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ABSTRACT

A SLOW WAVEGUIDE WITH CEM PROPAGATION AND CEF ELECTRON BEAM
by
Mitchell S, Haspel

Advisor: Professor Morris Ettenberg

An interaction mechanism is proposed between an electron beam and an
electromagnetic wave with the view towards amplification of the wave
at the expense of the beam energy. The beam is centrifugal-electro-
statically-focused in a coaxial periodic geometry which supports a
perturbation of the circular-electric-mode, The problem falls into

four natural parts consisting of the interaction and three concomitant
areas, namely, the solution to the wave equation and Laplace's equation
and the electron dynamics and stability in the static fields,

In the solution of the wave equation the fields and dispersion of the
circuit are found by a modal expansion method. In addition, an approxi-
mate method using a Hill's equation is utilized to arrive at an expression
for dispersion which is simpler in form than the result of the expansion
method. The results of an experimental program are given which are in very
good agreement with the theoretical findings.

The solution of Laplace's equation in the periodic geometry involves
solution of a mixed boundary value potential problem for the approximation
of infinitesimal tooth width, This is secured using conformal mapping
theory and the result is found to be accurate for a wide range of geomet-
rical configurations, especially so for the geometry relevant to this
problem. The Tesults are verified experimentally with very good agreement,

In the area of electron dynamics in the static fields, space charge effects
and stability in the uniform system is first considered. Next, neglecting
space charge the nonzero thickness beam is examined to find the choice of

equilibrium radius and nonlinear natural period of electron oscillation.

xiii



This latter question is tied to electron stability in the periodic fields,
Addressing the question of single electron stability in the peridic sys-
tem it is found that for regions where interaction might be pursued the
differential equation of interest is a nonhomogenious piecewise quadratic
Hill's equation. The homogeneous equation is discussed and an explicit
solution found for stability. Only a few such explicit solutions have
previously been found. The results are compared with several stability
criteria, one of which is found to break down. The stability plane is
compared with that for the Mathieu equation obtained by truncation of the
Fourier series. Computer trajectories are presented for various points in
the plane verifying the theoretical findings. Applying these results it
is found that the motion will be stable and nonlinear period effects can
improve stability. An approximate particular solution is given. for the
nonhomogeneous differential equation,

Finally, linear interaction is considered based upon a very simple model.
Small signal gain is found and a numerical example given. The effects

of the rf magnetic field are found and the consequences considered for

a TE mode synchronous interaction., The need for a drastic change in the
interaction model is indicated.

A discussion is given in the appendix of the calculation of the Parabolic
Cylinder Functions by computer which were needed in the analysis.



CHAPTER 1

INTRODUCTION

1.1 Motivation

The interaction between electrons and electromagnetic waves is of interest
because of the possible interchange of energy between the two. In microwave
amplifiers and oscillators such interactions are useful in extracting ener-
gy from an electron beam and conversion into microwave energy while in mod-
ern particle accelerators the inverse process is used to increase the ener-
gy of electrons at the expense of the wave energy. This work addresses the
former mechanism and investigates a particular interaction mechanism and
some of its concomitant problems,

In order to obtain net interaction in traveling-wave devices the electron
stream longitudinal velocity approximately equals the phase velocity of

the interacting wave. To produce a wave whose phase velocity is sufficiently
low requires a guiding structure which often consists of a geometry periodic
with respect to the longitudinal dimension, The particular geometry and mode
of operation considered herein will be seen to contain certain advantages.

To obtain useful interaction the process must occur over relatively long
lengths and therefore some means must be provided to focus the electron
beam and maintain its position relative to the guiding structure. Most
schemes utilize magnetic fields which involve large weight and size and
power consumption in the case of a solenoid. An alternative is the use of
electostatic focusing methods. Chernov1 has contrasted various focusing
schemes - and has favored the centrifugal-electrostatically-focused method,
or CEF, which basically balances the forces on a rotating annular electron
beam by the use of an external radial electrostatic field. This method is
adopted here with the exception that the periedic nature of the guiding
structure introduces a perturbation of the electrostatic field which re-
quires consideration of electron stability,

Due to the requirements of synchronization and focusing the kinetic energy
of the electrons as they enter the interaction region is partitioned into



longitudinal and rotational energies. Normally, the source of energy for
the amplification process in traveling-wave devices2 is the longitudinal
energy and the interaction between electrons and wave occurs through a
longitudinal electric field, The interaction considered here is with an
electric field vector purely in the £ direction and therefore the pro-
posed source of energy is rotational. The rf field mode considered for

interaction is a perturbation of the coaxial TE_,, mode, which we refer

01
to as a circular-electric-mode, or CEM,

For interations with a longitudinal electric field the synchronous elecrons
experience accelerating or retarding forces depending upon their phase. If
we assume that they do not interact with each other we note that as the
interaction progresses the electrons in a nonzero field move away from syn-
chronous velocity. Since in the proposed scheme there is no first order
coupling to the longitudinal velocity, synchronism is maintained. Since
longitudinal energy can be recovered after interaction, in principle, by
use of a depressed collectors, and since the electrons will have the same
energy independent of phase, the use of such a scheme in our case can be
particularly effective. For longitudinal-field interactions, after the
energy exchange process the electrons are no longer mono-energetic in the

z direction and therefore no single value of collector potential will suffice,

As microwave tubes of normal geometry are scaled to higher frequencies the
slow wave circuits become exceedingly small and therefore not capable of
dissipating large amounts of intercepted beam current. In addition, the
magnitude of the beam current itself is limited by maximum current densities
available from cathode materials, possible convergence ratios of electron
guns and values of current densities which can successfully be focused,
These limiting factors on the frequency and power are obviated since in the
annular geometry the beam current is distributed over an arbitrarily large
cross section since the system may be constructed at an arbitrarily large
radius of curvature. This is true since for large values of radius of cur-
vature the frequency characteristics of the slow wave circuit in CEM is
practically independent of the curvature and the system may be treated as

planar. Modest current density can therefore lead to large total current.

From the standpoint of losses CEM is in itself well suited to high frequency.



For most waveguide modes the attenuation reaches a minimum at some fre-
quency and increases for larger values of frequency. On the other hand,
for CEM the attenuation is a monotonically decreasing function of frequency,

approaching zero asymptotically.

In addition, CEM is well suited to high power applications since the elec-
tric field is zero at all metal surfaces. The maximum electric field occurs
far from these boundaries, a situation which would tend to impede the pro-

duction of arcs due to high power transmission.

Selective mode control is facilitated by the simple fact that for CEM
the currents on the metal boundaries are in the & direction only and
so construction in a stacked ring array would damp unwanted modes which
could otherwise exist.

1.2 Physical Picture of the Interaction Mechanism

For this simple picture we assume that the static field is taken to be
uniform with respect to z and that the only rf force is due to the ’''cold”
electric field. An electron enters the interaction region with the longi-
tudinal velocity required for synchronism with the electromagnetic wave

and with the angular momentum required for equilibrium in the static field
at the injected radius. We assume the radial velocity to be zero on inject-
ion. The electron will experience a tangential force due to the rf elec-
tric field, the magnitude and sign of this force depending upon the time
of entrance of the electron into the interaction region. Under this force
the electron angular momentum will change and the orbit will vary from

its heretofore helical form. As viewed in cross section the orbit will
change from a circular one to one where the radius is a function of time.
Those electrons in an accelerating field gain energy from the field and
move to larger values of radius while those in a retarding field give up.
their energy to the field and move to smaller radial positions, Since the
electrons are equally distributed with respect to phase we as yet have no
reason to expect net interchange of energy. The interaction field, how-
ever, decreases in magnitude with increasing radius because the slow wave

circuit is placed at the inner boundary. Therefore, those electrons which



remove energy from the field move to regions of weaker fields while those
which give up energy move to stronger interaction, This simple picture
therefore predicts that there will be a net transfer of energy from elec-

trons to field resulting in amplification.

Based on this simple picture there is no true bunching of the electron
beam in the normal sense. The electrons are merely shifted radially but

the azimuthal and axial densities remain constant. The trajectories of

the individual electrons are not circularly symmetric but because the

beam as a whole and the interacting fields are symmetric the beam locus
maintains this symmetry. The way the beam builds up in radial displacement
as the interaction progresses is shown in Fig. 1-1, It is to be noted again
that the simple model has neglected the magnetic field. The way that this
modifies the above is discussed in Chap. 5.

1.3 Some Related Work

There have been very few attempts to use CEM for interaction. The Ubitron4’5

uses magnetic undulation of an electron beam and uses no periodic struc-

ture for interaction.

The CEF focusing scheme was used in conjunction with a normal traveling-
wave-tube helixs, backward wave interaction7’8
with a TEM wave, the Helitron® .0
11,12

and & -periodic interaction
. There also has been some general dis-
cussion of these devices

1.4 Organization

The major aspects of the problem are considered separately to.obtain
individual effects. The research undertaken falls into four natural parts
and these are considered in the four following chapters. These areas con-
sist of the solution of Laplace's equation and the wave equation, electron

stability and dynamics in the static fields and the interaction problem.

Chapter 2 concerns itself with the solution of the wave equation., The fields



and dispersion of the circuit are found by the method of modal expansion,.

An approximate method using a Hill's equation is used to find an approximate
dispersion equation which is far simpler in form than the modal expansion
result. Experimental results are given which are in good agreement with

the theoretical findings.

In Chapter 3 we are concerned with the solution of the static fields in the
periodic geometry. These fields are necessary to determine stability of the
electron trajectories in the periodic fields. The solution to this mixed
boundary value potential problem for infinitesimal tooth width is accomp-
lished by utilization of conformal mapping theory and the result is found
to be accurate for a wide range of geometrical configurations. For the
geometry consistent with the results of Chapter 2 we find excellent accu-
racy. The results are verified experimentally by the use of analog field

plotting, We have found excellent agreement.

In Chapter 4 our attention is turned to electron dynamics in the static
field situation. We consider space charge effects and stability for

the uniform system. Neglecting space charge effects we examine the non-
zero thickness beam to find the equilibrium radius choice and nonlinear
effects upon the natural period of electron oscillation which is tied

to the question of electron stability in the periodic fields. We then
address the question of electren stability in the periodic fields ig-
noring space charge. We find that for regions where interaction might

be pursued the differential equation of interest is a nonhomogeneous piece-
wise quadratic Hill's equation. The homogeneous equation is discussed and
an explicit solution is found for the stabiiity., This represents an expli-
cit solution for a Hill's equation of which only a few are known. The
question of coexistence ﬁould therefore be a very interesting realm of
study,

The results are compared with several stability criteria, one of which is
found to break down., The stability plane is compared with that for the
Mathieu equation obtained by truncation of the Fourier series. Computer
trajectories are presented for various points in the stability plane which

verify the theoretical results,



Applying the results we find that the electron motion will be stable and
nonlinear period effects improve the stability. An approximate particular

solution is found for the nonhomogeneous differential equation.

In Chapter 5 linear interaction is considered based on a simple model
using results found in the preceding chapters. The value of small sig-
nal gain is found and a numerical example given. A short discussion of a
large signal effect follows. Finally, the effects of the magnetic field are

discussed, which were ignored in the rest of the chapter,

An appendix is provided which discusses the calculation of the Parabolic

Cylinder Functions needed in Chapter 4,
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CHAPTER 2
THE ELECTRODYNAMIC PROBLEM

2.1 Preliminary Considerations

We will consider, as the first problem, the electrodynamic fields which
exist in the guiding structure for the desired mode. Two aspects of the so-
lution are of importance. Primarily, we are interested in the dispersion of
the slow wave structure. This is the relationship between frequency of free-
space propagation constant and the propagation constant of a particular
space harmonic of the field. This information yields the phase velocity of
that space harmonic as a function of frequency. For synchronism between the
electrons and the wave, we require that the translational velocity of

the electrons equal the phase velocity of the wave.

Therefore, when the system is operated as an amplifier we may calculate

the required longitudinal energy of the electron beam given the frequency

of the input signal. This information is required when one physically sets
the voltages on the electron injection scheme, On the other hand, if one
were to design an oscillator, one knows the tuning chgracteristics of the sys-

tem, which is simply the relationship between the voltage and output frequency.

The second aspect of the solution which is of importance is the determina-
tion of the fields and space harmonic content. The transverse variation of
the field with radius is important in determining the gain of the system

as explained in Chap. 1.

The slow wave structure consists of an outer cylinder and 2an inner boun-
dary consisting of alternating stepped cylinders of different radii. This
corrugated inner boundary 1is therefore periodic so that the combined co-
axial system forms a periodic guiding stxucture, The structure is assumed to
be many periods in length and consequently with respect to the major body of-
the system we may take the circuit to be infinite in length. Except for the
immediate vicinity of the ends, the solution for the fields will be ac-
curate. The end conditions will shift the dispersion relation slightly, but
it too will be quite accurate if the structure is many periods long, On the
other hand, by proper matching techniques applied to both ends cne may make
the system seem to be infinitely long by the elimination of reflections.



The geometry of interest is of large radius of curvature., This situation

follows due to the requirements of input and output schemes and the desire
to have interaction take place over a large area. The differencesin radii
in the interaction region are therefore much less than their absolute val-
ues, that is, Ar<<r, As the system radius of curvature becomes larger

the geometry appears more planar. Based upon this heuristic reasoning, we
conclude that we may treat the geometry as planar and obtain accurate res-
ults., We write the Laplacian in cylindrical coordinates with axially sym-

metric geometry and solution

v 331 (2-1A)

For large radius of curvature %‘:’,—_»%% and we have that

€

Ty =Y (2-1B)

a‘n'l. +

)

'b_'l-
Eq. 2-1B indicates that the Laplacian is approximated by the rectangular

Laplacian provided we associate r with one of the rectangular coordinates.
The conclusion drawn above may be illustrated for a simple relevant example.

Consider a coaxial transmission line of inner radius ri and outer radius

Ty As is well known, the axial magnetic field for the TEom mode is

H}= Eﬁ\ Jo (rer) + BN, (ﬁar)] C.L(wt tP2) (2-2A)

T z
k>r=k "{3 (2-2B)

where Jo is the Bessel function of first kind and No is the Neumann func-
tion, both of zeroth order. From the condition that %} , proportional to

Eq , be zero at r=r, and raT | We find the equation determining kc

TN, (0 = T, () N, (6x) (2-3A)



ANE2 ~ (2-38)
t
X = kety (2-3C)

As the radius of curvature increases A approaches unity and X approaches

13

infinity. For this situation we may use the asymptotic forms for the

Bessel functions

J (3) }4% {m(};—\ﬂg _.15_)} (2-4A)

Nv (}) z{g{m (}_9% __,,_LF))I (2-4B)

in 2-3A to find that the requirement reduces to

M()\—-—I) X =0 (2-54)

vielding

k.~ 4T

m————

e Yo-17

Q’= ')7-;3,"'

(2-5B)

which is recognized as the result for parallel plate waveguide, In par-
ticular, for the TE01 mode, relevant to our case, we take {=1, We there-
fore note that for large radius of curvature the rectangular approxima-

tion is indeed accurate and will be used from this point on for all con-

siderations. The relevant rectangular geometry is shown in Fig. 2-1.

The equivalent field pattern, existing in this structure and corresponding
to the perturbed coaxial TEOl mode, is such that the electric field is

purely in the X direction and is unidirectional with respect to variations
in y, corresponding to £=1, above. '
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Fig, 2-1 Rectangular Geometry, %?=0

The situation depicted in Fig. 2-1 may be viewed as such a parallel plate
waveguide which is loaded in one of two manners. If the waveguide is con-
sidered to be of width d, then it is loaded by the periodic teeth of thick-
ness t., On the other hand, if it is considered to be of width g, then it
is loaded by the periodic slots of width w. We may consider the guide width
to vary between the values g and d and therefore expect the low frequency

cutoff wavelength, corresponding to the so-called zero mode, to be given by

= C i}
-po = 2a° (2-6A)
where
%,4&o< A. (2-6B)

The value of a, and its proximity to either of the limiting values, g and
d, .depends upon the relationships between the dimensions and the relative
strength of loading. We expect different effects if the slot is large
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enough to permit a propagating wave in the slot or not. We note also,
that as the tooth width approaches zero, its effect upon the wave pattern
remains finite since Bx must still be zero at the tooth edge, y=g. The
result 2-6 has been shown to be borne out by the results given later and

may be used as a starting point for estimating fb (cf., Eq. 2-41B).

The two important considerations which will determine the choice of di-
mensions of the circuit, in addition to that of strength of interaction,
will be the frequency of operation and the desired operating voltages.

The voltages applied must be kept within reasonable bounds because of insu-
lation difficulties and simple availability of power supplies. The potential
difference through which the electrons must be accelerated is larger still
than that required for pure synchronism with the wave to supply the rota-
tional energy necessary for focusing and interaction.

From what will be shown later, the normalized phase velocity of the nth

space harmonic may be written as

Vem _ L/
mE Bol
. S -7

where A and ¢ are the free space wavelength and phase velocity respec-
tively, ﬁ% is the fundamental propagation constant and the positive and
negative signs refer to the forward and backward wave harmonics, respec-

tively,

If a particular circuit is dimensionally scaled, the phase velocity remains
unchanged, since the dimensions and A both change by the same constant.
ﬂ%?_ is linearly proportional to L/; » 50 for a fixed point of operation,
ﬁuL/rw) and for a chosen value of n, we must reduce the period of the cir-
cuit to lower the required voltage., However, reducing L will tend to re-
duce A unless one makes additional modifications in the circuit dimen-

sions,

Using this result, one may consider what period will be necessary for
particular synchronous and rotational energy conditions. As an example

we take the frequency to be the approximate center of x-band, 10GHz, and
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assume that the dimensions are such that ﬁ%L_=30°. We then may calcu-

late the values of T%m corresponding to various space harmonics as the

value of the period is changed.

b

]

.‘32-'_

244

24

AT

JA2 -+

These results are shown in Fig,

2-2.

——

s 10 IS
3

20

} 23 3? ¢3—6<V)
I.3 l.1 ‘.5, iG LL‘n'j
Fig. 2-2 Normalized Phase Velocity versus t%e Period and Synchronous Voltage
{£=10Ghz and B_L=30"}

Z

We note that the separation between the forward and backward waves for

the same value of n decreases as the value of n is increased. This means

that as the order of the harmonic is raised the relative spacing of ano-
ther synchronous mode is decreased and the voltage must be held more con-

stant.

As will be seen later when the solution is found for the fields, the strength
of the harmonic decreases as the value of n increases. Moreover, the lar-

ger the value of n the more quickly the harmonic decays away from the plane
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of the teeth, y=g. One should therefore choose to operate on as low a
value of n as is consistent with the other previously mentioned considera-
tions.

Neglecting relatavistic corrections one calculates the value of poten-
tial through which the electron is accelerated in order to reach velocity
Yy from

Z mUy" = e_qs} (2-84)

where ¢b,is the portion of total voltage going into translational energy.
We may write 2-8A approximately as

Ve __”/—9;__ (2-8B)
C SOS

The relation between q%} and—%f is shown on Fig. 2-2 as well, Therefore,

given a particular harmonic and desired value of Q%z one can find the

required value of period. Since the electrons must be accelerated through

an additional voltage corresponding to the rotational energy, this voltage

must be added to qqyto determine what voltage must be supplied and what

the insulation requirements will be.

2.2 Modal Analysis

The analysis of propagation through periodic structures is an outgrowth

of the theory of periodic differential equations, or linear differential
equations with periodically varying coefficients, in particular, of sec-
ond order. The same sort of behavior is experienced to one degree or other
in such analyses as the descriptions of free electrons in metals, propa-
gation of light or electrons through a crystal lattice,14 propagation
through layered media, periodic dynamics, stability of nonlinear systems,
self-excited oscillators, motion of the lunar perigee and oscillations

and waves in elliptical waveguides and drumheads.

Periodic structures that may be considered for propagation of microwave

energy may be of two types., The periodic variation may be in the electrical
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properties of the mediun'® or in the boundaries of the structure. We

are concerned with the latter. The problem of the propagation of waves
through the structure of Fig., 2-1 will be treated both by a modal expansion
and by approximation by a Hill's equation where we apply the theory of
periodic differential equations. This theory will again be applied in Chap.
4 when the problem of stability of electrons in the periodic static fields
will be considered. A different Hill's equation will then be considered.

There are certain general qualities which may be ascribed to pericdic

N 16
transmission structures,

Such structures exhibit stopband and passband
characteristics. In the stopbands, waves are attenuated (excluding a non-
physical growing wave) through the structure and in the passbands they pro-
pagate freely. In the case of the electron stability problem discussed in
Chap. 4, the stopbands correspond to instabilities and the passbands cor-
respond to stable motion. At a specific frequency there is no single unique
phase velocity but in general an infinite number of discrete phase velocities.
Each of these values of phase velocity belongs to a particular component
of the Fourier decomposition of the fields, known as a space, or Hartree,
harmonic. In general there will be an infinite number of space harmonics
with phase velocity less than c, a necessary condition for synchronous
interaction with an electron beam. All harmonics have the same group velo-
city indicating that they are part of the same. solution.

The fundamental result17

in the theoxry of periodic differential equations
is given by Floquet's theorem. Similar reasoning may be applied to the
structure of Fig. 2-1., Suppose we have solution for the fields in one

period of the structure. For example, for the electric field

E=Re {E(x, 43) eiw‘f} (2-9)

In all of the following iet the multiplication by Efnﬂ:and the taking of
the real part be understood. If the coordinate system is translated in
z by the period L the geometry is umchanged since the structure is of in-
finite length. Therefore; we must be able to write the field in the new
coordinates in terms of the old with only the addition of a multiplicative
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constant. This constant may be written in any arbitrary way and we choose
to specify it as e—zﬂ.. ¥ may take on any complex value so that e:"“' spans
the entire finite complex plane. We have then, casting £ into a more par-
ticular form

o A -
Elx4,3) = e_xLE(x:%%‘L) =¥ Q(x,g.@ (2-10)

so that

(\\J(*,%fbr) = Q (x:‘ﬁ'f’a"")

(2-11)

and /\{-\/ is a periodic function of z with period L so that we note im-
mediately from 2-10 that the character of ¥ will determine whether the
state is one :J\f stopband or passband. We expand q} in a Fourier series
and find for E

~ B PN —iafm
E- (x)‘ﬁ'.%\ = C {%;\Pﬂi (x,\#\e L 3' (2-12A)
B+l .
0 o~ t 20
Yol = E(*a‘ﬁf‘a')e:‘?ﬁ - %cb, (2-12B)
%J
th

yielding the various Hartree harmonics. We write the m—— space harmonic as

q}m ("\‘ﬁ 5(‘&4—1*'-‘%"3)%’

If we assume that the system is lossless, in the passband ¥ will be pure-
ly imaginary and we may write for this condition, {= 'L.po . Defining

P’"‘ "Po + 1——1‘{_"“ (2-13)

we see that (3““ is the propagation constant for the l'l}'t—-]l space harmonic
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th . . . :
and we note that the m— space harmonic maintains constant phase if the

coordinate system is translated with velocity %"M The phase velocity of the

mﬂl— space harmonic is therefore

Vo = R °° R (2-14)

- - Ehrm
™ e e
so that proper choice of m will allow synchronism with an electron beam
of velocity £ c.

The group velocity of the m-ti space harmonic is given by

_ dw . dw
1} T AF%“ - J{ﬁo

utilizing Eq. 2-13, Therefore, all the space harmonics have the same group

(2-15)

velocity, which is to be expected since they are -all part of the composite
field. At the edges of the passbands, the group velocity will be zero for
WH#0. It is shown1®

the group velocity multiplied by the time average stored energy per period,

that the time average power flow in the passbands equals

viz.,

s R&Sﬁm*. & :i“‘ﬁ’ 1 \peBE P A gy
S o

N (2-16)

and we see that "153, is the energy velocity in a periodic structure as it

is in a uniform structure,.

A very useful diagram for displaying these properties is the OO-ﬁ s OT
Brillouin, diagram where one plots () as the ordinate and ﬁ as the abscis-
sa, For example, for a simple TE or TM mode in uniform waveguide, the w-ﬁ
curve is hyperbolic, as given by —kcz-@2+k2=0, and is asymptotic to the o)_/e
diagram for the. TEM mode, straight lines passing through the origin with
slopes *c. As seen from 2-14 and 2-15, the phase velocity corresponding

to a particular point is simply the slope of a line drawn from the origin

to that point while the group velocity is the slope of the tangent to the

w-B curve at the point in question,
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For the case of the periodic structure we may infer some characteristics

of the Brillouin diagram, Suppose we begin with a smooth system in the TE
mode and add small periodic obstacles expecting that the w-g diagram will
depart from the hyperbolic curve in a small way. There will be small re-
flections caused by scattering from the small teeth of height d-g in Fig.
2-1, It is shownlg, that if the phase shift between the teeth equals k7, zll
the small reflections will add in phase and the summation of these from

the infinity of teeth will equal the incident wave. The conclusion is that
for ﬁ[ﬁk‘ﬂ' there is no transmission, defining the location of stopbands,
Hence, there will be gaps introduced into the hyperbolic curve for which

there is no propagation. These results may also be shown‘?0

from coupled
mode theory. In addition, we observe form 2-13 that-a change in /3 of ‘%*3 ,
S an integer, is equivalent to a simple change of the indexm. We conclude
that W is a periodic function of ﬁ with period 'l-'g . Changing the sign of
@ indicates a wave propagating in the -z direction so that &) is also an
even function ofﬁ .

fBased upon these observations we may sketch an expected shape for the 6018
curve of the system of Fig. 2~1, shown in-Fig. 2-3. The branches of the
diagram which are the direct perturbations of the hyperbolic curve of the
uniform case are shown in solid 1line. It is noted that the first branch

is forward wave*, a situation holding for capacitive21 coupling. For

the case of inductive coupling one finds a backward wave fundamental, The
analysis and experimental results show that the fundamental is forward wave.

We conclude that the coupling for the case considered is capacitive.

As the dimension g in Fig. 2-1 approaches zero, the coupling between adja-
cent sections approaches zero. We view this situation as a system of coupled
resonant ciruits where the coupling becomes lighter until no coupling at
all exists. The coupling has the effect, for n resonant systems, of intro-
ducing modes of differing resonant frequencies. For zero coupling the only
possible frequency is that of a single resonant circuit. We expect, therefore,
that as g-»0 the bandwidth will approach zero since the zero and 7-mode
frequencies approach each other. In the limit the 4 -8 curve is reduced

*For a forward wave the phase velocity and group velocity have the same
sign whereas for a backward wave they have opposite signs,
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Fig. 2-3 Brillouin Diagram

to straight lines, 6) =constant, with any phase shift possible between sec-

tions. This behavior is found in the later analysis.

The structure shown in Fig. 2-1 is an open structure in that a transverse
dimension, x, is unbounded. It is characteristic of such structures that
they can have so called "forbidden .'1.'ng',ons"22 of the GJ-fs plane, where
there is power flow in the unbounded transverse direction. For the mode to
be considered there can be no such power flow since the electric field is
always in the X direction precluding the existence of forbidden regions for

the desired mode.

One may approach the probiem of finding the @ v:arsusp reiationship for
the geometry of Fig. 2-1 by a field analysis or by devising an equivalent
circuit for the system, periodic in nature, and using circuit analysis
techniques.23 The former method produces the fields which are necessary
for consideration of interaction and will be used here, The geometry is

divided into two regions, defined by

Region I : {X,Lb»,%} = O < \3, 4 3;

Region II : {x;“ku'}} 3: gLy L d and \?“ML\<%

- -+ e w
=0t £2
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In the desired mode the electric field lies purely in the x direction and
the magnetic field has components in the y and z directions and we con-
sider it the dominant TE mode in the sense that it is derived by a pertur-

bation of the TE;, mode of parallel plane waveguide.

The structure may sustain an infinity of other modes, among them a mode
which has longitudinal electric field and is also useful for interaction
with electrons in linear magnetrons.24 The assumptions for the fields
existing in the two regions for the two modes are different and the results
obtained differ. Por example, for the linear magnetron mode it is found
that the first passband has its lower cutoff frequency equal to zero while
for the case considered here it will be found that it is nonzero. Methods
of mode control may be employed to damp other modes which may ordinarily
propagate in the same frequency range as the desired mode. Such schemes

can take advantage of the fact that the desired mode's surface current is
purely in the x direction. Assembly of the inner structure from stacked
rings will therefore damp modes which have longitudinal current but will not
affect those with only circumferential currents. Higher order circular elec-

tric modes will be assumed not propagating in the frequency range of interest,

In region I we derive the fields from the axial magnetic field, which we
write in form similar to Eq. 2-12A, For the passband we write ifao for ¥

and use %&=0.Tmm,

L . I .
Hy (‘k,’g)-"-Zhg,m (?\ e P (2-17)

wt
where multiplication by € and the taking of the real part is to be
understood. Now, HzI(y,z) satisfies the wave equation

vv_ H:(‘é"‘g +k* H%I(‘gf’th =0 (2-18A)

When we substitute 2-17 into 2-18, interchange the order of differentiation
and summation and recognize the orthogenality of the exponentials, we find
that the thn(y) separately satisfy the wave equation
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{_;_%n - (kl-ﬁm") /1;,,, =0 (2-18B)

We have for the other five components of field in region I

I . i
. tw 2h (2-19A)
eXm faml—kz —T%:'i
T : *
x I I
6 m = =1 }"Ix ==
4 Epm m =0 (2-19C)

where the nl:-}—l- harmonic of each field component is derived from the nth

harmonic of the axial magnetic field. In the above the multlpllcatlon by
& “P~¥ is to be understood to find the full spacial variation of the
field harmonic.

The boundary condition on Ex is that it vanish at y=0. We may impose
this boundary condition on the ex,.,, individually since the boundary con-
dition must be satisfied for all z and t and we see from 2-19A that

T
?_,"alblz.o at y=0.
&

The form of the solution of 2-18B will depend upon the relationship of the
magnitudes of k2 and ﬁnz. For particular values of [:"o and k that rela-
tionship is a function of the index, n. In particular, near the lower
cutoff fgo""-'O and therefore (3,.?50 for n=0. Since we expect, on physical
grounds, that there is a nonzero cutoff frequency for this mode, the
corresponding k2 will be different from zero. The condition, k2> ‘an,
will obtain for n=0 for this region whlle for sufficiently 1arge n the
inequality will reverse, From 2- 14 we see that the condition k > anz is
equivalent to |\)@m\>C and k < [Sn denotes I’U'«,,,,|<_C, . Therefore, the
former condition implies a space harmonic which is '"fast wave' and the
latter a space harmonic which is "'slow wave', Only the slow wave harmonics

will be useful for interaction but of course all the harmonics, fast and
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slow, enter into the summation to satisfy the boundary conditions. The
transition solution, k2= ﬁnz, corresponding to the intersection of the
G —p curve with the V' =c line, will be considered as limiting forms of

the. fast or slow waves.

We have for the slow waves, \kac , taking the proper function to
satisfy the boundary condition at y=0, using 2-19

4 - T £ ML
H;(\é‘}) = g‘“F"%’Z H,,, Coah ‘d’,,,g, e - g (2-20A)

Mz po

ety WD S

H;(%,ﬁd\':i-ﬁdzp"? ZH,,,I E_"'.‘“_l,"jj‘_x_"‘.‘d‘. Pt & o (2-20C)

H:: = E; = E; =Q (2-20D)

Xm?_ = pml - kl (2-20E)

where it is understood that for any value of n not leading to a slow wave,
we take HmI=0.

For the fast waves, l‘l)lpm\>c.) in the same way

H;(g@b = G:;'F"? E Hn:I Coﬁ.-\o’mfg.e__am&g? (2-21A)
Me-oo
. = ” . 'd _zm—gr
Xt Y W EEEE T

Hy (yop=ietbir) H,® Potofly oim8y o

MT=ga
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T

He=E, = E, =0 (2-210)
Y R x - _
Xm = k '—'ﬁm - Xm (2-21E)

Again, for those values of n which do not lead to fast waves, the co-
efficients }{M will be zero. Since most of the harmonics are slow waves
the summations indicated in 2-21 really represent a finite sum, Either of
the two forms of solution may be found as a direct extension of the other
and in reality they are the same. From 2-21E we have that ¥, =LY,/

so that cmi\‘dmy,::-. oom}{m’%« and A melé, =t M?fm"é/
and the slow wave solutions transform directly to the solutions for fast

waves.

The transitional solution, for"\)tgm]';c » is generated by a limiting pro-

cess applied to either form of solution. We have

: You = i ¥l = (2-224)
Bim, ook Yo = i con ¥y, = |

: Bh ¥l f- ey _
Qm—‘_gm—%’_—-l{?%———ﬁf—%:—\# (2-22B)

¥m—>0

We have then for. the transition solution,_\\)‘eml-: c , which occurs for
the single index, n=p,

H (‘3«’5) _L@%H"I Ry (2-23A)

E (‘3, )= bwr*etmal ‘j/e- (2-23B)

" —-r'.r?:l"
(‘ﬁr%}""ﬁbpyH * e4C x (2-23C)
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T I T
Hy = E'El’ = E’é‘ =0 (2-23D)

The appearance of a term in the solution given by 2-23 is fortuitous in the
sense that it occurs only for a value of frequency such that the Q)-p curve
crosses the " =c line. The possibility must be allowed for, however, when

summing the solutions necessary to match the boundary conditions.

As the boundary between the two regions is approached we write the tan-
gential fields in terms of the three types of solutions we have generated.

anm Hg,.(umh e ?{ZH coch¥,g +H,, m‘&,ﬂcﬂ '””%?+H;’%“i"%‘é} (2-24A)

g

%E:(%}) ciope LM‘{Z[H *H'I___&ﬂem@% H;'J:%e "Ea} 2203)

where it is understood that the HnI and the HﬁI are not simultaneously

present and the HpI term is added in the case of a transitional solution.

We turn next to region II and consider the fields in the slots of Fig.2-1,
We have from 2-10 that the fields in adjacent slots differ only by the
muitiplicative constant € %", or for the case of propagation, C~‘Bel
It will be sufficient to consider only a single slot. In the slots, just
as in region I, the only nonvanishing field components are taken to be Ex,
Hy, and Hz. Any other component of field which would exist in the slot
could not be matched at the boundary of the two regions, y=g. In region
IT it is useful to consider the direction of propagation the y direction
and to derive the fields from Hy., We may think of the slots as parallel
plane waveguides which are terminated in short circuits at y=d. Depending
upon the frequency and the width of the slot, W, the modes existing in the
slot may propagate or attenuate with respect to y. For a propagating mode
a standing wave exists in the slot for that mode, Let the variation of a
field component in the slot with respect to y be 62“%', where [ may
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be real or imaginary. We define

2

2

The value of k is fixed by the boundary conditions at the walls of the

slots. If the frequency is such that for a particular mode in the slots
k :>kt , then " is imaginary and equal to L' and the solution is a
standing wave. If, on the other hand, k < k 2

3

then [" is real and the
solution is an attenuated wave existing 1n the cutoff slot. A transi-

tional solution exists when the slot is at the edge of cutoff.

