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0. Introduction
Hecke operators and their relation to the Fourier expansion of auto- 

morphic forms have been studied extensively for GL(2,R). Here we extend 

the theory to GL(3,R).

Our main result can be formulated as follows. Let cp be a cusp 

form on GL(3̂ IR) (for the group T = SL(3,2)). Suppose it is an eigen­

function of the Hecke algebra. Then

cp(g) = 1  had,a W(Yg) * 
a £ 1 
d M

Here W is a fixed function with the property
1 x Z\

1 y)gj = exp(2irr(x+y))W[g] ,
1

y varies on an appropriate set in GL(2,Z) (identified to a subgroup of 

GL(3,B.)) and h , for v [u , is defined by
U  j  V

S1(u,v)cp = hu^cp ,

where S^(u,v) is an appropriate element of the Hecke algebra. We prove 

also a converse theorem.

This paper has been to a very large extent inspired by the work of 

Gelfand, Jacquet, Kajdan, Pyatetskii-Shapiro, Shalika. Their work is ex­

pressed in the language of ideles, adels, group-representations. We have 

however tried to stay as close as possible to the "classical" point of 

view; thus our methods and language are very different, and in a sense 

elementary. We hope therefore this will be of some use to others.
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§1. Preliminaries On Operators

Let GL(3,1.) be the multiplicative group of 3x3 matrices with real

coefficients. Let T be SL(3,ZJ)» It is the discrete subgroup of

GL(3,H) consisting of integral matrices with determinant one.

By the Hecke Algebra we mean the Q-algebra generated by- double cosets Tcvr, 

where o' is an integral matrix with positive determinant. As a consequence 

of the elementary divisor theorem on matrices, we may take for generators
( SL 'of this algebra the double cosets of the form T(a,b,c) = } where

a,b,c are positive and a |b |c . For an integer m ^ 1, T(m) is the sum 

of all double cosets T(a,b,c) such that abc = m .

For v|u we define an element S(u,v) of the Hecke algebra by the

following conditions.

1) S(u,pm) = T(u)T(pm) - T(up)T(pm"1) if pm | u , m ^ 1 ;

2) S(u,1) = T(u)

3) S is multiplicative , i.e.,

S(u,v)-SCu'jv') = S(uu',vv') 

if v |u , v ' | u' , (u,u') = 1 .
-2  - 1  lWe also define S^(u,v) by S^(u,v) = S(u,v)u *v if v |u .

It will be convenient to set S(u,v) = 0 , S^(u,v) = 0  if v^u 

and similarly T(m) = 0 if m > 0 but not an integer.

Theorem 1: For v |u ,

T(m)S(u,v) = ̂  r3T(r,r,r) ^

the summation being for all positive integers r,s,t such that

rst = m , r |v , s .

We divide the proof into several steps.
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Step (i): Suppose (m,u) = 1 . Then the formula to be proved reads

T(m)S(u,v) = S(um,v)

Since S(m, 1) = T(m) , this is just a consequence of the multiplicativity 
of S .

Step (ii); Suppose the formula has been proved for 2 triples (mjU,v),

(m'ju'jV1) with v|u , v'|u' , (m,m') = 1 , (v,v') = 1 .

The multiplicativity of the operators T,S as well as T(a,a,a) 

implies the formula for the triple (mm1,uu',vv') .

Step (iii): Thus it suffices to prove the formula when u is a power of

a prime p and m a power of a prime q . If p / q , one can apply

Step (i). Thus we may assume p = q in which case the formula reads:

Theorem 2 ; For all m ^ 0 , v ^ u

nu-, u Vv Y  3rw , \r_, u+m-2r-s v+s-rN(1.1.1) T(p )S(p ,p ) = 2, P T (P>P»P) S (P >P )

where the sum is for all pairs (r,s)

r ^ v ,  s ^ u - v ,  r + s ^ m .

Proof: By Theorem 3.21 of [6] we know that

£  TCp^X*1 = (1 - T(p)X + pT(l,p,p)X2 - p3T(p,p,p)X3)"1 . 
m^O

We take 3 indeterminates such that
1 - T(p)X + pT(l,p,p)X2 - p3T(p,p,p)X3 = (1 - QX)(1 - PX) (1 - YX)

or

c* + P + Y = T(p) = T(l,l,p) , 

op + Py + Y« = pT(l,p,p) , 

apY = p3T(p,p,p) .

