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Preliminaries

We refer the reader to H. Neumann [11] for the
definition of varieties, product varieties, metabelian
groups, nilpotent groups, residually nilpotent groups,
lower central series of groups, relatively free groups,
basic commutators and left normed basic commutators.
(The definition of basic commutators in H. Neumann is
given for finitely many generators only. When infinitely
many -generators are involved, only obvious modifications
are required, see e.g. [13])

Next we give certain definitions which were
introduced by G. Baumslag and can be found in his
papers [4] and [5].

Let ¢ be any group and let TnG be the n-th term

of the lower central series., Then the sequence
G/‘YEG) G/TBG', - a s

is called the lower central sequence of G. Let H be
another group. Then H and G have the same lower central
sequence if there are isomorphisms 6, from G/WkG onto
H/WkH such that ek induces ek-l on G/Wk_lG to H/?k_lH
fof K=2,3,¢e00 &

A group P is termed parafree in a variety g if
(1) Ppe ¥V,
(ii) P is residually nilpotent, and

(iii) P hes the same lower central sequence as a free
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group in V.
A subset X of a parafree group P is called a parabasis
for P if X freely generates P modulo YEP. It follows
that if X is a parabasis of P, then X freely generates

P modulo Y P for n > 2.

We now list the notation which will be used

throughout this paper.
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Vatesety
x 1 n

[Xqs%5]

Notation

the transform y"lxy of x by ¥y, x,¥y € G.
Y1 Yo In .
X T X hee X (x,yl,...,yn in the group G).

~1 =1
the commutator xl x2 xlx2 of Xl and xe.

[xl,xg,...,xn] the left normed commutator

[[Xl:xg:--':xn_lJaxn]-

[xl’kQXE""’ann] the left normed commutator with ki

H=<G

gp (X)

gPG(X)
[A,B]

V&

sl

S\T

repetitions of x

4o 1=2,...,n, and k; >0, If
k, = O the element x; does not appear at all.
H is a subgroup of G.

the subgroup of G generated by X, where X is
a subset of G.

the normal subgroup G generated by X.

the group generated by the commutators
[2,b], a. € A, D € B.

the n®? term of the lower central series of
a group G.

the cardinality of a set S.

the set theoretical difference between S

and T, where T is a subset of S.

{Sl’...’gk,...’sn} -bhe Set {Sl,aoossn} \ {Sk}.

Z

m| n

m/fn

= Tk

the set of integers,

m divides n, m,n € Z,

m does not divide n, myn € 2.
the variety of all abelian groups.

Yarietg of all abelian groups of exp. dividingn
n>2).



Introduction

The purpose of this thesis is to provide analogs,
for parafree groups in certain varieties, of a number of
theorems concerning free groups in these varieites. These
latter theorems in fturn, are generalizations of classical
theorems about absolutely free groups, i.e. free groups
in the variety of all groups. We shall not be specifi-
cally concerned here, however; with absolutely parafree
groups, although some of our results do hold in this case.
In fact, we shall be dealing mainly with certain types of
product varieties,

The paper is divided into three chapters, as
follows.

In Chapter I, we consider a well-known theorem of
0. Schreier [1l2], asserting that a nontrivial normal
subgroup of an absolutely free group of finite rank is
finitely generated if and only if it is of finite index.
G. Baumslag [3] considers possible generalizations of this
theorem for certain relatively free groups and obtains the
following result.

Let U and ¥V be varieties of groups and let F be a
noncyclic free group in UV. Let V(F) denocte the (unique)
minimal subgroup of F such that P/ (F) lies in V. Suppose
that N is a nontrivial normal subgroup of F such that

F/7(F)N is infinite. Then N is not finitely generated.
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Note that in the case where U and V are both the
varieties of all groups, Baumslag's theorem reduces to
the "only if" part of Schreier's theorem. Our contribution
is to prove a form of Baumslag's theorem, replacing the
free group F by a parafree group P. However, we must make
a drastic restriction on the varieties U and V. More
precisely we shall prove.

Let P be a parafree group of rank > 2 in the
variety ée of all metabelian groups. Let N be a normal
subgroup of P such that |P/ANP'| is infinite. Then, either
N =1 or N is not finiteéely  generated.

~ Notice that the free groups in ég are actually
parafree, being residually nilpotent, and therefore our
result can be viewed as a partial generalization of
Baumslag'!s theorem.

In Chapter II, we shall prove the following theorem:

If P 1s a parafree group in any variety V containing
the variety of all metabelian groups, and if x and y are
any two elements of P which are independent modulo TEP,
then the commutator [x,y] is not a proper power. -

This result generalizes the analogous result for
free groups, provided V is either the variety of all groups
(G. Baumélag [2]; W. Magnus, A. Karrass and D. Solitar [8])
or the variety of all metabelian groups (G. Baumslag,

B. H. Neumann, H. Neumarm and P. M. Neumann [6]). If U is

a variety which lies strictly between the variety of all
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groups and the variety of all metabelian groups, then a
free group in U is not necessarily e parafree group, and
therefore our theorem does not apply directly to free
groups in such varieties. Nevertheless, the result is

still true for free groups F in U, U> ée. Indeed, we

need only observe that F/" is free in ég.

In Chapter III, we establish the following result:

A parafree group of infinite rank in the product
variety éée has a trivial center.

The analogous result for free groups is known to be
true for a much larger class of varieties. (See, e.sg.,
M. Auslander and R. C. Lyndon [l1].) Unfortunately, at
the moment, our methods do not permit us to extend the
result to parafree groups in other varieties, indeed not
even to parafree groups in éép’ with p an odd prime. The
reason for our inability to establish more general theorems
of this type, even for:§§3, is that combinatorial difficul-
ties arise, More precisely, the problem of the triviality
of the center translates into a problem concerning the
augmentation ideal of the integral group ring of the free
group in the variety §3. This latter problem is totally
intractable.

The reader can find a more detalled outline of

the results contained in this paper in the introductory

sections of the various chapters.,



At this point, I would like to express my deep
appreciation to my thesis advisor, Professor G. Baumslag,
without whose patient guidance and encouragement this

thesis would not have materialized.
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Chapter T

§1. The purpose of this chapter is to prove a generalization
of a theorem of G. Baumslag [ 3 ]. Our result can be stated

as follows.

Theorem I. Let P be a parafree group of rank > 2
2

in the variety A~ of all metabelian groups, let N be a normal
subgroup of P such that ]P/N'P'l is infinite. Then either

N =1 or N is not finitely generated.

The main tool used in the proof of the theorem is a
formula expressing an arbitrary element of P as an infinite
product in an appropriate sense. (This formula will also
be used in subsequent chapters.) Aside from several special
cases, the proof of the theorem proceeds by contradiction,
first reducing to the case when P is parafree of rank 2.

The assumption that N is finitely generated, together with
the other assumptions, leads to (several) systems of (k+l)
linear inhomogeneous real equations with k unknowns (where
k+l = number of generators of N). These systems must, on the
one hand, always be solvable, but, on the other hand, we can
arrange matters so that some of these systems are not
solvable. This involves making certain estimates on the
terms of the systen.

The rest of Chapter I is arranged as follows.

In 82 we prove our infinite product formula. Some technical
lemmas concerning commutator formulas are derived in §3 and

$4, and in §5 we introduce certain real functions which are



used in making our estimates. Then, in §6, we carry out
our reduction to the rank 2 case, and, finally, we complete

the proof in §7.
§2. Let g be an arbitrary element of a group G. We write

5 n
TT - -1

=) 1&g If (T 1 &) gev,6, for all n.
1= i=1

Now suppose that G is residually nilpotent and
let g € G. Then we may choose elements 813855000 of G

such that g; € YiG and such that

G .

i

g gl g2 ses gn modulo Yn+l

It follows immediately then that
jae]

g=||gi
i=1

If one imposes certain extra conditions on the group
G, then every element of G can be written uniquely as a
particular infinite product. This is the essence of the
following discussion.

Let G be & residuaslly nilpotent group., For every

n > 1, suppose
Sp = ign,a(n) | aln) < And

where g . (n) € To¢ for all a(n) € A . Now well-order
Sn in any way. Suppose further that every element gn of
ThG can be expressed uniquely modulo 7n+lG in the following

way.



modulo Yn+lG

<

where gn:a-l(n) = gn:ag(n) <. gn:ak(n) and Pn,ai(n)

belongs to a fixed subset of integers depending on n,

Clearly, every element g of G can be written as follows,

@ k() Pq.q (n)
g"l I I I g s
n=1 i=1 n,ai(n)
where k{n) is a finige non-negative integer, with the

understanding that | [ g

i n’ai(n) = 1, and

gn,oz,l(n) ) gn:ag(n) Toeer gn:ak(n) (n) *

Suppose
= %L%) pn,ai(n) ) w f(n) pn,ﬁj(n)
e=1TTT oy =1 111 & tn
where
0 < k(n) < o, 0 < £(n) < c© ,
gn,al(n) T eee T gn,ak(n)(n)
and

%, (n) T 000 T gHJBﬂ(n)(n) ’
Then for alln > 1, k(n) = £(n) and o, (n) = B, (n)
for all n » 1 and 1 < i < k(n).
Let P be a parafree group in the variety of all
metabelién groups, with X N € A as a parabasis. For
every n > 1, let 5, be the set of all left normed basis

commutators in x., A € A of weight n. (0f course,we assume

?\J



that the sets S are well-ordered.) Using a theorem of

W. Magnus (see e,g. [11]) on the independence of the left
normed basic commutators of weight > 2 in a free metabelian
group, it follows immediately from the preceding discussion
that every element of P has a unique form as an infinite
product of powers left normed basic commutators in the xxa
arranged in an increasing order. This representation of
elements of a parafree group in ég will be used in

Chapter II as well as in Chapter I.

§3. Throughout this section we shall mainly deal with
metabelian groups. The first four lemmas are known, and

hence their proofs will be omltted.

Lemma 3.1l. Let G be any group, and let x and y be

any two elements of G. Then

-1
(1) [y 11 = ([xyi1™H)7Y

-1
(11)  [x"Lyl = ([oyl ™ H)E

-1
(iii) [X-l:y-l] = [X:y](xy) .

Lemma 3.2. (P. Hall) Let G be any group, and let

X, ¥ and z be arbitrary elements of G. Then

- -1 Z -1
[X,¥ l:Z]y (¥,2 %1% [z,x —,y]* = 1.

Lemma 3.%. Let G be any group, and let x, ¥y, and z

be arbitrary elements of G. Then
(i) [xy, z] = [x,z]y [¥s2]
(11)  [x,yz] = [x,2] [x,¥]%

I

(iii) [x,y1? [x,¥] [*x,¥,2] &



Moreover, if G is a metabelian group, then
(iv) whenever x € v,G, xV% = X2

(v) x,y°] = [x’y](l+x+...+xr'l)(l+y+... y= )

where r and s are positive integers.

