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0. Introduction

Hecke operators and their relatiom to the Fourier expansion of auto-
morphic forms have been studied extensively for GL(2,R). Here we extend
the theory to GL(3,R).

Our main result can be formulated as follows. Let ¢ be a cusp
form on GL(3,R) (for the group I = SL(3,2)). Suppose it is an eigen-

function of the Hecke algebra. Then

@) = ) By o WOE) -

v N

o 21
d=1

Here W is a fixed function with the property

1 x =z, -
W'[\ 1 ¥)gj = exp (2iM(x+y))W(g] ,

Y varies on an appropriate set in GL(2,2) (identified to a subgroup of
GL(3,B)) and hu v ? for Vlu » is defined by
d

Sl(u,v)w =h o ,

u,v
where Sl(u,v) is an appropriate element of the Hecke algebra. We prove
also a converse theorem.

This paper has been to a very large extent inspired by the work of
Gelfand, Jacquet, Kajdan, Pyatetskii-Shapiro, Shalika, Their work is ex-
pressed in the language of ideles, adels, group-representations. We have
however tried to stay as close as possible to the 'classical" point of
view; thus our methods and language are very different, and in a sense

elementary. We hope therefore this will be of some use to others,
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§1. Preliminaries On Operators

Let GL(3,R) be the multiplicative group of 3X3 matrices with real
coefficients., Let I' be SL(3,Z). It is the discrete subgroup of
GL(3,R) consisting of integral matrices with determinant one.

By the Hecke Algebra we mean the Q-algebra generated by. double cosets Tol’,
where o is an integral matrix with positive determinant. As a consequence
of the elementary divisor theorem on matrices, we may take for generators
of this algebra the double cosets of the form T(a,b,c) = F(abc)F s Where
a,b,c are positive and a\bIc . For an integer m 2 1, T(m) 1is the sum
of all double cosets T(a,b,c) such that abc =m .

For vlu we define an element S(u,v) of the Hecke algebra by the
following conditions.

1) S@up™ = TWIEY - TepTE™ D) if P u, m=1;
2)  S(u,l) = T(u)
3) S is multiplicative , i.e.,
S(u,v)fS(u',v') = S(uu',vv')
if vlu ’ v'|u' , (uyu') = 1.

S(u,v)um?‘-v-1 if v‘u .

We also define Sl(u,v) by Sl(u,v)
It will be convenient to set S(u,v) = 0 , Sl(u,v) =0 if vlu
and similarly T(m) = 0 if m > 0 but not an integer.

Theorem 1: For vlu ’

) b .
T(m)S(u,v) = z r3T(r,r,r) ] u_r. R y—i-)

the summation being for all positive integers r,s,t such that

rst=m,r‘v,sl’$ o

We divide the proof into several steps.
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Step (i): Suppose (myu) =1 . Then the formula to be proved reads
T (m)S(u,v) = S(um,v)

Since S(m,1) = T(m) , this is just a consequence of the multiplicativity
of S .
Ste ii): Suppose the formula has been proved for 2 triples (m,u,v),
(m',u',v') with vlu , v'lu' y mym') =1, (v,v') =1.

The multiplicativity of the operators T,S as well as T(a,a,z)
implies the formula for the triple (mm',uu',vv') .
Step (iii): Thus it suffices to prove the formula when u is a power of
a prime p and m a power of a prime q . If p # q , one can apply
Step (i). Thus we may assume P = q in which case the formula reads:

Theorem 2: For all m=20, v=u

S tm~-21r- +g -
.11 TeMse%e") =) ¥ re,e,p s (N0, )

where the sum is for all pairs (r,s)

r<v,ssu=-v, r+s=m.
Proof: By Theorem 3.21 of [6] we know that
) TEHE" = (1 - TEX + pT(Lp,PX - pI(p,p,P)X) T .
m=0
We take 3 indeterminates «,B,Y such that
1-T({X+ pT(l,p,p)X2 - p3T(p,p,p)X3 =@ =-0x)1 -pBQA - vX)
or

a+ B+ Y =T = T(,1,p) ,

o + BY + Ya = pT(1,p,p) ,

3
By = p"T(p,P,P) -

Then



-l
[(L~aX)(1 - BX)( - YX)]

