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Abstract

Let S, be the category of reduced simplicial sets and C

o

the category of coamutative DG coalgebras over k (k a field
of characteristic 0). A pair of adjoint functors s°<:£§£:’c
is constructed (| | is the realization and S the singular
functor) which induce an adjunction between the homotopy cat-
egories. With k = Q, ¢the unit for the adjunoction when re-
stricted to nilpotent spaces gives a Q-localization and when
restricted further to rational, nilpotent spaces gives an
isomorphism. On the homotopy categories, the realization
functor when restricted to the replete subcategory of ration-
al, nilpotent spaces (and corestricted to its image) gives an
equivalence of categories. This generalizes the equivalence
result of Quillen for simply connected spaces. It also re-
moves the homology finiteness conditions which were imposed
by Neisendorfer to relate the homotopy category of spaces to
that of coalgebras (via the Bousfield-Gugenheim equivalence
for spaces and algebras). The realization functor | |:S°
~—=)C 1is characterized by three basic properties in the sense
that any functor F:So—-—>C which has these basic properties

will also yield a Q-localization and give an equivalence of

categories as was obtained using 1.
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Introduction

In ¢this paper we construct a model for the rational ho-
motopy category of nilpotent reduced simplicial sets wusing
the category of DG commutative coalgebras over Q. Before we
discuss the results obtained or methods used, we want to sum-
marize some of the approaches to rational homotopy theory
which relate directly to ours.

Quillen ([17] considered a sequence of six pairs of ad-

Joint functors:

7% »S2¢ > e (::>‘§’1<:-G::>‘°’2
where T, is the category of 1l-connected pointed topological
spaces, S, is the category of simply connected simplicial
sets (i.e., X; and X, are one point sets), (X)l is the cate-
gory of connected DG (chain) Lie algebras over Q (i.e., L, =
0), and (C)z is the category of simply connected DG (chain)
coalgebras over Q (i.e., C; = 0, ‘O’CO'E')Q)' Each of the
categories in the above sequence has a closed model structure
(except tv,), and the above functors induce adjoint pairs of
functors bDetween the consecutive homotopy categories which
give equivalences of the homotopy categories. In particular,
equivalences are obtained between the rational homotopy cate-
gory of simply connected simplicial sets and the homotopy
categories of connected Lie algebras and simply connected co-
algebras. However, since the compositions of the functors
in the above sequence involve both left and right adjoint

functors, the resultant compositions do not necessarily pre-




serve either limit or colimit constructions.

Sullivan i{introduced the notion of a minimal algebra in
his work on rational homotopy, and his ideas are presented in
many papers and larger works, including, e.g., [19]) and
( 7]‘. Part of his work concerns simplicial complexes: giv-
en a simply connected simplicial complex X, a simply connect-
ed commutatuve DG (cochain) algebra (over Q) A’X is con-
structed (the algebra of P. L. forms of X). A minimal model
for A°X is then constructed: 1.e., a DG algebra map M(A‘x)
-—-)A.x which gives a cohomology isomorphism and where M(A‘X)
is a minimal algebra (i.e., free as a graded commutative al-
gebra and with a differential which has decomposable values).
Finally. a rational space X(M) is associated with each mini-
nal algebra M, with the space X(HA‘X) representing the Q-lo-
calization of X. The first construction X l-—-> A®X is func-
torial; however, the second M |-——) X(M) is not. These ideas
are then also applied to the case of the C* forms of a simply
connected smooth maniford. Sullivan’s papers are rich with
ideas, and we have mentioned a portion which relates directly
to the treatment in our paper. His notion of a minimal model
has been studied extensively, and we refer the reader to the
work and bibliography of Tanré [21].

For X a simplicial set and k a field of characteristic
0, Swan [20]) constructed a commutative cochain algebra AX
over k such that H'AX ~ H‘(X:k) which was based on an unpub-

"l‘hia work is based on lecture notes from a course taught by the authors
and Eric Friedlander in Florence during 1972,




lished construction of Thom (1957) for the case k = IR,
Bousfield and Gugenheim [ 2] express the Sullivan-de
Rham approach ¢to rational homotopy theory in a completely
functorial setting. For S the category of simplicial sets
and Q& the category of commutative DG (cochain) algebras over
k (k a field of characteristic 0), they construct a pair of

adjoint contravariant functors S<"A'“>Q where AX has the

F
property that H‘AX:H.(X:R) with X in S. Both categories have

a closed model structure, and the functors induce an adjoint

__H..)h

pair of contravariant functors hos< oa on the homotopy
categories where MX satisfies Jj:MX——=)>AX in Q with MX a co-
fibrant algebra and J gives a cohomology isomorphism. With
k = Q, these functors give an equivalence of homotopy catego-
ries when restricted (and corestricted) to the full subcate-
gories of rational, nilpotent, connected simplicial sets of
finite Q-type (i.e.., Hn(X:Z) are uniquely divisible and fi-
nite dimensional (n)l) ) and homologically connected algebras
of finite Q-type (i.e., algebras whose minimal models have
finite type cohomology).

Neisendorfer [15] generalized part of Quillen's treat-
ment by showing that the adjoint functors C<:%E:>J’gave an
equivalence between the homotopy category hoC and a subcate-
gory of hoS. He then imposed "finiteness conditions' to com-
bine this result with that of Bousfield and Gugenheim to ob-
tain an equivalence between the two subcategories of the

homotopy categories of simplicial sets and DG Lie algebras.

We also mention that Unsold [22] obtained an equivalence




between the homotopy categories of 1-reduced rational simpli-
cial sets and 1-connected minimal topological algebras over
Q.

With S, the category of pointed, connected simplicial
sets, let Nh S, (respectively, QNh, S,) be the full subcatego-
ry of hos. determined by the nilpotent (respectively, ration-
al and nilpotent) objects. A Q-localization functor is a
left adjoint to the inclusion QNhos.(-—)Nhos. (equivalently,
such a functor is given by universal maps u:X-——)XQ from X to
QNh, S, (X in Nh; S,)). Bousfield and Kan [ 3] use a very
general setting to show the existence of a Q-localization
functor. Bousfield, in [ 1), shows that such a Q-localiza-
tion also arises from the localization of pointed simplicial
sets with respect to Hge( :Q)-isomorphisms and then restrict-
ing to nilpotent, connected objects. In the Bousfield and
Gugenheim work discussed above, the adjoint map X-——-=>FMX in
Nhos. gives a Q-localization where X is nilpotent of finite
Q-type (this uses the "pointed' version of their equiva-
lence).

Let S° be the category of reduced simplicial sets and C
the category of commutative, connected DG coalgebras over k
(k a field of characteristic 0). 1In this paper we construct
a pair of adjoint functors S°<:£:£:>C (] | 1s the realization
and S'the singular functor) whiih induce an adjunction be-

tween the homotopy categories. With k = Q, the unit for the

adjunction when restricted to nilpotent spaces gives a Q-




localization and when restricted further to rational, nilpo-
tent spaces gives an isomorphism. On the homotopy categories,
the realization functor when restricted to the replete sub-
category of rational, nilpotent spaces (and corestricted to
its image) gives an equivalence of categories. This general-
izes the equivalence result of Quillen for simply connected
spaces. It also removes the homology finiteness conditions
which were imposed by Neisendorfer to relate the homotopy
category of spaces to that of coalgebras (via the Bousfield-
Gugenheim equivalence for spaces and algebras). The realiza-
tion functor | I:SO—->C is characterized by three basic pro-
perties in the sense that any functor r:so-—>c which has
these basic properties will also yield a Q-localization and
give an equivalence of categories as was obtained using I 1.
After summarizing the general conventions of this paper
in Section 1, we consider the category S of simplicial sets
and 1its subcategory of reduced simplicial sets in Section 2.
It is shown that the latter subcategory can be viewed as the

« ~—OPp -
pointed functor category: S° = Sets, /A where /A is a quo-

tient of the indexing category /A for simplicial sets (two
maps in /A are identified if they factor through [0] in /A) and
Sets, is the category of pointed sets.

In Section 3, the categories C of commutative, connected
DG (chain) coalgebras over k and M of DG k-modules (where k
is a field of characteristic 0) are considered (and also the
related categories c¥ and id of graded coalgebras and graded

k-modules, respectively), and the basic properties of the




forgetful funétors between these categories are examined.

In Section 4, we use the functor:f-g—)c which was consi-
dered by Quillen and Neisendorfer to define the realization
functor | |:8,-—>C: for X in S,, IX] is given by the coend

Ixi -[?]Xn'yn in C
where y is the composition E—-—)I—EL)C (the first functor in
this composition is itself the composition FLs'ICEK of the
free Lie algebra, desuspension, normalized chain complex, and
reduced standard n-simplex functors). It is shown that
| I:S,~——>C has a right adjoint given by the aingular functor
S:C—->8, (for Y in C, SY: /A°P——3Sets, is given by the com-
posttion A-L->cS{=2T)y5ets,). After proving that | A,l =

Yp+ the realization functor is then shown to have the follow-

ing basic properties (in addition to having a right adjoint):

1) | | preserves monomorphisms and 2) there is a natural
transformation A:l |-+—>CY such that (Ay) a:Ho IX|===>Hq4 (X:K)
is an isomorphism of coalgebras (X in So). The existence of

a natural map GFLs'IV-;—>V in M (where V has V, = k, d; = 0)
which gives a homology isomorphism motivates the definition
of the realization functor and is the basis for the construc-
tion of the natural transformation A:| l-+->c¥,

Quillen’s axjioms for a ¢losed model category E are re-
called in Section S, and some homotopy lemmas which are used
in this paper are proved. The two homotopy categories Hoa
(the category of fractions with respect to the class of weak

equivalences of E) and hoC (the category with the same ob-




~

Jects as ccf" the full subcategory of E determined by the
cofibrant-fibrant objects-- and whose morphisms are the hopp-
topy classes of maps) are discussed briefly, and it is point-
ed out that boa is also a category of fractions (with respect
to the weak equivalences in ch" It is presumably well-
known that the pullback of a weak equivalence along a fibra-
tion, which has a fibrant codomain, 1is also a weak equiva-
lence (theoresms 5.9). Perhaps less well-known or appreciated
is the fact that the pullback of a weak equivalence along a
fibration, which is induced from a fibration having a fibrant
codomain, is a weak equivnlénco (proposition 5.10).

In Section 6, we recall Quillen’s closed model structure

for S the cofibrations are the injective maps, weak

0!
equivalences are the maps whose topological realizations give
isomorphisms on all homotopy groups, and fibrations are those
maps which haée the right lifting property (RLP) with respect
to the class of trivial cofibrations. We also recall the
Quillen-Neisendorfer closed model structure for C: the cofi-
brations are the injective maps, weak equivalences are the
maps which give homology isomorphisms, and fibration3 are
those maps which have the RLP with respect to the class of
trivial cofibrations.

In Section 7, we show that | [:S ——-)>C preserves both
cofibrations and weak equivalences and that ,S:C—-—)So pre-

serves fibrations and takes a weak equivalence between fi-

brant objects in C to a weak equivalence in so. The pair of




adjoint functors, thus, gives a pair of adjoint functors

A1,

P S,
o g

one can take S'(X) = X' where {i:X—->X’' is a weak equivalence

HoS HoC on the homotopy categories, and we show that

in C with X' fibrant. On the more concrete homotopy catego-
ries, 1t is the realization functor which must be modified

(since it does not necessarily preserve fibrant objects):

here the pair of adjoint functors hoso<:£:£:)hoc has le' =
Fy

X' where i:IX|—->X' is a weak equivalence in C with X' fi-

brant. Finally the relations between the realization func-

tors and between the singular functors on the two homotopy
categories are given for reference.

In Section 8, we recall the familiar principal fibration
;:E(n,n)-—)i(n,n) in S, where n is an abelian group and
E(u.n) is a K(n,n) space in S, and observe that ; can be
viewed as a fibration in S,. We also recall Neisendorfer's
extension sequence K(n,n-1){-4_3E(n,n)-B->K(n,n) in C where n
is a k-module and K(n,n) is the cofree coalgebra generated by
n which is concentrated in degree n. We then show that there
is a commutative diagram:

IE(u,n)l--fB-w(n,n)
Inl lh in c, (0.1)

1K (n.0) 1——2E 5K (n, )
where ¢E and ¢K are weak equivalences; i.e., the realization
of ; is weakly equivalent to h. We also introduce the notion
that a fibration f:X———>B in C is a fiber dundle if f, when
viewed 1in c¥, is "essentially" a projection B®F-——>B

where F is the fiber of f (this is in agreement with Neisen-




dorfer’s notion of an extenaion seguepnce in C), and show that
fiber bundles are closed under pullbacks.

The main result of Section 9 is to show that the reali-
zation of a fibration in S,, which 1s induced from ;:E(n.n)
—-—)E(n.n). is weakly equivalent to a fiber bundle in C which
is induced from h:E(n,n)=—=>K(n.n) (n>1). This result (theo-
rem 9.2) is expected to be valid in the more general setting
of a fibration h:E—->K in S, which is related (as in diagram
(0.1)) to a fiber bundle h:E—~=>K in C provided some addi-
tional hypothesis is imposed on the fibration ;. This sec-
tion concludes by showing that the realization of a tower of
fibrations under X in S, gives a tower of maps under [X] in C
which is weakly equivalent to a tower of fiber bundles in C
(where 1in 8o xn———>xn_1 is induced from the principal fibra-
tion h:E ,,——>K,,; with h related to the fiber bundle
h:Ep,q—>Kp4q 1in C).

The Main Theorem of this paper is proved in Section 10.
We now assume that the ground field is the rationals k = Q.
This result is that when X is nilpotent in S, and i:|X|—x’
is a weak equivalence in C with X' fibrant, then the adjoint
map I:x——->SX' in So gives a Q-homology isomorphism. A cor-
ollary of this result is that when X is nilpotent and fibrant

in S then the X-component of the unit ny = I:x--->Sx' in

ol
hoS° is a Q-localization. A second corollary is that when

restricted to rational and nilpotent spaces in hoso. then nx

is an isomorphism in hoSo. We also show that on the homotopy
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categories the realization functor when restricted to the re-
plete subcategory of rational, nilpotent spaces (and core-
stricted to its image) gives an equivalence of categories,
Finally, since the treataent in this paper uses only the bas-
i¢c properties (mentioned above) of the realization functor,
we obtain the result that any functor F:So—-—)c, which has
the same basic properties as | |:S,—=>C, will necessarily
provide a Q-localization and give an equivalence of categor-
ies as was obtained using | |.

In Section 11 of the Appendix, we show that the cofree
coalgebra K(n,n) classifies cohomology:; i.e., for X in C,
there is a natural isomorphisa [X,K(n,n))——)>HR(X:n). This
result is used in Section 8 to show that SK(n,n) in S, is an

Eilenberg-Maclane space of type (n.,n).
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The basic definitions, background material, and back-
ground references are incorporated into the sections as the
subject 1is developed.

1. General conventions.

The notation f£:X{——->Y i1s used to imply that the map f
is a monomorphisnm.

The notation H-+—)>K is used to denote a natural trans-
formation from the functor H to the functor K (as in ([11]).

A pnull object in a categoty is an object which is both
an initial and terminal object: a pointed category is a cate-
gory with a null object. 1In a pointed category E, the copro-
duct of A with B is denoted by A V B,

Let X be a set with an equivalence relation ~, then X is
often used to denote the equivalence class in X/_ which con-
tains x.

Let f:X——-)>Y be a map in Sets, then f(x) = y is some-
times denoted by xl-——->y. Similarly for a functor F:C——->D,
then Fc = d is sometimes denoted by c|——=>d (c an object in
E. d an object in D).

Let t:A-—->C, g:B——->C be maps in a category E. then the
unique map AiMLB——-=)>C out of a coproduct which is determined
by £ and g is denoted by (f.g).

Let £:C——>A, g:C——=>B be maps in E. then the unique map
C—-=>ATB into a product which is determined by f and g is

denoted by <(f.g>.
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2, Simplicial sets and reduced simplicial sets. Background
references include ([ 3], [ 41, [ 6], [ 8], [12], and [16]).

Let S = Sets Aop denote the category of simplicial sets
(A is the familiar indexing category: the objects of /A are
the ordered sets [n] = {0,1,2,...,n) and /A([m],[n]) equals
all the nondecreasing functions:(m]-—->[nl]).

Now consider the hom sets A([m],[n]) of /A, and identi-
fy two maps f.,g:[(ml—->[n] if they factor through the object
[0) in /A. This identification is clearly preserved by pre-
and post-composition with maps from /A and, thus, gives a
congruence, Let ai be the quotient category of /A: and let
n: M———>AE be the quotient functor. Note that /A is a point-
ed category ([0)] is both an initial and terminal object).

Let Sets, denote the category of pointed sets; Sets, is
also a pointed category (the one-point set (*) gives ((*},*)
in Sets, which is both an initial and terminal object). Let

. -Op
S - !’»ot’.s."A denote the pointed functor category (where a

o
pointed functor is a functor between two pointed categories.
which preserves the null object). Note for a pointed functor
X: A°P——_)Sets,, X([0)) 1is a pointed one-point set.

For X in S, or S, X([n]) is usually denoted by X, ( [n]
in /A or /A).

Now consider the functor so-—->s determined by X |—->
the composotion: Ah°p—ﬂg£)'K°p-x—)Sets.-->Sets where X is in
S° and where the last functor is the obvious forgetful func-

tor. Let Sp denote the full subcategory of S of reduced sim-

plicial sets (i.e., those X in S which have only one vertex
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(Xo = (x,) ). The functor S,——>S clearly corestricts to Sp.
Proposition 2.1: The functor S, ,——=)>Sp is an isomorphism of
categories.

Proof: We determine a functor Sp—->S,. For this, let X be
in SR with Xo = {xol. Using the oth degeneracy maps
sK:X,—-->X,,; of X, the points x, = (-Eiég)<xo) e X, for ndo
give a subsimplicial set x,CX. And so the pair i = (X,x,)

can be viewed as a simplicial pointed set X: A%P———)>Sets,.

But since (;) = ({x5).x,) 15 a point object in Sets,, X

o
factors uniquely through /A°P (via n°P) to obtain X: A%P_—)
Sets, which is necessarily a pointed functor. The desired
functor SR——->So is then determined by xl-——>i. That the
functors compose correctly (i.e., that Sp=—2?84,—>Sp = idsR
and S,—>Sp—>S, = 195) 13 readily verified which completes
the proof.

And so the corestriction of the functor so--—>s gives an
isomorphism between the category So and the full subcategory
of reduced simplicial sets of S. We will also refer to So as
the category of reduced simplicial sets.

For X in S (or SR)' many notions (such as the dimension
of X, ¢the p-skeletopn of X, a degenerate n-simplex x e xn.
etc.) have analogous definitions for objects in S,. We will
be explicit about some basic notions but will assume the
reader is familiar with others.

We will find the next ﬁroperty to be a useful one.

