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Abstract

ISOTOPE EFFECT
ON THE
ZERO POINT ENERGY SHIFT
UPON CONDENSATION
by
Zvi Chaim Kornblum

Adviser: Professor Takanobu Ishida

The various isotope-dependent and independent atomic and molecular
properties that pertain to the isotopic difference between the zero
point energy (ZPE) shifts upon condensation have been derived. The
theoretical development of the change of the ZPE associated with the
internal molecular vibrations, due to the condensation of the gaseous
molecules, has been presented on the basis of Wolfsberg's second-order
perturbation treatment of the isotope-~dependent London dispersion forces
between liquid molecules.

The isotope effect on the ZPE shift is related to the difference be-
tween the sums of the integrated intensities of the infrared absorption
bands of the two gaseous isotopic molecules. Each intensity sum is ex-
pressed, in part, in terms of partial derivatives of the molecular dipole
moment with respect to atomic cartesian coordinates. These derivatives
are related to the isotope-independent effective charges of the atoms,

which are theoretically calculated by means of a modified CNDO/2 computer

- iii -



program. This program is based on a quantum mechanical semi-empirical
molecular orbital theory. The effective atomic charges are also cal-
culated from available experimental infrared intensity data.

The effects of isotopic substitutions of carbon-13 for carbon-12
and/or deuterium for protium, in ethylene, methane, and the fluorinated
methanes, CHBF, CH2F2, CHF3, and CF4, on the ZPE shift upon condensation
are calculated. These results compare well with the Bigeleisen B~factors,
which are experimentally obtained from vapor pressure measurements of the
isotopic species.

Each of the following molecular properties will tend to increase
the isotopic difference between the ZPE shifts upon condensation:

(1) large number of highly polar bonds, (2) high molecular weight,
(3) non-polar (preferably) or massive molecule, (4) non-hydrogenous
molecule, and (5) closely packed liquid molecules. These properties

will result in stronger dispersion forces in the liquid phase between

the lighter molecules than between the isotopically heavier molecules.




To My Favorite Mathematician, Dearest Debby,

"Ahavat Olam Ahavteech"
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I. INTRODUCTION

This dissertation presents a theoretical formulation and
interpretation of the isotopic phase dependence of the molecular
zero point energy (ZPE) produced by the internal vibrational motions.
The formulation permits calculations of the change in the ZPE upon
condensation for a pair of isotopic molecules.

The zero point energy shift upon condensation of a gas molecule
is an important phenomenon in the studies of molecular forces in
the condensed phase, because the shift is a consequence of the change
in the intramolecular forces upon condensation and of the influence
of the intermolecular forces in the condensed phase. In the simplest
form of the theory of the vapor pressure isotope effect (VPIE)
originally developed by J. Bigeleisen, the logarithm of the ratio of
the vapor pressures of the light isotopic molecule to that of the
heavier isotopic molecule, at a given temperature, is expressible as
a sum of two opposing terms. The positive term is due to the isotopic
difference in the first-order quantum correction to the reduced
partition function, and the negative term is caused by the isotopic
difference in the ZPE shift upon condensation. Thus, the ZPE shift
upon condensation plays a central role in the theory of vapor
pressure isotope effects.

In particular, as the magnitude of the negative ZPE~shift term

increases, the interesting phenomenon of the "crossover" of the VPIE




into the inverse VPIE occurs. That is, the vapor pressure of the
heavier molecule becomes higher than the vapor pressure of the
lighter molecule. This phenomenon is not only interesting and useful
from the standpoint of the theory of the liquid phase, but it is also
important for the industrial application of the VPIE theory. The
cost of the fractionation of stable isotopes such as heavy water,
13C, 15N, etc., by a low~-temperature distillation process has been
predicted to be less if the plant is operated at temperatures at
which the VPIE is inverse rather than normal.

At the present state of art, the isotope effect on the ZPE shift
upon condensation can be obtained experimentally from the measure-
ments of the vapor pressure isotope effect. On the theoretical side,
however, the best one can do at present is to calculate it directly
from the spectroscopic data on the gas and liquid molecules. However,
the spectroscopic data of condensed phases are complete and
reliable for only a handful of molecules. For these few species,
one can calculate the normal frequencies of the isotopic liquid
molecules from an established force constant matrix and, consequently,
obtain the ZPE shifts. For the majority of molecules, reliable
liquid force fields have not been mapped out. The purpose of this
dissertation has been to establish a theory by which a priori
evaluations of the isotope effect on the ZPE shift upon condensation
can be made without relying on experimentally obtained force fields
of condensed phases.

This dissertation consists of five main parts, Sections II-VI.

Section II presents the general theory of chemical isotope effects,



especially as it pertains to equilibrium systems. The quantum
statistical mechanical origin of the reduced partition function ratio
of a pair of isotopic molecules, one of the most important factors

of isotope chemistry, is presented. Various simplifying approxi-
mations of this ratio are reviewed, so as to give an insight into

the role of molecular forces in isotope effects.

Section III reviews the development of the VPIE formalisms. The
Bigeleisen formulation of this problem is emphasized with respect to
the internal and external modes of vibration of both the gaseous
and condensed molecules. The discussion of the VPIE concludes with
a description of the intermolecular forces in the liguid, with special
emphasis given to the Wolfsberg derivation of the ZPE shift upon
condensation.

Section IV is the commencement of this investigator's original
research in the field of isotope effects. The isotope effect on the
ZPE shift upon condensation is related to readily available, or
calculable, atomic and molecular properties. This is accomplished
by means of various matrix transformations of the molecular dipole
moment derivatives, which are related to infrared absorption inten~
sities. The relationship between the above isotope effect and the
effective charge(s) of the isotopically substituted atom(s) is
emphasized.

Section V discusses the computational methods used to obtain the
effective atomic charges. The computer program utilized for this
purpose is based on a semi-empirical molecular orbital theory. This

program is outlined and the necessary modifications are described.



The computer program is furnished in the appendix.

Section VI presents the results of the calculations of the
isotope effects on the ZPE shift upon condensation, and interprets
them. Both specific and general analyses are performed on these
results.

A brief conclusion, Section VII, and appendix complete the body

of the text.



II. THEORY OF CHEMICAL ISOTOPE EFFECTS

II.A. OQuantum Statistical Mechanical Poundations
of Isotope Chemistry: +the Reduced
Partition Function Ratio

In the examination of equilibrium or kinetic isotope effects on
reactions, an important relation which appears in the study of such
effects is Bigeleisen and Mayer's (1-5) reduced partition function ratio

for two isotopic species, (s/s')f. This ratio is defined as

(/9 )QEH )

Q%)
s’ Q9 ) T @ /0" T &

Im

) (1)

Hh
1

According to Bigeleisen and Mayer's convention the primed (%) species
denotes the lighter isotope and the un-primed isotope denotes the
heavier species. Thus, s and s' are the symmetry numbers of the
heavier and lighter molecules, respectively. qu and ch are the
quantum mechanical and classical molecular partition functions,
respectively. Therefore, Eqgn. (1) represents a ratio of reduced
partition functions of two isotopic species; reduced in the sense
that a quantum statistical machanical partition function is divided

by its classical counterpart.



The importance of the reduced partition function ratio is that
it provides an absolute measure of isotopic fractionations. Isotope
effects on equilibrium constants and, in fact, isotopic differences
for all thermodynamic functions, can be expressed in terms of these
reduced partition function ratios, since thermodynamic properties
are functions of partition functions. The isotopic ratio of the
molecular partition functions is a simple explicit function of
normal frequencies, under a set of simplifying assumptions and
approximations. Since this ratio forms the basis of this thesis, the
formulation of the partition function ratio, based on the work of
Bigeleisen and Mayer (5), will be recorded in subsections II.A.1l,

IT.A.2, and II.A.3.

II.A.1l. Approximations for Isotope Effect Studies

Several simplifying approximations are made in order to facilitate

the calculation of the partition functions.

IT.A.l.a. Born-Oppenheimer
approximation

This is the basic approximation that is fundamental to theoretical

isotope effect studies. OQuantum mechanically, the electronic and nuclear



motions of a molecule may be separated, due to the large mass difference
between the electrons and nuclei. The electronic problem is then
solved for fixed nuclear positions, nuclear charges, the number of
electrons in the system, and for the potential which does not involve
nuclear masses. The resulting electronic energy surface is the poten-
tial energy for the motion of the nuclei. Therefore, under the
Born-Oppenheimer approximation, the force field in which the nuclei
vibrate is isotope independent. Isotope effects are, consequently,
nuclear mass effects resulting from the motion of different nucleic
masses on the same potential energy surface. This assumption is valid
for polyatomic molecules. However, for the hydrogenous molecule,

the Born-Oppenheimer approximation is partially invalidated. Hence,

from the separability notion,

Q= 0,0

nuc (2)

and from the isotopic invariance of the electronic partition function,

Qel' = Qel ! (3)

one obtains for the isotopic molecular partition function ratio

Q/Q' =9 /0 ' . (4)

nuc nuc



IT.A.l.b. Freely translating
rigid rotor

The nuclear partition function is simplified by approximately
separating the nuclear motion into three motions, i.e., translation,
rotation, and vibration. Thus, the nuclear contribution to the

partition function is

Q =Q Q9 .Q . (5)

nuc tr rot~vib

II.A.l.c. Harmonic oscillator
approximation

Neglecting anharmonicities in the internal vibrations, one obtains

for the quantum-mechanical vibrational partition function,

= 1 & ____
(Qvib)qm i muy (6)
l-e

where u, is a dimensionless energy defined as

u, = -—-—;-= _i ’ (7)



N is the number of atoms in the molecule, h is Planck's constant, ¢ is
the speed of light, k is Boltzmann's constant, wi is the i-th harmonic
frequency in cm T, vi is the frequency in sec_l, and T is the tem-
perature in oK. The zero of the energy is chosen at the minimum of
the potential energy curve, because this places isotopic molecules on
a common ground, so that isotopic differences may be treated without
ambiguity.

At high temperatures or low u,, the vibrational partition

function approaches the classical limit:

(Q

vib cl

IT.A.1.4. Classical translations
and rotations

For the translational and rotational motions, the spacing between
energy levels is sufficiently small, so that classical statistical
o
mechanics may be employed at temperatures above, say, 100 K.

Consequently,

(Qtr)qm = (Qtr)cl

and

(8)

(9)



(10)

(Qrot)qm = (Qrot)cl

However, the last relation is not appropriate for small molecules,

such as hydrogen, so that a non-classical correction must be taken into

account (5, 13).

IT.A.2. Standard Form of the Reduced Partition
Function Ratio

Substituting the previous equations into Egn. (1) yields

- 2 - '
3N~6 . ui/ ul
s I i e l-e
E;_f - u,' -u,'/2 -u ) (11)
1 : i
e l-e

(s/s')f is thus composed of three contributions. The ratio of the

u.'s results from the classical vibrational partition functions. The

. -ui/2 . . .
ratio of the e i/ 's results from the vibrational zero point energy.

The last ratio of the (1—e-ui)‘s results from the vibrational

excitation,



ITI.A.3. Equilibrium Isotope Effects: Classical
Vs. Quantum

The effect of isotopic substitutions on equilibrium (and kinetic)
reactions has been the subject of experimental and theoretical in-
vestigations since the 1930s (5-10). Classical statistical mechanics,
however, does not lead to isotopic enrichments.

Classically,

' - vy 3/2 (12)
(9/9 )tr’cl = (M/M")

and

1/2

(Q/Q") = (S'/S)(IaIbIc/Ia'I 'I.") ’ (13)

rot,cl b

where M and M' are the molecular masses of the heavy and light isotopic
molecules, respectively, and the I's are the principal moments of
inertia. Thus, using the separability assumption, Egn. (5), and

Eqns. (8), (12), and (13), one obtains

- . (14)



In addition, from the Teller-Redlich product rule (72,73),

3N-6 ui' 3N-6 wi'
il = = il == (15a)
i i i i

n3/2|1 ' 'T ! Y2 g (m ) 32

M'} a b ¢ o

B [M] I I I I ’ (13b)
aboc o o

the classical partition function ratio becomes

N
[ ] — ] ] 3/2
(9/0 )cl = (s /S)g(mu/mu ) ’ (16)

where m, and ma' are the masses of the heavy and light atoms o and o',
respectively.
The classical equilibrium constant, Kcl' can be calculated for

the isotope exchange eguilibrium

AX + BX'Z AX' +BX, (17)

where A and B are any polyatomic groups, and X and X' are the isotopic

atoms. Thus,



K = [Q(Ax')Q(BX)/Q(AX)Q(BX'))cl o

[Q(BX)/Q(BX')} (Q/Q") gy

omx /o@x)) ;T 1R ] - (19)
cl '

Substituting Egn.(16) into (19}, one obtains

(s'/5) gy (20)

1

K . = o=
cl (s /s)AX

since all the atomic masses cancelled, due to the fact that between
two sides of a balanced chemical equation all the atomic masses must
be preserved. Therefore, the classical equilibrium constant for
an isotope exchange reaction is simply a ratio of symmetry numbers.
The symmetry number s of a molecule is defined as the number of
different values of the rotational coordinates which all correspond to
one orientation of the molecule, remembering that the identical atoms
are indistinguishable. Thus, the symmetry number ratio provides no
mechanism for isotopic preferences. Rather, this ratio is an im-
portant statistical correction for the probabilities of forming
symmetrical vs. asymmetrical molecules of the same configuration.
Therefore, the classical situation always corresponds to a random
distribution of isotopes, i.e., no isotope effect.

Hence, an isotope effect is a direct manifestation of quantum




mechanical energy levels as expressed by Egqn. (6). Classical mechanics
is adequate when the spacing between energy levels is amall compared
with kT. The quantum mechanical equilibrium constant for the isotope

exchange equilibrium, Egn. (17), is

K _= _(Q/Qf)Bx (21)
R YT B
qm

In addition, the isotope separation factor o, given by

— isotopic atom ratio in chemical species BX (22)
” isotopic atom ratio in chemical species AX

is the isotope effect on the exchange equilibrium. Thus,

(0/0") (Q/0")
an’ e1 T [(0/07 @M _,
BX AX
T
S Bx © J ax

and



kK = (81 (_s_'.f] / f’_:{i_f} . (25)

If o 1, there is no isotopic separation. An isotope effect occurs
when o # 1. It is seen from Egns. (24) and (25) that both the isotope
effect on an equilibrium reaction, and the equilibrium constant itself,

can be expressed in terms of Bigeleisen and Mayer's reduced partition

function ratio of Egn.(11).



II.B. Approximations of the Reduced Partition
Function Ratio

A number of approximations of (s/s')f of Egn, (11) have been
developed, so as to give more physical significance to the reduced
partition function ratio. These approximations are especially
important for explaining the role of molecular forces in isotope

chemistry and will be referred to later in this work.

IT.B.1. First Order Approximations

II.B.l.a. Bigeleisen and Mayer's
G(u) -function (5)

This is a first-order approximation of (s/s')f and is appropriate

for small frequency shifts

Su, T u,' - u, . (26)
1 1 1
Egn. (11) can be rearranged to yield
-1
. 5ui Gui/2 -(ui+6ui) -u,
T E= |1 e l1-e / |1-e . (27)

i



Each of these three parts is expanded through a Taylor series in powers
of Gui,and only terms up to the first order in Gui are retained.

Thus, Egn. (27) becomes

s 3N-6
S—' f =21 + Z G(ui)(Sui ’ (28)
i
Where
1
Glu,) = 3 - -11; + —————-u_l ) (29)
i e+t -1

Since Sui is small, Eqn. (28) can be further simplified to

s 3N~-6
,Qn[g,— f} = f G(ui)Gui . (30)

The G(u) function still retains all the original contributions
to (s/s')f. The HEY corresponds to the zero-point energy term; l/ui is
the classical contribution; and l/(eui—l) is the excitational term.
This approximation is a superb one, since all isotopic differences are

factored out as a single factor, Gui. In addition, G(u) is a monotonic

positive function with the following limiting values;



lim G(u)
u>0

0 (classical case)

1

G(u) u/12 (small u) '

and

lim G(u) = 1/2

Hence, Egn. (30) becomes

and

s 1 3N-6
n|= £ == I u,bu
s 12 i i
u small i
.1 3N-6 2
2 b
i

where

4

(31)

(32)

(33)

(34)

(35a)

(35b)



Egn. (36) was obtained from the fact that if u, is small, then

8u.2 = 2u,8u, .
1 1 bR

Egn. (34) represents the zero point energy approximation of Qn{sr f],

while the contributions fromthe strong vibrations (with high
frequencies) at relatively low temperatures, i.e., large ui's, vary
with temperature according to 1/T. Egn. (35) represents the first-
order quantum correction to the classical partition function, while
the contributions from the weak vibrations (with low frequencies)
at relatively high temperatures, i.e., small ui's, vary with

temperature as 1/T2.

II.B.1.b. Bigeleisen's ?
method (6, 11)

This approximation is a semi-empirical modification of the
first quantum correction, Egn. (35). The G(u) approximation, Eqgn.

can be written as

(36)

(37)

(30),



s 1 3N-6
,Q.n[g;- f] =1z i: YiuiGui ’ (38)
where
Yi = 12 G(ui)/ui . (39)

Since Yi is a slowly varying function of u,, one could use an average
value for y,,i.e., Y, which is chosen to be independent of u,

if all the frequencies of the molecule were in a narrow frequency range.

Thus, Egns. (38) and (37) yield

5 Su,’ (40)
1

which is a modification of Edn. (35) in that Edn. (40) is appropriate
for large and small u. Some values of yY(u) are yY{(0)=1l, Y(9.5)=0.50,

Y(25)=0.221, and y(«)=0. Unfortunately, the average value for ? is

difficult to evaluate (12).



II.B.l.c. Low-temperature
approximation (18)

At low temperatures and strong frequency vibrations, i.e.,

large u, Egn. (11) becomes

s 1 3N-6 3N-6
Q,n[—' f] == % 8u, ~ I 6in u. . (41)
s 2 . i . i
i i
where
u‘l
—_ ] 1
84n u, = 2n u, - n u,= &n = - (42)
i
The excitation terms do not contribute to Egn. (41). In addition,

the second term, &4n ui,is temperature - independent since
Qn(ui'/ui) = Qn(wi'/wi). The temperature-dependent term represents
the isotope effect on the zero-point energies. This approximation
becomes poor for low-frequency normal vibrations, such as out-of-

plane motions, at room temperature and above.



n
II.B.2. Higher Order Approximations: (Gui)

II.B.2.a. Extension of the
G(u) -function

II.B.2.a.i. Bigeleisen's third
order (6,14)

2 .
The retention of the terms (Sui) and (6ui)3 in the Taylor

series expansion of (s/s')f, in addition to the Gui term, yields

s 3N-6 S(ui) Gui C(ui)—ZS(ui) 6ui] 2
Qn[?'f] = L6 11+ gy w, Y 6G(u,) |
1 1 1 1 1
+... Gui . (43)
In Egn. (43),
u
s .Y (44)
(e -1)

and



2u2e2u __u(u+2)eu

(%13 (%12

m

C(u)

II.B.2.a.ii. Vojta's n-th
order (15)

Vojta extended (s/s')f to higher orders. Thus,

s 3N-6 3N-6 ~1
Zn{—r f] = I G(u)bu, + £ I (-n° [nu.nJ
s . 1’771 . i

i i n=2

e 1
—(n!)_l 5 mn— e—mu

m=1

i (Su”®
i
This is an absolutely convergent series for all u, .

I1.B.2.b. Urey's hyperbolic
expansion (29,30)

Egn. (11) can be rewritten as

n §7 £l - _3§;662n b(u = 3%;6 n{b(u - ni{b(u," '
- ' [ (w))] (btuy)) (2w ")

i i

(45)

(46)

(47)



where

-uji/2

;e /(1-e iy | (48)

1]
=]

b(ui)

In addition, b(u) can be expressed as
u . u
b(u) = > /sinh (2] . (49)

Thus, Egn. (47) becomes

. m-6  fo, ] 3m-6 [sinh(ui'/z)]
Q,n[—s—’—'— f] = Z n o + X fn sinh(u./2) (49a)
i i i i

The second term is expanded in terms of the frequency shift, ggn. (26),

and thus

s 3N-6 u, 3N-6 6ui
ILn{-——;— f] = I fn|— |+ I |—=coth(x,)
i vy i U2 *
(Su.)>

i 2
+ Tcoth(xi) (coth (xi)_l“"f' , (49b)



where

X z ﬁui/4 + ui/2 . (49¢)

$ 2n
II.B.3. Higher Order Approximations: !

II.B.3.a. Bigeleisen's Bernoulli
series expansion (6,16)

This is a Taylor expansion of 2n(§7-f] and is valid for
u,' < 27 but is not restricted to small Gui's.

From Egn. (49), one obtains
) u 2
Qn[b(u)] =- I &n 1+[§;EJ ' (50?

where this infinite series is absolutely convergent for any value of

u. In addition, if the absolutely convergent Taylor series

e +1
ga(len) = I (-1 E [le<1 ] (51)
m=1

is substituted into Egn. (50), and a relation for Riemann's zeta




function,

o 22m—1 Tr2m B A
1 2m~1 (52)
z{m) = X om 2m) 1 ¢
k=1 k ’
is used, one obtains
m+l
® (177 By 1 om (53)
fnlb()| = - L P (om) 1 .
m=1 :

In Egn. (52), the B's are Bernoulli numbers, e.g., B. = 1/6, B, = 1/30,

1 3
and B5 = 1/42. Substituting Egn. (53) into Egn. (47) and taking
isotopic differences, one obtains
© B 3N-6
S _ m+l 2m-1 2m .
Qn[s| f] = I (=~1) Smizm T ? Gui {ui- < 2ﬂ] ' (54)
m=1 i
where
Su Mz By 2 (55)
i i i

The inequality for Egn. (54) was obtained from the convergence

condition of Eqn. (51), i.e., (u/2'nk)2 < 1 for all integral values




of k. Thus, the first three terms of Egn. (54) are

3N-6 3N-6 IN-6
s 1 2 _ 1 4 1 6
’m[ f] =57 > Su" - 350 f Su;” + Tg1440 f SETR

The major disadvantage with Egn. (54) 'is that a frequency of
3000 cm_l at room temperature corresponds to u=15, which is more
than double the allowed limit for u. Thus, the Bernoulli series

is inapplicable to all H-containing molecules.

I1.B.3.b. Orthogonal polynomial
expansion (17-25)

The difference between this method and the previous one is
that the Bernoulli series is modified mainly through the use of
an orthogonal polynomial expansion of &n(l1+x), Egn. (51), instead
of the Taylor expansion. This extends the range of validity of
the Bernoulli series up to u < u'max’ the largest u involved in
a given problem. The reason that the radius of convergence for
a Taylor series expansion is small (ui' < 2m) is that all the
information needed for such a series is obtained at a point about
which the function is to be expanded, and values of the function
at other points are extrapolated from that single point. Thus,

the accuracy of this approximation becomes progressively worse

(56)



as the point moves away from the center of expansion. However,

in the orthogonal polynomial expansion, one concedes the existence
of an error term in the polynomial approximation before the ex-
pansion is employed. The error is forced to be proportional to

an n-th order orthegonal polynomial which, when properly chosen,
oscillates on both sides of the zero point, rather than yielding

a null error at the center of expansion, with the result of an
increasingly larger error as the point moves away from the origin.

In place of Egn. (51), the Taylor expansion for the logarithmic

function,

n (1+x) = y(x) , (57)

one uses the orthogonal expansion as follows. The following dif-

ferential equation is obtained:

dy _ .
(1+x) ax 1+ TPn(x) . (58)

The T method leads to an inclusion of the error term TPn(x), since

one admits that the linear differential eguation

dy _
(1) 2L = 1 (59)




cannot be solved exactly. T is an a priori undetermined coef-
ficient and Pn(x) is an n-th order orthogonal polynomial of x.

The T method approximates Egn. (11) as

n
2n[§—-fJ = I W.A, L Ou, ' (60)
s - . i

~where the Aj’s are the same factors that appear in the Bernoulli

series, Eqn. (54),

23-1 (61)

>
Il

The Wj's are modulating coefficients defined as follows:

=
It

Wj(n,J, u max,L) (62)

z - ¢ {63)

I
=
)
.
o

where z(j) is Riemann's zeta function, Egn. (52),



T(n,j,R) = P::J . (64)
 (-1)P cP/RP
n
p=0
R 2
L a (65)
:Rk=-—§.= -2—1?]—{ r k=1, 2(-'-'!! L!
k
and
Ry
. Z
% T T (L+1) 2
p

In Egn. (64), C

n is the coefficient of the p-th order term of

an n-th order orthogonal polynomial, Pn (x) of Egn. (58), i.e.,

n
P (x) = £ cP i . (67)
n o D

The orthogonal polynomials used are the Jacobi polynomials, such
as Legendre, Laguerre, Hermite, and Chebyshev polynomials, which

depend on two parameters Y and § in that



(v,9) (x) = F(-n,n+y+6-1,Y;x) (68)

n n m-1
1+ 2 x I

m=1 k=0

(-n+k) (n+y+8-1+k) ,
(Y+k) (1+k)

(69)

where F is the Gaussian hypergeometric function. ¢ may assume
any real value, while Y can be any positive real number. By
varying y and §, a "best" Jacobi polynomial has been chosen for
each selected range of u which minimizes the root mean square
error of the corresponding approximation for &n b(u).

The modulating coefficients Wj vary from zero to unity and,
as can be seen from Egn. (62), depend on the order of the expansion
(h), the term number in the expansion (j), the largest u involved
(u'max), and a positive integer (L) chosen to yield the best ap-
proximation. As the value of L increases, the approximation

improves, but a value of L=5 is sufficient. Thus, the first

three terms of Egn. (60) are:

- —— L 8u, + 5577 % Ou, : (70)

onl= ! 2 M 4 "3 6
24 ¥ %% " 2880 © ®%i T Telado | %



II.B.4. Wolfsberg's Second Order Perturbation
Theory (26~28)

This method is unlike any of the others, both in the initial
formulation of the approﬁimation and in the final expression of
(s/s')f. The harmonic vibrational Hamiltonian of a molecule is
divided into a diagonal part, the zeroeth order, and an off-
diagonal part, the perturbation. The molecular vibrational partition
function, calculated by Schwinger perturbation theory, is composed
of the unperturbed partition function, corresponding to uncoupled
oscillators, plus the perturbation to the partition function,
corresponding to coupled oscillators.

The guantum mechanical partition function of a molecule,
qu, is the "Slater sum," i.e., the trace of the matrix representation

BH

of the operator e . Thus,
0 = Tr[e“BH) , (71)
where
B = 1/kT , (72)

and, according to Schwinger perturbation theory for partition




functions, the Hamiltonian operator H is separated into unperturbed

and perturbed Hamiltonians, HO and H.,, respectively, so that

1

= + .
H HO H (73)

For the ideal gas-phase molecular vibrational problem, the Hamil-

tonian is given by

H=T+V , (74)

where T and V are the kinetic and potential energies of the molecule,

respectively, and, in addition (31),

3N-6 3N-6

1
T =73 ; § gijpipj ' (75)
i J
and
; 3N-6 3N-6
v=35 1 TR 7L PR (76)
i J

In Egns. (75) and (76), the qi's are the internal displacement

coordinates, the pi's are the corresponding conjugate momenta,




where

the fij's are the harmonic force constants of the molecular force
field, i.e., the elements of the E matrix, and the gij's are the
elements of Wilson's § matrix. The quantum mechanical represen-
tation of H is obtained by replacing p, with —iZhB/qu, where A = h/2m.

From Eqns. (73) - (76), Hy and Hl are given by

3N-6 3N-6
-1 2 .1 2
Hy=%5 Z 9;p; +5 L f.q, (78)
1 1
and
- Z Z + Z Z " -
Hy gijpipj f_,.ch.{iqtJ (79)

i<3 i<3

Thus, the unperturbed Hamiltonian H_ corresponds to a collection

0

of uncoupled oscillators with "unperturbed” frequencies

v.0 = emle, 9, )2, (80)
1 11l 11



and the perturbation H, contains the coupling terms.

1

Therefore, the partition function is given by

Q =0y Q t Ot (81)

where the first term is the zeroeth order approximation and successive

terms contain successively higher powers of the perturbation Hl' The
solution of Eqn. (71) yields
0
3N-6 e‘ui /2
l-e i
where
0 0
u, = hvi /KT . (83)

The first order correction, Q., vanishes, and the first nonvanishing

1
term is the second order correction, Q2, where
Q2 = QOD ' (84)
—(uio+ujo)
5 _
D562221 1 B,. 1-e
i< —u 0 —u 0 i3 a 0 +u 0
A (l-e i )Y{(l-e 3 i 3j
0 0
—u, -uj
2 -
+ e e , (85)
1j 6] 0
u, =-u




and

Thus,

36 -

5.0, 0 % g g |"
Biy - %'gi' - hz £ =2
J 3193195451 sn® v, vy
0. 0)* 3,
h Vi Yy h 9331955
3 7 2 %3 %] v
+J 13193944 gre 13y %,
i3
to second order,
0
3N-6 e_ui/2
= = = ot e —— +
(Qvib) QO + Q2 Qo(l + D) H 5 (1 D) ,
an * 1-e—ui

which is comparable to Egn. (6).

The classical vibrational partition function is obtained for

. 0
T>o®©, i.e., u > 0, so that

where

E

(Q

e ) =
vib cl
3N-6 3N-6
X X

i< 3

3N-6
I
i

—| (1 + B) ,

u

ii

33

£ £
iij3

(86)

(87)

(88)

(89)

(20)



Hence, within the approximations in section II.A.1l, the ideal gas-

phase reduced partition function is given by

0
—ui/2
3N~-6u.e
= - i 1 +D
Qred B qu/ch—- n 0 [1 + E]' (91)
i -u,
l-e i

One could empirically improve Egns. (88), (89), and (%1) by substituting
eD and eE for 1+D and 1+E, respectively, where the latter are the first
two terms in the expansion of eD and eE. This is only wvalid if D and E,
the second order corrections to the quantum mechanical and classical

vibrational partition functions, respectively, are very small. Other-
wise, this procedure is arbitrary, since higher order terms are being
introduced into the perturbation without justification. However, this
new formulation does lead to better agreement with exact values of QVi

b
than does Eqn.(88). Thus, Eqns.{(88), (89), and (91} become

0]
3N-6e"“i /2 5
Qi) =] T =—=le . (92)
an 1 l-e—ul
3N-6
1 E
(Qvib) = I -—6'6 ’ (93)
cl i u,
i
and
—uio/z
3N-6 ui e D-E
%ea | T T o |® - (94)
i -u,



Therefore, the reduced partition function ratio for a pair of isotopic

molecules becomes

0 -u 0
3N-6 u, Su, /2 i
s' £ = n 2+ _|o 1 l-e e(cSE 8D) . (95)
s ' 0
i u, -u,
l-e i

where the "8" notation is the same as in Egn.(26), i.e., the light
species minus the heavy species.

Hence, according to this second order perturbation theory, the

first factor of Eqn. (95), the zeroeth order term, is a function of vio,

0 . . .
vi' , and T, and the second factor, the perturbation, is a function of

o .,0 0 _,0 ,
\)i ’ \)i 14 \)j ’ \)j 14 gij 7 gij r fij r and T.



II.C. Intramolecular Forces and the Reduced
Partition Function Ratio

In order to calculate the exact reduced partition function ratio,
Egn. (11), one must determine the individual normal mode vibrational
frequencies of the two isotopic molecules. This can be accomplished

through the use of the secular equation

|g - AE| =0, (96)

where
H=FG, (97)

and E is the identity matrix. The 3N-6 non-zero eigenvalues Xi are
the roots of the secular equation and are related to the frequencies
vi according to

A, = ar?y.? . (98)

i i

Thus, with a given harmonic force field, i.e., E, and a corresponding
equilibrium geometry, i.e., g, together with a digital computer, the
3N-6 vibrational frequencies can be calculated (32).

However, this procedure does not yield important physical infor-
mation regarding the role of specific force constants in isotope effects.

In addition, in "prehistorical" times, when digital computers were not




widely available, approximations were needed to permit guick and accurate
numerical evaluations of isotope effects. Thus, the expansions based on
the G(u) function (II.B.l.a. and 2.a.) were suited for quick calcula-
tions. On the other hand, the ¥ method (II.B.l.b.), the low-temperature
approximation - (II.B.l.c.), the Bernoulli series (II.B.3.a.), the or-
thogonal polynomial expansion (II.B.3.b.), and the perturbation theory
(IT.B.4.) are especially designed to explain isotope effects.

The expansion of (s/s')f in terms of sums of even powers of the
vibrational frequencies, as in the ¥ method, the Bernoulli series, and
the orthogonal polynomial expansion, is extremely useful. These sums
are directly expressible in terms of harmonic constants, atomic masses,
and the molecular geometry through the E and g matrices. These force
relationships will be given below and will be referred to later in this

work.

II.C.1. Method of Moments

From Egns. (7) and (98), one obtains

3N-6 on 2n3N—6 n
z 6ui = (h/27TkT) b GXi ’ (99)
i i

where the sum of the 3N-6 roots is just the trace of H, i.e. (6),

3N-6 n n
X Ai = Tr[(H) ] ’ (100)
i ~



where, according to Egn. (97),

"= (e’ . (101)

Therefore, for isotopic differences, one obtains

3N-6 3N-6 3N-6
; _axi = ; g fijsgij (102)
i i 3
N
= i Aaéua ' (103)

where the first relation is in terms of internal coordinates and the
second is in cartesian coordinates. Aa is the sum of the three diagonal
force constants for the three cartesian coordinate displacements of

atom o, and ua is the reciprocal mass of atom 0, i.e.,

M, = 1/ma . (104)

Similarly, the second order trace yields

3N-6
L OA,
. i

1

2 ) (105)

]
e M
U

B 6‘“&”8) ' (106)

il
RQMZ
™M

k=



which now includes interaction terms between atoms o and B. Aés
is the sum of the squares of the nine force constants for the combined
cartesian displacements of atoms o and B.

Thus, Egn.(99), either Egn.(102) or (103), and either Egn. (105) or
(106) can be substituted into the first two terms of the orthogonal

polynomial expansion, Eqn.(70), for a direct correlation of isotope

effects with molecular forces.

II.C.2. 3Zero Point Energy (ZPE) Approximations

In the low~ temperature approximation, Eqn.(4l), the termperature-
dependent term, Z 6ui, can be approximated through Bigeleisen and Gold-
i

stein's Taylor series expansion of the isotopic zero point energies

(33, 78), or through Wolfsberg's perturbation treatment (26-28).

II.C.2.a. Bigeleisen and Goldstein's Taylor
series expansion (33, 78)

The isotope effect on the ZPE can be approximated as a sum of iso-

topic differences in the traces, i.e.,

3N-6 IN-6
L r e =5 I O
0 i 1 %% 3 1
© (=1)P" (2p-2y1 PIY (13 1 N6 g
MRS STt s o5 M T
p=2 2 ( p-1)! 3=0 °° A i

(107)



where ..

A = arie (108)

Hi

axip‘j xi-P'j AP, (109)

and wo is an isotope-independent characteristic frequency of the

isotopic set. This series is absolutely convergent when

)\.v
Xi—--l £1, (110)

which restricts AO to

0 - - (111)
From Egn. (7), one obtains
3N-6 h 3N-6
Z-: 6ui = T E (Swi . (112)
i i

Thus, by using the ZPE approximation, Egn.(107), together with either
Egns. (102) or (103) and either (105) or (106), one can relate the first
term of the low-temperature approximation, Egn.(41l), in terms of molecu-

lar forces.



IT.C.2.b. Wolfsberg's perturbation treatment

Through the use of a perturbation treatment, as discussed in sec-

tion II.B.4., one obtains up to second order and at low temperatures,

1 3N-6 1 3N-6
2PE = >hc| 2 w, | ==h| £ vDO -xm, (113)
2 i i 2 i i

where Vio and D are given by Eqns.(80) and (85), respectively. However,
the temperature must not be so low as to make D significantly large com=-
pared with unity. Therefore, after taking isotopic differences, O(ZPE),
and substituting into Egn. (41), one can again relate the reduced parti-
tion function ratio at low temperatures in terms of molecular forces,
without explicitly solving the secular equation, Egn.(96), for the in-

dividual frequencies.



III. THEORY OF VAPOR PRESSURE ISOTOPE

EFFECTS (VPIEs)

III.A. Historical Background (2, 34)

The first quantitative formulation of an isotope effect (specifi-
cally for vapor pressures) was independently given by Stern and Linde-
mann (Lord Cherwell) (39~41). They considered the equilibrium between
a monatomic Debye solid (10, 49) and an ideal gas composed of monatomic
substances, and the following assumptions were made: (1) the oscilla-
tions in a solid lattice are harmonic, (2) the potential energy is iso-
tope invariant, and (3) an oscillator has a zero point energy. The only
degrees of freedom for monatomic molecules are the three translational

ones. Thus, their VPIE equation was

4n— = —— , (113a)

p' _ 3 0|®|u-n
P 40T M'

where O/T < 27 is a reduced temperature and O, the Debye temperature

of the heavy isotope, is given by

© £ hv /k . (113b)
m

Later, corrections for the gas imperfections and the difference between

the Gibbs and Helmholtz free energies for an incompressible solid



were included in the above formulation by Scott et al. (42). Roth and
Bigeleisen (43, 44) later reinvestigated the above VPIE equation and
confirmed its validity.

A more general expression for the effect of isotopic substitution
on the vapor pressures of condensed phases of monatomic substances was
derived by Herzfeld and Teller (45). Through the use of the Wigner

quantum correction to the Boltzmann distributions (46), they obtained

2
Pr_1 (A" (1 1 2> - <y
P P

2 . . . .
where <V U>c is the mean value of the Laplacian of the intermolecular

interaction potential in the condensed phase. For an ideal gas,

2
< > =
Vou g (ideal) 0, (113d)

and, in the harmonic oscillator approximation,
2
V> =a +a_ +a (113e)
c X vy z

is just the sum of the three external forces corresponding to the three
. \ . 2

translations in the condensed phase. The mean Laplacian <V U> may be

theoretically calculated for simple monatomic systems from radial dis-

tribution functions (35, 37, 38). For a harmonic Debye lattice,

2
[I—‘] <RU> ilZ =02 . (113£)



However, these VPIE relationships are only applicable to monatomic
substances and, in addition, they do not explain the phenomenon of the
inverse VPIE, i.e., the heavy isotope having the higher vapor pressure.
The VPIE equations presented this far predict that the lighter isotope
would always have the higher vapor pressure, i.e., the normal effect.
The "crossover" phenomenon, i.e., the normal VPIE at a low temperature
and the inverse effect at a higher temperature, will not be predicted by
theories which relate the effect of isotopic substitution on the con-
densed phase equation of state only to the molecular weight, but not to
the molecular structure (47-49). Thus, the theories of de Boer (50),
Friedman, White, and Johnston (51), and Libby and Barter (52) are in-
appropriate. Bigeleisen (36) gave the first clear and general quanti-
tative treatment of VPIEs that incorporated the role of the molecular
structure in the difference between the thermodynamic properties of

isotopic molecules in the condensed phase.



III.B. Bigeleisen's Statistical Thermodynamics
Treatment

The objective of this section is to record Bigeleisen's treatment
of the VPIE (36), which expresses the vapor pressure ratios of a pair
of isotopic molecules in terms of the reduced partition function ra-
tios of both the gas and condensed phases. The condensed phase is con-
sidered to be in eguilibrium with its vapor, so that the equilibrium

condition is

G =G_, (114)

where Gc and Gg are the Gibbs free energies for the condensed and gas

phases, respectively.

ITI.B.1. Simple Cell Model for the Condensed Phase

The simple cell model is assumed for the liquid phase, where the
molecules are considered to be located at the centers of the lattice
points of a cell. Thus, the average liquid molecule is surrounded by
its neighbors and constrained to move in a space, or a cell. Normally,
the potential energy that this molecule experiences is a function of
its position in the cell and of the positions of its neighbors. How-
ever, in this theoretical cell model description of the liguid phase,

one assumes that the average potential on a molecule is caused by some



equilibrium or average positions of the molecules surrounding the cell.
Thus, the potential will not explicitly depend on the instantaneous po-
sitions of individual neighboring molecules, and every molecule in the
condensed system experiences the same potential energy. In addition,
in the sense that the motion of each molecule in a cell does not depend
on other molecular positions, this system is composed of independent
non-interacting molecules.

