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Abstract

TOPOLOGICAL MODEL OF SIMPLE SIEGEL DISK TYPE

by

Gaofei Zhang
Adviser: Professor Yunping Jiang

Around 1982, Thurston developed a rational realization and
rigidity theory for the critically finite branched covering
maps. Since then, people have been trying to generalize
this theory to, critically infinite maps. In this work, we
established a Thurston type theory for topological
polynomials of simple Siegel disk type. We proved that a
topological polynomial of simple Siegel disk type

is combinatorially equivalent to a canonical polynomial
with a Siegel disk if and only if it has no Thurston
obstruction. We then present a way to prove that the Julia
set of the canonical polynomial has Lebesgue measure zero,
which implies that up to a conformal conjugation, the
canonical polynomial is the unique polynomial to realize
the topological model such that the boundary of the Siegel

disk is a quasi-circle.
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Introduction

Around 1982, Thurston developed a theory to characterize the critically finite
rational maps topologically. Since then, people have been trying to general-
ize this theory to criticallv infinite rational maps. In this work, we proved’
that a topological polynomial f of simple Siegel disk type is combinatorially
equivalent to a polynomial with a Siegel disk if and only if it has no Thurston
obstruction.

A topological polynomial f is a branched covering map such that f~!(oc0) =
{oo}. Let 2y = {z € S?|deg, f > 2} denote the critical set and Py =

Un>1f°"(£2;) denote the post-critical set.

Definition III.1 We say a topological polynomial f is of simple Sigel disk type
if there ezists a closed topological disk D and a holomorphic homeomorphism

¢ : D — A ={z||z| £ 1}, such that

1. flp(z) = ¢~ o Ryo ¢(z) for some irrational number @ of bounded type,

where Ry : A — 1\ is defined by z — €**%z, and
2.0DN N2 #0, and

3. Orbit(z)\ D is a finite set for all z € §25, where Orbit(z) = {f°"(z)|n =

1,2,---}.
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Definition II1.2 Let f and g be two topological polynomials of simple Siegel
disk type. We say f and g are combinatorially equivalent to each other if there

ezists a pair of homeomorphisms @, @, : S2 = S? such that

a) ¢ = ¢, are holomorphic when they are restricted on the rotation disk’

D, and
b) ¢, is isotopic to ¢, relative to Py, and
c) f=07'0gop.
The following theorem is the main result of this work.

Theorem II1.1 Let f be a topological polynomial of simple Siegel disk type.
Then f is combinatorially equivalent to a polynomial if and only if f has no
Thurston obstruction. In particular, the boundary of the Siegel disk of the
candidate polynomial must be a quasi-circle containing at least one critical

point.

The main idea of the proof is as follows. First we construct a sequence

of critical finite and symmetric branched covering maps {F,} such that

e F, has the same combinatorial structure outside the closed unit disk

as that of f, and
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e when restricted on the unit circle, F;, is a homeomorphism with rational

rotation number 6, and 6, — 6 as n — oco.

By using the short geodesic analysis, we can prove that F,, has no Thurston
obstruction when n is large enough. By using Thurston’s theorem and the
symmetric property of F,, we get a sequence of Blanschke product {G,}.
We then prove that the sequence {G,} obtained in this way is a compact
family. This is technically the hardest part of the whole proof. Next. we
take a limit map G of a convergent subsequence of {G,}. Clearly G is
a homeomorphism on the unit circle with rotation number 6 and has the
same combinatorial structure outside the unit disk as that of f. To get the
candidate polynomial, we use Herman-Swiatek’s linearization theorem to do
a quasi-conformal surgery of G along the unit circle. By this way, we get a

topological polynomial G, such that
e Gy(z) =G(z2) for z ¢ A, and

e Go(z) = H'oRgo H(z) for z € A where H : A — A is a quasi-

conformal map.

Now we can pull back the structure of H by Gy and get a Gy-invariant line

field u(z) on the whole Riemann sphere. Let ¢ be the Beltrami solution for
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i, then g = 9o Gpoo~! is the polynomial which is combinatorially equivalent
to f. We complete the proof.

One interesting question is if the candidate polynomial constructed in
the proof of Theorem 3.1 is the unique polynomial to realize the topological
model up to a conformal conjugation. In Chapter 4, we will present an idea
to attack this problem. First we will discuss how to prove that the Julia set
of the candidate polynomial has zero Lebesgue measure. Then by using a
theorem of McMullen, we show how to use the zero measure statement to
prove that the candidate polynomial is the unique polynomial to realize the
topological model such that the boundary of the Siegel disk is a quasi-circle.
By Shishikura’s recent result, which says that the boundary of the Siegel
disk of constant type of any polynomial must be a quasi-circle, we get the
rigidity completely. In particular, this implies that the candidate polynomial
g does not depend on the construction of the Blanschke model G and the
quasi-conformal surgery.

The structure of this thesis is as follows.

In Chapter 1, we will outline the proof of Thurston’s theorem following
Douady-Hubbard [DH1].

In Chapter 2, we will follow Douady-Hubbard’s proof of Thurston’s theo-
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rem to show a new proof of CJS’s theorem on the geometrically finite rational
maps.
In Chapter 3, we will prove Theorem 3.1.

In Chapter 4, we will discuss the zero measure problem of the Julia set

and the rigidity problem.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1. Critically Finite Branched

Covering Maps and Thurston’s Theorem

§1.1. Thurston obstruction .

Let f : S2 — S? be an orientation preserving branched covering map with
degree greater than one. We denote by deg. f the local degree of f at z. We
call

2; = {z € S? | deg.f > 1}

the critical set of f, and

Pr = f(2y)

n>0

the post-critical set. We say f is a post-critically finite branched covering
map if Py is a finite set.

Two branched covering mappings f and g are equivalent if and only if

there exist homeomorphisms 6,,8; : (S?, P;) — (S?, P,) such that the dia-

gram
(52, P;) —2 (52, P,)

f l ly
(S2,P;) 2 (S2,P,)
commutes and 6, is isotopic to 6, rel Py.
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If v is a simple closed curve on S? — Py, then the set f~!(~) is a union of
disjoint simple closed curves. If v moves continuously. so does each compo-
nent of f~!(vy). A simple closed curve v is non-peripheral if each component

of S\ v contains at least two points of P;. We will need to consider systems .

= {7Ia"° :77!}

of simple, closed, disjoint, non-homotopic and non-peripheral curves on 52\
Py. Such a system will be called a multicurve on S?\ P;.

We say a multicurve I' is f-stable if for any v € T, all the non-peripheral
components of f~!(v) are homotopic in S? \ Py to elements of . To each

f-stable multicurve ' we can associate the Thurston linear transformation.
fr:RF > RC

as follows: Let vy; j o be the components of f~!(vy;) homotopic to ~; in S?\ P;.

Define

frls) = 3 7=

where
divjva = degfl‘,i,J,a . 73’,],0 - 7]’
Since fr has a matriz with non-negative entries, there ezists a largest eigen-

value ([, f) € R,. We call a multicurve I' a Thurston obstruction if
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AL f) 2 L

Lemma I.1 Thurston transformation commutes with the iteration, i.e.,

(f"r = (fr)"
Let vy : S* - Z+ U {0} be the minimal positive function such that
1. vy(z) =1 forall z ¢ Py.
2. vy(z) is the integer multiple of vs(y) - deg, f for all y € f~(z).

Then we define the orbifold Oy = (S?,v,;). We say Oy is hyperbolic if

1
x(Or)=2~- gs;(l - v!(—z)) <0

Thurston proved the following remarkable theorem.

Theorem 1.2 A critically finite orientation-preserving branched covering map
[ with hyperbolic orbifold Oy is combinatorially equivalent to a rational map

if and only if f has no Thurston obstruction.

In the following sections, we will provide an outline of the proof of the

theorem. The reader should refer to Douady-Hubbard’s wonderful article on

this theorem.
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§1.2. The Teichmiiller space

In the following, we use P! to denote the sphere with the standard complex
structure. The Teichmiiller space T} is the Teichmiiller space modeled on

(S2. Py). It can be obtained in both of the following two ways,
1. The space of smooth complex structures on S2, two such structures u,
and p, being identified if u; = h*u, for some diffeomorphism A : S? —

52 with h|p, = id and h isotopic to the identity rel P;.

3]

. The space of diffeomorphisms ¢ : (S?, P;) = P!, with ¢; and o, iden-
tified if and only if there exists an analytic isomorphism A : P! — P!

such that the diagram
(82,P;) 2 P!

al [
(82, P;) = P!

commutes on Py, and commutes up to isotopy rel Py.

