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Abstract

A STUDY OF THE OUTPUT PROCESS OF A QUEUEING SYSTEM
AND ITS COVARIANCE EFFECT IN TANDEM QUEUES
by

Su-chao Chiou

Advisor: Professor Georghios P. Sphicas

A wide range of Erlang phases is considered on the
interarrival time distribution and the processing time
distribution in the Erlangian queues (EJ /Ek /1) to
represent a more flexible gueueing system. The primary
focus of this study is on the departure process of such
system and its covariance effect on the next station in
tandem gqueues.

This study uses computer simulation as the primary
methodology incorporating a set of numerical procedures.
The interdeparture intervals of the consecutive departing
transactions are fir;t collected for the purpose of
analysis. These are fitted into a hypothesized Gamma
distribution with estimated scale parameter and shape

pParameter. These estimated parameters are then tested by

iii



Chi-sguare and Xolmogorov-Smirnov tests of the
goodness-of-fit testing procedures. The test statistics
are found to be very statistically significant.

These estimated parameters of the output process are
then fitted in a power function of the input and processing
time parameters with strong empirical ;evidence. The
characteristics of lag-{ covariance and correlation
structure of the departure process are also obtained and
fitted into a gquadratic function of the input and
Processing time parameters with very significant empirical
support,

The covariances of the consecutive interdeparture
times are found to be non-zero. They are positive on some
cases, and are negative on some other cases. The i-test is
then employed to test the significance level and the sign
of the correlation of interdeparture intervals. The degree
of significance and the sign of the correlation is found
to be mainly determined by the system utilization and
Erlang phases, The effect of these significant positive
and negative covariances on the waiting time measurement
in the next station of a tandem gqueue is then examined. It
is found that the positive lag-i1 covariance results in an
underestimate on the waiting time measurement; and

negative lag-1 covariance results in an overestimate.

iv



The results of this Kind of study are useful in the
design and control of a serial production system. With the
Knowledge of the underestimate or overestimate on the
performance measurement, the control process of the serial

production system can be simplified.
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CHAPTER 1

INTRODUCTIOR

Problem Statement

Queueing is a practical problem as 1long as the
efficiency of the system is concerned. System here may mean
any transformation system which contains three major
components: inputs, a transformation c¢enter, and outputs.
Transactions which request services are inputs. The
transformation center performs services on the transactions
which may have one or more stages of process. Outputs
represent the transactions which already received required
services and left the system. The efficiency of the system
here may mean thé measurement of the length of customer
waiting time, the length of waiting line or the utilization
of facility in the transformation center. GQueues arise due
to the changeability of the transaction input rate and/or
the variability of service rate. The system is considered
to be inefficient if the customer waiting time is longer
‘than an acceptable level, or if the idle time in the
transformation center is higher than a prespecified level.

Through analytical techniques, some prescriptions have



been provided in literature £for improving the efficiency
of waiting lines and ‘to balance the cost of service with
the cost of waiting. Some studies obtain descriptive
results on the behavior of gueueing system by employing
simulation techniques.

There are analytical results for single stage gueueing
Problems under a variety of assumptions. These assumptions
range from constant time with 2zero variability to
exponential time with high variability; from single server
to multiple or infinite number of servers; from no waiting
space to finite or infinite waiting spaces. Some consider
dependent arrival and/or service rates. Some further
incilude the behavioral aspects of arrivals and servers in
their analysis. However, there are very few results about
the structure of the output process of a queueing system
and its role in tandem queues.

Serial gueueing systems are encountered in various
fields. Examples include a wide range of real life
systems. They may range from a simple assembly line to a
more complex computer network system or a communication
network system. In these multistage production/service
systems, a transaction must move through a sequence of
stations, the departures from one station form arrivals

ft_)i" the next station. The output process of each stage is




therefore crucial to the system evaluation. The efficiency
measurement of the entire system will not be accurate
enough 1if the input pattern of each successive stage is not
Known. To avoid an unacceptable discrepancy level in the
performance measurement, the output process of a gueueing
stage has to be studied to determine its effect on the
following stage performance. And the value of covariance
of the interderarture time will indicate the degree of
dependence of the successive stage on the previous stage
and the manner of the dependency relationship.

Most of the literature on the queueing output process
is concerned with identifying the conditions necessary for
a renewal output process. If the output is a renewal
process, the analysis of tandem gqueue is mucﬁ more
amenable because each stage can be treated independently.
Unfortunately, most gqueueing systems are not in this
category. Some researchers move one more step further to
find the correlation structure of a non-renewal output
process. Only very few of them pay attention to whether the
covariance is positive or negative or to its value, As far
as we Know, only one paper moved beyond the correlation
analysis and proceeded to investigate its effect on the
performance of the next stage in tandem queue. Some papers

neglect the covariance effect and measure efficiency using




the assumption of independence or some ways of
approximation. This may lead to an overestimate or
underestimate on the actual performance measurement of the
entire system when gueues are in series.

The output process is a renewal process in only a few
simple systems with severe assumptions. If one or more
assumptions are relaxed, the sytems become analytically
intractable. In other cases, the analytical results are
not practical because of the high level of complexity of
the model produced and/or because of unrealistic
assumptions. Computer simulation is usually called for to
study the behavior of these systems. In this study, the
Primary methodology considered is computer simulation

supplemented »dy some numerical procedures.




Objectives

This study attempts to find some properties of the
output process for a class of queueing systems and to
examine 1its covariance effect in 'a tandem queue so as to
£ill up some gaps in the literature and makKe some
extensions in the current state of Knowledge of such

systems. The objectives are:

i, To reveal the underlying structure of the departure
process for a class of queueing systems. More specifically,
to derive an approximate functional relationship between
the parameters of the output interdeparture process and
the parameters of interarrival time ‘and transformation
time process. This includes determining characteristics
of covariance as a function of the paranieters of
interarrival time and service time distributions. These
approximate functions can then lead to a better

approximation of the output process.

2. To investigate the effect of lag-{ covariance of
consecutive interdeparture times on the average waiting
time of the next station in tandem gqueues, to find the

discrepancy resulting from the independence assumption, and




to examine the level of the covariance effect on this

measurement.

3. To derive a set of simulation models and numerical
procedures which are not only applicable to the dgqueueing
systems considered in this study, but also are applicable

to complex real world systems.

The ultimate goal of this type of studies is to
Provide usable results for the design of multistage
production/service systems, and for the purpose of
controlling such systems so that the efficiency of the
entire operating system can be improved. This is beyond the
scope of this stuady.

To obtain t.hese objectives, some hypotheses are
formulated and tested through a set of numerical

statistical procedures.




The Scope

The scope of this study is limited by some assumptions
on the nature of problems considered as well as by some
applicable statistical techniques and the availability of
computer simulation techniques. The assumptions on the

queueing problems are as follows:

1. It is assumed that the arrival rate is smaller than
the service rate (i.e., A/p <i) s¢o that the system under

consideration is capable of reaching steady state.

2. It is assumed that the interarrival time and
service time follow Erlang distribution with a single
server. This is more general than the exponential time or
constant time usually assumed in literature as these are

special cases.

3. The arrival rate and service rate are assumed to be
independent of the state of the system. Here, we also

preclude the balking or reneging behavior of arrivals.

4, The input sources and waiting rooms are assumed to

be infinite, and customers are served in a first-come




first -served manner.

The ass'umption of Erlang distridbution for both
interarrival time and service time is appropriate in
queueing systems. Figure 1 depicts a queueing system with
Erlang arrival process and Erlang service time with
infinitely waiting rooms before the service station.

Consider that there are an infinite source of supply
to the service system and a transaction which has to move
through a series of identical process before it can ehter
the service facility, and each phase of process requires
exponential time duration, then a sequence of j tasks would
have an Erlang distribution. In the transformation center,
also consider that each transaction requires a sequence of
identical operations, and the performance duration for each
operation is exponential, then it also have an Erlang
distribution, In the arrival channel and service channel,
the new unit can enter the phase i1 only after the previous
unit is discharged in the last phase.

Another reason of the Erlangian assumption comes from
the properties of Erlang distribution. The variability of
Erlang distribution (0 < ¢ < i/ ) represents a general
case of various distributions which may range frorfx

exponential distribution with great variability (o = 1/p )



units supply
depot

Erlang Jj-phases
arrival channel

Queues

K

R

Erlang K-phases
service channel

Figure 1: Representation of an EJ/EK/i queueing system with
infinite waiting spaces before the service facilility
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to constant distribution with 2zeroc variability ( ¢ = 0).
Suppose that a random variable X has an Erlang
distribution with parameters a« and K, then its probability

density function is

K K-1 -ax

X = =

Where a is a positive number represents the scale of
the function and K is a positive integer represents
number of phases., Its mean is KkK/a , and variance is K/cxa.
When K:=4, this distribution reduces to the exponential
distribution; when K »>1, it is unimodal with unimode -
(K-1)/ a K, as K increases it becomes more symmetrical;
whereas as K--> o, the Erlang distribution approaches the
constant disltribution. It can therefore be considered a
more flexible distribution for modeling than the
exponential. Different levels of fluctuation can be
produced by choosing different value of K. Also, K need not
be restricted to be an integer. If K is not an integer
value, the Erlang becomes Gamma distribution which can be
viewed as the generalization of the K-phase Erlangian. And

in this study, the Gamma distribution is considered to be
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the hypothesized distribution for the output
interdeparture process of the queueing system under study
because the estimated parameters from the observed data
are no longer integers.

For testing the hypothesized distribution, goodness of
£it testing is made through Chi-square test and Kolmogorov-

Smirnov test.
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Review of Relevant Literature
Renewal vs. Non-renewal Output Process

A renewal process is the statistical definition of a
sequence of independent and identically distributed
nonnegative random variables; whereas a non-renewal
process implies dependency. If the interdepartiure times of
consecutive customers of a qgueueing system are correlated,
it is considered to be a non-renewal output,p;rocess. On‘
the other hand, if they are uncorrelated, it is a reﬁewal
output process.

In the gueueing literature, the guestion about the
nature of output process was brought up by the study of
gueueing networks. In a serial gueueing network, the
queueing stages are arranged in series, and the output of a
particular stage forms the input of the next stage. The
nature of the output process, dependency or independency,
is therefore crucial to the performance measurement for
control purpose. The independent process allows the éerial
queueing network to be treated in a decomposition manner,
and thus leads to tractable computation. If independency
between stages is assumed for the non-renewal process, it

will lead to incorrect results.
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The study of output process and tandem gqueues was
initiated by R.R.P. JacKkson(1954). In the study of a tandem
gueueing system of two stages (M/M/1 --> ./M/1), he found
that the probability of finding x customers in the first
queue and y customers in the second queue is simply the

joint state distribution. That is,

P(x,7) =(1-pg)py®(1-pp)pp¥

Where p; and p, are respective utilization factors in
stage 1 and stage 2. This result implies that the second
queue 1is also M/M/{, and is independent of the first
stage. |

Burke (1956) formally proved that the output of an
M/M/c queue is a poisson process with the same rate as the
input process, and the consecutive interdeparture times are
independent. Based on this result, R.R.P. Jackson’s finding
can be generalized for more than two stages with M/M/c

queues. It becomes [see R.R.P. Jackson (1957))

K
P(xi, xa....xk) =E1P1 (xl)
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Therefore, a stage-by-stage decomposition analysié
would be easier than the simultaneous analysis on the
entire system.

