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INTRODUCTION

This dissertation considers the dynamic behavior of complex particulate
systems involving simultaneous nucleation and growth processes. Initially,
the specific problem of the extreme sensitivity of continuous precipitation
polymerization to reactor conditions was investigated through the setting up
of mathematically treatable nucleation models. Subsequent development of
the mathematical machinery for the study of the stability led to results which
are broadly applicable to many continuous particulate processes. The
analysis was applied tocontinuous crystallization. It specifically accounts
for cycling in systems of low: apparent kinetic order. . The method of this analysis
can easily be extended to continuous fermentation, emulsion polymerization,
coal conversgion and many other continuous particulate processes.

The thesis is presented in two separate and distinct sections. The first
portion is essentially the paper presented at the 67th Annual Meeting of thé
American Institute of Chemican Engineers in Washington, D.C. on
December 5, 1974. In this paper stability criteria are determined for the
operation of an MSMPR crystallizer in which particle nucleation and growth
depend on properties of the existing crystal magma. Systems with surface
dependent nucleation and growth, and systems with number dependent
nucleation, are shown to be potentially highly unstable. Mechanisms for
nucleation and growth are discussed in which the existence of micro-
coalescence can be mathematically modeled by surface dependence. The
results of these analyses account for low ap}Sarent values of dInB in
dynamically sensitive systems and also provide an alternate dinG inter-
pretation of growth rate data generated in stirred tanks.

The second portion is essentially the paper delivered before the
163rd meeting of the American Chemical Society in Boston in April, 1972.
The paper considered the dynamic behavior of precipitation polymerization

reactors. Different models for the nucleation of precipitated pélymer




particles are presented: one in which the nuclei are formed in the liquid by
propagation and termination past a critical size, others in which the nuclei

are formed by the physical coalescence of subcritical particles. In all the

models, the growth of precipitated particles is partly by propagation in the
solid phase, and partly by physical capture of polymer from the liquid.

Kinetic analyses based on "steady state'' approximation show that the
growth and nucleation rates of the precipitated particles may be regarded
as functions of initiator and monomer concentration and of the ratio '61‘
particle surface to liquid volume. :

With these ''steady state'’ kinetic approximations, linearized stability
analyses are carried out for a continuous stirred tank reactor. To a good
approximation, the stable limits can be expressed in terms of three kinetic
sensitivity parameters: the first carrying essentially the dependence of
particle nucleation rate on monomer and initiator: the second, the dependence
of particle growth rate on monomer and initiator; and the third, the dependence

of the nuclcation and growth rates on particle surface.

The upshot of this study is the resulting awareness that systems in which
nuclestion occurs in situ can be extremely dynamically sensitive. It will
be shown that interpretation of particle kinetics from steady state data is
risky in that simple growth mechanisms can be indistinguishable in form
from complex coalescence processes. In such cases only dynamic testing

would lead to further knowledge of the kinetics.



I -~ CONTINUOUS CRYSTALLIZATION

INTRODUCTION

Cyclic variations in stirred tank product quality and yield have
been observed in continuous crystallization (27, 37, 39, 40), fermentation
(10), precipitation polymerization (44, 13, 5), and emulsion polymerization
(11, 13, 28, 29, 30).

Up to the present, mathematical treatments of the dynamic behavior
and stability of complex particulate systems have dealt mainly with
crystallizers. (1, 15, 18, 19, 35, 37, 42, 43, 45) The dynamic behavior
of precipitation polymerization reactors has been studied recently (20).

The underlying physical properties common to all these particulate
systems, which produces cyclic instabilities, is the occurrence of
competitive simultaneous nucleation and growth of particles with a
considerable time lag from nucleation to growth to the mean particle size.

In most of the treatments of the stability of continuous crystallizers,
simple functions for the nucleation and growth kinetics have been used,
typically dependence on supersaturation. Limiting cases of size dependent
growth rates have been handled. (1, 42)

With the forms for B and G specified, one can obtain the steady
state behavior and compute stability criteria based on a linearized
stability analysis. These methods have. been used effecti’vely to predict
and correlate the steady state performance of crystallizers. The models
also correctly predict the destabilizing effect of classification, the effect
of classification on size distribution, the effect of staging and in limiting
cases, the effect of size dependence of the growth rate on stability.

There are two places where the present state of the art falls short
from accounting for actual system performance. The classical linear -
ized stability analyses (37, 35, 42) will only predict the unstable behavior
of a mixed suspensior mixed product removal (MSMPR) crystallizer for
systems in which the ratio of nucleation to growth sensitivity to

perturbation in supersaturation is very high< dinB »21) . Many systems
dInG |




have a low apparent dinB (typically between 1 and 5) and still exhibit
‘ dinG
cyclic instabilities.

A second problem is in correlating the measured crystal size
distribution of a MS MPR crystallizer with the size dependent growth rates
of individual crystals. If the particle size distribution is known, one can
compute G(r) from the relation _ I v

- B ® &,
-f-(r) Glgr)

where f(r) is the number distribution.

When the growth rate is size independent, a semi-log plot of the .
number distribution is expected to be linear. The slope can then be used to
obtain a size independent growth rate. Many particle size distribution data
for a MSMPR crystallizér, however, exhibit some curvature concave up-
ward, see Figurell-l (9, 31, 37, 45, 38), and in many instances a ten-
dency toward downward concave at large particle sizes.

Data in the form of FigureI-l at first glance seem to imply that
the form of G(r) is that of Figure I-2 where small particles have an
apparent growth rate significantly lower than the large particles. This
implication is counter to classical mass transfer theory where the growth
rate for small particles is significantly larger than the growth rate of the
large particles (26). The data of Matz (24) is illustrated in FigureI-3,

To account for the shape of the particle size distribution, Rosen and Hulburt
(38) suggested that the large crystals could withstand high energy impacts
while smaller crystals would shatter. This was treated mathematically

by hypothesizing a critical size above which crystals would not shatter.

The data represented in Figure I-1 is of the same form hypothesized
by Randolph and Larson (36) for a MSMPR crystallizer with fines
destruction (rc here being the maximum fines 8ize). It has been suggestéd
that there may be internal fines destruction by localized regions of unsaturation.

If we assume that particles below 100y have a high chance to coalesce



Figure I-1: Representation of data obtained
by Rosen (Figure 10 in.reference 38).
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Figure 1-2: Apparent growth rate versus particle size from
Figure I-1, G(r) versus r.
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FigureI-3: Model of Matz (24) G(r) versus r/r. for NaCl in Hy0.
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whereas large particles are stable, we would obtain such a distribution.
Curvature in the large size range may be accounted for by non-ideal
product withdrawal as well as a lower surface integration rate.

It is well known that the standard assumptions underlying the con-
ventional analysis of both steady state and dynamic behavior of crystal-
lizers (35, 37, 42, 45) contain some very strong simplifying assumptions.
The effect of size dependent growth rate has already been investigated
(1, 42) and has been found to be small. The major effect that until now
has been virtually neglected is the effect of the properties of the magma
on both nucleation and growth.* In the previous references the only feed-
back that the magma exercises on these processes is via the supersaturation
We knbw, however, that other feedbacks are possible and have been
suggested in the literature. One well known effect is secondary nucleation
in which nuclei formation is enhanced by the presence of existing crystals
(7, 16, 31, 32, 34, 46, 47). Several investigators have suggested nuclea-
tion mechanisms due to attrition or secondary nucleation enhanced by
colliéions(3, 31, 32, 17, 6). Bennett (4) has recently summarized some
of these methods. In all of the aforementioned cases, it is possible to
approximate the dependence of the nucleation rate on the properties of
the magma by a relatlon B = B(c- -Cs | n) Where}{n are the moments of f(r).

Mn2 S " ddv
The hydrodynamic conditions can be included in the constants or form of
B(c-cs,n n). Instead of c-cg we also can use an average growth rate G.
Thus the model of Bennett and Randolph for secondary nucleation in the
impeller region becomes

B=RG Mo ( n})
*A recent paper by Larson et al. (3) has brought attention to the need

for definition of nuclei survival.



Dependence of nucleation on one ot several of the leading moments
arises in other complex particulate systems. In emulsion polymerization
nucleation dependence on area arises from the surface requirementé
of soap to produce stable emulsified particles. In biological processes
such as continuous fermentation, dependence of new microorganism
formation is widely accepted as being dependent on existing number.
Number dependence might be useful in some systems to approximately
model the dependence of the size distribution of the existing suspension
on nucleation from crystal-impeller or crystal-crystal collisions.

Thus it makes sense to look, in general, at how the dependence
of nucleation rate on the moments of the size distribution effects the
behavior of a crystallizer. Such is the object of this paper. For
generality, we also include a possible dependence of G on}n, which
is especially important for systems in which growth occurs due to
coalescence (2).

Most of the cases mentioned until now deal with situations in which
the dependence of B on the moments is either linear or at least not

highly non-linear. { dinB 4 5}
dinG . .
A much stronger dependence was encountered in a study of

- precipitation polymerization. In this case it has been shown (21) that

amall particles are unstable and coalesce either between themselves or
with larger particles. Coalescence between two particles above a
critical size is very slow. Such systems exhibit cyclic instabilities
very similar to those of acerystallizer (21). In this case nucleation is
highly dependent on the area of stable particles present and can be

approximated by t Mz

B= ke .

Depending on the value of the exponent, dinB can be very large.
din} 2

As such models have properties very similar to those of acrystallizer
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dinB
(low values of dlInG and a high degree of instability), an investigation

was carried out to see if some crystallizers would not have similar
properties. It was found that Glassner (12) has proposed a:very
similar mechanism for some crystallizations, and we will, therefore,
discuss this model in detail.

Glassner's observations in crystallization are consistent with
the basic properties of the models for precipitation polymerization.
Briefly stated, it is assumed that particles above a critical size will
not coalesce. This is consistent with Smoluchoski's equations where
the collision efficiency drops 10-50 orders of magnitude in an order of
magnitude of particle size (typically around .1 mm!) (41). Smaller
particles may coalesce with one another or be captured by the particles
above the critical size. Here we have a non-thermodynamic critical
size referring to probability of effective coalescence and not to stability
with respect to dissolution. It is in this sense that large crystals might
act as a fines trap accounting for the shape of crystal size distributions
typically observed. Independent of whether nucleation is homogeneous
or heterogeneous, the total surface area of suspended particles can
clearly decrease the survival probability of a growing nuclei and thereby
be a controlling factor determining the effective nucleation rate.
Mechanisms in this class result in nucleation and growth rates that will
decrease with increasing surface. In the case in which secondary
nucleation predominates, a large surface induces nucleation through
some type of collision-attrition or breeding mechanism. (7, 17, 31)

Note that these models contain either the zeroth moment
(total number) or the second moment (total surface) and this presentation
will concentrate on those two cases, though one other case (4) will

also be considered.



(I-1)
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FORMULATION OF SYSTEM EQUATIONS FROM PHYSICS

Area Dependent Nucleation and Growth

In this mathematical analysis of the behavior of the isothermal

well mixed crystallizer, three assumptions are made.

a. The crystallizer is ideally mixed and the product removed will
be a representative fraction of the dispersion inside the crystal-
lizer.

b. The crystal growth rate is a function of supersaturation, is
independent of particle size, but may be dependent on the moments
of the particle size distribution - here, specifically, the area of
crystals per unit liquid volume.

c. The nucleation rate is a function of the supersaturation and may
depend, as the crystal growth rate, on the area of crystals per
unit liquid volume, '

Based on these assumptions, one may set down the governing

equation describing the behavior of such a crystallizer.

With the crystals taken to be geometrically similar solids, the
growth kinetics are described in terms of a characteristic linear di-
mension, r, as G = dr/dt; a constant.

The dispersion of crystal sizes may be characterized by a number
density f(r,t) where f(r,t) dr is the number of crystals, in a unit volume,
lying in the size range r, r + dr at a time t.

The volume of a particle of size r is taken to be kr3 where k
is the particle shap.% factor. Thus, the volume fraction of solids can
be compgted as ¥ r3f (r,t) dr, and hence the liquid fraction

€lt)= 1« Sov’-f(v;t)AY. ° - The area of solids may be computed given
f(r,t) as: Q= 3\ r2iradr
{ritun
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and thus the ratio of solids area to liquid volume "a/g' may be computed
given f(r, t).

The nucleation kinetics is taken to apply to the liquid phase or
at the interface,hence B, the nucleation rate, is defined such that €-8
is the total number of crystals per unit time per unit reactor volume
formed at a vanishing small size (i.e., nuclei size is small compared
to the mean crystal size). The nucleation and growth rates are taken
to be functions of the supersaturation and also the ratio a/g.

B may be an increasing or decreasing function of a/€. In the
region where nucleation is primarily a secondary effect such as breed-
ing, one might expect B to increase with increasing a/g¢ . Alternatively, |
we can assume that a large surface of crystals per unit liquid volume
provides a sink (an internsl '"fines trap'') for potential nuclei in the
liquid. The resulting capture of such potential nuclei reduces effective
nucleation. Thus where contact nucleation may be occurring.in the
impeller region, the survival of the nuclei produced will be strongly a
function of the existing state of the magma. If the residence time of
subcritical sized particles in the bulk is a function of the capturing
surface available, the growth rate of the stable particles can be a strong
function of area in that the mass accumulated by the subcritical sized
aggregates contributes to the growth rate. A simplified model leading
to this type of dependence is considered in Appendix (I-A). Note that
such modelling accounts for the shape of particle sized distribution data
typically obtained.

Here, our presentation follows the method of Hulbert and Katz (48).
Assuming , the crystal density, to be constant, and cf to be
the solute inlet concentration in the clear feed, an overall material

balance may be written at a given residence time 8.

d{ewranre-@0) g}
“dt i

I-(1)

e "é {e&»«mu-ae\)-g}

i st
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A balance of particles of size r may also be written:

I-(@) %_'f}..-"'"’ + Er(c,ﬂley?fﬂ = €W B(¢,8f¢)- Sir) --(':)-"f(nt\

where the left hand side representsiaccumulation of particles of a given
size r and the growth rate of particles past the given size r, respectively.
The right hand side represents accumulation of particles of a given
vanishing small size n-d0, and the particle take off rate respectively.
(i.e., We are not overly concerned with the size distribution of subcritical
sized crystals at this level of analysis; we are only concerned with
the rate at which stable crystals are formed from the subcritical
sized aggregates, it is only necessary to assume that the mass of the
newly nucleating crystals is small compared to the total magma mass;
the nucleation rate can then be written based on a ''quasi steady state"
approximation for the size distribution of subcrits in a manner siﬁilar
to that used in the analysis of precipitation polymerization. See
Appendix I-A.

The particle balance can be rewritten with the term representing
the fact that all new crystals are formed at a vanishingly small size
taken as a boundary condition. One now has a self contained set of
equations for the determination of c(t) and f(r, t) in terms of the functional
relationships B(c,a/e) and G(c, a/&) which are assumed to be known.

The governing equations are:

- o diecseagl o - L. {e-c*Q-e\.g‘g

—

dt © ©
I- (22 G, -frty= €. B@ale) 3 r=0
7_;%"-'3) 4 &(Cﬂ(e\'%igﬂ-. - "é foyy  reo
Q= 3k gf" tde
€« k(0 fdr

where:
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(I-11) Number Dependent Nucleation

Consider a crystallizer operating in a range in which the nucleation
kinetics may be taken to be a function of the supersattirat,ibnlevel and
n.the existingnumber of particles. Here the particle growth rate is taken.
to depend on supersaturation alone and also be size independent.