Proposition 2.2: The forgetful functor So—--) graded Sets
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preserves, reflects, and creates both pullbacks and pushouts.
Proof: We consider first the forgetful functor S——-) graded
Sets. Pullbacks 1in S are constructed degree-wise by using
the pullback in Sets for each degree. Further the required
face and degeneracy maps of the pullback are uniquely deter-
mined by this construction. This implies that S——-)> graded

Sets preserves, reflects, and (using the uniqueness of the

simplicial structure) also creates pullbacks. Similarly,
S——-) graded Sets preserves, reflects, and creates pushouts
since pushouts in S are also constructed degree-wise. The

construction of pullbacks and pushouts in S remains valid for
the subcategory SR(——>8 (objects differ at most only in de-
gree 0); and so the forgetful functor SR---> graded Sets has
the same properties which we stated for S——-)> graded Sets.
Finally since the functor So———> graded Sets can be given by

the composition So——-)SR-——) graded Sets, we can conclude

-~

that So—-—) graded Sets has the desired properties.

We next observe that J:SR(--)S has a left adjoint L:S
———>8p: 1.e., Sp is a reflective subcategory of S. For this,
let LX = X/X0 where X0 is the O-skeleton of X (X in S). The
adjunction for L |-— J is then given by: for geS(X,JY), let
¥ 1(g)eSR(LX,Y) be defined by ¥ 1(g) = g:x/x0——>y/¥0 = v,

Note that the composition S,—z—>Sp{-->S, thus, has a
left adjoint, and so so‘->s preserves limits.

We remark that in So the pullback of a surjection is a
surjection (since so---> graded Sets preserves pullbacks, and

Sets has the property we are asserting for So). and dually
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the pushout of an injection is an injection.
Proposition 2.3: Let C = S, or Sets. Let the following dia-

gram be a pushout in 6:

cl——>B
l l , then the square is bicartesian
Al——>p in C.

Proof: To prove this proposition for E = S, note that it.is
sufficient to show that this diagram is bicartesian in each
degree since the forgetful functor So—-—> graded Sets re-
flects pullbacks. And so we need only show this lemma for E =
Sets. To this end we show that the diagram has the universal
mapping property of a pullback. For this, consider the dia-

gram:

c(-d_»p
k fl lt' in Sets.
Al——>p

Since P is a pushout, ¢the only relations in P are between
im(f) and im(1i). And so, since f'h = i1i'k, we can conclude
that h(W)C im(i) (and k(W)C im(f)). Now use h(W)Cim(1i) to
define H—!L)C by #(w) = ¢ where i(c) = h(w). Note that ¢ is
well-defined since i is monic. This gives i¢ = h, To show
we also have k = £d, note that i‘'k = f'h = £'i¢ = 1'f¢. And
80 the result follows since i’ is wmonic. The required
uniqueness property is immediate since any map ¢' which sat-
isfies 1¢’ = h must agree with our definition of &.

Let /A, : /A°P—-)>Sets, denote the standard reduced n-sim-
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plex in S, which is determined by /A(_,[n)): A°P———)Sets.
This gives a functor Z:AE-——)SO ([n]l-—-)¢§n).
For X in S, and n ) 0, the n-akeleton of X. denoted X",

is the subobject of X generated by the graded pointed set: xp

E
with p £ n. Let /A, denote the (n-1)-skeleton of /A,
(n > 0).
For X in S, one has the familiar Yoneda lemma bijection
Y:s( Ap,X)—==>X, in Sets where Y(a) = l(n](id[n]) with ¥~ 1(x)

usually denoted by X (x s Xn): one also has the basic pushout

diagran (see, e.g., [ 6]):

l l(in in s (2.1)

where for the right vertical map one includes all maps X for
which x is non-degenerate.
Broposition 2.4: Y:S,(/A,,X)—->X, where Y(A) = Ap.1(id(,)
is a bijection in Sets, (where the hom-set of S, has the
point A —)>s—)>X).
Proof: We have seen that the composition J:SO—E->SR(—->S has
a left adjoint L; the sequence of bijections so(L/An'X)'E")
S( Mn.JX)—E—>xn then gives the desired pointed map v (using
LA, = /Ap).

Next let X be in S, and using the bijection in the above
proposition form the diagram which is analogous to the one

above:
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(
VA, (——v 4,
! L in S,. (2.2)
xn’l(_____>xn

Proposition 2.5: Diagram (2.2) is a pushout in so.

Proof: Note that n: /A—-> /A gives a map n: A ——=) /Zn in S
(where ‘Kn is viewed as an object in S). When we consider

diagram (2.1) for X -,Zn. we obtain the pushout:

A (

»Mn —_——) Mn

l' l n in S
& ( -

/An ———) /An

(note =n corresponds to the one non-degenerate n-simplex of
En). Next view diagram (2.2) as a diagram i1in S (using

So—:—>sn(—->8) and form the following diagranm:

4L (o _yu
LA, LA
L b
VA (—--->x A, in S.
xﬂ"l(_____)xn

The 4outer rectangle of this diagram is a pushout since the
composition of the vertical maps agree with those of diagram
(2.1). The ¢top square is clearly a pushout; and so we can
conclude that the bottom square is a pushout in S and, hence,
in S,.

Gabriel and Zisman ([ 6], p. 31) give the following cat-

egorical presentation of Mn:

P
/_\'
oAy~ w3y By qns (2.3)

0§1i<j¢n —v—20gi¢n

where p is determined by the ith face operators '%n_l--—>/An
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1th ith

(0¢i¢n) and where u and v are determined by the j- and

face operators Mn_z--—>lhn_1 with codomain indices i and jJ,

respectively (0£i<j¢n). Z is the coequalizer of u and v, p

is onto /A and the map p’':2——=) Mn determined by p core-

nl
stricts to an isomorphisa between Z and im(p’') = “n'

By applying the functor L:S-——)So, which is left adjoint
to J:So—-—>3. to the above diagram (and retaining the same

symsbols for the maps), we obtain:

P
V A_,~ ) v /'A'n_l-i--n— P >4, tns,. (2.4

0¢1<j¢n 2—v—>0¢1¢n
Here the coequalizer Z in S° gives a similar factorization p
= p’J with p’ corestricting to an isomorphism between Z and
in(p’) = /A,.

The normalized k-chain functor C!:So--)ﬂ (k a field of
characteristic 0) preserves colimits and monomorphisms (for
this, consider C, as the composition SO—E:>k-modules/Z°p-——>M
where F:Sets—-)k-modules is the free k-module functor).

For a map f:X—>Y in S,, the map f, = He(f k) :Hge(X:k)
——=>He(Y:k) is called a k-homology map.

Proposition 2.6: H /A, = Z, Z®, or 0 for k = 0, 1, or 11,
respectively.

Proof: The result for k = 0 is clear. Next note that cﬁ/Xn
= cl A, for k > 0 (since /A, arises from /A, by the identifi-
cation of all vertices, and higher dimensional 1identifica-

tions involve only degenerate simplices of zﬁn). We, thus,

have the above result for k > 1 (since /ln is acyelice). Fi-
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nally we also have H, /Zn = Hy( /An.(/An)o) where (/An)o is the
0-skeleton of ‘Mn' Considering the long exact sequence in
homology for the pair ( Mn.(/%n)o). we then obtain the de-
sired result for k = 1 (using Hy( /An)o = /Zn*l. Ho /Ay =Z ).
Further, the n edges of a reduced n-horn freely generate
Hltﬁn (using the definition of the connecting homomorphism in
the long exact sequence).

- ES
The p-aphere in S, is defined by S® = /A /A, (n > 0).

S has only one non-degenerate p-simplex when p =n,0 (all

other values of p give degenerate p-simplices); and so Hps“

=Z 1¢ p =n,0, and = 0 otherwise.




20

3. Coalgedras. Background references include [13], [15], and
(17].

For k- a field of characteristic 0, 1let M¥* denote the
category of graded k-modules where the grading is given by
the nonnegative integers. And let M denote the category of
differential graded k-modules where the differential has de-
gree = -1,

We note several useful properties of the forgetful func-

tor U:H—-—)H'. Firatly it is readily verified that G pre-

serves, reflects, and creates both kernels and cokernels.
Also 6 preserves and reflects both pullbacks and pushouts.
For this result, with M and M‘ abelain categories, we can
combine the above preservation and reflection properties of 6
with the following characterization of pullbacks and pushouts
in terms of exact sequences.

Broposition 3.1 (see, e.g..[ 5)): For an abelian category,

given a square

c—&—)>B
rl lk
A—b—>p
consider -the sequence C‘r'8>>AQDB(h'—k)>D.
Then the square is
a pullback (=) 0—)>C—=>A@B-=—=)>D is exact,
a pushout (=> C—=>A®B——=>D—>0 is exact, and
bicartesian (=) 0—>C—=>A@ B—-)>D-—->0 is exact.

We also give a useful consequence of this characteriza-

tion:
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Corollary 3.2: If the following square is a pushout in an

abelian category:

c{-&—»p
fl l , then the square is bicartesian.
Al——>p

Proof: This result is immediate since in any category the
map, C££i§2>ATTB. is monic if f or g is monic.

We remark that a similar result for S, and Sets was
proved in the previous section.

Let C denote the category of differential, commutative,
connected, and associative graded coalgebras over k. A goal-
gebra refers to an object in C. And let ct denote the cate-
gory of commutative, connected, and associative graded coal-
gebras over k. C and C' are complete and cocomplete; for A
and B in C (or C#). the product is given by the tensor pro-
duct A®B.

The forgetful functor U:C-—)C# preserves pullbacks.
For the proof of this property, it suffices to show that U
preserves products and equalizers. The preservation of prod-
ucts 1is immediate (since the product is given by the tensor
product in both C and C#). To show the preservation of
equalizers, let z-->x::;::;r be an equalizer diagram in C:
note that we can take Z to be the largest subcoalgebra of X
in C which equalizes f and g (1i.e., Z is the internal sum of
all subcoalgebras of X which equalize f and g). Clearly UZ

equalizes U(f) and U(g). To show that UZ is the largest sub-

coalgebra of UX in C# which has this property, consider the
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following: let X% be a subcoalgebra of UX which equalizes
U(f) and U(g), and note that d(X%) equalizes U(f) and U(g).
The internal sum X% + d(X®) in graded k-modules gives a DG
subcoalgebra of X which equalizes f and g. We then have that
x2CU(X® + d(X®))CUz in C¥. Hence, UZ is an equalizer of
U(r) and U(g).

The forgetful functor G:C-—)H has a right adjoint S':M
——=>C. For V in M, S'(V) is the symmetric coalgebra on V.
Letting T'(V) be the tensor coalgebra on V, then S'(V) can be
constructed as the subspace of T'(V) comprised of those ele-
ments which are invariant under the action of the permutation
groups (which permute the tensors). Let J:ﬁS'—‘-—)idH denote
the counit for 6 —| 8’: and for g:GX---)V in M, let the ad-
Joint map be denoted by 3::—--)5'(V). We will make use of
the fact that 6, being a left adjoint, preserves colimits.

Similarly, the forgetful functor G#:C#--—>M# has a right
adjoint which we also denote by S':H#--—)C#. It will be
clear from the context whether the intended domain of S’ is M
or u¥,

The commutativity property 6# U= 6 G is immediate.

The next lemma concerns the replacement of an isomor-
phism on homology by a coalgebra map (this technical lemma is
used in the proof of lemma 8.3).

Lepma 3.3: Let V be a k-module, and let X be a <coalgebra
such that the map 3:H.X———>S'(Vn) is an isomorphism in c*
where Vn in H# has V concentrated in degree n. Then there is

A
a map p:x-—->s'(vn) in C which gives a homology isomorphism
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~ A A A
and is such that Je(B)y =© where Je:HeS'(V,)—x-)>S'HeV, =
A
S'(Vn). Moreover, the construction of B has the following
commutativity property: let r:x‘-—>x' be a map in C with

both f and r.:a.x‘-—>n.x' injective, and let 1:Vn—->Vé be a

map in H‘:
fo
H.X—-————)H.X'
ir 8 ~ :L& commutes in C'.
S (Vn)ym)S'(Vn) ]
Y= ————————)X"'
A la)
then 8 l l B’ commutes in C.
S (Vn)§7?IT>S (Vn)

Proof: Let ; C Xn be a sub k-module of cycles such that a, =
the composition ; C ker dn--)ﬂnx is an isomorphism: 1i.e., ;
is given by free generators in X, of an. Define gn:xn—->;
by sn(x) = x for x s ; (=0 otherwise); this gives a chain map
g:!--)Vn (since for x s ;. x is not a boundary (x4$0)) which
in turn gives a map 2:!-—-)8'(;n) in C. Next consider the
composition & = V,~8->H,X-—>V, where O, = V-gnmnx-%n)v.
Noting that (g,)e = (an)'I:HnX—E->Hn; = V, we obtain Og, = ©O.

) ~ 5'(®)
Finally, the composition B = g&:X- -)S'(Vn)-—z—->S'(Vn) in
A A -~
C has the desired property that (B)g = (g)e(S'(®))4:HX~—)
u.s-(Vn)-=->n.s'(vn) is an isomorphism (this is an exercise
in the universal mapping property of cofree coalgebras and
also uses the fact that H, and S’ commute (see [15], lemma
A A A ~
1.11)). That p satisfies jJ,(B)e =© 1is a similar exercise.

We next prove the commutivity property in the statement

of this lenmma. We show that there is a k-module map ;n‘;
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———);' (and, thus, a map ;:;n—-—>;6 in M) such that the fol-

lowing diagranm:
x———-f-—-->x'
A /N
sl ~ ls'
~ S'(r)

N ~ A
B = ~s'(vn)—-—->s'(vn) - = g8’ inC
5’ (0) l ls'(e')
L]
S'(V, )=—=—-—>8"(V.)
( n)S'(i)) (Vp
commutes (note that the left and right vertical maps compose
Pal Pa
to give B and B’', respectively). For this map, note that if
for ;' we take an extension of rn(F), then the restriction to
; of fn:ker dn-——>ker dé corestricts to ;': i.e., we simply

let tn:;—-—>;' be the restriction and corestriction of f,.
For the commutivity of the upper square in the above diagranm,
note that it suffices to show that g'f = ;g: i.e., to show
that g f, = ;nsn' Using the definition of g, (and gp), this
in turn reduces to showing that x & ; (=) £ (x) &« V. We
have left to show x ¢ V (= fo(x) ¢ V' (1.e., x 4 V => fa(x) 4

;'): a) note that x ¢ Xn - ker d, => fn(x) ¢ Xy -ker dg

(using f,_, is injective) and b) x e ker d; - V => f, (x) ¢

f,(ker d;) - V' (since f,(x) & H X’ is in £,(V) C H X', and
80 tn(x) é ;'). The commutativity of the lower square in the
above diagram is immediate since é'; = 12)(uaing the defini-

tion of ; and o'fy, = 10),
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4. The realization and aingular functors.
For k & field of characteristic 0, let X denote the

category of differential graded Lie algebras over k where the
grading is given by the nonnegative integers and where the
differential has degree = -1, We adopt the convention that
ungraded Lie algebras are objects of X when concentrated in
degree 0.

Quillen (in ([17)) defined a pair of adjoint functors
c<%>x with & —1& ., and showed that the components of the
unit and counit for the adjunction gave homology isomorphisms
when the coalgebras X were simply connected (x1 = 0) and when
the Lie algebras L were connected (L, = 0), respectively.
Neisendorfer (in [15]) showed that the components gave homol-
OgY isomorphisas without these restrictions.

We give Neisendorfer’s very efficient construction of
G:$~-->C. The underlying non-differential coalgebra of CL
is given by U(GL) = S'(sL) where L is 1n‘§ and where s:x&¥
—=>M¥ 15 the suspension (V[-—>V with ;n+1 = V,). S'(sL) has
a bigraded structure, and the differential on S’(sL) is given
as a sum d = dp + d[ 1 Also the differential is uniquely
determined by the composition 4 = S'(aL)—ﬂ—>S'(sL)—J—>sL.
With 3 = EI + 8[ ]’ E is then defined on the generators sl,
(81°)(81’') (= sl'®sl'' + (-1)9€81°degl "51::®4g1+), ... of
S'(sL) (CT'(sL) ) by 31(31) = -sdl, E[ p(s1’)(s1'’) =
s{1',1''], and EI and 3[ ] are zero on the other generators.

For what follows, we consider two notions: with ¢ in a

pointed category c and (X,x,) in Sets,, the pointed copower




26

is defined by X'c = V ¢ and the pointed power by X =« Te
xeX-{x,] xeX-{x,}

in C. Note that for C = Sets,, XY = Sets,(X,Y). Also
E(Po.o')-—-)E(c.o')x is a bijection in Sets,-- a result
which is similar to that for the unpointed case.

Now consider the composite functor ,&-->K ([(n] |—>
FL(s'IC'.‘ /Zn) ) where FL:M——>( is the free Lie algebra func-
tor and where s~ 1:M———)>M 1s the desuspension (V |-——>V with

- é
v ). And let v be the composition A——>f ——-)>C.

-o _XIY
Now note for X in S,, we have A°PrxA———— ySetsy #» C—=>C

=V

n-1 n

where the last functor is given by the pointed copower. And

so we can consider the prealization functor | |:S,——->C defin-
ed (on objects) by the coend
[n]
Ixl = ( xp° v, (X in S,).
Coends (and ends) are discussed in [11]: the universal map-
ping property of coends defines | | on the morphisms of So-

Let the aipgular functor S:C———>S, be defined (on ob-

Jects) as follows: for Y in C, let SY be given by the compo-
Y (_.Y)

sition /A )Cc >Sets, (since Yo = k, the composition de-
termines an object in S,).

Lemma 4.1: Let X,Y be in so.

then S, (X,Y) -lg;Sets.(xn.Yn) -[j]Ynx" in Sets, (where the
right end involves the pointed power in Sets,).

Proof: This is the analogue for s° of the end formula for S.
The hom-sets of a functor category have the universal mapping

property of an end: let H, K:C——->D be functors, then DC(H,K)
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= § D(He,Kc). Further, for D a pointed category, this formu-
¢
la gives an isomorphism in Sets,. And so we have our desired

result for so(x.!).

I

LY Se—

Iheorem 4.2: The functors S are an adjoint pair:

I 1 —18.

Proof: Consider the following sequence of isomorphsims in
(n]

Setse: C(IXI,Y) = C({X " y,.Y) (definition of [XI)

- §C(Xn'1n.!) (since C(_,Y) is continuous)
n]

-~ gC(yn.Y)xn (relation between pointed
(n] copower and pointed power)

= f(S!)nx" (definition of S'Y)
(n)

= S,(x,8Y) (by above lemma).

Finally since each isomorphism is natural in X and Y, 8o 1is
the resulting composition.

