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Preliminaries

We refer the reader to H. Neumann [11] for the 
definition of varieties, product varieties, metabelian 
groups, nilpotent groups, residually nilpotent groups, 
lower central series of groups,, relatively free groups, 
basic commutators and left normed basic commutators.
(The definition of basic commutators in H. Neumann is 
given for finitely many generators only. When infinitely 
many generators are involved, only obvious modifications 
are required, see e.g. [13]).

Next we give certain definitions which were 
introduced by G. Baumslag and can be found in his 
papers [4 ] and [5].

Let G be any group and let *Y G be the n-th term 
of the lower central series. Then the sequence

G/Y2G, G/Y^Ctji ...

is called the lower central sequence of G. Let H be 
another group. Then H and G have the same lower central 
sequence if there are isomorphisms 0̂. from G/Y^G onto 

such that 0^ induces on G/Yĵ jG to H/Yk_1H
for k. = 2,3,... .

A group P is termed parafree in a variety y if
(i) P e V,
(ii) P is residually nilpotent, and
(iii) P has the same lower central sequence as a free



group in Y.
A subset X of a parafree group P is called a parabasis 
for P if X freely generates P modulo Ygp* follows
that if X is a parabasis of Pj then X freely generates 
P modulo T^P for n ^ 2.

We now list the notation which will be used 
throughout this paper.
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Notation
xy the transform y *Scy of x by y^ x,y e G.
y^.. .+yn ^1 ^ 2  yn / \x x x  ... x (x̂ y-î j . .. ,yn in the group G).
[x-ĵ x̂ ] the commutator x^x^x^Xg of x^ and x,-,.
[x -̂jX^j . . . Jxn ] fhe left normed commutator

[ * * * jXn-l ̂ ,xn^ *
[XfjkgXgj...>knxn ] leff normed commutator with k^

repetitions of x^j ±~23.,.snj, and k.^0. If
k^= 0 the element x^ does not appear at all.

H <_ G H is a subgroup of G.
gp (X) the subgroup of G generated by X, where X is

a subset of G. 
gp^(X) the normal subgroup G generated by X.
[A,B] the group generated by the commutators

[a,b], a e Aj b e B.
T^G the n̂ *1 term of the lower central series of

a group G.
|s| the cardinality of a set S.
S \ T  the set theoretical difference between S

and where T is a subset of S.
{Sĵ j . the set {s-^...^ ^  ̂̂ k^ "
^  the set of integers.
m | n m divides n^ m,n e
m J( n m does not divide n, m ^  e ^  .
A the variety of all abelian groups.
A variety of all abelian groups of exp. dividingn
-n (n > 2J .



Introduction

The purpose of this thesis is to provide analogs, 
for parafree groups in certain varieties, of a number of 
theorems concerning free groups in these varieites. These 
latter theorems in turn, are generalizations of classical 
theorems about absolutely free groups, i.e. free groups 
in the variety of all groups. We shall not be specifi­
cally concerned here, however, with absolutely parafree 
groups, although some of our results do hold in this case. 
In fact, we shall be dealing mainly with certain types of 
product varieties.

The paper is divided into three chapters, as 
follows.

In Chapter I, we consider a well-known theorem of 
0. Schreier [12], asserting that a nontrivial normal 
subgroup of an absolutely free group of finite rank is 
finitely generated if and only if it is of finite index.
G. Baumslag [5] considers possible generalizations of this 
theorem for certain relatively free groups and obtains the 
following result!

Let U and V be varieties of groups and let F be a 
noncyclic free group in UV. Let V(F) denote the (unique) 
minimal subgroup of F such that F/V(F) lies in V. Suppose 
that N is a nontrivial normal subgroup of F such that 
F/V(F)N is infinite. Then N is not finitely generated.



Note that in the case where U and y are both the 
varieties of all groups,, Baumslag's theorem reduces to 
the "only if" part of Schreier's theorem. Our contribution 
is to prove a form of Baumslag's theorem^ replacing the 
free group F by a parafree group P. However^ we must make 
a drastic restriction on the varieties U and V. More 
precisely we shall prove:

Let P be a parafree group of rank > 2 in the 
2variety A of all metabelian groups. Let N be a normal 

subgroup of P such that |p/fcrP'| is infinite. Then,, either 
N = 1 or N is not finitely, generated.

pNotice that the free groups in A are actually 
parafree., being residually nilpotent,, and therefore our 
result can be viewed as a partial generalization of 
Baumslag's theorem.

In Chapter II3 we shall prove the following theorem!
If P is a parafree group in any variety V containing 

the variety of all metabelian groups, and if x and y are 
any two elements of P which are independent modulo 
then the commutator [x,y] is not a proper power.

This result generalizes the analogous result for 
free groups., provided V is either the variety of all groups 
(G. Baumslag [2]; W. MagnusA. Karrass and D. Solitar [8]) 
or the variety of all metabelian groups (G. Baumslag,
B. H. Neumann, H. Neumann and P. M. Neumann [6]}. If y is 
a variety which lies strictly between the variety of all
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groups and the variety of all metahellan groups, then a
free group in U is not necessarily a parafree group, and
therefore our theorem does not apply directly to free
groups in such varieties. Nevertheless, the result is

2still true for free groups F in U, U A . Indeed, we 
need only observe that F/Fm is free in A .

In Chapter III, we establish the following result:
A parafree group of infinite rank in the product

variety AAg has a trivial center.
The analogous result for free groups is known to be 

true for a much larger class of varieties. (See, e.g.,
M. Auslander and R. C. Lyndon [1 ].) Unfortunately, at 
the moment, our methods do not permit us to extend the 
result to parafree groups in other varieties, indeed not 
even to parafree groups in AA , with p an odd prime. The 
reason for our inability to establish more general theorems 
of this type, even for AA^, is that combinatorial difficul­
ties arise. More precisely, the problem of the triviality 
of the center translates into a problem concerning the 
augmentation ideal of the integral group ring of the free 
group in the variety A^. This latter problem is totally 
intractable.

The reader can find a more detailed outline of 
the results contained in this paper in the introductory 
sections of the various chapters.



At this pointy I would like to express my deep 
appreciation to my thesis advisorj Professor G. Baumslagj 
without whose patient guidance and encouragement this 
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Chapter I

§1. The purpose of this chapter is to prove a generalization 
of a theorem of G-. Baumslag [5 ]. Our result can he stated 
as follows:

Theorem I. Let P he a parafree group of rank > 2
2in the variety A of all metabelian groups, let N he a normal 

subgroup of P such that Jp/M'P1] is infinite. Then either 
N = 1 or N is not finitely generated.

The main tool used in the proof of the theorem is a 
formula expressing an arbitrary element of P as an infinite 
product in an appropriate sense. (This formula will also 
be used in subsequent chapters.) Aside from several special 
cases, the proof of the theorem proceeds by contradiction, 
first reducing to the case when P is parafree of rank 2.
The assumption that N is finitely generated, together with 
the other assumptions, leads to (several) systems of (k+l) 
linear inhomogeneous real equations with k unknowns (where 
k+l = number of generators of N). These systems must, on the 
one hand, always be solvable, but, on the other hand, we can 
arrange matters so that some of these systems are not 
solvable. This involves making certain estimates on the 
terms of the system.

The rest of Chapter I is arranged as follows.
In §2 we prove our infinite product formula. Some technical 
lemmas concerning commutator formulas are derived in §5 and 
§4, and in §5 we introduce certain real functions which are
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used in making our estimates. Then, in §6, we carry out 
our reduction to the rank 2 case, and, finally, we complete 
the proof in §7.

§2. Let g he an arbitrary element of a group G. We write
cd n

S = T T  Si iff ( I I S.-)” S e y „G , for all n.
i=l 1 i=i 1

Now suppose that G is residually nilpotent and
let g e G. Then we may choose elements g^jgg,... of G
such that g^ e and such that

g s gl s2 •'* gn modul° *Vn+iG *

It follows immediately then that
00

If one imposes certain extra conditions on the group 
G, then every element of G can be written uniquely as a 
particular infinite product. This is the essence of the 
following discussion.

Let G be a residually nilpotent group. For every 
n _> 1, suppose

Sn = I a(n> s A n}

where g^ a(n) 6 fo*1 all ct(n) e ^ow well-order
Sn in any way. Suppose further that every element gn of 
YnG can be expressed uniquely modulo 'Yn+iG frh "t*16 following 
way:
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Sn s I I gPnj“^ ^  modulo Yn+1G ^  l=1 n,a, (n) n+-L

where < Sn,a2(n) < < sn,ak (n) and f^a^n)
belongs to a fixed subset of integers depending on n.
Clearly., every element g of G can be written as follows I

_oo_k(n) Pn a . (n )
g = i I M  B y *  ,n=l i=l n,a^(n)

where k(n) is a finite non-negative integer, with the0
understanding that ] f g / \ = 1, and

1=1

^ ^ ( n )  < sn,a2(n) **• gn,a^nj(n) *

gd k{n) Pn,a±(n) °° Jto) pn,B. (n)
S = I J ] gn,a.(n) = I ] [ \ gn,B.(n) n=l x=l i ' n=l j=l 0

0 <_ k(n) < oo, 0 <_ i(n) < oo ,

gn,a1 (n) < *** < gn,ak(n)(n)

Suppose

where

and

^n,^(n) ■** Sn^i(n )^n  ̂ *
Then for all n _> 1, k(n) - J?(n) and a^fn) = p^(n) 
for all n >_ 1 and 1 < i < k(n).

Let P. be a parafree group in the variety of all 
metabelian groups, with x^, A e JL as a parabasis. For 
every n >. 1, let Sn be the set of all left normed basis 
commutators in x^, J\ e -A. of weight n. (Of course,we assume
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that the sets Sn are well-ordered.) Using a theorem of
W. Magnus (see e.g. [11J) on the independence of the left
normed "basic commutators of weight _> 2 in a free metabelian
group, it follows immediately from the preceding discussion
that every element of P has a unique form as an infinite
product of powers left normed basic commutators in the x ^
arranged in an increasing order. This representation of

2elements of a parafree group in A will be used in 
Chapter II as well as in Chapter I.

§3. Throughout this section we shall mainly deal with 
metabelian groups. The first four lemmas are known, and
hence their proofs will be omitted.

Lemma 3.1. Let G be any group, and let x and y be 
any two elements of G. Then

(i) [x,y_1] = ([x,y]_1)y

(ii) [x^y] = ([x,y ]_1)x

(iii) [x-1,y_:L] = [x,y]<xy) .

Lemma 3.2. (P. Hall) Let G be any group, and let
x, y and z be arbitrary elements of G. Then

[x,y-1,z)y [y^sT^x]2 [z,x-1,y]x = 1.
Lemma 3.3. Let G be any group, and let x, y, and z 

be arbitrary elements of G. Then
(i) [xy, z] = [x,z]y [y,z]
(ii) [x,yz] = [x,z] [x,y]z
(iii) [x,y]z = [x,y] [x,y,z] .
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Moreover, if G is a metabelian group, then
(iv) whenever x e YgG, xyz = xzy

(v) [xr,ys] = [X ŷ ](1+x+**-+xr"1)(1+y+*** y8"1)

where r and s are positive integers.