J.R, JacKkson (1957), in his study on network with
feedback loops, also showed the same product solution form
for MarkKovian gqueues in equilibrium although the combined
input to each stage is apparently nonpoisson. However, he
showed that each stage in the network behaves as if it were
an independent poisson process. The literature in queueing
networks once had a serious confusion which was caused by
the so-called "JacKson’s Theorem". Some researchers in
their analysis of queueing networks seriously took
Jackson’s result and proceeded to treat each stage
independently although input to each stage 1s nonpoisson.
[see KleinrocKk (1975) ,Disney (i981))

In the M/M/c queue, Reich (1957) also obtained the
same renewal result as Burke’s. He even moved one step
further about the more generalized queue EJ- /Bg/c, and
concluded that the input-output equivalence property of
M/M/¢c queue can not be generalized for EJ/EK /¢ except for
the extreme cases when Jj=K=1 (this 1s M/M/c) and jz=K:= o
(this actually is D/D/c). As to the more general cases
with Jj=K, he proved by contradiction that the output of Ea

/Ep/1 1s not E,. This result is relevant to this study,
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since we wish to find the underlying structure of the
output process with various values of j, K and other
Erlang parameters through numerical procedures.

In a non-markKovian quéue, the input process and
service time need not to be ‘both poisson. It is considered
to be more general than M/M/i{ queue. Researchers proceeded
to find whether the independence property still holds for
these systems, and try to identify the required conditions
for a renewal output process.

Finch (1958) in his study of M/G/1 queue, proved that
the renewal output process can be formed only in the case
of exponential service and unlimited waiting space. Chang
(1962) derived an expression for the interdeparture time
distribution for GI/G/ 1 queue 'by applying the
complex-variable analysis. By letting Dn-i = In + Sn y the
distribution of D,_4 1s the convolution of I, and S,
Where, D,_4 is the interdeparture time between the n?h

customer and the n-1'1 customer. I, is the server idle

n
time right after the n'P customer departed, and S, is the
service time of the n'P customer. His result is possible
only when the Laplace transforms of the distributions
exist and Py is also Kknown. Pg is the probability of

having no customer in the system,

On the M/G/t queue, Disney et al (1973) using methods
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from semi-markov process summarized some conditions for the
renewal departure processes. These are M/0/1/H (the service
times are all O with prodbability 1), M/G/1/0, M)D/i/i [also
shown by King (1971)]), and M/M/1/0 [also shown by Finch
(1959) 1. For other M/G/1i/H systeh. the output process have

not been found to be independent.
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Covariance Structure

From the literature being reviewed, we Know that most
systems with poi§son input do not generate a renewal output
due to either non-exponential service time or 1limited
waiting rooms. For those non-renewal output queueing
systems, the degree of autocorrelation between consecutive
interdeparture time are measured by value of covariance
which can be positive or negative,

Jenkins (1966) derived explicit expressions of
autocorrelations of lag i and lag 2 for the M/Ey /i queue.

In that,

(1-p)K (K-1)p-K K
Cor(® D ) = 1 +( )k]
n n+d p2 (1-K) +K p+K p+K
Where D, is the interdeparture time between the n+1'R
customer and the nth customer.

Pp 1s the system utilization

K is the number of Erlang phases

King (1971) also produced the same structure for M/E,

/1 queue. Shimshak & Sphicas (1982) found the lag 1

correlation is positive, and also examined its effect on
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the waiting time at the second station. The waiting time is
found to be underestimated if independence assumed in the
M/Eg/1 ->. /M/1 queueing systems.

In the general class of M/G/1/N queues, Disney and

Cherry (1974) proved that

P P2 1 P
Cov(D ,D ) :——-o[ P’ — +(__+.__°)P]
n n+i AP A uw A

o
where, P =I e MdH(x), and P’ =

dx
0

A: the expected arrival rate
uw: the expected seriice rate
Po: probability of an empty system
In H/EK /1/N queues, Disney and deMorais (1976) showed
that the covariance c¢an be positive, negative, or zero
depending on p, N and Erlang parameters.
King (1971%), in his study of M/G/1i/H queues, proved
that the lag 1 covariance is negative if N=41. Disney (1982)
considered the M/M/1 queues with limited waiting space, and

found that for M/M/4/N queues (OK N ¢ o), the lag-1
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covariance is always negative.
Daley (1968) also found some correlation properties of

the departure process in a stationary GI/G/1 queue,

Var (D) + 232,Cov(Dp, Dy,q) = Var(Tp)

Where, D,: the interdeparture interval between the nth
customer and the n+1'R customer
Ty: the interarrival interval between the nth
customer and the n+1'? customer

D the interdeparture interval separated by

n+t

T number of customers

In GI/M/1 queue, the Cov(D, ,D,,, ) are of the same
sign for all n, and converges to zero monotonically. In the
M/G/1 queue, he found that there exist T, and S, such that
the Cov(Dn 'Dn+T ) are not the same sign. Where, Tn is
the interarrival time between the ntDP customer and the
n+1t0 customer, and Sy is the service time of the n'P

customer,

For the effect of the covariance on the variance of
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departure time, Disney (1982) asserted that the 1true
variance of the departure process c¢an be underestimated,
overestimated, or correctly estimated by the variance
estimated under the assumption of independence., A negative
covariance produces an overestimate in the true variance
and a positive one produces underestimate.

As to the degree of covariance effect on the level of
discrepancy in the variance measurement, Disney d4did not
maKe any comment on it., None of these reseérchers proceeds
to investigate the covariance effect on the waiting time
of the next station except Shimshak and Sphicas (1982). The
covariance effect is one of the problems considered in this
study.

In the literature, the assumptions on the interarrival
time and service time distribution are either too general
(e.¢. GI/G/1) or too restricted (e.g. M/M/1). For the class
of Erlangian cases, most papers considered only the service
time to have an Erlang distribution. There are very féw
research results on queueing system when both interarrival
time and service time are Erlangian. It 1s this class of
queueing systems considered by this study.

In this study, some hypotheses on the gqueueing output
pProcess of the Erlangian gqueueing system and on its

covariance effect in tandem gqueues are formulated and
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stated in Chapter II. The simulation methodology on the
queueing systgm is developed and also is given in Chapter
II. Chapter III describes the procedures for the output
analysis and for the hypotheses testing. It also includes
the procedure for approximating the waiting time when
1ndependence is assumed on the arrival 5rocess of the
second stage in a tandem queues. Chapter IV presents the
results of the hypotheses testing and the chacteristics of
the departure process and its effect in tandem queues.' The
conclusions of this study and some suggestions for future

reaserch are given in Chapter V.
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CHAPTER Il

HYPOTHESES AND SIMULATION METHODOLOGY

Hypotheses
After reviewing the relevant literature in the area of
queueing output process and related works, we recognize the
significance of the study on queueing output process and
identify the gaps to be filled and extensions needed to be

made. There are two hypotheses to be tested:

1. The output process of EJ-/EK /1 dgqueueing system is
approximately in the damma distribution family, and the
estimated parameters of the Gamma distribution - are
functions of the parameters of the interarrival time and
service time distributions. The covariance of
interdeparture time is also a function of the parameters

of the interarrival time and service time distributions.

2. The covariance of the output process has a
significant effect on the waiting time of the next stage in
the tandem queues. The positive or negative values of the

covariance determine the underestimate or overestimate on

1
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-actual waiting time when independence is assumed. And the
size of the discrepancy in evaluation corresponds to the
value of covariance which 1s determined by the parameters
of Erlang distribution in the EJ/Ek/i queue.

The formulations on these hypothesesm are stated in
Chapter IV and are then tested through a set of numerical
procedures. The goodnéss of fit testing is used to test
the hypothesized distribution. In that, Chi-square and
Kolmogorov-Smirnov tests are used to decide whether to
accept or to reject the null hypotheses. The parameters of
the fitted distribution are estimated Dby method of
moments. The functional relationships between the output
parameters and input parameters are to be fitted by power
approximation.

To test the second hypothesis, lag 1 covariance and
correlation coefficients of consecutive interdeparture
times are calculated. The Lag i1 covariance indicates the
relationship between consecutive departures. Our attention
is on the sign of the covariance and its value so that the
relationship between the covariance and waiting time

approximation error can be found.
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Simulation Methodology

Due to the incapability of analytical techniques in
dealing with some complex dqueueing systems; or sometimes,
due to the low applicability of analytical regults which
comes from the high level of complexity of- models and/or
from unrealistic assumptions, this study will use computer
simulation as the primary methodology. This is then
incorporated with a set of numerical procedures to achieve
some objectives of this study.

For the EJ /Ek /1 dueueing systems under study, a
computer simulation model is constructed. The customer
departure times are collected for the purpose of
covariance analysis and distribution approximation on the
interdeparture process. Many simulation runs with wvarious
values of j and K and other distribution parameters of
Erlang distribution are made, The lag-i covariance and
correlation for each case are calculated to show the
degree of correlation of the consecutive interdeparture
times. The mean and variance “parameters for the
hypothesized distribution are obtained using the method of
, moments. The goodness of fit between the hypothesized

distribution and the data is then tested by Chi-square and

Kolmogorov-Smirnov testing procedures. The power
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approximation technique is then used to estimate the
functional relationship between the parameters . of the
fitted distribution and that of the input and process time
distributions.

To investigate the covariance effect_on the waiting
time of the second stage in a tandem queue, a multistage
computer simulation model is also constructed. The actual
waj.ting time in the second stage is found. The logic is
similar to that of the single stage model except that the
output of the first stage forms the input process of the
second stage. Therefore, in a tandem queue (EJ /By /1 -0
/M/1), the input process of the second stage is not
generated by any independent identical distribution random
deviates, but instead, is just the output of the first
stage. The average waiting time of the second stage is
calculated for each simulation run and is considered as
the actual waiting time. This is then compared with the
waiting time of GI/M/{ gueue. In the GI/M/1 queue, the
input process is assumed to be i.i.d. random variables, its
waiting time is- therefore considered as an approximation.
In the comparison of the actual waiting time with the
approximated waiting time, the various cases considered in
the covariance analysis are considered again here, so that

the covariance effect on the waiting time approximation
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error can be examined.
The simulation and numerical procedures is sketched in

Figure a.
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Queueing Simulation Models

This study uses a general purpose language FORTRAN,
10 model the gqueueing systems under study for several
reasons. First, this study focuses on particular outputs
of the gqueueing systems. These outputs a~re usually not
internally provided in the specially designed simulation
language fixed output format. The simulation languages are
designed to model a wide variety of systems with a set of
blocks, and provide a standard set of output which is
sometimes not usabkle in a specific study on output of the
system. It therefore has lower flexibility and also takes
longer execution time than a general purpose language
which can be designed to a particular application.

Second, the simulation model in this study requires to
generate a stream of nonuniform random variables and to
rerform extensive numerical calculations. @PSS (General
Purpose Simulation System) is Known to have limited
numerical calculation functions and has no exact automatic
nonuniform random ;rariable generators. The Erlang random
deviates which are assumed in this study would have to be
approximated by a seguence of straight line segments on the
inverse of the distribution function if GPSS were used.

