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INTRODUCTION

This d isse rta tio n  considers the dynamic behavior of complex particu la te  
system s involving sim ultaneous nucleation and growth p ro cesses . Initially, 

the specific problem  of the ex trem e sensitiv ity  of continuous precip ita tion  

polym erization to re a c to r  conditions was investigated through the setting up 

of m athem atically  trea tab le  nucleation m odels. Subsequent development of 

the m athem atical m achinery  fo r the study of the stab ility  led  to re su lts  which 

a re  broadly applicable to  many continuous p a rticu la te .p ro cesses . The 

analysis was applied to continuous crysta lliza tion . It specifically  accounts 

for cycling in system s of low apparent kinetic o rd e r. . The method of th is analysis 

can easily  be extended to  continuous ferm entation, em ulsion polym erization, 

coal conversion and m any o ther continuous particu la te  p ro cesses.

The th esis  is  presen ted  in two separate  and distinct sections. The f irs t  

portion is essen tia lly  the paper p resen ted  at the 67th Annual Meeting of the 

A m erican Institute of Chemican E ngineers in Washington, D. C. on 

Decem ber 5, 1974. In th is  paper stab ility  c r i te r ia  a re  determ ined for the 

operation of an MSMPR c ry s ta lliz e r  in which p a rtic le  nucleation and growth 

depend on p ro p ertie s  of the existing c ry sta l m agm a. System s with surface 

dependent nucleation and growth, and system s with num ber dependent 

nucleation, a re  shown to  be potentially highly unstable. M echanism s for 

nucleation and growth a re  d iscussed  in w;hich the existence of m ic ro ­

coalescence can be m athem atically  modeled by surface dependence. The 

re su lts  of these  analyses account for low apparent values of dlnB in 

dynam ically sensitive system s and also  provide an a lternate  in te r ­

pretation  of growth ra te  data generated  in s tir re d  tanks.

The second portion  is  essen tia lly  the paper delivered  before the 

163rd m eeting of the A m erican Chem ical Society in Boston in A pril, 1972.

The paper considered the dynamic behavior of p recip ita tion  polym erization 
re a c to rs . D ifferent m odels for the nucleation of p recip ita ted  polym er
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p a rtic le s  a re  p resented: one in which the nuclei a re  form ed in the liquid by 

propagation and term ination  past a c r itic a l size, o thers in which the nuclei 

a re  form ed by the physical coalescence of subcritica l p a rtic le s . In all the 

m odels, the growth of p recip ita ted  p a rtic le s  is  p a rtly  by propagation in the 

solid phase, and partly  by physical capture of polym er from  the liquid.

Kinetic analyses based on "steady  sta te" approxim ation show that the 

growth and nucleation ra te s  of the p recip ita ted  p a rtic le s  m ay be regarded  
as  functions of in itia to r and m onom er concentration and of the ra tio  of 

p artic le  surface to liquid volume.

With these  "steady s ta te"  kinetic approxim ations, linearized  stab ility  

analyses a re  ca rried  out for a continuous s tir re d  tank re ac to r. To a good 

approxim ation, the stable lim its  can be expressed  in te rm s  of th ree  kinetic 

sensitiv ity  p aram ete rs : the f irs t carry ing  essen tia lly  the dependence of 

p artic le  nucleation ra te  on m onom er and in itia to r: the second, the dependence 

of p artic le  growth ra te  on m onom er and in itia to r; and the th ird , the dependence 

of the nucleation and growth ra te s  on p artic le  surface.

The upshot of th is  study is  the resu lting  aw areness that system s in which 

nucleation occurs in situ  can be extrem ely  dynam ically sensitive. It will 

be shown that in terp reta tion  of p artic le  k inetics from  steady sta te  data is 

r isk y  in that sim ple growth m echanism s can be indistinguishable in form  
from  complex coalescence p ro cesses . In such cases only dynamic testing  

would lead  to  fu rth er knowledge of the k inetics.
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INTRODUCTION

Cyclic varia tions in s tir re d  tank product quality and yield have 

been observed in continuous crysta lliza tion  (27, 37, 39, 40), ferm entation 

(10), p recip ita tion  polym erization (44, 13, 5), and em ulsion polym erization 

(11, 13, 28, 29, 30).
Up to the p resen t, m athem atical trea tm en ts  of the dynamic behavior 

and stability  of complex particu la te  system s have dealt m ainly with 

c ry s ta lliz e rs . (1, 15, 18, 19, 35, 37, 42, 43, 45) The dynamic behavior 

of p recip ita tion  polym erization re a c to rs  has been studied recen tly  (20).

The underlying physical p ro p ertie s  common to  a ll these  particu la te  

system s, which produces cyclic in stab ilitie s , is  the occurrence of 

com petitive sim ultaneous nucleation and growth of p a rtic le s  with a 

considerable tim e lag  from  nucleation to growth to  the mean p a rtic le  size .

In m ost of the trea tm en ts  of the s tab ility  of continuous c ry s ta lliz e rs , 

sim ple functions fo r the nucleation and growth k inetics have been used, 

typically  dependence on supersa tu ra tion . L im iting cases of size  dependent 

growth ra te s  have been handled. (1, 42)

With the form s for B and G specified, one can obtain the steady 

sta te  behavior and compute stab ility  c r i te r ia  based on a linearized  

s tab ility  analysis. These m ethods have, been used effectively to p red ic t 

and co rre la te  the steady sta te  perform ance of c ry s ta lliz e rs . The m odels 

a lso  co rrec tly  p red ic t the destabilizing effect of c lassifica tion , the effect 

of c lassification  on size d istribution , the effect of staging and in lim iting 

cases, the effect of size dependence of the growth ra te  on stab ility .

There a re  two p laces w here the p resen t sta te  of the a r t  fa lls  short 

from  accounting for actual system  perform ance. The c lassica l l in e a r ­

ized stab ility  analyses (37, 35, 42) w ill only p red ic t the unstable behavior 

of a mixed suspension mixed product rem oval (MSMPR) c ry s ta lliz e r  for 

system s in which the ra tio  of nucleation to  growth sensitiv ity  to

pertu rbation  in supersa tu ra tion  is  very  h ig h ^  dJnB >21 V . Many system s
VdlnG . /
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have a low apparent dlnB (typically between 1 and 5) and s till  exhibit
dlnG

cyclic in stab ilities .
A second problem  is  in co rre la ting  the m easured  c ry s ta l size 

d istribution  of a MSMPR c ry s ta lliz e r  with the size dependent growth ra te s  

of individual c ry s ta ls . If the p a rtic le  size d istribution  is  known, one can 

compute G(r) frc

w here f(r) is  the num ber d istribution .

When the growth ra te  is  size independent, a sem i-log  plot of the 

num ber distribution  is  expected to be lin ea r. The slope can then be used to 

obtain a size independent growth ra te . Many p a rtic le  size distribution  data 

for a MSMPR cry sta llizer, how ever, exhibit some curvature concave up­

w ard, see F igure 1-1 (9, 31, 37, 45, 38), and in many instances a ten ­

dency tow ard downward concave at la rg e  p a rtic le  s ize s .
Data in the form  of F igure 1-1 at f ir s t  glance seem  to  im ply that 

the form  of G(r) is  that of F igure 1.-2 w here sm all p a rtic le s  have an 

apparent growth ra te  significantly low er than the la rg e  p a rtic le s . This 

im plication is  counter to  c la ss ica l m ass tra n s fe r  theory  w here the growth 

ra te  fo r sm all p a rtic le s  is  significantly la rg e r  than the growth ra te  of the 

la rg e  p a r tic le s  (26). The data of Matz (24) is  illu stra ted  in F igure 1-3.

To account fo r the shape of the p a rtic le  size  distribution , Rosen and Hulburt 

(38) suggested that the la rge  c ry s ta ls  could withstand high energy im pacts 

while sm a lle r  c ry s ta ls  would sh a tte r . This was tre a ted  m athem atically  

by hypothesizing a c r itic a l size above which c ry s ta ls  would not sha tte r.

The data rep resen ted  in  F igure 1-1 is  of the sam e form  hypothesized 

by Randolph and L arson  (36) for a MSMPR c ry s ta lliz e r  with fines 

destruction  (rc  h ere  being the m axim um  fines Size). It has been suggested 

that th ere  may be in tern a l fines destruction  by localized  regions of unsaturation . 

If we assum e that p a rtic le s  below 100^ have a high chance to  coalesce
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•Figure 1-1: R epresentation  of data obtained
by Rosen (Figure 10 in re fe ren ce  38).
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w hereas la rg e  p a rtic le s  a re  stab le, we would obtain such a  distribution. 

C urvature in the la rge  size  range may be accounted fo r by non-ideal 

product w ithdraw al as w ell as a low er surface in tegration  ra te .

It is  well known that the standard assum ptions underlying the con­

ventional analysis  of both steady sta te  and dynamic behavior of c ry s ta l­

liz e rs  (35, 37, 42, 45) contain som e very  strong sim plifying assum ptions. 

The effect of s ize  dependent growth ra te  has a lready been investigated 

(1, 42) and has been found to  be sm all. The m ajor effect that until now 

has been v irtu a lly  neglected is  the effect of the p ro p ertie s  of the magma 

on both nucleation and growth. * In the previous re fe ren ces  the only feed­

back that the m agm a ex erc ises  on these p ro cesses  is  via the supersaturation. 
We know, however, that other feedbacks a re  possible and have been 

suggested in the lite ra tu re . One well known effect is  secondary nucleation 

in which nuclei form ation is  enhanced by the p resence of existing c ry sta ls  

(7, 16, 31, 32, 34, 46, 47). Several investigato rs have suggested nuclea­

tion m echanism s due to  a ttrition  o r  secondary nucleation enhanced by 

collisions(3, 31, 32, 17, 6). Bennett (4) has recen tly  sum m arized  some 

of th ese  m ethods. In a ll of the aforem entioned cases, it is  possib le  to 

approxim ate the dependence of the nucleation ra te  on the p ro p ertie s  of 

the m agm a by a re la tio n  B = B (c -es,^ n )  w h e re in  a re  the m om ents of f(r).

h „ 4  S V v a *
The hydrodynam ic conditions can be included in the constants o r  form  of 

B (c -c s ,ftn ). Instead of c -c s we also  can use an average growth ra te  G.
Thus the m odel of Bennett and Randolph for secondary nucleation in the 

im pelle r region becom es ^

B - K &  * • ( $ )
*A recen t paper by L arson  et al. (3) has brought attention to  the need 

for definition of nuclei survival.
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Dependence of nucleation on one o r sev era l of the leading m om ents 

a r is e s  in o ther complex particu la te  system s. In em ulsion polym erization 

nucleation dependence on a re a  a r is e s  from  the surface requ irem en ts 

of soap to produce stable em ulsified p a r tic le s . In biological p ro cesses  

such as continuous ferm entation, dependence of new m icroorganism  

form ation is  widely accepted as being dependent on existing num ber. 

Number dependence might be useful in  some system s to  approxim ately 

model the dependence of the size d istribution  of the existing suspension 

on nucleation from  c ry sta l- im p e lle r  o r  c ry s ta l-c ry s ta l collisions.
Thus it m akes sense to look, in general, at how the dependence 

of nucleation ra te  on the m om ents of the size distribution effects the 

behavior of a c ry s ta lliz e r . Such is  the object of th is  paper. For 

generality , we also  include a possib le dependence of G onf|n, which 

is  especially  im portant fo r system s in which growth occurs due to 

coalescence (2).
Most of the cases mentioned until now deal with situations in which

the dependence of B on the m om ents i s  e ith er lin ea r o r at lea s t not

highly non-linear. / dlnB /  5 
IdlnG

A much s tro n g er dependence was encountered in a study of 
precipita tion polym erization. jn th is  case it has been shown (21) that 

sm all p a rtic le s  a re  unstable and coalesce e ith e r  between them selves o r 

with la rg e r  p a rtic le s . Coalescence between two p a rtic le s  above a 

c r itic a l size is  very  slow. Such system s exhibit cyclic in stab ilities  

very  s im ila r  to  those of a c ry s ta lliz e r  (21). In th is case nucleation is  

highly dependent on the a re a  of stable p a rtic le s  p resen t and can be 

approxim ated by Mx

8  =  k e  **

Depending on the value of the exponent, dlnB can be very  la rg e .
dln)l2

As such m odels have p ro p ertie s  v ery  s im ila r  to those of a-crysta llizer
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dlnB
(low values of dlnG and a high degree of instab ility), an investigation 

was c a rrie d  out to see if  som e c ry s ta lliz e rs  would not have s im ila r  

p ro p erties . It w as found that G lassner (12) has proposed a. very  

s im ila r  m echanism  for some cry sta lliza tio n s, and we will, th e re fo re , 

d iscuss th is m odel in detail.

G la ssn e r 's  observations in c rysta lliza tion  a re  consistent with 
the b asic  p ro p erties  of the m odels for precip ita tion  polym erization. 

B riefly  stated, it is  assum ed that p a rtic le s  above a c r itic a l size w ill 

not coalesce. This is  consistent with Sm oluchoski's equations w here 

the collision efficiency drops 10-50 o rd e rs  of magnitude in an o rd er of 

magnitude of partic le  size (typically around . 1 mm!) (41). Sm aller 

p a rtic le s  m ay coalesce with one another o r be captured by the p artic le s  

above the c r itic a l size . Here we have a non-therm odynam ic c r itic a l 

size  re fe rr in g  to  probability of effective coalescence and not to stability  

with re sp ec t to  dissolution. It is  in th is  sense that la rge  c ry sta ls  might 

act as  a fines tra p  accounting for the shape of c ry s ta l size d istributions 
typically  observed. Independent of w hether nucleation is  homogeneous 

or heterogeneous, the to ta l surface a rea  of suspended p a rtic le s  can 

c learly  d ecrease  the survival probability of a growing nuclei and thereby 

be a controlling factor determ ining the effective nucleation ra te . 

M echanism s in th is  c lass  re su lt in nucleation and growth ra te s  that will 
decrease  with increasing  su rface . In the case in which secondary 

nucleation predom inates, a la rg e  surface induces nucleation through 

some type of co llision -a ttrition  or breeding m echanism . (7, 17, 31)

Note that these  m odels contain e ither the zero th  moment 

(total num ber) o r the second moment (total surface) and th is presentation 

will concentrate on those two cases, though one other case (4) will 

a lso  be considered.
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FORMULATION OF SYSTEM -EQUATIONS FROM PHYSIOS

(I-I) A rea  Dependent Nucleation and Growth
In th is  m athem atical analysis of the behavior of the iso therm al

well mixed c ry s ta lliz e r , th ree  assum ptions a re  made.

a. The c ry s ta lliz e r  is  ideally  mixed and the product rem oved w ill 

be a rep resen ta tiv e  fraction  of the d ispersion  inside the c ry s ta l­

liz e r .
b. The c ry s ta l growth ra te  is  a function of supersa tu ra tion , is 

independent of p a rtic le  size , but m ay be dependent on the m om ents 

of the p a rtic le  size d istribution  - h e re , specifically, the a re a  of 

c ry s ta ls  p e r  unit liquid volume.
c. The nucleation ra te  is  a function of the supersa tu ra tion  and may 

depend, as  the c ry s ta l growth ra te , on the a re a  of c ry s ta ls  p e r 

unit liquid volume.
Based on these assum ptions, one m ay set down the governing 

equation describ ing  the behavior of such a  c ry s ta lliz e r .

With the c ry s ta ls  taken to  be geom etrically  s im ila r  solids, the 

growth k inetics a re  described  in te rm s  of a ch a rac te ris tic  lin ea r  d i­

m ension, r ,  as  G = d r /d t;  a constant.
The d ispersion  of c ry s ta l s izes  m ay be ch arac terized  by a num ber 

density f(r, t) w here f(r, t) d r  is  the num ber of c ry s ta ls , in a  unit volume, 

lying in the size range r , r  + d r at a tim e t.
The volume of a p a rtic le  of size  r  is  taken to be k r 3 w here k 

is  the p a rtic le  shap^e facto r. Thus, the volume fraction  of solids can 

be computed as K \ r 3f ( r , t )  d r, and hence the liquid fractionQO
Clt^- t-K The a re a  of solids may be computed given

Jo «o
f(r, t) as: ft - 3K ( r*-f

©
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and thus the ra tio  of solids a re a  to  liquid volume " a /6  " m ay be computed

given f ( r ,t) .

The nucleation k inetics is  taken to  apply to  the liquid phase o r 

at the interface^ hence B, the nucleation ra te , is  defined such that 

is  the to ta l num ber of c ry s ta ls  p e r  unit tim e p e r  unit re a c to r  volume 

form ed at a vanishing sm all size ( i . e . ,  nuclei size is  sm all com pared 

to  the m ean c ry s ta l size). The nucleation and growth ra te s  a re  taken 

to be functions of the supersa tu ra tion  and also  the ra tio  a/g.

B m ay be an in creasin g  o r d ecreasing  function of a / g . In the 

region w here nucleation is  p rim arily  a secondary effect such as b reed ­

ing, one might expect B to  in c rease  with increasing  a/g . A lternatively, 

we can assum e tha t a la rg e  surface of c ry s ta ls  p e r unit liquid volume 

provides a sink (an in te rn a l "fines trap ") fo r potential nuclei in the 

liquid. The resu lting  capture of such potential nuclei reduces effective 

nucleation. Thus w here contact nucleation may be occurring, in the 

im pelle r region, the surv ival of the nuclei produced will be strongly a 

function of the existing s ta te  of the m agm a. If the residence tim e of 

su b critica l sized p a rtic le s  in the bulk is  a function of the capturing 

surface available, the growth ra te  of the stable p a rtic le s  can be a strong 

function of a re a  in that the m ass accum ulated by the su b critica l sized 

aggregates contributes to the growth ra te . A sim plified m odel leading 

to th is  type of dependence is  considered in Appendix (I-A). Note that 

such m odelling accounts fo r the shape of p a rtic le  sized d istribution  data 

typically  obtained.
H ere, our p resen ta tion  follows the method of H ulbert and Katz (48). 

A ssum ing , the c ry s ta l density , to  be constant, and cf to be 
the solute inlet concentration in the c le a r  feed, an overall m ate ria l 

balance may be w ritten  at a given residence tim e 0.
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A balance of p a r tic le s  of s ize  r  m ay a lso  be w ritten:

i - (2 ) 3 ‘Eftfrfc) +  €r(c>^UV?J[y,*‘) z  ttt)* 6Cc»ft(ey jir ) - J -
b v  br ©

w here the left hand side rep resen ts  accum ulation of p a rtic le s  of a given 

size r  and the growth ra te  of p a r tic le s  p ast the given size r ,  respectively . 

The righ t hand side re p re se n ts  accum ulation of p a rtic le s  of a given 

vanishing sm all s ize  n*o, and the p a rtic le  take off ra te  respectively .

( i . e . ,  We a re  not overly concerned with the size d istribution of subcritica l 

sized c ry s ta ls  at th is  level of analysis; we are  only concerned with 

the ra te  at which stable c ry s ta ls  a re  form ed from  the subcritica l 

sized  aggregates, it is  only n ecessa ry  to  assum e that the m ass of the 

newly nucleating c ry s ta ls  is  sm all com pared to  the to tal m agm a m ass; 
the nucleation ra te  can then be w ritten  based on a "quasi steady sta te" 

approxim ation fo r the s ize  d istribu tion  of su b crits  in a m anner s im ila r 

to  that used in the analysis of p recip ita tion  polym erization. See 

Appendix I-A.
The p a rtic le  balance can be rew ritten  with the te rm  rep resen ting  

the fact that a ll new c ry s ta ls  a re  form ed at a vanishingly sm all size 

taken as  a boundary condition. One now has a se lf  contained se t of 

equations for the determ ination  of c(t) and f(r, t) in  te rm s  of the functional 

re la tionsh ips B (c, a/6,) and G(c, a / 6 )  which a re  assum ed to be known.

