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Abstract
NEWTON'S ITERATION FOR STRUCTURED MATRICES :
UNIFIED APPROACH
By

"

YOUSSEF RAMI

Advisor: Professor Victor Y. Pan

Recent progress in the study of structured matrices shows advantages of
unifying the treatment of various classes of such matrices. \We show such
a unified treatment of Newton’s iteration which rapidly improves an initial
approximation to matrix inverse by performing two matrix multiplications
per recursive step. The iteration is particularly suitable for the inversion
of structured matrices because in this case matrix operations are performed
much more rapidly and with O(n) entries of short generators of structured
matrices rather than with order of n? entries of the input matrix, that is,
using much less memory space. A major problem is to control the length
of the generator, which tends to grow quite rapidly in the iterative process.
Some techniques of 1992-93 propose to control the growth in the Toeplitz-like
case by reliving on the concept of approximate orthogonal displacement rank,

other techniques of 1997-99 used substitution of the computed approxima-
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tions for the inverse matrix in the expression for the generators of Newton’s
iterates. We study both variant of the iteration for the more general class of
structured matrices, propose some variations of the iterative process and of
the techniques for controlling the length of the generators, and investigate the
convergence rate as well as computational complexity. Some novel techniques
are introduced in this study, in particular for the estimation of the norms of
the auxiliary operators. We also summarize and unify the representation of

structutred matrices via their short generators.
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1 Introduction

1.1 Toeplitz and Hankel matrices and the displace-

ment rank approach

The modern study of structured matrices was largely motivated by the sem-
inal paper [KKM79] and, in particular, by the basic concept of the displace-
ment rank introduced there. The idea was to measure the Toeplitz-like (or
Hankel-like) structure of a matrix A by the rank of its displacement, that is,
of the image matrix of some standard linear operators of shift (displacement)
applied to the matrix /.

The rank of the displacement (called the displacement rank) of M is at
most 2 for Toeplitz (and Hankel) matrices, and an m x n matrix A is said
to be of Toeplitz (or Hankel) type or, alternatively, to be Toeplitz-like (or
Hankel-like) if the rank r of its displacement is small (say, bounded by a small
constant independent of n). In this case, the matrix can be represented by
(m + n)r entries of its short displacement generators rather than by its own
mn entries. This enables more efficient storage of such matrices in computer

memory as well as much faster computations with them [KS99].
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1.2 Extension to the study of other structured matri-

ces

Several other important classes of structured matrices can be defined and
treated similarily based on using other linear operators, in particular the
scaling operators of multiplication by diagonal matrices and the operators
that combine scaling and displacement.

In Table 1 we represent four basic classes of structured matrices, which
themselves are highly important in numerous applications to sciences, eige-
neering and communication and also have been naturally extended in the
above way to cover several other popular and important classes of structured
matrices.

The matrices of the four classes of Table 1:

1) are represented with a few parameters (from m to m+n peran m xn
matrix),

2) can be multiplied by vectors much faster than general matrices,

3) are closely related to some operations with polynomials,

4) can be naturally associated with some linear operators of displacement
(shift) and/or scaling.

\We refer the reader to [BP94] on property 3). we will specify properties
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Table 1: Four classes of structured matrices

Toeplitz matrices, T = [ti_;]771o Hankel matrices, H = [hi4;]752,
[ to t_y --- tl—n’ [ ho hy --- hn—l-
ty : hy hn
t_; :
[tn-1 ti  to | (Pt hn -+ hon-a)
_1_jn

< - - - in—1 - 3 —
\andermonde matrices, V" = [r]]};2, Cauchy matrices, C = [z:--y, =1

1 o o . l
-y Ti—yn

1 zo --- 0

1 Ipn-1 - Tp. Tn—Yy1 In—Yn

1) and 2) in Table 2, and then will study property 4).

The four classes of matrices are naturally associated with various linear
operators L of scaling and displacement (shift), of the Sylvester type,
L(\M) =V, p5(A) =AM - M[B, (1.1)

and/or the Stein type,

L(AL) = Ay (M) = M — AMB, (1.2)

where A and B are some fixed m x m and n x n operator matrices.

Among the common choices for A and B are the diagonal matrices D(s) =

diag(s,....s;) for a fixed vector s = (s;)%.,, which are the matrices of
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Table 2:
Number of param- | Number of flops required
Matrix class eters in the m x n | for multiplication by a
matrix vector
Toeplitz and Hankel m+n-—1 O((m + n) logn)
V'andermonde n O((m + n)log® n)
Cauchy m+n O((m + n) log® n)

operators of scaling, and the unit f-circulant matrices (for a fixed scalar f)
Z; = Z + fegel_| and their transposes Z}r , which are the matrices of the
shifts (displacement) operators. Here and hereafter. e; is the j-th coordinate
vector. Z = (z,-,j)?_;:‘o is the shift matrix, z;; = 1 fori = j+1, z;; = 0
otherwise, vI and T are the transposes of a vector v and a matrix I¥".

To each linear operator L = V45 or L = A4 p, a class of structured
matrices A/ is associated for which the images V 4 () and/or A 4 g(Af) of

application of this operator to a matrix A/ have small rank r relatively to

the matrix size, or equivalently, where

L(M) =V g(M) =AM~ MB =GHT, (1.3)

L(M) = Aap(M) = M — AMB = GHT, (1.4)
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G=(gl vgr): Hz(hl""vhr)v (15)

r is the minimum for the given matrices M, A, B and is small relatively to
the matrix size.

We will follow [KKM79], [BP94], and [P2000] and will call the matrix
pair (A, B) by operator matrices, the matrix pair (G, H) by both generator
matrices for the operator images L(A) and L-generator matrices for the
matrix A/, and the rank of L(A/) by the L-rank of Al (for the operators L
of (1.1) and (1.2)).

Table 3 represents some examples of operator matrices associated natu-
rally with the matrices \/ of Table 1 and with ones having similar structure.
The matrices whose L-rank is small for the operator L of the respective lines
of Table 3 will be called hereafter Toeplitz-like, Hankel-like, Vandermonde-
like, and Cauchy-like matrices (some authors called them matrices of Toeplitz,
Hankel, Vandermonde, and Cauchy types).

Hereafter, D(v) for v = (v;) denotes the nxn diagonal matrix diag(vy, . . . , Un~1).
This includes several important classes of structured matrices such as Sylvester
(resultant), Frobenius, Lowener, and Pick matrices [BP94], [OP98]. Further-
more, the block submatrices, the products and the inverses of structured

matrices inherit their structure [KK\I79], [P90], [BP94], [P2000], that is,
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Table 3: Operator matrices A, B of the operators A, g associated

with four basic classes of structured matrices.

Matrix pairs (A4, B)
Class of Matrices rank
for the operators Ay p
Toeplitz (Z.Z7) or (Z_1.2T) 2
Hankel (ZT,Z7) or (27,,27) 2
Vandermonde (D(t), Z) or (D(t), Z-,) 1
Cauchy (D(t), D(s)) 1

have small L-rank for appropriate operators L too.
There are also several natural extension of the above matrix classes, such
as polyvnomial Vandermonde-like matrices and Toeplitz+Hankel-like matri-

ces.

1.3 Representation of structured matrices and some

related basic operations

The cited operators L associated with structured matrices are readily invert-
ible, that is, we have simple expressions of matrices M via the generators

matrices G and H and the operator matrices A and B. Hereafter, L(v) is

the lower triangular Toeplitz matrix z;‘;ol v; Z%, Circ(v) is the circulant ma-

n-1
: ; 1 . .
trix E v, Z1,J = [1 ] the reflection matrix, and t* = (t7) for a vector
=
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=i

t = (t:).
Theorem 1.1. [KKM79], [BP94]. [GO94].

M =Y L(g)LT(h), if Azzr(M)=GHT, (1.6)

=1

and consequently (since JZJ = ZT, J? =1),

MJ = i L(Jg)LT(h)J, if Agr ,r(MJ) = GHT. (1.7)

=1

Furthermore,

M= Z L(g) D)VT () D(hy), if Vp-ie) 2(M) = GHT, (1.8)

1=1

A = ZQ: D(g:) D~ (e — t")V(t)Circ(hT), if Vpuy.z, (M) = GHT,  (1.9)
i=1

M=~ Za: D(g:)D(s)C(s.t)D(h;). if Vpe).nwy(M) = GHT. (1.10)

=1
Theorem 1.1 enables an immediate extension of the cost bounds of Table

2 to more general classes of structured matrices:
We need some additional definitions (cf. [BP94], [GO94]) and basic re-

sults.