We consider only the slot which is centered at z=0 in Fig. 2-1, The boun-
dary conditions on Ex demand that it vanish on the three walls of the slot,
namely, y=d and z=tWA, We find the fields in a manner similar to

that used for region I. The functions are separated according to even or
odd symmetry and, as usual, multiplication by éﬁwt and the taking of the

real part is understood. We have for the.cutoff modes

Hf (xy) =Z(_azs L A SRR ik T, _fa-d) - b oo BT phinh 4 - &):( (2-26A)
S=1

o0

E (‘&.’3) Lwﬁ 251 q_::| WJ‘F‘}.H"}-J) -’r-‘)z_s——-”—?nw)nl"s(%__(ﬂ (2-26B)

= 15 -1 R g._j'
H ("Hr Z a‘LS lrzmwa:'-" “1: Oﬁdﬂn' ‘&"‘b“‘\’rs 1% 2 B i) 15(\3'_“\)] (2-26C)
g i q
E% ) E,ﬁ =H, =0 (2-26D)
where

15 - WJ ht o

5 (2-26E)
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kt% y [7‘5“ Tr] (2-26F)
ke :[?ﬂ]" (2-266)
25 w

where the coefficients are zero for those values of s not leading to cutoff
modes.

For the propagating modes we proceed in a similar manner.

'ér(l’h"g Z(lls - R B ‘W}Mﬂr;s-\ (“g— 3) - bzscom"ﬁ P]_S %‘_OD] (2-27A)

L
F (%g—wrzi 261 as—wr 1‘5—'(%-cﬂ+ s”ﬁé’r%”’“‘ﬂ“(%“"@ (2-278B)

H},(‘j}) Z[am-ﬂs | :: ‘Tr Pis. l(‘% A)""bzsﬁzs“ﬁ\’?mp L%_CDJ .(2-270)

w

r I
E%, = E}":HX =0 (2-27D)

&
15-\ '"'ﬁ‘ hhs: (2-27E)

and h:-%_,. and h'z-zs are the same as given in 2-26. The coefficients
appearing in the summations vanish for those values of s yielding nonpro-
pagating modes. As was done previously for the solutions in region I we
may show that the two sets of solutions are equivalent in that one follows
directly from the other with the substitution fm=x .

The transitional sclution for the slots occurs when the frequency is such
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that a mode in the slot is just at the edge of cutoff, kz—» kt?', Taking
the limit of the solutions given in 2-26 and 2-27 gives zero for all field
components, Investigation of the wave equation in the limit yields a line-

ar solution,

Applying the boundary conditon at y=d we find, for a mode just at the edge
of cutoff, a solution of the form

T
Ex (%,a,) =iwp(,, | cou L3y () (2-28A)
or
5 X SV
Ex (La’}}) = Lh}r. CQ-SM%I% (%_A) (2-283)

whichever is appropriate., Since the region where we apply this solution

is for bounded y, we allow the linear solution. In addition, we have

(o= Cosn 507 iy ) @250
or
HL;I(%?Q" ~ G Fema U (“c' ‘D (2-28D)
and
Hal
}"&"@D = Cogm ¥ Ty (2-28E)
or

yi!
H} (‘&;}) = C‘J.-S M?’-alr}

(2-28F)



H

27

We sum the three possible solution forms and find the tangential fields
at the boundary between region I and region II. In the following it is to

be noted that only one of the three coefficients in each square bracket
can be nonzero.

E ORI {ﬁ 2 Lo O d) + S5 ‘fg};t s (o) _&H Ty
+[%%Mpﬁ(%*cb*~ %‘E}-MFLL(%—Q +C,_$(c&-<§)]0;,,\1_3_1&_r% (2-29A)

“EA-:%.\ H} (‘éh‘é) {[&1& \E;; desals r'.!. . (%‘A)-i' st-;,[‘:.%-‘ Q;Q,FZS I(Z-"cg'i‘ C?.S ]Q}Q?;;;er}

bzlp | Ve I | (2-29B)
+[———-L~fs$" Ps (%"1) + 5 cea g (‘3" &) + Cog [0im3T }}
W W

At the boundary between the two regions we require the fields be continu-
ous. It is easily shown25 that if at the boundary between two regions the
tangential components of E and R are continuous and if the fields satisfy
Maxwell's equations, then the normal components of E and A are also con-
tinuous., We see, therefore, that it is necessary and sufficient to require
continuity of Ex and Hz at the boundary. In addition we require Ex to

vanish at the tops of the teeth. We have from 2-24 and 2-39 that for E,
+ -7 Hm i ”I - E
M==0o

OO

o Z[‘i;v b Pl + S5 i)+ o G-t

=]

[lm Mﬂs(‘&“h‘* B MF’L% 4-4) ‘i‘Cls(‘L‘h “""lwl for -5430%

d L
ame PoL3

(2-30A)
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and for H
z
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Now the functions € are orthogonal over the interval L so that

we may determine the HI, ﬁq and H”I coeffecients on the left side of the
equations in terms of the a, a', b, b' and c coefficients on the right-
hand side by an integral such as given in 2-12B applied to the boundary
condition for Ex given in 2-30A. In addition, since the second boundary
condition, that for Hz’ holds only for -‘%Jg—ab_z.‘:?_’ and since the cos "LE-'-—'-"W}

’L‘i‘“’

and the sin &5 functions are orthogonal over this interval we may

in the same manner determine the a, a', b, b' and ¢ set in terms of the
HI, ﬁI and H”I set. If one vresult is substituted into the other we have
an infinite set of linear homogeneous equations to solve. In order to
have a nontrivial solution for the coefficients it is necessary that the

determinant vanish. The solution of this yields f8o as a function of k.

We now simplify the equations by approximating the fields in the slots

by a single mode, We truncate the series appearing on the right-hand sides
of 2-30 to a single leading term. Let us consider why this is a reasonable
assumption., As was discussed earlier it is desirable to operate at a low
value of n and a low synchronous voltage. If we refer to Fig. 2-2 we see
that these considerations require that the period of the structure, L, be
kept small, For the example of Fig., 2-2 the frequency of 1010 Hz yields

a free space wavelength of 3 cm. The slots will therefore not propagate

in all modes for slot widths less than approximately .59 inches. Depending
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on the width of the teeth, t=L-W, the period will be somewhat larger

than the slot width. We see from Fig., 2-2 that for a period of this range,
the synchronous voltage becomes rather large for, say, synchronism with
the n=1 forward wave space harmonic, We conclude, therefore, that all slot
modes will be nonpropagating and thus the first one will be dominant in
determining the value of the field in the slot. We take therefore, on the

right-hand side of 2-30, only the term.for s=1 with the cosinusoidal varia-
tion,

Since for a strongly cutoff slot the wave equation is approximated by
Laplace's equation, we may use the result for the potential in a rectangular
slot which states that if the depth of the slot becomes larger than the
width the solution does not change very much. On this basis, for a cutoff
slot mode we choose in later results to make the slot square, that is,
d-g=w. We have then from 2-30A with the approximate right-hand side, using
the orthogonality of the exponentials, and allowing for the separate pos-
sible solution forms and taking &%  constant over the slot

T pimdaXm
Hom -—-—%—%’ 5 a7 (g-d)
'T ~6n.-l.-‘ NIY 2 m‘trv_u I
o n_”;xﬁ = %EN-MP.’(%“&) a -}}- I‘—'—'ml(ﬂ‘_lil y m -2.'%}
M g Ci(g-d) (2-318)

If %ﬁ is an even integer, for the value of ﬂﬁ=%; the right-hand side of

2-31A is indeterminate., We have easily

3 coamil i ’n-

:Eq.%:h\—‘{mﬁeéﬂ"' Y

s0 that for the limiting case of 2-31A
s . o R L
Hy, by S Wk Nilg-d)
o

1T

L ,7%% = %_-;-:-N AeG-d) Y

™

He o C, (3-4)

e

(2-31B)
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The approximation used in 2-31 is that e,"(s"%' is constant over the slot
and equal to its value at the slot center, unity. This approximation will
be valid for the lower part of the @W-f curve, where fSo is small, If the
factor ﬁ"'P"%’ were kept in the integral we would have
A=
- i W
L T o o Ry 2y &L fms

y e

Now, for |m|>0, the larger || becomes the better the approximation of B>

!

by ("L:_-ﬂ')’- ,» which is used in 2-31. Therefore, the most crude approximation
is for m=0, the fundamental. The value of 2-32 for m=0 is

s

ooy
1=(

while the value obtaining from the integral when neglecting the factor

-l

Z.
T

o
l..)

e_"‘%% is %‘r—!fl_ so that the correction factor to be applied to the

fundamental coefficient is given by

(74_ - CO-Q"BO\‘AIJ' — miﬁ%‘”%]

G T s

which has no indeterminate points since for finite tooth thickness

0L ¥ LT

and O By (]

The limits of X as'ﬁ%‘— EL approaches 0 and 1 are 1 and 'I_L:' respectively.
Referring to Fig. 2-4, we see that <X is very close to umity for a fair-
ly wide range of f‘h’,r-‘F‘ ﬂ\_ . Thus, the approximate result given in 2-31 will
be quite accurate for a fairly large segment of the w-p curve, de-
pending upon the particular value of _VT'\i. . For example, for a case which
will be presented in detail later, it is found that the phase velocity
for the n=1 space harmonic has a minimum with respect to frequency at
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Fig., 2-4 Correction Factor

B.L. = 0,28 - This is a desirable point to operate because of lower
synchronous veltage and since %:O it will be relatively broadband.
For this geometry VJ/L =0,625. The value of @%?%% is then approxi-
mately 0.175 for which the value of o{ is larger than ,99. For this con-
dition, therefore, the approximation given in 2-31 is in error by less
than 1%. In addition, it is found later from comparison of experimental

“and theoretical results that the two diverge most for large f?o .

We have, then, the relation of the HI,.HT, and H”I coefficients in terms

of the a, a,’ and ¢, coefficients. The matching equation for Hz is found

from 2-30B and 2-3%. In the following the brackets represent the various
combinative possibilities determined by the nature of the solutions in
regions I and II and the general or limiting form of the coefficient
which occurs for fTY)'-'-"%‘_—\_q . In all there are eighteen possibilities, It can-.
not be satisfied for all values of -%_R}{% because only a single
slot mode has been taken. There are various criteria which could be im-
posed.26 They all 1lead to approximations which represent varying de-

grees of accuracy. We have,
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(2-34)

We will match the two sides of Eq. 2-34 at the center of the slot, z=0.

Eliminating the constants of proportionality we arrive at the dispersion

equation.
O
W coq mir e
A B coth¥ng,
% ok ¥nge
LW
L
A
M= —~00 %-
where
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{2~35A)

(2-35B)

(2-35C)
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==k -0

Pti ‘—"-‘\] R* — %)L (2-35E)

Pm= ‘30 +""'5-f-f- (2-35F)

To solve for the dispersion, h(f-’-o\ , We set ﬁo at some value and then
find the value of k which satisfies 2-35. To do this we vary k and find the
intersection of the right-hand and left-hand sides of the equation. As k is
varied the solution types on both sides of 2-35A will switch forms, the
left-hand side being n-dependent.

We examine the dispersion equation as W—»0, In this 1imit, we take the
cutoff slot solution and the right-hand side of 2-35A approaches /W and
therefore has a pole. The possible poles in the left-hand side are for
¥n=0 , ¥w=0 and for 'dnf%.-—' P (P an integer). The first two possibi-
‘lities are excluded since \dmcoth‘ﬁh%. and K,:cot!..f% both approach -%;

in the limit, For the remaining possibility, we have from 2-35C that for W—>O

L T P Y-
h - [%m —-("o—b:) - O
which is immediately recognized as the relationship for a TEPO mode in

uniform waveguide, We see easily from 2-35A that the same conclusions hold
if g-d—0 so that in both cases the dispersion equation reduces to the

uniform waveguide solution and the perturbation approaches zero,

As %1 the thickness of the teeth approaches zero. For this situation,
in contrast with the above, the dispersion does not approach that for the
homogeneous boundary case, This can be seen by considering that even though
the teeth become infinitesimally thin, Ex must still vanish at the edges

of the teeth, This is contrasted with the TM mode of the linear magnetron
at ﬁa=0, where the infinitesimally thin teeth do not perturb the field at
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all, The zero thickness tooth is a useful idealization in that as we will
see, a lower synchronous voltage will result for thin teeth and the space
harmonic content is not zero in this limit. In practice, mechanical and
beam interception considerations would dictate how small the dimension t
may become. In Chap. 3 a solution is found for Laplace's equation in the

rectangular geometry for this limiting case.

Let us approximate the dispersion equation, Assume that the fundamental
is a fast wave and that the slot is cutoff at the frequency of interest.
Further, let us take only the fundamental into the summation of 2-35A.
It becomes, then

(Kb ot 0 g =R eoaen

For a slot which is strongly cutoff the right~hand side of 2-36A is fre-
quency independent., We have then

oK f ] ~ Lo
h’\i—" ﬁo‘b %— Tr

W
(™

tarh (-4

w

oflZ

(2-36B)

We note that the right-hand side of 2-36B is a constant depending upon.the

dimensions of the circuit. The equation to be solved is of form

Tom _ N
S = ? =0 (2-37)

The roots of 2-37 are equivalent to, following the notation for uniform

waveguide,

-wl k™~ B> 4 = constant = h‘% (2-38)

yielding a hyperbolic w-B curve, the solution for a uniform waveguide
with a modified width, a', given by the solution of 2-37, That is, for a uni-

form waveguide in the TEmo mode we have, denoting the mth root of 2-36B ash@h%,
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! (K
A = £ (2-39)

For § 20 the smallest root of 2-37 occurs for T < ¥ £ . The function
Qm[“ —‘r?i—] is shown as a function of ,ozn.['n—"%'] within this range in
Fig. 2-5. We note a wide range of relative linearity. Since,

Yam$ | tomfr-y) | (o) » EnP L afment
¥ 5§ 3

for |91 <& (2-40A)

so that for ¥ close to T we have, corresponding to small values of K,

t—"-"‘%—i ~ —{1- '3/1:-]

(2-40B)
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Fig. 2-5 4&n(-tan ¢ /r) as a function of Ln(l-g/w), n/2 < ¢ < &

Eq. 2-28 defines the approximate Brillouin diagram where the constant is



given by the root of 2-37 as found from Fig. 2-5 or the approximation,

36

2-40B. The band structure is missing in this approximation as the higher

order stopbands can only appear when the space harmonics are included, As

W-0 or d-g, K approaches zero and from 2-40B we have that ¥ T, ¢<T.

Therefore we have from 2-39, that a' approaches g from above.

For a square slot

tbﬁlcw(é—&):z_{hmkﬁrea \

and if in addition we use the linear approximation given in 2-40B, con-

. . . W™
sistent with small TLg » We have

\g‘=\QCQr7:'TT" %:%%%

and we have

| %
Cl. = | — %?1

&

(2-41A)

(2-41B)

We see that Cﬂ‘>q¥ so that the equivalent waveguide has a width larger

than g as was postulated earlier in Eq, 2-6. As an example. we take the case

W=,312 inch
L=.500 inch
g=.650 inch
d=.963 inch

for which the slot is square. We have

MTV%\;—& _ o] = -.a%6

and we have

-K = '?_TT-'). \{:’; t""‘)“r‘r%"—t,é = —,060S

The solution to 2-37 for this value is
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The deviation from the linear approximation is about 7%, Then,

B&.N
i

From 2-38

R

This approximate GO-@ curve is shown for the dimensions of the example

in Fig. 2-6. Also shown is the computer solution for the accurate dis-
persion equation, 2-35A. We note that for the example the approximation is
good, coming within a few percent of the accurate curve. The approximation
is hyperbolic and therefore the derivative does not decrease as the upper
cutoff is approached. The computer solution does have such 2 bend al-
though the group velocity does not go to zero even for the computer solu-

tion, Because of this behavier the two curves are seen to Cross,

£ (GH2)
15 +
4+
g=0.650 inch
d=0,963 inch
13 L=0.500 inch
W=0,312 inch
12+
e
Io- COMPUTER MODAL
EXPANSION
qd
APPROXIMATE
5 SOLUTION
T . : : : t : I ' } t
N 0.2 0.3 oy c.8 0.6 0.7 o8  oa 1o Lok

Fig. 2-6 Approximate and Computer Modal Expansion Solutions ™
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We may write the fields existing in region I within a constant multiplier
derived from the slot fields, We have, then, from 2-20, 2-21, 2-23, and
2-31

Mmkﬁmx%-
r . ‘Sm L-’r\?-’r
Ha ()= ed) “mmﬂ? ¢

a %3' (2-43A)

w‘sm\%

yi . ' —Lmi
E;(gﬁb=ieﬂet&% &;\ ‘t::xn% € {?%‘
o (2-43B)
...'Lm‘l._lr
H:;é'('ﬁ;ﬁ\:i‘e o '{'\m BMM\Gm c ¥

(2-43C)

_ Pkl
W =E=E5 =0 (2-430)

and where
W oo mir 2 M\"‘ _
z—f_'tlt__m_l(w (3-d)
£ = &L il (g-d)
1 W
7T

C'(%’—CD (2-43E)

If an electron beam is synchronous with, for example, the n=1 space harmonic,
only this harmonic will influence the motion of the electrons, the effect
of the other harmonics being negligible. To calculate the interaction and
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resultant gain we must know what the amplitude of the synchrenous harmonic
is for given power flow through the structure. We integrate the z component
of the complex Poynting vector in region I over a plane normal to the z
direction and intersecting a tooth. We take the width of the structure in
the x direction to be unity so that the average power calculated will be
per unit width. In the case of the coaxial system, for which this analysis
is intended, we multiply the result by 27'R. , where Ro is the mean radius
of the structure. We have .then, for a unit width, from 2-43

r g
fum = 48} 63 Hy ¥yl

22 W an‘ﬁh-\
PTSVIRN  i
UJ ™ . [
51 COQ-(_"“— | w MX...,%. J\\X (2-44A)
MToe Mzope ‘t% ‘&I%,

where we have assumed that we may interchange the orders of summation and
integration. This is certainly permissible if the series are trumcated,
which is in fact what will be done.

We note from 2-44A that the coefficients are functions of z, but the

average power must be a constant with respect to z, similar to the Fourier
series of a rectangular wave, If we take the plane of integration to be

at the center of a tooth, it would appear that the approximation of a single
slot mode will affect the answer the least when the series is truncated,

With reference to Fig. 2-1 we take z=%. At a particular frequency the right-
hand bracket of 2-43E will be a constant which we define as B. We have, then

%QMLK AWLﬁE?
kS ”“‘T!"' 1 NM'% m%
r%@ TR Tty ¥ ,
- Gw e y Syt
( ‘) Fm w z-:\f,.‘% ‘ﬁms‘, a‘
= /e I\ o

(2-448)

pi-
ris

We make note of the fact that 2-44B contains cross terms since the

functions of y are not orthogonal. In a homogeneous waveguide, because
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the modes are orthogonal with respect to integration over the cross section,
the total power is the sum of the powers carried by the separate modes. In
this case this is not true and the cross products do contribute to the
power,

We will specialize 2-44B to obtain a useful result. For ﬁo taken small
enough, the fundamental will be a fast wave. We assume further that L is
small enough so that all other space harmonics are slow waves. We have
Tuled out the possibility of a V,=C wave by these assumptions. If such
a wave existed, a slight frequency shift would produce the assumed situa-
tion. We approximate the power by taking the contributiomns of only the
fundamental and the first forward and backward space harmonics, teking only
the values 0, 1 and -1 for m and n. This yields nine terms in 2-44B. We
will retain only the zeroth and first order terms of this set, discarding
the products of m=*1 and n=*1, keeping, therefore, five terms. Let us
assume that ##2 so that we avoid use of the special term %i for m, n==1.
We find that

Ko ;&r C__a%’:): ()8 Xy ach g -8 em Ko i)
Pam%"f‘& iy MK oa-[ % [ TRAY (MK‘%) (?cf?. +\6‘1.)

(ﬁo +R.) (‘-l Mubﬁ'(ﬂdhxﬂ%- a mro ﬂ'b'“l‘x-ﬂ(i]
(wx_.c@(‘éo w1 J (2-45A)

and for the total power in the coaxial system

PTM%‘::, 27 RoPcw:a, (2-45B)

We therefore may express the n=1 space harmonic of E, in terms of the

average power, We find
W . —L( 54_'11!"
Ei(n)z L M—d-? 4imdsg l—*:r(“'ll.)‘L \J Forvs, DY 4 € S
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We turn next to the solution of the dispersion equation, 2-35, by digital
computer. The computer program tests to determine which term of the brackets
is appropriate since the computer cannot make the smooth transition between
the possibilities. For a given value of ,B, s 0% ﬁoé'“'/L. , the left-hand
side of 2-35A is computed using a symmetrically truncated version of the
series as k is varied, viz.,

2>oo N
ME—00 >m=-~

The series is sumned for a value of N such that the absolute value of the

change in the summed value is less than an arbitrary percentage of the value
of the sum for N-1 and such that N is greater than an arbitrary minimum
value. The program was run with the minimum N equal to 50 so that a minimum
of 101 terms are included in the summation. The summing process was terminated
when the absolute value of the increment is less than %% of the preceding
value of the sum. It was found that in most cases the initial value of N=50
was sufficient. The right-hand side of the equation 1is fdund as a function
of k as well, and a common value is sought for the two sides of the equa-

tion for the same value of k, that value belonging to the assumed value

of {Bo .

Since the testing of the structure will be done in the x band, the.geometry
will be varied to obtain the zero-mode cutoff towards the lower end of
this band. First we set the dimension L, the period, to be 0.500 inch since
with reference to Fig, 2-2 we see that a larger period will yield too high
a voltage. Next we vary the dimension d, keeping others fixed, We are in-
terested, at this point, in only the cutoff frequencies since we wish to
adjust the placement of the passband. We therefore set, in the left-hand
side of the dispersion equation, ﬁo equal to the two values 0 and /L .

An example of the graphical solution for one such case is shown in Fig. 2-7.
The value of k where the slot becomes propagating is shown as well. We note
that the dimensions given yield a passband which is far above the x band.

We attempt to lower the frequency of the passband by increasing the value
of d. If it were possible to do so we would expect to have good space har-

monic content due to the small value of g. The variation in the passband as
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d is increased while the other dimensions remain fixed is shown in Fig.
2-8. We note that the frequency of the passband is lowered only slightly
as d is increased past the point of a square slot, agreeing with our
earlier predictions. We also note from Fig. 2-8 that the fundamental is
forward wave, which was also predicted.

3-'o.30m..1;\?'|_=0.6 , L¥0.5nd"0.60 In. RHS
ot Bt CUTOFF | PROPAGATING
Lo O SLOT  |SLOT
5._
o] i
149 Rlrap/y)
-.5 _—
-,o-—
Fig. 2-7 Graphical Solution of the Dispersion Equation
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Fig. 2-8 Calculated Zero and w-Mode Frequencies as Functions of d
(g=0.3 in., W/L=0.6, L=0.5 in.)

We next vary the gap dimension g while maintaining a square slot based upon.
the above reasoning. As g is reduced, the values of k corresponding to the

solutions are increased and their separation is reduced, as shown in Fig. 2-9.
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Fig. 2-9 Calculated Zero and n-Mode as a Function of g
(d simultaneously varied to maintain a square slot)

We see that as g-»0 the zero and 7-mode frequencies coalesce into a single
frequency of uncoupled resonators in consonance with earlier predictions.
This frequency corresponds to a resonator of width and length equal to

0.3 inch. For comparison the cutoff frequency for a uniform waveguide of
width g and of average width is shown. The average is weighted with respect
to the fraction of the period where the width of guide is equal to g or d.
It is noted from the figurethat for large values of g the waveguide of.width
g is a fair approximation to obtain the zero mode frequency and the average

width approximation is better for smaller values of g.

An example oF the dispersion curve for fairly small g and high frequency
is shown in Fig. 2-10. An approximate zero slope is noted at the lower

cutoff, corresponding to the physical requirement that 1@;>0 there. As
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Ro—/L, the slope decreases but we do not find the behavior that 1%-%-0.
This is no doubt a result of the approximation made that ey is appro-
ximately constant over the slot with a possible contributing factor being
that for the upper 20% of ﬁoL the slot is propagating, so that perhaps
the assumption of a single slot mode is no longer accurate. The edges of
the passband are found for parametric values of g as the aspect ratio, A=w,
is varied with the results depicted in Fig. 2-11. The affect of the aspect

ratio upon the solution 1is greatest for smaller values of g.
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Fig. 2-10 Brillouin Diagram

The passband of the situation shown in Fig. 2-12 lies mostly in x band.

We note the same observations as before with respect to group velocity,

In this case, however, the slot remains cutoff throughout the passband.

With reference to the "y, =C line shown we note that the fundamental is

a fast wave through the entire passband. The experimental points shown,
from the results of Sec. 2.4, indicate excellent agreement with the theore-
tical solution. It should be noted here that the agreement is better at

low ‘80 with slight disagreement at the higher IBO poeints as expected from
the approximations made, The experimental points indicate that the slope

of the curve will decrease as P“L approaches ‘T as theoretically expected.
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Experimental points for very low fgo were not obtained due to problems of
matching into the structure in this range. The upper part of the curve
lay beyond the range of the measuring equipment.
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We may investigate the question as to whether the result found is the per-
turbation of the TE10 mode as postulated, We note from 2-43B that the fun-
damental varies in the gap as sin K"ltj . If the fundamental has no zeros

in the region 0¢y{g we may assume that we have the required mode. We there-
fore wish to determine that

Ko’% -'-"--'\J kl"ﬁoq‘% éfn-’ (2-47)

From Fig. 2-12 we find that the lower cutoff frequency is approximately
8.75GHz from which the value of k is found to be approximately ,5857 ra-
dians/cm. At this point we find Ko"%,“-&.‘lloS'ﬂ“(.'Tr verifying 2-47.

For this case we calculate the synchronous voltage as a function of
frequency for the n=1 space harmonic with the result shown in Fig. 2-13,
We see that from the standpoint of minimum voltage we would wish to op-
erate at approximately 9,3-9.4GHz. This is also the best point in terms

of broad-band operation since the synchronous voltage is relatively con-
stant with respect to changes in frequency in this range. Therefore, a

modulated signal would remain relatively synchronous with the beam,

95'1, (KV)
40T
®\T L7 0.5in. g= 0651,
YA = 0,625 dTo.862w.
36T
“t
YA o
30t \
|
T % i [ Iq'35| 1 L [] 1 i
“ 8o Q.0 10.0 .0 12.0 13,0 4.0 50 7 (GHQ)

Fig., 2-13 Axial Potential As A Function of Frequency {n=+1 space harmonic)
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The dimensions of Fig. 2-1 are varied to satisfy certain considerations,
The passband must lie in the chosen frequency range and a harmonic must
be found with a moderate value of synchronous voltage. This latter aspect
involves restrictions on the value of the period. Based on the previous
discussions we would choose n=1 or n=-1, The value of the gap, g, should
be large enough so that the electron beam will not impinge upon the struc-
ture yet not so small as to make the space harmonic content negligible,

We must also have a set of dimensions consistent with stability of the

electrons in the periodic static fields, a problem taken up in Chap. 4,

There are higher order solutions of the dispersion equation, 2-35A, at
higher frequency. Physically, one expects higher order solutions in one
of two possible forms. For the same mode we have been discussing we expect
solutions corresponding to the higher frequency branches of the Brillouin
diagram shown in Fig. 2-3. In addition to these higher order branches
there exist the modes which are derived from the higher order TE modes

in uniform waveguidé. For example, the next mode would be that derived
from the TE20 mode and the electric field would display a null within the
structure. Bach of these modes would have higher order branches, similar
to those shown in Fig. 2-3, as well. These solutions occur at higher fre-
quency where the approximation of the slot fields by the single slot mode
may be in doubt. For example, if two slot modes are propagating it is
possible at a particular frequency for the slot depth to be a half-wave-
length for the lowest mode, in which case the second mode determines the
fields at the mouth of the slot. Because of this, no attempt will be made
to relate the higher order intersections of 2-35A with the higher order
branches of this mode or the higher order modes.

2.3 Hill's Equation 5pproximétion

We next obtain an approximate and simpler dispersion equation for the
periodic structure by making some rather crude assumptions. With respect

to Fig. 2-1 we translate the coordinate axes by g so that

$

H

_w
-5

(2-48)
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We consider the tooth region, OKY%<{t, and the slot region, -wW4{Y<{0, as
sections of uniform waveguide and make the simplifying assumption that only
the dominant TE10 modes exist in each section., In either case these are the
lowest order modes which satisfy the boundary conditions at y=0 and y=g

and at y=0 and y=d. We take, therefore, the variation ofIEx with respect
to y for the slot region to be sin}E%; and the variation for the tooth
region to be of the form sin%f%f. With these assumptions we have two dis-

tinct differential equations for the two regions. That is

’LE,‘ ,n.-‘l.

T -[E-HfE =0

(2-49A)
~wW{LR Lo
and
B Ex __[;[},.i] =

i A Cale

0<% <t (2-498B)

We recognize, at this point, that the problem is similar to that considered
by Kronig and Penney27 as well as van der Pol and Strutt28 for a model of
_the quantum mechanics of electrons in crystal lattices. The problem there

is the solution of the Schroedinger equation for a rectangular potential

29 and we follow his

function., Some of the results are given by Brillouin
method for our case., We may write down the sclutions for the two regions
from the differential equations given in 2-49

=R TR
E, = Ty (@) = 5Dy [Red © " ¥ B e 2]

-W4Y¥ 40 (2-50A)
me L _ ’:!]:‘_l-__ 1)
Ex=m%%¢f(%)=mm‘r§%&meﬁ‘ "8 Do VBT ﬂ
oLyt (2-508B)

At this point we suppress the variation with respect to y and consider
only the functions ‘Ps and *%- which depend only on ¥ . By doing this
we have made the problem one-dimensional and take the Y functions to carry

the information necessary to find the dispersion. By the same reasoning
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utilized in Sec. 2.2 we write for a solution of the “} function throughout

Wiy =Prgye M

(2-51A)

where the QE(Q) is perioedic with period L, and

| UR("S) = Cﬁl— Y (‘%'L) (2-51B)

We therefore may write the solutions for the tooth region and the two

slot regions to either side

Vig)=p, o 8, g e ™R

e 3 -w{%{O (2-524)

W) =T E S p6

oLk 4Lt
) (2-52B)

QW{P\ e—“ﬁ-—k”'(‘ﬁ-t)* e_-J%:-k"‘(‘g_Q:l , tLsen
o o

P(5) = L

(2-52C)

At the boundaries between the regions, 8 =0 and % =t, we demand that W
and its derivative be continuous. Except for the variation in y, which has
been dropped, this is equivalent to the requirement that E, and ?%% be
continuous. From the curl of E equation, ?§% is proportional to HY

so that we have required gx and %y to be continuous, neglecting the varia-
tion in y. These continuity conditions lead to four homogeneous equations
for which a nontrivial solution for the coefficients Ay, By, Cy and D,

requires that the following determinant be zevo:

I I - -
A= TR SR e TR

e{.\i.e-mw el""e Y E ~RwW - = k? t _c’" \’%. -kYE
-4 Er-RY L -Ew -rﬂ.."t o -igt'.l
PR VTN _ e AR ~FEReE " F¥E v (2-53A)

i
O
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or, after manipulation,
2L
- e ) o YRR ook VB

% )+ F R'i) b TER timhof T —k”“tz +] =0 (2-53B)

The product of the two solutions to this quadratic equation in Cfka is

unity., Thus the sum of the roots, ef“‘ + 6_'“" =2cosh/~LL, is given by the
negative of the coefficient of the term linear.in @F“ , The dispersion

equation is, then,

Codh pu = ok W] o -k
+%[% BI-J:‘W’— k> JM R Wk R ¢ (2-54)

For the computation of the right-hand side of 2-54 by digital computer
the nature of the square roots is tested, since, depending upon the value
of k, they may be real or imaginary. In th~ 1latter case the circular
functions are used. It is easily seen that for all combinations of the.

various possible square roots, the right-hand side is purely real. We have,

O(Nu\rkl_ = Oool\(;krﬂrL;\L';Coc}m_ Ced\rkrl. + LMF;LMIJPL (2-55)

In view of the fact that the right-hand side of 2-54 is purely real we have

A;UY\PL;L MNJ’\}M-L =0

(2-56A)

which has one or both of the following solutions

}\lr =0 (2-568B)

. - - R
Mil =EmW o O, 1 2, (2-56C)
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if /u;:o we have

C,0<).z/~{-LL = mHtLL. (2-57A)

so that this holds for

~| & coah L ¢ (2-578)

On the other hand, if }.I.EL=imTr

=)™ coah ‘LA‘-L oo-q)% P.L (2-58A)

so that this is relevant for

cosh].lL?. 1, m even (2-58B)

and for

coshrL <-1, m odd (2-58C)

Therefore, depending upon the value of the right-hand side of 2-54, P is
purely imaginary or complex. The nature of P.determines the passband-
stopband character of the Brillouin diagram. The possibilities are

summarized in Table 2-1.

For the passband situation the values of n are equivalent to the space.
harmonics that were derived in Sec. 2.2. In a similar manner, at the transi-
tions between the passband and stopband, the value of m specifies the

zero or T~-mode cutoff depending upon whether m is even or odd, repectively.
In the stopbands the value of m identifies the position of the stopband
relative to the passband structure.



cosh}xL

Table 2-

1 Passband-Stopband Character
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o

Condition

- oo coshpl{-1

COSh}lL-‘-‘-- 1
- l(coshpL( 1

cosh},lL= 1

l(cosh,.tL( oo

1 -1 L mr
fcosh [-coshpL]+iy— , m odd

,_,ilgif , m odd

t%(cos -1 [coshpL]+n2m), n integer

. mfy
:'-lL ) m even
1 -1 .
icosh [COSh,.lL]'::LL , m even

Stopband
- Mode Cutoff

Passband

Zero-Mode Cutoff

Stopband

5.._

4.._

As an example, coshpL is shown in Fig. 2-14 as a function of k, for the
set of dimensions of Fig. 2-10. Those values of k for which |cosh’,lL\ |
correspond to passbands and we note that the width of the stopbands
decreases for the higher order branches. The branches of the (.J-ﬁ diagram

derived from the uniform case are shown in Fig, 2-15 together with the

(#3) —ﬁ curve for a uniform waveguide of average width; .42 inches. The two sets

COSH PL

WL 06 L=OS .

8=Oo 3‘“-

d=0.5m,

I cosy L i
I 30" i
b |
|
( |
| H
| zot |
| }
I |
t '
' :
I B

. | Io‘ N 1 R '
' 2 4 G |
Lo o o o o o e m— — r— — —

-4

8 \ o /’z 14 A N8 2o 22 24

26 28 % ROy

Fig. 2-14 CoshuL vs. k For The Hill's Equation Approximation
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of curves are seen to approach each other as the frequency increases.
These derived harmonics are all seen to be fast waves. In Fig. 2-16 the
first passband is compared with that obtained by the method of Sec. 2.2.
They are seen to differ in absolute value but to have the same basic
shape. Curves are also shown for smooth waveguides of width g, d, and of
average width. In Fig. 2-17 the edges of the first passband are shown as
g is varied and compared with the similar result for the modal expansion
method from Fig, 2-9, The dimension d is set so as to maintain a square
slot. The same general shapes are found for the curves but they differ in
magnitude considerably.

$(GHa)

2a0t
N
220+
W/L=D‘G> L=Ot51\’|...
2004
8ot
|me“
4.0+
ZOT  CUTOFF FOR WAVEGUIDE-A <
with kr= Tp

oot R = Avgowndrh
Boert

L v ' : -

L [l 1 [ [ 3 ] t =
o5 o2 025 03 03F 04 o048 o5 055 06 065 0.7 j(\n..)

