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Abstract

ISOTOPE EFFECT 

ON THE 

ZERO POINT ENERGY SHIFT 

UPON CONDENSATION 

by

Zvi Chaim Kornblum 

Adviser: Professor Takanobu Ishida

The various isotope-dependent and independent atomic and molecular 

properties that pertain to the isotopic difference between the zero 

point energy (ZPE) shifts upon condensation have been derived. The 

theoretical development of the change of the ZPE associated with the 

internal molecular vibrations, due to the condensation of the gaseous 

molecules, has been presented on the basis of Wolfsberg's second-order 

perturbation treatment of the isotope-dependent London dispersion forces 

between liquid molecules.

The isotope effect on the ZPE shift is related to the difference be­

tween the sums of the integrated intensities of the infrared absorption 

bands of the two gaseous isotopic molecules. Each intensity sum is ex­

pressed, in part, in terms of partial derivatives of the molecular dipole 

moment with respect to atomic cartesian coordinates. These derivatives 

are related to the isotope-independent effective charges of the atoms, 

which are theoretically calculated by means of a modified CNDO/2 computer



program. This program is based on a quantum mechanical semi-empirical 

molecular orbital theory. The effective atomic charges are also cal­

culated from available experimental infrared intensity data.

The effects of isotopic substitutions of carbon-13 for carbon-12 

and/or deuterium for protium, in ethylene, methane, and the fluorinated 

methanes, CH F, CH F , CHF , and CF , on the ZPE shift upon condensation
J  iL &  J  fx

are calculated. These results compare well with the Bigeleisen B-factors, 

which are experimentally obtained from vapor pressure measurements of the 

isotopic species.

Each of the following molecular properties will tend to increase 

the isotopic difference between the ZPE shifts upon condensation:

(1) large number of highly polar bonds, (2) high molecular weight,

(3) non-polar (preferably) or massive molecule, (4) non-hydrogenous 

molecule, and (5) closely packed liquid molecules. These properties 

will result in stronger dispersion forces in the liquid phase between 

the lighter molecules than between the isotopically heavier molecules.



To My Favorite Mathematician, Dearest Debby, 

"Ahavat 01am Ahavteech"
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I. INTRODUCTION

This dissertation presents a theoretical formulation and 

interpretation of the isotopic phase dependence of the molecular 

zero point energy (ZPE) produced by the internal vibrational motions. 

The formulation permits calculations of the change in the ZPE upon 

condensation for a pair of isotopic molecules.

The zero point energy shift upon condensation of a gas molecule 

is an important phenomenon in the studies of molecular forces in 

the condensed phase, because the shift is a consequence of the change 

in the intramolecular forces upon condensation and of the influence 

of the intermolecular forces in the condensed phase. In the simplest 

form of the theory of the vapor pressure isotope effect (VPIE) 

originally developed by J. Bigeleisen, the logarithm of the ratio of 

the vapor pressures of the light isotopic molecule to that of the 

heavier isotopic molecule, at a given temperature, is expressible as 

a sum of two opposing terms. The positive term is due to the isotopic 

difference in the first-order quantum correction to the reduced 

partition function, and the negative term is caused by the isotopic 

difference in the ZPE shift upon condensation. Thus, the ZPE shift 

upon condensation plays a central role in the theory of vapor 

pressure isotope effects.

In particular, as the magnitude of the negative ZPE-shift term 

increases, the interesting phenomenon of the "crossover" of the VPIE
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into the inverse VPIE occurs. That is, the vapor pressure of the

heavier molecule becomes higher than the vapor pressure of the

lighter molecule. This phenomenon is not only interesting and useful

from the standpoint of the theory of the liquid phase, but it is also

important for the industrial application of the VPIE theory. The

cost of the fractionation of stable isotopes such as heavy water,
13 15C, N, etc., by a low-temperature distillation process has been 

predicted to be less if the plant is operated at temperatures at 

which the VPIE is inverse rather than normal.

At the present state of art, the isotope effect on the ZPE shift 

upon condensation can be obtained experimentally from the measure­

ments of the vapor pressure isotope effect. On the theoretical side, 

however, the best one can do at present is to calculate it directly 

from the spectroscopic data on the gas and liquid molecules. However, 

the spectroscopic data of condensed phases are complete and 

reliable for only a handful of molecules. For these few species, 

one can calculate the normal frequencies of the isotopic liquid 

molecules from an established force constant matrix and, consequently, 

obtain the ZPE shifts. For the majority of molecules, reliable 

liquid force fields have not been mapped out. The purpose of this 

dissertation has been to establish a theory by which a priori 

evaluations of the isotope effect on the ZPE shift upon condensation 

can be made without relying on experimentally obtained force fields 

of condensed phases.

This dissertation consists of five main parts, Sections II-VI. 

Section II presents the general theory of chemical isotope effects,
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especially as it pertains to equilibrium systems. The quantum 

statistical mechanical origin of the reduced partition function ratio 

of a pair of isotopic molecules, one of the most important factors 

of isotope chemistry, is presented. Various simplifying approxi­

mations of this ratio are reviewed, so as to give an insight into 

the role of molecular forces in isotope effects.

Section III reviews the development of the VPIE formalisms. The 

Bigeleisen formulation of this problem is emphasized with respect to 

the internal and external modes of vibration of both the gaseous 

and condensed molecules. The discussion of the VPIE concludes with 

a description of the intermolecular forces in the liquid, with special 

emphasis given to the Wolfsberg derivation of the ZPE shift upon 

condensation.

Section IV is the commencement of this investigator's original 

research in the field of isotope effects. The isotope effect on the 

ZPE shift upon condensation is related to readily available, or 

calculable, atomic and molecular properties. This is accomplished 

by means of various matrix transformations of the molecular dipole 

moment derivatives, which are related to infrared absorption inten­

sities. The relationship between the above isotope effect and the 

effective charge(s) of the isotopically substituted atom(s) is 

emphasized.

Section V discusses the computational methods used to obtain the 

effective atomic charges. The computer program utilized for this 

purpose is based on a semi-empirical molecular orbital theory. This 

program is outlined and the necessary modifications are described.
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The computer program is furnished in the appendix.

Section VI presents the results of the calculations of the 

isotope effects on the ZPE shift upon condensation, and interprets 

them. Both specific and general analyses are performed on these 

results.

A brief conclusion, Section VII, and appendix complete the body 

of the text.
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II. THEORY OF CHEMICAL ISOTOPE EFFECTS

II.A. Quantum Statistical Mechanical Foundations 
of Isotope Chemistry: the Reduced

Partition Function Ratio

In the examination of equilibrium or kinetic isotope effects on 

reactions, an important relation which appears in the study of such 

effects is Bigeleisen and Mayer's (1-5) reduced partition function ratio 

for two isotopic species, (s/s')f. This ratio is defined as

s_ _ (a/e 'gm _ = . (1)S' - (Q/Q')o1 ' ( V So1>’ ‘ V

According to Bigeleisen and Mayer's convention the primed (') species 

denotes the lighter isotope and the un-primed isotope denotes the 

heavier species. Thus, s and s' are the symmetry numbers of the 

heavier and lighter molecules, respectively. Q and are the 

quantum mechanical and classical molecular partition functions, 

respectively. Therefore, Eqn.(1) represents a ratio of reduced 

partition functions of two isotopic species; reduced in the sense 

that a quantum statistical machanical partition function is divided 

by its classical counterpart.
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The importance of the reduced partition function ratio is that 

it provides an absolute measure of isotopic fractionations. Isotope 

effects on equilibrium constants and, in fact, isotopic differences 

for all thermodynamic functions, can be expressed in terms of these 

reduced partition function ratios, since thermodynamic properties 

are functions of partition functions. The isotopic ratio of the 

molecular partition functions is a simple explicit function of 

normal frequencies, under a set of simplifying assumptions and 

approximations. Since this ratio forms the basis of this thesis, the 

formulation of the partition function rat-io, based on the work of 

Bigeleisen and Mayer (5), will be recorded in subsections II.A.1,

II.A.2, and II.A.3.

II.A.I. Approximations for Isotope Effect Studies

Several simplifying approximations are made in order to facilitate 

the calculation of the partition functions.

II.A.I.a. Born-Oppenheimer 
approximation

This is the basic approximation that is fundamental to theoretical 

isotope effect studies. Quantum mechanically, the electronic and nuclear
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motions of a molecule may be separated, due to the large mass difference 

between the electrons and nuclei. The electronic problem is then 

solved for fixed nuclear positions, nuclear charges, the number of 

electrons in the system, and for the potential which does not involve 

nuclear masses. The resulting electronic energy surface is the poten­

tial energy for the inotion of the nuclei. Therefore, under the 

Born-Oppenheimer approximation, the force field in which the nuclei 

vibrate is isotope independent. Isotope effects are, consequently, 

nuclear mass effects resulting from the motion of different nucleic 

masses on the same potential energy surface. This assumption is valid 

for polyatomic molecules. However, for the hydrogenous molecule, 

the Born-Oppenheimer approximation is partially invalidated. Hence, 

from the separability notion,

® ®el®nuc ' (2)

and from the isotopic invariance of the electronic partition function,

«ei “ 8el ' <3)

one obtains for the isotopic molecular partition function ratio

Q/Q' ~ Q /Q ’ • (4)nuc nuc



II.A.l.b. Freely translating 
rigid rotor

The nuclear partition function is simplified by approximately 

separating the nuclear motion into three motions, i.e., translation, 

rotation, and vibration. Thus, the nuclear contribution to the 

partition function is

Q * Q Q Q . (5)nuc tr rot vib

II.A.I.e. Harmonic oscillator 
approximation

Neglecting anharmonicities in the internal vibrations, one obtains 

for the quantum-mechanical vibrational partition function,

3N-6 -ui/2
= n vib qm ^

1-e'ui
(6)

where u^ is a dimensionless energy defined as



N is the number of atoms in the molecule, h is Planck's constant, c is 

the speed of light, k is Boltzmann's constant, OK is the i-th harmonic 

frequency in cm \  is the frequency in sec \  and T is the tem­

perature in °K. The zero of the energy is chosen at the minimum of 

the potential energy curve, because this places isotopic molecules on 

a common ground, so that isotopic differences may be treated without 

ambiguity.

At high temperatures or low u^, the vibrational partition 

function approaches the classical limit:

(®vib^ cl
3N-6

= n
i i

_L
u. (8)

II.A.l.d. Classical translations 
and rotations

For the translational and rotational motions, the spacing between

energy levels is sufficiently small, so that classical statistical
omechanics may be employed at temperatures above, say, 100 K. 

Consequently,



However, the last relation is not appropriate for small molecules, 

such as hydrogen, so that a non-classical correction must be taken into 

account (5, 13).

II.A.2. Standard Form of the Reduced Partition 
Function Ratio

Substituting the previous equations into Eqn.(1) yields

3N-6
n

- u . / 2  - u .'U. 1 . 1i e 1-e—  f =s’ i u.' -u.'/2 -u.
1 1 i 1e 1-e

(11)

(s/s')f is thus composed of three contributions. The ratio of the 

u^'s results from the classical vibrational partition functions. The
-ui/2ratio of the e x 's results from the vibrational zero point energy.

«->UiThe last ratio of the (1-e x) *s results from the vibrational 

excitation.
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II.A.3. Equilibrium Isotope Effects: Classical
Vs. Quantum

The effect of isotopic substitutions on equilibrium (and kinetic) 

reactions has been the subject of experimental and theoretical in­

vestigations since the 1930s (5-10). Classical statistical mechanics, 

however, does not lead to isotopic enrichments.

Classically,

where M and M' are the molecular masses of the heavy and light isotopic 

molecules, respectively, and the I's are the principal moments of 

inertia. Thus, using the separability assumption, Eqn. (5), and 

Eqns. (8), (12), and (13), one obtains

(Q/Q*> (m/m 1)3/2 (12)
tr ,cl

and

1/2 (13)

'1/2 3N-6 u '
n (14)
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In addition, from the Teller-Redlich product rule (72,73),

3N-6 u. 1
n —u.i i

3N-6 to. '
n ——to.

I 'I 'I ' 1/2 N mM' a b c n a
M m. 'a b c a a J

3/2

the classical partition function ratio becomes

N
(Q/Q')cl = (s’/s)II(ma/ma ') ' 

a

where ma and ma ' are the masses of the heavy and light atoms a and o 

respectively.

The classical equilibrium constant, K ., can be calculated forcl
the isotope exchange equilibrium

AX + BX'% AX1 +BX,

(15a)

(15b)

(16)

(17)

where A and B are any polyatomic groups, and X and X' are the isotopic 

atoms. Thus,
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Kci = jQ(AX'>Q(BX>/Q(AX>Q<BX'))cl (18>

Q(BX)/Q(BX’)̂ [(2/2'>bx
0(AX)/0(AX'). Cl (Q/Q )AXv *

Substituting Eqn.(16) into (19), one obtains

(s'/s)BX
cl (s'/s)AX

(20)

since all the atomic masses cancelled, due to the fact that between 

two sides of a balanced chemical equation all the atomic masses must 

be preserved. Therefore, the classical equilibrium constant for 

an isotope exchange reaction is simply a ratio of symmetry numbers.

The symmetry number s of a molecule is defined as the number of 

different values of the rotational coordinates which all correspond to 

one orientation of the molecule, remembering that the identical atoms 

are indistinguishable. Thus, the symmetry number ratio provides no 

mechanism for isotopic preferences. Rather, this ratio is an im­

portant statistical correction for the probabilities of forming 

symmetrical vs. asymmetrical molecules of the same configuration. 

Therefore, the classical situation always corresponds to a random 

distribution of isotopes, i.e., no isotope effect.

Hence, an isotope effect is a direct manifestation of quantum
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mechanical energy levels as expressed by Eqn. (6). Classical mechanics 

is adequate when the spacing between energy levels is amall compared 

with kT. The quantum mechanical equilibrium constant for the isotope 

exchange equilibrium, Eqn. (17), is

Kqm
(Q/Q'>BX
(Q/Q')AXJqm

(21)

In addition, the isotope separation factor a, given by

_ isotopic atom ratio in chemical species BX  ̂ (22)
isotopic atom ratio in chemical species AX

is the isotope effect on the exchange equilibrium. Thus,

a = K /K = qm cl
(Q/Q')
(Q/Q')

qm
cl

/ (Q/Q')
(Q/Q')

BX

qm
cl

(23)
AX

f \
M /s 1s > BX s1 AX

(24)

and



If a = 1, there is no isotopic separation. An isotope effect occurs 

when a f 1. It is seen from Eqns.(24) and (25) that both the isotope 

effect on an equilibrium reaction, and the equilibrium constant itself, 

can be expressed in terms of Bigeleisen and Mayer's reduced partition 

function ratio of Eqn.(11).
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II.B. Approximations of the Reduced Partition 
Function Ratio

A number of approximations of (s/s')f of Eqn,. (11) have been 

developed, so as to give more physical significance to the reduced 

partition function ratio. These approximations are especially 

important for explaining the role of molecular forces in isotope 

chemistry and will be referred to later in this work.

II.B.l. First Order Approximations

II.B.l.a. Bigeleisen and Mayer's 
G(u)-function (5)

This is a first-order approximation of (s/s')f and is appropriate 

for small frequency shifts

6u. = u.1 - u. . (26)
1 1  l

Eqn. (11) can be rearranged to yield

f = 1 +
j u .
u .i

-1 <5u ^/2
1-e

- (ui+6u±) bi

/ 1-e 1 (27)
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Each of these three parts is expanded through a Taylor series in powers 

of 6u^,and only terms up to the first order in 6u_̂  are retained.

Thus, Eqn. (27) becomes

s'1" f ^
3N-6

+ £ G(u .)6u .i x (28)

where

, - 1 1 . 1G (u.) = — --- +--------x 2 u. u.; .x e x - 1
(29)

Since 6u^ is small, Eqn. (28) can be further simplified to

£n f r f
3N-6 
£ G(u.)Su. 
i

(30)

The G(u) function still retains all the original contributions 

to (s/s’)f. The — corresponds to the zero-point energy term? 1/u^ is 

the classical contribution; and l/(eUi-1) is the excitational term.

This approximation is a superb one, since all isotopic differences are 

factored out as a single factor, 6u^. In addition, G(u) is a monotonic 

positive function with the following limiting values ;
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lint G(u) 
u-K)

= 0 (classical case) , (31)

G(u) = u/12 (small u) (32)

and

lim G(u) = 1/2 .
u-*00

(33)

Hence, Eqn. (30) becomes

£n
u large

1 3 N " 6  1 — E 6u. oc ± 2 l T (34)

and

£n
3N-6 

= —   ̂ u.6u. 
u small i 1 1

(35a)

1 3N-6 2

l T
(35b)

where
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*  2 -  .2 26ui = V  " Ui ' 06)

Eqn. (36) was obtained from the fact that if is small, then

6u.^ - 2u .6u . . (37)l l i

Eqn. (34) represents the zero point energy approximation of Hn 

while the contributions from the strong vibrations (with high

frequencies) at relatively low temperatures, i.e., large u^'s, vary

with temperature according to 1/T. Eqn. (35) represents the first-

order quantum correction to the classical partition function, while

the contributions from the weak vibrations (with low frequencies)

at relatively high temperatures, i.e., small u^'s, vary with
2temperature as 1/T .

II.B.l.b. Bigeleisen's y 
method (6, 11)

This approximation is a semi-empirical modification of the 

first quantum correction, Eqn. (35). The G(u) approximation, Eqn. (30), 

can be written as



where

Y. = 12 G(u.)/u.x X I (39)

Since is a slowly varying function of u^, one could use an average 

value for y ,i.e., Tr which is chosen to be independent of u^, 

if all the frequencies of the molecule were in a narrow frequency range. 

Thus, Eqns. (38) and (37) yield

&n Y 3Nr-6 , ;
24 1 SuiX

(40)

which is a modification of Eqn. (35) in that Eqn. (40) is appropriate 

for large and small u. Some values of y(u) are y(o)=l, y(9.5)=0.50, 

y (25) =0.221, and y(°°)=0. Unfortunately, the average value for y is 

difficult to evaluate (12).
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II.B.I.e. Low-temperature
approximation (18)

At low temperatures and strong frequency vibrations, i.e., 

large u, Eqn. (11) becomes

£n “ 7" f
3N-6
E Su. - ii

3N-6
E 6£n u.ii

where

u. '
6£n u . = S-n u - &n u = £n — —  i x  i u.

The excitation terms do not contribute to Eqn. (41). In addition, 

the second term, 6£n u^,is temperature - independent since 

£n(u^'Au) = £n(0L'/uL). The temperature-dependent term represents 

the isotope effect on the zero-point energies. This approximation 

becomes poor for low-frequency normal vibrations, such as out-of­

plane motions, at room temperature and above.

(41)

(42)
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(6u )II.B.2. Higher Order Approximations; i__

II.B.2.a. Extension of the 
G(u)-function

II.B.2.a.i. Bigeleisen's third 
order (6,14)

2 3The retention of the terms (6uJ and (6û ) in the Taylor 

series expansion of (s/s')f, in addition to the <5û  term, yields

£n
3N-6 
£ G(u.) 
i

1 + 2G(u.)l

6u. i .
C(u.)-2S(u.) X X 6u.'X

u .X 6G(u J u .1 ij

6u.x (43)

In Eqn. (43),

S(u) _ 1 
u

uue
/ u n 2(e -1)

(44)

and
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rt \ - 2u2e2u _ u(u+2)eU
C(U) = . u _,3 , u .,2 - (45)(e -1) (e -1)

H.B.S.a.ii. Vojta's n-th 
order (15)

Vojta extended (s/s')f to higher orders. Thus,

s 
s '

3N-6 3N-6 00
= E G(u.)6u. + E Z 

i 1 1 i n=2
(-1)n

'
nnu.Xi j

-1

-1 n-1 -mu4(n!) E m  e 
m=l

(6u.)ni (46)

This is an absolutely convergent series for all u^.

II.B.2.b. Urey's hyperbolic 
expansion (29,30)

Eqn. (11) can be rewritten as

£n 3N-6
= - E 6itn^b(u^)j

3N-6
E
i

£n^b(u^)j - &n^b(u^')j (.47)
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where

b(u.) = u.e Ui</2 /(l-e Ui) 
1 x (48)

In addition, b(u) can be expressed as

ub(u) = — /sinh (49)

Thus, Eqn. (47) becomes

Jin
3N-6 u. 3N-6 sinh(u.'/2)

r r fs' = E Jin X + 2 Jin X
u. • sinh(u./2) .' i XI J i X

(49a)

The second term is expanded in terms of the frequency shift, Eqn. (26), 

and thus

Jin s'
3N-6 

= E Jin 
i

u.
u. 'x

3N-6 
+ E 

i

6u.
—j^coth(x^)

+ — — — coth(x.) (coth (x.)-1) + . 96 x x (49b)
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where

x. = 6u./4 + u./2 1 1 l

. . ^u.2nII.B.3. Higher Order Approximations; l

II.B.3.a. Bigeleisen's Bernoulli 
series expansion (6,16)

This is a Taylor expansion of £n and is valid for

u. ' < 2tt but is not restricted to small 6u.'s. l i
From Eqn. (49), one obtains

■s 00 * * 2
ftn b(u) = - Z £n 1+ u

27rk;k=l .

where this infinite series is absolutely convergent for any value of 

u. In addition, if the absolutely convergent Taylor series

£n(1+x) = E (-1) 
m=l

m+1 j£ 
m
m

x <1

(49c)

(50)

(51)

is substituted into Eqn. (50), and a relation for Riemann's zeta
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function,

„2m-l 2m „
, , - : 1 2 " 2m-1z<m) = /, 75! =  «sn--k=l k

is used, one obtains

. n x m+1 _
. " ( 2m-1 2m

ln b(u)l = - E, — SfiWTi----“m=l

In Eqn. (52), the B's are Bernoulli numbers, e.g., B^ = 1/6, B3 = 

and B^ = 1/42. Substituting Eqn. (53) into Eqn. (47) and taking 

isotopic differences, one obtains

£n * r fs1
oo B„ . 3N-6„ . , .m+1 2m-1 „ 2m

= E (-1) ISuioT E 6uim=l l
u, ' < 2tt i

where

- 2m _ ,2m 2mou. = u, ' - u.l i  i

(52)

(53)

1/30,

(54)

(55)

The inequality for Eqn. (54) was obtained from the convergence
2condition of Eqn. (51), i.e., (u/2Trk) < 1 for all integral values
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of k. Thus, the first three terms of Eqn. (54) are

_1_
24

3N-6
Z
i

6U . 2 - i 2880
3N-6
Z
i

6u.4 + x 181440
3N-6
Z <5u. (56)

The major disadvantage with Eqn. (54) is that a frequency of 

3000 cm  ̂at room temperature corresponds to u=15, which is more 

than double the allowed limit for u. Thus, the Bernoulli series 

is inapplicable to all H-containing molecules.

II.B.3.b. Orthogonal polynomial 
expansion (17-25)

The difference between this method and the previous one is

that the Bernoulli series is modified mainly through the use of

an orthogonal polynomial expansion of £n(l+x), Eqn. (51), instead

of the Taylor expansion. This extends the range of validity of

the Bernoulli series up to u < u 1 , the largest u involved in— max
a given problem. The reason that the radius of convergence for 

a Taylor series expansion is small (û ' < 2ir) is that all the 

information needed for such a series is obtained at a point about 

which the function is to be expanded, and values of the function 

at other points are extrapolated from that single point. Thus, 

the accuracy of this approximation becomes progressively worse
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as the point moves away from the center of expansion. However, 

in the orthogonal polynomial expansion, one concedes the existence 

of an error term in the polynomial approximation before the ex­

pansion is employed. The error is forced to be proportional to 

an n-th order orthogonal polynomial which, when properly chosen, 

oscillates on both sides of the zero point, rather than yielding 

a null error at the center of expansion, with the result of an 

increasingly larger error as the point moves away from the origin.

In place of Eqn. (51) , the Taylor expansion for the logarithmic 

function,

in (1+x) = y(x) ,

one uses the orthogonal expansion as follows. The following dif­

ferential equation is obtained:

(1+x) = 1 + tP (x ) .dx n

The x method leads to an inclusion of the error term xP (x), sincen
one admits that the linear differential equation

(57)

(58)

(l+x)f£ = 1dx (59)
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cannot be solved exactly, x is an a priori undetermined coef­

ficient and P (x) is an n-th order orthogonal polynomial of x. n
The x method approximates Eqn. (11) as

Jin f
n 3N-6

= £ W.A. £ 6u.
j-1 ' 3 i 1

2j

where the A 's are the same factors that appear in the Bernoulli 

series, Eqn. (54),

= <-1)] 1 B2j-1
j 2j(2j) !

The Wj's are modulating coefficients defined as follows:

W. = W.(n,j, u' ,L) 3 3 max

= T (n,j,R_,.)
T^j,!^) - T(n,j,RL+1)

L+1 z(j) k-i k2j

(60)

(61)

(62)

(63)

where z(j) is Riemann's zeta function, Eqn. (52),



- s o ­

il
I (-1)P c p / x?

T(n,j,R) = ^ ----
n (64)

n
E (-1)P C P / RP 

p=° n

*k
_1
2

u
2TTk k-1, 2 , . . . | (65)

and

=  R.L+l (L+l)'
all k > L + 1 (66)

In Eqn. (64), CnP is the coefficient of the p-th order term of 

an n-th order orthogonal polynomial, P^ (x) of Eqn. (58), i.e.,

n
P (x) = E C P ^  . (67)n n n

p = 0

The orthogonal polynomials used are the Jacobi polynomials, such 

as Legendre, Laguerre, Hermite, and Chebyshev polynomials, which 

depend on two parameters y and 6 in that
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(68)

n m-1 (-n+k)(n+y+6-l+k) 
(Y+k)(1+k)= i  + e xm n (69)

m=l k=o

where F is the Gaussian hypergeometric function. 6 may assume

any real value, while y can be any positive real number. By

varying y and S, a "best" Jacobi polynomial has been chosen for

each selected range of u which minimizes the root mean square

error of the corresponding approximation for £n b(u).

The modulating coefficients W_. vary from zero to unity and,

as can be seen from Eqn. (62) , depend on the order of the expansion

(n), the term number in the expansion (j), the largest u involved

(u' ), and a positive integer (L) chosen to yield the best ap-max
proximation. As the value of L increases, the approximation 

improves, but a value of L=5 is sufficient. Thus, the first 

three terms of Eqn. (60) are:

181440
6 (70)
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II.B.4. Wolfsberg's Second Order Perturbation 
Theory (26-28)

This method is unlike any of the others, both in the initial

formulation of the approximation and in the final expression of

(s/s')f. The harmonic vibrational Hamiltonian of a molecule is

divided into a diagonal part, the zeroeth order, and an off-

diagonal part, the perturbation. The molecular vibrational partition

function, calculated by Schwinger perturbation theory, is composed

of the unperturbed partition function, corresponding to uncoupled

oscillators, plus the perturbation to the partition function,

corresponding to coupled oscillators.

The quantum mechanical partition function of a molecule,

Q , is the "Slater sum," i.e., the trace of the matrix representation qm
— Bhof the operator e . Thus,

Q = Tr -3H (71)

where

3 = 1/kT , (72)

and, according to Schwinger perturbation theory for partition
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functions, the Hamiltonian operator H is separated into unperturbed 

and perturbed Hamiltonians, HQ and H^, respectively, so that

H = Hq + H^ . (73)

For the ideal gas-phase molecular vibrational problem, the Hamil­

tonian is given by

H = T + V , (74)

where T and V are the kinetic and potential energies of the molecule, 

respectively, and, in addition (31),

3N-6 3N-6
T = f  Z Z g p.p , (75)

1 3

and

V =
3N-6 3N-6 
Z Z
i i

f. .q.q.
1 3 i 3 (76)

In Eqns. (75) and (76), the q^'s are the internal displacement 

coordinates, the p^'s are the corresponding conjugate momenta,
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where

% - 8V 3t " % ■

the f..'s are the harmonic force constants of the molecular force iD
field, i.e., the elements of the F matrix, and the g..'s are the~ ij

elements of Wilson's G matrix. The quantum mechanical represen­

tation of H is obtained by replacing p^ with -i/fi3/9q^, where /fi = 

From Eqns. (73) - (76), Hq and are given by

, 3N-6 3N-6
Ho - I  ? 9iiPi + l  X fiiqi1 1

and

H, = 2 Z g,._.p,.p_. + 2 Z f' ̂ q^q^
i<j ”  x D ±<j 1D i

Thus, the unperturbed Hamiltonian HQ corresponds to a collection 

of uncoupled oscillators with "unperturbed" frequencies

V.° = (27T)_1 (f. .9. .)1/2X XI XX

(77)

h/2-rr.

(78)

(79)

(80)
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and the perturbation contains the coupling terms. 

Therefore, the partition function is given by

Q = Q0 + Si + Q2 + **• ' <81>

where the first term is the zeroeth order approximation and successive 

terms contain successively higher powers of the perturbation H^. The 

solution of Eqn.(71) yields

3N-6 "Ui
e0 - n S   , (82)

1 l-e“ui

where

u.° = hv.°/kT . (83)x 1

The first order correction, Q^, vanishes, and the first nonvanishing 

term is the second order correction, Q^, where

Q2 = Q0d (84)

i< j (1-e Ui )(1-e Uj )
B.2 13

-(U. +u. )

0 0 u. + u.1 3

-u. -u.
+ C. . 13 0 0 u . - u.3 i

(85)



Thus, to second order,

% ib'qm
=  0 +0 *0 *2 Q0(l + D) =

0 , •
3N-6 ”Ui /2
n s -

l-e“Ui
(1 + D) , (88)

which is comparable to Eqn.(6) .

The classical vibrational partition function is obtained for 

T-*-00, i.e., u^*>0, so that

(W
3N-6

n (1 + E) , (89)
cl u.

where

E =
3N-6 3N-6

z z 
i < j

f .-ID
g..g.. f..f.. ii DD n  DD

(90)



Hence, within the approximations in section II.A.1, the ideal gas- 

phase reduced partition function is given by

®red ^qn/^cl

0 ,
0 ~u±/2 3N-6 u. e

n — r
1-e Ui

1 + D
1 + E (91)

One could empirically improve Eqns.(88), (89), and (91) by substituting 
D Ee and e for 1+D and 1+E, respectively, where the latter are the first

D Etwo terms in the expansion of e and e . This is only valid if D and E, 

the second order corrections to the quantum mechanical and classical 

vibrational partition functions, respectively, are very small. Other­

wise, this procedure is arbitrary, since higher order terms are being 

introduced into the perturbation without justification. However, this 

new formulation does lead to better agreement with exact values of Q ^  

than does Eqn.(88). Thus, Eqns.(88), (89), and (91) become
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Therefore, the reduced partition function ratio for a pair of isotopic 

molecules becomes

3N-6 u.
n —
1 u. 1

,0
6u.̂ /2 i

-u. '
1-e

l-e"Ui

(Se-<5d ) (95)

where the "6" notation is the same as in Eqn.(26), i.e., the light 

species minus the heavy species.

Hence, according to this second order perturbation theory, the 

first factor of Eqn.(95), the zeroeth order term, is a function of V^°, 

V.'0, and T/and the second factor, the perturbation, is a function of

V.°, V.'0, V.°, V.'°, g.., g..', f..f and T.
1 1 3 3  1 3 ID 1 3
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II.C. Intramolecular Forces and the Reduced 
Partition Function Ratio

In order to calculate the exact reduced partition function ratio, 

Eqn.(11), one must determine the individual normal mode vibrational 

frequencies of the two isotopic molecules. This can be accomplished 

through the use of the secular equation

]H - XEI = 0  , (96)

where

H = F G , (97)

and E is the identity matrix. The 3N-6 non-zero eigenvalues X. are ~ 1
the roots of the secular equation and are related to the frequencies 

according to

X. = 47r2v.2 . (98)x x

Thus, with a given harmonic force field, i.e., F, and a corresponding 

equilibrium geometry, i.e., G, together with a digital computer, the 

3N-6 vibrational frequencies can be calculated (32).

However, this procedure does not yield important physical infor­

mation regarding the role of specific force constants in isotope effects. 

In addition, in "prehistorical" times, when digital computers were not
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widely available, approximations were needed to permit quick and accurate 

numerical evaluations of isotope effects. Thus, the expansions based on 

the G(u) function (II.B.l.a. and 2.a.) were suited for quick calcula­

tions. On the other hand, the Y method (II.B.l.b.), the low-temperature 

approximation (II.B.l.c.), the Bernoulli series (II.B.3.a.), the or­

thogonal polynomial expansion (II.B.3.b.), and the perturbation theory 

(II.B.4.) are especially designed to explain isotope effects.

The expansion of (s/s')f in terms of sums of even powers of the 

vibrational frequencies, as in the T  method, the Bernoulli series, and 

the orthogonal polynomial expansion, is extremely useful. These sums 

are directly expressible in terms of harmonic constants, atomic masses, 

and the molecular geometry through the F and G matrices. These force 

relationships will be given below and will be referred to later in this 

work.

II.C.l. Method of Moments

From Eqns.(7) and (98), one obtains

Z Sir211 = (h/27TkT)
i i

(99)

where the sum of the 3N-6 roots is just the trace of H, i.e. (6)

3N-6
= Tr (H)n (100)ll
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where, according to Eqn.(97),

(H)n = (F G)n . (101)

Therefore, for isotopic differences, one obtains

3N-6 3N-6 3N-6
E 6A. = E E f..6g.. (102)i IDl i d

N
E
a

= E A 6y , (103)a a

where the first relation is in terms of internal coordinates and the

second is in cartesian coordinates. A is the sum of the three diagonal
06

force constants for the three cartesian coordinate displacements of 

atom a, and y^ is the reciprocal mass of atom a, i.e.,

ya = l/ma . (104)

Similarly, the second order trace yields

3N-6
E 6A. = E E E E f^f.-Sfg, .g0.) (105)i . . , n lk d* kD x,ii l d k * J J

N N
E E A^ , (106)
a 3 a P
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which now includes interaction terms between atoms a and g. A ^  

is the sum of the squares of the nine force constants for the combined 

cartesian displacements of atoms a and g.

Thus, Eqn.(99), either Eqn.(102) or (103), and either Eqn.(105) or 

(106) can be substituted into the first two terms of the orthogonal 

polynomial expansion, Eqn.(70), for a direct correlation of isotope 

effects with molecular forces.