Definition 1.1. v, = va(V.4,8) denotes the arithmetic cost (in flops) of mul-
tiplication by a vector of an nxn matriz M represented by its V 4 g-generator
of length a. mgq = mqa(V 4.g) denotes the arithmetic cost of multiplying a pair
of n X n matrices, where the input and output matrices are represented by

their generators of length a and O(«), respectively.
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Theorem 1.2. We have von(L) = Oanlogn) for L = V,p5,L = Ay,
and for any A, B from the set {Ze,Z}r} for any pair of scalars e and f,
we have von(L) = O(anlog’n) for L = V45 and L = A, p, where A =
D(s),B = D(t), or A = D(s),B € {Z;,2]}, or A € {Z;,Z]}, B = D(s)
for any pair of vectors s and t and any scalar f. Furthermore, in both cases

Man(L) = O(avan(L)).
Assumption 1.1. Hereafter, we will assume (motivated by Theorem 1.2)
dealing with operators L for which

va.n(L) = O(an logd n)1 d <2,

Man(L) = O(avan(L)).

To take advantage of the matrix structure, we will represent structured
matrices A via their short L-generators based on Theorem 1.1 and then will
manipulate with L-generators rather than with the matrices themselves.

In particular for linear combinations, products, inverses and blocks of
structured matrices, we may define appropriate operator matrices for the

input matrices and obtain short L-generators for the output [BP94], [P2000].

Theorem 1.3. For any linear operator L (in particular, for L = V 4 g and
L = A, g for any pair matrices A and B), we have L(aA +bN) = aL(M) +
bL(N).
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Theorem 1.4.
VA‘C(.-\I.'V) = V.;,B(A[)N + A[VByc(lV),
A,g’c(.v\lz\r) = AA,B(."[)JV + A.‘fIVB,C(JV).

Theorem 1.5. Let a pair of n X a matrices G and H form a A 4 p-generator
of length o for a nonsingular matriz M. Write M~'G = U, and HT M~ =
WT. Then Vg (=M1 =UWT.

Proof. Notethat M~V 4 g(ANM"' = M'A-BM' = \["'GHTM ! =
Vpa(=M1). O

Theorems 1.3-1.5 define the operator and generator matrices of the out-
put in terms of the ones of the input, and we may have various options for
the operators L and for L-generator matrices associated with the same in-
put matrix. \When we choose an operator L for a given class of structured
matrices, we may care most about decreasing the multiplication cost bounds
Yan(L). For numerical computation, L-generator matrices may be chosen to
better numerical stability requirement. and here the orthogonal (SVD-based)
representation seems to be most effective. That is, compute the SVD of the

image L(]).

LA =UZVT, (1.11)
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10

UUu=VvVV =1, X=diag(o,,...,o:),

(1.12)
oy >...20, 20, r=rankL()),
U and V' are m x n and n x n matrices respectively,
o} =oi(M),...,0% =a*(M) (1.13)
denoting the singular values of the matrix A/, and write
G=UX, H=1% (1.14)

The SVD computation is quite inexpensive in this case, involving O((m +
n)r?) flops (see [P93]). These recipe and techniques were first used in [P92],

[P93]. [P93a] and were recently revived in [PBRZ99].

1.4 Our subject

We assume an available crude initial approximation to V4 g(A/!), supplied,
for example, by the preconditioned conjugate gradient method, which con-
verges to the output rather slowly, with the linear rate. The approximations
can be rapidly refined by means of some well known methods of matrix com-

putation, in particular Newton's iteration for matrix inversion:

-\—i-i-l = 2.\’,' —_ 4\','."[_\’,', 1= 0, 1, .o (115)
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such that I — X;, M = (I — X;M)2, and/or its extensions [PS91]. Such
methods have higher order of convergence, but involve the costly operations
of matrix multiplication in each iteration step.

In the case of structured matrices, however, these methods become much
more effective because matrix multiplication is inexpensive, as long as the
operand matrices are represented with their short L-generators (see Theorem
1.4). The main technical problem, however, is to control the length of the
L-generators in the process of the iteration. Without special treatment, the
length grows quite rapidly, but several effective techniques were proposed in
(P92], {P93a]. [PZHD97] and [PBRZ99] to counter such a mishap in the case
of Toeplitz, Toeplitz-like and Cauchy-like matrices.

Our main goal in our thesis is to extend these techniques to various other

classes of structured matrices in a unified way-.

1.5 Ouwur main results

We present two modifications of Newton's iteration that generalize the idea
and the techniques of [P92], [P93a] and [PBRZ99], where Newton'’s iteration
was modified to preserve the initial displacement structure of a Toeplitz-like

input matrix during the iteration. One idea, due to [P92], was to control
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the growth of the length of short displacement generators by periodically
chopping-off their components corresponding to the smallest singular val-
ues in the SVD of these generators. Note that r = rankVpg 4(M™!) =
rankV 4 g(M) by Theorem 1.5, so that we will not deviate much from Xj;
and M~ if we approximate Vg _4(X;) by a closest matrix Vg 4(Y;) of rank r
and then recover Y; and substitute for \X; in (1.13). We will apply this idea
to cover various classes of structured matrices in a unified way.

Our second version of unified Newton’s iteration extends [PZHD97], [PBRZ99].
We will control the length of the associated generators but avoid the SVD
computation. Namely, we recall Theorem 1.5, substitute .X; for A/~!, write
Ve.ai(Y) = (-X;G)YHTY;) = G,JH';, compute G,. H,, recover Y;, and sub-
stitute for .\ in (1.13).

\We estimate the convergence rate and arithmetic computational com-
plexity of both our algorithms in a unified way for various classes of struc-
tured matrices and then specialize the algorithms to some important specific
classes.

Our estimates involve the norm of the inverse operator L~!, which ex-
presses a matrix M via L(\) {cf. Theorem 1.1), and we propose some novel

techniques for estimating this norm for various classes of structured matri-
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ces. Our next research topic is the study of more refined processes of iterative
improvement (cf. [PS91]) specialized to structured matrices with the goal to
enhance further the power of our Newton-structured matrix algorithms.

The presented algorithms require an initial approximation lyving suffi-
ciently close to the solution, otherwise the iterations may converge too slowly
or diverge. Here, we assume such an approximation available but we plan to
relax this assumption by extending the homotopy techniques of [P92] from
the Toeplitz-like to various matrix structures.

Our results have been reported in the papers [PR2000], [PRW2000],
[PRWa].
Remark 1.1. Instead of the unification, one may use some known trans-
formations to Toeplitz-like or Cauchy-like case to ertend the cited successful
algorithms to other classes of structured matrices. This is a special case of
the general idea of extending successful algorithms from one class to other
classes of structured matrices. The idea was proposed in [P90] together with
the sample transformations among Toeplitz-like, Hankel-like, Vandermonde-
like and Cauchy-like matrices. The approach turned out to be useful for the
design of practical Toeplitz-like solvers, for handling singularities, for polyno-
mial interpolation and multipoint evaluation, and in the computational com-
plezity analysis of structured matriz operations [PLST93], [H95], [GK095].

[PZHY97], [P2000]. Our application of Newton’s iteration directly to the

input matriz, however, simplifies the computation by removing the transfor-
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mation stage, prone to numerical stability problems.

1.6 Organization of our thesis

We organize our thesis as follows. In the next section, we state some ba-
‘sic definitions and assumptions. In section 3, we briefly compare Newton’s
iteration for general and structured matrices. In section 4, we very briefly
outline our first algorithm. In section 5, we present this algorithm in some
detail. We define a unified Newton-structured matrix iteration (associated
with operators of Sylvester type), where we bound the L-rank of Newton’s
iterates by zeroing the smallest singular values of the matrix L(Af). We also
estimate the convergence rate and the computational complexity of the re-
sulting algorithm. In section 6, we present our second algorithm. That is,
we define a unified Newton-structured matrix iteration (associated with op-
erators of Sylvester tvpe), where we bound the L-rank of Newton’s iterates
avoiding the SVD computation. In section 7, we estimate the convergence
rate and the computational complexity of this algorithm. In section 8, we
extend both algorithms to the case of singular operators. In section 9, we
apply our algorithms to the Stein type case. In section 10, we state some ba-

sic preliminaries for estimating the norm of the inverse operator. In sections
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11-13, we estimate the norm v~ of the inverse operator L~!, which is the
main ingredient of our estimates for the output errors and the convergence
rate of our algorithms. \We present these techniques for estimating »—, both
in general and for the specific operators L associated with specific classes of

structured matrices.