With B(c, n), the number of particles formed per unit time per unit

crystallizer volume, and G(c) = dr, both assumed to be known functions,
dt
we can write down the equation for the particle size distribution function

2 UEY | aer HED L Bom- S - 5 o)
: at v '

Rewriting'the particle distribution equation with the delta function in
the boundary condition and using the same form as in the previous

case for the crystallizable material balance, one is left with the fol-
lowing equations governing the dynamic behavior of continuous crystal-

lizers with number dependent nucleation kinetics:

1o WD 4 G M6 - o Lofne) 3 v 70
3t 3

CI(C\' fr,6)= B i =0

I -(2b) iie&\cmf (1-em)-p } - ._'6, . Cy - _\é. . {e&\, ey + (- eu”.és

with: h(t) = L‘F(r,ﬂir
ety =1 - Kfra fnthdr



STEADY STATE ANALYSIS

It is now possible to study the steady state behavior of an isothermal
mixed crystallizer based on the equations developed in the preceding
section.

Let us first consider the case where B and G are functions of the
total surface. Setting the time derivative in the particle balance equal

to zero yields the following steady state equation:

Gl oie) foy = €+ Bloale) 3 C= 0
;T

where a and € are given by the following relations:
L)
o= 3§ rtindr
oo
e s 1-x{, r*firdr

The solution for the steady state particle number density is:

- Y
Bladd) |, o OGtudy

1-(4) for)= s

Having obtained the steady state particle distribution, a and & can be

obtained by direct calculation of the moments. This computation yields:

6= bKE %'_(ea)"

ex |-tKeg ©aY

15
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Combining these results yields the surface to volume ratio of the crystals:

I-(5) a = 1]
1-€ oG
By rearranging the second relationship yields an expression for the
voidage
I-(6) !
- = ———
€ g D"

Turning now to the overall material balance and setting the time

derivative to zero yields:

I-(7) Ce= €°C +Q-€\'f

Thus the voidage € .may also be written as:

er -

Bringing this result to equations (5) and (6) yields the following

equations respectively:

-8 @ G- %e » &4-¢
4 f "
1- ok B OG) = Cg- ¢
G f - Q{_ :
The solution t o the steady-state equations I-(3) and I-(7) for the
quantities c and a/e¢ will depend on the solutions to equations I-(8) and
I<9). With c and ag known, € can be calculated from the overall
material balance or from either equation 1-(6) or I-(7) and the full distribu-
tion f(r) is then known. Thus the steady state behavior can be computed

with a form for B(c, a/e ) and G(c, a/e) specified. Uniqueness criteria



for the golution of vj:‘:I-(B) and I-(9) are presented in Appendix I-B.

One can easily modify this solution for the case where B depends
on the total number. The steady state solution with number dependent
nucleation kinetics is obtained by setting the time derivatives in (1b)
and (2b) equal to zero. The steady state size distribution is found by

direct integration to be

- ¥
B &t
-g-(f') < B(C)ﬂ\ e <)

&)

With this result € can be computed as a function of ¢ and n and eliminated

leaving the following two equations governing the steady state below:.

I-(10) n = B(e,n) * 0
|
I-(11 H —
) ns (£2) weap

Given specific forms for B(c,n) and G(c) , the steady state solution
could then be obtained. Reasonably broad sufficient conditions for a
unique steady state which should cover basic cases of interest are

considered in Appendix I-B.

Steady State Dependence of B and G for Different Models

While it is not possible to uniquely determine the mechanism of
secondary nucleation from steady state MSMPR data (35) nor can the
nucleation and growth sensitivity to parametric variations in the

system variables (i.e. dinB, dinB , dInG , etc.) be uniquely
dlnc dln a/g dlnc
determined, it is possible to test whether data taken over a residence

time range is consistent with a given model for nucleation and growth.
Nucleation and growth rates can be computed at a first level of

approximation by measuring the suspension density and mean particle

17
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size at a given residence time and computing B and G based on the

relationships:
_ G = ‘< (j > M.
1-(12) o) where <rj7= —
s Mi-r
B = y My

—-—-—-—'—-’—-‘
bk AV O

When particle size distribution data is available, B and G can be computed
from the intercept and slope, respectively. For the standard case,

this is written as
dinB -1

g - =
" dnB .
dnG

First consider the cases in which nucleation and growth depend
on supersaturation and surface concentration of crystals. Using
equations (3, 9, 12) it is possible to develop an explicit expression for

dlnr; in terms of the partial derivatives of the nucleation and growth |

ding
rates with respect to solute and area concentrations at any given steady

state in question. It is these partial derivatives that carry with them-
selves the essential properties of the model that determine the slope
of the steady state as well as the dynamic behavior of such systems.

An expression for rg = dinr; can be written as follows:
ding

I-(18) y = dlnery . (b*~ - m) g*+ (-m))

alﬂe 'I&Y\‘ L®, ln‘. l_h.\

Foad et - Bl N

Ynafe

b (‘-ﬁ ) e 0826) Zu8) 0+ Y )= BB ( g2y o))

m-ﬁ ‘o’ WmB _ MnG

- { (=) qe - (,l‘m Yx Q“) i(" )%%.% )h«le(%‘-‘\‘\&..\’\

W€
Yinale  Ynde |
? Inﬂw D In%le




I-(14)

I-(15)
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In considering the asymptotic range of g, % 1 and looking atthe area
independent growth case, a simplified expression results from which
insight into the present analysis can be gained.

For g, ) 1and ¥=0

d 'n‘r‘-’ - r@ AU -—-5‘_.
din® %i‘_ +3 -ﬁ
Several points ought to be made concerning this result., First of all,
in cases in which nucleation and growth sensitivity to supersaturation
are equal, the mean particle size ought not to vary significantly with
residence time, Several systems are reported to exhibit such behavior,
Also, from equationI-(14)it is clear that a large negative area
dependence has a flattening effect on the steady state mean particle
size Slope. (Values of (—5'0<pf~'lo) are obtained in the model in which
nuclei survival is a factor.) Conversely, models for secondary nuclea-
tion that assume effective nucleation increases with surface are
equivalent tolow positive values of P and asymptotically have little effect
on the slope rg.
A similar expression for rg is obtained for the case of number

dependent nucleation and growth.

be _ |

o~ % . 3 9N

be 4 3(1-bn)

Qe
Compared here are the effects of modelling a continuous crystallizer
over a narrow range of operating conditions. Data is typically avail-
able at high fractions of crystallization (.80 ~ .98), The product quality
considered here is the dominant mean particle size {{\» ¢ {Y;7:346:M3
The steady state performance of the following empirical models (See He

Table I-])are presented in Figures I-4 and I-5.



Table I-1: Nucleation and Growth Dependence Parametric Study’

|

CASE B ¥ 2—5 re e
1 0 0 2.5 .27 2.5
2 -1 0 2.5 .23 2.2
3 1 0 2.5 .33 3.0
4 0 -1 2.5 -.5 5
5 -18 0 18 .44 4.1
be be
CASE by gc ry To
6 1 2.5 . 60 7.0
7 2 2.5 -3.0 2.0

0z



Figure I-4: Mean particle size versus residence
time Log (r) versus Log 8 for cases

of Table I-1
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Figure I-5: Nucleation rate versus growth

rate Log b versus Log G for
cases of Table I-1
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In their computation of stability criteria, Randolph and Larson

use plots of log B vs. log G to obtain the stability parameter dinB

dlnB . dInG

which in their analysis is essentially ame Where it has been assured
dinG
dinc

B and G to be functions of supersaturation and surface concentration a/¢ ,
. One must consider steady state data in terms of a total differential,

That is, if one plots log B vs. log G taken at various residence times

and obtaines a slope dinB , this ratio is in reality dinB
dInG dln® | The slope
dinG
dlne
bg - dlnB is then expressed as follows:
go dInG
£ dh e dln e
dlnB bo . — ot 1 dlnc
F3 e—— 3
dlnG e 1+ ¥ |"°
nGC
where bc = 2.!!‘__
s
(5(. = n
nC

Using equations I -(8, 9) it is possible ‘to obtain an expression for d a/g
dinc

in terms of the steady state parameters:

dlaale . [ 343+ * (£ g ~ +(E5)b ) _
dac ) ( P-4 3‘*@5)
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In the asymptotic-working range gc )1 the equation for be may

€0

then be written as:
by be { ey } { }
gy | S 44—%’%-? “‘"‘"’"?

From this expression it can be seen how survival mechanisms involving

surface (i.e. p<<0 a large negative surface dependence) yield
low measured slopes of belge even if the bc/gc ratio is high., This
fact is part of the difficulty in establishing mechanisms from steady
state data.

For the number dependent nucleation case, the measured slope

b_B = dinB(c,n) can be expressed as a simple function of bc/gc
g5 dInG(c)
and bn . In the range(gc N l)this expression is:
be
b -3b
8~ 4 ) "
€o b ~3bn

It is clear from this form that measured slopes of log B vs. log G

data may have large positive values and may also result in a negative
slope, depending on the actual number dependence as well as the de-
pendence on supersaturation. The above example uniquely demonstrates
that in the case where B or B and G depend on the moments of the size
distribution, data on Qri) versus 6 or B versus G give little insights

as to the mechanism or kinetics of the crystallization. This fact has

previously been illustrated (35, p. 232).



LINEARIZED STABILITY ANALYSIS

Case I. B(c, a/e), Glc, a/e): Area Dependent Nucleation and Growth

The equations governing the dynamic behavior of an MSMPR crystallizer

with surface dependent nucleation and growth kinetics are rewritteninthe

dowy _ L b, --L. ¢t

G(hole) f6D: ed)- BE,al6) | ¥=0
M_.g’_ﬁ-k (;((C,ﬁlé)‘}_‘g_ﬁi:\_ 1 -{:(\rﬂ ; r>0
a2t Sy B :

following form:'

where

0= 3x{r{godr
€ - -k{rfmndr
o - e.u.(\—e\.g

In AppendixI-Cthe above equations are linearized and a formal spectral
analysis is performed on the resulting linear operator. Application of
the Routh - Hurwitz criteria to the resulting characteristic equation

results in conditions for stability that may be expressed as:

; (&« 4)*

‘I.v-(16) 3*> -2+ =( _vp%#-)ﬁ : for Mg -5

9*> -5 (2t WTFYV); dor mo-s

24



25

The stability conditions are plotted in the (b%*, g*) plane for
various values of m in Figure I-6. The derivation of the conditions
is given in Appendix I-D, ’The lower limits have not previously been
acknowledged in the literature and there may be systems in which
mechanisms resulting in such nucleation and growth sensitivities
are to be considered.

Note that the case where nucleation and growth are not a function
of the area concentration of solids is equivalent to the results for
m = 0. Also b* ~ b and g% ~ g which is equivalent to the results pre-
viously obtained. (37)

Although the presentation of the stability criteria in Figure I-6
is in a compact analytic form, it does not readily lend itself toward
physical interpretation and prediction. To facilitate analytic simplifica-
tion as well as to relate to actual physical cases, we now restrict
ourselves to the case of g*$1. This can be seen from a quick order
of magnitude analysis of the terms in g*. The dependence of the growth

rate on supersaturation can usually be expressed as

()= ha (c.-cs)\’ such that }.s.la-ei e P( TEZ') » 1

For a broad class of crystallizers, this is the working range. Since &
and ¥ are typically 0 (1) one may rewrite the stability criteria for
surface dependent nucleation and growth as follows:
-34 .'M +

1-(17) (—\-;—xﬁ-) < Y )

for xD1, 4> \m\ 'J) |
This criteria for stability may be expressed graphically in the ( ) ﬁ\
plane with ¥ as a parameter. See Figure I{?. To simplify dis~
cussion let us first consider the case where ¥ = 0, that is, where
the growth rate of the suspended particles is independent of the total
area of the crystal suspension. ( -$+‘3 < t—;’-o( ').H'F
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The stability criteria predicts an increase in upper and lower

stability limits of b for P,o relative to the area independent case.

€c

Conversely, p(O has an unstabilizing effect on the system dynamics.

Consider a system in which increasing the total particle surface
increases the nucleation rate, i.e. p7° . Assume that it is operating
at its steady state operating point. A small perturbatioﬁ in supersatura-
tion will instantly cause many new particles to form., These particles
initially do not greatly increase the total surface which would auto-
accelerate the nucleation rate. Rather, these new particles cause an
adjustment of the supersaturation by depleting the solute concentration
in the liquid phase. Another point of viewing the stabilizing effect of
a positivep is to consider a cycling system. The point in a limit
cycle at which area is a maximum corresponds to the point of lowest
supersaturation. Thus if pro the large surface will form new particles
at the low supersaturation, thereby self-regulating the system.

At the other extreme of the cycle, one has a small surface but
a high supersaturation. Here, too, apn has a stabilizing effect, as the small
surface counteracts the effect of high supersaturation.

If a continuous crystallizer is operating in a region where nucleation
is suppressed by an increasing surface, i.e. P(O g the largest
b c/ g sustainable without cycling would be lower than the case where
nucleation is independent of area, i.e:. p = 0. This point may also
be seen qualitatively by viewing the two potential extreme poi-ts of a
limit cycle. The nucleation rate will be low at the extreme point in
the cycle at which supersaturation is low. This point corresponds to
a large surface area. Thus, if p«) , the lowering of the nucleation
rate is reinforced, thereby making the system less stable. (i.e. It
drives the system further away from the steady state.). At the other

extreme of the cycle, the total surface is low and supersaturation
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high. Here, the area dependence of nucleation has the effect of re-
inforcing the high nucleation rate.

Thus, depending upon the actual mechanism of nucleation, the -
nature of the area dependence may have a stabilizing or unstabilizing

effect.

Case II. B(c,n), G(c) : Number Dependent Nucleation

The equations governing the dynamic behavior of an MSMPR with
number dependéent nucleation kinetics are rewritten in the following |
form: d &(_t\ o d> .4 Cb&)

i e 7 ©
GO fHnt) = Baun) y ¥=o
31460 | ey 4D :
Rl JCTRY G B N TN o

with ny= § Hoidr

ety = 1~k ¢ frmpdr
In Appendix I-C the above equations are linearized and a formal gpectral
analysis on the resulting linear operator yields a characteristic equation.
Application of the Routh-Hurwitz criteria results in conditions for
linear stability.

These conditions are equivalent to:

. 3 2
(21-15b,43be )" o [e1-81byt21bn -3bn)g* )

1-18)-(t- b.‘)(u- 3q*)< b‘( 1 +(128-14Bbat '-‘l\a:-lsb‘.,)g*.p(w Fobn+ ygb:-gl,z) >
(8% 4- bn)’

\.

o T - (b

2 #4-by

b 3
y - 4-3ba\ .
9 ( 13E) 5 bak2
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These results are plotted in the (b*, g*) plane in Figure I8 for various
values of b,. Note, there are no stable points in the range 2¢b,< 4,
independent of the supersaturation dependence. In Figure -9 the
minimum stable values for g* are plotted as a function of bn' It is also
of interest 0 consider the asymptotic forms of the stability criteria

of equation (18). In Figure I-10 the value of b, / g, at the critical stabil-
ity limits are plotted as a function of b,,. Although the right hand stable
region does not seem to fit any known physical cases, it is included

for completeness. To understand the unstabilizing effect of a positive
b, we consider the effect of a pulse disturbance in supersaturation on

a system operating at its steady state point. The short term increase

in supersaturation results in the production of nuclei in excess of that
necessary to sustain the steady state. These new particles contribute
an immediate increase in the number of particles being formed. In

fact for b, = 2 (which is like second order mass action kinetics for nuclea-
tion) the disturbance tends to autoaccelerate itself explogively. In general:
within a mean residence time, this increase in n over its steady state |
depletes the supersaturation. The resulting lowering of the super-
saturation then lowers the instantaneous nucleation rate and cycling
proceeds as the existing particles grow at the expense of new particle

formation.

