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Abstract

FLAT POINTS ON CONTINUOUS ISOMETRIC
DEFORMATIONS OF CONNECTED PLANAR REGIONS
by
Martin Lewinter
Adviser: Dr. Richard Sacksteder

The thesis demonstrates that the punctured unit disk
whose rays are to be generators can't be embedded in R3 as
a developable surface consisting entirely of parabolic
points. The method of proof involves the spherical image
curve of the generators of the developable and the rela-
tionship of the occurence of flat points on the developable
and the convexity of the spherical image curve of the gene-
rators.

The basic results are then generalized, after some
modification, to augmented and diminished unit disks, i.e.
disks whose rays emanating from their origins rotate through
angles larger than and smaller than 2T{, respectively.

The paper closes with a discussion of the embedding
of an annulus. Three cases are discussed: monotonic, strictly

monotonic, and non-monctonic rotation in the planer annulus

of the pre-images of the generators.
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I. Introduction

In this paper we will present several theorems be-
longing to Differential Geometry in the large. The hypo-
theses and proofs of these theorems will make use of
facts pertaining also to Differential Geometry in the small.

We will concern ourselves with the distribution of
flat points on certain developable surfaces. In particular,
we will employ the convexity (or non-convexity) of the
generator spherical image curves of these surfaces to
demonstrate the exisﬁence {(or absence) of flat points on
them.

On a developable surface, the Gaussian curvature K
is identically zero. Put another way, if we denote the
co-efficients of the second fundamental form by L, M, and
N, as is done in the traditional manner ( see [5] p. 86) ,
then LN-M2= 0.

A flat point of a developable surface is a point at
which L, M, and N are zero. As is well known ( see (5]

p. 124) , if one point of a generator is a flat point,
then all of the points of that generator are flat points.

Consequently, we will in fact be searching for

generators on the various developables consisting entirely

of flat points.



One of the interesting features of flat points on
developable surfaces is that they are the only pqssible
umbilical points. This is easily seen by noting that the
normal curvature at a peint in any given direction is
given by the second fundamental form divided by the first
fundamental form. Thus L = M = N = () at a point implies
that all the normal curvatures are zexro there.

In particular, these normal curvatures are all equal.
At such a point, we have a singularity in the direction
field for the lines of curvature of the surface. This
direction field is given by a system of differential equa-
tions involving the co-efficients of the first and second
fundamental forms. See [5] Chapter Iv, Section 16 for
further details.

As stated above, our methods of proof in this paper
will often involve the convexity {or non=-convexity) of
the generator spherical image curve of the surface under
consideration.

The generator spherical image curve is obtained in
the following manner. Consider a region R of a developable
surface such that each point of R lies on a unique genera-
tor. Let P(t) be the vector representation of a regular

curve in R which crosses each generator exactly once. We



want the curve P(t) to cross these generators trans-
versally, i.e. P'(t) shall never lie in a generator direc-
tion.

Now construct a continuous vector field in the surface.
Denote this field of vectors by Z({(t). Let these vectors
all be unit length. Furthermore, at each point of P(t),
let z(t) point in the direction of the generator through

that point. Our surface can now be represented in R by
X(t,s) = P(t) + sZ(t)

Now if all the unit vectors Z(t) are transported to
the origin of co-ordinates through a parallel motion,
they will determine a curve on the surface of the unit
sphere. This curve Z(t) is the generator spherical image
curve of R.

We will often prefer to parametrize the generator
spherical image curve with its arc length. The arc length
parameter will be denoted u. As we shall see later, if
Zz'(t) = 0 or fails to exist for some t value, or if 2'(t)
vanishes identically throughout some t interval, then

the spherical image curve of the generators may contain



irregular or singular points.

Note that at a regular point of Z(u), the tangent
Z'(u) is a unit vector. This follows from u being an
arc length parameter. Furthermore, since 2(u) is a vector
of constant length (unity) , 2'(u) is orthogonal to
Z(u).

When u = u(t) is a strictly monotone function, there
is & one-to-one correspondence between the points of Z(u)
and the generators of R. Now since each generator of R
has a unique unit surface normal vector x3(t) associated
with it { once we orient the surface), we may through
parallel transport in R3 affix it to the point Z(t) on
the surface of the unit sphere. After a parémeter change
from t to u, we may speak of X3(u). Thus at every point
Z(u) on the generator spherical image curve we have an
orthonormal basis in R3 consisting of Z(u), Z'{(u), and
X3(u).

A word is in order about the unigueness of the vector

X Every generator on the surface has associated with it

30
a unique normal direction; so in fact there are two



possibilities for the surface unit normal vector X;.
However, if the generator spherical image curve is convex,
we may select an orientation of the surface so that the
implied direction of x3(u) coincides with the direction

of the projection of Z''(u) into the tangent plane of the
unit sphere at 2(u).

The reader is reminded that 2Z''(u) is the curvature
vector of Z(u). So the geodetic curvature of Z(u) is
readily seen to be Z"(u)'x3(u).

When we discuss spherical curves with positive geo-
detic curvature at all of its points, we will use the
terms "support great circle arc" and "tangent great circle
arc" interchangeably. The two terms refer to the same
great circle arc in view of the strong convexity of such
curves.

The surfaces under consideraticn in this paper will
be assumed to have partial derivatives of up to third
order in the parameters s and t. (See page 3).