The governing equations a re :

I -  (la) d l « - C 4 © - * Y f t  J_ . C f _  J -  . f $ C + C i - f c Y
J T  = &  0  I

I - ( 2 a )  Cl " f o t ) « t ’ S&d f e )  • f « o

-  -  • f a t 's  \  r ?  o

w here: r . ,
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(I-II) Number Dependent Nucleation

C onsider a c ry s ta lliz e r  operating in a range in which the nucleation 

k inetics may be taken to  be a function of the supersatu ra tion .level and 

n the existing num ber of p a rtic le s . Here the partic le  growth ra te  is  taken.

With B(c, n), the num ber of p a rtic le s  form ed p e r  unit tim e p e r unit 

c ry s ta lliz e r  volume, and G(c) = d r, both assum ed to be known functions,

we can w rite down the equation fo r the p a rtic le  s ize  d istribution  function

Rew riting the p a rtic le  d istribution  equation with the delta function in 

the boundary condition and using the sam e form  as  in the previous 

case for the crysta llizab le  m a te ria l balance, one is  left with the fo l­

lowing equations governing the dynamic behavior of continuous c ry sta l 

l iz e r s  with num ber dependent nucleation kinetics:

to  depend on super satu ration  alone and also  be size independent

dt

as i f f c D  + CrKV , BlCiny Xlr) - 4■5 +■ \ „ V

G tc cv  B i t , * )  r * o

i -(2b> d U a a f l t o - w t f  3 _ . J _ . cx - J r  • 1 ( i - ‘“ft-?)
7 T—  0  L
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STEADY STATE ANALYSIS

It is  now possib le to  study the steady state  behavior of an iso therm al 

m ixed c ry s ta lliz e r  based on the equations developed in  the preceding 

section.
Let us f irs t  consider the case w here B and G are  functions of the 

to ta l su rface . Setting the tim e derivative in  the p artic le  balance equal 

to  zero  y ields the following steady s ta te  equation:

Having obtained the steady sta te  p artic le  d istribution , a  and* can be 

obtained by d irect calculation of the m om ents. This computation yields:

G* (c> Me} >4cr) - S * B(c, Me} > °

i -(3) fe (c ,a (€ }  - i n o
d r  ©

w here a and 6 a re  given by the following re la tions:

f t*

The solution for the steady s ta te  p a rtic le  num ber density is:

- r
8 (C)
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Combining these  re su lts  y ields the surface to  volume ra tio  of the c ry sta ls :

I - (5) a_____= _ 1 ___
1 - 6  © G

By rearran g in g  the second relationsh ip  yields an expression  for the 

voidage

1 ‘ (6) 6  ’  1 + I k  (© 'i')7 '"

Turning now to  the overall m ate ria l balance and setting  the tim e 

derivative to zero  yields:

(7) q . *■ f c - c + 0 - t > |

Thus the voidage 6 m ay 'a lso  be w ritten  as:

' f - c
Bringing th is re su lt to equations (5) and (6) y ields the following 

equations respectively :

i -  (8) 0 . Gr- * |e  * c 4f - q
H

i - (9)feK B. -  (U -  c
f  -  q .

The solution t o  the s teady -sta te  equations I-(3) and I-(7) fo r the 

quantities c and a/fc will depend on the solutions to  equations I - (8) and 

I-(9). With c and a £  known, € can be calculated from  the overall 
m ate ria l balance o r from  e ith er equation I “(6) o r I-(7) and the full d is trib u ­

tion f(r) is  then known. Thus the steady sta te  behavior can be computed 

with a fo rm  for B(c, a/fc ) and G(c, a /fr) specified. Uniqueness c r ite r ia
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for the solution of ;I-(8) and I-(9) a re  p resented  in Appendix I-B .

One can easily  modify th is  solution for the case w here B depends 

on the to ta l num ber. The steady s ta te  solution with num ber dependent 

nucleation k inetics is  obtained by setting  the tim e derivatives in (lb) 
and (2b) equal to  zero . The steady state  size d istribution  is  found by 

d irec t in tegration to  be

With th is  re su lt €  can be computed as a function of c and n and elim inated 
leaving the following two equations governing the steady sta te  below :.

Given specific form s fo r B(c, n) and G(c) , the steady sta te  solution 

could then be obtained. Reasonably broad sufficient conditions for a 

unique steady sta te  which should cover basic cases  of in te re s t a re  

considered in Appendix I-B .

Steady State Dependence of B and G for D ifferent Models

While it is  not possible to uniquely determ ine the m echanism  of

secondary nucleation from  steady sta te  MSMPR data (35) nor can the

nucleation and growth sensitiv ity  to  p a ram etric  varia tions in the

system  v ariab les  (i. e. dlnB, dlnB , dlnG , e t c . ) be uniquely
dine din a /^  dine 

determ ined, it is  possible to te s t  w hether data taken over a residence

tim e range is  consisten t with a given model for nucleation and growth.

Nucleation and growth ra te s  can be computed at a f ir s t  level of

approxim ation by m easuring  the suspension density and mean p a rtic le

I - (10) n = B(c, n) • 0

I - ( l l )
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size at a given residence tim e and computing B and G based on the 

relationsh ips:

<  <1 >
4 
>

Mt

C > J4»
5 , ©  u A e r e  - < * * ? -

Alj-i

4>K

When p a rtic le  size distribution  data is  available, B and G can be computed 

from  the in te rcep t and slope, respectively . F o r the standard  case, 

th is  is  w ritten  as
dlnB -1

dlnr =
din 0

dlnG
dlnB +3
dlnG

v F irs t  consider the cases  in which nucleation and growth depend

on supersatu ration  and su rface  concentration of c ry s ta ls . Using

equations (3, 9, 12) it is possib le to  develop an explicit expression  for
dlnr; in te rm s  of the p a rtia l derivatives of the nucleation and growth . 
dlnG
ra te s  with re sp ec t to  solute and a re a  concentrations at any given steady 
sta te  in question. It is  these p a rtia l derivatives that c a r ry  with them ­

selves the essen tia l p ro p e rtie s  of the model that determ ine the slope 

of the steady sta te  as well a s  the dynamic behavior of such system s.

An expression  for r„  = dlnr; can be w ritten  as follows:
dlnG

1—(13) y  z  .  ( b* -  t l -mN<r+

b* = <* 1 1 •♦ (•££*)W H u -v )-- p i

h* - IV) <*) itefif*SW- SSL (.«« SI*')]

m  -  f t -  V  -  ~ k h 3 .  -  U s A  
r  a 1' ' at6
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I—(15)

In considering- the asym ptotic range of gc ^  1 and looking at the a re a  

independent growth case , a sim plified expression  re su lts  from  which 

insight into the p resen t analysis  can be gained.

F o r gc »  1 and = 0

d l m r p  r  /v ~  '
d i n  ©

*
Several points ought to be made concerning th is  re su lt. F ir s t  of all, 

in cases in which nucleation and growth sensitiv ity  to  supersatu ra tion  

a re  equal, the m ean p artic le  size ought not to  vary  significantly with 

residence tim e. Several system s a re  rep o rted  to  exhibit such behavior. 

A lso, from  equation I,-(14) it is  c lea r that a la rg e  negative a rea  

dependence has a  flattening effect on the steady s ta te  mean p artic le  
s i z e  slope. (Values of (-5^<|5**lo) a re  obtained in the model in which 

nuclei surv ival is  a f a c to r .) Conversely, m odels fo r secondary nuclea­

tion that assum e effective nucleation in c reases  with surface are  

equivalent to  low positive values of p  and asym ptotically  have little  effect 

on the slope rg .
A s im ila r  expression  for r Q is  obtained for the case of num ber 

dependent nucleation and growth.

be 1
*© ~  f t  - t

b  +'5( .l-b ^
Ip,

Com pared here a re  the effects of m odelling a continuous c ry s ta lliz e r  

over a narrow  range of operating conditions. Data is  typically  avail­

able at high fractions of crysta lliza tion  (. 80 - . 98). The product quality 

considered h e re  is  the dominant m ean p a rtic le  size
MiThe steady sta te  perform ance of the following em pirica l m odels (See 

Table I-])are p resen ted  in F ig u res  1-4 and 1-5.



Table I - 1: Nucleation and Growth Dependence P a ra m e tric  Study

CASE P
V

be
gc r©

b©
s«  j

1 0 0 2. 5 .27 2. 5

2 -1 0 2 .5 .23 2 .2

3 1 0 2. 5 . 33 3. 0

4 0 -1 2. 5 - . 5 5

5 -18 0 18 .44 4. 1

CASE *>n

be
gc

r ©

b©
•g®~

6 1 2 .5 oCO• 7.0

7 2 2. 5 -3 .0 - 2 . 0



Figure 1-4

F igure 1-5
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In th e ir  computation of stab ility  c r i te r ia ,  Randolph and L arson

use plots of log B vs. log G to  obtain the stab ility  p a ram ete r dlnB
dlnB , dlnG

which in th e ir  analysis is  essen tia lly  3 ^   ̂ W here i t  hag been assum ed

dlnG
dine

B and G to  be functions of su persa tu ra tion  and surface concentration a /£  ,

One m ust consider steady sta te  data in te rm s  of a to ta l d ifferential.

That is , if one p lots log B vs. log G taken at various residence tim es
dlnBand obtaines a  slope dlnB , th is  ra tio  is  in rea lity  ____

dlnG dlnG . The slope
dlnG
dlnG

b0 = dlnB is  then exp ressed  a s  follows:
g0 dlnG

dln’fc
d i n g  b ©  s cfc4  ' f c d t n c

w here b e
>lnC

i U c

W k
Using equations I - ( 8, 9) it is  possib le  to obtain an expression  for din a /£

dine

in te rm s  of the steady s ta te  p a ram e te rs :

a ?  • ( ^ 5
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In the asym ptotic working range gc ) )  1 the equation for may

g0
then be w ritten  as:

be b; f ______ \  _ f f  - I
5 T  ’  * 1

F rom  th is  expression  it can be seen how surv ival m echanism s involving 

surface (i. e. p « o  a  la rg e  negative surface dependence) yield 

low m easured  slopes of bg/gg even if the bc /g c ra tio  is  high. This 

fact is  p a rt of the difficulty in establish ing  m echanism s from  steady 

state  data.

F o r the num ber dependent nucleation case , the m easured  slope

9 = dlnB(c,n) can be exp ressed  as a sim ple function of bc /g
gg dlnG(c)

and bn . In the range^gc i^this expression  is:

g0 ^  - ’i b n

It is  c le a r  from  th is  form  that m easured  slopes of log B vs. log G 

data may have la rg e  positive values and may also  re su lt in a negative 

slope, depending on the actual num ber dependence as  well as the de­

pendence on supersatu ra tion . The above exam ple uniquely dem onstrates 

that in the case w here B o r B and G depend on the m om ents of the size 

d istribution, data on <r.> v ersu s  0 o r B v e rsu s  G give little  insights 

as to  the m echanism  o r k inetics of the crysta lliza tion . This fact has 

previously  been illu stra ted  (35, p. 232).
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LINEARIZED STABILITY ANALYSIS 

Case I. B(c, a / g ) ,  G(c, a/fr ): A rea Dependent Nucleation and Growth

The equations governingthe dynamic behavior of an MSMPR c ry s ta lliz e r  
with surface dependent nucleation and growth kinetics a re  rew ritten  in  the 

following form :
d .  J - .d b ,  -  - L .  <kt)
J T  '  ©  ^  &

C tC t,» itV  t a t y  i

G t ( c , a | g ) . v t e s  > r > 0
M  '  &  '

w here
a  - ' i*  [  r l -(

In Appendix I-C the above equations a re  linearized  and a form al sp ec tra l 

analysis is  perform ed on the resu ltin g  lin ea r opera to r. Application of 

the Routh - Hurwitz c r ite r ia  to  the resu ltin g  ch a rac te r is tic  equation 

re su lts  in conditions for stab ility  that may be exp ressed  as:

- fw + l-m ) y  v f  ^ f  +(81-yn)y» 9*+(j,»-m1 I
v  J n  J

I - ‘IB  g *  ■> . 1  y  ^  m+u-) . L r  l » i  - 5

9 * >  4 ®r " * > , - 5
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The stability  conditions a re  plotted in the (b*, g*) plane for 

various values of m  in F igure 1-6. The derivation of the conditions 

is  given in Appendix I-D. The low er lim its  have not previously  been 

acknowledged in the lite ra tu re  and th e re  may be system s in which 

m echanism s resu lting  in such nucleation and growth sensitiv ities  

a re  to be considered.
Note that the case w here nucleation and growth a re  not a function 

of the a re a  concentration of solids is  equivalent to  the re su lts  for 
m = 0. Also b* b and g* a* g which is  equivalent to the re su lts  p re ­

viously obtained. (37)

Although the presentation  of the stab ility  c r i te r ia  in F igure 1-6 

is  in a  compact analytic fo rm , it does not read ily  lend itse lf  toward 

physical in terp re ta tion  and prediction. To facilita te  analytic sim plifica­

tion as well a s  to  re la te  to  actual physical cases, we now re s tr ic t  

ourselves to  the case of g* ^>1. This can be seen from  a quick o rd er 

of magnitude analysis of the te rm s  in g*. The dependence of the growth 

ra te  on supersatu ra tion  can usually  be expressed  as 

<*(0  -  ^  ( c - c s^  such that

F or a broad c lass  of c ry s ta lliz e rs , th is  is  the working range. Since •{ 

and t  a re  typically  0 (1) one m ay rew rite  the stab ility  c r ite r ia  for 
surface dependent nucleation and growth a s  follows:

fee .  r a i + P
I-<17)

■for , v > - l
This c r i te r ia  for stab ility  may be expressed  graphically  in the t f c  > f t  
plane with X as a p aram eter. See F igure I-<7). To sim plify d is ­

cussion le t us f ir s t  consider the case w here X = 0, that is , where 

the growth ra te  of the suspended p artic le s  is  independent of the to tal 

a re a  of the c ry s ta l suspension. ( -  \  +■
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Figure I- 5:
Plot of stability lim its for system s with area 
dependent nucleation and growth kinetics 
given by equation I-(16) in b*, g* plane with
m as a parameter.
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Figure 1-7 : Asym ptotic stab ility  lim its  fo r a  continuous c ry s ta lliz e r  
with surface dependent nucleation and growth k inetics. 
b'c versus £  with i f  as a p aram eter fo r gc»  1".
Sc
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The stab ility  c r i te r ia  p red ic ts  an in crease  in upper and low er 

stability  lim its  of bc fo r re la tiv e  to the a re a  independent case.

&c
Conversely, <0 has an unstabilizing effect on the system  dynam ics.

Consider a system  in which increasing  the to ta l p a rtic le  surface 

in c reases  the nucleation ra te , i. e. p yo  . Assum e that it is  operating 

at its  steady state operating point. A sm all perturbation  in su p e rsa tu ra ­

tion w ill instantly  cause many new p a rtic le s  to form . These p a rtic le s  

in itia lly  do not g reatly  in crease  the to ta l surface which would auto- 

acce lera te  the nucleation ra te . R ather, these  new p a rtic le s  cause an 

adjustm ent of the supersatu ra tion  by depleting the solute concentration 

in the liquid phase. Another point of viewing the stabilizing effect of 

a positive p  i s  to  consider a cycling system . The point in a lim it 

cycle at which a rea  is  a  maximum corresponds to  the point of lowest 

supersatu ra tion . Thus if JJ^Othe la rg e  surface w ill form  new p a rtic le s  

at the low supersatu ra tion , thereby  se lf-regu la ting  the system .

At the o ther extrem e of the cycle, one has a sm all surface but 

a high super satu ra tion . H ere, too, a has a stabilizing effect, as  the sm all 

surface counteracts the effect of high supersaturation .

If a continuous c ry s ta lliz e r  is  operating in a region w here nucleation 

is  suppressed  by an increasing  surface, i. e. p<o , the la rg e s t 

bc /g c sustainable without cycling would be low er than the case w here 

nucleation is  independent of a rea , i. e-. = 0. This point may also

be seen qualitatively by viewing the two potential ex trem e poi ts  of a 

lim it cycle. The nucleation ra te  w ill be low at the extrem e point in 

the cycle at which supersatu ra tion  is  low. This point corresponds to 

a la rg e  surface a rea . Thus, if  £<0 , the low ering of the nucleation 

ra te  is  re inforced , thereby making the system  le s s  stable, (i. e . It 

d rives the system  fu rth e r away from  the steady s ta te . ). At the o ther 

ex trem e of the cycle, the to tal surface i s  low and super saturation
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high. H ere, the a re a  dependence of nucleation has the effect of r e ­

inforcing the high nucleation ra te .

Thus, depending upon the actual m echanism  of nucleation, the 

nature  of the a rea  dependence m ay have a stabilizing o r unstabilizing 

effect.

Case II. B (c,n), G(c) : Num ber Dependent Nucleation

The equations governing the dynamic behavior of an MSMPR with 

num ber dependent nucleation k inetics a re  rew ritten  in the following

f orm:  a  .  j -  4>. .  J -
3 t  ' 0  f  ©

6c<-v Kn-t'i • B \ r-o 
_ A  r > o

w ith m *  C - K ^ r
fifcrt • ler.^A r

In Appendix I-C the above equations a re  linearized  and a fo rm al sp ec tra l 

analysis  on the resu lting  lin ea r operato r y ields a ch a rac te ris tic  equation. 

Application of the Routh-Hurwitz c r i te r ia  re su lts  in conditions for 

lin ea r stab ility .

These conditions are  equivalent to: w

a n d
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These re su lts  a re  plotted in the (b*, g*) plane in F igure I"8 for various 

values of bn . Note, th ere  a re  no stable points in the range 2<.bn < 4, 
independent of the supersatu ra tion  dependence. In F igure 1-9' the 

minim um  stable values for g* a re  plotted as a function of bn> It is  also 

of in te re s t "to consider the asym ptotic fo rm s of the stab ility  c r i te r ia  

of equation (18). In F igure 1-10 the value of bc /g c at the c r itic a l s tab il­

ity  lim its  a re  plotted as a function of bn . Although the righ t hand stable 

region does not seem  to  fit any known physical cases, it is  included 

for com pleteness. To understand the unstabilizing effect of a positive 

bn we consider the effect of a pulse d isturbance in supersatu ra tion  on 

a system  operating at its  steady sta te  point. The short te rm  increase  

in supersatu ra tion  re su lts  in the production of nuclei in excess of that 

n ecessa ry  to sustain  the steady sta te . These new p a rtic le s  contribute 

an im m ediate in crease  in the num ber of p a rtic le s  being form ed. In 

fact for bn = 2 (which is  like second o rd e r m ass action k inetics for nuclea­
tion) the d isturbance tends to au toaccelerate  itse lf explosively. In general 

within a m ean residence tim e, th is  in c rease  in n over its  steady state 

depletes the super satu ration . The resu lting  low ering of the su p e r­

saturation  then low ers the instantaneous nucleation ra te  and cycling 

proceeds as the existing p a rtic le s  grow at the expense of new partic le  

form ation.

