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Abstract

STUDIES IN COVARIANT SOLITON DYNAMICS

by
Vishnu Mayya Bannur 

Adviser: Distinguished Professor Carl M. Shakin

We have studied various mesons: p ,  p ’ , w, <p, <p’, charmonium and

bottomonium, using covariant soliton dynamics. Both baryons and mesons 

are described as a nontopological solitons in this model, which is a 

simple, unified, covariant model for the description of the structure 

of all hadrons. The model describes quarks coupled to a scalar field, 

which plays the role of an order parameter of the QCD vacuum.

We develop an effective Lagrangian for low-momentum QCD. Various 

parameters of the model can be related to the dynamics of the gluon 

condensate. We find that flavor-dependent current quark masses and 

coupling constants are among the few parameters required to explain 

all energy levels below the open-flavor threshold. (There are also 

some high-momentum cutoffs needed in this formalism.)

In order to explain the energy levels above the open-flavor 

threshold, we have included a covariant model of confinement through 

the use of a phenomenological form for the quark self-energy. This 

form results in a quark propagator which has no on-mass-shell poles.



[The various spectra we obtained in this extended model are in good 

agreement with the experimental data.] Recently, we have considered a 

self-consistent approximation for the self-energy of a quark in the 

presence of a gluon condensate. We found chiral symmetry breaking and 

the absence of a fermion pole in the quark propagator. In fact, the

self-energy we calculated is in very good agreement with the

phenomenological form we had used previously.

We have also studied the wave functions of various mesons. 

Leptonic widths and radiative transition rates were calculated in a 

covariant formulation using these wave functions. We have also

included "one-gluon-exchange" effects and generally satisfactory 

results were obtained for decay widths.

Thus far, we have kept one constituent on mass shell, as an

approximation. Recently, we have developed a formalism where this 

approximation is avoided; we have also included a model of confinement 

in this new formalism. These developments lead to coupled nonlinear 

equations in two variables. Numerical analysis is underway.
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Glossary

B-S equation. The Bathe-Salpeter equation is a relativistic equation 

describing two-particle dynamics.

Center-of-gravity (C.O.G). Spin-weighted average of energy levels 

having similar radial wave functions but different total spin.

Channel-coupling effect. Above the open-flavor threshold states of 

charmonium or bottomonium can decay into two open-flavor mesons. 

(This process can influence the calculation of meson spectra.)

Constituent quark mass. The mass parameter which appears in potential 

models of hadron structure is called the constituent quark mass. 

(For example, for up and down quarks the constituent mass is 

approximately equal to one-third of the proton mass.)

Current quark mass. This quantity is the flavor-dependent quark mass 

which appears in the Lagrangian of quantum chromodynamics.

EMC. European Muon Collaboration - an experimental group which 

studies the interaction of high-energy muons with matter.

Flux-tube model. A model of hadron structure in which the quarks or 

quarks and antiquarks are connected by tubes of chromoelectric 

flux.

-xi-



GSI. Gesellshaft fur Schwerionenforschung - an accelerator facility 

in Darmstadt, Federal Republic of Germany.

N . The number of colors in a gauge theory. (For QCD, we have N =3.) c c

QCD. Quantum chromodynamics - the gauge theory of strong interaction 

based on the SU(3) color group.

QED. Quantum electrodynamics - the quantum theory of the electro­

magnetic interaction.

Running coupling constant. In a gauge theory the coupling constant 

depends upon the renormalization scale (or the momentum scale)

leading to the designation of a "running" coupling constant, g(^2)

or g(Q2).

Standard model. The theory of strong interactions (quantum chromo­

dynamics) taken together with the electroweak theory of Glashow, 

Weinberg and Salam is called the standard model [60].

-xii-
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CHAPTERl 

General Survey

1.1 Introduction :

The standard model, which encompasses electroweak theory and 

quantum chromodynamics (QCD), is now believed to be the fundamental 

theory in the low-energy regime (<1 TeV). Even though many aspects of 

electroweak theory, such as mass parameters and fields related to 

gauge symmetry breaking (Higgs fields) are unexplained, many 

predictions of the standard model have been experimentally verified. 

It is believed that the understanding of mass parameters and the Higgs 

fields will require a more fundamental theory than the standard model.

QCD is the theory of strong interaction. Current quark masses are 

parameters of the theory. (Current quark masses are related to a more 

comprehensive theory than QCD, as noted above.) There is also a 

parameter A which sets a scale for the running coupling constant. From 

the analysis of deep-inelastic lepton scattering one obtains a value 

of A which lies somewhere between 100 MeV and 500 MeV.

In principle, it should be possible to explain hadron spectroscopy 

using QCD. However, related to the non-Abelian nature of the theory,
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the coupling constant becomes strong ( >1 ) at the energy scale 

associated with hadron structure. Thus one cannot use perturbation 

theory in the study of the structure of hadrons. One can also 

question the use of perturbation theory in situations involving 

confined particles. For example, quarks and gluons are confined 

objects. They do not have asymptotic states. The existence of such 

asymptotic states is necessary to construct the rules for perturbation 

theory. (A similar situation might arise in QED in the strong 

coupling limit. For example, it has been conjectured that recently

observed e+ e~ peaks in GSI experiments are believed to represent 

phenomena associated with a new confined phase of strong coupling 

QED [1], If that is indeed the case, ordinary perturbative methods of 

analysis are not useful.)

There are methods, such as lattice simulations [2] of QCD and QCD 

sum-rule studies [3, 4], which are nonperturbative in character. 

Lattice simulations involve a great deal of computer time and there 

are other limitations as well. In lattice simulations, there are 

problems associated with putting fermions on the lattice and also with 

taking the lattice spacing to zero (the continuum limit). QCD sum- 

rule studies tell us little about confinement and applications are 

limited to only certain low-lying states of hadrons.

A large number of studies of hadron structure are based on
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phenomenological models. There are two main categories : (1) potential 

models [5-8], (2) field-theoretic models [9-11].

1.2 Potential Models :

These are very simple models, either motivated by QCD or inspired 

by experimental facts. The methods of analysis used are similar to 

those used in atomic physics, where one uses either nonrelativistic or 

relativistic quantum mechanics. Let us note some of the potentials 

which have been extensively discussed in the literature.

(a) Cornell potential [12] : The potential is

V(r) = " 3 ~ T ~  + kr ’ (1.2.1)

where a and k are the strong coupling constant and spring constant,

respectively. This potential is motivated by the fact that the theory

of strong interactions (QCD) has asymptotic freedom at small distances

and confinement at large distances. Here distance means the separation

between the quarks, r. At small r "one-gluon-exchange" is dominant and

is represented by the first Coulombic term. For large r, according to

the flux tube model (or the string model), the potential increases

linearly and hence the second term. This form is also obtained in

lattice calculations, in the quenched approximation, for heavy quarks

[13, 14]. The constants a ,  k and the so called "constituent quarks
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masses" are fixed by fitting experimental data. One then predicts 

other properties.

(b) Martin^s_(or power law)_potential [15] :

where A, u and B are constants. This model is inspired by experimental 

facts. For example, the energy-level spacing between radially excited 

levels is the same in charmonium and bottomonium. This can be easily 

explained using a power-law potential or a logarithmic potential. The 

parameters and constituent quark masses are fixed by fitting 

experimental data. The best fit was obtained for the parameters A =

5.82 GeV , B = -6.377 GeV and u = 0.104 .

(c) Quigg-Rosner_(logarithmic)_potential [7] :

where C and rQ are constants, to be fit from experimental data. The

best fit was obtained for the parameters C = 0.71 GeV, rQ= 0.89 GeV-1.

(d) Richardson potential [16] : This is another form of the Cornell 

potential but with a running coupling constant :

(1.2.2)

V(r) = C ln(r/rQ) , (1.2.3)



V(r) = d3Q e1̂ 'r (_ 4 J  12?r
(2?r)3 ( 3 ) ( 3 3  _ 2nf)^2ln[ l]

(1.2.4)

This potential has only one parameter, A. To see its connection to 

Cornell potential, let us take the limiting cases of (̂2-» co and (J2-» 0. 

-> co ,As 32

v(32 ) - > " 3 -------— -------------------------- (1-2-5)
(33-2nf>

This represents a Coulomb potential with "running" a ,s

As 3 2 0 ,

V(32)->--| - - ^ — ^7 , (1.2.6)
3 (33-2nf )($

which is a linear confining potential.

it
Buchmuller and Tye [17] introduced a model which is numerically 

equivalent to the Richardson potential. They made use of the /? 

function of QCD, which is related to the running coupling constant, 

with two-loop corrections. The parameters are the Regge slope a ’ (a’=l

GeV ) and the QCD scale parameter, A (A^g =0.5 GeV). These parameters

are related in the model. (The Regge slope is the slope of Regge 

trajectory, which is a straight line obtained by plotting spin versus
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the squared mass of light mesons.)

(e) Relativistic potential models [18-20] : The potential models we

discussed before are all non-relativistic and are applicable only to 

non-relativistic systems such as charmonium, bottomonium and toponium. 

For charmonium,

However, in order to explain fine and hyperfine spin splittings, one 

must use relativistic models. Alternatively, one can add spin-spin 

potentials, spin-orbit potentials, tensor potentials, and other 

relativistic corrections, to nonrelativistic models as perturbations. 

The general form of relativistic corrections is

vrel(l) * vSI(r) + VSD<r) ( 1 2 -7)

where SI denotes spin-independent and SD denotes spin-dependent. The 

general form for vSD(r) is

and for bottomonium

< £ !> « —  « 0.07 .
m' 9.0
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(M \
I dc(r) „ dV r>

> 2mJ 2m* y
r 3 T  + 3r"

t y

<3+ 3).3 av 23 3+ — 5̂ 7— nr + 35717 7 V r> 
V ? -£M> ) Vr) (1-2-8)

= VgQ(r) + Vgg(r) + VT(r) ,

where m1 and m2 are masses of the two constituents and V^r), V2(r)

and V3(r) are functions of r. These potentials transform either as

Lorentz vectors or scalars; f(r) is the Cornell (or nonrelativistic) 

potential. These corrections are called "Breit-Fermi corrections". In 

principle they can be obtained from QCD. However, at present, most 

researchers use phenomenological potentials.

Gupta et̂  aT. made use of a perturbative potential that they derived

oto order a . This potential included spin-dependent terms. In addition s

to a phenomenological linear potential, they also added spin-orbit 

terms to the confining part of the potential and treated the spin- 

dependent term perturbatively in their analysis.

A discussion of potential models should not end without mentioning 

the work of Godfrey and Isgur [21]. They made an extensive study of
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many meson states using a Coulomb-plus-linear potential, with all 

relativistic corrections and calculated many energy levels and various 

decay properties. Their results are in good agreement with experiment, 

however, their model has about 10 parameters besides the quark masses. 

(Six parameters are used in "smearing" functions, which are used to 

"smear" the singularities in Breit-Fermi term.)

There are also other potential models which are variants of the 

models we have mentioned.

All the models we have discussed provide a very good fit to the

spectra of heavy quarkonia (c<T and bb systems). The reason is that all

the above potentials coincide, apart from an arbitrary constant, in 

the region O.lcrcl fm. That is the region of r which is important in 

the calculation of the spectra of these systems. Therefore, from the

properties of cc and bb quarkonia it is not clear whether the

agreement between theory and experiment is a test of some aspects of 

QCD. It is hoped that the properties of t-quarkonium, whose radius is 

<0.1 fm, may tell us something concerning QCD and the QCD scale A.

There are many questions which are unanswered in potential models. 

The relation of the mass parameter, the "constituent mass", to QCD is 

unknown. Different models use different mass parameters. For the charm 

quark, the choices for the constituent mass ranges from 1.1 GeV to 1.9
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GeV. For the bottom quark, the range chosen is from 4.5 GeV to 5.2 

GeV. Similarly, the linear potential, which is required to model 

confinement, is not yet strictly derived from QCD. It is mainly 

motivated by the flux tube model and also from lattice calculations 

with quarks of infinite mass [13]. We will have more to say concerning

the problem of confinement in Chapter 4.

Another drawback of most of potential models is their inability to 

explain the spectrum, leptonic decays, radiative transitions and 

hadronic decays satisfactorily using the same model [12, 22]. When 

the parameters are adjusted so as to get the correct leptonic width, 

the radiative transition rates become worse and visa versa. Only the 

results of Godfrey and Isgur for the spectrum (and all other 

properties) are in good agreement with experiment. (They included an 

annihilation interaction term in their model, which they believe is 

important for light quarks. They did not include, however, the

channel-coupling effect which may be important for excited states 

above threshold. Most of the authors of potential models believe that 

the channel-coupling effect is important in obtaining good results for 

the levels above threshold.) Gupta et al. obtained good leptonic

widths below the open-flavor threshold, however, they did not

calculate radiative transition rates.
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1.3 Field-Theoretic Models :

There are three main categories : bag models, models based upon the 

Bethe-Salpeter equation and soliton models.

The MIT bag model was one of the first field-theoretic models to 

describe nucleons in terms of quarks. The model incorporates some 

aspects of asymptotic freedom and confinement. Quarks are confined 

inside a bag and they interact weakly. (This feature is motivated by 

the fact that in deep-inelastic lepton scattering leptons "see" quarks 

which appear to be interacting weakly.) The bag wall is a sharp 

confining boundary. Outward pressure on the wall due to the quarks is 

balanced by the pressure exerted by the vacuum on the wall. These 

simple assumptions are not sufficient to explain many quantitative 

properties of nucleons. For example, the MIT bag radius is about 1.6 

fm, which is quite large compared to the generally accepted value of 

about 0.7 fm. Brown and Rho [23] introduced pion fields outside the 

bag so that the axial current, which otherwise would not be conserved 

at the bag wall, is carried by pions outside the bag. Existence of 

pions outside the bag leads to an additional pressure which reduces 

the size of nucleon to & 0.5 fm in this generalized (chiral) bag 

model.

The bag model has not been useful in calculating the properties of 

hadrons containing heavy quarks or in calculating the energy levels of
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excited hadron states.

The Bethe-Salpeter approach is often applied in the description of 

bound states in relativistic quantum field theory [24]. At present we 

do not know much concerning the appropriate kernel for that equation. 

In principle, it should be possible to derive such a kernel from QCD. 

However, almost all calculations use the "ladder approximation" to the 

exact kernel. In QCD the ladder approximation is based upon "one- 

gluon-exchange". The resulting potential has a spin-independent term 

(Coulomb) and spin-dependent terms (spin-spin, spin-orbit and tensor). 

One has to insert a confinement term (a linear or harmonic potential) 

in the B-S kernel in a somewhat arbitrary manner. One usually solves 

the B-S equation in the instantaneous approximation (i.e., one puts 

the time component of the relative momentum equal to zero and works in 

the c.m. frame.) The use of the B-S equation is questionable because 

of the strong potentials used. For example, in reference [25], it was 

shown that the ladder approximation (i.e., a perturbative analysis) is 

probably less satisfactory than the use of a nonperturbative nonlinear 

theory in the strong coupling regime.

