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A b s tra c t

N EW TO N ’S ITERA TIO N  FOR STRU CTU RED  M ATRICES : 

U N IFIED  APPROACH 

By

YOUSSEF RAMI

A d v iso r: P ro fe s s o r  V ic to r  Y . P a n

Recent progress in the stu d y  of structured m atrices shows advantages of 

unifying the treatm ent of various classes of such m atrices. We show such 

a unified treatm ent of N ew ton’s iteration which rapidly improves an initial 

approximation to m atrix  inverse by performing two m atrix  m ultiplications 

per recursive step. The itera tion  is particularly suitable for the inversion 

of structured m atrices because in this case m atrix  operations are performed 

much more rapidly and with O (n) entries of short generators of structured  

matrices rather than  with order of n2 entries of the input m atrix , th a t is, 

using much less memory space. A major problem is to control the length 

of the generator, which tends to  grow quite rapidly in the iterative process. 

Some techniques of 1992-93 propose to control the growth in the  Toeplitz-like 

case by reliving on the concept of approximate orthogonal displacem ent rank, 

other techniques of 1997-99 used substitution of the com puted approxim a­

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



tions for the inverse m atrix  in the  expression for the generators o f N ew ton’s 

iterates. We study bo th  variant of the iteration for the  more general class of 

s tructured  matrices, propose some variations of the iterative process and  of 

the techniques for controlling the length of the generators, and investigate the 

convergence rate as well as com putational complexity. Some novel techniques 

are introduced in this study, in particular for the estim ation of the  norm s of 

the auxiliary operators. We also summarize and unify the representation of 

s tru c tu tred  matrices via their short generators.
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1 Introduction

1.1 T oep litz  and H ankel m atrices and th e  d isp lace­

m ent rank approach

The modern study of structured m atrices was largely motivated by the sem­

inal paper [KKM79] and, in particular, by the basic concept o f the displace­

ment rank introduced there. The idea was to measure the Toeplitz-like (or 

Hankel-like) structure of a m atrix  M  by the rank of its displacement, th a t is, 

of the image m atrix  of some standard  linear operators of shift (displacement) 

applied to the m atrix  M.

The rank of the displacement (called the  displacement rank) of M  is a t 

most 2 for Toeplitz (and Hankel) m atrices, and an m  x  n m atrix  M  is said 

to be of Toeplitz (or Hankel) type or. alternatively, to  be Toeplitz-like (or 

Hankel-like) if the rank r of its displacement is small (say, bounded by a  sm all 

constant independent of n). In this case, the m atrix  can be represented by 

(m  + n )r  entries of its short displacement generators rather than  by its own 

m n  entries. This enables more efficient storage of such matrices in com puter 

memory as well as much faster com putations with them  [KS99].
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1.2 E xtension  to  th e  s tu d y  o f  o th er  stru ctu red  m atr i­

ces

Several other im portant classes of structured  matrices can be defined and 

treated similarilv based on using o ther linear operators, in particu la r the 

scaling operators of m ultiplication by diagonal matrices and the operators 

th a t combine scaling and displacem ent.

In Table 1 we represent four basic classes of structured m atrices, which 

themselves are highly im portan t in numerous applications to sciences, eige- 

neering and communication and also have been naturally extended in the 

above way to cover several o ther popular and im portant classes of struc tu red  

matrices.

The matrices of the four classes of Table 1:

1 ) are represented with a few param eters (from m to m  + n  per an m  x  n  

m atrix),

2 ) can be multiplied by vectors much faster than  general m atrices,

3) are closely related to some operations w ith polynomials,

4) can be naturally associated with some linear operators of displacem ent 

(shift) and/or scaling.

We refer the reader to [BP94] on property 3), we will specify properties
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Table 1: Four c la sses o f  s tru c tu red  m atrices

Toeplitz m atrices, T  =  Hankel matrices, H  =  [hi+j]£j= 0

t o  f _ i  •  •  •  t i - n h o  h i  •  •  •  h n — i

t l  ' •  ’  •  : h i  .......................................  h n

:  ■ • .  t — i :  ........................................ :

t n - l  •  •  •  11 t o h n - 1  h n  -  •  •  h 2 n - 2 m

Yandermonde m atrices, V  =  Cauchy matrices, C  =  [x. l  ]"j=l

1 Xo T n ~ l 1 1
X Q * i - y i X I - i In

1 _ n - 1 1 I
%n — l x n - 1. . X n - J / l ■^n — 1/n .

1 ) and 2) in Table 2, and then will s tu d y  property 4).

The four classes of m atrices are n a tu ra lly  associated w ith various linear 

operators L of scaling and displacem ent (shift), of the Sylvester type,

L ( M )  =  V.4 'B( M )  = A M  -  M B ,  

a n d /o r  the Stein type,

L ( M )  =  A a ,b ( M )  = M  ~  A M B ,

( 1 .1 )

( 1.2 )

where A  and B  are some fixed m  x  m  and n  x n operator m atrices.

Among the common choices for A  and  B  are the diagonal m atrices D( s ) =  

d i ag( s i , . . .  . s*.-) for a  fixed vector s =  (sj)*= l, which are the  matrices of
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Table 2:

Number of param ­ N um ber of flops required

M atrix  class eters in the m  x  n for m ultiplication by a

m atrix v ecto r

Toeplitz and Hankel m  -\-n — 1 0 ((m  +  n) logn)

\  anderm onde n 0 ((m  +  n) log2  n)

Cauchy m  + n 0 ( ( m  4- n) log2  n)

operators of scaling, and the unit /-c ircu lan t m atrices (for a  fixed scalar / )  

Z / =  Z  +  / e a n d  their transposes which are the matrices of the 

shifts (displacem ent) operators. Here and hereafter, e_, is the j - th  coordinate 

vector. Z  =  (2tj)^J=o *s t ^e shift m atrix, Zij =  1 for i =  j  +  1 , =  0

otherwise, v r  and U 'r  are the transposes of a  vector v  and a m atrix  W.

To each linear operator L  =  V a ,b  or L  =  A.4 ,b, a  class of structured  

matrices M  is associated for which the images V ^ ,e (i\/)  an d /o r A a ,b (M)  of

application of this operator to a m atrix  M  have small rank r relatively to

the m atrix  size, or equivalently, where

£ ( M )  =  V.4 ,b(.U) =  .44 / -  M B  =  G H t , (1.3)

L { M )  =  A.4 ,b (4 /)  =  .U -  .4 4 /£  =  G H t , (1.4)
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G  =  (g i, .  -- ,g r), H  =  ( hl t . . .  ,h r), (1.5)

r  is the m inim um  for the given m atrices M,  .4, B  and is small relatively to  

the m atrix size.

We will follow [KKM79], [BP94], and [P2000] and will call the m atrix  

pair (.4. B)  by operator matrices, the m atrix  pair (G , H ) by both  generator 

matrices for the operator images L { M )  and L-generator matrices for the 

m atrix M , and  the rank of L ( M )  by the L-rank  of M  (for the operators L  

of ( 1 .1 ) and ( 1 .2 )).

Table 3 represents some examples of operator matrices associated natu ­

rally with the m atrices M  of Table 1  and with ones having sim ilar structure.

The matrices whose L-rank is small for the operator L of the respective lines 

of Table 3 will be called hereafter Toeplitz-like, Hankel-like, Vandermonde- 

like, and Cauchy-like m atrices (some authors called them  matrices of Toeplitz, 

Hankel, Vandermonde, and Cauchy types).

Hereafter, D (v) for v  =  (rj) denotes the n x n  diagonal m atrix diag(vo ,. . .  , uri_ l ). 

This includes several im portant classes o f structured matrices such as Sylvester 

(resultant), Frobenius, Lowener, and Pick matrices [BP94], [OP98]. Further­

more, the block subm atrices, the products and the inverses of structured 

matrices inherit their structure [KKM79], [P90], [BP94], [P2000], that is,
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Table 3: O perator m a tr ic e s  .4, B  o f  th e  o p era to rs  A a,b a sso c ia ted  

w ith  four b asic c la sses o f  stru ctu red  m atrices.

Class of M atrices
M atrix pairs (.4, B )  

for the operators A _\,b
rank

Toeplitz { Z .Z 7") or (Z _l5Z n 2

Hankel (ZT. Z T ) or ( Z l l ; Z D 2

Yandermonde ( D ( t ) , Z )  or (D( t ) ,Z _ i) 1

Cauchy ( D( t ) , D( s ) ) 1

have small L-rank for app rop ria te  operators L too.

There are also several n a tu ra l extension of the above m atrix  classes, such 

as polynomial Yandermonde-like matrices and Toeplitz+H ankel-like m atri­

ces.

1.3 R ep resen ta tion  o f  stru ctured  m a tr ices  an d  som e  

related  basic op eration s

The cited operators L  associated  with structured  m atrices are readily invert­

ible, th a t is, we have sim ple expressions of m atrices M  via the generators 

m atrices G and H  and th e  operator m atrices .4 and B.  Hereafter, L(y)  is 

the lower triangular Toeplitz m atrix viZ'-> C irc (v )  is the circulant ma-
n —l

trix  ^  -  1 j the  reflection m atrix, and t n =  (£") for a  vector
;=o
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t  =  (ti).

T h eorem  1 .1 . [KKM79J, [BP94J, [G094J.

a
;U =  £  £ (g i) IT(hi), i f i M r(:U) =  G //T, (1.6)

1 = 1

and consequently (since J Z J  =  Z 7", J 2 = I ) ,

a
.u J  = ^  L{J&)Lt (\h )J, i f  ± z t,zt {MJ)  =  G / /r  (1.7)

i=i

Furthermore.

M  = Y / L( S , ) D ( t ) V T ( t ) D ( h i). i f V D- Hthz(M)  =  G H t , (1.8)
i=i

.1 /  = J 2 D ( S i ) D - l (e -  t n) V( t )C i r c{hJ ) ,  i f V DW,Zl (.\I) = G H T. (1.9)
i=i

M  = - ^ D ( g l)D (s )C (s?t)D (h t). i f V m t l D W ( M ) = G H T. (1.10)
i=i

Theorem 1.1 enables an im m ediate extension of th e  cost bounds of Table

2  to more general classes of s tructu red  matrices:

We need some additional definitions (cf. [BP94], [G094]) and basic re­

sults.