Lemma 3.4. Let G be any metabelian group, and let

x and y be any two elements of G. Then
[YJ kx: Ey: mx} - [y: (k+m)x9 ﬂy]
where k > 1, £ > 0 and m > O.

Proof: The proof can be found in H. Neumann [11 p. 961}

Lemma 3.5. Let G be any residually nilpotent
metabelian group. Let’g be an element oﬁDTQG, and let
h be any element of G. If we write g = T_T g; where
g; € V46 (1 > 2), then 1=

oo
(i) [g:h] = [gi:h]
i=2
w
(i1) =T e
1=2

Proof: Using Lemma 3,3 and the fact that TQG is

abelian we get

n
(1) [g,h]l =1 | [&;,h] modulo ¥, G (n >2) .
i=2 '

Hence,



1
( I;L-[gi:h])—l [g,h] e Tn+2G (n 2.2)'

Thus, (i) is proved. The proof of (ii) is similar, and hence
is omitted. :

Before staiting: the next lemmas, we shall introduce
certain notation.

Let G be any group, and let x be an arbitrary element
of G. If k and # are any non-negative integers, let
a(k, £,x) denote the following element of Z(G), the group

ring of G over the integers:

2(0,1,x) = x* for all i > 0

and immediately,

£=-1
a(k, £,x) = > _ af{k-1,i,x) for all k > O and £ > O ,
i=k-1
£-1
wherecour convention is that S  a(k-1,1,x) = 0 if £ < k.
i=k-1
Thus, a(k,£,%x) = O whenever £ < k., Moreover, one should

observe that a(k,k,x) = 1 for all k > O.
Next, we shall denote by m(s,t), where s » O, t > O,

the following non-negative integer:

m(0,t) =1 for all t > O

and inductively,
t~1

m(s,t) = >  m{s-1,1) for all s > O and t > O
i=s-1

and again our convention is that whenever t < s,



t=-1

> m(s-1,i) = 0. Thus m(s,t) = O whenever t < s.
i=s-1
Purthermore, it can easily be checked that m(s,s) = 1
for all s > O.

Now we are ready to proceed with the lemmas.

Temma 3.6. Let G be any metabelian group.

and z are arbltrary elements of G such

If Xl,XE, s s 0 _,X.n,
that n > 2, then
al{k, £,2) n(k, ,ﬁ) a(k+l, ,6,2)
[xl,XQ’aon,xn] = [Xl,xe,...,xn] [Xl,.o.}(n,Z]

where k > 0 and £ > 0.

Proof: The proof is by induction on k. If k = 0,
we must show that
(l) [xl:xes .o -xn] = [x1:x23 .. -Xn]

a(l,£,2)

[xl,xe,...,xn,z]

By definition we get

(2) a(0,4,z) = 24
and
£~1
(3) 0"(13 .ﬂ,Z) = Z a(O,i,Z) .

We observe that if £ = 0 equation (1) holds trivially.
Thus, assume that ¢ > O. Using Lemma 3.3 and equations (2)

and (3) we get



£
Z
[Xl’XE""’xn] = [Xl,xe,...,Xn]fxl,xe,...,xn,z'g]

14Z4, . .42
= [xl,x2,-oijxn][xlﬂx2.1""xn’z]

al(l, 2,2)
= [xlaxga » e :xn] [xlsxgs e sxnsz]
Thus, equation (1) holds. Next, we shall assume that the
result holds for some fixed k > 0, and we shall prove that
the following identity holds.

a(k+l, 4,z)
(4) [xl,xg,...,xn]

m(k+l, 4) a(k+2, £,2)
= [xl’XE""’xn] [Xl:xga--':xnaz] . .

Using the induction hypothesis and the fact that 72G is

abelian, we gét
£-1
a(k+l, £,2) %;: a(k,1,2)
(5) [xl,xe,...,xn] = [xl:xgs--tsxn]

Z m(k:i)

= [xl,xg,...,xn]l=

£=1
g a(k+l,i,z)
- [xl,XE’loo,Xn’Z]l—. .

By definition we know that
2-1

(6) > m(k,i) = m(k+l, £)
i=k
and
£=1 £=1
(7) Z C!.(k-l—l,i,Z) = Z a(k+1,i,z)
i=k i=k+1

= a(k+2,£,z) .

£=1



Now, equation (4) follows immediately from equations (5),

(6) and (7), and thus the proof of the lemma is complete.

Lemma 3,7. Let G be any metabelian group, If
xl,xe,...,xn and z are arbitrary elements of G such tnat

n > 2, then

4 'rgr m(i, 4)
[xl’xe-’".’xn]z = [xl‘,XE,oo.)Xn,iZ]
i=0 ‘

where 4 > O.

Proof, The proof is by induction on 4. Suppose

£ = 0. Then

]ZO — (O:O)

m
[xl,X2,-oo,xn [Xlgxe_,..-,xn]

because m(0,0) = 1, Next, we shall assume that

- J ﬁ o m(1,3)
(1) [xl’XE""’xn]Z = 1] [xl,xg,...,xn,lz] ? for j=< 4
where ¢ is a fixed positive integer, and we must show that

_ g+l L1 m{i, £+1)
(2) [Xlsxzo---:xn]z = ! L [xlsxea-vosxn:iz] .
1=

We first observe that by definition z? = a(0, £,z). Thus,

using Lemma 3.6 we get

(3) [x.,x N ]Z£+l~ ]a(0,£+l,z)
XysXpseeesX, = [Xl:xga--gsxn

a(l, £+1,2)

Z% a(0,3,2)

1:x2:'--sxnaz]a= .

m(O,.(*I+l)[X

[Xl-:xest--;xn] laxgyo--:xn:z]

= [xl,xe,...,xn]m(o’ﬁ+l)[x
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Using the induction hypothesis, equation (3) and the fact
that TeG is abelian, it follows that

441 m(0, 4+)
= [xl:xgs---:xn]

TiT

J=0

(4) [xl’XE"'°’xn]Z

. om(i,3)
[xl’XZ""’xn’(l+l)Z]

f_l.
Il [N
O

m(0, 4+1)
=. [Xl:xga LI 3xn]
)/

2__m(i,3)

2 :
l=é[xl,x2,...xn,(i+l)z]3=l .

By the definition, we get
ﬂ '}

(5) m(i+l, 241) = 3 m(i,7) .
J=1

Hence it follows immediately from equations (4) and (5) that

241 n(0, £+1)
(6) [Xl:xg:---:xn]z = [Xlsxen---:xn]

£ Coom(i41, g41)
| [ [xl,xg,...,xn,(l+1)z]
i=0
Ll o om(3, 1)
= l=é [xl’XZ’?"’Xn’lz]

and the lemma is proved,

Lemma 3.8, Let G be any metabelian group,

If x and y are any elements of G, then

Y £ m(i,£)
[Y:mx:nylx = I:E.[YJ(m+i)x:HY]

where m > O, n > O and £ > O,
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Proof'! The proof of this lemma follows easily

from Lemmas 3.4 and 3.7.

S4, In this section, we shall deal with parafree groups
of rank 2 in the variety of all metabelian groups. Using
the ideas developed in Section 2, it is easy to see that
if a and b are a parsgbasis of P, then every element p of P
can be written uniquely (modﬁlo permutation of the

commutators) as follows:

k k
0,0 4,70,1 T“T.[b,ma,nb]km’n :
m>1

mEO

b= a

here RO,O’ kO,l and km,n (for m > 1, n > 0) are any integers.
This representation of elements of p will be used repeatedly

in this sectlon.

The following lemma is essentially well-known [T ].

Lemma 4,1. Let P be a parafree group of rank 2 in ée.

If a and b form a parabasis of P, then
1T (-1)*
- = [byma, (n+i)b]'"

b
[b,ma,nb] =0

where m > O and n > O.

Proof. We shall first show that for an arbitrary

positive integer k the following identity holds:

-1 k-1 3
(1) [boma,nb1® = T | [byma,(mts)p] (1)
i=0
K -1
+([b,ma, (a+)p] (1) )P
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The proof of equation (1) is by induction. Suppose k = 1.

Then we must show that

bt ~1yb7t
(2) [b,ma,nb] = [b,ma,nb]{([b,ma, (n+l)b] ) .
It follows from L.emmas 3.l and 3.3 that
p~L -1
(3} [b,ma,nb] = [b,ma,nb] [b,ma,nb,b ]
~1yb7T
= [byma,nb] ([b,ma,(n+l)b] ) .

Next, suppose equation (1) holds for an arbitrary fixed

k >1, Then we shall show that

W

-1
(4) [b,ma,nb]b =‘T_T [b,ma, (n+i)b]

i=0

(-1)*

(_l)k+l b—l

) I

*([b,ma, (n+k+1)b]

Using the induction hypothesis, Lemmas 3,1 and 3.3 and the

fact that TQP is abelian we get

-1
(5) [bgma,nb]b
k-1 i -1
-11 [b,ma, (n41)b] 1) 70 ([b,ma, (ni)p](71))
E . i k
=TT [bsma, (ni)b] 7 [b,ma, (n4x)b, b=t (1)
1=0
k i -1 (-1)F
= T—Ol_ [b:ma:(n-l-i)b](—l)l {([b,ma, (n+k+1)p] )P }( )
i=
k I K+l . -1
= T_L-[bama:(n+i)b1(-l)l ([b,ma,(n+k+l)b]('l) " )b .
i=
Thus, equation (4) holds, and hence equation (1) is true
k . -1
for all k¥ > 0. 8ince the commutator ([b,ma,(n+k)b]("l) )b

belongs to Yoen+14xF> 1t follows immediately from the
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definition of an infinite product that
-1 1S54 1
[b:masnb]b = l l [b:ma:(n+i)b](~l) L
i=0
and thus the lemma is proved,

Corollary. Let P be a parafree group of rank 2

in A%, If a and b form a parabasis of P, then
© i
[b,ma,nb,b"lJ =1 ] [b,ma,(n+i)b]("l) .
i=1

Proof. The proof follows immediately from

Lemmas 3.3% and 4.1.

Lemma 4.2, Let P be a parafree group of rank 2 in ée,

with a and b as a parabasis. Then

& 8] 1.
[b,ma,nb,kb™T] = | | [b,ma, (n+i)b] *
1=k
where K, € Z, m >0, n>0and k > 1.

Proof:.: The proof is by induction on k. If k =1,
then the statement of Lemma 4.2 is reduced to the statement
of the corollsry of Lemma 4,1. Thus, suppose the lemma

holds for an arbitrary fixed k > 1. Then we shall show that
1 = Ky
[b,ma,nb, (k+1)b™] = [ [ [b,ma,(n+i)b] * .
i=k+1
where By € Z, m >0, n>0and k > 1,
Using the induction hypothesis, Lemma 3.5 and the corollary

of Lemma 4,1, we get
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-1 . -1

[0,ma,nb, (k+1)b™ ] = [b,ma,nb,kb T ,b™ 1]

oo N
= T‘T’[b,ma,(n+i)b]ui,b‘l]

i=k

© [T
l | [b,ma,(n+i)b,b'l] -

i=k
@ 0 i,
= | | ( | | [b,ma, n+1+J)b]( l) ) i
i=k  J=1
2 P
= l [b,'ma,--(n+£)b] 4 )
f=K+1
where p, = i%jng(-l)j By .
J>1
izk

Clearly Py € Z , and hence the lemma is proved.