The molar Gibbs free energy for the condensed phase is given by

G_ = —kT4nQ + PV _, (115)
c c

where Q, P, and Vc are the molar partition function for an assembly of
Ny molecules, the vapor pressure, and the molar volume of the condensed
phase, respectively. If one defines an average molecular partition

function (Qc)av for the condensed phase as

_ _ 1/N0

Egn. (115) becomes

G = -RT{nQ + PV . (117)
C C C ]



I1T1.B.2. Gas Phase Properties

The molar Gibbs free energy for the gas phase is

G = =kT&4nQ + PV . (118)
g g g

In addition, if the molecules are non-interacting and indistinguishable,

then,
NO
Q = (qe/Ny) , (119)
where g is the complete molecular partition function, i.e.,

0. . (120)

q9=9g i

tr

In Egn.(120), Q4 is an average molecular partition function for the

internal motions, i.e., vibrations and rotations. Thus,

Q

i

i T Yotvib ° (121)

Therefore, Egn. (118) becomes

Gg = =RTin Qi,g N + PVg . (122)



In addition,

g, e
zn{ tr} =-§2nM+§-ZnT-2nP—K ' (123)

where KST is the Sackur-Tetrode constant and is defined as

KST = 2n[h3/(2ﬂk)3/2ke) ’ (124)

and M is the molecular weight. Also, the gas imperfection leads to the

following gaseous equation of state

PV
—9 _ 1 2
= =1 +BpP+CpR, (125)

where BO and C0 are the second and third virial coefficients. After

substituting Eqn.(125) and (123) into Eqn.(122), one obtains for the

Gibbs free energy of the gas

G =
g RT (KST

5 3
+ 4nP - E,QnT - —Z—,Q,nM - JLnQi’g)

1 2
+ + = .
(1 BOP + > COP ) (126)



ITT.B.3. VPIE and the Reduced Partition Function
Ratios of the Condensed and Gas Phases

Substitution of Eqns.(126) and (117) into the equilibrium condition,

Egn. (114), yields

PV 1

2 5 c 2
/Qc) + 2JLnT + 7 (1 + B,P + 3 COP ) Rop - (127)

ZnP = 2n(Q, 9M3/

After taking isotopic differences between two species at the same tem-

perature, Egn. (127) becomes

3/2 3/2
P! 0'1 gM' / /Qi gM / 1
_— = 7 7 — txrt -
n n o7 /0 * T (p'v o PVc)
C [o]
Lo p2ys Lo p?
(BOP + 2c01> )+ (BOP + 2COP ) . (128)
In addition,
3/2 3/2
Q':.L gM' / /Qi gM /2 o Q'g/Qg ’ (129)
’ 14

where Qg is the complete quantum mechanical partition function for the
gas.
It is convenient to compare the isotopic species at the same molar

volume V. Thus,



[ ]
ﬁl:'i-[‘- Noprav . (130)

,Q,n(Q'c)V, = Q,n(Q'c)V +
v

Recalling the classical definition for isotopic partition function ra-

tios, Egn.(l6),

19 y Njm Q
—Tc— =_S_].[__'_(_)L_ =.._'g.. . (131)
Qc SOLmOL Q

cl J EL )

and by using Egns.(129) and (130), one obtains the following form for

the first term of Egn. (128):

) e, b
"¢} om (QC/Q'C]CQ (Qg/Q'g]ck
- ﬁ%‘éV'P'dV . (132)

The first two terms of Egn.(132) are simply the logarithms of the re-
duced partition function ratios, (s/s')f, of the condensed (since the
molar volumes of the isotopic pair are measured at the same V) and gas
phases, respectively. Upon subsitution of Eqn.(132) into Egn. (128),
one obtains the overall effect on the vapor pressure upon isotopic sub-

stitution:



P' _ _§_ - S N
ILn—I;-- Rn[s, fJ Q,n[s, f} + RT[P v, PVC}

1 2 1 2
- {Bop + 5 CP J + [BOP * 3 cop )
g
1 L}
- = [ p'av . : (133)
RT

The physical significance of the various terms in Egn. (133) are
now summarized. The reduced partition function ratio difference,
Zn((s/s')f)c - Qn((s/s')f)g, is the quantum effect difference
in the condensed and gaseous states. The virial coefficients B0 and

C0 represent the gaseous non-ideality, and BO' and CO' represent the

quantum effects on the equation of state of the gas. The third, fourth,

and fifth terms can be combined into a form

1 1
=6y ) - Zoev ) . (134)

RT g real

where

§(pv ) = p'v'_ - PV
o] C C

(135)



and

§(ev ) =@Be+2cr’) - (8P +=cp’) . (136)
real g9

Thus, the correction terms, Eqgn.(134), represent the difference between
the Gibbs and Helmholtz (A) free energies for the condensed and gas

phases of both isotopes, i.e.,
s(tc -2 _- (c- A)g] = 8V - SV ) . (136a)

It is the effect on the vapor pressure that occurs when the condensed
phase is subjected to a pressure and volume change from PVC to P'V'c
and the nonideal gases are compressed to P and P'. The final term is
a second order correction to 2n(§%—f)c, due to the fact that the molar
volumes of the two isotopic condensed phases are not the same. These
corrections are necessary because the separated isotopic samples are
being compared at the same temperature but at different pressures.
Egn. (133) can be further simplified by assuming that Vc = V'c,
B, = B'., and that C

o 0
if 6P/P and B

o is isotope-independent and/or negligible. Also,

0o~ Vc/RT are small, then through Taylor expansions, one

obtains

A4
B S - s - _ <
fn S (£ zn(;,—f).g} (1 P(B, RT)] . (137)



Alternatively, if

d
<
R

PV _, (138)
c c

1 4
in addition to Vc o V'c, B0 = B'O, and fv P'dv = 0, then the vapor pres-

v

sure isotope effect equation takes its simplest expression, i.e.,

2n [?1} = %n [—§—f) - fn [—s,—f] . (139)
P S S



III.C. Separation of the Internal and External Modes

The gas phase molecules consist of 3N-6 (or 3N-5 for linear spe-
cies) non-zero vibrational frequencies per molecule, as a result of the
forces that hold the atoms together. In addition, there are 6 (or 5)
zero frequencies due to the freely (unhindered) translating and rotating
molecule in the gaseous state. Monatomic molecules possess just 3 trans-
lations per species.

In the condensed phase, three manifestations must be considered.
First, the 3N-6 internal vibrational frequencies are either raised or
lowered with respect to their corresponding gas phase values, depending
on the type of oscillation and molecule. This is due to the inter-
molecular forces in the condensed phase which perturb the energy levels
of the internal oscillator energies, and thus alter the internal force
field. This shift of an internal frequency upon condensation is also
due to the interaction between the internal and external modes of vi-
bration, which will be described as the third effect below. The in-
ternal frequency shift was originally discussed by Topley and Eyring
(74) .

Secondly, these same intermolecular interactions quantize the
translations and rotations, which are classical in the gas phase.

Thus, the 6 external motions of the condensed molecule are now loosely
bound and somewhat hindered (75, 76), especially the rotational métions
(54-59), so that they may be considered as loose harmonic lattice os-

cillations of entire molecules about their respective equilibrium posi-

tions in the cell. The molecule is assumed to oscillate slowly under



the influence of an isotropic external force, a resultant of all forces
exerted by all the surrounding molecules. However, these external
lattice frequencies are much smaller than the "large" internal fre-
quencies, since intermolecular forces are much weaker than intramolecu-
lar forces.

Furthermore, an external oscillation may couple with another ex-
ternal mode or with an internal vibration. Therefore, this leads to
the existence of symmetry-allowed internal-external interactions (28,
53, 57-62, 79), i.e., vibration-rotation and/or vibration-translation
couplings, as well as translation-rotation interactions (48, 79, 63-70).
These interactions stem from the fact that the very motions that cause
the change in the internal coordinates also tend to produce a change
in the external motions and, thus, these two motions must be intimately
coupled. These interactions do not contribute as much as the other two
condensed phase effects to the VPIE. However, Gordon (64) and Fang and
Van Hook (71) proposed theories that assume the separability of the in-
ternal vibrations from the external motions of molecules.

The frequencies can be separated into two groups: one is the 3N-6
"large" internal frequencies of both the gas and condensed phases, and
the second group consists of 6 "small" external frequencies of the con-
densed phase. Thus, using Egns. (1392) and (11), the full expression for
the vapor pressure ratio in terms of internal and external (condensed)

frequencies is obtained:
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This results from the fact that there are no translational and rotational
contributions to the reduced partition function ratio in the gas phase,
because the potential for these modes is zero.

In the following subsections, various temperature approximations of
the full VPIE expression, Egn.(141l), are given. The low temperature ap-
proximation is especially important as it involves, in part, the isotope

effect on the ZPE shift upon condensation, which is the basis of this

dissertation.



IIT.C.1. Zero Point Energies and the First Order
Quantum Correction

At low temperatures, the first bracketed term in Egn. (141), the
ratio of frequency product ratios for the internal vibrations, 1is less
significant than the second bracketed term in Eqgn. (141), the ratio of the

exponentials of the zero point energies. Thus,

(ui/ui')c

n <<
(ui/ui )g

1
3 {G(ui)c - é(ui)g] . (142)

—u-
In addition, the excitation terms in internal vibrations, the (l-e l)'s,

tend toward unity, since the ui's are large under the low temperature

approximation (section II.B.l.c.). Consequently, only the zero point

Su/2

energy term, e , remains significant for the internal vibrations.

For the external contributions to the vapor pressure isotope effect,

s . . . .
fg'f]c ext’ One can use the Bernoulli approximation (section II.B.3.a.),

since the ue's are so small and certainly less than 2m.

At ordinary temperatures, say, 100-400°K, Eqgn.(139) can be simpli-

fied to (36, 81)

n P -3 "7 (143)
T
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1 |h 26 2
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A= >4 [k} 2 Gwe (144)



and

1 (he 3N-6
B = —2' ['E—] i (Awi - Awi ) (145)
3N-6
—~ 1 lhc
= 5—{3:} ? [Swi(g) - 6wi(c) . (146)
In Egn. (144),
Sw 2 zw 2 w 2 , (147)
e e e

and in Egn. (145), Awi represents the shift in the i-th internal fre-

quency on condensation, i.e.,

Awi = wi(c) - wi(g) . (148)

Thus, "O" represents an isotopic shift, whereas "A" represents a phase
shift. All the w's are in cm_l.

The A term is therefore the first order quantum correction to the
6 low frequencies of the external modes of the condensed-phase molecule.
The B factor is the isotope effect on the shift of the zero point ener-
gies of the internal vibrations on condensation. B can be rewritten

as



3N-6 3N-6
FEq z {—G(Awi)] =-% FE% z [-A(Gwi)] . (149)

Both A and B are positive. A is positive according to Egns. (144) and
(147), because we' > we. The positiveness of B will be discussed in
section VI.E.2.b.

The simplified VPIE expression, Egn.(143), thus predicts the
"crossover" phenomenon. The A factor, which represents the hindered
translations and rotations, favors the normal isotope effect, i.e.,

P' > P, where the light species has the higher vapor pressure. The B
factor will tend toward the inverse effect (P > P') at a higher tem-
perature range. In addition, the inverse VPIE will be enhanced if the
internal force constants of the molecule are smaller in the condensed
phase than in the wvapor phase, which is the usual occurrence.

In the absence of internal-external interactions in the condensed

phase of polyatomic molecules, the A term can be written as

= +
ASA_+A (150)

R

2

1 [n

271—[;] 3[(6112) + (Guz) ’ (151)
tr rot

where (uz)tr and (uz)rot are the second moments of the translation and
rotation of the frequency spectrum of the condensed-phase molecule (36).

The second moment is just the sum of the squared frequencies. For a

Debye frequency distribution, one obtains



_ 3 2 _ 3 2 _ a2
A, =350 =45 ©° -0, (152)

where @ is the Debye temperature (10, 49).

The translational contribution to A has been obtained from low-
temperature heat capacity data and the three rotational force constants
have also been estimated, in part, by assuming that they are propor-

tional to the relative volumes swept out by the isotopic molecule about

its three principal axes (59). 1In addition, Atr and Arot are given by
the following proportionalities (77):
M-M'{ ., 2
Atr « [ m J@ (153)
and
3 Ia-Ia'
L}
Brot © z I My pot (154)

where M is the molecular weight and Ia is one of the three principal
moments of inertia.

Thus, for polyatomic molecules that are heavy and complex, the
A factor becomes less important, while the B factor becomes more sig-

nificant, which would favor the inverse VPIE.



III.C.2. Various Temperature Approximations

Four different temperature categories will be studied in order to
determine the possible occurrence of the inverse VPIE within these tem-

perature ranges. Thus, from Egns.(141) and (142), one obtains

-(u,") _/ ~-(u,)
. 3N-6 3N-6 [l—e * c] '[1-—e Lc
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IIT.C.2.a. Very low temperatures

For very large u's, l-—e-u + 1, and 2nu << uw/2. Therefore, all in-
ternal and external excitation terms, as well as the classical external
terms, cancel, so that in this limit, Egn.(143) is not applicable and

Egn. (141) takes the form

p hel 1 3N-6 6
ln['P—'] v [ET{-] T Z [Gwi(c) - Gwi(g)] + Gwe(c) . (156)
™0 i e



This may lead to the normal effect (P' > P) due to the presence of the

external (lattice) frequencies in the liquid.

I1I1.C.2.b. Low temperatures

As the temperature is increased somewhat, the large internal fre-
quencies still contribute zero-point energy terms, whereas the small
external frequencies now contribute according to the first-order quantum

correction (l/TZ). Thus,

P'

Q,n[—P-] & % - ",;: ' (157)
low T T

where A and B were given previously. Therefore, this effect may be

normal or inverse (P' < P) depending on the magnitudes of the two terms.

ITI.C.2.c. High temperatures

At this temperature range, the excitation terms for all the fre-
quencies become significant and the isotope effect decreases. There-

fore, inverse effects will go through maxima.



IIT.C.2.d. Very high temperatures

For very low u's, all terms contribute according to a first-order

quantum correction. Thus,

2 3N-6 6
g~ ([ e
T->00 T i e
3N-6 9
- X Gwi(g) . (158)
i

This could lead to normal or inverse effects. If the condensed phase
properties (wz) are larger than the gas phase squared frequencies, then
any inverse effect exhibited at lower temperatures will become normal
again before approaching the classical 1limit at infinite temperatures.
Thus, a second crossover at high temperatures may be possible.

Figure 1 represents the plots of the isotopic vapor pressure ra-
tios of ethylene vs. the tri~deutero and the carbon-13 species, re-
spectively. Thus, for a 12C/13C substitution, the normal effect is

preserved; whereas, for an H/D substitution, the inverse effect is

preserved and there is no second crossover.



3

2

G
>
N
o.
~

v 0
pu o
N
()
S’
et

02: -2

-3

—4

2 13
‘C CH

2 3 4

|oglo T(OK)

Figure 1. Isotopic vapor pressures in ethylene.
(See Reference (53)).



IITI.D. Examination of the Assumptions

A summary and criticism of soﬁe of the assumptions that were used
heretofore is given below. The effect of isotopic substitution on the
vapor pressure of a condensed phase is determined through a "difference
of differences," i.e., the isotopic differences between the changes in
the frequencies on condensation. Thus, the ordinary difficulties involved
with the usual application of the simple cell model for the evaluation
of various thermodynamic properties would tend to cancel when determin-
ing vapor pressure isotope effects. This is true because the various
multiplicative counting factors cancel for the difference of differences
(150). The simple cell model of the condensed phase is perhaps the most
questionable of all the approximations used in VPIEs studies. The
assumption of an average molecule is not physically realistic since it
only crudely recognizes the fact that the motions of neighboring mole-
cules are intimately coupled through intermolecular forces. However,
Pollin and Ishida recently showed by means of the medium cluster model
of the liquid that a consideration of molecular interactions confirms
the results of the cell model calculations for the isotopic methanes
(150, 151). Furthermore, the harmonic approximation, though suitable
for the internal motions, may be unrealistic for the external motions,
since these latter motions have much larger amplitudes. Molecular
associations in the condensed phase and thermal expansion of the ligquid
lead to difficulties in the theoretical investigations of vapor pressure
isotope effect studes.

The VPIE theory described heretofore assumed only one kind of



molecule in the liquid and that the liquid behaves like a solid. The
significant structure theory of Eyring and co-workers was used by
Grosh et al. (80) to calculate vapor-pressure differences between iso-

topic liquids. This theory pictures the liquid as consisting of solid-

like molecules and holes.



III.E. Intermolecular Forces in-the Liquid

The liquid phase isotopic frequencies differ from the gas phase
oscillations, due to the fact that intermolecular interactions are
present in the condensed phase. The intermolecular interactions,
which are, in general, important for ground-state molecules without
electronic charges, are the long-range attractive van der Waals forces
and the short-range repulsive chemical (or valence) forces. In general,
all these forces cause the shift in the frequencies upon condensation
of the molecule.

The chemical forces arise when two molecules come close together
for their electron clouds to overlap and thus repel each other. The
van der Waals forces may include Keesom's orientation (or electrostatic)
forces between two molecules with permanent electric dipole moments,
Debye's induction forces between a molecule with a permanent dipole
moment and another molecule, which may or may not be polar, and Lon-
don's dispersion forces between two molecules, which may or may not
possess permanent electric dipole moments. The van der Waals forces
are effective at larger intermolecular separations and are attractive.

The orientation forces arise when two dipoles in rapid thermal
motion are oriented so as to have a net attractive interaction energy.
Thus, for a large separation rAB between molecules A and B, and for
"ideal" (or point) dipoles PA and PB (where the distance between
the two charges is made to approach zero, while the charges are
increased in order to keep the value of the electric dipole moment

constant), and after averaging over all molecular orientations, one



obtains the orientation energy between two molecules (82)

. (159)

The induction forces result from the attractive interactions be-
tween a permanent dipole moment and an induced dipole produced in
another molecule. Thus, if both molecules A and B have permanent point
dipoles then the induction energy, averaged over all orientations of

the molecule, is (82)

E. = - ’ (160)

where o is the average molecular polarizability. The induction effect
is, generally, the weakest of the van der Waals forces.

The dispersion forces between two molecules result from the
mutual attractions of an instantaneous dipole and an induced dipole of
another molecule produced by that instantaneous moment. An instantan-
eous dipole is created in a molecule when the electron cloud, which,
on the average, is spherically symmetric, becomes distorted and creates
a momentary dipole with a certain orientation. Instantaneous dipoles
of the two molecules do not interact to produce an attractive potential,
due to the fact that there is insufficient time for the instantaneous

moments to line up with one another, and thus there will be repulsion



as often as attraction. This interaction is a purely quantum mechanical
effect. Thus, for large separations, one obtains (82) for the disper-
sion energy between molecules A and B, after averaging over all molecular

orientations,

A'B AB (161)

where I is the molecular ionization potential. The dispersion inter-
action is always significant and often is the strongest of the van der
Waals forces. The above equation is not applicable to long conjugated
double-bond or aromatic molecules, because of the very large separations
between the positive and negative charges in these molecules.

Thus, if one assumes that no interactions between molecules exist
in the gas phase, then the potential energy of a liquid molecule rela-
tive to that of a gas molecule, due to the molecular interactions,

becomes

AE = Ez - Eg (162)
= AErep + AEatt (163)
= (AEval) + (AEorn + AEind + AEdis) . (164)

The valence, orientation, and induction forces are purely electrostatic



in origin, and, within the framework of the Born-Oppenheimer approxi-
mation, are isotope-independent. However, the dispersion forces, which
are quantum mechanical in origin, are isotope dependent, due to the
vibrational excitation terms (28). Thus, in the study of isotope ef-
fects on intermolecular interactions in the liquid, onlv the London

dispersion forces are important.



ITI.F. Wolfsberg's Dispersion Energy Treatment and the
Zero Point Energy Shift upon Condensation

The problem of interest is the interaction between two liquid
molecules A and B, where the separation, S, of the .centers of mass of
the two molecules is sufficiently large so that it is not necessary
to antisymmetrize the wave functions with respect to the electronic
coordinates. The zeroeth order wave function of this interacting
system is assumed to be a product of the wave functions of the two
free (separated) non-translating molecules, i.e., gaseous molecules.

The perturbation potential resulting from the electrostatic interaction
is expanded in inverse powers of the intermolecular separation S. Thus,
after averaging over all orientations, the second order perturbation

treatment yields the London dispersion energy (28, 82):

1N

3 2 3 2
zl oo, [k )" ] 0]p |xp) |
(E - DOA) + (EkB - E_ )

(165)

wn_|o
[e)}

dis 0B

kA#O kB#O kA

In the above equation, e is the electronic charge, kA and kB represent
the set of quantum numbers of the excited states of molecules A and B,
respectively, with corresponding energies EkA and EkB' and the 0's
represent the ground states of the two molecules, with corresponding
energies EOA and EOB' regspectively. Da represents the x, y, or z com-

ponent of the dipole moment operator for molecule A, and Db is the

operator for molecule B. Thus,



atoms electrons
A A A A
D =D = L 2% - z X. (166)
=x X o “o i
o i
or
b= Dnuclear - Delectronic ! (167)

where the superscripts refer to molecule A3, Za is the nuclear charge of
the o-th nucleus with xa, ya, za as its center-of-mass molecule-fixed
cartesian coordinates, and X0 Yi' z, as the corresponding electron

coordinates. In addition,

= *
(0|Da|kA) = JY5,D, V4T o (168)

where the molecular wave function is of the form
Y = Y(electronic)y(vibrational) . (169)

Thus, k refers to an electronically and/or vibrationally excited state.
Furthermore, the quantum states of molecules A and B, kA and kB, must
change simultaneously (82).

At this point, one considers each of the cases where k refers to
electronic or vibrational excitations. For the case where kA’ kB #0
refer to excited electronic states, summation over the various vibra-
tional levels belonging to each electronic state results in the lack

of nuclear contributions to the interaction energy. Thus, electronic



excitations of the two molecules transform Egn. (165) into

(ABgider =~ 5'1A+I 6 - (170)

In the above equation, aA is the electronic polarizability of molecule A

in its ground state, and is given by

3
_2 2 1 el 2
a, E5e° T ———1I|(o|p |k ]| (171)
A3 k,#0 EeaFoa a a A
2 3
2 e el 2
=== 1 Z|]|p.“|xn]| (172)
> Ia k.70 a a A '

A

and IA is some average excitation energy, usually taken as the ioniza-
tion potential of molecule A.

For the case where kA and kB correspond to vibrational excitations
without electronic excitations, i.e., kA=VA and kB=Vﬁ' the dipole moment

operator becomes

o N (3p
D =P  + X a Qi + higher terms, (173)

a i=1 (39,
0

where Pa0 is the x, y, or z component of the electric dipole moment

possessed by the molecule in its equilibrium configuration, Qi is the



i-th normal coordinate, and (BPa/BQi)O is the dipole moment derivative

evaluated at the equilibrium position. In addition,

[

(v, |p_|v!)
ia’® a ia

v, (@) IDaIwV._ ()
ia

ia

Moy, () D_ Wy, (9)dT (174)

ia " Tia
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and from Egn. (173) one obtains (31)

3 . 5 h{( 2via+1) 3{9P 2
Z ooz, |p |vi)]|© = o , (175)
v a iA'Tal 'ia 8,"2\) a BQ.A
iA iA %o

where vi is the i-th fundamental frequency of vibration of molecule A

A
associated with QiA' and ViA and ViA are two vibrational quantum num-
bers associated with the i-th normal coordinate of molecule A, QiA'
Egn. (175) represents the sum of vibrational dipole transition proba-
bility integrals for the state Vi of molecule A. Thus, the total per-

turbation (dispersion) energy for the interaction between two molecules

A and B in the liquid phase is (28)

2
- +
. ) _ 3 IAIB OLAOtB _3NZ6 h(2ViA 1) g BPa OLB
dis’ total 2 IA+IB 86 i 8,"2\). A BQiA s6
iA (]
3N-6 h(2v., +1) 3| 9oP 2 o
5 iB 5 b ] A (176)
- <

. 2 BQ.J
3J 8m va b jB 0 S



provided that the electronic excitation energy is greater than the
vibrational excitation energy, and that the higher order terms of

Egn. (173) are negligible. All of the properties on the right-hand
side of the last equation, except for S, the intermolecular separation,
are those of the unperturbed molecules, i.e., the gaseous molecules.

If all the molecules are in their ground states, then ViA = VjB = 0,
and Egqn. (176) becomes

2
I I -
e ) _|_3ias %% _a_Bh3NZ6 1 gapa]
i +
dis’total 2 1 I SG 5 8ﬂ2 i Via a BQiAJO
2
Gp p WNE , 3 apb] (177)
"S-z ¥ V.o Iy
s” 8m j iB b jBJo
= (AEdis) + (AEdiS) o (178)
el vib

where both the electronic and the vibrational excitation contributions
to the energy of the intermolecular interaction have been indicated.
Since the molecules are in their ground states, the second term of
Eqn. (178) represents the change in the vibrational zero point energy
(ZPE) of both molecules due to the interactions in the liquid phase.

Thus,

(AEdis) . = A(ZPE)A + A(ZPE)B ' (179)
vib



where

3N-6 1 h 3N-6
A(ZPE)A = A i E'hviA = 5- E AviA (180)
o_ 3N-6 3(ap ] 2
- - _EE-—E- y 2 g2 ) (181)

8T S i viA a aQiAJg

The latter equation was obtained through Egn. (177). Therefore, the
sum of the shifts of the vibrational frequencies of molecule A upon

condensation is

3N-6 3N-6 | o 38-6 . 3(dp 2
I Av,_ = X [\). (2)-v, (g)] = - — ) —— 1 . (182)
g i U1A A7) an? s® i Via a|%ualg

.y . 2 2 . .
In addition, since Ai = 47 vi , Egn. (98), where Ai is the i-th force
constant associated with the normal vibrational coordinate Qi' one

obtains for the shift

M. = 8TV, Av. . (183)
1 1 1

This equation is valid, because the vibrational frequency shift upon
condensation, Avi, has been experimentally measured to be, indeed,

small (53). Thus, substituting Egn. (183) into (182) yields
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which represents the sum of the 3N-6 shifts of the vibrational force
constants on condensation. Consequently, the interaction between mole-
cules A and B results in a change in the frequency sum or in the force
constant sum of molecule A, represented by Egn.(182) or by Egn. (184),
respectively, while a corresponding change occurs for molecule B.

The previous results, Egqns.(182) and (184), may also be obtained
in the following way (28). The potential energy for the nuclear motions

(vibrations) is given by

- 1
v= I 5 AiQ . (185)

If the internal configuration of molecule A deviates from the equilib-

rium configuration (at which all Qi's are zero) along the i-th normal

coordinate, Qi, then this displacement causes the following two changes.
2

. . . s 1
One is that the potential energy is increased from zero to E-XiQi . In

addition, this displacement creates a new dipole moment vector

(5 ) (BE/BQ o) (186)
= .) .
new a i A iA ,
where
2 3 2 2
( Pnew) = 7 (BPa/BQiA) QiA . (187)

A a




This dipole will induce an additional dipole in molecule B, which creates
an additional interaction energy, i.e., Debye's induction energy (dipole--

induced-dipole), Eqgn. (160). The induction term yields

=- L
) = - (188)

A S

oMW
- I
0
Q

anA

Therefore, the total change in the vibrational interaction energy for

molecule A is

2
3N-6 3N-6 3[93P o,
1 2 a 2 B
(Ag_..) == T A, 0. - LI L Q. = — (189)
vib A 2 i iA~iA i a BQiA iA SG
3N-6 3| 9P 2 o, 2
1 a B|Q (190)
= -5 X A A-Z ¥ 3 — Ti1A
i QiA (S
=1 3%;6 A, (liqg) 2 (191)
=2 iatia) Qi -

i

Hence, the sum of the shifts of the 3N-6 normal coordinate force con-

stants is
3N-6 3N~6 aBBN-G 3 BPa‘ 2
Lo My,= 2 {AiA(z)-AiA(g)] =-2-—z L Lige= . (192)
1 1 S i ak iA g

which is the same as Egn. (184).




Egns. (182) and (184) do lead to isotope effects due to the isotope
dependence of the normal coordinates. Thus, the isotope effect on the
zero point energy shift on condensation, the B term in Egn. (145), may
be evaluated if one knows the isotopic dependence solutions to Egns. (182)
or (184). This would lead to a better understanding of the inverse phe-
nomenon of the vapor pressure isotope effect, Egn. (143), and of condensed

phase chemical isotope effects, in general.



IV. ISOTOPE EFFECT ON THE ZERQ POINT ENERGY
SHIFT UPON CONDENSATION

iv.A. Interactions of the Ligquid Reference Molecule

The shift that is due to the attractive London dispersion forces
between two liquid molecules, in the trace of the vibrational eiéen—
values upon condensation, was developed above, Egqn.(192). This shift
for a liquid molecule A, which is a result of its interaction with

molecule B, is given by

3N-6 o 3N-6 [~> )2
- _ B oP
? AXiA = =2 G E —agi ' (193)
AB A(g)

-
where P is the molecular dipole moment vector of A, and SAB is the

separation between liquid molecules A and B. Another equation given

by Wolfsberg (his Eqn.[6] in Ref.[28]),

A>\ =-.2_u'__a§__2
* 56 aQi g

(194)

is actually inappropriate, because it infers that every liquid eigen-

value (or frequency) is always less than the corresponding gaseous



value. However, there are cases where the frequency shift, represented
by Egn.(194), is in fact positive (53). It is the sum of these shifts,
as represented by Egn. (193), that is negative; i.e., the sum of the 1li-
quid eigenvalues is smaller than the gaseous sum.

For this investigation, the simple cell model is assumed for the
liquid state. The liquid phase has a closely packed structure that is
very similar to the solid state (82, 83). Thus, the total intermolecu-
lar potential of one molecule must be evaluated with respect to its
interactions with all the other molecules.

If Vij is the van der Waals interaction between molecules i and j,

then the total energy of any one molecule i is

v.= L V.., (195)

where i can be considered to be a reference ligquid molecule in the
system. Therefore, the attractive part of the potential energy of
one molecule in the system, which is due to all the other molecules,

is

vV, = ¥ V,, < I r,, = Cs . (196)

In the above equation, rij is the distance between reference molecule i
and any other molecule j, S is the nearest-neighbor separation, and C is

the Lennard-Jones and Ingham crystal potential constant (82, 84-86). This



constant is a function of the particular crystal structure and of the
potential energy form (i.e., the particular exponential dependence on
the intermolecular distance r). It accounts for the sum of contribu-
tions of all outer-shell molecules to the potential at the position of
the central molecule. The Lennard-Jones and Ingham constant is similar
to the Madelung constant for ionic crystals, except that the former
applies to molecular crystals. Molecular liquids (or crystals) are
those in which the molecules are held together by van der Waals forces,
and these molecules tend to pack together as closely as possible (83).
Some of these constants are tabulated in Table I. Thus, as the
intermolecular force becomes more short-ranged, the outer-shell neigh-
bors become less important with respect to the interactions with the
central reference molecule, until C approaches its limiting value, the
coordination number of the crystal. For the van der Waals energy
(l/r6 dependence), and for the closest-packed configuration, the wvalue

for the constant is

C = 14.455 . (197)

Therefore, the total shift in the trace of the vibrational Hamil-
tonian, which is a result of the interaction of any one molecule in the
condensed phase with all the others, is given by Eqgns.(193) and (196);

i.e.,

3N-6 o 3N-6 3; 2
L A\, =-2C — I [ . (198)
. i 6 29,
i s i i



Table I

Lennard-Jones and Ingham Crystal Potential €onstants, C,
for various Crystal Structures and
Potential Energy Forms(a)

Potential Energy Simple Body- FaceTCentergd Hexagonal
Exponent n X Centered Cubic (Cubic Close-

in '™ Cubic Cubic Close-Packed) Packed

4 16.5323 22.6387 25.3383 = .......

5 10.3775 14.7585 16.9675 = .......

6 8.4019 12.2534 14.4539 14.4549

8 6.9458 10.3552 12.8019 12.8028

10 6.4261 9.5644 12.3112 12.3119

12 6.2022 9.1142 12.1319 12.1323

30 6.0004 8.0802 12.0002 = .......

(a) References (82), (84) - (86).



The above equation is applicable for a pure liquid, which contains only

identical molecules.




Iv.B. Isotopic Difference between the Vibrational
Eigenvalue Shifts upon Condensation

Egn. (107) expresses the isotope effect on the ZPE as a sum of
isotopic differences of various orders of eigenvalue sums. The p=1
limit of this Bigeleisen and Goldstein (33, 78) Taylor series expansion

yields

3N-6 1 1 3N-6
z Swi ] N X SAi . (199)
i g1 ¢ 0 i

Upon substitution of Eqn. (199) into Egn. (146), one obtains the following

expression for B in terms of isotopic differences between the eigenvalue

shifts upon condensation:

1 — 3N~-6
B — = X (AA, - ALY (200)
(am? kY 4 * *
3N-6
__1 nh 1 I (sxi(g) -sxi(z)] . (201)
(4n)2 ck wo i

In addition, substituting Egn. (198) into Egn. (200) yields

2 2
ael h ca NCNEE o (202)
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Thus, the B term, which represents the isotope effect on the zero point
energy shift upon condensation, is related to the sum of the isotopic
differences between the dipole moment derivatives in normal coordinates.
The derivative is isotope-dependent, even though the molecular dipole
moment is, according to the Born-Oppenheimer approximation, isotopically
invariant. This isotopic property is due to the mass—-dependence of the
normal coordinates.

In Egn. (202), the molecular polarizability is a function of the
electronic structure and is therefore isotope~independent (similar to
3). Similarly, the crystal potential constant is independent of isotopic
substitutions. The characteristic frequency of Bigeleisen and Gold-

stein, w_., was taken to be constant for the entire isotopic molecular

0
series, as mentioned previously.

S, which is the separation of the centers of mass of two nearest-
neighbor molecules, may be isotope dependent. However, the average
separation is the one that minimizes the electronic energy of the
system, and the isotopic difference for this separation is a second
order effect (28,87). In fact, if the intermolecular potential is
harmonic, then S must be isotope-independent, according to the Born-
Oppenheimer approximation. Only when the intermolecular potential is
anharmonic, would the difference between the amplitudes of the external
oscillations of isotopic molecules lead to a prediction of an isotope-
dependent S. Therefore, to the first order, the average value of S may
be considered to be isotope-independent.

The isotope-independent characteristic frequency, w., must satisfy

0

the constraint



w, -2 ‘w ’ (203)

according to Egns.(108) and (111). LN is the largest harmonic fre-
quency of the lightest isotopic molecule in the molecular series. Semi-

empirically, it was found (78, 152, 153) that the best choice for wo is

=%

best 2 wmax . (204)

(wo)



IV.C. Dipole Moment Derivatives in the Normal Coordinates
and Infrared Intensities

The dipole moment derivatives with respect to normal coordinates,
>
BP/BQi, which appeared in Eqn. (202), are related to the absorption in-

tensities of infrared bands (88-96). The band area or the absorption

"cross section" for an infrared transition from state p to q, Pp q’ is
14
given by (88-95)
I
-1 0
I"p,q - ;I'fband Qn[:r]dlnv (205)
8ﬂ3N

3hco <P|§|q>2 Qv_l [exp(-Ep/kT)-exp(-Eq/kT)] . (206)

The latter equation is obtained by integrating and then summing over the
rotational fine structure of the vibrational absorption band. In the
above equations, I0 and I are the incident and transmitted intensities,
respectively, at a frequency V; and n and % are the molar concentration
and the optical path length, respectively, of the sample in the absorp-

tion cell. 1In addition, N_ is Avogadro's number; Qv is the molecular

0

vibrational partition function,

Q= i‘ exp(—Ei/kT) ; (207)

and the dipole moment matrix element for states p and g is given by



<olBla> = £y ) Bu(0)do; (208)

where P is the electric dipole moment operator.

In order to obtain the transition integral for a fundamental tran-
sition from the ground vibrational state, V=0, to the first excited
state, V=1, 3 is expanded in a Taylor series in the normal coordinate

Qi, as in Eqn.{(173). Thus,

3N=6 | > 3N-6 3N-6 2>
> > op 1 9" P
P(Q,) = P_+ L 0. + = z z 0.9, *+ ... , (209)
i 0 i BQi i 2 i 3 BQiBQj %5
and the transition integral becomes (31)
5% ho|¥ R
<0|B|1> = =— S v ¥ 0.y. 40, = . (210)
BQi 0 FiTITELT | oo C‘”iJ 39,

The last equation was obtained by neglecting all the non-linear terms in
the dipole moment expansion, Egn. (209). (uiis the harmonic frequency

(in cm_l) of the i~th mode and EO is the dipole moment at the equilib=-
rium molecular configuration.

Egn. (206) can be simplified because
o] -1 exp(~-E_/kT) - exp(-E /kT)| = 1 (211)
v P Eb P a :

In addition, since the increase in induced emission exactly cancels the



absorption from the excited states, one can ignore the contributions of
the hot bands (i.e., absorptions from excited states, 1-+2, 2+ 3, etc.)
to the absorption of the fundamental region. Thus, integrated fundamen-
tal intensities can be determined as if all the sample molecules are in
their ground states (95).

Therefore, upon substitution of Eqns. (210) and (211) into Egn. (206),
one obtains for the integrated intensity of the i-th fundamental absorp-

tion band (88~95)
T' = — — |z . (212)

The mechanical and electrical anharmonicities have been neglected in the
above equation, i.e., the harmonic oscillator and linear dipole moment
approximations, respectively, have been employed. The degeneracy of the
i-th fundamental is given by gi' As a result of the above approximations,
contributions from the overtone and combination bands to the fundamental
intensities are disregarded.

Vibrational intensities may also be expressed by a relationship

that is similar to Egn. (205), i.e, (88-~95),

A = 1

I
0
o,q - nl fband zn[—]dv , (213)

I

where, in this case, the integration is carried out over the frequency
itself and not over the logarithm of the frequency. Thus ' and A are

related to each other according to the following approximate equation:



a, =v7T, , (214)

where vi is the observed frequency (in cm—l) of the i-th band center.

The i-th integrated intensity, Ai, becomes

N 7 v > 12
0 i oP
A, = |—=} g, —| |&+— . (215)
i 3c2 ijwg BQi

The anharmonic correction factor, vi/wi, is often neglected, because it
is generally very close to unity. Therefore, the integrated intensity

of the i-th fundamental infrared absorption band is simply

A, = ’ (216)

assuming a value of unity for the state multiplicity gi.

Using this last relationship between dipole moment derivatives with
respect to normal coordinates and integrated intensities of infrared
absorption bands, one can reformulate the isotope effect on the zero
point energy shift upon condensation, the B factor, in terms of inten-

sities. Thus, Egn.(202) becomes

3N-6
B = _3'_3' 'h%c?ac_% L (B;'-A) (217)
(2m) 0 0s i g

where the only isotopic difference is expressed in the gaseous (g)



infrared intensities of the lighter (Ai') and heavier (Ai) species.



IV.D. Experimental Determination of Gas-Phase Integrated
Infrared Absorption Intensities

This section is provided in order to record various experimental
methods for the determination of the infrared intensities. These ex-
perimentally derived intensities will be compared with theoretically
calculated absorption intensities, later in this work. An understand-
ing of the experimental procedures and shortcomings will enable a

critical evaluation of the measured intensities to be made.

Iv.D.l. Wilson-Wells Method (88, 95, 97-99)

The true value of the intensity A of Egn.(213) cannot be deter-
mined directly, because the monochromator does not transmit radiation
of only the selected frequency. Instead, the resolving power of the
monochromator determines the width of the narrow band of frequencies
that are, in actuality, transferred. Thus, the observed integrated

intensity, A

obs’ is related to the true value through

lim Aobs = A , (218)
n + 0
where,
T
~ 1 0
Aobs = njLfJLn —i‘—]d\) ' (219)

and To and T are the measured intensities of the incident and transmitted



radiation, respectively. Hence, a plot of Ao nf against nfl, followed

bs
by an extrapolation to nf=0, would yield the true integrated intensity,
A. However, there is considerable uncertainty in determining the slope
of the tangent near the origin, because, in practice, the curve is non-
linear. 1In addition, the evaluation of the apparent intensity, Aobs'
must necessarily rely heavily on low absorption data, which inherently
contain the greatest relative errors in the concentration n and in the
observed absorption. Furthermore, because of the absorption of radia-

tion by atmospheric CO,_. and water vapor, rapid fluctuations in I and

2

I _ occur.
0

IV.D.2. Pressure Broadening Technique

In order to keep I constant over the narrow band of frequencies
transmitted by the monochromator, the pressure broadening technique
is employed. The pressure in the absorption cell is increased to a
sufficiently high pressure, so that the rotational spectral lines are
broadened (100), and thus produce a smoothened band contour. This
increase in pressure is produced by the use of a foreign infrared-
transparent gas, at a high enough pressure so as to yield a linear (98)

Beer's Law plot of Ao sn% vs. nf. This linearity reduces the errors

b
that are due to the extrapolation to zero. However, precautions must
be taken in order to prevent the inadequate mixing of the two gases,

and the adsorption on the cell walls. In addition, very high pressures

may be needed (e.g., 100 atmospheres) for the complete broadening of



the absorption band, and lower pressures may result in serious errors

in the determination of the intensities (95).

Iv.D.3. Complications

There are two major complications that are encountered with the
graphical integration of the infrared absorption bands. It is diffi-
cult to accurately measure the intensities of the fairly extensive band
wings, due to the low optical density of these wings. However, they do
make a significant contribution to the intensity.

The other considerable difficulty is the overlap of two or more
bands. The separation into individual band intensities is a rather

arbitrary procedure because the band may be unsymmetrical.