D efin ition  1.1. va = i'q(Va.b) denotes the arithm etic cost (in flops) o f mul­

tiplication by a vector o f a n n x n  m atrix  M  represented by its  V a .b  -generator 

o f length a . m a = m a ( V A , B)  denotes the arithmetic cost o f multiplying a pair 

o f n x n matrices, where the input and output matrices are represented by 

their generators o f length a  and O( a) ,  respectively.
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T h e o re m  1 .2 . We have va n̂(L) =  O (cm logn) f o r  L  = V a ,b , L  = & a ,b , 

and fo r  any A , B  from  the set { Z e, Z j }  fo r  any pair o f scalars e and f ,  

we have va n̂ (L)  =  0 ( a n  log2  rc) fo r  L  =  V.4 and L  — &a,b , where .4 =  

D{ s ) , B  = D ( t ) ,  or A  =  D { s ) , B  e  { Z f , Z j } ,  or  A  €  { Z f , Z j } ,  B  =  D (s) 

fo r  any pair o f  vectors s and t  and any scalar f . Furthermore, in both cases 

OT-a,n(£) =  0{(3lV .

A ssu m p tio n  1.1. Hereafter, we will assume (m otivated by Theorem 1.2) 

dealing with operators L  fo r  which

v a , n ( L )  = 0 ( a n  logrf n), d  <  2 ,

m Q,n{L) =  0 ( a v a,„(L)).

To take advantage of the m atrix  structure, we will represent structured  

matrices M  via their short L-generators based on Theorem 1 . 1  and then will 

m anipulate w ith  ^-generators ra ther than with the matrices themselves.

In particu lar for linear combinations, products, inverses and blocks of 

structured m atrices, we may define appropriate operator matrices for the 

input m atrices and obtain  short L-generators for the output [BP94], [P2000].

T h eorem  1 .3 . For any linear operator L (in particular, for L =  and

L =  A .i s  fo r  any pair matrices .4 and B ), we have L ( a M  + bN)  =  a L ( M ) +

61(A)-
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T h eorem  1.4.

V a ,c ( M N )  =  V a ,b ( M ) N  +  M V b ,c (N),

A.4,c (-UAr) =  A.4,fl(A/)JV + A.V/Vfl,c( N).

T h eorem  1.5. Let a pair o f n x a  matrices G  and H  form  a A A ,B '9en e™t°r 

of length a  fo r  a nonsingular m atrix M . Write M ~ lG  =  U , and H T M ~ l =  

IFr . Then i l / -1 ) =  U W T .

P ro o f. X o te th a t.A /- 1 V.4 .a(,U)A / - 1 =  = M ~ 1G H T M - 1 =

vBt/l( - . r l). □
Theorems 1.3-1.5 define the  operator and generator matrices of th e  out­

put in term s of the ones of the  input, and we may have various options for 

the operators L and for Z,-generator m atrices associated with the sam e in­

put m atrix. When we choose an operator L for a given class o f structu red  

matrices, we may care most about decreasing the m ultiplication cost bounds 

vQ,n{L)- For numerical com putation, T-generator matrices may be chosen to 

bette r numerical stability requirement, and here the orthogonal (SVD-based) 

representation seems to be m ost effective. T h a t is, compute the SV'D of the 

image L (M) ,

L ( M )  =  U Z 2V T, ( 1 . 1 1 )
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U-U  =  V V  = I r , E  =  d i a g f r , . . .  , <rr ),
( 1 . 12)

<7 i >  . . .  >  a> >  0, r  =  rankL(AI) ,

U  and V' are m  x n  and n  x  n m atrices respectively,

(1.13)

denoting the singular values of the  m atrix  M ,  and write

G  =  C/E, =  1 E. (1.14)

T he SYD com putation is quite inexpensive in this case, involving 0 ( ( m  +  

n ) r 2) flops (see [P93]). These recipe and techniques were first used in [P92], 

[P93]. [P93a] and were recently revived in [PBRZ99].

1.4 O ur subject

We assum e an available crude initial approxim ation to V ^ ,fl(i\/-1 ), supplied, 

for exam ple, by the preconditioned conjugate gradient m ethod, which con­

verges to the output rather slowly, w ith the linear rate. The approxim ations 

can be rapidly refined by means of some well known methods o f m atrix  com­

pu ta tio n , in particular N ewton's itera tion  for m atrix  inversion:

(1.15)
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such th a t I  — ■X’i+l M  =  ( /  — X i M ) 2, a n d /o r  its extensions [PS91]. Such 

m ethods have higher o rder o f convergence, b u t involve the costly operations 

of m atrix  m ultiplication in each iteration step .

In the case of s tructu red  m atrices, however, these methods become much 

more effective because m atrix  m ultiplication is inexpensive, as long as the 

operand m atrices are represented with th e ir sho rt L-generators (see Theorem  

1.4). T he m ain technical problem, however, is to  control the length of the 

L-generators in the process of the iteration. W ithou t special trea tm en t, the 

length grows quite rapidly, bu t several effective techniques were proposed in 

[P92], [P93a]. [PZHD97] and  [PBRZ99] to coun ter such a mishap in the case 

of Toeplitz, Toeplitz-like and Cauchy-like m atrices.

O ur main goal in o u r thesis is to extend these techniques to  various other 

classes of structured m atrices in a  unified way.

1.5 Our m ain resu lts

We present two modifications of Newton's ite ra tio n  that generalize the  idea 

and the techniques of [P92], [P93a] and [PBRZ99], where Newton’s iteration  

was modified to preserve the initial displacem ent structure of a Toeplitz-like 

input m atrix  during th e  iteration. One idea, due to [P92], was to  control
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the growth of the length of short displacement generators by periodically 

chopping-off their components corresponding to  the  smallest singular val­

ues in the SYD of these generators. Note th a t r  =  r a n k V =  

rankS7A B( M )  by Theorem  1.5, so th a t we will not deviate much from A,- 

and M ~ l if we approxim ate V Bi.4 (A't) by a  closest m atrix  V Bt.4 (Vj) of rank r  

and then recover Y* and substitute for A", in (1.15). We will apply this idea 

to cover various classes of structured matrices in a  unified way.

Our second version of unified Newton's iteration extends [PZHD97], [PBRZ99]. 

We will control the length of the associated generators but avoid the SVD 

com putation. Namely, we recall Theorem 1.5, substitu te  Xi  for M ~ l , write 

Y b..4 (Vj) =  (—X i G ) ( H TXi)  = G vH y ,  com pute G y, H y, recover Y\, and sub­

stitu te  for A”, in (1.15).

We estim ate the convergence ra te  and arithm etic  com putational com­

plexity of bo th  our algorithms in a unified way for various classes of struc­

tured m atrices and then specialize the algorithm s to  some im portant specific 

classes.

Our estim ates involve the norm of the inverse operator L ~ l , which ex­

presses a m atrix  M  via L{M)  (cf. Theorem  1 . 1 ), and we propose some novel 

techniques for estim ating this norm for various classes of structured matri-
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ces. Our next research topic is the stu d y  of more refined processes of iterative 

improvement (cf. [PS91]) specialized to  structured m atrices w ith  the goal to 

enhance further the power of our N ew ton-structured m atrix  algorithm s.

The presented algorithm s require an initial approxim ation lying suffi­

ciently close to the solution, otherwise the iterations may converge too slowly 

or diverge. Here, we assum e such an  approximation available b u t we plan to 

relax this assum ption by extending the homotopy techniques of [P92] from 

the Toeplitz-like to various m atrix  structures.

Our results have been reported  in the papers [PR2000], [PRW2000], 

[PRWa].

R e m a rk  1 . 1 . Instead o f the unification, one may use som e known trans­

form ations to Toeplitz-like or Cauchy-like case to extend the cited successful 

algorithms to other classes o f structured matrices. This is a special case o f  

the general idea of extending successful algorithms from  one class to other 

classes o f structured matrices. The idea was proposed in [P90] together with 

the sample transformations among Toeplitz-like, Hankel-like, Vandermonde- 

like and Cauchy-like matrices. The approach turned out to be useful fo r  the 

design o f practical Toeplitz-like solvers, fo r  handling singularities, fo r  polyno­

mial interpolation and m ultipoint evaluation, and in the com putational com­

plexity analysis o f structured m atrix operations [PLST93], [H95], [GK095], 

[PZHY97], /P2000]. Our application o f Newton’s iteration directly to the 

input matrix, however, sim plifies the computation by removing the transfor­
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m ation stage, prone to num erical stability problems.

1.6 O rgan ization  o f  our th esis

We organize our thesis as follows. In the nex t section, we s ta te  som e ba­

sic definitions and assum ptions. In section 3, we briefly compare N ew ton’s 

iteration for general and s tru c tu red  m atrices. In section 4, we very briefly 

outline our first algorithm . In section 5, we present this algorithm  in some 

detail. We define a  unified N ew ton-structured m atrix  iteration (associated 

with operators of Sylvester type), where we bound the L-rank of N ew ton’s 

iterates by zeroing the sm allest singular values of the matrix L (M ). We also 

estim ate the convergence ra te  and the com putational complexity of th e  re­

sulting algorithm . In section 6 , we present our second algorithm. T h a t is, 

we define a unified N ew ton-structured m atrix  iteration  (associated w ith  op­

erators of Sylvester type), where we bound th e  L~rank of Newton’s itera tes 

avoiding the SVD com putation. In section 7, we estim ate the convergence 

rate and the com putational complexity of th is  algorithm. In section 8 , we 

extend bo th  algorithm s to  the case of singular operators. In section 9, we 

apply our algorithm s to the  Stein type case. In section 10, we s ta te  som e ba­

sic prelim inaries for estim ating the norm of the  inverse operator. In sections
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11-13, we estimate the norm  v~  of the inverse operator L ~ l , which is the 

main ingredient of our estim ates for the o u tp u t errors and the convergence 

ra te  of our algorithms. We present these techniques for estim ating v ~ , both 

in general and for the specific operators L  associated with specific classes of 

structured  matrices.