A (-1, 1)-differential yﬁ- is a collection of funtions u; defined on a family
of open charts U; such that
dzi,_ 4z, _
‘L‘(dzj) (dzJ - #]'
where p; is defined on U; in terms of z;. By the definition, we can speak of

|| and therefore ||u||o is well defined. We say a (-1, 1)-differential x is a
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10
Beltrami differential if ||u||c < 1. Let

B = {ul || plleo < 1}-

By the Riemann mapping theorem, for each u € B, there exists a unique
quasiconformal homeomorphism ¢ : S? — S? which fixes 0,1, oo such that
#(z) = 2. A Beltrami path is a piecewisely smooth map v : [0,1] — B.
We use ¢, to denote the correspondent path of quasiconformal homeomor-

phisms which fixes 0,1 and oc. Let ¢ : S? — S? be any quasiconformal

homeomorphism, the pull back of ¢, by ¢! is defined as
¢°(¢e) = peod™".
We use ¢*v(t) of ¥(t) to denote the Beltrami coefficient of ¢*(¢,). Let £ =
v'(t) be the tangent vector of v(t) at t, we use d¢*€ to denote the tangent
vector of ¢*v(t) at ¢. Now we take ¢ = ¢, and define the Teichmiiller norm
of £ (with respect to Ty) is
lell = sup [[ q(2)d6"edsaz

where sup is taken over all the quadratic differentials g(z)dz? on (P!, ¢(Py))

with

J[ n@iazaz =1
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and o(Py) the set of poles. Since

// lg(z)|dzdZ = 1.

any pole of g(z) must be simple. For any two elements i and v in Ty, the

Teichmiiller distance between px and v is given by

@mm=mn/mmwm

where inf is taken over all piecewisely smooth Beltrami paths connecting u

and v. The reader may refer to [(Gardiner, §7.1 for the above].

§1.3. Thurston’s pull back algorithm

Let f be a critically finite orientation-preserving branched covering map.

There exists a C! branched covering map g such that

1. f is combinatorially equivalent to g,

2. 2 is defined almost everywhere, and [|£{| < § < 1 for some § > 0.

Therefore, we can always assume that h(z) = % is defined almost everywhere,
and ||A(z)|] £ é < 1 for some § > 0. Now for each Beltrami differential u on

S?, we define the pull back of x by f as follows,

_ h(z) + p((f(2))8(2)

PG = 96
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Where 6(z) = % Clearly, the pull back of each piecewise C' Beltrami path
is still a piecewise C! Beltrami path. Now let x be a Beltrami differential on
S? and v = f*(u). Let ¢,, §, be the Beltrami solutions for z and v, then we

have the following diagram,

(S2,Pf) = (S2,6.(P))

| |
(S2,P;) —2 (S%,6,(P)))

where g is a rational function. Here we call ¢, the pull back map of ¢,
under f. Let ¥(t) be a smooth Beltrami path passing though u, then the
pull back f*v(t) is a smooth Beltrami path which passes though v. Let n be
the tangent vector of y(¢) at g, then n’ = df*n is the tangent vector of f*v(t)
at v. Let £ = d¢;n and §' = d@)n’. We have the following diagram,

n;“.._)e'

i T I dg*
do,
n — ¢
Let ¢'(z)d2? be the quadratic differential on (P!, ¢, (Py)). According to [DH1],

the push forward of ¢’(z)dz? is is the quadratic differential on (P, 9,(Ps))

which is given by

)= 3 [y((Z))P

9(z)=w
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We use dg°(q’) to denote the push forward of ¢’ by g. By the above formula,
we have < ¢',&' >=< 4g°(¢’), £ >. therefore ||€'|| < ||€]| and the pull back
will not increase the Teichmiiller length of the Beltrami path. Now consider

the composition of two consecutive pull back in the following diagram.

o doy .2 E”

In [DH1], it is proved that
1692695+14"1l < llq"l
therefore we have
Lemma L.2 &"|| < ||]|.
For the proof of Lemma 1.2. see Proposition 3.3 of [DH].

Lemma 1.3 Let X C P! be a finite subset such that 0,1,00 € X. Let m be
the cardinality of X and suppose m > 4. For any § > 0, if all the simple
closed geodesics in P!\ X have length greater than § then the spherical distance
between any two distinct points in X Ras a positive lower bound which depends

only on 6 and m.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14

Proof 1 First we will show that the spherical distance between oo and any
finite point in X has a positive lower bound which is dependent only on &
and m. Let X = {z,, -+ ,Zm-1} and T,, = 00. Suppose |z)| < --- < |Zm-1]-

Since zo < 1, Let M = |z;n-,|, we have

H |Tig1] — |Im-1| > M.

2<i<m-1 |z |z
So
||
Let 4; = {z l |zil < z < |zi41]|}, we have an iy such that
logM

mod(A;,) > Ir(m—3)"

Therefore the unique simple closed geodesic v in A;, has hyperbolic length

T 272 (m - 3)
mod(A;) —  logM

”7”:‘1!0 =
Stnce
IMlay 2 lI7llsanx =6,

2'15"!—3.

and the spherical distance between co and any finite point in X has a positive

lower bound which is dependent only on § and m.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



15
Now we will show that the spherical distance between any two finite points

in X has a positive lower bound dependent only on 6 and m. Without loss of
generality, we assume
d(Il,Ig) = n;in {d(:r,-,a:j)} and d(.’L’I,.’L‘i) _<_ d(.’l:l,.'L‘,'+1)
Zi¥FT;

fori=1,---.,m—1. Since

d(xl, 0) d(.’l’[, 1) 1
d(zy,z2)’ d(zy,12)" = 2d(z1,22)’

therefore we have iy such that

lngd(—l-
> Z1,22)
mod(Bi) 2 2rr(m - 3)

where

Bio = {ZId(-'L'l,I,‘o) < d(:z:l,z) < d(zl,z:.-°+1).

Let 1 be the unique simple closed geodesic in B;,. Then we have

T 27%(m - 3)
”77”3.' = S .
°  mod(B;,) log———wz“ =3
Since
Inlls,, = lInlls2\x > 9,
so we have

_2:2 m=3

d(z1,22) > 3¢

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16

so the spherical distance between any two finite points in X has a positive

lower bound dependent only on § and m.

Let Ry be the set of all the rational functions with degree d > 1. For
a sequence {f,} C Ry and f € Ry, we say f, — f if f, is convergent to’
f uniformly in the spherical metric. Therefore we have a topological space
R4. We define an equivalent relation in Ry as follows: for any f and g in Ry,
we say f is equivalent to g if f = h; o g o hy for some linear transformation

hi,i = 1,2. We denote the quotient space by S4. For § > 0, let

Fas = {[f] € Sa|d(z.y) > 9, for all distinct critical values x , y of f}
Lemma I.4 F;; is compact.

Proof 2 For f € F,45, we use X to denote the set of its critical values. If
| X| = 1, the number of the preimages of the critical value would be > d; >
S(di-1)+1=2d—1. So we get d > 2d — 1 and therefore d < 1 which is a
contradiction with d > 1. If [X| = 2, f is equivalent to z%. So Fy; consists
of one element and must be compact. So we need only consider the case when
|X| = 3. By a composition with a linear transformation on the left and right,

we can assume both X and f~1(X) contain 0,1, co.
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Since f : P!\ f~1(X) = S2\ X is a covering map, any simple short
geodesic in P! \ f~'(X) will be mapped to a short closed geodesic in P! \ X.
So the length of the closed geodesic in P*\ f~1(X) has a positive lower bound.
Since f~Y(X) contains 0,1, 0, so by Lemma 1.3, we have that d(w,v) > €.
for any w # v € f~Y(X). Now take any sequence f, in Fu5, by taking a
subsequence we can assume X, — X and f71(X,) 2 Y. Since X, contains
0,1,00, so {fa} is normal in P*\Y. Let g be the limit point of any convergent
subsequence fp, of {fa}. Then g is holomorphic in P!\'Y. Clearly any point
in Y can not be an essential pole of g, so g must be a rational function. Now
we’ll prove that f,, — g uniformly on the sphere under the spherical metric.
For each x € X, there is a small open disk centered at = with boundary circle
v such that the closure of the disk doesn’t contain any other points in X.
We denote this disk by D(v). We can take D, small enough such that any
component of g~'(D(v)) must be a open topological disk contains only one
point y in Y with a smooth boundary curve n. We denote such a component
by D(n). We have g : 1 = v is a covering map with degree degg,. Since
fae = g uniformly in any compact subset of S\ 'Y, therefore, as k is large
enough, we have n,, near 1 such that f,, : 7n, — 7 i3 a covering map with

the same degree as g : n — . Since when k is large enough, D(n,,) contains
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only one point in f,,‘:(, ne)s S0 fn,  D(np,) = D, is a branched covering
map with the same degree as g : D(n) — D(<v). Therefore fp, — g uniformly
on the whole sphere. So g is rational map of degree d and dist(z,y) > ¢ for
any two distinct critical values of g. Therefore g € Fy5. We have proved that

Fy4 is compact.
Now we can have

Lemma L.5 Let {¢,} be the sequence of the pull back of the identity map.
If there ezists a 6 > O independent of n such that the hyperbolic length of any
simple closed geodesic in P! \ ¢,(Py) is greater than §, then the pull back uni-
formly contracts the Teichmiller metric, and therefore, {¢n} is ezponentially

convergent in the Teichmiller metric.