Case III. Bennett, F ieldelm an & Randolph Model

Although th is  model is  not useful as a kinetic form  fo r correlation  

of data, it was p resen ted  (4) as a display of the competing fac to rs  that 

stab ilize  secondary nucleation in an operating c ry s ta lliz e r . The equation

can be re la ted  d irectly  in te rm s  of the leading 

m om ents by noting Lo* ^ 2 - ^ 6 © and |io /© € r as follows:
ft

w here k includes the hydrodynam ic variab les.

A linearized  stab ility  analysis based on

^Defined in re fe ren ce  (4)
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F igure 1-8: P lot of stab ility  lim its  for system s w ith num ber dependent nucleation kinetics 
given by equation I - (18) in b*. g* plane with bn as a p a ram ete r.

Unstable Region
;able

=5

Stable b =1

Unstable Region

10



F igure 1-9: Minimum values of g* fo r s tab ility  in system s with num ber dependent nucleation 
k inetics.
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F igure 1-10: Asym ptotic s tab ility  lim its  fo r a  system  with num ber 
dependent nucleation k inetics.
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can provide c r i te r ia  to te s t  the stab ility  of such a model.

The s tab ility  c r i te r ia  fo r th is  m odel was computed based on the 

functions B(c, ) andG(c). The linearized  stab ility  analysis based

on these  v ariab les  re su lts  in the following expression  for the c ritica l 

stab ility  lim its  in the asym ptotic region gc >> 1: 

i -  (19) + - f c r

where

b f  -  _
3 In

In th is  model for nucleation in the im pelle r region bc /g c = 1, 

bn = 1 and br  = 4. Thus, based on a linearized  stab ility  analysis, 

th is  model does not p red ic t in stab ilities  in a MSMPR c ry s ta lliz e r .
O ther nucleation m odels tre a ted  by Bennett et. al. a re  re la ted  by 

Mt  o r  )^4 fo r  which the stab ility  c r i te r ia  developed by Randolph and 

L arson  (35^) indicate these  m odels a re  lin early  stable.



35

SUMMARY AND DISCUSSION

An analysis of two cases has been p resen ted  in which the 

nucleation and growth ra te s  of a  c ry s ta lliz e r  depend on the to ta l a rea  

o r to tal num ber of c ry sta ls  p resen t. The m ain re su lts  of th is  analysis 

can be sum m arized as follows: A num ber o r a re a  dependence of the 

nucleation ra te  will have a strong  effect on the steady sta te  behavior, 

especially  the dependence of the average p artic le  size on residence 

tim e. In terestingly  enough, the resu lting  plots of InB v e rsu s  InG 

which have been used to  study kinetics rem ain  fa irly  lin e a r  over wide 

ranges of residence tim es. This has one im portant im plication. It 

sim ply m eans that th is  type of m easuring  k inetics is  u se le ss  in p r e ­

dicting dynamic behavior of c ry s ta lliz e rs . This is  an im portant con­

clusion, as  such m ethods have been strongly  prom oted for th is  purpose.

It is  im possible from  steady sta te  behavior to  draw  any definite con­

clusions as to the detailed k inetics.
The sam e applies to the dynamic behavior, for which th e re  a re  

much le s s  data available. We cannot rea lly  confirm  any m odel. For 

th is , We need detailed kinetics such as  (3, 12, 34, 46 ). We can, however, 

draw some conclusions. F irs t  of all, we would expect that no m echanism  

w ill fit a ll c ry sta lliz ing  system s. Many crysta lliza tions never exhibit 

strongly nonlinear dynam ics o r oscillating behavior. We can, however, 

draw  some conclusions for those that do. Most of these system s have 

a re la tive ly  low value of dlnB/dlnG. The only cases we found that a re  

unstable for overall values of dlnB/dlnG w ere the cases of strongly 

negative a rea  dependences. It was possible to show that th e re  is  at 

leas t one physical nucleation m echanism  that corresponds to  an



36

exponentially inverse  dependence on the a rea . That does not prove 

in any way that such system s rea lly  have a nucleation m echanism  in 

which sm all p a rtic le s  a re  captured at a su rface. O ther physical m ech­

an ism s might have s im ila r  p ro p ertie s . In that case th is  method does 

not work. (In tegrals involving only the ta ils  of the size  distribution 

function lead  to ch a ra c te r is tic  equations which a re  not polynom ials and 

cannot be tre a te d  by sim ply applying the Routh-Hurwitz c r i te r io n .)

But a sim ple h eu ris tic  argum ent shows that th is  case is  s im ila r  to 

a  negative a re a  dependence. In m ost c ry s ta lliz e rs  Mjis alm ost constant 

and v a rie s  only slightly. The p resence of la rg e  p a rtic le s  is  strongly 

co rre la ted  to the higher m om ents. An in c rease  in the num ber of la rg e  

p a rtic le s  causes both and 11% f u x to  in c rease . As ^  is

fa irly  constant, an in crease  in occurs with a decrease  in H z  •
(i. e. As th e re  tends to be m ore m ass  in the ta il, the to ta l surface de­

c re a se s . ) While th ere  a re  m ethods of dealing d irec tly  with such cases 

(1, 42, 43), they a re  outside the scope of th is  wprk. These re su lts  should 

however, have wide applicability not only fo r c ry s ta lliz e rs  but for 

o ther p ro cesses  such as polym erization, ferm entation, coal conversion 

and other system s involving population balances in which growth and 

nucleation depend on the p ro p e rtie s  of the p a rtic le s  p resen t.



II CONTINUOUS PRECIPITATION POLYMERIZATION 

INTRODUCTION

At the p resen t tim e, th e re  a re  s till  many polym erization reaction  

system s that a re  difficult to  scale  up on a continuous b asis . One 

problem  common to many heterogeneous polym erizations, as  well as to 

complex particu la te  p ro c e sse s , is  to  in su re  stab ility  of the steady 

state operation of such system s. The p ro p erty  common to  a ll such 

system s is  the occurrence of com petitive sim ultaneous nucleation and 

growth of p a rtic le s . In th is  paper we focus our attention on the continuous 

production of precip ita ting  po lym ers fo r its  m athem atical sim plicity , 

although the m ethods and concepts p resen ted  in th is  paper m ay "be applied

to continuous em ulsion polym erization, continuous crysta lliza tion ,
' \

in continuous coal conversion, and o ther particu la te  p ro cesses  

involving sim ultaneous nucleation and growth.

In batch and continuous precip ita tion  polym erization, the quality 

of the polym er product and the control of the plant a re  sensitive to  the 

form ation ra te  of the p recip ita ted  p a r tic le s  (1, 2). The m ean p artic le  

size of the polym er product is  a strong function of the nucleation ra te , 

and p a rtic le  size  ex e rts  a strong controlling effect on the m olecular 

weight d istribution. (Mean p a rtic le  size  is  often in the m icron  range 

in com m ercial o p e ra tio n .) Continuous p recip ita tion  polym erization is 

known to  exhibit cyclic behavior (2, 15) and even in the stable range is  

sensitive to  sm all d istu rbances. In th is  re sp ec t, the p ro cess  is  quite 

s im ila r  to that of continuous c ry sta lliza tio n  in which lim it cycle varia tion  

in m ean p a rtic le  size  is  known to  occur (3, 16) This s im ila rity  is  

not su rp risin g . The lim it cycles in continuous cry sta lliza tio n  a re  a 

re su lt of the non -linear dependence of the nucleation ra te  on reac to r 

conditions and the lag  in tim e n ecessa ry  for significant p a rtic le  growth (10).

N ucleation in p recip ita tion  polym erization is  highly non -linear. (11)
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In setting up a physical model fo r the nucleation p ro cess  in p r e ­

cipitation polym erization, one needs to  consider that due to  surface 

energy and colloidal charge effects, la rg e  p a rtic le s  do not coalesce, 

and th ere fo re , it is  n ecessa ry  to  view the need for potential nuclei to 

reach  a stab le  o r c r itic a l nuclei s ize . (4, 5) A la rg e  available surface 

in the c ry s ta lliz e r  may e ith e r prom ote new p artic le  form ation via secondary 

nucleation effects o r su ppress  nucleation through capture of potential 

nuclei. A la rg e  surface of p recip ita ted  p a rtic le s  in precip ita tion  po lym eriza­

tion  inhibits nucleation in two ways: One is  through the increased  ra te  
of capture of potential nuclei p r io r  to  th e ir  reaching the stable nuclei 

s ize ; the o ther is  by the low ering of the polym erization ra te  in the liquid 

(this low ers the probability  that a growing nuclei w ill acquire sufficient 

m ass  to reach  the c r itic a l s ize  p r io r  to capture). This strong inhibiting 

effect of surface on nucleation has been dem onstrated in batch ex p eri­

m ents w here a fte r sufficient surface is  p resen t nucleation v irtually  ceases. 

Even fu rth e r addition of in itia to r w ill not induce new p artic le  form ation. (6)

The dynamic behavior of p recip ita tion  polym erization re a c to rs  

is  viewed h ere  in te rm s  of the complex com petition between the nuclea­
tion and growth of the p recip ita ted  p a r tic le s . A sm all d isturbance in 

re a c to r  conditions m ay instan tly  produce a large  in c rease  in the num ber 

of stable nuclei being generated; these  new p a rtic le s  do not instantly  

in crease  the available surface significantly . T here is  a considerable tim e 

lag  (on the o rd e r of magnitude of the mean residence tim e) for new 

p a rtic le s  to grow to  the size range w here they significantly in c rease  the 

to ta l available su rface . T herefo re , as the nucleation ra te  leads the 

production of new available su rface , cyclic variation  of the m ean p artic le  

size may occur.

In th is  section m athem atically -treatab le  sim plified m odels a re  used 
fo r the nucleation and growth p ro cesses  so as to  obtain insight into the 

n atu re  of th e ir  complex in terac tions. Although the p ro cesses  considered
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h ere  occur sim ultaneously, in m ost cases a specific m echanism  w ill 
p redom inate . F o r convenience and c la r ity  the m echahism s a re  separated  

into two m odels. The f ir s t  is  a sim plified fo rm  of the nucleation m ech­

anism  suggested by Dainton (7). In th is  coalescence m odel, te rm inated  

polym er m olecules in the liquid a re  taken to aggregate via physical 

coalescence. When a c lu ste r  of such m olecules in the liquid reach es  

a stab le c r itic a l nuclei size , nucleation via p recip ita tion  of a  stable 

solid p a rtic le  is  taken to  have occu rred . H ere stab ility  r e fe r s  to  the 

fact that p a r tic le s  above the c r itic a l size will not coagulate with one 

another although they m ay continue to collect su b critica l aggregates 

from  the liquid. F rom  batch experim ents with polym er hydrosols,

F itch  e t. a l (4) concur that p a rtic le  form ation m ust be a nucleation- 

p recip ita tion  p ro cess . Sonshine, K lepfer and Shinnar (8) have previously  

form ulated th is  m echanism  m athem atically  using d isc re te  v ariab les  and 

obtained approxim ate solutions to  the steady s ta te  equations using 

m om ent closing techniques. This problem  has since been reform ulated  

and se v e ra l nucleation m odels have been applied. (11) H ere the governing 

equations a re  w ritten  in te rm s  of continuous v ariab les  from  which a 

dosed  exact set of equations can be w ritten  and exact solutions obtained.

Baxendale (9) suggested that p a rtic le  form ation occurs from  

coagulation and growth of colloidal m acro rad ica ls . The m athem atical 

com plexity of the equations governing the physics of a m acro rad ica l 

coagulation m odel is  beyond the scope of th is  paper, and a  p resen tation  

in full detail shall not be made at th is  tim e. A b rie f  d iscussion  of 
what m a y ‘be re fe r re d  to  as the averaged coalescence: m odel (11) is  

p resen ted  in Appendix II-4.

A second m echanism  to be investigated is  a sim plified m odel in 

which coalescence of polym er m olecules in the liquid phase shall be 

neglected en tire ly . A s im ila r model has been proposed by F itch  (5) 

in which te rm ination  of rad ica ls  in the liquid phase was neglected.
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Roe (13) suggests th is  m ay be the m echanism  of p a rtic le  form ation 

in som e em ulsion polym erization  system s. In th is  sim plified model, 

nucleation is  taken to  occur when a single liquid rad ica l grows via m onom er 

addition past a c r itic a l nuclei size o r when two growing liquid rad ica ls  

te rm in a te  via com bination to  fo rm  an inactive polym er m olecule above the 

c r itic a l nuclei s ize . The stab le p a rtic le s  m ay collect, v ia physical 

capture, ra d ic a ls  and polym er from  the liquid. P o lym erization  p ro ­
ceeds in the adsorbed  state n ea r the su rface  of these  p recip ita ted  stable 

p a rtic le s .
This m echanism  shall be re fe rre d  to  as  the growth model for 

nucleation in p recip ita tion  polym erization. Although th e re  is  no sound 

physical reaso n  to neglect the effect of coalescence, the growth model 

is  studied for its  m athem atical sim plification. T here could also  be 

physical situations in  which it applies.

The nucleation ra te  for the growth m odel can be computed analy t­

ically  under steady sta te  operating conditions as a function of in itia to r, 

m onom er and a re a  concentrations in the liquid. The nucleation ra te  for 

the coalescence m odel and the m acro rad ica l coagulation m odel can only 

be exp ressed  in te rm s  of a complex collision  in teg ra l whose form  p ro ­

hibits analy tical sim plification. The underlying behavior is  not g reatly  

a lte red  by use  of the growth m odel and insight into the complex in te r ­

action between the nucleation and growth p ro ce sse s  is  obtained. The 

significance of th is  analysis is  b roader than the application to  p rec ip ita ­

tion polym erization. The dynam ics of nucleation in many complex p a r ­

ticu late  system s a re  governed on the m icroscopic level by some type of 

coalescence o r coagulation p ro cess . The m athem atical form ulation and 

trea tm en t of a nucleation p ro cess  p resen ted  h ere  may indeed be useful 

in considering such system s.
G oldstein and Amundson have previously  investigated the dynamic 

behavior of two phase polym erization system s. (12) In th is  p resen t 

analysis, we find tha t the potential fo r in stab ilities  ex is ts  aside from  

the c la ss ic a l au to -acce lera tion  resu lting  from  an inbalance in heat
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generation and rem oval a s  previously  considered. (12)

The dynamic behavior of complex particu la te  system s involving 

surface dependent nucleation and growth p ro cesses  has previously  

been investigated. (10) Form ulation of the governing equations in a 

s im ila r  form  p erm its  the stab ility  c r i te r ia  based on a linearized  

stab ility  analysis previously  developed (10), to  be applicable to 

continuous p recip ita tion  polym erization re a c to rs . These c r i te r ia  will 

be used to  te s t  t he stab ility  of steady state operating conditions obtained 

fo r the nucleation m odels developed. The qualities and p ro p e rtie s  of 

the nucleation m odels can be studied from  the exp ressions developed 

fo r nucleation sensitiv ity  to  re a c to r  variab le  fluctuation. These sen si­

tiv itie s  a re  the e ssen tia l te rm s  in the stab ility  p a ram e te rs  developed. 

The effects of in itia to r and m onom er concentration in the feed on system  

stab ility  a re  studied, providing qualitatively the c r i te r ia  needed to con­

tro l  both re a c to r  dynam ics and product quality.

D erivation of the System Equations

The steady sta te  behavior of the continuous production of p re ­

cipitation polym ers in a s tir re d  tank re a c to r  has previously  been d is ­

cussed. (11) H ere we p resen t a b rie f  sum m ary for the underlying 

physics and chem istry  needed to  m odel the dynamic behavior of such 

system s.
Consider the following p ro cesses  occurring  in a s tir re d  tank. 

M onomer, in itia to r, and solvent a re  fed continuously into the re ac to r.

In the solvent rich  liquid phase, the following p ro cesses  a re  taken to 

occur:
In itia to r m olecules decom pose form ing p rim ary  free  rad ica ls;
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w here ^  is  the decom position ra te  constant fo r the in itia to r and r fc(e) 

is  the concentration of p r im a ry  free  rad ica ls  in the solvent r ic h  phase.

A rad ica l at a degree of polym erization x grows in the liquid phase 

by m onom er addition:

n o o  + Mu — » ir; (*♦»■)

W here kpj. is  the propagation ra te  constant in the liquid and the (x+1) 

re p re se n ts  the fact that each addition of a m onom er in c re a se s  the degree 

of polym erization  of the growing rad ica l by 1.

Term ination by com bination occurs form ing inactive polym er 

m olecules;

+ k  in) — ■* ^

w here is  the te rm ination  ra te  content in the liquid. (It is  assum ed

that k ^  and k74, a re  independent of d. p . ) re p re se n ts  the

fact that as  single polym er m olecules a re  form ed they a re  indistinguishable 

from  what shall be re fe r re d  to  as a su b critica l p a rtic le  c lu s te r  form ed 

at a  volume equivalent to  the degree of polym erization of the polym er 

m olecule.
Subcritical p a rtic le  c lu s te rs  coalesce with one another in the

liquid: * « * < -  4>ty-v) i u

w here is  a coalescence ra te  constant. ( ^  is  also taken to  be 

size independent.)
It is  assum ed that rad ica ls  do not coalesce with polym er c lu s te rs  

in the liquid. This m odel shall be re fe r re d  to  as the pure coalescence 

m odel. The p ossib ility  of th e re  being growing rad ica ls  associated  with 

the su b critica l polym er c lu s te rs  is  accounted fo r in the sum m ary of the 

averaged coalescence m odel considered in Appendix II-A .
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R adicals, po lym ers, and th e ir  c lu s te rs  a re  captured by the e x is t­

ing stable p a rtic le s . The ra te  of capture is  given by the following:

Rate of rad ica l capture = h  (L ^ ( t )

Rate of polym er capture =

Rate of c lu ste r capture = f\ <k $(y)

w here h is  a m ass tra n s fe r  coefficient, a is  the to ta l surface a rea  of 

the p recip ita ted  p a rtic le s  p e r  unit re a c to r  volume, and jpUtfJare 

m o lar concentrations of rad ica ls  and polym er m olecules in the liquid 
at a d. p. of x and (^ ) is  the concentration of polym er aggregates in 

the liquid at the  m olecular volume V. (Capture p robabilities have 
been assum ed size independent.)

We assum e that the polym erization  in the solid phase occurs 

exclusively at the solid su rface . The m onom er concentration at the 

surface is  assum ed to  be in equilibrium  with the m onom er in the liquid. 

H ere, we use a Langm uir type iso therm  to  re la te  the  concentration at 

the surface to  the m onom er concentration in the liquid;

* *
R adicals at the surface continue to  grow by propagation;

+ M s ■ k ?-s  V s (* v h

w here kpS is  a surface propagation ra te  constant. (kpg is  taken to  be 

independent of x . )
T erm ination proceeds on the solid  surface by combination of 

two growing rad ica ls;

w here k. is  a surface term ination  ra te  constant th a t is  s ize  independent, xs
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The system  is  assum ed to  be well m ixed and th ere fo re  the re a c to r  ef­

fluent has the sam e com position as the re a c to r.

Before proceeding to  se t down the re so u rce  balances, a descrip tion  

of the physics and chem istry  of the nucleation p ro cesses  is  p resen ted .

When a  rad ica l grow s past the c r itic a l size  o r when two growing 

ra d ic a ls  te rm in a te  to fo rm  a polym er above the c r itic a l s ize , nucleation 

of a stable p recip ita ted  p a rtic le  occurs;

\ \  + H u ' Y lfc r ')  ~----- 7> {ov*v»*
of

* V U v 'A  — ~ s t a b l e  *v»*cUtis

H ere stab ility  re fe rs  to  the fact that p a r tic le s  above the c r itic a l size 

w ill not coalesce with one another. This m echanism  fo r nucleation has 

been re fe r re d  to as the growth m odel.

