( - C l, y ‘!) J - . 0 0  (19)

where we define /  ~  g at infinity to mean lim ^oo f { y ) / g { y )  =  1.

Here C\  >  0 is a constant and

c 0 =  r ' ( p i 9 ) m  

P- ' »  = r (i  + i//?)r(i/^)/ir.

The result in (19) uses the fact that a stable processes Y( t )  of index /? 

satisfies a scaling property; i.e. for any constant a >  0

{ F ( 0  : t >  0} =  {a~1/0Y ( a t ) : t >  0}

6



where =  means equal in distribution. This implies that

L°t =  t x̂ L°x (20)

L\ =  t ' r&L \ (21)

for the local tim e of Y( t ) .  This time rescaling is unavailable for the more 

general class of Levy processes considered in this paper. The details of the 

arguement that leads to (19) are in the following Preliminary Section.

Perkins 1984 [P], using the Ray-Knight theorems, proved for standard 

Brownian motion, (t/’(A) =  A2/2 ) , that

lo g P ( L i > y ) ~ ~ Y  y -> oc.  (22)

This proof does not go through for Levy processes with jumps since there is 

no version of the Ray-Knight theorems for these processes.

More exact estimates are obtained in Csaki 1989 [C] for the maximum  

local tim e of Brownian motion,

i  2 \ x ̂  2
P { L \ > y ) ~ A \ - J  y e ~ ^  y  -> oo. (23)

However Brownian motion has many special properties that can not be used

with Levy processes with jumps.

Lacey [L2], in a 1990 paper proving results for the local times of the Brow­

nian sheet, gives a new proof of (22) for Brownian motion. This proof does 

not rely on methods unique to Brownian motion. Using similar techniques 

as in [L], which considers stable processes for 1 <  /? <  2 (neccessary for the



local tim e to exist), he proves that the exponential decay of P( L \  >  y)  is the 

same as P ( L l  >  y ). i.e.

log P{ L \  >  y)  ~  - K y p y  -  oo (24)

where K is given in (17).

Throughout the paper, C  will be a positive constant which may change 

from line to line. In addition, when a process starts at a point x we will 

write P x for its probability measure. P  will generally be written for P°  and 

similarly E  for jE7°, except perhaps when we want to emphasize the start at 

0.

The main results of this paper are Theorems 1.1 and 1.2. The proof of 

Theorem 1.1, a result on has three steps. First we prove an analogue of a 

theorem of Marcus and Rosen [MR] that gives good estim ates of the moment 

generating function of Z,°. We estim ate E esL° in terms k-1 (o ) defined in 

(6). Using the regular variation of the exponent in the characteristic

function of X( t ) ,  we get an asymptotic relation between k(A) and V>-1 (A) as 

A approaches infinity. Finally to get upper bounds on P°(L °) >  w  we use 

Chebyshev’s inequality, properties of regular variation of ij) and estim ates of 

the moment generating function of described above. To get lower bounds 

on P°(L°)  >  w  we use an inequality of Davies [D] which bounds P° ( L °) >  w 

from below in a way that can be managed with our estim ates of E e aL°.

The proof of Theorem 1.2, a result on T*, has three main steps. First it 

uses the bounds on P°(L® >  A) established in Theorem 1.1 to get bounds

8



on P° ( Lf  >  A). Secondly it uses an inequality of Barlow [Ba] that provides 

probability estim ates on the difference in the space variable of two local times. 

Finally it uses an extension of a result in Ledoux and Talagrand [LT] to give 

estim ates on the supremum over a small interval of the difference of two local 

times.

The organization of this thesis is as follows. In Section 2 we review results 

about regular variation, Levy processes and Orlicz spaces that are needed in 

the proofs of Theorems 1.1 and 1.2. In Section 3 we prove a theorem which 

estim ates the moment generating function of and then use this result to  

prove Theorem 1.1. Finally in Section 4 Theorem 1.2 is proved.

9



2 Prelim inaries

Since regularly and slowly varying functions, defined in the introduction, are 

used throughout this paper, we examine some of their properties. All results 

used about regular variation are contained in Bingham,Goldie,and Teugels 

[BGT] and Feller Vol II [F].

A simple nontrivial example of a function of slow variation is log x.  The 

case

f ( x )  =  exp ((]o g z )1/3cos((log;r)1/3)) (25)

shows that a function can be slowly varying and have

lim inf f ( x )  =  0
£—fOO

lim sup f ( x )  =  oc.
£ —►00

See [BGT] 1.11.3.

It is a basic property of functions of slow variation at infinity that for any

fixed 6 >  0 there exists an N  such that for all x >  N

x~s <  S(x)  <  x 6. (26)

See, e.g. [F] VIII.8 Lemma 2.

We now review some facts about Levy processes; see e.g. [Br] or Ito 1961 

[I]. A process Y( t )  is said to be continuous in probability at to if given any



The Levy process X ( t )  defined by (2) and (8) has its characteristic function 

E ( e x p ( i \ X  (t)))  continuous at t =  0 for every A. It follows that X ( t ) is 

continuous in probability; see Breiman 1968 [Br] pp. 304. Every process 

with stationary independent increments that is continuous in probability has 

a version that is in D([0, oo));i.e. functions defined on [0 ,oo) that are right 

continuous and have left hand limits. See [Br] pp. 306.

Let B  a Borel set in R.  Define

H(t ,  B)  =  # { s  <  t : X ( s )  -  X ( s - )  €  B} .

Then H (t,B) is a Poisson process of intensity v(B) .

By the properties of the Poisson process if s <  t then H ( t , B )  — H ( s , B ) 

is independent of H(s ,  B ). Since the holding times of the Poisson process are 

exponentially distributed, if we define

T { B ) =  in f{s : X (s )  -  X ( s - )  €  B )

as the hitting tim e of the set B  then T ( B ) is exponential with parameter 

v{ B) .  In addition, if A is a Borel set disjoint from B  then H ( t , A )  and 

H ( t , B )  are independent Poisson processes.

A real valued function (  : R + —> R + is called a Young function if it is 

convex'increasing and

« 0) =  0

lim ( ( x )  =  oo.

11



The Orlicz space L(_ is defined as a vector space of all random variables X

such that EC,(\X\/c)  <  oo. It is a Banach space with norm

| |* ||<  =  i „ f { c > 0 ; £ C ( m / c ) < l ) -  P 7 )

W hen £(;r) =  x p , 1 <  p  <  oo, then L^ is just Lp. See e.g. Ledoux and

Talagrand 1991 [LT].