It should be noted that, in our model, we work with a non-zero 

relative-time component. We also keep one constituent (quark or 

antiquark) on-mass-shell. In case both constituents are off-mass- 

shell, singularities in the kernels of our (nonlinear and covariant)
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equations are avoided because of the special confining self-energy 

which appears in the most general form of our model. [These comments 

will be clarified in the following discussion.]

In the theory of solitons one can distinguish two types: 

topological and nontopological [26, 27, 9]. A form of topological 

soliton (skyrmion) was first studied by Skyrme in the early 60’s. A 

renewed interest in this field began a few years ago because of the 

possible connection of the skyrmion to QCD in large Nc limit. Here

baryons are made out of "mesons" and appear as topological solitons.

Nucleon observables calculated from skyrmion theory deviate about 

20-30% from experimental values. Workers in this area believe that in 

order to get better results, more mesons, such as the p , w, etc., 

should be included. They argue that, if confinement is assumed, and if 

N is large, QCD is equivalent to a meson theory in which the mesonv

coupling constant is of order N~*. Since in QCD N = 3, the validityc c

of the large-N limit is questionable. Further, the form of theC

effective meson Lagrangian for QCD is not known. [Also, there is also 

some confusion as to whether these "mesons" are physical mesons or 

meson-like fields. We will discuss this question in Chapter 5.]

The nontopological soliton model was introduced by Friedberg and 

Lee and developed by several researchers. In this model the quark is
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coupled to a scalar field. This model provides a framework for a 

dynamical calculation of hadron structure and hadronic processes. (If 

one is to have a renormalizable theory, the potential of the scalar 

field can have terms up to fourth order in the field.) We note that 

the scalar field in the Friedberg-Lee model is related to the 

dielectric function of the QCD vacuum. (Some researchers include one- 

gluon-exchange [28] in this model and treat such effects 

perturbatively.)

The models we have discussed above are usually solved in the static 

limit. One has to do lengthy calculations to restore Lorentz 

covariance of the description. Another important point to be noted is 

that potential models have been applied mainly to heavy mesons. (Even 

though some of potential models were applied to study the structure of 

light mesons, there is little theoretical justification for such 

calculations.) As we see in this work, the covariant soliton model 

provides a Lorentz covariant description, a description of confinement

and of dynamical chiral symmetry breaking, as well as a symmetrical

treatment of baryon and meson structure. We believe that these are

quite general principles, which should be incorporated into a model of 

hadron structure.
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1.4 Covariant Soliton Dynamics :

Inspired by the success of relativistic nuclear physics, which is 

largely based upon the use of the Dirac equation to describe nucleon 

motion, Celenza, Shakin and collaborators formulated the covariant 

soliton model for hadrons (both baryons and mesons) to investigate 

nuclear phenomena from a microscopic viewpoint [29], They first 

explained many properties of the nucleon using this model. The 

properties of this soliton (nucleon) in nuclear matter were then 

considered in the study of several interesting phenomena in nuclear 

physics, such as the EMC effect and the quenching of the longitudinal 

response (seen in inclusive (e,e’) reactions). There were also studies 

of the use of the Dirac equation to describe nucleon motion in 

nuclei [30, 31] from the point-of-view of covariant soliton dynamics.

The Lagrangian of the covariant soliton model appears similar to 

that of the Friedberg-Lee [26] nontopological soliton model, except 

for the fact that the potential for the scalar field is a simple, 

quadratic form. In the covariant soliton model the scalar field 

represents the deviation of an order-parameter field from its vacuum 

value. The interpretation of the vacuum is different in the covariant 

soliton model and in the Friedberg-Lee model. The physical picture of 

the covariant soliton model is somewhat analogous to that which 

appears in the theory of superconductivity, where one has an electron
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condensate (Cooper pairs) characterized by a complex order parameter 

field. Recall that magnetic fields are expelled from the 

superconductor (Meissner effect). As we see in the next chapter, the 

QCD vacuum may contain a gluon condensate due to the self-interaction 

of gluons. This condensate can give rise to a chromo-electromagnetic 

Meissner effect. This effect, which leads to dynamical mass generation 

for gluons, can lead to the confinement of chromoelectric flux into 

flux tubes. (The order-parameter field describing this condensate must 

be a color singlet, scalar field.) Note that the description of 

various phenomena in QCD in terms of the gluon condensate is somewhat 

similar to the Landau-Ginzburg theory of superconductivity.

As noted above, the Friedberg-Lee and covariant soliton models 

differ in the physical interpretation of the vacuum. In the 

Friedberg-Lee model, the dielectric constant of the vacuum is taken as 

k = 0. This quantity is then a function of x inside the hadron 

( k  ->k ( x ) ) .  This feature is motivated by the fact that when a source is 

introduced in the vacuum, the non-Abelian nature of QCD leads to

antiscreening in contrast to the situation in QED (screening). When a 

hadron is formed, there will be less antiscreening when quarks are 

close and hence k approaches 1 for zero separation. This specification 

of the behavior of k in the Friedberg-Lee formalism is actually 

related to the perturbative analysis of QCD in the "asymptotic
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freedom" regime. Nonperturbative effects such as confinement are not 

included in this model except through the dielectric description of 

the vacuum. In the dielectric formulation, the quark mass becomes 

infinite outside the hadron. In the covariant soliton model 

perturbative and nonperturbative effects are all included in a more 

rigorous fashion. As we see in Chapter 3, the quark dynamical mass 

becomes large because of confinement dynamics related to the presence 

of the gluon condensate. In our model, large dynamical masses are 

found at large separation of quarks where their momenta are timelike.

The Lagrangian of our model is,

£(x) = q(x) (i^d** - mqjq(x) - g^ q(x)x(x)q(x)

+ \  - m£ x2(x) ) . (1.3.1)

where m and g are the quark mass and the coupling constant
HI A

respectively; q(x) and x(x) are the quark and scalar order-parameter 

fields, respectively, m is the mass of the scalar field.A

This model is very successful in describing the properties of the 

nucleon and of many meson states. (It may also be adapted to explain

the e+ e“ peaks seen in GSI experiments [1]. It has been suggested 

that the presence of strong fields (produced by heavy ions) causes a 

phase change from ordinary QED to confined phase of QED. As a result,
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positrons and electrons become dressed "quasi-positrons" and "quasi­

electrons". These quasi-particles can form hadron-like objects in the

confined phase of QED and the decay of such objects can give rise to

e+ e- pairs.)

The organization of the thesiB is as follows: In Chapter 2 we will

discuss an effective Lagrangian for QCD. In Chapter 3 we discuss 

chiral symmetry breaking and confinement. The equations of the model 

are presented in Chapter 4. We will discuss the fully-off-shell 

problem in Chapter 5. Chapter 6 contains numerical results and 

conclusions.
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CHAPTER2

An Effective Lagrangian for QCD

In the last chapter we presented the Lagrangian of our model. Here 

we will discuss this Lagrangian as an effective Lagrangian for low-

energy phenomena in QCD. We follow the procedures of Celenza and 

Shakin [32].

1.1 Description of the QCD Vacuum :

The description of the vacuum is a long-standing goal of 

scientists. Before the experiment of Michelson and Morley, people 

thought that the vacuum contained a so-called "ether". The negative 

result of the Michelson-Morley experiment and the development of 

theory of relativity led us to believe that there is no "ether" and 

that the vacuum is "empty". However, today researchers believe that 

there may be a gluon condensate and a quark condensate in the vacuum. 

The generally successful QCD sum-rule studies [3, 4] are based on the 

assumption that the vacuum contains gluon and quark condensates. 

The order parameters of the condensates are determined from a 

phenomenology which makes use of experimental data.

We will also assume that the vacuum contains a gluon condensate,
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which is characterized by a vacuum order parameter <f>. (As we pointed

out in last chapter, our theory is somewhat analogous to the theory of 

superconductivity.) There are two types of vacuum specified in this 

kind of theory : the perturbative vacuum and the nonperturbative (or

physical) vacuum. The former is assumed to have a higher energy 

density than the later. For example, let us consider the usual form 

chosen for the potential of an order-parameter field, (f>:

V(^) = - a(f>2+ b<t>A . ( 2 . 1 . 1 )

This kind of potential is used in the Landau-Ginzberg theory of 

superconductivity [33] and in the theory of ferromagnetism near the 

critical temperature. It has the minimum at <f> = 0 for a < 0 and

at (f> = <f>Q = y(a/2b) for a>0. The perturbative vacuum has « f »  = 0; the

physical vacuum is assumed to have « f »  = <j>Q. We denote the physical

vacuum as |vac>. Generally, the nonperturbative vacuum arises as a 

result of nonperturbative effects, and hence the name. One may, in 

some cases, represent a nonperturbative vacuum as a coherent state 

[34]. If one assigns a temperature or density dependence to the 

parameters ’a’ and ’b ’, one can study the temperature and density 

dependence of various properties of the system. Phase transitions from 

the nonperturbative to the perturbative vacuum, and vice versa, can be 

studied. In QCD such transitions correspond to phase transitions
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between confined and deconfined phases.

One essential assumption of our model is that the presence of 

quarks "digs a hole" in the condensate, that is <f>Q -» if>(x) = <f>Q + x(x)>

In this model a hadron is formed as a bubble in the condensate.

The second assumption we make is that the gluon condensate is made

up of gluons with low momentum (wO). We write A*(x) = A*(x) + Q^(x),M M M

with A*(x) the condensate field, which we assume can be treated as ar

semiclassical field. Q*(x) is the fluctuation field.

2.2 Equivalent Second Order Equation :

The QCD Lagrangian is

IqqjjU) = - j  Gju/U)G^/ (x) + q(x) [i^ - mqUrjq(x), (2.2.1)

where

i p  = i ?  + g |a A®

and

Here mq is the current quark mass. At this point we may introduce 

m^q = f̂ j,., a dynamical quark mass arising from the coupling of a
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quark to a "chiral condensate". Here is the pion decay constant 

and g i s  a pion-nucleon coupling constant. This represents the 

original approach taken in this work with respect to chiral symmetry

breaking and the generation of a mass, mqq. In Chapter 3 we will say

more about chiral symmetry breaking and present a rather different and 

more fundamental viewpoint.

The role of the gluon condensate in modifying the equation of 

motion for q(x) is unclear. To exhibit that effect we use the equation 

of motion,

(i0  - m®ur-mqq )q(x) = 0 . (2 .2 .2 )

Then

Tip - mqq )
q(x) = q(x). (2.2.3)

“q

Ve substitute the last expression back into the Lagrangian. Then we

can exhibit a term, ia .^a , in the equation of motion for q(x). (There 

are other methods of exhibiting such a term, as discussed in [32], for 

example.) Once we express the QCD Lagrangian in terms of the

condensate and fluctuating parts of Aa(x), we will take the

expectation value in the physical vacuum state |vac>. Ve write
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W 0  = “ I  <V < * )Gf <x) + ‘ mqUr)q(,l)

= - j  o j ^ u x ^ u )  + ?<x)(i? + g |V)q(*)

+ q(x)g £  0 “(x)q(x) - q(x)(m°ur+ mjjq jq(x).

(2.2.4)

where we have, somewhat arbitrarily, introduced mqq in the last

expression. Substituting q(x) from Eq.(2.2.3) and rearranging 

various terms we get,

1 (-d2 + g2^ bAa .Ab)

ia _  fmcur+ m q^ l 2
q(x)g g ^(xjqtx) - q(x)-^-3— — ^q(x).

“q

+ ^(x)g i^(x)q(x)] + [.. ] , (2.2.5)
2mq

where Aa(x) is taken to be independent of x. The symbol [..... ]

denotes terms which are linear in Aa and are zero if we take the

vacuum expectation value of the Lagrangian. The expectation value, as 

developed here, will yield an operator in the space of the fluctuating 

fields.

cur qq m„ +m„_9 a_
mcur
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We define the effective Lagrangian as

£eff(*) = ^acllQQjjCx) |vac> . (2 .2 .6 )

We also use the fact that

<vac|A*|vac> = 0,f*

<vac|odd number of A®|vac> = 0,

and

cvacjeven number of A*|vac> # 0 . (2.2.7a)

We choose the temporal gauge, A* = 0, in our analysis and define

<vac | A? A*?|vac> = g2<f>2Q ^  ̂  . (2.2.7b)

A description of a state, |vac>, with the given properties in 

Eq.(2.2.7), is presented in [34], There |vac> is constructed as a 

coherent state of zero-momentum gluons.

We find
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£eff(x) "
f _ d 2 m2̂ 

- j<vac|G® (xjG^CxJlvao + q(x) ̂
in

q(x)

_ cur qqm_ +m_
mcur

q(x)g ~  ̂ (xjqfx)

+ q(x)g - —  î [J3(a(x)q(x)] , (2 .2 .8 )
2mcur

where

To evaluate <vaciG^txJG^Cx) |vac> we expand G^(x) as,

<>(x) = •>+<><*> + «rf*bc(*S <£<*> + <$(*>4)

with

and

Gj^x) = ^Gj(x) - ^Q®(x) + gfabcQb(x)o£(x)

GIJU/
„*abc ib iCgf am k u

After some algebra,
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<vac|G^/(x)G^i/(x) |vac> = - 4 + Y  ““ '“a

’ <1 «t2/A4 " 3 8  <f>o
I 52 J

Fintilly, the effective L8grangian in the space of the fluctuating 

fields is,

- I  <*> + ^  ““ “a + T’(*o>

_ > l

cur qq in +_fl 3_
mcur

ia
q(x)g ^ J3r(x)q(x) + q(x)

f-32 - ml)>s_______SLL
mcur

q(x)

+ q(x)g   - i^[J^(x)q(x)] ,
2m

(2.2.10)

where

and

2 _ 1 2 ,2  
gl 4 8 ’ (2 .2 .11)

2ji4
V ’^ q ) = -

3 g>;
52 ( 2 . 2 . 12)

Thus the effect of the gluon condensate is to "dress" the gluon and 

the quark; these fields acquire dynamics1 musses. The gluon mass 

obtained in this procedure of Celenza and Shakin agrees with the mass 

obtained in lattice simulations of QCD [35-37]. (The values of various



masses we have defined will be given in the end of this chapter.)

The equation of motion for the quark is,

(d 2 + mq)q(x) = 0 . (2.2.13)

Our assumption is that, when a hadron is formed, the gluon condensate 

is disturbed and <j>Q -» $(x) = <f>Q + x(x) • Here x(x) represents the

deviation of the order-parameter from the vacuum value. Therefore,

X(x) is zero outside the hadron. We also assume m^q -» m^q(x) =

■ft1* t 1], for simplicity. That is, we use the same order-parameter
field to describe the gluon condensate and chiral condensate. This is 

partly motivated by the fact that chiral symmetry restoration and 

deconfinement take place at the same temperature in lattice 

simulations of QCD. This assumption also reduces the number of 

parameters in the problem. We will see that this assumption is 

justified in a quite specific model of chiral symmetry breaking, which 

will be discussed in the next section.