The developable surfaces dealt with in this paper
will be isometric deformations of various connected

planar regions. Put another way, they will be surfaces



obtained by bending but not stretching or tearing
planar regions. The following connected planar regions
will be embedded in R3:
a) the punctured unit disk - in polar co-ordinates, the
region given by 0&Lrg1 and 0K 6§ 2w,
b) the diminished (punctured) unit disk - 0 r &1l and
069¢2%-€ . & is a small positive angle. The rays 8 = 0
and 8 = R-§ are attached in the embedding.
c) the augmented {punctured) unit disk - 0€rs£1 and
0%eg 2K+ . Here a sector of angle § is attached by its
radial boundaries to the rays € = 0 and 8 = 2 cof a
punctured unit disk cut along the ray 8 = 0.
d) an annulus - agr&b and 0¢ecg 2W. *

The various lemmas presented in this paper have been
known for some time. Never-the-less we present them with
proofs consistent with the general methods of this paper.
IT. Basic Lemmas

Lemma I: Given a region R of a developable surface
whose generator spherical image curve 2 (u) is regular,

then the geodetic curvature kg(ul) of the generator



spherical image curve vanishes if and only if the generator
in R corresponding to uy consists entirely of flat points,

Proof: Let X,(u) be the unit normal vector (on the
developable surface) corresponding to the generator Z(u).
Then

Xy(u)-z(u) = 0.
Upon differentiation with respect to u we have
X3'(u)'Z(u) + Xy(u)«2'(u) = 0.
Now on a developable surface, Z'(u) lies in the tan-

gent plane containing Z(u}, so

]

Z'(u)-x3(u) 0.
Then

0. ) (1)

' L]
X3' (u) -2 {u)
Now since X3(u) is a unit vector it follows that
' . =
X3 (u) X3(u) 0.
Conseguently
X3'(u) = a(u)zZ(u) + b{(u)z'(u) (2)
where a(u) and b(u) are scalar functions.
Now a(u) = 0 by equation (1).
So we have

X3'(u) = b(u)2'(u) (3)



where
b(u) = X;'(u)-2"'(u). , (4)
Now
Z2''(u) = pwz(u) + g(u)z’(u) + r(uyxy(ul.

To evaluate p{u) we have

Z{(u)+Z'(u) = 0.
Differentiating with respect to u yields

Z'(u)+«2'(u) + Z{(u)+-2'"'(u) =0

1 + p(u) =20

so
p(u) = -1.
Since 2'{u) is a unit vector (u is arc length on
Z(u)), .
Z''(u)-Z2'(u) = O
SO
g(u) = 2'(u)-2'"(u) = 0.
Consequently we have
Z2''"(u) = -2 (u) + r(u)x3(u) (5)
with
r(u) = X;(u)-2"''(u). (6)

Now

X3(u)-z'(u) = {



so
X3'(u)-2' (u) + Xj(u)-z2''(u) = 0.

By (4) and (6) above, this last eguation can be

written
b(u) + r(u) = 0. (7)

Note that at a point v, on the generator spherical
image curve Z(u) for which the geodetic curvature is zero, it
follows that z''(u,) lies exclusively in the direction of
Z(ul). Then by equation (5) we see that r(ul) = 0. By
equation (7) it follows that b(ul) is also zero. Then from
equation (3), x3'(ul) = 0.

This means that the surface R contains a generator
corresponding to u, along which the surface normal x3(u)
is stationary, i.e. we have a generator consisting entirely
of flat points.

On the other hand, if the surface R contains a genera-
tor, parametrized by Uy consisting entirely of flat points,
then X3'(ul) = 0. Then since by hypothesis Z'(u) is never
zero (u is arc length on the generator spherical curve),
we see from equation (3) that b{u) must be zero.Then r(u)
is zero also, by equation (7).

Setting r(u) equal to zero in equation (5) shows
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that Z"(ul) = -Z(ul). Consequently kg(ul) = 0, and we are
done with the proof of our lemma.

We now state and prove Lemma II.

Lemma II: A closed simple curve on the unit sphere
with positive geodetic curvature at all of its points
a) is confined tc a hemisphere, and
b) has the globally convex property =~ i.e. any two points
on the curve can be connected by a great circle minor arc
wholly contained in the curve's interior (suitably de-
fined).

Proof of part (a): We shall begin the proof by

orienting the curve so that as its arc length parameter
increases, the tangent great circles at each point of

the curve are on the right of an observer standing on the
outside surface of the unit sphere and facing the di-~
rection of increasing parameter values at the point of

tangency of the curve. See Figure 1.

G veat

VYV e .
c.w'r.\c.

Figure 1
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Now suppose that R and S are two points on our
curve C of Lemma II such that some great circle G inter-
sects C at R and S, but at no point between R and S
are there any intersections (i.e. say R corresponds to
u, of the curve's arc length parameter, and uzs-ul
correspcnds to S. Then for any u such that u,€ ug u, ,
the point corresponding to u doesn't intersect the great
circle.).

Let us assume, also, that R and 5 are not antipodal
points. Then we can pick two antipodal points P and P'

on great circle G so that R and S are on the same semi-

circle of G determined by P and P', as shown in Figure 2.

Figure 2
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Now consider the family of great semi-circles
through P and P' and note that one member of this family
must intersect curve C between R and S tangentially at
at least one point, as shown in Figure 3. Then the
orientation of curve C must be from S toc R. This fact

will now be used to prove part (a) of Lemma II.

'4

P

R

Figure 3

Suppose, then, that we have a point P on curve C of
Lemma II, and we denote by G the support great circle
of C at P. That G is a local support line of our curve C
at P follows immediately from our hypothesis that kgbo
at all points of C, in particular at P.

We will show that G is in fact a global support
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for C - i.e. the whole curve C lies inside G. This
would prove part (a) of Lemma IT.

"Say curve C is oriented in accordance with our agree-
ment above that the support great circles are on the right
and the interior on the left as the arc length parameter
u increases. Say, also, that P corresponds to the value uj -

Consider the point S corresponding to the next
11>wh_at which C intersects G, as shown in Figure 4. The

‘orientation of the curve is indicated in the diagram.

