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ABSTRACT

A SLOW WAVEGUIDE WITH CEM PROPAGATION AND CEF ELECTRON BEAM

by

M itch ell S . Haspel 

Advisor: P rofessor Morris Ettenberg

An in te r a c t io n  mechanism i s  proposed between an e lec tro n  beam and an 
electrom agn etic  wave w ith  the view towards a m p lifica tio n  o f  the wave 
a t the expense o f  the beam energy. The beam i s  c e n tr ifu g a l-e le c tr o ­
s ta t ic a l ly - fo c u s e d  in  a co a x ia l p e r io d ic  geometry which supports a 
pertu rb ation  o f  the c ir c u la r -e le c tr ic -m o d e . The problem f a l l s  in to  
four n atura l parts c o n s is t in g  o f  the in te r a c t io n  and th ree concomitant 
a r ea s , namely, the s o lu t io n  to  th e wave equation and L aplace's equation  
and the e le c tro n  dynamics and s t a b i l i t y  in  the s t a t i c  f i e ld s .

In the s o lu t io n  o f  th e  wave equation th e f ie ld s  and d isp ersio n  o f  the  
c ir c u it  are found by a modal expansion method. In a d d itio n , an approxi­
mate method using a H i l l ' s  equation i s  u t i l i z e d  to  a rrive  a t an exp ression  
fo r  d isp ers io n  which i s  sim p ler  in  form than th e r e s u lt  o f  the expansion  
method. The r e su lts  o f  an experim ental program are given which are in  very  
good agreement with th e th e o r e t ic a l f in d in g s .

The s o lu t io n  o f  L aplace's equation in  the p er io d ic  geometry in vo lves  
so lu t io n  o f  a mixed boundary value p o te n t ia l  problem fo r  the approximation 
o f  in f in ite s im a l tooth  w idth. This i s  secured  using con formal mapping 
theory and the r e s u lt  i s  found to  be accurate fox a wide range o f  geomet­
r ic a l  co n fig u ra tio n s, e s p e c ia lly  so  fo r  the geometry re lev a n t to  th is  
problem. The r e s u lt s  are v e r if ie d  experim entally  w ith very good agreement.

In the area o f  e lec tro n  dynamics in  th e s t a t i c  f i e ld s ,  space charge e f fe c t s  
and s t a b i l i t y  in  the uniform system  i s  f i r s t  considered . N ext, n eg lec tin g  
space charge the nonzero th ick n ess  beam is  examined to  f in d  the ch oice o f  
equilibrium  radius and n on lin ear n atura l period  o f  e le c tr o n  o s c i l la t io n .

x i i i



This la t t e r  q u estion  i s  t ie d  to  e lec tro n  s t a b i l i t y  in  the p er io d ic  f i e ld s .  
Addressing the q u estion  o f  s in g le  e lec tro n  s t a b i l i t y  in  the p e r id ic  sy s ­
tem i t  i s  found th at fo r  regions where in te r a c tio n  might be pursued the 
d if f e r e n t ia l  equation o f  in te r e s t  i s  a nonhomogenious p iecew ise  quadratic  
H i l l ' s  equation . The homogeneous equation i s  d iscu ssed  and an e x p l ic i t  
so lu t io n  found fo r  s t a b i l i t y .  Only a few such e x p l ic i t  so lu tio n s  have 
p rev io u sly  been found. The r e s u lts  are compared w ith  severa l s t a b i l i t y  
c r i t e r ia ,  one o f  which i s  found to  break down. The s t a b i l i t y  p lane i s  
compared with th a t fo r  the Mathieu equation obtained  by truncation  o f  the 
Fourier s e r ie s .  Computer tr a je c to r ie s  are presented  fo r  various p o in ts in  
the plane v e r ify in g  the th e o r e t ic a l f in d in g s . Applying th ese  r e s u lt s  i t  
i s  found th at the motion w i l l  be s ta b le  and non linear period e f f e c t s  can 
improve s t a b i l i t y .  An approximate p a r tic u la r  s o lu t io n  i s  given, for  the 
nonhomogeneous d i f f e r e n t ia l  equation.

F in a lly , l in e a r  in te r a c tio n  i s  considered based upon a very sim ple model. 
Small s ig n a l gain  i s  found and a numerical example given . The e f f e c t s  
o f  the r f  m agnetic f i e ld  are found and the consequences considered for  
a TE mode synchronous in te r a c t io n . The need fo r  a d r a s tic  change in  the  
in te r a c tio n  model i s  in d ica ted .

A d iscu ss io n  i s  given  in  the appendix o f  th e  c a lc u la tio n  o f  th e Parabolic  
Cylinder Functions by computer which were needed in  th e a n a ly s is .
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CHAPTER 1 

INTRODUCTION

1.1 M otivation

The in ter a c tio n  between e lectron s and electrom agnetic waves i s  o f  in te r e s t  
because o f  the p o ss ib le  interchange o f  energy between the two. In microwave 
am plifiers and o s c il la to r s  such in tera ctio n s are u se fu l in  ex tra ctin g  ener­
gy from an e lec tro n  beam and conversion in to  microwave energy w hile in  mod­
em  p a r t ic le  accelerators the inverse process i s  used to  in crease the ener­
gy o f  e lectro n s at the expense o f the wave energy. This work addresses the 
former mechanism and in v e st ig a te s  a p a r tic u la r  in ter a c tio n  mechanism and 

some o f  i t s  concomitant problems.

In order to  obtain  net in tera ctio n  in  traveling-w ave devices the e lectron  
stream lon gitu d in a l v e lo c ity  approximately equals the phase v e lo c ity  o f  
the in ter a c tin g  wave. To produce a wave whose phase v e lo c ity  i s  s u f f ic ie n t ly  
low requires a guiding stru ctu re which o ften  c o n s is ts  o f  a geometry p er io d ic  
with resp ect to  the lon g itu d in a l dimension. The p a rtic u la r  geometry and mode 
o f  operation considered h erein  w i l l  be seen to  contain certa in  advantages.

To obtain u se fu l in tera ctio n  the process must occur over r e la t iv e ly  long 
lengths and th erefore some means must be provided to  focus the e lectron  
beam and maintain i t s  p o s it io n  r e la t iv e  to  the guiding stru ctu re . Most 
schemes u t i l i z e  magnetic f ie ld s  which involve large weight and s iz e  and 
power consumption in  the case o f  a so len o id . An a lte r n a tiv e  i s  the use o f  
e le c t o s t a t ic  focusing methods. Chernov* has contrasted  various focusing  
schemes and has favored the c e n tr ifu g a l-e le c tr o s ta t ic a lly - fo c u se d  method, 
or CEF, which b a s ic a lly  balances the forces on a ro ta tin g  annular e lectro n  
beam by the use o f  an external rad ia l e le c t r o s ta t ic  f ie ld .  This method i s  
adopted here w ith the exception that the p er io d ic  nature o f  the guiding 
structure introduces a perturbation o f  the e le c t r o s ta t ic  f ie ld  which re­
quires consideration  o f  e lectro n  s t a b i l i t y .

Due to  the requirements o f  synchronization and focusing the k in e t ic  energy 
o f the e lectro n s as they en ter  the in ter a c tio n  region i s  p a rtitio n ed  in to



2

lon g itu d in a l and ro ta tio n a l en erg ies . Normally, the source o f  energy for
2

the a m p lifica tion  process in  traveling-w ave devices i s  the lon g itu d in a l 
energy and the in tera c tio n  between e lectron s and wave occurs through a 
lon g itu d in a l e le c t r ic  f i e ld .  The in ter a c tio n  considered here i s  with an 
e le c t r ic  f i e ld  vector purely in  the Q  d irec tio n  and th erefore the pro­
posed source o f  energy i s  r o ta t io n a l. The r f  f ie ld  mode considered for  
in tera ctio n  i s  a perturbation o f  the coax ia l TE^ mode, which we refer  
to  as a c ircu la r -e lec tr ic -m o d e , or CEM.

For in tera tio n s  with a lon g itu d in a l e le c t r ic  f ie ld  the synchronous elecrons  
experience a cce lera tin g  or retarding forces depending upon th e ir  phase. I f  
we assume that they do not in ter a c t with each other we note th a t as the 
in ter a c tio n  progresses the electrons in  a nonzero f ie ld  move away front...syn­
chronous v e lo c ity .  S ince in  the proposed scheme there i s  no f i r s t  order 
coupling to  the lon g itu d in a l v e lo c ity ,  synchronism i s  maintained. Since 
lon g itu d in a l energy can be recovered a fte r  in ter a c tio n , in  p r in c ip le , by 
use o f a depressed c o lle c to r  , and s in ce  the e lectron s w i l l  have the same 
energy independent o f  phase, the use o f such a scheme in  our case can be 
p a r tic u la r ly  e f f e c t iv e .  For lo n g itu d in a l-f ie ld  in te r a c tio n s , a fte r  the 
energy exchange process the e lectron s are no longer mono-energetic in the  
z d irec tio n  and th erefore no s in g le  value o f  c o lle c to r  p o te n tia l w il l  s u f f ic e .

As microwave tubes o f  normal geometry are sca led  to  higher frequencies the 
slow wave c ir c u its  become exceedingly sm all and th erefore not capable o f  
d iss ip a tin g  large amounts o f in tercep ted  beam current. In ad d ition , the 
magnitude o f  the beam current i t s e l f  is  lim ited  by maximum current d e n s it ie s  
a v a ila b le  from cathode m a ter ia ls , p o ss ib le  convergence r a tio s  o f  e lectron  
guns and values o f current d e n s it ie s  which can su c c e ss fu lly  be focused.
These lim it in g  factors on the frequency and power are obviated s in ce  in  the  
annular geometry the beam current i s  d is tr ib u ted  over an a r b itr a r ily  large  
cross s e c tio n  s in ce  the system may be constructed at an a r b itr a r ily  large  
radius o f  curvature. This i s  true s in ce  for  large values o f  radius o f  cur­
vature the frequency ch a r a c te r is t ic s  o f the slow wave c ir c u it  in  CEM is  
p r a c t ic a lly  independent o f the curvature and the system may be trea ted  as 
planar. Modest current d en sity  can th erefore lead to  large t o ta l  current.

From the standpoint o f  lo sse s  CEM is  in i t s e l f  w ell su ited  to  high frequency.
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For most waveguide modes the a tten u ation  reaches a minimum at some fr e ­
quency and in crea ses  fo r  la rg er  values o f  frequency. On the other hand, 
fo r  CEM the a tten u ation  i s  a m onotonically  decreasing function  o f  frequency, 
approaching zero asym p totica lly .

In a d d itio n , CEM is  w e ll su ite d  to  h igh power a p p lica tio n s s in ce  th e e le c ­
t r i c  f i e ld  i s  zero at a l l  metal su r fa ces . The maximum e le c t r ic  f i e l d  occurs 
fa r  from th ese  boundaries, a s itu a t io n  which would tend to  impede the pro­
duction  o f  arcs due to  high power tran sm ission .

S e le c t iv e  mode contro l i s  f a c i l i t a t e d  by the sim ple fa c t  that fo r  CEM 
the currents on the metal boundaries are in  the Q  d ir e c tio n  only and 
so con stru ction  in  a stacked  ring  array would damp unwanted modes which 
could otherw ise e x is t .

1 .2  Physical P ictu re  o f  the In tera ctio n  Mechanism

For th is  sim ple p ic tu re  we assume th at the s t a t i c  f i e ld  i s  taken to  be 
uniform with resp ect to  z and that the only  r f  force  i s  due to  the ’'cold" 
e le c t r ic  f i e l d .  An e lec tro n  en ters the in te r a c tio n  reg ion  with the lo n g i­
tu d in a l v e lo c ity  required fo r  synchronism with the e lectrom agn etic  wave 
and w ith the angular momentum required fo r  equilibrium  in  the s t a t i c  f ie ld  
at the in je c te d  rad iu s. We assume the ra d ia l v e lo c ity  to  be zero on in je c t ­
io n . The e le c tr o n  w i l l  experience a ta n g e n tia l force  due to  the r f  e le c ­
t r i c  f i e ld ,  the magnitude and sign  o f  t h is  force depending upon the time 
o f  entrance o f  the e lec tro n  in to  the in te r a c tio n  region .. Under t h is  force  
the e lec tro n  angular momentum w il l  change and the o r b it  w i l l  vary from 
i t s  h ereto fore  h e l ic a l  form. As viewed in  cross s e c tio n  the o r b it  w i l l  
change from a c ir c u la r  one to  one where the radius i s  a function  o f  tim e. 
Those e lec tro n s  in  an a cce le ra tin g  f i e ld  gain energy from the f i e l d  and 
move to  la rg er  values o f  radius w hile th o se  in  a retard in g  f i e ld  g ive  up 
th e ir  energy to  the f ie ld  and move to  sm aller ra d ia l p o s it io n s . S ince the 
e lec tro n s  are eq u ally  d is tr ib u te d  w ith  resp ect to  phase we as y e t  have no 
reason to  expect net interchange o f  energy. The in te r a c tio n  f i e l d ,  how­
ev er , decreases in  magnitude with in crea s in g  radius because the slow  wave 
c ir c u it  i s  p laced  at the inner boundary. T herefore, those e lec tro n s  which
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remove energy from the f i e ld  move to  regions o f  weaker f ie ld s  w h ile  th ose  
which g ive  up energy move to  stronger in te r a c t io n . This sim ple p ic tu re  
th erefo re  p red ic ts  th a t th ere w i l l  be a net tra n sfer  o f  energy from e l e c ­
trons to f i e ld  r e su lt in g  in  a m p lifica tio n .

Based on th is  sim ple p ic tu re  there i s  no true bunching o f  the e lec tro n  
beam in  the normal sen se . The e lectron s are merely s h if te d  r a d ia lly  but 
the azimuthal and a x ia l d e n s it ie s  remain con stan t. The tr a je c to r ie s  o f  
the in d iv id u a l e lec tro n s  are not c ir c u la r ly  symmetric but because the 
beam as a whole and the in te r a c tin g  f ie ld s  are symmetric the beam locus 
m aintains th is  symmetry. The way the beam b u ild s  up in  ra d ia l displacem ent 
as the in te r a c tio n  p rogresses i s  shown in  F ig . 1 -1 . I t  i s  to  be noted again  
th at the sim ple model has n eg lected  the magnetic f ie ld .  The way th at th is  
m odifies the above i s  d iscu ssed  in Chap. 5,

1 .3  Some R elated Work

There have been very few attem pts to  use CEM for  in te r a c t io n . The Ubitron^  
uses magnetic undulation o f  an e lectro n  beam and uses no p er io d ic  s tr u c ­
ture for  in te r a c t io n .

The CEF focu sin g  scheme was used in  conjunction with a normal tr a v e lin g -
6 7 8wave-tube h e l ix  , backward wave in ter a c tio n  J and ^ - p e r io d ic  in te r a c t io n

9 10with a TEM wave, the HetCtron * . There a lso  has been some general d is -
1 1 1 2cu ssion  o f  th ese  devices *

1 .4  O rganization

The major asp ects o f the problem are considered sep arate ly  to  obtain  
in d iv id u a l e f f e c t s .  The research undertaken f a l l s  in to  four natural parts  
and th ese  are considered in  the four fo llo w in g  chapters. These areas con­
s i s t  o f  the so lu t io n  o f  L aplace's equation and the wave eq u ation , e le c tr o n  
s t a b i l i t y  and dynamics in  th e s t a t ic  f ie ld s  and the in ter a c tio n  problem.

Chapter 2 concerns i t s e l f  w ith  the so lu t io n  o f  the wave equation . The f i e ld s
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and d isp ersio n  o f  the c ir c u it  are found by the method o f modal expansion.
An approximate method u sin g  a H i l l ' s  equation i s  used to  f in d  an approximate 
d isp ersion  equation which i s  fa r  sim pler in  form than the modal expansion 
r e s u lt .  Experimental r e s u lts  are given which are in  good agreement with  
the th e o r e t ic a l f in d in g s .

In Chapter 3 we are concerned with the so lu t io n  o f  the s t a t i c  f ie ld s  in  the  
p eriod ic  geometry. These f ie ld s  are n ecessary  to  determine s t a b i l i t y  o f  the  
e lectro n  tr a je c to r ie s  in  the p er io d ic  f i e ld s .  The so lu t io n  to  th is  mixed 
boundary value p o te n tia l problem for in f in ite s im a l tooth  width is  accomp­
lish ed  by u t i l iz a t io n  o f  conformal mapping theory and the r e s u lt  i s  found 
to  be accurate for  a wide range o f  geom etrical co n fig u ra tio n s. For the  
geometry c o n s is ten t w ith the r e s u lts  o f  Chapter 2 we fin d  e x c e lle n t  accu­
racy. The r e s u lt s  are v e r if ie d  experim entally  by the use o f  analog f i e ld  
p lo tt in g . We have found e x c e lle n t  agreement.

In Chapter 4 our a tten tio n  i s  turned to  e lec tro n  dynamics in  the s t a t i c  
f ie ld  s itu a t io n .  We con sid er space charge e f f e c t s  and s t a b i l i t y  for  
the uniform system . N eg lectin g  space charge e f f e c t s  we examine the non­
zero th ick n ess beam to  f in d  the equilibrium  radius choice and nonlinear  
e f fe c t s  upon the natural period  o f  e lec tro n  o s c i l la t io n  which i s  t ie d  
to  the q u estion  o f  e lec tro n  s t a b i l i t y  in  the p er io d ic  f i e ld s .  We then  
address the question  o f  e lec tro n  s t a b i l i t y  in  the p er io d ic  f ie ld s  i g ­
noring space charge. We fin d  that fo r  regions where in te r a c t io n  might 
be pursued the d if f e r e n t ia l  equation o f  in te r e s t  i s  a nonhomogeneous p ie c e - 
wise quadratic H i l l ' s  equation. The homogeneous equation i s  d iscu ssed  and 
an e x p l ic i t  so lu tio n  i s  found for  the s t a b i l i t y . .  This rep resen ts  an e x p l i ­
c i t  so lu t io n  fo r  a H i l l ' s  equation o f  which only a few are known. The 
question o f  coex isten ce  would th erefore  be a very in te r e s t in g  realm o f  
study.

The r e s u lts  are compared w ith  severa l s t a b i l i t y  c r i t e r ia ,  one o f  which i s  
found to  break down. The s t a b i l i t y  p lane i s  compared w ith th a t for the  
Mathieu equation obtained by truncation  o f  the Fourier s e r i e s .  Computer 
tr a je c to r ie s  are presented fo r  various p o in ts  in  the s t a b i l i t y  plane which 
v e r ify  the th e o r e tic a l r e s u lt s .
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Applying the r e su lts  we find  that the e lectro n  motion w il l  be s ta b le  and 
nonlinear period  e f fe c t s  improve the s t a b i l i t y .  An approximate p a rticu la r  
so lu tio n  is  found for  the nonhomogeneous d if f e r e n t ia l  equation.

In Chapter 5 lin e a r  in te r a c tio n  i s  considered based on a simple model 
using r e s u lts  found in the preceding chapters. The value o f  sm all s ig ­
nal gain i s  found and a numerical example given . A short d iscu ssio n  o f  a 
large s ig n a l e f fe c t  fo llo w s. F in a lly , the e f f e c t s  o f  the magnetic f ie ld  are 
d iscu ssed , which were ignored in  the rest  o f  the chapter.

An appendix i s  provided which d iscu sses the ca lcu la tio n  of the Parabolic  
Cylinder Functions needed in  Chapter 4.

Beam V elo c ity  — *■

Fig, 1-1 Beam-Wave Interaction
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CHAPTER 2 

THE ELECTRODYNAMIC PROBLEM

2.1  Prelim inary C onsiderations

We w i l l  co n sid er , as the f i r s t  problem, the electrodynam ic f ie ld s  which 
e x is t  in  the gu id ing stru ctu re  fo r  the d esired  mode. Two asp ects o f  the s o ­
lu t io n  are o f  importance. P r im a rily , we are in te r e s te d  in the d isp ersio n  o f
th e slow wave s tru c tu re . This i s  the re la t io n sh ip  between frequency o f  fr e e -
space propagation constant and the propagation constant o f a p a r t ic u la r  
space harmonic o f  the f i e ld .  This inform ation y ie ld s  the phase v e lo c ity  o f  
th a t space harmonic as a fu n ction  o f frequency. For synchronism between the  
e lec tro n s  and the wave, we requ ire that the tr a n s la t io n a l v e lo c ity  o f  
th e e lec tro n s equal the phase v e lo c ity  o f  the wave.

T herefore, when the system i s  operated as an a m p lifier  we may ca lc u la te
the required lo n g itu d in a l energy o f  the e le c tr o n  beam given the frequency 
o f  the input s ig n a l .  This inform ation i s  required  when one p h y s ic a lly  s e t s  
the voltages on the e lec tro n  in je c t io n  scheme. On the other hand, i f  one 
were to  design  an o s c i l la t o r ,  one knows the tuning c h a r a c te r is t ic s  o f  the s y s ­
tem, which i s  sim ply the r e la t io n sh ip  between th e vo ltage and output frequency.

The second asp ect o f  the s o lu t io n  which i s  o f  importance i s  the determ ina­
t io n  o f the f ie ld s  and space harmonic con ten t. The transverse v a r ia tio n  o f  
th e f ie ld  w ith  radius is  important in  determ ining the gain o f  the system  
as explained in  Chap. 1.

The slow wave stru ctu re  c o n s is t s  o f  an outer cy lin d er  and an inner boun­
dary c o n s is t in g  o f  a ltern a tin g  stepped cy lin d ers o f  d if fe r e n t  r a d i i .  This 
corrugated in n er boundary i s  th erefore p er io d ic  so that the combined co­
a x ia l system forms a p er io d ic  guiding s tr u c tu r e . The stru ctu re  i s  assumed to  
be many p eriod s in  length and consequently w ith  resp ect to  th e major body o f  
the system we may take the c ir c u i t  to  be i n f in i t e  in  length . Except for  the  
immediate v i c in i t y  o f the en d s, the so lu t io n  fo r  the f ie ld s  w i l l  be ac­
cu rate . The end conditions w i l l  s h if t  the d isp ers io n  r e la t io n  s l i g h t ly ,  but 
i t  too w i l l  be q u ite  accurate i f  the stru ctu re  i s  many periods lon g . On the  
oth er hand, by proper matching techniques ap p lied  to  both ends one may make 
the system seem to  be in f in i t e ly  long by the e lim in a tio n  o f  r e f le c t io n s .
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The geometry o f  in te r e s t  i s  o f  large radius o f  curvature. This s itu a t io n  
fo llow s due to  the requirements o f  input and output schemes and the d es ire  
to  have in tera ctio n  take place over a large area. The d ifferences in  ra d ii  
in  the in tera ctio n  region are th erefore much le s s  than th e ir  absolute v a l­
u es , th at i s ,  A r « r .  As the system radius o f  curvature becomes larger  
the geometry appears more planar. Based upon th is  h e u r is t ic  reasoning, we 
conclude that we may trea t the geometry as planar and obtain accurate r e s ­
u l t s .  We w rite the Laplacian in  c y lin d r ic a l coordinates with a x ia lly  sym­
m etric geometry and so lu tio n

For large radius o f  curvature and we have that

+  ^  C2-1B)

Eq. 2 - IB in d ica tes that the Laplacian is  approximated by the rectangular  
Laplacian provided we a sso c ia te  r with one o f  the rectangular coord inates.

The conclusion drawn above may be i l lu s tr a te d  for  a sim ple relevan t example.
Consider a coaxia l transm ission l in e  o f  inner radius r^ and outer radius
r . As is  wel l  known, the a x ia l magnetic f i e l d  fo r  the TE mode is  o om

1 4  =  ( a t . M  +  (2-2A)

p (2-2B')

where J i s  the B essel function o f  f i r s t  kind and N is  the Neumann func- ° o
t io n ,  both o f  zeroth order. From the condition th at , proportional to  
Eq  , be zero at r=r^ and r=rQ we fin d  the equation determining kc

=  T i W N i ( a x )
(2-3A)
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(2-3B)

X =  fecTi C2-3C)

As the radius o f  curvature in creases X approaches u n ity  and x approaches
13in f in i t y .  For th is  s itu a t io n  we may use the asym ptotic forms fo r  the 

B essel functions

U X L (2-4A)

M )  ( y )  ^
in  2-3A to  f in d  th at the requirement reduces to

A m y \ s [ \ — l) X ~ 0  C2-5AJ

y ie ld in g

h -  i Z L

(2-5B)

which i s  recognized  as the r e su lt  fo r  p a r a lle l  p la te  waveguide. In par­
t ic u la r ,  for  the TE^ mode, re lev a n t to  our ca se , we take £=1. We th er e ­
fore note th a t for  large radius o f  curvature the rectangular approxima­
t io n  i s  indeed accurate and w i l l  be vised from th is  p o in t on fo r  a l l  con­
s id e r a t io n s . The relevan t Tectangular geometry i s  shown in  F ig . 2 -1 .

The eq u iva len t f ie ld  p a ttern , e x is t in g  in  th is  stru ctu re  and corresponding 
to  the perturbed coax ia l TE^ mode, i s  such th at the e le c t r ic  f i e ld  i s  

purely  in  the x d irec tio n  and i s  u n id ir ec tio n a l w ith  resp ect to  v a r ia tio n s  
in  y ,  corresponding to £=1 , above.



F ig , 2-1 Rectangular Geometry, ^ -= 0oX

The s itu a t io n  dep icted  in  F ig . 2-1 may be viewed as such a p a r a lle l p la te  
waveguide which i s  loaded in  one o f  two manners. I f  the waveguide i s  con­
sid ered  to  be o f  width d, then i t  i s  loaded by the p er io d ic  tee th  o f  th ic k ­
ness t .  On the other hand, i f  i t  i s  considered to  be o f  width g , then i t  
i s  loaded by the p e r io d ic  s lo t s  o f  width w. We may con sid er the guide width 
to  vary between the values g and d and th erefore  expect the low frequency 
c u to ff  w avelength, corresponding to  the s o -c a lle d  zero mode, to  be given  by

(2-6A)

where

(2-6B)

The value o f  a^ and i t s  proxim ity to  e ith e r  o f  the lim it in g  v a lu e s , g and 
d, .depends upon the r e la tio n sh ip s  between the dimensions and the r e la t iv e  
stren gth  o f  load ing. We expect d if fe r e n t  e f f e c t s  i f  the s l o t  i s  large
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enough to permit a propagating wave in  the s lo t  or not. We note a lso ,  
that as the tooth  width approaches zero , i t s  e f f e c t  upon the wave pattern  
remains f in i t e  s in c e  E must s t i l l  be zero at the tooth  edge, y=g. The

X

r e su lt  2 - 6  has been shown to  be borne out by the r e su lts  given la te r  and 
may be used as a s ta r t in g  point for  estim ating f Q ( c f . ,  Eq. 2-41B) .

The two important considerations which w i l l  determine the choice o f  d i ­
mensions o f the c ir c u i t ,  in  addition to  th at o f  strength o f  in ter a c tio n , 
w il l  be the frequency o f  operation and the desired operating v o lta g e s .
The vo ltages app lied  must be kept w ith in  reasonable bounds because o f in su ­

la t io n  d i f f i c u l t i e s  and sim ple a v a ila b il ity  o f power su p p lies . The p o ten tia l 
d ifferen ce  through which the e lectron s must be accelerated  i s  larger s t i l l  
than th at required for  pure synchronism with the wave to  supply the ro ta ­
t io n a l energy necessary for  focusing and in ter a c tio n .

thFrom what w i l l  be shown la te r ,  the normalized phase v e lo c ity  o f  the n 
space harmonic may be w ritten  as

l / x
c ,  rri 1 g o_l _ (2-7)

2 TT
where X and c are the free  space wavelength and phase v e lo c ity  respec­
t iv e ly ,  f&a i s  the fundamental propagation constant and the p o s it iv e  and 
n eg a tiv e  signs r e fe r  to  the forward and backward wave harmonics, respec­
t iv e ly .

I f  a p a rticu la r  c ir c u it  i s  dim ensionally sca le d , the phase v e lo c ity  remains 
unchanged, s in ce  the dimensions and A both change by the same constant.

i s  l in e a r ly  proportional to  l_/x , so  for a fixed  poin t o f operation, 
/3oL/iir} and for a chosen value o f  n , we must reduce the period o f  the c i r ­
c u it  to  lower the required v o lta g e . However, reducing L w i l l  tend to  r e ­
duce X unless one makes add itional m odifications in  the c ir c u it  dimen­
sion s .

Using th is  r e s u lt ,  one may consider what period w i l l  be necessary for  
p a rtic u la r  synchronous and ro ta tio n a l energy con d ition s. As an example 
we take the frequency to  be the approximate center o f  x-band, 10GHz, and
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assume th a t the dimensions are such th a t fQ L3 30°. We then may ca lcu ­
la te  the values o f  corresponding t o  various space harmonics as the
value o f  the p eriod  i s  changed. These r e s u lt s  are shown in  F ig , 2 -2 ,

* 4 f
-

■s+4

zoIO
.3. 1  . z

F ig . 2-2 Normalized Phase V e lo c ity  versus the Period and Synchronous Voltage

We note th at the separation  between the forward and backward waves fo r  
the same value o f  n decreases as the va lu e o f  n i s  in creased . This means 
th a t as the order o f  the harmonic i s  ra ise d  the r e la t iv e  spacing o f  ano­
th er  synchronous mode i s  decreased and the vo ltage must be h e ld  more con­
s ta n t  .

As w i l l  be seen la te r  when th e so lu t io n  i s  found fox the f i e ld s ,  the stren gth  
o f  the harmonic decreases as the value o f  n in crea ses . Moreover, the la r ­
ger the value o f  n the more qu ick ly  the harmonic decays away from the plane
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o f  the t e e th ,  y=g. One should th erefo re  choose to  operate on as low a 
value o f  n as i s  co n s is ten t w ith  the other p rev iou sly  mentioned considera­
t io n s  .

N eglectin g  r e la t a v is t ic  co rrectio n s one c a lc u la te s  the value o f  poten­
t i a l  through which the e lec tro n  i s  a cce lera ted  in  order to  reach v e lo c ity  
Vip from

^  V  -  e  (j)^, C2-8A)

where (j>̂ , i s  the portion  o f  t o ta l  vo ltage  going in to  tr a n s la t io n a l energy*
We may w rite  2-8A approximately as

~  — (2-8B)
c* S O  S'

The r e la t io n  between and is  shown on F ig . 2-2 as w e ll .  T herefore, 
given a p a r t ic u la r  harmonic and d esired  value o f  ( ^ ,  one can fin d  the 
required value o f period . S ince the e lec tro n s  must be a cce lera ted  through 
an ad d ition al vo ltage corresponding to  the r o ta tio n a l energy, th is  vo ltage  
must be added to  (f)^ to  determine what v o lta g e  must be sup p lied  and what 
the in su la t io n  requirements w i l l  be.

2 .2  Modal A nalysis

The an a ly sis  o f  propagation through p er io d ic  stru ctu res  i s  an outgrowth 
o f  the theory o f  p eriod ic  d i f f e r e n t ia l  eq u ation s, or lin e a r  d if f e r e n t ia l  
equations w ith p e r io d ic a lly  varying c o e f f ic ie n t s ,  in  p a r t ic u la r , o f  s e c ­
ond order. The same so rt o f  behavior i s  experienced to  one degree or other
in  such analyses as the d escr ip tio n s  o f  free  e lec tro n s  in  m eta ls , propa-

14gation  o f  l ig h t  or e lec tro n s through a c ry s ta l l a t t i c e ,  propagation  
through layered  media, p e r io d ic  dynamics, s t a b i l i t y  o f  nonlinear system s, 
s e lf - e x c i t e d  o s c i l la t o r s ,  motion o f  the lunar p erigee  and o s c i l la t io n s  
and waves in  e l l i p t i c a l  waveguides and drumheads.

P eriod ic stru ctu res  that may be considered for  propagation o f  microwave 
energy may be o f  two ty p es. The p er io d ic  v a r ia tio n  may be in  the e le c t r ic a l
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prop erties o f the medium^ or in  the boundaries o f the s tru ctu re . We
are concerned with the la t t e r .  The problem o f the propagation o f waves 
through the stru ctu re o f  F ig . 2-1 w i l l  be treated  both by a modal expansion 
and by approximation by a H i l l ' s  equation where we apply the theory o f  
p er io d ic  d if f e r e n t ia l  equations. This theory w i l l  again be applied in  Chap.
4 when the problem o f s t a b i l i t y  o f e lec tro n s  in  the p eriod ic  s t a t ic  f ie ld s  
w il l  be considered. A d iffe r e n t  H i l l ' s  equation w i l l  then be considered.

There are certa in  general q u a lit ie s  which may be ascribed  to p eriod ic
16transm ission  stru ctu res. Such stru ctu res ex h ib it stopband and passband 

c h a r a c te r is t ic s . In the stopbands, waves are attenuated (excluding a non­
p h y sica l growing wave) through the stru ctu re and in  the passbands they pro­
pagate fr e e ly . In the case o f the e lec tro n  s t a b i l i t y  problem d iscussed  in  
Chap. 4 , the stopbands correspond to  in s t a b i l i t i e s  and the passbands cor­
respond to  s ta b le  motion. At a s p e c if ic  frequency there i s  no s in g le  unique 
phase v e lo c ity  but in  general an in f in i t e  number o f  d isc re te  phase v e lo c i t ie s .  
Each o f  th ese  values o f  phase v e lo c ity  belongs to  a p a rtic u la r  component 
o f the Fourier decomposition o f  the f i e l d s ,  known as a space, or H artree, 
harmonic. In general there w i l l  be an in f in i t e  number o f  space harmonics 
with phase v e lo c ity  le s s  than c , a necessary condition  for synchronous 
in ter a c tio n  with an e lec tro n  beam. A ll harmonics have the same group v e lo ­
c ity  in d ica tin g  that they are part o f  the same so lu t io n .

17The fundamental r e su lt  in  the theory o f  p eriod ic  d if f e r e n t ia l  equations 
i s  given by F loquet's theorem. S im ilar reasoning may be applied to  the  
stru ctu re  o f  F ig. 2-1 . Suppose we have so lu tio n  fo r  the f ie ld s  in  one 
p eriod  o f  the stru ctu re . For example, fo r  the e le c t r ic  f ie ld

In a l l  o f  the fo llow ing l e t  the m u ltip lica tio n  by £. and the taking o f  
the rea l part be understood. I f  the coordinate system i s  tran sla ted  in  
z by the period L the geometry i s  unchanged s in ce  the stru ctu re i s  o f  in ­

coordinates in  terms o f the old with only the addition  o f a m u ltip lica tiv e

(2-9)

f in i t e  length . Therefore, we must be able to  w rite  the f i e ld  in  the new
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constant. This constant may be w ritten  in  any arb itrary way and we choose
VI "tfl*

to  sp e c ify  i t  as e" . may take on any complex value so that €L spans
A

the en tir e  f in i t e  complex p lane. We have then, ca stin g  E in to  a more par­
t ic u la r  form

so th at

and ^  i s  a p er io d ic  function  o f  z with period  L so th at we note im­
m ediately from 2-10 th a t the character o f  w i l l  determine whether the  
s ta te  is  one o f stopband or passband. We expand vy in  a Fourier s e r ie s  
and fin d  for "e

£  ( x » ^  = d " ^ ^ vR « C x ,^ e * ll1 ^ n3r C2 - 1 2 A)

rV+L

(2- 12B)

y ie ld in g  the various Hartree harmonics. We w rite  the m-— space harmonic as

I f  we assume that the system i s  l o s s l e s s ,  in  the passband Y w i l l  be pure­
ly  imaginary and we may w rite  fo r  th is  con d ition , X=- L|0O . Defining

+  C2. 13)

tilwe see  that i s  the propagation constant fo r  the m—  space harmonic
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and we note that the m—  space harmonic m aintains con stan t phase i f  the  
coordinate system  i s  tra n sla ted  w ith v e lo c ity  . The phase v e lo c ity  o f  the 
m^- space harmonic i s  th erefore

~ \r  - -  C2-14)
^  " /S0 -t-3£i

so  th at proper choice o f  m w i l l  allow  synchronism w ith an e lec tro n  beam 
o f  v e lo c ity  <  c,

tilThe group v e lo c ity  o f  the m—  space harmonic i s  g iven  by

-  - -  d -10 f n i n
V  1 / ^  d ip .. C2' 15)

u t i l i z in g  Eq. 2-13 , T herefore, a l l  the space harmonics have the same group
v e lo c i t y ,  which i s  to  be expected  s in c e  they  are a l l  part o f  the com posite
f i e ld .  At the edges o f  the passbands, the group v e lo c ity  w i l l  be zero fo r  

18I t  i s  shown th a t the tim e average power flow in  the passbands equals  
the group v e lo c ity  m u ltip lied  by the time average sto red  energy per p er io d , 
v i z . ,

(2-16)

and we see  th at lig, i s  the energy v e lo c ity  in  a p er io d ic  stru ctu re  as i t  
i s  in  a uniform stru ctu re ,

A very u se fu l diagram for  d isp la y in g  th ese  p ro p erties  i s  the 3 or
B r il lo u in , diagram where one p lo ts  as the ord inate and j3 as the a b sc is ­
sa . For example, fo r  a sim ple TE or TM mode in  uniform waveguide, the CJ-B

2 2 2curve i s  h y p erb o lic , as given by -kc -p +k =0, and i s  asym ptotic to  the 61-^3 
diagram fo r  the TEM mode, s tr a ig h t  l in e s  p assin g  through the o r ig in  w ith  
s lo p es  +c. As seen from 2-14 and 2 -15 , the phase v e lo c ity  corresponding  
to  a p a r tic u la r  p o in t i s  sim ply the s lop e  o f  a l in e  drawn from the o r ig in  
to  th at p o in t w h ile the group v e lo c ity  i s  th e  slop e o f  the tangent to  the  
CO-̂ 3 curve at the p o in t in  q u estion .
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For the case o f the p eriod ic  stru ctu re  we may in fe r  some c h a r a c te r is t ic s  
o f the B rillo u in  diagram. Suppose we begin w ith a smooth system in  the TE 
mode and add small p er iod ic  o b sta c les  expecting th at the diagram w il l
depart from the hyperbolic curve in  a sm all way. There w i l l  be sm all r e ­
f le c t io n s  caused by sc a tter in g  from the sm all tee th  o f h eigh t d-g in  Fig- 

192-1 . I t  i s  shown , that i f  the phase s h i f t  between the te e th  equals kfif, a l l
the sm all r e f le c t io n s  w i l l  add in  phase and the summation o f th ese  from
the in f in i t y  o f  teeth  w i l l  equal the in cid en t wave. The conclusion  i s  that
for  (3L=kT there i s  no tran sm ission , d efin in g  the lo ca tio n  o f  stopbands.
Hence, there w i l l  be gaps introduced in to  the hyperbolic curve for which

20there i s  no propagation. These r e s u lt s  may a lso  be shown from coupled 
mode theory. In ad d itio n , we observe form 2-13 that a change in  j3 o f  ,
S an in te g e r , i s  eq u ivalent to  a sim ple change o f  the index m. We conclude 
th at (0 i s  a p eriod ic function  o f 9̂ with period 3̂ T . Changing the sign  o f  
(3 in d ica tes  a wave propagating in  the - 2  d irec tio n  so th at CO i s  a lso  an 
even function  o f f9 ,

Based upon these observations we may sketch an expected shape for  the (O-fi
curve o f  the system o f  F ig. 2 -1 , shown in  F ig . 2 -3 . The branches o f  the
diagram which are the d irec t perturbations o f  the hyperbolic curve o f  the
uniform case are shown in  s o lid  l in e .  I t  i s  noted th at the f i r s t  branch

21is  forward wave*, a s itu a t io n  hold ing for ca p a c itiv e  coupling. For 
the case o f  inductive coupling one finds a backward wave fundamental. The 
an alysis  and experimental r e su lts  show th at the fundamental i s  forward wave. 
We conclude that the coupling fo r  the case considered is  ca p a c itiv e .

As the dimension g in  Fig. 2-1 approaches zero, the coupling between adja­
cent sec tio n s  approaches zero. We view th is  s itu a t io n  as a system o f  coupled  
resonant c ir u its  where the coupling becomes l ig h te r  u n til  no coupling at 
a l l  e x i s t s .  The coupling has the e f f e c t ,  for  n resonant system s, o f  in tr o ­
ducing modes o f  d iffe r in g  resonant freq u en cies. For zero coupling the only  
p o ss ib le  frequency i s  th at o f  a s in g le  resonant c ir c u it .  We exp ect, th ere fo re , 
that as g-*0 the bandwidth w i l l  approach zero s in ce  the zero andfr-raode 
frequencies approach each other. In the lim it  the C0-f8 curve i s  reduced

*For a forward wave the phase v e lo c ity  and group v e lo c ity  have the same 
sign  whereas for a backward wave they have opposite s ig n s .
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W

STOPBAND..

F ig . 2-3 B r illo u in  Diagram

to  s tr a ig h t  l in e s ,  Q  = con stan t, w ith any phase s h i f t  p o ss ib le  between s e c ­
t io n s .  This behavior i s  found in  the la te r  a n a ly s is .

The stru ctu re  shown in  F ig . 2-1 i s  an open stru ctu re  in  th a t a tran sverse
dim ension, x , i s  unbounded. I t  i s  c h a r a c te r is t ic  o f  such stru ctu res  th a t

22they can have so ca lle d  "forbidden regions"  o f  the 0 ) -j3 p lan e , where 
there i s  power flow  in  the unbounded tran sverse  d ir e c t io n . For the mode to  
be considered there can be no such power flow s in c e  the e le c t r ic  f i e ld  i s  
always in  the x d ir e c t io n  precluding the e x is te n c e  o f  forbidden regions fo r  
the d esired  mode.

One may approach the problem o f  fin d in g  the 0) versus p> r e la tio n sh ip  fo r
the geometry o f  F ig . 2-1 by a f ie ld  an a ly sis  or by d ev isin g  an eq u iva len t
c ir c u it  for  the system , p er io d ic  in  n a tu re , and u sin g  c ir c u it  an a lysis  

23techn iques. The former method produces the f ie ld s  which are n ecessary  
fo r  con sid era tion  o f  in ter a c tio n  and w i l l  be used h ere. The geometry i s  
divided  in to  two reg io n s, d efin ed  by

Region I : 3  ; o  < £  <

Region II : 3 :  A. |> _VT¥lLl <‘lC

+ 2/ - -
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In the d esired  mode the e le c t r ic  f ie ld  l i e s  purely in  the x d irec tio n  and 
the magnetic f i e ld  has components in  the y and z d irec tio n s  and we con­
s id er  i t  the dominant TE mode in  the sense that i t  i s  derived by a pertur­
bation  o f  the mode o f  parallelpLane waveguide.

The stru ctu re  may su sta in  an in f in i t y  o f  other modes, among them a mode 
which has lon g itu d in a l e le c t r ic  f ie ld  and i s  a lso  u se fu l for in ter a c tio n

n j

with e lectro n s in  lin ea r  magnetrons. The assumptions for  the f ie ld s  
e x is t in g  in  the two regions for  the two modes are d iffe r e n t  and the r e su lts  
obtained d if f e r .  For example, for the lin ea r  magnetron mode i t  i s  found 
that the f i r s t  passband has i t s  lower c u to ff  frequency equal to  zero w hile  
for the case considered here i t  w i l l  be found that i t  i s  nonzero. Methods 
o f  mode control may be employed to  damp other modes which may ord in arily  
propagate in  the same frequency range as the desired  mode. Such schemes 
can take advantage o f  the fa c t  that the desired  mode's surface current i s  
purely in  the x d ire c tio n . Assembly o f  the inner stru ctu re from stacked  

rings w i l l  th erefore damp modes which have lon g itu d in a l current but w i l l  not 
a f fe c t  those w ith only circum ferentia l currents. Higher order c ircu la r  e le c ­
t r i c  modes w i l l  be assumed not propagating in the frequency range o f  in te r e s t .

In region I we derive the f ie ld s  from the a x ia l magnetic f i e ld ,  which we 
w rite in  form s im ila r  to  Eq. 2-12A. For the passband we w rite for  V
and use =0. Thus,ojk

H J -  f o . v )  =  /_ } > » " >  (2 - 1 7 )

tut
where m u ltip lic a tio n  by G, and the taking o f the rea l part i s  to  be 
understood. Now, Hz (y ,z )  s a t i s f i e s  the wave equation

=  0  t 2 - 1 &

When we su b stitu te  2-17 in to  2-18, interchange the order o f  d if fe r e n t ia t io n  
and summation and recognize the orthogonality  o f  the exp on en tia ls , we find  
that the hz*n(y) sep a ra te ly  s a t is fy  the wave equation
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(2-18B)

We have for the other f iv e  components o f  f i e ld  in  region I

(2-19A)

(2-19B)

(2-19C)

th tilwhere the n—  harmonic o f  each f ie ld  component i s  derived from the n—
harmonic o f the a x ia l magnetic f ie ld .  In the above the m u ltip lica tio n  by 

is  to  be understood to  find  the f u l l  sp a c ia l v a r ia tio n  o f  the 
f i e ld  harmonic.