Then
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£  TCp^x”1 = [(1 - 0fX) (1 -  px )(l -  YX)]
m^O

A + _ B  + C1 - ax 1 - PX 1 - YX
where

2 2 2 or P Y
A " (of-p) (a-Y) 5 B ” (p-Y) (P-a) * G " CY-a) (Y-P) *

Thus we get two expressions for T(pm) ,

T(pm) = £  a V Y k 
i+j+k=m

g2+m(P-Y) + p2+m(Y-a) + Y2-Hn(g-P)
(a-P)(P-Y)(Y-a)

Using the second expression in the definition of

S(PU,PV) = T(pU)T(pV) - T(pu+1)T(pV“1) , (u ^ v) ,

we easily get
.. u v. o2+uB1+v - o W *  + B2+V +v-P1+V ' l'a+Y2+,Ia1+V-Y1+V +U
S(p ,p ’ = " (<*-B) O-Y) (Y-a)

Let tt denote the circular permutation (apY) . Then the symmetric poly­

nomial as well as all other expressions in a #P,Y for T(pm) or

S(pU,pV) are invariant under t t  . S(pU,pV) can be written in terms of 

a,P and t t  as follows:

n + w A  <a*fmB1+v - 01+v b2+u)>P ) ~  - (a-P) (P-Y) (Y-a)
The right hand side of the formula (1.1.1) to be proved is

fgBv^r(l+TH-n̂ > (0r2+u+°t~2r-gg1+vfrs-r-Q,1+v+s-r>g2-Hrhn-2r-s^ 
(a-B) (B-Y) (Y-a)

where 0 ^ r ^ v , 0 ^ s ^  u-v and r + s ^ m .



(1'1 ■2) (̂i+TH-rr2) (a2+uhn-r-s#pl+v+s^l+v+s#p2+u-hu-r-S)yr
(Q?-P) (p-Y) (y-a) 

where 0 ^ r ^ v , 0 ^ s ^  u-v and r + s =£ m .

The left hand side of (1.1.1) is T(pm)S(pU,pV) . The numerator 

of this is
= (1+ffl-rr2) (a2+up1+v-0-1+vp2+u)

i+j+k=m

- (l+TH-Ti2)^ Y  V )  ( c ^ V +v-<*1+V +u) j .
i+j+k=m

But we have
( ’l M 1) (<̂ +u|31+v-<*1+V +u )
i+j+k=m

= ( \  om'r-spSYr)a2+up1+v-( Y  aspm"T~syrJa1+vp2+u 
r+s^n r+s^m

^2+u+m-s-rpl+v+s_Q;l+v+sp2+u+m-s-r^r

r+s^m

Hence the left side of (1.1.1) is
^a+TH-/)(a2+“h“-r-ap1+v1-s-c»1+v+sp2+“tm-r-s)vr 

<l-1-3) ■ (Of-P) 0-7) (Y-ff)

where r + s ^ m .
If v > m and u - v > m , then the required conditions on r and

s are trivially satisfied and the Theorem 2 follows from (1.1.2) and

(1.1.3).
On the other hand, if v < m  or u - v < m  then the part of the 

above sum (1.1.3) where r ^ v + 1  or s ^ u - v + 1  respectively, 

vanishes. This is seen as follows.



Assume v < m and r ^ v + 1 .

The terms like a^+u+:i'P'*'+v+3Yr, i + j + r = m appear in pairs with 

opposite signs in (1.1.3) and hence cancel.
For

a2+ufipl+v+jYr = ( ^ p V ^ + U p l + V )  .

^ u + y + v + y  _ iB(l+v)+jYr-(l+v) 
a2+uYl+v

and qV 1+v>+V  is a term in the symmetric polynomial for T(pm)

while - Y^+Vq;̂ +U is a term in S(pu,pV) which together give rise to 

^ipa+vH^r-Cl+vJ^+UYl+Vj = _a2+u+ipl+vfjYr

Now assume that u - v < m and s ^ u - v + 1 .
» ^  2+trfiQl+v+s,,k . , , , ,Again, the terms like a p Y , i  + s + k = m appear in pairs

with opposite signs in (1.1.3) and hence cancel.

For
a2+u+ipl+v+sYk = (aipsYk)a2+upl+v , i + s + k = m . 

