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Abstract

A STUDY OF THE OUTPUT PROCESS OF A QUEUEING SYSTEM 

AND ITS COVARIANCE EFFECT IN TANDEM QUEUES

by

S u -c b a o  Cbiou

A d v is o r :  P r o f e s s o r  G e o r g h io s  P. S p h i c a s

A w id e  r a n g e  of  E r l a n g  p h a s e s  i s  c o n s i d e r e d  on t h e  

i n t e r a r r i v a l  t i m e  d i s t r i b u t i o n  a n d  t h e  p r o c e s s i n g  t im e  

d i s t r i b u t i o n  i n  t h e  E r l a n g i a n  q u e u e s  (Ej /E K / l )  t o  

r e p r e s e n t  a  m o re  f l e x i b l e  q u e u e i n g  s y s te m .  T he  p r i m a r y  

f o c u s  o f  t h i s  s t u d y  i s  on t h e  d e p a r t u r e  p r o c e s s  of  s u c h  

s y s t e m  a n d  i t s  c o v a r i a n c e  e f f e c t  on  t h e  n e x t  s t a t i o n  i n  

tandem  q u e u e s .

T h i s  s t u d y  u s e s  c o m p u t e r  s i m u l a t i o n  a s  t h e  p r i m a r y  

m e t h o d o l o g y  i n c o r p o r a t i n g  a  s e t  o f  n u m e r i c a l  p r o c e d u r e s .  

The i n t e r d e p a r t u r e  i n t e r v a l s  o f  t h e  c o n s e c u t i v e  d e p a r t i n g  

t r a n s a c t i o n s  a r e  f i r s t  c o l l e c t e d  f o r  t h e  p u r p o s e  o f  

a n a l y s i s .  T h e s e  a r e  f i t t e d  i n t o  a  h y p o t h e s i z e d  Gamma 

d i s t r i b u t i o n  w i t h  e s t i m a t e d  s c a l e  p a r a m e t e r  a n d  s h a p e  

p a r a m e t e r .  T h e s e  e s t i m a t e d  p a r a m e t e r s  a r e  t h e n  t e s t e d  by
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C h i - s q u a r e  a n d  K o l m o g o r  o v - S m i r  n o  v t e s t s  o f  t h e  

g o o d n e s s - o f - f  i t  t e s t i n g  p r o c e d u r e s .  T h e  t e s t  s t a t i s t i c s  

a r e  f o u n d  to  be  v e r y  s t a t i s t i c a l l y  s i g n i f i c a n t .

These  e s t i m a t e d  p a r a m e t e r s  of  t h e  o u t p u t  p r o c e s s  a r e  

t h e n  f i t t e d  i n  a  power  f u n c t i o n  of t h e  i n p u t  a n d  p ro c e s s in g  

t im e  p a r a m e t e r s  w i t h  s t r o n g  e m p i r i c a l  e v i d e n c e .  T h e  

c h a r a c t e r i s t i c s  o f  l a g - i  c o v a r i a n c e  a n d  c o r r e l a t i o n  

s t r u c t u r e  of  t h e  d e p a r t u r e  p r o c e s s  a r e  a l s o  o b t a i n e d  a n d  

f i t t e d  i n t o  a  q u a d r a t i c  f u n c t i o n  o f  t h e  i n p u t  a n d  

p r o c e s s in g  t im e  p a r a m e t e r s  w i t h  v e r y  s i g n i f i c a n t  e m p i r i c a l  

s u p p o r t .

T h e  c o v a r i a n c e s  o f  t h e  c o n s e c u t i v e  i n t e r d e p a r t u r e  

t im es  a r e  f o u n d  to  be  n o n -z e ro .  T h e y  a r e  p o s i t i v e  on  some 

cases ,  a n d  a r e  n e g a t i v e  on some o t h e r  ca se s .  T he  t - t e s t  i s  

t h e n  em ployed  to  t e s t  t h e  s i g n i f i c a n c e  le v e l  a n d  t h e  s ig n  

of  t h e  c o r r e l a t i o n  o f  i n t e r d e p a r t u r e  i n t e r v a l s .  T he  d e g r e e  

o f  s i g n i f i c a n c e  a n d  t h e  s i g n  o f  t h e  c o r r e l a t i o n  i s  f o u n d  

to  be  m a i n l y  d e t e r m i n e d  b y  t h e  s y s t e m  u t i l i z a t i o n  a n d  

E r l a n g  p h a s e s .  T h e  e f f e c t  o f  t h e s e  s i g n i f i c a n t  p o s i t i v e  

a n d  n e g a t i v e  c o v a r i a n c e s  on t h e  w a i t i n g  t im e  m e a s u r e m e n t  

i n  t h e  n e x t  s t a t i o n  o f  a tandem  q u e u e  i s  t h e n  e x a m in e d .  I t  

i s  f o u n d  t h a t  t h e  p o s i t i v e  l ag - i  c o v a r i a n c e  r e s u l t s  i n  a n  

u n d e r e s t i m a t e  on  t h e  w a i t i n g  t i m e  m e a s u r e m e n t ;  a n d  

n e g a t i v e  lag-1 c o v a r i a n c e  r e s u l t s  i n  a n  o v e r e s t i m a t e .
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T h e  r e s u l t s  o f  t h i s  k i n d  of  s t u d y  a r e  u s e f u l  i n  t h e  

d e s ig n  a n d  c o n t r o l  o f  a  s e r i a l  p r o d u c t i o n  sys tem .  W ith  t h e  

k n o w le d g e  o f  t h e  u n d e r e s t i m a t e  o r  o v e r e s t i m a t e  on  t h e  

p e r f o r m a n c e  m e a su re m e n t ,  t h e  c o n t r o l  p r o c e s s  o f  t h e  s e r i a l  

p r o d u c t i o n  sy s tem  c a n  be  s i m p l i f i e d .
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1

CHAPTER I 

INTRODUCTIOH 

Problem S t a t e m e n t

Q u e u e i n g  i s  a  p r a c t i c a l  p r o b l e m  a s  lo n g  a s  t h e  

e f f i c i e n c y  o f  t h e  sys tem  i s  c once rned .  System h e r e  may mean 

a n y  t r a n s f o r m a t i o n  s y s t e m  w h i c h  c o n t a i n s  t h r e e  m a j o r  

c o m p o n e n t s :  i n p u t s ,  a  t r a n s f o r m a t i o n  c e n t e r ,  a n d  o u t p u t s .  

T r a n s a c t i o n s  w h i c h  r e q u e s t  s e r v i c e s  a r e  i n p u t s .  T h e  

t r a n s f o r m a t i o n  c e n t e r  p e r f o r m s  s e r v i c e s  on t h e  t r a n s a c t i o n s  

w h i c h  may h a v e  one  o r  m o re  s t a g e s  o f  p r o c e s s .  O u t p u t s  

r e p r e s e n t  t h e  t r a n s a c t i o n s  w h i c h  a l r e a d y  r e c e i v e d  r e q u i r e d  

s e r v i c e s  a n d  l e f t  t h e  system. The  e f f i c i e n c y  o f  t h e  sy s te m  

h e r e  may m ean  t h e  m e a s u r e m e n t  o f  t h e  l e n g t h  o f  c u s t o m e r  

w a i t i n g  time, t h e  l e n g t h  o f  w a i t i n g  l i n e  o r  t h e  u t i l i z a t i o n  

of  f a c i l i t y  i n  t h e  t r a n s f o r m a t i o n  c e n t e r .  Q u e u es  a r i s e  d u e  

to  t h e  c h a n g e a b i l i t y  o f  t h e  t r a n s a c t i o n  i n p u t  r a t e  a n d / o r  

t h e  v a r i a b i l i t y  o f  s e r v i c e  r a t e .  T h e  sy s te m  i s  c o n s i d e r e d  

to  be  i n e f f i c i e n t  i f  t h e  c u s t o m e r  w a i t i n g  t im e  i s  l o n g e r  

‘ t h a n  a n  a c c e p t a b l e  l e v e l ,  o r  i f  t h e  i d l e  t i m e  i n  t h e  

t r a n s f o r m a t i o n  c e n t e r  i s  h i g h e r  t h a n  a  p r e s p e c i f i e d  leve l .  

T h r o u g h  a n a l y t i c a l  t e c h n i q u e s ,  some p r e s c r i p t i o n s  h a v e



2

b e e n  p r o v i d e d  i n  l i t e r a t u r e  f o r  i m p r o v i n g  t h e  e f f i c i e n c y  

o f  w a i t i n g  l i n e s  a n d  to  b a l a n c e  t h e  c o s t  o f  s e r v i c e  w i t h  

t h e  c o s t  o f  w a i t i n g .  Some s t u d i e s  o b t a i n  d e s c r i p t i v e  

r e s u l t s  on t h e  b e h a v i o r  o f  q u e u e i n g  sy s te m  b y  e m p loy in g  

s i m u l a t i o n  t e c h n i q u e s .

T h e r e  a r e  a n a l y t i c a l  r e s u l t s  f o r  s i n g l e  s t a g e  q u e u e i n g  

p rob lem s  u n d e r  a v a r i e t y  of  a s su m p t io n s .  T h e s e  a s s u m p t i o n s  

r a n g e  f r o m  c o n s t a n t  t i m e  w i t h  z e r o  v a r i a b i l i t y  to  

e x p o n e n t i a l  t im e  w i t h  h i g h  v a r i a b i l i t y ;  f r o m  s i n g l e  s e r v e r  

to  m u l t ip le  o r  i n f i n i t e  n u m b e r  o f  s e r v e r s ;  f r o m  no w a i t i n g  

s p a c e  to  f i n i t e  o r  i n f i n i t e  w a i t i n g  sp a ce s .  Some c o n s i d e r  

d e p e n d e n t  a r r i v a l  a n d / o r  s e r v i c e  r a t e s .  Some f u r t h e r  

i n c l u d e  t h e  b e h a v i o r a l  a s p e c t s  o f  a r r i v a l s  a n d  s e r v e r s  i n  

t h e i r  a n a l y s i s .  However,  t h e r e  a r e  v e r y  few r e s u l t s  a b o u t  

t h e  s t r u c t u r e  o f  t h e  o u t p u t  p r o c e s s  o f  a  q u e u e i n g  sy s te m  

a n d  i t s  r o l e  i n  tandem  q u e u es .

S e r i a l  q u e u e i n g  s y s t e m s  a r e  e n c o u n t e r e d  i n  v a r i o u s  

f i e l d s .  E x a m p l e s  i n c l u d e  a  w i d e  r a n g e  o f  r e a l  l i f e  

sy s tem s .  T h ey  may r a n g e  f r o m  a  s im p le  a s s e m b ly  l i n e  to  a  

more  complex c o m p u t e r  n e t w o r k  sy s te m  o r  a  c o m m u n ic a t io n  

n e t w o r k  s y s te m .  I n  t h e s e  m u l t i s t a g e  p r o d u c t i o n / s e r v i c e  

sys tems,  a  t r a n s a c t i o n  m u s t  move t h r o u g h  a  s e q u e n c e  o f  

s t a t i o n s ,  t h e  d e p a r t u r e s  f r o m  one  s t a t i o n  f o r m  a r r i v a l s  

f o r  t h e  n e x t  s t a t i o n .  T h e  o u t p u t  p r o c e s s  o f  e a c h  s t a g e  i s
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t h e r e f o r e  c r u c i a l  to  t h e  sy s te m  e v a l u a t i o n .  T he  e f f i c i e n c y  

m e a s u r e m e n t  o f  t h e  e n t i r e  s y s t e m  w i l l  n o t  be  a c c u r a t e  

enough  i f  t h e  i n p u t  p a t t e r n  of  e a c h  s u c c e s s iv e  s t a g e  i s  n o t  

known. To a v o i d  a n  u n a c c e p t a b l e  d i s c r e p a n c y  le v e l  i n  t h e  

p e r f o r m a n c e  m easu re m e n t ,  t h e  o u t p u t  p r o c e s s  of a  q u e u e i n g  

s t a g e  h a s  t o  b e  s t u d i e d  to  d e t e r m i n e  i t s  e f f e c t  on t h e  

f o l l o w in g  s t a g e  p e r f o r m a n c e .  And t h e  v a l u e  o f  c o v a r i a n c e  

o f  t h e  i n t e r d e p a r t u r e  t i m e  w i l l  I n d i c a t e  t h e  d e g r e e  o f  

d e p e n d e n c e  o f  t h e  s u c c e s s i v e  s t a g e  on  t h e  p r e v i o u s  s t a g e  

a n d  t h e  m a n n e r  o f  t h e  d e p en d e n cy  r e l a t i o n s h i p .

Most of t h e  l i t e r a t u r e  on t h e  q u e u e i n g  o u t p u t  p r o c e s s  

i s  co n ce rn e d  w i t h  i d e n t i f y i n g  t h e  c o n d i t i o n s  n e c e s s a r y  f o r  

a  r e n e w a l  o u t p u t  p r o c e s s .  I f  t h e  o u t p u t  i s  a  r e n e w a l  

p r o c e s s ,  t h e  a n a l y s i s  o f  t a n d e m  q u e u e  i s  m u c h  m o r e  

a m e n a b le  b e c a u s e  e a c h  s t a g e  c a n  be  t r e a t e d  i n d e p e n d e n t l y .  

U n f o r t u n a t e l y ,  m os t  q u e u e i n g  s y s t e m s  a r e  n o t  i n  t h i s  

c a t e g o r y .  Some r e s e a r c h e r s  move one more  s t e p  f u r t h e r  to  

f i n d  t h e  c o r r e l a t i o n  s t r u c t u r e  o f  a  n o n - r e n e w a l  o u t p u t  

p rocess .  Only v e r y  few of  them  p ay  a t t e n t i o n  to  w h e t h e r  t h e  

c o v a r i a n c e  i s  p o s i t i v e  o r  n e g a t i v e  o r  to  i t s  v a lu e .  As f a r  

a s  we know, o n ly  one p a p e r  moved b e y o n d  t h e  c o r r e l a t i o n  

a n a l y s i s  a n d  p r o c e e d e d  t o  i n v e s t i g a t e  i t s  e f f e c t  on t h e  

p e r f o r m a n c e  o f  t h e  n e x t  s t a g e  i n  tandem  queue .  Some p a p e r s  

neglect  t h e  c o v a r i a n c e  e f f e c t  a n d  m e a s u r e  e f f i c i e n c y  u s i n g
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t h e  a s s u m p t i o n  o f  i n d e p e n d e n c e  o r  s o m e  w a y s  o f  

a p p r o x i m a t i o n .  T h i s  m ay  l e a d  t o  a n  o v e r e s t i m a t e  o r  

u n d e r e s t i m a t e  on t h e  a c t u a l  p e r f o r m a n c e  m e a su re m e n t  o f  t h e  

e n t i r e  sys tem when  q u e u e s  a r e  i n  s e r i e s .

The  o u t p u t  p r o c e s s  i s  a  r e n e w a l  p ro c e s s  i n  on ly  a  few 

s i m p l e  s y s t e m s  w i t h  s e v e r e  a s s u m p t i o n s .  I f  o ne  o r  m ore  

a s s u m p t i o n s  a r e  r e l a x e d ,  t h e  s y t e m s  becom e a n a l y t i c a l l y  

i n t r a c t a b l e .  I n  o t h e r  c a s e s ,  t h e  a n a l y t i c a l  r e s u l t s  a r e  

n o t  p r a c t i c a l  b e c a u s e  o f  t h e  h i g h  lev e l  o f  c o m p le x i ty  of 

t h e  m o d e l  p r o d u c e d  a n d / o r  b e c a u s e  o f  u n r e a l i s t i c  

a s s u m p t i o n s .  C o m p u te r  s i m u l a t i o n  i s  u s u a l l y  c a l l e d  f o r  to  

s t u d y  t h e  b e h a v i o r  o f  t h e s e  sy s tem s .  In  t h i s  s t u d y ,  t h e  

p r i m a r y  m e t h o d o l o g y  c o n s i d e r e d  i s  c o m p u t e r  s i m u l a t i o n  

su p p le m e n te d  by  some n u m e r i c a l  p r o c e d u r e s .
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O b j e c t i v e s

T h i s  s t u d y  a t t e m p t s  to  f i n d  some p r o p e r t i e s  o f  t h e  

o u t p u t  p r o c e s s  f o r  a  c l a s s  o f  q u e u e i n g  s y s t e m s  a n d  to  

e x a m in e  i t s  c o v a r i a n c e  e f f e c t  i n  a  t a n d e m  q u e u e  so a s  to  

f i l l  u p  some g a p s  i n  t h e  l i t e r a t u r e  a n d  m a k e  some 

e x t e n s i o n s  i n  t h e  c u r r e n t  s t a t e  o f  k n o w l e d g e  o f  s u c h  

sy s te m s .  The  o b j e c t i v e s  a r e :

1. To r e v e a l  t h e  u n d e r l y i n g  s t r u c t u r e  o f  t h e  d e p a r t u r e  

p r o c e s s  f o r  a  c l a s s  o f  q u e u e i n g  sy s tem s .  More s p e c i f i c a l l y ,  

t o  d e r i v e  a n  a p p r o x i m a t e  f u n c t i o n a l  r e l a t i o n s h i p  b e tw e e n  

t h e  p a r a m e t e r s  o f  t h e  o u t p u t  i n t e r d e p a r t u r e  p r o c e s s  a n d  

t h e  p a r a m e t e r s  o f  i n t e r a r r i v a l  t im e  a n d  t r a n s f o r m a t i o n  

t i m e  p r o c e s s .  T h i s  i n c l u d e s  d e t e r m i n i n g  c h a r a c t e r i s t i c s  

o f  c o v a r i a n c e  a s  a  f u n c t i o n  o f  t h e  p a r a m e t e r s  o f  

i n t e r a r r i v a l  t i m e  a n d  s e r v i c e  t im e  d i s t r i b u t i o n s .  T hese  

a p p r o x i m a t e  f u n c t i o n s  c a n  t h e n  l e a d  t o  a  b e t t e r  

a p p r o x i m a t i o n  o f  t h e  o u t p u t  p r o c e s s .

2. To i n v e s t i g a t e  t h e  e f f e c t  o f  l a g - i  c o v a r i a n c e  o f  

c o n s e c u t i v e  i n t e r d e p a r t u r e  t im e s  on t h e  a v e r a g e  w a i t i n g  

t im e  o f  t h e  n e x t  s t a t i o n  i n  t a n d e m  q u e u e s ,  to  f i n d  t h e  

d i s c r e p a n c y  r e s u l t i n g  f ro m  t h e  in d e p e n d e n c e  a s su m p t io n ,  a n d
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t o  e x a m i n e  t h e  l e v e l  o f  t l i e  c o v a r i a n c e  e f f e c t  on  t h i s  

m ea su re m e n t .

3. To d e r i v e  a  s e t  of  s i m u l a t i o n  models  a n d  n u m e r i c a l  

p r o c e d u r e s  w h i c h  a r e  n o t  o n ly  a p p l i c a b l e  t o  t h e  q u e u e i n g  

s y s te m s  c o n s i d e r e d  i n  t h i s  s t u d y ,  b u t  a l s o  a r e  a p p l i c a b l e  

to  complex r e a l  w o r ld  sy s tem s .

T h e  u l t i m a t e  g o a l  o f  t h i s  t y p e  o f  s t u d i e s  i s  to  

p r o v i d e  u s a b l e  r e s u l t s  f o r  t h e  d e s i g n  o f  m u l t i s t a g e  

p r o d u c t i o n / s e r v i c e  s y s t e m s ,  a n d  f o r  t h e  p u r p o s e  o f  

c o n t r o l l i n g  s u c h  s y s t e m s  so t h a t  t h e  e f f i c i e n c y  o f  t h e  

e n t i r e  o p e r a t i n g  sys tem  can  be im proved .  T h i s  i s  beyo n d  t h e  

scope  o f  t h i s  s t u d y .

To o b t a i n  t h e s e  o b j e c t i v e s ,  som e h y p o t h e s e s  a r e  

f o r m u l a t e d  a n d  t e s t e d  t h r o u g h  a  s e t  o f  n u m e r i c a l  

s t a t i s t i c a l  p r o c e d u r e s .
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T he Scope

T he  scope of  t h i s  s t u d y  i s  l im i t e d  by  some a s s u m p t io n s  

on t h e  n a t u r e  o f  p r o b l e m s  c o n s i d e r e d  a s  well  a s  b y  some 

a p p l i c a b l e  s t a t i s t i c a l  t e c h n i q u e s  a n d  t h e  a v a i l a b i l i t y  of 

c o m p u t e r  s i m u l a t i o n  t e c h n i q u e s .  T h e  a s s u m p t i o n s  on t h e  

q u e u e i n s  p ro b le m s  a r e  a s  follows:

1. I t  i s  assumed t h a t  t h e  a r r i v a l  r a t e  i s  s m a l l e r  t h a n  

t h e  s e r v i c e  r a t e  ( i . e . ,  X/u <1) so t h a t  t h e  sy s te m  u n d e r  

c o n s i d e r a t i o n  i s  c a p a b l e  o f  r e a c h i n g  s t e a d y  s t a t e .

2. I t  i s  a s s u m e d  t h a t  t h e  i n t e r a r r i v a l  t im e  a n d  

s e r v i c e  t i m e  fo l lo w  E r l a n g  d i s t r i b u t i o n  w i t h  a  s i n g l e  

s e r v e r .  T h i s  i s  m ore  g e n e r a l  t h a n  t h e  e x p o n e n t i a l  t im e  o r  

c o n s t a n t  t im e  u s u a l l y  a s s u m e d  i n  l i t e r a t u r e  a s  t h e s e  a r e  

s p e c i a l  c a s e s .

3. The a r r i v a l  r a t e  a n d  s e r v i c e  r a t e  a r e  assum ed  to  be 

i n d e p e n d e n t  o f  t h e  s t a t e  o f  t h e  s y s te m .  H e r e ,  we a l s o

p r e c l u d e  t h e  b a l k i n g  o r  r e n e g i n g  b e h a v i o r  o f  a r r i v a l s .

4. The i n p u t  s o u r c e s  a n d  w a i t i n g  rooms a r e  assum ed  to 

be  i n f i n i t e ,  a n d  c u s t o m e r s  a r e  s e r v e d  i n  a  f i r s t - c o m e
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f i r s t - s e r v e d  manner.

T h e  a s s u m p t i o n  o f  E r l a n g  d i s t r i b u t i o n  f o r  b o t h  

i n t e r a r r i v a l  t i m e  a n d  s e r v i c e  t i m e  i s  a p p r o p r i a t e  i n  

q u e u e i n g  systems.  F i g u r e  1 d e p i c t s  a  q u e u e i n g  sy s te m  w i t h  

E r l a n g  a r r i v a l  p r o c e s s  a n d  E r l a n g  s e r v i c e  t i m e  w i t h  

i n f i n i t e l y  w a i t i n g  room s b e f o r e  t h e  s e r v i c e  s t a t i o n .

C o n s id e r  t h a t  t h e r e  a r e  a n  i n f i n i t e  s o u r c e  o f  s u p p l y  

to  t h e  s e r v i c e  sys tem  a n d  a  t r a n s a c t i o n  w h i c h  h a s  t o  move 

t h r o u g h  a  s e r i e s  o f  i d e n t i c a l  p r o c e s s  b e f o r e  i t  c a n  e n t e r  

t h e  s e r v i c e  f a c i l i t y ,  a n d  e a c h  p h a s e  o f  p r o c e s s  r e q u i r e s  

e x p o n e n t i a l  t im e  d u r a t i o n ,  t h e n  a  s e q u en c e  of  j  t a s k s  would 

h a v e  a n  E r l a n g  d i s t r i b u t i o n .  In  t h e  t r a n s f o r m a t i o n  c e n t e r ,  

a lso  c o n s i d e r  t h a t  e a c h  t r a n s a c t i o n  r e q u i r e s  a  s e q u e n c e  of 

i d e n t i c a l  o p e r a t i o n s ,  a n d  t h e  p e r f o r m a n c e  d u r a t i o n  f o r  e a c h  

o p e r a t i o n  i s  e x p o n e n t i a l ,  t h e n  i t  a l s o  h a v e  a n  E r l a n g  

d i s t r i b u t i o n .  I n  t h e  a r r i v a l  c h a n n e l  a n d  s e r v i c e  c h a n n e l ,  

t h e  new u n i t  c a n  e n t e r  t h e  p h a s e  1 on ly  a f t e r  t h e  p r e v i o u s  

u n i t  i s  d i s c h a r g e d  i n  t h e  l a s t  p h a s e .

A n o t h e r  r e a s o n  o f  t h e  E r l a n g i a n  a s s u m p t io n  comes f rom 

t h e  p r o p e r t i e s  o f  E r l a n g  d i s t r i b u t i o n .  T he  v a r i a b i l i t y  of  

E r l a n g  d i s t r i b u t i o n  <0 < a  < i / u  ) r e p r e s e n t s  a  g e n e r a l  

c a s e  o f  v a r i o u s  d i s t r i b u t i o n s  w h i c h  m ay  r a n g e  f r o m  

e x p o n e n t i a l  d i s t r i b u t i o n  w i t h  g r e a t  v a r i a b i l i t y  (o = i / | i  )
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u n i t s  s u p p l y  
d e p o t L l I‘ • • C E X -  •

E r l a n g  j - p h a s e s  
a r r i v a l  c h a n n e l

Queues E r l a n g  K - p h a se s
s e r v i c e  c h an n e l

F i g u r e  i :  R e p r e s e n t a t i o n  o f  an  E j / E ^ / 1  q u e u e in g  s y s te m  w i t h
i n f i n i t e  w a i t i n g  s p a c e s  b e f o r e  t h e  s e r v i c e  f a c i l i t y
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t o  c o n s t a n t  d i s t r i b u t i o n  with,  z e r o  v a r i a b i l i t y  ( a  = 0).

Suppose  t h a t  a  random v a r i a b l e  X h a s  an  E r la n g  

d i s t r i b u t i o n  w i t h  p a r a m e t e r s  a  and  k, t h e n  i t s  p r o b a b i l i t y  

d e n s i t y  f u n c t i o n  i s

f  (x)
k  K - 1 -ax  

a x  e
( k - 1) J

Where a  i s  a  p o s i t i v e  number r e p r e s e n t s  t h e  s c a l e  of 

t h e  f u n c t i o n  and  k  i s  a  p o s i t i v e  i n t e g e r  r e p r e s e n t s  

number o f  p h a s e s .  I t s  mean i s  k / a  , and  v a r i a n c e  i s  k / a 2 . 

When k = l ,  t h i s  d i s t r i b u t i o n  r e d u c e s  t o  t h e  e x p o n e n t i a l  

d i s t r i b u t i o n ;  when k  >1, i t  i s  un im oda l  w i t h  unimode = 

( k - 1 ) /  a  k, a s  k  i n c r e a s e s  i t  becomes more sy m m e t r i c a l ;  

w h e reas  a s  k - - >  oo, t h e  E r l a n g  d i s t r i b u t i o n  a p p ro a c h e s  t h e  

c o n s t a n t  d i s t r i b u t i o n .  I t  c a n  t h e r e f o r e  b e  c o n s i d e r e d  a 

m o r e  f l e x i b l e  d i s t r i b u t i o n  f o r  m o d e l i n g  t h a n  t h e  

e x p o n e n t i a l .  D i f f e r e n t  l e v e l s  o f  f l u c t u a t i o n  c a n  be  

p r o d u c e d  by  ch oo s in g  d i f f e r e n t  v a lu e  of  k. Also, k  n e e d  n o t  

be  r e s t r i c t e d  to  be  a n  i n t e g e r .  I f  k  i s  n o t  a n  i n t e g e r  

va lue ,  t h e  E r la n g  becomes Gamma d i s t r i b u t i o n  w h i c h  c a n  be 

viewed a s  t h e  g e n e r a l i z a t i o n  o f  t h e  k - p h a s e  E r l a n g i a n .  And 

i n  t h i s  s t u d y ,  t h e  Gamma d i s t r i b u t i o n  i s  c o n s i d e r e d  to  be
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t h e  h y p o t h e s i z e d  d i s t r i b u t i o n  f o r  t h e  o u t p u t  

i n t e r d e p a r t u r e  p r o c e s s  o f  t h e  q u e u e i n g  sy s te m  u n d e r  s t u d y  

b e c a u s e  t h e  e s t i m a t e d  p a r a m e t e r s  f r o m  t h e  o b s e r v e d  d a t a  

a r e  no l o n g e r  i n t e g e r s .

Fo r  t e s t i n g  t h e  h y p o t h e s i z e d  d i s t r i b u t i o n ,  g oo d n e ss  of  

f i t  t e s t i n g  i s  made t h r o u g h  C h i - s q u a r e  t e s t  a n d  Kolmogorov- 

S m i r n o v  t e s t .
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Review o f  R e le v an t  L i t e r a t u r e  

Renewal vs. Non-renew al  O u t p u t  P r o c e s s

A r e n e w a l  p r o c e s s  i s  t h e  s t a t i s t i c a l  d e f i n i t i o n  o f  a 

s e q u e n c e  o f  i n d e p e n d e n t  a n d  i d e n t i c a l l y  d i s t r i b u t e d  

n o n n e g a t i v e  r a n d o m  v a r i a b l e s ;  w h e r e a s  a  n o n - r e n e w a l  

p r o c e s s  i m p l i e s  d e p e n d e n c y .  I f  t h e  i n t e r d e p a r t u r e  t im e s  of  

c o n s e c u t iv e  c u s t o m e r s  o f  a  q u e u e i n g  sy s te m  a r e  c o r r e l a t e d ,  

i t  i s  c o n s i d e r e d  t o  b e  a  n o n - r e n e w a l  o u t p u t  p r o c e s s .  On 

t h e  o t h e r  h a n d ,  i f  t h e y  a r e  u n c o r r e l a t e d ,  i t  i s  a  r e n e w a l  

o u t p u t  p r o c e s s .

I n  t h e  q u e u e i n g  l i t e r a t u r e ,  t h e  q u e s t i o n  a b o u t  t h e  

n a t u r e  o f  o u t p u t  p r o c e s s  was  b r o u g h t  u p  by  t h e  s t u d y  of  

q u e u e i n g  n e t w o r k s .  I n  a  s e r i a l  q u e u e i n g  n e t w o r k ,  t h e  

q u e u e i n g  s t a g e s  a r e  a r r a n g e d  i n  s e r i e s ,  a n d  t h e  o u t p u t  of  a  

p a r t i c u l a r  s t a g e  f o r m s  t h e  i n p u t  o f  t h e  n e x t  s t a g e .  T he  

n a t u r e  o f  t h e  o u t p u t  p r o c e s s ,  d e p e n d e n c y  o r  i n d e p e n d e n c y ,  

i s  t h e r e f o r e  c r u c i a l  to  t h e  p e r f o r m a n c e  m e a s u r e m e n t  f o r  

c o n t r o l  p u r p o s e .  T h e  i n d e p e n d e n t  p r o c e s s  a l low s  t h e  s e r i a l  

q u e u e i n g  n e tw o r k  to  be  t r e a t e d  i n  a  d e c o m p o s i t i o n  m a n n e r ,  

a n d  t h u s  l e a d s  to  t r a c t a b l e  c o m p u t a t i o n .  I f  i n d e p e n d e n c y  

b e tw e e n  s t a g e s  i s  a s s u m e d  f o r  t h e  n o n - r e n e w a l  p r o c e s s ,  i t  

w i l l  l e a d  to  i n c o r r e c t  r e s u l t s .
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T h e  s t u d y  o f  o u t p u t  p r o c e s s  a n d  t a n d e m  q u e u e s  was

i n i t i a t e d  b y  R.R.P. Jackson(1954). In  t h e  s t u d y  o f  a  t a n d e m

q u e u e i n g  s y s t e m  o f  two s t a g e s  (M/M/1 --> ./M/i),  h e  f o u n d

t h a t  t h e  p r o b a b i l i t y  o f  f i n d i n g  x c u s t o m e r s  i n  t h e  f i r s t

q u e u e  a n d  y c u s t o m e r s  i n  t h e  s e c o n d  q u e u e  i s  s im p ly  t h e  

j o i n t  s t a t e  d i s t r i b u t i o n .  T h a t  is ,

P ( x ,y )  = (1 -p i  )p t x ( i - p 2 )p2 y

Where and  p2 a r e  r e s p e c t i v e  u t i l i z a t i o n  f a c t o r s  i n  

s t a g e  1 and s t a g e  2. T h i s  r e s u l t  i m p l i e s  t h a t  t h e  se co n d  

queue i s  a l s o  M/M/i, and i s  in d e p e n d e n t  of  t h e  f i r s t  

s t a g e .