The boundary condition  on Ex i s  that i t  vanish at y=0. We may impose 
th is  boundary condition  on the X/n in d iv id u a lly  s in ce  the boundary con­
d itio n  must be s a t i s f ie d  for  a l l  z and t  and we see from 2-19A that

The form of the so lu tio n  o f  2-18B w il l  depend upon the re la tio n sh ip  o f  the
2 2magnitudes o f k and |Sn . For p a rticu la r  values o f  3̂0 and k th a t r e la ­

tio n sh ip  is  a function  o f the index, n . In p a r ticu la r , near the lower 
c u to ff  ^<>^0 and therefore jB^O  for  n=0. Since we exp ect, on p h ysica l
grounds, that there i s  a nonzero cu to ff  frequency for  th is  mode, the

2 2 2 corresponding k w i l l  be d iffe r e n t  from zero. The condition^k > ^ n  ,
w i l l  obtain for n=0 for th is  region w hile fo r  s u f f ic ie n t ly  large n the

former condition im plies a space harmonic which i s  " fast wave" and the 
la t t e r  a space harmonic which i s  "slow wave". Only the slow wave harmonics 
w il l  be usefu l for  in tera ctio n  but o f course a l l  the harmonics, fa s t  and

2 2in eq u a lity  w i l l  reverse . From 2-14 we see  th a t the condition  k > |3 n  i s  
equivalent to  > C- and k2< (2n2 denotes • Therefore, the
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slow , en ter in to  the summation to s a t i s f y  the boundary co n d itio n s . The
2 2tr a n s it io n  s o lu t io n , k = 3̂n , corresponding to  the in te r se c t io n  o f  the  

CO - j3 curve w ith the 'V"=c l in e ,  w i l l  be considered as l im it in g  forms o f  
the fa s t  or slow waves.

We have fo r  the slow waves, , tak ing the proper fu nction  to
s a t i s f y  the boundary con d ition  at y=0, using  2-19

OO

- e > V  H L  c

E ^  e ^ £ u ”* *  ™
/n=-oo

Z I ^  £ U ? V  [2-20C)

H - 1  *  E j  *
(2-20D)

V m  ---------------- — ‘ k  ( 2 - 2 0 E )

where i t  i s  understood th a t fo r  any value o f  n not leading to  a slow wave,
we take HmI =0.

For the fa s t  waves, | > C  ̂ in  the same way

o
OO

^ 4 ^ - e 1!* * V  (2 -a ic j
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W* -  £ *  -  E y  -  o  C2- 21D)

k X - ^  =  - Y m  C2-21E)

Again, for  thpse values o f  n which do not lead to  f a s t  waves, the co ­
e f f ic ie n t s  w i l l  be zero. S ince most o f  the harmonics are slow waves 
the summations in d ica ted  in  2-21 r e a lly  rep resen t a f in i t e  sum. E ither o f  
the two forms o f  so lu t io n  may be found as a d ir e c t  exten sion  o f  the other  
and in  r e a l i t y  they are the same. From 2-21E we have th a t  
so  that ootL. and
and the slow  wave so lu tio n s  transform  d ir e c t ly  to  the so lu t io n s  fo r  fa s t  
w aves.

The tr a n s it io n a l s o lu t io n , forjlJ^ J^  C , i s  generated by a lim it in g  pro­
cess  applied  to  e ith e r  form o f  s o lu t io n . We have

h ™  C oJk  Y m *  =  A. COO. Vmv  =  I C2-22A)

L ™  =  jUrrw =  U, (2-22B)

We have then fo r  the tr a n s it io n  s o lu t io n , -  C , which occurs fo r  
the s in g le  index, n=p,

(2-23A)

H f  (2 - 2 3 0
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Hx — E y . ~  E y  — O  (2-23D)

The appearance o f  a term in  the so lu tio n  given by 2-23 i s  fo rtu ito u s in  the 
sense that i t  occurs only fo r  a value o f frequency such th at the C0 - ^  curve 
crosses the "J =c l in e .  The p o s s ib i l i t y  must be allowed fo r , however, when 
summing the so lu tio n s  necessary to  match the boundary con d ition s.

As the boundary between the two regions i s  approached we w rite  the tan ­
g e n tia l f ie ld s  in  terms o f the three types o f  so lu tio n s  we have generated.

1 U  1 c*-*«
'-ms-oo

(2-24B)

where i t  i s  understood that the Hn* and the Hn1 are not sim ultaneously  
present and the Hp term i s  added in  the case o f  a tr a n s it io n a l so lu t io n .

We turn next to  region II and consider the f ie ld s  in  the s lo t s  o f  F ig .2-1 , 
We have from 2-10 th at the f ie ld s  in  adjacent s lo t s  d if f e r  only by the  
m u ltip lic a tiv e  constant Q. , or fo r  the case o f  propagation,
I t  w i l l  be s u f f ic ie n t  to  consider only a s in g le  s lo t .  In the s l o t s ,  ju st  
as in  region I ,  the only nonvanishing f ie ld  components are taken to  be Ex, 
Hy, and Hz. Any other component o f  f i e ld  which would e x is t  in  the s lo t  
could not be matched at the boundary o f  the two reg ion s, y=g. In region  
II i t  i s  u se fu l to  consider the d irec tio n  o f propagation the y d irec tio n  
and to  derive the f ie ld s  from Hy, We may think o f  the s lo t s  as p a r a lle l  
plane waveguides which are terminated in  short c ir c u it s  a t y=d. Depending 
upon the frequency and the width o f  the s l o t ,  W, the modes e x is t in g  in  the 
s lo t  may propagate or attenuate with resp ect to  y . For a propagating mode 
a standing wave e x is t s  in  the s lo t  for th at mode. Let the va r ia tio n  o f  a 
f i e ld  component in  the s lo t  with respect to y be , where P may
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be r e a l or imaginary. We defin e

P V  A (2-25J

The value o f  kfc i s  fix ed  by the boundary cond itions at the w alls  o f  the
s lo t s ,  I f  the frequency i s  such th at for a p a rtic u la r  mode in  the s lo t s  

2 2k > k . , then V i s  imaginary and equal to  -L P 1 and the so lu tio n  i s  a
2 2standing wave. If, on the other hand, k < k^ , then P  i s  rea l and the  

so lu tio n  i s  an attenuated wave e x is t in g  in  the cu to ff  s l o t .  A tr a n s i­
t io n a l so lu tio n  e x is t s  when the s lo t  i s  a t the edge o f c u to ff .

We consider only the s lo t  which i s  centered at z=0 in  F ig . 2 -1 . The boun­
dary cond itions on E^ demand th at i t  vanish on the three w a lls  o f  the s l o t ,  
namely, y=d and z= ± w/a.. We fin d  the f ie ld s  in  a manner s im ila r  to  
that used fo r  region I . The fu nction s are separated according to  even or 
odd symmetry and, as u su al, m u ltip lica tio n  by and the taking o f  the
real part i s  understood. We have for  the c u to f f  modes

CO

H *(*»>) (2-26A)

OO

(2-26B)

(2-26C)

(2-26D)

where

P . ,  =  -  K5IS-l zi-lis (2-26E)
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T
(2-26F)

k t  -C2S w
(2-26G)

where the c o e f f ic ie n ts  are zero for th ose values o f  s not lead ing to  cu to ff  
modes.

For the propagating modes we proceed in  a s im ila r  manner.

H f r Q  t 2 ' 2 7 A )

E*1—x < * > $ ^ + '>i s  4 )

F L ,  1

(2-27B)

(2-27C)

£ *  ~  U* = 0  (2-27D)

1“' » (2-27E)

and ant* ar© *h© same as given in  2" 26. The c o e f f ic ie n ts
appearing in  the summations vanish fo r  those values o f  s y ie ld in g  nonpro­
pagating modes. As was done previously  fo r  the so lu tio n s  in  region I we 
may show that the two s e ts  of so lu tio n s  are equivalent in  that one follow s  
d ir e c t ly  from the other w ith the su b stitu tio n  rm = n p '  .

The tr a n s it io n a l so lu tio n  fo r  the s lo ts , occurs when the frequency is  such
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2 2th at a mode in  the s lo t  i s  ju st  at the edge o f c u to ff ,  k-^k^ . Taking
the lim it  o f  the so lu tio n s  given in  2-26 and 2-27 g ives zero for a l l  f ie ld  
components. In v estig a tio n  o f  the wave equation in  the lim it  y ie ld s  a l in e ­
ar so lu t io n .

Applying the boundary conditon at y=d we f in d , for a mode ju st  at the edge 
o f  c u to ff ,  a so lu tio n  o f the form

whichever is  appropriate. S ince the region where we apply th is  so lu tio n  
i s  fo r  bounded y , we allow the lin ea r  so lu t io n . In ad d ition , we have

(2-28A)

or

C2-28B)

(2-28C)

or

(2-28D)

and

(2-28E)

or

(2-28F)
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We slim the three p o ss ib le  so lu tio n  forms and fin d  the ta n g en tia l f ie ld s  
at the boundary between region I and region I I .  In the fo llow ing i t  i s  to  
be noted th a t only one o f the three c o e f f ic ie n t s  in  each square bracket 
can be nonzero.

S = , .

C2*29a:iw J
p a  r

(2-29B)

At the boundary between the two regions we require the f ie ld s  be continu-
25ous. I t  i s  e a s i ly  shown that i f  at the boundary between two regions the  

tan gen tia l components o f  E and H are continuous and i f  the f ie ld s  s a t i s f y  
Maxwell's equations, then the normal components o f  E and H are a lso  con­
tinuous. We s e e , th erefo re , th at i t  i s  necessary and s u f f ic ie n t  to  require
con tin u ity  o f  E and H at the boundary. In addition  we require E to  X Z X
vanish at the tops o f  the te e th . We have from 2-24 and 2-39 that for  Ex

+  aU X V1 1 ^ —v H ;Orr. 1

L w w _
for

for
and

(2-30A)
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and fo r  H
z

4- c  l “ “ v  t

fo r (2-30B)

Now the fu nction s c. u® are orthogonal over the in te r v a l L so th a t  
we may determine the H1 , and c o e f fe c ie n ts  on the l e f t  s id e  o f  the
equations in  terms o f  the a , a* , b , b* and c c o e f f ic ie n t s  on the r ig h t -  
hand s id e  by an in te g r a l such as given in  2-12B applied  to  the boundary 
con d ition  for  Ex given in  2-30A. In a d d itio n , s in c e  the second boundary 
co n d itio n , th a t fo r  H^, holds only for  and s in c e  the cos
and the s i n —j'V fu n ction s are orthogonal over th is  in te r v a l we may
in  the same manner determine the a , a1 , b , b 1 and c s e t  in  terms o f  the

I / i  //i
H , H and H s e t .  I f  one r e s u lt  i s  su b s titu te d  in to  the other we have 
an in f in i t e  s e t  o f  lin e a r  homogeneous equations to  s o lv e .  In order to  
have a n o n tr iv ia l so lu t io n  fo r  th e c o e f f ic ie n t s  i t  i s  necessary  that the 
determinant van ish . The so lu t io n  o f  th is  y ie ld s  |So as a function  o f  k.

We now s im p lify  the equations by approximating the f ie ld s  in  the s lo t s
by a s in g le  mode. We truncate the s e r ie s  appearing on the right-hand s id es
o f  2-30 to  a s in g le  lead ing term. Let us con sid er why th is  i s  a reasonable
assumption. As was d iscu ssed  e a r l ie r  i t  i s  d es ira b le  to  operate a t a low
value o f  n and a low synchronous v o lta g e . I f  we r e fe r  to  F ig . 2-2 we see
th at th ese  co n sid era tion s req u ire that the period  o f  the s tr u c tu re , L, be

10kept sm all. For the example o f  F ig . 2-2 the frequency o f  10 Hz y ie ld s  
a free  space wavelength o f  3 cm. The s lo t s  w i l l  th erefore  not propagate 
in  a l l  modes for  s l o t  widths le s s  than approximately .59 in ch es. Depending
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on the width o f  the te e th , t=L-W, the period w il l  be somewhat larger  
than the s lo t  w idth. We see from Fig. 2-2 that for a period o f  th is  range, 
the synchronous v o lta g e  becomes rather large fo r , sa y , synchronism with  
the n=l forward wave space harmonic. We conclude, th ere fo re , th a t a l l  s lo t  
modes w i l l  be nonpropagating and thus th e  f i r s t  one w i l l  be dominant in  
determining the value o f the f ie ld  in  the s lo t .  We take th erefo re , on the 
right-hand s id e  o f  2-30, only the term for  s= l with the cosin u so id a l va ria ­
t io n .

Since for a stron g ly  cu to ff  s lo t  the wave equation i s  approximated by 
Laplace's equation, we may use the r e s u lt  fo r  the p o ten tia l in  a rectangular  
s lo t  which s ta te s  th at i f  the depth o f  the s lo t  becomes larger than the 
width the so lu tio n  does not change very much. On th is  b a s is ,  for  a cu to ff  
s lo t  mode we choose in  la te r  r e su lts  to  make the s lo t  square, that i s t 
d-g=w. We have then from 2-30A with the approximate right-hand s id e , using  
the orthogonality  o f  the exp on en tia ls , and allow ing for the separate pos-i _
s ib le  so lu tio n  forms and taking constant over the s lo t

Li ^n rrn “1 J" ' "V 5 rn\

I f  is  an even in teg e r , for  the value o f  th e  right-hand s id e  o f
2-31A i s  indeterm inate. We have e a s ily

so that for  the lim itin g  case o f 2-31A

(2-31B)
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The approximation used in  2-31 i s  th at i s  constant over the s lo t
and equal to  i t s  value at the s lo t  cen te r , u n ity . This approximation w i l l  
be v a lid  for  the lower part o f  the curve, where |Se i s  sm all. I f  the
fa c to r  were kept in  the in te g r a l we would have

W °  ^  C 2 -3 2 )

Now, fo r  |/vd1>o , the larger 1^4 becomes the b e t te r  the approximation o f  yS, 
by , which i s  used in  2 -31 . T herefore, the most crude approximation
i s  for m=0, the fundamental. The value o f 2-32 fo r  m=0 is

t t T  ) —

\N
"a-

w h ile  the value ob ta in in g  from the in te g r a l when n e g le c t in g  the fa c to r  
i s  so that the co rrectio n  fa c to r  to  be ap p lied  to  the

fundamental c o e f f ic ie n t  i s  given  by

I ( 2 - 33)

which has no indeterm inate p o in ts  s in ce  fo r  f in i t e  tooth  th ick n ess

p  /  (30L W /  m  
T  ~C ^  1

and
"TT L

The lim its  o f  oC as approaches 0 and 1 are 1 and r e s p e c t iv e ly .

R eferring to  F ig . 2 -4 , we see  th a t i s  very c lo se  to  u n ity  fo r  a f a ir ­
ly  wide range o f  . Thus, the approximate r e s u lt  given  in  2-31 w i l l
be q u ite  accurate for  a fa ir ly  la rg e  segment o f  the OJ-j8 curve, de­
pending upon the p a r t ic u la r  value o f  ^  . For example, fo r  a case which
w i l l  be presented in  d e ta il  la t e r ,  i t  i s  found th a t the phase v e lo c ity  
fo r  the n=l space harmonic has a minimum w ith resp ect to  frequency at
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c <
l.oo

.84-

F ig . 2-4 C orrection Factor

0oL This i s  a d es ira b le  p o in t to  operate because o f  lower
synchronous vo ltage  and s in c e  ^  w i l l  be r e la t iv e ly  broadband.
For t h is  geometry w / l =0.625. The va lu e o f  i s  then approxi­
mately 0.175 for  which the value o f  i s  la rg er  than .9 9 . For th is  con­
d it io n , th ere fo re , the approximation given in  2-31 is  in error by le s s  
than 1%. In a d d itio n , i t  i s  found la t e r  from comparison o f  experim ental 
and th e o r e t ic a l r e s u lt s  th at the two d iverge most for large •

We have, th en , the r e la t io n  o f  th e  H*, , and H*1 c o e f f ic ie n t s  in  terms
o f  the a 1 , and c^ c o e f f ic ie n t s .  The matching equation fo r  Hz is  found 
from 2-30B and 2-31 . In the fo llo w in g  the brackets represent the various  
combinative p o s s ib i l i t i e s  determined by the nature o f  the s o lu t io n s  in  
regions I and II and the general or lim it in g  form o f  the c o e f f ic ie n t  
which occurs for  . In a l l  th ere  are e ig h teen  p o s s i b i l i t i e s . l t  can­
not be s a t i s f ie d  fo r  a l l  values o f  because only  a s in g le
s lo t  mode has been taken. There are various c r i t e r ia  which could  be im- 

26posed. They a l l  lead  to  approximations which represent varying de­
grees o f  accuracy. We have,
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%

'ti«!

X
*

I VJ

=n- T-H^^/lW 1 ^

CiCo,-£l

— û lTrt 
° ~ 0

ICX% -i)

_ w

^ = -00 (2-34)

We w i l l  match the two s id es  o f  Eq, 2-34 at the center o f the s l o t ,  z-Q. 
Elim inating the constants o f  p rop ortion a lity  we arrive at the d isp ersion  
equation.

Oo

where

V cA 'iS*!^-

J_

*

f  '  

P . c A r ^ - t f

r / c ^ r / M /

_ j __

a * A (2-35A)

- j
(2-35B)

(2-3SC)
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p, h & v -  v - ' (2-35D)

P.' C2-35E)

(2-35F)

To so lv e  for  the d isp ersion , k(j£0>) , we s e t  j50 at some value and then
fin d  the value o f  k which s a t i s f i e s  2-35. To do th is  we vary k and fin d  the 
in te r se c t io n  o f the right-hand and left-h an d  s id es  o f  the equation . As k i s  
varied the so lu tio n  types on both s id es  o f  2-35A w i l l  sw itch forms, the 
le ft-h a n d  s id e  being n-dependent.

We examine the d isp ersion  equation as W—*0. In th is  l im it ,  we take the  
c u to ff  s lo t  so lu tio n  and the right-hand s id e  o f  2-35A approaches TT/W and 
th erefore has a p o le . The p o ss ib le  po les in  the le ft-h an d  s id e  are for  
'irf.-O , TJm,=  0  and for  -  P'H* (P an in te g e r ) . The f i r s t  two p o s s ib i­
l i t i e s  are excluded s in ce  l^ c o th )^  and ^cotH*^. both approach ^  
in  the l im it ,  For the remaining p o s s ib i l i t y ,  we have from 2-35C th at for vJ-> 0

which i s  immediately recognized as the re la tio n sh ip  for  a TEp  ̂ mode in

uniform waveguide. We see e a s i ly  from 2-35A th at the same conclusions hold  
i f  g -d —>0 so that in  both cases the d isp ersion  equation reduces to  the 
uniform waveguide so lu tio n  and the perturbation approaches zero,

As ^ -*-1  the th ickness o f  the tee th  approaches zero. For th is  s itu a t io n ,  
in  contrast with the above, the d isp ersion  does not approach that for the 
homogeneous boundary case. This can be seen by considering th at even though 
the te e th  become in f in ite s im a lly  th in , Ê  must s t i l l  vanish at the edges 
o f  the te e th . This i s  contrasted  with the TM mode o f  the lin e a r  magnetron 
at ySo=0, where the in f in ite s im a lly  th in  tee th  do not perturb the f ie ld  at
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a l l .  The zero th ick n ess tooth  i s  a u se fu l id e a liz a t io n  in  th a t as we w i l l  
s e e ,  a lower synchronous v o lta g e  w i l l  r e s u lt  fo r  th in  te e th  and th e space 
harmonic content i s  not zero in  th is  l im it .  In p r a c t ic e ,  mechanical and 
beam in ter cep tio n  con sid eration s would d ic ta te  how sm all the dimension t  
may become. In Chap. 3 a so lu t io n  i s  found fo r  L aplace's equation in  the 
rectangular geometry fo r  th is  l im it in g  c a s e .

Let us approximate the d isp ersion  equation . Assume th at the fundamental 
i s  a fa s t  wave and th a t the s l o t  i s  c u to f f  a t the frequency o f  in te r e s t .  
Further, l e t  us take only the fundamental in to  the summation o f  2-35A.
I t  becomes, then

~  kVc A  j K ) ( 2 - 3 6 A )

For a s lo t  which i s  s tro n g ly  c u to f f  the right-hand s id e  o f  2-36A i s  f r e ­
quency independent. We have then

r r z  — r i  ~  TT"t e x .  — A ,
4 k1 -  p», -‘ .j. ~  V 1  i- % — vj

(2-36B)

We note th a t the right-hand s id e  o f  2-36B i s  a constant depending upon the  
dimensions o f  the c ir c u i t .  The equation to  be so lv ed  i s  o f  form

K > 03 * (2-37)

The roots o f  2-37 are eq u iva len t to ,  fo llo w in g  the n o ta tion  fo r  uniform  

waveguide,

~yj Kx— P ?  ^  = constant = (2-38)

y ie ld in g  a h yp erb olic  Cd-p curve, the so lu t io n  fo r  a uniform waveguide
with a m odified width, a*, given by the so lu t io n  o f  2 -37 . That i s ,  for a u n i-

^1* . 
form waveguide in  the TEmo mode we have, denoting the m root o f  2-36B asRe bl,
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a '  = e (2-39)

fo r  3  > 0  the sm a llest  root o f  2-37 occurs fo r  . The fu nction
i s  shown as a fu nction  o f  w ith in  th is  range in

F ig . 2 -5 . We n ote a wide range o f  r e la t iv e  l in e a r i ty .  S in ce ,

_ (V-1*) * +
*  y  =  3

(2-40A)

so  th at fo r  ^  c lo se  to  TT we have, corresponding to  sm all values o f  K,

** ~ 6 “ (2-40B)

1 . 0  -

0. 1 -

1.00.1.oox

F ig . 2-5 £ h (-ta n  t, /O  as a function  o f  -dn(l-e/Tr), tt/2 < £ < n

Eq. 2-28 d efin es  the approximate B r illo u in  diagram where the constant i s
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given by the root o f  2-37 as found from F ig . 2-5 or the approxim ation, 
2-40B. The band stru ctu re  i s  m issin g  in  th is  approximation as the h igher  
order stopbands can only appear when the space harmonics are included . As 
W-*0 or d -*g , K approaches zero and from 2-40B we have th a t  ̂ -*Tr , <TT *
Therefore we have from 2-39 , th a t s! approaches g from above.

For a square s lo t

and i f  in  ad d ition  we use the lin e a r  approximation given  in  2-40B, con-
<1 w»-

s is t e n t  w ith sm all ^  |_ ^  , we have

H  ~  ^  (2-41 A)

and we have

i _____ _
Cl ~  ~\ ... yfc C2-41B)

• -rri- u %-

We see th at ^ s o  th a t the eq u iva len t waveguide has a width la rg er  
than g as was p o stu la ted  e a r l ie r  in  Eq, 2 -6 . As an example we take the case

W=.312 inch  
L=,500 inch  

g=.650 inch  
d=.963 inch

fo r  which the s lo t  i s  square. We have

W

and we have

The so lu tio n  to  2-37 fo r  th is  value is
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-  ^  -  1 -  ^  ^  . 0 Sts '

The d eviation  from the lin ea r  approximation i s  about 7%, Then,

k .  - -  M I S  
i r  ~  f t

From 2-38

C2-42)

This approximate C0-{3 curve i s  shown for  the dimensions o f  the example 
in  F ig . 2-6 . A lso shown i s  the computer so lu tio n  for the accurate d is ­
persion equation^ 2-35A. We note th at for the example the approximation i s  
good, coming w ith in  a few percent o f  the accurate curve. The approximation 
i s  hyperbolic and therefore the d er iv a tiv e  does not decrease as the upper 
cu to ff  i s  approached. The computer so lu tio n  does have such a bend a l ­
though the group v e lo c ity  does not go to  zero even for the computer s o lu ­
t io n . Because o f  th is  behavior the two curves are seen to cross.

f (GHz)

\*\ --
g=0.650 inch 
d=0,963 inch 
L=0.500 inch 
W=0.312 inch

COM PUTER nODAU
EXPANSION

i o - -

APPROXIMATE.
SOLUTION!

--------- f-----------1-----------1---------- 1-----------H--------- 1---------- 1---------- 1—o.z. 0.3 o.*\ c.S o.Gj 0.7 o. s
Fig. 2-6 Approximate and Computer Modal Expansion Solutions
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We may w r ite  the f ie ld s  e x is t in g  in  region I w ith in  a constant m u ltip lier  
derived from the s lo t  f ie ld s .  We have, then, from 2-20, 2 -2 1 , 2-23 , and 
2-31

OO

■j

Oo

(  V *

J

W ?  -  £J = e£ = 0-J

and where

f 2. ^  cotLMirJg 
TT

x w.
2. L

'tr/w

[2-43A)

C2-43B)

C2-43C)

[2-43DJ

(2-43E)

I f  an e lec tro n  beam i s  synchronous w ith , for example, the n=l space harmonic, 
only th is  harmonic w i l l  in fluence the motion o f  the e lec tr o n s , the e f f e c t  
o f  the other harmonics being n e g lig ib le .  To ca lcu la te  the in te r a c tio n  and
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resu lta n t gain we must know what the amplitude o f  the synchronous harmonic 
i s  fo r  given power flow through the stru ctu re . We in teg ra te  the z component 
o f  the complex Poynting vector in  region  I over a plane normal to  the z 
d irectio n  and in te r se c t in g  a to o th . We take the width o f  the stru ctu re in  
the x d irectio n  to  be unity so th at the average power ca lcu la ted  w i l l  be 
per u n it width. In the case o f  the coax ia l system , fo r  which th is  an a lysis  
i s  intended, we m ultip ly  the r e s u lt  by 21TRo , where Ro i s  the mean radius 
o f  the stru ctu re . We have then, for  a u n it w idth, from 2-43

where we have assumed that we may interchange the orders o f  summation and 
in teg ra tio n . This i s  cer ta in ly  p erm issib le  i f  the s e r ie s  are truncated, 
which i s  in  fa c t  what w il l  be done.

We note from 2-44A that the c o e f f ic ie n t s  are functions o f  z , but the 
average power must be a constant w ith respect to  z , s im ila r  to  the Fourier 
s e r ie s  o f  a rectangular wave. I f  we take the plane o f  in teg ra tio n  to  be 
a t the center o f  a too th , i t  would appear th at the approximation o f  a s in g le  
s lo t  mode w il l  a f fe c t  the answer the le a s t  when the s e r ie s  i s  truncated.
With reference to  Fig. 2-1 we take z=^, At a p a rticu la r  frequency the r ig h t-  
hand bracket o f  2-43E w il l  be a constant which we d efin e as B. We have, then

I lr I -‘VniMSV

(2-44B)

We make note o f  the fa ct that 2-44B contains cross terms sin ce  the 
functions o f  y are not orthogonal. In a homogeneous waveguide, because
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the modes are orthogonal with resp ect to  in teg ra tio n  over the cross s e c tio n ,  
the to ta l  power i s  the sum o f  the powers carried  by the separate modes. In 
th is  case th is  i s  not true and the cross products do contribute to  the 
power.

We w i l l  s p e c ia liz e  2-44B to  obtain a u se fu l r e s u lt .  For Ŝ0 taken small 
enough, the fundamental w i l l  be a fa s t  wave. We assume further th a t L is  
sm all enough so th a t a l l  other space harmonics are slow waves. We have 
m le d  out the p o s s ib i l i t y  o f  a wave by th ese assumptions. I f  such
a wave e x is te d , a s l ig h t  frequency s h i f t  would produce the assumed s itu a ­
t io n . We approximate the power by taking the contributions o f  only the 
fundamental and the f i r s t  forward and backward space harmonics, taking only 
the values 0, 1 and -1 for m and n . This y ie ld s  n ine terms in  2-44B. We 
w il l  re ta in  only the zeroth and f i r s t  order terms o f  th is  s e t ,  d iscarding
the products o f  m=±l and n=±l, keeping, th erefo re , f iv e  terms. Let us

L 1Wassume th at so  th at we avoid use o f  the sp e c ia l term =r fo r  m, n = il.  n ZL
We fin d  that

We th erefore may express the n=l space harmonic o f  Ex in  terms o f  the 
average power. We fin d

and for  the t o t a l  power in  the coax ia l system

C2-45B]

( » s A ^ f e l +0  ]
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We turn next to  the so lu t io n  o f  the d isp ersio n  eq u ation , 2 -35 , by d ig i ta l  
computer. The computer program t e s t s  to  determine which term o f  the brackets  
i s  appropriate s in c e  the computer cannot make th e smooth tr a n s it io n  between 
the p o s s i b i l i t i e s .  For a g iven  value o f  p o , q c  jS0 £1T/l_ » the le ft-h a n d
sid e  o f  2-35A i s  computed using a sym m etrically truncated  v ersion  o f  the  
s e r ie s  as k i s  v a ried , v i z . ,

The s e r ie s  i s  summed fo r  a value o f  N such th at the absolu te value o f  the  
change in  the summed value i s  le s s  than an arb itrary  percentage o f  th e value  
o f  the sum fo r  N -l and such th at N i s  greater  than an arb itrary  minimum 
valu e. The program was run w ith  the minimum N equal to  50 so th a t a minimum 
o f  101 terms are included  in  the summation. The summing process was term inated  
when the ab so lu te value o f  the increment i s  le s s  than o f  the preceding  
value o f  the sum. I t  was found th a t in  most cases the i n i t i a l  value o f  N=50 
was s u f f i c ie n t .  The right-hand  s id e  o f  the equation i s  found as a function  
o f  k as w e l l ,  and a common value i s  sought fo r  the two s id e s  o f  the equa­
t io n  fo r  the same value o f  k , th at value belonging to  the assumed value

Since the t e s t in g  o f  the stru ctu re  w i l l  be done in  the x band, the geometry 
w i l l  be varied  to  obtain  the zero-mode c u to ff  towards the lower end o f  
th is  band. F ir s t  we s e t  the dimension L, the p er io d , to  be 0.500 inch s in ce  
w ith referen ce  to  F ig . 2-2 we see  th a t a la rg er  period  w i l l  y ie ld  too  high  
a v o lta g e . Next we vary the dimension d, keeping others f ix e d . We are in ­
te r e s te d , a t th is  p o in t , in  only the c u to ff  frequencies s in c e  we wish to  
adjust the placement o f  the passband. We th erefo re  s e t ,  in  the le ft-h a n d  
s id e  o f  the d isp ersio n  equation , Ŝ0 equal to  the two values 0 and 'TT'/t- .

An example o f  the graphical so lu t io n  fo r  one such case i s  shown in  F ig . 2 -7 . 
The value o f  k where the s lo t  becomes propagating i s  shown as w e ll .  We note 
th a t the dimensions given  y ie ld  a passband which i s  fa r  above the x band.
We attempt to  lower the frequency o f  the passband by in crea s in g  the value  
o f  d. I f  i t  were p o ss ib le  to  do so we would expect to  have good space har­
monic content due to  the sm all value o f  g. The v a r ia tio n  in  the passband as

W

o f  .
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d i s  increased w hile the other dimensions remain fix ed  i s  shown in  F ig. 
2-8. We note th at the frequency o f  the passband i s  lowered only s l ig h t ly  
as d i s  increased  past the poin t o f  a square s lo t ,  agreeing with our 
e a r lie r  p red ic tio n s . We a lso  note from Fig. 2-8 that the fundamental i s  
forward wave, which was a lso  p red icted .

-RHti
\ o -

a = o.30 iru 0.6 , L*O.S in..dsO.GO in.,
. —  ̂ a .  ̂ I A A i ̂  L k IAt'OC I- Irnum̂ lIJNW

0**0

k(!TAD/IN)

Fig. 2-7 Graphical S o lu tion  o f  the D ispersion Equation

? CGHZ)
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0 , 5 0.6 0 . 7  0 , 8  dClNCHE.S5

n-Mode Frequencies as Functions o f  dF ig. 2-8 Calculated Zero and
(g=0.3 i n . ,  W/L=0.6, L=0.5 in .)

We next vary the gap dimension g w hile m aintaining a square s lo t  based upon 
the above reasoning. As g i s  reduced, the values o f  k corresponding to  the  
so lu tio n s  are increased  and th e ir  separation i s  reduced, as shown in  F ig . 2-9 .
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F ig . 2-9 C alculated Zero and u-Mode as a Function o f  g

(d sim ultaneously varied  to  m aintain a square s lo t )

We see th at as g-*.0 the zero and -fr-mode frequencies coa lesce  in to  a s in g le  
frequency o f  uncoupled resonators in  consonance with e a r lie r  p red ic tio n s . 
This frequency corresponds to a resonator o f width and length  equal to  

0 .3  inch. For comparison the c u to ff  frequency fo r  a uniform waveguide o f  
width g and o f  average width is  shown. The average i s  weighted with respect  
to  the fra ctio n  o f  the period where the width o f  guide i s  equal to  g or d.
I t  i s  noted from the figu re  that fo r  large values o f g the waveguide o f  width 
g i s  a fa ir  approximation to  obtain the zero mode frequency and the average 
width approximation i s  b e tte r  for sm aller values o f  g.

An example oT th e d isp ersion  curve fo r  fa ir ly  sm all g and high frequency 
i s  shown in  Fig. 2-10. An approximate zero slop e i s  noted at the lower 
c u to ff , corresponding to  the physica l requirement that th ere . As
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|S0 —̂ tt/l , the s lo p e  decreases but we do not fin d  the behavior th a t T/cj—> 0 .  
This i s  no doubt a r e s u lt  o f  the approximation made th a t i s  appro­
xim ately  constant over the s lo t  w ith  a p o ss ib le  con tr ib u tin g  fa c to r  being  
th at fo r  the upper 20% o f  j30L the s l o t  i s  propagating, so th a t perhaps 
the assumption o f  a s in g le  s lo t  mode i s  no longer accurate. The edges o f

Wthe passband are found fo r  param etric values o f  g as the aspect r a t io ,  A=j-, 
i s  varied  w ith the r e s u lt s  depicted  in  F ig . 2-11. The a f fe c t  o f  the aspect 
r a t io  upon the so lu t io n  i s  g rea te st  fo r  sm aller values o f  g.

g = 0 . 3  in.

u n p e r t u r b e d  W A V E G U I D E  
o f  w i d t h  g

fOO- -

t

F ig . 2-10 B r illo u in  Diagram

The passband o f  the s itu a t io n  shown in  F ig . 2-12 l i e s  m ostly in  x band.
We note the same observations as b efore w ith resp ect to  group v e lo c ity .
In th is  ca se , however, the s lo t  remains c u to ff  throughout the passband.
With referen ce  to  the = C lin e  shown we note th at the fundamental i s  
a f a s t  wave through the e n tir e  passband. The experim ental p o in ts  shown, 
from the r e s u lts  o f  Sec. 2 .4 ,  in d ica te  e x c e lle n t  agreement w ith  the th eo re­
t i c a l  so lu t io n . I t  should be noted here th at the agreement i s  b e tte r  a t  
low |3o w ith s l ig h t  disagreement at the higher j3o p o in ts  as expected from 
th e approximations made. The experim ental p o in ts in d ic a te  th at the s lop e  
o f  the curve w i l l  decrease as |30L approaches 'TT as th e o r e t ic a l ly  expected .
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Experimental points fo r  very low were not obtained due to  problems o f  
matching in to  the stru ctu re in  th is  range. The upper part o f  the curve 
lay beyond the range o f  the measuring equipment.

200+-

180-

tfeo4-

<5-0 ,65-4
14,0--

<2 .0 - -

fox

■8.0-

fa*'h(3s °*60)

- - - -  /30se><g=o.AO) 
/Se=o^so.5 0 ) ---  --- --- ---

0„«o <2«o,iiSo). /3<i*O<<j=0,6o)

X- ■i *-------1-o.& 0 .7 0.8 “£ T
Fig. 2-11 Calculated f^ and f^ as Functions o f  Aspect R atio, A=  ̂

(d sim ultaneously varied  to  maintain a square s lo t )

DIMENSIONS »N INCHES

c o m p u t e r  m o d a l  
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X -  EXPERIM ENTAL POINT
i o .o - -
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Fig. 2-12 B r illo u in  Diagram
. 0
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We may in v e st ig a te  the question  as to  whether the r e su lt  found i s  the per­
turbation  o f  the mode as p o stu la ted . We note from 2-43B that the fun­
damental v a ries  in the gap as-sintfojj . I f  the fundamental has no zeros 
in  the region Cky<g we may assume th at we have the required mode. We th ere ­
fore wish to  determine th a t

XoJ -CTT (2-47)

From F ig. 2-12 we fin d  th a t the lower c u to ff  frequency i s  approximately 
8.75GHz from which the value o f  k i s  found to  be approximately .5851T ra­
dians/cm. At th is  point we find  }(o,̂ .^'.ctkSvfr4.'Tr v er ify in g  2-47.

For th is  case we c a lc u la te  the synchronous vo ltage as a function o f  
frequency for  the n=l space harmonic w ith the r e su lt  shown in  F ig. 2-13, 
We see  th at from the standpoint o f minimum voltage we would wish to  op­
erate at approximately 9.3-9.4GHz. This i s  a lso  the b est point in  terms 
o f  broad-band operation s in ce  the synchronous voltage i s  r e la t iv e ly  con­
sta n t w ith respect to  changes in  frequency in  th is  range. Therefore, a 
modulated s ig n a l would remain r e la t iv e ly  synchronous with the beam.

9 ^  CKV)

4o-~

3 B - -

3 t -

3 0

L3 O.Sin. Oi<o5 itv,
v*i_ = o.&ZS  d r ©.ct&3ia.

ii

X .  t I — 1— ------------1 ■ ! I------------1------------ 1—  ' C  ( r  it \
8 .0  4-0 IOO 11.0 \Z..O 13,0 14.0 15.0  7  (GrHy

Fig. 2-13 Axial P o ten tia l As A Function o f  Frequency (n=+l space harmonic)
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The dimensions o f  F ig . 2-1 are varied  to  s a t i s f y  c e r ta in  co n sid era tio n s.
The passband must l i e  in  the chosen frequency range and a harmonic must 
be found w ith  a moderate value o f  synchronous v o lta g e . This la t t e r  aspect 
in vo lves r e s tr ic t io n s  on the value o f  the p eriod . Based on the previous  
d iscu ss io n s  we would choose n=l or n = - l.  The value o f  the gap, g , should  
be large enough so th a t the e lec tro n  beam w i l l  not impinge upon th e s tr u c ­
ture y e t  not so sm all as to  make the space harmonic content n e g l ig ib le .
We must a lso  have a s e t  o f  dimensions co n s is te n t w ith  s t a b i l i t y  o f  the  
e lec tr o n s  in  the p e r io d ic  s t a t i c  f i e ld s ,  a problem taken up in  Chap. 4.

There are h igher order so lu t io n s  o f  the d isp ersion  equation , 2-35A, at 
higher frequency. P h y s ic a lly , one expects h igher order so lu tio n s  in  one 
o f  two p o ss ib le  forms. For the same mode we have been d iscu ssin g  we expect 
so lu t io n s  corresponding to the h igher frequency branches o f the B r illo u in  
diagram shown in  F ig . 2 -3 . In ad d ition  to  th ese  h igher order branches 
th ere e x i s t  the modes which are derived from the h igh er order TE modes 
in  uniform waveguide. For example, the next mode would be th at derived  
from the TE^g mode and the e le c t r ic  f i e ld  would d isp la y  a n u ll w ith in  the 
s tr u c tu r e . Each o f  th ese  modes would have h igher order branches, s im ila r  
to  th ose shown in  F ig . 2 -3 , as w e ll .  These so lu t io n s  occur at h igh er f r e ­
quency where the approximation o f  the s lo t  f ie ld s  by the s in g le  s l o t  mode 
may be in  doubt. For example, i f  two s lo t  modes are propagating i t  i s  
p o ss ib le  a t a p a r t ic u la r  frequency for  the s lo t  depth to  be a h a lf-w ave­
length  fo r  the low est mode, in  which case  the second mode determines the 
f ie ld s  a t the mouth o f  the s l o t .  Because o f  t h i s ,  no attempt w i l l  be made 
to  r e la te  the h igher order in te r se c t io n s  o f  2-35A w ith the h igher order 
branches o f  th is  mode or the h igher order modes.

2 .3  H i l l ’s Equation Approximation

We next ob tain  an approximate and sim pler d isp ersion  equation fo r  the
p e r io d ic  stru ctu re  by making some rather crude assum ptions. With resp ect

Wto  F ig . 2-1 we tr a n s la te  the coordinate axes by  ̂ so that

(2-483
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We consider the tooth  reg ion , , and the s lo t  reg ion , - W 4 V 0 , as
se c tio n s  o f  uniform waveguide and make the s im p lify in g  assumption th a t only  
the dominant TE^ modes e x is t  in  each s e c t io n . In e ith e r  case th ese  are the  
low est order modes which s a t i s f y  the boundary con d ition s at y= 0  and y=g
and at y=0 and y=d. We ta k e , th e r e fo re , th e  v a r ia tio n  o f  E w ith resp ect

A

to  y fo r  the s lo t  region  to  be s in  3^  and the v a r ia tio n  fo r  the tooth
region  to  be o f  the form sin^rty' . With th ese  assumptions we have two d is ­
t in c t  d i f f e r e n t ia l  equations for  the two r eg io n s. That i s

•a V

and

f2-49A}

O < 'i < t  (2-49B)

We recogn ize , at t h is  p o in t , th a t the problem i s  s im ila r  to  th a t considered
27 28by Kronig and Penney as w e ll as van der Pol and S tr u tt  fo r  a model o f

the quantum mechanics o f  e lec tro n s  in  c r y s ta l l a t t i c e s .  The problem there
i s  the so lu t io n  o f  the Schroedinger equation for a rectangu lar p o te n tia l

29fu n ction . Some o f  the r e s u lts  are given by B r illo u in  and we fo llow  h is  
method for our ca se . We may w rite  down the so lu t io n s  fo r  the two regions  
from the d if f e r e n t ia l  equations given in  2-49

Ex =  +  B0 e T ^ ]

(2-50A)

0  ^ (2-5GB)

At th is  poin t we suppress the v a r ia tio n  with resp ect to  y and consider  
only the fu nction s and Hit which depend only on ^ . By doing th is  
we have made the problem one-dim ensional and take the ^  fu nction s to  carry  
the inform ation necessary to  fin d  the d isp ers io n . By the same reasoning
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u t i l i z e d  in  Sec. 2 .2  we w rite  fo r  a so lu t io n  o f  the ^  fu nction  throughout

(2-51A)

where the i s  p e r io d ic  w ith p eriod  L, and

(2-51B)

We th erefo re  may w rite  the so lu t io n s  fo r  the tooth  region  and the two 
s lo t  regions to  e ith e r  s id e

’» - w < " i< 0  (2-52A)

C2-52B)

*  B . e r ' 5 ^ 0] C2-52C)

At the boundaries between the r eg io n s , =0 and Is = t , we demand th at ^  
and i t s  d e r iv a tiv e  be continuous. Except fo r  th e v a r ia tio n  in  y ,  which has—s. p
been dropped, t h is  i s  eq u iva len t to  the requirement that Ê  and ~  be 
continuous. From the cu rl o f  E eq u ation , i s  proportional to  Hy
so th a t we have required and to  be continuous, n e g le c t in g  the v a r ia ­
t io n  in  y . These co n tin u ity  con d ition s lead  to  four homogeneous equations 
fo r  which a n o n tr iv ia l so lu t io n  fo r  the c o e f f ic ie n t s  A q ,  Bq , C q  and Dq 
requ ires that the fo llo w in g  determinant be zero:

A  =

I - I

=  O

(2-53A)
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o r , a f te r  m an ip u lation ,

+  + 1 = 0  C2-S3B)

The product o f  the two s o lu t io n s  to  th is  quadratic equation in  (S/M"L i s  
u n ity . Thus the sum o f  the r o o ts , + Q T ^  =2cosh^tL, i s  g iven  by the
n eg a tiv e  o f  the c o e f f ic ie n t  o f  the term lin e a r .in  . The d isp ersio n
equation  i s ,  th en ,

4 -1
I l f - * - 3T-K J

(2-54)

For the computation o f  the right-hand s id e  o f  2-54 by d ig i t a l  computer 
the nature o f  the square roots i s  t e s te d ,  s in c e , depending upon the value  
o f  k , they may be r ea l or im aginary. In thr la t t e r  case the c ir cu la r  
fu n ction s are used. I t  i s  e a s i ly  seen  th a t fo r  a l l  combinations o f  the  
various p o ss ib le  square r o o t s ,  the right-hand s id e  i s  purely  r e a l .  We have,

Â.L =  + L^i)L ^ Q^|iLL G&ô JlxL- -V L & i s f \ j ^ r \ -  (2-55)

In view o f  the fa c t  th at the right-hand s id e  o f  2-54 i s  purely r e a l we have

L M'rt- -  O
1 1 (2-56A)

which has one or both o f  the fo llo w in g  so lu tio n s

-  O  (2-56B)

4 /Yf\ — 0 , 1 ,  v (2-56C)
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i f  ^^=0 we have

=  O O ^ k ^ L L -  ( 2 - 5 7 A )

so th a t th is  holds for

r
On th e other hand, i f  yjL̂ L=+m'Tr

- I  & a x d \  h l  ^  1 C 2 - 5 7 B )

( -0 ™  jJU-L -  Ca <Ja jU-L
(2-58A)r*vr\ M.r>— —' '-'v ' j-'- ■-

so that th is  i s  re levan t fo r

coshpL> 1, m even (2-58B)

and for

coshpL $ -1 ,  m odd ^

Therefore^ depending upon th e value o f  the right-hand s id e  o f  2 -5 4 , p  i s  
purely  imaginary or complex. The nature o f  p  determ ines the passband- 
stopband character o f  the B r illo u in  diagram. The p o s s i b i l i t i e s  are 
summarized in  Table 2-1 .