In addition to the power functions, the most commonly used are the 

exponential functions

C?(x) =  exp(x?) -  1 (28)

for 1 <  q <  oo. The example we will use is

( i (x)  =  exp(x)  -  1. (29)

Let (T,d) be a compact pseudo-metric space with pseudo-metric d. A 

pseudo-metric is a metric that doesn’t have to separate points; i.e. d( s , t) =  0 

doesn’t imply s — t. The covering numbers

N d(e) =  N( T , d , e )

are defined as the smallest number of open balls in the d-metric of radius 

e >  0 that cover T. Define the diameter of T  as

D  =  D( T )  — sup d(s,  t) (30)
s,teT

and the entropy integral as



where £-1 denotes the inverse function of (.

We now show that the local times of the Levy processes we are considering 

are jointly continuous in x  and t. This result goes back to Boylan [B] 1964; 

we use a different proof.

L em m a  2.1  Let X( t )  be the Levy process defined by (1) and (2), with ij>(x) =  

x@ S(x)  for  ft >  1. The local time Lxt is defined in (13). Then a version of  

Lx exists which is jointly continuous in x and t.

To prove Lemma 2.1 we use Theorem I of Marcus and Rosen 1993 [MR3] 

from which results about Levy processes can be obtained by proving results 

about related Gaussian processes.

L em m a  2 .2  Let X( t )  be the Levy process defined by (1) and (2), with ?/>(x ) =  

x@ S(x)  f or  ft >  1. The local time Lx is defined in (13). Let G  =  { G ( y ) , y  €  

S } be the associated Gaussian process, i.e. G is a mean zero Gaussian pro­

cess with covariance EG( x ) G( y )  =  u l (x , y )  and independent of X{ t ) .  Then 

{£* ,(* , a:) G R + x  R } is continuous almost surely if  and only if  { G( y ) , y  G R}  

is continuous almost surely.

To prove that the associated Gaussian process has continuous paths a.s.

13



we use Theorem 3.1 of Jain and Marcus 1978 [JM]. If

f°°  (1 — F ( x ) f ! 2
/  n YU2~ <  00 (32)a^logx)1̂

where F is spectral distribution function of the covariance, then the Gausssian 

process is continuous. In our case

F W  =  / l r ^ ( A )  (33)

and so we consider
,co ( f°°

f  a  ~ Z n - d x - (34>J 1 l ( l o g l ) ' / 2

By the regular variation of 0  at oo, for large enough A we have that for 

/ ? - £  >  1

A^“e <  0(A). (35)

Finally using this in the integral

/ ■~( i - F ( x ) ) V 2 r
7 , x ( lo g x )1/2 / j  x ( lo g x )1/ 2

<  oo (37)

since — < 0.

The following estim ate will be needed in the final section of the paper. 

L em m a  2 .3  Define

=  ' (38)

14



Then

(39)

where ij)(x) =  S'(a’) for  S(x)  slowly varying at infinity and cp is a constant

depending only on (3 >  1.

Proof We use a result of Pitman 1968, [Pi]. Let X  be a random variable 

with probability measure P  and distribution function F(x) ,  i.e. F ( x ) =  

P ( X  <  x).  Define for x >  0

H{x)  =  l - F ( x )  +  F ( - x ) .  (40)

Write

/
OO

cos tx dF(x) .

OO

By Theorem 1 of [Pi] if H(x)  is regularly varying of index — when x —► oo, 

and 0 <  fd <  2 then

l - U ( t ) ~ c H { l / t )  1 | 0  (41)

where c is a constant depending on the distribution of X .

Define X  to be the random variable with density

C  t ------——r for x >  0
l +  i>(x)

0 otherwise.

Then we have

/°° C  C
 -------7-7dx -  I cos t x -  | rdx

.oo 1 +  0 (* )  y_ oo 1 +  *i>(x)
=  m -  ( « )

15



In our case
f°°  C

H{ x )  =  l  T T W ) d t■

Let
C

/(*) = 1 +  ip(x)'

Since i(>(x) is regularly varying at infinity of index /3, f ( x )  is regularly varying 

at infinity of index —/?. Thus by Theorem 1.5.11 of [BGT]

- / J - l  x —. oo (43)

and so H(x)  is regularly varying at infinity of index — 0  +  1. Since 1 <  0  <  2 

then 0 <  0  — 1 < 2  and we can apply (41) and (42) to get

So(t) =  1 - U ( t )

~  c H { l / t )  11  0
AOO

=  /  ;-----71—\dx.  (44)
Ji / t  1 +

Rewrite (43) in the form

( i / 0 / ( i / 0

/ ,7i f ( x ) d x  

Using (45) and (44) we see

0 - 1  t 10 .  (45)

and the proof of Lemma 2.3 is complete. □

16



As a final result of this section, we show details of the arguement that 

leads to (19) in the Introduction. The essential estim ate in contained in 

Hawkes, [H], which quickly leads to (19) as will be seen below.

For 0 <  a  <  1, define r( t )  to have characteristic function

i£exp(iA r(t)) =  exp (—t cos(7t o / 2)|A |"(1 — isgn(A) tan (7r o /2). (46)

It can be seen that r{ t )  has increasing sample paths. r ( t )  is called the stable 

subordinator of index a.

L em m a  2 .4  (Hawkes) Let r ( t )  be a stable subordinator of  index a .  Then as 

x —► 0+

P { r ( t )  <  t l / °x)  ~  c i xa^ 2^~a  ̂exp  ( —c2x _ 0̂ /' '_a^) (47)

where

Ci =  Ci(a’) =  (2tt(1 — q )q “(2(1~«))) 'I2 

c2 =  c2(o;) =  (1 — Q')q"^1~°'\

Let be the local tim e at 0 of K(£), the symmetric stable process of 

index 0 <  /3 <  2, as defined in (14). Stone 1963 [S] showed that if f/*(u>) is 

defined by

Ut{oj) =  inf{u : L°v{u) >  *} (48)

then

Ut{u>) =  p T t ( u )  ( 49)

17



where Tt(uj) =  r ( t ,u;) is the stable subordinator of index a  and

Q =  1 — 1//? =  1//3 (50)

p-va = r ( i  +  i / / 3) r ( i / ^ ) / 7T. (5i )

Since by (50) we have a relation between a stable process of index /? and the

stable subordinator of index a , we can apply Lemma 2.4 and (47) to see that

P { r ( t )  <  t 1/ax)  =  P( Ut <  p t l/Qx)  

=  P(L°(Ut ) < L ° ( p i ' /ax))  

=  P{L°(p t ' /ax ) > t ) .

Ut is the right continuous inverse of L°(t) =  L

Then, as in Lacey [L], using the scaling in (20) and Lemma 2.4 we obtain

P( L° ( p t ' /ax ) > t )  =  P ( { p t 1/Qx)a L° >  t)

=  P { L \ > p - ° x - a).