II.C.2. Zero Point Energy (ZPE) Approximations

In the low- temperature approximation, Eqn.(41), the termperature-

dependent term, Z Su., can be approximated through Bigeleisen and Gold- 
i

stein's Taylor series expansion of the isotopic zero point energies 

(33, 78), or through Wolfsberg's perturbation treatment (26-28).

II.C.2.a. Bigeleisen and Goldstein's Taylor 
series expansion (33, 78)

The isotope effect on the ZPE can be approximated as a sum of iso­

topic differences in the traces, i.e.,

3N-6 3N-6
—  2 &>. = I 6X.
“o i 1 0 i 1

+ ” P-1 (-I)’ 3t 6 W.P-J ,
p=2 2 - ( p-lM 1-0 i 1 '(107)
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where

AQ = 4tt2c2W0 , (108)

5 X P~3 = X.'P~3 - X P~3 , (109)l i  i

and Wq is an isotope-independent characteristic frequency of the 

isotopic set. This series is absolutely convergent when

A.
- - 1 * 1 , (110)

which restricts A^ to

Aq - — — ■ . dll)

From Eqn.(7), one obtains

3N-6 3N-6
Z <5u. = ~  Z 603. . (1 1 2 )l kT ll l

Thus, by using the ZPE approximation, Eqn.(107), together with either 

Eqns.(102) or (103) and either (105) or (106), one can relate the first 

term of the low-temperature approximation, Eqn.(41), in terms of molecu­

lar forces.
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II.C.2.b. Wolfsberg's perturbation treatment

Through the use of a perturbation treatment, as discussed in sec­

tion II.B.4., one obtains up to second order and at low temperatures,

ZPE = — he
3N-6 3N-6
E to. ii “ I h E v 0 

i 1 .
- kTD (113)

where V^° and D are given by Eqns.(80) and (85), respectively. However, 

the temperature must not be so low as to make D significantly large com­

pared with unity. Therefore, after taking isotopic differences, 6 (ZPE), 

and substituting into Eqn.(41), one can again relate the reduced parti­

tion function ratio at low temperatures in terms of molecular forces, 

without explicitly solving the secular equation, Eqn.(96), for the in­

dividual frequencies.
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III. THEORY OF VAPOR PRESSURE ISOTOPE 

EFFECTS (VPIEs)

III.A. Historical Background (2, 34)

The first quantitative formulation of an isotope effect (specifi­

cally for vapor pressures) was independently given by Stern and Linde- 

mann (Lord Cherwell) (39-41). They considered the equilibrium between 

a monatomic Debye solid (10, 49) and an ideal gas composed of monatomic 

substances, and the following assumptions were made: (1 ) the oscilla­

tions in a solid lattice are harmonic, (2 ) the potential energy is iso­

tope invariant, and (3) an oscillator has a zero point energy. The only 

degrees of freedom for monatomic molecules are the three translational 

ones. Thus, their VPIE equation was

£n- _3_
40

M-M'
M' (113a)

where 0/T < 2n is a reduced temperature and 0, the Debye temperature 

of the heavy isotope, is given by

0  = hv A  • m (113b)

Later, corrections for the gas imperfections and the difference between 

the Gibbs and Helmholtz free energies for an incompressible solid
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were included in the above formulation by Scott et al. (42). Roth and 

Bigeleisen (43, 44) later reinvestigated the above VPIE equation and 

confirmed its validity.

A more general expression for the effect of isotopic substitution 

on the vapor pressures of condensed phases of monatomic substances was 

derived by Herzfeld and Teller (45). Through the use of the Wigner 

quantum correction to the Boltzmann distributions (46), they obtained

£n £ 1  _ 1
2 f N 

1_ _ 1
f

P 24 kT M' ” MV.
<V2U> - <V2U>c g (113c)

where <V u> is the mean value of the Iiaplacian of the intermolecular c
interaction potential in the condensed phase. For an ideal gas,

<v2u> 1, = 0 ' g(ideal) (113d)

and, in the harmonic oscillator approximation,

<V u> = a + a + a c x y z (113e)

is just the sum of the three external forces corresponding to the three
2translations in the condensed phase. The mean Laplacian <V u> may be 

theoretically calculated for simple monatomic systems from radial dis­

tribution functions (35, 37, 38). For a harmonic Debye lattice.

<»> i = 0D2 (113f)
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However, these VPIE relationships are only applicable to monatomic 

substances and, in addition, they do not explain the phenomenon of the 

inverse VPIE, i.e., the heavy isotope having the higher vapor pressure. 

The VPIE equations presented this far predict that the lighter isotope 

would always have the higher vapor pressure, i.e., the normal effect.

The "crossover" phenomenon, i.e., the normal VPIE at a low temperature 

and the inverse effect at a higher temperature, will not be predicted by 

theories which relate the effect of isotopic substitution on the con­

densed phase equation of state only to the molecular weight, but not to 

the molecular structure (47-49). Thus, the theories of de Boer (50), 

Friedman, White, and Johnston (51), and Libby and Barter (52) are in­

appropriate. Bigeleisen (36) gave the first clear and general quanti­

tative treatment of VPIEs that incorporated the role of the molecular 

structure in the difference between the thermodynamic properties of 

isotopic molecules in the condensed phase.
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III.B. Bigeleisen's Statistical Thermodynamics
Treatment

The objective of this section is to record Bigeleisen's treatment 

of the VPIE (36), which expresses the vapor pressure ratios of a pair 

of isotopic molecules in terms of the reduced partition function ra­

tios of both the gas and condensed phases. The condensed phase is con­

sidered to be in equilibrium with its vapor, so that the equilibrium 

condition is

G = G , (114)c g

where G and G are the Gibbs free energies for the condensed and gas c g
phases, respectively.

III.B.l. Simple Cell Model for the Condensed Phase

The simple cell model is assumed for the liquid phase, where the 

molecules are considered to be located at the centers of the lattice 

points of a cell. Thus, the average liquid molecule is surrounded by 

its neighbors and constrained to move in a space, or a cell. Normally, 

the potential energy that this molecule experiences is a function of 

its position in the cell and of the positions of its neighbors. How­

ever, in this theoretical cell model description of the liquid phase, 

one assumes that the average potential on a molecule is caused by some
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equilibrium or average positions of the molecules surrounding the cell. 

Thus, the potential will not explicitly depend on the instantaneous po­

sitions of individual neighboring molecules, and every molecule in the 

condensed system experiences the same potential energy. In addition, 

in the sense that the motion of each molecule in a cell does not depend 

on other molecular positions, this system is composed of independent 

non-interacting molecules.

The molar Gibbs free energy for the condensed phase is given by

Nq molecules, the vapor pressure, and the molar volume of the condensed 

phase, respectively. If one defines an average molecular partition 

function (Q ) for the condensed phase as

G = -kT&nQ + PV (115)c c

where Q, P, and are the molar partition function for an assembly of

c av

(116)

Eqn.(115) becomes

G = -RT£nQ + PV . (117)c c c
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III.B.2. Gas Phase Properties

The molar Gibbs free energy for the gas phase is

G = -kTAnQ + PV .g g g (118)

In addition, if the molecules are non-interacting and indistinguishable, 

then,

N
Q = (qe/N0) 0 , (119)

where q is the complete molecular partition function, i.e.,

q - (120)

In Eqn.(120), is an average molecular partition function for the 

internal motions, i.e., vibrations and rotations. Thus,

(121)

Therefore, Eqn.(118) becomes

G = -RT£ng Q-
q.u e tr

x,g N0
+ PV (122)
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In addition

3 5= —  £nM + -S-nT - £nP - K m2 2 ST (123)

where K  is the Sackur-Tetrode constant and is defined asST

£n h /(27Tk) ke (124)

and M is the molecular weight. Also, the gas imperfection leads to the 

following gaseous equation of state

where and are the second and third virial coefficients. After 

substituting Eqn.(125) and (123) into Eqn.(122), one obtains for the 

Gibbs free energy of the gas

5 3G = RT(K m + &nP - — £nT - — AnM - JinQ. )g ST 2 2

(126)
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III.B.3. VPIE and the Reduced Partition Function 
Ratios of the Condensed and Gas Phases

Substitution of Eqns. (126) and (117) into the equilibrium condition, 

Eqn. (114), yields

PV
£nP = £n(Q.^gM3/2 /Qc) + |*nT + - (1 + BQP + —  CQP2) - KgT . (127)

After taking isotopic differences between two species at the same tem­

perature, Eqn.(127) becomes

P 1£ n - = £n
O'. m ,3/2/q . m 3/2

Q'_/Q_c c
+ —  (P'V RT c PV ) c

(BP + 7  C„P2) ' + (B-P + ^C„P2) . 0 2 0 0 2 0 (128)

In addition,

Q ' . M ,V2/Q M 3 / 2 = Q ’ /Q ,i,g i,g g g (129)

where Qg is the complete quantum mechanical partition function for the

gas.

It is convenient to compare the isotopic species at the same molar

volume V . Thus,
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(130)

Recalling the classical definition for isotopic partition function ra­

tios, Eqn.(16),

[Qc] . N
^ - n

f Nma
3/2

Q'c cZ s a m'ajV» J
Q'

gj

and by using Eqns.(129) and (130), one obtains the following form for 

the first term of Eqn.(128):

The first two terms of Eqn.(132) are simply the logarithms of the re­

duced partition function ratios, (s/s')f, of the condensed (since the 

molar volumes of the isotopic pair are measured at the same V) and gas 

phases, respectively. Upon subsitution of Eqn.(132) into Eqn.(128), 

one obtains the overall effect on the vapor pressure upon isotopic sub­

stitution:

1 V '-  f P*dV . 
V

(132)



The physical significance of the various terms in Eqn.(133) are 

now summarized. The reduced partition function ratio difference, 

£nf(s/s')f] - £nf(s/s')fl , is the quantum effect differenceV. J q  v J g

in the condensed and gaseous states. The virial coefficients and 

CQ represent the gaseous non-ideality, and BQ' and C^' represent the 

quantum effects on the equation of state of the gas. The third, fourth, 

and fifth terms can be combined into a form

^<S(PVJ - ^ 6(PVJ , (134)RT v cJ RT v g ,  ̂real

where

6 (pv ] i p'v' - pvv c' c c (135)
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and

real g
(136)

Thus, the correction terms, Eqn.(134), represent the difference between 

the Gibbs and Helmholtz (A) free energies for the condensed and gas 

phases of both isotopes, i.e.,

It is the effect on the vapor pressure that occurs when the condensed

and the nonideal gases are compressed to P and P '. The final term is

volumes of the two isotopic condensed phases are not the same. These

corrections are necessary because the separated isotopic samples are

being compared at the same temperature but at different pressures.

Eqn.(133) can be further simplified by assuming that Vc = v,c'

Bq = B 'o' an^ that cq isotope-independent and/or negligible. Also,

if 6P/P and - V /RT are small, then through Taylor expansions, one 
0 c

obtains

fif(G - A) - (G - A) ) = 6(PV ) - S(PV ) . c g c g (136a)

phase is subjected to a pressure and volume change from PVc to P ,v'c

a second order correction to ftn(-̂ - f) , due to the fact that the molar
s c

Jln(-̂ -f) - £n(~f)
a  ' n  cs * (137)
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Alternatively, if

P'V’ = PV , (138)c c

V 1in addition to V = V' , B = B' , and / P'dV = 0, then the vapor pres- c c 0  0

sure isotope effect equation takes its simplest expression, i.e.,

&n P'-= £nV - £npV * .s Jn s'V, J
(139)
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III.C. Separation of the Internal and External Modes

The gas phase molecules consist of 3N-6 (or 3N-5 for linear spe­

cies) non-zero vibrational frequencies per molecule, as a result of the 

forces that hold the atoms together. In addition, there are 6 (or 5) 

zero frequencies due to the freely (unhindered) translating and rotating 

molecule in the gaseous state. Monatomic molecules possess just 3 trans­

lations per species.

In the condensed phase, three manifestations must be considered. 

First, the 3N-6 internal vibrational frequencies are either raised or 

lowered with respect to their corresponding gas phase values, depending 

on the type of oscillation and molecule. This is due to the inter- 

molecular forces in the condensed phase which perturb the energy levels 

of the internal oscillator energies, and thus alter the internal force 

field. This shift of an internal frequency upon condensation is also 

due to the interaction between the internal and external modes of vi­

bration, which will be described as the third effect below. The in­

ternal frequency shift was originally discussed by Topley and Eyring 

(74) .

Secondly, these same intermolecular interactions quantize the 

translations and rotations, which are classical in the gas phase.

Thus, the 6 external motions of the condensed molecule are now loosely 

bound and somewhat hindered (75, 76), especially the rotational motions 

(54-59), so that they may be considered as loose harmonic lattice os­

cillations of entire molecules about their respective equilibrium posi­

tions in the cell. The molecule is assumed to oscillate slowly under
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the influence of an isotropic external force, a resultant of all forces 

exerted by all the surrounding molecules. However, these external 

lattice frequencies are much smaller than the "large" internal fre­

quencies, since intermolecular forces are much weaker than intramolecu­

lar forces.

Furthermore, an external oscillation may couple with another ex­

ternal mode or with an internal vibration. Therefore, this leads to 

the existence of symmetry-allowed internal-external interactions (28,

53, 57-62, 79), i.e., vibration-rotation and/or vibration-translation 

couplings, as well as translation-rotation interactions (48, 79, 63-70). 

These interactions stem from the fact that the very motions that cause 

the change in the internal coordinates also tend to produce a change 

in the external motions and, thus, these two motions must be intimately 

coupled. These interactions do not contribute as much as the other two 

condensed phase effects to the VPIE. However, Gordon (64) and Fang and 

Van Hook (71) proposed theories that assume the separability of the in­

ternal vibrations from the external motions of molecules.

The frequencies can be separated into two groups: one is the 3N-6 

"large" internal frequencies of both the gas and condensed phases, and 

the second group consists of 6 "small" external frequencies of the con­

densed phase. Thus, using Eqns.(139) and (11), the full expression for 

the vapor pressure ratio in terms of internal and external (condensed) 

frequencies is obtained:
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int !■* ext
(140)

3N-6
n
i

(u./u.') l i e
(u./u.') i i g

6(u.) /21 C 1-e 1 1 -e
-(u.)

1 c
-(U.')

1 -e l g /
-(u.)

1 -e i g

6
x n
e

u <5u / 2  , e e l-(
-u

u -u
1 -e

(141)

This results from the fact that there are no translational and rotational 

contributions to the reduced partition function ratio in the gas phase, 

because the potential for these modes is zero.

In the following subsections, various temperature approximations of 

the full VPIE expression, Eqn.(141), are given. The low temperature ap­

proximation is especially important as it involves, in part, the isotope 

effect on the ZPE shift upon condensation, which is the basis of this 

dissertation.
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III.C.l. Zero Point Energies and the First Order 
Quantum Correction

At low temperatures, the first bracketed term in Eqn.(141), the 

ratio of frequency product ratios for the internal vibrations, is less 

significant than the second bracketed term in Eqn.(141), the ratio of the 

exponentials of the zero point energies. Thus,

. (ui/ut')c .. 1£n  -- — n—  <<:
‘W ’g 2

6 (u.) - 6 (u.)i c  i g (142)

-u.
In addition, the excitation terms in internal vibrations, the (1-e )'s,

tend toward unity, since the u^'s are large under the low temperature

approximation (section II.B.I.e.). Consequently, only the zero point

energy term, e^U^ ,  remains significant for the internal vibrations.

For the external contributions to the vapor pressure isotope effect, 
s
s' ext , one can use the Bernoulli approximation (section II.B.3.a.),

since the ue's are so small and certainly less than 2tt.

At ordinary temperatures, say, 100-400°K, Eqn.(139) can be simpli­

fied to (36, 81)

(143)

where

A = _1_
24

he 2 6
E <5u) 
e e

(144)
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and

he 3N-6E
i

(Au^ - Au k ') (145)

1
2

he 3N-6E
i

6(0 . (g) - 6w. (c) 
1 x (146)

In Eqn.(144),

6(0 =  (0 1 -  (0 (147)

and in Eqn.(145), Auh represents the shift in the i-th internal fre­

quency on condensation, i.e.,

Ato. = (0 . (c) - (0 . (g) .I X  x (148)

Thus, "6" represents an isotopic shift, whereas "A" represents a phase 
shift. All the (o's are in cm \

The A term is therefore the first order quantum correction to the 

6 low frequencies of the external modes of the condensed-phase molecule. 

The B factor is the isotope effect on the shift of the zero point ener­

gies of the internal vibrations on condensation. B can be rewritten 

as
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B = -
r, 3N-6 hc E -6 (Aui) 1

2
hc 3N-6E

i
-A(<Sw.)i (149)

Both A and B are positive. A is positive according to Eqns.(144) and

(147), because w ' > 0) . The positiveness of B will be discussed in e e
section VI.E.2.b.

The simplified VPIE expression, Eqn.(143), thus predicts the 

"crossover" phenomenon. The A factor, which represents the hindered 

translations and rotations, favors the normal isotope effect, i.e.,

P' > P, where the light species has the higher vapor pressure. The B 

factor will tend toward the inverse effect (P > P') at a higher tem­

perature range. In addition, the inverse VPIE will be enhanced if the 

internal force constants of the molecule are smaller in the condensed 

phase than in the vapor phase, which is the usual occurrence.

In the absence of internal-external interactions in the condensed 

phase of polyatomic molecules, the A term can be written as

A = A + A . tr rot (150)

24
f \hk

2
3
'(6y ) + (6y ) (151)

v ^ tr rotV. ^

where (VU) and (u)  ̂are the second moments of the translation and
2 tr 2 rot

rotation of the frequency spectrum of the condensed-phase molecule (36). 

The second moment is just the sum of the squared frequencies. For a 

Debye frequency distribution, one obtains
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\ r  “ ̂  502 -io 10,2 - ® 2) ' H5

where 0 is the Debye temperature (10, 49).

The translational contribution to A has been obtained from low- 

temperature heat capacity data and the three rotational force constants 

have also been estimated, in part, by assuming that they are propor­

tional to the relative volumes swept out by the isotopic molecule about 

its three principal axes (59). In addition, A and Arot are given by 

the following proportionalities (77):

Atr
M-M1
M 0 ' (153)

and

A  4 -  “rot
3
n

i -i ’a a
(V > r o t  ' (154)

where M is the molecular weight and I is one of the three principalcl
moments of inertia.

Thus, for polyatomic molecules that are heavy and complex, the 

A factor becomes less important, while the B factor becomes more sig­

nificant, which would favor the inverse VPIE.
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III.C.2. Various Temperature Approximations

Four different temperature categories will be studied in order to 

determine the possible occurrence of the inverse VPIE within these tem­

perature ranges. Thus, from Eqns.(141) and (142), one obtains

£n-
3N-6
E
i

(6u.) - (6u.)x c x g
3N-6 

+ Z £n 
i

1 -e-(V>c /
1 -e

-(u.)X c
( - ( U . ‘)
1 -e x g r -(u.)

/ 1 -e

6
E
e

u
£n u + E ±-(6u ) +2 e e e

6
E £n

-u
1 -e

-u (155)
1 -e

III.C.2.a. Very low temperatures

For very large u's, 1-e U 1, and £nu << u/2. Therefore, all in­

ternal and external excitation terms, as well as the classical external 

terms, cancel, so that in this limit, Eqn.(143) is not applicable and 

Eqn.(141) takes the form

ftn P1' 'he'
pV. ^ T-»-0 2 k\ J

:l
t

3N-6
E
i

6to_j,(c) - 6wi (g) + E 6to (c) ee
(156)
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This may lead to the normal effect (P' > P) due to the presence of the 

external (lattice) frequencies in the liquid.

III.C.2.b. Low temperatures

As the temperature is increased somewhat, the large internal fre­

quencies still contribute zero-point energy terms, whereas the small

external frequencies now contribute according to the first-order quantum 
2correction (1/t ). Thus,

£n
low T

A
_2

B (157)

where A and B were given previously. Therefore, this effect may be 

normal or inverse (P1 < P) depending on the magnitudes of the two terms.

III.C.2.C. High temperatures

At this temperature range, the excitation terms for all the fre­

quencies become significant and the isotope effect decreases. There­

fore, inverse effects will go through maxima.
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III.C.2.d. Very high temperatures

For very low u's, all terms contribute according to a first-order 

quantum correction. Thus,

£n
T-K JO

24
hc 3 N “ 6 2 6 2 E 6a), (c) + E 6(jo (c)i ei e

3N-6
E
i

(Soh (g) (158)

This could lead to normal or inverse effects. If the condensed phase 
2properties (w ) are larger than the gas phase squared frequencies, then 

any inverse effect exhibited at lower temperatures will become normal 

again before approaching the classical limit at infinite temperatures. 

Thus, a second crossover at high temperatures may be possible.

Figure 1 represents the plots of the isotopic vapor pressure ra­

tios of ethylene vs. the tri-deutero and the carbon-13 species, re-
12 13spectively. Thus, for a C/ C substitution, the normal effect is 

preserved; whereas, for an H/D substitution, the inverse effect is 

preserved and there is no second crossover.
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Figure 1. Isotopic vapor pressures in ethylene. 

(See Reference (53)).
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III.D. Examination of the Assumptions

A summary and criticism of some of the assumptions that were used 

heretofore is given below. The effect of isotopic substitution on the 

vapor pressure of a condensed phase is determined through a "difference 

of differences," i.e., the isotopic differences between the changes in 

the frequencies on condensation. Thus, the ordinary difficulties involved 

with the usual application of the simple cell model for the evaluation 

of various thermodynamic properties would tend to cancel when determin­

ing vapor pressure isotope effects. This is true because the various 

multiplicative counting factors cancel for the difference of differences 

(150). The simple cell model of the condensed phase is perhaps the most 

questionable of all the approximations used in VPIEs studies. The 

assumption of an average molecule is not physically realistic since it 

only crudely recognizes the fact that the motions of neighboring mole­

cules are intimately coupled through intermolecular forces. However, 

Pollin and Ishida recently showed by means of the medium cluster model 

of the liquid that a consideration of molecular interactions confirms 

the results of the cell model calculations for the isotopic methanes 

(150, 151). Furthermore, the harmonic approximation, though suitable 

for the internal motions, may be unrealistic for the external motions, 

since these latter motions have much larger amplitudes. Molecular 

associations in the condensed phase and thermal expansion of the liquid 

lead to difficulties in the theoretical investigations of vapor pressure 

isotope effect studes.

The VPIE theory described heretofore assumed only one kind of
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molecule in the liquid and that the liquid behaves like a solid. The 

significant structure theory of Eyring and co-workers was used by 

Grosh et al. (80) to calculate vapor-pressure differences between iso­

topic liquids. This theory pictures the liquid as consisting of solid­

like molecules and holes.
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III.E. Intermolecular Forces in the Liquid

The liquid phase isotopic frequencies differ from the gas phase 

oscillations, due to the fact that intermolecular interactions are 

present in the condensed phase. The intermolecular interactions, 

which are, in general, important for ground-state molecules without 

electronic charges, are the long-range attractive van der Waals forces 

and the short-range repulsive chemical (or valence) forces. In general, 

all these forces cause the shift in the frequencies upon condensation 

of the molecule.

The chemical forces arise when two molecules come close together 

for their electron clouds to overlap and thus repel each other. The 

van der Waals forces may include Keesom's orientation (or electrostatic) 

forces between two molecules with permanent electric dipole moments, 

Debye's induction forces between a molecule with a permanent dipole 

moment and another molecule, which may or may not be polar, and Lon­

don's dispersion forces between two molecules, which may or may not 

possess permanent electric dipole moments. The van der Waals forces 

are effective at larger intermolecular separations and are attractive.

The orientation forces arise when two dipoles in rapid thermal 

motion are oriented so as to have a net attractive interaction energy. 

Thus, for a large separation r ^  between molecules A and B, and for 

"ideal" (or point) dipoles P and P (where the distance between
A  D

the two charges is made to approach zero, while the charges are 

increased in order to keep the value of the electric dipole moment 

constant), and after averaging over all molecular orientations, one



- 71 -

obtains the orientation energy between two molecules (82)

orn 3kT 6
rAB

The induction forces result from the attractive interactions be­

tween a permanent dipole moment and an induced dipole produced in 

another molecule. Thus, if both molecules A and B have permanent point 

dipoles then the induction energy, averaged over all orientations of 

the molecule, is (82)

2 2 P, a + a,
„  A B B A
ind---------- 6 ------  (160)

rAB

where a is the average molecular polarizability. The induction effect 

is, generally, the weakest of the van der Waals forces.

The dispersion forces between two molecules result from the 

mutual attractions of an instantaneous dipole and an induced dipole of 

another molecule produced by that instantaneous moment. An instantan­

eous dipole is created in a molecule when the electron cloud, which, 

on the average, is spherically symmetric, becomes distorted and creates 

a momentary dipole with a certain orientation. Instantaneous dipoles 

of the two molecules do not interact to produce an attractive potential, 

due to the fact that there is insufficient time for the instantaneous 

moments to line up with one another, and thus there will be repulsion
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as often as attraction. This interaction is a purely quantum mechanical 

effect. Thus, for large separations, one obtains (82) for the disper­

sion energy between molecules A and B, after averaging over all molecular 

orientations,

where I is the molecular ionization potential. The dispersion inter­

action is always significant and often is the strongest of the van der 

Waals forces. The above equation is not applicable to long conjugated 

double-bond or aromatic molecules, because of the very large separations 

between the positive and negative charges in these molecules.

Thus, if one assumes that no interactions between molecules exist 

in the gas phase, then the potential energy of a liquid molecule rela­

tive to that of a gas molecule, due to the molecular interactions,

E'dis
(161)

becomes

AE = En - E I g (162)

(163)

orn (164)

The Valence, orientation, and induction forces are purely electrostatic
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in origin, and, within the framework of the Born-Oppenheimer approxi­

mation, are isotope-independent. However, the dispersion forces, which 

are quantum mechanical in origin, are isotope dependent, due to the 

vibrational excitation terms (28). Thus, in the study of isotope ef­

fects on intermolecular interactions in the liquid, only the London 

dispersion forces are important.
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III.F. Wolfsberg's Dispersion Energy Treatment and the 
Zero Point Energy Shift upon Condensation

The problem of interest is the interaction between two liquid 

molecules A and B, where the separation, S, of the centers of mass of 

the two molecules is sufficiently large so that it is not necessary 

to antisymmetrize the wave functions with respect to the electronic 

coordinates- The zeroeth order wave function of this interacting 

system is assumed to be a product of the wave functions of the two 

free (separated) non-translating molecules, i.e., gaseous molecules.

The perturbation potential resulting from the electrostatic interaction 

is expanded in inverse powers of the intermolecular separation S. Thus, 

after averaging over all orientations, the second order perturbation 

treatment yields the London dispersion energy (28, 82):

3 3
2 e4 Jl<0|D |k )|2 Z|(°|D |k )|2

AE . = “ T  Z E ^75---  * . . . (165)
S k ^ O  k^O ( kA ~ OA ( kB ~ 0BJ

In the above equation, e is the electronic charge, k^ and k^ represent 

the set of quantum numbers of the excited states of molecules A and B, 

respectively, with corresponding energies E and E , and the 0'sK n  K d

represent the ground states of the two molecules, with corresponding 

energies E^A and Eggf respectively. represents the x, y, or z com­

ponent of the dipole moment operator for molecule A, and D is theb
operator for molecule B. Thus,
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atoms electrons
D = D = Z Z x - E x. , (166)a=x x a a . 1a i

or

D = D _ - D . , (167)nuclear electronic

where the superscripts refer to molecule A, Z^ is the nuclear charge of

the a-th nucleus with x , y , z as its center-of-mass molecule-fixeda Ja a
cartesian coordinates, and x^, y^, z^ as the corresponding electron

coordinates. In addition,

E I W  ' (168)

where the molecular wave function is of the form

ip = ip (electronic) ip (vibrational) . (169)

Thus, k refers to an electronically and/or vibrationally excited state. 

Furthermore, the quantum states of molecules A and B, k and k , mustn D
change simultaneously (82).

At this point, one considers each of the cases where k refers to 

electronic or vibrational excitations. For the case where k^, kfi / 0 

refer to excited electronic states, summation over the various vibra­

tional levels belonging to each electronic state results in the lack 

of nuclear contributions to the interaction energy. Thus, electronic
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excitations of the two molecules transform Eqn.(165) into

. _ 3 IAIB aAaB
( dispel “ 2 I.+l_ 6 * ( *A B S

In the above equation, Q: is the electronic polarizability of molecule A

in its ground state, and is given by

“a " !  s i r o i O v i 2  < 1 7 1 >k„^0 kA OA a A

2 e
3 I

3
E E | 

A k ^0 aA
(o D e l K )a 1 A (172)

and I is some average excitation energy, usually taken as the ioniza-n
tion potential of molecule A.

For the case where k^ and k^ correspond to vibrational excitations 

without electronic excitations, i.e., k^V^ and kB=vB, the dipole moment 

operator becomes

o 3NV-6D = P + E a a i=l
8P Q± + higher terms, (173)

where P& is the x, y, or z component of the electric dipole moment

possessed by the molecule in its equilibrium configuration, is the



i-th normal coordinate, and (3p /3q .)_ is the dipole moment derivativecl 1 U

evaluated at the equilibrium position. In addition,

(V. D V'. ) la1 a 1 la ♦v (ei>lDalV («i>ia ia

E K  <2i)Da.V <Si)dT 'ia xa (174)

and from Eqn.(173) one obtains (31)

V 'alA

3
21 (V 
a iA1Da 'ViA)

h (2 V . +1) xa
28TT V. , xA

3Pc (175)
iA

where is the i-th fundamental frequency of vibration of molecule A 

associated with Q.a» and V and V! are two vibrational quantum num-
Xn Xn In

bers associated with the i-th normal coordinate of molecule A, Q.,.xA
Eqn.(175) represents the sum of vibrational dipole transition proba­

bility integrals for the state of molecule A. Thus, the total per­

turbation (dispersion) energy for the interaction between two molecules 

A and B in the liquid phase is (28)

^ Edis^ total
V b
XA+IB

°t_ Ot A B 3N-6 - E 
i

h(2ViA+1)
„ 2 8TT V . xA

9P.

iA
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provided that the electronic excitation energy is greater than the 

vibrational excitation energy, and that the higher order terms of 

Eqn.(173) are negligible. All of the properties on the right-hand 

side of the last equation, except for S, the intermolecular separation, 

are those of the unperturbed molecules, i.e., the gaseous molecules.

If all the molecules are in their ground states, then V\ft = V^B = 0, 

and Eqn.(176) becomes

^ Edis^ total

'
I I a,a3 A B A B t

2 6 +
A B s

. 4

a 3N-6B h
6 2 S 8TT

Z
i ViA

3P

iA

a. , 3N-6 _ 3A h „ 1 v
6 2 . V.S 8TT 2 jB b

3P,

3B
(177)

(Ae ,. ) + (Ae ,. )dis , disel vib
(178)

where both the electronic and the vibrational excitation contributions 

to the energy of the intermolecular interaction have been indicated.

Since the molecules are in their ground states, the second term of 

Eqn.(178) represents the change in the vibrational zero point energy 

(ZPE) of both molecules due to the interactions in the liquid phase. 

Thus,

(Ae ,. ) = A(ZPE) + A(ZPE) ,dxs A Bvib
(179)
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where

A (ZPE) = Afi
3N-6
zx

, 3N-6
I ? ^l

(180)

_h_!B 3Nr 6 _1 _ 3
87T2 S6 i ViA a

9p
(181)

The latter equation was obtained through Eqn.(177). Therefore, the 

sum of the shifts of the vibrational frequencies of molecule A upon 

condensation is

3N-6
E
i

Av. =xA
3N-6
£ 
i ViAW ) -Via (g) JL. T 6-i- e

4tt2 S6 i ViA a

3p

iA
(182)

2 2In addition, since A^ = 4ir , Eqn.(98), where A^ is the i-th force

constant associated with the normal vibrational coordinate Q., onex
obtains for the shift

AA. == 8tt v. Av. .X X X (183)

This equation is valid, because the vibrational frequency shift upon 

condensation, Av^, has been experimentally measured to be, indeed, 

small (53). Thus, substituting Eqn.(183) into (182) yields
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3N-6
Z AX 
i iA

3N-6
Z
i

a 3N-6 
-2 —  Z

o6S l

f 3p__c
9Q. (184)
iA

which represents the sum of the 3N-6 shifts of the vibrational force 

constants on condensation. Consequently, the interaction between mole­

cules A and B results in a change in the frequency sum or in the force 

constant sum of molecule A, represented by Eqn.(182) or by Eqn.(184), 

respectively, while a corresponding change occurs for molecule B.

