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Abstract

Let SQ be the category of reduced simpliclal sets and C 

the category of commutative DG ooalgebras over k (k a field 

of characteristic 0). A pair of adjoint functors SQ s
is constructed (I I is the realization and £ the singular 

functor) which induce an adjunction between the homotopy cat­

egories. With k ■ Q, the unit for the adjunotion when re­
stricted to nilpotent spaces gives a Q-localization and when 

restricted further to rational. nilpotent spaces gives an 

Isomorphism. On the homotopy categories. the realization 

functor when restricted to the replete subcategory of ration­

al, nilpotent spaces (and corestricted to its image) gives an 

equivalence of categories. This generalizes the equivalence 
result of Quillen for simply connected spaces. It also re­
moves the homology finiteness conditions which were imposed 
by Neiaendorfer to relate the homotopy category of spaces to 

that of coalgebras (via the Bousfield-Gugenheim equivalence 

for spaces and algebras). The realization functor I l:SQ
 >C is characterized by three basic properties in the sense

that any functor F:S0 >C which has these basic properties

will also yield a Q-localization and give an equivalence of 

categories as was obtained using I I.
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Introduction

In this paper we construct a model for the rational ho- 

■otopy category of nilpotent reduced siaplicial sets using 

the category of DO commutative coalgebras over Q. Before we 

dlsouss the results obtained or methods used, we want to sum­

marize some of the approaches to rational homotopy theory 

whioh relate directly to ours.
Quillen [17] considered a sequence of six pairs of ad­

joint functors:

T 2 < >s2< > <-----> (^  1 <— ---> (C ) 2G
where t2 Is the oategory of 1-oonnected pointed topological 

spaces. S2 is the category of simply connected simpliclal 

sets (i.e.. Xj and X0 are one point sets), (£)j is the cate­

gory of connected DG (chain) Lie algebras over Q (i.e.. L0 -

0), and (C)2 is the category of simply connected DG (chain) 

coalgebras over Q (i.e.. Cj - 0, «0 :Cq--->Q). Each of the 

categories in the above sequence has a closed model structure 

(except t2), and the above functors induce adjoint pairs of 

functors between the consecutive homotopy categories which 

give equivalences of the homotopy categories. In particular, 

equivalences are obtained between the rational homotopy cate­

gory of simply connected simpliclal sets and the homotopy 

categories of connected Lie algebras and simply connected co­

algebras. However, since the compositions of the functors 

in the above sequence involve both left and right adjoint 

functors. the resultant compositions do not necessarily pre­



2

serve either Halt or coliait constructions.

Sullivan introduced the notion of a ainlaal algebra in 

his work on rational homotopy, and his ideas are presented in 

aany papers and larger works, including, e.g., [19] and 

[ 7]a. Part of his work concerns simpliclal complexes: giv­
en a slaply connected siaplicial coaplex X, a simply connect­

ed ooaautatuve DO (cochain) algebra (over Q) A*X is con­

structed (the algebra of P. L. forms of X). A ainlaal model
for A*X is then constructed: i.e., a DG algebra map M(A*X)

 >A*X which gives a cohoaology isomorphism and where M(A*X)

is a ainiaal algebra (i.e., free as a graded commutative al­

gebra and with a differential which has decomposable values). 

Finally, a rational space X(M) is associated with each mini­

mal algebra M, with the space X(MA*X) representing the Q-lo-

callzation of X. The first construction X I > A*X is func-

torlal; however, the second M I > X(M) is not. These ideas
are then also applied to the case of the C" forms of a simply 

connected smooth manlford. Sullivan’s papers are rich with 
ideas, and we have mentioned a portion which relates directly 

to the treatment in our paper. His notion of a minimal model

has been studied extensively, and we refer the reader to the

work and bibliography of Tanre [21].
For X a simpliclal set and k a field of characteristic

0, Swan [20] constructed a commutative cochain algebra AX

over k such that H*AX - H*(X;k) which was based on an unpub-

1This work is based on lecture notes from a course taught by the authors 
and Eric Friedlander in Florence during 1972.
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llshed construction of Thoa (1957) for the case k - IP.

Bousfield and Gugenhela [ 2] express the Sulllvan-de

Rhaa approach to rational hoaotopy theory in a coapletely

functorial setting. For S the category of siaplicial sets
and Q- the category of ooaautative DG (cochain) algebras over

k (k a field of characteristic 0) , they construct a pair of

adjoint contravarlant functors S( ^ *Q. where AX has the
F

property that H AX~H (X :k ) with X in S. Both categories have

a closed aodel structure, and the functors induce an adjoint
_ U >pair of contravarlant functors hoS< 'hoa on the hoaotopy

F
categories where MX satisfies J:MX >AX in Q_ with MX a co-

fibrant algebra and J gives a cohoaology lsoaorphisa. With 
k ■ Q, these functors give an equivalence of hoaotopy catego­

ries when restricted (and corestricted) to the full subcate­

gories of rational, nilpotent, connected siaplicial sets of 

finite Q-type (i.e., Hn(X;Z) are uniquely divisible and fi­
nite diaenslonal (n>l) ) and hoaologically connected algebras 

of finite Q-type (i.e., algebras whose ainlaal aodels have 
finite type cohoaology).

Neisendorfer [15] generalized part of Quillen's treat-
4r vaent by showing that the adjoint functors C," X gave an

' G
equivalence between the hoaotopy category hoC and a subcate­

gory of ho£. He then iaposed "finiteness conditions" to com- 

bine this result with that of Bousfield and Gugenheim to ob­

tain an equivalence between the two subcategories of the 
hoaotopy categories of siaplicial sets and DG Lie algebras.

We also mention that Unsold [22] obtained an equivalence
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between the hoaotopy categories of 1-reduced rational simpli- 
cial sets and 1-eonnected minimal topological algebras over 

Q.
With S, the category of pointed, connected siaplicial 

sets, let Nh0S, (respectively, QNh0S«) be the full subcatego­

ry of hQS« determined by the nilpotent (respectively, ration­

al and nilpotent) objects. A Q-locallzation functor is a 

left adjoint to the Inclusion QNhQS«^— >NhQS, (equivalently,

such a functor is given by universal naps u:X > X q  from X to

QNh0S* (X in NhQS,)). Bousfield and Kan [ 3] use a very 
general setting to show the existence of a Q-localization 

functor. Bousfield, in [ 1], shows that such a Q-localiza- 

tion also arises from the localization of pointed siaplicial 
sets with respect to H»( ;Q)-lsomorphisms and then restrict­

ing to nilpotent, connected objects. In the Bousfield and

Gugenheim work discussed above, the adjoint map X >FMX in
Nh0S* gives a Q-localization where X is nilpotent of finite 
Q-type (this uses the "pointed" version of their equiva­

lence) .

Let SQ be the category of reduced simpliclal sets and C 

the category of commutative. connected DG coalgebras over k 

(k a field of characteristic 0). In this paper we construct

a pair of adjoint functors Sn ( I I is the realization
„  £ and JS the singular functor) which induce an adjunction be­

tween the homotopy categories. With k - Q, the unit for the 

adjunction when restricted to nilpotent spaces gives a Q-
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localization and whan restricted further to rational, nilpo­
tent spaces gives an isoaorphisa. On the hoaotopy categories, 

the realization functor when restricted to the replete sub­

category of rational, nilpotent spaces (and corestricted to 
its laage) gives an equivalence of categories. This general­

izes the equivalence result of Quillen for slaply connected 
spaces. It also reaoves the hoaology finiteness conditions 
which were laposed by Neiaendorfer to relate the hoaotopy 

oategory of spaces to that of coalgebras (via the Bousfield- 

Gugenheia equivalence for spaces and algebras). The realiza­

tion functor I I:SQ >C is characterized by three basic pro­

perties in the sense that any functor F:SQ >C which has
these basic properties will also yield a Q-localizatlon and 

give an equivalence of categories as was obtained using I I.

After suaaarlzing the general conventions of this paper 

in Section 1, we consider the category S of siaplicial sets 

and its suboategory of reduced siaplicial sets in Section 2. 

It is shown that the latter subcategory can be viewed as the
' /Z°Ppointed functor category: SQ - Sets* where/A is a quo­

tient of the indexing category /A for siaplicial sets (two 

asps in /A are identified if they factor through [0] in /A) and 

Sets* is the category of pointed sets.
In Section 3, the categories C of coaautative, connected 

DG (chain) coalgebras over k and M of DG k-aodules (where k 

is a field of characteristic 0) are considered (and also the 

related categories and of graded coalgebras and graded 
k-aodules, respectively), and the basic properties of the
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forgetful funotora between these categories are examined.
•p €In Seotion 4, we use the functor^ >C which was consi­

dered by Quillen and Neisendorfer to define the realization

functor I l:SQ >C: for X in SQ , IXI is given by the coend
[n]

I*' ■ ( V * n  *» c
— _ gwhere y is the composition /A  >C (the first functor in

this composition is itself the composition Fl s-1c J}a of the 

free Lie algebra, desuspension, normalized chain complex, and 

reduced standard n-slmplex functors). It is shown that

I I:SQ >C has a right adjoint given by the singular functor

S: C >SQ (for I in C, S Y: /Aop >Sets* is given by the com­
position /A-— >C--=--->Seta») . After proving that I /A„| ■ 

Yn, the realization functor is then shown to have the follow­

ing basic properties (in addition to having a right adjoint):

1) I I preserves monomorphisms and 2) there is a natural
transformation X:| I — ■—  >C* such that (X^)*:K«|xl--- >H,(X;k)
is an Isomorphism of coalgebras (X in S0). The existence of

a natural map 6f l s-1V >V in M (where V has VQ - k, dj * 0)

which gives a homology isomorphism motivates the definition 

of the realization functor and is the basis for the construc­

tion of the natural transformation X:l I— *~>C*.
A#

Quillen’s axioms for a closed model category C are re­

called in Section 5, and some homotopy lemmas which are used
mm

in this paper are proved. The two homotopy categories HoC 

(the category of fractions with respect to the class of weak
^ mm

equivalences of C) and hoC (the category with the same ob-
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Jects as CQf -  tbs full subcategory of C determined by the 
ooflbrant-flbrant objects—  and whose morphlsms are the homo- 
topy classes of maps) are discussed briefly, and It Is point- 

ed out that hoC is also a category of fractions (with respect 

to the weak equivalences In Cef). It is presumably well- 

known that the pullback of a weak equivalence along a flbra- 

tion, which has a flbrant codomain. Is also a weak equiva­

lence (theorem 5.9). Perhaps less well-known or appreciated 

Is the fact that the pullback of a weak equivalence along a 

flbration. whloh Is induced from a fibration having a flbrant 
oodomain, is a weak equivalence (proposition 5.10).

In Seotlon 6, we recall Quillen’s closed model structure 

for SQ : the coflbratlons are the Injective maps, weak
equivalences are the maps whose topological realizations give 

Isomorphisms on all homotopy groups, and fibratlons are those 

maps which have the right lifting property (RLP) with respect 

to the class of trivial coflbratlons. We also recall the 
Qulllen-Neisendorfer closed model structure for C: the cofl­

bratlons are the Injective maps, weak equivalences are the 
maps which give homology isomorphisms, and flbratlonb are 

those maps which have the RLP with respect to the class of 

trivial coflbratlons.

In Section 7. we show that I f:SQ >C preserves both

coflbratlons and weak equivalences and that S :C >SQ pre­
serves fibratlons and takes a weak equivalence between fi- 

brant objects in C to a weak equivalence in SQ . The pair of
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adjoint functors, thus, gives a pair of adjoint functors 

HoS >HoC on the hoaotopy categories, and we show that
S'

one can take & ’(X) ” X' where i:X >X' is a weak equivalence
in C with X ’ fibrant. On the sore concrete hoaotopy catego­

ries. it is the realization functor which oust be aodifled 

(since it does not necessarily preserve flbrant objects);
J. J_1here the pair of adjoint functors hoSQ < I_ Z  ^hoC has Ixl »

S
X* where i:lxl >X' is a weak equivalence in C with X' fi­

brant. Finally the relations between the realization func­

tors and between the singular functors on the two hoaotopy 

categories are given for reference.

In Section 8, we recall the faalllar principal flbratlon

h:E(n,n) >K(n,n) in S, where n is an abelian group and
K(n,n) is a K(n,n) space in S, and observe that h can be 
viewed as a flbratlon in SQ . We also recall Neisendorfer's 
extension sequence K(n,n-1) ( n,n)-^->K(n,n) in C where n 
is a k-uodule and K(n,n) is the cofree coalgebra generated by 

n which is concentrated in degree n. We then show that there 

is a commutative diagram:
4>IE(n ,n)I fi->E(n,n)

Ihl in C , (0.1)
6 ▼

IX(n,n)I---&->K(n,n)
where and are weak equivalences; i.e., the realization

of h is weakly equivalent to h. We also introduce the notion

that a flbratlon f:X >B in C is a fiber bundle if f, when
viewed in C^, is "essentially" a projection B<3)F >B

where F is the fiber of f (this is in agreement with Neisen-
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dorfer's notion of an extension aeauenoe in C), and show that 

fiber bundles are closed under pullbacks.

The sain result of Section 9 is to show that the reall-
A* A*

zatlon of a flbratlon in SQ . which is induced froa h:E(n,n)
A»

 >K(n.n), is weakly equivalent to a fiber bundle in C which

is induced fron h:E(n,n) >K(n,n) (n>l). This result (theo-

rea 9.2) is expected to be valid in the aore general setting
A* A* A»

of a flbratlon h:E >K in SQ which is related (as in dlagraa
(0.1)) to a fiber bundle h:E >K in C provided aoae addi­

tional hypothesis is laposed on the flbratlon h. This sec­

tion concludes by showing that the realization of a tower of 
fibratlons under X in SQ gives a tower of aaps under Ixl in C 

which is weakly equivalent to a tower of fiber bundles in C 

(where in SQ XQ >xn-l is induc#d fro* the principal flbra-
A» At A* A*

tion h:En+i **n+l with h related to the fiber bundle

**:®n+l **n+l *n
The Main Theorea of this paper is proved in Section 10.

Ve now assuae that the ground field is the rationale k • Q.

This result is that when X is nilpotent in SQ and 1:1x1 >X'

is a weak equivalence in C with X* flbrant. then the adjoint
A*

sap i:X >£X' in SQ gives a Q-hoaology isomorphism. A cor­

ollary of this result is that when X is nilpotent and flbrant
A*

in SQ , then the X-component of the unit - i:X >5x' in

hoSQ is a Q-localization. A second corollary is that when 

restricted to rational and nilpotent spaces in hoSQ . then i)g 

is an isomorphism in hoSQ . We also show that on the homotopy
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categories the realization functor when restricted to the re­

plete subcategory of rational, nilpotent spaces (and core­

stricted to its image) gives an equivalence of categories. 
Finally, since the treatment in this paper uses only the bas- 

lo properties (mentioned above) of the realization functor,

we obtain the result that any functor F:SQ >C, which has

the sane basic properties as I I:SQ >C, will necessarily
provide a Q-localization and give an equivalence of categor­

ies as was obtained using I I.
In Section 11 of the Appendix, we show that the cofree 

coalgebra K(n,n) classifies cohoaology; I.e., for X in C,

there is a natural Isomorphism [X.K(n.n)]--->Hn (X;n). This

result Is used in Seotlon 8 to show that (n,n) in S0 is an 
Ellenberg-MacLane space of type (n,n).



11

The basic definitions, background material, and back­
ground references are incorporated into the sections as the 

subject is developed.

1. General conventions.
The notation f:X^ >Y is used to imply that the map f

is a monomorphism.

The notation H— *— >K is used to denote a natural trans­

formation from the functor H to the functor X (as in [11]).

A null object in a categoty is an object which is both 

an initial and terminal object: a pointed category is a cate- 
gory with a null object. In a pointed category C, the copro­

duct of A with B is denoted by A V B.

Let X be a set with an equivalence relation ~» then x is

often used to denote the equivalence class in X/„ which con­

tains x.
Let f:X >Y be a map in Sets, then f(x) - y is some­

times denoted by xl— ~>y. Similarly for a functor F:C >D,

then Fc - d is sometimes denoted by cl >d (c an object in
A*
C, d an object in D).

A»

Let f:A >C, g:B >C be maps in a category C, then the

unique map Au.B >C out of a coproduct which is determined

by f and g is denoted by (f,g).
A»

Let f:C >A. g:C >B be maps in C, then the unique map

C >ATTB into a product which is determined by f and g is

denoted by <f,g>.
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2. Slmplioial sets and reduced siapliolal sats. Background

rafarancea includa [ 3], ( 4], [ 6], [ 8], [12], and [16].
/ A ° PLat S - Sata danota the category of alapllclal sets

( A  la the faalliar indexing category: the objects of /A are

the ordered aeta [n] • ( 0,1,2 ,..., n } and A([m],[n]) equala 

all the nondaoraaalng functiona:[a] >[nI).
Now conalder the horn aeta A([m],[n]) of /A. and identi­

fy two aapa f.g:[a]--->[n] if they factor through the object

[0] in /A. This identification la clearly preaerved by pre- 

and post-composition with aapa from /A and, thua, givea a 

congruence. Let A  be the quotient category of /A: and let

n: /A > /A be the quotient functor. Note that /A ia a point­
ed oategory ([0] ia both an initial and terminal object).

Let Seta* denote the category of pointed aeta; Seta* ia 

alao a pointed category (the one-point aet [•) givea ([*},*) 

in Seta* which ia both an initial and terminal object). Let
• /IopSQ - Seta* A denote the pointed functor category (where a 

pointed functor ia a functor between two pointed categories 

which preserves the null object). Note for a pointed functor 

X: A op >Sets*, X([0]) ia a pointed one-point aet.

For X in SQ or S, X ([n]) la usually denoted by XR ( [n] 
in A  or A ).

Now consider the functor SQ >S determined by X I >
°P _ _

the compoaotlon: A°P—&— > A°P—*— >Sets* >Seta where X is in

SQ and where the last functor is the obvious forgetful func­

tor. Let Sp denote the full subcategory of S of reduced sim- 
plicial sets (i.e., those X in S which have only one vertex
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(XQ - (xQ) ). The functor SQ >S clearly corestrlcts to Sp.
Proposition 2.1: The functor SQ--->Sp Is an lsonorphisn of

categories.
Proof: We determine a funotor Sp >SQ. For this, let X be
In S R with X0 - Using the o th degeneracy maps

n-1
8o :Xk--->xk + l the P°inta xn “ * IT s£)(xQ ) e X„ for n>ok-o
give a subslnplicial set x«CX. And so the pair X * (X.x,)

me

can be viewed as a simpliclal pointed set X: /Aop >Sets».

But since (X)Q - ((x0),x0) is a point object in Sets*, X
factors uniquely through /Aop (via nop) to obtain X: 'A0**--- >

Sets* which is necessarily a pointed functor. The desired
. *functor SR >SQ is then determined by XI >X. That the

functors oompose correctly (i.e., that Sp— >SQ— >Sp ■ *dSp 

and SQ— >Sp— >SQ - idS0> is readily verified which completes 

the proof.
And so the corestriction of the functor SQ >S gives an

isomorphism between the category SQ and the full subcategory 
of reduced simpliclal sets of S. We will also refer to SQ as 

the category of cfidufiftd Adld.
For X in S (or Sp), many notions (such as the dimension 

of X, the n-skeleton of X, a degenerate n-simplex x e X„, 
etc.) have analogous definitions for objects in SQ . We will 

be explicit about some basic notions but will assume the 

reader is familiar with others.