Using (47) we get

P(L? >  p - Qx~a ) ~  exp ( - c 2ar"(a/(1"a,))) . (52)

Letting

. * -  (y / p ) ~ 1/a

we have

P { L i > y )  ~  C i y ~ 0/2e x p { - C p y p) y  -+ oo.

18



For Brownian motion the above result can be arrived at more quickly 

since more is known about the distribution of the local tim e of Brownian 

motion. By a well known result of P. Levy for a Brownian motion B( t )  and 

its local time

P { L \  > y )  =  P(  sup B( t )  >  y ).
0 < (< 1

By the reflection principle

P(  sup B( t )  >  y)  =  2 P ( B ( 1 )  >  y)
0</<l

_  > r e- ^ dx.
V2n J y

Finally using the Gaussian tail estimates

~ ~ o  e~y2/2 <  e~x2/2dx <  -  e - y2/2
1 +  y2 Jy y

we get the result

P{L°l > y ) ~ - ^ = y ~ 1exP y 00 ■

19



3 Local Tim e at zero

We consider

P(L°t >  y )

for a fixed t and large y. Good estim ates will be needed for this in order to  

prove Theorem 1.1. By Chebyshev’s inequality

P  (if > y )  =  P { c <  >  e ” ) <

To estim ate E( e sL°) we will use the following theorem.

T h e o r e m  3 .1  Let X  =  {X( t ) , t  t  [0,oo)} be a symmetric Levy process with 

local t ime Lf .  Let k (u) be as defined in (6) and let k (u) be regularly varying 

at infinity with index —1//?. Then there exists an sq such that for  all s  e 

[sq, oo) we have

|E°esL°‘ -  f ( s )  e't_1(1/s)(| <  C e {1/2)K~i{l/s)t V< >  0. (53)

Here k-1 is the inverse of  k and 1/ (3+ 1/(3 =  1. The function f ( s )  is defined 

so that linv-oo f ( s )  =  (3 and the constant C  depends only on sq and (3.

Proof of Theorem 3.1:

The proof takes the same approach as Marcus and Rosen 1992 [MR] 

Theorem 2.2. they consider s small and the same methods work for s large.

20



First we need some properties of the analytic extension of ac(a) to the 

right half plane. For 2 =  x -f iy,  x >  0 set

/ n 1 r  dx tKA\
« (z) =  -  7 ~ I f \ \ ' (54)7T J o  z +  ^(A)

Let N  =  N(/3)  be a fixed positive number such that

i//5

< \ -
(55)

Since k is regularly varying at infinity with index — 1 //?, given e >  0, let x'Q 

be large enough so that for all xq e [xq, 00)

1 _  e <  „i/0 <  1 +  e 1 <  v <  2N.  (56)
K(a'o)

Two lemmas will be needed. The first is

L em m a  3 .2  Let k be as defined in (6) then

—  Aac'(A) ~  i « ( A )  A —► 00. (5 7 )

Proof:

This proof uses a variant of the Monotone Density Theorem. See Bing­

ham,Goldie, and Teugels [BGT] Theorem 1.7.2. As in [MR] which had A —> 0 

set
roo

/c(a) =  — I n'(u)du 
J  a
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and note that — k ( u ) is monotone decreasing as u  —> oo. Then proceed as in 

(1.7.5) and below in [BGT] to get (57). n

L em m a  3 .3  Let k be regularly varying at infinity with index —l / f i .  Let 

z  =  xq +  i y , x o >  0 where x 0 and N  are such that (55) and (56) are satisfied. 

Then

(58)

(59)

(60) 

(61)

Proof

For (58) we have

I /-u  <r I  n  d X
* Jo \z  +
I  } ° ° _________ dX_________

* Jo { ( W )  +  xo)2 + y2)1/2

< r dx
* Jo *l>{X) + xo + y '

|k (z)| <  \ / 2 k (xo +  y)  Vy >  0

/  dy <  C k ( N xo)
J n x  o V

| « : ( * o  +  * y ) |  >  K ( —r )  0  <  y  <  x 0 / 2

|Im K(ai0 +  iy)\ >  C k ( ( N  +  \ ) x 0 ) y  <  y <  N x 0

For the proof of (59) use (11) and the regular variation of k at infinity. 

We use Feller Vol II [F] pp 281 with p =  — 1 which implies that
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v k ( N xq) _

xo~^° I nx0 y ~ ^ W y  

To obtain (60) write that

|k(zo +  >  ReK.(x0 +  iy)
_ 1  r ° ___________ ri}(\) +  x 0____________c

* Jo {^{X) + x 0 + iy){^{X) + x0 - iy)
I  }°° d \ ________

7T Jo + XQ + (̂AV)+X--
I  r ° °  d \ _________

n  Jo 1p(X)  +  X0 +  4( (̂A)+a:o)

where the last step uses the fact that y <  x q / 2 .  Then since ij> >  0

1_ f ° ° ________ dX_________ I  f ° °  dX

* 1  t/.(A) +  xo +  V'W  +  x o + f

/ 5 i 0\
-  « ( - ) •

For (61) we have

|Im «(2)| =  — /  . , . , —  rrfA
' V 71 W o  ( ^ ( X )  +  x 0 ) 2 +  y 2

> I r *o/2
~ * Jo W(X)  + x0)2 + (Nxo)2

dX
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since ^2. <  y  <  N xq. Then

1 r x0/2 xo r d\
* J o  (0 (A )+  *o r  + ( N x 0y  -  2 n J o  (0(A) +  ( N  +  l )z0)2

= f(-«'((JV + l)*o)
>  £ « ( ( #  +  l ) x 0)

where for the last inequality we use Lemma 3.2 and large enough Xo. □

Continuing with the proof of Theorem 3.1, define

f ( s , t )  =  E°esL‘ . (62)

Denote the Laplace transform of for fixed s and a function of t, by

r  00

£ / ( M )  =  /  e~atf ( s , t) dt.
Jo

We estim ate f ( s , t )  by estim ating the inverse Laplace transform of (a ( l  — 

k ( q ) s ) '1.

By (2.5) of [MR]

C f ( s , t )  =  1
a ( l  — /c(a)s) 

for n(a) s  <  1. Since

1 1 k (o)s
= - +  V 'a ( l  — k(q).s) a  a ( l  — /c(a)s)

and

£ ( ! )  =  -a
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Then by the inversion formula

2 m Jr z{  1 — k (z)s)  

where T =  x +  iy  for some fixed x for which k (x ) s <  1.

For each s choose xo such that

k ( 2 x 0 ) =
s

However only consider those s G [so, oo) where so is large enough so that 

(56) holds for xo.  Note 1 /s  is small so xq is large since lim ^oo k ( x )  =  0. 