If a c lu s te r  of inactive polym er m olecules grows by coalescence 

with o ther su b -c ritic a l aggregates past the c r itic a l size , nucleation w ill 

occur. .

This m echanism  has been re fe r re d  to as the coalescence model.

At th is  point m a te ria l balances fo r in itia to r, m onom er, liquid 

and solid rad ica ls  and po lym ers can be w ritten  as  follows. (The con­

tribu tions of nucleation to  the rad ica l and polym er balances, taken to  

be negligible):

n-<ik InitiatorBalance — -------  * q  °  0

I I - (2): Monomer
Balance

II—(3):

•o
Monomer
Equilibrium

Liquid 
Radical

II-(4): Balance ^
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II—(5): P o lym er -  €-{?tl C «U*N C^-^Vlu -  - i «  jJi&}
Balance o

4 -v U rtj  ̂ fops ^  __ k a f t C ^

  bH “

11.(7), Polym er ^  - . - 1  « ^ + ^  f i-W  + » ^ S
Balance i t  © °

W here M and I . a re  the m onom er and in itia to r concentrations in the o °
feed respective ly , 0 is  the m ean resid en ce  tim e of m a te ria l in the 

re a c to r; M and M„ a re  the m onom er concentrations in the liquidO
(»V)©\/u*?J and solid respective ly ; £  is  the fraction  of the r e ­

ac to r occupied by the liquid phase; r L (x) and p t  (x) a re  the rad ica l 

and polym er size d istribu tions in the liquid(mol/twi-4*p.), r g (x) and pg (x) 

a re  the rad ica l and polym er size  d istribu tions on the p rec ip ita ted  p a rtic le s  
(wol/pwi'A.p.); and £ (x) is  a D irac D elta function, rep resen tin g  the fact that 

p rim ary  rad ica ls  in the liquid a re  taken  to  be form ed at ze ro  d. p. ,

The equations I I - (1-7) p resen ted  h e re  a re  s im ila r  to those 
previously used (8, 11) to obtain the steady s ta te  behavior of continuous 

precip ita tion  polym erization re a c to rs . G oldstein and Amundson (12) 

have previously  shown that if the re la tiv e  volum es and in te rfac ia l a rea  

between two im m isib le  phases a re  known, the above re la tionsh ips a re  

sufficient to compute the m olecular weight d istribu tion  as  w ell as  the 

re a c to r  conversion. R elations involving these quantities given here  a s  

(\ (the to ta l surface a re a  of the p recip ita ted  p a r tic le s  p e r  unit re a c to r  

volume) and £  (the volume of the liquid phase p er unit re a c to r  volume) 

a re , th e re fo re , needed to close the se t of equations governing the dynamic 

behavior of such sy stem s. The additional re la tionsh ips in te rm s  of a 

and 6 can be obtained from  a knowledge of the size d istribution  of the 

stable p recip ita ted  p a rtic le s .

We le t f(L) be a size d istribution  function for the stable p a rtic le s  

such that f(L) dL is  the num ber of stable p a rtic le s  lying in a size

Solid
II- (6); R adical  __

Balance "Ift
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range L, L + dL p e r  unit re a c to r  volume w here L is  a c h a ra c te r is tic  

lin e a r  dim ension of the p a r tic le s . (F or our purposes L w ill be the 

p a rtic le  r a d iu s .)
An equation governing the size d istribu tion  of p rec ip ita ted  p a rtic le s  

can be w ritten  following the method of H ulbert and Katz. (14)

Assum ing all the stab le  nuclei a re  generated  at a size  infin itesim ally  

sm all com pared to  the m ean p a rtic le  size , the equation governing the 

p a rtic le  size distribution  can be w ritten  as  follows:

n-(8) + > .  € B S M  -  X

w here 0 is  the m ean residence  tim e of the p a rtic le s  in the re a c to r  (m in .); 

B is  the nucleation ra te  p e r  unit liquid volume (# /cm  -m in); G is  the 

p a rtic le  growth ra te  (cm /m in); and the D irac delta function £ (L) r e p re ­

sen ts  the assum ption that the nuclei a re  generated at a vanishingly sm all 

s ize .
F rom  f(L), a andfc can be computed d irec tly  a s  follows:

3 :  ( ■fWdLJq

6  *  \ - ( “ ( e O f w a L
* o

Thus, if  B and G could be ex p ressed  in te rm s  of the re a c to r  v ariab les , •

the additional re la tionsh ips needed to  compute a and e could be obtained

by d irec t in tegration  of equation II-(8). An expression  fo r the p artic le

growth ra te  can be form ulated  independent of the nucleation m echanism .

C onsider the growth ra te  of an individual stable p rec ip ita ted  p a rtic le .

The growth ra te  _ _ dL can be exp ressed  in te rm s  of the p a r tic le 's  a rea
dt

and the p a r t ic le 's  volum etric  growth ra te .
_ dL __1 dV

dt " A dt



47

There a re  two p rinc ipa l contributions to the volum etric growth 

ra te  of a stable p rec ip ita ted  p artic le . A precip ita ted  p a rtic le  grow s by 

capture of rad ica ls  and po lym er from  the liquid and by polym erization 

of m onom er adsorbed  on the p a rtic le  su rface . The m onom er adsorbed 

on the su rface  of the p rec ip ita ted  p a rtic le s  is  assum ed to have a negligible 

effect on the to ta l capture su rface . F o r m athem atical convenience, 

the m onom er adsorbed on the surface of the p recip ita ted  p a rtic le s  is  not 

added to  the volume until a fte r  it has been polym erized. The volum etric 

growth ra te  of a single p a rtic le  can be w ritten  as follows:

. volume of liquid volume of m onom erdV volume of liquid rad ica ls  , . _  2 ■, , „  . , .u—  = J . + polym er captured + polym erized on the
^  caP u re  Pe r  13111 im e pe r  ^ ^ .1. tim e surface p e r  unit tim e

o r oo *  oo

dt o ° °

w here the f ir s t  two term  s on the right-hand side rep re sen t the to tal

volume of rad ica ls  and polym er captured from  the liquid p e r  unit tim e,

and the la s t  te rm  re p re se n ts  the volum etric ra te  at which a p a rtic le  grows

due to  polym erization  of m onom er on its  surface. Dividing by A

(Assuming h is  independent of size) re su lts  in a fo rm  in which G m ay be

w ritten  independent of p a rtic le  size, as a function of the leading m om ents

of the rad ica l and po lym er d istribu tions and M = E (Mu ). 
oo « , s

Thus G m ay be taken out of the b rackets  in equation II-(8).

\ i . e . W * f ^  -  6
Finally  exp ressions fo r B as  a  function of the re a c to r  v ariab les  a re  needed 

to  close the sy s te m 's  equations.
B, the to ta l num ber of stable p a rtic le s  form ed p e r  unit tim e 

p e r  unit liquid volume, can be computed based on the m echanism s of
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p a rtic le  form ation d iscussed  previously .

Q ualitatively th is  can be ex p ressed  as follows:
ra te  at which liquid ra te  at which liquid ra te  at which subcritica l

II-(IO) B = rad ica ls  grow past + ra d ica ls  fo rm  polym er + aggregates coalesce form ing
the c r itic a l size  above the c r itic a l size p a rtic le s  above the c r itic a l

size

These contributions m ay be computed individually.

B = Bp + Brp + Be, w here Bp, B ^ , and Be rep re sen t the above 

individual contributions, respective ly .

Bp is  the ra te  at which liquid rad ica ls  grow past the c r itic a l

s ize . Bp can be w ritten  as  follows:

Bp = kpj^. M . rL <Xc r )

Bt  is  the to ta l ra te  at which polym er is  form ed by term ination  above 
the c r itic a l s ize . The ra te , bp (x), at which polym er m olecules a re  form ed

in the liquid at size x is:

O
The to ta l num ber of polym er m olecules form ing above the c r itic a l size 

p e r  unit tim e can be computed d irec tly  by integratinn:
.00

Bt  -  * j

w here L. C^"^VS a H eavysides unit step at the c r itic a l s ize . Thus, in 
te rm s  of the rad ica l s ize  d istribu tion  r u (x), one m ay w rite  BT as 

follows:
00

8 t  ^  [ **■ I

The expression  fo r the contribution of coalescence to  the nucleation 

ra te  can be obtained in te rm s  of the su b critica l p a rtic le  size d istribution 

(v). F ir s t ,  a  balance on the su b critica l p a rtic le s  in te rm s  of the 

s ize  d istribu tion  <t> (v) m ust be w ritten . We w rite  the exp ression  for the 

net ra te  of accum ulation of su b critica l c lu s te rs  at s ize  v p e r unit 

re a c to r  volume:
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Xtv)

e ^  s £ *  J r tw V M jH ty  - - ^ e

*  * + b f<. { {
w here, the f ir s t  te rm  on the righ t-hand  side re p re se n ts  the ra te  at 

which c lu s te rs  a re  form ed at s ize  v when two rad ica ls  te rm in ate  to 

form  a polym er at a d. p. equivalent to  the volume v; the H eavysides 

& (V-Vc) re p re se n ts  the fact that polym er m olecules generated  at a 

size above Vc leave the liquid phase instantaneously  and should not be 

counted twice in B; the second te rm  on the right is  the ra te  at which 

c lu s te rs  at size v a re  captured by the existing p rec ip ita ted  p a rtic le s ; 

the next te rm  is  the ra te  at which su b critica l c lu s te rs  at size v leave 

the re a c to r  in the effluent s tream ; the next te rm  re p re sen ts  the ra te  

at which c lu s te rs  a re  form ed at size v due to  coalescence of two c lu s te rs  

below size v; the H eavysides A(V-Vc) re p re se n ts  the fact that as c lu s te rs  

a re  form ed above Vc, they im m ediately  fo rm  stable p a r tic le s  leaving 

the solvent rich  phase; and the final te rm  is  the ra te  at which c lu s te rs  

at size v a re  destroyed due to  coalescence with any o ther subcritica l 

c lu s te r.

The ra te  bc (v) at which c lu s te rs  a re  form ed via coalescence at 

size v p e r  unit liquid volume can be w ritten  as:

bciv )=  -gi. f

The to ta l num ber of c lu s te rs  form ing above the c r itic a l s ize  p e r unit 

tim e can be computed d irec tly  by integration:

B e *  f 00 4V •
Thus, in te rm s  of the su b critica l p a rtic le  s ize  d istribution  p (v), the 

contribution of coalescence Bc to  the nucleation B can be w ritten  as 

follows: rf*> , .

The nucleation ra te  B m ay now be w ritten  in te rm s  of M l, t l ^ .  Mv) 

as follows: j»p x  *o v



It is  now possib le  to  w rite  a closed set of dynamic equations in 

te rm s  of I, ML, Mg, r  (x), r  (x), p L (x), ps  (x),

4> (v) and w here B, G, a and a re  expressed  as  im plicit 

functions of the re a c to r  v ariab les . The equations governing the 

dynamic behavior of p recip ita tion  polym erization in a GF. S. T. R. 

sum m arized  in Table I I -1.



Table I I -1: Equations Governing Dynamic Behavior of P rec ip ita tion  Polym erization  R eacto rs

In itia to r Balance 

Monomer Balance

d t  © 0

Equilibrium  

^Liquid R adicals 

Liquid Polym er

Subcritical C lusters

Solid Radical

.Solid Polym er 

.P recip ita ted  P artic les  

A rea Concentration

M *  -  E  L h .] -

4 1 - ^  = fefcn. { l-b U -x Cp^ * ho

j ^ j . ^  -  &C1 V a -1 6‘f r v ' h 4l |  - 

v fepstAs - 1  o^Uo -* k is  rt t f t f W U j  

^  <- p>-(x) * ft ferS rt (&{)k{ + &

» + > ! - ©  

a  r  fOteL

Liquid F rac tion

Nucleation Rate

Growth Rate 

C ritica l Size

(X -  K C c% 4 h 0 VcWM>s''?a*^*-+  f y s N U ^ f r ^ ^

Vr ^ ytr V^ c  v/y V Vf*\ a ^  K Vt  
3.
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STEADY STATE ANALYSIS

The steady sta te  behavior of p recip ita tion  polym erization re a c to rs  

has been obtained from  solution of the equations on page (14) with the 

tim e derivatives se t to  ze ro  (8 , 11). C rite r ia  fo r the uniqueness of 

such steady sta te  solutions have previously  been d iscussed  (10). O ver 

a  wide range of operating conditions, th e re  will be a unique soluttion 

to  the governing equations. B efore p resen ting  a  b rie f  outline of the 

solution fo r the steady sta te , it is  convenient to  f ir s t  rew rite  the steady 

sta te  equations in d im ensionless form .
One m ay scale the physical variab le  in te rm s  of the in terna l 

tra n sp o rt and k inetic  constants and the re a c to r  in let conditions. The 

following set of dim ensionless v ariab les  a re  defined in te rm s  of the 

physical v ariab les  rep laced .
Replace physical variab le  by d im ensionless variab le

x

n i x ) 1 * 0  * L
Mo

Vty- Mo

L l
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Replace physical variab le  by dim ensionless variab le

V  ( v
U f e t T o  X V

X. 1  V k  r
T  x I v ^ h ) ' r

i 3.k iX o X  , (K

t  M.VM

(X

e  € « , • £

x  Xo • X

H o  • n \ l

K s £  W3- H&

Replacem ent of the physical variab les by the d im ensionless variab les 

in the equations governing the steady sta te  behavior of the system  r e ­

su lts  in the following dim ensionless p a ram ete r constants and the ap ­

p ro p ria te  fo rm s for a  d im ensionless residence tim e and c r itic a l size . 

The dim ensionless values for 0, Lc, X cr. XCp and Vc are:

V < w o T )  * u



V , * Vr H h K iC  \ V l

(v  s  bpL M» V *  jT ife tL >  \  ^  
» in o V M)'^ -  V <,K M X  /

w .  v ( * « g  ^ E M

8 c  = £ c l £ —

k  -  « * * *

A t  «
te tu

\ ^ w  lA o

i  c  \%  lA o

tA x  =• tAo



55

The equations governing the steady sta te  behavior of p rec ip ita ­

tion polym erization re a c to rs  may now be w ritten  in d im ensionless form . 

The equations governing the steady sta te  behavior of precip ita tion  

polym erization re a c to rs  a re  lis ted  in Table II-2.

The equations governing the steady sta te  behavior can be reduced 

significantly.
It is  possib le  to  compute f(L) fo r the steady sta te  by d irec t 

in tegration . L

n-n -ffr)-- e ' m,S€'
Gr

E xpressions fo r a  and can be obtained d irectly  by computing m om ents, 

ft-- € '*

R earrangem ent of the above re la tio n s  yields: 

n  - 12a «  c
t+fe(iMt©y*6 Gr

II - 12b c   _______ L
14 6^

from  which an expression  fo r the ra tio  a/g  can be obtained;

II - 12c J L -  l t M t o f e G r *

It i s  r a re  that one can develop explicit fo rm s fo r both p a rtic le  

nucleation and growth ra te s . H ere, however, one can obtain explicit 

expressions fo r B and G in te rm s  of the re a c to r  v ariab les .
C onsider f ir s t  the equations fo r  r L (x), p L (x), r g (x) and $ (v).



Table II-2: -Equations Governing Steady State Behavior of Pre.cioitation Polym erization  R eacto rs

In itia to r Balance o  -  i - ( i + k © ^ €  T

Monomer Balance O  = \ ~

Equilibrium

Liquid R adicals rAu ,  1  S ix )  -  M tV 'uW  -  ^ t i .00

Liquid Polym er o  -  “ ^  ^ [ * « w i n u - ^ j I » - . ( l )  p j t )

Subcritical C lu ste rs

Solid Radical X? ^  c i jfc < W  a  E l k l  VsC<S 5/ ' ^ ^  -  3L  <*(*) 
5>X *■ ^ 3©

Solid Polym er

P rec ip ita ted  P a rtic le s f e B S W -

A rea Concentration o-. J J V  f  M 4 L

Liquid F rac tion s :  • ? » « * .

Nucleation Rate

----------------------- —

Growth Rate

C ritica l Size
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A ssum e that the outflow ra te  is  negligible com pared to  in terna l t r a n s ­

p o rt and chem ical reaction  ra te s . The solution fo r the distribution  

r L (x) is: _ qtfeH ^ T Xci. . y

II-<13a) « .(* ) -  MZ e  5 * * * *

•  °  '» * y Y t *
tf i n

II-(14a) X nu  * * YiO t)faw 09
Computing the zero th  m oment XoL*|fc#}Ax re su lts  in the following 

expression:
ii-(i4b) teT + |  Xot -  T {  I - eT ]
w here
II-(15) T *  ( Xcr

-TNote that e  re p re se n ts  the fraction  of rad ica ls  that grow by- 

m onom er addition past the c r itic a l s ize . Even in the case w here coales­

cence m ay be negligible, the num ber of rad ica ls  that reach  the c ritica l

size is  negligible com pared to  the to ta l num ber of rad ica ls  generated.
•T . *1®

(In a typical working range 6, is  of the o rd e r • °  and th ere fo re  may

be neglected com pared to  1 in the expression  governing Xoi .)

With C T «  t j Xol m ay be exp ressed  independent of Ml

Il-(14c) Xou = ^
It is  convenient to  define another d im ensionless to  which c a r r ie s

the physical significance of being a m easu re  of the te rm ination  to  capture

ra te  of rad ica ls  in  the liquid phase.

H-(16) ^  - 4 r
(AlfcV-

Thus, it is  possible to  rew rite  vv c^*«. «V -

-T * ,
II-)13b) C M -  —  6  -  J L  & j X

Mu

C C O *  o X> Xer
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S im ilarly , the equation governing the su b critica l p a rtic le  size 

d istribu tion  may be solved, leaving $ (v) as an explicit function of 

Ml , I and a /6  . H ere, the outflow te rm  is  a lso  neglected com pared 

to  the in te rn a l tra n sp o rt (capture) ra te . The solution of th is  in teg ra l 

equation in <f) (v) has p reviously  been obtained (11). The solution is:

H  £  e ‘ T*  5 v 6 v .

w here '  V ’
VH* ^  I i f    _

^ uJV *# I 1+ VTTu }l ) • ^
This expression  gives $ (v) explicitly  as a function of M^,, I and a / 6  .

(Here the frac tion  of su b critica l c lu s te rs  growing past the c r itic a l size 

is  assum ed to  be negligible com pared to  the  fraction  of c lu s te rs  which a re  

captured by existing stable p a r t ic le s . ) At th is  point one need only con­

s id e r  the zero th  m om ent of the solid rad ica l balance. Integrating the 

steady s ta te  equation fo r r g (x) y ields:
II-(18a) 0 s  W  -  **T

a
w here

The expression  for X»s may be solved explicitly  as  a  function of I 

and *lfc “I -for fc «  l]

n - < 1 8 b )  ^
One m ay also  solve fo r the liquid polym er size  d istribution  by 

d irec t integration: ^  ^  J

F rom  the equation II-(13b) for r L (x), pL (x) becom es:

n -<19’ ^ ( S f x e " T 4 '  ;

* o  i
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It is  now possib le  to  reduce the exp ressions for B and G to  explicit 

functions of ML , I and a / f  .

The p a rtic le  growth ra te  G w ill be divided in te rm s  of the two 

p rinc ipa l contributions to  p a rtic le  growth. Let Gc be the portion of 

the growth ra te  due to  capture* of rad ica ls  and polym ers from  the liquid 

phase and Gp be the portion  of the growth ra te  due to  polym erization of 

m onom er adsorbed on the p a r tic le s ' su rfaces, 

ii-O b) g* -  Grc +

where
II-(20a) Gfc * J J  CM?*} jhAOdy

II-(21a) t p  M.S J ftC rtd ,*

Gc can be computed by taking the leading m om ents of r ^  (x) and p ^  (x). 