We remark that | |, being a left adjoint, preserves co-
limits and j?, being a right adjoint, preserves limits.
Lemna 4.3: Let D and E be pointed categories, and let F:D
—-—)E be a pointed functor. Assume that the pointed copowers

D(d'.do)'Pd exist in E for all d’', d d in D and that the

o’
coend in the following formula exists for all d, in D.

Then ;D(d.do)'Fd = Fd, (where the copower is pointed).
Proof: The above formula is a special case of the following
coend formula for a left Kan extension (see ([11], p. 236):
(LangF)(a) = ;A(Kd,a)'Fd where K:D—-)>A (provided the copow-
ers A(Kd'’,a)°Fd exist for all d’, d in D and all a in A and

that the coend exists for all a in A). Note that for K =
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d
1dp:D——>D, this formula gives (LanidDF)(do) = gb(d.do)'Fd.

But (LanidDF)(do) = Fd,: and so the desired result follows
(when F is a pointed functor, this formula is valid provided
the pointed copower is used).

We remark that, in a similar fashion, if one applies the
end formula for a right Kan extension to the case K = idp,
then one obtains an end formula (which is analogous to the
coend formula of this lemma) which generalizes the Yoneda
lemma. This observation is the note upon which Mac Lane ends
(11].

Proposition 4.4: 1A l =y, inC. o

Proof: By definition we have | Knl = { E([k].[nl)'yk: and
then applying the above lemma with F = 1:AK———>C we can con-
clude that this coend equals y, (= y(nl).

Thus, |Z| and v: E—-—)C are isomorphic functors.

The basic properties of the realiiation functor are the
following (in addition to having a right adjoint): 1) ||
preserves monomorphisms and 2) there is a natural transforma-
tion A: 01 |-+—3cY such that (Ay) o:HgIX1=—=)Ho(X:k) is an iso-
morphism of coalgebras (X in so). We now proceed to prove
these properties.

Iheoren 4.5: | | preserves monomorphisms.

Proof: The approach taken is similar to that given in [ 6]
for | |:S—=)>Top, with the geometric standard n-simplex A, =
| /A,1 in Top and vy, = | Knl in C being treated analogously.

E N —
We first show that 1i: Mn(—->lﬁn in S, realizes to a monomor-

o
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& -
phism l1l:1 A I-—>1 A | in C. By applying | |:S,—->C to the
N
presentation of An given by diagram (2.4), we obtain the top

row in the following diagranm:

Ipl
- |u| - ' -
I e R B R Y S Y PYL ALY
0¢1¢3¢n 7T 0¢4¢n i
| in C;
V. o Yp-2_ --; Vyg 32— -P- -y,
0§1<¢j¢n "’3 “70¢1¢n \\\\\\§~____——”/;7
p
further, this row is a coequalizer (since | | preserves co-

limits). The bottom row is obtained using the functor y: A
~==>C 1in a similar fashion as was done for the coequalizer
diagram (2.3). The coequalizer z is the qoutient coalgebra
with relations which attach the faces of y,. Recall that y,
= G(FL(s'ICQ/Kn)) where UG(L) = S'(sL). I.e., when we view
Ynp in C#. Y, has generators which are the permuted tensor
products of the free Lie brackets on the non-degenerate sim-
plices of Aﬁn. Viewing the free generators of Z as a subset
of those of y, - there are missing Lie brackets, we then have
that ;':Z—-—>1n is monic (since all the functors which are
involved preserve monics). In the above diagram, the two
left vertical maps are isomorphisms (since y and |Al: A——)>C
are naturally isomorphic) and the left hand squares commute
(using the naturality). There is, thus, a canonical map

|Z|-——>Z such that the middle square commutes; further, this

map 1is necessarily an isomorphisnm. Also the right hand
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square commutes (using the naturality and the fact that |J|
is an epimorphism). This implies that Ip'l:lzl—--)llﬂnl is a
monomorphism (since p’' is); hence, lil:l Enl = lim(p’) |——>
'/Kn' is a monomorphism.

We next show the general case. Let f:X—-—->Y be a mono-
morphisa in So: we can assume that X is a subsimplicial set
with £ the inclusion. Let (a’) be the set of non-degenerate
n-simplices of Y which are not in X, and consider the commu-
tative diagram:

VA ‘\——=>V/A
a’ a a’ n
in So

yo-lyux(—yynux
where, e.g., Y® is the n-skeleton of Y. This diagram in S,
with /An and /A, (instead of /Zn and /Zn)' is shown in [ 6]
to be a pushout. The same approach which was used to show
that diagram (2.2) is a pushout can also be used to show that
the above diagram is a ppshout in So. By applying | | to
this diagram, we then obtain the pushout diagranm:

& -
v gl ——v 1Al
a' a!
in C
RLt 0P IR P LIV §
where the bottom map is necessarily monic (since one can view
this diagram as a pushout in the abelian category M). Final-
ly by considering the directed colimits, we obtain that
Iel:1x] = |Y°\/!|-—>}§5)|Y"\JX| = Y is a monomorphism.
n

Let Hcc:H be the full subcategory determined by the ob-

Jects V such that Vg = k and dy = 0.

» N -
Lemma 4.6: There is a natural transformation 1:UGFL3 1.y
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1dH° such that ({v).:ﬂ.(GFLa'IV)—-—)H.V is an isomorphism of
coalgebras (V in Hc).

Proof: This is an immediate consequence of Neisendorfer's
result ([15), prop. 4.2 b): for a Lie algebra L 1nx,.1f L =
F (V) in S$# = graded Lie algebras, then HCL is isomorphic to
8HeQL as a coalgebra where QL = L/[(L,L] is the abelianization
of L. The isomorphism is given by the composition G(L) =

3 s(xn)

S’ (sL) ysL >sQL (where L-I->QL) which is a chain map.

With L = PL(;). then QL = ;. and this map becomes CFL(;)———>
s; which is clearly natural in ;. Further, for V in Hc. the
isomorphiss 1is also true for the unreduced homology on (L,
and the application of this proposition to V = 5”1y gives our
desired result.

And so applying : to the functor c!Z:/K-—->u we obtain a
natural transformation : = ;cgzzay-&->c!K such that
(:n).:n.yn-—->ﬂ.(lﬁn:k) is an isomorphism in c*.

Now apply the coend birunctorlfln'_n to ;:87-*->CEZ to

~
obtain a natural transformation A:Ul |——>c¥ which gives

{n] A (o) (n]
Ve A - . -
vixl = gxn'07n X = §Xp’3p > an-cE,mn - clx .

Theorem 4.7: For the natural transformation A:0l |-+->c¥,
the map (Ay)o:HolX|——->H4(X:k) 1is an isomorphism in c¥ (x in
Sy).

Proof: We first give an inductive proof that the map
xxnzlx°l-——>c!x" in M (X! is the n-skeleton of X) gives a ho-
mology isomorphisa.

For n = 0, the O-skeleton X = ¢ 1n s_, both IX°] and
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c8x% equal k 1n M, and we have 50 = 1d,:1X%1—>c¥x? 1n M.

We now assume that 1xn-1:|x“'1l-—>c!x"’1 gives a homo-
logy 4isomorphism and show it follows ;hat Axn gives one as
well, The application of | | to the basic pushout diagram
(2.2) of S, yields the following diagram (recall that | |
preserves coproducts and monomorphisms):

vl gl —->vl i,
in C.
IxP-1) —> x|
This diagram is a pushout in C (since | | preserves push-
outs) and is, thus, a pushout in M; further, it is also a
pullback in M (since two opposite maps are monomorphisms) and
is, thus, bicartesian. Note if we apply c!:so-->n to dia-
gram (2.2), we obtain an analogous pushout diagram in M which
is also bicartesian. Next consider the following diagram:
0-~>y | Agl—>1x8"1® v | /oy l—>1xR1—>0
lh% l;.xnd@ hy lz.xn in M.
—>4ch A, —>clxn-lg ucl a ——>c¥xn—>0

Each row is obtained from a bicartesian diagram and is, thus,
exact. To show that the left square commutes consider the
following: 1let ;:,Kn-—->x" be a map in S, and note that this
gives a laplan = (,&n)n-l___)(xn)n-l = X1 on the (n-1)-
skeletons: then applying the naturality of A to this map we
obtain I/Z,,l-->lx“‘1I-->c!x”"1 = I/an->c! /Xn~->c!x"'1.
Also applying the naturality of A tolz (—->ain we obtain
| /ag1 =51 iagl—>c¥ a, = | /agl—>c¥ /a (->cH /a,. These two re-

sults imply the commutativity of the left square. The commu-
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tativity of the right hand square follows from applying the
naturality of A to the maps XxP~1 (__>xP and ;:,Kn-—->x".

We claim that Ayn gives a homology isomorphiss. For
this, note that Jgkﬁn and 9, = Jt%ﬁn give homology isomor-
phisas (since &in and %En do, and homology commutes with ar-
bitrary coproducts), and so Ayn-1@ f, does as well. Next
considering the two Mayer-Vietoris long exact sequences in
homology, and applying the 5-lemma, we can conclude that Ayn
gives a homology isomorphisnm.

Now X is the union of its n-skeletons: X = \# xP: 1.e.,
X is given by the colimit: X = lim X®. Also c¥ and Tl | pre-
serve colimits: and so, after applying the naturality of A to
the maps XP ‘->33!>x“ = X (n)0), we obtain the following
commutative diagranm:

lim Ayn

1im X8 o >11->c!x"

——) - -

n
~ ~ 1!1 H-

Ixl = I1im x®|———>cl(11m x™) = clx
n X n

We claim that Ay gives a homology isomorphism. For
this, apply homology H.:H—-—)H* to the above diagram and note
that (1§!>1xn). is an isomorphism (since (iAyn), is an isomor-
phisa (n)0) and homology commutes with directed colimits
(see, e.g., [18])) ); and so we can conclude that (Ay)e is an
isomorphism.

Theorem 4.8: The canonical map IXTY|—=>|XI® IY] in C in-

duces a homology isomorphism.




34

Proof: Note that <lpryle.lpryle):HelXTTYI———)H IXI®H,IYI 1n
C' is an isomorphism (using the naturality of 1:6' |—4—>C!
and the fact that ¢the analogous map He(XT Y k)—>
Ho(X;k)® H (Y;k) in C¥ 1s an 1somorphism). It follows that
the map HoIXT YI—)>H(IXI® 1Y]), which 1s induced by the ca-
nonical map, is an isomorphism (using the Kinneth theorem for

coalgebras; i.e., a.:ce-->c‘ preserves products).
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S§. Closed model categories and some lemmas,

Defipition (Quillen, (17)): A glosed model gcategory is a
category E together with three distinguished classes of maps
called fibrations., gofibrationa. and yeak eguivalenges which
satisfy the following:

CcMO. C 1is closed under finite limits and finite colimits.
CM1. Given a commutative diagram in E:

A————>X

i -7
l,’ lp (5.1)

Bm—=——=>Y ,

then a dotted map exists which gives commutative tri-
angles if either a) i is a cofibration and p is a fi-
bration and weak equivalence or b) 1 is a cofibration
and weak equivalence and p is a fibration.

CM2. Any map f has two factorizations: a) f = pi where 1 is
a cofibration and weak equivalence and p is a fibra-
tion, and b) £ = p’1i’' where i’ is a cofibration and p’

is a fibration and weak equivalence.

CM3., Let f:X——->Y, and g:¥=-=>Z., If any two of f, g, and gf
are weak equivalences, then so is the third.
CM4., Each of the classes: fibrations, cofibrations, and weak
equivalences is closed under retracts.
A trivial fribration (frivial cofibration) is a fibration
(cofibration) which is also a weak equivalence.
If a dotted map exists in diagram (5.1), p has the pight
lifting property (RLP) with respect to i, and i has the left

lifting property (LLP) with respect to p.
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Note that with these definitions axiom CM1 says that
fibrations have the RLP with respect to the class of trivial
cofibrations, and cofibrations have the LLP with respect to
the class of trivial fibrations.

Quillen (in [17), p. 234) gives a concise discussion of
closed model categories, and we refer the reader to this work
and, of course, also to [16] for the treatment of homotopy
theory in the setting of closed model categories.

In [16] Quillen defines the notion of a model category
and then defines the notion of a glosed model category. The
axioms for the latter are then reformulated (in [17]). It is
this reformulation which we have given above, and, in the
following, statements which are made for model categories can
be interpreted by the reader as statements regarding closed
model categories.

We do want to mention the following: for E a model cat-
egory, the relation of left (respectively, Eight) homotopy ~L
(respectively, ~R) is an equivalence relation on E(X.Y) if X
is cofibrant (respectively, Y is fibrant). Let v:W—=>X, f
and g:X-—>Y, and u:Y-———>Z be maps in E. If £ ~, 8 (respec-
tively, f ~p g)., then uf ~L u8 (respectively, fv ~p gv), fv
~L 8V when Y is fibrant (respectively, uf ~gp U8 when X 1is co-
fibrant), and f ~p g when X is cofibrant (respectively, £ ~/
g when Y is fibrant). Thus, for X cofibrant and Y fibrant,
the relations ~; and ~p agree; and then this relation on
E(X.Y) is denoted simply ~, and the set of equivalence class-

es is denoted [X.,Y].
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Let ccf denote the full subcategory of E determined by
the objects of C which are both cofibrant and fibrant; then ~
is a congruence on Ecr' and the quotient category is denoted
hoa. Thus, hoE has the same objects as Ecr' and hoE(X.Y) =
(x,Yl. Finally let nzacr———>hoa denote the quotient functor
(hoC 1s denotedTTch in [16] and [17]).

Let f.,g:X—=>Y be maps in C. Quillen (see [16], f1 lenm-
ma 1), 4in effect, defines the relation ~ on E(X.Y): f ~. 8
if there exists a left homotopy H:i—-—)! from f to g where i
is a cylinder object for X. The question naturally arises as
to the extent to which the relation ~; depends on the choice
of X. The next lemma addresses this question and is intended
as a remark.

Lemma S.1: Let X be cofibrant and Y be fibrant in the model
category E. Then the relation ~ (= ~L) on E(X.Y) is indepen-
dent of the choice of cylinder object.

I.e.,, let ; and i' be two cylinder objects for X, and

let £,g:X——=>Y. Then in the following commutative diagram:

’ ] l
(10.11)1 \.g) | H
Y, vy
X Pt L S

one has that the map H exists (=) H' exists.
Proof: Let P be a pushout in E of xn-x--—>i along X7 X—=>
’

; ; the projection maps p and p’ of the cylinder objects give

a map ;:P—-—)X as indicated in the commutative diagram:
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Note that v and v’ are cofibrations. Now consider the fac-
torization ; = the composition P—1->i-i->x where 1 is a cofi-
bration and ; is a trivial fibration. It is readily shown
that the maps u = iv and u’' = iv'’ are trivial cofibrations
(e.g., since ui, 1is a trivial cofibration).

Now assume f,g:X~-->Y are left homotopic via H:;———)Y.

and consider the commutative diagram:

XiLX (10.11)-
\)x

(1[,.1{)1
’ u
\k*;

(f.g)

Note that there is a map i such that iu = H (since Y is fi-
brant and u is a trivial cofibration), Then H' = Hu’ is a
left homotopy for £ ~ g using the cylinder object ;'. Note
that the symmetry of i gives that H' exists =) H exists.

Similarly, using the construction which is dual to that
given for X, one can show that ~ (= ~g) is independent of the
choice of path object (with X cofibrant and Y fibrant).

Let E be a category and let S be a subclass of morphisms

of C. A gategory of fractions of C with respect to S is a

category, denoted E[S'll. together with a functor 7:5———)
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E[S'll such that a) y(s) is an isomorphism for all s in S,
and b) if a functor F:E-——)D has the property that F(s) is an
isomorphism in D for all s in S, then there is a unique fune-
tor F':C[S"1]——)>D such that F'y = F.

For E a model category, the homotopy category of C, de-
noted 7:6-——>Hoa. is a category of fractions of E with re-
spect to the class of weak equivalences, Quillen (in [16])
proves that HoE always exists, We remark that HoE and E have
the same objects (i.e., yX = X for X in ).

The following lemma is useful and also one which |is

easily proved.

Proposition §.2: Let C be a model category. Let f:X—->X'
be a weak equivalence in E with X and X’ cofibrant, and let Y
be fibrant. Then £ :[X',Y)——>[X,Y] is a bijection in Sets.
Proof: For A cofibrant and B fibrant in C, there is a natu-
ral bijection [A,BJ——>HoC(A,B) in Sets (see [16]). Let y:C
-—-)Hoa be the canonical functor, and consider the commuta-

tive diagran:

(x’,Y}j-——— YHoC(X',Y)
r‘l l (y(eN* in Sets. (5.2)
(X,Y)——— >HoC(X,Y)

Note that y(f) is an isomorphism in Hoa. and so (1(r))‘ is a
bijection 1in Sets; and since the horizontal arrows in this
diagram are bijections, we can conclude that £* is a bijec-
tion in Sets.

The next corollary and subsequent proposition show that
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for f£:X——=>Y in the closed model category E with X and Y both
cofibrant and fidbrant, then f is a homotopy equivalence (=) f
is a weak equivalence.

Corollary S5.3: Let E be a model category. .Let f:X—->X' be
a weak equivalence in E with X and X’ cofibrant as well as
fibrant. Then f is a homotopy equivalence.

Proof: By the above lenmma, r‘:[x'.xl—-->[x.x1 is a bijection
in Sets. In particular, f. is surjective:; so there is a map

g:X'—->X 1in C with gf ~ 1dy. But £°:[X’,X']—=>[X,X'] is

also a bijection. Noting that this map gives f‘(?g) = ?;ETF

= f(gf) = f = £°(1dy,), we have fg = 1dy, (since f* is injec-

tive); 1i.e., we also have fg ~ idy,. And so f is a homotopy
equivalence (with g a homotopy inverse).

Propoaition §5.4: Let E be a closed model category. Let f:X
~—=>Y be a homotopy equivalence in E with X and Y cofibrant
as well as fibrant. Then f is a weak equivalence in E.
Proof: As in the proof of the previous proposition, we con-
sider the bijection [A,B]-—=>HoC(A,B) (;l-=->y(h) ) where A
is cofibrant and B is fibrant and where 7:5--—)806 is the ca-
nonical functor. Let g:Y——->X be a homotopy inverse for f;
and so gf ~ idy, and fg ~ idy. But note that since the above
bijections are well-defined and y is a functor, we obtain
vy(g)y(f) = 1d7x and y(f)y(g) = ide' Thus, y(f) is an iso-
morphisa in HoE: and so f is a weak equivalence (since E is a
closed model category).

A map in Ccr is called a weak equivalence 1if it is such




41

in C.

Proposition 5.5: Let E be a closed model category. Then the
quotient functor n:Ecr—-—>hoE makes hoE a category of frac-
tions with respect to the weak equivalences in ch'

Proof: The previous two results show that for f in ch. then
f is a homotopy equivalence (=) f is a weak equivalence: and
s0 n(f) is an isomorphism if f is a weak equivalence. The
following is easily shown (see [16], f1 lemma 8): assume that
a functor F:Ecr-——>D takes weak equivalences in ch into iso-
norphisms in D, then f ~ g => F(f) = F(g) (f.g in ch). F,
thus, factors uniquely through hoE via n.