Case III. Bennett, Fieldelman & Randolph Model

Although this model is not useful as a kinetic form for correlation
of data, it was presented (4) as a display of the competing factors that
stabilize secondary nucleation in an operating crystallizer. The equation
*‘Be Rnf& T‘?ﬂ Lp can be related directly in terms of the leading
moments by not1ng Lo= 360 and N°: Ho[O& as follows:
RB=R neo “‘) & where k includes the hydrodynamic variables.
A linearized stability analysis based on B((., LT “ﬂﬂb

*Defined in reference (4)



Figure 1I-8: Plot of stability limits for systems with number dependent nucleation kinetics
given by equation I-(18) in b*, g* plane with bp as a parameter.
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Figure I-9:

Minimum values of g* for stability in systems with number dependent nucleation

kinetics.
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Figure 1-10: Asymptotic stability limits for a system with number

dependent nucleation kinetics.
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can provide criteria to test the stability of such a model.
The stability criteria for this model was computed based on the

functions B(c, ) M3| My) andG(c). The linearized stability analysis based

on these variables results in the following expression for the critical

stability 1limits in the asymptotic region g, »» L:
b
1-19)  =be = (3-ba) ¢ G <& (21-15baa3bT) -br

where ba « w8

¥inn

be- 3InB
din M,

In this model for nucleation in the impeller region bc/ g. =1L
b, =1and br = 4, Thus, based on a linearized stability analysis,
this model does not predict instabilities in a MSMPR crystallizer.
Other nucleation models treated by Bennett et. al. are related by
MT or W4 for which the stability criteria developed by Randolph and

Larson (35 ) indicate these models are linearly stable.
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SUMMARY AND DISCUSSION

An a.nalysis of two cases has been presented in which the -
nucleation and growth rates of a crystallizer depend on the total area
or total number of crystals present. The main results of this analysis
can be summarized as follows: A number or area dependence of the
nucleation rate will have a strong effect on the steady state behavidr.
especially the dependence of the average particle size on .residence
time. Interestingly enough, the resulting plots of InB versus InG
which have been used to study kinetics remain fairly linear over wide
ranges of residence times. This has one important implication. It
simply means that this type of measuring kinetics is useless in pre-
dicting dynamic behavior of crystallizers. This is an important con-
clusion, as such methods have been strongly promoted for this purpose.
It is impossible from steady state behavior to draw any definite con-
clusions as to the detailed kinetics.

The same applies to the dynamic behavior, for which there are
much less data available. We cannot really confirm any model. For
this, we need detailed kinetics such as (3, 12, 34; 46), We can, however,
draw some conclusions. First of all, we would expect that no mechanism
will fit all crystallizing systems. Many crystallizations never exhibit
strongly nonlinear dymamics or oscillating behavior. We can, however,
draw some conclusions for those that do. Most of these systems have
a relatively low value of dinB/dInG. The only cases we found that are
unstable for overall values of dinB/dIlnG were the cases of strongly
negative area dependences. It was possible to show that there is at

least one physical nucleation mechanism that corresponds to an
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exponentially inverse dependence on the area. That does not prove

in any way that such systems really have a nucleation mechanism in
which small particles are captured at a surface. Other physical mech-
anisms might have similar properties. In that case thissmethod does
not work. (Integrals involving only the tails of the size distribution
function lead to characteristic equations which are not polynomials and
cannot be treated by simply applying the Routh-Hurwitz criterion. )

But a simple heuristic argument shows that this case is similar to

a negative area dependence. In most crystdllizers gqis almost constant
and varies only slightly. The presence of large particles is strongly
correlated to the higher moments. An increase in the number of large
particles causes both M4 Iy and Ma/y, toincrease. As N3 is
fairly constant, an increase in H‘I occurs with a decrease in My .
(i.e. As there tends to be more mass in the tail, the total surface de-~
creases.) While there are methods of dealing directly with such cases
(1, 42, 43), they are outside the scope of this work. These results shoﬁld
however, have wide applicability not only for crystallizers but for
other processes such as polymerization, fermentation, coal conversion
and other systems involving population balances in which growth and

nucleation depend on the properties of the particles present.




37
II CONTINUOUS PRECIPITATION POLYMERIZATION
INTRODUCTION

At the present time, there are still many polymerization reaction
systems that are difficult to scale up on a continuous basis. One
problem common to many heterogeneous polymeérizations, as well as to
complex particulate processes, is to insure stability of the steady
state operation of such systems. The property common to all such
systems is the occurrence of competitive simultaneous nucleation and
growth of particles. In this paper we focus our attention on the continuous
production of precipitating polymers for its mathematical simplicity,
although the methods and concepts presented in this paper may e applied
to contipuous emu‘\lsi’on pdlymerizatipn, continuous crystallization,
in continuous coal conversion, and other particulate processes
involving simulfcaneous nucleation and growth.

In batch and continuous precipitation polymerization, the quality
of the polymer product and the control of the plant are sensitive to the
formation rate of the precipitated particles (I, 2). The mean particle
size of the polymer product is a strong function of the nucleation rate,
and particle size exerts a strong cantrolling effect on the molecular
weight distribution. (Mean particle size is often in the micron range
in commercial operation, )* Continuous precipitation polymerization is
known to exhibit cyclic behavior (2, 15) and even in the stable range is
sensitive to small disturbances. In this respect, the process is quite
similar to that of continuous crystallization in which limit cycle variation
in mean particle size is known to occur (3, 16) This similarity is
not surprising. The limit cycles in continuous crystallization are a
result of the non-linear dependence of the nucleation rate on reactor
conditions and the lag in time necessary‘for significant particle growth-(10),

Nucleation in precipitation polymerization is highly non-linear. (11)
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In sétting up a physical model for the nucleatioh process in pre~
cipitation polymerization, one needs to consider that due to surface
energy and colloidal charge effects, large particles do not coalesce,
and therefore, it is necessary to view the need for potential nuclei to
reach a stable or critical nuclei size. (4, 5) A large available surface
in the crystallizer may either promote new particle formation via secondary
nucleation effects or suppress nucleation through capture of potential
nuclei. A large surface of precipitated particles in precipitation polymeriza-
tion inhibits nucleation in two ways: One is through the increased rate
of capture of potential nuclei prior to their reaching the stable nuclei
size; the other is by the lowering of the polymerization rate in the liquid
(this lowers the probability that a growing nuclei will acquire sufficient
mass to reach the critical size prior to capture). This strong inhibiting
effect of surface on nucleation has been demonstrated in batch exberi-
ments where after sufficient surface is present nucleation virtually ceases.
Even further addition of initiator will not induce new particle formation. (6)

The dynamic behavior of precipitation polymerization reactors
is viewed here in terms of the complex competition between the nuclea-
tion and growth of the precipitated particles. A small disturbance in
reactor conditions may instantly produce a large increase in the number
of stable nuclei being generated; these new particles do not instantly
increase the available surface significantly. There is a considerable time
lag (on the order of magnitude of the mean residence time) for new
particles to grow to the size range where they significantly increase the
total available surface. Therefore, as the nucleation rate leads the
production of new available surface, cyclic variation of the mean particle
size may occur.

In this section mathematically treatable simplified models are used
for the nucleation and growth processes so as to obtain ingight into the

nature of their complex interactions. Although the processes considered
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here occur simultaneously, in most cases a specific mechanism will
predominate. For convenience and clarity fhe ‘mechahisms are'séparated
into two models. The first is a simplified form of the nucleation mech-
anism suggested by Dainton (7). In this coalescence model, terminated
polymer molecules in the liquid are taken to aggregate via physical
coalescence. When a cluster of such molecules in the liguid reaches
a stable critical nuclei size, nucleation via precipitation of a stable
solid particle is taken to have occurred. Here stability refers to the
fact that particles above the critical size will not coagulate with one
another although they may continue to collect subcritical aggregates
from the liquid. From batch experiments with polymer hydrosols,
Fitch et. al (4) concur tﬁat particle formation must be a nucleation~
precipitation process. Sonshine, Klepfer and Shinnar (8) have previously
formulated this mechanism mathematically using discrete variables and
obtained approximate solutions to the steady state equations using |
moment closing techniques. This problem has since been reformulated
and several nucleation models have been applied. (11) Here the governing
equations are written in terms of continuous variables from which a
dosed exact set of equations can be written and exact solutions obtained.

Baxendale (9) suggested that particle formation occurs from
coagulation and growth of colloidal macroradicals. The mathematical
complexity of the equations governing the physics of a macroradical
coagulation model is beyond the scope of this paper, and a presentation
in full detail shall not be made at this time. A brief discussion of
what may be referred to as the averaged coalescence.model (11) is
presented in Appendix II-4,

A second mechanism to be investigated is a simplified model in
which coalescence of polymer molecules in the liquid phase shall be
neglected entirely. A similar model has been proposed by Fitch (5)

in which termination of radicals in the liquid phase was neglected.
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Roe (13) suggests this may be the mechanism of particle formation

in some emulsion polymerization systems. In this simplified model,
nucleation is taken to occur when a single liquid radical grows via monomer
addition past a critical nuclei size or when two growing liquid radicals
terminate via combination to form an inactive polymer molecule above the
critical nuclei size. The stable particles may collect, via physical
capture, radicals and polymer from the liquid. Polymerization pro-
ceeds in the adsorbed state near the surface of these precipitated stable
particles.

This mechanism shall be referred to as the growth model for
nucleation in precipitation polymerization. Although there is no sound
physical reason to neglect the effect of coalescence, the growth model
is studied for its mathematical simplification. There could also be
physical situations in which it applies.

The nucleation rate for the growth modei can be computed analyt-
ically under steady state operating conditions as a function of initiator,
monomer and area concentrations in the liquid. The nucleation rate for
the coalescence model and the macroradical coagulation model can only
be expressed in terms of a complex collision integral whose form pro-
hibits analytical simplification. The underlying behavior is not greatly
altered by use of the growth model and insight into the complex inter-
action between the nucleation and growth processes is obtained. The
significance of this analysis is broader than the application to precipita-
tion polymerization. The dynamics of nucleation in many complex par-
ticulate systems are governed on the microscopic level by some type of
coalescence or coagulation process. The mathematical formulation and
treatment of a nucleation process presented here may indeed be useful
in considering such systems.

Goldstein and Amundson have previously investigated the dynamic
behavior of two phase polymerization systems. (12) In this present
analysis, we find that the potential for instabilities exists aside from

the classical auto-acceleration resulting from an inbalance in heat
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generation and removal as previously considered. (12)

Thé dynamic behavior of complex particulate systems involving
surface dependent nucleation and growth processes has previously
been investigated. (10) Formulation of the governing equations in a
similar form permits the stability criteria based on a linearized
stability analysis previously developed (10), to be applicable to
continuous precipitation polymerization reactors. These criteria will
be used to test the stability of steady state operating conditions obtained
for the nucleation models developed. The qualities and properties of
the nucleation models can be studied from the expressions developed
for nucleation sensitivity to reactor variable fluctuation. These sensi-
tivities are the essential terms in the stability parameters developed.
The effects of initiator and monomer concentration in the feed on system
stability are studied, providing qua‘lita_.five‘ly the criteria needed to con-

trol both reactor dynamics and product quality.

Derivation of the System Equationg

The steady state behavior of the continuous production of pre-
cipitation polymers in a stirred tank reactor has previously been dis-
cussed. (11) Here we present a brief summary for the underlying
physics and chemistry needed to model the dynamic behavior of such
systems.

Consider the following processes occurring in a stirred tank.
Monomer, initiator, and solvent are fed continuously into the reactor.
In the solvent rich liquid phase, the following processes are taken to
occur:

Initiator molecules decompose forming primary free radicals;

T -55—? 2. 0
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where h: is the decomposition rate constant for the initiator and r (o)
is the concentration of primary free radicals in the solvent rich phase.
A radical at a degree of polymerization x grows in the liquid phase

by monomer addition:
o)+ M -——h—P—L—-—> i (x+1)
Where k‘”, is the propagation rate constant in the liquid and the (x+1)
represents the fact that each addition of a monomer increases the degree
of polymerization of the growing radical by 1.
Termination by combination occurs forming inactive polymer

molecules;

o)+ ) —— P tery) &> PIvOxl

where k4, is the termination rate content in the liquid. (It is assumed
that k,, and ky, are independent of d.p.) ﬂ‘dlw{)} represents the
fact that as single polymer molecules are formed they are indistinguishable
from what shall be referred to as a subcritical particle cluster formed
at a volume equivalent to the degree of polymerization of the polymer
molecule. '

Subcritical particle clusters coalesce with one another in the

o) + du-2) &, i)

liquid;

where Pc is a coalescence rate constant. (?ﬁ is also taken to be
size independent.)

It is assumed that radicals do not coalesce with polymer clusters
in the liquid. This model shall be referred to as the pure coalescence
model. The possibility of there being growing radicals associated with
the subcritical polymer clusters is accounted for in the summary of the

averaged coalescence model considered in Appendix II-A.




43

Radicals, polymers, and their clusters are captured by the exist-
ing stable particles. The rate of capture is given by the following:
Rate of radical capture = ha v,
h o p)
ha W)

where h is a mass transfer coefficient, a is the total surface area of

1]

Rate of polymer capture

"

Rate of cluster capture

the precipitated particles per unit reactor volume, Yt and P‘,u.\ are
molar concentrations of radicals and polymer molecules in the liquid
at a d.p. of x and ¢(v) is the concentration of polymer aggregates in
the liquid at the molecular volume V.. (Capture probabilities-have.
been assumed sizé independent, ) ,

We assume that the polymerization in the solid phase occurs
exclusively at the solid surface. The monomer concentration at the
éurface is assumed to be in eguilibrium with the monomer in the liquid.
Here, we use a Langmuir type isotherm to relate the concentration at
the surface to the monomer concentration in the liquid;

Mg = E&_N\\_] = ) ..M""
T+ e M.

Radicals at the surface continue to grow by propagation;

r;oQa- Ms —h"f-é-——# Yy (X&H

where kps is a surface propagation rate constant. (kps is taken to be

independent of x.)

Termination proceeds on the solid surface by combination of

two growing radicals;
Ras
GEY + R — by Gey)

where k,c s is a surface termination rate constant that is size independent.
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The system is assumed to be well mixed and therefore the reactor ef-
fluent has the same composition as the reactor.
Before proceeding to set down the resource balances, a description
of the physics and chemistry of the nucleation processes is presented.
When a radical grows past the critical size or when two growing
radicals terminate to form a polymer above the critical size, nucleation

of a stable precipitated particle occurs;

ke
Yiul\der- 1) + Mo . A —Y "-ovml\*-lo
( Y+ M o (ker ) naTien N

() & oY) — b)) =  shlie nucles

Here stability refers to the fact that particles above the critical size
will not coalesce with one another. This mechanism for nucleation has
been referred to as the growth model.

If a cluster of inactive polymer molecules grows by coalescence
with other sub-critical aggregates past the critical size, nucleation will

occur. ) *.'m* i
deye don By gu= TEIMA v

This mechanism has been referred to as the coalescence model,

At this point material balances for initiator, monomer, liquid
and solid .radicals and polymers can be written as follows. (The con-
tributions of nucleation to the radical and polymer balances, taken to
be negligible):

Iitiator die1} . Io-g¢T-ekl

II-(1) Balance

- LleEMoram
df eMcams} _ _‘é Mo &- - si

I1I-(2): Monomer ® ©

Balance dt -€ he;,“..smi\w -a hvﬁ “9 SWMM-

Monomer

I1-(3): Equilibrium  N\g = EY.M.X !. M.
Liquid Wit k ha %)
ui - ha

II-(4): Balance 3 3% -eh“_ﬁu)sr;,gyi\! - :.9 e i)
(-]
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Liquid x
II-(5): Polymer M = € kTL S 4y ﬁtl-'\‘\do‘ -he Ps()t\--‘- € P..Ql.}
Balance ot 2 ° e
H-(6): madical \6{ q'mﬂ} +\Q"‘ Ms M _ hene -5 460
- H adlca -
Balance 2% ) - 0%y Vsmspfs(‘:\\&‘

¥

{1-(7); Polymer M - -LO apsx)+ he \om\whxsg:,mvs@-v)i\g

Balance t
Where M.O and I, are the monomer and initiator concentrations in the
feed respectively, 06 is the mean residence time of material in the
reactor; M and Mg are the monomer concentrations in the liquid
(mo\l(-w,\’} and solid (Molm‘\ respectively; € is the fraction of the re-
actor occupied by the liquid phase; r, (x) and p, (x) are the radical
and polymer size distributions in the liquid(mo‘[m‘-tl?.), rsl(x) and Py (x)
are the radical and polymer size distributions on the precipitated particles
(mo\l(«m‘-c\-p); and S(x) is a Dirac Delta function, representing the fact that
primary radicals in the liquid are taken to be formed at zero d.p. .