Third, in GPSS, the simulation clock is advgnced in
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integer increments, the simulator would specify a small
basic unit of time (e.g. second) to represent all activity
times so as to obtain a certain level of accuracy. In this
manner, a high value of time wunit has to be carried
throughout the simulation. |

Finall'y. the queueing system under this study is a
basic type (single server dgqueueing model), the FORTRAN
program can therefore be coded without much difficulty.

This model uses the next-event time-advance for the
discrete event simulation where the initial system
condition is '"empty and idle". The logical flow chart of
the EJ /By /1 queueing system is shown in Appendix Al,
This is constructed based on the basic one developed Dby
Law and Kelton (1982).

This basic model is then extended to a two-stage
single server mc.>de1. In a two stage model, as the
transactions depart from the first stage of service they
Join the gueue of the second stage. The logic relationship

is shown in Appendix AZ2.
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Simulation Model Validation and Run Length

To determine whether the simulation model accurately
represents the system under study, a confidence interval
approach is used. By comparing the performance of the
simulation model with Known analytical steady-state
results (for ekafx‘nple. the mean waiting time in a M/M/4
system), the model can be validated.

The process is first simulated for some arbitrary run
length n and note whether the confidence interval formed
covers the steady-state value u. Let the steady state mean

of the stochastic process (xi. i= 1,2,...n) Dbe

n
w =1lim ;
n- >o0 n

To construct a 100(4i-a)”% confidence interval for pn, let
the point estimator of W be f(-(n) and the estimator of oa
be Sa (n), where
n
= X

X() = 1=t
n

n
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S x.-%m) 32
izt 7t

e =
i

Pased on the central limit theorem,

X(m) - u

2 =z ~ N(O,1) for n ->
Sa(n) (0, 1) L4

n

wWhere N(0O, 1) is the standardized Hormal random variable
with mean=-0, and variance=1{.

It then follows for large n that

X(n)-p ~
P[—Z < < Z }
i-a/2 Sa (n) 1"0/2
J n

Therefore, an approximate 100(i-a)7 confidence interval

i-a

for p is given by

2 (n)
Xm) + Zy.qs2[—

To resolve the problem of the initial transient in the
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simulation run, we start data collection after thé
simulation runs for K observations. As to the size of K
f‘equired to lead the simulation run into a more stable
state, there is no definitive Procedure established in
literature as far as we Know. However, the length of
simulation run can also ﬁe determined l;y taking the
confidence interval of p from a fixed number of
replications.

The valid HM/M/i simulation model is then transformed
into the EJ /Ek/l model. And the validation of the EJ/EK/i
simulation model is further made by comparing the expected
simulation results with those values obtained by Hiller and

Yu (1981) since an analytical result is not available.
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Random Number Generator and Erlang Random Deviates
Random NHumber Generator

To carry out the simulation, the random input stream
and service time of the stochastic system have to be
generated using a random number generaitor. The method used
in this study is the Prime Modulus Multiplicative Linear
Congruential HMethod. This method was developed by
Hutchinson(i966) by taking the Primitive elements in
choosing the parameters used in the multiplicative linear
congruential method. The linear congruential method was
first introduced by Lehmer (1951). It is by far the most
widely used random number generator. However, the level of
statistical reliability and satisfaction depend on the

parameters chosen in this recursive formula

Z; = (aZj_4 + ©) (mod m)

wWhere, m (the modulus), a (the multiplier), ¢ (the
increment), and Zi (the seeds) are nonnegative integers.
when ¢ > 0, the method is called mixed Linear Congruential

Generators, and when ¢:=0, it is <called HMiltiplicative
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Linear Congruential. The choice of a and m are critical in
the multiplicative case since they determine the length of
a cycle and also assure every integer within a period ( p )
will occur exactly once so that it confirms to the law of
uniform distribution. For m = 2° (b is the number of
available bits for computation), Fishman (1973) proved the
method will result in a short period of m/4, with large
gaps in the Zi' And For a :21 + Jj, it will induce poor
statistical properties due to a shift that occurs in the
successive random numbers.

Hutchinson (1966) suggested to <choose m to be the
largest prime number instead of letting m = ab. If m 1is
prime, and a 1is a primitive element modulo m it will
permit the 1longest possible cycle length, and also assure
the maximum period within this 1longest possible period.
The choice of a = 75 ({ which is a primitive element
modulo 231-1), was found by Lewis, Goodman and Miller (1969)
to produce very satisfactory results.

Based on this results found 1in literature and
utilization of IBM 360/370 facility, this study adopts
. Schrage’s (1979) FORTRAN G@enerator which uses a :=16807
(i.e. 7% ), m= 2147483647 (i.e. 23! -1), to generate a
stream of 1i,i.d. random numbers between (O0,1). These

random numbers are then transformed into the random
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numbers having the desired distribution by means of the
inverse probability integral, as discussed in the next

section.
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Generation of Erlang Deviates

The Erlang random variables can be generated through
convolution method on the i1nverse transform Dbecause
K-Erlang random variables with mean 8 is the sum of K

numbers of Exponential random variables with parameter @/K.

That is, if X H Yi + Ya LI YK’ and Yi are
exponential random variables generated by the general

inverse transform methodg,

K -8 -B
X =2 - Invy; if Y;= - In U,
151 k K

The method’s efficiency can be improved by noting that

.8 ndir v,
T K izg 1
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In this way, we need to compute only one logarithm
rather than K logarithm, If K is 1large, general Gamma
generation is more efficient because the K-Erlang
distribution is a special case of the Gamma distribution

with shape parameter equals to the integer K:
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CHAPTER III
OUTPUT ANALYSIS AND HYPOTHESES TESTING
Goodness of Fit Testing

For the queueing systems, EJ /Ek /1, under study,
their output interdeparture times are to be fitted into a
hypothesized distribution with estimated Parametérs so as
to test the first hypothesis in this study. The fitted
distribution, !?' is considered to be Gamma, instead of
Erlang, because the estimated parameters from the set of
observed data are no longer integers to meet the Erlangian
requirement.

To estimate the parameters of the Gamma distribution,

let a be the shape parameter
8 be the scale parameter,
and 8 = W/aq,

2

o : uf/aq,

it then follows that
a= |.|.2/c7a and

B= o2 /m,
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where p and oa will be estimated £from X and Sxa.
Goodness of fit tests were performed to determine how
well the fitted Gamma distribution fits the observed data.

That is, the null hypothesis

Several goodness-of-fit hypothesis tests have been
developed in the literature. They Jdiffer in their procedure
used, size of data required and level of power of test. In
this study, the Chi-square and Kolmogorov- Smirnov tests
were used to compare an empirical distribution function
with the distribution function ﬁ' of the hypothesized
distribution. A. histogram of the data will also be
constructed so that the visual assessment can be made on
the shape of distribution although it does not provide any
information about the parameters of the distribution. The
Procedure of the goodness of fit testing 1s sKetched in

Figure 3.
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Chi-Square Test

The Chi-Square test was {first developed by K. Pearson
in 1903 to test whether a set of actual observations, Xi»
are consistent with the assumption that they are obtained
from a given theoretical distribution. It remains in wide
use because it can be used for many different types of
tests. To perform Chi-Square test on the fitted
distribution, the sample data are first divided into K
intervals as it is required in constructing a histogram of

the data. The test statistic is then calculated as

K (N; -nP)2
2 . J J N
X Ej:l nPJ

wWhere, K: number of intervals

N;: number of observed data points in the j'P
interval

n is the total number of observations

PJ is the expected proportion of the Xi's that
would fall in the jth interval if we were
sampling from the theoretical distribution.

nPj: expected number of observations that would fall

in the jth interval
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The distribution function of X% converges to a
Chi -Square distribufion with K-m-1 degrees of freedom,
where m 1s the number of parameters for the theoretical
distribution that are estimated from the sample data. Hj,
will be rejected if xe exceeds the c¢ritical value for the
desired significance level and sample size.

The main difficulty in using the Chi-Square goodness
of fit test is to decide the number of intervals K. No
definitive rule has been established. However, there are
guidelines have been suggested such as P be chosen so
that they are equal or nearly equal, and the numbers of
observations in each interval are not too small. In this
study, the observed data are grouped into K intervals

based on these two suggestions in literature.



43

Kolmogorov-Smirnov Test

The Kolmogorov-Smirnov test differs £from the
Chi-Square test in that we need not specify the number of
intervals. This test compares the sample cumulative
distribution function ﬁ'(xi ) with the theoretical
cumulative distribution function F(x;) specified in the
null hypothesis using each sample observation so¢ that no
information is lost through grouping. The test statistic is
the maximum absolute deviation between the two functions.

That is

N
D = Max F{x ) - F(x)
all i i 1

The rule of the test is to reject Ho if D exceeds the
critical value in the Kolmogorev-Smirnov table which is
determined by the sample size and a chosen significance
level.

The Kolmogorov- Smirnov test was originally designed
for continuous probability distributions. It therefore is
not applicadble to discrete data. It was also originally
developed under the assumption that the population mean

and variance are Known. However, it has Dbeen used
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extensively with e#timated mean and variance and still is
more discriminating than the Chi-Square test. As to the
sample size, Kolmogorov- Smirnov test is valid for any
sample size, whereas Chi-Square test is generally valid

only in an asymptotic sense.
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Covariance and Dependent Arrivals

The covariance of D, and D,., 1s used %o measure the
degree of dependence between Dn and Dn+1' « T 18 the number
of lagged intervals. D, 1is the interdeparture time between
the n+1'® and the nth customers, and Dpher 1s the
interdeparture interval lagged by T number of customers.

In the class of M/G/1/N queueing systems, King

(1971) showed that the corr( Dn , D ) decreases

n+T
monotonically as T increases. And in G/M/1 queue, Daley
(1968) also showed that Cov(Dn , Dn+'r ) converges to zero
monotonically as T increases. These findings imply that
the strength of dependent relationship of interdeparture
times separated by 7T intervals decreases as T increases, and
the interdeparture time of a cusiomer will be independent
of the interdeparture time of the customers who already
left the system for a long length of time. Therefore, the
effect of interdeparture times lagged by a long interval
on the waiting time of the next stage will be
insignificant.

In this study, we only consider the lag { covariance
because it indicates the manner of dependence of

consecutive departing customers, and may have significant

effect on the waiting time of the next stage in a tandem
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queue,

If we consider the consecutive interdeparture times as

a stationary time series, the covariance between D, and Dj, .

is
Cov(D, D ) = E[(D -w) (D -u)]
n n+T n n+T
This covariance signifies the dependency or
independency relationship between D, and Dp,.¢ » and is

used to measure the linear relationship between D, and Dy,

However, its actual magnitude does not provide the
degree of relationship. The correlation coefficient
provides better measure of the linear relationship of D,
and Dp .+ since it removes the individual variability of
each Dn and Dn+T by dividing the covariance by the product

of the standard deviations. That is,

E[ (Dn'“') (Dn.‘.-r'u) ]

re =
0 (D) 0(Dpyq)

The significance of re is then tested statistically by
simple t-test. The composite t-test is also employed to
predict the sign of correlation so as to accept whether the

correlation is significantly positive or negative,



wWaiting Time in GI/M/1%

In the GI/H/i queue, the expected waiting time
defined as

v
EW) = ——
wii-v)

wWhere,

i is the average service rate

v 18 the unique root in (0,1) of the equation

v = L{u(1-v}]
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is

L(s) is the Laplace transform of the interarrival time

distribution. Or the Laplace transform of

interdeparture time distribution of the preceeding stage.