Since the composition Ecr(-£>6—1—>ﬂoe takes weak equiva-
lences to isomorphisms, <y induces a unique functor ;:hos—-—>
Hoa such that ;n = yi.

Theorem 5.6 (Quillen, [16])): ;:hoa-——)HoE is an equivalence
of categories.

We remark, for later reference, that Quillen defines a
functor iﬁ:&-—-)hoa which takes weak equivalences in C to
isomorphisms in hoa. The unique functor HoE---)hoE. induced
by EE. is an equivalence which is inverse to ;.

Cylinder mapping lemma 5.7: Let C be a model category. Let
f:X——=>Y be a map in E: and let i be a cylinder object for X.

~ o~ -~

Then there is a cylinder object ; for Y and a map f:X-——=>Y

such that the following diagram:
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Xux »X-B——>x
fuf l i; lf
YuY ——————)Y———)>Y
(1¢.14) P
commutes. Moreover, our construction of ; has the property

that ; is a cofibration if f is such.
Proof: Let P be a pushout in E of fuLf along (10.11). And
let pB:P——>Y be the unique map out of P such that the com-

position YuY—>P-P>y « (14y.1dy) ana X-2-rp-Posy o ¥y

X—£->Y. Next consider the factorization § = P-i-);—gl>Y
where 1 is a cofibration and p’' is a trivial fibration. Then
Y is a cylinder object for Y, and the map f = iu has the re-
qQuired properties.

The dual assertion is the path obiect mapping lemmpa
(which is obtained by the dualization of this proof).
ITheorem 5.8: Let E be a model category, and let f:X-——->Y be

a cofibration with X cofibrant. Let the following diagram:

x—-8—n
|
Yo—eee=)P
be a pushout in E. If g is a weak equivalence, then so is

g'.

Proof: Heller ([ 9], Lemma 1.2) proved that for an h-c cate-
gory, the pushout of a homotopy equivalence along a cofibra-
tion 1is a homotopy equivalence. The proof given, although
based on a different axiomatic system for a homotopy theory,
remains valid for a model category E. A crucial part of the

proof concerns the treatment of a cylinder object for X (cal-
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led a cylinder over X in [ 9]) which, in essence, is our cyl-
inder mapping lemma §5.7. Recall that the map ;:;—-->; be-
tween cylinder objects is given by ; = ju where i is a cofi-
bration (the analogues of ; and 1 in [ 9) are denoted z and
(10211). respectively). Next consider the pullback P’ in E
of (1g.1,):XLX-—>X along firidy: let a:P'——->T be the map
~ idywuft (19.17) .=~

determined by f and the composition Y iLX————=>Y uy--022175y,
It is easily shown that g is a cofibration (using i is a co-
fibration). The proof in [ 9] involves the construction of a
diagram which consists of three concentric pushout squares--a
construction which can also be done in E-- with the analogue
of the cofibration a (denoted 1°z) occurring as part of the
diagram. Properties of an h-c¢ category-- with analogous ones
valid for C-- are then used to obtain the desired conclusion.
We remark that in order for the proof to work for E. X is as-
sumed cofibrant in order that the map 1J:x--->i (j =0,1) be a
trivial cofibration (in an h-c category, all objects are co-
fibrant).
Iheorem 5.9: In a model category, the pullback of weak equi-
valence along a fibration which has a fibrant codomain is a
weak equivalence.
Proof: The proof for theorem 5.8 dualizes.

We remark that there are closed model categories where
the pullback of a weak equivalence along a fibration (whose
codomain 1is not fibrant) need not be a weak equivalence:

Quillen ([17], II Remark 2.9) gives an example of such a
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pullback in SR.‘ For these situations the following lemma may
be a useful one for it shows that a fibration, which is in-
duced from a fibration having a fibrant codomain, has the de-
sired weak equivalence pullbdback property.'

Propoaition 5.10: Let E be a model category, and let f:X
——>Y be a fibration in E with Y fibrant. Let the following

be a commutative diagram:

p—8 _»>x’ >X

N

A Y’ >Y
g

where both squares are pullback diagrams. Then g’ is a weak
equivalence if g is such.

Proof: Consider the construction of the following commuta-

tive diagranm:

F /)X

l' \J'

Y —————em )Y .
Here !'—-—)?' is a trivial cofibration with ?’ fibrant (from
a factorization of Y'——>e, where e is a terminal object):

'A. K. Bousfield and E. M. Friedlander call a closed model category pro-
per if weak equivalences are closed under pullbacks of fibrations and are
closed under pushouts of cofibrations-- S and S, are examples; they then
derive some basic properties for such categories (see their paper: Homo-
topy theory of "-spaces, spectra, and bisimplicial sets: Geometric Appli-
cations of Homotopy Theory. L.N.M. Vol. 658 (Springer-Verlag, New York/
Berlin, 1978) 80-130).

*We remark that D. Husemoller, J. C. Moore, and J. Stasheff call a map
£:X—>Y 4in S a weak fibration if it is surjective and if homotopy equi-
valences in S are closed under pullbacks of the type described in prop.
5.10 (with Y not assumed fibrant); see their paper (p. 164): Differential
homological algebra and homogeneous spaces, Jour, Pure and Appl. Alg. §
(1974) 113-18S.
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and, hence, one has the bottom triangle ( since Y 1is fi-
brant). ; is a pullback of f along ;'--—)Y giving an obvious
nap X'-—-);. Note that the left trapezoid is a pullback (us-
ing the basic properties of pullbacks in a category): and so
X'—-—)F is a weak equivalence (since it is the pullback of a
weak equivalence along a fibration which has a fibrant codo-

main)., Next consider the commutative diagram:

’ ~
P8 _yx¢ >P X
| A A £
A Y’ Y’ Y
g

where all vertical maps are fibrations. P-——->A is a pullback
along the weak equivalence A-§->!'—-—>;'. and so the compoai-
tion P—£L>X'—-—>; is a weak equivalence (since ;' is fi-
brant). And so we can conclude that g’ is a weak equivalence
(since X'———)>P is such).

Lemma 5.11 (picture frame):. Let 8 be a model category. Let

the following be a commutative diagram:

where the inner and outer squares are both pullbacks with Y
and Y’ fibrant. Assume that a) B'——>Y' and X-—->Y are fi-
brations or b) X'——=>Y’ and X--->Y are fibrations. Then
A'=——)>A 13 a weak equivalence if the other three diagonal

maps in the diagram are such.




46

Proof: For part a), we will apply prop. 5.10 to two pullback
diagrams which are adjacent horizontally and then apply the
same lemma to two pullbacks which are adjacent vertically.
Consider the construction of the following commutative dia-

gram:

P
w
i
i
~
=
pd
<

P is a pulldback of the fibration X—-)Y along the weak equi-
valence Y'—=)>Y; and so P-—=)>X is a weak equivalence (since Y
is fibrant). There is an obvious map X'——=>P into the pull-
back P; further this map is a weak equivalence (since X'——-=>X
and P-—)>X are such). P’ i3 a pullback of P-—->Y' along
B'=—>Y' giving an obvious map P’'——)>A into the pullback A.
Note that P’ is also a pullback of A-—-)>B along the weak
equivalence B’'——)>B (using the basic properties of pullbacks
in a category): and so P’'-—=)>A is a weak equivalence (using

prop. 5.10). There is an obvious map A'——-)P' 4into the pull-

back P’. And note that A’ is also a pullback of P’'-—=>P
along the weak equivalence X’'—-)>P (again using the basic
properties of pullbacks in a category): and so A'——)>P’' is a

weak equivalence (since B’'—-)>Y’ 4is a fibration with Y' fi-
brant and wusing prop. 5.10). And so we can conclude that

A'=——>A is a weak equivalence (since A’'—-)>P' and P’'——->A are
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such).

For part b), consider the following commutative diagram:

Y |

N,
|

N
//:

Jr 4

B’ b &

where B——-)Y gives a factorization B-—-)E—--)Y of a weak
equivalence followed by a fibration, and where P is a pull-

back of X—-)>Y along E———)Y: A——)>P is the obvious map into

the pullback P. Note that we can conclude that A———>P is a
weak equivalence (by applying part a) to the fibration pair
X—=>Y, E—-—)!). A similar application of part a) to the fi-
bration pair X'—=->Y’, s—-—)Y allows us to conclude that the
composition A’'——=)A-—-)P is a weak equivalence: and, hence,
A'=——=>A is a weak equivalence.

The following lemma is a useful form of the homotopy
lifting property for fibrations.

Lemma 5.12 (homotopy lifting): Let E be a model category.
Let f:X—~>Y be a fibration and let B be cofibrant. Let B:B

——=>Y and g:B—>X with fg ~L Bp. Diagramatically this gives:
X
e
B——————=)>Y .
B
Then there is a map g’:B—->X such that g ~L &' and fg’' = §.

Proof: Let h:i——-)! be a left homotopy for fg ~L p. And con-
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sider the commutative diagranm:

B——-8 —_>x
1 r
[+ - l
f— >Y
h

The map io is a trivial cofidbration (since B is cofibrant),
and so there is a map H which completes the diagran. Then
the map g’ = Hil has the required properties.

The dual to this lemma is the homotopy extension lemma.
Iheorem 5.13: Let C be a model category. Let p:X—->B be a
fibration in C with B fibrant, and let g,.g,:A———>B with g,
~L 81- Let xj-——>A be a pulldback in E of p along 8 (J =
0,1). Now let f:C—-=>A with C cofibrant and let k,:C——->X be
a lift of g,f over p (i.e., gof = pk,). Finally let Po:C——=>
x
Then a) there is a lift k;:C—=>X of gyf over p with

be the map into the pullbdback x; determined by £ and ko.

ko ~, ky. and let $;:C——->X; be the map into the pullback X,
determined by f and ky: thus, we have the following commuta-
tive diagranms:

¢
J-——->x

J =0,1.
A——-—-)B

And b) 1if ¢° is a weak equivalence, then so is ¢1.
Proof: Let g, ~ 83 via a homotopy H':x'--—)B (where X' is a
cylinder object for A). Recall (Quillen in [16]) one can

obtain a homotopy i:got ~L glt. by first replacing the origi-
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nal cylinder object X' by a cylinder object : (which has a
trivial fibration for the projection map x—-—>A) and replac-
ing H' by a new homotopy H::f-->8 (using B is fidbrant). One
next finds a map between cylinder objects ?:E-—->I which
satisfies CiLC——>C—L->k = CLC-LEL_5A uA———>K (using A-——>A
is a trivial fibration) and which, thus, gives ﬁ = H;:gof ~L
glf for the desired homotopy.

Now use the homotopy lifting property as indicated in
the following diagram (here i, is a trivial cofibration since

C is cofibrant)

Kk
C—=2-->X

i i
ol 7 P
-~/

C——=——~>B
H

to 1irt E:E———>B to a homotopy i':E—-—>X: and let kl = H'il:

C—=>X. Now let P———)i be a pullback of p:X——=>B along H:Z

ol

——>B. And note that pH = H = Hf determines a unique map
-—=>P. And finally let x;—-—)A be a pullback of the (fibra-

-~ 1 -~
tion P—-=>A along the weak equivalence A——1>A (J =0,1). Note

that 13-—->P is a weak equivalence (j =0,1) using prop. 5.10.
Note that Xj—->A is also a pullback of p:X——->B along Hij =
g5 (3 =0,1). And consider the map ¢3:c-——>x3 determined by f
and #'4 (i';o =k, H'i, = ky). Note that #5 (§ =0.1) also
satisfies c—;1>x3——->p = c—3>C——>P (using T satisfies f1, =
13!). Now consider this equality for J = o. Note that if 2,

is a weak equivalence, we can conclude that E——-)P is a weak




50

equivalence (since three out of the four maps are weak equi-
valences). But then considering the equality for J = 1, with
E-——)P known to be a weak equivalence, the same reasoning al-

lows us to conclude that ¢1 is a weak eqQuivalence.
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6. Closed model structures for S, and C.

Quillen [16) has shown that S is a closed model category

where cofibrations are the injective maps, weak equivalences
are the maps whose topological realizations give isomorphisms
on all homotopy groups, and fibrations are those maps which
have the RLP with respect to the class of trivial cofibra-
tions (i.e., fibrations are the Kan fibrations).
Theores 6.1.(Qu1110n. (17), II theorem 2.2 (with r =1)): This
definition also gives a closed model category structure for
SRC.S (1.e., cofibrations and weak equivalences in Sp are the
maps which are such when viewed as maps in S, and fibrations
in SR are those maps which have the RLP with respect to the
class of trivial cofibrations of Sp).

We remark that the weak equivalence axiom CM3 is imme-
diate. It is also immediate that cofibrations of Sp and weak
equivalences of SR are closed under retracts. It is easily
verified that, in general, if a map f in an arbitrary catego-
ry E has the RLP with respect to a given class of maps, then
so does a retract of f. It follows from this that the class
of fibrations of Sp is also closed under retracts. Axiom CM4
is, thus, satisfied. Part b) of axiom CM1 is immediate by
the definition of a fibration. It is the verification of CM1
a) and the factorizations of axiom CM2 which are non-trivial
in the proof of this theoren.

Quillen ([17], II prop. 2.4 (with r =1)) also shows that
for a map f in Sp, then f is a fibration in Sp and T;f is

surjective (=)> f is a fibration in S. In particular, this
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implies that a surjective fibration in Sy is a fibration in
S.

Using the isomorphism So—-—>sn we obtain a closed model
category structure for S° from that for sa.

Neisendorfer [15] has shown that C is a closed model
category where cofidbrations are the injective maps, weak
equivalences are the maps which give isomorphisms on homolo-
gy, and fibrations are those maps which have the RLP with re-
spect to the class of trivial cofibrations.

Quillen ([17) had previously shown that this definition
makes the subcategory of simply connected coalgebras a closed

model category.
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7. The realization and singular functors on the homotopy cat-
egories.

Proposition 7.1: | |:S°-——>C preserves cofibrations and
preserves weak equivalences.

Proof: The first property is immediate since cofibrations in

S. and C are the injections and the former are preserved by

o
| |. For the second property, letting f:X-—->Y be a weak
equivalence in so. then f induces a homology isomorphism; in
particular, fg, = H,(f'k) is an isomorphism. Recall that the
natural transformation A:Gl |-+->cN gives an isomorphism
(Ag) g:HalZl—=>H4(Z:k) (Z in S, ): and using the naturality of
A, we obtain fe(Ay)e = (Ay)elfls. And so Ifl 1s a weak equi-
valence in C.

We remark that the above proof shows that any map f in

S which induces an isomorphism He(f:k) is taken by | | to a

o
weak equivalence Ifl in C.

The next propositions show that 5?0——-)80 preserves fi-
brations and takes a weak equivalence between fibrant objects
in C to a weak equivalence in So.

Proposition 7.2: Let f:X-—-=>Y be a fibration in C. Then
S(£):5X-—->8Y is a fibration in S,.

Proof: We show that S(f) has the right lifting property with
respect to trivial cofibrations. For this, let the following

be a commutative diagram with g a trivial cofibration:

Kk
A———=>3X

gl lS(r) o s

o.
B————m >SY
B S
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witn | |—-|S; consider the following conventions for the

ad junction: 1let ;:H——-)Sb denote the adjoint of the map

p: IWl——=>D; also let q:1Z|———>E denote the adjoint of the map
-~ s ~

q:2-——-)>SE. Note that fk = S(f)k = hlgl (using the natuarlity

of the adjunction), and so we obtain the following commuta-

tive diagran:

k
IAl- 22X
¢// r
'sll/, l in C.
IBl———>Y
h
Note that lgl is a trivial cofibration (since | | preserves
trivial cofibrations), and so there is a map ¢:|Bl-—=>X as

indicated since f has the right lifting property with respect
to trivial cofibrations, Now use the naturality of the
adjunction again to obtain ;g - ;T;l -’E’-lc(i.e.. ;g = k)
also Skf); = ?; =h=nh (1.e., S(£)? = h). Note that &, thus,
gives a desired lifting in our original diagram. And so S
is a fibration in S,.

corollary 7.3: Let X be fibrant in C. Then §X is fibrant in
S,.

Lempa 7.4: Let £:X-=~-)>Y be a trivial fibration in C. Then
S(£):§X—=>SY is a trivial fibration in S,.

Proof: Recall that in a closed model category a map is a
trivial fibration if and only if it has the right lifting
property with respect to cofibrations. But note that since
| | preserves cofibrations, the same idea which was used to

show that S'preaerves fibrations can be used to show that §

preserves trivial fibrations.
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Lemma 7.5: Let f,g:X~-~=>Y in C with Y fibrant. If f ~p g,
then S(f) ~p S(g) in s,.

Proof: The basic idea for this proof is that § preserves a
path object for a fidbrant coalgebra. Let h be a right homo-
topy for f ~p g via a path object YTT!<529i213;<-3x! (here
<d°.d1> is a fibration and Sy is a weak equivalence). Note
that since Y is fibrant, dJ is a trivial fibration (j = o0,1)
and the path object Y is fibrant. Now recall that S pre-

serves products and apply Slto this path object ¢to obtain
$S(d,),.S5(dq)> o~ S(sy)
o):5(d;) S'!<g X SY.

Sy T S¥¢ Note that <§(d,),S5(dy)> 1s
a fibration (using § preserves fibrations). But also.g(dj)
is a trivial fibration (since S preserves trivial fibra-
tions), and so considering SWdJ)STs!) = idgy, we can conclude
that SYSY) is a weak equivalence. And so}?? is a path object
for SY. And, thus, S(f) ~p S(g) ;ia the right homotopy S(h):
Sx——>8Y.

Proposition 7.6: Let f:X—--)>Y be a weak equivalence in C
with X and Y fibrant. Then S(£):9X-—->SY is a weak equiva-
lence in S,.

Proof: Note that f is a homotopy equivalence (using the mod-
el category cor. 5.3); and let g:Y——->X be a homotopy in-
verse for f; so that gf ~ idy and fg ~ idy. But S preserves
the relation of right homotopy between maps in C which have a
fibrant codomain. Thus, §(g) is a homotopy inverse for S(f):
and so S(f) is a homotopy equivalence. And so we can con-

clude that S(f) is a weak equivalence in S° (using the closed

model category prop. S5.4).
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The next theorem allows us to conclude that the adjoint
functors | | and }f induce a pair of adjoint functors between
the homotopy categories Hoso and HoC.