Burke (1956) f o r m a l l y  p r o v e d  t h a t  t h e  o u t p u t  of  an 

M/M/c queue i s  a p o i s s o n  p r o c e s s  w i t h  t h e  same r a t e  a s  t h e  

i n p u t  p r o c e s s ,  and t h e  c o n s e c u t i v e  i n t e r d e p a r t u r e  t im e s  a r e  

in d e p e n d e n t .  B ased  on t h i s  r e s u l t ,  R.R.P. J a c k s o n ' s  f i n d i n g  

can  be g e n e r a l i z e d  f o r  more t h a n  two s t a g e s  w i t h  M/M/c 

queues .  I t  becomes [ s e e  R.R.P.  J a c k s o n  (1957))

k
P (x j i Xg, • • . Xj )̂ - 11 i  (x±)
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T h e r e f o r e ,  a  s t a g e - b y - s t a g e  d e c o m p o s i t i o n  a n a l y s i s  

w o u ld  be  e a s i e r  t h a n  t h e  s i m u l t a n e o u s  a n a l y s i s  on  t h e  

e n t i r e  sy s tem .

J.R. J a c k s o n  (1957), i n  h i s  s t u d y  on  n e t w o r k  w i t h  

f e e d b a c k  loops, a lso  sh o w ed  t h e  same p r o d u c t  s o l u t i o n  fo rm  

f o r  M a r k o v ia n  q u e u e s  i n  e q u i l i b r i u m  a l t h o u g h  t h e  com b in ed  

i n p u t  to  e a c h  s t a g e  i s  a p p a r e n t l y  n o n p o i s s o n .  However ,  h e  

showed t h a t  e a c h  s t a g e  i n  t h e  n e tw o rk  b e h a v e s  a s  i f  i t  were 

a n  i n d e p e n d e n t  p o i s so n  p rocess .  The l i t e r a t u r e  i n  q u e u e i n g  

n e tw o r k s  once h a d  a  s e r i o u s  c o n fu s io n  w h i c h  was c a u s e d  by  

t h e  s o - c a l l e d  " J a c k s o n ' s  T h e o re m " .  Some r e s e a r c h e r s  i n  

t h e i r  a n a l y s i s  o f  q u e u e i n g  n e t w o r k s  s e r i o u s l y  t o o k  

J a c k s o n ' s  r e s u l t  a n d  p r o c e e d e d  t o  t r e a t  e a c h  s t a g e

i n d e p e n d e n t l y  a l t h o u g h  i n p u t  to  e a c h  s t a g e  i s  n o n p o i s s o n .  

[see K le inrock  (1975) .Disney (1981)]

I n  t h e  M/M/c queue,  R e ic h  (1957) a l s o  o b t a i n e d  t h e

same r e n e w a l  r e s u l t  a s  B u r k e ' s .  He even  moved one s t e p  

f u r t h e r  ab o u t  t h e  more g e n e r a l i z e d  queue Ej /Ej^/c, and 

c o n c lu d e d  t h a t  t h e  i n p u t - o u t p u t  e q u i v a l e n c e  p r o p e r t y  of  

M/M/c queue  c an  n o t  be  g e n e r a l i z e d  f o r  Ej/Ej^ / c  e x c e p t  f o r  

t h e  ex t re m e  c a s e s  when J=k=i ( t h i s  i s  M/M/c) and  j=k= oo

( t h i s  a c t u a l l y  i s  D / D / c ) . As t o  t h e  more g e n e r a l  c a s e s

w i t h  j=k, he  p r o v e d  by  c o n t r a d i c t i o n  t h a t  t h e  o u t p u t  o f  Eg 

/ E g / i  i s  n o t  Eg. T h i s  r e s u l t  i s  r e l e v a n t  t o  t h i s  s tu d y ,
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s i n c e  we w i s h  t o  f i n d  t h e  u n d e r l y i n g  s t r u c t u r e  o f  t h e  

o u t p u t  p r o c e s s  w i t h  v a r i o u s  v a l u e s  o f  j ,  k  and o t h e r  

E r l a n g  p a r a m e t e r s  t h r o u g h  n u m e r i c a l  p r o c e d u r e s .

I n  a  n o n - m a r k o v i a n  q u e u e ,  t h e  i n p u t  p r o c e s s  a n d  

s e r v i c e  t im e  n e e d  n o t  to  be b o t h  p o i s s o n .  I t  i s  c o n s i d e r e d  

to  be  more g e n e r a l  t h a n  M/M/1 queue .  R e s e a r c h e r s  p r o c e e d e d  

to  f i n d  w h e t h e r  t h e  i n d e p e n d e n c e  p r o p e r t y  s t i l l  h o l d s  f o r  

t h e s e  systems,  a n d  t r y  to  i d e n t i f y  t h e  r e q u i r e d  c o n d i t i o n s  

f o r  a  r enew a l  o u t p u t  process .

F i n c h  (1956) i n  h i s  s t u d y  o f  M/G/l  queue,  p r o v e d  t h a t  

t h e  r en e w a l  o u t p u t  p r o c e s s  c an  be form ed o n ly  i n  t h e  c a se  

o f  e x p o n e n t i a l  s e r v i c e  and u n l i m i t e d  w a i t i n g  space .  Chang 

(1962) d e r i v e d  an e x p r e s s i o n  f o r  t h e  i n t e r d e p a r t u r e  t im e  

d i s t r i b u t i o n  f o r  GI/G /1  queue by  a p p l y i n g  t h e  

c o m p l e x - v a r i a b l e  a n a l y s i s .  By l e t t i n g  Dn - i  = I n  + Sn  » t h e  

d i s t r i b u t i o n  of  Dn _i i s  t h e  c o n v o l u t i o n  o f  I n  and  Sn . 

Where, Dn _ A i s  t h e  i n t e r d e p a r t u r e  t im e  b e tw ee n  t h e  n t h  

c u s to m e r  and  t h e  n - i * 11 cus tom er .  I n  i s  t h e  s e r v e r  i d l e  

t im e  r i g h t  a f t e r  t h e  n tlx c u s to m e r  d e p a r t e d ,  and  Sn i s  t h e  

s e r v i c e  t im e  of  t h e  n t h  cus tom er .  H is  r e s u l t  i s  p o s s i b l e  

o n ly  when t h e  L a p l a c e  t r a n s f o r m s  o f  t h e  d i s t r i b u t i o n s  

e x i s t  and P 0 i s  a l s o  known. P0 i s  t h e  p r o b a b i l i t y  of  

h a v in g  no c u s to m e r  i n  t h e  system.

On t h e  M/G/l  queue,  D i sn e y  e t  a l  (1973) u s i n g  methods



16

f rom sem i-m arkov  p r o c e s s  summarized some c o n d i t i o n s  f o r  t h e  

ren e w a l  d e p a r t u r e  p r o c e s s e s .  These  a r e  M /O/i /N  ( th e  s e r v i c e  

t im e s  a r e  a l l  0 w i t h  p r o b a b i l i t y  i ) , M/G/i/O, M / D / i / i  [ a l s o  

shown by King (1 97 1 ) ] ,  and M/M/l/co [ a l s o  shown by  F i n c h  

(1959)] .  F o r  o t h e r  M /G/l /N  sys tem , t h e  o u t p u t  p r o c e s s  have  

n o t  b e e n  f o u n d  t o  be  i n d e p e n d e n t .
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C o v a r ia n c e  S t r u c t u r e

From t h e  l i t e r a t u r e  be in g  rev ie w ed ,  we Know t h a t  most  

sys tem s w i t h  p o is so n  i n p u t  do n o t  g e n e r a t e  a  r e n e w a l  o u t p u t  

d u e  to  e i t h e r  n o n - e x p o n e n t i a l  s e r v i c e  t i m e  o r  l i m i t e d  

w a i t i n g  room s.  F o r  t h o s e  n o n - r e n e w a l  o u t p u t  q u e u e i n g  

s y s te m s ,  t h e  d e g r e e  o f  a u t o c o r r e l a t i o n  b e tw e e n  c o n s e c u t i v e  

i n t e r d e p a r t u r e  t im e  a r e  m e a s u r e d  b y  v a l u e  o f  c o v a r i a n c e  

w h ich  can  be p o s i t iv e  o r  negat ive .

J e n k i n s  (1966) d e r i v e d  e x p l i c i t  e x p r e s s i o n s  of  

a u t o c o r r e l a t i o n s  of  l a g  1 and l a g  2 f o r  t h e  H/E^ / i  queue. 

I n  t h a t ,

( l - p ) k  ( k - l ) p - k  k  u
Cor (D , D ) = [ 4 - ^  I f - ------—— + (----- ) k

n  n+ i  i p 2 ( i - k ) + K J * p+k p + k

Where Dn  i s  t h e  i n t e r d e p a r t u r e  t im e  b e tw ee n  t h e  n + l t h  

c u s to m e r  and t h e  n tl1 cus tom er ,  

p i s  t h e  sy s te m  u t i l i z a t i o n  

k  i s  t h e  number of  E r l a n g  p h a s e s

King (1971) a l s o  p ro d u c e d  t h e  same s t r u c t u r e  f o r  H/E^ 

/ I  queue.  Shimshak & S p h i c a s  (1962) fo u n d  t h e  l a g  1 

c o r r e l a t i o n  i s  p o s i t i v e ,  and a l s o  examined i t s  e f f e c t  on
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t h e  w a i t i n g  t im e  a t  t h e  s e co n d  s t a t i o n .  The w a i t i n g  t im e  i s  

fo u n d  t o  be u n d e r e s t i m a t e d  i f  in d e p e n d e n c e  assumed i n  t h e  

M /E ^/ l  ->. / M / i  q u e u e in g  sys tem s .

I n  t h e  g e n e r a l  c l a s s  o f  M /G/l /H  qu e u es ,  D i sn e y  and 

C h e r r y  (1974) p r o v e d  t h a t

I n  M/Ek  / i / N  q u e u es ,  D isn e y  and deM ora is  (1976) showed 

t h a t  t h e  c o v a r i a n c e  can  be p o s i t i v e ,  n e g a t i v e ,  o r  z e r o  

d e p en d in g  on p, N and  E r l a n g  p a r a m e t e r s .

King (1971) ,  i n  h i s  s t u d y  o f  M /G/l /N  q u e u es ,  p r o v e d  

t h a t  t h e  l a g  1 c o v a r i a n c e  i s  n e g a t i v e  i f  N=l. D isn e y  (1982) 

c o n s i d e r e d  t h e  M/M/1 q u e u e s  w i t h  l i m i t e d  w a i t i n g  sp a c e ,  and  

fou nd  t h a t  f o r  M/M/l/H q u e u es  (0< N < oo ) , t h e  l a g - 1

Cov(D , D
n  n + 1

00
dP
dX

X: t h e  e x p e c t e d  a r r i v a l  r a t e  

y,: t h e  e x p e c t e d  s e r v i c e  r a t e  

P0 : p r o b a b i l i t y  o f  an  empty sy s te m
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c o v a r i a n c e  i s  a lw ays  n e g a t i v e .

D a ley  (1968) a l s o  fou n d  some c o r r e l a t i o n  p r o p e r t i e s  of 

t h e  d e p a r t u r e  p r o c e s s  i n  a  s t a t i o n a r y  GI/G/1  queue,

Var (Dn ) + 233 ^Cov (Dn , Dn+1.) = Var (Tn )

Where, Dn : t h e  i n t e r d e p a r t u r e  i n t e r v a l  b e tw een  t h e  n t t l  

c u s to m e r  and  t h e  n + i t h  c u s to m e r  

Tn : t h e  i n t e r a r r i v a l  i n t e r v a l  b e tw ee n  t h e  n t h  

c u s to m e r  and  t h e  n + i t h  c u s to m e r  

Dn + r : t h e  i n t e ^ d e p a r t u r e  i n t e r v a l  s e p a r a t e d  by 

r  number o f  c u s to m e rs

I n  GI/M/1 queue,  t h e  Cov(Dn , Dn+T ) a r e  o f  t h e  same 

s i g n  f o r  a l l  n, and  c o n v e r g e s  t o  z e r o  m o n o t o n i c a l l y .  I n  th e  

M/G/l queue,  h e  fo u nd  t h a t  t h e r e  e x i s t  Tn a n d  Sn su c h  t h a t  

t h e  Cov(Dn , Dn+T ) a r e  n o t  t h e  same s ig n .  Where, Tn  i s  

t h e  i n t e r a r r i v a l  t im e  b e tw ee n  t h e  n tlx c u s to m e r  and  th e  

n + i t h  cus to m er ,  and  Sn  i s  t h e  s e r v i c e  t im e  o f  t h e  n*11 

c u s  t  o m e r .

F o r  t h e  e f f e c t  o f  t h e  c o v a r i a n c e  on t h e  v a r i a n c e  of
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d e p a r t u r e  t i m e ,  D i s n e y  (1982) a s s e r t e d  t h a t  t h e  t r u e  

v a r i a n c e  of  t h e  d e p a r t u r e  p r o c e s s  c a n  he u n d e r e s t i m a t e d ,  

o v e r e s t i m a t e d ,  o r  c o r r e c t l y  e s t i m a t e d  b y  t h e  v a r i a n c e  

e s t im a te d  u n d e r  t h e  a s s u m p t io n  o f  i n d e p e n d e n c e .  A n e g a t i v e  

c o v a r i a n c e  p r o d u c e s  a n  o v e r e s t i m a t e  i n  t h e  t r u e  v a r i a n c e  

a n d  a  p o s i t i v e  one p r o d u c e s  u n d e r e s t i m a t e .

As to  t h e  d e g r e e  o f  c o v a r i a n c e  e f f e c t  on t h e  l ev e l  of 

d i s c r e p a n c y  i n  t h e  v a r i a n c e  m e a s u r e m e n t ,  D isn ey  d i d  n o t  

make a n y  comment on i t .  None of  t h e s e  r e s e a r c h e r s  p ro ce ed s  

to  i n v e s t i g a t e  t h e  c o v a r i a n c e  e f f e c t  on t h e  w a i t i n g  t im e  

o f  t h e  n e x t  s t a t i o n  e x ce p t  S h i m s h a k  a n d  S p h i c a s  (1982). T h e  

c o v a r i a n c e  e f f e c t  i s  one  of  t h e  p rob lem s  c o n s i d e r e d  i n  t h i s  

s t u d y .

In  t h e  l i t e r a t u r e ,  t h e  a s s u m p t io n s  on t h e  i n t e r a r r i v a l  

t im e  a n d  s e r v i c e  t im e  d i s t r i b u t i o n  a r e  e i t h e r  too g e n e r a l  

(e.g. QI/Q/1) o r  too  r e s t r i c t e d  (e.g. M/M/1). F o r  t h e  c l a s s  

of  B r l a n g i a n  cases, most p a p e r s  c o n s i d e r e d  o n ly  t h e  s e r v i c e  

t im e  to h a v e  a n  E r l a n g  d i s t r i b u t i o n .  T h e r e  a r e  v e r y  few 

r e s e a r c h  r e s u l t s  on q u e u e i n g  sys tem w hen  b o t h  i n t e r a r r i v a l  

t im e  a n d  s e r v i c e  t im e  a r e  E r l a n g i a n .  I t  i s  t h i s  c l a s s  of 

q u e u e in g  sys tem s c o n s i d e r e d  b y  t h i s  s t u d y .

In  t h i s  s t u d y ,  some h y p o t h e s e s  on t h e  q u e u e i n g  o u t p u t  

p r o c e s s  o f  t h e  E r l a n g i a n  q u e u e i n g  s y s t e m  a n d  on  i t s  

c o v a r i a n c e  e f f e c t  i n  t a n d e m  q u e u e s  a r e  f o r m u l a t e d  a n d
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s t a t e d  i n  C h a p t e r  II .  T h e  s i m u l a t i o n  m eth o d o lo g y  on t h e  

q u e u e i n g  sys tem  i s  d e v e l o p e d  a n d  a l s o  i s  g i v e n  i n  C h a p t e r  

II .  C h a p t e r  I I I  d e s c r i b e s  t h e  p r o c e d u r e s  f o r  t h e  o u t p u t  

a n a l y s i s  a n d  f o r  t h e  h y p o t h e s e s  t e s t i n g .  I t  a l s o  i n c l u d e s  

t h e  p r o c e d u r e  f o r  a p p r o x i m a t i n g  t h e  w a i t i n g  t im e  w h e n  

i n d e p e n d e n c e  i s  a s s u m e d  on  t h e  a r r i v a l  p r o c e s s  o f  t h e  

s e co n d  s t a g e  i n  a  t a n d e m  q u e u e s .  C h a p t e r  IV p r e s e n t s  t h e  

r e s u l t s  o f  t h e  h y p o t h e s e s  t e s t i n g  a n d  t h e  c h a c t e r i s t i c s  of  

t h e  d e p a r t u r e  p r o c e s s  a n d  i t s  e f f e c t  i n  t an d e m  q u e u e s .  The  

c o n c l u s i o n s  o f  t h i s  s t u d y  a n d  some s u g g e s t i o n s  f o r  f u t u r e  

r e a s e r c h  a r e  g iv e n  i n  C h a p t e r  V.
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CHAPTER I I  

HYPOTHESES AND SIMULATION METHODOLOGY 

H y p o th e se s

A f t e r  r e v i e w i n g  t h e  r e l e v a n t  l i t e r a t u r e  i n  t h e  a r e a  of 

q u e u e in g  o u t p u t  p r o c e s s  a n d  r e l a t e d  works ,  we r e c o g n iz e  t h e  

s i g n i f i c a n c e  o f  t h e  s t u d y  on q u e u e i n g  o u t p u t  p r o c e s s  a n d  

i d e n t i f y  t h e  gap s  to  b e  f i l l e d  a n d  e x t e n s i o n s  n e e d e d  to  be 

made. T h e r e  a r e  two h y p o t h e s e s  to  be t e s t e d :

1. The o u t p u t  p r o c e s s  o f  Ej/Ej^ / I  q u e u e in g  sy s te m  i s  

a p p r o x i m a t e l y  i n  t h e  Gamma d i s t r i b u t i o n  f a m i l y ,  a n d  t h e  

e s t i m a t e d  p a r a m e t e r s  o f  t h e  Gamma d i s t r i b u t i o n  - a r e  

f u n c t i o n s  of  t h e  p a r a m e t e r s  of  t h e  i n t e r a r r i v a l  t im e  a n d  

s e r v i c e  t i m e  d i s t r i b u t i o n s .  T h e  c o v a r i a n c e  o f  

i n t e r d e p a r t u r e  t im e  i s  a l s o  a  f u n c t i o n  o f  t h e  p a r a m e t e r s  

of  t h e  i n t e r a r r i v a l  t im e  a n d  s e r v i c e  t im e  d i s t r i b u t i o n s .

2. T h e  c o v a r i a n c e  o f  t h e  o u t p u t  p r o c e s s  h a s  a 

s i g n i f i c a n t  e f f e c t  on t h e  w a i t i n g  t im e  o f  t h e  n e x t  s t a g e  i n  

t h e  tandem  qu e u es .  T he  p o s i t i v e  o r  n e g a t i v e  v a l u e s  o f  t h e  

c o v a r i a n c e  d e t e r m i n e  t h e  u n d e r e s t i m a t e  o r  o v e r e s t i m a t e  on
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a c t u a l  w a i t i n g  t ime w hen  i n d e p e n d e n c e  i s  a s su m e d .  And t h e  

s i z e  o f  t h e  d i s c r e p a n c y  i n  e v a l u a t i o n  c o r r e s p o n d s  to  t h e  

v a lu e  of c o v a r i a n c e  w h i c h  i s  d e t e r m i n e d  by  t h e  p a r a m e t e r s  

of  E r l a n g  d i s t r i b u t i o n  i n  t h e  E j /E j^ / i  queue.

T h e  f o r m u l a t i o n s  on t h e s e  h y p o t h e s e s  a r e  s t a t e d  i n  

C h a p t e r  IV a n d  a r e  t h e n  t e s t e d  t h r o u g h  a  s e t  o f  n u m e r i c a l  

p r o c e d u r e s .  T h e  g o o d n e s s  o f  f i t  t e s t i n g  i s  u s e d  to  t e s t  

t h e  h y p o t h e s i z e d  d i s t r i b u t i o n .  I n  t h a t ,  C h i - s q u a r e  a n d  

K o lm o g o r o v - S m ir n o v  t e s t s  a r e  u s e d  t o  d e c i d e  w h e t h e r  to  

acc ep t  o r  to  r e j e c t  t h e  n u l l  h y p o t h e s e s .  T h e  p a r a m e t e r s  o f  

t h e  f i t t e d  d i s t r i b u t i o n  a r e  e s t i m a t e d  b y  m e t h o d  o f  

moments. T h e  f u n c t i o n a l  r e l a t i o n s h i p s  b e tw e e n  t h e  o u t p u t  

p a r a m e t e r s  a n d  i n p u t  p a r a m e t e r s  a r e  to  be f i t t e d  b y  p o w e r  

a p p r o x i m a t i o n .

To t e s t  t h e  s e c o n d  h y p o t h e s i s ,  l ag  1 c o v a r i a n c e  a n d  

c o r r e l a t i o n  c o e f f i c i e n t s  o f  c o n s e c u t i v e  i n t e r d e p a r t u r e  

t i m e s  a r e  c a l c u l a t e d .  T h e  Lag 1 c o v a r i a n c e  i n d i c a t e s  t h e  

r e l a t i o n s h i p  b e tw e e n  c o n s e c u t i v e  d e p a r t u r e s .  O u r  a t t e n t i o n  

i s  on t h e  s ig n  of t h e  c o v a r i a n c e  a n d  i t s  v a lu e  so t h a t  t h e  

r e l a t i o n s h i p  b e t w e e n  t h e  c o v a r i a n c e  a n d  w a i t i n g  t i m e  

a p p r o x i m a t i o n  e r r o r  c a n  be fo u n d .
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Simulation Methodology

Due to  t h e  i n c a p a b i l i t y  o f  a n a l y t i c a l  t e c h n i q u e s  i n  

d e a l i n g  w i t h  some complex  q u e u e i n g  sy s te m s;  o r  som etim es ,  

d u e  to  t h e  low a p p l i c a b i l i t y  o f  a n a l y t i c a l  r e s u l t s  w h i c h  

comes f r o m  t h e  h i g h  le v e l  o f  c o m p le x i ty  o f  models a n d / o r  

f rom  u n r e a l i s t i c  a s s u m p t i o n s ,  t h i s  s t u d y  w i l l  u s e  c o m p u t e r  

s i m u l a t i o n  a s  t h e  p r i m a r y  m e th o d o lo g y .  T h i s  i s  t h e n  

i n c o r p o r a t e d  w i t h  a  s e t  of  n u m e r i c a l  p r o c e d u r e s  to  a c h i e v e  

some ob jec t ives  of t h i s  s tudy .

F o r  t h e  E j  /Ej^ / I  q u e u e in g  sy s te m s  u n d e r  s tu d y ,  a  

c o m p u t e r  s i m u l a t i o n  model  i s  c o n s t r u c t e d .  T h e  c u s t o m e r  

d e p a r t u r e  t i m e s  a r e  c o l l e c t e d  f o r  t h e  p u r p o s e  o f  

c o v a r i a n c e  a n a l y s i s  a n d  d i s t r i b u t i o n  a p p r o x i m a t i o n  on  t h e  

i n t e r d e p a r t u r e  p rocess .  Many s i m u l a t i o n  r u n s  w i t h  v a r i o u s  

v a l u e s  o f  j  a n d  R a n d  o t h e r  d i s t r i b u t i o n  p a r a m e t e r s  of  

E r l a n g  d i s t r i b u t i o n  a r e  made. T h e  lag-1 c o v a r i a n c e  a n d  

c o r r e l a t i o n  f o r  e a c h  c a s e  a r e  c a l c u l a t e d  t o  s h o w  t h e  

d e g r e e  o f  c o r r e l a t i o n  o f  t h e  c o n s e c u t i v e  i n t e r d e p a r t u r e  

t i m e s .  T h e  m e a n  a n d  v a r i a n c e  p a r a m e t e r s  f o r  t h e  

h y p o t h e s i z e d  d i s t r i b u t i o n  a r e  o b t a i n e d  u s i n g  t h e  m e th o d  o f  

, m om ents .  T h e  g o o d n e s s  o f  f i t  b e t w e e n  t h e  h y p o t h e s i z e d  

d i s t r i b u t i o n  a n d  t h e  d a t a  i s  t h e n  t e s t e d  by  C h i - s q u a r e  a n d  

K o l m o g o r o v - S m i r n o v  t e s t i n g  p r o c e d u r e s .  T h e  p o w e r



25

a p p r o x i m a t i o n  t e c h n i q u e  i s  t h e n  u s e d  t o  e s t i m a t e  t h e  

f u n c t i o n a l  r e l a t i o n s h i p  b e t w e e n  t h e  p a r a m e t e r s  o f  t h e  

f i t t e d  d i s t r i b u t i o n  a n d  t h a t  of  t h e  i n p u t  a n d  p r o c e s s  t im e  

d i s t r i b u t i o n s .

To i n v e s t i g a t e  t h e  c o v a r i a n c e  e f f e c t  _ on t h e  w a i t i n g  

t im e  o f  t h e  s e c o n d  s t a g e  i n  a  t a n d e m  q u e u e ,  a  m u l t i s t a g e  

c o m p u te r  s i m u l a t i o n  model i s  a l s o  c o n s t r u c t e d .  T he  a c t u a l  

w a i t i n g  t i m e  i n  t h e  s e c o n d  s t a g e  i s  f o u n d .  T h e  lo g ic  i s  

s i m i l a r  to  t h a t  o f  t h e  s i n g l e  s t a g e  model e x c e p t  t h a t  t h e  

o u t p u t  o f  t h e  f i r s t  s t a g e  f o r m s  t h e  i n p u t  p r o c e s s  o f  t h e  

s e co n d  s t a g e .  T h e r e f o r e ,  i n  a  tandem queue  (Ej /E ^  / I  -->. 

/M / i ) ,  t h e  i n p u t  p r o c e s s  o f  t h e  s e c o n d  s t a g e  i s  n o t  

g e n e r a t e d  by  a n y  i n d e p e n d e n t  i d e n t i c a l  d i s t r i b u t i o n  r a n d o m  

d e v i a t e s ,  b u t  i n s t e a d ,  i s  j u s t  ' t h e  o u t p u t  o f  t h e  f i r s t  

s t a g e .  T h e  a v e r a g e  w a i t i n g  t im e  o f  t h e  s e c o n d  s t a g e  i s  

c a l c u l a t e d  f o r  e a c h  s i m u l a t i o n  r u n  a n d  i s  c o n s i d e r e d  a s  

t h e  a c t u a l  w a i t i n g  t im e .  T h i s  i s  t h e n  c o m p a r e d  w i t h  t h e  

w a i t i n g  t i m e  o f  G I /M / i  q u e u e .  In  t h e  GI/M/1 q u e u e ,  t h e  

i n p u t  p r o c e s s  i s  a s s u m e d  to  be  i . i .d .  r a n d o m  v a r i a b l e s ,  i t s  

w a i t i n g  t im e  i s  t h e r e f o r e  c o n s i d e r e d  a s  a n  a p p r o x i m a t i o n .  

In  t h e  c o m p a r i s o n  o f  t h e  a c t u a l  w a i t i n g  t i m e  w i t h  t h e  

a p p r o x i m a t e d  w a i t i n g  time, t h e  v a r i o u s  c a s e s  c o n s i d e r e d  i n  

t h e  c o v a r i a n c e  a n a l y s i s  a r e  c o n s i d e r e d  a g a i n  h e r e ,  so t h a t  

t h e  c o v a r i a n c e  e f f e c t  on t h e  w a i t i n g  t im e  a p p r o x i m a t i o n
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e r r o r  c an  be exam ined .

The s i m u l a t i o n  a n d  n u m e r i c a l  p r o c e d u r e s  i s  s k e t c h e d  i n  

F i g u r e  2.
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F i g u r e  2: Flow C h a r t  f o r  t h e  S i m u l a t i o n  P r o c e d u r e s
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Queueing Simulation Models

T h i s  s t u d y  u s e s  a  g e n e r a l  p u r p o s e  l a n g u a g e  FORTRAN, 

t o  model  t h e  q u e u e i n g  s y s t e m s  u n d e r  s t u d y  f o r  s e v e r a l  

r e a s o n s .  F i r s t ,  t h i s  s t u d y  f o c u s e s  on p a r t i c u l a r  o u t p u t s  

o f  t h e  q u e u e i n g  sy s tem s .  T h e s e  o u t p u t s  a r e  u s u a l l y  n o t  

i n t e r n a l l y  p r o v i d e d  i n  t h e  s p e c i a l l y  d e s i g n e d  s i m u l a t i o n  

lan g u a g e  f i x e d  o u t p u t  fo rm a t .  The s i m u l a t i o n  lan g u a g es  a r e  

d e s ig n e d  to  model a  v i d e  v a r i e t y  o f  s y s te m s  w i t h  a  s e t  of  

b l o c k s ,  a n d  p r o v i d e  a  s t a n d a r d  s e t  o f  o u t p u t  w h i c h  i s  

sometimes n o t  u s a b l e  i n  a s p e c i f i c  s t u d y  on o u t p u t  of  t h e  

sy s t e m .  I t  t h e r e f o r e  h a s  lo w e r  f l e x i b i l i t y  a n d  a l s o  t a k e s  

l o n g e r  e x e c u t i o n  t i m e  t h a n  a  g e n e r a l  p u r p o s e  l a n g u a g e  

w h ic h  c an  be d e s ig n e d  to  a  p a r t i c u l a r  a p p l i c a t i o n .

Second, t h e  s i m u la t io n  model i n  t h i s  s t u d y  r e q u i r e s  to  

g e n e r a t e  a  s t r e a m  o f  n o n u n i f o r m  r a n d o m  v a r i a b l e s  a n d  to  

p e r f o r m  e x t e n s i v e  n u m e r i c a l  c a l c u l a t i o n s .  GPSS (G e n era l  

P u r p o s e  S i m u l a t i o n  S y s t e m )  i s  k n o w n  t o  h a v e  l i m i t e d  

n u m e r i c a l  c a l c u l a t i o n  f u n c t i o n s  a n d  h a s  no e x a c t  a u t o m a t i c  

n o n u n i f o r m  ra n d o m  v a r i a b l e  g e n e r a t o r s .  T h e  E r l a n g  r a n d o m  

d e v i a t e s  w h i c h  a r e  a ssum ed  i n  t h i s  s t u d y  would h a v e  to  be 

a p p r o x i m a t e d  by  a  s e q u en c e  o f  s t r a i g h t  l i n e  segments  on t h e  

i n v e r s e  of t h e  d i s t r i b u t i o n  f u n c t i o n  i f  GPSS w e r e  u sed .