For the Gamma distribution

) 1/8
L) = [ +1/0]Ol

the
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Where, &« 1s the shape parameter and

8 is the scale parameter

Therefore,
1/8
Lin(1- = & 2
fuit-v [ u(i-V)+1/B] Y B
or,

vin-uv+1/)¢ =1/p%

For a=1, v= i1/B81 is a unique feasible root.

If we let 1/8u = p

EW): ——

wii-p)

It is the expected waiting time of M/M/1 with independent

arrivals.

For a= 2, we obtain the cubic equation:

nev3-au(n+p)ves+ (n-)8v-p2=0

If we let 1/8u = p, the roots of this equation
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can be found as

v =1, (This i1s always a root)

v :(1/2)(1+\Mp + 1) + p

(This is greater than { since 1+ 4p > 1)

or v =(1/2)(1-J4p +1) + p,

(This is a unique feasible root because 0<v<i)

For the unique feasible root, v =(1/2)(1-J4p +1) + p,
i1t can be shown that 0 < v < p ,

Because for 0 < p < {,

v < p, Since 1-J4p +1 < 0, and

v > 0, since J4p + 1 < 20 + 1,

The expected waiting time for a=2 (i.e., EE/H/i) then

becomes

(1/2) (1-J1+4p) + p
kL (1/72) (1+Vi+4p) - p)

EW) =

This value of E(W) for the Ea/u/i queue is lower than

that for the M/M/1 queue because 1its numerator, (1/2) (i1-
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i+4p ) + p, 1s 1less than p , and 1its denominator is
greater than p(1- p). This phenomenon can also be found in
Hiller and Yu’s (1981) simulation results. In that study,
the queue length of the Ek/ M/!{ queueing system decreases
as K increases. -

For other values of a, which are not restricted to be
integers, we use Newton’s approximation method to estimate
_v. E(W) of the next stége of the tandem queue can then be

obtained.
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CHAPTER IV
TESTING RESULTS AND COVARIANCE EFFECT

Testing Results on the Output Process
To test the hypotheses formulated in this study, five
independent runs are made on 3000 transactions for a wide
range of the EJ/Ekli queueing systems. That is, j=é, 3_, 4,
5, 10, 20, 30, k= {, 5, 10, 20, 30, and p=- .1, .3, .5, .7,
.8, .9 The interdeparture times of the last 1000
transactions are taken as samples for testing goodness of
fit between the Gamma distribution and the observed data.
The observed data are first arranged in an ordered
manner, and the histogram of the samples ins then
constructed. The number of intervals is specified as 30 for
theAsample size of 1000. And the size of interval is found
by dividing the range of sample values by the numdber of
intervals. The shape of distribution can then be observed
from the histogram constructed. For all the cases
conéidered, their shapes of distribution are observed to be
aprproximately Gamma with different shape and scale. Some
have display shapes that are approximately normal. These

cases were those with shape parameters approximately five
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or more.

To illustrate, the histogram for the system (Eio/Eio
/1, p=.8) is shown in Figure 4. In that, the sample values
are the interdeparture times of consecutive transactions
which range from 0.258 to 2.792, with mean:= .98983, and
variance: .14886. This histogram only provides a visual
synopsis of the observed data. It does not provide any
statistical information on the Pparameters of the
distribution. The parameters of the approximated Gamma
distribution are then estimated using the method of

méments:
a =u.a/oa= 6.58188, the shape parameter
8 =oa/u.: . 15039, the scale parameter

Therefore, the mean of the approximated Gamma
distribution is af =.9898, which 1is approximately equal to
i. And the mean interarrival time of the gqueueing system
under study has been specified as 1 in the simulation
runs. From this phenomenon, we conclude that the
steady-state has been reached.

To state the output distribution statistically, the

hypothesis statement is formulated as
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Null Hypothesis
Hg: Population is Gamma with true mean =.99

i.e., with shape parameter := 6, 58188

scale parameter . 15039
Alternative Hypothesis

‘HI: population is not Gamma with true mean = .99

The estimated parameters of the approximated Gamma
distribution and their goodness of £fit test statistics for
all cases considered were obtained 'and are summarized in
Apvrpendix B. The Chi-sguare test for the previous example (
Eyo /Eq0/1, p=.8). 1s shown in Figure 5. The number of
intervals were based on two rules usually used in
literature. They are, each interval contains equal
"probability of observations and the expected number of
observations in each interval is not too small. Therefore,
the number of intervals is first specified as 20, (i.e.,
each range will contain 5/ of the 1000 observations). The
ranges are then found for each interval based on the

values of the samples. The expected number of observations



CHI - SQUARE TES?T

CELLS RANGE
PRON TO
(INCLUSIVE) (EXCLUSIVE)
1 0.25854 0.53638
2 0.53931 0.59961
3 0.60034% 0.65112
L] 0.65112 0.70630
5 0.70679 0.75366
6 0.75464 0.79688
7 0.79883 0.84399
8 0.84473 0.89624
9 0.89746 0.93823
10 0.93848 0.98389
11 0.98438 1.02128
12 1.02222 1.08057
13 1.08179 1.13989
18 1. 13989 1.21289
15 1.21533 1.28516
16 1.28809 1.39575
17 1.39819 1.5317a8
18 1.53198 1.71704
19 1.72095 2.79150
DEGRERS OF FREBDON= 16
PARANETERS OF THE GAMMA

ALPHA=

Figure 5:

DISTRIBOTION

6.581878662 BETA=

Chi-square Test
Samples for the

OBSERVED

100.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000
50.00000

0. 150387466

EXPECTED

98.45792
57.99210
45.68826
58.20851
49.68773
96.96005
51.99939
57.53922
45.39078
87.85858
37.61839
56.34743
51.60332
56.513048
88. 24066
59.69762
52.98418
‘44.69788
46.51813

CHI - SQUARE =

2
(0OBS-EXP) /EXP

0.02415
0.08401
0.40691
0.32613
0.00196
0.19679
0.07688
0.98784
0.46804
0.09582
4.07528
0.71503
0.04982
0.75079
0.06416
1.57533
0.16807

; 0.62895
0.26062

10.95655

on the Interdeparture Times of 1000
Ey9/E10/1 Queueing System with p=.8

ss
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for each interval is then calculated using the Gamma
distribution. To avoid too small group size in one
interval, the.minimum number of expected observations is
specified as 10. If it is lower than 10, it is then
combined into the next group. As can be seen in the example
(Figure 5), the first group contains 100 numbers of
observed data and 98.45792 numbers of expected data. The

other groups contain equal number of observations.

The Chi-square statistic is calculated as

(Obs - Exp)a
z -—_—— = {0, 95655
Exp

with degrees of freedom = 16

This is quite satisfactory when compared with the
critical value of X2 distribution at 9% /% confidence level
( it is 26.3). The Chi-square statistic is sensitive to
the number of intervals specified, or the sample size. It
is applicable appropriately only in an asymtotical sense,
The Chi-square statistics of large group size grouping is
more satisfactory than that of small group sSize groupring.
However, the Kolmogorov-Smirnov test statistic is much

more stable for various group size,
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In the Kolmogorov-Smirnov test, the observed
cumulative distribution is compared with the expected
cumulative distribution at each sample point and the
maximum of the deviations is the test statistic. As the
group s8ize increases from one (Le. no grouping), the
discreminating power is decreasing, and the test statistic
increases. In the cases under study, the test statistic
increases as the group sizZe increases. However, when group
size 1s as large as 40, the statistic is 0.03630 (as shown
in Figure 6). It is still quite satisfactory as compared
wit# the critical value of Kolmogorov-Smirnov statistic
with 25 degrees of freedom at 95/ confidence level (it is
0.264). When the group size decreases tc 25, the test
statistics decreases to 0.02365 with 40 degrees of
.freedom, and its critical statistic is 0.21.

Based on the Chi-square iest statistics and
Kolmogorov-Smirnov test statistics obtained for all cases
considered'in this study (as shown in Appendix B), the null
hypothesis formulated will be accepted. That is, the
interdeparture times of the consecutive departing
transactions from the EJ /By /1 queueing systems are

approximately Gamma distributed.
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1000 Samples for the Eio/Ew/‘ Queueing System with p=.8
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Relationship Between Input and Output Parameters:

Since the hypothesis. on the approximated Gamma
distribution of the output process have Dbeen accepted
statistically, we further proceeded to —observe some
relationships between the estimated output parameters and
the input and transformation parameters. We obtained the
following results for the estimated parameters ( & and )

of the fitted Gamma distribution.

t, For the M/E /1 queues, when system utilization is
low, & reacts rather insensitively to an increase of K for
all K > 1. VWhen system utilization is high, & increases
monotonically as K increase for all X > 1. These

relationships are shown in Figure 7 and 8.

2. For the EJ-/M/i queues, when system utilization is
extremely light, a increases sharply as J increases for all
J > 1. And.‘ when system utilization is high, o remains
insensitive to the change of j values for all j > 1. These

relationships are shown in Figure 9 and 10,

3. For the EJ/EK /1 queues, when j = K, a increases

monoctonically as j:=K increases (as shown in Figure 11). For
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any j or K, a is also a function of p. That is, a decreases
as system utilization increases up. to a certain level, and
then turns to increase (as shown in Figure 12). From these
phenomena, we found that the output of the EJ /EK /1 queues
(J=K) is neither EJ nor Ey except when the system

utilization is extremely light.

4, In general, for the Ej /Ex /1 queues, a 1is a
function of p. a decreases as p increases when j »>> K, and «
increases as p increases when j << K. For the case with Kk
approximately equal to 3, a hwill- first decrease as p
increases, and then increase as ¢ increases beyond a
certain value of p . Therefore, we may expect that for the

EJ/EK/i queues,

when J $+ K
a -> 3 when p¢p -> 0, and
a ->KkK when o -> ¢

for both J << K, and j »>> K (as can be seen from Figure

13 & 14),

Thus far, we will expect that as p -> 0, the output
distribution tends to be the same as input distribution due

to extremely 1light utilization of the system. And ,as p ->
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Figure 8: a as a Function of p for J=1 in EJ/EK/i Queues
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Figure 10: a as a Function of p for K=1 in EJ/EK/i Queues
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eues
Figure 11: a as a Function of j and K for j:=k in EJ/EK/i Qu
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Figure 13: a as a Function of p for j=5 in EJ/Ek/l Queues
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i, the output distribution tends to be the same as
processing time distribution due to extremely heavy

utilization of the system.

The statistical relationship of these phenomena can be
fitted into a structured power function using multiple

regression approximation technigque.

For the EJ/ER/i queues,
Let a = cipCe;jc3kct

a is the estimated shape parameter of the
fitted interdeparture time distribution.

p 1s the system utilization factor.