Iheorem 7.7 (Quillen, [16]): Let C and C' be model catego-
ries, and let E<::§::>E' be a pair of adjoint functors, with
F —| G. Assume thgt F preserves cofibrations and takes weak
equivalences between cofibrant objects in E to weak equiva-
lences in E'. Assume that G preserves fibrations and takes
weak equivalences bDetween fibrant objects in E' to weak
equivalences in E. Then the total derived functors

~ L(F) ~,
aoc<--:::>noc are canonically adjoint, with L(F) —-| R(G).
R(G)
Note that since | | preserves all the weak equivalences

from S it is immediate that | | induces a canonical functor

0’
| |:Hoso-—>HoC (where we use the same symbol for the latter
functor); 4in this situation, one has that the left derived
functor is then given simply by L(| |) = | |.

Since all objects in C are cofibrant, Quillen’s con-
struction of a right derived functor R(G) for the case G = .
can be modified slightly and which we now describe. For each
X 1in C, choose a weak equivalence 1x:x-—->n(x) in C where
R(X) is fibrant (when X is fibrant, 1let iy = idy). For each
map f:X—=>Y in C, using (iy)*:[R(X),R(Y)]-=->[X,R(Y)) is a
bijection (since iy is a weak equivalence and R(Y) 1is fi-
brant), choose a map R(f):R(X)—->R(Y) in C such that R(f)ix
~ iyf: and note that R(f) is unique up to homotopy. One

observes that R(gf) ~ R(g)R(f) and R(1dy) ~ idg(x)- We thus
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obtain a functor R:C—->hoC (X|—->R(X), fl—=)>R(f) ). The
functor n:ccr--)hoc makes hoC a category of fractions with
respect to the class of weak equivalences: and so, since the
roatriction,S:Ccf—-—)So preserves weak equivalences, there is

a unique functor hoC-—-)Hos° such that

S
ccf""‘”>so
n Y
hoC———== >HoS

commutes, Finally R(f) is a weak equivalence if f is (homo-
topic maps 1in C give the same map on homology), and so i
takes weak equivalences to isomorphisms; and R(S) is obtained
using the universal mapping property of y:C——=>HoC as the

following factorization:

R(S) o
Note that on objects we have simply R(S)(X) = §R(X) for X in

HoC (since y(Z) = Z where 1:5--)Hoa). And so letting §' =
R(S), we have S’':HoC——~->HoS, with g'X = X' where i:X-——-)>X'
is a weak equivalence in C with X’ fibrant. We remark that
when X is fibrant, S'X = SX. We also remark that if the ob-
Jects of C were not necessarily cofibrant, then Quillen’s
construction of 5§’ would require that i also be a cofibra-
tion.

In a moment we will show that S induces a functor S :hoC
--—>hos°: it 1is then easily shown that the functor hoC—-)>

Hos° which occurs in the above two diagrams, in fact, equals
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the composition hoC—§L)hoS°—1—)HoS° (using the universal map-
ping property of hoC).

We next consider the functors induced by | | and S on
the categories hoso and hoC. Our treatment is independent of
the previous development involving the categories HoS, and
HoC primarily because we are interested in the explicit ad-
Junction which it affords and also because the results which
we currently have at our disposal make this treatment fairly
immediate. VWe will then relate the two pairs of functors.

The restriction of S to Cor corestricts to (S, ).¢ (since
‘S preserves fibrant objects) and also preserves weak equiva-
lences; and so the composition ccr--é'—)(so)cf—ﬁ—)hos° takes
weak equivalencees to isomorphisms. We. thus, obtain a
unique functor S:hoC---)hos° for which

S
ccf""'>(so)cr
n n

hoC —)hoSo

commutes.

The functor | | does not preserve fibrant objects; how-
ever, the composition (So)crl-l>0-i—>hoc takes weak equiva-
lences to isomorphisms (recall that i occurs in our treatment
of the derived functor R(J) ). And so we obtain a unique
functor | |':hoso—-—>boc for which

!
(Sy) gp—————>C

nl li

hoso-TTr)hoc

commutes. Note that on objects, we have IX| = X' where
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1:1X|——=>X' 1s a weak equivalence in C with X' fibrant.

Lemma 7.8: Let Y be the adjunction for | |-——1 S5, and let Y
be fibrant in C. Then the obvious map Y:[IX|,Y]1———>[X,5Y] is
is a bijection which is natural in X and Y.

Proof: We first show that 7 is well-defined. Let f,g: x|
——>Y be in C with f ~p g, then Sie) ~R S(g) (by lemma 7.5):
and so f = S(f)ng ~p S(giny = g where n is the unit for | |
—1S and the adjoint of, e.g.. f is denoted f (= Y(f) ). 1In
a similar fashion one shows that ;:I is well-defined (by
first showing that | | preserves a cylinder object for a (co-
fibrant) object 1in S, and then considering left homotopic
maps in SO(X.SY) ). Y is, thus, a bijection with inverse

¥Y-1, The naturality of ¥ is immediate.
M’
Iheorem 7.9: The functors hoS =====>hoC are an adjoint pair

' o ¢~

with | 1'—I15 .
Proof: For X in (S,),p. let Ix{' = X’ where £:[Xl-——->X’ is a
weak equivalence in C with X' fibrant. And so for Y fibrant
in ¢, 1*:001x]1',Y)—=>11xl,Y] 1s a bijection which is natural
in X (using the definition of R on maps) and Y. And so the
composition of natural bijections llxl'.Y]—1:>[|X|.Y];2;>
[X,SY] gives an adjunction for | |'—15 .

It 1is easily shown that the unit for the adjunction 1is
given by f ¢ [X,51X1*] where 1:X——>SX' in S, is the adjoint
map of the weak equivalence 1:[X|-——>X’ 4in C.

Recall that the functor ;:hoE———)HoE is an equivalence

of categories, When the objects of E are all cofibrant., one
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E———)hoa

defined as above when E = C (versus Quillen’s functor ia).

for the equivalence which is inverse to ;. Our two
adjoint functors are then related by the following

tive diagrams:

’
boSo—l-l->hoc hoc--jz—>hoso
1 1T
Hoso—T—T->Hoc HoC-—E;—>Hos°

by a straight forward application of the universal

property of hoS, and hoC, respectively.

pairs of

commuta-

mapping
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8. Principal bundles in so and in C; fiber bundles in C.

We first recall several notions and constructions for S.
Let » be a group and n a positive integer, then an Eilenberg-
MacLane (E-M) apace of type (n.pn) is a fibrant K in S such
that its homotopy groups satisfy:Trk(K.¢) ~n if k = n, and =
0 if k ¢4 n. Such an object K is called a K(n.p) if it 1is
minimal (where a fibrant X in S is pinimal if the face maps
dJ:xp-——>xp_1 satisfy: dix = dix' i # k implies dkx = dkx').

Let Ab denote the category of abelian groups. When n is
in Ab, we also recall the familiar construction of E(n.n) in
S which is a K(n,n) (see, e.g., [12)): Consider the normal-
ized cochain complex C;(‘Mp:n) = Ab(C!/Ap.n). Let E(n.n+1):

/APP———>Ab be determined by (E(n.n+1))p = CR( /A :n) where p

p
%50 with the simplicial structure obtained using the functor

A: /A——)>S. Let E(n.n):/h°p———>Ab be determined by the nor-
malized cocycles: (E(n.n))p - zﬁ(/%p:n) C.Cﬁ(/Ap:n) with the
simplicial structure such that K(n,n) C E(n,n+1) in Ab'“oP'
The coboundary operators & of c;(/Ap:n) with p > 0 give a map
h

;:E(n.n)—->i(n.n) in Ly /aA°P; is surjective (since

~

H( Mp:n) =0 forn)0), and ker(h) = K(n,n-1). Further, h
is a principal fibration.

Let (n®k), 1in M¥ have n®k concentrated in degree n.
We will make use of the fact that there is an isomorphism
He(K(n,n):k)——=>S'((n@®k),) 4in c¥ (see, e.g., [14], Theorenm
p. 199: and using S’'(V) = (V) where V with Vo = 0 is in u#
over a field of char. 0). In particular, for n a k-module

the codomain of this isomorphism becomes S'(nn) (= K(n,n) in
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later notation).

Of course E(n.n) and E(n.n) can be viewed as objects in
S (using Ab——-)>Sets). We note that E(n,n) is in Sz for n > O
(since cg Ag = 0 for n > 0; and so (E(n.n))o = 0 in Ab), and
so E(a.n) is also in Sp. And so we can view ;:E(n.n)-—->
;(n.n) as a map in SR: further, ; is a fibration in SR and
E(n.n) fibrant in Sp, and, hence, both also in S,.

We next consider several constructions in C. Let V be a
k-module. Let K(V,n) = S’'(V;) where V, in M has V concen-
trated in degree n. Now let W, in M be given by (Hn)p = V if
p =n,n-1 ( and = 0 otherwise) and with differential having dn
= idy. And let E(V,n) = S'(W,). E(V,n) and K(V,n) are both
fibrant (S'(V) is fibrant for any V in M). There is an ob-
vious map ¢:wn-->vn in M; and the map h = S'(¢#):E(V,n)—=>
K(V,n) in C is a fibration (see [15]). There is also an ob-
vious map ﬁ:Vn_l(——>Hn in M; let 1 = S'(B), and note that the
diagram:

K(v,n-1) (-2 3E(v, )
h in C

is a pullback (since it arises by applying S’ to the bicar-
tesian diagram Vn_l(-—>Hn——-)Vn = Vp_1=—=>0——=>V, in M). And
so K(V,n-1) is the fiber of h.

We next show that E(xn,n) is contractible (see section 11
for the notion of an object being contractidble in a model
category). E(n,n) = S'(Hn): and using cor. 5.3, it suffices

to show that S'(Hn)———>k is .a weak equivalence. But this is
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immediate since H, and S' commute and H,W, = k.

Now oconsider the obvious map E:wn—-->vn_1 in H’: and
note that s = S'(i):E(V,n)———)K(V.n-l) in ¢¥ satisfies si =
idg(y,n-1) and thQ map <h,s8>:E(V,n)-—=>K(V,n)®K(V,n-1) 1is an
isomorphisas in C' (since wn = vne vn-l in H# and S’ preserves
products). And so the following diagram (where we view the
coalgebras as objects in c?) .

E(V,n)—2222 yr(v.n) ®K(V.n-1)

h l pr in C#
K(V,n)
commutes, In the terminology of Neisendorfer [15], the se-
quence of coalgebras K(V.n-l)‘i->E(V.n)-3—>K(V.n) is an exam-
ple of an extension seguence in C (i.e., there is a (aplit-
ting) map s in C‘ such that si = 1dK(V,n—1) and <h,s) is an
isomorphisa in c‘).

A fibration f:X———>B in C with fiver F ( (2->X) 1s a
fiber bundle if there is a splitting s:X—->F in c¥ (1.e., st
= idp and {(f,s)> is an isomorphism in C#). And so, viewed as
a map in c’, f is "essentially" a projection: i.e., the fol-

lowing diagranm:
= F
xl pr in C#

We remark that this diagram gives f as a pullback in

commutes,
c#

of the projection pr along idg (using the fact that <f,s)> is

an isomorphism).
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Proposition 8.1: Let f':X'—-)>B’' be a pullback in C of a
fiber bundle f:X——>B along a map g:B'—->B. Then f' is a
fiber bundle (i.e., fiber bundles in C are closed under pull-
backsa). Moreover, there is a splitting s’':X'—=)>F in C# of

i’ f
F‘-—)X'-——)B' such that the following diagram:

X g X
Nt',s') £,8> A~
) S — BAF
, F
f p,l E® lpr r tnc¥  (s.1)

commutes. I.e., in c¥ £+ is "essentially" given by the
pullback of a projection.

Proof: The fiber F ( (£L>X') of f' is the pullback of f'
along k-——>B’'. And so we can take i = g'i':F(——>X for the
inclusion of the fiber of f. Let s:X—-)>F in C¥ be a split-
ting for F(-25x-L3B.  And let s’ = sg':x'——>F in c¥. Note
that s’i’ = idp. We next show that (£',8'%:X'—~=>B'®F 1is an
isomorphism in c¥. First note that the rectangle in the

above diagram is a pullback and observe that <f’,s’')> is the

unique map into B'®@F such that the left triangle and top

trapezoid commute. But the outer rectangle in the following
diagranm:
x> x-it223p @ F
el e [or  1n ot
B’ z >B idB‘ >B

is a pullback (since each square is a pullback and U:C-—-)C#

preserves pullbacks for the left square). Thus, X' and B'®F
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are both pullbacks of the same maps into B. Now (Kf',s')>:X’
-——>B'®F 1is the canonical map between these pullbacks and
is, hence, an isomorphisa in C’.

We now continue our study of the maps ; in S° and h in C
and show that |h| is weakly equivalent to h.
Proposjtion 8.2: Let n be a k-module. Then SK(n,n) in So
is an E-M space of type (n,n).
Proof: We first note that SK(n,n) is fibrant (since K(n,n)
is fibrant and S preserves fibrations) and recall that $'X =
SX when X is fibrant in C (where S':HoC——=)>HoS ). We next
observe that it suffices to show that S'K(n,n) represents co-

homology for reduced simplicial sets and consider the follow-

ing sequence of natural isomorphisms of functors HoS,———>Ab:
HoS,(_.S'K(n,n)) = HoC(l_I.K(n,n)) (using | | —-1 §*)

~ HR(I_I:n) (using theorem 11.4)

~ K (_:n) (using A:01 |-——>cY and

the universal coeffi-
cient theorem for M).

Lemma 8.3: There is a weak equivalence ¢K:|E(n,n)|———>x(n.n)
in C such that the adjoint map 5K:E(n.n)--—xSK(n.n) in S, is
a weak equivalence.
I.e., the component of the unit “E(u.n) = ;K:E(n,n)---)
SKk(n.n) (for | |' —1S) 1is an isomorphism in hoS,.
Proof: Consider the following composition of isomorphisms:
H.I‘K'(n.n)|-;:)H.(E(n.n):k)-5—)x(n.n) in c?.

Using lemma 3.3, there is a weak equivalence ¢K:|i(n.n)|-——>

K(n,n) 1in C which agrees with the above composition in homo-




66

logy.

We next show that the adjoint map gxzi(n,n)-->ﬂk(n.n)
in S, is a weak equivalence when n is a finite dimensional k-
module (this assumption is used in only one step in this part
of the proof). As a preliminary, note that H (JK(n,n);k) is
isomorphic to K(n,n) = S'(nn): SK(n,n) is an E-M space of
type (n,n), and so there is a homotopy equivalence r:i(n.n)
—->3K(n,n) in S, (with homotopy inverse denoted by g). The
following composition then gives our desired isomorphism:

n.(sx(n.n):k)-;:m.(i(n.n):k)-§->x(n.n) in c¥,
Now consider the component of the unit “E(u.n) = ;K:i(n.n)
——>¢K(n.,n) (for | |'==13) and note that I"K(n.n) | :IK(n,m)|’
—=>I5k(n,n)1’ 1in hoC has a left inverse € |X(n.n)|' (using
one of the triangle identities for a unit and counit). This
implies that Hel¥pl :HyIK(n,n) | ——HISK(n.,n) " has a 1left
inverse and is, thus, injective. Then considering the fol-
lowing commutative diagranm:
H.(E(n;n):k)(-:é-ﬂ.li(n.n)|—-E—)H.|i(n,n)|'
He (Pyik) l ln.(l?xl) fn.(l?,(l')
n.(SK(n,n):k)<-;:u.|5’x(n.n)I-E->n.|5x(u.n>l' ,

we can conclude that H.(I;KI) is injective and, thus, so is
He(Pgik). But both Hy(K(r,n):k) and He(§K(n,n):k) are iso-
morphic to the cofree coalgebra S’(n,) which has the module
of primitives PS'(nn) = n,. And so (viewing each isomorphism
as an equality) we obtain an injective map PH.(;K:k):n-—->n

which is, thus, an isomorphism (since n is finite dimension-

al): which allows us to conclude that H.(;K:k) is an isomor-
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phism. Finally since E(n.n) and SK(n,n) are both rational
(this notion is defined in section 10) and fibrant (using
prop. 10.2 for the latter), prop. 10.1 implies that ;K is a
homotopy equivalence and, thus, a weak equivalence in So.

We now show that the adjoint map ;K in S, 1s a weak
equivalence for arbitrary n. With n a directed colimit of
its finite dimensional sub k-modules n, and the isomorphism
HeIK(n.,n)|-——>K(n,n) from the beginning of this proof natural
in n, we apply the commrutativity property of lemma 3.3 ¢to
conclude that the family of maps {¢K(n¢):li(n¢.n)|———>
K(na,n)) gives a morphism between directed systems. It fol-
lows that the family of adjoint maps lax(nc):i(nc.n)———>
SK(nc.n)] is also a morphism between directed systems. Now E
and 5K preserve directed colimits in n, and, since ;K("a)
give k-homology isomorphisms, we can conclude that ;K:E(u,n)
——=)>5K(n,n) does as well: hence, ;K is a weak equivalence
(using the same argument as above for finite dimensional n).
Proposition 8.4: Let n be a k-module. There is a commuta-
tive diagram:

1E(n,n) |——f5—)E(1r.n)
Il lh in ¢, (8.2)

IR (n,0) 1—2E 5K (nm)
where the horizontal maps ¢K' ¢E are weak equivalences in C
and the related adjoint maps ;xzi(n.n)—->sx(n,n), EE:E(n.n)
——=>S8E(n,n) are weak equivalences in S, (and where E(u.n) and

E(n.n) use only the abelian group structure of =x).
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Proof: We need only show that there is a map Pg with the re-
quired properties. To this end, note that the contractibili-
ty of E(n,n) implies that IE(n.n)] 1s left contractible (re-
call from the proof of lemma 7.8 that | | preserves left ho-
motopic maps). Now Inl, being a map out of IE(xn,n)l, is left
null homotopic: and so the composition ¢K|;| is null homotop-
ie. And, thus, by lemma 11.1 there is a map ¢E which makes
the above diagram commutative,. But ¢E is necessarily null
homotopic (being a map with ocontractible codomain) and,
hence, 1is a weak equivalence in C. That the adjoint map
agzg(n.n)——-ng(n.n) in S, is a weak equivalence is also im-
mediate: here the contractibility of SE(n,n) follows from
that of E(n,n) (using lemma 7.5), and so 55 is null homotopic
and, hence, a homotopy equivalence; which in turn implies

that it is a weak equivalence.
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9. The realisation of induced fibrations.

The main result of this section is theorem 9.2. ﬁith
the fibration ;:E(n.n)—-—>i(n.n) in S, related (by diagram
(8.2)) to the fiber bundle h:E(n,n)--=>K(n,n) in C, wusing
this theorem we will be able to conclude that the realization
of a fibration in S° induced from ﬁ is weakly equivalent to a
fiber bundle in C induced from h. In theorem 9.7, the basic
theorem 13 then applied to a tower of fibrations under X in
So-

In our proof of theorem 9.2, we will make use of the
following lenmma.