T h i r d ,  i n  GPSS, t h e  s i m u l a t i o n  c lock  i s  a d v a n c e d  i n
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i n t e g e r  i n c r e m e n t s ,  t h e  s i m u l a t o r  w o u ld  s p e c i f y  a  sm all  

b a s i c  u n i t  o f  t im e  (e.g. second)  to  r e p r e s e n t  a l l  a c t i v i t y  

t im e s  so a s  to  o b t a i n  a  c e r t a i n  l e v e l  o f  a c c u r a c y .  In  t h i s  

m a n n e r ,  a  h i g h  v a l u e  o f  t i m e  u n i t  h a s  t o  b e  c a r r i e d  

t h r o u g h o u t  t h e  s i m u l a t i o n .

F i n a l l y ,  t h e  q u e u e i n g  sy s te m  u n d e r  t h i s  s t u d y  i s  a 

b a s i c  t y p e  ( s i n g l e  s e r v e r  q u e u e i n g  model),  t h e  FORTRAN 

p r o g r a m  can  t h e r e f o r e  be  coded w i t h o u t  m uch  d i f f i c u l t y .

T h i s  model  u s e s  t h e  n e x t - e v e n t  t i m e - a d v a n c e  f o r  t h e  

d i s c r e t e  e v e n t  s i m u l a t i o n  w h e r e  t h e  i n i t i a l  s y s t e m  

c o n d i t i o n  i s  "em pty  a n d  id le" .  T he  lo g ic a l  f low c h a r t  of  

t h e  Ej /E ^  / i  q u e u e in g  sy s te m  i s  shown i n  Appendix  Al. 

T h i s  i s  c o n s t r u c t e d  b a s e d  on t h e  b a s i c  one  d e v e lo p e d  by  

Law a n d  K e l ton  (1982).

T h i s  b a s i c  model  i s  t h e n  e x t e n d e d  to  a  t w o - s t a g e  

s i n g l e  s e r v e r  m o d e l .  I n  a  two s t a g e  m od e l ,  a s  t h e  

t r a n s a c t i o n s  d e p a r t  f r o m  t h e  f i r s t  s t a g e  o f  s e r v i c e  t h e y  

jo in  t h e  q u e u e  o f  t h e  s e c o n d  s t a g e .  T he  log ic  r e l a t i o n s h i p  

i s  shown i n  A p pend ix  A2.
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Simulation Model Validation and Run Length

To d e t e r m i n e  w h e t h e r  t h e  s i m u l a t i o n  model a c c u r a t e l y  

r e p r e s e n t s  t h e  s y s te m  u n d e r  s t u d y ,  a  c o n f i d e n c e  i n t e r v a l  

a p p r o a c h  i s  u s e d .  By c o m p a r i n g  t h e  p e r f o r m a n c e  o f  t h e  

s i m u l a t i o n  m o d e l  w i t h  K now n a n a l y t i c a l  s t e a d y - s t a t e  

r e s u l t s  ( f o r  e x a m p le ,  t h e  m ean  w a i t i n g  t i m e  i n  a  M/M/1 

system),  t h e  model c a n  be  v a l i d a t e d .

The  p ro c e ss  i s  f i r s t  s i m u la t e d  f o r  some a r b i t r a r y  r u n  

l e n g t h  n  a n d  n o t e  w h e t h e r  t h e  c o n f i d e n c e  i n t e r v a l  f o r m e d  

c o v e r s  t h e  s t e a d y - s t a t e  v a l u e  p.* L e t  t h e  s t e a d y  s t a t e  mean 

o f  t h e  s t o c h a s t i c  p r o c e s s  (Xi t  i= 1 , 2 , . . .  n) be

n
S  X. 
i= 1 J

p  = 1 im
n-  >oo n

To c o n s t r u c t  a 1 0 0 ( l - c i ) ‘/. c o n f i d e n c e  i n t e r v a l  f o r  p, l e t  

t h e  p o i n t  e s t i m a t o r  o f  p be X (n) and t h e  e s t i m a t o r  of  a 2 

be S2 (n) , where

n
Z  Xj X (n) = i= 1 1

n



Based  on t h e  c e n t r a l  l i m i t  theorem,

X (n) - n,
Z = t- 5 ------- ~  N(0, 1) f o r  n  -> «

/ s f j n )

Where H(0, 1) i s  t h e  s t a n d a r d i z e d  Normal random v a r i a b l e  

w i t h  mean=0, and  v a r i a n c e  = 1.

I t  t h e n  f o l l o w s  f o r  l a r g e  n t h a t

P ( - Z  < ■: < Z » ~  1 - a
t l - a / 2  /c 2 l - a / 2 )

X (n) -u
a/ 2 /s 2 (n) " l - a / 2 !

n

T h e r e f o r e ,  an  a p p ro x im a te  1 0 0 ( l - a ) Z  c o n f i d e n c e  i n t e r v a l  

f o r  ii i s  g i v e n  by

/S2 (n) X(n) ± Z i _a/2 — —

To re s o lv e  t h e  p rob lem  o f  t h e  i n i t i a l  t r a n s i e n t  i n  t h e
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s i m u l a t i o n  r u n ,  we s t a r t  d a t a  c o l l e c t i o n  a f t e r  t h e  

s i m u l a t i o n  r u n s  f o r  K o b s e r v a t i o n s .  As to  t h e  s i z e  o f  K 

r e q u i r e d  to  l e a d  t h e  s i m u l a t i o n  r u n  i n t o  a  m ore  s t a b l e  

s t a t e ,  t h e r e  i s  no  d e f i n i t i v e  p r o c e d u r e  e s t a b l i s h e d  i n  

l i t e r a t u r e  a s  f a r  a s  we Know. H ow ever ,  t h e  l e n g t h  o f  

s i m u l a t i o n  r u n  c a n  a l s o  be  d e t e r m i n e d  b y  t a k i n g  t h e  

c o n f i d e n c e  i n t e r v a l  o f  p, f rom a  f i x e d  num ber of  

r e p l i c a t i o n s .

The v a l i d  M/M/i s i m u l a t i o n  model i s  t h e n  t r a n s f o r m e d  

i n t o  t h e  Ej / E ^ / l  model.  And t h e  v a l i d a t i o n  o f  t h e  E j / E ^ / 1  

s i m u l a t i o n  model i s  f u r t h e r  made by compar ing  t h e  e x p e c t e d  

s i m u l a t i o n  r e s u l t s  w i t h  t h o s e  v a l u e s  o b t a i n e d  by H i l l e r  and 

Yu (1981) s i n c e  an  a n a l y t i c a l  r e s u l t  i s  n o t  a v a i l a b l e .
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Random Number G e n e r a t o r  and  E r l a n g  Random D e v i a t e s  

Random Number G e n e r a t o r

To c a r r y  o u t  t h e  s i m u la t i o n ,  t h e  r a n d o m  i n p u t  s t r e a m  

a n d  s e r v i c e  t i m e  o f  t h e  s t o c h a s t i c  s y s t e m  h a v e  t o  be  

g e n e r a t e d  u s i n g  a  r a n d o m  n u m b e r  g e n e r a t o r .  T he  m ethod  u se d  

i n  t h i s  s t u d y  i s  t h e  P r i m e  Modulus M u l t i p l i c a t i v e  L i n e a r  

C o n g r u e n t i a l  M e th o d .  T h i s  m e t h o d  w as  d e v e l o p e d  b y  

H u t c h i n s o n ( 1 9 6 6 )  b y  t a k i n g  t h e  p r i m i t i v e  e l e m e n t s  i n  

c h o o s i n g  t h e  p a r a m e t e r s  u s e d  i n  t h e  m u l t i p l i c a t i v e  l i n e a r  

c o n g r u e n t i a l  m e th o d .  T h e  l i n e a r  c o n g r u e n t i a l  m e th o d  was 

f i r s t  i n t r o d u c e d  b y  L e h m e r  (1951). I t  i s  b y  f a r  t h e  most  

w ide ly  u se d  ran d o m  n u m b e r  g e n e r a t o r .  However, t h e  l e v e l  of  

s t a t i s t i c a l  r e l i a b i l i t y  a n d  s a t i s f a c t i o n  d e p e n d  on  t h e  

p a r a m e t e r s  c h o sen  i n  t h i s  r e c u r s i v e  f o r m u la

Z± = (aZj^.j + c) (mod m)

Where, m ( t h e  m o d u lu s ) ,  a ( t h e  m u l t i p l i e r ) ,  c ( th e  

i n c r e m e n t ) , and  ( th e  s e e d s )  a r e  n o n n e g a t i v e  i n t e g e r s .

When c > 0, t h e  m ethod i s  c a l l e d  m ixed  L i n e a r  C o n g r u e n t i a l  

G e n e r a t o r s ,  and when c=0, i t  i s  c a l l e d  M i l t i p l i c a t i v e
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L i n e a r  C o n g r u e n t i a l .  The c h o ic e  of  a and  m a r e  c r i t i c a l  i n  

t h e  m u l t i p l i c a t i v e  c a s e  s i n c e  t h e y  d e t e r m i n e  t h e  l e n g t h  of  

a  c y c l e  and a l s o  a s s u r e  e v e r y  i n t e g e r  w i t h i n  a  p e r i o d  { p  ) 

w i l l  o c c u r  e x a c t l y  once so t h a t  i t  c o n f i r m s  t o  t h e  law of  

u n i f o r m  d i s t r i b u t i o n .  F o r  m - 2** (b i s  t h e  num ber of  

a v a i l a b l e  b i t s  f o r  c o m p u t a t i o n ) ,  F ishman (1973) p r o v e d  t h e  

method w i l l  r e s u l t  i n  a  s h o r t  p e r i o d  o f  m/4, w i t h  l a r g e  

gaps i n  t h e  And F o r  a =Z1 + j ,  i t  w i l l  i n d u c e  p o o r

s t a t i s t i c a l  p r o p e r t i e s  due t o  a  s h i f t  t h a t  o c c u r s  i n  t h e  

s u c c e s s i v e  random numbers.

H u t c h in s o n  (1966) s u g g e s t e d  t o  choose  m t o  be t h e  

l a r g e s t  p r im e  num ber i n s t e a d  o f  l e t t i n g  m - 2b . I f  m i s  

pr im e ,  and a i s  a  p r i m i t i v e  e le m e n t  modulo m, i t  w i l l  

p e r m i t  t h e  l o n g e s t  p o s s i b l e  c y c l e  l e n g t h ,  and  a l s o  a s s u r e  

t h e  maximum p e rio 'd  w i t h i n  t h i s  l o n g e s t  p o s s i b l e  p e r i o d .  

The c h o ic e  o f  a = 7 5 ( w h ic h  i s  a  p r i m i t i v e  e lem en t

modulo 2 31 - 1), was fo u n d  by Lewis, Goodman and  H i l l e r ( 1 9 6 9 )  

t o  p r o d u c e  v e r y  s a t i s f a c t o r y  r e s u l t s .

Based  on t h i s  r e s u l t s  fou n d  i n  l i t e r a t u r e  and 

u t i l i z a t i o n  o f  IBM 360 /370  f a c i l i t y ,  t h i s  s t u d y  a d o p t s  

S c h r a g e ' s  (1979) FORTRAN G e n e r a t o r  w h ich  u s e s  a =16807 

( i . e .  75 ) , m - 2147483647 ( i . e .  2 31 - 1 ) ,  t o  g e n e r a t e  a

s t r e a m  of  i .  i .  d. random numbers b e tw een  (0, 1) . These  

random numbers  a r e  t h e n  t r a n s f o r m e d  i n t o  t h e  random
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numbers h a v in g  t h e  d e s i r e d  d i s t r i b u t i o n  by  means o f  t h e  

i n v e r s e  p r o b a b i l i t y  i n t e g r a l ,  a s  d i s c u s s e d  i n  t h e  n e x t  

s e c t i o n .
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G e n e r a t i o n  o f  E r l a n g  D e v i a t e s

The E r l a n g  random v a r i a b l e s  c an  be g e n e r a t e d  t h r o u g h  

c o n v o l u t i o n  method on t h e  i n v e r s e  t r a n s f o r m  b e c a u s e  

k - E r l a n g  random v a r i a b l e s  w i t h  mean 8 i s  t h e  sum of  k  

numbers o f  E x p o n e n t i a l  random v a r i a b l e s  v r i th  p a r a m e t e r  Q/k.

T ha t  i s ,  i f  X = Yj + Yg +. . . + Yfc, and Yj  ̂ a r e  

e x p o n e n t i a l  random v a r i a b l e s  g e n e r a t e d  by  t h e  g e n e r a l  

i n v e r s e  t r a n s f o r m  method,

The m e t h o d ' s  e f f i c i e n c y  c an  be improved  by  n o t i n g  t h a t

k  -B -BX = 2  -  Jji i f  Y,= -  In  U< 
i = l  k  1 1 k  1

k
X = 23 Y, 

i = i  1

-B k= — i n  ( IT  Ui ) 
k  i = i  1
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I n  t h i s  way, we n e e d  t o  compute o n ly  one l o g a r i t h m  

r a t h e r  t h a n  k  l o g a r i t h m .  I f  k  i s  l a r g e ,  g e n e r a l  Gamma 

g e n e r a t i o n  i s  more e f f i c i e n t  b e c a u s e  t h e  k - E r l a n g  

d i s t r i b u t i o n  i s  a  s p e c i a l  c a s e  o f  t h e  Gamma d i s t r i b u t i o n  

w i t h  shape  p a r a m e t e r  e q u a l s  t o  t h e  i n t e g e r  k.
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CHAPTER I I I

OUTPUT ANALYSIS AND HYPOTHESES TESTING

Goodness  o f  F i t  T e s t i n g

F o r  t h e  q u e u e in g  sy s te m s ,  Ej /E ^  / l ,  u n d e r  s tu d y ,  

t h e i r  o u t p u t  i n t e r d e p a r t u r e  t im e s  a r e  to  be  f i t t e d  i n t o  a 

h y p o t h e s i z e d  d i s t r i b u t i o n  w i t h  e s t i m a t e d  p a r a m e t e r s  so a s  

t o  t e s t  t h e  f i r s t  h y p o t h e s i s  i n  t h i s  s t u d y .  T he  f i t t e d
A

d i s t r i b u t i o n ,  F i s  c o n s i d e r e d  to  be  Gamma, i n s t e a d  o f  

E r l a n g ,  b e c a u s e  t h e  e s t i m a t e d  p a r a m e t e r s  f r o m  t h e  s e t  of  

o b s e r v e d  d a t a  a r e  no lo n g e r  i n t e g e r s  to  meet  t h e  E r l a n g i a n  

r e q u i r e m e n t .

To e s t im a t e  t h e  p a r a m e t e r s  of  t h e  Gamma d i s t r i b u t i o n ,

l e t  a  be t h e  sha p e  p a r a m e t e r  

3 be t h e  s c a l e  p a r a m e t e r ,  

and 3 = ii/a, 

c2 = u2 /a ,

i t  t h e n  f o l l o w s  t h a t

a= | i 2 / c r 2  and 

3= a2 /u ,
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where |x and a2 w i l l  be  e s t i m a t e d  f rom  X and  Sx2.

Goodness o f  f i t  t e s t s  were  p e r f o r m e d  t o  d e t e r m i n e  how 

w e l l  t h e  f i t t e d  Gamma d i s t r i b u t i o n  f i t s  t h e  o b s e r v e d  d a t a .  

That  i s ,  t h e  n u l l  h y p o t h e s i s

H0 : ~  F

S e v e r a l  g o o d n e s s - o f - f  i t  h y p o t h e s i s  t e s t s  h a v e  b e e n  

deve loped  i n  t h e  l i t e r a t u r e .  T hey  d i f f e r  i n  t h e i r  p r o c e d u r e  

used ,  s i z e  of  d a t a  r e q u i r e d  a n d  l e v e l  o f  p o w e r  of  t e s t .  In  

t h i s  s t u d y ,  t h e  C h i - s q u a r e  a n d  Kolmogorov- S m i r n o v  t e s t s  

w e r e  u s e d  t o  c o m p a r e  a n  e m p i r i c a l  d i s t r i b u t i o n  f u n c t i o n
A

w i t h  t h e  d i s t r i b u t i o n  f u n c t i o n  F o f  t h e  h y p o t h e s i z e d  

d i s t r i b u t i o n .  A h i s t o g r a m  o f  t h e  d a t a  w i l l  a l s o  b e  

c o n s t r u c t e d  so t h a t  t h e  v i s u a l  a s s e s s m e n t  c a n  be  made  on 

t h e  s h a p e  of  d i s t r i b u t i o n  a l t h o u g h  i t  does n o t  p r o v i d e  a n y  

i n f o r m a t i o n  a b o u t  t h e  p a r a m e t e r s  o f  t h e  d i s t r i b u t i o n .  The  

p r o c e d u r e  o f  t h e  g o o d n e s s  o f  f i t  t e s t i n g  i s  s k e t c h e d  i n  

F i g u r e  3.



C  START ^

40

OBSERVED DATA. 
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1. OBTAIN F(x)
2. OOHPUIE F(X)
3. D=MAX |F(X) -

1. FIND nP
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TEST
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3. X2=Z U  J
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VALUE OF X
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YES V / m

* [----------------------------*

STOP
X
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F i g u r e  3; F low C l ia r t  f o r  G o o d n e s s - o f - f i t  T e s t i n g  P r o c e d u r e s
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C h i - S q u a r e  T es t

The C h i - S q u a r e  t e s t  was f i r s t  d e v e l o p e d  by K. P e a r s o n  

i n  1903 t o  t e s t  w h e t h e r  a s e t  o f  a c t u a l  o b s e r v a t i o n s ,  Xi t  

a r e  c o n s i s t e n t  w i t h  t h e  a s s u m p t i o n  t h a t  t h e y  a r e  o b t a i n e d  

f r o m  a  g i v e n  t h e o r e t i c a l  d i s t r i b u t i o n .  I t  r e m a i n s  i n  w ide  

u s e  b e c a u s e  i t  c a n  b e  u s e d  f o r  m any  d i f f e r e n t  t y p e s  of  

t e s t s .  To p e r f o r m  C h i - S q u a r e  t e s t  o n  t h e  f i t t e d  

d i s t r i b u t i o n ,  t h e  s a m p le  d a t a  a r e  f i r s t  d i v i d e d  i n t o  K 

i n t e r v a l s  a s  i t  i s  r e q u i r e d  i n  c o n s t r u c t i n g  a  h i s t o g r a m  of 

t h e  d a t a .  T h e  t e s t  s t a t i s t i c  i s  t h e n  c a l c u l a t e d  a s

P K (N1 - n P J 2Xe - ri J____
* j j = 1 n P j

Where, K: number o f  i n t e r v a l s

Hj: number o f  o b s e r v e d  d a t a  p o i n t s  i n  t h e  j**1 

i n t e r v a l

n  i s  t h e  t o t a l  number o f  o b s e r v a t i o n s  

P j  i s  t h e  e x p e c t e d  p r o p o r t i o n  of  t h e  X ^ s  t h a t  

would  f a l l  i n  t h e  j tlx i n t e r v a l  i f  we were 

sam p l in g  f rom  t h e  t h e o r e t i c a l  d i s t r i b u t i o n .  

n P j :  e x p e c t e d  number o f  o b s e r v a t i o n s  t h a t  would  f a l l  

i n  t h e  j t h  i n t e r v a l



42

The d i s t r i b u t i o n  f u n c t i o n  o f  X2 c o n v e r g e s  t o  a 

C h i - S q u a r e  d i s t r i b u t i o n  w i t h  k - m - 1 d e g r e e s  o f  freedom, 

where  m i s  t h e  number o f  p a r a m e t e r s  f o r  t h e  t h e o r e t i c a l  

d i s t r i b u t i o n  t h a t  a r e  e s t i m a t e d  f rom  t h e  sample  d a t a .  H0 

w i l l  be  r e j e c t e d  i f  X2 e x c e e d s  t h e  c r i t i c a l  v a l u e  f o r  t h e  

d e s i r e d  s i g n i f i c a n c e  l e v e l  and  sample  s i z e .

The main  d i f f i c u l t y  i n  u s i n g  t h e  C h i - S q u a r e  goodness  

o f  f i t  t e s t  i s  to  d e c i d e  t h e  n u m b e r  o f  i n t e r v a l s  X. No 

d e f i n i t i v e  r u l e  h a s  b e e n  e s t a b l i s h e d .  However,  t h e r e  a r e  

g u i d e l i n e s  h a v e  b e e n  s u g g e s t e d  s u c h  a s  P be  c h o s e n  so 

t h a t  t h e y  a r e  e q u a l  o r  n e a r l y  e q u a l ,  a n d  t h e  n u m b e r s  of 

o b s e r v a t i o n s  i n  e a c h  i n t e r v a l  a r e  n o t  too small .  In  t h i s  

s t u d y ,  t h e  o b s e r v e d  d a t a  a r e  g r o u p e d  i n t o  k  i n t e r v a l s  

b a se d  on t h e s e  two s u g g e s t i o n s  i n  l i t e r a t u r e .
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Kolmogorov-Smirnov T es t

T h e  K o l m o g o r o v - S m i r n o v  t e s t  d i f f e r s  f r o m  t h e  

C h i - S q u a r e  t e s t  i n  t h a t  we n eed  n o t  s p e c i f y  t h e  n u m b e r  of  

i n t e r v a l s .  T h i s  t e s t  c o m p a r e s  t h e  s a m p l e  c u m u l a t i v e
A

d i s t r i b u t i o n  f u n c t i o n  F ( x A ) w i t h  t h e  t h e o r e t i c a l

c u m u l a t i v e  d i s t r i b u t i o n  f u n c t i o n  Ffx.^) s p e c i f i e d  i n  t h e  

n u l l  h y p o t h e s i s  u s i n g  e a c h  sample  o b s e r v a t i o n  so t h a t  no 

i n f o r m a t i o n  i s  l o s t  t h r o u g h  g r o u p in g .  The t e s t  s t a t i s t i c  i s  

t h e  maximum a b s o l u t e  d e v i a t i o n  be tw ee n  t h e  two f u n c t i o n s .  

Tha t  i s

D = Max I F (x ) - F ( x .) I 
a l l  i  * * * I

The r u l e  of  t h e  t e s t  i s  t o  r e j e c t  H0 i f  D e x c e e d s  t h e

c r i t i c a l  v a l u e  i n  t h e  K o lm o g o r o v - S m ir n o v  t a b l e  w h i c h  i s  

d e t e r m i n e d  b y  t h e  sa m p le  s i z e  a n d  a  c h o s e n  s i g n i f i c a n c e  

l e v e l .

T he  Kolmogorov- S m i r n o v  t e s t  was o r i g i n a l l y  d e s i g n e d  

f o r  c o n t i n u o u s  p r o b a b i l i t y  d i s t r i b u t i o n s .  I t  t h e r e f o r e  i s  

n o t  a p p l i c a b l e  t o  d i s c r e t e  d a t a .  I t  was  a l s o  o r i g i n a l l y  

d e v e lo p e d  u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  p o p u l a t i o n  mean 

a n d  v a r i a n c e  a r e  k n o w n .  H o w e v e r ,  i t  h a s  b e e n  u s e d
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e x t e n s i v e l y  w i t h  e s t i m a t e d  m ean  a n d  v a r i a n c e  a n d  s t i l l  i s  

m ore  d i s c r i m i n a t i n g  t h a n  t h e  C h i - S q u a r e  t e s t .  As to  t h e  

s a m p le  s i z e ,  K o lm ogorov-  S m i r n o v  t e s t  i s  v a l i d  f o r  a n y  

s a m p le  s i z e ,  w h e r e a s  C h i - S q u a r e  t e s t  i s  g e n e r a l l y  v a l i d  

only  i n  a n  a s y m p t o t i c  sense .



45

C o v a r ia n c e  a n d  D ependen t  A r r i v a l s

The c o v a r i a n c e  o f  Dn and  Dn+T i s  u s e d  t o  m easure  t h e  

d e g r e e  o f  dependence  b e tw een  Dn and Dn+T . r  i s  t h e  number 

o f  l a g g e d  i n t e r v a l s .  Dn i s  t h e  i n t e r d e p a r t u r e  t im e  b e tw een  

t h e  n+ 1t h  and  t h e  n t h  c u s to m e rs ,  and  Dn+T i s  t h e  

i n t e r d e p a r t u r e  i n t e r v a l  l a g g e d  by r  number o f  c u s to m e rs .

I n  t h e  c l a s s  o f  M/G/i /N q u e u e in g  sy s tem s ,  King 

(1971) showed t h a t  t h e  c o r r (  Dn , Dn+T ) d e c r e a s e s  

m o n o t o n i c a l l y  a s  t i n c r e a s e s .  And i n  G/M/i  queue,  D a ley  

(1968) a l s o  showed t h a t  Cov(Dn  , Dn+T ) c o n v e rg e s  t o  z e r o  

m o n o t o n i c a l l y  a s  r  i n c r e a s e s .  These  f i n d i n g s  im p ly  t h a t  

t h e  s t r e n g t h  o f  d e p e n d e n t  r e l a t i o n s h i p  o f  i n t e r d e p a r t u r e  

t im e s  s e p a r a t e d  by r  i n t e r v a l s  d e c r e a s e s  a s  t i n c r e a s e s ,  and 

t h e  i n t e r d e p a r t u r e  t im e  o f  a  c u s t o m e r  w i l l  be  i n d e p e n d e n t  

o f  t h e  i n t e r d e p a r t u r e  t im e  o f  t h e  c u s t o m e r s  who a l r e a d y  

l e f t  t h e  sy s te m  f o r  a  long l e n g t h  o f  t im e.  T h e r e f o r e ,  t h e  

e f f e c t  o f  i n t e r d e p a r t u r e  t i m e s  l agg ed  by  a  long i n t e r v a l  

o n  t h e  w a i t i n g  t i m e  o f  t h e  n e x t  s t a g e  w i l l  b e  

i n s i g n i f i c a n t .

In  t h i s  s t u d y ,  we o n ly  c o n s i d e r  t h e  l a g  1 c o v a r i a n c e  

b e c a u s e  i t  i n d i c a t e s  t h e  m a n n e r  o f  d e p e n d e n c e  o f  

c o n s e c u t i v e  d e p a r t i n g  c u s t o m e r s ,  a n d  may h a v e  s i g n i f i c a n t  

e f f e c t  on t h e  w a i t i n g  t im e  o f  t h e  n e x t  s t a g e  i n  a  t a n d e m
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queue.

I f  we c o n s i d e r  t h e  c o n s e c u t i v e  i n t e r d e p a r t u r e  t im e s  a s  

a  s t a t i o n a r y  t im e  s e r i e s ,  t h e  c o v a r i a n c e  b e tw ee n  Dn and Dn+T 

i s

Cov (D , D ) = Ef (D -p.) (D -u.) 1 
n n+T L n  n+r  J

T h i s  c o v a r i a n c e  s i g n i f i e s  t h e  d ep en d e n cy  o r  

i n d e p e n d e n c y  r e l a t i o n s h i p  b e tw e e n  Dn  and  Dn+T • and i s  

u s e d  t o  m easu re  t h e  l i n e a r  r e l a t i o n s h i p  b e tw e e n  Dn  and Dn+T 

However, i t s  a c t u a l  m ag n i tu d e  d oes  n o t  p r o v i d e  t h e

d e g r e e  of  r e l a t i o n s h i p .  The c o r r e l a t i o n  c o e f f i c i e n t

p r o v i d e s  b e t t e r  m ea su re  of  t h e  l i n e a r  r e l a t i o n s h i p  o f  Dn

and Dn+T s i n c e  i t  rem oves t h e  i n d i v i d u a l  v a r i a b i l i t y  of

e a c h  Dn and Dn+T by d i v i d i n g  t h e  c o v a r i a n c e  by  t h e  p r o d u c t  

of  t h e  s t a n d a r d  d e v i a t i o n s .  T h a t  i s ,

E[ (Dn -u) d>n + r -M.) ] 
r T s --------------------------------

a(Dn ) a(Dn+T)

The s i g n i f i c a n c e  o f  r T i s  t h e n  t e s t e d  s t a t i s t i c a l l y  by  

s i m p le  t - t e s t .  The c o m p o s i t e  t - t e s t  i s  a l s o  employed t o  

p r e d i c t  t h e  s i g n  o f  c o r r e l a t i o n  so a s  t o  a c c e p t  w h e t h e r  t h e  

c o r r e l a t i o n  i s  s i g n i f i c a n t l y  p o s i t i v e  o r  n e g a t i v e .
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W a i t in g  Time i n  G I /M / i

In  t h e  GI/M/1 queue,  t h e  e x p e c t e d  w a i t i n g  t im e  i s  

d e f i n e d  as

E (W)
M-t 1 -  V }

Where,

p. i s  t h e  a v e r a g e  s e r v i c e  r a t e  

v i s  t h e  u n i q u e  r o o t  i n  (0, 1) o f  t h e  e q u a t i o n  

v = L t U ( l - v ) ]

and

L(s)  i s  t h e  L a p la c e  t r a n s f o r m  o f  t h e  i n t e r a r r i v a l  t im e  

d i s t r i b u t i o n .  O r  t h e  L a p l a c e  t r a n s f o r m  o f  t h e  

i n t e r d e p a r t u r e  t im e  d i s t r i b u t i o n  o f  t h e  p r e c e e d i n g  s ta g e .  

F o r  t h e  Gamma d i s t r i b u t i o n

L (s) = i / 8
s +1/8r
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Where, a  i s  t h e  sh ap e  p a r a m e t e r  and 

0 i s  t h e  s c a l e  p a r a m e t e r  

T h e r e f o r e ,

L[ |i( i - v ) ] = r — — ---------ia = v
I  m-( i  - v  J + l / B  J

or,

v [ n - j t v + l / B ] a  = 1/Ba

F o r  a = i ,  v- 1/Bm- i s  a  u n iq u e  f e a s i b l e  r o o t .  

I f  we l e t  1/Bn = p

I t  i s  t h e  e x p e c t e d  w a i t i n g  t im e  o f  M/M/1 w i t h  in d e p e n d e n t  

a r r i v a l s .

F o r  a= 2, we o b t a i n  t h e  c u b ic  e q u a t i o n :  

M.2 v3 -2|x( u+B)v2 + ( m--B)2 v -B2 =0

I f  we l e t  i/BM- = P, t h e  r o o t s  o f  t h i s  e q u a t i o n
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can  be fo u n d  as

v =1, (T h is  i s  a lw ays  a r o o t )

v = (1/2)  (1 + v/4p + 1) + p

(Th is  i s  g r e a t e r  t h a n  1 s i n c e  1+ 4p > 1)

o r  v = ( i / 2 )  ( l - , /4 p  +1) + p,

(T h is  i s  a  u n i q u e  f e a s i b l e  r o o t  b e c a u s e  0<v<l)

F o r  t h e  u n i q u e  f e a s i b l e  r o o t . v  = (1 /2 )  (1-V4p +1) + p, 

i t  can  be shown t h a t  0 < v < p .

Because  f o r  0 < p < 1,

v < p , s i n c e  1 - s/4 p +1 < 0, and 

v > 0 , s i n c e  T < 2p + 1.