We have, therefore,
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+ 2/Jmqgx X(x) + 4  X*(x) ’ (2.2.14)

where

Si
dyn

and

/? =
dyn „cur aq m„ m„ m2 _9___+ _9____9_
m. mdyn m m *7 m_q q

(2.2.15)

with

(2.2.16)

The potential energy density for the order-parameter field also is

modified to V($(x)). The equation of motion for the quark field is 

then

[d + mq(x)]q(x) = 0,

or

[d2 + mq + 2/3mqgx x(x) + X*(x)]q(x) = 0 ..2 ..2, (2.2.17)

The corresponding Lagrangian is
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E(x) = -~j-rq(x)C—d2 - m*(x)]q(x) + 4 3j((x)^(x) - V[^(x)]
mq

= “^Tur^(x)[-52 “ mq “ 2/3mqgX *(x) " gX *2(x)]q(x)
“q

+ \  ̂ X(x)d^x(x) - V[^(x)] . (2.2.18)

For simplicity, we further approximate the potential for the scalar

field. Instead of using the "standard form",

V[^(x)] = -a<f>2 ( x ) + b^4 (x) ,

we use

Vtx(x)] = - \  \  X2 • (2.2.19)

The first term in Eq.(2.2.19) is just an over-all constant which we 

can drop at this point. Therefore, we have

£(x) = -^urqtxH-d2 - “ 2/Jmqgx x(x) ~ gx *2(x)]q(x)
mq

+ \  ̂ X(x)^x(x) ~ 2 mx  X2(x) • (2 .2 .2 0)

We tried to solve this second-order equation for q(x) using the same

procedure as described in reference [32]. (Since it is a second-order

equation for the quark field it does not generate the lower 

component.)
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2.3 Effective First-Order Equation

The linear version of Eq.(2.2.9) is

[i7̂  - mq]q(x) = 0 . (2.3.1)

We again use the same assumption, <j>Q -> <j>(x), and use the following

approximation for mq(x),

mq(x) = (mj + 2^nqgx x(x) + g* X2(x))

= m_ X n (2.3.2)

« mq + g®ff x(x) . (2.3.3)

With this approximation, the equivalent first-order equation is

[17^ “ mq " g£ffX(x)]q(x) = 0 (2.3.4)

The Lagrangian corresponding to above equation is

£(x) = q(x)[i7^  - mq]q(x) - g®ff q(x)x(x)q(x)

+ \  ̂ x(x)3^x(x) - V[^(x) ] . (2.3.5)

This is the basic Lagrangian for our model of nontopological solitons.

Approximating V(^(x)) = V(x(x)), [Eq.(2.2.19)], we get the final form
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of our Lagrangian

I(x) = q(x)[i'y^d/i - mq]q(x) - g®ff q(x)x(x)q(x)

+ - | i j x 2(x) • (2.3.6)

This is the Lagrangian used in previous studies of nucleon and meson 

structure. In those studies /9=1 was used. From the expression for /?,

Eq. (2.2.11), we see that for fflgUr = 0, fi = 1. This is appropriate

for u and d quarks, since niqUr w 0. For heavier quarks /? is less than

one and gives rise to an effective reduction in the coupling strength 

for heavier quarks in this model. This modification actually improves

the results previously obtained for the cT and bb spectrum [38]. (We 

will describe our results in Chapter 6 . An alternative scheme for 

deriving the Dirac equation from the second-order equation is 

discussed in Appendix A.)

2.4 Evaluation of Dynamical Masses :

Let us now evaluate various dynamical masses in terms of <f>Q or g<f>Q.

To evaluate g <f>Q we make use of the result obtained in

(nonperturbative) QCD sum-rule studies [4],

a  (f i )
< v a c | |-- G^1/(0)G^i/(0): |vac> = 0.012 GeV4.
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Here a s ( p ) is the strong coupling constant renormalized at some mass

scale p . This expectation value is obtained by using dispersion 

relations for the vacuum polarization tensor and fitting the ground 

state mass of charmonium to the experimental value. We now write

^acl^-^-tG® ( O G ^ O ) :  |vac> = <vac l^-^-'.G^/OlG^CO): | vac> 
47r ^  47T

* <vac| fabc fade Ab Ac Aj Aj |v>c>>
47T j

(2.4.1)

Q

where we used the temporal gauge, AQ = 0. Using Eq.(2.2.7b), we can 

put

, , - ^  .
<vac|Ai Aj Ac Ad |vac> = ( 5 ij5kl5ab5cd

+ ^ik^jl^ac^bd + 5 il^jk*ad5bc ) ■ (2.4.2)

Using the properties of the structure constants given in Appendix B, 

we find

^a c l ^ ^ - r G ®  (O)Gf'(O): |vac> = ^°- = 0.012 GeV4. (2.4.3)
4jt ^  a 47T (24)

Therefore

(g2^ ) 2 = 2.053 GeV4 ,
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or

g2(f>l = 1.433 GeV2 . (2.4.4)

From Eq.(2.2.9) and Eq.(2.2.11), the dynamical masses of the gluon and 

of the quarks are found to be

2
faq1) = 6 ^ 0  = [489 MeV]2 ’ (2.4.5)

and

mg l = i g2^0 = [599 MeV]2 . (2.4.6)

We have m9q = f^^. The phenomenological value generally used for f^

is 93 MeV and one usually takes g„ w 4. Thus, we find mqq = 400 MeV.7T q

Therefore, from Eq. (2.2.16), mq5111 = 632 MeV.

The value of m^ also can be fixed by using its relation to g(f>Q.

This is possible because of the approximation we made for the

potential W(<j>). We have

V[$(x)] = -a<f>2 ( x ) + b<ft4 ( x )  .

The minimum of this potential is at ^  = fb an(*

V[*Q] = - a^J + b*J ,



In the "tree approximation", as shown in [32], ’b* can be related to

g(/i) as

b  =  ■

Therefore

a = 2§-8 2(M)^ •

The approximate potential, V(x), is chosen so that it has the minimum 

value equal to V(^Q). That is,

V(0) = V(^Q) ,

or

1 (2 3 214
2 mx^0 ~ ~ 52 e  *0 '

Therefore

mJ = fg gVJ = [407 MeV]2. (2.4.7)

Hence, in the Lagrangian of Eq.(2.3.6) we have only two parameters, 

m®ur and g . Note that g and g(/i) are related:
M A A
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In our analysis we used g = 7, which corresponds to g = 13.3. The

current quark masses are fixed by fitting the ground state of the

corresponding family (ss”, cc, and bio) to experimental values. The 

value of gtf>Q was originally fixed by the study of properties of

nucleon. As we see in the Table A, the current quark masses are close 

to ones used in QCD sum-rule studies.

The Lagrangian of Eq.(2.3.6) does not contain gluons. Thus far, we 

have neglected the fluctuating fields in Eq.(2.2.10). We will take 

such fields into account by adding some gluon terms to Eq.(2.3.6). The 

Lagrangian with such terms is

£(x) = q(x) [ -  mq]q(x) - g®ff q(x)x(x)q(x)

+ i ^ ( x ) ^ ( x )  - £ m £ x 2U)

- \ + “jp °>a(x) + ̂ X Ŝ \ J3la(x)q(x).
(2.4.8)

The effective Lagrangian we derived from QCD is not invariant under 

local gauge transformations. Chiral symmetry is also broken in this 

Lagrangian. One can keep chiral symmetry in the model by introducing

chiral fields cr(x) and w(x). These are scalar and pseudoscalar fields, 

as given in reference [32]. The model then becomes more complicated.
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At this point we also have not described confinement. In the next 

chapter we will discuss a somewhat different development of our model 

in which confinement and chiral symmetry breaking both occur as a 

consequence of the presence of the gluon condensate in the QCD vacuum.
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CHAPTER3

Chiral Symmetry Breaking and Confinement

In nature, chiral symmetry is broken and colored objects, such as 

quarks and gluons, are confined. Both these concepts underlie our 

understanding of many experimental facts. The dynamics giving rise to 

either of these phenomena is not understood, despite extensive efforts 

on the part of many researchers. We also note that, in most cases, 

these phenomena, chiral symmetry breaking [40-42] and confinement 

[43, 13, 14], are treated separately. However, there is some evidence 

from lattice simulations of QCD that the restoration of chiral 

symmetry and quark deconfinement take place at the same temperature. 

We further note that in the "bag" model, when a quark is reflected 

from a confining wall, its momentum direction is changed with no 

change in the quark spin. Hence, helicity is not conserved. That is, 

the breaking of chiral symmetry is related to confinement in a bag 

model description of hadron structure.

In this chapter we consider the propagation of a quark in the gluon 

condensate. We find that both chiral symmetry breaking and confinement

are due to the presence of the condensate [44, 45]. To the best of
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our knowledge, this appears to represent a completely new approach to 

understanding QCD.

3.1 Chiral Symmetry :

In the absence of current quark masses, the QCD Lagrangian is 

invariant under chiral transformation. That is,

£Q C D ^  = “ ^  + + qR(x)i$qR(x)
(3.1.1)

is invariant under the transformations and UR , such that

q£(x) = UjqL(x) and qR(x) = URqR(x). (3.1.2)

Here

qL(x) = 2d-75)q(x),

and

QR(x) = |-(l+75)q(x),

are left-handed and right-handed quark fields and and UR are of 

the form,

UL= exp[-|rf^ ]  and UR= exp[-|rf^ ] .

f
Here T is a generator of the group under consideration. The absence

of parity doubling in the observed hadron spectra (i.e., the absence
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of an octet of scalar partners of the pseudoscalars and the absence of

P 1 —an octet of baryons with J = — ) shows that chiral symmetry is broken

by some dynamical mechanism. That is, the Lagrangian is invariant 

under chiral transformation [Eq.(3.1.2)], but the vacuum is not. From 

the Goldstone theorem, we know that spontaneous symmetry breaking 

leads to the existence of so-called Goldstone bosons: the pseudoscalar

particles ( r ,  K etc.).

A model which is often used to describe spontaneous symmetry 

breaking is the (7-model. The Lagrangian of this model (when extended 

to include coupling to a gauge field) is

£(x) = 4 GJi/(x)cC (x) +

- gq(x)[a(x)+ir.w(x)'y5]q(x) + ^[9^(7(x)]2+[d^5r(x)]2j

- j[<r2(x)+7r2(x) - f2}2. (3.1.3) 

Choosing the non-trivial vacuum, a = f_, and expanding the a  and 7Tn

fields about the vacuum values [(7=f , w=0] leads to a massive a mode5T

and a massless jr mode (Goldstone boson). A mass is also generated for 

the fermion field in this model.

Similar effects can be discussed from another point of view, that 

of "dynamical symmetry breaking”. The above Lagrangian [Eq.(3.1.3)]
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can be derived using the auxiliary-field formalism starting from the 

Nambu - Jona-Lasinio model [46]. The Nambu - Jona-Lasinio model is 

often used to study dynamical symmetry breaking [47]. (Chiral symmetry

is broken dynamically in this model.) One also has a zero-mass qq

pseudoscalar bound state, as can be seen by examining the pole of the

qq scattering amplitude in this model. The Nambu - Jona-Lasinio model 

does not describe confinement and, hence, may not be good candidate 

for describing hadrons. It may, however, have some utility in studying 

the deconfined phase of QCD [48, 41].

3.2 Confinement :

The absence of colored objects in nature leads to the idea of 

confinement. No one has yet derived confinement from QCD. (There have

been experimental searchs for free quarks. However, such searches have 

not been successful.)

The most physical phenomenological model of confinement may be the 

"flux tube" or "string model". (This model is consistent with the 

experimental observation of jet phenomena observed during hadron

formation in e+ e- collisions.) Consider a meson made up of a quark 

and an antiquark, which are connected by a flux tube of chromoelectric 

field. (In analogy to the formation of flux tubes in superconductors,
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the nonperturbative vacuum is thought to lead to the formation of a 

flux tube between the sources.) Assuming a constant field in the flux 

tube, the energy for quarks separated a distance r is found to be

V(r) = Ip Ar = I r  r = kr (3.2.1)

where A is the cross-sectional area of the tube, r is the separation

between the quarks and k is the spring constant. This form of 

confinement, (i.e., a linear potential) is used in potential models of 

hadron structure. As the quark and antiquark move apart, the energy 

increases linearly. As the separation increases, the energy may be 

sufficient to create a light quark-antiquark pair from the vacuum.

For example, in the charmonium (cc) spectrum one sees a threshold (the

open-flavor threshold). Above this threshold, levels have relatively

large widths due to their decay to D mesons(cu and u<f). [This is also 

the threshold for Zweig-rule allowed decays. The Zweig-rule ( or the 

Okubo-Zweig-Iizuka (OZI) rule) states that the strong processes in

which the final states can only be reached through qq; annihilation are 

suppressed. For charmonium the open-flavor threshold energy is twice 

the mass of the D meson.] We remark that the flux tube model may also 

be used to explain Regge trajectories. In this case one considers the 

rotation of the flux tube about its midpoint to understand how a 

sequence of hadron states with increasing angular momentum may be
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generated.

As we mentioned earlier, lattice simulation of QCD with infinitly 

massive sources gives rise to linear confining potentials, when 

calculations are made in the quenched approximation.

3.3 A Phenomenological Covariant Confinement Model:

The confinement models we discussed above are static. Thus, they

cannot be used in our covariant analysis. Our model, introduced in an 

earlier chapter, did not describe confinement. (The scalar field just 

binds the quarks and does not confine them.) Therefore, we are only 

able to describe the spectrum below the open-flavor threshold. Above 

the open-flavor threshold we have a continuum of solutions. As can be 

seen from Figure 1 , charmonium has two levels below, while T has three 

levels below this threshold. Other excited levels, 3S, 4S in 

charmonium and 4S, 5S, 6S in T, lie in the continuum of our model.

In order to introduce confinement in our formalism, we require a 

specification of the quark self-energy for time-like momenta. Since 

little is known concerning that quantity, we chose a phenomenological 

form suggested by the results obtained for the fermion self-energy in 

an Abelian theory( with strong coupling) by Fukuda and Kugo[43]. 

These authors have solved an (approximate) Schwinger-Dyson equation 

and obtained a fermion propagator which is confining in the sense that
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there is no fermion pole.

As a first step, we replaced the mass term in the propagator for a

Asingle quark or an antiquark by a self-energy E(q ) of the form [49],

S2(q2) = m2 + (l+C)(q2-mJ) 0(q2-mj). (3.3.1)

Here C is taken to be a universal constant and mQ is a flavor-

dependent constant with the dimension of mass. The parameters are 

chosen such that we get the best fit to all experimental

levels ( p ,  u), p ', <p, ip’ , IS to 4S states of the cc system and the

IS to 6S states of the bF system). Further, q = P-k, where P is the 

momentum of the meson and k is the momentum of the on-mass-shell 

quark (antiquark). [The antiquark (quark) was kept on mass shell as an 

approximation.] Using this model for confinement, and with the 

parameters given in Table A, we found good agreement of our 

theoretical spectrum with the experimental spectrum, as can be seen in 

Figures 1 and 2.