2 Some Definitions

We will need some further definitions in addition to the ones mentioned in

the introduction.

Definition 2.1. ||\/|| denotes any fized operator norm of a matriz M. [|M ||z, [|M|],.
and ||M||x are the special cases denoting the 2-norm, the (column) 1-norm,
and the (row) oc-norm, respectively (cf. [BP94]. [GL96]), that is, ||M|| is
the [-norm. | = 1,2, 20. k(M) = cond,(M) = o} (M)o2(M), where o?(M) is

the i-th singular value of M, 1= 1,... .r.r =rank}l.

Theorem 2.1. (¢f. [BP94], [GL96]). We have ||M|, = o?(M) for ev-
ery matriz M and k(M) = ||M]|2]|M 7|2 for an n x n nonsingular matriz
M = (mj).(cf. (1.11)-(1.13)). Furthermore we have |[M||;/v/n < [|[M]2 £
MRl = 1,0c; |M]l; = M| = max; Y, |m;j|. Moreover, if M €
R™*"_ that is, if the matriz M has real entries, then ||M|]3 < |[M|[1]|M]|oc-
k(M) = condy(M) = g?(M)/o? (M) where o?(M) is the i-th singular value
of M,r = rankl.
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Definition 2.2. A linear operator L of Sylvester type and/or Stein type is
called nonsingular if it can be inverted, that is, if for any fired matric pair
(G, H) of (1.5) there exists a unique matriz M having its L-generator (G, H)
of length o, that is, satisfying equations (1.3)-(1.5). Such an operator L =
Vaip or L = A, g is called regular if it is nonsingular and if (1.3)-(1.5)
tmply that the matriz A\ can be erpressed as a unique bilinear or trilinear
matriz form with at most a terms in the entries of the L-generator matrices

G and H.

Definition 2.3. We define the norms of the linear operator L and (if this

operator ts nonsingular) of its inverse L™!:
v=va(L) = Slkllp(llL(-“f)llz/ll-"fllz),

v =vau(L7h) = 5}‘1’1)(||-“[||1/||L(M)||1),

where the supremum ts over all matrices M having positive L-rank at most

a. We also define the condition number of the operator L as
x = x(L) = cond(L) = vw™ = vas(L)v(L).

Assumption 2.1. Frcept for section 9, we will assume with reqular opera-

tors L only.
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3 Newton’s Iteration and the Unified Newton-

Structured Matrix Iteration

Newton’s iteration
Nia=Xi2I - VX}), i=0,1,..., (3-1)

is a well known technique for rapid improvement of a crude initial approxima-
tion. \j. to the inverse of a matrix /. Indeed, the above matrix equations
imply that
I—MX;, = - MX;)?
and, therefore,
I — M Xl < 11 = MXG?

for all 7. That is, we have quadratic convergence if || — M Xj|| < 1. Various
modifications of this iteration allow its faster convergence, and various poli-
cies are known for efficient choices of the initial approximation X, [IK66],
[PS91].

In the case of a general input matrix 1/, the computational cost of the iter-
ation as well as its known modifications is high because matrix products must
be computed at each step. For structured matrices, matrix multiplication has

a lower computational cost of m,(L) (see Theorem 1.2), because one may
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operate with short generators rather than with the more numerous entries of
the input and output matrices of each operation. In particular, for structured
matrices, M and .\, having short V 4 g- and Vg ;-generators, respectively,
the iteration can be performed by operating with some short V-generators
of the matrices M, X;, and MX; (or X;M). to decrease dramatically the
computational time and memory space used in the above classical version
of Newton’s iteration. This, however, requires some special techniques for
controlling the length of the Vg s-generators of \';, which otherwise tend
to be tripled at every iterative step. Similar comments apply where A4 g-
and Apg_j-generators are used. In the Toeplitz-like case, two approaches to
such a control are described in [P92], [P93], [P93a], and [PBRZ99]. The re-
sulting two processes are called Newton-Toeplitz iteration in [PBRZ99]. In
[PZHD97] one of the approaches was developed for Cauchy-like matrices.
We will extend the two approaches to a more general class of structured ma-
trices in a unified way and will call the resulting two processes the Unified
Newton-Structured Matriz Iteration for matrix inversion.

Let us outline it assuming that A/ and X are structured matrices with
rankV 4 (M) = rankV g _4(M~')) = a (cf. Theorem 1.5), rankV g 4(Xp) =

8y € 3a where a and 5; are small relative to n. We will modify Newton’s
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iteration to ensure that for every ¢ the matrix X; has a Vg 4-generator of
length at most 3a. By assumption, rankVg 4(A~!) = a. Hence the matrices
X;, which approximate Af~! closely for larger i, have a nearby matrix of
V. 4-rank a. This fact suggests the following approach (cf. [P92], [P93a],
[PBRZ99)]) to decreasing the computational cost of the iterative scheme: shift
from X to a nearby matrix }; having Vg ,-rank at most a and then restart
the iteration with Y; instead of X;. Here is a formal description of this
approach for the Sylvester type operators. (The same ideas work similarily

for the Stein type operators A4 g and Ag 4.)

Algorithm 3.1. Unified Newton-Structured Matriz Iteration for the Sylvester

Type Operators.

Input: A positive integer a, a pair of n x n matrices A and B (defining
a regular operator V  g), an n x n nonsingular structured matrix M having
V 4.g-rank a and defined by its V 4 g-generator (G, H) of length a (cf. (1.3),
(1.5)), a sufficiently close initial approximation Yy to M ™! given with its
V g,4-generator of length at most a, a bound on the number of iteration
steps (such a bound will be specified in Corollary 5.1), and a Subroutine R
for the transition from a V 4 g-generator of length at most 3a, for an n x n

matrix approximating M ™! to an V4 g-generator of length at most o for a
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nearby matrix.

OQutput: A Vg 4—generator of length at most « for a matrix Y4, ap-
proximating M~!.

Computations: Recursively compute Vg i-generators of length at most

3a and o for the matrices
NXimn =Y. (2I - \IY}), i=0,1,...,1, (3.2)

and Vg s-generators of length at most a for the matrices }; defined by a
transformation from .\\; by means of the Subroutine R.

Proposition 3.1. Under the assumptions of Algorithm 3.1, for any i =
0.1,2,.... a Vg _y-generator of length at most 3a for the matriz X;;, =
2Y; — Y; MY, can be computed at the cost of performing O(Al,) = O(aly,) =
O(a?nlog?n) flops.

Proof. Write ¥ = ¥;,X = X;,;, = 2Y — YAY, and observe that
V5.a(X) = Vg, 4(2Y — MY'). Combine the equations
Vpa(X)=Vea(Y)2I —MY) - YV, p(M)Y - YMVpa(Y),
Vea(X)=GxHL, and Vp,(Y)=GyH}
to obtain that
GL = (GT.(YG)T, (Y MGy)T),

HT = (HT(2I - MY),—HTY, —HY).
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Because of the assumed regularity of operator Vg 4, these observations imply
Proposition 3.1. O

To complete the description of the Unified Newton-Structured Matrix
Iteration, it remains to specify the Subroutine R, which controls over the
length of the computed L-generators. \We will do this in two ways, to be

specified in sections 4 and 6.

4 A Variant of the Subroutine R for Con-
trolling the Length of L-generators of Ap-
proximate Inverses: Zeroing the Smallest

Singular Values

In this section we will rely on the following result, which will enable us to
control the length of an L-generator for a matrix Y7 lying near X; and M ™!
(cf. [GL9I6], pp. 72, 230):

Theorem 4.1. Given a matriz \V of rank r, it holds that

o= min ||IV ~ B2,
rankB<r-1

that is. the r-th singular value of W is equal to the minimal 2-norm of the

error of approrimation of YW by a matriz of rank less than r.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We will represent the image matrix Vg 4(X;) via its SVD, which defines
the unique orthogonal Vg j-generator for X;, and then will se to zero its
smallest singular values leaving at most a of them nonsingular and thus
obtaining a shorter V g _4-generator of length at most a for a nearby matrix
};. Both Y; and Af lie near .X;, and we have [|Vg 1(X;) — Vg 1(Yi)|l2 <
IVB.4(X:) — Vg a(M~1)|l2 by Theorem 4.1 because rankVg 4(M~!) < a,
and thus implies that also }; lies near X';. To specify and to analyze formally
the transition from the matrices .\; to Y7, we will use some further definitions
and simple preliminary results.