Take x >  2 x q -

The right side of (64) equals

-  1 =  e ' V - ' j F l e - ' V f s . i )  -  1))

where T  and 0-~x are the Fourier and inverse Fourier transforms. We shall 

prove the integral

1 f  eztn(z)s  
2ni Jr z ( l  — k (z )s ) ^

is in L x and so f { s , t )  =  f ( s , t ) for all t.

To evaluate this integral we shall consider a contour consisting of the 

straight line segments {x  +  iy,  —M  < y <  M }  {xo +  iy,  —M  <  y <  M }  and 

the horizontal lines that join them at y equal M  and —M.



Now pass to the limit as M —> oo. The value of the integral parallel to  

the x-axis,
f  e x t e i y tK ( z ) s  ,
I ~t  : uXJ  z {  1 -  k ( ; : ) s )

goes to 0 as M gets large. This is because x is bounded, |e,y<| =  1, k ( z ) gets 

small for \ z \  large and z is away from the pole k(z) =  1/ s .

Then since z =  k- 1(1 /s )  is a simple pole and

J  f ( z ) d z  =  27n'(Res(/(z0))

we get

  -  -  « " { ; < £ & ' — ■■'»'"}*
eI0*Re — r  eiVt. K{Xo +  iy)s  

7TZ J Q x 0 +  i y  1 -  k ( i o  +  i y ) s

where

R e s { - ^ 4 - : 2 =  « - ( ! / . ) }  =  e*-' lim
z ( l  — k ( z ) s ) z-‘K-1(l/a) z(  1 — k ( z ) s )

To evaluate the residue term, we use L’Hospitals rule to get

P2x0t p2x01i •  _̂____________  _ ________________________
z - t -K-^ l l / a)  (1  — K ( z ) s )  +  z (  —  / c ' ( z ) s )  /C_ 1 ( l / s ) (  — k'( /C- 1 ( 1 / s ) ) s '

Let

-1
w is)

s  =
«(<*)’

26



Then by Lemma 3.2

lim w ( s ) = « ( « )  l im -------77- r
a—*00 Q/C ( q J

« ( « )  l i m -------77-r
a -*oo O/C (Qfj

=  £

Thus

£ e sL? - l  =  / ( 5 , 0 - l

=  e 2xotw
1 r

(*) +  e*°‘R e -  /  
Jo

e ,yi  k ( x  0 +  iy )s  ,
7-7- a y

x0 +  iy  1 -  « (z 0 +  i y ) s

_ „K '(!/*)«W(s) +  e5K (1/s)<Re i f
71-1 Jo

e ty< k ( x 0 +  i y)s  

x0 +  iy  1 -  k(xo +  iy)s

We will show that
roo

Jo R
|e*‘|
+  ,,2 )1/2

/c( x 0 +  2 y ) s
Jy <  c (65)

1 -  /c(x0 +  iy)s

which completes the proof since the 1 can be absorbed into C  exp(|«:_1(l/s )^ )  

to get (53).

To obtain (65) we first show that 

k (x 0 +  iy)s
1 -  k (x q +  i y ) s

<  C  0 <  y <  N x  0

which gives
[Nx 0

Jo { x l  + y2) 1/2
k {x q +  i y) s

1 -  /c(x0 +  i y ) s
dy <  N C .

(66)

(67)

We show (66) for 0 <  y  <  x 0/2 . By the proof of (60)

k ( 2 x 0 ) k ( 2 x 0 )
1 ■“ ~ ;—r ^  i

Re/c(z) k ( 5 x 0 / 4 ) '
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By (56)

1 ~  £ <  (8 /5 )1' 5 —t ~ —777 <  1 +  e

since x 0 G [^o, oo). Thus

1 -

k (2x0)

k ( 5 x 0 / 4 )

>  (1  -  e ) ( l  -  ( 5 / 8 ) 1' * )
«(5a:o/4) 

and so

Re k (s) -  -  >  C  Re «(*) 0 <  y <  x0/2.
s

Using (68) for 0 <  y <  x0/2  

s k (z ) 2

1 — s k (z )

<

(R e« (z ))2 +  (Im)c(?))2 

(Re/c(z) — 1 /s )2 +  (Im K (z))2 

(Re«;(z))2 +  (Im K(z))2

2(R e/c(z))2 +  (Im k (z ) )2 

<  C.

(68)

Now consider when x0/2  <  y <  N xq. By (58) and (61)

s k ( z )
1 — s k ( z )

< 1 +

< 1 +

<  1 +  

<  C.

(R e « (z ))2 

(Im /c(z))2 

2 k 2 ( x 0 +  y )  

C 2k2{{N  +  l ) i 0) 
2 k 2 ( 3 x 0 / 2 )  

C 2k2( ( N  +  l ) x 0)

Thus (66) and (67) have now been proven for 0 <  y <  N x 0.

Now we examine the second part of the integral in (65) and want to show

that
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f ° ° _____1

J N x o (*0 +  I
y 2 } l /2

k(x0 4  iy)s
1 -  k (x q 4  iy)s

dy <  C.

For y >  N x 0

M *)| < y/2n( (N  +  l ) x 0)

« (2a;o)

UP

1< -  

-  2

by (58), the fact that k is decreasing and (56),(55). So

s k ( z )

1 — s k (z )

since the denominator is bounded. Then

k (t0 4- iy)s

<  C s \k { z )

f°° ____1
A 'i„  (*o +  i!/2),/2 1 -  k (x0 +  iy)s

dy  <  Cs
I

k {xq 4  y)
Nx0 y

dy

<  C s  ^ d y
J Nx o y

by the above inequality and (58). By (59)

C s  f  dy  <  C s k ( N x o)
J N x  o V

This finally yields that

roo j

I o (xo +  y2Y /2

< c.

k (x q +  iy)s
1 -  k (x0 4  iy)s

dy < C

and the proof of Theorem 3.1 is complete.
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The following lemma will be needed for the proof of Theorem 1.1. We 

present it here to minimize the interruptions in the proof.

L em m a  3 .4  Let k  and 0  be as defined in (6),(2) then

A k ( A ) ~ A ’0 ~ 1(A) A - + o o  (69)

where K  =  r ( l / / ? ) r ( l  +  1 //? )/* .

Proof: By the form of the characteristic function

/
OO

eiXvM y ) d y -  (70)
00

Taking the inverse Fourier transform in (70) we have

1 roo
Pt(Q) =  -  /  e~t,l){x)dX. 

ft Jo

Define the two monotone functions as follows

0(A) =  sup ip(x)
0<x<\

0(A) =  inf 0 (x ) .
X > \

Since 0  is regularly varying at infinity with index 0  >  0 it is known that

0(A) ~  0(A) A —> oo 

0(A) 0(A) A —> oo.