The equations II-(1~7) presented here are similar to those
previously used (8, 11) to obtain the steady state behavior of continuous
precipitation polymerization reactors. Goldstein and Amundson (12)
have previously shown that if the relative volumes and interfacial area
between two immisible phases are known, the above relationships are
sufficient to compute the molecular weight distribution as well as the
reactor conversion. Relations involving these quantities given here as
0\ (the total surface area of the precipitated particles per unit reactor
volume) and € (the volume of theliquid phase per unit reactor volume)
are, therefore, needed to close the set of equations governing the dynamic
behavior of such systems. The additional relationships in terms of a
and € can be obtained from a knowledge of the size distribution of the
stable precipitated particles.

We let f(L) be a size distribution function for the stable particles

such that f(L) dL is the number of stable particles lying in a size




46

range L, L + dL per unit reactor volume where L ig a characteristic
linear dimension of the particles. (For our purposes L will be the
particle radius.)

An equation governing the size distribution of precipitated particles
can be written following the method of Hulbert and Katz, (14)
Assuming all the stable nuclei are generated at a size infinitesimally
small compared to the mean particle size, the equation governing the

particle size distribution can be written as follows:

11-(8) .3_'“.-5 + M = € B S - % £
ot YL

where 8 is the mean residence time of the particles in the reactor (min.);
B is the nucleation rate per unit liquid volume (#/cm3-min); G is the
particle growth rate v(cm/ min); and the Dirac delta function S(L) repre-
sents the assumption that the nuclei are generated at a vanishingly small
size,

From f(L), a and€ can be computed directly as follows:

€ = \~ g':kn.%{mdL

Thus, if B and G could be expressed in terms of the reactor variables, -
the additional relationships needed to compute a and e could be obtained
by direct integration of equation II-(8). An expression for the particle
growth rate can be formulated independent of the nucleation mechanism,
Consider the growth rate of an individual stable precipitated particle.

The growth rate dL can be expressed in terms of the particle's area

G=F

and the particle's volumetric growth rate.

_dL _1 av
G=3% "3 &
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There are two principal contributions to the volumetric growth
rate of a stable precipitated particle., A precipitated particle grows by
capture of radicals and polymer from the liquid and by polymerization
of monomer adsorbed on the particle surface. The monomer adsorbed
on the surface of the precipitated particles is assumed to have a negligible
effect on the total capture surface., For mathematical convenience,
the monomer adsorbed on the surface of the precipitated particles is not
added to the volume until after it has been polymerized. The volumetric

growth rate of a single particle can be written as follows:

av volume of liguid radicals volume of liquid volume of monomer

— = qud ra + polymer captured + polymerized on the
captured per unit time <t as s

dt per unit time surface per unit time

or 0 " , o0

avo . AK(«% +vux)ntdde + h HS (Vieva)punde + A- hysMWuS"s“W

dt % ° o

where the first two temn s on the right-hand side represent the total
volume of radicals and polymer captured from the liquid per unit time,
and the last term represents the volumetric rate at which a particle grows
due to polymerization of monomer on its surface. Dividing by A
(Assuming h is independent of size) results in a form in which G may be
written independent of particle size, as a function of the leading moments

of the radical and polymer distributions and Ms =E (M).

o0 oo
10a) G h|(Gev e b |@eepnbes Ry v { o

Thus G may be taken out of the brackets in equation II-(8).
‘\ e d \‘(1 "U'\‘ A (B }
>

n
Finally expressions for B as a function of the reactor variables are needed

to close the system's equations.
B, the total number of stable particles formed per unit time

per unit liquid volume, can be computed based on the mechanisms of
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particle formation discussed previously.

Qualitatively this can be expressed as follows:

rate at which liquid rate at which liquid rate at which subcritical
1I-(10) B = radicals grow past + radicals form polymer + aggregates coalesce forming
the critical size above the critical size particles above the critical
size

These contributions may be computed individually,

B = Bp + By + Bc, where Bp, By, and Bc represent the above
individual contributions, respectively.

Bp is the rate at which liquid radicals grow past the critical
size. Bp can be written as follows:

Bp = kpl.' M . n (Xop)

BT is the total rate at which polymer is formed by termination above
the critical size. The rate, bp (x), at which polymer molecules are formed
in the liquid at size x is: "

betv < _‘?.;,_':( ACNAEY
(=}
The total number of polymer molecules forming above the critical size

per unit time can be computed directly by integratinn:
o0
Br=L - { dx- at-tepboty

\(f,p
where A(‘-Yqbis a Heavysides unit step at the critical size. Thus, in

terms of the radical size distribution r_ (x), one may write Bq as

follows: oo %
Br < X 4z [t v, nenedy

The expression for the contribution of coalescence to the nucleation
rate can be obtained in terms of the subcritical particle size distribution
¢ (v). First, a balance on the subcritical particles in terms of the
size distribution ¢ (v) must be written., We write the expression for the
net rate of accumulation of subcritical clusters at size v per unit

reactor volume:
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xiv)
afeded €5 o [nactondy (b0 habon - L edoy

2t v Ve
+ep,{ 1 { d@bt-da {i- vl - df devia
where, the first term on the right-hand side represents the rate at
which clusters are formed at size v when two radicals terminate to
form a polymer at a d.p. equivalent to the volume v; the Heavysides

A (V-Vc) represents the fact that polymer molecules generated at a
size above Ve leave the liquid phase instantaneously and should not be
counted twice in B; the second term on the right is the rate at which
clusters at size v are captured by the existing precipitated particles;
the next term is the rate at which subcritical clusters at size v leave
the reactor in the effluent stream; the next term represents the rate
at which clusters are formed at size v due to coalescence of two clusters
below size v; the Heavysides A(V-Vec) represents the fact that as clusters
are formed above Vc, they immediately form stable particles leaving
the solvent rich phase; and the final term is the rate at which clusters
at sizé v are destroyed due to coalescence with any other subcritical
cluster.

The rate be (v) at which clusters are formed via coalescence at

size v per umit liquid volume can be written as:
v
be(v)= e § doay pu-drda

The total number of clusters forming above the critical size per unit
time can be computed directly by integration:

Be= o V- ANV by
Thus, in terms of the subcritical particle size distribution ¢ (v), the

contribution of coalescence Bc to the nucleation B can be written as

00
8- & (vewn( dodeals

The nucleation rate B may now be written in terms of Mg, rL(x), d(v)

follows:

% 0

B= ¢ hpt M Vi(Rer) L E%S?‘ ﬁ\b\k)sriw.ﬁq)hr %SAVA(\N)’\;@K%
¥ ° °

A\

as follows:



50 .

It is now pogsible to write a closed set of dynamic equations in
terms of I, My, Mg, r (x), r (x), py, (x), pg (x),
¢ (v) and where B, G, a and are expressed as implicit
functions of the reactor variables. The equations governing the

dynamic behavior of precipitation polymerization ina CF.S.T.R. is

summarized in Table II-1.




Table II-1:

Equations Governing Dynamic Behavior of Precipitation Polymerization Reactors

Initiator Balance
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STEADY STATE ANALYSIS

The steady state behavior of precipitation polymerization reactors
has been obtained from solution of the equations on page (14) with the
time derivatives set to zero (8, 1l). Criteria for the uniqueness of
such steady state solutions have previously been discussed (10). Over
a wide range of operating conditions, there will be a unique soluttion
to the governing equations. Before presenting a brief outline of the -
solution for the steady state, it is convenient to first rewrite the steady
state equations in dimensionless form. |

One may scale the physical variable in terms of the internal
transport and kinetic constants and the reactor inlet conditions. The
following set of dimensionless variables are defined in terms of the

physical variables replaced.

Replace physical variable by dimensionless variable
X K& ( Ret Mo U, %
9Ih KK
rI. (x) pi htl [ (L &K)
h?\. “o
v () 2RsT. b 6)
P ‘Qqs Mo P

Y, WMoV \a lh 1
s LX\ KR%V\K‘&M (k:uﬁbrsbﬁ

Ps () b ( qg“ ) (‘).h{;[': )Ps“‘

L | &\ QhK’S— L
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Replace physical variable by dimensionless variable

Voo (S v

I A (9 it \'a il
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Replacement of the physical variables by the dimensionless variables
in the equations governing the steady state behavior of the system re-
sults in the following dimensionless parameter constants and the ap-

propriate forms for a dimensionless residence time and critical size.

The dimensionless values for 6, Lq, Xcr, ch and 'Vc are:

_ K& 'Lh;Io k?" MoVi\3a
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The equations governing the steady state behavior of precipita~
'tion polymerization reactors may now be written in dimensionless form.
The equations governing the steady state behavior of precipitation

polymerization reactors are listed in Table II-2,

The equations governing the steady state behavior can be reduced
significantly.
It is possible to compute f(L) for the steady state by direct

integration. L

m-11 f0)= E(f’. e
Expressions for a and can be obtained directly by computing moments.

a= € 2 (me)e&
-6 €6 (mO) 8¢

Rearrangement of the above relations yields:

2 (m;e)" R&"
1+ e(meB)1B 6P

‘II - 12b € !
1+ (Mo 8y’

II - 12a QO =

from which an expression for the ratio a/g can be obtained;
I - 12¢ % = 2 (me 9)58&2

It is rare that one can develop explicit forms for both particle
nucleation and growth rates. Here, however, one can obtain explicit
expressions for B and G in terms of the reactor variables.

Consider first the equations for ry, (x), PL, (x), ry (x) and & (v).



Table I1-2: Equations Governing Steady State Behavio ecipitati i i [

Initiator Balance
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Assume that the outflow rate is negligible compared to internal trans-

port and chemical reaction rates. The solution for the distribution

ry, (x) is: - afle+ Ry Ao X

X -
. - aumn——— » A
I-(13a) R0) = "M, e ) X-:((cr
- . rd
V..O‘\ = O ) X o
® n
I1-(14a) “An = S, X "'-O‘)dﬂ”
Computing the zeroth moment Ao..swc\x results in the following
©
expression: o
- 2
I1-(14b) Ry how # g Ao = T {1-¢
where R )
: a{€ 4
II-(15) Ts ( .Le_-!—ﬁ‘) Aer

Note that e.T represents the fraction of radicals that grow by
monomer addition past the critical size. Even in the case where coales-
cence may be negligible, the number of radicals that reach the critical
size is negligible compared t:) the total number of f"a‘t’dmals generated,

(In a typical working range € is of the order 19 and therefore may
be neglected compared to 1 in the expression governing Aov .)
with € &« » MoL may be expressed independent of My,

I-(140)  Aer= 2& ( -1+ FTFTRAT [G0T)

It is convenient to define another dimensionless w which carries

the physical significance of being a measure of the termination to capture

rate of radicals in the liquid phase.

I-16) o= wlkyT

(aley*
Thus, it is possible to rewrite v, (%) = Vi (M, ‘I’Q“;\ .
~ae rurEs) X X
€ (1 «w)_i T
I-)136) )=z = © - L e ; X £ Xer
Me M.

r-'. (*\ - x> Xu“'
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Similarly, the equation governing the subcritical particle size
distribution may be solved, leaving @ (v) as an explicit function of
ML, Iand a/é. Here, the outflow term is also neglected compared
to the internal transport (capture) rate. The solution of this integral
equation in ¢ (v) has previously been obtained (11). The solution is:

T oV
doy: Ry £ e [, Tiedde | veve
V)= © = y V7Ve
R4 = YRt /(e * Me)

T
T e TWi7 (wis G R} (1+ Q7w )2) * R,
This expression gives ¢ (v) explicitly as a functlon of My, Iand a/g .

where

(Here the fraction of subcritical clusters growing past the critical size

is assumed to be negligible compared to the fraction of clusters which are
captured by existing stable particles.) At this point one need only con-
sider the zeroth moment of the solid radical balance. Integrating the
steady state equation for rg (x) y1e1ds

-(18a) 0= Nen = 11\21 Nes
e

where

Nog = g:orsm&)‘

The expression for Nes may be solved explicitly as a function of I
-T
and ole | for «I}

11-(18b) x“"‘Fz’f’E‘. ;‘11_% (- YV VW )

One may also solve for the liquid polymer size distribution by
direct integration: h.‘. g
= % £
= G »QL-\M-Q \- A(v.x;,)'k
From the equation II-(13b) for r; (x), Py, (x) becomes:

T x
II-(19) = pe T %r 2 Ye
p-®)= qle \ ¢ XeTa

Pk&\‘ o | ') X>X¢?
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It is now possible to reduce the expressions for B and G to explicit
functions of My, I and a/¢ .

The particle growth rate G will be divided in terms of the two
principal contributions to particle growth. Let G, be the portion of
the growth rate due to capture' of radicals and polymers fromthe liquid
phase and G, be the portion of the growth rate due to polymerization of

p
monomer adsorbed on the particles' surfaces,

I1-(9b) & = CTC ¢ G‘?

where

m-(202)  Ge={ (4% )00 de+ { Gt ) pnydy
11-(21a) G- .(p Ms S Y5 (\)AX

Gc can be computed by taking the leading moments of ry (x) and p; (x).

Integration and simplification yields:
II-(20b) (. & Vo (dlc)u)(uw*m\ . Mo SL e W qu
S s S A

Gp can be simplified by rewriting Ms and >s° in terms of ML’ I and

afe as follows:

n-(21b) &gy = Qp {.(%i}% }Wﬁ,u"‘a (-1+ 77550 )

S

Therefore, the particle growth rate is expressible explicitly as a function

of M1, I and a/& , and the dimensionless parameter constants.

G Get Gp= GiMaT,0lY

_ Vo (Alw (1w waiRGY) | My w(‘*%*ms 1, e e,
II"(zz) &cﬁf (“‘m):' * b‘ i\+ m‘ * '(“"“L\ ufﬁf( “’WW)

It is also possible to write B as an explicit function of M;, I and
a/ € . At this point it is first convenient to combine the cmtributions

of liquid radical growth and termination to nucleation, Bp and By as Bg;
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By = B_ + By

g P
i.e. 33 M. (“_Q(q\.\ b_‘r g A\L A(!-\QP}SWMQQ q)*‘

Bg may be computed by direct integration using equation I1-(13b) as

follows:
1+ W=D ‘cl e_"T
EAT T
where;

-T
e «<«| and XepR Xer

and W and T are explicit functions of Myp,, I and a/€. (See equations
I1-(15 & 16)
The contribution of coalescence to nucleation may be obtained
by evaluation of the collision mtegral for B,.
1-(23) Be = .ﬂsg dv ag-wy{ 4&)&@-194; . _g_s by f %M@'Mt

where

Cb\")‘ ¢[V) (ML.T.M&)] as given in equation II~(17)

Here, again, we have an expression for the nucleation rate which depends
on ML’ I and a/é and the dimensionless parameter constants. Due
to analytic complexity this expression cannot be reduced further. Com-
putation for B ( ML’ I,a/€ ) must proceed by numerical integration.
B can then be computed as B (M, T,ale) = 33 + Be

Applying the expressions for \a and Nog as functions of I
and a/¢ to the monomer consumption balance and using the. initiator
balance to express & ¢ GU) s ‘r.:—{a‘ one may solve the equation

M, explicitly as functions of I, and ale .