The previous results, Eqns.(182) and (184), may also be obtained 

in the following way (28). The potential energy for the nuclear motions 

(vibrations) is given by

3N-6
V = Z ~  X.Q. . (185)2 1 1l

If the internal configuration of molecule A deviates from the equilib­

rium configuration (at which all Q^’s are zero) along the i-th normal

coordinate, Q^, then this displacement causes the following two changes.
1 2One is that the potential energy is increased from zero to —  • ln

addition, this displacement creates a new dipole moment vector

where

(P ) = (3P/8Q.) q (186)new ' *i' lA ,A A

3
(P ) 2 = Z (9P /3Q. )2 Q.a2 • (187)new , a iA7 lAA a
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This dipole will induce an additional dipole in molecule B, which creates 

an additional interaction energy, i.e., Debye's induction energy (dipole—  

induced-dipole), Eqn.(160). The induction term yields

<AEind» - A

9P

iA
„ 2 Q. „ a lA B (188)

Therefore, the total change in the vibrational interaction energy for 

molecule A is

3N-6 3N-6 3
(Ae .J  = ±  Z X._Q._ - Z Zvib „ 2 . lA lAA l l a

rap I2
2iA s69Q._lA

(189)

3N-6
Z
i

23f 9P
X -2 Z a B
iA 9Q. 6a iA S

QiA (190)

1 3N"6 2
I E XiA(li^  QiA *l

(191)

Hence, the sum of the shifts of the 3N-6 normal coordinate force con­

stants is

3N-6 3N-6
Z AX. _ = ZlAl 1

Xiaa)-*is(g>
a 3N-6 3 

-2 - |  Z Z 
S6 i a

f9Pa
9QiA

(192)

which is the same as Eqn.(184).
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Eqns.(182) and (184) do lead to isotope effects due to the isotope 

dependence of the normal coordinates. Thus, the isotope effect on the 

zero point energy shift on condensation, the B term in Eqn.(145), may 

be evaluated if one knows the isotopic dependence solutions to Eqns.(182) 

or (184). This would lead to a better understanding of the inverse phe­

nomenon of the vapor pressure isotope effect, Eqn.(143), and of condensed 

phase chemical isotope effects, in general.
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IV. ISOTOPE EFFECT ON THE ZERO POINT ENERGY 
SHIFT UPON CONDENSATION

IV.A. Interactions of the Liquid Reference Molecule

The shift that is due to the attractive London dispersion forces 

between two liquid molecules, in the trace of the vibrational eigen­

values upon condensation, was developed above, Eqn.(192). This shift 

for a liquid molecule A, which is a result of its interaction with 

molecule B, is given by

3N-6 
E AX 
i

a.
iA =  -2 B

AB

3N-6
E
i

8p (193)
A(g)

where P is the molecular dipole moment vector of A, and S ^  is the 

separation between liquid molecules A and B. Another equation given 

by Wolfsberg (his Eqn.[6] in Ref.[28]),

AX. - 2 a 3P
3Q-

(194)

is actually inappropriate, because it infers that every liquid eigen­

value (or frequency) is always less than the corresponding gaseous



- 84 -

value. However, there are cases where the frequency shift, represented 

by Eqn.(194), is in fact positive (53). It is the sum of these shifts, 

as represented by Eqn.(193), that is negative; i.e., the sum of the li­

quid eigenvalues is smaller than the gaseous sum.

For this investigation, the simple cell model is assumed for the 

liquid state. The liquid phase has a closely packed structure that is 

very similar to the solid state (82, 83). Thus, the total intermolecu­

lar potential of one molecule must be evaluated with respect to its 

interactions with all the other molecules.

If V.. is the van der Waals interaction between molecules i and j,

where i can be considered to be a reference liquid molecule in the 

system. Therefore, the attractive part of the potential energy of 

one molecule in the system, which is due to all the other molecules, 

is

13
then the total energy of any one molecule i is

00

(195)

00 00

(196)

In the above equation, r ^  is the distance between reference molecule i 

and any other molecule j, S is the nearest-neighbor separation, and C is 

the Lennard-Jones and Ingham crystal potential constant (82, 84-86). This
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constant is a function of the particular crystal structure and of the 

potential energy form (i.e., the particular exponential dependence on 

the intermolecular distance r). It accounts for the sum of contribu­

tions of all outer-shell molecules to the potential at the position of 

the central molecule. The Lennard-Jones and Ingham constant is similar 

to the Madelung constant for ionic crystals, except that the former 

applies to molecular crystals. Molecular liquids (or crystals) are 

those in which the molecules are held together by van der Waals forces, 

and these molecules tend to pack together as closely as possible (83).

Some of these constants are tabulated in Table I. Thus, as the 

intermolecular force becomes more short-ranged, the outer-shell neigh­

bors become less important with respect to the interactions with the 

central reference molecule, until C approaches its limiting value, the 

coordination number of the crystal. For the van der Waals energy 

(1/r dependence), and for the closest-packed configuration, the value 

for the constant is

Therefore, the total shift in the trace of the vibrational Hamil­

tonian, which is a result of the interaction of any one molecule in the 

condensed phase with all the others, is given by Eqns.(193) and (196); 

i.e.,

C = 14.455 (197)

3N-6
lx

E AA. = -2C
S
a
6 (198)
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Table I

Lennard-Jones and Ingham Crystal Potential Constants, C, 
for Various Crystal Structures and 

Potential Energy Forms(a)

Potential Energy 
Exponent n 

in r~n
Simple
Cubic

Body-
Centered

Cubic

Face-Centered 
Cubic (Cubic 

Close-Packed)

Hexagonal
Close-
Packed

4 16.5323 22.6387 25.3383

5 10.3775 14.7585 16.9675

6 8.4019 12.2534 14.4539 14.4549

8 6.9458 10.3552 12.8019 12.8028

10 6.4261 9.5644 12.3112 12.3119

12 6.2022 9.1142 12.1319 12.1323

30 6.0004 8.0802 12.0002

(a) References (82), (84) - (86).
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The above equation is applicable for a pure liquid, which contains only 

identical molecules.
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IV.B. Isotopic Difference between the Vibrational 
Eigenvalue Shifts upon Condensation

Eqn.(107) expresses the isotope effect on the ZPE as a sum of 

isotopic differences of various orders of eigenvalue sums. The p=l 

limit of this Bigeleisen and Goldstein (33, 78) Taylor series expansion 

yields

3N-6 1 3N-6
E <5w. - — 2 <5A. . (199)1 ~ 2  2 m ll 8TT c 0 1

Upon substitution of Eqn.(199) into Eqn.(146), one obtains the following 

expression for B in terms of isotopic differences between the eigenvalue 

shifts upon condensation:

3N-6
B -  --—— — 77“  E (AX, -AX,') (200)2 (0 (4?0 CJC 0

h 1
(4tt)2 ck (00

3N-6 
E 
i

6Xi (g) 6Xi(5,) (201)

In addition, substituting Eqn.(198) into Eqn.(200) yields

B *
8TT

_h_ _C 
ck (00 S

a_
6

3N-6
E
i

» *

3p
2 f \

3p
K j \ ^ N V J

(202)
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Thus, the B term, which represents the isotope effect on the zero point 

energy shift upon condensation, is related to the sum of the isotopic 

differences between the dipole moment derivatives in normal coordinates. 

The derivative is isotope-dependent, even though the molecular dipole 

moment is, according to the Born-Oppenheimer approximation, isotopically 

invariant. This isotopic property is due to the mass-dependence of the 

normal coordinates.

In Eqn.(202), the molecular polarizability is a function of the

electronic structure and is therefore isotope-independent (similar to
~y tP). Similarly, the crystal potential constant is independent of isotopic

substitutions. The characteristic frequency of Bigeleisen and Gold­

stein, 0)g, was taken to be constant for the entire isotopic molecular 

series, as mentioned previously.

S, which is the separation of the centers of mass of two nearest- 

neighbor molecules, may be isotope dependent. However, the average 

separation is the one that minimizes the electronic energy of the 

system, and the isotopic difference for this separation is a second 

order effect (28,87). In fact, if the intermolecular potential is 

harmonic, then S must be isotope-independent, according to the Born- 

Oppenheimer approximation. Only when the intermolecular potential is 

anharmonic, would the difference between the amplitudes of the external 

oscillations of isotopic molecules lead to a prediction of an isotope- 

dependent S. Therefore, to the first order, the average value of S may 

be considered to be isotope-independent.

The isotope-independent characteristic frequency, U)Q, must satisfy 

the constraint



( j O  - 2 ~\ ,  (203)0 max

according to Eqns.(108) and (111), is the largest harmonic fre­

quency of the lightest isotopic molecule in the molecular series. Semi- 

empirically, it was found (78, 152, 153) that the best choice for o)g is
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IV.C. Dipole Moment Derivatives in the Normal Coordinates 
and Infrared Intensities

The dipole moment derivatives with respect to normal coordinates, 

3P/3Q^, which appeared in Eqn.(202), are related to the absorption in­

tensities of infrared bands (88-96). The band area or the absorption

"cross section" for an infrared transition from state p to q, I\ , isPr q
given by (88-95)

p#q = -4- /, , £nn£ band d£nv (205)

38 tt n 0 2 1 1 - <p | P | q> Qv exp(-Ep/kT)-exp(-Eq/kT) j (206)

The latter equation is obtained by integrating and then summing over the 

rotational fine structure of the vibrational absorption band. In the 

above equations, IQ and I are the incident and transmitted intensities, 

respectively, at a frequency V; and n and SL are the molar concentration 

and the optical path length, respectively, of the sample in the absorp­

tion cell. In addition, NQ is Avogadro's number; is the molecular 

vibrational partition function,

Q = Z exp(-E./kT) ; (207)
i

and the dipole moment matrix element for states p and q is given by
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<p|p|q> = / (Qi)P^(Qi)dQ. , (208)

Awhere P is the electric dipole moment operator.

In order to obtain the transition integral for a fundamental tran­

sition from the ground vibrational state, V=0, to the first excited 

state, V=l, P is expanded in a Taylor series m  the normal coordinate 

Q^, as in Eqn.(173). Thus,

-*P.
3N-6 

+ Z 
i

f  > - ->■ 3N-6 3N-6 f 12Z 19p Z Z 
i j

9 PN 9Q.9Q.l J ̂ J

Q . Q .1 3
(209)

and the transition integral becomes (31)

3P
„ 2 87T CO). 1

5P
3Sl (210)

The last equation was obtained by neglecting all the non-linear terms in 

the dipole moment expansion, Eqn.(209). w. is the harmonic frequency 

(in cm ) of the i-th mode and P^ is the dipole moment at the equilib­

rium molecular configuration.

Eqn.(206) can be simplified because

-1 exp(-E^/kT) - exp(-E /kT) * 1 . (211)

In addition, since the increase in induced emission exactly cancels the
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absorption from the excited states, one can ignore the contributions of 

the hot bands (i.e., absorptions from excited states, l-*2, 2->3, etc.) 

to the absorption of the fundamental region. Thus, integrated fundamen­

tal intensities can be determined as if all the sample molecules are in 

their ground states (95).

Therefore, upon substitution of Eqns.(210) and (211) into Eqn.(206), 

one obtains for the integrated intensity of the i-th fundamental absorp­

tion band (88-95)

r. =
kltt g. 0
, 2 w. 3c i

9p
3Q.i

(212)

The mechanical and electrical anharmonicities have been neglected in the 

above equation, i.e., the harmonic oscillator and linear dipole moment 

approximations, respectively, have been employed. The degeneracy of the 

i-th fundamental is given by 9 .̂ As a result of the above approximations, 

contributions from the overtone and combination bands to the fundamental 

intensities are disregarded.

Vibrational intensities may also be expressed by a relationship 

that is similar to Eqn.(205), i.e, (88-95),

p»q = /. , &nnJ6 band dv , (213)

where, in this case, the integration is carried out over the frequency 

itself and not over the logarithm of the frequency. Thus T and A are 

related to each other according to the following approximate equation:
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a . * v.r. , 1 1 1 (214)

where is the observed frequency (in cm of the i-th band center.

The i-th integrated intensity, A_̂ , becomes

A. =l
N Tr’ V.0 1 9p
3c2V >

gi to.1 . J
9Q.

i ̂ J

(215)

The anharmonic correction factor, V^/w^, is often neglected, because it 

is generally very close to unity. Therefore, the integrated intensity 

of the i-th fundamental infrared absorption band is simply

V
3c

9P
3Q, (216)

assuming a value of unity for the state multiplicity g^.

Using this last relationship between dipole moment derivatives with 

respect to normal coordinates and integrated intensities of infrared 

absorption bands, one can reformulate the isotope effect on the zero 

point energy shift upon condensation, the B factor, in terms of inten­

sities. Thus, Eqn.(202) becomes

_ , 3N-6
B ~ — 3. -SL y ( A '-A ).3 N_ k to. 6 ( i r(2ir) 0 0 S i g

(217)

where the only isotopic difference is expressed in the gaseous (g)



- 95 -

infrared intensities of the lighter (A^) and heavier (Aj species.
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IV.D. Experimental Determination of Gas-Phase Integrated 
Infrared Absorption Intensities

This section is provided in order to record various experimental 

methods for the determination of the infrared intensities. These ex­

perimentally derived intensities will be compared with theoretically 

calculated absorption intensities, later in this work. An understand­

ing of the experimental procedures and shortcomings will enable a 

critical evaluation of the measured intensities to be made.

The true value of the intensity A of Eqn.(213) cannot be deter­

mined directly, because the monochromator does not transmit radiation 

of only the selected frequency. Instead, the resolving power of the 

monochromator determines the width of the narrow band of frequencies 

that are, in actuality, transferred. Thus, the observed integrated 

intensity, A ^ » is related to the true value through

IV.D.l. Wilson-Wells Method (88, 95, 97-99)

lim Aobs A (218)
n£ ■+ 0

where

(219)

and Tg and T are the measured intensities of the incident and transmitted
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radiation, respectively. Hence, a plot of A ^ g 11̂  against nil, followed 

by an extrapolation to nil=0, would yield the true integrated intensity, 

A. However, there is considerable uncertainty in determining the slope 

of the tangent near the origin, because, in practice, the curve is non­

linear. In addition, the evaluation of the apparent intensity, A , 

must necessarily rely heavily on low absorption data, which inherently 

contain the greatest relative errors in the concentration n and in the 

observed absorption. Furthermore, because of the absorption of radia­

tion by atmospheric CO^ and water vapor, rapid fluctuations in I and 

Ig occur.

IV.D.2. Pressure Broadening Technique

In order to keep I constant over the narrow band of frequencies 

transmitted by the monochromator, the pressure broadening technique 

is employed. The pressure in the absorption cell is increased to a 

sufficiently high pressure, so that the rotational spectral lines are 

broadened (100), and thus produce a smoothened band contour. This 

increase in pressure is produced by the use of a foreign infrared- 

transparent gas, at a high enough pressure so as to yield a linear (98) 

Beer's Law plot of AQj_)gn£ vs. nil. This linearity reduces the errors 

that are due to the extrapolation to zero. However, precautions must 

be taken in order to prevent the inadequate mixing of the two gases, 

and the adsorption on the cell walls. In addition, very high pressures 

may be needed (e.g., 100 atmospheres) for the complete broadening of
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the absorption band, and lower pressures may result in serious errors 

in the determination of the intensities (95).

IV.D.3. Complications

There are two major complications that are encountered with the 

graphical integration of the infrared absorption bands. It is diffi­

cult to accurately measure the intensities of the fairly extensive band 

wings, due to the low optical density of these wings. However, they do 

make a significant contribution to the intensity.

The other considerable difficulty is the overlap of two or more 

bands. The separation into individual band intensities is a rather 

arbitrary procedure because the band may be unsymmetrical.



IV.E. Transformations of the Normal Coordinate 
Dipole Moment Derivatives

The integrated intensities of the fundamental infrared absorption 

bands are proportional to the squares of the absolute magnitudes of the 

derivatives of the molecular dipole moment with respect to the normal 

vibrational coordinates (see Eqn.[216]). In addition, the isotopic 

differences of these (gas-phase) derivatives or intensities can deter­

mine the isotope effect on the zero point energy shift upon condensation 

(Eqns.[202] or [217]), which, in turn, determines the inverse vapor pres­

sure isotope effect (Eqn.[143]). The derivatives 3P/8Q^ are properties 

of the molecule as a whole, but physico-chemical properties would be 

better suited for interpretations if they were related to the individual 

parts of the molecule, e.g., bonds, angles, and/or atoms. Thus, as one 

of the major achievements of this research, the derivatives in the 

normal coordinates were first transformed to be expressed in terms of 

internal coordinates, and then in terms of atomic cartesian coordinates 

(154).

IV.E.l. Dipole Moment Derivatives with Respect 
to Internal Coordinates

Setting



will lead to the following expression for A_̂  of Eqn. (216)

A. = K l
9P 2
3Q.i

Furthermore,

3P_
3Q-i

9px
3Q.V. *XJ

3p
3Bi

r3P __Z
, 3Q.

[PxQ.J 1'
= P. ~Q,- = Tr

(221)

(222)

(223)

where,
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If the molecule has fairly high symmetry, then the change in the dipole 

moment during the normal vibration, Q^, may lie along a certain charac­

teristic direction associated with the molecule; thus, only one of the 

three components of 9p/3q  ̂will not vanish.

The 3N-6 internal coordinates,

R =

R„

3N-6

(226)

are related to the 3N-6 column matrix Q , representing the normal coor­

dinates, according to

R = L Q (227)

or

3N-6
R, = 2 L.±Q , (228)3 i 3
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where L is the (3N-6) x (3N-6) matrix that transforms the normal coor­

dinates to internal ones. In addition,

(229)
3Q. . 3r . 3Q. 'i 1 D i

and, according to Eqn.(228),

3r .
— = L .. . (230)3Q± li *

Thus,substituting Eqn.(230) into Eqn.(229), one obtains

3P 3N-6 3P 3N-6
p ^  ̂ L. . = T, P _ L. . (231)xQ. 30. . 3R. ]i . xR.i *i 1 1 1 1

or

t
~xQ “ ~ ~xR , (232)

where

3p >
3r , 1 1PxR. 5 3rT ' (233)
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and

-xQ =

'*Q,

xQ,

xQ.1

xQ3N-6

(234)

XR,

XR,

xR.

xR3N-6

(235)

Thus, from Eqns.(221), (222), and (231), and from the rules of 

matrix multiplication, one obtains
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A. = K l Lfc PxR il yR il
Lt P'ZR il

(236)

It is therefore necessary to know the L matrix, if the individual band

intensity, A , is to be determined from the dipole moment derivatives 
i

with respect to the internal coordinates. The evaluation of L can be 

accomplished if the internal force constants for the vibrations are 

known (31). However, the B term of Eqn.(217) is a function of the total 

intensity, i.e., the sum of all the A^'s:

3N-6
E
i

A. = Kl
3N-6
E
i

3P (237)

Therefore, Eqns.(222) and (223) become

3N-6
E
i

3p 2 3N-6 3 3p 2 •
= E E X _ E E p3Qi i X 9Q.X i x xQ.i

(238)

p p = Tr
~Q ~Q ~Q ~Q (239)

3 
E P 
x xQ ~xQ

3
= E Tr 
x

p ~ p ~ ~xQ ~xQ (240)

3N-6
E
i

3N-6
E
i

Tr ~Q. ~Q. l a
(241)
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In Eqn.(239), P^ is a (3N-6) x 3 matrix that is composed of 3N-6 sub­

matrices according to

^ - 6

(242)

where P is a 3 x 1 column matrix defined by Eqn.(225). In addition, 

Wilson's G matrix (31) is related to the transformation matrix L ac­

cording to

L L = G . (243)

Hence, substituting Eqn.(232) into Eqn.(240) and using Eqn.(243), one 

obtains for the total intensity, Eqn.(237),

3N-6 3
E A. = K E P _ G P _ x ~xR ~ ~xRx x

(244)
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Thus, the evaluation of the total intensity through the dipole 

moment derivatives does not have to depend on the availability of vi­

brational force constants; the G matrix is merely a function of the 

atomic masses and of the equilibrium molecular geometry.

IV.E.2. Dipole Moment Derivatives with Respect 
to Cartesian Coordinates

The transformation of the total intensity into an expression in­

volving internal coordinates has been presented in the previous section. 

Now the sum of all 3N-6 individual intensities will be expressed as a 

function of the cartesian coordinates of the N atoms in the molecule.

The following coordinate transformations (102) are needed for the new 

intensity representation:

R = B X , (245)

p = 3 X , (246)

and

X = A R + a p . (247)

In the above equations, R, P, and X are the column matrices of the 

3N-6 internal, the 6 external, and the 3N cartesian coordinates, 

respectively. R is given by Eqn.(226),
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P =
T

x

R

R

(248)

which represents the 3 translations and the 3 rotations of the whole 

molecule, and X is a 3N x 1 column matrix that is composed of N sub­

matrices according to

X =

X,

X-a

x,N

(249)

where



- 108 -

Xa
y (250)a
za

is the matrix representation of the displacement vector of the a-th 

atom. In addition, B(3N-6 x 3N) and 3(6 x 3N) are the transformation 

matrices from the cartesian displacement coordinates to the internal 

and to the external coordinates, respectively; they are composed of N 

submatrices according to

where B(a) and 3(ot) are (3N-6) x 3 and 6 x 3  submatrices, respectively. 

Furthermore, if the external motions of the molecule are occurring 

relative to the principal axes a, b, and c, with the origin at the 

center of mass of the molecule, then (96)

(
B = B (1) B (2) ... B(a) ... B(N) (251)

and

3 = 3(1) 3(2) . (252)
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3(a) =

maM

0 maM

macaIb
-h

rh

rhmaM

Y a 1̂  “a V a ""5

~maaaIb-h

— — 3j
-m b I mrvarvl 0ci oi c  a  ex c

(253)

In the above equation, m is the mass of the a~th atom, M is the molecu-a
lar mass, i.e.,

N
M = E m , aa

(254)

1 , 1 . ,  and I are the moments of inertia about the respective equilib- ci i) c
rium principal axes, and a , b , and c are the equilibrium coordinates

06 06 06

of the a-th atom along the principal axes, measured from the center of 

mass of the molecule. The above form of 3(a) insures the orthonormality 

of 6 ,

6 = 6(1) 6(2) ... 6(a) ... 6(N) (255)
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where (31)

6(a) = m 3(a) . (256)a

(Note: some authors (28, 53) use M  ̂and I  ̂as the "normalizing" co- 

efficients, instead of M and I , which were used here.) The matrices 

A(3N x 3N-6) anda(6 x 3N) of Eqn. (247) , transform the 3N-6 internal and 

the 6 external coordinates, respectively, to the 3N cartesian coordinates.

If the internal, external, and cartesian coordinates each represent 

a linearly independent set, then the following relationships would exist 

among the transformation matrices A, a, B, and 3/ resulting in either 

the unit or null matrices, E or 0, respectively:

AB + a3 = E(3N x 3N) , (257)

BA = E(3N-6 x 3N-6), (258)

3a = E(6 x 6), (259)

3A = 0(6 x 3N-6) , (260)

and

Ba = 0 (3N-6 x 6). (261)
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From the rules of partial differentiation, one obtains

3p 3N-6 3P 3r . 6 3p 3p x y  x _____ 1 y  x  e
3x . 3R. 3x 3p 3x 'c i i c e e c

where c=l, 2, 3N. Furthermore, differentiation of Eqns.(245)

(246) yields the following respective coefficients:

3Ri
3x Bic c

and

!? e  _
3X ^ec • c

Thus, with these substitutions, Eqn.(262) becomes

xc
3N-6
E
i

? T, B - +xR. i cl

6
E P 
e xe ec

or

-xX *xR
t tB + P ~xp

(262)

and

(263)

(264)

(265)

(266)

where



3p
P = __—xc 3xc

(267)

and

9P
P = —  . xe 3pe

Moreover, P „ is given by Eqn.(235), P „(3N x 1) and P (6x1) are ~xR ~xX ~xp
given by

(268)



- 113 -

and similarly,

“XP

9p /9tX X

9p /9t x y

3p /9tX z

9p /9rX X

9P /3R x y

9P /9R x z

(270)

In Eqn.(244), the G matrix is a 3N-6 by 3N-6 representation of the

interactions between the internal coordinates. It is one of four sub-
CCmatrices of the overall 3N x 3N G matrix, which represents the inter­

actions between the cartesian (C) coordinates; thus,

,CC
IEII

.EE,EI

(271)

where,

G11(3N-6 x 3N-6) = BM-1Bt , (272)
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GIE(3N-6 x 6) = BM-13t , (273)

ET —1 tG (6 x 3N-6) = $M B =
.IE t

(274)

GEE(6 x 6) = 3M_13t , (275)

and M ^ is a 3N x 3N diagonal matrix of the reciprocal atomic masses. 

GIE, GEI, and GEE represent the internal-external, external-internal, 

and external-external interactions, respectively. Thus, Eqn.(244) can 

be rewritten as

3N-6 3 t IIE A. = K E P G Pl ~xR ~ ~xRx x
(276)

IV.E.2.a. Effective atomic charges and 
atomic polar tensors

The cartesian coordinate representation can now be presented by 

substituting Eqns.(272) and (266) into Eqn.(276). Thus,

3N-6 3
E A. = K Elx x

P S r 1? - 2P t3M_1P + P tGEEP ~xX ~ ~xX ~xp ~~ ~xX ~xp ~ ~xp (277)

A further substitution of Eqn.(266) into Eqn.(277) is made, in order to 

rewrite the second term in the brackets of Eqn.(277). Thus, Eqn.(277)
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becomes

3N-6 
E A.3X

K
N
E y a a a - ft - 2D (278)

In the above equation, ft and D represent the external-external and the

internal-external interactions, respectively. These contributions are
2subtracted from the overall intensity term, Ey^^ » because only the 

intensities of the genuine vibrations are desired, according to the left- 

hand side of Eqn.(278). ft and D are given by

and

ft = E P (279)~xp ~ ~xpx

3  x. rir
D = E P G P _ (280)~xp ~ ~xRx

In Eqn.(281),

3 t -1= E p BM P - ft . (281)~xp ~xXx

(M_1) . = y 6 . , (282)ab ra ab
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where a=a,x; b=(3,y; a,3=1, — , N; x,y=l, 2, 3; 6 is the Kronecker

delta; and y is the reciprocal mass of atom a, and is given by Eqn.(104)ot
In addition, £ is the "effective charge" of atom a (31, 96, 101, 103),Ot
which can be considered to be the charge produced on an atom during its 

vibrational motion, while it is not directly related to the equilibrium 

nuclear charge. This charge is a result of the new atomic position and 

of the consequent change of the electron distribution about that atom

(31). £ is an isotope-independent atomic property, and is given by theOt
following equivalent expressions:

3p (283)

and

’a
[»P |2 [3P ]2 f r>P 12
3xajv, ^

+ 3ya
+ 3za

_ Tr px(a) Px (a) (284)

where Pv (a) is the "atomic polar tensor" for atom a (96, 103-110), ~x

Px(a) =

3P 3p 3pX X X
3x 3y 3za a a
3p 3p 3P
_ Z y _ X
3x 3Y 3za a a
3p 3P 3Pz z __z
3x 3y 3za a a

(285)
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IV.E.2.b. Gas-phase infrared intensities and 
the non-rotation correction

For gas-phase intensities, the D term in Eqn.(278) vanishes, be­

cause of the (assumed) non-existent internal-external interactions for 

gas molecules; thus

GEI(gas) = 0 , (286)

which leads to a null D term, Eqn.(280). Hence, the total gas-phase 

intensity is

3N-6
Z
i

Ai(g) = K
N
E y a a a (287)

where the non-rotation correction, fl, may be evaluated from Eqn.(279) in

the following way. If the normalizing coefficients for $(a) are as
EEgiven in Eqn.(253), then, from Eqn.(275), G becomes a 6 x 6 unit

matrix E, and the 6 x 1  column matrix P of Eqn.(270) can be consid-~xp
ered to be one of three sumatrices of the molecular P (6x3) matrix. 

Thus,

P =~P P P P ~xp ~yp ~zp (288)

which yields (96, 102, 104)
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0
0

0
P = ~P

P I, c b
-h

-P.I b c
-h

0

0

0

-P I c a

P I a c
-h

o

o

o

p,1 b a
-h

■p Ka b
-h

(289)

where the subscripts a, b, and c refer to the principal axes of the 

molecule. This is the matrix representation of the change in the molecu­

lar dipole moment, this change being a result of the external motions, 

i.e., translations and rotations. Thus, the upper 3 x 3  block of 

Eqn.(289) consists entirely of null elements, because a rigid trans­

lation of the whole molecule will not alter the dipole moment. The 

vanishing diagonal elements of the lower 3 x 3  block are due to the fact 

that a rotation about the a- (or b- or c-) axis will not change the a 

(or b or c) component of the molecular dipole moment. Therefore, in 

terms of the principal axes, becomes

2 2 -1 2 2 -1 2 2 -1 ft = (P. + P )I + (P + P )r + (P + V )I . (290)b c a  a c b a b e

However, both Q, and D vanish for non-polar molecules, according to

Eqns.(279) and (280), because P is a null matrix for these molecules.~xp
"1 -1If the normalizing coefficients of Eqn.(253) were M and I in-

EE . .stead of M and I , respectively, then G would not be a unit matrix,

rather, it would become
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EE

-1M

M-1

M-1
-1

-1
-1

(291)

where M  ̂is the reciprocal molecular mass, Eqn.(254). Thus, the
—moment of inertia factors, I , would not appear in Eqn.(289), and ft 

would again be given by Eqn.(290).

The non-rotation term, 0, is a property of the molecule as a whole, 

and may be expressed in any coordinate reference frame, according to 

the following relation (104):

ft = Tr (292)

P is given by

P = -P

P
y

-p

X

-P 0x

(292a)

and it is an anti-symmetric dipole-moment tensor, i.e.,
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P = -P , (293)

and

I = -Ixy

-Ixz

-Ixy

-Iyz

-Ixz

-Iyz (294)

is the symmetric moments-of-inertia tensor. The subscripts x, y, and z 

refer to any cartesian coordinate axes with the origin at the center of 

mass of the particular isotopic molecule, and do not necessarily refer 

to the principal axes of the particular molecular species. Since the 

trace of a tensor is invariant with respect to a coordinate transforma­

tion, Q and £ , as given by Eqns.(292) and (284), are fundamental molec­

ular and atomic properties, respectively, and are not dependent on a 

particular coordinate system chosen for the molecule.

In order to determine the isotopic difference in fl, the ex­

pression for in Eqn.(292) is simplified by choosing a parallel set of 

axes for the two isotopic molecules. This choice is done in such a way 

that the molecular dipole moment P lies along one of the axes, say, the 

z-axis; thus,

Pz = P 0 = 1*1 = I*' I ' (295)
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while P =P =0. Upon substitution of these latter null values into the x y
expanded expression for £2, one obtains for the isotope-dependent f2',

< r " \ i + <r'1>22 (296)

if

P = PQk , (297)

P' = PQk' , (298)

and

k • k ’ = 1 , (299)

where k is a unit vector directed along the z axis. The primed (') and 

unprimed properties refer to the lighter and to the heavier isotopic 

molecules, respectively. In Eqn.(296), (I is the (1,1)- element

of the I  ̂matrix and is given by

(I-1),, = /■; T 1 “ 1 2)» (300)11 det I yy zz yz

and

(I-1)on = 7 7  ( I I  - I 2) , (301)22 det I xx zz xz
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where det I is the determinant of matrix I of Eqn.(294). Thus, if the 

axes x, y, and z are the principal axes of the molecule, a, b, and c, 

then

and I = I =0, which leads to Eqn.(290). yz xz
The isotope effect on the zero point energy shift upon condensation, 

the B-factor, can now be expressed in terms of both the fundamental prop­

erties of the two isotopic molecules, and of the contributions from 

atomic parameters. Thus, the last factor of Eqn.(217) becomes

3N-6
E A. ax

(g) =
3N-6
E
i

6a± (g) = V
3c

N
E
a

(303)

The isotopic difference for the ZPE shift upon condensation of the 

gaseous molecules is directly related to the square of the effective 

charge(s) of the isotopically substituted atom(s).

IV.E.2.c. Condensed-phase infrared 
intensities

For liquid-phase infrared absorption band intensities, the D term 

of Eqn.(278) does not vanish. This is due to the presence of internal- 

external contributions to the total intensity, which result from the
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intermolecular interactions. In addition, the potential energy of the

condensed phase, unlike that of the gas-phase, cannot be adequately

described without the inclusion of force constants that involve the

external coordinates p of Eqn.(246) (28, 53). However, these external

coordinates depend on isotopic masses, according to the 3 matrix,

Eqn.(253), and this would be in direct conflict with one of the major

concepts of isotope-effect studies, the Born-Oppenheimer approximation.

The isotopic dependence would cause the potential energy surface to be

dependent on isotopic substitution. This dilemma was solved by using

six isotope-independent external coordinates that correspond to one of

the isotopic molecules, the "basis" molecule, for all the isotopic

species of that molecule (28, 53). Thus, the 3 matrix that is to be

used is that of the basis molecule; hence, 3*"* contains the isotope-

independent elements m^, I I, and Ia b c
The total liquid-phase intensity becomes

3N-6
£
i

Ai(£) K
N
£ y 
a

- nu) - 2d U) (304)

where

3 EE
ft(£) =£ p g (£) P , (305)~xp ~ ~xpX

EE t
G(l) = 3° M-1 3° , (306)
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D(Jt) = Z  P t „ ~XP
El

g (£) pxR (307)

- ft(£) (308)

and

G(£) = 3° M_1 Bfc (309)

The isotope independence of the 3 matrix could also have been de­

duced from the transformations of Eqns.(257) - (261). If the 3“ matrix 

were isotope-dependent, then it would follow that A must also be isotope- 

dependent, due to Eqn-(260). Therefore, B would be isotope-dependent 

because of Eqn.(258). However, the last statement is false, because the 

internal coordinates R of Eqn.(245) are isotope-independent (31). Thus, 

the 3- matrix must be isotope-independent and the concept of the "basis" 

molecule is necessary for condensed-phase intensities.



V. EFFECTIVE ATOMIC CHARGES FROM "CNDO" 
MOLECULAR ORBITAL THEORY

The isotope-independent effective charge of atom a, £ , may beOL
calculated from molecular orbital theory by first theoretically calcu­

lating the polar tensors for each atom, Eqn.(285), and then applying 
2Eqn.(284) for £ (96, 107, 108). Each element of the polar tensor ex-ot

presses the change in a component of the dipole moment when the atom 

undergoes a displacement in a cartesian direction. Thus, the method 

is to evaluate the molecular dipole moment for several atomic config­

urations, and thereby to calculate these dipole moment derivatives with 

respect to cartesian displacements. (Some authors calculate the dipole 

moment derivative with respect to an internal coordinate or to a sym­

metry coordinate [111-113].)
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V. A. General Theory of the CNDO/2 Approach

The dipole moment was calculated by means of a modified CNDO/2 

(Complete Neglect of Differential Overlap) program (111, 114-117). It 

is based on an approximate semi-empirical molecular orbital theory that 

is based on a self-consistent-field (SCF) approach. This method ex­

plicitly includes the electronic interaction between valence electrons, 

and it systematically neglects electron repulsion integrals that nearly 

vanish, especially those involving the overlap distribution of atomic

orbitals, <j) (1)<j) (1), y/V. This latter assumption is known as the zero- y v
differential overlap (ZDO) approximation. CNDO/2 also makes some use of

experimental data in selecting values for other integrals. The great

advantage of this method is that no new parameters, other than the

molecular geometry, are needed for the calculation of the dipole moment

derivatives, since all empirical quantities have been previously selected

in order to enable the approximate theory to agree as closely as possible

with the full SCF-MO results on a number of diatomic molecules.