We will find the next property to be a useful one. 
Proposition 2.2: The forgetful functor SQ > graded Sets
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preserves, reflects, end creates both pullbacks and pushouts.

Proof: We consider first the forgetful functor S > graded

Sets. Pullbacks in S are constructed degree-wise by using 
the pullback in Sets for each degree. Further the required 

face and degeneracy asps of the pullback are uniquely deter­

mined by this construction. This implies that S > graded

Sets preserves, reflects, and (using the uniqueness of the 
simpliclal structure) also creates pullbacks. Similarly,
S > graded Sets preserves, reflects, and creates pushouts

slnoe pushouts in S are also constructed degree-wise. The 

construction of pullbacks and pushouts in S remains valid for 

the subcategory Sp*—  >S (objects differ at most only in de­

gree 0); and so the forgetful functor Sp > graded Sets has

the same properties which we stated for S > graded Sets.
Finally since the functor SQ > graded Sets can be given by
the composition s0“ _ >Sp---> graded Sets, we can conclude

that SQ > graded Sets has the desired properties.

We next observe that J:SR*— >S has a left adjoint L:S

 >Spj i.e., SR is a reflective subcategory of S. For this,

let LX - X/X° where X° is the 0-skeleton of X (X in S). The 

adjunction for L I—  J is then given by: for g>S(X,JY), let

1(g)eSR(LX,Y) be defined by t~1ig) - g:X/X° >Y/Y° - Y.

Note that the composition S0~ ~ >SR^ — >S' thus, has a 
left adjoint, and so SQ*— >S preserves limits.

We remark that in SQ the pullback of a surjection is a

surjection (since SQ > graded Sets preserves pullbacks, and

Sets has the property we are asserting for SQ), and dually



15

the pushout of an injeotion is an injection.

Proposition 2.3: Let C - SQ or Sets. Let the following dla-

gran be a pushout in C:

Proof: To prove this proposition for C - SQ , note that it is
sufficient to show that this dlagraa is blcartesian in each 

degree since the forgetful functor SQ > graded Sets re­

flects pullbacks. And so we need only show this leans for C - 

Sets. To this end we show that the dlagraa has the universal 

napping property of a pullback. For this, consider the dia- 
graa:

Since P is a pushout, the only relations in P are between 
in(f) and in(i). And so, since f'h - l'k, we can conclude 

that h(W)Cia(l) (and k(W)Cln(f)). Now use h(H)Cl»(l) to

well-defined since i is aonic. This gives 1^ - h. To show 

we also have k - f4, note that i'k - f'h - f'i^ - i'ff*. And 

so the result follows since 1* is aonic. The required

isfles i 4>' ■ h aust agree with our definition of 0 .

Let /An: /Aop >Sets* denote the stgpj»rd reduced n-sla-

C(---- >B
, then the square is blcartesian

in C .

in Sets.

define W-— >C by ^(w) - c where i(c) ■ h(w). Note that $ is

uniqueness property is inaediate since any nap 4>' which sat-
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plex in SQ which ia determined by/A(_.[n]): /Aop >Sets.

Thia glvea a functor A: /A-- >SQ ([nil >/An).
For X in SQ and n >y 0. the n-akeleton X, denoted Xn , 

ia the aubobject of X generated by the graded pointed aet: Xp 

with p N< n. Let /An denote the (n-1 )-akeleton of /An

(n > 0) .
For X in S, one haa the familiar Yoneda lemma bijection

V:S( /Aq.X ) >Xn in Seta where V(X) - X In](id[nJ) withV"_1(x)
uaually denoted by x (x • XR); one alao haa the baaic puahout

diagram (aee, e.g., [ 6]):
-£-/An(----- >-U-/A_a , n a . n
I J, (*> in S (2.1)

xn_1(-------- >xn
where for the right vertical map one inoludea all mapa x for 

which x la non-degenerate.

£££J2£Ai£l£Jl 2.4: Y : S 0 (/In,X) >Xn where Y'U) - X[n](id[n])
ia a bijection in Seta* (where the hom-aet of S0 haa the 

point /An— >•— >X) .
Proof: We have aeen that the compoaition J:SQ-—->Sjj^— >S haa

a left adjoint L; the aequence of bijectiona SQ(L/An.X)---> 

S( /An ,JX)— ->X„ then givea the deaired pointed map Y7” (ualng 

L /A„ - /!„).

Next let X be in SQ and uaing the bijection in the above 

propoaition form the diagram which ia analogoua to the one 
above:
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V /A_(---- >V /A_o | n a > n
V. al (*) in sc . (2.2)
Xn_1<----->Xn

2.5: Diagram (2.2) is a pushout in SQ .

Proof: Mote that n : /A > /A gives a nap it: /An----> /An in S

(where /An is viewed as an object in S). When we consider

diagram (2.1) for X we obtain the pushout:
/A_(-----> /A_n n

n in S

(note n corresponds to the one non-degenerate n-aiaplex of

/AR). Next view diagram (2.2) as a diagram in S (using

S0~ - > S R*— >S) and form the following diagram:

 >iL/A_0 , n a n

* ( ^V /A_ ' >V /A_ in S.
*1 *1
xn_1<------- >xn

The outer rectangle of this diagram is a pushout since the 
composition of the vertical maps agree with those of diagram 

(2.1). The top square is clearly a pushout; and so we can
conclude that the bottom square is a pushout in S and, hence,

in SG .

Gabriel and Zisman ([ 6], p. 31) give the following cat-
e

egorlcal presentation of /An:

— 7 II jk ____^ ___ > 7 —  —

where p is determined by the ith face operators  > /An

M. /A_ ,— *— ? -il /A .— -— >Z- - -> /A in S (2.3)
0(KJ(n" 1 "
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(O^l^n) and where u and v are determined by the J-lth and 1th

face operators /An_ 2--->/An-1 with codonain indices i and j,
respectively (0{i<J{n). Z is the coequalizer of u and v, p

e

is onto /An, and the map p':Z > /An determined by p core-

stricts to an isomorphism between Z and im(p’) ” /An.

By applying the functor L:S >s0» which is left adjoint
to J:SQ >S, to the above diagram (and retaining the same

0(l<j(n — 7— >0(i <n
in S0 . (2.4)

Here the coequalizer Z in SQ gives a similar factorization p 

- p'J with p ’ oorestrictlng to an isomorphism between Z and 

lm(p ’) - /An .
The normalized k-chaln functor C«:SQ >M (k a field of

characteristic 0) preserves collmlts and monomorphlsms (for
F* /Iopthis, consider C« as the composition S0 >k-modules “  >M

where F:Sets >k-modules is the free k-module functor).

For a map f:X >Y in Sc , the map f* “ H*(f;k):H*(X;k)

 >H,(T;k) is called a k-homology map.
Proposition 2.6: Hk /An =» £ n , or 0 for k - 0. 1. or >1.

respectively.
Proof: The result for k ■ 0 is clear. Next note that c[[ /An

■ CN /a q for k > 0 (since /An arises from by the identifi­
cation of all vertices. and higher dimensional identifica­

tions involve only degenerate simpllces of /An ). We, thus, 

have the above result for k > 1 (since /An is acyclic). Fi­
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nally we also have Hj /An ■ Hj ( /An. ( /An>°) where ( /A^® is the 
O-skeleton of /An. Considering the long exact sequence in 

homology for the pair ( 'An,( /An)®), we then obtain the de­

sired result for k - 1 (using HQ ( /An>® - £ n+1. Ho /An “ ̂  
Further, the n edges of a reduced n-horn freely generate 

Hi /An (using the definition of the connecting homomorphism in 

the long exaot sequence).

The n-snhere in SQ is defined by Sn - /'An/ /An (n > 0). 

Sn has only one non-degenerate p-simplex when p *n,0 (all 

other values of p give degenerate p-slmplices); and so HpSn 

- ^  if p “n,0, and - 0 otherwise.
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3. Coalgebras. Background references Include [131, [IS], and 
[171.

For k a field of characteristic 0. let M* denote the 
category of graded k-aodules where the grading is given by 

the nonnegative integers. And let M denote the category of 

differential graded k-aodules where the differential has de­

gree - -1.

We note several useful properties of the forgetful func­

tor 0:M--- >M*. Firstly it is readily verified that U pre­
serves. reflects, and creates both kernels and cokernels. 

Also 0 preserves and reflects both pullbacks and pushouts. 

For this result, with M and abelain categories, we can 

coablne the above preservation and reflection properties of U 

with the following characterization of pullbacks and pushouts 

in terns of exact sequences.

£Efifi&Al£l&A 3.1 (see, e.g.,[ 5]): For an abelian category,
given a square

C— *— >B

consider-the sequence C————— >A b—— >D .

Then the square is

a pullback <■> 0— >C--->A©B--->D is exact,

a pushout <-> C--->A©B--->D— >0 is exact, and

blcarteslan <-> 0— >C--->A®B--->D— >0 is exact.

We also give a useful consequence of this characteriza­
tion :
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Corollary 3.2: If the following square is a pushout in an
abelian category:

C(-*— >B

1  I
A 1---- >P

. then the square is bicarteslan.

Proof: This result is laaedlate since in any category the
<f ,g >nap, C  — >ATTB, is monlc if f or g is sonic.

We reaark that a slallar result for SQ and Sets was 
proved in the previous section.

Let C denote the category of differential, connutatlve, 

connected, and associative graded coalgebras over k. A coal- 

ftftbd refers to an object in C. And let C* denote the cate­

gory of coBautative, connected, and associative graded coal­

gebras over k. C and C* are ooaplete and cocoaplete; for A 
and B in C (or C*), the product is given by the tensor pro­

duct A ®  B.

The forgetful functor U:C >C^ preserves pullbacks.
For the proof of this property, it suffices to show that U 

preserves products and equalizers. The preservation of prod­

ucts is lBaedlate (since the product is given by the tensor 
product in both C and C*). To show the preservation of

equalizers, let Z >X_  be an equalizer diagram in C;8
note that we can take Z to be the largest subcoalgebra of X 

in C which equalizes f and g (i.e., Z is the internal sum of 

all subcoalgebras of X which equalize f and g). Clearly UZ 

equalizes U(f) and U(g). To show that UZ is the largest sub­

coalgebra of UX in which has this property, consider the
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following: let X° be a subcoalgebra of UX which equalizes

0(f) and 0(g), and note that d(Xa) equalizes 0(f) and 0(g). 

The internal s u b  X° + d(X°) in graded k-aodules gives a DC 
subcoalgebra of X which equalizes f and g. We then have that 

XBC0(X° ♦ d(X°))C0Z in C*. Hence, 0Z is an equalizer of 

0(f) and 0(g).
A

The forgetful functor 0:C >M has a right adjoint S’:M

 >C. For V in M. S'(V) is the coalgebra on V.

Letting T'(V) be the tensor coalgebra on V, then S'(V) can be 
constructed as the subspace of T'(V) comprised of those ele­

ments which are invariant under the action of the permutation
A

groups (which peraute the tensors). Let J:US'— *— >id^ denote 
the counit for 0 — I S': and for g:0X--- >V in M, let the ad­

joint Bap be denoted by g:X >S'(V). We will make use of
A

the fact that 0, being a left adjoint, preserves colimits.

Similarly, the forgetful functor U^:C*--->M^ has a right

adjoint which we also denote by S':M^--->C^. It will be

clear froa the context whether the intended domain of S' is M 
or M#.

Am mm A
The comautativlty property 0" 0 ■ 0 U is immediate.

The next leama concerns the replacement of an isomor­

phism on homology by a coalgebra map (this technical lemma is 

used in the proof of lemma 8.3).
Lemma 3.3: Let V be a k-module, and let X be a coalgebra

* asuch that the map @:H,X--->S'(Vn) is an isomorphism in C*

where VQ in has V concentrated in degree n. Then there is 

a map 0:X--->S'(VQ) in C which gives a homology isomorphism
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and Is suoh that J«(p)» - 0  where J ,: H,S ' (Vn)~->S ' H,Vn -
AS ’(VQ). Moreover. the oonstruotlon of p has the following 

ooaautatlvlty property: let f:X*— >X' be a aap In C with

both f and f*:H#X^— >H,X' injeotive. and let i:V„ >V^ be a

aap in M*;
f.

H#X-------- >H,X'
if © > '

S
ooaautes in Cw ,

v s 7 < n >s,(v
i—  f

the
S' <V„>— — T >S'

P' coaautes in C 

*n>
>" * {

n ' s * ( i )
Proof: Let V C XR be a sub k-aodule of cycles such that an -

mm

the coBposition V C ker dQ is an isoBorphisB; i.e.. V
mm

is given by free generators in Xn of HQX. Define gn:Xn >V
mm

by gn(x) “ x for x « V (-0 otherwise); this gives a chain map
mm mm

g:X >VQ (since for x • V, x is not a boundary (x^O)) which
A ~in turn gives a aap g:X >S'(Vn) in C. Next consider the

coaposltlon ©  ■ Vn—®->H*X-^->Vn where © n - V ~ n >HnX ~ a >V. 

Noting that (gn)« ■ («n)_1:HnX-^— >HnV - V, we obtain ©g* ■ ©.
A  A^ - a. -  s 9 (5)Finally. the coaposltlon p - g©: X-*->S * (Vn)— z— >S'(Vn) in

C has the desired property that (fi)» m (g)•(S'(©))*:H,X >
H*S*(VQ)-x->H*S'(VQ) is an isoaorphisa (this is an exercise
in the universal aapping property of oofree coalgebras and

also uses the fact that H, and S' coaaute (see [IS], lemma

1.11)). That p satisfies T*<P)e - ©  is a similar exercise.
He next prove the coamutivlty property in the statement

mm mm

of this lemaa. He show that there is a k-module map fn:V
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 >V* (and, thus, a nap f:VQ >V^ in M) auch that the fol­

lowing diagram:
X  £ -------->X '

1 ~ 1 S't -  s * ( f ) .AP
A 8

S ' (f)S' <V„>----- >S' (V.)
/\
p ' in C- n' ' ' n' «.

s ’<e> | I s ’ (©•)
s '(Tn>3T7ir>s’(vn) 

commutes (note that the left and right vertical maps compose
/A A

to give 0 and p', respectively). For this map. note that if

for V' we take an extension of fn(V), then the restriction to
^ e

V of fn:ker dQ >ker d^ corestrlcts to V'; i.e., we simply
Me Me Me

let --->V* be the restriction and corestriction of fn.
For the commutivlty of the upper square in the above diagram.

Me

note that it suffices to show that g'f « fg; i.e., to show
e«e

that ggfn ■ fngn‘ Doing the definition of gn (and gg). this
Me Me

in turn reduces to showing that x « V <-> fn<*> « V'. We 

have left to show x e V <• * V' (i.e., x i V •> fn(x) 4

V'): a) note that x e Xn - ker dn -> fn (x) « *g _ker dn
(using fn-l is inJective) and b) x e ker dn - V ■> 8
fQ(ker dn> - V' (since f^TxT « H„X• is in fn(V> C H„X'. and

Me

so fn(x> i V ) .  The commutativity of the lower square in the
M  e e  Me

above diagram is immediate since 0'f ** i© (using the defini­

tion of f and ©'f* * i©) .



For k a field of characteristic 0, let & denote the 

oategory of differential graded Lie algebras over k where the 

grading is given by the nonnegative Integers and where the 

differential has degree - -1. We adopt the convention that 

ungraded Lie algebras are objects of "t, when concentrated in 
degree 0.

^Quillen (in [17]) defined a pair of adjoint functors 

C , ~ w i t h  «£— I <S , and showed that the components of the
unit and oounlt for the adjunotlon gave homology isomorphisms 

when the coalgebras X were simply connected (Xj - 0) and when 

the Lie algebras L were oonnected (LQ “ 0), respectively. 

Nelsendorfer (in [IS]) showed that the components gave homol­

ogy isomorphisms without these restrictions.

We give Nelsendorfer’s very efficient construction of
(SsJ--->C. The underlying non-differential coalgebra of &L
is given by 0(£L) • S'(sL) where L is in X and where s:K^

 >M* is the suspension (VI >V with Vn + ̂ - Vn). S'(sL) has

a blgraded structure, and the differential on S'(sL) is given 

as a sum d - dj + d[ j. Also the differential is uniquely 

determined by the composition d * S '(sL)-^->S'(sL)—^->sL. 
With d - dj + d[ j, d is then defined on the generators si, 

(si *) (si' ’) (- s l ' ® s l "  + (-I)*1®*1'de*1 " s i ' ' ®  si *), ... of

S'(sL) (CT'(sL) ) by dj(sl) - -sdl. d[ j(sl')(sl") -

sll'.l"], and dj and d[ j are zero on the other generators.
For what follows, we consider two notions: with c in a

aw
pointed category C and (X,xQ) in Sets*, the pointed copower



26

is defined by X'c - V c and the pointed power by cx ■ TT c
x«X-{xQ} x«X-{xQ}

in C . Note that for C - Sets*, Xx ” Sets*(X,Y). Also

C(X'o,c’)--->C(c,c*)A is a bijection in Sets*—  a result
whioh is similar to that for the unpointed case.

Now consider the composite functor /A >£ (Cn 1 I >

F^(s-^C* /An) ) where F^rM > is the free Lie algebra func-
— 1 I **tor and where s 4:M >M is the desuspension (V I >V with

-  *  6Vq.j » VQ). And let y be the composition /A --- >C.
— — X * YNow note for X in SQ , we have /A°P * A >Sets* x C >C

where the last functor is given by the pointed copower. And

so we can consider the realization functor I I:SQ >C defin­
ed (on objeots) by the ooend

[n]
1x1 " f V * n  (X ln So>«

Coends (and ends) are discussed in (111; the universal map­

ping property of coends defines I I on the morphisms of SQ .

Let the singular functor ^:C >SQ be defined (on ob­

jects) as follows: for Y in C. let SY be given by the compo-
~ y C ( , Y )sitlon /A--- >C— — — >Sets« (since yc “ k » the composition de­

termines an object ln SQ).

Lemma 4.1: Let X.Y be ln SQ ,

then SC (X,Y) - f Sets,(Xn .Yn) - f Yn*n in Sets* (where the 
[n] [n]

right end involves the pointed power in Sets*).

Proof: This is the analogue for SQ of the end formula for S.

The hom-sets of a functor category have the universal mapping
A#** rproperty of an end: let H, K:C >D be functors, then DMH.K)
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D(Ho.Ko). Further, for D • pointed oategory, this formu- 
o

la gives an isoaorphlsa ln Sets*. And so we have our desired 

result for S0 (X,Y).
Theorem 4.2: The functors SQ<  ̂ are an adjoint pair:

I I — IS. %

Proof: Consider the following sequence of isoaorphslas ln
[n]

Sets,: C( lx l. T)  - C ( | X n ’r n .T) (definition of IX I>
~ fC(Xn *rn»T) (since C(_,T) Is continuous)
[n]

~ lc(yn ,Y)Xn (relation between pointed
[n] oopower and pointed power)

- f(SY)nXn (definition of S'!)
In]

- S0(X,$7) (by above leaaa).