Hereafter, we will write 3 = 3; = rankVpg 1(X;). We will prove shortly
that 3 < 3a (for all i) in our case. By the definition of };, we have
rankVg 1(};) = aforall i. We also have by Theorem 1.5 that rankVg ((M™!) =

a. Let us write

€lLi = ”‘\—i - "‘I_l”ls l= 1727 o, (41)
e: = ||X; — MY, (4.2)
& = 1% — M1 (43)

Now, we are ready to describe Variant 1 of Subroutine R for Algorithm

3.1.
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Subalgorithm 4.1. Variant 1 for the Control of the Generator Length: Ze-
roing the Smallest Singular Values.

Input: A positive integer a, operator matrices A and B, a V 4 g-generator
of length at most a for a nonsingular nxn matrix Al where a = rankV 4 g(M) =
rankVg 4(AM~1), and a Vg _;-generator (G;, H;) of length at most 3 = 3;,
for a matrix .X; such that a < 3,V 4(\X;) = G;HT.

Output: A Vg _s-generator of length at most a for a matrix Y; such that
1¥: = M2 < (1 + (Il + || Bll2)v ™ )ez, (4.4)

for e;; of (4.2) and v~ = 1, 4(V 4,8) of Definition 2.3.

Computations:

a. Compute the SVD of the displacement Vg _4(\;) = U;Z2VT.

b. Set to zero the diagonal entries 02, ... ,03 of the matrix £;, thus
turning T, into a diagonal matrix of rank a. (¢2,,,...,05 are the 8 —
smallest singular values of the matrix Vg _4(Xj).)

c. Compute and output the matrices G; and H obtained from the ma-
trices U;X; and 1;¥;, respectively, by deleting their last 8 — a columns.

Correctness of Subalgorithm 4.1 is implied by the following result, which
shows that bound (4.4) holds under our assumptions on the input of Algo-

rithm 3.1 and Subalgorithm 4.1.
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Theorem 4.2. Let the structured matrices M~', X;, and Y; be defined as
above and let a positive scalar 2;; be defined by equation (4.2). Let Vg 4 be
a regular linear operator associated with the matriz specified for M. Then

bound (4.4) is satisfied.

Theorem 4.2 generalizes a result of [P92], [P93], and [P93a] proved for the

Toeplitz-like case. To prove Theorem 4.2, we need the next two propositions.

Proposition 4.1. Under the notation of Algorithm 3.1. we have

IVe.a(X:) = Ve a(Y)2 = 02, (Ve,a(Xi)), (4.3)

1Ve.a(X:) = Ve (AT < (141 + 1 BlDes. (4.6)
fore; of (4.2).

proof Equation (4.3) follows immediately from Theorem 2.1. To prove

bound (4.6). recall that

Ve a(M ) =M"'B—-AM™", Vp(\X:)=NX:B—- AX,.
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Therefore,

IVB,.4(X:) = Ve a(M Y]
= ||XiB — AX; — M7'B+ AM™Y|
= |(Xi = MY)B = A(X; — ALY
< X = M7 UBI A+ AN - 11X = A7

< (1A + IBIDNXG: = M7 = (1Al + [|Bll)e:.
Proposition 4.2. ||V 4(X;) — Vg a(Yi)ll2 < (l|4ll2 + [|Bll2)e2,:-
proof Apply the well known estimate ([GL96], p.428) and deduce that

03(V5,4(X) = 03 (V 5.4 (M| < 1(T54(X) = (VoM

for all i, where o2(11") is defined by (1.11)-(1.13). For all ¢ > a, recall that

c?(Vg.4(M~!)) = 0 and obtain
a2(Vp,a(X3) < IV.a(X:) = Vg (M Y)2-
Now, substitute inequality (4.6) and deduce that
02(Vp,4(X2) < (JlAll2 + || Bl|2)ez, for i > a.

Combine this bound for i = a+1 with equation (4.3) and deduce Proposition

4.2. a
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Now, we are prepared to prove Theorem 4.2.
Proof of Theorem 4.2: We have ||[A/~! Y|, < [|AM~! - X;|2+]|Xi = Yill2.
By first applying Definition 2.2 for{ = 2 and L = Vg 4 and then applying the
linearity of the operator Vg 4. we obtain that ||.X; — Y|l < v7[|[Vg 4(Xi —
Yl £ IVB,a(XNi) ~ Vg 4(Y7)]|2. Substitute equation (4.1) for [ = 2, that is,
e2; = ||-X; — A~ !||5, substitute the latter bound on ||.X; — Y{||2 and the one of
Proposition 4.2, and obtain [|[M~!=Y||; € €2;+||Ve.4(X:)—Va.4(Yi)ll2v~ <

ea;i + (||All2 + || Bll2)ez v a

5 Unified Newton-Structured Matrix Itera-
tion I: Its Convergence Rate and Compu-

tational Complexity Estimates

Combining Algorithm 3.1 with Subalgorithm 4.1 applied as a Subroutine R
defines Unified Newton-Structured Matrix Iteration I. Next, we will estimate
its convergence rate and the computational complexity of its performance.
Our study extends to various classes of structured matrices a similar study

presented in [P92], [P93]. [P93a]. and [PBRZ99| for Toeplitz-like matrices.
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Let us write

pi=|I -Y:Mll,, i=0,1,2,...

We have

I = Xe M = (I = M2, | = X M2 < p2,

and therefore, [|[M ™! — X, |l2 < P?||AL7}||2- By Theorem 4.2, we have
1M1 = Youll < (1 + (l[All2 + [ Bll2) v )M = Xl
Consequently, we have
1M = Yills < (1 + (1412 + [IBll2)y ™ )RF| M 2.
and therefore,

pis1 = [T = Y M2 S [|M7Y = YLl M
< (1 + ([|Allz + 1 Bll2)y)p2 I M Y| M |l

< (L+ (14112 + 1 Bll2)v™)pi (A1),

where (M) = cond, (M) = || M~Y[2]| M|z (cf. Theorem 2.1).

Now, suppose that for a positive 8.0 < 1, we have

(1+ (IAllz + IBll2)v™)pi °w(AM) < 1fori=0,1,2,.... (5.1)
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This bound implies a convergence rate of 1 + 4, that is,
Pist < pi* for all i. (5.2)

Next, observe that if pg < 1, then p; < 1 and satisfies (5.1). Then (5.2)
implies that p;;; < p;. Therefore, it is sufficient to assume (5.1) with p;

replaced by pg. The next theorem summarizes our analysis.

Theorem 5.1. (Convergence rate). Under Definition 2.3 and the stated as-
sumptions on the input of Unified Newton-Structured Matriz Iteration I, (that
is, Algorithm 3.1 combined with Subalgorithm 4.1) let the matrices \X; and
M be given with their Vg 4- and V 4 g-generators of length 3y and aq, re-

spectively. Furthermore, let
(1+ (14llz + IBll2)v")pg°x(M) < 1 for i = 0,1,2,... (5.3)

for po = I = XoM|l2.v™ = 1n4(V4.8) of Definition 2.3, and some fized
positive 8. Then for all positive i, we have rankV g 4(}7) < a.||[Yi—=M2 <
po AL

Estimating the computational cost of performing Algorithm 3.1, we will
rely on Definition 2.3, Theorem 5.1 and the bound O(na?) on the cost
of computing the SVD of the product of a pair of n X a by a x n ma-
trices [P93], [GL96]. (The latter bound should actually include the term

aloglog(1/6) log . where 4 is the output approximation error bound for the
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SVD; we will ignore this term assuming realistically that loglog(1/4) loga =
O(na).)

Theorem 5.2. Under Definition 2.3 and the assumption (5.3) on the input
of Unified Newton-Structured Matriz Iteration I (that is, of Algorithm 3.1 and
Subalgorithm {.1), the matrices X,Y1, X5, Y5,...,X;,Y; can be computed by
performing O((mq +a?n)i) = O(ia’nlog? n) flops for any fired natural i and
for mq = O(a®nlog?n) and d of Assumption 1.1.

We can see that unless the matrix M/ is very ill-conditioned, inequality
(3.3) is a mild assumption on the residual norm py. This assumption is
sufficient to ensure a rapid improvement of the initial approximation of [
by .\\g at a low computational cost of performing i steps of Algorithm 3.1 by
using O(img) = O(ia?nlog?n) flops.