First we recall the notion of a comma category. Let E
be an arbitrary category, and let B be an object in E. The
category of obliegitsa over B, denoted (E&B). is the category
with each object being a map f:D——>B in E and a morphism h:f
-——>f' being a map h:D——->D’' in C for which f'h = f,

We remark that it is easily shown that the obvious for-
getful functor (E&B)—-—)E preserves, reflects, and creates
pushouts. 1In particular, we will make use of the fact that a
pushout in (E&B) is given simply by the pushout in E.

Lemma 9.1: Let f:B’'——>B be a map in E and consider the
fe

e~
r.(x-h->n') = fh, and t* on objects is given by the pullback

functors (E+B’)(:: >(E&B), where f4, on objects is given by

along f. It is easily shown that f.-—lr.. When E = Sets, r*
also has a right adjoint f; i.e., fo—It*—Ir .

For this last property of Sets, see, e.g., [10] (in this
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reference different notations for f, and f, are used). We
will make use of the fact that since f‘ has a right adjoint,
it, in particular, preserves pushouts.

This lemma is used in showing that the outer square of
diagram (9.4), which occurs in the proof of the next theoren,
is bicartesian in S,.

Let h:E——>K be a fibration in S,, and let h:E-——)K be a
fiber bundle in C; then i is related to h if there is a com-

nutative square of the form:

. 151285
lhl l h in CJ
Iil—gx->x

where the horizontal maps are weak equivalences.

We remark that if h:E—->K 1s a fibration in S, which is

related to the fiber bundle h:E-———)>K in C with K fibrant (and
it is assumed that the obvious map IFl-——>F is a weak equiva-
lence, with F and F the fibers of ; and h, respectively),
then the proof of the following basic theorenm remains valid
except for the treatment given in lemma 9.4 for the special
case where the base is 151. This basic theorem is expected
to be true in more general situations with some additional
hypothesis imposed on the fibration ;.
Basic theorem 9.2:  Let h:E-—)K in S, denote the fibration
h:E(n,m)———>K(n,m), and let h:E—->K in C denote the fiber
bundle h:E(n,m)—->K(n,m) where m>1 (and let F and F denote
the fibers of h and h, respectively).

Let £:X-——>B be a pullback in S, of h:E-——>K along a map
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g:B——>K. Let Y—->IBl be a pullback in C of h:E——->K along

|B|1§l>|i|--)x. Let ¢:1x|—->Y be the unique map into the
pullback Y such that le—fL>!-->s = |x|-==>|El-——>E and Ixl
@
¢ Ixl——>Y
—>Y——>|B| = Ifl. And so we have commutes;
Il
inl

then ¢ is a weak equivalence.

We give the following diagrams for reference:

N 12— I E
X———=)>E ;Fs \\\*
-~ | 1 Y E
r h |———> Il
p h
B——E--)K ~
in S, 'B'TET>|K| .)K in C.

The proof of this theorem will make use of two special

cases:
Lemma 9.3 (Special Case where the base is a coproduct):
Let f:X-—>B;VB, be a fibration in S, which gives

Ix1-2->y

TIAN
I8, Ivis,|

as described in the statement of this theorenm.

Let xﬂi (1 =1,2) be given by a pullback of f:X-——>B,;VB, along
Bi(—->81VBz. And let YBi ({ =1,2) be given by a pullback of
Y-——>18,IvIB,| along IB 1¢—=>IB,IVIByI. Now 1et % :I1¥p,l|
--)181 be the obvious map into the pullback. If ¢1 (1 =1,2)
are weak equivalences, then so is ¢,

Proof: Note that the induced fibrations XB,———>B; (1 =1,2)

and f have the same fiber ; as ;: and consider the comnmuta-

tive diagram:
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Fl{——>%s,

I‘ l\ in S,.  (9.1)
Xg_ (
. YBy ' ==X

We claim that this diagram is a pushout in So' We re-
mark that this diagram is then also a pullback (since it is a
pushout 4in SoAuith two injections as opposite maps) and is,
thus, bicartesian.

The proof of our claim is, in essence, an exercise in
coproducts 1in Sets, and pullbacks in Sets. For A and A' in

S the standard construction of the coproduct A V A' in de-

o!

gree n is given by an identification of the disjoint wunion:
’ [ ’ —

(AV A), = ((A,uA )/a ~a, ,a,) where e.g., (A), = (A ,a;) in

Sets,. And so for B,VB,, let bé be the point of the pointed

set (By), (1 =1,2); and let b, (= b} = b2) be the identified

point of (BIVBZ) Now for simplicity view the pullbacks xB1

n*
(1 =1,2) and diagram (9.1) as being in Sp using the isomor-
phism So-—>SR (and for convenience retain the same symbols
for them). It suffices to show that this diagram has in each
degree the universal mapping property of a pushout in Sets.
The pullbacks F and xBi (1 =1,2) give pullbacks in each de-
gree, and.' using the standard construction of pullbacks in
Sets, our diagram in degree n is given by
(bgdnes (b)) ey \U (by)r]  (By)

bz (Bz)n
in Sets.

-1 —-
U (by)xe " (bg) X,
bl 8 (Bl)n
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-1 -1 —
But note that X, = X;uf,  (b,)uX, where X; = \# £, (b;) with
i

the union over all by & (Bi)n provided ;I ¢ b, (1 =1,2).
With Xn expressed as a coproduct, it is easily shown that
this last diagram is a pushout in Sets using the universal
mapping property for this coproduct. Finally, our use of the
standard constructions in this proof has not resulted in any
loss of generality.

Now consider the diagram which is analogous to diagram
(9.1):

Flee—>YB,

f f in C. (9.2)

Y, >y
We will show that this diagram is a pushout in M. First note
that all coalgebras in this square are the total spaces of
fibrations induced from h. And so if we apply the forgetful
functor U:C—-—)C‘ to this diagram in conjunction with dia-

grams of the type (8.1), we obtain the commutative diagram:

l‘ I‘ (9.3)

1B, 1@ F{—=>(IBIVIB, H®F
Note that, by neglecting the comultiplication structures, we
can regard this as a square in H#. But if we view the copro-
duct |B;1VvIB,]| as a pushout (in M¥*) and then apply the func-
tor _®F we also obtain the above diagram. But _®@F pre-
serves pushouts (since it is an exact functor); and, thus,
diagram (9.3) is a pushout in M¥. And so diagram (9.2), when

regarded in H#, is a pushout (using the isomorphisms of the
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type present in (8.1)). Finally, since the forgetful functor
6:!——-)"’ reflects pushouts, we can conclude that diagranm
(9.2) is a pushout when regarded in M,

Now consider the commutative diagram:

in C,

Xg. | ¢
# L'By 1 —> Ixl

!B;(/

where the inner square is obtained by applying the realiza-

¢
N
>Y

tion functor | | to diagram (9.1), and $p is the evident map.
Since | | preserves pushouts, the inner square is a pushout
in C and is, thus, a pushout in M as is the outer square. We
have assumed that the maps ﬁl and ¢2 give homology isomor-
phisms. ’F does as well. Finally, since all vertical (or
horizontal) maps in this diagram are monic, we can conclude
that ¢ gives an isomorphism in homology and is, thus, a weak
equivalence in C.

This 1lemma is valid where the base is an infinite co-
product and can be proved using a directed colimit argument.

Leama 9.4 (Special case where base is Mn): Let r:x-—->,in be

lxl-—-?—-n

a fibration in S, which gives el \\N ¢// as described in
| Al

the statement of this theorem. Then ¢ is a weak equivalence.

Proof: We first consider the case for n = 1 (recall that E:E

---)i in S, denoted the fibration ;:E(n.n)———>i(n.n). and h:E
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—=>X in C denoted the fiber bundle h:E(n,m)——>K(n,m)).
Note that the map 3:151——-)E(n,n) is the trivial map (since
(K(r,m)); = 0 for m>1); and so the pullback of h:E(n,m)——=>
i(ﬁ.l) along the trivial map El-->‘-—)i(n.n) gives the
projection /KITTE(n.l-l)——->;K1 for the induced fibration f.
But then the pullback of h:E(n,m)-——=)K(n,m) along the trivial
map Fplgl:| 5&|-——>K(n.n) also gives the projection

| A;1®K(x,m-1)——>| A,| for the induced fibration Y-—->

! Ell. The unique map ¢#:|X|—->Y, thus, has the form
#:1 A, 7 K(n,m-1)|—=>] A; | @K(n,m-1). Finally, it is easily
shown that $= | AT E(x,0-1) |—=>| A, | ® IK(n,m-1) |

1¢|4§1|6>¢F - )
> /A1|®K(ﬂ.n-1). and so ¢ is a weak equivalence

using theorem 4.8.

Now consider the general case where n > 1, Let W equal
the n edges of a reducéd n-horn; 1i.e., W = AEIV"'V &1 (n co-
products) 1in So. And let XH be a pullback in so of the map
r:x-—->4Kn along the weak equivalence H(-->.5n. Note that f
is a surjective fibration in S, (since it is 1induced from
E:E(a.n)——-)i(a.n). which is surjective (m>1)) and, hence, is
a fibration in S; and so viewing Xy as a pullback in § of f
along the above weak equivalence, we can conclude that xw
——=>X is a weak equivalence (recall that in S weak equiva-
lences are preserved under pullbacks of arbitrary fibra-
tions-- 1.e., the bases need not be fibrant). Now let Y, be
a pullback in C of Y—--)Ifﬁnl along |H|(——>|,Gh|. Note that

IWl¢{—>1 Al is a weak equivalence: and so Yy {——>Y is a weak
n W
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equivalence (using prop. 5.10). Let ¢,:lx"l-->r" be the
unique map into the pullback Yy such that Ix,l-l—>r"-->lwl =
Ixyl-—>I¥l and lxwltﬂ-u,‘—-n - lx,,l‘->lxl-f->’r~. Using
this last equality, note that once we have shown that ¢H is a
weak equivalence, then so is ¢ which is our desired conclu-
sion (since then three out of the four maps are weak equiva-
lences). To this end in showing that ¢" is a weak equiva-
lence, observe that |wW| = |/K1|V°"V|/I1|. and so the base of
!u—-)IHI is a coproduct. The coproduct lemma 9.3, thus, re-
duces the proof to the case where n = 1,

Proof of theorem 9.2: The proof is by induction on the dimen-
sion of the base B.

A Dbase which has dimension zero i1s necessarily a null
object o in S,. But then a pullback in S, of h:E———)>K along
o—>K gives the fiber F of h. Recall that |, = k, which is
the null obJject in C. And so a pullback in C of h:E-—=>K
along k = lgl——=>|K|-—=>K gives the fiber F of h. And so we
obtain ¢:|F|—->F, which is a weak equivalence.

We now consider the construction of the following

computative diagram:

al -~
X >X
\ + - /
v l-—>v a4,
l l in S,. (9.4)
n-1 (——-’>B
x(n"l) (____-____.)x(n)

For this, 1let BX be the k-skeleton of B. And let X{¥X) pe a

pullback in S, of f:X—->B along BX (—>B (k ) 0). Note that
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there is an obvious map Xx(P~1) (__yx(n) 4pt5 the pullback
X(n): this makes the bottom trapezoid in diagram (9.4) commu-
tative and also a pullback. The inner square is the basic
pushout diagram (2.2) in so. Now let ; and ? be pullbacks of
the fibrations X(P)—_>pn and x(n-1)___,pn-1, respectively,
along the maps indicated in the above diagram. Finally let
?;—-); be the unique map into the pullback ; such that the

outer square and top trapezoid both commute,

Claim: The outer square of diagram (9.4) is bicartesian in
S,
Proof: The inner square, being a pushout in S, of two oppo-

site injections, is also a pullback. It necessarily follows
that the outer square is a pullback using the basic proper-
ties of pullbacks in a category. To show that the outer
square is also a pushout, it is sufficient to show that this
square 1is a pushout in each degree since the forgetful func-
tor from S° to graded Sets reflects pushouts.

This claim is, thus, a consequence of the following lem-

Lempa 9.5: Let the following be a commutative diagram:

Xc >Xp
\\\*C(—--——>Bk(//
l l in Sets,
AP
F\\\
xi///” X

where the inner square is a pushout, where xB and xc are

pullbacks of X—-)>P and X,———>A, respectively, along the maps
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indicated in the diagram, and where the bottom trapezoid 1is
also a pullback. Then the outer square is a pushout in Sets.

We remark that the inner square, being a pushout in Sets
of two opposite injections, 1is also a pullbdback. And so the
inner square is bicartesian and, with this lemma, 80 is the
outer square. |
Proof: That the outer square is a pushout is an immediate
consequence of lemma 9.1. To see this, 1let f equal the map
X——>P. Then applying the functor £® to the inner square one
obtains the outer square with X, = r*n), Xgp = £°(B), and
£°(C) = the pullback of C——=)>A—=)>P along f. This last
pullback is equivalent that £°(C) be the pullback of C-—-->A
along £°(A)—-)A. But since f° is a left adjoint, it must
preserve pushouts 1in (Sets!P) which ,in turn, are given
simply by pushouts in Sets. And so we can conclude that the
outer square is a pushout in Sets.

Now that diagram (9.4) is shown to be bicartesian, we
can observe that the top map ?;—->; is monic since it 4is a
pullback of a monic.

Now consider the application of the realization functor

| | to diagram (9.4) to obtain the following commutative dia-

gram:
Pal ~
Ix|¢ {>lx|
Ivlm 1 —=>1v /Anl
in C. (9.5)
IB"“I‘--->IB"I
B>

|x(n-1)|( _______ )IX(“)I
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Note that all the horizontal maps are monic since | |
preserves wmonomorphisms. But since | | also preserves
pushouts, ¢the two squares are pushouts in C; and, hence,
pushouts in M. But recall that a pushout diagram with
opposite monomorphisms in the abelian category M is also a
pullback:; and so we can conclude that, when the above diagranm
is viewed in M, the two squares are bicartesian.

Now consider the analogue of diagram (9.4):

T T
>
~N L, -
Iv a1 —=>1v/al
l in C. (9.6)
1811 (B2}
!(n-l) ( >Y(n)

Here, !(k) is a pullback in C of the fibration Y-——)>|B| along
IBKI(—>IBl (x ) 0). Again note that there is an obvious map
y(n-1) (__,y(n) 4pto the pullback Y{P); this makes the bottom
trapezoid commutative and also a pullback. Now let ; and ?
be pullbacks of the fibrations Y(P)——_)|BR| and (P~
an'll. respectively, along the maps as indicated in the
above diagram. Finally, 1let ?-——)? be the unique map into
the pullback ; such that the outer square and top trapezoid
both commute.

Note that the top trapezoid in diagram (9.6) is a pull-
back in C using the basic properties of pullbacks in a cate-
gory. And so the map ?;-->; is monic since it is the pull-
back of a monic.

Clainm: The outer square of (9.6) is bicartesian when re-
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garded as a square in M.

Proof: The basic approach taken here is similar to that tak-
en in proving part of the coproduct lemma 9.3 (with the outer
square of (9.6) and diagram (9.2) serving analogous func-
tions). First note that all coalgebras in the outer square
of (9.6) are the total spaces of fibrations induced from h.
And 80 if we apply the forgetful functor u:c--->c‘ to this
square in conjunction with diagrams of the type (8.1) , wve

obtain the commutative diagranm:

F -
Iv/a | @F(——>1v /A l®F

17"l ®F(——->IB"I®F .

By neglecting the comultiplication structures, we can regard
this as a diagram in H'. Note that if we apply the functor
_®F to the inner square of (9.6) (viewed as a square in u¥),
we also obtain this diagranm. But recall we have shown that
the inner square of (9.6) is bicartesian in M and, hence,
bicartesian in H‘: and so, since _®F (being an exact func-
tor) preserves bicartesjian squares, we can conclude that the
above diagram is bicartesian in H#. And so the outer square
of (9.6), when regarded in M¥, 1s bicartesian (using the iso-
morphisms of the type present in (8.1)). Finally, since the
forgetful functor 6:H-——)H# reflects pushouts and pullbacks,
we can conclude that the outer square of (9.6) is bicartesian
when regarded in M.

We now consider the construction of the following commu-

tative diagranm:
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A ( ~
Ixl >lxl

IN /\(

~

k/;?

IvAM I‘—->|v4a !
in C. (9.7)

|s0- 1I‘——->IB°I

n-1_(n-1) ( (n)
Y
wr* A >! $k\ v
|x(n-1)|( >|x(n)|

For this, note that there are obvious maps ¢K: |x (k)| —_yy(k)
into the pullbacks !(k) (k % 0); these give commutativity to
the bdottom trapezoid in diagram (9.7). Also there are ob-
vious maps #:[X|—=>Y and ;:lfl——->; into the pullbacks Y and
?, respectively, which give commutativity to the left and
right trapezoids in diagram (9.7). Finally under composition
the maps along the diagonal of this diagram give the corre-
sponding diagonal maps of diagram (9.5).

We are now ready to apply the jipduction hypothesis:
assume if f’':X'—===>B’' is a pullback of ;:E--->E along sonme
map g':B'-—-)E where B’ is (n-1)-dimensional in S,, then £’

Ixs -2y

is a weak equivalence where TS / commutes and
I’
where Y'—->|B'| is a pullback of h:E-—>K along IB’Il

’ ~
e !y 1 1-—>k.

Note x(8-1)___38P-1 44 a pullback of h:E——->K along g’ =
n-1
- |x(n-1)|2___>y(n-1)
po-1 (__,p & ,y, and ' commutes where
IBn-1]

- - -1,
y(n-1)___,8P-1| 4 pullback of h:E-——>K along IBP 1|—§-—l)
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IEl—>K. And so since BP" ! i1s (n-1)-dimensional, ,5“'1 is a
weak equivalence by the induction hypothesis.
~ Fs ~ o ~
Also note X-—)>V /A, is a pullback of h:E-—->K along g' =
A
A g A
" -1« g .=~ IXl—>Y ~
V A,—>B" --)B——>K, and ‘\x / ~ commutes where Y-—-)
F
v/l

IR
gl 1R1—>k.  But

Iv Eni a pullback of h:E-—-)>K along Ivlﬁnl
V/Z'n is (n-1)-dimensional (since ’Zn is); and so ;13 a weak
equivalence by the 1nductiog hypothesis.

We now show that |;|—2—>; is a weak equivalence. Note

that X¥—->V/A, 1s a pullback of h:E-——>X along g’ =

~ d -~
V/A,—=>BR%==>B—=->K, and \\ y/ commutes where Y-—>|v /Al
Ivia,l -
—-— L4 -~
is a pullback of h:B——-)>K along IV/Anl-E——>|K|-—->K. Observe

that the base is the coproduct Y.Ilznl = |Z/Kn|: and apply lemma

P
Ixg1—%>1,
9.3 by considering \ / where, e.g., the fibration

I /Al
Xg—> /Kn is given as a pullback of i-->x/Xn along /Xn(i-“)
Z/Zn (and is, hence, also induced fronm LE---)E). But y‘a is
a weak equivalence (for all e) since the base is /Xn: and so
we can conclude that ; is a weak equivalence.
Now using the fact that the two outer squares of diagram
(9.7) are bicartesian in M, we have the following diagram of

short exact sequences:
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0> IX1—> 1x (8" @ [T |-—>1x () >0
A ~
{9 l¢" 10 oo in M.
0—)Y————=3y (8- y______yy(n)__,o

Note that the two left vertical maps are weak equivalences.
And so oconsidering the two Mayer-Vietoris long exact se-
quences in homology, and applying the S-lemma, we can con-
clude that ¢? is a weak equivalence.