11-(24)

i kw x.u(%hﬁ\(ugm) "HQ_H q;(wmmemx)_y
w= i (A (1 hor +RIA 1) 0 +4p her)
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Rewriting equations II-(12b) and II-(12c), with € replaced by € (I),
one is left with two equations whose solution yields the steady state

behavior of continuous precipitation polymerization reactors.

a2c) 4.2 (mze)* BG"
. \ Y
(12b) T:= (m}( 1+ 6(m:z0) Be;")
where
My =z Mo (T,ale) equation II-(24)

R = BIMray,L,0%Y  equation II-(10c)

@& = & Mg, T, 4 €] -equation II-(9¢)
Solution of the above equation cannot be obtained by direct iteration or
by Newton-Raphson iteration. (The above relations do not result in a
contraction mapping.) Solutions for the steady state reactor performance
have been obtained by a complex numerical interpolation. In figures
I1I-(1, 2) results are presented comparing the solutions obtained for a
system in which coalescence is the predominate mechanism to that
obtained by neglecting coalescence (i.e. taking pg.-. © ). Solution of the
coalescence model required repeated computation of a (computer)
time-costly numerical integration; thus, only the effects of varying
initiator and monomer concentration in the feed have been considered.
Although the growth model cannot quantitatively model the coalescence model,
some of the basic properties of the models do follow one another
qualitatively. These properties shall be amplified in the discussion of
the dynamic behavior of the system.

Finally, it should be noted that these equations have unique solu-
tions over the residence time range studied.. Uniqueness criteria for
the steady state have been presented in the previous section. From
the dependence of B and G on ML’ I and a/€ , it should be clear that
the unique solutions are obtained in the physical working range of

such systems.
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Figure II-2: 'Comparison of Nucleation rate versus growth rate for the
aqueous polymerization of a precipitating polymer using
growth and coalescence models.
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DYNAMIC ANALYSIS

The equations governing the dynamic behavior of continuous
precipitation polymerization reactors were given on page (14). These
equations are highly non-linear, and in their present form are virtually
untractable. It is possible to make several sound physical approxima-
tions that will reduce the complexity of the governing equations and
permit a linearized stability analysis to be carried out from which
physically identifiable stability criteria can be obtained.

In the continuous production of the precipitating polymers, varia-
tions in the monomer, initiator, and area concentfations in the liquid
occur on a time scale which is of the order of magnitude of the mean
residence time of the reactor., With respect to a small instant of time
(that is, compared to the mean residence time) the values of M;j , Ms’
I, a, and € will not change very drastically. In this short period of
time where ML’ Ms' I, a'and & are nearly constant, the radical and
subcritical polymer balances can be viewed to be in a quasi-steady state.
That is, in this time period, the size distributions of these species will
reach what may be referred to as quasi-steady values due to the fact
that the time scale for internal transport and chemical reaction are
infinitesimally small compared to the time scale for variations in ML’
Mg,

ry, (x), P1, (x), r (x), and ¢ (v) in their governing equations and con-

I,a and € . We neglect the accumulation and outflow rates of

sider that their time variations occur implicitly through the time dependence
of M, , Ms’ I, aand € .
Based on these quasi~steady approximations, we compute the time

dependence of the nucleation rates implicitly through their dependence on
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My, I, and a/€ . That is, the liquid and solid radical balances and
the liquid po’lymer and polymer cluster distributions can be solved by
consecutive integration resulting in expressions in a form :equivaleﬁt
to those obtained in the steady state analysis, Thus, one may write

expressions for B and G where the time varlatlons in

II-(10d) B-= I.bl- M. (‘(‘“\* L h Sclx. L(%!(,\S ﬁ»(‘)\ﬁ.‘t-‘b&‘ﬁ Q‘IAVMV'Vc)jMz)&@%)d}
I-(9d)  Gxh g( vr Vmy) TL&\AYJ'/\S(V:WM\()\).W\! 4 Ry “stffs\*\M

can be expressed implicitly through the variations of M1, I, and a/g .
'These expressions are exactly equivalent in terms of the functional de-
pendence.on My, I, and a/€& of particle nucleation and growth to those
developed in the steady state solution.

Further, it should be noted that virtually all monomer polymerized in
the liguid phase leaves the system as part of the precipitated particles.
This is inherent in the assumption that the capture rate is much larger
than the outflow rate. The monomer balance may then be written as a
resource balance; where ( €My + QMg } represents the total unreacted
monomer in the system and ( \ =& ) f represents the total mass of the
polymerized monomer. ( g is the polymer product density.) At this

point one may rewrite the governing equations in the following form:

€T)_ vy, . del-keel
d e B *

I1-(25) Initiator balance ic
VoMo
I1-(26) Monomer equilibrium Mg = E(—"‘l ® T My
11-(27) and resource balance d]e¢MusaMs N\-e\ﬁ a \\o-‘ i‘:“\-“‘“&*‘l e\f\
at D)
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11-(28a) Particle balance 3)10-\ ¢ & éﬂ"\ = '—&U-\ ) Lo

II-(28b) | C-x--f(\.\ c € y L=0
' where .
1I-(29) ‘ a= 3£ V4L
13-(30) : €« -w{FOPIL
n-(toa) ¢
B = B(M.T,ald)
11-(9d) G = G (M, T,46)

The G-%SL in the particle balance has been replaced by the appropriate
boundary conditions. '

The nucleation and growth rates used here are continuous functions
of ML’ I and a/& based on the quasi-steady state kinetic analysis.
Therefore, they can be differentiated explicitly with respect to ML’

I, and a/& , thereby permitting linearization to be carried out explicitly.

The dynamic behavior of precipitation polymerization reactors
can now be studied by performing a linearized analysis on the system's
equations II-(10)

Linearization of the system's equations results in the identifica-
tion of a linear operator governing the dynamic behavior of the system.
Solution of the associated eigen value problem results in the character-~

istic equation of the system. The characteristic equation is I-(16):

II-(3i) Pls\ = 5" (uc’;\s‘* (oeuq®ysts (4+eq-m)S & (14 b% 3(, m)
A G e b G R E
\-&47,04: - {e- %]K__\mab b"q
T+ = ArIN
- & Tﬁ;;ﬁ‘\ gm -7 - (‘7:3‘03

= B- ¥ -~ (=gl
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are stability sensitivity parameters evaluated at the steady state under
study. The terms on the right-hand side are taken at the steady state

under study are defined as follows:

. 3n@B . 3InB . dln
bm® 3w bt 3mE 0 B Simee

= din

!
we UGy T (Tm’M">

M

Q1 is a measure of the ratio of polymerized to unpolymerized
monomer. ¢5 is a rato of the unreacted monomer adsorbed on the
surface of the precipitated particles to the unreacted monomer residing
in the liquid. (Note the density of the polymer product is taken equal to
the density of monomer for mathematical simplicity. )

Note that the nucleation and growth sensitivities to monomer are
weighted by ¥ which for aqueous polymerizations will typically be
around 4 to 1. Thus, even in the range where nucleation and growth
sengitivities to initiator are of the same order of magnitude as the
monomer sensitivities, they are a small contribution to the stability
parameters b* and g*.

In the numerical cases tested, the monomer adsorbed on the sur-
face of the precipitated particles was a negligible fraction of the unreacted
monomer in the system. The term in b* containing Jg was small for
such cases. Further, if the nucleation rate is area independent, the
term will also be negligible compared to the monomer sensitivity.

Also note that as ¥ approaches -1 the first term in b* will be small.

If the adsorbed monomer were not small, the computation of the capture
surface based on the size distribution of the precipitated particles would
not be exact, If G is not small ( Tg 4% | ) the expressions for the
growth rate and computation of the total surface must be rederived.
Even in this form, the effect of a large Té on stability can be accounted
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for physically in a qualitative manner,
Application of the Routh-Hurwitz criterion to the characteristic
equation results in the following stability criteria for a steady state

operating point of a continuous precipitation polymerization reactor (10).
* b* { 219*3 167—‘5rn‘;3"3 (m—2'n)9"5; oy-mt ’%
1-33 - § 3g+n-m}< < hi
g*> —-2+\l-—l'_*\_g.*i) 3y mg -5
k, -2 27, 3
at> -3 { 2+ (IFTEEG )]5 m2-5

These results may be presented graphically in the (b*, g*) plane

with m as a parameter. (See Figure I-6, pp 27) Note that for g
much greater than[m‘ and 1, the ratio of b*/g* at the upper stability
limit approaches 21. Further the results for the case where m = 0,
which will occur in the range in which B and G are independent of area,
are exactly equivalent to the results obtained by Sherwin (3) for the
isothermal continuous crystallizer,

Thus, with a knowledge of the nucleation and growth sensitivites
at a steady state in question, one can test the linear stability of the
system by computation of b*, g* and m and application of the above

stability criteria.
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GROWTH SENSITIVITIES IN PRECIPITATION POLYMERIZATION

The expression for the growth rate of precipitated particles G
has been formulated independent of the nucleation kinetics. It is possible
to obtain general expressions for the growth sensitivities g,,,, gy, and
in terms of the steady state operating condition under study. As one is
dealing here with logarithmic derivatives, it is possible to use the dimen-

sionless expression for G to obtain the growth sensitivities, With w= —-—1‘;’::3:

-~ v,(n)w(|w+m) Hew-(HWHTTw ) + Jp (ML ) -HV:G—
ey S pvy o W TR SO (TR P e )

the growth sensitivities can be obtained by direct differentiation of the
expression for G, The growth sensitivities computed in terms of the

steady state operating conditions are:

M Lqe [ e s SEgR fpteds 1
bth\;.. " Ve Ei& 4 Mel-)i» A éMin s lpﬂs\.s

Sty Vo ( 22k e Bor)e Mic + M + Rp Medos

., Haf2- 2 e, M f2r-3w _..4“‘" w
dMnG _ i - {"j(ba‘:" Fy:wt-\bm\‘ ~( mmm)\"*ﬁk* “'( AR’ ultw (148D

Ay, (W) B (- ) « Lol
Vor( 24 M)y Nie b e + HRghey

where general expressions for Xo;,)\.;,u“’n.;, Yos are

summarized in the first column of Table II~-3. With these expressions
for gm» gps and ¥ the value of g* for a given steady state operating

condition can be computed directly.

’s




Table 1I-3:

Expressions for leading moments of radical and
polymer size distributions and monomer equilibrium

Asymptotic Forms

Generalized Form

Quantity
Wl W<\
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NUCLEATION SENSITIVITIES IN PRECIPITATION POLYMERIZATION

©

In this section it will be shown how expressions for the nucleation
sensitivities can be obtained analytically. The nucleation sensitivities
bm, by, and p are computed as the weighted sum of the contributions
of each nucleation mechanism., That is, for each generalized formulation,

we have B in the form B= Bg + Bc, and therefore

3InB By 5(nB B An B
ANy '61 a\wqs B Sy

(Y represents ML’ I, or a/€.) In the first formulation, radical growth
and termination past the critical size are included in Bg and pure polymer
coalescence is the Bc contribution. For the averaged coalescence model,
Bg and Bc refer to the averaged growth and coalescence of the subcritica’l
clusters past the critical size, respectively. (See Appendix II-A) With
the nucleation and growth sensitivities at hand b* and m may then also

be computed. Along with the value of g* computed, one may then test

the stability of a given steady state operating point.

Consider the contribution of radical growth and termination to
nucleation. In the quasi-steady state hypothesized, the nucleation rate
has the same form as that obtained in the steady state analysis. The
dimensionless steady state equation for Bg can be differentiated directly

to obtain 3—‘3'& . 'The dimensionless form for B is
dinY g

. w -1y
B%N I { \+ 2[“-‘!7')

The particle nucleation sensitivities obtained by direct differentiation are:

)‘ B (“ W (-
\nBy , T. S i )
e Mo e

-T
;e «|4

. (t-1)
M‘S x 14 { ‘Tﬁ"(.‘%\ (WVTweYy T \;.,(uv nw\\(\h—'— (v \\

w (T-1)
N 4 (1 T

(v Traw
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;|“aq,_,{ FTJ‘}W %('+—§%%—w'st) }

=1

)iﬂ% a3 2

Now consider the term representing the contribution of pure
polymer coalescence in particle formation. The solution of the sub-
critical cluster balance in the quasi-steady state is exactly equivalent
in functional dependence on My , I and a/€ as the dimensionless
solution in the steady state analysis. The dimensionless form of the
steady state solution is again used to obtain the logarithmic derivatives
in terms of the steady state operating cadition under study.

The nucleation rate due to coalescence of the sub-critical aggregates

is computed as follows,

B. = _ﬁ_.f g cbe)eb&—adz
where: Q(\l): Pe Q Vc. S: I_'S;.E)- JZ

Pz b &
h#; W‘\’I(ﬁg%lmx)

N RO
Abe Lh’,(um\lw

The values of ﬂ’_‘ﬂc may then be computed from the complex collision '

* ) & Y- d’&\&‘ﬁ
dn8. _ vf\vsi\(j@&(—\ .S

3nY ‘:&v Svﬁ-{(nd@-q}

integral as follows

Taking the partial derivatives of &(»andt\@-l)with respect to Y and

regrouping terms leaves the following expression for 3;"\3; :
PG - n
Wn8Be . 2. { Unk AnR , (cS0w \)rln:!‘; T T

An v
dv ( v‘“wﬁ&\\@ -dz

where
g av - (L, by byl
SOV ~ {s umwdal fe "E‘-—“‘N’-‘S

£ s> « ,_S_ﬁ_i‘i_i_vg%\ b huaMa
cav (T da-nda
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<¥;'7 has the physical significance of being a weighted average of the
particle size at which stable nuclei are produced via coalescence.

It varies between 1 and 2 and in most cases is only slightly above 1.

The weighting function S (v) which arose in the complex differentiation
varies from 2 when®2~0 to approximately qv for¥a®l.. The resulting {56)?

for subsequent qualitative discussion of system stability, is approximated
as( ¥ Vo).

P Tc, T are continuous differentiable functions of ML’ I, and q‘é .

Anf  dnTe d 3].\1'

Therefore, it is possible to compute &=y ) ) Y analytically,

and evaluate them for a given steady state operating pomt under question,

It is then possible to obtain il;‘?: :“\B and %"—"-?" from the values
AInk dMnTe . AlnT . \
of each mr(‘) %17\7( ) STy and the values of the collision integrals <‘§3 and

{SV)> . Explicit expressions for these partial 'derivatives in terms of

the steady state operating condition under study are:

AnBe . T( Y = 224 5(V\?

2MML 2. (u- hulz) L T 4’77"' 2. &SV L)@d» &)
T TR N
%\%\%u‘ -2 (= X-%) - (- M)T- &% 2 4 2.4 830 -(1 - RNa-Mo)
where (X (+he?)
W = e L et

- Ry (it
b 1"\%?"_1§w J

With expressions for the nucleation and growth sensitivities at
hand, the stability of a given steady state operating condition can be
tested based on a given nucleation model by evaluation of b*, g* and m

and application of the stability criteria obtained previously.
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Limiting Relationships For Nucleation and Growth Sensitivities

It is possible to simplify the forms for the nucleation and
growth sensitivities based on the relative value of the termination to
capture rate of liquid phase radicals.

This corresponds to the order of magnitude of W= 5-(?:;';:

From a study of these limiting cases, the range of values for the
nucleation and growfh sensitivities may be narrowed. The resulting
" limiting cases shall be useful in simplifying the discussion of reactor
stability as they shed light on the physics underlying the competitive
processes which are occurring simultaneously in such systems.

The range of values over which the growth sensitivities may vary
can be narrowed by considering the expressions for the growth
sensitivities for the limiting cases where all polymerization is occurring
either in the liquid or in the solid, Asymptotic forms for the growth
sensitivities gm, g, and ¥ may be obtained when either phase is the
predominate locus of polymerization, corresponding to the kinetic
regimes in which the radical capture rate is either negligible or large
compared to the termination rate of radical in the liquid phase.
Quantitatively this corresponds to the ranges in which wW and w4
respectively. Asymptotic forms for the growth sensitivities obtained
from equations I1-(34a, 34b, 34c) are tabulated in Table II-4,

Independent of the value of “’)Svﬁ‘" when the liquid in the predominate
locus of polymerization. This is due to fact that Mu and N, are both
linear in ML' When the solid is the primary locus of polymerization,
Qe ;:..%%t: T*"FI , independent of W. Thus for this case, gm, may vary
from 1, when the adsorption equilibrium is virtually linear in ML, to O,
corresponding to Ms at its saturation value, where G is independent of M .
When the liquid is the primary locus of polymerization, the terms involving

W and),, will predominate in q; and¥ when wHl andw«respectively.