3.4 Self-Energy of a Quark in the Gluon Condensate :

This success prompted us to study models of this type in greater 

detail - that is, models in which the quark propagator has no

singularities for real q . We recently obtained a self-energy of this 

form by considering a self-consistent approximation for the self-
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energy of a quark in a gluon condensate [44, 45]. Here again, as in 

Chapter 2, we separate the gluon field into a condensate and a 

fluctuation part. We now work in a covariant gauge and, hence, define

<vac |g2(/*) Aj A^|vac> = g2(/i)̂ J “jp . (3.4.1)

This quantity can be related to the QCD sum-rule value for

^a c l ^ ^ - i G ®  ( O G ^ O ) :  |vac> = 0.012 GeV4.
47T

Using the last equation one may obtain

g 2 (pi)<l>l = 1.34 (GeV)2.

It is useful to define the parameter

2 1 2 ,K = 4—  or I n)(b24 ° ‘

Our approximation for the quark self-energy is shown in Fig.3, 

where the heavy line denotes the propagator

V i )  - [ i  -  k * s> - - r r 1

= [rf[l-A(q2)] - B(q2) - m°ur] \  (3.4.2)

Here E(q2) = A(q2)^ + B(q2) is the quark self-energy. We obtain 

(see Fig.3),
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, i w  , »> < Y t a l - « , ' ) ]  + B(q2) ♦ ."“ 1,
A<qS)rf + B(q ) -------- L ------ — -------  « - ■!/* , (3.4.3)

q [1-A(q )] - [B(q )+m® ]

owhere k  , defined earlier, includes a color factor (4/3). Using the 

properties of Dirac matrices, Eq.(3.4.3) reduces to

*2[ -2tf[l-A(q2)] + 4[B(q2)+m®ur]l
A(q )^f +  B(q )  ----------  -------- — ------------ ------ . ( 3 . 4 . 4 )

q [1-A(q )] - [B(q )+m® ]

Therefore,

A(a2) =_________2/c2[l-A(q2)_]________
[1-A(q2)]2q2- [B(q2)+m*ur]2

and

„ - 4 k [B(q ) 1n /  4\ a  / A 4 w \m q  ) = ------ 5— 5-5------— — " ~r - • 1 8.4 .0 ;
[1-A(q )] q - [B(q )+m® ]

A

Let us define a dynamical mass. M(q ), where

. . [B(q2)+m®ur]2
M (q ) --------

[1—A(q )]

Thus, the quark propagator is of the form

[^[1-A(q2)] + [B(q )+m® ]1
Sp(q) = ----- — ---    q--- L. (3.4.6)

* [1-A(q )] [q -M (q )]
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A Q OIn terms of M(q ), A(q ) and B(q ) are given by

„curm
A(q ) = - V - l  . 

M(q )

B(q2) = -2[m°ur- M(q2)]. (3.4.7)

Inserting A(q2) and B(q2) from Eq.(3.4.7) in Eq.(3.4.5), we find

cur _cur
[l- -SL-J [l- - V ]  [q2-M2(q2)l = - K2. (3.4.8)
L M(q ) L 2M(q ) L J

2This equation for M(q ) is of fourth order and we solve it 

numerically. However, for niqUr= 0, Eq.(3.4.7) reduces to a simple form

q2-M2(q2) = - /c2, or

M(q2) = y  q 2 + K2 ; [ q2>-/c2] . (3.4.9)

From Eq.(3.4.6), we find, if m®ur= 0,

A(q2) = - 1 ,

B(q2) = 2M(q2) = 2 J  q2 + K2 , (3.4.10)

for q2> -k 2. For q2< -/c2, B(q2) is zero. From Eq.(3.4.4), we find

A(q2) = |  [l - J  1 -  8/e2/q2 ] forq2<-/c2. (3.4.11)
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The quark propagator is, for q2> - k 2,

[Wt1—A(q )] + B(q )]
Sp(q) = 1 ------— ----   L (3.4.12)
F [1-A(q )] [-/c2]

or

Sp(q) = [ 1—A(q2) ]—1 jy - M(q2)]
-1

Therefore, for m®ur = 0, the solution of Eq.(3.4.7) has the 

following properties:

A A

(1) Chiral symmetry is broken for q > - k .

(2) The quark propagator behaves as [^]-1 for large space-like q2.

(3) There is no fermion pole, since the denominator of the propagator,

2 2has no zeroes for q > -k  . Therefore, the fermion is a nonpropagating 

mode.

curFor mq / 0, the asymptotic solution is given below:

A A

For -q »  k (i.e., for large space-like momenta)

.cur _cur
 k2

[l- V ]  U -  - ^ r ]  ■M(q ) L 2M(q ) [|q^|+MZ(q^)]

re 0 .
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This has a solution M(q2)= mcur.q

For q2»  [mqUr] (i-e., for large time-like momenta)

M2(q2) = q2 + ---- ^cur -i cur
[ x - i - P  [ , - J l J
L M(q ) L 2M(q )J

„2 / 2\ 2 2M (q ) = Q + K

«cur ~cur

[‘- ^ - r l  [*- - ML M(q2)J L 2M(q2)J

-.cur
m .

q!1 + k2 [: + f-[fr+ ]■
2 2 fa q + /c .

Results of numerical calculations are presented in Fig.4. We see that,

CUTeven in the case m^ ^ 0 . the quark propagator does not have pole. As

can be seen from Fig.4, the phenomenological self-energy we chose 

earlier coincides remarkably well with the theoretical result.

3.5 Off-Mass-Shell Effects :

In our analysis we kept one quark (antiquark) on mass-shell as an 

approximation. (We will discuss the fully-off-shell problem in Chapter 

5.) Let the four-momentum of the meson be P and that of on-mass- 

shell quark (antiquark) be k. The meson is also on-mass-shell. The 

antiquark (quark) is off-mass-shell and has momentum q = P-k. We work



in quark (antiquark) rest frame (lc=0). Since our analysis is fully 

covariant, we can work in any frame. For example, we can calculate

the wave function in the meson rest frame (?=0). The four momentum

A

squared of the off-shell antiquark (quark), q , is 

q2 = (P-k)2 = P2 + k2 - 2P.k

= M2 + m2- 2M J  m2 + t 1 , (3.5.1)

where M is the mass of the meson and mq is the quark mass. The_

2 2 ^  maximum value of q is (M-m^) (obtained for k -» 0) and the minimum is

-oo (obtained for It -> oo). The probability, P(q2), of finding the off-

m ass-shell antiquark (quark) with squared four momentum between q~ and 

2 2q +dq is given below: We have

|*(|S|)|2 t 2 d|t| = |W(q2)|2 J(q2) dq2

= - P(q2) dq2 , (3.5.2)

where J(q2) is the Jacobian and ¥(|lc|) is the normalized wave 

function. From Eq.(3.5.1) we have



Therefore,

J(q2) _1_2
fi|2 , _ 2  2)

a
2
- <

2 1 fy 2 2 2)M +na-q
2M\ ) M 2M\ /

or

P(q ) = -5-
(m 2 2 2)M +mQ-q

2 2

1
(m 2 2 2)M +mQ-q

2M M 2M
s. >

|$(q )2m  2

(3.5.3)

Values of P(q2) are plotted in Fig.5 for T and in the Fig.6 for

i 2J / W . The light arrow denotes the value of mQ chosen and the heavy

arrow denotes the value of m2 in Eq.(3.3.1). Therefore, we see that 

the IS and 2S states of T do not encounter the "confining part" of

E(q ). The 3S state is only slightly modified by the confining part of
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E(q2), while the position of the 4S, 5S and 6S states are totally

dependent on the values of E(q2) for q2>m2. Similarly, in the case of

J / $ ,  the IS state is not affected by confinement. The 2S state is only 

slightly modified by confinement, while the properties of the 3S and

A

4S states are totally dependent upon the confining aspect of E(q ).
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CHAPTER4

Method of Solution

4.1 General Form of the Integral Equation :

In this chapter we will show how we can make a covariant 

description of the structure of mesons. We obtain equations for the 

vertex function, which is described in a covariant manner, in terms of 

Lorentz-invariant amplitudes. Our equations represent an eigenvalue 

problem, with the mass of the meson as the eigenvalue. An extensive 

discussion of this analysis is given in [30, 50-52]. Here we quote

those results which we have used in our work.

The field equations that we obtain from our Lagrangian, Eq(2.3.6),

are

[ i - mq]q(x) = g®ff x(x)q(x) , (4.1.1)

[ d ^  + m£]*(x) = - g®ff q(x)q(x) . (4.1.2)

Let |k,s,t,b> and |k,s,t,b> be quark and antiquark states of momentum 

color b, and spin and isospin projections, s and t, respectively. 

Let |^,Mp,A> be a state of a meson of momentum isospin projection,
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M,p, and h e l i c i t y  A.

We form an equation for the matrix element <lc,s, t,b|q(x) |?,Miji,A>. 

Using Eq(4.1.1), we find

[i7 ^  ~ mq]<^,s,t,b|qa(x) |P,Mt ,A> = g® <^, s, t,b|x(x)qa(x) |^,MT ,A> 

The translational invariance of the theory implies

f(x) = x f(0) e'1® *  , 

where f(x) denotes either the field q(x) or x(x) • We find

[? -} ( - m ]<^,s,t,b|qa(0) |?,Mt ,A> = g® <lc,s, t,b|x(0)qa(0) ,MT ,A>

= g®ffs .
x jqA’

d3P ’ <Tc,s,t,b|qa(0) |l*’ .itp.A’xJ*’ .Hp.A’ |X(0) A>.

(4.1.3)

In Eq.(4.1.3) we have inserted a set of soliton states between the

o
operators q (0) and x(0)-

Similarly, using Eq.(4.1.2), we obtain

[-(P-P’)2 + m£]<^’ A’ |x(0) |?,Mt ,A>

= - g®ff <?’.Hp.A’|:q^(0)q®(0): |?,MT,A>
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- O
x svt’b\

x <lc’, s ’, t’ ,b’ |q^(0) |?,Miji,A> - <?\M£,A’jq£(0)j3’,s’,t’,b’>

x | . (4.1.4)

Inspection of Eqs. (4.1.3) and (4.1.4) shows that these equations are 

coupled and nonlinear. A diagrammatic representation of those 

equations is given in Fig.7. Equations (4.1.3) and (4.1.4) are then 

our general covariant mean-field equations, which describe mesons of 

different quantum numbers.

Our notation, and various parameters, are specified below: The

states |lc,s,t,b>, |lc,s,t,b>, and |?,M,p,A> are defined to have

noncovariant normalization. That is

<£,s,t,b|2',s’,t\b’> = 6 a s , S t t , 6 h h , ,

<£,s,t,b|£’,s’,t\b’> = $3(t-£’) S BB, 6 t t , 6 h h , ,

and

,Hj,,A’> = $3(£-?’) 5 , ^  6 ^ ,  (4.1.5)

We have also defined
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w(?) = y p +  m2 ,

E_(£) = . / 1 2+ m? 4 V. 'i

and

cq s Eq(k) + mq , (4.1.6)

where mq is the quark mass and M is the mass of the meson.

4.2 Invariant Amplitudes :

The next step is to express the matrix element

in terms of appropriate Lorentz-invariant

amplitudes.

For pseudoscalar and scalar mesons (J=0) one can define

<^,s,t,b|qa(0)|?,MT> = N m(P,k)v(U,s) It , (4.2.1)

where

n = *ab / _ a

and

(23T)3 3 E [2w(?)]

k .  t .2 1 AIt = (-I)' Cr.e^) x_t , (4.2.2)
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is an isospin factor. Here ffl(P,k) is a 4x4 matrix which depends upon 

P and k. It can be expanded in terms of 16 Dirac matrices as

IH(P,k) = a 1 + a r  7^  + a + a 7 5 + a“ 7 ^

= a x l  + a 2}i + a’ Jf + ( a g k V n  a^P*V + a4P*<kI/+ a ^ k V O

+ &l 75+ a2̂  7g+ a ^  7g , (4.2.3)

where the coefficients (the a ’s and a ’s) are functions of (P.k). Using 

the fact that

]i v(lc,s) = - mq vOc.s) ,

k W  = p W  = 0 ,liV fU/ ’

and

= (-i)[P.k - ?  Jfl , (4.2.4)

the above equation reduces to

UKp.k) = E(P.k) + P(P.k) + 75[E(P.k) + F(P.k)-|-] . (4.2.5)

where the E ’s and F ’s are Lorentz-invariant amplitudes and depend only 

on (P.k). Therefore,
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<^,s,t,b|qa(0)|?,MT> = N It

x jsi(P.k) + E(P.k) - + 7 5[E(P.k) + F(P.k)-jJ-]j v(£,s).

(4.2.6)

Using the properties of states and fields under the parity 

transformation, P,

P |lc,s,t,b> = |-lc,s,t,b> ,

P |k,s,t,b> = - |-k,s,t,b> , 

P|?,HjP- = rt ,

and

Pq (x)P = 7 qqa(x) , (4.2.7)

we have

<!c,s,t,b| Pqa(0)P |?,Hjv> = (-l)'Y0<-t,s,t,b|qa(0) r}

= - »?70N
' P* P )
E(P.k) + F(P.k) -g- + 7 5[E(P.k) + F(P.k)-g—] U(-£,s) It ,

(4.2.8)

where ij is the intrinsic parity of the meson and P^ = (P0,-?). Moving 

7 0 to the right, and using the properties of Dirac matrices given in 

Appendix B, the right-hand side is found to be
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V N jfi(P.k) + P(P.k) - 7 5[E(P.k) + F(P.k)-jj-] v(Ic,s) It

The left-hand side is

N |fi(P.k) + F(P.k) -|f- + 7B[E(P.k) + F(P.k)-|~]jv(ls,s) It ,

where we have used the relation 7 Qv(-Ic,s) = -v(lc,s). This implies 

that, for a scalar meson (rj =+1), E and F are zero. Therefore,

<^,s,t,b|qa(0)l?,MT> = N |ll(P.k) + F(P.k) -|-|v(t,s) It . (4.2.9)

For a pseudoscalar meson (rj =-1), we find that E and F are zero. 

Therefore,

<^,s,t,b|qa(0)|?,MT> = N 7 5[E(P.k) + F(P.k)-|p]v(£,s) It. (4.2.10) 

For vector and pseudovector mesons (J=l), we have

<lc,s,t,b|qa(0) |?,Mj,,A> = N ^  v(lc,s) It , (4.2.11)

where = £^(?) is the polarization vector of the meson. Here is

a 4x4 matrix which transforms as a vector and is a function of P and 

k. Using the same procedure as for the J=0 mesons, we can write
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where the A ’s and B ’s are Lorentz-invariant amplitudes and depend only 

on (P.k). Using the properties of the parity transformation, we find, 

for vector mesons (^=-1),

The properties of the helicity vectors, which are used in deriving the 

above expressions, are given in Appendix C. A similar expression, with 

a 7 g factor, in the case of pseudovector mesons (ri=+1), was used in

the study of P-wave solitons in [51].