2 Some Definitions

We will need some fu rther definitions in addition to the ones mentioned in 

the introduction.

D efin itio n  2.1. p / | |  denotes any fixed operator norm of a m atrix M . ||A /||2, ||A /||i, 

and  p / H *  are the special cases denoting the 2-norm, the (column) 1-norm, 

and the (row) oc-norm, respectively (cf. [BP94], [GL96J), that is, ||A /||t is 

the l-norm . I = 1,2, oc. k {M )  =  cond2(M )  =  o \{M )a ^{M ), where o f (A/) is 

the i-th singular value o f  A/, i =  1 , . . .  , r, r  =  ra n kM .

T h e o re m  2.1. (cf. [BP9f], [GL96]). We have ||A/ | | 2  =  o f (A/) fo r  ev­

ery m atrix M  and k(A /) =  ||A /||2 p / - 1 | | 2  fo r  an n x n nonsingular m atrix  

M  =  (m ij).(c f. (1 .11)-(1.13)). Furthermore we have \\M \\i/y/n  < ||A/ | | 2  <  

\M \\[y/n ,l =  1 , oc,* ||A /||i =  ||A/T ||0C =  m axj 5 3 - Moreover, i f  M  €

R nxn, that is, if  the m atrix  A/ has real entries, then  ||A/ | | 2  <  11A/111 11A/11oc. 

k(A/) =  cond2(M ) =  a ((M )  /cr^(M ) where o f (A/) is the i-th singular value 

of M , r — rankM .
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D efin itio n  2 .2 . A linear operator L  o f Sylvester type and/or Stein type is 

called nonsingular i f  it can be inverted, that is, i f  fo r  any fixed m atrix pair 

(G, H ) o f (1.5) there exists a unique m atrix  M  having its L-generator (G, H )  

o f length a , that is, satisfying equations (1.3)-(1.5). Such an operator L  =  

V.a.b or L  =  A a b is called regular i f  it is nonsingular and i f  (1.3)-(1.5) 

imply that the matrix M  can be expressed as a unique bilinear or trilinear 

m atrix form  with at most a  terms in  the entries o f the L-generator matrices 

G and H .

D efin itio n  2 .3 . We define the norms o f the linear operator L  and ( i f  this 

operator is nonsingular) o f its inverse L ~ l :

v  — v a j ( L )  =  su p ( | |L (jA /) |[ ( / | |A / | | ( ) ,
M

v -  = uqA L - 1) = s u p ( p / | | , / | |L 0 U )||,),
\t

where the supremum is over all matrices M  having positive L-rank at m ost 

q . We also define the condition num ber o f the operator L as

X =  \ (L )  =  cond(L) = uu~  =  uqA{L)u2 /L ) .

A ssu m p tio n  2.1. Except fo r  section 9, we will assume with regular opera­

tors L  only.
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3 Newton’s Iteration and the Unified Newton- 

Structured Matrix Iteration

Xewtorrs iteration

A\ - + 1  =  Xi{21 -  M X i ),  z =  0 , 1 , . . .  , (3-1)

is a well known technique for rap id  im provement of a  crude initial approxim a­

tion, A'0, to the inverse of a  m atrix  M . Indeed, the above m atrix  equations 

imply that

/  -  M X i + i =  ( /  -  MXi)2

and, therefore,

l l / - . u . v i+ill <  l i z - ^ n 2

for all i. That is, we have qu ad ra tic  convergence if ||7 — AfA'oll <  1- Various 

modifications of this iteration allow its faster convergence, and various poli­

cies are known for efficient choices of the  initial approxim ation A" 0  [IK6 6 ], 

[PS91].

In the case of a  general inpu t m atrix  M , the com putational cost o f the iter­

ation as well as its known m odifications is high because m atrix  products m ust 

be computed at each step. For s tru c tu red  matrices, m atrix  m ultiplication has 

a lower com putational cost of m a (L ) (see Theorem 1 .2 ), because one may
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operate with short generators ra th e r than w ith the more num erous entries of 

the input and o u tp u t m atrices of each operation. In particular, for struc tu red  

matrices, M  and Ao, having short X A>B- and V a  ^-generators, respectively, 

the iteration can be perform ed by operating with some short V -generators 

of the matrices M , A',, and A/A", (or A',A/), to decrease d ram atically  the 

com putational tim e and m em ory space used in the above classical version 

of Newton’s iteration. This, however, requires some special techniques for 

controlling the length of the -generators of A'*, which otherw ise tend 

to be tripled a t every iterative step. Similar comments apply where A.a,b- 

and A g^-generators are used. In the Toeplitz-like case, two approaches to 

such a control are described in [P92], [P93], [P93a], and [PBRZ99]. T he re­

sulting two processes are called Newton-Toeplitz iteration  in [PBRZ99]. In 

[PZHD97] one of the approaches was developed for Cauchv-like m atrices. 

We will extend the two approaches to  a more general class of s tru c tu red  m a­

trices in a  unified way and will call the resulting two processes the Unified 

Newton-Structured M atrix Iteration  for m atrix inversion.

Let us outline it assum ing th a t M  and A" 0  are structured  m atrices w ith 

ra n kX A'B(M ) = ra n k V  b . a ( M ~ 1)) =  «  (cf. Theorem  1.5), r a n k V b , a ( X 0 ) =  

3q < 3a  where a  and  3q are small relative to  n. We will m odify N ew ton’s
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iteration to ensure th a t for every i the m atrix  AT, has a  V g ^-g en era to r of 

length a t most 3 a . By assum ption, ra n k V b ,a (M ~ l ) =  a .  Hence the matrices 

A',-, which approxim ate M ~ l closely for larger i, have a nearby m atrix of 

V a.^-rank  a .  This fact suggests the following approach (cf. [P92], [P93a], 

[PBRZ99]) to  decreasing the  com putational cost of th e  iterative scheme: shift 

from X i to a  nearby m atrix Y] having V g ^-ran k  a t m ost a  and then restart 

the iteration with Yi instead of A',-. Here is a form al description of this 

approach for the Sylvester type operators. (The sam e ideas work similarily 

for the Stein type operators and A g ^ .)

A lg o r ith m  3.1 . Unified. Newton-Structured M atrix Iteration fo r  the Sylvester 

Type Operators.

I n p u t :  A positive integer a , a pair of n x n m atrices A  and B  (defining 

a regular operator V ^ g ) . an  n x  n nonsingular s tru c tu red  m atrix  M  having 

V.4 .g-rank a- and defined by its V.4 tg-generator (G, H )  of length a  (cf. (1.3), 

(1.5)), a sufficiently close initial approximation Vo to  M ~ l given with its 

Vg,.^-generator of length a t  most a , a bound on the num ber of iteration 

steps (such a  bound will be specified in Corollary 5.1), and a  Subroutine R  

for the transition from a V.4 ,g-generator of length a t most 3 a , for an n  x n 

m atrix  approxim ating M ~ l to an V^,g-generator of length a t most a  for a
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nearby m atrix .

O u tp u t :  A V b ,a ~ generator of length a t m ost a  for a m atrix  Y}+i ap­

proximating A /-1 .

C o m p u ta t io n s :  Recursively com pute V ̂ . 4 -generators o f length a t  most 

3a and a  for the matrices

A'i+i =  Y i(2 I  -  M Yi), i = 0 ,1 , . . .  ,1, (3.2)

and Vb,.4 -generators of length a t most a  for the  matrices Yi defined by a

transform ation from A't by m eans of the Subroutine R .

P ro p o s i t io n  3.1 . Under the assumptions o f Algorithm 3.1. fo r  any i =

0 .1 .2 , . . . .  a V b ,.\~gcnerator o f  length at m ost 3 a  fo r  the m atrix  A’i+i =  

2 1  \ — YiM Y\ can be computed at the cost o f performing 0 ( M a ) =  O(oVq) =  

0 ( a 2n logrf n) flops.

P ro o f . W rite V' =  Y\, X  =  Ar I + 1  =  2Y  — Y M Y ,  and  observe that 

V B,A(X )  =  Vb,.4 (2 1 ' — M Y'). Combine the equations

Vb,.4 (A') =  V B,.4 0 0 (2 /  -  M Y )  -  rv.4,fl(A/)r -  Y M V B,A(Y ),  

Vb,.4 (A') =  G X H TX, and  V B,A(Y )  =  G y H $  

to obtain th a t

G \  =  ( G f ,  (1 G )T, (Y M G y )T) ,

H i  =  ( H l ( 2 I  -  M Y ) , - H t Y, - H i ) .
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Because of the assumed regularity  of operator V b ,a  , these observations imply 

Proposition 3.1. □

To complete the descrip tion of the Unified N ew ton-Structured M atrix  

Iteration, it remains to  specify the Subroutine R , which controls over the 

length of the com puted L-generators. We will do th is in two ways, to  be 

specified in sections 4 an d  6 .

4 A Variant of the Subroutine R for Con­

trolling the Length of L-generators of Ap­

proximate Inverses: Zeroing the Smallest 

Singular Values

In this section we will rely on the following result, which will enable us to 

control the length of an  L-generator for a m atrix  V\ lying near X t  and  M ~ l 

(cf. [GL96], pp. 72, 230):

T h e o re m  4.1 . Given a m atrix W  o f rank r, it holds that

erf =  min ||U ’ — B\\2 ,
ra n k B < r—l

that is. the r-th singular value o f H’ is equal to the m inim al 2-norm  o f the 

error o f approximation o f  IU by a matrix o f rank less than r.
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We will represent th e  image m atrix V g ^ (X ,)  via its SVD, which defines 

the unique orthogonal Vb,.4 -generator for A*. and then will se to  zero its 

smallest singular values leaving a t most a  of them  nonsingular and  thus 

obtaining a shorter VB,.4 -generator of length a t m ost a  for a  nearby m atrix  

Y). Both Yi and M  lie near A',-, and we have | | — V a i.4 (Vi) | | 2  <  

||Vb,.4 (A',-) — VB,.4 (i\ / - l ) | | 2  by Theorem 4.1 because ra n k V  

and thus implies th a t also Y) lies near A',-. To specify and to  analyze formally 

the transition  from the m atrices A", to V*, we will use some further definitions 

and simple prelim inary results.