Incorporating these and other simplifying approximations into the

CNDO/2 version, the matrix elements F of the effective one-electronyv
✓NFock hamiltonian operator F of the eigenvalue problem

Flp = ElJj (310)

can be given. In Eqn.(310), E and ip are the eigenvalues and the eigen­

functions of the system, respectively. Hence,
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F = S S - ^P Y » (U^V, d> on A, d) on B)yv PAB yv yv AB ' yy ' yv (311)

and

F = -h(TL + A ) - Q, + Jj(P -1)yy y y I a yy ' jyaa ” z qbyab; ^ u onA)- (312) ** b (̂ a ) B M  y

The definitions of the terms in the above two equations are given below:

y and V refer to atomic orbitals (AOs); 

A and B refer to atoms;

3° = bonding parameters = *5(3* + 3„); (313)Ad A Jd

= overlap integrals = /(j) ( D ^ d J d ^  ; (314)

occupied
P , = bond order = 2  £ c .c . ; (315)yv yi Vx

c . are the elements of the transformation matrix for yi

AO MO as follows: the molecular orbital is given as 

a linear combination of the (valence-shell Slater-type) atomic 

orbitals d) A° byY y

4>. = E C .4> ; (316)i yi yy
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Y = coulomb integral = ff ' AB " W 1'
2 1

'12 W 2’ dTl dX2 ;

I is the atomic ionization potential from the y-th orbital;

A is the atomic electron affinity of the y-th orbital;

Q = net charge on atom A = Z (eff) - P ,a n iui

where Z (eff) is the effective nuclear charge of atom A,n
and is given by

ZA (eff) = Zft - n
n = 2 for first-row elements 

n = 10 for second-row elements

Z is the nuclear charge of atom A, and P is the total
A  A A

ence electron density on atom A, i.e.,

PAA “ Z Pyy *

(317)

(318)

(319)

val-

(320)
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V.B. Equilibrium Molecular Dipole Moments

The molecular dipole moment, within the CNDO approximations, is 

given by a sum of two terms (111, 114-117):

P = P + P . . (321)chg mix

The first gives the contributions from the net atomic charges located 

at the nuclear positions, i.e.,

P (Debyes) = 2.5416 £ Q R , (322)cnc? _ A  AA

where is the position vector of nucleus A. The second contribution 

is due to atomic dipoles that result from the mixing of s and p orbitals 

on the same atom; thus,

PK,miX(DebyeS) * -7'3370 I VSslAl̂ pxfA, ' (323»
A

where C is the orbital exponent of the valence orbitals on atom A, and
A

P is defined by Eqn.(315). This latter hybridization term measures the 

contribution due to the displacement of charge away from the center of 

the nuclear position.
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V.C. Subroutines of the Quantum Mechanical 
Computer Program/ CNDO/2

Figure 2 is a flow chart of the CNDO/2 quantum mechanical computer 

program, showing the linkage among the various subroutines of the pro­

gram. The complete program listing is included in the appendix.

MAIN consists of the readings of the input data, i.e., the kind 

and number of atoms, the molecular geometry, and the variation of the 

molecular configuration. This variation scheme will be described in the 

next section.

COEFFT assigns the coefficients that are used in the calcualtion 

of the reduced overlap integrals (Subroutine SS), which determine the 

overlap and coulomb integrals.

INTGRL computes the overlap integral matrix (S) and the coulomb 

integral matrix (y). The basis functions on each atom are specified by 

filling arrays that indicate the number of the atom on which the basis 

function is centered, the principal, azimuthal, and magnetic quantum 

numbers, and the orbital exponents.

RELVEC calculates the relative unit vector along the internuclear 

axis of atoms A and B.

FACT computes the factorial of a number.

SS determines the reduced overlap integrals which are a part of 

the overlap and coulombic integrals.

AINTGS and BINTGS evaluate the A and B integrals, which constitute 

the reduced overlap integrals, in part.

HARMTR forms the rotation matrix, which transforms the overlap 

integrals in the atomic frame back to the molecular coordinate system.



M A I N

CPRINTHUCKCL SCFCLONTGRLCOEFFT

GIVENS SCFOUTGIVENS SCFOUTMATOUT MATOUTMATOUTFACT HARMTRSSRELVEC

BINTGSAINTGS El GOUTGIVENS

Figure 2. CNDO/2 subroutine flowchart for closed-shell molecules.
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MATOUT, when called by INTGKL, prints the overlap integral matrix 

and the coulomb integral matrix.

HUCKCL forms a zero-differential-overlap (ZDO) extended Huckel- 

type (156) approximation to the Fock matrix for closed-shell molecules; 

thus,

F (°* = -%(I + A ) (324)
yy v v

and

Fyv<0> ' V  y ^ V • (325)

MATOUT, when called by HUCKCL for the first time, prints the 
. 0bonding parameters .

GIVENS, when called by HUCKCL, diagonalizes the approximate 

Fock matrix F ^ ,  and constructs an initial density matrix from the 

coefficients of the occupied MOs. Corrections to the hamiltonian are 

now added for the CNDO/2 calculations.

MATOUT, when called by HUCKCL for the second time, prints the core 

hamiltonian matrix.

SCFCLO is a self-consistent-field procedure for closed-shell 

molecules. It takes as input the initial density matrix and the 

CNDO/2 core hamiltonian, and forms the Fock matrix by adding the CNDO 

integrals. At this point, the electronic energy is computed and 

printed.
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GIVENS, when called by SCFCLO, diagonalizes the Fock matrix and 

forms a new density matrix, which is used to construct a new Fock matrix 

by SCFCLO.

The SCFCLO-GIVENS procedure is repeated (with a maximum of 25

iterations) until successive cycles yield electronic energies that are

within 10 ^ eV of each other. Afther this self-consistency is reached,

the coefficients c . in the LCAO-MO theory are determined.yi
SCFOUT prints the final Fock matrix, and after this matrix has been 

diagonalized once more by GIVENS, the resulting eigenvectors are printed.

EIGOUT prints the eigenvalues.

CPRINT computes and prints the dipole moments, the atom densities, 

and the nuclear repulsion energy.
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V.D. Modification of the CNDO/2 Program for the 
Calculation of the Atomic Polar Tensors

The MAIN program of the CNDO/2 scheme necessitated certain modifi­

cations for the calculation of the derivatives of the dipole moment with

respect to an atomic cartesian displacement. The x-component of the

molecular dipole moment can be expanded about the equilibrium position,

by means of a Taylor series in any one of the three cartesian displace­

ment coordinates of any atom a. Thus,

P = P ° + art(AY ) + a.(AY )2 + a0(AY ) 3 + ••• , (326)x x  O a  l a  2 a

where
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0In the above equations, P_̂  represents the equilibrium x-component of

the dipole moment for the undistorted molecule, AY^ is the displacement
0of atom a from the equilibrium position Y^ , i.e.

AY = Y - Y ° , (330)a a a

and a^, a^, a^ represent the first, second, and third partial deriva­

tives, with respect to the displacement in the Y direction, respectively, 

evaluated at the equilibrium position (0). Thus, Eqn.(326) becomes (77)

AP p
sr= ao+ ai (AV  + a2 (AV  ■ <331)a

where

AP = P - P ° . (332)X X X

In Eqns.(326) to (332), x may be replaced by y or z, and Y may be re­

placed by X or Z, in order to obtain other partial derivative expres­

sions .

Consequently, Eqn.(327) represents the (1,2) element of the polar

tensor P (a) of atom a, Eqn.(285). Each such element was calculated by  ̂X
the method described below. Only one cartesian coordinate of one atom 

at a time was varied slightly, while keeping the other two coordinates 

of that atom, and all the coordinates of the other atoms, fixed at their 

undistorted equilibrium configurations. A new dipole moment was
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evaluated for each new cartesian coordinate position of the displaced 

atom. This was done for both positive and negative cartesian dis­

placements. Thus, one obtains several corresponding values for Aya
and AP /Ay . A least-squares fit was applied for these points, so thatX ot
the coefficients a^, a^, and a o f  Eqn.(331) can be determined. Subse­

quently, the polar tensors were ascertained.
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VI. RESULTS AND DISCUSSION

VI.A. Molecular Geometries and Inertial Constants

The molecules that were investigated include ethylene, methane,

and the four fluoromethanes CH. F (n=l, ••*, 4). The bond lengths4-n n
and bond angles that were used in the investigation of these molecules 

are summarized in Table II. The right-handed cartesian axes that were 

chosen for these species are depicted in Figure 3. These are "aerial 

views" of the molecules, so that the C atom is "buried" by either an 

H or F atom in some of the molecules. Thus, in CH^, for example, the 

representation

indicates that is projected downward from the central atom, C, which 

is overshadowed by the apex atom, H^. The C atom is at the origin of the 

cartesian coordinate system for methane and the fluoromethanes. In ad­

dition, the C-H and C-H^ bonds in CHF3 and CH4, respectively, and the 

C-F and C-F^ bonds in CH3F and CF4, respectively, lie on the (positive) 

z-axis. In CH2F2 ' H-C-H and F-C-F angles are bisected by the posi­

tive and negative directions, respectively, of the z-axis.

These axes are not necessarily the principal axes of the molecules.
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Table II

Molecular Geometries of Ethylene, Methane, and the Fluoromethanes

Bonds
and

Angles

R(C-C)

R(C-H)

(a)

(a)

R(C-F) 

r (H-C-H)

* (H-C-F)

* (F-C-F)

(a)

(b)

C2H4

1.353

1.071

Molecule (Reference)

CH.
(125) (123)

c h3f

1.091 1.106

1.3853

119°55' 109°281 109°591

108°571

CH2F2
(119) (120-122)

1.092

1.358

111°52'

108°171

chf3

(118)
CF. 4
(118)

1.098 ....

1.332 1.321

• • • • ■ • ■  • * • • • • ■

110°08' ......

108°48' 109°28'

(a) Xngstrom units.

(b) Calculated from the given data.



Figure 3. Cartesian axis systems for ethylene, methane, and for the fluoromethanes.
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In addition, the directions of these axes are chosen to be isotope- 

independent throughout the calculations.

The moments of inertia tensor I, Eqn.(294), is necessary for the 

evaluation of the non-rotation correction fi, Eqns.(292) or (290). Thus, 

for the polar molecules CHF^, CH2F2 ' an(̂  CHF3 ' t*ie moments inertia 

tensor with respect to the arbitrarily chosen coordinate system of 

Figure 3, as well as the principal moments, have been calculated by 

using the molecular geometries given by Table II and Figure 3. The 

results have been tabulated in Tables III-V. In addition, the center 

of mass of each species, relative to the axis system of Figure 3, has 

been included. The above calculations were done for each isotopic 

species of the polar fluoromethanes with respect to carbon-13 and/or 

deuterium substitutions. The atomic masses of the isotopes of interest 

are given below (124):

'*'H = 1.007825 amu,

2H E D = 2.0140 amu,

12C = 12 (exactly) amu,

13C = 13.00335 amu,

and

^ F  = 18.99840 amu.



Table III
Calculations of the Molecular Mass, the Center of Mass, and the Moments of Inertia

of the Carbon-13 and Deuterium Isotopes of CH3F

Isotope Molecular Center of Mass Moments of Inertia Tensor, I Principal Moments of Inertia:
Mass (see Figure 3) (amu'S2) 1 , 1 . ,  and I a b c
(amu) (A) ° 2(amu*A )

12CH F
f > 

0 19.789744 0 0 ] 19.789744
34.021875 0 0 19.789744 0 19.789744s -0.741650, 0 0 3.308232 3.308232

13CH F
0 20.325822 0 0 20.325822

35.025225 0 0 20.325822 0 20.325822
-0.720404, 0 0 3.308232 3.308232

12CH DF
-0.030047 20.974160 0 1.125395 21.050124

35.028050 0 0 22.043475 0 22.043475
2 -0.710027 1.125395 0 4.377546 4.301582

1 3 ch„df
-0.029210 21.465902 0 1.104585’ 21.537010

36.031400 0 0 22.536097 0 22.536097
2 -0.690255 1.104585 0 4.378427j> 4.307319

(continued)



Table III (continued)

12CHD F
-0.014604 22.895081 0.490032 0.546985" 23.809132

36.034225 -0.025295 0.490032 23.460921 0.947406 22.612161
2 -0.680170, 0.546985 0.947406 5.479368, 5.414077

13CHD F
-0.014208" 23.347312 0.489671 0.537289 24.256944

37.037575 -0.024610 0.489671 23.912736 0.930612 23.064600
2 -0.661744V, 0.537289 0.930612 5.480200, 5.418703

1 2 CD F
f > 

0 24.801359 0 0 24.801359
37.040400 0 0 24.801359 0 24.801359

•J -0.651935 0 0 6.611047 6.611047

13 „ CD F
0 25.216555 0

>
0 25.216555

38.043750 0 0 25.216555 0 25.2165553 -0.634742V  > 0V. 0 6.611047 6.611047



Table IV
Calculations of the Molecular Mass, the Center of Mass, and the Moments of Inertia

of the Carbon-13 and Deuterium Isotopes of CH2F2

Isotope Molecular Center of Mass Moments of Inertia Tensor, I Principal Moments of Inertia:

12
CH2F2

13
CH2F2

12CHDF.

13CHDF,

Mass (see Figure 3) (amu-S2) 1 , 1,, and3. JD
(amu) (8 ) (amu-E2)

f \ 
0 10.286660 0 0 1 10.286660

52.012450 0 0 54.664840 0 54.664840
0.557429 0 0 47.676982 47.676982

r > 
0 10.592528 0 0 10.592528

53.015800 0 0 54.970707 0 54.970707
. 0.546879. 0 0 47.676982 47.676982

r y 
0 12.443569 0 0 12.443569

53.018625 -0.017167 0 56.014023 -1.043920 56.156080
0.535242, 0 -1.043920 48.484707j 48.342650

0 12.725964 0 0 12.725964
54.021975 -0.016848 0 56.296128 -1.034872 56.430909

0.525301J 0 -1.034872 48.484997 48.350216

(continued)



Table IV (continued)

0 14.581473 0 0 14.581473
54.024800 0 0 57.312952 0 57.312952

0.513881 0 0 49.323682 49.323682

f > 
0 14.841600 0 0 14.841600

55.028150 0 0 57.573079 0 57.573079
0.504511 0 0 49.323682 49.323682

i

144



Table V
Calculations of the Molecular Mass, the Center of Mass, and the Moments of Inertia

of the Carbon-13 and Deuterium Isotopes of CHF

Isotope Molecular Center of Mass

12CHF.

13CHF.

12CDF.

13.CDF.

Moments of Inertia Tensor, I Principal Moments of Inertia:
Mass (see Figure 3) (amu-8 )̂ 1 , 1., andci D

(amu) (X) (amu-X^)

r 0 48.820361 0
>

0 48.820361
70.003025 0 0 48.820361 0 48.820361

0.357499 0 0 89.140323y 89.140323

f 0 ' 48.946783 0 0 48.946783
71.006375 0 0 48.946783 0 48.946783

0.352447 0 0 89.140323 89.140323

0 50.921716 0 0 50.921716
71.009200 0 0 50.921716 0 50.921716

0.336875 ̂ y 0 0 89.140323y 89.140323

' 0 51.033995 0 0 51.033995
72.012550 0 0 51.033995 0 51.033995

0.332181 0 0 89.140323 89.140323
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Inertial data was not necessary for the non-polar species C2 H4 ' CH4 ' anĉ  

CF^, since fl= 0  as a result of the vanishing dipole moment.
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VI.B. Dipole Moments and Derivatives, Polar Tensors, 
and Effective Charges

VI.B.1. CNDO/2 and Experimental Equilibrium 
Dipole Moments

The equilibrium dipole moments for the polar fluoromethanes, CH^F, 

C'H2 F2 ' and CHF^, have been evaluated according to the CNDO/2 scheme,

Eqns.(321)-(323), and are tabulated in Tables VI and VII. The agreement 

between the experimental and theoretically derived values is quite satis­

factory. The experimental methods only yield the absolute magnitude of
“V tthe equilibrium dipole moment vector P^, whereas the quantum mechanical 

procedure determines the components of this vector.

The dipole moment vector is defined to be positive if it is directed 

from the negative to the positive end of the molecule, i.e.,

Thus, from the CNDO/2 values of P for the polar fluoromethanes, andz
from Figure 3, it is seen that the dipole moment vector of the undis­

torted molecule is oriented from the fluorine atom(s) to the hydrogen 

atom(s). That signifies that the fluorines have a partial negative 

charge, while the hydrogens obtain a partial positive charge. Thus, 

the polar fluoromethanes have the following equilibrium dipoles:

F C H *  , n=l, 2, and 3 . n 4-n
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Table VI

Experimental and CNDO/2 Equilibrium 
Dipole Moments of Gaseous CH^F

Experimental^

Year of Temperature (b)Dipole Moment, P
Publication <°c) (Debye) ^

1953 NS(C) 1.79 ± 0 . 0 2
1934 -50 to 225 1.822 + 0 . 0 1
1966 NS 1.8471
1936 -80 to 95 1.85
1970 50 to 140 1.851 +• 0.005
1970 NS 1.8549 + 0 . 0 0 1 0
1963 NS 1.8555 + 0.0015

1965,66 NS 1.8572 + 0 . 0 0 1
1970 NS 1.8580 +. 0 . 0 0 1
1966 NS 1.858 +. 0 . 0 0 1
1966 NS 1.8583

1965,66 NS 1.8682

Average, P^ = 1.85

CNDO/2, P (d) = z -1.71833

(a) References (126) and (127).

(b) Pq is the absolute magnitude of Pq .

(c) Temperature not specified.

(d) Also P = P = 0, relative to axes ofx y
Figure 3.
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Table VII

Experimental and CNDO/2 Equilibrium Dipole Moments 
of Gaseous CH^F^and CHF^

Experimental ^ CNDO/2

/Vk\
Year of Temperature Dipole Moment,P 

Publication (°C) (Debye) 0

(d)Dipole Moment,P 
(Debye) Z

1952 HS(C) 1.96 ±0 . 0 2 1.94301

CHF3

1949 NS 1.59
1935 -80 to 95 1.60
1955 25 to 225 1.62
1952 NS 1.64 ± 0 . 0 2
1951 NS 1.645 ±0.009
1966 NS 1.6458
1966 NS 1.6461
1966 NS 1.6468
1966 NS 1.6471
1970 50 to 140 1.649 ±0.005
1961 80, 160 1.65 ± 0 . 0 1

Average 1.63 1.67547

(a) See footnote (a) of Table VI

(b) See footnote (b) of Table VI

(c) See footnote (c) of Table VI

(d) See footnote (d) of Table VI
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VI.B.2. CNDO/2 Dipole Moment Derivatives

The physical significance of a dipole moment derivative can be 

seen by looking at the diatomic molecule AB, where the following charges 

exist at equilibrium:

A  B

If the internuclear axis is on the z-axis, then the effect on the 

molecular dipole moment, due to the stretching vibrational motion r , 

can be expressed as

= » V 9 r M >S , (333)

where k is the unit vector in the direction of the z-axis, and

AP
Z - q + r ^3—  f (333a)Ar 0̂ AB Ar__ AB AB

where q is the equilibrium value of the magnitude of the charge. Thus, 

if AP/Ar > q^ (which is positive), then B becomes more positive as the 

A-B bond is stretched; if AP/Ar < qQ, or if the dipole derivative is 

negative, then B becomes less positive than its equilibrium value, dur­

ing this stretching motion.

According to the CNDO/2 scheme, there are three basic factors 

(111, 128) that contribute to the dipole moment derivatives, 9P/3R,
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i.e., the change in the molecular dipole moment upon the distortion 

from its equilibrium geometry. Thus,

f£ = q0 + 4q + qsp • (334)

The first term, q^, is due to the equilibrium charges of the atoms. The 

second contribution, Aq, is an intramolecular charge transfer term that 

leads to a change in the equilibrium charge as a result of the change in 

the atomic hybridization. The last term, <3Spf is the change in the 

atomic dipole moment. This change is due to the variation in the sp- 

type polarization of the electrons about the nuclei of the atoms.

The derivative of one of three components of the dipole moment 

vector with respect to one of three cartesian displacements of each 

atom, was calculated from the modified CNDO/2 program accord­

ing to the variation scheme described in section V.D. Thus, a cartesian 

coordinate of an atom was altered from its equilibrium configuration by
Osuccessive increments of 0.002A for 10 positive and 10 negative dis­

placements, while keeping all other coordinates fixed. This coordinate 

variation led to maximum displacements of ±0 .0 2 & from the equilibrium 

value, for each atomic coordinate. A least-squares fit was applied to 

the functional form of Eqn.(331), which yielded the first-, second-,

and third-order coefficients, a , a , and a . The polar tensor P (a),0 1 z ~x
Eqn.(285), is composed of the first-order coefficients. For a molecule 

containing 5 atoms, the total number of variations that were needed per 

molecule was
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(9 elements/tensor) (20 variations/element) (5 tensors/molecule)

= 900 variations.

It was found that variation of an atomic coordinate by ±0.02&,
Orather than by ±0.002A,decreased the accuracy of each tensor element 

by 3 to 4 orders of magnitude. This is due to the facts that the 

curvature at the origin is not negligible and that the smaller incre­

ment better resembles the realistic magnitudes of the vibrational am­

plitude. Figures 4 and 5 depict the change in the x-component of the 

dipole moment, AP^ of CH^, which is due to the change in the x-coordi- 

nate of the atom, Ax(H^), for relatively large (±0.1&) and small
O(±0.02A) atomic displacements, respectively. The solid line in Figure 5

represents the more detailed plot near the equilibrium configuration,

Ax=0 , and it is seen that although the variation of P is almost linear,

the determination of the slope at the origin, based on the displacement
oincrements of ±0.02A, would lead to a significant error (cf: the dashed 

lines in Figure 5). In addition, the plots are non-symmetric with re­

spect to the positive and negative values of AX(H^); this is expected 

in light of the chosen axis system of Figure 3. This tensor element,

3P /3x (H ), represented the "worst" deviation from linearity of all theX X
molecules that were studied in this investigation.

VI.B.3. CNDO/2 Atomic Polar Tensors

The atomic polar tensors obtained from the CNDO/2-derived first
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Figure 4. Ap^ vs. Ax (h )̂ of CH^: increments of ±0.02&.
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A X ( H , )  ( A )

Figure 5. AP vs. Ax(H_) of CH.: increments of x 1 4
±0 .002&.
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order cartesian dipole moment derivations are given in Tables VIII-XIII

for the molecules C2H4 ' CH4 ' CH3F' CH2 F2 ' CHF3 ' and CF4 ' resPectively*
These polar tensors depend on the coordinate frame that is chosen 

for the molecule, but not on the inherent isotopic nature of the molecu­

lar species. Thus, since the identical axes were used for all the iso­

topes of a molecule, these polar tensors are isotope-independent. This 

is true because the electron cloud can be assumed to be distorted in the 

same manner during the corresponding vibrational motions of two isotopic 

molecules (Born-Oppenheimer approximation). The coordinate axes that 

were used are those of Figure 3.

The atomic polar tensors are not necessarily symmetrical. However, 

due to the spherical symmetry about the C atom in CH^ and CF^, the polar 

tensor for carbon in these molecules is a scalar tensor, i.e., a diagonal 

matrix with identical elements (157).

The precision of the least-squares fit, Eqn.(331), is excellent.

This is apparent from Tables VIII-XIII in that the discrepancy in the 

tensor elements never occurs before the seventh decimal place for any 

element. This is especially due to the small atomic displacements of 

±0.002&.
The polar tensors of all the atoms of a molecule are not indepen­

dent of one another. The translational condition leads to the follow­

ing vanishing sum requirement for each molecule (104) :

N
E Pv (a) = 0 , (335)
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Table VIII

Atomic Polar Tensors for C„H_2 4

a 5x(a)*

-0.1122635 0.3252726 0

Hi 0.4184010 -0.4316963 0 0.8533939
0 0 0.4984523J

-0.1122635 -0.3252726 >
0

h 2 -0.4184010 -0.4316963 0 0.8533939
0 0 0.4984523

-0.1122635 -0.3252726 0
-0.4184010 -0.4316963 0 0.8533939J 0 0 0.4984523

-0.1122635 0.3252726 0

H4 0.4184010 -0.4316963 0 0.8533939ft 0 0 0.4984523.

0.2245271 0 0
C 1 0 0.8633927 0 1.3377885

0 0 -0.9969047

0.2245271 0 0
C 2 0 0.8633927 0 1.3377885

0 0 -0.9969047.

* Relative to axes of Figure 3.
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Table IX 

Atomic Polar Tensors for CH,

a Pv (a)*

H,
0.0431696

-0.2891963
-0.1180639

-0.2891963
-0.2907655
-0.2044926

-0.1180639
-0.2044926
0.1266534

H„
0.0431696
0.2891963

-0.1180639

0.2891963
-0.2907655
0.2044926

-0.1180639
0.2044926
0.1266534

H.
-0.4577330

0
0.2361278

0
0.2101372

0

0.2361278
0

0.1266534

H,
0.2101372

0
0

0.2101372
0

0
0

-0.5412168

0.1612565
0
0

0
0.1612566

0

0
0

0.1612566

0.6174390

0.6174390

0.6174390

0.6174390

0.2793046

* Relative to axes of Figure 3
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Table X

Atomix Polar Tensors for CH^F

a Px (a)*

H,
-0.1226182
-0.2632983
-0.1121836

-0.2632983
-0.4266489
-0.1943077

-0.0180205
-0.0312124
-0.1416799

H„
-0.1226182
0.2632983
-0.1121836

0.2632983
-0.4266489
0.1943077

-0.0180205
0.0312124
-0.1416799

H_
-0.5786643

0
0.2243672

0.0293971
0

0.0360410
0

-0.1416799

-1.4132402
0
0

-1.4132402
0

0
0

-2.5652375

2.2371411
0
0

2.2371410
0

0
0

2.9902773

0.6383019

0.6383019

0.6383019

3.2519132

4.3533156

* Relative to axes of Figure 3.
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Table XI 

Atomic Polar Tensors for CH^F^

a ?x(a)*

H,
-0.2714725

0
0

-0.5907212
0.2805795

0.0939032
-0.3145578

H„
-0.2714725

0
0

-0.5907212
-0.2805795

-0.0939032
-0.3145578

-2.4391999
0

0.2825507
•1.5687109

0

0.7294150
0

-2.0772647

-2.4391999
0

-0.2825507
-1.5687109

0

-0.7294150
0

-2.0772647

5.4213452
0
0

0
4.3188642

0

0
0

4.7836451

0.7804730

0.7804730

3.6520488

3.6520488

8.4218069

* Relative to axes of figure 3.
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Table XII 

Atomic Polar Tensors for CHF.

a p (a) * ~x a

H
-0.4391015 0

0 -0.4391015
0 0

0
0

-0.7243704
0.9541136

-2.1508433
-0.3711670
-0.0736194

-0.3711670
-2.5794301
-0.1275126

-0.2920408
-0.5058295
-2.0193259

3.9994530

-2.1508433
0.3711670

-0.0736194

0.3711670
-2.5794301
0.1275126

-0.2920408
0.5058295
-2.0193259

3.9994530

-2.7937234
0

0.1472388
-1.9365500

0

0.5840816
0

-2.0193259
3.9994530

7.5345118
0
0

7.5345118
0

0
0

6.7823483
12.6308344

* Relative to axes of Figure 3.
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Table XIII

Atomic Polar Tensors for CF„4

a Px (a) * a

-2.2815510
-0.2803410
-0.1144489

-0.2803410
-2.6052610
-0.1982311

-0.1144487
-0.1982310
-2.2006236

4.1349213

-2.2815510
0.2803410
-0.1144487

0.2803410
-2.6052610
0.1982311

-0.1144487
0.1982311
-2.2006236

4.1349213

-2.7671160
0

0.2288975
-2.1196961

0

0.2288975
0

-2.2006236
4.1349213

-2.1196961
0
0

0
-2.1196961

0

0
0

-2.8480435
4.1349213

9.4499144
0
0

9.4499143
0

0
0

9.4499144
16.3677315

* Relative to axes of Figure 3.
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where the summation is over all the atoms in the molecule, and Px (a) is 

given by Eqn.(285). This results from the fact that if the cartesian 

motion of all the atoms corresponds to a rigid translation of the whole 

molecule, then this motion would have no effect on the dipole moment.

The data in Tables VIII-XIII prove that Eqn.(335) is satisfied to the 

seventh decimal place for each molecule.

If the cartesian motion is a rigid rotation of the molecule, then 

this motion would have the effect of rotating the components of the 

dipole moment. Thus (104),

P „(a) r = P , (336)
~  A  ^ C t ~

where P is given by Eqn.(292a) and r , like P, is an antisymmetric ~ ~a ~
tensor:

r = ~a

a -Y

-Z

a

<°a

-xa

(337)

0 0 0where X , Y , and Z are the equilibrium coordinates of atom a. Eqn.
UC Uti \X

(336) is still valid even if the origin of the axis system is not at the 

center of mass of the molecule. Again, the atomic polar tensors of 

Tables VIII-XIII satisfy the rotational condition, Eqn.(336).

Another relationship among the polar tensors that was obtained 

by this investigation is one that relates the tensors of electronically
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equivalent atoms, within the Born-Oppenheimer approximation. Thus, the 

polar tensors for equivalent atoms, say, and a^, of a molecule, where 

and a2 could be isotopes of one another, are related through

Px (01 ) = T Px (ct2) , (338)

where T is the rotational tensor that transforms the coordinates of 

atom a to those of atom a . The rows (or columns) of T form a set of 

orthogonal normalized vectors. Therefore, once the polar tensor for one 

atom in a set of equivalent atoms is known, the tensors for the other 

atoms in the set can be determined according to Eqn.(338). In addition, 

the vanishing polar tensor sum, Eqn.(335), relates the sums of equiva­

lent sets to each other. Once again, the consistency of the CND0/2- 

derived polar tensors was reaffirmed by the application of the equiva­

lence relationship, Eqn.(338).

VI.B.4. Effective Atomic Charges

VI.B.4.a. CNDO/2 and experimentally 
derived charge values

The effective atomic charges are given with the polar tensors in 

Tables VIII-XIII and are summarized in Table XIV for all the non-equiva­

lent atoms of C H , CH , CH F, CH F , CHF , and CF . The squared chargesZ ft 4 j Z Z j ft
2 are first calculated from the polar tensors Px (a) by means of
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Table XIV

CNDO/2 Calculation of £ *Ct

Species «H

C2H4 0.8533939 1.3377885

CH4 0.6174390 0.2793046

c h3f 0.6383019 3.2519132 4.3533156

CH2F2 0.7804730 3.6520488 8.4218069

chf3 0.9541136 3.9994530 12.6308344

CF4 4.1349213 16.3677315

* Units of Debyes/Xngstrom
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Eqn.(284) and thereafter the values for £ are obtained, which are allOi
positive.

Tables VIII-XIII show that the effective charges of equivalent 

atoms are, in fact, equivalent, even if the polar tensors of these 

atoms are not. This is due to the fact that the polar tensors depend 

on the particular choice of coordinate axes for the molecule, whereas 

the effective charges of equivalent atoms are equal, due to Eqns.(284) 

and (338), and to the orthonormality of T, i.e.,

T Tfc = Tfc T = E , (339)

where E is the unit tensor. Thus, the effective atomic charge repre­

sents an intrinsic isotope-independent molecular property, which is 

not dependent on the particular molecular reference frame.

The theoretically derived effective atomic charges compare quite 

favorably with the few available experimentally deduced values for

C H , CH , and CH F. The possible experimental values of £ for C H« 4 4 <3 06 b 4
and CH^ have been tabulated in Tables XV and XVI, respectively. Table 

XVII summarizes the "best" experimental values that are obtained from 

the former two tables.

The effective atomic charges of Tables XV and XVI were calculated 

from the available literature values of the total infrared absorption 

intensities of various isotopic species of C^H^ and CH^ (see Tables 

XXVII and XXVIII), by means of Eqn.(303). In order to solve for all 

the isotope-independent £a 's of a molecule that contains n sets of 

electronically non-equivalent atoms, the intensities of n isotopes of
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Table XV

Comparison of Possible Experimental and CNDO/2 Values 
of £a for C2H4(a)

Experimental

Source This Investigation (b)King et al.

5c2 ?C

l. c2h 4,c2d4(°> 0.739 0.866 0.818
(c)2. C H .,cis-C„H D„2 4 2 2 2 3.021 0.624 0.563
(c)

3‘ C2D4'=iS-C2H2D2 -3.747 (imag.) 1.054 1.010

4. C2D4,tranS-C2H2D2(0) -0.382 (imag.) 0.910 0.865

(c)5. c2H4,tranS-C2H2D2l 1.550 0.820 0.767

6. Polar tensors of 1.513 0.774

CNDO/2

(0)7. Person and Newton 1.343 0.859
8. This investigation 1.338 0.853

9. "Best" experimental 1.51 +_ 0.04 0.82 +_ 0.04

(continued)
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Table XV (continued)

(a) £ in units of Debye/Sngstrom.CL

(b) Calculated in Reference (101).

(c) E,a is calculated from the experimental total inten­
sities of this isotopic pair of Reference (129) ,
Table XXVII, by means of Eqn. (303).

(d) £a is calculated from the experimentally deduced polar 
tensors of Reference (96) by means of Eqn. (284).

(e) Reference (96).
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Table XVI
Comparison of Possible Experimental and CNDO/2 Values 

of for CH4 *

Experimental

Source This Investigation (b)King et al.

5 2 «c
(c)1. CH ,CH D 3.181 0.634 0.655

4 3 (c) 2. CD ,CD H 2.650 0.571 0.5764 3 .
3. CH ,CD H

(c)4. CD ,CH D
(c)5. CH3D,CD3H'

-4.207
-1.357
-8.685

(imag.) 
(imag.) 
(imag.)

0.839
0.823
0.924

0.859 
0.831 
0.666

6. CH3D,CH2D (d)
7. CH3D,CD3H' )

-3.231 (imag.) 0.805
-1.242 (imag.) 0.775

8. CH .,CD ^ 0.532 0.780 0.798
(d)9. CH D ,CD H 0.424 0.743

CNDO/2

^C

10. This investigation 0.279 0.617

11. "Best" experimental 0.48 + 0.06 0.76 + 0.02

(a) £a in units of Debye/Xngstrom.

(b) Calculated in Reference (101) .