Where, c¢i, c2, ¢3, and c4 are estimated Dbased on the
parameters of all cases of the EJ/ER/i queues considered in
this study. That is, Jj= 2,3,4,5,10,20,30, k= 1,5,10,20, 30,
and p= .1, .3, .5 .7, .8, .9 of the EJ /Ex /1 queueing
systems. Based on the previously obéerved Phenomena, these
cases are then decomposed into three groups of cases. These

groups are: J much smaller than K (J<<K), Jj much larger
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than K (J>>K), and j approximately equal to K (j ¥ K). The
coefficients of the power function are then estimated for
each group. The results are summaried in Table 1,

As shown in Table 1. The respective Ra of these
épproximations are rather significant. The F-statistics are
also dquite satisfactory when compared with the critical
values ¢of the F distribution at 957 confidence level with
respective degrees of freedom. The T-statistics of the
estimated coeffidcients are also very satisfactory when
compared with its critical value at 957 confidence level.

There are some functional relationships that can be
examined from the characteristics of these coefficients.
Some previously observed relationships between ¢ and p ,
J» or K are now strongly supported by the empirical

evidence.

Considering for all cases, the power function was:

a = .746T4p"+ 08358 ;. 55507y 38074

These coefficients agree with some of our previous
findings. These were overall, as ¢ 1ncreases, a will

decrease with very 1low degree of effect. And jJ plays a



Table 1: Power Approximation
the EJ/Ek/l queues

on a=c1p®23¢3gCt for

ci c2 c3 c4 R2 F-stat. (d. £.)

All Cases' .74674 -.08358 .55597 38074 .T733 227.13(3,248)
(t-stat) '-3.73869 -2.29829 20.90830 16. 0136

[] . )
J <¢<K ! 1.60343 .34560 .73022 .17235 .T787 120.88(3, 98)
t-stat. ! 3.35712 9.64420 14.52690 3.98530
J>>K ! .72352 -.67584 .25616 .63791 .929 300.18(3, 68)
t-stat. '-3.40434 -16.55900 6.22310 15.94920
JTK ' ,92633 -.09799 .58711 .31535 ,.970 811.44(3,74)
t-stat. !-1.63951 -4,70133 13.58310 7.77585

B T

TL
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more important role than K in determining a value.

For j << K,

a = 1.50343p 345501 . 730216y, 172354

That 1is, a will increase as p increases, and as ¢ ->

1, o is more liKely determined by j than by k.
For J »>> K,

a = .72352p-.675837J.256160K.63791

That is, a will decrease as p increases, and as p ->

i, o is more liKely determined by K than by J.
For j ¢ K,

a =.926325p- 097987 ;. 587105y, 315348

That is, & is more likely determined by j or K, than
by p . However, a 1s neither equal to Jj nor equal to K,

Therefore, the output process of EJ/EK/i is not EJ or Ey.
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In general, K plays a major role only when j is much
greater than K and only as p -» 1. For other situations, Jj
becomes a more critical role than K. And p is significant
only when J 1is much smaller than K, or when j is much
greater than K.

To show the validity of the fitted power functions, the
a values for K:=1i, p=.3 and j=2, 3, 4,5, 10,20, 30 are calculated

using the fitted power function

a = '72352p-.6758371.255160K.63791. j>>K

These o values are then plotted and compared with the actual

observations (as shown in Figure 15).

Since a is the shape parameter and f is the scale
parameter in the fitted Gamma distribution, the mean of the
Gamma distribution is therefore equal to af . In the EJ/EK/
1 queueing system under study, the mean interdeparture time
is expected to Dbe approximately equal to the mean
interarrival time based on the input-output equivalence
property of a steady-state queueing system. The numerical
evidence on the steady-state property is obtained when the
B function is also approximated in the following same power

function.
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Figure 15, The actual vs. the approximate o values for K=1 in
EJ/EK/i queues with p=. 3
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For the EJ/EK/i queues, let

B = ei1pelje3yeld

8 18 the estimated scale parameter of
the fitted Gamma distribution

P is the system utilization factor.

Again, the coefficients eif , e2 , e3 , and e4 are
estimated based on the parameters of all cases of the EJ/EK
/1 queues under study. These. cases are then decomposed 1nto
three groups: J << K, Jj > kK, and j % K. And the
coefficients are estimated for each group separately. The

results are summarized in Table 2.

For all cases,

8 :1.34474p-°851443-.559362K-.378276

That is, overall, the role of p in B function is quite



Table 2: Power Approximation on B:=eip®2j®3ke? gor

the EJ/ER/i queues

et e2 e3 es R2  F-stat. (d. £.)

All Cases! 1.33474 .08614 -.66936 -, 37828 .T737 231, 32(3, 248)
]

t-stat. ! 3.82020° 2.38639 -21.19190 -16.02810
J << K | .66269 -,33881 -.74430 -.16275 .802 132.50(3,98)
t-stat. |-3.53706 -9.87123 -15.45290 -3.92780
J>> K ! 1.38016 . 67576  -.25654 -.63804 .930 301.68(3, 68)
t-stat. ! 3.39677 16.69310 -6.24594 -15.98730
iTk ' 1,07933  , 09769 -.59684 -.30628 .9T0 820.98(3,73)
t-stat. | 1.64452 4.70837 -13.88470 -7.59396

9L



77

minimal, and § is more liKely determined by K than by j.

For j << K,

g =.662594p 338809 -. 744298y -. 162745

That is, as p increases, f will decrease, and as p

approaches 1, $ is more likely determined by K than by J.

For Jj »>»> K,

8 =1.380162p'5757573"25654°k"638°4°

That is, as p increases, § will increase, and as ¢

approaches 1, B is more 1liKely determined by Jj than by K.

For j T K

B =1.07933p 0975941 -.596837,-. 306278

That is, the role of p is quite minimal,and § is more

l1iKely determined by j or K.
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These results can be considered as complementary to
the results found for a, since af :=i. As a increases B will
decrease, therefore, the relationship between  and e, J,
or K obtained from the approximated f function is the
complement of those for the approximated a function. The
R statistics, F- statistics and t- statistics for the
functions are quite close to those obtained for the
function. The coefficients et , e, e3, and e4 are
complementary of ¢1 , c¢&, c3, aﬁd ¢4 in the follcwing
approximated relationships: ( as can be seen from Table

3)0

In that,

cl.el ¥ 1

c2 + e2 T O
¢3 + e3 = O
c4 + e4 = O

~

Here, c¢ci + el1 ¥ 0 (i%1) are as expected since a & f§ are
estimated by method of moments and af is the mean of the

approximated Gamma distribution.



Table 3: Relationship of c¢; and e; of Power Approximation
on the a and #§ function

cireai c2 + e c3 + e3 cd + el
LI
All Cases E 1. 00417 . 00256 -. 00339 . 00246
J << Kk ! . 99616 . 00669 -. 01408 . 00960
}J >> kK ' . 99857 -. 00008 -. 00038 -. 00013
J TK ' . 99982 -. 00040 -. 00973 . 00907

6L



80

Therefore,

aB = CichJCBRCG eipe21e3ke4

cieipc2+e2103+e3K04+e4

cieipojoko

ci-el

(113

"

From this result, we Know that the mean of the
approximated Gamma distribution is approximately equal to
the constant c¢i.el1 which is approximately equal to 1 in
these cases. Since the mean interarrival times of the EJ/ER
/1 queues have been set to be i, aB Y1 is as expected.
Therefore, the input-output equivalenqe of a steady-state
queueing system has been obtained for the class of queueing
system (EJ/ER /1) under study. These relationships of the
estimated coefficients also indicate the validity of the
queueing models under study.

Based on the testing results, we conclude that the
output process of the EJ /Ex/1 queues approximately follows
the Gamma distribution. And its shape parameter and scale
parameter are well approximated by a power function of the

input and processing time parameters.
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Interdeparture Time Correlation Stiructure

For the EJ/ER /1 dqueueing systems considered, the
interrelationship between the consecutive departing
transactions is under examinaiion by means-of covariance
analysis. The covariance of consecutive departure intervals
may indicate the interdependence between the departing
transactions and signify some deg'ree of effect on the
waiting time measurement in the following stations when
queues are arranged in series.

Again, for the cases considered, five independent runs
are made for 3000 transactions. The Lag-1 covariance and

autocorrelation are calculated by taking a common mean

i-e"

Cov (D, Dp,y) = E[(Dy - W) (Dpyy - )]

and are also calculated by using their individual mean
i,e.,

CoV (D, Dpyy) = E{IDy - W(Dp) 1[Dpyy - W (Dy,q) )3

The fact that there was no significant difference

between the covariances obtained 1indicates that a
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reasonable steady state had been reached. The correlation
coefficients are also calculated to obtain a better measure
of the linear relationship between D, and D,,q . The
covariances and correlations obtained are summarized in

Aprendix C. , —

Based on the results summarized in Appendix C, some
observations can be made adbout the relationship between
the covariance or correlation and the input and

transformation parameters. These are:

i, For the H/Ek /1 (K%1) queues, correlations are
positive and first increase as p increases up to a certain
level and then decrease (as shown' in Figure 16). It can be
seen that the correlation is also a function of K. The
correiation increases as K increases and approaches zero

as K moves much lower.

2. For the EJ /M/1 (J$#1) queues, correlations are
negative and decrease as p increases up to a certain level
and then increase (as shown in Figure 17). The correlation
is also a function of j, As j decreases, the correlation

decreases and approaches to zero as j moves much lower,
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3. Fpr the EJ/EK/i queues, when j = K 1, correlations
are negative and their magnitude increases as Jj = K
increases. As p increases the magnitude of correlations
first increases then decreases as p moves higher. The
maximum magnitude is reached afound a moderate system
utilization 1level ( 1.e. approximately .5 for Jj = K 1is
lowér than 5, approximately .7 for jJ = K 1is 5 or higher).
When ¢ 1is extremely low, correlation is not significant

and is independent of j or K (as shown in Figure 18).

4, In general, for the EJ/EK /1 (5 & i, and K ¢ 1)
queéeues, correlation or covariance is a function of p, Jj,
and K. when j % K, or j is greater than K, correlation is
negat;ve and its magnitude increases as.p increases up to a
certain level then turns to decrease. On the other hand
when jJ is much smaller than K, correlation is positive and

its magnitude increases as p increases up to a particular

level then turn to decrease (as shown in Figure 19).

Based on these phenomena, we may expect that for the EJ

/Ex/1 queues,

as p -> 0, correlation -> 0
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This indicates that the consecutive departure
intervals are' independent of each other. That is, as the
system utilization is extremely low, there will be almost
no congestion at the service station and the departure
process 1is approximately the joint distribution of the
arrival distribution and the service time distribution. The

departure process is therefore statistically independent.
as o -> 1, correlation -> O

This again indicates an independent departure
process. That is, when the system utilization is extremely
high, there will be almost no idle time occurred in the
service facility and the interdeparture times will
correspond approximately to the independent service times.

The.above observed phenomena do not seem to fit into
the power function as previously used to obtain the a and g

parameters. In fitting the following power functions, let

Covariance = ci1pC2jC3xc4

Correlation = e1p®2je3ke4
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The covariance and correlation observations were then
divided respectively into two groups. dne group contaihed
all positive values, the other group contained all negative
values. The R® statistics and F-statistics for both the
negative and positive covariances and correlations turn
out to be rather insignificant. This 1is intuitively true
since the concave or convex distribution of the data do not
£it into the power function.