TLemma 4,3. Let P be a parafree group of rank 2

in ég, with a and b as a parabasis, Let p be an arbitrary

element of TEP. If we write

} k
(1) P = T_T [b,ma,nb] m,n

m>0
n>0
and
bS Em n
(2) P = I l [b,ma,nb] ™~ P
m>0
n>Qg -
where Kk

and s are sny integers, then
m,n? Bm,n ¥ & > th

k = £ for all m .

m, O m,C

Proof. We shall first suppose that s > O.

Using Lemmas 3.5 and 3.7 and equation (1) we get



8 k s
(3) Pb = ( | | [b,ma,nb] m’n)b
m>0 .

n>0C

T ([bama,nb]bs)km’n
m=>0

n>0

i

n

_8 . k
[T toama, (et Jo1(4:2)) mom

'm(i,S) )

5 k
- TTTT tosma, (mes)o) o

Now, we observe that the infinite product,

S infi
mzg 1=0

ending with an a if and only if n = O. Furthermore, if

contains & commutator

n = 0, the commutator [b,ma] appears to the power

k

m, 0 m(0,s) = m,0 ? for all m > 1. Using the

above

fact, Lemma 2.1 and equation (2), it is clear that

km,O = Em,o for all m > 1,

Next, suppose s < 0, and put t = -s and ¢ = b_l.
Then, as in equation (3) we get
s -1y=8
b b
(4) p® = p(®7)
ot
=P
_ t k em(i,t)
= ] ! | | [b,ma,nb,ic] ™1
m>Q i=0
"2 (1,%)
k 'm{i,t
= TTTT [v,ma,nb,ipty ™8 77
m>0 1=0
n=0

Using Lemma 4.2 and equation (4) we get

15
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t (D - 3
R — : B s ko oom{i,t)
b .
(5) » =] |1 Cl] [v.ma,(n+i)o] J2%) ™8 P
m>0 i=0  j=i
n>0
where K, . (j > 1) are integers such that K = 1 and
JJ:L - 0,0

”j o = O whenever J = 0. Thus, we observe that the infinite
2

product on the right hand side of equation (5) contains a
commutator ending with an a if and only if n = O.
Furthermore, if n = 0, then the commutator [b,ma] appears

to the power km’o'm(o,t) = km,O’ for all m > 1. Thus, as

for all

in the previous case, it follows that k. 0~ 0
3 -]

m > 1. Hence the lemma is proved.

Lemma 4.4, Let P be a parafree group of rank 2,

with 2 and b as a parabasis. If we write

k
P = b° [ | [b,ma,nb] m,n )
m=>0
n>Q0
then

t st+k
p? = bs[b,a] 1,0 -1 l commutators of higher weight ,

where s > 0 and t > O.
Proof: We first note that

K0

p = bs[b,a} modulo Y}P .

Thus, using Lemma 3.3 we get

t t

P = p°[p%,a%] ([v,a]

1,0 _

k1,o)a

b3 [b,a]%% [b,a]

m
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st+k
= bs[b,a] 150 nogui T5P .
Hence the lemma is proved.
§s. Lemma 5.L. If we put
_ fx-(n-1)}"
fn(x) B n!

where x € R and n is an integer > O, then
m(n,t) > £ (t) for all t >n .

Proof: The proof is by induction on n. Suppose

n =0, Then we must show that
(1) m(0,t) > fo(t) for all t >0 .

But, by the definitions, we get

(2 m{0,t) = 1 for all t > O
3 —
and
' 0
(3) fo(t)-—.—(%)—:l for all t = O .

Now, equation (1) follows immediately from equations (2)
and (3). Next, we shall assume that the lemma is true

for an arbitrary fixed n, and we shall show that

(4) m(n+l,t) > f t) for a2ll t > n+l,

n+1(

We first observe that fn(x) is an increasing function
t-1

for all x > (n-1), and thus the sum, ;—n fn(ilul(t > n),

is an upper approximation of the Iintegral Lll fn(x) dx.



But
t-1
(5) [ £ (x) ax = J‘ {x - (n 13" 4
n...
t-1
_ _{x- (n-1)}n# ]
(n-+1)! ol
_ (t_n)n+l
- (n+1)!

Using the induction hypotheslis we know that

(6) £ (1) <m{n,i) for i >n .

Thus, using the upper approximation together with

equations (5) and (6), we get

=

n-+1 Tt
-

t-
(7) nﬁl

¥

£ (1)

1
t-

B

m(n,i)

I

L=n

= m(n+l,t)

for all t > n+l. But, by definition,

t-n n+l
(8) () = “FEayT -

Now, the lemma follows immediately from equations (7)

and (8).

Lemma 5.2. If we put

go(x) =1

and
n

g,(x) =

18



where x € R and n is an integer » 0, then

g,(t}) = m(n,t) for all ¢ > n.

Proof; The proof of Lemma 5.2 1is similar to the

proof of Lemma 5.1 and hence is omitted,.

§6. Lemma 6.1. Let P be a parafree group in the variety

ég. If N is a normal subgroup of P such that N < TQP and

lP/NP'] is infinite, then either N = 1 or N is not finitely

generated.

Proof: Suppose N ¥ 1 and N is finitely generated.
Since TEP is a torsion free abelian group, N is free
abelian of finite rank. Now, let a be any element of N
different from the identity. As the center of P is 1, it
follows that there is an element b of P such that [a,b]l1.

Using a theorem of G, Baumslag [ 3] it follows that

bi
H= gp (a ] i= 0313230-.)

is free abellan of infinite: rank.But H <N, and hence we

arrive at a contradiction. Thus, the lemma is proved.

Lemma 6.2. Suppose Theorem I is true whenever P is

a parafree group of rank 2, Then Theorem I is true for an

arbitrary, non-cyclic, parafree group P.

Proof.: We shall first assume that P/NP' is periodic.
Then, since [P/NP'] is infinite, it follows that P is of
infinite rank. Let n be the natural homomorphism of P onto

P/P'. Then, clearly, it is enough to show that Nn is not
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finitely generated. Now, suppose Nn is finitely generated.
Then, Pn/Nn is not periodic, because Pn is a free abelian
group of infinite rank. Thus we have arrived at a contra-
diction.

Next, we shall assume that P/NP' is not periodic.
Using Lemma 6.1, it is enough to consider the case when N
is not a subgroup of YEP. Now, suppose N is finltely
generated. Then using the basis theorem for free abellian
groups, there exists a parabasis, X, of P and a finite
subset, [xl,... xn} s of X ;uch ghat the ggoup NjéP is
generated by the element xll, x22, ey xnn modulo TEP,
where a; € 2Z (i = 1,2,... n). Furthermore, since P/NP'
is not perliodic and N is not a subgroup of TEP, it is easy

to see that X and its subset {x,,... x } can be chosen

o
2
= 0, o, # 0 and Xy -4 Y,P. Now, put

so that =

(1) K =gpp (X \ {xy,x%,])
and

2 | T =) vP-K .
(2) R

Using a theorem of G. Baumslag [ 3], we know that P/AT is
a parafree group of rank 2. Let KL be the natural homo-

morphism of P onto P/J. Then, it is left to show that

(3) Nn # 1

and
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(4) |Pn/im(Pn)t] is infinite.

We shall first show that equation (3) holds. Since
xZQ Q’YEP there exists an element, n, of N such tnat n+1
and n = sz +P' where P' € Y ,P. Now, P/K / YE(P/K) is
free abelian of rank 2, freely generated by xiK and XEK'
So let p be the homomorphism of P/ / TQ(P/K) into P/Y,P
defined by

XiK' (TQ(P/K))P = Xisz (i = 1,2).

Then, clearly, n-K(‘Y2 P/AK)p # 1 and thus n Q’TEP-K < J.

Hence Nn # 1.
Next, we shall prove equation (4). Let K be the

homomorphism of P/AT / Yo(P/T) into P/WéP defined by

x;9(% P/ )M = x; TP (i =1,2).

Now clearly

(5)  [(n)- (v, 2/7 )Iu = (ap (x,20). (v, B/5 )}u
-
= £gp (X2 TEP) .
Suppose x?- J € (N‘T])-(Pn)t for some k # 0. Then using

equation (5) we get

k Qp '
X, YpoP € gp (x2 TéP) .

But Xq and X, are independent modulo 72P. Hence

xgn ﬁ’(Nn)-(Pn)' for all k # 0, and thus equation (4) is true,
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§7. Lemma 7.1. Let P be a parafree group of rank 2 in
the variety é2. If N.is g nontrivial nomal subgroup of P
such that IP/N TgPl is infinite, then N is not finitely

generated.

Proof: It follows from Lemma 6.1 that we can
assume that N is not a subgroup of Y,P. Thus NP' /P! < 1,
Using the basis theorem for free abelian groups, it
follows that we can choose a parabasis, {a,b}, of P such that
at and bS, where s and t are integers, generates N TEP
modulo TQP- Since NP'/P' # 1 and lNP'/P'l is infinite,
without loss of generality we shall assume that s ¥ O and

t = 0. HFurthermore, we shall assume that s > 0, Suppose

N is finitely generated, i.e. Suppose
(1) N =gp (hl"“’hk) .

. .8ng ! t
Clearly hi = b hi , where 0y € Z and hi € ?2P for
all 1 < i < k. Since b®+ P! is an element of NP'/P',
there is an element p of N such that p = bSp', where

p! € 'ng. Put

. "'ni
(2) g = (p) h, for 1=<i=<k.

Clearly, g; € Yo,P for 1 < i < k. Using equations (1)
and (2) we get

(3) N = gp (hl:°--:hk) = £gp (P:gl:---:gk)
bst bst
= gp (P)'gp(gl 3 sesy gl{ l t GZ)'



Now, the proof of the theorem is broken into two cases,

depending on whether k = 0 or k & 0.

Case 1. Suppose k = 0. Then N = gp (bsp’).
Since N is a normal subgroup of P, the element pa belongs

to N. Thus we must have
(4) p° = p? where fe z.

We also know that p = b°p' can be written as follows:

m,n

(5) P = b® I l [b,ma,nb] R
m>0
n>0
where km,n € Z. Using equation (5) and Lemma 4.4, we get
s+k
(6) p? = bs[b,a] 150 podulo TBP .

Moreover, pg = bﬂs modulo T2P. Hence £ = 1, Thus, by
equation (4) p® = p modulo 73P. But this implies that

8§ = 0, and thus leads to a contradiction.