For the passband s itu a t io n  the values o f  n are eq u iva len t to  the space  
harmonics th a t were derived in  Sec. 2 .2 .  In a s im ila r  manner, at the t r a n s i­
t io n s  between the passband and stopband, the value o f  m s p e c if ie s  the 
zero or IT-mode c u to ff  depending upon whether m i s  even or odd, r e p e c t iv e ly .  
In the stopbands the value o f  m id e n t i f ie s  the p o s it io n  o f  the stopband  
r e la t iv e  to  the passband s tru ctu re .
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Table 2-1 Passband-Stopband Character

coshpL Condition

-eo< coshpL<-l 1 , - 1 ,  , .mTrj-cosh B o d i Stopband

cosh^»L=-l + 1 -j— , m pad TT- Mode C utoff

-l<coshpL<l (co s-1 [coshpL]+n21t) , n in teg er Passband

coshp.L= 1 . m even Zero-Mode C utoff

l<coshjiL< oo icD sh -1 [coshj»L]^'E!r _ _ e y e n Stopband

As an example, coshpL i s  shown in  Fig. 2-14 as a function  o f  k , for the 
s e t  o f  dimensions o f Fig. 2-10. Those values o f  k fo r  which Icosh p L lO
correspond to  passbands and we note th at the width o f  the stopbands
decreases for  the higher order branches. The branches o f  the Cd-jS diagram
derived from the uniform case are shown in  F ig . 2-15 togeth er with the
GO-(3 curve for a uniform waveguide o f  average w id th ,.42 inches. The two s e ts

v¥£. s O.Q, l^o.s m.
9=0.3m. d = 0.5tn.

io -

3 ____

2 .0IO

Fig. 2-14 CoshyL v s . k For The H i l l E q u a t i o n  Approximation
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o f  curves are seen  to  approach each other as the frequency in crea ses. 
These derived harmonics are a l l  seen  to be fa s t  waves. In F ig . 2-16 the  
f i r s t  passband i s  compared w ith  th at obtained by the method o f  Sec. 2 .2 . 
They are seen to  d i f f e r  in  absolu te value but to  have the same b asic  
shape. Curves are a lso  shown for smooth waveguides o f  width g ,  d, and o f  
average width. In F ig . 2-17 the edges o f  the f i r s t  passband are shown as 
g i s  varied and compared with the s im ilar  r e s u lt  for the modal expansion 
method from F ig. 2 -9 , The dimension d i s  s e t  so as to  m aintain a square 
s l o t .  The same general shapes are found fo r  the curves but they d if fe r  in  
magnitude considerably.

, t ' ° "  C U T O F F  F O R . W A V E G U l 0 £  

W I T H  K t  =

(0 .0 -- Ti c Avg. w n d +k

—t— 
0 ,7

— \—  
O AS

Fig. 2-17 Calculated f_ and f^
(d sim ultaneously varied  to m aintain a square s lo t )

The H i l l ’s equation so lu tio n  i s  shown in  F ig . 2-18 for the geometry 
o f  F ig. 2-12 and the so lu tio n s are compared. I t  i s  noted th at the so lu tio n s
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are d isp laced  but have s im ila r  shape. For the case shown i t  i s  known 
that the f ie ld s  decay in to  the s lo t s  whereas the H il l ' s  equation assumes 
a s in u so id a l v a r ia tio n  th ere . I t  th erefore seems reasonable th at the r e s u lts  
would be improved i f ,  in stead  o f  the dimension d, we used a foreshortened  
dimension, d*. Toward th is  end we ca lcu la te  the dimension dy such that 
a uniform waveguide o f  average width would have a c u to ff  frequency 
equal to  the zero mode frequency found from the modal expansion r e s u lt s .

i  *
For the example the dimension d equals 0.700 inch . The H i l l ' s  equation  
so lu tio n  used with th is  value i s  shown a lso  in  F ig. 2-18. Very good agree­
ment i s  found for th is  m odified H i l l ' s  equation so lu t io n .

Ls O.SOia. ■ OitSin. v̂ t_=0>^25 
d, - in..

l l . o -  -

FIELD MATCHmG- 
EXPANSION

HILL'S EQUATION 
APPROXIMATIONB . o -

o . qO-S 0.1O.i 0.8
T r

F i g , '2-18 B r illo u in  Diagram

An a ltern a te  approach is  to  take a v a r ia tio n  o f  form 

in  the s lo t  and
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2 .4  The Resonated Structure and Experimental R esults

Within the passband, 0 < f3„ < ^  , we w rite  the so lu t io n  for E  ̂ for  pro­
pagation in  the p o s it iv e  and n egative  z d ir e c t io n s , s in ce  j30 may not change

in  region I opposite the s lo t .  Note that the v a r ia tio n  w ith resp ect to  
z has been suppressed. We require con tin u ity  o f  the functions and th e ir  
f i r s t  d er iv a tiv es  at y=g. A n o n tr iv ia l so lu tio n  fo r  a and b e x is t s  i f

= o

or,

This i s  the same as Eq. 2-37. For
W=,312 inch 
L=.500 inch 
g= .650 inch 
d=.963 inch

the value o f K i s  .152. From F ig. 2-5 we see th a t th is  point i s  ou tsid e  
the lin ea r  region . We fin d

^  .874
'TT dJ

or

d*w.744 inch
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in  magnitude fo r  propagation in  the two d ir e c t io n s , as

Ex% , $  =  (2-S9)
no c—oo

The wave equation i s  symmetric in  z s in ce  the d er iv a tiv e  with resp ect to  
z i s  a second d er iv a tiv e . A lso , with reference to  F ig . 2-1 we see  th at z=0 
d efin es a plane o f  symmetry o f  the stru ctu re so that the boundary conditions
are the same fo r  + z and fo r  -z . Therefore, i f  E (y ,z )  i s  a so lu t io n  o f

 ̂ + the wave equation and s a t i s f i e s  the boundary co n d itio n s, so w i l l  Ex ( y , - z ) .
Therefore,

^  (2-60)

We sum the two so lu tio n s  w ith arbitrary phase and seek .zeros o f  the to ta l  
s o lu t io n . At the p laces where th ese  zeros occur one may p lace  in f in i t e ly  
conducting sh eets  and thereby form a resonant s tru ctu re . We have,

Do

Suppose that at z = z ,, E (y ,z ,)= 0 . S ince the H ^ C y ) are d if fe r e n t , E (y,z..)=0X x X X X
only i f

CCKU [ ( f o  (2-62)

fo r  a l l  n such th at (y)=£0 id e n t ic a l ly .  Thus, as n varies the roots must 
be separated by kTT, or, 2n^-=k, an in teg e r . I f  M̂1+ (y) i s  not id e n t ic a lly
zero, then we require 2^  to  be an in teg e r . I f  an in teg er  i s  added to ,  or

z z/subtracted  from, such that the r e s u lt ,  % ,  l i e s  in  the closed  in terv a l
z / 1[ 0 ,1 ] ,  i t  i s  e a s i ly  shown th at can only take on the values 0 ,  ̂ or 1.

The values ^*-=0,1 mean th a t the zero o f  the f ie ld  occurs at the symmetry
1planes which b is e c t  the s lo t s .  The value  ̂ means th at a zero can occur at 

the centers o f  the te e th .
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I f  we le t  the p er io d ic  boundary be g iven  by a fu nction  o f  z ,  and l e t  the  
boundary have a plane o f  symmetry at z=0, we have fo r  the Fourier s e r ie s  

o f  th a t fu nction

which i s  an even fu nction  o f  ^  i f  and only i f  2nlT£ =nfTT. By reasoning  
s im ila r  to  th a t used b e fo r e , i f  a ^ Q  we must have

statem ent th a t the zero o f  the f i e ld  occurs only  at a p lane o f  symmetry. 
T herefore, i f  a resonator i s  constructed  by p la c in g  sh o rtin g  planes at two 
planes o f  symmetry, and z 2 , the r e su lta n t f i e ld  w i l l  c o n s is t  o f  a super­
p o s it io n  o f  the two wave s o lu t io n s  o f  the i n f in i t e  s tr u c tu r e . Such a resona­
to r  i s  used to  experim entally  determine p o in ts  o f  the B r illo u in  diagram.
We have,

where m i s  an in teg e r . I f  m i s  even the sh ortin g  plane i s  p laced  at the  
same r e la t iv e  plane o f  syrametryj fo r  odd m the short i s  p o sitio n ed  at the  
a lte rn a te  plane o f  symmetry. From 2-61 we require th a t

(2-63A)

I f  we s h i f t  the o r ig in  and d efin e  z=6L+^f, 0 S t  t  1 , we have

■ £ ( < r L + ' S )  — ̂ l m [c o < L . ( r  m i r  S .) C tm , fc n  i f  )  —  (g .

(2-64)

Thus, the only other plane o f  symmetry i s  a t z=~ and we make the general

(2-65)

=  L+m>/air]

— — 0  ( 2_66 )
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In view o f  2-62 the f i r s t  term on the right-hand s id e  o f  2-66 i s  zero and 
s in c e ,  i f  2-62 i s  s a t i s f i e d ,

a3l*\ (( p> o + ^  O

so th at 2-66 requ ires th a t

-  0  (2-67A)

or

j3o^-L =  P1T (2-67B)

T herefore, i f  we construct a resonator o f  length  equal to  ^ periods with  
shortin g  planes p laced  at p lanes o f  symmetry o f  the s tru c tu r e , the values 
o f  f a  which s a t i s f y  the boundary con d ition s are g iven  by 2-67B and the  
resonant frequencies measured correspond to  th ose  values o f  @ 0 .  The values  
o f  fBo l i e  in  (0 /5) so  th a t the values th a t p may take on in  2-67B are 
lim ited  by

I ^ P <  I f  (2-67C)

For even m, corresponding to  an in te g r a l period  length  reson ator, there  
are g-1 p o ss ib le  va lu es o f  p  or ” -1 resonant freq u en cies w ith in  the f i r s t  
passband. For odd m, y ie ld in g  a resonator length  equal to an in te g e r  plus 
o n e-h a lf  p e r io d s , th ere  are p o ss ib le  p v a lu e s , the number o f  resonant 
freq u en cies w ith in  the f i r s t  passband. I f  the p o s it io n s  o f  the sh o rtin g  
planes are not at p lanes o f  symmetry o f  the stru ctu re  then the measured 
resonant frequencies w i l l  not correspond to  the 3 diagram o f .t h e  in ­
f in i t e  s tru c tu re .

At the band ed ges, the form o f  s o lu t io n  changes so the p reced in g  does not 
apply. However, as the number o f  se c tio n s  in c r e a se s , the measured resonant 
freq u en cies approach the zero and 1T-mode frequencies and th ere fo re  they  
may be approximated q u ite  a ccu ra te ly . This i s  e s p e c ia lly  true s in c e  the
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Cd -p  curve has zero slop e at the c u to f f  freq u en cies ,

Models were b u ilt  in  both the planar and coaxia l geom etries. The planar  
models were preferred  fo r  experim entation s in ce  they were sm aller and 
e a s ie r  to  manipulate. D ie le c tr ic  probing to  id e n tify  the value o f  @0, to  
be d escribed , was far  e a s ie r  in  the planar case. There the perturbation  
was accomplished w ith  a small d isc  rath er than a large diameter annular 
r in g , d i f f ic u l t  to  maintain perpendicular to  the axis o f  the stru ctu re.
In a d d itio n , the problem o f  extraneous modes was more o f  a problem in  the  
large s iz e  coax ia l system . The coax ia l system was used to  fin d  a proper 
coupling scheme for  the actual stru ctu re  and to  v e r ify  the r e su lts  o f  the  
planar analyses and experim ents. The v e r if ic a t io n  was found to be good.

The f i r s t  step  in  the experim ental procedure was to  id e n tify  the reson­
ant frequencies o f  a se c tio n  o f resonant p eriod ic  s tru ctu re . The reson­
ant frequency stru ctu re was found by use o f  the experimental arrangement 
shown in  Fig. 2-19 which, in  essen ce , compares the r e f le c te d  power from 
th e resonated p er io d ic  stru ctu re w ith  the incident power. At frequencies 
approximately equal to  the resonant frequencies the r e f le c te d  power is  
sm all s in ce  most o f  .the power in c id en t i s  d iss ip a ted  by the resonant 
s tru ctu re . The higher the Q o f  the s tr u c tu re , the narrower w i l l  be the  
frequency in terv a l over which th is  occurs. This type behavior is  noted 
in  Fig. 2-21 and F ig . 2-25b. At a value o f  frequency r e la t iv e ly  far from a 
resonant value most o f  the power i s  r e f le c te d  from the s tru ctu re . The 
swept frequency source produces a microwave sign a l whose frequency varies  
w ith  time and at the same time sweeps the o sc illo sco p e  at a rate proportion­
a l to  the sweep ra te  o f  the frequency. The o sc illo sco p e  trace  represents  
the comparison o f  the r e f le c te d  and in c id en t powers as a function o f  f r e ­
quency .

The planar stru ctu re is  b u ilt  in  rectangular form, that i s ,  w ith termina­
t in g  w a lls  at two values o f  x in  F ig . 2-1 . I ts  e s se n t ia l form i s  that o f  
a toothed  stru ctu re which f i t s  in to  what i s  b a s ic a lly  a se c tio n  o f  x-band 
waveguide with one narrow w all removed. The structure i s  terminated by a 
sh ortin g  block and coupling i s  provided by an aperture in  a th in  shorting  
p la te .  A photograph o f  the rectangular stru ctu re i s  shown in  F ig. 2-20.
Three experimental geom etries are shown, each having a square s lo t .  A
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d ie le c t r ic  perturbing d isc  i s  shown on a th in  nylon thread. This d isc  i s  
tra n sla ted  through the s tru ctu re , as in d icated  in  F ig . 2 -19 , to  explore  
the f ie ld  stru ctu re . A sec tio n  o f  the frequency spectrum as obtained from 
the o sc illo sc o p e  i s  shown in  F ig . 2-21. Only the r e f le c te d  power i s  shown, 
the traces are in verted , and frequency in creases from righ t to  l e f t .  The 
three cases rep resen t, from top to  bottom; undercoupled, c r i t i c a l ly  coupled 
for the high frequency resonances, and overcoupled. The coupling i s  in ­
creased by in creasin g  the diameter o f  the aperture h o le .

One t e s t s  the resonances by d ie le c t r ic  and lo ss  probing. I f  d ie le c t r ic  
m aterial i s  in serted  in to  the s tru c tu re , e ith e r  in  the form o f  the d isc  
previously  mentioned, or in  the form o f  a d ie le c t r ic  rod in ser ted  through 
a hole in  the term ination b lock , those resonances w i l l  move to  lower fr e ­
quency which are connected with the resonant c ir c u it .  Those which are 
connected with some other part o f  the setup o f  F ig . 2-19 w i l l  not be per­
turbed. This d iscrim inates among the resonances measured. Loss may be in ­
serted  in to  the c ir c u it  in  the form o f  a th in  m e ta llic  coating  on mylar, 
or f ib e r g la s s , sh e e t. This m aterial loads the c ir c u it  when the e le c t r ic  
f ie ld  i s  tangent to  i t s  surface and no lo ss  i s  presented for  the e le c t r ic  
f ie ld  normal to  the su rface. By changing the o r ien ta tio n  o f  a s tr ip  o f  such 
m a ter ia l, one determines the p o la r iza tio n  o f  the e le c t r ic  f i e ld .  By doing 
th is  we have determined that the mode o f  in te r e s t  was indeed p resen t. The 
e f fe c t  o f  lo ss  i s  to  lower the Q o f  the resonant stru ctu re and therefore  
lower or elim in ate com pletely the peaks o f  F ig. 2-21. For o r ien ta tio n  such 
that the e le c t r ic  f ie ld  i s  normal to  the surface o f  the s tr ip  there i s  no 

n o ticea b le  change.

For use with the coaxia l s tru ctu re , a mode transducer from TE^q rectangular  
to  TEq1 c ircu la r  co n sis ts  e s s e n t ia l ly  o f  changing the boundary o f  the wave­
guide in  a very slow manner with respect to  wavelength. This transducer 
i s  used in  tandem with a mode absorber which i s  used to  assure p urity  o f  
the c ircu la r-e lectr ic -m o d e. Such mode f i l t e r s  con sisted  o f  crossed lo ss  
sheet or c ircu m ferentia lly  grooved c ircu la r  waveguide with lo ssy  m aterial 
su ita b ly  p laced . The TEq  ̂ c ir cu la r  mode i s  coupled to  the TE^  ̂ coaxia l s y s ­
tem through rad ia l s lo t s  d istr ib u ted  uniformly around the circum ference 
as shown in  Fig. 2-22.
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F ig . 2-20 Rectangular Models

undercoupled

c r i t i c a l ly  coupled

sj
overcoupled

Frequency

Fig. 2-21 R eflected  Power Traces fo r  Rectangular Model 
(g=.650 inch , d=.963 inch , W=.312 inch , t= .032  inch)
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Fig. 2-22 Radial Coupling S lo ts

An assembly drawing o f  the coaxia l model i s  shown in  F ig . 2-23. The diameter 
o f  the cen tra l c y lin d r ica l waveguide i s  made equal to  the diameter o f  the  
transducer, which i s  tw ice the large dimension o f  the oversize  rectangular  
waveguide used to  couple to  the transducer. The ra d ia l coupling s lo t s ,  
shown a lso  in  F ig . 2-22, are made o n e-h a lf guide wavelength long in  rad ia l 
extent at 10GHz to  minimize th e ir  e f f e c t  at the approximate frequency 
o f  operation. The s lo t s  cannot be made th in  because o f  the required ra d ia l 
extent o f  the slow wave s tru ctu re . The width o f  the s l o t s ,  in  the a x ia l  
d ir e c t io n , i s  made equal to  the width o f x-band waveguide. There are two 
degrees o f  tuning f l e x ib i l i t y  provided through the two p is to n s . The c ir c u it  
geometry i s  varied  by changing the annular rings o f  which the s lo t s  and 
tee th  are composed. This stacked ring construction  w i l l  provide damping 
to  modes which have lon gitu d in a l currents and th erefore provide a natural 
mode f i l t e r  fo r  both the model and the actual e lec tro n  tube. Probing o f  
the f ie ld s  i s  accomplished through a hole in  the term ination b lock . Uni­
form ity o f  the f ie ld s  was checked by ro ta tio n  o f  the perturbing rod through 
the f u l l  360° and noting any inhomogeneity in  the perturbation . Within 
the accuracy o f  th is  method the f ie ld s  were found to  be uniform. The c i r ­
cum ferential spacing o f  the s lo t s  i s  made sm all enough so that the high  
order circum ferentia l mode which might be ex c ited  in  the coax ia l waveguide 
w i l l  not propagate at the h igh est frequency to  be used in  x-band. The mean
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diameter i s  used fo r  th is  c a lc u la tio n  and th e planar approximation ap p lied . 
I t  i s  found th a t s lo t s  spaced at 15° or 24 s lo t s  over the f u l l  circum fer­
ence, provides a good s a fe ty  fa c to r  fo r  t h is  c a lc u la tio n . As mentioned b e­
fo r e , the f ie ld s  were found to  be uniform w ith resp ect to  © .  F in a lly ,  
the angular width o f  the s lo t s  was made sm all enough, 0.0625 in ch , to  pro­
vide adequate p ro v isio n  fo r  mounting.

The p a r tly  assembled model i s  shown in  F ig . 2-24, Note the presence o f  
the mylar lo s s  r ing  which was used as a term ination  for the c ir c u it  to  
check matching in to  an i n f in i t e  s tr u c tu r e , or what i s  more a p p lica b le , 
matching in  and out o f  the stru ctu re  in  a symmetrical way. An example o f  
such a match con d ition  i s  shown in  F ig . 2 -25 , where the m od ifica tion  in  
the r e f le c te d  power i s  shown when the term ination  i s  changed from a 
shortin g  p lane to  a lo s s  r in g .

mm*

F ig . 2-24 Coaxial Model

The correspondence between the resonant frequencies and the p a r tic u la r
values o f  P 0  i s  made by exp loring the e l e c t r ic  f i e ld  by means o f  a

30perturbing o b je c t . The perturbing o b jec t used in . t h i s  experiment was a 
d ie le c t r ic  d is c  which was tra n sla ted  through the rectangular s tru ctu re  
as in d ica ted  in  F ig . 2-19 . The o r ie n ta tio n  o f  the d isc  was in  the xy plane 
and i t s  dimensions were a 0.275 inch diam eter and a 0.050 inch th ick n ess .
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Fig, 2-25 Match o f  th e C ircu it
a) Termination in  a Shorting Plane
b) Termination in  a Loss Ring
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The m aterial was assumed to  be alumina, As the d isc  i s  moved through the 
structure i t  perturbs only the e le c t r ic  f ie ld  to  f i r s t  order. The pertur-

when the d isc  i s  at a p o s it io n  o f  zero e le c t r ic  f ie ld .  For the sm all but
f in i t e  th ick n ess used, the frequency s h i f t  w i l l  be near zero at the nodes.
We assume th at the e le c t r ic  f ie ld  p attern  i s  unchanged ou tsid e the d isc ,
w hile in s id e  i t  i s  reduced by requiring co n tin u ity  o f  DM. One may show,

31by the S la te r  perturbation theorem , that the r e la t iv e  frequency s h i f t ,  
i s  proportional to

where W is  the stored  energy in  the resonated stru ctu re and the in tegration  
i s  taken over the volume o f  the d is c .  The perturbation  o f  the d isc  upon the  
resonant frequency o f  a sim ple rectangular c a v ity  made up o f  a se c tio n  o f  
x-band waveguide o f  length 0.7S0 inch i s  shown in  F ig. 2-26. The coupling 
in to  the ca v ity  i s  by means o f  a 0 .375 inch diam eter aperture in  a .063 
inch th ick  p la te . Note that due to  the exten t o f  the f ie ld s  ou tsid e the 
coupling p la te  and due to  the f in i t e  th ickness o f  the d isc  the curve shown 
deviates somewhat from the sine-squared  v a r ia tio n  that would be expected.

bation o f  the resonant frequency w i l l  be zero fo r  an in f in i t e ly  th in  d isc

8oo- ■

too - •
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Fig. 2-26 Perturbation o f  Rectangular Cavity 
(.400 X .900 X .750 in c h e s ) - f0=9.889GHz
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An example o f  the frequency perturbation curve fo r  a rectangular model i s  
shown in  Fig, 2-27. The d isc  averages the f ie ld s  so th at the space har­
monic content i s  not re a d ily  d isc e r n ib le . From the d istan ce between the
n u l ls ,  however, we may fin d  the value o f 8  corresponding to  the resonant

0 4irfrequency, which for  the case i l lu s t r a te d  i s  seen to  be -j-— , At the  
shorting  plane we note th at the frequency s h i f t  i s  not zero and we ascribe  
th is  to  the f in i t e  th ickness o f  the d isc . The sm all modulation p attern  im­
posed upon the envelope o f  the perturbation curve i s  ascribed  to  the space 
harmonics which combine to  form a "beat pattern". By measuring the per­
turbation  o f  one resonant frequency in  the spectrum the j6 q at th at point 
is  determined and one may assign  one o f  two values o f  to  other reso ­
nances, provided none are m issed by the measurement p rocess. That i s ,  one 
may assign  these values based upon an assumption o f  a forward or back­
ward wave fundamental. To c la r ify  th is  ambiguity we th erefore measure the 
perturbation o f two resonances to  determine the nature o f  the fundam ental.. 
This having been done, the c ir c u it  was found experim entally to  be forward 
wave, in  agreement with the th e o r e tic a l r e s u lt s .

Experimental points obtained from the rectangular model are shown in  
Fig. 2-12 in  comparison with the th e o re tica l so lu t io n . Agreement between 
the experim ental and th e o r e tic a l r e su lts  i s  seen  to be q u ite  good.

lo.&Sin. t s o.oT2»ru w =o.3\2ia
r t - g - o . 2 i 2 . \ n .  L _ - o . ? i ' H n n -

B O  - ■

60 ••

4 0  ’

20 -

R E LA T I V E  CBTAI-1CE r . 03W SBORTlr lCr  W \ > i t

Fig. 2-27 D ie le c tr ic  D isc Perturbation o f  Resonant Frequency Cfg=H.086GHz]
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R esults fo r  the very low end o f  the curve could not be obtained due 
to  d i f f ic u l ty  in  matching to  the stru ctu re for  these v a lu es. The upper 
end o f  the curve lay ou tsid e x-band and th erefore beyond the range o f  the 
measuring equipment. We note s l ig h t ly  more error at the higher j3 end o f  
the r e su lts  and th is  is  a ttr ib u ted  to  the approximation made in  the d e r i­
va tion  o f  the th e o r e tic a l r e s u lt .

CO -f$ curves found experim entally for  three d iffer en t stru ctu res are shown 
in  F ig . 2-28. A ll dimensions o f  the three cases are the same except for  
the tooth th ickness t  and the period L. Again, i t  i s  expected that as t-K> 
the space harmonic content w i l l  be r e la t iv e ly  unaffected  for th in  tee th  
s in ce  E  ̂ must s t i l l  vanish on the tooth  edge. We see  from F ig . 2-28 that 
the change in  frequency i s  not great. We conclude that a u sefu l stru ctu re  
for  in ter a c tio n  would be one with tee th  as th in  as p o ss ib le ;  with the lim it  
imposed by m echanical, heat d iss ip a tio n  and electron  bombardment considera­
t io n s .  This stru ctu re would have the lowest p o ss ib le  synchronous v e lo c ity  
for  the range o f  geometries where the values o f  t  and L are allowed to  vary,

The r e su lts  found from the coax ia l model confirmed the presence o f  the  
d esired  mode. The resonant frequencies were somewhat s e n s it iv e  to  the 
p o s it io n  o f  the tuning p isto n s  s in ce  the p o sitio n  o f  the coupling plane 
was questionable in  th is  case . The r e su lts  were, n o n e -th e - le s s , q u ite  
c lo se  to  the other r e s u lts .  A s e t  o f such data i s  shown in  F ig . 2 -29 ,
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F ig . 2-28 Experimental D ispersion as t  i s  Varied and A ll Other dimensions 
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uncorrected  fo r  the true p o s it io n  o f  the entrance p lan e. Because o f  the  
added coupling len g th , the true va lu es o f  |S0 w i l l  be le s s  than those  
shown. I f  the correction  i s  not too  la rg e , the experim ental p o in ts  w i l l  
l i e  c lo se r  to  the th e o r e t ic a l r e s u lts  s in c e  the experim ental p o in ts  w i l l  
be moved to  the l e f t  on the f ig u r e .

f  CGrĤ j)
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Fig. 2-29 Comparison o f  D ispersion  from Computer S o lu tio n  and Coaxial 
Model Experimental Points (Uncorrected Entrance Plane)

The rectan gu lar data i s  to  be regarded as the standard w ith resp ect to  
d isp ersio n  although the Q cannot be found from th is  case because o f  the 
presence o f  the term inating p la n es. These d if f e r e n t ia te  the rectangular  
from the in f in i t e  planar case . Experimental determ ination o f  matching con­
f ig u ra tio n s  must a lso  be done on the co a x ia l model.
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CHAPTER 3 

THE ELECTROSTATIC PROBLEM

3.1 The Equivalent Problem in  the Plane

We in q u ire now in to  the so lu t io n  o f  L aplace's equation in  the s tru ctu re  
when the inner and outer boundaries are s e t  a t d if fe r e n t  p o te n t ia ls .  The 
stru ctu re  i s  taken to  be many periods long and th e r e fo re , in so fa r  as the  
major p ortion  o f  the stru ctu re  i s  concerned, i t  may be assumed th at th e  
stru ctu re  i s  in f in i t e ly  long. The so lu t io n  obtained  for th e  f ie ld s  w i l l  
be accurate except for  the immediate v ic in i t y  o f  the ends and in  t h is  un­
bounded region  i t  w i l l  be unique i f  the p o te n t ia l  i s  bounded throughout 
the reg io n .*  This assumption o f  an in f in i t e ly  long s tru ctu re  in troduces  
planes o f  symmetry at the cen ter  o f  each too th  and at the center o f  each  
s l o t .  Across th ese  p lanes we have the boundary cond ition  th a t the normal 
d e r iv a t iv e  o f  p o te n tia l i s  zero.

We have now reduced the problem from an unbounded region  to  an eq u iva len t  
bounded one. I f  we take the reg ion  whose boundary c o n s is ts  o f  the s tru ctu re  
and any two p lanes o f  symmetry, we have a w e ll defined  problem in  a bounded 
reg ion  which has a unique s o lu t io n .t  This i s  known as a mixed boundary value  
problem. That i s ,  the p o te n t ia l  i s  s p e c if ie d  along part o f  the boundary 
and the normal d er iv a tiv e  i s  s p e c if ie d  along th e remainder o f  the boun­
dary. This type problem i s  norm ally q u ite  d i f f i c u l t . ^  An accurate appro­
ximate so lu t io n  w i l l  be developed fo r  the geometry o f  concern. S ince the  
geometry i s  one o f  large radius o f  curvature, fo llow in g  th e argument lea d ­
ing to  Eq. 2 - IB, we must s o lv e  L aplace's equation  in  the plane provided  
we id e n t ify  r  w ith one o f  the rectangu lar co o rd in a te s .

* This may be seen  by the a r t ifa c e  o f  mapping the plane onto the sphere  
by the stereograp h ic p ro jec tio n  which maps th e p oin t a t in f in i t y  in to  
the north p o le  o f  the sphere.

tThe boundary cond itions c o n s is t  o f  s p e c if ic a t io n  o f  the normal d e r iv a tiv e  
and the value o f  the p o te n tia l at a t le a s t  one p o in t. Moreover, the boun­
dary o f  the region  i s  regu lar in  th at i t  i s  p iecew ise  d if f e r e n t ia b le  and 
does not cross i t s e l f .  D if f e r e n t ia b i l i t y  f a i l s  only_at th e four com ers  
o f  the rec ta n g le . The so lu t io n  i s  th erefo re  unique.
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In Chap. 2 i t  was in d ica ted  th at the space harmonic content would be 
a ffe c te d  l i t t l e  as the tooth  th ickness approached zero for sm all tooth  

th ick n ess. This i s  co n s is ten t with lower vo ltage operation and i s  th er e ­
fore to  be p referred . The lim itin g  th ickness o f  the tooth  i s  determined 
th erefore by mechanical and thermal con sid eration s and may be only a few 
percent o f  the period . Thus, the lim itin g  case o f  van ish in gly  sm all tooth  
th ickness i s  o f  p r a c tic a l importance and so the tooth  i s  taken to  be a 
k n ife  edge in  the model to  be so lved . In a p h ysica l s itu a t io n  o f  sm all 
but f in i t e  th ick n ess, the so lu tio n  is  taken to  be good fo r  the reg ion  ex­
cluding a sm all band around the edges o f  the tee th  o f  severa l tooth  
th ick n esses. The base period may be taken between any o f  the planes o f  
symmetry. We w i l l  take i t  to  be between adjacent t e e th . For convenience, 
we rep lace the coordinates z and r by x and y ,  take the width o f  the base 
period to  be 1T , and take the inner and outer boundaries to  be at poten­
t ia l s  1 and 0 r e sp e c tiv e ly . This rectangular domain i s  shown in  F ig , 3-1.

•approxim ate b o u n d a r y  
(sao ssu Y  e y a &g-e r a t e d )

= o

a.

Fig. 3-1 The Rectangular,and Approximate,Domains
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3 .2  Observations About The S olu tion

Before proceeding with the so lu tio n  i t  i s  in s tr u c t iv e  to  examine i t s  ex ­
pected behavior. As y approaches d 2, the d if f e r e n t ia l  equation becomes, 
approximately, w ith  so lu tio n  (j) ^  a+byj s in ce  a lin ea r  so lu tio n  in  x
i s  obviously in co n sisten t w ith  the boundary requirement on ^  , The e f fe c t  
o f  the teeth  i s  therefore n eg lected  c lo se  to  the outer boundary.

The form o f  th e p o ten tia l fo r  a c ircu la r  neighborhood surrounding the edge 
o f  the tooth may be arrived at as the radius o f  the neighborhood approaches 
zero. As the edge o f the to o th  i s  approached, i t  alone w i l l  determine the 
lim itin g  form o f  so lu tion  as a l l  other boundaries become r e la t iv e ly  far  
away. We consider the case o f  a se m i- in f in ite  conducting plane and describe  
the p o sitio n  away from the edge in  c y lin d r ic a l coordinates. A pplication  
o f  the method o f  separation o f  variab les to  Laplace's equation in  c y lin d r i­
ca l coordinates y ie ld s  the so lu tio n s  for  <̂> in  the region defined by 0<«<<2Tr 
which have nonzero angular v a r ia tio n  as

I +  c  f i X

where /  and U. are defined in  F ig . 3-1 and A i s  a separation  constant.
Since we wish so lu tion s which are to  be bounded at / >=0 and which approach 
unity for and we have A=  ̂ w ith  n a p o s it iv e  in teg e r . Thus,

OO
( j ) ~  | A i/n ^ o C  ( 3 - 1 )

rn-t
noting th at th e  so lu tions where n is  odd are allow able even though 
i s  not continuous across c<=0 sin ce we have the r e s tr ic t io n  0 <°<<£2 'Tr, 
P h ysica lly , th e  d isco n tin u ity  i s  accounted fo r  by the conducting plane 
and i t s  su r fa ce  charge. Observe that as 0 the leading term, for n = l, 
approaches zero in  the s lo w est manner. A lso i f  we consider we note  
that a l l  term s, except th a t fo r  n«*l, approach zero. That terra i s  unbounded 
as f -+ 0 .  We therefore w r ite  the lim itin g  form o f 3-1 in  terms o f  i t s  
dominant term fo r  f - >  0 as

f  ->o
(3-2A)
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We w rite the lim itin g  form o f  p o te n tia l as the tooth  edge i s  approached 
in  the plane o f the tooth  by using 3-2A with <* ='TT. With reference to  
Fig. 3-1 , we have

=  l + C , ( u -  H ./1 (3-2B)
!>*:

A pplication o f  3-1 to the actual geometry o f F ig . 3-1 requires s a t i s f a c ­
t io n  of the boundary cond ition  =0. This leads to

C . 1 , - 0 ,  f e . i ^ v  (»-*>

In the neighborhood o f the s lo t  com ers we use the square function to  find  
the lim itin g  form o f the p o te n tia l. For example, fo r  the com er in  the  
neighborhood o f  x=-^, y=0 we have

([(*+1)+“£f] = \ +2K(x+f)^
" -y-o 

>o

3 .3  Mapping onto the H alf-Plane

Consider the function  o f  a complex variab le

I t  i s  e a s ily  shown that W i s  an en tir e  fu n ction , or a n a ly tic  at every point
o f  the 2 p la n e , s in ce  at every point o f the Z plane, and at every p o in t o f

35i t s  neighborhood,the d er iv a tiv e  o f  W e x is t s .  S u ff ic ie n t  conditions fo r  the 
ex isten ce  o f  the d er iv a tiv e  are that u and v are rea l and sin g le-v a lu ed  
functions o f  x and y , which togeth er with th e ir  p a r t ia l d erivatives o f  
f i r s t  order are continuous at x^, y^; and that those p a r t ia l d er iv a tiv es  
s a t is fy  the Cauchy-Riemann cond itions at xQ, yQ

~ 5 a  _  1££
“ ■Sty (3-6A)

_ "SM
W  C3-6B)
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36 *I t  i s  shown that an a n a ly tic  mapping i s  iso g o n a l, or angle p reserv in g ,
as long as W has a nonvanishing d e r iv a tiv e . We s h a ll  show th a t the d er i­
v a tiv e  vanishes only on the boundary o f  our region o f  in te r e s t  but not in  
the in te r io r .  We also  show th at under the a n a ly tic  transform ation, i f  <p 
s a t i s f i e s  the Laplace equation in  the W plane, i t  w i l l  s a t is fy  Laplace's 
equation as a function o f  x and y . Suppose that we have the so lu t io n  for <j) 
in  the W plane.

S in ce ,

■au?- ax 5u.'9uA3M (3-8)

we have from 3 -7 , using 3-8 and a s im ila r  expression fo r  ^jji ,

(3-9A)

37Where Z i s  an an a ly tic  function o f u and v we have that x and y s a t is fy  
the Cauchy-Riemann conditions and th at the p a r t ia l d er iv a tiv es  o f  a l l  or­
ders o f x and y e x is t  and are continuous functions o f  u and v . Then, x and 
y are harmonic functions o f  u and v so that togeth er with the Cauchy- 
Riemann conditions we have from 3-9A

(3-9B)

S ince and •—  are rea l

(3-10)

*The meaning o f  iso g o n a lity  i s  that i f  two curves in te r se c t  at an angle © 
in  the Z p lan e, th e ir  image curves in  the W plane in te r se c t  a t the same 
angle at the image p o in t, w ith resp ect to  magnitude and sense o f  ro ta tio n . 
The relevance o f  th is  to  the problem at hand i s  th a t the p o te n tia l lin es  
remain orthogonal to  the stream -lin es in  the mapped region.
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where eq u a lity  holds i f  and only i f  x i s  a constant w ith resp ect to  u 
and v , in  which case we a lso  have by the Cauchy-Riemann equations that

and -22J-0, so that region in  the W plane maps to  a s in g le  point in  
the Z plane. Ruling th is  out we have from 3-9B that 0  a lso  s a t i s f i e s

'"SXL aplace’s equation in  the Z p lane. Note a lso  that with and 
zero , the Jacobian

3V both

3X
-au.

•ax
W

■©a-
au. (3-11)

38i s  zero, so that the mapping i s  not one-to-one. That i s ,  the one point 
o f  the Z plane i s  the image o f  the in f in it y  o f  p o in ts in  the region o f  the 
W p lan e. Noting that

c U  _
5>) ~ 3U- 24 8ir (3-12)

we have that 3-9B is

a x
» +  ■ £ & =  0 (3-13)

In order that iso g o n a lity  is  maintained we have that so th a t, under
the mapping, the d if f e r e n t ia l  equation i s  l e f t  unchanged, except on the 
boundary where the d er iv a tiv e  may vanish . However, we do not require =“0
on the boundary o f  the reg ion , but only at in te r io r  p o in ts . We have already  
expected from 3-2 that the d er iv a tiv e  o f (j) w i l l  not e x is t  at the edge o f  
the tooth .

39I t  i s  shown""' by the Schw artz-C hristoffel formula th at consideration  o f  
the h a lf - s tr ip  o f  width 'TT , described by ""^Ra^z}^ > as a lim it in g
case o f  a t r ia n g le , produces the mapping o f  3-5 which takes the h a lf - s tr ip  
onto the upper h a lf-p la n e , From 3-5 we have

LL — AiM X QroJk^.

-  ( M X  w h *

(3-14A)

(3-14B)
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I f  we s e t  y=0, we see  th at the e n t ir e  x ax is  maps onto the segment - l£ u £ l,  
v=0 in  the W p lan e . This mapping i s  not o n e-to -o n e , however the segment 

y - 0 does map uniquely on the above l in e  segment o f  the W p lan e.
By s e t t in g  x=11| we fin d  th a t the two l in e s  x=^ and x = ~  map onto the r e ­
mainder o f  the rea l ax is o f  the W p la n e , th a t i s  u > l, v=0; and u 4 - l ,  v=0, 
r e s p e c t iv e ly . S ince cosh y i s  an even fu n c tio n , the upper and lower halves  
o f  the l in e s  x=-l[ map onto the same segments o f  the r e a l ax is o f  the W 
plan e. T herefore, th is  mapping i s  not o n e-to -o n e , but i f  we take e ith e r  
o f  the h a l f - s t r ip s ,  and e ith e r  d'm£zj>0 o r t h e  v e r t ic a l
boundaries map onto the r e a l ax is  o f  the W plane in  a one-to-one manner.
The h a l f - s t r ip  which l i e s  in  the upper h a l f  o f  the Z plane maps onto the 
upper h a lf  o f  the W plane and the h a l f - s t r ip  which l i e s  in  the lower h a lf  
o f the Z plane maps onto the lower h a lf  o f  the W p lan e. The complete s t r ip ,  
described  by j i s  mapped onto the W plane w ith cuts or s l i t s  in
the u ax is  extending from -oo to  -1 and from 1 to  oo as i s  shown in  F ig . 3-2. 
The p o te n tia l values on the boundary o f  the s tr ip  are mapped onto the appro­
p r ia te  edges o f  the s l i t s .  The upper and lower halves o f  the y ax is map 
onto the upper and lower h a lves o f  the v axis, r e s p e c t iv e ly . F ig . 3-3  
in d ic a te s  how other h a lf - s t r ip s  map. The shaded h a l f - s t r ip s  map onto the 
upper h a lf-p la n e  and the unshaded ones map onto the lower h a lf-p la n e . In 
a l l  cases the boundary o f  each o f  the h a l f - s t r ip s  maps onto the r e a l a x is .

D

z \ \v
A\ \v

\Y\|\NxA V

A

£ \  \ \ _ ‘ . \  A s ,
-A \  N

•<

\
\  .

c

F A C

F ig . 3-2 Complete S tr ip

From 3-14 we obtain

, ■\r'L



Fig. 3-3 Mapping o f  H alf-S tr ip s

T herefore, the mapping W=sin Z transforms the lin e s  y=constant and 
x=constant in to  confocal e l l ip s e s  and hyperbolas, r e sp e c tiv e ly , whose 
common fo c i are at W^tl. An e l l ip s e  i s  transversed  an in f in i t y  o f  times 
i f  the image p o in t z describes the en tire  s tr a ig h t  lin e  y=constant and a 
segment o f  that l in e  o f  length 21̂  corresponds to  the perim eter o f  the 

e l l ip s e .  Therefore, the l in e  segment > y=yg> maPs onto a sem i-
e l l ip s e .  The lin e  x=xQ has as i t s  image the right-hand h a l f  o f  the hyper­
b ola  o f 3-15B i f  and the left-h an d  h a lf  i f  -^cx^O . I t  i s  e a s ily
seen th at for  y 0=0 the degenerate e l l ip s e  i s  the segment o f  the rea l axis  
[ -1 ,1 ]  and for  xQ=0 the degenerate hyperbola i s  the imaginary a x is . Also 
i f  x^—■ the hyperbolas degenerate in to  the s e m i- in f in ite  sectio n s o f  the 
real ax is [1 ,00) and ( - o o , - l ] .  Thus, a rectangular region in  the Z plane
described by the open se t

$ Xi < ^ *2.^ ?

maps under s in  Z in to  the region-between two e l l ip s e s  and two hyperbolas.
I f  we l e t  x^ and and y^ take on th e ir  lim itin g  values the boundaries 
take on the degenerate forms d iscu ssed  above and the mapping i s  shown in
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F ig. 3-4 . We note that the regions o f F ig , 3-1 and Fig. 3-4 are the same.

W

u.

Fig. 3-4 Mapping With Degenerate Hyperbolas and One Degenerate E llip se

The p oin ts where the d er iv a tiv e  o f  the mapping function  van ish es, or where 
W* (Z)=0, are known as c r i t i c a l  points o f  the transform ation. I t  i s  e a s ily  
shown by the d e f in it io n  o f  s in  Z in  terms o f  exponential functions that

= G o < lZ  - Av r Xt y  C3"163

so that the c r i t i c a l  points are the complex zeros o f  cos Z. The real part 
o f  3-16 vanishes at the zeros o f cos x where s in  x/0 so th a t in  order for  
the imaginary part o f 3-16 to  vanish we must have y=0. The zeros o f  cos Z
are th erefore purely rea l and are given by

X -  ^  =
. -  ^  C 3-1 ? )r°

The c r i t ic a l  points o f  the mapping, th erefo re , l i e  at the com ers o f  the
h a lf - s tr ip s  o f  Fig. 3-3 and at the bottom com ers o f the rectangle o f
Fig. 3-4 . As was mentioned e a r l ie r ,  a necessary condition  for  iso g o n a lity

40is  that W has a nonvanishing d er iv a tiv e . Also , at the c r i t i c a l  points  
the mapping ceases to  be conformal. With reference to  F ig . 3-4 i t  i s  seen
th at in  the Z plane the ro ta tio n  o f l in e s  d-e in to  e -a  and the ro ta tion
o f  lin e s  e -a  in to  a-b involve angles o f  However, the images o f  these  
l in e s  in  the W plane in volve no r o ta tio n s , v er ify in g  the lo ss  o f  iso g o n a lity  
at the c r i t ic a l  p o in ts . However, at the upper corners o f  the recta n g le ,
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p o in ts  b and d o f  Fig. 3-4 , iso g o n a lity  i s  maintained and the angles  
th e r e , are carried  over in  the W plane at p o in ts  b and d. S in ce the 
c r i t i c a l  points occur on the boundary there i s  no problem presented  with 
resp ect to  the lo s s  o f  the harmonic nature o f the transformed p o te n t ia l .

I f ^  W(z) is  a n a ly tic  at a p o in t and W/ (Z) i s  nonzero at that p o in t then 
there e x is ts  a neighborhood o f  the image o f  that p o in t in  the W plane  
in  which W(Z) has a unique in v er se , Z(W), in  the sense that Z(W) i s  s in g le  

valued and a n a ly tic  there and moreover Zf (W) * T̂ ie ^ac°bian i-s

tJLL 31A

■wr
3X

W'(2)
(3-18)

and i s  zero only at the c r i t i c a l  p o in ts ; The mapping i s  therefore on e-to-
42one in -th e-sm all but not in -th e - la r g e . With referen ce to F ig. 3 -3 , for  

any n o n cr itica l p o in t there e x is t s  a neighborhood which l ie s  t o t a l ly  in  
a "U" or "L" reg ion . For a c r i t i c a l  p o in t, there i s  no neighborhood which 
e x is t s  for which th is  i s  so and in  which the in v erse  is  unique. The inverse  
o f  3-5 i s ,  from the exponential d e f in it io n  o f s in  Z,

Z.-Aim'W = - U L n [ l W  + ( | - W  ’-yk] (3"19)

Owing to the m ulti-valuedness o f  the square root and logarithm ic function , 
the m ulti-valuedness o f  Z is  d isp layed . A lso, by app lication  o f  th e  theorem 
quoted above, i t  i s  e a s ily  shown th at s in   ̂ W i s  an a ly tic  at a l l  po in ts  

e x cep t!1.