Corollary 5.1. Under the assumptions of Theorem 5.1, the residual norm
bound p; = ||I — YiM||2 < ex(M) is ensured in
I = [log,4(loge/ log po)]

steps of Unified Newton-Structured Matriz Iteration I, (that is of Algorithm
3.1 combined with Subalgorithm 4.1). These steps require O(Im,) = O(la?nlog® n)
flops for m, and d of Assumption 1.1.

Remark 5.1. One may develop a dynamic version of Newton-Structured
Matriz Iteration I, where the level of the cut-off in zeroing the smallest sin-

gular value may change with i, to optimize the overall flops count (this was
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poposed in [P92] and [BM,a] in the Toeplitz-like case). In particular, the
recipe of [BM,a] is to zero all the singular values of Vg 1(X;) that are less
than a fired tolerance e. Because the residual norms p; < py are assumed to be
small for all i, this recipe should normally lead to exactly the same matriz Y;
as the one output by our Subalgorithm 4.1. The only exception is the matrices
X for which there ezist approzimation matrices B satisfying simultaneously

the two following inequalities: rankV g 4(B) < a, ||Vg.a(B — Xi)l2]l < €.

6 Variant II of Subroutine R for Controlling
the Generator Length for the Inverse: Sub-
stitution of an Approximate Inverse into an
Expression for Vg (M)

Let us describe an SVD-free method of controlling the length of an L-

generators of approximate inverses. By Theorem 1.5, Vg 4(Af~!) = —M~'GHT (L.

We substitute .X; for A/~! on the right-hand side and define a short Vg 4-

generator for }; as follows:
V.a(}:) = UNT, (6.1)

where U; = —X;G € C**2,IVT = HTX, € C°*". This leads us to the

following variant of Subroutine R of Algorithm 3.1.
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Subalgorithm 6.1. Variant II for the Control of the Generator Length for

Approrimate Inverses.

Input: A positive integer a, a pair of n x n operator matrices A and B
defining a regular operator Vg 4, a V 4 g-generator for a nonsingular n x n
matrix M of length at most o where a = rankV 4 g(AM) = rankVg 4(M™1),
and a Vg s-generator G;., H;,; of length at most 3a for a matrix \;;; of
equation (3.2).

Output: A Vg s-generator (U;;y, Wis) of length at most a for a matrix

Yi.i such that
i1 = |[Yie1 — M| < Cie; (6.2)

for é; of (4.3), e; of (4.2), C; = v~ ||GHT||(e; + 2||M~'|]), and a constant
v~ =v,(V3l,) of Definition 2.3.

Computations: Compute and output the matrix products U;;; = —X;1,G,
WT, = H'X;4 of (6.2).

Under Assumption 1.1 about regularity of the operator Vg_;, the matrix

pair (U4, Wis1) is a Vg 4-generator of length at most a for a matrix Y;,,,

which is a unique solution to the equation (cf. (6.1))

Ve.a(=Yis1) = Ui WL,
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and the computation of the n x & matrices U4, IV is reduced to multiplica-
tion of the matrix X;.; by the n x 2a matrix (—G, H), at the costO(aman =
O(a*nlog? n) for m, , and d of Assumption 1.1.

To prove correctness of the subalgorithm, that is, to prove bound 5.3),
we need some auxiliary results. Recall the matrix equations U = A[~!'G and

IWT = HT\[-! of Theorem 1.5 and deduce that

D-i = ‘\’iG = («\’i - ."[_l)G + “[_IG,

W =HTN;=HT(Xi — M)+ HTM'.
Now, write E; = U;1V'T — UTV'T and obtain the following matrix equation

Ei=(Xi— M YGHT(X;—= MY+ MIGHT(X;— M)+ (Xi— M H)GHTA L.
Proposition 6.1. Let matrices U;, II}T, and E; be defined as above. Then
1Bl = W] —UWT[| < IGHT ||es(e: + 2(|M 7)),
for e; = ||X; — M| of (4.2).
pf The proposition follows from the above expression for E;. d

Proposition 6.2. For a nonsingular matriz M, X;,, defined by equation
(3.2), and Y; of Algorithm 6.1, for i = 0,1,..., we have e;;, < || M||€2
for eix1 = [|Xiga — MY and é; = ||Yi — M7 (of (4.2), (4-3)).
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proof By (3.2), wehave I — M X;,; = (I -~ MY;)?%,i=0,1,.... It follows
that €iyl = I[J\Pi+l - .'"[-1” = “.‘I-I(I - .'“[1\','.*.1)“ = ”."[-'I(I - 1‘[Y;)2” =
(ALY = Y)AL(M™! = Y7)|| < [[M]]é2. 0

Theorem 6.1. Fori=1,2,3,..., we haveé; < Cie; and e;; < (Cie;)?||M||
fore; of (4.3), é: of (4.4), Ci = v ||GHT||(e; +2||]M 1], and a constant v~
of Definition 2.3.

Proof. é; = ||}; — M7 < v7||Vg,a(Y: — M) (see Definition 2.3).
Since the operator Vg 4 is linear, we have é; < v~||Vg 4(Y;)=Vg 4 (M1)] <
v |[5;WT — UWT|| < vo||Eif]- At this point, apply Proposition 6.1 and
obtain that é; < Cie;. Now. since e;.; < [|M]|é? by Proposition 6.2, we

deduce that e;.; < (Cie;)?|| M |]. a

7 Unified Newton-Structured Matrix Itera-
tion II: Its Convergence Rate and Compu-
tational Complexity Estimates

Combining Algorithm 3.1 with Subalgorithm 6.1 (applied as Subroutine R)

defines Unified Newton-Structured Matrix Iteration II. Our next goal is to

estimate its convergence rate and its computational complexity.

Let us first restate Theorem 6.1 in a more constructive way — by replacing
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the values e, [|M!|| and C; by more readily available values. We will write

ro = ||[I — MYy, (7.1)
e5 = Tol[Yoll/(1 — o) (7.2)
and will assume realistically that
ro <1, (7'3)
e < [|AL7H], (7-4)
for e; of (4.2) and for all z.
Proposition 7.1. Assuming (7.1)-(7.4). we have
éo S 66, (75)
IMHE < (1Yll/ (1 = ro), (7.6)
Ci <C=3v|IGHT]| - I¥oll/(1 = ro). Vi. (7.7)
Proof. e have [Af7}| — [|Yp]] < [|A7 = Y]] < [|Af7Y|/ro, assuming
(7.3), and now (7.6) follows. Furthermore, éq = [[Yo — M 7}| < rod Y.

Substitute (7.6) and obtain (7.5). Substitute (7.3) into the expression of

Theorem 6.1 for C;, then substitute (7.6), and obtain (7.7).

By combining Theorem 6.1 and Proposition 7.1, we obtain
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Theorem 7.1. Assume (7.1)-(7.4). Then we have é; < Ce;,e;x; < (Ce;:)?||Yoll/(1-
ro) for C of (7.7) e; of (4-2), é; of (4.3) andi=1,2,....

Corollary 7.1. Assume (7.1)-(7.4) and let e; < 1 and (&) ¢||AM[||C? < 1

for0 <0 <1. Thenei, < (€)'t <...< ()M, fori=1,2,....

By applying Proposition 6.2 and then bound (7.5) we obtain e; < &3]|M[| <

(eg)?]|M]]- Substitute the latter bound into Corollary 7.1 and obtain

Corollary 7.2. Assume relations (7.1)-(7.4) and the bounds (e§)?|| M| <
1.6 < 1.(e)' % M|'-%2C < 1 for C of (7.7). Then we have ey <

(€)1 MNP+ and é;4y < Ceig1.:=0.1,....

Corollary 7.3. Write

i* = [log(log e*/ log((eg)*[[AL[1))/ log(1 + 6)1.
t = [log(log €/ log((eg)?[|M1]))/ log(1 + 6)].

Then, under the assumptions of Corollary 7.2, i+1 > i* +1 recursive steps of
(6.1) and (6.2) are sufficient in order to ensure that e;,1 = || X1 — M7 <
e*. Furthermore, i +1 > i + 1 such recursive steps are sufficient in order
to ensure that é;,) = ||Yi1 — M| < €C. Fach recursive step of (6.1) and
(6.2) can be performed by using O(am,,) = O(a’nlog?n) flops for man

and d < 2 of Assumption 1.1.
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8 Extension to Singular Operators

In some cases structured matrices are studied by using singular operators L.
(Most celebrated are singular operators associated with Toeplitz-like matri-
ces. in particular, Vz z, Vzr zr (cf. [BP93|, [BP94]), V2, 2, and VZ/TvZfT (cf.
[GO94]), with Hankel-like, and Hankel+Toeplitz-like matrices (cf. [BP93],
[BP94]).) In such cases, we may apply our Newton-Structured Matrix Itera-
tion in two ways.