Fig. 2-17 Calculated f, and f
(d simultaneously varied to maint3in a square slot)

The Hill's equation solution is shown in Fig. 2-18 for the geometry
of Fig. 2-12 and the solutions are compared. It is noted that the solutions
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are displaced but have similar shape. For the case shown it is known

that the fields decay into the slots whereas the Hill's equation assumes

a sinusoidal variation there., It therefore seems reasonable that the results
would be improved if, instead of the dimension d, we used a foreshortened
dimension, d' . Toward this end we calculate the dimension d’ such that

a uniform waveguide of average width would have a cutoff £requency

equal to the zero mode frequency found from the modal expansion results.
For the example the dimension d! equals 0.700 inchf The Hill's equation
solution used with this value is shown also in Fig. 2-18. Very good agree-
ment is found for this modified Hill's equation solution,

£ (GHm)
15,01 2
L= 0.50m. q=0.65m, YA = 0.625
40 d= ©.9631n,
130+
1204+ /////
[INeE 5
ot
FIELD MATCHING
EXPANSION ,
£ /
9,0 e
HILL'S EQUATION N
~APPROXIMATIO HILLYS EQUATION
Bot d'=.700m. APPROXIMATION
~ Vs
: : : : : : Ay } : :
ol o2 03 0.4 ©.5 0.6 c.7 0.8 o9 Lo fB.L
T

Fig. 2-18 Brillouin Diagram

*
An alternate approach is to take a variation of form

b aimh T -y

in the slot and
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2.4 The Resonated Structure and Experimental Results

Within the passband, 0 < 8, ¢ Tt , we write the solution for E, for pro-
pagation in the positive and negative z directions, since f&, may not change

O Mgy

in region I opposite the slot. Note that the variation with respect to
z has been suppressed. We require continuity of the functions and their
first derivatives at y=g. A nontrivial solution for a and b exists if

BT Sh - |- 5
ToxTy T b (4-9)

or,

FonFE = — W fanhG(E-9)
T R

This is the .same as Eq. 2-37. For

W=,312 inch
L=.500 inch
g=.650 inch
d=.963 inch

the value of K is ,152. From Fig. 2-5 we see that this point is outside
the linear region. We find

;%;=={g% =~ .874

or

a'~.744 inch
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in magnitude for propagation in the two directions, as

By = €7*)_Vipe Y (259
The wave equation is symmetric in z since the derivative with respect to
z is a second derivative. Also, with reference to Fig. 2-1 we see that z=0
defines a plane of symmetry of the structure so that the boundary conditions
are the same for +z and for -z. Therefore, if E (y,z) is a solution of
the wave equation and satisfies the boundary condltlons, 50 will E (y,-z)
Therefore,

INOES MS (2-60)

We sum the two solutions with arbitrary phase and seek .zeros of the total
solution. At the places where these zeros occur one may place infinitely

conducting sheets and thereby form a resonant structure, We have,

+ R - %] +
Ex(\a‘)}):' Ex (16110) + e.Le Ex (3;% = lel“" i\Pm (‘a’) C‘D‘Q—[((&o'f'm%ﬁ)% + —ei-] (2—61)
Suppose that at 2524, Ex(y,zlj=0. Since the \Vn+(y) are different, Ex(y,zl)=0
only if

m[(@o+m’-{-’)}.+% =0 (2-62)

o+
for all n such that \Vn (y)#0 identically. Thus, as n varies the roots must
be separated by kT, or, 2n%}=k, an integer. If q’1+(y) is not identically

zero, then we require 2%! to be an integer. If an integer is added to, or

L‘such that the result, %L, lies in the closed intexval

[0,1], it is easmly shown that EL can only take on the values 0, % or 1,

subtracted from,

The values fL-O 1 mean  that the zero of the field occurs at the symmetry

planes which bisect the slots. The value
the centersof the teeth.

%-means that a zero can occur at



58

If we let the periodic boundary be given by a function of z, and let the
boundary have a plane of symmetry at z=0, we have for the Fourier series
of that function

‘F(}\ :Z;gmm’%‘—r’gf (2-63A)

If we shift the origin and define zzel+¥, 0 £€4& 1, we have

HQL"“Q =iam{-_com(1m1re‘) Lo (m2r ) —Abn (2 me)pim (2 tg)] (2-63B)

which is an even function of ¥ if and only if 2nffe =ml. By reasoning
similar to that used before, if a ;#(} we must have

€=03%) (2-64

Thus, the only other plane of symmetry is at z-—:%‘ and we make the general
statement that the zero of the field occurs only at a plane of symmetry.
Therefore, if a resonator is constructed by placing shorting planes at two

planes of symmetry, zy and z,, the resultant field will consist of a super-

zl
position of the two wave solutions of the infinite structure. Such a resona-
tor is used to experimentally determine points of the Brillouin diagram.

We have,

f Ol (2-65)

where m is an integer. If m is even the shorting plane is placed at the
same relative plane of symmetry; for odd m the short is positioned at the
alternate plane of symmetry, From 2-61 we require that

DO'QJY_((%"' T—E—-ﬂ’gqﬁ' %‘J = DUQ,[((?:J m”z@}] CO'Q_,%’O = l.-t-rmmﬂ

—-AI/Y\[((&O‘”“?E)}]M &30@1_1_4-{;“”\1{) =0 (2-66)
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In view of 2-62 the first term on the right-hand side of 2-66 is zero and
since, if 2-62 is satisfied,

Aln\[§F5°-+ln?Eﬁ?;]§#()

~so that 2-66 requires that

Aiﬁ\(_ﬁo"‘{"‘- +mm1T] =0 (2-67A)

or

Po Tl =P (2-67B)

Therefore, if we construct a resonator of length equal to g periods with
shorting planes placed at planes of symmetry of the structure, the values
of fgo which satisfy the boundary conditions. are given by 2-67B and the
resonant frequencies measured correspond to those values of fgo. The values
of ﬁ()]ie in (0,7) so that the values that p may take on in 2-67B are
limited by

1< P< 5 (2-67C)

For even m, corresponding to an integral period length resonator, there
are g-l possible values of p or g—l resonant frequencies within the first
passband. For odd m, yielding a resonator length equal to an integer plus

one~half periods, there are Eil possible p values, the number of resonant
frequencies within the first passband. If the positions of the shorting
planes are not at planes of symmetry of the structure then the measured
resonant frequencies will not correspond to the (3-A diagram of the in-

finite structure.

At the band edges, the form of solution changes so the preceding does not
apply. However, as the number of sections increases, the measured resonant
frequehcies approach the zero and f-mode frequencies and therefore they
may be approximated quite accurately. This is especially true since the
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a)~p curve has zero slope at the cutoff frequencies.

Models were built in both the planar and coaxial geometries. The planar
models were preferred for experimentation since they were smaller and
easier to manipulate. Dielectric probing to identify the value of.{go, to
be described, was far easier in the planar case, There the perturbation
was accomplished with a small disc rather than a large diameter annular
ring, difficult to maintain perpendicular to the axis of the structure.
In addition, the problem of extraneous modes was more of a problem in the
large size coaxial system. The coaxial system was used to find a proper
coupling scheme for the actual structure and to verify the results of the

planar analyses and experiments, The verification was found to be good.

The first step in the experimental procedure was to identify the reson-
ant frequencies of a section of resonant periodic structure. The reson-
ant frequency structure was found by use of the ‘experimental arrangement
shown in Fig. 2-19 which, in essence, compares the reflected power from
the resonated periodic structure with the incident power. At frequencies
approximately equal to the resonant frequencies the reflected power is
small since most of the power incident is dissipated by the resonant
structure, The higher the Q of the structure, the narrower will be the
frequency interval over which this occurs. This type behavior is noted

in Fig 2-21 and Fig. 2-25b. At a value of ffequency relatively far from a
resonant value most of the power is reflected from the structure. The
swept frequency source produces a microwave signal whose frequency varies
with time and at the same time sweeps the oscilloscope at a rate proportion-
al to the sweep rate of the frequency. The oscilloscope trace represents
the comparison of the reflected and incident powers as a function of fre-

quency.

The planar structure is built in rectangular form, that is, with termina-
ting walls at two values of x in Fig. 2-1. Its essential form is that of
a toothed structure which fits into what is basically a section of x-band
waveguide with one narrow wall removed. The structure is terminated by a
shorting block and coupling is provided by an aperture in a thin shorting
plate. A photograph of the rectangular structure is shown in Fig, 2-20.
Three experimental geometries are shown, each having a square slot. A
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dielectric perturbing disc is shown on a thin nylon thread. This disc is
translated through the structure, as indicated in Fig. 2-19, to explore

the field structure. A section of the frequency spectrum as obtained from
the oscilloscope is shown in Fig. 2-21. Only the reflected power is shown,
the traces are inverted, and frequency increases from right to left. The
three cases represent, from top to bottom; undercoupled, critically coupled
for the high frequency resonances, and overcoupled. The coupling is in-

creased by increasing the diameter of the aperture hole.

One tests the resonances by dielectric and loss probing. If dielectric
material is inserted into the structure, either in the form of the disc
previously mentioned, or in the form of a dielectr;c rod inserted through
a2 hole in the termination block, those resonances will move to lower fre-
quency which are connected with the resonant circuit. Those which are
connected with some other part of the setup of Fig. 2-19 will not be per-
turbed. This discriminates among the resonances measured, Loss may be in-
serted into the circuit in the form-of a thin metallic ceating on mylar,
or fiberglass, sheet. This material loads the circuit when the electric
field is tangent to its surface and no loss is presented for the electric
field normal to the surface. By changing the orientation of a strip of such
material, one determines the polarization of the electric field, By doing
this we have determined that the mode of interest was indeed present. The
effect of loss is to lower the Q of the resonant structure and therefore
lower or eliminate completely the peaks of Fig. 2-21. For orientation such
that the electric field is normal to the surface of the strip there is no

noticeable change.

For use with the coaxial structure, a mode transducer from TE10 rectangular
to TEUl circular consists essentially of changing the bpundary of the wave-
guide in a very slow manner with respect to wavelength. This transducer

is used in tandem with a mode absorber which is used to assure purity of
the circular-electric-mode, Such mode filters consisted of crossed loss
sheet or circumferentially grooved circular waveguide with lossy material
suitably placed. The TE01

tem through radial slots distributed uniformly around the circumference

circular mode is coupled to the-TEOI_coaxial sys-

as shown in Fig. 2-22,
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Fig. 2-21 Reflected Power Traces for Rectangular Model
(g=.650 inch, d=.963 inch, W=.312 inch; t=.032 inch)
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Fig. 2-22 Radial Coupling Slots

An assembly drawing of the coaxial model is shown in Fig, 2-23, The diameter
of the central cylindrical waveguide is made equal to the diameter of the
transducer, which is twice the large dimension of the oversize rectangular
waveguide used to couple to the transducer. The radial coupling slots,
shown also in Fig. 2-22, are made one-half guide wavelength long in radial
extent at 10GHz to minimize their effect at the approximate frequency

of operation. The slots cannot be made thin because of the required radial
extent of the slow wave structure. The width of the slots, in the axial
direction, is made equal to the width of x-band waveguide. There are two
degrees of tuning flexibility provided through the two pistons. The circuit
geometry is varied by changing the annular rings of which the slots and
teeth are composed. This stacked ring construction will provide damping

to modes which have longitudinal currents and therefore provide a natural
mode filter for both the model and the actual electron tube. Probing of
the fields is accomplished through a hole in the termination block. Uni-
formity of the fields was checked by rotation of the perturbing rod through
the full 360° and noting any inhomogeneity in the perturbation. Within

the accuracy of this method the fields were found to be uniform., The cir-
cumferential spacing of the slots is made small enough so that the high
order circumferential mode which might be excited in the coaxial waveguide

will not propagate at the highest frequency to be used in x-band. The mean
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diameter is used for this calculation and the planar approximation applied.
It is found that slots spaced at 15° or 24 slots over the full circumfer-
ence, provides a good safety factor for this calculation. As mentioned be-
fore, the fields were found to be uniform with respect to ©. Finally,

the angular width of the slots was made small enough, 0.0625 inch, to pro-
vide adequate provision for mounting.

The partly assembled model is shown in Fig. 2-24, Note the presence of
the mylar loss ring which was used as a termination for the circuit to
check matching into an infinite structure, or what is more applicable,
matching in and out of the structure in a symmetrical way. An example of
such a match condition is shown in Fig. 2-25, where the modification in
the reflected power is shown when the termination is changed from a
shorting plane to a loss ring.

Fig. 2-24 Coaxial Model

The correspondence betwesen the resonant frequencies and the particular
values of ﬁ30 is made by exploring the electric field by means of a
perturbing object.30 The perturbing object used in this experiment was a
dielectric disc which was translated through the rectangular structure

as indicated in Fig. 2-19. The orientation of the disc was in the Xy plane
and its dimensions were a 0,275 inch diameter and a 0.050 inch thickness.
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b) Termination in a Loss Ring



68

The material was assumed to be alumina, As the disc is moved through the
structure it perturbs only the electric field to first order. The pertur-
bation of the resonant frequency will be zero for an infinitely thin disc
when the disc is at a position of zero electric field. For the small but
finite thickness used, the frequency shift will be near zero at the nodes.
We assume that the electric field pattern is unchanged outside the disc,
while inside it is reduced by requiring continuity of DN' One may show,
by the Slater perturbation theoremsl, that the relative frequency shift,

%g, is proportional to

i ‘@
WE&T

where W is the stored energy in the resonated structure and the integration
is taken over the volume of the disc. The perturbation of the disc upon the
resonant frequency of a simple rectangular cavity made up of a section of
x-band waveguide of length 0,750 inch is shown in Fig. 2-26. The coupliﬁg
into the cavity is by means of a 0.375 inch diameter aperture in a .063
inch thick plate. Note that due to the extent of the fields outside the
coupling plate and due to the finite thickness of the disc the curve shown

deviates somewhat from the sine-squared variation that would be expected.

A (M 'Hg)
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ol Q 0.z Q.3 o4 ©.5 Q.6 Q.1 0.8 (4&9 1o
COUPLING SHORTING n.,
APERTURE “PLANE

TEP‘FE?HNATIDN
Fig. 2-26 Perturbation of Rectangular Cavity
(.400 X .900 X .750 inches)-f0=9.889GHz
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An example of the frequency perturbation curve for a rectangular model is
shown in Fig, 2-27. The disc averages the fields so that the space har-
monic content is not readily discernible. From the distance between the
nulls, however, we may find the value of ﬁb correspondigg4;P the resonant
L . At the
shorting plane we note that the frequency shift is not zero and we ascribe

frequency, which for the case illustrated is seen to be

this to the finite thickness of the disc. The small modulation pattern im-
posed upon the envelope of the perturbation curve is ascribed to the space
harmonics which combine to form a "beat pattern". By measuring the per-
turbation of one resonant frequency in the spectrum the (30 at that point
is determined and one may assign one of two values of ﬂ30 to other reso-
nances, provided none are missed by the measurement process. That is, one
may assign these values based upon an assumption of a forward or back-
ward wave fundamental. To clarify this ambiguity we therefore measure the
perturbation of two resonances to determine the nature of the fundamental, |
This having been done, the circuit was found experimentally to be forward '

wave, in agreement with the theoretical results.

Experimental points obtained from the rectangular model are shown in
Fig. 2-12 in comparison with the theoretical solution. Agreement between

the experimental and theoretical results is seen to be quite good.
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Fig. 2-27 Dielectric Disc Perturbation of Resonant Frequency (f0=11.086GHz)
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Results for the very low FBO end of the curve could not be obtained due
to difficulty in matching to the structure for these values. The upper
end of the curve lay outside x-band and therefore beyond the range of the
measuring equipment. We note slightly more error at the higher ﬁ?o end of
the results and this is attributed to the approximation made in the deri-

vation of the theoretical result.

a)-p curves found experimentally for three different structures are shown
in Fig. 2-28., All dimensions of the three cases are the same except for
the tooth thickness t and the period L. Again, it is expected that as t—»{0
the space harmonic content will be relatively unaffected for thin teeth
since Ex_must still vanish on the tooth edge. We see from Fig. 2-28 that
the change in frequency is not great. We conclude that a useful structure
for interaction would be one with teeth as thin as possible; with the limit
imposed by mechanical, heat dissipation and electron bombardment considera-
tions., This structure would have the lowest possible synchronous velocity

for the range of geometries where the values of t and L are allowed to vary.

The results found from the coaxial model confirmed the presence of the
desired mode. The resonant frequencies were somewhat sensitive to the
position of the tuning pistons since the position of the coupling plane
was questionable in this case. The results were, none-the-less, quite
close to the other results. A set of such data is shown in Fig. 2-29,

a0l T (61
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T t —t + | } 4 i }

o 0.2 63 0.4 0.5 0.6 0.7 0.8 B.L-

Fig. 2-28 Experimental Dispersion as t is Varied and All Other dimensions
Except L Fixed-(Rectangular Model) g=0.650 inch W=d-g=.312 inch
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uncorrected for the true position of the entrance plane. Because of the
added coupling length, the true values of ‘60 will be less than those
shown, If the correction is not too large, the experimental points will
lie closer to the theoretical results since the experimental points will
be moved to the left on the figure.

f Hf:))
15,01 4=0.65wm. , L= 5 m, WTrO3II2in, d=0.903 .,
H.ot
COMPUTER
SOLUTION =,
130T
X = EXPERIMENTAL
1201 POINT
1.0
{o.01
9.0 1
gort
1
ol o2 .3 a.% 0.5 6.6 0.1 0.8 0.9 Lo ﬂ'lf/ﬂ"

Fig. 2-29 Comparison of Dispersion from Computer Solution and Coaxial
Model Experimental Points (Uncorrected Entrance Plane)

The rectangular data is to be regarded as the standard with respect to
dispersion although the Q cannot be found from this case because of the
presence of the terminating planes. These differentiate the rectangular
from the infinite planar case. Experimental determination of matching con-
figurations must also be done on the coaxial model.
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CHAPTER 3

THE ELECTROSTATIC PROBLEM

3.1 The Equivalent Problem in the Plane

We inquire now into the solution of Laplace's equation in the structure
when the inner and outer boundaries are set at different potentials. The
structure is taken to be many periods long and therefore, insofar as the
major portion of the structure is concerned, it may be assumed that the
structure is infinitely long. The solution obtained for the fields will
be accurate except for the immediate vicinity of the ends and in this un-
bounded region it will be unique if the potential is bounded throughout
the region.* This assumption of an infinitely long structure introduces
planes of symmetry at the center of each tooth and at the center of each
slot, Across these planes we have the boundary condition that the normal
derivative of potential is zero.

We have now reduced the problem from an unbounded region to an equivalent
bounded one. If we take the region whose boundary consists of the structure
and any two planes of symmetry, we have a well defined problem in a bounded
region which has a unique solution.t This is known as a mixed boundary value
problem, That is, the potential is specified along part of the boundary

and the normal derivative is specified along the remainder of the boun-
dary. This type problem is normally quite difficuit.>* An accurate appro-
ximate solution will be developed for the geometryy of concern. Since the
geometry is one of large radius of curvature, following the argument lead-
ing to Eq. 2-1B, we must solve Laplace's equation in the pliane provided

we identify r with one of the rectangular coordinates,

* This may be seen by the artifgﬁe of mapping the plane onto the sphere
by the stereographic projection™ which maps the point at infinity into
the north pole of the sphere.

t+The boundary conditions consist of specification of the normal derivative
and the value of the potential at at least one point. Moreover, the boun-
dary of the region is regular in that it is piecewise differentiable and
does not cross itself., Differentiability fails onlysgt the four corners
of the rectangle, The solution is therefore unique.
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In Chap, 2 it was indicated that the space harmonic content would be
affected 1little as the tooth thickness approached zero for small tooth
thickness. This is consistent with lower voltage operation and is there-
fore to be preferred, The limiting thickness of the tooth is determined
therefore by mechanical and thermal considerations -and may be only a few
percent of the period. Thus, the limiting case of vanishingly small tooth
thickness is of practical importance and so the tooth is taken to be a
knife edge in the model to be solved, In a physical situation of small
but finite thickness, the solution is taken to be good for the region ex-
cluding a small band around the edges of the teeth of several tooth
thicknesses, The base period may be taken between any of the planes of
symmetry. We will take it to be between adjacent teeth. For convenience,
we replace the coordinates z and r by x and y, take the width of the base
period to be 1T, and take the inner and outer boundaries to be at poten-
tials 1 and 0 respectively. This rectangular domain is shown in Fig. 3-1.
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Fig. 3-1 The Rectangular,and Approximate,Domains
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3.2 Observations About The Solution

Before proceeding with the solution it is instructive to examine its ex-

pected behavior. As y approaches Q s, the differential equation becomes,

2
approximately, %’«b’ 0 with solution (j)::' a+by, since a linear solution in x
is obviously inconsistent with the boundary requirement on ?#; . The effect

of the teeth is therefore neglected close to the outer boundary.

The form of the potential for a circular neighborhood surrounding the edge
of the tooth may be arrived at as the radius of the neighborhood approaches
zero, As the edge of the tooth is approached, it alone will determine the
limiting form of solution as all other boundaries become relatively far
away. We consider the case of a semi-infinite conducting plane and describe
the position away from the edge in cylindrical coordinates. Application

of the method of separation of variables to Laplace's equation in cylindri-
cal coordinates yields the solutions for gb in the region defined by 04e(<2TT

which have nonzero angular variation as

| +C 7

where / and oL are defined in Fig. 3-1 and A is a separation constant.
Since we wish solutions which are to be bounded at P =0 and which approach
unity for «{—>0 and o«{->2T we have A=g with n a positive integer. Thus,

b~ | +icmf’*?' Am (3-1)
m=i

noting that the solutions where n is odd are allowable even though %g_

is not continuous across o{=0 since we have the restriction 04X<L2T,
Physically, the discontinuity is accounted for by the conducting plane
and its surface charge. Observe that as f£-—>0 the leading term, for n=1,
approaches zero in the slowest manner, Also if we consider %% we note
that all terms, except that for n=l, approach zero. That term is unbounded
as fP-0. We therefore write the limiting form of 3-1 in terms of its
dominant term for f->0 as

Limd = |+C, Pain g (3-2A)

f~o
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We write the limiting form of potential as the tooth edge is approached
in the plane of the tooth by using 3-2A with o« =", With reference to
Fig. 3-1, we have

Qme(IE =1+ Cy-¢ L™ (3-28)

%’*
Application of 3-1 to the actual geometry of Fig. 3-1 requires satisfac-
tion of the boundary condition %%(ﬂﬂ@ =0. This leads to

Cx =0, R=1,23.+ (3-3)

In the neighborhood of the slot corners we use the square function to find
the limiting form of the potential. For ekample,'for the corner in the
neighborhood of x=—%} y=0 we have

L) =1 ot<dm {femysf = raxoup)y

x>—W1
5o

(3-4)

3.3 MaEEing onto the Half-Plane

Consider the function of a complex variable

\J FAr LT =,&im'l =Abn(x+1\3.)=mxm1\g,+1mxm& (3-5)
It is easily shown that W is an entire function, or analytic at every point
of the Z plane, since at every point of the Z plane,and at every point of
its neighborhood, the derivative of W exists. Sufficient conditionsE55 for the
existence of the derivative are that u and v are real and single-valued
functions of x and y, which together with their partial derivatives of
first order are continuous at Y YO; and that those partial derivatives
satisfy the Cauchy-Riemann conditions at X
I
3&? (3-64)

A -
*%} - (3-68)

0’ Yo
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It is shown that36 an analytic mapping is isogonalt or angle preserving,

as long as W has a nonvanishing derivative. We shall show that the deri-
vative vanishes only on the boundary of our region of interest but not in
the interior. We also show that under the analytic transformation, if qb
satisfies the Laplace equation in the W plane, it will satisfy Laplace's
equation as a function of x and y. Suppose that we have the solution for Qb
in the W plane.

C 2%
99 430 = (3-7)
Since,
ﬁ e L <t
S 3% S —%(% 5+ %%L%ut%%] + 3 :aatl[.%] (3-8)

¢}
we have from 3-7, using 3-8 and a similar expression for %%E .

%ﬁi%i“%k%%*%*%%* %?‘] N %%B%] +%%\v[’%¥] 3 %%]= O (3-9A)

Where37 Z is an analytic function of u and v we have that x and y satisfy
the Cauchy-Riemann conditions and that the partial derivatives of all or-
ders of x and y exist and are continuous functions of u and v. Then, x and
y are harmonic functions of u and v so that together with the Cauchy-

Riemann conditions we have from 3-9A

E G R

. 2X
Since =4 and 3V are real

&Y +3) >0 5109

*The meaning of isogonality is that if two curves intersect at an angle &
in the Z plane, their image curves in the W plane intersect at the same
angle at the image point, with respect to magnitude and sense of rotation.
The relevance of this to the problem at hand is that the potential lines
remain orthogonal to the stream-lines in the mapped region,
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where equality holds if and only if x is a constant with respect to u

and v, in which case we also have by the Cauchy-Riemann equations that
-’%%:=0 and %=0, so that region in the W plane maps to a single point in
the Z plane. Ruling this out we have from 3-9B that ¢| also satisfies
Laplace's equation in the Z plane. Note also that with %—3 and %z-: both
zero, the Jacobian

W 2™
P 1C I R
I
R E (3-11)

is zero, so that the mapping is not one—to-—one.38 That is, the one point

of the Z plane is the image of the infinity of points in the region of the
W plane. Noting that

— o —

d2 _ 3% 1Y =3k _13xK
aw ~ Bu+ 0 W ar (3-12)

we have that 3-9B is

{ax’ﬁ ?_3%] \ | O (3-13)

In order that isogonaiity is maintained we have that g—ﬁﬁo so that, under
the mapping, the differential equation is left unchanged, except on the
boundary where the derivative may vanish. However, we do not require V"gﬁ =0
on the boundary of the region, but only at interior points. We have already
expected from 3-2 that the derivative of Q’) will not exist at the edge of
the tooth.

It is shown""'9 by the Schwartz-Christoffel formula that consideration of

the half-strip of width T , described by -'E(R,_fl;r_}a“'{ s M{'L})O, as a limiting
case of a triangle, produces the mapping of 3-5 which takes the half-strip
onto the upper half-plane, ""“M"O- From 3.5 we have

U= AvnX Co-dsg (3-14A)

= e dimky 10
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If we set y=0, we see that the entire x axis maps onto the segment -1l4u<l,
v=0 in the W plane. This mapping is not one-to-one, however the segment
:gaxﬁg, y=0 does map uniquely on the above line segment of the W plane.

By setting x-“g we find that the two lines x'g and x=:g map onto the re-
mainder of the real axis of the W plane, that is u2l, v=0; and us-1, v=0,
respectively. Since cosh y is an even function, the upper and lower halves
of the lines x—*g map onto the same segments of the real axis of the W
plane. Therefore, this mapping is not one-to-one, but if we take either

of the half-strips, -‘{Lﬂg&'{}{"{ and either J*nil}>0 or &{z}(o, the vertical
boundaries map onto the real axis of the W plane in a one-to-one manner.
The half-strip which lies in the upper half of the Z plane maps onto the
upper half of the W plane and the half-strip which lies in the lower half
of the Z plane maps onto the lower half of the W plane. The complete strip,
described by ~T(RSZJ4T, is mapped onto the W plane with cuts or slits in
the u axis extending from -oto -1 and from 1 to oo as is shown in Fig. 3-2.
The potential values on the boundary of the strip are mapped onto the appro-
priate edges of the slits. The upper and lower halves of the y axis map
onto the upper and lower halves of the v axis, respectively. Fig. 3-3
indicates how other half-strips map. The shaded half-strips map onto the
upper half-plane and the unshaded ones map onto the lower half-plane. In

all cases the boundary of each of the half-strips maps onto the real axis.

D A

W\ \\\\ |

Fig. 3-2 Complete Strip

From 3-14 we obtain
ul

——— :vl :\
Coah™yf ""3 (3-15A)
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" (3-15B)

Fig. 3-3 Mapping of Half-Strips

Therefore, the mapping W=sin Z transforms the lines y=constant and
x=constant into confocal ellipses and hyperbolas, respectively, whose
commonn foci are at W=Tl. An ellipse is transversed an infinity of times

if the image point z describes the entire straight line y=constant and a
segment of that line of length 2T corresponds to the perimeter of the
ellipse. Therefore, the line segment -Fix¢§ , ¥=Y,, maps onto a semi-
ellipse. The line X=X, has as its image the right-hand half of the hypex-
bola of 3-15B if 0<x (T and the left-hand half if :gkxd<o. It is easily
seen that for y0=0 the degenerate ellipse is the segment of the real axis
[-1,1] and for x0=0 the degenerate hyperbola is the imaginary axis. Also
if xo—vfg the hyperbolas degenerate into the semi-infinite sections of the
real axis [1,00) and (-00,-1]., Thus, a rectangular region in the Z plane
described by the open set

~FexdRfZ} <kt §
0 ¢4, &dmiZi<Ye

maps under sin Z into the region -between two ellipses and two hyperbolas.
If we let X; and x., and Yy take on their limiting values the boundaries

2
take on the degenerate forms discussed above and the mapping is shown in
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Fig. 3-4. We note that the regions of Fig, 3-1 and Fig. 3-4 are the same,

Y,
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Fig. 3-4 Mapping With Degenerate Hyperbolas and One Degenerate Ellipse

-

w

The points where the derivative of the mapping function vanishes, or where
W'(Z)=0, are known as critical points of the transformation. It is easily

shown by the definition of sin Z in terms of exponential functions that

5 (6r7) = (00 7 = o Conhy ~ L timx aimhy s-e)

so that the critical points are the complex zeros of cos Z. The real part
of 3-16 vanishes at the zeros of cos x where sin x#0 so that in order for
the imaginary part of 3-16 to vanish we must have y=0. The zeros of cos Z
are therefore purely real and are given by

X=(m+)g = m=orlzo
4=0

(3-17)

The critical points of the mapping, therefore, lie at the corners of the
half-strips of Fig. 3-3 and at the bottom cornexrs of the rectangle of

Fig. 3-4. As was mentioned earlier, a necessary condition for isogonality

is that W has a nonvanishing derivative. Also40, at the critical points

the mapping ceases to be conformal. With reference to Fig. 3-4 it is seen
that in the Z plane the rotation of lines d-e into e-a and the rotation

of lines e-a into a-b involve angles of'g: However, the images of these
iines in the W plane involve no rotations, verifying the loss of isogonality

at the critical points, However, at the upper corners of the rectangle,
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points b and d of Fig. 3-4, isogonality is maintained and the angles
there,'g} are carried over in the W plane at points b and d. Since the
critical points occur on the boundary there is no problem presented with

respect to the loss of the harmonic nature of the transformed potential.

If41

there exists a neighborhood of the image of that point in the W plane

W(%) is analytic at a point and W/(Z) is nonzero at that point then

in which W(Z) has a unique inverse, Z(W), in the sense that Z(W)} is single

valued and analytic there and moreover Z’(W)=W%2). The Jacabian is

ou %¥> )
ra—(%ﬁ)"‘ R \w’(z) = ${coe 20+ codhny]
LA R
K Y% (3-18)

and is zero only at the critical points. The mapping is therefore one-to-

one in-the-small bBut not-in-the-large.42

With reference to Fig. 3-3, for
any noncritical point there exists a neighborhood which lies totally in

a "U" or "L" region. For a critical point, there is no neighborhood which
exists for whi;h this is so and in which the inverse is unique. The inverse

of 3-5 is, from the exponential definition of sin Z,

Z:M—‘w =0, (:L\/\] +0__w1)‘f'z.] (3-19)

Owing to the multi-valuedness of the square root and logarithmic function,
the multi-valuedness of Z is displayed. Also, by application of the theorem
quoted above, it is easily shown that sin"1 W is analytic at all points

exceptil,

In light of the above, the mapping Eq.3-5 may be used to map the interior
of the rectangle of Fig. 3-1 onto the upper half-plane with critical points
at the lower corners. Since the potential remains harmonic in the half-
plane under the transformation, solution of Laplace's equation in the half-
plane is equivalent to solving it in the rectangle. We seek the solution
to Laplace's equation in the mapped region of Fig. 3-5, the region bounded
by the real axis and a semiellipse with foci at W=%1l. The boundary condi-
tions,43 ¢>=constant and ?§%=0, remain unchanged under an analytic
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mapping, where the derivative of the analytic function is nonzero. There-
fore, the boundary conditions ¢)=0 and 45=1 carry over as shown and the
condition on the normal derivative becomes =0 on the part of the boun-

dary consisting of the open intervals of the real axis between:tcoshﬂl
andtcosh£2.

v
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Fig., 3-5 The Mapped Region Corresponding to the Region of Fig. 3-1

3.4 Approximate Solution for Potential

We now consider the mapping 3-5 in a somewhat different manner. For an
analytic function, the partial derivatives of all orders exist and are
continuou5,44 We may therefore reverse the order of partial differenti-
ation4s and by use of the Cauchy-Riemann equations, 3-6, it is easily shown
that the real and imaginary parts of the analytic function are harmonic.
Therefore, for equations similar to 3-5, 3-14, and 3-15, if y were to
represent potential, equipotential curves would be confocal ellipses,

and if x were to represent potential, the equipotentials
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would be confocal hyperbolas, As was developed in Sec, 3.3, a segment of
the real axis between -1 and +1 is to be considered a degenerate ellipse.
Therefore, with respect to Fig, 3-5, by a suitable scaling, we may con-
sider the section of the real axis extending between tcoshﬂl as a degener-
ate ellipse of a confocal system. The boundary condition on this segment

is that the potential is constant and therefore it behooves us to repre-
sent potential in such a way that the equipotentials are confocal ellipses.
The foci of this system of ellipses lie at icoshﬂl. The foci of the ellipse,
however, which forms the closing boundary of Fig. 3-5, lie at*1l, and there-

fore this ellipse is not consistent with the system just discussed.

Suppose, however, that this closing boundary is replaced by another ellipse
which does in fact have foci at:tcoshﬂl. This ellipse may be made to have
any points in common with the original ellipse that we wish, We arbitrarily
ask that the second, or approximate, ellipse have the intersections with
the real axis in common with the original one, as is shown in Fig. 3-5.

We apply the same boundary condition to the approximate ellipse, as is

carried by the original ellipse, namely, that of constant potential.
The semi-minor axis of the approximate ellipse, is given by the square

root of the difference of the squares of the semi-major axis and the focus,

in this case

Vo = s - ol = rndam otk L) feoahyrodhd < feod ] =ainh 8, (3-20)

Therefore, the vertical excursion of the approximate ellipse is less

than that of the original, as is shown in Fig. 3-5.

From Fig. 3-1, ﬂl lies in [0,£21 For £1=0 we have from 3-20 that Vi
=sinh£2, the approximate and original ellipses are identical, and there-
fore the solution is exact, For this limiting case the rectangle of Fig.
3.1 has degenerated into two segments of parallel infinite planes of sep-
aration £2 and therefore the solution is obviously the linear one. If
£1=£2 we have from 3-20 that Vmax=0 and therefore the approximate ellipse
takes on the degenerate role and becomes the section of the real axis be-
tween tcoshﬂl. The area between the boundaries has therefore collapsed to

zero and there is no solution for the approximate ellipse. The solution
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to the exact problem is well-—known46 in terms of an infinite summation of
rectangular harmonics with a Fourier sine decomposition of a constant,
Thus, the accuracy of the approximate solution will depend upon the ratio
of £2 to £1 and as this ratio approaches unity the approximate solution
derived with the approximate ellipse becomes less accurate. The validity
of solution will be discussed later,

It follows from 3-20 that for coshﬂz» cosh£p> 1 we have \.rma;.(aacoshi’.z'-::s:'mhﬁ2
and the approximate and original ellipses are close. The eccentricity, the
ratio of the distance between foci to the major axis, approaches zero and

the ellipse becomes approximately a circle.