Q,2+ui-igl+v+sYk ^ (i+u-v)+i s-(u-v+i) k
Q'l+vp2+u

and Q;(l+u"v)+:i-ps“(u"v+l)Y^ is one of the terms in the expression for

T(pm) while (-Q!̂ +V0 ^ u) is a term in the expression for S(pu,pV)

which together give rise to
a (1+u-v)+ipS - (u-v+1 )Yk ̂_al+Vp2+Uj _ _a2+ntipl+v+sYk

Thus the formula (1.1.1) holds.
Q.E.D.

Corollary; For v |u , we obtain the following relation for S^(u,v);
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where rst = m , r |v and s . I.e., we have

(1.1.4) T(m)S1(u,v) = 2, st2T(r,r,r)S1^  ,

where rst = m , r |v and s |— .
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§2. Fourier Series of a Cusp Form

2.1. First Expansion

Let cp be a C -function on GL(3,R) invariant by T = SL(3,25 

on the left.
I.e., cp(Yg) = cp(g) for all Y € T .

We further assume that cp is invariant under the center of GL(3,R).
fa \I.e., cp(ag) = cp(g) , a = ^ a j  , a i R  .

Remark: Any 3X3 matrix in GL(3,^> be written as + Y » Y € SL(3,Z).

So cp is invariant under T* = GL(3,2$>.

We also assume that the function cp satisfies the following condi­

tions of "cuspidality".
r .1 X

S <{( 1
CR/2)2

and

qr/zr
A "cusp form" cp on GL(3iR.) is essentially a function satisfying

these requirements.
Consider the subgroup U of GL(3,R) defined by

fyl 0 z\ ■)
u = U  1 y) ' z,y €]RJ' *

The function u -* cp(ug) may be regarded as a function on the group 
oU/mu = Z) . We expand cp as a double Fourier Series.

We get

(2.1.1) 9(g) " I  V - O ' S ]  *
(msn)?H0,0)

where

Ojg j dxdz = 0 ,
1 J
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/I 0 z-

W ( m n ) ^  = *1* 4 1  1 y//gjexp(-2in(mz+ny))dydz .(ni9n) o ^ ' i'
or /zr

By direct computation we obtain 

W.(m,n)L( 1 y)s] = exp(2iir(mz+ny))W(mjn)[g] .

ooSince cp € C (GL(3^R]>, the Fourier Series converges absolutely and 

uniformly on compact sets to cp(g) , g 6 GL(3JR) . (See [5]).

Let (m,n) = d. I.e., m = dc.̂  , n = dd̂  ̂ , (c^dj) = 1 and d ^ 1 .

Let T„ be the group of 2X2 integral matrices of determinant one.
a1 b lVIf Y = ^c^ d^J such that a^d^ " blcl =  ̂ » Y ^ ̂ 2 * tben

(m,n) = d(0,l)Y . Note that d(0,l)Y = d(0,l)Y' if and only if
Y' = ^  J}y ; i.e., Y* € (N n T2)Y where N = {(J J i x U } .

Hence we have

9(g) = Wd(0,l)Y^
Y€Nnr2\r2

where

wd(o d y [s] X 'fLC 1 yjsjexp(-2iTTd(°>1)^(y))dzdy • 
o r /z )2 1

/ \ 1 "̂Z*We replace by Y • Then dzdy is not changed and we have

the substitution:
,1 0 Zs . 1 0  y"1 0 \  a " 1 0\ A  0 zn /Y o,
( 1 y) - >  ( 1 y ) =  ̂ o;( 1 y){ Q) •
Y x K 1 y \> o 1 1 o 0 1

,Y Ox
If there is no risk of confusion, we identify Y and I OJ

0 0' r

for all Y € T2 .
Since cp is invariant under ,

r— . .1 0 Z\ “j r’ /I 0 Zi —
4.^ \ 1 v Ygj = 1 y/YgJ •
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Thus V V
(2.1.2) cp(g) = L W . [g] = L W .[Yg]

y&f) r2\ r2 (0jd)Y Y€Nfir2\ r 2(0»d)
d^l d^l

where p /I 0 z-, -
w (o,d)*-s  ̂= «T l A  1 y/sJexp(-2iTrdy)dzdy

(R/Z)2 1
and

w (o,d)^Y8  ̂= w (o,d)v*-g  ̂ * y ^nh r2\ r2 .