In lig h t  o f the above, the mapping Eq.3-S may be used to map the in te r io r  
o f  the rectangle o f  Fig. 3-1 onto the upper h a lf-p la n e  with c r i t i c a l  points 
at the lower c o m e r s . Since the p o te n tia l remains harmonic in  th e h a lf ­
plane under the transform ation, so lu t io n  o f L aplace's equation in  the h a lf ­
plane i s  eq u ivalent to  so lv in g  i t  in  the rec ta n g le . We seek the so lu tio n  
to  Laplace's equation in  the mapped region o f F ig . 3 -5 , the region  bounded 
by the real ax is and a se m ie llip se  with fo c i at W=±l. The boundary condi­
tion s,^ ^  </>=constant and remain unchanged under an a n a ly tic
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mapping, where the d er iv a tiv e  o f  the a n a ly tic  function  i s  nonzero. There­
fo r e , the boundary conditions =0 and (j)= 1 carry over as shown and the  
cond ition  on the normal d er iv a tiv e  becomes on the part o f  the boun­
dary co n sis tin g  o f  the open in te r v a ls  o f the rea l ax is between ±cosh£^

and+cosh-^*

JTORIGINAL ELLIPSE.

A P P R O V I M A T E  E U P S E  
G R O SS L Y  EXAGGERATED)

■foci.

Fig. 3-5 The Mapped Region Corresponding to  the Region o f  F ig . 3-1

3 .4  Approximate S olu tion  fo r  P o ten tia l

We now consider the mapping 3-5 in  a somewhat d iffe r e n t  manner. For an 
an a ly tic  fu n ction , the p a r t ia l d er iv a tiv es  o f  a l l  orders e x is t  and are 
continuous. ^  We may th erefore reverse the order o f  p a r t ia l  d i f f e r e n t i ­

ation^^ and by use o f  the Cauchy-Riemann eq u ation s, 3-6 , i t  i s  e a s i ly  shown 
that the rea l and imaginary p arts o f  the a n a ly tic  function  are harmonic. 
Therefore, fo r  equations s im ila r  to  3 -5 , 3 -14 , and 3-15, i f  y were to  
represent p o te n t ia l ,  eq u ip o ten tia l curves would be confocal e l l ip s e s ,  
and i f  x were to  represent p o te n t ia l ,  the eq u ip oten tia ls
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would be confocal hyperbolas. As was developed in  Sec. 3 .3 ,  a segment o f  
the r e a l ax is  between -1 and +1 i s  to  be considered a degenerate e l l i p s e .  
Therefore, w ith resp ect to  F ig . 3 -5 , by a s u ita b le  s c a lin g ,  we may con­
s id e r  th e s e c tio n  o f  the r e a l a x is  extending between t c o s h ^  as a degener­
ate e l l i p s e  o f  a confocal system . The boundary con d ition  on th is  segment 
i s  th at the p o te n tia l i s  constant and th erefo re  i t  behooves us to  rep re­
sent p o te n t ia l  in  such a way th a t the eq u ip o ten tia ls  are confocal e l l i p s e s .  
The fo c i  o f  th is  system  o f  e l l ip s e s  l i e  a t ±cosh£^. The fo c i  o f  the e l l i p s e ,  
however, which forms the c lo s in g  boundary o f  F ig . 3 -5 , l i e  a t ± l ,  and th e r e ­
fore t h is  e l l ip s e  i s  not c o n s is te n t  w ith th e system ju s t  d iscu ssed .

Suppose, however, th a t th is  c lo s in g  boundary i s  rep laced  by another e l l ip s e  
which does in  fa c t  have fo c i a t i c o s h ^ .  This e l l ip s e  may be made to  have 
any p o in ts  in  common with the o r ig in a l e l l i p s e  th at we w ish . We a r b itr a r ily  
ask th a t the second, or approximate, e l l ip s e  have the in te r se c t io n s  w ith  
the rea l ax is in  common w ith the o r ig in a l one, as i s  shown in  F ig . 3 -5 .
We apply the same boundary con d ition  to  the approximate e l l i p s e ,  as i s  
carried  by the o r ig in a l e l l i p s e ,  namely, th a t o f  constant p o te n tia l .

The semi-minor ax is  o f  the approximate e l l i p s e ,  i s  g iven  by the square 
root o f  the d iffer en c e  o f  the squares o f  the semi-major ax is and the fo cu s, 

in  th is  case

'X L ,/ .  -  c o < M /  -  t o A  3-203

T herefore, the v e r t ic a l  excursion  o f  the approximate e l l i p s e  i s  le s s  
than th a t o f  the o r ig in a l ,  as i s  shown in  F ig . 3-5.

From F ig . 3 -1 , £ . l i e s  in  [0,£_]. For £.=0 we have from 3-20 that vl  2 i  max
=sinh£2 , the approximate and o r ig in a l e l l ip s e s  are id e n t ic a l ,  and th ere ­
fore the so lu t io n  i s  ex a ct. For th is  l im it in g  case the recta n g le  o f  F ig .
3-1 has degenerated in to  two segments o f  p a r a lle l  in f i n i t e  planes o f  sep ­
aration  £-2 ant* th ere fo re  the so lu t io n  i s  obviously  the l in e a r  one. I f
£  =£„ we have from 3-20 th a t v =o and th erefo re  the approximate e l l ip s e  1 2 max
takes on the degenerate ro le  and becomes th e se c tio n  o f  the rea l a x is  be­
tween icosh-Cj. The area between the boundaries has th ere fo re  co lla p sed  to  
zero and there i s  no so lu tio n  fo r  the approximate e l l i p s e .  The s o lu t io n
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46to  the exact problem i s  well-known in  terms o f  an in f in i t e  summation o f  
rectangular harmonics with a Fourier s in e  decomposition o f  a constant.
Thus, the accuracy o f  the approximate so lu tio n  w i l l  depend upon the ra tio  
o f Z  ̂ to  Z  ̂ and as th is  r a t io  approaches u n ity  the approximate so lu tio n  
derived w ith the approximate e l l ip s e  becomes le s s  accurate. The v a lid ity  
o f  so lu tio n  w i l l  be d iscu ssed  la te r ,

I t  fo llow s from 3-20 that for  c o s h ^ )  cosh£j>> 1 we have v raax#cosh.£^Jsinh£2 
and the approximate and o r ig in a l e l l ip s e s  are c lo se . The e c c e n tr ic ity , the  
ra tio  o f  the d istance between fo c i to  the major a x is , approaches zero and 
the e l l ip s e  becomes approximately a c ir c le .

I f  the curves representing constant p o te n tia l are a system o f  confocal
e l l ip s e s ,  i t  i s  obvious from symmetry th at at the rea l ax is o f  F ig . 3 -5 ,
^ ,= 0  and the boundary condition  on the normal d er iva tive  i s  s a t i s f ie d .
The above represents an ou tlin e  o f  an approximate so lu tio n  to  the mixed
boundary value problem o f  F ig. 3-1 . Before proceeding with the so lu tio n
le t  us ask the obvious question  as to  the n e c e ss ity  fo r  an approximate so -

47lu tio n , accurate as i t  may turn o u t'to  be. I t  i s  known th a t by means o f  
e l l i p t i c  functions the in te r io r  o f the rec ta n g le , F ig . 3 -1 , may be mapped 
onto the h a lf-p la n e  ex a c tly . I f  the p o te n tia l was known on a l l  four s id es  
o f  the rec ta n g le , we could, in  p r in c ip le , find  the so lu tio n  in  the h a lf ­
plane by means o f  Green's function  fo r  the h a lf-p lan e  and then transform  
back to  the rectan g le . We have, however, a mixed boundary-value problem 
and so the preceding method would not be ap p licab le . As i t  turns ou t, the
method being presented y ie ld s  h igh ly  accurate r e su lts  for the geometries

*
which are co n sisten t with r e su lts  o f  Chap. 2.

Let us a scerta in  to  what boundary in  the alm ost-rectangular region the 
approximate e l l ip s e  corresponds to  and examine the extent o f  the pertur­
b ation . The equation o f  the approximate e l l ip s e  i s

* The van ish ingly  th in  tooth provides lower in tera ctio n  v e lo c ity  w ithout 
d e le ter io u sly  a ffe c t in g  the space harmonic content. The sca led  dimension 
Z  ̂ i s  taken so as to  make Z. by TT a square w hile frequency and bandwidth 
considerations prevent the d ifferen ce  between Z  ̂ and Z  ̂ from becoming 
too sm all.
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- 1
Co<kFkx (3-21 A3

—  C C K ^ J -t. ”  CjCJ<Ja i - |  C3-21B)

From 3-21 and from 3-14

C e A ^  A 5 ^ %  “  1 (3-22A)

y ie ld in g  the equation o f  the transformed boundary,

, - l|/V\  .* I" 1  , djyOh X̂ AU)̂ >̂  A  ~~ Al/nh A

From 3-22B, we have e a s ily

We fin d  from 3-22B

(3-22B)

/jX -1  ______________ A iA  i i  CprjU-L
djC. ^ [Co^jl^Goc^ X +  bft\ xj-Jccr^Slj, - ^ C X  ' (3-243

I f  ( X Z ^ Z ^  ^  i s  e a s i ly  shown th at the denominator o f 3-24 does not
vanish and the zeros o f  3-24 occur at the center and edges o f  the rec ta n g le .
In view o f  the evenness o f y(x) those points are p o in ts o f  extrema. Thus,
from 3-23 i t  follow s th at y ■ = y(0)= £, and ym =y(±^3-Zn. The approxi-min o max z &
mate boundary i s  shown grossly  exaggerated in  F ig . 3-1 . I t  i s  obvious that  
th is  perturbed upper boundary corresponds p h y sica lly  to  moving the s tr a ig h t  
upper boundary in f in i t e ly  far away and then red efin in g  the p o ten tia l 
le v e l so that the eq u ip oten tia l which in te r se c ts  the lin e s  x=±^ at y -Z i  
has value zero.

The exten t o f  the perturbation o f  the upper boundary may be viewed as the  
d ifferen ce  between Z  ̂ and Z y



86

< T -!z-J?3 1 Caoli*' 4 , '

48s in ce

j&&> \ y -  w A ' ' ^ 1 = / j A  % , ( \ + i $ k  ± ^ ( i + ^ y fe}

and

Ojoir^JL^”  LCrCllr̂ J!., —

For the values o f  and which are sca led  from dimensions co n sis ten t  
w ith the so lu t io n  o f  the electrodynam ic problem

For th ese  dim ensions, Eq. 3-25 e x h ib its  th at th e  perturbation  o f  the boun­
dary i s  sm aller than th at which would be expected  in  v a r ia t io n  o f  surface  
f in is h  when the geometry would a c tu a lly  be con stru cted , ( c f . ,  Sec. 3 .7 ) .  
The approximation i s  th erefore  found to  be an extrem ely accu rate one.

In so lv in g  the p o te n tia l  problem o f  F ig . 3-5 w ith  the approximate e l l i p s e ,  
we introduce constants to  s e t  the s c a le  o f  p o te n t ia l ,  the referen ce  le v e l  
for p o te n t ia l ,  and the s c a le  o f  p h y sica l dim ension. Taking th e in verse  o f  
3-5 w ith incorp oration  o f  the above constants and using primes in  the 
new plane to  d if f e r e n t ia te  from th e Z plane we have

£ 2- 3 . 08TT 
cosh<£2 « 7 .9 7 x l0 3 
c o s h ^ - 1 1 .5 9

C3-26)

w ith W=u+iv and and (T r e a l. S o lv in g  for  W we have

(3-27A)
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-V  = js ^  (3-27B)

from which i t  fo llo w s th at

a1, A A--,A
/C**jhx -  Iot oC C3-28A)

and
i 2-. A / s V

aW~ x1—y co-a?- x.‘~y
<* ~3T

=  1
(3-28B)

We see from the above th at y / =constant d efin es  an e l l ip s e  and that x7 
=constant d efin es  a hyperbola. Thus, the v a r ia b le  y / i s  chosen to repre­
sen t p o te n tia l fo r  the required s o lu t io n . The semi-major and semi-minor 
axes are obtained from 3-28A by s e t t in g  v and u equal to  zero respec­
t iv e ly .

M = ~ ~  C3-29A)p

0r _ i~ (3-29B)

For the e l l ip s e  which degenerates in to  the l in e  segment, we have vmax=Q> 
s in e  the p o te n tia l equals u n ity  th ere we have from 3-29B, w ith y ,a l ,  th a t  
£ - 1 .  S ince the maximum excursion  o f  th is  l in e  segment i s  cosh-fL we have

■I ^
from 3-29A, w ith <^-1, that ft =c o sh l * t ^e rec:i-Procal t ^e focus. From 
the con d ition  th a t the p o te n tia l be zero on the outer e l l i p s e ,  whose 
semi-major ax is i s  cosh-fc^* we fin d  from 3-29A th a t c< =■ ■
The so lu t io n  fo r  p o te n tia l i s  now determined. The constant X , which s e t s  
the le v e l  o f  the stream fu n ctio n , i s  l e f t  undetermined.

We may e lim in a te  x'from  3-27 and find

\  £-ir (3-3QA)
JsxskM —g r  ~  , r r z  ts’Tu?- 1 

^ 1
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whose s o lu t io n  i s  eq u iva len t to  so lv in g  a quadratic equation in  sinh^ 
We fin d ,

£ - £  __ - 0 + ' C3-30B)

“1■uThe le ft-h a n d  s id e  o f  Equation 3-30B i s  > 0 and s in c e ”\fQ- ( a V ^ - p y ^ /S V  
> D * f V — , i t  fo llo w s th a t the p o s i t iv e  s ig n  i s  taken in  Eq. 3-30B, 

and we have

^  H  0  " P, v '-1 ^ l] ' - l i V 1] ' (3-31)

We a sce r ta in  the range o f  y / to  f ix  the ch o ice  o f  s ign  in  3-31 . A harmonic
function , in  a bounded and connected open region  which i s  continuous in
the c lo su re  o f  the reg io n , assumes i t s  maximum and minimum values on the
boundary o f  th e  region but never at an in te r io r  poin t u n less  the function  

49i s  a co n sta n t. By v ir tu e  o f  the theorem, the maximum o f  y / must occur 

on the boundary o f F ig . 3-1 and obviously y / maxi 1 * y ymax *s attSLi ned on 
the lower p o rtio n  o f  the boundary where yy = l  and/or on the s id es  o f  the 
rectangle where ——- - 0 . Assume the la t t e r  i s  true at p o in t a o f  F ig. 3-1 .

"b X
Then

C3-32A)

and

(3-32B)

y1[a) i s  s t r i c t l y  greater than y^fb), where b i s  any in te r io r  point o f  the  
recta n g le . We may always f in d  a c ircu la r  neighborhood o f  a which does not 
in te r se c t  th e part o f  the boundary where y^=l i s  given. The maximum o f  y' 
in  the neighborhood and i t s  c ir c u la r  boundary occurs on th e c ircu la r  boun­
dary by th e  theorem. Such a p o in t can be an in te r io r  p o in t o f  the rectan g le  
or an ad jacen t rectan gle or i t  can be another p oin t o f  the boundary o f  the 
rectangle where -^ -= 0 .  Because o f  3-32A the former i s  n ot p o ss ib le  and 
the assumption that a i s  th e  maximum p oin t on the boundary makes the la t t e r
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im p ossib le . Thus, by co n tra d ic tio n  we have shown th at y ' a t ta in s  i t s  maxi­
mum, equal to  u n ity , on the part o f  the boundary where y '= l  i s  g iven .
S im ila r ly , we may show th at y ' . =0.nun

We h ave, th er e fo re , th a t 0 < y ' <  1 in  the in te r io r  o f  the r ec ta n g le . We ar­
b i t r a r i ly  take as the p o s it iv e  value o f  r-naJn-1 and s in c e  eT=l,
so th a t - l < y l - i ' <  0 in s id e  the reg io n , we must take the n eg a tiv e  s ig n  for  
the square root in  3-31 . From the above and th e oddness o f  s in h  we have

c m - ! [ ^ | & & ] j  (3 _ 3 3 )

F in a lly , tfe obtain the so lu t io n  by use o f  3-14 and 3-33 w ith  th e n o ta tio n  

th at y* (u ,v )-» < j}(x ,y ) .

-[> - j  cs-s-o

and we observe in  3-34 the term

I t  can be shown th a t 3-34 s a t i s f i e s  the boundary con d ition s o f  the appro- 
ximate region  o f F ig . 3-1 and V <p =0. In p a r ticu la r , con sid er the boundary 
l in e s  Then, from 3-34

(3-35)
l - c a ^ g j  ^

We have = 1 the Po s i t i v e s ig n  h old in g  when y - ^ ,
and the n egative  s ig n  hold ing fo r  y k £ ^ .  Thus, fo r  0 < y £

as i s  required. For . £ ^ y <  upper boundary

(3-36)
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CO-aJK" (3-37A)

Because, taking the p o s it iv e  root

so that

and so 3-37A becomes

C3-37B)

The eq u ip oten tia l p lo t ,  obtained from 3-34 w ith (jf>(x,y)=constant; found by
computer, i s  shown fo r  the values and £.^=3.08W in  F ig . 3 -6 . We note
at once that the approximate so lu tio n  would be v a lid  fo r  geom etries where 
the outer boundary i s  placed at a value o f  y not le s s  than approximately 
1.51V s in ce  fo r  values o f  y greater than approximately 1.51T the equ i­
p o te n tia l l in e s  ex h ib it n e g lig ib le  curvature.

The so lu tio n  obtained i s  checked experim entally by the method o f analog 
f ie ld  p lo tt in g . In such a method current flow lin e s  in  a high res is ta n ce  
sheet, deposited  on paper, are the analog o f e le c t r ic  f ie ld  l in e s .  Equi- 
voltage lin e s  are analogous to  e q u ip o te n tia ls . The eq u ip o ten tia l boundaries 
are simulated by low r e s is ta n c e  metal shapes placed in  contact w ith the paper 
or by p a in tin g  on the boundaries with high con d u ctiv ity  s i lv e r  p a in t. In 
the experiment which was performed, the shapes were painted  in ,  and copper 
blocks were placed upon them to assure low r e s is ta n c e . The boundary condi­
t io n , = ^ - 0 ,  was sim ulated by cu ttin g  the paper at those boundaries so that 
current flow , and hence e le c t r ic  f i e ld ,  must be tangent to  such boundaries.

* The in verse  hyperbolic functions are computed from the logarithm ic
. 50r ep re s en t  at x ons

V̂fOk- ’ X -  JL •Kx1+-0,/̂
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Fig, 3-6 E quipotential P lo t For r f  Dimensions
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is  tangent to  those boundaries and so *^=0 th ere. E quipotential lin e s
are searched for  by sensing the vo ltage  o f  the sheet with a probe and com­
paring th is  with a bridge con figuration  to  a predetermined proportion o f  
the f u l l  p o te n tia l d iffe re n c e . N ull values sensed by the bridge correspond 
to  p o in ts (x ,y ) where the p o te n tia l has the value required. S ince the cen-

ment i s  carried  out on such a h a lf  c e l l .  The experimental con figuration  
i s  shown in  F ig . 3-7.  The p o ten tia l p r o f ile  i s  found for the two symmetry 
p lan es, at the m id -slo t plane and a t the plane o f  the tooth . These r e su lts  
are shown in  F ig . 3 -8 . Superimposed upon th ese  curves are p o in ts obtained  
from the th e o r e tic a l r e s u lt ,  Eq. 3-34. The agreement between the exp eri­
mental and th e o r e tic a l r e su lts  i s  evident from in sp ection  o f the fig u re .
We make note o f  the l in e a r ity  o f  p o ten tia l near the upper boundary as w ell

te r  l in e a f a u n i t  c e l l  a lso  has the cond ition  ■^•=0 by symmetry, the experi-

as at the tooth  edge becoming very la rg e—th e o r e tic a lly  in f in i t e .

.SILVER PAINT AMP C O P PE R  S T R lP

EDGE o r  Pa p e r .

EDGE.OF ‘ 
PAPER-*'

TO BRIDGE

PROBE

SIL V ER  PM 
AND 

COPPER ST?

<M

F ig . 3-7 Experimental Configuration for Analog F ie ld  P lot
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Fig.  3-8 Analog F ie ld  R esu lts Along Symmetry Planes 
(a) Center o f  S lo t  (b) Plane o f  Tooth

From 3-34 fo r  sin h  y » l ,  and for y> > ^  so that s in h  y^>cosh we have 

LcmMLiJ
which i s  the form o f  the p o te n tia l p red icted  in  Sec. 3 .2. The s lo p e  in the  
l in e a r  region  i s  given by - cons i s t ent  w ith the r e s u lts  
o f  F ig . 3-8 .*

(3-38)

* For ^x=Tr and ^ = 3 .0 8 ^ ,  co sh '1^— ^ - ^  7.22.
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Consider the behavior o f  0 (x ,y ) near th e  lower c o m e r s . Near th e  com er  
in  the neighborhood o f  y=0 we take x = x - |\  For sm all x and y  we have

s in 2 x o l - x 2 (3-39A)
cos2 x « x 2 (3-39B)

sin h 2 y « y 2 (3-39C)

In order for  <£>(x,y) to  be constant c o n s is te n t  w ith  3-39 we have

I -  - i -1 i <t.ii ~  _ i i Constant
(3-40)

For s u f f ic ie n t ly  sm all x and y , t ^ O , th e  square root can be approximated 
by the f i r s t  two terms o f  the binom ial s e r ie s  and we fin d  the form predicted  
in  Hq, 3-4.  In the neighborhood o f  the to o th  edge, we have from 3-37B, with 
y=^1+6, £> 0  and sm all

C3-41J“ t t s o  [_C«waJf\8.,J
-1Now cosh z has no d e r iv a t iv e  at z=l th e r e fo r e , the Taylor s e r ie s  o f

cosh”1 [l+ ttanh I . ]  does not e x is t  around €=0 .  However, using th e  lo g a r ith -
-1mic rep resen tation  o f  cosh we have, fo r  sm all

asti:1 [ \ + l ] fe]

=  f»> jl+  l } j k  (3-42)

Thus, from 3-41,

1*>Ai

agreeing w ith Eq. 3-2B.

IcOT.j
(3-43)
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As was mentioned at the beginning o f th is  s e c t io n , i f  x were chosen to  
represent p o te n t ia l ,  the eq u ip o ten tia ls  would be a system o f  confocal 
hyperbolas in stead  o f  the system o f  e l l ip s e s  u t i l iz e d  above. As was d evel­
oped in  Sec,  3 .3  the degenerate forms o f  the hyperbolas are the imaginary

2
axis and the sec tio n s  o f  the rea l axis for  which u i l .  Thus, by use o f thi 
other conjugate function  to  represent p o te n tia l we may fin d  the so lu tio n  
when the boundaries c o n s is t  o f  two mutually perpendicular planes separated  
by a un it gap, g=l ,  as shown in  F ig . 3-9 . By symmetry ^ -= 0  along the ex­
tension  o f  the h orizon ta l plane shown dotted in  the fig u re . I t  i s  obvious 
that by ro ta tio n  o f  F ig . 3-9 by ^  and by su ita b le  s c a lin g , we may find  the 
so lu tio n  for p o te n tia l for  one tooth  o f  in f in i t e  extent and ascerta in  the 
e f fe c ts  o f  the lower edge o f  the rectan gle  and adjacent te e th . For the 
dimensions o f  F ig. 3 -6 , i t  i s  seen th at the lower edge o f th e  rectangle  
may be moved in f in i t e ly  fa r  away and one would not expect a large change 
in  p o ten tia l s in ce  the h eigh t o f  the tee th  already equals the width o f  
the s lo t .  In th is  case one examines the e f f e c t  o f  adjacent te e th . The 
boundary p o te n tia l i s  f ix ed  as in d icated  in  F ig . 3-9 . U t i l iz in g  a general 
sc a lin g , and proceeding w ith the so lu tio n  in  a manner s im ila r  to that 
follow ed p rev io u sly , except that in  th is  case p o te n tia l is  represented  
by the fam ily o f hyperbolas, we obtain

(3-44)

\\
\

___________> X" ,

Fig.  3-9 Mutually Perpendicular Planes
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We may show in  a manner s im ila r  to  th a t used b efore th a t i s  bounded by
-10 and 1, d ic ta t in g  the branch taken fo r  cos . The p o in t ( g , 0 ) , the edge 

o f  the to o th , i s  a focus o f  the hyperbolas which form the e q u ip o te n tia ls .  
For the sake o f  comparison, we require the p o te n tia l along the xM a x is  and 
th e r e fo re , from 3-44 ,

0 <  <. (3-45A}

'l'1) ] ]  -  I
*■>1 J 

, _____________________   - i . .  71» „  ,  n  .  . 1 T _ .

(3-45B)

to  make th ese  r e s u lts  ap p licab le  sim ply ro ta te  Fig .  3-9 by  ̂ and d efin e  
the d istan ce from, and in  the plane o f ,  the tooth  edge as ^ .

* " = n

P o ten tia l in  th e plane o f  the tooth  i s  defined  as u

< 1 ^ (3-46)

The v a r ia tio n  o f  u i s  shown in  F ig . 3-10 for  g=.650,  the dimension ap-
*

p lic a b le  fo r  the r f  geometry. The p o te n tia l d isp la y s  lin ea r  v a r ia tio n  near 
the upper w a ll and in f in i t e  d e r iv a tiv e  at the tooth  edge, both expected  
in  l ig h t  o f  previous d iscu ss io n . Comparison o f  F ig s . 3-10 and 3-8 revea ls  
th at the actu a l p o te n tia l i s  h igher at a l l  in te r io r  p o in ts  due to  the  
sh ie ld in g  e f f e c t s  o f  the other te e th . As the te e th  become r e la t iv e ly

* In view o f 51

" 1  “ 1 yTT-’and s in ce  cos ( l - z ) + s i n  ( l - z )=^ we have

c ^ : ' 1

so  th a t from 3-46 for 3* van ish in g ly  sm all
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further spaced , the model o f  F ig , 3-9 becomes somewhat more appropriate.
I t  i s  in te r e s t in g  to  note that we have used two d if fe r e n t  and d is t in c t  
aspects o f  the same mapping to  ob ta in  the r e s u lt  3-34 and the above appro­
xim ation .

l.o ■

O.fe-

0.2- -

0 . 70 . 4 o . s0.1
DISTANCE FROM
T O O T H  E D frE .

F ig. 3-10 u = l-? co s_1( l - - ) , g=.6507T Q

Ccf. Eqs. 3-43 and 3 -2B ). A lso ,52

so that

For £ sm all and p o s i t iv e ,  we have from 3-46
Q

the lin e a r  v a r ia tio n  expected near the w a ll.
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We perform a su ccess iv e  mapping and obtain a r e su lt  which allow s the evalu ­
ation  o f  the e f fe c t  o f  the lower boundary o f  the recta n g le , a further use 
o f the b a sic  mapping, 3 -5 . As was shown one o f  the conjugate functions  
represents a system o f confocal e l l ip s e s ,  whose degenerate member i s  a sym­
m etrical segment o f the r e a l a x is .  This leads to  the so lu tio n  for  p o ten tia l
about an eq u ip oten tia l segment o f  the rea l a x is . I f  we map th is  geometry

53by the logarithm ic mapping

| + u  =  J L x  =  I U r  +  l e

The upper h a lf-p lan e  maps in to  the open region between the lin e s  Y=0
and =TT , the s tr ip  o f  w id th 'H ', as shown in  F ig . 3-11. The p o s it iv e  part
o f  the rea l axis o f  the 2 plane maps in to  the rea l axis o f  the plane,
the segment between the o r ig in  and 1 mapping in to  the n egative  part o f the

a x is , and the part from 1 to  in f in i t y  mapping in to  the p o s it iv e  part o f
the ^  a x is . S im ila r ly , the n egative  part o f  the x axis maps in to  the l in e
Y ='TT. In th is  case the segment between the o r ig in  and -1 maps in to  the
n egative  h a lf  o f  th is  l in e  and the r e s t  o f  the negative x ax is maps in to
the p o s it iv e  part. Therefore, i f  p o te n tia l i s  constant on the l in e  |x |^ l  in

54the Z p lan e, p o ten tia l w i l l  be constant along the lin e s  - o o < ^ 0 ,  X =0 
and along - o o ^ ^ O ,  Y ='H'. A lso , the cond ition  ^ = 0  e x is t in g  along the  
open remainder o f  the rea l axis o f  the Z p la n e , transforms over. This i s  
true s in ce  in  Z i s  a n a ly tic  except at the o r ig in  and i t s  d er iv a tiv e  i s

(3-47A)

(3-47B)

(3-47C)

,<j>« constant

\  d> "CONSTANT

< *  CONSTANT

F ig. 3-11 Logarithmic Mapping
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nonzero at a l l  f in i t e  p o in ts . We fin d  from 3-5

+GWL'^vE ]  C3-

'jf —  ̂ ĵtoAvVi "txX/YV C3-

^  and $  are the two conjugate fu n c tio n s , e ith e r  o f  which may be chosen 
to  represent p o te n tia l .  (|) i s  taken to be the p o te n tia l function  and the 
geometry c o n s is ts  o f  an in f in i t e  number o f  p a r a lle l s e m i- in f in ite  planes
separated by a d istan ce equal to  I T . We obtain  e a s ily  from 3-48

~  CotihTLCS) V C c C 3 -

”tyCV/Y\X — ^  "tcn/vy C3-

Elim inate SB from 3-49 and obtain

2 e n -  c W a §  -  t p & t  _  I o-

and note that ^  i s  a p eriod ic  function o f  V . We r e s t r ic t  ourselves to  

0 4Y^1T. For 'if =0; or X and we obtain from 3-50

$  =  c O : 1 (e* ] (*■

which holds for  ^ > 0 . For ^ we obtain from 3-50

$  =  A i ^ ]  ( s .

1 ^For large and p o s it iv e  we have that s in h ^  c o s h ^ ~ ^ £ .  so that

J L \  =  ̂ + ] U ^  cs

for  both symmetry p lan es. T herefore, for  s u f f ic ie n t ly  large ^  r e la t iv e  
to  the spacing TT j eq u ip o ten tia ls  are p a r a lle l to  the X a x is .  Thus, in  
F ig. 3-1 , i f  the lower edge o f  the rectan gle  i s  move in f in i t e ly  fa r  away 
we have the geometry o f  F ig . 3-11 with a su ita b le  ro ta tio n . This y ie ld s  i

4 8 A) 

48B)

4 9 A) 

49B)

•50)

51)

•52)

■53)
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way o f  determining the e f f e c t  o f the lower edge o f  the rectan g le  o f  F ig . 3-1
2 iin  s e tt in g  p o te n tia l. We so lv e  3-50, a quadratic equation in  sinh (p.

^ 0  j j  ]  (3-54)

For rea l ^  the left-h an d  o f  the equation i s  5: 0 and the p o s it iv e  s ig n  i s  
appropriate.

( § = A i X ' -  1 + 1/1 +  ' ( (3-55)

We sca le  3-55 by again making the arb itrary requirement that the boundary 
condition  on the upper boundary be s a t i s f ie d  at the edges o f  the "rectangle" , 

in  th is  case fo r ^ f .^ " ^ *  We find  the so lu tio n  to  F ig . 3-1 with the lower 
edge o f the rectangle removed to  -oo  and the upper boundary being s im ila r  

but not q u ite  the same.

*
Along the symmetry planes

(3-56)

* In 3-57B, w ith e ? Bl+^»

^  \~  jL,j *[0+<fY L--\]''k]

= I -  c ^ T ^ r ^ j  5 ^ 0 + f) +

For sm all S' we find

~  ^ ^  1- j^iL_ e)i,jW ^

(c f .  Eqs. 3-43 and 3 -23),
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(3-57B)

W riting 3-56 in  terms o f  the x and y o f  F ig. 3-1 we have by

that

I +cm.ix
(3-58)

I t  can be shown that as an<* ^ become large, the more exact so lu t io n ,
3-34 , which accounts fo r  the lower boundary o f  the rec ta n g le , becomes iden­
t ic a l  with 3-58. We compare the p o te n tia l p r o file s  along the symmetry planes 
fo r  the two so lu tio n s  to  see what e f f e c t  the lower boundary o f the rectangle  
has upon the p o te n tia l. These p r o f ile s  are given by Eqs. 3-57 for the so lu ­
t io n  o f  s e ra i-in fin ite  p lanes. Such a comparison i s  shown in  Fig. 3-12 for  
the configuration  ^ ts3.08'fr. I t  i s  seen that w ith th is  geometry there
i s  v ir tu a lly  no d ifferen ce  in  the so lu tio n s  for y la rg er  than the plane o f  
the tee th  edges. The only d ifferen ce  i s  found w ith in  the s lo t ,  Of course, 
fo r  sm aller values o f  one would expect larger d ifferen ces  in  the so lu t io n .

C r
Maxwell p o in ts out that for  the system o f eq u ip o ten tia ls  SP , correction s  
for the th ickness o f the corresponding p la te  may be found by taking a non­
degenerate eq u ip oten tia l to  represent the p la te , I t  may be p o ss ib le  to  gain 
in s ig h t in to  the e f fe c t s  o f a nonzero thickness tooth  by a s im ilar  c o n s i­
deration  here.

The maximum excursion o f p o te n t ia l ,  as x i s  varied fo r  a given value o f  y ,
normalized w ith respect to the arithm etic average o f  the two va lu es,
i s  used as a measure to  determine the rate that (f) becomes uniform w ith in -

_56creasing y. By use o f

(3-59)
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WTRQXirWF 
0 .8-- SOLUTION

S O L U T I O N  FU LFILLING - 
<^(0 , o )  -  |

ho

0.0--

B O T H  a p p r o x i m a t e  \
SO LU TIO N  A N D  
So l u t i o n  F U L f i l l i n G -
ptOjO) - I

3 . 0  V  
' T r

Z . O

F ig . 3-12 Comparison o f S o lu tion s

we may show

  0 c u l s l

R esu lts o£ Eqs. 3-60 are shown fo r  the dimensions , ^2=3.081T , in
F ig. 3 -13 . For th ese  dim ensions, th e  normalized excursion  o f  p o te n tia l a t ­
ta in s  a maximum value o f  13% a t th e plane o f  th e  tooth  edges where the
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curve ex h ib its  a discontinuous s lo p e .*
oc

-THEORETICAL S L O P E =

.10 -

.08 -

>OC>1 -

o.sO.C. 1.0
tr

F ig . 3-13 P o ten tia l Excursion

Jl

*»

At y-^^t  ^ C 0 ,y ) i s  continuous.

and equals - .0 9 8  for the dimensions o f  Fig. 3-13. On the other hand, s in c e  
<f>(i 2 »y) = l  f ° r we have

t o ^ c i ,

S in ce,

= -oo

we observe that y) i s  discontinuous at y=£^ accounting for  the
discontinuous slope o f  F ig . 3-13.
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3.5 F ir s t  and Second D eriv a tiv es o f  P o ten tia l

D efin ing

UGtty) + i Q 0 ^ )  (3-61C)

<%(*,'£)= + -8 fe j )  - I

=  c3- 61D>

i t  can be shown from 3-34 th at the components o f  Ĵ(f> are g iven  by

—  - lih _  C 3 " 6 1 E )

a . , .  ( ( ■ * . * ) +  W X X
V ^ V >  C3- 61^

Observing th a t the fu n ction s h (x ,y )  , B (x ,y ) , f (x ,y )  and g (x ,y )  have even 
symmetry about x=0 we note from 3-61 that ^  i s  an odd, and ^  i s  an even , 
function  o f  x about x=0. Since i s  continuous a t x=0, ^  C0»y)-0 and $  
has even symmetry about x=0. We may show fo r  y - ^  sm all and p o s it iv e

">fh r+Tt .a  _
C 3 - 6 2 )

agreeing w ith  3-43. For y s u f f i c ie n t ly  la rg e , i t  can be shown that

B (x ,y )s ih 2 (x ,y)
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so that

£ (x ,y ) « 2h (x ,y )  

g(x,y) B (x,y)

4l-,
IjSKliJ

(3-63A)

(3-63B)

The way that ^ 7  C0,y) approaches th is  lim it  i s  shown in  F ig . 3-14 for
, For the same dim ensions, a logarithm ic p lo t o f  in  the  

plane o f  the tooth  i s  shown in  F ig . 3-15, where a comparison i s  made with  
the asymptotic l in e  o f  slope , as given by Eq. 3-62. We fin d  from 3-61

- ~ axki.fr

-  k  ^ +CĈ 1X]  [-? uu^y~  1 + 1 (3-64)

v er ify in g  that at a l l  po in ts where 3-64 e x is t s ,  V 6 = 0 .  We compare
as a function o f x for  three param etric values o f  y in  Fig 3-16.

r i o  ■ -

X,=ir JlJ, = 3.osir 
^ = 0

, 0 1

t *0

F ig . 3-14 • f |c o .y )
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i i - J - o s i r

. 2, -

, oo<̂  . oos . ooc. • OS.002. . 02 .

Fig. 3-15 y )]  versus £n [jj-l]

Observe that s u f f ic ie n t ly  fa r  from the tee th  a s in g le  sin u so id  would 
adequately represent the function  w hile c lo se r  to  them higher order s in u ­
so id s  are n ecessary . This i s  true s in c e  the higher order rectangular har­
monics o f  the expansion attenuate more rapid ly away from ^ = l. Thus for an 
e lectro n  r e la t iv e ly  c lo se  to  the te e th , con sisten t w ith stronger in te r ­
a c tio n , the p o ten tia l should not be approximated by a s in g le  harmonic. Note 
th at the slop e o f  the curves i s  zero at x=i'|’, even for ^  very c lo se  to  one 
as in  F ig . 3-16C. Thus, for  y>&^
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-wSS?s ~6H , 

- -  .o o z o  \

.00 is

o.z. 0 . 8o .c . I.o-0-3■/.o

O .B0^- 1.0 •o.B O.2.

-O.S

- 1 .0

-i.o

-Z.5

OA 1-0o.e

lO O

(c)

- 80.0

F ig . 3-16 versus ^ = v ,
a) -= 2 .0 b) ^=1.1 c) -=1.01

IT IT TT

(Note Change o f  S ca le)
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s in c e  = 0  fo r  y > ^  i s  a given  o f  the problem. I t  i s  e a s ily
seen  that

whereas,

^ = o

The d er iv a tiv e s  w ith resp ect to  x a lso  e x h ib it  d iscontinuous behavior  
w ith the r o le s  o f  y < £ ^  o r  being reversed . For example,

and

3.6  Averages Over The Period

In consonance w ith th e  naming o f  regions in  Chap. 2 , we c a l l ,  w ith resp ect  
to  the e x a c t ly  rectan gu lar region  o f  F ig . 3-1

Region I {x ,y}3 : 1*1*5 and Z<y<i.^
Region II {x,y]-a: I*I* 5  and 0<y<-£1

Because o f  the d if fe r e n t  boundary co n d itio n s in  the two regions a s in g le  
e igen fu n ction  expansion cannot hold fo r  the en tir e  recta n g le  and so we 
consider each region  sep a ra te ly . We have

* The interchange o f  order o f  d if f e r e n t ia t io n  i s  p o ss ib le  s in c e  <j6(x ,y ) i s  
the re a l or imaginary part o f  an a n a ly tic  function  fo r  y > and th ere ­
fore the p a r t ia l  d e r iv a tiv e s  o f  9&(x,y) o f  a l l  orders are continuous func­
t io n s  o f  x a n d y . By v ir tu e  o f  th is  p rop erty , th e interchange i s  p o s s ib le . 5 8

* The symmetry and boundary con d ition s f ix  the form o f  and 0 11. In the  
exact recta n g le  <J> (x ,•£_)»£). Note the even and odd nature o f  the e ig en ­
values fo r  regions I and I I ,r e s p e c t iv e ly .

* .

Jlimy
v X \
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Thus*

OQ

(jf&ti) 0 ”  t ]  + IL C"n Cô 'L̂  (3-65A)

OQ

d f c ^  -  1 +  Y s*  (3-65B)
I /*! -J

(J f6*1 =  =  o f [ i -  £ ]

OQ

+  Cm CcrtLZmtd-x =. C*5[} — (3-66A)

( f (*) ~  ^  ** *L5'a' A,x
^  oo

~ te<U\m~t)x,<U - x 3̂ 66B)

(|>(y) i s  shown for t ^ Y  , using the so lu tio n  3-34 in  F ig . 3-17.
Note th at (y) i s  lin ea r  w hile *J^*(y) i s  n o t, as found in  Eqs. 3-66. The

0?s lo p e  o f  the lin ea r  p o rtio n , -£—, i s  equivalent to  the asym ptotic value o f  
F ig. 3-14. We have^

^ ^  ^  (3-67)

* The interchange o f  summation and in teg ra tio n  in  3-66A and B i s  p o ss ib le  
s in c e 1*® i f  a function f  i s  p iecew ise continuous on i t s  period  then the  
Fourier s e r ie s  corresponding to  f  may be in tegrated  term by term to  obtain  
the in teg r a l o f  f  , whether or not the Fourier s e r ie s  corresponding to  f  
converges or n o t. We know th a t <j> i s  continuous th erefore  the order may be 
reversed.

^The interchange o f d if fe r e n t ia t io n  and in teg ra tio n  i s  p erm issib le  under 
conditions o f  the Leibniz ru le . To s a t i s f y  th ese  conditions we must have 
th a t q5>(x,y) be an in tegrab le  function o f  x for each value o f  y and th at  
^ 4  (x ,y) e x is t s  and i s  a continuous function  o f  x and y in  a rectangle  
formed by -&.£:X£a,, and y bounded by the in terv a l o f  j y te r e s t .  (f> (x ,y ) i s  
in tegrab le  in  the above sense s in ce  i t  i s  continuous. In regions I and II 
sep arately  e x is t s  and i s  continuous. That i s ,  the p o in ts x=i|", y*5̂
are avoided s in ce  they l i e  on the common boundary o f  the two reg ion s. As 
was shown p reviou sly  ^ |g (x ,y )  does not e x is t  at those p o in ts .
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3.02 -S1.0 l.S
F ig . 3-17 Average P o te n tia l

Z o

i s  continuous across the common boundary, y = £ j. This i s  true s in ce  
i s  continuous across the boundary as long as the end p o in ts ,  x=±*f,

“ pa. ‘
are excluded, so th a t J 1~dx i s  th e same fo r  both s id e s  o f  the boundary 
fo r  &<•'!’, For the remaining p arts o f  the in te g r a l ,  between and -a  and
between a and '-L we have shown e a r l ie r  th a t both and vary appro-
xim ately as C^+x) and as C |-x) near the l e f t  and r ig h t t e e th ,  resp ec­
t iv e ly .  We make the s u b s t itu t io n   ̂ =̂ +x i n ‘t^e f i r s t  case and U =“ X in  
the second to  obtain  an approximate in te g r a l

* ^
' o

fo r  the parts l e f t  o f  the o r ig in a l in te g r a l.  Now,

*  " A s

I
5 !
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62i s  an improper in teg r a l but i s  convergent. Thus,

jL  C = ocx"ir Jo
so  th at and are continuous across the boundary. We have a lso
proved t h a t - ^  and are bounded at y=£^ s in c e  the in te g r a ls  o f  the 
p arts o f  the fu nction s which become unbounded go to  zero as th e in te r v a l  
o f  in te g r a tio n  approaches zero . We have by v ir tu e  o f  the p e r io d ic ity  o f

<J> 0,y)

= 0  (3-68)
J-TT't

In F ig , 3-18 i s  presented  as found from 3-61F. Now,

4 . ^ = ^

C3' 6S°

where the interchange o f  in teg r a tio n  and d if f e r e n t ia t io n  i s  p erm issib le  by 
reasoning s im ila r  to  th a t used above and where V ^ = 0  fo r  a<^. In region I ,  

y)=0 because o f  the boundary con d ition s and th erefo re  th e s lop e  o f  
F ig . 3-18 i s  zero for y > £ ^ . As y - * ^  in  region  I I ,  -gy-C^y) approaches 
in f in i t y  and th erefo re  th e s lop e  o f  F ig . 3-18 approaches in f in i t y  fo r  y - ^ ^ .  
Thus F ig . 3-18 has a 90° corner at y=t^ ,

=°, (3.70A)

= — ^ C ' 4 )  = - % . (3-70B)

Observe in  F ig , 3-16 th a t as y the zeros o f  move towards
In view o f  3-70A, fo r  y-+Z^t the area under the r e la t iv e ly  narrow portion  
o f  the curve between the zero and ̂  must equal the area under the broad
p ortion  between x«0 and th e zero. In the lim it  the p ortions o f
between the zeros and approach <f fu n ction s s in c e  the in te g r a l under
th ese p ortion s i s  f in i t e  although th e in te r v a l o f  in te g r a tio n  vanishes
in  the l im it .
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.04

3 .0h 0
F ig . 3-18 Average D erivative

o.s

3 .7  Limits o f  V a lid ity  o f  the S o lu tion

I t  was noted p rev iou sly  th a t the dimensions o f the stru ctu re co n s is ten t  
with the electrodynam ic so lu tio n  are such that the so lu tio n  presented for  
$  (x»y) i s  an e x c e lle n t  approximation. That i s ,  not only i s  the zero 
tooth  width lim it  in  agreement with lower v e lo c ity  but we have th a t the 
gap g i s  about tw ice the period L, a favorable s itu a t io n . The question  
i s  asked as to  the range o f  geom etries fo r  which 3-34 i s  an accuarate 
approximation. One th erefore  asks how sm all the dimension may he made 
for any given such th at the approximate upper boundary has le s s  than a 
given allow able p erturbation , as given in  3-25. I t  may e a s ily
be shown that S i s  bounded by 0 and with the upper lim it  occurring for  

^1=̂ 2‘ r̂om we have

(?') — i  Co-dL,^,
where the p o s it iv e  s ig n  i s  appropriate s in ce  This equation is
equivalent to  a quadratic equation in  cosh 2Z^, v i z . ,

C t t f o H  + [j -  C . J U \ C3-71A)

whose so lu tio n  i s
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- V  I (3-71B)

I t  may e a s ily  be seen that the p o s it iv e  s ig n  i s  the correct choice. Thus,

H i—iC a^T '^A >A lL i I ^ l j  I +  (3-72)

The so lu tio n s are presented on logarithm ic sca le s  in  F ig . 3 -19 . The p h y si­
ca l lim it o f  the so lu t io n , fo r  Z^=Z^= S , i s  shown and i t  i s  seen that in  
the physical range 8  in creases for decreasing Z^. For s u f f ic ie n t ly  
sm all

» = j y ?  +j u ^ q - j L - j ?  (3-73)

I f ,  in  ad d itio n , Z  ̂ i s  large, £w[sinh £ ^ ]~ £ « [g ]+ £ 1 so that

- ^ - 1 7  C 3 - 7 4 )

The above and F ig . 3-19 may be used as in d ica tio n s as to  whether a par­
t ic u la r  geometry may be adequately described by the so lu tio n  (p  (x ,y ) pre­
sented .