If the curves representing constant potential are a system of confocal
ellipses, it is obvious from symmetxry that at the real axis of Fig. 3-5,
3§l=0 and the boundary condition on the normal derivative is satisfied.
The above represents an outline of an approximate solution to the mixed
boundary value problem of Fig. 3-1. Before proceeding with the solution
let us ask the obvious question as to the necessity for an approximate so-

lution, accurate as it may turn out to be. It is knoiun47

that by means of
elliptic functions the interior of the rectangle, Fig. 3-1, may be mapped
onto the half-plane exactly. If the potential was known on all four sides
of the rectangle, we could, in principle, find the solution in the half-
plane by means of Green's function for the half-plane and then transform
back to the rectangle. We have, however, a mixed boundary-value problem
and so the preceding method would not be applicable. As it turns out, the
method being presented yields highly accurate results for the geometries

*
which are consistent with results of Chap. 2.

Let us ascertain to what boundary in the almost-rectangular region the
approximate ellipse corresponds to and examine the extent of the pertur-

bation, The equation of the approximate ellipse is

* The vanishingly thin tooth provides lower interaction velocity without
deleteriously affecting the space harmonic content. The scaled dimension
£, is taken so as to make £, by 7 a square while frequency and bandwidth
considerations prevent the éifference-between £2 and ﬂl from becoming

too small,
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LL"L

~+ vt ::\
Coandy  Aimna (3-21A)

AL, = L, — (oL, (3-21B)

From 3-21 and from 3-14

imx {1 pimh ] (___\—Auvx ) Aml»q'
Coah il Aol = | (3-22A)

yielding the equation of the transformed boundary,

; —_ A\ - Wmlzﬂlml\lﬂs ""Aim\'\q‘ﬂgmaﬁ
4 = dink ‘« oy —[erdt =l N x (3-228)

From 3-22B, we have easily

%(0) = /QB S 9\7_:.%(5:1{} (3-23)

We find from 3-22B

dy ()0_. M {s COQM MQJ([_A"'\‘"L}- z"mmlﬂ
2 oM, Conx + Al A x ] JCob i, — AimiK Heoah o Aintx | (3-24)

If 0< £,< 22 it is.easily shown that the denominator of 3-24 does not
vanish and the zeros of 3-24 occur at the center and edges of the rectangle.
In view of the evenness of y{x) those points are points of extrema. Thus,
from 3-23 it follows that ymin=y(0)=£3 and y

max
mate boundary is.shown grossly exaggerated in Fig. 3-1. It is obvious that

=y (& "-2':) =£2 . The approxi-

this perturbed upper boundary corresponds physically to moving the straight
upper boundary infinitely far away and then redefining the potential

level so that the equipotential which intersects the lines x-—-i%r at y=4£,
has value zero,

The extent of the perturbation of the upper.boundary may be viewed as the

difference between .82 and £3.
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§=l-L =M"MQ;}"M' Veodo- oL,
'-‘blm\n_l{&h\‘f\ﬁfdcbd&z“wzﬁ: " coah Q-DJM"'Q{-M"Q (3-25)

48

kg, 2 g = g 000900

since

and

coan Lo - Lml'\zﬂ, =Afﬂ\lﬂ1’ L-Mlﬂl

For the values of ﬁl and ﬂz which are scaled from dimensions consistent
with the solution of the electrodynamic problem

f’l =T
£é=3.08TF
cosh‘fi2 ~7.97x10

coshf.l- ~11,59

3

For these dimensions, Eq. 3-25 exhibits that the perturbation of the boun-
dary is smaller than that which would be expected in variation of surface
finish when the geometry would actually be constructed, (cf., Sec. 3.7).

The approximation is therefore found to be an extremely accurate one.

In solving the potential problem of Fig. 3-5 with the approximate ellipse,
we introduce constants to set the scale of potential, the reference level
for potential, and the scale of physical dimension. Taking the inverse of
3-5 with incorporation of the above constants and using primes in the

new plane to differentiate from the Z plane we have

Z'-——x'ubu =AM BW +Y +id (3-26)

with W=u+iv and ¥ and § reai. Solving for W we have

' I
L=F Aiml‘-iicm}\%ag (3-278)
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A = coa K5X ik, el (3-278)

Zrom which it follows that

= i

ﬁ'l..u'l + x pq_.u- - '
Cooh™y=d AR g =T (3-28A)
and
B’Z.‘-Lq. ﬁi‘]]'q'
T 1_"{:;: — = oot ik |
oL 3 (3-28B)

We see from the above that y’=constant defines an ellipse and that x!

=constant defines a hyperbola. Thus, the variable y’ is chesen to repre-
sent potential for the required scolution. The semi-major and semi-minor
axes are obtained from 3-28A by setting v and u equal to zero respec-

tively.

g
coch i . (3-29A)

Umer =7 5
. |48
'UM — Mjg‘&“ (3-29B)

For the ellipse which degenerates into the line segment, we have Vmax=0’
sine the potential equals unity there we have from 3-29B, with y'=1, that
§=1. Since the maximum excur51on of this line segment is cosh£ we have
from 3-29A, with & =1, that 8= "-_EIT the reciprocal of the focus From
the condition that the potential be zero on the outer ellipse, whose
semi-major axis is coshﬁz, we find from 3-20A that K= EGﬂFT%g%ET'.

The solution for potential is now determined. The constant ¥ , which sets

the level of the stream function, is left undetermined.

We may eliminate x’from 3-27 and find

JYN i A g (3-30A)
VI it
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!
whose scolution is equivalent to solving a quadratic equation in sinhziEfét
We find,

Nk 458 = o L el *f-‘f‘*f"]ﬂ’[{fb"f‘-ﬁ‘vl Papty (3-30B)

The left-hand side of Equation 3-30B is >0 and since-Jt;ﬂ?u}-B‘uL‘+q31§11
Z[}—PHLL—ﬁzU?] , it follows that the positive sign is taken in Eq. 3-30B,
and we have

izt = 2o {lpe o ] s

We ascertain the range of y/to fix the choice of sign in 3-31. A harmonic
function, in a bounded and connected open region which is coentinuous in
the closure of the region, assumes its maximum and minimum values on the
boundary of the region but never at an interior point unless the function
.is a constant.49 By virtue of the theorem, the maximum of y’/ must occur
>1, y’ is attained on

X max
the lower portion of the boundary where y/=1 and/or on the sides of the

on the boundary of Fig. 3-1 and obviously y’ma

’
rectangle where ;§§—=0. Assume the latter is true at point a of Fig. 3-1.
Then

Y (a) > 4'(b) (3-328)

and

. %l (@) 2 ] (3-32B)

yTa) is strictly greater than y{b), vhere b is any interior point of the
rectangle. We may always find a circular neighborhood of a which does not
intersect the part of the boundary where yEl is given., The maximum of y’

in the neighborhood and its circular boundary occurs on the circular boun-
dary by the theorem. Such a point can be an interior point of the rectangle
or an adjacent rectangle or it can be another point of the boundary of the
rectangle where ;%§i=0. Because of 3-32A the former is not possible and

the assumption that a is the maximum point on the boundary makes the latter
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impossible. Thus, by contradiction we have shown that y' attains its maxi-
mum, equal to unity, on the part of the boundary where y'=1 is given.
Similarly, we may show that y'min=0.

We have, therefore, that 0<y'< 1 in the interior of the rectangle. We ar-

)
bitrarily take & as the positive value of TZR™=T [%%1.] and since d&=1,
so that -1¢y!'-§ < 0 inside the region, we must take the negative sign for
the square root in 3-31. From the above and the oddness of sinh we have

%(\w’)—-\ —T,Frr-]mm\:'{rﬂ\j]/[ Wyt +(‘g§1 ﬂ ;%,\’%Eﬂ (3-33)

Finally,@e obtain the solution by use of 3-14 and 3-33 with the notation
that y!'(u,v) —-.rﬁb(x,y) .

-1 g - ST b N oo

and we observe in 3-34 the term

| )Smﬂ_r' = Ay c,mlﬁd, + CoatR ML% = A%y, +n'm)n1~j

It can be shown that 3-34 satisfies the boundary conditions of the appro-
ximate region of Fig. 3-1 and Vz(f) =0, In particular, consider the boundary
lines x=':g'. Then, from 3-34

W\%q)(x,tg = | —eah _L { H —[i- sue\;&_]} (3-35)
We have —1’ ]1' = +[ RW'-?] , the positive sign holding when y££,,

and the negative sign holding for y *£,. Thus, for 0<y$ 'El’

L, by =1 (3-36)

x-»;t%

as is required, For .?_1_4 ¥ < upper boundary"
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, i s -1y (eeehiy
le cb(x,%h\-m[%aw {2 'g (3-37A)
Because, takiﬁg the positive root

AN ot
3= Ak el g

so that

and so 3-37A becomes

_.[@{J
ﬂim\ ) = | — Coah L eoshl, (3-37B)
m. (X = | Cﬂa)n"‘[cmk’-;
x+"'1 M|] .

The equipotential plot, obtained from 3-34 with Qb(x,y)=constant}found by

¥*
computer, is shown for the values £1=ﬂ‘and £2=3.08ﬂ' in Fig. 3-6. We note
at once that the approximate solution would be valid for geometries where
the outer boundary is placed at a value of y not less than approximately
1.5 since for values of y greater than approximately 1.5 the equi-
potential lines exhibit negligible curvature.

The solution obtained is checked experimentally by the method of analog
field plotting. In such a method current flow lines in a high resistance
sheet, deposited on paper, are the analog of electric field lines. Equi-
voltage lines are analogous to equipotentials. The equipotential boundaries
are simulated by low resistance metal shapes placed in contact with the paper
or by painting on the boundaries with high conductivity silver paint. In

the experiment which was performed, the shapes were painted in, and copper
blocks were placed upon them to assure low resistance., The boundary condi-
tion, %%,=0, was simulated by cutting the paper at those boundaries so that

current flow, and hence electric field, must be tangent to such boundaries,

* The inverse hyperbolic functions are computed from the logarithmic

representationsso

A x = Jon (X200
'y = Il +(x"—|)"'":)
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Fig. 3-6 Equipotential Plot For rf Dimensions
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'V¢Jis tangent to those boundaries and so %¥%=0 there. Equipotential lines
are searched for by sensing the voltage of the sheet with a probe and com-
paring this with a bridge configuration to a predetermined proportion of
the full potential difference. Null values sensed by the bridge correspond
to points {x,y) where the potential has the value required. Since the cen-
ter line ofaunit cell also has the condition %%%=0 by symmetry, the experi-
ment is carried out on such a half cell, The experimental configuration

is shown in Fig. 3-7. The potential profile is found for the two symmetry
planes, at the mid-slot plane and at the plane of the tooth. These results
are shown in Fig. 3-8. Superimposed upon these curves are points obtained
from the theoretical result, Eq. 3-34. The agreement between the experi-
mental and theoretical results is evident from inspection of the figure,
We make note of the linearity of potential near the upper boundary as well
as I%E%‘ at the tooth edge becoming very large-~theoretically infinite.

SILVER PAINT AND COPPER STRIP

k28
EDGE OF PAPER

EDGEOF E
PHPER—
I

TO BRIDGE

\.

PROBE

SILVER PAINT puos
AND R
COPPER STRiP |

Fig. 3-7 Experimental Configuration for Analog Field Plot
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Fig. 3-8 Analog Field Results Along Symmetry Planes
(a) Center of Slot (b) Plane of Tooth

From 3-34 for sinh y»1, and for y>>£1 so that sinh y>>cosh ﬂl, we have
~le 1 : —1%%%1: —— dorby, (o N
q)(x,@ | WW 1=1 SERLT ,]Qn{;:n? (oo, )]
(3-38)

%\‘&’E“'E%ﬁg’“@% =\ - mtﬁ%ﬁ[‘#“%(w&@

which is the form of the potential predicted in Sec. 3.2. The slope in the

linear region is given by -m and is consistent with the results

w
of Fig. 3-8, eThE,

* For .ﬁlz’n" and .({2:3.08‘“‘ . cosh-l[%?%%"]z?.%.
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Consider the behavior of (}5(:{,)') near the lower corners. Near the corner

in the neighborhood of x=—g, y=0 we take x=%-T, For small X and y we have

2
sin® x=1-%° (3-39A)
cos? x = %2 (3-39B)
sinh2 y zyz (3-39C)

In order for c!;(x,y) to be constant consistent with 3-39 we have

l — lq‘ f)\( .._1_ -\! '-{’Kl ~ -— =
[ T, T cedk l] { R N ( &, Ry, )1 constent (3-40)

For sufficiently smail X and y, f.l#U, the square root can be approximated
by the first two terms of the binomial series and we find the form predicted
in Eq. 3-4. In the neighborhood of the tooth edge, we have from 3-37B, with
y=£l+€,670 and small

D»mdD(x;Q.%)%!-— | ﬁ-j%%ﬁ;“%"l‘m (3-41)

x-’,*It
Otendy

Now cosh'l z has no derivative at z=1 therefore, the Taylor series of
cosh"l[l+etanh !ll] does not exist around €=0., However, using the logarith-

mic representation of (:osh'1 we have, for small €,

TN (_H' é{'a,,)nﬂ=9m@+emsm+&' refadl) - ﬂﬂ

*L%%MQ +(L€:MDIL[+ o) }v%& zetﬁ\k)? L)t (e

Thus, from 3-41,

%:_’i?d)(* ‘9—‘ _iip(ﬁl ]4% Lo (3-43)

agreeing with Eq. 3-2B.
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As was mentioned at the beginning of this section, if x were chosen to
represent potential, the equipotentials would be a system of confocal
hyperbolas instead of the system of ellipses utilized above, As was devel-
oped in Sec. 3.3 the degenerate forms of the hyperbolas are the imaginary
axis and the sections of the real axis for which uza.l. Thus, by use of the
other conjugate function to represent potential we may find the solution
when the boundaries consist of two mutually perpendicular planes separated
by a unit gap, g=1, as shown in Fig., 3-9. By symmetry §¥%=0 along the ex-
tension of the horizontal plane shown dotted in the figure. It is obvious
that by rotation of Fig. 3-9 by'g and by suitable scaling, we may find the
solution for potential for one tooth of infinite extent and ascertain the
effects of the lower edge of the rectangle and adjacent teeth. For the
dimensions of Fig. 3-6, it is seen that the lower edge of the rectangle
may be moved infinitely far away and one would not expect a large change
in potential since the height of the teeth already equals the width of

the slot. In this case one examines the effect of adjacent teeth. The
boundary potential is fixed as indicated in Fig. 3-9. Utilizing a general
scaling, and proceeding with the solution in a manner similar to that
followed previously, except that in this case potential is represented

by the family of hyperbolas, we obtain

Pl ") = RLEL\ e e ? (3-40)

©-
C’)///

VNI TR VIINIIINI IS NIN I
"‘:.'-
%=
o
™
'
i

Fig. 3-9 Mutually Perpendicular Planes
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We may show in a manner similar to that used before that ﬁb is bounded by
0 and 1, dictating the branch taken for cos"l. The point (g,0), the edge
of the tooth, is a focus of the hyperbolas which form the equipotentials.

For the sake of comparison, we require the potential along the x" axis and
therefore, from 3-44,

4)(K1I;O) = '“?TPQBO:Q% , o< X" «g (3-454)
e
ﬂx:(»_vaoif)(%",@ = ,QL“»_:OR.,_{\— %m"(j—f{%'—]} =| (3-458)
?ﬂ“)‘ﬂa 33«"5%,

to make these results applicable simply rotate Fig. 3-9 byqir and define
the distance from, and in the plane of, the tooth edge as ’2’ .

|
A s
Potential in the plane of the tooth is defined as u

.

w=1— ';ﬁ'_CM-_l(l— ,—%—1 ) O<”I_‘L% (3-46)

The variation of u is shown in Fig. 3-10 for g=.650, the dimension ap-
plicable for the rf geometry. The potential displays* linear variation near
the upper wall and infinite derivative at the tooth edge, both expected

in light of previous discussion. Comparison of Figs. 3-10 and 3-8 reveals
that the actual potential is higher at all interior points due to the
shielding effects of the other teeth, As the teeth become relatively

* In view 0'1:51

53] 3=k ) —RERT] i

and since cos"l(l-—z)+sin-1(1-z)=1{ we have

ALY 42eS.ee (e ]
SRR DI e ENREL

so that £from 3-46 for g-vanishingly small
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further spaced, the model of Fig., 3-9 becomes somewhat more appropriate.
It is interesting to note that we have used two different and distinct

aspects of the same mapping to obtain the result 3-34 and the above appro-

ximation.

1.0
.87
O]
04

0.2

0.1 o2 as 0.4 o.5 0.6

o7
DISTANCE FROM
TOOTH EDGE

Fig. 3-10 u=1-§cos'1(1-g), g=.650

2f. i.
O N B

(cf. Eqs. 3-43 and 3-2B). Also,>>

v = ERRNTE Y s Ce .
Ay = gy e B > VHel
so that
9§

eo - 1= -0 -4 -l 1=l

For %Fl-&, € small and positive, we have from 3-46
u=l-&{F-( %{ﬂ ™

the linear variation expected near the wall,
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We perform a successive mapping and obtain a result which allows the evalu-
ation of the effect of the lower boundary of the rectangle, a further use
of the basic mapping, 3-5. As was shown one of the conjugate functions
represents a system of confocal ellipses, whose degenerate member is a sym-
metrical segment of the real axis. This leads to the solution for potential

about an equipotential segment of the real axis. If we map this geometry
by the logarithmic mappings3

7+ = InZ =t + 1o (3-47A)

4(_: Q’“W (3-47B)
Y=To' & (3-470)

The upper half-plane maps into the open region between the lines Y=0

and ¥ =W, the strip of width-}y", as shown in Fig. 3-11. The positive part
of the real axis of the Z plane maps into the real axis of the 3 plane,
the segment between the origin and 1 mapping into the negative part of the
3 axis, and the part from 1 to infinity mapping into the positive part of
the ’?‘ axis, Similarly, the negative part of the x axis maps into the line
X =1, In this case the segment between the origin and -1 maps into the
negative half of this line and the rest of the negative x axis maps into
the positive part. Therefore, if potential is constant on the line |x]¢1 in
the Z plane, potential will be constamt:54 along the lines -o0<%£0, ¥ =0
and along ..Qoang-_ 0, ¥=T. Also, the condition %%ﬁﬂ existing along the
open remainder of the real axis of the Z plane, transforms over. This is

true since £n Z is analytic except at the origin and its derivative is

N\ '

/¢\coni1'mr \{?_ o

U= consrant r)(%ﬂ:o
Fig. 3-11 Logarithmic Mapping
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nonzero at all finite points. We find from 3-5
1= % Indlcoch 1§ +eoan®] (3-488)
¥ = Toad! L‘Com!n @ Tom, \I_J] (3-48B)

@ and ‘P are the two conjugate functions, either of which may be chosen
to represent potential. @ is taken to be the potential function and the
geometry consists of an infinite number of parallel semi-infinite planes
separated by a distance equal tofl", We obtain easily from 3-48

20t = CorohL® + oer P (3-49A)
Com¥ = Tomh P ton® (3-498)

Eliminate \P from 3-49 and obtain

* ?3
pRS (. Coah2® = Ty — (3-50)
Tonh P
and note that @ is a periodic function of ¥ . We restrict ourselves to
0&£Y4T. For ¥=0; or ¥ =T and $#0; we obtain from 3-50

_ —1{,n
@ = (ol ‘Q ! (3-51)
which holds for ‘j>0. For § =§“ we obtain from 3-50

CD = M_‘[eﬂ] (3-52)

For (3@ large and positive we have that sinh@ = cosh@’r‘--’%e.§ s¢ that

D=-Li =g+ (5-53)

for both symmetry planes. Therefore, for sufficiently large ’J‘L relative
to the spacing ‘I, equipotentials are parallel to the ¥ axis. Thus, in
Fig. 3-1, if the lower edge of the rectangle is move infinitely far away,
we have the geometry of Fig., 3-11 with a suitable rotation. This yields a
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way of determining the effect of the lower edge of the rectangle of Fig. 3-1

in setting potential, We solve 3-50, a quadratic equation in sinhzﬁﬁ.

Bk = et - U{\*‘f‘*' ;E%mrijﬂ} (3-54)

For real {5 the left-hand of the equation is > 0 and the positive sign is
appropriate.

CE:M“{@'%M%L + mmnﬁgfz ,} (3-55)

We scale 3-55 by again making the arbitrary requirement that the boundary
condition on the upper boundary be satisfied at the edges of the ''rectangle",
in this case for‘1=£é-£1. We find the solution to Fig. 3-1 with the lower
edge of the rectangle removed to -co and the upper boundary being similar
but not quite the same.

¢ - I*TC,;:—ETM {(’:‘M/'z l+w/—ri‘7,,:1} (3-56)

Along the symmetry planes

O=|- 2kl vy

= CA}OL\-'[E.LL"] S (3-57A)

* In 3-57B, with @2=1+&, §~1

=1 ey I + {0071
=|- S L.L—e_ ﬂafn‘!l+€)+(z®'{'“l+‘7_6]'["-]

For small § we find
1~ w1
= \-— mﬂ (’7-3)'{1' . \—' o7 ‘LE.EL.. 6" ﬂ(')-'?,)ffl

(cf. Eqs. 3-43 and 3-2B).




101

B=1- e (Y

oG Td] ) Y= 05y 950 (3-578)

Writing 3-56 in terms of the x and y of Fig, 3-1 we have by

2=yt
¥ = %-X

that

Pl =1 - mﬁr@n:qm‘\{ﬂi#‘&m’ihéyihj 1 AT 1 (3-58)

It can be shown that as ﬂl,ﬂz and y become large, the more exact solution,
3-34, which accounts for the lower boundary of the rectangle, becomes iden-
tical with 3-58. We compare the potential profiles along the symmetry planes
for the two solutions to see what effect the lower boundary of the rectangle
has upon the potential. These profiles are given by Eqs. 3-57 for the solu-
tion of semi-infinite planes. Such a comparison is shown in Fig. 3-12 for
the configuration £l=1r, £2=3.08ﬂ'. It is seen that with this geometry there
is virtually no difference in the solutions for y larger than the plane of
the teeth edges. The only difference is found within the slot. Of course,
for smaller values of £1 one would expect larger differences in the solution.

Maxwell55 points out that for the system of equipotentials P, corrections
for the thickness of the corresponding plate may be found by taking a non-
degenerate equipotential to represent the plate. It may be possible to gain
insight into the effects of a nonzero thickness tooth by a similar consi-

deration here.

The maximum excursion of potential, as x is varied for a given value of y,
normalized with respect to the arithmetic average of the two values,
is used as a measure to determine the rate that ¢ becomes uniform with in-

creasing y. By use of56

i ) (S [ O T o



Q.87 SOLUTIoN

APPRORIMATE

B4

102

0.6
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Fig. 3-12 Comparison of Solutions
we may show
_OET ) - dlow) Q_M-'[m% Y
T D+ o) y O=4s (3-60A)

d)(i% )"5') el d> (OJ"A) —_
J"-Eq)(t%n%) * ‘MW&)]

Leoak (e - ok TSR]

Results of Eqs. 3-60 are shown for the dimensions £1='FT’ , £2=3.081T , in
Fig. 3-13. For these dimensions, the normalized excursion of potential at-
tains a maximum value of 13% at the plane of the tooth edges where the
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curve exhibits a discontinuous slope.*

o,
J41
- THEORETICAL SLOPE= ~ o
a7t |
|
1'01‘ l
=
l ’Q. = 13,081
| 4=
08+
]
“1 |
|
|
Q4 [
i
oz }
|
. . . X | . . .
o2 0.4 oG 0.8 1.0 12 14 G g Zo Y
i

Fig. 3-13 Potential Excursion

4 (DT - log) ]z g LD 60 ~HeNIELH
106+ b (L D+ b

At y=£l,'%%(0,y) is continuous.

E = —
Rol= WWT‘T]T A BT

and equals -,098 for the dimensions of Fig. 3-13. On the other hand, since
(P(i*—g,y)ﬂ for 0%y <4, we have

'%5?-}(1"{,@ =0, o<yl

.’3:‘25_1_1 = — o0
i 540 -

‘}'}’q

Since,

we observe that‘?g(i

y) is discontinuous at y=£1 accounting for the
discontinuous slope

f Fig. 3-13.

[o T TE
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2.5 First and Second Derivatives of Potential

Defining

L‘\(X,LA,)'_—"'- aine X "'M}\‘i’

B(x4) =1~y + ”W“ﬂfﬁf@"f* (3-61B)
’C(X, j-—_-:- t\(}‘(}lﬁy) + UB(X,%.\ (3-61C)

o= J (heVBa +Bloy) -1 + '“—“"?.’S‘&—TE,LTJ&X»%;

- -?Jﬁé"\[BO‘:})EF‘(x,@ ~] . (3-61D)

it can be shown from 3-34 that the components of Vcb are given by

2 - ALK F 9 — cooha
%%(Kﬁﬂ =T R w—-i[c.min,,_]c I, %;;’("-*‘P 4 (3-61E)
20 () =— Ainhay £0e, ) + e 2x
Y =T PR m"‘[mmﬂwd«‘i‘ %(x)u&) (3-61F)

Observing that the functions h(x,y), B(x,y), f(x,y) and g(x,y} have even
symmetry about x=0 we note from 3-61 that %% is an odd, and 2 is an even,
function of X about x=0. Since '%% is continuous at x=0, '%? (0,y)=0 and ¢
has even symmetry about x=0. We may show for y-£1 small and positive

b_(b(ti“ %)""N— e 1 3-6
) zl' ) -62

agreeing with 3-43, For y sufficiently largé, it can be shown that

t b 2

B(x,y) % h2(x,y)
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£(x,y) = 2h(x,y)

g(x,y) =2 B(x,y)

so that
2¢ ~
S0 (3-63A)
AR W"[En_ﬂ‘]‘ (3-63B)

The way that %%;- (0,y) approaches this limit is shown in Fig. 3-14 for
£l=1r' s £2=3.08‘IT“. For the same dimensions, a logarithmic plot of -‘%%_ in the

plane of the tooth is shown in Fig. 3-15, where a comparison is made with
the asymptotic line of slope -% » as given by Eq. 3-62. We find from 3-61

£x ? $lx,uy + e
?%"(x’%) =~FRep=— R P Znu-llc;?;?:;\—ﬂ Ten) { B codhry

S gy + o] [priy + o) satin | (3-64)

verifying that at all points where 3-64 exists, \Y4 ng =(). We compare
s
am as a function of x for three parametric values of y in Fig 3-16.

L-g% (0:3\

G

s

]

JEt
A0 T
L.=m f,=3087T
3 -0
SR ookl
} 2 1 ! 1 ‘57 i i } -3 [ i
o Y 4 o 3 Lo Y M Ve 1.% 1.0 21 4 2.6 .3 3.0Y.
m

Fig. 3-14 -g—g(o,y)
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Observe that sufficiently far from the teeth a2 single sinusoid would
adequately represent the function while closer to them higher order sinu-
soids are necessary. This is true since the higher order rectangular har-
monics of the expansion attenuate more rapidly away from --1 Thus for an

electron relatively close to the teeth, consistent with stronger inter-
action, the potential should not be approximated by a single harmonic. Note

that the slope of the curves is zero at x=1g, even for %_very close to one
as in Fig. 3-16C. Thus, for y>.£1

:aax 'a(ﬂ_ﬂ- :‘é:] ——i[—aax )y )] =0

os
-O
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*
since 3P(19) =0 for y>Z£, is a given of the problem. It is easily
seen that

whereas,

W(* =0

The derivatives with respect to x also exhibit discontinuous behavior
with the roles of y(i’.l or lé_b.ﬁl being reversed. For example,

Qm BT =0

‘5"9-1
and

i |8 0] =0
4t

3.6 Averages Over The Period

In consonance with the naming of regions in Chap. 2, we call, with respect
to the exactly rectangular region of Fig, 3-1

Region I {x,y3: lecg and  Ey<k,
Region II fx,yj3: |x|<127 and  0cy¢d,

Because of the different boundary conditions in the two regions a single
eigenfunction expansion cannot hold for the entire rectangle and so we
consider each region separately. We have?

* The 1nterchange of order of differentiation is p0551ble smce Qb(x,y) is
the real or imaginary part of an analytic function for x=*¥, y>.€ and there-
fore gla,e partial derivatives of ¢ (x,y) of all orders are gontlnuous func-
tions” ‘of xand y. By virtue of this property, the interchange is possible.

T The symmetry and boundary conditions fix the form of ¢TI and P, 1n the
exact rectangle @ (x,£,)=0. Note the even and odd nature of the eigen-
values for regions I and II respectively.
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(bI(K,\B =O:[E"" %1] - :L;C: Coa N:m.‘r\’l.m('ﬁ-‘ﬂ‘) (3-65A)
Qg =1+ ) Cocoa om-d x ainh (em-g (3-658)

Thus

___ 1
Pep = LLI Plpde = a’[1- ]

o0 %
+ %.ZC: M?.m(j-l,]j;om%mx&x = OLI[_{— '-1'-1] (3-664A)

e i b
ﬁ -
( ) =4 1) Cm CO-Q;Q.M-I)KM(Q_M_D d
q) & 11"5_{{ Z ;&} X
=\+#TE C:M(m-\)g EN""""‘“"*%z Q———"Z“Cfm&m_bg, (3-66B)
Mc) _]{ o

¢(y) is shown for £,=™, £,23.08 using the solution 3-34 in Fig. 3-17.
Note that ?EI(y) is linear whilg a;ri(y) is not, as found in Eqs. 3-66. The

slope of the linear portion, -gkﬁ is equivalent to the asymptotic value of
. t 2
Fig. 3-14, We have

Y, . (" T
5 =4y [ Bows =50 (3-67

* The interchange of summation and integration in 3-66A and B is possible
since5? if a function £ is piecewise continuous on its period then the

- Fourier series corresponding to f may be integrated term by texm to obtain
the integral of £ , whether or not the Fourier series corresponding to f
converges or not. We know that q) is continuous therefore the order may be
reversed,

"he interchange of differentiagaon and integration is permissible under
conditions of the Leibniz rule.  To satisfy these conditions we must have
that qb(x,y) be an integrable function of x for each value of y and that

22 (x,y) exists and is a continuous function of x and y in a rectangle
formed by -a&x4a, and y bounded by the interval of jnpterest. @ (x,y) is
integrable in the above sense since it is continuous., In regions I and 1II
separately {49 exists and is continuous. That is, the points x=1T, y={
are avoided since they lie on the common boundary of the two regionS. As
was shown previously 3§a(x,y) does not exist at those points.
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Fig. 3-17 Average Potential

i%% is continuous across the common boundary, y=£1

4%% is continuous across the boundary as long as the end points, x=ij

Q,
are excluded, so that j‘gga£ is the same for both
o

for 2a<%. For the remaining parts of the integral,

1

ximately as C§+x54 and as Cg-xik near the left and
tively. We make the substitution X 5g4x in the first case and ¥ ég-x in

the second to obtain an approximate integral

Sjﬂm‘fl‘&‘g

for the parts left of the original integral. Now,

AT

. This is true since

™
2!
sides of the boundary

between -g'and -a and

4
right teeth, respec-
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is an improper integral but is convergent.62 Thus,

T-a

Do §: thg = 0

o=
T
so that % and 3;?—- are continuous across the boundary. We have also
proved that-% and -ﬁ- are bounded at y=-€l since the integrals of the
parts of the functions which become unbounded go to zero as the interval

of integration approaches zero. We have by virtue of the periodicity of

D (x,¥)

‘%‘b(\ g %(R‘Q&&=:tl‘r[¢(¥:‘9"¢(—l{, 3] =0 (3-68)

In Fig. 3-18 ;% is presented as .found from 3-61F. Now,
L%y = Th ) = 4 fim | TR DA = f iy | Epdn =T
d g —ﬂ“a) &x_;vv% ¢ lma (riddn =— 20 ()

"%’

[ (o, )—%(-a, i:l :ﬂ%&%%%(a, )= -%30 (T, 9 (3-69)

where the interchange of integration and differentiation is permissible by
reasoning similar to that used above and where V1¢=0 for ac.'g. In region I,
%%—(g, y}=0 because of the boundary conditions and therefore the slope of
Fig. 3-18 is zero for y>£1. As y—a-f.l in region 1II, %%—(g,y) approaches
infinity and therefore the slope of Fig. 3-18 approaches infinity for y—rﬂl.

Thus Fig. 3-18 has a 90° corner at y=£1.