2 T(pHX"

m=0
_ A B C
T -& T T-F* T-7%
where
2 2 2
A = o ._._g—_ - Y

@B @EV T ENE® T Goa-m
Thus we get two expressions for T(pm) s

T(p) = Z otpdyk

i+j+k=m

azm(ﬁ-y) + B2+m(y-oz) + Y2+m(oz-j})
(@-B) (B-Y) (Y-@) ’

Using the second expression in the definition of

s(p",p")

TepHTEY - T T , @ = v)

3

we easily get

1 2 2 1 1
) Q,2+uBl+v _ Q,1+v82+u + BZ+qu+v_B‘+V.Y U ARV fya2+u

u v
S(p ,p) (@-B) (B-Y) (Yy-o) '

Let T denote the circular permutation (@BY) . Then the symmetric poly-
nomial as well as all other expressions in «,B,Y for T(pm) or
S(pu,pv) are invariant under T . S(pu,pv) can be written in terms of

o, and T as follows:

i (1+n+ﬂ21£02+usl+v _ a1+v62+u)
(@-B) (B-Y) (Y-0) :

sp,p") =

The right hand side of the formula (1.1.1) to be proved is
- . (QBY)r(1+ﬂ+ﬂ2)(a2+“+m’2r-sBl+v+s-r_al+v+s-r'BZ+u+m-2r-s)
(o=B) (B-Y) (Y-)

where 0 <r<v, 0<s =<u-v and r+ s =<m.
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(1.1.2)
2+utm-r-s . B1+v+s_ al+v+s . B2+u+m-r-s) r

) () (@ y
(@=B) (B-Y) (Y-@)

where 0= r=v ,0=gs Su-v and r+ s S<m.

The 1e-ft hand side of (1L.1.1) is T(pm)S(pu,pV) . The numerator

of this is

U, otlk) uemr?y @ TUptHVoot TR,
i+jtk=m

[}

(1+TH-112)[\ Z_. o BJ,Y )(a2+u 1+v_ 1+VBZ+U)J )
i+ jtk=m

But we have

\Z‘ o BJY /(a2+u I+v_ 1+v32+u)
itjtk=m
- \ 2_. Q/m—r-sﬁsyr)az-kuﬁl-i-v_k‘z‘ asﬁm'r'syr)a1+v52+u
r+s=m rs=m

\ +utm=s-r 1+v+ + +utm-s-
Z (azerslvs_a1WS52wmsr

I

woo.
r+ssm

Hence the 1eft _side of (1.1.1) is

L a +1T+112) (02+u+m-r s Bl+v+s 1+vts B2+u+m-1:'-s )Yr

(@-B) (B-Y) (Y-0)

(1.1.3)

where r+ s =m .

If v>m and u - v >m , then the required conditions on r and
s are trivially satisfied apd the Theorem 2 follows from (1.1.2) and
(1.1.3).

On the other hand, if v<m or u = v <m then the part of the
above sum (1.,1.3) where r2v+1 or s 2u-v+1l respectively,

vanishes. This is seen as follows.
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Agssume v<m and r=2v+1,

2+u+iB

The terms like « 1+v+3Yr’ i+ j+r=m appear in pairs with

opposite signs in (1.1.3) and hence cancel.

For
2tutigl i ioj
o u-l-lB +v+JYr - (alBJ,Yr) (a2+uﬁl+v) ;
a2+u+151+V+JYr _in ()4 - (A4+)
o el Y
am vy
and 0!13(1+v)+JYr- (14v) is a term in the symmetric polynomial for T(pm)
while - Y1+va2+u is a term in S(pu,pv) which together give rise to

L] » - + o 3
0118(1+V)+3Yr (1+v) (_QZ+U,Y1+V) - _0[2+u+J.Bl+v+JYr .
Now assume that u-v<m and s =2u-v+1l,

Again, the terms like a2+‘r+i51+v+s\(k , 1+ s+ k=m appear in pairs

with opposite signs in (1.1.3) and hence cancel.
For
O12-*-u-l-1E;1-i-v+s,Yk - (alssYk)a2+uﬁl+v  i+s+k=m;

o2Hutiglivis k = oFu-v)tigs- (u-v-l-l)Yk
a1+v82+u

(1+u-v)+ies- (u-v+1)Yk

and « is one of the terms in the expression for

1+v BZ-i-u

T(pm) while (-o ) 1is a term in the expression for S(pu,pv)

which together give rise to
- - (u~ +y 2+ i
oz(1+u v)+iBs (u v-l-l),Yk(_al VBZ u) - _Q,2+u+161+v+sYk .
Thus the formula (1.1.1) holds.