1. Associate a regular linear operator to the same class of matrices and
recover the respective new L-generators from the old ones.

This is sometimes a very simple task. For instance, given a singular
operator Vz, 7. and a Vz, 7 -generator for a matrix A/, we observe that the
operator Vz, z, is regular if and only if e # f and immediately obtain the

V z,.z.-generator for the same matrix M as foolows:
Vz,z,(M)=2Z;M - MZ, = Vz,,z,(.r\[) + M(Zf - Z.),

where M(Z; — Z,) = (f — e)Mey, Mey is the first column of M.
2. For some singular operators L almost all entries of the matrix .M can
be recovered from L(A). Then modify the iteration process to recover also

the remaining entries of 1.
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For example, for the operator V z7,zT we have the expression

e a
M= Z“c(./\len_l) -+ ’e—_—7 Z Zf(ngi)ZEe(hi)

i=1
provided that Vz}"z}'(./\[) = GHT for G, H of (1.5), e,_; is the n-th coordi-
nate vector so that Me,_; is the last column of an n x n matrix AM; Zy(v) is
the f-circulant matrix with the first column v, and Z;.(v) is the f-circulant
matrix with the last column v (cf. [GO94], [PBRZ99]). Thus, we have a
simple bilinear expresion for an n X n matrix via its V Z!rszfr-generator and
its last column.

We now easily extend Algorithm 3.1 (cf. [PBRZ99])provided that to-
gether with a short ¥V 2T, zT-generator of the matrices X;,;, we also compute

the last columns of X, ; as follows:
,\',-+1e,,_1 = );(21 + .-l)’;-)en_l, t=20,1,....

For both approaches 1 and 2, the estimates for the convergence rate and the
computational cost are easily extended from the case of the regular operators
such as Vz, 7, [PBRZ99]. Moreover, the techniques and analysis of such an
extension to the singular case apply to all other irregular bilnear operators
V.a.B (so far encountered) for the study of Toeplitz-like, Hankel-like, and

Toeplitz+Hankel-like matrices.
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9 Extension to the Case of the Stein Type

Operators

Ve may extend our algorithms by replacing Sylvester type operators V 4 g by
Stein type operators A4 g. First, the formula for the recovery of a matrix WV
from its image A 4 g(W) changes, and all the algorithms change respectively.
Second, minor changes appear in the computation of the A 4 g-generators of
the matrices X;;; = 2}; — Y;\M};, because of the changes of the expressions
for the matrix products and inverses. Let us specify these changes.

Assume that the matrices M and A are nonsingular and write A 4 g(A) =

GHT. Then we have the following expression for the inverses:
Ap (M =M1 BM A= MTTA'A p(AMN)M ' A=G_HT

where G_ = M~'A-'G and HT = HTAM~!'4A. Similarily, if M and B are

nonsingular, we have
Ap (M Y)Y =M"T1"-BM T 'A=TM'A p(A)T'M ! = G+HZ

where G, = BAM~'G and HY = HTB~'AM~!. In both cases, the length of
the A, g-generator G, H for M equals the length of the respective Ap s-

generator for A[~.
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Likewise, for the product Y MY we deduce the following expression with-

out nonsingularity assumptions:
Y MY —-BYMYA=(Y-BYA)MY+BY AM(Y —BY A)—BY (M—AMB)Y A.

This expression furnishes us with Ag j-generators (of Stein type) of length
at most 3a for Y;AlY; and, consequently, for X;;, = 2Y; — Y..\[};, provided
that M and }; are given with their A g- and Apg_4-generators of length a,
respectively.

The resulting changes of our algorithms will be further specified in the
next two subsections. For some more elaborate techniques that enable exten-
sion of our algorithms to some operators A4 g where both matrices 4 and

B are singular.

9.1 Specific changes for Subalgorithm 4.1

We change the requirements to the output of Subalgorithm 4.1 and its com-
putation as follows:
New Output: A Apg s-generator of a length at most « for a matrix };

satisfving the bound

[1¥: = MMz < (L+ (1 + [|4]l20Bll2)v ™ )ezs (9.1)
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for ey ; of (4.1) and v~ of Definition 2.3. The latter change is motivated by

the following argument extending the proof of Theorem 5.1

|Xi = BX;A = M~ + BMT A,
= [[(Xi =M™ - B(X; — M)Al
< X = MYz + [1Bll2l1(Xi — MY 2]l All2
< 1+ Al Bl)I(X: — ALYl
< (1 +[[All2ll Bli2)e:.
The mild assumption (5.3) for i = 0, which ensures rapid convergence of

Algorithm 3.1 with the rate of 1+, turns into the following one in the Stein

type case:
(1+ (1 + |4l Bllo)v™)<(M)ps~ < 1. 9:2)

for v~ = 15 4(A 4 ) of Definition 2.3.

9.2 Specific changes for Subalgorithm 6.1

We change the requirement regarding the output of Subalgorithm 6.1 and its

computations as follows:
New Output: A positive integer a, two operator matrices i and B, 4

being nonsingular, a A4 g-generator of length at most a for a nonsingular
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matrix A, A Ap_s-generator of a length at most a for a matrix }; satisfying
the bound

ir1 = |[Yir1 — MY < Ciey (9.3)

for e; of (4.2), hate; of (4.3), and

Ci = v I|GHT|| - | All - [[A7 (e + 21 AL 7HY))- (9-4)
New Computations: Compute and output Uy = —X; 11 A7IG, WL =

HTX,;14. The latter changes are motivated by the following argument ex-
tending Proposition 6.1: the expression for E; = U;IVF ~UWT = X\;A“'GHTX;A-

M-1A'GHT M~ A changes as follows:

Ei=(Ni—~ M YA 'GHT(X; - M~ YA-UHT(X; - M N4
+ (X =M HATlGw T,
NEN < WGHT| - |4l - 1147 lea(e: + 2[[A7H])

= IGHT ||Ix(A)ei(e: + 2[| AL 7H]).

Corollary 7.2, which ensures the rapid convergence of Algorithm 3.1 combined

with Subalgorithm 6.1. turns into the following result in the Stein type case:

Corollary 9.1. Let ro = ||[I - MYp|| < 1,e5/I|M]| £1,0 <1 foreg of (7.2)

and let (eg)'°|[M||'"2C < 1. Then ey < ((5)*IMI)*" and &y <
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Ceisq fori=0,1,2,.... Here C is a new constant derived from the constant
C; of equation (9.4) by assuming that C = 3v~||GHT||x(A)||Ys]|/(1—10) > C;
for C; of equation (9.4) and provided that e; < ||M™!|| for all i and that
To S 1.

The above changes in Corollary 7.2 imply the respective changes in Corol-

lary 7.3.

10 Preliminaries for Estimating the Norm of

the Inverse Operator

To complete our analysis presented in the previous sections, we must esti-
mate the norm v~ of the inverses of the operators V 4 g or A 4 g associated
with each of our two variants of Newton-Structured Matrix Iteration (cf.
Definition 2.3).

In section 11 we will estimate v~ for the four major classes of structured
matrices, Toeplitz-like, Hankel-like, Vandermonde-like and Cauchy-like ma-
trices (depending on the choice of the basic bilinear or trilinear representa-
tion of such matrices). Technically, we will follow the line of the Appendix
of [P92], in particular we will rely on the SVD-representation of the image

GHT of the operator applied to a matrix M.
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In section 12, we will present two distinct types of techniques for the
estimation of v~ not involving the SVD-representation of the image GH7”
of the operators applied to a matrix M. The first technique, will exploit
some specific properties of the displacement operators and will enable us to
estimate the norm v~ for the operators associated with Toeplitz-like, Hankel-
like, Vandermonde-like, and Chebyshev-Vandermonde-like matrices. We will
present these techniques in the next two subsections.

In section 13, we will present an alternative technique, which can be used
for more general classes of operators. \We will specify it in a unified way
for the operators associated with the important classes of the Toeplitz-plus-
Hankel-like. and Cauchy-like matrices.

In the present section, we will state some definitions and simple auxiliary

results.

Definition 10.1. For a positive integer k, we will say that a matriz S is
nilpotent of order k if S¥ =0 and

f-idempotent of order k if S* = al.
Example 10.1. Z" =0.Z} = f1.