Lemma 3 .4 . Let G be any metabelian group, and let 
x and y be any two elements of G. Then

[y, kx, iy, mx] = [y, (k+m)x, £y]

where k _> 1, & _> 0 and m _> 0.

Proof: The proof can be found in H. Neumann [ li; p. 96].

Lemma 5.5. Let G be any residually nilpotent
metabelian group. Let g be an element of and let

op ^
h be any element of G. If we write g = f g. where

i=2 1
si e ^i0- ^  —  2^3 then

00
(i) i s M  = [g.,h]1=2 1

co .
(ii) S = T~T gi1=2 1

Proof: Using Lemma 3.3 and the fact that y2G is
abelian we get

n
(1) [gjh] = T T  [g±Jh] modulo rn+2G (n > 2) .

i=2
Hence,
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( | | [g^h])"1 [g,h] e 7n+2G (n > 2).
i=2

Thus, (i) is proved. The proof of (ii) is similar, and hence 
is omitted.

Before stating: the next lemmas, we shall introduce 
certain notation.

Let G be any group, and let x be an arbitrary element 
of G. If k and £ are any non-negative integers, let 
a(k, ii,x) denote the following element of -21(G), the group 
ring of G over the integers;

a(Ojijx) = x1 for all i _> 0

and immediately,
£-1

a(k, £3x ) = 5 a(k-l,i,x) for all k > 0 and £ >_ 0 , 
i=k-l

£-1
whereoour convention is that ]> a(k-l,i,x) = 0 if £ < k.

i=k-l
Thus, a(k, i,x) = 0 whenever £ < k. Moreover, one should 
observe that a(k,k,x) = 1 for all k 0.

Next, we shall denote by m(s,t), where s ^ 0, t >_ 0, 
the following non-negative integer!

m(0,t) = 1 for all t >_ 0

and inductively, 
t-1

m(s,t) = ^ m(s-lji) for all s > 0 and t > 0 
i=s-l

and again our convention is that whenever t < s,
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t-1
5 m(s-l3i) = 0. Thus m(s,,t) = 0 whenever t < s. 
i=s-l
Furthermore, it can easily be checked that m(s,s) = 1 
for all s _> 0.

Now we are ready to proceed with the lemmas.

Lemma 3.6. Let G- be any metabelian group.
If x1}x 2j ...,xnJ and z are arbitrary elements of G such
that n > 2, then

a(kj^z) m(kji) a (k+l, 4,-2)
[■JC1-’X2J' * * * ,xn ̂ = Exi^x2J * * ’ ,xn^

where k ^ 0 and 4 _> 0.

Proof: The proof is by induction on k. If k = 0,
we must show that

a(0j 4, z) m(0,4)
(1) =

a (1 > $>s z)
f-xlJ x29 * * *9 xnJ ̂  ̂

By definition we get

(2) a(0,4,z) = z^

and
4-1

(3) o(ljIjz) = ) a(0,i,z) .
1=0

We observe that if 4 = 0 equation (l) holds trivially.
Thus, assume that 4 > 0. Using Lemma 3.3 and equations (2) 
and (3) we get
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2 ̂ , g
[x-^jXgj.,. '' * jXn * *' jXnjZ ^

P~il+z+..,+z
= x 2 3 * * * jXn ^ x l 3X 2 3 * * * 3Xn 3Z

a(lj &3z)
= [x2.jX23 * * * jXn^ [xijX23 ’ * * *xn3 z ̂

Thus* equation (l) holds. Nextj we shall assume that the 
result holds for some fixed k > 0* and we shall prove that 
the following identity holds;

ot(k+lj £,z)
(4 ) tx]_ix 2 5 * "  jXnJ

mCk+l,,^) d{\fL+2.3 Z3z)
— ,X23 * * * jXn^ ®-xljX2J * * * ,xnJ ̂  ̂

Using the induction hypothesis and the fact that y2G is 
abelian^ we get

£-1
atk+l^.z) a(k,l,z)

(5) ix13x2> ‘ jXn ] = txljX2J * * * *xn^
i-1
> mtkji)

[x1Jx2j...ixn ]*
&-1
"> a(k+lji5z)

* txi->x23 * * * ,xn3 z ̂ *

By definition we know that
£-1

(6) > m(kji) = m{k+lj £)
i=k

and
£-1 i-1

(7) y aCk+l^ijz) - J q ^ l ^ z )
i=k i=k+l

= a(k+2,ijz) .
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Wow, equation (4) follows immediately from equations (5), 
(6) and {7), and thus the proof of the lemma is complete.

Lemma 3*7 . Let G be any metabelian group. If 
Xi,x2,...,xn and z are arbitrary elements of G such tnat 
n >_ 2, then

£ -rV . m(i -̂g)
I-XI^X2J *'' jXn^ ~ ' ' txiJX2J * * * jXn5i=0

where £ >_ 0.

Proof: The proof is by induction on £. Suppose
I = 0. Then

Tx x x lz - Tx x x -[m (0j0)lJ 2J * * *3 n — * * *s n

because m(0,0) = 1. Next, we shall assume that
,3

(1) txi^x2^* **^xn^Z = txijX25* *•̂ xn^iz  ̂  ̂ for

where & is a fixed positive integer, and we must show that

£+1 p i  m(i, i+l)
(2) ^ j X g , .. .,xn ] = ] | [xx,x2, ...,xn,iz]

i=0
We first observe that by definition z^ = a(0,i,z). Thus,
using Lemma 3.6 we get

£+1 a(0,i+l,z)
(?) jX2J * * * ,xn^ ~ -̂xljX2'? * *■* *xn^

— fx x x rx x x z ^ 1 3 z)— 25 * * ’ J n * * * ■* n
, , >_ - - a(0,j,z)

_ rx x x x x Zlj=0— lai*-r-29 * * * * n * * * 3 nJ ■*
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Using the induction hypothesis, equation (3) and the fact 
that ‘YpG is abelian, it follows that

,0+1 m (0, £+)
(4) 3 = [xq^X2J* * *jXn^

| | 1 | [x.,,x2, .. ,,x , (l+i)z]
3=0 i=0

m(0, jg+1)
= ... *x^]

£
I IIIMijj)

1 rtxl Jxp-» • • ,:XriJ ̂ L+l) z ' •1=0 ■L
By the definition, we get

£
(5) ra(i+l,m) = IHm(i,j) .

J’=i
Hence it follows immediately from equations (4) and (5) that

i+1 n(0,i+l)
(6) [x-̂ jXg, ... ,x^] = ' ‘' jXn^

I _ m(i+l,i+l)
I I Exi ̂■̂2'* * * * ■>'̂n■, ̂ ̂-+**0 ]
i=0

_ m{l3£+l)

= 1=0 tXl,X25 * " jXnjiz]

and the lemma is proved.

Lemma 3*8. Let; G be any metabelian group.
If x and y are any elements of G, then

x £ A  , >[y,mx,ny] = | | [y,(m+i)x,ny] 
i=0

where m > 0, n > 0 and £ > 0.
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ProofI The proof of this lemma follows easily 
from Lemmas 3,4 and 3.7.

§4, In this section^ we shall deal with parafree groups 
of rank 2 in the variety of all metabelian groups. Using 
the ideas developed in Section 2  ̂ it is easy to see that 
if a and b are a parabasis of Pj then every element p of P 
can be written uniquely (modulo permutation of the 
commutators) as follows;

p = ak°j0 b^ 1 T T  [b^ma.nb] ^ 11 ;
m>l
m>0

here kQ kQ 1 and k^ n (for m 1, n 0) are any integers.
This representation of elements of p will be used repeatedly
in this section.

The following lemma is essentially well-known [7 ].
2Lemma 4,1. Let P be a parafree group of rank 2 in A ,

If a and b form a parabasis of P̂  then

[ b ^ n b ]13"1 = T T  [b,ma, (n+i)b] t"1)3"
' 1=0

where m > 0 and n _> 0.

Proof: We shall first show that for an arbitrary
positive integer k the following identity holds I

-1 h-1
(1) [b^ma^nb]13 = ]  |~ [b^ma5 (n+i)b]

i=0
* ( [bjinaj (n+k)b] )b .
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The proof of equation (1) is by induction. Suppose k = 1. 
Then we must show that

-1 -1
(2) [b3majnbjb = [b^ma^nb] {[b^ma^ (n+l)b]-1)t>

It follows from Lemmas 3*1 and 3.3 that

(3) [b^majnb]^ = [b^majnb] [bjina ̂ nbjb”1 ]

1 T-,”1= [b_,ma3nb] ([b^ma^(n+l)bj )

Nextj suppose equation (l) holds for an arbitrary fixed 
k > 1. Then we shall show that

■w—1 ^ / 1 \i
(4) [b3ma,nb] = jj [b,ma,(n+i)b]  ̂ '

i=0
/ \ k+l -u *~1

* ([b3ma* (n+k+l)b ] *■ ” ' )

Using the induction hypothesiSj Lemmas 3.1 and 3*5 and the 
fact that Y2P is abelian we get

(5) [b3ma,nb]b

= I I [t^ma,(n+i)b]t"1) •([b^ma,(n+k)b]'-1' )b 
i=0

= T" f [b5ma}(n+i)b] [b3ma,(n+k)bjb_1]
1=0 vk , .1 -1 (-1)

= 1 T [bfma j (n+i)b ] ) {([b^ma, {n+k+l)b]“ ) }
i=0
■ K. / -i \i / -i \k+l . -1

= 1 T [bj,ma, (n+i)b]' * ([b,ma, {n+k+l)b] ' )
i=0

ThuSj equation (4) holds^ and hence equation (l) is true
/ \k b-l

for all k _> 0. Since the commutator ( [b,ma, (n+k)b] ̂ ' )
belongs to 'Vm+n+1+k.PJ it follows immediately from the
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definition of an infinite product that
-X oo

[b^ma^nb]13 = ]  f [b,ma* (n+i)b ] ( ,
i=0

and thus the lemma is proved.

Corollary. Let P be a parafree group of rank 2
2in A . If a and b form a parabasis of P, then

i t00 r -| \ i[b^ma^nbjb ] = [b^ma^ (n+i)b] '

Proof: The proof follows immediately from
Lemmas 5-5 and 4.1.

pLemma 4.2. Let P be a parafree group of rank 2 in A 3 
with a and b as a parabasis. Then

oo jx.
[bjina,nbjkb” ] = | | [b^ma3 (n+i)b] 1

i=k
where |X̂ m > 0, n _> 0 and k _> 1.