TR =-T2ep =0, 44,

Ch sy (3-70A)
PR (N =D 2
',3%1-("9 - —73(‘9 =-T %(’{,‘@ 5 OLLA-‘:-QI (3-70B)
Observe in Fig, 3-16 that as y-'rf.l the zeros of -%;-_ move towards T ‘-?
In view of 3-70A, for y—»-f.l, the area under the relatively narrow portion

of the curve between the zero and '7-2-"' must equal the area under the broad

portion between x=0 and the zero., In the limit the portions of ch
between the zeros and 1'12" approach 4§ functions since the integral under
these portions is finite although the interval of integration vanishes
in the limit.
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3.7 Limits of Validity of the Solution

It was noted previously that the dimensions of the structure consistent
with the electrodynamic solution are such that the solution presented for
qb(x,y) is an excellent approximation. That is, not only is the zero
tooth width limit in agreement with lower velocity but we have that the
gap g is about twice the period L, a favorable situation. The question

is asked as to the range of geometries for which 3-34 is an accuarate
approximation. One therefore asks how small the dimension £2 may be made
for any given £1 such that the approximate upper boundary has less than a
ziven allowable perturbation, 8=£2-£3, as given in 3-25, It may easily

be shown that § is bounded by 0 and £, with the upper limit occurring for
£1=£2. From 3-25 we have

Birdn (0o~ 8) = £ cod®l, —cod* L,

where the positive sign is appropriate since 0<6?f£2. This equation is

equivalent to a quadratic equation in cosh 222, viz,,

b o] oot 4 o

whose solution is
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Cooﬂ\lilz"—'ﬁm\wzi\{\i’\]”m* zi: I} (3-71B)

It may easily be seen that the positive sign is the correct choice. Thus,

ﬂz:-'iou&"{aim)nﬁl ,[i + \/ | + 5T+ %:iﬂ . (3-72)

The sclutions are presented on logarithmic scales in Fig. 3-19. The physi-

cal limit of the solution, for £1=£2=:?, is shown and it is seen that in

the physical range § increases for decreasing 22. For sufficiently
®
small &

R

oo 58] et ). 8 ST
= li%{?;%ﬁﬂ o R P P AR W RS F R
I£, in addition, £, is large, £n[sinh .El]xﬁn[%]-hﬂl so that

kol 4T 70

The above and Fig, 3-19 may be used as indications as to whether a par-

ticular geometry may be adequately described by the solutiont#)(x,y) pre-
sented,

3.8 Fourier Expansion of the Solution

We write the solution 3-34 as

QI AT 4CE (3-75)

* For £,=T and £,23.08F we find {= 10~
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th . . .
harmonic of the Fourier expansion of
\P(x,y) to the average value of W(x,y} is independent of £2. We have
from 3-65A that for region I

and note that the ratio of the n

\PI(&’%) = | — q)r(x,%') =\— &IE'_ \%ﬂ “ic,f Coarmx M\L’Zm(%-ﬂz\ (3-76)

i
so that
Cor Al/r;:)n'l-m (422 3-77)
t=orli-%]
must be independent of 22. This is only possible through the dependence

of the cn' and al upon 22. This conclusion is drawn subject to the limits
of the approximate nature of the solution, 3-34. That is, 3-76 holds for

the exact rectangle while 3-34 holds for the approximate one. We set y

to be a fixed value away from the plane of the tooth edges, y=Zl, and com-
pare the normalized spectrum,Eq., 3-77 for different values of %%. The
result for z%§l=.1, 1¢ng¢4, is shown on a logarithmic scale in Fig. 3-20.
We note that the harmonics become more important as £1 increases, with the

insensitivity to il taking place near the square slot condition,

3.9 Solution in Another Geometry

The solution which has heretofore been presented has been for the gecmetry
where £2 cannot be allowed to approach £1 too closely, as indicated in

Sec. 3.7. Suppose the problem involved finding the solution in a configura-
tion where this was violated. For the sake of completeness we indicate a
method of solution for a geometry where we have approximately £l>1r and 22
is too small to use the above solution. The geometry is shown in Fig. 3-2la,
where the base rectangle has been inverted from that of Fig. 3-1. Since
£i>ﬂ“ we may remove the top of the rectangle as in Fig. 3-21b. We next map
this inverted case onto the half-plane as was done in the original solution
to obtain Fig. 3-2lc. By a simple contraction we transform to Fig. 3-21d.
Finally we map back to the half-strip in Fig. 3-2le. The geometry of

Fig. 3-2le has been solved in connection with a problem in microwave in-
tegrated circuits by a rather complex series of transformations.63

That solution may be applied here.
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CHAPTER 4

ELECTRON DYNAMICS FOR THE STATIC FIELD CASE

4.1 The Equations of Motion

We consider, in this chapter, the dynamics of the electron motion in the
presence of static fields only. These static fields are produced by appli-
cation of different potentials to the inner and outer boundaries of the
slow wave circuit, Electrons are assumed to be injected into this region
by an electron gun which accelerates them from a unipotential cathode, Part
of the energy is in the form of rotational energy and we do not focus cur
attention on how this is accomplished., We further assume that all electrons
have the same longitudinal velocity so that they are all synchronous with
the chosen space harmonic of the rf wave., We will consider to some extent
the interaction of the electrons with each other in the form of space
charge forces but most of our attention will focus on the space charge

free case where the electrons move Ifidependently of each other. With re-
gard to the boundaries we will consider two cases. The first involves
taking the inner boundary as smooth so that in effect we reduce the problem
to one in the plane since %%;=0. The second considers the effects of the
corrugated inner boundary which is necessary to produce the slow waves. For
this case, in which {%r¢0, we consider a zero thickness beam of noninter-
acting electrons for simplicity. The kinetic energy for an electron in
cylindrical coordinates, and the potential energy ignoring magnetic fbrces*,

are

T =g+ 6™ + 39 (4-1A)
N=40 =-e¢ (4-18)

where (ﬁ is the electrostatic potential of Chap. 3, suitably scaled and

*Magnetic forces may arise only due to electron-electron interactions in
this case, and are small.
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adjusted to cylindrical coordinates. The Lagrangian64 is therefore

N
i =T -V =g[%ﬂﬂ(h§ r S +37) +e,(ib(m] (4-2A)

The equations of motion are contained in the formulation

&%%{ﬂ - %% =0 (4-2B)

where the generalized coordltr:ates qj, qJ. +1? qj +2 8Y€ Tps O, 2,
electron, For N electrons, the system has 3N
degrees of freedom, 3N differential equations of second order from 4-2B,

and therefore 6N constants. From 4-1A, T is ©-independent. Because the

,» Z_, the cylin-

drical coordinates of the mt

boundaries are axially symmetric, V is also independent of © . The coor-
dinate © does not appear in the Lagrangian, & is a cyclic cc:ordi.n::n:e,f’5
and the canonical or generalized momentum conjugate to © is conserved.

The system is invariant under rotation about the z axis. Thus,

£, T 4

55 =mYS = constant = £ (4-3)

conservation of angular momentum, which may be used to formally remove
the coordinate © from the problem.

66

It is easily shown = that for a conservative system where the force is

derived from a scalar velocity independent potential and where the con-
straints are time independent, the Hamiltonian

3
H =iisg‘%_i (4-4A)
a|

is conserved and further that the Hamiltonian is the total energy.
H = T+V =constant (4-4B)

Application of Eqs. 4-2 for gq=r, and 4-3, yields

LY} . .. .
MY — mrer = iy — L =e,'995— (4-5)
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Finally, from Eqs. 4-2 with q=z,

= e.'%% (4-6)

From 4-3 and 4-4B
2
H =4m [{rl_,,_ : ?-].;_-‘1?- _L — e(!) = constant (4-7)

_amr L

Observe from 4-7 that the problem has been reduced to one in the two
variables r and z provided that we define a new potential energy

V= 45_ —ed (4-8)

Part One--Smooth Inner Boundary

4.2 Stability Condition

The case of smooth inner boundary implies -2.=0 and we obtain from 4-6

%

3= 3o+ Vgt “-e

where Vs is the constant axial velocity of the electrons. The equivalent

force,—%ﬁg, found from 4-8, is zero for an electron at equilibrium for all

z. The motion is helical, or as viewed in cross section, circular,

At the equilibrium rudius, Ty We find the required angular momentum
necessary to make the equivalent force zero.

= -em 2L d =emEe? (4-10)

‘Then, from 4-5

= /z [Er (fo)[‘%?{]g - Er.(\“\] (4-114)
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% = = (4-11B)

Taking variations of radius about T, defined by

F=Y -1, (4-12)

we expand Er abour T, in a Taylor series, which is assumed to converge.

—_ c!Er d_"' L (4'13)
E.(N = E (») e +1T-E?r- _é‘_ oo

Now,67

() = o = B [1-38 w6l —-] 1411 G

Thus, from 4-11A, for sufficiently small \%%\ ’

C o Ev(v £ .__L.-._E (%) .._..LJZE 2".-. -

g = ’1[:(3-*79.,_%‘{0«,))5‘ -(&, Yz — % 1?{«,))54- (4-15)
An approximate differential equation for small l%%\ is therefore

g Eclfo dE = 0 ~ 4-16

§anpid v fre)) 8 = §+ I~ 0 (4-16)

The solutions of 4-16 are bounded for £L>0 and unbounded for {140, The
transitional solution, of form a+bt, for.fl=0, may be of either type, but
the next higher term in the differential equation, 4-15, must be considered
for a meaningful result., We may state the stability criterion as the re-

(1so (4-17)

with {L=0 requiring further investigation for the particular case. A re-
68

quirement

quirement of the form of 4-17 has been given previously.

4.3 Preliminary Considerations for a Single Electron

Consider the geometry shown in Fig. 4-1. It is easily shown that
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tb:qb,a—épm—@’*"& Ing | NLY LN, | (4-18A)
i l

~ _30_g=-g L
£ = -0 St -t
. *
From 4-10 and 4-18B it is obvious that (#1>'¢b' We find for {1 of 4-16

N = ":f’%{ $= o (4-19)

— L

1
Q""ﬁ
For ¢1>¢2,ﬂ> 0, and therefore by criterion 4-17 we are assured that a
single electron will be stable. If the electron originated at a cathode at

potential (ﬁc we have that the energy of the electron is, from 4-7,

H = *e,sbc (4-20)

The potential equivalent of the longitudianl energy is written as in
Eq. 2-8A, a constant for the smooth inner boundary case. From 4-7 and
4-18A

‘:‘?‘7-2"}.(;#:‘(!); "")53— - %L%}—%—r—& (4-21)

The right-hand side of 4-21 is never negative and the points where equality
to zero occurs correspond to the turning points, or apsidal radii, con-
sidered in Sec. 4.7. Either =0 identically, corresponding to helical
motion; or there are two roots corresponding to fz=0, no matter what the
choice of parameters in 4-21, The motion is constrained between two
cylinders, therefore bounded. This is contrasted with motion in a gravi-
tational fie1d70 where the solution for the orbit is a conic section

and may be a circle, ellipse, parabola or hyperbola. The first two are
bounded motions while the second two are unbounded, the solution de-
pending upon the energy of the particle. While it has been shown that for
a single electron the orbit is bounded this is not enough assurance that

there will be no electron interception on the walls of the structure.

* Showing the convergence of 4-13 here is equggalent to showing that the
series for [ 1—%‘.]" converges, which it does for I{-%I <1,
L4
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For example, in Fig. 4-1 we must determine that the turning points lie
in the range (rl,rz).

Fig. 4-1 Cross Section of the Beam-Boundary System (Smooth Inner Boundary)

4.4 Finite Space Charge--Required Density

We now inquire into the question of maintaining a beam of electrons in
equilibrium in the geometry of Fig, 4-1, the electrons interacting through
space charge forces. This is known' as Harris flow. We require all electrons
to have the same translational velocity and require all electrons be in
equilibrium and describe helical orbits. For equilibrium we have from

4-5, 4-7, and 4-20 the differential equation and solution fort¢ inside the
beam

%E? +2{ ~G—Py] =0, Yutrey, (4-228)
P=frdetDy, tuerets (4-228)

Observe that there is no logarithmic term present in 4-22B so that care must
be taken with the selection of boundary potentials, ¢>1 and 4)2, such that
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such a term is not introduced into the solution, From Poisson's equation
in cylindrical coordinates, with - -@—0, vig.,

2 L2 .2 4-23A
v (b s E ]" € ( )

we have using 4-22B
P=—"m =5 % (4-23B)

as is known for Harris flow. We have,

b= vy - RS L ftren (4-248)

4-24B)
E, "*%9= —?:E-—\F y Yo hY&t (

For the beam-free regions, r,{ r ¢ r, and rb<r<r2, we have solutions

1
similar to Eqs. 4-18, We require that ¢ and Er be continuous at T, and

Ty This yields for the beam-free regions

4 ~ Y .
Cb --(bc_"t' cb% - '%-’g’— «é—\tﬁ-{- 9_,,\\[‘0\7] +£?_2-_‘éf_l -FI‘;& Lr) (LY LYa (4-25A)

4 (4-25B)
0= o by 45 L 14T +4E o weres

We have then the boundary potentials required to yield the desired

situation.

b= G+ b, - B —‘—\—_\ ] : (4-26A)

= _Are G 4-26B
b 0ot 0y -AE L L] -2

The total current through the cross section is, from 4-23B and. 4-26A,

1= J?-ﬂf}rc!r -*rroﬂ,-r“d)} i ‘]—ﬂﬁ,ﬁ, T b-dor B84 (1+3E ,)H: (4-27)

He Y-

If the geometry and the potentials Ci)l and d)c are kept fixed, consider the
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problem of maximizing the current as <0 is varied. From é%%}=0 we
o
obtain the value of _fb leading to a maximum. With this value we find

(4-28)
where the negative sign refers to electron current. We may define a
perveance,72 and find
3/?.. G [ -—-&E—‘E !-L
L=t @u ] AEPALE SleN (4-29)

' |+

The maximum value of Plc occurs when the beam completely fills the space.
Then,

-6 (n *
- S -\ — -
P —7 —2LS.Mrl0 E nﬂ (4-30)
r -
As -—2-+go, p approaches the maximum value of -25.4 10 6, the maximum

r1 1lc

perveance for a Brillouin focused beam.73

Consider an electron within the
beam at radius Tg: We have, from 4-11A and 4-24B using the notation T, in

place of r, to avoid confusion

0

v = {e|3 - fbrh 1_ Pt _ _

r ,?_(:E"(‘a‘_rl - Er(ﬂ]_a&{ ng J‘r—3 =0 (4-31A)
Therefore {1 of 4-16, and indeed, all the coefficients of the power series
in § of 4-15 are identically zero. Thus, from 4-31

Y=Y + (O} E (4-31B)

The consequences of 4-31B are clear. An electron within the beam which has
no initial radial velocity will remain at its radius, T,, for all time.
However, an electron given a vanishingly small, but nonzero, radial

velocity will continue to move unrestricted through the beam at constant
radial velocity. We have postulated that a single electron is perturbed

and therefore we have taken E to be consistent with a full beam in equili-
brium. When the electron reaches the boundary of the beam it will cross into
the space-charge free region and then be under the influence of the fields
derived from logarithmic potentials, 4-25A or B. We have shown that the
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orbits are bounded there so that the electron will eventually return to

the beam, move through the beam to the other side, emerge, and repeat its
motion, provided there is no interception on the boundaries. This situation
describes stable motion in that the electron undergoes bounded motion.
However, it seems more reasonable to consider this a case of instability

in that a disturbed electron will emerge from the beam boundary no matter
how small the perturbation. The above condition obtains, no matter what the
current density, and therefore there is no critical value below which the
beam is stable in the sense discussed.

This instability, coupled with the inherent difficulty involved in pro-
ducing a beam with the necessary r'4 variation in_f , makes a choice of
this situation seem somewhat less than desirable. We have determined,
though, that this variation is necessary in order that all electrons be in
equilibrium so that any other will necessitate a departure from the ideal
situation, In any other situation, the electrons cannot follow helical
paths, but the stability situation may prove to be mno worse. Another
variation, such as £ independent of radius, will no doubt be far easier

to produce.

4.5 Potential Derived from Arbitrary Axially-Symmetric Space-Charge
Distribution

We begin by deriving the result for the limiting case, where r54>0, and
suppose that # is given in the form of a power series about the origin.

F= i}f‘nr"‘ (4-32)
Mm=0

Then, from Poisson's equation, 4-23A, we obtain two integrals, each time
interchanging74 the order of summation and integration within the open

interval of convergence. We find,

rm-l-z

=“€i—€n (m_‘_-n'l. +C°£Ihr+ C' (4-33)

For the annular beam shown in Fig. 4-1 we are given a power series sgbout
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some reference radius within the bean, T,

P= iam{r—n{l”‘ (4-34)
=0

From Poisson's equation, 4-23A, we perform the first integration by parts

interchanging the order of summation and integration as was done before to
obtain

=— é[Za (m::)‘(?n-\-ﬁ E‘Fén%%m"} o 9’“"+Kl-.|
-—'-é{i'(m_-\%%ﬁ‘{ﬁ- D o) [T-Y‘o Q| — i_( ORI }"'KOQ"”K]

msy

't‘?c&mr +by +im@-;-,§m.(‘“ S Zi n'“"‘ =R ﬁ‘;&)‘l‘t‘}] (4-35)

where the integral was evaluated by use of’°

° oo P—
j g = b CLS@.-\-M) '

We apply this formula repeatedly until we reduce the integral in 4-35
to one which may be evaluated easily, We find

| S(r-m’““ S mi-k

-R - A mtl "
(m+1n+1) v ar m{g(_o -r"“" (_r.i'.P_ﬂ—(—\\ X, H[f""oQMA}

In the limit as T, approaches zero

fim ¢ < - oo nr b1 + -(%"%:s-n"”“] (4-36)
m=0

(o—*0

which is of the same form as 4-33. It is also easily seen that 4-35
reduces to the result given in Sec. 4.6 if an=0 for n21.

4.6 The Beam of Constant Charge Density

We now consider the simplest case of 4-34, an=0 for n > 0. This condition,
of charge density which is independent of radius, would presumably be
relatively easy to produce with an actual electron gun. Furthermore, even

if P would have another variation, the results presented here would be
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a first approximation to the actual situation, found by truncating the
series of 4-34 and 4-35 after n=0. Such an electron beam may not be held
in equilibrium as was shown earlier, but assume that the changes in the
beam take place slowly with respect to the overall length of the electron
tube and thereby justify the assumption of a purely annular beam of con-
stant charge density. Let the charge density inside the beam of Fig. 4-1
be constant and be given by jb. The solution to Poisson's equation, 4-23A,
is easily found to be -

qb-:Cop».r +cl_§g_r?-, LEY &Y, (4-37)

The solutions to Laplace's equation in the two beam-free regions are taken
in the form of a constant plus logarithmic function. After satisfying the
boundary conditions at Tis Tue Ty and r, we find

b= +{u-bird Lo (um B E)S £ ¥ g | ieven (4-384)

1

A_h . -, +#z{£u‘($+9m"hi v (1-dm G )} i.h.. LPolrrn A Gt ceren: (4-38B)
§= b {_dh —dhy »G S ) (I ) .Po 0, Ip,,f Werel, (4-38C)
In G .

[d).. +.§zjﬂ,‘(l+lm MENER A nj—l L feven (4-390
ne

\)
Ep= - M.:ﬁib (%M-n A L+ , (wEVEYy (4-39B)

ﬁ 3)

E T ¢"" +%grb1'( H\p-”\ \n;;) r,}' Uy %1;)1 — _Po{\bz'] J_ rb£r£r1(4-39C)
r 7€ | T
£eo T (urer, (4-390)

¢ XMIE € r >

As'f%%zl-»o the radius of curvature becomes large and the system may be
approximated by a planar or sheet beam between two conducting planes. It
may be shown that the above solutions approach the planar results in the
limit,

In the case of a simple solid cylindrical beam it is easy to show by appli-
cation of Gauss's law at the beam surface that the electric field at the
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surface varies as r-l. The presence of an unbounded force in the limit

as r-»0 is sufficient to preclude the beam dimension becoming zero, or
equivalently, electrons crossing the axis of the beam in a symmetrical
manner. For a sheet beam, if we take a Gaussian surface in the beam whose
top and bottom faces are tangent to the beam boundaries, we find that the
electric field remains constant at the surface of the sheet beam even as
its thickness approaches zero. This condition is therefore physically
possible and we conclude that for the planar beam, electrons may cross
the axis of symmetry of the beam in a symmetrical way, producing a zero-
thickness beam. We therefore suspect that for the annular beam, with no
restrictions as to radius of curvature, the beam may attain zero thick-
ness, As this happens, the charge per unit length

Q= Th(R>-6™) (4-40)

remains finite and £ is assumed to remain uniform. In terms of Q

QY- o G LAY ']
E [N(K?;j'"‘— (!)"" ch. %&Lﬁé(?b W} FoGerer, (4-41)

It can be shown that in the limit as ;E-+1, Er at r_ and r, as given by 4-41
a
remains finite. The condition of a zero thickness beam is possible and it

will be used in later analyses.

We shall next determine, based upon various models, what current may be
passed through the system when # is taken independent of radius. We

ignore the fact that such a beam may not be in equilibrium for the following
analyses and consider other effects,

We begin by asking the question as to what conditions obtain when the electric
field becomes zero, It is easily seen that a zero of Er can occur only in

the beam region, From 4~5 for equilibrium, if E =0 then £=0, defining 2
limiting case, That is, current may be increased until the electric field just
becomes zero in the beam. This is the maximum current for this criterion.

We have, setting Er=0 in 4-41, the value of radius necessary, T, Thus,

(Y- I+-{[¢,_ Mme“{ N pm*“b ﬂ_}% WeGal  (amazn)
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E‘r:;l - aTe b, Q?‘L (ﬂ’ﬁ:ﬂ (4-428)

The right-hand side of 4-42B is p051t1ve noting that qb1?>¢2 for electrons.
Becuase Q is negative, we find that [ ] is & decreasing function of the
absolute value of Q. We conclude that as the current is increased in mag-
nitude, the beam will first experience a zero of electric field at the outer

beam boundary, Ty We find, by setting E ( ) 0 in 4-41, thelimiting value
of Q which is

Q - Yire Eﬁb\* z
o ™ lu e\ {] Cu* \ (4-43)
\ DM("\\ 7&‘1 oty
Ar\
where the subscript ®{ refers to the condition for zero electric field at
the outer beam boundary. If we substitute the value for Q from 4-43 into

4-38C using 4-40 we find that (b(rb)=(b2 as anticipated.

We next inquire into stability as discussed in Sec. 4.2, Three cases shall
be distinguished. The first to be considered will be the stability of a
single electron within the beam under the conditions that the remainder of
the beam remains in its undisturbed state, as was done in the case of the
beam of Sec, 4.4. We then will consider stability of the beam boundaries
themselves, taken one at a time. In this model all electrons move together
in their oscillations except those of the boundary not being considered.
The beam boundary oscillates, the spatial uﬁifbrmity of £ is maintained,
but Q is held constant so that f is a function of time. The three instabi-
lities yield conditions on Q similar to 4-43, First consider the stability
of a single electron. We use the solution for Er as given in 4-41 and apply
the criterion given in 4-17, The Taylor series for E_ will be similar to
that for an electron in a logarithmic field since if we compare 4-41 to
4-18B we find essentially only the addition of a linear term in r. There-
fore, the Taylor series will converge for this case as well. Application
of the above yields the following inequality, using the fact that Q<0:

[—-1 Lia {«re : +q[+ &\— C‘,\“ LH Lj:r%‘ (4-44)

All electrons whose radius satisfies 4-44 are stable. Note that-glﬁbe>0,
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and as |Q{ is increased from zero the right-hand side of 4-44 decreases
from infinity. The largest value of ]Q| which would allow all electrons to
be stable is therefore that which makes the limiting radius equal to the
outer boundary of the beam, T - The first electron to become unstable under
this model is an electron at radius Ty Under this condition we find the
bounds on Q necessary for single electron stability, recognizing that Q<0,
as

_ Wé[d)l"Cb:_, (4-45)
¥ TR RS T O Ry

Consider next the condition of the outer boundary, Ty moving as a whole.

For this case we may carry out the derivation leading to the stability
criterion and find that in this case the condition equivalent to 4-16
and 4-17 is

= E_"_(ﬁ_:) JEcCre) (4-46)
..(-)_.—" ’?_[_?7 Ty -+ W] >0

The difference is seen to be the evaluation of Er at the boundary, Ty and
then differentiation with respect to T, Physically, there is present the
additional effect of the compression and expansion of the entire beam and
therefore the value of E, at the boundary changes due to this process. We

E (nh {1‘\1‘& "dp'. + %’A;jg@t_ _Lﬂ%:j..{g—‘—\]—lj -lf_h (4-47)

In order to apply 4-46 we must show convergence of the Taylor series. Con-

have from 4-41, as r—1,,

sider first a term of form

Q’“((\D?’ - '2.519»1\‘('\:0 +9/-\[\'\‘%; l E

It will be sufficient to consider the function §££1:£1_. Now the power

1+C
series for both (1+z)™) and £n(l+z) converge'C for |g|<1l. If two series

are absolutely convergent77, then the product of the two series is also
absolutely convergent and its sum equals the product of the sums of the

two series. The products of terms may be arranged in any order. Therefore,
Ln(1+z)

Tap—» converges absolutely for |¢|<l. Finally, if a

the series for



132

function’® is defined by a power series with positive or infinite radius
of convergence, the coefficients of the power series are found from the
function by the formula an=£:-§-p-l which means that the power series is the

Taylor series, converging absolutely. Consider,

S 1 \
T = T g ) o

of the form of a product of terms of type (l-l-x)"1 which both certainly

converge within the smaller of the two radii of ;onvergence with respect

to § .That is, the first term converges for ‘"(1:—:‘\£~ 1 and the second

for I‘T(‘_S\ﬁ—,\ {1 so they both convzrge ofolr&\\ﬂiﬂr -r_ and therefore
(e I32) bo "a

so does their product. Following the preceding line of reasoning, we find

that the Taylor series for the term of form

In(0Y

T -0

converges absolutely within a nonzero radius of convergence. Thus, using
4-46 and 4-47 we find the necessary condition on Q

Q N QK - M[%}‘- HTE (d::" d’l-) "y
T~ b (4-51

The models involved in finding the limiting values Qx, Qp and Qy were pro-
79

posed by others’~ but the results presented there are incorrect. The

findings shown above are the corrected results, Consider next the case
where the perturbation takes place at the inner boundary of the beam, r_.
We have from 4-41, as Tr

T, ;Jr—_.} L (4-52)

O

T I b
Eelr) =— —222 @ “‘Q""‘;g‘t%“&y‘ o
1
We apply this time a formula similar to 4-46 except that E. is evaluated
at T, and the differentiation is carried out with respect to T Because
of the similarity of 4-52 and 4-47 we need not show convergence of its

Taylor series. The result is

Q.\/’QS: — '-IT‘F&[q}"d)'Jr -
T o
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From Q we find the current passing through the cross section and define
a perveance for this case.

= Q%=1 Q> (4-548)
1=9 (Cbu-Cba) O (4-54B)

We see that due to the difference in assumptions between this model and
the one in Sec. 4.4 the definitions of P are quite different. However,
we do notice that the current varies as the 3/2 power of potential in
the sense that a change in the potential scale is reflected in a change
in current given by the scale factor raised to the 3/2 power. This is

as expected since it is shown80 that when potential is changed and the
geometry remains fixed, the electron trajectories remain invariant, and
the current density varies as potential raised to the 3/2 power. We have
found four such perveances as defined in 4-54B, From 4-54A and the
various limits given in 4-43, 4-45, 4-51, and 4-53, we find the limits

P= = Lmer 7 (4-55A)
- — 2 ofra) - -
& = Jn( ) —%ﬂL———\—ﬂmf_l

m 4

h me
o= TG ST (4-558)
— 1-_. v, Ow/ra)? "
P S N o
O, = 1% vwe (4-55C)
¥ = Wity ] ( )
e == Tl -1 = I

pg 4'_‘%*& (4-55D)
= z -
A T e e

. where the indices ot ,3,Y and § refer respectively to the situations

where Er-»o at r, ; an electron at Ty becomes unstable; the outer boundary
becomes unstable; and finally , where the inner beam boundary loses
stability. We compare the values for perveance given in 4-55. The result
is that Pg has the smallest value, Py is larger than Fg, and both Py
and Pp are larger than Ps . The relationship between P« and Py depends
upon the particular geometry. The conclusion is that a single electron
in the outer beam boundary becomes unstable at a lower value of current
than that necessaxy for the other three effects to come into play. The
maximum perveance for this model is Pg » the minimum of the four values
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found,
K.‘O

Pran =
T R BT s

The value for perveance given in 4-56, as well as the other three values

presented in 4-55 for the other effects are to be taken as approximate
guidelines for limiting perveance in the system. They can be used to-
gether with experimental data for a particular geometry to determine
the probable causes of increases in percentage intercepted current as
the value of current through the system is raised.

4.7 The Nonzero Thickness Beam - Neglecting Space-Charge Effects

The preceding have dealt with some space-charge effects and will serve as
approximations to such effects when other forces are present. The actual
solution to the problem is exceedingly difficult since the trajectories

of the electrons depend upon the potential which depends, in turn, upon the
trajectories. In all the analyses to follow, forces due to space-charge

are neglected in comparison to the other forces present, These analyses

may be good approximations to the truth when space-charge density is
sufficiently low. In higher power beams, by superposing the independent re-
sults one may get a feeling for the total solution. Consider a beam of
electrons as shown in Fig. 4-1., We take the thickness of the beam, T, -T,s to
be not necessarily vanishingly small, so that we consider effects of the
thickness of the beam. We assume that all electrons originated from the
same cathode which is held at uniform potential, We neglect noise effects
and therefore all electrons have the same total energy, equal to that at
the cathode. This energy is only changed by the presence of rf energy but
under the influence of the static fields alone, this energy remains con-
stant, as given by Eq. 4-20. Using the definition of axial energy, Eq. 2-8A,
we find for the transverse energy

v = ym (e €76 = g e v =efp-bey] (a5

We assume that there exists a value of radius such that an electron placed
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there with no radial motion remains in equilibrium, that is, maintains a
helical orbit. We find from 4-10 the equilibrium condition

V) o Ele)

(4-58)

We use for the electric field in 4-58 the solution for the space-charge
free case, 4-18B. This yields a relationship between ’UgIrOJ and the dif-
T
. . . 2 .
ference of potentials Ebl and d)z, and the ratio ;1-, viz,,

Vo (63) = cijbr-%gz (4-59)

The right-hand~side of 4-59 is a constant independent of T, Therefore,

if we launch electrons, at different radii, all having values of tangential
velocity given by 4-59 with no radial velocity, they will be in equilibrium.
However, according to 4-57 the requirement that ’Uéz be independent of
radius implies that géz is radius dependent. Therefore, if all electrons
are given the same value of Us in order to satisfy 4-59 they must neces-
sarily have different longitudinal velocities. If however, they are all

to be synchronous with the same rf wave, they must all have the same value
of longitudinal velocity. The requirement of synchronization therefore im-
plies that 4-59 may not be satisfied by all electrons. It may be shown from
4-18A, 4-57 and 4-59 that there exists a single solution for equilibrium
radius r,, and from those equations we find the value of potential at the

0
inner boundary, determining the potential all over.

6= (g ra) < e v by

T R T N

Consider an electron released at radius r' with no radial velocity. The
angular momentum of the electron is conserved yielding the following
variation for its tangential velocity:

Ve () = ’Dg(rﬂ_\%‘_ (4-61)

We find from 4-57, 4-60B and 4-61 together with the condition that
#(r')=0 that
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As was previously shown, for a non-equilibrium state, there are two solu-
* » - »

tions for the turning points where r=0., We have specified one value as

r'. The second root, r" , satisfies 4-62" with #=0.

"‘_‘l‘-kq-: _er‘%l 3 = Lx QM{I"?"' .
R N T T R (4-63

¥
* The net force, given by *%'g'r may be shown to have, for the above con-
siderations, the sign of In[==]. Thus for r>x, the force is inward and
for r<r, it is outward. The force therefore acts to return the electron
to the equilibrium radius in both cases, a necessary condition for a stable
situation with two turning points.

+A physical 51gm.f1canc§ of the constant appear:.ng in 4-62 may be found
from the virial theorem = for an electron in the force field under
consideration.

'lzf - -QT\."_— = [m, E“?‘ “ ’é.'.'b ~ (o) Y (o) — ’8(_0\ ’3_(0)]

where the bars 1nd1ca1:e averages with respect to time over the time V.
For the smooth inner boundary case 2=2(0) so that

2|3 50 =y

We divide the kinetic enagy into its transverse and axial parts, namely,

LT =2Te + ﬂh%?"

so that

T =430 1R[]
The radial motion is periodic in time so that if “T" is made equal to a
period the term in the square brackets vanishes. Also, if " is made very
large, not necessarily equal to a multiple of the period, the term
approaches zero since, as was shown, the orbits are bounded. Thus,

—r J_—c)\l - '?25
t =ULFe’

Appl:l.catlon to the logarithmic potentlal y:.elds the result that 'ajpr is
a constant independent of time. In perticular,

—"f'_ 'zegmcb-

and the recurring constant is proportional to the time- averaged transverse
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Note that an electron released at r'' with r{r'')=0 will have r' as its

turning point so that the turning points occur in pairs, The problem is,
+ r - r L] 1] L] s
given 4~ to find i_—% The solution of 4-63 is equivalent to the solution

of
G(%ﬁ = G( 1) (4-644)
Gly) = —m (4-64B)

From 4-62 we find that the maximum velocity occurs at radius

=0y e W% Lv | (4-65)

T
Note that for Tp to be real, £n(;9)2> -1, oxr

Y
% Le™ - , (4-66)

Thus an electron may not violate 4-66, When i‘,—'=ﬁlﬁ,‘\l‘e found from 4-57 and
4-60B equals zero and the electron falls intouthe inner cylinder. For
:‘—')ve_!ﬁ, “Jg is imaginary. On the other hand there is no forbidden region
fgr the case when ¢ Tys SO that an electron may be released at vanishingly
small radius, subject of course to the physical limitation imposed by the
presence of the inner cylinder. Since the turning points occur in pairs

we infer that as r'—»0 the maximum value assumed by the other turning point
equals eliro. No matter how close to the axis the electron is released it
may never reach Qlﬁro. That Tp L Xy may be shown mathematically or by the
following physical argument. For non-equilibrium motion, when the electron
is at r, its value of Ve is less than that of an equilibrium electron,
by Eq. 4-57. Thus, the force due to the electric field is larger in magni-
tude than the centrifugal force and the net force is inwards, We conclude
that rp< Ty- The angular momentum of the electron injected at radius r'
with zero radial velocity is

kinetic energy of the electron. Since T, is the same for all electrons,
all electrons have the same average poténtial as well.
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IQ____\]enn(da,éch‘)_J \+Qm(f§, T (4-67)

All electrons have. different values of £, which is conserved, and have the
same value of energy. We find from 4-62

SR SR QLS SR M.y 1}(@.1
= In L NOR O A

G —a, A (4-68)

= [lfa(E-‘]) Bl !\,s..]z)j)@r) e

so that the only allowable solutions are for q([%]i)&ﬁ([%]‘) . G(y)} has
the values 0 and 1 at y=0 and 1 respectively, approaches infinity as y

approaches infinity and has a pole at e'l. G(y) is shown in Fig. 4-2a.
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We find the following properties of the concomitant values of y given the
range of G:

Table 4-1 Roots of G(y)}=Constant

Range of G Roots
G>1 Two real roots; e'1<y1<1 and y,>1
G=1 One real root; y=1
0<G<1 No real roots
G=0 One real root; y=0
G<0 One real root; 0<y<e-1

It was shown that two turning points accompany non-equilibrium motion. From
Table 4-1, the only case yielding two roots is for G>» 1, the equilibrium
case being the limiting one as G—>1. The region of relevancy is seen to

be G(y)> 1 which is shown in Fig. 4-2b.

The problem is to find the second root given one of them. If it were
possible to invert Equation 4-64B, that is, to find y(G), then the pro-
blem would be solved. If we designate the two roots by yx and yg then
the inversion formula would allow us*to write yg [G(ya)]. Attempts to in-
vert G(y) proved to be unsuccessful. Denote the smaller root by Y1 and

* We do note, however, that inversion is possible for G'(y). We find
easily from 4-64B that

[9,,,.;]7'-\-[’2.—-&7@—].%% +1 =0

This quadratic equation in £n y is solved for its two roots and we find
for y
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the larger by Yo viz., e'¥1y1<1 and Y§>1' Expansion of G(yl)nG(yz)
about y1=y2=1 and truncation of the series at the quadratic terms yields,
for Yy and Yy, near unity,

.%1""' = i("ﬁ\“") (4-65A)

From the definitions of the range of Yy and Yoo we see that the negative
sign is appropriate and we find that for small perturbations about unity
the roots are symmetrically disposed.

gf:da. [‘tz"ﬂ ~ \"%; (4-69B)

Consider the product of the roots, Yi¥pe In the equilibrium limiq,yl=y2=1,
we have y1y2=1. We show that this is the only instance for this to occur.
If y1y2=1 we have from G(le=G(y2) that

—‘};ﬁ .31- (4-70A)
h i+

With y12==l-é‘, we require, expanding the logarithmic terms,82
Lt " ¢d
= ..O ~14€0¢\ (4-70B)

AEg

Since e'%<y12<1, we have 0<L?<1-e"%(1, so the series converges. Because
§is positive, and because for the range n=3 the coefficients of the
series in 4-70B are positive, the function described by 4-70B is mono-
tonically increasing for the range of § of interest. Therefore, in that
range the only solution for 4-70B is the trivial case, & =0, Thus, y1y2=1
if and only if y1=y2=1.1t is easily shown that

L g} =0 (4-71)
Y>re

e

There are real solutions for y when the expression appearing under the
radical sign is nonnegative, This is equivalent to

—o00 LGWL
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Since, as Yy varies from 1 to e—l, YiYs varies from 1 to ©2 and never
equals one for ¥4 1 we have that

Y\Y2| (4-72A)

e (4-728)

with equality occurring only for the case of equilibrium motion. In addi-
. »
tion it may be shown, as an extension of 4-69B that

V=Y, & Yot (4-73)

* To maintain the equality G(y1)=G(y2) , we must have
%‘il - G'lu)
47 Gy

,Oz'wn W . oo

and it is easily seen that

q - dY,
Lo e )
We have, G s [A _\
P _ o) = M
3:33 T G'(42)

It can be shown that G'(y,) is zero for y,=1 and 0O but on the open inter-
val which corresponds to e"1<)r1<1, it haS no zeros. In oxrder for 3-@5:
to be zero we require '

aa) -] - 6" [

which can be shown to be equivalent to

lejt +leﬂ-;, = th[‘dl‘ﬂm] =Qm‘vj,ﬂmg'z.