Note that

W (0,d)[( l)gj = W (0Jd)("1-l) ̂  = W (0,-d)*-g-* ’

Remark: We could also use a Fourier expansion on the group
/l x z-.f \ 1V = ^  1 0 j , x,z €mj .

2.2 Second Expansion 

We have
, /I n 0

W (0

cfl x 0- •
Let V 1 = 1 Oj , x € Kj- „ Then v W.^ d* [vg] is a function on

Y

the group V'/r D V' = IR/Z ; and W^Q d  ̂ has also a Fourier expansion

\o,d)w = L  wd [gl
Q^O

Where r/l x 0. - 0
Wd[g] = J W^0 1 ojgj exp(-2ino?x)dx; Wjg] = 0 by the first

H/Z  ̂ cuspidality condition.
Now for the upper triangular group

= {( 1 y)t x,y,z 6 m]-
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dxdydz is an invariant Haar measure; while

(1 x 0\/l m °\ A  x+m nx .
1 yj^ 1 nj= ( 1 y+ny , m,n € Z

and
1 x z. 1 0 p. J. x z+ps
( i yj( 1 ° ) = ( 1 y / ’ p ^ kr  r  i

imply that the domain defined by
0 ^ x < 1 0 ^ y < 1 0 ^ z < 1

is a fundamental domain for the 71 H T-cosets of 7{ .
By Fubini's theorem and using the integral expression for W 

from (2.1.2) we write
<0,d)

Wjg] = J‘ (  J* <f£( 1 y)gj exp(-2iTtly)dydz)
H/Z (R/Z) exp(-2irax)dx

= J cf[( 1 y )s j  exp(-2iTr(dy+Q3£))dxdydz

OB/Z)3 1

= J* q[( 1 y)sj exp(-2iTT(dy+ox))dxdydz
W 7inr 1

By direct computation, 
,1 x z.

1

.1 X z,
1 y JS = exp(2in(0X+dy)) W^g] .

Note that if = + 1 , = + 1 , then

Vwdt( 1*21) “D “ We V  [e1 •

For
/ e_ \ _ ,1 x z w  e.

I (  1&2 ) g] = J* <t( 1 1 S2 ) g] exp(-2iTTCax+dy » dxc,ydz
QR/%>
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But

and

{ C  : : x \ ) ' ] - t ( \ ) C  T  p . ]

- t f  \ v  p  - ] 12
1

by the invariance of cp imder T* . We replace \ e2x by x , 
e z by z and e y by y . Then dxdydz remains unchanged.1 A

/ 6 v _ _ yl X Z \  —-
WdLi e2 / gJ = J* \\ 1 y/ sJexpC-BiT^^e^ + e2dy))dxdyd

1 (R/2Z)3 1

Thus

W <0,d)[g] = I wd [( 11) B]
Qf^l 
e=l,-l

Combining this with the previous expansion (2.1.:2)we get

(2 .2 .1 )  cp(g) = £ w “  [  (  ijvg]

where o?2:l , d ^ l , e =  + l ,  y € N f) I^Xr^ .

Let P  = GL(2,Z). We identify it with a subgroup of T . z
this is also

(2 .2 .2 ) cp(g) = Y  w “  [yg]

azL y  €  n  n r;\r;
dSL * z

Hence

z .

Then

We know that the multiple series is uniformly convergent on compact 

sets. See [5].
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Remark: Such an expansion is unique. Suppose cp is also given by:

cp(g) = J . w ®  Cys]
. awhere W . satisfies d
/I x z_ rviw 1 y) gj = exp(2iTT(ci!X+dy))W’“ [g] , and 

s l , d ^ l ,  y € N  fl r ’X H  . Then for b > 0a A

K 1 0 Zv
1 yj gj exp(-2iTT by)dydz.