That is, most of the polymerized monomer will be associated with

terminated polymer molecules (Mw ) when termination is large compared
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to capture of radicals (w»1). Most of the polymerized monomer will
be associated with growing radicals ( )., ) when termination is small
compared to capture of radicals (wet), Thus the value of gI and ¥
for wal and w«) correspond to the exponents of I, %¢ in u“and )Y
respectively (See Table 2). When the solid is the primary locus of
polymerization, the term representing the polymerization rate in
solid = LP *Mg « A,q predominate in the expressions for g and ¥ .
Since }\., o m , the values of gI and ¥ are simply the exponen-
tial dependence on Apg of T and 9I¢ in the limiting ranges w71
and weel (See Table 1), | '

Limiting forms for the nucleation sensitivites may also be obtained
for each model in the regions in which wwl and wé&l . With the
approximation that {St\y% ‘.}"- < %‘;_7 for the pure coalescence model
the resulting forms for the nucleation sensitivities are summarized

in Table II - 5.



Table II-4: Limiting values of growth sensitivity of reactor variables
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Table II-5: Limiting Values of Nucleation Sensitivity
To Reactor Variables
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DISCUSSION

The models considered in this paper can be used to determine
quantitatively whether continuous precipitation polymerization reactors
will be linearly unstable for a given steady state operating condition.

Data tested for continuous production of polyacrylonitrile in an aqueous
medium indicate cyclic variation in product quality (mean particle size,
M.W.D.) will occur. Large fluctuations in M.W._D. are possible, as
the locus of polymerization varies over a cycle if the propag‘atidn

and termination rates for each phase differ significantly. These
fluctuations may be enhanced, as diffusional effects)neglected in our
treatment) increase the dependence of molecular weight on particle
size. The mechanism of this cyclic instability can best be viewed in -
terms of the complex interaction between the nucleation and the growth
of the precipitated particles.

Due to the high sensitivity of the instantaneous nucleation rate
to reactor variables, a small perturbation from the steady state operating
condition can drastically affect the number of stable nuclei which are
being produced. Since it takes on the order of the several mean residence
times for these new nuclei to grow to the mean size, there will be a
considerable lag in time from which the particles were produced to the
time at which they have an appreciable effect on the material balances.
The effect of this complex interaction between nucleation and growth
can be viewed more easily by considering a specific mechanism for
particle formation.

Consider the simple case in which coalescence is assummed
negligible. (Note that in the averaged coalescence model, setting pg =0
(no coalescence of subcrits) infers that termination in the liquid is negligible.
(In the averaged coalescence model termination inherently occurs sub-

sequent to coalescence.)
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In this discussion, we need not be limited to this case and we
first consider the growth model. In the growth model, the nucleation
rate is characterized by the value of T, the ratio of the death to growth '
rates of liquid phase radicals past the critical size. This exponential
charactér or nucleation sensitivity is, for the sake of discussion, the
essential functional dependence of the nucleation rate on My, I and ale ,

the reactor variables. That is, one may approximate R o e-T

- ale T ‘:_03
.Where _r" -FA-: (\+ \) ‘+ %" ) 3

Independent of the predominant death mechanism for the liquid
= 4YkeX
radicals, (i.e. the order of magnitude of W= "@!{;\x " ) the nuclea-

tion sensitivity to monomer concentration in the liquid is
e~ T

The nature of the potential cyclic instability can be viewed in terms of
a perturbation in monomer concentration. The effects of initiator and
area dependence can be superimposed to give a composite description.

Consider the continuous production of a precipitating polymer in
aqueous solution in a C, F. S. T. R. at a steady state operating point.
A small positive perturbation in monomer concentration can cause a
large increase in the. number of potential nuclei reaching the critical
size. (This can be best seen by a simple sample calculation. Say
T = 27 for the growth model at the steady state in question. A 10%
fluctuation in the instantaneous value of M, & 1/T will cause a large
variation in Bee T, That is, the instantaneous nucleation rate can
increase by an order of magnitude.) Physically, this can be explained
in terms of the increase in the propagation rate of growing liquid radicals
due to the higher monomer concentration. With this small increase in
polymerization rate in the liquid, a great increase in probability of a
radical surviving to produce a nuclei occurs. Thus, a small

perturbation in monomer concentration causes a drastic effect on the
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instantaneous nucleation rate due to this highly nonlinear dependence
of 8 on M;,. For a time, the surplus of stable nuclei produced above
the steady state level will have little noticeable effect. That is, initially
they contain negligible mass, and have no effect on the material balances.
The growth of these particles to mean size will take several residence
times to occur. Thus, the production of a higher area concentration
of solids in the system lags in time from the point at which the pre-
cipitated particles were formed. |
Consider the range in this potentially cyclic system where the
area concentration of solids is reaching a maximun. As the system
approaches the extremum point, the monomer concentration in the liquid
will now be at its lowest point. The increase in the area concentration
of solids will coincide with an increase in monomer consumption as the
locus of polymerization shifts towards the surface of the precipitated
particles. This increase in monomer consumption is due to the fact
that the termination rate of radicals adsorbed by the solid particles
should be much lower than that occurring in the liquid. This re'sults in
a longer mean lifetime of the radicals for growth, Thus, with a larger
polymerizing surface, the overall rate of monomer consumption will
increase. This lowering of Mp is further enhanced by the fact that a
larger surface will adsorb more monomer than at steady state conditions.
The effect of this low monomer concentration in the liquid (relative to the
steady state) will be to drastically reduce the instantaneous nucleation
rate of new precipitated particles. Further, since the nucleation dependence
on area of solids pé-o , the larger area relative to the steady state
operating condition will also tend to decrease the nucleation rate. This
is due to the increased capture rate of potential nuclei relative to the
steady state rate. The lower level of the critical asymptotic stability

limits for W& 1 as compared to the area independent range of w>?» 1, is
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thus qualitatively, as well as quantitatively clear. That is, a large
negative p clearly has an unstablilizing effect on reactor dynamics.

At the other extreme of a potential limit cycle, the monomer
concentration in the liquid will be at its relative maximum and the area
concentration will be at its minimum. Both of these factors will tend
to maximize the instantaneous nucleation rate. Thus, it can be seen
how the lag between the time at which stable precipitated particles are
formed to the time at which they grow and consume the surplus monomer
which produced them, provides the fundamental mechanism for cyclic
behavior in the production of precipitating polymers in the continuous
flow stirred tank reactors. The effects of initiator and area concentra-
tion follow directly from the previous analysis. If one is dealing with a
system in which the kinetic regime w=1, fluctuations of initiator
concentration effects nucleation due to changes in the termination or rather
the death rate of growing radicals: for w» 1 (i.e., in a system in which
termination is large compared to capture,) T~ {3_:1 Xer o However,
note the initiator sensitivity in equation II-(32a) for b* is not weighted as
heavily as the monomer sensitivity. It is not through the value of by
in b* that the effect of initiator concentration is weighted, but rather
covertly through its effect on locus of polymerization (related in 1 ).
When wetl, Tw~ %-:{.

for liquid phase radicals. Here the negative nucleation sensitivity to

-Ker as capture is the only death mechanism

area has a strong unstabilizing effect which has been discussed qualitatively
above, and quantitatively through its effect on the critical stability
limits.
For two monomer levels My in the feed, log a/e is plotted vs.
log 6 in Figure II-(1). The critical stability limits are plotted for each
feed condition. Note that at the higher level of M, the system tends to
be unstable at a lower residence time. (This effect is also occurring
at lower coversions.) Optimum reactor conditions will, therefore,

be a delicate balance between reactor yield and product quality.
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For two initiator levels in the feed, 1n afe is plotted vs In 0 in
Figure II-(1). The critical stability limits are plotted for each feed
condition. Note, that at the lower level of I, the system tends to be
unstable at a shorter residence time. (This also occurs at lower con-
vergsions.) Here again, one is reminded that optimum reactor conditions
will be a2 compromise between reactor yield and product quality. That
is, although high initiator levels in the feed has a stabilizing effect on
the system's dynamic behavior, it has an adverse effect on achieving
high molecular weight. (11)
. The increase in stability at lower monomer concentrations and

higlh initiator concentrations is due primarily to the manner in which
their variation shifts the locus of polymerization. This effect may
be viewed in the following manner. The nucleation sensitivity to monomer,
quantitatively, is weighted with the growth sensitivity to area. Consider
the' nucleation sensitivity in the range w »» 1, i.e., the range in which
the probability of radical termination in the liquid is large compared
to the probability of capture by solid particles. The overall nucleation
sensitivity b¥ax (“:ge" %—:ﬁ%(‘*ﬂ\ . The larger the percentage of
polymerization which occurs in the liquid phase, the closer ¥ will be
to -1. Thus, factors that tend to decrease ¥ can have a stabilizing
effect due to the lowering of b*, independent of the change value of %}'—:\%‘_

The critical stability limits plotted previously in the (log a/€ 109 8)
plane all do- occur slightly to the right of the peak in a/¢ . In this
range, a positive perturbation in monomer will produce an overall in-
crease in solid polymerization because the accompanying increase in a/ge
occurs with simultaneous increase in particle number.

This has the predicted destabilizing effect provided one is operating
in the range where a/g¢ decreases as the fraction of polymerization
occurring in the liquid increases., The accompanied decrease in (1 + ¥)

clearly has a stabilizing effect.
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Increasing I, in tle feed decreases the number of particles being
formed at steady state due to the increase in termination rate at higher
I,. Here again, if one is operating in the range where a decrease in N
results in a decrease in a/e , the accompanied decrease in (1 + %)
will clearly have a stabilizing effect. In the coalescence model, in con-
trast, increasing Io increases the nucleation rate independent of the
magnitude w. -afe ..

In the range w441, B~1-e .'h' Although increasing I,
in this range increases the nucleation rate, the strong exponential area
dependence (larger negative value ofp) predominates in b* over the
linear initiator term. Thus, based on the growth model, a variation
in I can either increase or decrease nucleation.

The mechanism of the potential cyclic instability in situations in
which coalescence cannot be neglected in the particle formation
mechanism can also be accounted for in terms of the sensitivity of nuclea-
tion via coalescence to the reactor variables ML’ I and a/¢ and the
complex interaction between the nucleation and growth of the precipitated
particles.

Consider the effect of a small positive perturbation $M°on the
performance of a given steady state operating condition. In the pure
coalescence model, the £M, results instantaneously in an increase in
Mj, resulting in an instantaneous increase in the mean size at which the
subcritical particles are being generated. Thus, although the § ML,
does not affect the number of subcrits generated, the terminated
polymer molecules that are forming will be at a larger molecular volume
relative to their steady state size. Therefore, relative to the steady
state in question, more clusters will be reaching the critical nuclei size
in an instant of time. Inifially, these surplus nuclei contain a negligible
fraction of the total system mass and no appreciable surface. There
is, as in the discussion of the growth model, a lag in time from which

the particles are formed to the time at which they contribute to a change
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in the material balances (increasing a/é and decreasing My ).

As the surface concentration a/e increases (i.e. as the total area
which subcritical size clusters in the liquid contact increaseé), the
instantaneous nucleation rate decreases, That is, the increase in
capture rate of subcrits due to the larger capture surface relative to
the steady state drastically reduces the survival probability of a growing
cluster and can virtually halt instantaneous nucleation. This effect will
be at its maximum as a/g approaches its cycle maximum, This effect
is further enhanced by the fact that as aff increases relative to the steady
state level, the locus of polymerization shifts towards the solid phase.
With a lower termination rate associated with the solid phase, total
monomer consumption in the solid phase increases, lowering the value
of My, well below the steady state level. Thus for a time, there will
be little instantaneous nucleation as the particles previously present
grow at the expenge of new particle formation. As the existing large
particles are swept out of the system in the reactor effluent, the magni-
tude of a/é will gradually be reduced below the steady state level as
there would have been effectively no new particles nucleating and growing
during the period of high afé . For the averaged coalescence model,
the mechanism of the cyclic instability to a perturbation Sl‘lois virtually
equivalent to that for the pure coalescence model. The only difference
lies in the place at which each model accounts for the contribution of
a higher instantaneous value of My . That is, in the pure coalescence
model the SM; results in an increase in size of the subcrits as they
are formed due to an increase in propagation rate of growing radicals
prior to termination. The averaged coalescence model picks up this con-
tribution in the averaged growth term for the subcritical clusters.

The mechanism of instability based on the coalescence models
to a perturbation in I ) can be viewed in a similar fashion. In the pure
coalescence model, a positive S I, would instantantaneously increase the

number of terminated polymer molecules generated due to an increase
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in termination rate at high I. Although more subcrits are being generated,
the mean size at which they are generated will be smaller. The overall
effect of the & I, will be to increase the amount of polymerized monomer
per unit liquid volume and through this high concentration of polymerized
mass an increase in the probability that clusters will grow past the
critical size occurs. A positive J Io increasges the instantaneous
nucleation rate for the pure coalescence model. In the averaged coales-
ence model, a positive SIO increases the number of subcrits generated
(their generation rate is simply twice the initiator decomposition rate)
and has little effect on the averaged growth rate of the subcritical clusters.
(See expression forG“. ) A positive 510 also produces more polymerized
mass in the liguid and, hence, more clusters reaching the critical size.
Thus in both coalescence models a positive [ Io increases the instantaneous
nucleation rate in contrast to the growth mechanism in the range w»l.
Again there will be a lag from the time at which the: new nuclei
are produced to the time at which they grow to significant size. The
effect of the surplus nuclei is to again create a larger a/fe relative
to the steady state, although there is a time lag from the point at which
the particles are produced to the time at which they produce a considerable
surface. As a/g becomes large compared to the steady state value,
instantaneous nucleation can virtually be suppressed due to the higher
capture probability of subcritical clusters and due to the lowering of
relative to the steady state that accompanies the shift of polymerization
to the solid phase at the higher a/g .
The values of the physical constants used in the quantitative treat-
ment are only first level approximations. They may in reality be off
by several orders of magnitude. Rather than attempting to draw con-
clusions from specific results presented, a general discussion of the

applicability of the nucleation models used is in order.
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' There is evidence that the nucleation process is thermodynamically
controlled (4, 5). The need for subcritical particles to reach a
"colloidally' stable nuclei size in the nucleation models presented
implicitly contains this phenomena. Again the reader is reminded that
stability here refers not to reactor stability, but to the fact that particles
above the critical nuclei size will not coalesce with one another although
a particle above the critical size may capture subcritical particles from
the liquid. This is equivalent to considering that although phase transforma-
tion of a growing liquid radical may be occurring at a degree of polymeriza-
tion relatively small compared to the total number of monomer units
contained in a particle at the critical nuclei size, one should continue
to view the subcritical particles, independent of the nucleation model,
as pertaining to the liquid phase., Although the morphology of a growing
liquid radical may change from a random coil to a more compacted sphere, '
this distinction can be neglected with respect to the particle growth and
nucleation kinetics. In this analysis kinetic parameters such ad ka,
kpyps by ﬂ , etc. were assumed to be size independent. There may
be in reality an acceleration of the growth rate of the growing liquid
radicals due to the steric hindrance to termination that will occur as
the morphology of the growing radical changes as it reaches its thermo-
dynamically determined solubility limit. Use of size independent rate
constants should not bear on the qualitative interpretation of the results
presented. The actual stable "colloidal" nuclei size may be much larger
than the apparent value used in the numerical calculation. A lower
critical size can compensate numerically for the potential autoaccelerative
effect without losing the models' characteristic sensitivity of nucleation
to reactor variables. The reader, at this point, should be reminded that
this development has proceeded from the need to establish a model for
the nucleation mechanism from which the nucleation sensitivity to reactor
variables can be obtained and not from the point of view of being a model

for the actual reaction kinetics.
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It has been shown that in the asymptotic range of steady state
operating conditions, the critical stability limits, above which limit
cycles may occur, is a direct measure of the death to growth rate of
subcrits pastthe critical size, independent of the nucleation model used.
That is, in the growth model the critical stability limit is T the death
to growth rates of radicals alone past the critical size and for the coales-
cence models k(?z"wr , where E} adds a weighting of death via
capture to growth via coalescence.