Hereafter, we will w rite 3  =  3, =  r a n k V b ,.4(A ',). We will prove shortly 

th a t 3 < 3 a  (for all i) in our case. By the definition of Yi, we have 

r a n k V b ,a O i) =  a  for all f. We also have by Theorem 1.5 th a t r a n k V b , a ( 3I ~ 1) =

a. Let us write

Xow, we are ready to  describe Variant 1  of Subroutine R  for Algorithm

(4.1)

(4.2)

(4.3)

3.1.
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S u b a lgorith m  4 .1 . Variant 1 fo r  the Control o f the Generator Length: Ze­

roing the Sm allest Singular Values.

Input: A positive integer a ,  operator matrices A  and  B,  a  V.^B-generator 

of length a t m ost o  for a  nonsingular n x n  m atrix  M  where a  =  r a n k V a , b ( M )  =  

ranArVB,.4 ( i l / -1 ), and a V b,^-generator (G,-, Hi) of length a t m ost 0 =  

for a m atrix A'£ such th a t a  < 0, V b ,.4 (A '£) =  G iH j .

O utput: A V B ..4 -g e n e ra to r  o f  le n g th  a t m o st a  fo r  a  m a tr ix  such  th a t

IIV' -  -U - l | | 2  <  ( 1  +  (||A | | 2  +  \\B\\2)u - )e 2,i (4.4)

for e2.t of (4.2) and v~  =  U2 â (V AyB) of Definition 2.3.

C om p u tation s:

a. Com pute the SAD of the displacement V b ,.4 (A ',) =  Ui'L]V-r .

b. Set to zero the diagonal entries of the m atrix  S £, thus 

turning E £ into a diagonal m atrix of rank a . (o-2 +1, . . .  ,<t| are the 0 — a

smallest singular values o f  th e  m atrix V b ,.4 (A ',).)

c. Com pute and ou tpu t the matrices G* and if* obtained from the m a­

trices t/,E, and A E ,, respectively, by deleting their last 0  — a  columns.

Correctness of Subalgorithm  4.1 is implied by the following result, which 

shows that bound (4.4) holds under our assum ptions on the input of Algo­

rithm  3.1 and Subalgorithm  4.1.
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T h e o re m  4 .2 . Let the structured matrices and  Yi be defined as

above and let a positive scalar e2,£ be defined by equation (4-2). Let V b ,a be 

a regular linear operator associated with the matrix specified fo r  M . Then  

bound (4-4) is satisfied.

Theorem 4.2 generalizes a result of [P92], [P93], and  [P93a] proved for the 

Toeplitz-like case. To prove Theorem  4.2, we need the n ex t two propositions.

P ro p o s i t io n  4 .1 . Under the notation o f Algorithm 3.1, we have

| |V B..4 (A't) -  V b,.4(V'0I|2 =  ^ ( V i m T O ) ,  (4.5)

I|Vb..4(-Y,) -  <  (MU +  | |B ||) e i; (4.6)

fo r  a  of (4.2).

p ro o f  Equation (4.5) follows im m ediately from Theorem  2.1. To prove 

bound (4.6). recall th a t

V B,.4 ( : \ / " 1) =  M ~ l B  -  A M ~ l , V B„4 (.V,) =  X i B  -  -4A^.
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Therefore,

I I V b ,^ - )  -  V B,.4 (A /- l)||

=  1|A\-B -  A X i  -  M ~ lB  +  .4A/~l ||

=  ||(-Vi — M ~ l ) B  — A{Xi  -  A f l )||

<  ||-Yt — M ~ l \\ ■ l|B || 4- ||.4|| • ||A T ,-  — M ~ 1\\

<  (II-4H 4- ||B ||)||A 'i -  A/~l || =  (||-4|| 4- ||B ||)e t,
□

P ro p o s i t io n  4 .2 . ||Vb,.4 (A',-) — Vb,.4 0 4 ) | | 2  <  (|I-4| | 2  4- | |B ||2 )e2ii.

p ro o f  Apply the well known estim ate ([GL96], p.428) and deduce th a t

K ?(V b ,.4(-V.-)) -  ^ ( V b^ C V /-1))! <  ||(V b,.4(A',)) -  (V b ,^ (A /-1)) ||2

for all i, where o f  (11*) is defined by (1.11)-(1.13). For all i >  a ,  recall th a t 

o f (V b .aO ^-1 )) =  0  and obtain

o f { V BA X i ) )  <  ||VB,.4 (At) -  Vb,.4 (4 / -1 ) ||2.

Xow, substitu te  inequality (4.6) and deduce th a t

o f (Vb,.4 (A'j)) <  (||-4 | | 2  4- ||B ||2 )e2ij for i > a .

Combine this bound for i =  a 4-1 w ith equation (4.5) and  deduce Proposition 

4.2. □

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



26

Now, we are prepared to  prove Theorem 4.2.

P r o o f  o f  T h eorem  4.2: We have p / -1 — Ŷ | | 2  <  p / - 1  — -Vj||2 -r- ll-Vj — i'illz- 

By first applying Definition 2.2 for / =  2 and L =  V b , a  and  then  applying the 

linearity of the operator Vb_4. we obtain th a t ||A',- —

} i) 112  <  ||V b,.4 (X,) — V B,.4(1 i ) 112  - Substitute equation (4.1) for I = 2 . th a t is, 

e2,ii =  ||-Vj — d / - l ||2, su b stitu te  the latter bound on ||A”i — 1 T[I2  and the one of 

Proposition 4.2, and ob tain  ||.V/- 1 - y ; | | 2  <  e2 , i+ ||V B,.4 (A'i) —V B,.4 (Vi)||2 i/" < 

eo.t +  ( ||A | | 2  +  ||i? ||2 )e2 i,i/_ . □

5 Unified Newt on-Structured Matrix Itera­

tion I: Its Convergence Rate and Compu­

tational Complexity Estimates

Combining Algorithm 3.1 w ith Subalgorithm 4.1 applied as a Subroutine R  

defines Unified N ew ton-Structured Matrix Iteration I. Next, we will estimate 

its convergence rate and the  com putational complexity of its performance. 

O ur study extends to various classes of structured m atrices a similar study 

presented in [P92], [P93], [P93a], and [PBRZ99] for Toeplitz-like matrices.
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Let us write

pi = \ \ I - Y iM \ \2, * =  0 , 1, 2 , . . .

We have

I  -  X i+lM  =  ( /  -  Y iAf )2, | | /  -  .Yt>1. \ / | | 2 <  p i  

and therefore. p / ~ l -  A' I + 1 | | 2  <  p ? ||i \ / -1 [|2. By Theorem 4 .2 , we have

| | . V - 1 -  i;-+ l ||a <  ( l  +  ( | | . 4 | |2 +  | |B | |2) i / " ) | | i l / _ l -  X I+1||2.

Consequently, we have

| | . v - 1 - i -+1||2 <  (1 +  ( M l h  +  l lS | |2)^ “ )p ? ||A /- l |b ,

and therefore,

p,-+1 =  p  -  v;+p / | | 2 <  p / -1 -  i ;+ii|2p / | | 2 

< ( 1  + (II.4H*+ | |B||2)i/-)P?||il/ -I||2p / | | 2 

^  (! +  (IMII2  +  l l^ lh )v~)pfK (M ),

where k (M ) =  cond2(M ) = p / - 1 ||2 p / | | 2 (cf. Theorem 2 . 1 ).

Now, suppose tha t for a positive 9 .0  < 1 , we have

( 1  +  (||.4 | | 2 +  ||B ||a)i/-)p}-*#c(iU) <  1 for i =  0 , 1 , 2 , . . .  . (5.1)
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This bound implies a  convergence rate of 1 +  d, th a t is,

Pi+i <  p}+9 f°r all i- (5-2)

Next, observe th a t if p 0  <  1 , then pi < 1 and satisfies (5.1). Then (5.2)

implies tha t pi+l < Pi. Therefore, it is sufficient to  assume (5.1) with p, 

replaced by p0. T he  next theorem summ arizes our analysis.

T h eorem  5.1. (Convergence rate). Under D efinition 2.3 and the stated as­

sum ptions on the input o f Unified Newton-Structured M atrix Iteration I, (that 

is, Algorithm 3.1 combined with Subalgorithm f . l )  let the matrices A, and  

M  be given with their  V b ,a ~ and V a ,b -generators o f length 3o and Qo, re­

spectively. Furthermore, let

( 1  +  ( |M | | 2  +  \\B\\2)u- ) p 10- ° k (M ) < 1  fo r  i =  0 ,1 ,2 , . . .  (5.3)

fo r  p0  =  | | /  — X o M U2 ? =  ^2 ,q (^a .b ) ° f  D efinition 2.3, and some fixed

positive Q. Then fo r  all positive i, we have r a n k X <  c*, i i^  — A/ - 1 [I2  <

Estim ating th e  com putational cost of perform ing A lgorithm  3.1, we will 

rely on Definition 2.3, Theorem 5.1 and the bound 0 ( n a 2) on the cost

of computing the SYD of the product of a  pair of n  x a  by a  x n ma­

trices [P93], [GL96]. (The latter bound should actually  include the term 

q log log(l/d ) lo g o , where 8 is the ou tpu t approxim ation error bound for the
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SVD; we will ignore th is  term  assum ing realistically th a t lo g lo g (l/£ ) lo g a  =  

O (na).)

T heorem  5 .2 . Under D efinition 2.3 and the assumption (5.3) on the input 

o f Unified Newton-Structured M atrix  Iteration I  (that is, o f Algorithm 3.1 and 

Subalgorithm 4-1), the matrices X \ ,  Y\, A'2 , Y2 , ■ ■ ■ , X ,, \ \  can be computed by 

performing 0 {{m a + a 2n)i) = 0 ( ic t2n \o g d n) flops fo r  any fixed natural i and  

fo r  m a = 0 ( a 2n lo g rf n) and d o f  Assum ption 1.1.