3 .8  Fourier Expansion o f the Solution  

We w rite the so lu tio n  3-34 as

( } ) 6 v £ = \ - VV t* ,* )  (3-7S)

* For £j=Tf'and we fin d  cT# 10"^
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Fig. 3-19 Limit o f  V a lid ity  o f  Solu tion
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thand note that the ra tio  o f  the n harmonic o f  the Fourier expansion o f  
v'V to the average value o f  ^ ( x ^ )  i s  independent o f  Z ^  We have
from 3-65A that fo r  region I

=  I -  C3-76)

so th a t

I C3"77)
must be independent o f  Z„, This i s  only p o ss ib le  through the dependence 

I Io f  the Cn and a upon Z^. This conclusion i s  drawn sub ject to  the lim its
o f  the approximate nature o f  the so lu tio n , 3-34. That i s ,  3-76 holds fo r
the exact rectan g le  w hile 3-34 holds for the approximate one. We s e t  y
to be a fix ed  value away from th e plane o f  the tooth ed ges, y= Z . , and corn­

elpare the normalized spectrum, Eq. 3-77, for  d iffe r e n t  values o f  The 
r e su lt  fo r  - 4 = , l ,  U n $  4, i s  shown on a logarithm ic sc a le  in  F ig . 3-20. 
We note that the harmonics become more important as Z  ̂ in creases, with the 
in s e n s i t iv i t y  to  Ẑ  taking p la ce  near the square s lo t  con d ition .

3 .9  S o lu tion  in  Another Geometry

The so lu tio n  which has h ereto fore  been presented has been for  the geometry 
where Z2 cannot be allowed to  approach Z  ̂ too c lo s e ly , as in d icated  in  
Sec. 3 .7 . Suppose the problem involved  fin d in g  the so lu tio n  in  a configura­
tio n  where th is  was v io la te d . For the sake o f  completeness we in d ica te  a 
method o f  so lu t io n  for a geometry where we have approximately ^XTr and Z2 
i s  too small to  use the above so lu tio n . The geometry i s  shown in  Fig. 3-21a, 
where the base rectan gle has been inverted from that o f  F ig . 3 -1 . Since 
£ 1> T  we may remove the top o f  the rectangle as in  F ig . 3-21b, We next map 
th is  inverted case onto the h a lf-p la n e  as was done in  the o r ig in a l so lu tio n  
to  obtain  F ig . 3-21c. By a sim ple contraction  we transform to  F ig. 3-21d. 
F in a lly  we map back to  the h a lf - s tr ip  in  F ig . 3-21e. The geometry o f
Fig. 3-21e has been solved in  connection with a problem in  microwave in -

63tegrated  c ir c u it s  by a rather complex s e r ie s  o f  transform ations.
That so lu tio n  may be applied  h ere .
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CHAPTER 4

ELECTRON DYNAMICS FOR THE STATIC FIELD CASE

4.1  The Equations o f  Motion

We consider, in  th is  chapter, the dynamics o f  the e lec tro n  motion in  the 
presence o f s t a t ic  f ie ld s  on ly . These s t a t i c  f ie ld s  are produced by a p p li­
ca tion  o f d iffe r e n t  p o te n tia ls  to  the inner and outer boundaries o f  the  
slow wave c ir c u it .  E lectrons are assumed to  be in je c te d  in to  th is  region  
by an e lectron  gun which a cce lera tes  them from a u n ip oten tia l cathode. Part 
o f  the energy i s  in  the form o f  ro ta tio n a l energy and we do not focus our 
a tten tio n  on how th is  i s  accomplished. We further assume that a l l  e lectron s  
have the same lon g itu d in a l v e lo c ity  so th at they are a l l  synchronous with  
the chosen space harmonic o f  the r f  wave. We w il l  consider to some extent 
the in tera c tio n  o f the e lec tro n s  with each other in  the form o f  space 
charge forces but most o f  our a tten tio n  w il l  focus on the space charge 
free  case where the e lec tro n s move independently o f  each other. With re ­
gard to the boundaries we w i l l  consider two ca ses. The f i r s t  in vo lves  
taking the inner boundary as smooth so that in  e f f e c t  we reduce the problem 
to  one in  the plane s in ce  second considers the e f fe c t s  o f  the
corrugated inner boundary which i s  necessary to  produce the slow waves. For 
th is  case , in  which we consider a zero th ickness beam o f  n on in ter­
acting  e lectron s fo r  s im p lic ity . The k in e tic  energy fo r  an e lectron  in
c y lin d r ic a l coord inates, and the p o te n tia l energy ignoring magnetic forces , 
are

where 0  i s  the e le c t r o s ta t ic  p o te n tia l o f  Chap. 3, su ita b ly  sca led  and

(4-1A)

(4-1B)

♦Magnetic forces may a r ise  only due to  e lec tro n -e lec tro n  in ter a c tio n s  in  
th is  case , and are sm all.
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64adjusted to  c y lin d r ic a l coord inates. The Lagrangian i s  th erefore

J S -

X = T  -  V = Z_J>0* + <£•Si,’- + U) Sj C4-2A)
K~\

The equations o f  motion are contained in  the form ulation

dl P a l' (4-2B)

where the gen eralized  coordinates q . ,  q -+1 * £l-+2 are rm* ®m* zm* cy ^ n'
th  J 1

d r ica l coordinates o f  the m e lec tro n . For N e le c tr o n s , the system has 3N
degrees o f  freedom, 3N d if f e r e n t ia l  equations o f  second order from 4-2B,
and th erefore 6N con stan ts. From 4-1A, T i s  0 - independent. Because the
boundaries are a x ia l ly  symmetric, V is  a lso  independent o f © . The coor-

65dinate 0  does not appear in  the Lagrangian, © i s  a c y c l ic  coord inate, 
and the canonical or gen eralized  momentum conjugate to  © i s  conserved.
The system i s  in varian t under ro ta tio n  about the z a x is .  Thus,

Pe — ^  ~  =, constant = Ji C4**3)

conservation o f  angular momentum, which may be used to  form ally remove 

the coordinate © from the problem.

I t  i s  e a s ily  shown^ that for  a conservative system where the force i s  
derived from a sc a la r  v e lo c ity  independent p o ten tia l and where the con­
s tr a in ts  are time independent, the Hamiltonian

H  (4-4A)
>1

is  conserved and further that the Hamiltonian i s  the to ta l  energy.

H  =  T " + V  — constant (4-4B}

A pplication o f  Eqs. 4-2 for q=r, and 4 -3 , y ie ld s

_  J "  =im’r  -/w vre1- = r t» 'r -_ £ f? = (4-5)
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F in a lly , from Eqs. 4-2 w ith q=z,

m ) r =  C 4 ~ 6 )

From 4-3 and 4-4B

H V ? 4" t ^ r i " e < j )  — constant (4 . 7)

Observe from 4-7 th a t  the problem has been reduced to  one in  the two 
variab les r  and z provided that we defin e a new p o ten tia l energy

i - e < ) >  c«-s)

Part One—Smooth Inner Boundary

4 .2  S ta b il i t y  Condition

The case o f  smooth inner boundary im plies -5^=0 and we obtain from 4-6

C 4 ‘ 9 3

where v i s  the constant a x ia l v e lo c ity  o f  the e le c tro n s . The equivalent  oz ^
fo r c e , - 3 $ - ,  found from 4 -8 , i s  zero for  an e lec tro n  at equilibrium  fo r  a l l  
z . The motion i s  h e l i c a l ,  or as viewed in  cross s e c t io n , c ircu la r .

At the equilibrium  rad iu s, r^, we fin d  the required angular momentum 
necessary to  make the eq u iva len t force zero.

JIN  ~ e/m ^  (r<T) ^  -  em  EV(r  ̂r«3 (4-io)

’flien, from 4-5

r  =  ^ [ E r c < - ^ ] 1 - g r (r)| C4-11A)
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%  (4-11B)

Taking va ria tio n s o f  radius about r^ defined by

& = r - r 0 (4-12)

we expand Ê  abour r^ in  a Taylor s e r ie s ,  which i s  assumed to  converge.

Er(v3 =  Er (r.) . . .  t4' 13)
 ̂ d>r T r*  T

M 67Now,

-  E ^ ) [ i - 3 | £ l ‘ I (4-143
fs t

Thus, from 4-11A, fo r  s u f f ic ie n t ly  sm all | -fol *

An approximate d if f e r e n t ia l  equation fo r  sm all | ^0| i s  therefore

S + ^ >  ^  -+■ Cr0)j £  =  *(f +  i L f  ^  O  C4"163

The so lu tio n s  o f  4-16 are bounded fo r  XL>0 and unbounded for  .0 .4 .0 . The 
tr a n s it io n a l so lu t io n , o f  form a+bt, fo r  JT=0, may be o f  e ith e r  type, but 
the next higher term in  the d if f e r e n t ia l  equation, 4 -15 , must be considered  
for a meaningful r e s u lt .  We may s ta te  the s t a b i l i t y  c r ite r io n  as the re ­
quirement

n  >  o  ( 4 - i 7 )

with -O.=0 requiring further in v estig a tio n  for the p a rticu la r  case. A re-
68quirement o f  the form o f  4-17 has been given p rev iou sly .

4 .3  Prelim inary Considerations for  a S in g le  E lectron

Consider the geometry shown in  F ig . 4-1 . I t  i s  e a s ily  shown that
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*!> =  ^ +  f  , T <4r< .rl  (4-18A)
•"< 1

£”r ~ ~ w  r  (4-18B)

From 4-10 and 4-18B i t  i s  obvious th a t (p^> We fin d  fo r  n  o f  4-16

(4-19)
Ti* JLfeM

For * -H- > 0 , and th erefore by c r ite r io n  4-17 we are assured th a t a
s in g le  e lectro n  w i l l  be s ta b le . I f  the e lec tro n  o r ig in a ted  at a cathode at 
p o te n tia l we have that the energy o f  the e le c tro n  i s ,  from 4 -7 ,

(4-20)

The p o te n tia l eq u iva len t o f  the lo n g itu d ia n l energy i s  w r itten  as in  
Eq. 2-8A, a constant fo r  the smooth inner boundary ca se . From 4-7 and 

4-18A

- h  -  (4-21)
*1

The right-hand s id e  o f  4-21 i s  never n egative  and the p o in ts  where eq u a lity  
to  zero occurs correspond to the turn ing p o in ts , or ap sid al r a d i i ,  con­
sid ered  in  Sec. 4 .7 .  E ith er £=0 id e n t ic a l ly ,  corresponding to  h e l ic a l

*2motion; or there are two roots corresponding to  r  =0, no m atter what the
ch oice o f  parameters in  4 -21 . The motion i s  constrained  between two
c y lin d er s , th erefore bounded. This i s  contrasted  w ith  motion in  a g ra v i-  

70ta t io n a l f ie ld  where the so lu tio n  fo r  the o rb it i s  a conic se c t io n  
and may be a c i r c le ,  e l l i p s e ,  parabola or hyperbola. The f i r s t  two are 
bounded motions w h ile  the second two are unbounded, the so lu t io n  de­
pending upon the energy o f  the p a r t ic le .  While i t  has been shown th a t fo r  
a s in g le  e lectro n  the o rb it i s  bounded th is  i s  not enough assurance that 
there w i l l  be no e lec tro n  in te r ce p tio n  on the w a lls  o f  the s tru c tu re .

* Showing the convergence o f  4-13 here i s  eq u ^ a le n t to  showing th a t the  
s e r ie s  fo r  £ | + -£"j-1 converges, which i t  does fo r  | | <. 1.
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For example, in  F ig . 4-1 we must determine th at the turn ing p o in ts  l i e  
in  the range ( r ^ ,^ ) .

h1 / -,u
*y,7<s'- ■

v.W’
I*’",** r .■

F ig . 4-1 Cross S ectio n  o f  the Beam-Boundary System (Smooth Inner Boundary) 

4 .4  F in ite  Space Charge--Required D ensity

We now inquire in to  the question  o f  m aintaining a beam o f  e lec tro n s  in  
equilibrium  in  the geometry o f  F ig . 4 -1 , the e le c tr o n s  in te r a c t in g  through 
space charge fo r c e s . This i s  known7'as Harris flow . We require a l l  e lec tro n s  
to  have the same tr a n s la t io n a l v e lo c i t y  and req u ire a l l  e lec tro n s  be in  
equilibrium  and d escrib e h e l ic a l  o r b it s .  For eq u ilib rium  we have from
4 -5 , 4-7 ,  and 4-20 the d if f e r e n t ia l  equation and so lu t io n  fo r  (j> in s id e  the  
beam

- & - < ! > * ]  = 0 ,  ' C . i V i q ,  C4-22A)

<j> -  §■* +  <f>c. + 5 r * > r < r b  (4-22B)

Observe th at th ere i s  no logarithm ic term p resen t in  4-22B so  th at care must 
be taken w ith  the s e le c t io n  o f  boundary p o te n t ia ls ,  $   ̂ and <jb2 » such th a t
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such a term i s  not introduced in to  the so lu t io n . From P o isson 's  equation  

in  c y lin d r ic a l coord in ates, w ith * v i z . ,

C4.

we have using 4-22B

p  MK±. -  p To11 , .
j  — y'H — J o  (4*

as i s  known fo r  Harris flow . We have.

(4-

For the beam-free reg io n s, r ^ < r < r & and r ^ < r < r 2 , we have so lu tio n s  
s im ila r  to  Eqs. 4-18.  We require that (j> and E be continuous at r& and 
r^. This y ie ld s  fo r  the beam-free regions

C4

We have then the boundary p o te n tia ls  required to  y ie ld  the desired  

s itu a t io n .

<!>,= <(>«.+ <t>* -  - js -O  + i *  f . ]  C4

The to ta l  current through the cross se c tio n  i s ,  from 4-23B and 4-26A,

C4

2 3 A)

23B)

24A)

24B)

•25A)

■25B)

-26 A) 

-26B)

I  = | n f  v *  =  v r f A - f t i  t4‘ 27)

I f  the geometry and the p o te n tia ls  cjl̂  and (j)c are kept f ix e d , consider the
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problem o f  maximizing the current as Po £ 0  i s  varied . From we
obtain  the value o f  J  ̂ lead in g  to  a maximum. With th is  value we fin d

ViI
l w  =-4ir*-{r ftl TTIJ& Lr»" v-J (4-28)

where the n egative  s ig n  r e fe r s  to  e lec tro n  current. We may d efin e  a 
72perveance, and fin d

C4-29)

The maximum value o f  P^c occurs when the beam com pletely f i l l s  the space. 
Then,

(4-30)

As P. approaches th e maximum valu e o f  -2 5 .4  10“^, the maximum
r l  73

perveance fo r  a B r illo u in  focused  beam. Consider an e le c tro n  w ith in  the
beam at radius r  . We have, from 4-11A and 4-24B using the n o ta tio n  r  in  6 ©
p lace o f  Tg to  avoid confusion

if  = ^ [ e t C'4 ^ ] 3 -  E r ( r i ]  =  ^ 4 # - ^  +  =  O  c^ 31«

Therefore A  o f  4 -1 6 , and in d eed , a l l  the c o e f f ic ie n t s  o f  the power s e r ie s  
in  S' o f  4-15 are id e n t ic a l ly  zero . Thus, from 4-31

r  =  y \ + r c o K  (4-3 iB )

The consequences o f  4-31B are c le a r . An e le c tr o n  w ith in  th e beam which has 
no i n i t i a l  ra d ia l v e lo c ity  w i l l  remain a t i t s  rad iu s, r  , fo r  a l l  tim e. 
However, an e lec tro n  given  a van ish in g ly  sm a ll, but nonzero, ra d ia l  
v e lo c ity  w i l l  continue to  move u n r e s tr ic te d  through the beam at constant  
r a d ia l v e lo c ity .  We have p o stu la ted  th a t a s in g le  e le c tr o n  i s  perturbed  
and th ere fo re  we have taken E  ̂ to  be c o n s is te n t  with a f u l l  beam in  e q u i l i ­
brium. When the e lec tro n  reaches the boundary o f  the beam i t  w i l l  cross in to  
the space-charge fr e e  region  and then be under the in flu en ce  o f  the f ie ld s  
derived  from logarith m ic p o te n t ia ls ,  4-25A or B. We have shown th a t the
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o r b its  are bounded there so th at the e lectron  w i l l  even tu a lly  return to  
the beam, move through the beam to  the other s id e ,  emerge, and repeat i t s  
m otion, provided there is  no in tercep tio n  on the boundaries. This s itu a t io n  
describes s ta b le  motion in  that the e lectron  undergoes bounded motion. 
However, i t  seems more reasonable to  consider th is  a case o f  in s t a b i l i t y  
in  th at a disturbed e lec tro n  w i l l  emerge from the beam boundary no matter 
how sm all the perturbation . The above cond ition  o b ta in s , no m atter what the 
current d en sity , and th erefore there i s  no c r i t ic a l  value below which the 
beam i s  s ta b le  in  the sense d iscussed .

This in s t a b i l i t y ,  coupled with the inherent d i f f ic u l t y  involved  in  pro­
ducing a beam with the necessary r -4 va r ia tio n  in  J3 , makes a choice o f  
th is  s itu a t io n  seem somewhat le s s  than d es ira b le . We have determined, 
though, that th is  v a r ia tio n  i s  necessary in  order that a l l  e lectron s be in  
equilibrium  so that any other w i l l  n e c e s s ita te  a departure from the id ea l 
s itu a t io n . In any other s itu a t io n , the e lec tro n s  cannot fo llow  h e l ic a l  
p aths, but the s t a b i l i t y  s itu a t io n  may prove to  be no worse. Another 
v a r ia t io n , such as_f independent o f  rad ius, w i l l  no doubt be fa r  e a s ie r  

to  produce.

4 .5  P o ten tia l Derived from Arbitrary Axially-Symmetric Space-Charge 
D istr ib u tio n

We begin  by d eriv in g  the r e su lt  for  the lim itin g  case , where r  “» 0 ,  and 
suppose t h a t f  i s  given in  the form o f a power se r ie s  about the o r ig in .

f (4-32)
O

Then, from P o isson 's  equation, 4-23A, we obtain two in te g r a ls ,  each time 
74interchanging the order o f  sunmn 

in ter v a l o f  convergence. We f in d ,

+ C o J L r - h C ,  (4-33)
m = o

For the annular beam shown in  F ig . 4-1 we are given a power se r ie s  about

*7 /t
interchanging the order o f  summation and in teg ra tio n  w ith in  the open
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some reference radius w ith in  the beam, r

o

(4-34)

From P oisson 's  equation, 4-23A, we perform the f i r s t  in teg ra tio n  by parts  
interchanging the order o f  summation and in teg ra tio n  as was done before to  

obtain

We apply th is  formula repeated ly  u n t il  we reduce the in teg r a l in  4-35 
to  one which may be evaluated e a s i ly .  We find

which i s  o f  the same form as 4-33. I t  i s  a lso  e a s ily  seen th a t 4-35
reduces to  the r e su lt  given in  Sec. 4 .6  i f  a =0 for  n i l .n

4 .6  The Beam o f  Constant Charge D ensity

We now consider the sim p lest case o f  4 -34 , &n=0 for  n > 0 . This con d ition , 
o f  charge d en sity  which i s  independent o f  rad iu s, would presumably be 
r e la t iv e ly  easy to  produce with an actual e lectro n  gun. Furthermore, even 
i f  f  would have another v a r ia tio n , the r e su lts  presented here would be

75where the in teg r a l was evaluated by use o f

C/yi+ityi+lJ) {)v v h ) ( m + i S

In the lim it  as rQ approaches zero

<£) ^ - - ^ b o j l w r  -v S ' *  " j  ( 4 -
To-̂ O

(4-36)
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a f i r s t  approximation to  the actual s itu a t io n , found by truncating the  
s e r ie s  o f  4-34 and 4-35 a fte r  n=0. Such an e lectro n  beam may not be h eld  
in  equilibrium  as was shown e a r l ie r ,  but assume th a t the changes in  the  
beam take p lace slow ly  with resp ect to  the o v era ll length  o f  the e lec tro p  
tube and thereby j u s t i fy  the assumption o f  a purely annular beam o f  con­
sta n t charge d en sity . Let the charge d en sity  in sid e  the beam o f  F ig . 4-1 
be constant and be given by J^ . The so lu tio n  to  P o isso n 's  equation, 4-23A, 
i s  e a s i ly  found to  be

The so lu tio n s  to  Laplace's equation in  the two beam-free regions are taken 
in  the form o f  a constant p lus logarithm ic function . A fter  s a t is fy in g  the 
boundary conditions at r^ , ra , r^ and we fin d

approximated by a planar or sheet beam between two conducting p lan es. I t  
may be shown that the above so lu tio n s  approach the planar r e su lts  in  the  
l im it .

In the case o f  a sim ple s o l id  c y lin d r ica l beam i t  i s  easy to show by a p p li­
cation  o f  Gauss's law at the beam surface that the e le c t r ic  f ie ld  a t the

(4-37)

£  (4-38 A)

I

^   ̂ 'T^r£CL. (4-38C)

r  - _ _  So yjH J_ 'f CY'̂ 'To, (4-39A)
C r L  J U ^ * *  J  r

ju s>0 r  (4-39B)
tr  >

p  ■=. —  ( . * 4 I_ r b - r ^ ( 4 - 3 9 C )

As ->0 the radius o f  curvature becomes large and the system may be
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surface v a r ie s  as r"^. The presence o f  an unbounded force  in  the lim it
as r->0 i s  s u f f ic ie n t  to  preclude the beam dimension becoming zero, or  
eq u iv a len tly , e lectron s cro ss in g  the ax is  o f  the beam in  a symmetrical 
manner. For a sheet beam, i f  we take a Gaussian surface in  the beam whose 
top and bottom faces are tangent to  the beam boundaries, we fin d  that the  
e le c tr ic  f i e l d  remains constant at the su rface  o f  the sh eet beam even as 
i t s  th ickness approaches zero . This con d ition  i s  th erefore  p h y sica lly  
p ossib le  and we conclude th a t for  the planar beam, e lec tro n s  may cross  
the ax is o f  symmetry o f the beam in  a symmetrical way, producing a zero­
th ickness beam. We th erefore suspect th at fo r  the annular beam, with no 
r e s tr ic t io n s  as to  radius o f  curvature, the beam may a t ta in  zero th ic k ­
n ess. As t h is  happens, the charge per un it length

remains f i n i t e .  The cond ition  o f  a zero th ick n ess beam i s  p o ss ib le  and i t  
w ill  be used in  la te r  an a ly ses .

We sh a ll next determine, based upon various models, what current may be 
passed through the system when J3 i s  taken independent o f  rad iu s. We 
ignore the fa c t  that such a beam may not be in  equilibrium  fo r  the fo llow in g  
analyses and consider other e f f e c t s .

We begin by asking the question  as to  what conditions ob ta in  when the e le c t r ic  
f ie ld  becomes zero. I t  i s  e a s i ly  seen that a zero o f can occur only in  
the beam reg io n . From 4-5 fo r  equilibrium , i f  Er=0 then £=0, defin ing a 
lim itin g  ca se . That i s ,  current may be increased u n til the e le c t r ic  f i e ld  ju st  
becomes zero in  the beam. This i s  the maximum current fo r  t h is  c r ite r io n .
We have, s e t t in g  E =0 in  4 -4 1 , the value o f  radius n ecessa ry , r . Thus,r £

C4-40)

remains f i n i t e  and f  i s  assumed to remain uniform. In terms o f Q

y-  ̂ 'foL r̂ f̂b (4-41)

It  can be shown that in  the lim it  a s  >1, at r and r, as given by 4-41r a r a b

(4-42A)
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= ( 4 ' 4 2 B )

The right-hand s id e  o f  4-42B is  p o s i t iv e ,  noting th at ôr el®c tr ons.
Becuase Q is  n eg a tiv e , we find  that [— ] 2 i s  a decreasing function o f  the  
absolute value o f Q. We conclude th at as the current i s  increased in  mag­
n itu d e, the beam w i l l  f i r s t  experience a zero o f e l e c t r i c  f ie ld  a t the outer  
beam boundary, r^. We f in d , by s e t t in g  E^Cr^)^ in  4 -4 1 , the lim itin g  value  
o f  Q which i s

p . _  Ktrfe —

^ t 4 - 4 3 5

'T o.'- '
where the subscrip t re fers  to  the con d ition  for zero e le c tr ic  f i e ld  at 
the outer beam boundary. I f  we s u b s t itu te  the value fo r  Q from 4-43 in to  

4-38C using 4-40 we fin d  that <§> 0 ^ )=  (j)2 ^  a n tic ip a ted .

We next inquire in to  s t a b i l i t y  as d iscu ssed  in Sec. 4 ,2 ,  Three cases s h a ll  
be d istin g u ish ed . The f i r s t  to  be considered  w ill  be th e s t a b i l i t y  o f  a 
s in g le  e lectro n  w ith in  the beam under the conditions th a t  the remainder o f  
the beam remains in  i t s  undisturbed s t a t e ,  as was done in  the case o f  the  
beam o f  Sec. 4 .4 . We then w i l l  consider s ta b i l i t y  o f  th e  beam boundaries 
them selves, taken one at a tim e. In t h is  model a l l  e lec tro n s  move to g eth er  
in  th e ir  o s c i l la t io n s  except those o f  th e  boundary n ot being considered.
The beam boundary o s c i l l a t e s ,  the s p a t ia l  uniform ity o f  f  is  m aintained, 
but Q i s  held  constant so  that J5 i s  a function  o f tim e. The three in s t a b i­
l i t i e s  y ie ld  conditions on Q s im ila r  to  4 -43 . F irst con sid er the s t a b i l i t y  
o f  a s in g le  e lec tro n . We use the s o lu t io n  for Er as g iven  in  4-41 and apply 
the cr ite r io n  given in  4-17 . The Taylor se r ie s  for E^ w i l l  be s im ila r  to  
th at for  an e lectron  in  a logarithm ic f i e ld  since i f  we compare 4-41 to  
4-18B we fin d  e s s e n t ia l ly  only the a d d itio n  o f a l in e a r  term in  r . There­
fo r e , the Taylor s e r ie s  w i l l  converge fo r  th is  case as w e ll .  A pplication  
o f  the above y ie ld s  the follow ing in e q u a lity , using th e fa c t that Q <0:

(4-44}
JU, r

A ll e lectro n s whose radius s a t i s f i e s  4-44  are s ta b le . Note that
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and as |Q| i s  increased  from zero the right-hand s id e  o f  4-44 decreases  
from in f in i t y .  The la rg est value o f  JQ| which would allow  a l l  e lec tro n s  to  
be s ta b le  i s  th erefore that which makes the lim it in g  radius equal to  the  
outer boundary o f  the beam, r^. The f i r s t  e lec tro n  to  become unstable under 
th is  model i s  an e lectron  a t radius r^. Under th is  cond ition  we fin d  the 
bounds on Q necessary for s in g le  e lectron  s t a b i l i t y ,  recognizing th a t Q < 0 , 
as

v  n  -  ------------------------------------   .    ( 4 - 4 5 )

Consider next the condition  o f  the outer boundary, r^, moving as a whole. 
For th is  case we may carry out the d erivation  leading to  the s t a b i l i t y  
c r ite r io n  and fin d  th a t in  th is  case the condition  equivalent to  4-16 
and 4-17 i s

n . = £- r r  +  >  o
(4-46)

The d ifferen ce  i s  seen to  be the evaluation  o f  Er at the boundary, r^, and 
then d iffe r e n t ia t io n  w ith resp ect to  r^. P h y s ica lly , there i s  present the 
add ition al e f f e c t  o f  the compression and expansion o f  the en tire  beam and 
therefore the value o f  at the boundary changes due to  th is  p rocess. We 
have from 4-41 , as r-^r^,

\  (4-47)

In order to  apply 4-46 we must show convergence o f the Taylor s e r i e s . Con-
i

s id e r  f i r s t  a term o f  form

(-Q 1 _  ‘2-[JUv'Cfco +  -v- n r J ll
’rb Q+ £ 1  <■*-*»

ln (l+ £ )I t  w i l l  be s u f f ic ie n t  to  consider the function — . Now the power
1 76s e r ie s  fo r  both (1+c)' and £n(l+c) converge for |s |^ L l. I f  two s e r ie s

77are ab so lu tely  convergent , then the product o f  the two s e r ie s  i s  a lso  
ab so lu tely  convergent and i t s  sum equals the product o f the sums o f  the  
two s e r ie s .  The products o f  terms may be arranged in  any order. Therefore, 
the se r ie s  for  — converges  ab so lu tely  for  |c |< .l. F in a lly , i f  a
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78function  is  d efined  by a power se r ie s  with p o s it iv e  or in f in i t e  radius 

o f  convergence, the c o e f f ic ie n t s  o f  the power se r ie s  are found from the
f^rcnfunction  by the formula an=l h 'j which means th a t the power s e r ie s  i s  the  

Taylor s e r ie s ,  converging a b so lu te ly . Consider,

(4-49)

o f  the form o f  a product o f  terms o f type (1+x) which both cer ta in ly  
converge w ith in  the sm aller o f  the two r a d ii o f  convergence with resp ect  

to  £  .That i s ,  the f i r s t  term converges for  \ f (̂ \— 1 the second 
for | 1 ^ 1 so they both converge for \ <T| < r^Q- r a and th erefore
so  does th e ir  product. Following the preceding l in e  o f  reasoning, we find  
that the Taylor s e r ie s  for the term o f form

JUQrv.V j _
H F T  r* (4-so)

converges a b so lu te ly  w ith in  a nonzero radius o f  convergence. Thus, using  
4-46 and 4-47 we fin d  the necessary condition  on Q

___________

^  511
B S b ' - ' ] 1- M r , )  c ’

The models involved  in  fin d in g  the lim itin g  values Q<*, and Q* were pro- 
79posed by others but the r e su lts  presented there are in co rrec t. The 

fin d in gs shown above are the corrected r e s u lt s .  Consider next the case 
where the perturbation takes p lace at the inner boundary o f  the beam, r .
We have from 4 -4 1 , as r->r a

r  f f \  - + (4-52)
t r ' - ' i )  -  To.

We apply th is  time a formula s im ila r  to  4-46 except th at Er i s  evaluated  
at r  and the d iffe r e n t ia t io n  i s  carried out with resp ect to  r&, Because 
o f  the s im ila r ity  o f  4-52 and 4-47 we need not show convergence o f  i t s  

Taylor s e r ie s .  The r e su lt  i s

0 > Q f =   Wfr ~ ^  _______
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From Q we fin d  the current p assin g  through th e cross se c t io n  and d efin e  
a perveance for  th is  ca se .

We see  th a t  due to  the d iffer e n c e  in  assumptions between th is  model and
the one in  Sec. 4 .4  the d e f in it io n s  o f  P are q u ite  d if f e r e n t .  However,
we do n o t ic e  that the current varies  as the 3 /2  power o f  p o te n tia l in
the sen se  th a t a change in  the p o te n tia l s c a le  i s  r e f le c te d  in  a change
in  current given by the s c a le  fa cto r  ra ise d  to  the 3/2  power. This i s

80as expected  s in ce  i t  i s  shown that when p o te n t ia l  i s  changed and the  
geometry remains f ix e d , the e lec tro n  tr a je c to r ie s  remain in v a r ia n t, and 
the current d en sity  v a r ies  as p o te n tia l r a ise d  to  the 3 /2  power. We have 
found four such perveances as defined in  4-54B. From 4-54A and the  
various l im it s  given in  4 -4 3 , 4 -45 , 4 -5 1 , and 4 -5 3 , we f in d  the lim its

. where the in d ices  ©<■ , (S , ' i and S' r e fe r  r e s p e c t iv e ly  to  th e s itu a tio n s  

where Er-=*-0 at r^; an e le c tro n  at r^ becomes u n stab le; th e  ou ter boundary 
becomes u n stab le; and f in a l ly  , where the in n er beam boundary lo se s  
s t a b i l i t y .  We compare the values for  perveance given  in  4 -5 5 . The r e s u lt  
i s  th a t Pp has the sm a lle st  value, P* i s  la r g er  than P(j , and both P* 
and are larger than Pp . The r e la t io n sh ip  between P* and P̂ » depends 
upon the p a r tic u la r  geometry. The con clu sion  i s  that a s in g le  e lec tro n  
in  the ou ter beam boundary becomes u n stab le  a t a lower value o f  current 
than th a t necessary fo r  the other three e f f e c t s  to  come in to  p la y . The 
maximum perveance for t h is  model i s  Pp , the minimum o f  the four values

(4-S4A)

C4-54B)

i -  -  -H 1 b/-r̂OrwAsy- -

\ v h '  Hire
(4-55A)

fi/?  HTTfc (4-55B)

(4-55C)

(4-55D)



134

found.
P ~  _   LL'  (trJui. i * r ir~ - i i  .  r =— ;— e - s -------

(W r* )*  (i rr-g.T
 ̂ 1J CVr^T-1 t w H Ti] C 4 - S 6 )

The value fo r  perveance g iven  in  4 -5 6 , as w e ll as the other th ree  values  
presented  in  4-55 fo r  the other e f f e c t s  are to  be taken as approximate 
g u id e lin es  fo r  lim it in g  perveance in  the system . They can be used t o ­
gether w ith  experim ental data for a p a r t ic u la r  geometry to  determine 
th e probable causes o f  in crea ses  in  percentage in tercep ted  current as 
the value o f  current through the system  i s  r a ise d .

4 .7  The Nonzero Thickness Beam - N eg lec tin g  Space-Charge E ffe c ts

The preceding have d ea lt w ith  some space-charge e f f e c t s  and w i l l  serve as 
approximations t o  such e f f e c t s  when other forces are p resen t. The actual 
so lu t io n  to  th e problem i s  exceed in gly  d i f f i c u l t  s in c e  the tr a je c to r ie s  
o f  the e le c tro n s  depend upon the p o te n t ia l  which depends, in  turn, upon the  
t r a je c t o r ie s .  In a l l  the analyses to  fo llo w , forces due to  space-charge  
are n eg lec ted  in  comparison to  the o th er forces p resen t. These analyses  
may be good approximations to  the tru th  when space-charge d en sity  i s  
s u f f ic ie n t ly  low. In h igh er power beams, by superposing the independent r e ­
s u lt s  one may get a f e e l in g  for  the t o ta l  so lu t io n . Consider a beam o f  
e lec tro n s  as shown in  F ig . 4 -1 . We take the th ick n ess o f  the beam, r^ -ra , to  
be not n e c e s sa r ily  va n ish in g ly  sm a ll, so th a t we con sid er e f f e c t s  o f  the 
th ick n ess o f  the beam. We assume th at a l l  e lec tro n s  o r ig in a ted  from the 
same cathode which i s  h e ld  at uniform p o te n t ia l .  We n e g le c t  n o ise  e f fe c t s  
and th erefo re  a l l  e le c tr o n s  have the same t o ta l  energy, equal to  th a t at 
the cathode. This energy i s  only changed by the presence o f  r f  energy but 
under the in flu en ce  o f  th e  s t a t i c  f ie ld s  a lon e , th is  energy remains con­
s ta n t ,  as g iven  by Eq. 4 -2 0 , Using the d e f in it io n  o f  a x ia l energy, Eq. 2-8A, 
we fin d  fo r  th e transverse energy

^ ^ ( 4- 57)

We assume th a t there e x i s t s  a value o f  radius such th a t an e le c tr o n  placed
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there with no ra d ia l motion remains in  equilibrium , that i s ,  m aintains a 
h e l ic a l  o rb it. We fin d  from 4-10 the equilibrium  condition

(4 -58)

We use for the e le c t r ic  f ie ld  in  4-58 the so lu t io n  for the space-charge  

free  ca se , 4-18B. This y ie ld s  a re la tio n sh ip  between 'Va(rQ) and the d i f ­
ference o f  p o te n tia ls  and 511(1 tlle r a t io  v i z . ,

V t o  - ( 4 ' 5 9 )

The righ t-h an d -sid e o f  4-59 i s  a constant independent o f  rQ, Therefore, 
i f  we launch e le c tr o n s , at d iffe r e n t  r a d ii ,  a l l  having values o f  ta n g en tia l 
v e lo c ity  given by 4-59 with no ra d ia l v e lo c ity ,  they w i l l  be in  equilibrium . 
However, according to  4-57 the requirement that 17© be independent o f  
radius im plies th a t l^ z is  radius dependent. Therefore, i f  a l l  e lectron s  
are given the same value o f  '"tf© in  order to  s a t i s f y  4-59 they must n eces­
s a r i ly  have d iffe r e n t  lon gitu d in al v e lo c i t ie s .  I f  however, they are a l l  
to  be synchronous w ith  the same r f  wave, they must a l l  have the same value 
o f  lon gitu d in a l v e lo c ity .  The requirement o f  synchronization th erefore  im­
p l ie s  that 4-59 may not be s a t i s f ie d  by a l l  e le c tr o n s . I t  may be shown from 
4-18A, 4-57 and 4-59 that there e x is t s  a s in g le  so lu tio n  for  equilibrium  
radius r Q and from those equations we find  the value o f  p o te n tia l a t  the 
inner boundary, determining the p o te n tia l a l l  over.

<i>, = - ^ r l ^  + i] +  &  + <j>V  C4-60A)

4>= + fl - 4 > . + f a  Ci- 60B)
r,

Consider an e lec tro n  released  a t radius r 1 with no rad ial v e lo c ity .  The 
angular momentum o f  the e lectron  i s  conserved y ie ld in g  the fo llow in g  

v a r ia tio n  for  i t s  tan gen tia l v e lo c ity :

7)e ( r )  =• T k fr O jC i (4 -6 i)
r

We fin d  from 4 -5 7 , 4-60B and 4-61 together w ith the condition  th a t  

rCr, )=0 that
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= ^ [ ^ f .  ' O f a Y  C 4- 6 2 )

As was previously shown, for a non-equilibrium  s t a t e ,  there are two so lu -
* •t io n s  for the tu rn in g  points where r=0. We have sp e c if ie d  one value as

+ •r ' . The second r o o t ,  r 11 , s a t i s f i e s  4-62 with r^O.

_ i  ■>-

W  “  \ ‘r U ^  C 4 ' 6 3 )

* The net force , g iven  by"S^ may be shown to  have, for the above con­
s id e r a t io n s , the s ig n  o f l n [ ^ ] .  Thus for r > r _  the force i s  inward and 
fo r  r< r ^  i t  i s  outward. The fo r ce  therefore acts  to  return the e lec tro n  
to  th e  equilibrium  radius in both cases, a n ecessary  condition  for a s ta b le  
s itu a t io n  with two turning p o in ts .

A physical s ig n ifica n cg ^ o f the constant appearing in  4-62 may be found 
from the v ir ia l  theorem for an e lectron  in the force f ie ld  under 
con sid eration .

I T  " V r r  " ̂  fr*' *  V V  ' ^  ~  ̂
where the bars in d ic a te  averages w ith  respect to  time over the tim eT .
For the smooth in n e r  boundary case  z=z(0) so th a t

We d iv id e the k in e t ic  energy in to  i t s  transverse and ax ia l p a r ts , namely,

7-T -'lit +
so  th a t

= T t -  iW  +
The rad ia l motion i s  periodic in  time so that i f  *T i s  made equal to  a
p er io d  the term in  the square brackets van ishes. A lso , i f  'T* i s  made very
la r g e , not n e c e s sa r ily  equal to  a m ultip le o f  the period , the term 
approaches zero s in c e ,  as was shown, the o rb its  are bounded. Thus,

A pplication  to th e  logarithm ic p o te n tia l y ie ld s  th e r e su lt  th a t i s
a  constant independent o f tim e. In p a rticu la r ,

—r“   1  £ Cj>i cb-r

and the recurring constant i s  proportional to  the tim e-averaged transverse
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Note th a t an e le c tr o n  re lea sed  a t r 11 w ith r (r '  ■)=() w i l l  have r 1 as i t s  
turning p o in t so  th a t the turn ing p o in ts  occur in  p a ir s , The problem i s .

r .
g iven  to  f in d  The s o lu t io n  o f  4-63 i s  eq u iva len t to  the s o lu t io n  
o f

(4-64A)

  (4-64B)

From 4-62 we fin d  th a t the maximum v e lo c ity  occurs a t radius

I +  iU f e l  <  To (4-65)

I1 9
Note th a t fo r  rp to  be r e a l ,  £ w (^ )  ^  - 1 ,  or

'  C 4 ~ 6 6 )

r 1 hThus an e le c tr o n  may not v io la te  4 -6 6 . When —=£,"V e found from 4-57 and
T04-60B equals zero and the e le c tr o n  f a l l s  in to  the inner cy lin d er . For 

r t u
— , "^0 i s im aginary. On th e o th er hand there i s  no forbidden region
f8 r  the case when r T< r g ,  so th a t  an e le c tro n  may be re lea sed  at v a n ish in g ly  
sm all ra d iu s , su b jec t o f  course to  the p h y sica l l im ita t io n  imposed by th e  
presence o f  the in n er c y lin d er . S ince the turning p o in ts occur in  p a irs  
we in fe r  th a t as r ’~->0 the maximum value assumed by the other turning p o in t
equals C^rQ. No m atter how c lo se  to  the a x is  the e le c tro n  i s  re lea sed  i t

%may never reach Q, rQ, That rp £.rQ may be shown m athem atically or by the  
fo llo w in g  p h y sica l argument. For non-equilibrium  m otion, when the e le c tr o n  
i s  a t r Q i t s  va lu e o f  'TJ© i s  le s s  than th at o f  an equilibrium  e le c tr o n ,  
by Eq. 4 -5 7 . Thus, the force due to  the e l e c t r i c  f i e ld  i s  larger in  magni­
tude than the c e n tr ifu g a l force  and the n et force  i s  inwards. We conclude
th at rp< r Q. The angular momentum o f  the e le c tro n  in je c te d  at radius r*
with zero ra d ia l v e lo c ity  i s

k in e t ic  energy o f  the e le c tr o n . S ince T i s  the same fo r  a l l  e le c tr o n s ,  
a l l  e le c tr o n s  have the same average p o te n tia l as w e ll .
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(4-67)

A ll e lectron s have d iffer en t va lu es o f  £ , which i s  conserved, and have the 
same value o f  energy. We find  from 4-62

{-■>._ a  i  ' +  M & f l i s i t -
~  <&?■ ( J a . f

(4-68)

M W )  « [ « } .
so th a t the only a llow able so lu t io n s  are for  ^ ( [ y ^ ^ G iCC^]1)  * Gfr) bas
the values 0 and 1 at y=0 and 1 r e sp e c tiv e ly , approaches in f in i t y  as y 
approaches in f in i t y  and has a p o le  a t £, G(y) i s  shown in  F ig . 4-2a.

1.0 • -

i.s Z.O 4 0 (a)

7 . 0 -

0.1 30.  'Jo. SO-
Ain. y

dz. zo.

Fig. 4-2  a) G(y) versus y

(b)
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We find  the fo llow in g  p rop erties o f  the concomitant values o f y  given  the 
range o f G:

Table 4-1 Roots o f  G(y)=Constant

Range o f  G Roots

G>1 Two real ro o ts;  e -1 <y^<l and y ^ 1

G=1 One real root; y= l

0<G<1 No real roots

G=0 One real root; y=0

G<0 One rea l root; 0<y<e_1

I t  was shown that two turning points accompany non-equilibrium  motion. From 
Table 4 -1 , the only case y ie ld in g  two roots i s  fo r  G > 1 , the equilibrium  
case being the lim itin g  one as G -*l. The region o f  relevancy i s  seen  to  
be G(y)>; 1 which i s  shown in  Fig. 4-2b.

The problem i s  to  fin d  the second root given one o f  them. I f  i t  were 

p o ss ib le  to  in vert Equation 4-64B, th a t i s ,  to  f in d  yCG), then the pro­
blem would be so lved . I f  we designate the two roots by y* and y^ then
the in version  formula would allow us to  w rite  y« [G(y<0]. Attempts to  in -

*
v ert G(y) proved to  be u n su ccessfu l. Denote the sm aller  root by y^ and

* We dp n o te , however, th at in version  i s  p o ssib le  fo r  G^fy). We fin d  
e a s ily  from 4-64B that

This quadratic equation in  Zn y i s  so lved  for i t s  two roots and we fin d  
fo r  y
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the larger by y^ , v iz .', e _:< y j< l and y 2> l .  Expansion o f  GCyp^GCyj) 
about y j-y 2 =1 an(* trunca t i° n  o f  the s e r ie s  at the quadratic terms y ie ld s ,  
fo r  yy  and y^ near u n ity ,

From the d e f in it io n s  o f  the range o f  y^ and y^ , we see  that the negative  
s ig n  i s  appropriate and we find  th a t fo r  sm all perturbations about unity  
the roots are sym m etrically d isposed .