Integration and sim plification yields: ^      n
rr  / o n u  ~  Vo +  . KAu \  » ± _ M i l ™ ? - 'Ob) Crt »  4

Gp can be sim plified by rew riting  Mg and X^Ln te rm s  of M ^, I and 

a/fe as  follows:

n - w i b ,  «rf  *  t ,  \

T herefore , the p a rtic le  growth ra te  is  exp ressib le  explicitly  as a function 

of ML, I and a/fc , and the dim ensionless p a ram ete r constants.

Q**

_  Vo O'UV Ih  J Mu W ( '+  ^  |  ,\ u *l£ i .i4r r ~ \
■n- (2 2)  Ul'STZzS*  g T \ l 4 i f e s f  '***>

It is  a lso  possib le to  w rite  B as  an explicit function of M ^, I and 

a / £  . At th is  point it is  f ir s t  convenient to  combine the contributions 
of liquid rad ica l growth and term ination  to  nucleation, Bp and B«j> as  Bg;
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Bg = Bp + BT
VO t

i-e. Mu kx ( Am A ( ^ 5 0̂ tA rt^)cL
'Xj,p *

B m ay be computed by d irec t in tegration  using equation II-(13b) as 
S

follows: v _ *r
q  ^  x  • i  i+  w (id!}— - V  e ’eflj a. J .  ^ 1

w here; «t
£  I etiaa \C cp»*cr

and W and T a re  explicit functions of Ml , I and a/C*. (See equations

II—(15 & 16 )

The contribution of coalescence to  nucleation m ay be obtained 

by evaluation of the collision in teg ra l for Bc . ^  Vc

II-(23) S c  - ( d v
Z Jylo v-Vc

w here
CMnXjAlfe^J as given in equation II-(17)

H ere, again, we have an expression  for the nucleation ra te  which depends 

on M, , I and a /6 and the d im ensionless p a ram e te r constants. DueLj
to  analytic complexity th is  expression  cannot be reduced fu rth e r. Com­

putation fo r Bc (Ml> I^a/fi ) m ust proceed by num erical in tegration.

B can then be computed as  B * Be

Applying the exp ressions fo r Xm. and Xoj as functions of I 

and a/fr to  the m onom er consumption balance and using the. in itia to r 

balance to  ex p ress  fc * 5 14 K 6 one may  solve the equation
M l explicitly  as  functions of I, and a /6  .

II-(24)
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Rew riting equations II-(12b) and II-(12c), with £ rep laced  by fc (I), 

one is  left with two equations whose solution y ields the steady state 

behavior of continuous precip ita tion  polym erization re a c to rs .
(i2c) < L2 (wjeVB^1 
(12b) X  * l+  fe (*»*&)
w here

Mu* Mu equation II-(24)

equation II-(lOc) 
equation II-(9c)

Solution of the above equation cannot be obtained by d irec t ite ra tion  or 

by Newton-Raphson ite ra tion . (The above re la tio n s do not re su lt in a 

contraction m app ing .) Solutions for the steady sta te  re a c to r  perform ance 

have been obtained by a com plex num erical in terpolation. In figures 

II—(1, 2) re su lts  a re  p resen ted  com paring the solutions obtained for a 

system  in which coalescence is  the predom inate m echanism  to  that 

obtained by neglecting coalescence (i. e. taking |JC=. o ). Solution of the 

coalescence m odel requ ired  repeated  computation of a (computer) 

tim e-co s tly  num erical in tegration; thus, only the effects of varying 

in itia to r and m onom er concentration in the feed have been considered. 

Although the growth m odel cannot quantitatively m odel the coalescence m odel, 

som e of the b asic  p ro p e rtie s  of the m odels do follow one another 

qualitatively . These p ro p e rtie s  shall be am plified in the d iscussion  of 

the dynamic behavior of the system .

Finally , it should be noted that these  equations have unique so lu­

tions over the residence tim e range studied. Uniqueness c r i te r ia  for 

the steady sta te  have been p resen ted  in the previous section. F rom  

the dependence of B and G on ML, I and a /g  , it should be c lea r that 

the unique solutions a re  obtained in the physical working range of 

such system s.



F igure  I I -1: Surface concentration of so lids v e rsu s  resid en ce  tim e fo r growth and coalescence m odels of 
various feed conditions. Stability lim its  fo r  growth m odel a re  included.
G, C - l :  Mo = 2 x 10-3 Io = 5 x 10 "6 "1 3
G, C-2: Mo = 1. 5 x 10"3. Io = 5 x 10' 6 Y M#* I
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F igure II-2 : C om parison of Nucleation ra te  v ersu s  growth ra te  fo r the 
aqueous polym erization of a  precipitating polym er using 
growth and coalescence m odels.
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DYNAMIC ANALYSIS

The equations governing the dynamic behavior of continuous 

p recip ita tion  polym erization re a c to rs  w ere given on page (14). These 

equations a re  highly non-linear, and in th e ir  p resen t fo rm  a re  v irtually  

un tractab le . It is  possible to make sev era l sound physical approxim a­

tions that will reduce the com plexity of the governing equations and 

p erm it a  linearized  stab ility  analysis to  be c a rrie d  out from  which 

physically  identifiable stab ility  c r i te r ia  can be obtained.

In the ccntinuous production of the p recip ita ting  polym ers, v a r ia ­

tions in the m onom er, in itia to r, and a re a  concentrations in the liquid 

occur on a tim e scale which is  of the o rd e r of magnitude of the m ean 

residence tim e of the re a c to r . With re sp ec t to  a sm all instant of tim e 

(that is , com pared to the m ean residence tim e) the values of M ^, Mg,

I, a, and £  will not change very  d rastica lly . In th is  short period  of

tim e w here MT , M„, I ,  a an d 6  a re  n ea rly  constant, the rad ica l and 
s

su b critica l polym er balances can be viewed to be in a quasi-s teady  sta te . 

That is , in th is tim e period, the size d istribu tions of th ese  species w ill 

reach  what may be re fe r re d  to as quasi-steady  values due to the fact 

that the tim e scale for in terna l tra n sp o rt and chem ical reaction  a re  

infin itesim ally  sm all com pared to  the tim e scale for varia tions in M ^,

Mg, I>a and 6 . We neglect the accum ulation and outflow ra te s  of 

r L (x), p L (x), r g (x), and $ (v) in their governing equations and con­

s id er that th e ir  tim e varia tions occur im plicitly  through the tim e dependence

of Mt , M . I, a and £  .J-j s
Based on these q uasi-s teady  approxim ations, we compute the tim e 

dependence of the nucleation ra te s  im plicitly  through th e ir  dependence on
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Mj^, I, and a /£  . That is ,  the liquid and solid rad ica l balances and 

the liquid polym er and polym er c lu ste r d istributions can be solved by 

consecutive in tegra tion  resu lting  in exp ressions in a form  equivalent 

to those obtained in the steady state analysis . Thus, one m ay w rite  

expressions for B and G w here the tim e varia tions in v

Il-(lOd) $  Mi +

can be exp ressed  im plicitly  through the varia tions of Ml , I, and a /g  . 

These expressions a re  exactly  equivalent in te rm s  of the functional de­

pendence . on Mj^, I, and a/'S of p a rtic le  nucleation and growth to  those 

developed in the steady sta te  solution.
F u rth e r, it should be noted that v irtua lly  all m onom er polym erized in 

the liquid phase leaves the system  as p a rt of the p recip ita ted  p a rtic le s . 

This is  inherent in the assum ption that the capture ra te  is  much la rg e r  

than the outflow ra te . The m onom er balance may then be w ritten  a s  a 

re so u rce  balance; w here ( G’Mt + Q'Mj ) re p re se n ts  the to ta l unreacted  

m onom er in the system  and ( I -  ^  rep re sen ts  the to ta l m ass  of the

polym erized m onom er. (£  is  the polym er product d e n s ity .) At th is

point one m ay rew rite  the governing equations in the following form :

I I - (25) In itia to r balance A IT" a © ©
f n  -tAw

I I - (26) M onomer equilibrium  bAs s  £ \,” 4 S 1 ̂  ^  "

II-(27) and re so u rce  balance

A t
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i. 6  -  _ - i -  < |L \ •
I I - (28a) P a rtic le  balance SIT* ®

II-(28b) r  € ) L ' 5
where

n - ( 29) ( U  H ^ \ M L

IJ_(30) 6 ‘ »-K^ tlWtfAl

and
II_(10d) B s 6 | ^ t , 4 l ^
II-(9d) 6 i -  G

The 6-8^1 in the p a rtic le  balance has been rep laced  by the appropriate 

boundary conditions.
The nucleation and growth ra te s  used h ere  a re  continuous functions 

of M ^, I and a /6  based on the quasi-steady  sta te  kinetic analysis. 

T herefo re , they can be differentiated  explicitly  with re sp ec t to  M ^,

I, and a/fc , thereby  perm itting  linearization  to be ca rrie d  out explicitly.

The dynamic behavior of precip ita tion  polym erization re a c to rs  

can now be studied by perform ing a linearized  analysis on the sy stem 's  

equations II-(IO)
L inearization  of the sy s te m 's  equations re su lts  in the iden tifica­

tion of a lin ear operato r governing the dynamic behavior of the system . 

Solution of the associated  eigen value problem  re su lts  in the ch a ra c te r­

is tic  equation of the system . The ch a ra c te r is tic  equation is  I—(16):

ii-(3 i)  5*+ U + f t s V

where b* *• \ ̂

" ■  P - v  -
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a re  stab ility  sensitiv ity  p a ra m e te rs  evaluated at the steady sta te  under 

study. The te rm s  on the righ t-hand  side a re  taken at the steady state 

under study a re  defined as  follows:

surface of the p recip ita ted  p a r tic le s  to  the unreacted  m onom er resid ing  

in the liquid. (Note the density of the polym er product is  taken equal to 

the density of m onom er fo r m athem atical s im p lic ity .)

Note that the nucleation and growth sen sitiv ities  to  m onom er a re  

weighted by which for aqueous polym erizations w ill typically  be 

around 4 to  1. Thus, even in the range w here nucleation and growth 

sen sitiv ities  to  in itia to r a re  of the sam e o rd e r of magnitude as  the 

m onom er sen sitiv ities, they a re  a sm all contribution to  the stab ility  

p a ra m e te rs  b :' and g*.
In the num erical cases  tested , the m onom er adsorbed on the s u r ­

face of the p recip ita ted  p a rtic le s  was a negligible fraction  of the unreacted 

m onom er in the system . The te rm  in b* containing <3̂  was sm all for 

such cases. F u rth e r, if the nucleation ra te  is  a re a  independent, the 

te rm  w ill a lso  be negligible com pared to the m onom er sensitiv ity .

Also note that as  ^  approaches -1 the f irs t  te rm  in b* will be sm all.

If the adsorbed m onom er w ere not sm all, the computation of the capture 

surface based on the size d istribution  of the p rec ip ita ted  p a r tic le s  would 

not be exact. If 3^ is  not sm all ( «  \ ) the exp ressions fo r the

growth ra te  and computation of the to ta l surface m ust be rederived .
Even in  th is  form , the effect of a  la rg e  ^  on stab ility  can be accounted

m onom er

^  is  a m easu re  of the ra tio  of polym erized to unpolym erized 

lom er. is  a  ra to  of the unreacted  m onom er adsorbed on the
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fo r physically  in a qualitative m anner.

Application of the Routh-Hurwitz c r ite rio n  to the ch a rac te ris tic  

equation re su lts  in the following stab ility  c r i te r ia  fo r a steady state  

operating point of a continuous precip ita tion  polym erization re a c to r  (10).

These re su lts  may be. p resen ted  graphically  in the (b*, g*) plane 
with m as a p a ram e te r. (See F igure 1-6, pp 27) Note that for. g* 

much g re a te r  than(m| and 1, the ra tio  of b*/g* at the upper stability  

lim it approaches 21. F u r th e r  the re su lts  fo r the case w here m  = 0, 

which w ill occur in the range in which B and G a re  independent of a rea , 

a re  exactly equivalent to  the re su lts  obtained by Sherwin (3) fo r the 

iso th erm al continuous c ry s ta lliz e r .

Thus, with a knowledge of the nucleation and growth sensitiv ites 

at a steady sta te  in question, one can te s t the lin e a r  stability  of the 

system  by computation of b*, g* and m  and application of the above 

stab ility  c r ite r ia .
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GROWTH SENSITIVITIES IN PRECIPITATION POLYMERIZATION

The expression  fo r the growth ra te  of p recip ita ted  p a rtic le s  G 

has been form ulated independent of the nucleation k inetics. It is  possible 

to  obtain general ex p ressions fo r the growth sen sitiv ities  gm , gj, and 

in te rm s  of the steady state operating condition under study. As one is  

dealing here  with logarithm ic  derivatives, it is  possib le  to  use the dim en- 

sion less expression  fo r G to  obtain the growth sen sitiv ities . With us-

+ Sip i \ ja .

the growth sen sitiv itie s  can be obtained by d irec t d ifferentiation of the 

expression  fo r G. The growth sen sitiv ities  computed in te rm s  of the 

steady sta te  operating conditions are :

>ln5 r » . . » . «   - 1
L V* ( ^  ♦ r io t) *  X»». +M11.+ t p ^ s \ * s  *

*’^ 1 " \  vMoJj+Xu.+«,u vApK%\o> )

res * \
\  v®*( X s + rto^ 4 Xik + rt.t *• **\o% J

w here general expressions fo r X«L) Xi(,) J40i.)Mti.| \©s a re  
sum m arized in the f ir s t  column of Table I I -3. With these expressions 

fo r gm , gj, and % the value of g* for a given steady sta te  operating 

condition can be computed d irectly .
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Table II-3: E xpressions fo r leading m om ents of rad ica l and
polym er size  d istributions and m onom er equilibrium

Quantity G eneralized F orm A sym ptotic F o rm s

t o »  1 w «  i

X o u 0 *  f - u \ n ^ s )
zV?T  V *

I _
ale

X i u u ;
* T  t i + n n o ) 1

M l M l X
(alfcV-

i

o r

alfc u ; 2,
(,l+'Tt+w

X v ^ I

M i l
M l

J l f c r  ( l * \ T \ + w ) 3
M u  i f

* l €
fc k r lK
' W e T *

X f t S
i

\ f  u X

f A s |  ( ' t i l  M u  1
V \  *■ j  * M l .  /

I j  M s  w  I 

I )  K s
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NUCLEATION SENSITIVITIES IN PRECIPITATION POLYMERIZATION

In th is  section  it will be shown how expressions for the nucleation

sen sitiv ities  can be obtained analy tically . The nucleation sen sitiv ities

bm , bj, and p  a re  computed as the weighted sum  of the contributions

of each nucleation m echanism . That is ,  fo r each generalized  form ulation,

we have B in the fo rm  B = B_ + B„, and th e re fo re& ^
} I n B  _  8% + Sc  a > g > fc

” B B

(Y re p re se n ts  Mj^, I, or a /£  .)  In the f ir s t  form ulation, rad ica l growth 

and te rm ination  past the c r itic a l size a re  included in Bg and pure polym er 

coalescence is  the Bc contribution. F o r the averaged coalescence model, 

Bg and Bc r e fe r  to the averaged growth and coalescence of the su b critica l 

c lu s te rs  past the c r itic a l s ize , respective ly . (See Appendix II-A) With 

the nucleation and growth sen sitiv ities  at hand b* and m m ay then a lso  

be computed. Along with the value of g* computed, one may then te s t  

the stab ility  of a given steady sta te  operating  point.

C onsider the contribution of rad ica l growth and term ination  to  

nucleation. In the quasi-s teady  sta te  hypothesized, the nucleation ra te  

has the sam e form  as that obtained in the steady state analysis . The 

d im ensionless steady sta te  equation fo r Bg can be differentiated d irec tly  

to  obtain • The dim ensionless fo rm  fo r B„ is:

a * * 1' ! ' + >e'T‘<:L
The p a rtic le  nucleation sen sitiv ities  obtained by d irect d ifferentiation a re :

i \* *  \
lk i§ l  * T - (

Mi. ‘‘■uWrtw?’ J

MtlS 4! *  |4  1 (nJTfwT ~ T  ■ (l-f \
^  ( T - f t  I
x  (» v T O V
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_  w_ (  i + *£d C T -^ \  ~

X ln fcq  «-» i —- i - i l l £ l 2 2 J l ^ . V
^  «■

Now consider the te rm  rep resen ting  the contribution of pure 

polym er coalescence in p a rtic le  form ation. The solution of the sub- 

c r itic a l c lu s te r  balance in the quasi-steady  state is  exactly equivalent 

in functional dependence on M ^. I and a/fi as the dim ensionless 
solution in the steady state  analysis . The dim ensionless fo rm  of the 

steady sta te  solution is  again used to  obtain the logarithm ic derivatives 

in te rm s  of the steady sta te  operating condition under study.

The nucleation ra te  due to coalescence of the su b -c ritic a l aggregates 

is  computed as follows;

Be = h f a v  ■ C
w here: * P t ^

• i ,

The values of m ay then be computed from  the complex collision

in tegra l as follows: u , i t  \  *
jUS. j A,. i x. ^

^ l n 8 c  _ W  1 »Y___________ q :__________

Taking the partial, derivatives of ito  and^H^with re sp ec t to  Y and 

regrouping te rm s  leaves the following expression  fo r •

2 * I  v ^ - r .  *JnT

where v  J v<> <W- ( ^

s<rt { £  X o t o ^ r t e l £
✓ S N \>  e  ^  M
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< & >  has the physical significance of being a weighted average of the
partic le  s ize  at which stable nuclei a re  produced via coalescence.

It v a rie s  between 1 and 2 and in m ost cases is  only slightly  above 1.

The weighting function S (v) which a ro se  in the complex differentiation

v a rie s  from  2 when®"*'-0 to  approxim ately <JV for<Y?f. The resu lting  <$£/)>

fo r subsequent qualitative d iscussion of system  stab ility , is  approxim ated

as( Vc).
-----

P , ^Tc, T a re  continuous differentiable functions of M-^, I, and ate . 
T herefo re , it is  possib le to  compute and analytically ,
and evaluate them  fo r a given steady sta te  operating point under question.

It is  then possib le to  obtain and from  the values

of each and the values of the collision in teg ra ls  and
< S lv »  . Explicit expressions fo r these p a rtia l derivatives in te rm s  of 

the steady state  operating condition under study a re :

-  T - < ^ >  -  x

2- ( — Xw>. T .  +  2.- C ^
T t f r  ‘ + V  *

^   ̂ ~ - C i -  v*>yT-
w here

s  U«*»
With expressions for the nucleation and growth sensitiv ities  at 

hand, the stab ility  of a given steady sta te  operating condition can be 

tested  based on a  given nucleation model by evaluation of b*, g* and m 
and application of the stab ility  cr iter ia  obtained previously.
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Lim iting R elationships F o r Nucleation and Growth Sensitiv ities

It is  possib le  to  sim plify the fo rm s fo r the nucleation and 

growth sen sitiv itie s  based  on the re la tiv e  value of the term ination  to  

capture ra te  of liquid phase rad ica ls .
H Ifr ^This co rresponds to  the o rd e r of magnitude of to=.