(c) £a is calculated from the experimental total intensities 
of this isotopic pair of Reference (130), Table XXVIII, 
by means of Eqn. (303).

(d) Same as (c), except that Reference (131) was used.
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Table XVII

"Best" Experimental £ for C H , CH , and for CH F
01 it. 4  4  3

Species £H Source

C2H4 0.82 + 0.04 1.51 + 0.04   Table XV

CH. 0.76 + 0.02 0.48 + 0.06   Table XVI4 —  —

CH3F 0.78+0.04 5.12+0.10 4.81+0.20 Reference (107)



- 170 -

this molecule are needed. Since C H (or CH ) contains only two differ-2. 4 4
ent types of atoms, C and H, the intensity data for a pair of isotopic 

ethylenes (or methanes) would suffice. However, some of these calculated 

charges yield unrealistic values for the effective charge on an atom.

Thus, the first two sets of values of Table XV (1. and 2.) are re­

jected because they yield a value for £ of C H that is either too low 

(0.739) or too high (3.021), as compared with the theoretically derived 

value of about 1.34 D/iL The third and fourth sets of values of 

Table XV are also rejected because they both yield imaginary values 

for Thus, a comparison of the last two remaining experimental sets

of values (5. and 6.) with the corresponding CNDO/2 values, leads to the

particular choice for the "best" experimental values for £ and £ ofC H
C_H..2 4

The rejection of several sets of values is also the situation for 

the data for CH^ in Table XVI. The first two sets of charge values (1. 

and 2.) yield values that are too high for £ of CH (3.181 and 2.650),V  Tt

especially when compared with the low theoretical value of 0.279. The

next five sets (3. to 7.) all result in imaginary values for E,. Only

the last two sets remain without any objections and they determine the

choice for the "best" experimental E, and £ of CH .C H 4
The somewhat large discrepancy for E, between the experimental 

(0.48) and theoretical (0.28) values suggests that it may be difficult 

to accurately predict very low values of effective atomic charges, as 

is the case with E,̂  of CH^. It appears that E,̂  °f CH^ is very sensitive 

to the equilibrium molecular geometry. This particular effective charge 

is strongly dependent on the equilibrium value of the carbon-hydorgen
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bond length, R.(C-H), whereas the effective hydrogen charge, E, , is0 n
rather insensitive. Table XVIII tabulates the calculated values of E,n
and each as a function of the C-H bond length. This table indicates

that for a +0.002& deviation from the original choice of R^(C-H) = 1.091&,

E deviates by +6.4%, whereas E, is changed by only -0.08%. For a unit C H
increase in the equilibrium bond length, is increased by approximately

8.9 charge units, whereas E decreases by only 0.2 charge units. ThisH
extreme sensitivity is undoubtedly due to the small value of the effec­

tive carbon charge of methane.

It should also be emphasized that the experimentally derived E,̂ may 

be somewhat unreliable. This is because the experimental value was ob­

tained from Eqn.(303) as a difference between two relatively large num­

bers, which resulted in a small number.

In order to obtain a more reliable result for the CNDO/2 value of 

E,̂ for CH^, a least-squares procedure was employed. Table XIV suggests 

that an approximate linear relationship exists between and the number

of fluorines, n , in the fluoromethanes. Thus, a linear fit was obtained F
by inputting the values for the n = 1, ..., 4 species:C F

E = (4.025 ± 0.068)n, + (0.380 ± 0.186) . (340)C F

For methane, np = 0 and Cc = 0.380±0.186. This theoretical value is in 

closer agreement with the experimental quantity of 0.48 (Table XVII), al­

though the latter (experimental) value may be in error.

Figures 6, 7, and 8 are graphic representations of the effective 

charges of the atoms in methane and in the fluoromethanes. Figure 6 is
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Table XVIII 

Effect of R (C-H) on F and £_ of CH.*O ri L. 41

VC-H) 5h 5c

1.097 0.616049 0.332751

1.095 0.616473 0.314973

1.093 0.616937 0.297158

1.091 0.617439 0.279305

1.089 0.617981 0.261412

1.087 0.618562 0.243481

1.085 0.619183 0.225510

*R in units of Angstroms, 
and C in units of Debyes/S.
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1 2  3 4
N u m b e i  of Fluor ine At om s ,  n

igure 6. CNDO/2 calculated effective atomic charges for
C,H, and for F in CH. F , n = 0 ,  4.4-n n
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Figure 8. CNDO/2 calculated effective atomic charges of F in CH^ nFn» 
n = 1, 2, 3, 4. n n
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a plot of E , E , and E , of CH F , each against the number of fluor- C H F 4-n n
ines n in the species. It is seen that as the very electronegative 

fluorine atoms replace the hydrogens, in going from CH^ to CF^, the 

effective charge on the central carbon atom is dramatically increased. 

This is due to the strong electron-withdrawing inductive effect of the 

fluorine atoms that are directly bonded to the carbon atom. The near 

linear relationship between E g and n is borne out by the straight line 
that is drawn according to the least-squares fit, Eqn.(340). Most of 

the E c values lie exactly on this line.
Besides this primary inductive effect upon the central atom, there 

is a slight secondary inductive effect on the terminal hydrogen and 

fluorine atoms. Figure 6 indicates that, compared to the sharp increase 

in Eq with increasing the fluorine substitutions, the effective charges 

on hydrogen and fluorine remain relatively constant (with a slight in­

crease) with respect to direct substitution on the central carbon. Thus,

in going from CH to CF , E increased by about 5,400%, E by approxi- 4 4 C H
mately 54% and EF by 27%; i.e., the ratio of increases is

? C  : ^ h  : ^ F  =  2 0 0  : 2 : 1 •

The detailed graphs of E„ and E with respect to the number of fluorinesH F
in the molecule, Figures 7 and 8, respectively, indicate that in both

cases there is an approximate linear relationship for the medium values

of n, i.e., n=l, 2, and 3. However, at the left extreme of £ , n=0 to 1,H
and at the right extreme of £ , n=3 to 4, the rate of increase of theF
respective effective charges is sharply reduced.
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VI.B.4.b. Sum rules for the 
effective charges

Although there are direct relationships among the atomic polar 

tensors P (a) of a molecule, Eqns.(335) and (336), there is no simple 

exact relationship among the effective charges of non-equivalent atoms 

of a molecule. However, certain empirical relationships, which could 

be called sum rules, may exist among the effective charges of a specific 

atom that appears in different molecules of a homologous series (105,

106, 109). A sum rule would be reliable if it involved at least three 

different molecules, and, better, if it involved four different molecu­

lar species with the same molecular symmetry.

From the CNDO/2 values of the effective charges, Table XIV, the 

following empirical sum rules can be written for the fluoromethane 

series:

£ (CH F) + £ (CHF ) = 2£ (CH FJ, a = H or C or F (341)06 3 06 3 06 ^

and

5 c(CH4) + £c (CF4) = 2£c (CH2F2) . (342)

These relationships are applicable within a relative error of 2%.

Other such sum rules can be written for numerous molecular series.
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VI.C. Total Infrared Absorption Intensities

VI.C.l. CNDO/2 Intensities

Once the isotope-independent effective atomic charges £a are known 

for a molecule, the intensity sums of all the gas-phase isotopic spe­

cies of this molecule can be generated according to Eqn.(287). Thus, 

the charges, which are obtained from Table XIV, and the reciprocal a-

tomic masses y , from section VI.A, will yield the first term on theot>
N 2right-hand side of Eqn.(287), Zy E . For non-polar molecules, such asOt 0* ct

C9H., CH., and CF„, the non-rotation condition fi, Eqn.(296), vanishes. 

For the polar molecules, CH^F, CH^F^/ and CHF^, fi is obtained from the 

equilibrium dipole moments of Tables VI and VII, and from the inertial 

constants of Tables III-V. Tables XIX-XXIII list the total intensities 

of the isotopes of ethylene, methane, and the fluoromethanes, which 

were obtained in this manner. The intensities for each chemical spe­

cies are tabulated in descending order, and, in addition, the contri­

butions to each total intensity are given for each set of electronic­

ally equivalent atoms in the isotopic molecule.

From Tables XIX and XX it can be seen that for non-polar molecules, 

the total intensity ZA^ of a molecule that has been isotopically sub­

stituted with the heavier atom(s) of only one isotopic type, will al­

ways be smaller than that of its lighter counterpart. Thus, for the 

hypothetical non-polar molecule, A^B^C^, the total intensity of

A A*B, C , n < a, where A” is a heavy isotope of A, will be smaller a-n n b c —
than that of A A*B, C , m < n. a-m m b c
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Table XIX
CNDO/2 Gas-Phase Infrared Absorption Intensities 

of the Isotopes of

Isotope
5H2 ‘W dV (ni2yi2+ni3yi3) 2y a aa Za.(b)X

(cm/mmole)(D2/82 *amu)

12C H 2 4 2.89051 0.29828 3.18879 13,476.3

12c13ch4 2.89051 0.28677 3.17728 13,427.6
13
C2H4 2.89051 0.27526 3.16577 13,379.0

12
C2H3D 2.52949 0.29828 2.82777 11,950.5

12c13ch3d (c) 2.52949 0.28677 2.81626 11,901.9

2.52949 0.27526 2.80475 11,853.3

12w 2 M) 2.16847 0.29828 2.46675 10,424.8

2.16847 0.28677 2.45524 10,376.2

13< W 2 m> 2.16847 0.27526 2.44373 10,327.5

12c2ho3 1.80745 0.29828 2.10573 8,89911
12 13 (c) C CHD 1.80745 0.28677 2.09422 8,850.5

U c 2HD3 1.80745 0.27526 2.08271 8,801.8

12s ° , 1.44644 0.29828 1.74472 7,373.4

12c13cd4 1.44644 0.28677 1.73321 7,324.8

1.44644 0.27526 1.72170 7,276.1

(continued)



- 180 -

Table XIX (continued)

12(a) n^ 2 is the number of C atoms, which have a reciprocal
mass of y12' that are present in the isotopic species; 
n^ 3 and y-^3 are similarly defined for the species.

(b) See Eqn. (287); 1 D 2 / * 2 = 6^22.52 amu-cm /sec , and
K = (4226.135 amu X /D ) cm/mmole.

(c) Any of two isotopic isomers.

(d) Any of three isotopic isomers.

(e) Any of four isotopic isomers.
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Table XX

CNDO/2 Gas-Phase Infrared Absorption Intensities
of the Isotopes of CH, and CP,4 4

Isotope
?c (̂ 12 °r ^13^

5 2E? y a aa
e a . (b)l

(cm/mmole)(D2/&2*amu)

1.51289 ...... 0.00639 1.51928 6420.7

1.51289 ...... 0.00590 1.51879 6418.6

12c h3d 1.32394 ......  0.00639 1.33033 5622.2

13c h 3d 1.32394 ...... 0.00590 1.32984 5620.1

12CH2D2 1.13498 ......  0.00639 1.14137 4823.6

13c h,d ,2 2 1.13498 ...... 0.00590 1.14088 4821.5

- c h o3 0.94602 ...... 0.00639 0.95241 4025.0

13c h d3 0.94602 ...... 0.00590 0.95192 4022.9
12

4 0.75707 ......  0.00639 0.76346 3226.5
13

4 0.75707 ...... 0.00590 0.76297 3224.4

4 3.59993 22.32595 25.92588 109,566
13CF, 4 3.59993 20.60326 24.20319 102,286

(a) See footnote (a) of Table XIX.

(b) See footnote (b) of Table XIX.



Table XXI
CNDO/2 Gas-Phase Infrared Absorption Intensities

of the Isotopes of CH^F

Isotope

5h2(W V d )
r 2 
?F ^C (1J12 °r ^13*

5 2 
25 ya aa

£2 (a) E O b>T <SV e (C) (Ea . )_,(c) 1 t

(D2/£2*amu) (cm/mmole)

12ch3f 1.21279 0.55665 1.57905 3.34849 0.34806 0.29840 12,680 12,890

13CH F 3 1.21279 0.55665 1.45721 3.22665 0.33888 0.29053 12,204 12,408
12CH DF 2 1.01082 0.55665 1.57905 3.14652 0.32072 0.27669 11,942 12,128
13CH DF 2 1.01082 0.55665 1.45721 3.02468 0.31340 0.27038 11,458 11,640

12chd f 2 0.80886 0.55665 1.57905 2.94456 0.29694 0.25618 11,189 11,361

13CHD F 2 0.80886 0.55665 1.45721 2.82272 0.29118 0.25120 10,699 10,868

(continued)

182



Table XXI (continued)

12CD F 3 0.60689 0.55665 1.57905 2.74259 0.27773 0.23810 10,417 10,584

13c d3f 0.60689 0.55665 1.45721 2.62075 0.27315 0.23418 9,921 10,086

(a) Calculated based on the experimental (E) equilibrium dipole moment.

(b) Calculated based on the theoretical (T), i.e., CNDO/2-derived, moment.

(c) See (a) and (b) above and footnotes (a) and (b) of Table XIX. 183



Table XXII
CNDO/2 Gas-Phase Infrared Absorption Intensities

of the Isotopes of CH2F2

[sotope

Cc2(Pi2 °r U13) EC 2]i a aa E ft (b)T (£a .)_(c)l T

(D2/R2 *amu) (cm/mmole)

1.20890 1.40402 5.90944 8.52236 0.44373 0.43607 341141 34,174

12CHDF2 0.90692 1.40402 5.90944 8.22038 0.37733 0.37082 33,146 33,173

13cH2F2 1.20890 1.40402 5.45346 8.06638 0.43256 0.42509 32,262 32,293

12CD2F2 0.60495 1.40402 5.90944 7.91841 0.33049 0.32478 32,068 32,092

13CHDF2 0.90692 1.40402 5.45346 7.76440 0.37014 0.36375 31,249 31,276

13CD2F2 0.60495 1.40402 5.45346 7.46243 0.32557 0.31995 30,161 30,185

(a) See footnote (a) of Table XXI.

(b) See footnote (b) of Table XXI.

(c) See footnote (c) of Table XXI.



Table XXIII
CNDO/2 Gas-Phase Infrared Absorption Intensities

of the Isotopes of CHF^

Isotope

 ̂2c (u or u ) H D 3£ 2yF F 5C2(H12 or y13)
5 2
E? y a aa ^ (3)E n (b)T (EV e (C) < & o T(c)

(D2/£2 * amu) (cm/mmole)

12chf3 0.90324 2.52527 13.29308 16.72159 0.10884 0.11500 70,208 70,182
12

3 0.45199 2.52527 13.29308 16.27034 0.10435 0.11026 68,320 68,295

13chf_3 0.90324 2.52527 12.26737 15.69588 0.10856 0.11470 65,874 65,848

13cdf3 0.45199 2.52527 12.26737 15.24463 0.10412 0.11001 63,986 63,961

(a) See footnote (a) of Table XXI.

(b) See footnote (b) of Table XXI.

(c) See footnote (c) of Table XXI.
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However, comparisons of total intensities cannot be made between

two isotopic molecules that differ by more than one type of isotopic

atom, e.g., A ,A*B, C vs. A B, ,B*C . Thus, even if the former spe- 3 a-1 b e  a b-1 c
cies is heavier than the latter, the total intensity of A 1A*B. Ca-1 b c
could still be greater. This is due to the magnitude of the effective

charge of relative to that of £ , and to the relative mass change

in each type of electronically equivalent set of atoms. From Table
12 13XIX it is seen that, for example, the intensity of C CH^ is greater 

13than that for C2H4 ' ^ ecause this is a substitution of only one i s o - 
13 12topic type, C for C, and the latter molecular species is heavier.

13 12However, C2 H 4 ^as a 9reater intensity than C^H^D, even though the

former is more massive. This is an example of a substitution of two
12 13different isotopic types, C for C and D for H. The percent change

of the total of the reciprocal masses of all the carbon atoms, in going 
13 12from *-2H4 t0 C2H3D ' '*'S whereas the percent change of the

reciprocal masses of the total hydrogen set is almost twice as great, 

-14.4%. Thus, the contribution to the total intensities from the hy­

drogen set is much more pronounced, and its mass drop is too large to 

be made up by the mass increase from the carbon set, as can be seen

from Table XIX. In addition to this mass effect, there is also a
2 2 charge factor involved. Thus, even though E, is 57% larger than £ ,C H

the carbon effective charge is still not large enough to counter the 

hydrogen contributions.

For both the ethylene and methane isotopic intensities, the major 

contributions to the total intensity come from the hydrogen set. In 

Table XIX for C2H4, t*ie carbon set contribution varies from about 10-20%
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of that for the hydrogen set- This is due to the effective charge of
carbon in C„H. (see Table XIV), which is only slightly more than £ ,^ 4  H
and to the much smaller reciprocal mass of carbon. In methane, the 

effective charge of carbon is smaller than that for hydrogen by 55% 

(Table XIV)- That fact and the small reciprocal mass of carbon tend 

to make the carbon contributions to the total intensity of methane 

almost negligible.

For the fluorinated methanes, on the other hand, the carbon set 

contributes more to the total intensity of each species than do either 

the hydrogen or fluorine sets (see Tables XX-XXIII). This is due to 

the dramatic increase of the carbon effective charge in the fluorinated 

methanes (see Table XIV and Figure 6), while the effective charges of 

H and F remain relatively constant. The fluorine set of the first 

fluorocarbon of the methyl fluoride series contributes less to the 

total intensity of this isotopic series than does the hydrogen set. 

However, in the methylene fluoride and the fluoroform series, the 

fluorine contribution predominates over that of the hydrogen set.

The non-rotation condition is directly related to the recipro­

cal function of the moments of inertia of the isotopic molecule, ac­

cording to Eqn.(296). This is verified by Tables XXI-XXIII for the 

polar species. A heavy isotopic substitution near the center of mass

of the molecule will decrease by only a slight amount, because the
13moments of inertia increase slightly. This is the situation for C 

substitutions. However, an isotopic substitution with a heavier atom 

at a terminal position, away from the principal axes, will increase 

the moments of inertia substantially, and thus Q would be significantly
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decreased. This occurs for D substitutions in the polar fluoromethanes. 

The contributions of fl to the overall intensity is relatively small, how­

ever. The value of fl in the polar species ranges from a maximum of about 

10% of the total charge contributions in CH^F, to 5% in CH^F^, and to a 

minimum of less than 1% in CHF^-
13For the CH_F series, the intensity of the CH„ D F  (m = 0,1,2)3 3—m m

12species is greater than the corresponding CH- D , F species. How-2-m m+1
ever, for the other fluoromethane with the same molecular symmetry, CHF^,

12the reverse is true, i.e., the intensity of CDF3 lar<?er than that 
13of CHF3 * In t îe methyl fluoride pairs, the contribution of the hydro- 

13gen set in the C species is the determining factor. However, m  the
12fluoroform pair, the contribution of the carbon set in the C species 

determines the overall intensity.

The c h 2 F 2 series ^as characteristics of both the CH^F and CHF^•

The intensities of the methylene fluoride species fall according to

12 13 12c d2f 2 < ch2f 2 < chdf2 .

12 13
Thus, the first inequality, CD2F2 < CH2F2' '*'S s;'-in;*-̂ar 1:0 t îe met^yl 
fluoride series, where a carbon-12 and two deuterium atoms are substi­

tuted for a carbon-13 and two hydrogen species, respectively, i.e.,

12CHD F < ^CH F and ^CD F < ^3CH DF. The last inequality for the 2 3 3 2
13 12methylene fluoride series, CH2F2 < CHDF2, resembles the fluoroform

series, where a carbon-13 and a hydrogen atom are substituted with a
13 12carbon-12 and a deuterium species, respectively, i.e., CHF3 < CDF3 *
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It should be mentioned that for these polar molecules, the order of

intensities within a series is not at all dictated by the rotational cor-
2rection, S. In fact, the trend is completely determined by E£ y for06 06 06

every series. Furthermore, the isotopic variation of intensities for a 

polar molecular series is not as pronounced as it is for the non-polar 

ethylene and methane series. Thus, the minimum intensity values for the 

methane and for the ethylene series are 50% and 46%, respectively, of 

the maximum series values. However, the corresponding values for CHF^, 

CH2F2' anc* CH3F are ^2%' anĉ  22%, respectively.

VI.C.2. Experimental Intensities

The total intensities can also be generated from the "best" ex­

perimental effective atomic charges of Table XVII for C2H4 ' CH4' an^

CH^F. The intensities are calculated according to Eqn.(287) and are 

tabulated in Tables XXIV-XXVI. It is seen that the trends, i.e., the 

order of the isotopic intensities, within each series for the calculated 

and the CNDO/2 intensities are in agreement. The agreement between the 

calculated and the CNDO/2 values for the ethylene series is very good.

The CNDO/2 intensities for CH^ and for CH3F are less than the experi­

mentally calculated intensities, because of the lower CNDO/2 effective 

atomic charges for these species.

The total intensities derived from the experimentally measured in­

dividual band intensities for some of the isotopic species of ethylene 

and methane, and for the fluorinated methanes, are given in Tables
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Table XXIV

Derived Gas-Phase Infrared Absorption Intensities of the Isotopes of C2 H 4 
from the Experimental 5 's of Table XVIIUt

^  (nH W d > 5C2 (r‘l2U12+n13ll13) <a> 2? 2y a aa
Ea .(b)i

(cm/mmole)

Isotope

(D2/82>amu)

12C H 2 4 2.66872 0.38002 3.04874 12,884.4

12c 13c h,4 2.66872 0.36536 3.03408 12,822.4

13C H2 4 2.66872 0.35069 3.01941 12,760.4

12c2h 3d 2.33540 0.38002 2.71542 11,475.7

12c13ch3d (o! 2.33540 0.36536 2.70076 11,413.8

13c2H3D 2.33540 0.35069 2.68609 11,351.8

12s v 2(a) 2.00208 0.38002 2.38210 10,067.1
12 13 ^ (e) 
C 2 2 2.00208 0.36536 2.36744 10,005.1

13C H D (d) 2 2 2 2.00208 0.35069 2.35277 9,943.1
12
C2HD3 1.66877 0.38002 2.04879 8,658.5

12c 13chd3(c) 1.66877 0.36536 2.03413 8,596.5

13c2h d 3 1.66877 0.35069 2.01946 8,534.5
12_ „

2 4 1.33545 0.38002 1.71547 7,249.8

12c 13cd4 1.33545 0.36536 1.70081 7,187.9
13 ^

2 4 1.33545 0.35069 1.68614 7,125.9

(continued)
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Table XXIV (continued)

(a) See footnote (a) of Table XIX.

(b) See footnote (b) of Table XIX.

(c) See footnote (c) of Table XIX.

(d) See footnote (d) of Table XIX.

(e) See footnote (e) of Table XIX.
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Table XXV

Derived Gas-Phase Infrared Absorption Intensities of the Isotopes of CH^ 
from the Experimental ?a 's of Table XVII

(nHyH+1W E,  ̂(y or y ) ̂  ̂ 2
IE u a Maa

Za .(b)l

Isotope (D^/R^-amu) (cm/mmole)

12CH.4 2.29246 0.01920 2.31166 9769.4

13ch4 2.29246 0.01772 2.31018 9763.1

12ch3d 2.00614 0.01920 2.02534 8559.4

13C„3° 2.00614 0.01772 2.02386 8553.1

12CH2D2 1.71982 0.01920 1.73902 7349.3

13' v 2 1.71982 0.01772 1.73754 7343.1

“ a*. 1.43349 0.01920 1.45269 6139.3

“ 0®3 1.43349 0.01772 1.45121 6133.0

1.14717 0.01920 1.16637 4929.2

3H 1.14717 0.01772 1.16489 4923.0

(a) See footnote (a) of Table XIX.

(b) See footnote (b) of Table XIX.



Table XXVI
Derived Gas--Phase Infrared Absorption Intensities of 

from the Experimental ?a's of Table
the Isotopes 
XVII

of CH F 3

Isotope

2E (n U +n li ) SH H H DmD;
f 2
f̂ wf KC iV12 °r U13> <a) IE 2u a aa

n ZA.(b)l

(cm/mmole)(D2/82-amu)

12ch3f 1.81103 1.21779 2.18453 5.21335 0.34806 20,561

13c h3f 1.81103 1.21779 2.01597 5.04479 0.33888 19,888

12CH2DF 1.50944 1.21779 2.18453 4.91176 0.32072 19,402

13CH2DF 1.50944 1.21779 2.01597 4.74320 0.31340 18,721

12CHD2F 1.20785 1.21779 2.18453 4.61017 0.29694 18,228

13CHD2F 1.20785 1.21779 2.01597 4.44161 0.29118 17,540

12c d3f 0.90626 1.21779 2.18453 4.30858 0.27773 17,035

13CD3F 0.90626 1.21779 2.01597 4.14002 0.27315 16,342

(continued)
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Table XXVI (continued)

(a) See footnote (a) of Table XIX.

(b) See footnote (b) of Table XIX.
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XXVII-XXIX. In the literature, either A. or T. are given for the i-th
1 1

absorption band intensity. In the latter case, the are converted to 

A^ through the frequency of that band, according to Eqn.(214).

From Table XXVII it is seen that the experimental intensities of 

the cis and trans isomers of the dideutero-ethylene isotope are not 

equivalent. On the other hand, the CNDO/2 intensities and those cal­

culated from the "best" experimental ?a's are the same for these iso­

mers. This is the situation because of Eqn. (287) ; i.e., E, is the ef-Oi*

fective charge of an atom, considered individually, without regarding 

its relationship to the other atoms. Thus, all the hydrogens (or 

deuteriums) on ethylene have equivalent effective charges. In addition, 

it should be remembered that Eqn.(287) is based on two assumptions: the 

harmonic oscillator approximation and the linear dipole moment approxi­

mation. However, the mechanical and electrical anharmonicities, which 

are present during the vibrational motions, may lead to different val­

ues for the cis and trans isomeric intensities.

From Tables XXVIII and XXIX, one can see that as the methane mole­

cule becomes more fluorinated, the CNDO/2 intensities, in general, bet­

ter approximate the experimental values.

VI.C .3. Sum Rules for the Intensities

Since the total intensities within an isotopic series vary with the

reciprocal masses y , while the C's remain constant (see Eqn.287), firstot ot
order sum rules can be written among the total intensities of an isotopic



Table XXVII
Experimental Gas-Phase Infrared Absorption Intensities (in cm/mmole)

of Some of the Isotopes of C2H^

Experimental

Thorndike et.al.^ Hammer^ Golike et.al.^

Isotope D e r i v e d C N D O / 2
„ , Fundamen- „ , Fundamen- „ , Fundamen-Fundamen- , , Fundamen- , Fundamen- _ , ̂, _ , tals and  ̂ , tals and . , „ , tals andtal Bands , tal Bands „ tal Bands ^Overtones Overtones Overtones

C2H4 18,230 19,350 12,330 14,480 12,846 12,961 12,884 13,476

cis-C2H2D2         10,988 11,322 10,067 10,425

trans-C2H2D2         9,841 10,145 10,067 10,425

C2D4         6,678   7,250 7,373

(continued)



Table XXVII (continued)

(a) See Reference (89).

(b) See Reference (132).

(c) See Reference (129) .

(d) See Table XXIV.

(e) See Table XIX.

i
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Table XXVIII
Experimental Gas-Phase Infrared Absorption Intensities (in cm/mmole)

of Some of the Isotopes of CH^

Isotope
Experimental

Derived^ CNDO/2(h)

Rollefson 
and 

Havens ̂
Thorndike ̂ Welsh 

et al/c^
Armstrong 

and 
Welsh ̂

Heicklen
and

Ruf

Hiller 
and 

Straley^
Average

CH4 10,578 10,088 11,560 10,887 10,312 10,685 9,769 6,421

ch3d 9,469 8,370 8,920 8,559 5,622

CH2 D 2 7,013 7,013 7,349 4,824

chd3 5,893 5,856 5,875 6,139 4,025

CD4 5,210 5,210 4,929 3,227

(continued)



Table XXVIII (continued)

(a) See Reference (133).

(b) See Reference (134).

(c) See References (135) and (136).

(d) See Reference (137).

(e) See Reference (130).

(f) See Reference (131).

(g) See Table XXV.

(h) See Table XX.



Table XXIX
Experimental Gas-Phase Infrared Absorption Intensities (in cm/mmole)

of the Fluoromethanes

Isotope
Experimental (q)Derxved CNDO/2(h)

Barrow
and

McKean(a)
McKean ̂ Morcillo Morcillo 

et a l . e t  a l . ^
n v (e) Schwm

Schatz
and

Hormg
Average

ch3f 20,769 19,812 20,291 20,561 12,680

CH F 44,203 ...... 44,203 34,1412 2 

CHF ..... 1 0 1 , 2 2 2 1 0 1 , 2 2 2 70,2083
CF 121,013 102,613 111,813 109,5664

(continued)
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Table XXIX (continued)

(a) See Reference (138).

(b) See Reference (139).

(c) See Reference (140).

(d) See Reference (141).

(e) See Reference (142).

(f) See Reference (92).

(g) See Table XXVI.

(h) See Tables XX - XXIII.
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series of non-polar molecules. Sum rules could also be written for po­

lar molecules, except that these rules would not involve the total inten-
2sities, Ea ., but would employ the effective charge term . The ef-

fective intensity (143) is denoted by

N 21 E Kly K . (343)a a a

which is equal to EA^(g) for non-polar molecules, because ft = 0. Thus, 

for a molecular species consisting of, e.g., a equivalent A atoms and b 

equivalent B atoms, i.e., ^B^' one can write the following general

first-order intensity sum rule:

I(A’.A .B 1 .B .) + I(A* A , B '0B 0) i a-i j b- 3 k a-k £ b-£

= I (A1 A B' B, ) + I(A* A B' B, ) , (344)m a-m n b-n p a-p q b-q

where p = i + k - m ,  q = j + £ - n ;  and i, k, m, p = 1 , 2 , ..., a, and

j, £, n, q = 1, 2, ..., b. A' and B' represent the isotopes of A and

B, respectively. The validity of Eqn.(344) can be verified by the use
13of all the intensity tables for the C and/or deuterium substitutions 

in the ethylene, the methane, and the fluorinated methanes isotopic 

series.
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VI.D. Calculation of the Isotope Effect on the 
Zero Point Energy Shift upon 

Condensation

Since the effective atomic charges and the molecular intensi­

ties Ea  have been evaluated, the B term of Eqn.(145), which represents 

the isotope effect on the zero point energy (ZPE) shift upon condensa­

tion, can be determined according to Eqns.(217) and (303). These two 

equations are very important for this investigation and thus they are 

rewritten below:

B = he C
(27T) V

a r. 
a) ~ ? 6 0 s

3N-6 
2 A.(g)lx

(345)

where

3N-6
2 A.(g) xx

V
3c2

N 2 E? oy a aa
6ft (346)

The only remaining quantities that are needed to be evaluated are tog, 

a, and S, which represent the characteristic frequency of an isotopic 

series, the molecular polarizability, and the intermolecular separation, 

respectively. The Lennard-Jones and Ingham crystal potential constant, 

C, is given in Eqn.(197).
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VI.D.1. Characteristic Frequency,

The isotope-independent values for the Bigeleisen and Goldstein 

characteristic frequency were calculated for the molecular species 

studied in this investigation, according to Eqn.(204), and are tabulated 

in Table XXX. is dependent on the largest frequency of the isotopic 

series. Thus, for the C H , CH , CH F, CH F , and CHF molecules, the
^  J  m  fa -J

largest vibrational frequency in these species is due to the C-H bond 

stretch, which, as can be seen from Table XXX, is fairly constant. The 

harmonic frequency involving a C-H stretch is approximately 3100-3200 

cm Therefore, for the species containing a C-H bond, is about 

2200 cm However, for a molecule without any C-H bonds, such as CF^, 

tog is drastically reduced by a factor of 2.3 from the of a molecule 

that contains a C-H bond.

Since the harmonic frequencies are generally larger than the fun­

damental values, the values that were used for the fluoromethanes 

were adjusted accordingly.

VI.D.2. MolecularPolarizabilities and 
Intermolecular Separations 

in the Liquid Phase

The value for the intermolecular separation S is difficult to ob­

tain, unlike that of the molecular polarizability a. The nearest-neigh­

bor distance between liquid molecules may be obtained from various inter-
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Table XXX

Bigeleisen and Goldstein's Characteristic Frequencies,**^,for 
Ethylene, Methane, and the Fluorinated Methanes

0)max
i/22  COmax COq Used

Species

(cm 1)

C2H4 3110 (a) 2199 2200

CH, 3154 (b) 2230 2230

c h3f

CH2F2
CHF„

3006

3013

3035

(c)

(c)

(c)

2126

2131

2146

2200

2200

2200

CF, 1283 (c) 907 950

(a) Harmonic frequency taken from Reference (53).

(b) Harmonic frequency taken from References (144) 
and (145).

(c) Fundamental frequencies of Reference (146).
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molecular properties that yield information about the molecular diam­

eter. This diameter may be obtained from each of the various proper­

ties that are listed below (82, 83): gas viscosities, self-diffusion, 

van der Walls' b, molecular refractions, closest-packing structures, 

second virial coefficients, and Joule-Thomson coefficients. In ad­

dition, a different value may be obtained by each of these methods, 

depending on the particular intermolecular potential energy form that 

is used. Thus, all these combinations tend to make a proper evaluation 

of S rather uncertain. This is particularly true since it is S', that 

is needed and not simply S: a one percent uncertainty in S will create 

a six percent uncertainty in S ̂  Therefore, S was not determined 

directly, but the indirect approach of Wolfsberg (28) was 

employed.

For a molecular crystal, the energy of cohesion is the heat of va­

porization. Thus, from the London dispersion energy, Wolfsberg (28) 

obtained for ,

8 AHa va£ (347)
S6 3la

where I is the first ionization potential of the molecule. The isotope- 

independent values of a/S^ for the molecules studied in this investiga­

tion are presented in Table XXXI.
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Table XXXI

Evaluation of a/S6 for Ethylene, Methane, and 
the Fluorinated Methanes

VaP .W> (e) _ 6
Normal Ah \

Species Boiling Point at n.b.p. l'~' a'w  a/Sv
(°C) (kcal/mole) (eV) (82) (cm 2)

C2H4 -103.7(a) 3.221(a) 10.5 4.26 8.6 X 1021

CH4 -161.5(a) 1.956(a) 12.6 2.60 7.2 X 1021

CH3F - 78.4(b) 4.1 (C) . 12.85 2.67 13.8 X 1021

CH2F2 - 51.6(b) 4.6 (C) 12.9 2.74 15.0 X 1021

CHF3 - 82.0(a) 4.007(a) 13.0 2.81 12.8 X 1021

CF4 -128.0(a) 2.859(a) 13.0 2.89 8.9 X 1021

(a) See Reference (147).