C4-69B)

Consider the product o f  the ro o ts , In t*le equilibrium  lim it, y ^ y ^ l ,

we have y^y’2“ *̂ s^ow ^ a t  ^ i s  •'■s t *ie on^  in stan ce for  th is  to  occur. 
I f  y 2y 2= l we have from G(y1)=GCy2) that

a __ i-y-jUnj, (4-70A)

2 82 With y^ =.1-(T , we req u ire, expanding the logarithm ic terms,

rr\ fon-O >
(4-70B)

■̂=1A n A
Since e~ <y^ ^ 1, we have 0 < £ < l-e"  0 »  so the s e r ie s  converges. Because 
f  i s  p o s i t iv e ,  and because for the range n £ 3  the c o e f f ic ie n t s  o f  the 
se r ie s  in  4-70B are p o s it iv e ,  the function  described by 4-70B i s  mono- 
to n ic a lly  in creasin g  fo r  the range o f  t? o f in te r e s t .  Therefore, in  that 
range the only so lu tio n  for 4-70B i s  the t r iv ia l  ca se , £? =0. Thus, y 1y 2=l  
i f  and only i f  yj=y2= l . I t  i s  e a s ily  shown that

J L k ^ i = o o  C 4 - 7 1 )

li =  u - k p ^ ] ]

There are r e a l so lu tio n s  for y when the expression appearing under the  
rad ica l s ig n  i s  nonnegative. This i s  equivalen t to

—  o o  4j
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S in ce , as varies  from 1 to  e"1 , v a r ies  from 1 t o » >  and never
equals one fo r  y^< 1 we have that

C4-72A)

e > r v -  ( 4 - 7 2 B )

w ith eq u a lity  occurring only fo r  the case o f  equilibrium  motion. In addi-
*

t io n  i t  may be shown, as an extension  o f 4-69B that

C4- 7®

To m aintain the eq u a lity  G(y^)=GCy2!) > we must have

and i t  i s  e a s i ly  seen that

We have,

= - ooV*e-'
o

I h i A  = - '

I t  can be shown that G '(y2) i s  zero for and 00 but on tbe open in te r ­
v a l which corresponds to  e “^<y^<l, i t  has no zeros. In order fo r  
to  be zero we require

which can be shown to  be equivalent to

jl/v\ y i +  i4t- — , !U> tjt
We have, from 4-72A, and the ranges o f y  ̂ and y2 that

j L u ^ o  ,

J U ^ O O  ) \Jt > |

We have shown that 5 ^  has no zero on the open in te r v a l and so  we con­
clude
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I t  i s  p o ss ib le  to  s o lv e  for  a root in  terms o f  the ra tio  o f th e  ro o ts .
We fin d  from that

_  i . (4-74)

Solving fo r  the r o o t s ,

t r . - i  - i T t  1 2 1 — \ C4-75A)e _l -  e " 1 ^

I t  i s  noted that no s p e c if ic a t io n  was made as to  which of the two roots  
i s  the larger and th ere fo re  we may apply Eqs. 4-75 without regard to  th is .

e ' 1 < 4 , 0

and v a r ies  m onotonically . Now,

y t - i  = f  3û H  = - J
rtu 1and s in c e  , vari es  m onotonically we may bound the in tegra l as fo llow s:
d^i

t
From th e lim its  (Lvn =  £

'i-vl
X u ,  — Oo
^-VO

We obtain  from Eqs. 4-75
- t e a * *  '

f ^ [
oo

j l U  y , — c -1
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We now d e r iv e  an approximation for the re la tio n sh ip  between the two ro o ts .
We allow  a  ro o t, y<*, to  tak e on the va lu es between e -1 and in f in i t y ,  and
We seek th e  value o f the o th er root, y^ . We make some sim ple observations
about th e  so lu tio n . The curve ŷ  (y*) must pass through the point (1 ,1 )
which corresponds to  th e equilibrium  p o in t and must p ossess  symmetry about
the l in e  >£ =y*. since the designation o f  a root as y*  i s  arbitrary and in
r e a lity  a s in g le  pair o f  roots y. and y„ g ives r is e  to  two p o in ts . The

-1  -1curve must be asymptotic t o  the two l in e s  y<,=e and ŷ  =»e s in c e , as was
shown e a r l i e r ,  as e ith e r  ro o t approaches in f in i t y ,  th e  other approaches
e”*. The above co n sid era tio n s, in conjunction with the monotonic nature
o f the d er iv a tiv e  as found above, su ggest that we may approximate
the fu n ctio n  yo (y*) by a hyperbola, A hyperbola which passes through the

*
point (1 ,1 )  and which has the proper asym ptotic behavior i s  given by

C ^ - e - ' X V ^ Q - e - i T  i  " ' 76A)

where we take the branch o f  the hyperbola such that yDti> e and y/3> e 

Thus,

+  C4' 76B)

The r e s u lt s  o f  a num erical so lu tion  o f  G(y,0=G(yp) are shown for the  
region around the equ ilibrium  point in  F ig . 4-3a and fo r  a broad range 
in F ig . 4 -3 b , where th e r e s u lts  are shown on logarithm ic s c a le s . The 
approximate so lu tio n , 4 -76 , i s  shown in  both cases. We see  that the appro­
ximation found is  a ra th e r  good one fo r  the range o f  values in d ica ted .

We next address ou rselves to  the fo llo w in g  problem: An electron  beam i s

* We may show from Eqs. 4-75 that

L x e  “ ! ) £ ] ¥ * ■  - i

the approximation h o ld in g  for

IfM)ll>]sp' 4
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F ig. 4-3 a) y a versus y and approximationp a
b) yg versus £n yQ and approximation

launched, as in  F ig . 4 -1 , confined to  the annulus ra < r i r ^ .  The i n i t i a l
con d ition s on each e lec tro n  crossin g  the entrance plane are such that
there i s  no rad ia l v e lo c ity  so the energy o f  each e lec tro n  i s  confined ,
i n i t i a l l y ,  to  ro ta tio n  and pure tr a n s la t io n . We ignore space-charge
forces and s in c e , as i t  was shown e a r l ie r ,  there i s  a s in g le  equilibrium
ra d iu s, a l l  e lectron s whose i n i t i a l  radius d if f e r s  from th is  value w i l l
o s c i l l a t e  about radius r Q. The question  to  be posed i s  to  choose rQ such
that the orb its o f  a l l  e lectron s w i l l  remain w ith in  the bounds r  < t < tu .a  d

I f  t h is  i s  p o ss ib le  we w i l l  have a s itu a t io n  in  which even though most 
e lec tro n s  w i l l  execute o s c il la to r y  m otion, the net locus o f paths w i l l  

m aintain the i n i t i a l  beam th ick n ess, *b“ra ‘ We immediately recognize that 
r a< r o < r ^ . We sp e c ify  y^ and y 2 according to  the range in d ica ted  in  
Table 4-1 and use a s in g le  prime to  denote an i n i t i a l  value and a double 
prime to  denote a corresponding turning p o in t . Thus *
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=  ^  C4-77C)

V  C4-77D)

The p h ysica l requirements we impose are that

X b ^ '  C4-78A)

C4- 78B^

We have,

ilO “ ' f e f  C4-79A)

(4-79B)

G| (<4«d = <i C4-79C)

In the lim itin g  case o f  small beam th ickness we have for  the approximate 
requirement using the approximation 4-69B

[ t S  (4-80A,

We see  from 4-80A that 7+ |^2 
i s  the only p o s s ib i l i t y  and we fin d

2
must be ^ 2 and i  2 so that eq u a lity

I f  in  4-80B we l e t  ^ - r a be sm all and use leading terms o f  the geometric 
and binomial expansions we fin d  that

rD« i[r ^ + r b]  (4-8!)

The s ig n if ic a n c e  o f 4-81 i s  c le a r . For sm all o s c i l la t io n s  we have from 
4-16 with-TL>o that the waveform i s  s in u so id a l and therefore the extrema
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o f  ra d ia l m otion are eq u a lly  d is tr ib u te d  about equ ilibrium .

In the n o n lim itin g  s i t u a t io n ,  we focus our a tte n tio n  upon Eqs. 4 -79 .

rl<
to n ic a lly  decreasing,w e f in d  from the le ft-h a n d  in e q u a lity  o f  4-79A

- 1 rn 2S in ce e < [jr|] < 1 and s in c e  in  th is  range the fu n ction  G i s  mono- 
b

(4-82A)

i a
creasin g  we have from the right-hand in e q u a lity  o f  4-79A
S im ila r ly , s in c e  (=^) > 1  and s in c e  in  th is  range G i s  m onotonically  in -

1a

In order fo r  both 4-82A and B to  be true we must have eq u a lity  and th e r e ­
fo re  the co n d itio n  to be f u l f i l l e d  i s  sim ply

=  q ( t $ n
(4-83)

, /r0',2so that («**) and form a p a ir  o f  roots o f  the fu nction  G, the p h y si-
a rb

c a l s ig n if ic a n c e  being th a t one i s  th e turning p o in t o f  the other and they
it

a re , in  e s se n c e , the same tr a je c to r y . We recogn ize from 4-83 th a t the r a t io
X 7

o f  the roo ts  i s  , or i t s  r e c ip r o c a l, which i s  a constant and which i s
a given  o f  th e  problem. This s itu a t io n  was e a r l ie r  so lv ed , the r e s u lts  fo r ­
mulated in  Eqs. 4-75. Thus,

_ !___  (Wrby-
t .  -  r * £"'■ -  r b e  *•[% ]

-  to . -  r b e 1'  C4- 84)

* I t  i s  e a s i ly  demonstrated th a t the so lu t io n  4-83 always e x i s t s .  As r^ 
i s  varied  from r to  r. , th e  le ft-h a n d  s id e  o f  4-83  v a r ies  continuously  
from 1 to  | .  For th e same v a r ia tio n  in  r Q the right-hand s id e
v a r ie s  con tin u ou sly  from G (Q ^]^)>1 to  1. The two continuous fu nction s must 
th erefore  in te r s e c t  in  the range ra ^ ro ^ rb to  f orm a s o lu t io n .
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We have th erefo re  found the so lu tio n  to the problem: given ra and r^, 
to  fin d  the proper value o f  r^ such th at the resu lta n t beam motion i s  
confined to  the o r ig in a l bounds.

4 .8  The Period o f  O sc illa t io n

We now consider the period  o f o s c i l la t io n  o f  an e lectro n  about the e q u i l i ­
brium rad iu s. We consider the e lectro n  to  be an equilibrium  e lectro n  in  that 
i t  s a t i s f i e s  the equilibrium  con d ition , and i t s  o s c il la to r y  motion i s  due 
to  perturbations in  ra d ia l v e lo c ity  caused by n o ise  or by ra d ia l forces due 
to  the actual nonuniformity o f  the inner boundary. In the id e a liz a tio n  o f  
a zero th ickness beam which w i l l  be used in  the la t t e r  part o f th is  chap­
te r ,  th ese o s c i l la t io n s  represent the "natural" perturbed motion. When 
the corrugated inner boundary i s  considered along with i t s  p eriod ic  f ie ld s  
i t  w i l l  be seen that the r e la tio n  o f  the "natural period" o f  the e lectron  
in  the smooth boundary case to  the period  o f the corrugation i s  important 
in  determining the s t a b i l i t y  o f  the motion. We inquire in to  the v aria tion  
o f  the period o f  o s c i l la t io n  as the d ev ia tion  from equilibrium  i s  in ­
creased. This w i l l  in vo lve  so lv in g , approxim ately, a nonlinear d if fe r e n t ia l  
equation. Perturbation o f  a v a r ia tio n  o f 4-5 about radius rQ fo r  an 
equilibrium  e lec tro n , y ie ld s ,  with f = r - r Q,

2  + 7 S = 0  W-85A)

We expand both terms appearing w ith in  the brackets by the binomial expansion,
83 x*converging for  - l< - £ - < . l ,  and re ta in  up to  lin e a r  terms. We have'o

* * ftl
^ +  ^  O C4-85B)

The so lu tio n  o f  4-85B in  terms o f  c ir cu la r  functions i s  for  sm all o s c i l l a ­
tion s and the period accompanying th ese  lin ea r  o s c il la t io n s  i s

T o  -  A T V  ^  (4-86)

From 4-3 we have

-A- - A - LcL-t ""r*- d© (4-87A)
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so that from 4-8SB we have

Ae'"- r0(\+i'\L<is J L. %J ~ 0  (4-67B)
*0 t

R etaining only the lin e a r  terms o f  4-87B we have

(4-8 7C)

S' i s  p er io d ic  in  Q with period JT'IT and the angular spacing between ad­
jacent turning p o in ts , or between adjacent crossings o f  the equilibrium  

rad iu s, i s

A 0  = ^  ~  127°

Notd that s in c e  i f?  i s  an ir r a t io n a l number the o rb it viewed in  cross  
se c tio n  i s  not c lo sed , in  th at m cycles w i l l  not bring the e lec tro n  back 
to  the same value o f  O  . As the o s c i l la t io n s  become la rg er , however, 
we expect the period to change. Since we may always f in d  a r a tio n a l num­
ber as c lo se  as we wish to  an ir r a t io n a l, there e x is t s  a van ish in gly  
sm all perturbation for which we have a c lo sed  o r b it . The square o f  angu­
la r  v e lo c ity  c o n s is te n t with the equilibrium  e lectro n  i s ,  using 4-3>

* it7”
©= = S # y v T  t 4 ' 8 S )

We normalize w ith respect to  r^ so that

(4-89A)

Using 4-88 and 4-89 we arrive at the d if fe r e n t ia l  equation

j3 + e^-fpl'ryr = O W-ssb)

We note from 4-89B that the force i s  zero at the equilibrium  p o in t ,
£ = 0 , so that the maximum ra d ia l v e lo c ity  occurs th e r e , in  co n tra st with  
the r e su lts  o f  Sec. 4*7, Eq. 4 -65 . This i s  due to the d ifferen ces  in  
assumptions fo r  the two s itu a t io n s . The force  approaches in f in i t y  as 
the radius approaches zero as i s  evident from ^ 3 -> -l. We see , th ere fo re ,  
that as the depth o f  perturbation i s  in creased , the reversa l o f  d irectio n
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a t the sm aller  turning p o in t should take p lace  more and more ra p id ly .
On the other hand, we n ote th a t fo r  large rad iu s, as /3 approaches 
i n f i n i t y ,  the force  approaches zero . From th is  we in fe r  th a t at th e  larger  
turn ing p o in t , the r ev e rsa l o f  d ir e c t io n  w i l l  take p la ce  more and more 
s lo w ly . The con clu sion  i s  th a t the p eriod  approaches in f in i t y  as the  
depth o f  p erturbation  in c re a se s . Note th a t r^-oo i s  p o s s ib le  in  t h is  case  
but not p o s s ib le  fo r  the assumptions o f  Sec. 4 .7 . Observe a lso  from the 
above th at th e tim e average o f  the tr a je c to r y  is  a fu nction  o f  i n i t i a l  
con d ition  and in  p a r t ic u la r  in crea ses  from the eq u ilib riu m  value as the 
depth o f  perturbation  in c r e a s e s , We norm alize the d i f f e r e n t ia l  equation  
4-89B by s e t t in g

0 ^  =  1 C4“90AD
which i s  eq u iva len t to  a time sc a lin g

T  = ©0t t4-90B>

in  which case the sm all perturbation  period  becomes from 4-86 ,

The d if f e r e n t ia l  equation 4-89B su b jec t to  4-90A i s  so lv ed  num erically by
84computer u sin g  the Hamming’s m odified  p re d ic to r -co r r ec to r  method. As an 

a r t i f i c e  we use an i n i t i a l  d isp lacem ent, |3(0)=^0 where ^3(0)=0 y ie ld in g  
th e so lu t io n s  as fu n ction s o f  o ff-eq u ilib r iu m  d isp lacem ent. Some o f  th ese  
so lu t io n s  are presented  in  F ig . 4-4 fo r  on both s id e s  o f  equilibrium .
A s in g le  c y c le  o f  o s c i l la t io n  i s  p resen ted  fo r  each so lu tio n  and the curves 
are norm alized w ith resp ect to  ^3Q. Note that fo r  large perturbation  the  
d ire c tio n  rev ersa l fo r  th e sm aller turn ing poin t takes p lace  ra p id ly , where­
as the rev ersa l at the o th er  turning p o in t takes p la ce  s lo w ly . For th ese  
c a se s , the e lec tro n  spends most o f  the time at rad ius values la rg er  than 
the equilibrium  rad iu s. From num erical r e s u lts  such as th ese  we fin d  the  
dependence o f  the period  upon The departure o f  the period  from the
value ifilT i s  shown in  F ig . 4 -5 . The region  (3q< 0 i s  emphasized in  F ig . 4 -5b .
Note the l in e a r  dependence in  F ig . 4-5a fo r  |Gq» 0 . We next obtain  appro-

* S ince the e lec tro n  spends most o f  i t s  time at la rg e  values o f  (3 for the  
large & case we w r ite  an approximate d if f e r e n t ia l  equation fo r  most o f  th e
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ximate so lu tio n s  to  the d if f e r e n t ia l  equation, 4-89B. Carrying the appro­
ximation o f  4-89B to  quadratic terms we obtain the approximate nonlinear  
d if fe r e n t ia l  equation

p  + -  s ' e . ’-jS1 =  o  <4 - 91)

Since (3 = ^ § £ , we obtain  the f i r s t  in teg r a l which s a t i s f i e s  the i n i t i a l
conditions j9(0)=pQ and |3(0)=0. We fin d ,

(2) -  ± lfT  (4-92A)

we have

r p i t
t  =  \  C4-92B)

Now, an in teg r a l o f  the form
d*

T T

85can be w r itten  in  terras o f  an e l l i p t i c  in teg ra l o f  the f i r s t  kind when 
P i s  a cubic polynom ial. The reduction o f the in te g r a l depends upon whether 
the roots o f  P are a l l  rea l or whether P has only one real ro o t. We must, 
th erefo re , fin d  the roots o f  the cubic polynomial in  'S appearing in  4-92B. 
Observe that fln must be a root o f  the polynom ial. We proceed to  remove the

Since p ( 0 ) = ^ 0

period when B i s  la rg e . From 4-89B, 6 - i - ^ s O i  from which we find  
a f i r s t  in teg r a l r “

ju£
sin ce  fo r  p ■ (3 =0. Thus, -

+ + i [   &

Since most o f  the time i s  spent fo r  o we approximate the period as

a lin ea r  v a r ia tio n . The lin ea r  p ortion  o f  F ig. 4 -5 a i s  p a r a lle l to  th is  
r e su lt  w ith ©oa l*
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F ig . 4-4 Numerical S o lu tion s o f  Eq, 4-89B, 6q =1
a) Sq>0
b) Pq<0
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F ig . 4-5 Period Found from Numerical R esu lts , q̂2=1 
a) Period as a Function o f  1+0q
b) Period as a Function o f  l

1+00

fa c to r  and fin d  the three roots o f  P are

p . , (4-93)

By considering the dependence o f  the term upon ^  we fin d  for  the
character o f  the r o o ts :

-“ <0o<-k: One rea l and two complex conjugate roots  
1 3-gSBoSjj : Three rea l roots  
3
g<00<°° : One rea l and two complex conjugate roots

We expect the so lu tio n  to  be most v a lid  for  ^  near zero so we r e s t r ic t  
o u rse lv es, a t l e a s t , t o  the case for  three real r o o ts . Note th a t the roots  
are the values o f  ^ fo r  which fb i s  zero , from 4-92A, so th erefore  they 
have the s ig n if ic a n c e  o f  turning p o in ts  o f  the o r b it . We have shown that 
the turning p oin ts occur in  pairs so th at the s itu a t io n  for  which only one
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r ea l root i s  obtained i s  not a v a lid  one, occurring for  too  fa r  from 
zero for which the model breaks down. For near zero we obtain  three  
r e a l ro o ts , y ie ld in g  one too  many turning p o in ts . Obviously the appro­
ximation made has introduced an ad d ition a l nonphysical so lu tio n . According 
to  the i n i t i a l  assumption about ^ , i t  i t s e l f  i s  one o f  the turning p o in ts , 
The extraneous root i s  one o f  the roots o f  the quadratic term. Note that  
fo r  sm all

^  \  (4-94A)

(4-94B)

We demand that the so lu tio n  for  sm all approach the r e su lt  fo r  the
lin e a r  o s c i l la t io n s  where the turning p oin ts are symmetric. Thus, 4-94A 
represents the extraneous root for  s u f f ic ie n t ly  sm all |3 q. Further, note 
from 4-91 that |3 =0 fo r  =0 and =jj. Thus, there are two equilibrium  
p o in ts  p o ss ib le  for  th is  model which, o f  course, i s  in  contrast with the  
p h ysica l s itu a t io n  where only fi-Q  q u a lif ie s  as an equilibrium  p o in t. 
Furthermore, examining ^ we see  that

•  •

P
i> o for

h<0 for 0<.p4 \
f, -L

i>  o for

so  that the motion i s  bounded fo r  the f i r s t  two regions and unbounded for  
th e th ird . We th erefore must impose the further r e s tr ic t io n  th at be 
l e s s  than 2 /5 . For /3q=| the p h ysica l ro o t, given by 4-94B, y ie ld s  the value  
-1 /5  for  the other turning p o in t, Thus 8̂  ̂ i s  r e s tr ic te d  between -1 /5  and 
i t s  corresponding turning p o in t ,2 /5 . In F ig , 4-6 we contrast the turning  
p o in ts  as found from 4-94B, the r e s u lt  from the lin e a r  approximation, and 
the resu lts  from the numerical so lu tio n  o f  the d if f e r e n t ia l  equation. We 
note that the approximation 4-94B y ie ld s  a rather good improvement over the  
lin e a r  approximation and that the num erically derived r e s u lts  l i e  between 

the approximations.

In order to  cast 4-92B in to  a standard form, the roots must be ordered.
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0 , 3 -

numerioal so lu tio n  o f  
d i f f e r e n t ia l  equation

- .20

l in e a r  a p p ro x im a tio n , \ — 1

-0.2- -
. 2

F ig . 4-6 Turning P o in ts, 6q =1

We fin d  for  the previous r e s tr ic t io n s  on ^  that

i - ^ r l c *>■[■%-?$)* -V > P-< 0  C 4 ' 9 5 B )

We proceed to  id e n tify  4-92B as one o f two standard forms in  accordance 
w ith whether |6q i s  greater than or le s s  than zero. The so lu tio n s  have 
separated n atu ra lly  in to  two parts depending upon whether the e lec tro n  is  
i n i t i a l l y  above or below the equilibrium  rad ius. Having ca st the so lu tio n  
4 -9 2B in to  the two forms we fin d  for /3q> 0

f ^ > °  ( 4 - 9 5 A )

K 4- -  2.*\ 1 fd^T" ( 4 - 9 6 A )

rrA, -
4 f t . ( 4 - 9 6 B )
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4

and fo r Po<

\ _ -  t l

ftn _ - /u^cL_

(4-96C)

(4-96D)

(■'v HL>- ifi - j - p*

t  - ± = 5 ? _  F C ? . V

(4-9 7A)

(4-97B)

(4-97C)

C4-97D)

where FCfX0̂ ) and FCS’l^n) are id e n tif ie d  as the e l l i p t i c  in tegra l o f  f i r s t  
kind o f  amplitude ^ and modular angle <A or parameter m. The stroke in  the 
argument o f  F in d ica tes  which i s  meant. We note that we have obtained a 
so lu tio n  which i s  presented in  an inverse way, that i s ,  i t  is  given in  the 
form There is  also an apparent ambiguity in  the sign  o f  t  ob­
ta ined  by the so lu t io n s , y ie ld in g  values o f  t  for time increasing and de­
creasin g . That they are equal in  magnitude i s  obvious from the fa c t  that 

represents a turning point o f  a symmetric orb it. The values o f  ft in tr o ­
duced in to  the so lu tio n s  must l i e  between 3̂ Q and the other turning p o in t, 
4-94B.

In order to  find the period we take for j3 the value o f  the turning point 
as given  by 4-94B. The value obtained from 4-96D or 4-97D w ill  be h a lf  the 
period sin ce i t  represents the time between consecutive turning p o in ts . 
Using the value o f  given by 4-94B, we fin d  that both 'f + and V -  take 
on the value 'fT/2 i f  we take for  the range o f  ' f , 0  ̂ 1̂ ". The e l l i p t i c
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in te g r a ls  become complete e l l i p t i c  in te g r a ls  o f  the f i r s t  kind s in c e

f C 5 \ ° 0  =

We fin d  fo r  th e  p eriod , in  both cases

> * y -> 0

~ r — Y\ (^O _i / o / o
' © o \ -  > s - ^ f 0^ 0

C4-98A) 

(4-9 8B)

The p a ir  o f  formulas given in  4-98 g ive the period  i f  one i s  g iven  jSQ, 
th e choice depending upon th e s ig n  o f  j$Q. We r e a l iz e ,  however, th at e ith e r  
form ulation may be used in  e ith e r  case s in c e  4-94B provides us w ith  the  
oth er turning p o in t , o f  o p p o site  s ig n , which may be used w ith  the com­
panion formula t o  fin d  th e p er io d . As we ^ave f rom 4-96 and 4-97
th a t both nr and m approach zero . In th e same lim it  both X and \  ap-

1 r31 + ' - *■
proach so  th a t ,  from 4-98

j U v T  K Wf .~ >  (4-99A)

86since

K M  - l[) K t V > »  (4-99B)

matching the p eriod  o f the l in e a r  d if f e r e n t ia l  equation .

In F ig . 4-7, th e  period as found by Eqs. 4-98 i s  compared w ith  the lin e a r  
approximation and with th e r e s u lt s  obtained by the numerical so lu t io n  o f  
the d i f f e r e n t ia l  equation , 4-89B. I t  i s  noted that

o o

s in c e  ra->m+—>1 in  the r e sp e c t iv e  l im it s .  These con d ition s are c o n s is ten t  
w ith  the e a r l ie r  d iscu ssio n  d ea lin g  with the bounds o f  As the condi­
t io n  for  escape i s  approached the e lec tro n  requ ires more and more tim e 
to  return to  i t s  i n i t i a l  v a lu e . Again, escape i s  not p h y s ic a lly  p o ss ib le
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■■ 5.Co

numerical e o lu tio n  o f  ■■ s a 
d i f f e r e n t ia l  equation

• -  5 . 0 ,

l in e a r  approxim ation

~.2o
F ig . 4-7 Period as Fouird by E l l ip t ic  In teg r a l, Numerical S o lu tio n , and

r • ________ . ________ z ____^ ______  a  .

.OS
Fouird E ll ip t ic Integralbyas J

Linear Approximation; Qq =1

as was shown in  e a r lie r  a n a ly ses , and we see  a breakdown o f  the model. We 
observe in  F ig . 4 -7 , as in  F ig , 4-61th at the numerical so lu tio n  l i e s  be­
tween the lin e a r  approximation and the r e su lt  in  terms o f the e l l i p t i c  
in te g r a l. The e l l i p t i c  in te g r a l r e su lts  fo r  the period mirror the shape 
o f  the numerical r e su lts  but diverge from the la t t e r  as I /So \ in crea ses. 
Hie e l l i p t i c  in teg r a l r e su lts  are due to  reten tion  o f lin e a r  and square 
terms in  the expansion o f  the force term o f  the d if f e r e n t ia l  equation, 
4-89B. Expansion o f the d if f e r e n t ia l  equation for sm all enough \jS\, y ie ld s

'£ + e ;  f a  * V KI [4 - 1 0 0 )

Note that a l l  odd powers o f  6 have p o s it iv e  c o e f f ic ie n ts  and a l l  even
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powers have n eg a tiv e  c o e f f ic ie n t s .  I f  we were to  f in d  a so lu t io n  to  the
d if f e r e n t ia l  equation  obtained by re ta in in g  up to  the th ir d  power inj(3 ,
i t  i s  suspected  th a t the p eriod  found would be sm aller than the e l l i p t i c
in te g r a l p eriod . This i s  because th e cubic term su p p lie s  a symmetric
resto r in g  fo rce  which in crea ses  w ith  the magnitude o f  th e  displacem ent

87as in  the case o f  the hard sp r in g  o s c i l la t o r .  In such an o s c i l la t o r  
th e period i s  known to  decrease as th e "hardness" i s  in creased .

We obtain an approximation fo r  th e dependence o f  the p eriod  upon i n i t i a l
88con d ition  by use o f  the p r in c ip le  o f  harmonic balance as applied  to  

the d i f f e r e n t ia l  equation , 4-89B, s in c e  fo r  th e p h y sica l case the s o lu t io n  
i s  known to  be o s c i l la t o r y .  We take fo r  the approximate so lu t io n  a purely  
s in u so id a l term

^  p o

and use th is  approximate s o lu t io n  in  4-89B, so  that

—  LO^ ̂  p. o (j-V- C<xL2.iO't] + tj ̂  +■ CVo,?

+J1l1 |u<u4u5t +HcjwLT.urt + 5]| +■ +

According to  th e p r in c ip le , we requ ire th a t only the terms in  cos tot 
s a t i s f y  e x a c tly  th e equation. This leads to

—rT -  ~  ,+ i r

The approximate period  as found from 4-103 i s  compared w ith  the numerical 
so lu t io n  r e s u lt  in  F ig . 4 -8 . The approximate period i s  seen  to be q u ite  a 
good approximation r e la t iv e  to  th e r e s u lts  found by e l l i p t i c  in te g r a l.  The 
approximation i s  symmetrical in  f3  ̂ w h ile  th e  numerical so lu tio n  i s  asym­
m etr ica l. The approximation i s  seen  to  be c lo se r  fo r  ^ q >  0.

We make an observation  concerning the s t a b i l i t y  o f  th e  system . The system , 
o s c i l la t in g ,  fo llo w s a c lo sed  path in  the phase or p p  , plane, I f  i t  i s  
disturbed s l i g h t ly  the system  w i l l  fo llow  a d if fe r e n t  c lo sed  path c lo s e  
to  the o r ig in a l one. As th e d isturbance i s  made v a n ish in g ly  sm all, th e

(4-101)

(4-102)

(4-103)
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paths come van ish in gly  c lo se  togeth er . In th is  sen se the system i s  s ta b le .  
However, we showed that the periods o f  the two o s c i l la t io n s  w i l l  be s l ig h t ly  
d iffe r e n t  for a sm all but nonzero disturbance. The system p oin t therefore  
tr a v e ls  around the phase plane tr a je c to r ie s  at s l ig h t ly  d iffe r e n t  r a te s .
The system p o in ts  w i l l  th erefore become far apart as time in creases in ­
d e f in it e ly  no m atter how sm all the perturbation . In th is  sense the system  
i s  not s ta b le  due to the "slip*' between the t r a je c to r ie s .

num erical so lu tio n  o f  
d i f f e r e n t ia l  equ ation

lin ea r  approximation

I— } |-----------1----------1--------- 1--------- 1--------- 1--------- 1---------1--------- 1---------1---------  n
o.c o.7 0 .8  on i.o j.r i.z i.5 1.4 P«

*  ^
F ig. 4 -8  A nalysis by P r in ic ip le  o f  Harmonic Balance, 6q =1

Part Two—Corrugated Inner Boundary

4 .9  The D if fe r e n t ia l Equation

In considering the motion o f  e lectron s under the in flu en ce  o f  the s p a t ia l ly  
p eriod ic  s t a t ic  f ie ld s  we make the sim p lify in g  assumptions th a t the e le c ­
trons do not in te r a c t  w ith each other and that th e e lectron  beam i s  o f  
van ish ingly  sm all th ick n ess. The problem i s  th erefo re  equivalent to  consid­
er in g  the motion o f  a s in g le  e lec tro n  in  these f i e ld s .  We assume that the 
beam i s  confined to  region  I o f F ig . 2 -1 . For the rectangular geometry we
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found, as in  Eq. 3-65A, th a t the p o te n t ia l  in  th is  region  may be w r itten  as 
a con stan t p lus l in e a r  term p lus a fu nction  whose average value i s  zero  
over the p eriod . With th is  in  mind we may d iv id e  the p o te n tia l in  region  I 
in  the nonuniform c y lin d r ic a l geom etiy in to  two p a r ts . The f i r s t  part con­
s i s t s  o f  the so lu t io n  to  L aplace's equation i f  th e  inner boundary were 
smooth and the second part con ta in s th e e f f e c t  o f  the corru gation s. That i s ,

+ c ,  i U r  -V- (4-104)

We expand (J)(r,z) in  a Taylor s e r ie s  about the radius r^ which holds  
fo r  neighborhoods exclud ing boundary p o in ts . This radius i s  the equiva­
le n t  o f  the equilibrium  radius which we d e a lt  w ith  in  Part One o f  t h is
ch ap ter. The beam i s  in je c te d  at th is  va lu e o f  radius and i f  the motion

*
i s  s ta b le  the e lec tr o n s  w i l l  execu te sm all motions about i t .  We have,

(4-105A)
1 * kr^o m  1

Oo
tSOrA)  ̂ T ~

k z z  ------  (4 -io sb )’hr

n  * f e s  C4-10SC)

We have from 4-5 using 4-104 and 4-105B

r -  =  \  Lr’ *  (4-106)

Observe from 4-106 th at fo r  r^r^ we may balance the c e n tr ifu g a l and u n i­
form e le c t r ic  fo rces as was done in  Part One o f  t h is  chapter but there w i l l  
s t i l l  be a fo rce  p roportional to  Q ^ (z). Obviously rQ cannot rep resen t an 
equilibrium  radius in  the sen se  th a t th ere  e x is t s  a s e t  o f  con d ition s  
lead in g  to  r»rQ fo r  a l l  z . Q ^(z), as w e ll as a l l  the ( ^ ( z ) ,  has zero  
average value so  th at in  consonance w ith  the development in  Part One, we

* The order o f  summation and d if f e r e n t ia t io n  may be interchanged because 
(f) i s  the rea l or imaginary part o f  an a n a ly tic  fu n c tio n , whose d e r iv a tiv e s  
o f  a l l  orders are a n a ly tic  fu nction s89  w ith  unique power s e r ie s .
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demand

n't
_ /j, -£l  C4-107]

rft^ r0"i L *"0

We expand 4-106, sub ject to  4-107, about r=r„ and reta in  only up to  lin ea r
*  U 

terms in  J> , In terms o f  0 ^  defined  in  4-88 we have

/  + x  e . V  = 1 +
(4-1083

We view the le ft-h an d  s id e  o f  4-108 as the natural system without the 
presence o f  the p er io d ic  p o te n tia l. The right-hand s id e  g ives the e f f e c t s  
o f  that perturbation . We express the lo n g itu d in a l v e lo c ity  o f  the e le c ­
tron as a constant p lus a varying q u an tity , v i z . ,

^ - - O ,  +  T> C4- 109J

From 4 -6 , 4-105C and 4-109, to  f i r s t  order,

^  = w ]  c“ - 110)

In the d if f e r e n t ia l  equation for  J3 , 4-108, we change the independent 
v ariab le  from time to  ax ia l p o s it io n . Toward th is  end we have

C 4 - 1 U A )

C 4 - n l B )

We fin d  from 4-108, 4-110, and 4 -1 11B with reten tio n  o f  f i r s t  order terms

H  a | + ̂ - 1  = i  Q,($ <4-112)

recognized as a nonhomogeneous lin e a r  d if f e r e n t ia l  equation with p er io d ic  
c o e f f ic ie n t s .  I t  i s  e a s i ly  seen that in  the absence o f the nonuniform boun­
dary the so lu tio n  o f  4-112 reduces to  the "natural" o s c il la t io n s  o f  the  
lin ea r  d if fe r e n t ia l  equation d iscussed  in  Sec. 4 .8 . D efining the
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"wavelength” o f  these natural o s c il la t io n s  o f  th e  e lectro n  in  th e loga­
rithm ic p o te n tia l as

A 0 = - t f i r ^  w -

we have

4 + ] r  - 1 ,  Q , (V )

We change the dependent variab le in  order to  produce a d if f e r e n t ia l
90equation which has no f ir s t  d er iv a tiv e  term. Let

C4-

(3-h f t  W-

The d if fe r e n t ia l  equation for 'T i s  then found to  be

3 ^  + V C ^ ' t

=  (*•

Observe th at s in ce  Qq( z) i s  p er io d ic  so w i l l  be th e function

1 A. Q 0t>)£  "t Vô - M 0

which transforms f  in to  T and m odifies the fo rc in g  function  o f  the 
d if fe r e n t ia l  equation. We conclude that -P and are togeth er both 
bounded or unbounded functions o f  z .  In considering the s t a b i l i t y  o f  
S’ i t  i s  s u f f ic ie n t  to  examine the s t a b i l i t y  o f  IT .

The p h ysica l period o f  the stru ctu re  equals L but i t  i s  convenient to  
change the independent variab le  such that the p eriod  becomes TT . This i s  
motivated by the twofold reason that Laplace's equation was so lved  in  
Chap. 3 for  a base period equal to  T  as a n atu ra l consequence o f  the 
mapping used; and because the most studied p er io d ic  d if f e r e n t ia l  equa­
t io n , Mathieu's equation, has a period  equal to  1T . Therefore, we defin e

(4.

113A)

113B)

114A)

114B)

USA)
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For large radius o£ curvature the c o e f f ic ie n t s  appearing in  the d i f f e r ­
e n t ia l  equation w i l l  be derived from the so lu tio n  o f  the Laplace equation  
in  the rectangular approximation o f Chap. 3. That so lu t io n  may be ex­
panded about y=yQ, where yQ i s  the rectangular equivalent o f  rQ, and 
y-y^ i s  the ^  o f  Eq. 4-115B. The form o f  the expansion i s  noted from
3-65A and i s  the equivalent o f  4-104 and 4-105A. Thus,

where the have zero average value over the p er io d ,'tf . The poten­
t i a l  w i l l  be normalized with respect to  the constant b o f  4-116, which

For small \  we truncate the s e r ie s  at the lin e a r  term and comparison o f  
4-116 and 4-117 y ie ld s

u sing 4-107, 4-88 and 4-113A. In ad d ition , we have from 4-116 that

(4-116)

91can be re la ted  to  the constant c^ o f  Eq. 4-104. I f  we expand the loga
rithm ic term o f 4-104 about r^ we have, in  terms o f  ^

(4-118)

(4-119A)

(4-119B)

so that

(4-119C)

s in ce  SE? s a t i s f i e s  Laplace's equation in  ^  and ' i  . Normalizing<rwith resp ect
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to  rQ, v i z . ,

8 = % (4-120)

and using 4 -115 , 4 -118 , 4-119C, 4-120 and 4-114 we a r r iv e  at the d if fe r e n ­
t ia te d  equation

(4 -i2 iA )

C4-121B)

Observe th at 4-121 obeys the general c h a r a c te r is t ic s  o f  a tra jec to r y  in  a s t a t i c  
electric f i e ld  in  th at the path i s  independent o f  the charge and mass, mag­
nitude o f  th e  f i e l d ,  ab so lu te  dimensions and d irec tio n  o f  t r a v e l .  Consider 
the exponential fu n ction  which appears in  the transform ation equation r e ­
la t in g  f  to  £  , v i z . ,

T[rof£tY*-fe!^
X  U Xo J  b

A s im ila r  fu n ctio n  appears in  the fo rc in g  function  o f  the d if f e r e n t ia l  
equation , 4-121A, w ith a n eg a tiv e  exponent. R eferring to  3-65A we see  
th a t we may w r ite  —g- as

oo

Si=i (4-122A)

*
Therefore

(4-122B)

* A s u f f ic ie n t  con d ition  fo r  the in f in i t e  product to  converge i s  that 92

w i  -

converges, which i t  does,
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Now, from the generating  fu n ction  s e r ie s  fo r  the m odified B esse l fu nction  
o f  the f i r s t  kind9"*

e >ĉ s  = To(V)

we have the Fourier s e r ie s  decom position

OQr oo

C  " - T F  C4-123A)
<"n-I '  U -t - J

S in ce9**

I , ( ^  -  ( W f  £ rc \> + w + o

we have fo r  th e n eg a tiv e  exponential

'n-l ' h-1
C4-123B)

Far from the c ir c u it  the f i r s t  term o f  4 -1 22A w i l l  s u f f ic e  to  represent 
. in  th is  case we take

D

i r . / l h V B M  r . <££-
e4tUI ^  ) +̂ x̂»,CM'%ix0r)ĉ ik's ( 4 - i 2 4 A )

■̂=1

T -  ~  (4-124B)

The constant o f  norm alization  b i s  found from the so lu t io n  o f  L aplace's  
equation o f  Chap. 3. Comparing 4-116 to  the value shown in  F ig . 3-18 we 
have

^  ~ ~  C ^ - TcooUq C4-12SA)

Therefore the fu nction  from which the varying c o e f f ic ie n t s  are d er ived , i s ,  
from 3-34 ,
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—^ L v \ * \ + ^ 1 ? ^ . WjY1- . + ' [j l u ^ ^ + t o « ^ i s  + /̂  I „ \-1
^ t r  ) +  U-----— J p * 1.

*n
(4-125B)

The homogeneous d if f e r e n t ia l  equation i s  obtained from 4-121A by s e t t in g  
the forc in g  function  equal to  zero. The varying c o e f f ic ie n ts  fo r  th is  
equation may be obtained, fo r  a given value o f  y^, from 4-125B. Thus,

(4-126A)

(4-126B)

where in  4-126B the term has been separated in to  i t s  average and varying
£\ lop a r ts . For the geometry -^ -“ 1 and -^ -= 3 .08 , we compare the functions o f

in te r e s t  as found from 4-125B and 4-126A and both with regard to  wave-
shape and r e la t iv e  magnitude, for values o f  ^  equal to  1 .1 , 1 .25  and 1 .5 .
These r e su lts  are shown in  F ig. 4 -9 . The average value o f  i s  equal
to the n egative s in ce  th ese  planes are planes o f
symmetry for  the p o te n tia l and th erefore f *  i s  zero th ere. Observe that

f „r \ t f l  u f o ' f w i  2
the zeros o f  - and the maximum p o in ts  o f  [—  ̂ ■] co in c id e , agreeing  
w ith  4-119C. Far from the c ir c u it  we have, from 4 -122A,

t o

c
A ‘h )

evident for F ig . 4 -9c. Observe for  F ig . 4-9 a through c

A wr v w r
Lb XtOJssp I

Comparing, then , the two varying terms o f  the homogeneous d if f e r e n t ia l  
equation we have from 4-121A that the r a t io  o f  th e ir  magnitudes i s  given  
by
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' r r . F u . T 1
f T L i r d

L  b  J
-  s '

■m t  V o f

L b j
-  I \ m

1-5? (4-127)

For large radius o f  curvature we have that ■— i s  large. The terra '^C/Vo^' 
i s  the r a tio  o f  the angular energy to  the lon g itu d in a l energy o f  the e le c ­
trons when they are in je c te d  in to  the system . Becuase o f  synchronous v e lo -  
c ity  requirements "Voz i s  large and th erefore  to  moderate the high vo ltage  
requirements the energy r a t io  w il l  be kept le s s  than one. Thus, we may 
n eg lec t the second varying term in  the homogeneous d if f e r e n t ia l  equation. 
In a s im ila r  manner we may show that the average value o f  the second 
varying term may be n eg lected  with respect to  one. Thus, we take for the  
homogeneous d i f f e r e n t ia l  equation

(4-128)

To avoid e lectro n  in tercep tio n  we w i l l  not allow the e lec tro n  beam to  
come e x c e ss iv e ly  c lo se  to  the c ir c u it .  Thus, for the geometry o f  they
example we w i l l  not take ~  le s s  than 1 .1 . In ad d ition , the zero tooth  
width so lu tio n  for  p o te n tia l w i l l  not be accurate c lo se  to  the tee th  for  
any p h y sica l geometry o f  sm a ll, but f i n i t e ,  w idth. With reference to  
F ig . 4-9a we see  th at fo r  the lower l im it  o f  ^  the function  ■ appears 
parab olic  in  form. With reference to  F ig . 4 -9c  we note th a t for larger values  
o f ^2 i t  would be appropriate to  approximate by a cosin u so id al term.
We d is t in g u ish , th e re fo r e , two ca ses . The varying term in  the homogeneous 
d if fe r e n t ia l  equation, 4-128, w i l l  be taken to  be parabolic or cosinusoidal 
depending upon the choice o f  ^2. In the case o f  the parabolic approxima­
tio n  the parabolas jo in  at the boundaries o f  each period so th a t the  
r e su lt in g  function appearing in  the d if f e r e n t ia l  equation i s  p iecew ise  
smooth,having cusps at the period boundaries.

4.10 The P iecew ise Quadratic H i l l ' s  Equation

We consider the fo llow in g  homogeneous d if f e r e n t ia l  equation
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a "  + lT6s) U '  0  (4 -1 29A)

where

TW ) j (4-129B)

and

~5(yi) — Zf(v4-'Tri1F) ? n an in teger  (4-129C)

so that JOs) i s  a p er io d ic  function o f  "s with period'IT and i s  given by 
4-129B in  the base period  4 The period o f  J C1*) i s  taken to  be'fi' 
so that the p er io d ic  d if f e r e n t ia l  equation 4-129A w il l  be in  consonance 
w ith Mathieu's equation, the most studied  p er io d ic  d if f e r e n t ia l  equation.
The function J('i) i s  even and th erefore we may expand i t  in  a Fourier

*
s e r ie s

T W  “ ©o + 2ZQ-e '-Lwi'1Jr':S (4-130]
f x »

The value o f  may be taken to  be p o s it iv e  or n egative  in  the general case  
so that we obtain  an "invected" or "engrailed"'*' J (£} r e sp e c tiv e ly , as i s  
shown in  F ig . 4-10. Reference to  F ig , 4-9a in d ica te s  that the case o f  
in te r e s t  i s  o f  the "invected" typ e, Y > 0 , so we w i l l  focus our a tten tion  
th ere .