The functional relationships of these phenomena are
then fitted into a quadratic function using multiple

regression approximation technique.

Let

Cov = ¢t + c2p® + ¢3j2 + c4K® + cB5pj + c6pK + cTj + c8K + c9p

and

Corr: ei + eap2 + e3ja + e4k® + ebpj + ebpK + eTj + e8K + e9p
Where, ci and ei (= 1,2,...,9) are estimated Dbased

on the parameters of all cases of the E; /Ey /1 queues.

The results obtained are summarized in Table 4, In



Table 4: Approximation on the Covariance and Correlation

Function for EJ/EK/l Queues

Covariance

Coefficients T-statistics
ct -.61026 -2.29303
c2 . 07091 5.20515
c3 . 00008 6. 89848
ca -. 000114 10. 16220
c5 -. 00157 -5, 05560
c6 . 00087 3. 05928
c7 -. 06703 -4, 55023
c8 -. 00280 -6. 63327
c9 . 00409 11. 14820
R2:. 71818

F-statistic:

77. 3988 (8, 243)

el aa ae e ETE CE BT e TE e AT D PTE Y TR Sw en e oo se ae e "he ce e o=

Correlation
Coefficients T-statistics
el . 02168 1. 38066
e2 . 39738 8. 31024
e3 . 00028 6. 46554
et -.00012 -3. 36083
e5  -.00442 -4, 04473
e6 . 00032 . 32055
e7  -.32a96 -6. 28515
e8 -.01325 -8. 94726
e9 . 00684 5. 30570
R2:. 77056
F-statistic= $02.012(8, 243)

06
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that, the RZ statistics on the covariance function is
0.7182 and 1is 0. 7706 on the correlation function. The
F-statistics on the covariance is 77,3988 and 1is 102. 012
on the correlation function with degrees of freedom equal
8 and 243ﬁ These statistics aré quite satisfactory when
compared with the critical value at 5/ significance level
(it is 2.93).

Based on the results shown in Table 4, p plays the
most significant role in these approximated functions.
Overall, as p increases, covariance and correlation will
increase. However, ‘ the relationship between J/K and
covariance/correlation is negative, as Jj or K increases,
covariance or correlation will decrease,

So far, the first hypothesis in this study has been
tested numerically. Based on these numerical evidence, the
first hypothesis is accepted. That is, the output process
of EJ /By /1 Queueing system follows approximately Gamma
distribution, and the estimated poarameters of the Gamma
distribution are approximately in a power function of the
parameters of the interarrival time and service time
distributions. The covariance of interdeparture time is
Aapproximately in a quadratic function of the parameters of

the interarrival time and service time distributions.
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Hypothesis Testing For Significance of Correlation:

The covariances obtained for all caées were found to
be nonzero. This implies that the interdeparture times
between the consecutive transactions are not independent.
The significance level of the non-zero covariance and its
degree of effect in a tandem gqueue are therefore
questioned. To resolve these questions, the significance
level of the covariance should be tested statistically, and
its effect in a tandem queue should be investigated by
comparing the results of independency assumptions with that
of dependency considerations on the arrival process of the
second station.

To test the significance of the correlation, the
t-statistic 1is computed. The hypothesis of zero
correlation between consecutive departing transactions is

formulated as follows:

Null Hypothesis: Ho 1 q = O
(i.e., the consecutive departure

intervals are independent ¢of each other.)

Alternative Hypothesis: Hy : g 3 O
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(i.e., the consecutive departure

intervals are dependent of each other)

where q is the true Lag-1i autocorrelation
ot the consecutive interdeparture_times of the
departing transactions.
Then,
t =(r - q)/Sr
has t distribution with NH-2 degrees of freedom
Where,.
r: the sample lag-1 autocorrelation between the

consecutive departing transactions

Sr:\ﬁi-ra)/(n-a) is the standard error of.

the sample autocorrelation.
The decision rule is:
At the a/ significance level,

Accept HO if t < ti/aa;u_a,

Accept Hi’ otherwise

To reject the null hypothesis, the absolute value of

correlation must be_ greater than 0.0619 for sample size
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equals 1000. Among the cases under study, the absolute
value of the correlation is found to be larger than the
critical statistic value for some but not all cases. These
inciude cases with J is much smaller than K, J is much
larger than Kk, or j and K are béth large. _However, when
the system utilization is extremely low or extremely high,
the absolute value of correlation is smaller than the
critical statistic value except when both | and. K are
large. The correlation which is larger than .0619 is
considered significantly different from zero at &7
significance level. This indicates the high significance
of consecutive transaction interrelationship. Therefore,
the consecutive departing transactions will be
statistically independent when the system utilization is
extremely low or extremely high when j and K are not
large.

Based on these results, we expect to find the effect
of this interrelationship on the following stations in a
tandem queue. And the sign of the correlations is concerned
when the nature of the effect is under examination. For the
cases under study, the sign of the correlations is found to
be positive for those cases where j is much smaller than Kk;
and negative for those cases where j is close to K or Jj is

larger than K.
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To test whether the correlation is significantly

positive or negative, the alternative hypothesis can be

formulated as a one-sided hypothesis test.

That is,

Hi': q

or,

H1u: q

> 0 (i.e., the true autocorrelation is

positive)

< 0 (i.e., the true autocorrelation is

negative)

The decision rules become:

At the
Accept

Accept

or,
Accept

Accept

a/Z significance level,
H, if t < ta;N-a
H,’, otherwise (i.e., the correlation is

significantly positive)

Hy if 1 > ta;N-2
Hi"..otherwise (i.e., the correlation is

silgnificantly negative)

To accept the alternative hypothesis of q > 0, the

value of correlation must be greater than 0. 052, and be
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smaller than -0.052 for accepting q § 0. For the cases
studied, the null hypothesis is rejected (i.e.,'accept Hi')
when jJ is much smaller than K with moderate or high system
utilization. That is. the sign of correlation is predicted
to be posi;ive. And the null hyﬁdthesis is_. also rejected
(i.e., accept Hi") when J is much larger than K or when
both jJ and K are large with moderate or high system
utilization, This indicates that correlation is

significantly negative under those circumstances..
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Covariance Effect in Tandem Queues:

The results of t-test in the previous section
demonstrated the interdependence of consecutive departing
transactions of the EJ/EK/i queueing systems. The effect of
this dependence on the performance measurgment of the next
station in a tandem gueue is next investigated. In order
to fin& out the degree of the covariance effect, the
waiting time in the next station is found by decomposition
as well as by compression techniques. The discrepancy
between these two sets of waiting times is then computed
and is compared to the characteristics of covariance found
pPreviously. The purpose is to find the relationship
between the underest1mate/overest.1mate of waiting time and
both the .positive/negati\re ¢ovariance and the magnitude of
the covariance values.

Decomposition in tandem gqueues treats each station
separately and ignores the dependence between the departure
and the arrival of an intermediate station. In measuring
the average total time a transaction stays in the entiire
system, it will just sum up the average time spent in each
independent station as the total time. This treatment mair
result in an underestimate or overestimate of the actual

time spent in the system. The performance measurement of
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the entire system will be inaccurate due to a £failure to
consider the interaction between consecutive stages. In
the inpﬁi-output control technique, the Knowledge of the
actual system performance is rather critical.

In the tandem queue (EJ /Eg/1 --> /M/1), the output of
the EJ /Ex/1 queue forms the input of the =second station.
Therefore, the mean interarrival time of the second station
is Jjust the mean interdeparture time of the first station.
Logically, the dependent departure process of the first
station will result in a dependent arrival process at‘the
second station. The dependent departure process has been
strongly supported by the non-zero covariance found for the
EJ/EK /1 queue in previous section. In order to find the
non-zero covariance effect on the waiting time in the
second station, the interaction between the consecutive
stations will be first ignored. The results are then
compared with those of dependency considerations.

Here, the second station is treated as a GI/M/1 queue.
That is, the intérarrival process 1s a sequence of
independent and identically distributed random variables.
By using the previously obtained Gamma distribution of the
output process of the EJ /By /1 queues, the arrival process
of the GI/M/1 dqueue can be approximated as Gamma

distribution with parameter a and 8. Therefore, in the
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GI/M/1 queue,

pi{i-v)

Where v is an unique root of
vi(p - wv) - 1/8)% = t1/8% (as shown in Chapter III).

Whére a and 3 are as previously found, and p is the
serﬁice rate in the second station.

By substituting a and  of each case into this
equation, with given value of ik, V can be obtained by
Hewton’s approximation method since a is not exactly equal
to 1 or 2 for which an exact solution c¢an be obtained (as
shown in Chapter I1I). The expected waiting times are thus
obtained for the GI/M/i queues.

The approximate waiting time can be found as a
function of a and g for a specified g, It decreases as p
increases for j << K, and increases as p increases for j »>>
‘K, As p decreases from 2 to 1.25, the expected approximate
waiting time increases. That 1s, as the system utilization

is higher, the expected waiting time will be longer.
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Compression technigque however considers the
interrelationship between the consecutive stations in the
system :flow. With the aid of computer technigques, the
expected actual system performance can be obtained.
However, sometimes the large number of stations in a system
for which the exact measurement can be obtained is limited
by the computer capacity and cost concerned. The
decomposition technique is usually employed to approximate
the system performance. The Knowledge of 7 error from the
independence treatment may therefore be used to adjust the
decomposition results and reduce the discrepancy in the
estimation of system performance s8¢0 as to achieve a better
input-output control of the entire system.

With compression, the EJ/ER /Y -->,/B/41 tandem queue
is treated as a whole system £low. As the transaction
departs from the first station, it will join the queues in
front of the second station if the service facility in the
second station is busy;, otherwise enters the service
facility directly. The waiting time in the second gueue of
each transaction are collected and the average waiting
time 1is calculated. This is considered as the actual
waiting time in the second station.

The 957 confidence interval of the actual waiting time
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is constructed for each case. The approximate waiting time
found is then compared with the confidence interval, If it
falls outside the confidence interval, the approximate
waiting time is said to be significantly different from the
actual wailting time at 5% significance level,

For those cases with j ¥ K, the approximate waiting
times are not significantly different £from their actual
waliting times except when both j and K are large. For
tﬁose cases with j much smaller than K or with j much
larger than K, the approximate waiting times fall outside
the confidence intervals only when system wutilization is
extremely low or extremely high. Based on these confidence
intervals, the 7 error is considered to be significant if
it is 6% or higher. The / errors are computed for cases
with Jj is much smaller than K, j is much larger than K,
and Jj is approximately egual to K. These results are
summarized in Table 5, 6 and 7.