Using charge conjugation, as discussed in Appendix D, one can 

obtain the matrix elements with a quark, rather than an antiquark, on- 

mass-shell.

These expressions for the matrix element, [Eq.(4.2.10) or 

Eq.(4.2.13)], are then introduced in Eq.(4.1.3) and Eq.(4.1.4). Both 

equations now can be expressed in terms of Lorentz-invariant 

amplitudes. Therefore, one can work in any convenient frame [the meson

<lc,s,t,b|qa(0)|?,MT ,A>= NljA k.eA P ( M A)

(4.2.13)
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rest frame (^=0) or the quark rest frame (lc=0)].

4.3 Wave Functions and Normalization :

As we saw in the last section, scalar and pseudoscalar mesons have 

two invariant amplitudes to be determined, while vector and 

pseudovector mesons have four such amplitudes. Let us first consider 

the pseudoscalar mesons. In the meson rest frame we have

The structure of this expression is similar to that of a Dirac spinor 

arising in the study of the relativistic hydrogen atom. Thus, we 

define wave functions as follows,

<^,s,t,b|qa(0)|^,MT> = N 75[E + F -yjvtf.s) ,

(4.3.1)

1

.M(2tt) E

1

(4.3.2)

such that the normalization condition
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rff>

dk *2[rJ(A:) + R2^)] = 1 , (4.3.3)

is satisfied. The invariant amplitudes are function of x, where x is 

defined as

■■/ivT7m_ (4.3.4)

In the meson rest frame, x = |Ic| = k .

The normalization condition, Eq.(4.3.3), is derived as follows: 

The charge operator is

A
Q =

Td 3 x  : q ( x ) 7 ° | ^  ^ - +  J q ( x )  : , (4.3.5)

where r3 is the third isospin matrix. It is seen that

d^Hp.AlQl?’ .Mp’ ,A’> = Mj, 6CP-P) 8^, ,

for vector mesons and

(4.3.6)

(4.3.7)

for pseudoscalar mesons. Substituting for Q, we have



s^t’b ’,
d3k ’

\ / 
d3x

J t V.

X <^',s’,t’,b>|q®j(0)|?,J4r>A> - <?’ ,Mrp,A’ |q^j (0) jit*, s ’, t’ ,b’>
W

i(P-P’).x<ic’, s', t ’ ,b’ |o^j (0) |?,Mt,A> | 7^ [ i  + I» ] e 

= 6 Z(?-?’)(2*)3 £ ?  ̂ d3k ’ {<dKl(jl,A,|q2;i(0)|t,,s,,t,,b,>
s t b t \

X <lc’fs’,t,,b’|q®j(0)|?,MT,A> - <?’ ,M,p,A’ |q̂ j (0)|1ic’,s’,t’,b’>l/?j

(4.3.8)

where i, j denote isospin components. Now, using the expressions for 

the matrix elements, and for the corresponding charge conjugate 

elements, we obtain the normalization condition. In the case of 

pseudoscalar mesons, after defining the wave function as in

Eq.(4.3.2), we obtain the normalization condition of Eq.(4.3.3).

In the case of a vector meson, in the meson rest frame, we have



where we have used the properties of the helicity vector, , given

in Appendix C. Here A, X, B and B are function of k .

In order to construct tensors built out of the spin operators, we

define the second-rank tensor

^ij = 2 ^i^j “ 2 ^ij ’ (4.3.10)

A flj A
where kj is the i component of the unit vector k. Then

?v k £.? = ^  £j

- e i * 1 [ f « i i  + i * i j  ] •

= |  t - |  c , (4.3.11)

where t = Qjj ^  a* and c = • In terms of t and c the wave

function of the vector meson is
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<S,s,t,b|qa(0)|3,«r,A> = N

' [  CMS) -  c -  (A-B)4

[-(A + B )j|^

2 k*
q qJ

Ijl +(X+BJ-jf ]ec - |  [<A+B)f + (X*B>^ ]et
q q n

3 3c„m_ q q
x-s h  ,

(4.3.12)

or

*ab *t

2[3(2t )3(4x )]

Jo)  ( 2 )   ■
+ \ ( k ) t  \ f T

Jo) J 2) ___
Rj(ft)ec + R^AOet \ J j T

X_s .

(4.3.13)

The normalization condition is then seen to be

o f r  i 2 r - f 2 )  i 2 r—̂ 0  ̂ i 2 r - ( 2  ̂ 1 2dfc k 2 j [ R̂ /fc)] + [R^(*)J + [Rj(*)J + [Rj(A:)J = 1 ,

(4.3.14)

-» ,Awhere e = c.k . Here superscripts 0 and 2 refer to the S-wave and 

D-wave components of the vector-meson wave function. These are

J o )V*> 2
= TK*;[ (X-B) -  ( A - B ) ^ ]  ,

q q

\ d )  = n ( A ) [ - V X ] ( A - B ) 3 j 4  ,
q q

JO)
RjU) = m >  [-(A+B)j| +(X+B)-3f ] .



64

(4.3.15)

where

n«) = i

In the case of the vector mesons (see [53]), the kernel of the 

integral equation is a 4x4 matrix. In this work we have simplified our 

analysis by making an S-wave approximation, that is, the D-wave

components of the above wave function are put equal to zero. This 

leads an equation with a kernel which is a 2x2 matrix. In other words, 

in this approximation, we have to solve for only two invariant

amplitudes. Note that in the case of a meson with isospin 0, such as 

<p, charmonium and b-quarkonium, the isospin factor 1^ has to be

replaced by a factor l/y' 2 , so that we can use the same integral 

equations and normalization conditions as those used for mesons of 

non-zero-isospin.

4.4 Integral Equations for Pseudoscalar and Vector Mesons :

Finally, we quote the integral equation, which is obtained using 

the above procedure, after the introduction of various form factors. 

We follow [52], where the analysis is carried out in the quark rest

frame (lt=0).
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For pseudoscalar mesons, the integral equation is

w(p)
Rj(p)

4H F8(q2)

(25r)3̂ w(?)w(?’) [ m x  ~  q2]

1 0
A A

0 -P’.P
v * ’>

R ^ p ’)

4 2 
3s

U 3 P
m^ [w+w2]2

(2x)’/ .<*>»<*■) t"gl- 'J2' t ™ ’+M2+l * > ] 2

E ’
2 a-

“q
P  .P
L

A ->
P 2 .k2

A 4 A 4
p  p+ V ’ P

in eq q

V * ’>

R ^ p ’)
(4.4.1)

where w s w(?), E s E (1c) and e„ = E„ + m„ . In this equation we haveq q q q q

also included a term representing "one-gluon-exchange" (the second 

integral on the right-hand side). [The Lagrangian of Eq.(2.4.8) has

A

been used.] Here ^(q^) is a high-momentum cutoff for the gluon- 

exchange kernel and

V a >'
1

E(j>) - FtplSjpi

1 w /—
S

1

II

\ I 
i

3H - F ( p ) g (4.4.2)

Further, F (q ) is a scalar form factor, which is given by



where

E = E

E ’ = E ’ N ' -  ■■ (4.4.4)

with similar expressions for F and F ’. These definitions are different 

from those given in Eq.(4.3.4). [Those definitions are more useful, 

when we work in the meson rest frame.]

In the case of the vector mesons, the appropriate integral 

equation is found to be
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w(p)
v * >

R j(p )
a f t
(2 7T):

4H
1 4  - o’]

/

[v111 V1 1 12 fv211 V212
\

X ' 1 1 F (q2) + A A F_(q2) ■

\
V.21 V22 .

1 V.21 V22 .
I

/
R,(p')

4 2 1 
3s 3

[  d 3 P

(2 t)
m3 [w+w*]2

V6 V° 11 12

vG V® 
21 22

\ ( p ’ ) 

R ^ P ’) (4.4.5)

where

v‘ , _ «|'!_ 4 2+ 2 J ' [ s + *'+ = ■ -  il
11 M3 M3 M2 L M M M2 J

[!-='- I *  5 ’] •

V = 22
= £-Rfh .  M ’l + ( $ * , [  

M2 L M2 J L
w2I*,2+ w ,2f2

M
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v> = t | ' -  2 - S ’- 1 + t f>)2 r S ' +  2 -  a ’-!] ,
11 M 2 M  M  L M  M  M 2 J

* (f > j  [ . ♦ « ' ]  ,

V1 = V1 = V2 = V2 = 0  12 21 21 12 u»

and

yG _ To + 2 1 _ „ 1 fcllV (k’.P)'l
11 - L  m J  i r q r j i ^  <  J

, r p Ea (k-.p) .1 r p (k-.p) i)
[ M mq mq M J L M mq J J •

v °  -  1 r 2 '  i  +  t fc'-P') w ' l  [ w '  5l 1 -  2 '
12 " [l + B ] 1 m<> « j L » "q j “

V6 = 21
_— I— _ [ r  __a _ Ol’.-P) w ] [ w _ a |  _  s_[i +  w  j L M  m q  m q  M  J L M  m q  J M

V® M fr p Eq (fi) w If w Eq .1 »’ P
22 M  m q  m q  M  J L M  m q  J M 2

with p  = |?|, p ’ 3 |^’| and w 3 w(?) , w ’ 3 w(l^). FJ(qi

(4.4.6)

(4.4.7) 

) and F2(q2)

are form factors given by the expressions
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FjCq2) = 2 fd3k ma

/l fl[
M 1 (2k)3 Eq 4

>» L
2/~2\2 
q' } mq(q2)2

_ (3r.k)2 _ (q.k)‘
2 ~ 2  
q *

2 ~2 
mq «

\
~ iq.k + f3

1

. q.k
+ f5- 2:2 ~2 + 2 ~2 ~2m :k 

l q q «  J m tc . q mq *  J /

and

P , ( q ' ) 2 [d3k ma f4 + fl \ (5f.k)2 (q.k)2 '
\

M 1(2tt)3 Eq 4 + 2 m2 Sf2 m2 q2 L Q Q *

(4.4.9)

Here we have defined

■fi _ (P’-P)^
2M

and

~M _ (P’+P)M 
^  " 2M

Further, fx, f^, f3, f^ and fg are functions of P.k and P ’.k and are

given as

’» -  -AiAi{
I  + £Jl + P* k + P* .Pim q M mq M M
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f, = a ;b  ̂  - a ;X- b >x  ,V
f, = A B ’ ^  - A X ’- B X ’,m q  M  1
f. = -X X ’ + X ’B ̂  + B ’X - B B ’ ,

m M m H M2q q

f5 = B B- , (4.4.10)

where

» _ X + B f . . n...A- - - r o v i • (4.4.11)
1 = ' ¥ W

4.5 Leptonic Widths :

As we noted in Chapter 1, there are many models which may be used 

to fit the spectra of various mesons. However, a good model should 

also yield wave functions that allow one to calculate various decay 

properties in agreement with experimental values. As a test of our 

wave functions, we calculated the leptonic widths of various vector 

mesons. We found that we must include the "one-gluon-exchange" 

interaction in our model in order to obtain good values for the 

leptonic widths. It is interesting to see that the calculation of 

decay properties requires the knowledge of the vertex function, which 

is obtained as the solution of our integral equation. In other words,
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decay widths depend upon the invariant amplitudes and, therefore, we 

can obtain fully relativistic results in our formalism.

The calculation of the Feynman diagram of Fig.9 yields an 

expression for the leptonic width of a meson,

. 2 24 ot eq
e+e M2 [ f ] \ (4.5.1)

where

£  = [2tt] 21/
T U T U

V -1 JO) )Rj(fc) I , (4.5.2)

and

v  = P.k 
M m q • (4.5.3)

The details of this calculation are given in [51]

E
In the frame where ? =0, v= — . Now, in the nonrelativisticm

limit, 1/  -* 1, so that,

-NR
#  = [2jt]

3_
2 ' , J o )d k R^*)

(4.5.4)

where R^rsO) is the coordinate-space wave function evaluated at the
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origin. Thus, the nonrelativistic limit of Eq.(4.5.1) is

pNR
e

. 2 2 4 a e.
B = — 1... IS

M2
(0) (4.5.5)

This is the Van Royen-Weisskopf [54] result, except for the fact that

pfl)
dr r2 Rj(r) * 1.

0

In this work the coordinate-space wave functions are normalized such 

that

jdr r2 [fi2(r) + R2(r)]= 1. (4.5.6)

We can now define a wave function, K^r) = N R^r), such that

iff)

dr r2 K^(r) = 1 , (4.5.7)

and also define a leptonic width,

nr 4 “2en j u N R _______a_
e+e" " M2

Hu(0) (4.5.8)

Note that the expressions given in Eq.(4.5.5) and Eq.(4.5.8) were used 

to generate the columns labelled by (a) and (b) in Table B. Equations

(4.5.1) and (4.5.2) were used in the calculation of the leptonic
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widths given in the first column (labelled covariant analysis) in 

Table B. We will discuss our numerical results in Chapter 6.



CHAPTER 5

74

Fully-Off-Shell Problem

5.1 Propagating and Nonpropagating Modes :

Yukawa introduced the idea that the nuclear force is the result of 

the exchange of mesons whose mass might be wlOO Mev. After a period 

of confusion which followed the discovery of the p meson, the r  meson 

was discovered. It was believed that this was the strongly interacting 

meson predicted by Yukawa. Later researchers introduced p(scalar), p 

(vector) and w (vector) mesons to describe the nuclear force and to 

explain nuclear observables.

In recent years, the use of the Dirac equation for describing 

nucleon dynamics in nuclei has become quite popular [29, 30]. At 

the center of the success of the relativistic theories are 

phenomenological (Lorentz) scalar and vector fields which are coupled 

to the nucleons. These fields can be produced by the exchange of 

elementary fields with quantum number of the a , tt, p and w mesons. As 

described in [30], one may first consider the coupling of these fields 

to quarks and then the coupling of these fields to nucleons can be

inferred.
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There is some confusion concerning the nature of these fields. Many

authors do not distinguish between these fields and the physical

mesons observed in the laboratory. We note that no "physical" o

field, that is, a scalar particle with mass equal to 600 MeV, has been

found experimentally. Another point one should note is that the size 

of the p ,  lj and other mesons is of the order of 0.7 fm [55]. However, 

the average separation between the nucleons inside the nucleus is 

& 1.2 fm. Therefore it is hard to see how the physical mesons can be 

accomodated inside the nucleus. Our successful calculation of leptonic 

widths suggests that the mesons we constructed using the covariant 

soliton model are of the correct size. It seems that the meson fields 

used in nuclear physics are just "meson-like" fields. One reason for 

confusion may be that the masses of these meson-like fields, which are 

used to fit nuclear data, are the same as the masses of physical 

mesons.

Similar meson-like fields are used in the chiral soliton model [56] 

and in the global color model of Cahill, Roberts and Praschifka [42]. 