Proof 3
(S%,P;) 2222 (P, nya(Py))

fl lym

($2, P;) 22 (P!, $pn(P)))

| I
(S%.Pp) === (P, 4u(P)))
By lemma 1.2. we have

1092095 +1qn+2ll < lign-2ll
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for any quadratic differential gni2 on P\ @ 2(Py). Since the space {|lq]| = 1}

ts compact, so we have a €,, such that1 > ¢, > 0 and

”59;69;4.1%;4.2” < (1 - 511)"Qn+2”'

Let

€0 =inf{e,}
By the assumption and Lemma 1.3, we know all the quadratic differentials are
contained in a compact set. By lemma 1.4, we know the family of {g,} is a

compact family. Therefore we can assume qn+2 — q, gn = h1 and gn.1 = h2

such that

__ lsnisnsal
I

By Lemma 1.2 we get ¢g > 0.

§1.4 two lemmas in hyperbolic geometry on Riemann

surface

Lemma 1.6 Let S be a hyperbolic Riemann surface. Then any closed geodesic
v with length I(y) < log(v/2 + 1) must be a simple closed curve and any two

such short geodesics are disjoint.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



20

For the proof, see Corollary 6.6 and Proposition 6.7 in [DH]. From now

on, we say a closed geodesic v is short if the length [(y) < log(v2 + 1).

Lemma 1.7 Let S be a hyperbolic Riemann surface. Let X C S be a finite
set with |X| = p. Let v be a short closed geodesic in S. Let S' = S\ X.
Let v;,i = 1,--- ,n be all short closed geodesics on S' which are homotopic
toyinS. Then |3 ¢icn i = iyl < C(p), where C(p) is a constant only

dependent on p.

For the proof, see Theorem 7.1 in [DH].

§1.5 the hyperbolic length of simple closed curve

Let f be a critically finite orientation-preserving branched covering map. Let
¥ C §%\ P; be a simple closed curve. Let ¢ : S? — P! be a quasi-conformal
homeomorphism. Consider the hyperbolic Riemann surface P! \ ¢(Py). Let
& be the unique simple closed geodesic in the homotopy class of ¢(y). We
define the ¢ — norm [|v]|4 of v to be the hyperbolic length of £ in P! \ ¢(Py).
Furthermore, for a subset X € S? and a simple closed curve v € §2 \ X, we

use [|v]|le,x to denote the hyperbolic length of ¢(7y) in P! \ ¢(X).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



21

Lemma 1.8 For any simple closed curve vy C S?\ Py, the map 1 : T(S?, P;) —

R by [¢] — logl|vll5" is a Lipshitz map with Lipshitz constant 2.

Now let g9 = Id. Let {¢,} be the sequence of the pull back of ¢y by f.

>

We need only to prove

Lemma 1.9 There ezists a positive number 8, such that for all simple closed

curve Y C S\ Py, |[7llg, >0 foralin=1,2,---.

We will give the proof of Lemma 1.9 in §1.7.

§1.6 the Gap Lemma

Lemma 1.10 Let p = |Py| < 0o. There is a sequence 6 — 0 and a sequence
Ji = 00 such that for any ¢ : S? — S? there is a sequence of intervals [al, b%]

with
o 6 <af <b?, and
° b',f/af = Ji, and
e [lvlls < a: or |lvlle > bz for any short simple closed ¢ -short geodesic.

For the proof see Proposition 8.1 of [DH].
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§1.7 the proof of Thurston’s theorem

In this section, we will prove the sufficiency of the Thurston’s theorem. For

the necessary part, see sectiond of{DH].

rd

Proof 4 From Lemma 1.4 and Lemma 1.5, we need only to prove Lemma
1.9. Since there can only be finite distinct Thurston linear transformation,

so by Lemma 1.1, we have a universal m, such that

(fr)’™ =A™ = (b;)
with [|Al| < L.

By lemma 1.10, there ezists a 6; such that for any ¢p,n =0,1,---, if

{v c S\ Py |[7llgn < Ok} #0,

then
Fon ={7C S*\ Pf| |llgw < af"}

is a f°™ — stable family. Let

1
IFall= 2 i

YEFon

Let G be the family which consists of the non-peripheral components of the
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preimage of F,, by f°™. Let P = f~™(Py). Then we have

(5%, Pa) 2275 (P!, nim(Pn))

~| I~

(S%,P;) —=s (P, ¢u(Py))

Fe

Since gm : (P!, n+m(Pm) = (P, 6n(Py)) is a holomorphic covering map, so

- a1
> lIENG), .m0 = D bislimilly) < 51 %l
i

1134

By Lemma 1.7, we have

I Fonenll € D NENGE . pn + M
£eg

where the constant M is dependent only on f and m. Let M' = max{M, (p—

2)/6k}, so we yet

1 '
1 Fovrall € 51 Foull + M

for any n. Let N = max{||Fpoll,- .-, || Feoll: 2M'}, we have

"f¢k” < 3N

for all k. So F,, has a uniform upper bound for all n. Therefore there is a

positive lower bound of ||vl|g, for all simple closed curve ¥ C S?\ P; and for
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alln=1,2.---. We complete the proof by Lemma 1.9.
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Chapter 2. Geometrically Finite Branched
Covering Maps and A New Proof

of Cui-Jiang-Sullivan’s Theorem

§2.1 Statements and Definitions

In this Chapter, we will follow the idea of Chapter 1 to give a new proof of

Cui-Jiang-Sullivan’s theorem.

Definition II.3 Let f be an orientation preserving branched covering map.
We say f is of geometrically finite type if the post-critical set Py is an infinite

set and Py has only finite accumulation points.

Lemma I1.11 If f is a branched covering map of geometrically finite type,

then every accumulation point of Py must be periodic.

Proof 5 Let A; = {ay, - ,am} be the set of the accumulation points of P;.
First we prove Ay is closed under f. Take any z € Ay. We know there is a
critical point ¢ and a subsequence {f™(c)} such that f*(c) = z. Therefore

we have f™*'(c) — f(z). So f(z) € A; and we have proved A; is closed
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under f. Now let
Q = {z € \s | z is periodic point of f}
we need only prove Ay \ Q is empty. Suppose \;\ Q is not empty. For any
z € Q, since f(z) € Q, therefore their is an € > 0 such that
f(Be(x)) N B(y) =0

forallz € Q and ally € Af\ Q. By making € smaller, we assume d(z,, z3) >
€ for any two points x|, T, € \j.

Now take any y € As\ Q and let | be a number such taht fl(y) =z € Q.
Let c be a critical point of f such that f*(c) — y. Therefore f™*{(c) - r.

Let M be the number such that

f¥(c) € Uzea, Be(z)
for all k > M. Since f**+'(c) = z for some z € Q, so we have n > M such
that f*(c) € Be(z). Since f**'(c) € Uzea,B:(z) and f(B.(z)) N B(y) =0
for ally € Ap\ Q, so f**(c) € B.(z) for some z € Q. By induction, we
can prove f*(c) € UzeqBe(z) for all k > n. This is a contradiction with
fr*(e) = y.
In [McM1}, McMullen proved that a critically infinite rational map having

no Stegel disks and Herman rings has no Thurston Obstruction. In particular,
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any geometrically finite rational map has no Thurston

Obstruction. This raised the following question: If f is a geometrically finite
map without Thurston Obstruction, is f always combinatorially equivalent
to a rational map? The anwser is negative. In the work of Cui, Jiang, and ,
Sullivan, they shows that there exists a geometrically finite branched covering
map with no Thurston Obstruction but not combinatorially equivalent to any
rational map. (See [CJS] or [CJS1], [CJS2]) The way they studied that is to
construct a invariant shrinking family of curves and introduce a linearizable

condition at the accumulation points. The linearizable condition is

Definition I1.4 Let f be a branched covering map of geometrically finite
type. For any accumulation point a of Py, let p be the period of f at a. we
say f is linearizable at a if there ezist homeomorphisms ¢,y : S2 = C such

that
1. ¢(a) =0,
2. ¢ is isotopic to ¥ rel Py,

3. (po fouw™")P(z) = Az for some |\| < 1, if degaf® = 1 or (¢po fo

Y 1)P(2) = 2% if if dega fP =d > 1.

They then proved
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Theorem II.3 (Cui-Jiang-Sullivan) A4 geometrically finite branched cov-
ering map f is combinatorially equivalent to a rational map if and only if f
has no Thurston Obstruction and f is locally linearizable at all the accumu-

lation points of Py.

In this chapter, we will use Thurston’s argument as in Chapter 1 to give
a new proof of this theorem. For the original proof of Theorem 2.1. please
refer to [CJS], [CJS1] and [CJS2].

Since f is linearizable at all the accumulation points of Py, so for each
accumulation point a; € As,1 < i < m, we can assume there is an open disk
D; with center at a; such that f°P|p,(2) = a; + A(z — a;) for some \ with
0 < |A < 1or f?|p,(z) = a; + (z — a;)" for some n > 2. By making each D;

small enough, we can assume D; and D; are disjoint forall 1 < i # j < m,

Lemma I1.12 We can take D; such that for each D; there is an annulus A;

which s mapped into some D; by f and does not any post-critical point.

Proof 6 Suppose D is one of the linearization disk such that a € DN .\
has period p. So we have f(D) C D. Take an open topological disk B such
that f(D) C B C D and B\ f(D) does not contain any point in P;. Nezt

we divide B\ f(D) into p subannulus Ey,--- , E,.
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If we denote Ey = 0, then the new linearization disks are taken to be
D; = f(f*(D) U (Vo<ic; Ei))
for j=0,1,--- ,p— 1. The annulus A; around D; can be taken to be
A; = f(B;)
Here is the idea of our proof. Let
Q=uUl,D;

P, ={z€ Pz ¢ Q}
X=6$'2UP1

We construct the Techmiiller space Ty modeled on the Riemann surface
R=(S*\Q,X)
and consider the Thurston’s pull back

gy :T,—)Tf.