The e x p e c t e d  w a i t i n g  t im e  f o r  a=2 ( i .  e. , E2/ H / l )  t h e n  

be c ome s

(1 /2)  (1- 7l + 4p) + p
E (W) =

UC (1/2)  (i+>/l + 4p) - p)

T h i s  v a l u e  o f  E(W) f o r  t h e  E g /H / l  queue  i s  low er  t h a n  

t h a t  f o r  t h e  M/M/i queue  b e c a u s e  i t s  n u m e ra to r ,  (1 /2)  (1-
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/l + 4p ) + p , i s  l e s s  t h a n  p , and  i t s  d e n o m in a to r  i s  

g r e a t e r  t h a n  M l -  P) • T h i s  phenomenon can  a l s o  be fo u n d  i n  

H i l l e r  and Y u ' s  (1981) s i m u l a t i o n  r e s u l t s .  I n  t h a t  s tu d y ,  

t h e  queue  l e n g t h  o f  t h e  E ^ /  M/1 q u e u e in g  s y s te m  d e c r e a s e s  

as  k  i n c r e a s e s .

F o r  o t h e r  v a l u e s  of  a, w h ich  a r e  n o t  r e s t r i c t e d  t o  be 

i n t e g e r s ,  we u s e  N e w to n 's  a p p r o x i m a t i o n  method  t o  e s t i m a t e  

v. E(W) o f  t h e  n e x t  s t a g e  o f  t h e  tandem queue  can  t h e n  be 

o b t a i n e d .

(



51

CHAPTER IV 

TESTING RESULTS AND COVARIANCE EFFECT 

T e s t i n g  R e s u l t s  on t h e  O u tpu t  P r o c e s s

To t e s t  t h e  h y p o t h e s e s  f o r m u l a t e d  i n  t h i s  s tu d y ,  f i v e  

i n d e p e n d e n t  r u n s  a r e  made on 3000 t r a n s a c t i o n s  f o r  a  wide 

r a n g e  of  t h e  E j / E ^ / 1  q u e u e in g  sy s tem s .  T ha t  i s ,  j  = 2, 3, 4, 

5, 10, 20, 30, K= 1, 5, 10, 20, 30, and p= . 1, . 3 ,  . 5 ,  . 7,

. 8 ,  .9 .  The i n t e r d e p a r t u r e  t im e s  o f  t h e  l a s t  1000

t r a n s a c t i o n s  a r e  t a k e n  a s  sam ples  f o r  t e s t i n g  g oodness  of  

f i t  b e tw ee n  t h e  Gamma d i s t r i b u t i o n  and  t h e  o b s e r v e d  d a t a .

The o b s e r v e d  d a t a  a r e  f i r s t  a r r a n g e d  i n  an o r d e r e d  

m a n n e r ,  a n d  t h e  h i s t o g r a m  o f  t h e  s a m p l e s  i s  t h e n  

c o n s t r u c t e d .  The  n u m b e r  of  i n t e r v a l s  i s  s p e c i f i e d  a s  30 f o r  

t h e  sample  s iz e  of 1000. And t h e  s i z e  o f  i n t e r v a l  i s  f o u n d  

b y  d i v i d i n g  t h e  r a n g e  o f  sa m p le  v a l u e s  by  t h e  n u m b e r  of 

i n t e r v a l s .  T h e  s h a p e  o f  d i s t r i b u t i o n  c a n  t h e n  be  o b s e r v e d  

f r o m  t h e  h i s t o g r a m  c o n s t r u c t e d .  F o r  a l l  t h e  c a s e s  

c o n s id e re d ,  t h e i r  s h a p e s  of  d i s t r i b u t i o n  a r e  o b s e r v e d  to  be 

a p p r o x i m a t e l y  Gamma w i t h  d i f f e r e n t  s h a p e  a n d  sca le .  Some 

h a v e  d i s p l a y  s h a p e s  t h a t  a r e  a p p r o x i m a t e l y  n o rm a l .  T h ese  

cases  w ere  t h o s e  w i t h  s h a p e  p a r a m e t e r s  a p p r o x i m a t e l y  f i v e
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o r  more.

To i l l u s t r a t e ,  t h e  h i s t o g r a m  f o r  t h e  s y s t e m  (E10/ E i0  

/ l ,  p = . 8) i s  shown i n  F i g u r e  4. I n  t h a t ,  t h e  sample  v a l u e s  

a r e  t h e  i n t e r d e p a r t u r e  t im e s  o f  c o n s e c u t i v e  t r a n s a c t i o n s  

w h i c h  r a n g e  f r o m  0.258 t o  2.792, w i t h  m e a n :  .98983, a n d  

v a r i a n c e :  .148B6. T h i s  h i s t o g r a m  o n l y  p r o v i d e s  a  v i s u a l  

s y n o p s i s  o f  t h e  o b s e r v e d  d a t a .  I t  does  n o t  p r o v i d e  a n y  

s t a t i s t i c a l  i n f o r m a t i o n  o n  t h e  p a r a m e t e r s  o f  t h e  

d i s t r i b u t i o n .  T h e  p a r a m e t e r s  o f  t h e  a p p r o x i m a t e d  Gamma n

d i s t r i b u t i o n  a r e  t h e n  e s t i m a t e d  u s i n g  t h e  m e t h o d  o f

moments:

a  =ii2 /cre = 6. 58188, t h e  shape  p a r a m e t e r

B =o2/u= •15039,  t h e  s c a l e  p a r a m e t e r

T h e r e f o r e ,  t h e  mean o f  t h e  a p p ro x im a te d  Gamma 

d i s t r i b u t i o n  i s  aB =. 9898, w h ich  i s  a p p r o x i m a t e l y  e q u a l  t o  

1. And t h e  m ean  i n t e r a r r i v a l  t im e  o f  t h e  q u e u e i n g  sys tem  

u n d e r  s t u d y  h a s  b e e n  s p e c i f i e d  a s  1 i n  t h e  s i m u l a t i o n

r u n s .  F r o m  t h i s  p h e n o m e n o n ,  we c o n c l u d e  t h a t  t h e  

s t e a d y - s t a t e  h a s  b e e n  r e a c h e d .

To s t a t e  t h e  o u t p u t  d i s t r i b u t i o n  s t a t i s t i c a l l y ,  t h e  

h y p o t h e s i s  s t a t e m e n t  i s  f o r m u l a t e d  a s
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96
90 * * * 4
84 * *  * * 4
78 • ♦  * * 4

72 * *  * 4 4 4 4

66 * * * * * 4 4 4

60 * * •  * 4 4 4 4 4

54 * ♦ ♦ * 4 4 4 4 4

48 4 * * *  * 4 4 4 4 4 4

42 * * * *  * 4 4 4 4 4 4

36 ♦ * * ♦  * 4 4 4 4 4 4 4

30 * * • *  * 4 4 4 4 4 4 4 4
24 * ♦ ♦ * *  4 4 4 4 4 4 4 4 4 4 4 4

18 4 * * * 4 * 4 4 4 4 4 4 4 4 4 4 4 4

12 * 4 4 * * •  * 4 4 4 4 4 4 4 4 4 4 4 4 4

6 ♦ * * * * *  * 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

MOHBEB 10 23 48 65 80 87 92 90 101 70 56 67 05 30 29 21 22 21 16 7 0 5 0- 0 0 1

CLASS 1 2 3 4 5 6 7 8 9 10 11 12 13 10 15 16 17 18 19 20 21 22 23 20 25 26

StABT 0 - 2 5 8  STOP 2 . 7 9 2  S IZE OP INTEBVAL 0 .0 8 Q 5  
CALCULATED BEAM = 0 . 9 8 9 8 3  CALCOLATED 7ARIAMCE= 0 . 1 4 8 8 6

HYPOTHESIS STATEHENT

■DLL HYPOTHESIS= POPOLATION IS  GAB BA BITH TBOE BEAH= 0 . 9 9
ALTEBNATE HYPOTHESIS= POPULATIOH I S  MOT GAHHA MITH TBOE BEAM = 0 . 9 9

F i g u r e  4: H is to g r a m  P r e s e n t a t i o n  o f  I n t e r d e p a r t u r e  Times o f  1000 
Samples f o r  t h e  E10/ E 10/ 1 q u e u e in g  sy s te m  w i t h  p=. 8

Ln
Co

I
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H ull  H y p o t h e s i s

H0 : P o p u l a t i o n  i s  Gamma w i t h  t r u e  mean =. 99

i . e. , w i t h  shape  p a r a m e t e r  = 6. 58188 

s c a l e  p a r a m e t e r  = . 15039

A l t e r n a t i v e  H y p o t h e s i s

Hj,: p o p u l a t i o n  i s  n o t  Gamma w i t h  t r u e  mean = .9 9

T h e  e s t i m a t e d  p a r a m e t e r s  o f  t h e  a p p r o x i m a t e d  Gamma 

d i s t r i b u t i o n  a n d  t h e i r  g oo d ness  o f  f i t  t e s t  s t a t i s t i c s  f o r  

a l l  c a s e s  c o n s i d e r e d  w e r e  o b t a i n e d  a n d  a r e  s u m m a r i z e d  i n  

A p pend ix  B. T he  C h i - s q u a r e  t e s t  f o r  t h e  p r e v i o u s  e x am p le  ( 

E io  / E 10/ l ,  p = . 8) . i s  shown i n  F i g u r e  5. The number of  

i n t e r v a l s  w e r e  b a s e d  on  two r u l e s  u s u a l l y  u s e d  i n  

l i t e r a t u r e .  T h e y  a r e ,  e a c h  i n t e r v a l  c o n t a i n s  e q u a l  

p r o b a b i l i t y  o f  o b s e r v a t i o n s  a n d  t h e  e x p e c t e d  n u m b e r  of  

o b s e r v a t i o n s  i n  e a c h  i n t e r v a l  i s  n o t  too small .  T h e r e f o r e ,  

t h e  n u m b e r  o f  i n t e r v a l s  i s  f i r s t  s p e c i f i e d  a s  20, (i .e.,  

e a c h  r a n g e  w i l l  c o n t a i n  5Z o f  t h e  1000 o b s e r v a t i o n s ) .  The  

r a n g e s  a r e  t h e n  f o u n d  f o r  e a c h  i n t e r v a l  b a s e d  on  t h e  

v a lu e s  of t h e  samples.  The ex p ec te d  n u m b e r  of  o b s e r v a t i o n s



CHI -  SQUARE TEST

CELLS RANGE OBSERVED EXPECTED
2

(OBS-EXP) ,
FROH
{INCLUSIVE)

TO
(EXCLUSIVE)

1 0 . 2 5 8 5 4 0 . 5 3 6 3 8 1 0 0 .0 0 0 0 0 9 8 .4 5 7 9 2 0 . 0 2 4 1 5
2 0 . 5 3 9 3 1 0 .5 9 9 6 1 5 0 . 0 0 0 0 0 4 7 .9 9 2 1 0 0 . 0 8 4 0 1
3 0 . 6 0 0 3 4 0 .6 5 1 1 2 5 0 . 0 0 0 0 0 4 5 . 6 8 8 2 6 0 .4 0 6 9 1
4 0 .6 5 1 1 2 0 . 7 0 6 3 0 5 0 . 0 0 0 0 0 5 4 .  20451 0 .3 2 6 1 3
5 0 .7 0 6 7 9 0 .7 5 3 6 6 5 0 . 0 0 0 0 0 4 9 . 6 8 7 7 3 0 . 0 0 1 9 6
6 0 . 7 5 4 6 4 0 . 7 9 6 8 8 5 0 . 0 0 0 0 0 4 6 . 9 6 0 0 5 0 .1 9 6 7 9
7 0 . 7 9 8 8 3 0 .8 4 3 9 9 5 0 . 0 0 0 0 0 5 1 . 9 9 9 3 9 0 . 0 7 6 8 8
8 0 . 8 4 4 7 3 0 . 8 9 6 2 4 5 0 . 0 0 0 0 0 5 7 . 5 3 9 2 2 0 . 9 8 7 8 4
9 0 . 8 9 7 4 6 0 .9 3 8 2 3 5 0 . 0 0 0 0 0 4 5 . 3 9 0 7 8 0 . 4 6 8 0 4

10 0 . 9 3 8 4 8 0 . 9 8 3 8 9 5 0 . 0 0 0 0 0 4 7 . 8 5 8 5 8 0 . 0 9 5 8 2
11 0 . 9 8 4 3 8 1 .0 2 1 2 4 5 0 . 0 0 0 0 0 3 7 . 6 1 8 3 9 4 . 0 7 5 2 4
12 1 .0 2 2 2 2 1 . 0 8 0 5 7 5 0 . 0 0 0 0 0 5 6 .3 4 7 4 3 0 . 7 1 5 0 3
13 1 .0 8 1 7 9 1 .1 3 9 8 9 5 0 . 0 0 0 0 0 5 1 . 6 0 3 3 2 0 . 0 4 9 8 2
14 1 .1 3 9 8 9 1 .2 1 2 8 9 5 0 . 0 0 0 0 0 5 6 .5 1 3 8 4 0 .7 5 0 7 9
15 1 .2 1 5 3 3 1 .2 8 5 1 6 5 0 . 0 0 0 0 0 4 8 .2 4 0 6 6 0 . 0 6 4 1 6
16 1 .2 8 8 0 9 1 .3 9 5 7 5 5 0 . 0 0 0 0 0 5 9 . 6 9 7 6 2 1 .5 7 5 3 3
17 1 .3 9 8 1 9 1 .5 3 1 7 4 5 0 . 0 0 0 0 0 5 2 .9 8 4 1 8 0 . 1 6 8 0 7
18 1 . 5 3 1 9 8 1 .7 1 7 0 4 5 0 . 0 0 0 0 0 4 4 . 6 9 7 8 8 i 0 . 6 2 8 9 5  

0 . 2 6 0 6 2

* 1 0 .9 5 6 5 5

19 1 . 7 2 0 9 5 2 . 7 9 1 5 0 5 0 . 0 0 0 0 0 4 6 . 5 1 8 1 3  

CHI -  SQUARE
DEGREES OF FREBDOB= 16

PARAHETERS OF THE GAHHA DISTRIBUTION

ALPHA= 6 . 5 8 1 8 7 8 6 6 2  BETA= 0 . 1 5 0 3 8 7 4 6 6

F i g u r e  5: C h i - s q u a r e  T e s t  on t h e  I n t e r d e p a r t u r e  Times o f  1000 
Samples  f o r  t h e  E 10/ E 10/ l  Queueing Sys tem  w i t h  p=.8
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f o r  e a c h  i n t e r v a l  i s  t h e n  c a l c u l a t e d  u s i n g  t h e  Gamma 

d i s t r i b u t i o n .  To a v o i d  t o o  s m a l l  g r o u p  s i z e  i n  o n e  

i n t e r v a l ,  t h e  m in im um  n u m b e r  o f  e x p e c t e d  o b s e r v a t i o n s  i s  

s p e c i f i e d  a s  10. I f  i t  i s  l o w e r  t h a n  10, i t  i s  t h e n  

combined i n t o  t h e  n e x t  g roup .  As can  be seen  i n  t h e  example  

( F i g u r e  5), t h e  f i r s t  g r o u p  c o n t a i n s  10T) n u m b e r s  o f  

o b s e r v e d  d a t a  a n d  98.45792 n u m b e r s  o f  e x p e c t e d  d a t a .  T h e  

o t h e r  g r o u p s  c o n t a i n  e q u a l  n u m b e r  o f  o b s e r v a t i o n s .

The C h i - s q u a r e  s t a t i s t i c  i s  c a l c u l a t e d  as

(Obs - E xp )2
----------- = 10.95655
Exp

w i t h  d e g r e e s  o f  f reed om  = 16

T h i s  i s  q u i t e  s a t i s f a c t o r y  when compared w i t h  t h e  

c r i t i c a l  v a l u e  o f  X2 d i s t r i b u t i o n  a t  95 V. c o n f i d e n c e  l e v e l  

( i t  i s  26.3). T h e  C h i - s q u a r e  s t a t i s t i c  i s  s e n s i t i v e  to  

t h e  n u m b e r  o f  i n t e r v a l s  s p e c i f i e d ,  o r  t h e  sa m p le  s i z e .  I t  

i s  a p p l i c a b l e  a p p r o p r i a t e l y  o n ly  i n  a n  a s y m t o t i c a l  se n se .  

T he  C h i - s q u a r e  s t a t i s t i c s  o f  l a r g e  g r o u p  s i z e  g r o u p i n g  i s  

more  s a t i s f a c t o r y  t h a n  t h a t  o f  sm a l l  g r o u p  s i z e  g r o u p i n g .  

H ow eve r ,  t h e  K o lm o g o r o v - S m i r n o v  t e s t  s t a t i s t i c  i s  m u c h  

more s t a b l e  f o r  v a r i o u s  g r o u p  s ize .
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I n  t h e  K o l m o g o r o v - S m i r n o v  t e s t ,  t h e  o b s e r v e d  

c u m u l a t i v e  d i s t r i b u t i o n  i s  c o m p a r e d  w i t h  t h e  e x p e c t e d  

c u m u l a t i v e  d i s t r i b u t i o n  a t  e a c h  s a m p l e  p o i n t  a n d  t h e  

m aximum of  t h e  d e v i a t i o n s  i s  t h e  t e s t  s t a t i s t i c .  As t h e  

g r o u p  s i z e  i n c r e a s e s  f r o m  o ne  (i.e.  no  g r o u p i n g ) ,  t h e  

d i s c r e m i n a t i n g  p o w e r  i s  d e c r e a s i n g ,  a n d  t h e  t e s t  s t a t i s t i c  

i n c r e a s e s .  I n  t h e  c a s e s  u n d e r  s t u d y ,  t h e  t e s t  s t a t i s t i c  

i n c r e a s e s  a s  t h e  g r o u p  s i z e  i n c r e a s e s .  However ,  w h en  g r o u p  

s i z e  i s  a s  l a r g e  a s  40, t h e  s t a t i s t i c  i s  0.03630 (as show n  

i n  F i g u r e  6). I t  i s  s t i l l  q u i t e  s a t i s f a c t o r y  a s  c o m p a r e d  

w i t h  t h e  c r i t i c a l  v a l u e  o f  K o lm o g o r o v - S m ir n o v  s t a t i s t i c  

w i t h  25 d e g r e e s  o f  f r e e d o m  a t  95X c o n f i d e n c e  le v e l  ( i t  i s

0.264). When t h e  g r o u p  s i z e  d e c r e a s e s  to  25, t h e  t e s t  

s t a t i s t i c s  d e c r e a s e s  t o  0 .0 2 3 6 5  w i t h  40  d e g r e e s  o f  

f r e e d o m ,  a n d  i t s  c r i t i c a l  s t a t i s t i c  i s  0.21.

B a s e d  o n  t h e  C h i - s q u a r e  t e s t  s t a t i s t i c s  a n d  

K o lm o g o r o v - S m ir n o v  t e s t  s t a t i s t i c s  o b t a i n e d  f o r  a l l  c a s e s  

c o n s id e r e d  i n  t h i s  s t u d y  (as shown i n  A ppend ix  B), t h e  n u l l  

h y p o t h e s i s  f o r m u l a t e d  w i l l  be  a c c e p t e d .  T h a t  i s ,  t h e  

i n t e r d e p a r t u r e  t i m e s  o f  t h e  c o n s e c u t i v e  d e p a r t i n g  

t r a n s a c t i o n s  f rom t h e  Ej / E ^  / I  q u e u e in g  sy s te m s  a r e  

a p p r o x i m a t e l y  Gamma d i s t r i b u t e d .



KOLBOGOBOV -  SBIBHOV TEST

ELLS BANGS OBSERVED OBSERVED CUBOLATVE THEORETICAL COHOLATIVB KOLHOGOROV -
PBOB TO FREQUENCY OBSERVED FB EQUEHCY THEORETICAL SHIRNOV

PBEQ0ENCI FREQUENCY STATISTIC

1 0 .2 5 8 5 4 0 .4 4 5 3 1 4 0 . 0 0 0 0 . 0 4 0 0 .0 4 0 0 0 0 . 0 0 3 7 0 0 . 0 0 3 7 0 0 . 0 3 6 3 0
2 0 .4 4 7 5 1 0 . 5 0 9 7 7 4 0 . 0 0 0 0 . 0 4 0 0 . 0 8 0 0 0 0 . 0 7 7 5 5 0 . 0 8 1 2 5 0 . 0 0 1 2 5
3 0 . 5 0 9 7 7 0 .5 6 2 2 6 4 0 . 0 0 0 0 . 0 4 0 0 . 1 2 0 0 0 0 .0 3 5 6 8 0 . 1 1 6 9 3 0 . 0 0 3 0 7
4 0 . 5 6 2 7 4 0 .6 1 0 8 4 4 0 . 0 0 0 0 . 0 4 0 0 .  16000 0 . 0 3 9 0 2 0 . 1 5 5 9 5 0 . 0 0 4 0 5
5 0 . 6 1 3 0 4 0 .6 5 1 1 2 4 0 . 0 0 0 0 . 0 4 0 0 . 2 0 0 0 0 0 . 0 3 6 1 9 0 . 1 9 2 1 4 0 . 0 0 7 8 6
6 0 . 6 5 1 1 2 0 .6 9 6 0 4 4 0 . 0 0 0 0 . 0 4 0 0 . 2 4 0 0 0 0 . 0 4  378 0 .2 3 5 9 2 0 . 0 0 4 0 8
7 0 .  69629 0 . 7 3 2 1 8 4 0 . 0 0 0 0 . 0 4 0 0 . 2 8 0 0 0 0 . 0 3 7 2 8 0 . 2 7 3 2 0 0 . 0 0 6 8 0
a 0 . 7 3 2 4 2 0 .7 7 6 1 2 4 0 . 0 0 0 0 . 0 4 0 0 .3 2 0 0 0 0 . 0 4  709 0 . 3 2 0 3 0 0 . 0 0 0 3 0
9 0 . 7 7 6 1 2 0 . 8 0 6 8 8 4 0 . 0 0 0 0 . 0 4 0 0 .3 6 0 0 0 0 . 0 3 3 6 9 0 . 3 5 3 9 9 0 . 0 0 6 0 1

10 0 .8 0 7 3 7 0 . 8 4 3 9 9 4 0 . 0 0 0 0 . 0 4 0 0 . 4 0 0 0 0 0 . 0 4 1 0 0 0 . 3 9 4 9 9 0 . 0 0 5 0 1
11 0 .  84473 0 . 8 8 2 3 2 4 0 .0 0 0 0 . 0 4 0 0 .4 4 0 0 0 0 . 0 4 2 2 9 0 . 4 3 7 2 8 0 . 0 0 2 7 2
12 0 . 8 8 2 5 7 0 . 9 2 3 3 4 4 0 . 0 0 0 0 . 0 4 0 0 . 4 8 0 0 0 0 . 0 4 4 6 7 0 . 4 8 1 9 5 0 . 0 0 1 9 5
13 0 .9 2 3 5 8 0 .9 5 5 8 1 4 0 . 0 0 0 0 . 0 4 0 0 . 5 2 0 0 0 0 . 0 3 4 6 1 0 . 5 1 6 5 6 0 . 0 0 3 4 4
14 0 .9 5 7 5 2 0 .9 9 1 9 4 4 0 . 0 0 0 0 . 0 4 0 0 .5 6 0 0 0 0 . 0 3 7 4 5 0 . 5 5 4 0 1 0 . 0 0 5 9 9
15 0 .9 9 2 4  3 1 .0 2 1 2 4 4 0 . 0 0 0 0 . 0 4 0 0 .6 0 0 0 0 0 . 0 2 9 3 8 0 .5 B 3 4 0 0 . 0 1 6 6 0
16 1 .0 2 2 2 2 1 .0 6 4 9 4 4 0 . 0 0 0 0 . 0 4 0 0 . 6 4 0 0 0 0 . 0 4 1 9 4 0 . 6 2 5 3 4 0 . 0 1 4 6 6
17 1 .0 6 6 4 1 1 .1 2 3 2 9 4 0 . 0 0 0 0 . 0 4 0 0 . 6 8 0 0 0 0 . 0 5 2 0 7 0 . 6 7 7 4 1 0 . 0 0 2 5 9
18 1 .1 2 5 2 4 1 .1 8 0 9 1 4 0 . 0 0 0 0 . 0 4 0 0 . 7 2 0 0 0 0 . 0 4 6 6 6 0 . 7 2 4 0 7 0 . 0 0 4 0 7
19 1 .1 8 5 5 5 1 .2 2 6 0 7 4 0 . 0 0 0 0 . 0 4 0 0 .7 6 0 0 0 0 . 0 3 3 1 6 0 . 7 5 7 2 3 0 . 0 0 2 7 7
20 1 .2 2 8 2 7 1 .2 8 5 1 6 4 0 . 0 0 0 0 . 0 4 0 0 . 8 0 0 0 0 0 . 0 3 8 8 7 0 . 7 9 6 1 0 0 . 0 0 3 9 0
21 1 .2 8 8 0 9 1 .3 6 4 0 1 4 0 . 0 0 0 0 . 0 4 0 0 . 8 4 0 0 0 0 .0 4 4 2 2 0 . 8 4 0 3 2 0 . 0 0 0 3 3
22 1 .3 6 6 9 4 1 .4 7 2 6 6 4 0 . 0 0 0 0 . 0 4 0 0 .8 B 0 0 0 0 . 0 4 7 9 3 0 . 8 8 8 2 5 0 . 0 0 8 2 5
23 1 .4 7 4 3 7 1 .6 1 4 7 5 4 0 . 0 0 0 0 . 0 4 0 0 . 9 2 0 0 0 0 . 0 4 3 8 4 0 . 9 3 2 0 9 0 . 0 1 2 1 0
24 1 .6 1 6 2 3 1 .7 7 5 6 3 4 0 . 0 0 0 0 . 0 4 0 0 . 9 6 0 0 0 0 . 0 3 0 7 0 0 . 9 6 2 8 0 0 . 0 0 2 8 0
25 1 .7 7 7 8 3 2 . 7 9 1 5 0 4 0 . 0 0 0 0 . 0 4 0 1 . 0 0 0 0 0 0 .0 3 6 7 7 0 . 9 9 9 5 6 0 . 0 0 0 4 4

D im OF OBSBETATIONS*
j

1000 THE KOLHOGOROV - SHIR NOV STATISTICI 0 . 0 3 6 3 0
J

DEGREES OF PBEEDOB= 25

F i g u r e  6: Kolmogorov-Smirnov T e s t  on t h e  I n t e r d e p a r t u r e  Times o f
iOOO Samples  f o r  t h e  E 10/ E i 0 / 1  Queueing Sys tem  w i t h  p=.S

00
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R e l a t i o n s h i p  Between  In p u t  and O u tpu t  P a r a m e te r s :

S i n c e  t h e  h y p o t h e s i s  on  t h e  a p p r o x i m a t e d  Gamma 

d i s t r i b u t i o n  o f  t h e  o u t p u t  p r o c e s s  h a v e  b e e n  a c c e p t e d  

s t a t i s t i c a l l y ,  we f u r t h e r  p r o c e e d e d  t o —o b s e r v e  some 

r e l a t i o n s h i p s  b e tw e e n  t h e  e s t i m a t e d  o u t p u t  p a r a m e t e r s  a n d  

t h e  i n p u t  a n d  t r a n s f o r m a t i o n  p a r a m e t e r s .  We o b t a i n e d  t h e  

f o l l o w i n g  r e s u l t s  f o r  t h e  e s t i m a t e d  p a r a m e t e r s  ( a  and 0) 

of  t h e  f i t t e d  Gamma d i s t r i b u t i o n .

1. F o r  t h e  H/Ej^/1 qu e u es ,  when sy s te m  u t i l i z a t i o n  i s  

low, a  r e a c t s  r a t h e r  i n s e n s i t i v e l y  t o  an  i n c r e a s e  o f  k  f o r  

a l l  k  > 1. When s y s te m  u t i l i z a t i o n  i s  h i g h ,  a  i n c r e a s e s  

m o n o to n ic a l  l y  a s  K i n c r e a s e  f o r  a l l  K > 1. These

r e l a t i o n s h i p s  a r e  shown i n  F i g u r e  7 and  8.

2. F o r  t h e  E j /M /1  q u e u es ,  when sy s te m  u t i l i z a t i o n  i s  

e x t r e m e l y  l i g h t ,  a  i n c r e a s e s  s h a r p l y  a s  j  i n c r e a s e s  f o r  a l l  

j  > i .  And when s y s te m  u t i l i z a t i o n  i s  h i g h ,  a  r e m a in s

i n s e n s i t i v e  t o  t h e  change  o f  j  v a l u e s  f o r  a l l  J > 1. These

r e l a t i o n s h i p s  a r e  shown i n  F i g u r e  9 and 10.

3. F o r  t h e  Ej/Efc / I  queu es ,  when j  = k, a  i n c r e a s e s  

m o n o t o n i c a l l y  as  j= k  i n c r e a s e s  (as  shown i n  F i g u r e  11). Fo r
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any j  o r  K, o i s  a l s o  a  f u n c t i o n  o f  p. T ha t  i s ,  a  d e c r e a s e s  

a s  sy s te m  u t i l i z a t i o n  i n c r e a s e s  up  t o  a  c e r t a i n  l e v e l ,  and 

t h e n  t u r n s  t o  i n c r e a s e  (as  shown i n  F i g u r e  12). From t h e s e  

phenomena, we fou n d  t h a t  t h e  o u t p u t  o f  t h e  Ej / / I  queu es  

(j=k) i s  n e i t h e r  E j  n o r  E^ e x c e p t  when t h e  sy s te m  

u t i l i z a t i o n  i s  e x t r e m e l y  l i g h t .

4. I n  g e n e r a l ,  f o r  t h e  Ej / E ^  / I  queu es ,  <x i s  a

f u n c t i o n  of  p. a  d e c r e a s e s  a s  p i n c r e a s e s  when j  >> k, and o 

i n c r e a s e s  a s  p i n c r e a s e s  when j  << k. F o r  t h e  c a s e  w i t h  k  

a p p r o x i m a t e l y  e q u a l  t o  J, a  w i l l  f i r s t  d e c r e a s e  as  p

i n c r e a s e s ,  and  t h e n  i n c r e a s e  a s  p i n c r e a s e s  beyond a

c e r t a i n  v a l u e  o f  p . T h e r e f o r e ,  we may e x p e c t  t h a t  f o r  t h e

E j / E k / 1  qu eu es ,

when j  * k

a  - > j  when p - > 0, and 

a  -> k  when p -> 1

f o r  b o t h  j  << k, and  j  >> k  (as  c an  be s e e n  f rom  F i g u r e  

13 & 14).

Thus f a r ,  we w i l l  e x p e c t  t h a t  a s  p -> 0, t h e  o u tp u t  

d i s t r i b u t i o n  t e n d s  t o  be t h e  same a s  i n p u t  d i s t r i b u t i o n  due 

t o  e x t r e m e l y  l i g h t  u t i l i z a t i o n  of  t h e  sys tem. And , a s  p ->
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figure 7: a as a Function of K for j = 1 in Ej/Ej^/i Queues
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Figure 6? q as a Function of p for J = 1 in Ej/Eĵ /1 Queues
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F i g u r e  9t a  a s  a  F u n c t i o n  o f  J f o r  K= i i n  Ej/EIj^/i Queues
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Figure 10: a as a Function of p for k= 1 in E j / E ^ / i Queues
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F i g u r e  11: a  a s  a  F u n c t i o n  o f  J and  k  f o r  j= k  i n  Ej / E ĵ / 1 Queues
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F i g u r e  12: a  a s  a  F u n c t i o n  o f  p f o r  j= k  i n  E j / E ^ / i  Queues

to 
U 

4̂ 
U

i
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F i g u r e  13: a  a s  a  F u n c t i o n  o f  p f o r  j=5  i n  E j / E ^ / 1  Queues
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24
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Figure 14: a as a Function of p for k=5 in Ej/E^/1 Queues
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1, t h e  o u t p u t  d i s t r i b u t i o n  t e n d s  t o  be t h e  same as  

p r o c e s s i n g  t im e  d i s t r i b u t i o n  due t o  e x t r e m e l y  h e a v y

u t i l i z a t i o n  o f  t h e  sys tem.