The chiral soliton model might be used to describe mesons, as well as 

nucleons. The Lagrangian is
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I (x) = q(x) |i7  d** - g [S(x)+iT.l*(x)7 ] |q(x)chiral L M _ *  5 J

+ |([aMS(x)]a+[d^(x)]2) - |(s2(x)+l*2(x) - f2)2,
(5.1.1)

where S(x) and ?(x) are meson-.like fields. The above equation can be 

taken to represent an effective Lagrangian for the Nambu - Jona-

Lasinio model, if the effective potential is calculated through two-

loop order. One may also add a term which gives the pseudoscalar

field a mass and which explicitly breaks chiral symmetry.

Now, by defining

E(x) = gx[S(x)+ir.l*(x)7 5],

the above Lagrangian reduces to

Z (x) = q(x)[i7  ^ -  £(x)lq(x)
chiral L ** J

+ J ( [ d MS ( x ) ] 2+ [ ^ ( x ) ] 2) -  £ ( s 2 ( x )+ ?2 ( x ) -  f j ) 2 .

(5.1.2)

That is, the S(x) and ?(x) fields can be interpreted as parameterizing 

the self-energy of the quark. If Eq.(5.1.2) is to represent a good 

model of QCD, the physical pion should appear as a nontopological

soliton. This further requires that the S(x) and ?(x) fields are
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nonpropagating modes. If the pion emerges as a soliton solution of the

Lagrangian of Eq.(5.1.2), it is essential that I*(x) be nonpropagating.

Otherwise one would have two zero-mass 0~ excitations in the theory,

which would not correspond to the particles observed in nature.

Thus, it seems that the meson-like fields used in relativistic 

nuclear physics, in the chiral soliton model, and in "skyrmion" 

physics [57] are nonpropagating modes. In the last chapter we have 

shown that, under certain assumptions, the quark is nonpropagating in 

the QCD vacuum. Similarly, gluons are also nonpropagating modes, as 

shown in [58]. Propagating modes of QCD are the physical hadrons. They 

can be described as nontopological solitons, which may be constructed 

using the nonpropagating modes of QCD as the degrees of freedom. [The 

field, x(x), is also a nonpropagating field. However, we need not 

introduce a self-energy of the form we used for the quark in (time­

like region) for the x field, since the momentum components of x(x)

are always space-like in our model.

5.2 On-Mass-Shell Approximation :

As we noted earlier, it should be possible to describe all physical 

mesons as nontopological solitons of the effective Lagrangian we

derived from QCD. We have been able to describe all mesons except the 

pion and the open-flavor mesons. In the case of the pion, the
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meson (pion) mass is less than the dynamical mass of the

constituents ( u and d quark). In the case of open-flavor mesons, the 

meson mass is close to the heavier quark mass. As a result, the 

approximation of keeping one quark on mass-shell causes the off-shell 

quark to be driven too far from the on-mass-shell condition. In other 

words, there is a large asymmetry in the treatment of the quarks, if 

we apply our on-mass-shell approximation in the case of the pion or in 

the case of open-flavor mesons. These problems may be seen in the case 

of the p meson where the dynamical mass of the u or d quark used to 

fit the experimental mass is different from the theoretical value 

quoted in Chapter 2. It is also troubling that the leptonic widths of 

the states close to and above the open-flavor threshold are not in 

good agreement with the experimental values. We believe that by 

allowing both quarks to go off-mass-shell, the above-mentioned

problems may be resolved.

Placing one quark on mass shell simplifies the problem greatly. 

Since the meson is also on mass shell,- the construction of the wave 

function (or the vertex functions) only involves the specification of 

amplitudes which are functions of a single variable. This 

approximation is best if the system is weakly coupled. In that case

the particles stay quite close to their mass shells and placing the



79

spectator particle on mass shell does not introduce a significant 

asymmetry into the dynamics of the fermions.

Let us assume that a meson with momentum P decays (virtually) into 

its constituents. For simplicity, we consider the constituents to be

two scalar particles with momentum k and P-k. We have, P2=M2, since 

the meson is on mass shell. Therefore, the wave function of the system

2 2is a function of two variables, which can taken to be (P-k) and k .

2 2We write, therefore, $ = $[(P-k) ,k ]. If the system is weakly 

coupled, we may look for an approximate solution of the form

$[(P-k)2,k2] « f1[(P-k)2] 5(k2-m2) 0(k°) (5.2.1)* 9

where the function f1t(P-k)2] is to be determined from the dynamical

equations. A more symmetrical treatment would involve the 

approximation,

§[(P-k)2,k2] [ fJ(P-k)2] 5(k2-m2) 0(k°)
\/~2~ 1 1

+ f2(k2) 6 [ (P-k)2-m2] 0(P°-k°) ]. (5.2.2)

The corresponding equations in the case of (virtual) mesonic decay 

into a quark and an antiquark are more complicated since, several 

amplitudes are needed to describe the wave function, if the particles 

have spin. However, the off-mass-shell kinematics are similar to the
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scalar case. Therefore, we choose this model to study the fully off- 

mass-shell problem in this chapter as a first step.

When we work with a quark (antiquark) on-mass-shell, the off-mass-

shell antiquark (quark) has a squared four momentum (P-k)2 in the

meson rest frame (^=0) which is given by given by Eq.(3.5.1),

(P-k)2 = M2 + m2 - 2P.kH 9

= M2 + m2 - 2M y p  + m2 . (5.2.3)

Now if t=0, we have (P-k)2=(M-mq)2. Thus, we see that (P-k)2<(M-mq)2.

A A

In the weak-coupling case, where Jfc)2mq, we have (P-k) « mq, so that in

this case the spectator and the off-shell fermion have similar 

dynamics. Now this discussion raises the question as to whether 

hadrons are weakly coupled in the sense that Mp»2mq . In the previous

analysis of this model [52] it was found that the binding effects 

were of the order of 25% in low-lying hadronic states. [We are here

A

discussing the situation where E[(P-k) ] is taken to be a constant 

equal to mq .] Therefore, the approximation of placing the spectator

quark (or antiquark) on mass shell introduces a non-negligible 

asymmetry in the dynamics of the fermions. This inherent asymmetry of 

treatment becomes more apparent in the extension of our model to
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include confinement. However, in Fig.l we see that for the 3S, 4S and 

5S states there is a degree of consistency achieved for the 

description of the off-mass-shell quark and spectator antiquark.

5.3 Covariant Soliton Dynamics; Fully-Off-Mass-Shell Dynamics

For simplicity, we consider a toy model, a meson made up of two 

scalar constituents, interacting with a scalar field, x(x)* The 

Lagrangian is

£(x) = j-[d p(x)dfy(x) - m2 p2(x)]

g
+|-[dj4X(x)d,ix(x) - ®2 X2(x)] + 2^ P2(x)x(x)- (5.3.1)

The equations of motion are

[d2 + m2]p(x) = g^ p(x)x(x),

[d2 + m2lx(x) = 2* P2(x) . (5.3.2)

This model was first studied by Wick and Cutkosky [59, 60] in the 

ladder approximation. Further studies of this model, with different 

approximations, were carried out by various groups [61, 25]. In [25], 

one constituent was kept on mass shell and a linear (ladder 

approximation) and a nonlinear (covariant soliton) version of this 

model were studied. In this section we discuss the nonlinear version 

of this model with both constituents off-mass-shell. Let



82

'fp(x1>x2) = <0|T[y>(x1)v?(x2)] |^> , 

where |I*> is a meson with momentum We have

[d\ + mJl^Xj) = gx ^(Xj)*^),

and

l d \  + m2]p(x2) = g x  p(x2)x(x2) .

Therefore,

[dj + mj]T[p(x1)y>(x2)] = T[p(x1)x(x1)p(x2)],

and

[d 22 + m2]T[^(x1)̂ >(x2)] = g x  T[p(x1)x(x2)^(x2)]. (5.3.3)

Note that, when we operate with d 2 or d j? in forming these expressions,1 2

we will find some delta functions whose contributions may be seen to

A A A

be zero. We also note that we will shortly replace m by E (q ), a 

self-energy of the form described earlier.

From the above equations it follows that 

+ m2l[dj + mjlcOlTl^UjJptXj)]\t>

= S x  (d2 + m2]<0|T[p(x1)x(x1)p(x2)] |ft>, (5.3.4)

and
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[dj + + m2̂  <01T[y>(x!)v?(x2)] |ft>

= S^t^i + mj]<0|T[p(x1)x(x2)^(x2)] |?>. (5.3.5)

We may add these two equations to get

[3j + m*][d2 + m2]<0|T[9?(x1)9?(x2)] |ft>

5c
2

g

[dj + mj]<0|T[»?(x1)x(x2)p(x2)] |I*>

+ 2^ [92 + m2]<0|T[»?(x1)x(x1)»?(x2)] \P>. (5.3.6)

Note that <p(x) and x(x) &re different fields and therefore commute. 

Rearranging the fields and inserting a complete set of soliton states 

leads to

[dj + ”ij][d2 + m2]<0|T[^>(x1)i?(x2)] |̂ >

Ex d3P ’j[dj + m3]<0|T[y?(x1)p(x2)] ><]* |x(x2)|^>

+[d2 + m2]<0|T[^(x1)p(x2)] ><]* |x(Xj) |f>j.

(5.3.7)

Using

— iP. x
<0|T[p(x1)p(x2)] |?> = ^jTf^O^Xj-Xj)] |ft» e 1 ,
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and defining

<0 |T[^(0)v?(x 2-x 1 ) ] |^> = d4k -ik-(v V
(2*)'

'fp(k) ,

the above equation becomes

[-(P-k)2 + m2][-k2 + m2] ¥p(k)

d 3f < t ’ |x(0)|ft>[-k2 + m2] ¥p ,(k)

d 3t ’ < ?  |x(0) |^>[-(P-k)2 + m $ p ,(P-k) ,

or

[-(P-k)2 + m2][-k2 + m2] ¥p(k)

g > >
= 2*  d 3f < $ ’ |x(0)|ft>[[-k2 + m2]¥p,(k) + [-(P-k)2 + m2]tfp ,(P-k)] .

U
(5.3.8)

The diagrammatic representation of this integral equation is given in 

Figures 10 and 11. Note that Eq.(5.3.8) is symmetric with respect to 

P-k -» k and k -» P-k. The equation determining the wave function is

gv*p(k). / d3J ’<?’|x(0)|ft.[[-(P-k)J+mJ]_1»p,(k) + [-k,» J ] _,*p. (P-k)]

We now introduce the self-energy:
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v k>= d3? ’<^’|x(0)|?>[|-(P-k)2+ E2[(P-k)2]j- ^p.tk)

-[-k2+ E2(k2)j- ^ p ,(P-k)] . (5.3.9)

In writing the above equation we assumed that both the constituents 

have the same mass or self-energy.

From the equation of motion for x(x) we obtain

2 [-(P’-P)2+m2]

S  - [  f *  ] r ~  2------3— 1 F ( q 2 ) . (5.3.10)

where q2 s (P-P’)2. We define the form factor by means of the 

following expression,

F(q2) = (2ir)3v/4w(?)w(p’) ^ ^ 4*p(k’){-k’2 + E2(k’2)j-¥p , (k’).

(5.3.11)

This form represents an assumption of the model, since we are dealing 

with confined particles and do not have Feynman rules available to us. 

We also do not know how to obtain our previous on-mass-shell 

approximation from the fully-off-shell version of the model at this 

point. (In the current model, the quark can never go on-mass-shell.)



Substituting for <3*’|x(0)|?> in Eq.(5.3.9), we get

d3P d4k ’
(2 i r ) ‘

^ ( k ’^ - k ’2 + E2(k’2)j*F

x [|-(p-k)2+ E2[(P-k)2]j- ^p.Ck) + -[-k2+ E2(k2)j-

Interchanging the integrals, we have

*p (k) e L+ 4
d V
(2t t)4 V k>) d3P

U 2- »2i
-£-k,2+ E2(k’2)jj*

x [|-(P-k)2+ E 2C(P-k)2]j- «p ,(k) + |-k2+ E2(k2)j-

In the second term we can make a change of variables, k ’ 

obtain

*p(k) =  + ^ ~ ^ 7  *p(k’ > ' d 3P
/

•f-k’2 +
(2w)4 P , [q2- m2] 1V

x ¥p ,(k’){-(P-k)2+ E2[(P-k)2]]- % p ,(k)

■jj-(P-k’ )2+ E2[ (P-k* )2]j- *p ,(P-k’) {-k2+ E2(k2)j- \ ]

or

» (k’)

^p, (P-k)] , 

(5.3.12)

'p.(k’)

^.(P-k)] . 

(5.3.13)

-* P-k’, and

\

,(P-k)
/ 9

(5.3.14)



The kernel of the above equation is symmetric in k and k ’.

A A

the vertex function, T[k ,(P-k) ], by the relation

^p (k)=  -f -k2+S2(k 2 )]- 1{ - ( P- k )2+E2[ (P - k )2]T-"1r tk2
^/2w(?)(2x)3

we can rewrite Eq.(5.3.15) in terms of the vertex function:

Defining

(p -k )2 ] ,
(5.3.16)



d3? ’
[q2- m2] 2wO*’)(25T)3X

| {-(P’-k’)2+E2[(P’-k’)2]}-

x |-(p’-k)2+E2[(p’-k)2]j-1 rtk^.fp’-k’)2] n k 2,(p’-k)2] 

{-(P’-P+k’)2+E2[(P’-P+k’)2]}- 1 {-(P’-P+k)2+E2[(P’-P+k)2]]- 1

X r[(P-k,)2,(P’-P+k’)2] r[(P-k)2,(P’-P+k)2]

(5.3.17)

The wave function is a function of two variables, (P-k)2 and k2, 

and is symmetric with respect to these variables. Equivalently, one 

can choose x and y as two variables, defined as

x = J { t } 2 - k* “nd (5.3.18)

In the meson rest frame ( f  = 0 ) , x = |lc|= k and y = kQ. Thus, 

Eq.(5.3.15) reduces to
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•[-k2+ S2(k2)]{-v2+ X2(v2)j- ¥(*,k°)=

g
^ - j ’2 dk! X ( k : , k ’ ) Wfc'.k’0), 
(2x0 0

(5.3.19)

where

X(k.k’) = dcos^, dî ., Y~a~ 2]~({~k>2 + E2tk’2]} { " k2+ E2(k2)j-

x #p,(k’)#p,(k) + {-v2+ E2(v 2) H - v ,2+ E2(k

We have defined

} { - v ’2+ E2(k,2)j- 'fp, (v’) #p ,(v)

(5.3.20)

v s (P-k)|^=Q and v’ = (P-k’)j^_0

We see that we have to solve a nonlinear equation in two variables. 

Eq.(5.3.18), with the approximate normalization condition:

(2x0 2M *(*,k°) -f-k2+ E2(k2)T- ^  ~ k°} 
(2x04 L J M

#(*,k°) = 1 .