Case 2. Suppose k # 0. Then

st st
(7) N = gp (P)- eple; ,---,gi | t ¢ 2)

where g, € Y,P, 1L <1 < k. Put

o)
(8) g; = | O| [b,ma,nb] ™™  for 1 <i =<k,
m>
(1) ¢ 27,
where £ € and
mn ’ (1,t)
st —
(9) g? = ] b [b,ma,nb] m,n
mo
n-=

25
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(1,%) : :
where 4 € Z. It follows immediately from Lemma 4.3
3

and equations (8) and (9) that
(1) (1,%)
ﬂm,O = “m,0
for allm > 0, 1 <1 <k and t € &Z. Next, we shall show
that for at least one i, 1 <i <k, 41 ,  O. Since p® € N
A

we can write

k I‘i s+t. .

154

(10) p? = ! TTT] &

i=1 j=1
where ti e ry and £ are integers. Using equations (6)
2
and (10), it follows that £ = 1. Moreover, using

equations (9) and (10), e set

A1
+5 _r. b
Ky o f=T 1710
a

(11) »° = b°[b,a] . I ] commutators of
higher weight.
On the other hand, using Lemma 4.4, we get

a s+k

(12) p? = v°[b,a] *

50 | | commutators of higher weight.

Hence, the following identity holds
k i
(13) s = %;; ry 31,0 .
But s # 0, and so there is an i, 1 < i < k such that
Ei,o # 0. Without loss of generality we may assume that
Ei,o-¥ 0. Next, we shall write the element giu (u > 0) in

two ways. We shall then derive, for each u, a system of

linear inhomogeneous equations by comparing the two
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u
different representations of gi . On the one hand,

using Lemma 3.5, we get
1
u S £ u
(14) gd = (| L [b,ma,nb] M7)®
ma=

n>0
- 1

u 4
| T ((b,ma,np]® ) ™0 |
m>0
qio

i

Using equation (14) and Lemma 3.8, we get, for every u > 0,
1

) u . 2
’ [b,(m+i)a’nb]m(l:u)) m,n

o) "~ [T (L]

n>0 j

> 1 .
K+ E%: £; o »(3-1,u)
| ] [b,Jal™™"

J:

. 1
. 8
: [ l ( |u| [b,(m+i)a,nb]m(l,u)) m,n
m'-"o i:o

n=0

(m+i,n)e{(1,0,...(k+1,0))

On the other hand, since N is normal, we get

u £ k Yiu st, |
a u 'T—I i
(16) gl = P [ [ - gi 2d
i=l J=

where u > 0, £ € Z, r € Z and ti j € Z. Since
3

u i,u
g, € TEP, it follows that £u = 0 for all u > 0. Thus,

using equations (9) and (16) and Lemma 4.3, we get
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u Vk rl,u Ei’tl:J
(x7) & = |11 ] 1] [o,ma,np] ™7
1=1 j=1 m>0
n>0
i t
Kbl ‘1; '33'-30:6:1,,1_1 k Tiu ﬁi’n ad
= | | (0,301 YT TTTTT (psma,nb]
Jj=1 i=1 j=

n>0
(m,n)g{(1,0,7..(k+1,0)}

Using equations (15) and (17) and Lemma 2.1, we get, for

each u > 0O, the following k+l equations:

k. i3 -
~ i e .

(18) 'Z‘I £5,0%1,u = E%; £; o m(J-1,u) for j= 1,2,...k+l.
1= 1=

Now, consider a real vector space of dimension k generated

by Ty w i=121,2,¢..,k. Then the k+l vectors E ﬂ
3

3,0 Ti,u
(j = 1,.00,k+l) must be linearly dependent. Hence, there
exist non-zerc real numbers Niseeesy g such that

k-1 k

(19) > 752 f50 e O

Using equations (18) and (19), it follows that

(20) k+l :i%: ﬂl o m(j-i,u) = 0.

Next, we shall show that 1f u is sufficiently large,

equation (20) does not hold. It follows from Lemmas 5.1

and 5.2 that whenever u > 0

j-1 (aq_1yyd-1
(21) i (it > AR (=22 .

(3-1) =

We first note that for every u > O we get




K+l
(22) Ink+l Z__ El o Mm(k+l-i,u) + §~l n. E; Bl o m(3-1, u) |

K+1

< In "y I IE I m(k+l-1,u)

) .
+37 Ingl 3 el ol mG-Lw)

k+l k+l -1
= ln1~:+1| I'el ol TRrTmoyT *

- <~ pd -1
+ 3 layl 301 ol e
k+l : k
SED sl S s E Dl U

Using equation (22), it follows immediately that there exist
positive integers Ki and N such that whenever u > Nl we get

(23) [nk+l ;ii_ﬂ m(k+1 -i,u) + S“_11 §ﬂ_f&' m(J -1 u)l<K

Moreover, we note that

' ; k
1 (u-k)
(24)  npy #5o mOow)] = Ingy 45 ol 455 .
1
Put |n, o ﬁl,ol = K,. Then K, # O because n,,, # O and

Bi 0 < 0., Next, we observe that there exists a positive
J -
integer, N, such that N, > N, and such that whenever u > N5

we get

k k-1
u-k
(25) Ky 57 > Ku .

a7



Thus it follows from equations (23), (24) and (25) that

whenever u > N2 we get

28

Rl i
(26) | S n, 34 m(j-1,u}]

;B v
1

> |,y 25,0 mku)]

l k-1 1 . Kk J gl‘ o I

~ | g §=2 EiJOm(k+l-1,u)+ 3:1 n, i:l i,Om(J"l’u)

-k k-1

Hence, equation (20) does not hold for every u > N,.

Thus Lemma 6.1, and hence Theorem I, is proved.
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CHAPTER IT

§1. In this chapter, we shall generalize a theorem

of G. Baumslag, B. H. Neumann, H. Neumann and P. M. Neumann
[ 6] concerning free groups in the.variety of all metabelian
groups to parafree groups in any variety larger than the
variety of all metabellian groups. Precisely, we shall

prove

Theorem II., Let P be a parafree group in any
variety ¥V containing the variety ég of all metabelian
groups., If x and y are any two elements of P which are

independent modulo TéP, then there is no element z € P

m

such that [x,y] =2, m > 1.

To prove the theorem, we begin by reducing to the case

2 and P is of rank 2. We then examine the

where V = A
commutator [x,y], expressing it in terms of basic commuta-
tors, using again our infinite precduct formula. The

" expression thus obtained for [x,y] shows that [x,y] cannot
be a proper power,

§o. . Lemma 2.1. Suppose Theorem II is true whenever P

is a parafree group of rank 2 in ée. Then Theorem II is

true for an arbitrary, non-cyclic, parafree group P in gz.

Proof., The proof is by contradiction. BSuppose there
exist elements x, y and z of P such that x and y are
independent modulo TéP and [x,y] = z2 for some m > l. DNow,

since x and y are independent modulo TéP, there exists a



30

parabasis X of P such that x and y belong to X. Next, let

(1) K= EPp (X \ {X:Y])

and

(2) J =Y (y,P* K) .
n

Using a theorem of G. Baumslag, we know that P/J is a
parafree group of rank 2. Now, if 7 denotes the natural
homomorphism of P onto P/J, then, clearly xm and ym are
independent modulo TE(P/@) and (xn,yn] = (zn)®, where m > 1.
This leads to a contradiction, and hence the lemma is

proved,

Lemma 2,2. Suppose Theorem II is true whenever P

is a parafree group of rank 2.in éz. Then Theorem IIL is
true for an arbitrary, noncyclic, parafree group F in ¥,

where V is any variety which contains ée.

(1

Proof. Let P be any noncyclic parafree group in V.
As in Lemma 2.1, suppose there exist elements x, y and z of
P such that x and y are independent modulo Y,P and [x,y]::zm

for some m > 1. Now let

(1) J = Q('YnP-P") .

Then it is easy to see that P/J is a parafree group in ée.

Next we notice that if n denotes the natural homomorphism
of P onto P/J, then xm and yn are independent modulo TE(P/U)

and [xn,yn] = (zn)m, m > 1. Thus, using Lemma 2.1 we arrive
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at a contradiction, and hence the lemma is proved.
Before proving Theorem II, we shall prove a few

technical lemmas.

Lemma 2.3, Let G be any metabelian group. If x

and y are arbitrary elements of G, then

[y,(1+1)x,jy]m(i,t))m(3,s)

where s > O and

Proof. Using Lemma 3.3 of Chapter I we get

s.t
(1) [v:xl¥ ¥ = [y,x] [¥,x,5°x"]

= [y,x] [Y:X:xt] [y:x:ys ]x .

Using equation {1) and Lemmas 3.6 and 3.7 of Chapter I

we get
s 1t t m{j,s
(2) [y.x17 * = [y,x] T_I' > (L+dx 1™ l’t)(T—TTY: >3y . ))x
t . S t j 5
=TT v, )= ™58 T Ty, %,y 1% )m(J °)
i=0 j=1
t t ,t A
ST v (2en)gn(es®) rr (TT trs @y, gy] e 2y Hoe)
i=0 i=0
s

m(i,t) m(J,s)

= E ( Ig [y, (14+1)x, dy] ) .

Thus, the lemma is proved.

Lemma 2.4, Let G be any metabelian group. If x and

y are arbitrary elements of G, then
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t

[y5,x*%1 = IT ( TT fy,(1+1)x, gy 1™
O<S<k 1 j=0 i=0

0<t<g-1

(i,t))m(jss)

where kK > 0 and £ > O.

Proof. Using Lemma. 2.3 of Chapter I and Lemma 2.3
of Chapter II we get

k-l)( E—l)

£ 1dy+. .4y 14xX+..s X

iy, x4 = [y,x]!

_— s_t
= || [wx1¥*
O=<s<k-1
O<t<g-1

- s t
= ] | | | [YJ(l+i)x:JY]
OiSik.—l j:o i=0
O<t<g=1

m(i,t))m(J’S)

Hence, the lemma is proved.

Lemma 2.5. Let G be any metabelian group. If x

and y are elements of G such that

’eCD
(1) x =g [ ] &
: i=2
and
K o
(2) y=hy | | b
i=2

where g4 € Y.G and h. € Y.G s 1 >1, and 4,k > 0, then

Qo
[%,5] =[g},h}] ]—]' hy

Proof. Put

i (s 9]
(1) g = .l ] 81
i=2
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and
00
H

(2) h h; .

i=2
Clearly gt and h' belong to TQG. Now, using Lemma 3.3
of Chapter I and the fact that TQG is abelian we get

(3) [x,y] = [gfg', hh' ]

k 1 ]
= [gf, hy] [gf, h ] [e ,hgl
£ i
-1.81° - h
T

[e, nE] (n

Using Lemma 3.5 of Chapter I we know that

1 = 1
(}4) g' = :!_:L gl
and
lo'e)
(5) n™ = [ a7t.

i=2 L
Thus, using equations {(3), (4) and (5) and Lemma 3.5 of

Chapter I we geb

- S8 B @ 00 1 o hk
(6) [xo51 = [gfonf1 T T 08 T, TTeim TT e
i=2 1=2 i=2 i=2
Lok T -8} = nYf 2
- b TTn T e [ [ o ] ] e
i=2 i= i= i=2

Thus, the lemma is proved.