The s t a t i s t i c a l  r e l a t i o n s h i p  o f  t h e s e  phenomena c a n  be 

f i t t e d  i n t o  a  s t r u c t u r e d  power f u n c t i o n  u s i n g  m u l t i p l e  

r e g r e s s i o n  a p p r o x i m a t i o n  t e c h n i q u e .

F o r  t h e  Ej /E ĵ / 1 queues ,

L e t  a  = c l p c 2 j c3k c *

a  i s  t h e  e s t i m a t e d  shape  p a r a m e t e r  of  t h e  

f i t t e d  i n t e r d e p a r t u r e  t im e  d i s t r i b u t i o n .

P is the system utilization factor.

Where, c l ,  c2, c3, and  c4 a r e  e s t i m a t e d  b a s e d  on t h e

p a r a m e t e r s  o f  a l l  c a s e s  o f  t h e  E j / E ^ / 1  q u e u es  c o n s i d e r e d  i n  

t h i s  s tu d y .  T ha t  i s ,  j= 2 , 3 , 4 , 5 , 1 0 , 2 0 , 3 0 ,  k= 1 , 5 , 1 0 , 2 0 , 3 0 ,

and p= . 1, . 3, . 5, . 7, . 8, . 9 of  t h e  Ej / E K / I  q u e u e in g

sys tem s .  B ased  on t h e  p r e v i o u s l y  o b s e r v e d  phenomena, t h e s e  

c a s e s  a r e  t h e n  decomposed i n t o  t h r e e  g ro u p s  o f  c a s e s .  These  

g ro u ps  a r e :  j  much s m a l l e r  t h a n  k  ( j<<k) ,  j  much l a r g e r
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t h a n  k  ( j>>k) ,  and  j  a p p r o x i m a t e l y  e q u a l  t o  k  ( j  = k ) . The 

c o e f f i c i e n t s  o f  t h e  power f u n c t i o n  a r e  t h e n  e s t i m a t e d  f o r  

e a c h  group.  The r e s u l t s  a r e  summaried i n  T a h le  1.

As shown i n  T a h le  1. The r e s p e c t i v e  R2 of  t h e s e  

a p p r o x i m a t i o n s  a r e  r a t h e r  s i g n i f i c a n t .  The F - s t a t i s t i c s  a r e  

a l s o  q u i t e  s a t i s f a c t o r y  when compared w i t h  t h e  c r i t i c a l  

v a l u e s  o f  t h e  F d i s t r i b u t i o n  a t  95V. c o n f i d e n c e  l e v e l  w i t h  

r e s p e c t i v e  d e g r e e s  o f  f reedom. The T - s t a t i s t i c s  o f  t h e  

e s t i m a t e d  c o e f f i d c i e n t s  a r e  a l s o  v e r y  s a t i s f a c t o r y  when 

compared w i t h  i t s  c r i t i c a l  v a l u e  a t  95'/. c o n f i d e n c e  l e v e l .

T h e re  a r e  some f u n c t i o n a l  r e l a t i o n s h i p s  t h a t  c an  be 

exam ined  f rom  t h e  c h a r a c t e r i s t i c s  o f  t h e s e  c o e f f i c i e n t s .  

Some p r e v i o u s l y  o b s e r v e d  r e l a t i o n s h i p s  b e tw ee n  a  and p , 

J, o r  k  a r e  now s t r o n g l y  s u p p o r t e d  by t h e  e m p i r i c a l  

e v id e n c e .

C o n s i d e r i n g  f o r  a l l  c a s e s ,  t h e  power f u n c t i o n  was:

^  _ 7 4 6 7 4 p - ' 0 ® 3 5 8 j . 5 5 5 9 7 j ^ .  3 8 0 7 4

These  c o e f f i c i e n t s  a g r e e  w i t h  some of  o u r  p r e v i o u s  

f i n d i n g s .  These  were  o v e r a l l ,  a s  p i n c r e a s e s ,  a  w i l l  

d e c r e a s e  w i t h  v e r y  low d e g r e e  of  e f f e c t .  And j p l a y s  a



T a b le  1: Power A p p ro x im a t io n  on a = c i p c2 j c3k c * f o r  
t b e  E j /G ^ /1  queu es

c l  c2 c3 c4 R2 P - s t a t .  (d. f .  )

A l l  C ases  

( t - s t a t )

.74674  

-3. 73669

-. 08358 

-2. 29829

.55597  

20. 90830

. 38074 

16. 0136

. 733 227. 13(3, 248)

J << k  

t - s t a t .

1. 50343 

3. 35712

.3 4 5 5 0  

9. 64420

.73022  

14. 52690

.17235  

3. 98530

. 787 120. 88(3 ,  98)

j  >> k  

t - s t a t .

.72352  

-3. 40434

-. 67584 

-16. 55900

.2 5 6 1 6  

6. 22310

.63791 

15. 94920

. 929 300. 18 (3, 68)

J *  k  

t - s t a t .

.92633  

-1. 63951

-. 09799 

-4. 70133

.58711 

13. 58310

. 31535 

7. 77585

. 970 611. 44 (3, 74)
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more i m p o r t a n t  r o l e  t h a n  K i n  d e t e r m i n i n g  a  v a lu e .

F o r  J << k,

a  = 1. 50343p- 345501 j .  730216*. 172354

T hat  i s ,  a  w i l l  i n c r e a s e  a s  p i n c r e a s e s ,  and  a s  p ->

1, a  i s  more l i k e l y  d e t e r m i n e d  by J t h a n  by k.

F o r  j  >> k,

a  = . 72352P-. 675837 j .  256160*. 63791

T hat  i s ,  a  w i l l  d e c r e a s e  a s  p i n c r e a s e s ,  and a s  p ->

1, a  i s  more l i k e l y  d e t e r m i n e d  by k  t h a n  by J.

F o r  j  = k,

ct =. 926325p”’ 097967 j .  587105*. 315348

T hat  i s ,  a  i s  more l i k e l y  d e t e r m i n e d  by  j  o r  k, t h a n  

by p . However, a  i s  n e i t h e r  e q u a l  t o  j  n o r  e q u a l  t o  k.

T h e r e f o r e ,  t h e  o u t p u t  p r o c e s s  o f  E j / E * / 1  i s  n o t  Ej o r  E*.
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In  g e n e r a l ,  k  p l a y s  a  m a jo r  r o l e  o n ly  when j  i s  much 

g r e a t e r  t h a n  k  and o n l y  a s  p -> 1. F o r  o t h e r  s i t u a t i o n s ,  j  

becomes a  more c r i t i c a l  r o l e  t h a n  k. And p i s  s i g n i f i c a n t  

o n ly  when j  i s  much s m a l l e r  t h a n  k, o r  when j  i s  much 

g r e a t e r  t h a n  k.

To show t h e  v a l i d i t y  of  t h e  f i t t e d  power f u n c t i o n s ,  t h e  

a  v a l u e s  f o r k = i ,  p = . 3 and j = 2, 3, 4, 5, 10, 20, 30 a r e  c a l c u l a t e d  

u s i n g  t h e  f i t t e d  power f u n c t i o n

a  = . 72352P- ' 675837j ’ 2 5 6 i6 0 k ' 6 3 7 9 i , j>>k

These  a  v a l u e s  a r e  t h e n  p l o t t e d  and compared w i t h  t h e  a c t u a l  

o b s e r v a t i o n s  (as  shown i n  F i g u r e  15).

S in c e  a  i s  t h e  shape  p a r a m e t e r  and  G i s  t h e  s c a l e  

p a r a m e t e r  i n  t h e  f i t t e d  Gamma d i s t r i b u t i o n ,  t h e  mean of  t h e  

Gamma d i s t r i b u t i o n  i s  t h e r e f o r e  e q u a l  t o  aB . I n  t h e  E j / E k /  

1 q u e u e in g  sy s te m  u n d e r  s tu d y ,  t h e  mean i n t e r d e p a r t u r e  t im e  

i s  e x p e c t e d  t o  be a p p r o x i m a t e l y  e q u a l  t o  t h e  mean 

i n t e r a r r i v a l  t im e  b a s e d  on t h e  i n p u t - o u t p u t  e q u i v a l e n c e  

p r o p e r t y  of  a  s t e a d y - s t a t e  q u e u e in g  system. The n u m e r i c a l  

e v id e n c e  on t h e  s t e a d y - s t a t e  p r o p e r t y  i s  o b t a i n e d  when th e  

B f u n c t i o n  i s  a l s o  a p p r o x im a te d  i n  t h e  f o l l o w i n g  same power 

f u n c t i o n .



74

a
S.5

4.5

3.5 -

2.5 -

2 3 A 5 10

k

a c t u a l  *----- *----

a p p ro x im a te  *---------*-----

F i g u r e  15. The a c t u a l  vs. t h e  a p p ro x im a te  a  v a l u e s  f o r  K=1 i n  
Ej / E r / 1 q u e u es  w i t h  p=. 3
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F o r  t h e  E j /E ĵ / 1 q u e u es ,  l e t

B = e l p e 2 j e3k e4

6 i s  t h e  e s t i m a t e d  s c a l e  p a r a m e t e r  o f  

t h e  f i t t e d  Gamma d i s t r i b u t i o n  

P i s  t h e  s y s t e m  u t i l i z a t i o n  f a c t o r .

Again,  t h e  c o e f f i c i e n t s  e l  , e2 , e3 , and e4 a r e

e s t i m a t e d  b a s e d  on t h e  p a r a m e t e r s  o f  a l l  c a s e s  o f  t h e  Ej /E r

/ I  q u e u es  u n d e r  s tu d y .  These  c a s e s  a r e  t h e n  decomposed i n t o  

t h r e e  g ro u p s :  J << k, j  >> k, and  j  s' k. And t h e

c o e f f i c i e n t s  a r e  e s t i m a t e d  f o r  e a c h  g ro u p  s e p a r a t e l y .  The

r e s u l t s  a r e  sum m arized  i n  T a b le  2.

F o r  a l l  c a s e s ,

B s i .  34474p’ 0®6 1 4 4 j - .  559362R-. 378276

That  i s ,  o v e r a l l ,  t h e  r o l e  o f  p i n  B f u n c t i o n  i s  q u i t e



T a b le  2: Power A p p ro x im a t io n  on 0 = e lp e 2 J e3k e4 f o r  
t h e  E j / E j t / i  queues

e l  e2 e3 e4 R2 F - s t a t .  (d. f . )

A l l  C ases  

t - s t a t .

1. 34474 

3. 82020*

. 08614 

2. 38639

-. 55936 

-21. 19190

-. 37828 

-16. 02810

. 737 231. 32 (3, 248)

J << k  

t - s t a t .

,66259 

-3. 53706

-. 33881 

-9. 87123

- .7 4 4 3 0  

- 15. 45490

-. 16275 

-3. 92780

. 802 132. 50(3 ,  98)

J >> k 

t - s t a t .

1. 38016 

3. 39677

.67576  

16. 59310

-. 25654 

-6. 24594

-. 63804 

- 15. 98730

. 930 301. 68 (3, 68)

j  r  k  

t - s t a t .

1. 07933 

1. 64452

. 09759 

4. 70837

-. 59684 

- 13. 88470

-. 30628 

-7. 59396

. 970

I

820. 98 (3, 74)
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m inim al ,  and 3 i s  more l i k e l y  d e t e r m i n e d  by  k  t h a n  by  j.

F o r  j  << k,

0  = .  6 6 2 5 9 4 p ” ' 3 3 8 8 0 9 j “ • 7 4 4 2 9 8 * - .  1 6 2 7 4 5

T hat  i s ,  a s  p i n c r e a s e s ,  8 w i l l  d e c r e a s e ,  and  as  p

a p p ro a c h e s  1, 6 i s  more l i k e l y  d e t e r m i n e d  by  k  t h a n  by  j .

F o r  j  >> k,

8  = 1 .  3 8 0 1 6 2 p '  8 7 5 7 5 7 j  - .  2 5 6 5 4 0 * - .  6 3 8 0 4 0

T hat  i s ,  a s  p i n c r e a s e s ,  3 w i l l  i n c r e a s e ,  and  a s  p

a p p ro a c h e s  1, 3 i s  more l i k e l y  d e t e r m i n e d  by  j  t h a n  by k.

F o r  j  = k

8  = 1 .  0 7 9 3 3 p *  0 9 7 5 9 4 1  j - .  5 9 6 8 3 7 * - .  3 0 6 2 7 8

That  i s ,  t h e  r o l e  o f  p i s  q u i t e  m in im al ,  and  8 i s  more 

l i k e l y  d e t e r m i n e d  by j  o r  k.
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These  r e s u l t s  c a n  be c o n s i d e r e d  a s  com plem en ta ry  t o  

t h e  r e s u l t s  fo u n d  f o r  a, s i n c e  aG =1. As a  i n c r e a s e s  B w i l l  

d e c r e a s e ,  t h e r e f o r e ,  t h e  r e l a t i o n s h i p  b e tw e e n  B and  p, j ,  

o r  k  o b t a i n e d  f rom  t h e  a p p r o x im a te d  B f u n c t i o n  i s  t h e  

complement o f  t h o s e  f o r  t h e  a p p ro x im a te d  a_  f u n c t i o n .  The 

R2 s t a t i s t i c s ,  F- s t a t i s t i c s  and t -  s t a t i s t i c s  f o r  t h e  

f u n c t i o n s  a r e  q u i t e  c l o s e  t o  t h o s e  o b t a i n e d  f o r  t h e

f u n c t i o n .  The c o e f f i c i e n t s  e l  , e2, e3, and  e4 a r e

com plem enta ry  o f  c l  , c2, c3, and  c4 i n  t h e  f o l l o w i n g

a p p ro x im a te d  r e l a t i o n s h i p s :  ( a s  c a n  be s e e n  f rom  T a b le  

3) .

I n  t h a t ,

c l - e l  ■= 1 

c2 + e2 = 0

c 3 + e 3 = o

c4 + e4 = 0

Here,  c i  + e i  = 0 ( i * l )  a r e  a s  e x p e c t e d  s i n c e  a  & B a r e  

e s t i m a t e d  by method o f  moments and aB i s  t h e  mean o f  t h e  

a p p ro x im a te d  Gamma d i s t r i b u t i o n .



T a b le  3: R e l a t i o n s h i p  o f  c A and e^ o f  Power A p p ro x im a t i  
on t h e  a  and  0 f u n c t i o n

cl* e l  c2 ♦ e2 c3 + e3 c4 + e4
T

A l l  Cases 1. 00417 . 00256 00339 .0 02 4 6

j  << K .9 96 1 6 .0 06 6 9 01408 .0 0 9 6 0

j  >> k .99857 00008 00038 00013

J s  k .99982 00040 00973 . 00907
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T h e r e f o r e ,

a0 = c l p c 2 j c3k c4 e l p e 2 J e3k e *

= c l e l p c 2 + e2 j c3+e3k c ^ +e4 

= c l e i p ° j ° k 0 

= cl* e i

From t h i s  r e s u l t ,  we know t h a t  t h e  mean o f  t h e

a p p r o x im a te d  Gamma d i s t r i b u t i o n  i s  a p p r o x i m a t e l y  e q u a l  t o  

t h e  c o n s t a n t  c l * e l  w h ich  i s  a p p r o x i m a t e l y  e q u a l  t o  1 i n  

t h e s e  c a s e s .  S i n c e  t h e  mean i n t e r a r r i v a l  t i m e s  o f  t h e  E j / E ^  

/ I  q u e u es  h a v e  b e e n  s e t  t o  be 1, a0 /=i i s  a s  e x p e c te d .

T h e r e f o r e ,  t h e  i n p u t - o u t p u t  e q u i v a l e n c e  o f  a  s t e a d y - s t a t e

q u e u e in g  s y s te m  h a s  b e e n  o b t a i n e d  f o r  t h e  c l a s s  o f  q u e u e in g  

sy s te m  (E j /E k  / l )  u n d e r  s tu d y .  These  r e l a t i o n s h i p s  o f  t h e  

e s t i m a t e d  c o e f f i c i e n t s  a l s o  i n d i c a t e  t h e  v a l i d i t y  o f  t h e  

q u e u e in g  m odels  u n d e r  s tu d y .

Based  on t h e  t e s t i n g  r e s u l t s ,  we c o n c lu d e  t h a t  t h e  

o u t p u t  p r o c e s s  o f  t h e  Ej / E ^ / l  q u e u e s  a p p r o x i m a t e l y  f o l l o w s  

t h e  Gamma d i s t r i b u t i o n .  And i t s  shape  p a r a m e t e r  and  s c a l e

p a r a m e t e r  a r e  w e l l  a p p r o x i m a t e d  by  a  power f u n c t i o n  o f  t h e  

i n p u t  and p r o c e s s i n g  t im e  p a r a m e t e r s .
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I n t e r d e p a r t u r e  Time C o r r e l a t i o n  S t r u c t u r e

F o r  t h e  E j / E ^  / I  q u e u e in g  sy s te m s  c o n s i d e r e d ,  t h e  

i n t e r r e l a t i o n s h i p  b e t w e e n  t h e  c o n s e c u t i v e  d e p a r t i n g  

t r a n s a c t i o n s  i s  u n d e r  e x a m i n a t i o n  by  m e a n s - o f  c o v a r i a n c e  

a n a l y s i s .  The  c o v a r i a n c e  of  c o n s e c u t i v e  d e p a r t u r e  i n t e r v a l s  

may  i n d i c a t e  t h e  i n t e r d e p e n d e n c e  b e tw e e n  t h e  d e p a r t i n g  

t r a n s a c t i o n s  a n d  s i g n i f y  some d e g r e e  o f  e f f e c t  on  t h e  

w a i t i n g  t i m e  m e a s u r e m e n t  i n  t h e  fo l lo w in g  s t a t i o n s  w h en  

q u e u e s  a r e  a r r a n g e d  i n  s e r i e s .

Again, f o r  t h e  c a se s  c o n s id e r e d ,  f i v e  i n d e p e n d e n t  r u n s  

a r e  made f o r  3000 t r a n s a c t i o n s .  T h e  Lag-1 c o v a r i a n c e  a n d  

a u t o c o r r e l a t i o n  a r e  c a l c u l a t e d  by  t a k i n g  a  common mean

i .  e. ,

Cov(Dn , Dn+1) = E[ (Dn - M.) (Dn+1 - H)]

and a r e  a l s o  c a l c u l a t e d  by u s i n g  t h e i r  i n d i v i d u a l  mean

i .  e. ,

Cov(Dn , Dn+1) = E{[Dn - MDn ) ] [ D n+1 - MDn+1) ]3

T h e  f a c t  t h a t  t h e r e  w as  no  s i g n i f i c a n t  d i f f e r e n c e  

b e t w e e n  t h e  c o v a r i a n c e s  o b t a i n e d  i n d i c a t e s  t h a t  a
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r e a s o n a b l e  s t e a d y  s t a t e  h a d  b e e n  r e a c h e d .  T h e  c o r r e l a t i o n  

c o e f f i c i e n t s  a r e  a lso  c a l c u l a t e d  to  o b t a i n  a  b e t t e r  m e a s u r e  

o f  t h e  l i n e a r  r e l a t i o n s h i p  b e tw een  Dn and  Dn+1 . The 

c o v a r i a n c e s  and  c o r r e l a t i o n s  o b t a i n e d  a r e  summarized  i n  

A ppendix  C. _

B ased  on  t h e  r e s u l t s  s u m m a r i z e d  i n  A p p e n d i x  C, some 

o b s e r v a t i o n s  c a n  be  made a b o u t  t h e  r e l a t i o n s h i p  b e tw e e n  

t h e  c o v a r i a n c e  o r  c o r r e l a t i o n  a n d  t h e  i n p u t  a n d

t r a n s f o r m a t i o n  p a r a m e t e r s .  T h e s e  a r e :

1. F o r  t h e  M/Ek  / I  (KM) qu eu es ,  c o r r e l a t i o n s  a r e

p o s i t i v e  and f i r s t  i n c r e a s e  a s  p i n c r e a s e s  up  t o  a  c e r t a i n  

l e v e l  and t h e n  d e c r e a s e  (as  shown i n  F i g u r e  16). I t  c an  be 

s e e n  t h a t  t h e  c o r r e l a t i o n  i s  a l s o  a  f u n c t i o n  o f  k. The 

c o r r e l a t i o n  i n c r e a s e s  as  K i n c r e a s e s  and a p p r o a c h e s  z e r o  

a s  K moves much lower.

2. F o r  t h e  Ej /M/1 ( JM )  qu eu es ,  c o r r e l a t i o n s  a r e

n e g a t i v e  and d e c r e a s e  a s  p i n c r e a s e s  up  t o  a  c e r t a i n  l e v e l

and t h e n  i n c r e a s e  (as  shown i n  F i g u r e  17). The c o r r e l a t i o n  

i s  a l s o  a  f u n c t i o n  o f  j .  As j  d e c r e a s e s ,  t h e  c o r r e l a t i o n  

d e c r e a s e s  and a p p ro a c h e s  t o  z e r o  a s  j  moves much lower.
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F i g u r e  16: C o r r e l a t i o n  a s  a  F u n c t i o n  o f  p f o r  J= l  i n  E*/El. /1 
Queues
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Figure 17: Correlation as a Function of p for K=l in E^/Ev/l 
Queues
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3. F o r  t h e  Ej/Ej^/1  queues ,  when j  = k  fci» c o r r e l a t i o n s  

a r e  n e g a t i v e  and t h e i r  m a g n i tu d e  i n c r e a s e s  as  j  = k  

i n c r e a s e s .  As p i n c r e a s e s  t h e  m ag n i tu de  o f  c o r r e l a t i o n s  

f i r s t  i n c r e a s e s  t h e n  d e c r e a s e s  a s  p moves h i g h e r .  The 

maximum m ag n i tu d e  i s  r e a c h e d  a ro u n d  a  m o d e ra te  sy s te m  

u t i l i z a t i o n  l e v e l  ( i . e .  a p p r o x i m a t e l y  . 5 f o r  j  = k  i s  

low er  t h a n  5, a p p r o x i m a t e l y  . 7  f o r  J = k  i s  5 o r  h i g h e r ) .  

When p i s  e x t r e m e l y  low, c o r r e l a t i o n  i s  n o t  s i g n i f i c a n t  

and i s  i n d e p e n d e n t  o f  j  o r  k  (as  shown i n  F i g u r e  18).

4. I n  g e n e r a l ,  f o r  t h e  E j / E K / l  ( j  * 1, and k  * 1) 

q ueues ,  c o r r e l a t i o n  o r  c o v a r i a n c e  i s  a  f u n c t i o n  of  p, j ,  

and k. When j  : k, o r  j  i s  g r e a t e r  t h a n  k, c o r r e l a t i o n  i s  

n e g a t i v e  and i t s  m a g n i tu d e  i n c r e a s e s  a s  p i n c r e a s e s  up  t o  a 

c e r t a i n  l e v e l  t h e n  t u r n s  t o  d e c r e a s e .  On t h e  o t h e r  hand  

when j  i s  much s m a l l e r  t h a n  k, c o r r e l a t i o n  i s  p o s i t i v e  and 

i t s  m ag n i tu d e  i n c r e a s e s  a s  p i n c r e a s e s  up  t o  a  p a r t i c u l a r  

l e v e l  t h e n  t u r n  t o  d e c r e a s e  (as  shown i n  F i g u r e  19).

Based  on t h e s e  phenomena, we may e x p e c t  t h a t  f o r  t h e  Ej 

/E k /1  q ueues ,

as  p - > 0, c o r r e l a t i o n  -> 0
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T h i s  i n d i c a t e s  t h a t  t h e  c o n s e c u t i v e  d e p a r t u r e  

i n t e r v a l s  a r e  i n d e p e n d e n t  o f  e a c h  o t h e r .  T h a t  i s ,  a s  t h e  

s y s t e m  u t i l i z a t i o n  i s  e x t r e m e l y  low, t h e r e  w i l l  be  a lm o s t  

no c o n g e s t i o n  a t  t h e  s e r v i c e  s t a t i o n  a n d  t h e  d e p a r t u r e  

p r o c e s s  i s  a p p r o x i m a t e l y  t h e  j o i n t  d i s t r i b u t i o n  o f  t h e  

a r r i v a l  d i s t r i b u t i o n  a n d  t h e  s e r v i c e  t im e d i s t r i b u t i o n .  T he  

d e p a r t u r e  p r o c e s s  i s  t h e r e f o r e  s t a t i s t i c a l l y  i n d e p e n d e n t .

a s  p -> 1, c o r r e l a t i o n  -> 0

T h i s  a g a i n  i n d i c a t e s  a n  i n d e p e n d e n t  d e p a r t u r e  

p r o c e s s .  T h a t  i s ,  w h e n  t h e  sy s te m  u t i l i z a t i o n  i s  e x t r e m e l y  

h i g h ,  t h e r e  w i l l  be  a lm o s t  no i d l e  t im e  o c c u r r e d  i n  t h e  

s e r v i c e  f a c i l i t y  a n d  t h e  i n t e r d e p a r t u r e  t i m e s  w i l l  

c o r r e s p o n d  a p p r o x i m a t e l y  to t h e  i n d e p e n d e n t  s e r v i c e  t im es .

T he  above  o b s e r v e d  ph en o m en a  do n o t  seem to  f i t  i n t o  

t h e  power f u n c t i o n  a s  p r e v i o u s l y  u s e d  t o  o b t a i n  t h e  a  and p 

p a r a m e t e r s .  I n  f i t t i n g  t h e  f o l l o w i n g  power f u n c t i o n s ,  l e t

C o v a r i a n c e  = c l p c 2 j c3k c ^

Correlation = elpe2je3ke4



89

The c o v a r i a n c e  a n d  c o r r e l a t i o n  o b s e r v a t i o n s  were  t h e n  

d i v i d e d  r e s p e c t i v e l y  i n t o  two g ro u ps .  One g ro u p  c o n t a i n e d  

a l l  p o s i t i v e  v a l u e s ,  t h e  o t h e r  g ro up  c o n t a i n e d  a l l  n e g a t i v e  

v a l u e s .  The R2 s t a t i s t i c s  and  F - s t a t i s t i c . s  f o r  b o t h  th e  

n e g a t i v e  and p o s i t i v e  c o v a r i a n c e s  and  c o r r e l a t i o n s  t u r n  

o u t  t o  be r a t h e r  i n s i g n i f i c a n t .  T h i s  i s  i n t u i t i v e l y  t r u e  

s i n c e  t h e  concave  o r  convex d i s t r i b u t i o n  o f  t h e  d a t a  do n o t  

f i t  i n t o  t h e  power f u n c t i o n .

The f u n c t i o n a l  r e l a t i o n s h i p s  o f  t h e s e  phenomena a r e  

t h e n  f i t t e d  i n t o  a  q u a d r a t i c  f u n c t i o n  u s i n g  m u l t i p l e  

r e g r e s s i o n  a p p r o x i m a t i o n  t e c h n i q u e .

L e t

Cov = c i  + c2p2 + c 3 j 2 + c4k2 + c5 p j  + c6pk + c 7 j  + c8k + c9p 

and

Corr= e l  + e 2p 2 + e 3 j 2 + e 4 k2 + e 5 p j  + e6pk + e 7 j  + e8k + e9p

Where, c i  and e i  (i= 1 , 2 ........... 9) a r e  e s t i m a t e d  b a s e d

on t h e  p a r a m e t e r s  o f  a l l  c a s e s  o f  t h e  Ej / E k / I  queues .  

The r e s u l t s  o b t a i n e d  a r e  summarized  i n  T a b le  4. In



T a b le  4: A p p ro x im a t io n  on t h e  C o v a r i a n c e  and C o r r e l a t i o n  
F u n c t i o n  f o r  E j / E ^ / 1  Queues

C o v a r ia n c e  

C o e f f i c i e n t s  T - s t a t i s t i c s

c i 01026 -2. 29303

c2 . 07091 5. 20515

c3 . 00008 6. 89848

c4 00011 -10. 16220

c5 -. 00157 -5. 05560

C6 . 00087 3. 05925

c7 -. 06703 -4. 55023

c8 -. 00280 -6. 63327

c9 . 00409 11. 14820

Ra = . 71816

F - S t a t l S t i c =  7 7 .3 9 8 8 (8 ,2 4 3 )

C o r r e l a t i o n  

C o e f f i c i e n t s  T - s t a t i s t i c s

e l . 02168 1. 38066

e2 . 39735 8. 31024

e3 .0 00 2 8 6. 46554

e4 -. 00012 -3. 36083

e5 -. 00442 -4. 04473

e6 . 00032 . 32055

e7 -. 32496 -6. 28515

e8 -. 01325 -8. 94726

e9 . 00684 5.' 30570

r 2 =. 77056

F - s t a t l s t i C =  102. 012 (8, 243)
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t h a t ,  t h e  R2 s t a t i s t i c s  on t h e  c o v a r i a n c e  f u n c t i o n  i s  

0 .7182  and i s  0 .7 7 0 6  on t h e  c o r r e l a t i o n  f u n c t i o n .  The 

F - s t a t i s t i c s  on t h e  c o v a r i a n c e  i s  77 .3 98 8  and i s  102. 012 

on t h e  c o r r e l a t i o n  f u n c t i o n  w i t h  d e g r e e s  o f  f reed om  equ a l  

8 and  243. These  s t a t i s t i c s  a r e  q u i t e  s a t i s f a c t o r y  when 

compared w i t h  t h e  c r i t i c a l  v a l u e  a t  5V. s i g n i f i c a n c e  l e v e l  

( i t  i s  2. 93).

Based  on t h e  r e s u l t s  shown i n  T a b le  4, p p l a y s  t h e  

most  s i g n i f i c a n t  r o l e  i n  t h e s e  a p p ro x im a te d  f u n c t i o n s .  

O v e r a l l ,  a s  p i n c r e a s e s ,  c o v a r i a n c e  and c o r r e l a t i o n  w i l l  

i n c r e a s e .  However, t h e  r e l a t i o n s h i p  b e tw een  j / k  and 

c o v a r i a n c e / c o r r e l a t i o n  i s  n e g a t i v e ,  a s  j  o r  k  i n c r e a s e s ,  

c o v a r i a n c e  o r  c o r r e l a t i o n  w i l l  d e c r e a s e .