A v

See e.g. [BGT] Theorem 1.5.3,Theorem 1.5.12. Since 0  and 0  are monotone 

they are invertable and so

0 ( 0 _ 1(A)) ~  0 ( 0 - 1(A)) ~  A A —> oo.
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Clearly
1 r°° i f°°
-  e~a dil>-l ( \ ) < p t( 0 ) < -  e~txdip~1(X).
ft Jo ft Jo

Now we use [BGT] Theorem 1.7.1. Since is regularly varying with index

1/0

MO) ~  r(1-~ — V’-^ l /O  t -> 0 + .
7T

Since
fOC

\ k (X) =  A I  e~Xtpt(Q)di  
Jo

we can use [BGT] Theorem 1.7.6 to get

, r ( i  +  i / 0 ) r ( i  - 1 / 0 )  %Ak(A)  --------------------------------  ip as A —» oo.
7r

This completes the proof of Lemma 3.4. □

Proof of Theorem 1.1: We first obtain an upper bound for P(L°t >  w ). 

Using Theorem 3.1 and Chebyshev’s inequality, there exists an so such that 

for all s >  s0

P(L® >  w)  <  C exp  (K~1( l / s ) t  — s w ) . (71)

Let

s =  1/k(g/<).

For fixed t, n(a/ t )  goes to 0 as a goes to infinity and s gets large as required. 

So

P M  >  » )  <  C exp  ( a  -  . (72)
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Let

w  =  P ^ n { a ) y

in (72) which yields

P{L°t >  t 1/0K(a)y) <  C exp  j  ■ (73)

Fix t  >  0. Since «;(a) is regularly varying at infinity with index —1//5 we

have

lim 1'/» =  1. (74)
a—oo K(a/t )

Therefore given any e >  0

P{L?t >  t x̂ K(a)y )  <  C exp  (a -  (1 -  c)y ) . (75)

Note that we have required a to be sufficiently.large twice; once above and

once in the application of Theorem 3.1. Let

u
y =  T T« ( a )

Substituting this value in (75) we see that

P{L°t >  t ' ^ u )  <  C exp ( a  — (1 — t ) ~ —
\  «(<*)/

(76)

To get a good upper bound we want to minimize the exponent in (76). We 

show below that the y that minimizes is a simple multiple of a. Differentiating 

the exponent in (6) with respect to a and setting it to zero yields
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Use Lemma 3.2 to approximate /c'(a).

(1 — t )u
1 _  :L >— r- o

flan(a)

which implies

y  =  fia

since u =  yn{a).  Substituting for y in (75) yields

P{L°  >  t x̂ K,{a)afi) <  C exp(a  — a/?). (77)

By Lemma 3.4

a s (a ) ~  Kip~1(a)

and so

P{L°t >  t irpK ^ ~ \ a ) / {  1 - e ) )  <  < 7 ex p (-a (£  -  1)). (78)

Letting a — 4’( y ) we get

p  ( o W k p  > y )  ~ c  exp ( ~ ^ ( y)(^  - 1 - 7?))

where rj >  0 can be made small by taking y large. This completes the proof

of the upper bound of (16) in Theorem 1.1.

Continuing with the proof of Theorem 1.1, we need a lower bound on 

P°(L°  >  w).  For this, an inequality from Davies [D] is very useful. (See e.g. 

[MR] in the proof of Lemma 3.2.).
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Lemma 3.5 For any u,t >  0, 0 < 6 < 1 and 0 < w <  y

P°{L°t > w )  >  e- i l - s)uyE 0{e(1- S)uL°)

—e~uyE°(euL°)
rw

_ e- ( i -«)»» /  e( ' - s)™dP°(L°t <  z)  (80)
Jo

Labe] the parts in the inequality above as follows

P°(L°t >  w) >  J,  -  J2 -  J3. (81)

First consider

J2 =  e - uyE°{euL°‘ ).

Apply Theorem 3.1 to get

J2 <  e~uyC  exp (k _1(1/u)<) .

Let

1u  =
k ( a / t )

for t fixed and large a. Then

J2 < C e x p ( a - ^ ) .

Let

(82)
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y  =  an{a) tx (83)

then
(  y \  (  an(a) t ' l f p \

e x p ( a - ^ j = e x p ( a - - ^ r j -

Using the regular variation of n and (74) we see that, with e =  S4,

J2 <  C  exp (a — a$(  1 — e)) =  C  exp ( —a (/?(1 — e) — l ) )  .

Now by Lemma 3.4

Kxj)~'(a)(\ — e) <  an(a ) <  I\ ip~1(a)(l  +  (■)

where K is defined in Theorem 1.1.

Even though ip is not monotone, for large o, ip can be treated as though 

it is invertable in asymptotic relations. This is well known, see e.g. [BGT] 

Theorem 1.5.12.

o ( l  -  e )  <  ip j t ~ —  ) <  a ( l  +  e ) ( 8 4 )

Substituting for a we get

J2 <  C exp  ( - i p  ( - 4 —  ) (1 -  € ) ( $ (  1 

Letting t  and t  =  S4 we have

h  <  C exp  ( - 0  ( g r p  | ( , 9 - 1 +  0 ( 6 3)) | (85)
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(86)

(87)

Next consider

Ji =  e- 0 - ^ y E ° ( e {l- s)uL°‘ )

By Theorem 3.1 for large u and fixed t

J, >  C  exp ( - ( 1  -  S)uy +  ( j ^ j )  * )  •

Now consider the exponent. Define

A ' =  ( d  “ S)uy -  * "  ( u u ^ i j )  ‘ ) '

We will bound A\  above. Substituting for u defined in (82)

, ( 1 - %  s- ~l ( K ^ \ t  fSSl
A ' ~ ~ f V - K (88)

By the regular variation of k at infinity, the 1 — 6 comes out as a power for

large a. So

A,  -  « . ( 1 - 2 £) ( 1 - * / .  (89)
KV t /

Since t  =  64

/ l .  <  (1 +  l 3) -  “ (1 -  <)S)  ■ (90)

From (83) we have y =  an(a)tP 0  and using the regular variation of k 

A ,  <  ( l + 63) ( ( l - « ) a / S ( l + < : )  -  o ( l - i i ) ' 5)

=  (I +  63) ( a ( ( l  -  6)0(1 +  t )  -  ( 1 - « / ) ) .

Expanding ( 1 —6)^

A i < ( l +  63) ( a ( t ( l  -  6)0  +  0(1 -  6) -  1 +  06 -  +  0 (63) )  .
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Thus

A , < a ( t -  1 -  M s l l s i  +  0 (6 3) )  

after absorbing e =  S4 and S3 terms into 0 ( S 3) and so

exp(—j4j) >  exp ^ - a  -  1 -  ^<52 +  0(<53) ^  .