Now we are ready to proceed with the proof of
Theorem II. Using Lemmas 2,1 and 2.2 of this chapter,

the proof of Theorem IT will follow immediately from the
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next lemma.

Lemma 2.6. Let P be a parafree group in the

variety ég of rank 2. If x and y are any two elements of
P which are independent modulo TEP, then there is no

m

element z of P such that [x,y] = 2z, m > 1,

Proof. The proof is by contradiction. Suppose
there exist elements x, y and z of P such that x and y

m for some m > 1.

are independent modulo YT,P and [x,¥] = =
Without loss of generality, we may assume that m is a prime.
Now, clearly, z must lie in TeP. Furthermore, since x and
y are_independent modulo TEP, there exists a parabasis,

consisting of elements a and b of P, such that

(1) y a? modulo VP »

¥ modulo VP

(2) x

where k > 0 and £ > 0, Thus it follows from the discussion
in Section 2 of Chapter I that x and y can be written in

the following way:

(3 . v = at | ! [b,ma,nb] m.n
m:>

and ' nz0
— k

(4) x = bF I L [b,ma,nb] ™1 |
ms
n>0

Using Lemma 2.5 of Chapter II we get
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k
k -4 £ "m,n
2 3
(5) [x,3] = 05,87 TT([o,ma,np1® ) ™R [([b,ma,nb]")
m=0 m>0
n>0 n>0
Em n “Km,n

'| |[b,ma,nb} 4 I | [b,ma,nb] 2
m>0Q m>Q0
n=>0 n>0

Now, it follows from equation (5) and Lemmas 3.6 and 3.7

of Chapter I and 2.4 of Chapter II that

(6) xoy1=_ 1T T—r T—g b, (141)a, o (s )yI2%)

O=s=<k-l j=0
O<t<4-1

K Y
:rmr(r_r[b,ma,(n+i)b]m(l’k)) m,n

m>0 1=0
n>0

TT ¢
m>0 1=
n>0

T—E [b,ma,nb] m,n THT.[b ma nb] m,n .

n>0 nio

: K
[b:(m+i)a’nb]m(l:£)) m,n

i

Since we are assuming that [x,y] = z" where m is a positive
prime, the exponent of each commutator [b,ma,nb] on the left
side of equation (6) must divide m. However, we shall show
that this is not the case.

Define a positive integer Y as follows: If
m)fm(i,4), put v = 1. If m| m(1,£), let ¥ be the least
positive integer such that mj) m(+,£). Since m(£,£) = 1,
it follows that Y exists and 1 < ¥ < £.

Similarly, define a positive integer % as follows:

If mfm(l,k), put 6 = 0. If m|m(l,k), let B+l be the



36

least positive integer such that m /) m(6+1,k).
Again, since m(k,k) = 1, it follows that & exists and
0 <5 < k-1.

Now, we shall show that the expanent € of the
commutator [b,Ya,0b] on the left hand side of equation (6)
does not divide m. Using equation (6) and the definition

of m(s,t) we get

6
£ = m(y-1,t)m(d,s) - L mli,k
(1) &= Fo | mY-LIn(88) - Tk g gmlisk)
0<S:.3—l
pl ol =1, .
+ §=O kT—l,ﬁm(l’ﬁ) + 37’5 - kv,ﬁ
k-1 -1 B
Y-1
+ g:l kY—l,ﬁ m(i,4)

o] Y-1
= m(v,k) m(d+1l,2) - g;; Bybs_im(l,k)fggg kY-igﬁm(l’ﬂ)'

Now by the choice of ¥ and & we know that m does not divide
m(v,k)m(6+1,2) but m does divide every other term on the
left side of equation (7). Thus m does not divide € and

the lemma is proved.
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Chapter IIT

§1. It has been shown for several varleties V that the
- free group F of rank n in ¥V has a trivial center, It seems
natural to inquire whether, in such a variety V, any parafree
group of rank n alsc has a trivial center,

Here we attempt to prove this for the variety'éép,
p a prime, but we succeed only in the case p = 2, n = 00.
(It is known [1 ] that for any prime p, the free group of
rank n in éép has a trivial center if and only if n = ©0.)
Even this seemingly innocent result is rather difficult
to prove, involving a considerable amount of combinatorial
technique. For p > 2, the combinatorial work becomes even
mach more formidable and, so far, seems to be out of reach,
at least using the methods developed here,

A key fact used in the proof of our result is an
analog, in the variety AA,, of a theorem of W. Maghuséﬁeeugpl])
which asserts that the left normed basic commutators of

2 are independent.

weight > 2 of a free group in the variety A
The organization of the rest of the chapter is as

follows. In §2, we prove a number of general results about

the left normed basic commutators of a free group in éém

(m an arbitrary integer > 2). In particular, we prove two

special cases of our first main theorem (the analog of

Magnus' theorem), namely those cases in which commutators

of weights one and two are involved. In fact, we obtain a



unique way of writing elements of F modulo TQF and elements:

of YQF modulo YBF. From §3 on, we specialize to the case
m= 2, In §3, we obtain further technical results about
the left normed basic commutators in AA,. We also derive
some results concerning the augmentation ideal of the inte-~
gral groupring of a free group in the variety §2 which are
used later on. In $4, we obtain some specific relations
between the left normed basic commutators of the free

group in AA, and in §5, using the relations of §4, we
arrive at a subset of the set of left normed basic
commutators, which allows us to prove the first main

thecrem, Finally, in §6, we prove our second main theorem

on the centers of parafree groups of infinite rank in éég'

§2. Let F be a free group in the product variety AA_,
n > 1, freely generated by a well-ordered set {xm, A e AJ.

Under these conditions we have the following four lemmas.

Lemma 2.1. F/WEF is a free abelian group, and F

is freely generated modulo ¥.F by the x,, A € /L.
2 A

TLemma 2.2. If c = [xh seeesXy ] is an arbitrary
1 kK
commutator in F of weight k, then
2
(1) e e TBF if k = 2,
and
(ii) et

€ 7k+lF i k > 2.

38
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Lemma 2.3. TkF/Wk+lF 1s an abelian group and

YKF is generated modulo Tk+lF by the left normed basic

commutators in x A e,/L, of weight k. Moreover, if

}\.’
m £
i .
£ = l=l c;”s £ #0 (1 =1,... m), where the c;'s are
distinct left normed basic commutators in the xh's of
weight 2, and if n® does not divide £; for some 1 < i=<m,
then f Q'TEF.

Lemma 2.4. Well order the set of all left normed

basic commutators in the xm’s of weight 2, Then every

element in TQF can be written uniquely, modulo TBF’ as a
product, cil e cﬁm, of left normed basic commutators
of weight 2 such that ¢; < ... < ¢  and 1 < k; < n® for

i=l’0003m-

Proof of Lemma 2,1, ©Since F is free in the variety

AA > FAYF = G/WQG where G is an absolutely free group of

renk |A|. Hence the lemma is obvious.

Before proceeding with the proofs of the next lemmas,

observe that if 3 denotes the free metabelian group of rank

| A|, then

(8) FZ /(3,3 133" .

Using equation (A) we get

(B) Y EM F 2y 302,302 $M 1 9 3 #9530,

Using equation (A) we shall identify F with



}/[;L','}n]['y-n, ‘}n] and hope no confusion will arise.

Thus, if we let {'V?\]’ A € /) denote the free generators
t
of # we shall put Xy = Va[F R i Ao g

Proof of Lemma 2.2. Using the above remark we get

(1) ¢ =ty seee ¥y MF L3 TIFT BT

2
First, we shall show that if k = 2, ¢° € v, F.

It follows from equations (B) and (1) that it is enough
to show that
2 1
(2) ['V?\l’yka]n € v, I [F 473 F7] .
By Lemma 3.3 of Chapter I we get
n _n n®
(3) [yml,ykel = [yhl,yhg] modulo Yz F .
Clearly [yr.):‘l,yg\le] € [}n, j—n]. Thus it follows from
equation (3) that (2) holds.
Next we shall show that if k > 2, P ¢ Vs Fe
As before, it follows from equations (B) and (1) that

it is enough to show that
! n n n
(Ll') [y?\l,...,y?\k] € 'Yk_l_l[; s F 17,471 .
Using Lemma 3.3 of Chapter I we get
n _ n
(5) [yml,yke,.-.:ykk] = [ykl’y“e""’yﬁk} modulo ¥ . F.

1
Furthermore, since k > 2, [Yklayme,---:yg\lk] e [F 3"
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Hence it follows from equation (5) that (4) holds, and

thus the proof of the lemma is complete,

Proof of Lemma 2.4. To prove this lemma we shall

make use of the following theorem due to W. Magnus, see
e.g. [11]. In every free group G in the variety of all
metabelian groups, the left normed basic commutators of
welght > 2 freely generate a free abelian subgroup of the
derived group. Moreover, the left norﬁed basic commuta-
tors of weight k generate TkG modulo Wk+lG‘
It follows immediately from equation (B) and

Magnus'! theorem that YRF is generated, modulo 7K+1F, by

the left normed basic commutators in the x,'s of weight k.

A
Suppose £ & Y,F. Then we shall show that n® divides 2,
(i =1,...,m). Let d; (i =1,...,m) be the left normed
basic commutator in the yh's corresponding to the
commutator Cy in the xh's, by changing the xk's into yh‘s,
and put

(1) h=TTa".

Clearly, the di's are distinct commutators in the yi's.

Using equation (B) we have
f € v;F if end only if h e 735:-[3“, 271,
Now suppose h € 'YBy--[gn, ;-n]. Then we can write

(2) h

r
| l| [fril, g?] modulo 733 s
1=



where f,,g, € # for i =1,..,.,r. Using Magnus' theorem

we can write

n

m.

i £. .
(3) [£i-8.1 = [ 1 4,739 modulo v, 7
J-=l SJ

where 1 < 1 < r and the d; j @are left normed basic
2

commuytators in the yh‘s of weight 2. Using Lemma 3.3

of Chapter I and equations (2) and (3) we get

| I S 2
— n
(‘,‘l') h = :!-=:!- [fi’gi] |
r My 4. . 2 X
= ( | I d.l’.J)n modulo Y. 3.
i=1  j=1 *? >

Thus, it follows from Masgnu's theorem and equations (1)

and (4) that n2] 4;; 1 =i =< r, and the lemma is proved.

Proof of Lemma 2.4. Using Lemmas 2.2 and 2.3 it

follows that every element of TQF can be written,

kl km

modulo TEF’ as a product, Cq7 eee Cps of left normed

basic commutators of weight 2 such that ¢y < ... <C
and 1 < k; < n? for i = 1,...,m. Thus it is left to

m

prove the uniqueness. Suppose

k. k )/ £

(1) cll cos cmm = 47 ... dnn modulo YF ,

I

n? 1 :_ki < n2

l,.l.,n)l Put

where Cqy < «es < Cp» dl < ... < d
2

|

(J

m n
l a s Cm dn LI dl .