Finally since each Isoaorphlsa is natural ln X and Y, so is 

the resulting ooaposltlon.
We remark that I I, being a left adjoint, preserves co- 

limits and g  , being a right adjoint, preserves Halts.
Leaaa 4.3: Let D and C be pointed categories, and let F:D

tm
 >C be a pointed functor. Assume that the pointed copowers

D(d',d0)*Fd exist in C for all d*, dQ , d in D and that the

coend in the following formula exists for all d0 in D.
d

Then ^D(d,d0)*Fd • FdQ (where the copower is pointed).
Proof: The above foraula is a special case of the following
ooend formula for a left Kan extension (see [11], p. 236): 

d
(LangFHa) - ^A(Kd,a)*Fd where K:D >A (provided the copow­

ers A(Kd',a)*Fd exist for all d', d in D and all a in A and
that the coend exists for all a ln A). Note that for K -
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d
idD :D >D, this formula gives (Lani(jDF) (dQ) - ^D(d,d0)’Fd.

But (Lani{jDF) (dQ) - Fd0 ' and 80 th# d®aired result follows 
(when F is a pointed functor, this formula is valid provided 

the pointed oopower is used).

We remark that, in a similar fashion, if one applies the 

end formula for a right Kan extension to the case K * idp, 
then one obtains an end formula (which is analogous to the 

coend formula of this lemma) which generalizes the Yoneda 

lemma. This observation is the note upon which Mac Lane ends 

[1 1 1.
ZCflfiflfllllfltt 4.4: I A I - rn in C.

_ [k]_
Proof: By definition we have I A n I -  ̂/A( [k ] , [n]) • ŷ  ; and

then applying the above lemma with F ■ y: /A >C we can con­

clude that this coend equals rn (• yin]).

Thus. IAI and y: /A--- >C are Isomorphic functors.

The basic properties of the realization functor are the
following (ln addition to having a right adjoint): 1) I I
preserves monomorphisms and 2) there is a natural transforma­

tion X:U| I— *— >cJJ such that (Xx),:H,|xl--->H,(X:k) is an iso­

morphism of coalgebras (X in SQ). We now proceed to prove 

these properties.
Theorem 4.5: I I preserves monomorphisms.

Proof: The approach taken is similar to that given in ( 6]

for I l:S >Top, with the geometric standard n-simplex An *>

I /An l in Top and yn - I /An I in C being treated analogously.
/  —We first show that i: /Anv —  > /An in SQ realizes to a monomor-
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phisa 111: I /An I >1 /An I in C. By applying I l:SQ >C to the
.1.

presentation of /An given by diagram (2.4), we obtain the top 
row in the following dlagraa:

Ipl

Iu I . _ s \ 41 In' I* -
V l / A n - 2 l  s  V I / A „ _ 1 I ~ ^ L- > I Z | - ^  - S i  / A _ |

0<i<Jv<n “ TvT~ 0< 1 <n " I
1 i  -  i+ u v *

0(i<j\<n
» —  ----

P
further, this row is a coequalizer (since I I preserves co-

liaits). The bottoa row is obtained using the functor ?: /A

 >C in a siailar fashion as was done for the coequalizer

dlagraa (2.3). The coequalizer Z is the qoutient coalgebra 
with relations which attach the faces of yn . Recall that yn 

■ C(FL(s-1c5J /AR)) where U6(L) - S'(sL). I.e., when we view

Yn in C^, yn has generators which are the perauted tensor 
products of the free Lie brackets on the non-degenerate sla- 

pllces of /An . Viewing the free generators of Z as a subset 

of those of Yn—  there are Biasing Lie brackets, we then have
that p':Z >Yn is aonic (since all the functors which are

involved preserve aonics). In the above dlagraa, the two

left vertical aaps are isoaorphisas (since y and IAI : /A >C
are naturally isoaorphic) and the left hand squares coaoute 

(using the naturality). There is, thus, a canonical aap

IZI >Z such that the aiddle square coaautes; further, this

aap is necessarily an Isoaorphlsa. Also the right hand



30

square coaautes (using the naturallty and the fact that IJI

is an eplaorphisa). This iaplles that l p ’ l:|z| >1 /An I is a
aonoaorphlsa (since p' is); hence, I i I: I /AQ I - lia(p')| >
I /An l is a aonoaorphlsa.

Ve next show the general case. Let f:X >Y be a aono-

aorphlsa in SQ ; we can assuae that X is a subslapllcial set 
with f the inclusion. Let (a*) be the set of non-degenerate 

n-slapllces of X which are not in X, and consider the conmu- 

tatlve dlagraa:

V J j ------> V /a .4
n «'0

/A_ ' >V /A

i. -I*n in s'T n - l u x ( >In u x
where, e.g., Yn is the n-skeleton of Y. This dlagraa in S. 

with /Aq and /An (Instead of A n and /An), is shown in [ 6] 
to be a pushout. The saae approach which was used to show 

that dlagraa (2.2) is a pushout can also be used to show that 

the above dlagraa is a pushout in SQ . By applying I I to 

this dlagraa, we then obtain the pushout dlagraa:
V I /An l( >V I /A„|

1 * in C' I  *' I
|Yn-1W X | ( > I YnVJ X I

where the bottoa aap is necessarily aonlc (since one can view 

this dlagraa as a pushout in the abelian category M). Final­

ly by considering the directed coliaits, we obtain that

If 1:1x1 - |Y°UX|--- >lia |YnVjXl - Y is a aonoaorphlsa.
_n”

Let MC£ M  be the full subcategory deteralned by the ob­

jects V such that Vq * k and dx ■ 0.
+ _ jLeaaa 4.6: There is a natural transforaation X:UCF^s
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auoh that (Xy) *: H, (gFLs_1V)--- >H,V is an isomorphism of

coalgebras (V ln MQ).
Proof: This la an immediate consequence of Nelsendorfer's

result ([IS], prop. 4.2 b): for a Lie algebra L in £ , If L «
FL (V) i n £ *  - graded Lie algebras, then H»€L is isonorphlc to

sH«QL as a ooalgebra where QL “ L/IL.L] is the abellanization
of L. The Isoaorphlsa is given by the coaposltlon 6(L) *
S*(s L > a L - - - - - - > a Q L  (where L-fl->QL) which is a chain map.

With L ■ F|<(T), then QL ■ T, and this aap becomes £F^(V)--- >

sV which is dearly natural ln V. Further, for V in MQ, the

isoaorphlsa is also true for the unreduced hoaology on CL,
• — 1and the application of this proposition to V - s J'V gives our 

desired result.
^  M —  —And so applying X to the functor C"A: /A >M we obtain a

natural transforaatlon X - XCN^:Uy— *— >C,A such that

(Xn)«:H*yQ >H,( /An;k) is an isoaorphlsa ln C*.
[ n ] i. a »_

Now apply the coend blfunctor ^_n*_n to X:Oy— »~>C*A to
obtain a natural transforaatlon X:U| I— >C* which gives 

• « , In ] » _ _
■A lol A Xy ■ Cx *X to] _
ulxl - {xn*Orn------ 1-H— n_> jxn *c|J/An - c|Jx

Theorea 4.7: For the natural transformation X:U| I — •—  >C*,

the map (Xy)»:H«lxl >H*(X;k) is an isomorphism in C* (X in

s0>-
Proof: He first give an inductive proof that the map
X g c : l x n l > C *X n in H (Xn is the n-skeleton of X) gives a ho­

aology isoaorphlsa.

For n « 0, the 0-skeleton X® ■ • in SQ , both |X°I and
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c2x° equal k ln M, and ve have Xx0 - l d k : l x ° l > c £ x 0 in M.
We now assume that Xxn-l:lxn-1l >c2xn_1 gives a homo­

logy isomorphism and show It follows that Xxn gives one as 

well. The application of I I to the basic pushout diagram 
(2.2) of SQ yields the following diagram (recall that I I 

preserves coproducts and monomorphisms):

V I /A_ | (---> VI /A_|a | n a I n
I I i" C-

|xn-l|<---- >1,01

This diagram is a pushout in C (since I I preserves push­

outs) and is, thus, a pushout in M; further. it is also a 

pullback in M (slnoe two opposite maps are monomorphisms) and 
is, thus, blcarteslan. Note if we apply C*:S0 >M to dia­
gram (2.2), we obtain an analogous pushout diagram in H which 

is also blcarteslan. Next consider the following diagram:

0— >V a /Aq I >|Xn-1| © V  I 'An I---> IX n I —  > 0a n
xx«-i e-'i’a,, Xxn in M.

0— >-^c2 A n--- >C2X“-1®  -£c 2 /An--->C*»Xn— >0
Each row is obtained from a bicartesian diagram and is, thus,

exaot. To show that the left square commutes consider the

following: let x: /An >Xn be a map in SQ and note that this

gives a map/Aq - ( /An)n_1--->(Xn)n_1 » Xn-1 on the (n-1)-

skeletons; then applying the naturallty of X to this map we

obtain I /An l —  >|Xn-1l —  >c2xn_1 - I /AQ I —  >C? /A„— >c2xn_1.
^ / “Also applying the naturallty of X to/An l —  > /A„ we obtain 

I /An l (->| /An l —  >C« /An - I /An l —  >c2 /An(->c2 /An . These two re­
sults imply the commutativity of the left square. The commu-
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tatlvity of the right hand square follows from applying the

naturallty of X to the aapa Xn-1 * —  >Xn and x: /An >Xn.
We elaia that X^n gives a hoaology Isoaorphlsa. For 

this, note that and - "^a^n 8lv* hoaology isoaor-
phlsas (slnoe xA n and X/An do, and hoaology coaautes with ar­

bitrary ooproduots), and so Xgn-1® does as well. Next

considering the two Mayer-Vletorls long exact sequences in

hoaology, and applying the 5-leaaa, we can oonclude that X^n 

gives a hoaology Isoaorphlsa.

Now X Is the union of Its n-skeletons: X • ^  Xn; I.e.,
X Is given by the oollait: X • 11a Xn. Also C* and Ul I pre-

~n_>
serve oollalts; and so. after applying the naturallty of X to

the aaps Xn *— >lla Xn “ X (n^O), we obtain the following
“ 5“

coaautatlve dlagraa:

U a  X«n 
~n“

lia IXn I >lia c{jxn
“n_> “n"'|= |=

III - Ilia Xn l— ---- >C?(lia Xn) - cjx
-n-> XX "n*>

We clala that Xj gives a hoaology isoaorphlsa. For

this, apply hoaology H»:M >M* to the above dlagraa and note

that (lia Xjn)« Is an isoaorphlsa (since (Xxn)« is an isoaor- 
”n_

phlsa (n^O) and hoaology coaautes with directed collaits 

(see, e.g., [18]) ): and so we can conclude that (X^)* is an 
Isoaorphlsa.

Theorep 4.8: The canonical aap IXTYl >|xl® IY I in C in­

duces a hoaology isoaorphlsa.
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Proof: Note that < I prx I , . I prT I , > : H, |XTT Y I >H, |X I® H, |Y I in

C* is an isoaorphlsa (using tbe naturallty of X:U| I — >C

and tbe faot that tbe analogous aap H* (X Tf Y ; k )--- >

H,(X;k)®H,(Y;k) ln C* is an isoaorpblsa). It follows tbat 

tbe aap H«|X1TY| >H*( ll I ®  ll I) , whloh is induced by the ca­
nonical aap, is an isoaorphlsa (using the Kiinneth theorem for 

coalgebras; i.e., H,:C--->C* preserves products).

•
z
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5. Closed sodsl categories and aose lemmas.

Definition (Quillen, [17]): A fllfififid ifidfil £Ai£&fi£X is a
mt

oategory C together with three distinguished classes of saps 

oalled flbrations. cofIterations. and uftgk eoulyalenoea which 

satisfy the following:
CMO. C is closed under finite Halts and finite colialts.

CM1. Given a commutative diagram in C:

A----- >X

1P (5.1)
B------ >Y ,

then a dotted aap exists which gives commutative tri­

angles if either a) i is a cofibratlon and p is a fi- 
bratlon and weak equivalence or b) 1 is a cofibration 

and weak equivalence and p is a fibration.
CM2. Any map f has two factorizations: a) f ■ pi where 1 is 

a oofibratlon and weak equivalence and p is a fibra­

tion, and b) f - p'i' where i' is a cofibration and p* 

is a fibration and weak equivalence.
CM3 . Let f: X---- >Y. and g:Y >Z. If any two of f, g, and gf

are weak equivalences, then so is the third.
CM4. Each of the classes: flbrations. cofibrations, and weak

equivalences is closed under retracts.

A trivial fibration (trivial cofibration) is a fibration 

(cofibration) which is also a weak equivalence.

If a dotted map exists in diagram (5.1), p has the right 

lifting (RLP) with respect to i. and i has the lfift

lifting property (LLP) with respect to p.
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Note that with these definitions axiom CM1 says that 

flbrations have the RLP with respect to the class of trivial 

coflbrations, and oofibratlons have the LLP with respect to 

the class of trivial flbrations.
Quillen (in [17]. p. 234) gives a concise discussion of 

closed model categories, and we refer the reader to this work 

and. of course, also to [16] for the treatment of homotopy 
theory ln the setting of closed model categories.

In [16] Quillen defines the notion of a Bfilfil fig£ftgfi£X 
and then defines the notion of a qlpsed model category. The 

axioms for the latter are then reformulated (in [17]). It is 

this reformulation which we have given above, and. in the 

following, statements which are made for model categories can 
be Interpreted by the reader as statements regarding closed 

model categories.
We do want to mention the following: for C a model cat­

egory, the relation of left (respectively, right) homotopy 

(respectively, ~R) is an equivalence relation on C(X,Y) if X

is cofibrant (respectively, Y is fibrant). Let v:W >X, f

and g:X >Y, and u:Y >Z be maps in C. If f g (respec­

tively, f ~R g), then uf ug (respectively, fv ~R gv), fv 
gv when Y is fibrant (respectively, uf ~R ug when X is co­

fibrant). and f ~R g when X is cofibrant (respectively, f ~L 

g when Y is fibrant). Thus, for X cofibrant and Y fibrant, 

the relations and ~R agree; and then this relation on
A*

C(X ,Y) is denoted simply ~, and the set of equivalence class­

es is denoted [X,Y].



37

Let CQf denote the full suboategory of C determined by
ttm

the objects of C which are both cofibrant and fibrant; then ~
mtmis a congruence on Ccf, and the quotient category is denoted

At «W At At

hoC. Thus. hoC has the same objects as CQf. and hoC(X.Y) -
ter mtm

[X.Y]. Finally let *t:Ccf >hoC denote the quotient functor

(hoC is denotedTTCcf in [16] and [17]).
mtm

Let f.g:X >Y be maps in C. Quillen (see [16], i 1 lem-
mm

ma 1), ln effeot, defines the relation ~L on C(X.Y): f ~L g
mm mtm

if there exists a left homotopy H:X >Y from f to g where X

is a cylinder object for X. The question naturally arises as 
to the extent to whloh the relation depends on the choice

mmof X. The next lemma addresses this question and is Intended 

as a remark.

Lemma S.l: Let X be cofibrant and Y be fibrant ln the model
m * mm

category C. Then the relation ~ (■ ~L) on C(X,Y) is indepen­

dent of the choice of cylinder object.

I.e.,, let X and X* be two cylinder objects for X, and
let f,g:X >Y. Then in the following commutative diagram:

Xli-X-

Proof: Let P be a pushout in C of X T X  >X along X^r X >
~ «Z ; the projection maps p and p' of the cylinder objects give

mtm
a map p:P >X as indicated in the commutative diagram:
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Note that v and v ’ are ooflbratlons. Now oonaider the fac-

bration and p is a trivial fibration. It is readily shown 
that the saps u ■ iv and u' - iv' are trivial oofibratlons 
(e.g.. slnoe uiQ is a trivial cofibration).

Now assume f,g:X >Y are left homotopic via H:X >Y,

and oonsider the commutative diagram:

Note that there is a map H such that Hu - H (since Y is fi­

brant and u is a trivial cofibration). Then H* ■ Hu' is a

that the symmetry of X gives that H' exists -> H exists.

Similarly. using the construction which is dual to that 
given for X. one can show that ~ (- ~R) is independent of the 

choice of path object (with X cofibrant and Y fibrant).
aw

Let C be a category and let S be a subclass of morphisms 

of C. A £g££g&£X fll ££A£lian£ fil £ gl&h 5. is a
~ e —category, denoted C[S A], together with a functor y:C >

torlzatlon p ■ the composition P—^->X—^->X where 1 is a cofi-

Y

(f .g)

left homotopy for f ~ g using the cylinder object X . Note
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CIS'1] suoh that a) r(s) Is an isoaorphlsa for all s ln S.

and b) if a functor F:C >D has the property that F(s) is an

isoaorphlsa in D for all s in S. then there is a unique func­

tor F':C[S-1] >D such that F'y ■ F.
For C a aodel category, the hoaotopy category of C, de- 

noted y:C >HoC, is a category of fractions of C with re­

spect to the class of weak equivalences. Quillen (in [16]) 

proves that HoC always exists. We reaark that HoC and C have 

the saae objects (i.e., yX ■ X for X in C).

The following leaaa is useful and also one which is

easily proved.
Proposition 5.2: Let C be a aodel category. Let f:X >X*

be a weak equivalence in C with X and X* cofibrant, and let Y

be fibrant. Then f*:[X',Y]--->[X,Y] is a bijection in Sets.
Proof: For A cofibrant and B fibrant in C, there is a natu­

ral bijection [A,B] >HoC(A,B) in Sets (see [16]). Let y : C
 >HoC be the canonical functor, and consider the commuta­

tive dlagraa:

[X' ,Y]----->HoC (X ' , Y )
(y (f))* in Sets. (5.2)f*

[X , Y ] >HoC (X , Y )
~ *Note that y(f) is an isoaorphlsa in HoC, and so (y(f)) is a

bijection in Sets; and since the horizontal arrows in this 

diagram are bijections, we can conclude that f* is a bijec­

tion in Sets.
The next corollary and subsequent proposition show that
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for f:X >Y in the closed aodel category C with X and Y both
cofibrant and fibrant, then f is a hoaotopy equivalence <-> f 

is a weak equivalence.

Corollary S.3: Let C be a aodel category. Let f:X >X' be
0m

a weak equivalence in C with X and X* cofibrant as well as 

fibrant. Then f is a hoaotopy equivalence.

Proof: By the above leaaa, f*:!X',X]--- >[X,X] is a bijection

in Sets. In particular, f* is surjective; so there is a aap
g :X ' >X in C with gf - idx . But f*:[X'.X']--->[X,X'] is

also a bijeotlon. Noting that this aap gives f*(fg) ■ (fg)f 
- f(gf) - f « f*(idgi), we have fg - idy, (since f* is injec­

tive); i.e., we also have fg ~ ldy>. And so f is a hoaotopy 

equivalence (with g a hoaotopy inverse).
0m

Proposition 3.4: Let C be a closed aodel category. Let f:X
 >Y be a hoaotopy equivalence in C with X and Y cofibrant

tm

as well as fibrant. Then f is a weak equivalence in C.
Proof: As ln the proof of the previous proposition, we con­

sider the bijection [A,B] >HoC(A,B) (j|l >y(h) ) where A
0m 0m

is cofibrant and B is fibrant and where y:C >HoC is the ca­

nonical functor. Let g:Y >X be a hoaotopy inverse for f;

and so gf ~ idy, and fg ~ idy. But note that since the above 
bijections are well-defined and y is a functor, we obtain 

Y(g)r<f) ■ idTy and y(f)r(g) ■ idyy. Thus. y(T) is an iso-
0m 0maorphisa in HoC; and so f is a weak equivalence (since C is a 

closed aodel category).