Proof: The proof is by induction on k. If k = 1, 
then the statement of -Lemma 4.2 is reduced to the statement 
of the corollary of Lemma 4.1. Thus, suppose the lemma 
holds for an arbitrary fixed k > 1. Then we shall show that

CO (j,.
[b3ma,,nb5 (k+l)b“ ] = ] [~ [b,ma5 (n+i)b ] 1 .

i=k+l
where e 2* m > 0., n _> 0 and k > 1.
Using the induction hypothesis^ Lemma 3.5 and the corollary 
of Lemma 4.1  ̂ we get
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[b^ma,nbj(k+l)b-1] = [b^ma^nbJkb“13b_1]
M*. -i

= [ 1 T [b,ma^(n+i)b] 3b ] i=kco \x.
= ] f [b^ma(n+i)b5b” ] 1 

i=k
CD OO , v j  p,.

= T T  ( T T  [b 5ma j (n+i+j )b ] ̂ * ) 1i=k j=l
oo

[b5ma,-(n+i)b ]P^ 3
i=k-f-l

where p. = > M-..
* i+j=&

0‘>1i>k
Clearly p^ e .2 T , and hence the lemma is proved.

Lemma 4 .3. Let P be a parafree group of rank 2
pin A } with a and b as a parabasis. Let p be an arbitrary 

element of y^P. If we write

(1) p = 1 r [b̂ ina.nb] m*n
m>0
n>0

and

(S) pbS = T T  [u.ma.nb] m’n ,
m>0 
n>0' ■

where k , I and s are any integers, then m,n nijii
k n = n for all m .IB, 0 Blj O

Proof*. We shall first suppose that s 0.
Using Lemmas 3.5 and 3-7 and equation (l) we get
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m>0
n>0

= T T  ([b,ma,nb]bS) ^ n
m>0
n>0

m>0 i=0
n>0
F T  T T  [b,ma,(n+i)b]
m>0 i=0 
n>0

Now, we observe that the infinite product,,
  s k -mfijS)
I H  [ [b,ma, (n+i)b] 3 contains a commutator
nm^ i = 0
ending with an a if and only if n = 0. Furthermore, if
n = 0, the commutator [b,ma] appears to the power

^m o m<°3S) = km 0 3 ‘£,°r a11 m — Using the above
fact, Lemma 2.1 and equation (2), it is clear that

Tn,0 “ m, 0 J’"x m — 'x#
Next, suppose s < 0, and put t

Then, as inequation (5) we get

c= P
t

m>0 i=0 
n>0 “ t

[b,ma ,rib,ib“ ]-!•> m,n
m>0 i=0 
n>0

Using Lemma 4.2 and equation (4) we get
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j >s n A / r r fk(5) P = 1 1 1 1 ( 1 1  [b^rnaj(n+j)b] j3 ) 3
m>0 1=0 j‘=i 
n_>0

where U. . (j > i) are integers such that ]J. _ = l andJ j 1 u
u. = 0 whenever j >0. ThuS; we observe that the infinite J J ̂
product on the right hand side of equation (5) contains a 
commutator ending with an a if and only if n = 0. 
Furthermore; if n = 0, then the commutator [b^ma] appears 
to the power kffi 0*m(0;t) = km for all m _> 1. Thus^ as 
in the previous case; it follows that ^  q ” 0 for a11
m > 1. Hence the lemma is proved.

Lemma 4.4. Let P he a parafree group of rank 2; 
with a and b as a parabasis. If we write

P = bs T T  [b;ma;nb]kin'n 3 
m>0 
n>0

then

at s st+lcl 0 t— rP = b [b^a] 3 * 1 I commutators of higher weight ;

where s >_ 0 and t >. 0.

Proof: We first note that

p = bs[b;a] modulo *Ŷ P .

Thus, using Lemma 3.3 we get

- -ks rv.s fry, Qp = b [b 3a ] ([b^a] 3 )

= bs[b;a]st [b;a]kl3° =



st+ki 0
= bfa[b,a] modul y^p .

Hence the lemma is proved.

§5. Lemma 5«1« If we put

f (x ) = U  ~
X JL •

where x e R and n is an integer 0, then

m(n,t) _> fn ^) for a11  ̂— n *

Proof! The proof is by induction on n. Suppose 
n = 0. Then we must show that

(1) m(0,t) > fgtt) for all t >_ 0 .

But, by the definitions, we get

(2) m(0,t) = 1 for all t _> 0

and

(3) fQ(t) = = 1  for all t > 0 .

Now, equation (l) follows immediately from equations (2) 
and (3).' Next, we shall assume that the lemma is true 
for an arbitrary fixed n, and we shall show that

(4) m(n+l,t) _> fn+1(t) for all t n+1,

We first observe that f„(x) is an increasing function
n t-1

for all x > (n-l), and thus the sum, S fn(i) (t > n),
i=n a t-1

is an upper approximation of the integral 1 fn(x) dx,
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But

(5)
t-1
J fn<x> dx

n-l

t-1
- S  — % 1 ) ] n  dx
n-l

{x-(n-l)3n+1
[n+ryl

t-i

n-l
n+1

(n+1JI

Using the induction hypothesis we know that

(6) f (i}‘ m(n,i) for i _> n .

Thus, using the upper approximation together with 
equations (5) and (6)  ̂ we get

kn+l t-1
1n ’(7) i=n 

t-1
1. > ni(n}i)

i=n
= m(n+l,t)

for all t >_ n+1. But, by definition,
\n+l

(8) n+1 (t) £t-n)v (n+1)I *

Now, the lemma follows immediately from equations (7) 
and (8).

Lemma 5»2• If we put

S0(x) = 1
and

n
Sn(x> = nT >
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where x e R and n is an integer > 0, then

gn (t) _>m(n,t) for all t >_ n.

Proof: The proof of Lemma 5*2 is similar to the
proof of Lemma 5-1 and hence is omitted.

§6. Lemma 6.1. Let P be a parafree group in the variety 
2

A . If N is a normal subgroup of P such that N < y ^  and 
jp/ltfP'l is infinite,, then either N = 1 or N is not finitely 
generated.

Proof: Suppose N =/ 1 and N is finitely generated.
Since y^P is a torsion free abelian group, N is free 
abelian of finite rank. Wow, let a be any element of W 
different from the identity. As the center of P is 1, it 
follows that there is an element b of P such that [a,b]g/l. 
Using a theorem of U. Baumslag [3 ] it follows that

H = gp (aD ] i= 0,1,2,...)

is free abelian of inf inite; rank. But H < N, and hence we 
arrive at a contradiction. Thus, the lemma is proved.

Lemma 6.2. Suppose Theorem I is true whenever P is 
a parafree group of rank 2. Then Theorem I is true for an 
arbitrary, non-cyclic, parafree group P.

Proof We shall first assume that P/fcFF1 is periodic. 
Then, since |P/ftP1] is infinite, it follows that P is of 
infinite rank. Let T| be the natural homomorphism of P onto 
P/P* . Then, clearly, it is enough to show that Wf} is not
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finitely generated. Now., suppose Nti is finitely generated. 
Then^ PT]/ftPn is not periodic, because Pt} is a free abelian 
group of infinite rank. Thus we have arrived at a contra­
diction.

Next j we shall assume that P/i'TP' is not periodic.
Using Lemma 6.1, it is enough to consider the case when N
is not a subgroup of YgP. Now, suppose N is finitely
generated. Then using the basis theorem for free abelian
groups^ there exists a parabasis, X, of P and a finite
subset, Cx^... x 3 j of X such that the group NYpP is

al a2generated by the element x-̂  , x2 , ..., xn modulo Y2Pj
where e 2L (i = 1,2,... n). Furthermore, since P/ftP'
is not periodic and N is not a subgroup of y2P, it is easy
to see that X and its subset {x-̂ ,.. . xn3 can be chosen

etcso that = 0, a2 =/ 0 and x2 Y2IL Now, put

(1) K = gpp (X \ {xiax23)

and

(2) J = D  YnP' K .
n

Using a theorem of G. Baumslag [ 3 ], we know that P/J is 
a parafree group of rank 2. Let M- be the natural homo­
morphism of P onto P/J. Then, it is left to show that

(3) m  J 1

and
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(4) iPn/tontPn)'! is infinite.

We shall first show that equation (5) holds. Since
Otoxp $ YpP there exists an element, n, of N such tnat n=/1 
and n = xg2 • P’ where P1 e y2P* Now, P/EC / Y2(PA) is 
free ahelian of rank 2, freely generated by x^K and xgK.
So let p be the homomorphism of P/EC / 7g(P/EC) into P/ygP 
defined by

XiK * (Y2(PA})p = Xir2P (i = 1,2).

Then, clearly, n*K(Y2 P/EC) p / 1 and thus n / Y2P*K c j.
Hence Nt] / 1.

Next, we shall prove equation (4). Let [A be the
homomorphism of P/j / Y2(P/J) into P/Y2P defined by

XjJ(T2 P/J )li = xt 72P (i = 1,2).

Now clearly

(5) C(wn) • (y2 p/j )}^ = £gp (x22j)-(72 p/j )}m-

“p= gP (x2 Y2P) •

Suppose x^* J e (NqJ'CPr))1 for some k =/ 0. Then using
equation (5) we get

k ao
X1 Y2P € gp tx2 r2P  ̂ *

But x^ and xg are independent modulo YgP. Hence
X1TI ^ (Ntj) • (IPn) for all k / 0, and thus equation (4) is true.
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§7. Lemma 7-1* Let P be a parafree group of rank 2 in 
2the variety A . If N,is a nontrivial noimal subgroup of P 

such that 1 P/lT 'Vĝ l is infinite, then N is not finitely 
generated.

Proof I It follows from Lemma 6.1 that we can
assume that N is not a subgroup of y2P. Thus NP’/P1 =^1.
Using the basis theorem for free abelian groups, it
follows that we can choose a parabasis, {a,b}, of P such that 
t sa and b , where s and t are integers, generates N YgP 

modulo YgJ?* Since UP1/P1 =/ 1 and [nP'/P1 | is infinite, 
without loss of generality we shall assume that s / 0 and 
t - 0. Furthermore, we shall assume that s > 0. Suppose 
N is finitely generated, i.e. suppose

(1) N = gp (hx,...,hk) .
o n  . t IClearly h^ = b , where n. and h^ e ^ P  f°r

all 1 <_ i <_ k. Since bs • P1 is an element of ITP'/P1, 
there is an element p of N such that p = bsp', where 
p1 e Y2L* Put

“n i
(2) si “ hi for 1 — 1 k *

Clearly, g^ e y2P for 1 i <_ k. Using equations (l.) 
and (2) we get
(5) N - gp (h^, .,., h^) = gp (p, g^,..., gĵ )

S "fc S "fc
* gp (p) * gp{gi . • • g£ | t e 2).
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Now, the proof of the theorem is broken into two cases, 
depending on whether k = 0 or k =/ 0.