QIE’D.

Corollary: For vlu , we obtain the following relation for S1 (u,v)

T(m)Sl(u,v)uzv = >_' rST(r,r,:‘"r)Sl\u—E ’ v_:_/ku_:)ZK_\%/
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u
where yst =m , r‘v and sl; . IL.e., we have

(1.1.4) T(m)Sl(u,v) = Z StzT(r:r,r)Sl "LLE' 3 X;S:_)

u
where rst =m , rlv and si-‘; .
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§2. Fourier Series of a Cusp Form

2.1, First Expansion

i.et @ be a C -function on GL(3,R) invariant by [ = SL(3,2%)
on the left.
I.e., o(Yg) = 9(g) for all Y €T .
We further assume that ¢ is invariant under the center of GL(3,R).

¢ 4
I.e., g(ag) = 9(g , a= \aaa) »a &R .

Remark: Any 3X3 matrix in GL(3,Z) be written as + Y , Y € SL(3,2Z).
So ¢ is invariant under I'' = GL(3,2).
We also assume that the function ¢ satisfies the following condi-

tions of '"cuspidality'.

I ' @[&1 }{ ?1))gj dxdz = 0 ,

®/2)2
and
P 0 Z\ -
J' q{\ 1 y)g_ldydz =0 .
®/2)? !

A "cusp form" ¢ on GL(3;B) is essentially a function satisfying
these requirements.

Consider the subgroup U of GL(3,R) defined by

ol 0z y
U= 1( 1 {) P2,y EIRJ' .

The function u — ¢(ug) may be regarded as a function on the group
u/Mnu = G{/Z)2 . We expand ¢ as a double Fourier Series.

We get

T
(2.1.1) 9@ = ) w(m’n)[g] s
(myn)#(0,0)

where



Q-
- /71 0 z -
W(m,n) (g] =m{ )2(4'( 1 {}gjexp(-Ziﬂ(mzmy))dydz .
Z

By direct computation we obtain
L(l 0 Z »
= 17T =4 .
W(m,n) 1 {)gj exp (2im(mz ny))W(m’n)[g]

Since ¢ € Cw(GL(3JR», the Fourier Series converges absolutely and
uniformly on compact sets to @(g) , g € GL(3JB) . (See [5]).
Let (m,n) = d. I.e., m= dc1 , = dd1 s (cl,dp== 1 and d21.

Let FZ be the group of 2X2 integral matrices of determinant one.

a b, -
e ! _ -
If Yy = kcl dl) such that a.d, - blc1 =1,vYET then

171 9 9
(m,n) = d(0,1)Y . Note that d(0,1)Y = d(0,1)Y' if and only if
1 ~ ) {l .
Y' = \0 IDY 5 lL.e., Y' G (N n Fz)Y where N = {\0 }]{): x ER} .
Hence we have
9(g) = 2_' Wd(o’l)Y[g]
YEN NI,

where
0

B 2 - .
" 0,1yy 81 = QR{ )2‘5{\ 1 {)8.&6’*?<-21“d<0,1>v\y))dzdy :
Z

~ 2o |
We replace (;) by Y 1&;) « Then dzdy is not changed and we have

the substitution:

-1 2 -1
e 1 0 2 Y . 1 0 Y ( ) /‘Y 0\ '1 0 Z \ ._/Y 0“
1y —> 1 ) = 0 1 0) .
\ 1Y) \ 1) L . 1( I\, o)

0
Y.
If there is no risk of confusion, we identify Y and ) g)
: 0 0

for all v € PZ R

Since ¢ 1is invariant under Fz cr,
Zs,

1 zZy 5 L1 0 -
L7 2 e)=q( 3 e -
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Thus - -
(2.1.2) (P(g) = Z—' W [g] = L W [.Yg]
YEN T AT, (0,d)¥ veNn FZ\FZ(O’d)
d=1 d=1
where A 0 z -
W<0’d)[g] = I ) q[\ 1 {)gjexp(-Ziﬂdy)dzdy
R/2Z)
and

Note that

-1 -
-1 .
W(O,d>[( &) = o ay(Lopy (8] = Wg_gylal -

Remark: We could also use a Fourier expansion on the group

/1 X Z-
V= ( 1 0), =x,2 em} .
1

2.2 Second Expansion

We have
/1 n 0 -
Weo d)[K 1 O)gJ =W glel, n€zZ .
b l 2
('1 X 0. *
"o g - .
Let V' = 1& 1 g) , X QZR} o Then v W(O’d)[vg] is a function on

the group V'/T' N V' ER/Z ; and W(0 d) has also a Fourier expansion
. 3
AN’
W o, al81=), Hale]
o0

where

1 x 0, -
o r / 1 : . O — 3
Wd[g] = j W(O,d)LK 1 g)gj exp (-2imTx)dx; Wd[g] = 0 by the first
R/Z cuspidality condition.