IV.E. Transformations of the Normal Coordinate
Dipole Moment Derivatives

The integrated intensities of the fundamental infrared absorption
bands are proportional to the squares of the absolute magnitudes of the
derivatives of the molecular dipole moment with respect to the normal
vibrational coordinates (see Eqn.[216]). 1In addition, the isotopic
differences of these (gas-phase) derivatives or intensities can deter-
mine the isotope effect on the zero point energy shift upon condensation
(Egns. [202] or [217]), which, in turn, determines the inverse vapor pres-
sure isotope effect (Eqn.[143]). The derivatives BE/BQi are properties
of the molecule as a whole, but physico-chemical properties would be
better suited for interpretations if they were related to the individual
parts of the molecule, e.g., bonds, angles, and/or atoms. Thus, as one
of the major achievements of this research, the derivatives in the
normal coordinates were first transformed to be expressed in terms of

internal coordinates, and then in terms of atomic cartesian coordinates

(154).

IV.E.1l. Dipole Moment Derivatives with Respect
to Internal Coordinates

Setting

2
o
=

K = —— |, (220)

N



- 100 -

will lead to the following expression for Ai of Egn. (216):

8+ 2
A, =K o9F (221)
i 3Qi
Furthermore,
EAl = I
= = + + = (222)
99; 99, 99; 9Q;
3 2
t t
= Z[P ] = P P = Tr|P_ P (223)
x\ ¥ ~Q; 9y [~Q1~Q1} !
where,
BPx
P T o=, (224)
XQ, 99
and
( 3
P
in
_|P (225)
"'Qi - YQi
P
zQ,
\ QJ‘J
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If the molecule has fairly high symmetry, then the change in the dipole
moment during the normal vibration, Qi’ may lie along a certain charac-
ﬁeristic direction associated with the molecule; thus, only one of the
three components of 3573Qi will not wvanish.

The 3N-6 internal coordinates,

R=|" ’ (226)

R
| 3N-6)

are related to the 3N-6 column matrix Q , representing the normal coor-

dinates, according to

R=1L g (227)

or

R, = ; Lini ’ (228)
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where L is the (3N-6) x (3N-6) matrix that transforms the normal coor-

dinates to internal ones. 1In addition,

oP 3N-6 dP_ OR,
P S x _J
a9, . OR, BQi

1 J J

and, according to Egn. (228),

aRj
30, i c

1

Thus,substituting Egn. (230) into Egn. (229), one obtains

BPX 3N-6 9P 3N-6
==%= I =—1L, =
X . . OR i .
Q Q j 5 3 i
or
t
ExQ B E BxR ’
where
ap
= _X
xR, ~ OR. '

14

(229)

(230)

(231)

(232)

(233)
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i

~X0

and

~XR

| *R3n-6)

Thus, from Egns. (221), (222), and (231), and from the rules of

matrix multiplication, one obtains

(234)

(235)



A, =K Lt p x 2 4+ it o < 2 4 Lt P 2| . (236)
2141 Y141 il

It is therefore necessary to know the E matrix, if the individual band
intensity, Ai, is to be determined from the dipole moment derivatives
with respect to the internal coordinates. The evaluation of L can be
accomplished if the internal force constants for the vibrations are

known (31). However, the B term of Egn.(217) is a function of the total

intensity, i.e., the sum of all the Ai's:

3N-6 . 3N-6 |2 |2
A, = — .
; ; =K ; 30 (237)
1 1 1

Therefore, Egns. (222) and (223) become

3N-6 83 2 3N-6 3 an 2 12
R s ol =z |p (238)
i 19% iox %% ix | %Y
t t
=p%p =rTrip P 239
~Q ~Q r[~Q ~Q] (239)
3 3
t _ t
=1 Pxo Zxo T i Tr[ExQ 0 ] (240)
3N-6 . 3N-6
(241)

i
™~
i
0
o
0

I
™
=

]
—_—
I
0

I )
o
=

ot
——
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In Egn. (239), EQ is a (3N-6) x 3 matrix that is composed of 3N-6 sub-

matrices according to

(242)

p t

~Q
|~ =3N-6,

where PQ is a 3 x 1 column matrix defined by Egn. (225). In addition,
i

Wilson's G matrix (31) is related to the transformation matrix L ac-

cording to
LL =G. (243)

Hence, substituting Egn. (232) into Eqn. (240) and using Eqgn. (243), one

obtains for the total intensity, Egn. (237),

3N-6 3
z A, =KLP GP . (244)
X
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Thus, the evaluation of the total intensity through the dipole
moment derivatives does not have to depend on the availability of vi-
brational force constants; the G matrix is merely a function of the

atomic masses and of the equilibrium molecular geometry.

IV.E.2. Dipole Moment Derivatives with Respect
to Cartesian Coordinates

The transformation of the total intensity into an expression in-
volving internal coordinates has been presented in the previous section.
Now the sum of all 3N-6 individual intensities will be expressed as a
function of the cartesian coordinates of the N atoms in the molecule.
The following coordinate transformations (102) are needed for the new

intensity representation:

R=BX, (245)

p=B8Xx, (246)
and

X=AR+0p. (247)

In the above equations, R, P, and X are the column matrices of the
3N-6 internal, the 6 external, and the 3N cartesian coordinates,

respectively. R is given by Egn. (226),
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O
i
~

(248)

which represents the 3 translations and the 3 rotations of the whole
molecule, and X is a 3N x 1 column matrix that is composed of N sub-

matrices according to

L
1

’ (249)

where



i
Q

(250)

is the matrix representation of the displacement vector of the o0-th
atom. In addition, §(3N~6 x 3N) and §(6 x 3N) are the transformation
matrices from the cartesian displacement coordinates to the internal
and to the external coordinates, respectively; they are composed of N

submatrices according to

¢
li

13(1) 13(2) g(oz) E(N) : (251)

and
B =1 B(1) B(2) ... Bla) ... B(M) ] ' (252)

where B(0o) and f(o) are (3N-6) x 3 and 6 x 3 submatrices, respectively.
Furthermore, if the external motions of the molecule are occurring
relative to the principal axes a, b, and ¢, with the origin at the

center of mass of the molecule, then (96)
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-5
maM 0 0
-5
0 may 0
~b
0] 0 maM
Bla) = . (253)
-5 -3
0 —macaI mabaIa
-3 -3
mucaIb 0 —maauIb
3 -3
-mabaIc maaaIc 0 J

In the above equation, mu is the mass of the g~th atom, M is the molecu-~

lar mass, i.e.,

N
M=Zm , (254)
o

I, Ib’ and Ic are the moments of inertia about the respective equilib-

rium principal axes, and a_, ba, and ¢ are the equilibrium coordinates

o

of the o~th atom along the principal axes, measured from the center of

mass of the molecule. The above form of B(a) insures the orthonormality

of 6

~

14

§ = §(1) §(2) .o §(a) .o §(N)] P (255)
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where (31)

§(a) = mu’l’ Bla) . (256)

(Note: some authors (28, 53) use M_l and I_l as the "normalizing" co-
efficients, instead of M-Ji and I_%, which were used here.) The matrices
§(3N X 3N—6)and§§(6 x 3N) of Eqn.(247), transform the 3N-6 internal and
the 6 external coordinates, respectively, to the 3N cartesian coordinates.
If the internal, external, and cartesian coordinates each represent
a linearly independent set, then the following relationships would exist
among the transformation matrices %, o, g, and g, resulting in either

the unit or null matrices, E or 0, respectively:

~

AB + of = E(3N x 3N) , (257)
BA = E(3N-6 x 3N-6), (258)
gg = §(6 x 6), (259)
§§ = 9(6 x 3N-6) , (260)

and

B

~

9(3N-6 x 6). (261)
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From the rules of partial differentiation, one obtains

oP 3N-6 dP_ OR, 6 OP_ 9p
X x e

_ 1
=== I + X —Bp al
e (o}

9% " 3R, oX_ (262)
1 1 C e

where c=1, 2, ..., 3N. Furthermore, differentiation of Egns. (245) and

(246) yields the following respective coefficients:

aRi
_X— = Bic (263)
c
and
w,
axc ec . (264)

Thus, with these substitutions, Eqn. (262) becomes

3N-6 6
ch = L PxR. Blc * L Pxe Bec (265)
i i e
or
t t t
= +
Exx ng E Bxp @ ! (266)

where



and

Moreover,

given by

~

P
xR

i iv b .
s given by Egn. (235), gxx(3N x 1) and gxp(e x 1) are

~XX

XC

Xe

[}

1

1]

12 -

BPx/axl
BPx/BYl
an/azl

8PX/8x2

3Px/3Xa
an/BYa

an/aza

BPX/BZN

(267)

(268)

(269)
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and similarly,

BPX/BTx )
BPx/aTy
BPX/BTz
(270)

BPX/BRX

BPX/SRY

an/aRZ

J

In Egn.(244), the G matrix is a 3N-6 by 3N-6 representation of the
interactions between the internal coordinates. It is one of four sub-
matrices of the overall 3N x 3N GCC matrix, which represents the inter-

actions between the cartesian (C) coordinates; thus,

i, JII IE
cCC - ~ ~ , (271)
ET EE

where,

G T (3N-6 x 3N-6) = BM "B , (272)
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¢ (an-6 x 6) = BM g% , (273)
ET 1t IE t

G"1(6 x 3N-6) = BM B® = [G ] , (274)
c"F(6 x 6) = pu 8%, (275)

-and M 1 is a 3N x 3N diagonal matrix of the reciprocal atomic masses.

~

IE E . .
G, G I, and GEE represent the internal-external, external-internal,

and external-external interactions, respectively. Thus, Egn. (244) can

be rewritten as

3N-6 3
t _IT
E Ai =K i ~XR G ExR ‘ (276)

IV.E.2.a. Effective atomic charges and
atomic polar tensors

The cartesian coordinate representation can now be presented by

substituting Egns. (272) and (266) into Eqn.(276). Thus,

3N-6 3 £

s a =k Ilp _tMlp
i l ~XX ~ ~X

t
Xp

- 2p tBM—lP Ep
~XpP

x T 2By BM Ry . (277)

+ P GE

A further substitution of Eqn. (266) into Egn. (277) is made, in order to

rewrite the second term in the brackets of Egn. (277). Thus, Egn.(277)
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becomes

3N-6 N 2

I A, =K |Zug” -0~ 2D| . (278)
. i 0.70.

i o.

In the above equation, §) and D represent the external-external and the
internal-external interactions, respectively. These contributions are
subtracted from the overall intensity term, Zua5a2, because only the
intensities of the genuine vibrations are desired, according to the left-

hand side of Eqgn.(278). § and D are given by

3
- t _EE
BEELC R, (279)
b'd
and
3 t EI
D=ZZXP G P (280)
~XpP ~ ~XR
X
3
t, -1
=2 Exp ?g Exx - & (281)
X
In Egn. (281),
-1
M 7) =nué ’ (282)
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where a=0,%; b=Rg,y; %,B=1, ..., N; x,y=1, 2, 3; Gab is the Kronecker
delta; and ua is the reciprocal mass of atom o0, and is given by Eqgn. (104).
In addition, Ea is the "effective charge" of atom o (31, 96, 101, 103),
which can be considered to be the charge produced on an atom during its
vibrational motion, while it is not directly related to the equilibrium
nuclear charge. This charge is a result of the new atomic position and
of the consequent change of the electron distribution about that atom
(31). Ea is an isotope-independent atomic property, and is given by the

following equivalent expressions:

_ |eB

ga . (283)
or
o
and
> 12 > 12 > |2
2 _ |9&_ 9P _ 9P |~ t

o = 3% + ayu + 3Za = Tr|P (o) P (a) | (284)

where PX(a) is the "atomic polar tensor" for atom o (96, 103-110),

.
oP oP P 1
X X X
axa aya azu
Pel®) = | 3% 3Y 3z . (285)
o o o
X oY 02
LOLOl.OLJ
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IV.E.2.b. Gas-phase infrared intensities and
the non-rotation correction

For gas-phase intensities, the D term in Egn. (278) vanishes, be~
cause of the (assumed) non-existent internal-external interactions for

gas molecules; thus

cEl(gas) = 0 , (286)

which leads to a null D term, Egn. (280). Hence, the total gas-phase

intensity is

3N-6 N 2
i Ai(g) = K iua Eoc -Q], (287)

where the non-rotation correction, {I, may be evaluated from Eqgn. (279) in
the following way. If the normalizing coefficients for B(a) are as
given in Eqn. (253), then, from Egn. (275), GEE becomes a 6 x 6 unit

matrix E, and the 6 x 1 column matrix Pxp of Egn. (270) can be consid-

ered to be one of three sumatrices of the molecular Pp(6 x 3) matrix.

Thus,

P = P P P ’ 2
~p [ ~XD ~YP ~2P ] (288)

which yields (96, 102, 104)
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( 3
0 0 0
0 0 0
0 0 0
= - -5 |, (289)
~ - I
P 0 PcIa Pb a
-~ =%
Pch 0 PaIb
-p.1 p1 ° 0
. bec ac )

where the subscripts a, b, and ¢ refer to the principal axes of the
molecule. This is the matrix representation of the change in the molecu-
lar dipole moment, this change being a result of the exterﬁal motions,
i.e., translations and rotations. Thus, the upper 3 x 3 block of

Egn. (289) consists entirely of null elements, because a rigid trans-
lation of the whole molecule will not alter the dipole moment. The
vanishing diagonal elements of the lower 3 x 3 block are due to the fact
that a rotation about the a- (or b- or c¢-) axis will not change the a

(or b or c¢) component of the molecular dipole moment. Therefore, in

terms of the principal axes, { becomes
2 2 2 2
= + P + + + .
Q (P c )Ia (Pa Pc I (Pa + P )Ic (290)

However, both  and D vanish for non-polar molecules, according to

Egns. (279) and (280), because Pxp is a null matrix for these molecules.
_.1 - .

If the normalizing coefficients of Eqn. (253) were M = and I 1 in-

- - . EE . .
stead of M s and I %, respectively, then G would not be a unit matrix,

rather, it would become
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EE M
9 = _1 14 (291)

where M—1 is the reciprocal molecular mass, Eqn.(254). Thus, the
moment of inertia factors, I_%, would not appear in Eqgn. (289), and
would again be given by Egn. (290).

The non-rotation term, {), is a property of the molecule as a whole,
and may be expressed in any coordinate reference frame, according to

the following relation (104):

Q= Tr{P 1t Pt] ] (292)
P is given by

.

0 P -p |
2 y
- ~-p
P = z 0 Px ’ (292a)

P ~-p 0

\ Y x J

and it is an anti-symmetric dipole-moment tensor, i.e.,



t
P=~p , (293)
and
B -1 -1 )
X Xy X2
I= -I I -I ’ (294)
~ Xy Yy Yz
-I -I I
XZ vz z
\ /

is the symmetric moments-of-inertia tensor. The subscripts x, y, and z
refer to any cartesian coordinate axes with the origin at the center of
mass of the particular isotopic molecule, and do not necessarily refer
to the principal axes of the particular molecular species. Since the
trace of a tensor is invariant with respect to a coordinate transforma-
tion, § and Ea' as given by Egns. (292) and (284), are fundamental molec-
ular and atomic properties, respectively, and are not dependent on a
particular coordinate system chosen for the molecule.

In order to determine &), the isotopic difference in 2, the ex-
pression for  in Eqn. (292) is simplified by choosing a parallel set of
axes for the two isotopic molecules. This choice is done in such a way
that the molecular dipole moment 3 lies along one of the axes, say, the

z-axis; thus,

(295)
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while P =Py=0. Upon substitution of these latter null values into the
x

expanded expression for (), one obtains for the isotope-dependent ',

Q= P02 (5"1)ll + (5'_1)22] , (296)
if
P = pdﬁ , (297)
P = Pdg- , (298)
and
kKek' =1, (299)

>
where k is a unit vector directed along the z axis. The primed (') and
unprimed properties refer to the lighter and to the heavier isotopic

molecules, respectively. In Egn. (296), (I—l) is the (1,1)- element

11

of the I—l matrix and is given by

-1 ), (300)

and

I ) " Fer T Caxlez ™ Ixz ) v (301)

~

b

~
|
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where det I is the determinant of matrix I of Eqn. (294). Thus, if the
axes x, Y, and z are the principal axes of the molecule, a, b, and c,

then

I =1 ,I1I =I ,I =1 ' (302)

and T = I = 0, which leads to Egn. (290).

vz Xz

The isotope effect on the zero point energy shift upon condensation,
the B-factor, can now be expressed in terms of both the fundamental prop-
erties of the two isotopic molecules, and of the contributions from

atomic parameters. Thus, the last factor of Egn. (217) becomes

3N-6 3N-6 Noﬂ N 2
) ; Ai(g) = ; GAi(g) = —~5[ z Ea Gua - GQ] . (303)
i i 3c o

The isotopic difference for the ZPE shift upon condensation of the
gaseous molecules is directly related to the square of the effective

charge(s) of the isotopically substituted atom(s).

IV.E.2.c. Condensed-phase infrared
intensities

For liquid-phase infrared absorption band intensities, the D term
of Egn. (278) does not vanish. This is due to the presence of internal-

external contributions to the total intensity, which result from the
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intermolecular interactions. 1In addition, the potential energy of the
condensed phase, unlike that of the gas-phase, cannot be adequately
described without the inclusion of force constants that involve the
external coordinates p of Egn. (246) (28, 53). However, these external
coordinates depend on isotopic masses, according to the g matrix,
Eqn. (253), and this would be in direct conflict with one of the major
concepts of isotope-effect studies, the Born-Oppenheimer approximation.
The isotopic dependence would cause the potential energy surface to be
dependent on isotopic substitution. This dilemma was solved by using
six isotope-independent external coordinates that correspond to one of
the isotopic molecules, the "basis" molecule, for all the isotopic
species of that molecule (28, 53). Thus, the § matrix that is to be
used is that of the basis molecule; hence, go contains the isotope-

0 0] 0

independent elements mo, Ia ’ Ib , and Ic .

The total liquid-phase intensity becomes

3N-6 N 2
T A () =K|Zu&E " -0 - 2D , (304)
. i oo
i o
where
3 c EE
QUY=L p G(R) P , (305)
< ~XD o~ ~XP
EE t

G(e) =B g‘ g, (306)



3 £ EI
D(2) = L P 0 9(2) I:xR ' (307)
3 t ,0 -1
-1p f e, 0w, (308)
X
and
EI ,
c) = g2 mt Bt . (309)
The isotope independence of the B matrix could also have been de-
duced from the transformations of Egns. (257) - (261). If the B~ matrix

were isotope-dependent, then it would follow that é must also be isotope-
dependent, due to Egn. (260). Therefore, E would be isotope-dependent
because of Eqgn. (258). However, the last statement is false, because the
internal coordinates R of Egn. (245) are isotope-independent (31). Thus,
the ?— matrix must be isotope-independent and the concept of the "basis"

molecule is necessary for condensed-phase intensities.
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V. EFFECTIVE ATOMIC CHARGES FROM "CNDO"
MOLECULAR ORBITAL THEORY

The isotope-independent effective charge of atom a, Ea' may be
calculated from molecular orbital theory by first theoretically calcu-
lating the polar tensors for each atom, Egn.(285), and then applying
Egn. (284) for Euz (96, 107, 108). Each element of the polar tensor ex-
presses the change in a component of the dipole moment when the atom
undergoes a displacement in a cartesian -direction. Thus, the method
is to evaluate the molecular dipole moment for several atomic config-
urations, and thereby to calculate these dipole moment derivatives with
respect to cartesian displacements. (Some authors calculate the dipole
moment derivative with respect to an internal coordinate or to a sym-

metry coordinate [111-113].)
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V.A. General Theory of the CNDO/2 Approach

The dipole moment was calculated by means of a modified CNDO/2
(Complete Neglect of Differential Overlap) program (111, 114-117). It
is based on an approximate semi-~empirical molecular orbital theory that
is based on a self-consistent-field (SCF) approach. This method ex-
plicitly includes the electronic interaction between valence electrons,
and it systematically neglects electron repulsion integrals that nearly
vanish, especially those involving the overlap distribution of atomic
orbitals, ¢u(1)¢v(l)' U#v. This latter assumption is known as the zero-
differential overlap (ZDO) approximation. CNDO/2 also makes some use of
experimental data in selecting values for other integrals. The great |
advantage of this method is that no new parameters, other than the
molecular geometry, are needed for the calculation of the dipole moment
derivatives, since all empirical quantities have been previously selected
in order to enable the approximate theory to agree as closely as possible
with the full SCF-MO results on a number of diatomic molecules.

Incorporating these and other simplifying approximations into the
CNDO/2 version, the matrix elements Fuv of the effective one-electron

Fock hamiltonian operator F of the eigenvalue problem
) = EY (310)

can be given. 1In Egn.(310), E and { are the eigenvalues and the eigen-

functions of the system, respectively. Hence,
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=BOS -

Fv = PasSiy P vYas' (u#v, q>u on A, ¢, on B) (311)

and

I - - - % ; A). (312
Fuu %(Iu + Au) [QA + %(Puu l)]YAA o (o) QBYAB (d)uon ). | )

The definitions of the terms in the above two equations are given below:

U and V refer to atomic orbitals (AOs);

A and B refer to atoms;

o _ . _L,.0 . L0

BAB = bonding parameters = %(BA + BB)' (313)

Suv = overlap integrals = f¢u(l)¢v(l)dTl ; (314)
occupied

P = = ;

v bond order = 2 ? cuic\)i (315)

cui are the elements of the transformation matrix for

. MO | .
AQO = MO as follows: the molecular orbital wio is given as
a linear combination of the (valence-shell Slater-type) atomic

orbitals ¢UAO by

c .o (316)
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= coulomb integral = ff[¢éA(l)]2 ;l_{¢éB(2)]2 dr, art, i (317)

Y
AB 12

Iu is the atomic ionization potential from the li-th orbital;

Au is the atomic electron affinity of the u-th orbital;

QA = net charge on atom A = ZA(eff) - PAA ’ (318)
where ZA(eff) is the effective nuclear charge of atom A,
and is given by
n = 2 for first-row elements
ZA(eff) = ZA - n . (319)

10 for second-row elements

=]
It

ZA is the nuclear charge of atom A, and PAA is the total val-

ence electron density on atom A, i.e.,

P =LP . 2
AR y (320)
Ha
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V.B. Equilibrium Molecular Dipole Moments

The molecular dipole moment, within the CNDO approximations, is

given by a sum of two terms (111, 114-117):

oy
1l
Lo 23
+
oy

chg mix (321)

The first gives the contributions from the net atomic charges located

at the nuclear positions, i.e.,

P . (Deb = 2.5416 % QR (322)
chg (DePYes) = 2. . Ry -

-5
where RA is the position vector of nucleus A. The second contribution

is due to atomic dipoles that result from the mixing of s and p orbitals

on the same atom; thus,

P iy (Debyes) = -7.3370 Tz -1

x,mi N A PZS(A),pr(A) ’ (323)

where CA is the orbital exponent of the valence orbitals on atom A, and
Puv is defined by Eqn. (315). This latter hybridization term measures the

contribution due to the displacement of charge away from the center of

the nuclear position.
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V.C. Subroutines of the Quantum Mechanical
Computer Program, CNDO/2

Figure 2 is a flow chart of the CNDO/2 gquantum mechanical computer
program, showing the linkage among the various subroutines of the pro-
gram. The complete program listing is included in the appendix.

MAIN consists of the readings of the input data, i.e., the kind
and number of atoms, the molecular geometry, and the variation of the
molecular configuration. This variation scheme will be described in the
next section.

COEFFT assigns the coefficients that are used in the calcualtion
of the reduced overlap integrals (Subroutine SS), which determine the
overlap and coulomb integrals.

INTGRL computes the overlap integral matrix (§) and the coulomb
integral matrix (X). The basis functions on each atom are specified by
filling arrays that indicate the number of the atom on which the basis
function is centered, the principal, azimuthal, and magnetic quantum
numbers, and the orbital exponents.

RELVEC calculates the relative unit vector along the internuclear
axis of atoms A and B.

FACT computes the factorial of a number.

SS determines the reduced overlap integrals which are a part of
the overlap and coulombic integrals.

AINTGS and BINTGS evaluate the A and B integrals, which constitute
the reduced overlap integrals, in part.

HARMTR forms the rotation matrix, which transforms the overlap

integrals in the atomic frame back to the molecular coordinate system.



MAIN

COEFFT | | INTGRL HUCKGL SCFCLO CPRINT
9,-\'
t\
y
¢
4
&
RELVEC || FACT || 55 || HARMTR|| MATOUT|| MATOUT|| GIVENS || MATOUT|| GIVENS|| scFOUT|| SCFOUT
AINTGS (| BINTGS GIVENS || EIGOUT

Figure 2.

CNDO/2 subroutine flowchart for closed-shell molecules.

1€T
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MATOUT, when called by INTGRL, prints the overlap integral matrix
and the coulomb integral matrix.
HUCKCL forms a zero-differential-overlap (2DO) extended Huckel-

type (156) approximation to the Fock matrix for closed-shell molecules;

thus,
(0)
F E- 3. . A 324
i 5 ( U + u) ( )
and
(0) _ ,0
FW =B sw, H#EV . (325)

MATOUT, when called by HUCKCL for the first time, prints the
bonding parameters BABO'
GIVENS, when called by HUCKCL, diagonalizes the approximate

(0)

Fock matrix E , and constructs an initial density matrix from the
coefficients of the occupied MOs. Corrections to the hamiltonian are
now added for the CNDO/2 calculations.

MATOUT, when called by HUCKCL for the second time, prints the core
hamiltonian matrix.

SCFCLO is a self-consistent-field procedure for closed~shell
molecules. It takes as input the initial density matrix and the
CNDO/2 core hamiltonian, and forms the Fock matrix by adding the CNDO

integrals. At this point, the electronic energy is computed and

printed.
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GIVENS, when called by SCFCLO, diagonalizes the Fock matrix and
forms a new density matrix, which is used to construct a new Fock matrix
by SCFCLO.

The SCFCLO-GIVENS procedure is repeated (with a maximum of 25
iterations) until successive cycles yield electronic energies that are
within 10_6 eV of each other. Afther this self-consistency is reached,
the coefficients cui in the LCAO-MO theory are determined.

SCFOUT prints the final Fock matrix, and after this matrix has been
diagonalized once more by GIVENS, the resulting eigenvectors are printed.

EIGOUT prints the eigenvalues.

CPRINT computes and prints the dipole moments, the atom densities,

and the nuclear repulsion energy.
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V.D. Modification of the CNDO/2 Prodram for the-
Calculation of the Atomic Polar Tensors

The MAIN program of the CNDO/2 scheme necessitated certain modifi-
cations for the calculation of the derivatives of the dipole moment with
respect to an atomic cartesian displacement. The x-component of the
molecular dipole moment can be expanded about the equilibrium position,
by means of a Taylor series in any one of the three cartesian displace~

ment coordinates of any atom o. Thus,

— 0 2 3 ‘ [ N )
Px = PX + aO(AYOL) + al(AYa) + aZ(AYa) + , (326)
where
an Lim APx
% T3y | T Av »0 AY| (327)
o © 0
1 asz
al = E-BY 5 ’ (328)
o |0
and
83P
a = Ll x| | (329)
2 6 3y 3
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. 0 . . .
In the above equations, Px represents the equilibrium x-component of
the dipole moment for the undistorted molecule, AYa‘is the displacement

R - o
of atom 0 from the equilibrium position Ya , 1.e,

AY =Y -Y ' (330)

and ao, al, a2 represent the first, second, and third partial deriva-
tives, with respect to the displacement in the Y direction, respectively,

evaluated at the equilibrium position (0). Thus, Egn. (326) becomes (77)

AP

T = 3 *a (Y ) + az(AYOL)Z , (331)
o

where

APX =P -P . (332)

In Egns.(326) to (332), x may be replaced by vy or z, and Y may be re-
placed by X or Z, in order to obtain other partial derivative expres-
sions.

Consequently, Egn.(327) represents the (1,2) element of the polar
tensor Ex(a) of atom o, Egn.(285). Each such element was calculated by
the method described below. Only one cartesian coordinate of one atom
at a time was varied slightly, while keeping the other two coordinates
of that atom, and all the coordinates of the other atoms, fixed at their

undistorted equilibrium configurations. A new dipole moment was
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evaluated for each new cartesian coordinate position of the displaced
atom. This was done for both positive and negative cartesian dis-
placements. Thus, one obtains several corresponding values for AYu

and APx/AYa' A least-squares fit was applied for these points, so that

the coefficients a_, a

0 and a_. of Egqn.(331) can be determined. Subse~

1’ 2

quently, the polar tensors were ascertained.
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VI. RESULTS AND DISCUSSION

VI.A. Molecular Geometries and Inertial Constants

The molecules that were investigated include ethylene, methane,
and the four fluoromethanes CH4_nFn (n=1, *++*, 4). The bond lengths
and bond angles that were used in the investigation of these molecules
are summarized in Table II. The right-handed cartesian axes that were
chosen for these species are depicted in Figure 3. These are "aerial
views" of the molecules, so that the C atom is "buried" by either an
H or F atom in some of the molecules. Thus, in CH4, for example, the

representation

(9

indicates that H3 is projected downward from the central atom, C, which

is overshadowed by the apex atom, H,. The C atom is at the origin of the

4

cartesian coordinate system for methane and the fluoromethanes. In ad-

dition, the C-H and C—H4 bonds in CHF3 and CH4, respectively, and the

C-F and C—F4 bonds in CH3F and CF4, respectively, lie on the (positive)

z-axis. In CH_F the H-C-H and F~C-F angles are bisected by the posi-

272’

tive and negative directions, respectively, of the z-axis.

These axes are not necessarily the principal axes of the molecules.
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Table II

Molecular Geometries of Ethylene, Methane, and the Fluoromethanes

Molecule (Reference)

Bonds
AnZ?Zs C,H, cH, CH,F CH,F, CHF cF,
(125)  (123) (119)  (120-122)  (118) (118)
r(c-c) & 1.353  eeeen eeee e e
r(c-H) (¥ 1.071  1.091 1.106 1.092 1.098  .....
rc-m) @ . L. 1.3853 1.358 1.332  1.321
¥ (H-C-H) 119%55' 109°28' 109°59' 111%52'  ....... .......
yom-c-m) P . 108°57'  ....... 110%8' .......
£ (F=C-F)  eeveren teeeenn eeennns 108°17*  108%48' 109°28"

(a) Xngstrom units.

(b) Calculated from the given data.



6T

Cartesian axis systems for ethylene, methane, and for the fluoromethanes.

Figure 3.
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In addition, the directions of these axes are chosen to be isotope-
independent throughout the calculations.

The moments of inertia tensor I, Egn. (294), is necessary for the
evaluation of the non-rotation correction {2, Egns.(292) or (290). Thus,

, CH.F_, and CHF_, the moments of inertia

for the polar molecules CHF3 5F, 3

tensor with respect to the arbitrarily chosen coordinate system of
Figure 3, as well as the principal moments, have been calculated by
using the molecular geometries given by Table II and Figure 3. The
results have been tabulated in Tables III-V. In addition, the center
of mass of each species, relative to the axis system of Figure 3, has
been included. The above calculations were done for each isotopic
species of the polar fluoromethanes with respect to carbon-13 and/or
deuterium substitutions. The atomic masses of the isotopes of interest

are given below (124):

1H = 1.007825 amu,
2H = D= 2.0140 amu,
l2C = 12 (exactly) amu,
13C = 13.00335 amu,

and
19F = 18.99840 amu.



Table III

Calculations of the Molecular Mass, the Center of Mass, and the Moments of Inertia
of the Carbon-13 and Deuterium Isotopes of CH_F

3
Isotope Molecular Center of Mass Moments of Inertia Tensor, I Principal Moments of Inertia:
Mass (see Figure 3) (amulxz) Ia' Ib, and Ic
o o2
(amu) 0:9) (amu-A")
1o [ o ) (19.789744 0 o ] 19.789744
CH,F 34.021875 0 0 19.789744 0 19.789744
(-0.741650) | 0 0 3.308232) 3.308232
13 ( 0 ) (20.325822 0 o 20.325822
CH,F 35.025225 0 0 20.325822 0 20.325822
(-0.720404/ \ 0 0 3.308232) 3.308232
1o (~0.030047) (20.974160 0 1.125395) 21.050124
CH,DF 35.028050 0 0 22.043475 0 22.043475
(-0.710027 | 1.125395 0 4.377546/ 4.301582
13 (-0.029210) (21.465902 0 1.104585) 21.537010
CH,DF 36.031400 0 0 22.536097 0 22.536097
[-0.690255 | 1.104585 0 4.378427) 4.307319

(continued)

171



Table III (continued)

12 -0.014604 22.895081 0.490032 0.546985 23.809132
CHD,F 36.034225 -0.025295 0.490032 23.460921 0.947406 22.612161
-0.680170 0.546985 0.947406 5.479368 5.414077

13 -0.014208) 23.347312 0.489671 0.537289) 24.256944
CHDF 37.037575 -0.024610 0.489671 23.912736 0.930612 23.064600
-0.661744/ 0.537289 0.930612 5.480200) 5.418703

12 0 ) (24.801359 0 o ) 24.801359
CD,F 37.040400 0 0 24.801359 0 24.801359
(-0.651935 | 0 0 6.611047, 6.611047

13 ( 0 ) (25.216555 0 o 25.216555
CD,F 38.043750 0 0 25.216555 0 25.216555
(-0.634742] | 0 0 6.611047) 6.611047

A



Table IV

Calculations of the Molecular Mass, the Center of Mass, and the Moments of Inertia
of the Carbon-13 and Deuterium Isotopes of CH_F

272
Isotope Molecular Center of Mass Moments of Inertia Tensor, I Principal Moments of Inertia:
Mass (see Figure 3) (amu-xz) Ia, Ib' and Ic
2
(amu) &) (amu-3°)
1o ( o (10. 286660 0 o ) 10. 286660
CH,F, 52.012450 0 0 54.664840 0 54.664840
| 0.557429 | 0 0 47.676982) 47.676982
13 [ o | (10.592528 0 o ) 10.592528
CH,F, 53.015800 0 0 54.970707 0 54.970707
| 0.546879 { 0 0 47.676982) 47.676982
12 ( o | (12.443569 0 o ) 12.443569
CHDF, 53.018625 -0.017167 0 56.014023 -1.043920 56.156080
| 0.535242) { 0 -1.043920 48.484707) 48.342650
13 0 12.725964 0 0 12.725964
CHDF, 54.021975 -0.016848 0 56.296128 -1.034872 56.430909
0.525301 0 -1.034872 48.484997 48.350216

(continued)

€71



Table IV (continued)

12

13

2

CD2F

2

54.024800

55.028150

0]

0
0.513881
( o )

0]
0.504511)

14.581473
0
0

14.841600
0
0

0
57.312952
0

0
57.573079
0

0
0
49.323682

0
0

49.323682)

14.581473
57.312952
49.323682

14.841600
57.573079
49.323682

vyT



Table V

Calculations of the Molecular Mass, the Center of Mass, and the Moments of Inertia
of the Carbon-13 and Deuterium Isotopes of CHF

3
Isotope Molecular Center of Mass Moments of Inertia Tensor, I Principal Moments of Inertia:
. 2 ~
Mass (see Figure 3) (amu-g ) Ia' Ib' and Ic

2

(amu) ®) (amu-X°)

12 ( o ) 48.820361 0 0 48.820361

CHF 70.003025 0 0 48.820361 0 48.820361

(0.357499 0 0 89.140323 89.140323

13 ( o ] (48.946783 0 o ) 48.946783

CHF 71.006375 0 0 48,946783 0 48.946783

0.352447] { 0 0 89.140323) 89.140323

12 ( o ) (50.921716 0 o 50.921716

CDF 71.009200 0 0 50.921716 0 50.921716

0.336875, \ 0 0 89.140323, 89.140323

13 ( 0o ) (51.033995 0 0 51.033995

CDF , 72.012550 0 0 51.033995 0 51.033995

|0.332181] | 0 0 89.140323| 89.140323

SPT
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H, CH,, and

Inertial data was not necessary for the non-polar species C2 4 4

CF4, since =0 as a result of the vanishing dipole moment.
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Vi.B. Dipole Moments and Derivatives, Polar Tensoxrs,
and Effective Charges -

VI.B.1l. CNDO/2 and Experimental Equilibrium
Dipole Moments

The equilibrium dipole moments for the polar fluoromethanes, CH_F,

3
CH2F2, and CHF3, have been evaluated according to the CNDO/2 scheme,
Eqns. (321)~(323), and are tabulated in Tables VI and VII. The agreement
between the experimental and theoretically derived values is quite satis-
factory. The experimental methods only yield the absolute magnitude of
the equilibrium dipole moment vector EO' whereas the quantum mechanical
procedure determines the components of this vector.

The dipole moment vector is defined to be positive if it is directed

from the negative to the positive end of the molecule, i.e.,

Thus, from the CNDO/2 values of Pz for the polar fluoromethanes, and
from Figure 3, it is seen that the dipole moment vector of the undis-
torted molecule is oriented from the fluorine atom(s) to the hydrogen
atom(s). That signifies that the fluorines have a partial negative
charge, while the hydrogens obtain a partial positive charge. Thus,

the polar fluoromethanes have the following equilibrium dipoles:

- +
FnCH4_n, n=1l, 2, and 3 .
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VI

Experimental and CNDO/2 Equilibrium
Dipole Moments of Gaseous CH_F

3

(a)

Experimental
Year of Tempgrature Dipole Moment, P (b)
Publication (C) {Debye)
1953 ns ) 1.79  + 0.02
1934 ~50 to 225 1.822 + 0.01
1966 NS 1.8471
1936 -80 to 95 1.85
1970 50 to 140 1.851 * 0.005
1970 NS 1.8549 % 0.0010
1963 NS 1.8555 * 0.0015
1965,66 NS 1.8572 + 0.001
1970 NS 1.8580 *: 0.001
1966 NS 1.858 * 0.001
1966 NS 1.8583
1965,66 NS 1.8682
Average, PO = 1.85
CNDO/2, Pz(d) = =1.,71833

(a)
(b)
(c)

(d)

References (126) and (127).

->
Py is the absolute magnitude of PO.

Temperature not specified.

Also P =
X

Figure 3.

P
y

= 0, relative to axes of
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Table VII

Experimental and CNDO/2 Equilibrium Dipole Moments

of Gaseous CH_F_and CHF

22 3
, (a)
Experimental CNDO/2
v . (b) _. (d)
ear of Temperature Dipole Moment,P Dipole Moment,P
Publication (°C) (Debye) (Debye)
CH2F2
1952 ns 1.96 +0.02 1.94301
CHF3

1949 NS 1.59
1935 ~80 to 95 1.60
1955 25 to 225 1.62
1952 NS l1.64 +0.02
1951 NS 1.645 *0.009
1966 NS 1.6458
1966 NS 1.6461
1966 NS 1.6468
1966 NS 1.6471
1970 50 to 140 1.649 *0.005
1961 80, 160 1.65 +0.01

Average 1.63 1.67547

(a) See footnote (a) of Table VI.
{(b) See footnote (b) of Table VI.
(c) See footnote (c¢) of Table VI.

(d) See footnote (d) of Table VI,
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VI.B.2. CNDO/2 Dipole Moment Derivatives

The physical significance of a dipole moment derivative can be
seen by locking at the diatomic molecule AB, where the following charges

exist at equilibrium:

If the internuclear axis is on the z-axis, then the effect on the
molecular dipole moment, due to the stretching vibrational motion rAB'

can be expressed as

9B/3r._ = (3P /9r. )k 333
/rAB~(Pz/rAB)k, ( )

—)-
where k is the unit vector in the direction of the z-axis, and

Z_ o + r ég—— (333a)

where g is the equilibrium value of the magnitude of the charge. Thus,
if Ap/Ar > dy (which is positive), then B becomes more positive as the
A-B bond is stretched; if AP/Ar < qo, or if the dipole derivative is
negative, then B becomes less positive than its equilibrium value, dur-
ing this stretching motion.

According to the CNDO/2 scheme, there are three basic factors

(111, 128) that contribute to the dipole moment derivatives, OP/OR,
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i.e., the change in the molecular dipole moment upon the distortion

from its equilibrium geometry. Thus,

g§'= 9, + Aq + qsp . (334)

The first term, qo, is due to the equilibrium charges of the atoms. The
second contribution, Ag, is an intramolecular charge transfer term that
leads to a change in the equilibrium charge as a result of the change in
the atomic hybridization. The last term, qsp’ is the change in the
atomic dipole moment. This change is due to the variation in the sp-
type polarization of the electrons about the nuclei of the atoms.

The derivative of one of three components of the dipole moment
vector with respect to one of three cartesian displacements of each
atom, BPX/BYu, was calculated from the modified CNDO/2 program accord-
ing to the variation scheme described in section V.D. Thus, a cartesian
coordinate of an atom was altered from its equilibrium configuration by
successive increments of 0.002& for 10 pesitive and 10 negative dis-
placements, while keeping all other coordinates fixed. This coordinate
variation led to maximum displacements of +0.028 from the equilibrium
value, for each atomic coordinate. A least-squares fit was applied to
the functional form of Egn.(33l1), which yielded the first-, second-,
and third-order coefficients, ao, al, and a2. The polar tensor Bx(a),
Egn. (285), is composed of the first-order coefficients. For a molecule

containing 5 atoms, the total number of variations that were needed per

molecule was
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(9 elements/tensor) (20 variations/element) (5 tensors/molecule)

= 900 variations.