29

We will prove that oy contracts the Techmiiller metric. We consider the

push forward 6, which is the dual of do;. Let g(z)dz? be any holomorphic

quadratic differential on R with ||q|| = 1 and all the poles contained in P;\ Q.
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Since [[d7q]| will not count the integral of |q| over 4; for alli = 1,---m. so
l6rql] < llql|l- Next by a compact argument, we can prove that oy is a strictly
coﬁtracting map. To prove oy uniformly contracts the Techmiiller metric, we
need only to prove that the geometry of ¢,(R) is uniformly bounded. This is
proved by showing that the length of the short closed geodesic in ¢,(R) has a
uniform positive lower bound. Therefore, the Thurston pull back uniformly
contracts the Teichmiiller metric. Then we use the fixed point argument to

obtain the candidate rational map.

§2.2. A New Proof of Theorem 2.1

Let Ay = {a1,--- ,am} be the set of the accumulation points of Py. For each
a; € As, we can assume that f is already linearized in a open neighborhood

D; around a; such that
1. D; and D; are disjoint for all 1 < i # j < m,

2. for each D;, there is an annulus A4; attached the boundary D; from

outside which is mapped into some D; by f.

(see Lemma 2.2)
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For each a; € Ay, if a; is not a critical value of f, we can assume that D;
does not contain any critical value by taking a smaller D;. We devide our

proof into the following subsections.

The Teichmiiller space Ty and the Thurston pull back

As before, we use the following notation

Q=U2,D;

=1
P, = {z € Pz ¢ Q}
X=00UP

By assumption, P, is a finite set. Let M be the set of all the Beltrami

coefficients on the sphere. Consider the subset M* C M

M ={peM|uiz)=0 forzeN}

There is a unique quasi-conformal homeomorphism ¢, : S? = S? which has
complex dilation x(z) and fixes 0,1 and co. Without loss of the generality,
we can assume that 0,1, and oo belong to Py.

We define an equivalence relation in M*: for u,v € M*, u ~ v if and only

if ¢, is isotopic to ¢, rel X, therefore the set of the equivalence class M*/ ~
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is exactly the Teichmiiller space modeled on (5% \ Q, X). In the following.
we use Ty to denote this Teichmiiller space. Let u be a beltrami coefficient

on the sphere S?, then the pull back of u by f is defined to be

_ h(z) + p((£(2))8(2)

T = e @)ee)

where h(z) = f and 6(z) = fL

Lemma I1.13 The pull back f* : M* — M* induces a map oy : Ty — Tj.
Furthermore, the pull back of each C' Beltrami path is still a C' Beltrami

path.

Proof 7 Since f is analytic contracting inside Q, so f*(u) € M* for any
u€ M. Letv = f*(u), we have

(§2.P;) =2 (8%, P,)

Il ly
(S%.P;) —* (S%,P,)

From this diagram, we see the isotopy rel X can be lifted, so f* preserves
the equivalence class. Therefore f* induces a map o : Ty — T;. Clearly the

pull back by f of any C! Beltrami path is still a C' Beltrami path.
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The push forward of quadratic differential

Let v : [0,1] = M* be any C' Beltrami path. Take any ¢t € [0,1]. Let
p# = v(t) and n = ¥(t). We use T}, to denote the Teichmiiller space modeled
on (52\ ¢,(R), 6,(6QU P,)). Since ¢, induces an isometric mapping between"
Ty and 7y, so ||7ll = |I€]l, where £ = d@;(n). Write § = £(2)E, q =q(2)d2?,

we know

el =suel [ [ a(leterdznaz

where the sup is taken over all the quadratic differentials ¢ on S? \ ¢,(Q)

such that

1. All the poles of ¢ must be simple and be contained in ¢,(P;),

2. [ fS’\o..(Q) lg(z)|dz A dZ = 1.

Let ¥ = df*(n), and v = f*(u). Let & = d@(n’). We have ||¢'|| = ||7]l-

Since the following diagram is commutative,

(8%, P;) 2 (82, P,)

!l lg

(%, P;) -2 (%, P,)
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We have &' = dg*(€). We can use the following diagram to show the relation

among n, 1’. &, and €'.
" — ¢

ol e

““
n—¢§
Lemma II.14 For each quadratic differential q(z)dz? on S?\ ¢,(Q), there

is a unique quadratic differential ¢'(w)dw?® on S?\ ¢,(Q) such that

/ f §'(2)q(2)dz AdZ = / / £(w)q' (w)dw A dw
SN\ou(R) 52\¢, ()

Proof 8 ¢’ is given by
' q(2)
/= 3 FeF

9(z)=w

The quadratic differential ¢’ in Lemma 2.3 is called the push forward of

The Thurston back contracts the Teichmiiller metric

We need oniy to show there is a number 4,0 < § < 1, such that ||€'|| < §]|€]|

for some uniform § < 1. From Lemma 2.3, we have
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nm=// ¢ (w)ldw A d@
S2\0,(N)

q(2)
/./s=\¢,(n) (9'(z )]2|d whdw

9(z)=w

/ / lg(z)|dz A dZ
S0\ 9, (2)\Ud (A;)
= // lg(2)|dz A dZ — // lg(z)|dz A dz
S0\¢. (1) Ueu(A¢)

ﬂm-/LMmmmaAﬁ

Since

lell =1,

We need only to prove that

f / lg(2)ldz A dZ > €
¢u(UAi)

for some uniform ¢ > 0.

The bounded ¢,-geometry of (S2, Py)

Let mg be the number of the points in P,.

35

(1)

Definition I1.5 Let A = {D;, A;, P, |1 < i < m}. We say A has a bounded

on- geometry if there ezrists an € > 0 such that
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1. d(¢n(2:), 0n(4;)), d(9n(Ai), #n(4;)), d(dn(2:), Bn(2;)) > € forzi € P Ai €

A,

2. ¢n(D;) contains a disk with radius > € and mod(o,(4;)) > € for all

t=1,---,m.

Lemma II.15 Suppose .\ has a e-bounded geometry. Then there erists a
d > 0, dependent only on m,n,e, such that for any quadratic differential

q(z)dz® on S?\Q2, with possible simple poles at z; for some =; € P,, satisfying

//.;’2\n lg(2)ldzAdz =1

we have

/[m‘ lg(z)|dz AdZ > 6

where A; = E; \ D; fa/ /UA-_ lg(2)|dz AdZ > §

Proof 9 We assume oo € D,. Suppose the lemma is not true. Then we can

get a sequence of quadratic differentials qi(z)dz* where

= Tik =1.2.---
qk(2) E T (e k=12
1<i<n

such that

1. [ [la(2)ldzAdz=1 forallk=1,2,---,
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2. [ [, |a(2)ldzAdZ =0 as k — oo,
3. gk(z) is holomorphic in P! \ ¢,(Q).

Since

// lgk(z)|[dzAdZ — 0
P (S2)

as k — oo, so we can take 'y = {m1,--- ,Ym} where v; C ¢e(A;) is a simple

closed curve in the homotopy class of ¢r(A;) such that

lgk(2)|dz — 0
Ca

as k — oo. For each zjingi(P,), let

= {zld(z2) = 5}

For z € n;. we have

. 9x(§)
gk(z) = 21rz b E— df
- gx(§) _ 1 Qi k
B 27"i n.f-zdf 2mi 1s§mo/" (E‘Zi)(f-z)df (2)
Qk(§) @ik
% Tk § -2 + Z

1<i<mo -4

Since d(m;, Tx) > 5, so
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lgk(2)ldz —= 0
Ce

uniforamlly on n; as k — o0, so

1 ax(§)
2—71’17-/[; 6_—- zdf -0

Therefore,
Qi k
9e(z) — Z — 0
1Sigme 2 T &

uniformlly for all z € n;. Thus we have

wu= g [ G-2oe) - 3 s

1<igm 2 Y
This implies
gk(Z) -0
and
Z Fik -0
1<igmo 2~ 4
Furhtermore,

// lg(z)ldzAdZ =0
sn\a

as k — oo, which is a contradiction.
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Let @9 = Id, and ¢, be the sequence of the pull back of oy by f. We see ¢,
are all univalent in the linearization disks Dy, --- , Dp,.
Remember Q = UR \D;, P, = {z € Pflz ¢ D; foralli = 1,--- ,m},
X =0QUP; and 0,1,00 € Py. 3
Let R = S?2\Q and P, = P;\ . From Lemma 2.4, we know we need
only to prove that ¢,(R \ P;) has bounded geometry for all n = 1,2,---.

This is equivalent to prove that the length of the simple closed geodesics in

on(R\ Py) has a uniform positive low bound for all n.

Remark I1I.1 Since f is holomorphic in all the linearization disks D;, by
Koebe distortion theorem and Theorem 6.3 in [DH], any short simple closed
geodesic in ¢,(S? \ Py) is either lies in ¢,(R\ P,) or lies deeply in the super

attracting disks.