Now for the upper triangular group

1 x =z

7?={( 1 {) XY 2 €]R}



=11=-

dxdydz 1is an invariant Haar measure; while

SRk

1 x+m nx
< 1 y+n) , m,n € Z

1 1 1
and
X z 0 p X Z+p
CIifid-Ci%), rem
1 1 1

imply that the domain defined by
0 =x<1 0 sy <1 0 =z <1
is a fundamental domain for the % N I'-cosets of 7.

By Fubini's theorem and using the integral expression for W(O a)
?

from (2.1.2) we write

l1 x =

wf;[g] = J(J 2¢[< 1 ‘{)g] exp(—ZiTﬂy)dydz;)

RZ (R/Z) exp (~21mx) dx

1 x =z

= ‘]’ g{( 1 y)g:] exp (-2im(dy+ax) ) dxdydz
dR/Z)3 1

1 x z
= I q{( 1 {)g] exp (~2i T(dy+ox) )dxdydz .

wanr

By direct computation,

w:[(l : §>g] = exp(2im(ax+dy)) W:Tg] .

Note that if

W (

+1, e =+1, then

z:. : %%
621> g] =W 4 [e] .

For

Wg[(elezl) g] =GR£;DSq{(1 : g)(elezl) g] exp (-2iT(ox+dy) )dxdydz .
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But
(130t )0 3 )
1 21 21 1 62y
1
and
€
1l x =z el B 1 1 elezx eiz
LV YNT% )8)F € 1 ey/ &
1l 1 1 2
1
) q{<1 elezx e:lz> g]
- 1 €
2y
1
by the invariance of ¢ under I'' . We replace €, €% by x,

elz by z and ezy by v . Then dxdydz remains unchanged. Hence

Wg[(el €21> g] =m£m3 q{(l ?L( g) g]exp(—ZiTr( € ezozx + €2dy))dxdydz .
Thus
€
Yo, ml8) = >: Wy [( 11) g]
(e 2= §
e=1,-1

Combining this with the previous expansion (2.1.:2) we get

(2.2.1) oxe) = ) W [ (ell)vg]

where a21,d 21, e=+1, yENﬂI"z\l"z.

Let 1"'2 = GL(2,Z). We identify it with a subgroup of I' . Then

this is also

-

(2.2.2) o) = ) ngivg] .
o=l Yy €N NI\
o1 2V 2

We know that the multiple series is uniformly convergent on compact

sets. See [5].
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Remark: Such an expansion is unique. Suppose ¢ is also given by:

@) = ) W% [vel

o . o
where W' satisfies

d
aF 1 x =z o
w'd ( 1 y) g] = exp(Ziﬂ(ac:+dy))W'd [g] , and
1

@21, d=1, vE€NNIN, . Then for b >0
. 1 0 =z
W(O,b)[g] =) [( 1 {) g] exp(~2iT by)dydz.

But 0 z

v 1 3)6]

exp(217(0,d) yC)) w'g e

. o
exp(2in(Y,dz + Y,dy)) W' [yg]
Y.y 3 4 d
where Y = (Yl Yz) . Replacing ¢ by its second expansion in the

3 4

integral,
1 0 =z

%oyl = m}rz)sz'g[V( L y)e] em-2in byaye

= | zW':[Yg]e_xp(Ziﬂ'ysdz)exp(2:’.ﬂ('y4d-b)y)dy‘dz
w/n?

= }Z W'g’[yg] I exp(Zirw3dz)exp(Zin(Y4d-b)y)dydz .
o @22
@2,d2 Y € N N T\,

By the property of exp , all terms vanish except those for which

'Y3=0 and 'Y4d=b.