We have, from 4-72A, and the ranges of Y1 and Yy that
In(wy) >0 | e ¢y <
Inu, Lo ey
L’\qh.>0 , Y >l

1,
We have shown that il_g%: has no zero on the open interval and so we con-
clude '
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It is possible to solve for a root in terms of the ratio of the roots.
We find from G(y1)=G(y2) that

Yo_aebny |+ i’f‘i (4-74)
4o \"'D::\Lj'z. \ + Enye
Solving for the roots,

_ [T | i
Y= €™ Pt - o IR e+

(4-75A)

. Y/
A[3TEDTT L o] -
Y= e \[\5,‘] i =p [.L{'J Epy (4-758)

It is noted that no specification was made as to which of the two roots

is the larger and therefore we may apply Eqs. 4-75 without regard to this.

—-Oo<§j-‘<"\) 6-14%\ A\

and varies monotonically. Now,

‘5:4 )
\61_‘ :S ;-?il: dg\ = —L —-‘il"- ég,
| '

and since d4. varies monotonically we may bound the integral as follows:
Y

=4y Y=t &~ fﬁﬂ\ﬁ(\-—g)

¥ From the 1limits Q; lg?lti' =e
Tl
Jinn\_fcg‘:i =00
30

Ly 055 =

We obtain from Eqs. 4-75
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We now derive an approximation for the relationship between the two roots,
We allow a root, yx, to take on the values between e'1 and infinity, and
we seek the value of the other root, yp. We make some simple observations
sbout the solution. The curve y, (y<) must pass through the point (1,1)
which corresponds to the equilibrium point and must possess symmetry about
the line yg an since the designation of a root as y« 1s arbitrary and in
reality a single pair of roots Yy and Yy gives-iise to twglpoints. The
curve must be asymptotic to the two lines ) =e = and y, ®e = since, as was
shown earlier, as either root approaches infinity, the other approaches
e'l. The above considerations, in conjunction with the monotonic nature
of the derivative gﬁ, as found above, suggest that we may approximate
the function yg (y.) by a hyperbola. A hyperbola which passes through*the
point (1,1) and which has the proper asymptotic behavior is given by

(4-76A)
[ya-ele-e] =i~ e*

where we take the branch of the hypérbola such that y.> e'l and yg > e'l.

Thus,
—a-i*
Yee™ + %ﬁ—e&‘;‘ (4-76B)

The results of a numerical solution of G(y«)=G(ys) are shown for the
region around the equilibrium point in Fig. 4-3a and for a broad range

in Fig. 4-3b, where the results are shown on logarithmic scales. The
approximate solution, 4-76,is shown in both cases. We see that the appro-
ximation found is a rather good one for the range of values indicated.

We next address ourselves to the following problem: An electron beam is

* We may show from Eqs. 4-75 that

[Yse ~Ul%e-1] %J% _MB%%T “‘% '.-::.&:_.-

the approximation holding for ;—;le.
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Fig. 4-3 a) Yg versus y and approximation
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launched, as in Fig. 4-1, confined to the annulus r_¢ r<x,. The initial
conditions on each electron crossing the entrance plane are such that
there is no radial velocity so the energy of each electron is confined,
initially, to rotation and pure translation. We ignore space-charge
forces and since, as it was shown earlier, there is a single equilibrium
radius, all electrons whose initial radius differs from this value will
oscillate about radius rye The question to be posed is to choose T, such
that the orbits of all electrons will remain within the bounds T4 TET,.
If this is possible we will have a situation in which even though most
electrons will execute oscillatory motion, the net locus of paths will
maintain the initial beam thickness, T T, . We immediately recognize that
R R We specify Yy and Yy according to the range indicated in
Table 4-1 and use a single prime to denote an initial value and a double
prime to denote a corresponding turning peint. Thus,

(%) =) =y

2 2 Y (4-77B)
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( } ( =Yra (4-77C)
%315 Yoo (4-77D)

The physical requirements we impose are that

o 20l (4-78A)
N2 (4-78B)

We have,
(\%5 & Yol Yoy é(%)l (4-794)

Gluw) =Gl = GLE]) (4-79B)

GE =604 =GLF) (4-790)

In the limiting case of small beam thickness we have for the approximate
requirement using the approximation 4-69B

(%) ) <1-{R) < ()" (4-80A)

Toj2, 1Xg 2 .
We see from 4-80A that 15 s must be £2 and 2 2 so that equality
is the only possibility agd we find

1. n.l 1
o =?_"——-”-—y-f d (4-80B)

If in 4-80B we let T T, be small and use leading terms of the geometric
and binomial expansions we find that

Vo 4 vty (4-81)

The significance of 4-81 is clear. For small oscillations we have from
4-16 with £L>0 that the waveform is sinusoidal and therefore the extrema
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of radial motion are equally distributed about equilibrium.

In the nonlimiting situation, we focus our attention upon Eqs. 4-79.
- r

Since e 1< [fg]2< 1 and since in this range the function G is mono-

tonically decreasing,we find from the left-hand inequality of 4-79A

G( %Dl > g% (4-824)

T
Similarly, since (fﬂ)2>-1 and since in this range G is monotonically in-
a
creasing we have from the right-hand inequality of 4-79A

G 2 6% ca-s20)

In order for both 4-82A and B to be true we must have equality and there-
fore the condition to be fulfilled is simply

G(LR) = q(=D) oo
so that (;g)z and (;g)2 form a pair of roots of the function G, the physi-
cal signifgcance beigg that one is the turning point of the other and they
are, in essence, the same trajectory.* We recognize from 4-83 that the ratio
of the roots is [;%]2, or its reciprocal, which is a constant and which is
a given of the problem, This situation was earlier solved, the results for-
mulated in Eqs. 4-75. Thus,

| I; O
o=Ya E’.'%'{‘%ﬂ@“_’ =% e‘i[‘:ﬁ]@%@‘—

=\a e‘[%]“gty‘lg‘— =y et [%@_:T:I_ (4-84)

* It is easily demonstrated that the solution 4-83 always exists. As r

is varied from r_ to r,, the left-hand side of 4-83 varies continuously
from 1 to G([%¥]9)> |. ~For the same variation in r, the right-hand side
varies continuously from G([%{P‘)l to 1. The two continuous functions must
therefore intersect in the range T, {TpLT, to form a solution.
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We have therefore found the solution to the problem: given r, and .,

to find the proper value of T, such that the resultant beam motion is
confined to the original bounds.

4,8 The Period of Oscillation

We now consider the period of oscillation of an electron about the equili-
brium radius. We consider the electron to be an equilibrium electron in that
it satisfies the equilibrium condition, and its oscillatory motion is due
to perturbations in radial velocity caused by noise or by radial forces due
to the actual nonuniformity of the inner boundary. In the idealization of

a zero thickness beam which will be used in the latter part of this chap-
ter, these oscillations represent the 'natural" perturbed motion. When

the corrugated inner boundary is considered along with its periodic fields
it will be seen that the relation of the '"natural period” of the electron
in the smooth boundary case to the period of the corrugation is important
in determining the stability of the motion. We inquire into the variation
of the period of oscillation as the deviation from equilibrium is in-
creased. This will involve solving, approximately, a nonlinear differential

equation. Perturbation of a variation of 4-5 about radius r, for an

0
equilibrium electron, yields, with EEr-rO,
$ 4L L( £V _(+E£YF]=0 (4-85A)
T\, Uy -

We expand both terms appearing within the brackets by the binomial expansion,
converging83 for —1<;$—<1, and retain up to linear terms. We have

S+ 2;%;%:;6‘:50 (4-85B)

The solution of 4-85B in texrms of circular functions is for small oscilla-

tions and the period accompanying these linear oscillations is

To =2 B (4-86)

From 4-3 we have

dt T e 2%‘5 (4-87A)
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so that from 4-85B we have

& 2 &S]l @]H
dov Vo (1+%) gl * 25“1 %l =0 (4-87B)
Retaining only the linear terms of 4-87B we have

) ~

T +28~0 (4-870)
§ is periodic in © with period {27 and the angular spacing between ad-
jacent turning points, or between adjacent crossings of the equilibrium

radius, is

~ 127°

3=

AS =

Notd that since ¥2' is an irrational number the orbit viewed in cross
section is not closed, in that m cycles will not bring the electron back
to the same value of © . As the oscillations become larger, however,
we expect the period to change. Since we may always find a rational num-
ber as close as we wish to an irrational, there exists a vanishingly
small perturbation for which we have a closed orbit., The square of angu-
lar velocity consistent with the equilibrium electron is, using 4-3,

L
» 2

We normalize ¢ with respect to r, so that

=9
Fa._.: % {4-89A)
Uising 4-88 and 4-89 we arrive at the differential equation
n \ 3+2
B+ ay (Eéjl___l )2 =0 (4-89B)

We note from 4-89B that the force is zero at the equilibrium point,

B =0, so that the maximum radial velocity occurs there, in contrast with
the results of Sec, 4.7, Eq. 4-65, This is due to the differences in
assumptions for the two situations. The force approaches infinity as

the radius approaches zero as is evident from S-—>-1. We see, therefore,
that as the depth of perturbation is increased, the reversal of direction
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at the smaller turning point should take place more and more rapidly.

On the other hand, we note that for large radius, as A2 approaches
infinity, the force approaches zero. From this we infer that at the larger
turning point, the reversal of direction will take place more and more
slowly. The conclusion is that the period approaches infinity as the
depth of perturbation increases. Note that r-ocis possible in this case
but not possible for the assumptions of Sec. 4.7. Observe also from the
above that the time average of the trajectory is a function of initial
condition and in particular increases from the equilibrium value as the
depth of perturbation increases, We normalize the differential equation
4-89B by setting

. 4-90A
eo'?_ _____l ( )

which is equivalent to a time scaling

T=é,t (4-90B)

in which case the small perturbation period becomes {2'% from 4-86,

The differential equation 4-89B subject to 4-90A is solved numerically by
computer using the Hamming's modified predictor-corrector method.2* As an
artifice we use an initial displacement, fB(O)EpO where ﬁ(0)=0 yielding

the solutions as functions of off-equilibrium displacement. Some of these
solutions are presented in Fig. 4-4 for fBo on both sides of equilibrium.

A single cycle of oscillation is presented for each solution and the curves
are normalized with respect to FBO' Note that for large perturbation the
direction reversal for the smaller turning point takes place rapidly, where-
as the reversal at the other turning point takes place slowly. For these
cases, the electron spends most of the time at radius values larger than

the equilibrium radius. From numerical results such as these we find the
dependence of the period upon ﬁ() The departure of the period from the
value Jthls shown in Fig. 4 5. The region ﬁ0<:0 is emphasized in Fig. 4-5b.
Note the linear dependence in Fig. 4-5a for 530>>0 We next obtain appro-

* Since the electron spends most of its time at large values of 8 for the
large fB case we write an approximate differential equation for most of the
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ximate solutions to the differential equation, 4-89B. Carrying the appro-

ximation of 4-89B to quadratic terms we obtain the approximate nonlinear
differential equation

('3' +287R SO =0 (4-51)

Since @ -a.E,e, , we obtain the first integral which satisfies the initial
conditions p(()) [30 and fQ(O) =0. We find,

B =T G i(per- ) -5 (p—pD) (4-928)

Since £ (0)= (80 we have 6
dy
| -
—t = "_'_Wé-o g ‘J<F°1._‘31.)__§(P°3 __\gg) (4-923)

Now, an integral of the form

£

can be written in terms of an elliptic inte:gral85

of the first kind when
P is a cubic polynomial. The reduction of the integral depends upon whether
the roots of P are all real or whether P has only one real root. We must,
therefore, find the roots of the cubic polynomial in ¥ appearing in 4-92B.
Observe that (30 must be a root of the polynomial. We proceed to remove the

eriod when 8 is large. From 4-89B, 4 + & ~ ¢, from which we find
p first 1ntegﬁra1 ’ p —@1 !

5=~ 87 Inp + &b =57 Il
since for{c’a ‘60, P =0. Thus,

&, 7oy

Since most of the time is spent for g=xf,>>0 We approximate the period as

wep( dt e (" s g
T ’( (_%_) _5'°SP°_‘(:?5_F° 1._|' 2,

a linear variation. The linear portion of Fig. 4-5a is parallel to this
result with o,=1.
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Pig. 4-4 Numerical Solutions of Eq. 4-89B, 0y =1
a) Bo>0
b} Bp<0

151



152

zyfk?hd Z&wpe“Md
at 224

207 o+

181 (=3

et ot

ol ol

1zT 12

1ot ot

8T at

ot ot

41 - —dTw 4+ ="— JZ T
it 24

! L s d S S R I+, o2 o4 ci.o 88 1o 12 T :i.q, I?B 20 22 L4

1

(a) (b) RN

Fig. 4-5 Period Found from Numerical Results, 8 22

a) Period as a Function of 1+8p
b) Period as a Function of 1

1+8¢p

0

factor 3-730 and find the three roots of P are

g, (e ) s el -

By considering the dependence of the term Fi%f upon ﬁo we find for the
3

L

character of the roots:

-D<Bg<-é: One real and two complex conjugate roots

—éSBDSS : Three real roots

5
§<Bo<w : One real and two complex conjugate roots

We expect the solution to be most valid for ;30 near zero $o we restrict
ourselves, at least,to the case for three real roots. Note that the roots
are the values of P for which ﬁ is zero, from 4-92A, so therefore they
have the significance of turning points of the orbit. We have shown that

the turning points occur in pairs so that the situation for which only one
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real root is obtained is not a valid one, occurring for ﬁo too far from
zero for whlch the model breaks down, For B near zero We obtain three
real roots yielding one too many turning points. Obviously the appro-
ximation made has introduced an additional nonphysical solution. According
to the initial assumption about Bo? it itself is one of the turning points.
The extraneous root is one of the roots of the quadratic term, Note that
for small PO

fa-{(’% —{&h[l +\ﬂ?@; H ~ % (4-544)
s

We demand that the solution for small P 0’ approach the result for the
linear oscillations where the turning points are symmetric. Thus, 4-94A
represents the extraneous root for suff1c1ently small FO Further, note
from 4-91 that P—O for =0 and [3--. Thus, there are two equilibrium
points possible for this model which, of course, is in contrast with the
physical situation where only P=0 qualifies as an equilibrium point.
Furthermore, examining F we see that

/'3->0 for (34.0
,b',(o for O
Fﬂv&: for ﬁ:> %i

so that the motion is bounded for the first two regions and unbounded for
the third. We therefore must impose the further restriction that ﬁ%o be
less than 2/5. For f30=- the physical root, given by 4-94B, yields the value
-1/5 for the other turning point, Thus fgo is restricted between -1/5 and
its corresponding turning point,2/5. In Fig, 4-6 we contrast the turning
points as found from 4-94B, the result from the linear approximation, and
the results from the numerical solution of the differential equation. We
note that the approximation 4-94B yields a rather good improvement over the
linear approximation and that the numerically derived results lie between
the approximations.

In order to cast 4-92B into a standard form, the roots must be ordered,
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We find for the previous restrictions on /80 that

e R S (TR [ RS

s

(4-95A)

ﬁ'o<%&(%-ﬁo3\]‘{“?§"%§,‘ } ﬂ P)[“" \l‘ “Fl%r ]} ,  P<O (4-95B)

We proceed to identify 4-92B as one of two standard forms in accordance
with whether '80 is greater than or less than zero. The solutions have
separated naturally into two parts depending upon whether the electron is
initially above or below the equilibrium radius. Having cast the solution
4-92B into the two forms we find for Bo> 0

-5~ 060
v, o femiGopa|i- ‘\h‘"l!g&:‘!ﬁ]

my = ]l‘l.h’\ OL-.\. = 7 (%'Fo)l'q\— 12: - (4-96B)
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o, - 13- fﬂ[* ]‘g}{ J"""'ml -\-E -
fo-t(G-pN\- {12, “‘}ill(s A = |~ %M (4-96C)

t=% l‘gg‘; F({ﬂ\"(g = '.‘.‘.‘Jgg—J'.F(?-t-‘M-F) (4-96D)

and for po<0

A= -‘fs_\l %.(%-Phh‘ﬂj‘ - ]‘P°l (4-97A)

- At T = "'f—(}%'@" Ho—a'*s—] P’
m_ A'U\'\CL._ 3;_(_};-"?"")[_'{" '+ o ]‘ [-_Y, (4-97B)

N BoPe

\e-—- = Lin
5(%- F")[\‘m ]"F (4-97C)

{= tﬂ?p‘;—_ F(\?_\K—S =% 3 2 F(‘f_\ﬁ'\) (4-97D)

where F(¥\«) and F(¢|m) are identified as the elliptic integral of first
kind of amplitude ¥ and modular angled or parameter m. The stroke in the
argument of F indicates which is meant. We note that we have obtained a
solution which is presented in an inverse way, that is, it is given in the
form t(f ,@0). There is also an apparent ambiguity in the sign of t ob-
tained by the solutions, yielding values of t for time increasing and de-
creasing. That they are equal in magnitude is obvious from the fact that

/3 o Tepresents a turning point of a symmetric orbit. The values of £ intro-
duced into the solutions must lie between ﬁo and the other turning point,
4-94B,

In order to find the period we take for ﬁ: the value of the turning point
as given by 4-94B, The value obtained from 4-96D or 4-97D will be half the
period since it represents the time between consecutive turning points.
Using the value of /-’- given by 4-94B, we find that both ¥+ and. ¥- take
on the value /2 if we take for the range of ‘¢, 0<'¢ € q{ The elliptic
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integrals become complete elliptic integrals of the first kind since

FIEN) = F(Z|mm) = K ()

We find for the period, in both cases

ﬂll '
1= 1 K( *‘) Z>p.>o0 (4-98A)

:%-K(M-) 5 ~ ¢4 P40 (4-98B)
The pair of formulas given in 4-98 give the period if one is given fBO,

the choice depending upon the sign of f30' We realize, however, that either
formulation may be used in either case since 4-94B provides us with the
other turning point, of opposite sign, which may be used with the com-
panion formula to find the period. As p(f%O we have from 4-96 and 4-97

that both m and m_approach zero. In the same limit both A_and A\ _ ap-

proach 3 g so that, from 4-98
r’ «Y“ffr
LomT =2 L"“ K} = (4-99A)
Q-bO
... 86
since

3
K (i) = %[\*(‘%ﬁlm ) m +(2 T :,) m *"Z[,'“““\ (4-99B)
matching the period of the linear differential equation,

In Fig, 4-7 the period as found by Eqs. 4-98 is compared with the linear
approximation and with the results obtained by the numerical solution of
the differential equation, 4-89B. It is noted that

. iz % -
- \1'¥<(nn:) =‘wa1 _%%;.¥<(Nﬁ;) = Qo

J%o-.' ‘L k.— 0 -"'
Por — L [;;:_q

since m —»m_—>1 in the respective limits. These conditions are consistent
with the earlier discussion dealing with the bounds of ﬁ}o. As the condi-
tion for escape is approached the electron requires more and more time

to return to its initial value. Again, escape is not physically possible
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Fig. 4-7 Period as Found by Elliptic Integral, ngerical Solution, and
Linear Approximation; 8¢" =1

as was shown in earlier analyses, and we see a breakdown of the model. We
observe in Fig. 4-7, as in Fig. 4-64that the numerical solution lies be-
tween the linear approximation and the result in terms of the elliptic
integral. The elliptic integral results for the period mirror the shape
of the numerical results but diverge from the latter as |ﬁo\ increases.
The elliptic integral results are due to retention of linear and square
terms in the expansion of the force texrm of the differential equation,
4-89B. Expansion of the differential equation for small enough\F\, yields

o0
irorfips S @l G i o

m=j

Note that all odd powers oifP have positive coefficients and all even
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powers have negative coefficients. If we were to find a solution to the
differential equation obtained by retaining up to the third power in(S ’
it is suspected that the period found would be smaller than the elliptic
integral period. This is because the cubic term supplies a symmetric
restoring force which increases with the magnitude of the displacement

as in the case of the hard spring oscillator.87 In such an oscillator

the period is known to decrease as the "hardness" is increased.

We obtain an approximation for the dependence of the period upon initial
condition by use of the principle of harmonic balance88 as applied to
the differential equation, 4-89B, since for the physical case the solution
is known to be oscillatory. We take for the approximate solution a purely
sinusoidal term ‘

B=po eba.wT (4-101)

and use this approximate solution in 4-89B, so that

- w‘-&‘;‘, wawt +§f’7_27: (_H- Coa,?.lu‘f:] +:{'-, Pos[}mdt + a3 wtj

y
+-Es; [EM.‘%UJ*S ot +3]t T O] [&—mwﬂlﬁomwfv‘fi— =0 (4-102)

According to the principle, we require that only the terms in coswt
satisfy exactly the equation, This leads to

T-5 ~ r““" |+ qF’ (4-103)

The approximate period as found from 4-103 is compared with the numerical

solution result in Fig. 4-8. The approximate period is seen to be quite a

good approximation relative to the results found by elliptic integral. The
approximation is symmetrical in ﬁo while the numerical solution is asym-

metrical. The approximation is seen to be closer for ﬁ30> g,

We make an observation concerning the stability of the system. The system,
oscillating, follows a closed path in the phase or ﬁa’?, » plane, If it is
disturbed slightly the system will follow a different closed path close
to the original one. As the disturbance is made vanishingly small, the
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paths come vanishingly close together. In this sense the system is stable.
However, we showed that the periods of the two oscillations will be slightly
different for a small but nonzero disturbance. The system point therefore
travels around the phase plane trajectories at slightly different rates.
The system points will therefore become far apart as time increases in-
definitely no matter how small the perturbation. In this sense the system

is not stable due to the '"'slip' between the trajectories,.
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Fig. 4-8 Analysis by Priniciple of Harmonic Balance, éo =1

=

Part Two--Corrugated Inner Boundary

4.9 The Differential Equation

In considering the motion of electrons under the influence of the spatially
periodic static fields we make the simplifying assumptions that the elec-
trons do not interact with each other and that the electron beam is of
vanishingly small thickness. The problem is therefore equivalent to consid-
ering the motion of a single electron in these fields. We assume that the
beam is confined to region I of Fig. 2-1. For the rectangular geometry we
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found, as in Eq. 3-65A, that the potential in this region may be written as
a constant plus linear term plus a function whose average value is zero
over the period. With this in mind we may divide the potential in region I
in the nonuniform cylindrical geometry into two parts. The first part con-
sists of the solution to Laplace's equation if the inner boundary were
smooth and the second part contains the effect of the corrugations. That is,

(ﬁ(r,})E Cot Gy dmr + a;(r,%) (4-104)

We expand EE{r,z) in a Taylor series about the radius Ty which holds
for neighborhoods excluding boundary points. This radius is the equiva-
lent of the equilibrium radius which we dealt with in Part One of this
chapter, The beam is injected at this value of radius and if the motion

*
is stable the electrons will execute small motions about it. We have,

B SRS T o0

Ly - Z___OQ'“;SW"‘

(4-105B)
28
e (P = i (4-105C)

We have from 4-5 using 4-104 and 4-105B
2* . n
> - c
A i3 T ,?. ['-\F" + ;Q‘“H (%)_in_!-] (4-106)

Observe from 4-106 that for T=r, We may balance the centrifugal and uni-
form electric forces as was done in Part One of this chapter but there will
still be a force proportional to Qltz). Obviously T, cannot represent an
equilibrium radius in the sense that there exists a set of conditions
leading to rar, for all z. Ql(z), as well as all the Qn(z), has zero

average value so that in consonance with the development in Part One, we

* The order of summation and differentiation may be interchanged because
is the real or imaginary part of an analytic function, whose derivatives
of all orders are analytic functions89 with unique power series.
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demand

2
_ e (4-107)
MECed o

- We expand 4-106, subject to 4-107, about rar, and retain only up to linear
terms in £ . In terms of ééo defined in 4-88 we have

- . (4-108)
£ +28rr =3B+ Q]

We view the left-hand side of 4-108 as the natural system without the
presence of the periodic potential. The right-hand side gives the effects

of that perturbation. We express the longitudinal velocity of the elec-

tron as a constant plus a varying quantity, viz.,

(4-109)

’B.E‘\JO% +'\)'a
From 4.6, 4-105C and 4-109, to first order,
v -
o -1 Qe +alps] (4-110
In the differential equation for f , 4-108, we change the independent
variable from time to axial position. Toward this end we have
dﬁ’[ ~] (4-1114)
- == -
33 00 Yy
P =48 ] + é_. } 4-111B
['nmz,w3 7 I ( )

We find from 4-108, 4-110, and 4-111B with retention of first order terms

’;L éﬁ,g ¥ 'ﬁq" ("9 Ele ’iQ—L(},\]f’ =9 Q=) (4-112)

recognized as a nonhomogeneous linear differential equation with perioedic
coefficients. It is easily seen that in the absence of the nonuniform boun-
dary the solution of 4-112 reduces to the "natural' oscillations of the
linear differential equation discussed in Sec. 4.8. Defining the
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"wavelength' of these natural oscillations of the electron in the loga-
rithmic potential as

A= -ﬂ’ﬂ"% (4-113A)

we have

dte W\
_5'614'11"1-@"(1")“ [ = %;%1Q1(}ﬂﬁ ;t-; Q.(z) (4-113B)

We change the dependent variable in order to produce a differential

equation which has no first derivative term.90 Let

13000 ety Q®

T=rEe (4-114A)
The differential equation for ¥ is then found to be
R (AR N R S
= 2.QGek (4-1148)

Observe that since Qo(z) is periodic so will be the function

6{%&@

which transforms £ into T and modifies the forcing function of the
differential equation. We conclude that £ and § are together both
bounded or unbounded functions of z. In considering the stability of
P it is sufficient to examine the stability of v .

The physical period of the structure equals L but it is convenient to
change the independent variable such that the period becomes T . This is
motivated by the twofold reason that Laplace's equation was solved in
Chap. 3 for a base period equal to W as a natural consequence of the
mapping used; and because the most studied periodic differential equa-
tion, Mathieu's equation, has a period equal to T . Therefore, we define

R=T% (4-115A)
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3

4i==

For large radius of curvature the coefficients appearing in the differ-

P N (4-115B)

ential equation will be derived from the solution of the Laplace equation
in the rectangular approximation of Chap. 3. That solution may be ex-
panded about Y=Yy where Yo is the rectangular equivalent of Ty» and
Y=¥q is the 4 of Eq. 4-115B. The form of the expansion is noted from
3~65A and is the equivalent of 4-104 and 4-105A. Thus,

\P(ﬁ, ) = 0+bg *Z%@ (4-116)

where the fn(g) have zero average value over the period, . The poten-
tial will be normalized with respect to the constant b of 4-116, which

can be related to the constant N of Eq. 4-104. If we expand91 the loga-

rithmic term of 4-104 about T, we have, in terms of Q_

Al
Chr - JETEYT ) IsHe Bhe e

For small 4 we truncate the series at the linear term and comparison of
4-116 and 4-117 yields

b=k =—or %k ’P;Lz‘ (4-118)
-]

using 4-107, 4-88 and 4-113A. In addition, we have from 4-116 that

£(9) = Plo,9) - o (4-119A)

£.()=%% 3'1"‘ (0,9 (4-119B)

so that

Q:l("ﬁ = -3\3-,_ (03\3\ == al?-. (Oal‘b = ""c (\3)

(4-119C)

since 'P satisfies Laplace's equation in 4 and Y . Normalizingeo with respect
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to T4 viz.,
= &£
= Yo (4-120)

and using 4-115, 4-118, 4-119C, 4-120 and 4-114 we arrive at the differen-
tiated equation

-y . el ey
R MO ey e S - S0 TR
: o (2L £l
P08 eqf['&] B (4~121B)

Observe that 4-121 obeys the general characteristics of a trajectory in astatic
electric field in that the path is independent of the charge and mass, mag-
nitude of the field, absolute dimensions and direction of travel. Consider

the exponential function which appears in the transformation equation re-
lating £ to § , viz.,

{ 2L -%L‘%)

e

A similar function appears in the forcing function of the differential
equation, 4-121A, with a negative exponent, Referring to 3-65A we see

that we may write £§§9 as
Lol &=
v o ;a”‘o" -2 (4-1224)
]
Therefore
TR ‘).L""-\:a(‘!\ %—' A Carar ™3
e CER ﬁe_-% e (4-122B)
M=y
92

* A sufficient condition for the infinite product to converge is that

Me)

converges, which it does.



165

Now, from the generating function series for the modified Bessel function
of the first kind >

e’ame = '_[0(}) 7 Z]‘_k(@ wo ke
R=y

we have the Fourier series decomposition

e’

Since

1m Aoy (3) 20
i -ﬂ-{l G- R + QZI (0.5 els L]L)c.n?_mhtg} (4-123A)

94

Loy (43"
L) = G i Ry M(v+k+1)

R=0
we have for the negative exponential

i T -
C]Ef& eSS .;_ﬂ_{lo(am ‘%‘:Tﬁ’a”)+1Z(—t\hIk(am‘ﬁ%[z‘i?)m‘m} (4-1238)
R=1

m=)

Far from the circuit the first term of 4-122A will suffice to represent

E%;Q . In this case we take

G 1-41.,(‘0
o1t AN T (s e « Z-ZI'«(O*II e(5])caarky  (4-1248)

g 7-;0('6 1\- 2

The constant of normalization b is found from the solution of Laplace's
equation of Chap. 3. Comparing 4-116 to the value shown in Fig. 3-18 we
have

b=- I I[mmﬂ (4-125A)

Therefore the function from which the varying coefficients are derived, is,
from 3-34,
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TN '\H PRSP oA Y

2 - D, o s a0t D) [ pietg vnindn (o) ]
b Aok WL, ) e d T, [\ =N W ] &J.‘EL‘T (4-125B)

The homogeneous differential equation is obtained from 4-121A by setting

the forcing function equal to zero, The varying coefficients for this

equation may be obtained, for a given value of Yo» from 4-1258, Thus,

SN
5 =% 'aaaz( 0,9 (4-126A)
5 oa 'a\p Tt e 2
where in 4-126B the term has been separated into its average and varying

parts., For the geometry él—~1 and L2

——=3.08, we compare the functions of
interest as found from 4- 125B and 4 126A and B, both with regard to wave-
shape and relative magnitude, for values of i? equal to 1.1, 1.25 and 1.5,
These Tesults are shown 1n Fig. 4-9. The average value of [f°°“1 is equal
to the negative of ¢°(° T?;Tﬁﬂﬁji' since these planes are pldnes of
symmetry for the potentlal and therefore fb' is zero there. Observe that:
the zeros of -gégl and the maximum points of [fﬂﬁﬁﬁl] coincide, agreeing

with 4-119C., Far from the circuit we have, from 4-122A,

£al9)
b

o Ha M‘L\g

l (s
vo Sg) =200 waly

evident for Fig. 4-9c. Observe for Fig. 4-9 a through c

N
B
b

Comparing, then, the two varying terms of the homogeneous differential

'p ()

(|28

s

oot

equation we have from 4-121A that the ratio of their magnitudes is given
by
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(a)
{(b)
e
‘_&:é‘_gj".aumf-.
Joooid |-,
s (c)
=, oooif 0%
£ fo! £ £
. 2(z) 0'(c)42 26, “l.p, 22
Fig, 4-9 5 and [—'E—-] versus Ty 1, Tfy 3.08
Yo, Yo. Yo,
a) ? 1.1’ b) “J I.ZS'mc) T 1-5

B c:
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T 1 ] [ 2 Yo & [ ] 1w T

TEBS RO S o T e \—qg‘: : (4-127)

T
For large radius of curvature we have that -2 is large. The term ﬂk:/mdk

is the ratio of the angular energy to the lghgitudinal energy of the elec-
trons when they are injected into the system. Becuase of synchronous velo-
city requirements'\)'oz2 is large and therefore to moderate the high voltage
requirements the energy ratio will be kept less than one. Thus, we may
neglect the second varying term in the homogeneous differential equation.
In a similar manner we may show that the average value of the secand
varying term may be neglected with respect to one. Thus, we take for the
homogeneous differential equation

38 1 —
(&) §\+J}rﬁh§_ﬂ}8 - 0

{(4-128)
To avoid electron interception we will not allow the electron beam to

come excessively close to the circuit. Thus, for the geometry of the

example we will not take ;g less than 1.1. In addition, the zero tooth
width solution for potential will not be accurate close to the teeth for

any physical geometry of small, but finite, width. With reference to

Fig. 4-9a we see that for the lower limit of —= Yo -+ the function £2(9) appears
parabolmc in form, With reference to Fig. 4- 9c we note that for larger values
of it would be appropriate to approximate 41&31 by a cosinusoidal term.
We dist1ngu1sh, therefore, two cases. The varylng term in the homogeneous
differential equation, 4-128, will be taken to be parabolic or cosinusoidal
depending upon the choice of %?. In the case of the parabolic approxima-
tion the parabolas join at the boundaries of each period so that the
resulting function appearing in the differential equation is piecewise

smooth,having cusps at the period boundaries.

4.10 The Piecewise Quadratic Hill's Equation

We consider the following homogeneous differential equation



169

W+ Tlu =0 (4-129A)
where

Tle) = 7 +Y %z“?ﬂ ; N (4-129B)

and

Tle) = T(exmm) , I an integer (4-129C)
so that J(8) is a periodic fumction of ¥ with periodm~ and is given by
4-129B in the base period --tv,é 'g The period of J (%) is taken to be ™
so that the periodic dlfferentlal equation 4-129A will be in consonance
with Mathieu's equation, the most studied periodic differential equation.
The function J(8) is even and therefore we may expand it in a Fourier
series*
P~
Tl2) =0, + ] 26,u0rvs (4-130)

=y

The value of ¥ may be taken to be positive or negative in the general case
so that we obtain an "invected" or "engrailed"'[' J(¢)} respectively, as is
shown in Fig. 4-10. Reference to Fig, 4-9a indicates that the case of
interest is of the "invected" type, ¥ >0, so we will focus our attention
there.

We have taken pains to express J(%) in the form 4-129B to be similar to
4-128, that is, in the form of a constant plus a varying function whose
average value is zero. This obviously may always be done without loss of

rith

* If Or=0 for r21 the differential equation is simply the harmonic equa-
tion, If ©. is nonzero and ©r=0 for r =2 the dlfferentlal equation is
the Math:.eulequation which has been studied extensively25,96 If ©r=0 for
rz3 and ©, and ©7 are nonzero the equation is called the Whittaker-
Hill equation, the Whittaker equation or Ince's equation. The general
case is called Hill's equation after Hill's work on the motion of the
moonP7 Hill's method for determining the characteristic exponent involves
the solution of an infinite determinant.98 We present a finite solution
in terms of special functions for the case under consideration.