(5.3.21)

Again, as in our expression for the form factor [Eq.(5.3.11)], the 

equations given above are generalizations of equations where one quark 

was kept on mass shell. Numerical work is yet to be done.
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CHAPTER6

Numerical Results and Conclusions

We have solved the nonlinear, homogeneous equation, Eq.(4.4.1) [or 

Eq.(4.4.5)] numerically (in a self-consistent manner) as an eigenvalue 

problem. The procedure used is as follows. We guess the form factor 

for the first iteration and obtain the eigenvalue and eigenfunction. 

From the normalized eigenfunction we calculate the invariant 

amplitudes, which we then use to construct a new form factor for the 

next iteration. The iteration procedure is continued until the form

Al_ i.1.

factor of the n iteration is same as that of (n-1) iteration. The 

wave function obtained at the final iteration is used to calculate the 

radius and decay properties of the meson.

The parameters of the model include the coupling constant, g , and
A•

the current quark masses. We took g = 7, which is the value used in
A,

the previous studies of nucleon and meson structure in this model. 

Current quark masses are fixed by fitting the ground state of each 

quarkonium species. The strong coupling constant, aQ, and the gluon

mass, Mgj, are two more parameters needed when we include a



description of one-gluon-exchange. (Ve used a  =0.28.)o

From the arguments in Chapter 2, we have -» Mgj(^(x)) inside

the hadron. This replacement involves the specification of the 

coupling of the gluon to the x field. This is a complicated problem, 

which we do not attempt to solve here. Therefore, we used a constant 

value for Mgj and varied Mgj and a g so that we obtained a reasonable

V C~ J / $  mass splitting and a satisfactory leptonic width for the J/^

meson.

In addition to the parameters mentioned above, we also included a 

cutoff

in the x-field kernel in order to regulate the high-momentum

components in the theory. In most of our work, we chose A = 10 fm-1 

=2 GeV. This is a "physically" reasonable value, since we do not 

expect the x field, which represents long-range (low-momentum) aspects 

of the dynamics, to describe short-distance (high-momentum) aspects. 

We also have a high-momentum cutoff
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in Eq.(4.4.1) and Eq.(4.4.5). However, the results reported here are

obtained without using the above form of cutoff. Instead we chose a 

different Pmax (the upper limit of the "radial" P integration) for

different mesons, so that we obtained good values for the leptonic

widths. We also found that the P   chosen to fit the leptonic widthsmax

had the following property: Once Pmnv was fixed the energy eigenvalueQlclX

was stable with respect to further increase of Pmax- (We saw, however, 

that the leptonic widths would change with further increase of Pmax 

from the value originally chosen.) The values of P_a,_ chosen for theHlaX

different systems are given in Table B.

In the case of pseudoscalar mesons, it seems that the cutoff,

o
^(dj^). is necessary for the convergence of the integral. (Further 

numerical studies are in progress.

6.1 Mass of the Soli ton :

First, we rewrote the left hand side of Eq.(4.4.1), or Eq.(4.4.5),

other places in our integral equations, we assumed a trial mass, M, 

for the soliton and then compared the calculated value of A with M. 

Next, we chose M close to the calculated value for A, and obtained

putting where A is the eigenvalue of interest. In all
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a new eigenvalue. This procedure was continued until the eigenvalue, 

A, was almost equal to M, the meson mass. In other words, there are 

two iterations: one to obtain consistent solutions for the soliton

mass M, and another to obtain consistent solutions for the form

factors.

The spectra of various mesons are given in Tables C and D - F and 

in Figures 1 and 2. Table C and Figures 1 and 2 exhibit the results 

without the one-gluon-exchange contribution. We fit the center-of- 

gravity of pseudoscalar and vector meson states (in the case of

charmonium) and the center-of-gravity of the triplets in the study of

the P states. The masses which are underlined were used to fit the 

parameters of the model. In Fig.l, the long dashed line represents 

the open-flavor threshold energy. The continuum of our model (without 

confinement) is found to be close to the open-flavor threshold. 

Therefore, to obtain the states above the open-flavor threshold, we 

have to introduce a model for confinement, as mentioned in Chapter 3. 

Thus, we have two extra parameters: C=0.05, which is taken to be same

for all mesons, and mQ, which is flavor dependent. C and mQ are fixed

so that we obtain a satisfactory fit to the spectrum of charmonium and

of b-quarkonium. Values of m , m®ur, /? and g £ ^  » used in obtaining ̂ 9 X

the results shown in Figures 1 and 2, are given in Table A. In
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Figures 12 and 13 we compare the energy levels of J/^ and T, obtained

in various models and in our model, with experimental data. In Fig.2

we also show the p ’ and <p’ states, which we obtained after introducing 

the confinement model.

Various results of our calculations, including the one-gluon-

exchange contribution, are presented in Tables D - F. We performed

some parameter searches to obtain satisfactory fits to the spectra and 

to the leptonic widths. The parameters determined in these searches 

are given in those tables.

6.2 Coordinate-Space Wave Functions and Meson Radii :

The wave functions we obtained are plotted in Figures 14 and 15. 

Without the one-gluon-exchange contribution, the wave functions are 

are too extended in coordinate space. The mesons are of rather large 

size, as shown in Fig.14. In Fig.15, the wave functions, which include 

the effects of one-gluon-exchange, are shown and we see that now the 

radii are smaller. [The coordinate-space wave functions are obtained 

by Fourier transformation of the momentum-space wave functions, 

Eq.(4.3.2) or Eq.(4.3.15). That is,

(6.2.1)
0

and
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=V/ J ~  dk  k 2 Rj ( k ) jjUr) , (6.2.2)
0

where j0(fcr) and jj(fcr) are Bessel functions of order 0 and 1, 

respectively.]

Once we have the coordinate-space wave functions, we can calculate 

the size of the meson: The root-mean-square radii of the baryon and

scalar density of a meson are given by

The radii of various mesons, calculated using these formulae, are 

presented in Table D-F. In Fig. 16, we compare our wave functions with 

the wave functions given in [21. Those wave functions were obtained 

in a lattice simulation, neglecting the spin of the quark (scalar 

-quark approximation), for the p ,  <p and J/^ mesons. Our wave function 

agrees with that found in the lattice study for the J/^ meson. For the 

p and tp mesons our results are different. This difference may reflect 

the fact that our analysis did not treat the quarks as scalar

(6.2.3)

0

and

2 , 2 2  <r >g = dr r r (6.2.4)
U
0
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particles and that the proper treatment of spin dynamics is important 

for light quark systems.

6.3 Leptonic Widths :

We have calculated the leptonic widths of various vector mesons 

using our covariant formulation - see Eq.(4.5.1). The results are 

presented in Table B. We have also calculated the leptonic widths 

using the nonrelativitic Van Royen-Weisskopf formula, Eq.(4.5.5) and 

Eq.(4.5.8), and have tabulated the results in Table B.

Generally, in potential models of meson structure, only the ratios

of leptonic widths are calculated. The absolute values of leptonic 

widths are usually found to be too large. Therefore, workers in this 

field include "radiative" and relativistic corrections in their 

results [17]. [Since our calculation is covariant, and since our wave 

functions are expressed in terms of Lorentz-invariant amplitudes, we 

do not have significant uncertainties arising from the neglect of 

relativistic effects.] Researchers using potential models add 

"radiative corrections" to the Van Royen-Weisskopf formula. These 

corrections are patterned after the analysis used for radiative 

corrections in the case of positronium. Such corrections appear to be 

spurious, however. They are derived for a case in which the zero-order 

problem is governed by a Coulomb potential. The coordinate-space
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potentials used in potential models of charmonium and b-quarkonium 

structure are certainly not of this character. From Table B, we see 

that, if we use our wave functions in the Van Royen-Weisskopf formula, 

we obtain satisfactory values for the leptonic widths. The results 

are particularly good for the states of the upsilon system. It is 

possible that this satisfactory outcome is due to the fact that we did 

not use a potential model to fit the spectra.

6.4 Conclusions :

We have studied a simple, field-theoretic model of nontopological 

solitons in a covariant formulation. We studied the relationship of

our model, which is a unified model for all hadrons (both baryons and

mesons), to QCD and studied various effective Lagrangians. Dynamical 

quark masses and the mass m are related to the gluon condensate
A.

order-parameter <f>Q. Our analysis leads to a flavor dependence of the

coupling constant of the quark field to the scalar field. In fact, 

this modification considerably improved the fit to the spectra of 

mesons over the fit previously obtained in our model. (We saw that we 

needed to include "one-gluon-exchange" effects to obtain reasonable 

values for leptonic widths.)

We also introduced a covariant model of confinement which enabled

us to describe the p \  <p’ mesons, the 3S and 4S states of charmonium,
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and the 4S, 5S and 6S states of the upsilon system. Recently, we 

actually derived a model of confinement of this type by considering a

self-consistent approximation for the self-energy of a quark in the 

presence of a gluon condensate. We found chiral symmetry breaking for 

the quarks and the absence of a fermion pole in the quark propagater.

This study led us to believe that the presence of a gluon condensate

in the QCD vacuum can explain the nonpropagation of colored objects.

(Recently, it has also been shown that gluons do not propagate in the

gluon condensate [58].)

From our results, it is clear that we have succeeded in reproducing 

the experimental spectra and the leptonic widths (of low-lying states) 

of various mesons rather accurately. However, the values of the 

leptonic widths and the radii of various mesonic states, close to and 

above the open-flavor threshold, do not agree with experiment. It 

appears that the one-gluon-exchange approximation we have used is not 

satisfactory. Of course, the approximation of keeping one quark (or 

antiquark) on mass-shell will affect our results. A study in which 

both constituents are allowed to propagate off mass-shell is in 

progress. It is also possible that what we have called "one-gluon- 

exchange" may not actually be one-gluon-exchange. One may require the 

description of the exchange of some (colored) composite fields. Such 

fields arise when one uses the auxiliary-field formalism to eliminate
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the gluon degrees of freedom from the action.

Another feature we have not included in our model is the effect of 

channel-coupling. As in the case of linear confinement potentials, we 

have the unpleasant situation of obtaining an infinite number of bound 

states, if we neglect channel-coupling effects.

We have not as yet made a detailed study of radiative transition 

rates and hadronic decay rates. These properties should be calculated 

in our model so that we may compare the results of our model to the 

results obtained using potential models or other field-theoretic 

models. We remind the reader that our model of covariant soliton 

dynamics is of field-theoretic character and has some relation to QCD.

It is seen to provide, in principle, a unified model of all hadrons.

In our studies we have also included a covariant description of

confinement and have developed some understanding of chiral symmetry

breaking.
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Appendix A

An Effective First-Order Equation and the Second-Order Equation :

In this appendix we make use of the procedure adopted by Sakurai 

[39] to "derive" the Dirac equation from a second-order equation. We 

have from Eq.(2.2.17),

[ d2 + niq]q(x) = -[2/?mqgx x(x) + g£ x2(x)]q(x) .

From this equation it is clear that q(x) satisfies an equation of 

the Klein-Gordon form. Let us take the field satisfying the above 

equation to be a scalar field, . To obtain a spinor equation, we may

proceed as follows. Write

- a V x(x) = [mj + 2/3mqgx x(x) + g2 X2(x)]^(x) 

and note that the left-hand side may be written as

and right-hand side as

tmq + x(x)]2 ^l(x) + (1-^2)®x x2(x) Pl(x)’

Therefore,
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[i f̂ - + a . t i  ] [i ft - ]<pt ( x )

= [mq + 0 g x  x(x)]2 ^(x) + (l-/?2)g2 X2(x) ^(x). 

(A. 1)

Let us put

[i ft “ ]pj(x) = [mq + /?gx x(x)] <p2 ( x ) (A.2)

in Eq.(A.l), to obtain

b  It + 3.1? ] [mq + /?gx X(x)]y?2(x)

= [mq + 0 g x  x(*)]2 P/x) + (l“/?2)gx X2(x) ^(x)

Dividing both sides by [ m + fig x(x)]> we haveM A,

r  a  -> rt i  , , d - a J )g y  x2U )[i M  + ff.i7 j e?U) = [mq + agx *(*)] »,,(*) + [— ■ ^ - x
H A>

*»[* I t + l*(i) ,, ,
- "t£q + P z x  x(x) 1 ^  ■ (A-3)

Adding Eq.(A.2) and (A.3), we find
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i fjr[PgCxJ+PjCx)] + a.itf^CxJ-^Cx)]

(l-^2)gy X2(x)
[«q + fi8x  X(x)][p,(x)^(x)] + i i - r f c ^ T ] ^ i (x)

H A

flgy[i I t  + Jx(x)
q + *x  x(x)J

<P2(x) . (A.4)

Now, subtracting Eq.(A.3) from Eq.(A.2), we have 

-i ^-[^(xJ-^Cx)] - a.i^tpgUJ+p^x)]

(l-/32)gy x2(x)
= [«q + flgx X U ) U < P 2U)-<P1U ) 1  - r̂ -v ̂  x(xi]y?i(x)

fty [i It * ig'? ]xCx)
[mq + X(X) J

<P2(x) (A.5)

The two equations above can be combined to form,

• d ■> . r i ^(xJ+^Cx)
>d ^(xj-y^x)

[mq + *x  x(x)]
^(xJ+PjCx)

^(xj-p^x)
f j (x) 1 1 

-1 -1

¥>2(x )+¥>1(x )

p2(x)-^(x)

f2(x) 1 -1

-1 1 ^(xj-y^x)
(A.6)
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where

and

_ (l-/?2)g2 *2(x)
f2 " lmq + Pex X(x)] ’

ft(x) ^ yF1 i t + l x(x)
q + x(x)J

(A.7)

Using Dirac matrices and defining the spinor field

q(x) =
P2(x)+p (x) 

(p^xl-p^x)
(A.8)

Eq.(A.5) can be written as,

['yoiJt “ 7-i^]q(x) = [mq + /?ĝ  x(x)lq(x) - —  7 Q (1 + 7 g)q(x)

f2(x)
+ —  (1 - 7 g)q(x) . (A.9)

For u, d and s quarks /3 m  1 and hence f2(x) vanishes. For c and b

quarks, /? is approximately 0.85 and 0.75, respectively. However by 

comparing f2(x) with the [mq + /?g^x(x)] term, we see that

(1 ^2)[gy X(x)]2 ^ (l - .852)r(7)(100)l2
tmq + /fe^Cx)]2 [1900 - (.85)(700)]2
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= 0.08

for the c quark and

(1 - /?2)[gy X(X)]2 w (1 ~ .752)[(7)(100)12 
[5000 - (.75)(700)]2[mq + /fe^Cx)]2

=  0.01

for the b quark. Therefore, the second term on the right in Eq.(A.9) 

is negligible for both light and heavy quarks. Note that f^x)

involves the variation of x(x) in space and time. However, x(x) is the 

order-parameter field and so it may be assumed to vary slowly in 

space-time. Thus, we may neglect the first term as well. Our equation 

then reduces to Eq.(2.3.4).
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Appendix B

B.l Notation and Conventions :

We use the notation presented in the texts of Bjorken and Drell 

[62]:

M _ t 0xp = (x ,x)

where

_  t o ux^ s (x ,-x) = g ^ x  ,
(B.1.1)

1 0  0 0 
0 - 1 0 0  
0 0 - 1 0  
0 0 0 -1

(B.l.2)

0 0 •* -*
X 1'X2 - X1X2 X1‘X2 ’

pM = ^  = (i I t '  ) = ^  ’

= = (i |t» ^  ) = id» •p dxp
(B.l.3)

Dirac matrices and spinors :

/  = (V\3) , (B.l.4)



106

where

1oHi

4 0 a= ; 7 =

iio1 -*
.-o 0 .