And 30 we have the diagranm

1x€O) POy x 1)y ... (e p(__y «-0 x|
l¢° l¢1 l¢“ l¢ in C,
y(0) (___yy(1) (__y oo (___yy(m) (__y ... y
where the vertical maps ¢k (k)0) are weak equivalences. It
remains to show that ¥ is a weak equivalence. Now B is a se-
quential colimit of its n-skeletons: i.e., B = lim B",  Re-
calling that X(®) 1s a pullback in S, of f:X--->B along B"
(——>B, we then obtain X = 21! x(®) (1n the colimit, the pull-
back of f 1is along idz). We, thus, have |B| = 55!>|B"| and
Ixl = 155>Ix‘“’l (since | | preserves colimits). N:xt recall-
ing that Y(B) 14 4 pullback in C of Y—=>IB] along B (—)>
IBl, we also obtain Y = lin)Y(") And so we have that g£:Ix|
——=>Y is given by 11- ¢“ 133 Ix‘“’l-—>11n>!‘"’. Now homolo-
gy commutes with dirocted colilits. Thu:. He () = H.(}ig)¢")
= l}g>ﬂ.(¢n): which allows us to conclude that ¢ is an weak
equisalence (since each ¢" is a weak equivalence (n)0)).
The following theorem extends the result of our basic
theorem 9.2 to an induced fibration in C which is a pullback

of h along any map which is homotopic to [Bl- )lKl——-)K.




84

Iheorem 9.6: As in the above theorem, let f:X——-)>B be a
pullback in s° of ;:E——-)i along a map 3:3—-—>E and also let

h be related to the fiber bundle h:E—->K in C. Let g:IBl

lgl>lil-—->x.

——>K be a map in C which is homotopic to |[BI
Let Y-—>IB| be a pullback in C of h:E—=>K along g. Then a)
there is a map IX|—=>E which is a 11ft of glfl:IX|——=>K over
h with IXl-—=>E ~ IXl—==>|El-—=>E, and b) Let :1x1-—>Y be
the unique map into the pullback Y, such that I 1-2o5¥--—E =
Ix|—)>E and |X|-f->;-——>|8| = |fl. And so we have

-~

]
IXl—>Y
(Fd|

commutes; then ; is a weak equivalence.

I8l
Proof: From the basic theorem 9.2 we can conclude that ¢ is
a weak equivalence; the conclusion of this theorem is then a
consequence of theorem 5.13 for an arbitrary model category.

We next apply our basic theorem to a tower of fibrations
under X in S,.
Iheorem 9.7: Let *** —=)Xp =—=>X _q—=)> °*°* ——=>X;——=>* be
a tower of fibrations under X in S, where X, —>X,_; is a
pullback of ;‘En+1"—'>in+l along a map xn_l———>in+1 (n > o)
with h related to the fiber bundle h:E,,,——=>K ,; in C (with
Kn+q1 fibrant) as in Theorems 9.2 and 9.6. Also assume En+1
is fibrant. Then applying the realization functor | | to
this tower in §, gives a tower of maps under IX| in ¢ which

is weakly equivalent to a tower of fiber bundles in C.

This is made more explicit by the following diagrams:
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l where l where
X X, ———>E Ix, |—->Y Y ———>E

n n n+l1 n n n+l1

e S A i
4 l [Fo1= i l l ln
Xp-1 Xp-1—2Kp4g 'fn-l""n-l Yp-1—"2Kpn4y
o 0 1" s R ) o e in c'
o

+ A ! il
il Ix, l-——>Y,
. le|——>k

where IX,|—->Y
is a weak equivalence (n > o),

and where the two separate squares are pullbacks in S° and C,
respectively.

Proof: At the beginning of the construction when n = 1, note
that a pullback in S, of the fibration h:E,———>K, along
'-——)Ez gives the fiber ;z(“>§z- Similarly, a pullback in C
of h:Ez—->K2 along k———)Kz gives the fiber Fz(-—>Ez. And so
for IX;1-——=>Y, we can take the weak equivalence Ile--—>F2.
Now assume that this tower of fiber bundles in C has been
constructed up to and including stage n-1. That the construc-
tion of this tower can be extended to stage n follows from
the next lemma; and, thus, the construction is complete.

We remark that Y 6 is fibrant for all n since the compo-
sition Y, ,—>Y, 4—> *°° ==>Y;-->k is the composition of fi-
brations.

In the following lemma, we retain the same setting and

notation of the previous theoren.
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Lemma 9.8: Let f, :X,——=>X, .3 be a pullback in S, of
;’En+l-">in+1 along a map Sn-lzxn—l"'>in+1 with h related
to the fiber bundle h:E ,;—->K ,q in C. And assume we have
a weak equivalence Y'_Izlxn_Il—->!n_1 in C with Y, _; fi-
brant. Then a) the map 8h-1 can be replaced by a cofibration

3;_1 in such a way that rn is a pullback in S, of a fibration

+* -
h along g;-l and where h is related to h as indicated below:
" ’ n
8 4
( n-1 * E
xn En+1 lEn+1' >En+1
fn | Al 161 ] b (9.8)
Xneot —7—2Kne1 'in+1|__?->xn+1 ’
80-1 ¢x

b) there is a map g':Y, —>K,. 4 for which ¢;lg;-1l is a
1irt of 3'7’_1|rnl:|xn|-——>xn+, over h, and c¢) the obvious
nap ‘/":Ixnl———>!n into the pullback Y, is a weak equivalence.

We give the following diagram for reference:

g $e
gt N

Y. Y, ——+DF
lfn:i n f i‘;' in ¢, (9.9)
X |
n=-1"'"4—W0y
¥n-1 !n-1'_ET-'>xn+1

and remark that g' satisfies g'Y,_¢ = ¢;Ig;_1l.
Proof: We first show that we can replace g, 4 by a cofibra-

tion. For this consider the construction of the following

diagram: "
8 '
( n=1 - P -~
Xn iEn+1 >Enet
£l hil L in s,.
Xp-1 m 1’ ne1 ™5 >Kne1
L
Here g z the com ition X (Bo-1yg P ¢ of a cofi-
n-1 position Xpn_4 n+1 n+1

bration g;_1 followed by a trivial fibration p (note that
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£n+1 is necessarily fibrant since in+1 is). En+1 is a pull-

back 1in so of h along p; and so p' is a trivial fibration.
L]
&n-1

There 41is an obvious map xn >§n+1 into the pullback §n+1

such that the original map xn——->§n*1 = the composition

xn‘;">§

't .
—£—>B Note that the left square in the above

net ne+t*

diagram 1is a pullback (using the basic properties of pull-
backs in a category). And so f, is a pullback of the fibra-
tion ﬁ along the cofibration gé_,. We now show that ; in §,

is related to h in C. For this consider the commutative dia-

gram:

ip'l, g
>1Bpyq I——>Ep,1

lEn¢1|
11 181§ In in C.
"n+1|'T;T->'Kn+1";;_>Kn+1

Let ¢§ s ¢glpl and ¢é = $pip'l; and since ¢é and ¢é are weak
equivalences (each map is the composition of weak equiva-
lences), we have that h is related to h (via ¢& and ¢é).

We now continue the proof. Note that ¢§Is;_1l €
(1Xq_q1+Kpeq]. But (v;-1).‘[rn-1'xn+1]"—>['xn-1|'xn+1] is a
bijection in Sets since Y;_1 is a weak equivalence and K, 4
is fibrant. In particular, (V;_1). is surjective; and so
there is a map g':Y, ;—>K,  such that g'¥,_ 4 - ¢éis;_1l.
Using the homotopy extemsion dual to lemma 5.12, there is a
—>K

nap #p:if with g - $p such that g'¥_y =

¢;la;_1l. Note that ¢; is a weak equivalence since ¢i is

n¢1' n+1

(i.e., since homotopic maps in C induce the same map on homo-

logy and H.(¢§) is an isomorphism). Now since ¢é is a 1lift
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of ¢ilﬁ! over h, there 1s a 1lift ¢;:I§n*1l———>8n¢1 of ¢;lﬁ1
over h with ¢; - ¢é (using theorem 5.13, part a). And note
that ¢; is a wveak equivalence since ¢é is; and so 5 is also
related to h via ¢; and ¢;. Now let g = 8'¥%.1, and let
T,—>IX,_;! be a pullback of h:E,, —>K,,q along g:IX, 4!
Since we also have g = ¢;Is;_1l. the composition

g>Bn” is a 1ift of Elfn! over h giving

11,1801y

n¢1|
an obvious =map anzlxnl-——>fn into the pullback in' which

ﬁn >
>!n
nakes | commutative. Note ¢that we can now
Ity \\x

1X,_q !
apply our basic theorem 9.2 to conclude that ;n is a weak
equivalence.

Now let !n———>!n-1 be a pullback of h:En+1——->Kn¢1 along

_#E,p

|8n-
8':Yp_1—>Kp,q- Using our map Ixnl(——52—11>:€n’,l nel?

we obtain an obvious map y;:lxnl-—->Yn into the pullback Yn.
We now show that 7; is a weak equivalence. For this, wusing
the fact that ; = g'yg_l, we obtain an obvious map ;n--->Yn
into the pullback Y,. We also have that ;n——->|xn_1| is a
pullback of the fibration Y ——->Y _, along ¥Vp_y:1X,_q1—=>
!n-l using the basic properties of pullbacks in a category.
And so in-——>!n is a weak equivalence since it is a pullback
of the weak equivalence y;-l along a fibration whicg has a
fibrant codomain. Finally, we note that V; = lxnl—fn>?n—-->
!n (since ¢this composition satisfies the same conditions

which determine V;), But these two maps are weak equiva-

lences, and so we can conclude that Y; is a weak equivalence.
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We remark that the replacement of the map €pn-1 Dby a
cofidbration 3;-1 is not necessary in order that lemma 9.8
oonﬁioto the proof of theorem 9.7. However, in éhe ;roof of
the Main Theorem 10.3 the adjoint maps ?h:xn-—>S!n are shown
(in a special case) to give weak equivalences (see diagram
(10.1)), and for this we will make use of the fact that the
Ya complete commutative diagrams which have the form of

(9.9).
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10. Ihe Main Iheorem.

Let W be in S,. W is patiopnal-- also Q-logal (see [ 1],
f 2)-- if f:X——>X' in S, i1s any map such that f,:He(X:Q)
——=>Hqe(X’':Q) 18 an isomorphism, then f induces a bijection
£%:HoS, (X’ ,W)——>HoS (X, W).

Note that when W is also fibrant, we have f‘:HoSo(X'.H)
———)HOSO(X.H) is a bijection (=) f.:[X'.ﬁ]——-)[X.H] is a bi-
Jection (recall diagram (5.2) in the proof of prop. 5.2). |
Proposition 10.1: Let f:X-——)>Y in S, with X and Y both ra-
tional and fibrant. If Fo:He(X:Q)—=>Ho(Y:Q) is an 4isomor-
phisa, then f is a homotopy equivalence.

Proof: Since X is rational, f induces a bijection r‘:[r.xl
———>[X,X]. And so there is a map g:Y—->X with gf ~ idy. We
now show that g is also a right homotopy inverse for f. For
this, first note that since He(_):S,———) graded abelian
groups takes weak equivalences to isomorphisms, H,(_) takes
homotopic maps in §, to the same map on homology. And so
since gf ~ i1dy, we obtain (g)le(f)e = (gf)y = (1dy)e =
1dy X:HeX——=>H X; 1.0., g¢ 15 a left inverse for (f),. The
same 1is true when we consider H,(_:;Q); but then f, = H (f:Q)
is an isomorphism, and s0 g4 = He(g:Q) is an inverse for f,
and is, thus, an isomorphism. Now using Y rational, we note
that g induces a bijection g':[!.!]———)[!.!]. And so there is
a map h:X—>Y with hg ~ idy. But we then have h ~ h(gf) =
(hg)f ~ idyf = f; i.e., h ~ f. But then idy ~ hg ~ fg: 1i.e.,
1dY ~ fg. And so we can conclude that g 1is a homotopy in-

verse for f.
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From now on we will assume that the ground field is the
rationals: k = Q.
Propoaition 10.2: If Y is fibrant in C, then SY is rational
in S,.
Proof: Let f:X——>X' be in S, such that He(£;Q):He(X;Q)——=>
He(X’':Q) 4is an isomorphiss. Recall that if H,(f:Q) is an
isomorphiss, then If| is a weak equivalence in C. Now consi-

der the commutative diagranm:
[ ]

aoso(x'.SI)—-f YHoS4 (X, 5Y)

i -

HoC(lx'1,Y) —>HoC(Ix1,Y)

Fd e

The adjunction for | | —| S' gives the vertical bijections
(recall for Y fibrant, S'Y = SY). Since Ifl is a weak equi-
valence in C, the bottom map lfl. is a bijection. We can,
thus, conclude that £° 1s a bijection; and so SY is rational
in 8S,.

Let E be a subcategory of D, and let d be an object in
D. A upjiversal map from 4 to E is an object ¢ in E and a map
u:d—=>c¢c such that given any map f:d-—-)>c¢c’' (where ¢’ 1is in E)
in D, ¢then there is a unique map f':¢c-——=>¢’' in E such that

f'u = f, Diagramatically this gives the commutative diagram:

d—-Yd——->¢
!

~_. in D.
(4]

We remark that in the terminology of [11], this is a univer-

sal map from d to the inclusion functor E--—)D.
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Let E be a subcategory of D, E is a reflective (or re-
Llexive) subcategory if the inclusion functor J:E———)D has a
left adjoint F:D—-—)E. We remark that when E is also a full
subcategory of D, then each c-component of the counit cc:Fc
——=—>c is an isomorphism.

These two notions are equivalent in the following sense:
first note that the adjunction for F —| J (with unit n:idy
~+~>JF) when applied to a map f':Fd——->c’' in c gives an ad-
joint map ;1 in D which can be expressed as ?7 = J(f'Iny =
f'ng:d—=>Jc’ (=c’). And so for each d in D, the d-component
of the unit ng:d——>JFd (=Fd) for the adjunction (when core-
stricted to C) is a universal map from d to C. Conversely,
if there is a universal map u:d-——>c from d to 6 for each d
in D, then there is an obvious functor F:D-—=>C (determined
by Fd = ¢) which is left adjoint to the inclusion functor J:E
(——>D: i.e., E is a reflective subcategory of D.

Now 1let NhoS, (respectively, QNhoS,) denote the full
subcategory of hoS° determined by the nilpotent (respective-
ly, rational and nilpotent) objects.

A Q-localization functor is a left adjoint L:Nhoso—-—>
QNhoS, to the inclusion functor J:QNhoSo(-->Nhoso.

As mentioned in the introduction, Bousfield and Kan [ 3]
show the existence of a related Q-localization Lg:NhoSe——)
QNhoS, where S, is the category of pointed, connected simpli-
cial sets. We claim that S, and Sp (and, hence, S,) have

equivalent homotopy categories. The existence of L, then im-




93

plies the existence of a Q-localization L:Nhoso———>QNhoso.
The proof of the next theorem uses the existence of such a
Q-localization.
Main Iheorem 10.3: Let X be nilpotent and fibrant in So, and
let 1:|X|——=>X’ be a weak equivalence in C with X’ fibrant.
Then the adjoint map I:x-——>SX' in S, gives an isomor-
phism He(X:Q)——>H4(S5X’:Q).
Proof: We consider the natural Postnikov system of X (see,
e.g., [ 8], [12]) and observe that this tower of maps is 1in
S, (since each Postnikov section x(k) pas ((X(k))q = Xq ir
qlk). First note that it suffices to prove this theoren
where X is also assumed to be rational (by considering a Q-
localization u:X—-=>LX -- which necessarily gives a Q-homolo-
gy 4isomorphism -- and observing that lul 1s a weak equiva-
lence in C; one also usas the fact that if 1J:|xl--->x3 is a
weak equivalence in C with x3 fibrant (J = 1, 2), then there
is a homotopy equivalence h:xi-——)xé such that hi; ~ i,).
For such an X fhere is a tower of principal fibrations under
X with a finite number of fibrations, which are induced from
principal fibrations of the form EEE(n.n)—-—)E(n.n) (where
n>1 and n is a Q-module), occurring between any two consecu-
tive Postnikov sections of X ([ 3], III, prop. 5.3). We can,
thus, apply the construction of theorem 9.7 to obtain a tower
of fiber bundles in C which is weakly equivalent to the real-
ization of this tower from S,. In what follows we retain

most of the notation of this theorenm.
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Let Y lim Y, in C (note Y is fibrant), and observe

(===

that there is a unique map Y:[|X|—=>Y into the 1imit Y such
that lxl—y—)!--—)rn - I)tl---)lx,,l—l’hnn for all n. Recall if
qn.:x-->xn. is an n.th Postnikov section map, then
(qn.).:ﬂk!——-)ﬂkxn. is an isomorphism for all k<n, (since
(qn.).:'ka-—->'kan. is an isomorphism for all kg¢n,). Fur-
ther, any n:th Postnikov section map qn;. where n¢d>ne, gives
a homology isomorphism as above which includes all k(no. and
the intermediate section maps Q. where nd>ne, of the refined
Postnikov system do as well. And so for k fixed, Q- and,
hence, lqnl—- induce homology isomorphisms as above for n
sufficiently 1large (namely equal to or beyond the k+18¢
Postnikov section in the tower). Next using the weak equiva-
lences Y:IX l-——>Y,, we have that H Y, also stabilize as n
increases; and so we have that Y——-)Yn gives a homology iso-
morphism 1in degree k (and smaller) again for n sufficiently
large. We can, thus, oconclude that Y:|X|-—>Y is a weak
equivalence.

We next show that the adjoint map 7&x———>S¥ is a weak
equivalence. For the weak equivalences ¥, :|X |-—->Y_ in C,
consider the adjoint maps ;h:xn-—->5Yn in So. Using induc-
tion on n, we now show that these maps are also weak equiva-
lences. Note that for n = 1, in the construction of theorem
9.7, ?3:|x1l——->xl is the weak equivalence ¢K:|E(n1,1)|-—-)
K(nl.l) between the fibers which has ;K a weak equivalence.
We next assume ;n-l is a weak equivalence and show that ;n is

one as well, To this end, consider the following commutative
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-diagram:
Sy, ——— e SE(rg. 3, +1)
Y
R\\f e f/,/”
n n+l
S(h) rnl lr’. S(n) in S5, (10.1)
8n 1 o2
va xn 1 n+1
Jl / *; \N’
R) S G YSK (g, Jp+1)

where Jn)°: we remark that Jn remains constant when the maps
fn are between two consecutive Postnikov sections of X. With

Y,~——>Y,_1 & pullback of h:E(n

n "'1)“)‘(7'“0.1“"1) in Co the

n'dn
outer square is obtained as the image under § of this pull-
back and is a pulldack in So (since § preserves pullbacks).
The diagonal maps in this diagram are adjoints of weak equi-
valences in C (recall diagrams (9.8) and (9.9) of lemma 9.8);
the naturality of the adjunction for | |--| S gives commuta-
tivity to the four trapezoids.