T The classification is taken from names of similar curves in heraldic
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7(2)

(®)

"5;' F? g
Fig. 4-10 J(zg)

a) Invected, y>0
b) Engrailed, y<0

99

generality. This form for J(¢) is also suggested in the literature™ to

divide the stability plane into three regions of general behavior for

each sign of Y. According to those results if we write the differential

equation 4-129A in the form

Uﬂ+-[1+%£ofﬂtk= O (4-131A)

flo=0

(4-131B)

Then if £, and —fﬁ are the maximum and minimum values of £{g) we may

M
divide the 4¥ plane into regions by the lines

z=—TLM

% =Y {m

For the case at hand we obtain the lines
= b
=21

:-—%%;11

(4-132A)

(4-132B)

(4-133A)

(4-133B)

The division of the4Y plane is shown in Fig. 4-11 where the regions

I, Il and III correspond to, respectively, domains of unstable solutions;

symbolism.



171

narrow domains of stable solutions and broad regions of instability; and
narrow regions of instability and broad stable domains., The asymmetrical
division of the plane for positive and negative ¥ indicates the differ-
ences in the results for the invected and engrailed cases, This is con-
trasted with the result for the Mathieu equation which produces symmetrical
results for positive or negative'X . This is easily seen to be true in

that case since a translation of g'will result in a negative ¥ and transla-
tion cannot affect the stability of the equation. This division of the
plane compares very well with the results of the solution of 4-129 with
>0 to be presented later. The regions may be understood when it is
realized that for region I J(%) is always negative and for region III J()
is always positive. We therefore expect that for region I the solutions
will resemble the hyperbolic functions for the most part, while for region
I1I the solutions will be similar to the circular functions, mainly.

Fig. 4-11 Division of the ny Plane

The fundamental result in the theory of Hill's equation is Floquet's
theorem. The J(%) in 4-129A has minimum period T so that for all ¥ ,
J($+M)=J(s), and if s is a number such that 045<T then there exists at
least one real interval such that

T2 +9) + T

for ¥ in that interval, There exist normalized solutions to the differen-
tial equation which are independent and which have the properties that
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W, (o) =1 (4-134A)
U (0 =0 (4-134B)
U =0 (4-134C)
U, (o) =) (4-134D)
The characteristic equation U0 is
T - W@ +rudm)e + | =0 (4-135)

and we note that the product of the roots of 4-135 07 and 07, equals
unity. Either they both have unit magnitude or one of them has magnitude
greater than unity, We therefore may, without loss of generality, define

™
G,FL = 0 {4-136A)
-
e’ = (4-136B)

where p is the characteristic exponent. Observe that 01=% if and only if

T=tl, Since the sum of the roots equals the bracketed term in 4-135 we may
write

2 CJmL}u.’ﬂ' = U, (M) + 0 () (4-137)

Floquet's theoreml01 states that we may always find a solution of the dif-
ferential equation such that

wle+m = o w (4 (4-138)

If T and v, are different from each other then Hill's equation has two
linearly independent solutions

eMd Q, (k) (4-139A)

e Qulx) (4-1398)
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where Ql(g) and Qz(s) are periodic with periodmw , If 012“5 then Hill's
equation has a nontrivial solution which has periodT when Gi=Ué=1 or
period 21 when Gi=Vé=-1. If f(¢) is such a periodic solution then if g(y)

is another solution which is linearly independent of £(4) then

g {§+T) = g() + o +{) (4-140)

where & is a constant, The case ©=0 is equivalent to

Wm + U, () = 22 (4-141A)
U= 0 (4-141B)
uw/ =0 (4-141C)

Observe that if “i*qi and p is pure imaginary then the absolute value of
every solution of the differential equation is bounded for all ¥ . This
bound depends only upon the initial conditions of the equation. If Ui#QE
and p is not pure imaginary then there exists a nontrivial unbounded solu-
tion of the differential equation, We will call the regions where the for-
mer situation obtains, stable regions; and those applying to the latter,
regions of instability. For the case U1=Ué

binations of*ﬁ_and ¥ boundary, or characteristic, curves. For all solu-
102

we will call the resulting com-
tions of the differential equation to be bounded for G&:v& it is neces-
sary and sufficient that ©=0, We call the solutions such that

u(‘g ) = ik&(‘g)

basically periodic solutions. These solutions have period¥ or 2% and
describe the boundary curves., It is cbvicus that all basically periodic
functions have period 21" but not all functions of period 2T can be
basically periodic since 4-138 must be satisfied with U=-1, We note, of
course, that we cannot have a solution of periodT and a solution of
period 27 coexisting since this implies Uivé=-1.

It is knownm3

that if the differential equation has a nontrivial periodic
solution of period s® , with s> 2, but no solution with periodT or 2T

then all solutions are periodic with period s7T , It is easily seen that
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P is purely imaginary with magnitude equal to a rational number, an
even integer divided by s. Also, if P is purely imaginary with irrational
magnitude, the solutions are bounded but aperiodic.

The J(8) of the case at hand is an even function of ¥ . For such a sym-
metric case if u{¥) is a solution so is u{¥) and we may write the set of
linearly independent solutions equivalent to Eqs. 4-139, fbr'¢1¥ué, as

eﬂ% Q(‘ﬁ) (4-142A)
e Q-%) - (4-142B)
In addition, for the symmetric casel®?
W) = 20Tyl T =] = |+ 20 (1) U (172 (4-143A)
L) = 2w, () (4-143B)
Wy () =20, (TR w/! () (4-143C)
Wt ) =, () (4-143D)

uI(%J will be an even function and uz(g) will be an odd function of ¥ . A
nontrivial solution of period4l or 2 will necessarily be a multiple of
u1(?) or uztg) unless all solutions are periodic with period™ or 2.
There exists a nontrivial periodic solution which is:

even and of periodql if and only if ul'CgJ=0,

odd and of period 4V if and only if u, (g)=0,

even and of period 2% if and only if ulcg)=0, and

odd and of period 2% if and only if uz'fg)=0

OQur basic problem will be to determine the nature of the characteristic
exponent, M, given the values of’i and ¥ . The’7¥ plane will be divided
into regions of stability and instability and we shall find the character-
istic curves which form their boundaries. We state the oscillation theorem
due to Liapounoff.105 To every differential equation of form
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y" +b+\<(x\]tg =0 (4-144)

where K(x) is real and periodic with period® and of bounded variation,
there belong two monotonically increasing infinite sequences of real num-
bers

Moy, (4-145A)

/le‘ nl_: )ﬂl‘sla cos (4-145B)

such that 4-144 has a solution of period  if and only if ﬂlm?n and a solu-
tion of period 21 if and only if "(ﬂli . Thealn and a(r,x satisfy

Tl 9 €4 € 40 < P 43/ €4 <0 (4-146A)
&’_’:’;o_"?: =0 (4-146B)

ﬁ;,m -,T';- =0 (4-146C)

M= 00

The solutions of the differential equation are stable in the intervals

(’to,/l}") ; (4("',"(.\, (411_,/?3:) | (%/)%)).. . ' (4-147)

At the endpoints of the intervals the solutions are unstable, in general.
This is always true for ?0. The solutions are stable for /I(Zm-l or /iZn-l-Z
if and only if ?2n+1=?2n+2‘ Similarly they are stable for B el OF A 2ne2
if and only if 0L'2n+1="(:2n+2' The solutions are always unstable for complex
values of OL . The'ln are the roots of A (4)=2 and the ﬂhfl are the roots of
O (4)=-2 where

Al7) = 4,00 + Y. ()

Observe that the intervals of instability may disappear, with the exception
of the interval (-oo ,’20) . The intervals of stability may combine together
if, say, ’2,_2n+1=’{2n+2 or Ay 1% onege All of the intervals of,insgggility
except the zeroth one disappear if and only if K(x) is a constant. In
addition, it is known that if there are only a finite number of intervals



176

of instability, then K(x) is infinitely differentiable..®’

We see at once that as K(x)—0 the values of 3 necessary to give the
basically periodic solutions will be given by the square of an integer.
The characteristic curves therefore leave the Kl axis at values equal to n2.

If K(x) has zero average value, as we have normalized 4-129B, then the
following is true:108 either all nontrivial real solutions of the differ-
ential equation have only a finite number of zeros, or all real solutions
have infinitely many zeros. For'léﬂqo all nontrivial real scolutions have
only a finite number of zeros but fbr*i)%o every real solution has infinite-
ly many zeros. The valu.e’}-0 has a nontrivial solution of period which
has no zeros. We also know that”;_0 is not positive and equals zero if and
only if K(x) is zero identically. We therefore expect the characteristic
curve corresponding to the values of‘%_0 to pass through the origin in the
’i{'plane and remain to the left of the ¥ axis for all ¥>0. This will be
seen in the solution of Eqs. 4-129.

To the left of the zeroth characteristic curve we may put a lower bound

upon the square of the characteristic exponent for the same K(x). That is,109

fu."-' 2 ’20 -7, b <o (4-148)

There are criteria which may be applied to the differential equation to
obtain regions of stability without actually solving for the characteristic
exponent. Th earliest example of such a criterion is Liapounoff's theo-
rem,110 which states that if J(%¢) in 4-129A is nonnegative and piecewise
continuous with periodW then all solutions of 4-129A are bounded if

Vind
’ﬂ'L J(g)de ¢ 4 (4-149)

This condition is best possible in the sense that for any €>0 there
exists a nonnegative piecewise continuous function Jo(g) of periodq” and
not identically zero such that

T
Tf'f Jo(e)de ¢4 +é€
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and such that at least one solution of

W+ HlHu=0

is unbounded.

Application of Liapounoff's theorem to 4-129 yields two conditions to be
simultaneously satisfied. From the condition that J(%) be nonnegative we
find that

3% T (4-1504)

where the equal sign corresponds to the cusps of the parabolas just
touching the line J=0. This condition is the same found in 4-133A,.From
the condition 4-149 we find simply that

fz ¢ 4 (4-150B)
£

The two conditions given in Eqs. 4-150 specify a triangular region of
stability as shown in Fig. 4-12. We see that this estimate is quite con-
servative for this case when we compare it with the linear approximation
for the Ql' characteristic curve, found later, That is, to a first appro-
ximation the entire region bounded by the approximate Ql' characteristic
curve and the q'and‘K axes will be stable. As we will see later, the

linear approximation for this curve is quite good.

Y
M-
'= %‘%
.3 22 V™
Vinear Appoxima‘tion te
"Lf Characteristic
LiApausafF
- s‘tatg.li'tq Cuvve
Region
“t
\
ol - ) 3 i1 3 £ .3 8 K 2] 0?.

Fig, 4-12 Stability Region of Liapounoff's Theorem
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Another stability criterion was given by Beurling in the following

form:111 if, for real a and b

ot & 3‘(&3) £ Lt (4-151)

then the solutions of the differential equation will be stable for all
possible J(¢) if and only if the interval (az,bz) does not contain the
square of an integer. For 4-129B we bound the maximum value of J(%),
Q+8{%E, and the minimum value, ’1-(1%3, between a2 and b2 taking succes-
sively adjacent integers for a and b, We find triangular regions of stabi-
lity defined by

(4 fa-od sz
¥e 2] (4-152B)

If we take for the pairs a,b the values 0,1; 1,2; 2,3; and 3,4; we will
generate four such regions of stability. These regions are compared, with
those found from the exact analysis to follow, in Fig. 4-13. Note that
this criterion produces estimates for the higher order stable regions
whereas the tiapounoff theorem does not. In addition it is noted that it
gives a better stability criterion for the first stable region than does
the Liapounoff theorem for 4-129B.

Fig. 4-13 The Beurling Stability Regions Compared to the Exact Solution
(The Buerling Stability Region shown shaded)

Near the 4 axis we find approximate solutions for the characteristic curves

by the method of perturbation.112 For small ¥ we write W and }_in the form
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of series in powers of X.

OO

() = Zumm}f”‘ (4-153A)

m=o
f=

/)L - Z KMKM (4-1533)

=0

We expand J(¢) of 4-129 in a Fourier series

:ﬂ‘g =% 4+ Y ) Qmlaarmy (4-1544)
)=1 Z

X
* 2 _I)M'i'l _
am= %}‘S [%“g‘] C.o-d.lmfgcl'g :( L (4-154B)
T
so that the differential equation is
oo(_n'm-l
m=|

Using Eqs. 4-153 in 4-154C and separating the terms according to powers of
¥ we obtain the differential equations for Uy, Uy, and u,, viz.,

Ut +KoUo= 0 (4-155A)
oo sl
U." +Hol| + K Uo + MQZ("‘L‘,_ craame = O (4-155B)
=
¥ 22 x| ' _
U + K Ua KU HKo W, U, S chaamy = O (4-155C)

M=)

As mentioned above, the characteristic curves leave the % axis at integer
0 the values 0, 1, 4 and 9. The basically

periodic solutions corresponding to these curves will have periods T, 2T,

squares plus zero, so we take for K

T and 27 respectively. We first considexr K0=0. The solution to 4-155A for

this value of Ko is

Wo(@) =bo + Cak (4-156)

known as the generating solution. We seek the periodic solution and there-
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fore we set Cy=0. This is equivalent to removing a secular term in the
general perturbation technique. Using the solution 4-156 in 4-155B we have

ul” + K, bo +b‘,z§-n:—,aﬂ Laame = Q (4-157)

oy

We remove the secular term by setting K,=0 and obtain

82 . el
U,(5)= b)) S waang (4-158)
m=l
for the particular solution. Using this solution we have from 4-155C

LR
T + KL\)O + bo z m‘me EA“Q}Q—(M“"Y‘\? +(4.¢,?,(rw\-m)"g] O (4—159)

M)
To remove the unbounded solution from 4-159 we set the constant term equal
to zero. That part of the constant term derived from the double summation
is found by taking m=n. Therefore the secular term will be removed 1f

1 4-160
*(Lz'_ %' -EC ( )

* The summation in 4-160 is evaluated by use of the Parseval relationll3
applied to various Fourier series. First, from the Fourier series pre-
viously derived in 4-154 we find, at =%} that

[=.2] 4“-!.
.f—:v{'l. = < = I.LHS'
M=)
From the Parseval relation applied to that Fourier series

f[ T4 = qu T ~1.082

If next we find the Fourler sine series for the function 3 and apply
the Parseval relation to this series we find
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For the other characteristic curves we take the value of K. to be the

0
square of a nonzero integer. From 4-155A
/
Uo' +M o =0 | m#o (4-161A)
with solution
Uol¥) = botoa my + CoAimmy (4-161B)

Using this solution in 4-155B we have

22 sl
o, +mn"u\J +bo[K.mMg + { %E«.(zm—m‘)g +<4a.(zm+nn3'g__l}

=1
J.Ce{\(\mmwg +_Z(a-+a [Mm-m)g 4 pin(am *"““‘;R =() (4-162)

XY
Therefore, there are two parts to the forcing function in the differen-
tial equation for ul(g), one being even and one being odd. We may remove
the secular term due to each part individually, the secular term due to
the other will necessarily remain. This dual situation yields the two
characteristic curves emanating from each value m2. Note that for n=m in
the summation a proper term appears to cancel the chos(my] or Klsin(mg)
term, Thus,

|
K, = * T (4-163)

and the characteristic curves are given approximately by

Gemtidm | meo (4-164A)
L * = 4-164B
TETRT °| 55 8, m=0 ¢ )

If we had truncated the series given in 4-154A for n2 2 we would have
approximated the Hill's equation by the Mathieu equation. In this case
114

the power series for the characteristic curves are known and it is in-

structive to compare the two approximate curves, shown in Table 4-2.

Note that only for m=1 the approximations are the same. In particular, for
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the Hill's equation linear approximations are obtained for m> 2 while
for the Mathieu equation case the lowest order approximation is quadratic

for that range.

Table 4-2 Approximations for Characteristic Curves

m? Hill's Equation Truncation to Mathieu Equation
0 n=—é-7-_%§1—5 z nw-évz

1 n=l*%y nzlt%Y

4 ﬂ*4*éy n=4+§§Y2; 4-%572

9 n=9*%§¥ n=9+%272

Before turning to the explicit solution we shall consider one final

theorem due to Borg.115 This theorem states that if K(x) in 4-144 has

zero average and has period W and if
T
:’,—rJ |Ke)dx = A (4-165A)
. . A .
exists, then for any integer n> 5 [sic],

\ \hlm—| _1M\ < ii’_:r"n (4-165B)
\m -2m \ LA (4-165C)

Hm
‘W‘ ~2mt | ¢ g (4-165D)
7o ”1”‘*“ L (4-165E)

Therefore, given a value of n this theorem will generate regions in the
stability plane where the characteristic curves generated by that value
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of n will lie, For each value of n, A is bounded by 2n.and this essen-
tially bounds the value of Y for the approximation. Since AX: 0, we see
that bounds for the %o curve cannot be generated. We note also that the
theorem indicates to what points on the ’}- axis the curves approach. Since

- 1;1-_ = _ 1T
the function Y|3; ‘s‘] has a simple zero at ‘s.z—ﬂ—zT we have

E’- ] G 2 IE 1 ’-
A{,%g Il‘_i_\gz.\ de = %gLﬁ[%_q“ _L[%dﬂd% =%_?( (4-166A)

We will consider only the curves nl', nz'. Nys Moo "3' and n4' and there-~
fore we apply the formula for n=1 and n=2. Thus,

H?_” ¢ %1\1% 7 L‘%'T__? (4-166B)
Wil -l e gy | ye2 (4-1660)
W -2l ¢ 55 ST L) (4-166D)
HTL. 2| ¢ ¥om N | 49%: (4-166E)
{3 =3 L PR =5 (4-166F)
]ﬁj‘ ) e I X 4%_"21."_{_? (4-1666)

The resulting triangle-like regions are shown in Fig. 4-14. Comparison

of the exact results shows that the theorem gives correct results for

all the curves derived except the curve for le'. The theorem indicates
that the ’21' curve crosses the ¥ axis for ¥ L‘;T‘r{_? whereas the exact re-
sult is that the '}_1' curve crosses the ¥ axis at ¥~ 1,9, Application

of the theorem to Mathieu's equation shows that the theorem fails there as
well for ’h'. The conclusion is that it fails for this particular curve.

We now proceed to solve the Hill's equation given in 4-129. We make the
change of variable

x =47 ¥" % (4-167A)
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Fig. 4-14 Application of a Theorem Due to Borg
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so that the differential equation becomes

-y [due L lu-o, -ETexenta (4-1678)

The differential equation

4+ 2Dy =0 (4-1684)

for £(x) a quadratic function of x, has two distinct standard forms

L3u __(1,1_ x"'-}-o:)%_ =0 (4-168B)
%“ + (+1KL - 0)‘3_"-' 0 (4-1680)
which have as their solutions the Parabolic leinder Functions.116 Recog-

nize that 4-167B is of type 4-168B, the invected form. The differential
equation given in 4-168C is consistent with the engrailed form. Defining

P=-1 L ‘J"‘] (4-169A) *

we have for the solution to 4-167B

u =AUE) +BV (P (4-1698)

where U(P,x) and V(P,x) are the Parsbolic Cylinder Functions, We take one
of the Floquet solutions given in 4-139 and therefore we have

uls) = AUPAR¥™S) + RV (PAZ¥™Y) (4-170A)
G +T) = M (o) (4-170B)
W) =42% ""‘_H U (e, 3™e) +BYY( Pz ¥" 3)] (4-170C)

W e+ =M™ 4 () (4-170D)

At ‘g- both y(4) and W' (¥) must be continuous. Setting %-2 in 4-170A and C
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and setting % =-g in 4-170B and D we find, from the continuity demands,
a set of homogeneous equations. To obtain a nontrivial solution for the
constants A and B we must have the following determinant equal to zero:

UEN - ue - VEN-e"VE-N | 2o
o %”*[U‘(P,.\) -e" U (p- Jﬂ] ﬁ‘&""[\j‘(ﬂx\ - - ;)] (4-1714)
A= ‘%T (4-171B)

Upon expansion this becomes

(UG- N -Uie-n V-]
- [U(?,-k)V'(P, D+ UGV (-R)-VON U'le-N-VE,-U'e, N e™
HUEAENVENUER)] = 0 e172)

-Since U(P,x) and V(P,x) both satisfy 4-167B we have that

U"(P,x)\!(Pbx) =V'(P.x) U(P,x) (4-173A)

Integrating by parts we find

U(P)X) \’I(P,x) = V(P) X) UI(P> x) = constant (4-1738)

which is recognized as the Wronskian117

Uy  Vx
\I\l {U ;\’} = Ul (P> X) Vl(p, X)

:1‘_?-_‘
w (4-173C)

Using X=t) we find

e - % [u(o,—m\l'(i’,ﬂ FUERW'E-N -V ENUC-)-VE-NUENe  +1=0 4-174)

Note that this equation has been cast in the form of the characteristic

118

equation, 4-135. By use of relations between the functions we find



U(P,-)) = 1{%(—-_‘:’3—@«\?11' Ue, %

(P+1) VBN ,
V(Prx3=£ﬁ3:}5¥— + aimer V(N

U N =- 1{.‘{-;‘% + pim o U7, )

\
V(o) =~ N:;ﬁﬂ, E‘:. D eV o)

Using 4-175 we simplify 4-174 and using 4-137 we have
3
C)&anrl/[r = %Fm;;\\!(?,k)\,\(?,)b
— L) e VR, NV (P, 0)
Ay
7 winer{O LNV £VENGEN)

The derivatives may be found from the relationshipsllg

U, Ny + 32 UEN) +(e+ ) Vn, N =0
N -4 EN+ V-1, = O
20 EN +UE-, 0+ P+ L E+,N =0
VR~ AWEN - )V (1,0 =0
V(RN + AV EN -V P, = 0
LN =N (Er1, ) -1 )(e-1, N = O
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(4-175A)

(4-175B)

(4-175C)

(4-175D)

(4-176)

(4-177A)

(4-177B)

(4-177C)

(4-177D)

(4-177E)

(4-177F)

The values of the right-hand side of 4-176 determine the nature of P and

therefore the stability of the differential equation, We arrange a table

similar to that used in Chap. 2.

We find the limiting value of 4-176 as ¥—0, 4>0. We have from their

definitions
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om P =~co (4-178A)
{0
"0
Y=o
| JON "“"E't‘h (4-178C)
X~o
'ﬁ_‘)D
Table 4-3 Stability of Differential Equation
cosh ux u Condition
-w<cosh [ur]<-1 *%cosh”l [-cosh ur]*i(2m+l) Unstable
cosh[ur]=- t4{2m+1) Characteristic Curve
~-l<cosh[un]<1 i';:-r'{cos"l[cosh ur]}i2m Stable
cosh [ur]=1 t42m Characteristic Curve
l<cosh fum]<e *%cosh"l[cosh pw}ti2m Unstable
From120 the expansion for -P3%> A%

(Y +4F) 4
)+ TV ) = Sy Tt

B N T

ComN L A D 1L N
Uy = [;1 + ik - —-—-—-——'—[Z_FF]Q, (4-179B)
B S S YOO 1% ke 1 (4-175C)
R = R V= R Y

we find
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an QN = ﬁgf“ 19 _conmlh+hP+4R) (4-180A)
-t f )
Y30

Using 4-177B and D we have

ﬁ)-'m SNCRY "'%MI\U(P ~1,5) (4-180C)
ﬂm\J by = LW,(P DVP-1,3) (4-180D)

'f>u °!>°
Using these limiting values and the reflection and duplication formulas

for the Gamma flmc:t::i.on121

P (-3) =-3 T -N(3)=Trewety  ¢-180

Pla) = % M) M3+ 4) (4-181B)

we find ultimately from 4-176

Qimcm\\}k’ﬂ‘ c,mErr "] (4-182A)

>0
°(>o

or,

Q_A;«m M =’££["z""tinn] (4-182B)
Q

In particular, for the characteristic curves we see that for a solution

of period T we require 4 to be the square of an even integer and for a
solution of period 21 , we must have % the square of an odd integer.
These are the points on the "L axis where the characteristic curves begin,

We find the asymptotic behavior of the characteristic curves for large ¥
in the following manner. As § becomes increasingly large the characteristic
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curves enter region II of the stability plane, as given by Eqs. 4-133, The
domains for stable solutions become narrow as ¥ increases so that we
expect pairing of the characteristic curves in this region. Members of
these pairs should approach the same asymptote as ¥->oo, We label these
asymptotes in a natural way; s=0, 1, 2, ...; which correspond to the inter-
vals of stability given in 4-147 from Liapounoff's Oscillation theorem,

The stability intexrvals are given by '

(”gs ,”Ls:\\ » S even (4-183A)

(}s;, ?5) , s odd (4-183B)

so that for even s the left-hand characteristic curve has period W and
the right-hand curve has period 2T, For s odd the reverse situation holds.

In the differential equation 4-162 used in the perturbational analysis

of the characteristic curves for m#0 there are two forcing functions,

one even and one odd, The removal of one or the other secular term re-
sults in a characteristic curve solution. In either case the remaining
forcing function produces an unbounded solution. The term which was re-
moved identifies the symmetry of the periodic solution corresponding to
the characteristic curve. Using those results and assuming that the
characteristic curves emanating from the same point on the % axis do not
¢ross, or assuming no coexistence of solutions, we find that for s even,
the basically periodic solutions corresponding to both characteristic
curves have even symmetry and for s odd they have odd symmetry. We find,
therefore, that for s even the basically periodic solutions for the left-
hand and right-hand characteristic curves reduce to multiples of cos s%,
and cos (s+1)}%¥ , respectively, as Y¥—0. On the other hand, for odd values
of s they reduce to multiples of sin s% , and sin(s+l)s , respectively.

At this point we use a corollary proved in Arscott122

for Mathieu's equa-
tion but which would hold here as well. This corollary states that the
basically periodic solutions which reduce to multiples of cos 2n%g,

cos (2n+1)¢ , sin (2n+1)¢ and sin (2n+2)%¥ each have n zeros in 0&12(’%.
Applying this theorem to the characteristic curves for even and odd values

of s we find that for even s the basically periodic solutions have % 5
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zeros in 0<‘g<‘g while for odd s the number of zeros in that interval is
%(5-1). Taking note of the fact that for odd s the basically periodic solu-
tions have odd symmetry, and for even s the symmetry is even, we find that
for both situations the number of zeros in the open interval (-%, %) equals .
s. We see from the relationship between x and ¥ given in 4-167A that as
¥-»00 the interval -%ngﬂ% is transformed to the entire real line, -os¢ x40,
We therefore require that the basically periodic solutions in the foxm of
4-169B have s zeros in the interval (-%,00) and have even or odd symmetry
with respect to x in accordance with s being even or odd. In region I of
the stability plane J(¥) is always negative and the solutions are always
unstable. The asymptotes are therefore expected to lie outside this region,

or

T

Y>-TE Y (4-184A)
indicating that the bracket in 4-169A is positive and we have that
P<LO (4-184B)

for the asymptotes. The basically periodic solutions in the limit Y-—=oe
must be bounded at infinity when written in the form 4-169B., The only val-

ues of P which lead to such bounded solutions at fco are123

P=[m+y] (4-185)

with n a nonnegative integer, For such a value of P the basically periodic

24 of order n.

solution may be written in terms of Hermite Polynomials1
These polynomials have even or odd symmetry according as n is even or odd
and have n zeros in (-o00,0). We conclude finally that the asymptote char-
acterized by the value of s=0, 1, 2, ...; is given by
N aryh| A

—P=glmr i ¥ l=5+% (4-186)
the arithmetic average of the two indices of the two characteristic curves
bounding the stability interval. Comparison of these asymptotes to the
exact solution shows that they are excellent approximations for large J
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(cf. Fig. 4-15). For ¥ sufficiently large

iz %
¥ >> [—.I—T-I(S*-%SJ (4-187A)
so that from 4-186
T
’JL::. -\6%_— (4-187B)

and we see that in the limit all the asymptotes are parallel to the
boundary between region I and region II.

For each point in the stability plane, Y>0, we may find the corres-
ponding value of‘P from 4-176 and from this value characterize the sta-
bility of the differential equation. The characteristic curves form the
boundaries of the stable and unstable regions. We find these curves from
4-176 using the digital computer to evaluate the Parabolic Cylinder
Functions according to a computer program given in the Appendix. The re-
sults of this computation are given in Fig. 4-15, Comparisons with the
division of the plane according to Fig. 4-11 and the asymptotic curves
are made on this figure and we see that they are indeed good approxi-
mations. It is of interest to compare the stability plane for the para-
bolie J(¥) to that which would be found by truncation of the Fourier

series. In this case we find from 4-154C
u" +[’{+Xm1ﬂu\ =0 (4-188)

the Mathieu equation. We found earlier from the perturbation analysis

that the characteristic curves for the two cases were approximately the
same in the vicinity of 4 =1 for sufficiently small ¥ . The characteristic
curves differed, however, for small and nonzero ¥ in the vicinity of Q_=0,
4 and 9 (cf., Table 4-2), This behavior is borne out by comparison

with the stability plane for the Mathieu equation, 4-188, as found from

125

tables of the characteristic curves, shown in Fig. 4-16. We note also

that the characteristic curves for the two cases differ markedly far from
the ﬁL axis.

6

By use of Hamming's modified predictor-corrector method12 and the digital
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computer we find some trajectories corresponding to different points
of the stability plane. The trajectories are compared with the information
found from the stability diagram. We take the initial conditions for all
cases to be

UL =

W (-T) =0

We consider first the case % =-3.0, ¥ =4.0. From Fig. 4-15 we see that
this point lies in the instability interval (-oo, io). From the pre-
vious discussion we have that the solution must have a finite number of
zeros, Also, for this region the result quoted in 4-148 holds and we
find a lower bound for the characteristic exponent. From Fig. 4-15 we
see that %&-1.4 for ¥=4.0 and we find from 4-148 that

/L}_\.lfas'

The solution is compared to the exponential function, Ci'%sgl}"‘s -H:l,

in Fig. 4-17a. We note that ignoring the periodic part of the solution,
and the other linearly independent solution, over the range indicated
it represents a lower bound for the solution. It would seem that the
instability is verified along with the finiteness of the number of zeros,
All the other cases considered lie to the right of the ’*}_0 curve and
therefore we expect the sclution to have infinitely many zeros for the
stable, as well as the unstable, solutions. In the stability interval
(%qs %1')s the trajectory for 4 =-1.3, ¥=4.0 is shown in Fig. 4-17b.
The solution is an example of a stable solution for J(%¥) having negative
average value. Observe that the stability plane yields accurate results
in the sense that a small change in % will bring the solution into the
unstable region, as noted from Fig. 4-15.

In the (41-1" fiz') instability interval a trajectory is shown for 4 =1,
¥ =1 in Fig. 4-18a, an example of an unstable solution with an infinite
number of zeros. In the (/22', /il) stability interval the solution is
shown for /4 =2.5, ¥ =4 in Fig. 4-18b.

The above work represents an explicit solution for a piecewise parabolic

Hill's equation. Other known explicit solutions are the rectangular
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Fig. 4-17 Numerical Solution of Piecewise Parabolic Hill's Equatien

u(-n/2)=1.0 ut(-n/2)=0
(a) n=-3.0, y=4.0 (b) n=-1.3, y=4.0
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Fig. 4-18 Numerical Solution of Piecewise Parabolic Hill's equation
u(-n/2)=1.0 u' (-n/2)=0
(a) n=1.0, vy=1.0 (b} n= 2,5, vy=4.0
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*
wave and impulse function and the saw-tooth127

and piecewise linear
reciprocal fl.n'u:‘cicn'l.128 This work has therefore carried the range of known
explicit solutions a step further to quadratic variation. From Fig. 4-15
we see that for the range of 4 and ¥ depicted there is no intersection
of characteristic curves and thus the instability intervals do not vanish
for ¥>0. If this were to happen we would have an instance of coexistence
which is defined as a choice of ¥ and 2 such that there are two linearly
independent solutions of period T or 2W. According to Ince's t:heorem129
Mathieu's equation, 4-188, never displays coexistence for ¥> 0 while
situations of coexistence for the rectangular wave are Imown.lz’v0 It would
be of interest to determine if coexistence could occur for the piecewise
parabolic situation, an example of a J(8) which is continuocus but only

piecewise differentiable.

4.11 Stability

in order teo find the stability of 4-128 by using results of the preceding
section we must approximate the function f&éﬂ by a parabola proportional
to %2-32. Because the average value of the parabola over the interval
-T, "é) is zero there is only one constant to specify for the appro-
ximation. We could set this constant by satisfying any one of a number of
arbitrary criteria. We will choose to set the value of the constant by
requiring minimum square error between the two functions. That is, we wish

£2 (%)
b

to approximate the function by the function

a(s) =AME-5] 1l

I~

1{ | (4-189A)

such that

1
i LJ [E%ﬁ_ %(ug)]"" dsg (4-189B)
1

kN
is minimized,

* As was used in Chap. 2
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Applying the condition

ozl[“e_; =0 (4-190)

to 4-189B we find for the value of A corresponding to minimum €*

S
S"h. E'\z]id‘s

“7/1.

i#() z
= LR ]
- -—'18“2- Y =S |dy

1

(4-191)

The value of A as a function of )-:[-? is shown in Fig. 4-19 for the geometry
%ﬂ and %=3.08, where the integral to find A was calculated using the
digital computer. We see that for this example the range of A will be
between the approximate limits of 0.1 and 0.6.

A

nl
]
L
5
e
-
54
44
34
N
e
i e 12 " 4 ng L " 19 ‘éﬂ_-?-

Fig. 4-19 A as a Function of iﬁ@
?HI-O, %-?-=3.08

Comparison of 4-128 and 4-129 yields the identification of 4 and Y

in terms of the energy and geometric ratios,

==\ = 2 ___Z_'.M 2
1 ("") T et (4-192A)
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2.
Y’-Aﬂﬁ fo - .Mr" 3 [‘E;g (4-192B)

Obsexrve from 4-192 and Fig. 4-15 for small ¥ , the values of‘gg, the ratio
of the period of the structure to the half-wavelength of natural oscilla-
tions, which lead to instabilities, are integers. Note also that for our

physical application we only consider ’t>0.

Suppose that the linear analysis indicates a point in the stability plane
within the first stable region, (QO, 11'), near the Ql' curve. We found
from the nonlinear analysis of the smooth boundary system that the natural
period increases as the oscillations increase in magnitude. The nonlinear
analysis therefore predicts that AO will increase as the oscillations in-
crease in strength and therefore both % and J will decrease inversely as

the square of ‘AO’ making the system more stable from this viewpoint alone.