It was found that variation of an atomic coordinate by t0.0ZK,
rather than by i0.00Zﬁ,decreased the accuracy of each tensor element
by 3 to 4 orders of magnitude. This is due to the facts that the
curvature at the origin is not negligible and that the smaller incre-
ment better resembles the realistic magnitudes of the vibrational am-
plitude. Figures 4 and 5 depict the change in the x-component of the

dipole moment, APX of CH,, which is due to the change in the x-coordi-

4
nate of the H. atom, AX(Hl), for relatively large (#0.18) and small

1

A(iO.O2X) atomic displacements, respectively. The solid line in Figure 5
represents the more detailed plot near the equilibrium configuration,
AX=0, and it is seen that although the variation of ; is almost linear,
the determination of the slope at the origin, based on the displacement
increments of i0.0Zi, would lead to a significant error (cf: the dashed
lines in Figure 5). 1In addition, the plots are non-symmetric with re-
spect to the positive and negative values of AX(Hl); this is expected

in light of the chosen axis system of Figure 3. This tensor element,

an/BX(Hl), represented the "worst" deviation from linearity of all the

molecules that were studied in this investigation.

VI.B.3. CNDO/2 Atomic Polar Tensors

The atomic polar tensors obtained from the CNDO/2-derived first
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7
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Figure 4. APX vs. AX(Hl) of CH increments of *0.028.
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Figure 5.

-0.01 0.00
aAX ( HI,

o
(tA)

0.01

0.02

APx vs. AX(Hl) of CH4: increments of

+0.0028.
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order cartesian dipole moment derivations are given in Tables VIII-XIIT

r CH F, CH F., CHF_,, and CF,, respectively.

for the molecules C,H,r CH, 3 272 3 4

These polar tensors depend on the coordinate frame that is chosen
for the molecule, but not on the inherent isotopic nature of the molecu-
lar species. Thus, since the identical axes were used for all the iso-
topes of a molecule, these polar tensors are isotope-independent. This
is true because the electron cloud can be assumed to be distorted in the
same manner during the corresponding vibrational motions of two isotopic
molecules (Born-Oppenheimer approximation). The coordinate axes that
were used are those of Figure 3.

The atomic polar tensors are not necessarily symmetrical. However,

due to the spherical symmetry about the C atom in CH, and CF,, the polar

4 4
tensor for carbon in these molecules is a scalar tensor, i.e., a diagonal
matrix with identical elements (157).

The precision of the least-squares fit, Eqn.(331), is excellent.
This is apparent from Tables VIII-XIII in that the discrepancy in the
tensor elements never occurs before the seventh decimal place for any
element. This is especially due to the small atomic displacements of
+0.0028.

The polar tensors of all the atoms of a molecule are not indepen-

dent of one another. The translational condition leads to the follow-

ing vanishing sum requirement for each molecule (104):

N
Z P _(a) = 9 ’ (335)
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Table VIII
Atomic Polar Tensors for C2H4
*
o Py (o) &0
-0.1122635 0.3252726 0
H 0.4184010 -0.4316963 0 0.8533939
0 0 0.4984523
(~0.1122635 -0.3252726 0 )
H, ~0.4184010 =-0.4316963 0 0.8533939
{ 0 0 0.4984523
(~0.1122635 =-0.3252726 0 )
H, -0.4184010 -0.4316963 0 0.8533939
| 0 0 0.4984523]
(~0.1122635 0.3252726 0 )
H, 0.4184010 -0.4316963 0 0.8533939
{ 0 0 0.4984523
[ 0.2245271 0 0 )
C 0 0.8633927 0 1.3377885
{ 0 0 -0.9969047
[ 0.2245271 0 o
¢, 0 0.8633927 0 1.3377885
{ 0 0 -0.9969047)

* Relative to axes of Figure 3.
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Table IX

Polar Tensors for CH

4

P *
P () €
[ 0.0431696 -0.2891963 -0.1180639]
-0.2891963 ~-0.2907655 —0.2044926 0.6174390
|-0.1180639 -0.2044926 0.1266534)
( 0.0431696 0.2891963 -0.1180639)
0.2891963 -0.2907655  0.2044926 0.6174390

(-0.1180639  0.2044926  0.1266534]
(-0.4577330 0 0.2361278

o) 0.2101372 0 0.6174390
| 0.2361278 0 0.1266534
[ 0.2101372 0 0 )

0 0.2101372 0 0.6174390
\ 0 0 -0.5412168]
[ 0.1612565 0 0 )

0 0.1612566 0 0.2793046
| 0 0 0.1612566

* Relative to axes of Figure 3
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Table X
Atomix Polar Tensors for CH3F
*
P () &

-0.1226182 ~0.2632983 -0.0180205]
-0.2632983 ~0.4266489 -0.0312124 0.6383019

-0.1121836 ~0.1943077 =-0.1416799]

(-0.1226182 0.2632983 ~-0.0180205]
0.2632983 -0.4266489 0.0312124 0.6383019

-0.1121836  0.1943077 -0.1416799)

(-0.5786643 0 0.0360410)
0 0.0293971 0 0.6383019

| 0.2243672 0 ~0.1416799]

(~1.4132402 0 0 )
) ~1.4132402 0 3.2519132

{ 0 0 -2.5652375

[ 2.2371411 0 0 )
0 2.2371410 0 4.3533156

{ 0 0 2.9902773]

* Relative to axes of Figure 3.
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Table XI

Atomic Polar Tensors for CH2F2

*
P (@) Ea

(~0.2714725 0 0 '

0 -0.5907212 0.0939032 0.7804730
{ 0 0.2805795 =-0.3145578]
(~0.2714725 0 0 )
’ 0 -0.5907212 -0.0939032 0.7804730
{ 0 -0.2805795 -0.3145578]
(-2.4391999 ) 0.7294150)

0 -1.5687109 0 3.6520488
| 0.2825507 0 -2.0772647)
(~2.4391999 0 -0.7294150)

0 -1.5687109 0 3.6520488
(-0.2825507 0 -2.0772647)
[ 5.4213452 0 0 )

0 4.3188642 0 8.4218069
\ 0 0 4.7836451}

* Relative to axes of figure 3.
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Table XII
Atomic Polar Tensors for CHF3
*
gx(a) Ea

-0.4391015 0 0 )
0 -0.4391015 0 0.9541136

0 0 -0.7243704)

(-2.1508433 -0.3711670 =-0.2920408)
-0.3711670 -2.5794301 -0.5058295 3.9994530

(-0.0736194 =-0.1275126 =-2.0193259]

(-2.1508433  0.3711670 -0.2920408)
0.3711670 -2.5794301 0.5058295 3.9994530

(-0.0736194  0.1275126 =-2.0193259]

(-2.7937234 0 0.5840816 ]
0 -1.9365500 0 3.9994530

| 0.1472388 0 ~2.0193259)

(7.5345118 0 0 ]
0 7.5345118 0 12.6308344

{ 0 0 6.7823483/

* Relative to axes of Figure 3.
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Table XIII
Atomic Polar'Tensors for CF4
*
P (0) £,

(-2.2815510 -0.2803410 -0.1144487)
-0.2803410 -2.6052610 -0.1982310 4.1349213

-0.1144489 -0.1982311 -2.2006236

(-2.2815510 0.2803410 ~-0.1144487)
0.2803410 =-2.6052610 0.1982311 4.1349213

|-0.1144487  0.1982311 -2.2006236)

(-2.7671160 0 0.2288975]
0 -2.1196961 0 4.1349213

| 0.2288975 0 -2.2006236

(-2.1196961 0 0 )
0 -2.1196961 0 4.1349213

{ 0 0 -2.8480435]

[ 9.4499144 0 o )
0 9.4499143 0 16.3677315

{ 0 0 9.4499144]

* Relative to axes of Figure 3.
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where the summation is over all the atoms in the molecule, and Ex(d) is
given by Egn. (285). This results from the fact that if the cartesian
motion of all the atoms corresponds to a rigid translation of the whole
mnolecule, then this motion would have no effect on the dipole moment.
The data in Tables VIII~XIII prove that Eqn.(335) is satisfied to the
seventh decimal place for each molecule.

If the cartesian motion is a rigid rotation of the molecule, then
this motion would have the effect of rotating the components of the

dipole moment. Thus (104),

PYOI, =T (336)

where P is given by Eqgn. (292a) and ra, like P, is an antisymmetric

tensor:

( )
0 0
0 Zu _Yd
~0 o a
YO —Xo 0
( @ o )

(6]

0 saay .
o’ and Za are the equilibrium coordinates of atom 0. Eqn.

where XO, Y

o
(336) is still valid even if the origin of the axis system is not at the
center of mass of the molecule. Again, the atomic polar tensors of
Tables VIII-XTII satisfy the rotational condition, Egn.(336).

Another relationship among the polar tensors that was obtained

by this investigation is one that relates the tensors of electronically
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equivalent atoms, within the Born-Oppenheimer approximation. Thus, the

polar tensors for equivalent atoms, say, ¢, and o,, of a molecule, where

1 2

al and a2 could be isotopes of one another, are related through

gx(oel) =T P.(a,) T, (338)

where E is the rotational tensor that transforms the coordinates of
atom az to those of atom al. The rows (or columns) of T form a set of
orthogonal normalized vectors. Therefore, once the polar tensor for one
atom in a set of equivalent atoms is known, the tensors for the other
atoms in the set can be determined according to Egn. (338). In addition,
the vanishing polar tensor sum, Eqgn.(335), relates the sums of equiva-
lent sets to each other. Once again, the consistency of the CNDO/2~-

derived polar tensors was reaffirmed by the application of the equiva-

lence relationship, Egn. (338).

VI.B.4. Effective Atomic Charges

VI.B.4.a. CNDO/2 and experimentally
derived charge values

The effective atomic charges Ea are given with the polar tensors in

Tables VITI-XIII and are summarized in Table XIV for all the non-equiva-
£ .

lent atoms o C2H4, CH4, CH3F, CH2F2, CHF3, and CF4 The squared charges

Eaz are first calculated from the polar tensors Py(a) by means of
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Table XIV

CNDO/2 Calculation of Ea *

Species EH EF EC

C2H4 0.8533939  ......... 1.3377885
CH4 0.6174390  ..icccaenn 0.2793046
CH3F 0.6383019 3.2519132 4.3533156
CH2F2 0.7804730 3.6520488 8.4218069
CHF3 0.9541136 3.9994530 12.6308344
CF4 ......... 4.1349213 16.3677315

* Units of Debyes/gngstrom
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Eqn. (284). and thereafter the values for Ea are.obtained, which are all
positive.

Tables VIII-XIII show that the effective charges of equivalent
atoms are, in fact, equivalent, even if the polar tensors of these
atoms are not. This is due to the fact that the polar tensors depend
on the particular choice of coordinate axes for the molecule, whereas
the effective charges of equivalent atoms are equal, due to Egns. (284)

and (338), and to the orthonormality of T, i.e.,

i3

T =T T=E, (339)

where § is the unit tensor. Thus, the effective atomic charge repre-
sents an intrinsic isotope-~independent molecular property, which is
not dependent on the particular molecular reference frame.

The theoretically derived effective atomic charges compare quite
favorably with the few available experimentally deduced values for

C,H , CH,, and CH_ F. The possible experimental values of Ea for C

24 4 3 H4

2
and CH4 have been tabulated in Tables XV and XVI, respectively. Table
XVII summarizes the "best" experimental values that are obtained from
the former two tables.

The effective atomic charges of Tables XV and XVI were calculated
from the available literature values of the total infrared absorption
intensities of various isotopic species of C2H4 and CH4 (see Tables
XXVII and XXVIII), by means of Egn.(303). In order to solve for all

the isotope-independent Ea's of a molecule that contains n sets of

electronically non-equivalent atoms, the intensities of n isotopes of
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Table XV

Comparison of Possible Experimental and CNDO/2 Values
of Ea for c_u,(a)

274
Experimental
Source This Investigation King et al.(b)
2
£, . £y &y
1. cm.,cp. L. 0.739 0.866 0.818
2°4'7274
. (c)
2. C2H4,c1s C2H2D2 ...... 3.02% 0.624 0.563
. (c) .
3. C2D4,01s C2H2D2 3.747 (imag.) 1.054 1.010
(c) .
4, C2D4,trans C2H2D2 0.382 (imag.) 0.910 0.865
5. C.H ,trans-C.H. DS ...... 1.550 0.820 0.767
274" 27272
6. Polar ?S?sors of  ...... 1.513 0.774 ceee.
Coly
CNDO/2
gC gH
7. Person and Newton'S) 1.343 0.859
8. This investigation 1.338 0.853
9. "Best" experimental 1.51 + 0.04 0.82 + 0.04

(continued)
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Table XV (continued)

(a)

(b)

(c)

(d)

(e)

Ea in units of Debye/xngstrom.

Calculated in Reference (101).

Ea is calculated from the experimental total inten-
sities of this isotopic pair of Reference (129),

Table XXVII, by means of Egn. (303).

Ea is calculated from the experimentally deduced polar
tensors of Reference (96) by means of Eqn. (284).

Reference (96).
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Table XVI

Comparison of Possible Experimental and CNDO/2 Values
of Ea for CH, *

4
Experimental
Source This Investigation King et al.(b)
2
gC EC gH EH
(c)
1. CH4,CH3D ceconas 3.181 0.634 0.655
2. CD4,CD3H(C) e 2.650 0.571 0.576
3. CH4,CD3H(C) -4.207 (imag.) 0.839 0.859
4. CD4,CH3D(C) -1.357 (imag.) 0.823 0.831
5. CH3D,CD3H(C) -8.685 (imag.) 0.924 0.666
6. CH3D,CH2D%(d) -3.231 (imag.) 0.805  .....
7. CH,D,CD H d) -1.242 (imag.) 0.775  eeen.
(c)
8. CH4,CD4 ...... 0.532 0.780 0.798
(d)
9. CH2D2,CD3H ...... 0.424 0.743 ceeee
CNDO/2
gC EH

10. This investigation 0.279 0.617
11. "Best" experimental 0.48 + 0.06 0.76 + 0.02

(a) Ea in units of Debye/gngstrom.

(b) Calculated in Reference (101).

(c) &y is calculated from the experimental total intensities
of this isotopic pair of Reference (130), Table XXVIII,
by means of Egn. (303).

(d) same as (c¢), except that Reference (131) was used.



- 169 -

Table XVII
"Best" Experimental Ea for C2H4, CH4, and for CH3F
Species &H EC EF Source
C,H,  0.82+0.04 1.51 % 0.04 ...... Table XV
CH, 0.76 + 0.02 0.48 + 0.06 +ueeeeennns . Table XVI

CH_F 0.78 + 0.04 5.12 + 0.10 4.81 + 0.20 Reference (107)
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this molecule are needed. Since C2H4 (ox CH4) contains only two differ-
ent types of atoms, C and H, the intensity data for a pair of isotopic
ethylenes (or methanes) would suffice. However, some of these calculated
charges yield unrealistic values for the effective charge on an atom.
Thus, the first two sets of values of Table XV (1. and 2.) are re-
jected because they yield a value for EC of C2H4 that is either too low
(0.739) or too high (3.021), as compared with the theoretically derived
value of about 1.34 D/R. The third and fourth sets of values of
Table XV are also rejected because they both yield imaginary values
for EC. Thus, a comparison of the last two remaining experimental sets
of values (5. and 6.) with the corresponding CNDO/2 values, leads to the
particular choice for the "best" experimental values for EC and gH of
C2H4.
The rejection of several sets of values is also the situation for
the data for CH4 in Table XVI. The first two sets of charge values (1.

and 2.) yield values that are too high for EC of CH, (3.181 and 2.650),

4
especially when compared with the low theoretical value of 0.279. The
next five sets (3. to 7.) all result in imaginary values for EC. Only
the last two sets remain without any objections and they determine the
choice for the "best" experimental EC and EH of CH4.
The somewhat large discrepancy for EC between the experimental

(0.48) and theoretical (0.28) values suggests that it may be difficult
to accurately predict very low values of effective atomic charges, as

is very sensitive

is the case with EC of CH It appears that gc of CH

4° 4

to the equilibrium molecular geometry. This particular effective charge

is strongly dependent on the equilibrium value of the carbon-hydorgen
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bond length, RO(C—H), whereas the effective hydrogen charge, EH’ is
rather insensitive. Table XVIII tabulates the calculated values of EH
and EC' each as a function of the C-H bond length. This table indicates
that for a +0.0023 deviation from the original choice of RO(C—H) = 1.0918%,
EC deviates by +6.4%, whereas €H is changed by only -0.08%. For a unit
increase in the equilibrium bond length, EC is increased by approximately
8.9 charge units, whereas EH decreases by only 0.2 charge units. This
extreme sensitivity is undoubtedly due to the small value of the effec-
tive carbon charge of methane.

It should also be emphasized that the experimentally derived EC may
be somewhat unreliable. This is because the experimental value was ob-
tained from Egn. (303) as a difference between two relatively large num-
bers, which resulted in a small number.

In order to obtain a more reliable result for the CNDO/2 value of

EC for CH a least-squares procedure was employed. Table XIV suggests

4’
that an approximate linear relationship exists between gc and the number
of fluorines, nF, in the fluoromethanes. Thus, a linear fit was obtained
by inputting the Ec values for the n, = 1, ..., 4 species:

EC = (4.025 % 0.068)nF + (0.380 * 0.186) .. (340)

For methane, nF = 0 and EC 0.380%*0.186. This theoretical value is in
closer agreement with the experimental quantity of 0.48 (Table XVII), al-
though the latter (experimental) value may be in error.

Figures 6, 7, and 8 are graphic representations of the effective

charges of the atoms in methane and in the fluoromethanes. Figure 6 is
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Table XVIII

- %
Effect of Rb(C H) on SH and EC of CH4
R_(C-H) s &
1.097 0.616049 0.332751
1.095 0.616473 0.314973
1.093 0.616937 0.297158
1.091 0.617439 0.279305
1.089 0.617981 0.261412
1.087 0.618562 0.243481
1.085 0.6129183 0.225510

*R in units of Xngstroms,

and £ in units of Debyes/x.
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Figure 6. CNDO/2 calculated effective atomic charges for

C,H, and for F in CH4-nFn’ n=0, ..., 4.
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a plot of Ec, € ., and EF' of CH nFn' each against the number of fluor-

H 4-

ines n in the species. It is seen that as the very electronegative

fluorine atoms replace the hydrogens, in going from CH4 to CF4, the

effective charge on the central carbon atom is dramatically increased.

This is due to the strong electron-withdrawing inductive effect of the
fluorine atoms that are directly bonded to the carbon atom. The near
linear relationship between EC and n is borne out by the straight line
that is drawn according to the least-squares fit, Egn.(340). Most of
the Ec values lie exactly on this line.

Besides this primary inductive effect upon the central atom, there
is a slight secondary inductive effect on the terminal hydrogen and
fluorine atoms. Figure 6 indicates that, compared to the sharp increase
in gc with increasing the fluorine substitutions, the effective charges
on hydrogen and fluorine remain relatively constant (with a slight in-
crease) with respect to direct substitution on the central carbon. Thus,

in going from CH, to CF _, EC increased by about 5,400%, EH by approxi-

4 4

mately 54% and EF by 27%; i.e., the ratio of increases is

EC : EH : EF =200 : 2 : 1.

The detailed graphs of EH and EF with respect to the number of fluorines
in the molecule, Figures 7 and 8, respectively, indicate that in both
cases there is an approximate linear relationship for the medium values
of n, i.e., n=1, 2, and 3. However, at the left extreme of QH, n=0 to 1,
and at the right extreme of gF, n=3 to 4, the rate of increase of the

respective effective charges is sharply reduced.
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VI.B.4.b. Sum rules for the
effective charges

Although there are direct relationships among the atomic polar
tensors Ex(a) of a molecule, Egns.(335) and (336), there is no simple
exact relationship among the effective charges of non-equivalent atoms
of a molecule. However, certain empirical relationships, which could
be called sum rules, may exist among the effective charges of a specific
atom that appears in different molecules of a homologous series (105,
106, 109). A sum rule would be reliable if it involved at least three
different molecules, and, better, if it involved four different molecu-
lar species with the same molecular symmetry.

From the CNDO/2 values of the effective charges, Table XIV, the
following empirical sum rules can be written for the fluoromethane

series:

Ea(CH3F) + EOL(CHF3) = zgu(cnze), o0=Hor Cor F (341)

and

E,'C(CH4) + EC(CF4) = 2F,C(CH2F2) . (342)

These relationships are applicable within a relative error of 2%.

Other such sum rules can be written for numerous molecular series.
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Vi.C. Total Infrared Absorption Intensities

VI.C.1l. CNDO/2 Intensities

Once the isotope-independent effective atomic charges ga are known
for a molecule, the intensity sums of all the gas-phase isotopic spe-
cies of this molecule can be generated according to Eqgn. (287). Thus,
the charges, which are obtained from Table XIV, and the reciprocal a-
tomic masses ua, from section VI.A, will yield the first term on the
right-hand side of Egn. (287), guaié. For non-polar molecules, such as
, the non-rotation condition £, Egn.(296), vanishes.

C2H ’ CH4, and CP

4 4

For the polar molecules, CH_F, CHZFZ’ and CHF ( is obtained from the

3 3’
equilibrium dipole moments of Tables VI and VII, and from the inertial
constants of Tables III-V. Tables XIX-XXIII listthe total intensities
of the isotopes of ethylene, methane, and the fluoromethanes, which
were obtained in this manner. The intensities for each chemical spe-
cies are tabulated in descending order, and, in addition, the contri-
butions to each total intensity are given for each set of electronic-
ally equivalent atoms in the isotopic molecule.

From Tables XIX and XX it can be seen that for non-polar molecules,
the total intensity ZAi of a molecule that has been isotopically sub-
stituted with the heavier atom(s) of only one isotopic type, will al-
ways be smaller than that of its lighter counterpart. Thus, for the

hypothetical non-polar molecule, AaB Cc, the total intensity of

b

Aa_nA;Bch, n < a, where A¥ is a heavy isotope of A, will be smaller

than . that of A A*B C, m<n.
a-m m c

b



- 179 -

Table XIX

CNDO/2 Gas-Phase Infrared Absorption Intensities

of the Isotopes of 02H4
2 2 (a) 6 2
) +
g (ghytnpip) &g (mpply,tng ol 5) L8, Ha
o (b)
Isotope ZAi
(D2/22-amu) (cm/mmole)

12 ‘

C,H, 2.89051 0.29828 3.18879  13,476.3
12 13

c7cH, 2.89051 0.28677 3.17728 13,427.6
13C2H4 2.89051 0.27526 3.16577 13,379.0
12C2H3D 2.52949 0.29828 2.82777 11,950.5
12C13CH3D(C) 2.52949 0.28677 2.81626 11,901.9
13C2H3D 2.52949 0.27526 2.80475 11,853.3
lzcznzoz(d) 2.16847 0.29828 2.46675 10,424.8
12cl3CH2D2(e) 2.16847 0.28677 2.45524  10,376.2
13C2H2D2(d) 2.16847 0.27526 2.44373  10,327.5
12c2HD3 1.80745 0.29828 2.10573 8,899.1
12C13CHD3(C) 1.80745 0.28677 2.09422  8,850.5
13c2HD3 1.80745 0.27526 2.08271 8,801.8
12c2D4 1.44644 0.29828 1.74472 7,373.4
12cl3cu4 1.44644 0.28677 1.73321 7,324.8
1302D4 1.44644 0.27526 - 1.72170 7,276.1

(continued)
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Table XIX (continued)

(a)

(b)

(c)
(d)

(e)

ny, is the number of 12C atoms, which have a reciprocal
mass of U3, that are present in the isotopic species;
n13 and l;3 are similarly defined for the 3¢ species.

See Egn. (287); 1 Dz/g2 = 6022.52 amu-cm3/secz, and
K = (4226.135 amu 2 /D7) cm/mmole.

Any of two isotopic isomers.
Any of three isotopic isomers.

Any of four isotopic isomers.
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Table

XX

CNDO/2 Gas-Phase Infrared Absorption Intensities

of the Isotopes of CH

4

and CF

2 2 2 32
&y (Mol ) &7 (4 &7 (M, or Uy,) gia My,
Isotope EAi(b)
(Dz/gz-amu) (cm/mmole)
12CH4 1.51289 . 0.00639 1.51928  6420.7
13CH4 1.51289 s 0.00590 1.51879  6418.6
12CH3D 1.32394 s 0.00639 1.33033  5622.2
13CH3D 1.32394  .e..... 0.00590 1.32984  5620.1
12CH2D2 1.13498  ....... 0.00639 1.14137  4823.6
13CH2D2 1.13498  .e..... 0.00590 1.14088  4821.5
12CHD3 0.94602 . 0.00639 0.95241°  4025.0
13CHD3 0.94602 s 0.00590 0.95192  4022.9
lzcn4 0.75707  eenunn. 0.00639 0.76346  3226.5
13CD4 0.75707 e 0.00590 0.76297  3224.4
12CF4 s 3.59993 22.32595 25.92588 109,566
13CF4 ....... 3.59993 20.60326 24.20319 102,286

(a) See footnote (a) of Table XIX.

(b) See footnote (b) of Table XIX.



Table XXI

CNDO/2 Gas~Phase Infrared Absorption Intensities

of the Isotopes of CH

3

F

‘EHZ (n HgtpHp) EFZHF 2 (Hy, OF Hy3) ;Eofua QE(a) 2 (b) (ZAi)E(C) (ZAi)T(C)

Isotope I

(Dz/xz'amu) (cm/mmole) s

N

12CH3F 1.21279 0.55665 1.57905 3.34849 0.34806 0.29840 12,680 12,890 !
13CH3F 1.21279 0.55665 1.45721 3.22665 0.33888 0.29053 12,204 12,408
12CHZDF 1.01082 0.55665 1.57905 3.14652 0.32072 0.27669 11,942 12,128
13CH2DF 1.01082 0.55665 1.45721 3.02468 0.31340 0.27038 11,458 11,640
lZCHDZF 0.80886 0.55665 1.57905 2.94456 0.29694 0.25618 11,189 11,361
13CHD2F 0.80886 0.55665 1.45721 2.82272 0.29118 0.25120 10,699 10,868

(continued)



Table XXI (continued)

12

13

CD_F

CD_F

0.60689 0.55665 1.57905 2.74259 0.27773 0.23810 10,417

0.60689 0.55665 1.45721 2.62075 0.27315 0.23418 9,921

10,584

10,086

(a) Calculated based on the experimental (E) equilibrium dipole moment.
(b) Calculated based on the theoretical (T), i.e., CNDO/2-derived, moment.

(c) See (a) and (b) above and footnotes (a) and (b) of Table XIX.

€8T



Table XXII

CNDO/2 Gas-Phase Infrared Absorption Intensities

of the Isotopes of CH2F

2
2 2 2 > 2 (a) () (c) ()

by (nghytnpip) 2807 My B (M, or My g) éga My 2 (23, (23;)

Isotope

(D2/X2-amu) (cm/mmole)

12CH2F2 1.20890 1.40402 5.90944 8.52236 0.44373 0.43607 34,141 34,174
lZCHDF2 0.90692 1.40402 5.90944 8.22038 0.37733 0.37082 33,146 33,173
13CH2F2 1.20890 1.40402 5.45346 8.06638 0.43256 0.42509 32,262 32,293
12CD2F2 0.60495 1.40402 5.90944 7.91841 0.33049 0.32478 32,068 32,092
l3CHDF2 0.90692 1.40402 5.45346 7.76440 0.37014 0.36375 31,249 31,276
13CD2F2 0.60495 1.40402 5.45346 7.46243 0.32557 0.31995 30,161 30,185

(a) See footnote (a) of Table XXI.

(b) See footnote (b) of Table XXI.

{c) See footnote (c) of Table XXI.

8T -



Table XXIII

CNDO/2 Gas-Phase Infrared Absorption Intensities

of the Isotopes of CHF

3

EHZ(UH or UD) 3€F2“F C2(u12 or U13) giazua QE(a) QT(b) (ZAi)E(c) (ZAi)T(c)
Isotope
(Dz/gz'amu) (cm/mmole)
12CHF3 0.90324 2.52527 13.29308 16.72159 0.10884 0.11500 70,208 70,182
12CDF3 0.45199 2.52527 13.29308 16.27034 0.10435 0.11026 68,320 68,295
13CHF3 0.90324 2.52527 12.26737 15.69588 0.10856 0.11470 65,874 65,848
13CDF3 0.45199 2.52527 12.26737 15.24463 0.10412 0.11001 63,986 63,961

(a) See footnote (a) of Table XXI.

(b) See footnote (b) of Table XXI.

(c) See footnote (c) of Table XXI.

S8T
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However, comparisons of total intensities cannot be made between

two isotopic molecules that differ by more than one type of isotopic

* * .
atom, e.q., Aa_lA BbCc vS. AaBb—lB Cc. Thus, even if the former spe

cies is heavier than the latter, the total intensity of Aa_lA*BbCc
could still be greater. This is due to the magnitude of the effective
charge of EA relative to that of EB' and to the relative mass change
in each type of electronically equivalent set of atoms. From Table

XIX it is seen that, for example, the intensity of 12C13CH4 is greater

than that for 13C2H4, because this is a substitution of only one iso-
topic type, 13C for 12C, and the latter molecular species is heavier.
12

has a greater intensity than C.H.D, even though the

However, 13C2H ot

4
former is more massive. This is an example of a substitution of two
. . . 12 13

different isotopic types, C for C and D for H. The percent change
of the total of the reciprocal masses of all the carbon atoms, in going

13 12 .
from C2H4 to 02H3D, is +7.8%, whereas the percent change of the
reciprocal masses of the total hydrogen set is almost twice as great,
~14.4%. Thus, the contribution to the total intensities from the hy-
drogen set is much more pronounced, and its mass drop is too large to
be made up by the mass increase from the carbon set, as can be seen
from Table XIX. In addition to this mass effect, there is also a

2, 2

charge factor involved. Thus, even though EC is 57% larger than EH '
the carbon effective charge is still not large enough to counter the
hydrogen contributions.

For both the ethylene and methane isotopic intensities, the major

contributions to the total intensity come from the hydrogen set. 1In

Table XIX for C2H4, the carbon set contribution varies from about 10-20%
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of that for the hydrogen set. This is due to the effective charge of
carbon in C2H4 (see Table XIV), which is only slightly more than EHr
and to the much smaller reciprocal mass of carbon. 1In methane, the
effective charge of carbon is smaller than that for hydrogen by 55%
(Table XIV). That fact and the small reciprocal mass of carbon tend
to make the carbon contributions to the total intensity of methane
almost negligible.

For the fluorinated methanes, on the other hand, the carbon set
contributes more to the total intensity of each species than do either
the hydrogen or fluorine sets (see Tables XX-XXIII). This is due to
the dramatic increase of the carbon effective charge in the fluorinated
methanes (see Table XIV and Figure 6), while the effective charges of
H and F remain relatively constant. The fluorine set of the first
fluorocarbon of the methyl fluoride series contributes less to the
total intensity of this isotopic series than does the hydrogen set.
However, in the methylene fluoride and the fluoroform series, the
fluorine contribution predominates over that of the hydrogen set.

The non-rotation condition ! is directly related to the recipro-
cal function of the moments of inertia of the isotopic molecule, ac-
cording to Eqn.(296). This is verified by Tables XXI-XXIII for the
polar species. A heavy isotopic substitution near the center of mass
of the molecule will decrease {) by only a slight amount, because the
moments of inertia increase slightly. This is the situation for 13C
substitutions. However, an isotopic substitution with a heavier atom

at a terminal position, away from the principal axes, will increase

the moments of inertia substantially, and thus { would be significantly
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decreased. This occurs for D substitutions in the polar fluoromethanes.
The contributions of ! to the overall intensity is relatively small, how-
ever. The value of ! in the polar species ranges from a maximum of about

F, to 5% in CH.F., and to a

10% of the total charge contributions in CH3 5F

minimum of less than 1% in CHF3.

For the CH3F series, the intensity of the 13CH3__mDmF {m = 0,1,2)

D F species. How-

species is greater than the corresponding 12CH2___m 1

ever, for the other fluoromethane with the same molecular symmetry, CHF3,

, , , , 1 .
the reverse is true, i.e., the intensity of 2CDF3 is larger than that
13

of CHF3. In the methyl fluoride pairs, the contribution of the hydro-

. 1 . . .. .
gen set in the 3C species is the determining factor. However, in the
. . . . 12 ,
fluoroform pair, the contribution of the carbon set in the C species
determines the overall intensity.

The CH2F2 series has characteristics of both the CH3F and CHF3.

The intensities of the methylene fluoride species fall according to

12 13 12
< < .
CD2F2 CH2F2 CHDF2

Thus, the first inequality, 12CD F_< 13CH F

5F5 oFyr is similar to the methyl

fluoride series, where a carbon-12 and two deuterium atoms are substi-

tuted for a carbon-13 and two hydrogen species, respectively, i.e.,

1
12CHD2F < 3CH3F and 12CD3F < l3CH2DF. The last inequality for the
12

methylene fluoride series, 13CH2F2 < CHDFZ, resembles the fluoroform

series, where a carbon-13 and a hydrogen atom are substituted with a

carbon=-12 and a deuterium species, respectively, i.e., 13CHF3 < 12CDF3.
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It should be mentioned that for these polar molecules, the order of
intensities within a series is not at all dictated by the rotational cor-
rection, . In fact, the trend is completely determined by égéuu for
every series. Furthermore, the isotopic variation of intensities for a
polar molecular series is not as pronounced as it is for the non-polar
ethylene and methane series. Thus, the minimum intensity values for the
methane and for the ethvlene series are 50% and 46%, respectively, of
the maximum series values. However, the corresponding values for CHF3,

CH2F2, and CH3F are 9%, 12%, and 22%, respectively.

VI.C.2. Experimental Intensities

The total intensities can also be generated from the "best" ex~
perimental effective atomic charges of Table XVII for C2H4, CH4,and

CH3F. The intensities are calculated according to Egn. (287) and are
tabulated in Tables XXIV-XXVI. It is seen that the trends, i.e., the

order of the isotopic intensities, within each series for the calculated
and the CNDO/2 intensities are in agreement. The agreement between the

calculated and the CNDO/2 values for the ethylene series is very good.

The CNDO/2 intensities for CH, and for CH

4 3F are less than the experi-

mentally calculated intensities, because of the lower CNDO/2 effective
atomic charges for these species.

The total intensities derived from the experimentally measured in-
dividual band intensities for some of the isotopic species of ethylene

and methane, and for the fluorinated methanes, are given in Tables
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Table XXIV

Derived Gas~Phase Infrared Absorption Intensities of the Isotopes of C2H4
from the Experimental Ea's of Table XVII

2 2 (a) © 2
&g (oghgtnphy) &7 (gl o0y i, 5) ggoc Mo
Isotope ZAi(b)
(Dz/gz-amu) {cm/mmole)
12
C,H, 2.66872 0.38002 3.04874 12,884.4
12 13
c“cH, 2.66872 0.36536 3.03408 12,822.4
13c2H4 2.66872 0.35069 3.01941 12,760.4
12C2H3D 2.33540 0.38002 2.71542 11,475.7
12c13cn3n(°) 2.33540 0.36536 2.70076 11,413.8
13c2H3D 2.33540 0.35069 2.68609 11,351.8
12C2H2D2(d) 2.00208 0.38002 2.38210 10,067.1
12C13CH2D2(e) 2.00208 0.36536 2.36744 10,005.1
13C2H2D2(d) 2.00208 0.35069 2.35277 9,943.1
12C2HD3 1.66877 0.38002 2.04879 8,658.5
12cl3cno3(°) 1.66877 0.36536 2.03413 8,596.5
13
CHD, 1.66877 0.35069 2.01946 8,534.5
12c204 1.33545 0.38002 1.71547 7,249.8
12 13
c™“cp, 1.33545 0.36536 1.70081 7,187.9
13c2D4 1.33545 0.35069 1.68614 7,125.9

(continued)
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Table XXIV (continued)

(a)
(b)
(c)
(4)
| (e)

See

See

See

See

See

footnote

footnote

footnote

footnote

footnote

(a)
(b)
(c)
(4)
(e)

of Table

of Table

of Table

of Table

of Table

XIX.

XIX.

XIX.

XIX.

XIX.
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Table XXV
Derived Gas—-Phase Infrared Absorption Intensities of the Isotopes of CH4
from the Experimental Ea's of Table XVII
£ 2(n +n ) £ 2( or ) gg 2 IA (b)
u PeHa oM c M12°FH3 oo Mo i
2
Isotope (D /gz-amu) {(cm/mmole)
12
CH4 2.29246 0.01920 2.31166 9769.4
13
CH4 2.29246 0.01772 2.31018 9763.1
12
CH3D 2.00614 0.01920 2.02534 8559.4
13
CH3D 2.00614 0.01772 2.02386 8553.1
12
CH2D2 1.71982 0.01920 1.73902 7349.3
13
CH2D2 1.71982 0.01772 1.73754 7343.1
12
CHD3 1.43349 0.01920 1.45269 6139.3
13
CHD3 1.43349 0.01772 1.45121 6133.0
12
CD4 1.14717 0.01920 1.16637 4929.2
13
CD4 1.14717 0.01772 1.16489 4923.0

(a)
(b)

See footnote (a) of Table XIX.

See footnote (b) of Table XIX.



Table XXVI

Derived Gas-Phase Infrared Absorption Intensities of the Isotopes of CH_F

from the Experimental Ea's of Table XVII 3
2 2 2 (a) >, 2 (b)
g (gHytophy) & Mg b (Hyp OF Hy3) iga o, f 2a;

Isotope |

(D2/22~amu) {cm/mmole) -

O

w

12CH3F 1.81103 1.21779 2.18453 5.21335 0.34806 20,561 1
13CH3F 1.81103 1.21779 2.01597 5.04479 0.33888 19,888
12CH2DF 1.50944 1.21779 2.18453 4.91176 0.32072 19,402
13CH2DF 1.50944 1.21779 2.01597 4.74320 0.31340 18,721
12CHD2F 1.20785 1.21779 2.18453 4.61017 0.29694 18,228
13CHD2F 1.20785 1.21779 2.01597 4.44161 0.29118 17,540
12CD3F 0.90626 1.21779 2.18453 4.30858 0.27773 17,035
13CD3F 0.90626 1.21779 2.01597 4.14002 0.27315 16,342

(continued)



Table XXVI (continued)

(a)

(b)

See footnote (a) of Table XIX.

See footnote (b) of Table XIX.

o1
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XXVII-XXIX. 1In the literature, either Ai or Pi are given for the i-th
absorption band intensity. In the latter case, the Fi are converted to
Ai through the frequency of that band, according to Egn.(214).

From Table XXVII it is seen that the experimental intensities of
the cis and trans isomers of the dideutero-ethylene isotope are not
equivalent. On the other hand, the CNDO/2 intensities and those cal-
culated from the "best" experimental Eu's are the same for these iso-~
mers. This is the situation because of Eqgn. (287); i.e., gu is the ef-
fective charge of an atom, considered individually, without regarding
its relationship to the other atoms. Thus, all the hydrogens (or
deuteriums) on ethylene have equivalent effective charges. In addition,
it should be remembered that Egn. (287) is based on two assumptions: the
harmonic oscillator approximation and the linear dipole moment approxi-
mation. However, the mechanical and electrical anharmonicities, which
are present during the vibrational motions, may lead to different val-
ues for the cis and trans isomeric intensities.

From Tables XXVITII and XXIX, one can see that as the methane mole-
cule becomes more fluorinated, the CNDO/2 intensities, in general, bet-

ter approximate the experimental values.

VI.C.3. Sum Rules for the Intensities

Since the total intensities within an isotopic series vary with the
reciprocal masses uu, while the Ea's remain constant (see Egn.287), first

order sum rules can be written among the total intensities of an isotopic



Table XXVII

Experimental Gas-Phase Infrared Absorption Intensities (in cm/mmole)

of Some of the Isotopes of C

2Ha

Experimental
Thorndike et.al.(a) Hammer(b) Golike et.al.(C)
Isotope Derived(d) CNDO/Z(e)
Fundamen- Fundamen- Fundamen-
Fundamen- Fundamen- Fundamen-
tals and tals and tals and
tal Bands tal Bands tal Bands
Overtones Overtones Overtones
C2H4 18,230 19,350 12,330 14,480 12,846 12,961 12,884 13,476
cis—C2H2D2 cesene  esaeas ceeeee ceeeee 10,988 11,322 10,067 10,425
trans—C2H2D2 eesece  eeseas cecres  saases 9,841 10,145 10,067 10,425
C2D4 cesene  eeeans ceseee  eeeaas 6,678  ...... 7,250 7,373

(continued)

961



Table XXVII (continued)

(a)
(b)
(c)
(@)
(e)

See

See

See

See

See

Reference (89).
Reference (132).
Reference (129).
Table XXIV.

Table XIX.