By (84)

• = * f e 4 f ) ( i + 0 ( 4 , ») ( 9 1 )

so

J\ >  exp ( - 0  { f  -  1 -  +  0 (* 3) )  j . (92)

Having bounded J\  from below and J2 from above, we need an upper bound

for J3. This will complete the lower bound for P°(L°  >  w).

For

0 <  7 <  w  (93)

pw
J3 =  /  e{1~s)uzd P{ L 0t <  z)

Jo
<  e - [ l - 6 ) u y  ^ e (l-«)u7 +  j  e (l- 6 ) » * d p ( L °  <  « )^

fW
<  2e- (1- 6)u(!/-'r) +  u (l — <5)e- (1- 6)u!/ /  e^~s'>uzP{L°t > z ) d z  (94)

J~f
using integration by parts for the last inequality.

Substituting for y and u which are given in (83), (82) and recalling e =  64

exp( —(1 -  6)uy) =  e x p ( - ( l  -

<  exp(—(1 — 6)aj3(l — e))

<  exp(—a(/?(l — 6) +  0 (6 3))) (95)
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for a sufficiently large. 

Let

then by (95)

exp(—(1 - S M y - l ) )  =  exp(—(1 -  6)uy( l  -  L )

< exp(—o(/5(l -  6) -  (1 -  6)12 +  0 (< 3))).(97)

Using (92) and (91) for £ sufficiently small

^(1 _  I)  _  (1 _  S) /2 >  0  -  1 -  B i z l l 62

as long as

8 < 1
2/5 — 1

Now we consider the integrand in (94). By (79)

=r exp(/i(2)) (98)

for z >  2o- By (96) and (93), since y approaches infinity, so does 7 and 

therefore w.  Let

w  =  (1 — c8)y . (99)

where c is determined by /? and c8 <  1.
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The first term of h(z)

i.L~  6) l  <  C1 f  >  (1Q0)
K(a / t )  ~  tK i>~ '{a / t )  '

by Lemma 3.4. Note that by (84), for large a , a( 1 — c) ^  ( ? r f e )  <  a ( l+ e )  

and so a and y  both approach infinity.

Let

z — s y

where

-ir < s < 1 — cS 
2/3 ~  ~

so that

7 <  z  <  w.

Then by Lemma 3.4, (74), (83) and (84) for sufficiently large y

(1 +  Q(1 -  6)a(sy)  (1 +  C t) {  1 -  6)a2n(a)/3s
t K ^ ~ i (a / t )  ~  KrJ>~l (a)

<  (1 +  C e)(l — 6)a$s

-  *  ( t m ) ( l + Ce){1 -  S)i*s  (101)

where C  >  1 is a constant not necessarily the same at each occurrence.

The second term of the exponent h(z)  is

* ( v m ) {i* ~ 1 - <4) -  *  { w m ) (1 - - 1 ■^  38 y -*00
( 102)
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using the regular variation of ij> of index 0  at infinity. Define

s (* ) =  *  ((> +  « " ) ( !  -  -  f1 -  6* W - 1 )»'’)• ( 103)

It has been established that

h(z ) ^  9 ( z ) f ° r z >  zo- (104)

We now show that g is increasing for 7 <  z <  w. For this calculation g

will be considered as a function of s with y fixed. The derivative of

(1 +  C 6 4)( 1 -  8)0s  -  (1 -  84){0 -  1 )sp (105)

must be greater than or equal to zero to have g(z )  increasing. This is true if

Since j <  1, using 0  =  0 ( 0  — 1) from (10) means that it sufficient that

( 1  - 6 ) - ( l  - c S f ' 1 >  0  

since s <  1 — c8. Since 0  >  1 is fixed, we can choose

c > °i =  j z n  ( 106)

so that

(1 - 6) > { \ - c 6 f ~ 1 

for 6 sufficiently small. Thus g(z )  is increasing for 7 <  z  <  w.
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By (98), (103) and (104) 

exp ((1 -  ( ) u z  -  </> ( P - l -  * * )))

- exp (* (wm)((1+c<i4,(1"S)?s ~(1"64){P ~1)s,,))
<  exp ( t f ( i77J U ) ( l + C « 4) ( l - « ) * » ( ! - < * ) )

exp ^ - 0  0  _  6 i W  -  IK 1 _  °*)S)  ( 107)

where since g(z )  is increasing, s can be replaced by 1 — cS. Using (94), (98), 

and (107)

p w

u (l -  <$)e-(1-5)u!/ /  e(l- 6)uzP{L°t >  z)dz  
J~i

<  u e - (1~i)uy J  exp (̂ 1 -  6)uz  -  V> (P ~  1 ~  dz

<  u[w — 7 ) exp( —(1 — S)uy)

exp L  ( j ^ )  ((1 +  C6*)(  1 -  6)0(1 -  c6) -  (1 -  S ' ) ( 0  -  1)(1 -  c 6 f ) J

< uyexp(^-4’ ( ^ L ^ ( l - 8 ) ( \ - C 6 4)0 j

exp ( ~ 4  «1 -  ? ) ( 0  -  1)(1 -  c 6 f  -  (1 + C 6 4)( 1 -  6)0(1 -  <*)))

<  « » e x p ( - V ' ( ^ J ^ ) O - S>0)

'exp ( - 4 ,  ( t ^ k )  U 0  “  ' X 1 -  “  <* -  S W l ~ c6'>~ C{3)  <108)

using (95) to recall estim ates on uy.

Since

“ » - exp . ( *  ( e m ) 63)
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for large y , using the series expansion for (1 — c6)@ the expression in (108) is

<  exp (~4> ((1 -  +  (0  -  W  -  0c6 +  M - A ( c S ) 2) -  C6>)

<  exp ((! — s ) 0 ^  +  0  ~  1 “  0 W  +  ^ 2— “  C^ 3) )

<  exp ^ - i p  ( j t f f j f f i )  ( 0 - 1 -  W W  +  (c6)2 -  CS3)^ .

Using (92) we will need

0  -  1 -  (c6)(0S)  + l \ c6)2 > 0 - 1 -  M z J l s 2

which means that

Since the right part of the above inequality is less than zero it is sufficient 

that
c { 0 - \ )

2

Let

-  1 >  0.

C2 = (109)

Choosing

c >  c2 >  Cj

where Ci was defined in (106), we have that

h  <  exp [ - i p  ( - r j p  ) ( 0 - l -  t]62) ) (110)
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where
^ W - i )

» < — j — •

From (81), we have

P°(L°t > w ) > J l - J 2 - J 3

where J i , J 2, J 3 are in terms of y. However w  =  (1 — c8)y and 6 approaches 

0. Then using (110), (92), and (85) and the regular variation of ij) at infinity 

with index /?, we have that for all y >  yo

with

A'i >

I < 2  <

I< 3  <

and

v <  fl.