' 4

s
S

P

Figure 4

F ]
As was shown above, arc PS of great circle G can't

“ . L]
be minor, or else PS on curve C would have an orientation
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going from S to P, which would contradict our assumption
earlier that the arc length parameter value of S is
strictly greater than u; the parameter value of P.
Consequently, the arc length of great circle arc PS is
greater than or equal to]‘.

Similarly, let S§' (see Figure 4) he the first inter-
section of C and G before P, i.e. the greatest u< Uy
for which C intersects G. Then by the same argument, arc
i B
S'P along G can't be minor.

- o

On the other hand, arcs PS and S'P of great circle

G can't both be major (actually neither can be major) by

the "simple" property of curve C. See Figure 5.

Figure 5
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~ -
This leaves us with PS and PS' along G both having

arc length ®, or in other words, § and S' are the same
point P' - the antipodal point of P.

We now show that even such a state of affairs is
impossible. We now supposedly have a curve which is simple,
closed, and having positive geodetic curvature at each
of its points. Furthermore, this curve C is tangent at
antipodal points P and P' to great circle G.

Draw a great semi-circle through P and P' running
through the interior of C as shown in Figure 6. By the
tangency of G and C, it follows that in some neighbor-
hoods of P and P' this great semi-circle can be selected
so that it will not intersect curve C in thése neighbor-

hoods.

Figure 6
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On the other hand, if this great semi-circle were
to intersect the curve C at some other point S as shown in

Figure 7, the curve would not have a consistent orienta-

tion as shown.

Figure 7

Now we rotate our great semi-circle till it inter-

sects curve C tangentially at some point (other than P and

P' of course!). (As we saw above, this intersection
couldn't be a crossing point.)

But at this intersection, the great semi-circle would
be a tangent on the wrong side of curve C!

So we conclude that curve C is confined to the in-

terior of a hemisphere as Lemma II (a) maintains.
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We now prove part (b) of this Lemma, that such a
curve is globally convex, by projecting the hemisphere
(in whose interior cur simple closed curve is located)
onto a plane M parallel to the equatorial plane of the
hemisphere and tangent to it at the polar point of the
equator.

The image P' of any point P on the hemisphere shall
be the intersection of the straight line through P and
the center of the hemisphere with the plane M, as shown

in Figure 8, This mapping is obviously one-to-one.

Figure 8



This well known technique

circles of the hemisphere into

lines in M, and it maps
interior of the surface
connected regions of M.

In particular, our

into some simple closed

simply

of the

simple

18

maps the great semi-
infinitely long straight
connected regions on the

hemisphere intc simply

closed curve C gets mapped

plane curve in M which is locally

convex. Call this curve C'.

This last remark follows from the fact that the sup-

port great circle arcs exterior to C map into support

lines exterior to C'.

Now it is a well known fact (see [5] p. 45) about

plane closed simple curves that local convexity (kg)'O)

implies global convexity. Consegquently, C' is globally

convex. Now the pre-image of the unique line segment in

M connecting any two boundary points A and B on C' (and

wholly contained in the interior of C') will be a minor

greatcircle arc wholly contained in the interior of C

connecting the pre-images of A and B on spherical curve C.

Therefore, curve C is globally convex as part (b) of

Lemma II maintains.
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We will need one more lerma before we state and
prove the first theorem of this paper.

Lemma III: Let C be a simple closed curve on

the unit sphere such that kg}PO at all its points. Let
T be a geodetic polygon circumscribed arcund C, con-
sisting of minor great circle arcs. Then the arc length
of C is strictly less than the arc length of T.

Proof: We call the points on polygon T and in its
interior Bl' Obviously, Bl is a closed convex set (in
fact weakly convex).

Now denote by Pi the points of tangency of curve
C and polygon T. (If there are k points of tangency,

_ ] _ P
then 1€ i€ k.) Let M; be the midpoint of arc P.P of

i+l
curve C.

At each of the points Mi , draw the support great
circle arcs of C which are contained in El. Now delete
those arcs of polygon T no longer needed to fully cir-
cumscribe C, thereby forming a new polygon T2.

Clearly, the arc length of T2 is strictly less than
the arc length of T.

Now denote by B2 the points on T, and in its in-

terior. B2 is clearly a closed convex set. Furthermore,
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32 is strictly contained in B

1
Continuing in this manner, we form closed convex
set B3 by bisecting the arcs of curve C between its
points of tangency with Ty » and drawing the surport
great circle arcs of C at these midpoints. We keep only
those parts of the support lines which are contained in
B,. We also discard the arcs of T

fully circumscribe C.

o O longer needed to

Once again, B, is strictly contained in B and the

3 27

boundary length of B3 is strictly less than the boundar-
length of Bz.
Repeating this procedure ad infiritum, we get an

infinite sequence of closed convex sets [Bn] which is

nested, i.e. B is (strictly) contained in Bj for all

j+1
positive integers j.

Furthermore, the boundary lengths of these sets
form a strictly decreasing sequence of positive real
numbers. Our strategy will be to set up a metric on the

space of closed convex sets on the unit sphere and then

show that the sequence [Bn] converges in this metric to
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the closed convex set B, where B is the set of points
on and in the interior of curve C.

We will then use the fact that the boundary vol-
umes of a convergent sequence of closed convex sets
converges to the boundary volume of the limit closed
convex set, provided that the dimension of the latter
equals the dimension of the Riemannian manifold in which
the sets are located. (See [2] p. 284)

It would then follow that the strictly monotonically
decreasing sequence of boundary lengths of the Bn con-
verge to the arc length of curve C (which is the boun-
dary length of B). Then the arc length of C.would of
necessity be strictly less than the arc length of T as
the Lemma maintains.