A aap in Ccy is called a weak equivalence if it is such
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In C .
m t

Ppopoaltlon S.S: Let C be a closed model category. Then the
M r M r M r

quotient functor n:C0f >hoC makes hoC a category of frac-
Mr

tiona with respect to the weak equivalences in Ccf.
Mr

Proof: The previous two results show that for f in Ccf, then

f is a homotopy equivalence <■> f is a weak equivalence: and

so n(f) is an isomorphism if f is a weak equivalence. The 

following is easily shown (see [16], 11 lemma 8): assume that
M r M r

a functor F:Ccf >D takes weak equivalences in Ccf into iso-
M r

morphlsms in D, then f ~ g -> F(f) - F(g) (f.g in Ccf). F,
M r

thus, factors uniquely through hoC via n.
MT i ^  M  Y  M*Since the composition Ccf'— >C >HoC takes weak equiva­

lences to isomorphisms, y Induces a unique functor y:hoC >
M r —

HoC such that yn - yl.
»  M r M r

Theorem 5.6 (Quillen, [16]): y:hoC >HoC is an equivalence

of categories.
He remark, for later reference, that Quillen defines a

M r M r Mrfunctor RQ:C >hoC which takes weak equivalences in C to
M  M r Mr

isomorphisms in hoC. The unique functor HoC >hoC, induced

by RQ, is an equivalence which is*inverse to y.
Mr

Cylinder mapping lemma S.7: Let C be a model category. Let
M r m t

f:X----->Y be a map in C; and let X be a cylinder object for X.
M r M r M r M r

Then there is a cylinder object Y for Y and a map f:X-->Y
such that the following diagram:



comautes. Moreover, our construction of Y has the property
A»

that f is a coflbration if f is such.
A*

Proof: Let P be a pushout in C of f_u.f along (Iq .Ij ). And

let 0: P >Y be the unique Bap out of P such that the com-

position Y-U-Y >P ——— >Y - (idy .idy) and X--->P— ->Y - X--->
f i - p ’X >Y. Next consider the factorization 0 * P >Y >Y

where i is a coflbration and p' is a trivial fibration. Then
A# A»

Y is a cylinder object for Y, and the Bap f - iu has the re­

quired properties.

The dual assertion is the oath object m a p p ing leBBa 

(which is obtained by the dualization of this p r o o f ) .
A#

TheoreB 5.8: Let C be a aodel category, and let f:X >Y be

a coflbration with X coflbrant. Let the following diagran:
X--- > A

4  I 
I — - ~ > p

A#

be a pushout in C. If g is a weak equivalence, then so is 

g' •
Proof: Heller ([ 9], Lemma 1.2) proved that for an h-c cate­

gory, the pushout of a homotopy equivalence along a cofibra- 

tion is a homotopy equivalence. The proof given, although 

based on a different axiOBatic system for a homotopy theory,
A*

remains valid for a model category C. A crucial part of the 

proof concerns the treatment of a cylinder object for X (cal­
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led a cylinder over X in [ 9]) whloh, in essence, is our cyl­

inder sapping leaaa S.7. Recall that the aap f:X >Y be-
tween cylinder objects is given by f ■ iu where i is a cofl- 

bratlon (the analogues of f and 1 in ( 9] are denoted z and 
(Iq ZI^). respectively). Next consider the pullback P ’ in C 

of (i0,i1):XUX >X along fU-idx : let e:P' >Y be the map
.. idyU.f ( i n i i  ) ~

determined by f and the composition Y-U-X------ >Yu-Y— Jii—jI— >y .

It is easily shown that a is a coflbration (using i is a co- 

flbratlon). The proof in [ 9] involves the construction of a 

diagram which consists of three concentric pushout squares— a 

construction which can also be done in C—  with the analogue 

of the coflbration a (denoted I q z ) oocurring as part of the 

diagram. Properties of an h-c category—  with analogous ones 
valid for C—  are then used to obtain the desired conclusion. 

We remark that in order for the proof to work for C, X is as-

sumed ooflbrant in order that the map ij:X >X (J -0,1) be a
trivial coflbration (in an h-c category, all objects are co- 

flbrant).

Theorem 5.9: In a model category, the pullback of weak equi­
valence along a fibration which has a flbrant codomain is a 
weak equivalence.

Proof: The proof for theorem 5.8 dualizes.

We remark that there are closed model categories where 

the pullback of a weak equivalence along a fibration (whose 

codomain is not fibrant) need not be a weak equivalence; 
Quillen ([17], II Remark 2.9) gives an example of such a
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pullback In Sp.1 For these situations the following lenna aay 
be a useful one for it shows that a fibration. which is in­

duced from a fibration having a flbrant codoaain, has the de­
sired weak equivalence pullback property.*

At

Proposition S.10: Let C be a aodel category. and let f:X
A*

 >Y be a fibration in C with Y flbrant. Let the following
be a coaautatlve dlagraa:

P— --->X '----- >X

1 1 ! fA > Y ’------> Y8
where both squares are pullback diagraas. Then g ’ is a weak 

equivalence if g is suoh.

Proof: Consider the construction of the following commuta-

tlve dlagraa:

Here Y' >Y* is a trivial coflbration with Y* flbrant (froa

a factorization of Y ’ >e, where e is a terainal object);
*A. K. Bousfield and E. M. Frledlander call a closed aodel category pro­
per if weak equivalences are closed under pullbacks of fibrations and are 
dosed under pushouts of cofibrations—  S and S* are examples; they then 
derive soae basic properties for such categories (see their paper: Homo­
topy theory ofP-spaces, spectra, and bislBpliclal sets; Geoaetrlc Appli­
cations of Hoaotoov Theory. L.N.M. Vol. 638 (Springer-Verlag, New York/ 
Berlin. 1978) 80-130).
*We reaark that D. Huseaoller. J. C. Moore, and J. Stasheff call a map 
f:X >Y in S a weak fibration if it is surjective and if homotopy equi­
valences in S are closed under pullbacks of the type described in prop. 
3.10 (with Y not assumed flbrant); see their paper (p. 164): Differential 
hoBOloglcal algebra and homogeneous spaces. Jour. Pure and AppI. Ala. 5 
(1974) 113-183.
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and, hence, one haa the bottom triangle ( since Y is fi- 

brant). P is a pullback of f along I  >Y giving an obvious
mtaap X' >P. Note that the left trapezoid is a pullback (us­

ing the basic properties of pullbacks in a category); and so

X' >P is a weak equivalence (slnoe it is the pullback of a
weak equivalence along a fibration which has a flbrant eodo- 

maln). Next consider the conmutatlve diagram:
P— --->X '----- >P------ >X

I I A. If
A-----> Y '----- > Y  > Y

g
where all vertical maps are fibrations. P >A is a pullback

fi 9along the weak equivalence A >Y' >Y , and so the composi-
g ' ~  ~  ition P >X' >P is a weak equivalence (since Y is fi-

brant). And so we can conclude that g' is a weak equivalence 

(since X' >P is such).
mt

Lemma 5.11 (picture frame):. Let C be a model category. Let 
the following be a commutative diagram:

I IB----- >Y.

where the inner and outer squares are both pullbacks with Y 

and Y' flbrant. Assume that a) B' >Y• and X >Y are fi­

brations or b) X' >Y* and X >Y are fibrations. Then

A* >A is a weak equivalence if the other three diagonal

maps in the diagram are such.
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Proof: For part a), we will apply prop. 5.10 to two pullback

diagrams which are adjacent horizontally and then apply the 

saae leaaa to two pullbacks whioh are adjacent vertically. 
Consider the construction of the following oonmutative dia­
gram:

>X'

— >YB-

>Y *
P is a pullback of the fibration X >Y along the weak equi­

valence Y' >Y; and so P >X is a weak equivalence (since Y

is flbrant). There is an obvious aap X' >P into the pull­

back P: further this aap is a weak equivalence (since X' >X
and P >X are such). P' is a pullback of P--- >Y’ along

B* >Y* giving an obvious aap P' >A into the pullback A.
Note that P' is also a pullback of A >B along the weak
equivalence B'----->B (using the basic properties of pullbacks

in a category); and so P*->A is a weak equivalence (using
prop. 5.10). There is an obvious aap A' >P' into the pull­

back P'. And note that A' is also a pullback of P' >P

along the weak equivalence X* >P (again using the basic

properties of pullbacks in s category); and so A' >P' is a
weak equivalence (since B'--->Y' is a fibration with Y' fi-

brant and using prop. 5.10). And so we can conclude that

A' >A is a weak equivalence (since A* >P* and P' >A are
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such)

For part b), consider the following commutative dlagraa:

where B >Y gives a factorization B >B >Y of a weak

equivalence followed by a fibration, and where P is a pull-
mt

back of X >Y along B >Y: A >P is the obvious map into
the pullback P. Note that we can conclude that A >P is a

weak equivalence (by applying part a) to the fibration pair 

X >Y, B >Y). A similar application of part a) to the fi-
mt

bration pair X* >Y', B >Y allows us to conclude that the

composition A* >A >P is a weak equivalence; and, hence,

A* >A is a weak equivalence.
The following lemma is a useful form of the homotopy 

lifting property for fibrations.
mt

Lemma S.12 (homotopy lifting): Let C be a model category.

Let f:X >Y be a fibration and let B be cofibrant. Let 0:B

 >Y and g:B >X with fg ~L 0. Dlagramatically this gives:

Then there is a map g':B >X such that g g ’ and fg’ ■ 0.
mt

Proof: Let h:B--->Y be a left homotopy for fg 0. And con-

B —  > Y
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aider the coaautative dlagraa:
B § >X

I'
B-   >Y

The aap 1Q la a trivial coflbration (aince B la coflbrant),
and ao there la a aap H which coapletea the dlagraa. Then

the aap g' - Hij has the required propertied.
The dual to thia leaaa la the hoaotopy extension leaaa.

mtTheorea 5.13: Let C be a aodel category. Let p:X >B be a
mt

fibration in C with B flbrant, and let g0 »gi:A with gQ

~L gj. Let Xj----->A be a pullback in C of p along gj (J -

o.l). Now let f:C----->A with C coflbrant and let kQ:C >X be

a lift of g0f over p (i.e., gQf - pk0) . Finally let S*0:C->
« 9XQ be the map into the pullback XQ determined by f and kQ.

Then a) there la a lift kj:C >X of gjf over p with
kQ ~L kj, and let ^ :C---->xj be the aap into the pullback Xj
deteralned by f and k^; thua, we have the following comauta-

tive diagrams:

—  >X

A----- >B8
J -o.l.

And b) if is a weak equivalence, then ao la .
Proof: Let g0 ~L 8i vla a hoaotopy H *:A*--->B (where A* la a

cylinder object for A). Recall (Quillen in [16]) one can
mt

obtain a hoaotopy H:gQf gjf. by first replacing the origi­
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nal cylinder object A by a cylinder object A (which has a
0m

trivial fibration for the projection aap A---->A) and replac-

ing H by a new hoaotopy H:A >B (using B is flbrant). One
mm mm mm

next finds a aap between cylinder objects f:C--->A which
mm

satisfies C1XC >C-*->A - C-U-C-•£-*-> A xlA >A (using A >A
mm mm

is a trivial fibration) and whleh, thus, gives H - Hf:gQf ~L 

gjf for the desired hoaotopy.
Now use the hoaotopy lifting property as indicated in

the following dlagraa (here i0 is a trivial coflbration since

C is ooflbrant)

C— -a— >X

40 P
■4'«. / '/C—   >B

H

to lift H:C--->B to a hoaotopy H*:C >X; and let kj - H ij:
C---->X. Now let P--->A be a pullback of p:X--- >B along H:A

mm f  mm mm mm

 >B. And note that pH - H - Hf determines a unique aap C
 >P. And finally let Xj >A be a pullback of the fibra-

9

ij ~tion P--- >A along the weak equivalence A >A (J -o.l). Note

that Xj--- >P is a weak equivalence (J -o.l) using prop. S.10.
Note that Xj >A is also a pullback of p:X->B along Hij -

gj (J -o.l). And consider the aap C--->Xj determined by f

and H'ij (h 'io - kQ, h ’Ij - kj). Note that (J -o.l) also

satisfies C— ^>xj-“ c—  >P (using f satisfies fij -

ijf) . Now consider this equality for J - o. Note that if
mm

is a weak equivalence, we can conclude that C >P is a weak



lu

50

equivalence (since three out of the four maps are weak equi­
valences). But then considering the equality for J • 1. with 

>P known to be a weak equivalence, the sane reasoning al­

lows us to oonclude that a weak equivalence.
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6. Closed aodol structures for S0 and C.
Quillen [16] has shown that S is a closed model category 

where oofibratlons are the injective saps, weak equivalences 

are the saps whose topological realizations give isomorphisms 
on all homotopy groups, and fibrations are those maps which 

have the RLP with respect to the class of trivial cofibra- 

tlons (i.e., fibrations are the Ran fibrations).
Theorem 6.1 (Quillen, [17], II theorem 2.2 (with r -1)): This 

definition also gives a closed model category structure for 

S p C S  (i.e., oofibratlons and weak equivalences in Sp are the 

maps whloh are such when viewed as maps in S, and fibrations 

in Sp are those maps which have the RLP with respect to the 

class of trivial oofibratlons of Sp).
We remark that the weak equivalence axiom CM3 is imme­

diate. It is also immediate that oofibratlons of Sp and weak 
equivalences of Sp are closed under retracts. It is easily 
verified that, in general, if a map f in an arbitrary catego­

ry C has the RLP with respect to a given class of maps, then 

so does a retract of f. It follows from this that the class 

of fibrations of Sp is also closed under retracts. Axiom CM4 
is, thus, satisfied. Part b) of axiom CM1 is Immediate by 

the definition of a fibration. It is the verification of CM1 
a) and the factorizations of axiom CM2 which are non-trlvial 

in the proof of this theorem.

Quillen ([17], II prop. 2.4 (with r -D) also shows that 

for a map f in SR, then f is a fibration in Sp and "H^f is 

surjective <-> f is a fibration in S. In particular, this
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implies that a surjectlve fibration in Sp ia a fibration in 

S.

Using tha isomorphism SQ >Sp ve obtain a closed nodal

oatagory atruotura for SQ fron that for Sp.
Nelaendorfar [15] haa ahown that C is a olosad modal 

oatagory whara oofibratlons ara tha injaotiva naps, weak 

equivalences ara tha napa which give iaonorphiana on homolo­
gy, and fibrations ara those maps which have tha RLP with re­

spect to tha claaa of trivial oofibratlons.

Quillen [17] had previously shown that this definition 
makes the subcategory of simply connected coalgebraa a closed 
modal category.



53

7. The realisation and singular funetors on the hoaotopy cat­
egories.

preserves weak equivalences.
Proof: The first property is Immediate slnoe coflbrations in

I I. For the second property, letting f:X >Y be a weak

equivalence in SQ» then f induces a homology isomorphism; in 

particular, f, - H,(f;k) is an isomorphism. Recall that the

(Xz)»:H,|zl--- >H,(Z;k) (Z in SQ); and using the naturallty of

X. we obtain f«(Xx)« - (Xy)*lfl*. And so |f| is a weak equi­
valence in C.

We remark that the above proof shows that any map f in

SQ whloh induces an isomorphism H*(f:k) is taken by I I to a
weak equivalence IfI in C.

The next propositions show that --->S0 preserves fi­

brations and takes a weak equivalence between flbrant objects 

in C to a weak equivalence in SQ.

Proposition 7.2: Let f:X >Y be a fibration in C. Then

S(f):fX >Sr is a fibration in SQ.
Proof: We show that S'(D has the right lifting property with
respect to trivial coflbrations. For this, let the following 

be a commutative diagram with g a trivial coflbration:

Proposition 7.1: I l:SQ--- >C preserves coflbrations and

SQ and C are the injections and the former are preserved by

natural transformation X:U| I — ■—  > C * gives an isomorphism

A >SXk

in SoB h >S Y
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With I I —  I S'. oonsider the following conventions for the
adjunction: let p:V >£d denote the adjoint of the aap

p:IW I >D: also let q:lz| >E denote the adjoint of the aap
q:Z >£E. Note that fk - S(t)k - hlgl (using the natuarlity

of the adjunotion), and so we obtain the following cooouta- 

tive dlagraa:

Note that Igl is a trivial coflbration (since I I preserves

trivial coflbrations), and so there is a aap 0:|B| >X as
indicated slnoe f has the right lifting property with respect 

to trivial oofibratlons. Now use the naturality of the 

adjunction again to obtain pg « P\g\ - k - k (i.e., pg - k); 
also S(f)p - t<f> • h » h (i.e., SlDp - h). Note that P. thus, 
gives a desired lifting in our original dlagraa. And so ^(f) 

is a fibration in SQ.
Corollary 7.3: Let X be flbrant in C. Then ifX is flbrant in

Leaaa 7.4: Let f:X >Y be a trivial fibration in C. Then

la a trivial fibration in SQ .

Proof: Recall that in a closed aodel category a aap is a

trivial fibration if and only if it has the right lifting
property with respect to coflbrations. But note that since 

I I preserves coflbrations. the saoe idea which was used to 

show that $ preserves fibrations can be used to show that S 
preserves trivial fibrations.

IA I k >X

in C

h
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Leaaa 7.5: Let f, g : X--> I in C with T fibrant. If f ~R g,

then iftf) S'(g) in SQ.
Proof: The baeio idea for thia proof is that S' preserves a

path object for a fibrant ooalgebra. Let h be a right houo- 

topy for f ~u g via a path objeot Y ttT A —y<— ly (here 

<d0 *di> is a fibration and 3y is a weak equivalence). Note
that since Y is fibrant, dj is a trivial fibration (J - o.l)

and the path object Y is fibrant. Now recall that S pre­
serves produots and apply & to this path objeot to obtain 
SY rr S Y < ~ ~ f l ~ - l ^ - S Y < — Î-jfr. Note that <S,(dQ) .S'tdy) > is 

a fibration (using $ preserves fibrations). But also ^(dj) 

is a trivial fibration (sinoe S’ preserves trivial fibra­

tions), and so considering j)jT(sy) “ id^Y # we can conclude
. a*

that iT(sy) is a weak equivalence. And s o^I is a path object 

for S'?. And, thus, S(t) ~p £(&) via the right hoaotopy irth): 
Sx >SY.

Proposition 7.6: Let f:X >Y be a weak equivalence in C

with X and Y fibrant. Then $1 f) :$X >S'Y is a weak equiva­
lence in SQ.