(L = 1,00.,m) and 1 :_Ej < n
(2) f = ¢

It follows from (1) that f € YBF. Since F ig a

Lo



43

metabelian group it follows from Lemma 2.3 and equation (1)

that m = n and c; = di for i = 1,...,m. Hence

i=1
.8ince 1 = ki, Ei-< n2 for i =1,...,m, it follows from

Lemma 2.3 and equation (3) that ki = £ for i =1,...,m.

Hence the lemma is proved.

§3. From now on, we consider a free group F in the
variety éée, freely generated by xh,l N € A {where 1./\_] is
finite or infinite). By definition, we have F = ;'/ééEj’
where 3’- is an absolutely free group.

Let A, = >/ L 9.2 denote the free group of rank
]_A_] in the variety §2 s freely generated by V2 nNE AN,
and let M be a free ZA,-module (where ZA, is the group
ring of A, over the integers) of rank |A|, freely generated

by t., A € /.. According to an embedding theorem due to

?\3
W. Magnus [ g ], the set of matrices

s={(: j)laEAz,meM}

forms a multiplicative group, and the mapping ¢ of F into S

y 0
t 1

A

given by

is a monomorphism. Using this fact we shall consider F as



embedded in S and put

X

()

A

This latter equality will be used repeatedly in what

follows.

Lemma 3%.1. Let F be as above. Then

th

where n > 2.

(yy\n_l)- . (.V?\}_l) { (ykznl)t;\l
+ (l“yhl)thg

Proof. We first observe that

v 0
(1) ( A
th 1
Hence yk 0
t 1

L

) i (—yﬁ\t 3 ) '

A A
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(J. 0)
yhm 1
Thus, we have proved part (i). The proof of part (ii) is

by induction. Suppose n = 2. Then, using equation (1) we

get
-1 -1
y 0\/ ¥ 0\ /¥ O\ry, ©
2 Dy a1 = ( "E 1)( z\32Lt 1) (tkl 1)(1;?\2 1
-y cY
MM s Ay A Ao
-1 -1
Vo ¥ 0 Y. ¥ 0
=< AT A )C' AT Ao )
-1_-1 -1
“¥ ¥ by =y, E 1 t, +tL 14
A Ay A YRS A Ao AT Ay .

1 0 )
(‘tml'ymlth;y?\; VATV
1 o)
) ((yﬁz_l)thl+(1-yhl)t}2 /o

Now suppose that

(4) [y seee %, )=
M Ty 1) e D )y

+ (1-y, )t
A A

for an arbitrary fixed n > 2. Then we must show that



1 0
(B) [%xy 5eee x, 5% ] =
Ay’ M Mg (yh fl)(y}\ -_-l)...(yh -1)
n-+1l n 3
{(y, -1)t, +(1-y, )t, } 1
_ 12-”) A ( Al) A

Put m = (y, -1} .. (y4 -D{(y, -Dt, + (1-y, )t, 1.
Ay Ay T, A SRS
Then using the induction hypothesis and part (i) of

the lemma we get

46

X
A
-1 m1
(B) [Xq »eeesXy 5X ] = [Xq seeesXa 1 [Xy seeesXy ]
MUY M AT L A
(P )
m--1
‘t% 1
1 O) (l O) m+1
- —In 1 m 1
1 O) 1 0)
B ~m 1 Y5 m 1
m-1
1 O)
(y?\ -1)}m 1
m-1
As
(v -1)m = (y -1} vee (v, - {(y, -1)t, +(1-y, Y, 3
Mgl Ant1 A Ao UM AN

the lemma is proved.
Before stating the next lemma, recall that the
augmentation ideal of the integral group ring, Z2G, of

a group G, is the kernel of the ring homomorphism 2 G —>2Z

given by >_ n;g; —> > n, .
i i
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Lemma 3.2. Let A2 be as sgbove, If y is an arbitrary

element of A2 different from 1, then in ZZAE we have
(y-1)" = (_2)n~l (y-1) for alln > 1,

Proof., The proof is by induction on n. Suppose

( )

Thus suppose
(2) (y-1)" = (-2)°~*(y-1)

when n is an arbitrary fixed integer greater than 1.

2

Since ¥y 1 we get

(3) (y-1)2 = (-2) (y-1) .
It follows from equations (2) and (3) that
(4) (y-1)"* = (-2)™ Y (y-1)(y-1)

(-2)" (y-1) .

i

Hence the lemma is proved,

Lemma 3.3. Let F and A, be as above and let ¢
denote the augmentation ideal of ZZAQ. For n > 1, let
M, denote a free czn module, freely generated by the
elements t,. (Certainly, as sets, M2 M 2 M, ... .) Then

1 0) i ;
?kF < gp -( (mk-l 1 l m_q € Mk—l where k > 2.



Proof. The proof follows immediately from Magnus'!
embedding theorem, Lemma 3.3 of Chapter I and Lemma 3.1
of Chapter III.

Now assume that G is a group generated by elements
B, © € Q and let ) be the augmentation ideal of ZG.
It is known that as o ring, . is generated by the set
{(gm-ij, we N}. See, e.g. [L0]. Moreover, if H is any
é;roup, and 1f ¢ is any group homomorphlsm from G into H,
then ¢ induces a ring homomorphism from Z2ZG into ZH, and
hence, also, a ring homomorphism from 27 into ?# s Where
# is the augmentation ideal of 22 H.

Suppose now that G is a free group in & variety v,

with the B @© € () as free generators. If a is an element

of we can write
a = n. . . .
where the n, . are integers and the fi 3 are of the form
3 =
m, - m, .
_ _ i,1,3 _ 1,845
fi,5 = (81,171 7727 eee (B g -1) T
with m, . > 0 and where for i ¥ h the set
l’ 'GJJ
{gin,...,gi’sii is different from Ege set {xh,l""’xh,sn}'
5 .
Lemma 3,4, If a = 0, the n, . £, ,=0
Lemma 5.% 2 n 3:—; i, “i,43

for i = 1,...,k.

Proof. This lemma follows immediately from the

fact that a group homomorphism induces a ring homomorphism

48



between the corresponding augmentation ideals.

Lemma %.5. Let A be, as above, the augmentation
ideal of ZA, and let a € A be of the following form.

(1) a = (v ~1)ry 1) -ee (v, -1 -1

where m > 1, k > 1 and y, -,-/yh for i & j. Then a ﬁ’dm'!'k.
i J

Proof, Suppose a € A™E, Then using Lemma 3,4

and the definition of am+k we can write
£ k. k.
(2) a = E ni(y'}\ "l) l,l L (Y7\ "l) L1
i=1 1 m

with the ki i > 1 and where

2

m
> . kg4 = m+k (L=1l,..., £).
J:

Now for every 1 < i < £ put
R
K. = kK. . .
T
Using equations (1) and (2) and Lemma 3.2 we get on

the one hand
(4) . a= (~2) My, -1) ... (v -1)
1 m

and on the other hand

: £ . =In
(5) a= (3 _ ni(-E)Kl

)(y')\l"l) e (y')\m_l) .

Hence, since y, # ¥, for i < J we get
i J
K.-m

_ y
(6) (-2)kL = 3 ny(-2) T,

49
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But K;-m > k. This leads to a contradiction and the

lemma is proved.

§4. As in §3, F will be a free group in thé.variety Al
generated by Ko A e A . Well order these generators in
scme fashion and let Xqp T Xp < eee S X, be some finite
subset of them. Under these conditions we have the

following three lemmas,

Lemma 4,1, Let Myseeesm, and ny,...,0, be

T
non-negative integers such that m = 0 if and only if

r
1= 0 and Z m, = %:1 N s and let k be an integer with

y = [xk,xl,mlxl, ...,mrxr] and z = [xk,xl,nlxl,...nrxr],

then
y = 2Z.
Lemma 4.2, (i) Let r >3, n>2, 1 <k <r., If
y = [xk,xl,xl,...,xk,...,(n-l)xr][xk,xl,xl,.;.,ﬁk,...nxr]

‘ [xk-’xl’ﬁl’ e ’xk_’ ae ,Ier] [xkaxlaﬁls L] J}‘Ek: *os (n+l)xr]
and

a -1
2= [XpsXqsXqseeeskisees (n+1)xr]

" -1
'[xk’xl,xl;.o-;xk:l"J(n+l)xr] k4

then



(11) Let r > 3, n >2, k = r, If
y = [xraxlaxla L) (n-l)xr] [xr’xl’xl’ LN :an_l]

A
-[xr,xl,ﬁl,...,nxr][xr,xl,xl,...,(n+1)xr_l]
and
-1 =1
Z = [X,3Xq5Xs000s(nHl)x, ] [xr,xl,ﬁl,...(n+l)xr] ,
then
¥y = Z.

Lemma 4.3. (i) Let r > 4, n > 1 and suppose

2<g<k<r. If

y = [Xk,xl,xl,...,XB,...,J'EK.,...,HXI_]
P A
. [Kk,xl,xl, .a n,x’gg e .,Xk, a8 03 (n+l)xr]
'[xgjxljxlS"’Jigs“OakaOOO nxr]

-[xg,xl,ﬁl,...,ﬁﬂ,...,xk,... (n+1)xr]
and

A -1
4 = [xijlsxl:-":xﬂgoo-gﬁk,-.-,(n+2)Xr]

=1
.[X£’xl,XlJl.l’i‘g’llI,XK,...J(n-l-l)xr] ’
then
y = Ze.

(ii) Iet r > 3, n > 1 and suppose 2 < £ <k = r,

If
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y = [xr’xl’xl’ ere3Xgseen ’m{r—l] [Xr’xl’ﬁl' veXpgsene (n‘*'l):’lr_l]

(X gsXq5Xq 500 .,%B,. .o nx.] [xﬂ,xl,fcl, .. .,fcﬂ, oo (ndl)x,]

and
z = [X.,,%,% x (n+2)x 17t
r’ l’ l, a a8y E’.'I, I‘l—l

-1
.[Xle,xl,xl,.-.,ﬁg,..., (l'l'i"l)}(r] s

then
y = 2.
Proof of Lemma 4.,1l. Using Lemma 3,1 we get
) 1 0
(1) v = ( m m
r 1
(y,-1) 7 oeo(y 1) Uy -1) g+ (1-yy )83 2
and
1 0
(2) =z =( n nq
(.YI,":L) o (Yl"‘l) {(yl"l)tk—_’[‘(l"‘yk)tl} 1

It follows from equations (1) and (2) that in order to

show that y = z it is enough to show that

m | Dy y
(3) (3p=1) ¥ eve (yg-1) T = (ypm1) Toael (1) M
r r
Now put N = > m, = > n, . Using Lemma 3.2 we get
i=1 i=1

m m -1 -1
(B) (3,-1) T ee (yy-1) T (-2) (yr-l)---(-E)ml(yl-l)

= (-2)" T (y-1) Lo (yy-1)
and



2

-1 -1
(2) T (y,1).nn (-2) T (yy0)

(5) (¥-1) Tevn (yy-1) *
= (-2)" F(y,~1) s (7p-1)

Hence (3) is true and the lemma is proved.