The metric we shall employ is a variation of the
Hausdorff metric. Let A and B be two closed sets on the
unit sphere. Let a and b denote variable points of A
and B respectively. Denote by a' the supremum of the
distances from a to B, written sup d{a,B), a€A. Simi-
larly, let b' = sup d(b,A), b€B. Then the distance from

A to B, written d{(A,B) shall be max(a',b').
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If d(A,B) = 0, then A = B , in light of the fact
that A and B are closed sets. For further details on
the Hausdorff metric, see (4] p. 59 ff. or [3] p. 59 and
60.

Note that if A is strictly contained in B, a' = 0.
Consequently, d{(A,B) = b'.

We shall now show that the sequence [Bn] converges
to B, where B is the closed convex set whose boundary is
curve C. Observe that B is strictly contained in each Bn
(for all positive integers n). Consequently, B must be
contained in the intersection of the closed convex Bn‘
(Note that the intersection is closed and convex). Now
since the sequence [Bn] is nested, its limit is its inter-
section. So B& lim[Bn].

Suppose X belongs to the limit set of the Bn but
does not belong to B. Let d(x,B) = §%» 0. From point x

which clearly belongs to the exterior of B, draw two tan-

gents to curve C, as shown in Figure 9.

%
R

Figure 9
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Call the points of tangency of curve C and the great
circle arcs drawn from x, R and S. Call the length of
arc EE along C, s. Now it is easily seen from the method
of construction of the Bn that for same integer j, there
exists a set Bj of our segquence [Bn] such that a point P
exists on the arc PS of curve C (other than R or §) such
that a boundary great circle arc of Bj is tangent to
C at point P. See Figure 10.

Clearly, x can't belong to Bj. Consequently x can't
belong to the limit of the sequence [Bn] since the latter
is contained in each Bn , and is contained in Bj in par-
ticular. Therefore 1im[Bn]$;B, and we see that lim[Bn]
equals B. This completes the proof of Lemma III in light

of the convergence of the boundary volumes of [Bn] to

the boundary volume of 1im[Bn] discussed above.

X

Figure 10
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Corollary: The arc length of a closed simple curve
on the unit sphere such that kcJ is pos:tive at all of
its points is strictly less than 27 .

In proving this corollary to Lemma III we will use
the fact that such a curve is confined to the interior
of a hemisphere. We also assume that the curve encloses
a strongly convex body.

Pick two points P and P'(its antipodal point) on the
great circle boundary of the hemisphere, and draw the
two great semi-circles Cl and Cl' through Py and Pl' tan-
gent to our curve C, as shown in Figure 11, at points Tl
and Fl'. Note that the sum of the arc lengths of great

semi-circles C,; and C;' is 27.

Figure 11
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We now draw two new antipodal points P2 and P2' on
the hemisphere's boundary, and select the two great semi-
circles through P2 and Pz' which are tangent to curve

C at points T2 and T2'. Denote these tangents by C2 and

C2'. See Figure 12. P’.

Figure 12

Now discard all but the great circle polygon ABCD
that is circumscribed around our curve C. We have
lsc| < fer,| + lcr,|
|az| |28}
Jocl
‘AD‘ < |APl'l + 'Pl'D\

Adding both sides of these equations and ineguali-

il
—
jw!
(9]
———

ties vyields

|A§FD|<|C1| + |c1'| = 27.
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Now by Lemma III, the arc length of curve C is strict-
ly less than the arc length of polygon iEEb which in
turn is strictly less than 2T, so the corollary is seen
to be true.

III. Embedding the Unit Disk.

We shall now present the first theorem of this paper.

Theorem I: The punctured unit disk whose rays are
to be generators can't be embedded isometrically (as a
developable surface) in R3 without flat pocints.

Proof: We will proceed by contradiction. Let us
assume we have an embedding without flat points. Consider
the generator spherical image curve of our surface. Ve
will show that it is a simple closed curve with positive
geodetic curvature everywhere, and that its arc length is
2.

It would then follow by our Lemmas and the corollary
above that such a curve can't exist. This is seen to be so
by recalling that the generator curve of such a surface as
we are considering would be confined to a hemisphere and

its arc length would of necessity be strictly less than 2N,
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Simplicity follows from the fact that all the genera-
tors emanate from the same point. This can be seen as
follows.

Consider the family of circles on the unit disk cen-
tered at the (punctured) center of the disk. Clearly, each
such circle crosses every ray emanating from the center
exactly once. Now the image on the embedding of this circle
is a closed curve which crosses every generator exactly
once.

Let the radius of the circles on the disk go to zero,
and consider their images on the embedding. Since the map-
ping is an isometry, the arc lengths of these curves must
go to zero. Consequently, they approach or "shrink" down
to a point (not on the embedding).

Now as these curves shrink to a point, their points
of intersection on each generator move toward the same
point, namely the point from which all the generators
emanate.

We may now deduce the simplicity of the generator
spherical image curve by noting that if this curve were

to cross through itself, then the image of the punctured
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disk, i.e. the resulting cone (minus its vertex) would
of necessity be compelled to break through its lateral
boundary.

If on the other hand, the spherical image curve was
nerely tangent to itself at some point, as depicted in
Figure 13a, a global support great circle wouldn't be
able to exist at the point of tangency. But this would
contradict the assumed convexity of the generator sphe-
rical image curve.

If at the point of tangency discussed in the above
paragraph, both arcs of the spherical image curve were
on the same side of the support great circle, the implied
orientation of these arcs would bring us back to the
case discussed above. The arcs of the spherical image
curve connecting the two mutually tangent arcs would have

to cross through one another. See Figure 13b.