Case 1. Suppose k = 0. Then N = gp (bSp').
Since N is a normal subgroup of P̂  the element pa belongs 
to N. Thus we must have

(4 ) pa = p^ where £ € .

We also know that p = bsp' can be written as follows!

s ~\ f r-u -̂uî lrijn(5) p = b | | [bjina *nb ] ^
m>0
n_>0

where km n e Using equation (5) and Lemma 4.4  ̂we get
s +k

(6) pa = bs[b.,a] lj>0 modulo y^p .

& tfeMoreover., .p = b modulo YgP* Hence & = 1. Thus^ by- 
equation (4 ) pa = p modulo y^P. But this implies that 
s = Oj and thus leads to a contradiction.

Case 2. Suppose k =/ 0. Then
S *t St

(7) N = gp (P) • sp(s^ ,....4 1 * 6 2 )

where g^ e y2P, 1 i k. Put
/i)

(8) g. = T T  [t,ma,nb] m *n for 1 < i < k ,
m>0 ™

/ . y n >0
where £ ^ 1  ̂ ~2L > and

m >a (i.t)
£

(9) gj = | I [b^ma.nb] m ’n
m>Un>.0
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(ijt)where Z e joL. It follows immediately from Lemma 4.3III j Xl
and equations (8) and (9) that

(i) (i,t)
Z p. —  z ^nijO nij 0

for all m > 0, l_<i<^k and t e Next, we shall show
that for at least one i, 1 j< i _< k, q ^  Since pa e N
we can write

k r± s * t - .■h
gi(10) pa = p* T T  I

i=l j=l
where t. ., r. and  ̂are integers. Using equations (6)i j i
and (10), it follows that Z = 1 . Moreover, using 
equations (9) and (10), ^e get

^ o +e  r±i^ °
(11) pB = bs[b,a] • ] f commutators of

higgler weight.
On the other hand, using Lemma 4.4, we get

(12) pa = bs[b,a] • ] f" commutators of higher weight.

Hence, the following identity holds
k

(13) s = Z Z  ri 4  0 *i=l 1

But s ^ 0, and so there is an i, 1 < i < k such that
1̂ 0 ^°* Without loss of generality we may assume that
Z  u^  q y 0. Next, we shall write the element ga (u > 0) in
two ways. We shall then derive, for each u, a system of
linear inhomogeneous equations by comparing the two
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different representations of g1 . On the one handj 
using Lemma 3 »5j we get

u t— r- uCT_ / t I r-u ,_i_ i m,n\a<=>i(14) E? = ( 1 1  [b.ma^nb] “,n)m>0
n>0 1
T  ( [b .rna .nb]0’1) “ >n .m>0 

n>0
Using equation (14) and Lemma J?.Q, we get3 for every u > 0.,

(15) sf - TT ( TT [bJ(m+l)aJnb]m(1’u))^n
x m>0 i=0

n>0 ,1 -l
k+l l H  h  o

= [b,Ja]1=1 '

• TT ( TT [bj (m+i)asnb]m(i,û ) )D .
m>0 i=0
n>.0

(m+ijn)e{(lj0j...(k+1j0)3
On the other handj since N is normal., we get

u £ k ri ,u st. .(16) = p u TT TT s"i=l j=l
where u > Oj £ e 2 1, r. e 22; and t. . e SinceU 1 jTI 1 j J
gĵ  e follows that i = 0 for all u > 0. ThuSj
using equations (9) and (16) and Lemma we get
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(17) Si
u k ri,u

i=l j=l m>0 
n>0k j —

i
[b,ma,nb] m’n

k+1 4=r "3>0~i,u k r.X,u

d-i

i a 
[ b ^ a . n b ]  mjn

i=l j=l m>0 
n>0

(mJn)^C(la0),...a(k+l,0)}

Using equations (15) and (17) and Lemma 2.1  ̂we getj, for 
each u > 0, the following k+l equations!

k a _ 2 i
(18) 1_ &A o ri u = 2 Z  £± 0 m (J-i3u) for j= 1,2,...k+l,1=1 1>u i=l
Kow, consider a real vector space of dimension k5 generated

k .
by r. . i = 1*2*...,k. Then the k+l vectors Z =  ^  n r.ijU i=o J 5u
(j = l*...*k+l) must be linearly dependent. Hence* there 
exist non-zero real numbers n^*...*nk+1 such that

(19)
k+l k
S Z ni 2J f=T ^,0 ri5U - 0 ■

(20) k+l A 1
III ni 2_I o m (o-i û ) = 0 • 
1=1 J t=l 19°

3=1 °  1=1

Using equations (l8) and (19), follows that
k+l
2 =
J = -

Next* we shall show that if u is sufficiently large* 
equation (20) does not hold. It follows from Lemmas 5.1 
and 5*2 that whenever u > 0

,3-i(21) u1 > m

We first note that for every u > 0 we get
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. k+l x k j ,
(22) K + l  ? Z  h ,0 + Z 7  nj $ Z  h ,01  ̂ J J— X~XJ

k+l
z z1=2

k

i i k+l . -j ,i K+i I ?Z K,0I m(k+1-̂«)
+ J Z  In -1 5ZI U i  0 l m(J-iju)J=1 J 1=1 J

k+l . j_ k+l-i
-  lnk+ll l^ljol (k+l-i) i +1=2

_]S— I i  j t 1 | uJ-i
+ i K o l  (k+l-i) I

i K +1l ZI l+1j0Iuk+1‘i +iz |nj £  14 oluJ-1.k+j. i=2 -L*u j=l 1=1

Using equation (22)j it follows immediately that there exist 
positive integers and such that whenever u > ^  we get 

k+l _ k j -.
(23) K +1 -K- ^>0 m(k+1-i’u) + & £ l 4 o m ( J - i jU)i<KiU "i*“«L
Moreoverj we note that

(2i0 lnk+i ^ljO m (k^u)l lnk+i ^ k ^  *

pu‘fc lnk+l 1̂ 0̂  = K2* Tiien K2 ^  0 because nk+i ^  0 and
^  0 ^ °‘ ̂extj we observe that there exists a positive
integer,, N2j such that N2 > and such that whenever u > N2
we get

(25) Ks > KjU1'"1 .



Thus it follows from equations (25), (24) and (25) that 
whenever u > Ng we get

. k+1 J -1 .
(26) I Z Z  n-i Z Z  £± 0j=l J i=l

k+1 -j k j -1- K+i gl ̂lj0m(k+l-i,u)+ 5̂  n3 g
T, (u-k)^ TA , k-1 ^

^ 2 ki " K1U  ̂ 0 *

Hencej equation (20) does not hold for every u > N̂ . 
Thus Lemma 6.1, and hence Theorem I, is proved.
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CHAPTER II
§1. In this chapterj we shall generalize a theorem 
of G-. Baumslag, B. H. Neumann, H. Neumann and P. M. Neumann 
[ 6] concerning free groups in the variety of all metabelian 
groups to parafree groups in any variety larger than the 
variety of all metabelian groups. Precisely, we shall 
prove

Theorem II. Let P he a parafree group in any
2variety V containing the variety A of all metabelian

groups. If x and y are any two elements of P which are
independent modulo then there is no element z e P

m.such that [x,y] = z , m > 1.

To prove the theorem, we begin by reducing to the case 
2where V = A and P is of rank 2. We then examine the 

commutator [x,y], expressing it in terms of basic commuta­
tors, using again our infinite product formula. The 
expression thus obtained for [x,y] shows that [x,y] cannot 
be a proper power.

§2.. Lemma 2.1. Suppose Theorem II is true whenever P
2is a parafree group of rank 2 in A . Then Theorem II is 

true for an arbitrary, non-cyclic, parafree group P in A .

Proof. The proof is by contradiction. Suppose there 
exist elements x, y and z of P such that x and y are 
independent modulo y^P and [x,y] = zm for some m > 1. Now, 
since x and y are independent modulo YgP, there exists a
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parabasis X of P such that x and y belong to X. Next, let

(1) K = gpp (X \ {x,y3) 

and

(2) J = C\ (TnP * K) .n
Using a theorem of G. Baumslag, we know that P/J is a 
parafree group of rank 2. Now., if t) denotes the natural 
homomorphism of P onto P/J, then, clearly xri and yr[ are 
independent modulo anc* IXn^yn] = (ZTi)mj where m > 1.
This leads to a contradiction, and hence the lemma is 
proved.

Lemma 2.2. Suppose Theorem II is true whenever P
2is a parafree group of rank 2.in A . Then Theorem II is

true for an arbitrary, noncyclic, parafree group P in V,
2where V is any variety which contains A .

Proof. Let P be any noncyclic parafree group in V.
As in Lemma 2.1, suppose there exist elements x, y and z of 
P such that x and y are independent modulo y^P and [x,y]= zm 
for some m > 1. Now let

( i )  j  = n  ( y„ p * p ") •n
oThen it is easy to see that P/j is a parafree group in A . 

Next we notice that if rj denotes the natural homomorphism 
of P onto P/J, then xtj and yr} are independent modulo Y2(P/J) 
and [xr̂ yTl] = m > 1. Thus, using Lemma 2.1 we arrive



at a contradiction and hence the lemma is proved.
Before proving Theorem II5 we shall prove a few 

technical lemmas.

Lemma 2.3. Let G be any metabelian group. If x 
and y are arbitrary elements of Ĝ  then

[y,]-4 - TT < TT
j=0 i=0

where s _> 0 and t _> 0.

Proof. Using Lemma 3.3 of Chapter I we get
s t

(1) [y,xf x = [y,x] [y*x,yax L]s t

= [y^x] [ y ^ x 0] [yj,x,ys]x .

Using equation (l) and Lemmas 3.6 and 3.7 of Chapter I 
we get

(2) [yjx]y x = [yjx] "I f [y, (l+^x]m t1-,t  ̂(] [ [y^x^jy ] ^  ̂ )
1=1 J=1

i=0 
t

([yax,Jy] )

= TT rr ( TT r̂ cu-Dx.jyf’V ^
i=0 j=l i=0

- r r  ( f r  [y.(i-fi)*.jy]“ (l,t))“ (J's ) .0=0 i=o 
Thus, the lemma is proved.

Lemma 2.4 . Let G be any metabelian group. If x and 
y are arbitrary elements of Gj then
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[yk^ ]  = T T  T T  ( T T  [y>(i+i)*»Jy]m(ijt))m(;M)
9iŝ .fc-1 0=0 i=00<t<i-l

where k _> 0 and & >_ 0.

Proof. Using Lemma. 2.3 of Chapter I and Lemma 2.3 
of Chapter II we get

[y^x^] = [y^x]^1+y+* * *+yk 1)(1+x+*«* xi 1)
  s t

- 1 1 [y,x]yx0<s<k-l 
0<t<i-l

s

0<s<k-l j = 0 i=0
0<t<i-l

Hence, the lemma is proved.