This completes the proof of the lower bound of (16) and so Theorem 1.1 is 

proven. □

R em a rk  3 .6  Our result agrees with Lacey’s result (see the Introduction) on 

the constant in the exponent in the case X( t )  is a symmetric stable Levy  

process where ip(X) =  X13. From [L] we have that
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P°(L°t > y ) >  I<i -  I<2 -  I<3

exp ~ 1 ~  z^3 +  ° ^ 4))

CCXP (^ “ 1 +  0(̂ )))
exp (^ -  1 ~  +  0 ( 6 4))



, im lo g f ( f >y)= - c ,j/—oo yV

where Cp =  P~1( p / p ) 0 0̂ and p~1!0 =  K .  Our result for  the stable process is

l o g P (Jfo > y) p - \
iPS. y 0 ~  {I<P)0

and

r  - l u L  
0 { K p ) 0 '
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4 M axim um Local Time

Before proving Theorem 1.2, some estimates are needed on the size of \L^—L\\

when x and y  are near each other, for fixed t. Barlow [Ba] has such a result

for 1-dimensional Levy processes.

Denote E a as expectation with respect to P a, where P a is the law of X  

starting at a. Define 71 to be the first hitting tim e of 6. i.e.

71 =  inf{< >  0 : X t =  b). ( I l l )

Following Barlow define

h(a, b) =  h(b — a) =  E aL \ b. (112)

The next lemma is a weaker version of Lemma 2.8 in [Ba] in the sense that 

it does not consider the supremum over t.

L em m a  4 .1  For each A >  0, p >  0

P ( | , A ^ - , ^ L ‘ | > A ) S 2 « * p ( - _ £ ^ ) .

(114)

It is shown in [Ba] Lemma 2.4 that for sufficiently small x

Ci S0(x) <  h(x) <  C2$o{x) 

for constants 0 <  C\ <  C2 where

60(x)  =  -  r
17 J—00 I
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cos Ax

(113)



as defined in (38).

Using Lemma 2.3 which estim ates 6o(a:) as x  —* 0 and (113) and (114), 

there exists an v  >  0 such that for \a — b\ <  v

C  X2
P{\p  A Lat -  p A Lbt \ >  X) <  2 exp I —

_  2e x p | _ ^ p % 3 > ) , (115)

We used the representation of the regular variation of if) at infinity, as in (8) 

and recalled that S  is a slowly varying function.

As discussed in the preliminary section, we can control a function of slow 

variation at infinity in the following way. For any fixed 6 >  0 there exists an 

v' such that for all \a — 6| <  i/

( ^ ) " ‘ < 5 ( i ^ ) < ( ^ ) 5- <116>
Since /? >  1, 6 can be chosen small enough so that

tj =  / 3 - l - 6  > 0 .  (117)

Then using (116) and (115) we have that

P ( | p A i ; - p A i ; | > A ) < 2 e x p ( — (118)

Let (T,d) be a compact pseudo-metric space with pseudo-metric d  and 

covering numbers N d ( c )  as described in the Preliminary Section. In all that 

follows we assume that the metric d is monotone. In the application of
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the lemma, and in the proof of Theorem 1.2, the metric we will define is 

monotone.

L em m a  4 .2  Let X  =  ( X t)teT be a random process such that

W . - X , \ > X ) < C « p ( - ^ )  (119)

and fo r  all 0 <  e <  D

l(t)  =  f  log Nd{u)du <  oo. (120)
Jo

Then fo r  all A, e >  0

p t ,a% -  a'' " a+,(° )  -  exp ( -  ) <i2i)\  s,teT /

where C  is a constant and d~l is the inverse of  d.

Proof We use the following result in [LT] pp 300 to prove Lemma 4.2. Here 

as described in the Preliminary Section, D  =  D ( T ) — sups uT d(s, t) is the 

diameter of T  and the entropy integral J  =  J ( T , d; ( )  =  f ®  £_1 (N ( T , d; t))dt .

L em m a  4 .3  Let £ be a Young function and let X  =  ( X t )t^T be a random 

process in L i ( i l ,  A,  P )  such that for  all measureable sets A in H and all s , t  

in (T , d )

J t f . - X t \ i P < d { s , t ) P ( A ) C '  ( ^ 4) ) '  <122)
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Then for  every A

j f  sup \X.  -  X t \d P  <  8 P ( A ) J \ - '  * •  <123)

Further it is shown in [LT] 11.4 pp 302, under the assumption of (122) 

and using Lemma 4.3, that for Young functions of the exponential type, for 

every u >  0

P ^ s u p J ^ . - ^ S C V  +  i i ) )  < (c ( £ ) ) " ’ • (124)

Here C  depends only on the Young function (.

We now assume the condition of Lemma 4.2; that a process satisfies an 

exponential inequality in the form

P ( \ X ,  -  X,  I >  X) <  C  exp (  -  - A - \  (125)

for some fixed C  >  0. By the definition of the Orlicz space norm with Young

function £i, defined in (29),

\ \XB -  X i||Cl =  inf{c > 0; ECi { \ Xa -  X t \ /c) <  1}. (126)

Since is increasing we can use integration by parts to get that

E ( i ( \ X 3 - X t \ /c)  =

<  c f eX9 ( - d ( b ) ) e ' dt

using (125). Taking the infimum over c means that



I I X .- X . l lc  < d ( s , t ) .  (127)

It is shown in [LT] pp 300 that (127) implies that (122) is satisfied. We 

therefore have that (125) implies (124), with C  depending on only;

P  ( s u p  \X,  - X t \ >  8C { J  +  u ) )  <  exp ( -  . (128)

This gives a modulus of continuity result over T.  Cover T  with balls B\t 

of radius 2e and centers Ck such that the Ck are within e of each other, all in 

the d —metric. Then for s , t  6 T  and d( s , t )  <  t  there is some Bk such that 

s , t  €  Bk- This is because for any s 6 T  for some Ck we have d(s,  Ck) <  t  and

so

Therefore

d(t,  ck) <  d(s, t ) +  d(s, ck) =  2e.

P  I sup \ X3 ~ X t \ > C ( l ( 2 t )  +  u) 

s.ter

<  P  [ sup sup IA'., — X t \ >  C( l ( 2e) +  u)
Bi,

a,t&Bk

<  ] T p [  sup |X . - X i |> C ( / ( 2 c )  +  t i ) |  (129)
a « d(»,()<«
Bk \ s , t e B k

by the properties of probability measures.