L6T



Table XXVIII

Experimental Gas-Phase Infrared Absorption Intensities (in cm/mmole)
of Some of the Isotopes of CH4

Experimental
perivea‘?  cwpos2 ‘™)
Isotope
Rollefson Armstrong Heicklen Hiller !
.. (D) Welsh
and Thorndike ot a1(c) and and and Average =
Havens (8) at. Welsh (4) Ruf (€) straley (f) 8
i
CH4 10,578 10,088 11,560 10,887 10,312  ..... 10,685 9,769 6,421
CH3D cssees  eessss eeesse  semess 9,469 8,370 8,920 8,559 5,622
CH2D2 .............................. 7,013 7,013 7,349 4,824
CHD3 cessen ceeces cecece  eeseas 5,893 5,856 5,875 6,139 4,025
CD4 ..... e eeeses  seeses seeses 5,210  ..... 5,210 4,929 3,227

(continued)



Table XXVIIT

{continued)

(a)
(b)
(c)
(a)
(e)
(f)
(9)

(h)

See

See

See

See

See

See

See

See

Reference (133).

Reference (134).

References (135) and (136).
Reference (137).

Reference (130).

Reference (131).

Table XXV.

Table XX.

661



Table XXIX

Experimental Gas-Phase Infrared Absorption Intensities (in cm/mmole)

of the Fluoromethanes

Experimental
. (9) (h)

Isotope Derived CNDO/2

Barrow . . Schatz

., and McKean(b) zeril%g) 2:r:;l%g) Schwin(e) and(f) Average

McKean (2) ) . Hornig
CH3F 20,769 19,812 veessss  seessse  sesssss eeseess 20,291 20,561 12,680
CH2F2 ............ 44,203 teesens ecesanre eeeeses 44,203  ..... . 34,141
CHF3 ceenes e esee ceeaes 101,222  ...... . ceassee 101,222 ceenas 70,208
CF4 ceevee  eeeses ceesse  seessee 121,013 102,613 111,813 ceeene 109,566

(continued)

00¢



Table XXIX (continued)

(a)
(b)
(c)
(a)
(e)
(£)
(9)
(h)

See

See

See

See

See

See

See

See

Reference

Reference

Reference

Reference

Reference

Reference

(138).
(139).
(140).
(141).
(142).

(92).

Table XXVI.

Tables XX - XXIIT.

T02
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series of non-polar molecules. Sum rules could also be written for po-
lar molecules, except that these rules would not involve the total inten-
sities, ZAi, but would employ the effective charge term Zgazua. The ef-

fective intensity (143) is denoted by

2

N
T =RuE,

’ (343)

which is equal to ZAi(g) for non-polar molecules, because £ = 0. Thus,
for a molecular species consisting of, e.g., a equivalent A atoms and b
equivalent B atoms, i.e., AaBb, one can write the following general

first-order intensity sum rule:

] ] + ] 1
TR R iB 5By * TR, kB Ppg)

= I(A'A B'B _n) + I(A' ) (344)

)
ma-m nb pAa-pB qu-q

where pZi+k-mgzj+ £ -n;,and i, Xk, m, p=1, 2, ..., a, and

3, 8, n, 9 =1, 2, ..., b. A' and B' represent the isotopes of A and
B, respectively. The validity of Eqn. (344) can be verified by the use
of all the intensity tables for the 13C and/or deuterium substitutions
in the ethylene, the methane, and the fluorinated methanes isotopic

series.
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VI.D. Calculation of the Isotope Effect on the
Zero Point Energy Shift upon
Condensation

Since the effective atomic charges Ea and the molecular intensi-
ties ZAi have been evaluated, the B term of Eqn. (145), which represents
the isotope effect on the zero point energy (ZPE) shift upon condensa-
tion, can be determined according to Eqns.(217) and (303). These two
equations are very important for this investigation and thus they are

rewritten below:

[3N—6
3 he C o
B= —u — - =4 LA (9] (345)
c2m > Mok Y% §° i+
where
3N-6 N OTr N 5
8 LA (g)]| = —= |ZE “Ou_ ~ 80 . (346)
R § 2 o, o
i 3c o

The only remaining quantities that are needed to be evaluated are Wy
0, and S, which represent the characteristic frequency of an isotopic
series, the molecular polarizability, and the intermolecular separation,

respectively. The Lennard-Jones and Ingham crystal potential constant,

C, is given in Egn. (197).
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VI.D.1l. Characteristic Frequency,(uo

The isotope-independent values for the Bigeleisen and Goldstein
characteristic frequency were calculated for the molecular species
studied in this investigation, according to Eqgn.(204), and are tabulated

in Table XXX. wo is dependent on the largest frequency of the isotopic

series. Thus, for the C2H4, CH4,CH3F, CH2F2, and CHF3 molecules, the

largest vibrational frequency in these species is due to the C-H bond
stretch, which, as can be seen from Table XXX, is fairly constant. The

harmonic frequency involving a C-H stretch is approximately 3100-3200

cm ~ . Therefore, for the species containing a C-H bond, wo is about

2200 cmnl. However, for a molecule without any C-H bonds, such as CF4,

wo is drastically reduced by a factor of 2.3 from the wo of a molecule

that contains a C-H bond.
Since the harmonic frequencies are generally larger than the fun-

damental values, the wo values that were used for the fluoromethanes

were adjusted accordingly.

VI.D.2. MolecularPolarizabilities and
Intermolecular Separations
in the Liguid Phase

The value for the intermolecular separation S is difficult to ob-
tain, unlike that of the molecular polarizability &.. The nearest-neigh-

bor distance between liquid molecules may be obtained from various inter-
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Table XXX

Bigeleisen and Goldstein's Characteristic Frequencies,wo,for
Ethylene, Methane, and the Fluorinated Methanes

w 27172, w. Used
max max 0
Species
(cm_l)
C,H, 3110 (3 2199 2200
CH, 3154 P 2230 2230
CH,F 3006 ') 2126 2200
(c)
CH,F, 3013 2131 2200
(c)
CHF , 3035 2146 2200
CF, 1283 (% 907 950

(a) Harmonic frequency taken from Reference (53).

(b) Harmonic frequency taken from References (144)
and (145).

(¢) Fundamental frequencies of Reference (146).
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molecular properties that yield information about the molecular diam~
eter. This diameter may be obtained from each of the various proper-
ties that are listed below (82, 83): gas viscosities, self-diffusion,
van der Walls' b, molecular refractions, closest~packing structures,
second virial coefficients, and Joule-Thomson coefficients. In ad-
dition, a different value may be obtained by each of these methods,
depending on the particular intermolecular potential energy forﬁ that
is uséd. Thus, all these combinations tend to make a proper evaluation
of S rather uncertain. This is particularly true since it is Sfethat
is needed and not simply S: a one percent uncertainty in S will create
a six percent uncertainty in 5_6. Therefore, S was not determined
directly, but the indirect approach of Wolfsberg (28) was
employed.

For a molecular crystal, the energy of cohesion is the heat of va-
porization. Thus, from the London dispersion energy, Wolfsberg (28)

obtained for a/SG,

= — 2R (347)

where I is the first ionization potential of the molecule. The isotope-
6 . . A .
independent values of 0/S  for the molecules studied in this investiga-

tion are presented in Table XXXI.
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Table XXXI

Evaluation of Ot/s6 for Ethylene, Methane, and
the Fluorinated Methanes

Normal JAY: |
. . . vap (d) (e) 6
Species Boiling Point at n.b.p. I o o/S

-3

°c) (kcal/mole) (eV) (83) (cm )
C,H, ~103.7'® 3.221 (@ 10.5 4.26 8.6 x 10°1
CH, ~161.5(®) 1.956 @) 12.6 2.60 7.2 x 10°%
CH,F - 78.4® a.1 &) 12.85 2.67 13.8 x 10°%
CH,F, - 51.6® s.6 (© 12.9  2.74 15.0 x 10%1
cHF - g2.0(@ 4.007 @ 13.0 2.81 12.8 x 10°1
cF, ~128.0 (@ 2.859 (@) 13.0 2.89 8.9 x 1021

(a) See Reference (147).

(b) See Reference (124).

{(c) Calculated from Kistiakowsky's rule, Reference
(158), and from the data for CHF. and CF, of
(a) above.

(d) See Reference (124).

(e) See References (82) and (159).

4
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VI.D.3. Calculations from Effective Charges and
from Experimental Intensities

The B values for the ethylene, the methane, and the fluormethane
isotopes have been calculated, according to Egn.(345), in three ways:
using the available experimental total intensities, the "best" exper-
imentally derived effective atomic charges, and by using the CNDO/2
quantum mechanically derived effective atomic charges. These values
have been tabulated in Tables XXXII~XXXV, and are compared with the
available values obtained experimentally from vapor pressure measure-
ments. In these tables, the B value for an isotopic species is given

. . . . . 1 12
relative to the lightest isotope in the series. Thus, 2C2H4, CH

12CH3F, 12CH2F2, 12CHF3, and lzCF4 are the basis molecules for their

4l

respective series.

From Table XXXII it is seen that the B values for the isotopic
ethylenes are best reproduced by the CNDO method. However, for the
isotopic methanes, Table XXXIII, the experimental total intensities
yield the best results for the calculated B values, as compared with
the experimentally determined B's.

It is seen from Tables XXXII and XXXIII that Egn. (345) consistently
predicts low results for the B values of methane and ethylene. The ex-
perimentally obtained total intensity does not depend on the quantum
mechanical assumptions and approximations, yet this experimental data
also leads to the low B values. Thus, it is apparent that Egn. (345),
although ideally proper, does not reflect additional corrections that
are needed to account for the discrepancy in the B values by a factor

of 1.3-2.8. However, it is gratifying that the present formulation of



Table XXXII

B Values for the Isotopic Ethylenes*

Calculated Experimental
From Effective Charges
From Vapor B (exp) B (exp) B (exp)
Experimental Pressure B(a) B(b) B(c)
Intensities "Best" Measurements
Species (a) Experimental CNDO/2
(b) ()
12ClBCH4 cees 0.1012 0.0794 0.281 ceee 2.78(f) 3.54(f)
13
C2H4 cves 0.2024 0.1588 ceeee ceen ceae cees
12C2H3D ceee 2.2999 2.4910 3.687 ceee 1.60 1.48
12C13CH3D 2.4011 2.5704
13C2H3D 2.5023 2.6498 ...
trans-12C_H_D 4.45 4.5998 4.9821 6.713 1.51 1.45 1.35

2

(continued)

60¢



Table XXXII (continued)

cis-12C2H2D2 2.56(®) 4.5998 4.9821 6.966 e 1.51 1.40
gem-12C2H2D2 ... 4.5998 4.9821 7.081 ... 1.54 1.42
12C13CH2D2 e 4.7010 5.0615  .en... e e e
13: v p 4.8022 5.1409
JH,D, e ) ) . e e e
l2c2m>3 ... 6.8997 7.4731 10.284 e 1.49 1.38
12C13CHD3 e 7.0009 7.5525 . e e e
13C2HD3 e 7.1021 7.6319 ... e s e
12c2D4 10.0 9.1996 9.9642 13.124 1.31 1.43 1.32
12c13c134 e 9.3008 10.0436  .un... e e e
3. p . 9.4020 10.1229 .. e e e
2P
Average 1.41 1.50 1.39

(continued)

OT¢



Table XXXII (continued)

(a)
(b)
(c)
(@)
(e)

(£)

. . . . 2
B in units of OK; basis molecule is 1 C.H, .

See Table XXVII.

See Table XXIV.

See Table XIX.

See References (53), (58),
This value is rejected.

Not used for the average.

24

(59), and (79).

TTC



Table XXXIII

B Values for the Isotopic Methanes*

Calculated Experimental

From Effective Charges

From Vapor EE_X-Pl B (exp) B (exP)
. B(a) B(b) B(c)
Experimental — Pressure a '
Intensities . Measurements( )
. Experimental CNDO/2
Species (a) N
(b) (o) X
!
13
CH4 e 0.0085 0.0053 0.535 ceen ceee oo
12CH3D 2.45 1.6317 1.0770 2.995 1.22 1.84 2.78
13CH3D e 1.6402 1.0823 ..., ceee e ceee
12CH2D2 5.00 3.2635 2.1540 5.854 1.17 1.79 2.72
13CH2D2 ceee 3.2719 2.15¢4 ..... ceee e cens
12CHD3 6.56 4.8952 3.2310 8.687 1.32 1.77 2.69

(continued)



Table XXXIII (continued)

13

CHD3 aeee 4.9037 3.2364  ..... cese ceen ceen
12CD4 7.45 6.5270 4.3080 11.097 1.49 1.70 2.58
13CD4 cese 6.5354 4.3134 ... e oo oo

Average 1.30 1.78 2.69

(a)
(b)
(c)

(d)

B in units of oK; basis molecule is 120H .
See Table XXVIII.

See Table XXV.

EC = (0.380 D/X was used according to section VI.B.4.a, and EH is from Table XIV,

See References (55), (148), and (149).

£T1¢
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Table XXXIV

Calculated B values (in oK) for the Isotopes

f CH_F*
o H3

Species

l3CH F

12CH DF

13CH DF

2
1 CHD_F

l3CHD F

12CD F

13CD F

From Effective Charges

"Best"

Experimental CNDO/2
(a) (b)

1.7632 1.2471
3.0364 1.9335
4.8206 3.2015
6.1122 3.9062
7.9147 5.1900
9.2377 5.9288
11.0533 7.2283

* Basis Molecule is 12CH3F.

{(a) See Table XXVI.

(b) See Table XXI.



Calculated B

Table XXXV

215

o
Values (in K) for the Isotopes of

CH

2F2, CHF

3

, and CF

4

(a)

Species Basis Molecule - B from CNDQ/2
12 12
CHDF2 CH2F2 2.8335
13 12
CH2F2 CHZFZ 5.3508
12 12
CD2F2 CH2F2 5.9033
13 12
CHDF2 CH2F2 8.2356
13 12
CD2F2 CH2F2 11.3338
12CDF3 12CHF3 4.5871
13CHF3 12CHF3 10.5307
13CDF 12CHF 15.1185
3 3
13 12
CF4 CF4 28.5187
(a) See Tables XXII, XXIII, and XX for

methylene fluoride, fluoroform, and
tetrafluoromethane, respectively.
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the B-factor has yielded better than merely order-of-magnitude agree-~

ments.

VI.D.4. Pirst Order Sum Rules for the B's

From Egns. (345) and (346), and from Tables XXXII and XXXIII, it is
seen that for non-polar molecules (2 = 0), the B value for an isotopic
pair is proportional to the isotopic difference(s) between the recip-
rocal masses of the substituted atom(s). Thus, numerous first order
sum rules can be written for the molecular species of a non-polar iso-
topic series. Taking ethylene as an example, sum rules such as the ones

below can be written:

B(12C H_D) + B(12C13CH ) = B(12C13CH D) , (348)
23 4 3
B(01s-CZH2D2) = B(gem-C2H2D2) = B(trans—CzﬂzDz) ’ (349)
and
4
B(C2D4) = EJB(CZHD3) = 2B(C2H2D2) = 4B(C2H3D) r (350)

where each B is relative to the lightest isotopic molecule of the se-
. . 1 . .
ries, i.e., the basis molecule, 2C2H4. These relationships demon-

strate the basic rules for the B values of a non-polar molecular
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series: (1) the B values of successive isotopic substitutions are
additi&e and cumulative, (2) the B values of equivalent isotopic iso-
mers are equal, and (3) the rule of the mean among B values of succes-
sive isotopic substitutions at equivalent positions. As seen from
Table XXXII, the experimental results closely satisfy these relations.
However, these relations are not exactly followed, because Egn.(345)
was derived on the basis of an isctropic external field, while the ac-
tual B value is dependent on the symmetry-allowed interactions be-
tween the external molecular motions and the internal modes of vib-
ration (53).

From the intensity sum rule, Eqn(344), and from Egns. (345) and
(346), one can derive the following general sum rules for the iso-
topic species of the non-polar molecule Xny, which consists of X equiv-
alent Xatoms and yequivalent Y atoms:
'

BOX' ;X Y'Y )+ B

ix=-i" 7y kxx-kY rYy-r)

= B(X' X Y'Y ) + B(X' X ) (351)

Y'y
mx-m n y-n p X-p q9YyY-gq
and

Y ) = r B(X X' . (352)

] ] YYI
q B(X X y-r 1K il y-o

Y
x=-k r

Each B value is relative to the basis molecule of this isotopic series,

X'XY'y, where X' and Y' are the lighter isotopes. The subscripts of the
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above relationships are given by p=Z i+ k - m, g £ j + r - n; and
i, k, m, p=1, 2, vo., X, and j, r, n, =1, 2, ..., V.

The fact that the present formulation of the B-factor rigorously
leads to these sum rules is a flaw, rather than a success, of the pre-
sent treatment. This is because this formulation did not include the
internal-external interactions among the real liquid molecules. Thus,

the sum rules in the B values must be followed only approximately (53).
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VI.E. Molecular Properties that Increase the
Isotope Effect on the Zero Point
Energy Shift upon Condensation

From the previous results, the various isotopic dependent and in-
dependent atomic and molecular properties that tend to increase the B
value for an isotopic pair can be deduced. Consequently, these prop-
erties will also increase the inverse vapor pressure isotope effect.
The following factors, each of which will increase the isotope effect
on the zero point energy shift upon condensation by varying degrees,

will be analyzed in light of Egns.(345) and (346).

VI.E.1 1Individual Properties

VI.E.l.a. Large number of highly polar bonds

From Eqns. (345) and (346), one can see that the B value for an
isotopic pair is, in part, directly proportional to the square of the
effective charge(s) of the isotopically substituted atom(s). The ef-
fective atomic charge Ea increases in magnitude if the molecule pos-
sesses a large number of highly polar bonds. This can be seen from
Table XIV, where the effective charges of all the atoms of a molecule
increase as the number of C-F bonds increases. As discussed in sec-
tion VI.B.4.a., Figure 6 showed that the greatest increase in the ef-
fective charge occurs for the central atom, i.e., the atom that is in-

volved with many of these polar bonds. The increase in the effective



- 220 -

charge of the central atom would be more apparent if highly electroneg-
ative atoms or groups of atoms are substituted on a weakly electroneg-

ative element. Thus, the carbon atom in CF, has a greater effective

4
charge than the carbon in CC14. Furthermore, one would also expect
that Si in SiF4 would have an even greater effective charge than C in

CF4 due to the lower electronegativity of Si. Therefore, the greater
electronegativity difference for the Si-F bond, as compared with the
C~F bond, results in SiF4 having more=polar bonds. This leads to a
strong electron-withdrawing inductive effect, which would yield a very
large effective charge on Si during the vibrational motions of the tet-
rafluorosilicon molecule.

From Tables XXXII-XXXV, it is therefore seen that the B value for
a single l3C/12C substitution is greatest for B(13CF4Lvthe fully
fluorinated methane (Table XXXV). The reason for this is that, of all

the fluoromethanes, the CF_ species has the largest effective charge on

4
carbon. Similarly, for a single D/H substitution, B(lZCDF3) would have

the largest B value, because this species has the largest effective

charge on hydrogen.

VI.E.2.b. High molecular weight

Another way of looking at the B values is through Eqgn. (345). The
B value for an isotopic pair is, in part, proportional to the difference
between the infrared absorption intensities of the two isotopic mole-

cules. Thus, as the intensities of isotopic species decrease within a
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series, the B values (relative to the basis molecule of that series) in-
crease. As can be seen from Tables XIX-XXIII, the intensity will gener-
ally (but not always) decrease, as the molecules within an isotopic se-

ries become more massive. Thus, in the majority of cases, the B values

for an isotopic series will increase as the molecular mass increases.

This can be verified by Tables XXXII~XXXV.

VI.E.l.c. Non-polar (preferably) or massive molecule

According to Egns. (345) and (346), the B value will be decreased
from the effective charge term Zgazéua by an amount equal to 6f. This

isotopic difference, &, is determined through
80 = Q(basis) - 2 20, (353)

where Q(basis) is the non-rotational correction term for the basis mole-
cule, which is the lightest isotopic species of the series. As can be
seen from Eqn. (296), Q is directly related to the square of the magni~

tude of the equilibrium dipole moment, P 2, and inversely related to the

0
moments of inertia of the isotopic molecule.

Thus, for a non~polar molecule, Q = 0 for all the isotopic species
of that molecule, because the isotope independent P0 vanishes. Hence,
8Q = 0 and the B value will not be decreased by this amount.

If the molecule is polar, Q # 0,  but &0 could still be a negligible

amount if the molecule is glightly polar. In addition, since () decreases
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with increasing moments of inertia, 2 will usually decrease as the molec-
ular mass increases within an isotopic series, as P0 remains constant.
Consequently, if @ itself is small, then the difference between two small
Q's, 62, will also be small. This can be seen from the ) values of

Table XXIII for the CHF3 series, which is more massive than the CH3F or
the CH2F2 series, and thus has small Q and & values.

Even if the molecule is strongly polar, the value of {} can be mini-
mized if the isotopic substitution in the basis molecule occurs near the
center of mass of that molecule. This is especially true if the basis
molecule is massive. Thus, the isotope effect on the non-rotational
correction, 6§}, for a 12C/13C substitution is, in fact, small, whereas,
8 for an H/D substitution is significantly larger (see Tables XXI-XXIII).
An isotopic substituion near the center of mass of the basis molecule
will alter the moments of inertia only slightly and thus §Qwill be
minimized.

The 02 term can be highly significant when comparing the B value of
13CH2F2 with 12CD2F2 and with 13CHD2F. Therefore, for the considerations

of only the effective charge and the non-rotational contributions to the

B factor, one obtains

13 13 13
B(X) - B(CH,F,) = (62(x) ~ 8z("TcuF, ) - (820 - 6 CH,F,)),

(354)

where X could be either 12CD2F2 or 13CHD2F,

— 2 B 2 ) _ 2
8z (X) = gga Gua(x) = gga Ua(ba31s of X) gEa ua(x) ' (355)



- 223 -

and

§Q(X) = Q(basis of X) - Q(X) . (356)

The basis molecule for 13CH2F2 and for 12CD2F2 is 12CH2F2, while the

basis molecule for 13CHD2F is 12CH3F. These values have been tabulated

in Table XXXVI.

The following discussion will involve only the intensity contribu-
tions to the B value. From Tabie XXXVI, it is seen that both B(lZCDze)
and B(13CHD2F) would tend to be larger than B(13CH2F2), due to the con-
tributions from the effective charges (see item 3. in Table XXXVI).
However, the non-rotational term (see item 4. in that table), which
must be subtracted from the effective charge term, according to Eqgn.(354),

almost nullifies the charge contributions. Thus B(12CD2F2) - B(13CH2F2)

« 0.14797 -~ 0.10207 and B(13CHD2F) - B(13CH2F2) « 0.06979 - 0.04571.
Consequently, even though the non-rotational term §) does not reverse
the trend exhibited by the effective charge contributions,  may still
be very significant, at least as far as reducing the charge contributions.
Furthermore, the ) term may counteract and actually predominate over the
£ term, although this effect did not occur with the species studied in
this investigation.

It should be mentioned that 69(13CH2F2), as seen from Table XXXVI,

is rather small. This is a result of an isotopic substitution near the

center of mass of the basis molecule 12CH2F2.
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Table XXXVI

Comparison of the Contributions of the Effective Charge¥*
and the Non-Rotational Term* to

B(lZCD F), B(13CHD F), and

272 2
13
B("7CH,F,)
X
ouantity ®) 12 o 13,0 - 13, o
2°2 2 272
(a) (b) (a)
1. 82 (X) 0.60395 0.52577 0.45598
2. 82(X) 0.11324 0.05688 0.01117
13

3.62(x) - 62¢ CH2F2) 0.14797 0.06979 i eee...
4.80(x) - 69(13CH2F2) 0.10207 0.04571L  eurnn..
5. 3. - 4. 0.04590 0.02408  aeuunu..

2
* Units are D/X camu.

2
(a) Basis molecule is 1 CH2F2.

(b) Basis molecule is 120H3F.

(c) See text.
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VI.E.l.d. Non-hydrogenous molecule

According to Eqgn. (345), the B value would increase if the char-
acteristic frequency wo of the entire isotopic series is small. From
Egn. (204), therefore, a small wmax' the maximum harmonic vibrational
frequency of the lightest isotopic molecule of the series, would yield
a small characteristic frequency.

In section VI.D.1l and Table XXX, it was observed that the wo for

a molecule that contains at least one C~H bond, i.e., CH nFn' where

4-

n=20,1,2, or 3, is more than twice as large as the characteristic

frequency of CF Thus, with respect to the characteristic frequency

4"

of a species, the B value for CF, isotopic pairs would be increased by

4

a factor of approximately 2.3 over the B value for the CH4—nFn isotopic
pairs. Thus,everything else being the same, non-hydrogenous molecules

would tend to have a larger B value than hydrogenous molecules.

VI.E.l.e. Closely packed liquid molecules

The B value for an isotopic pair, according to Egn. (345), is direct-
ly related to the Lennard-Jones and Ingham crystal potential constant C,
and inversely related to the sixth power of the nearest-neighbor dis-
tance S. The parameters C and S are taken to be isotope-independent,
at least to the first approximation, and involve the liquid molecules of
the basis species, which represents the isotopic pair in question. C,

in part, is a measure of the number of molecules that surround any
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particular liquid molecule, i.e., the coordination number of a reference
molecule in the condensed-phase. Thus, as the liguid molecules attain
a close-packed structure, the number of neighbors about a reference mol-
ecule will increase C and thus B. In addition, as the condensed-phase
molecules become more closely packed, the nearest-neighbor intermolecu-
lar distance S decreases. A decrease in S would also contribute to the
increase of the B value, the isotope effect on the ZPE shift upon conden-

sation.

VI.E.2. Resultant Property: Stronger Dispersion
Forces in the Ligquid Phase between the
‘Lighter Molecules than between the
Isotopically Heavier Molecules

As discussed in Section III.E, the zero point energy (2PE) is low-
ered upon condensation of the gaseous molecules. This energetically
more stable state is due to the (attractive) van der Waals forces between
the liquid molecules. Of these forces, however, only the dispersion
force is isotope~dependent (section III.F). Consequently, when consider-
ing the isotopic difference between the ZPE shifts upon condensation,
only the dispersion forces need to be considered with this overall ef-
fect. The isotope effect on the dispersion forces in the liquid phase
can be regarded as being caused by the molecular properties that were
discussed in the previous section. Therefore, the following section
will analyze the net result of the isotope effect on the ZPE shift upon

condensation in terms of the isotopic difference between the dispersion
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forces.

If an equation similar to Eqgn. (199) is written for a phase shift

rather than for an isotopic difference, then

3N-6 , 1 3n-6
Lo, 8 —5—5 o= LM, (357)
i 1t g% i

where "A" represents a condensed-phase property minus the gas-phase prop-
erty, and is given by Egn. (148). Egn. (198) represents the sum of the
shifts of the vibrational eigenvalues, where these shifts are caused by
all the intermolecular forces in the liquid. Substituting Egn.(198)

into Egn. (357) will yield
3N-6 3N=-67q2 12
oP
-h%A(sz) = Iy, e-—2_E 0% 5 {————] , (358)

where A(ZPE) represents the zero point energy shift upon condensation.
From Egns.(237) and (303), it is seen that the intensity of the lighter

isotope (primed) is greater than the intensity of the heavier species

{(unprimed), i.e.,

3N=-6 (., 3N~6( .+ 32
oP ap
L {BQ' ] > I {———BQJ . (359)

i

Therefore, from Egns. (358) and (359), one obtains
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A(ZPE) E(ZPE)Z - (ZPE)g <0, (360)

which implies that the attractive intermolecular forces in the liquid
state (and not the repulsive forces) predominate, and thereby cause the
ZPE of the liquid to decrease from its original value in the gas phase,
where the intermolecular forces are assumed not to exist.

From the previous arguments it can be seen that the B value will
always be positive. Thus, using Egns.(145) and (358)~(360), one obtains

for B

> 32 > 42
B <« A(ZPE) - A(ZPE)' « [gg, } - tgg—} >0 . (361)
i

The previous relationship imples that

A(zZPE) > A(ZPE)' (362)

or
((sz)g - (zpE) ) < [(ZPE)g - (2zPE),) " . (363)

Thus, the dispersion forces of the van der Waals (attractive) intermolec-
ular forces between the lighter liquid molecules are greater than those
forces between the liguid molecules of the heavier isotope. For a large

B value, therefore, this difference should be as large as possible, i.e.,
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the dispersion forces between the light molecules should be greater
than the dispersion forces between the heavier liquid species.

A pictorial representation of this effect is given in Figure 9.
It is seen from this figure that the ZPE of the gas phase is greater
than the liquid phase value, for both isotopes, according to Eqgn. (360).
This implies that the attractive intermolecular forces in the liquid
phase decrease the ZPE. However, since the intermolecular dispersion
forces between the lighter molecules are greater than those between
the heavier species, the shift of the ZPE for the lighter isotope is

greater than for the heavier species (see Egn.(363)).
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Figure 9. Isotope effect on the zero point energy
(ZPE) shift upon condensation.
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VII. CONCLUSION

The isotopic difference between the zero point energy (ZPE) shifts
upon condensation, the Bigeleisen B~-factor, was expressed in terms of
atomic and molecular properties. This isotope effect was shown to be
directly related to the effective charge(s) of the isotopically substi-
tuted atom(s). The effective charges of the atoms of ethylene, methane,
and of the fluorinated methanes were calculated by means of a modified
CNDO/2 quantum mechanical computer program. Satisfactory agreement
has been obtained between the theoretically derived effective atomic
charges of a molecule, and those obtained from the experimental total
infrared absorption intensities of the particular molecular species.
Subsequently, the isotope effect on the change in the ZPE upon conden-
sation was calculated from the effective atomic charges and other gas-
eous and liquid molecular properties. The theoretically calculated
Bigeleisen B-factors for the molecules mentioned above compared well
with the available experimental values.

The isotope effect on the ZPE shift upon condensation is due to
the stronger (attractive) dispersion forces in the liquid phase between
the ligher molecules than between the isotopically heavier molecules.
This effect can be increased by the following molecular properties: (1)
large number of highly polar bonds (especially if the central atom is

isotopically substituted), (2) high molecular weight, (3) non-polar
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molecule (preferably), or a massive molecule with isotopic substitution
near the center of mass, (4) non-hydrogenous molecule, and (5) closely
packed liquid molecules.

Future research in condensed phase isotope effects and in infrared
absorption intensities (i.e., effective atomic charges) will be dis-
cussed below.

The isotope effect on the ZPE shift upon condensation can be in-
vestigated by means of the gas and condensed phase "atomic force para-
meters," Aa and Aa 2

B

isotope~independent force constants permit interatomic interactions

of Egns. (103) and (106), respectively (155). These

(while the present effective charge treatment does not), which would
explain the non-equivalent Bigeleisen B-factors of isotopic isomers.

In addition, the atomic force parameters would significantly reduce the
number of idependent force terms that are involved with isotope effect
studies, compared with the usual number of force constants.

The effective atomic charges can be theoretically calculated by
means of quantum mechanical computer programs other than CNDO/2, which
was used for the present calculations. The effective charges of each
atom within a homologous series can be determined in order to find a
general quantitative relationship between the effective charge on an
atom and the electronegativity difference between that atom and the atom
that is bonded to it. Thus, if this relationship were known, then the
effective charges could be determined for complex atoms that are not

amenable to quantum mechanical calculations.
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VIII. APPENDIX: CNDO/2 COMPUTER PROGRAM FOR THE

CALCULATION OF THE ATOMIC POLAR TENSORS
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T OUTINPUT CATA- T
FIRST CARC-TITLE ANC INCICATE FORMULA OF MCLECULE
SECOND CARC=NHyNASNTIMES,CINCRM, ICHUIS (313,F0.3+13)

OO0 0On

i
c
!
l

MAIN ATOMS. NTIMES IS THE NUMBER OF TIMES THAT CINCKM, THE
VALUE OF THE COCRUCINATE INCREMENT, WILL B3E VARIED. '
TTTTTTUMAKTMUM NUMBER TUF VARTATIONS  GF EACH CUNRDINATE IS 50.
THEREFQRE MAX NTIMES IS 25. MAX NATOMS IS 15 AND, IN
ADDITION, NH#4NF+SNS LLE. 80, WHERE NF AND NS ARE ThE
CTTTTTTTNUMBERTUF FIRST TANG TSECOND ROW ATOMS, RESPECTIVELY.
IF ICHOIS=0 ONLY THE DIPOLE MOMENTS ARE PRINTED QUT.
IF LUMPX20, GRAPHS OF PUX)sP(Y)seassP{T) HAVE GREATEST OETAIL,
U IR LUMPDX =0, GRAPHS GF DP(X)seedsCPIT) ARE SHUWN.
NEXT CARDS=- X,Y,Z CCORCINATES GF ATOMS, HYDROGENS FIRST(:FL5.4)
LAST CARD-ATOMIC SYMBOLS CF MAIN ATGMS, RIGHT JUSTIFIEL(L5A2).

H

aACoOONC

{ .
aococoon

N IS THE NUMSER OF "HYCROGEN "ATOMS, NAT{iS THE NUMBER oF =~ 77 7
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NCLFLO START O Y
USING NGUFLU15
. [ W £ -3 1.7 11, S S U

SPm 1S
3 15«15
SIS, | SN 5. S e e e ot et e e et o e e 41 it 1 e
CuN 28 CF
MASK 0C BL4*1102G0°
et e e 1 e END .
*  FURMS THt DOT SRCOUCT GF TWO VECTORS
* =ACH GF LENGTH LIMIT + 1)
¥ TnlS VERSION_FOR_LIMIT LESS THAL 99

MACKO o )
cUTP EINDEX +&H#RUD &L SUM
e e 6D EPRODCEINDEX.(2) LOAD ALI) e e et e

MO EPROUDSEINDEX ( 3) MULTIPLY A(1)*B(T)
AR ESUM$EFROD DOUELE PRECISION ALCD A(1)*65(1) TO SUM
_MENG. e e e e e s )
LCLA &1
LOTTER START
. % _InM SYSTEM Zel ASSEMBLY LANGUAGE FUNCTION. . .. . ... . .
TME FORTRAN EQUIVALENT OF THIS PROGRAM FOLLOWS
DOUELLE PRECISION FUNCTIUN DOT(A )
_DIMENSION A(1)eE(1)

LR 2R ]

CUMMON /VECTOR/ FACTORGLIMIT
ITOP = LIMIT + 3
LOT_= _CaDC

o "o 16 1=1.170P T T T
10 DOT = DUT + ACI)*=(1)
~F o PETURN —_— e e e o e e

Rid R OKH KK

ENDL
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OLLUSAVE EQU 13

— ks TULREN sV 14 - e . e
2ASE EGU 18
ARGLOC &0 1

el A BUU 2 e et e e e e e e -
= EGQU 3
RLIMIT E£0U is

LLaBLwy  EBww G S
2ROO EGU z

x THE FUOLLGWING STATSZMENT SETS A MAXIMUM LIMIT OF G3=784/78
o B SETA___ 1eGO e e e e
ENTRY 0oT
witT SAVEC Ccel)

USING __ LOTeRASE

- L ZeLIMIT PICK UP LCCATIGN CF LIMIT
v 2e:02) LOAG VALUE QF LIMIT
S 3z THe FOLLOWING FOUR STATEZMENTS MWLTIPLY

= LIMIT BY 1C

LA RLIMIT «REF PICK UP REFERENCE LOCATION

SR FLIMITe2 | SUETRACT 103LIMIT FROM _REFERENCE_ .
M Ze39ULARGLOC) PICK UP ADDRESSES OF ARGUMENTS A AND E

LD SUMSD( 0 A) LOAD A(l)
ML SLMe0L0,3) . __MULTIPLY BY E(1)_
S5CR 1S sRLUIMLIT ERAICH TO START CF DUT PRODUCT

sl UGP ANOP

—— . DUTE __ EI.PROC,SUM
&l SETA & =8
ALF (51 GT 0).l.one
F o BCIURN

~Z
LinIT UuC viveCTOK)
LMD ]
*__ADCS FACTOR*B_TO _As WHERE A AND B ARE VECTORS OF_LENGTH _LIMIT+1 . .
- TR IS VERSION FUR LIMIT LESS THAN 4%
MACRC

LLH Coz T T T Loap facToR .
AL CoINLEKX o€ 2) RULTIPLY FACTOR*8(])

L ¥SUM B INDEX_ ]

AD, _ O INDEXS(2) _ A0D A(l) + FACTORXZCID . _ ... ..
STO VoL INDEX o{2) STQRE PESULT IN A(1)
MEND
o _kCLA BT e
veEm STARTY
*  IEM SYSTEM 360 ASSEMELY LARGUAGE SUESOUTINE
& __dME FORTRAN EQUIVALENT OF ThlS PROCGRAM FOLLOWS, . . . ...
= SULRKOUTINE VECSUMIA o& )
* DIMENLIOMN AC(1)e(1)
X GUYMUN_ ZVELTORZ FACTOSsLIMIT e e et -
x ITOP = LIMIT + 1
= 00 10 l=i.1T7T0P
L2l ACL) = ALY o+ FACTOR®ZUL), e e e ——— e - -
= RETURN
* el
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.
e QLDSAVE 20U 13 e e e
<aTLRN Euu 1+
BADE LU 18
ARGLUC ECU 1 e e .
A EWU 2
3] EQU 3 -
LRLINIT BUuU S e
cu EXH V] [
FACTGR ZGU z
e ® TN FOULLUWING _STATCMENT SETS A MAXIMUM LIMIT OF 98=784/K_ . .. ..
&1 SETA i6uL
=MTRY VECSUM
VECSUM SAVE __ (=e3) . . . . e
U)INU VECSUMeBASCE
[ 2ol IMIT PICK UP LOCATICON OF LIMIT
e LD FACTORL0(€2) _ PICK UP VALUE CF FACTOR __ . ...
[ 2eE(Z) PICK UP VALUE OF LIMIT
LR 3 THESE 4 STATEMENTS MULTIPLY LIMIT=i4
AR 383 o e e
Sl ieal0)
Sk 293 .
e BA___ . RGIMITWREF ___ PICK UP REFERENCE LOCATION. . .. ... ... .
1.4 RLIMIT.2 SUBTFACT 142LIMIT FRCM RtFFREnCE
[ 239 0(ARGLCC) PICK UP ADDRESSES OF ARGUMEINTS A AND E
R BCR_ 1SeRLIMIT = _BRANCH TO START OF VECTOR Suw . . .
o LUGK vEuMm (Y
[ SETA &1-8
e AIE__ _ABY GY 0)eLOOP ... e
REIF LOR SUMs FACTOR LoaD FACTOR
MO SUMS 0 (U5
e e AD L SUMGQCGeAY L et e e e e = e e
STO SUMeGtUsA)
RETURN  (Z2+3).PC=0
LIMIT__CC - .MS{VECTCR) _ e e e e e e e e e e e+ 4
EisU .
= FORMS A VECTUR PRODUCT usiED BY GlVEN-
L USNN  START o o
» e 3cC ASSEMILY LANGUALE HJNCTIDI\
= FORTRAN SUQUIVALENT FOLLUNS
& ___COUEBLE PRoCISIUN FUNCTIUN DSUMIRSACIPIWLIMITY _ . . .
= CIMENSIUCN 2(1),A(1)
= JdJd = 1
*. . DSUM = Ceu0 et em e e s e e . -
» DC 180 1I=IPl.LIMIT
* RSUM = DSUM + BEII+1)%A(J4J)
TRNE. S X1 GO 2 1 . A I S, e e e e o =t e e+ e e = m ,
x RETURN
* €
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!
CLOESAVE €W 13 _ e e
RaTURN EWU S
ZASE LWy is
e ARGLUG EG Y e e e e e
3 c Wl 1
A gQu 2
.. LILEX Eav 5 e e
) INCR EWy “
FLIMIT EGU C
B2 I - *1 - O e e e e e e e e o e o
ENTRY DiSUM
osSL SAVE (2e6)

LUSING

DSUM ¢BASE

oM

®ETUR
€D

—ddaldbex
INDEXs INCRSLUUP END OF DO LUDP

1+450CARGLOC)
INDEX oG 3)

—-INDEXe3(0)

HLIMIT0(4 )
RLIMIT»3(€0)
Jdsdd
CeC

INCR+6(0)

o BsGUINDEXeE)

c90( JIA)
Ce2

(et )srC=0

~MULTIPLY INDEX¥8

PICK UP ADURESSES OF AKGUMENTS

LQAD VALUE OF THIRKD ARCUMENT, IP1

LOAD VALUE OF FUURTH ARGUMENTs LIMIT
MULTIPLY LIMIT#3
SET _INITIAL VALUZ OF JJ = C

ZERO OSUM

LOAD IMNCREMEMNT=8

ALOAD BOII+1)
MULTIPLY B(II+1)*A(JD)

ADD PRODUCT TO DSUM

ADD_IT_INTO JJ S
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BLCCK DATA
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CCMMCN/PERTAL/EL(18)

COMMUN/DIRXN/DIRXN{4)

TTINTEGER DIRXN T

INTEGER OR
DATA DRB/?