F rom  a study of th ese  lim iting cases , the range of values fo r the 

nucleation and growth sen sitiv itie s  m ay be narrow ed. The resu lting  

lim iting  cases  shall be usefu l in sim plifying the d iscussion  of re a c to r  

stab ility  as they shed light on the physics underlying the com petitive 

p ro c e sse s  which a re  occurring  sim ultaneously in such system s.
The range of values over which the growth sen sitiv ities  m ay vary  

can be narrow ed by considering the ex p ressions fo r th e  growth 

sen sitiv ities  for the lim iting  cases  w here a ll polym erization is  occurring 

e ith e r in the liquid or in the solid . A sym ptotic fo rm s fo r the growth 

sen sitiv ities  gm, gj, and Tf m ay be obtained when e ith e r phase is  the 

predom inate locus of polym erization , corresponding to  the kinetic 

reg im es in which the rad ica l capture ra te  is  e ith e r  negligible o r la rg e  

com pared to  the te rm ination  ra te  of rad ica l in the liquid phase. 

Q uantitatively th is  co rresponds to  the ranges in which u>fti and 

respective ly . A sym ptotic fo rm s fo r the growth sen sitiv ities  obtained 

from  equations II-(34a, 34b, 34c) a re  tabulated in Table II-4.

Independent of the value of w»j K 1 when the liquid in the predom inate 

locus of polym erization . This is  due to  fact that Xu and j |(l, a re  both 

lin e a r  in M ^. When the solid is  the p rim ary  locus of polym erization,

-A -z  , independent of t#. Thus fo r th is  case, gm, m ay vary  

from  1, when the adsorption equilibrium  is  v irtually  lin e a r  in M ^, to  O, 

corresponding to Mg at i ts  sa tu ra tion  value, w here G is  independent of M ^. 

When the liquid is  the p rim a ry  locus of polym erization, the te rm s  involving 

Mu. andX„.will predom inate in ^ j and^f when u>»l a n d r e s p e c t i v e l y .
That is , m ost of the polym erized  m onom er w ill be associa ted  with 

term inated  polym er m olecules (Mu ) when term ination  is  la rg e  com pared
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to capture of rad ica ls  (u»v> i). Most of the polym erized m onom er will 

be associated  w ith growing rad ica ls  ( X,fc ) when term ination  is  sm all 

com pared to  capture of rad ica ls  (u><4 i). Thus the value of ĝ . and V 

fo r wV>l and correspond  to  the exponents of I j %  in ^^and Xu. 

respec tive ly  (See Table 2). When the solid is  the p rim ary  locus of 

polym erization, the te rm  rep resen tin g  the polym erization ra te  in 

solid = predom inate in the expressions fo r g  ̂ and .

Since 9 «  , the values of gj and a re  sim ply the exponen­

tia l  dependence on X ot 0$ X  and in the lim iting ranges u> I 

and w<xl (See Table 1).

L im iting form s fo r the nucleation sensitiv ites  m ay also  be obtained 

fo r each m odel in the reg ions in which WY>1 and . With the

approxim ation that 4  fo r the pure coalescence model

the resu lting  fo rm s fo r  the nucleation sen sitiv ities  a re  sum m arized 

in Table II - 5.



Table II-4: L im iting values of growth sensitiv ity  of re a c to r  variab les
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DISCUSSION

The m odels considered in th is  paper can be used to  determ ine 

quantitatively w hether continuous p recip ita tion  polym erization  re a c to rs  

w ill be lin early  unstable for a given steady sta te  operating condition.

Data te sted  fo r continuous production of po lyacry lon itrile  in an aqueous 

medium  indicate cyclic v aria tion  in product quality (mean p a rtic le  size ,

M. W. D .) w ill occur. Large fluctuations in M. W. D. a re  possib le , as 

the locus of polym erization  v a r ie s  over a cycle if the propagation 
and term ination  ra te s  for each phase d iffer significantly. These 

fluctuations m ay be enhanced, a s  diffusional effects^neglected in our 

treatm ent^ in crease  the dependence of m olecu lar weight on p a rtic le  
size . The m echanism  of th is  cyclic instab ility  can best be viewed in ’ 

te rm s  of the complex in teraction  between the nucleation and the growth 

of the p rec ip ita ted  p a rtic le s .

Due to  the high sensitiv ity  of the instantaneous nucleation ra te  

to  re a c to r  v ariab les , a sm all pertu rbation  from  the steady sta te  operating 

condition can d rastica lly  affect the num ber of stable nuclei which a re  

being produced. Since it takes on the o rd e r of the sev era l m ean residence 

tim es fo r these  new nuclei to  grow to the m ean s ize , th e re  w ill be a 

considerable lag  in tim e from  which the p a rtic le s  w ere produced to  the 

tim e at which they have an appreciable effect on the m a te ria l balances.

The effect of th is  complex in teraction  between nucleation and growth 

can be viewed m ore eas ily  by considering a  specific m echanism  for 

p a rtic le  form ation.
Consider the sim ple case in  which coalescence is  assum m ed 

negligible. (Note that in the averaged coalescence model, setting |3t  = ©

(no coalescence of subcrits) in fe rs  that term ination  in the liquid is  negligible. 

(In the averaged coalescence m odel term ination  inherently  occurs sub­

sequent to  co a le scen ce .)
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In th is  d iscussion , we need not be lim ited  to  th is  case and we

f ir s t  consider the growth m odel. In the growth m odel, the nucleation

ra te  is  ch arac te rized  by the value of T, the ra tio  of the death to  growth

ra te s  of liquid phase rad ica ls  past the c r itic a l s ize . This exponential

ch a rac te r  o r nucleation sensitiv ity  is ,  fo r the sake of d iscussion , the

essen tia l functional dependence of the nucleation ra te  on M ^, I and a/fc- ,
_ T

the re a c to r  variab les . That is , one m ay approxim ate £  oi £

where T - 2k (H  'Th ^ ) £

Independent of the predom inant death m echanism  for the liquid 

rad ic a ls , (i. e. the o rd e r of magnitude of 10 = ) the nuclea­
tion sensitiv ity  to  m onom er concentration in the liquid is

*  t  •
tlnMu

The natu re  of the potential cyclic instab ility  can be viewed in te rm s  of 

a  pertu rbation  in m onom er concentration. The effects of in itia to r and 

a re a  dependence can be superim posed to  give a  com posite descrip tion .

Consider the continuous production of a  p recip ita ting  polym er in 

aqueous solution in a C. F . S. T. R. at a steady sta te  operating point.

A sm all positive pertu rbation  in m onom er concentration can cause a 

la rg e  in c rease  in the. num ber of potential nuclei reaching the c r itic a l 

s ize . (This can be best seen by a sim ple sam ple calculation. Say 

T = 27 for the growth model at the steady sta te  in question. A 10% 

fluctuation in the instantaneous value of Mu* l /T  w ill cause a la rg e  

varia tion  in  B «e That is , the instantaneous nucleation ra te  can 

in c rease  by an o rd e r of m agn itude.) Physically , th is  can be explained 

in te rm s  of the in crease  in the propagation ra te  of growing liquid rad ica ls  

due to  the higher m onom er concentration. With th is  sm all in c rease  in 

polym erization ra te  in the liquid, a g rea t in c rease  in probability  of a 

rad ica l surviving to  produce a nuclei o ccu rs. Thus, a sm all 
pertu rbation  in m onom er concentration causes a d ra s tic  effect on the
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instantaneous nucleation ra te  due to  th is  highly nonlinear dependence 

of 6 on M ^. F o r a  tim e, the su rp lus of stable nuclei produced above 

the steady state  leve l will have little  noticeable effect. That is , in itia lly  

they contain negligible m ass , and have no effect on the m a te ria l balances. 

The growth of these  p a r tic le s  to  m ean size w ill take sev era l residence 

tim es  to  occur. Thus, the production of a  h igher a re a  concentration 

of so lids in the system  lags in  tim e from  the point at which the p r e ­

cipitated  p a rtic le s  w ere form ed.

Consider the range in th is  potentially cyclic system  w here the 

a re a  concentration of solids is  reaching a m axim un. As the system  

approaches the extrem um  point, the m onom er concentration in the liquid 

w ill now be at its  lowest point. The in crease  in the a re a  concentration 

of so lids will coincide with an in crease  in m onom er consumption as  the 

locus of polym erization sh ifts  tow ards the surface of the p recip ita ted  

p a r tic le s . This in crease  in m onom er consumption is  due to  the fact 

that the term ination  ra te  of rad ica ls  adsorbed by the solid p a rtic le s  

should be much low er than th a t occurring  in  the liquid. This re su lts  in 

a  longer mean life tim e of the rad ica ls  fo r growth. Thus, with a la rg e r  

polym erizing su rface , the overall ra te  of m onom er consumption w ill 

in c rease . This low ering of is  fu rth e r enhanced by the fact that a 

la rg e r  surface will adsorb  m ore  m onom er than at steady sta te  conditions. 
The effect of th is  low m onom er concentration in the liquid (relative to  the 

steady state) w ill be to d ras tica lly  reduce the instantaneous nucleation 

ra te  of new p recip ita ted  p a r tic le s . F u rth e r, since the nucleation dependence 

on a re a  of solids the la rg e r  a re a  re la tiv e  to  the steady sta te

operating condition w ill a lso  tend to  decrease  the nucleation ra te . This 

is  due to  the increased  capture ra te  of potential nuclei re la tiv e  to  the 

steady sta te  ra te . The low er level of the c r itic a l asym ptotic stab ility  

lim its  for wtf. l  as  com pared to the a re a  independent range of 1, is
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thus qualitatively , as  w ell as  quantitatively c lea r. That is , a  large 

negative c lea rly  has an u n s tab iliz in g  effect on re a c to r  dynam ics.

At the o ther ex trem e of a potential lim it cycle, the m onom er 

concentration in the liquid w ill be at i ts  re la tiv e  m axim um  and the a re a  

concentration w ill be at i ts  m inim um . Both of these  fac to rs  will tend 

to  m axim ize the instantaneous nucleation ra te . Thus, it can be seen 

how the lag between the tim e at which stable p rec ip ita ted  p a rtic le s  a re  

form ed to  the tim e at which they grow and consume the surp lus m onom er 

which produced them , provides the fundam ental m echanism  fo r cyclic 

behavior in the production of p recip ita ting  po lym ers in the continuous 

flow s tir re d  tank re a c to rs . The effects of in itia to r and a re a  con cen tra ­

tion follow d irec tly  from  the previous analy sis . If one is  dealing with a 

system  in which the k inetic  reg im e w*>l, fluctuations of in itia to r 

concentration effects nucleation due to  changes in the term ination  o r ra th e r  

the death ra te  of growing rad ica ls : fo r w »  1 (i. e . , in a  system  in which
term ination  is  la rg e  com pared to  c a p tu re ,) T * '  'GE? Xer • However,Mu
note the in itia to r sensitiv ity  in equation II-(32a) fo r b* is  not weighted as

heavily as  the m onom er sensitiv ity . It is  not through the value of bj

in b* that the effect of in itia to r concentration is  weighted, but ra th e r

covertly  through its  effect on locus of polym erization  (re la ted  in V ).
When w 1 > T  • Kef as  capture is  the only death m echanism

Mu
for liquid phase rad ica ls . H ere the negative nucleation sensitiv ity  to 

a re a  has a  strong  unstabilizing effect which has been d iscussed  qualitatively 

above, and quantitatively through its  effect on the c r itic a l stab ility  

lim its .
F o r two m onom er leve ls  M0 in the feed, log a /^  is  plotted vs. 

log 0 in F igure II-(l) . The c r itic a l stab ility  lim its  a re  plotted fo r each 

feed condition. Note th a t at the higher level of MQ, the system  tends to 

be unstable at a low er residence  tim e . (This effect is  a lso  occurring  

at low er c o v e rs io n s .) Optimum re a c to r  conditions w ill, th e re fo re , 

be a delicate balance between re a c to r  yield and product quality.
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F or two in itia to r lev e ls  in the feed, In a/e is  plotted vs In 0 in 

F igure II-(l). The c r itic a l s tab ility  lim its  a re  plotted fo r each feed 

condition. Note, that at the low er leve l of IQ the system  tends to  be 

unstable at a sh o rte r  residence tim e. (This a lso  occurs at low er con­
v ersio n s . ) H ere again, one is  rem inded' that optimum re a c to r  conditions 

will be a com prom ise between re a c to r  yield and product quality. That 

is , although high in itia to r lev e ls  in the feed has a stab ilizing  effect on 

the sy s te m 's  dynamic behavior, it has an adverse  effect on achieving 

high m o lecu lar weight. (11)

The in c rease  in stab ility  at low er m onom er concentrations and
i

high in itia to r concentrations is  due p rim a rily  to the m anner in which 

th e ir  varia tio n  sh ifts the locus of polym erization. This effect may 
be viewed in the following m anner. The nucleation sensitiv ity  to  m onom er, 

quantitatively, is  weighted with the growth sensitiv ity  to  a rea . Consider 

the- nucleation sensitiv ity  in the range w >> 1, i. e . , the range in which

the probability  of rad ica l term ination  in the liquid is  la rg e  com pared 

to  the probability  of capture by solid p a r tic le s . The o verall nucleation 

sensitiv ity  . The la rg e r  the percentage of

polym erization  which occurs in the liquid phase, the c lo se r  U will be 

to -1. Thus, fac to rs  that tend to  decrease  ' t  can have a stabilizing
\ i ha

effect due to  the low ering of b*, independent of the change value of

The c r itic a l stab ility  lim its  plotted previously  in the (log a /6  109 0) 

p l a n e  a l l  do occur slightly  to  the right of the peak in a /e  . In th is  

range, a positive pertu rbation  in m onom er w ill produce an overall in ­

c rease  in solid polym erization  because the accom panying in crease  in a/e 

occurs with sim ultaneous in c rease  in p a rtic le  num ber.

This has the p red icted  destabilizing effect provided one is  operating 

in the range w here a/fc d ec rease s  as  the fraction  of polym erization 

occurring  in  the liquid in c re a se s . The accom panied d ec rease  in (1 + V ) 

c lea rly  has a stabilizing effect.
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Increasing IQ in  tte  feed d ec rease s  the num ber of p a rtic le s  being 

form ed a t steady s ta te  due to  the in c rease  in term ination  ra te  at h igher 

IQ. H ere again, if  one is  operating in  the range w here a decrease  in N 

re su lts  in a d ecrease  in a /g  , the accom panied d ecrease  in  (1 + # ) 

w ill c lea rly  have a stabilizing effect. In the coalescence m odel, in con­

tr a s t ,  increasing  I in c rea se s  the nucleation ra te  independent of the 

magnitude u». -21*
In the range «  1, B ' v l '  ^  # Although increasing  I0

in th is  range in c reases  the nucleation ra te , the strong exponential a rea  

dependence ( la rg e r  negative value of^) predom inates in b* over the 

lin ea r in itia to r te rm . Thus, based on the growth m odel, a varia tion  

in I can e ith er in c rease  o r d ecrease  nucleation.

The m echanism  of the potential cyclic instab ility  in situations in 

which coalescence cannot be neglected in the p a rtic le  form ation 

m echanism  can a lso  be accounted for in te rm s  of the sensitiv ity  of nuclea­

tion via coalescence to the re a c to r  v a riab les  M ^, I and a/fc and the 

complex in teraction  between the nucleation and growth of the p recip ita ted  

p a rtic le s .
Consider the effect of a sm all positive pertu rbation  iM0on the 

perform ance of a given steady sta te  operating condition. In the pure 

coalescence m odel, the re su lts  instantaneously in an in c rease  in 

Ml  resu lting  in an instantaneous in c rease  in the mean s ize  at which the 

su b critica l p a rtic le s  a re  being generated . Thus, although the £ Ml  

does not affect the num ber of su b crits  generated , the term inated  

polym er m olecules that a re  form ing w ill be at a  la rg e r  m olecular volume 

re la tive  to  th e ir  steady sta te  s ize . T herefo re , re la tiv e  to the steady 

state in question, m ore c lu s te rs  w ill be reaching the c r itic a l nuclei size 

in an instan t of tim e . In itially , th ese  surp lus nuclei contain a negligible 

fraction  of the to ta l system  m ass  and no appreciable su rface . T here 

is , as  in the d iscussion  of the growth m odel, a lag  in tim e from  which 

the p a rtic le s  a re  form ed to  the tim e at which they contribute to a  change
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in the m a te r ia l balances (increasing  a/6 and decreasing  Mj^).

As the surface concentration a/e in c rea se s  ( i .e .  as  the to ta l a rea  

which su b critica l s ize  c lu s te rs  in the liquid contact in c reases), the 

instantaneous nucleation ra te  d ec rease s , That is ,  the in c rease  in 

capture ra te  of su b crits  due to  the la rg e r  capture surface re la tiv e  to  

the steady sta te  d rastica lly  reduces the surv ival probability  of a  growing 

c lu ste r  and can v irtually  halt instantaneous nucleation. This effect w ill 

be at its  m axim um  as a/<f approaches its  cycle m axim um . This effect 

is  fu rth e r enhanced by the fact that as  a £  in c reases  re la tive  to  the steady 

sta te  leve l, the locus of polym erization shifts tow ards the solid phase. 

With a low er term ination  ra te  associa ted  with the solid phase, to ta l 

m onom er consumption in the solid phase in c reases , low ering the value 

of Ml  w ell below the steady sta te  level. Thus fo r a tim e, th e re  will 

be little  instantaneous nucleation as  the p a rtic le s  previously  p resen t 
grow at the expense of new p artic le  form ation. As the existing la rge  

p a rtic le s  a re  swept out of the system  in the re a c to r  effluent, the m agni­

tude of a/6 w ill gradually  be reduced below the steady state  leve l as 

th e re  would have been effectively no new p a rtic le s  nucleating and growing 

during the period of high a/fe . F o r the averaged coalescence model, 

the m echanism  of the cyclic instab ility  to  a pertu rbation  J ^ i s  v irtually  

equivalent to  that fo r the pure coalescence m odel. The only difference 

lie s  in the place at which each model accounts fo r the contribution of 

a higher instantaneous value of M ^. That is , in the  pure  coalescence 

m odel the iMi. re su lts  in an in c rease  in size of the su b crits  as  they 

a re  form ed due to  an in c rease  in propagation ra te  of growing rad ica ls  

p r io r  to  term ination . The averaged coalescence model picks up th is  con­

tribu tion  in the averaged growth te rm  fo r the su b critica l c lu s te rs .

The m echanism  of instab ility  based on the coalescence m odels 

to  a pertu rbation  in I can be viewed in a s im ila r  fashion. In the pure 

coalescence m odel, a positive $ IQ would instantantaneously in crease  the 
num ber of te rm inated  polym er m olecules generated due to an in crease
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in term ination  ra te  at high I. Although m ore subcrits  a re  being generated, 

the m ean size at which they a re  generated w ill be sm a lle r . The overall 

effect of the £ ID w ill be to  in crease  the amount of polym erized m onom er 

p e r unit liquid volume and through th is  high concentration of polym erized 

m ass  an in c rease  in the probability  that c lu s te rs  w ill grow  past the 

c r itic a l size o ccu rs. A positive k Io in c reases  the instantaneous 
nucleation ra te  for the pure coalescence m odel. In the averaged coales- 

ence m odel, a  positive £ l 0 in c reases  the num ber of su b crits  generated 

(the ir generation ra te  is  sim ply tw ice the in itia to r decom position ra te) 
and has little  effect on the averaged growth ra te  of the su b critica l c lu s te rs . 

(See expression  fortjjj.) A positive ^ I Q also  produces m ore  polym erized 

m ass  in the liquid and, hence, m ore c lu ste rs  reaching the c ritic a l size . 