For each D;, let a; be the unique periodic point in D; and b; be a point
in D; N Py such that d(a;,b;) > adiam(D;) for some a > 0. Let P, =
Py U (Uicicm{ai, bi}).

For each simple closed curve v € R\ P;, we use ||7||s,p, to denote the
hyperbolic length of the geodesic in P! \ ¢(P,) which is in the same homotopy

class as ¢(y). We will prove
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Lemma I1.16 There ezists a uniform § > 0 such that ||v||s..p, > d for all

simple closed curves in S2\ Py and alln =1,2.---

Let

Fs = {[v]lvi € R\ P2 and |[7l|s,., < &}

Before we prove Lemma 2.6, let's prove the following lemma first,

Lemma I1.17 For 6 small enough, if the family F; is not empty, then F;

must be a f — stable family.

Proof 10 Let v € F and § be a non-peripheral component of f~'(vy). Then
& must be in R\ P». Let P; = P, U f(P,). Since ¢, is univalent in all
Di,i=1,--- ,m, there ezists a number K > 1 independent of n and v, such

that

Vllgnps < Kll7llon.p2

On the other hand, we have

1§ llenss 2 < AllYllgn.ps
so we get

“E"%-ﬂﬁ < dK“’T“%,P,
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If 6 is small enough, by the Gap Lemma(lemma 1.10), we know £ € F;s.

Therefore F is a f — stable family.

Now let’s prove Lemma 2.6. By lemma 1.6, we know any two simple
closed geodesics with length less than log(v/2 + 1) are disjoint. Therefore”
there exists a £ dependent only on f such that for all n = 1,2,---, there
are at most k simple closed geodesics in ¢,(P! \ P,) with length less than
log(v?2 + 1).

When § is small enough, By Lemma 2.6, we know F; is a stable fam-
ily. Similar to Chapter 1, for each of such stable family F;, we can define
the Thurston linear transformation and it’s associated linear transformation
matrix 4. Since the size of A is bounded by k, and each entry of A can
only be one of the finite values, so there are only finite many such linear
transformation matrixes.

Since f has no Thurston Obstrution, so we have a uniform number [ such

that

Al maz <

NI} =

for the Thurston transformation A associated to the stable family F; when
é is small enough.

Now let
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Fou =3 IVlI31 0

YEFs

We will prove that F,, has a positive lower bound for all n = 1,2,---. This
will imply Lemma 2.6 immediately. Let G be the family consisting of all the-
non-peripheral components of the preimage of F; by f° in $%\ P,.

Let

Y =PUfP)

and

Yi=f4(Y)

Therefore P, C Y,,. By Lemma 1.7, we have

.Fo,”,‘ S z II&”;:-H:YI + M
§eg

where the constant M is dependent only on f and .

On the other hand, from the following diagram,

(S2.Y)) 22 (52, 6nem (YD)

| .

(S2.Y) -2 (52, ¢4(Y))
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we see g, : (S?, ¢nti(Y1)) = (5% 0n(Y)) is a holomorphic covering map. As

before we denote

Fs = {[vllvi € R\ P: and ||villg..p, < 6}

Therefore we have

-1 - -
> NENG v = D bisllulls)y < 3 bisliwllz) o,
iJ J

§eg

where Z;’ bi; is exactly the (%, j) entry in A’ and therefore we have

so we have

1
D_lIENG) v € 5%
§eg

and therefore

‘F¢n+l f@n + M

-2
For any j=0,1,---,l—1and k=1,2,---, We get that

1
féku-j < EE('F% - 2M) +2M

So ¥4, has a uniform upper bound for all n. Therefore there is a positive
lower bound of ||v||¢,.p, for all ¥ € F5 and n = 1,2,---. We complete the

proof of Lemma 2.6. This implies the pull back sequence by f has a bounded
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¢n — geometry. By Lemma 2.5, we know the Thurston pull back is a strict
contraction so it has a unique fixed point, which is the candidate polynomial.
We have completed the proof of Theorem 2.1.

The following result is a direct consequence of the proof given above,

Theorem I1.4 Let f and g be two rational maps such that

(1) f(z) =v~ ' ogog(z)

(2) 0, : S? = S? are two homoemorphisms such that ¢ is isotopic to
relative to Py,

(3) for each accumulation point zy of Py, there is a open neighborhood U
of zo such that ¢(z) =¢¥(z) forallz € U.

Then f is conformally conjugate to g.
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Chapter 3. Rational Realization of Topological
Polynomial of Simple Siegel Disk Type

§3.1 topological polynomial of simple Siegel disk type

We say a branched covering map f is a topological polynomial if f~!(c0) =
{oc}. Let 0 be an irrational number. It's said to be of bounded type if
sup{an} < oo where [a;,ay, -] is the continuous fraction of §. Let A =

{z]|z] < 1} be the unit disk. We use
Ry(z) =e™¥z:A -5 A

to denote the rotation by angle 8. For a topological polynomial f, we still

use ..

-

Qp = {z|deg, f > 1} and Py =Uk>1f*(Qy)

to denote the critical set and the post-critical set. We also use
Orbit(f,z) = {zx = f*(2) | k=0,1,---}

Definition III.6 A topological polynomial is said to be of simple Sigel disk
type if there ezists a closed topological disk D (called it the rotation disk) and

a holomorphic homeomorphism ¢ : D — A such that
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1. flp(z) = 07! o Ry o ¢(z) for some 8 of bounded type,
2.0DNQy #0, and

3. Orbit(f,2) \ D is a finite set for every z € ;.

Definition II1.7 Let f and g be two topological polynomials of simple Siegel
disk type. We say f and g are combinatorially equivalent to each other if there

ezists a pair of homeomorphisms ¢,, ¢, : S = S? such that

a) @1 = ¢ are holomorphic when they are restricted on the rotation disk

D,
b) & is isotopic to ¢, relative to Py, and
c) f=¢7'0god.

Definition II1.8 Let f be a topological polynomial of simple Siegel disk type.

A Thurston obstruction of f is a f-stable multicurve such that
i) T C S?\ (P; U D), where D is the rotation disk, and
it) fr : R = RF has an eigenvalue > 1.

The mainn result in this chapter is
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Theorem IIL.5 Let f be a topological polynomial of simple Siegel disk type.
Then f is combinatorially equivalent to a polynomial with one Siegel disk if

and only if f has no Thurston Obstruction.

We will provide the proof of Theorem 3.1 in the following sections. The
main idea of the proof is to construct an appropriate Blanschke product and

then use the quasiconformal surgery to get the candidate polynomial.

§3.2. Construction of a sequence of symmetric critically
finite branched covering maps

For each w € C, let w* be the symmetric image of w about the unit circle.
Without loss of generality, we assume that the rotation disk D = X and

flp(z) = €¥?z. Define
X = {z € Q; | Orbit(f, z) enters into A and does not contain 0}.

For each z € X, use i > 0 be the first moment for Orbit(f, z) such that
zi, € A. Furthermore, we assume 2;; = w* for some w € X. We will consider
the general case in §3.6.

First we define F : S2 - S? by F(z) = f(z) if |z| > 1 and F(z) = f*(2*)

if |z| < 1. Then F is a symmetric branched covering map of S2. Next, we
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take a sequence of rational numbers 6, = p,/g, such that (pn,¢,) = 1 and
6, — 60 as n goes to co. Let A(e,b) = {z|a < |z| < b} the annulus of inner
radius a and outer radius b. Since Orbit(F,z) \ 9D is a finite set for every

2 € Qp, wecan find 0 < r <1< R such that
QpﬂA(T,l), QerNA(1,R), PrnN A(r,1), and PrN A(l, R)

are all empty. Now we define a map h, as follows. Set h,(z) = z for
z @ A(r, R) and h,(z) = € 9~9z for |z| = 1. Then extend k, homeomor-
phically to A(r,1) U A(1, R) such that h,(z) = h3(z*). Furthermore, we let

ha(2) — z uniformly on the whole sphere S2. Define
Fo=h,oF.

Thus we defined a sequence of critically finite symmetric branched covering

map F,. Note that from our construction, P, \ D = Py \ D.

§3.3 No Thurston obstruction for large n

In this section, we define Levy cycles for F,, and discuss their relation with

Thurston obstruction.

Definition II1.9 Let g : S2 — S? be an orientation-preserving branched

covering map. LetT = {m,--- ,vn} be a multi-curve. We assume yp41 = 71-
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We say ' is a Levy cycle if for eachi = 1,...,n, there is a component of
i of f~'(Vis1) such that 1; is homotopic to v; rel Py and g : 1; = viy1 1S @

homeomorphism.

Take ¢9 = Id. For each fixed n > 1, pull it back by F, inductively like
in §1.3 as follows:

(S%, Pr,) == (P, $mei(Pr.))

F'..l le

(8% Pr) ===+ (P, ¢m(Pr,))
Since Fn(z*) = F,(2)*, ¢m(z*) = dm(2)* for m = 0,1,---. So we get

Gn(z*) = Gg(2)* for m = 0,1,---. Therefore, Gy, is a Blaschke product

on P'. We write

Z — Pk
Gm(2) =2z ] =
1<k<d—1 1 = Pez

where d is the degree of f, A = €***" for some 0 < 7 < 1, and |px| > 1 for
k=1,---,d—1. Let Y, = F;Y(Pg,).