We can see th a t unless the m atrix  M  is very ill-conditioned, inequality

(5.3) is a mild assum ption on th e  residual norm p<j. This assum ption is 

sufficient to ensure a  rapid im provem ent of the initial approxim ation of M  

by A'o at a low com putational cost of performing i steps of A lgorithm  3.1 by

u s in g  0 ( im a) = 0 ( i a 2n lo g d n) f lo p s .

C orollary 5.1. Under the assum ptions o f Theorem 5.1, the residual norm  

bound pi =  ||I — V/j\ / | | 2  <  €k (M ) is ensured in

I =  riogi+*(loge/logp0)l

steps of Unified Ne wton-Structured M atrix Iteration I, (that is o f Algorithm  

3.1 combined with Subalgorithm 4-1 )■ These steps require 0 ( lm Q) = 0 ( l a 2n  log'* n) 

flops for m Q and d o f  A ssum ption  1.1.

R em ark 5 .1 . One m ay develop a dynam ic version o f Newton-Structured  

M atrix Iteration I, where the level o f the cut-off in zeroing the sm allest sin ­

gular value may change with i, to optim ize the overall flops count (th is was
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poposed in [P92] and [BM ,a] in  the Toeplitz-like case). In  particular, the 

recipe of [BM,a] is to zero all the singular values o f V that are less 

than a fixed tolerance e. Because the residual norms pt <  Pq are assumed to be 

sm all for all i, this recipe should norm ally lead to exactly the sam e m atrix Yi 

as the one output by our Subalgorithm 4-1- The only exception is the matrices 

X i fo r  which there exist approxim ation matrices B  satisfying simultaneously 

the two following inequalities: ranArVb .a(B ) < a , ||Vb,.4 (B  — JV*)H2 II <  £■

6 Variant II of Subroutine R for Controlling 

the Generator Length for the Inverse: Sub­

stitution of an Approximate Inverse into an 

Expression for V#;_4 (M-1)

Let us describe an SVD-free m ethod of controlling the length of an L- 

generators of approxim ate inverses. By Theorem 1.5, V = —M ~ lG H TM ~ 1. 

We substitute A", for Jl/ _ 1  on the right-hand side and define a short V b ,a - 

generator for as follows:

=  (6 . 1)

where Ui =  —X tG  G C nxa, W f  =  H TX ,  G CQXri. This leads us to  the 

following variant of Subroutine R  of Algorithm 3.1.
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S u b a lg o r ith m  6 .1 . Variant I I  fo r  the Control o f the Generator Length fo r  

Approximate Inverses.

In p u t:  A positive integer a ,  a  pa ir o f n x n  operator m atrices .4 and B  

defining a regular operator V b ,a , a  V ^ s-g en e ra to r for a nonsingular n  x  n 

m atrix M  of length a t most a  where a  =  rank^7  =  ranfcVb,.-i(A/-1 ),

and a V g ^-g en era to r o f length a t most 3 a  for a m atrix  A'i+l of

equation (3.2).

O u tp u t:  A V e,.4 -generator ( U i + i ,  H*i+i) of length a t most a  for a  m atrix  

such th a t

c i + 1  =  p ;-+ 1 - . V - l | | < C ieI- (6.2)

for e, of (4.3). e, of (4.2), C* =  u~ \\G H T \\{ei +  2 ||A /-1 ||), and  a constant 

u~ =  i/a ( V g \ )  of Definition 2.3.

C o m p u ta t io n s :  Compute and o u tp u t the m atrix products Ui+ 1  =  — A'I+iG, 

I IZ i = H T X i + l  of (6 .2 ).

Under A ssum ption 1.1 about regularity  of the operator Vb,.4 - the m atrix  

pair ( Ui + i ,  lUt+i) is a Vjj,.4 -generator of length at m ost a  for a  m atrix  Vi+i, 

which is a unique solution to the equation (cf. (6 . 1 ))

^  b ,a ( — 5 i+ i )  =  C i+ i  11 "i+j ?
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and the com putation of the n x a  m atrices {/,-+1 , H ' l + 1  is reduced to  m ultiplica­

tion of the m atrix  by the n  x  2a  m atrix  (—G, H ),  a t  the c o s t0 (a m a,n =  

0 { a 2n\ogd n) for m Qi„ and d  o f A ssum ption 1.1.

To prove correctness of the  subalgorithm , that is, to  prove bound 5.3), 

we need some auxiliary results. Recall the m atrix  equations U =  M ~ lG  and  

U 'r  =  H t M ~ l of Theorem 1.5 and  deduce th a t

=  X iG  =  (-Y,- -  M ~ l )G + U ' lG ,

\ \ ?  = H TX i =  H T {Xi -  M ~ l ) + H T M ~ l .

Now, w rite IT, =  U A Y f — U W T and obtain  the following m atrix equation

Ei = ( X i—M ~ l ) G H T ( X i—M ' l ) + M ~ iG H T ( X i—M ~ l ) + ( X i —\ £ ~ l ) G H TM ~ l . 

P r o p o s i t io n  6.1 . Let matrices Ui, U / ,  and E t be defined as above. Then 

IISII =  -  W T \\ <  ||C?/fr ||ei(e, +  2 ||JV - '| |) ,

f o r e , =  [|.V, -  || o f (4.2).

p f  The proposition follows from  the above expression for £ ,. □

P r o p o s i t io n  6 .2 . For a nonsingular m atrix M ,X i+\ defined by equation

(3.2), and o f Algorithm 6.1. fo r  i =  0 , 1 , . . . ,  we have e t + 1  <  |[ A/||e^ 

fo r  ei+i =  U-Yi+i -  M ~ l || and e, =  ||Vi -  M ~ l \\ (o f (4-2), (4-3)).
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p ro o f  By (3.2), we have I  — M X i+i =  ( /  — A /1 ')2, i =  0 ,1 ,  I t follows

th a t e ,-+ 1  =  ||X t + 1  -  A/ ' 11| =  ||A /- I ( /  -  M X i+l)\\ =  p / - ‘(J -  A/T'£)2|| =  

||(A/ - 1 -  y'£)A/(A/-! - y;)H <  ||A/||e?. □

T h e o re m  6 .1 . For i = 1 ,2 , 3 , . . . ,  we have e£ <  C£e£ and  e£+l <  (C £e£)2 ||A/|| 

fo r  e£ o f (4-3), e£ o f (4-4), Ci =  +  2 ||A /-1 ||), and a constant v~

o f Definition 2.3.

P ro o f ,  i i  =  | |i ;  -  A/ - 1 II <  t / - | |V B^(V ; -  M ~ l)\\ (see Definition 2.3). 

Since the operator is linear, we have e, <  ^ - ||V B,.4 (1 £) —V Bi.4 (A /-1 )|| < 

i'~ \\U i\Y f — 6 rU 'r || < ll^iII- At th is point, apply Proposition 6.1 and 

obtain  th a t e, <  C,e£. Now. since e,-+ 1 <  ||i\/||e?  by Proposition 6.2, we 

deduce tha t e£+i <  (C,e,)2 ||A /||. □

7 Unified Newton-Structured Matrix Itera­

tion II: Its Convergence Rate and Compu­

tational Complexity Estimates

Combining Algorithm 3.1 with Subalgorithm  6.1 (applied as Subroutine R) 

defines Unified Xewton-Structured M atrix Iteration  II. Our next goal is to 

estim ate its convergence rate and its com putational complexity.

Let us first restate Theorem 6.1 in a m ore constructive way -  by replacing

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



34

the values eo, ||A/ 1|| and C t- by more readily available values. We will w rite

r0 =  | | / - A / n i l ,  (7-1)

e'o = rQ\\YQ\\ / ( l  -  r0) (7.2)

and will assume realistically that

r 0  <  1, (7.3)

Ci <  | |A /- l |l, (7-4)

for e{ of (4.2) and for all i.

P ro p o s i t io n  7 .1 . Assuming (7.1)-(7.4)- we have

e0 < e'Q, (7.5)

P / - l| |< | | r0| | / (l-ro),  (7.6)

C i < C  =  Zv~\\GHt \\ ■ ||y 'o ||/(l -  r 0 ),Vi. (7.7)

P ro o f. We have |A /-1 || — ||Vo|| <  ||A/ - 1  — loll <  ||iU_ l | | / r 0, assum ing

(7.3), and now (7.6) follows. Furtherm ore, eo =  ||Vo — A/-1 || <  r 0 A/ - 1 11-

Substitute (7.6) and obtain (7.5). Substitu te  (7.3) into the expression of

Theorem 6.1 for Ci, then substitute (7.6), and obtain (7.7). □

By combining Theorem 6.1 and Proposition 7.1, we obtain
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T h eo rem  7.1 . Assume (7.1)-(7.4)- T h en w eh a v ee i < Cet,e l+i <  (C ei)2 | |V o ||/ ( l-  

r0) fo r  C  o f (7.7) e, o f (4-2), e* o f (4-3) and i = 1 , 2 , -----

C o ro lla ry  7.1. Assume (7 .1)-(7 .4) and let e\ < 1 and (e i) 1 _fl||J l/ ||C 2  <  1 

fo r  0 <  9 < 1. Then ei+i <  (et-)1+* <  . . .  <  (ei)^1+^ ‘, fo r  i =  1 , 2 . . . . .

By applying Proposition 6.2 an d  then bound (7.5) we obtain ei <  eo||A /|| <  

(e5)2 ||-l/||- Substitute the la tte r  bound into Corollary 7.1 and obtain

C o ro lla ry  7.2. Assume relations (7.1)-(7.4) o.nd the bounds (e3)2 ||A /|| <

1.0 <  1. (e'Q) l- 0\\M\\l- 0l2C  <  1 fo r  C  o f (7.7). Then we have e i+i <  

((e5)2ll^ll )(l+tf,i arid ei+l <  C e i+i, i =  0 , 1. ------

C o ro lla ry  7.3. Write

i' =  riog(loge*/log((eo)2 | |-U ||) ) / lo g ( l +  0 )1 , 

i =  riog(logc/log((e 2 )2 p / | | ) ) / l o g ( l  +0)] .