8y EL

s 0!

PXtol PY'sf PLYy? DI2%,7 DXZ0s' DYLLs'DX-Y',

i i e T G Y

e ...___..‘._2..,...... .....__AR..' .].v..__- e e - e

1

CATA EL/*
’ Fe,

Hl'l

t NE',*

HE®y? LI',* BE'4* B',’
NA' " MG',' AL, SIty?

CATA DIRXN/O Xt tY®,tL0,%Tt/

END

CI'I

B

NV gt
St,?

Qe,
cLy,
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IMPLICIT REAL=%8 (A-=h,0=-1) . .
TTCOMMON7Z INFO/NATOMS S ANL TS Y, CU15,3),N 7 7777
CGMHON/IAFOI/CZ(IS)'U(GOl.UL[M(LS)'LLIM(IS) NELECS+CCCAL,OCCH
COMMUON/VARY/CINCRM,NTIMES ) N
T UCGMMON/MTXPTSZCONTBP(SL 51y NTHRGw ~ ~ 7~ 777 e
CCMMON/DIRXN/DIRXN{4)
COMMON/MAJIC/MALIC s MAY
T T CCMMCONZCAGQICE/ ICHO TS ICKCOZ T T T T T T R
COMMON/SLUOPE/SLOPE(LS5934493)+EFFCHG{2)+SLOPE2{4+3) yDERIVILIE 934444}
_COMMON/DCX/DX{51+5) .
TCOMMGN/DPOX/DPDXISL,5y —— ~ 77 T T
CCMMON/DPDXAV/CPDXAVIZ25,4),AV02(25,4)
CIMENS ION Y(50)0EY(50’1X(50'D)vAl5)vEINT(5) EEXTI5)
T TINTEGER TANZC L USULI M, CCTAZOCCH s AR T T
INTEGER*2 SYMBOL{15),ACI15),CHIK(LS)
INTEGER DIRXN
‘DATA SYMdUL/‘ Ce, "N' OGO TEE eSO pY 0T S a0 [V, 15E,
2 0 3 INAC IMGY ALY, R/ -
DATA AB/6v77809v14115116nl713v495111 12,13/ .
T EATA B UANKS /T T e

CALL NCUFLO
TUL00THEADT(SYLLPEND=200) CAN(I) Y I=1520) T T T T
11 FCRMAT (20A4)
READ(5,5000) NH,NA,NTIMES,CINCRM,IChOIS,LUMPX,LUMPDX
TTTTTS000T FORMAT(3I3,F603,313) T T T T T
NVARYS sNTIMES*2
NATCOMS aNH+NA .
T TWRITE (oY 1SV T CANLT Yy TRTy20y TT T
13 FCRMAT(/*1'/,20A4)
wRITE(6,1234) NATUMS,NVARYS,CINCRM
T L1234 FORAAT (777777 +5A5 Y CNDO/2Z PROGRAMFCR™ A CLOSED "SHELL MOLECULE WwITH
1CHARGE=Qy MULTIPLICITY=1, AND NUMBER GF ATOMS =*',13,', */,5A,'TCT2
2L NUMBER GF VARIATICMS OF EACH COOROINATE =*,I3,'y ANJD EACH COCROI
"BNATE WILL BE VARIZD BY + TAND =T ,4Foe341."T
WRITE(645252)
5252 FURMAT (//20X," THESE ARE ThE ERUILIBRIUM CDORUINATES OF THE ATJ4S
LT TTTINTANGSTROMS T T T e
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DO 21 I=31.NATOMS ) 3 L
TR T READ IS LeT CUTL L) CL,2Y T 3T T T
14 FCGRMAT (3FL1l5.8)
READ ($5+15) AC
T LIS URGRMAT (LSAZY T T T e mmme
23 BC 27 1%l,NA
JaNH+1 .
. "'f"""DC’zTo k=1, T4 . [P e e
7 IF{SYMBOLIK) LEQ.ACII)) GU 70 26 '
Z‘) CCNTINUE
TTWRITE 16,16)
15 FCRMAT(* UNIDENTIFIED HEAVY ATOM-=STOP!)
STGP
T Za AN(UFEABLR)
27 CONTINUE
WRITE (6,17)
TTOTTTTTL? OFORMATULIHOy "ATOM NUMBERYGLLIA I X T ,LGX, 1Y ,19Xy020)
IF{NH.EQ.0) GO TO 29
DO 28 I=1.NH ) B N o
st Ty 03 ¥ el ——— e et e e+ e e e e —
23 WRITE (6183 SYMBOL(LS),1,C(Iy1), C(ItilpC(lod’
1s FuRMAT(lHO'AZ,BX,I3'3F20.6)
© 29 CO 397 TELeNA -
J=NH+1
30 WRITE (o6,18) AC‘I’koC(Jyl)vC(JyZ)OC(Jy3)
. T DOT3ITIELGNATOMS T T T Tt mr
CC 31 J=1,3
31 C(I'J,’:C(IvJ)/O 529107DO
T TWRITE(Ge2626)
2626 FORMAT (%1% ,5X,*THIS SEGMENT USES THE UNALTERED SQUILISRIuUM GECMETR
LY*/7)
e S UTC CEEFT — e et e e e = ot e e e n e e
CALL INTGRL
80 CALL HUCKCL
e
ICHGOZ=1
CALL SCFCLC
T ORTRROWSNTIMES®Y T T T T r T e o e e s e
CALL CPRINT )
IF{NTIMES. EQ.C’ GO TG 484
e e o e e T e e s e+ e -
C VARIATION PART OF PROGRAM STARTS
c
T T T TTTTIFNHGEQLQY GOTTO 4792 T T T ST
CC 4791 J=1l,NA :
4791 ChIK(J)=AC(J)
T T T T LTSS O IsTyNAT T e e e e
wENH+]
@79 AC(J)=CHIKI(TI) -7
S e TG T 1 NH e SR
AC(1)=SYMBOL(15) -
4792 CONTINUE
TCT TTTTTESTING TFCRTATCMIC SyMaCLs Tt o T
WRITE(6933221) tACIMOLG) +MGLG=21 4NATOMS)
33¢21 FCRMAT (/' TEST FOR ATOMIC SY"ﬂOLS- AC(l)vo--vi\C‘D)'v5A‘o/)
T TTTTTENCTUFR T CTEST T T T T e T e e e
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ITHATM=1 ) _ L
TTTTTTTTTTICKBOZ = [CHOTS T T -
Lill JCRDNT=l
$69 CFIXED=C(ITHATM/JCRONT)
29 mactcaget ! e I
NTHRCWSNTIMES+1
CONTOP (NTHROW, L) =CFIXED*0452916700
T T NS TARTENTIMES # 27 T T T TTTT T T s
NENDSNTIMES*2+1 ° S ;
'DC 777 INCANT=NSTART,NEND _ :
TNTHRGWSINCHNT ™~ 77~ T T
CUITHATM, JCRONT)=C( ITHATM, JCRONT)*0,52916700 + CINCRH
CONTDP (NTHRW,1)=C (ITHATM, JCRDNT )
T VARYSYEDFLOAT ( INCMNT=NSTARTHL ) ®C INCRY ™ 77777777 = 7 o o
MAGIC=MAGIC+1
C TC SKIP PRINTING OF INDIVICUAL COMPONENTS OF OIPGLE MOMENT
ISKIPE]
IFUISKIP.EJ.1) GO TO 389
IF{ICHCOZ.NE.Q) GO TO 385 _ ‘
MAGTSTSMAGICSL — B
MAGTST = (MAGTST/4) %4
IF(MAGTST.NE.MAGIC=-1) GO TQ 380
" 365 WRITE(6,383) 7 T T
333 FCRMAT(*L'y1H )

222 FCRMAT(IXylj.'--— ATOM #9,13,1X5A2,% === T,Al," COCRDINATE wILL BE
1 VARIED B3Y?,F7.3,* TO THE NEW VALUE',F13.3)
339 CUITHATNM,UCRUNTI=C(ITHATM, JCRONT 3/ 0.529167C0
CALL COEFFT
CALL INTGAL
CATLTHUCKCL™
CALL SCFCLO
CALL CPRINT
TP CUNTINGE T T
CINC=-CINCRM
CUITHATM,JCRONT 1=CFIXED
T TR TG TINGANT ST NTIMES T T T T T T T T T e e e
) CLITHATM, JCRONT }=C{ ITHATMy JCRONT)*G.529167D0 + CINC
_ NTHROW= NTIMES#+1-INCMNT
T T T CBRTOP INTHR O LYEC U I THATMY JCRONT) - 7 7 777 777 0
VARY3Y=CFLOAT{ INCMNT ) »C INC
MAGIT=MAGIC+1
T TR ICHOOZ sNELO) GOTTO T92s T T T T T T T T T T
MAGTST2MAGIC~1 ’
MAGTST s{ MAGTST/4) %4
T T ST IR ISR TIPS EW L LY GO TCT96Rs T T T T T T
IF{MAGTST.NE.MAGIC~1) GG TC 921
925 WRITE(6,383)
w2 L T RRITETS, 222 Y MAGIC ITHATMS ACUTTHATM) Y DTRAN(JCRONT ) , VARYBY,C( ITHATY
1 +JCRDNT)
9845 CIITHATM, JCRONT)=C(ITHATM, JCRONT }/0.52916700
T T CALLTCCEFFTT T
CALL INTGRL
CALL HUCKCL

CALLTSCFCLE




- 244 -

CALL CPRINT
T TTICONTINUE
C START CF SEGMENT FOR PRINTING AND PLCTTING OF ODIPOLE MOMENT CUMPUNENTS
WRITELGy135) ACCITHATM) JITHATM DIRXNI JCRONT ) ,CINCRM
T L35 FCRMAT (*19, ¢ VARIATION CF MOULECULAR DIPOLE MOMENT wlTH AN ATCHIC O
LISPLACEMENT OF *9A2,? (*,12,') IN THE *,ALl,* DIPECTION BY'+Fouds’
2 INCREMENTS® } .
WRITECE,270) OIRXNtJCRONT)
270 FORMAT(//' VARY #9%56X,A1," COORDINATE'»10Xe*PUX)Ys16X,"PLY) *rl0X,?
LPLZ)*y16X,*P (TQTAL)'/)
00 2772 ICRDONT=1,NTIMES
WRITEL6+35)) ICRDNT,(CDNTDP{ICRONT,JDIPOL),JDIPCL=L1,5)
350 FGRMAT (2H (,1241h),5F20.10) o L
T2 CONTINUE T T T
LABELL=NTIMES+1
WRITE(6+6510) (CONTCP(LABELL,JOIPOL),JDIPCL=L,5)
TL3L0TFORMATI/, Y (EQ) ', S5F20L10,7) T
CC 2774 ICADNT=NSTART,NEND
[RGwW=I CRONT-1 ,
TTWRITET6,350) TRChy (CONTTPTICRDANT a0 TPCL),uDIPCL=L,5)
2774 CONTINUE

S11 BC 913 KST=1,NEND

o _ G0 913 LST=1,5 i
G 395 IMARK=L,NEND
O 395 JOO=1,4

TTIF(UX( IMARKy L) «NELGDG) GUTTOT6750° 7T T T
DPDX(IMARK,JOO+L] = BLANKS
GC TO 395

TTETIUTCPCK T IMARK TGO L ) FDK U THARK, JOOH L) /DA TTMARK 1)
395 CONTINUGE

- e

aRITE(6,[35) ACIITRATMI ) ITHATM,DIRXNIUJCRONT ), CINCRM
WRITE(69390) DIRXN{JCRUONT) DIRXNIJCRONT) ,DIRXNIJCRONT)
39GC FORMAT(//410X.* OP(I1) = PU1] = PIEQ) AiND Dtyal, (1) = ',4L,"
UL =Ty AL EQYY Y T T oot o o .
WRITE(G5+392) DIRXN(JCRONT)»OIRXNIJCRONT }sDIRXN(JCRONT) »OIRAN(JCRDN
LT} ,DIRXNEJCRDNT)

T 3927 FORMAT (7, I 7 103X DALy BXT S DPIX) Y, LOXy "DPIY) 110X 'GP ()48
LXyPOPUTCT) 48X 'UP(X)/0 AL, 7x.'DP(Y)/D'.Aly?X.'DP(Z)/&',AL,uA,'CP
LITCT)/DyAL4/)

TTTTTTTTTCATI9% I MARK=SLGNTIMES T T
394 WRITE(6+396) [MARK, (DX (IMARK,JCC) »3002L,5) (DPOX{IMARK yJ) 9 J=Ly D)
WRITE(6,9397) (DXINTIMES+1,JC0}),J00=1,5}
T3 TFCRMAT (/W S5AT{EQ) s F8L3,4FL5.00, /) 7T T T o
CG 393 IMARK=NSTART,NENC
[ROW= [ MARK~1
IO WRITETNEY390 ) TTRCW, (DX [ TMARKyJ00Y ,JCD=1y5), {DPDOX( IMARK yJ) sd= &:bl
396 FCRMAT(2r (,1291H),F3. 3.8F1§ 10)
914 CQ 445 JEWsLl+4
TUTT TR AE5 TTUMARK 21 o NT [MES
CPDXAV(JMARK s JEW)=0.00
AVuZlJWARK,JEd)=(DPDX(NTIMES JMARK+1;JEJ+L)*UPDX(NTIM::*JMAR&#L'JE
T TTTIwWH DY/ 2L 00T T T T -

e PO
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NEND=2% JMARK#L

CPCXINTIMES+L s JEW+1)=0.C0
443 DPOXAVIJMARK y JEW)ZOPDXAV(JMARK » JEW } +OPDX{NT IMES=JUMARK+[MARK pJEn+1)
T 445 CPDXAV [ JMARK Y JEN) = DPDXAV(JMARK 9 JEW ) /DFLOAT( 2%JMARK }
c
WRITE{ 64443) DIRXN(JCRCNT) DIRXN(JCRONT )4 DIRXNIJCRONT ) yDIRXNIJCRIN
"”fTY?UIRxN(JCRDNT),DIRXN‘JCRDNT):DIRXN(JbRDNT).DIRXN(JCnDNT)'DIRAN(J_
2CRDNT) .
448 FORMAT(///* J 23Xy 0 AL EX tDPIX)/DY yAL yTXs'DPLYI/D? 5 AL, 7X,!
T LOP«Ll/D',AL.7x.'oP(T)/o'.Az TXs 'OP(X)/D? s AL s TX9 0PI Y) /U 3ALTXs 0P
2(2)/DY yAl+TX'DP(T) /D' 4AL)
WRITE(bs450) DIRXN(JCRUNT]DIRXN{JCRDNT) ,
450 FGRMAT (Y 13X ,02(1H=) s YAVERAGE: "FROM = TO + D'sALy*, INCLUSIVE',L
120 1H=) 92X s LalLH=), "AVERAGE: =~ AND + D'yAls'y, EXCLUSIVE',l4{1H-)/])
CC 451 JMARK=L,NTIMES
T JAD=NT IMES+JIMARK *1
WRITE(G9449) JMARK,OXU{JADr1) s {OPDXAVIJMARK yJEW) s JEW=L o) s LAVUL2IIMA
LRK+J00) »J0U=141 , e
TTRE9 FORMATIZH (W 12,1V, FE.3,6F15.10)
451 CCNTINUE
C PL3T CF DF VS. Dx
T T wRITEL 993700 DIRXNUICRDNT) yAC({ITHATH) I THATM
370 FORMAT (*1*,15Xx,* PLCT OF ODP(X)e DP(Y), DP(Z), AND OP(T) VS. 0,
1Al,* CF ATOM *,A2,' (',12,%)',10X ' ITURN PAGE 90 DEGREES TO THE LE
ZETIV ) em oo T o
IF(LUMPOX.NE.O) GO TO 503
CALL MYPLCTUIDX,NEND 5, LUMPX)
TTWRITE(69370) DIRAN(JCRDNT) yACUITHATM),ITHATM
CALL MYPLCT(DX,NENG»Sy1)

C
TTTTTCTTEND CF PRINTING CSEGMENY T
C STLART OF LEAST SQUARES FIT SEGMENT
_g12 £O 313 KST=1,NTIMES o
TEVIKSTI=L.00 ToTTTTTT T nrm e
X{KST41)=21l.09
X{KST,2)=DX{KST,1}
KRS Ty 3YaDXUKST,yLy®%7
X{KST,4)=0.00
%({KSTe5)=0.,00
B 3 B T of o 50T 1 1 1P
NP=2ENTIMES
NART=aNT[MES+1
T OB TKSTENART NPT T T T T e e o
EY{KST)=21l.,D0
X(KST,1)=1.00 :
T T T T X IKS TY 2VEDR (KSTHL LY T T B T
X{KST33)30X(KST+L, 1) %%2
X{KST,4)=20.09 o
T TR OKS T 5130.00 T o
503 CCONTINUE
0C 793 KOP=2,5
STIFTTCONTDPINT TMES S KCP)=CIMTCP (NTIMES +2, K0P 1) 'GT'..QOOQUGOO'X.DJ) G T
1C 505
IF((CDNTOP(“JT[“ES*ZyKOP) CUNTDP(NTI‘*ES.KDP)).uT..OOOJOOOUlDO) GC T
AR ¥ s BT 1
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A(11=0,00
TGO TO 4938

505 DC 321 ICP=L,NTIMES

321 Y(IOP)=DPOX{ICUP+KOP)

TTTUp0 307 LOPaNARTHNP T

307 Y{IOP)=UPDX(ICP+1l,KCP}

476 WRITE(6+480) AC({ITHATM), ITHATM DIRXN{KOP~1),DIRXN(JCRONT) +DIRXN{JC
ST LRONT 3y BIRXKNUJICRONT ) yDTRXNTUKOP =LY s DIRXM{ JCRDONT ) 9 DIRXN(JCRUNT ) »O IR XN
. 20 JCRONT ), NP : _ . )

480 FCRMATL 1%, % 9,A2,%(°,129%)9,9Xs"* DP{'yALs?)/D'sALy' = A(L) + AL2)
T T IRDY ALY T FTALB)EDI AL, 2, 10X 'L DP( Y, ALe ') /D AL, ) AT ',AL, =
29,ALs " (EQ)= A(1) NUMBER OF POINTS = ¢,[2)

CALL T CSFIY  EY o X a3 NPY LI CWAETINT EEXT) T
493 DERIVIITHATMJCRONT »&OP-L1ys1)=AL1)

(“.

T3 CCATINGE T T T e
CO 453 MI[=1,3
CO 453 KPXYIl=1l,4 o
TR 3TSUCPEC ITHATH y JCRONT KPXY LML )= 0PDXAVIMI LKPXYZ) '
CUITHATM,JCRONT )=CFIXED
JCRONT =JCRONT+1
TIFLJCRONTLLEL3) GO TO 999 ~ T
[THATMA=ITHATM+]
IF{ITHATM, L-cNATQMS) GG TU llll N ) ‘ o
L399 NIP=l,3 T T T T T e T
WRITE({ 6+409) NIP
439 FCRMAT(?1*,? TRIAL NUMBER = ', I1,* FOR AVERAGE METAGOD'/)
T TARITEL6,403) oo T
403 FORMAT (! PCLAR TENSQORQS HAVE THE FOLLOWING ELZSMENTS % //,17
LXe'DPUX)/OX g aX o *OPUX)I/DY Y g4 Xy 'OPUX)/DLY/ s LTA+'CPLY)/UXY y4Ae?DP(Y)
TR /CY YA X T OPIYYICL Y G LT X DPLLY/DR® saX oV DPLZY/DY v 4Ry OPLLIIDLY /]
37XI'UP‘Tl/Dx'94X"DP(T)/UY’)%X"DP(T)/DZ')
WRITE(G»9CS )
TR TFURMAT (/77 5% ATOMT TH 2 513X, *ATOMIC POLAR TENSORY ¢ 10K, "EFFECTIVE CH
LARGE 'y 18X, *ATOMIC POLAR TENSCR', 10X, 'EFFECTIVE CHARGE")
WRITE( 64407)
T Q7T FORMAT (14X, LR S L3UIH=) ' IN ONITS OF DEBYEZANGSTROMY,13(lh=)1,114,381{
11H=)o* IN UNITS QF E, THE ELECTRONIC CHARGE®*,8(1lH=))
DeC 400 1= lsNATCMS
QUNEY T T T I T e e
CC 593 Ki=le>
CO 398 Jl=1,3
3987 SUV*SUV‘SLOPE(IlelqucNIP)**Z e -
EFFCHG( 1) =0SQRT(SUM)
CO 419 KLOP=l,4 :
TTTTEG 4 L8TISLOP=L,3 T T T mm T e N
419 SLCPEZ(KLOP,ISLCP)=SLOPE{IL,ISLOP+KLCP,NIPI=*(0.,208204D0
EFFCHGL2)=Q0.20820400%EFFCHGL L)
“““‘"‘“WRITET€“¢I:J"IC(Il1?Ili(SLDPEI[I‘Jl”I“NIP)'JlﬁL.BF}EFFCH61l),(SLOP
lEZ(leSLUP)vISLGP31'3)vEFFCHG(Z)
413 FORMAT(///7° vAév ('vl&.'l'vé&v3F12 775KvF12 TolOXs3F leeT 9 9Xerl2.
I
CO 422 Kl=2,3
422 ARITE(O¢423) (SLCPE{LLsJdlsKLeNIP)J1l= 103)0()LUPE¢(NL'IDL)7;5L Le3)
TR 23TFCORMAT UL Ty 13X e 3FL 2 T 27X, 3FL2.TY T T
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WRITE(6+425)
T TS FCRMAT (LR T T - T
WRITE{6+423) (SLOPE(ILsJle%sNIP)+J1=143)s(SLOPE2(44ISL)sISL=143)
IF(11.LE.6) GO TO 400
"WRITE{6sall)’ ) o
411 FCRMAT(LH L")
420 CCNTINUE
e e G CENT TNE ™~ T 7 S e e s =
JIP =1 : -
WRITE(&y4%6) JIP ,

T 74967 FCRUAT(YLy® TRIAL NUMBER = 1y I1,¢  FCR LSF METHOD'/)
WRITE(64403)
WRITE(6+405)

T WRITETE.407)
00 488 I1=1,NATOMS
SUM=0,DQ
e R G L8 Ly T e -
CC 490 Jl=1,3
490 SLM=SUM+DER [VIILlvJL,K1,JIP)®*2
TTEFFCAG (1) 20SURT(SUMY
CC 492 KLCPsl,4
DC 492 ISLUP=1,3

T 492 SLOPEZ(KLCP.ISLCP)=CERIV(IL, ISLOP,KLOP,JIP)*0.208204u0

EFFCHG(2)=0,208204D0%EFFCHGIL)
AR ITE{Gs4L5) ACIIL),I1s{CERIVIILyJLsLsJIP),J1=1, 3)vEFFChu(1)v(SLCPV
T2 (L ISCOP Y S ISLOP L 3 ZEFRCHGTZY T T T
BC 494 K122,3
494 WRITE(69423) (DERIVIILyJLsKLsJIP),J1=1y3),(SLOPE2(KL,ISL},ISL=1,3)
TTTTARITEL Gy 9250
WRITE{0,423) (DERIV(ILleJlyasJdIP)edi=1y3), (SLOPE2(4,ISL) I5L=1s>)
T TUTTTTTTWRITE( G ALY
438 CONTINUE
434 CONTINUE
R ETTa LG e e e
200 STCP
ENC
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SUBROUTINE MYPLOT(A4NROWS,MyLUMP)
TTTINPLICIT REAL*8 (A~H,0-2)
CIMENSION A(5145)

CIMENS ICN CUT{121)sYPRUL3) 4ANGLG) s YSCALL %), YMIN(4)

DATA BLANKSANGI L) s ANGU2) yANG I3 ) y ANGLG}/ ' Vo X 0yt 0t 1Ty
2 FGRMAT(1H sP9.491Xy121A1)

3 FCRAMAT (LR )

T FORMATUIH g IX e LIUGX W 1IHT /)
-8 FCRMAT{1HOs3XsL2F10.49F9.41) E
S FECRMAT(1HO+3XsAlsF9.4,L1FLU.4,F9. &Y

TCTT T TTTTTTFINC SCALE FOR CRUSS-VARIADLES
IF{LUMF.EG.Q) GC TO L4
MR=2
e A g e e e e e e .
14 MR=M

16 CC 42 JS32.MR
T OYMINGUS=1)=A1145US)
YMAK=YMIN(JS~1)

MJ=1
IFTLUMPIESIO) GU 1O %4
MJ=M
GG TO 18
e I A
18 CC 40 K=JS,HJ
CC 0 J=1,NRGAS
TTTTTTTTTTIRAL S K SYRING IST L) 1T 267265 26
26 IF(ALJ,K)=YMAX] 40,40,30
28 YMIN[JS=1)=A1J,K)
CTOTTTTTGETTO 40T
30 YMAX=A(J,K)
40 CONT INUE
T T Y SCAL (IS =L ba (YMAXSYMINTISS 1Y/ L0 00T T T
c PRINT CROSS~VARIABLE NUMBERS
YPR(L)=YMINIJS=1)
TTQT90 RNsLYLL
IFLYSCAL(JS~1) <LE.C.00000000100) GQ TO 42
90 YPR(KN+1)=YPR(KN)+YSCAL(JS-1)#10.00
T T YRRV RYMAX T T
IF(LUMP.EG.0) GO TO 32 :
WRITE(648) (YPREIP),IP=1,15)
Tt TGO TR T T T e
32 WRITElG,9) ANGLJS=1)y{YPRIIP),IP=1,13)
42 CGNTINUE

™ - 3 = Y 5
MY =M=1 ’
o FIND CROSS-VARTIABLES

TUTITTTTBL 95 LELYNROWS e
€O 55 1X=l,121
55 GUTLIX)=BLANK -
T T TLOTE0 T JEL MY T ‘ S
IF(LUMP.EQ.J) GO TQ a4
Js=2
e R B g e e e e e
g4 JS=zJ+l
IF(YSCAL(JS=1) .LELC.OCOCO0001DD) GU TC 63
T P ECN Ty ¥ ITSYMIN (IS =1 1 7YSCALCIS=17 "+ 1.500 7"




TTTTTTeU

B -1-2

95
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CUT(JP)=ANG(J) )

CONTINUE ~ TTT T T
PRINT LINE AND CLEAR OR SKIP

WRITE(6,42) A(Lvl)v(CUT(IX),IX 11121)

TF{NRCWS.GT.16) GT TO 63

WwRITE(S6,3)

[FINROWSOT, 25) GQ TU 95

TWRITElG,3) 77 7T T T

CONTINUE .
RETURN

ENL
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SUBRUUTINE LSFUYsEYsXoNIJNPyIFPT ,IFSEJALEINT,EEXT)
LS5F-PROGRAM IN FGRTRAN IV FOR BeCe COMPUTER (IBi36u/40 alTH
22K ME4ORY). IN THE LIST OF ARGUMENTS ABOVE, Y THRU IFSE ARE
INPUT TO THE SUBROUTINE. AND THE LAST 3 ARE OUTPUT.
ARG NUMBER CF EAPTOL PTS IS S50.
Yi1) = DEPENDENT VARIABLE, [-TH POINT,.
EY(I) = DEVIATION ON YI(I)
TTTTET T TR WY 2T USTH O INDEPENDENT T VARTABLE, I-TH PT. U UP TU Y.
o NI . = NG, OF INDEP. VARIAGBLES,
NP = NO. UF EAPT*L PTS, i

a¥sNaNulaNg

IFPT BTITIF XUl d) ARETTD BE PRINTED.
IFSE = 1 IF THE SIMULTANEQUS EZWUN*S ARE TO 3E PnINTED.
AL J) = J=TH BEST~FIT COEFFICIENT
TTTTEINT{U)=T INTERNALTDEVIATION ON AL T
EEXT{J)= EXTERNAL CEVIATION ON A(J)
CCUBLE PRECISION Y(SU,vEY(SO),A(5095)vA(?,vE[NT(5)v:EXT(5),N(DOl-
TTLPUBYLU) S (0 08054500 ,5(50),EL50),0C(50)
CIMENSICN NG(2)
IF(IFPTI3,43,1 _ o o
''''' - T ARTTE(S&,3C01N T s
3001 FORMAT(//779HQ I XtI,1) X{1s2) X143} X
1(‘14) X{1,5) I}
"NPMINLENP-LT oo e
LG 2 1=1,NP,NPMINI]
2 hR‘TE‘fJ'ﬁOOZ)Iy(K(IyJ),J L;5‘v[ . . L
TTTTT IGO0 FCRMAT (IS, SsFLasa  Tw) T T T R
3 CC & I=1,NP
4 h“’=loODO/EY(I)**Z . ‘ ~
TBCTE TI=L NI o TomTmEmmmm e e e
CQ 6 K=J,yNI
P(JeK) 20,400
R of » S =3 IS 11~ ST T T ST e T s s T e e s . ’
5 PlJsKIZP{JIsKI+A(TI=X(T ) RX([,K)
P(KeJ)=P{J,yK1) = o N
Te CONTINUE ~ 7 T mmm m e mr e o o
NIL=NI+l
CO 11 Jdsl,,NI ) L - B
TTTTTTTTTTTTEG LV KENTLY IO oo
11 P{JsK}=0.000
IF(IFSE)12112'7 ~ o o
"7 LG 9 TRELGNI T ' TooTTmm
Q(K)=0-UDO
CC 8 I=1lyN : _
A L(K)*U(K)+W(I)*Y(IT*X(I Ky " T e e T
9 CCNTINLE
WRITE(6+3C03)
T S G03 TFLRMATT//STH TTAE TS IMULTANEDUS EQUATICNS FOR™ COEFFICIENTS A{J) FOLL
1CW,)
ARITE(6+3004)
T TTTT 3004 FORMAT (7 /YI0OR T *A(L) *A(247 7 TTUTTTTTTTTEA(3)
i ®A(4) *A(5) = CONSTANTS)
CG 10 K=]1,NI
AT T ARITECS Y 3ISIIPIKYI V9d=1,57,Q(KYy "~~~ w0 e
3005 FCRMAT(2X4EL54894(4X9ELS5.8)¢5H 2£15.3)
12 NG(l)=NI
e NGZT5=1 . .. et et e e e e e e = meame s o

COOOA0O
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CALL GAJC3(NG,P) ) e
““““““ O L E TJS1LNTT - - T
JazJd+N] : :

- CO 13 K=1,NI
D - I £ ) TR ¢ VY.
14 CONT INUE
EC lo J=1,N1
T T BULIS IS NPT T .
8{J»1)=0.000 )
BC 15 K=l,NI
1578 {Ue TI=B1I I )#PUKFINHXL LK)~
lo CCNTINUE
CC 18 J=1,NI
TTTTTTTTTTTTALOY=0 000 o
CC LT I=sl,NP
17 At =A(dd+eldy )*Wil)*Y(I)
TIBTEINT(IISOSERT PRI ) T T T
CC 20 I=1l,NP
S{1)=0.CDC
TTECTT9 RN
1 St =s(l)+A(3)=X{1,4)
ECD)=sYUI)-S(])
CTTTTTROTECHI) S EC)YZEY (LY T
AK=NP=-NI{
AJ=0.0C0

21 AJ=AJ+nll)=El [ )*%2
C0 22 J=14NI[
TZ2TEEXT(JN=DSGURT(AURP LI, IV /AK) ~ 7 T
WRITE{Gs3C00)

TTTTTTCOII TEIGNP - T

3006 FCRMAT(////30H CCMPARISON OF INPUT DATA wITH THE BEST-FIT CuRVE

TCLOWS T TRESIDUE =7YI1) ="LsF)y —  ~ 777
WRITE(643007)
3007 FORMAT(//64H - I INPUT Y1) INPUT EY( L)
e CMTLSE L) e L0 g A A4
CC 23 I=1l.n

23 nRITE(b.BOOBJIcY(I) EY(I),DC{I}eS(I)sI

T 3008 FURMATT I5,FI3 8y F13.6WF15.8,FL5 G 14y 7 0 T T

WRITEC(E+3009)
3C05 FORMAT(////74H THE LEAST-SQUARES FIT COEFFICIENTS
T TTEAT DEVIATTONS FOLLOWS )™
WRITE({6+3010)
3010 FCRMAT {//49H
o "CLT24 =N
24 WRITE(G6+30LL)ALJ)IEINTII)EEXTLU)
3011 FCRQAT(/BX.&16 8,E13 47EL3.5)
T o ‘RETURN
END

_ALJ)

e

L INT.DEV.

RESIDUE/EYLT) ¥

AlJ) ANC INT.

EXT.DEV.L)

FC

FR

&



- 252 -

SUBRUUTINE GAJC3 (MG ,AMAT) ] L -
TUTTTTGAJOZ T THIS ISTA MODIFICATION TOF GAJUG3 TRIGINALLY WRITTEN vY S. EHREN

c -SCN IN FGRTRAN Il AND IS TO 8E CALLED BY LSFAM.
CNUBLE PRECISIUN AMAT{5,10}),A

T T TTCIMENSION NG(2)sKiCE5) T T T
1 NS1=1
OC L7 NC=1,15 o L
T TTTIRENGINGY T T T T T
O TFINIL2¢1296
6 p=&+l it e m——— . v — v -t ae sea b n smmpeeee s w —

TTTTIRING(2)3 29,3
2 K=2%N
CC 5 I=1lsN B L
e S T — .
0 & J=MyK
4 AMAT(1,J)=0.000
TS T AMATC LY=L 0D T T T T T
faK
3 NSN=NS1+N=]l _ o B
TR LEL N - - o
A=0.000
CO 7 K=1.N
Tl=KenS L=l T
IF(DABS(AMAT(1,8))-0ABS(A))T7,7,4d
3 Kl=K - : -
T T ASAMAT LKLY T TTTTT ot mm e o ToTT
7 CONTINUE
K1CLL) =KL

T e KZS‘( 1+ ksl;lﬁ'm T T oo e o o
DO 9 I=NS1,NSN
IF(I-K2)LUs 310

TTTTTTTTTIOTCQ LY sy T
: DC 13 Lli=1,L
IF(KICILLI=-JIL3,1L1013
TTULATCCNT Ny T T T T T e e e
IF(K)la,L4,15
15 AMAT(KZ2,J) =AMAT(KZ2,J}/A
T T T AT AMAT (T JTEAMAT (LY d )= AMAT( IGKL I *AMAT(KZ, ) 7 - 0 T
il CCNTINUE
K=0
T T 9 AMAT (T GRIY=J(gDo T T T T r e
L7 NSLI=sNSL+N
12 RETURN
—_— END [ . e et it e e o -
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~_SLBROUTINE SCFCLO
TIMPLICTT REAL*8(A-H,0-2)

C CNEU/2 CLCSED SHELL SCF SEGMENT
c GAMMA MATRIX CONTAINED IN Gy CORE HAMILTONIAN CONTAINED IN ¢ AND
TCT T TTUPPER TTRIANGLE CF Ay AND INITIAL DENSITY MATRIX CONTAINEU IN o
CCMMUN/ INFC/NATOMS 3 AN(15)+C(15,3)5N -

COMMCN/ARRAYS/A(80,80) ,8(80,30),C(80,80)
TCUMMON7GAB/XXX14807,6115,15),Q(80),YYY{ 80§ ,ROQT( 80} yENERGY
CCNMUNI!NFOI/CZKLSJ.U(BO)'ULIM(l5).LLIMllS)oNELECS'DCCAoDCCd
COMMON/MAJIC/MAGIC ,MAJ
"CCMMCN/CHCICE/ ICHO IS,y TCHUOZ
INTEGER CCCA,CCCBoUL ULIMyU,AN,CZ,Z
CIMENSION GL(18),F2(18)
TTTITals T
Gli{3)=,09201200
Gli{4)=.1l407 COQ
Gl15)=,19526500
Gliov)=.267708D0
GL(7)=.346C2900
GI{81=. 43323700
6li9)=,532305D0
F2(3)=,0+49d6500
F2{4)12.0a512500 7
F2(5)=,13041 DO
F2(6)=.17372 DO . )
T T FZITYEL21905500 - T T T
F2(8)=,26641500C .
F2(3)=.31540 00
S g T e e
NEIG=0C(CA
13 CENTINUE v
e T - e e
ENERGY = Q.DO )
C TRANSFER CQORE HAMILTCNIAN TO LUNER TRIANGLE OF A
“_" TECT207 =L N T
Al
00 20 J=I4N . B
T 20 AW ATy Y T T T e
CO 30 I=l,N :
I11=U(l)
ALy DY RACT, D)= {1, T =G I T, TI)*Q500 — 77 7
DO 30 K=L.N
JJzU(K)
T T A TACLG I EATCL, DY e Ky RYEG (I Ty T T T T T ST T
NM=N=]
CQO 40 I=1,NM .
e L T ) 7 7 =7 e e e e
Lti=1+1
: DO 40 JsLLsN : : :
. '”""_"""'"‘""—'J'J_:'U""J'T— T :’ e o=t
40 A1) 3A{Js1)-8{Jy1)xG(11yJJ}*0.500
DC 100 I=1l.N
TTTUTTTIO0 T ENCRGYZENERGY QO SDO¥B (I D) LA ITRQULYY T
CO 105 I=L,NM
Li=[+1
TTTTTTTTTERTLOY TUsLL LN o T o
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L0S ENERGY=ENERGY+B(IoJ)*{Al1,J)+ALJy]))
TTTTTTTTTTTTFUTICHCOL WEQLO)Y GO YO 115
WRITE{6,110) ENERGY
113 FORMAT{10X,22H ELECTRONIC ENERGY +Fl6.10)
“LL5 TF(DABS(ENERGY-GLDENG) «GE..000001L0O) GO TO 150
120 Z=31T+10
NEIG=N

IF(TCHCUZET.DY 60 TO T4~ —— 7"7n o momme ‘

130 WRITE( 64140}
140 FORMAT(5X,18H ENERGY SATISFIED /)
14% T k=NATCMS-1 7 '
CQ 55 Il=l,n
L=+l
TTTT TTTTTTTDCE S5 J=ELLNATOMS T
RADSDSWRTIICI Ly LI=CUIoL))®#24(Cl142)=C{Jy2) ) kw2
1 +(C(Ie3)=ClJy3))xx2)
TS S ENERGY ZENERGY+(OFLCATICZ L) Y ®OFLCATICZLJY )Y Z/RAD T T T
ERGY=ENERGY*®27.2040+00
IF(ICHCCZ.Ed.0) GO TO 155
T T T WRITE TGy 651 ERGY T
65 FCRMAT(//,L0X,16H TCTAL ENERGY = ,F1643,? EV?)
155 GO TQ 170
TIS0CONT INUE 7 7
160 CLUENG=ENERGY
170 CONTINUE
CALL GIVENSTNGNETYG)
IF tZ.LE.IT) GG TO 240
Ca 220 [=1,N
T 7200 RCCTTII1SRCOTHL) %27 .204C0
IF(ICHCUL.EQ.Q) GO TQ 240
MAJ=MAGIC
R “""'""H £JE(MAT/S)I*S
IF(MAJ .NE.MAGIC) GO TO 240
227 WRITE(6,230)
23C FCPMAT (IXy28HEIGENVALUES AND EIGENVECTORS) ~
CALL SCFCUTIL,2)
240 CCNT INUE
TTTTTCTTTT UEIGENVECTURS TIN B) ARE CONVERTED TINTO DENSITY MATRIX (IN B)
D3 280 1=1,N . :
B0 260 J3I.N
T T UTTRXA(IN=E0L.Q00
L3 <450 K=l,0CCA
250 Xxx{J)= XXX(J)*B(I.K)*&(J.K)*Z 0Co
T2 CONTINUET T T
OC 270 J=1,N
270 2{1,d)= XXX(J)
T T R80TCONTINUET T T T T T T e e
. D0 290 I=1,N

CO 290 J=l.N :
—J"”_‘Z‘JO' BUJIT=31I4J) R T/ T
IF (Ll LE.IT) GG TO 10 ‘
300 CCNTINUE
e T QB RN e R e s e
END
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Y(2705)= 56,00 e
T TTTTTTTY(3T1ATE T =400 ] o
Y(2723)= -43.00
Y{2706)= 45400
R 1o e 8¢ S T Pl T
Y{27241)= 48.00

Y¥Y{2707)= -48.00

- YULTI6Y="" 748,00 o )
| Y15329)=  .64.D0
© Y{5322)= =128.C0 e )
TUTTUTTYS534005 T =66l 007 0 T '
Y{5315)3  64.00
Y(5353)=  128.D0 e .
T V(S32600 T ~64,.00 - o
Y(5l85)=  =96.LD
Y(5194)=  32.00 e
T ovialeed=" -90.007 T T T TTTTT T
Y{5195)=  64.00
Y(5204)= 32,00 o
YUST76)F 9600 o
Y(5.87)2  32.00
Y(51561= 64400 R )
T YT E T ge DO T T T TS :
Y(5133)=  =32.L0
Y{5157)3  32.00 . S
Y{52086)=" =%&.00 ,
Y{5130)=  =64.D0
v{5189)=  =32.D0 o B )
TTY(5198)= T -96.00 T T
Y(5l8l)=  =32.00
Y(5190)2 _ =04.00 o
B Y5199 96.00
Yi5182)= =-32.00
Y(519L)=  96.C0 o
T TY(4375)8T = le4 .00 T T T T T |
Y{4334)=  96.D0
Y(4353)2  ~16.00 o ]
T TTTTTTTY (4368 )5 T 144700 - -
Y(43861=  =48.00
Y(4399)= 96,00

TTY(%3707F T =90.T0
Y(4379)= 48.00
Y(4397)= =144.00

S T CF Y 73 1600

Y(430l)s =66.00
Y(«390)=  144.C0 )

T Ty G0 T T T LA 00 T T T T T T T e e

Y(1999)= -144.00

¥(i393)= =-144.00

T “YU1920)= 144.00 i o
Y{13951})= l44.00
Y{19é2i=s =144.00 -
T TYA(I900 )= T Sle400 T T T T e
Y(1915)= 144.00
Y{ 935)= -1l6.00 o

¥ (964 32,00
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SUBROUTINE INTGRL R
ISPCICTIT REAL*3LA-ALC=2T
C ATOMIC INTEGRALS FOR CNDO CALCULATIONS
COMMUNIARRAYS/S(&O.BO)'Y(9,2y203)'2(17.49),xx(2900)
- "COMMCNZ INFC/NATCMSy AN('L5) +CTU L1543 )N
COMMCN /STQ/ MU
CCMMCEN/Z INFOL/CZ(15) 4UEB0)}yULIMI 15y LLIM{LS) ,NELECS,OCCA,0CCS
T T COMACN Y GAB/ XXX (3991 5 T(9,9 0 GAMMATLS,IB) PA[RS(9.9)'TEMP(9 9),

T eCLhE3)4C203).YYYLTI) .
COMMON/AUXINT/A(LT) B(1T) S
GIMENSTCN MU(LGyNC(LBIZLCT9) o MC(9),E13)
CIMENSICN PLlUd,80)

EQUIVALENCE (PUL)yY(L))
CTUTTTTTUTTT REAL® S MUGNUML KL ,K2 T T
INTEGER AN ULIMyULK,ULL,CLyUrANL ¢ANK,OCCA,GCCB
C C=TERMINATION UF SIZE CF AQ BASIS IN AND CORE CHARGE Ci
——f g
DC 00 I=1,NATOMS
LLIM{TI) = N+l
K=1
IF (AN(I).LT.LlLl) GC TO 20
10 NaN+9 L
T LN =aM(T -0
GO TO 50
27 1F (AN{I).LT.3) GO TQ 40
3J K=N+4o
CLlI) = AN(I)=2
G0 TO 50
T TNEN+T
CZil)= AN(1)
50 CONT INUE
GLIMTIY = N
63 CCNT.INUE
c FILL U ARRAY=~=-y(J) TDENTIFIES THE ATOM TO WHICH ORBITAL J IS
O T ATTACHED €.G. ORBITAL 32 ATTACHED TC ATOM 7, ETC.
DC 70 K=l,NATCMS
LLK = LLIM(K)
UK = 00ImMiR)Y
LIM = YLK+1-LLK
00 70 I=1,L[M )
e e e LT e e e e
70 U(J) = K
C ASSIGNMENT OF ORBITAL EXPONENTS TC ATCMS 3Y SLATERS RULES
MuCzi=1.700 7
MUil)=1.200
NC(l)=1
NCI2)T=T
B0 30 1=3,10
NClI1=2 I
e MU VR 3250 UROFCOAT (TS 1) T
CO 90 I=11l,18 .
NC(l)}=3
TTOITNUTIYS(J65D0RDFLOAT( (L) =4,95D) /3,00 T T T T
o ASSIGNMENT OF ANGULAR MOMENTUM QUANTUM NOS. T ATOMIC CRAITALS
LC(1)=0
LCigy=1
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. LCi3)=1 e e .
tCia)=1 .
LC(S)=2 ’
LC{6)=2
LeLnys2
Lci81=2
LC(9)=2 o o
B 1o § ¥ T

MC(3)=-L : A
OB R T e e e s

MC{5)=0

MClo)=1
TTTTTNME LTV E=L - T

MC(8)=2

MCL9)=-2
C 7 TUSTER TRRU PRIRS GFATCMS 7777
CO 320 K=1,NATCMS
CU 320 L=K,NATCMS
0GTL00 15,5
CLLL) = C(KyT)
LC0 C2(I) = C(L,I}

T T TCALCUTATETUNIT TVECTCR ALCNG TINTERATOM AXIS,E
CALL RELVEC(RyEZC1l,C2)
LLK = LLIM(K) - . .