In a system in which coalescence on the colloidal scale is occurring
along with liquid radical growth and termination, values of T are much
larger than the values obtained by fitting the growth model to a given
steady state operating condition. That is, when coalescence is appreciable,
pure radical growth and termination are a negligible contribution to B.

We have used a change in scale of the critical size to permit a coalescence
process to be modelled as a pure birth, growth, death process to achieve
steady state results without the numerical difficulties encountered in the
evaluation of the coalescence collision integrals. While the growth

model cannot quantitatively model the coalescence processes (See compar-
ison of log B vs log G in Figure II-2), one needs to regard the numerical
calculation from the qualitative insight gained rather than from the
quantitative aspect of the results. There may, indeed, be systems

where simple radical growth and termination are the predominant
nucleation mechanism although these numerical calculations for acrylo-
nitrile based on the growth model are highly questionable.

In the discussion of the reactor stability, one did not need the
precise physical mechanism to account for system instabilities. Rather,
independent of the actual complexity of the physical mechanism governing
nucleation, it was only necessary to consider the sensitivity of the sub-
critical particle population to reactor variable fluctuations. Thus, al-
though microscopically each mechanism contains fundamentally different

processes, their macroscopic behavior yields similar results.
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The pure polymer coalescence model should be a reasonable
physical approximation to the nucleation kinetics in systems in which
the termination rate of radicals in the liquid is large compared to their
capture rate and Rre > Pc . This corresponds to the range in
which w~?1 and h(; »] . Even though there might be a finite probability
of a radical coalescing with a subcritical polymer aggregate, the
contribution of further growth of the coagulated radical will not be a
considerable contribution to nucleation provided coalescence is occurring
on the same order of magnitude as termination.

The averaged coalescence model should apply to systems in the
range in which capture probability of radicals is much larger than chance
of mutual termination. This corresponds to systems operating in the
range in which wW4<1, It has been shown that even when W% 1, the
averaged coalescence model can be used provided # radicals/particle
is o(1l) or greater.

These models account for the fact that as one adds seeds to a batch
precipitation polymerization or even emulsion polymerization in progress,
one can virtually instantaneously halt further particle formation. If one
is operating a system in the range w1, then addition of seeds may
significantly increase the total surface in the system. But the nucleation
sensitivity to area in such cases is proportional to a/e (i.e. T® 3&% Xer ),
Thus a small increase in a/¢ can drastically reduce Bue"r .
Similarly, further addition of initiator only increases the deaj:h rate of
liquid radicals and, therefore, decreases the probability of subcritical
particles reaching the critical size.

The growth model should physically pertain to systems in which
coalescence is a minor contribution to nucleation. This‘ would occur
in systems in which the polymerization rate of radicals in the liquid is
large enough to reach the critical nuclei size prior to physical capture
by existing stable particles or prior to mutual coagulation. Variation

in ionic strength of the solvent and presence of surface active agents
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should clearly play a determining role in these cases as well as the
specific systems' monomer-polymer-solvent compatibility.

The effect of the reaction medium in defefmm_i?g the critical
nuclei size is beyond the scope of this paper. However, it should be
pointed out that due to the strong dependence of the critical stability
limits on the initial size, it should be possible to improve stability by
variation of ionic strength in the solvent rich phase or by addition of
surface active agents. Another method of reduction 6f the nucleation
sengitivity to reactor variable fluctuations would be to seed the system

with stable nuclei.
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APPENDIX I-A

Development of an Area Dependent Nucleation and Growth Model:

A strong negative dependence of surface on nucleation is inherent
in the crystallization mechanism recently proposed by Glassner (12) as
are the npucleation models for precipitation polymerization (21, 22, 49).
Here Glassner's mechanism is supplied to continuous crystallization. A
complex ion or molecule or macromolecu.'lar particle serves as a center of
condensation for the molecular entities of the crystallizing material,
Most of the crystallites, 40-200 A° in diameter are captured by large
crystals which are present. A small fraction of the small crystals
are able to grow by condensation until they reach a size where their
surface then serves as a receptor for other tiny crystallites. Although
exact equations for describing such a process involve complex colligion
integrals that are mathematically virtually untractable, much insight
can be obtained by modelling such a coalescence process as a pure birth,
growth, death process.

Let B® be the feed rate of the complex ion (22), seed nuclei or macro-
molecular particle which is serving as a nucleator. Alternatively it
might be the total rate of cluster formation, at or near a surface in
a secondary nucleation mechanism. Removal of preordered structures from
the adsorption.layer near a crystal surface (16, 47) as well as growth by
incorporation of ion clusters (14) have been discussed. In either case, we
take the formation rate to occur in a narrow size range permitting the
source term to be written as a delta function at the nuclei size ry. The
tiny growing crystallites are captured by the existing suspension at a rate
proportional to the total surface of the suspension per unit liquid volume
a/e , with a mass transfer coefficient h,. (For analytic simplicity we take
h, to be size independent.) When a crystallite grows past the critical
nuclei size a stable crystal is said to have been nucleated. Here stability

refers to the fact that above a critical size, crystals will not be captured by
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the large existing 'iarge crystals., That is, we are not referring to the

thermodynamic stability with r.eSpec':t to dissolution, but rather to stability

with respect to coalescence in terms of the probability of death by capture.
We now set down an equation governing the size distribution

Y(r) for the small crystallites.

eV g WK | 8° fron)- hea i) - L bed - Gater Sien
3t or

Where r, is the critical nuclei size, ro is the size of the feed nucleators,
® is the mean residence time andeis the liquid volume fraction. The
last term on the right hand side represents the disappearance from
the liquid by the growth of a subcritical nucleus past the critical nuclei
size,

If the time scale for crystallite growth and capture is small
compared to the mean residence time, one may neglect the time deriv-
ative and the takeoff rate and obtain the following quasi~steady state

equation for the size distribution:

o - he 2le(r-v)
I-(A-1) %\- —B-— e Gy j Yo<vr <V

The nucleation rate can then be expressed implicity as a function super-
saturation* and area concentration as follows:
- h, 8le(r-n)
I1-(A-2) B= (-.\-rbw*ku‘t'e‘m{\'\‘c > &;‘\’Q"\ B e &

( endd

The growth rate of the stable crystals may also be expressed as a function

as a quasi-steady state approximation,)

of supersaturation and area concentration. Growth of the non-coagulating
crystals is taken to be the sum of the contributions of cluster capture

and solute mass transfer. That is: Growth rate = cluster capture +
solute mass transfer

- I-(A-3) e‘.g he ‘ Ke? Yrde ¢ &m

where G,,,, the contrlbutlon of solute mass transfer and surface integration




92

. to growth, is taken here to be a function of supersaturation only.
With r, small and r, large compared to the mean crystallite size,

A-(A-3) can be written as

I-(a-32) Gre he (_§_~\ BQ\ s;:,) Cim

We now have quasi-steady state kinetic type expressions for B(c, alg)
and G(c, a/¢) that can be used in the dynamic analysis. We plot the

subcritical size particle distribution ¢ (r) along with the size distribution

-(r-ry) :
f(r) = Be ‘SG'—C_ for the crystals that do not agglomerate in Figure I-A-1

G
taking f(r) = ¢ (r) for <r o

We immediately note that th1s type of modeling accounts for the shape

of particle size d1str1but10n data reported by Rosen & Hulburt,



Figure I-(A-1):

Size Distribution

Log $(L):

Particle size distribution for system
with area dependent nucleation and growth
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APPENDIX I-B

Uniqueness of Steady State for Area Dependence
The following set of conditions for I-(8) and I-(9) to have a unique
solution are not necessary and sufficient conditions. They are, however,
reasonably broad sufficient conditions which cover the cases we are
studying. The conditions for unique solutions are:
a. B(c,a/e) and G(c, &/€) be strictly increasing functions of ¢
vanishing at cg;
I-(B-1) b. B(c,4/&): Glc,a/e )3 be monotone decreasing* function ofa /¢ ;
c. Glc,a /e )@be strictly increasing function of o/e , vanishing
at &/& = 0, and finite as afg A 0D+
The validity of I-(B-1) can best be seen by a graphical examination

of I-(8) and I-(9), where working conditions of the crystallizer is such

that ,P>C-F>Cs

Based on 1-(B-~1) equation I-(8) expresses c as a strictly decreasing
function of /€. This can best be visualized graphically. Figure I-(B-1)
contains plots of each side of equation I-(8) versus c.

From the parametric variation in a/¢ implicit in Figure 1-(B-1), one
may plot ¢ versusa/@. In Figure I-(B-2) c decreases for cy ata/e = 0
tocgas ole e @0

Based on I-(B~1) equation I-(9) expressed c~as a monotone increasing
function of /€ . This may also be seen quite simply from a sketch of
I1-(9). Figure I-(B-3) is a sketch of each side of I-(9) for various values
of a/e.

Thus one can see ¢ is a monotone increasing function ofa/e . (Or
perhaps a constant in the case where B and G are not functions of 4/¢ .

In Figure I-(B-4), c lies between cg and c,.

*""monotone decreasing' means simply ''not increasing.' It includes

the situation where B and G do not depend on a/¢ at all.
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Figure I-B-1: Graphical Representation of equation (I-8); Right

‘harid side and Left hand side of ( I1-8) versus solute
concentration with solid surface area concentration

as a parameter

L. S. H. (large a/e)
R. H. S.
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Figure I-(B-2): Graphical representation of locus of points from
Figure I-B-1 in which R. H. S. = L. H. S.
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Figure I-B-3: Graphical representation of equation (1-9);
Right hand side and Left hand side of (I-9)
versus solute concentration with solids surface
area concentration as a parameter.

L.H.S. (small a/e

L.H.S. (large a/e )

Equation I-(9)

Figure I-(B-4) Graphical representation of locus of points
from Figure I-(B-2) in which R.H.S. = L. H.S.

Cf

Cs
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Thus one can see c is a monotone increasing function of a/¢. (Or
perhaps a constant in the case where B and G are not functions of a/€,)
In Figure I-(B-4), c lies between cg and cy.
Figure I-(B-4) and Figure I-(B-2) which represent equations I-(9) and I-(8),
respectively, obviously have a unique intersection. Hence, equations
1-(9) and I-(8) have a unique solution under conditions I-(B-1).

To conclude this section, it is noteworthy to mention that I-(B-1)
does not cover the limiting case where G is proportional to 1/ (a4/€).

It is possible for one to modify candition I~(B-1) to cover this case.
The following are the modified conditions:

a. B(c,a/e) and G(c, &/¢) be strictly increasing functions of cj

vanishing as cg.

b. B(c,a/e), Glc, a/€)3 be strictly decreasing functions ofa/é .

c. G(c, &/¢) be a monotone increasing function of a/€ .

One can see that these conditions imply a unique solution of 1-(8)
and I~(9). Figure I-(B-2) now represents a simple monotone decreasing
function of ¢ between cg and cg. Figure I-(B-3) represents, however,
a strictly increasing function of ¢ from cg at 0/¢ = 0 to c; at &/€ ~ oo
Hence, the curves represented in Figures I-(2) and I-(4) still have a

unique intersection and therefore, the steady state solution is unique.

Uniqueness Conditions for Number Dependent Nucleation

(a) B(c,n) be a monotonically increasing function of ¢, equal to

s and be finite for cas cf

(b) G(c) be a monotonically function of ¢, equal to zero @ c=cg and

zero @ c=c

be finite for cNcy
(c) If B(c,n) = B{c)* n then it is required that B(c) not be a constant.
B(c) = 1/6 would then determine the system performance uniquely.
If B(c) were constant, then the possibility of there being no steady
state relation would exist,
If equation I1-(10) can be inverted as n = n(c, 8), Figure I-(B-5) then

becomes a graphical representation of I-(11) and the inversion of I-(10)
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Figure I-B-5: Graphical represéntation -of equation I-11 and the
inversion of equation I-10 to give n as an explicit
function of c.




of I-(10). Note that in I-(11) nweas ¢ ~cg.and as ¢ ~ cf. The
inversion of I-(10) requires n¥0 as c-scCg. El(Cf, 8) need not be-

the maximum of the inversion of I-(l(ﬂ .
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APPENDIX I-C

Linearized Stability Analysis:: Blc, a/g), G(c, a/e)

We now linearize equations I-(12) and I-(13) about

Oty = b+ § by
cw) = ¢+ Sty
'RV'. f\s "lr] + s-f'[.ﬁt)
where ¢, c and f(r) refer to the steady state solutions. The § ¢t}

§ ) , and S_‘N" ) are regarded as small perturbations, so their
squares and products may be neglected. The equations may now be

written in terms of the perturbed variables:
dfe®) . - §44
dt ©
26D L qaltgy o SHed - - (g_#_t__ﬂ) Sal) ; €20
i o ® dY

G50 z-tnfan+cloneBlet) jeso
where o
{atd): 3K§ vt {$n) dr
§ @) =-xj ¢ §iGr)dr
SGR) . a)a sw\eaj S\"‘*‘\
C
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and from the steady state solution:

_L. %
c B . dfn . L €B e
e e '3 T ea &

By consultation of the expression for §§tt), §ct) can be expressed in

terms of Sﬂ‘l} and § €M *
. Sdie (p-S) feld i
§ctt) ef

By expanding the expressions for $8%) and §G#), in terms of $al) and
§6(§) and using the expressions for §U4) in terms of § &) and Selt)
it is possible to rearrange the equations in terms of $61) , §408),
thie moments of “‘l!‘.ﬂ e $a{#) ana ‘G(t) and parameters which are
functions of the steady state operating conditions. The linearized

equations become:

L [ 2 Shwye %—68«&)

i fir,9) v & H(r,t) i . 1B g_'“ e . ¥r0
3 ® 966G -¢)34_ 04 34 ’

ety | BRI ¢ (F35 - [ S
) @.c\(-&&;g\-_(i“ “\-S}Se&)

=0

dfat . - $40
dt K3

S e TN AR
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It is convenient at this point to introduce dimensionless variables
to simplify the study on the linearized equations. ILet the physical

variables be replaced by dimensionless variables defined in the following

manner:
physical —_— dimensionless
t ot
v o4-v'
54t Q_&E- {Hn '
§ 414 ok €2 Eay'(p-0V § da)

Note: In terms of the physical variables
- )
Satye 2, r* dniyir
so that if one introduces the variable change:
¢ ¢
foay e OXKe %Lee\ Sol)
then in terms of the new variables
\ “© r\» . \
% o 4
fa'thy: | & ¢ fnrde
Also, in the physical variables
L)
s el = -KSD o s*&,ﬁ'\&l’
so that introducing by the new variable

feth. ckeBEa) Lo

one may rewrite the new variable

Ge'e) > 'C!;,l $Hmhar




The linearized equations may be rewritten in a dimensionless form.

They become:

diSbu\'&- . | sew]

)]_H-(r,tﬂ ’ai&hr,j {H'(mﬂ c e. {9 Sw)w‘wn(g-d)& e'et\l r'y0
W w

§4na . (b-q-w) 847.({)-&(3-#) Lalt) +i b-g-e( P"‘} $elt) ) v'=o

with the following dimensionless parameters:

&= 6K %Leas“g re

P ._-‘-'- s 3B
B 3 Jlnale
¥= .L‘=. ?.9_ = YnG
WMt Ynale
\ - -
- b-. bK.g.(Qﬁ‘\ ‘.H' k “\(% %B;'% : (\%3( V4 G—é}%&%

q= u%@a)"(_(r; < g&\l . (\,e_g\\@_cs\ MnG

th‘.