So f a r ,  t h e  f i r s t  h y p o t h e s i s  i n  t h i s  s t u d y  h a s  b een  

t e s t e d  n u m e r i c a l l y .  B ased  on t h e s e  n u m e r i c a l  e v id e n c e ,  t h e  

f i r s t  h y p o t h e s i s  i s  a c c e p te d .  That  i s ,  t h e  o u t p u t  p r o c e s s  

o f  Ej /Ej^ / I  q u e u e in g  s y s te m  f o l l o w s  a p p r o x i m a t e l y  Gamma 

d i s t r i b u t i o n ,  a n d  t h e  e s t i m a t e d  p o a r a m e t e r s  o f  t h e  Gamma 

d i s t r i b u t i o n  a r e  a p p r o x i m a t e l y  i n  a  p o w e r  f u n c t i o n  o f  t h e  

p a r a m e t e r s  o f  t h e  i n t e r a r r i v a l  t i m e  a n d  s e r v i c e  t i m e  

d i s t r i b u t i o n s .  T h e  c o v a r i a n c e  o f  i n t e r d e p a r t u r e  t im e  i s  

a p p r o x im a te ly  i n  a q u a d r a t i c  f u n c t i o n  of t h e  p a r a m e t e r s  of 

t h e  i n t e r a r r i v a l  t im e  a n d  s e r v i c e  t im e  d i s t r i b u t i o n s .
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H y p o th e s i s  T e s t i n g  F o r  S i g n i f i c a n c e  o f  C o r r e l a t i o n :

The c o v a r i a n c e s  o b t a i n e d  f o r  a l l  c a s e s  w e r e  f o u n d  to  

be  n o n z e r o .  T h i s  i m p l i e s  t h a t  t h e  i n t e r d e p a r t u r e  t i m e s  

b e tw e e n  t h e  c o n s e c u t i v e  t r a n s a c t i o n s  a r e  n o t  i n d e p e n d e n t .  

T h e  s i g n i f i c a n c e  l e v e l  o f  t h e  n o n - z e r o  c o v a r i a n c e  a n d  i t s  

d e g r e e  o f  e f f e c t  i n  a  t a n d e m  q u e u e  a r e  t h e r e f o r e  

q u e s t i o n e d .  To r e s o l v e  t h e s e  q u e s t i o n s ,  t h e  s i g n i f i c a n c e  

l e v e l  o f  t h e  c o v a r i a n c e  s h o u l d  be  t e s t e d  s t a t i s t i c a l l y ,  a n d  

i t s  e f f e c t  i n  a  t a n d e m  q u e u e  s h o u l d  b e  i n v e s t i g a t e d  by  

c o m p ar ing  t h e  r e s u l t s  o f  i n d e p e n d e n c y  a s s u m p t io n s  w i t h  t h a t  

of  d e p en d e n cy  c o n s i d e r a t i o n s  on t h e  a r r i v a l  p r o c e s s  o f  t h e  

s e c o n d  s t a t i o n .

To t e s t  t h e  s i g n i f i c a n c e  o f  t h e  c o r r e l a t i o n ,  t h e  

t - s t a t i s t i c  i s  c o m p u t e d .  T h e  h y p o t h e s i s  o f  z e r o  

c o r r e l a t i o n  b e tw e e n  c o n s e c u t i v e  d e p a r t i n g  t r a n s a c t i o n s  i s  

f o r m u l a t e d  a s  fol lows:

N ull  H y p o t h e s i s :  H0 : q = 0

( i . e . , t h e  c o n s e c u t i v e  d e p a r t u r e  

i n t e r v a l s  a r e  i n d e p e n d e n t  o f  e a c h  o t h e r .  )

A l t e r n a t i v e  H y p o t h e s i s :  Hj ; q   ̂ 0
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( i .  e.  , t h e  c o n s e c u t i v e  d e p a r t u r e  

i n t e r v a l s  a r e  d e p e n d e n t  o f  e a c h  o th e r )

Where q i s  t h e  t r u e  Lag-1 a u t o c o r r e l a t i o n

of  t h e  c o n s e c u t i v e  i n t e r d e p a r t u r e —t i m e s  o f  t h e  

d e p a r t i n g  t r a n s a c t i o n s .

Then,

t  = ( r  - q) / S r

h a s  t  d i s t r i b u t i o n  w i t h  H-2 d e g r e e s  of  freedom.

Where,

r :  t h e  sample  l a g - 1  a u t o c o r r e l a t i o n  be tw ee n  t h e  

c o n s e c u t i v e  d e p a r t i n g  t r a n s a c t i o n s  

Sr : ^/(1-r2) /  (N-2) i s  t h e  s t a n d a r d  e r r o r  of  

t h e  sample  a u t o c o r r e l a t i o n .

The d e c i s i o n  r u l e  i s :

At t h e  <xV, s i g n i f i c a n c e  l e v e l ,

A ccept  H0 i f  t  < t  jygoi; k - 2 ’

A ccep t  Hj, o t h e r w i s e

To r e j e c t  t h e  n u l l  h y p o t h e s i s ,  t h e  a b s o l u t e  v a l u e  of  

c o r r e l a t i o n  m u s t  be„ g r e a t e r  t h a n  0.0619 f o r  sam ple  s i z e
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e q u a l s  1000. Among t h e  c a s e s  u n d e r  s t u d y ,  t h e  a b s o l u t e  

v a l u e  o f  t h e  c o r r e l a t i o n  i s  f o u n d  to  be  l a r g e r  t h a n  t h e  

c r i t i c a l  s t a t i s t i c  v a l u e  f o r  some b u t  n o t  a l l  case s .  T h e s e  

i n c l u d e  c a s e s  w i t h  j  i s  m u ch  s m a l l e r  t h a n  k, J i s  m uch  

l a r g e r  t h a n  k,  o r  j  a n d  k  a r e  b o t h  l a r g e .  _H ow ever ,  w h e n  

t h e  sy s te m  u t i l i z a t i o n  i s  e x t r e m e l y  low o r  e x t r e m e l y  h i g h ,  

t h e  a b s o l u t e  v a l u e  o f  c o r r e l a t i o n  i s  s m a l l e r  t h a n  t h e  

c r i t i c a l  s t a t i s t i c  v a l u e  e x c e p t  w h e n  b o t h  j  a n d  k  a r e  

l a r g e .  T h e  c o r r e l a t i o n  w h i c h  i s  l a r g e r  t h a n  .0619 i s  

c o n s i d e r e d  s i g n i f i c a n t l y  d i f f e r e n t  f r o m  z e r o  a t  5/. 

s i g n i f i c a n c e  l e v e l .  T h i s  i n d i c a t e s  t h e  h i g h  s i g n i f i c a n c e  

o f  c o n s e c u t i v e  t r a n s a c t i o n  i n t e r r e l a t i o n s h i p .  T h e r e f o r e ,  

t h e  c o n s e c u t i v e  d e p a r t i n g  t r a n s a c t i o n s  w i l l  b e  

s t a t i s t i c a l l y  i n d e p e n d e n t  w h e n  t h e  s y s te m  u t i l i z a t i o n  i s  

e x t r e m e l y  low o r  e x t r e m e l y  h i g h  w h e n  j  a n d  k  a r e  n o t  

l a r g e .

Based  on t h e s e  r e s u l t s ,  we e x p e c t  to  f i n d  t h e  e f f e c t  

o f  t h i s  i n t e r r e l a t i o n s h i p  on t h e  f o l lo w in g  s t a t i o n s  i n  a  

tandem  queue .  And t h e  s ig n  of  t h e  c o r r e l a t i o n s  i s  c o n ce rn e d  

when  t h e  n a t u r e  of  t h e  e f f e c t  i s  u n d e r  e x a m in a t io n .  F o r  t h e  

cases  u n d e r  s t u d y ,  t h e  s ig n  of  t h e  c o r r e l a t i o n s  i s  f o u n d  to  

be p o s i t i v e  f o r  t h o s e  cases  w h e r e  j  i s  much s m a l l e r  t h a n  k; 

a n d  n e g a t iv e  f o r  t h o s e  cases  w h e r e  j i s  c lose  to  k  o r  j  i s  

l a r g e r  t h a n  k.
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To t e s t  w h e t h e r  t h e  c o r r e l a t i o n  i s  s i g n i f i c a n t l y  

p o s i t i v e  o r  n e g a t i v e ,  t h e  a l t e r n a t i v e  h y p o t h e s i s  c a n  be 

f o r m u l a t e d  a s  a  o n e - s i d e d  h y p o t h e s i s  t e s t .

T h a t  is ,

H j ' :  q > 0 ( i . e . ,  t h e  t r u e  a u t o c o r r e l a t i o n  i s

p o s i t i v e )

or ,

H j" :  q < 0 ( i . e . ,  t h e  t r u e  a u t o c o r r e l a t i o n  i s

n e g a t i v e )

The d e c i s i o n  r u l e s  become:

At t h e  a V. s i g n i f i c a n c e  l e v e l ,

A ccept  H0 i f  t  < t a . K_g

A ccept  H j ' ,  o t h e r w i s e  ( i . e . ,  t h e  c o r r e l a t i o n  i s

s i g n i f i c a n t l y  p o s i t i v e )

or ,

A ccept  H0 i f  t  > t<x;N-2

A ccept  H j" ,  o t h e r w i s e  ( i . e . , t h e  c o r r e l a t i o n  i s

s i g n i f i c a n t l y  n e g a t i v e )

To a c c e p t  t h e  a l t e r n a t i v e  h y p o t h e s i s  o f  q > 0, th e

v a l u e  of  c o r r e l a t i o n  must  be g r e a t e r  t h a n  0. 052, and  be



96

s m a l l e r  t h a n  - 0 .0 5 2  f o r  a c c e p t i n g  q < 0. F o r  t h e  c a s e s  

s t u d i e d ,  t h e  n u l l  h y p o t h e s i s  i s  r e j e c t e d  ( i . e . ,  a c c e p t  H4' )  

when j  i s  much s m a l l e r  t h a n  k  w i t h  m o d e ra te  o r  h i g h  sy s te m  

u t i l i z a t i o n .  T ha t  i s ,  t h e  s i g n  o f  c o r r e l a t i o n  i s  p r e d i c t e d  

t o  be p o s i t i v e .  And t h e  n u l l  h y p o t h e s i s  i s -  a l s o  r e j e c t e d  

( i . e . , a c c e p t  H4") when j  i s  much l a r g e r  t h a n  k  o r  when 

b o t h  j  and k  a r e  l a r g e  w i t h  m o d e ra te  o r  h i g h  sy s te m  

u t i l i z a t i o n .  T h i s  i n d i c a t e s  t h a t  c o r r e l a t i o n  i s  

s i g n i f i c a n t l y  n e g a t i v e  u n d e r  t h o s e  c i r c u m s t a n c e s .  .
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C o v a r i a n c e  E f f e c t  i n  Tandem Queues:

The r e s u l t s  o f  t - t e s t  i n  t h e  p r e v i o u s  s e c t i o n  

d e m o n s t r a t e d  t h e  i n t e r d e p e n d e n c e  o f  c o n s e c u t i v e  d e p a r t i n g  

t r a n s a c t i o n s  o f  t h e  E j / E ^ / 1  q u e u e in g  sys tem s .  The e f f e c t  of 

t h i s  d e p en dence  on t h e  p e r f o r m a n c e  m easurement  of  t h e  n e x t  

s t a t i o n  i n  a  t a n d e m  q u e u e  i s  n e x t  i n v e s t i g a t e d .  I n  o r d e r  

to  f i n d  o u t  t h e  d e g r e e  o f  t h e  c o v a r i a n c e  e f f e c t ,  t h e  

w a i t i n g  t im e  i n  t h e  n e x t  s t a t i o n  i s  f o u n d  b y  d e c o m p o s i t i o n  

a s  w e l l  a s  b y  c o m p r e s s i o n  t e c h n i q u e s .  T h e  d i s c r e p a n c y  

b e tw e e n  t h e s e  two s e t s  o f  w a i t i n g  t im e s  i s  t h e n  c o m p u te d  

a n d  i s  com pared  to  t h e  c h a r a c t e r i s t i c s  o f  c o v a r i a n c e  f o u n d  

p r e v i o u s l y .  T h e  p u r p o s e  i s  t o  f i n d  t h e  r e l a t i o n s h i p  

be tw een  t h e  u n d e r e s t i m a t e / o v e r e s t i m a t e  o f  w a i t i n g  t im e  a n d  

b o th  t h e  p o s i t i v e / n e g a t i v e  c o v a r i a n c e  a n d  t h e  m a g n i t u d e  of  

t h e  c o v a r i a n c e  v a lu e s .

D e c o m p o s i t i o n  i n  t a n d e m  q u e u e s  t r e a t s  e a c h  s t a t i o n  

s e p a r a t e l y  a n d  i g n o r e s  t h e  depen d e n ce  be tw een  t h e  d e p a r t u r e  

a n d  t h e  a r r i v a l  o f  a n  i n t e r m e d i a t e  s t a t i o n .  In  m e a s u r i n g  

t h e  a v e r a g e  t o t a l  t im e  a  t r a n s a c t i o n  s t a y s  i n  t h e  e n t i r e  

system, i t  wil l  J u s t  sum u p  t h e  a v e r a g e  t im e  s p e n t  i n  e a c h  

i n d e p e n d e n t  s t a t i o n  a s  t h e  t o t a l  t im e .  T h i s  t r e a t m e n t  may 

r e s u l t  i n  a n  u n d e r e s t i m a t e  o r  o v e r e s t i m a t e  o f  t h e  a c t u a l  

t ime s p e n t  i n  t h e  sy s tem .  T h e  p e r f o r m a n c e  m e a s u r e m e n t  of
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t h e  e n t i r e  s y s te m  w i l l  be i n a c c u r a t e  d u e  to  a  f a i l u r e  to  

c o n s i d e r  t h e  i n t e r a c t i o n  b e t w e e n  c o n s e c u t i v e  s t a g e s .  In  

t h e  i n p u t - o u t p u t  c o n t r o l  t e c h n i q u e ,  t h e  Knowledge o f  t h e  

a c t u a l  sys tem  p e r f o r m a n c e  i s  r a t h e r  c r i t i c a l .

In  t h e  tandem  queue  (Ej / E ^ / i  - -> .  /M /1 ) ,  t h e  o u t p u t  of 

t h e  Ej /E j^ / i  queue  fo rm s t h e  i n p u t  of  t h e  s e c o n d  s t a t i o n .  

T h e r e f o r e ,  t h e  mean i n t e r a r r i v a l  t im e  of  t h e  seco nd  s t a t i o n  

i s  j u s t  t h e  mean i n t e r d e p a r t u r e  t im e  of  t h e  f i r s t  s t a t i o n .  

L o g i c a l l y ,  t h e  d e p e n d e n t  d e p a r t u r e  p r o c e s s  of  t h e  f i r s t  

s t a t i o n  w i l l  r e s u l t  i n  a  d e p e n d e n t  a r r i v a l  p r o c e s s  a t  t h e  

s e co n d  s t a t i o n .  The d e p e n d e n t  d e p a r t u r e  p r o c e s s  h a s  b een  

s t r o n g l y  s u p p o r t e d  by  t h e  n o n - z e r o  c o v a r i a n c e  fou nd  f o r  t h e  

Ej /E ĵ  / I  queue  i n  p r e v i o u s  s e c t i o n .  I n  o r d e r  t o  f i n d  t h e  

n o n - z e r o  c o v a r i a n c e  e f f e c t  on t h e  w a i t i n g  t im e  i n  t h e  

se co n d  s t a t i o n ,  t h e  i n t e r a c t i o n  b e tw ee n  t h e  c o n s e c u t i v e  

s t a t i o n s  w i l l  be f i r s t  i g n o r e d .  The r e s u l t s  a r e  t h e n  

compared w i t h  t h o s e  o f  d e p end en cy  c o n s i d e r a t i o n s .

Here,  t h e  s e co n d  s t a t i o n  i s  t r e a t e d  a s  a  GI/M/1 queue. 

That  i s ,  t h e  i n t e r a r r i v a l  p r o c e s s  i s  a  s e q u en c e  of  

in d e p e n d e n t  and  i d e n t i c a l l y  d i s t r i b u t e d  random v a r i a b l e s .  

By u s i n g  t h e  p r e v i o u s l y  o b t a i n e d  Gamma d i s t r i b u t i o n  o f  t h e  

o u t p u t  p r o c e s s  o f  t h e  Ej /E ^  / I  q ueues ,  t h e  a r r i v a l  p r o c e s s  

of  t h e  G I /M / i  queue  can  be a p p r o x im a te d  a s  Gamma 

d i s t r i b u t i o n  w i t h  p a r a m e t e r  a  and T h e r e f o r e ,  i n  th e
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G I/M /i  queue,

v

Where v i s  an  u n i q u e  r o o t  of

v[(p, - uv) - i / 0 ] a  = i / B a  (as  shown i n  C h a p te r  I I I ) .

Where a  and  Q a r e  a s  p r e v i o u s l y  found,  and  p. i s  t h e  

s e r v i c e  r a t e  i n  t h e  s e c o n d  s t a t i o n .

By s u b s t i t u t i n g  a  and 6 o f  e a c h  c a s e  i n t o  t h i s  

e q u a t i o n ,  w i t h  g i v e n  v a l u e  o f  p,i v can  be o b t a i n e d  by 

N e w to n 's  a p p r o x i m a t i o n  method s i n c e  a  i s  n o t  e x a c t l y  equa l  

t o  1 o r  2 f o r  w h ich  a n  e x a c t  s o l u t i o n  can  be o b t a i n e d  (as 

shown i n  C h a p t e r  I I I ) .  The e x p e c t e d  w a i t i n g  t im e s  a r e  t h u s  

o b t a i n e d  f o r  t h e  G I /M / i  queues .

The a p p ro x im a te  w a i t i n g  t im e  can  be fo u n d  a s  a  

f u n c t i o n  o f  a  and  3 f o r  a  s p e c i f i e d  u- I t  d e c r e a s e s  a s  p 

i n c r e a s e s  f o r  j  << K, and i n c r e a s e s  a s  p i n c r e a s e s  f o r  j  >> 

k. As p, d e c r e a s e s  f rom  2 t o  i . 25, t h e  e x p e c t e d  a p p ro x im a te  

w a i t i n g  t im e  i n c r e a s e s .  T ha t  i s ,  a s  t h e  s y s te m  u t i l i z a t i o n  

i s  h i g h e r ,  t h e  e x p e c t e d  w a i t i n g  t im e  w i l l  be lo n g e r .
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C o m p r e s s i o n  t e c h n i q u e  h o w e v e r  c o n s i d e r s  t h e  

i n t e r r e l a t i o n s h i p  b e tw e e n  t h e  c o n s e c u t i v e  s t a t i o n s  i n  t h e  

s y s t e m  flow. W i th  t h e  a i d  o f  c o m p u t e r  t e c h n i q u e s ,  t h e  

e x p e c t e d  a c t u a l  s y s t e m  p e r f o r m a n c e  c a n  b e  o b t a i n e d .  

However, sometimes t h e  l a r g e  n u m b e r  of  s t a t i o n s  i n  a  sys tem 

f o r  w h i c h  t h e  e x a c t  m e a su re m e n t  c an  be o b t a i n e d  i s  l i m i t e d  

b y  t h e  c o m p u t e r  c a p a c i t y  a n d  c o s t  c o n c e r n e d .  T h e  

d ecom posi t ion  t e c h n i q u e  i s  u s u a l l y  em ployed  to  a p p r o x i m a t e  

t h e  sys tem  p e r f o r m a n c e .  The  Knowledge of  V. e r r o r  f rom  t h e  

i n d e p e n d e n c e  t r e a t m e n t  may t h e r e f o r e  be u se d  to  a d j u s t  t h e  

d e c o m p o s i t i o n  r e s u l t s  a n d  r e d u c e  t h e  d i s c r e p a n c y  i n  t h e  

e s t i m a t i o n  of sys tem p e r f o r m a n c e  so a s  to  a c h i e v e  a  b e t t e r  

i n p u t - o u t p u t  c o n t r o l  o f  t h e  e n t i r e  sys tem .

W ith  c o m p re s s io n ,  t h e  E j / E ^  / I  - - > . / M / l  tandem  queue 

i s  t r e a t e d  a s  a  w h o le  s y s t e m  f low. As t h e  t r a n s a c t i o n  

d e p a r t s  f ro m  t h e  f i r s t  s t a t i o n ,  i t  w i l l  j o i n  t h e  q u e u e s  i n  

f r o n t  of  t h e  s e co n d  s t a t i o n  i f  t h e  s e r v i c e  f a c i l i t y  i n  t h e  

s e c o n d  s t a t i o n  i s  b u s y ;  o t h e r w i s e  e n t e r s  t h e  s e r v i c e  

f a c i l i t y  d i r e c t l y .  T h e  w a i t i n g  t im e  i n  t h e  s e c o n d  q u e u e  of  

e a c h  t r a n s a c t i o n  a r e  c o l l e c t e d  a n d  t h e  a v e r a g e  w a i t i n g  

t im e  i s  c a l c u l a t e d .  T h i s  i s  c o n s i d e r e d  a s  t h e  a c t u a l  

w a i t i n g  t im e  i n  t h e  s e c o n d  s t a t i o n .

The  95V. c o n f id e n c e  i n t e r v a l  of t h e  a c t u a l  w a i t i n g  t im e
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i s  c o n s t r u c t e d  f o r  e a c h  case . T h e  a p p r o x i m a t e  w a i t i n g  t im e  

fo u n d  i s  t h e n  co m pared  w i t h  t h e  c o n f i d e n c e  i n t e r v a l .  I f  i t  

f a l l s  o u t s i d e  t h e  c o n f i d e n c e  i n t e r v a l ,  t h e  a p p r o x i m a t e  

w a i t i n g  t im e  i s  s a i d  to  be s i g n i f i c a n t l y  d i f f e r e n t  f r o m  t h e  

a c t u a l  w a i t i n g  t im e  a t  5V. s i g n i f i c a n c e  leveL

F o r  t h o s e  c a s e s  w i t h  j  = k, t h e  a p p r o x i m a t e  w a i t i n g  

t i m e s  a r e  n o t  s i g n i f i c a n t l y  d i f f e r e n t  f r o m  t h e i r  a c t u a l  

w a i t i n g  t i m e s  e x c e p t  w h e n  b o t h  j  a n d  k  a r e  l a r g e .  F o r  

t h o s e  c a s e s  w i t h  j  m u ch  s m a l l e r  t h a n  k  o r  w i t h  j  m uch  

l a r g e r  t h a n  k, t h e  a p p r o x i m a t e  w a i t i n g  t im e s  f a l l  o u t s i d e  

t h e  c o n f i d e n c e  i n t e r v a l s  o n ly  w h e n  sy s te m  u t i l i z a t i o n  i s  

e x t r e m e ly  low o r  e x t r e m e ly  h i g h .  B ased  on t h e s e  c o n f i d e n c e  

i n t e r v a l s ,  t h e  V. e r r o r  i s  c o n s i d e r e d  to  be  s i g n i f i c a n t  i f  

i t  i s  6'/ o r  h i g h e r .  T h e  V. e r r o r s  a r e  c o m p u te d  f o r  c a se s  

w i t h  j  i s  m u ch  s m a l l e r  t h a n  k, j  i s  m uch  l a r g e r  t h a n  k, 

a n d  j  i s  a p p r o x i m a t e l y  e q u a l  t o  k .  T h e s e  r e s u l t s  a r e  

su m m ar ize d  i n  Table  5, 6 a n d  7.

F o r  t h e  c a s e s  w i t h  j  m u c h  s m a l l e r  t h a n  k, t h e  V. 

e r r o r s  a r e  n e g a t i v e .  T h a t  i s ,  t h e  e x p e c t e d  w a i t i n g  t im e  i n  

t h e  s e c o n d  s t a t i o n  w i l l  b e  u n d e r e s t i m a t e d  i f  

i n t e r d e p e n d e n c e  b e t w e e n  t h e  c o n s e c u t i v e  a r r i v a l s  i s  

i g n o r e d .  On t h e  o t h e r  h a n d ,  f o r  t h e  c a s e s  w h e r e  j  m uch  

l a r g e r  t h a n  k, t h e  '/. e r r o r s  a r e  p o s i t i v e .  T h a t  i s ,  t h e  

e x p e c t e d  w a i t i n g  t i m e  i n  t h e  s e c o n d  s t a t i o n  w i l l  be
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Table 5: Waiting Time in the Second Stage of Ej/E^/i -> ./M/1
Queues (j << K)

M- = 2 M- = 1. 25

p j K EW WT V. ERROR EW WT Y. ERROR

. 3 2 20 . 3021 . 3227 -6. 35 2. 2748 2^-5133 -9. 49

. 5 2 20 . 2600 . 3073 -8. 88 2. 1564 2. 3831 -9. 51

. 7 2 20 . 2357 . 2575 -8. 47 1. 7987 2. 0015 - 10. 13

. 9 2 20 . 1835 . 2097 - 12. 49 1. 5582 1. 7542 -11. 17

. 3 2 30 . 3018 . 3318 -9. 04 2. 1281 2. 3262 -8. 59

. 5 2 30 . 2797 . 3081 -9. 22 2. 0648 2. 2666 -8. 98

. 7 2 30 . 2437 . 2805 - 13. 12 1. 8334 2. 1307 - 13. 95

. 9 2 30 . 1943 . 2314 - 16. 03 1. 3710 1. 6180 - 15. 27

. 3 3 20 . 2469 . 2898 - 14. 80 1. 8417 2. 2198 -17. 03

. 5 3 20 . 2374 . 2646 -10. 28 1. 7941 2. 1364 - 16. 02

. 7 3 20 . 2099 . 2414 - 13. 05 1. 6503 2. 0075 - 17. 79

. 9 3 20 . 1717 . 2005 -14. 36 1. 3820 1. 7455 -20. 82

. 3 3 30 . 2537 . 2721 -6. 76 1. 9471 2. 2360 -12. 92

. 5 3 30 . 2420 . 2850 - 15. 09 1. 8720 2. 2040 - 15. 06

. 7 3 30 . 2178 . 2399 -9. 21 . 1. 7636 1. 9714 - 10. 54

. 9 3 30 . 1682 . 1842 -8. 69 1. 3512 1. 6940 -20. 24

. 3 4 20 . 2074 . 2259 -8. 19 1. 7690 2. 1785 - 18. 80

. 5 4 20 . 2036 . 2176 -6. 43 1. 7425 2. 2934 -24. 02

. 7 4 20 . 1883 . 1982 -4. 99 1. 7184 1. 9385 - 11. 35

. 9 4 20 . 1637 . 1775 -7. 77 1. 5037 1. 6686 -9. 88

. 3 4 30 . 2256 . 2344 -3. 75 1. 8705 2. 3230 - 19. 48

. 5 4 30 .2191 . 2542 - 13. 81 1. 8028 2. 1871 - 17. 57

. 7 4 30 . 1974 . 2200 - 10. 27 1. 6800 1. 8978 - 11. 48

. 9 4 30 . 1617 . 1868 - 13. 44 1. 3419 1. 6290 -17. 62

EW: The a p p r o x im a te d  w a i t i n g  t im e  by d e c o m p o s i t i o n
WT: The a c t u a l  w a i t i n g  t im e  by  c o m p re s s io n
p: Sys tem  u t i l i z a t i o n
li: S e r v i c e  r a t e  i n  t h e  s e co n d  s t a t i o n
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TABLE 6: Waiting Time in the Second Stage of Ej/E^/1 -> ./M/i
Queues (j >> K)

p. = 2 ( 1 = 1 . 2 5

p j K EW WT X ERROR EW WT 7. ERROR

. 3 10 1 . 2179 . 2050 6. 29 1. 7731 17'4764 20. 10

. 5 10 1 . 2873 . 2414 19. 01 2. 0839 1. 8332 13. 68

. 7 10 1 . 3679 . 3335 10. 31 2. 4362 2. 1489 13. 37

. 9 10 1 . 4522 . 4340 4. 19 2. 9473 2. 4613 19. 75

. 3 10 5 . 1759 . 1694 3. 84 1. 5697 1. 3195 18. 96

. 5 10 5 . 1916 . 1608 19. 28 1. 6581 1. 3597 21. 95

. 7 10 5 . 2037 . 1829 11. 37 1. 7241 1. 4437 19. 42

. 9 10 5 . 2039 . 1924 5. 98 1. 6660 1. 5535 7. 24

. 3 20 1 . 2014 . 1892 6. 45 1. 7954 1. 5020 19. 53

. 5 20 1 . 2831 . 2528 11. 99 2. 1843 1. 8174 20. 19

. 7 20 1 . 3570 . 3030 17. 82 2. 3892 1. 9257 24. 07

. 9 20 1 . 4381 . 4127 6. 15 2. 8360 2. 1279 33. 28

. 3 20 5 . 1559 . 1467 6. 27 1. 5472 1. 3814 12. 00

. 5 20 5 . 1743 . 1526 14. 22 1. 6304 1. 4071 15. 87

. 7 20 5 . 1971 . 1812 6. 77 1. 7074 1. 5371 11. 08

. 9 20 5. . 1996 . 1915 4. 23 1. 7034 1. 5950 6. 80

. 3 30 1 . 2024 . 1846 9. 64 1. 7362 1. 5177 14. 40

. 5 30 1 . 2808 . 2414 16. 32 2. 0953 1. 7913 16. 97

. 7 30 1 . 3835 . 3486 10. 01 2. 6863 2. 1972 22. 26

. 9 30 1 . 4892 . 4662 4. 93 3. 4009 2. 5774 31. 95

. 3 30 5 . 1536 . 1351 13. 69 1. 4841 1. 2660 17. 23

. 5 30 5 . 1743 . 1556 12. 02 1. 6464 1. 4708 11. 94

. 7 30 5 . 1954 . 1595 22. 51 1. 7365 1. 5609 11. 25

. 9 30 5 . 2042 . 1937 5. 42 -. 6828 1. 4647 14. 89

EW: The a p p ro x im a te d  w a i t i n g  t im e  by d e c o m p o s i t i o n
WT: The a c t u a l  w a i t i n g  t im e  by  c o m p r e s s io n
p: Sys tem  u t i l i z a t i o n
p.2 S e r v i c e  r a t e  i n  t h e  se con d  s t a t i o n
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TABLE 7: Waiting Time in the Second Stage of Ej/E^/i -> ./M/i
Queues (j = k)

p. = 2 p. = i. 25

p j k EW WT /. ERROR EW WT /  ERROR

. 3 2 2 . 3196 . 3038 5. 20 2. 1548 2. 1489 0. 27

. 5 2 2 . 3245 . 3128 3. 74 2. 2271 2. 1827 2. 03

. 7 2 2 . 3221 . 3157 2. 03 2. 1902 2. 1048 4. 06

. 9 2 2 . 3157 .3111 1. 48 2. 1834 2. 1363 2. 20

. 3 3 3 . 2588 . 2542 1. 81 1. 9199 1. 8358 4. 58

. 5 3 3 . 2679 . 2613 2. 53 1. 9942 1. 8825 5. 93

. 7 3 3 . 2684 . 2748 -2. 33 2. 0420 1. 9413 5. 19

. 9 3 3 . 2595 . 2689 -3. 49 1. 9470 1. 9673 - 1. 03

. 3 4 4 . 2282 . 2315 - 1. 43 1. 8358 1. 8560 - 1. 09

. 5 4 4 . 2382 . 2335 2. 01 1. 8886 1. 8564 1. 73

. 7 4 4 . 2413 . 2437 - 0 . 98 1. 9017 1. 8059 5. 30

. 9 4 4 . 2249 . 2392 -5. 98 1. 8475 1. 9091 -3. 23

. 3 4 5 . 2226 .2 1 3 6 4. 12 1. 7235 1. 6853 2. 27

. 5 4 5 . 2300 . 2352 -2. 21 1. 7564 1. 7550 0. 80

. 7 4 5 . 2271 . 2216 2. 48 1. 7207 1. 6477 4. 43

. 9 4 5 .2 13 8 . 2108 1. 42 1. 6903 1. 6414 2. 98

. 3 5 5 . 2108 . 2033 3. 69 1. 8065 1. 8397 r 1. 80

. 5 5 5 . 2203 . 2097 5. 05 1. 8708 1. 7969 4. 11

. 7 5 5 . 2221 . 2189 1. 46 1. 8461 1. 8071 2. 16

. 9 5 5 . 2102 . 2200 -4. 45 1. 7466 1. 7359 0. 62

. 3 10 10 . 1704 . 1665 2. 34 1. 5424 1. 4232 4. 69

. 5 10 10 . 1788 . 1737 2. 94 1. 5932 1. 6123 - 1. 18

. 7 10 10 . 1822 . 1819 0 . 16 1. 6082 1. 7027 -5. 55

. 9 10 10 . 1742 . 1678 3. 81 1. 6041 1. 6919 -5. 19 ,

EW: The a p p ro x im a te d  w a i t i n g  t im e  by d e c o m p o s i t i o n
WT: The a c t u a l  w a i t i n g  t im e  by c o m p r e s s io n
p: Sys tem  u t i l i z a t i o n
p.: S e r v i c e  r a t e  i n  t h e  s e co n d  s t a t i o n
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o v e r e s t i m a t e d  i f  t h e  i n t e r d e p e n d e n c e  b e t w e e n  t h e  

c o n s e c u t i v e  a r r i v a l s  i s  i g n o r e d .  F o r  t h e  c a s e s  w h e r e  j  

a p p r o x i m a t e l y  e q u a l  t o  K, t h e  a p p r o x i m a t e  r e s u l t s  c a n  be  

r e a s o n a b l y  u s e d  s i n c e  t h e  7 e r r o r s  a r e  s t a t i s t i c a l l y  

i n s i g n i f i c a n t  e x cep t  w hen  b o t h  j  a n d  k  a r e  la rg e .