It follows that Y4 >0 and hence y& =1 . We may take vy to be 1.
We also have d = b. Thus
‘ o
_ t
w(o’b)[g] = z w [el
00

and then W% = w

b b by the Fourier theory on the subgroup V' ,
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§3. Action of the Hecke Operators on a Cusp-Form

We fix an integer m=1 .,

We recall that the Hecke operator T(m) is the sum of all double
cosets T(a b c) " where a,b,c are positive, a‘b‘c and abc =m .,
We can express a double coset as a union of disjoint cosets of the form
Ty . The following lemma is well known, For lack of a convenient re-

ference we give a proof.

Lemma 1: A set of representatives of disjoint cosets Two for T(m) is

S = {(r : 3): rst =m; u€®%s ; v,w € Z/t} .
t

Proof: Let
1 %2 %3

= (b b, by , det o =m .
C 02 03

We can express ¢ as

r u w
o =Y - ( s v) , rstem and y €T .

For instance,

*k
11 %12 %13 3, 3 33 * :
= * *
21 *a2  ¥a3 b, by by 81X gy Dy XgptC Xog
*
¥31 *32 *33 ¢ ©3 ©3 3,%3)*P1¥39%C1 %33 29%311Pa¥35+Co%33
Here we can choose le =0, x31 =1. We find x22,x23 such that
blx22+c1x23 = 0 and coprime, While x32,x33 as solutionz of the system
of equations
biXgy + CyXgg = "8 ; Bo¥ap + Co¥gg = "3, .
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The remaining coefficients x can be found such that the matrix

11 %12 %13
0 x22 x23 has determinant 1 .
%32  *33

We may take vy to be the inverse of this matrix,
This shows that we can take upper triangular matrices of the form

r u w
( s v) , rst = m for representatives for the cosets Ty of T(m) .
t

Furthermore we note that
1 x zyyr u w r u+xs w+xv+izt
( 1 vy ( s v> = ( s v+yt > ,
t t
i.e., u varies modulo s, v varies modulo t and w varies modulo t,
Thus a full set of representatives for disjoint cosets To is
given by the set Sm and Lemma 1 follows,
‘Let ¢ be a cusp-form as defimediini§2. Let ¢' = T(m)y, defined by
9'(g) = z ¢o(Tox)
where
T(m) = U PO! .

o
(disjoint)

The number of disjoint right cosets being finite the above defini-
tion makes sense. Moreover, ¢®' 1is a cusp form. We can also write

r u w

(3.1.1) Q'(g) = E ‘P[( s z) g:] .

rst=m

u€z/s ; v,w€Z/t

We replace the right hand side of (3.1.1) by the first expansion

for ¢ as in (2.1.1).
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Z Z Ve, a) [(r

rst=m  (c,d)#(0,0)
u,v,w

1 0 w/it
=Zzw<c,d>[( 1 ?’{t)c

n g
< &

®'(g)

)e]

n e

)

0w [( 5 0) ] emainG e v §an
= Z 4 Z W(c Q) [(1‘ : g)g:](z exp(Zin(c% + d %))) .
(c,d)#(0,0) rst=m T t v,weZ/t
u€/s
But Zexp(Ziﬂ(c FHaEN = t2 if t|(c,qd)

=0 othexrwise.

We get
0
orn v T o[ 9]
rst=m t
u€z/s
t|(c,a)

Since cp' is a cusp form, it has a Fourier series expansion of

the form (2.1,2)., Thus

o' (g) = z w'(O,b) [ve]
vENN TN\I',
b21
where
1 0 =z
W'(o,b)[g] = I . ‘P'[( 1 i’> g]eXD(-ZiTrby)dydz .
®/Z)

Using (3.1;2) in this integral we have
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(3.1.3) W', b)[g] = th Wee, d)[(r p o)( g g g]

exp(~2iTby )dydz .

But
/r u 0,1 0 = r u rz+uy 1 O (rz+uy)ty,r u O
s 0( 1 y) = ( s sy = ( 1 sy/t )( s O
t 1 t . 1 t

and

|

- 0,1 0
w(c,d)\_(r 2 2)( ;)g] = exp(2in((rz+uy)ct & + sydt o)

1
O\ -
W(c,d) [(r ISI 2) g_]

On account of uniform convergence of the series, we may interchange
summation and integration in (3.1.3) and obtain

r u O

FL2 ( )] rze sd
Vol = )t o[( = 0 f exp( 22 (2 + 2 -pyy))aydz
rst=m
u€Zz/s
t‘(c'd)
All terms vanish except those for which ¢ = O and E::_l = b,
We have
2 r u 0
ol - Prw (29 -
Yio,mlEl = ), Vo0 (2 o8
rst=m
uéz/s
t|d: sd/t =
We now use the Fourier series for W(O a * We get
z r u O 1 ru/s o\,r
Pl )]=Zw:[( ol = )e]
(0,d) 1 k £

u€zZ/s
uEZ/ s

Y e Za(Ts )e] -

o#0 u€Z/s

Il
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Since ZJ exp(zin-sg o)

ucz/s

s if sla

=0 otherwise,
the following relation holds,

(3.1.4) Wi 4,[8] = z st2 w2 [(rs )g] .