Lemma 2.5. Let G be any metabelian group. If x 
and y are elements of G such that

op
(1) x = Sx T T  Si

i=2
and

oo
( 2 )  y = h* | [ hA

X 1=2 1
where g^ e Y^G and h^ € Y^G s i > lj and ijk > 0, then

n , ° °  - a i  oo  h f  o o  00
[x,y] -tei.ii!] T T  T  T T  gi T T  h-i T T  si1

i=2 i=2 i=2 1=2

(1 )
Proof, put

oot
g = sii=2 1
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and

(2)
oo

h' = M  h± 
i=2

Clearly g l and h 1 belong to y2G. Now., using Lemma 3.3 
of Chapter I and the fact that y^G is abelian we get

(5) [x^y] = [gfs'j hih 'j

= [g^ h*] [ g h ' ]  [g',h^]

= lsl> h£] (h1 1 f 1 h* g' 1 g'"1.
& k

Using Lemma 3-5 of Chapter I we know that
00

. , - 1  _ T T  _ - lw

and

(5)

g u
00

gi

^  - TT*;1 •
ThuSj using equations {3)j (4) and (5) and Lemma 3*5 °f 
Chapter I we get

OO . 0 00 OO COj k(6) [x,y] = TT hiSi TT TT er1 TT e?1
x=2 i=2 i=2 1 1=2 1
co. TT TSl TT s"1 TT fT e? ■i=2 i=2 i=2 i=2

& 00 00 oa

ThuSj the lemma is proved.

Wow we are ready to proceed with the; proof of 
Theorem II. Using Lemmas 2.1 and 2.2 of this chapter^ 
the proof of Theorem II will follow immediately from the
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next lemma.

Lemma 2.6. Let P be a parafree group in the 
avariety A of rank 2. If x and y are any two elements of 

P which are independent modulo then there is no
element z of P such that [x,y] = zm, m > 1.

Proof. The proof is by contradiction. Suppose 
there exist elements x, y and z of P such that x and y 
are independent modulo y^P and [x,y] = zm for some m > 1. 
Without loss of generality,, we may assume that m is a prime.
Wow, clearly, z must lie in y^P. Furthermore, since x and
y are independent modulo 1^ ,  there exists a parabasis, 
consisting of elements a and b of P, such that

/ V P(1) y = a modulo y^P ,

(2) x = bk modulo y^P ,

where k > 0 and Z > 0. Thus it follows from the discussion 
in Section 2 of Chapter I that x and y can be written in 
the following way

A3) y = T T  ,m>0n>0and —

  k
(4) x = bk | I [b,ma,nb] m*n .

m>0n>0
Using Lemma 2.5 of Chapter II we get
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o  -JL, „   a£ m,n
(5) [x,y] = [b ; a ]  ̂ f([b,ma,nb] ) J *| |([b,ma,nb] )m>0 m>0

n_>0 n>0

-TJlb,masn-b^m >n T T  [b,ma,nb ] “kjll>n . 
m>0 m>0
n>0 n>0

Now, it follows from equation (5) and Lemmas 3.6 and 3.7
of Chapter I and 2.4 of Chapter II that

(6) [x,y] = T T  T T  ( T T  [b* (l-f-i)a, jb]m (ljt)) ^  ^
0<s<fc-l j = 0 i=0

•TT(Tr['>,maJ(n+i)b]m (1>k))"'‘m'n
m>0 i=0 
n>0
•TT ( T Tm>0 1=0
n>0
*] T [b,ma,nb] ra:,n "[ f [b,ma,nb] mjn . 
m>0 m>0
n >0 n>0

Since we are assuming that [x,y] = zm where m is a positive
prime, the exponent of each commutator [b,ma,nb] on the left
side of equation (6) must divide m. However, we shall show
that this is not the case.

Define a positive integer 7 as follows! If
m/^mflji), put 7 = 1. If m | m(l,i), let 7 be the least
positive integer such that m| m(,':’,i). Since m(£3£) - 1,
it follows that 7 exists and 1 <_ 7 <_ i.

Similarly, define a positive integer 5 as follows:
If m/frntljk), put 5 = 0. If m | m(l,k), let 5+1 be the



56

least positive integer such that m ){m(6+l,k).
Again, since m{k,k) = 1, it follows that 6 exists and 
0 _< 5 k-1.

Now, we shall show that the exponent e of the 
commutator [h,Ya,6h] on the left hand side of equation (6) 
does not divide m. Using equation (6) and the definition 
of m(s,t) we get

6
(T) e = Z Z  -fc)m(5,s) - 2- 5 .m(i,k)0<t<k-l i=0 * ̂ u x

0<s<-6-l
Y-l

+ Z I  + "*Y,8 - kYj6

k-1 2 - 1 J 3_
= Z Z  m(7-l,t) 5ZI m(5,s) - ^__ 2 B ,m(i,k)

t=0 s=0 i=l r> 1
Y-l

+ Z Z  kY-i 6 m Ci^ )i=l Y

5 Y-l
= m(Yjk) m(6+l,i) - /> ^ 5  kY-i,5m Cij £) *

Now "by the choice of Y and 5 we know that m does not divide 
m(Y^h)m(6+l,2 ) hut m does divide every other term on the
left side of equation (7)» Thus m does not divide e and
the lemma is proved.
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Chapter III

§1. It has been shown for several varieties V that the 
free group F of rank n in V has a trivial center. It seems 
natural to inquire whether,, in such a variety V, any parafree 
group of rank n also has a trivial center.

Here we attempt to prove this for the variety AA^ , 
p a prime, but we succeed only in the case p = 2, n = oo.
(It Is known [1 ] that for any prime p, the free group of 
rank n in AA has a trivial center If and only if n = oo.)ir
Even this seemingly innocent result is rather difficult 
to prove, involving a considerable amount of combinatorial 
technique. For p > 2, the combinatorial work becomes even 
much more formidable and, so far, seems to be out of reach, 
at least using the methods developed here,

A key fact used in the proof of our result is an 
analog, In the variety Ai^, of a theorem of W. Magnus ̂ ee e,&pi]) 
which asserts that the left normed basic commutators of

pweight > 2  of a free group in the variety A are independent.
The organization of the rest of the chapter is as 

follows. In §2, we prove a number of general results about 
the left normed basic commutators of a free group in AAm 
(m an arbitrary integer 2). In particular, we prove two 
special cases of our first main theorem (the analog of 
Magnus' theorem), namely those cases in which commutators 
of weights one and two are involved. In fact, we obtain a
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unique way of writing elements of P modulo y^F and elements- 
of y^F modulo y^F. Prom §3 on5 we specialise to the case 
m = 2. In §3j, we obtain further technical results about 
the left normed basic commutators in AA,-,. We also derive 
some results concerning the augmentation ideal of the inte*- 
gral groupring of a free group in the variety A2 which are 
used later on. In §4j we obtain some specific relations 
between the left normed basic commutators of the free 
group in AA2 and in §5j using the relations of §4., we 
arrive at a subset of the set of left normed basic 
commutators9 which allows us to prove the first main 
theorem. Finallyj in §6j we prove our second main theorem 
on the centers of parafree groups of infinite rank in AA,-,.

§2. Let P be a free group in the product variety AAnJ
n > 1, freely generated by a well-ordered set £x^ A e -A.). 
Under these conditions we have the following four lemmas.

Lemma 2.1. F / y ^ F  is a free abelian groupj and F 
is freely generated modulo *ŷ F by the x^5 A e - A .

Lemma 2.2. If c = [x̂  3.,.jX, ] is an arbitrary
A1 k

commutator in F of weight kj then
2

(i) cn e y^F if k = 2,
and

(ii) cn e if k > 2.
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Lemma 2.3* *kF/̂ k+lF is an abe-*-ian group and
YkF is generated modulo Y^^E1 hy 'the left normed basic
commutators in x.^ A « A ,  of weight k. Moreover., if 

m £, A
f = 1 f c / } £. 7/0 (i = lj . . . m), where the e. 1 s are

i=l 1
distinct left normed basic commutators in the x *s ofApweight 2, and if n does not divide £  ̂for some 1 <_ i^m, 
then f $ Y-̂ P.

Lemma 2.4. Well order the set of all left normed
basic commutators in the x^’s of weight 2. Then every
element in Y2F can he written uniquely* modulo Y-ẑ 1, as a 

k-, k™producty c^ ... cm j of normed basic commutators
2of weight 2 such that cn < ... < c and 1 < k. < n for1 m — 1

i = 1.,... jin.

Proof of Lemma 2.1. Since P is free in the variety 
AAnJ F/Y2F = G/Y2G where G is an absolutely free group of 
rank |A|. Hence the lemma is obvious.

Before proceeding with the proofs of the next lemmas, 
observe that if &  denotes the free metabelian group of rank 
.A. I> then

(a ) f  ar ^ n ] .

Using equation (A) we get

(B) 7k5-/Yk+;LP = Yk ^ * [ ^ ,, ^ n ][^-nJ ^ n 3/7k+1^ * [ ^ Ĵ n][^n^ n].

Using equation (A) we shall identify F with



3?-/[ ̂  ' 3 ̂  n ] [ 3*na 3-n ] and hope no confusion will arise. 
Thus5 if we let Iy^3j A € A. denote the free generators 
of ? we shall put x^ = y^[ p. ' , Jn] [ ^ , f n ] .

Proof of Lemma 2.2. Using the above remark we get

(1) C = [y.  y .  ] [ •?  ' , 3 n ] [ 3 n > S n ] •A1 k
2

Firsts we shall show that if k = 2, c e 
It follows from equations (B) and (l) that it is enough 
to show that

(2) [y. ,y, ]n 6 7-5^ * '»4 n-U3-n, ̂ n ] .A1 2 ^
By Lemma 3-3 of Chapter I we get

(3) ryV yt,] s ryv y*2]n2 moaul° V } *  •

Clearly [y? 3y? ] e [3-n>^-n ]. Thus it follows from 
1 2

equation (3) that (2) holds.
Next we shall show that if k > 2S cn e Yk+1F.

As before^ it follows from equations (B) and (l) that 
it is enough to show that

Using Lemma 3.3 of Chapter X we get

^  [y*ljyA2* * * ^ ^ 1^ 2' ‘" ^ k ^ H  m°dul° Yk+1-^*

Furthermore^ since k > 2, [y^ 3y^ ] e
ZL 2 k,



Hence it follows from equation (5) that (4) holds, and 
thus the proof of the lemma is complete.