Then using (128) and that the diameter of all the balls Bk is 2e we have

p I sup \X„ -  At| >  C (/(2e) +  u) \  <  exp ( -  . (130)

W t e B k /
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Since d is monotone, the number of balls with centers that are e apart covering 

T  is less than or equal to

1 031)
d- ' ( t )

where d-1 is the inverse of d. Therefore we have that

p (:z, '*■ -  ■*' =*C(,(2t)+̂  -  ^ 4 ) exp ( -  h)
\  s,ieT !

which is (121) after changing the constant in the exponent and so we have 

proven Lemma 4.2. □

Proof of Theorem 1.2:

By Theorem 1.1 since

P{L°  >  A) <  P ( L J >  A)

only the upper bound in (18) needs to be proven.

The proof uses several ideas from Lacey 1990 [L] and Griffin 1985 [G]. As 

in [L] we first consider the supremum of Lxt over an interval /  of length one. 

Define for a fixed A >  1

Zx =  2A A Lxt .

Let the metric d  be as follows

d{ x , y )  =  C\ x -  y\n (132)

where 7/ >  0 is as defined in (117). Using (118) we have that
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which is the first requirement in Lemma 4.2.

Using (30), the diameter D  of (I , d ) is just a constant. Setting

we get a bound on the entropy numbers

N{ u)  <  l +  (C u -1)1/7!. (134)

Let e =  X~P and note that

/  \ \  -P h
d - ' ( e )  =  (135)

and that

Therefore

/(e) =  / ' ( lo g  N(u) )du  
Jo

<  I  C \ o g { \ / u ) d u  
Jo

<  C t  lo g (l/e ) . (136)

lim /(e) =  0. (137)
e—*0

Define / £ to be a set of points in I such that

supm in d( x , y )  <  e
16/

and the cardinality of 7t as small as possible. It is called an e-net on I with 

the metric d. Since e =  X~P using (135) we have that
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card(/£) <  CX01'. (138)

Now consider

P  (su p  L*t >  A +  A3/4^ =  P  (sup  Zx >  A +  A3'4)

<  P  ( sup Zx >  A ) -f 
\*€/« /

P I  sup \ZX — Zy \ >  X3/4 I (139)
, d(x,y)<r

x,y£l

by a version of the triangle inequality.

For the first term in the inequality we have that

f  sup Zx >  A ] <  card(/£)su p P (X f >  A) (140)
V"€/< /  x€l

since the e-net is finite. Then

sup P{L^  >  A) <  P(L°t >  A)

<  exp (141) 

by the strong Markov property and our estim ate on in (16). Thus

P  (su p  Z ,  >  a )  <  C A «" exp ( - W A (142)

Considering the second expression in (139) we have

F t r « |z^ z'l>A3/4) < 5 ^ ) exp( - 0 )\ x,yel /
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<  A « " e x p ( - ^ ^ ) .  (143)

Here we used (121) in Lemma 4.2 to control the supremum increment process 

with e =  and we recall that d_1(e) =  (gO •

Since -0(A) =  \ liS { \ )  we have that

V’(A) n
f e i w  =  0 '

Therefore the exponent in (143) becomes much smaller than the one in 

(141) as A approaches infinity and so

P  ( s u p L'  >  A +  A3'" ) <  C A «’ exp (_V -(A ) (J ^ )  ■ (144)

We then have the result of Theorem 1.2 but with L mt replaced by supxe/L ? ,

i . e .

l o g / ’ ( :a^ > l )  1 - 0

&  — m — = w w  { ]

We now can make an extension of the result in (144) by taking the supre­

mum over a larger, but still finite, interval. Namely that

P  ( sup Lf >  A +  a3 /4 j <  y ] p (  sup Lxt >  A +  A3'" )
\W S »»  /  M VjS*4>'+< /

< Xc  e x p  (146)
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where we used (144) when the supremum is taken over the unit interval. This 

result will be needed in the last steps of the proof of Theorem 1.2.

As described in Griffin [G], X ( t )  can be decomposed as the sum of two 

independent Levy processes

X( t )  =  Xx( t )  +  X 2(t)

where

x 2(t) =  £ ( * ( . ) * ( » - ) ! > ! }
3<t

Xt { l )  =  X ( t ) - X 2(t)

because the jumps are in disjoint sets.

Since Xi ( t )  is symmetric and has bounded jumps it has a moment gen­

erating function

E  exp(aXi ( t ) )  =  exp(t(j>(a)) (147)

where

4>(a) =  J  (eax-  \)v{dx) .

N ote that <j>(a) —* 0 as a —> 0.

Define stopping times by

To =  0

Ti =  i n f { s : I X ( s ) - X ( s - ) l > l }  (148)

Tk+i =  inf{* > T * : | * ( a ) - * ( * - ) |  > 1 } .  (149)
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Because X  is a Levy process T\,T2 — are independent exponential

random variables with parameter

i/(\x\ >  1) =  b

as discussed in the Preliminary Section. Define

J  =  m axfj : T j  <  1}.

J  then has a Poisson distribution with parameter b. Finally define

We now are ready to prove the following lemma due to Lacey in [L].

L em m a  4 .4  There exists an a  >  0 and a C  >  0 such that fo r  all \  > C

M * =  max{A/j : j  < J } .

M3 =  sup |v Y (s )  — X ( T j - i ) \ (150)

(151)

P ( J >  A) <  C'e- 1 

P( M,  >  A) <  C e‘ “A 

P (M ' >  A) <  Ce~aX

(152)

(153)

(154)

Proof Let

x;( t)  =  s u p  | j v , ( s ) | .
0 <o<t
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Then by (147) there is an a >  0 so that

E  exp(aXi(Z)) <  exp(<) (155)

since <j>(a) —► 0 as a —> 0. Then for t <  Aa/2

P { x ; { t ) > \ )  < c P ( X i { t ) > \ )

<  C e x p ( —aX +  t)

<  C ex p (—aA /2)

by Levy’s and Chebyshev’s inequalities using (155). Then for A >  4 /a  we 

have

P (M , >  A) <  P{T! >  aA/4) +  P( X; ( a X/ 4 )  >  A)

<  C ex p (—aX)

which proves (153). (154) follows from (153) and (152).

Now the proof of Theorem 1.2 can be finished. If

J < X 2f}

and

M* <  X2P

for large enough A then

sup i f  c  U  ( X ( T j )  -  +  Xw ).

1 j<  W
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This is because the above union is the maximum range of the process X ( t )  

and the local time is zero at a point x if the process doesn’t hit x.  Therefore

P  (L; >  X +  \ 3/4) <  P(  J  >  Xw ) +  P { M m >  X2P)

+  C P  | sup Z ,*> A  +  A3 /4 ) (156)
\\x\<\™ J

< 2Cexp(-CAM) +  C e x p ( - i ^ , / < ( A ) )

s  c  exp  ' (157)

Here Lemma 4.4 was used to bound P ( J  >  X20) and P (M * >  X20). To 

handle the supremum over |x| <  A2/3 we used (146). The proof of Theorem  

1.2 is now complete.
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