It will be convenlent, for the proofs of Lemmas 4.2
and 4.3 to introduce the following notation:
If v is a 2 by 2 matrix, we denote by e ¥ the lower

left entry of y.

Proof of Lemma 4.2. The proofs of part (i) and (ii)

are the same, hence we shall prove only part (i). Using

Lemma 3.1 we get

1 0
Gy = {(yr-l)n‘l...'(yl-1)+(yr—1)n...(@)...(yl-l)
l+(yr-—l)n- . (y2-1)+(yr-l)n+l. . (5{:—'1) cea(ypm1)} 2
Uy -1) ey +(1-y, )64 )
and
1 0
(2) z = |

L)L (F D) ()4, )P (1))
?(Yl"i)tk'*'(l"yk)tl}

It is enough to show that
(3) Op1¥ = @pp % .

Using Lemma 3.2 and the proof of Lemma 4.1 we get



(4) opy = {2(yr~1)n. .o (y1-1) +2(yr-1)n+l. .. (5@) coe(y 1) It

+1-2(r,m1)" el (37-1) - 203, )P L (1) ey

[(-1)27F 2%y ,-1) ... (yg-1)+(-1)™ 2% (y 1)
AFmL) eae (yy-1)3%,

o+ f(-e)n(yr-l) cor (y971) + (-2)"F(y-1). ey

and

1
(5) agq2 = *_Z- (yr-—l)n+2. . (@) ooy -1)- (yr-l)n+. ey L) Y,

+ {r,m1)™ Ly 1)+, 1)L (1) 08y
= L= (-2)" P (g m1) e (F71) e (3 1) = (-2) My o1) el L

+ {(-2) (ypm1) e e (37-1) +(-2)" Py m1) e (7710 30y

It follows immediately from equations (4) and (5) that

U ¥ = Qyq Z and thus the lemma is proved.

Proof of Lemma 4,3, Again, since the proofs of

parts {i) and (ii) are identical we shall only prove
part (i). Using Lemma 3.1 we get

1 0
)= {(y,-1)7. Sﬂ(-’\l) (79 =1)4(¥ 1) T2 (5 e (3700

{(y-1)ty + (1-3y)%, )
' 1 O

(1) (F D) e (1) H(y o 1) PHE L (o) (3,2) i

i(yl-l)tﬂ + (l'Y£) l}
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and

1 0

o —
(2) = (7 -1)F 2 (Fm1) e (yp-1)

-?(yl—l)tk+(l—yk)tl]

1
;(yr_l)n+1...(§;:3).--(yl—l)
L-{(ylml)t£+(l-y3)tl} Y

It is enough to show that

(3) Bpq ¥ = Q12 &

Using Lemma 3.2 and the proof of Lemma 4.1 we get

n-+l

(4) aypy = 2(y,.-1) ...(§;:i)...(yl-1)tk

+ 2(y,-1) (L) (g -1)E,

n-+l

- ;e(yr_l)n...(yl-l) + 2(y 1) e (ypm1) 36,

= 2(-2)n(yr“l)"'(§;ji) ree (y2m2)%

+2(-2)My,m1) ver (F,0) el (3108,

+ {(-E)n(yr—l) LA (yl_1)+(_2)n+l(yr...l)."(y2_.l)}tl
'and

n+2 N
r"l)

(5) agyz = I-(y coe (F1) ave (y-1)3ty

+ _{—(yr—l)m2 cee (§;§1) cee (yp-1))t,

+ 1,102 Ll (3pm1) + (7m0 (1)



= ?-(-2)n+l(yr—l)...(§;21) cee (yl—l)]tk
+ ?-(-2)n+1(yr-l)... (5;:1) cos (yl-l)ltﬁ
-+ 'l[("'e)n-!-l (.'Yr—l) LC) (Y2'l)+("2)n(yr"l) . -'(yl"l)3 tl

Thus it follows from equations (#) and (5) that the

Cnq ¥ = Gpy Z and so the lemma is proved,

§5. We come now to the proof of Theorem III,
Let Q) be g8 non-empty finite subset of the well-
ordered set {Xh]’ x € A, of generators of F., Thus
Q= {x,... ﬁr}, where r > 1 and Xy < ... <x.. Let
also t be an integer > 3. Denote by B(Q2,t) the set
of all left normed basic commutators of weight t, each
one of which involves all of the generators coming from
and none of the other generators. Observe that B(Q,t)= ¢
if t <r = |0O]. |
From Lemma 4.1, we obtain the following:
(a) Let r = |Q] = 2.
(1)
o) = { T
(X% 5%y ]

(ii) For t > 3,
[xgsxl:(t”e)xl]
B(,t) = [xe,xl,xl,(t—3)x2]

[Xe,xl,(t—E)Xel

56
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(1) . )
B,r) = {uk’r“ (XysX oKy 500esX500e,%,] for 2<k<r
ur’ I'= [xr’xl’ﬁl: e e e ,xr.—l]
(ii)
ruk: r+l= [xk;xl,ﬁl, «s e Jﬁkg aw .EXI'J:EOI. 2:k<r

A
ur,r+l_[xr’xl’xl’""2xr—l]

B(O,I‘-{-—l):‘ { Vk, r+l= [Xk,xl,xl, e .,ﬁkj s e e ’Xr] :fbr 2:1{“1'

U, rl T Ko Xg o Xy s e e enXp g ]

\Wk’ r+1= [ka xljﬁl:xgg e ,xr] for 2:]:(:1"

(iii) For t > r+l,

f t [xk’xljxl’."’ k,...’(t'f'l"r)xr], 2:]:{'(1‘

b4
U.I_ _b= [xr)xlj Ae v ey (t'l-l—I‘)Xr_l]
k -b [xkaxl:xl,---,ﬁk,...,(t-I‘)Xr] fOI‘ 2:1{<I‘
(

B(O,t) = ¢
Vr:t [xr:}{l,xl,..., t I‘)Xr_l]
k’ -t= [xk’xl’xl-’ 'R (t-I‘)Xr] for Eik:r
2 1= [Xk’xl’xl’ cees (t—r—-l)xr] for 2<k<r
2

We next define a certain subset of B(Q,t), t > 2,
which we call C{Q,t). It will turn out that for fixed t,
the union C(t) of the C(Q,t), where the union ranges over
all nonempty subsets Q of the set {xh}, A €A\, forms a
set of independent generators of T#F modulo T£+1F

(The notion of independence will be defined below.)
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Definition.

(A) Let r = || = 2. Put
c(Q,t) = B(O,t).
(B) Let r = |0| > 2.
(1) Put c(,r) = B(Q,r).

(ii) If t > r, put

Uy g o 2 <k =<r
c{0,t) = Vot .
Wit 2 2 <k <r

Definition. Let CqseeesChy be an arbitrary finite number

of distinct left normed basic commutators of F of weight +.
Let ¢ = cil... cin, withn >1 and 0 <p; <1 (i =1,...,n).
We shall say that Cqseva5C, a@TE independent if whenever
c € Tt+lF » then Py = 0, i =1,...,n.

An arbitrary set of left normed basic commutators

of weight t will be said to be independent Lf every finite

subset is independent.

Lemma 5.1. The elements of C(Q,t), t > 3, form an

independent set.

Proof. First suppose r = lOl = 2.
If t = 3, then we must show that the commutators
[x2,xl,xl] and [xz,xl,xej are independent. Thus, put
P1 P2
a = [X2’Xl’xl] [xesxl:xgl

where O =Py <1, i =1,2, Using Lemma 3.1 we get



1 | 0
(2) a =
;pl(yl—l)+p2(y2'l)]

{(yl‘l)t2+(l“y2)tl}

Suppose a € TAF' Then it follows from Lemma 3.3 that

Qyq8 € M?. Hence, in particular, we get

(3) o1 (y,-1)2 + po(ya-1)(y1-1) € A°.

It follows immediately from equation (3) and Lemmas 3.4
and 3.5 that p; = p, = 0. Hence the set c(,3) is
independent.

If t+ > 3, then we must show that the commutators
[Xg,xl,(t—Z)Xl], [Xgaxlsxl:(t“E)xg] and [xgﬁxl:(t'e)xg]

are independent. Thus, put
P31 P
(4) b = [xg:xla(t'E)xl] [XQ,Xl,Xl,(t-B)xe] 2
P
y [Xg:xl: (t_g)xe] 3
where 0 < Pi <1 for i =1,2,3. Using Lemma 3.1 we get

1 0

5) b =
(=) {py (31-2) 5P, (35-1) "2 (3 -1 ) 4p5 (3,710 )

'{(yl'l)tg + (l“y2)tl]

1

Suppose b € 7t+1F' Then it follows from Lemma 3.3 that
Qyq8 € N%. Hence,

)t—l

(6) pl(yl'l + pQ(YE'l)t-B(yl"l)2+93(&2‘1)t-2(yl“1}€CIF
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and

(1) py (7 -1) 52y, -po(vp-2) F 2y, 1) -py (v,-2) b0 € A

Then it follows immediately from Lemmas 3.4 and 3.5 that

P1 = Pp = p3 = O.
Next suppose r =|Q| > 2. We shall prove that the
sets C({Q,t), t > r, are independent. We first observe
that it is enough to show that the set c(0Q,t), t > r+l,

is independent. Put

| I Px,t o 1 | k,t
L) . .
(8) C = ( u]’{ ) V2,| W],:

where ink,t =<1, 0 = Tk,t <1 fork=2,...,r, and
0 < o< 1. Using Lemma 3.1 we get

1 0
(9) c=

r-1
3 P, 1) T (D (rm0)

-f(yl-l)tkﬂl—yk)tl} '

1 0

oep, e 1) T (r,m2) )
-f.(yl-l)tr + (1-y,)%,]

1 0

' o(yr_l)t"r...(52?1)(y1_1) )

';(yl_l)tg + (l"y2)tl}
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1 0

= t-2r
E;%:Tk,t(yr_l) '-'(YQ'I)
* {(yl"l)tk + (l_yk_)tl
Suppose ¢ € w%+1F‘ Then it follows from Lemma 3.3 that,
for 2 <k < p,

(10)  p, s (Vpm1) T (Fd) (g )4 (rm1) BT 1)

e A%,
for k = r,
t+1l-~ t-1 t
(1) pp 4 (¥pag=1) " iy 1) + Ty (3,m1) T (v -1 e

and for k = 2,

- LTS .
ERT L (Fo-1) (v -1)

+ o(y,-1) VT (1) (317102 + Ty (3,-2) PTE L (v, 1) e A,

(12) pp 4 (v,1)

Thus it follows from Lemmas 3.4 and 3.5 that

(13) P, 6 = T = Ty 4 = 0 for 2 <k j:r.

Using equations (9) and (13) and Lemma 3.3 we get

SHE L (ypm1) + oy, YT (3-1) e A

Again, it follows from Lemmas 3.4 and 3.5 that

Hence, by equations (12), {(13) and (15) we get

(16) P2,t = 0,
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and so the lemma is proved.