Proof of Lemma 2.4. To prove this lemma we shall 
make use of the following theorem due to W. Magnus, see 
e.g. [11]. In every free group G in the variety of all 
metahelian groups, the left normed basic commutators of 
weight >_ 2 freely generate a free ahelian subgroup of the 
derived group. Moreover, the left normed basic commuta­
tors of weight k generate Y^G modulo 'Ylc+1G*

It follows Immediately from equation (B) and 
Magnus' theorem that Y^F is generated, modulo by
the left normed basic commutators in the x ' s of weight kA

2Suppose f £ Y-̂ F. Then we shall show that n divides
(i = l,..,,m). Let d^ (i = l,...,m) be the left normed
basic commutator in the y^1s corresponding to the 
commutator c^ in the x^'s, "by changing the x^'s into y^'s 
and put

m z.
ci) h = t t  dj1 .

i=l 1
Clearly, the d^'s are distinct commutators in the y^'s- 
Using equation (B) we have

f e if and only if h e Y-^ * [*? -̂n ].
vsNow suppose h£Y-^^'*['^ 9 ]. Then we can write

(2) h = f T  modul° *



where f^g^ e o** for i = Using Magnus' theorem
we can write

(5)
mi £.

where 1 < i < r and the d. . are left normed basic- - J
commutators in the y^’s of weight 2. Using Lemma 5.5
of Chapter I and equations (2) and (5) we get

= T T  ( T T  modulo yi=l .1=1 ^

W  hi s i I [fî i]n
i=l 1 1
r. _pi._ £A a „2

Thus, it follows from Magnu's theorem and equations (l)
2 land (4) that n | 1 <_ i _< r, and the lemma is proved.

Proof of Lemma 2.4 . Using Lemmas 2.2 and 2.5 it
follows that every element of YoF can be written,

kl kmmodulo Y^F, as a product, c^ ... cm , of left normed
< c_basic commutators of weight 2 such that ^  ,

2and 1 ^ k^ < n for i = 1, ... ,m. Thus it is left to 
prove the uniqueness. Suppose

kn k An(1) c,~ ... c m = d-, . . . d„ modulo Y,F ,' ' 1 m l  n 5
2where cn < ... < c , dn < ... < d . 1 < k. < n1 mJ 1 nJ —  2.

(i = l,...,m) and 1 <_ £. < n2 (j = l,...,n). Put
k-, k -£

(2) f = c, ... c m d n ... d, x .' ' 1 m n 1

It follows from (l) that f e Y^F. Since F is a

m
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metabelian group it follows from Lemma 2.5 and equation (l) 
that m = n and c^ = d^ for i = l*...*m. Hence

(3) f = I I e.1 1
1=1

2.Since 1 _< k^* j}̂ < n for i = lj...,m, it follows from 
Lemma 2.5 and equation (5) that k^ = for i = l*...*m. 
Hence the lemma is proved.

§5. From now on* we consider a free group F in the 
variety AA2* freely generated by x^* A e (where 1_/\J is 
finite or infinite). By definition* we have F = 3~/AA^ 3  9 
where j- is an absolutely free group.

I OLet A2 = 3^/3 * 3- denote the free group of rank
1-a I in the variety A2 * freely generated by y^* A e »A*
and let M be a free "2:A^-module (where is the group
ring of A2 over the integers) of rank U l ,  freely generated
by t  , A e JV . According to an embedding theorem due to A
W. Magnus [ g ]* the set of matrices

=  ( C  i )  I a € Aa) m e M ]

forms a multiplicative group* and the mapping <t> of F into S 
given by

■ C :  I )'A
is a monomorphism. Using this fact we shall consider F as
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embedded in S and put

XA =

This latter equality will be used repeatedly in what 
follows.

Lemma 3.1» Let F be as above. Then

(i) ::) )
1 o

yAm 1
m e M .

(
(n) x^]

where n > 2.

(yA„-i)-■ •n
\ + d-yA )tA 1 2

A0

7
Proof. We first observe that

-1
(1)

U *  1 ' \-y-v

-i

hA A

0
1

Hence

(2)
1 O' 
m 1

) "I 0\ (1 0\ /y.

■*l\ 1/\m v  ̂

- r o>) (y* °)\-yr1t1.-Hn 1/ \t^ 1/

:)
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yAm :) •

ThuSj we have proved part (i). The proof of part (ii) is 
by induction. Suppose n = 2. Then, using equation (l) we 
get

(3) [xA ] A1 2

-1 nv / -1
I yA2

-1 -1
yA / A 2

■y^ ^ V y* 2 %

: c
'i

0

1 A^A-^Ag

X z : )  

:)
- V % % +V V % :)
( )

Now suppose that
/

(4) [xA ,... x, ]=
A1 n

0

/

for an arbitrary fixed n > 2. Then we must show that



46

(5) [x. ,.. A1 X^ XA.n n+1 ] =
1 ON

1/

Putm = (y^-l) ... ( y ^ - l J C C y ^ - l ) ^  (l-y^)^}. 
Then using the induction hypothesis and part (i) of 
the lemma we get

x.
(6) [X-\ JXT. 1 ~ tX> ] [X-\ ]A1 m m+l 1 m m

C “  3C 3 C 3
c :  3  L 1 . : )

• (

m+l 
0

(y, -l)m
m+l

)•
As

(y -l)m = (y -l) ... (y -1){(y -1)t, +(l-y )t. 3, 
m+l Nn+l 5 2 A1 A1 A2

the lemma is proved.
Before stating the next lemmas recall that the

augmentation ideal of the integral group ring,, of
a group G5 is the kernel of the ring homomorphism 2 G  — >21
given by — > XI ni •
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Lemma 3.2. Let Ag be as above. If y is an arbitrary 
element of Ag different from 1, then in ^SAg we have

(y-l}n = (-2)n“1 (y-l) for all n > 1.

Proof. The proof is by induction on n. Suppose 
n = 1. Then clearly

(y-l) = (-2)°(y-l) . •

Thus supp os e

(2) (y-l)n = (-2)n_;L(y-l)

when n is an arbitrary fixed integer greater than 1.
2Since y = 1 we get

(3) (y-l)2 = (-2)1(y-D .

It follows from equations (2) and (3) that

(4) (y-l)n+1 = ( ^ ^ ( y - l M y - l )

= (-2)n (y-l) .

Hence the lemma is proved.

Lemma 3.3. Let F and Ag be as above and let 
denote the augmentation ideal of SS'Ag. For n >_1} let 

denote a free module, freely generated by the
elements t̂ . (Certainly, as sets, M ̂  3 Mg ... .) Then

V  1 SP { 1) j "k-! e Mfc_J “here k > 2.



Proof. The proof follows immediately from Magnus1 
embedding theorem, Lemma 3*3 of Chapter I and Lemma 3.1 
of Chapter III.

Now assume that & is a group generated by elements 
g^j a) e O and let ̂  be the augmentation ideal of 2G.
It is known that as a ring, is generated by the set

03en}. see, e.g. [10]. Moreover, if H is any 
group, and if <t> is any group homomorphism from G into H, 
then <t> induces a ring homomorphism from 2 :G into and
hence, also, a ring homomorphism from into , where 
'jaf' is the augmentation ideal of ^ H .

Suppose now that G is a free group in a variety V, 
with the g^, 03 e O as free generators. If a is an element 
of we can write

k h
a = V ) . f^ .

i=l j'=l
where the n. . are integers and the f. . are of the form1 j tJ j J

m. -| - in* _ *
fi.3 - (s±3l-i) 1’1>J ... (gljSl-i)

with m. . , > 0 and where for i ^  h the setJ- j J
_ 3 is different from the set {x, xw  ̂ 3
i 5 n

Lemma 3.4. If a = 0, then ^ n. . f. . = 0j=l 3 J 1 j J
for i = 1,...,k.

Proof. This lemma follows immediately from the 
fact that a group homomorphism induces a ring homomorphism
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between the corresponding augmentation ideals.

Lemma 5 .5. Let dL be, as above, the augmentation 
ideal of ^Ag and let a e ^  be of the following form!

(1) a = ( y ^ - i X y ^ - D  . . .

where m _> 1, k _> 1 and y^ ^  y^ for i ^ j, Then a

Proof. Suppose a e Then using Lemma 5.4
and the definition of we can write

(2) a = 5 Z  ̂ (y. -l) ljl ... (y* -l) x,m1=1 1 ftl m
with the k. . > 1 and where i j J m

J
Now for every 1 _< i _< £ put

m

5 k. . >■ m + k  (i = 1,..., &).
n=T

"1 = •

Using equations (l) and (2) and Lemma 5.2 we get on 
the one hand

(4) . a = -1) ... (y* -1)
1 m

and on the other hand
K. -m

 ' (~2) ^1^1
Hence, since y^ ^  y^ for i /  j we get

i d
i K. -m

& K. -i
(5) a = ( |II n^-2) )(y^-l) ... t ^ " 1) ■

(6 ) (-2) = J Z n . ( ~ 2) 1
1=1 1
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But K^-m >_ k. This leads to a contradiction and the 
lemma is proved.

§4. As in §3i F will "be a free group in the variety AA^
generated by A a . Well order these generators in
some fashion and let x, < < x he some finite1 2  r
subset of them. Under these conditions we have the 
following three lemmas.

Lemma 4.1. Let and n.̂ 5...jn be
non-negative integers such that in. = 0 if and only if 

r r
n, = 0 and > m. = ^ n-, and let k be an integer with
1 i=l 1 i=l 1
1 < k < r. If

y = [xkJx1J>m1x1J( ...,mrxr] and z = [x^x-^n-jX-^ .. .n^], 

then
y = z.

Lemma 4.2. (i) Let r i n > 2j 1 < k < r. If

y = [x ^jX^jX^j ... • • • j

and
Z = [Xĵ jX-ĵ jX-^j ... • • • (^"tl)Xp]

* [x k jXl jXl 5 * * * jXk J * * *J )x r ̂ J
then

y = z.



(ii) Let r > 3, n > 2j k = r. If 

y = j . . . j (n—X)xr ] ... ^

[x̂ , ... ̂ nXj,] jXij • * *J (n+1 )xp_i -1
and
z = [xr,x1,x1,.... (n+l)xr_1 ]“1 [xr,x1^ 1J... (n+l)xr]-\

then
y = z.

Lemma 4.3. (i) Let r 4, n _> 1 and suppose
2 ^ i < k < r. If*

y = jXlJ * * * Zs * * * *xk** * * *

* Exk-,X1,X1J * ‘ * Z9 * * * ̂ ^k^ * * *3 (n+ljx.̂ ,]

’ jXi j * * * * * * Ĵ kJ * * * ^

* ...jX^j... • ■ • (n+1 )x̂ ,]

and

Z = [x^jX^jX-̂ j ... jX^j . ,. ̂ x^j.. . j (n+2)x̂ , ]

* [x^Jx]_ixQ_j • • • j (n+1 Jx^ ] <,

then
y = 2.

(ii) Let r 3, n ^ 1 and suppose 2 _< i < k = r.
If
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y = [xrJxv ^ r - l  ) ^x r j X l 3 X 1  (n i+ 1  ) x r _ i 3

[x £x .̂*x]^x3_j • • • jx ĵj • •» (n̂ t̂ x̂ ,]

and

z = [xr,x1,A1J...,xiJ...,(n+2)xr_1 ]“1

[x >̂jx2.jx]_j • • • jx|j * • • ) (n'̂'l)xp] >

then
y = z.