Thus in both coalescence m odels a positive f l 0  in c rea se s  the instantaneous 

nucleation ra te  in con trast to  the growth m echanism  in the range v>»l.

Again th e re  w ill be a lag  from  the tim e at which the: new nuclei 

a re  produced to  the tim e at which they grow to  significant size . The 

effect of the su rp lus nuclei is  to again c rea te  a la rg e r  a/e re la tive  

to  the steady sta te , although th ere  is  a tim e lag  from  the point at which 

the p a rtic le s  a re  produced to  the tim e at which they produce a considerable 

su rface . As a/<g becom es la rg e  com pared to  the steady sta te  value, 

instantaneous nucleation can v irtu a lly  be suppressed  due to  the h igher 

capture probability  of subcritica l c lu s te rs  and due to  the lowering of 

re la tiv e  to the steady sta te  that accom panies the shift of polym erization 

to the solid phase at the h igher a /£  .

The values of the physical constants used in the quantitative t r e a t ­

ment a re  only f ir s t  level approxim ations. They may in rea lity  be off 

by sev era l o rd e rs  of m agnitude. R ather than attem pting to  draw con­

clusions from  specific re su lts  p resen ted , a general d iscussion  of the 

applicability of the nucleation m odels used is  in o rd er.
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There is  evidence that the nucleation p ro cess  is  therm odynam ically  

controlled (4, 5). The need fo r su b critica l p a rtic le s  to  reach  a 

"colloidally" stable nuclei s ize  in the nucleation m odels p resen ted  

im plicitly  contains th is  phenomena. Again the rea d e r  is  rem inded that 

stab ility  h ere  r e fe r s  not to re a c to r  stab ility , but to  the fact that p a rtic le s  

above the c r itic a l nuclei s ize  will not coalesce with one another although 

a p a rtic le  above the c ritica l s ize  m ay capture subcritica l p a rtic le s  from  

the liquid. This is  equivalent to  considering that although phase tra n sfo rm a­

tion of a growing liquid rad ica l may be occurring at a degree of po lym eriza­

tion re la tiv e ly  sm all com pared to  the to ta l num ber of m onom er units 

contained in a p a rtic le  at the c r itic a l nuclei s ize , one should continue 

to view the subcritica l p a r tic le s , independent of the nucleation model, 

as perta in ing  to  the liquid phase. Although the morphology of a  growing 

liquid rad ica l m ay change from  a random  coil to  a  m ore compacted sphere, 

th is  distinction can be neglected with re sp ec t to the p a rtic le  growth and 

nucleation k inetics. In th is  analysis kinetic p a ram e te rs  such ad kpL, . 

kT L , h, , etc. w ere assum ed to  be size  independent. There may 

be in re a lity  an accelera tion  of the growth ra te  of the growing liquid 

rad ica ls  due to the s te r ic  hindrance to  term ination  that w ill occur as 

the morphology of the growing rad ica l changes as  it reach es  its  th e rm o ­

dynam ically determ ined solubility lim it. Use of s ize  independent ra te  

constants should not bear on the qualitative in terp re ta tion  of the re su lts  
p resen ted . The actual stab le "collo idal'' nuclei size may be much la rg e r  

than the apparent value used in the num erical calculation. A low er 

c r itic a l s ize  can com pensate num erically  fo r the potential autoaccelerative 

effect without losing  the m odels' c h a ra c te r is tic  sensitiv ity  of nucleation 

to re a c to r  v ariab les . The re a d e r , at th is  point, should be rem inded that 

th is  development has proceeded from  the need to estab lish  a  model fo r 

the nucleation m echanism  from  which the nucleation sensitiv ity  to re a c to r  

v ariab les  can be obtained and not from  the point of view of being a model 

for the actual reaction  k inetics.
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It has been shown that in the asym ptotic range of steady state  

operating conditions, the c r itic a l s tab ility  lim its , above which lim it 

cycles m ay occur, is  a d irec t m easu re  of the death to  growth ra te  of 

su b crits  past the c r itic a l s ize , independent of the nucleation m odel used. 

That is ,  in the growth model the c r itic a l stab ility  lim it is  T the death 

to  growth ra te s  of rad ica ls  alone past the c r itic a l size  and fo r the co a les­

cence m odels , w here adds a weighting of death via

capture to  growth via coalescence.
In a system  in which coalescence on the colloidal scale  is  occurring  

along with liquid rad ica l growth and term ination , values of T a re  much 

la rg e r  than the values obtained by fitting the growth model to a  given 

steady sta te  operating condition. That is , when coalescence is  appreciable, 

pure rad ica l growth and term ination  a re  a negligible contribution to  B.

We have used a change in scale  of the c r itic a l size to  p erm it a coalescence 

p ro cess  to be m odelled as  a pure b irth , growth, death p ro cess  to  achieve 

steady s ta te  re su lts  without the num erica l d ifficulties encountered in the 

evaluation of the coalescence co llision  in teg ra ls . While the growth 

m odel cannot quantitatively m odel the coalescence p ro cesses  (See com par­

ison of log B vs log G in F igure II-2)y one needs to reg ard  the num erical 

calculation from  the qualitative insight gained ra th e r  than from  the 

quantitative aspect of the re su lts . T here m ay, indeed, be system s 

w here sim ple rad ica l growth and te rm ination  a re  the predom inant 

nucleation m echanism  although th ese  num erical calculations for acry lo - 

n itr ile  based on the growth m odel a re  highly questionable.

In the d iscussion  of the re a c to r  stab ility , one did not need the 

p rec ise  physical m echanism  to  account for system  in stab ilities . R ather, 

independent of the actual com plexity of the physical m echanism  governing 

nucleation, it was only n ecessa ry  to  consider the sensitiv ity  of the sub­

c r itic a l p a rtic le  population to  re a c to r  variab le  fluctuations. Thus, a l­

though m icroscopically  each m echanism  contains fundam entally different 

p ro c e sse s , th e ir  m acroscopic behavior y ields s im ila r  re su lts .
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The pure polym er coalescence m odel should be a reasonable 

physical approxim ation to  the nucleation k inetics in system s in which 

the term ination  ra te  of rad ica ls  in the liquid is  la rge  com pared to th e ir  

capture ra te  and & . This co rresponds to  the range in

which w*y>l and Even though th e re  m ight be a finite probability

of a rad ica l coalescing with a su b critica l po lym er aggregate, the 

contribution of fu rth e r growth of the coagulated rad ica l will not be a 

considerable contribution to  nucleation provided coalescence is  occurring  

on the sam e o rd er of magnitude a s  te rm ination .

The averaged coalescence m odel should apply to system s in the 

range in which capture probability  of rad ica ls  is  much la rg e r  than chance 

of m utual term ination . This corresponds to  system s operating in the 
range in which 1. it has been shown that even when voV> 1, the

averaged coalescence model can.be used provided # ra d ic a ls /p a r tic le  

is  o(l) o r g re a te r .
These m odels account for the fact that as one adds seeds to  a batch 

p recip ita tion  polym erization or even em ulsion polym erization in p ro g re ss , 

one can v irtually  instantaneously halt fu rth er p a rtic le  form ation. If one 

is  operating a system  in the range w « l, then addition of seeds may 

significantly in crease  the to tal surface in the system . But the nucleation 

sensitiv ity  to  a re a  in such cases is  p roportional to  a / t  ( i .e . T ^  Sjp *«•). 

Thus a sm all in c rease  in a/fc can d ras tica lly  reduce 

S im ilarly , fu rth er addition of in itia to r only in c re a se s  the death ra te  of 

liquid ra d ica ls  and, th e re fo re , d ec rease s  the probability  of subcritica l 

p a r tic le s  reaching the c r itic a l s ize .

The growth m odel should physically  p e rta in  to system s in which 

coalescence is  a m inor contribution to  nucleation. T his would occur 

in system s in which the polym erization  ra te  of rad ica ls  in the liquid is  

la rg e  enough to  reach  the c r itic a l nuclei size p r io r  to  physical capture 

by existing stable p a r tic le s  o r p r io r  to  m utual coagulation. V ariation 

in ionic streng th  of the solvent and p resence  of surface active agents
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should c learly  play a determ ining ro le  in these ca se s  a s  w ell as the 

specific sy stem s' m onom er-polym er-so lvent com patibility.
The effect of the reac tion  .medium in determ ining the c ritica l 

nuclei size is  beyond the scope of th is  paper. However, it should be 

pointed out that due to  the strong dependence of the c r itic a l s tab ility  

lim its  on the in itia l s ize , it should be possible to  im prove stability  by 

varia tion  of ionic s treng th  in the solvent r ich  phase or by addition of 

surface active agents. Another method of reduction of the nucleation 

sensitiv ity  to  re a c to r  variab le  fluctuations would be to seed the system  

with stable nuclei.
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APPENDIX I-A

Development of an A rea Dependent Nucleation and Growth Model:

A strong negative dependence of su rface on nucleation is  inherent 

in the crysta lliza tion  m echanism  recen tly  proposed by G lassner (12) as 

a re  the npcleation m odels fo r p recip ita tion  polym erization (21, 22, 49).

H ere G la ssn e r 's  mechanism, is  supplied to  continuous crysta lliza tion . A 
complex ion o r m olecule or m acrom olecu lar partic le  se rv es  as a cen ter of 

condensation for the m olecular en tities  of the crysta lliz ing  m ate ria l.

Most of the c ry sta llite s , 40-200 A° in d iam eter a re  captured by large  

c ry s ta ls  which are  p resen t. A sm all fraction of the sm all c ry s ta ls  

a re  able to grow by condensation until they reach  a size w here th e ir  

surface then serves as a recep to r for o ther tiny c ry sta llite s . Although 

exact equations for describ ing such a p ro cess  involve complex collision 

in teg ra ls  that a re  m athem atically  v irtually  untractable, much insight 

can be obtained by m odelling such a coalescence p ro cess  as a pure  b irth , 

growth, death p ro cess .
Let B° be the feed ra te  of the complex ion (22), seed nuclei o r m acro- 

m olecu lar p artic le  which is  serving as a nucleator. A lternatively  it 

m ight be the to tal ra te  of c lu s te r  formation, at o r n ea r a surface in 

a  secondary nucleation m echanism . Removal of p reo rd ered  s tru c tu re s  from  

the adsorption layer near a c ry s ta l surface (16, 47) as well as growth by 

incorporation  of ion c lu s te rs  (14) have been discussed. In e ith e r case, we 

take the form ation ra te  to  occur in a narrow  size range perm itting  the 

source  te rm  to  be w ritten  as a delta function at t he nuclei size r Q. The 

tiny growing c ry sta llite s  a re  captured by the existing suspension at a ra te  

proportional to  the to ta l surface of the suspension per unit liquid volume 

a/& , with a m ass tra n s fe r  coefficient hc . (For analytic sim plicity  we take 

h c to  be s ize  independent.) When a c ry sta llite  grows past the c r itic a l 

nuclei size a stable c ry sta l is  said to have been nucleated. H ere stab ility  

re fe r s  to the fact that above a c ritica l s ize , c ry s ta ls  w ill not be captured by
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the la rg e  existing  la rge  c ry sta ls . That is , we a re  not re fe rr in g  to the 

therm odynam ic stab ility  with re sp ec t to  dissolution, but ra th e r  to  stab ility  

with re sp ec t to  coalescence in te rm s  of the probability  of death by capture.

We now set down an equation governing the size distribution 

vj/(r) for the sm all c ry s ta llite s .

+ e,„ .  e ”
i t  5 ?  e

W here r c is  the c r itic a l nuclei size, r Q is  the size of the feed nucleato rs, 

e is  the m ean residence tim e and(J is  the liquid volume fraction . The 

la s t te rm  on the right hand side re p re se n ts  the disappearance from  
the liquid by the growth of a subcritica l nucleus past the c r itic a l nuclei 

size .
If the tim e scale for c ry sta llite  growth and capture is  sm all 

com pared to  the mean residence tim e, one m ay neglect the tim e d e riv ­

ative and the takeoff ra te  and obtain the following quasi-steady  state

equation for the size distribution:
* -  fee

i - (A -i) ^  5 r # < f < i T c

The nucleation ra te  can then be expressed  im plicity  as a function su p e r­

saturation* and a re a  concentration as follows:
-  M l *  (fc-&

(A-2 ) B -  G t < w H \ r j j t e < c  - Gh.'VOrcV j f  e  ***

as  a quasi-steady  state approxim ation .)

The growth ra te  of the stable c ry s ta ls  m ay a lso  be expressed  as  a function 

of supersa tu ra tion  and area  conce.-ntration. Growth of the non-coagulating 

c ry sta ls  is  taken to  be the sum of the contributions of c lu s te r  capture 

and solute m ass  tra n s fe r . That is: Growth ra te  = c lu s te r  capture + 

solute m ass  tra n s fe r

I-(A-3)
where Gm , the contribution of solute m ass tra n s fe r  and surface integration
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. to  growth, is  taken here  to be a function of supersatu ra tion  only.

With r D sm all and r c la rg e  com pared to  the m ean c ry sta llite  s ize , 

A-(A-3) can be w ritten  as

We now have quasi-steady  sta te  kinetic type expressions for B(c, a/fc ) 

and G(c, a / 6 ) that can be used in the dynamic analysis. We plot the 
su b critica l size p a rtic le  d istribution  <j> (r) along with the size d istribution 

—(r ~r )
f(r) = Be c for the c ry s ta ls  that do not agglom erate in F igure I -A -l

g " .
taking f(r) = (p (r) fo r r  < r c - •

We im m ediately note that th is  type of modeling accounts fo r the shape 

of p a rtic le  s ize  distribution  data rep o rted  by Rosen & Hulburt.



P a rtic le  size d istribution fo r system  
F igure I - (A - l) :  with a re a  dependent nucleation and growth

B° -h n a/fc ( r - r n) ; r Q < r  < r c 
f(r) = i  e Gfw

B - ( r - r n) 
f(r) = G e > T>Vc

"3au

(UN
•HCO

r: P a rtic le  Size
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APPENDIX I-B

Uniqueness of Steady State fo r A rea Dependence

The following se t of conditions for I-(8) and I-(9) to  have a unique 

solution a re  not n ecessa ry  and sufficient conditions. They a re , however, 

reasonably  broad sufficient conditions which cover the cases  we a re  

studying. The conditions for unique solutions are:

a. B(c,ft/fc ) and G(c, f t/6 ) be s tr ic tly  increasing  functions of c 

vanishing at c s ;

I -(B -l)  b. B(c, ft/O * G(c, ft/c ) be monotone decreasing* function o fft/t ; 

c. G(c,ft /e )*|be s tr ic tly  increasing  function of q/fc , vanishing 

at <\/6 = 0, and finite as  a/g./v>oo- 
The validity of I -(B -l)  can best be seen by a g raph ical exam ination 

of I-(8) and I-(9), w here working conditions of the c ry s ta lliz e r  is  such 

that j> > Q .f >  C S

Based on I-(B -l)  equation I-(8) ex p resses  c as  a s tr ic tly  decreasing  

function ofQ/fr. This can best be visualized graphically . F igure I-(B -l)  

contains plots of each side of equation I-(8) v ersu s c.

F rom  the p aram etric  variation  in <l/e im plicit in F igure I - (B - l) , one 

may plot c versus a /6 .  In F igure I-(B-2) c d ec reases  fo r Cf at ft/e = 0 

to cs as  ftlfc a/ to
Based on I-(B -l)  equation I - (9) expressed  c- as a monotone increasing  

function of ft/? . This may also  be seen quite sim ply from  a sketch of 
I-(9). F igure I-(B-3) is  a sketch of each side of I-(9) fo r various values 

of ft/€ .
Thus one can see c is  a monotone increasing  function of ft/6 . (Or 

perhaps a constant in the case w here B and G are  not functions of ft/£ .

In F igure I-(B -4), c lie s  between cs and c^.

*"monotone decreasing" m eans sim ply "not increasing . " It includes 

the situation where B and G do not depend on ft/e at all.
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F igure I -B - l :  G raphical R epresentation of equation (1-8); Right
hand side and Left hand side of (1 -8 )  v e rsu s  solute 
concentration with solid surface a re a  concentration 
as a p aram eter

L. S. H. (large a /e  )

CQ01 L. H. S. (sm all a/e )

c

F igure I-(B-2): G raphical rep resen ta tion  of locus of points from  
F igure I -B - l  in which R. H. S. = L. H. S.

o

a/e



Figure I-B -3 : G raphical rep resen ta tion  of equation (1-9);
Right hand side and Left hand side of (1-9) 
v e rsu s  solute concentration with solids surface 
a re a  concentration as a p aram eter.

L. H. S. (sm all a/e

R .H .S ,C5

L. H. S. (large a/£ )

C

Figure I-(B -4) G raphical rep resen ta tion  of locus of points
from  F igure I-(B-2) in which R. H. S. = L. H. S.
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Thus one can see c is  a  monotone increasing  function of a/G • (Or 

perhaps a constant in the case  w here B and G a re  not functions of «/fe .)

In F igure I-(B -4), c lie s  between cs and Cf.

F igure I-(B -4) and F igure I-(B -2) which rep resen t equations I-(9) and I-{8), 

respectively , obviously have a unique in tersection . Hence, equations 

I-(9) and I-(8) have a unique solution under conditions I -(B -l) .

To conclude th is section, it is  noteworthy to  mention that I-(B -l)  

does not cover the lim iting case w here G is proportional to 1/ ( f l / t ).

It is  possible for one to  modify condition I-(B -l)  to  cover th is  case. 

The following a re  the m odified conditions:

a. B(c, d /e )  511(1 G(c, d/fc) be s tr ic tly  increasing  functions of ci 
vanishing as c s .

b. B(c, a /6  )» G(c, d /O ^  be s tr ic tly  decreasing  functions ofd/G .

c. G(c, d /€  ) be a  monotone increasing  function of d/€ .

One can see that these  conditions imply a  unique solution of I-(8) 

and I~(9). F igure I-(B -2) now rep re sen ts  a sim ple monotone decreasing  

function of c between cs and C f.  Figure I-(B-3) re p re se n ts , however, 

a s tr ic tly  increasing  function of c from  cs at (\/G = 0 to  Cf at ft/fc rv» ao 

Hence, the curves rep resen ted  in F igures I-(2) and I—(4) s till have a 

unique in tersection  and th e re fo re , the steady state  solution is  unique.

Uniqueness Conditions fo r Number Dependent Nucleation

(a) B (c,n) be a m onotonically increasing  function of c, equal to

zero  @ c=c„ and be finite fo r c/%/ c„® t
(b) G(c) be a m onotonically function of c, equal to  zero  @ c=cg and 

be finite for c^c^
(c) If B (c,n) = B(c)' n then it is  requ ired  that B(c) not be a constant. 

B(c) = 1/9 would then determ ine the system  perform ance uniquely.

If B(c) w ere constant, then the possibility  of th e re  being no steady 

state rela tion  would ex ist.

If equation I-(10) can be inverted as n = n(c, 0), F igure I-(B-5) then 

becom es a graphical rep resen ta tio n  of I - ( l l )  and the inversion of I-(10)
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Figure I-B -5: G raphical rep resen ta tio n  of equation I - 11 and the
inversion  of equation I - 10 to give n as an explicit 
function of c.

(1-11)

c" (1- 10)

0

c
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of I—(10). Note that in I - ( l l )  n«/«*as c cs- and a s c < v  cf. The 

inversion  of I-(10) req u ire s  n«*0 as  c -vcg. £n(cf, 0) need not be 

the maximum of the inversion of I - (10)1.