1 y) g] = exp (2i rr(0, d) y(^)) W*“ 5rg]
But

ff'

= exp(2iTT(Y3dz + Y4dy)) W ’“ [Yg]
^2 \where Y = ^ J • Replacing cp by its second expansion in the<y3 y4.

integral,
A  0 z,_ _ n \ rvi , ,w. jb)*-5-' = j* Z w'd[^( 1 y)s] exp(-2iTr by)dydS(0

(Jtl/Z)

= J' ^  W'^Yg]e?£p(2irrY3dz)exp(2iTT(Y4d-b)y)dydz
CE/Z)2

= ^  W ’® [yg] J exp(2iTTY3dz)exp(2in(Y4d-b)y)dydz
CR/Z)2a^L,d^i y € n  n r^\rj ^  '

By the property of exp , all terms vanish except those for which 

Y3 = 0 and Y4<3 = b .
It follows that y > 0 and hence y = 1 . We may take y to be 1.

ft
We also have d = b. Thus 

W(0,b)'-g  ̂ “ Y  W ’b '-S-'
Q^O

and then W® = W\a by the Fourier theory on the subgroup V* . b b



§3. Action of the Hecke Operators bn a Cusp-Form

We fix an integer m ^ 1 .

We recall that the Hecke operator T(m) is the sum of all double 

cosets r( b c^ r where a,b,c are positive, ajb|c and abc = m .
We can express a double coset as a union of disjoint cosets of the form 

Fof • The following lemma is well known. For lack of a convenient re­

ference we give a proof.

Lemma 1: A set of representatives of disjoint cosets rev for T(m) is

m = |( s v): rst = m ; u € W s  ; v,w € Z/tr . 
t

Proof: Let

a = det cv = m

We can express a as

oi = y

For instance,

C I ;)
X

X11 X12 X13 \ r  1 a2 a3

X21 X22 X23 ) K b2 b3

X31 X32 X3 3 / \ ci °2 C3

rst « m and y € f .

* *

ai X21+bl X22+Cl X23 *

‘a i X31+bl X32+0l X33 V 3 1 +b2X32+Ci

Here we can choose x ^  = 0 , x ^  = 1 . We find X22’ x23 such that 
b,x 0+c,x = 0 and coprime, while x 0,x„_ as solutions of the system1 22 1 23 02S 00
of equations
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The remaining coefficients x can be found such that the matrix

has determinant 1 .
/ xll X12 X13

0
X22 X23

\ l x_ x„„\ 32 33

take y to be the
This shows that we can take upper triangular matrices of the form

,r u Wv
( s v] , rst = m for representatives for the cosets Tcv of T(m) .

t
Furthermore we note that 
/I x z w r  u w\ ,r u+xs w+xv+zt\/J. X z \/r u  w \ /r U+xs W+XV+Mlv
y 1 y X  s v / = ( s v+yt /I t  t

i.e., u varies modulo s, v varies modulo t and w varies modulo t.

Thus a full set of representatives for disjoint cosets ra is

given by the set S and Lemma 1 follows.m
Let cp be a cusp-form as defined!.Jap §2. Let = T(m)cp, defined by

cp' (g) = Y, Vtfos)
where

T(m) = U Tq; .
a

(disjoint)

The number of disjoint right cosets being finite the above defini­

tion makes sense. Moreover, cp' is a cusp form. We can also write

(3.1.1) cp' (g) = Y  £.( s v) g] *
rst=m
u€Z/s ; v,w€z/t

We replace the right hand side of (3.1.1) by the first expansion 

for cp as in (2.1.1).
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rst=m (c,d)^(0,0) 
u,v,w

r r  iv1 0 (r u 1
■ l £ V « [ (  1 ? ) (  s ° H

0 w/t
1 v/t

1
u °\s °)xJ

= I. 1 *(c,d) [( S “)g](I exp(21n(c | + d | » )  .
(c,d)^(0,0) rst=m v,w€2/t

uQB/s

But ^  exp(2iTT(c ^ + d ̂ )) = t2 if t|(c,d)
= o otherwise.

We get

(3.1.2) tp'(g) = I  ‘^(o.d) [( 3 j) g] •
rst=m 
u0Z/s 
t|(c,d)

Since cp1 is a cusp form, it has a Fourier series expansion of 

the form (2.1,2), Thus

tp’(g) = I w [vs](0,b)
1 \r2 2

K>1
v€Nfi r2\r2

where >1 0 zN
W (0 b ) ^  = J* ^ 1 y) sJexp(-2iTTby)dydz

flR/Z)2 1

Using (3.1.2) in this integral we have
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<3a-3) w’(o,b)W= J- It2V,d)[( 3 “X 1 *)*]
CR/Z)2 *  1

exp(-2irrby)dydz .