For the cases with J much smaller than K, the %
errors are negative. That is, the expected waiting time in
the second station will be underestimated if
‘interdependence between the consecutive arrivals is
ignored. On the other hand, for the cases where j much
larger than K, the 7 errors are positive. That is, the

expected waiting time in the second station will be
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Table 5: Waiting Time in the Second Stage of EJ/EK/i -> ./M/14
Queues (J << K)

W =2 L = 1.25

p J K EW wT 7Z ERROR EW wT 7 ERROR
.3 2 20 ; ,3024 ., 3227 -6,35 | 22,2748 2.5133 -9, 49
.5 2 20 ! .2800 ., 3073 -8,88 | 2.1564 2. 3831 -9,51
.T 2 20 | .2357 .2575 -8.47 | 41,7987 2.001i%5 -10,13
.9 2 20 4} ,1835 ,2097 -12.49 , 1.5582 11,7542 -11.17
.3 2 30, ,3018 . 3318 -9,04 | 2., 1281 2. 3282 -8, 59
.5 2 30 ; ,2797 .3081% -9.22 | 2.0648 2,2686 -8, 98
7T 2 30 ! ,2437 .2805 -43,ie | 1.8334 2,1307 -13.95
.9 2 30 .,1943 ,2314 -16.03 ! .3710 11,6180 -15,27
.3 3 20 | .2469 .2898 -14.80 ; 1.8417 2.2198 -1i7.03
.5 3 20} ,2374 .2646 -10.28 11,7941 2.,1364 -16,02
7T 3 20 ! ,2099 .2414 -13.05 | 1.6503 2.0075 -i7.79
.9 3 20 , .1T17T .2005 -14,36 , 41,3820 11,7455 -20, 82
.3 3 30, .2537 .2721 -6.76 | 1,947t 2.2360 -12.92
.5 3 30, .2420 .2850 -15,.09 | 11,8720 2.2040 -15,06
.7T 3 30 ! ,2178 .2399 -9.21 ) 41,7636 1,9714 -10.54
.9 3 30 ! .1682 ., 1842 -8.69 | 41,3512 1,6940 -20.24
.3 4 20 ; ,2074 .R2259 -8,19 | 41,7690 2,1785 -18.80
.5 4 20 ! ,2036 .2176 -6, 43 | 1,7425 2.2934 -24,02
.7T 4 20  ,1883 . 1982 -4,99 | 1,7184 11,9385 -11,35
.9 & 20 ) .1637 .A775 -7.77  1.5037 11,6686 -9.88
.3 4 30 , ,2256 2344 -3.75%5 | 1.8705 2.3230 -19,48
.5 4 30 ) 2194 ,2542 -13.81 ; 1,.8028 =2.1871 -17.57
.7 4 30  ,1974 ,2200 -10,27 | 1.6800 11,8978 -11,48
.9 4 30 , ,16417 ,1868 -43.44 ; §,3419 {,6290 -17.62
EW: The approximated waiting time by decomposition
WT: The actual waiting time by compression

p: System utilization
H: Service rate in the second station
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TABLE 6: Waiting Time in the Second Stage of EJ/ER/i -> ./M/1
Gueues (j >> K)

= 2 B = 1,25
P J K EW WT 7 ERROR EW wT 7 ERROR
.3 410 { ; .2179 .2050 6. 29 | 1.7731 174764 20,10
.5 10 { | .2873 .2414 19,01 | 2.0839 11,8332 13,68
.7 4140 ¢ ! .3679 ,3335 10.31 ! 2.4362 ¢2.1489 13,37
.9 10 -1 | , 4522 . 4340 4,19 } 2.9473 2. 4613 19.75
.3 10 5 ! ,1759 , 1694 3. 84 ! 1.5697 14,3195 18.96
.5 10 5  .1918 .,1608 19.28 | 1.66581 1, 3597 21,95
.T 10 5 ¢ ,2037 . 1829 11,37 ! 1.7241 4, 4437 19,42
.9 10 5 ! ,2039 .1924 5.98 | 1.6660 t,5535 7.24
] []
.3 @0 1 |} ,2014 1892 6. 45 1.7954 41,5020 19.53
.5 20 1, .283%1 .2528 11.99 ! 2.1843 1.8174 20.19
.7T 20 4§ ; .3570 ,.3030 47.82 ! 2.3892 11,9257 24.07
.9 20 1 | 43841 ., 4127 6. 15 | 2.836C 2,1279 33.28
1 ]
1 1
.3 20 5 | , 1559 , 1467 6. 27 ! 1. 5472 11,3814 1i2.00
.5 20 5 |, .1743 , 1526 14,22 1.6304 1.4071 15,87
.7 20 5 | ,1974 ., 1812 8.77 ! 1.7074 14,5371 141.08
.9 20 5., ,1996 ., 1915 4, 23 | 1.7034 14,5950 6. 80
.3 30 1 ! ,2024 . 1846 9. 64 E 1.7362 1.5177 14. 40
.5 30 { ! .2808 .2414 16,32 ! 2.0953 1.7913 16.97
7T 30 1 ; .3835 .,3486 10.01i | 2.6863 2.,1972 22.26
.9 30 {1 | ,4892 4662 4,93 , 3.4009 2.5774 31.95
.3 30 5 } .1536 ,1351 13,69 E 1. 4841 1.2660 17.23
.5 30 5 ; ,1743 , 1556 12.02 ! 1.6464 1.4708 ti.94
.T 30 & | ,1954 , 159% 22.51 1.7365 1.5609 11.25
.9 30 5 | ,2042 , 1937 5. 42 ! .. 6828 1. 4647 14,89

EW: The approximated waiting time by decomposition
WT: The actual waiting time by compression

p: System utilization

! Service rate in the second station
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TABLE 7: Waiting Time in the Second Stage of EJ/EK/l ->» ./H/1
Queues (Jj 7 K) '

=2 B = 1,25

P J K EW WT 7 ERROR EW wT 7 ERROR
.3 2 2! .3196 , 3038 5.20 | 2,1548 2,1489 0. 27
.5 2 2 | .3245 . 3128 3.7 | R2.2271 2.1827 2. 03
T 2 2 ! .3221 .3157 2.03 | 2.1902 2.1048 4, 06
. 9 2 2 | .31587 . 311414 1.48 |, 2.1834 2.1363 2. 20
. 3 3 3! .2588 .2542 1.81 , 4.9199 11,8358 4, 58
.5 3 3! .2679 .2613 2.53 | 1.9942 11,8825 5. 93
T 3 3! .2684 .,2748 -2.33 | 2.0420 4.94143 5. 19
. 9 3 3 .2595 .2689 -3.49 , 41,9470 14,9673 -1.03
.3 4 4 ! ,2282 .2345 -1.43 ! 1.8358 14,8560 -1,09
.5 4 4 ¢ ,2382 .2335 2.0 | 1. 8886 11,8564 1.73
.7 4 4 ' ,2443 ,2437T -0.98 | 1. 9047 §.8059 5. 30
.9 4 4 |, ,2249 .2392 -5.98 | 1. 8475 1.9091 -3.23
.3 4 8 ! ,2226 .2138 4,12 ! 1.723%5 1.6853 2. a7
.5 4 5 i ,2300 .,2352 -2.21%1 ! 1. 7564 1§, 7550 0. 80
T 4 5 ! ,2271 .2216 2.4686 | 4.720T7 4.6477 4, 43
. 9 4 &5 ! ,2138 .2108 1.42 | 1.6903 11,6414 2. 98
. 3 5 65 ! .2108 ,2033 3.69 ¢ 1.8065 11,8397 -1.80
.5 5 5 | ,2203 .2097 5.056 ! 4.,8708 41,7969 4, 11
.7 5 5 | ._2221 .2189 1. 46 1. 8461 11,8074 2. 16
.9 5 6 i .2102 .,2200 -4,45 ! 1.7466 1, 735¢% 0. 62
.3 10 10.! , 1704 . 1665 2,34 ! 1.5424 1.4232 4, 69
.5 10 10 ; , 1788 . 1737 2.94 ¢ 11,5932 1.6123 -1.18
.T 10 410 | ,41822 .1819 0.16 | 1.6082 1.7027 -5.5%
.9 10 10 ! .1742 . 1678 3.81% 1.6041 41,6919 -5,19

EW: The approximated waiting time by decomposition
WT: The actual waiting time by compression

p: System utilization

iw: Service rate in the second station
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overestimated i1f the interdependence between the
consecutive arrivals is ignored. For the cases where J
approximately egual to K, the approximate results can Dbe
reasonably used since the 7 errors are statistically
insignificant except when both j and K are large.

As these phenomena correspond to the characteristics
of the lag-i covariances found previously, we may state
that the expected waiting time will be underestimated when
the lag-i covariance is positive and w:ill ‘be overestimated
when the lag-i covariance 1is negative.

The magnitude of the /1 errors seems not guite
éonsistent with the magnitude of the lag-i correlations.
There are some cases with significant lag-t1 correlation
while their 7 errors are small; and there are also some
cases with large 7 errors while their 1lag-i correlations
are not significant.

Based on these results, the second hypothesis in this
study can therefore be only partially accepted. That is,
the covariance of the output process has a significant
effect on ‘the waiting time of the next stage in tandem
gueues. The positive 'covariance results in an underestimate
on the actual waiting time when independence is assumed,
and the negative covariance results in an overestimate.

However, the size of the estimation error d4does not
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correspond propor%ionany to the magnitude of covariance.
We therefore suspect there might be some factors, other
than the lag-1 covariance effect, that effect the 7 errors
for the expected waiting time measurement. The higher
order correlations of departure 1nterva1s—1 e.g., lag-2 or
lag-3) might be statistically significant. wWe also
suspect that the serial correlation of departure intervals
separated by one or more intervals might not be of the
same sign and their values might not decrease
monotonically. The fluctuation of higher order
correlations might lead to the inconsistent results in the
investigation of lag-f covariance effect. Therefore,

higher order lags deserve further study.
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CHAPTER V
CONCLUSIONS AND SUGGESTIONS FOR FUTURE STUDY

This study has investigated extensively the Ej /By /1
queueing system in terms of the departure process and the
covariance/correlaition structure for consecutive departure
intervals, The lag-1 covariance effect on the performance
measurement of the second station in the tandem queues (Ej
/By /% -> +« /M/1) has also been investigated. The Erlang
phases in the EJ/ER /4 queues are considered to cover a
wide range of the distribution (from single phase to 30
pPhases) so as to represent a more.general queueing system

The output process of the Ej /Ek/i queues (Kknown to
be a nonrenewal process when j = & and K = 1) was
statistically analyzed. It was found to follow
approximately the Gamma distribution. The goodness-of-fit
of the Gamma distribution has been tested through use of
the Chi-square and Kolmogorov- Smirnov tests. The test
statistics are quite satisfactory when compared with the
critical values of the Chi-sgquare and Kolmogorov-Smirnov
statistics at a certain significance level.

The estimated parameters of the output process have
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been related through a power function to the input and the
transformation parameters with strong empirical evidence.
The approximate power function of the shape parameters and
that of the scale parameters are complementary to each
other due to the fact that the mean interdeparture time is
approximately egqual to the mean 1nterarr;..va1 time in a
steady-state queueing system.

From the observations made on the estimated parameters
and on their fitted power functions, we found that as.the
system utilization approaches 4, the output parameter
tends to be the same as the processing time parameter due
to extremely high system utilization; and as system
utilization approaches 0, the output parameter tends to be
the same as the input parameter due to extremeiy light
system utilization.

The lag-1 covariances and correlations of the
consecutive interdeparture times have been computed and
fitted into a gquadratic function of the input and
processing time <parameters with very significant
statistical support.