(b) See Reference (124).

(c) Calculated from Kistiakowsky's rule, Reference
(158), and from the data for CHF and CF of
(a) above.

(d) See Reference (124).

(e) See References (82) and (159).
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VI.D.3. Calculations from Effective Charges and 
from Experimental Intensities

The B values for the ethylene, the methane, and the fluormethane 

isotopes have been calculated, according to Eqn.(345), in three ways: 

using the available experimental total intensities, the "best" exper­

imentally derived effective atomic charges, and by using the CNDO/2 

quantum mechanically derived effective atomic charges. These values 

have been tabulated in Tables XXXII-XXXV, and are compared with the 

available values obtained experimentally from vapor pressure measure­

ments. In these tables, the B value for an isotopic species is given
12 12relative to the lightest isotope in the series. Thus, C2H4 ' ^H4 #

12 12 12 12
CH^F, CH2F2' CHF3' anĉ  CF4 are ^asis molecules for their

respective series.

From Table XXXII it is seen that the B values for the isotopic 

ethylenes are best reproduced by the CNDO method. However, for the 

isotopic methanes, Table XXXIII, the experimental total intensities 

yield the best results for the calculated B values, as compared with 

the ejqperimentally determined B's.

It is seen from Tables XXXII and XXXIII that Eqn.(345) consistently 

predicts low results for the B values of methane and ethylene. The ex­

perimentally obtained total intensity does not depend on the quantum 

mechanical assumptions and approximations, yet this experimental data 

also leads to the low B values. Thus, it is apparent that Eqn.(345), 

although ideally proper, does not reflect additional corrections that 

are needed to account for the discrepancy in the B values by a factor 

of 1.3-2.8. However, it is gratifying that the present formulation of



Table XXXII
B Values for the Isotopic Ethylenes*

Calculated Experimental

From
From Effective Charges

Vapor B(exp) B(exp) B(exp)

Species

Experimental
Intensities

(a)
"Best"

Experimental
(b)

CNDO/2
(c)

Pressure
Measurements

B(a) B (b) B (c)

12c13ch4 • • • • 0.1012 0.0794 0.281 .... 2.78(f) 3.54(f)

13C H 2 4 -- 0.2024 0.1588 --- ....
12C H D 2 3 --- 2.2999 2.4910 3.687 --- 1.60 1.48

12c13ch3d .... 2.4011 2.5704 -- .... ....
.... 2.5023 2.6498 --- --- ....

trans-^C H D„ 4.45 4.5998 4.9821 6.713 1.51 1.45 1.352 2 2

(continued)
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Table XXXII (continued)

12cis- C2H2D2 2.56(e) 4.5998 4.9821 6.966 1.51 1.40

gem-12C2H2D2 4.5998 4.9821 7.081 1.54 1.42

12c13chA --- 4.7010 5.0615 .... ....

13C2H2D2 --- 4.8022 5.1409 .... ---

12°2HD3 --- 6.8997 7.4731 10.284 1.49 1.38

12c13chd3 --- 7.0009 7.5525 .... ---

--- 7.1021 7.6319 .... ---
12_ „ C D 2 4 10.0 9.1996 9.9642 13.124 1.31 1.43 1.32
12_13_,_C CD„ 4 --- 9.3008 10.0436 --- --- ---

13C D 2 4 --- 9.4020 10.1229 --- --- ---

Average 1.41 1.50 1.39

(continued)



Table XXXII (continued)

* B in units of °K; basis molecule is H .

(a) See Table XXVII.

(b) See Table XXIV.

(c) See Table XIX.

(d) See References (53), (58), (59)f and (79).

(e) This value is rejected.

(f) Not used for the average.

i

i
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Table XXXIII
B Values for the Isotopic Methanes*

Calculated Experimental

From Effective Charges

Species

From
Experimental
Intensities

(a)

B (exp) B(exp) B(exp)

"Best"
Experimental

(b)
CNDO/2
(c)

vapor
Pressure

Measurements
B (a) B (b) B (c)

• • * • 0.0085 0.0053 0.535 • • • • • • • • • • • •
12ch3d 2.45 1.6317 1.0770 2.995 1.22 1.84 2.78

13c h3d .... 1.6402 1.0823 .... .... ....

“ ay., 5.00 3.2635 2.1540 5.854 1.17 1.79 2.72

13ch2d2 -- 3.2719 2.1594 .... .... ....
12chd3 6.56 4.8952 3.2310 8.687 1.32 1.77 2.69

(continued)



Table XXXIII (continued)

13
CHD3 .... 4.9037 3.2364 .... • • • • .... ....

7.45 6.5270 4.3080 11.097 1.49 1.70 2.58

.... 6.5354 4.3134 .... -- .... ....

Average 1.30 1.78 2.69

iat B in units of °K; basis molecule is ^CH„.4
(a) See Table XXVIII.

(b) See Table XXV.

(c) £c = 0.380 D/X was used according to section VI.B.4.a, and £ is H from Table XIV.

(d) See References (55), (148), and (149).
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Table XXXIV

Calculated B Values (in °K) for the Isotopes 
of CH3F*

From Effective Charges
Species

"Best"
Experimental

(a)
CNDO/2

(b)

13c h3f 1.7632 1.2471

12CH2DF 3.0364 1.9335

13CH2DF 4.8206 3.2015
12CHD2F 6.1122 3.9062

13CHD2F 7.9147 5.1900

12c d3f 9.2377 5.9288

13cd3f 11.0533 7.2283

* Basis Molecule is 12c h3f .

(a) See Table XXVI.

(b) See Table XXI.
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Table XXXV 
oCalculated B Values (in K) for the Isotopes of 

CH2F2, CHF3, and CF4

Species Basis Molecule fa)B from CNDO/2v '

12chdf2 12CH2F2 2.8335

13CH2F2 12ch2f2 5.3508

12cD2F2 12CH2F2 5.9033
13chdf2 12CH2F2 8.2356

13CD2F2 12cH2F2 11.3338

12c d f3 12chf3 4.5871

13c h f3 12ch f3 10.5307
13

3
12ch f3 15.1185

13cf4 12cf4 28.5187

(a) See Tables XXII, XXIII, and XX for 
methylene fluoride, fluoroform, and 
tetrafluoromethane, respectively.
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the B-factor has yielded better than merely order-of-magnitude agree­

ments •

From Eqns.(345) and (346), and from Tables XXXII and XXXIII, it is 

seen that for non-polar molecules (fi = 0), the B value for an isotopic 

pair is proportional to the isotopic difference(s) between the recip­

rocal masses of the substituted atom(s). Thus, numerous first order 

sum rules can be written for the molecular species of a non-polar iso­

topic series. Taking ethylene as an example, sum rules such as the ones 

below can be written:

VI.D.4. First Order Sum Rules for the B's

12 12 13 12 13B( C2H3D) + B( C CH4) = B( C CH3D) (348)

B(cis-C2H2D2) = B(gem-C2H2D2) = B (trans-C^H^) (349)

and

(350)

where each B is relative to the lightest isotopic molecule of the se-
12ries, i.e., the basis molecule, C2H4 " These relationships demon­

strate the basic rules for the B values of a non-polar molecular
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series: (1) the B values of successive isotopic substitutions are 

additive and emulative, (2) the B values of equivalent isotopic iso­

mers are equal, and (3) the rule of the mean among B values of succes­

sive isotopic substitutions at equivalent positions. As seen from 

Table XXXII, the experimental results closely satisfy these relations. 

However, these relations are not exactly followed, because Eqn.(345) 

was derived on the basis of an isotropic external field, while the ac­

tual B value is dependent on the symmetry-allowed interactions be­

tween the external molecular motions and the internal modes of vib­

ration (53) .

From the intensity sum rule, Eqn(344), and from Eqns.(345) and 

(346), one can derive the following general sum rules for the iso­

topic species of the non-polar molecule xxYy' which consists of x equiv­

alent Xatoms and yequivalent Y atoms:

B (X1 . X . Y 1 . Y .) + B (X1, X , Y ' Y ) l x-i 3 y~3 k x-k r y-r

= B (X1 X Y' Y ) + B(X' X Y' Y ) (351)m x-m n y-n p x-p q y-q

and

q B (X, X' ,Y Y' ) = r B(X,X' Y Y ' ) . (352)k x-k r y-r k x-k q y-q

Each B value is relative to the basis molecule of this isotopic series,

X '̂ Y' , where X' and Y' are the lighter isotopes. The subscripts of the
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above relationships are given b y p = i + k - m ,  q = j + r -  n; and

jlf k, m , p — If 2, • • • / x, and 3 , , rif q 1# 2f ■ # * / y •

The fact that the present formulation of the B-factor rigorously

leads to these sum rules is a flaw, rather than a success, of the pre­

sent treatment. This is because this formulation did not include the 

internal-external interactions among the real liquid molecules. Thus, 

the sum rules in the B values must be followed only approximately (53).
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VI.E. Molecular Properties that Increase the 
Isotope Effect on the Zero Point 
Energy Shift upon Condensation

Prom the previous results, the various isotopic dependent and in­

dependent atomic and molecular properties that tend to increase the B 

value for an isotopic pair can be deduced. Consequently, these prop­

erties will also increase the inverse vapor pressure isotope effect. 

The following factors, each of which will increase the isotope effect 

on the zero point energy shift upon condensation by varying degrees, 

will be analyzed in light of Eqns.(345) and (346).

VI.E.l Individual Properties 

VI.E.1.a. Large number of highly polar bonds

From Eqns.(345) and (346), one can see that the B value for an 

isotopic pair is, in part, directly proportional to the square of the 

effective charge(s) of the isotopically substituted atom(s). The ef­

fective atomic charge ? increases in magnitude if the molecule pos­

sesses a large number of highly polar bonds. This can be seen from 

Table XIV, where the effective charges of all the atoms of a molecule 

increase as the number of C-F bonds increases. As discussed in sec­

tion VI.B.4.a., Figure 6 showed that the greatest increase in the ef­

fective charge occurs for the central atom, i.e., the atom that is in­

volved with many of these polar bonds. The increase in the effective
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charge of the central atom would be more apparent if highly electroneg­

ative atoms or groups of atoms are substituted on a weakly electroneg­

ative element. Thus, the carbon atom in CF^ has a greater effective 

charge than the carbon in CCl^. Furthermore, one would also expect 

that Si in SiF^ would have an even greater effective charge than C in 

CF^ due to the lower electronegativity of Si. Therefore, the greater 

electronegativity difference for the Si-F bond, as compared with the 

C-F bond, results in SiF^ having more-polar bonds. This leads to a 

strong electron-withdrawing inductive effect, which would yield a very 

large effective charge on Si during the vibrational motions of the tet- 

rafluorosilicon molecule.

From Tables XXXII-XXXV, it is therefore seen that the B value for
13 12 13a single C/ C substitution is greatest for B( CF̂ ), the fully

fluorinated methane (Table XXXV). The reason for this is that, of all

the fluoromethanes, the CF^ species has the largest effective charge on
12carbon. Similarly, for a single D/H substitution, B( CDF^) would have 

the largest B value, because this species has the largest effective 

charge on hydrogen.

VI.E.2.b. High molecular weight

Another way of looking at the B values is through Eqn.(345). The 

B value for an isotopic pair is, in part, proportional to the difference 

between the infrared absorption intensities of the two isotopic mole­

cules. Thus, as the intensities of isotopic species decrease within a
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series, the B values (relative to the basis molecule of that series) in­

crease. As can be seen from Tables XIX-XXIII, the intensity will gener­

ally (but not always) decrease, as the molecules within an isotopic se­

ries become more massive. Thus, in the majority of cases, the B values 

for an isotopic series will increase as the molecular mass increases.

This can be verified by Tables XXXII-XXXV.

VI.E.1.c. Non-polar (preferably) or massive molecule

According to Eqns.(345) and (345), the B value will be decreased
2from the effective charge term Z£ 6 ya by an amount equal to 6ft. This 

isotopic difference, 6ft, is determined through

6ft = ft(basis) - ft >. 0 , (353)

where £2 (basis) is the non-rotational correction term for the basis mole­

cule, which is the lightest isotopic species of the series. As can be

seen from Eqn. (296) , ft is directly related to the square of the magni-
2tude of the equilibrium dipole moment, , and inversely related to the 

moments of inertia of the isotopic molecule.

Thus, for a non-polar molecule, 9 = 0  for all the isotopic species 

of that molecule, because the isotope independent vanishes. Hence,

6 ft = 0 and the B value will not be decreased by this amount.

If the molecule is polar, ft ^ 0 but 6ft could still be a negligible 

amount if the molecule is slightly polar. In addition, since ft decreases
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with increasing moments of inertia, will usually decrease as the molec­

ular mass increases within an isotopic series, as remains constant. 

Consequently, if itself is small, then the difference between two small 

fi's, 6fi, will also be small. This can be seen from the values of 

Table XXIII’ for the CHF^ series, which is more massive than the CH^F or

the CH^F^ series, and thus has small and <5fi values.

Even if the molecule is strongly polar, the value of can be mini­

mized if the isotopic substitution in the basis molecule occurs near the

center of mass of that molecule. This is especially true if the basis

molecule is massive. Thus, the isotope effect on the non-rotational
12 13correction, 6 fi, for a C/ C substitution is, in fact, small, whereas, 

for an H/D substitution is significantly larger (see Tables XXI-XXIII). 

An isotopic substituion near the center of mass of the basis molecule 

will alter the moments of inertia only slightly and thus 6 fiwill be 

minimized.

The term can be highly significant when comparing the B value of
13 12 13CH^F^ with CD2F2 an<̂  CHD^F. Therefore, for the considerations

of only the effective charge and the non-rotational contributions to the

B factor, one obtains

b (x) - b(13ch2f2) cc (6z(x) - Sz(13ch2f2)) - (Sft(x) - 6fi(13CH2F2)),

(354)
12 13where X could be either <-:D2F2 °r CHD2Ff

6z(x) = E? 26y (x) = E? 2y (basis of x) - E£ 2y (x) , (355)a. a a a a a a a a
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and

6ft(X) = ft(basis of X) - ft(X) . (356)

13 12 12
The basis molecule for CH2 F 2 an^ ^or CD2F2 '*'S CH2F2' w 1̂̂ 'Le t îe

13 12basis molecule for CHD^F is CH3Fi These values have been tabulated 

in Table XXXVI.

The following discussion will involve only the intensity contribu-
12tions to the B value. From Table XXXVI, it is seen that both B( CD^F^)

13 13and B ( CHD^F) would tend to be larger than B( CH^F^), due to the con­

tributions from the effective charges (see item 3. in Table XXXVI). 

However, the non-rotational term (see item 4. in that table), which

must be subtracted from the effective charge term, according to Eqn.(354),
12 13almost nullifies the charge contributions. Thus B( CD^F^) - B( CH^F^)

« 0.14797 - 0.10207 and B(1 3 CHD2F) - B(1 3 CH2F2) « 0.06979 - 0.04571. 

Consequently, even though the non-rotational term ft does not reverse 

the trend exhibited by the effective charge contributions, ft may still 

be very significant, at least as far as reducing the charge contributions. 

Furthermore, the ft term may counteract and actually predominate over the 

£ term, although this effect did not occur with the species studied in 

this investigation.
13It should be mentioned that 6ft( CH2 F2), as seen from Table XXXVI,

is rather small. This is a result of an isotopic substitution near the
12center of mass of the basis molecule CH F .2 2
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Table XXXVI

Comparison of the Contributions of the Effective Charge*
and the Non-Rotational Term* to
B(12C D F  ), B(1 3 CHDF), and 

13b(1 3 ch2 f2)

X

(c)Quantity 12 „
2 2 

(a)
1 3 chd2f

(b)
13CH2F2

(a)

1. 6z(x) 0.60395 0.52577 0.45598
2. 6ft (x) 0.11324 0.05688 0.01117

3.6z(x) - 6 z(1 3 ch2f2) 0.14797 0.06979
4. 6 ft(X) - 6 ft(1 3 CH2F2) 0.10207 0.04571
5. 3. - 4. 0.04590 0.02408

* Units are D/ & 2 •amu.
12(a) Basis molecule is CH2 F2-

. 12(b) Basis molecule is CH3F*

(c) See text.
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VI.E.l.d. Non-hydrogenous molecule

According to Eqn.(345), the B value would increase if the char­

acteristic frequency tô  of the entire isotopic series is small. From

Eqn.(204), therefore, a small to , the maximum harmonic vibrational ^ max
frequency of the lightest isotopic molecule of the series, would yield

a small characteristic frequency.

In section VI.D.l and Table XXX, it was observed that the tô  for

a molecule that contains at least one C-H bond, i.e., CH. F , where4-n n
n = 0,1,2, or 3, is more than twice as large as the characteristic 

frequency of CF^. Thus, with respect to the characteristic frequency 

of a species, the B value for CF^ isotopic pairs would be increased by 

a factor of approximately 2.3 over the B value for the nl?n isotopic 

pairs. Thus,everything else being the same, non-hydrogenous molecules 

would tend to have a larger B value than hydrogenous molecules.

VI.E.I.e. Closely packed liquid molecules

The B value for an isotopic pair, according to Eqn.(345), is direct­

ly related to the Lennard-Jones and Ingham crystal potential constant C, 

and inversely related to the sixth power of the nearest-neighbor dis­

tance S. The parameters C and S are taken to be isotope-independent, 

at least to the first approximation, and involve the liquid molecules of 

the basis species, which represents the isotopic pair in question. C, 

in part, is a measure of the number of molecules that surround any
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particular liquid molecule, i.e., the coordination number of a reference 

molecule in the condensed-phase. Thus, as the liquid molecules attain 

a close-packed structure, the number of neighbors about a reference mol­

ecule will increase C and thus B. In addition, as the condensed-phase 

molecules become more closely packed, the nearest-neighbor intermolecu- 

lar distance S decreases. A decrease in S would also contribute to the 

increase of the B value, the isotope effect on the ZPE shift upon conden­

sation.

VI.E.2. Resultant Property; Stronger Dispersion 
Forces in the Liquid Phase between the 

Lighter Molecules than between the 
Isotopically Heavier Molecules

As discussed in Section III.E, the zero point energy (ZPE) is low­

ered upon condensation of the gaseous molecules. This energetically 

more stable state is due to the (attractive) van der Waals forces between 

the liquid molecules. Of these forces, however, only the dispersion 

force is isotope-dependent (section III.F). Consequently, when consider­

ing the isotopic difference between the ZPE shifts upon condensation, 

only the dispersion forces need to be considered with this overall ef­

fect. The isotope effect on the dispersion forces in the liquid phase 

can be regarded as being caused by the molecular properties that were 

discussed in the previous section. Therefore, the following section 

will analyze the net result of the isotope effect on the ZPE shift upon 

condensation in terms of the isotopic difference between the dispersion
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forces.

If an equation similar to Eqn.(199) is written for a phase shift 

rather than for an isotopic difference, then

3N-6 .. 3N-6
E Aw. s — ~  E AX. , (357)1 „ 2 2 . 1x 81 P 0 -1

where "A" represents a condensed-phase property minus the gas-phase prop­
erty, and is given by Eqn.(148). Eqn.(198) represents the sum of the 

shifts of the vibrational eigenvalues, where these shifts are caused by 

all the intermolecular forces in the liquid. Substituting Eqn.(198) 

into Eqn.(357) will yield

he A(ZPE) =
3N-6 E Aw. *ll

C_
to.(27Tc ) 0 S

a
.6

3B-6f3?
Zj
i

(358)

where A(ZPE) represents the zero point energy shift upon condensation. 

From Eqns.(237) and (303), it is seen that the intensity of the lighter 

isotope (primed) is greater than the intensity of the heavier species 

(unprimed), i.e.,

3N-6 E 
i

8p
9Q' . x

3N-6 > E 
i

9p_
3Q,

(359)

Therefore, from Eqns. (358) and (359), one obtains
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A(ZPE) = (ZPE)n - (ZPE) < 0 , % g (360)

which implies that the attractive intermolecular forces in the liquid 

state (and not the repulsive forces) predominate, and thereby cause the 

ZPE of the liquid to decrease from its original value in the gas phase, 

where the intermolecular forces are assumed not to exist.

From the previous arguments it can be seen that the B value will 

always be positive. Thus, using Eqns.(145) and (358)-(360), one obtains 

for B

B a A(ZPE) - A(ZPE)' “ ap 2 3P
3Q' .i 3Q.iV, /

> 0 (361)

The previous relationship imples that

A(ZPE) > A(ZPE)1 (362)

or

((ZPE) - ( Z P E ) < ((ZPE)^ - (ZPE)a)' . (363)

Thus, the dispersion forces of the van der Waals (attractive) intermolec­

ular forces between the lighter liquid molecules are greater than those 

forces between the liquid molecules of the heavier isotope. For a large 

B value, therefore, this difference should be as large as possible, i.e.,



- 229 -

the dispersion forces between the light molecules should be greater 

than the dispersion forces between the heavier liquid species.

A pictorial representation of this effect is given in Figure 9.

It is seen from this figure that the ZPE of the gas phase is greater 

than the liquid phase value, for both isotopes, according to Eqn.(360). 

This implies that the attractive intermolecular forces in the liquid 

phase decrease the ZPE. However, since the intermolecular dispersion 

forces between the lighter molecules are greater than those between 

the heavier species, the shift of the ZPE for the lighter isotope is 

greater than for the heavier species (see Eqn.(363)).
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Figure 9. Isotope effect on the zero point energy 
(ZPE) shift upon condensation.
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VII. CONCLUSION

The isotopic difference between the zero point energy (ZPE) shifts 

upon condensation, the Bigeleisen B-factor, was expressed in terms of 

atomic and molecular properties. This isotope effect was shown to be 

directly related to the effective charge(s) of the isotopically substi­

tuted atom(s). The effective charges of the atoms of ethylene, methane, 

and of the fluorinated methanes were calculated by means of a modified 

CNDO/2 quantum mechanical computer program. Satisfactory agreement 

has been obtained between the theoretically derived effective atomic 

charges of a molecule, and those obtained from the experimental total 

infrared absorption intensities of the particular molecular species. 

Subsequently, the isotope effect on the change in the ZPE upon conden­

sation was calculated from the effective atomic charges and other gas­

eous and liquid molecular properties. The theoretically calculated 

Bigeleisen B-factors for the molecules mentioned above compared well 

with the available experimental values.

The isotope effect on the ZPE shift upon condensation is due to 

the stronger (attractive) dispersion forces in the liquid phase between 

the ligher molecules than between the isotopically heavier molecules. 

This effect can be increased by the following molecular properties: (1)

large number of highly polar bonds (especially if the central atom is 

isotopically substituted), (2) high molecular weight, (3) non-polar
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molecule (preferably), or a massive molecule with isotopic substitution 

near the center of mass, (4) non-hydrogenous molecule, and (5) closely 

packed liquid molecules.

Future research in condensed phase isotope effects and in infrared 

absorption intensities (i.e., effective atomic charges) will be dis­

cussed below.

The isotope effect on the ZPE shift upon condensation can be in­

vestigated by means of the gas and condensed phase "atomic force para-
2meters," A and A R of Eqns.(103) and (106), respectively (155). These Ot up

isotope-independent force constants permit interatomic interactions 

(while the present effective charge treatment does not), which would 

explain the non-equivalent Bigeleisen B-factors of isotopic isomers.

In addition, the atomic force parameters would significantly reduce the 

number of idependent force terms that are involved with isotope effect 

studies, compared with the usual number of force constants.

The effective atomic charges can be theoretically calculated by 

means of quantum mechanical computer programs other than CNDO/2, which 

was used for the present calculations. The effective charges of each 

atom within a homologous series can be determined in order to find a 

general quantitative relationship between the effective charge on an 

atom and the electronegativity difference between that atom and the atom 

that is bonded to it. Thus, if this relationship were known, then the 

effective charges could be determined for complex atoms that are not 

amenable to quantum mechanical calculations.
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VI11' APPENDIX: CNDO/2 COMPUTER PROGRAM FOR THE 

CALCULATION OF THE ATOMIC POLAR TENSORS
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INPUT CATA- ’ " " "  *......... .
FIRST CAAC-TITLE ANC INCICATE FORMULA OF MOLECULE 
SECOND CARC-NH,NA,NTIMES,CINCRM,ICHUIS I 3 13 , Fo .3,1 3 I

NH fS THE NUMBER 0 F ’VlYDRO'GE N ' A TOMS, NA J S "T HE NUMBER OF......
MAIN ATOMS. NT I MES IS THE NUMBER OF TIMES THAT CINCRM, THE 
VALUE OF THE COORDINATE INCREMENT, WILL 65 VARIED.

 MAXIMUM NUMBER' OF VAR IATIONS’GF EACH COORDINATE IS 50.
THEREFORE MAX NT I MES IS 25. MAX NATOMS IS 15 AND, IN 
ADDITION, N H ^ N F  + SNS .LE.jJO, JWHERE NF AND NS ARE THE 
NUMB'ER’O’F^FIRST AND "SECOND ROW ATOMS, RESPECTIVELY.
IF ICHOIS-O ONLY THE DIPOLE MOMENTS ARE PRINTED OUT.
IF LUMPX»0, GRAPHS OF P (X ),P(Y ),...,P (T ) HAVE GREATEST DETAIL. 

"'"IF LUMPDX=0, GRAPHS OF DP I X I ,...,OP(T) ARE SHOWN.
NEXT CARDS- X , Y , L  COORDINATES GF ATOMS, HYDROGENS F I R S T U F 1 5 . 6 J  
LAST CARD-ATOMIC SYMBOLS OF MAIN ATOMS, RIGHT JUST IFIEDI15A 2 ) .
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•.OUFl G START 0
USING N0UFLU.15

 ... ..L _____ I6..MASK  ____________
SPM IS 
SR 15.IS

_________ ____ ;SH_____I«k________________________ _
CON OS CF
MASK DC E'LA'UOIOC*

 fcNO_____ ______________________ ____
* FORMS THE DOT uRGOUCT OF TWO VECTORS
* iACH OF LENGTH LIMIT + 1
» THIS VERSION FOR L IMIT LESS THAN 99. _  

MACRO
DOTP CINDEX.&RRUD.GSUM
L D ______ fcPRO P .DlNO E X . I2 .>__LOAD A I D  _ _____ ________________ _____
MO ~ SPROD.tlNDEX.li) MULTIPLY AII)*BII)
ADR e S U M .& P R O D  DOUBLE PRECISION ADD AII)*btl> TO SUM
MEND!______ '__________________   . ____ ___________ ___  _
LCLA & 1

DOTTER START
* ..JoM .STSTEM_ StCL ASScMBLY.. LANGUAGE FUNCTION,
* THE FORTRAN EOU1VALENT OF THIS PROGRAM FOLLOWS
* DOUBLE PRECISION FUNCTION DOT IA,B)
 *_____ DI MENS ION _A I I > .81 1)______________ ______ ___  ____
* CUMMON /VECTOR/ FACTOR,LIMIT
* IT OF = LIMIT + i

 P9T_=.X>9C________________________________ _____ _
* DO 1C 1 = 1.1 TOP
* 10 DOT =• DCJT + All >*S II)
* _____ RETURN______________________________________   _
* END
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OLOSAVE ECU 13
ft = TLhN_fc«»y_ l&    _
EASE ECU 15
ARGLOC EOU 1
A.  E C U _____ 2 ________ _____________________________ ..____________________
6 ECU 3
RL1MIT EGU 15

. suv jego _c..........       ...... ..... .......
PROD EGU 2
* The FOLLOWING STATEMENT SETS A MAXIMUM LIMIT OF VS=7BA/6
& l SETA_____ IcCO _______________________ ____________________ ______________ _____

ENTRY DOT
DDT SAVE I c 3 )
_________US IMG___UpT._eA3e_________________________________________     _...

L £.LIMIT PICK UP LOCATION OF LIMIT
L 2.BI2) LOAD VALUE OF LIMIT

  LF_______3il________________ TH.e FOLLOW I.\'Cr FOUR. _STAJEME>T_S...MULT I PLY
* " ........  LIMIT EY 1C

AR 2.3
_________S L L _____-.ECO)_______________________________________________________

AR 2.3
LA RLIMIT.REF PICK UP REFERENCE LOCATION

_________S R ______ PL I M I T . 2   .SUBTRACT 10*LIM.IT FROM. HE.FERE.NCE_.
LM 2.3,01A R G L O C > PICK UP ADDRE5SE S OF ARGUMENTS A AND 6
LD SUM,0<0.A) LOAD A(l)

________ M O _______SUM . Oj 0.3)____   _  MULT I PLY. BY EC 1 )______________________
5CR 15.RLIMIT BRANCH TO START CF DOT PRODUCT

•LOOP ANOP
_________Ol/TP____ J6 I .PROD. S U M _____________________________ _______________ ________
t, I SETA ti-j

A IF (SI GT 0 >•LOOP
REF  RETURN__ I 2 .3 ) »RC=_CJ........... .............. ................ ...
LIMIT OC VI VEC T O R )

END
_*__ADDS FACT0RW6 TO A . WHERE. A AND E ..ARE . VECTORS OF_.L£NG.lR._L.l.MI T d
* THIS VERSION FUR LIMIT LESS THAN VV

MACRO
_______VSUM Sl.NDEX _________________    .   .

LUR C.2 LOAD FACTOR
MD C.GINUEX.C2) MULTIPLY FACTOK*e(I)

_________AD.______ 0_.SI.NpcX..(.2)________ADD All) F_ F AC TOR*.Ill .1_>.... .........
STD G.S1NDEX.I2) STORE RESULT IN All)
MEND

_________ LCLA. SI______________________ ___________________________________
VC3M START
* IBM SYSTEM 360 ASSEMBLY LANGUAGE SUBROUTINE

_*__THE FORTRAN EI1UI VALENT _QF_ THI S PROGRAM FOLLOWS________________
* s u b r o u t i n e ’v e c s u m i a ,e )
* DIMENSION All) ,61 1)
 *_____ COMMON /VECTOR/ FACTOR.LIMIT______ _________ _____________
* ” IT OP '= LIr-.IT + 1
* DO 1C 1=1.ITQP
* ,_IP .*< I i I .JM.CTOP**.* I >___'....  _ ... .................
« RETURN
* END
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U l DSAVS dOU  ...13       .... .
.■icTLRiN £OU 2 4
bAbr LUU 15
ahcme eou____ i_____________;____ 1________    . .....
A EGU 2
P EGU - 3
KLIM IT EOU... I S ..........        ...     .sU'Y iuu c
FACTOR EGU 1
* Th = FOLLOWING s t a t e m e n t  s e t s  a  m a x i m u m  LIMIT. OP. ___________ _
£. i SETA ifaOO

ENTRY VfcCSUM
w e c v u m . s a v e . <f v U>.________    . ... _____________________ ________ _

USING ~ VECSUM.BASE
L 2,LIMIT PICK UP LOCATION OF LIMIT

_____ L.O_______FACTOR .U 12 >______P ICK . UP VALUE . C!F .FACTOR_______________ ___
“u 2.V(i) " PICK UP VALUE OF LIMIT
LR 3.2 THtSE 4 STATEMENTS MULTIPLY LIMIT*i4
A K __ 3,3. _ . _ ________ . . _ _____   . ____ ___ ______________ ____

 SLL E.4(0I
3 P. 2.3

_•________ LA_______ ___________________ PICK UP REFERENCE _L.O CA TI ON ..... .... .
SP~ P lT m IT.2~’ SUBTRACT 14*LIMIT FROM REFERENCE
LM 2.3.0(ARGLOC} PICK UP ADDRESSES OF ARGUMENTS A AND E

________ BCR_____ 1S.RLIMIT_________ BRANCH.TO START ..OF.V.tCTOR_.SyM . .... _
.LOOP VSUM Si
C-I SETA (.1-3
_______A I tr  _ (t I _GI_ 0 ).. LOOP ________________________________________ _
Rif" LOR ' SUM.FACTOR LOAD FACTOR

MD SUM,0(0.B)
_________A S   SUM . Q_(.G,.A.)___________________  _.._______________ ______

STD SUM.0(0.A)
RETURN (2.3I.RC-0

LIMIT.. ̂ C  ]... _ V ( VECTOR I________________  .. . _________ _________________
END

* FGFMS A VECTOR PRODUCT USED BY GIVENS
DSUMU S TART ________________________________     . . _____________________ _
* 11 M 3cC ASSEMBLY uANGUAUr. FUNCTION
* FORTRAN EUUI VALENT FOLLOWS
A  DOUBLE _ P.KaC IS. I U N . FU NCT I.UN. DSUM ( ri.A.IPZ.LIMIT)
*" DIMENSION ?(1),A(1)
* JJ - 1
.*_____ DSUM » O . u O _______________ __ _______  __ ... .. _
* DO 1H0 II=IP1.LIMIT
* DSUM = DSUM + B(II+1)*A<JJ)
* _13C...JJ_.= JJ .t. I.I__________ -________________________  __
* RETURN
* e n d
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CLOSAVE EGU ..___13________________________ _______ ______________________
RETURN EUU I-*
= ASE EUU IS
ARGLOC ,=.GiU_. __ 1_________________________ ______ _ ___ _ ________________
j cuU X
A tUU 2
index t o e  s  _ _____________________ _____
I NCR EuU A
FLIMIT XCU S
JJ _  £ U U______to ___:__________________________ ____________________ ________

ENTRY DSUM ~ ...... .
USLM SAVE 12.6)
________ USING DSUM.H A S S _______________ _____ _________  ___ __________

LM 1*4»04 ARG L O C > HICK UP ADDRESSES OF ARGUMENTS
l_ INDEX.013) LOAD VALUE OF THIRD ARCUMENT. IPX

_________S L L_____ IN0EX.3t0>________MULTIPLY INDSX*8 .... ...... ....... .
L FiLIM IT.01A » LOAD VALUE OF FOURTH ARGUMENT. LIMIT
SLL R l IMIT»3(0) MULTIPLY LIMIT*3

 .. , SR_______ JJ.JJ _____________ SET INITIAL VALUE. OF JJ _=. 0 _______
SDK O.C ZERO DSUM
LA INCR.8(0> LOAD I N C R E M E N T S

LOOP LO_______2*01 INDEX,  LOAD 6111 + 1)______ _____________________
MO 2.01JJ.A) MULTIPLY B < I 1 + I)*A C JJ)
ADR 0.2 AOD PRODUCT TO DSUM

________ AK_______ JJ. INDEX__________ A.Pp_.II. INTO .JJ _______________
bXLE INDEX.INCR.LOOP END OF DO LOOP
RETURN I 2.6 ) .AC—0 
c ; D ________________
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8LCCK OATA
 CCHMCN/C8B70RiJ<9) .... —  .........  ' "

CCMMCN/PERTBL/EL(Id)
COMMON/OIRXN/OrRXN<4»
INTEGER OTRXN......... .... .......
INTEGER CRB,EL
DATA ORB/' S',' PX',' PY * ,• PZ',' DZ2',' DXZ',' DYZ','OX-Y',

l  '• o x v /
CATA EL/* H',' HE',' LI',* BE',' B',» C',' N* , • O',

1 • F',' NE',' NA',* MG',' AL',' St',' P*,' S*,' CL',2 * A(T'7"“" .....
CATA DIRXN/'X','Y*,'Z','T'/
ENO
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IMPLICIT REAL*8 I A-H »0-Z)
-------------- raMMflhr/ INPO/NATOMSVAtSli 1 5 ) ,  Ci 15 1 3)  ,N  ......... ......................................... ..