t
rst=m
tld:sd/t = b

s|o
We now consider the Fourier Series for WEO b) °
2

W':[g] =m}‘zw20,b)[<l }; §)g]‘exp(—21ﬂax)dx .

In this integral we use (3.1.4) and then interchange the order

of summation and integration. Thus

a \'\2 r 1 x O
w'. (gl = /, st J’W ( s )(, 1 O)g]exp(—Ziﬂax)dx .
b dat
: t 1
r,s,t
But
r 0 0,1 x O 1 rx/s Oy.r
COOC TR,
. t 1 1 t
and

wﬁ[(r s t)(l y §)g] = wi(r s t)g]'exp(Zi‘lT = =) ,
This gives

wie]

E: stz Wg[(r s t)gj I exp(2iﬁ6£§ @ = ax))dx

rst=m R/Z
tld: sd/t =D
sia
r
= Z stzw“[( s )g] ,
d L
t
r.s.t=m

t|drsa/t=b and sla: Sr=a
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gince other terms vanish, Thus we have

Theorem 3: If @' = T(m)®p ; then the corresponding functions w': is
given by

(3.1.5) W' Tel = E:stzw:[(r s t) é]

the sum being for rst=m;t‘d,s%=b;and s]'q,r-%:a.

Corollary: We assume that ¢ is an eigenfunction of T(mn), i.e., there

exists a complex number c such that T(m)g(g) = cmtp(g) « Then we

have
a 2 r ’
(3.1.6) cmwb[g] = Z st Wi( s t> g] .
rst=m
tld: @)s="D
S‘d : (%)°r =a

Proof: follows immediately from the fact that

W'ng] = cmwi[g] ;
and from (3.1.5).
Remark: The following 2 particular cases of (3.1.6) will be used in
the later sections.
Case i): If a =1, them r=1, ao=s and
(3.1.7) cmwtlj[g] = z s’.tzwcsi (1 s t> g] .

st=m d
tld: G)s=0

case ii): If (a,m) =1, then r=1, o=sa and
1
2
Z stwsa[(s>g] .
d \ t

st=m
tld

a -
(3.1.8) c W lel

[=3

({)‘S =b
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§4. The Main Theorem

4,1, Action of the Operator Sl(ab,a)

We assume that the cusp form ¢ is a common eigenfunction for
all the operators T(m), m =2 1 . Because these operators generate the
full Hecke algebra, ¢ is also seen to be an eigenfunction of Sl(ab,a).
Let cm, hab,a be the eigenvalues, i.e.,

Sl(ab,a)CP(g) = h EP(g) ’ h €T .

ab,a ab,a
Using the identity (1.1.4) for ©(g) we obtain
' 2
cmhab,a‘p(g) _z st hab‘t‘./r,as’./r T(r,r, r)9(8) .

By the invariance of ¢ under the center of GL(3R),
o2
cmhab’agp(g) =/ st hab‘l;/r,as/r v

where the sum is taken over all triples (r,s,t) such that rst =m ,

rla and slb .

C
_ T(m) _m _
Recall that Sl(m,l = —;—2- . Hence hm,l = ;ﬁ . Let o = as/r

and d = bt/s . Then the above identity can be written as follows,

2 }i 2
el = t h
(¢.1.1) = hm,l hab,a s od, o

where rst =m , t|ld: (/t)s =b, sle (@/s)r =2 .

4,2, The Main Theorem

We are now able to prove:

The Main Theorem:

ab
a . 1 )
wlel =h, o Wl[( b L g] .