As t h e s e  p h e n o m e n a  c o r r e s p o n d  to  t h e  c h a r a c t e r i s t i c s  

o f  t h e  lag-1 c o v a r i a n c e s  f o u n d  p r e v i o u s l y ,  we may s t a t e  

t h a t  t h e  e x p ec te d  w a i t i n g  t im e  wil l be  u n d e r e s t i m a t e d  w h e n  

t h e  lag-1 c o v a r i a n c e  i s  p o s i t i v e  a n d  w i l l  be  o v e r e s t i m a t e d  

w h e n  t h e  l a g - 1  c o v a r i a n c e  i s  n e g a t i v e .

T h e  m a g n i t u d e  o f  t h e  */. e r r o r s  s e e m s  n o t  q u i t e  

c o n s i s t e n t  w i t h  t h e  m a g n i t u d e  o f  t h e  lag-1 c o r r e l a t i o n s .  

T h e r e  a r e  some c a s e s  w i t h  s i g n i f i c a n t  lag-1 c o r r e l a t i o n  

w h i l e  t h e i r  V. e r r o r s  a r e  small ;  a n d  t h e r e  a r e  a l s o  some 

c a s e s  w i t h  l a r g e  7, e r r o r s  w h i l e  t h e i r  lag-1 c o r r e l a t i o n s  

a r e  n o t  s i g n i f i c a n t .

Based on t h e s e  r e s u l t s ,  t h e  s e c o n d  h y p o t h e s i s  i n  t h i s  

s t u d y  c a n  t h e r e f o r e  be o n ly  p a r t i a l l y  a c c e p t e d .  T h a t  is ,  

t h e  c o v a r i a n c e  o f  t h e  o u t p u t  p r o c e s s  h a s  a  s i g n i f i c a n t  

e f f e c t  on t h e  w a i t i n g  t im e  o f  t h e  n e x t  s t a g e  i n  t a n d e m  

q u e u es .  The p o s i t i v e  c o v a r i a n c e  r e s u l t s  i n  a n  u n d e r e s t i m a t e  

on t h e  a c t u a l  w a i t i n g  t im e  w h e n  i n d e p e n d e n c e  i s  a s su m e d ,  

a n d  t h e  n e g a t i v e  c o v a r i a n c e  r e s u l t s  i n  a n  o v e r e s t i m a t e .  

H o w e v e r ,  t h e  s i z e  o f  t h e  e s t i m a t i o n  e r r o r  d o e s  n o t



106

c o r r e s p o n d  p r o p o r t i o n a l l y  to  t h e  m a g n i t u d e  o f  c o v a r i a n c e .

We t h e r e f o r e  s u s p e c t  t h e r e  m ig h t  be some f a c t o r s ,  o t h e r  

t h a n  t h e  lag-1 c o v a r i a n c e  e f f e c t ,  t h a t  e f f e c t  t h e  V. e r r o r s  

f o r  t h e  e x p e c t e d  w a i t i n g  t im e  m e a s u r e m e n t .  T h e  h i g h e r  

o r d e r  c o r r e l a t i o n s  o f  d e p a r t u r e  i n t e r v a l s  1  e.g., lag-2  o r  

l a g - 3 )  m i g h t  b e  s t a t i s t i c a l l y  s i g n i f i c a n t .  We a l s o  

s u s p e c t  t h a t  t h e  s e r i a l  c o r r e l a t i o n  o f  d e p a r t u r e  i n t e r v a l s  

s e p a r a t e d  b y  one  o r  m ore  i n t e r v a l s  m ig h t  n o t  be  o f  t h e  

s a m e  s i g n  a n d  t h e i r  v a l u e s  m i g h t  n o t  d e c r e a s e  

m o n o t o n i c a l l y . T h e  f l u c t u a t i o n  o f  h i g h e r  o r d e r  

c o r r e l a t i o n s  m i g h t  l e a d  to  t h e  i n c o n s i s t e n t  r e s u l t s  i n  t h e  

i n v e s t i g a t i o n  o f  lag -1  c o v a r i a n c e  e f f e c t .  T h e r e f o r e ,  

h i g h e r  o r d e r  lags  d e s e r v e  f u r t h e r  s tu d y .
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CHAPTER V

CONCLUSIONS AND SUGGESTIONS FOR FUTURE STUDY

T h is  s t u d y  h a s  i n v e s t i g a t e d  e x t e n s i v e l y  t h e  Ej / Ek  / I  

q u e u e in g  s y s te m  i n  t e r m s  o f  t h e  d e p a r t u r e  p r o c e s s  and  t h e  

c o v a r i a n c e / c o r r e l a t i o n  s t r u c t u r e  f o r  c o n s e c u t i v e  d e p a r t u r e  

i n t e r v a l s .  The l a g - i  c o v a r i a n c e  e f f e c t  on t h e  p e r fo rm a n c e  

measurement o f  t h e  s e c o n d  s t a t i o n  i n  t h e  tandem q u e u es  (Ej 

/E k  / i  -> ♦ /M / i )  h a s  a l s o  b e e n  i n v e s t i g a t e d .  The E r l a n g  

p h a s e s  i n  t h e  Ej/Ej^ / i  q u e u es  a r e  c o n s i d e r e d  t o  c o v e r  a  

wide r a n g e  o f  t h e  d i s t r i b u t i o n  (from s i n g l e  p h a se  t o  30 

p h a s e s )  so a s  t o  r e p r e s e n t  a  more g e n e r a l  q u e u e in g  sys tem.

The o u t p u t  p r o c e s s  o f  t h e  Ej / E ^ / i  q u e u e s  (known t o  

b e  a  n o n r e n e w a l  p r o c e s s  w h e n  j  = i a n d  k  = 1) w as

s t a t i s t i c a l l y  a n a l y z e d .  I t  w a s  f o u n d  t o  f o l l o w  

a p p r o x i m a t e l y  t h e  Gamma d i s t r i b u t i o n .  T h e  g o o d n e s s - o f - f i t  

o f  t h e  Gamma d i s t r i b u t i o n  h a s  b e e n  t e s t e d  t h r o u g h  u s e  of 

t h e  C h i - s q u a r e  a n d  K o lm ogorov-  S m i r n o v  t e s t s .  T h e  t e s t  

s t a t i s t i c s  a r e  q u i t e  s a t i s f a c t o r y  w h e n  c o m p a r e d  w i t h  t h e  

c r i t i c a l  v a l u e s  o f  t h e  C h i - s q u a r e  a n d  K olm ogorov-Sm irnov  

s t a t i s t i c s  a t  a  c e r t a i n  s i g n i f i c a n c e  l e v e l .

T he  e s t i m a t e d  p a r a m e t e r s  of  t h e  o u t p u t  p r o c e s s  h a v e
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been  r e l a t e d  t h r o u g h  a  pow er  f u n c t i o n  to  t h e  i n p u t  a n d  t h e  

t r a n s f o r m a t i o n  p a r a m e t e r s  w i t h  s t r o n g  e m p i r i c a l  e v id e n c e .  

The  a p p r o x i m a t e  pow er  f u n c t i o n  o f  t h e  s h a p e  p a r a m e t e r s  a nd  

t h a t  o f  t h e  s c a l e  p a r a m e t e r s  a r e  c o m p le m e n ta r y  to  e a c h  

o t h e r  d u e  to t h e  f a c t  t h a t  t h e  mean i n t e r d e p a r t u r e  t im e  i s  

a p p r o x i m a t e l y  e q u a l  t o  t h e  m ean  i n t e r a r r i v a l  t im e  i n  a 

s t e a d y - s t a t e  q u e u e i n g  sys tem .

From t h e  o b s e r v a t i o n s  made on t h e  e s t im a te d  p a r a m e t e r s  

a n d  on t h e i r  f i t t e d  po w er  f u n c t i o n s ,  we f o u n d  t h a t  a s  t h e  

s y s t e m  u t i l i z a t i o n  a p p r o a c h e s  1, t h e  o u t p u t  p a r a m e t e r  

t e n d s  to be t h e  same a s  t h e  p r o c e s s i n g  t im e  p a r a m e t e r  d u e  

t o  e x t r e m e l y  h i g h  s y s t e m  u t i l i z a t i o n ;  a n d  a s  s y s t e m  

u t i l i z a t i o n  a p p r o a c h e s  0, t h e  o u t p u t  p a r a m e t e r  t e n d s  to  be 

t h e  sam e a s  t h e  i n p u t  p a r a m e t e r  d u e  to  e x t r e m e l y  l i g h t  

s y s t e m  u t i l i z a t i o n .

T h e  l a g -1  c o v a r i a n c e s  a n d  c o r r e l a t i o n s  o f  t h e  

c o n s e c u t i v e  i n t e r d e p a r t u r e  t im e s  h a v e  b e e n  c o m p u te d  a n d  

f i t t e d  i n t o  a q u a d r a t i c  f u n c t i o n  o f  t h e  i n p u t  a n d  

p r o c e s s i n g  t i m e  p a r a m e t e r s  w i t h  v e r y  s i g n i f i c a n t  

s t a t i s t i c a l  s u p p o r t .

The  s i g n i f i c a n c e  o f  t h e  c o r r e l a t i o n s  h a s  b e e n  t e s t e d  

s t a t i s t i c a l l y  t h r o u g h  a s i m p l e  t - t e s t .  T h e  d e g r e e  o f  

s i g n i f i c a n c e  o f  t h e  c o r r e l a t i o n  i s  f o u n d  m a i n l y  d e t e r m i n e d  

by  t h e  system u t i l i z a t i o n  a n d  t h e  n u m b e r  of  E r l a n g  p h a s e s .
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T he s ig n s  of  t h e  lag-1 c o v a r i a n c e s  a r e  f o u n d  to  be  p o s i t i v e  

f o r  some c a s e s  a n d  n e g a t i v e  f o r  o t h e r  case s .  T he  p o s i t i v e  

o r  n e g a t iv e  s ig n  d e p e n d s  on t h e  E r la n g  p h a s e s  of t h e  i n p u t  

d i s t r i b u t i o n  a n d  t h e  p r o c e s s i n g  t i m e  d i s t r i b u t i o n .  T he  

p o s i t i v e  a n d  n e g a t i v e  s i g n  o f  t h e  c o r r e l a t i o n  h a v e  a l so  

been  t e s t e d  by  composi te  t - t e s t .  I t  i s  f o u n d  t h a t  w h e n  j  i s  

m u c h  s m a l l e r  t h a n  k ,  t h e  c o r r e l a t i o n  i s  s i g n i f i c a n t l y  

p o s i t i v e ;  a n d  t h e  c o r r e l a t i o n  i s  s i g n i f i c a n t l y  n e g a t i v e  

w hen  j  i s  m uch  g r e a t e r  t h a n  k  o r  w h e n  b o t h  j  a n d  k  a r e  

l a r g e .

T he  lag-1 c o r r e l a t i o n  b e tw e e n  i n t e r d e p a r t u r e  t im e s  i s  

i n s i g n i f i c a n t l y  d i f f e r e n t  f r o m  z e r o  w h e n  s y s t e m  

u t i l i z a t i o n  i s  e x t r e m e l y  low o r  e x t r e m e l y  h i g h .  As sy s te m  

u t i l i z a t i o n  a p p r o a c h e s  0, t h e r e  i s  a lm o s t  no c o n g e s t i o n  a t  

t h e  s e r v i c e  s t a t i o n  a n d  t h e  d e p a r t u r e  p r o c e s s  i s  j u s t  

a p p r o x i m a t e l y  t h e  j o i n t  d i s t r i b u t i o n  o f  t h e  a r r i v a l  

d i s t r i b u t i o n  a n d  t h e  s e r v i c e  t i m e  d i s t r i b u t i o n .  T h e  

d e p a r t u r e  p r o c e s s  i s  t h e r e f o r e  s t a t i s t i c a l l y  i n d e p e n d e n t .  

As s y s t e m  u t i l i z a t i o n  a p p r o a c h e s  1, t h e r e  i s  a l m o s t  no 

i d l e  t i m e  i n  t h e  s e r v i c e  s t a t i o n  a n d  t h e  i n t e r d e p a r t u r e  

t im e s  a r e  a p p r o x i m a t e l y  e q u a l  to  t h e  s e r v i c e  t im e s  w h i c h  

a r e  i n d e p e n d e n t .  We a l s o  f o u n d  t h e  r e l a t i o n s h i p  b e tw e e n  

t h e  E r l a n g  p h a s e s  a n d  t h e  s i g n i f i c a n c e  l e v e l  of  t h e  lag-1 

c o r r e l a t i o n s .  T h e  lag -1  c o r r e l a t i o n  i s  s i g n i f i c a n t l y
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d i f f e r e n t  f r o m  z e r o  o n ly  f o r  t h o s e  c a s e s  w h e r e  j  i s  m uch  

sm a l l e r  t h a n  K, o r  j  i s  much l a r g e r  t h a n  K, o r  when  b o t h  j  

a n d  k  a r e  la rg e .

T h e  s i g n i f i c a n t  lag-1 c o r r e l a t i o n s  f o u n d  d e m o n s t r a t e d  

t h e  i n t e r d e p e n d e n c e  o f  t h e  c o n s e c u t i v e  d e p a r t u r e  

i n t e r v a l s .  T h e  lag-1 c o v a r i a n c e  e f f e c t  on t h e  m e a s u r e m e n t  

o f  t h e  e x p e c t e d  w a i t i n g  t im e  i n  t h e  s e c o n d  s t a t i o n  of  a 

t a n d e m  q u e u e  h a s  a l s o  b e e n  e x a m in e d .  T h e  p o s i t i v e  lag-1 

c o v a r i a n c e  r e s u l t s  i n  a n  u n d e r e s t i m a t e  on t h e  w a i t i n g  t im e  

m e a s u r e m e n t ;  n e g a t i v e  lag -1  c o v a r i a n c e  r e s u l t s  i n  a n  

o v e r e s t i m a t e .  However ,  t h e  m a g n i t u d e  o f  t h e  w a i t i n g  t im e  

m e a s u r e m e n t  e r r o r s  f o u n d  seems n o t  q u i t e  c o n s i s t e n t  w i t h  

t h e  m a g n i t u d e  o f  t h e  lag-1 c o r r e l a t i o n s .

The m e a su re m e n t  e r r o r  i s  s a i d  to  be  s i g n i f i c a n t  i f  i t  

i s  &'/. o r  m o re  b a s e d  on  t h e  c o n f i d e n c e  i n t e r v a l  o f  t h e  

a c t u a l  w a i t i n g  t i m e .  T h e  s i g n i f i c a n t  m e a s u r e m e n t  

d i s c r e p a n c y  on t h e  w a i t i n g  t im e  m ig h t  be a t t r i b u t e d  to  t h e  

p r e s e n c e  o f  t h e  n o n - z e r o  lag-1 c o v a r i a n c e .  H o w eve r ,  t h e  

lag-1 c o v a r i a n c e  seems n o t  be  t h e  o n ly  f a c t o r  t h a t  i n d u c e s  

t h e s e  m e a s u r e m e n t  e r r o r s .  T h e  h i g h e r  o r d e r  c o r r e l a t i o n s  

a r e  t h e r e f o r e  s u s p e c t e d  t o  b e  a l s o  s t a t i s t i c a l l y  

s i g n i f i c a n t  a n d  h a v e  some d e g re e  o f  e f f e c t  on t h e  e x p e c te d  

w a i t i n g  t im e  m e a s u r e m e n t .  T h e  h i g h e r  o r d e r  c o r r e l a t i o n s  

m i g h t  e v e n  be  m o re  s t a t i s t i c a l l y  s i g n i f i c a n t  t h a n  t h e
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l a g - i  c o r r e l a t i o n  f o r  some c a s e s  o f  t h e  Ej /  / 1  queues .

T h e  e f f e c t  o f  some lag ged  d e p a r t u r e  i n t e r v a l s  c o v a r i a n c e s  

( e . g . ,  l a g - 2 ,  l a g - 3 , . . . )  a n d  t h e i r  c o m b i n e d  e f f e c t  

t h e r e f o r e  d e s e r v e  f u r t h e r  s t u d y .

In  t h i s  s t u d y ,  we o n ly  c o n s i d e r e d  t w o - s t a t i o n  t a n d e m  

q u e u e s  w i t h  i n f i n i t e  w a i t i n g  sp a c e s .  U su a l ly ,  a n  o p e r a t i n g  

sys tem  c o n s i s t s  of  more  t h a n  two worK s t a t i o n s  w i t h  f i n i t e  

i n t e r m e d i a t e  w a i t i n g  s p a c e  o r  c a p a c i t y .  When a n  o p e r a t i n g  

s y s t e m  i s  e x t e n d e d  t o  c o n s i s t  o f  m o r e  t h a n  tw o  w o r k  

s t a t i o n s  ( e . g . ,  Ej  / E ^ / l  -> . / E j / 1 - > . . . - > .  /E m / l ) ,  i t

b ecom es  m o r e  d i f f i c u l t  to  p r e d i c t  t h e  a c t u a l  i n p u t  f ro m  

o t h e r  w o r k  s t a t i o n s  i n  t h e  i n t e r m e d i a t e  s t a t i o n .  T h e  

o u t p u t  p r o c e s s  a n d  i t s  c o r r e l a t i o n  s t r u c t u r e  o f  t h e  

i n t e r m e d i a t e  s t a t i o n s  a r e  e x p e c t e d  t o  be  d i f f e r e n t  f ro m  

t h a t  o f  t h e  f i r s t  s t a t i o n  d u e  to  t h e  d e p e n d e n t  a r r i v a l s  i n  

t h e  i n t e r m e d i a t e ’ s t a t i o n s .

When t h e  i n t e r m e d i a t e  w a i t i n g  sp a ce s  a r e  l im i t e d  to be 

f i n i t e  ( e . g . ,  Ej / E K/ 1  -> . / E j / l / H  -> . . .  -> . / E ^ / i ) ,  t h e

o u t p u t  p r o c e s s  a n d  i t s  c o r r e l a t i o n  s t r u c t u r e  a r e  a l s o  

e x p e c t e d  to  be  d i f f e r e n t  f r o m  t h a t  o f  t h e  u n l i m i t e d -  

w a i t ing - room  sys tem s s in c e  t h e  a r r i v a l  may be s u p p r e s s e d  by 

t h e  o v e r f l o w  o f  t h e  a v a i l a b l e  c a p a c i t y .  A s t u d y  on t h e  

o u t p u t  p r o c e s s  a n d  i t s  c o r r e l a t i o n  s t r u c t u r e  o f  t h e  

i n t e r m e d i a t e  s t a t i o n s  i n  a m u l t i s t a g e  sy s te m  a n d / o r  w i t h
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f i n i t e  w a i t i n g  ro o m s  a n d  t h e i r  c o v a r i a n c e  e f f e c t  on t h e  

p e r f o r m a n c e  m ea su re m e n t  i s  v e r y  s i g n i f i c a n t .

The r e s u l t s  of  t h i s  s t u d y  c an  be  u s e f u l  i n  t h e  d e s i g n  

a n d  c o n t r o l  o f  a  m u l t i s t a g e  p r o d u c t i o n  s y s t e m .  T h e  

K now ledge  o f  t h e  s i g n i f i c a n c e  l e v e l  o f  t h e  p e r f o r m a n c e

m e a su re m e n t  e r r o r  may s i m p l i f y  t h e  c o n t r o l  p r o c e s s  o f  s u c h  

s y s t e m .  I f  t h e  m e a s u r e m e n t  e r r o r  i s  s t a t i s t i c a l l y

i n s i g n i f i c a n t ,  t h e  a p p r o x i m a t e  r e s u l t s  c a n  be  r e a s o n a b l y  

used.  T he  f i n d i n g s  o f  t h i s  s t u d y  on t h e  c l a s s  o f  q u e u e i n g  

s y s te m  (Ej / E k  / i  - >. /M / i )  t h e r e f o r e  s u g g e s t  t h a t  th e

d e c o m p o s i t i o n  t e c h n i q u e  c a n  be  u s e d  to  o b t a i n  t h e  sy s tem  

p e r f o r m a n c e  m e a s u r e m e n t  w h e n  j  a n d  K a r e  small ,  o r  w h en  

sys tem  u t i l i z a t i o n  i s  e x t r e m e ly  low o r  e x t r e m e l y  h i g h .  T h a t  

i s ,  t h e  d e c o m p o s i t i o n  t e c h n i q u e  d e v e l o p e d  i n  t h i s  s t u d y  

b a s e d  on t h e  e s t i m a t e d  p a r a m e t e r s  o f  t h e  a p p r o x i m a t e

d e p a r t u r e  p r o c e s s  c a n  be u s e d  f o r  some p a r t i c u l a r  cases .

F o r  some g r o u p s  o f  c a se s  i n  w h i c h  t h e  m ea su re m e n t  e r r o r  i s  

s i g n i f i c a n t ,  t h e  i n d e p e n d e n c e  t r e a t m e n t  o f  t h e  

decom pos i t ion  p r o c e d u r e  may r e s u l t  i n  l a r g e  e r r o r s .

T he  Knowledge of  t h e  u n d e r e s t i m a t e  o r  o v e r e s t i m a t e  of  

p e r f o r m a n c e  m e a su re m e n t  a t  t h e  i n t e r m e d i a t e  s t a t i o n s  i n  t h e  

p r o d u c t i o n  f low  c a n  h e l p  to  i m p r o v e  p e r f o r m a n c e  o f  t h e  

p r o d u c t i o n  l i n e  a n d  m ee t  t h e  d e s i r e d  t h r o u g h p u t  r a t e .  

C o n s i d e r  t h a t  i f  a n  u n d e r e s t i m a t e  o f  w a i t i n g  t im e  o c c u r s ,
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t h e  a c t u a l  o u tp u t  r a t e  w ill  be  s m a lle r  t h a n  t h e  e x p e c te d  

o u t p u t  r a t e .  A nd i f  a n  o v e r e s t i m a t e  o c c u r s ,  t h e  a c t u a l  

o u t p u t  r a t e  w il l  be  l a r g e r  t h a n  t h e  e x p e c te d  o u tp u t  r a t e .  

I n  a  m u l t i s t a g e  p r o d u c t i o n  s y s te m , t h e s e  im b a la n c e s  

b e tw e e n  s u c c e s s i v e  p r o d u c t i o n  s t a g e s  _m ay c a u s e  a n  

u n e x p e c t e d  u n d e r u t i l i z a t i o n  o r  o v e r f l o w  o f  t h e  

in te r m e d ia te  s ta g e s . And a s  t h e  n u m b e r o f  s ta g e s  in c r e a s e s ,  

t h e  d is c re p a n c y  b e tw een  th e  a c tu a l  o u tp u t  r a t e  a n d  e x p ec te d  

o u tp u t  r a t e  may in c r e a s e  to  t h e  p o in t  w h e re  t h e  sy s te m  i s  

o u t  o f  c o n t r o l .  To s t a b i l i z e  t h e  u n d e r u t i l i z a t i o n  o r  

o v e r f lo w  o f  t h e  i n t e r m e d i a t e  s t a t i o n s ,  t h e  p r o d u c t i o n  

p l a n n e r  w o u ld  e x e r c i s e  some c o n tr o l  t e c h n iq u e s  b a s e d  on 

t h e  r e s u l t s  o b ta in e d  i n  t h i s  k in d  o f s tu d y ,  i.e „  c o n s id e r  

c h a n g in g  some o f th e  p a ra m e te r s  a f f e c t in g  th e  o u tp u ts .

How to  i n t e g r a t e  t h e  r e s u l t s  o f t h i s  k in d  o f s tu d y  

i n t o  t h e  p r o d u c t io n  sy s te m  d e s ig n  a n d  c o n tr o l  i s  a  v e ry  

s ig n i f i c a n t  p rob lem  a n d  d e s e rv e s  f u r t h e r  s tu d y .



APPENDIX Ai

FLOW CHART FOR THE E j/E ĵ /1 QUEUEING SYSTEM
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START

/Read in pu t
PARAMETERS! 
X, lit j  &K /

INITIALIZATION
1. SET SIMULATION CLOCK=0
2. INITIALIZE SYSTEM STATES 

^STATISTICAL COUNTERS
3. INITIALIZE EVENT LIST

DETERMINE NEXT 
EVENT TIME

ADVANCE THE
SIMULATION
CLOCK

DEPARTURE ARRIVAL CALL
ARRI
SUB.

CALL 
DEPAR1 
BUB. >

TYPE OI 
.EVENT v

/ I S  \  
SIMULATIOj 
\O V E R  /

NO

YES

COMPUTE ESTIMATES 
OF INTEREST AND 
PRINT RESULTS & 
DATA COLLECTED

STOP

Flow  C h a r t  f o r  th e  E j /E ^ /1  Q ueueing  S ystem
(E vent T r ig g e r e d  V a r ia b le  Time In c re m en t)
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ARRIVE

SUBROUTINE

NOYES

RETUR

IS \
ser v e :
ID L E /

SCHEDULE THE 
NEXT ARRIVAL

DETERMINE SERVICE 
COMPLETION TIME

SET SERVER 
BUSY

ADD 1 TO THE 
NUMBER IN 
QUEUE________

STORE THE 
ARRIVAL TIME OF 
THIS CUSTOMER

ADD i TO THE 
NUMBER OF 
CUSTOMER SERVED

STORE THE 
DEPARTURE TIME 
OF THIS CUSTOMER

SET WAITING TIME=0 
FOR THIS CUSTOMER 
& GATHER STATISTICS

ARRIVE Subroutine of the Ej/E^/1 queueing system



DEPART
SUBROUTINE
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S
QUEUE

MPTY?
Y ES’

REDUCE QUEUE 
S IZ E  BY 1

SET SERVER
IDLE

>f 1t
COMPUTE WAITING 
TIME OF THE 
CUSTOMER ENTERING 
SERVICE & GATHER 
ST A T IST IC S

SET NEXT 
DEPARTURE 
TIME TO 
IN F IN IT Y

UPDATE SYSTEM 
STATE (#  OF 
CUSTOMERS 
SERVED)_________

/" S
RETURN

■ * 
DETERMI 
COMPLET

f |
NE SERVICE 
IOK TIME

>
STORE THE 
DEPARTURE TIME 
OF T H IS  CUSTOMER

IS
QUEUE 

EMPTY?
YES oRETURN

MOVE EACH 
CUSTOMER IN  
THE QUEUE UP 
ONE PLACE

r e t u r ;

Depart Subroutine of the Ej/E^/1 queueing system
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APPENDIX A2

FLOW CHART FOR THE E j/E ĵ /1 - > . / H / l  QUEUEING SYSTEM
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START

ADVANCE THE | 
SIMULATION CLOCK

„.WHICHX 
STAGE OF PER 

DEPARTURE-^
CALL
DEPART

CALL
ARRIVE

/ I S  ^  
SIMULATK 
\  OVER?.

-NO

STOP

ARRIVAL OF 
THE FIRST (

INITIALIZATIONS

DETERMINE NEXT 
EVENT TIMS

OOMPUIE ESTIMATES 
OF INTEREST AND 
PRINT RESULTS & 
DATA COLLECTED

NCIE: DEPART 2 Subroutine i s  the  same as DEPART Subroutine 
in  the  Ej/E^ / 1

Flow Chart for the Ej/Ê /1 ->. /M/ i Queueing System



DEPART 1 
SUBROUTINE

1 2 0

REDUCE QUEUE 1 
SIZE BY 1

YES-

COMPUIE WAITING 
TIME OF CUSTOMER 
ENTERING STAGE 1 
S E R V IC E  & GATHER 
STATISTICS

UPDATE SYSTEM STATE 
(#  OF CUSTOrER SERVERED)

SET SERVES 
IDLE

SET NEXT DEPART. 
TIME OF STAGE TO 
INFINITY

IN STAGE i

DETERMINE SERVICE 
COMPLETION TIME

STORE THE DEPART.
TIME OF THIS CUSTOMER

YES

MOVE EACH CUSTOMER 
IN QUEUE 1 UP 
ONE PLACE

1
SET WAIT 
FOR THIS 
& GATHER

TNG TIME=0 
CUSTOMER 
STATIST.

t
ADD 1 TO THE #  OF 
CUSTOMERS SERVED

ADD 1 TO 
THE NUMBER 
IN QUEUE 2

STORE THE 
ARRIVAL TIME 
OF THIS CUSTOMER

SET SERVER 
BUSY

I
RETURN^

DETERMINE SERVICE 
COMPLETION TIME

STORE THE DEPARTURE 
TIME O F  THIS CUSTOMER

RETURN

EBPART 1 Subroutine of the  Ej/%/1->. /H/i  Queueing System
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APPENDIX B

CHI-SQUARE AND KOLMOGOROV-SHIRNOV TEST STATISTICS ON THE 
ESTIMATED PARAMETERS ( a  AND B ) OF THE FITTED GAMMA 
DISTRIBUTION

D eg rees  o f Freedom : 25 (K olm ogorov-Sm irnov T e s t)

D eg rees o f  Freedom : 16 (C h i- s q u a re  T e s t)

C r i t i c a l  V a lu es  o f C h i- s q u a re  T e s t:  
d= . 05 : 26. 30 
a= .0 1  : 32. 00

C r i t i c a l  V a lu es  o f K olm ogorov-Sm irnov  T e s t:  
a= .0 5  : 0. 26 
a= .0 1  : 0. 32



1 2 2

p J k a 6 X2 K&S

0 . 1 2 l 1. 9841 . 4981 14. 722 . 0436
0. 3 2 l 1. 7432 . 5697 7. 043 . 0706
0. 5 2 l 1. 4655 . 6750 13. 458 . 0733
0. 7 2 l 1. 2524 . 7891 13. 431 . 0650
0 . 8 2 l 1. 1382 . 8657 11. 326 . 0407
0. 9 2 l 1 . 0810 . 9162 9. 320 . 0457

0 . 1 2 2 2. 0117 . 5012 7. 371 . 0397
0. 3 2 2 1. 8992 . 5286 8 . 40& . 0379
0. 5 2 2 1. 8165 . 5499 6 . 076 . 0366
0. 7 2 2 1. 7942 . 5605 7. 176 . 0388
0 . 8 2 2 1 . 8262 . 5473 7. 679 . 0384
0. 9 2 2 1. 9164 . 5274 7. 058 . 0354

0 . 1 2 5 2. 0541 . 4806 5. 813 . 0341
0. 3 2 5 2 . 0262 . 4689 12. 665 . 0351
0. 5 2 5 2 . 1 1 2 1 . 4654 9. 615 . 0607
0. 7 2 5 2. 4500 . 4019 5. 264 . 0514
0 . 8 2 5 2. 9414 . 3339 10. 588 . 0464
0. 9 2 5 3. 6873 . 2662 5. 463 . 0582

0 . 1 2 1 0 2. 0702 . 4890 1. 479 . 0317
0. 3 2 1 0 2 .1171 . 4787 7. 796 . 0303
0. 5 2 1 0 2. 3423 . 4352 1 1 . 0 2 1 . 0613
0. 7 2 1 0 3. 0518 . 3336 16. 415 . 0871
0 . 8 2 1 0 3. 8480 . 2643 17. 864 . 1138
0. 9 2 1 0 5. 4767 . 1824 7. 378 . 0535

0 . 1 2 2 0 2. 0438 . 4668 12. 911 . 0327
0. 3 2 2 0 2. 1127 . 4714 8 . 756 . 0395
0. 5 2 2 0 2. 4318 . 4096 8 . 596 . 1074
0. 7 2 2 0 3. 3115 . 3054 16. 407 . 1368
0 . 8 2 2 0 4. 2096 . 2467 18. 243 . 0172
0. 9 2 2 0 6 . 4052 . 1576 9. 151 . 1331

0 . 1 2 30 2 . 1812 . 4585 14. 114 . 0318
0. 3 2 30 2. 2873 . 4384 1 0 . 599 . 0392
0. 5 2 30 2. 626.5 . 3804 17. 495 . 0995
0. 7 2 30 3. 5594 . 2768 14. 593 . 1437
0 . 8 2 30 4. 9963 . 1994 11. 708 . 1427
0 . 9 2 30 10. 3132 . 1004 11. 414 . 1276
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p 

0 . 1

J

3

K

1 2 .
0. 3 3 1 2 .
0. 5 3 1 .
0. 7 3 1 1 .
0 . 8 3 1 1 .
0. 9 3 1 1 .