We first discuss a short geodesic which separates D and oo.

Lemma III.18 There ezists a § > 0 independent of m such that ||y, P, >

9 for all simple closed curve v C S? \ Pr, which separates D and oo.

Proof 11 Let [5 = {m,---,} € S?\ D such that ||Yillom.pr, < 3. By
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Lemma 1.10, when § is small enough, ' is a f-stable family. Since f has no
Thurston Obstruction, ff7 — 0 (the zero transformation) as n goes to oo.

Now consider the subset G5 consisting of all v € Ts such that v separates

oo and D. Suppose I's = GsU H;. Then the matriz of fr, with respect to

(661 HJ) i3

[fr,] =
C D

Let fg, : RS — RC¢ be the restriction with the matriz A. Clearly, f&* — 0
as n — co. We can assume that ||A|| < 1.

Let & be a short simple closed geodesic in P! \ ¢pi1(Ya). Let Q and Q,
be the two components of P! \ £ such that co € R, and 0 € Q,. Asé — 0,

we have
1. I;‘;l — 00 for z€ £ and p; € Q, and
2. |B| = o0 for z€ £ and p; € Q.

From (1) and (2), we know Gp|.c¢ = az*+0(z*) for some constanta # 0.
Therefore when é is small enough, G,,(§) still separates oo and D. Note that

it is a simple closed geodesic in P! \ ¢,(Pr,). Let

1
Zim=3" 1.
Z Tllomr,
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We consider the family of all the non-peripheral components of preimages of
G; by F,, which separates co and D. We use G to denote this family. Since

($%,Y,) 2224 (82, 6mei(Yn))

N Jo-

(5% Pr)) —= (5% ém(Pr.))
and since G : (P!, ¢m+1(Y)) = (P, dm(Pr,)) is a holomorphic covering

map,

DT

2 P

where A = (biJ)

=33 by < 2Zim

ij
j T€Gs H'YIHOm'PPn
By Lemma 1.8, we have

eeg ”§"¢1u+lpy

where the constant M is only dependent on F, (but independent of m).

Therefore we get

Zsms1 < -Zam + M.

By the same argument as that we used in the proof of Lemma 1.9 (or Lemma
2.5), we can prove Zs;, has a uniform upper bound. This implies Lemma

3.1.

Lemma II1.19 There are constants Co = (d+1)/(d—1) > 1 and C, > C,
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independent of m such that

Co<p<C

forallG, and 1< k<d-1.

Proof 12 By lemma 3.1, we know that the length of the geodesic in P!\
&m(Y') has a positive lower bound. This implies py can not approach to co too
much (see the proof of Lemma 1.3). To prove the lower bound, we observed
that G,, is an orientation-preserving diffeomorphism when restricted on the
unit circle. Define

T(6) = 5-10g(Gm(e™™))
We have

T =d+ 3 =B,

— Py e2xif|2 —

Therefore, we have

lpf2 =1
d> ——
- Il —_ p-,eZmGP

foralll =1,---,d - 1. By taking 0 such that p;e**® = |p,| for each I, we

then get
lpd] +1
d> ———.
Tl -1

So

d+1
>
Il 2 d—1
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Now we discuss a general short geodesics. Let v C S?\ P, such that

|7lls. < d. Let D(7) be the component of S?\ v which does not contain .

Lemma II1.20 If § is small enough, then ¢p,(D(7)) contains no p; or 1/p;

foralli=1,--- ,d-1.

Proof 13 By Lemma 1.7 and Lemma 1.8, there is a closed curve § in P!\
®m(Yn) which is a short simple closed ¢m 1 -geodesic and which is homotopic
to dm(y) in P! \ @m(Pr,). By Lemma 3.2, we know that ¢m(D(7)) can not
contain a zero and a pole of G,, at same time. Therefore, by the symmetry,
we need only to prove that ¢,m(D(7v)) contains no zero of Gp,. If this is
not true, Gu(D(dm+1(£))) would contain 0 and its boundary G, (dm+1(£))
is also a short geodesic. This implies that Gm(dm+1(E)) is inside D. (From
Lemma 3.1, it can not be outside of D). But the symmetric closed curve
of Gm(®m+1(§)) i3 also a short geodesic which separates oo and D. This

contradicts to Lemma 3.1.

Lemma II1.21 If F,, has a Thurston Obstruction, then there erists an in-

nermost Levy cycle of F,.

Proof 14 We assume without loss of generality that ' is minimal in the

sense that every sub-multicurve I’ C I' that is still a Thurston obstruction
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is in fact I'. From the proof presented in Chapter 1, we can assume that T
is a Thurston Obstruction consisting of short ¢, -geodesics. Let Ar be the
matriz of the Thurston linear transformation associated to I'.

We say v € T is an essential curve if A7y does not go to 0. Otherwise,
we say <y 13 a negligible curve. We say an essential curve v € I is innermost
if D(v) does not contain any other essential curves in I.

Let T C T be the subset consisting of all the innermost curves in . Clearly
I is non-empty. We will prove T is a Levy cycle of F,,. We call such a Levy
cycle an innermost Levy cycle.

For each v € I, F'(vy) has an essential component. Let £ be one of
the essential components of F,;'(y). We claim that § is innermost. The
proof is the following. By Lemma 3.3, ¢pmi1(D(E)) can not contain poles
L i=1-,d=1, of Gn. Therefore Gm : dmur(D(€)) = $m(D(7)) is o
proper covering map. If £ is not innermost, then there is another essential
short geodesic ¢m+1(N) C dm41(D(E)). So F,(n) C D(v) must be an essential
curve in . (Otherwise, '\ {n} is a Thurston obstruction. This contradicts
that ' is minimal.) This is a contradiction with that v is innermost. So we
proved that £ is innermost.

Let ®(vy) be the set of all innermost components of F,;'(y). Since all
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short ¢,-geodesic are disjoint, ®(y) N P(y') =0 for all v #+ € Z. But
T = Uyez®(7)-

So ®(v) contains ezactly one element in I. Therefore,  induces a permu-
tation of I. We still denote this permutation as ®.

Let T = {vo,** ,Yk-1} where

o=2>N"" %=

forms a cycle. We claim T is an innermost Levy cycle.

Here is the proof of the claim. By the minimal property of I, we have

T ={",-..,7%-1,negligible curves}
and
Far(Yie1) = aivi + 8
where 3 € RY has only negligible components. By Lemma 3.3, there is only
one component v in F7'(vi41) such that v is homotopic to v;, so a; = ;}-‘
where d; is the covering degree of F,, : ¥ — ~1. So the matriz of the

Thurston linear transformation becomes

A0
Ar =

* B

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B' =0 asl — 0. The matriz A has the form

(0 a * - * \

0 0 a --- =

0 0 0 0 Qg1

\@ 0 0 0 o)

The mazimal eigenvalue of Ar is equal to the mazimal eigenvalue of A.
But the mazimal eigenvalue A\ of A satisfies \* — ag---ax—, = 0. Thus
Q---8k-1 > 1. Sincea; <1,s0a; =1 foralli =0, ---,k—1. This implies

that T is a Levy cycle.

One of the conclusions from the above lemma is that D(~) for every v in

T does not contain any critical point of F,.
Lemma II1.22 F,, has no innermost Levy cycle for n large enough.

Proof 15 We prove it by contradiction. Assume F,, has an innermost Levy cycle
I. For each v € Z, let D(7y) be the bounded domain not containing oc. Then
D(vy) does not contain any critical point of F,. We claim that the closed
curves of T can not be all contained in S>\ D (or D). The reason of the

claim is that, otherwise, this Levy cycle T is also the Levy cycle of f (or
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all symmetric closed curves of those curves in Levy cycle form a Levy cycle
because F,, is symmetric about the unit circle).

Since every v is a short ¢, -geodesic, if it crosses the unit circle, it must
be symmetric about the unit circle. The reason is that the symmetric curve,
of v is also a short @,-geodesic and short ¢, geodesics are disjoint. Now
we claim that every v in T must cross the unit circle. If not, then we met
two cases: one is that we can find a ;4 disjoint with the unit circle but ~;
crosses the unit circle. The other is that we can find v;;, contained in the
open unit disk and v; contained in the outsider of the closed unit disk.

We first prove that the first case is impossible. Otherwise, one of compo-
nents of F,7!(v;) is isotopic to vy, rel Pr,. Use n to denote this component.
Since vi4+1 crosses the unit circle, it must contain one point w € Pp, N D and
w* € Pg, N A°. So n must cross the unit circle. This implies v; = Fp(n)
must cross the unit circle. It contradicts the assumption.

Now we prove the other case is also impossible. If not, then we can find a
7i+1 contained in the open unit disk and v; contained in the outside of closed
unit disk. Since D(v;) contains a point z € Py and w = f(z) first falls into
the open unit disk, by our assumption in §3.2, w is a symmetric reflection

about the unit circle of a critical point of f. Thus w is a critical point of F,.
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It contradicts to that F,, on D(v:i+,) is homeomorphic.