Proof: For a =1 the statement is

ite=m,, (5 )] -
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In (3.1.7) we set b=1, Thenweget s=1, t =mn' and

cm Wi[g] = m2 W;[(l 1 ) g]

Hence, m m
1/ 2 n
Wlf(m)g]”‘ er(m )%J .
. 1 m. n .
. 1 . 2
Since Wm is invariant under the center and cm/m = hm 1? the theorem
s

follows for a =1,

In general, the formula to be proved is:
w [e] = L [(0 u v ) g1 where viu .
av- L ,V W ’

We will prove this by induction on the number of primes which divide v.
In other words, let u,v be two integers, p a prime: suppose v‘u ,

P * u, p ] v . We may assume that for all g = 0 ,

o
up N
1 -1 o
[g] W[( uv p /g] .
a1
uv p up ,v 1

We have to show that forall § , 0B <a,

B up i o8
v 1
(4.2.1) W p_l o-B [e] = oo 1[( P 1) g]
uv = .p up
This we prove by induction on 8 . The formula being true for £ =0 ,

we may assume @ 2 B > 0 and the formula true for 0 i <P -1,

From (3.1.8) we get:

(4.2.2) ° w:v_lpd [g] = z B st? WS’ [(1 < t) g:]
st=p

(d/t)s = uwv Tp¥
-~ ZB--l F1y2 va [(
- & P -1 Q4B -2i v B-i
N P
B

1
e [(F)d]-

)e]
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Now, we have by induction hypothesis on B

i

vp 1[ -uvp . I\ -
W) me-2i [B1 =R gy g W\ upTP-1 ) &
uv " p up sVD i
vp
and
uvp .-
v _ 1 o
W -1« (gl =h o Wl[\ up ) gJ °
uv p up v v
Since (uyp) = 1
= i 2 R
h ogygy §=B PBoypy g2 120
up s VP u,v p sP

Also by definition of h ,

C . € - o . ‘c .
Y 4B~ i o4+P-i+l i-1
P B-1 P P B-1 P

h = -
o+B-i i 2 - i
P B it . (+B) = i
Thus,
B-1 .
. 1 -
2B-i _vp~ [ i 1) z
zi p Wuv-l o4-B-21 \ P p-i/ &l
i=0 P P
B-1 ) ¢ oB-i.C 1" % a4peitle” i-1
p D P

- 2B- P
L ® u,v 2@ -

uvp

1L up Qg_l’

using invariance under the center,
hu v 1 qu i
- gl W)

From (4.2.2) we have

B 1 - € o .-uvpa _ -
3 sz-lpa-ﬁ [ 1) 8l=ch’ hu’v ._ZP_&wi' [ wf ) g
B 1 uvp
) hu,v 1[ P ) gj
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8 1 .

vp B>.= p__P P
Hence, W -1 o-B [\ P 8 | hu,v 2B
uv ~ p J P

o
-uvp -

ST ) 6

vPB 1y, P ° o -
i.e., W -1 a-B [e] = hu,v h o B Wll'_& up B) g_|
uv P P ,P vp

o
up

=h 5 ¥y [ (

-1 o= o
o uw P P ) g J k4
up ,vp 1

by using the multiplicativity of h and invariance under the center.

Hence we have formula (4.2.1), in other words

v

_ 1 [,u 10y
Wy gl = LI L wv ,) g| , for all vlu,

uv 1

a T v
e, Wy [gl =h, Wy [\ b I) gl -

Q.E.D.
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§5. Converse
Theorem: Suppose ¢ is a cusp form and has a Fourier expansion

. od
?le) = EJ hod, W[K d I> Y8 |

o=1,d=1
) 1
YEN N ré\rz

where W 1is a fixed function satisfying

1 x =z -
W[& 1 }1') g| = exp(2im(xty)) W(gl ,

and hu v are some constants satisfying
H

2 \ 2
*) m h »1 hab Z,St had,a
where rst =m , t|d: (d@/t)s = b , sla: (@/s) £ = a ,
then
2
T(m)® = m h A P .

Proof: By the remark on uniqueness of Fourier expansion of §2 ,

[g] = hod,a W[K d ) gJ

On the other hand, let ¢' = T(m)¢@ . Then for the corresponding

functions W': , by (3.1.5)
2 Ty
la —
viw- 3 sfEl(e )]
where rst = m , tld: (d/t)es = b , sla: (¢/s)+xr = a

.. odr -
2 ;
=/ st had,a WL\ ds ﬁ> 8|
(or/s) -« (ds/t) N

=’§; st” hod, o W[\ dS/tI) 8]

Y' 2 r .'ab k =
=L St By g Wi ® I) 8]
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< 2 2
* / =
By (%) L st hdd,a hab,a hm,l m" . Thus

w2 [g] = w h h W[(ab b ) g—
b m,1 “ab,a 1 1l

2 -
¢' and m hm 1® have the same Fourier expansion and we conclude that
H]

2
o' =mh_ .¢.
m,1 Q.E.D.