Theorem 10.1. For an operator V 4 g{(M) = AM — M B of Sylvester type,
if A is a nonsingular matriz, then ||A||v™ (Vi) < v (Aa-18), and if B is

a nonsingular matriz, then [|B|lv™(V.48) S v (Asp-1)-
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Definition 10.2. Write S =[,/-2; sm(nﬂ)] S being the (normalized) ma-

triz of the Discrete Sine Transform-I.

Definition 10.3. Write Q = [\/—q_, cos(g—k—l—)(—’—l—)"-)] q = \/. g2 =...=

gn = 1), Q is the (normalized) matriz of the Discrete Cosine Transform-II,
Q"Q =I. Dq = 2diag (19COS(§)~ - ,2cos(——("‘n”“))_

Definition 10.4. Let the following structured matriz be defined by integers

v and §
[+ 1 0 0]
1 O 1
Ys={0 1 . . 0},
0 1
0 .- 0 1 5]

The next basic results are simple and well known (see, eg, [P92], [KO96]).

Fact 10.1. We have ||Circe(v)lli = IV, IL(W)]li = [[vll1, for any vector

v.l=1,0c; furthermore, |[D(v)|| < [Iv]i.

Fact 10.2. For an orthogonal L-generator (G, H) of a matriz (cf. (1.3)-
(1.9)). we have||gillz = ||hill2 = 0(GHT),i=1,... ,a,[|GH"||]2 = o}(GHT).

Fact 10.3. [|S|; = max, 3}, /75 Isin(Z5) < 0, /45 < V2n

Fact 10.4. S> = I, Z + ZT = SDsS, and therefore, S(Z + ZT)S = Ds,

where Ds = diag (2cos(;55), - - - - 2cos(2%)).

Fact 10.5. The matriz Y, of Definition 10./ can be diagonalized by the
Discrete Cosine Transform matriz Q, that is, Y1, = QDoQT.
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Fact 10.6. ||Q]|, = max; Z?:I \/glqj cos(&_gf{—_””)l < n\/g < V2n, ||Dgl =
‘)

11 Estimating the Norm Based on the Trun-
cation of the SVD of the Image Matrix
L(M)

In this section, we will estimate the scalar factor v~ for the operators as-
sociated with Toeplitz-like, Hankel-like, Cauchy-like, and Vandermonde-like
matrices.

Theorem 11.1. Let s and t be a pair of vectors of dimension n filled with
2n distinct coordinates, s; and t;, none of the t; being zero. Let V =V 4 g
and N = A, g be nonsingular operators of (1.3), (1.4). Then we have the
following bounds on the l-norm vay,l = 1,2,0¢,1 < a < n, of the inverse

operators V! and A~! over the n x n complex matrices:

Ua(d757) = MalAZr z7) < an'?, (11.1)
Va(Voliez) < eVl D)V (L), (11.2)
U.a(Viie.z,) < avnlD7! (e — t")V(t)|l, (11.3)
na(Viie.oe) < aVrlD(s)C(s, t)]l, (11.4)

for l = 1,2.0c. Forl = 2 over the real matrices all these upper bounds are
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decreased by a factor \/n.

Proof. The bounds of Theorem 11.1 are obtained based on the bilinear
or trilinear representations for each matrix A/ of A-rank (respectively, V-
rank) at most a such that A(M) = GHT (respectively, V(M) = GHT) for
the matrices G and H of (1.3). In particular, we deduce each of bounds
(11.1)-(11.4) based on the equations of Theorem 1.1 for the operators A or
v.

We first deduce from (1.6) that ||\ < Y°0, l|L(g:)LT (h;)||- By apply-
ing Facts 10.1, 10.2 and Theorem 2.1. we obtain that |[L(g:)[l, = |lgilli <
oivn ILT(h)|[y = [IL(hi)ll < [Ihilly < oiv/n. [[L(g:) LT (hi)lli < o?n for
! = 1.,2c and for all i. Therefore, ||M]|; < nY % ,0? < nao? = na||GHT||,
for [ =1 and [ = oc.

Using Theorem 2.1. we reconcile the /[-norm and the 2-norm on both
sides of the latter inequality and arrive at the bound (11.1) for the complex
matrices M € C"*" and the operator A(z ;7}. The equation of (11.1) follows
by comparison of (1.6) and (1.7). For real A/ € R™ ™, we combine the
latter bounds on [|M||; for [ = 1,00 with the bound [[AM|3 < [|M|1||M||o of

Theorem 2.1 and obtain an improvement of the bound of (12.1) by a factor

v/n. All other estimates of Theorem 11.1, that is, (11.2)-(11.4), are derived
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similarly, based on the representations (1.8)-(1.10), respectively. (We leave
the details to the reader.) O

Remark 11.1. The operators A and V are associated with Toeplitz-like and
Hankel-like matrices (for A of (11.1)), Vandermonde-like matrices (for V of
(11.2) and (11.8)), and Cauchy-like matrices (for V of (11.4)). We will omit

the straightforward eztensions of Theorem 1.1 to various other operators.

12 Estimating the Norm v~ Based on the De-
composition of a Matrix M via the Pow-
ers of Operator Matrices and the Image
L(M) and on the f-Idempotent Properties
of Displacement Operators

12.1 Estimating the operator norm v~ in the case of

nilpotent operator matrices A and/or B

In this section, we estimate the scalar factor v~ for the operators asso-
ciated with Toeplitz-like, Hankel-like, Vandermonde-like, and Chebyshev-
\andermonde-like matrices. \We explicitly estimate v~ for the Stein type
operators L, but we may extend the estimate immediately to the case of the

operators (1.1) of Sylvester type provided that one of the operator matrices
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A and B is nonsingular (see section 11).

In particular the matrix equation V 4 g(Af) = AA -1 g(Af) implies that
Via(Aa-18) 2 [|4lhwo(Va,p) and similarly V4 (M)A = Ay p-1(M)B
implies that v ,(A48-1) > [|Bll1v1a(V.,8)-

Theorem 12.1. [G092/, [W93]. Let A = A, p be a regular operator of
(1.4) of Stein type. Let A and/or B be any nilpotent matriz. Then we have

M= A + AAAMNB + A2AM)B? + ...+ AFIAM)BFY, (12.1)
and consequently,

Via S 1+ IAIBIL + 2L B?  + . + (A LB . (12.2)
Proof. Recursively pre-multiply the equation
Aas(M)=\M— AMB (12.3)
of (12.3) by A and post-multiply it by B to obtain
A4 g(M)B' = A'MB' — A+ A[B*! (12.4)
for all 7. Sum over i from 0 to k to obtain that

A(M) + ANAM)B + A2AM)B? + ...+ A A(M)BF = A1 — A*ArB-.

(12.5)
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Substitute A* = 0 or B = 0 and obtain equation (12.1) and the bound of
(12.2). a
Next, we will specialize Theorem 12.1 to some specific classes of structured

matrices.

Theorem 12.2. Lets and t be a pair of vectors of dimension n filled with 2n
distinct coordinates s; and t;, none of the t; being zero. Let A = A4 g be a
regular operator of(1.2). Let us write t_ = min; [¢;|.t, = max;[t;|,Z* =
235 M2(-1)=1Z%-1 Then we have the following bounds on the I-norm

Ua,lsl Sasn'

VI,Q(AE_IZT) = VI.O(AE’}"ZT) < n, (126)
1—(&)m .
i — i #1 _
U‘-“(AD-‘(t)Zl) = " if (12.7)
n f - = 1

R ift, £ 1

Ma(Adpmz) S8 7 froo (12.8)
n if t, =
1+ (@) (ST e, #2
A : 1_(1—) L + < .
Ul,O(ADEt)!z.) S ( —l) + . (12.9)

Proof. The bounds of Theorem 12.2 are obtained based on the bound
(12.2) applied for k¥ = n and the operators A of (12.6)-(12.9). (12.6) is
immediate because [|Z\||, = [|ZT|l = ... = ||1Z}7'h = (2T Y = 1.
(12.7) immediately follows from (12.2) because [[D~!(t)|ly = L. [|Z,|l, = 1,

and therefore. we have v, < 1+ Fl_‘ + ...+ t,‘—l.r The proof of (12.8)
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is similar to the proof of (12.7). Finally, let us prove (12.9). Recall that

Z® =235"72(~1)i-1Z%-1. Consequently, [|Z*||; = n,

n/f2
12 = 22 (=) 22y < 2 = 2n 7,
i=1

1
Via < 1+rn+...+tn_12"'2n,
+ +

n n 1
Via S 1= (1 + (?;)2 +...+ tn_22"‘2n) :
-+

O

Remark 12.1. The operators A are associated with Toeplitz-like and Hankel-
like matrices for A of (12.6), Vandermonde-like matrices for A of (12.7 and
(12.8)), and Chebyshev-Vandermonde-like matrices for A of (12.9).