Proof of Lemma 4.1. Using Lemma 3.1 we get

/ 1 0 \(l) y = [ iri m-, J
\(yr-i) ...{y-i) £(y-L-iJ^+Ci-y^.)^]. 1/

and

/ I  0
( 2 ) z  =  ( . .n ^  . .n i(yr-i) r..- (y^i) 1 £(y1“i)tk+(i-yk)t1} 1 ^

It follows from equations (l) and (2) that in order to 
show that y = z it is enough to show that

in m, n n..
(5) (yr-i) r ... {y-L-i) x = (yr»i) ... (y^i) •

r r
Now put N = 5 m,- = 5 m, . Using Lemma 5.2 we get

i=l 1 i=l 1
in m, m -1 nu-1

(4) (yr-i) ... (yx-i) = (-2) • (yr-i)...(-2) (y^i)

= (-2)H'r(yr-i) ,..(y;L-i)
and
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n. nn n -1 n^l
(5) (yr-i) "... (y-L-l) x = (-2) (yr-l)... (-2) x (yr l)

= (-2)N_r{y -l)... (yn-l)

Hence (5) is true and the lemma is proved.
It will be convenient, for the proofs of Lemmas 4.2 

and 4.5 to introduce the following notation!
If y is a 2 by 2 matrix, we denote by a21y the lower 
left entry of y.

Proof of Lemma 4.2. The proofs of part (i) and (ii) 
are the same, hence we shall prove only part (i). Using 
Lemma 5.1 we get

(1) y =
/ 1 
£(y^!)11"1... (y1-i)+(yr-i)n... (y^l)... (y^i) 
+(yr-i)n... (y2-i)+(yr-i)n+1... (y^i)... (y2-i)}

^£{y1-i)tk+(i-yk)t1}

o\

and

(2) z =
-£(yr-i)n+1-• ■ • • • (y1-i)+(yr-i)ntL(ys-i)3 
 ̂£(y1-i)tk+(i-ylc)t13

It is enough to show that

0

(3) a 2 1 y  ~ a 2 1 Z *

Using Lemma 5*2 and the proof of Lemma 4.1 we get
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(4) a21y = £s(yr-l)n ...(yi-l) + 2(yr-l)n+1... (y^-1)... (y^l)]^ 

+ t-2(yr-i)n ... (y1-l) - 2(yr-l)n+1 ... (yg-1)}^

= {(-I)11-1 2n (yr-l)...(yi-l)+(-l)n an+1(yr-l)

• ••(y^h) ••• (y!-1)}^

+ £(-2)n (y,.-i) ... (yn-i) + (-a)n+1(y,.-i)...(yQ-i);)t.,

and
n+1

(5) a2 iz = M y r“1)n+2*• • (yk-i)*•.(y1-i)-(yr-i) •••(yr1)3tk 

+ {(yr-i)n+1... (y1-i)+(yr~i)n+2- *. (ya-i) 3 ^

= f-(-2)n+1 (yr-l)... (y^l)„. (y1-l)-(-2)n (yr-l)...(y1-l)}tk

+ C(“2)n (yp-1)... (y1-l) +(-2)n+1(yr-l)... (yg-l)}^.

It follows immediately from equations (4) and (5) that
a2 1 y = a2i z and thus the lemma is proved.

Proof of Lemma 4.3. Again^ since the proofs of 
parts (i) and (ii) are identical we shall only prove
part (i). Using Lemma 3.1 we get

/ 1
£ (yr-i)?. • (y^i) ■.. (yi-iJ+^-i)”^ .  ( ^ - . ( y 2-n)J

VJfyi-i)^ + (i-yn)^}

(1) y =

£ (yr-l)n - • • (yr l) • • • (y1-l)+(yr-l)nf.. (y^-l)„.(y2-l)J
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and
( 'I

1 0
(2) 2 = '

“(yr-i)n+2...(yk-i)...(y2-i)
•{(y1-i)tfc+(i-yk)t1)
H y r-i)n+1... (y^i)... (yx-i) 
lfc-I(y1-l)ti+(i-yi)t13 ,

It is enough to show that

(5) a21 y = a2 1 z *

Using Lemma 3*2 and the proof of Lemma 4.1 we get

(4) a21y = 2(yr-l)n+1...(y^l)...(y1-l}tk

2 (yr~l) ... (y^-l) ... (y-̂ -l)t̂

- C2(yr-l)n ...(y1-l) + 2(yr-l)n+1...(y

= 2(-2)n (yr-l)... (y^l) ... (yx-l)tk 

+ 2(-2)n (yr-l) ... (yy^L) ... (y^ljt^

+ {(-2)n (yr-i) ...
and

(5) a21z = {-(yr-i)n+2 ... (y^-i) ... (yi-1)3'fcic

+ t-(yr-i)n+2 ... (y^L) ... (y1-x))ti 

+ I(yr- D n+2 ... (y2-i) + (yr-i)n+1...(y3

,-1)

-1)3^
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£-(-2)n+1(yr-i)...(yk-i) ... (yi-i)}tk 

+ £-(-2)n+1(yr-l)... (y^l) ... (yr l))ti 

+ {(~2)n+1(yr-i) ...(y2-i)+(-2)n (yr-i)..X:(y2-i)+(-2)n (yr-i)..Xyi-i))

Thus it follows from equations (4) and (5) that the 
Qgi y = a21 z and so ^ll0 le!mna *̂s Proved,

ordered set £x^3j ^ € -A* of generators of P. Thus 
O = {x^... xr), where r _> 1 and x1 < ... < xr. Let 
also t be an integer 3. Denote by B(n,t) the set 
of all left normed basic commutators of weight t, each 
one of which involves all of the generators coming from D 
and none of the other generators. Observe that 6(0,t)= 0 
if t < r = |o|.

§5* We come now to the proof of Theorem III.
Let O be a non-empty finite subset of the well-

From Lemma 4.1, we obtain the following:
(A) Let r = ]o| = 2.
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(B) Let r = |o| > 2.
(i)

B(Qj r) fuk} £xk-’xl,xlJ * * * ■,xkJ * * *3 
lur,r= fxrjXl*^l* * * * jXr-l^

x^] for 2<k<r

(ii)

^kj r+1- l-xk*xljXl* * * *3 ̂ k5 * * * ̂-̂ 2* ̂ 2_<k<r
ur r + 1"= [xrJx1Jx1 ]r-1 '

B (Oj r+1) — ̂ V"k̂  p_jj_“ ̂xkJX19X19 * * * Ĵ kJ *"" ■*xp 3 ibr 2_<k<r

w
r j r H ^ ^ r ^ l ^ l *  * * * jXr-l^

= [xlrJx1 3xOJ. .,,xjr ^ r + 1- LAkjAljAl for 2<k<r

(iii) For t > r+l5

B (O j t) = S

^k^ t— ̂-xk,xljXlJ * *" 9^kJ " * *9 ̂ t+1—r)x^,] j 2<k<r 
^rs t= I-Xp-,XXĴ '3_-’ * • • > (t+1—r 3
vkj t= txkjXl^xl') * * ’^ k J * * *J (t"r)xx l̂ for 2^k<r 
vr3t= [xr’xl»xl- • • •> tt-I,)*r_i]
wkJt= x̂kjXl,xli ** •>(t-r)xr3 for 2 .̂k.lr
z}Cjt=[xkJx1,x1JI..., (t-r-l)xr ] for 2<k<r

We next define a certain subset of B^t),, t > 2S 
which we call C(0,t). It will turn out that for fixed tj 
the union C(t) of the C(03t)3 where the union ranges over 
all nonempty subsets O of the set {x^ 3 3 £ -A-j forms a
set of independent generators of T^F modulo 
(The notion of independence will be defined below.)
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Definition.
(A) Let r = jo| = 2. Put

C(0,t) = B(Ojt) .
(B) Let r = joj > 2.

(i) Put C(Q5r) = B(Q,r).
(ii) If t > r, put

c(n,t) =
uk)t * 2 i k i r

2 < k < r
\ V2,t
lw k,t 5

Definition. Let c^, ,, ̂ c n Toe an arbitrary finite number 
of distinct left normed basic commutators of P of weight t.

£*1 PLet c = c^ ... cnn 5 with n >_ 1 and 0 <_ p^ _< 1 (i = lj.. . 5n) .
We shall say that c ^ . . . ^  are independent if whenever
c e 7f.+1F > tixen Pi = °̂  i = Ij ...,n,

An arbitrary set of left normed basic commutators
of weight t will be said to be independent if every finite 
subset is independent.

Lemma 5■1* The elements of C(Ojt)j t _> 3j form an 
independent set.

Proof. First suppose r = joj =2.
If t = 3j then we must show that the commutators 

[XgjX^x^] and [x^x^Xg] are independent. Thus,, put
P i P pa = [x2Jx1Jx1] [XgjX-^jXg]

where 0 <_ <_ lj i = 1,2. Using Lemma 3.1 we get
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/
(2) a =

/

Suppose a e • Then It follows from Lemma 3.3 that 
a21a € ^3* Hencej in particular, we get

(3) P]_(ŷ  P2 ŷ2~"̂ ) (yi~̂ ")  ̂^  *

It follows immediately from equation (3 ) and Lemmas 3.4 
and 3*5 that p1 = p2 = 0. Hence the set C(Q,3) is 
independent.