Thus we proved that the Levy cycle I consists of all symmetric closed
curves about the unit circle. In the follouring we will prove that we can not
have such a Levy cycle if n is a large positive integer. Again we prove this
by contradiction.

Assume T is a Levy cycle consisting of all symmetric closed curves about
the unit circle. Each v; in T contains at least two points from Pg,. Denote
Si = D(%)N Pr,. Then F, : S; = S;41 s bijective. It is clear that F, :
SiNnS! - S;.1 NS is bijective. Moreover, F,, : SiNA = Si;1 N A and
Fp : 8;N(S%\ D) = Si+1N(S%\ D) are also bijective. The reason is that if a
point in S; N (S2 \ D) being mapped on the unit circle S'. Then the number
of the points in S; .1 N S! will be bigger than that of S; N S!. It is impossible.
If a point in S; N (S?\ D) being mapped into the open unit disk A. Then its
image will be a critical point of F,. this contradicts that F, on every D(y)
for v € I is homeomorphic.

Remember be the set of critical points of F;, is Q;. Now we decompose Qf
into two sets. One (denoted as O) is the set of those points on the unit circle.
The other (denoted as Q) is the set of those points outside the closed unit

disk. The set of critical points of F,, is OUQUQ"* where Q" is the symmetric
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set of Q@ about the unit circle. For each point in O, it is a periodic point of
F, of periodic q,. For each point in Q, its orbit under F, has three types.
The first type is that its orbit is contained in the outside of the closed unit
disk. This orbit is also the same orbit under f. So its length is bounded by
a constant M independent of n. The second type is that its orbit eventually
lands on the unit circle. In this case, points on the unit circle is a periodic
orbit of period q,. The third type is that its orbit will enter the open unit
disk. By the our assumption, the first entering point is a critical point of Fy,.

Let k be the number of curves in the Levy cycle T. Let vy be in I. If
D(7) contains w € Pg, outside the closed unit disk D, then k < M since
F}(w) is outside D and in some D(y) and {D(v)|y € I} are all disjoint
(innermost condition). Let Op = Un>0Fn(O). Then it is finite set and cuts
S! into intervals {K;}. Let I, = D(v) N S* for vy € I. Since D(v) contains
no critical point of Fy,, I, C K, for some l. Since the orbit of I, under F,
has period k and F, : K; = Ky is homeomorphic, the orbit of K; has period
k too. This implies the boundary points of K; has period k. But the boundary
points of K, are in Q, which have period ¢,. Since g, = o0 asn — co. This
is a contradiction when n large enough.

If D(v) contains only points from Pp, N S, let z and 2’ be two such
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point. Denote J, C D(v) be the closed interval in D(vy) bounded by z and z'.
Then its orbit {F!(J,)} consists of intervals with pairwise disjoint interiors
and cover the unit circle. This implies that some D(F!(y)) contains a crit-
ical point of F, in O. This is again a contradiction to the fact that F, on

D(F'(v)) is homeomorphic. Now we complete the proof of the lemma.

§3.4. Compactness

By Lemma 3.5 and Thurston’s Theorem in Chapter 1, we have a sequence
of Blanschke products G, such that F, is combinatorially equivalent to G,
foralln =1,2,---. By Lemma 3.2, we know {G,} is compact. By taking
a subsequence, we can assume that G, — G. Clearly G is a Blanschke
product and Glgp is a diffeomorphism with rotation number 6. To complete
the proof of Theorem 3.1, we have to show that the configuration of the
post-critical points of G, has a bounded geometry in the following sense:
there is a uniform § > 0 such that d(z,y) > 6 and d(z,dD) > 4 for any
z #y € Pg, \ 0D, where d means the spherical metric.

Let (¢n,¢n) be a combinatorial equivalence, i.e., ¢, is isotopic to ¥, rel

to Pr, and G, = ¥ 0 F,, 0 ¢71. On the unit circle,

Fo(2) = €%z — Ry = V¢
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and

G, = G.

Since G is an analytic critical circle map with rotation 8, G is topological
conjugate to the rigid rotation Ry. By the Hermann-Swiatek theorem in §3.5

¢ is a quasi-symmetric circle homeomorphism. We have that
Lemma III.23 ¢, — ¢ as n goes to co.

Proof 16 For any 6 > 0, there is an integer M > 0 such that for any z in

the unit circle, there are two integers 0 < k;, ka < M such that
e 0 ¢ (£ +6,2+28) and ¥ g (z — 26,z - 9§).
Take N large such that whenn > N,
|0 — 8] < %
So for M large enough, we have
e2kibn ¢ (.2 +38) and €™ g (z — 36, z).
This implies

|9n(z) — B(T)| < |Bn(e?™1%) — Bo(z)| + |Pn(e®5rIn) — p(e3019)]
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+|o(e™%) — ¢(z)|
< |G (¥7F1%) — 9 (€272 )| +- |po (€710 — 6(e7F1%)| + |8(e¥™) — o(2))
= |G (1) = GR(V)] +GR (1) — G (1)| + |6(e*™***) — o(2)]
< IGﬁ‘.‘(l)—G"‘(I)I+IG"‘(1)-G"’(l)l+IG"’(l)—Gﬁ’(1)I+IG£‘.‘(1)-G"‘(1)I'
+lo(e2™ %) — ¢(z)| < 206.

Lemma II1.24 There erists a § > 0 independent of n such that for any

z € Pg, and GX(z) = z, we have d(z,0D) > 6 and 1 < k < V.

Proof 17 Let N be the mazimal period of the periodical cycle in Pg, \ 8D.
By lemma 3.2, we know G, converges to G uniformly in a neighborhood of
0D. Since the rotation number of Glap is 0, there ezists § > 0 such that

Gk(z) # r whenever d(z,8D) < 4.

Lemma IIL.25 There erists a § > 0 such that for anyn > 1 andz € P, \D

and G,(z) € 0D, we have d(z,dD) > 4.

Proof 18 Suppose it is not true. Then we can find a z,, for a subsequence of
natural numbers (let us still assume this subsequence is all natural numbers)

such that

1) z, ¢ 3D,
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2) Gn(z,) € 0D, and
3) d(zn,0D) = 0 as n = oo.

Assume z, — x¢ € OD. Since z, also tends to 0, and Gn(z;) € dD. This
implies that G, is many-to-one in a neighborhood of o for n large enough. '
So G'(zg) = 0. Since G, = G uniformly, there is a neighborhood U of x,
such that G, : U = V is a branched covering map and onto. From Lemma
3.6, we can assume V' contains only at most one critical value of G, on the
unit circle. Let m be the topological degree of Go|U. We claim that there is
a cg in U but not in 3D such that G,(cy) is not on @D. Let us prove it.
First V must contains some critical values of Go|U. If none of these critical
values are on 0D, then we get it. If Gn(z,) is not a critical value, we may
assume DNV contains no critical value from G,,‘.;(.j'ollouﬁng Lemma 3.6 and
critical values of F,, are the same for all n). This becomes the above case.
Now we suppose G,(z,) is a critical value. It then must be the only critical
value on dD. We call this value v. Since

m= Z degy,Gp = Z (degy,Gn — 1) +1,

Gn(n)=v Gnl(yi)=v
we get #(G;'(v)) = 1. But Gn(zs) = Gn(z!) = v. This is a contradiction.

Using Lemma 3.7, the orbit of cp must fall on dD. Following the argument
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in the previous paragreph, we can find a critical point ¢, of G, such that
Gr(ci) ts not on the unit circle. So on we can find a squence of critical
points {ci} closed to the unit circle such that cx and G,(ci) are all not on the
unit circle. This sequence is a shadowing periodic sequence and the period.
is bounded by a integer independent of n. But it is also close to the unit
circle and G, — G, and on the unit circle G is a circle diffeomorphism with
irrational rotation number 8, so the period has to be large when n is large.

This contradiction implies the lemma.
By Lemma 3.7 and 3.8 we can get

Lemma II1.26 There ezists a § > 0 such that d(z,0D) > § for all r €

Ps, \dD.

Lemma II1.27 There is a § > 0 such that d(z,y) > 6 forallz # y €

Ps, \dD.

Proof 19 For any § > 0 small. Let T5, be the set of all simple closed o,
short geodesic in S?\ 8D such that I Yllgn.Ps, < 8. If Tsn is not empty, then
it must be Fy;-stable. The number of elements in 5, is bounded above by a

constant independent of n. Therefore, we have an intger m > 0 independent
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of n such that ||A™|| < 1/2 where A, is the matriz of the Thurston linear
transformation.
Let

Py = (UL, FY(QF,)) NAD.

Consider P, = (Pg, \OD) U Py. Let Gs, be the set of all simple closed ¢,
short geodesic in S?\ 8D such that ||v|le.,p. < 0. By Lemma 3.7and Lemma

1.10, Gspn =T5,. So when § is small, G;,, s still a F,-stable family.

So= 30—

& llowr,

Let G}, be the set of all non-peripheral components of F;™(Gsn). Then

IS DI NS )3

1€G}, "'YHo,.F""‘(P.. 7 1€Gsn "'Yt"%.Pu

~. .
-

So S, is uniformly bounded above for all n. Similar to Lemma 1.8, d(z,y) >

—_— i M< s,.+w

d > 0 for some § independent of n.