Then, under the assumptions o f Corollary 7.2, i+ 1  >  i* +  1 recursive steps of

(6.1) and (6.2) are sufficient in order to ensure that e,+i =  ||X,-+i — J\ / — 1 [| <  

e*. Furthermore, i' + 1 >  £ -t- 1  such recursive steps are sufficient in order 

to ensure that e ,-+ 1  =  ||V'j+i — ^  Each recursive step o f (6 .1) and

(6.2) can be performed by using  0 (am Qi„) =  0 ( a 2n \o g d n) flops fo r  m Q,n 

and d < 2  o f Assumption 1.1.
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8 Extension to Singular Operators

In some cases structured m atrices are studied by using singular operators L. 

(Most celebrated are singular operators associated with Toeplitz-like m atri­

ces. in particular, V  ZyZ, V 2 r ?zr (cf. [BP93], [BP94]), V Zf ,zf  an d  V z t  z t  (cf. 

[G094]), with Hankel-Iike, an d  Hankel-t-Toeplitz-like m atrices (cf. [BP93], 

[BP94]).) In such cases, we m ay apply our N ew ton-Structured M atrix Itera­

tion in two ways.

1. Associate a regular linear operator to  the same class o f m atrices and 

recover the respective new L-generators from the old ones.

This is sometimes a very simple task. For instance, given a singular 

operator V z h z f and a V ^ .^ -g e n e ra to r  for a  m atrix  M ,  we observe th a t the 

operator V zc,zf is regular if and only if e #  /  and im m ediately obtain  the 

^ Z f . z e-generator for the sam e m atrix  M  as foolows:

V z ' , z , ( M )  =  Z f M  -  M Z e = V Zf,Z f ( M )  + M ( Z f  -  Z e),

where M { Z f  — Ze) — ( f  — e ) M e 0, M e 0 is the first column o f M .

2. For some singular operato rs L alm ost all entries of the  m atrix  M  can 

be recovered from L ( M ) .  T hen  modify the iteration  process to  recover also 

the remaining entries of M .
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For example, for the operato r V z j , z j  we have the expression

a
M  = +  - ^ 7

6  1  i=  1

provided that V z t  z t ( M )  =  G H T for G , H  of (1.5), e„_i is th e  n -th  coordi­

nate vector so th a t 3 /e n_i is the  last column of an n x n m atrix  M;  Z /(v ) is 

the /-circulant m atrix with the  first column v , and Z /iic(v) is the  / - circulant 

m atrix  with the last column v  (cf. [G094], [PBRZ99]). T hus, we have a 

simple bilinear expresion for an  n  x  n m atrix  via its V z t  ^r-generator and 

its last column.

We now easily extend A lgorithm  3.1 (cf. [PBRZ99])provided that to­

gether with a short ^ z j  z j -generator of the m atrices A"t+i, we also compute 

the last columns of A' I + 1  as follows:

A 'i+ien-i =  1 i('2I +  AVt)en_i, i =  0 , 1 , . . .  .

For both approaches 1  and 2, the estim ates for the convergence rate and the 

com putational cost are easily extended from the  case of the  regular operators 

such as V z/ Ze [PBRZ99]. Moreover, the techniques and analysis of such an 

extension to the singular case apply to all other irregular b ilnear operators 

^ a ,b (so far encountered) for the study of Toeplitz-like, Hankel-like, and 

Toeplitz+Hankel-like m atrices.
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9 Extension to the Case of the Stein Type 

Operators

We may extend our algorithms by replacing Sylvester type operators by 

Stein type operators -±a,b - First, the formula for the recovery of a m atrix  W  

from its image A.4 ?b(W ) changes, and all the algorithm s change respectively. 

Second, m inor changes appear in the com putation of the A .^a-generators of 

the m atrices -YI + 1  = 2 5 ]  — 5].\/5], because of the  changes of the expressions 

for the m atrix  products and inverses. Let us specify these changes.

Assume th a t the matrices M  and A  are nonsingular and write A a ,b ( M )  = 

G H T. Then we have the following expression for the inverses:

-  B M ~ lA  =  M - 1A ~ 1A a ,b ( M ) M ~ 1A = G - H l

where G -  =  M ~ lA ~ lG and HZ  =  H TM ~ lA.  Similarily, if M  and B  are 

nonsingular, we have

A B„4( A r l ) =  M ~ l -  B M ~ lA  =  T i l / - 1A.4,B( M ) T - 1iU -1 =  G +H l

where G+ = B M ~ lG  and HT = H T B ~ lM ~ l . In bo th  cases, the length of 

the A.-^e-generator G . H  for M  equals the length of the respective A b ,a ~ 

generator for M ~ l .
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Likewise, for the product Y M Y  we deduce the following expression with­

out nonsingularity assum ptions:

Y M Y - B Y ' M Y  A  =  ( Y - B Y ' A ) M Y ' + B Y A M ( Y - B Y A ) - B Y ' ( M - A M B ) Y A

This expression furnishes us with A Bi.4-generators (of S tein type) of length 

a t most 3a  for Y\MY'i and, consequently, for A' l + 1  =  2Y] — Y]MY'i, provided 

th a t M  and are given w ith their A a ,b~ and A a f.4-generators of length a, 

respectively.

The resulting changes of our algorithm s will be fu rther specified in the 

next two subsections. For some more elaborate techniques th a t  enable exten­

sion of our algorithms to some operators A.4ib where b o th  m atrices .4 and 

B  are singular.

9.1 Specific changes for S ub algorith m  4 .1

We change the requirements to the output of Subalgorithm  4.1 and its com­

pu tation  as follows:

N e w  O u tp u t :  A Aa,.4 -generator of a length a t  m ost a  for a  m atrix  Y{ 

satisfying the bound

||i ;  -  M ~ l h  < ( !  +  (! +  ||.4 ||2 | |B ||2 )i, - ) e 2.I- (9.1)
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for e2,i of (4.1) and  u of Definition 2.3. The la tte r  change is motivated by 

the following argum ent extending the proof of Theorem  5.1

\\Xi -  BXiA -  M~l +  B M ~ lA\\2 

=  MX, -  M - 1) -  B(Xi -  M - l )A\\2

< ||(A',- -  M ~ l )\\2 +  \ \ B M ( X i  -  J / - l )||ap | | 2

< (l + ll^lallBllaJIKAi-A/-1)!^

<  ( 1  +  I M I I a l l B l l a J e , - .

The mild assum ption (5.3) for i = 0. which ensures rapid convergence of 

Algorithm 3.1 w ith the rate of 1 + 0 . turns into the following one in the Stein

type case:

(1 +  (1 +  <  1. (9.2)

for u~ =  ° f  Definition 2.3.

9.2 Specific ch an ges for S u b algorith m  6.1

We change the requirem ent regarding the ou tpu t of Subalgorithm  6 . 1  and its 

com putations as follows:

N ew  O u tp u t:  A positive integer a , two operator m atrices .4 and B , .4 

being nonsingular, a A.4 ?B-generator of length a t  m ost a  for a  nonsingular
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matrix M, A A 0,.4-generator of a length at most a  for a matrix \\ satisfying 

the bound

e i + l  =  I I U « - J / ~ l | |  < C t-et- ( 9 . 3 )

for ei of (4.2). hatei of (4.3), and

C, = »-\\GHt \\ ■ | | . 4 | |  •  l l . - r ' I K e ,  +  2 | | . W - ‘ | | ) .  ( 9 . 4 )

N e w  C o m p u ta t io n s :  Compute and ou tpu t Ui+i =  —X i + i A ~ 1G,  =  

H TX l+iA.  The la tte r changes are m otivated by the following argum ent ex­

tending Proposition 6.1: the expression for Ei  =  U iW f—U \V T =  X i A ~ lG H TX ( A — 

M ~ x A ~ lG H T M ~ l A  changes as follows:

Ei = (X i  -  M ~ l ) A~lG H T (Xi -  M ~ l )A -  U H T {Xi -  M ~ l )A  

+  (A', -  M - l )A~lG\VT,  

\ m  <  \\G H T \\ • M U  • | | . 4 - l ||e.-(* +  2 |[A / - 11|)

=  | |G i / r ||x(.4)ef(el +  2 ||4U - 1||).

Corollary 7.2, which ensures the rapid convergence of A lgorithm  3.1 combined 

with Subalgorithm  6.1. turns into the following result in the Stein type case:

C o ro lla ry  9 .1 . Let rQ = | | / - . \ / V 0|| <  l ^ v W l T  <  M  <  1 fo r  el o f (7.2) 

and let ( e ^ ^ p / l M ^ C  <  1. Then ei+l < ((e5)2 p / | | ) (1+®)‘ and i i+l <
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C ei+i fo r  i =  0 ,1 ,2 ,  Here C  is a new constant derived fro m  the constant

Ci o f equation (9.4) by assuming th a tC  =  3^~ |[G ifT ||x (^4 )il^o ||/( l—tq) >  C* 

fo r  Ci o f equation (9.4) and provided that e, <  || A/ - 1 1| fo r  all i and that

r 0  <  1 .

The above changes in Corollary 7.2 imply the respective changes in Corol­

lary 7.3.

10 Preliminaries for Estimating the Norm of 

the Inverse Operator

To complete our analysis presented in the previous sections, we m ust esti­

m ate the norm u ~  of the inverses of the operators V a ,b  or a ,b  associated 

w ith each of our two variants of N ew ton-Structured M atrix  Iteration  (cf. 

Definition 2.3).