COMMQN/INFCl/CZ(15 J,U(8 0 ) ,ULIM(1 5 1,LLIMI15),NELECS,CCCA.OCCB 
COMMON/VARY/CINCRM, NTI MES

.......CGMMGN/MTXPTS/CDNTDPI51,5),NTHKC* ...
COMMON/DIRXN/DIRXN(A)
COMMON/MAJIC/MAGIC «M A J _____

-------- CCMMCN/CttCI CE/ ICHO IS, ICHCCZ'
COMMON/SLOPE/SLOPE I15,3,4,3),EFFCHGI2 ) , SL 0P S 2 I 4,3 ),DERIVI15,3,<,,4) 
COMMON/DX/DXI 51,5 )

 CCMMGN/0PDX/0PDXI5l,5)
CCMMON/DPOXAV/DPDXAV(25,4),A V G 2 (25*4)
01 MENS ION Y 150),E Y (50),X150,5),A 15),EINTI 5),EEAT I 5)
INTE"GER'‘W,'Cr;uVULlM,CCCA',QCC¥rAai“U j  ............
I N T E G E R S  SYMBOL (15) ,ACI 15) ,CHIK< 15)
INTEGER 0 1 RXN

  OAT m S Y M B O L / N ,,‘‘' U ‘,' 'F'« • SI •', • P • , * S • ,*CL•,•LI•,•6E •,
a * 3 • *•N A •,* M G ’ *•A L •,1 H*/
DATA A 3/6,7,8,9,14,15,16,17,3,4,5,11,12,13/------ WTjr-ffrATWCS7*— r? : “ ......  •..

CALL NCUFLO _
*'• lO'O'■«"€A0"("5,l'l',e'NO'a20'0V  t'AN(i), 1=1720) ~ ......

11 FCSMAT(20A4)
READ!5,5000) NH,NA,NTIMES,CINCRM , ICHOIS,L U M P X ,LUMPDX

 5000’' FORMAT C3I 3»F673 ,'313T  ‘
NVARYS =NTIMES*2 
NATCMS“NH+NA- ------- wRITE ("67131 rANII)T T=TVZO’J ~ ...

13 FCRMAT (/• 1' / ,20A4)
*PITE( 6,1234) NATOMS, NV ARYS, Cl NCRM

- ---- 'T23Nr~'FCRMATT7"77y//75X7 ’ CNDGV2 'PR'OGR'AM "'FGR A CLOSED " SHELL MOLECULE « I TH
1CHARGE*0» MULTIPLICITY=1, AND NUMBER OF ATOMS =',13,'. •/,5A , 1TOTA 
2 L NUMBER OF VARIATIONS OF EACH COORDINATE = % I 3 , ' ,  A NO EACh C3CR0I

  3NATE"WILL BE VARIED BY" + “AND '- r ,F6 .3, ' .' T
WRITEl6,5252)

5252 FORMAT I//,20X,'THESE ARE THE EQUILIBRIUM COORDINATES OF THE ATOMS 
 -------- ITN~A'N<J5TR0MST1').......   —  ...
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DO 21 1=1tNATOMS------ 2T-RFAO- c svr^r'cci , T j , e u , 2 ) 7 c n , 3 ) .......... ...........
19 FGRMAT (3F15»8)

READ (5,15) AC
"..... 15 FORMAT (15A2).......  .... .................

23 DC 27 I M . N A  
0=NH-*-l----- CCT'2̂ 'KVlVr4-------------- :..............   -....   "
IF(SYMBOL!K),EQ.AC!I)) GO TO 26

29 CCNTINUE
.......... "WRITE (6,16)   " ..... .

14, FORMAT ( • UNIDENTIFIED HEAVY ATOM— S TOP')
STOP

2cTlSN(jrsS6!i<) " * ....... .................. .
27 CCNTINUE

WRITE (6,17)
Y7 FORMAT"! IHQ, 'ATOM NUM6E R 1»11X * 'X* , 19X * 1Y 1 , 19X »'2' )

IF(NH.EQ.O) GO TO 29 
DO 2b 1=1,NH 
ANTI1*1

23 WRITE (6,13) S YM B O L (151,1,0!1,1),C ( 1,2),C <1,31 
13 FORMAT!1H0,A2,3X,I3.3F20.BJ

 ... 29' DC 30 1 = 1,NA ...  ................. .
J=NH+l

30 WRITE (6,13) AC(I),J ,ClJ,L),ClJ,2 ) ,CtJ,3)
    DTT'3 I T= 17NATOMS “  *7    . “

CC 31 J * 1 ,3
31 Cl I,J)=C(I,J)/0.5291o7D0

" .... WR ITE! 6,2626 )......“ ....... ..........
2o2o FORMAT!*1’ ,5X,'THIS SEGMENT USES THE UNALTERED EQUILIBRIUM GECMETR 

1Y•// )
ClkLlTICCEFFT ... ..” ..........
CALL INTGRL

30 CALL HUCKCL__
   Ma GIC»'5>~.................. ......

ICHOOZ=1 
CALL SCFCLO

  NTHR’O W=N TIM E S> 1--------------------------------      “
CALL CPRINT
IF(NTIMSS . SQ.O) GO TO 439_ _ _

C VARIATION PART OF PROGRAM STARTS 
C  rF(NH_Eg.„0.rGa_T0.4792  -.................

DC 9791 J*1,NA
9791 CWIK! J)=AC( J)

■---- -----Ca"'.tT9'0"r«T7MA-----------------
u*NH+l 

9790 A C (J )= CHIK!I)
— ... .... DC 9T92 T= I , N H -------------------~------------------- ‘ "

AC!I) = SYMBOL! 15)
9792 CCNTINUE

‘ C ~   TESTTNG'FCR"ATGMICr SYMBOLS
WRITE!6,33221) I A C (M O L G ),MQLG=1,NATOMS)

33221 FORMAT(/• TEST FOR ATOMIC SYMBOLS: A C ( 1),...,A C (5) •,5A 2 ,/)
~ ' 'X.----- ENCTOF' TEST  .. .......
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ITHATM=1----------ret-ooz.Tcnais :....................... ...
li.ll JCRDNT31 
999 CFIXEO=CiITHATM,JCRDNT>_
" MAGIC3 0 '....... ..... ........ ................

n t h r c w =n t i m e s -h
CDNTOP INTHROW,1)3CFIXED*0.529167D0

 N5TART5-NTIMes*2~ " ' ' ' '...........
NEN03NTIMES*2+i
DC 777 INCMNT=NSTAkT-,NEND

" ...  N T HR "G W 3”fNC M N T  " ""     * .....
C ! ITHA TM» JCRDNT)3C ! ITHATM,JCRDNT)*0 .529lo7D0 + CINCRM 
CDNTDP(NTHROW.l)3CIITHATM,JCRDNTJ

------------- VA'RV'3Y*[JFLQAT riNCMNT-NSTAR7+i)*C INCR'M .......  .............
MAGIC=MAGIC+l

C TO SKIP PRINTING O F _INDIVIDUAL COMPONENTS OF DIPOLE MOMENT
' ISKIP=1 ' " -........... '.. ...... ......

IF{ ISKIP.EJ.1J GO TO 389 
IF(ICHCOZ.NE.O) GO TO 385
m a 'g t's t =m a g i c -I "    ' “    “........ . .
MAGTST“(MAGTST/4)*4 
IF(MAGTST.NE.MAGIC-l) GO TO 380

385 WRITEr6»383I    - ■ ■
383 FC R MA T !* 1 *,1H )
380 WRITE!6.2221 M A G I C .ITHATM,AC(ITHATM),DIRXNIJCRDNT),VARY&Y,C(ITHATM

i.j c RD N Tr  ‘ * ' ' ' ’ *..
222 FCRMAT!IX,13,* ATOM .13,IX.A2» • -----*.Al,' COORDINATE WILL BE

1 VARIED aY»,F7.3.* TO THE NEW V A L U E •,Fi3.3 J 
339 C(ITHA TMjJC RUNT)=C !'I THATM, JCRDNT )/0 .52916700 

CALL COEFFT 
CALL INTGRL
t-a-Q- h u c k c l

' CALL SCFCLO
CALL CFRINT ______________L

' - ■‘■■'777 CCNTINUE......... . ~...... ....
CINC=-CINCRM 
Cl ITHATM,JCRDNTJ = CFIXED 

_ C’CT 7'79" INCMNT3 1. NT I ME S
C t ITHATM, JCRDNT )*C ( ITHATM, JC R D N T )* G .529167D0 * C I N C  
M H R Q W 3 NTIMES*1-INCMNT

. rCNTDP'CNTHROw, I )=C‘( ITh ATMV j CRO n T) ' ' ..... ..
VARY3Y3CFLQAT(INCMNTJ»CINC 
MAGIC3 MAGIC + 1

-------------r (rcrCHCQi ."NE.Q J-"GO— TO '925 ' " ... ............
MAGTST»MAGIC-1 
MAGTST *!MAGTST/9)*9

------------- rFrrSKIP.cD'.IJ GO T C ‘9695 .........................
IFOMAGTST.ME.MAGIC-1) GO TO 921 

925 WRITE!6,383>
-------- <,2*1 RR 1TET672Z2 J’~M£GIC7 ITfiATM.AXTTTHArM)' ,"DI R X N ! JCRDNT ),VARY&Y, C ! ITHATM

1,JCRDNT)
9895 C!ITHATM,JCRONT)3C !ITHATM,JCRDNT)/0.52916700

■ ... ......CA LL'C CEFFT" ------------ ~  - ■ -
CALL INTGRL 
CALL HUCKCL 

SCFCLO
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CALL CPRINT
779 CCNTINUE ....  ' " ' ' ' ..

C START GF SEGMENT FOR PRINTING AND PLOTTING OF OIPOLE MOMENT COMPONENTS 
WRITE I 6,135) AC (ITHATMJ,ITHATM,DIRXN(JCRDNTJ,CINCRM 

135 FCRMAT(* 1*,’ VARIATION CF MOLECULAR DIPOLE MOMENT wITH AN ATOMIC 0 
1 ISPLAC fcMENT OF *,A2,' t • * 12,*) IN THE *,Al,* OIPECTION BY*,Fo.3,* 
2INCREMENTS*)
SRITE't 67270 ) O'lRXNl jCRONTT 

270 FORMAT(//• VARY #*,6X,A1,* COOR DI N AT E •,10X,•P t X )',16 X ,•PiYJ ■, loX , • 
_  JLP(Z)*,16X,*P (TOTAL)*/!

00'2772 ICADNT*1»NTIMES
WRITE I 6,350! ICRDNT,(CDNTDP(ICRONT,JDIPOL!,JO IPCL=1,51 

350 FORMAT(2H (,12,lh),5F20.10)
2/72 CCNTINUE

LABELI*NTIMES+l
wRITEi 6,6^10! ICDNTCP(LABEL 1,JOIPOLJ,JO I POL*1,5)

6310 FORMAT (/, ' ( EO') • ,"5F20;'1C,7).......
CC 2775 ICRDNT=NST ART,N END 
IRGW*ICRDNT-1
W R IT E f6,3501 I RCW, ICCN TCPTICP.DNT , JOIPCLJ, JD I PCL = L, 5 )'

2775 CONTINUE
C _ _ _  _ ____________
C “ "" "     '•

511 DC 913 KST*1,NEN0 
DO 913 LST=I,5

9T3~~0X"(:<ST tTT3T)~*CONTDP ('KSTTCST)'-CD"NTDP (NTIMc S+-1 (LST) " ~ '
DC 395 I MARK=1, NEND 

_  CO 395 J00=l,5
If (oxCiMark , i j .ne .0 ̂ oo j Go To' 6 750....... ~
DPOXIIMARK,JQO+1) = BLANKS 
GC TO 395

6"79"0 CPCAf I MARK, JQQ+i 1 *CX( I MARK, JCO + 11/DX( IMAS K , I1 
395 CCNTINUE

C
" WR ITc ( 6,135 ) AC (I TH ATM J I T H A T M ,' Q IRXN ( JCRON T J , C INCRM

WRITE!6,390 J DI R X M  JCRUNT!,DIRXN(JCRDNT),0IRXN1JCRDn TJ 
390 FORMAT(//,10X,* DP{ I) = P(l! - P(EQ) AND D',Ai,'(i; = *,A1,*---- rrr, , ,Al-f . ( EOjr/-/ j

WRIT El 6,3921 0 1RXN(JCRDNTJ,OIRXNIJCRDNT1,DIRXN(JCRDNT!,DIRXN(JCRDN 
IT),DIRXN(JCRDNT)

39 2— FORM AT (77',"' I —  * ,3 X , ' D ' , A 17 B X DPI X ) • , 10X, • DP ( Y J • , 10X , 1 DP 1tJ • , B
IX,‘DPI TOT!',aX,*DP(X!/0',Ali7X,*DP(Y)/D*,Al,7X,'DP(2)/D*»A 1»ox »'OP 
l(TCT)/D',Al,/)
CO 395 ~IMARK*1»NTTMES " " """    ""

395 WRITE(6,396) IMARK,(DX(IMARK,JCC),J00=1,5),(DPOXII MARK,J J ,J = c,3> 
WRITE(6,397) IDX(NTIMES+1»JC0)»J00*l,5)

39 7 ‘FORMAT{/,5rT(E3),F8.3,5F15.10, /)   "
CO 393 IMARK=NSTART,NENC 
IROW*I MARK-1

 393“ WRITE 16 ,396) TR CWVIDX {TMARKVJCJO)^ JCD= 1 ,“5), (T5PDX( IMARK, J! , J = 2,5)
396 FCRMAT(2H (,12,1H),FB.3,BF15.10)
915 CO 555 JEW*!,5 ■

CO 55"5~J'M AR K * 1, NT IM6S' '
CPDXAVtJMARK,JEW 1*0.00
AVG21JMARK, JEW)«(l)PDX(NTIMES-JMARK+l, JE J + l) *OPDX(NTIMcS*-JMARi\*l ,JE— rw+n) rzznor  ~-----------------
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NEN0*2*JMARK*1 
TO'^STfMARK'i IVNEffO 
CPCXINTIMES+l»JEvH-1)=O.CO 

443 QPOXAV (JMARK*JEWl=OPDXAV!JMARK,JSW)40PDX I NT IMES-JMA RK +IMARK»JE., +11 
"44 5"GPQXAV(JMARK»JEW) = OPDXAVIJMARK * JEW ) /OFLQAT!2*JMARKJ

C
WRITE! 6,448) DIRXNIJCRCNT) ,0 IRXNIJCRDNT)* DIRXNIJCRDNT) .DIRXn IJCRON 

jr-T j-g i R x Nfj c RON T JVDI RXNTJCRDNT) , 0 1 RXNI JCRDNT ) , DIR XN I JCRDNT J , □ IR xN ! J . 
2CRDNT) .

448 FORMAT(///' J • ,3X,*0 *,A l , 6 X ,»DPI X )/ D ' ,A l ,7X,•DPIY)/D*,A l ,7 X ,' 
- L  C f > i l r /  Q, fA f -7X f. (3p j T J / D •, A 1, 7X7 *DP(X)/0' ,41,7X,'0P| Yl/U* ,Ai ,7X, *0P 

2 1Z)/D* •A1,7X,,0PIT)/0'«A1)
WR IT EI 6 1450) D I R X N (JCRUNT),DIRXN(JCRDNT)

V30'FORMAT r* •,i4X,i2(iH-» *• AVERAGE:'FROM - TO ♦ 0*«A l , •, INCLUSIVE*, I 
1 2 ! IH-),2X,L4iIH-), 'AVERAGE: - AND ♦ 0*,A1,', EXCLUSIVE*,14i1H-1/)
CO 451 JMARK*1,NTIMES
JAD*NT IMES+JMARK *1 ‘ '  ............ ....
WRITE 16,4491 JMAKK,DX<JAD,1) , 1DPDXAV!JMARK,JE w J ,JEw=1,*1,1 A Vu2IJMA 
1RK,JQ0),JOO-1,41 

449“ F0PMATT2H ~l , 1 2 , '  ) '  , Fa .  3 rS F T S T l 0 )
451 CCNTINUE 

C PLOT CF DP VS. DX
.......... “ WRITE! 6,3701 D IR X NU C R D N T )  ,AC! ITHATM) .ITHATM

370 FORMAT 1*1',15X,* PLOT OF OP(X), CPIY1, DPtZl, AND OP(T) VS. 0*,
1A 1,' CF ATOM ' , A2 ,' I', 12,•1',10X , •ITURN PAGE 90 DEGREES TO THE LE

---------------------- 2’F T i ‘T J ------------------------------- :................................................................................ ............... ..
IFILUMPDX.NE.Ol GO TO 503 
CALL MYPCCTIDX.NENQ.5,LUMPX1

 WRITE!6,370) 0IRXN1JCKDNT) ,AC!ITHATM),ITHATM
CALL MYPLCTiOX,NENC,5,l)

C
C FNJ'CF'PRlNTING SEGMENT ~ ~..........   "
C START OF LEAST SQUARES FIT SEGMENT

912 CO 313 KST*l,NTIMES __
' EYIKSTT^I.DO ‘ ...

X!KST,1 )*1.00 
XI KST »2)=DX!KST ,1 )
XrKST73)*0X!KST,11**2 
XIKST,4)*0.DO 
X!KST,5)=0.00

 3I3“ CCNTIN u E
KP*2*NTIMES 
NART*NTIMES+i

  “ cq“ 501~ k s t =n a r t ,n p  * ....
EY!KST)*l.DO 
XIKST, 1)*1.00

------------ X f KSTT2 T=DX(KST + 1711 '.............. ........ ....................
XIKST,3)* 0 X (KST+l,11**2 
XIKST,4)*0.00--------- -xrK5TTST:Q-00 • -.....

503 CCNTINUE
DC 793 KQP*2,5

  IF-lTC[jl̂ rDp(f(lTp^-s‘KCP)-CLMTCPINTIHES*-2,K0P)) .GT..O0GGUGOO10J) GO T
10 505
IFHCDNTJPINTIMES+2,KOP)-CUNTDP<NTIMES,KOP)).GT..OOOOOOOO1 DO) GC T 

. ---------- LCT'505---------  ---
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Al 1)=0.00
g o  to 49a'“ ....

505 DC 321 ICP=I♦NT IMES 
321 Yl IOP)*QPDXlICP»KOP)

00 307 IOP3NART,NP ......
307 Yl IOP)=OPDX«ICP + L,RCP)

• 47o WRIT EI 6 «480 ) AC IITHATM) ,ITHATM,01RXN!KQP-1),DIRXNlJCRDNT), IHRXNlJC
Ir ONT ) , CTRXM! JCRDNT ) ,D'I RXN IXOP-l) ,'01 RXNI JCRDNT ), 0 IR XN I JCRDNT 1,0 IP XN 
2 (JCRDNT),NP

480 P C P M A T M 1 S *  • *A2»* (• ,12,* ) ',9X, • D P ( ',AL, • )/D',Al,• * All) + A12) 
"  ‘ 1*0*,A L ,•'+ A!3)*0',A l , '**2',10X,•< OP!•,A1,•)/D',Al,' ) AT *,Al,'=

2 ' ,Al, ' IEO)= All) NUMBER OF POINTS = *,12)
_C

 ......  CALL LSF(Y“,EY ,X,3,NP;i,0",A,E'lNT,EEXT)
49 3 DERIVIITHATM,JCFONT,XUP-i,1)= A ! 1)

C _
' 793 CONTINUE ~.......  ' ...

CO 453 MI=1,3
 _____00^ 453 KPXY 2*1,4

45 3 SLOP EI ITHATM »«JCRQ NT»KPXY2,M I ) =OPOXAVl MI ,’kPXYC )............
C (ITHATM,JCRONT)=CFIXEO 
JCRDNT=JC k DNT+1 

■ "  IF I JCR DNT •L E .3) G'0 T0~999
ITHATM*ITHATM+1
IFIITHATM.LS.NATQMS) GC TO 1111
CCT399 NIP = I ,3 '* ......... .. ................
WRITE!6,409) NIP 

439 FCRMAT I* 1» ,• TRIAL NUMBER = ',11,' FOR AVERAGE METHOD*/)
WR IT EI 6,403)..................

403 FORMAT I* POLAR TENSORS HAVE THE FOLLOWING ELEMENTS :*,//, 17
I X ,  *DPl X)/DX* ,<*X, •OP(X)/DY* , < t X ,  • OP I X )  / Q 2  • /  ,  1 7  a  ,  ’DPI Y ) /D X *  ,  4A ,  •  3 P  I Y ) 

_  2 / D Y'",4X7' DP IY ) / C / * / ,17 X , * DP ( Z ) /DX • ,'4X ,' • DP 11 )/D Y • , 4 X , 1 DP U ) / O i  ' / / , 1
3 7X,»0PIT)/OX*,4X,*DPIT)/DY*,4 X ,'DPIT) / D Z ')
WR ITE I 6 *‘*C5 )

- - '"403 'FORMAT I /"//»• ATOM ' It * , 13X, * ATOMIC POLAR TENS O R' ,LOX,•EPFECTIVE CH 
IARGE', 18X,'ATOMIC POLAR TENSOR',10X,'EFFECTIVE CHARGE')
WR ITEI 6,407)

407 p q r m  a T 114X , 1H , 131 1F-") , ' IN UNTTS' O F ’DEBYE/A nGSTROM' , 13 llh-l , U X , 6 l  
1 1H— ),* IN UNITS OF E, THE ELECTRONIC C H A R G E •,8 I1H-))
DC 400 Il=l,NATCMS_ ___ _____

   ~  ~SUM3'0700.................. .. .... .
CC 393 Kl»l,3 
CO 396 J 1=» 1, 3

  39a"scM3 SUM+sLaPEiii,'ji,Kf,Nrp)*«2 ..
EFFCHGI 1)3OSORTI S U M )
CO 419 KLQP*1,4

  DC 4L9'TSLGP=I*3‘  ' ' .....  ' " "
419 SLCPE21KLCP,ISLCP)= SLOPE I 11,IS L O P ,KLCP,N I P )« 0 .20820*00 

EFFCHG12)=0.2Q32G40Q*EFFCHG(1)---------liRTTFr6V4.I. r _flc ( j n  v r L S L C P E l  li-, ji^-r.fjiP J 1= 1, 3 ), EFFCHG! 1), I SLOP
1E211,1 SLOP),ISL0P*1,3),EFFCHG!2)

413 FORMAT!///' *,A2,» {• , 12, ' 1 * ,6X, 3F 12.7, 5X , F 12. 7, 10X, 3F U .  7 , 5x. r 12.
  ... "17)   "" "

CO 422 Kl*2,3
422 WRITE (o,423) I SLOPE (I 1»J 1 »X 1 »N IP ) , J 1 = 1, 3) , ! S L U P E 2 U 1 ,  I SL 1 , ISL=1,3) 

--------423"'FCRMATT !H ', I3X , 3F!'2V7,27X,3rI2V7T ' “
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wRITE(6,425)
■%2TrTCKM'*n l'ft" i.....................................................

WHITE! 6. 423) (SLOPE!II , J1 ,4,NIP) , J 1 =1,3) , ( S LOP E214, ISL ), ISL *1, 3) 
I FU1.LE.6J GO TO 400

‘ WR ITE(o ,411)... - .......... .
411 FCRMA T (1H ,*1')
400 CCNTINUE
399'CGNTINLE = ........................

JIP =1
W RITE(6,496) JIP

"496 FCRMAT) *1* V* TRIAL NUMBER- = ' * II«* ~ FCR LSF METHOD'/)
WR ITE(b ,403)
WRITE(6,405)
wftlTETfc',40 7 )" ’ ~   - -.......................
00 488 11=1,NATOMS
SUM=O.DO ___ ____
CO 490 K 1=173   ' ....
CC 490 J l=i,3 

490 SUM= SUM+DERIVI 11,J 1,K1 ,JI P ) ==2
EFFCH'G't 1) =0SUR T TS U M I ' .. '  '..... .
CC 492 KLCP=1,4 
00 492 I SLOP*1,3 

49 2 SLCPE2(KLCP*I SLOP) = C ERIV(11» IS LOP ,'KLOP. J I P ) =0. 208204 00 
EFFCHG < 2)=0.20820400*EFFCHG11)
WR ITE(0,413) ACII1),11, 1CEKIV!11,J l ,1,J I P ),Jl = l,3>,EFFCHulI).(SLOP

TE^TlTl'SLOP), 1SL0P = 1,’3) , EFFCHGr2)'...............
DG 494 Kl*2,3

494 WRITE! o,423) { DERI V (11 ,J I ,K l , J IP ) , Jl = 1_, 3 ), I SL0PE2 (K 1, I SL) , ISL = 1,3)
»RIT£I 6,425).......  .....  ..........................
WR ITEIb,423) (DERIV(I1,J1,4,JIP),J1 = 1 ,3),(SL0PE214, 1SL ) ,ISL=1,3) 
I F U 1 . L E . 6 )  GO TO 4o8 
WRITE (o,'411) ' " ' '

488 CONTINUE 
484 CONTINUE

GO TO 100 ' ' ........      '
200 STOP 

END
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__________SUBROUTINE M Y P L Q T (A,NROWS»M , L U M P )____  __
IMPLICIT "'REAL *8 lA-H,C-2)
DIMENSION AI 51 * 5)
CI MENS IGN CUT 1121),YPRI13) ,ANG14 ) ,YSCAL(4),YMIN14)

‘ * DATA"BLANK,ANGII), ANGI2),A N G 13),ANGI4)/, ,,,X','Y*,,^ * , ,T»/
2 FORMAT(1H , P9 .4,IX,121A l )
3 FCRMAT(1H )

'...  ?“’F0RMAT CIR ,IX* 1319X f'iHV) ,/7 ~  "  '   “
8 FCRMATliH0,3X,12F10.4,F9.4)9 FCRMATllH0,3X,Al,F9.4,llFl0.4,F9.4r

' C "  " F I N D  SCALE FOR CRGSS-VARIAoLES.................
IFILUMF.EG.O) GC TO 14 
MR*2
iGG'''rQ“i6 : ' ~ ~   ' '

14 MR=M
16 DC 42 J S*2»MR __

  YMINIJS-1)=A11,JS) ~
YMAX*YMINIJS-li 
MJ = 1IFTLUMP.EG.O) GOTO 44'    ~
MJ=M
GG TO 18   _  ___________ __

4^'MjaJS"...........  ■'18 CO 40 KaJStMJ 
CC 40 J=>i,NRGWSTFTA I’J“» K) -YM I NI JS-1) 2 8T2.6T26...........................

26 IPIAIJ*K)-YMAX) 40,40,30 
28 YMINIJS-i)=AIJ,K)

 ..  "GO TO 4 0  ........  " ‘ ...................... .
30 YMAX=AIJ*K)
40 CONTINUE

~Y SCALlJS-L) * ( YMAX-YM IN IjS- 1) )7 i'20 .00 ......
C PRINT CROSS-VARIABLE NUMBERS

YPRIl)=YMINIJS-i)
...... C 0 9 0  K N* 1 ,11 ......... ....

IFIYSCALIJS-l).LE.C.00000000100) GO TO 42 
90 YPRI KN+1)*YPRIKNJ+YSCALIJS-lJ* 10.00

------- Y P R T O T a V M S X  ...
IF(LUMP.EO.O) GO TO 32
WR IT Et 6 ,8 ) IYPRIIP),IP=l*13)

" ..  GCTO'42 ...  ...  “*
32 WR IT El o , 9 ) ANGIJS-1J,IYPRIIP),IP = 1 (13)
42 CONTINUE

wKTTEIo777 --------     "
MY*M-1

C FIND CROSS-VARIABLES
GC 95 LalVNROwS "  ’
CO 55 1X3 1 ,121 

55 CUTIIX )*8LANK-------ccnso~jHivmy :------------------------------- 4 ■ “
IFILUMP.EU.O) GO TO 84 
JS*2

_ _ _  G C  -T Q - V ~

B4 JSaJ+1
IFIYSCALIJS-l).LE.C.OCOCOOOOIOO) GO TO 60 

------4ir _JP=rATCrJ>TT-YMTN I J S - 1 U  /YSCALf JS- IJ “>  1. 500
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OUT tJP)*ANG( J)
 fcTCT CGNTI NUE "
C PRINT LINE A N D  C L E A R  OR SKIP

hRITE16,2) AIL,1),ICUT(IX),IX=I,121) 
65 TF(NRCWS.GT.16) GO TO 63 " '

WRITE! o,i)
63 IFINR0WS.GT.25) GO TO 9 5 -5iRITlf6T3T—  .. ~
95 CCNTINUE

RETURN _____
' ENC ~  "  “
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SUBROUTINE L SF1V, E Y ,X ,N I ,N P ,IFP T,1FSc,A ,EI N T ,EEXT)
t5F-PRQGRAM IN FORTRAN "IV FOR B.C. COMPUTER <I3H36u/A0 a ITH 
32K MEMORYJ. IN THE LIST OF ARGUMENTS ABOVE, Y THRU IFSc ARE 
INPUT TO THE SUBROUTINE, AND THE LAST 3 ARE OUTPUT.

" MAX. NUMBER CF EXPT*L PTS' IS 50.
Yll) = DEPENDENT VARIABLE, I-TH POINT.
EYI I) = DEVIATION CN Y(I)

--------XriVJT' ’=“’J-~TH"I NQFPENDENT VARTABLE,“T - T H  PT. J UP TU 5.
NI . a  NC. OF INOEP. VARIABLES.
NP * NO. OF EXPT*L PTS.
IFPT ~='1~IF 'XM,J) ARE"T‘0 ‘BE PRINTED. "
IFSE = I IF THE SIMULTANEOUS EUN»S ARE TO 3E Pk INTEO.
AlJ) = J-TH BEST-FIT COEFFICIENT
ETNTCUla INTERNAL' DEVIATION ON AI J)
E E X T I J )= EXTERNAL DEVIATION ON A(J)

DCUBLE PRECISION Y<501,EY150),X 150,5),A15),ElNT15 1,EEXTl51,* 1501.
I P I 6 n o  )‘,C l B ) *3 (‘5 *50) ,ST 50) »’£ I 50) *DC 150)...
DIMENSION NG121 
IF!IFPT 13,3,1

T " 5,8 TTET673 CC1T ...
3001 FORMAT1//79HO I XII,I) XI 1,2) XII,3) X

III,A) XII,5) I)
'  .. ' ' NPMIN1=NP-1 ................... ................

DC 2 I * 1,N P »NPMINI
2 WR ITE16,3002)I,(X(I,J),J=i,5),I

3C02~~FCRM’AT (T5~, BFlA.aiTA) " ' .......... ........... .....
3 DC A 1=1,NP
A Wl I) = l .OOO/EYlI )**2

'DC 6 J = I,NI  ... ~    ■' ......
CQ 6 K=J,NI 
PIJ,<)=0.000

-------co-s^ivrvNP ‘    ‘ ' ‘
5 P(J«K)=P1J,K)+W1I) *XlI* J )* X 1 I, K J 

PlK,J)=PtJ,K)
...... 0 CCNT INUE ......... . .......................

M 1 = N H - 1  
CO 11 J=l*NI

--------- DC” I1~K=MII71C....................................... ...~ .. ~...... "........
11 Pt J,K)=Q.ODO

IF(IFS E )12,12 , 7
" " 7"CC"r~K'»lTNt' " ■" .....    '........ ...... .

C(R)=0.000 
CC B 1=1,NP—  — a- c w » ‘or»c»wrri*YciT*xr r,Kj    * ~

S CCNTINUE
WR ITE1 6,3003 )

 '300 J ~FCRMATT7757K "THE~S IMUCTANEOITS' EQUATrCNS'’FOR~ CO EFFICIENTS Al J ) POLL
1 CM .)
WR ITE16.300A)

 3 0 0 V F C R M A T  f/71T0h *ATIJ *AT2)  ~«A<31
I * A 1A ) *A( 5 I = CONSTANTS)
CG 10 K=1,NI

  ID:- WR ITET6 ,-3005) I PI KV3 T, J» 1, ST ,Q CK) .... ~ .........
3005 FORMAT12X,E15.B,A(AX,E15.B),5H =E15.3)

12 NG 11) = N I
f i G m = - T  ... ..... ............



- 251 -

CALL UAJC3ING» P )" - CQ'"’i'4" J»l".m      ' ".........
JA=J+NI 
CO 13 K=1,NI 

rrP(K,j)-=p(K,'jA]  ----  ---------
14 CONTINUE

CC lb J*1,NI
co~l5~t=i........ :......................3(j,ij=o.ooo
DC 15 K*1,NI 

13 d(*J,T)=8( J* I )+P<KVJ)*X< I .K) “ '
lb CCNTINUE

CC 13 J*i,NI
A fj) =0 .000     ~  ‘  ~ ...........
CC 17 1*1,NP 

17 AlJ)=A(J)+o( J , I )* W U) * Y( I )
  Id"ETNT(J )*USG*T(P lJ , j I) .....  "........................

CC £0 1*1,NP 
SII)*O.CDOcc-rg—Jir-iSrl---------------------------------- --...... .