As an example of the application of 4-192 we take 2?-1 25 and investigate
the stability as a function of the two parameters [ Nb;] and [Y2]. We find
that over the range of interest the solutions are stable and the charac-

teristic exponent is purely imaginary. Taking for the principal part of

/.k-:-i,(s oL
we plot constant B curves as functions of [9 and [—=3= mg,] This family

of curves is shown in Fig. 4-20 for Xg—1 25 We have shown [ ] up to

the characteristic exponent

10 to indicate the variation, although as was mentioned ear11er we would
not go beyond the volue 1,

4.12 Particular Integral

We turn now to the particular solution of the nonhomogeneous differential
equation which we find from 4-121, using the simplifications leading to
4-128, and using 4-123B, to be
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(2]
LU b (e TrLr _nt wrrqzt"j
=_.%_{—A—J S Io(“m-; 2] 2 O T TR0 Jonanks (4-193)
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Fig. 4-20 Constant 8 Curves

Yo_ £y £a_
~—==1.,25, 1?1"1'0’ 1-7—23.08

The right-hand side of 4-193, representing the forcing fumctien, is a
periodic function with period M, In Sec. 4.10 we found the solutions to
the homogeneous equation in the forms given in 4-142. In the stable re-
gions we write the solution in those forms with p= 'LP and recall that if
3 is rational the solution will be periodic with period sfi, with s> 2.
If B is irrational the solution is aperiodic. We write the forcing func-

tion of the differential equation as



oo 2.5 ,
o T ngmzmg = L,‘,_Z gme M
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(4-194)

from 4-193, where the approximation given in 4-124B may be applicable., We

write the solutions to the homogeneous equation for the stable regions as

5 =i%“‘ oilp+ily

(4-195A)
o '—i Em e-iprimly (4-195B)
We may write the particular solution in terms of Sl and 65 a3131

SP(‘g) =h (98, () + h, () £, (<) (4-196A)

o] 2:%'“ ol 4:% o-ilprakls
A%y =-7 L = 575 ds (4-196B)

= tam [ﬁ+1ﬂf

_ Ime*™? % e’

h ) =3 i;m dy (4-196C)

‘S\sm"‘é\ ‘S‘L

By the same reasoning leading to 4-173B we note that the denominator

appearing in the integral of 4-196B or 4-196C is constant. Since the forcing

function and the solutions to the homogeneous equation are continuous With

continuous derivatives the Fourier series in the integrals converge uni-

formly.132

If we look at them as power series in the exponential func-

tions, they also converge absolutely and we may interchange multiplica-

tion and summation and also integration and summation.133

therefore involve integrals of the form

geﬂirz 23]\ 5

The h functions

which is itself exponential unless the exponent is zero. In such a case

the integral leads to a term linear in ‘¢ which indicates an unbounded

term, In the stable region

o<@<\
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so that such a term cannot be generated. This is equivalent to ruling
out a resonance phenomenon when it is recalled that if the solution to
the homogeneous equation is periodic in the stable region it has period
sW, with s> 2, The forcing function has period 1" , however, so that
resonance at a harmonic of the forcing function may not take place. Thus,
we see that if the homogeneous equation is stable then the forced solu-
tion is also bounded and we expect a periodic particular solution. We
will apply a method similar to the principle of harmonic balance134
which was used to find the nonlinear variations of the period in Sec. 4.8,
We truncate the series of the forcing function and seek a particular
solution which is of the same order of truncation., We evaluate the
coefficients of the solution by making the equation satisfied for only

those orders, discarding the higher order terms which are generated.

To illustrate, suppose the homogeneous equation is approximated by the
piecewise parabolic Hill's equation of Sec. 4.10. Further suppose that
we truncate the forcing function at n=1 so that we have, using the form

given in 4-154C

+1

-\
mt

mﬂ*\‘g]u =29, +dica 2 (4-197A)

e [ﬂu ¥

We seek an approximate particular solution of form

'—Ac—u-a-vg +RBamre v+ C (4-197B)

Substitution of 4-197B into 4-197A, discarding higher order temrms, yields,
when equality is demanded for the three solution forms separately

(1-4-41a < Xc -3

"l -4+ ]g (4-1988)
%Pﬁ rHC = ‘1%0 (4-198C)

We see from 4-198B that B is identically zero, and there is no odd part
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to the solution, provided that

’7&_.Lf + % +0 (4-199A)

Referring to the perturbation analysis of the characteristic curves of
Sec, 4,10, given in Table 4-2, we see that the characteristic curve for

an odd solution near %=4 was approximated by

~uy— %
=4 {4-199B)

Theréfore, if 4-199B is true then our results predict the possibility of
an odd solution, which is consistent with the characteristic cruve, Within
the stable regions 4-199A is satisfied for the approximation so that the
particular solution is even. From Table 4-2, the perturbation analysis

approximated the characteristic curve for an even solution near 4=4 as
~ 4+ L 9C
5o within the approximation the coefficient of A in 4-198A is not zero

within the stable region. We find for the approximate particular solution
in the stable regions

91— 33 39,021~ %Yo,
Wp= g o2y + =y (4-200A)

A- -5 ¥

3 2 (4-200B)

To obtain the solution in terms of radial displacement we use the trans-
formation in the form 4-123A or 4-124A, It is obvious that there will be,
in general, a shift in the solution given by the constant part obtained
after making the transformation. The beam is therefore displaced by the
periodic fields.
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CHAPTER 5

INTERACTION

5.1 Assumptions

The analysis of the interaction between the electron beam and the rf wave
will be a simple one. We attempt to extract the most basic processes which
are in force in order to find the gain of the system in a simple way. The
analysis will be a linear one, valid for small signal strengths. All equa-
tions are linearized and in order to find the gain an exponential variation
is assumed, which is consistent with the solution of linear differential

equations with constant coefficients.

The results of Chap. 2 are used for the electrodynamic fields existing in
the structure for the desired mode. It is assumed that it is the only mode
which exists, other modes not being excited by the excitation scheme,

being in a cutoff state, or being damped heavily by the stacked ring de-
sign. We therefore have assumed that the fields present are the ''cold"
fields, which are the solution in the absence of the electron beam, the
inherent assumption being that the beam current is small enough not tc per-

turb those fields significantly.

The presence of the beam is also ignored insofar as it affects the static
fields. We take the solution to be that of Laplace's equation and dispense
with the need for a solution to Poisson's equation. The electrons do not

interact with each other in this simple analysis and each electron is free
to move independently of the others, There is, therefore, no consideration

at all of any analog of space change waves.

The static fields which affect the electron motion are taken to be those
derived from a logarithmic potential and so the corrugated nature of the
inner boundary is ignored in this regard. We use the results of Chaps. 3
and 4 to assure that the beam motion is a stable one, Once this is deter-
mined, we ignore the effects upon the electron motion caused by the

periodic nature of the inner boundary.
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The electron beam is assumed synchronous with a single space harmonic and
no direct interaction is considered between the beam and any other than
this single harmonic. However, since we take the cold field solution, if
a single harmenic is amplified so is every other one amplified since the
totality of the field is needed to satisfy the boundary conditions. In
this sense the other space harmonics are coupled to the electron beam by
the boundary conditions.

The forces on the electrons are therefore taken to be the radial elec-
trostatic force due to the assumed uniform boundaries and the angular
electric force due to the synchronous space harmonic., The sign and mag-
nitude of this latter force depends upon the time of entrance of the

electron into the structure.

As is uniformly done in electron-wave interaction calculations, we ignore,
initially, for the simple model, consequences of the magnetic fields of
the rf wave,

5.2 Linearized Interaction

We assume that the electron beam is synchronous with the n=1 space harmonic
and therefore 2-46 is relevant, We express the field in terms of the total
power transmitted over the ZﬂTO circumference and make the usual remarks

as to radius of curvature and coordinates. The dimension Yo corresponds

to r, so that from Fig. 2-1 we see that

0
sy - (5-1)
= Yo7

and making the necessary changes in 2-46 we have

E.Ie (r,3)= LA -JP-r Pk ¥ e+ vo -x]€ e (5-24)

wra, TR

A=-BE Toumrcy= (e _
T, B I9T g -

[5 M"-‘d:ﬁ Cﬂﬁ-“'l: ’.[(Bu+p|) (75. ﬁ"\%;ﬂcﬂ'&'\‘\s -‘démxo's M% |S) |
m&g we REY] 20X, (ke + 3,)

‘\ (,’3.-..+B )(‘-lMX.Q A% wa¥lg n.brl.f-tﬁ)
PO BT |

(5-2B)
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We obtain E, as a function of time for each electron by multiplication by
el¥t and taking the real part, where t for an electron is expressed in
terms of its entrance time into the fields and its longitudinal displace-
ment. Since we have assumed uniformity of boundaries, the displacement is
simply inversely proportional to the constant longitudinal velocity, given
by Eq. 2-14 with m=1.

't =to+%§; (5-3)
Thus,

E;z = "P\‘\Jf’-rw3 Ain\)n“o’,[%o -t ) amwt, (5-4)

For small signal interaction we expand the field about r=7, and retain
only the first two terms of the series. Using the notation of Eq. 4-12

we have

EJ; =~ AP, l\iﬁ\wfoww.go -(¥, caolw‘d‘go) ] (5-5)

Instead of constant angular momentum, as found in Eq. 4-3, we have that
135 ..

which
is given by the product of Eg and -er. We take the angular momentum in the

form

the time derivative of the angular momentum equals the torque

szqo'{—}\ (5-6)

where £0 is the initial value which satisfies the equilibrium conditions

in the absence of rf energy. Therefore,

i =\ = CA'\‘E; bi«mfoM‘d.gr(i' u&xlﬁg,ﬂ[ﬂ +S] (5-7)

Taking 5-7 to first order, and since for the uniform case gf=voz-%i’ we have

%Z%N gnmm to {I—XDW\\«K 3]4-[25»«1.‘6,\5 -3 (m‘-‘dj]&‘g
= MmwT, '\f Provy LKb K, ﬂ (5-8)
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Using logarithmic potential in Eq. 4-5 and demanding equilibrium when the
electron enters the system with r=T,, r=0, and £=£0, we obtain

'Y'- (R + W _ $o- (5-9)

ﬂ'hq"r—ﬁ == mr 2

o 85 was done in Chap. 4 and retention of linear
: . R d
terms in 0 and A yields, with T=Voz I3’

Expansion of 5-9 about T

d?-é' ‘0"’1 - 230 -
J'-'gz +1 o 'Uo'g' § it ro'sruo_b'l- »=0 (5-10}

Differentiation of 5-10 and substitution of 5-8 yields

&% L.t
Ip TE AT g %—E%%’?th T@Ewwj]-o (5-11)

We assume that an exponential solution for power is appropriate to linear

interaction and therefore take

e, 2. {5-12)

so that the differential equation for § is

) QQ'L | o » d} =
é‘"+1m~_— § - Tn'rﬂ'a‘g{r;a‘-"“""“’t" e E‘°+K‘ﬂ O (s-13)

We solve 5-13 approximately by the method of perturl:vavl::‘.on136 which was
applied in Chap. 4. We wish a solution which will be accurate for small

values of power so that we seek a solution of the form

h -
8=8°+P° J\l +POS1_+.'. (5 14)
1
We substitute 5-14 in 5-13 and separate according to powers of Po'é.
We obtain for the first two equations
1 I
go +2. W'\)—" 8 (5-15A)

Lo pimustoe’d
Sm +?—W‘S\I _2."_“1%_‘3_._3 Mmtoe [Ko'i‘K\(;\o] (5-15B)
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The solution to 5-15A is immediately

So = Qo Lo %gﬂ' + bo M nnrf,,%-?uo &+ Co (5-16)

. 1
Since the solution 5-14 must satisfy the initial conditions as P 4-#0

!
the 80 solution must carry the initial conditions. At z=0, 5‘ 8{ S I e
so that SdED.

The particular solution of 5-15B with 5550 will be obtained by assuming
a solution of form proportional to e*¥ . The homogeneous part of 5-15B
is identical with 5-15A so that a solution of form 5-16 is appropriate

for the homogeneous sclution. We therefore have

o . 7 e
S, :a\m% 1 +b.m£zv°3’§r + C,

°%
Ko 2im wlo 2 Qo o>
Lot W D (5-1 7)
o{ LO(L + M'——*--:.‘?qu vo‘-b,__J m 'ro 'UO};'

The initial conditions on Sl are the same as those for SB so that
evaluation of the constants in 5-17, and using 5-14, yields for the appro-
ximate solution for S

» '/T. 1
Ko Ainwito & 24 & frd 290
§ = Tprs [ ™t ey |© ¥+ oo i o

ML g4 -g' m'l-"‘o'-l'“o,g:
A P2l
— e AN ||+ 15 z —]} (5-18)
2oy, E o'm

For large enough z we take the dominant term in 5-18 to be the exponential.

Therefore,

~ Koﬂ;ﬂ\h)'to ] 7_9~o lh— &
o T Wy e T e

We have from 5-8
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dh , th 2§ K. &t o a4 &3,
= ::.Kommu)‘toﬁ, e Y+ = : TAE e o P
o [ PTG (5-20)
: Al s ,UQ;] 0> Voy

We next average cal& over all entrance times to obtain the value for the
the "average" electron. This will be used to obtain the cumulative effect
of all the phases. We find,

ol
dh Wit _d)\ Ko K, _ Qu Yy
%‘So eI= Tl ) Ay o e

The energy of an electron is given by

R e = S TS

We find d) within a constant from 5-9 and without loss of generality
define the energy to be zero at the cathode and when the beam enters
the system, setting the value of the constant. Linearizing the potential

we find

1
q) zem\r?- s ’U‘"b' — HY?TOES (5-23)

Similarly we linearize T and find

T oy & L’rt * mg“ol A— nflvo‘a § (5-24)

To first order, the energy of an electron is, from 5-22, 5-23, and 5-24
Q.o A (5-25)
H AnVor
The power carried by the beam past any cross section is just the product

of 5-25 averaged over all phases and the number of electrons flowing past

that cross section per second. Therefore

P, = _T_.hff}g,_ N (5-26A)
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\ T -
N=Z (5-26B)
The sum of the beam and wave powers flowing through a cross sectional

plane at arbitrary value of z is constant and therefore the derivative

with respect to z is zero. We have, from 5-12, 5-21, and 5-26A that

2 . 0B
20043 4. Nl Ko K 0
P ees LT =
= ot et 16] 'v"‘a (5-27)

which is equivalent to, for PO#O, the quadratic equation in c(2

Y 200" NAEKK,
AV R o4 7_M3r°gu%,1 =0 (5-28)

If the variations in the electron motion occur much faster due to the
effects of the rf forces rather than the natural electron oscillations,
so that

2
o > TR (5-290

we have from 5-28

d'-l —~ ND»O'LKOK\
=T TS Ve

(5-29B)

From 5-8 we see that for large radius of curvature KI will certainly be
negative. Under those circumstances ot is positive and we have appro-

ximately for the four roots of &K

= || (5-30A)
0{1’ = a(_jl (5-30B)
Ly =i} o] (5-30C)
o =-t|L| (5-30D)

\j_ “NRZ KoK !
ol = T3 Uy (5-30E)
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There will be, therefore, a growing solution, an attenuating solution
and an oscillating solution. The solution of interest for these considera-
tions is the growing wave, given by o<1'.

If the above approximation is not made we have from 5-28 that

2  NKoK Mo Yot
oA* '-‘—“W%Tg—% 14 ‘ 217 (5-31)

We see that for Kl negative the two values of 042 are both real, one

being positive and one negative. We therefore have two purely real values

of X , with the same magnitude and opposite sign and for the other two
roots a pair of purely imaginary complex conjugate roots. The behavior
is basically the same as for the approximated case, the important point
being that there is a growing solution. We have

|
— & o N¥Xol< ﬂnf‘o?"l]
SRS W_H; | — AR — (5-324)
= sl Ko >
0(’5}1 - iLfmro 'U'o’b \|+_\] \ NKOK"L‘Q Q’U'D"x (5-328B)

We may easily show that Eqs. 5-32 reduce to Egqs. 5-30 when

NK IS, MG 3"1!' v !
'J_- Zglzo? > |

Of course, we recognize that if the losses of the rf structure are taken
into account, the growing wave root of ¢ must be larger than a critical

value before actual gain will be noticed.

We may express the value of oA consistent with a growing solution given
in Eq. 5-32A in terms of the more approximate value given in 5-30A

utilizing the wavelength of natural electron oscillations, )\0, given

in 4-113A, We find
1 . 1
I = 0( I+_ "”TL 'L'“"
(LAY (A IS (5-33)




213

and we see that for cxl',\o large the two solutions coalesce. As an
example we choose the dimensions and data shown in Fig. 2-28:
g=.650 inch
W=.312 inch
t=,032 inch
and we choose for the operating point on the dispersion diagram
BDL=.4w
f~]11GHz
We allow for the zero thickness beam a clearance-to the plane of the
teeth of .100 inch. For this clearance the interaction fields will be
relatively strong without a large possibility of beam interception and
the piecewise parabolic Hill's equation is a good approximation. The
choice of operating point on the dispersion diagram and the choice for

synchronization with the n=1 space harmonic yields from 2-14 and 2-8A
— Voy
%? = 22 6T

and

Qbf* “,%;%‘m 13.23 KV

We find then

7
! i
0<\ 31777'“ S\o'
If we take
T
Eﬂ-m
and we take a
~ao b
“%g ‘

consistent with the discussion in Chap. 4 so that
Voo | ©
%) <]
From Fig. 4-20 the beam will be stable with

B=2,035
We find therefore that the total potential of the electron is

T==29.175 KV

since
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Joz.5
Vp 8
For an electron gun of perveance
P:=10-6
We have then
[I]=5 amp
With these values we find
Iy o~
;" Ag=.823

and

o
yr 27 ~
H\*m BRCES

s0 that 5-33 must be used for accuracy. We find for the gain in db

24,2
Gdb=10£agloe ! -'38-6860(‘2

so that
Gg,/period = .029 db

Gdb/ free space wavelength =.09 db

1
{21 I

T T

We can easily show

so that for the low gain situation

LYY

“ir2
and it is readily shown
ORN (OL\')IXD
Ui 2T (5-35)
We see, therefore, that in the low gain region the gain varies as
HE

so that some improvement in the low gain for this simple model may be
realized by increasing the perveance of the gun.

5.3 Large Signal Region

If the beam displacements become appreciable some interception can take
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place. If this beam collection occurs at the outer cylinder and not at the
inner circuit, electrons which remove energy from the field will be removed
entirely from the interaction process. In this way, net interaction can be

enhanced according to the simple model,

However,, this may require that the initial position of the beam be so close
to the outer cylinder that the space harmonic fields will be negligible
there. It seems that there will be some optimum arrangement which would give
the best results under the conditions of the model presented.

As electrons are removed periodically from interaction a bunched beam will
result. Space-charge forces will then tend to make the beam uniform once
again, Also, these axial bunches may also excite a modewhich has longitudi-
nal electric field which can then interfere with the interaction process of
the model.

5.4 Effects of the Magnetic Field

All of the preceding was predicated upon the omission of the force due to the
rf magnetic field as is uniformly done in beam-wave interaction calculations.

We will now show that this is a gross error for TE waves.

We transform to a moving coordinate system moving in the axial direction,

the direction of propagation and electron translation, The transformation

of the field quantities is137

;o (5-36A)
By
£ E+VxE
THNT=GT it (5-36B)
1 — nF -—
B'br = [3—5-"5],6 (5-36C)

=& i+ (5-36D)
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where the primed components are written in the coordinate system moving
with velocity v in the z direction and the subscript T stands for the
transverse components of the fields,

The space harmonic fields obey Maxwell's equations and we can derive the
transverse components of the fields from the relevant axial components
in the TE and TM cases, We take the axial dependence to be, as usual

ety

For the TM wave we have the relation between the fields to be
Hm.,. ,.,vl Aoy % Eny (5-37A)

where k is the free-space wave number., Therefore,

B

m

138

— Ver 7 =
= Qo X Emg (5-37B)
with Ve, given in Eq. 2-14, For a slow wave, a necessary condition is

Vem< C (5-38A)

and therefore we have from 5-37B that the magnitudes 7 E .. and EnT are

nT
in the ratio of

C?.
Ve > & (5-38B)

We therefore see from 5-36B that if the velocity of the moving coordinate
system is to be less than c we cannot eliminate the electric field by such

a transformation. However, we can eliminate the magnetic field and we take
U = Vigm a‘-"a (5-39)
With 5-39, 5-36D and in view of 5-38A we see that
/
Bny = O (5-40A)

Similarly, from 5-36B we find

BB S O Eee [, B,
11-{%] T (5-40B)
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In this frame of reference, in which the electron is stationary, there
is no magnetic field and the transverse electric field is reduced by the

N P e
[~

tending to zero in the limit as

factor

[

Vigm
= —|

For a TE wave the parallel relation to 5-37A is

— R = T _ =
i Jg‘ Ay *Himy =Vl # B (5-41)

For this situation the magnitudes of En

Vem L C
and so a transformation 5-36B can eliminate the electic field, We use the

T and BnT are in the ratio of

velocity of transformation as in 5-39 obtaining from 5-36B and 5-41 in the
light of 5-38A that

Em-r =0 (5-42A)

and from 5-36D

|

= -ng 1-("{—"‘)?'&-3,&5.,,* -B_mv . " 0
Bm_ = T=—Gy J\—(’%f.—)l Bﬂ'r (5-42B)

In this frame of reference, for which the electron is stationary with
respect to translation, there is no electric field and the transverse
magnetic field is reduced in a manner similar to the reduction of the
transverse electric field in the TM case.

The total rf transverse force on the electron for synchronous motion is
therefore zero and one cannot expect to find interaction based on the model
proposed earlier,

The inclusion of v, in the synchronous case produces radial and axial

6
magnetic forces. The radial motion will give rise to an angular magnetic
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force, albeit small in view of the radially bounded nature of the geo-~
metry. The force for the required mode, still demanding synchronism
despite the axial force, is then

—

£ =-emloHs Ty — v, Hy Qo ~VoH, ) (5-43)

Despite the magnetic nature of 5-43 there is still power transferred
between wave and electron since

= 7 _ — = = =1_ _— = (5-44}
P=1-f —-—em-[E +’UKB] =-eYE =~€VeFg

The dot product of the purely magnetic force, 5-43, with the velocity
vector yields

P = e[ VoV Hy (545

which is for synchronism easily shown to be identical with 5-44,
using 5-41.

It can be that these magnetic forces give rise to net interaction.
Moreover, it may be possible that net interaction will result when
effects such as space-charge forces and nonsynchronous velocity are
considered. A nonsynchronous velocity will no longer result in cancel-
lation of the angular electric force on the electron. Just as non-
synchronous velocity results in net gain for a normal traveling wave
tube, so may it here.

Other so-called transverse wave interactions139 have purely transverse
electric fields only at the unperturbed beam position. The longitudinal
electric field is nonzero off the axis and this field is crucial to the

energy-exchange process in those interaction mechanisms.
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APPENDIX
COMPUTATION OF THE PARABOLIC CYLINDER FUNCTIONS

A method of computation of the functions U(a,x) and V(a,x) of Sec. 4.10 was
developed for the digital computer using a composite scheme, The method
140 £or \al¢5.0
and |x}€3.5 which was a wide enough range to obtain the results given in

was found to give accurate results when compared to tables

Sec. 4.10 by use of the digital computer. All of the following is subject
to those restrictions on |a| and |x|.

The series definitions for the 4‘:'unc:'c.:'mnsl41 are used for a<0; for a20
and |x]%1.5; and for a>0 and |x|>1.5 for V(a,x) only. The number of terms
taken in the series is greater than a minimum number set in the computer
program. This number should not be so great as to cause underflow or over-
flow in the computer. The series is terminated when either the upper bound
for the number of terms is reached or the normalized change in the series
is less than some chosen value given by the variable STOP. Cases where the
gamma functions have very large negative arguments or poles, are not com-
puted. The latter situation, invelving indeterminate cases, involves
evaluation in terms of Hermite polynomials and probability and Dawson's
Integrals.

The first subroutine uses the recurrence relations easily found from
Eqs. 4-177.

KU(“)K) - ("\"\,10 +(O\+-"-;_) J (o_-\- 1y =0 (A-1)

X V{a ) =V {a+,x) + (a- )V (@-1,x) =0 (A-2)

For U(a,x) for the range mentioned A-1 is used in a backward recurrence
scheme while for V(a,x) it was found that the series was more accurate.

The method is initiated for a value of a much larger than the desired value
and U(a+1,x) and U(a,x) are set arbitrarily at the values 1 and 2

respectively., The recurrence relation is applied successively until the
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value of a lies between 0 and -1. The value of the function is stored

at the desired value of a. The functions will differ for this range by

a multiplicative constant from the true values since the othexr solution

to the difference equation will be small. The solutions are normalized by
evaluating U(a,x) for the value of a between 0 and -1 by the series method,
given in the second subroutine. The FORTRAN IV program is given below,
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COMPUTATION OF THE PARABSBOLIC CYLINDER FUNCTIONS

UlA«X) AND VIA,X)
SOLUTIONS TO THE DIFFERENTIAL EQUATION
YO! = (0.25%X%X + A)*Y = 0.0

THE METHOD HAS BEEN SHOWN TO BE ACCURATE FOR
ABSOLUTE VALUE OF A LESS THAN OR EQUAL TO 5.0 AND
ABSOLUTE VALUE OF X LESS THAN OGR EQUAL TO 3.5

SET FLAG=1.0 BEFORE CALLING PROGRAM

FLAG IS CHANGED TO -1.0 IF -THE GAMMA FUNCTION HAS A POLE OR
TOO LARGE A NEGATIVE ARGUMENT.

NO VALUE IS RETURNED FOR THESE CASES

A POLE CORRESPONDS 7O AN INDETERMINATE CASE

THE METHOD USED IS A COMPOSITE ONEaecacoocs
FOR NEGATIVE A THE SERIES- IS USED
FOR POS. A THE SERIES IS USED FOR ABS. VALUE OF X LESS THAN 1.5
FOR POS. A AND FOR ABS. VALUE OF X GREATER THAN 1.5
FOR U THE RECURSION METHOD. IS USED
FOR V THE SERIES: IS USED

THE NUMBER OF TERMS IN THE SERIES: IS SET TO BE WITHIN. TWO BOUNDS
THE SERIES IS TERMINATED WHEN THE ABSOLUTE: VALUE OF :THE

RELATIVE CHANGE; IS LESS THAN STOP

THE NUMBER OF TERMS TAKEN IS RETURNED .IN ZAP .

THE REFERENCE FOR THE RECURSION METHOD. IS FOR A BETWEEN O AND -1
THE INITIALIZATION OF THE RECURSION METHOD: IS WITH: VALUES 1.2
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MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MATN
MAIN
MAIN
MAIN
MAIN
MAIN
MAIN
MALN

10
20
30
40
50
60

10

80

90 -

100
110
120
130
140
150
160

170

180
190
200
210
220

230

240
250
260

270 -

280

290

300
310
320

. 330

340
350

- 360

122



SUBROUTINE FRODO(AsXsU,VeZAP,FLAG) . ' FROD 10

DIMENSION HOLD(4) FROD 20
IF {A .GE. 0.0) GO TO 60 FROD 30
FLAG = 1.0 FROD 40
CALL BILBO{AsX,UAX,VAX;FLAG,ZAP) . FROD SO
U=UAX FROD 60
V=VAX FROD 70
60 .TO 7 FROD 80
60  ABX=ABS{X) . FROD 90
IF{ABX .GE. 1.5) GO TD 61 . FROD 100
FLAG = 1.0 ' FROD 110
CALL BILBO(AsXsUAXsVAX,FLAG,ZAP) FROD 120
U=UAX FROD 130
V=VAX FROD 140
6O . T0 7 FROD 150
61 DO 922 LAU=1,4 FROD - 160
HOLD{LAU)=0.0 FROD 170
922 CONTINUE FROD 180
VALPUL=1.0 FROD 190
VALPV1=1.0 . FROD 200
VALPU2=2.0 FROD 210
VALPV2=2.0 FROD 220
VALPU3=0.0 FROD 230
VALPV3=0.0 FROD 240
WAIT=AINT(A) . FROD 250
WAITA=ABS (WAIT) FROD 260
STARTP=(2,0%NAITA)+20.0+A FROD 270
ARGPUL=STARTP FROD 280
ARGPU2=ARGPUL-1.0 FROD 290
ARGPU3=ARGPUL-2.0 FROD 300
ARGPVL=STARTP FROD 310
ARGPV2=ARGPV1-1.0 FROD 320
ARGPV3=ARGPVI-2.0 FROD 330
DO 902.L1=1,500 FROD 340
VALPU3=X%VALPU2+( [ARGPU2+0.5)*VALPUL) FROD 350
VALPV3=(1.0/{ARGPV2-0.5) ) ¥ [ VALPVL—{X*VALPV2)) FROD - 360

FLI=LI ‘ FROD 370

(A



952

902

972

ARGPUL=STARTP~FLI1
ARGPUZ2=ARGPUL-1.0
ARGPU3=ARGPU2-2.0
ARGPV1I=STARTP-FLI
ARGPVY2=ARGPV1-1.0
ARGPY3=ARGPV2-2.0
VALPUL=VALPU2

VALPU2=VALPU2

VALPV1=VALPV2

VALPV2=VALPV3

STOPP=ABS (ARGPUZ-A}

IF{STOPP ..G6T. 0.001) GO TO 952
HOLD(1)=VALPU2

HOLD{2)=YVALPV2

RER=0.0

IF(ARGPUZ .GE. RBR ) GO TO 902
HOLD(3)=VALPU2

HOLD(4)=VALPV2

FLAG=1.0

CALL BILBO(ARGPUZ24XsTUP,TVP4FLAG,ZAP) .

IF(FLAG .1LT. 0.0) GO .TO 7
UAX=(TUP/HOLD(3})*HOLD{1)
VAX={TYP/HOLD{4))*HOLD(2)
BRACHA=UAX

VAX=0.0

FLAG=1.0

CALL BILBO{AsXyUAX,VAX,FLAG:ZAP) :
UAX=0.0

UAX=BRACHA

U=UAX

V=VAX

GO TO 7

CONTINUE

PRINT 972

FORMAT(18H A IS TOO POSITIVE} .
FLAG=-1.0

60 T0 7

FROD
FROD
FROD
FROD
FROD
FROD
FRCOD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FRGD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FROD
FRGOD
FROD
FRQOD
FROD
FROD

380
390
400
410
420
430
440
450
460
470
480
490
500
510
520
530
540
550
560
570
580

590 -
6G0 -

610
620
630
640
650
660
670

680 -
690 -

700
710
120
730
740

£Z¢



7

RETURN
END

FROD 750
FROD 760

vee



225

oLt

09t

4132
0%e

0ce -

174
oie

00€ -

06¢
08e
QL2
09¢
05¢é
0#2
0ed
0¢¢
0t¢
002
061
081
oL
091
05t
051
DET
ozl
011
001
06 -
08.
orL
09

A
0%

0€
02

01

- 9718

8114
9118
8118
8714
g118
8114
2118
8114
8118

87114

8118
811a
9114
97149
8118
8118
8118
8118
g11e

-a7118

811d

- 818

87118
g11d
87114

- g11g

8119
9114
8119

- 8719

a119
8118
8118

- 8118

g114d
2714

te91 OL 09

FUdx({0°T-WI+1IUVI) /0°1)=3¥d

0sT 01 09

(T9UVI I VRWYI=TNNA

Li 0% 09

0°1-=9v1d
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146

150
143
152

154

153

248
245
247

249
244
246
250

243
252

PRE={1.0/{GARGL+FM—1.0} )*PRE
FUN1= PRE*GAMMA(GARGL+FM)

GO 10 150

GO TO 152

CONTINUE

CONTINUE

IF (FM .LT. 99.0) GO TO 153
PRINT 154

FORMAT {34H ARGUMENT OF GAMMA IS TOO NEGATIVE) .

FLAG=—1.0

GD T0O 77

FNUM1= (¥S1}%FUNL
FDENL={SQRTIPI))®{2.0%*{{0.5%A1)}+0.25))
YL1= FNUM1/FDEN1
GARG2=0.75-(0.5%*Al)

PRE=1.0

DO 243 N=1,100

FN=N

IF (GARG2) - 2484 245, 249
IF{GARG2+FN) . 244y 245+ 246
PRINT 247 GARG2 :

FORMAT(30H GAMMA HAS A POLEys 0.75-0.5Al=, FB.3,
1 57TH THEREFORE FOR -THIS VALUE OF A, THE CASE IS INDETERMINATE} .

FLAG=-1.0

GO 10O 77

FUN2=GAMMA(GARG2) .

GO TO 250
PRE={1.0/{GARG2+FN-1.0) ) *PRE
GO .TO 243
PRE=(1.0/{GARG2+FN-1.0) }*PRE
FUN2= PRE*GAMMA{GARGZ2+FN] -
GO0 :T0 250

GO TO 252

CONTINUE.

CONTINUE

IF:{EN .LT. 99.0) GO TO 253
PRINT 254

BILB
BILB
BILS
BILB
BILB

BILB -

BILB
BiLe
BiLs
8ILB
sILB
BILSB
BILB
BILB
BILB
BILB
BiLB

BILB .

BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
8ILB

BILB -

BILB
BILB

380
: 390

400
410
420
430
440
450
460
470
480
490
500

510

520
530

540

550
560
570

580
590

600
610
620
630
640
650
660
610
680
690
700
210
720
730
740

9te



254 FORMAT {34H ARGUMENT OF GAMMA IS TOO NEGATIVE)

253

348

345
34T

349

344 -

346

350
343
352

354

353

FLAG=-1.0
G0.-TO 77
FNUM2=(Y¥S2)*FUN2

FDEN2=(SQRTIPI) 1%{2.,0%*({0.5%A1)-0.25)) .

YL2=FNUM2/FDEN2
PREU=UALX

UALX=(YLL)*(COS(PI*(0.25+(0.5%A1) 1) )=(YL2)*(SIN(PI*{0.25+(0.5%AL}) .

11 . :

GARG3=0.5~-A1

PRE=1.0

DO 343 L=1,100

FL=L .

IF(GARG3) . 34843454349
[FECGARG3+FL) | 34443454346
PRINT 347, GARG3

FORMAT (264 GAMMA HAS A POLE,
157TH THEREFORE FOR THIS- VALUE
Fl'.AG'_"-l .0

GO0 TO 717

FUN3=GAMMA{GARG3) .

GO TO 350
PRE={L.0/7{GARG3+FL-1.0))*PRE
GO TO 343
PRE=(1.0/{GARG3+FL~1.0) J*PRE
FUN3=PRE*GAMMA( GARG3+FL)}

GO -TQ 350

GO TO 352

CONTINUE

CONTENUE

IF(EL .LT. 99.0) GO TO 353
PRINT 354 :

FORMAT (34H ARGUMENT OF GAMMA
FLAG=-1.0

60 TO 77

CONTINUE

PREV=VA1X

0.5-A1=y F8.3,
OF :A; THE CASE IS INDETERMINATE} .

IS TOO NEGATIVE}

BILB
BILS
BILE
BILSB
BiLg
BILB
8ILs
BILB
BILB

BILB -

BILS
BILS
BIL8

BILB -
BILB -
BILB

BILB
BILB
BILB
BILB
BILB
BILB
BILB

BILB:

BiLB
BILB
BILB
8sILB
BILB
BILSB
BILSB
BILB
BILB
BILB
BILB
BILB
BILB

750 -

- 760
770
180

790

800
810
820
830
840

850

860
870
880
890
900
910
920
930
940

- 950
940
910
980
990

1000

1010

1020

1030

1040

1050

1060

1070

1080

1090

1100

1110

Lee



200

12
70

|

VA1X={1.0/ FUN3 JEULYLL)*(SIN(RE*{0, 25+ (0. 5%AL) )Y ) .
+{YL2)*{COS(PI* (0.25+(0.5%A1)))))

ZAP=F[+1.0

IF(FI .LT. 4.0) . GO TO 200

TESTU= ABSC(UALX-PREU)/UALX} .

TESTV=ABS{ (VA1X-PREV)/VA1X)

STOP=1.0E-15

IF (TESTU oLT. STOP J.AND. TESTV .LT. STOP)  GD TO 70
CONTINUE

PRINT - 72

FORMAT{48H MORE THAN 500 TERMS NECESSARY FOR THE FUNCTIONS)
CONTINUE

RETURN

END

BILB
BILB
8ILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
8ILS
BILS

1120
1130

1140

1150
1160
1170
1180
1190
120{
1210

‘1220

1230
1240
1250

8¢¢
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