APPENDIX I-C

L inearized  Stability A n aly sis : B(c, a/fc), G(c, a /£ )

We now lin ea rize  equations I-(12) and I-Q.3) about
<|xt}-4>+ U ix )
C(4V- c f U l f t  

■{(»■» 4) t. {id + S ■£(<’» 4)
w here fa, c and f(r) re fe r  to the steady sta te  solutions. The S*(t)

S ctft , and a re  regarded  as sm all pertu rba tions, so th e ir

squares and products m ay be neglected. The equations may now be 

w ritten  in te rm s  of the p ertu rbed  v ariab les:

a m  .  -  § M  
at 0

'  ir © K'bf i

GfVfart « j  n*»c>

cb

i  f t l d  :  r l  I - f t T i t -)  !« •

i  4  I d  r '
Jo

I 6t g t * JcBY* ^§1 S \ l l

where
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and from  the steady sta te  solution:

4 Or)« i 2  e ’ ®* •, i i s i  •. **
k  b r  G 6  &

By consultation of the expression  for can be expressed  in

te rm s  of and

U l f t t

By expanding the exp ressions for &BH) and in te rm s  of and

$Ctt) and using the exp ressions for £ctt) in te rm s  of and

it is  possible to  re a rran g e  the equations in te rm s  of 

tiis m om ents of and U {t) and p a ra m e te rs  which are

functions of the steady sta te  operating conditions. The linearized  

equations become:

+ or i i b i )  +
i t  ©

- L i e
©Cr c,

- X©«r r> r>o

I Veo

A & 4* £$5 _ _ &

A t  ©
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It is  convenient at th is  point to  introduce d im ensionless variab les  

to sim plify the study on the lin earized  equations. Let the physical 

v ariab les  be rep laced  by dim ensionless v ariab les  defined in the following 

m anner:

physical  v d im ensionless
t

fcK s
Note: In te rm s  of the physical variab les 

so that if  one in troduces the variab le  change: 

then in te rm s  of the new variab les  

A lso, in the physical v ariab les  

so that introducing by the new variab le 

one m ay rew rite  the new variab le
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The lin earized  equations m ay be rew ritten  in a d im ensionless form! 

They become:

„  f  H W J

d t

H  V  I * I

\  ir '- .o

with the following d im ensionless p a ram e te rs :

Sx V

8«  !*£  IS .  •  i h l .
r  fc VU> *M »*

* *  \ k  -  ^ \h6L
Cs * Vn*lfr
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The stab ility  analysis for the system  is  now based on the dim ension­

le s s  equations. H ere, we c a rry  out a fo rm al sp ec tra l analysis -which 

we feel is  free of some of the am biguities of the custom ary Laplace 

tran sfo rm  m ethods. The dynamic equations have been put in a form  so 

as  to identify the. lin e a r  operator

A form al sp ec tra l analysis on £  req u ire s  solving the associated  eigen 

value problem

It should be c le a r  that e ith er =o or s = -1 to fulfill the eigen value

problem . Since we a re  only in te rested  in what the analysis can te ll 

us about possib le in stab ilities , one m ay sum m arily  set = 0. This

leaves us with the equation rew ritten  in the form  as:

s U t o  *- - .  s f r )  * ̂  i a , U t
I

£  4 '( p w  S a1 + 4 V £ fe1

w here: V

f cx b-«j  -

a re  constructs of the dim ensionless steady sta te  p a ram ete rs .
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Conditions such that the above has a  solution generates the ch a r­

ac te r is tic  equation. The upshot of these  com putations is  to  obtain the 

ch a rac te r is tic  equation in te rm s  of these  p a ra m e te rs  which depend on 

the steady sta te  operating conditions. The c h a rac te ris tic  polynom ial is:

(l+b*+3<J* in)

w here:
* ^  a re  p a ram e te rs

b - b O**} - ft
1 'based on the steady

m  s  ft - V
P

state  operating

conditions

Application of the Routh-Hurwitz c r i te r ia  to the aforem entioned 

re su lts  in stab ility  c r i te r ia  fo r the system . These conditions are :

( Hi  C > i d♦ ^  - t o)  >  0

\ + >  o
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L inearized  Stability A nalysis: B (c, n), G(c)

In th is  section we develop stab ility  c r i te r ia  for the operation of 

a  continuous c ry s ta lliz e r  with num ber dependent nucleation k inetics.

We again rew rite  the c ry sta llizab le  m a te ria l balance in te rm s  of the 

to ta l so lu te -c ry sta l re so u rce  function. The dynamic equations a re  then:

-  -  J .  4<sr,^ j * * 0
i t  y f  ©

M M *  &  > r s 0

with
fc&Y Ctt} + 0 -  f

We now lin ea rize  the equations about th e ir  steady s ta te  solutions 

Taking

k  v

c / t \ *  c + f c t . ( A

w here <6, c and f(r) re fe r  to  the steady sta te  solutions.

The & j & and s + M  are  regarded  as sm all pertu rbations,

so  th e ir  squares and products m ay be neglected. The governing equations 

above may now be w ritten  in te rm s  of the pertu rbed  variab les  following 

s im ila r  rearrangem en t techniques as p resen ted  in the surface dependent 

case.
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r

k i M U * I  *  f  . y > o

H fcr © ©$*■ I * c l e J)

Gt Wtot'i - ^>6 £ j r«o

A i i ®  „  _  i £ ®
d i r  @ ©

It is  again convenient to  introduce d im ensionless variab les  to  sim plify 

the study on the lin earized  equations. Let the physical v ariab les  be 

rep laced  by dim ensionless v ariab les  defined in the following m anner: 

physical -------------->  dim ensionless

v &(\ - r%
t  © . f

% SVH)

The lin earized  equations m ay be rew ritten  in a d im ensionless form . 

They become;

A j U ' a M  __ .  \  i
d t

+ OQfrWl + Ken*} * e  \ \ r >o 
** L
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w here:

w .  *  [ & \  £ >

S '  * ^ 3 8

« s
Following the method outlined in the surface dependent section, 

we can again ex tract a  lin ea r operato r and c a r ry  out t he sp ec tra l analysis. 

We again note that e ith e r = 0 o r s = -1 to  fulfill the eigen value

question for th is  system . We a re  then left with the equation in the 

following form : \

d S t i r t  +  s  q  S * ' £  •>
dv*

with U ' : S * ^ W <

c C £  w * *
The ch a rac te ris tic  equation can then be w ritten  as the following polynomial:

P t e ' l - s b o C i v / s o
Application of the Routh-Hurwitz c r i te r ia  to  the above re su lts  in stability

c r i te r ia  fo r the system . These conditions a re :

4 + > 0

>0
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APPENDIX I-D

The ch a ra c te r is tic  polynom ial rep resen ting  the system  is:

By application of the Routh-Hurw itz c r ite r ia  one may obtain 

d irectly  the conditions that the system  will be stable if and only if:

It is  possib le  through rearran g em en t of (D-l) to  rep re sen t the 

stab ility  conditions in a fo rm  which can be m ore c lea rly  in terp re ted .

Note that condition (D-2b) is  vacuous for m  s - 2, • The la s t two conditions 

m ay be rew ritten  as:

At th is  point it is c lea r that the f ir s t  two inequalities show a range 

for g* and the la s t two show stable lim its  on b# fo r a ll values of the 

p a ram ete rs .
Thus, in o rd e r to define the stable regions in the (b*, g*) plane 

with m  as a p a ram e te r, one m ust be carefu l in applying the re su lts  

obtained from  developing the re su lts  of the Routh-Hurwitz c r ite r ia .

To begin with, it is  possib le  to  rew rite  the f ir s t  two inequalities:

I-(D -l)

I -(D -2c, d)
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Although it is  possible when m< -4 for b |  = (3* + - m  ) and 

l  » .  4 * «

to  have th ree  in te rsec tio n s, it can be 

shown that the en tire  set of s tab ility  c r i te r ia  contains conditions that requ ire  

g* > constant (i. e. a function of m  only and is  the rightm ost in tercep t 

of (b*p b^g)* Hence one need only be concerned in the (b*, g*) plane 

with values of b*. g* for g* R value.
One may verify  these fac ts  by rea rran g em en t of the stab ility  

condition
b^  <. b* < b*

Recalling that m ultiplying all te rm s  in an inequality by a positive

factor o r adding a quantity to  a ll the te rm s  in the inequality does not

change the nature of the inequality, one m ay sim plify the p resen tation
2

by multiplying the inequalities on b* by (g* + 4) a positive constant 

since g* is  re a l and subtracting -(3g* + 1-m) (g* + 4)^ from  each te rm  

in the inequality. One now has the following inequality:

0 <  P i ' } * . * )  > q * » - ry'

w here: ij/* a ^ 3  + t* *1 +

s f c o - i n r t - m 1

That is  to  say, the stab le region is  bounded by those values of 

(b*, g*, m) which lie  below the cubic polynom ial P(g*, m) and above 

zero . It can be shown that conditions I-(D,-2a, b) re su lt in a stab ility  r e ­

quirem ent that fo r g* is  g re a te r  than a constant in which the constant is  

> - 2 .
A final sim plification can be made by recognizing that conditions 

I -(D-2b) >  - 1

and <}* 7  - i  -  'T  c ' s ^ r
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a re  zero s  of the polynomial m ). Thus, P(g*, m) = 0, which 

is  a  stability  region lim it of I-(D-3) has the roo ts

g l * = -2  + r r T 3 5 s T ~

ga* » - 2  - \f  •ats-j

Thus the stability  boundary P<g». m) can have e ith e r a  single re a l
ixi "1" 4root o r th ree  ro o ts  depending on w hether or not -{— 4— ) is  g re a te r  than

zero  ( i .e .  m <-4).
Note:'?®*’ w»= -4 one root is  a repeated  root = g# = -2.

T hus,P(g*, m) will take on one of the following fo rm s depending on the 

p a ram ete r m.
F o r m  < -4, P (g * . m) w ill be of the following form : (See F igure  I -D - l)  

In F igure I-  D -l , the region that lie s  between gg* and g3* w ill be un­

stable independent of which roo t is  la rg e r . If gg*> gg* condition I-D-26*5 

req u ire s  g* < g2* and Hence, the region above the axis to  the

right of gg* w ill be unstable, gg* > g^* occurs only when m <-20 

and in th is  reg ion  g* < -4 . By condition I-D -2a, th is region is  unstable.

Thus for m  < -4 ., one has one stable region bounded by g*> -2+\J”-^!sSj 

lying below P(g*» m) and above zero .
When m > -4 , the only re a l  root of P(g*, m) = 0 is  and thus 

the stable region is  c learly  bounded by g*>+ 2/3* ( 

lying below I V .  m) and above zero . See F igure I- D-2 ,.

When m = -4, the stab ility  region also  has one stab le region. See 

F igure I-(D-3) is  a sketch of th is  lim iting case.



112

Figure I - ( D - l ) : Locus of stable region fo r a re a  dependent nucleation and 
growth kinetics with xn<-4.
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F igure I-D -2: Locus of stable region for a re a  dependent nucleation and
growth k inetics with -4

Stable Region
V \  \
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Figure I-D -3:Locus of stable region fo r a rea  dependent nucleation and 
growth kinetics with m s  -4.

m  = -4
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Thus, based on these  re su lts  which a re  illu s tra ted  in  F igures 

I- (D- 1, 2, 3,), one m ay be c lea r that the inequality I-,D -3 ' is  of the 

sam e natu re  as I-D-2e, d and, th e re fo re , plots of I- .D-2c, d in the 

(b*, g*) plane s im ila rly  have a single stab le region with a low er bound

g* > £-1* ) ™ ‘ 6

g * > g 3* '3
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APPENDIX II-A

The other m echanism  for p a rtic le  form ation to  be considered 

here shall be re fe r re d  to  as  the averaged coalescence model. This 

m odel is  physically  s im ila r  to the m acro rad ica l coalescence m echanism  

previously  mentioned.
In the averaged coalescence m odel, su b critica l p a rtic le s  a re  

generated  as in itia to r m olecules decom pose to fo rm  p rim ary  free  rad ica ls . 

The p rim a ry  free  rad ica ls  grow by m onom er addition. They m ay coalesce 

with one another form ing a c lu ste r of la rg e r  s ize , and the growing rad ica ls  

and c lu s te r  may be captured by existing stable p a rtic le s . Term ination 

does not affect the num ber of subcritica l p a rtic le s  as  it is  taken to occur 

only a f te r  coalescence of rad ica ls  o r su b critica l c lu s te rs  has brought 

rad ica ls  into contact. The name "averaged coalescence model" re fe rs  

to  the fact that in  setting up the governing d ifferen tia l-in teg ra l equation 

for the size d istribu tion  of su b critica l c lu s te rs , th e  growth ra te  of in ­

dividual c lu s te rs  by m onom er polym erization is  taken to be the liquid 

phase average growth ra te  independent of c lu s te r  s ize . i. e . , The volu­

m etric  growth ra te  of a subcritica l c lu s te r  in the averaged coalescence 

m odel is  equal to  , the volum etric  in crease  due to m onom er

polym erization p e r  growing free  radicaL in the c lu ste r of size V, 

tim es  the num ber of rad ica ls  in a  c lu s te r  of size V, R(v).

The num ber of rad ica ls  in a c lu s te r  of size  V, R(v) , is  taken equal to 

the liquid phase average, independent of c lu s te r  s ize .

‘to'toA n u m b e r g 'f  r*dQfrls t*v l i q u i d

Thus, the growth ra te  of c lu ste rs  may be taken to  be:
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Nucleation of a  stable p recip ita ted  p a rtic le  occurs when a sub­

c r itic a l c lu s te r  grows p ast the c r itic a l size by m onom er polym erization 

o r when coalescence of two su b critica l polym er c lu s te rs  fo rm s a c lu ste r 

above the c ritic a l nuclei s ize . In o rd e r to  compute the nucleation ra te  

for the averaged coalescence m odel, one f ir s t  needs to  se t up the equation 

governing the size d istribution of su b critica l c lu s te rs  based on th is  model. 

Let be the num ber of su b critica l aggregates lying in the

volum etric size range V, V + dV p e r  unit liquid volume. The equation
r f rw ro m in i t  tk t tr\ i c w r i t + o n  qc«

w here W V . i K . v n  S u s s is
% k v t e .

and  c w .  *  * 4

c lu s te rs  at size V and the averaged growth ra te  of c lu s te rs  past the size 

V respectively . The f ir s t  te rm  on the right-hand side re p re se n ts  the 
fact that su b critica l c lu s te rs  a re  form ed at half the m olecular volume 

of the in itia to r upon decom position of the in itia to r m olecules. The next 

two te rm s  rep re sen t d isappearance of c lu s te rs  at size  V due to  outflow 

from  the re ac to r  and capture by stable p recip ita ted  p a r tic le s  respectively . 

The next te rm  re p re se n ts  the to ta l ra te  at which c lu s te rs  below size V 

form  c lu s te rs  a t s ize  V v ia  coalescence. The next te rm  re p re se n ts  the 

ra te  at which c lu s te rs  at size V d isappear due to coalescence with c lu ste rs  

of a ll s ize s . The la s t te rm  rep re sen ts  the fact that as  c lu s te rs  grow past 

the c r itic a l size o r coalesce to form  aggregates above Vc, they a re  taken 

to  im m ediately p rec ip ita te  out as  stab le  p a rtic le s .

The left-hand side of equation T t(A -l) re p re se n ts  the accum ulation of
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The nucleation ra te  B, based on the averaged coalescence model, 

m ay th e re fo re  be computed d irec tly  by in tegrating  C(V)‘ over a ll V above 

Vc, i. e . , the num ber of stab le p a rtic le s  form ed p e r unit re a c to r  volume

is  f e 'B *  c & v W

o r ra th e r  jU

e -  ■! J
c

w here the upper lim it v k  on the coalescence in teg ra l is  due to  the 

fact that the la rg e s t nuclei which can be form ed from  a population of 

p a rtic le s  of s ize s  up to  Vc is  2VC.

The equations determ ining the ra d ic a l and polym er size  d istributions 
m ust be w ritten  slightly different from  that form ulated fo r the pure 

coalescence m odel. In the averaged coalescence m odel th e re  is  a 

finite probability  of a rad ica l o r polym er at any size leaving the liquid 

phase as  a growing c lu s te r  nucleates a stable solid p a rtic le . However, 

th is  contribution is  v irtua lly  always negligible as  a re  the equivalent 

te rm s  in  the preceeding m odels.
The expression  for the p a rtic le  growth ra te  used in the previous 

form ulation is  a lso  used h e re . The sam e form  re su lts  from  the fact 

that it does not m a tte r how one com putes the growth ra te  of stable 

p a r tic le s  based on the capture of c lu s te rs . That is , if one takes the 

to ta l contribution of the c lu s te rs  o r the individual contribution of the 

growing rad ica ls  and te rm inated  polym er m odels. M athem atically, th is  

is  verified  by the fact that

[  V ^  ^  «• [

It i s  again possib le to  w rite  a closed set of dynamic equations in 

te rm s  of I, ML , Mg, r L (x), r  , P L (x), $ (v) and f w here B, G, a, and 6 
a re  exp ressed  as im plicit functions of the  re a c to r  v ariab les . The equations
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governing the dynamic behavior of p recip ita tion  polym erization re a c to rs  

based on the averaged coalescence m odel a re  essen tia lly  equivalent 

in fo rm  as those given on page (J*£).g \
F o r the averaged coalescence m odel the nucleation sen sitiv ities  

may be considered in a s im ila r  fashion as  for the pure coalescence model. 

Using the exp ressions obtained in the steady sta te  analysis to  compute 

the nucleation sensitiv ities  fo r the quasi steady sta te  re su lts  in equation II-A -2

6 - .  v 6 '  *

^  e- x . & y )
OSJs/ -  \

9L c ^ I?*1 *  O ^ / c j j j U
M l + \] | ^  i q

T*. - \\ h it1 w f a i t }  f  -I + \J H r  \
- i - T r r r a 1 ;

To. « ^  \+ l i l j /w  • ^

Explicit expressions fo r the values of the a re  obtained by

d irec t d ifferentiation of Qc^- &CL- b(£l) in the following form :

>uy L. i7®5Q J 5î T
E xpressions fo r the values of the > ln k \  a re  obtained from  the complex 

collision in teg ra ls  « " 1

>U6c „ . .  J M  4 Uw, - AiSaT* - T  <• ^

w here and ^  *Vc ^  a re  weighted in teg ra ls
in the sam e form  as  those in equations ( ) w here S(y> in

th is case is  sim ply r  \  # r \ j

S c v V  T“v  i W
com pared to  th e ir  in teg ra l ra tio  in the pure coalescence model.

P-u, <T5l ,  and a re  continuous differentiable functions of

M l, I, and a /  6  • If is  possib le to compute th e ir  logarithm ic derivatives 

analytically . Substituting th ese  values into the expressions for the 

nucleation sen sitiv ities  for the averaged coalescence m odel re su lts  in 

the following:



l l a S J  *  T L  -  - Z

| p | l  * 1 +  (_ ^  ^ * 1

-- (jl'ic-l)(_ \ ^ \ J )  - T . (  Tvm. * V* ' ̂ )

M i l l s  - i t  T o , • ~ X  4
M * H w ‘

xuftc, ex. M  - Ik ^  ̂ '-^V *»* ('-^ )
V U t  v  v I V \
m d  / v  v \  T i V  W  vV» , - \ rfU i < S ( y \ > l W \ ^  
^ i v v S c c  ' ^ V c  v ^  J

u )
u A e < e .  : t0<^*

x * »

x v * f

UO
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