[ 4
- .
A ‘b‘ -.-" ']
-
-~ - --—""-A.".‘,- 4

(a) (b)
Figure 13
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We assume that the generator spherical image curve
is closed since it -‘is the image under a continuous map-
ping of the circumference of the unit disk.

The generator spherical image curve has positive
geodetic curvature at all of its points in light of
Lemma I and the continuity of kg'

Finally to show that the generator spherical image
curve has arc length equal to 2T, observe that the cir-
cumference of the punctured unit disk is 2Jf, and in our
embedding, the boundary curve of the image surface is also
29 . But this boundary curve is the spherical image map
of our generators since the generators on the embedding
are all unit length. 4

So our contradicticn is established and the proof of
Thecorem I is complete.

Iv. Embedding the Augmented Unit Disk.

Our next theorem concerns itself with the same basic
situation, namely a cone that is the image of the punc-
tured unit disk. However, before we embed the punctured
unit disk, we make a cut along a generator and add a
sector of angle 8 by adjoining its radial boundaries to

the two radial boundaries of the cut unit disk, thereby
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forming an augmented punctured unit disk whose rays
will be the generators of a cone. Ve state and prove the
following theorem.

Theorem IX: A cone formed from an augmented punc-

tured unit disk whose rays are generators must have flat
points.

Proof: As in the proof of Theorem. I, consider the
generator spherical image curve of the cone. It is a
closed simple curve of always positive geodetic curvature
if the cone has no flat points, and its arc length is
obviously 2T+ €& .

But by the corollary to Lemma III this is impossible.
The arc length of the generator spherical image curve
would of necessity be strictly less than 2T . So we must
conclude that there are flat points on the cone.

V. Embedding the Diminished Unit Disk.

Before we state and prove our next theorem, we make
the following observation.

Let Ce be a circle on the unit sphere other than
a great circle. Call the interior of C, the smaller of
the two regions it divides the surface of the sphere into.

Then if C is a closed simple curve whose geodetic curvature
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is always positive, and which is located wholly in the
interior of Ce' then the arc length of € is strictly
less than the arc length of Ce.

This will become obvious when we circumscribe a geo-
detic polygon around C whose arc length is strictly less
than the arc length of Ce' We will then be able to in-
voke Lemma III to get our result.

Select a point Pl on € and draw the segment of the
tangent circle at Pl which is on and in the interior of
Ce as shown in Figure 14. Call the points of intersection

of this tangent and Ce ' Sl and Sl' as shown.

A ’/

Figure 14
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—

Now remove arc SlASl' of Ce- Then the arc length
R

of PlsiBSl' is strictly less than the arc length of Ce ’

L o Y
since SlASl' is not a geodetic path between Sl and s,'

1
s '
whereas LlPlsl is.
Now select point P2 on C close enough to Pl so that
their tangents intersect inside Ce (as shown in Figure

15) at Sz'. Let 82 ke the intersection of the tangent

to C (at P2) and Ce‘

Figqure 15
— —,
Now remove arc Sl'S2 of Ce and arc SZ'Sl' of the tan-

. . , A .
gent at Pl' The remaining figure SlPlSZ'st2 has strictly

A
less arc length than SlPlSZ'Sl'S2 using the same reasoning.
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Continuing this process finitely many times, we
get a geodetic polygon circumscribed around C whose
length is strictly less than the length of Ce'

Then by Lemma III, the arc length of curve C is
strictly less than the arc length of this polygon. It
then follows that the arc length of C is strictly less
than the arc length of Ce'

The observation just stated will enable us to pre-
sent a theorem on the occurence of flat pcints on cer-
tain embeddings of the diminished unit disk (described
in the introduction of this paper).

We now state and prove Theorem III. -

Theorem III: Given a cone formed from the punc-

tured unit disk from which a sector of angle e has been
deleted, with the two boundary rays joined, such that

its rays are to be generators, then there exists a circle
Ce on the unit sphere such that whenever the spherical
image curve of the generators lies wholly in the interior
3

of Ce » the cone must have flat points. The radius in R

of Ce is 1- i—ﬁ-.
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Proof: Say there were no flat points. Then we would
have a simple closed curve of always positive geodetic
curvature whose arc length would be 2R - e.

Now if such a curve were in the interior of Ce
whose arc length is exactly 2T - e, its arc length would
have to be strictly less than 2W - e, clearly an absurd
situation. So there must be flat points and the theorem
is proven.

Note that the diminished unit disk can, needless to
say, be embedded as a cone without flat points. For ex-
ample, it can be embedded as a right c;rcular cone, in
which case the circle at the base of this cone is the
"Ce“ of Theorem III.

VI. Embedding the Annulus.

Wle will now consider a slightly more complicated
situation. Instead of embedding the punctured unit disk,
we will embed an annulus via a "small" continuous iso-
metric deformation. We will soon deal precisely with
what we mean by small.

The question will again involve the occurrence of
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of flat points on the embedding. Once again, by an iso-
metric embedding @e mean one which preserves the length,
area, and angle measurements on the surface (i.e. all
measurements dependent on the first fundamental form, or
put another way, all measurements invariant with res-
pect to bending but not stretching the surface).

OQur efforts with the generator spherical image map
will be hampered by several factors.

Firstly, since the generators do not necessarily
emanate from a single point, we have no a priori assur-
ance that the generator spherical image curve will be
simple.

Seceondly, finding the arc length of the generator
spherical image curve will require a more complicated
calculation. We won't be able to simply take the arc
length of the inner or outer circumference of the annulus,
as we did in the embedding of the punctured unit disk.