We have taken pains to  express J(^) in  the form 4-129B to  be s im ila r  to
4-128, th at i s ,  in  the form o f a constant plus a varying function  whose 
average value i s  zero. This obviously may always be done without lo ss  o f

* I f  Qr=0 fo r  r ^ l  the d if f e r e n t ia l  equation i s  simply the harmonic equa­
t io n . I f  0  i s  nonzero and 0r=O fo r  r ^2 the d if f e r e n t ia l  equation i s  
the Mathieu equation which has been stud ied  ex ten siv e ly ,9^*^6 j£  0 r=O for  
r and e . and © 2  are nonzero the equation i s  c a lle d  the W hittaker- 
H ill  equation, the Whittaker equation or In c e 's  equation. The general 
case i s  c a lle d  H i l l ' s  equation a f te r  H i l l ' s  work on the motion o f  the  
moon?? H i l l ' s  method fo r  determining the c h a r a c te r is t ic  exponent involves  
the so lu tio n  o f  an in f in i t e  determ inant.9  ̂ We present a f in i t e  so lu tio n  
in  terms o f  sp e c ia l functions for the case under con sid eration .

The c la s s i f ic a t io n  i s  taken from names o f  s im ila r  curves in h era ld ic
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F ig. 4-10
a) Invected , y >0
b) E ngrailed , y<0

99g en era lity . This form for J('s) i s  a lso  suggested  in  the l i te r a tu r e  to  
divide the s t a b i l i t y  plane in to  three regions o f  general behavior for  
each sig n  o f  Y . According to  those r e su lts  i f  we w rite  the d if f e r e n t ia l  
equation 4-129A in  the form

a' + -FOv)] a  =  0 C.4-

(4-

Then i f  and - f  are the maximum and minimum values o f  ft's) we may M m
d ivid e the plane in to  regions by the l in e s  

For the case at hand we obtain the lin e s

(4-

(4-

(4-

C4-

The d iv is io n  o f  the^tf plane i s  shown in  F ig . 4-11 where the regions  
I ,  II and III correspond t o ,  r e sp e c t iv e ly , domains o f  unstable so lu tio n s

131 A) 

131B)

132 Â  

132B)

133A)

133B)

symbolism.
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narrow domains o f  s ta b le  so lu tio n s  and broad regions o f  in s t a b i l i t y ;  and 
narrow regions o f  in s t a b i l i t y  and broad s ta b le  domains. The asymmetrical 
d iv is io n  o f  the plane for  p o s it iv e  and negative in d ica tes  the d i f f e r ­
ences in  the re su lts  for  the in vected  and engrailed  ca ses . This i s  con­
tra sted  with the r e su lt  fo r  the Mathieu equation which produces symmetrical 
r e su lts  for  p o s it iv e  or n egative ^  , This i s  e a s ily  seen to be true in

'it" m
that case s in ce  a tr a n sla tio n  o f   ̂ w i l l  r e s u lt  in  a n egative 8 and tr a n s la ­
tio n  cannot a f fe c t  the s t a b i l i t y  o f  the equation. This d iv is io n  o f  the  
plane compares very w e ll with the r e su lts  o f  the so lu tio n  o f 4-129 with  
t >  0 to  be presented la te r .  The regions may be understood when i t  i s  
rea lized  th at for region I JC^) i s  always negative and for region III  J(^) 
i s  always p o s it iv e .  We th erefore expect that for region  I the so lu tio n s  
w il l  resemble the hyperbolic functions fo r  the most p a r t, w hile for  region  
III the so lu tio n s  w i l l  be s im ila r  to  the c ircu la r  fu n ction s, mainly.

I l l

III

F ig . 4 - 1 1  D iv isio n  o f  the n y  Plane

The fundamental r e s u lt  in  the theory o f  H i l l ' s  equation i s  F loquet's  
theorem. The JC1*) in  4-129A has minimum period 1T so th at for  a l l  'S , 
J(3+'rf)=JC's), and i f  s i s  a number such th at 0*$<Vthen there e x is t s  at 
le a s t  one rea l in te r v a l such th at

-*  T ('s')

fo r  in  that in te r v a l. There e x is t  normalized so lu tio n s  to  the d iffe re n  
t i a l  equation which are independent and which have the p rop erties that
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UU (o> =■ I (4-134A)

u l ( 6 ) = 0  (4-134B)

Utto') = O (4-134C)

U ^ (o ) -1  (4-134D)

. . 100 •The c h a r a c te r is t ic  equation i s

O'1- -  C.W-, Cif) + UL-J C'Tri]c~ + 1 = 0  (4-135)

and we note th a t the product o f  the roots o f  4-135,0^ and cr ,̂ equals
u n ity . E ither they both have u n it magnitude or one o f  them has magnitude 
g rea ter  than u n ity . We th erefo re  may, w ithout lo ss  o f  g e n e r a lity , d efin e

(4-136A)

„_ivrr
C. (4-136B)

where ji i s  the c h a r a c te r is t ic  exponent. Observe th a t i f  and only i f
T = ± l. S ince the sum o f  the roo ts  equals the bracketed term in  4-135 we may 

w rite

*2. udkju/TT -  UiC-Tr) + ik% 6ir) (4-137?

F lo q u et's  theorem*01 s ta te s  th a t we may always f in d  a so lu t io n  o f  the d i f ­
f e r e n t ia l  equation such that

U.l'S+ir) =  (4-138)

I f  (T̂  and are d if fe r e n t  from each other then H i l l ' s  equation has two 
l in e a r ly  independent so lu t io n s

d ^ Q i C ' s )  (4-139 A)

Q J 'O  (4-139B)
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where Q̂ C's) and Q2 C3) are p er io d ic  w ith  period  1T . I f  then H i l l ' s
equation has a n o n tr iv ia l so lu t io n  which has periodTT when or
period  2 IT when 0^=1^=-1. I f  f ^ )  i s  such a p er io d ic  so lu t io n  then i f  g(*$) 
i s  another so lu t io n  which i s  l in e a r ly  independent o f  f(^ ) then

‘J fa + IT ) = T ^ ( ^ )  +  C4-140)

where 0  i s  a con stan t. The case 0 = 0  i s  eq u iva len t to

U lCir) + Ut‘ hr) =  ± X  C4-141A)

lU ir )  =  0  (4-141B)

u / W  = 0  (4-141C)

Observe th a t i f  and p. i s  pure imaginary then the absolu te value o f
every so lu t io n  o f  the d i f f e r e n t ia l  equation i s  bounded fo r  a l l  ^ • This 
bound depends only upon the i n i t i a l  con d ition s o f  the equation . I f  ^ ^ ^ 2  
and p. i s  not pure imaginary then there e x is t s  a n o n tr iv ia l unbounded s o lu ­
t io n  o f  the d i f f e r e n t ia l  equation. We w i l l  c a l l  the regions where the fo r ­
mer s itu a t io n  o b ta in s , s ta b le  reg io n s; and those applying to  the l a t t e r ,  
regions o f  i n s t a b i l i t y .  For the case w i l l  c a l l  the r e s u lt in g  com­
b in a tio n s o f  ^ and X boundary, or c h a r a c te r is t ic ,  curves. For a l l  s o lu -  

102t io n s  o f  the d i f f e r e n t ia l  equation to  be bounded fo r  ^  *-s n ec e s­
sary and s u f f ic ie n t  th a t © =0. We c a l l  the s o lu t io n s  such th a t

-nr) = ~  U.CV)

b a s ic a lly  p er io d ic  so lu tio n s. These so lu t io n s  have period'TT or 2TT and 
d escribe the boundary curves. I t  i s  obvious th a t  a l l  b a s ic a l ly  p er io d ic  
fu n ction s have period  211“ but not a l l  fu n ction s o f  period  21T can be 
b a s ic a lly  p er io d ic  s in c e  4-138 must be s a t i s f i e d  w ith ^ " = -l. We n o te , o f  
course, th a t we cannot have a s o lu t io n  o f  p eriod T  and a so lu t io n  o f  
period  21T c o e x is t in g  s in c e  th is  im p lies

103I t  i s  known th a t i f  the d if f e r e n t ia l  equation has a n o n tr iv ia l p e r io d ic  
so lu t io n  o f  period  sir , w ith s >  2 , but no so lu t io n  w ith  p e r io d ^  or 211' 
then a l l  so lu t io n s  are p er io d ic  w ith  p eriod  s ir  , I t  i s  e a s i ly  seen  th a t
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p i s  purely imaginary w ith magnitude equal to  a r a tio n a l number, an 
even in teg e r  d iv id ed  by s .  A lso , i f  p i s  purely  imaginary w ith ir r a t io n a l  
magnitude, the so lu t io n s  are bounded but ap er io d ic .

The J(^) o f  the case at hand i s  an even fu nction  o f  . For such a sym­
m etric case i f  u(f*) i s  a so lu t io n  so  i s  u(-'S3 and we may w r ite  the s e t  o f  
l in e a r ly  independent so lu tio n s  eq u iva len t to  Eqs. 4 -139 , forCT^U^, as

O f l  (4-142A)

e r ^ Q  i - 'i )  C 4-142B )

104In a d d itio n , fo r  the symmetric case

U vW  =■ \ (4-143A)

(4-143B)

U ( t )  -1 -  U , I A  U ! f irM C 4- 143C)

-U.,Ctr) (4-143D)

UjC'D w i l l  be an even function  and w i l l  be an odd fu nction  o f  *3 . A
n o n tr iv ia l s o lu t io n  o f  p e r io d s  or 21T w i l l  n e c e s sa r ily  be a m u ltip le  o f
u^C'j) or C'S) u n less  a l l  s o lu t io n s  are p er io d ic  w ith p e r io d “V  or 2TT .
There e x is t s  a n o n tr iv ia l p er io d ic  so lu t io n  which i s :
even and o f  period■‘IT i f  and only i f  u ^ 'f^ ^ O ,
odd and o f  p eriod  1T i f  and only i f  u2 C |)=0,
even and o f  period  21T i f  and on ly  i f  u^fjpsO, and
odd and o f  p eriod  2IT i f  and only i f  u * cp= 0

Our b a sic  problem w i l l  be to  determine the nature o f  the c h a r a c te r is t ic  
exponent, p , given the values o f  ^  and Y . The^Y plane w i l l  be d ivided  
in to  regions o f  s t a b i l i t y  and in s t a b i l i t y  and we s h a ll  f in d  the ch aracter­
i s t i c  curves which form th e ir  boundaries. We s ta te  the o s c i l la t io n  theorem

105due to  Liapounoff. To every d if f e r e n t ia l  equation o f  form
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^  + fe-i-K 6oi]£  =  O (4-144)

where K(x) i s  rea l and p er io d ic  w ith  p e r io d s  and o f  bounded v a r ia t io n ,
there belong two m onotonically  in crea sin g  i n f in i t e  sequences o f  rea l num­
bers

%  > V > “ ' C4-145A)

t 4 ‘ 1 4 S B )

such th a t 4-144 has a so lu t io n  o f  periodTT i f  and only i f  and a s o lu ­

t io n  o f  p eriod  21T i f  and only i f  • ^ i e ‘| n s a t ŝ ^y

% < . y  i  y  < % *  ^  < •},' 4 -} / <<{3 4  ^ < • • • C4-146A)

(4-146B)

jL n  7T7 = 0  (4-146C)

The so lu t io n s  o£ the d i f f e r e n t ia l  equation are s ta b le  in  the in te r v a ls

W W .  ̂ V  v ,V  M 1 -i' 1 >v  "  C4 -14 75
At the endpoints o f  the in te r v a ls  th e  so lu tio n s  are u n sta b le , in  general.

This i s  always true fo r  The so lu t io n s  are s ta b le  fo r  ^ 2n+l or /l2n+2

i f  and on ly  i f  ^2n+l=^2n+2 * s im ila r ly tJiey are s ta b le  fo r  ' ^ n + l  or /i*2n+2 
i f  and only i f  2n+l=*£ 2 x1+2 ’ T*ie s o lu t^ons are always u n stab le  fo r  complex 
values o f  0^ . The^n are the roots  o f  A  (f[)a 2 and the ^  are the roots o f  
A  C£)=-2 where

A ^ V ^ W  +  ^ - r r )

Observe th a t the in te r v a ls  o f  in s t a b i l i t y  may d isappear, w ith the excep tion  
o f  the in te r v a l ( - 0 0  . The in te r v a ls  o f  s t a b i l i t y  may combine togeth er

i f ,  sa y , ' l 2n+1-'?2n*2 01 ' l ' 2n*r'V 2n+2' A11 o f  the ln te r v a ls  o f  in s t a b i l i t y
except th e zeroth one disappear i f  and only i f  K(x) i s  a con stan t. In 
a d d itio n , i t  i s  known th at i f  th ere  are only a f in i t e  number o f  in te r v a ls
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107o f  in s t a b i l i t y ,  then K(x) i s  in f in i t e ly  d if f e r e n t ia b le .

We see  at once th a t as K(x)—*0 the values o f  \  necessary  to  g ive  the  
b a s ic a l ly  p er io d ic  s o lu t io n s  w i l l  be g iven  by the square o f  an in te g e r .

2
The c h a r a c te r is t ic  curves th ere fo re  lea v e  the ^ ax is a t values equal to  n .

I f  K(x) has zero average v a lu e , as we have norm alized 4-129B, then the
108fo llo w in g  i s  tru e: e ith e r  a l l  n o n tr iv ia l r e a l so lu t io n s  o f  the d i f f e r ­

e n t ia l  equation have only a f in i t e  number o f  zero s , or a l l  rea l so lu tio n s  
have in f in i t e ly  many zero s . F o r ^ ^ 0 a l l  n o n tr iv ia l r ea l so lu t io n s  have 
on ly  a f in i t e  number o f  zeros but fo r^ > ^ 0 every rea l so lu t io n  has i n f i n i t e ­
ly  many zeros. The v a lu e^ ^  has a n o n tr iv ia l so lu t io n  o f  p e r i o d w h i c h  
has no zeros. We a lso  know th at ^  is  not p o s it iv e  and equals zero i f  and 
only i f  K(x) i s  zero id e n t ic a l ly .  We th ere fo re  expect the c h a r a c te r is t ic  
curve corresponding to  the values o f  to  pass through the o r ig in  in  the 

plane and remain to  th e l e f t  o f  the Jf a x is  for  a l l  tf>0. This w i l l  be 

seen  in  the so lu t io n  o f  Eqs. 4-129.

To the l e f t  o f  the zeroth c h a r a c te r is t ic  curve we may put a lower bound
109upon the square o f  the c h a r a c te r is t ic  exponent fo r  the same K (x), That i s ,

j \ C*V> (4-148)

There are c r i t e r ia  which may be applied  to  the d i f f e r e n t ia l  equation to
ob ta in  regions o f  s t a b i l i t y  w ithout a c tu a lly  so lv in g  fo r  the c h a r a c te r is t ic
exponent. Th e a r l ie s t  example o f  such a c r ite r io n  i s  L iapounoff's th eo -  

110rem, which s ta te s  th a t i f  J(!s) in  4-129A i s  nonnegative and p iecew ise  
continuous w ith period'TT then a l l  so lu t io n s  o f  4-129A are bounded i f

~  4 (4-149)

This con d ition  i s  b est p o s s ib le  in  the sen se th a t fo r  any 6>0 there  
e x is t s  a nonnegative p iecew ise  continuous fu nction  Jq(S) o f  period^T and 
not id e n t ic a l ly  zero such th a t

ir
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and such that at le a s t  one so lu t io n  o f

u" +  Jo 0 $ )  U = O
is  unbounded.

A pplication o f  Liapounoff's theorem to  4-129 y ie ld s  two conditions to  be 
sim ultaneously s a t i s f i e d .  From th e condition  that J(X3 be nonnegative we 
fin d  that

where the equal s ign  corresponds to  the cusps o f  the parabolas ju s t  
touching the lin e  J=0. This con d ition  i s  the same found in  4-133A,From 
the condition  4-149 we fin d  sim ply that

The two conditions given in  Eqs. 4-150 sp ecify  a tr ia n g u la r  region o f  
s t a b i l i t y  as shown in  F ig . 4 -12 . We see that th is  estim ate  i s  q u ite  con­
serv a tiv e  for  th is  case when we compare i t  with the lin e a r  approximation 
for  the c h a r a c te r is t ic  curve, found la te r . That i s ,  to  a f i r s t  appro­
ximation the en tir e  region bounded by the approximate c h a r a c te r is t ic  
curve and the ^  and % axes w i l l  be s ta b le . As we w i l l  see  la te r , the  
lin e a r  approximation fo r  th is  curve is  quite good.

(4-150A)

(4-150B)

Y

in ear

UAMUffoFP
$ tabitRtgio* -v

linear Appoximation to 
Characteristic 

. C u r v e

Fig. 4-12 S ta b il i t y  Region o f L iapounoff's Theorem
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Another s t a b i l i t y  c r it e r io n  was g iven  by Beurling in  the fo llo w in g
form: 111 i f ,  for  rea l a and b

a H j W U 1  ( 4 - i s u

then the so lu t io n s  o f  the d i f f e r e n t ia l  equation w i l l  be s ta b le  fo r  a l l
2 2p o ss ib le  JCs) i f  and only i f  the in te r v a l (a b̂ ) does not contain  the  

square o f  an in te g e r . For 4-129B we bound the maximum value o f  JC1? ),
and the minimum v a lu e , ^  , between a^ and b^ tak ing su c c e s ­

s iv e ly  adjacent in te g e r s  for  a and b . We fin d  tr ia n g u la r  regions o f  s ta b i­
l i t y  d efin ed  by

X k  a -'] C4-152A)

(4-152B)

I f  we take fo r  the p a ir s  a ,b  the values 0 ,1 ;  1 ,2 ; 2 ,3 ;  and 3 ,4 ; we w i l l  
generate four such reg ion s o f  s t a b i l i t y .  These regions are compared, w ith  
th ose found from the exact a n a ly sis  to  fo llo w , in  F ig . 4 -13 . Note th a t  
th is  c r it e r io n  produces estim ates fo r  th e h igh er order s ta b le  regions  
whereas the Liapounoff theorem does n o t . In ad d ition  i t  i s  noted th at i t  
g iv es  a b e t te r  s t a b i l i t y  c r ite r io n  fo r  the f i r s t  s ta b le  region  than does 
the Liapounoff theorem fo r  4-129B.

F ig . 4-13 The B eurling S t a b i l i t y  Regions Compared to  the Exact S o lu tion
(The Buerling S t a b i l i t y  Region shown shadedj

Near the \  axis we fin d  approximate so lu t io n s  fo r  the c h a r a c te r is t ic  curves
112by the method o f  p ertu rb ation . For small we w rite  U, and ^  in  the form
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o f  s e r ie s  in  powers o f  Y .

GO

=  Y ~  U . W H *  (4-1S3A)
/n s o

v  £ > ■ » * *  ( 4 ' 1 5 3 B )W5Q
We expand JC'Sj o f  4-129 in  a Fourier s e r ie s

<1 1*

so  th a t the d i f f e r e n t ia l  equation i s

OP

T 6 v )  ~ (4-154A)
™ -1

IE

a w -  = fci}^ ! C4- 154B5
-J U

U," +  [ \  +  x C * n . i ]  U .=• 0  (4-154C3

Using Eqs. 4-153 in  4-1540 and sep aratin g  the terins according to  powers o f  
^ we ob ta in  the d if f e r e n t ia l  equations fo r  u^, u^, and u^m v i z . ,

U o " + K o U o = 0  (4-155A)

OQ

U,11 +KoU, +  K,Uo +  U q ^ j - ' ^ v - =  o (4-155B)
=̂■1
GO

ca^ t.'w's ~ o  C4-155C)
m-=i

As mentioned above, the c h a r a c te r is t ic  curves leave the \  ax is  at in teg er  
squares p lu s zero , so we take for  the values 0 , 1 , 4 and 9 . The b a s ic a lly  
p e r io d ic  so lu t io n s  corresponding to  th ese  curves w i l l  have periods TT , 2T,
4t* and 2<T r e sp e c t iv e ly . We f i r s t  con sid er K^=0. The so lu t io n  to  4-155A fo r  
th is  value o f  i s

U o W  =  b o  +  C4-1S6)

known as th e generating s o lu t io n . We seek the p er io d ic  so lu t io n  and th ere-
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fore we s e t  CQ=0. This i s  equivalent to  removing a secu lar  term in  the 
general perturbation technique. Using the so lu tio n  4-1S6 in  4-155B we have

U," + K,b0 = o (4-157)

We remove the secu lar term by s e t t in g  K^=0 and obtain

oe>
U.t'sV Hf Y y r  (4-158)

"V-l

for the p articu lar  so lu tio n . Using th is  so lu tio n  we have from 4-155C

r— - jf “ J

UL^+K-ubo + O (4-159)

To remove the unbounded so lu tio n  from 4-159 we s e t  the constant term equal
to zero. That part o f  the constant term derived from the double summation

*
is  found by taking m=n, Therefore the secu lar  term w i l l  be removed i f

K . =  -  C4- 160)

* The summation in  4-160 is  evaluated by use o f the Parseval r e la t io n * ^  
applied to  various Fourier s e r ie s . F ir s t ,  from the Fourier se r ie s  pre­
v iou sly  derived in 4-154 we fin d , at 's =“|*, that

C O

From the Parseval re la tio n  applied to  that Fourier ser ie s
-¥

,3I f  next we fin d  the Fourier sin e  se r ie s  for the function 3̂ and apply 
the Parseval re la tio n  to  th is  s e r ie s  we find

go

/  L/n** fln1, J J
Thus,

~ •>  ̂,\S ^  I-°17



181

For the other c h a ra c ter is t ic  curves we take the value o f  Kg to be the 
square o f  a nonzero in teg er . From 4-155A

U0" =  O , m * o  <4'

with so lu tio n

Lion'S) = boCcxa.Aft'j 4-CoAMi/^'f Ca­

using th is  so lu tio n  in  4-15SB we have

U./ + + C&<5-(t./*-t-frn)'JJ
f*. - I

+ ^(xm+'*i)2 j= 0  4̂ ‘

Therefore, there are two parts to  the forcin g  fu n ction  in  the d iffe r e n ­
t i a l  equation for  u^Cf), one being even and one being odd. We may remove 
the secu lar  term due to  each part in d iv id u a lly , the secu lar  term due to
the other w i l l  n ecessa r ily  remain. This dual s itu a t io n  y ie ld s  the two

2
c h a r a c te r is t ic  curves emanating from each value m . Note th at fo r  n=m in  
the summation a proper term appears to cancel the KjCosfmy) or K^sinCro )̂ 
term. Thus,

K, = 1 T w - t4‘

and the c h a r a c te r is t ic  curves are given approximately by

^  ~/W" -  } (4 ‘

~  l  JlI   V 1 / w i - n  ( 4
% 1«T\S 6 ) ™ °

I f  we had truncated the s e r ie s  given in  4-154A fo r  n> 2 we would have
approximated the H i l l ' s  equation by the Mathieu equation. In th is  case

114the power s e r ie s  for the c h a r a c te r is t ic  curves are known and i t  i s  in  
str u c tiv e  to  compare the two approximate cu rves, shown in  Table 4 -2 .

161A) 

161B)

162J

163)

164 A) 

164B)

Note that only for  m=l the approximations are th e same. In p a r t ic u la r , fo r
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the H i l l ' s  equation lin e a r  approximations are obtained fo r  m i 2 while 
for  the Mathieu equation case the low est order approximation i s  quadratic 
for  th at range.

Table 4-2 Approximations fo r  C h a ra cter istic  Curves

m H il l ' s  Equation Truncation to  Mathieu Equation

0 ^  1 TT® v2
n 8 7-9*15

1 2 
n §Y

1 n^l^Y n -l^ Y

4 n~4±gv n=4+|gY2 ; 4- ^ y2

9 n=91l8 Y n=9+^ Y 2

Before turning to  the e x p l ic i t  so lu t io n  we s h a ll  consider one f in a l  
theorem due to  Borg.1*5 This theorem s ta te s  th at i f  K(x) in  4-144 has 
zero average and has period  "TT and i f

ti-

e x is t s  j then for  any in teg er  n> g [s i c ]

I • T v '  I -  hV

l-fjjCi - i m i U  -q§r=x

-7 .m + \| k

C4-16SA)

(4-165B)

(4-165C]

C4-16SD)

(4-165E)

Therefore, g iven  a value o f  n th is  theorem w il l  generate regions in  the 
s t a b i l i t y  plane where the c h a r a c te r is t ic  curves generated by that value
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o f  n w i l l  l i e .  For each value o f  n ,  A i s  bounded by 2n and t h is  e ssen ­
t i a l l y  bounds th e value o f  'Jf fo r  the approximation. Since A> 0 ,  we see  
th a t  bounds fo r  th e  curve cannot be generated . We note a lso  th at the  
theorem in d ica tes  to  what p o in ts  on the ^  ax is th e  curves approach. S ince  
the fu n ction  has a sim ple zero at w© have

We w i l l  consider on ly  the curves n2 '» n2 > Hj1 and n^’ and th ere ­
fore  we apply th e  formula for n=l and na2. Thus,

H y ’ - ' h - X S i  , (4-166B)

- i l 4  , i <- -n"*- (4-166C)

1 - 1 7 >
v /  i H T  
s ^ C4-166D}

(4-166E)

M i r - , 'IT1- C4-166F)

(4-166G)

The r e su lt in g  t r ia n g le - l ik e  reg ion s are shown in  F ig . 4 -1 4 . Comparison 
o f  th e  exact r e s u lt s  shows th at th e theorem g iv e s  correct r e s u lt s  for  
a l l  th e  curves d er ived  except the curve f  or ^  . The theorem in d ic a te s  
th a t th e * curve crosses the 'i a x is  for  whereas th e  exact r e -

C-l IT1-
s u i t  i s  that th e  curve cro sses  the ax is a t "if ~  1 .9 . A p p lication  
o f  th e  theorem t o  Mathieu*s equation  shows th a t the theorem f a i l s  there as 
w e ll  f o r ^ j ' .  The conclusion  i s  th a t  i t  f a i l s  fo r  th is  p a r t ic u la r  curve.

We now proceed t o  s o lv e  the H i l l ' s  equation g iven  in  4-129. We make the  
change o f  v ariab le

C4-167A)
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i

6 +

Fig. 4-14 A pplication of a Theorem Due to Borg
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so th a t the d if fe r e n t ia l  equation becomes

(4-167B)

The d if fe r e n t ia l  equation

^  ^ =  o

for  f (x )  a quadratic function o f  x , has two d is t in c t  standard forms

C4-168A)

u'1 _ * * •  ■+• d) a  =  O (4-168B)

^  +  t 4 ' 1 6 8 C )

which have as th e ir  so lu tio n s  the Parabolic C ylinder F u n ction s.1^  Recog­
n ize  that 4-167B i s  o f  type 4-168B, the in vected  form. The d if f e r e n t ia l  
equation given in  4-168C i s  c o n s is ten t with the en gra iled  form. D efining

t4 - 169«

we have for the so lu tio n  to  4-167B

UL - au(p,*) + eV M  w-i69B3
where U(P,x) and V(P,x) are the Parabolic Cylinder Functions. We take one 

o f  the Floquet so lu tio n s  given in  4-139 and th erefore we have

u (h) = A U (p ,-J in S ')  +  C4-170A)

u ( s  4-ir-) = e '^ u .C 's')  

ia! t o  ■ -I? * U' (p.ra n S ) + B  V ‘f r ,«  1*S)] C4-170C)

a ’C^+ir) =zr’lru.'M (4-i7od)

At both a f t )  and OJ ft)  must be continuous. S e ttin g  's='j in  4-170A and C
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and s e tt in g  'S in  4-170B and D we f in d , from the con tin u ity  demands, 
a s e t  o f  homogeneous equations. To obtain  a n o n tr iv ia l so lu tio n  fo r  the  
constants A and B we must have the fo llow in g  determinant equal to  zero:

u (p, to -  -to - 0

'/h-
I T

Upon expansion th is  becomes

[U  I f , -  % V ' M  -  u ’M  v fe  -  a ] e T *

u'(?,xj] = 0
Since U(P,x) and V(P,x) both s a t i s f y  4-167B we have that

u " M v M  = v "(p,*) u m

Integrating by parts we fin d

O M  ^  f a x )  ~  V ( V ,  * )  U ' ( p ,  0  =  constant 

117which i s  recognized as the Wronskian

(  U(P,x)
W | o , \ / J  -- y .fp ^

Using y-tX  we fin d

( 4

C4

C4

( 4

C4

C4

. j f  [u(fr x')\/'M +oM V l(p,-x'>-v(p^u'(pr x y  1= 0  ( t

Mote that th is  equation has been ca st in  the form o f  the c h a r a c te r is t ic
118equation, 4-135. By use o f r e la tio n s  between the functions we fin d

-171A)

-171B)

-172)

-173A)

-173B)

-173C)

-174)
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(4

(4

(4

C4

Using 4-175 we s im p lify  4-174 and using 4-137 we have

-  c W - ? i r OCf,X'iU'CPjx^
"HSp

+ V ( f » o ’(p,x)J

119The d er iv a tiv e s  may be found from the r e la tio n sh ip s

U '( f , \V i> ' 'J ( S ’>x') + ( P + 4L ) u ( f + i 1x) = 0  (4

O' If -  ixO  M  + U fr-i, = 0  f4

+ 0 ( f - i ,  w ( f + i ' ) 0 ( p + i >>̂  = 0  C4

\l’M (r-\,£) --o (4

n/ ' ( p^  +  \ x \ j ( p Jx ' ) - v ( p * i i x ) - o  «

The values o f  the right-hand s id e  o f  4-176 determine the nature o f  p  and 
th erefo re  th e s t a b i l i t y  o f  the d i f f e r e n t ia l  equation . We arrange a ta b le  
s im ila r  to  th a t used in  Chap. 2.

175A)

175B)

175C)

175D)

176)

177A)

177B)

177C)

177D)

177E)

177F)

We fin d  the lim it in g  va lu e o f  4-176 as 'K->0, ^ > 0 . We have from th e ir  
d e f in it io n s
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P
f-*o 

fcsrr\ X
Y-*Q

-  -  d o

-  0

C4-178A)

(4-178B)

¥-*o L
X>°

(4-178C)

Table 4-3 S ta b il i t y  o f  D if fe r e n t ia l Equation

cosh yn Condition

- “<cosh[yTr]<-l

cosh[yir]=-l

-l<cosh[yTr]<l

cosh[yiT]=l

l<cosh[jiir]<“

1 -1 *-cosh [-cosh y v ]*4.(2111+1)

±̂ (2111+1)

^  1
* -{ 0 0 5 " [cosh y7r]>± .̂2m

±-t.2ra

±^cosh"^[cosh pir]±-c2m

Unstable

C h a ra cter istic  Curve

Stable

C h a ra cter istic  Curve

Unstable

120 2 From the expansion for -P » ,A

w w  v m - (4-179A)

^  -  p p ?  t - p j '  [ z p ] 4
C4-179B)

| ........
^  —  2 - P  f o F T J 5

(4 -1 79C)

we find
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L  U ( W - C4-180A>
|>o

k ^ \ I ( ? }£) =  +^ )  (4-180B)

Using 4-177B and D we have

jL *  U'fr.X) = - UCP-l .A)  (4-180C)
P  fc*

(4-180D)
^*♦0^>o

Using th ese  lim itin g  values and the r e f le c t io n  and d u p lica tion  formulas
121for  the Gamma function

(4-181A)

p (lV> ' ^ S r ' r ( ^ p (v * ^  C4_181B)
we fin d  u ltim a te ly  from 4-176

(LUnCts^U'TT =■ C/r^fr"^] (4-182A)
tf-vo 
 ̂>o

or,

jLv, (4-182B)

"̂>o
In p a r t ic u la r , for  the c h a r a c te r is t ic  curves we see th a t for  a so lu tio n  
o f  period  1T we require ^  to  be the square o f  an even in teg er  and fo r  a 
so lu tio n  o f  period 21T , we must have ^  the square o f  an odd in teg e r .
These are the p oin ts on the ^  axis where the c h a r a c te r is t ic  curves begin .

We fin d  the asymptotic behavior o f  the c h a r a c te r is t ic  curves for large X 
in  the fo llow in g  manner. As becomes in crea sin g ly  large the c h a r a c te r is t ic
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curves en ter  region II o f  the s t a b i l i t y  p lan e, as given  by Eqs. 4 -133 . The

expect p a ir in g  o f the c h a r a c te r is t ic  curves in  t h is  reg ion . Members o f  
th ese  p a ir s  should approach the same asymptote as We la b e l th ese
asymptotes in  a natural way; s= 0 , 1 , 2 , which correspond to  the in te r ­
v a ls o f  s t a b i l i t y  g iven  in  4-147 from L iapounoff's O sc illa t io n  theorem.
The s t a b i l i t y  in te r v a ls  are given  by

so th a t fo r  even s the le ft-h a n d  c h a r a c te r is t ic  curve has period  TT and 
the r igh t-h an d  curve has period  2 TT. For s odd th e  reverse s itu a t io n  h olds.

In th e d if f e r e n t ia l  equation 4-162 used in th e p ertu rb ation al a n a ly sis  
o f th e c h a r a c te r is t ic  curves fo r  m£0 there are two forcing  fu n c tio n s ,  
one even and one odd, The removal o f  one or th e o th er  secu la r  term r e ­
s u lt s  in  a c h a r a c te r is t ic  curve s o lu t io n . In e i t h e r  case the remaining 
fo rc in g  function  produces an unbounded so lu t io n . The term which was re­
moved id e n t i f ie s  the symmetry o f  the p eriod ic  s o lu t io n  corresponding to  
the c h a r a c te r is t ic  curve. Using th o se  r e su lts  and assuming th a t the  
c h a r a c te r is t ic  curves emanating from the same p o in t  on the \  a x is  do not 
c r o ss , or assuming no co ex isten ce  o f  so lu t io n s , we fin d  that fo r  s even, 
the b a s ic a l ly  p er io d ic  so lu t io n s  corresponding to  both c h a r a c te r is t ic  
curves have even symmetry and fo r  s odd they have odd symmetry. We fin d , 
th e r e fo r e , th a t fo r  s even the b a s ic a l ly  p er io d ic  so lu tio n s  fo r  th e l e f t -  
hand and right-hand c h a r a c te r is t ic  curves reduce to  m ultip les o f  cos sjp, 
and cos Cs+l)^ , r e s p e c t iv e ly ,  as V-*o. On th e o th er hand, fo r  odd values
o f s they  reduce to  m u ltip les  o f  s in  s's , and sinCs+IJ's , r e s p e c t iv e ly .

122At t h is  p o in t we use a c o ro lla ry  proved in  A rscott for M athieu’s equa­
tio n  but which would hold  here as w e l l .  This c o r o lla r y  s ta te s  th a t the 
b a s ic a l ly  p eriod ic  so lu tio n s  which reduce to  m u ltip les  o f  cos 2n'S , 
cos (2n+l)'S , s in  ^ n + lj's  and s in  (2n+2)!? each have n zeros in  0  

Applying th is  theorem to  the c h a r a c te r is t ic  curves fo r  even and odd values 
o f  s we fin d  that fo r  even s the b a s ic a lly  p e r io d ic  so lu tio n s  have g s

domains fo r  s ta b le  so lu t io n s  become narrow as ^ in creases so  th a t we

s even (4-183A)

s odd C4-183B)
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zeros in  0 < ' i< ^  while for odd s the number o f  zeros in  that in te r v a l i s  
^ ( s - l ) .  Taking note o f  the fa c t  th a t for odd s th e  b a s ic a lly  p e r io d ic  so lu ­
tion s have odd symmetry, and fo r  even s the symmetry i s  even, we fin d  that 
for both s itu a t io n s  the number o f  zeros in  the open in terva l ( — , g) equals 
s , We see  from the re la tio n sh ip  between x and "s given  in 4-167A th a t as

the in te r v a l *s transformed to  the e n t ir e  real l in e ,  -«a<xc°0.
We th erefore require that the b a s ic a lly  p eriod ic  so lu tio n s in  the form o f  
4-169B have s zeros in  the in te r v a l ( - 0 0 , 0 0 ) and have even or odd symmetry 
with resp ect to  x in  accordance w ith s being even or odd. In reg ion  I o f  
the s t a b i l i t y  plane J ( f )  i s  always negative and th e  so lu tion s are always 
unstab le. The asymptotes are th erefore  expected to  l i e  outside t h is  reg ion , 
or

\  "> -^T  *  (4-184A)

in d ica tin g  th a t the bracket in  4-169A is  p o s it iv e  and we have th a t

P <  O  (4-184B)

for the asym ptotes. The b a s ic a lly  period ic so lu t io n s  in  the lim it  Y-*o=>
must be bounded at in f in ity  when w ritten  in  the form 4-169B. The only v a l-

123ues o f  P which lead to  such bounded so lu tion s at ± 0 0  are

P = (4-185)

with n a nonnegative in teg er . For such a value o f  P the b a s ic a lly  p er io d ic
124so lu tio n  may be w ritten  in  terms o f  Hermite Polynomials o f  order n .

These polynom ials have even or odd symmetry according as n i s  even or odd 
and have n zeros in  ( - 0 0 , 0 0 ) .  We conclude f in a l ly  that the asymptote char­
acterized  by the value o f  s=0, 1 , 2 , i s  g iven  by

the ar ith m etic  average o f  the two in d ices o f  the two ch a r a c te r is t ic  curves 
bounding th e  s ta b i l i t y  in te r v a l.  Comparison o f  th ese  asymptotes to  the  
exact s o lu t io n  shows that they are ex ce llen t approximations for la rg e  '6
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( c f .  F ig . 4 -1 5 ). For }f s u f f ic ie n t ly  large

(4-187A)

so that from 4-186

(4-187B)

and we see that in  the lim it  a l l  the asymptotes are p a r a lle l  to  the 
boundary between region I and region I I .

For each point in  the s t a b i l i t y  p lane, )f> 0 , we may fin d  the corres­
ponding value o f  jx from 4-176 and from th is  value ch aracterize  the s t a ­
b i l i t y  o f  the d if fe r e n t ia l  equation. The c h a r a c te r is t ic  curves form the  
boundaries o f the s ta b le  and unstable reg io n s. We find  th ese  curves from 
4-176 using the d ig ita l  computer to  evaluate the Parabolic Cylinder 
Functions according to  a computer program given in  the Appendix, The r e ­
s u lt s  o f  th is  computation are given in  F ig . 4 -15 . Comparisons with the 
d iv is io n  o f  the plane according to  Fig. 4-11 and the asym ptotic curves 
are made on th is  figu re  and we see that they are indeed good approxi­
m ations. I t  i s  o f  in te r e s t  to  compare the s t a b i l i t y  plane fo r  the para­
b o l ic  JO?) to that which would be found by truncation  o f  the Fourier 
s e r ie s .  In th is  case we find  from 4-154C

the Mathieu equation. We found e a r lie r  from the perturbation an a lysis
th a t the c h a r a c te r is t ic  curves for  the two cases were approximately the
same in  the v ic in i ty  o f  \  =1 for s u f f ic ie n t ly  sm all 'if . The c h a r a c te r is t ic
curves d iffe r e d , however, fo r  sm all and nonzero "if in  the v ic in i ty  o f  ^ = 0 ,
4 and 9 ( c f . ,  Table 4 -2 ) , This behavior i s  borne out by comparison
w ith the s t a b i l i t y  plane fo r  the Mathieu equation, 4-188, as found from

125ta b les  o f  the c h a r a c te r is t ic  curves, shown in  F ig. 4 -16 . We note a lso  
that the c h a ra c ter is t ic  curves for  the two cases d if f e r  markedly far from 
the ^  a x is .

126By use o f  Hamming's m odified p red ictor-corrector  method and the d ig ita l

(4-188)
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,t Region I: Unstable w \
Region I I :  Narrow S tab le  Domains! 

lf Region I I I :  Broad S ta b le  Domains! \
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  Mathieu's Equation
—  H i l l ' s  Equation

- * to

7

- ■  6

-i
Fig. 4-16 S ta b il ity  Plane For Mathieu Equation
(F irst Harmonic o f  P iecew ise Periodic Parabolas)
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computer we f in d  some tr a je c to r ie s  corresponding to  d iffe r e n t  p o in ts  
o f  the s t a b i l i t y  p la n e . The tr a je c to r ie s  are compared w ith  the inform ation  
found from the s t a b i l i t y  diagram. We take the i n i t i a l  con d ition s fo r  a l l  
cases to  be

c U - D - l

u.' ( -D  = O

We consider f i r s t  the case ^ = - 3 .0 ,  "if = 4 .0 . From F ig. 4-15 we see  th a t  

t h is  p o in t l i e s  in  the in s t a b i l i t y  in te r v a l ( _0Oj £ q)* From the p re­
vious d iscu ss io n  we have th a t the so lu t io n  must have a f in i t e  number o f  
zeros. A lso , fo r  th is  region  the r e s u lt  quoted in  4-148 holds and we 
f in d  a lower bound for the c h a r a c te r is t ic  exponent. From F ig . 4-15 we 
see  th a t ^0̂ - 1 .4  fo r  if =4.0 and we fin d  from 4-148 th at

l . l t S - 
?T— + 0The so lu t io n  i s  compared to  the exponentia l fu nction , C. ^ *

in  F ig . 4 -1 7a. We note th at ign orin g  the p er io d ic  part o f  the so lu t io n ,  
and the other l in e a r ly  independent s o lu t io n , over the range in d ica ted  
i t  rep resen ts a lower bound fo r  the s o lu t io n . I t  would seem that the  
in s t a b i l i t y  i s  v e r i f ie d  along w ith the f in it e n e s s  o f  the number o f  zero s . 
A ll the other cases considered l i e  to  th e r ig h t  o f the curve and
th erefo re  we expect the so lu t io n  to  have in f in i t e ly  many zeros fo r  the  
s ta b le ,  as w e ll as the u n sta b le , s o lu t io n s . In the s t a b i l i t y  in terv a l  
C'Iq* t *ie tr a je c to r y  fo r  ^ = -1 .3 ,  If =4.0 i s  shown in  F ig. 4-17b .
The so lu t io n  i s  an example o f  a s ta b le  s o lu t io n  fo r  J ( f )  having n egative  
average va lu e. Observe that the s t a b i l i t y  p lane y ie ld s  accurate r e s u lts  
in  the sen se th a t a sm all change in  \  w i l l  bring the so lu t io n  in to  the
unstab le reg io n , as noted from F ig . 4-15.

In the ( \ 2 in s t a b i l i t y  in te r v a l a tra je c to r y  i s  shown for \  =1,
'i =1 in  F ig . 4 -18a , an example o f  an u n stab le  so lu t io n  w ith an in f in i t e  
number o f  zero s . In the C ^ 2 * * s t a b i l i t y  in te r v a l the so lu tio n  i s
shown fo r  ^ = 2 .5 ,  if =4 in  F ig . 4-18b.

The above work rep resen ts an e x p l ic i t  so lu t io n  for  a p iecew ise  parab olic
H i l l ' s  equation . Other known e x p l ic i t  so lu t io n s  are the rectangular
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U

iLOVI -»,o t.a

-  s.* • -

‘ML
F ig . 4-17 Numerical Solu tion  o f  P iecew ise Parabolic H i l l ' s  Equation

(a)

Cb)

u ( - i r / 2 )  = 1 . 0  u 'C - ir /2 )= 0
(a )  na - 3 . 0 ,  y=4 .0  (b) n = - l . 3 ,  y = 4 .0
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F ig . 4-18 Numerical S o lu tio n  o£ P iecew ise  P arabolic  H i l l ' s  equation
u [ - tt/ 2 ) = 1 . 0  u '  C-tt/23=0

Ca) n=1.0, y = l .0 (b) n= 2 .5 ,  y=4.0
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* 127wave and impulse fu n c tio n  and the saw -tooth  and p iecew ise  lin e a r
128rec ip ro ca l function . This work has th erefore  ca r r ie d  the range o f  known

e x p l i c i t  so lu tio n s a s te p  further to  quadratic v a r ia t io n . From F ig . 4-15
we se e  th a t  for the range o f ^  and depicted th er e  i s  no in te r s e c t io n
o f  c h a r a c te r is t ic  cu rves and thus th e in s t a b i l i t y  in te r v a ls  do not vanish
fo r  ^ > 0 . I f  th is  w ere to  happen we would have an in sta n ce  o f  co ex is ten ce
which i s  defined as a ch o ice  o f  ^ and ^  such th at th ere  are two lin e a r ly

129independent so lu tio n s  o f  p er iod tt or  2'fT. According to  In ce 's  theorem
M athieu's equation, 4 -1 8 8 , never d isp la y s  co ex isten ce  fo r  tf>0 w h ile

130s itu a t io n s  o f  c o e x is te n c e  for the rectan gu lar wave are known I t  would 
be o f  in te r e s t  to  determ ine i f  c o e x is te n c e  could occur for the p iecew ise  
p a ra b o lic  s itu a t io n , an example o f  a J (3 )  which i s  continuous but only  
p iecew ise  d if f e r e n t ia b le .