If t > 3j then we must show that the commutators 
Ex2jX15(t-2)xi]^ [x2^x1Jx1J(t-3)xg] and [x2)x1,(t-2)x2] 
are independent. Thus, put

(4) b =  [x2,x1,(t-2)x1 ]Pl[x2,x1,x1,(t-3 )x2]P2

[x2Jx15 (t-2)xjj]

where 0 < < 1 for i = 1,2,3. Using Lemma 3.1 we get

f

(5) b =
0

{'p1(y1-i)t"2+p2(y2-i)1'~;,(y;L-i)+p-3(y2-i)’c~‘i}*-3, , t-2*

^{(y-L-i)t2 + (i-y2)t13 

Suppose b e 'yt+l'F* Then it follows from Lemma 3.3 that 
a21a e ^t* Hence,

1
7

(6) p1(y1-i)t 1 + p2(y2_1)l:"5(yi“;L)2+-p3(y2"1)t"2(yi“:L)e '̂11-3 t-2
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and
(7) " (i-y2)-p2(y2-i) ” (y1-1)-p3(y2“i) " e CL ■

Then it follows immediately from Lemmas 3.4 and 5.5 that

Pi = p2 = Pj = °*
Next suppose r = joj > 2. We shall prove that the 

sets C(0,t), t _> rj are independent. We first observe 
that it is enough to show that the set c(0 3t), t > r+l3 
is independent. Put

(8) c = ( n 2,t w
k=2

k31
kj t

where 0 < pk t < 13 0 \  t — 1 for k = 2 5 * * * and
0 <_ a <_ 1. Using Lemma 3.1 we get

(9) C= ̂
t Y Z  Pk,t(yr_1) + ... (y^l^ .. (y2-l)

{(yi-iJtk+Ci-yj,)*!3V

o\

1 /

1
Lt-H-rPrjt̂ yr-1-1  ̂ • • • (y2“1) 

^*{(y1~i)tr + (i-yr)t13

0

1

^yr-l^"1*' • * (y2_i) tyl-1)
V'Cfy-L-lJt^ + (l-yg)^} 7
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^ 2  r***(y2“1)

Suppose c € Tt+1F. Then it follows from Lemma 3.; 
for 2 < k < r}

(10) pk5t (yr-l)t+1"r... (yy-l).. • (yi-1)+Tk,t(yr_;L
« a y ,

for k = r,

(11) Prjt(yr-l“1 )t+1 r ***^yl-1  ̂ + Tr,t^yr_1^ " *  

and for k = 2,

(12) P2jt(yr‘1)t+1’r- • •’(y2 -l) (yi-1)

+ a(yr-i)t'r...(ypi)(y1-i)2 + T2jt(yr'1)t"
Thus it follows from Lemmas 3.4 and 3.5 that

f1?) Ptejt = Tk,t = X2,t = 0 f°r 2 * k •

Using equations (9) and (13) and Lemma 3*3 we get

(14) p2^ ( y r-i)t+1‘r...(y2-i) + ^ - l } * - ' . . . ^

Again^ it follows from Lemmas 3*^ and 3-5 that

(15) p2^t = o = 0 .

Hence j, "by equations (12), (13) and (15) we get

(16) P2 j t = 0 *

0 \

1 /

' that, 

^.(y^l)

yx-l ) e & ts 

L r*

1 ) e
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and so the lemma is proved.

Theorem III. The elements of C(t)j t form an
independent set.

Proof. By definition of independence we must deal 
with only finitely many commutators at a time. Thus,, 
without loss of generality we may assume that U l  is 
finite. Wow let G be any free group of finite rank in the 
variety f^eely generated by a well-ordered finite set
T. Then for t _> 3, set

(i) D(r,t) = U  c(o,t)o=r
o=/<i>

Moreover 3 let = {x-,* ^ e -A3 be the set of free genera-"K
tors of P. Then clearly

(2) dCT, t) = C{t) , t > 3 .

Thus we shall prove that D(^~jt) is independent. The proof 
is by induction on the number of generators of y~. if 
\j~\ = 1 or 23 we get Df^^t) = C(^t)j and the result 
holds by Lemma 5.1. ThuSj assume that D(I^t) is independent 
whenever j r| <_ Sj where s is an arbitrary fixed integer 
greater than two. If yy = {x^,... jXs+-̂} where x^<... <xg+1, 
we shall show that P(5~~.t) is independent. Set

(3) = X̂1J.., ,xk, ... jX&+i 3

where 1 _< k <_ s+1, and let P^ be the free group in the 
variety freely generated by > . By induction



hypothesis the elements of P(^~k,t) are independent,
1 < k < s+1. Clearly

s+1
(4)  D d ^ t )  = { U  d E  , t ) )  0 ( 5 1 , t )

k=l K
It is obvious that the D szk, t) are not pairwise disjoint 
Thus, we shall define subsets of the P(y~k„t) so that 
D(y~,t) will be written as a union of disjoint sets. Put

D1 = Ddl^t) 

and* for 2 < k < s+1, put

= D f ^ t )  \  O  D(Ei,t) .
1=1

Clearly
3+1

(5) D(ILt) = KJ Pk u cC^t) .
k=l K

It follows from the definition of Pk, 1 <_ k <. s+l, that 
contains all possible left normed basic commutators 

in the generators in = {x2,... jXg+13 . Moreover, Pk,
2 <_ k _< s+l, contains all possible left normed basic 
commutators in the generators in • • *xg+i 
which must Involve the generators {x-̂ , ... ,x^_13 . Now
we are ready to show that the set D(^,t) is indpendent.
Let a be a product of commutators of P fy?it.). Since the
Pk's and C(y~,t) are pairwise disjoint, we can write

r. l

with d^(k) e Dk, c^ e C(̂ ~~, t) and where 0 <_ p̂ (k) <_ 1 and

(6)
3-HJL

a = □  1 3  ^ k)Pi n1=1 ci
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0 <_ o\ <_ 1. Suppose a e ̂ t+lF* Then we must show that
the p^(k)'s and cr̂ 1 s are zero. To do this, let "be
the homomorphism of F onto F- defined by!

x. <f>, = x. , 1 < i < s+1, i 4 kI K  1 *”
and

x k  \  =  1 •

Now we shall show that Pj_(k) = 0 for 1 _< k <_ s+1. The 
proof is by induction on k. If k = 1, then

(7) a* = T T  ̂ .(i)
x i=l 1

But a0^ e T+1F1* Thus, using the induction hypothesis, 
P±(l) ~ 1 1 i < Suppose p^(k) = 0 for all k < n,
where n is a fixed integer 1 < n < s+1. Then we shall
show that p^fn+l) = 0. But since p^(k) =0, k < n, 
we have 5±f p±(k) r ^

a = i t  T T di(k) H  °i •k=n+l i=l 1 i=l 1
So, we get

£l+l pUn+l)(8) a Vl = TJ di>+1)
But, as before, a^+l e T+l^n+1 and "^us Pi(n+1) = °* 
Hence

" °i(9) a = | j c
i=l 1

Using Lemma 5.1 we know that the set C(^T,t) is independent, 
and so 0̂  = 0, 1 <_ i <_ r. Thus, Theorem III is proved.
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Corollary. Well-order the set C(t), t 5. Then 
every element in Y2F can be written uniquely, modulo Yt+1F, 
as a product ^(t) ... c (̂'t) with c^(t) e c{t) (i=l,... ) 
and c1 (t) < ... < c (t).

Proof. It follows immediately from Lemmas 2.2,
part (ii), and 2.5 and the lemmas of Section 4 that every
element of can be written, modulo as such a
product. The uniqueness follows immediately from 
Theorem III.

§6 . Let P be a parafree group in the variety AA2, with 
a well-ordered parabasis £x^J, A e A . Observe that the 
subgroup of P generated by the x^'s is a free group in _M2* 

We recall that for t 5

(A) C(t) = Wc(0,t)
Q

where the union ranges over all nonempty finite subsets O 
of the set 1*^}, A e -A. Now define

(B) C(l) = {xv  A e A 3
and

(c) C(2) = {all left normed basic commutators in the x^'s
of weight 23.

We shall denote by c(t) an arbitrary element of C(t).
Using Lemmas 2.1 and 2.4 and the Corollary to 

Theorem III, together with §2 of Chapter I, every element
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p of P can be written uniquely in the form

(D) P = 01 (1 ) - 0l(S) - | I | T  c±(t)
i=l t=3 i=lt=5 i=l

with {o}, 1 <_ on _< 3, 0 j< r^ < oo and where,
for each t,

(If some r^ = 0* then, by convention, the corresponding 
product is 1.)

Theorem IV. Let P be a parafree group of infinite 
rank in the product variety AAg. Then P has a trivial 
center.

basis of P. Suppose p belongs to the center of P. Then 
using the above discussion, we can assume that p is 
represented as in equation (D). We must show that p = 1. 
The proof is broken into J cases.

Case 1. Suppose r^ =/ 0. Without loss of generality 
assume that 0^(1} = x1. Put

where xk is an arbitrary element of c(l) such that > x1 .
If we write b as a product of left normed basic commutators,
then each commutator will involve only x^ and xfc. Since
b y 1, there exists an n > 2 such that b e *y P and b ^ y ,P."" n n+x
Thus we can write

Proof. Let 1*^, A € _/L 3 be a well-ordered para-

(1) b - txk>xi ^
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b = f T  ca(n) modulo Yn+1P 

khere c (n) are elements of C(n) which involve only x-,Uu
and x^. Choose xfc so large such that x^ is greater than 
every generator which appears in c^(t)j 1 < t < n. (Here 
the ci('t),s are the commutators appearing in the expression 
for p given in equation (D).) Thus the representation of 
x̂ .p will contain a commutator of weight n which involves 
x1 and x^ alone and the representation of px^ will not. 
Hencej r^ = 0.

Case 2. Suppose r^ = 0 and rg ^  0. Without loss of 
generality put c1 (2) = [ x ^ x ^  where x0 > x^. The proof 
of this case is divided into three subcasesj depending

    vJ
on whether the exponent of c^(2) is 1, 2 or 5 *"~~
Let x̂ , be an arbitrary element of c(l) such that x̂ . > x^ 
and x,. > x0. Put

xkc = ([x2,Xl] 1 )

Using Lemma 5-3 of Chapter I and the unique representation 
of elements of we get

(2) c = [x^x-J [x^x-j^x^ * if 0̂  = 1

and

(5) c = [x2Jx1 ]5 [x2Jx1Jxk] , if ^  = 5 .

Thus if is 1 or 5 choose x^ so large such that xk is 
greater than every generator which appears in t <. 5.
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(Here, again, the c^(t)’s are the commutators appearing 
in the expression for p given in equation (d ).) Thus the 
representation of pxk will contain the commutator 
[XgjX^x^] and that of x^p will not. Suppose now = 2. 
Then

Ĉ ) G = [x2Jx1 ]2 [x2,x1,xk ]2 .
However, equation (4) does not give the unique presenta­
tion of the element c in P. Thus consider

(5) = x̂2jXl,’xkjXk^ *

Since [x2,x^,x2] = 1 it follows from (4) and (5 ) that 
the unique representation of c is

(6 ) c = [x2,x1 ]2 [x2 ,xlJ2xk ] .

Now choose x^ so large such that x^ is greater than
every generator which appears in c^(t), t <4. Clearly 
the commutators [0^(3 ) jX̂ .] (l i <_ r^) and [d,xk] are 
distinct elements of C(4). Hence px^ will contain the 
commutator [x2,x1 ,2xk ] and x^p will not. Thus r2 = 0,
and it is left to prove the third case.

Case 3. Suppose r^ = 0 for i > 2. Then assume
that n is the smallest integer such that rn 7̂  °* Then
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Let x^ be an element of C(l) such that x^ is
greater than every generator which appears in c^(n) 
and c^(n+l). Clearlyj> it follows from the construction 
of the sets C(t) that the commutators [c^fn^x^]
(1 <_ i <_ rn ) and c^n-fl) (l <. i <_ r are distinct
elements of c(n+l). Thus the unique representation 
of px^ will contain a commutator of weight (n+l) which 
involves the. generator x^ and that of x^p will not.
This contradicts the fact that rn ^ 0. Thus rn = 0 
for all n and p = 1.
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