(B.l.5)

Here a has there components, which are the Pauli matrices:

0 1 _2 0 -i eo 1 0ii q II q n

1- 0 1 Io1 . 0 -1 .
(B.l.6)

The Dirac matrices satisfy the relations

/ ■ A  W  . 2 g T  .

^  • j [VY- /V ] .

Note the definition,

0 1 

. 1 0
(B.l.7)

The spinors u(k,s) and v(k,s) satisfy the Dirac equations,

75 = 0 1 2  3 7 7 7 7 7 c =

- m] u(lt,s) = 0 , 

[Ĵ + m] v(lc,s) = 0 .
( B . l . 8)
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and

u(lc, s) = u+7 ° ,
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v(!c,s) s v+7 ° ,
(B.l.9)

satisfy the equation

u(li,s)[^ - m] = 0 ,

and

v(lc,s)[^ + m] = 0

The projection operators are

ua(lc,s) u^(Ic,s) =
}L + m l+7B7ttsM 
2m 2 a/3

and

(B.l.10)

va(lc,s) v^Oc.s) = 2m * 2 a/3
(B.l.11)

where s^ describes the direction of the spin of the physical particle. 

The spinors u(k,s) and v(k,s) satisfy the normalization conditions:



U.(ic, 3) uOt.s) = 1 ,
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v(lcts) vdc.s) = -1

The completeness relation is

Y, [ua dt,s) u^(ic,s) -  v^Oc.s) v^dc.s)] = 6ap . (B.1.13)

We also use the relation

judc’ , s ’ ) T u(lc,s)j = u(ic,s) r u(lt’ , s ’ ) , (B.1.14)

with r = 7° r+ 7°
For example,

a * * = 7° a * * 7° = o '*  ,

. 5  0 / • 0 - 517 = 7 (17 ) T  = 17 ,
(B.1.15)

and

A+(k) =
]L + m 
2m = Y u(lc, s ) u(lc, s ) ,
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A"(k) = -¥ +
2m = - 5) v(£,s) v(!c,s) .

Trace theorems and various identities are

Tr 7 5 = 0 ,

Tr(odd number of y 4) = 0 ,

Tr 1 = 4 ,

T r  W / r  4  [a i a 2 W  V a 3 V a 4 +  V a 4 V a 3 ] ■

Tr ^ / i  = 4ica/3r/fi aal A V  ,

( B .1 .1 7 )
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B.2 Gell-Mann matrices and identities :

Ai = a. 0 

0 0
( i=l,2 and 3) ;

0 0 1 0 0 -i
0 0 0 ; a5 = 0 0 0oor-4 . i 0 0 .

0 0 0 0 0 0
0 0 1 ; A7 = 0 0 -i

. 0 1 0 . . 0 i 0 .

1
vfar

1 0  0 
0 1 0  
0 0-2

These matrices satisfy the commutation relations,

[ I  Ai’ i  Aj ] = 1 fijk( i  Ak) •

and the anticommutation relations

(B.2.1)

(B.2.2)

{  2 Ai’ 2 Aj }  _ 3 5ij + dijk( 2 Ak) • (B.2.3)

where the fjjk are fully antisymmetric and the are symmetric.

Their values are
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and

f123 =  1 ’

f = f  = f = f  = f  = f - i. 
147 246 257 345 516 637 2

f _ f = Vf 3 
458 678 2

(B.2.4)

J  _  J  _  J
118 ~ 228 “  338 “  888 V ^ T

d 146 " d 157 d 256 d 344 ”  d 355 = 2

j — rl — i
247 “  366 " 377 ~  ~  2

J — /I — J  — /I
448 “  558 ~  668 " 778 2 \Z~3~

(B.2.5)
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Appendix C

C.l Properties of the Helicity Vector :

The helicity vector satisfies the relations [63]

(1) £a (I*).p = 0 . (C.1.1)

(2) ^,(?).£a(?) = - Sy x  . (C.l.2)

(3) Y (?) ££(?) = - (C.l.3)
A M

(4) In the meson rest frame (? =0), = (0 , •

(C.l.4)

C .2 Parity transformations [63, 50, 51]:

Under the parity transformation, P, the quark field transforms as

P q(0) P"1 = 7°q(0) . (C.2.1)

Quark and antiquark states transform as

P |?,s,t,b> = e"i,p(k’8) l-Ic.s,t,b> ,

P |Ic,s,t,b> = - e |-]c,s,t,b> ,
(C.2.2)

where pdc,s) is a phase factor.

A canonical state describing a single particle with spin j and 

momentum ? transforms as
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P |£,j,m> = ri |-]*,j,m> = r\ \x+ < p,x-0 , |^|, j ,m> , (C.2.3)

where rf is the intrinsic parity of the particle.

The transformation of a helicity state under parity is given by

P |?,j,A> = ri e-1*j |"K+tPfTr—0 , 11̂ |, j, —A> . (C.2.4)

The helicity vector, , transforms under the parity

transformation as

y = - n ^ A(*r+p,5r-0, \ t \ )  = - rt , (C.2.5)

where ^ A(-^) = •



Appendix D

Charge Conjugation :

The following identities are used in obtaining the expression for 

the amplitude for a meson to decay into an on-mass-shell quark and an

off-mass-shell antiquark from the expression with the antiquark on-

mass-shell [50, 51] :

(1) C |ic,s,t,b> = »/_t |lc,s,-t,b> , (D.l)

(2) (D.2)

(D.3)

(4) C y  C-> = - i l  . (D.4)

Here T denotes matrix transposition,
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Table A 

ef fThe current quark masses, /?, g , and the mass parameters whichA
determine the quark self energy, E(q2).

Quark mq(Mev) m*ur(Mev) g6ff mQ(MeV)

u , d 484 0 1.0 7.0 350

s 656 95 .995 6.963 327

c 1884 1433 .829 5.803 1697

b 5245 4827 .736 5.155 5100
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Table B

Leptonic widths of vector mesons and various parameters used in 
the calculation.

Meson
Covariant
analysis

Van Royan - 
Weisskof 
formula Expt.

Masse:i (MeV)
“q Pmax

KeV (a) KeV (b) KeV KeV Thoery Expt. MeV fm-1

P 4.62 3.55 4.28 6.90i0.30 775 775
495 8

w 0.51 0.39 0.48 0.76±0.17 775 783

<P 1.06 0.82 0.99 1.31±0.06 1020 1020 665 10

His) 4.73 4.55 4.94 4.70i0.30 3050 3100
----- 1922 15
Hzs) 1.08 1.07 1.10 2.1010.20 3671 3685

T(1S) 1.13 1.13 1.16 1.2210.05 9460 9460

T(2S) 0.548 0.553 0.588 0.5410.03 10140 10023 5393 30

T(3S) 0.266 0.27 0.268 0.4010.03 10545 10355

(a) See Eq.(4.5.5)

(b) See Eq.(4.5.8)
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Table C

Results of calculations made using the Lagrangian without the 
gluon degrees of freedom and the covariant model of confinement :

Theoratical Expt.
Meson MeV MeV

P 770 770

P ' 1600 1600

U) 770 783

<P 1020 1020

<P’ 1680 1680

ric - t  [C.O.G] 3070 3070

XCUS) [C.O.G] 3480 3530

V l - t ’ [C.O.G]V
3661 3661

H 3 S )  [C.O.G] 3980 4030

^(4S) [C.O.G] 4418 4415
T(1S) 9460 9460

Xb(lS) [C.O.G] 9880 9904

T(2S) 10047 10023

XC(1S) [C.O.G] 10270 10263

T(3S) 10385 10355

T(4S) 10598 10575

T(5S) 10841 10860

T(6S) 11043 11020
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Table D

Masses, leptonic widths and radii of the upsilon system for the
parameter set given below :

mq = 5263 MeV , mQ = 5100 MeV , C = 0.05 ,

A = 7.8 fm"1 , Pfflax = 30 fm-1 , = 7.0 .

g2 = 4.2 , mgl = 8 fm ~ 2 ’

T
states

Masses in Mev

Theory Expt.

Leptonic widths in KeV

Theory Expt.

rms radii in fm

Baryon
density

Scalar 
density

IS 9460 9460 1.27 1.22i0.05 0.319 0.28

2S 10025 10023 0.45 0.54±0.03 0.631 0.62

3S 10345 10355 0.19 0.40±0.03 1.195 1.189

4S 10560 10575 0.11 0.24±0.05 1.539 1.529

5S 10830 10860 0.07 0.31i0.07 1.438 1.424

6S 11215 11020 0.02 0.13i0.03 1.447 1.426
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Table E

Masses, leptonic widths and radii of the upsilon system for the
parameter set given below :

mq = 5225 MeV , mQ = 5100 MeV , C = 0.05 ,

A = 10.0 fm'1 , Pmax = 30 fm'1 , ^  = 7.0 .

g2 = 2.8 , m2i = 8 fm"2 ,

T
states

Masses in Mev

Theory Expt.

Leptonic widths in KeV

Theory Expt.

rms radii in fm

Baryon
density

Scalar 
density

IS 9460 9460 0.76 1.2210.05 0.291 0.275

2S 10042 10023 0.32 0.5410.03 0.664 0.658

3S 10357 10355 0.10 0.40i0.03 1.411 1.407

4S 10566 10575 0.06 0.24±0.05 1.51 1.501

5S 10817 10860 0.02 0.3110.07 1.539 1.525

6S 11146 11020 0.01 0.1310.03 1.495 1.474
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Table P

Masses, leptonic widths and radii of the J s y s t e m  for the
parameter set given below :

mq = 1922 MeV , mQ = 1697 MeV , C = 0.05 ,

A = 10.0 fm-1 , Pmax = 15 fm-1 , gx = 7.0 .

g2 = 3.5 , m2j = 12 fm-2 ,

J/lA 
states

Masses in Mev

Theory Expt.

Leptonic widths in KeV

Theory Expt.

rms radii in fm

Baryon
density

Scalar 
density

IS 3050 3100 4.73 4.70i0.3 0.531 0.385

2S 3671 3685 1.17 2.104:0.2 1.223 1.195

3S 4057 4030 0.26 0.754:0.15 1.479 1.443

4S 4430 4415 0.08 0.474:0.10 1.602 1.545
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Fig. 1 Charmonium (a) and bottomonium (b) spectra obtained 

without the "one-gluon-exchange" effect. Light lines 

denote various states whose energies have been determined 

experimentally. The dashed lines are the spin-weighted 

averages, while the heavy lines are the theoretical 

predictions. [If we do not include our model of 

confinement, the continuum of our model starts at 2mq

(dot-dashed line), which is quite close to the open- 

flavor threshold (long dashed line).]
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Fig. 2 Theoretical and experimental spectra for the rho and phi

mesons, states of charmonium and the upsilon system. In

the case of charmonium, the dashed line represents the

centers-of-gravity of n and J/^ and of *?’ and .c c
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Fig. 3 Equation for the quark propagator.

a) The solid line is the full propagator [Eq.(3.4.2)] and 

the light line is the propagator - n>qUr]_1.

b) A self-consistent model for the (irreducible) self-

A

energy, E(q ). The cross-hatched circle denotes the 

condensate and the wavy lines are condensate gluons of 

zero momentum.

c) Here we show the type of nested diagrams which are

A

summed in this model for the self-energy, E(q ).
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Fig. 3



Fig. 4 (a) The square of dynamical mass, M2(q2), for the charm

quark. The dotted line represents a phenomenological

model for this quantity adopted in ref. 49 [see

Eq.(3.3.1)] in order to fit the spectrum of charmonium 

through the 4S level [see Fig.la],

(b) Similar figure for bottom quark.
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Fig. 5 The probability, P(q2), for the off-mass-shell quark to

have a squared four vector (P-k)2=q2 in our model of the 

1S-6S states of the upsilon system. The light arrow shows

the value of m2; m2 = 668 fm-2 in this case. The heavy

arrow shows the value of m2 [m2=706 fm-2] for the b-quark 

in this model.
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Fig. 6 The probability, P(q2), for the off-mass-shell quark to

have a squared four vector (P-k)2=q2 in our model of the 

1S-4S states of the charmonium system. The light arrow

shows the value of m2; m2 = 74 fm-2 in this case. The 

heavy arrow shows the value of m2 [m2= 91 fm-2] for theq q

c-quark in this model.
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Fig. 7 Schematic representation of the equations of our model.

The filled circle denotes the amplitude for the on-mass- 

shell soliton to decay (vitually) to a quark and an 

antiquark. The open circle is a form factor and the wavy 

line denotes the propagator of the x field. The second 

part of the figure denotes the scheme for calculating the 

form factor. (That calculation depends upon the knowledge 

of the vertex functions.)
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Fig.

136

Same as Fig.7, except that there is one more term - the 

last term depicted in (a) and (b), representing the "one- 

gluon-exchange" effect.
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Fig. 8
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Fig. 9 Diagrammatic representation of the calculation of the 

leptonic width of a vector meson. The heavy lines denote 

the leptons and the dashed line denotes a photon. The 

vertex (black dot) is the same as that described in 

Fig.7. [The product of the vertex and the propagator of 

the off-mass-shell quark may be specified in terms of the 

various amplitudes (or wave functions) defined in 

Chapter 4.]
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Fig.10 Schematic representation of Eq.(5.3.8).
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Fig.11 Schematic representation of Eq.(5.3.19). The second part 

of the figure shows how the kernel, X, may be identified.
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Fig.12 Comparison of S-wave spectrum of charmonium, obtained in

various theoretical models, with the experimental data.

The numbers in brackets refer to theoretical calculations

listed in the references. The dashed line represents the

centers-of-gravity of 7? and J / $  and of T}’ and .c c
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Fig.13 Similar comparison for the upsilon system. [See Fig.12.]
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Fig.14 (a) The large and small components of the 1S-4S states of

charmonium, calculated without the "one-gluon-exchange"

effect.

(b) The large and small components of the 1S-4S states of 

charmonium, calculated with the "one-gluon-exchange"

effect included.
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Fig.15 (a) The large and small components of the 1S-6S states of

the upsilon system, calculated without the "one-gluon-

exchange" effect.

(b) The large and small components of the 1S-6S states of 

the upsilon system, calculated with the "one-gluon-

exchange" effect included.
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Fig.l5-(a)
(continued)
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Fig.15-(b) 
(continued)
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Fig.16 Comparison of our wave function (solid line) with that of 

a lattice calculation (dashed lineHSa] for p , <p, and J/^ 

mesons.
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