0 . 1 3 3 2 .
0. 3 3 3 2 .
0. 5 3 3 2 .
0. 7 3 3 2 .
0 . 8 3 3 2 .
0 . 9 3 3 2 .

0 . 1 3 5 2 .
0. 3 3 5 2 .
0. 5 3 5 2 .
0. 7 3 5 3.
0 . 8 3 5 3.
0 . 9 3 5 3.

0 . 1 3 1 0 3.
0. 3 3 1 0 3.
0. 5 3 1 0 3.
0. 7 3 1 0 3.
0 . 8 3 1 0 4.
0 . 9 3 1 0 6 .

0 . 1 3 2 0 3.
0. 3 3 2 0 3.
0. 5 3 2 0 3.
0. 7 3 2 0 4.
0 . 8 3 2 0 5.
0 . 9 3 2 0 7.

0 . 1 3 30 3.
0. 3 3 30 3.
0. 5 3 30 3.
0. 7 3 30 4.
0 . 8 3 30 5.
0 . 9 3 30 9.

P X2 x a s

. 3495 8 . 181 . 0399

. 4390 3. 965 . 0396

. 5774 13. 500 . 0521

. 7285 7. 922 . 0487

. 7919 16. 401 . 0399

. 6885 6 . 317 . 0456

. 3383 2. 236 . 0376

. 3700 1. 833 . 0361

. 3951 3. 737 . 0347

. 3899 5. 339 . 0351

. 3817 8 . 836 . 0361

. 3633 5. 491 . 0379

. 3320 4. 705 . 0383

. 3453 9. 609 . 0366

. 3466 5. 139 . 0371

. 3188 * 3 .4 2 3 . 0353

. 2691 6 . 936 . 0437

. 2551 1 1 . 608 . 0346

. 3358 9. 704 . 0366

. 3354 9. 356 . 0279

. 3186 7. 993 . 0336

. 2606 12. 974 . 0599

. 2280 12. 350 . 0588

. 1561 15. 438 . 0539

. 3280 5. 469 . 0354

. 3232 6 . 507 . 0 2 2 1

. 2921 9. 397 . 0643

. 2310 11. 708 . 0906

. 1628 15. 286 . 1009

. 1377 14. 088 . 1097

. 3184 7. 364 . 0351

. 3173 5. 664 . 0301

. 2932 14. 743 . 0564

. 2309 16. 422 . 1243

. 1733 10. 445 . 1440

. 1123 11. 044 . 1059

a

6582
2758
7249
3673
2611
1302

9876
7310
5504
5508
6049
7443

9851
6680
6436
1135
4473
9447

0032
0086
1668
8756
4467
4156

0552
0928
4203
3385
5060
4910

1396
1490
4175
3374
7623
0633
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p j k a

0 . i 4 l 3. 8164
0. 3 4 l 2. 6683
0. 5 4 l 1 . 8912
0. 7 4 l 1. 4701
0 . 8 4 l 1. 2753
0 . 9 4 l 1. 1377

0 . 1 4 4 3. 9505
0. 3 4 4 3. 5622
0. 5 4 4 3. 2704
0. 7 4 4 3. 1630
0 . 8 4 4 3. 3748
0. 9 4 4 3. 5570

0 . 1 4 5 4. 0165
0. 3 4 5 3. 6541
0. 5 4 5 3. 4014
0. 7 4 5 3. 5054
0 . 8 4 5 3. 8494
0. 9 4 5 4. 2759

0 . 1 4 1 0 3. 9833
0. 3 4 1 0 3. 8420
0. 5 4 1 0 3. 8457
0. 7 4 1 0 4. 3691
0 . 8 4 1 0 5. 0962
0 . 9 4 1 0 6 . 3794

0 . 1 4 2 0 3. 6625
0. 3 4 2 0 3. 8156
0. 5 4 2 0 3. 9919
0. 7 4 2 0 4. 8165
0 . 8 4 2 0 5. 9918
0 . 9 4 2 0 8 . 9705

0 . 1 4 30 3. 9980
0. 3 4 30 3. 9956
0. 5 4 30 4. 2782
0. 7 4 30 5. 4849
0 . 8 4 30 7. 1083
0 . 9 4 30 10. 4416

6 X2 K&S

2633 6 . 514 . 0400
3764 9. 687 . 0400
5305 9. 563 . 0460
6854 7. 651 . 0451
7907 10. 511 . 0398
8738 6 . 914 . 0400

2524 3. 379 . 0399
2799 5. 219 . 0387
3047 5. 276 . 0382
3147 0. 848 . 0377
2926 12. 931 . 0397
2818 10. 445 . 0391

2476 9. 547 . 0346
2722 6 . 542 . 0362
2930 6 . 730 . 0425
2850 1 . 649 . 0402
2613 12. 498 . 0368
2323 11. 043 . 0370

2522 8 . 309 . 0394
2615 9. 624 . 0389
2613 8 . 446 . 0336
2292 7. 447 . 0375
1976 9. 247 . 0437
1587 11. 850 . 0458

2593 6 . 941 . 0374
2639 4. 026 . 0352
2524 7. 167 . 0244
2080 5. 203 . 0673
1667 3. 565 . 0693
1 1 2 2 10. 941 . 0929

2557 11. 217 . 0394
2489 8 . 729 . 0268
2333 15. 618 . 0534
1625 10. 526 . 0946
1417 11. 362 . 0903
0981 12. 849 . 0838
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p J k a

0 . i 5 i 4. 6186
0. 3 5 l 3. 0186
0. 5 5 l 8 . 0166
0. 7 5 l 1. 4689
0 . 8 5 l 1. 3740
0. 9 5 l 1. 8059

0 . 1 5 5 5. 0701
0. 3 5 5 4. 4998
0. 5 5 5 3. 9961
0, 7 5 5 3. 8955
0 . 8 5 5 4. 0543
0. 9 5 5 4. 4457

0 . 1 5 1 0 5. 8593
0. 3 5 1 0 4. 9869
0. 5 5 1 0 4. 7717
0. 7 5 1 0 5. 1887
0 . 8 5 1 0 5. 8835
0. 9 5 1 0 7. 4101

0 . 1 5 ao 5. 3946
0. 3 5 2 0 5. 1780
0. 5 5 ao 5. 1815
0. 7 5 ao 6 . 0499
0 . 8 5 ao 7. 1419
0. 9 5 ao 9. 9478

0 . 1 5 30 5. 8881
0. 3 5 30 5. 1360
0. 5 5 30 5. 3868
0. 7 5 30 6 . 6999
0 . 8 5 30 8 . 5375
0. 9 5 30 13. 7474

B X2 K&S

8158 7. 786 . 0400
3307 3. 6 8 8 . 0399
4948 18. 749 . 0477
6798 6 . 610 . 0509
7781 9. 874 . 0397
8343 6 . 757 . 0393

1951 1. 876 . 0399
8197 6 . 658 . 0391
8474 10. 817 . 0398
8540 11. 090 . 0431
8440 18. 885 . 0484
8849 7. 556 . 0396

1984 9. 058 . 0339
8059 4. 159 . 0375
8133 4. 998 . 0305
1971 6 . 064 . 0455
1739 7. 767 . 0410
1349 5. 960 . 0359

1845 5. 461 . 0384
1984 1 1 . 8 8 6 . 0383
1983 3. 966 . 0409
1649 6 . 976 . 0699
1398 8 . 811 . 0788
1083 18. 849 . 0491

1864 4. 483 . 0398
1894 9. 901 . 0389
1886 9. 780 . 0509
1453 6 . 075 . 1088
1161 9. 895 . 1165
0783 8 . 865 . 0768



p j k a

0 . 1 1 0 1 8 . S731
0. 3 1 0 1 3. 9901
0. 5 1 0 1 S.S857
0. 7 1 0 1 1. 5344
0 . 8 1 0 1 1. 3419
0. 9 1 0 1 1. 1576

0 . i 1 0 5 9. 7472
0. 3 1 0 5 7. 6475
0. 5 1 0 5 5. 6519
0. 7 1 0 5 4. 6739
0 . 8 1 0 5 4. 5493
0. 9 1 0 5 4. 7413

0 . i 1 0 1 0 10. 3558
0. 3 1 0 1 0 8 . 9817
0. 5 1 0 1 0 7. 5014
0. 7 1 0 1 0 6 . 9769
0 . 8 1 0 1 0 7. 2004
0. 9 1 0 1 0 7. 8809

0 . 1 1 0 SO 10. 0730
0. 3 1 0 SO 9. 3579
0. 5 1 0 SO 8 . 5628
0. 7 1 0 SO 8 . 6741
0 . 8 1 0 SO 9. 6392
0. 9 1 0 so 11. 7013

0 . 1 1 0 30 10. 5568
0. 3 1 0 30 10. 0154
0. 5 1 0 30 9. 3959
0. 7 1 0 30 9. 8020
0 . 8 1 0 30 11. 2955
0 . 9 1 0 30 15. 4691

B X 2 K&S

1206 10. 468 . 0400
2517 6 . 863 . 0508
4405 9. 711 . 0413
6579 10. 570 . 0395
7466 5. 938 . 0399
8639 2. 637 . 0377

1033 5. 606 . 0398
1317 5. 788 . 0399
1780 9. 360 .0 4 1 6
2149 8 . 236 . 0363
2213 9. 977 . 0384
2129 10. 338 . 0283

0962 2. 137 . 0381
1108 7. 081 . 0398
1326 5. 285 . 0397
1426 9. 746 . 0375
1385 10. 956 . 0363
1267 5. 567 . 0349

0995 5. 057 . 0346
1071 9. 030 . 0363
1171 5. 901 . 0378
1154 8 . 721 . 0262
1041 9. 964 . 0399
0864 9. 731 . 0435

0952 3. 244 . 0337
1003 5. 393 . 0293
1069 3. 278 . 0339
1026 5. 420 . 0546
0895 6 . 189 . 0406
0660 9. 872 . 0543
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p J K a B X2 K&S

0 . 1 2 0 14. 7080 . 0676 6 . 807 . 0236
0. 3 2 0 1 4. 7603 . 2069 5. 830 . 0400
0. 5 2 0 1 2. 4331 . 4084 12. 250 .0 4 1 3
0. 7 2 0 1. 5444 . 6453 2. 906 . 0400
0 . 8 2 0 1 1. 2983 . 7666 11. 698 . 0395
0. 9 2 0 1 1 . 1616 . 8510 5. 337 . 0394

0 . 1 2 0 5 19. 4944 . 0510 6 . 378 . 0258
0. 3 2 0 5 12 .2546 . 0812 12. 275 . 0499
0. 5 2 0 5 7. 5653 . 1317 6 . 218 . 0399
0. 7 2 0 5 5. 6000 . 1781 6 . 226 . 0399
0 . 8 2 0 5 5. 2392 . 1902 3. 475 . 0412
0. 9 2 0 5 5. 2287 . 1913 6 . 760 . 0371

0 . 1 2 0 1 0 19. 6878 . 0505 8 . 701 . 0337
0. 3 2 0 1 0 14. 8181 . 0672 4. 092 . 0594
0. 5 2 0 1 0 10. 4244 . 0955 1 0 . 2 2 0 . 0384
0. 7 2 0 1 0 8 . 4683 . 1173 4. 067 . 0364
0 . 8 2 0 1 0 8 . 1500 . 1218 5. 711 . 0363
0. 9 2 0 1 0 8 . 4862 . 1175 5. 973 . 0258

0 . 1 2 0 2 0 21. 1140 . 0472 2. 362 . 0377
0. 3 2 0 2 0 18. 0982 . 0550 6 . 985 . 0771
0. 5 2 0 2 0 14. 1529 . 0704 14. 843 . 0354
0. 7 2 0 2 0 12. 0742 . 0824 8 . 260 . 0398
0 . 8 2 0 2 0 12. 5443 . 0794 10. 098 . 0363
0. 9 2 0 2 0 15. 2555 . 0656 5. 555 . 0351

0 . 1 2 0 30 22. 0150 . 0453 13. 400 . 0398
0. 3 2 0 30 19. 8607 . 0503 5. 920 . 0376
0. 5 2 0 30 16. 7014 . 0597 4. 121 . 0386
0. 7 2 0 30 15. 1684 . 0654 4. 697 . 0351
0 . 8 2 0 30 16. 2117 . 0613 5. 423 . 0603
0. 9 2 0 30 19. 3909 .0 5 1 3 4. 430 . 0479
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p J K a

0 . 1 30 18. 4937
0. 3 30 1 4. 9641
0. 5 30 i 2 . 4291
0. 7 30 i 1. 4267
0 . 8 30 1 1 . 1882
0 . 9 30 1 1. 0467

0 . i 30 5 27. 9601
0. 3 30 5 14. 6545
0. 5 30 5 7. 9906
0. 7 30 5 5. 5905
0 . 8 30 5 4. 9776
0 . 9 30 5 4. 7803

0 . 1 30 1 0 28. 2716
0. 3 30 1 0 19. 8229
0. 5 30 1 0 12. 9370
0. 7 30 1 0 9. 6038
0 . 8 30 1 0 9. 1719
0. 9 30 1 0 9. 4573

0 . 1 30 2 0 30. 8628
0. 3 30 2 0 23. 9782
0. 5 30 2 0 17. 2694
0. 7 30 2 0 13. 7869
0 . 8 30 2 0 13. 5261
0. 9 30 2 0 15. 0667

0 . 1 30 30 31. 4950
0. 3 30 30 27. 0927
0. 5 30 30 21. 1064
0. 7 30 30 17. 4545
0 . 8 30 30 17. 3318
0. 9 30 30 19. 7574

3 X2 K&S

0540 7. 307 . 0569
2 0 1 2 4. 879 . 0495
4123 8 . 369 . 0801
6989 15. 618 . 0514
8340 9. 138 . 0380
9395 8 . 127 . 0379

0356 10. 307 . 0391
0682 4. 925 . 0399
1243 7. 164 . 0536
1774 6 . 766 . 0396
1993 8 . 927 . 0387
2086 9. 078 . 0404

0353 3. 602 . 0366
0503 5. 254 . 0380
0768 5. 979 . 0387
1033 9. 009 . 0395
1082 9. 078 . 0404
1055 16. 170 . 0544

0325 8 . 367 . 0337
0417 1 2 . 080 . 0553
0578 10. 770 . 0631
0724 9. 370 . 0445
0739 6 . 325 . 0325
0663 6 . 190 . 0324

0319 6 . 216 . 0574
0372 5. 707 . 0515
0477 6 . 378 . 0750
0574 6 . 046 . 0434
0576 9. 314 . 0710
0503 6 . 216 . 0462



APPENDIX C

LAG-1 COVARIANCES AND CORRELATIONS OF THE 
CONSECUTIVE INTERDEPARTURE TIM ES OF THE 
E j / E f c / i  QUEUEING SYSTEM
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p j K COV CORR

0 . 1 2 1 -0 . 00145 -0 . 00329
0. 3 2 1 -0 . 02256 -0 . 03948
0. 5 2 1 -0 . 03049 -0 . 04510
0. 7 2 1 -0 . 02584 -0 . 03250
0 . 8 2 1 -0 . 02368 -0 . 02797
0. 9 2 1 0. 00143 0. 00146

0. 1 2 2 -0 . 00705 -0 . 01552
0. 3 2 2 -0 . 01815 -0 . 03589
0. 5 2 2 -0 . 02629 -0. 04948
0. 7 2 2 -0 . 02642 -0. 04721
0 . 8 2 2 - 0 . 0 1 2 2 0 -0 . 02189
0. 9 2 2 -0 . 00885 -0 . 01326

0 . i 2 5 - 0 . 01419 -0 . 02825
0. 3 2 5 -0 . 01242 -0. 02480
0. 5 2 5 0. 00297 0 . 00811
0. 7 2 5 0. 00814 0 . 02108
0 . 8 2 5 0 . 00813 0. 02414
0. 9 2 5 - 0 . 00262 -0. 01005

0 . 1 2 1 0 - 0 . 00206 -0. 00452
0. 3 2 1 0 0. 00184 0 . 00282
0. 5 2 1 0 0. 01041 0. 02152
0. 7 2 1 0 0. 01444 0. 03870
0 . 8 2 1 0 0. 01354 0. 04489
0. 9 2 1 0 0. 01113 0. 05241

0 , 1 2 2 0 -0 . 00054 -0. 00319
0. 3 2 2 0 0 . 00606 0. 01113
0. 5 2 2 0 0. 02424 0. 06040
0. 7 2 2 0 0. 02346 0. 07995
0 . 8 2 2 0 0 . 02289 0. 09808
0. 9 2 2 0 0. 01768 0. 13165

0 . 1 2 30 0. 00198 0. 00537
0. 3 2 30 0 . 00917 0. 02239
0. 5 2 30 0. 02873 0. 07648
0. 7 2 30 0. 03683 0. 13893
0 . 8 2 30 0. 03884 0. 19520
0 . 9 2 30 0. 01930 0. 13528
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p J K COV CORR

0 . 1 3 1 -0 . 00837 - 0 . 02389
0. 3 3 1 -0 . 03902 -0. 08733
0. 5 3 1 -0 . 06319 -0. 10842
0. 7 3 1 -0 . 05135 -0. 06842
0 . 8 3 1 - 0 . 04188 -0 . 04965
0. 9 3 1 -0 . 02036 -0. 02341

0 . i 3 3 -0 . 00619 -0 . 01683
0. 3 3 3 -0 . 01593 -0. 04151
0. 5 3 3 -0 . 01514 -0 . 03816
0. 7 3 3 -0 . 01438 -0 . 03693
0 . 8 3 3 - 0 . 00941 -0 . 02238
0 . 9 3 3 -0 . 00329 -0 . 00793

0 . 1 3 5 -0 . 00843 - 0 . 02279
0. 3 3 5 -0 . 01410 -0 . 03747
0. 5 3 5 -0 . 01514 -0 . 04118
0. 7 3 5 -0 . 01035 - 0 . 03089
0 . 8 3 5 -0 . 00836 -0. 02832
0. 9 3 5 -0 . 00604 -0. 02320

0 . 1 3 1 0 0. 00663 0. 02097
0. 3 3 1 0 0 . 00620 0. 01978
0. 5 3 1 0 0 . 00891 0. 02907
0. 7 3 1 0 0 . 00981 0. 03910
0 . 8 3 1 0 0. 01085 0 . 04889
0. 9 3 1 0 0. 00623 0. 04059

0 . 1 3 2 0 0. 00095 0 . 00085
0. 3 3 2 0 0. 00561 0. 01347
0. 5 3 2 0 0 . 01602 0. 04893
0. 7 3 2 0 0. 02134 0. 08587
0 . 8 3 2 0 0 . 0 2 1 0 1 0. 10677
0. 9 3 2 0 0 . 01626 0. 11739

0 . i 3 30 0. 01038 0 . 03219
0. 3 3 30 0. 01104 0. 03486
0. 5 3 30 0. 01415 0. 04735
0. 7 3 30 0. 01775 0. 07753
0 . 8 3 30 0. 01609 0. 08937
0 . 9 3 30 0 . 0 0 9 0 1 0 . 09199
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p J k COV CORR

0 . 1 4 1 -0 . 01420 -0 . 05057
0. 3 4 1 -0 . 04920 - 0 . 12969
0. 5 4 1 -0 . 05983 -0 . 11361
0. 7 4 1 - 0 . 04089 -0 . 06049
0 . 8 4 1 -0 . 03766 -0 . 04651
0. 9 4 1 - 0 . 01281 -0 . 01465

0 . 1 4 4 -0. 00357 -0 . 01349
0. 3 4 4 -0 . 01584 -0 . 05461
0. 5 4 4 -0 . 02420 -0 . 07677
0. 7 4 4 -0 . 01780 -0 . 05447
0 . 8 4 4 - 0 . 01286 -0 . 03993
0 . 9 4 4 - 0 . 00900 -0 . 02993

0 . 1 4 5 0 . 00266 0. 01256
0. 3 4 5 - 0 . 00886 -0 . 02932
0 . 5 4 5 -0 . 01605 -0 . 05115
0. 7 4 5 -0 . 01615 -0 . 05124
0 . 8 4 5 -0 . 00790 -0 . 02587
0. 9 4 5 -0 . 00390 -0 . 01074

0 . 1 4 1 0 - 0 . 0 0 1 0 1 - 0 . 00519
0. 3 4 1 0 -0 . 00377 -0 . 01560
0. 5 4 1 0 -0 . 00146 - 0 . 00662
0. 7 4 1 0 0. 00397 0. 01696
0 . 8 4 1 0 0. 00403 0. 02329
0 . 9 4 1 0 0 . 00209 0 . 01611

0 . 1 4 2 0 -0 . 00772 -0 . 02785
0. 3 4 2 0 - 0 . 00992 -0 . 03575
0. 5 4 2 0 -0 . 00655 -0 . 02428
0. 7 4 2 0 0. 00127 0. 00670
0 . 8 4 2 0 0. 00246 0. 01371
0. 9 4 2 0 0 . 00651 0. 05485

0. 1 4 30 0 . 00161 0. 00558
0. 3 4 30 0. 00093 0. 00289
0. 5 4 30 0 . 00413 0. 01683
0. 7 4 30 0. 01089 0. 06075
0 . 8 4 30 0. 01267 0 . 09106
0 . 9 4 30 0. 00749 0 . 08051
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p j K COV CORR

0 . i 5 1 -0 . 01519 - 0 . 06808
0. 3 5 1 -0 . 05877 -0. 17177
0. 5 5 1 -0 . 08146 -0 . 16015
0. 7 5 1 - 0 . 06549 -0. 09383
0 . 8 5 1 -0 . 05037 -0 . 06370
0 . 9 5 1 -0 . 00733 -0 . 00893

0 . 1 5 5 0. 00173 0. 00893
0. 3 5 5 -0 . 00984 -0 . 04454
0. 5 5 5 - 0 . 01782 -0 . 07246
0. 7 5 5 -0 . 01953 -0 . 07578
0 . 6 5 5 -0 . 02Q72 -0 . 08197
0. 9 5 5 -0 . 00830 -0 . 03563

0 . i 5 1 0 0. 00007 - 0 . 0 0 1 0 0
0. 3 5 1 0 -0 . 00586 -0 . 02770
0. 5 5 1 0 -0 . 00723 -0 . 03274
0. 7 5 1 0 - 0 . 00311 -0 . 01301
0 . 8 5 1 0 0 . 00039 0. 00757
0 . 9 5 1 0 0. 00038 0. 00306

0 . 1 5 2 0 - 0 . 00268 -0 . 01417
0. 3 5 2 0 - 0 . 00608 -0 . 03037
0. 5 5 2 0 -0 . 00657 -0 . 03326
0. 7 5 2 0 -0 . 00043 -0 . 00410
0 . 8 5 2 0 0. 00209 0 . 01300
0. 9 5 2 0 0 . 0 0 0 0 1 0 . 00418

0 . 1 5 30 -0 . 00627 -0 . 03411
0. 3 5 30 - 0 . 00711 -0. 03805
0. 5 5 30 -0 . 00346 -0. 02003
0. 7 5 30 0. 00634 0. 04126
0 . 8 5 30 0. 00997 0. 07987
0. 9 5 30 0. 00750 0. 09197



134

p J k COV CORR

0 . 1 1 0 1 - 0 . 01088 -0 . 09024
0. 3 1 0 1 -0 . 061S6 -0 . 24562
0. 5 1 0 1 -0 . 08879 -0 . 20305
0. 7 1 0 1 -0 . 08S76 -0 . 12468
0 . 8 1 0 1 - 0 . 0591S -0 . 07482
0. 9 1 0 1 -0 . 025S8 -0 . 03111

0 . 1 1 0 5 - 0 . 00166 -0 . 01562
0. 3 1 0 5 - 0 . 01518 - 0 . 1 1 2 1 2
0. 5 1 0 5 -0 . 03213 -0 . 17873
0. 7 1 0 5 -0 . 03384 -0 . 16043
0 . 8 1 0 5 -0 . 03128 -0 . 14486
0 . 9 1 0 5 -0 . 02175 -0 . 10117

0 . i 1 0 1 0 -0 . 00361 -0 . 03561
0. 3 1 0 1 0 -0 . 01170 -0 . 10104
0. 5 1 0 1 0 • 0 . 02128 -0 . 15366
0. 7 1 0 1 0 - 0 . 02086 -0 . 14016
0 . 8 1 0 1 0 -0 . 01428 -0 . 09837
0 . 9 1 0 1 0 - 0 . 00868 ”0. 06708

0 . 1 1 0 SO 0. 00176 0. 01435
0. 3 1 0 SO - 0 . 00049 -0 . 00677
0. 5 1 0 SO -0. 00335 -0 . 02980
0. 7 1 0 SO -0 . 00145 -0 . 01402
0 . 8 1 0 SO 0. 00175 0. 01397
0 . 9 1 0 so 0. 00085 0 . 00799

0 . 1 1 0 30 -0 . 00396 -0 . 04171
0. 3 1 0 30 - 0 . 00690 -0 . 06972
0. 5 1 0 30 -0 . 00914 -0 . 08752
0. 7 1 0 30 -0 . 00523 -0 . 05316
0 . 8 1 0 30 -0 . 00159 -0. 01723
0 . 9 1 0 30 0 . 00093 0. 01597
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p J k COV CORR

0 . 1 2 0 1 -0 . 01135 - 0 . 16619
0. 3 2 0 1 -0 . 06781 - 0 . 32998
0 . 5 2 0 1 -0 . 09747 - 0 . 24442
0. 7 2 0 1 -0 . 05554 - 0 . 08945
0 . 8 2 0 1 - 0 . 05759 - 0 . 07707
0. 9 2 0 1 -0 . 03972 - 0 . 04742

0 . 1 2 0 5 -0 . 00306 - 0 . 06036
0. 3 2 0 5 - 0 . 01948 - 0 . 23516
0. 5 2 0 5 -0 . 04187 - 0 . 30927
0. 7 2 0 5 -0 . 04277 - 0 . 23677
0 . 6 2 0 5 - 0 . 03219 - 0 . 16515
0. 9 2 0 5 -0 . 00873 - 0 . 04830

0 . i 2 0 1 0 - 0 . 0 0 2 2 2 - 0 . 04496
0. 3 2 0 1 0 -0 . 01132 - 0 . 16491
0. 5 2 0 1 0 -0 . 02433 - 0 . 24650
0. 7 2 0 1 0 -0 . 02974 - 0 . 24014
0 . 8 2 0 1 0 -0 . 02568 - 0 . 20481
0 . 9 2 0 1 0 -0 . 01671 - 0 . 13980

0 . 1 2 0 2 0 0 . 0 0 1 1 0 0 . 01863
0. 3 2 0 2 0 - 0 . 00266 - 0 . 04963
0. 5 2 0 2 0 -0 . 00981 - 0 . 13886
0. 7 2 0 2 0 -0 . 01453 - 0 . 17605
0 . 8 2 0 2 0 -0 . 01170 - 0 . 14735
0. 9 2 0 2 0 -0 . 00515 - 0 . 07825

0 . 1 2 0 30 - 0. 00094 - 0 . 02752
0. 3 2 0 30 -0 . 00365 - 0 . 07681
0. 5 2 0 30 -0 . 00852 - 0 . 14261
0. 7 2 0 30 -0 . 01033 - 0 . 15447
0 . 8 2 0 30 -0 . 00814 - 0 . 13103
0. 9 2 0 30 -0 . 00428 - 0 . 08448



136

p j K COV CORR

0 . 1 30 1 -0 . 01230 - 0 . 21642
0. 3 30 1 -0 . 06972 - 0 . 33260
0. 5 30 1 -0 . 08171 - 0 . 19294
0. 7 30 1 - 0 . 06981 - 0 . 09936
0 . 8 30 1 -0 . 06750 - 0 . 08073
0 . 9 30 1 -0 . 05703 - 0 . 05872

0 . 1 30 5 -0 . 00320 - 0 . 08728
0. 3 30 5 -0 . 02147 - 0 . 30053
0. 5 30 5 -0 . 04719 - 0 . 36438
0. 7 30 5 -0 . 05566 - 0 . 29566
0 . 8 30 5 -0 . 04765 - 0 . 22819
0 . 9 30 5 -0 . 03253 - 0 . 14267

0 . 1 30 1 0 -0 . 00127 - 0 . 03535
0. 3 30 1 0 -0 . 00807 - 0 . 15966
0. 5 30 1 0 -0 . 01848 - 0 . 24176
0. 7 30 1 0 -0 . 02169 - 0 . 20897
0 . 8 30 1 0 -0 . 01541 - 0 . 13818
0. 9 30 1 0 -0 . 00760 - 0 . 07154

0 . 1 30 2 0 -0 . 00017 - 0 . 00549
0. 3 30 2 0 -0 . 00465 - 0 . 10940
0. 5 30 2 0 -0 . 01274 - 0 . 21655
0. 7 30 2 0 -0 . 01639 - 0 . 22352
0 . 8 30 2 0 -0 . 01425 - 0 . 18542
0 . 9 30 2 0 -0 . 01017 - 0 . 13606

0 . 1 30 30 -0 . 00073 - 0 . 02193
0. 3 30 30 -0 . 00312 - 0 . 08743
0 . 5 30 30 -0 . 00807 - 0 . 17925
0. 7 30 30 - 0 . 01216 - 0 . 22053
0 . 8 30 30 -0 . 01087 - 0 . 19480
0. 9 30 30 -0 . 00630 - 0 . 13027
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