4 .11  S t a b i l i t y

In order to  find  the s t a b i l i t y  o f  4-128 by using r e s u lt s  o f  the preceding
f i  ms e c t io n  we must approximate the fu n c tio n  — by a parabola proportional

rfy2 2
to  * ®ecause t ^e average value o f  the parabola over the in te r v a l
( -J ,  p  i s  zero th ere i s  only one co n sta n t to sp e c ify  fo r  the appro­
xim ation . We could s e t  t h is  constant by s a t is fy in g  any one o f  a number o f  
a rb itra ry  c r ite r ia .  We w i l l  choose to  s e t  the value o f  the constant by 
req u ir in g  minimum square error between th e two fu n c tio n s . That i s , we wish

f, rip’)
to  approximate the fu n c tio n  — by th e  function

(4-189A)

such th a t

^  =• i f l  %l'i) “ (4-189B)

i s  minimized.

* As was used in  Chap. 2
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Applying the con d ition

cU^ _  ^ (4-190)

to  4 -1 89B we fin d  fo r  the value o f  A corresponding to  minimum C1

o ; :>!%, i. i  r j

. _n

(4-191)

The value o f  A as a function  o f  i s  shown in  F ig . 4-19 for the geometry
2 2
^ = 1  and -^7=3.08, where the in te g r a l to  find  A was ca lcu la ted  using the  
d ig ita l  computer. We se e  that fo r  th is  example the range o f  A w i l l  be 
between the approximate lim its  o f  0 .1  and 0 .6 .

i.i+
tJO

.3 -

IA i s
ii-

F ig . 4-19 A as a Function o f  ^2
n  n 17

t l - l . o ,  —=3.08
17 17

Comparison o f  4-128 and 4-129 y ie ld s  the id e n t if ic a t io n  o f ^  and V 

in  terms o f  the energy and geom etric r a t io s ,

L \  XoJ ir1 [Y o/l']1' (4-192A)
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Y r ' ■V0O (4-192B)

Observe from 4-192 and F ig . 4-15 for  sm all % , the values o f  the r a tio  
o f  the period o f  the stru ctu re to  the half-w avelength  o f  natural o s c i l l a ­
t io n s , which lead  to  in s t a b i l i t i e s ,  are in te g e r s . Note a lso  that fo r  our 
physical ap p lica tion  we only consider ^ > 0 .

Suppose that the lin ea r  an a lysis  in d ic a te s  a poin t in  the s t a b i l i t y  plane 
w ithin  the f i r s t  s ta b le  reg ion , C^qi ‘I j ’ )* near the /l^1 curve. We found 
from the nonlinear an a ly sis  o f  the smooth boundary system th at the natural 
period in creases as the o s c i l la t io n s  in crease  in  magnitude. The nonlinear  
analysis th erefore p red icts  th a t w i l l  increase as the o s c i l la t io n s  in ­
crease in  strength  and th erefore both ^and if w il l  decrease in v e r se ly  as 
the square o f  Aq, making the system more s ta b le  from th is  viewpoint a lone.

As an example o f the ap p lica tion  o f 4-192 we take —=1.25 and in v e s t ig a te
^  2the s t a b i l i t y  as a function  o f  the two parameters [ - ^£° j and [-%]. We find

°3r
that over the range o f in te r e s t  the so lu tio n s  are s ta b le  and the charac­
t e r i s t i c  exponent is  purely imaginary. Taking for the p r in c ip a l part o f  
the c h a r a c te r is t ic  exponent

we p lo t constant B curves as functions o f  and [ ] 2 . This fam ily
Vrt 2r /t| 2

of curves i s  shown in  F ig . 4-20 fo r  -^=1.25. We have shown H g j r u p  to  
10 to  in d ica te  the v a r ia tio n , although as was mentioned e a r lie r  we would 
not go beyond the value 1.

4.12 P a rticu la r  Integral

We turn now to  the p a rticu la r  so lu tio n  o f  the nonhomogeneous d if fe r e n t ia l  
equation which we fin d  from 4-121, using the s im p lif ic a t io n s  leading to  
4-128, and using 4-123B, to  be
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Fig. 4-20 Constant 3 Curves
^ = 1 .2 5 ,  "^=3.08it ’ it tt

The right-hand s id e  o f  4-193, representing the forcing fu n ctio n , i s  a 
p er io d ic  function  w ith period 'H* . In Sec. 4 .10  we found the so lu tion s to  
the homogeneous equation in  the forms given in  4-142. In the stab le  r e ­
gions we w rite  the so lu tio n  in  those forms w ith and r e c a ll  that i f
13 i s  ra tio n a l the so lu t io n  w i l l  be p er io d ic  with period s-TT, with s>  2 .
I f  |3 i s  ir r a t io n a l the so lu t io n  i s  a p er io d ic . We w rite  the forcing func­
t io n  o f  the d if f e r e n t ia l  equation as
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9.^0 + ) ^ ^ C'tKL7''n'g ~ (4-194)
/n=t iy\--co

from 4-193, where the approximation given in  4-124B may be ap p licab le . We 
w rite  the so lu tio n s  to  the homogeneous equation for  the s ta b le  regions as

C V* aa, -  V'* Z  (4-19SA)
■V1--CO

f+ t"'1 '5 C4-195B)
m-z -Go

We may w rite  the p a r ticu la r  so lu tio n  in  terms o f  5^ and £  as131

-h.WS'.OC) +  b iO O fiW ) (4-196A)

if T > el“* jI I  -J2*=ss--------------  P""-------------------------- (J'fl
J  s x -  y , ' f x

In-tW) ~ 9 \ fr>=-°°__________ «°-m____________    fta
j w  -  3

(4-196B)

(4-196C)

By the same reasoning leading to  4-173B we note th at the denominator
appearing in  the in te g r a l o f  4-196B or 4-196C i s  constant. Since the forcin g
fu nction  and the so lu tio n s  to  the homogeneous equation are continuous with
continuous d er iv a tiv e s  the Fourier s e r ie s  in  the in te g r a ls  converge u n i-  

132formly. I f  we look a t them as power s e r ie s  in  the exponential func­
t io n s ,  they a lso  converge ab so lu tely  and we may interchange m u ltip lica -

133tio n  and summation and a lso  in tegra tion  and summation. The h functions  
th erefore involve in te g r a ls  o f  the form

which i s  i t s e l f  exponential unless the exponent i s  zero. In such a case 
the in teg r a l leads to  a term lin ea r  in  which in d ica te s  an unbounded 
term. In the s ta b le  region

O  < /3 < \
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so that such a term cannot be generated. This i s  eq u iva len t to  ru lin g  
out a resonance phenomenon when i t  i s  re ca lled  th a t i f  the so lu t io n  to  
the homogeneous equation i s  p eriod ic in  the s ta b le  region i t  has period  
sir , with s>  2. The forcin g  function has period TT > however, so th a t  
resonance at a harmonic o f  the forc in g  function may not take p la c e . Thus, 
we see  that i f  the homogeneous equation i s  s ta b le  then the forced  s o lu ­
tio n  is  a lso  bounded and we expect a p er io d ic  p a r t ic u la r  so lu t io n . We

134w il l  apply a method s im ila r  to  the p r in c ip le  o f  harmonic balance 
which was used to  find  the nonlinear v a r ia tio n s o f  the period in  S ec . 4 .8 .  
We truncate the se r ie s  o f  the forcin g  function and seek a p a r tic u la r  
so lu tio n  which i s  o f  the same order o f  truncation . We evaluate the  
c o e f f ic ie n ts  o f the so lu t io n  by making the equation s a t i s f ie d  fo r  only  
those orders, d iscarding the higher order terms which are generated.

To i l lu s t r a t e ,  suppose the homogeneous equation i s  approximated by the  
piecew ise parabolic H i l l ' s  equation o f  Sec. 4 .1 0 . Further suppose that  
we truncate the forcing function a t n=l so that we have, using th e  form 
given in  4-154C

S u b stitu tion  o f 4-197B in to  4-197A, d iscarding h igh er order term s, y ie ld s ,  
when eq u a lity  i s  demanded for the th ree so lu tio n  forms separately

u" + C a ^ mV$] U  -  + 9i (4-197A)

We seek an approximate p a rticu la r  so lu tio n  o f  form

U p -  / \ (4-197B)

(4-198A)

(4-198B)

I A (4-198C)

We see  from 4-198B th at B i s  id e n t ic a lly  zero, and there i s  no odd part
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to  the so lu t io n , provided th a t

^ - L j + X ^ O  C4-199A)L ^

Referring to the perturbation an alysis o f  the c h a r a c te r is t ic  curves o f  
S ec. 4 .10 , given in  Table 4 -2 , we see that the c h a r a c te r is t ic  curve for  
an odd so lu tio n  near /J_=4 was approximated by

H ~  ^  (4-199B)

Therefore, i f  4-199B i s  true then our r e su lts  pred ict the p o s s ib i l i t y  o f  
an odd so lu tio n , which i s  co n s is ten t with th e c h a r a c te r is t ic  cruve. Within 
the sta b le  regions 4-199A i s  s a t is f ie d  fo r  the approximation so that the  
p a rticu la r  so lu tio n  i s  even. From Table 4 -2 , the perturbation  analysis  
approximated the c h a r a c te r is t ic  curve for  an even so lu tio n  near ^=4 as

H + (4-199C)

so w ithin the approximation the c o e f f ic ie n t  o f  A in  4-198A i s  not zero 
w ithin  the s ta b le  region . We fin d  for the approximate p a r tic u la r  so lu tio n  
in  the s ta b le  regions

a , (4-200A)

A= V h - 4

I

*

I (4-200B)

To obtain the so lu tio n  in  terms o f radial displacement we use the tra n s­
formation in  the form 4-123A or 4-124A. I t  i s  obvious th at there w il l  b e ,  
in  general, a s h i f t  in  the so lu tio n  given by the constant part obtained 
a fte r  making th e transform ation. The beam i s  therefore d isp laced  by the  
p eriod ic  f ie ld s .
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CHAPTER 5 

INTERACTION

5.1 Assumptions

The an alysis o f  the in te r a c tio n  between the e lec tro n  beam and the r f  wave 
w ill be a s im p le  one. We attem pt to  extract th e  most b asic  processes which 
are in force in  order to f in d  th e gain o f  the system in  a sim ple way. The 
analysis w i l l  be a linear one, v a lid  for sm all s ig n a l s tren g th s. A ll equa­
tions are lin e a r iz e d  and in  order to  find th e gain an exponential var ia tion  
i s  assumed, which is  c o n s is ten t with the s o lu t io n  of lin ea r  d iffe r e n t ia l  
equations w ith  constant c o e f f ic ie n t s .

The resu lts  o f  Chap. 2 are used  for the electrodynam ic f ie ld s  e x ist in g  in  
the stru ctu re fo r  the desired  mode. I t  is  assumed that i t  i s  the only mode 
which e x i s t s ,  other modes n o t being excited  by the e x c ita tio n  scheme, 
being in  a c u t o f f  s ta te , or b e in g  damped h e a v ily  by the stacked  ring de­
sign . We th e r e fo r e  have assumed that the f i e ld s  present are the "cold" 
f ie ld s ,  which are the so lu t io n  in  the absence o f  the e lec tro n  beam, the 
inherent assum ption being th a t  the beam current is  small enough not to per­
turb those f i e l d s  s ig n if ic a n t ly .

The presence o f  the beam i s  a ls o  ignored in s o fa r  as i t  a f fe c t s  the s t a t ic  
f ie ld s .  We ta k e  the so lu tion  to  be that o f  L aplace's equation and dispense 
with the need fo r  a so lu tio n  to  Poisson's equ ation . The e lec tro n s  do not 
in teract w ith  each other in  t h is  simple a n a ly s is  and each e lec tro n  i s  free  
to  move independently of the o th ers . There i s ,  th erefore , no consideration  
at a ll o f  any analog of space change waves,

The s ta t ic  f i e l d s  which a f f e c t  the electron  motion are taken to be those 
derived from a logarithmic p o te n tia l and so  th e  corrugated nature o f  the 
inner boundary i s  ignored in  t h is  regard. We u se the r e su lts  o f  Chaps. 3 
and 4 to a ssu re  that the beam motion is  a s ta b le  one. Once t h is  i s  d e ter ­
mined, we ig n o re  the e f fe c ts  upon the e le c tr o n  motion caused by the 
periodic n atu re o f  the inner boundary.
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The e lec tro n  beam i s  assumed synchronous w ith a s in g le  space harmonic and 
no d ir e c t  in ter a c tio n  i s  considered between the beam and any other than 
th is  s in g le  harmonic. However, s in ce  we take the co ld  f ie ld  so lu t io n , i f  
a s in g le  harmonic i s  am plified  so i s  every other one am plified  s in ce  the  
t o t a l i t y  o f  the f ie ld  i s  needed to  s a t i s f y  the boundary con d ition s. In 
th is  sense the other space harmonics are coupled to  the e lectro n  beam by 
the boundary co n d itio n s.

The forces on the e lec tro n s  are th erefore taken to be the rad ia l e le c ­
t r o s t a t ic  force due to  the assumed uniform boundaries and the angular 
e le c t r ic  force due to  the synchronous space harmonic. The sign  and mag­
nitude o f  th is  la t t e r  force depends upon the time o f  entrance o f  the 
e lectro n  in to  the stru ctu re .

As i s  uniformly done in  electron-wave in te r a c tio n  c a lc u la t io n s , we ign ore, 
i n i t i a l l y ,  for  the sim ple model, consequences o f  the magnetic f ie ld s  o f  
the r f  wave.

5 .2 Linearized In tera ctio n

We assume that the e lec tro n  beam i s  synchronous with the n=l space harmonic 
and th erefore  2-46 i s  re levan t, We express the f ie ld  in  terms o f  the to ta l  
power transm itted over the 2Trr̂  circum ference and make the usual remarks 
as to  radius o f curvature and coord in ates. The dimension y^ corresponds 
to  rQ so that from F ig . 2-1 we see that

(5-1)

and making the necessary changes in  2-46 we have

E>e ^  C5-2A)

ir r < ' R f i .  +E.1 (* , afrJU ,a) 1
b -  m V J  J -
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We obtain EQ as a function o f  time for  each e lectro n  by m u ltip lic a tio n  by 
e^wt and taking the rea l p a rt, where t  for  an e lectro n  i s  expressed in  
terms o f  i t s  entrance time in to  the f ie ld s  and i t s  lon gitu d in a l d isp la ce ­
ment. Since we have assumed uniform ity o f  boundaries, the displacem ent i s  
simply in v erse ly  proportional to  the constant lon g itu d in a l v e lo c ity ,  given  
by Eq. 2-14 w ith m=l.

For sm all s ig n a l in tera c tio n  we expand the f ie ld  about and r e ta in
only the f i r s t  two terms o f  the s e r ie s .  Using the n ota tion  o f  Eq. 4-12 
we have

Instead o f  constant angular momentum, as found in  Eq. 4 -3 , we have that
135the time d er iv a tiv e  o f  the angular momentum equals the torque which 

i s  given by the product o f  Ee  and -er . We take the angular momentum in  the  

form

where ^  i s  the i n i t i a l  value which s a t i s f i e s  the equilibrium  conditions  
in  the absence of r f  energy. Therefore,

(5 -3D

Thus,

(5-6)

d dTaking 5-7 to  f i r s t  order, and sin ce  for  the uniform case wewe have

(5-8)
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Using logarithm ic p o ten tia l in  Eq. 4-5 and demanding equilibrium  when the  
e lectron  enters the system with r=rQ, r=0, and we obtain

1 ~  ~ T v ^ r ^ r  1 J

Expansion o f  5-9 about r_ as was done in  Chap. 4 and reten tio n  o f  lin e a r
d dterms in  S  and A y ie ld s ,  with g t=voz

d ^  . n  P _  TAo X -  O  re m
J y .  *  £- tm%r0̂  6 ( W - W v r f  U  (5-10)

D iffer e n tia tio n  o f  5-10 and su b stitu tio n  o f  5-8 y ie ld s

d̂ <f jj_
3^. — Kq+K.^]-0 (5-11)

We assume that an exponential so lu tio n  for power is  appropriate to  lin e a r  
in ter a c tio n  and th erefore take

P r ^ P o e ^  (5-12)

so that the d if fe r e n t ia l  equation for  £ i s

? + (S-13J

136We so lv e  5-13 approximately by the method o f perturbation which was 
applied in  Chap. 4. We wish a so lu tio n  which w i l l  be accurate for  sm all 
values o f  power so  that we seek a so lu tio n  o f  the form

S = So + + P o f x t . . .  CS-14)

V
We su b s titu te  5-14 in  5-13 and separate according to  powers o f  Pq •
We obtain fo r  the f i r s t  two equations

V ^  f • n
d °  + l  a °  = °  (5 -ISA)

S *  + 'L =  2  + cs-lSB)
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The so lu tio n  to  5-15A i s  immediately

cio ~  a Q ( X -  +  b o  W’Tô 'UopC ^  C o  (5-16)

hSince the so lu tio n  5-14 must s a t i s f y  the i n i t i a l  conditions as Pq -*0, 
the so lu tio n  must carry the i n i t i a l  co n d itio n s . At 2 =0 , <?g= Sq = Sq =0

so that Sff-0  ■

The p a rticu la r  so lu tio n  o f  5-15B w ith (Tqh 0  w i l l  be obtained by assuming 
a so lu tio n  o f form proportional to  . The homogeneous part o f  5-15B 
i s  id e n tic a l with 5-15A so th at a so lu tio n  o f  form 5-16 i s  appropriate 
for the homogeneous so lu t io n . We th erefore have

P  _  n  &.Q o .  . l  A: ^ . 'X. ±. r
O j  —  Q . \ C o O -  J  +  b |  A w \  /m r o * " V o j .  o

, K o A b / i W t c ?  'I. i i o  p * y CS-17)

The i n i t i a l  conditions on are the same as those for  ^  so that  
evaluation  o f  the constants in  5 -17 , and using 5 -1 4 , y ie ld s  fo r  the appro­
ximate so lu tio n  for £

Ko A>"riUjto P0
'i.lLn'-

•r4o + CcKL ■ R h

rex; +■ "T£ ] ] (5-18)
^r^iro-y

For large enough z we take the dominant term in  5-18 to be the exponential, 

Therefore,

Ko Av*\uJito xSLc

< 4 ^ +
Po Ke.*% (5-19)

We have from 5-8
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U  a,’ < i t  i ' I & o  Q 'k^
3 -  - k o  w >  . f t  e  j | +  ^ r . * ^  p» &  " 3  C S-203

JJ,
We next average over a l l  entrance times to  obtain the value for  the 
the "average" e le c tr o n . This w i l l  be used to  obtain the cumulative e f f e c t  
o f  a l l  the phases. We fin d ,

4  C S -2 D

The energy o f  an e lectron  i s  g iven  by

H = T + V = i w ‘{ ^ + - ^ | :̂ E l + ' V ] - e - < | >  <5-22>

We fin d  Cf) w ith in  a constant from 5-9 and without lo s s  o f  gen era lity  
d efin e  the energy to  be zero at the cathode and when the beam enters  
the system , s e t t in g  the value o f  the constant. L inearizing the p o ten tia l  
we fin d

. , rrri —  £  (5-23]
4 ) ~ z & m ro l  e « > V  1 23J

S im ila r ly  we lin e a r iz e  T and fin d

-T- I ^  io* ■ U  . . \  - (5-24]

To f i r s t  order, the energy o f an e lectro n  i s ,  from 5-22 , 5-23, and 5-24

w ~  J * -  x  C5-25)r 1 ~  r m f j -
The power carried  by the beam p a st any cross se c tio n  i s  just the product 
o f  5-25 averaged over a l l  phases and the number o f  e lectron s flow ing past  
th at cross s e c tio n  per second. Therefore

P. M °  X (5-26A)
o I n o * -
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N =  CS-26B)

The sum o f  the beam and wave powers flowing through a cross se c tio n a l  
plane at arbitrary value o f  z i s  constant and therefore the d er iv a tiv e  
with resp ect to  z i s  zero. We have, from 5-12, 5 -21 , and 5-26A that

NlC ' KoK, Poe2* *  ^
W oC  C5-27)

which i s  equivalent t o ,  for Pq^O, the quadratic equation in  ot 2

/4 , n/"®- i N)5-ô ”K oK i —— O  f r  'ip ')
*  + T w - r A f  + c s - 2 8 )

I f  the varia tion s in  the e lectron  motion occur much fa ste r  due to  the 
e f fe c t s  o f  the r f  forces rather than the natural e lectron  o s c i l la t io n s ,  

so th at

od »  ts‘29A>

we have from 5-28

r f l  fS-29B’)
~  C J

From 5-8 we see  th at for  large radius o f curvature K- w il l  c e r ta in ly  be
. 4

n eg a tiv e . Under those circumstances <*• i s  p o s it iv e  and we have appro-
four roots o f

<*: - 1 ^ (5-30A)

/'=-VI (5-30B)

C5-30C)

^ | C5-30D3

u ' M
isl̂ KoK1
T-nnH<?T)a£ (5-30E)
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There w i l l  b e , th e r e fo r e , a growing s o lu t io n , an a tten u a tin g  so lu tio n  
and an o s c i l la t in g  s o lu t io n . The so lu t io n  o f  in te r e s t  fo r  th ese  considera­
t io n s  i s  the growing wave, given by U ^ 1.

I f  the above approximation i s  not made we have from 5-28 th a t

b ein g  p o s it iv e  and one n eg a tiv e . We th erefo re  have two p u rely  rea l values  
o f  c< , w ith the same magnitude and op p osite  s ig n  and fo r  th e other two 
roots  a p a ir  o f  purely imaginary complex conjugate r o o t s . The behavior 
i s  b a s ic a lly  the same as fo r  the approximated ca se , the important point 
b ein g  th a t there i s  a growing s o lu t io n . We have

Of course, we recogn ize th a t i f  the lo s s e s  o f  the r f  s tru c tu re  are taken 
in to  account, the growing wave root o f  ©4 must be la rg er  than a c r i t ic a l  
value b efore actual gain w i l l  be n o tic e d .

We may express the value o f  ^  c o n s is te n t  w ith a growing so lu t io n  given  
in  Eq. 5-32A in  terms o f  the more approximate value given  in  5-30A 
u t i l i z in g  the wavelength o f  natural e lec tro n  o s c i l la t io n s ,  A Q, given  
in  4-113A. We find

(5-31)

2
We see  th a t fo r  n eg a tiv e  the two va lu es o f  oC are both r e a l ,  one

/vnifo'1- -m (5-32A)

(5-32B)

We may e a s i ly  show th at Eqs. 5-32 reduce to  Eqs. 5-30 when

»  I

(5-33)
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and we see th at for  o ij 'A g  large the two so lu tio n s c o a le sc e . As an 
example we choose the dimensions and data shown in  F ig. 2-28:

and we choose fo r  the operating p o in t on the d isp ersion  diagram

We allow for  the zero th ick n ess beam a clearance to  the plane o f  the  
teeth  o f  .100 in ch . For th is  clearance the in tera c tio n  f ie ld s  w il l  be 
r e la t iv e ly  strong without a large p o s s ib i l i t y  o f  beam in tercep tio n  and 
the p iecew ise parabolic H i l l ' s  equation i s  a good approximation. The 
choice o f operating point on the d isp ersion  diagram and the choice for  
synchronization w ith the n=l space harmonic y ie ld s  from 2-14 and 2-8A

g=.650 inch  
W=.312 inch 
t= .032 inch

3qL= . 4tt 
f^HGHz

and

We find  then

I f  we take

and we take

co n sisten t with the d iscu ssio n  in  Chap. 4 so that

From Fig. 4-20 the beam w il l  be s ta b le  with

6 =3.035
We find therefore th at the t o ta l  p o te n tia l o f  the e lec tro n  is

29.175 KV

s in ce
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V eoz 5
VT = 8

For an e lec tro n  gun o f  perveance
P ^ lt T 6

We have then
| I | m S amp

With th ese  values we fin d
ot̂  \ q ^  • 823

and
I I- HTT1- n  -2.1T ~  T 2 T
1 ~  u r > > 7 f  ~ - L* L

so th a t 5-33 must be used fo r  accuracy. We fin d  fo r  the gain in  db

Gdb=l° £ ° 0 }Qe ' « 8 . 6 8 6 <*,z

so th a t

Gdb/ free  space wavelength " .0 9  db

We can e a s i ly  show
I

I C5

so  th a t  fo r  the low gain  s itu a t io n
^  i

~HTtT  ^
and i t  i s  rea d ily  shown

W,,~  cs 
We s e e ,  th ere fo re , th a t in  the low gain  region  the gain v a r ies  as

i l l ''2

so  th a t some improvement in  the low gain  fo r  th is  sim ple model may be 
r e a liz e d  by in crea sin g  th e perveance o f  the gun.

5 .3  Large S ignal Region

I f  the beam displacem ents become ap preciab le some in tercep tio n  can take

-34)

-35)
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p la c e . I f  t h is  beam c o l le c t io n  occurs a t the outer cy lin d er  and not a t the  
inner c i r c u i t ,  e lec tro n s  which remove energy from the f i e ld  w i l l  be removed 
e n t ir e ly  from the in te r a c t io n  p ro cess. In th is  way, net in te r a c tio n  can be 
enhanced according to  th e sim ple model.

However*, th is  may req u ire  that the i n i t i a l  p o s it io n  o f  the beam be so  c lo se  
to  the ou ter  cy lin d er  th a t  the space harmonic f ie ld s  w i l l  be n e g lig ib le  
th ere . I t  seems that th ere  w i l l  be some optimum arrangement which would g ive  
the b e s t  r e s u lt s  under th e con d ition s o f  the model p resen ted .

As e lec tro n s  are removed p e r io d ic a lly  from in te r a c tio n  a bunched beam w i l l  
r e s u lt .  Space-charge fo rces w i l l  then tend to  make th e beam uniform once 
again . A lso , th ese a x ia l bunches may a lso  e x c ite  a modevhich has lo n g itu d i­
nal e l e c t r ic  f ie ld  which can then in te r fe r e  w ith the in te r a c t io n  p rocess o f  
the model.

5 .4  E ffe c ts  o f  the M agnetic F ie ld

A ll o f  th e  preceding was pred icated  upon the om ission o f  the fo rce  due to  the  
r f  m agnetic f i e ld  as i s  uniform ly done in  beam-wave in te r a c t io n  c a lc u la t io n s .  
We w i l l  now show th a t t h is  i s  a gross error for  TE waves.

We transform  to  a moving coordinate system  moving in  the a x ia l d ir e c t io n ,
the d ir e c t io n  o f  propagation and e le c tr o n  tr a n s la t io n . The transform ation

137o f  the f i e l d  q u a n tit ie s  i s

(5-36A)

E 1-Vx.B
(5-36B)

(S-36C)

■=. S —
(5-36D)
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where the primed components are w ritten  in  the coordinate system moving 
with v e lo c ity  v in  the z d irec tio n  and the su b scrip t T stands fo r  the 
transverse components o f  the f ie ld s .

The space harmonic f ie ld s  obey Maxwell's equations and we can derive the  
transverse components o f  the f ie ld s  from the relevan t ax ia l components 
in  the TE and TM cases. We take the a x ia l dependence to  b e, as usual

e ~ l h y
138For the TM wave we have the re la tio n  between the f ie ld s  to  be

HmT “ (5-37A)

where k i s  the free-sp ace wave number. Therefore,

f L - % V ^ r (5-37B)

with given  in  Eq. 2 -14 . For a slow wave, a necessary cond ition  is

c C5-38A)

and th erefore we have from 5-37B that the magnitudes t : EnT and are 
in  the r a t io  o f

c i  > c
'y¥m> (5-38B3

We th erefore see  from 5-36B that i f  the v e lo c ity  o f  the moving coordinate 
system i s  to  be le ss  than c we cannot elim in ate the e le c t r ic  f i e ld  by such 
a transform ation. However, we can e lim in ate  the magnetic f ie ld  and we take

'X i  ~  U ' f - v ,  Q . 'i j

With 5 -3 9 , 5-36D and in  view o f  5-38A we see  that

8 . ' t  = o

S im ila r ly , from 5-36B we fin d

(5-39}

(5-40 A)

r -J i -r -v sea i* .' ~ 1
1  i - [ ^ T

I — tro21
(5-40B)
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In th is  frame o f  r e fe r en ce , in  which the e lec tro n  i s  s ta t io n a r y , there  
is  no magnetic f i e l d  and the tra n sv erse  e le c t r ic  f i e ld  i s  reduced by the 
fa c to r

Hi

tending to  zero in  th e l im it  as

C .

Pot a TE wave the p a r a l le l  r e la t io n  to  5-37A i s

E/hT “  -  (5-43.)

For t h is  s itu a t io n  th e magnitudes o f  and are in  the r a t io  o f

'~0 ‘f/rv ^  C
and so  a transform ation S-36B can e lim in a te  th e e l e c t i c  f i e ld .  We use the 

v e lo c ity  o f  transform ation  as in  5-39 obtain ing from 5-36B and 5-41 in  the 
l ig h t  o f  5-38A th at

E«,T “  0  (5-42A.)

and from 5-36D

-■[ \ — ’ \  .c. ) Q*T (5-42B)

In t h is  frame o f  r e fe r e n c e , fo r  which the e lec tro n  i s  s ta tio n a ry  w ith  
resp ect to  tr a n s la t io n , there i s  no e le c t r ic  f i e ld  and the tran sverse  
m agnetic f i e ld  i s  reduced in  a manner s im ila r  to  the reduction o f  the  
tran sverse  e le c t r ic  f i e ld  in  the TM case .

The t o t a l  r f  tra n sv erse  force on th e e lec tro n  fo r  synchronous motion i s  
th ere fo re  zero and one cannot expect to  fin d  in te r a c tio n  based on the model 
proposed e a r l ie r .

The in c lu s io n  o f  v„ in  the synchronous case produces rad ia l and a x ia l  
m agnetic fo r ce s . The ra d ia l motion w i l l  g ive r i s e  to  an angular magnetic
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fo rc e , a lb e it  sm all in  view  o f  the r a d ia l ly  bounded nature o f  the geo­
metry. The fo rc e  fo r  the required mode, s t i l l  demanding synchronism  
d esp ite  th e a x ia l  fo rce , i s  then

?  = - e ^ . [ T ) 9 H ^ a r -  HrH^dg - v eHrd^j  t5' 43)

D espite the m agnetic nature o f  5-43 th ere  i s  s t i l l  power tran sferred  
between wave and e lec tro n  s in ce

p = 1 ) 4  E = - £ ~ 0eEe

The dot product o f  the p u rely  magnetic fo r c e , 5 -43 , w ith the v e lo c ity  
vector y ie ld s

(5-44)

P = H r
(5-45)

which i s  fo r  synchronism e a s i ly  shown to  be id e n t ic a l  with 5 -44 , 

using 5-41.

I t  can be th a t  th ese  m agnetic forces g iv e  r i s e  to  n e t  in te r a c t io n .  
Moreover, i t  may be p o s s ib le  that n e t in te r a c tio n  w i l l  r e s u lt  when 
e f fe c t s  such as space-charge forces and nonsynchronous v e lo c ity  are 
considered. A nonsynchronous v e lo c ity  w i l l  no longer r e s u lt  in  can cel­
la tio n  o f  th e  angular e l e c t r i c  force on the e lec tr o n . Just as non­
synchronous v e lo c ity  r e s u lt s  in  net ga in  fo r  a normal tr a v e lin g  wave 
tube, so may i t  h ere.

139Other s o -c a l le d  tran sverse wave in te r a c tio n s  have purely  transverse  
e le c t r ic  f i e ld s  only at th e  unperturbed beam p o s it io n . The lon g itu d in a l 
e le c t r ic  f i e l d  i s  nonzero o f f  the ax is and th is  f i e ld  is  c ru c ia l to the  
energy-exchange process in  those in te r a c tio n  mechanisms.
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APPENDIX

COMPUTATION OF THE PARABOLIC CYLINDER FUNCTIONS

A method o f  computation o f  the functions U (a,x) and V (a,x) o f  Sec. 4 .1 0  was
developed for  the d ig i t a l  computer using  a composite scheme. The method

140was found to  give accurate re su lts  when compared to  ta b le s  for \a \£ 5 .0  
and \x ]^ 3 .5  which was a wide enough range to  obtain  the r e su lts  given  in  
Sec. 4 .1 0  by use o f  the d ig ita l  computer. A ll o f  the fo llow in g  i s  su b ject  
to those r e s tr ic t io n s  on | a| and |x | .

The s e r ie s  d e fin itio n s  fo r  the f u n c t i o n s a r e  used fo r  a £ 0 ;  for a > 0  
and lx|S:1.5; and for a> 0 and \xl>1.5  fo r  V (a,x) on ly . The number o f  terms 
taken in  the ser ies  i s  g rea ter  than a minimum number s e t  in  the computer 
program. This number should not be so great as to  cause underflow or over­
flow in  th e computer. The s e r ie s  i s  term inated when e ith e r  the upper bound 
for the number o f  terms i s  reached or the normalized change in  the s e r ie s  
is  le s s  than some chosen value given by the variab le  STOP. Cases where the  
gamma fu nction s have very large negative arguments or p o le s , are not com­
puted. The la t te r  s it u a t io n ,  involv ing indeterm inate c a se s , involves  
evalu ation  in  terms o f  Hermite polynomials and p ro b a b ility  and Dawson's 
In te g r a ls .

The f i r s t  subroutine uses the recurrence r e la tio n s  e a s i ly  found from 
Eqs. 4 -177 .

xUCo-.x) - 06*--i,k) ' J - o ^

x - V 0  + Co. -  o  ca-2)

For U ( a , x )  for  the range mentioned A -l i s  used in  a backward recurrence 
scheme w h ile  for V (a,x) i t  was found th a t the se r ie s  was more accurate.
The method i s  in it ia t e d  fo r  a value o f  a much larger than the desired  value
and U (a+ l,x ) and U(a,x} are se t a r b itr a r ily  at the values 1 and 2 
r e sp e c t iv e ly . The recurrence re la tion  i s  applied su c c e ss iv e ly  u n til the
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valu e o f a l i e s  between 0 and -1 . The value o f  the fu n ction  i s  stored  
a t the desired  value o f  a. The fu n ction s w i l l  d i f f e r  fo r  t h is  range by 
a m u lt ip lic a tiv e  con stan t from th e tru e  values s in c e  th e o th er  so lu tio n  
to  the d ifferen ce  equation w i l l  be sm a ll. The so lu tio n s  are normalized by 
eva lu atin g  U (a,x) fo r  the value o f  a between 0  and - 1  by th e s e r ie s  method, 
given  in  the second subroutine. The FORTRAN IV program i s  g iven  below.
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COMPUTATION OF THE PARABOLIC CYLINDER FUNCTIONS
U(A.X) AND V(A,X)

SOLUTIONS TO THE DIFFERENTIAL EQUATION 
Y»* - (0.25*X*X + A)*Y « 0.0

THE METHOD HAS BEEN SHOWN TO BE ACCURATE FOR 
ABSOLUTE VALUE OF A LESS THAN OR EQUAL TO 5.0 AND
ABSOLUTE VALUE OF X LESS THAN OR EQUAL TO 3.5
SET FLAG=l»0 BEFORE CALLING PROGRAM
FLAG IS CHANGED TO -1.0 IF THE GAMMA FUNCTION HAS A POLE OR 
TOO LARGE A NEGATIVE ARGUMENT.
NO VALUE IS RETURNED FOR THESE CASES 
A POLE CORRESPONDS TO AN INDETERMINATE CASE
THE METHOD USED IS A COMPOSITE ONE......

FOR NEGATIVE A THE SERIES IS USED 
FOR POS. A THE SERIES IS USED FOR ABS. VALUE OF X LESS THAN 1.5
FOR POS. A AND FOR ABS. VALUE OF X GREATER THAN 1.5

FOR U THE RECURSION METHOD IS USED 
FOR V THE SERIES^ IS USED

THE NUMBER OF TERMS IN THE SERIES:IS SET TO BE WITHIN TWO BOUNDS 
THE SERIES IS TERMINATED WHEN THE ABSOLUTE VALUE OF THE 
RELATIVE CHANGE.IS LESS THAN STOP 
THE NUMBER OF TERMS TAKEN IS RETURNEO IN ZAP
THE REFERENCE FOR THE RECURSION METHOD IS FOR A BETWEEN 0 AND -1 
THE INITIALIZATION OF THE RECURSION METHOD;IS WITH VALUES 1*2

MAIN 10
MAIN 20
MAIN 30
MAIN 40
MAIN 50
MAIN 60
MAIN 70
MAIN 80
MAIN 90
MAIN 100
MAIN 110
MAIN 120
MAIN 130
MAIN 140
MAIN 150
MAIN 160
MAIN 170
MAIN 180
MAIN 190
MAIN 200
MAIN 210
MAIN 220
MAIN 230
MAIN 240
MAIN 250
MAIN 260
MAIN 270
MAIN 280
MAIN 290
MAIN 300
MAIN 310
MAIN 320
MAIN 330
MAIN 340
MAIN 350
MAIN 360
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60

61
922

SUBROUTINE FRODO(A,X,U,V,ZAP,FLAG) FROD 10
DIMENSION HOLD 14) FROD 20
IF (A *GE. 0-0) GO TO 60 FROD 30
FLAG = 1-0 FROD 40
CALL 8ILB0(A,X,UAX»VAX,FLAG,ZAP] FRQD 50
U=UAX FROD 60
V=VAX FROD 70
GO TO 7 FROD 80
ABX=ABS(X) FROD 90
IFIABX -GE. 1.5) GO TO 61 FROD 100
FLAG = 1-0 FROD 110
CALL BILBO(A,X,UAX,VAX,FLAG,ZAP) FROD 120
U=UAX FROD 130
V=VAX FROD 140
GO TO 7 FROD 150
DO 922 LAU=1,4 FROD 160
HOLD (LAU)-.0-0 FROD 170
CONTINUE FROD 180
VALPU1=1*0 FROD 190
VALPV1=1.0 FROD 200
VALPU2=2.0 FROD 210
VALPV2=2*0 FROD 220
VALPU3=0.0 FROD 230
VALPV3=0*0 FROD 240
HAIT=AINT(A) ; FROD 250
MAITA=ABS(WAIT) FROD 260
STARTP=(2.0*WAITA)+20.0+A FROD 270
ARGPU1=STARTP FROD 280
ARGPU2=ARGPU1—1-0 FROD 290
ARGPU3=ARGPU1—2-0 FROD 300
ARGPV1=STARTP FROD 310
ARGPV2=ARGPV1-1*0 FROD 320
ARGPV3=ARGPV1-2*0 FROD 330
DO 902 LI-1,500 FROD 340
VALPU3=X*VALPU2+((ARGPU2+0.5)*VALPU1) FROD 350
VALPV3=(1.0/tARGPV2—0-5))*(VALPV1-(X*VALPV2)) FROD 360
FLI=LI FROD 370
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ARGPU1=STARTP-FLI
ARGPU2=ARGPUl-1.0
ARGPU3=ARGPU2-2.0
ARGPVl=STARTP—FLI
ARGPV2=ARGPV1—1.0
ARGPV3=ARGPV2~2.0
VALPUi=VALPU2
VALPU2=VALPU3
VALPV1=VALPV2
VALPV2=VALPV3
STOPP=ABS t ARGPU2-A)
IF(STGPP .GT. 0.001) GO TO 952 
HOLD(11-VALPU2 
HQLDI2)=VALPV2 

952 RBR=0.0
IFtARGPU2 *GE. RBR ) GO TO 902
HOLD(3)=VALPU2
H0LD(4)“VALPV2
FLAG=1.0
CALL BILBOtARGPU2*X»TUP*TVP*FLAGtZAP) 
IF(FLAG .LT. 0.0) GO TO 7 
UAX=(TUP/HOLD(3))*HOLD(1) 
VAX=(TVP/HOLD{4>)*HOLD(2)
BRACHA=UAX 
VAX=0.0 
FLAG=i.0
CALL BILBQfAtXfUAXtVAX,FLAGtZAP) . 
UAX=0.0 
UAX=BRACHA 
U=UAX 
V= VAX 
GO TO 7 

902 CONTINUE 
PRINT 972 

972 FORMAT(18H A IS TOO POSITIVE) 
FLAG=-1.0 
GO TO 7

FROD 380
FROD 390
FROD 400
FROD 410
FROO 420
FROD 430
FROD 440
FROD 450
FROD 460
FROD 470
FROD 480
FROD 490
FROD 500
FROD 510
FROD 520
FRDD 530
FROD 540
FROD 550
FROD 560
FROD 570
FROD 580
FROD 590
FROD 600
FROD 610
FROD 620
FROD 630
FROD 640
FROD 650
FROD 660
FROO 670
FROD 680
FROO 690
FROD 700
FROD 710
FROD 720
FROD 730
FROD 740
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7 RETURN 
END

FROD 750 
FROD 760
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146

150
143
152

154

153

248
245
247

249
244
246

250
243
252

PRE=(1.0/(GARG1+FM-1.0))*PRE BILB 380
FUN1= PRE*GAMMA(GARGl+RH) BILB 390
GO TO 150 BIL8 400
GO TO 152 BILB 410
CONTINUE BILB 420
CONTINUE BILB 430
IF (F.M .LT. 99.0) GO TO 153 BILB 440
PRINT 154 BILB 450
FORMAT (34H ARGUMENT OF GAMMA IS TOO NEGATIVE) BILB 460
FLAG=—1.0 BILB 470
GO TO 77 BILB 480
FNUM1= IYS1)*FUN1 BILB 490
FDENl=|SQRTIPI))*:(2.0*=m0.5*Al)+0.25)) BILB 500
YL1= FNUHl/FOENl BILB 510
GARG2=0.75-10.5*Al) BILB 520
PRE=1.0 BILB 530
DO 243 N=lt100 BILB 540
FN=N BILB 550
IF (GARG2) • 248* 245, 249 BILB 560
IFIGARG2+FN) , 244, 245, 246 BILB 570
PRINT 247, GARG2 BILB 580
FORMAT(30H GAMMA HAS A POLE, 0.75-0.5A1=, F8.3, BILB 590
1 57H THEREFORE FOR THIS VALUE OF A, THE CASE IS INDETERMINATE) BILB 600
FLAG=—1.0 BILB 610
GO TO 77 BILB 620
FUN2=GAMMA(GARG2) : BILB 630
GO TO 250 BILB 640
PRE=U.0/(GARG2+FN-1.0))*PRE BILB 650
GO TO 243 BILB 660
PRE=l1.0/IGARG2+FN—1.0)l+PRE BILB 670
FUN2= PRE*GAMHA(GARG2+FN1 BILB 680
GO TO 250 BILB 690
GO TO 252 BILB 706
CONTINUE BILB ‘710
CONTINUE BILB 720
IF (FN .LT. 99.0) GO TO 253 BILB 730
PRINT 254 BILB 740
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254 FORMAT (34H ARGUMENT OF GAMMA IS TOO NEGATIVE) BILB 750
FLAG=-l.O BILB 760
GO TO 77 BILB 770

253 FNUM2=(YSZ)*FUN2 BILB 780
FDEN2MSQRTIPI) (8.5*Al)-0.25)) BILB 790
YL2=FNUM2/FDEN2 BILB 800
PREU=UA1X BILB 810
UALX= tYLI)*.!COSIPI*(0.25+< 0.5*Aim)-(YL2)*lSIN(PI*{0.25+10.5*Ai)) BILB 820

I)) BILB 830
GARG3=0*5-A1 BILB 840
PRE=1.0 BILB 850
DO 343 L=l»100 8IL8 860
FL-L BILB 870
IF(GARG3) 348*345,349 BILB 880

348 IFCGARG3+F1) . 344,345,346 BILB 890
345 PRINT 347, GARG3 BILB 900
347 FORMATC26H GAMMA HAS A POLE, 0.5-A1-, F8.3, BILB 910

I57H THEREFORE FOR THIS VALUE OF A, THE CASE IS INDETERMINATE) BILB 920
FLAG--1.0 BILB 930
GO TO 77 BILB 940

349 FUN3=GAMMA(GARG3I BILB 950
GO TO 350 BILB 960

344 PRE=U.0/(GARG3+FL-1.0) )*PRE BILB 9t0
GO TO 343 BILB 9?S

346 PRE=U.0/(GARG3+FL~1.0) ).*PRE BILB 990
FUN3*=PRE*GAMMA (GARG3+FJ.) BILB 1000
GO TO 350 BILB 1010

350 GO TO 352 BILB 1020
343 CONTINUE BILB 1030
352 CONTINUE BILB 1040

IFLFL .LT. 99.0) GO TO 353 BILB 1050
PRINT 354 BILB 1060

354 FORMAT(34H ARGUMENT OF GAMMA IS TOO NEGATIVE) BILB 1070
FLAG=-W0 BILB 1080
GO TO 77 BILB 1090

353 CONTINUE BILB 1100
PREV=VA1X BILB 1110
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200

72
70
77

VA1X=«W0/ FUN3 )*((YLl)*(SIN(RI*t0.25 + (0.5*AlUU:
I +(YL2)*(C0S(RI* 10.25+10.5*Ai))))>
ZAP-FI+1.0
IFCFI .LT. 4.0) GO TO 200 
TESTU- ABSMUA1X-PREU)/UA1X)
TESTV=ABSILVA1X—PREV)/VAiX)
ST0P=1.0E—L5
IF (TESTU .LT. STOP .AND. TESTV .LT. STOP) GO TO 70
CONTINUE
PRINT 72
FORMAT(48H MORE THAN 500 TERMS NECESSARY FOR THE FUNCTIONS)
CONTINUE
RETURN
END

BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB
BILB

1120  
1130 
1140 
1150 
1160 
1170 
1180 
1190 
1200  
1210 
1220 
1230 
1240 
125Q
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