10.3;



The stability analysis for the system is now based on the dimension
less equations. Here, we carry out a formal spectral analysis which
we feel is free of some of the ambiguities of the customary Laplace
transform methods. The dynamic equations have been put in a form so

as to identify the.linear operator L

8&("\ '
“"“‘75 R

A formal spectiral analysis on b 4 requires solving the associated eigen

value problem
%M\ ‘% i Sb‘mk
{ fed §€w0

It should be clear that either S&ﬂ\ =0 or s = -1 to fulfill the eigen value
problem. Since we are only interested in what the analysis can tell
us about possible instabilities, one may summarily set Sb'ﬁ) = 0. This

leaves us with the equation rewritten in the form as:
\ ' -7
SS'ﬂr) : - ﬁ\" - Sfﬂ e KA. Sa.k & Sé\}
Y

L fove 0, f0'+ 6, S¢'

where: O Y
€= q- o ¥
Q) boﬁ - ﬁ(s")
€ar bag-w(p-9

are constructs of the dimensionless steady state parameters,
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Conditions such that the above has a sgolution generatesg the char-
acteristic equation. The upshot of these computations is to obtain the
characteristic equation in terms of these parameters which depend on

the steady state operating conditions. The characteristic polynomial is:

PE) = s eaF)S s (b4ug?) s5y W+ g™ S+ (1+b% 3¢~ m)

where:
are parameters

b™ b (1a¥) - (qea)

%": 3- ¥ (*ﬁ\\
ms F-‘l

‘based on the steady
state operating

conditions

Application of the Routh-Hurwitz criteria to the aforementioned

results in stability criteria for the system. These conditions are:

H+q* 50
10&!6%’% ll-q* +mw DO
4+ oqEmzoriegiugting - (164" (woh3gtm) 5 0

1+ b %ff-m $0
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Linearized Stability Analysis: B(e,n), G(c)

In this section we develop stability criteria for the operation of
a continuous crystallizer with number dependent nucleation kinetics.
We again rewrite the crystallizable material balance in terms of the

total solute-crystal resource function. The dynamic equations are then:

afnt) , GRHGY) . LA Sy ;o0
at W ®

G- B Sy ¥=0
ddd) . ¢ . 0k
o . & -0

with

du). el cit) + (-5t P
a
ni) = Xo £ ) dv
ety - x{" 1 fiserdt

We now linearize the equations about their steady state solutions

Taking

by &+ S
C\s CH S L‘.t\
gty TOe $4mny

where ¢, ¢ and f(r) refer to the steady state solutions.

The S@&\ y Sy and Sﬂ\',ﬂ are regarded as small perturbations,
so their squares and products may be neglected. The governing equations
above may now be written in terms of the perturbed variables following
similar rearrangement techniques as presented in the surface dependent

case.
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2 fine) | galiee §frn - B Ny ok -C)Selﬂ}. rro
20, Ukt 4 4 0 - B { 2 [ comaigaberl]
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It is again convenient to introduce dimensionless variables to simplify
the study on the linearized equations. Let the physical variables be

replaced by dimensionless variables defined in the following manner:

physical —— dimensionless
Gon § 2.0 4o
g 92 'S
t e -t
§ &) *E-0) $8'k)

The linearized equations may be rewritten in a dimensionless form.

They become;

dfsealk | - {s¢el

At
3 54D , G 4 $lnty = éfh&k‘w g Sc'&)} , ¥20
d* ar

$Etne (Q-b\SQ‘&) + by Sn'®) ¢ Qo-g\& 'y § vzo
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: . &
where d i
e & (f=C _.ﬁ—M 8
® ““ dlnt

q= < (§=f) A8

dnt

b, 2B
" dnn

Following the method outlined in the surface dependent section,
we can again extract a linear operator and carry out the spectral analysis.
We again note that either ﬁQ‘&\ =0 or s = ~1to fulfill the eigen value
question for this system, We are then left with the equation in the

following form: | o
:_liﬁ_s_‘t_r_» ¢ (st) §8ln - g8t e | o
v' _
§8'r s (b-g) €' badn' y v 0

. L
with in'z (. $4 o)y
w® \
fe'e §. _23 §'rrvde
The characteristic equation can then be written as the following polynomial:

Py Sh 4 *g-b.\s’&( G+44-ba(2¢4)) A 9.3baly 154 (b+ (FbuY1439)) = O

‘Application of the Routh-Hurwitz criteria to the above results in stability

criteria for the system. These conditions are:
4+q-bn >0
5( (449-bn)( b+g-ba (349)) - (% +6q -3by (ug\\‘ >0

{ 4 69 -3on gy ( { wag-bfee °1-t-u*ﬂ\"““""'°“(“m} 7°
= (o4 (143 (1-lon) (#+q- ba)®

i Lteaq) (1-bn) +b'%,o
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APPENDIX I-D

The characteristic polynomial representing the system is:
PsYe s*4 (#eq™ s*4 Lot g™y (4abq&m)s+ (14b% 0¥ -m)
By application of the Routh-Hurwitz criteria one may obtain
" directly the conditions that the system will be stable if and only if:
H¥g X >0 -
20416Q%+ Hg* 4 N0 .
1-(D-1) € 4+ bg¥-m){ 204 16g*sug® s - (wagh) (1+b¥eagh-m) >0
1tb*3qt-ms 0
It is possible through rearrangement of (D-1) to represent the
stability conditions in a form which can be more clearly interpreted.
To begin with, it is possible to rewrite the first two iﬁéduvélities:

a- q* 7 -4

I-(D~1) ¥
(3 4am
b - 9 *2) D> - ( M 3
Note that condition (D-2b) is vacuous for m e =2 . The last two conditions

may be rewritten as:

%
* 2l 5“+ ( 813m) 9"4- (ne —1m)q'; CHomE
I-(D-2c, d) 'l‘)q “‘\r'm\‘b £ - (3‘* "’)"

At this point it is clear that the first two inequalities show a range
for g* and the last two show stable limits on b* for all values of the
parameters.

Thus, in order to define the stable regions in the (b*, g*) plane
with m as a parameter, one must be careful in applying the results

obtained from developing the results of the Routh-Hurwitz criteria,
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Although it is possible when m<-4 for b} =@* + ~m ) and

: Y >
b;" . iz\g" . (81-3:)3 ‘4‘(|ts-m)3* - GH - mE }
@ +4)

to have three intersections, it can be
shown that the entire set of stability criteria contains conditions that require
g* Yy constant (i.e. a function of m only and is the rightmost intercept
of (b*1,~ b=¢=2). Hence one need only be concerned in the (b*, g*) plane
with values of b*, g* for g* yavalue.

One may verify these facts by rearrangement of the stability
cdndition '

b% & b* £ b“2

Recalling that multiplying all terms in an inequality by a positive
factor or adding a quantity to all the terms in the inequality does not
change the nature of the inequality, one may simplify the presentation
by multiplying the inequalities on b* by (g* + 4)2 a positive constant
since g* is real and subtracting -(3g* + 1-m) (g* + 4)2 from each term

in the inequality. One now has the following inequality:

0< Yhaim & Pghm) § g*»-m

where: W* (b*, g“‘,m) = (9% 9} ( 3q*+ -mi b‘)
2
Plgim) = wg‘;+ -4 g* 4 (198 -10m) 3‘; 9O-1em-m®

That is to say, the stable region is bounded by those values of
(b*, g%, m) which lie below the cubic polynomial P(g*, m) and above
zero. It can be shown that conditions I-(D-2a, b) résult in a stability re-
quirement that for g* is greater than a constant in which the constant ¢$
Y -2.
A final simplification can be made by recognizing that conditions

I -(D-2b) q¥ » -2 + -1

and q* 7 -2 - V-U=F)
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are zeros of the pol&nomial P(g*,‘ m). Thus,P(g*, m) = 0, which

is a stability region limit of" I-(D-3) has the roots

gr¥= -2+ U= (B )

g% = -2 - ¥ | "¢

gt = 4 - 2({o(RE) )
3 3 + '

Thus the stability boundary P(g*, m) can have either a single real
root or three roots depending on whether or not -(E-;—i) is greater than
zero (i.e. m{-4).
Note:¥or w= -4 one root is a repeated root = g% = -2,
Thus, P(g*, m) will take on one of the following forms depending on the
parametef m.
For m ¢ -4, P(g*, m) will be of the following form: (See Figure i-D-l‘)
In Figure I- D-1, the region that lies between go* and gg* will be un-
stable independent of which root is larger. If g3%? gz* condition I-D-26P
requires g% { go* and g* % gl*. Hence, the region above the axis to the
right of go* will be unstable. go* 3 g3* occurs only when m<€-20
and in this region g*{ -4. By condition I-D~2a, this region is unstable.
Thus for m ¢ -4., one has one stable region bounded by g*» -2+\F(h_7_t‘:-:1)
- lying below P(g*, m) and above zero.
When m%-4, the only real root of P(g*, m) = 0 is gg*, and thus
the stable region is clearly bounded by g*y+2/3+ ( 2 ~ {{"Ug) )" )
lying below P(g*, m) and above zero. See Figure I- D-2,
When m = -4, the stability region also has one stable region. See

Figure I-(D-3) is a sketch of this limiting case.




Figure I-(D-1): Locus of stable region for area dependent nucleation and

growth kinetics with m<-4.
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Figure I-D-2: Locus of stable region for area dependent nucleation and
growth kinetics with m v -4

mYy -4

b
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Figure I-D-3:Locus of stable region for area dependent nucleation and
growth kinetics with m= -4.

(b*, g*, m)

/ \Stable Region‘
o \ A

-2 -4/3 0
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Thus, based on these results which are illustrated in Figures
I- (D-1, 2, 3,), one may be clear that-the inequality I-;D-S"r' is of the

same nature as I-D-2e, d' and, therefore, plots of I-;D-2¢, d in the

(b*, g¥*) plane similarly have a single stable region with a lower bound:

g%y g1* , M4&-S

g*7g3=:< 3 m».—s
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APPENDIX II~A

The other mechanism for particle formation to be considered
here shall be referred to as the averaged coalescence model. This
model is physically similar to the macroradical coalescence mechanism
previously mentioned.

In the averaged coalescence model, subcritical particles are
generated as initiator molecules decompose to form primary free radicals.
The primary free radicals grow by monomer addition. They may coalesce
with one another forming a cluster of larger size, and the growing radicals
and cluster may be captured by existing stable particles. Termination
does not affect the number of subcritical particles as it is taken to occur
only after coalescence of radicals or su‘bcritical clusters has brought
radicals into contact. The name "averaged coalescence model' refers
to the fact that in setting up the governing differential-integral equation
for the size distribution of subcritical clusters, the growth rate of in-
dividual clusters by monomer polymerization is taken to be the liquid
phase average growth rate independent of cluster size. i.e., The volu-
metric growth rate &Q of a subcritical cluster in the averaged coalescence
model is equal to kpu. Mi Vi . the volumetric increase due to monomer
polymerization per growing free radical in the cluster of size V,

times the number of radicals in a cluster of size V, R(v).

Ga = k'l. My Ve R(V\

The number of radicals in a cluster of size V, R(v) , is taken equal to

the liquid phase average, independent of cluster size.
ls n liguid
b, tofel number of redals tn % r i yax )\o‘_

tofal number oF redals ta lcPucd C 20YdV Mo
RWN:- totel namber of suberial closhe | N
(X

Thus, the growth rate of clusters may be taken to be: &“-, h@b"; v he
°
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. Nucleation of a stable precipitated particle occurs when a sub-
critical cluster grows past the critical size by monomer polymerization
or when coalescence of two subcritical polymer clusters forms a cluster
above the critical nuclei size. In order to compute the nucleation rate
for the averaged coalescence model, one first needs to set up the equation
governing the size distribution of subcritical clusters based on this model.
Let ©(V) be the number of subcritical aggregates lying in the
volumetric size range V, V + dV per unit liquid volume. The equation

governing ¢ (v) is written as:
I-(A-1) 3} €40} + 6o Aedwl _

EakTe-§v-) - L edon-hedo)

v W vep{ e - 0 derde - <)
where Qo h‘“ Mo Vi M
C kb8

v
e CW\e EGrar O SV + €4 | daterys Al-VY

The left-hand side of equation J¥(A-1) represents the accumulation of
clusters at size V and the averaged growth rate of clusters past the size
V respectively. The first term on the right-hand side represents the

fact that subcritical clusters are formed at half the molecular volume

of the initiator upon decomposition of the initiator molecules. The next
two terms represent disappearance of clusters at size V due to outflow
from the reactor and capture by stable precipitated particles respectively.
The next term represents the total rate at which clusters below size V
form clusters at size V via coalescence, The next term represents the
rate at which clusters at size V disappear due to coalescence with clusters
of all sizes. The last term represents the fact that as clusters grow past
the critical size or coalesce to form aggregates above V,, they are taken

to immediately precipitate out as stable particles.



o tor

The nucleation rate B, based on the averaged coalescence model,
may therefore be computed directly by integrating C(;V)‘ over all V above

Ves i.e., the number of stable particles formed per unit reactor volume

is eB= [, coMdv

or rather

‘ ¢erby-e

v
VNe¥Ve

Ne
B~ G qud £ (av
e
where the upper limit }Ve on the coalescence integral is due to the
fact that the largest nuclei which can be formed from a population of
particles of sizes up to V is 2V,..

The equations determining the radical and polymer size distributions
must be written slightly different from that formulated for the pure
coalescence model. In the averaged coalescence model there is a
finite probability of a radical or polymer at any size leéving the liquid
phase as a growing cluster nucleates a stable solid particle. However,
this contribution is virtually always negligible as are the equivalent
terms in the preceeding models.

The expression for the particle growth rate & used in the previous
formulation is also used here. The same form results from the fact
that it does not matter how one computes the growth rate of stable
particles based on the capture of clusters. That is, if one takes the
total contribution of the clusters or the individual contribution of the
growing radicals and terminated polymer models., Mathematically, this

is verified by the fact that

S v&y\Y = S(v_: + Vm ﬂanﬂ (Ve +Vur) \h(t\&r-
>

It is again possible to write a closed set of dynamic equations in
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terms of I, My, Mg, rp, (x), T Py, (%), ¢ (v) and f where B, G, a, and &

are expressed as implicit functions of the reactor variables. The equations
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governing the dynamic behavior of precipitation polymerization reactors
based on the averaged coalescence model are essentially equivalent
in form as those given on page (1@) S

For the averaged coalescence model the nucleation sensitivities
may be considered in a similar fashion as for the pure coalescence model.
Using the expressions obtained in the steady state analysis to compute

the nucleation sensitivities for the quasi steady state results in equation II-A-2

@- 8548 = G dmn& [oav(™ serteads
whevre: @(V\ c e Vc T, (q;_\/)

Bocabl I L |+ﬁ'+’67fw"'5_)
A e )

Wo:—r__f'_i_._—_ale)(-um

4mx  ald ey T raw
Ta < \+ 204 jw
Ree TRefpgtm) sl
Explicit expressions for the values of the fﬁ S are obtained by
direct differentiation of B Ga- &({q in the following form:
Mn8y . Wnba Wk, (‘—,,-Aq‘ LoffoVe) 5 :]'ﬂvm —r,. Yoo
Y Y WY IRV T, @) s

Expressions for the values of the )"\B,,S are obtained from the complex

¥

collision integrals »

}h\?n )l'\ Pa 4 ((S(v)) - ‘) ¥ _ T £ g ) b‘V\TQ
}‘v‘\e " V\" }h\\(
where {S (V)) and £ \!g ? are weighted integrals
in the same form as those in equations ( ) where §{v) in
this case is simply Iom
L9 q;v e
S¥) Tia)

compared to their integral ratio in the pure coalescence model.

P,.) T ) T‘K y and &a are continuous differentiable functions of
Mp,, I, and a/€ . It is possible to compute their logarithmic derivatives
analytically. Substituting these values into the expressions for the
nucleation sensitivities for the averaged coalescence model results in

the following:
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