But
/r u ov i 0 Z\ ,r u rz+uyv ,1 0 (rz+uy)/fcv ,r u
( s °)( 1 y) = ( s s y )  = ( 1 sy/t )( s

t/X 1 t 1

and

Vd)[; C “
Ox/l
- X

0 z\ “1 -1 -1 1 y )g = exp(2in((rz+uy)ct + sydt )

°)

t

On account of uniform convergence of the series, we may interchange 

summation and integration in (3.1.3) and obtain

* i o , b , M  - I  3 +« T  + ̂
rst=m CR/Z)
u€z/s 
tJ(c,d)

sdAll terms vanish except those for which c = 0 and —— = b. 

We have

wio,b)W  -  I  *2 > ,< »  [ C  ” “) s] •
rst=m
u6Z/s
t|d: sd/t = b 

We now use the Fourier series for W^Q . We get

X >,d)[(r : |)-]- X *  i r - > 3
u€Z/s QŜ O

u&Z/s

- X X exp(2iT' ̂  o>,,J( s t)g] •
a / 0  uQZ/s
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'“‘I

Since ^  exp(2in —  ex') = s if s lor
uGZ/s _ ^ otherwise,

the following relation holds.

(3a-4) W(0,b)tgl = I s*2 Wd [C ' ) *] 'Vrst=m
t Jd :sd/t = b 
s \a

We now consider the Fourier Series for Wln . N .(0,b)

' ' ^ - . L W C 1 1 S>.
exp(-2iTTax)dx .

In this integral we use (3.1.4) and then interchange the order

of summation and integration. Thus
,r v /I x 0>_ \ '£ n ri IW'

D------
r, s, t

r’̂ [g] = ^  st2 J s )( 1 o)gJexp(-2inax)dx .

But
/r 0 Owl x /I rx/s Ov ,v >.
( . j X  1 o) - ( 1 o \  . )

t 1 I t

and

w j f  s X 1 1 °X] - ”1  ( s f »> •t 1

This gives 

W ’kjVJ = ^  st2 W°jj~( s )gj J exp(2iTT(-H a - ax))dx
t nr /__rst=m IR/Z

tld: sd/t = b 
sjaf

- I -2^[( ■>]
r.s.t=m
t|d;sd/t=b and sja: — r == a
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since other terras vanish. Thus we have

Theorem 3: If cp' = T(m)cp then the corresponding functions W'^ is

given by

(3.1.5) W'^[g] = ̂  st2wj (  s ) s]

I d i f fd , s — = b ; and sjff , r • —  = a .

Corollary: We assume that cp is an eigenfunction of T(m), i.e., there

exists a complex number such that T(m)cp(g) = c^cpCg) . Then we

have

(3.1.6) c W ^ g ]  = £  s t V [ (  s ^  g] .
rst=m .
tjd : (^)*s = b
I /•Ck’sslff : (— )• r = a 1 s

Proof; follows immediately from the fact that

-  v J M  !
and from (3.1.5).
Remark: The following 2 particular cases of (3.1.6) will he used in

the later sec.tions.
Case i): If a = 1 , then r = 1 , a = s and

(3.1.7) CmWb ^  = I l (  s t) •]
st=m 
t|d : «g)- = b

Case ii): If (a,m) = 1 , then r = 1 , a = sa and

(3.1.8) cmWbtgJ = X - M *  [C-t)-] •
st=m 
tjd : <|)-3 = b
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§4. The Main Theorem

4.1. Action of the Operator S^(ab,a)

We assume that the cusp form cp is a common eigenfunction for 
all the operators T(m), m ̂  1 . Because these operators generate the 
full Hecke algebra, cp is also seen to be an eigenfunction of S^(ab,a). 

Let c , h , be the eigenvalues, i.e.,m cLD | &
Sl(ab,a)cp(g) = hab,acp(g) , hab>a € C .

Using the identity (1.1.4) for tp(g) we obtain

°mhab,a*<s) = I ̂  habt/r,a3/r T(r'r'r)ffg) •

By the invariance of ep under the center of GL(3JB),

cmhab,a'P(g> = I 3‘2 \bt/r,aS/r *<*> ’
where the sum is taken over all triples (r,s,t) such that rst = m , 

r)a and s|b .
e

Recall that S., (m, 1) = T ^ - . Hence h = —§ . Let a = as/r l * m,x am m

and d = bt/s . Then the above identity can be written as follows. 

(4.1.1) «,2hnjl habja = 1

where rst = m , t|d: (d/t)»s = b , s|a: (a/s)r = a .