Proof: Note that f is a hoaotopy equivalence (using the aod­

el category cor. 5.3), and let g:Y >X be a hoaotopy in­

verse for f; so that gf ~ idy and fg ~ ldy. But % preserves 
the relation of right hoaotopy between aaps in C which have a 

fibrant codouain. Thus. £(g) is a hoaotopy inverse for £(f): 
and so Sf(t) is a hoaotopy equivalence. And so we can con­

clude that S(T) is a weak equivalence in SQ (using the closed 

aodel category prop. 5.4).
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The next theorea allows us to conclude that the adjoint 

functors I I and £  Induce a pair of adjoint functors between 

the hoaotopy categories HoSQ and HoC.
Theorea 7.7 (Quillen. [16]): Let C and C be aodel catego-

- I > -rles, and let  'C be a pair of adjoint functors, with
Q

F — I 0. Assuae that F preserves coflbrations and takes weak
mt

equivalences between coflbrant objects in C to weak equiva- 
~ •lences In C . Assuae that G preserves fibrations and takes

~  tweak equivalences between fibrant objects In C to weak
mt

equivalences In C. Then the total derived functors
- L(P) > ~-HoC. 'HoC are canonically adjoint, with L(F) — I R(G).

R (G)
Note that sinoe I I preserves all the weak equivalences 

froa S0 . It is immediate that I I Induces a canonical functor
I I:HoSQ >HoC (where we use the saae symbol for the latter
functor); in this situation, one has that the left derived 

functor is then given siaply by L(l I) - I I.

Since all objects in C are coflbrant, Quillen's con­

struction of a right derived functor R(G) for the case G ■ /S' 

can be nodifled slightly and which we now describe. For each
X in C, choose a weak equivalence ix:X >R(X) in C where

R(X) is fibrant (when X is fibrant, let lx - For each
nap f:X >Y in C. using (ix )*:[R(X),R(Y)] >[X,R(Y)1 is a

bijection (since ix is a weak equivalence and R(Y) is fi­

brant), choose a aap R(f):R(X)--->R(Y) in C such that R(f)lx

- iyf) and note that R(f) is unique up to homotopy. One 
observes that R(gf) ~ R(g)R(f) and R(ldx ) ~ idp(X ). We thus
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obtain a functor R:C >hoC (Xl >R(X), fl >R(f) ). The
functor n:C0f >hoC aakes hoC a category of fractions with

respect to the class of weak equivalences; and so, since the

restriction iT:Ccf >so Preserves weak equivalences, there is
a unique functor hoC >HoSQ such that

"I IrhoC----- >HoS0

commutes. Finally R(f) is a weak equivalence If f is (homo- 

toplc aaps In C give the sane aap on hoaology), and so R 
takes weak equivalences to lsoaorphlsas; and R(if) is obtained
using the universal napping property of y:C >HoC as the

following factorization:

hoC
-s.

HoC- » ( 5 r - >HoSo •
Note that on objects we have slaply R(S')(X) -iTR(X) for X in

mm mm

HoC (since y(Z) ■ Z where y:C >HoC). And so letting g' ■
JUS). we have £':HoC >HoS0 with 5'X « i?X ' where i:X >X '

is a weak equivalence in C with X ’ fibrant. We remark that 

when X is fibrant, <?'X -£x. We also remark that if the ob­

jects of C were not necessarily coflbrant, then Quillen's 

construction of would require that i also be a coflbra­

tion.
In a moment we will show that & Induces a functor f^thoC

 >hoS0; it is then easily shown that the functor hoC >

HoS0 which occurs in the above two diagrams, in fact, equals
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X Tthe composition hoC >hoSQ >HoSQ (using the universsl map­

ping property of hoC).
We next eonslder the functors induced by I I and S on 

the categories hoSQ and hoC. Our treatment is independent of 

the previous development Involving the categories HoSQ and 
HoC primarily beoauae we are interested in the explicit ad­
junction which it affords and also because the results which 
we currently have at our disposal make this treatment fairly 

immediate. We will then relate the two pairs of functors.

The restriction of S' to C0f coreatrlcts to (SQ)cf (since 

$ preserves fibrant objects) and also preserves weak equiva-
(V jf

lences; and so the composition Cof ^^o^cf >hoSo talce8
weak equlvalencees to Isomorphisms. We. thus. obtain a 

unique functor SShoC >boSQ for which

The functor I I does not preserve fibrant objects; how-

lences to Isomorphisms (recall that R occurs in our treatment 
of the derived functor R(S) ). And so we obtain a unique 

functor I l':hoS0 >hoC for which

hoC — >hoSoS'
commutes

I I Rever, the composition (SQ)cf--- >C—°->hoC takes weak equiva-

I I

hoS_   > h o Co ,

commutes. Note that on objects, we have IXI * - X' where
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i:IXI--- >X' Is a weak equivalence In C with X* fibrant.
Lemma 7.8: Let 'f be the adjunction for I I —  I S . and let Y

be flbrant in C. Then the obvious map Y:[|xl,Y]--- HX.fY] is

is a bijectlon which is natural in X and Y.

Proof: We first show that Y is well-defined. Let f,g:lxl

 >Y be in C with f ~R g, then -S*(f) ~R S'(g) (by lemma 7.5);
M . mi

and so f - Slf)qx ~R ̂ ( g)^ ■ g where q is the unit for I I

—  I S' and the adjoint of, e.g.. f is denoted f (- ^(f) ). In

a similar fashion one shows that is well-defined (by

first showing that I I preserves a cylinder object for a (co­

flbrant) object in S0 and then considering left homotopic 

maps in Sq (X,SY) ). Y is, thus. a bijectlon with inverse 
T-1. The naturallty of Y is Immediate.

i r
Theorem 7.9: The functors hoS-, *hoC are an adjoint pair

S
with I I — IS'.

Proof: For X in (S0)cf, let |x|' - X' where i:lxl >X' is a

weak equivalence in C with X* fibrant. And so for Y fibrant

in C. i * : [ | x l ' , Y ]--->[IX I,Y ) is a bijectlon which is natural

in X (using the definition of R on maps) and Y. And so the
1 4 *  &composition of natural bijections [IX I ,Y1-*— >IIX I,Y] >

[X.S'Y] gives an adjunction for I I* —  I S' .
It is easily shown that the unit for the adjunction is

given by i i [X,S'|xl'l where i:X >S'X' in SQ is the adjoint

map of the weak equivalence 1:1x1 >X' in C.
—m mi mi

Recall that the functor y:hoC >HoC is an equivalence

of categories. When the objects of C are all coflbrant, one



can use the unique functor HoC >hoC, Induced by R:C >hoC
— —

defined as above when C - C (versus Quillen's functor RQ),

for the equivalence which is inverse to y. Our two pairs of

adjoint functors are then related by the following commuta­

tive diagrams:
II' ^hoS. >hoC hoC----- >hoSn

t *1 bHoS0— |— 1~  >HoC HoC— - 7 - > H o S 0

by a straight forward application of the universal mapping 

property of hoSQ and hoC, respectively.
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8. Principal bundles in S0 and in C; flbar bundlaa in C.
He first recall several notions and constructions for S. 

Let it be a group and n a positive Integer, then an Eilenbera-

MaeLane (E-M) anaoe of type (n.n) is a fibrant t in S such
that its hoaotopy groups satisfy: - n if k - n, and -

0 if k * n. Suoh an objeot K is oalled a K(n,n) if it is

nlninal (where a fibrant X in S is nlnlaal if the face naps

djtXp >xp-i satisfy: dAx - dix' i * k inplies dkx - dkx ').
Let Ab denote the category of abelian groups. When it is 

in Ab, we also recall the faailiar construction of K(n.n) in 

S which is a K(n.n) (see, e.g.. [12]): Consider the normal­

ized ooohaln oonplex cjJ(/Ap :n) - A b ( c J J/Ap ,n). Let E(n,n+1):
/Aop >Ab be deteralned by (E(n,n + l))p - Cj}(/Ap:n) where p

^0 with the slaplicial structure obtained using the functor

A: /A >S. Let K(n ,n): /Aop >Ab be deternined by the nor-
nalized cocycles: (K(n,n))p - Z{}(/Ap:n)C Cjj(/Ap;n) with the

sinpliclal structure suoh that K(n,n) C E(n,n+1) in /A p.

The coboundary operators 6 of cjj( /Ap:n) with p >, 0 give a map

h:E(n,n) >K(n,n) in A b /A°P * ** 18 surjective (since
m  at a#

Hn( /Ap;n) ■ 0 for n > 0), and ker(h) - K(n.n-l). Further, h

is a principal fibration.
Let (n®k). in have n ® k  concentrated in degree n.n

We will make use of the fact that there is an isomorphism

H*(K(ji.n) :k)->S * ((n ®  k ) n) in C* (see, e.g., [14], Theorem

p. 199: and using S'(V) - Hv) where V with V0 - 0 is in M* 
over a field of char. 0). In particular, for n a k-module 

the codomain of this isomorphism becomes S'(nn) (“ K(n,n) in
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later notation).
mm mt

Of course E(n.n) and K(n,n) can be viewed as objects In
mt

S (using Ab------>Sets). We note that E(n,n) Is In Sp for n > 0

(since cj /A0 - 0 for n > 0; and so (E(n,n))0 - 0 In Ab), and
mm  mt mt

so K(n,n) Is also In Sp. And so we can view h:E(n,n)--- >
m t  mt

Kin,a) as a nap In Sp: further, h Is a fibration In Sp and
mm

K(n,n) flbrant In Sp, and, hence, both also In SQ .
We next consider several constructions in C. Let V be a

k-nodule. Let K(V,n) - S'(Vn) where Vn in M has V concen­

trated in degree n. Now let WR in M be given by (WR)p * V if 
p -n,n-l ( and - 0 otherwise) and with differential having dR 

- idy. And let E(V,n) - S'(Wn). E(V,n) and K(V,n) are both 

fibrant (S'(V) is fibrant for any V in M). There is an-ob­

vious nap ^:WR----->VR in M; and the map h - S ' ($6) : E (V , n) >

K(V,n) in C is a fibration (see [15]). There is also an ob­

vious nap —  >^n in M: let i - S'(p), and note that the
diagran:

K(V.n-l) ( — — >E (V, n)i, I h in c
k(--------->K(V, n)

is a pullback (since it arises by applying S' to the bicar-

teslan diagran Vn-1 —̂ >WR >VR - vn-i- >Vn in M). And
so K(V,n-l) is the fiber of h.

We next show that E(n,n) is contractible (see section 11 
for the notion of an object being contractible in a nodel 

category). E(n.n) * S'(Wn); and using cor. 5.3, it suffices 

to show that S ’(WR) >k is a weak equivalence. But this is
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iaaediate since H, end S' coaaute end H*Wn - k.
~ »Now oonslder the obvious asp B:Wn >vn-l in M ’ and

note that a - S'(p):E(V,n)--->K(V,n-l) in C* satisfies si -

*dK(Y,n-l) and the **p >8^:E (V ,n) >K(V,n ) ® K (V .n-1) is an
isoaorphisa in C* (since WR - Vn ® Vn-1 in and s ' Preserves 
products). And so the following diagraa (where we view the 

coalgebras as objects in C^):

>K(V,n) ®K(V,n-l)V.
pr

coaautes. In the teralnology of Neisendorfer [IS], the se­

quence of coalgebras X (V.n-1) ̂ — >E (V. n)— ->K (V ,n) is an exam- 

ple of an extension sequence in C (i.e., there is a (split­

ting ) aap s in suoh that si “ ldK(V,n-l) and <h,s> 18 an 
isoaorphisa in C*).

A fibration f:X >B in C with fiber F ( (-->X) is a
fiber bundle if there is a splitting s:X >F in C* (i.e., si
- idp and <f,s> is an isoaorphisa in C^). And so, viewed as 

a aap in C*, f is "essentially" a projection; i.e., the fol­

lowing dlagraa:

coaautes.
Ve remark that this diagram gives f as a pullback in C* 

of the projection pr along idg (using the fact that <f,s> is 

an isomorphism).
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Proposition 8.1: Let f':X'--->B’ be a pullback in C of a

fiber bundle f:X------->B along a nap g:B'->B. Then f  is a

fiber bundle (i.e.. fiber bundles in C are closed under pull­

backs). Moreover, there is a splitting s':X' >F in C* of
/i’ f ’F'— >X ’--- >B' suoh that the following diagran:

B '-----------> B
g

connutes. I.e., in f' is "essentially" given by the

pullback of a projection.

Proof: The fiber F ( ^~>X') of f* is the pullback of f'
along k >B’. And so we can take i - g ’i':F*— >X for the

inclusion of the fiber of f. Let s:X >F in be a split­

ting for F* — >X-^->B. And let s ’ ■ sg ' : X ' >F in . Note

that s'i' ” idp. He next show that <f',s’>:X' >B'®F is an

isonorphisn in C^. First note that the rectangle in the 

above diagran is a pullback and observe that <f',s’> is the 

unique nap into B ’® F  such that the left triangle and top 
trapezoid connute. But the outer rectangle in the following 

diagran:
<f.s> ^X ’ >X------- >B ®  F

f'j | f 1 Pr in C#
B ' >B------- —  >B

g jUis a pullback (since each square is a pullback and U:C >C”

preserves pullbacks for the left square). Thus, X' and B ’® F
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•re both pullbacks of the sane maps into B. Now <f’.s’>:X’ 
 >B*®F is the canonical aap between these pullbacks and

Mis, hence, an isoaorphisa in C".

We now continue our study of the asps h in SQ and h in C 

and show that Ihl is weakly equivalent to h.

Proposition 8.2: Let n be a k-aodule. Then J&K(n,n) in SQ

is an E-M space of type (n,n).
Proof: We first note that 5K (n , n) is fibrant (since K(n,n)

is flbrant and $ preserves fibrations) and recall that g'TL -
5x when X is flbrant in C (where 5'sHoC >HoSQ). We next

observe that it suffices to show that 5*K(n,n) represents co- 

hoaology for reduced siaplicial sets and consider the follow­

ing sequence of natural isoaorphlsas of functors HoS0--- >Ab:

HoS0 (_.£'K(n.n)> ~ HoC( l_l ,K(n,n) ) (using I I — 15*)
Z Hn(l_l;n) (using theorea 11.4)
- Hn(_;n) (using X:U| I--- >c{j and

the universal coeffi­
cient theorea for M).

Leaaa 8.3: There is a weak equivalence ^^:|K(n,n)l--- >K(n,n)

in C such that the adjoint aap 0 K :K(n,n) ^Kfn.n) in S0 is

a weak equivalence.

I.e., the coaponent of the unit ng(n<n) “ jirK:K(n,n) >

5K(n,n) (for I l' — 15) is an isoaorphisa in hoSQ .
Proof: Consider the following coapositlon of isoaorphlsas:

H*IK(n,n )I—x~>H*(K(n,n);k )—x— >K(n,n) in C# .

Using leaaa 3.3, there is a weak equivalence ?g:|K(n,n)l--- >

K(n,n) in C which agrees with the above coapositlon in hoao-
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logy.
He next show that the adjoint aap ^g:K(n,n)--- >^K(n,n)

In SQ Is a weak equivalence when n is a finite dimensional k- 

■odule (this assuaptlon is used in only one step in this part 
of the proof). As a preliminary. note that H* iSK(n,n );k) is 
isomorphic to K(n.n) - S'(nn): .S'Mn.n) is an E-M space of
type (n,n), and so there is a. homotopy equivalence f:K(n,n)

 >jTK(n,n) in SQ (with homotopy inverse denoted by g). The
following composition then gives our desired isomorphism:

Now consider the component of the unit 1tjc(n>n) * j?R :K(n.n)

one of the triangle identities for a unit and counit). This

implies that H , I I  *:H*IK(n,n)I’-->H, lifo (n , n) I ’ has a left
Inverse and is, thus, injective. Then considering the fol­

lowing commutative diagram:

morphlc to the oofree coalgebra S'(nn) which has the module 

of primitives PS'(nQ) - nR. And so (viewing each isomorphism
A#

as an equality) we obtain an injective map PH,(^K ;k):n >n
which is. thus, an isomorphism (since n is finite dimension- 

al); which allows us to conclude that H*(5*K ;k) is an isomor-

H» (£K(n ,n):k)~x— >H*(K(n ,n );k )— — >K (n ,n ) in C# .

>/S'K(n,n) (for I I* — 15) and note that l^ln.n) I ' : |K(n.n) I * 

>l?K(n,n)l’ in hoC has a left inverse *|jc(n,n)|' (using

H,(£lC(n,n) Jk) <— -H, |£k (* ,n) l-=->H. |5k (n , n) I ' 

we can conclude that H,(|f*g|) is injective and, thus, so is 

H#(?K;k). But both H,(K(n,n);k) and H»(^K(n,n ):k) are iso-
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phlsa. Finally since K(n,n) and j?K(n,n) are both rational 
(this notion is defined in section 10) and flbrant (using 

prop. 10.2 for the latter), prop. 10.1 implies that is a 

hoaotopy equivalence and, thus, a weak equivalence In SQ .

We now show that the adjoint sap in SQ is a weak 

equivalence for arbitrary n. With n a directed colialt of 

its finite diBenslonal sub k-aodules n Q and the lsoaorphlsB
mg

H.lK(n,n)l >K(n,n) froa the beginning of this proof natural
in n, we apply the coaautatlvity property of lenaa 3.3 to

. mg

oonclude that the faaily of aaps { ( n0):IK(n0,n)I >
K(nQ,n)} gives a morphism between directed systems. It fol- 

lows that the faaily of adjoint aaps (0^(nQ):K(nQ,n) >
mg

£'K(na,n)} is also a morphism between directed systems. Now K 

and &K preserve directed oollalts in n, and, since
ggg 0tggive k-homology isomorphisms, we can conclude that ?g:K(>i,n)

g*g

 >£K(n,n) does as well; hence, PE is a weak equivalence
(using the same argument as above for finite dimensional n). 

Proposition 8.4: Let n be a k-module. There is a commuta­

tive diagram:
li(n.n)I £->E(n.n)

Ihl h in C, (8.2)
aw 0
lK(n,n)I £->K(n,n)

where the horizontal aaps PK, 0E are weak equivalences in C
a* »w . m «w

and the related adjoint maps 0K :K(n,n)--->5Kin,a). 0 E:E(n,n)

 >jS'E(n,n) are weak equivalences in SQ (and where K(n,n) and
mg
E(n.n) use only the abelian group structure of n).
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Proof: We need only show that there Is a aap Ĵ g with the re­

quired properties. To this end. note that the contractlbili- 

ty of E(n,n) Implies that |E(n.n)| is left contractible (re- 
oall from the proof of lemma 7.8 that I I preserves left ho- 

motoplc maps). Now |h|, being a map out of lE(n,n)l, is left
. M

null homotoplo; and so the composition rglhl is null homotop- 
lc. And, thus, by lemma 11.1 there is a map which makes

the above diagram commutative. But ̂ g is necessarily null

bomotopic (being a map with oontractlble codomain) and, 
hence, is a weak equivalence in C. That the adjoint map

^g:E(ii.n)--- >^E(n,n) in SQ is a weak equivalence is also im­
mediate: here the oontractibillty of ^E(rt.n) follows from

A*
that of E(n,n) (using lemma 7.3), and so 0g is null homotoplc 
and. hence, a homotopy equivalence; which in turn implies 

that it is a weak equivalence.
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9. The realisation of indueed fibrationa.
The aaln result of this seotion is theorem 9.2. With

the fibration--- h:E(n,n)-->K(n,n) in SQ related (by diagram

(8.2)) to the fiber bundle h:E(n,n) >K(n,n) in C, using
this theorem we will be able to conolude that the realization

mmm

of a fibration in SQ induced from h is weakly equivalent to a 
fiber bundle in C induced from h. In theorem 9.7, the basic 

theorem is then applied to a tower of flbrations under X in

V
In our proof of theorem 9.2, we will make use of the 

following lemma.
mm

First we recall the notion of a comma category. Let C
mm

be an arbitrary category, and let B be an object in C. The 

oategory of ob leots over fi, denoted (CVB), is the category
mm

with each object being a map f:D >B in C and a morphism h:f
 >f' being a map h:D->D* in C for which f h  - f.