T LR LC I YT T - —- e
ULK = ULIM(K)
ULL = ULIML)

TTUUNORBK=ULK=LLKFL T T T e s e e e
NCROL=ULL~-LLL*]L
ANK=AN(K)
e e VERANTL T T e o e e e om0 e e s
c LOCP TRRU PAIRS GF BASIS FUNCTIONS, ONE ON EACH ATOH

CO 200 I=1,NORBK
CCT 200 sy NORBL T T T e e m e e
IF(KeEWel) GC TO 100
L1D IF(MCUI).NE.MClJ)) GO TO L3530
T T TIZOTIFINCT Y ULT 0 60T TO 140 - - oo T T T
13C PAIRS(1+J)=0SQRTIUIMULANK])*R ) *x (2=NCLANK I+ L) * (MU{ANL ) *R ) == ( 2%NC (ANL
L)+1)/(FACTI2ANC {ANK) ) uFACT (2XNCLANL)) ) ) %{~1.00)*=(LC(J)+MC(J))
T 2RSS (NCH{ANKY T LY o MCUT Y o NCCANL Y v ECUIY s MULANK) ®Ry MU LANL ) %R ) h
GC TO 1S9 )
170 PAIRS(1sJ)=PAIRS{I~-LyJd-1)
e ot o 0 X 7 IR A
15¢ PAIRS(1+J1=0.0D0
GG TUO 190
TTIGNTIFULGEQIIYTGO TOTIYg T T e
180 PAIRS{I,J)=0.000
GC TO 190 ° :
TUTTT I TTITI PAIRSTININISTLODO T T Tm o
190 CCNTINUE -
220 CONT INUE
TUTTTUTLOULKELCTINGRBK YT T T T T T T e e e e e
LCLULL=LC{NORBL)
MAXL =MAXO(LCULK,LCULL)
T IR R GG T 0. 0000G1IC0Y TGO TC 220 T T T
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210 GO TO 250 o ,

T ROTATE INTEGRALS FRUM DIATUMIC BASIS TO MOLECULAR 8ASIS ~°~
220 CALL HARMTR(T,MAXL,E)
DG 230 I=1,NORBK

“TTTDCT230 J=1,NOREL T
TEMPLIJd) = 0.00
CO 230 KK=1,NORBL
CUTTTTTITUTEMP(TGO) F TEMPIL, J)#T(J,KK)*PAIRS(I L
230 CONTINUE
B0 240 I=1,MNORSK .
D A e e m e e e e
PAIRS(I,J4) = 0.D0
CO 240 KK=1,NORBK
T T TR ATR ST T ) F PAIRS (I IR T UL KK RTENPIRK, gy T T T T T T T
249 CONT INUE
c FILL S MATKIX
T 7250 CONTINUE ™
CO 260 I=1,NGCRoK
LLAP=LLK+ =1
TR0 266 JR I NOREL T T s
LLLPsLLL+J-1 :
260 SULLKP,LLLP)aPAIRS(I,J)
C* "7 CUMPUTATIUN OF L-CENTERTCOULOM3 INTESRALS OVER SLATER S FUNCTIONS
NL=NC( ANK)
N2=NCLANL)
KI=AUCANKY T T e e
K23MULANL)
IF(K.NELL) GO TC 29C '
TTQTTERMLT E FACT(Z2NL=1)/ ((2200%K2) == (26N1T) "
TER42 = 0.D0
LIV = 2%NL
ey 1oty T RN Y W 6§ R—
NUM 20FLOAT (J )% (2.D0%KL ) =%(2%N1=J ) =FACT( 4=N1~J-1)
CEN = FACT(Z*NL-J)*Z DO*CFLCAT(NL)*(2.D0%IK1+K2) ) %% (4% Ni-J)
T TUTTTTTERM2TETTERMZ R ONUMZDEN T T T
230 CCATINUE
6O TO 510
ST T T COMPUTATION OF T2<CENTER COULOMS "INTEGRALS OVER SLATER 'S FUNCTIUNS
290 TERML=(R/Z.D0)=%{2¥N2)*SS{0,090+2%M2=1y0s0e0092+00%K %K)
TERMZ = 0.00
TS U TUTTTTLIM 3 U 2N T T T T T T s e s mme e e “"' T T T
D0 300 J=1,LIM
300 TERMZ = TER2+(DFLGAT(JI*(2.005KL)#8(2%N1=J) % (R/2.00) #n( 2%
T T INLEI#2%N2) V7 (FACTU24NL=U) %2 00%0FLOATINLI ) ¥SSI27Ni=JpGrus S8NE=1 00
292.00%K1%R, 2.00%K2%R)
310 GAMMA(A,L) = ({2.D08K2)#%(2%N2+1)/FACTI2*N2) ) *( TERML=TERMZ)
— e 3207 CONTINUE ™™ 7 s
c SYMMETRILATION OF OVERLAP AND COULCMB INTEGRAL MATRICES
CO 330 I=L,N
S — v % (RN E S $9 e
330 SUJel) = 5(1,J) =
CO 340 I=1,NATCMS
T SR 0 TS T NATONS T T e e
340 GAMMA(J 1) = GAMMA(I,d)
RETURN

e e G N e e s e e s
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SUBRUOUTINE HARMTRIT,MAAL,E)
TMPLTCIT REAL¥G(A=-H,0-2) T
CIMENSION T(9991+E(3])
CCST = E(3]
TTTIFULT00=-COST*¥2 ) s6TeleD-10 T T
10 SINT = Q.DO
GC TC 30
T T ZGT S INTEOSQRY (LY ﬂD:CGST**Z) B T
' 30 CONTINUE ) -
IF{SINT.GT. 0.00000100) .60 10 50
T407cdsP sT1l.00 T oo e m
SINP = G.COQ
€0 7O 70
T S0COSP s ELLT/SINTT '"' T o
60 SINP = E(2)/SINT
73 CGNTINUE
TTCQ TV I3l 9
0O 80 J=1,49
80.Tllsd) = 0.00
TOLTY =1.00
{F {MAXL4GT«l) GO TU 10C
90 IF (MAAL.GT.0) GG TC L1O
GO T los = T e e e e e
CCS2T = COSTx*2-SINT#x2
SIM2T = 2.0CG*SINT=CCST
h TTTLOS2PTTE COSPERZ-SINFunZTT CoTmr o
SINZP = 2.,DI*SINPX*COSP
C TRANSFORMATION MATRIX ELEMENTS FOR O FUNCTIONS
T TEURTISOSURT(IL00) 7T

) GoTa 29

100

Tlgs3) = (1.D0+COST*=2)%C0S2P/2.D0

Ti9y6}) =

— e UG TTTE

T(9,3) =
T(3,9} =

TTTTITUETOT CONTTHUETT

TTTTUB.9) E=CASTASINZP T
T(9s35) =-

TSTNT®COS2P

SWJRT3
SIN2T*SIN2P/2.00

*SINT#%2%SIN2P/2.0D0

(L.DO0+COST*%2)%SIN2P/2.00

CO;T*CGSZP

c TRANSFCRMATION MATRIX ELEMEMTS FCR P FUNCTIONS

T(2e2) =
T3

CUST#COS?
=SINpTTTTTT

T(5:5) = (3.00%COST**2~1,00)/2.00
T{596) = =3QRT3 *SIN2T/2.00

TTTTTTTTTTTTTYUS, @)Y = SARTYT TRSINTwX/ .U T T T o
Tl{os2) = SIRT3 *#SIN2T*CCSP/2.00
Tlor6}) = COS2T=COSP

T T T T (ee 1T = T~ COSTESING T T

T(Es3) ==T(6+5)/SART3
Ti6+9) = SINT*SINP

ST TS = TSRTIT T TR STINZT#SINPY/ 2. DO"’” T T T e
Tily0) = COS2THSINP
TL(7+,7) = COST=CUSP

T CTTTT Y)Y E ST 7,5)/SGRT3 T T T T T e )
T(7,9) = =SINT=COSP
T{8,5) = SQRT3 *5 INT=%2xC0S2P/2.00

T TTTT(dy0) 2T SIN2T*COS2P/2.00° T -

T(8,7) = -SINT*SINZP



T(244)

SINT=CCSP

265

T03,27 =
T(343) =
T(3+4) =
=
=
E

COST*SINP
case
SINT*SINP

T T(4923 = =SINT ¢TI
T(4s4) = CCST
120 CONTINU
AR RN e e
END
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SUBRCUTINE CPRINT ) I
TTTTTTTTTTTIMPUILCTIT REAL*8{A-H,U-T7) - - T
c CNCQ SCF CLCSEU SHELL— PRINTQUT SEGMENT '
COMMON/ARRAYS/A180+.80)+8(80,80)+D(80,80)
TTTT COMMONY/GAB/ XXA (48U 96 L5915)sQ{80),YYY(80) 4ROOT(80) »ENERGY
COMMCN/ INFC/NATCMS, ANLLSH9CU15+3) 4N
COMMON/ INFOL/CZ(15) yU{80)+ULIM(15),LLIM(15) yNELECS,0CCA,0CCS
T TCURMONT PERTBLZELILE) - o
CCMMCN/MTXPTS/CUNTOP(51+5)9NTHROW
COMMCN/VARY/CINCRM,NTIMES
T COMMON/MAYTIC/MAGTIC A T T T T e
COMMUN/CHOICE/ICHOIS, ICHUOL
INTEGER AN,U ULIMyEL,CCCAYOCCB,ULWCZsANI

TTUTTTTTTTTTTCIMERSION OPM{3) ,0M(3) ,211SP(3),0MP0(3) T U e

CIMENS ION ATENG(1B)
ATENG(1)=*~0.638730c462 DO
T TETENG(3)=S=.2321972405 DO T T o mom T o m o e
ATENG(4)=~1.1454120355 DO
ATENG(5)=~2.9774234%C48 DO

ATENGT6T3=6.16459362617 DO T T

ATENG(7)=~11.0768746252 DO
ATENG(8)2~18.08166%8651 DO
ATENG(S)=~27.54915G2880 CO
ATENG(L1l)=-.1977009503 0O
ATENG( 12)=-.E86719133833 0O
T ATENGUTI3T==2.036455774% 00 -
" ATENG( 14)==3,4979034686 CO
ATENG(15)=-0.75646006163 DO
TTATENGL16)==10.7658174341C07
ATENGL 17)=-16.046701794000
30 CCNTINUE
“KENATCMS=T : T T
IF(ICHCOL.EJ.0) GO TO 45
IF(MAJ.NE.MAGIC) GO TO 45
TTTWRITET Gy T T T T T
40 FORMAT('1¢,IX,L5H DENSITY MATRIX}
CALL SCFCUT(0,2)
TR EU IS [T NATCMS: TTToTT T T
ANI=AN(I)
70 ENERGY=ENERGY-ATENG(ANI)
T TTTTTTUERGYEENERGY® 2T L 2ZUG 00T T o e e
IF(ICHCCZ.EC.0) GC TO 85
WRITE (6+80) ERGY
T 30T FCRAAT (7  LOAVIGHBINDING T ENERGYE JFL& 8 EVY Y T
85 CG L10 I=1,NATCMS
TChé = 0.DO

L LTIV - - T

UL=uLIM{I)
CO 390 J=LL,ULL

T QU TCHG T T TCHG#B T ¢ ) - T e

ANI=AN(T])
{F{ICROOZ.EQ.0)} GO TQ 105
T T ARTITENS 2 ICOF LY EL(ANTY W TCHG " 77— = " om o T o
100 FORMAT(I3,A4+8X4F7.4)
105 »xx(1)=TCHG
Tt TTTT1Y0 T CONT TRUE T TT T T s e s e e
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CO 120 [I=1,3

—OM{T150,000
CMSP{I }20.000
120 OMPD(I)=C.000

T e T E0 290 T JE LY NATOMNS T T e e

e e

T T LA INCEG LU IMTUT

T T T TG 32500 OFLOATLANTY) -1))

IF (AN(J)eLT&3) GO TO 180
130 IF (ANGJ)oLTell) GO TC i40
IS0 TSUTRISTU6500%DFLCAT(AN(SYT=4.9500) 73,007 ~ —7 77
IR FACTORSZ.541680*1.60/(DSQRT(S.DO)*SLTRL)
INDEX=LLIM(J)
- TOOTLVO K=y 3T T T e e e
170 DMSP{K)=SOMSP{K)-B{INDEX,INDEX+K}*10.2717500/SLTRL

DMPD(l)=DMPD(l)—FACTCR*(B(INDEX+2-INDEX+5)*B(INDEX+3.INDEX+5)

FETINOEXF Ly INCEX+TI-1L00/05QRT (3. CO)I*3( INDEX+L,INDEX+4))

CMPD({2)sOMPO(2)~FACTOR*(BLINDEX+ 1, INDEX+3)+B{ INDEX+5¢ INDEA+O)
1 +B(INDEX+2 INDEX+7)~1.00/DSQRT(3.00)*8( INDEX+2,INDEX+4)})

1 +#2.00/0SQRT{3.CO1*B( INDEX+3, INDEX+4}]
GO TG 133

C 150 K=1,3
150 CMSP{K)=DMSPIK)=3( INDEX, INDEX+K) #7.3369700/ _
140 €O 190 I=1,3
190 CMUT)SCMUD) # (OFLOAT(CZUJ)D=XXKIJ) J*CLSs 1152541600

TTTTTTTT200 CONTINUE T

T T T TARITE G, 2307

T RRITE(6425010MPD UL Y, OMPC (2 DMPOI3Y T T T

CTTRTITFORMAT {ISKyoH TCTAL 34Xy 3 (LA F3e3) s/}

€0 210 I=1,3
210 OPM{1)=0M(1)+OMSP(I)+OMPD(I)
TTTUTUUTIFLICHOOZ ETL0YT60 YO 275 T T
WRITE(6,22V)
220 FCRMAT(//,30X,16H CIPCLE MOMENTS,/)

230 FORMAT (L5Xe11H CCMPCNENMTS»3Xe2H Xy 8Xy2H Y,8Xe2H 1)
WRITE{ 64+240)0M(1),OM(2),0M(3)
T24) FCRHAAT (IS Xy 1OR DENSITIES»3(1XsF9.5))
WRITE( 69250)0M5P (4 )»CMSP(2),0145P(3)
250 FORMAT(1S5Xs4H S.Py0Xe31LXsr9e3)1}

260 FORMAT (15X,4H P.Dy6Xs3(1X4F9.5))
WRITE(6+27020PM(1),DPM(2),DPME3)

275 OP=DSGRT(OPM(1)*#2+40PM(2)%=2+0PM{3})%x2)
IF(ICHCCZ.EG.0) GO TG 235

TTTTTTTTTTRRITE6, 2807 0P T '”' TToTTTm o T

T T T CORTOP UNTHROW, 31 =0PM(2Y T T T T T T T

T RETURNTT T T T T

230 FCRMAT(L3Xs15H DIPOLE MOMENT=2,F9.5,7H DESYES,//)
285 CONTDP(NTHROW,Z2)=DPM(L) o
CONTOP (NTHRCW,4)30PM(3)

CONTOP (NTHRGW,5) =0P

ENC

T T UCMPO (3 Y2DMPO( 3 I =FACTOR* (U INDEX+ L INDEA+5)+3( INDEX#2, INLUEXto !
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SUBROUT INE HUCKCL

T TTTTTTTIMELICTIT REAURE (AR, C=2) ’ o CToTTmem e

c
c

OIMENSION GLULE@).F2{18)

EXTENDEU HUCKEL THECRY FCR CLOSED SHELLS
OVERLAPS ARE IN MATRIX A,COULOMB INTEGRALS(GAMMA) ARE IN MATRIX G
TCCHMMUN/ARRAYS/AL80,80) ,B(60s80),0(80.80)
COMMON/ INFO/NATOMS 9 ANL15)5CE1593) 9N
CUMMJN/IVFDL/CZ(IS)vF(BO)'ULIﬂ(lS)vLLIM(lS)nN‘LECSoOCCA cccsa
CbMﬂUN7G1&/XXX(§86)gGl15015)90(80)yYYY(BO)vROGT(dO).ENERGY
_CIMENS1ON ENEG{18,3),8ETAO(18)

DIMENSION BETA(L7,17)

DIMENSICN S(80,80}
_ EWUIVALENCE(S{(Ll,1},AlL,1))
TNTEGER TCCASGCC3 UL yAN,CZyFoULTM ANT

SU3=USCRT(3.C0)
G1(3)2.392012 ce e
- T BAeYs le0r T T T TG T T T T T i
G1(5)=.195265 £o
Gl{6)=.267738 Do
GITTT=.346029 £0 T
Gll8)=.43423 Do
GL191=,.532305 oo S
TTUTTTRE(3)E,049865 T 0O T )
F2(4)=.C89125 DC
F2(5)=.13041 £o . o
FZ(BYS 173727700 7 " T R
F2(71=,215055 00 '
F2(8)=.266415 00 o
T R2(90=.305800 T 00 T

T ENEG(35271=1.258 DO

T ENEG{5,1)=9.59407 GG

ENEGLL,L)=7.1T701 CO
ENEG(3,1)=3.1055 OO

ENEG(4+1)=5.94557 DO

ENEGl4y2)=22.563 L
ENEG(542)=24.001 Do !

ENEG(Os1)=L4.051 DO

T TTTENEGUS, 215,572 L0 o oo T

ENEG(9,2)=L1.04 DG

ENEG(7+1)=19.31037C0C
_ ENEGE7,2)0=7.275 bo
ENEG (87 132543901700
ENEG(3+21=9.111 Do
ENEG(9,1)=232.2724 DO

ENEG(LLl,1)=2.304 ODC
ENEG(L11+2)=1.30¢ COU

T T T TTENEGT L L3709, TS50 00 - T e T

ENEG(Ll2+1)0=5.125« DO
ENEG(12,2)=2.0516 DO

ENEGITZ,3)=0.1619500" T e
ENEG({L3,1)=7.7706 DO .

ENEG(13,2)22.9951 DC

ENEGUL1553120.22425D0C - T
ENEG(1l4y1)=i0.032700

ENEG(Ll492)=4,1325 DC

ENEGCIT45,3750.337 "Co™
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ENEGI154+10=14.032700 !
ENEG(15+2)25.%634 DG d
ENEGU{15,3)=0.500 00
ENEG(Lb'l)=1?.049600

ENEu(lboBl’d 7132500
ENEG{17+1)=21.5906D0

T T T T ENEGE T 725807081 00O T ; T T mm e
S ENEGULTe3)=0.6T769500 - . . ‘ S :
BETAO{Ll)= -9, oo : )
e E AU T3 ) B g 7 e e s e e

BETAQl )= ~13, 00
B8ETAQ(D)= =17, 0o
T TBETAJTGYs =210 DO T Tmmm e
BETAO( 7)== =25, 00 ’
8ETAQ(8)= =31, (3]8]
_—~”~_~m-.BETAU(3)= =3y, g7 oo o e
BETAQ(11)=-7.,7203 DC
BETAO( L2)=-9.4471 CO
BETAOTI3T=~11.3CI1DC
BETAOQL L4)==13.005 OO
BETAO(15)=~-15.07C 0O
T T TRETAO(Le)s~18,.150 bDCTT
BETAO(17)=-22.330 DO
Ceoe EXPAND THE 3ETA MATRIX
ST IO STLTTEL VLT ToTmrmmn e
DC 511 J=l,1 '
BETALI, J)-.SDO*(&ETAO(I)+BETAO(J))
BETA(ISIT=BETA(TVJ) ™ )

511 CUOMTINUE
C FIND NELECS AND FILL H CORE{DIAGONAL) WITH (I+A}/2 o
e e A CEESEQ . e e e

-C0 60 1=1+NATOMS
NELECS=NELECS+CZ{I)

S W A TH 0 ¥.7 & & R
UL sULIMCL)

ANI=ANLT)

e =0 e o m .
Lo 50 J=LL UL
Latsl

T T IR ICLESGLY GG 16 1 o

20 IF (L.LT.5) GO TO 40
30 AlJsJ)=~ENcG(ANI,3)/27,21C0
GoTT ST e e e e e e et e
40 A(JyJ)=~ENEGI{ANL+21}/27.21C00
GG TG 420
T TTTTIITANSVIY E=ENEGTANT » IV/27.2100T T T T T T T T
50 CONTINUE
) 6C CONTINUE :
T T TTOCTA=NELECS /2 T T Tt o

c FORA HUCKEL HAMILTUONIAN IN A (OFF CIAGOMAL TwU CENTER TERMS)
CO 93 Is2,N -
TTTTTTTTTTTT (1 s DyEAUT YT T T e o e
K=F[ 1) i
L=AN{K)

R ¥ 1 1 ] r'-;'r"—’“‘" T T T T T e S T S e ST s s e
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L4 90 J4= lpUL
T RKER(SYT T T

LL=ANIKK)

IF ({LoGTe9)e0RLILL.GT.9)) G3 TO 70

T e T AU IsAl Ly U =BE TA(L,LL) /27,2100 T e
AlJ,1)=A(1,J)
GOTO 90
B A°) . TAIT»JT=0.T500%A(T, J)*ﬁETA‘t?L[’/27;2100
e D(Jol)zﬁll'J) : ) -

90 CONTINUE
TIUTITTTTTTTOC 1007 =Ly N T
100 QU =A(1,1)
CALL GIVENS(N,OCCA)

- T ETGENVECTTORS (IN 81 ARE CONVERTEU INTO OEMSITY MATRIA™
BC 140 I=1,N
- ——apepeng i n DC 120 le 'N Ry BRSO g G VP

TOXRATUN=0L000
0C 110 K=1,0CCA
110 XXX{J)= XAXX{J)+2.D0%B(1K)=B{JsK}

T20 CUNTINUE
0C 133 J=IN
130 BlIsd)= AAxUJ)
T T L) T CONT INUE
CC 150 I=1,N
DG 150 J=1.N

139 a3, T1=a(1,JT
c ACC v(4B) TO HCOKE-—-CNCO
00 170 1=l.N°
I ES S § .
CLLI=QUI)  +0.500%GlJJ)
CO 160 K=1,NATCMS

- 180 CUIT=Q(TT-0FCOAT (CZIKY Y ¥G(J,K)
170 CCNTINUE
CC 310 I=1,N

Y Y S S S ELT ¥ T T e
CO 330 J=I,N
300 2(J,y1)=AL1,4)
310 CTNTINUE e T
RETURN
- END

(IN B)




C MaP.
“CTTTTTPRINTED. TFQP=

271 -~

SUBROUTINE SCFQUT(CF,MCP)
IMPUICTIT REAL*8TA-H,0=2)"
C THIS RCUTINE PRINTS THE ARRAY IN CCOMMCN/ARRAYS/
IF 0P = 1 THE EIGENVALUES CONTAINED IN COMMON/L/ ARE ALSO
U"THE EIGENVALUES ARE NOT PRINTED

COMMCN/ARRAYS/A(B0+,80+3)
COMMON/ INFO/NATOMS ¢ AN[15)9C{ 15930 4N

WwHICH IS UESIGNATE

COMMON/INFOL7CZI15) U807 UL IMTL5) SLLINC15) s NELECS, UCCA,0CCE™

"COMMUN/ORB/QRBL S)

CCMMCON/PERTBL/EL(18) '
INTEGER "CP,ANyANIT,CZ, U, ORB,UL IM,EL,0CCA,CCCB

CC 120 M=1,Ns11
K=NM+1Q

IF (K TESNT G0 10730

20 K=N
30 CONTINUE
T WRITE{ 69 100)

IF (0P .EQ.L) GO TO 40

GC TG 50

40 CALL ETIGOUTIM,K)
‘50 CCNTINUE

WwRITE(6,00) (Is1=M,K)
a0 TFORMAT (13X,5019) "

DC LLO0 I=1,N

I'1=u(I1)

ANTI=AN(TIY)
L=I=-LLIMIT)

*l

73 WRITE{0,80) I,11,EL(ANTII) ORBIL)+{ALT,J,M0P),J=MyK)

BU FGRAAT (1X 4125 13,844 1X3A4,50{FF9.4)) 7~

I[F {1.EQ.ULIM(II)) GC TCQ 90

GC TC 110

TTTTTTTT90 wRITEVE,ICTY
10C FORMAT(1X)
110 CONTINUE
TTTTTL2 CCRTINUET
WRITE(64130)
WRITE(6,L00)

T TRETORNT
END
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SUBRCUTINE EIGOUT (MeK)
TTTTTTTTTTTINPUICIT REALR8(A-H,C=Z)
c THIS ROUTINE IS CALLED IN SCFOUT TO PRINT THE EIGENVALUES M TO K
COM‘dUN/GABIXXX(BbS)'EPSILNISOI'YYY
TTTUTTTRRITE(Oy10) (EPSIUNIT) #I3MyK) 7
10 FURMAT (//»15H EIGENVALUES~=—=,20(F9.41)y//)
RETURN - .

ENDT - o
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SUBRGUTINE GIVEMS(NXyNRCCTA)

CTTTTTTTTTTTTIMPLIC IT REALRYE TTA-H, 02 T T T T T T T e e

CCMMCN/ARRAYS/ABI80 +60) +VECT(30+80)+X(80480)
COMMON /GAB/B(30+6) 1 XYZ(3u5),ROOTI80) ,ABCD
TTTTCIMENS ICN Al3240) 984813160} . )
EQUIVALENCE (AB(L),BA{L)),{AB(S3161)4A(1))
NJX=80
T TR RCAOT XENK ‘ o - TrTm T T e e
0C 600 I=1,NX .
BC 690 J=1,NX

T TTeQ0 VECTUL,Id=AB(L, ) T T T T e e e o T

L=l
CO 601 J=2,NX ) e

KzJ-1
CO 601 I=Ll,K

“SOL LAl e e o e e e« e e e
L=1
80 602 J=Ll,NA

CU™ 502 T=15J _ I
A(L)=VECTJ, 1) :

602 Lal¢l

“UALU G IVEN(NX s NXsMIX A5 8, ROGT, VECT)

LENX®( A X=1)/2

C0 003 I32,NX N

KENX=T+2 - T

Kl=K=1

E0 603 J=1,K1

T TTTTITTTULEKIS UL
ABLJL,K)=BA(L)

€93 Lat-1

T TTTRANRQO T2 e/

CO 604 I=14N

JSNROOTX=-1¢] o
TEMPERCOT([] "= = === = e e
RCCTII)=RACT(J)

RCCT(J)=TEMP

- D0 804 KF LI NX e e e e e e

TEMP=VECT{Ky 1}

VECTIK 1) =VECT{KyJ)
T e T VECLTIRK G sTEMP T T T T T T T e
KETURN
eND
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SUBROUTINE GIVEN(MX yNRCCTX,NJXyAsB,RO0T,VECT)
T TZCALCULATES ETGENVALUES ANDT EIGENVECTURS OF REAL SYMMETRIC MATRIX

C STORED IN PACKED UPPER TRIANGULAR FORM,
c
i e
C TrE PARAMETERS FOR THE ROUTINE ARE:
C N X © QRDER CF MATRIX
T T T T TNROOTX T NUMBER T TF RCCOTS FORTWHTCH ETGENVECTORS "ARE WANTED.
c . IF" NO VECTORS ARE WANTED, MAKE NROOTX NEGATIVE.
Cc NJ X ROw DIMENSION OF VECT ARRAY., SFEE 'VECT*® dELGwW.
TTCTTTT T T N A MUST T 8E NOT O LESS THAN NXS o
o A MATRIX STORED BY COLUMNS IN PACKED UPPER TRIANGULAR
¢ FORMy I.E. OCCUPYING NX*{NX+l)/2 CONSECJTIVE
R o T T T LCCATICONS . T T
< B SCRATCH ARRAY USED B8Y GIVENS. MUST BE AT LEAST
o NX%6 CELLS.
LT TRECT TTTARRAYT TU HCLD ThE EIGENVALUES, ~ MUST 3E AT LEAST
C NX CELLS LONG. THE ROOTS ARE ORDERED LAKGLEST FIRST
C IN THIS ARRAY,
C VECT EIGENVECTOR "ARRAY, EACH COLUMN TWILL HOLUO AN~ 7777
c EIGENVECTOR FOR THE CORRESPONDING ROCT. MUST BE
c DIMENSICNED WITh *NJA® ROWS AND AT LEAST *NJXK!
T TTTUTTTTCCLUMNS » TUNLESS NU O VECTORS ARE REQUESTEL (NEGATIVE
¢ NROOTX}e IN THIS LATTER CASE, THE ARGUMENT VECT
c [S JUST A CUMMY, AND THE STCRAGE IS il0T USED. i
YT THE EIGENVECTORS "ARE NCORMALTZED TO UNIT LENGTH.
C
c ThE ARRAYS A AND B ARE DESTROYED BY THE COMPUTATION. Thk RESULTS
LT TTUTAPPEAR IN RUOQT CANC VECTL T T '
c FCR PRCPER FUNCTICNING CF THIS RCUTINE, THE RESULT OF A FLJATING
o POINT UNDERFLCa SHCULD BE A ZERO. o
T TR CICIT REAL*S LASH,CL)Y T T T T T T
COMMON /VECTCOR/ FACT,IDIF
CIMENSICN B(NX96) oA {1) ROOTINX) Sy VECTINIASNROOTX)
g e S SRR O R L R JANJ AR

C THE ORIGINAL REFERENCE TC THE GIVENS TECHNIQUE IS IN CAK RIDGE
c REPURT NUMBER ORNL 1574 (PHYSICS), BY WALLACE GIVENS.
C—'—“"—TFE”HFTHDU‘KS_PREEENT=D—IN"THrs—PROGRﬁMWCUNSISTS'OF FUUR STEPS,
C ALL MCUIFICATIONS OF THE ORIGINAL METHOD...

C FIRST, THE INPUT MATRIX IS RECUCED TO TRIDIAGCNAL FORM BY THE
CTTTTTTRCUSEHOLDERTTECHNIGUE "(de Hs WILKINSONy COMPe Jo 3, 25 (1900)).
. TrE EIGENVALUES OF THE TRIDIAGONAL MATRIX ARE THEN FUUND USINL
C THE QR TRANSFURM METHCO. SEE Jo He WILKINSONy THE ALwE3RAIC
CTTTTTTTETGENVALUE PROBLEMIUT965) "FGRTATDESCRIPTIGN CF ThIS ALGORITHM,.
C TrE EIGENVECTURS GF THE TRIDIAGONAL FORM ARE THEN EVALUATED

C (Je He AILKINSCONy, COMP. Jo 1y 90 (1S955))y B8Y THE METHCD OF

TTTTCTTT T INVER SETITERATIGN, T FORTNGNDEGENERATE MATRICES.

C FCR MATRICES WwITH DEGENERATE OR NEAR-DEGENERATE EIGENVALUES,

¢ THE EIGENVECTORS ARE EVALUATED INSTEAD BY FURTHER R TRANSFORMS.
'''''' T THIS METHOD GIVES CRTHCGUNAL "VECTORS EVEN FOR DEGENERATE ROCTS.

c FINALLY THE TRIDIAGONAL VECTORS APE ROTATED TO VECTORS OF THE

C LRIGINAL ARRAY (FIRST REFERENCE).
TTTCTTTT TTTTHE TTNVERSE ITEPATION TPCRTION OF THIS "PROGRAM WAS ALAPTED

C FRUM THE WQUANTUM CHEMISTRY PROGRAM EXCHANGE NUMBER oleis QY

C FrANKLIM PROSSER. THE EIGENVALUE SUBRCUTINE (EVQR) nwAS WFITTEN

C dY WALTER NIZOUSEN. ~ 77



- 275 -

B RUY GORDONy SEPT.ys 1969 U
[
c AN EXCELLENT PRESENTATICN OF THE GIVENS TECHNIQUE IS FOunD IN
C Jo M. ORTEGA'S ARTICLE IN *MATHEMATICS FOR DIGITAL CCHPUTERS,!

TVOLUMCT 2, EDY B8Y RALSTON AND wILF, WILEY (1907)s PAGE G4.

ETa = § ou:fb—‘
THETA = 1.D75

C'##***t***tt**#**####***t**tvu**#***
~ ¢ -

DELL = ETA/1l.D2
CELTA = ETA*%2%1,02

SMALL = TETa»%2/1.02
CELO1G = THETA*DELTA/1.03
ThETAL 3 1.D3/THETA
o TTELERTISTATFACTOR "USED TU CETERMINE IF ANY RCCTS ARE CLOSE
c ENCUGH TCGETHER TO dE CONSIDERED DEGENERATE FOR PURPUSES GF
c CALCULATING EIGENVECTCRS. FOR TRE MATRIX NORMED T3 UNITY, IF THE
[ UIFFERENCE BETWEEN TWO ROOTS TS LESS THAN TOLER, THEN THE =~
o SR TRANSFORMATICN IS USED TO FORM THE EIGENVECTORS.

TCLER = 1.02=0SQRT(ETA)

TTTLOSTCONTINCETT T T

C TTEMAGT IS AT TOLEKANCE "FOR NEGLIGI3LE ELEMENTS IN THE wR ITERATIUN
c FCR EIGENVECTORS FCR CEGENERATE EIG‘NVALUES.

EMAG = ETA L
C } T ’

N = NX

FLCATN = DFLOAT (N)
"NRCOT "= [ABS(NRCOTAS ™~
IF (NRCOT.E£Q.0) GO 7O 19001
IF (N=-1) 100L,1003,105 e
TCO3 RCCTTLY s A(1) —

IF (NRCOTX.5T.0) VECT(1,1) = L.DJ

60 TO 1001

C NSILE NUMBER CF ELEMENTS [N THE PACKED ARRAY
NSIZE = (Nx{N+1))}/2

TR E TN T TTToTrm T T o m e

N42 = N-2

NP1 = N+l
S T e e e e
C CCMPLTE TRACE

TRACE = 0.D0

T .

CQ 1 J=2,MPL
TRACE = TRACE + A(JUMP)

TUTTTTOLITIUMAP TR YUMPT YT T Tt rm e e

TRACE = TRALE/FLCATA

L SUBTRACT TRACE FROM DIAGONAL ELEMENTS TO GIVE A MUR“ RcLlAdL‘ NORM
~AHEN"THERE~ARE UARGE "DIAGUNAL ELEMENTS ~~" =~ ="~

JuMp = 1

CC 2 J=24NPl
TOOTTTAQJUMP) TETA(IUMPY TS TRACE ST T T T T

2 JUMP = JUMP + J

C  3CALE MATRIX 7O EUCLICEAN NCRM QF 1. SCALE FACTOR IS AWNORA,

FACTOR "=~ Q. 00—~ "~ —rr— T e
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CO 73 I=L.NSI.E
TTTTTTTTTTOTFACTOR = DMAX I (FACTCRDAS ALY T T T T T
IF IFACTOR.NE.Q.DO) GO TC 72
C NULL MATRIX. FIX UP RCOTS AND VECTCRS, THEN EXIT.
T DC" 74 T=LyNRGOT" h
IF (NROOTX.LT.O) GC TO 78
0Q 77 J=1.N
TTTTITTTITVECT (L1 E0L.00 i oo T o
. VECT(II) = 1.DO ' '
73 RCCTII) = 0.DO
TTTTTTT T 60 TTOT LdoL ¢
72 ANCRM = 0,D0
vo SCALE = DSGRT(2.D0)/FACTOR
TTC0 80 1=1,NsTZE T T T TrmmmmTmr T ST
80 ANCRM = ANOHEM + (A{I)%SCALE)#%=2
C SUBTRACT CIAGOMAL CCNTRIBUTICNS, WHICH WERE COUNTED TWICE
o SCALE = L.00/FACTOR oo T
JuMp = ]
CO 31 J=2,nNPL
- ANCRM = ANORM =TA(JUMPTRSCACE jaeg— ~—— —~——— 7~ — -
81 JUMP = JUMP + U
83 ANCRM = FACTOR=CSART(ANURM)
T T USCALE = L JOO/ANGRM T -
0C 91 I=1,NSIZE
91 A(l) = A(I)*SCALE

CTTTTTUTTTTTAUIMIT TELLD0 T - ’ o T ot o

C
C TRICIA SECTION.
TCTTTRICIAGUNALIZATICON OF SYMMETRIC MATRIX -
it =0
1A = 1

UL UNM2LEQTDT GOTTE 20T T T
CC 200 J=l.NM2

c 9 CGUNTS ROW GF A-MATRIX TQ BE DIAGCNALIZED
TCTTLATTTTT USTART GF NCN-CODIAGONAL ELEMENTS IN THE ROw
C 10 INJEX OF CDDIAGOJAL ELEMENT CN RCw BEING CODIAGCONALIZED.

Ia = [Aa+J+2

o e e e T4 S e e e =
JP2 = J ¢ 2

Jil = J + 1

T CTFINTD TIAITS FCR BANDTUF STGNIFICANT MATRIX ELEMENTS T
LIAIT = 41
{I = LA .