4.2. The Main Theorem
We are now able to prove:

The Main Theorem:

= V a  4 C b ” ,) B] •

Proof: For a = 1 the statement is

* b W  = V i 4 (  b 1)-e] •
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In (3.1.7) we set b = 1 . Then we get s = 1 , t = m and

cn wJ[E] 1 ) g ]  .
m

4 ( \ )  *] ■ -2 ^ r - ) «] •1 m
Hence, ir-/m \ -i o ir-/m

c

X 4.Since W is invariant under the center and c /m = h , , the theorem m m m,l
follows for a = 1 .

In general, the formula to be proved is:
/U 0 0N

w'r 
uv

ir,u 0 (k
£g] = h W (o u/v oj g , where v|u 

uv U,V L 0 0 1 J

We will prove this by induction on the number of primes which divide v.
In other words, let u,v be two integers, p a prime: suppose vju ,

p )( u , p )[ v . We may assume that for all ^ 0 ,
a

_! „ W  = » „ »v'1p“ J g] .
uv p  u p ,  V  1

We have to show that for all |3 , O S P i a ,

,P nr-/uP
-1 a-P ^  11 a £uv *p up ,vp

This we prove by induction on g . The formula being true for {3 = 0 , 

we may assume a ̂  P > 0 and the formula true for 0 £ i ^ P - 1 . 

From (3.1.8) we get:

(4.2.2) c [g] = 1  st2 «r;V [( . )g ]
pH uv p“ g t

st=p
(d/t)»s = uv 1pa 

(3-1. p1 ) ®]i=0 uv p P-i

U V  p
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Now, we have by induction hypothesis on [3
QH-P1 ,p uvp

#VP-1 a+B-2i t®1 = b- »fS-i i WllA up04- ^ 1 ) gJUV P up ,vp r vpi

and a
•uvp

wIUuv p up $v
v I P  Gi \ ~
w -i a [gl “ h a *iU up ) SJ

Since (u,p) = 1

h a + p -i i  = h h Q4-p-i i  » 1 S °  *up ,vp u ,v  p ,p

Also by definition of h ,
® QH-P-i °  i  " 01 QH-P-i+1 c i - 1

p p p  p
V p - v  = p 2 (o* p) - 1

Thus,

1 W''P- l  ch-5-21 [ (  p l B -i) SJ
i=0 uv p p

- ”1 ,« • ° i ” ° CM-S-i+l-C i-1= > „2P-i h P P P P___
u ,v  2 ( cH-P) -  i

i=0  P

• 4 r “ - °  )-j ■V
using invariance under the cen te r,

a
h r ip UVP „ \ '

- - t o t  0 OH-1 c B-lJ wlU up ) 8J •p p p V

From (4.2.2) we have

uv p i P U,V p
C .oM-l C_P-1 ir uvp“ a

- h  P P W.1 ( up^
u»v — o7T 1LA2aP
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P r 1 O N -  C “ ° P " crt-1 ° P-l

Hence, Wvp_1 ff.p p )gj = h -* EjS r E E---
UV P 1 * Pp

Ofuvp

V
Qf+P

P . i- UVp \

U e -> wVP-l Of-P [g] = hu,v h o' P WJA UP ft) gJ uv P P sp vP

■ h « p wi [( P uv'1p“'e ) 8 j .up ,vp 1

by using the multiplicativity of h and invariance under the center. 

Hence we have formula (4.2,1), in other words

WV _x [g] = h Wj uv'1 ) gJ , for all v|u , 
uv 9 1

i r ^
>! w  ■ V i  Ll b J s j -

Q.E.D.
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§ 5. Converse

Theorem: Suppose <p is a cusp form and has a Fourier expansion

'f(8) * 1  V a  "(A d ,) vSj
a£l,d^l

y «n n r^\r^

where W is a fixed function satisfying
|- 1 x z-

1 y) gJ = exp(2iTT(x+y)) W[g] ,

and h are some constants satisfying   u,v ----------------------------

(*) m2 h , h , = ) st2 h , „m,l ab,a Z_i ad,a

where rst = m , t|d: (d/t)s = b , s |a: (a/s) r = a ,

then
2T(m)cp = m hm  ̂cp .