We remark that it is easily shown that the obvious for-
mm mm

getful functor (C^B) >C preserves, reflects, and creates

pushouts. In particular, we will make use of the fact that a
m m  **pushout in (C*B) is given simply by the pushout in C.

mm

Lemma 9.1: Let f:B'--- >B be a map in C and consider the

f* > ~functors (C+B *)( '(C+B). where f* on objects is given by
f*

f*(X-^->B') » fh, and f* on objects is given by the pullback 

along f. It is easily shown that f*— If . When C * Sets, f 

also has a right adjoint f j; i.e., f*— If*— I f* | .

For this last property of Sets, see, e.g., [10] (in this
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referenoe different notations for f, and fj are used). We 

will sake use of the faot that since f* has a right adjoint, 

it, in particular, preserves pushouts.
This leans is used in showing that the outer square of 

diagraa (9.4), which occurs in the proof of the next theorem, 

is bicartesian in SQ .

Let h:E >K be a fibration in SQ , and let h:E >K be a

fiber bundle in C; then b ifl related to b if there is a com­

mutative square of the fora:
IE I — E- > E 

IhI L Ih in C,

where the horizontal aaps are weak equivalences.

We reaark that if h:E >K is a fibration in SQ which is

related to the fiber bundle h:E >K in C with K fibrant (and

it is assumed that the obvious nap IFI >F is a weak equiva-
W M

lence, with F and F the fibers of h and h, respectively), 

then the proof of the following basic theorem remains valid 

except for the treatment given in lemma 9.4 for the special 
case where the base is /Aj. This basic theorem is expected 

to be true in more general situations with some additional 

hypothesis imposed on the fibration h.

Basic theorem 9.2: Let h:E >K in Se denote the fibration

h:E(n,a) >K(n.m), and let h:E >K in C denote the fiber

bundle h:E(n,m) >K(n,m) where a>l (and let F and F denote
the fibers of h and h. respectively).

Let f:X >B be a pullback in SQ of h:E >K along a map
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g:B- >1. Let

pullback T auoh that 111

4>

> IBI be a pullback in C of h:E >K along
IX 
4

la I ~iBl— ->|k |--- >X. Let ^:Jxl--- >Y be the unique map into the

> Y - ■>E - |X|--->IEI >E and IX I
4 >Y

>Y- • >IBI - Ifl. And ao we have
IX I

in \  /
IB I

commutes;

then 0 la a weak equivalence.

We give the following diagrams for reference:

IXl-------- > IE I
>E

sr
>K

in
 >E

in S. >K in C .

The proof of this theorem will make use of two special 

cases:
Lemma 9.3 (Special Case where the base is a coproduct):

Let f:X >B1VB2 be a fibration in SQ which gives
IX I - ■>Y

Ifl as described in the statement of this theorem.

iBjIvlBjl
Let xBa (i -1,2) be given by a pullback of f:X >Bj7B2 along

Ba* >B1VB2. And let *BA (i -1,2) be given by a pullback of

Y >162171621 along IB± I(--->162)71821. Mow let ^i :lXBi l

 be the obvious map into the pullback. If 4̂  (i *1.2)

are weak equivalences, then so is j>.
Proof: Note that the induced fibratlons XB2 >B2 (i “1.2)

mm mm

and f have the same fiber F as h; and consider the commuta­

tive diagram:
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F (----- >XB,

r r
XBj (----- >X

in SQ . (9.1)

We claim that this diagram is a pushout in SQ . Ve re­

mark that this diagram is then also a pullback (since it is a 

pushout in SQ with two injections as opposite maps) and is, 
thus, blcarteslan.

The proof of our claim is. in essence, an exercise in
fcoproducts in Sets, and pullbacks in Sets. For A and A in 

SQ , the standard construction of the coproduct A V A ' in de­

gree n is given by an identification of the disjoint union: 

(A V A ') n - ((Anu k'n)/an~a^,an) where e.g., <A)n - (An.an) in 

Sets,. And so for B1VB2. let b* be the point of the pointed 

set (B^)n (i >1.2); and let bn (> bj > b„) be the identified 

point of (B^VBj),}. Now for simplicity view the pullbacks XB1 
(1 >1,2) and diagram (9.1) as being in Sp using the isomor­

phism SQ >Sp (and for convenience retain the same symbols

for them). It suffices to show that this diagram has in each 

degree the universal mapping property of a pushout in Sets. 

The pullbacks F and XB^ (1 >1,2) give pullbacks in each de­
gree, and, using the standard construction of pullbacks in 
Sets, our diagram in degree n is given by

~1‘ ' ‘  2 ^ r"1 '"'
2}n

*  -1 . — .

">n»”nfn <»n> '---- > ^  (b2>
b- « (B-), n

in Sets.
\ f

\J (bj) <- - - - - - - - - - - >1
bl • <Bl>n
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But note that XR - *1 u ^n^*bn*u *2 where > U  with
bi

the union over all b2 « (B1)n provided bA + bn (1 -1,2). 
With XR expressed as a ooproduct. it is easily shown that 

this last diagram is a pushout in Sets using the universal 

■applng property for this coproduct. Finally, our use of the 

standard oonstruotions in this proof has not resulted in any 

loss of generality.
Now consider the diagram which is analogous to diagram

(9.1):

in C. (9.2)
O J -----/ X

We will show that this diagram is a pushout in M. First note 

that all ooalgebras in this square are the total spaces of 

fibratlons Induced from h. And so if we apply the forgetful 

functor U:C >C* to this diagram in conjunction with dia­

grams of the type (8.1), we obtain the commutative diagram:
I t ® F ( -------------- > | B ,  | ®  F

X ;
iBjl® F( X  iBjIvlBjl)® F

Note that, by neglecting the comultiplication structures, we 

can regard this as a square in M^. But if we view the copro­

duct |B^|v|B2 l • * a pushout (in M^) and then apply the func­
tor _ ®  F we also obtain the above diagram. But _<g) F pre­

serves pushouts (since it is an exact functor)*, and, thus, 

diagram (9.3) is a pushout in M^. And so diagram (9.2), when 
regarded in M^, is a pushout (using the isomorphisms of the

> B2

X X
( I  ( vi
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type present in (8.1)). Finally, sinoe the forgetful functor

where the inner square is obtained by applying the realiza­
tion functor I I to diagran (9.1), and ^p is the evident nap. 

Since I I preserves pushouts, the inner square is a pushout 

in C and is, thus, a pushout in N as is the outer square. We 

have assumed that the aaps and ^  6iv® hoaology isoaor- 
phlsas. ftp does as well. Finally, sinoe all vertical (or 
horizontal) aaps in this diagram are aonio, we can conclude 
that ^ gives an isoaorphisa in hoaology and is, thus, a weak 

equivalence in C.

This leaaa is valid where the base is an infinite co­

product and can be proved using a directed colimit argument. 

Leaaa 9.4 (Special case where base is ^ n): Let f:X > /An be

the statement of this theorem. Then i> is a weak equivalence. 
Proof: We first consider the case for n - 1 (recall that h:E

M M W
 >K in SQ denoted the fibration h:E(n,a) >K(n,m), and h:E

~  MU:M >M*F reflects pushouts, we can conclude that diagram

(9.2) is a pushout when regarded in M

Now consider the coaautative diagram:

in C,

IX I — -—  > Y
a fibration in SQ which gives as described in
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 >K in C denoted the fiber bundle h:E(n,n) >K(n,a)).

Note that the nap-g: /Aj--->K(n,a) is the trivial map (since
mm 0m mm

(K(n,a))1 - 0 for a>l): and so the pullback of h:E(n,a) >
w ■» w
K(n,a) along the trivial aap /Â --->•--->K(n,a) gives the

projeotlon /AjIT K (n ,a-l)---> /Aj for the Induced fibration f.

But then the pullback of h:E(n,n) >K(n,a) along the trivial

aap /glgl:l /Aj I >K(n,a) also gives the projection

I /Aj I ®  K (n , a-1)--->1 /Aj| for the induced fibration Y >

I /Aj I. The unique aap ^:lxl >Y, thus, has the fora

I /AjTT K (n ,a-l) I-->1 /Aj I ®  K (n , m-1) . Finally, it is easily

shown that I /AjTT K(n ,a-1) I >1 /Aj I ®  lK(n ,a-l) I

id | /A |® ̂
------ A *-->| /Aj | ®  K (n , m-1) ; and so jD is a weak equivalence

using tbeorea 4.8.
Now consider the general case where n > 1. Let W equal 

the n edges of a reduced n-horn; i.e., W - /AjV"*V /Aj (n co­

products) in SQ. And let Xy be a pullback in SQ of the map

f:X > /An along the weak equivalence W*—  > /An . Note that f
is a surjectlve fibration in S0 (since it is induced from

h:E(n,a) >K(n,a), which is surjectlve (a>1)) and, hence, is

a fibration in S; and so viewing Xy as a pullback in S of f 
along the above weak equivalence, we can conclude that Xy 

 >X is a weak equivalence (recall that in S weak equiva­

lences are preserved under pullbacks of arbitrary fibra- 

tlons—  i.e., the bases need not be fibrant). Now let Yy be

a pullback in C of Y >1 /An l along |w|* —  >1 M n I . Note that

Iwl^ —  >1 /An I is a weak equivalence; and so Yy^ —  >Y is a weak
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equivalence (using prop. 5.10). Let f}y:IXyl >Yy be the

this last equality, note that once we have shown that 9*y is a 

weak equivalence, then so is j> which is our desired conclu­

sion (sinoe then three out of the four aaps are weak equiva­

lences). To this end in showing that^y is a weak equiva­

lence, observe that IWI - I /AjIV^'Vl /Aj I, and so the base of 

Yy >lw| is a ooproduot. The ooproduot leaaa 9.3, thus, re­

duces the proof to the case where n ■ 1.
Proof of theorea 9.2: The proof is by Induction on the dimen­

sion of the base B.

A base which has dlaension zero is necessarily a null
object « in SQ . But then a pullback in SQ of h:E >K along
» >K gives the fiber F of h. Recall that l«l - k, which is
the null objeot in C. And so a pullback in C of h:E >K

along k - l«|--->|KI >K gives the fiber F of h. And so we
mm

obtain ^:|F|--->F, which is a weak equivalence.
He now consider the construction of the following 

coaautatlve diagraa:

pullback in SQ of f:X >B along B^  ̂—  >B (k >/ 0). Note that

unique aap into the pullback Yy such that I Xy I —^— >Yy > IW I ■

I Xy I > IW I and |Xy|-*->Yy( — >Y - |Xyl(~ > | x l  — >T. Using

X ->x

X >x

in SQ . (9.4)

For this, let Bk be the k-skeleton of B And let X^k) be a
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there is an obvious nap x^n - 1  ̂ ^— >X*n * into the pullback 

X (n): this Bakes the bottoa trapezoid in diagram (9.4) commu­

tative and also a pullback. The inner square is the basic

pushout diagram (2.2) in SQ . Now let X and X be pullbacks of
the flbrations X*n* >Bn and y(n-l) >Bn-l< respectively,

along the maps indicated in the above diagram. Finally let
A  — *»X >X be the unique map into the pullback X such that the
outer square and top trapezoid both commute.

The outer square of diagram (9.4) is blcarteslan in

so-
Proof: The inner square, being a pushout in SQ of two oppo­

site injections, is also a pullback. It necessarily follows 
that the outer square is a pullback using the basic proper­

ties of pullbacks in a category. To show that the outer 

square is also a pushout, it is sufficient to show that this 

square is a pushout in each degree since the forgetful func­

tor from SQ to graded Sets reflects pushouts.
This claim is, thus, a consequence of the following lem­

ma .
Lemma 9.5: Let the following be a commutative diagram:

where the inner square is a pushout, where XB and Xg are 
pullbacks of X >P and XA >A, respectively, along the maps

in Sets
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Indicated In the diagraa, and where the bottoa trapezoid is 
also a pullback. Then the outer square is a pushout in Sets.

We reaark that the inner square, being a pushout in Sets 

of two opposite injections, is also a pullback. And so the 

inner square is blcarteslan and, with this leaaa, so is the 

outer square.

Proof: That the outer square is a pushout is an laaedlate
consequence of leaaa 9.1. To see this, let f equal the aap

X >P. Then applying the functor f* to the inner square one
obtains the outer square with X^ ■ f*(A), X0 - f*(B), and

f*(C) - the pullback of C >A >P along f. This last

pullback is equivalent that f*(C) be the pullback of C >A

along f*(A)--->A. But sinoe f* is a left adjoint, it aust

preserve pushouts in (SetstP) whloh .in turn, are given 

slaply by pushouts in Sets. And so we can conclude that the 
outer square is a pushout in Sets.

Now that diagraa (9.4) is shown to be blcarteslan, we
A  ~can observe that the top aap X >X is aonic since it is a

pullback of a aonic.
Now consider the application of the realization functor 

I I to diagraa (9.4) to obtain the following comautative dia­

gram:
>1x1

^  * I |V /A I <---> |v /A |
in C. (9.5)

I b 5T11(--->IBn I

IX (n— 1) I ( >lx(n) I
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Note that all the horizontal naps are monlc since I I 

preserves aononorphisns. But sinoe I I also preserves 

pushouts, the two squares are pushouts in C; and. hence, 

pushouts in M. But recall that a pushout diagram with
opposite aononorphisns in the abelian category M is also a

pullback; and so we can conclude that, when the above diagram
is viewed in M, the two squares are bicartesian.

Now consider the analogue of diagraa (9.4):
Tt_ : _  _ _ _ > y 

|V /A_ I ( —  > |v  /A_ I
i  |

 > I Bn I

in C . (9.6)

(n-1) (  >Y (n)

Here. is a pullback in C of the fibration Y-->IBI along
lBk |( —  > IBI (k >/ 0). Again note that there is an obvious nap
Y (n-1) (— >Y <n) into the pullback Y*n*; this makes the bottom

/■**
trapezoid connutatlve and also a pullback. Now let Y and Y
be pullbacks of the fibrations Y(n)-->IBn I and Y<n-1)--- >

IBn—1 1, respectively, along the maps as Indicated in the

above diagram. Finally, let Y >Y be the unique map into

the pullbaok Y such that the outer square and top trapezoid 
both commute.

Note that the top trapezoid in diagram (9.6) is a pull­

back in C using the basic properties of pullbacks in a cate-
A  mm

gory. And so the map Y >Y is monic since it is the pull­

back of a monic.
The outer square of (9.6) is bicartesian when re-
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garded as a square in M.
Proof: The basic approach taken here is slailar to that tak­

en in proving part of the coproduct leaaa 9.3 (with the outer 
square of (9.6) and diagraa (9.2) serving analogous func­

tions). First note that all coalgebras in the outer square 

of (9.6) are the total spaces of fibrations Induced froa h.

And so if we apply the forgetful functor U:C >C* to this
square in conjunction with diagraas of the type (8.1) , we 

obtain the ooaautative diagraa:
IV /A_ I ® F (--->|V /A_l® F

, 1 ,  i
|Bn_1| ® F ( > I Bn I ®  F

By neglecting the coaultipllcatlon structures, we can regard 

this as a diagraa in M*. Note that if we apply the functor
_ ® F  to the inner square of (9.6) (viewed as a square in M*) ,
we also obtain this diagraa. But recall we have shown that 

the inner square of (9.6) is blcarteslan in M and, hence, 
blcarteslan in M*: and so, sinoe _ ® F  (being an exact func­
tor) preserves blcarteslan squares, we can conclude that the 

above diagraa is bicartesian in M*. And so the outer square 
of (9.6), when regarded in M*. is bicartesian (using the iso- 

aorphisas of the type present in (8.1)). Finally, since the

forgetful functor U:M >8* reflects pushouts and pullbacks,

we can conclude that the outer square of (9.6) is bicartesian 

when regarded in M.
He now consider the construction of the following coaau- 

tatlve diagraa:
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^ Y < . ■Yl $
>1x1

in C . (9.7)
IV /An l( —  >|V/An li I
IBn_1I(--->IBn I

^  +^n_1y(n-1 ) ( >T(n> *n

tx(n-l> |(------------------------> |X (n) I

For this, note that there are obvious maps 1x^*1---

into the pullbacks Y*k* (k >/ 0 ) these give commutativity to 

the bottom trapezoid in diagraa (9.7). Also there are ob­

vious aaps ?:|xl >1 and ^:|x| >Y into the pullbacks Y and
AY, respectively, whloh give commutativity to the left and
right trapezoida in diagraa (9.7). Finally under composition 
the aaps along the diagonal of this diagraa give the corre­

sponding diagonal aaps of diagram (9.5).

We are now ready to apply the induction hypothesis;

assuae if f':X'--->B* is a pullback of h:E >K along some

aap g';B' >K where B* is (n-1)-dimensional in SQ, then 0'
IX ' I ——— > Y ’

is a weak equivalence where .. . \  /  commutes andIf'l \  /
IB’ |

where Y' > IB* I is

->K.
a pullback of h:E >K along |B'|

B

Note x ( n _ 1 )--- >Bn_1 is a pullback of h:E--->K along g*
- . IX (“~ 1 ) l ~ — ->Y (““ I )

n-1 ( _ >B— >K, and commutes where

IB"'1 I

y(n-l) ->|Bn— 1 1 a pullback of h:E >K along IBn _ 1 !---->
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|x|--->K. And so sinoe Bn_1 is (n-1)-dlnensional, ^ n_1 is a

weak equivalence by the induotlon hypothesis.
Also note X >V /A_ is a pullback of h:i >K along g* -n /SA  A

n 1 / g - IXl >TV --->Bn_1 ' —  >B-=->K, and ^  commutes where Y--->

|V/40I
A A I g * I **

IV /An I a pullback of h:E >K along Iv/An l — — > IK I--- >K. But
A A

V/Aq Is (n-1)-dlmensional (sinoe 'An is): and so ^ is a weak 

equivalence by the induction hypothesis.
0m

0m  ̂ 0m

Ve now show that IX I >1 is a weak equivalence. Note
that ■>V /An is a pullback of h:E >R along g'

~  4 -
. > IXI--- >Y

V/A,,--->Bn' —  >B— ->E, and \ / commutes where I--- >|V/An l•n w
l*/An l

- Is * I -is a pullback of b:E >K along |V/An l---- >1x1--- >K. Observe

that the base is the coproduct V|/A_| - |V/A_I; and apply lemma
° °

|X0 I—  « > Y a
9.3 by considering \  / where, e.g., the fibrationV /

I V
x tt > /An is given as a pullback of X *J/An alon6M 0m 0m 0m

V/A. (and is, hence, also induced from h:E >K). But isa n
a weak equivalence (for all a) since the base is/An ; and so 
we can conclude that ^ is a weak equivalence.