The significance of the correlations has been tested_
statistically through a simple t-test. The degree of
significance of the correlation is found mainly determined

by the system utilization and the number o¢f Erlang phases.
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The signs of the lag-i1 covariances are found to be positive
for some cases and negative for other cases, The positive
or negative sign depends on the Erlang phases of the input
distribution and the processing time distribution. The
positive and negative sign of the correlation have also
been tested by composite t-test. It is found that when J 1is
much smaller .than K, the correlation is significantly
positive; and the correlation is significantly negative
when J is much greater than K or when both j and K are
larege.

The lag-1 correlation between interdeparture times is
insignificantly different £from zero when system
utilization is extremely low or extremely high. As system
utilization approaches 0, there is almost no congestion at
the service station and the departure process is just
‘approximately the Jjoint distribution of the arrival
distribution and the service time distribution. The
departure process is therefore statistically independent.
As system utilization approaches 1, there is almost no
idle time in the service station and the interdeparture
times are approximately equal to the service times which
are independent. We also found the relationship between
the Erlang phases and the significance level of the lag-i

correlations,. The 1lag-{ correlation is significantly
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different from 2zero only for those cases where j is much
smaller than K, or j is much larger than K, or when both j
and K are large.

The significant lag-i1 correlations found demonstrated.
the 1interdependence of the consecutive departure
intervals. The lag-i covariance effect on tl'_l.e measurement
of the expected waiting time in the second station of a
tandem dqueue has also been examined. The positive lag-i
covariance results in an underestimate on the waiting time
measurement; negative lag-1 covariance results in an
overestimate. However, the magnitude of the waiting time
measurement errors found seems not quite consistent with
the magnitude of the lag-i1 correlations.

The measurement error is said to be significant if it
is 64 or more based on the confidence interval of the
actual waiting time. The significant measuremént
discrepancy on the waiting time might be attributed to the
presence of the non-zero lag-i1 covariance. However, the
lag-1 covariance seems not be the only factor that induces
these measurement errors. The higher order correlations
are therefore suspected to Dbe also statistically
significant and have some degree of effect on the expected
waiting time measurement, The higher order correlations

might even be more statistically significant than the
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lag-1 correlation for some cases of the EJ / Eyx /1 queues.
The effect of some lagged departure intervals covariances
(e.g., lag-2, lag-3,...) and their combined effect
therefore deserve further study.

In this study, we only considered two-station tandem
queues with infinite waiting spaces. Usua_IAly. an operating
system consists of more than two worK stations with finite
intermediate waiting space or capacity. When an operating
system 1is extended to “consist of more than two work
stations (e.g., . Ey /Bg/1 -> . /Ey/t =>...-> /Ep /1), it
becomes more difficult to predict the actual input from
other workK stations in the intermediate station. The
ocutput process and 1its correlation structure of the
intermediate stations are expected to be different from
that of the first station due to the dependent arrivals in
the intermediate- stations.

When the intermediate waiting spaces are li;nited to be
finite (e.g., EJ /Bp/t -> o /By/4/K -> .00 -> . /Ey/1), the
output process and its correlation structure are also
expected to be different from that of the unlimited-
waiting-room systems since the arrival may be suppressed by
the overflow of the available capacity. A study on the

output process and its correlation structure of the

intermediate stations in a multistage system and/or with
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finite waiting rooms and their covariance effect on the
performance measurement is very significant.

The results of this study can be useful in the design
and control of a multistage production system. The
Knowledge of the significance level of the performance
measurement error may simplify the control process of such
system. If the measurement error is statistically
insignificant, the approximate results can be reasonably
used. The findings of this study on the class of gueueing
system (Ej /Ek /1 -, /M/1) therefore suggest that the
decomposition technique can be used to obtain the system
performance measurement when j and K are small, or when
system utilization is extremely low or extremely high. That
is, the decomposition technique‘ developed in this study
based on the estimated parameters of the approximate
departure process can be used for some particular cases.
For some groups of cases in which the measurement error is
significant, the independence treatment of th‘e
decomposition procedure may result in large errors.

The Knowledge of the underestimate or overestimate of
performance measurement at the intermediate stations in the
Production flow c¢an help to improve performance of the
Production 1line and meet the desired throughput rate.

Consider that if an underestimate of waiting time occurs,
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the actual output rate will be smaller than the expected
output rate. And if an overestimate occurs, the actual
output rate will be larger than the expected output rate.
In a multistage production system, these imbalances
between successive production stages may cause an
unexpected underutilization or overflow of the
intermediate stages. And as the number of stages increases,
the discrepancy between the actual output rate and expected
output rate may increase to the point where the system is
out of control. To stabilize the underutilization or
overflow of the intermediate stations, the production
Planner would exercise some control techniques based on
the results obtained in this Kind of study, i.e,, consider
changing some of the parameters affecting the outputs.

How to integrate the results of this Kind of study
into the production system design and control is a very

significant problem and deserves further study.
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APPENDIX A1l

FLOW CHART FOR THE EJ/Ekli QUEUEING SYSTEM
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APPENDIX A2

FLOW CHART FOR THE Ej/Ey/1 -> ./H/1 QUEUEING SYSTEM
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NO QUEUE 1{ YES
W/
q [ 4
REDUCE QUELUE 1 SET SERVER 1
SIZE BY 1 IDLE
l o
COMPUTE WAITING SET NEXT DEPART.
TIME OF CUSTOMER TIME OF STAGE TO
ENTERING STAGE 1§ INFINITY
SERVICE & GATHER
STATISTICS
1S
l SERVER 2 NO
IDLE?
UPDATE SYSTEM STATE
(# OF CUSTOMER SERVERED) !
IN STAGE 1 YES [ADD 1 TO
, THE NUMBER
S&T WAITING TIME:=0 IN QUEUE 2
. FOR THIS CUSTOMER
DETERMINE SERVICE] & GATHER STATIST.
COMPLETION TIME
L4
ADD 1 TO THE # OF STORE
l CUSTOMERS SERVED ARRIVAL TIME
STORE THE DEPART. OF THIS CUSTOMER
TIME OF THIS
L |
SET SERVER 2
F7] )
1s '
GUEVE 1 YES 3 x
? ‘DETERMINE SERVICE
COMPLETION TIME
NO
,
MOVE EACH STORE THE DEPARTURE
IN GUELE 1 UP TIME OF THIS CUSTOMER
ONE PLACE J\
RETURN
~—

DEPART 1 Sulzoutine of the EJ/EK/i-»/H/i Queueing System
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APPENDIX B

CHI-SQUARE AND KOLMOGOROV-SMIRNOV TEST STATISTICS ON THE
ESTIMATED PARAMETERS ( a AND § ) OF THE FITTED GAMMA
DISTRIBUTION

Degrees o0f Freedom: 2% (Kolmogorov-Smirnov Test)
Degrees of'Freedom: 16 (Chi-square Test)

Critical Values of Chi-square Test:
a= .05 : 26, 30
a= .01 : 32.00

Critical Values of Kolmogorov-Smirnov Test:
a= , 05 0. 26
a= , 01 0. 32
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8165
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1121
4500
0414
6873
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11714
3423
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8480
8767
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4318
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2096
4062

1812
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6265
5594
9963
3132
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. 4981
. 5697
. 6750
. 7891
. 8687
. 9162

. 5012
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. 5499
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. 5473
. 5274

. 4806
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. 3654
. 2019
. 3339
. 2662

. 4890
. 4787
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. 2643
. 1824

. 4868
. 4714
. 4096

. 3054

. 2867
. 1576

. 4585
4384
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14, 722
7. 043
13. 458
13. 431
11. 326
9. 320

7.371%
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6. 076
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7.679
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5.813
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0172
1331

0318
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1437
1427
1276
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2. 7310
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2. 6049
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2. 9851
2. 8680
2. 8436
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3. 0032
3. 0088
3. 1668
3. 8756
4, 4467
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8. 181
3. 965
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5. 339
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9. 609
5. 139
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6. 936
11, 608

9. 704
9. 356
7.993
12. 974
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15, 438
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6. 507
9. 397
11, 708
15. 286
14, 088

7. 364
5. 664
14. 743
18. 422
10. 445
11. 044
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. 0399
. 0396
. 0521
. 0487
. 0399
. 0456

. 0376
. 0361
C. 0347
. 0351
. 0361
. 0379

. 0383
. 0366
. 0371
. 0353
. 0437
. 0346

. 0386
. 0279
. 0336
. 0599
. 0588
. 0639

. 0354
. o2t
. 0643
. 0906
. 1009
. 1097

. 0351
. 0301
. 0664
. 1243
. 1440
. 1059
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P 3 K a 8 xe K&S
0. 1 4 1 3.8164 .2633 6.514 . 0400
0.3 4 1 2.6683 . 3764 9. 687 . 0400
0.5 4 4 1. 8912 .5305 9.563 . 0460
0.7 4 1 1. 4701 . 6854 7.651 0451
0.8 4 1 1. 2753 . 7907 10.511 . 0398
0.9 4 1 1. 1377 .8738 6.914 . 0400
0.1 3 4 3, 96506 . 2524 3.379 .0399
0.3 4 4 3. 8622 .2799 5.219 . .0387
0.5 g 4 3. 2704 . 3047 5. 276 .0382
0.7 4 5 3, 1630 . 3147 0.848 . 0377
0.8 3 4 3. 3748 . 2926 12. 931 .0397
0.9 5 4 3. 5570 .2818 10. 445 . 0391
0.1 3 5 4, 0185 . 2476 9. 6547 .0346
0.3 't 5 3. 6541 2722 6.522 . 0362
0.5 4 5 3. 4014 . 2930 6.730 .0425
0.7 4 5 3. 5054 ._2850 1. 649 .0402
0.8 3 5 3.8494 .2613 12. 498 .0388
0.9 4 5 4, 2759 . 2323 11,043 0370
0. ¢ 4 10 3,.9833 .2s522 8.309 .0394
0.3 4 10 3. 8420 .2615 9. 624 . 0389
0.5 4 10 3, 8457 .2613 8. 446 . 0336
0.7 4 10 4, 3691 . 2292 7.447 . 0375
0.8 3 10 5.0962 . 1976 9. 247 .0437
0.9 4 10 6. 3794 . 1587 11,860 ., 0458
0. 1 3 20 3. 8825 .2593 6.941 ., 0374
0.3 4 20 3,8156° . 2639 4,026 .0352
0.5 4 20 3.9919 . 2524 7.167 . 0244
0.7 4 20 4, 8465 2080 5.203 .0673
0.8 4 20 5.9918 . 1667 3.585 , 0693
0.9 3 20 8.9705 . 1122 10. 941 . 0929
0. 1 4 30 3.9980 . 2557 11. 217 .0394
0.3 4 30 3. 9956 . 2489 . 8.729 .0268
0.5 3 30 4, 2782 . 2333 16. 618 . 0534
0.7 5 30 5. 4839 . 1825 10.526 . 0946
0.8 4 30 7.1083 . 1417 11,362 . 0903
0.9 4 30 10. 4416 . 0081 12. 849 . 0838
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APPENDIX C

LAG-1 COVARIANCES AND CORRELATIONS OF THE
CONSECUTIVE INTERDEPARTURE TIMES OF THE
E;/Egx/1 GUEUEING SYSTEM
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