Thirdly, we can't be certain that on the generator
spherical image cﬁrve, Z'(t) # 0, or for that matter
that Z'(t) always exists, i.e. we can't be sure that the

curve Z(t) 1s regular at all its points.
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Conseguently, Lemma I might not help us here in the
sense that on some region of our embedding there may be
a flat point whose existence might not be detected by
the geodetic curvature vanishing on the curve Z(t) because
‘Z'(t)l = 0 for all the generators of that region.

Put another way, the generators might be parallel
for some region, i.e. part of the developable surface
might be a cylinder, in which case that entire portion
of the surface will be represented by just one point of
the generator spherical image curve. Surely Lemma I
would be of no use to us on the c¢ylindrical portion of
our surface. -

To begin with, we will limit ourselves to embed-
dings for which the generators all go from one boundary
to the other. We then rule out the flat-point-free em-
bedding obtained by wrapping the annulus around some
cylinder consisting entirely of parabolic points.

The pre-image annulus with the generator pre-
images retained would look, in this case, like Figure 16

on the next page. Generators such as AB are being ruled
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out by our request that the generators of the embedding

go from one boundary to the other. See Figure 16.

X&)

Figure 16

Note, however, that some portions of the developable
surface could still be cylindrical (as a glance at Figure
16 shows) with IZ'(t)l= 0 , t being the arc length para-
meter of some curve in the surface which crosses each
of the generators of the cylindrical portion transversally.
See Figure 16 - curve X(t) is transverse to the generators

of the cylindrical portion whose generators do ohey our
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request that they go from boundary to boundary; yet if
Z(t) is a unit vector along the generator crossing X(t)
at a particular t value, then for some t interval, 2'(t)
vanishes identically and our flat point test of Lemma I
would fail to reveal the existence of flat points on a
generator in this cylindrical portion.

Another difficulty is shown in the annulus with the

pre-images of the generators retained shown in Figure 17.

Figure 17

The generators kelow AB are rotating counterclock-
wise around the annulus (i.e. their angles with the posi-

tive x-axis is increasing). Above AB, the generators
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rotate clockwise,
If we call the t value at the intersection of X(t)
and generator AB tl , then Z'(tl) will either be zero
or fail to exist, and the generator spherical image curve
Z(t) will be jagged (i.e. not smooth) at the point Z(tl).
In fact, Z'(t), the tangent to the spherical image
curve of the generators, will reverse direction at Z(tl).
Of course there is no geodetic curvatcure there and we
certainly can't employ the corollary of Lemma III to
show that the arc length of the generator spherical image
curve is strictly less than 2W.
To avoid the difficulties discussed ahove, we are
initially restricting curselves to the case in which
if we let a closed regular curve X(t) in the surface
cross all the generators exactly once and transversally,
then 2' (t) always exists and is never zero. On the annulus,
the pre-images of the generators would appear to rotate
strictly monotonically through a total angle of 21 .
Under this condition, we have a regular closed
generator spherical image curve which if we assume our

developable surface has no flat points, is everywhere at
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least locally convex, i.e. kg is strictly greater than
zero at all of its points.

We claim that the arc length of the generator
spherical image curve under the above assumptions is 2W.
We shall evaluate the arc length as follows.

Partition the spherical image curve of the generators
of our embedded surface into finitely many arcs such that
each one of these arcs shall represent a portion of the
embedded surface small enough to contain an orthogonal
trajectory of the generators of that portion of the
surface.

Let us call the orthogcnal trajectory we select on
the portion of our surface corresponding to the i-th
arc of our partitioned generator spherical image curve
Pi(ti), wherein t is an arc length parameter for this
i-th orthogonal trajectory. Then the generators of the
i-th section of our surface in which Pi(ti) is contained
can be parametrized by ti‘

In particular, the unit vectors orthogonal to the
unit tangent vectors Pi'(ti), and lying in the generator

directions can be represented by Z(ti). It is also
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possible to represent the i-th partition arc of the
generator ‘spherical image curve by Z(t;).

It then follows that the arc length of the i-th
partition arc of the generator spherical image curve is
given by S |Z' (ti)I dti.

Let us consider the integrand in this expression.
The curvature vector of the curve Pi(ti) is Pi"(ti).
We must project this last vector into the surface tan-
gent plane at Pi(ti) to get the geodetic curvature of
curve P,.

Now since Pi'(ti) is a vector of constant length
{unity), Pi"(ti) will be orthogonal to it._ Then Pi"
will project into the tangent plane of the surface in
the direction of Z(ti). Consequently, we ma& calculate

the geodesic curvature of Pi(ti) as follows.

- ' ' -
kg(ti) Pi (ti) Z(ti).
But since
' - b—
Pi (ti) Z(ti) 0
we have, dpon differentiating,
' S 1 . -
Pi (ti) z (ti)+Pi (ti) Z(ti) | 0
or

|2+ t)] = kg (tg)
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since Pi'(ti) is a unit vector in the same direction
as Z'(ti).

Then the arc length of the i-~-th arc of the generator
spherical image curve is given by s kg(ti)dti. This
integral is clearly an intrinsic quantity which may,
therefore, be evaluated on the section of the planar
annulus corresponding to the i-th section of the surface.

In the planar annulus, the integral above is the
total angle change of the pre-image of vector Pi'(ti).
Now cbserve that the angle between the pre-image of
Pi'(ti) and the pre-image of Z(ti) is the same as the
angle between Pi(ti) and Zi(ti) on the surface since
the mapping of the annulus to the surface is an isometry.
This last angle is always by definition of Pi(ti), 90°.
Consequently, the angle between the pre-images of Pi(ti)
and Z(ti) in the planar annulus is always 20®.