Theorem ITI. The elements of C(t), t > 3, form an

independent set.

Proof, By definition of independence we must deal
with only finitely many commutators at a time. Thus,
without loss of generality we may assume that IJQJ is
finite, Now let G be any free group of finite rank in the
variety ééz, freely generated by a well-ordered finite'éet

I'. Then for t > 3, set

(l) D(F:t) = U C(O:t)
I
o
Moreover, let S = {xh, A € /A} be the set of free genera-

tors of F., Then clearly

(2) D(>5, t) = c(t) , t=3.
Thus we shall prove that D(D ,t) is independenﬁ. The proof
is by induction on the number of generators of » . If

|ZZj =1 or 2, we get D(> ,t) = C(J> ,t), and the result

holds by Lemma 5.1. Thus, assume that D(I,t) is independent
whenever 1I1 < 5, where s is an arbitrary fixed integer
greater than two, If 5> = {xl,...,xs+l3 where Xq<...<x

s-L°
we shall show that D(D_,t) is independent. Set

(3) S = XK eenaxg )

where 1 < k < 841, and let Fk be the free group in the

variety AAo, freely generated by E k- By induction
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hypothesis the elements of D(Zk,t) are independent,

1l <k =< s+l. Clearly
s+1

(4) D(5,t) = ( kk___{ D(3,.t))  C(3,t)

It is obvious that the D(2_, ,t) are not pairwise disjoint,
Thus, we shall define subsets of the D(2 ,,t) so that
D(> ,t) will be written as a union of disjoint sets. Put

Dl = D(Zlat)

and, for 2 < k < s+l1, put
. . k_l
D = DO,8) \ M Dt .

Clearly
541

(5) D> ,t) = kL_{DkuC(z,t) .

It follows from the definition of Dk’ 1 <k =< s+l, that

D, contains all possible left normed basic commutators

1

in the generators :i.n'Z:L = {xe,...,x 3. Moreover, D,,

s+1
2 < k < s+l, contains all possible left normed basic
commutators in the generators in >, = {xl,...,ﬁk,...xg_!_l}
which must involve the generators {xl,.;.,xk_l}. Now

we are ready to show that the set ]i)(z,t) is indpendent.
Let a be a product of commutators of D(Z’_;j:.). Since the

D, 's and ¢(> ,t) are pairwise disjoint, we can write

s+l T

‘ p; (k) . X a,
(6) a = I::[ I d; (k) * ]iT ey

with d,(k) € D, ¢; € C(2_,%t) and where O < p;(k) <1 and

1



0 <0 =1. Buppos
the p,(k)'s and o'

the homomorphism of

xi ¢

and

Xk

¢k =

e a € 7t+lF' Then we must show that
s are zero, To do this, let ¢k be

F onto Fk defined by:

Kk = X 1 =<1<s+#l,1 # k

Now we shall show that p,(k} = O for 1 <k < s+l. The

proof is by inducti

(7) ady

But a¢l € Yt+lFl’
p;(1) =0, 1 <1<
where n is a fixed

show that pi(n+l) =

on on k, If k =1, then
r

-TT di(l)pi(l) :

i=1
Thus, using the induction hypothesis,
r;. Suppose pi(k} = O for all k < n,
integer 1 < n < s+l. Then we shall

0. But since p;(k) = 0, k =<n,

we have
S+l r ) r g.
a | i d, (k) ] cil .
k—n+1 1=1 i=1
50, we get
r
n+l
P (n+1)

But, as before, a¢n

Hence

(9) a =

41 € YTyaFy.q end thus pi(n+1) -

64

Using Lemma 5.1 we know that the set C(3_,t) is independent,

and so 0, = 0, 1 <

i < r., Thus, Theorem III is proved.
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Corollary. Well-order the set C(t), t > 3. Then

every element in TEF can be written uniquely, modulo Tt+1F5
as a product cl(t) ces cﬂ(t) with ci(t) e ¢{t) (i=1,... )

and cl(t) < e. < cﬂ(t).

Proof. It follows immediately from Lemmas 2.2,
part (ii), and 2.3 and the lemmas of Section 4 that every
element of TQF can be written, modulo Tt+lF’ as such a
product. The uniqueness follows immediately from

Theorem III.

§6. Let P be a parafree group in the variety AA,, with

a well-ordered parabasis {xm}, A 6.11. Observe that the
subgroup of P generated by the XKIS is a free group in éég'

We recall that for €t > 3
(a) c(t) = Uc,t)
Q :

where the union ranges over all nonempty finite subsets O

of the set {x,}, A e /. Now define

(B) c(1) = {x,, N e Al

and

(¢} c¢(2) = {all left normed basic commutators in the X, 's
| of weight 2}.

We shall denote by c(t) an arbitrary element of C(t).
Using Lemmas 2.1 and 2.4 and the Corollary to

Theorem III, together with 82 of Chapter I, every element
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p of P can be written uniquely in the form

"1 - o, ©_ Tt
(D) p=T ] ey T ey *TTTT ey(v)
i=1 i=1 t=3 i=1

with p; € Z- {0}, 1 < o, <3, 0 <r, < co and where,
for each t,

ey (t) < ... < crt(t) .
(If some r, = 0, then, by convention, the corresponding

product is 1.)

Theorem IV. TLet P be a parafree group of infinite

rank in the product wvariety éﬁe‘ Then P has a trivial

center.,

Proof. ILet {x,, A € A} be a well-ordered para-
basis of P. Supposé p belongs to the center of P. Then
using the above discussion, we can assume that p is
represented as in equation (D). We must show that p = 1.

The proof is broken into 3% cases.

Case 1. Suppose ry # 0. Without loss of generality

assume that cy(1l) = x;. Put

f1
(1) b o= [X,%,7]
where X, 1s an arbitrary element of c(l) such that x, > x,.

If we write b as a product of left normed basic commutators,
then each commutator will involve only Xq and K- Since
b # 1, there exists an n > 2 such that b € Y,P and b g'ﬁmﬂP'

Thus we can write



b =] e, (n)  modulo Y41 P
a

Where ca(n) are elements of C(n) which involve only Xq

and x Choose X, 80 large such that Xy is greater than

K°
every generator which appears in ci(t), 1L <t =<n. (Here
the ci(t)'s are the commutators appearing in the expression
for p given in equation (D).) Thus the representation of
X, P will contain a commutator of wéight n which involves
Xq and Xy alone and the representation of pxp will not.
Hence, ry = 0.

Case 2. Suppose r; = O and r, # 0, Without loss of
generality put 01(2) = [x5,%,] where x, > x;. The proof

of this case is divided into three subcases, depending

e

P

on whether the exponent o, of cl(2) is 1, 2 or 3.7

Let x, be an arbitrary element of C(1) such that x, > x4
and X > Xpo Put
%k
c = ([xgsxl] ) .
Using Lemma 3.3 of Chapter I and the unique representation

of elements of P, we get

(2) ¢ = [X5,%q ) [X5s%q,%, ] 5, 1f o =1

and

(3) c = [xg,xl]E[xg,xl,xk] s Af o =3 .
Thus if o is 1 or 3 choose Xy 80 large such that X is

67

greater than every generator which appears in c;(%t), t < 3.



(Here, again, the ci(t)‘s are the commutators appearing
in the expression for p given in equation (D).) Thus the
representation of X will contain the commutator
[xg,xl,xk] and that of X, p will not. Suppose now o = 2,

Then
(4) c = [xg,xl]Q[xg,xl,xk]2 .

However, egquation (4) does not give the unique presenta-

tion of the element ¢ in P. Thus consider

2
(5) [XE’xl’xlec] = [J{Q’xl’xk] [XE’xl’xk’xk] .

. 2 .
Since an,xl,xk] = 1 it follows from (4) and (5) that

the unique representation of c is

(6) e = [xpsxq 1% [xp5%y,2%, 1 .

Now choose X SO large such that Xy is greater than
every generator which appears in ci(t), t < 4., Clearly
the commutators [ec,(3),x, ] (1 =1 j.rB) and [d,x, ] are
distinet elements of C(4). Hence px, will contain the
commutator [xe,xl,ka] and X P will not., Thus ry, = 0,

and it is left to prove the third case.

Case 35, Suppcse ry = O for 1 > 2, Then assume

that n is the smallest integer such that Ty # 0. Then

Tn n4l @ t

p=TTestm) [Teglen) TT TTesls).

68
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Let ~ be an element of C(1) such that x, is

*x
greater than every generator which appears in ci(n)

and c,(n+l). Clearly, it follows from the construction
of the sets C(t) that the commutators [e;(n),x, ]

(1 <1 =<mx)endcyj(ntl) (I <1 j_rn+l) are distinct
elements of C{n+l). Thus the unique representation

of px, will contain a commutator of weight (n+l1) which

k

involves the generator x, and that of Xy P will not.

o
This contradicts the fact that r, # 0. Thus r, =0

for all n and p = 1.



[1]
(2]

[2]

[4]

[51

[6]

[7]

[8]

[9]

[10]

70

Bibliography

M. Auslander and R. C. Lyndon, Commutator subgroups

of free groups, Amer. J. Math. 77 (1955), 929-931.

G. Baumslag, Some aspects of groups with unique roots,

Acta Math. 104 (1960), 217-303,

s Some theorems on the free groups of

certain product varieties, J. Combinatorial Theory

2 (1967), T77-99.

,» Groups with the same lower central sequence

as a relatively free group. I. The groups,

Trans, Amer. Math. Soc. 129 (1967), 308-321.

, Groups with the same lower central

sequence as a relatively free group. IL. Properties,

to appear in Trans, Amer. Math. Soc.

» B. H. Neumann, H. Neumann and P. M.

Neumann, On varietles generated by a finitely

generated group, Math. Z. 86 (1964), 93-122,"

P. Hall, Some word problems, J. London Math. Soc. 33
(1958), 482-496.

A, Karrass, W. Magnus and D. Solitar, Elements of

finite order in groups with a single defining relation,

Comm. Pure Appl. Math. 13 (1960), 57-66.
W. Magnus, On a theorem of Marshall Hall, Ann. Math.

40 (1939), 764-T768.

A. I. Mal'ecev, Generalized nilpotent algebras and their

adjoint groups, Met. Sb. 25 (1949), 171-208. English




translation: Amer., Math. Soc, Transl. 69 (1968),

1-21,

[11] H. Neumann, Varieties of groups, Springer-Verlag,

New York, 1967.

[12] O. Schreier, Die Untergruppen der frelen Gruppen,

Abh. Math. Sem, Univ. Hamburg 5 (1928), 161-183.
[13] J.-P. Serre, Lie algebras and Lie groups, W. A.

Benjamin, New York, 1965.

71



=

Autobiographical Statement

Name- Yael Roitberg
Date of Birth- April 14, 1942
Place of Birth-ISRAEL
Higher Education-
City College of New York, February 1961 -~ August 1965
B. S. - August 1965
City University of New York, September 1965-June 1969

Ph.D. - June 1969,