We claim that gﬁ‘in*l°'">5‘("n'5n*l) and ;§:§n+1--->
SE(nn,Jn+1) are weak equivalences in S,. For this, recall
from the proof of lemma 9.8 that #p ~ ¢i:|€n+1|-—-)xn+1 where
$y 1s the composition IK ., HELyIK , I—E>k ., tn © (with
Kneq = K(np.3,+1) in S, and K., = K(n,.Jg+1) 1n C). _ And so
the adjoint map ;& is the composition En+1—£->in+1—gK)SKn+1
in So. With ;K a weak equivalence (by lemma 8.3) and p also

such, we have that ¢é is a weak equivalence; and, thus, so is

xr (since ¢ ~ ¢i by lemma 7.8). The treatment of ¢E is sim-

*
ilar. Noting that §(h) and h are fibrations with fibrant
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bases, we can apply the picture frame lemma 5.11 to conclude
that ?h:xn--gSrn is a weak equivalence.

We next consider the limits 11-(7’,,):&&- Xp=—> lin 'Y,

<=5 - <=5

n
and note that this is the limit of weak equivalences between

two towers of surjective fibrations in S,: and so using the
fact that so‘-->s preserves limits and takes surjective fi-
brations in S, to fibrations in S, we can conclude that this
limit is a weak equivalence in S and, hence, in So- Next ob-

<
composition X—-=)> lim xn--—>(1§!,31n = SY in s° (the first
n

n
map is a homotopy equivalence), we can conclude that X——-)SY

serve that §Y -.S(<}£! Y,) = lgg,srn. Then considering the
n n

is a weak equivalence: further, it is easily shown that this
map is the adjoint of the map YEle-—-)! which we considered
previously.

Finally, wusing this result, it follows that the adjoint
map of any weak equivalence i:|X|-—>X', where X' is fibrant,
is a weak equivalence (as in the reduction step at the be-
ginning of this proof, we use the fact that the two fibrant
models for |X|-- X’ and Y-- have the same homotopy type in C
and then consider the application of the adjunction on the
resulting triangle).

Propoaition 10.4: Let X be nilpotent and fibrant in so, and
let [|X|-—>X’' be a weak equivalence in C with X' fibrant.
Then SX’ is nilpotent.

Proof: The proof of this proposition uses the same construc-
tion which is used in proving the Main Theoren. As in the

proof of that theorem, it suffices to prove this proposition
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where X is also assumed to be rational (again by considering
a Q-localization u:X--—=>LX). Using that construction we ob-
tain a weak equivalence Y:le-——)! in C which has an adjoint
Bap F:X-——)S! in S° which is also a weak equivalence. With X
nilpotent, we can, thus, conclude that SY is nilpotent.

Finally, using this result, it follows that if IX|——>x"
is any weak equivalence in C, where X' is fibrant, then SX’
is nilpotent.
Corollary 1i: Let X be in NhoS,, and let i:[X|—-=>X' be a
weak equivalence in C with X' fibrant.

Then the X-component of the unit ny = f:x-——sz' in  hoS,
is a universal map from X to QNhoso.

And, hence, the functor L:NhoS,-—>QNhoS,, determined by
L(X) = SX’, is a Q-localization.
Proof: Note that SX' is rational and nilpotent (and also fi-
brant) using props. 10.2 and 10.4. Now let W be in QNhoS,,
and let f:X-—)W, By the Main Theorem, the adjoint map I:
X—=>SX' gives a Q-homology isomorphism; and since W is ra-
tional, 1 induces a bijection (1)°:([SX',W]l-—>[X.W]. And so
there 1is a map g:SX’'——->W, which is unique up to homotopy,
with gI ~ f. And so when viewed as a map in Nhoso, f factors
uniquely through SX’' via ;: i.e., I:X——-)SX’ gives a univer-
sal map in NhoS§, from X to QNhoS,.

Let S be a subclass of morphisms of a category E. A
yeak category of fractions of E with respect to S is a cate-

gory., denoted wE[S'll. together with a functor 1:5———)
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wE[S'll which satisfies a) y(a) is an isomorphism for all s
in S, and b) if a functor F:E--)D has the property that F(s)
is an isomorphism in D for all s in S, then there is a func-
tor F':HE(S-II—->D. which is unique up to natural isomor-
phism, such that F'y 4is naturally isomorphic to F.
Proposition 10.5: Let C be a full subcategory of D with J:C
(——>D.the inclusion functor. Assume that c is a reflective
subcategory with L:D—-)E left adjoint to J. Then L:D———)E
makes the subcategory E a weak category of fractions of D
with respect to ker(L), where ker(L) = (f in D| L(f) is an
isomorphism]}.

Proof: Let F:D——-)>E be a functor which inverts ker(L). De-
fine F':C—>E by F' = FJ (where L —| J): and so we have the

diagranm:

We claim that F’'L is naturally isomorphic to F. For this,
note that since E is a full subcategory of D, the inclusion
functor J is full and faithful:; and, thus, the adjunction for
L —1 J has a counit e:LJ—+->id; which is a natural isomor-
phism. Now let X be in D, and, wusing one of the ¢triangle
identities, we obtain s yL(ny) = id;y in E: but ¢ y iz an
isomorphism, and so L(ﬂx) is an isomorphism. Thus, ny
is in Ker(L):; and so ny is inverted by F (for any X in D).

Hence, since Fn:FJL(—2-F is a natural isomorphism, we have
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that F'L = FJL(=+-F 1is a natural isomorphism between F'L and
F.

We now show that F’ is unique up to natural isomorphism.
For this, assume that we have another functor F":E—--)E and a
natural isomorphism A":F"L—+->F. Note that A" :F"LJ-2-)FJ is
also a natural isomorphism. Now recall that the counit e¢:LJ
—*->1d6 is a natural isomorphism; and letting o = 3'1, we
obtain the natural isomorphism F"¢:F"—+=)>F"LJ. Thus, the
composition F"-+-)F"LJ-+-)>FJ = F' is a natural isomorphism
between F" and F',

Note, using the above proposition, we have that the Q-
localization functor L:NhoS,-——>QNhoS, makes QNhoS, a weak
category of fractions of NhoS, with respect to ker(L): fur-
ther, we have that ker(L) = {f in Nhosol f gives a Q-homology
isomorphism) (for this result, apply the unit to f and use

prop. 10.1-- recall that u:X——->LX gives a Q-homology isomor-
phism).
Ccorollary 2: Let X be nilpotent, rational, and fibrant 1in

s Let 1:|X]-——>X’' be a weak equivalence in C with X' fi-

°*

brant.
Then the adjoint map 1:X—->$X’ in S, 1is a homotopy

equivalence.

Proof: By the Main Theorem, the map I:x--->5x' gives a Q-

homology isomorphism. X is assumed to be rational; and since

X' is fibrant, SX' is fibrant and also (by prop. 10.2) ra-

tional. And so by prop. 10.1, we can conclude that I is a

homotopy equivalence.
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We remark that this corollary occurred as a special case
in the proof of the Main Theores, and we have treated it as a
formal corollary by providing another proof.

Ve will wuse cor. 2 to show that the functors

hos°<'l']'>hoc when restricted and corestricted to appropri-
S
ate subcategories give an equivalence of categories. For

this, we first recall a familiar result.

Thaorem 10.6 (see, e.g., [111): Let C,~"==’D be a pair of
adjoint functors with F -—| 6. Then G is full and faithful
{=> the counit c:FG—*-)idD is a natural isomorphisnm.
Corollary 10.7: For F and G as in the above theorem, then F
is full and faithful <(=)> the unit n:idE—*—)GP is a natural

isomorphiss.

Proof: This result is immediate: by considering the opposite
op
—E-——>D°p

G°P

categories, one observes that for Eop< one has

GOP —| FOP, and the wunit n:i1dg—*->GF for F ——| G 1induces
the counit n°P:GOPFOP—s->idgop for GOP ——| FOP,  The result
then follows from the above theorem (since FOP is full
(faithful) <=> F is full (faithful)).

A subcategory E'CIE is replete if ¢’'——=>c is an 4isomor-
phism in C (where ¢’ is in E') implies that ¢ is in E'.
Proposition 10.8: Let C'CC be a full subcategory, and let
E'C:E be the full replete subcategory of E generated by the
objects of E'. Then the inclusion functor J:E"-—)E" is an
equivalence of categories.

Proof: The functor F:E"-——)E' determined by F(c") = ¢’
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(where c'—:—)c' in C) is left adjoint to J, and the unit and

counit for F —| J are easily shown to be natural isomor-
phisms.

The next lemma is useful to insure (if necessary) that
the condition in prop. 10.10 concerning the unit is satis-
fied. v
Lemma 10.9: Let c<::§::>n be a pair of adjoint functors with

F —I gq. Assume C CZC is a full subcategory such that each

¢’'-component of the unit nc.:o'—--)GFc' is an isomorphism (¢’
inC'). Then n,":c"—=)>GFc" is an isomorphism for all c¢" in
~n

C (= the full replete subcategory of E generated by 6').
Proof: This follows immediately from the naturality of n ap-
plied to the map c'—:—)c" in C.

Propeaition 10.10:  Let C,~To==>D be a pair of adjoint func-
tors with F —| G. Assume t:at C'CC 1s a full replete sub-
category such that qo.:c'———>GFc' is an isomorphism for all
¢’ in E'. Then the restriction F:E’-—-)D is full and faith-
ful, and the d’'-component of the counit cd.:FGd'——-)d' is an
isomorphism for all d’ in D’ = F(E'). Hence, the adjoint
pair E'(::E::>F(E') gives an equivalence of categories.
Proof: Ffrat let F(E')ru be the full subcategory of D
generated by F(C ), and consider the restriction
G:F(E')ru——->a. Note that G also corestricts to C (since C.
is replete and the unit n gives an isomorphism in E'). We,

~,

thus, have that C <"E">F(C')ru is an adjoint pair of func-
G

tors. And so F:E’-—-)F(E')ru is full and faithful (since the
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unit for this adjunction is a natural isomorphisam); 1in par-
ticular, F(E')ru - F(E'). Next consider the triangle identi-
ty spoFlng,) = idp,, (e’ in E'). and, noting that F(n,,) is
an isomorphiss, we obtain our desired conclusion that SFo’ is
an isomorphism (¢’ in E').

In the proof of the following theorem, we will use the

observation that QNhos° is a replete subcategory of hoso.

A1l

Iheorem 10.11: The adjoint functors hoso< >hoC restrict

and corestrict to give an equivalence of categories:

A1

Py C—

QNhoS >laNnos, 1.

Proof: Let X be in QNhoS,, and 1let 1:IX|—->X’ be a weak
equivalence in C with X' fibrant. Then by cor. 2 the X-com-
ponent of the unit ny = f:x-—>Sx' is an isomorphism in hoso.
With QNhoSo a replete subcategory of hoso. we can apply prop.
10.10 to obtain the above equivalence of categories.

The treatment in this paper which is given for | |:S,
——=>C uses only the three basic properties of the realization
functor (these properties are discussed in Section 4), and,
hence, the results of this development are valid for any
functor F:S,—-->C which also has these properties. This
characterization of | | is stated in the next theorem.
Iheorem 10.12: Let F:so--)c be a functor which has the same
basic properties as does | |:S,——->C: 1i.e., 0) F has a right
adjoint, 1) F preserves monomorphisms, and 2) there is a

N

natural transformation t:F—+-)>Cy such that (tx).:H.(FX)———)

He(X:k) is an isomorphism of coalgebras (X in so). Then the
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Main Theorem 10.3, cor. 1, cor. 2, and theorem 10.11 are val-

id when | | is replaced by F.
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Appendix
11. The oclassification of cohomology by K(x.n) in C.

In this section we show that there is a natural isomor-
phism [X,K(x,n))]—)>HR(X;n) in abelian groups where n is a k-
module and X is in C. This is the analogue in C of the fa-
miliar result for spaces (see, e.g., [12]).

Let E be a pointed model category with null object =,
Let the null map X—==)®*——=>Y between any two obJeéts be de-
noted by O,. A map which is right (left) homotopic to O, is

right (left) null homotopic. If X is cofibrant and Y fi-
brant, then ~R (=) ~L’ and such a map is simply called pull

homotopic. X is pight (left) gopntractible if idy ~p 0, (idy
~L Oe). VWhen X is Dboth fibrant and cofibrant, the two no-
tions agree, and when either is satisfied, X is contractible.
The next two statements are both familiar and immediate:
X 1is right (left) contractible (with X fibrant) <(=)> any map
into X 4is right (left) null homotopic. This implies that if
X is right (left) contractible and also fibrant, then any two
maps into X (with cofibrant domain) are right (left) homoto-
pie. One can also characterize a contractible object X in
terms of maps out of X: X is left (right) contractible (with
X cofibrant) <=) any map out of X is 1left (right) null
homotopic: and so if X is left (right) contractible and also
cofibrant, then any two maps out of X (with fibrant codomain)
are left (right) homotopic.
Lepma 11.1: Let E be a pointed model category, and let X be

cofibrant. Let f:X—-)>Y be left (right) null homotopic (with
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Y fidbrant), then for any fibration h:W——-=)>Y there is a map
g:X=—>W such that hg = f; 1.e., the following diagranm:

Q’ZI h commutes.

xZ—>Y

f
Proof: Let f:X———>Y be left null homotopic; 4i.e., f ~L Oe-
But note Oy = hOs (i.e., 04 = X———>¢———>¥-B-5>Y), and so £ ~
hO,. Now using our homotopy lifting lemma 5.12, there is a
map g:X-——>¥W such that 0O, ~L 8 and hg = £,

Let E be a category with finite products and a terminal
object e, Let Gp(a) denote the subcategory of group objects
in E (a group objegt in C has a multiplication pu:G7MG~—->G, a
unit n:e—=>G, and an inverse {:G--—->G which make the famil-
iar diagrams commutative (see, e.g., [11]) ). Let Ab(C)C
Gp(a) denote the subcategory of abelian group objects. For G
in Gp(a). it is easily shown that E(X,G) is in Gp(Sets) (the
structure maps are given by fg = x55453>01rc-£—>c. 1 =& X—==)e
-2_56, and ! = x-2->6-2-36) and C(X,_):6p(E)—->Gp(Sets) 1s
a functor. Also for G in Ab(E). then E(X.G) is in Ab(Sets).
Lepma 11.2: Let E be a pointed model category (and so has fi-
nite products). Let G be in Gp(E). Assume G is fibrant and
X cofibrant. Then (X,G] has a group structure (induced by
that of C(X,G) ), and the obvious map n:C(X,G)--->[X,G] is a
group map.

The proof of this lemma is straight forward (to show
that the multiplication on [X,G)] is well-defined: note that

for g' ~. g:X——>G via a homotopy H:i—-)G, then f'g’ ~ f'g
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~ -~ N ~) ~f ' x
via the homotopy H = the composition x13—393—>xnx H>G#G a

>
G: similarly f'g ~ fg (where f’' ~ f), and so f'g’ ~L f8).
Lemma 11.3: Let E be a pointed model category. Let f:E-——)>G
be a fibration in E with E left or right contractible and G
fibrant. Also assume that E and G are in Ab(C) and that f is
a morphism in Ab(C). Finally let X be cofibrant. Then
C(x,E)-L2—58(x,0)—2—=>[X,01-—>0
is exact in abelian groups.
Proof: Since n is surjective, we need only show that im(f,)
= ker(n). To see that im(f,)C ker(n), let h ¢ im(f,) and so
h = fg for some g:X——)E. Note when E is, e.g., 1left con-
tractible, we have g ~; O, and so fg ~ fO,. But fO, = O4:
i.e., h (=fg) 4is left null homotopic, and so h ¢ ker(n). To
see that im(f,) Dker(n), 1let h ¢ ker(n); i.e., h is null ho-
motopic. And so by lemma 11.1, h = fg for some map g:X-—->E.
Let n be a k-module, and recall that K(mn,n) is the co-
free coalgebra S'(nn) where n, has n concentrated in degree
n; and so a typical map in C(X,K(n,n)) is given by a coexten-
sion a which is uniquely determined by the chain map g:X——=>
The
Theorenm 11.4: Let X be a coalgebra. Then the map
[X.K(n,n)]——2:—>H“(X:n)
given by 'Y(E) = E; is an isomorphism in abelian groups which
is natural in X.
Proof: a) We first observe that the map

C(X.K(ﬂ.n))-—Zi->Zn(X:n)
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given Dby Y}(g) = &n is an isomorphism in abelian groups,
where 2" denotes the group of n-cocycles. For this note
that, since n is concentrated in degree n, the chain map
condition on g gives 8pdp+1 = O (where d is the differential
on X). Thus, &y, is an n-cocycle. That yi is surjective is
immediate, and that it is injective uses a is uniquely deter-
mined by the chain map, g.

b) We next observe that the map

C(x.s(n.n))--flqc“"(x:n)

given by ?}(e) = gn-1 18 an abelian group isomorphisam, where
cP~1 denotes the group of (n-1)-cochains., Recall that E(n,n)
is the cofree coalgebra S’'(W,) where W, has n concentrated In
degrees n and n-1 with the differential given by the identi-
ty. Thus, the chain map condition on g gives 8pdpey = 0 and
sn-ldn = 8y And so an (n-1)-cochain defines a unique chain
map which gives the required surjective property of Y,.
Again that a chain map determines a unique coextension ;
gives the required injective property of V}.

¢) We now apply the above lemma to the fibration

h:E(n,n)-—>K(n,n) to obtain an exact top row in the follow-

ing diagranm:

he

C(X,E(n,n)) --)C(X.K(n.n))jl—>[x.K(n,n)l——>0
)
‘le 8,4 =d,° ‘*11 i
e (x:m)-22l B 520 (xsn)——2—>HD (X 3n)—>0
This diagram is in abelian groups, and note that the bottom
row 1is also exact. The left two vertical arrows are fron

parts a) and b), and the left square is easily shown to be
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comnutative. Since the top row is exact, we have [(X,K(n,n)]
= cok(hge). And so, since the two maps in the bottom row com-
pose to zero, there is a wunique abelian group map
Y:(X,K(n,n)1—=>HP(X;n) such that the right square commutes,
But using exactness of the bottom row, we also have HP(X:n) =
cok(&n_1): and so, since ’i and y; are isomorphisms, we can
conclude that ¥ is an isomorphism. The naturality of V is

easy to show.
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