Then the total angle change of the tangent to the
pre~image of curve Pi(ti) on the i-th section of the
planar annulus is equal to the total angle change of the
pre-images of the generators in that section.

Then it is easily seen that the total arc length
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of the generator spherical image curve is the total
angle through which the pre-images of the generators
turn on the annulus which is 2TW.

We will now deal with the issue of the simplicity
of the generator spherical image curve. As was noted
earlier, without the simple property of the generator
spherical image curve, we can't use Lemma II or the
corollary of Lemma IITI.

To begin with, we shall set up the mutually ortho-
gonal x,y, and z co-ordinate axes for R3 such that the
planar annulus is in the x-y plane, and the center of
the annulus is at the origin. Furthermore, let the posi-
tive z direction co-incide with the direction of the
pre-image of all the surface normals. Let N represent a
unit vector in the positive 2z direction, N is cleariy
normal to the annulus. Note that N is also the position
vector of the "north pole" of the unit sphere in this
co=-ordinate system.

We now define a "small" continuous deformation of

the annulus as one whose surface normal spherical image

curve is wholly contained in some € -neighborhoad of N
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on the unit sphere,i.e. the normal spherical image curve
x3(t) is confined to the interior of a small circle of
latitude near the north pocle of the unit sphere whose
radius on the unit sphere's surface is a small positive
number £ .

It then follows that the spherical image curves of
Z(t) and 2'(t) on the unit sphere are confined to a band
of width 2€ around the equator of the unit sphere, in
light of the orthogonality of these vectors to x3(t).
(By "equator" we mean the great circle whose polar points
are N and ~-N.)

Under the above assumptions, the generator spheri-
cal image curve Z(t) will be a gimple curve contained in
the band around the equator described above. This can be
seen by noting that for the curve Z(t), the angle that
its tangent great circle arc can make with the circle of
latitude (at the point of tangency of Z(t) and this great
circle arc) is bounded in view of the fact that the tangent
vector Z'(t) can't make an angle greater thane with any
horizontal plane. In particular, the spherical image
curve Z(t) can never bhe orthogonal to a circle of lati-

tude, and, therefore, can't intersect itself inside the
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band in which it is confined.

We are now ready to state the next theorem of this
paper. The proof will follow with ease in light of the
discussion of the past several pages.

Theorem IV: Given a developable surface formed by

a continuous isometric deformation of an annulus such

that:

a) the normal spherical image curve of the surface is

wholly contained in a small neighborhood on the surface

of the unit sphere and centered around the point on

the unit sphere representing the normal vector of the

annulus,

b) the generators of the surface all go from the inner

boundary to the outer boundary, and

¢c) all the pre-images of the generators in the planer

annulus rotate strictly monotonically around some fixed

ray in the plane of the annulus,

then such a developable surface must contain flat points.
Proof: As we have shown above, the generator spheri-

cal image curve of such a surface, if it were free of

flat points, would be a simple closed and convex curve,

whose arc length is 2W® . But by the corollary of Lemma
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III, such a curve has arc length strictly less than 2W,
and it therefore follows that the surface rust contain
flat points.

VII. Cylindrical Sections of an Embedded Annulus.

We turn our attention, now, to small continuous
deformations of an annulus for which the generator spheri-
cal image curve is not regular at all its points.

We begin with the case where for some t interval
tigtgt, . Iz' (t)] = 0. Consequently, Z(t) is constant
on this t interval. Put another way, all the generators
of some section of the embedding are parallel, implying
that this section is in fact cylindrical. Note that this
entire cylindrical portion of the embedding_is represen-
ted by one point on the generator spherical image curve,
namely the point Z(tl) {or Z(tz) for that matter) .We will
assume that the rest of the generator spherical image
curve is regular and simple.

We claim that the surface just described must contain
flat points. This will be a little bit more difficult to
prove than Theorem IV was! One problem is that since

kg is undefined at the point Z(tl) on the(gen.) spherical
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image curve, we have no a priori assurance that the global
éonvexity of this curve is maintained. Of course, in the
attempt to show the necessity of the occurence of flat
points on the embedding with a cylindrical portion, we
will proceed by contradiction and assume there are no flat
points thus implying that the gecdetic curvature is pos-
itive (except at the peoint representing the cylindrical
portion).

In this case, however, we only have local convexity
for Z(t) at all its regqular points. We can only establish
global convexity for Z(t) if we have local convexity at
all its points.

One task then is to establish the local convexity of
Z{t) at the point Z(tl). To this end, consider a curve
P(t) in the surface orthogonal to the generators of the
cylindrical portion and which extends to some portions of
the surface adjacent to the cylindrical part (on both
sides). See Figure 18 for a view of the pre-image of P(t)
og the planar annulus. Observe that the pre-images of the
generators still rotate monotonically around the annulus.

Kowever, the pre-images of the parallel generators are
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obviously still parallel on the annulus (by the isometric
property of the mapping), so the monotonicity of the

generators is no longer strict. See Figure 18.

Pre-iw«aa‘
of Pt)

Figure 18
Let t ke an arc length parameter of P(t), so that
P'(t) shall be a unit vector co-directional_with 2'(t),
when the latter exists. Note that P'(t) is the unit tan-

vector of the curve Z(t), after parallel transport in R3

We will require an understanding of the connection
between the generator spherical image curve Z(t) and the
unit surface normal vectors X3(t) affixed through parallel

transport in R3 to the point on the unitsphere represented

by Z(t).