Now using the fact that the two outer squares of diagram

(9.7) are blcarteslan in M, we have the following diagram of

short exact sequences:
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0— >1x1--->|X(n_1) I© III— ->|X(n) I —  >0
Ip f in M.

0— >Y------>T (n-i >0 y >T(n) —  >0

Note that the two left vertical aaps are weak equivalences. 

And so considering the two Mayer-Vletorls long exact se­

quences in hoaology, and applying the 5-lenna. we can con­

clude that is a weak equivalence.

And so we have the diagraa

lx(0 )l(— >lx(1 )l(— > ••• (— >lx(n)l(— > ••• Ixl
l*° I*1 J>n I * in C.

Y (0 ) (____> y 1 ) ( y ... ( > y (n) (__  ̂ • y

where the vertical aaps (k^O) are weak equivalences. It 
reaains to show that p is a weak equivalence. Now B Is a se­

quential collalt of its n-skeletons; i.e., B » 11a Bn . Re-
"n”

calling that X^n* is a pullback in SQ of f:X >B along Bn
*— >B, we then obtain X - lia X*n* (in the collalt, the pull-

_n~
back of f Is along idg). We, thus, have IBI - lia^lBn l and

Ixl • lla^lX^nM  (since I I preserves collaits). Next recall­

ing that Y (n) is a pullback in C of I >IBI along |Bn l(— >

IBI, we also obtain T • lii . And so we have that jrf:lxl
_n“

 >Y is given by lie xn:lia IX^nM  >lia I^n*. Now hoaolo-_ _ _ >  -n
gy coaautes with directed collaits. Thus, H,(^) - H»(lim.^n)

”n
- lia H,(^>n); which allows us to conclude that p is a weak 

”n
equivalence (since e a c h ^ n is a weak equivalence (n^O)).

The following theorea extends the result of our basic 

theorea 9.2 to an Induced fibration in C which is a pullback
| g | mm

of h along any aap which is hoaotopic to IBI--->1x1--- >X.
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Theorem 9.6: As in tbs above theorem, let f:X--->B be a

pullback in SQ of h:E >K along a nap g:B >K and also let
~  ~  . . b be related to the fiber bundle h:E >K in C. Let g:lBl

Igl ~ >K be a map in C which is hoaotopic to IBI >IKI >K.
Let T >|BI be a pullback in C of h:E >K along g. Then a)

there is a nap I x l >E whioh is a lift of gif 1 : 1 x 1 >K over

h with I xl >E - I x l--- >IE I--->E, and b) Let 0 : 1 x 1  >Y be
000

Proof: From the basic theorem 9.2 we can oonclude that 0 is

a weak equivalence; the conclusion of this theorem is then a 
consequence of theorem 5.13 for an arbitrary model category.

We next apply our basic theorem to a tower of fibratlons 

under X in SQ.
Theorem 9.7: Let •••  >X„--->*n-l--- > '**  >X1--- >* be
a tower of fibratlons under X in SQ where Xn >xn-l is a

000 000 0*0 a*
pullback of h:En4>1 >Kn+l alon8 a maP xn-l >Kn+l y

000

with h related to the fiber bundle h:En+1 >Kn + l in C (with
000

Kn+1 fibrant) as in Theorems 9.2 and 9.6. Also assume 

is fibrant. Then applying the realization functor I I to 

this tower in SQ gives a tower of maps under Ixl in C which 

is weakly equivalent to a tower of fiber bundles in C.

This is made more explicit by the following diagrams:

the unique map into the pullback Y, suoh that I x l--- >Y >E -

Ixl >E and l x l - - > Y  > IB I - Ifl. And so we have
000

Iz!——— >?
/ commutes; then 0 is a weak equivalence.

IBI
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1 where

I > Ixl
N ,

i  I
n + 1

e e e

I
in S0 . • e e • • •

i  i
ll,l >T,

in C

where IXR I >Yn
is a weak equivalence (n > o)

and where the two separate squares are pullbacks in SQ and C. 
respectively.

Proof: At the beginning of the construction when n ■ 1, note 

that a pullback in SQ of the fibration h:E2 >*2 along

for IX^I >Yj we can take the weak equivalence IF2 I >F2.
Now assume that this tower of fiber bundles in C has been 

constructed up to and including stage n-1. That the construc­
tion of this tower can be extended to stage n follows from 

the next lemma; and. thus, the construction is complete.

Ve remark that YQ is fibrant for all n since the compo­

sition Y„— >*n-l— * ’* * — **1— i8 fche COBP°8itl°n of fi“
bratlons.

In the following lemma, we retain the same setting and 

notation of the previous theorem.

— ~ / ■>•--- >X2 gives the fiber F2 '— >E2 . Similarly, a pullback in C

of h:E2 >*2 al°n8 *--->*2 Elves the fiber F2 *— >E2 . And so
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Lenna 9.8: Let fn:Xn--->xn-l be a Pullbaolt s0 of
«» m  m  •» e*
h:En+1 >Kn+l alon« a "aP «n-l:Xn-l >Kn+l with h related
to the fiber bundle h:Ep+1--- >Kn+l in c * And assume we have

a weak equivalence "̂n-i J IXn-i I >xn-l ln c with *n-l fi“
brant. Tben a) tbe nap gp_j can be replaced by a cofibration 

gp_l in such a way that fn is a pullback in SQ of a fibration
♦ i *h along gn-l and where h is related to h as indicated below:

M II
/ ®n—1 * * E

xn *^n+1 ^®n+1^ *®n+1
iU Ifil J. |b (9.8)tnl ^▼ / v

xn-1(ri— >Kn+1 *n-1 I ̂ n+1^ r *xn+1
r K

b) there is a nap g'sln_i >Kn+1 for whioh ^E^*n-1‘ is a
lift of I fn I j |Xn l->Kn+1 over **• and the obvious
nap ^ n H Zg l ---->In into the pullbaok TQ is a weak equivalence.

We give tbe following dlagran for reference:

I | in C, (9.9)
I * n - 1  ̂~~——4 v  >1

Yn-} Yn-1 — £1— >Kn+1
II |

and renark that g' satisfies g'^.i *
Proof: We first show that we can replace gn„i by a cofibra­

tion. For this oonsider the construction of the following

diagran: n
t ®n-1 * p'

V  > Eo+1 > En. 1
fn j t j Js in S0.

xn-1 JTi ”>xn+1 n >Xn+1 ®n-1 p
I

Here gp_i * the conposition Xn-1 t8p~1 >Kp> —̂—  of a cofi­

bration gQ_i followed by a trivial fibration p (note that
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£Q4>1 is neosssarily fibrant since is). ^n+1 is * pull­
back in S0 of h along p; and so p* is a trivial fibration. 

There is an obvious aap xn5firl>£n^1 into the pullback

suoh that the original aap XQ >gn+1 * the coaposltlon

Xpgn~^ — — >gn»1 • Note that the left square in the above
diagraa is a pullback (using the basic properties of pull- 

baoks in a category). And so fQ is a pullback of the fibra­
tion h along the ooflbration gn_i* We now show that fi in SQ 

is related to h in C. For this consider the coaautative dia- 

graa:

* IP' I ^E
* Bn .  1 * > * Eo + 1 *--------- > En . 1

lh| | Ihl J. J^h in C.

Let ^  a ^glpl and $g a ?E lp'l; and since and f*E are weak 
equivalences (each aap is tbe coaposition of weak equiva­

lences), we have that h is related to h (via and 0*E).
. 9 | t , _We d o v  continue the proof. Note that

B"‘ -> t I . X„.11 •
bijeotlon in Sets since is a weak equivalence and Kn+i

is fibrant. In particular, is surjectlve; and so

there is a aap g':Yn_.|->Kn+1 8UOh that & ' -  ^K'gn-1**
Osing the hoaotopy extension dual to leaaa 5.12, there is a

aap ^j[:l£n+il >Kn+1 wifch ^X - 8U0h fchafc g '^n-1 8
^gl6n_il» Note that 4*̂ is a weak equivalence since 4E is 
(i.e., since hoaotoplc aaps in C induce the same aap on homo­

logy and H»(^E ) is an isoaorphisa). Now since ^ E is a lift
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' XQ I — — =— >y l
aakes . . \ / coaautative. Note that we can now

•fn

of £g|h| over h, there la a lift ^ e :!EQ4,j I >En+1 of
over h with ^g - ^g (using theorea 5.13* part a). And note 
that la a weak equivalence since ^g la; and ao h la also 

related to h via and Pg. Now let g > S'^n-1 , and let 

in >lxn-1* b# 8 pullback of h:En+1 >Kn*1 •lon« S : I 1I

 >xn*1• Sinoe we also have g « ^glSn-lt* the composition
I * I P m

lXn l(— 8P~^ > I Bp .̂1 I— ®>En*1 18 8 lift of 8 *fn* over h giving
an obvious aap £n :|Xn l >fQ into the pullback fQ , which

apply our basic theorea 9.2 to oonclude that pn is a weak 

equivalence.

Now let Tn--- >xn-1 b# 8 Pullb>clt of b:En+1--- >Kn*l *lon6
g' :Tn-1--->En*1 * °8ln® our B8p lXp |( ■ -{?B- 1-1 > | , |-^e >eD4.1 ,
we obtain an obvious aap ^ :IXn I >Yn into the pullback Yp .

Ve now show that ^  It a weak equivalence. For this, using

the fact that g - S'^n-i* we obtain an obvious aap Yn >Yp
into the pullback Yn . Ue also have that Yp >lxn-l^ is 8

pullback of the fibration Yp >*n-l along "̂n-l5 x̂n-l^--- *
Yn_1 using the basic properties of pullbacks in a category.

And so Yp >Yp is a weak equivalence since it is a pullback

of the weak equivalence ^ q_i along a fibration which has a
5 -fibrant codoaain. Finally, we note that t~n ■ I Xn I— fl>Yn >

Yp (sinoe this composition satisfies the saae conditions
which deteraine ^n >. But these two maps are weak equiva­

lences, and so we can conclude that is a weak equivalence.
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He remark that the replacement of the map gn_j by a 

ooflbration 8n-l is not n«ce8sary in order that lemma 9.8 
oomplete the proof of theorem 9.7. However, in the proof of 

the Main Theorem 10.3 the adjoint maps are 8hown
(In a special case) to give weak equivalences (see diagram 

(10.1)), and for this we will make use of the faot that the 

yn oomplete commutative diagrams which have the form of 

(9.9) .
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10. The Main Theorea.

Let V be in SQ , W Is rational—  also Q-looal (see [ 1],

f 2)—  if f:X >X' In S0 is any aap such that f*:H*(X;Q)

 >H*(X';Q) Is an isoaorphisa. then f induces a bijection

f*:HoS0(X',W) >HoS0 (X,W).

Note that when V is also fibrant. we have f*:HoSc (X’,W)

 >HoS0 (X.V) is a bijection <-> f*:[X',W]--->[X,W] is a bi-

Jeotion (recall diagraa (5.2) in the proof of prop. 5.2). 

Proposition 10.1: Let f:X >Y in SQ with X and T both ra­

tional and fibrant. If f*:H«(X;Q)--->H.(Y;Q) is an isoaor-
phlsa. then f is a hoaotopy equivalence.

Proof: Sinoe X is rational, f induces a bijection f*:[Y,X]

 >[X,X]. And so there is a aap g:Y >X with gf ~ i d y .  We
now show that g is also a right hoaotopy Inverse for f. For

this, first note that since H«(_):SQ---> graded abelian
groups takes weak equivalences to isoaorphisas, H*(_) takes

hoaotoplc aaps in S0 to the sane aap on hoaology. And so

since gf ~ i d y .  we obtain (g)«(f)» “ (gf)* ■ ( i d y ) ,  -
idH,X:H,X >H,X; i.e., g, is a left inverse for (f),. The

saae is true when we consider H,(_;Q): but then f, ■ H,(f;Q) 

is an isoaorphisa, and so g, - H*(g;Q) is an inverse for f» 
and is, thus, an isoaorphisa. Now using Y rational, we note

that g induces a bijection g*:[X,Y]--->[Y,Y]. And so there is

a aap h:X >Y with hg ~ idy But we then have h ~ h(gf)

(hg)f ~ idyf *■ T: i.e., h - f. But then i d y  ~ hg ~ fg; i.e., 

i d y  ~ fg. And so we can conclude that g is a hoaotopy in­

verse for f.
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Proa now on we will assume that the ground field is the 
rationale: k - Q.
Proposition 10.2: If T is flbrant in C. then $T is rational
in SQ .
Proof: Let f:X— ->X' be in SQ such that H,(f;Q):H,(X;Q)--- >

H,(X* ;Q) is an isomorphism. Recall that if H*(f;Q) is an

isoaorphisa. then IfI is a weak equivalence in C. Now consi­
der the ooaautative dlagraa:

#*
HoS0 (X' .ST)------ >HoS0 (X,5D

HoC ( |X* I .1) >HoC ( IXIf I*

in Sets.

.1)

The adjunotlon for I I — I S' gives the vertical bijections 
(reoall for T flbrant. S'T - ST). Sinoe If I is a weak equi­

valence in C. the bottoa map Ifl* is a bijectlon. He can, 
thus, oonclude that f* is a bijectlon: and so ST is rational 
in S0 .

Let C be a subcategory of D, and let d be an object in

D. A universal map froa 1 ^  £ is an object c in C and a map
A#

u:d >o such that given any nap f:d >o' (where e* is in C)

in D, then there is a unique nap f ’:c >c’ in C such that

f'u - f. Diagraaatically this gives the commutative diagram:

d_— *--- >o
i f' in D. 
c '

We remark that in the terminology of [11],-this is a univer­

sal map from d to the inclusion functor C >D.
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M A#
Let C be a subcategory of D. C is a reflective (or re-

flexive) subcategory if the inclusion functor J:C >D has a

left adjoint F:D >C. We reaark that when C is also a full

subcategory of D, then each c-coaponent of the counit «c:Fc 

 >c is an lsoaorphisa.
These two notions are equivalent in the following sense: 

first note that the adjunction for F — I J (with unit n:idp 

— *■— >JF) when applied to a aap f':Fd >c ' in C gives an ad­

joint Bap f  in D which can be expressed as f  - J(f')qd -

fq^id >Jc* ( “ C * ) .  And so for each d in D, the d-coaponent

of the unit q^id >JFd (»Fd) for the adjunction (when core-

stricted to C) is a universal aap froa d to C. Conversely,

if there is a universal aap u:d >e froa d to C for each d
in D, then there is an obvious functor F:D >C (deteralned
by Fd - c) whioh is left adjoint to the inclusion functor J:C 
/ ~1— >D; i.e., C is a reflective subcategory of D.

Now let NhoS0 (respectively, QNhoSQ) denote the full 
subcategory of hoSQ deteralned by the nilpotent (respective­

ly, rational and nilpotent) objects.
A Q-localization functor is a left adjoint L:NhoS0 >

QNhoSQ to the inclusion functor J:QNhoSQ —̂ >NhoSQ .
As aentioned in the introduction, Bousfield and Kan [ 3]

show the existence of a related Q-localization L,:NhoS, >

QNhoS* where S, is the category of pointed, connected siapli- 

clal sets. We claia that S« and Sp (and. hence, SQ) have 
equivalent hoaotopy categories. The existence of L* then im­
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plies the existence of a Q-localization L:NhoSQ >QNhoS0 .

The proof of the next theorem uses the existence of such a 
Q-localization.

Main Theorem 10.3: Let X be nilpotent and flbrant in SQ , and

let 1 : 1 x 1  > X ' be a weak equivalence in C with X' flbrant.

Then the adjoint aap i:X >£X' in SQ gives an isomor-

phlsa H*(X;Q)--- >H*(£x ';Q).
Proof: We consider the natural Postnikov system of X (see,

e.g.. [ 8], [12]) and observe that this tower of maps is in 

SQ (since each Postnikov section X*k* has ((X^k*)q - Xq if 
q^k). First note that it suffices to prove this theorem
where X is also assumed to be rational (by considering a Q-
looalizatlon u:X >LX —  which necessarily gives a Q-homolo-

gy isomorphism —  and observing that lul is a weak equiva­

lence in C; one also uses the fact that if 1j:IX I >Xj is a

weak equivalence in C with Xj flbrant (J • 1, 2), then there
9 9is a homotopy equivalence h:X2 >X2 such that hi2 ~ i2).

For such an X there is a tower of principal flbrations under 

X with a finite number of flbrations, which are induced from
a# Av

principal flbrations of the form h:E(n,n) >K(n,n) (where

n>l and n is a Q-module), occurring between any two consecu­

tive Postnikov sections of X ([ 3], III, prop. 5.3). We can, 

thus, apply the construction of theorem 9.7 to obtain a tower 

of fiber bundles in C which is weakly equivalent to the real­

ization of this tower from SQ . In what follows we retain 

most of the notation of this theorem.
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Let T *n in C ̂ note Y is flbrant), and observe
n”

that there is a unique nap Y:lxl >T into the limit I such
-u. y

that IX I——— >T >Yn - Ixl----->IXn *— n>Tn for a11 n ‘ H«eall if
qn#:X >xn* 18 ,n n*th Postnikov section map, then

(qna)«:H|(X >HicXn« is an isomorphism for all k<n* (since
(qQa)«: ‘H'jjX > is *n isomorphism for all k^n#). Fur­

ther, any nj^*1 Postnikov section map qn * , where n«>n«, gives 

a homology isomorphism as above which includes all k<nQ, and 
the intermediate section maps qR, where n>n«, of the refined 
Postnikov system do as well. And so for k fixed, qn—  and, 

hence, induce homology isomorphisms as above for n

sufficiently large (namely equal to or beyond the k + l8t 

Postnikov section in the tower). Next using the weak equiva­
lences : I Xn I--->Yn , we have that HkYn also stabilize as n

inoreases; and so we have that Y >YR gives a homology iso­
morphism in degree k (and smaller) again for n sufficiently
large. He can, thus, conclude that ^rlxl->Y is a weak

equivalence.

We next show that the adjoint map Y:X >^Y is a weak

equivalence. For the weak equivalences V"n:lxnl >Yn in C,

consider the adjoint maps Y„:Xn in SQ. Using induc­

tion on n, we now show that these maps are also weak equiva­

lences. Note that for n - 1, in the construction of theorem

9.7, : IX ̂ I i* weak equivalence lx(nj , 1) I >
K(n1(l) between the fibers which has a weak equivalence. 

We next assume Y n_i is a weak equivalence and show that Y'n is 
one as well. To this end, consider the following commutative



95

diagram:

^(h*)

 X(g”)

■ ^E

f“l • Is tfh) in S, (10.1)

n̂-l>

where Jn>0; we remark that Jn reaalna constant when the maps

?K \»v
>^K(ffn'Jn+1)

fn are between two oonseoutive Postnikov seotions of X. With

Yn >*n-i • pullback of h:E(nn.JQ+1) >K(nn ,Jn+l) in C. the
outer square is obtained as the iaage under S' of this pull­

back and is a pullback in SQ (sinoe S' preserves pullbacks). 