Remark: The condition (*) is equivalent to the following conditions

(obviously satisfied in the direct part):

1) hu,v is multiplicative ,

Cu v Cul Cv1

2) h = P B P p , u > v
pu,pv P2u+v
2u
where ¢ =p h u s € 4 T 0 and h1 1° 1,
P Pl P ?
3) ) h_ P (s2) = 1
P 1 ~-(s-2) -2s+3 =3s+3 °
mZO 1"'h . +h . -
p,1°P psp’ ¥ P

Proof: <= Assume 1), 2) and 3).

Let A\ be the homomorphism from the Hecke algebra to (€ such that

2 2
T(1,1,p) » p"h  ; , T(L,p,p) 2 P'h and T(p,p,p) ~ 1 .
P, P,P

Then i T(™) - p™™ _ by 3) and At S (u,v) @ h__ by 1) and 2).
3

v
Pl

The condition (*) now follows from the corollary of Theorem 1.
=> Assume (*) holds.
We first show that 2) follows from (*) by induction on v.

For v=0, 2) trivially follows by definitiom of ¢ a

P
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A\

Substituting m=p , a=1 and b = p* in (*) we obtain

. T2
€ yhy =Lt ad,o
P p,l
v u .
where st =p |, tld: @/t).s =p , sld: (¢/s)exr =1 , ije.,
v~-1
_ i, v-i2 v
cybhy =L PG Dh wv-i. 3 TP By
P P,Ll ., P sP PP
: £ :v_-l  C uty~i® 1 7 C ubv-1+1C 141 -
R il o'
u v viCv 2u: ; 2 (utv)-i J
P,P P P P 1=0 P
Cu v % w1 " ¢ vl
= B P P
2utv :
P

Thus 2) follows for all v =0, uzv.,.
1) follows by induction on the number of primes dividing v and
2). This proof is similar to that of the main theorem.
Assuming (*),let us prove that
( szmhpm 1Xm)\i - hp,lpzx + p3hp,pX2 - p3‘XB> =1
m=0 ?
which establishes 3). In fact, the constant term is 1 ; the coefficient

of f‘ is

)
o
=
It
o
e

the coefficient of X2 is

4 4 3
h -ph ,h . +ph
P P21 P11 7 P pp

]

0 by2) foru=v=1,

The coefficient of X , m =3, is

2m, 2m 2m-~1 2m-3
P 'h -.p b __ h + p h h -p h
Pl pmtn Pl p""2,1 PoP

Replacing m by Pm-2’ a by p and b by 1 in (*) we obtain
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2 (m-2) T2
P h m-2 hp,p =L St had,a
p 1

where rst = pm-2 ’ sla: (@/s).r =p , t|d: (@/t).s =1 ;
2m-4 5 2
h h = ; t™ h
P m-2 , PsP L (tp/r), (p/r)
P ’ m=2

rt=p
r|p

2 (m-2) 2 (m-3) )

p h m-1 TP h m-3 ?

P P P L1
i.e.’
2m-1 2m-1 2m=3
P h h = h +p h
-2 m-1 m-3
pr o1 PP P ,P p 7,1
2m 2m
=P - h - h
m 1’1 P,l Pm’1
-+ p2m,3 h m=3 .
p 1

This shows that the coefficient of £ ,m =3, is zero.

i.e.,



3.

4,

S

-28-

BIBLIOGRAPHY

H. Jacquet and R. P, Langlands, Automorphic Forms on GL(2),

Springer-Verlag Lecture Notes, Vol., 114, 1970.

H. Jacquet and J. A, Shalika, Hecke Theory for GL(3), Comp. Math.,

Vol., 29, Fasc. 1, 1974, pages 75-87.

I. Pyatetskii~-Shapiro, Converse Theorem for GL(3), Univ. of Mary-

land Lecture Note #5, 1975,
I. Pyatetskii-~-Shapiro, Euler Subgroups , . Lie Groups and their

Representations, edited by J. M, Gelfand, John Wiley, 1975.

J. A, Shalika, The multiplicity ome theorem for GLn s Annals of
Mathematics, Vol, 100, 1974, pages 171-193.

G. Shimura, Introduction to the Arithmetic Theory of Automorphic

Functions, Princeton University Press, 1971.