Clearly, X3(t) would then lie in the tangent plane

of the unit sphere at 2(t), since X3(t)—z(t) = 0.
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By choosing X3(t) which will make the vectors Z(t)

P'(t) and X3(t) a right handed moving frame in R3

’ X3(t)
will point into the interior of the curve Z(t). Further-
more, since the curve P(t) is a line of curvature of our
surface,i.e. a curve tangent at every point to a prin-
cipal curvature direction, it follows using the formula
of Rodrigques (see [€] p. 94) that

X3'(t) + kn(t)P'(t) =0
where kn(t) is a scalar function representing the normal
curvature of the surface at the point P(t) in the P' (t)
direction. (Note that Ko is one of the two principal or
extreme normal curvatures at P(t), the other being zeroc.)
NMow if our surface is to be flat-point-free, then kn(t)
can never vanish, since its vanishing would imply that
x3'(t) = 0 which in turn signifies a flat point.

Along a regular arc of Z(t) along which the geodetic
curvature is always positive, X3'(t) by virtue of its
being a scalar multiple of P'(t), is locﬁted in the tan-
gent plane of the unit sphere at Z(t) and points in the
direction opposite to P'(t). See Figure 19 to visualize

this situation.
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2(t)

pit)

x;(*')

Figure 19

Now if we construct a parallel field along the curve
Z(t) on the surface of the unit sphere {(in the sense of
Levi-Civita), then since the geodetic curvature of Z(t)
is assumed positive on this regular arc, the angle between
P'(t) and this parallel field will increase strictly
'monotonically. But in light of the fact that x3(t) is
orthogonal to P'(t), its angle with respect to the

parallel field will also increase strictly monotonically.
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See Figure 19 again to realize that an observer walking
along Z(t) in the increasing parameter direction and on
the outside of the sphere would regard X3(t) as if it
were rotating counterclockwise smoothly.

Now as we consider the point Z(tl), we come to the
heart of the matter. If we assume the surface has no
flat points, then in the t interval from tl to t2 ’ kn
can not vanish. Consequently X3'(t) is never zero and
we see that X3(t) must continue its rotation in the

tangent plane of the unit sphere at Z(tl) without changing

the counterclockwise sense of the rotation.

Then the rotation from XB(tl) to X3(t2) in the
tangent plane at Z(tl) is as presented in F;gure 20
necessarily counterclockwise. (Note that X3'(t;) exists,
and points in the direction opposite to P'(tl) in the tan-
gent plane of the unit sphere at Z(tlh)The angle between
x3(tl) and X3(t2) is bounded by the € which defines the

smallness of the deformation} (See Theorem 1V, (a)) @< ae.
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Note that P'(t) is also rotating in this tangent
plane (perpendicular toc the vector Z(tl)) but always
having a fixed (90?) angle with X4 (t). Consequently, the
rotation in this plane of P'(t) from P'(tl) to P'(tz) as
viewed by our obkserver described above is also seen to
be counterclockwise, thus preserving the convexity of the
curve Z(t) as shown in Figure 21.

2(*)

l‘%:é&!u&:“y‘¥

P1%)

Fiqure 21

Since we have a small deformation, as in the case of
Theorem IV, Z(t) is located in an e-band around the equator,
and its tangent can't be crthogonal to any circle of latitude.
Consequently, (and in view of Fig. 21)* Z{t) is simple.

Observe that the pre-imaces of the generators in the
annulus rotate monotonically through an angle of 2T,

and therefore, the arc length of Z(t) is exactly 2W.

*i.e. 8, the angle change of the tangent at the "corner",
is small;
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The corollary of Lemma IIX may be applied here after
realizing that one corner in the globally convex curve
.will not harm the proof if the corner is a vertex of each
circumscribed polygon. Consequently we can show by contra-
diction that the embedding with a cylindrical portion
must have flat points.

Theorem IV': Given a developable surface formed by

a continuous isometric deformation of an annulus such
that:

a) the normal spherical image curve of the surface is
wholly contained in a small neighborhood on the surface of
the unit sphere and centered around the pofnt on the unit
sphere representing the normal vector of the annulus,

b) the generators of the surface all go from the inner
boundary to the outer boundary, and

¢) the pre-images of the generators in the planar annulus
rotate strictly monotonically around some fixed ray in the
plane of the annulus except for the pre-images of the
generators on the section of the annulus which is the pre-
image of a cylindrical portion of the surface (these

pre-images of the generators are parallel and therefore
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don't rotate at all),
then the developable surface must have flat points.

Proof: If the surface of this theorem had no flat
points, its generator spherical image curve would be a
closed simple and globally convex curve of arc length 2T,
as was shown above. Then by the corollary of Lemma III,
such a curve would not be able to exist, as its arc
length would necessarily be strictly less than 2% .

VIII. Closing Remarks.

The methods of this paper will be inadegquate for the
case in which the pre-images of the generators in the
annulus rotate non-monotonically in the plane of the
annulus. Consider the generator spherical image curve
in the vicinity of a point at which the geocdetic curvature
of P(t) (on our surface) cﬁanges sign. -This is the same
as 2'(t) changing direction (by 180°9).

Since P'(t) does not change direction at this point,
the orthogonal frame consisting of Z(t), P'(t), and X3(t)
( which 1is right handed ) compels x3(t) to peint to
the exterior of the curve Z(t). (2'(t) and P'(t) now have

opposite directions after the change in direction of Z'(t))
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The state of affairs above suggests, in light of the
previous discussion concerning the smooth rotation of x3
as seen by an observer on the surface of the unit sphere
if we assume there are no flat points, the picture in

Figure 22.

\(3(9
N\

L)

Figure 22

Obviously, the generator spherical image curve is
no longer globally convex, thereby rendering useless the
various Lemmas and the coroilary of this paper.

It may be interesting to note that an annulus can
be embedded in R3 as a developable surface free of flat
points if we throw out the condition in Theorems IV and

IV' that the isometric deformation be small. (condition (a))
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