Proof: By the remark on uniqueness of Fourier expansion of §2 ,
ad

w' • -

On the other hand, let cp1 = T(m)cp . Then for the corresponding 

functions W 1̂  , by (3.1.5)

w ’b = I  st2 Wd [( s j  ?]
(d/tj • s =■ b , s la

V  
~ L st2 had,a

. .< 4a

ii st2 had,a 4a

ii st2 had,a “[(

xdr \  -

ds ) 8J

(ar/s)•(ds/t) x - 
ds/t ) gj 

I J
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By (*) \  st2 = hab>a hmjl m2 . Thus

<  tg ]  -  ”2 »m, l  " u b .a  {.C b j )  gJ  '

2cp1 and m  h^ ĉp have the same Fourier expansion and we conclude that 

CP' = ‘* Q.E.D.

Remark; The condition (*) is equivalent to the following conditions 
(obviously satisfied in the direct part);

1) hu is multiplicative ,
c u c v " c u+1 c v-1

2) h = P - - P -.- ---- E---u v 2u+vP ,P P
2Uwhere c = p h . c , = 0 and h, .. = 1 ,u u i “1 1»1P P ,1 P

3) } h m *P~m (s-2.) =/-j mP »1 it. - (s-2), -2s+3 -3s+3m^O * * 1-h n*p +h -p -pP,1 P,P

Proof: < =  Assume 1), 2) and 3) .
Let X be the homomorphism from the Hecke algebra to (L such that

T(1,1,P) - P2h - , T(l,p,p) - p2h and T(p,p,p) - 1 .
\?9l rjr

Then X; T(pm) -* p ^ h  m by 3) and X; S^(u,v) -* h^ ^ by 1) and 2),
Pm ,l

The condition (*) now follows from the corollary of Theorem 1.

= >  Assume (*) holds.
We first show that 2) follows from (*) by induction on v.

For v = 0 , 2) trivially follows by definition of c .
P
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Substituting m  = pV , a = 1 and b = pU in (*) we obtain

V 2 c‘ b = / st h . v u , Z_. ad,aP P ,1
where rst = pV , t|d: (d/t)*s = pu , s |a: (a/s)»r = 1 , i.e.,

v-1
„ u V  v-i,2 , , v ,c h = / P (p ) h . ,  + p hv u , Z_i u-t-v-i i u vP P ,1 i=Q P ,p P ,P

Cy V-1 C , .C . - C , .,,C . ,u . u+v-i i u+v-rfl i-1 -
-2-L _ \ 2v-i P p p________2___ Jp • \C • - / p. v 2u L  vh = —U V VP ,P P P P i=0 P

C C - C . 1 • c .U V u+l v-1

2(u+v)-i

= _E P P_______ EL
2u+vP

Thus 2) follows for all v ^ 0 , u ̂  v .

1) follows by induction on the number of primes dividing v and

2). This proof is similar to that of the main theorem.

Assuming (*),let us prove that

{ I ̂  m f X 1 ' + * \ , /  - - 1
m^O P »A

which establishes 3). In fact, the constant term is 1 ; the coefficient 

of X*- is

p2\ , i  - e2V i  = 0 ;
2the coefficient of X is

p^h „  - p^h .  h t  + p^h = 0  by 2) for u = v = 1 .2 , r p,l p,l r p,pr 9 A
The coefficient of X™ , m ^ 3 , is

p2^h - ,p2m*h n h 1 + p2m * h „ h - p2m  ̂h o 
p V  pm-\l P’1 pm-2,l P’P p”“ 3,l

m O
Replacing m by p , a by p and b by 1 in (*) we obtain



2 (m-2), . 2 ,P « o h = / st h .m-2 - p,p Li ad,aP ,1 *

where rst = pm  ̂ , s |of: (a/s)*r = p , t|d: (d/t)*s = 1

2m-4 , . _ \ .2
P m-2 p,p L (tp/r), (p/r)

P t m-2rt=p
r P

_ 2 (m-2) 2 (m-3)" P h m-1 + P h m-3 , ’P ,P P ,1

i.e..
2m-l , , 2m-l , 2m-3 ,P h _ h  = p h + p h 0m-2 - p,p m-1 v m-3 .P ,1 P ,P P ,1

2m , , 2m ,= p h , h . - p hm-1 . p.l m .P ,1 P ,1
, 2m-3 ,+ P h m  ̂m-3 ,P A

This shows that the coefficient of jf1 , m ^ 3 , is zero
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