In section 11 we will estim ate  u~ for the four m ajor classes of structured  

m atrices, Toeplitz-like, Hankel-like, Vandermonde-like and Cauchy-like m a­

trices (depending on the choice of the basic bilinear or trilinear representa­

tion of such m atrices). Technically, we will follow the line of the A ppendix 

of [P92], in particular we will rely on the SVD -representation of the image 

G H T of the operator applied to  a  m atrix  A/.
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In section 12, we will present two distinct types of techniques for the 

estim ation of u~ no t involving the SV D-representation of the image G H T 

of the operators applied to a  m atrix  M . The first technique, will exploit 

some specific properties of the displacem ent operators and  will enable us to 

estim ate the norm u~ for the operators associated w ith  Toeplitz-like, Hankel- 

like, Vandermonde-like, and Chebyshev-Vandermonde-like matrices. We will 

present these techniques in the next two subsections.

In section 13, we will present an  alternative technique, which can be used 

for more general classes of operators. We will specify it in a unified way 

for the operators associated w ith the im portant classes of the Toeplitz-plus- 

Hankel-like. and Cauchy-like m atrices.

In the present section, we will s ta te  some definitions and simple auxiliary 

results.

D e fin itio n  1 0 . 1 . For a positive integer k, we will say that a m atrix S  is 

nilpotent of order k i f  S k =  0  and

/-idem poten t of order k  i f  S k =  a l .

E x a m p le  1 0 . 1 . Z n =  0 , Z j  = f  I .

T h e o re m  10.1. For an operator V a,b{M ) =  A M  — M B  o f Sylvester type, 

i f  A  is a nonsingular matrix, then  | | . 4 | | i / - ( V . 4 i B )  <  and i f  B  is

a nonsingular matrix, then j | 5 | | t / “ ( V  a ,b ) <  ^ ( A 4 . h - 0 -
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D e fin itio n  10.2. Write S  =  s in ( ;^ ) ] ,  S  being the (normalized) ma­

trix o f the Discrete Sine Transform-I.

D e fin itio n  10.3. W rite Q  =  [y j \q j  cos( )], qi = q2 =  . . .  =

qn =  1 ), Q is the (normalized) m atrix o f the Discrete Cosine Transform-II, 

QTQ  =  /•  D q = 2diag ( l ,c o s ( f ) .  . . .  , 2 cos((ra~l)~) ) .

D e f in itio n  10.4. Let the following structured m atrix be defined by integers

7 and 6

0

1

0

. . .  o

•- 0  

0  1

1  5

The next basic results are simple and well known (see, eg, [P92], [K096]).

Fact 10 .1 . We have ||C 7rc(v)||i =  f|v ||x, ||Z.(v)||f =  | |v | |1? fo r  any vector 

v , /  =  l ,o c ;  furthermore, ||Z)(v)|| <  ||v ||.

Fact 10 .2 . For an orthogonal L-generator (G ,H ) o f  a m atrix (cf. (1.3)- 

(1.9)), me have | | g j | | 2  =  ||h ,||2 =  cr,{GHT), i = 1 , . . .  , a ,  \ \ G l T h  =  (G H T).

F a c t 10 .3 . ||S ||, =  m a x * s i n ( £ g ) |  <  £ " = 1  ^  v ^ n -

F a c t 10 .4 . S 2 = I ,  Z  -r  Z T =  S D s S , and therefore, S ( Z  +  Z T )S  =  D s, 

where D s  =  diag ( 2  c o s ( ^ ) , . . .  , 2 c o s ( ^ ) ) .

F a c t 10 .5 . The m atrix  V'n o f Definition 10.4 can be diagonalized by the 

Discrete Cosine Transform m atrix Q, that is, r u  =  Q D qQ t .
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F a c t  10 .6 . HQHi =  m a x * £ ”=i y f | ^  cos( 2 n ) l  <  r i y j i  < V 2 n ,  I I A j l l i
2 .

11 Estimating the Norm Based on the Trun­

cation of the SVD of the Image Matrix

In this section, we will estim ate the scalar factor u~ for the operators as­

sociated w ith Toeplitz-like, Hankel-like, Cauchy-like, and Yandermonde-like 

matrices.

T h e o re m  11.1. Let s and t  be a pair o f  vectors o f dimension n filled with 

2n  distinct coordinates, s, and tj ,  none o f the tj being zero. Let V  =  ^ a .b  

and  A =  A a.b be nonsingular operators o f (1.3), (1-4). Then we have the 

following bounds on the l-norm  va.i,l =  1 , 2 , oc, 1  <  a  <  n, o f the inverse 

operators Y - 1  and A - 1  over the n  x n complex matrices:

fo r  I = l ,2 .o c .  For 1 = 2 over the real matrices all these upper bounds are

(11. 1)

< a V̂ i l ^ ( t ) V r ( t ) | |/, 

),Z l ) ^  a y / n \ \ D ~ l ( e  -  t n

<  a > /n ||£ )(s )C (s f t ) | | l, (11.4)

( 11.2 )

(11.3)
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decreased by a factor y/n.

P ro o f .  The bounds of Theorem  11.1 are obtained based on the bilinear 

or trilinear representations for each m atrix  M  of A -rank (respectively, V- 

rank) a t most a  such th a t A (M )  =  G H T (respectively, V (A /) =  G H T) for 

the matrices G  and H  of (1.5). In particu lar, we deduce each of bounds

(1 1 .1)-(11.4) based on the equations of Theorem  1 . 1  for th e  operators A or 

V.

We first deduce from ( 1 .6 ) th a t [|A/|| <  ||L (gt)Z,r (h ,) ||. By apply­

ing Facts 10.1, 10.2 and Theorem 2.1. we ob ta in  th a t ||L (g»)||i =  ||gi[|i <  

<TiVn. I | i r (hi)lli =  l | I ( h i ) |U  <  llhilli <  Oiy/Z,  | |£ (g i )Z.r (h<)||, <  o fn  for 

/ =  l .o c  and for all i. Therefore, ||-1/||; <  n < n a a f  =  na\\G H T \\2

for 1 = 1 and I =  oc.

Using Theorem 2.1. we reconcile the /-norm  and the  2-norm  on both 

sides of the la tte r inequality and arrive a t the bound ( 1 1 . 1 ) for the complex 

m atrices M  6  <C"*n and the operator A {z,zT}- The equation o f (11.1) follows 

by comparison of (1.6) and (1.7). For real M  e  Rnxn, we combine the 

la tte r bounds on ||iW||/ for / =  l ,o o  w ith the bound ||A/ | | 5  <  H-MIMI-il/Hoe of 

Theorem 2.1 and obtain an im provement of the bound of (12.1) by a factor 

y/n. All other estim ates of Theorem  11.1, th a t is, (11.2)-(11.4), are derived
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similarly, based on the representations (1.8)-(1.10), respectively. (We leave 

the details to th e  reader.) □

R e m a rk  11.1. The operators A  and  V  are associated with Toeplitz-like and  

Hankel-like m atrices (for A o f (11.1)), Vandermonde-like matrices (for  V o f

(11.2) and (11.3)), and Cauchy-like m atrices ( fo r V  o f (11.4)). We will om it 

the straightforward extensions o f Theorem 1.1 to various other operators.

12 Estimating the Norm v~ Based on the De­

composition of a Matrix M  via the Pow­

ers of Operator Matrices and the Image 

L(M)  and on the /-Idempotent Properties 

of Displacement Operators

12.1 E stim a tin g  th e  o p era tor  norm  v~  in  th e  case o f  

n ilp o ten t operator m atr ices  A a n d /o r  B

In this section, we estim ate the scalar factor i/~ for the operators asso­

ciated with Toeplitz-like, Hankel-like, Vandermonde-like, and Chebyshev- 

\  andermonde-like matrices. We explicith* estim ate u~ for the Stein type 

operators L, b u t we may extend the  estim ate immediately to  the case of the 

operators ( 1 .1 ) of Sylvester type provided th a t one of the operator m atrices
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.4 and B  is nonsingular (see section 1 1 ).

In particular the m atrix  equation V A B̂ (M) = -4 A.4 - i,b (4 /)  implies th a t 

>  M n ^ V ^ a )  and similarly V a ,b ( M ) A  = A a ,b - i ( M ) B  

implies th a t >  l l - f i l l i^ J V ^ B ) .

T heorem  12.1. [G092], [W93J. Let A =  A a b  be a regular operator o f 

(1.4) o f Stein type. Let .4 a n d /o r  B  be any nilpotent matrix. Then we have 

M  = A ( M )  + A A ( M ) B  +  A 2A ( M ) B 2 + . . .  + A k~ lA ( M ) B k~l , (12.1)

and consequently,

^  <  1  +  M i l l i o n .  +  M 2 | | , ! ! B 2 | | i  +  . . .  +  | | . - J ‘ - l | | i | | B * - l | | , .  ( 1 2 . 2 )

P ro o f . Recursively pre-m ultiply the equation

A 4 ,b ( M)  = M  ~  A M B  (12.3)

of (12.3) by .4 and post-m ultiply it by B  to obtain

A iA A,B( M ) B i = A 'M B '  -  A i+lM B i+l (12.4)

for all i. Sum over i from 0 to  k  to  obtain that

A (M ) +  A A ( M ) B  4- A 2A { M ) B 2 +  . . .  +  A k~lA ( M ) B k~l = M  -  A kM B k.

(12.5)
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S ubstitu te  .4* =  0 or B k =  0 and ob ta in  equation (12.1) and the bound  of

(12.2). □ 

Next, we will specialize Theorem 12.1 to  some specific classes of s tru c tu red  

m atrices.

T h e o re m  12.2 . Let s and t  be a pair o f vectors o f dim ension n filled with 2n 

distinct coordinates Si and tj, none o f the tj  being zero. Let A =  A a ,b  be a 

regular operator of(1.2). Let us write <_ =  miny \ t j \ , t+ =  maxy|£y|,Z* =  

2 E ^ ( - 1 ) ' - X̂ - 1- Then we have the following bounds on the 1-norm  

vQ 1 , 1  <  ct < n.

^ r )  ^  n '.