The diagonal aapa in this diagraa are adjoints of weak equi­

valences in C (reoall dlagraas (9.8) and (9.9) of lemma 9.8); 

the naturallty of the adjunetlon for I I —  I S' gives commuta­
tivity to the four trapezolda.

We olala that  >^K (nn , Jn+1) and ^g:En + 1--- >

&E(nn,Jn+l) are weak equivalences in SQ . For this, recall

from the proof of lemma 9.8 that - ^K:^ n  + 1^---**n+l where
is the composition lEn + 1 lKn+1 l--^>Kn + 1 in C (with

‘n+1 " K(nn'Jn+1) ln so and Kn+: K(nn .Jn+1) in C) . And so

the adjoint aap ^  is the composition Kn + l“ ~ >*n + l“ ^ >'̂ Kn+l 
in SQ . With a weak equivalence (by lemma 8.3) and p also 
such, we have that ^  is a weak equivalence; and, thus, so is
<w IW ’ m  w

(sinoe ~ by lemma 7.8). The treatment of is sim­
ilar. Noting that i?(h) and h are flbrations with flbrant
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bases, we can apply the picture fraae leaaa 5.11 to conclude

that 'fD:Xn >^1 n is a weak equivalence.

We next oonsider the Halts lia(?”n); lia Xn > l ia£Yn
n” <_n“ '“n_

and note that this is the llait of weak equivalences between

two towers of surjeotlve flbrations in SQ ; and so using the 

faot that S0 —̂ >S preserves llaits and takes surjeotlve fl­

brations in SQ to flbrations in S, we can conclude that this 
Halt is a weak equivalence in S and, hence, in S0 . Next ob­
serve that £1 - 11a Yn) - l l a ^ Y n. Then considering the

<-n" <_n“
coaposition X > lia Xn > lia ̂ Y n ■ /Sft in SQ (the first

n” n-
■ap is a hoaotopy equivalence), we can conclude that X >^Y

is a weak equivalence: further, it is easily shown that this

aap is the adjoint of the aap V^lxl >Y which we considered

previously.
Finally, using this result, it follows that the adjoint

aap of any weak equivalence 1:1x1--->X', where X' is flbrant,
is a weak equivalence (as in the reduction step at the be­

ginning of this proof, we use the fact that the two flbrant 

aodels for IXI—  X' and Y—  have the saae hoaotopy type in C 
and then oonsider the application of the adjunction on the 

resulting triangle).
Proposition 10.4: Let X be nilpotent and flbrant in SQ , and
let I I I >X' be a weak equivalence in C with X' flbrant.

ThenyS'x* is nilpotent.
Proof: The proof of this proposition uses the saae construc­

tion whloh is used in proving the Main Theorea. As in the 

proof of that theorea, it suffices to prove this proposition
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where Z Is also assumed to be rational (again by considering 
a Q-localization u:X >LX). Using that construction we ob­
tain a weak equivalence V ' : l x l  >Y in C which has an adjoint

aap Til >J$1 In SQ which is also a weak equivalence. With X
nilpotent, we can, thus, oonclude that Si is nilpotent.

Finally, using this result, it follows that if Ixl >X'

is any weak equivalence in C, where X* is flbrant, t h e n ^ X’ 

is nilpotent.

Corollary 1: Let X be in NhoSQ , and let i:lxl->X' be a

weak equivalence in C with X ’ flbrant.

Then the X-eomponent of the unit - i:X ^ X ' in hoSQ
Is a universal map froa X to QNhoSQ .

And. hence, the functor L:NhoS0 >QNhoSQ , determined by
L(X) ■ $X ', is a Q-looallzation .
Proof: Note that/S4!' Is rational and nilpotent (and also fi-

brant) using props. 10.2 and 10.4. Now let W be in QNhoSQ.
mm

and let f:X >W. By the Main Theorea, the adjoint map i:

X >$X' gives a Q-hoaology isomorphism; and since W is ra­

tional, 1 induces a bijectlon (i) * : [£*X ’ ,H]--->[X,V]. And so
there is a aap g:£X'--->W, which is unique up to homotopy,

mmwith gl ~ f. And so when viewed as a map in NhoSQ , f factors
<w e* ,

uniquely through $1' via i; i.e., i:X >$X' gives a univer­
sal aap in NhoS0 from X to QNhoS0 .

mm

Let S be a subclass of aorphlsas of a category C. A
mm

weak category of fractions of C with respect to S is a cate- 

gory, denoted wC[S M ,  together with a functor y:C--->
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wC[S-1) which satisfies a) y(a) is an isoaorphlsa for all s

in S. and b) if a functor F:C >D has the property that F(s)
is an isoaorphlsa in D for all s in S, then there is a func- 

•»tor F':wC[S ]--->D, which is unique up to natural Isoaor­

phlsa, suoh that F'y is naturally iaoaorphlc to F.

Proposition 10.5: Let C be a full suboategory of D with J:C

'— >D the inclusion functor. Assuae that C is a reflective
m m  mm

suboategory with L:D >C left adjoint to J. Then L:D >C
mm

aakes the suboategory C a weak category of fractions of D 

with respect to ker(L), where ker(L) - (f in Dl L(f) is an 

isoaorphlsa).

Proof: Let F:D >E be a funotor whloh Inverts ker(L). De­

fine F':C >E by F' ■ FJ (where L — I J): and so we have the

dlagraa:

J
>E

We claia that F'L is naturally iaoaorphlc to F. For this,
mm

note that since C is a full subcategory of D, the inclusion

functor J is full and faithful; and, thus, the adjunction for

L — I J has a counit «:LJ—•*— >id£ which is a natural isoaor­

phlsa. Now let X be in D, and, using one of the triangle

identities, we obtain c^x^^X^ “ idLX in ' but *LX an
isoaorphlsa, and so L^Hx^ 18 an isoaorphlsa. Thus,
is in Ker(L); and so nx is inverted by F (for any X in D).

Hence, since Ft|: FJL <-■*— F is a natural isoaorphlsa, we have
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that F'L ■ F J L F  is a natural isomorphism between F'L and 
F.

We now show that F' is unique up to natural isomorphism.
_ ~For this, assume that we have another functor F :C >E and a

natural isomorphism X* : F"L— »— >F. Mote that x" j: FnLJ— >F J is 

also a natural Isomorphism. Now recall that the counit t:LJ 

— *~>id£ is a natural Isomorphism; and letting a - «”*, we
obtain the natural isomorphism Fno: F"— >F"LJ . Thus, the

composition F"—*~>F*LJ— >FJ ■ F' is a natural isomorphism 
between F" and F ’.

Note, using the above proposition, we have that the Q-

localization functor L:NhoSQ >QNhoS0 makes QNhoSQ a weak
category of fractions of NhoSQ with respect to ker(L); fur­

ther. we have that ker(L) » {f in NhoSQ I f gives a Q-homology 

isomorphism} (for this result, apply the unit to f and use 
prop. 10.1—  recall that u:X >LX gives a Q-homology isomor­

phism) .
Corollary 2.: Let X be nilpotent, rational, and flbrant in
SQ . Let 1:1x1--->X' be a weak equivalence in C with X' fi-

brant.
mg

Then the adjoint map i:X >5*' in SQ is a homotopy

equivalence.

Proof: By the Main Theorem, the map i:X >i>X' gives a Q-

homology isomorphism. X is assumed to be rational; and since 
X' is flbrant, £fX' is flbrant and also (by prop. 10.2) ra-

mg

tlonal. And so by prop. 10.1, we can conclude that i is a 
homotopy equivalence.
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We reaark that this corollary oocurred as a special case 

In the proof of the Main Theorea. and we have treated it as a 

foraal corollary by providing another proof.

Ve will use oor. 2 to show that the functors
I I ’ VboSQ< *hoC when restricted and corestricted to appropri-
S

ate auboategorlea give an equivalence of categories. For
this, we first recall a faaillar result.

** FTheorea 10.6 (see, e.g.. Ill]): Let C<“  be a pair of
0

adjoint functors with F — I 0. Then G is full and faithful 

<■> the counit t: FG— 1•— >idp is a natural isoaorphlsa.
Corollary 10.7: For F and G as in the above theorea, then F

is full and faithful <-> the unit q : ld£— »-->QF is a natural 

isoaorphlsa.
Proof: This result is laaedlate: by considering the opposite

pop
categories, one observes that for C0*^__ >d°P one has

G°P
Gop — I Fop, and the unit q:id£— *— >GF for F — I G induces 

the counit qop:GopFop— *— >id£op for Gop — I Fop. The result 

then follows froa the above theorea (since Fop is full 

(faithful) <-> F is full (faithful)).
M f

A subcategory C C C  is replete if c' >c is an isomor-
~ i ~ iphlaa in C (where o' is in C ) iaplies that c is in C .

~  i _  ~Proposition 10.8: Let C C C be a full subcategory, and let

C C C  be the full replete subcategory of C generated by the
~ i  ~ i  / ~ nobjects of C . Then the inoluslon functor J:C '— >C is an 

equivalence of categories.
Myi m  f

Proof: The functor F:C ---- >C determined by F(c") * c'
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H(where c ' — — > c in C) is left adjoint to J, and the unit and 

oounit for F — I J are easily shown to be natural isomor­

phisms .
The next lemma is useful to Insure (if necessary) that 

the oondition in prop. 10.10 oonoerning the unit is satis­

fied .
FLemma 10.9: Let C<~ __~ D be a pair of adjoint functors with

i G~F — I Q. Assume C C  C is a full suboategory such that each 

o'-component of the unit q0 ,:o* >GFc' is an isomorphism (c*
~ t m m  nin C ) . Then nc" : c  >QFc is an isomorphism for all c in

ft w |
C (- the full replete subcategory of C generated by C ). 
Proof: This follows Immediately from the naturality of q ap-

mplied to the map o'— ->c in C.
^ P

Proposition 10.10: Let C< be a pair of adjoint func-
G „

tors with F — I 0. Assume that C C C is a full replete sub­

category such that t|0 .:c' >GFc' is an isomorphism for all

c' in C*. Then the restriction F:C’ >D is full and faith­

ful, and the d ’-component of the counit «d ,:FGd' >d' is an
** tisomorphism for all d' in D' - F(C ). Hence, the adjoint

pair C * ̂ ^ *F (C *) gives an equivalence of categories.
GProof: First let F(C )fu be the full subcategory of D

~  9generated by F(C )# and consider the restriction
~ , ~ ~  i ~  iG:F(C )^u--- >C. Note that G also corestricts to C (since C

~ »is replete and the unit n gives an isomorphism in C ). We,
~ ,  F \ ~ ithus, have that C  ̂ 'F(C )fU is an adjoint pair of func-

G
tors. And so F:C* >F(C*)^U is full and faithful (since the
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unit for tbla adjunction la a natural isoaorphlsa): In par-
*•) 9ticular, F(C )fu - FCC ). Next consider the triangle ldentl-

ty «Fq ,F(h0 ,) - idFc’ (c’ ln c )* *nd, noting that F(qc ,) is
an isoaorphlsa, we obtain our desired conclusion that «pc » Is

an isoaorphlsa (o' in c ' ) .
In the proof of the following theorea, we will use the

observation that QNhoSQ is a replete subcategory of hoSQ .

Theorea 10.11: The adjoint functors hoS.y  - *hoC restrict
S

and ooreatrict to give an equivalence of categories:
I I 'QNhoS0(- L— L->|QNhoS0 I' .
/S'

Proof: Let X be in QNhoS0 . and let 1:1x1 >X' be a weak
equivalence ln C with X* flbrant. Then by cor. 2 the X-coa-
ponent of the unit - *:X >i>X' is an isoaorphlsa in hoSQ.
With QNhoS0 a replete subcategory of hoSQ , we can apply prop. 
10.10 to obtain the above equivalence of categories.

The treataent ln this paper which is given for I I: SQ

 >C uses only the three basic properties of the realization

functor (these properties are discussed in Section 4), and. 

hence, the results of this developaent are valid for any

functor F:SQ->C which also has these properties. This

characterization of I I is stated in the next theorea.

Theorea 10.12: Let F:SQ >C be a functor which has the same

basic properties as does I l:S0 >C; i.e., 0) F has a right
adjoint, 1) F preserves aonoaorphisas, and 2) there is a

natural transforaatlon t :F—*— >C* such that (t^)*:H»(FX)--->

H*(X;k) is an isoaorphlsa of coalgebras (X in Se>. Then the
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Main Theorea 10.3, oor. 1, oor. 2, and theorea 10.11 are val­

id when I I is replaced by F.
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Appendix

11. The olaseifioatlon of eohoaology by K(x.n) in C.
In this section we show that there Is a natural isoaor­

phlsa [X.K(n.n)] >Hn(X5n) ln abelian groups where n is a k-

aodule and X is ln C. This is the analogue in C of the fa- 
alllar result for spaces (see. e.g., [12]).

Let C be a pointed aodel category with null object *. 

Let the null aap X >• >Y between any two objects be de­

noted by 0*. A aap which is right (left) hoaotopic to 0* is 
right (left) null hoaotonic. If X is cofibrant and Y fi- 

brant. then ~R <-> ~L , and such a aap is slaply called null 
• x is if idx ~R 0, (ldx

~L 0*). When X is both flbrant and cofibrant, the two no­
tions agree, and when either is satisfied, X is contractible.

The next two stateaents are both faailiar and iaaedlate: 
X is right (left) contractible (with X flbrant) <■> any aap 
into X is right (left) null hoaotopic. This iaplies that if 

X is right (left) eontractlble and also flbrant, then any two 

saps into X (with cofibrant doaain) are right (left) hoaoto- 
pic. One can also characterize a contractible object X in 

teras of aaps out of X: X is left (right) contractible (with

X cofibrant) <«> any aap out of X is left (right) null

hoaotopic; and so if X is left (right) contractible and also 
cofibrant, then any two aaps out of X (with flbrant codoaain) 
are left (right) hoaotopic.

Leaaa 11.1: Let C be a pointed aodel category, and let X be

cofibrant. Let f:X->Y be left (right) null hoaotopic (with
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T flbrant), then for any flbration h:V >Y there la a aap

g:X >W such that hg - f; I.e., the following dlagraa:

8 *W
j, h ooanutes.

X >T
f

Proof: Let f:X >Y be left null hoaotopic; i.e., f **L 0,.

But note 0* « hO* (I.e., 0* - X >•--->W-^— >Y), and so f

hO*. Now using our hoaotopy lifting leaaa 5.12, there is a

aap g:X-- >W suoh that 0, ~L g and hg - f.

Let C be a category with finite products and a teralnal 

object e. Let Gp(C) denote the subcategory of group objects
In C (a group obleot in C has a multiplication |i:GTTG >Q. a

unit ijs® and an inverse i:G >G which aake the faail-

iar diagrams commutative (see, e.g., [11]) ). Let Ab(C)C 

Gp(C) denote the subcategory of abelian group objects. For G
M  0*0

in Gp(C), it is easily shown that C(X,G) is in Gp(Sets) (the

structure maps are given by fg ■ X— >GttG-— >G, 1 ■ X >e

--->G , and f 1 - X--->G--->G) and C(X,_):Gp(C) >Gp(Sets) is

a functor. Also for G in Ab(C), then C(X,G) is in Ab(Sets).
000Lemma 11.2: Let C be a pointed model category (and so has fi- 

nite products). Let G be in Gp(C). Assume G is flbrant and 

X cofibrant. Then [X,G] has a group structure (induced by

that of C(X,G) ), and the obvious map n:C(X,G) >[X,G] is a

group map.

The proof of this lemma is straight forward (to show 

that the multiplication on [X.G] is well-defined: note that

for g' g:X >G via a homotopy H:X >G, then f'g'
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~<p,idr> ~f'*H itvia the homotopy H - the composition X *~>X*X---->G/G--->
0: similarly f g  ~L fg (where f' ~L f), and so f'g' ~L fg).

A#

Lemma 11.3: Let C be a pointed model category. Let f:E >G

be a flbration in C with E left or right contractible and G
A»

flbrant. Also assume that E and G are in Ab(C) and that f is
A*

a morphism in Ab(C). Finally let X be cofibrant. Then 

C (X ,E)---— >C (X .0)— -— > [X , 0] —  >0 

is exact in abelian groups.
Proof: Sinoe n is surjective, we need only show that lm(f«)

- ker(n). To see that im(f*)C  ker(n), let h s im(f,) and so
h ■ fg for some g:X >E. Note when E is, e.g., left con-

tractible, we have g 0*; and so fg ~L f0,. But fO, - 0*;
i.e., h (-fg) is left null homotoplc, and so h c ker(n). To 

see that im(f») Dker(n), let h e ker(n); i.e., h is null ho­
motopic. And so by lemma 11.1, h - fg for some map g:X >E.

Let n be a k-module, and recall that K(n,n) is the co- 
free coalgebra S'(nn) where nn has n concentrated in degree 
n; and so a typical map in C(X,K(n,n)) is given by a coexten-

Asion g which is uniquely determined by the chain map g:X >

nn •
Theorem 11.4: Let X be a coalgebra. Then the map

Y[X , X (if, n) ]----->Hn (X ; n )

given by V^g) “ 8n is an isomorphism in abelian groups which 
is natural in X.

Proof: a) We first observe that the map
Y

C ( X , K ( n , n ) )  i - > Z n ( X ; n )
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given by V ^ g )  “ gn 18 an isoaorphlsa in abelian groups, 
where Zn denotes the group of n-cooycles. For this note 

that, since n is ooncentrated in degree n, the chain aap 

condition on g gives gnd„+1 - 0 (where d is the differential 

on X). Thus. gn is an n-cocycle. That is surjeotlve is 
iaaedlate. and that it is injective uses g is uniquely deter­

alned by the chain aap, g.
b) He next observe that the aap

C(X,E(n,n))---i->Cn_1(X:n)

given by V^fg) * *n-l Is an abelian group isoaorphlsa, where 
Cn_1 denotes the group of (n-1)-coohalns. Recall that E(n,n) 

is the cofree coalgebra S'(Wn) where WR has n concentrated ln 

degrees n and n-1 with the differential given by the identi­
ty. Thus, the chain aap condition on g gives gndn+j ■ 0 and 

gn-idn ■ g„* And so an (n-1)-coohain defines a unique chain
aap which gives the required surjeotlve property of .

/\Again that a ohain aap deteraines a unique coextension g 

gives the required injective property of ^  •

c) Ve now apply the above leaaa to the flbratlon 

h:E(n,n) >K(n,n) to obtain an exact top row in the follow­

ing dlagraa:

C(X.E(it ,n))— — — > C (X , K (n , n )) — > [ X , K (n , n) ] —  >0

\ »n-l “dn
i

-rr, _ ^ x:n) >H (X;n)— >0
This dlagraa is in abelian groups, and note that the bottom 

row is also exact. The left two vertical arrows are from 

parts a) and b), and the left square is easily shown to be
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commutative. Sinoe the top row is exact, we have [X,K(n,n)l 

- cok(h«). And so. since the two aaps in the bottom row com­
pose to zero, there is a unique abelian group map

V': [X,K(n,n)l >Hn(X;n) suoh that the right square commutes.
But using exaotness of the bottom row, we also have Hn(X:n) - 

cok(5n_1); and so, sinoe ^  and ^  are isomorphisms, we can 

oonclude that Y is an isomorphism. The naturality of 'f is 
easy to show.
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