T T ey TTEJREGNTT T T Tttt e e

8(I,3) = A(II)
1F (DAnS(B(I'S)) GT.CELL) LIMIT = 1

e — g1 E T e e e e
CTZMP = A(ID)

S IF (LIMIT.GTLJL) GO TO 110

TTTTTTCTTNOTTRANSFCRMAT [ONTNECESSARY TF ALL TTHE NCON-CODIAGUNAL 7777 7 77 77

C ELEMENTS ARE TINY.
120 BtJel) = OTEMP

e DT E YLD —— e e e O

GC TQ 200
C SuM SQUARES QF SIGNIFICANT NON-COD [AbCNaL _ELEMENTS CF ROw J
B ST I 1 L B 71 § e - B
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SUM = DLT(B(JP2+5),8LlJP2+5))

€ NCW COMPLETE THE SUM CF OFF-DIAGONAL SQUARES 7 77
SuM = DSQRTISUM + DTEMP®*=2)
C NEW CCOTAGCNAL ELEMENT
T T A A1) 3 =OSTGNISUM,DTEMPY T T T T T T T
C FIRST NCN-ZERQ ELEMENT OF ThIS W-VECTOx
B(J+1ls2) = DSQRT{{1.00 + DABS(DTEMP)/SUM)%5,.0-1)
TTUTUCTTFURMREST TOF THE WeVECTOR ELEMENTST T T . T
- TEMP = DSIGN{5.D-1/(8(J+1,2)%5UM)},DTEMP) )
I1 = 1A -
e G B0 TR P LA T T T e S e
BlIs2) = A(IL)=TEMP
130 11 = 11 + 1 i
7T FORWM P=VECTCR TAND SCALARL P=VECTOR = A=MATRIX*W—=VECTOR,
€ SCALAR = w-VECTOR#P-VECTOR.
DAK = C.00
TUTTICTTT T L CCATIUN TOF NEXT TOTAGONAL ELEMENT T T T T
IC= 1D +1
C 1 RUNS QVER THE NON-ZERO P-ELEMENTS
C "CASES FOR I LESS ThAN LUIMIT T
LIMLES = LIMIT - 1
CC 188 [=Jl,LIMLES
TCT TFOKMTFIRST 'PART OF P ELEMENT 7T T T
ICIF = 1 - Jl
) CTEMP = COTI(B(JL.2),ALIC))
TTTTTCTTMOVETICT TOTTOP T OF T NEXT A=MATRIX YROW? T
1€ = IC + 1
C COIMPLETE P ELEMENT

T CTCHANGE TINCREMENTING MUDE AT THE DIAGONAL ECEMENT =

c

r

17¢ IPL =1 + 1
JJ = IC + IDIF

T TTRTEMP T STOTEMP ¢ OSUMIBING T ALY 1P OIMITY T T T T T T

BUILD UP THE K=SCALASAR (AK)
CAK = CAK + DTEMP=d([,2) :
Lee E(IVLY = 0TEMPT T T - o
CASE FOR [ = LIMIT
IDIF = LIMIT - Jl

T TTTOTENP T 3 TOCT LRI 2T, A(IC)] T mTTmrr

C

c

DAK = DAK + DTEMPx3(LIMIT,2)

B(LIMITe L) = DTEMP

IOTF = LIMIT = J1 T - Tt T

TEST TA SEE IF ANY [ VALUES REMAIN
If (LIVIT.EQ.N) GO TO 190 .

R T C T LIMIT ——— e e e e
LINMLE = LIMIT + L

00 REMAINING I VALUES

TTTTTCRTTe9 IS LT MLTN - T

B{I,1) = QUT(B(JLe2),A(11C))
8(I,2) = C.DO

T ICTE YT ) Tt

c

C
c

FORM THE Q-VECTOR

130 FACT = -Dax

T CALLTVECSUMIB IV LY WB(UL,2YY T T T o
TRANSFORMA THE REST OF THE A-MATRIX

JJ START~-1 CF THE REST OF THE A-MATRIX

JI 75T TE T T
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C MCVE w=VECTOR INTO THE OLD A-MATRIX LOCATIONS TO SAVE SPACE
(S | RUNS OVER THE SIGNIFICANT ELEMENTS OF THE w-VECTOR
0O 160 I=J1,N
A{Jd) = Bl1I,2)
CIF (1JGTWLIMITY GO TO 161
B2 a B(l,2)
FACQT = =82 ~ 82
T aA0F = 1IT="J1
CALL VECSUM(A(JJH).B(JI.»I))
161 81 = 8(I,1)
CTTTTTUTTTURACT E -8l eI
ICIF = MINJ(I,LIMIT) - Jl
CALL VECSUM(A(JJI+L},8(J1,2))
TTTTTTTTMe 0TI R L o
C STORE AWAY LIMIT FCR LATER USE IN BACK TRANSFORMATION
200 B8(Jy6) = LIMIT
C "MCVE CAST COCIAGONAL ELEMENT UUT I[NTC ITS PRCPER PLACE
271 CONTINUE
BINMLyL)} = AINSIZE-1)
T — A(NSTZE-1)Y =70.00
C .
C USE QR TRANSFORM METHCD TU FIND EIGENVALUES OF THE TRIDIAGONAL MATRIX
T7TOTCT TMOVE TCIAGONAL ELEMENTS OF THE TRIDILAGUNAL MATRIX INTO RJOGT ARRAY
C THIS IS A MORE CONVENIENT INDEXING PCSITICN.
C ALSC, PUT SQUARE OF CODIAGCNAL ELEZMENTS IN THIRD N ELEMENTS.
e Y N e
CO 320 J=l,nML -
JUMP = JUMP + J
RCOT(I) "= A(gump)
320 B(Je3) = B(JdsLl)==m2
FOCTIN) = A{NSIZE)
TTCALCEVOR(RCCT S ETUL 3T NG30, SMALLT
C ROUT NOW CONTAINS THE SHIFTED AND SCALED EIGENVALUES
C STORE EIGENVALUES FCR POSSIBLE LATER USE AS SHIFTS, IN
CTTEVALUATING EIGENVECTORS FCR DEGENERATE MATRICES .
BC 3¢5 Jd=l.i
325 B(J,2) = ROCTI(J)
T T U SUORY THE T EIGENVALUES INTO CESCENDING ALGEBRAIC ORDER
CC 330 I=l,NM1
IPL =1+ 1
0C330 U= IPL,N T
IF (RCCT(I).GE.RCOT{J)) GO TG 33
TEMP = RUCTH(I)
TUUTTTTTTTTROSTUIT =AcOT ()T
ROCT(J) = TEMP
330 CCNTINUE
T TWUIT NGW IF T NCVECTCRS WERE REQUESTECDT 7~ 77777 T
IF (NPLOTX.LT.O0) GO TO 1002
C IF UGNLY OMNE VECTOR wAS KEQUESTEC, DEGENERACY DQESN?T MATTER
T T IF AINRCOTXCEQL LT GCTTO 807 E R
C TEST FOR DEGENERACY QR NEAR DEGENERACY OF EIGENVALUES FOR whICH
o EIthVECTURS AERE REQUESTED
T RTCP EONRGOT =010 0T T T e
ce ‘vOO [=1,NTCP
1F (DABS{RUUT(I+1)=-ROOT(I)).LE.TCLER) GO TO 410
TR CONTINUE T T T
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C__ThIS IS REACRED IF ALL EIGENVALUES FCR WhICH EIGENVECTORS WERE
~ CTREQCESTED ARE AELL SEPARATED.
c ,

GO TO 807

T TT TTHETFCLLGAING TS T REACHED TF THERE ARE "ANY DEGENERATE CLUSTERS

C OF EIGENVALUES. USE FURTHER QR TRANSFORMS TO EVALUATE

C THE EIGENVECTORS OF THE TRIDIAGONAL MATRIX. THIS METHGD
- € TGIVES ORTHEGONAL EIGENVECTORS EVEN WHEN THE EIGENVALUES ARE ™~
: C DEGENERATE. HOWEVER, IT TAKES MORE ARITHMETIC THAN THE METHGO

C OF INVERSE ITERATICN (AT LEAST AT LARGE N)o o »

e

C PUT CIAGONAL ELEMENTS CF TRIOIAGONAL MATRIX INTQ ROCT

C  PuT CFF=DIAGONAL ELEMENTS INTO BII,3)

413 JUMP =G o m

CO 440 J=1,NML
JUMP = JUMP + J
TTTTROGT (Y = TA(YuMRy T T T e e e
440 8{Jr3) = 8(Jd.1)
C LAST CIAGGNAL ELEMENT

T T ROOT AN TS AUNS EZEN T ) T T e e e
c
C INITIALIZE VECTORS TG A UNIT MATRIX
T7 U TTEC 450 TELLN B

LU 445 Jal,N
4+5 VECT(J,1) = 0.D0 o
TTTTT CTTOIAGENSLTELEMENT T T T T
43C VECTUl+1) = 1.0D0

C
TUTC T FCRMTEIGENVECTORS CRITRIDIAGONAL MATRIXY, "FOR DEGENERATE MATRICES.
CALL JRTN(RCOT8{1s3) s VECT 181192} 9Ne25,EMAG,NIX)
C__TRANSPOSE ThE VECTCRS ) o -
T TCO Tebé ISI NMY T T T T T T Tt T e e o e e
IPL =1+ 1
DO 455 J=1PLl,N
TTTTTTTTELIP TEVECT(CL Y T e mn e
VECT(1,d) = VECT(J, 1)
455 VECTIJ,1) = FLIP

R — BB CONT [NUE = T e e = e e s i e
C IF RCOTS WERE NCT LOCATED IN DESCENDING CRDER, INTERCHANGE ROOTS
C AND VECTORS.
T T TGP = ONROQT=UTT T T T T e Lo o T
CC 440 I=1,17CP
IP1 = [+1
e e e B R P N T T T T e e e e

1F (RCOT(1).GELROQTIY)) GO TO 480
C ROOTS QUT GF OROER. IkT‘RCHANGE.
e e MR ST RCCTLT) T e e e
ROCT(I) = RUOT(J)
ROOT(J) = TEMP

“_”"“C~“TNTERCHAVGE‘VECTCRS - T e e

CC 470 K=1.N
TEMP =3 VECTI(K.I)
T UTTTTTTNECTIR G EVECTI G Y T T T T e e
470 VECT(KsJ} = TEVMP
430 CONTINUE
o CTDEGENERATE VECTORS "TARE NCW COMPLETE 777777 77 -

.
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GO TO 940

837 CCNTINUE

(o)

INITIALIZE VECTOR ARRAYS 7~

CO 705 1=1,NROQT
CC L5 J=l,N

IS5 VECTUI,TY =71 DG—“' ‘ T
705 CONT INUE e S L .

TUCTUSE INVERSETITERATIUN TO FIND VECTOKS ~

bQ 700 I=1'NRCCT

7091 ARCOT = RCOT{I}

ELIM1 = A{l1) - ARGOT

ELTMZ = 8L, 1)
JUuMp =
CO 750 J=1,0NM1
JUNP = JUMP ¢ J + ]

C GET THE CORRECT PIVGT EQUATION FOR THIS STEP.

O FIRST (UML) EQUATION IS THE PIVAT THIS TIMEL

TB(Jye) = 70.00

IF (CABS(ELIML)LLE.CABSIB8{Js1))) GG TQ 760

BlJy2) = ELIMI

8(J,3) = ELIM2
TEMP = 3(Jsl)/ELIML

ELIML = A({JUMP) = ARGOT = TEMP®ELIM2

€ SECCAND EQUATION IS THE PIVCT THIS TIFE.*

ECINZ = B0I+1,17
GO TQ 75%

T6) E(J,2)7F BtJ,sld

BlJe3) = ALJUMP) -~ AROCT
BlJdsa) = 8ld+l,l)

CASE 2.

Case 1.

TELIMZ T ETSTEMPRA(d+ L. 1)

TEMP =~ 1.CO

IF (DASSIBlJs1))GT.THETAL) TEMP = ELIML/BLJ,1)

ELIML = ELIMZ - TEMP*B(J,3)

C SAVE FACTCR FCR THE SECCND ITERATION.

755 e{J,5) = TEMP
TS0 CONTINGE o

B{Ns2) = ELIM]
8(N,3) = C0.DO

TN &Y EO G T T

B{NMLe4) = 0.00
ITER = )

TTUTTCTTEACK SUBSTITUTE TC GET THIS VECTORS —— — 777 T
790 L =2 N + 1 :

CO 730 J=1l.+N

Ca = | e . e

786 CCNT [MUE
ELIML = VECT(L,1)~VECTIL+1,T)*B(L,3)-VECTI(L+2,1)*8(L,%)
TTTTTCT TR OVERFLOW ISTCONCEIVABLE, “SCALE "THE VECTOR DCWN.
C THIS APPROACH 1S USED TO AVOID MACHINE-DEPENDENT ANO SYSTEM-
C DEPENCENT CALLS TC CVERFLOW ROUTINES.

TIFTUDAGS(ELIML)WGT.CELBIGY GO T0 7027~ 7 77

TEMP = B(L,2)
IF (DABS(B(Lo )} oLTDELTA) TEMP = CELTA
TVECT(L IV s EUIML/TEMP T -

EIGENVECTCORS OF TRIDIAGCNAL MATRIX, FOR NCNDEGENERATE MATRICES
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- CE TG 780 e
VECTGR xs TOG BTG SCALETIT DCANS
782 DC To4 K=1l,N
734 VECT(K,I) = VECT(K,!)/CELBIG
e A2 R AR D). 2 YRS e
730 CCNTINUE
GO TO (826.900), ITER
TTTCTTTSECENO ITERATION T
820 ITER = ITER + |
_8Y0 ELIML = VECT(l,1
CO 830 U=1,NML ' o
IF (8(Js2).EQ.8(Jyl)) GC TO 840
C CASE CNE.

850 VECTLJST)Y = ELIML
ELIML = VECT(J#l,1) = ELIM1*B(J,5)
GG TO 830
TTCTTCASE TadY
840 VECT{JsI) = VECT(J+1,1)
ELIML = ELIML = VECT(J+l,I)%TEMP
3T CCNTINUE
VECTIN.I) = ELIML
GC TG 7190
TUCTTNORMALIZE THE VECTCR ~ 7
900 ELIML = 0.DO
0C 904 J=1,N
TTTTTTTTS04 EL ML =T DMAXT T 0ABS (VECTIJY Y TLECTMLY
‘' TEMP = G.L.DO
O 910 J=1,N )
TELIM2 STVECTUJ,I)/ELIML T
910 TEMP = TEMP + ELIMZ%*2
"TEMP = 1.CO/(CSQRT(TEMPI®ELIML)
-G 920 JELLNTT T
VECTUJyI) = VECT(J,T)*TEMP
IF (DABSIVECT(Js1))oLTLDELL) VECT(J,I) = 0.00
TGZYTCONTINUETTT T
70C CONTINLE

C
T T STMVET SECTIONG T Tttt
C ROTATE THE CODIAGCNAL VECTORS INTO VECTORS OF ORIGINAL ARRAY
_C LCOP CVER ALL THE TRANSFORMATION VECTGRS_
TG40 TIF TRNM2LELLUY 6T TCT 1002 T T T
JUMP = NSIZE -~ NPL
IM = NM]
T U TS0 A M2
LIMIT = IDINT(2iIM=1,6))
J1 = Juvp

TTTTTCTTHOVE TATTRANSFORMATICN TVECTUR TQUT TINTG BETTER INOEXING PCSITION. 7

CC 955 J=IM,LIMIT
8(Js2) = ALJL) : ‘
S4 LA T L — i e
IDIF = LIMIT - IM
C MCOIFY ALL REQUESTED VECTCRS.
T EgTYE0 KL NRGCT T T T T s s e
C FORM SCALAR PRODUCT OF TRANSFORMATICN VECTOR WITh EIGENVECTCR
TMP = DCT(8(IM,2),VECT(IM,KI)
T T T T T RAQT = T=TMP ST IMp T T T T Tttt T T T
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CALL VECSUM(VECT(IM,K),B(IM,2)) e

Y80 CONT INGE T

COJUMP = JuMP ~ IM

950 IM = IN - L

~ 1002  CONTINUE T T TS
C RESTORE RGOTS TO THEIR PROPER SIZE ANG ADD BACK TRACE.

CO 95 I=1,N
795 ROOTIT Y S ROOT (TT#ANGRM ¥ TRACE v T e
1001 RETURN , T
END
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SUBRGUT INE EVQR{A B ,NoM, TOL) o , o
TTTTTTTTTOR TRANSFCRM T FOR REAL TSYMMETRICT TRICTAGONAL MATRICES
C ON ENTERINGs, A CCNTAINS THE N DIAGONAL ELEMENTS OF THE TRIDIAGCNAL
C MATRIX. B CONTAINS THE SQUARES OF THE N=1 JFF-DIAGONAL ELEMENTS.
TTTCTTITERATES TUNTIL THE SJUARES UE'fHE”DFF—DIAGONAL ELEMENTS ARE LESS
C THAN TOL.
C TYPICALLY, LESS THAN TwO ITERATIONS PER EIGENVALUE ARE REQUIRED.
TTTTTTCTYAUS T THE UPPERTLIMITTM YO THE NUMBER OF ITERATICNS PER EIGENVALUE
€ MAY SAFELY BE SET AT 20 CR SO
C ON RETURNINGy A CONTAINS THE N EIGENVALUES
T T T TIMPLICI T REALRE (A-H,C=2)
CIMENSICN A{l),E(1)
NX = N
NI =1
SH = 0.00
C K CCUNTS THE NUMBEP OF ITERATIONS P‘R EIGENVALUE
‘K ="0
IfF (NX—=2) 50960+85
C EACH NEw ITERATICN BEGINS HERE
100K =K + 1
IF (KoLTaM} GC TC 101
WRITE (641000} K S
T T LCC0 FORMAT(35H WNQ CUNVERGENCE OF QR "ALGORITHM IN ‘swl4y LLH ITERATICNS)
CALL EXIT
C SGLVE THE TwlO 3Y Ta0 IN THE LOWER RIGHT CORNER, AND USE SMALLER RGCOT
TTTTC T AS TRE NEAT SHIFTT T o oo
101 AT = AUINX) + A(NX=-1)
ST = AT*5,0-1
TTTTTTTTTTUEISCT 2 AT*R2 - 4, DO*(A(NX)*A(VX LY=s{NX=1)) "~
IF (DISC.LE.Q.DO) GC TO 15
ST = ST - DSIGNIDSQRT(LISC) ST )*5,0~1
“'"‘_C TWCREASE THE TOTAU SHIFT 8Y THE TEMPORARY SHIFT'
15 SH = SH + ST
C THIS LQQP SUBTRACTS THE TEMPORARY SHIFT FROW THE DIAGONAL ELEMENTS
TTTTTTTTITTTTBU 297 T2 N
20 A(I) = A(l) - ST
C INMITIALLIZE
- G = A(nN1}
PS = G#%2
RS = PS + BINI)
TSX T3 T@(NII/RS
CxS = 1.00
Cx a PS/RS
T T T U E SARTGYAINI YT T T T T T
AfNI) = G + U
NTOP = NX = 2
T TRIS LGCP COMPLETES CRETITERATIONY THAT [STONE™ QR TRANSFURM
DO 10 I=NI,NTQP
"C G 1S THE GAMMA, IN THE NOTATION OF NILKINSOV -
G = ATT+1) - U - , T
IF (CX«GT.TQL) GC TC 12
PS = B(1}=»(CXS
S GO TO TE
12 PS = G**2/CX
lo RS = PS + BII+]l)
TTTTTC THIS ROTATES AN OFF=OIAGONAL ELEMENT — 777
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BEI) = SX#RS e
SX = B(T#11/RS T
CXS = CX
CX = PS/RS
T O TR SRR (GRA( Iy T T e e e o T
C ROTATE A DIAGONAL ELEMENT .
A(L*l) 3G + U ,
T CCNTINUE T T
C 'COMPUTE THE LAST GIAGONAL ELEMENT '
_A(NX) = AINX) - U .
T CTTCOMPLTE TRE LAST OFF-DIAGGNAL ELEMENT” -
IF (CX.GT.TCL) GO TO 112
PS = BINTCPHL)*CXS

GO Y0 116 T T e

112 PS = [(AINK})**2)/CX
1l6 BINTQP+1) = SX*PS
ST TTFRIS ENOS TONE TITERATIUN T T T T T e
35 IT = NX
C_ CHECK UPWARD THRCLGH THE GFF-DIAGCNAL ELEMENTS TO FIND ThGSE LESS
TTTTTCTUTHAN TALS
C THESE THREE STATEMENTS CONSTITUTE A BACKWARD LOGP
30 IT = IT-1 .
T TTTTIET(OARSTB(ITI TJLELTOL) 60TTQ R0 T T T o
C IF NO OFF-DIAGONAL ELEMENTS LESS THAN TOL ARE FOUND, wE PERFORM
C ANOTHER [TERATION

€ THIS CONDITIONAL BRANCHES ACCORDING TO WHETHER THE MATRIX ISOLATED
C_BY ThE SMALL OFF-DIAGONAL ELEMENT IS OF OIMENSION ONE, TwO, OR MORE
RO IR INX=ITS2) T 50,605,70 T T T v T
C THIS EXTRACTS THE EIGENVALUE OF A ONE dY ONE MATRIX, BY
C ACCING BACK THE SHIFT
TS AINX Y TE AINKY F SH T T s m s
C THIS DECREASES THE SIZE OF THE PORTION OF THE MATRIX AFFECTED 8Y
C LATER ITERATIONS '
e R B KB L o e e e
C ThIS RESETS THE ITERATIOM CCUNTER

K = 1

IF UTT=NI'VYTI00,100,30 T

GL TU »d - Rt i

C ThHIS SECTIGN EXTRACTS THE EIGENVALUES FRCM A TwWO BY TWO MATRIX.
60 AL = B(NX~1)
T TTTAM A TS L LR Uk (A CNX=TY=A(NXYY T e e T

AMS = AM®®2
SAM = DSIGN{1.DQ0yAM)

T T AN ETDSURT (AL € AMR Ay T T T T e e e e
CX = (AN+0ABS(AMI}}/(2.00%AN)
SX = BUNX=1)/{4.00*AN*%2=(L)

e e e UK T J T o o e e B

TB = A(NX)
TC = BINX~LI .
T e

C ROTATE THE DIAGONAL ELEMENTS
B(NX=L) =2 TAXCX+TB=SX+TC*SAM/AN+SH
T T T RAINXY AT TRARS A+ TEACKXSTCOHSAM/ANSSHT T T T T
C RCTATE THt CFF-DIAGONAL ELEMENT
BINX=1) = 5,00®AMS=CX=SX~ DABS(AM)*TC/AN+TC*(CX "SX)*=g
TTTTCTTRESET THE TITERATICN CUUNTER -




K =1 .
T OECREASE TERE STZE OF THE PCRTION OF THE MATRIX AFFECTED 8Y THE LATER
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C ITERATIONS
NX = NX=2

TTTTTGETO e0 B ‘

C TrIS STATEMENT IS REACHED WHEN THE PCRTICN OF THE MATRIX

C ISOLATED IS GREATER THAN TwO 8Y TwO. IT CHANGES THE LUWER LIMIT

- T TC  OF THE TTERATICN  SC™THAT CNLY THIS PORTION WILL BE AFFECTED BY'

C . SUBSEQUENT RUOTATIONSs UNTIL ALL ITS EIGENVALUES ARE FOUND
70 NI = IT + 1 ’
“CTTTRANSFER 'TO BEGINNING CF "ANGTHER ITERATION
GO TO 85
C THIS STATEMENT IS REACHEL AFTER EITHER CNE DR TWC EIGENVALUES

¢ HAVE JUST BEEN FOUNOS IT TRANSFERS [F ALL THE EIGENVALUES IN
C ThIS PORTION OF TRE MATRIX HAVE BEEN FCUND.
80 IF (NXeLT.NI) GC TG 90
C "ThIS BRANCH TRANSFERS ACCORCING TO WHETHMER ONE, TwO, CR MURE
C EIGENVALUES REMAIN TO EE FCUND IN THIS PCRTION
95 IF (NX-NI-1) 5C+60,85

T TRIS CONDITICNAC TS REACHED WHEN ALLT ETGENVALUES IN THIS PORTION ~

C GF THE MATRIX HAVE BEEN FCOUND. [T RETURNS [F THIS IS THE LAST
C PCRTICN OF THE MATRIX. ’ :
"TT907IF (NIJEJ.L) RETURN
C THIS ENLARGES THE PCRTION CF THE MATRIX BEING TREATED TU INCLUDE
C TFE BEGINNING CF THE MATRIX

Nl =1 .
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SUBRCUTINE CRTN (AyEyVyEIGIN,MsTOL,NIX)

TTTTT GR TTRANSFCRM™ FOR™ REAL’”’SYMMETRIC TRIDIAGONAL MATRICES
c N IS THE DIMENSION OF THE MATRIX
c A CONTAINS THE N DIAGONAL ELEMENTS OF THE TRIDIAGONAL MATRIX
T CTT 7T 8 CONTAINS THE N-1 UFF-CIAGUNAL ELEMENTS
c M IS THE MAXIMUM NUMBER OF ITERATICNS ALLOWED (SAY 20}
C NJX IS THE PHYSICAL ROW OIMENSION CF THE EIGENVECTOR MATRIX V
TUTTTCTTTTTHE ETGENVALUES OF TTHE  MATRIX TARE ASSUMED KNOwWN, AND PLACED )
.C IN THE FIRST N ELEMENTS OF THE ARRAY EIG.
C N VECTORS V (EACH OF LENGTH N) ARE TRANSFORMED INTO THE nASlb
TTTCTTTTTINTWHICRUTHE MATRIX IS DIAGONAL T 7T '
c
IAPLICIT REAL*8 (A-H,0-{)
TTTTTTTTTTTTTUIMENS TN TR LY, B OLY S VLY S B EG LYy T T
NX = N
MNML = NJX®(NX~1)
- “NL = L et e = e e e
€ SET INITIAL TOTAL SHIFT
SH = 0
TFTNX=21750,6C,1 T e e
C K CCuNTS THE NUMBER OF I[TERATIQNS PER EIGENVALUE
1 K=0

LT OSET TINITIAL TEMPORARY "SHIFT — 770 T TrTmmromo T
93 ST 3 EIGINX}=SH
C CHECK FOR SMALL GFF-DIAGONAL ELEMENTS.
1IT72"NX
99 IT = 1T-1
IF (0ABSIBIIT)).LE.TCL) GO TO 40
T TR TUIT 6T WNT) 66TTO 99T CTom T
C NC SMALL COFF-DIAGGNAL ELEMENTS FGUND. ITERATE.
C _EACF NEw ITERATICN BEGINS HERE
TTTTTTTTIOORTE K VL T
IF (KalTeM) GC TO 11
WRITE (6,1000) K
L800 FCRMAT{35H NO CEMVERGENCE OF QR ALGCRITHM IN .14, LiH ITERATIUMS)
CALL EXIT
11 IF {KeEG.l) GC TO 15
CTTTTCTTSCUVE TRET TAQ TBY TwC IN THE LOWER RIGHT CORNER, AND USE SHALLER ROOT
C AS THE NEXT SHIFT
12 AT = A(NX) + A(NX-1)
o e e R TR S DI o e e e e s
CISC = AT*¥2-4,00%(AINX)*A(NX=L1)=B{NX=1)%%2)
IF (JISC.LELD.DO) GC TO 15
T TS Y 2 TS T-DSIGNIDSGRTIDISCySTI=S5.D-1
C INCREASE THE TOTAL SHIFT 8Y THE TEMPURARY SHIFT
15 Sk = SH + ST
TTTTTCTTTHIS LOOP SUSTRACTS THE TEMPORARY 'SHIFT FRUM THE DIAGONAL ELEMENTS
OC 20 I=1,NX
_ 20 AlI) = A(l) - ST
- F 3 OSTRTTAINT ) »%2%3 (N} %%Z)
S = BI{NI)/R
cs = § '
e ERE G UNII/R < e e e e e i
U = (S*2)x{A(NI)+A(NI+L))
A(NI} = A(NI) + U
T T T T CALL TR CTATE TV INLY s Ty Sy NJX s NNML)Y 7 77 77 0 7
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NTCP = NX = 2
O THYS Loge CUMPLETES CNE ITERATION, THAT TS GNE QR TRANSFORM
CO 10 I=NI.NTCP
C G IS THE GAMMA, IN THE NOTATION OF WILKINSON
I “RE R Y £ 5 O B VR
C J IS THE Py IN THE NOTATION OF WILKINSON
G = C*A(l+¢l) ~ CS*gtl)
T T TTRTE TS QRT (U2 4d [ TH1) ¥R )
€ THIS ROTATES AN OFF DIAGONAL ELEMENT
(1) = S*R
TTOUTETFING TTHE "NEw SINETFOR ThHE JACCBI ROTATION
S = BLI+L)I/R
€5 = C*S

C = Q/R
c CUMPLTE A NEW U
T TR (Swm)x(GeAL¥2YY T T o et
C ROTATE A CIAGUNAL ELEMENT
Al(lI+l) = G + U
ROTATE THE VECTORS
CALL RCTATE (VII+1)9CoSeNJIJXsNNML)
10 CONTINUE
T CTTCUMPUTE THE LAST OFF TIAGONAL ELEMENT 77
BINTOP+L) = S*{CHA{NX)=CS*B(NTCP+1))
COMPUTE THE LAST DIAGUNAL ELEMENT
A(NXT ="AINX) =0
ThIS ENOS CNE ITERATICN
85 IT = NX
TCRECK T UPWARD "THROUGH THE CFFDIAGONAL ELEMENTS TO FIND THOSE LESS
TRAN TOL.
THESE THREE STATEMENTS CONSTITUTE A BACKWARD LOOP.
ED R S A S SR SR o R
IF (DABS(BUIT)).LE.TCL) GO TQ 40
C IF NO OFF DIAGONAL ELEMENTS LESS THAN TUL ARE FOUND, A PERFORM
T ANOTHERTITERATION 7 T
IF (IT~NI) 100,100,30
C THIS CONDITIONAL EBKANCFES ACCORDING TO WHETHER THE MATRIX ISCLATED
TTTTUCTTBY THE SMALT GFF CTAGONALTELEMENT TTSTCF OIMENSICN UNE, TwQ, OR MCRE
40 IF (NX-IT=2) 50,60,70
C THIS EXTRACTS THE EIGENVALUE OF A ONE BY UNE MATRIX, 8Y ABDING
C7 3ACK THE SHIFT - T
50 A(NX) = A(NX) + Sh
C  THIS CECREASES ThE SIZE GF THE PORTION OF THE MATRIX AFFECTED sY
TCT LATERTITERATIONS ™ 77 77777 ’
c

5 |
-rxncﬁ O jO

1
b
i

NX = NX = 1
TRIS RESETS TdE !TERAIICN CuUNTER

K Y
GC TU 80
C THIS SECTION EXTRACTS THE FIGENVALUES FRCM A TMO 8Y Tw0 MATKIXv
T ANDTPERFORMS TTHE CCRKESPONDING ROTATICNS TN THE VECTORS 7~
60 AL = =BINX-1)

AM = 5, C=1*(A(NX—=L1)=A(NX})
TTTTTTTTTUTTAN ETDSURT ALk a2 aAMA %2 ) T

C = DSURT((AN+CABS(AM))}/(2.00%AN))

S = DSIGUNI{5.0=1s8M)=AL/ (ANXC)
s 4 SR W |8 o 1
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18
L(
CcX

A{NX)
BUINXK=L[)— —
CHx2
SX SH%2
S —e e dS w cks
C ROTATE THE D{AGONAL ELEMENTS
B(NX=1) = TAXCX+TB%SX-2,CO0*TC*CS+SH ,
BINKY = TASSX#TBRCX#Z00*TCRCS#SH — 777777 mom o m e
¢ ROTATE THE OFF DIAGONAL ELEMENTS
BINX=1) = 2.00%AMXCS+TC*{CX-5X)
. e -
C RGTATE THE VECTURS
§ = =S
TTTCALLTROTATE (VI ,Ce SENIX NNMTLY - — T e
C RKESET THE ITERATICN COUNTER
K =0
TT 7 LT TCECHKEASET THE SIZE CF THE 'PCRTIUN OF THE MATRIX AFFECTED 8Y TnE LATER
C ITERATICNS
NX = NX-2
T TGUTTUTE0
C THIS STATEMENT IS REACHED WwHEN THE PCRTION OF THE MATRIX
C 1OCLATED IS GREATED THAN TWO 8Y TwO. [T CHANGES THE LOWER LIMIT
CUUTCTTOF T THETITERATIGON SO THAT ONLY THIS PCRTIGN wILL BE AFFECTED BY
C SUBSEQUENT ROTATICNS, UNTIL ALL ITS EIGENVALUES ARE FOUND
7O NI = 1T + 1
T TRANSFER TTC BEGINNING CFTANCTHER  TTERATICN
GO TO 100
C TrRIS STATEMENT 1S REACHED AFTER EITHER ONE OR TwO EIGENVALUES
TUCTHAVETJUST BEEN FOUNC. IT TRANSFERS TF ALL THE EIGENVALUES IN
C TrIS FCRTICN OF THE MATRIX FAVE 3EEN FCUND.
30 IF [NX<LT.NI) GC TC 90
TTTTUCTTTHIS TBERANCH TRANSFEKS ACCURDING TU WHETHER ONEy TwQy OR 'MORE
C GEIGENVALUES REMAIN TQ EBE FOUND IN THIS PCRTION
T 95 IF {NX=NI-1} 50,060,558
C TTEFISTCCONDITICGHAL IS REACHEL WHEN ALL EIGENVALUES IN THIS PGRTIUN
C OF THE MATRIX HAVE BEEN FCUNDe IT RETURNS IF THIS IS THE LAST
C PCRTICN OF THE MATRIX.
******* GOTTF INIJECTT)Y RETURN
¢ THIS ENLARGES THE PCRTICN CF THE MATRIX BEING TREATED TU INCLUDE
C THE BEGINNING UOF THE MATRIX
s e SRS TR RARES
GG TO S5
END
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SUBROUTINE RELVEC{RsE,CL,C2)

ST T IMPLIC IY TREAL®S (A=H, 0=2)
CIMENSION E(3),C1(3),C2(3)
X = 0.00
T ——.—LL—.—
E(I) = C2(I)=-CLlLI)
X = X+E(L)n#*2 ‘
T L0 CONTINUETTT .
-7 R=DSQRT{X) LR
CO 40 I=l,3
TR G T, 000001000 60 TG 307
20 GO TO 40
3G E(1) =E(I)/R
TTTTTTTROTCANT INUET T
RETURN




- 290 -

FUNCTION FACTUN)
T T INPRICT T REALRB{ASHLOSZY
PRCDT = 1.D0°

2C CC 30 I=1,N

30 PRCDT=PRODT=OFLAAT(I)  ~ 7 77~
40 FACT=PRGODT
RETURN ~
ERD T
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_ SUBROUTINE BINTGS{XsK)
TIMPLICIT REAL*8(A=H,0~Z)
FILLS ARRAY OF B=INTEGRALS. NOTE THAT B(I) IS B(I-1) IN THE
USUAL NGTATION

c
c
T TFCR XeaTe3 - ' TTTTEXPCNENTIAL FORMULA IS USED
C FOR 24LTeXebLEe3 AND K.LE.LQ EXPONENT IAL FORMULA IS5 USEDR
C FOR 24LTeXelLEe3 AND K.GT.10 15 TERM SERIFS IS USED
TCTTTTURBR TIILT X LEL2 T AND KO LEST T TEXPONENT IAL FORMULA 1S USED
c . FOR lelTeXeLEL2 AND K.GT.7 12 TERM SERIES IS USED
C "FGR J5.LT. X.LE L ANC KoLEaS EXPONENTIAL FORMULA IS USED
TCTTTT T FOR e e LT e XGLETL AND Ko GT.S ~ T 7 TERM SERIES IS USED
C FOR XelLEeod 6 TERM SERIES IS USED
C #tt##t*#*#*t****#*****#****#*#**#t#t*******#*#****t:#*x#v*:z#****#
T T COMMONZAUKINTZALLTY W8 (L) T T T T
1C=0
ABSX=0ABS(X)
TUTTTTUIF(ABSXWGTL3.D00) GOTTO 120 7
LU IF(ABSXGT.2.00) GO TO 20
40 IF(ABSX.GT.1.00) GG TC 50 o
19 IF(ASSX.GT..500) GC 1O 80 - T
100 IF{ABSX.GT..00000100} GO T3 110
GG TQ 170
TUTTTTTIL0 LAST=e T
- GC TO 140
d0 IF(K.LE.3) GO TC 120
A0 LAST=T
GO TO 140
50 IF(K.LE.T) 6O TO 120 , v
R e e e e e e+ e
GG TO 140
20 IF(K.LE.10) GO TO 120 o
T LASTEL T T T T T ) e T
GO TO 1490 . o
120 EXPX=DEXP(X) =
T T TTTEXPHXE L00/EXeX T T T T o e e - B
Bl{l)={ EXPX—EXPMX)/X
DC 130 I=1.K
T30 8LV EOFLOATIL ¥ B (1 T+ (=L D0 X FTREXP X=EXPMX) /X T T
GJd TO 190
140 00 160 [=10,K B
e ST 50 e i e e e e
DC 150 NMsIO,LAST
152 YsY#(~ K)**W*(l DO-(-I DO)**(M+I+1))/(FACT(W)*DFLUAT(M+I*1))
TR QT ALY EY T T T
6C TQ 190
170 DC 180 I=10.,K
OISO TR CIA LY ETTIL00- (=1 DO YRR (T LYI/DFLCAT(IHLY T T T T
190 CGNTINUE
KETURN
ENT™
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SUBROUT INE AINTGS{X4K)

T TR LICTT REAL®B LA-H,,0=-2Y T T T T e e
COMMON/AUXINT/ZALLT)8(17)
All) =DEXP(=x)/X

T00 107 [=1.K
10 AlI+1) =(A{1)=*DFLOAT(I)+DEXP{~X})/X

RETURN

COTTTTTRND, T - TomeTTmoT T -




T T TTTIMPCICTT REAL #8TASH,0-1) ©
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FUNCTION SS{NNL,LLL,MMsNN2,LL2,ALPHA,BETA)

c PROCEDURE FOR CALCULATING REDUCED OVERLAP INTEGRALS
CCMMCN/ARRAYS/S(80,80) ¥ (9¢54203),2(17,45),XX(2900)
TTT T COMMONZAUXINT/ZALLT).BU17) T
INTEGER ULIM
N1=NNL
""" T1=CLT - B T
© MEMM
N2=NN2 . o
— R BaLLg e e = e e e .
P =(ALPFA + BETA)/2.CO
PTa{ALPHA - BETA)/2.00 o
e 0 TG e e e e e e e
M=IABS (M)
c REVERSE QUANTUM NUMBERS IF NECESSARY
T T OLFIUL2 LT el ) JCRIE L2 ECLT) o ANDG IN2LT WNL) ) ) 'GQ TO 20 )
10 GO TO 3¢
20 K = NL
NIZ= NZ - Tt
N2= K
K= L1
. L pE L e e e e
L2= K
PT=—PT
TTTTTTTTTIG T CONTINTUE : - T T
K = MUD((NL+N2-L1—L2),2)
c FIND A ANC 8 INTEGRALS - L
T T T T U CALLTAINTGI(P,NL¥NY T T T o
CALL BINTGS(PT,NL+N2)
TF{(LL.GT.0)eCR.(L2.GT.0}) GO TO 60 ‘
TG THEGINTSECTIONTUSED FORTOVERLUAP  INTEGRALS INVOLVING 'S FUNCTIUNS
c FIND Z TABLE NUMBER L
@0 L = (90-LT=NL¢NI*®2=-2%N2}/2 e
TTTTTTTTTTTUCIM 2 TNLENZ T Tt T T
tLin = g
CO 50 I=LLIM,ULIM L
- ANITENI#NZ-I+] e T T T
SQ XaX+Z(I+l,L)*A{I+1)*B(NNIL)/2.D0
§S=X
T TG TO 80T T - T T T
C 3EGIN SECTION USED FCR CVERLAPS INVGLVING NON=S5 FUNCTIGNS
C FIND Y TABLE NUMBER L

e sty

e T Y R —emn

70

30

TTCOTT0T J=0LIM, 0L

UE(S=MT* (24~ LO*M+M#2 )% (BISI0#MF3HM*=2) 7/ 120+ — 77 7
1 (30-GHLL1+LL*%2-2N1) *(2B=9%L L+L1*x*2-2%N1) /8+
2 $30-SAL2vL2%02-2xN2) /2

ue 70 IsLLxm.a -
ULIM=4 = MCD(K+1,2)

IILI=2*J+MOD(K+,2)+1

XcX+Y([+Lodtl,L)=A{I+1)%B{III])
SSTEUXE(FACT(M»1)/8.00)»%2*0SGRT (DFLOAT( 2L 1+ L)*FACT (L L-M)*
1 CFLOATU{Z%L2+L)*FACT(L2~M)/ (4. 00%FACT(LL#M)*FACTILZ#M)))
COCNTINUE

RETURN
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