8§3.5 Quasi-Conformal Surgery

By Hermann-Sweatek theorem, we know G = ¢ o Ry o ¢! on the unit circle

where ¢ is quasi-symmetric. Let

X = {z € Q; | Orbit(f, z) enters into D° and does not contain 0}.
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and
X' = {z € Q¢ | Orbit(G. ) enters into D° and does not contain 0}.

For z € X', let y be the first moment of Orbit(G,z) that enters into D°. Since
¢ is quasi-symmetric, by Ahlfors-Bers quasi-conformal extension theorem, wé
can extend ¢ into H : D — D such that H(z) = y for the correspondent
critical orbit and H(0) = 0.

Now let

Go(z)=G(z) for z¢ D

and

Go(z) = HoRgo H(2)™

In this section, we will prove that f and G, are combinatorially Equivalent.
Now let’s define the critical finite quotient of F}, and G, as follows: Let
fa(2) = |2|Fa(f) for z € D, and fa(z) = €z for z ¢ D. Similarly. let
gn(2) = |Z|Gn(|f|) for z € D and g,(2) = Ga(2) for z & D.
For k > 0, let Ey,--- . E, be the connected components of f~{*+1)(D)
and Lg,---,L, be the the connected components of f~*(D). Let Ey, Ly be

the component containing 0 respectively. Take k large enough such that

L. Uogicoo(f (D) N Py,) = f~*(D) N Py, and
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2. fEiNL;NP;, #0, then E;NP;, =L;NPy,.
Let E} and L; be simply connected open topological disks such that
i E;CELL;jcLl
ii. Els are disjoint;
iii. Ls are disjoint.
Define quotient maps r,s : §2 = S2 such that
a. rlsaug, . sl s?\uL, are injective, and
b. r(z) = z if z ¢ Ui<i<r El;
c. 5(z) =z if z ¢ UrgjesLis
d. r(E,) = s(L;) is a single point if E; N L; # 0.

we have

S 5 52

fnl len
S — §?
where ¢f, = so f, or~! is well defined. By construction we know ¢f, is

critically finite and we call qf, the critically finite quotient of f,. Similarly,

we can construct the critically finite quotient qg,,qf,qGo of G,, f, and Gy
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respectively. The quotient maps can be taken in such a way that ¢f, — ¢f
and qg, = g¢Gp as n — oo. Since F), is combinatorially equivalent to G,,
there is an induced combinatorial equivalence between ¢ f, and ¢g,. We need

the following elementary lemma:

Lemma III.28 Let f, be a sequence of critically finite branched covering

map. If there is a critically finite branched covering map f such that
1. d(fn(z), f(2)) = O uniformly where d is the spherical metric. and
2. |Py| = | Py,

Then then there ezist homeomorphisms hn, hl, : (S%, P;) — (S°. Py,) which

fiz 0,1.00 such that
a. hqa, h;, are isotopic to each other rel Py, and
b. f=h;lo faoh!, and
c. hop = 1id,h], = id as n = oo.

By assumption, there exist homeomorphisms h, : (S2. P;) — (S2. Py,)
such that d(hs(2), 2) — 0 uniformly as n — co. We make a triangle partition
\; of the sphere S? with Ps as all the vertexes. The map h, induces a triangle

partition .\ of S? with Py, as all the vertexes. Let .\} be the Pull back of
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A by f and A, be the pull back of A, by f,. When n large enough, there

exists k!, : S = S? such that

hl
A, Ly opr

| ]

A]_—'l')Ag

commutes. Clearly h,, h;, are isotopic rel Py and h,, h;, — id.
By Lemma 3.28, we know qf, is combinatorially equivalent to qf, and
qgn is combinatorially equivalent to gG, for n large enough. Because gf, and

qgn are combinatorially equivalent, so we have

Lemma II1.29 qf is combinatorially equivalent to qGo. Furthermore, the

combinatorial equivalence between qf and qGy is unique.

The first part is obvious. Because qf,qGo have no Thurston obstruc-
tion, they are combinatorially equivalent to a polynomial go. By Thurston'’s
theorem, the combinatorial equivalence between g and qf is unique. Simi-
larly, the combinatorial equivalence between qGy and gq is also unique. This
implies the combinatorial equivalence between gf and ¢Gp is unique. By
Lemma 3.28. we can see the combinatorial equivalence between qf, and qg,
has a limit As n — oo.

To recover the equivalence map between f and Gy, we need to blow up
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the quotient equivalence at f~%(D). First we define o = w = Hon D. On

f¥(D), Let ¢ = ¢ be the pull back of H defined as follows:

f5(D) == G3*(D)

e

p 224 D
Let v C S?\ (P, UF7*(D) be a curve connecting oc and 1 € D. ¢,(7) is

a curve connecting oo and ¢,(1). We want to show that [@,(v)] has a limit.
By Lemma 3.29, we need only to prove the winding number of v around 0
is fixed when n is large enough. In fact, in the following diagram, if the top
winding number is changed by k, then the bottom winding number is changed
by dok where dy > 2 be the degree of the ¢f at 0. This is a contradiction. So
when n is large enough, the winding number is a constant. By this way, we
proved that f and G, are combinatorially equivalent to each other. In next
section, we will prove G, is combinatorially equivalent to a polynomial with
a Siegel disk.

Now we can pull back the structure of H by G and get a Gy-invariant line
field ©2(z) on the whole Riemann sphere. Let ¢ be the Beltrami solution for
. then g = ¢o0Ggo¢~! is the polynomial which is combinatorially equivalent

to f.
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Chapter 4. Further Discussion

§4.1 Zero Measure of Julia Set

In this section, we will present an idea to attack the zero measure problem: i

Let f be a topological polynomial of simple Siegel disk type without
Thurston obstruction, does the Julia set of the canonical polynomial of f
has zero Lebesgue measure?

The main idea is as follows. We need only to prove that the Julia set
has no Lebesgue point. We start from the Blanschek model G constructed
in Theorem 1. Let z € Jg. Since the forward orbit of the the Lebesgue
point of the Julia set will approach to Pg, we assume that G*(z) — dA. By
Herman-Swiatek’s linearization theorem on the critical circle mapping, A
has an induced metric 0. Let I C A be an arc. C;nsider the hyperbolic
space Q = P!\ (Pg\ I). We use Uy(I) to denote the hyperbolic neighborhood
of [ in Q:

Us(I) = {z € Q:dq(z,I) < d}

If I is small enough, Uy(I) looks like the hyperbolic neighborhood of a seg-
ment J in the slit plane C\ (R\ J). Fix a suitable d > 0.

For each n, let m(n) < n be the number such that
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e there exists I € dA such that f™")(z) € Uy(I) and

e for any k£ < n and J € 9A such that f¥(z) € Uy(J), we always have

o(I) < a(J).

»

Such / must contain a critical value of G when n is large enough. Otherwise
we can pull back Uy(I) and get a smaller neighborhood which is a contra-
diction with the minimal property of Uy(I). Furthermore. we can prove that
f™™)(2) has to be on the boundary of U;(I) and can not approach the two
end points too much. Then f™™)-!(z) must lie in the strong contraction
region which is bounded by two half rays starting from some critical point
on the unit circle.

The sequence {m(n)} obtained in this way is an infinite sequence. For
n large enough, we can take a ball B, containing f™™-!(z) with bounded

deformation such that

e the density of the Fatou points in B, has a universal positive lower

bound, and
e the hyperbolic diameter of B, is uniformly bounded above.

By taking B, smaller, we can assure that the univalent inverse branch of G

is defined in a larger area €2, such that the modulus of Q, \ B, has a positive
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lower bound. The pull back of B, along Orbit(G, z) will produce a sequence
of nested neighborhoods around z with bounded deformation such that the
density of the Fatou points has a positive lower bound. Therefore z is not a

Lebesgue point. We complete the proof.

§4.2 Rigidity Problem

In this section, we will present an idea to attack the rigidity problem:

Let f be a topological polynomial of simple Siegel disk type without
Thurston obstruction. Then up to a conformal conjugation, the canonical
polynomial of f is the unique polynomial which is combinatorially equivalent
to f such that the boundary of the Siegel disk is a quasi-circle.

The main idea is as follows. Let g be the cgponical polynomial of f.
Suppose h be a polynomial which is combinatorially equivalent to f such that
the boundary of the Siegel disk of A is a quasi-circle. Then we can show that
h and g are quasi-conformal equivalent. We know if two rational maps are
quasi-conformal equivalent, then they are quasi-conformal conjugate. (See
C. McMullen’s theorem, Acta Math 180(1998), 247-292). Therefore, g and
h are quasi-conformal conjugate. By our zero measure statement, the Julia

set of g has zero Lebesgue measure. Therefore, g has no trivial invariant line
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field. So g and h must be conformally conjugate to each other. We complete

the proof.

Remark II1.2 The Rigidity statement implies that the canonical polynomial
g constructed in Theorem 3.1 does not depend on the construction of the
Blanschke model G and the qiasi-conformal surgery. By Shishikura’s recent
result, which says that the boundary of the Siegel disk of constant type of any

polynomial must be a quasi-circle, we get the rigidity completely
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