12.2 Estimating the operator norms v~ in the case of

f-idempotent operator matrices A and/or B

In this section, we extend our first technique based on the extension of Theo-
rem 12.1 (This will enable us to extend our estimates for the norm v~ to cover

the Toeplitz-like, Hankel-like, Vandermonde-like and Cauchy-like matrices.)

Theorem 12.3. Let A = A, p be a regular operator of (1.2}, where S* =

al, for some positive integer k. Then we have

M= (NAD + AAAMD)B + ...+ AFIAM)B Y)Y —aB*)™,  (12.10)
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and consequently,

Via < @+ [ALIBI+ ... + A HIBHHDIT —aBY)7Y. (1211

Likewise, if M = (I-=aS*), vi, < vi, < (L+[All | Bll+ .+ 4571 B DII(I-
aAd)7H]

Proof. Similar to the proof of Theorem 12.1. a

Theorem 12.4. Let s and t be a pair of vectors of dimension n filled with
2n distinct coordinates s; and t;, none of the t; being zero. Let A = Ay g be
a regular operator of (1.4). Let the matriz T represent either D~'(t) or D(t).
Let us write (cf. Theorem 12.2) t_ = min; |¢;|,t, = max;[¢;], (1 +t*)_ =

min; [L+¢7], (1+¢t™)_ =min,—|1+}n|.2‘ 23" M2(1)i-1Z%-1, (Note that
iy = IUI+T™ Y, if B = D(t).) Then we have ey = [[(T+T7) 7]
zfB = D~Y(t),
n
Va(AZL, 27) = Va(dZ1_, 47) < 5 (12.12)
1 e €
- T TI= L f - #1
VA2 ) S 4 T e ‘l (12.13)
1 ; —
avems feo=1
1 1-t7 .
Tr——— if t 1
Via(Ap.z) S U T i # (12.14)
[N n lf ty =1
L (1 + 2 —,——H&)H_l) ifty #2
- - (1+tm)_ e 1-(&) +
VI.Q(ADtt),Z;I) < : y + (12.15)
1 n(n— . _
. (l + =5 ) ift, =2
Proof. Similar to the proof of Theorem 12.2. a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Remark 12.2. The operator A is assoctated with Toeplitz-like and Hankel-
like matrices (for A of (12.12)), Vandermonde-like matrices (for A of (12.13)
and (12.14)), and Chebyshev- Vandermonde-like matrices (for A of (12.15)).

13 Estimating the Operator Norms v~ Based
on the Eigendecomposition of an Opera-

tor Matrix

In this section we will generalize our first technique and present applications

to Cauchy-like and Toeplitz+Hankel-like matrices.

Theorem 13.1. let A = A, g be a regular operator of (1.4) with n x n
operator matrices A and B. Let \,.. .., )\, be the eigenvalues of the matriz
S. Let us write Ay, = A — \I,By, = I — \;B. Assume that Al‘ is not an

etgenvalue of the matriz B. Then we have

M= A(.\[)B‘ll +4 A(.\I)BB"IIB‘,,1 + ...
A Ay A A2 (13.1)
+ Ay, - -_-l,\"_l.’.\(z\!)BB,\"nl e BB,;l
and consequently,

ria < 1By + 1AW IBILIBTHRIBR i + - - -
Al A B B -~ 1B3 I

(13.2)
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Proof. Let A be any eigenvalue of the matrix A. We have

A(M) =AM = AMB + AMB — AMB
= M(I — AB) — (4 — A)AIB

= MB, — A\MB,

and obtain

A(M)B! = Al — AZ\MBB!.
In particular, substitute A = | into (13.3) and obtain

A(M)B;! = M — A\ MBB;!.
Then substitute A = A\, and obtain

A(M)B;! = M — A\, MBB;|.
Pre-multiply (13.5) by A,,. post-multiply by BB;' and obtain

_-1,\1.5(.\1)3;2133;‘ = A\ MBB;! - Ax, Ax, MBB; ! BB

Add (13.4) to (13.6) and obtain

A(M)B5! + Ay AQM)B! BB = M — Ay A\, MBB;!'BB;!.
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Substitute A = JA; into equation (13.3). Multiply the resulting equation

by the first term of (13.7)on the left, and by the second term of (13.7) on

the right, then add (13.7) to the resulting equation. Repeat this process

recursively and in a total of n steps obtain the following equation

A(M)B5! + Ay A( M)B;3!'BB;! .+ Ay, oo Aa, L AM)BB;! - - - BBy
=M — Ay Ay, - -- A\, MBB; ! --- BB}

(13.8)
This implies (13.1) since A,, ... Ay, = 0. a

n

13.1 Estimating the operator norms v~ for Cauchy-
like and Toeplitz+Hankel-like matrices using the

eigendecomposition technique

To apply Theorem 13.1 to the case of Toeplitz+Hankel-like matrices we need
some definitions and auxiliary results. Recall the expression for S and Q in
Definitions 10.2 and 10.3, respectively-.

S = [\/—,::sm(nH)] Q= [\/_qj cos((Zk ”(’ 1)")]

q = T}‘E’qz = ... = go = 1. By using Facts 10.5 and 10.6, we deduce
Y11= A |y = 1QDeQT — Al [y < [|QII1ll Dl IQT [l +[Ai] < 2n+[X;]. Now,
let a; = 2n + |A;| and let @ = max; a;. By the definition, ((Z + Z7)71),, =

I — X\(Z + ZT)~'. Recall that S? = I and obtain that ((Z + Z7)~!),, =
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S(UI-X\S(Z+2Z7)7'S)S = S(I — A\:D3')S. Therefore, [[((Z+27)" 1) =
|F(I — Xx:D3")7S|, < 2n/¢; where ¥; = min; |1 — 2Ai/cos(;1%)|. Let us
write ¥» = min; ¥; and @ = max; ¢;.

Now, we are ready to state our next theorem.

Theorem 13.2. Let s and t be a pair of vectors of dimension n filled with
2n distinct coordinates s; and t;, none of the t; being zero. Let A = A, p be
a regular operator of (1.2). Let us write t_ = min; |t;|, s, = max;|s;|.¢: =

min; [1 — s;t;|. @ = min; ¢;. Then we have

1—(E£l=yn e
-1 é. 1-—2’1" if 25:: #1
Vl.a(AD(s)'D—x(t)) < ° (13.9)
n z-f 2s4t_ — 1
° é
2n 1_(%)'1 £ 2a2n
T 2aln lf /- # 1
A - : -2
Vl.a(A(Zl+zT)—1".-ll) < v ¢ . 02 (13.10)
o if Zazn —
Proof. Recall that s; = max;|s;|, Ay, = A — A and deduce that

A = (| = Al < [[AllL + [Ail- We have A = D(s) in (13.9). Therefore,
Ai = s, [Nl < sy, and || Ay |l € 254 for all . Similarily, for B = D7!(t) of
(13.9). we obtain [|By,]||; < t_/¢; Substitute both norm bounds into (13.2)

and obtain for v, 4, of (13.9) that

1 1
Vi< —+2s;t_——+ ...+ (25t _ )" 1> — |
be =6, T 6109 (2s4t-) O1...0n

Since we have ¢ = min; ¢;, it follows that

1 1 1
Via < = +2s.t_— 4+ ...+ (254t )" 1 —
he Q : Q2 ( + ) 0"
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and we obtain (13.9). To derive (13.10), first observe that ||(Z+2Z7)"||;, < 2.

By (13.2) we have

Via S 2/_n + 204 (2 )2 +...4+ 2" Hay---an, /'(Qn)n/ ,
v viv? Y- Un
since we have ¥ = min ¢¥; and a = max a;. Therefore,
Via < _‘2w_n + 2a (12)2 +...+ (2" Ha"! (21;1)"
Via S %’(1 + Qa%? +...+ (2"“‘)a"“‘(2w—';)::),
and we arrive at (13.10). a

Remark 13.1. The operator A is associated with Cauchy-like matrices (for
A of (13.9)) and Toeplitz+Hankel-like matrices (for A of (13.10)) (cf. [GO94].
[GKO33]).
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