'  l - (

~ z n r -  * / £ # !

n

Iz f i
l - t +

n

(f 77 =  1

i f  t + ^  1

i f  t+ =  1 

£ > -

l  + n ( n - l )

( 12.6)

(12.7)

( 12 .8 ) 

(12.9)
i f  t+ =  2

P ro o f .  The bounds of Theorem 12.2 are obtained based on the bound

(12.2) applied for k  = ji and the operators A of (12.6)-(12.9). (12.6) is 

im m ediate because \\Zi\h =  \ \Zf \h  =  . . .  =  W Z ^ W x  -  | | ( Z n n _ llli =  l -

(12.7) imm ediately follows from (12.2) because ||D - 1 ( t) | |t  =  j7 , | |^ i |[ i  =  1, 

and therefore, we have < 1  +  j -  +  . . .  +  prL-r- The proof of (12.8)

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



50

is sim ilar to the proof of (12.7). Finally, let us prove (12.9). Recall th a t 

Z* =  2 l ) t - 1 Z 2*-1 . Consequentlv, ||Z * ||i =  n,

n/2

IK Z -)"-1!!, =  2”- , | | ( ^ ( - l ) - 1 Z 2‘- l ) " - 1||, <  2 " - ' j  =  2 - 2 n,
1 = 1

<  1 +  +  . . .  +  -^ n ;2 n- 2n,
t-r E-f.

□

R em ark  12 .1 . The operators A  are associated with Toeplitz-like and Hankel- 

like matrices fo r  A  o f (12.6), Vandermonde-like matrices for A o f (12.7 and

(12.8)), and Chebyshev-Vandermonde-like m atrices fo r  A of (12.9).

12.2 E stim a tin g  th e  op era tor  n orm s v~ in th e case o f  

/- id e m p o te n t  op erator m a tr ices  A  a n d /or  B

In this section, we extend our first technique based on the extension of Theo­

rem 12.1 (This will enable us to extend o u r estim ates for the norm u~ to cover 

the Toeplitz-like, Hankel-like, Vandermonde-like and Cauchy-like m atrices.)

T h eo rem  12 .3 . Let A =  A .4 be a regular operator o f (1.2), where S k =  

ctl, fo r  some positive integer k. Then we have

M  = (A (il/) +  A A ( M ) B  + . . .  +  A k~ l ± ( M ) B k~ l ) ( I  -  a B k) ~ \  (12.10)
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and consequently,

<  (1 +  11-411 IIBII +  . - .  +  M * - 1!! ||B * - l | | ) | | ( / - a B * ) - l ||. (12.11)

Likewise, i f  M  =  (I - a S k), <  (1+ ||.4 || | |B | |+ . . .+ ||.4 * -l || I I ^ I D I K / -

a .4 ) - l ||-

P ro o f .  Similar to the proof of Theorem  12.1. □

T h e o re m  12.4 . Let s and t  be a pair o f vectors o f dimension n  filled with 

2n distinct coordinates Si and tj, none o f the tj being zero. Let A =  ^ a ,b be 

a regular operator of (1-4)- Let the m a tr ix T  represent either D ~ l { t )  or D( t) . 

Let us write (cf. Theorem 12.2) =  miny \ t j \ , t+ =  maxj |f j |, (1 4- tn)-  =

minj | 1 +£” |, ( 1 -F£_n)_ =  minj | 1  +jH-|, =  2 l ) , - l Z i,1_ I . (Note that

=  | | ( / + r " ) - l ||i i f  B  =  D( t ) . )  Then we have =  | | ( / + r " ) - l ||i

i f B  = D ~ l ( t),

n

^ T - - r ^ r -  i f ± * l

i f i r  =  i

i f  t+ ^  1

n(i+*-«)- 
i i - q

(i+tn)~ i-t+
i

(i+r)_ n i f  t+ =  1

/  l - (  —

(i +1 ■ -!% ") V* 
. id=ir 0 + ^

P ro o f .  Similar to the proof of Theorem  12.2.

+ 7*2

i f t +  =  2

( 12. 12 )

(12.13)

(12.14)

(12.15) 

□
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R e m a rk  12.2. The operator A  is associated with Toeplitz-like and Hankel- 

like matrices (for A  o f (12.12)), Vandermonde-like matrices (for A  o f (12.13) 

and (12.14)), and Chebyshev-Vandermonde-like m atrices (for A  of (12.15)).

13 Estimating the Operator Norms i/~ Based 

on the Eigendecomposition of an Opera­

tor Matrix

In this section we will generalize our first technique and present applications 

to Cauchy-like and Toeplitz-t-Hankel-like matrices.

T h e o re m  13.1. let A  = A Atg be a  regular operator of (1-4) with n x  n  

operator matrices .4 and B . Let A i.. ..  , A„ be the eigenvalues o f the m atrix  

S . Let us write .4a, =  .4 — A,/, B \, = I  — XiB.  Assum e that 7 - is not an
* * A t

eigenvalue of the m atrix B . Then we have

M  = A  ( U ) B J  + A XlA ( M ) B B £ B £  + . . .
(13.1)

+  A Xl • • • A x„_t M M ) B B £  - • • B B ^ 1

and consequently.

"I* <  K ! h  +  +  •••
( 13.2)

+  I K  • • • 1 1 - ^  i i i i i ^ - M l i l l ^ r . M l i  • • • l l ^ i i i
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P ro o f . Let A be any eigenvalue of the m atrix  .4. We have

A ( M )  = M  -  A M B  +  A M B  -  A M B  

= M ( I  -  A B )  -  (.4 -  A I )  M B  

= M B X -  A x M B ,

and  obtain

A (.V )fl* 1 =  M  -  A xM B B l l . (13.3)

In particular, substitute A =  A! into (13.3) and obtain

M M ) B x!  =  M  ~  -4a, U B B J .  (13.4)

Then su b stitu te  A =  A2  and obtain

A ( M ) B A"1 =  M  -  A x2M B B ( 13.5) 

Pre-m ultiply ( 13.5) by -4 a , .  post-m ultiply by B B A* and obtain

A xA W B ^ B B J  =  A XlM B B £  -  A x ^ M B B ^ B B j .  (13.6)

Add (13.4) to  (13.6) and obtain

A (.V )B a- 1 +  -4a1 A ( 4 / ) 5 - 1 B B a- 1 =  M  -  A XlA X2M B B - 2lB B ^ .  (13.7)
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S ubstitu te  A =  A3  into equation (13.3). M ultiply the resulting equation 

by the first term  of (13.7)on the left, and by the second term of (13.7) on 

the right, then add (13.7) to the resulting equation. Repeat th is process 

recursively and in a total of n steps ob ta in  the  following equation 

A (M ) B ^  +  A XlA ( M ) B £ B B j  +  . . .  +  .4Al • • • A ^ A ^ B B ^  ■ • - B B j  

=  M  -  A XlA X2 • • • A XnM B B £  - • • B B J .

(13.8)

This implies (13.1) since .4Al - . .  A Xn = 0 .  □

13.1 E stim atin g  th e  o p era tor  n orm s v~ for C auchy- 

like and T oep litz-bH ankel-like m atrices u sin g  th e  

eigen d ecom p osition  tech n iq u e

To apply Theorem  13.1 to the case of Toeplitz+H ankel-like matrices we need 

some definitions and auxiliary results. Recall the expression for S  and  Q  in 

Definitions 10.2 and 10.3, respectively.

5  =

qi =  =  . . .  =  <7n =  1. By using Facts 10.5 and 10.6, we deduce

P n - A . / I K  =  \\QDqQt - A.-/IU <  ||Q ! |i ||D q ||i ||Q t ||i +  |A1| < 2 n  +  |A,|. Now, 

let q , =  2n +  |A,-1 and let a  =  max,-a,-. By the  definition, ((Z  +  Z T ) ~ l )Xi =  

I  — A,(Z +  Z T)~l . Recall th a t S 2 = I  and  ob ta in  th a t ((Z  +  Z T)~ l )At =
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S { I - \ iS ( Z  +  Z T) - lS ) S  = S ( I - \ i D s l )S.  Therefore, \\{{Z + Z T ) - l )z l \ \x =

write xb =  min, xbi and a  =  max, a ,.

Now, we are ready to sta te  our next theorem.

T h e o re m  1 3 .2 . Let s and t  be a pair o f vectors o f dimension n filled with 

2n distinct coordinates Si and t j .  none o f the tj being zero. Let A  =  A a .b  be 

a regular operator o f (1.2). Let us write f_ =  min_, |t,-|, =  max; |sj|, O, =

min; | 1  — Sitj\, o  =  min* <bi- Then we have

P ro o f. Recall that s + =  maxy |s,-|, = A  — \ i l  and deduce th a t

(13.9). we ob ta in  ||J3a,||i <  t-/4>i S ubstitu te  both  norm bounds into (13.2) 

and obtain for z/liQ of (13.9) th a t

| | F ( / — Ai D s l ) ^ H i <  2n/xbi where xbi =  m inj |1 — 2A,/cos(A^y)|. Let us

^l,a(A  D(s),D-‘(t )) — ^

2a2nt 3o3i.
V (13.10)

(13.9)

n

H-IaJIi =  II--1 — A ,/||! <  H.4II! +  [A,|. We have .4 =  D {s) in (13.9). Therefore,

A, =  Si, |A,| <  s+, and |[.4a,||i <  2s+ for all i. Similarily, for B  =  D  L(t)  of

Ql4>2

Since we have <? =  min, <?,, it follows th a t
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and we obtain  (13.9). To derive (13.10), first observe th a t ||(Z-f-Z 7 ' ) r i | | 1 <  T  

By (13.2) we have

C 'l U i  I p 2 X p X • • • l p n

since we have iP =  min tpi and a  =  m ax a ,. Therefore,

^ s ^  +  2 o  ( ? » £  +  . . . +  ( 2 . - . ) o - . ( * » ) *
x p  ip"2  x P n

H^(i + - a ~ r  +  . . .  +  (2b- 1)qw~1'(2v )V 'X p  X p  x p n ~ l  ‘

and we arrive at (13.10). □

R e m a r k  13.1. The operator A is associated with Cauchy-like matrices (for 

A of  (13.9)) and Toeplitz+Hankel-like m atrices (for A o f (13.10)) (cf. [GO 94]- 

[GK095]).
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