15 £(I)*Sin+A(Jl*XII,J)
El I)*YI I)-SlI)

2Q— £C (!) a e ('! )VEY (I ) ... ...
AK=NP-NI 
AJ=OoODOCCTZI TSrTNP----------------------------------- -..”.. '

21 AJ*AJ+W(I)*c{1 )**2 
CC 22 J*1,NI

2 2 E E X T( J )= Q SC R T{ A J* P IJ , J) / AK )   ........................
WRITE!c,3C0o)

3006 FCRMATI////30H COMPARISON OF INPUT DATA *ITH THE BEST-FIT CURVE FC 
lLV0w5. - RE S r D U E  * Y U ) ' - ' C S F J  . T '....................
WR1TEI6,3007)

3007 FORMAT (//64H I INPUT Y d )  INPUT EYl I) RES I DUE/E YI I ) Y Ffi 
' ICM'VSF 1)

CC 23 1*1,NP
23 *RITE(6,3003)l,Y(I) ,EY(I),DC(I),S( I ) ,1

  300 S ‘ FORMATI T5, FI3.~b,FI3.6 , F 1573 ,F 1573,14)....."........".. " " ......
wRITEt 6,3009)

3C09 FORMAT(////74H THE LEAST-SOUARES FIT COEFFICIENTS A(J) AND INT. £
  rEXT'DEVIATIONS "FOLLOW". )  “

WRITE(6,3010 )
3010 FCRMAT(//49H A U )  INT.DEV. EXT.OCV.)  C£T2S~J*17NI '

24 WRITE(6,3011)A(J),EINT(J),EEXTlJ)
3011 FCRMAT1/8X,E16.8,E13.4,E13.5)

 ........RETURN  ------------------------------------- ---------------
END
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SUBROUTINE GAJG3 <NG> AMAT) 
c s z j c b  t h i s - is a  m o d i f i c a t i o n  'Of g a j G a ORIGINAL!Y WRITTEN b y  s . EHPEN
C -SCN IN FORTRAN II AND IS TO BE CALLED BY LSFAM.

C0U8LE PRECISION AMATI5»lO),A 
  "'DIMENSIONNG(2),K1C<5)    "

1 NS 1=1
DC 17 NC* 1»15- - -~'î 'NSTWCT~  .... -----........ — - -.........  .....
IF»N112,12,6

6 P=N+l     _IF'(fcG(2)-)2yjf-3-
2 K=2*N

CC 5 1=1.N
------- (_xT*N ~    ■'....'....  .........

CO A- J = M,K.
4 AMATI I ,JJ*0.000_________ _____ ______ __
5 AtfAr t~f*C )*l •_0'00 M = K
3 NSN=NSl-*N-l

CCf'9 O T V N  “ ' ■ ■ — .-....
A=O.ODO 
CO 7 K * I *N_
I=rt+NSl-i "" ~      ' ....................
IFIQABSIAMAT( 1 , J-OABStA))7,7,d 

d Kl-K
 Ax-AMArrrTKii  ~ ~  ' ' .......

7 CONTINUE
KlCILJsKl _ ____

 K2*Ki+ NSl-l’    ""   ' ...
DO 9 I=NS1»NSN 
IF(I-K2>10,9,1010 CCTTr -   - - - ' -......
DC 13 H * 1 » L
I F { K 1 C I L U - J ) L 3 , U ,  13_

"" 13'CCNTINUE"'-   “"■ * ..........  *...........
IF (K ) I »14»15 

15 AMAT(K2,J)=AMAT(K2»J)/A— r4A(fArrr, jt*a mat r i/jj-ama n r,< i j *a wati k z , jr ............-
11 CONTINUE 

K*0
- -9 AM'ATIT.K11=0 i GD 0 ...............

17 NSlaNSl+N
12 RETURN   __
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 .JSLERQUTINE SCFCLO _  _____ __________
IM P L IC I T RE A L*81 A-H~, Q - Z )  *

C CNCU/2 CLOSED SHELL SCF SEGMENT
C GAMMA MATRIX CONTAINED IN G, CORE HAMILTONIAN CONTAINED IN w

■■ ~ C ~ ' ~  ' U P P E R ’TR’IANGLE C F ’A, AND ’INITIAL DENSITY MATRIX CONTAINfcD IN
CCMMON/INFC/NATCMS.ANl15) , CI 15 , 3 ) , N 
CQMMCN/ARRAYS/A(80,S0) *0(80 » S O )>0(80.80)

’ * CCMM(jN 7GA'0/XXXI 4 d O T , G n 5,15J ,0('80)»YYYI’301 ,ROOT( 80) .ENERGY
. COMMON/ IN F0 1 /C Z H5 )  ,U(80),ULIM( 151.LLIM115) , NELECS . uCCA.OCCd 
COMMON/MAJIC/MAGIC.MAJ

_  ... CC>MCN/CHCI'CE/ICHOIS',ICHUOZ ........
INTEGER CCCA.CCC9.UL.ULIM.U.AN.CZ.Z 
Cl MENS ION Gllld),F2lld)I T = 25 '
G i l  31 = .092012D 0
G11 9 ) * . 1 * 0 7  C 0 _ ________ _____

~ G i l  5 ) = .1 9 5 2 6 3 0 0  “   ” .......... .......... .............
Gllo)=.26770800 
G117)».396C2900 
5TI8*1 * .93423 DO 
6ll9)*.5323Q5D0 
F 2 i3 )* .099a< a5D a

  ...........~F2<’4 )  = .06912500 .................. "......... ..... ..........
F215J*.13091 00 
F 2(6)=.17372 DO

 ----------------TZCnz7 2 190  55 00
F 2 1 8 1 * . 26691500  

  F2_l 91» .31580 0 0 ___  _  _______

NEIG=QCCA 
10 CCNTINUE

-----------2 - X + 1--------  ;....................... .......................
ENERGY = O.DO

C TRANSFER CORE HAM ILTCNI AN TO LOWER TRIANGLE 0F_ A
” ...... . CC "20 1*1 ,N ..............................  "  ......"

A i i . n * o (  n
00 20 J*I,N

 z o - r n 7 ! T 5 A r r ; j ! -------------------------    ".. ......."
CO 30 1 * 1 , N
1 I = U ( I )

   ~An,T> -a h  , i >-b (r,r)*GTi rvri) *ov5oo ” .......
DO 30 K=1,N  
JJ*U lK  )

3 0 ~ A T T 7 n ^ A T r ,  r ) ^ 6  U V R T * G f l T ; j J )    ”  "
NM*N-1
CO 90 I*l,NM

 l r = u ( T y _ .   ...     ---------------

LL*I+l
00 90 J*LL,N-------- jj-sy rjl----------------------------------- r -.......

90 A(J.I)=AlJ.IJ-BIJ.I)*GtII,JJ)*0«500 
DC i.00 1 * 1 , N

 ...... 100~ENEKGy"*ENEPGY>Ol5L)0*8 ( I ,’ I ) * 1  A l l .11+ 0  I T ) ) ...............
CO 105 1 = 1 ,NM 
L L = I+1

-----------DC~r05’'G*LL’,N-------------- ----------------  ---

AND
a
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105 ENERGY*ENERGY*B(I»J)*(A(I,J)+A(J,I ) )--------T F n c Hooz-Ea.0 i gctto n s  —
k*R ITE I6,110) ENERGY 

110 FORMAT(10X,22H ELECTRONIC ENERGY ,F16.10)
'115 IF( DAB'S (ENERGY-OLDENG) .GE~. .0QG001U0) GO TO 150 
120 Z*IT+10 

N£IG=N 1---1 FITCH GUZ7E O-T) VGO "TO 14 5".................. .........
130 WRITEl6,1401
140 FORMAT (5X » 18_H ENERGY_ SATISFI ED /)

■ X=NA T CMS-1 '    .-
CQ 55 1*1,X 

L* I 1-------- D C 5 5 - j - = L ( N A T C M S   - ..................   -

R AO*DSURT 11 C( l,l)-CIJ,l))**2MC< I.2J-CIJ,2> )**2 
I -MCI I,3)-C( J,3) )**2)

Fa" eN£RGY'5£NERGY + {LiFLCAT(CZ M  ) )*OFLCAT(C I U  ) ) )/RAO "  
ERGY=ENERGY*2 7.2G4D*00 
IF(ICHCCZ.cJ.Q) GO TO 155

----------- w R1 T F _I‘57S51”"ER GY-----------------------------------------------------
i>5 FCRMAT(//,10X,16H TCTAL ENERGY * ,F16.3,» E V •)

 15 5 GO TO 170
' "ISO'"CCNTINUE.....
160 CL0ENG=ENERGY 
170 CONTINUE

-------- CACirGT^ENSTNTNEl'Gl .....
IF U . L E . I T )  GO TO 240
CO 200 1*1,N ___

 200 RC’CT l I )=RCGT (I )*27 ."204C0
IFIICHCUZ.EQ.O) GO TO 240 

. MAJ*MAuIC
  * ~M2J*VMA'3/5T*5

IFIMAJ.NE.MAGIC I GO TO 240 
220 WR ITS!6,250)
230 FC PM AT ITX'» 2 3HEI GEN V A'Lli E S AND EIGENVECTORS)

CALL SCF C UT (1,2)
240 CCNTINUE

C----- ElGENVECTURS- TIN'HT'AR E~ CCNVERTED T N T O  ’ DENSITY MATRIX 11N 6 )
00 280 1*1,N 
DO 2 o O  J*I,NxxxrjT*o.ooo" ' " " ' ...........
CO 250 X * 1 »OCCA 

250 XXXIJ1* X X X (J )+BI I»X)*BIJ»X)*2.OC0
 260~~CGN1TN'UE .. .....................

OC 270 J*I,N 
270 3 1 I,J)* XXXIJ)

 230'_CCNTIN'UE    '"......
DO 290 I * 1» N 
CO 290 J* I * N 

— 29ar-ffrJ7 IT*aTr,'Ji " -------
IF U . L E . I T )  GO TO 10 

300 CONTINUE
 ...... RETURN-------  '     ' ' ------- ------

END
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t : i oc + o  * a  • i ; » i i i ! -
v -*> - < ^ o - i o ^  i i  n o  n h : «  M i n  i t  n j  m h  r  n i i  i m i h  i i  t i : H  n i m  n r r  h n  ,« i i  n ti h w tt h u ’» « n
h  ^  N  H i  B •  £3 }-** ^  ^  ^ ^ ^
U O  2 M O M O iZ 5 l O O ' N ^ !i < ) N . f t ' l , ' O i f l N ’t i < ) - 0 / l ' O i n O ' r H 0 0 ' ^ O N ^ ! 4 , ^ N ^ ^ O i a ' ® N ^ O i 3 ' H 0 3 ' h N ^  
3  •-• O  ;H n I <1 >t  N  <1 N  ■*) ‘t'J  o  ^  o  O  h  oo O  O ' O ' ^  O  (j» O  O f  In  .0  ^  u> ' t  in  ^  1-1 M  <V| O  ^  N
l ; J J ^ ^ N ^ Q O O O O O O O O O O O O ! J ' O i ' t > 0 ' 0 < y ' D 5 ‘ t ) ( 0 » ! 0 ' « ' > ,O B f f l B f l ® | 0 ' O B t ) N S K N S h N N  
•q q .  y  *-» ~««5 r - h * r ' - r ‘- . f ’- . r - ' i ^ r ~ r ^ r - r ' - t - ' 0 * o  -o %o -o h j ^ J ' O - O ' O o ^o o  o ' M t M ,M j M N ' ' t N N N N > i f M N N N N f ' i N<M eg eg

YT
27

04
T=

 
--

Vo
.D

O
Y»

2/
13

)»
 

4d
.0

0
Y(

27
22

)»
 

48
.D

O



Y12705)3 S6.00 j,- -4u “DO
Y(2723)3 - 4 3 . CO
Y ( 2 7 06 )3 46.00
Yt;7I5J= - -96. CO' 
YI2724)3 48.00
Y (2107)3 -43.00

-YT27L6)'3 ~48'.D0
Y ( 5329)3 64.00

_  Y 15322)* - 1 2 8 . CO
" ‘ ' ' Y( S340T»" “ -64'.'00 

Y(5315 )3 64.00
Y (5353)3 123.DO
Y ( "5326) * -64 .00
Y ( 5135 J* - 9 6 . CO
Y15194)* 32.00

—  y (3lo6j- -9b.DO
YI 5195)3 64.00
Y (32041 3 32.00

 Vr5T7Sl= 96400
Y ( 51.67)3 32.00
YI 3196 J 3 64.00
Y 15179 I3..." 96.00
Y15138J* -32.00
Y15197)3 32.00
YT520'5')= -96V0O
Y(5130)3 -64. DO
Y (5189 )3 - 3 2 . DO

  Y (5198) * ' -96.00
Y(5131Ja -32.00
Y (5190 J 3 — o 4 .00
YT 5199 i* 96.00
Yt 5 182)3 -32.00
Y (5191J = 96.CO

....... Y ( 43 7 5 13 -144.00
YI 4334 )3 96.DO
Yl4393)3 -16.00

~  Y {4368)3 144.00
Y (4386 I3 -48.00
Y (4395 13 96.00
Y (43 70 F *  -96 . 00
Y(43 79)3 46.00
Y (439 7)3 - 1 4 4 . DO
YT41T72)3 16.00
Y (43o1)3 -96 . DO
Y (*»390 J3 144. CO

----------V ( 1 9 W J  3 144700'
Y { 1909)3 -144.00
Y ( 1393)3 -144.00
YTI920' J3 144 ".'CT3
Y (1395)3 144.00
Y ( 1922) 3 -144.00

--------- Y f l W o J 3 ' - 144VDQ
Y (1915)3 144.00

_Y( 955 )3____-lo.CO
Y(~964)'3 '32.00
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SUBROUTINE INTGRL
TKPnC'IT'REAL*d<A-RVC-21 *.....  .......... .................

C ATOMIC INTEGRALS FOR CNDO CALCULATIONS
COMMON/ARKAYS/S(dO.80)»Y(9,5,203).Z117,45).XXI2900)

  COMMCN/INFC/NATCMS, A N U 5 )  ,C( 15,3),N ....................
COMMON /STO/ MU

CCMMCN/ INFO1/CZ(15),U(00),ULIMI 157.LLIMI15) .NELECS,GCCA,UCC8
 C0MMCN7GAB/XXX (399) ,T ( 9 ,9 J7GAMMA7 1 5 7 1 5 1 P A IRS < 9,' 9), TEMP I 9, 9) ,

» C 1 (31,C2T3),YYYt73)
1 COMMON/AUXINT/A(17)t8(17)

DlMENSTCN' 'MU(ld),NC(16)VLCI9),MCl9)7E'(3)' "................ .
C I MENSIGN PI80.60)

_  EQUIVALENCE ( P l l ) . Y m ) ________________________
REAL*d' M"U"»NUM,X17"K2 .....  "  *..............
INTEGER AN.ULIM.ULK.ULL.CZ.U.ANL.ANK.OCCA.OCCd 

C CETERMINATION OF SIZE CF AO BASIS IN AND CORE CHARGE CZN=0 " • • - - - • ....    — .. — ......... ..
DC oO 1*1 .NATOMS

 L L IM( I ) « N+1________________________________________________________
K*1
IF IA N in . L T . l l )  GO TO 20 

10_ N*N+9 _  _ _ _ _ _
c z m * A N i i ) - i o ......... ....  ..........
GO TO 50

23_IF I AN I II.LT.3) GO TO 40___________ _ __ ___________
30 K=N*4

CZ(I) * AN(I)-2
GO TO 50_____________    __________________ ___

40 N*N+1
c z m  = a m i)

50 CONTINUE 
ijL IM( I T * N 

60 CONTINUE
C j^ L L  U ARRAY---U(J) IDENTIFIES THE ATOM TO WHICH ORBITAL J IS 

ATTACHED'E.G. ORBITAL 32 ATTACHED TC ATOM 7, ETC.
DC 70 K = l» NATOMS 
LLK = LLIM(K)
ULK * _QLT m U J  * "..... ........ .............
LIM * ULK+1-LLK 
00 70 I = 1 ♦ LIM
J « LLK + I— 1'....... ....

70 U(J) * K
C ASSIGNMENT OF ORBITAL EXPONENTS TC ATOMS BY SLATERS RULES
"  MU f2) * 17 700   ....... ' " "  ............

M u m * i . 2 0 o  
NC(1)*1 
NCTZT^ST 
DO dO 1=3.10 

. NC11) = 2— jcrwrri^Tsoo-D'FCOArn-i) ...
CO 90 1=11.18 
N C (I )=3

’— 9‘37-TUTI 7 = 176500*0FLOAT(I ) -4.95D0)' /3. DO' '...
C ASSIGNMENT OF ANGULAR MOMENTUM QUANTUM NOS. TO ATOMIC ORBITALS

LC ( I ) = 0
------- CCTZT*!  ---
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________ LC131=1___ _______ ____________________ ______________
l'CUT»i..........
LC!5>=2
LC!6>=2
LC t 7) = 2 "        * " .
LC!3J=2
LC!9J=2. >,ct £ " ~ : '   ; .

•- ■ MC12)=1 ■■ ■•-
MC!3)*-l _
>C!4>=0" ' ... ....  ..... ..... ......
MC 15) * 0 
MClo)=lMCi7T*-l - ‘ "
Mcia»=2 
MC 19) = -2

C ' STEP Ti-RU PATR'S OP ATCMS ............
CO 320 K = 1, NA TCMS 
CU 320 L=K, NATCMS

~ ' UC IQO 1*173 “ "" ......... . ... ........
C U D  = C U » I >

100 C2(I) * C!L,IJ
 C‘ ' ■ CALCULATE'UNIT VECTCR"ALONG INTERATOM AXIS*E

CALL BELVEC!R,E,C1,C2)
LLK * LLIM-!K) L-[irTtnfl|D ;   —  - - • ....
LLK a ULIK1K)
LLL * ULIMIL)

......... NUR3 K= J L K— L LK 1 “  ‘ ~  '
,\GRGL=ULL-LLL + i 
ANK=AN(K)
AAL^ANILJ ■ .........

C LOCP THRU PA IKS CF EASIS FUNCTIONS, ONE ON EACH ATOM 
DO 200 1=1,NOR&K

......... CC“ 200 0*1 »"NQft EL •--- -..........-   ~..................
IF1K.E0.L) GO TO loO 

110 IF(MCl D.NE.MCIJ)) GO TO 130 1213rrF1 HC'rf)7CT*0 >~G0" TO" JW-------------------- -----------
13C PAIRS!I,J)=USQRT(I MU!A N K) * R)**!2*NC!ANK)*1)* !MU!ANL)*R)**l2*NC<ANL 

i)+l)/! FACT! 2*NC!ANK))*F ACT!2*NCiANL)J J )*!-!. DO) **( LC IJ )+MC ( J ) )
   ' 2*SS( NC( ANKT YCC (1J » MC! If, NC fANL )7CC ( 0) *MU (A N K )*R * MU 1A N L )* R )

GC TO 190 
190 PAIRS! I,J) = PAIRS(1-1,J - 1) -6srTCrrw  - ............
130 PAIRS!l,Jl=O.ODO 

GO TO 190
 160 "I F T  I! EC 73 r"GO" T 0 ‘170......  ’

130 PAIRS!I,J)=0.0Q0 
GC TO 190 '

 T70 'PAIRSTIT3J *TVOTJO----------------- --------------------------------------------
190 CONTINUE 
203 CONTINUE
 LC0LX’=LCTNQR3K) ... .......

LCLLL=LC!N0R3L)
MAXL*MAXO!LCULK, l CULL)

---------- IJnR- C T ;-0-.-a-o0 00ICO’l “GO" TC*“2'2'Q'   * .....
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2 10 GO TO 250
ROTATE' INTEGR'AITS"'FTROM "DIATOMIC OASIS' TO' MOLECULAR' 8 AS I S 

2 2 0  CALL HARMTR(T,MAXL,E)
00 280 1*1,NORSK
DC'2'30 J* 1", NQRSL '
TEMP!I,J) * 0.00 
DO 230 KK*i,NORBL

■ riHP'n V  JT " •  TEMPflTJl VT'{ JlKK) *P A IRS I IVd'K) ~ " ....... "... ......
230 CONTINUE

CO 2 AO 1*1,NORSK __ CO 2tO X* 1 VNCRBL " " " ' ..... .....
PAIRS!1,0) * O.DO 
CO 240 KK = 1 ,NORoK
PATPStT.J) * PAIRS! I , J )*T ( I ,XkT*TEMP"! KK, J ).... ..

240 CONTINUE
FILL S MATRIX ____

250 CONTINUE '" '   “ ....................
DO 260 1=1*NCRt)K 
LLKP=LLK+1-1

 Dorzo(r"jsT7NaRiL----------------------------------------------------------
LLLP*LLL*J-l 

260 S!LLKP,LLLP)=PAIRS(I,J)
" "  COMPUTATION OF 1-CbNTER' CQULQM8 INTEGRALS OVER SLATER S FUNCTIONS 

Nl=NClANK)
N2=NC!ANL)
kt*mijTa'nk) ...............  ~ ." ""
K2=MU!ANL)
IFtK.NE.L) GO TC 290

"2 70 ' TERMl ’ =' FACT (2=Nl-i )/I (2.D0*K2) **( 2*N 1)')......... .......
TERM2 = 0 . 0 0  
LIM * 2*N1

 Dcrz3D~vriiTi:iM  ~ .
NUM =UF LO A T! J )* 12 . D 0 * K 1)**{2*N1-J )*FACT I4*N1-J-l )
CEN = FACT(2*Nl-J)*2.00*CFLCATiNl)*12.D0*!KH-K2))**!4*Ni-J)
TERM 2~= "TER M2 + NUM'/DEN 

230 CONTINUE 
GO TO 310

 'COMPUTATION- OF^2-CENTER'X'OULOM8 ■'TNTEGRALS OVER SLATER S FUNCTIONS
290 TERM1=1R/2.DO}**12*N2)*SS<0,0.0,2*N2-1,0,O.DO,2.00*K2*K)

TEHMZ * 0.00
"LI'M =" 2*Nl ' “.......... '   .........
DO 300 J*1,LIM

300 TER M2 = TERM2+IDFLCAT! J)*(2.00*K1)**!2*NI-J)*<R/2.QJ>*’»<2*
1N T—J+ 2 * N 2") T / rFACTT2*NI-J)'*2V00*0FLCAT( N t) ) *SS!2=Ni-J ,G,0,2*N2-1,0 
2 , 2.D0 * Kl*R,2.00*K2*R)

310 GAMMA!K,L) = 112.DC»K2)**!2*N 2 * 1)/FACT12*N2))* 1TERM1-TERM2)
32 ST- CONTINUE-------    """........ ....................

SYMMETRIZATION OF OVERLAP ANO COULOMB INTEGRAL MATRICES 
CO 330 I =1 »N

 Dcmo"VJ*r;iM  ..........................................  -..........
330 S1J.I) = SlI.J)

CO 340 1*1,NATCMS
 Oa~TAO'-J=T, NATCMS --------- ----- ----------------- --------
340 GAMMA!J, I) * GAMMA!I,J)

RETURN



SUBROUTINE HARMTRIT.MAXL «E) lMPCI'C IT REAL*8 IA-H.O-Z) ' '
DIMENSION T( 9»9 ) *E(3)COST * E(3). ‘ lP{U.'00“CaST**2).GT.l.D-l0.... J GO TO 2010 SINT » Q.DO GC TO 30 

~ZO~S‘I'NT̂ O"SWrflTCro-C'dST*'*27 30 CONTINUEIFISINT.GT.O.OOOCOIDO) _G0 TO 50" VO _CdSP £ i .DO ' ' ".............SINP » O.CO GO TO 70 
~T<rGSSP~S~Wl iT/S I NT 60 SINP a E(2)/SINT
70 CONTINUE _________ ________" 'CO'bo' I *1P) ' ~ ~ ‘ "CO 30 J=I»9 BOTII.J) a 0.00 

TTiTiT~=X . O' 0IF IMAXL.GT.l) GO TO IOC 90 IF (MAXL.GT.O) GC TC J.10
GO TO” 120.......................  ........100 CCS2T a C0ST**2-SINT**2 SIN2T = 2.D0*SINT*CCST CO S2 P” =~CCS P **2-SI ft P'**2 
SIN2P = 2.D0*SINP*C0SP TRANSFORMATION MATRIX ELEMENTS FOR C FUNCTIONSSwRT3=DS«RT(3'.D0» ... ........T(5.5) = (3.D0*COST**2-l.DO)/2.00 TI5.6) = -S0RT3 *SIN2T/2.00 TT 5; a) = • SO R T3“ *5T N T **2/2.00
T(6.p ) * S0RT3 *SIN2T*CGSP/2.DO 
T (6 16 } = CCS2T*C0SP

' T( o 7 7) ' =” -CCS T * SIN P''    "T ( 6.o) =-T(6»5)/SQRT3 T t 6.9) = SINT*SINP
T ( 7V 5) » S0RT3--- * S~INZT*SINP72 .DOT I 7.o) * C0S2T*SINP TI7.7) a COST*CCSP— rrrrdT”a"-T( 775) /sort 3T I 7. 9) a -SINT*CQSPT ( 3. 5 ) a SQRT3 *S INT**2*C0S2P/2.DO

— T rd 76)” = ■■ ST N2 T*C 0 S"2 P7 2 . DO ....T t 6.7) a —SINT*SIN2P T(o.3) a (l.DO+COST**2)*COS2P/2.DOT73.9 J-'a~-C0ST*SrN'2P    ’ -------------T(9.5) a.SURT3 *SINT**2*SIN2P/2.D0 T19.6) a SIN2T*SIN2P/2.D0
 r 19777” *a- -STNT#CO S2 P----T19.3) a (L.DO*COST**2)*SIN2P/2.CO T ( 9.9 ) a C0ST»C0S2P
ITO" 'CCNTTNUE .TRANSFORMATION MATRIX ELEMENTS FCR P FUNCTIONS TI2.2) = COST *COSP   Trxvor'a -3-1NP---------------------------- ~
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T<2,4) = SINT*CCSP TT37Z1 *~CCTST*S'INP
T(3i3) * COSP 
T(3,^> * SINT*SINP

  T (<i»2 J -SINT
T U , * )  » CCST 

120 CONTINUE 
— — RETURN :—

END
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SO0RCUTINE CPRINT
TMPCrcnT 'REAL* 8 ( A=H .IFD  ‘ ""

C CNCO SCF CLOSED SHELL- PRINTOUT SEGMENT 
COMMCN/ARRAYS/At 80,80),3(80,80),D( 80,80)
CCMMGN7GAa/XXX(4B0>,G( 15 ,15) ,0 ('80), YYYt 80) ,R00T'1'80) .ENERGY 
COMMON/I NEC/NATCMS,AN(15),C(15,3),N
COMMON/INFO1/CZ(15),U(80),ULIM(15) ,LLIM(15).NELECS,OCCA,0CC3

 COTnaNTPERraL/Ertra) ------------------- ' “ ..........
CCMMCN/MTXPTS/CCNTCP(51,5).NTHROw 
COMMCN/VARY/CINCPM »NTIMES

' -  “COMM'ON/MAJIC7MAGIC .'MS X"  ............. ~ ....
COMMON/CHOICE / ICHO I S , ICHCOZ
INTEGER ANtU,ULIM,EL,GCCA,0CC3,UL,C2,ANI
CrMENSION 0PM(3) ,0M(3) ,0MSP(3) ,UMPC<3)  ...............
DIMENSION ATENG(18)
ATENGt1)*-0.6387302462 00

  ATENGt 3)'=-.232 1972405 DO ....."...................
ATENG(‘*)=-l.l-‘t5‘tl20355 00
ATENGt 5)=-2.977423SC43 DO

----------ST E N G T 6 T ^ 5 93 o'261 DO'
ATENG(7)=-ll.0768746252 00 
ATENGtU)*-18.0819658651 DO

'" “ ATENGt S)*'-27.5‘,91302830' CO  “ ""
ATENG ( 11) *»-. 1977009563 DO 
ATENGt12)=-.E671913333 00
J TENG’(T3T*-"2T0 3 645 5' 7 7 44~D’0 ' "
ATENGtl4)»-3.dS790346d6 CO

 ATENGt15)*-o.7966GQSl63 DO
ATENGt16)*— 10.7658174341CQ- .
ATENGt17)=-16.0467 017940D0 

30 CONTINUE R._(_rrcMS_I .  -
IF(ICHG02.E0.0) GO TO 45 
IFtMAJ.NE.MAGIC) GO TO 45i,RTTET G,VC)'      "

40 FORMAT(*1 *,IX,15H DENSITY MATRIX)
CALL SCFCUT10.2)

 V5nC0~7'CTT3TiNST'CMS: --- - -----
ANI=AN(I)

70 ENERGY=ENERGY-ATENG(ANI)
  ERGY=EAE’R GY *27". 2 04C300   ~  '

IF(ICHCCZ.EC.O) GC TO 85 
RRITE (6,80) ERGY

S'O-FCRiMSrtZ/ , 10X716K 6INDI N'G~ EM ER‘GY '='~, F L6'.37 '"EV * )... .....
85 DO 110 1*1,NATCMS 

TChG * O.DO
--------XfLCT-MtTJ""~—  ------------------------------------------

UL=ULIMtI)
CO 90 J*LL,OL

------ 9TTTCHG~*'"7CITC*‘B rJTJI— -------------------------------------
AN 13AN(I)
IF(IChOQZ.EG.O) GO TO 105

------ *RTTET6,100) ' 1,'ELt ANT) »TCHG"------------- ~-- "" - - -
100 FORMAT(I3,A4,8X,F7.4)
105 >XX<I)=TCHG

 iro-cowrTNUE ------""    *
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CO 120 1=1,3
 DM (I) ='07000    ~

O M S P M  )*0.000 
120 OMPD(I )=C.000

 CG ' 20 or' J a 1, M AT 0 M S..................  ...........
IF (A N (J ).LT.3) GO TO ldO 

130 IF ( A N W ) . L T . l l )  GO TO 140
lo O^SCTR I *7T 6500*0FTG AT f AN f'J )7-4T9 5 DO' Y 7  3 .DO  .. .

; FACTGR=2. 54l6DC*7..DC/( DSQRTI 5.D0) *SLTR1)
I ND E X=LLIMU)

 D0~170 X=lT3 ......  ... ..................
170 DMSP(K )=OMSP(K)- B (INDEX * INDEX+K)*10.2717500/SLTR1

OMPOl 1)*0MPD( 1)-FACTOR** b I INDEX+2, INDEX+6) + 0( INDEX+ 3 , INDEX+5)
 1 ♦SITNfleX+lYIn'OEX + 7 J-X.UO/DSQRTi3".CO)*3( INOEX+1,INQEX+4J)

DMPD{2)=CMPD(2)-FACTaR*(S( INDEX+1,IN0EX+3)+B( INDEX+a* INQEA+6) 
I +B( INDEX+2, INDEX+7)-l.D0/DSQRT(3.00)*B( INDEX+2, INDEX+4) )

 CMPDT3 r=D'MP0('3)-FA'CT0R'*ltJ(TNDEX+r, IN0Sa + 5)+B( INDEX+2,INOEX+o)
I +2.D0/DSGRT(3.C0)*6(IN0EX+3,INOEX+4))
GO TO ldO 

E+O INDEX® CL IMTXJ 
DC 150 K*l ,3 

150 CM SP (K )=DMS P ( K )— d (INDEX,INDEX+K)=7 .3369700/
 r f -.i25CO*OFLOATlAN( J l - D )  " " ....
ldO CO 190 1=1,3
190 CM (I) = CM I I)+{OFLOAT(C ZI J ))-XXX(J ))*C(J,I)=2.541600

—Zffff-CCNTINO!----------------------------•'  . '
CO 210 1=1,3 

210 DPMI I)=0M<I)+OMSPII)+OMPDII)
------ jp j itHOOZ .EC.O)' GO TO “275 ...........

WRITE(6,220)
220 FORMAT(//,30X*16H CIPCLE MOMENTS,/)

-------W'R' I T E ( 0*230" r       ‘
230 FORMAT(15X.11H COMPONENTS»3X,2H X,SX,2H Y,6X,2H 2)

WRITE! 6,240)DM( 1) ,DM<2) ,0M{3)
‘ 243 FORMAT ri5X,10H DENSITIES,3(1X,F9.5))............

WRITEt 6,250>0MSP(i),0MSP<2) ,0MSP(3)
250 FORMAT(15X.4H S.P,6X,3l1X,F9.5))

 RRTrEr6,26010MPDri, ,0MPCr2J7DMPDI3) ..... '
260 FORMAT(15X,4H P.D,6X,3(IX,F9.5))

WRITE(6,270)DPMI 1),D P M (2),OPM( 3)
' 27 T 'FORMAT (15X, 6H T  CT A"L, 4 X V 3 (XX. F9 . 5) ',/)' ........ ............

275 DP=0SGRT(O PM(1)**2 + 0 P M 12 I**2+0PM<3)*«2)
IF(ICHCCZ.cG.O) GO TO 235

------ W R XTE C6",2 BOX 0 P------------------------------------  --------
230 FCRMAT(13X,15H DIPOLE MOMENT®,F 9 .5,7H DEBYES,//)
2d5 CCNTDPtNTHRQW,2)=DPM(1)

"  CDNTDF (NTHRQVT, 31=0P M(2 J *       -
CDNTOP (NTHRG'W ,4 ) = DPM (3 )
CDNT0P(NTHRCW,5)=0P

-------RETURN--------------------------------------- — ~     "...
END
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SUBROUTINE HUCKCL
 rH P tic m f gi«r«¥t «=Tr;c=r j ........

EXTENDtU HUCKEL THEORY FOR CLOSED SHELLS
OVERLAPS ARE IN MATRIX A,COULOMB INTEGRALS(G A M M A )_ARE IN MATRIX G

 CCMMCfi /A’RR AY S’/ A180 »80 ) ,B(60,80) ,0(80,80)
COMMON/INFO/NATGMS.ANl15),Cl 15,3),N
COMMON/INFG1/CZI15),F180),ULIM(15),LLIM(15),NELECS , OC C A ,O C C 8 
'CCHflaW?GA'b/'XX'XT4goT;'G'lT5, 15) iUl 80T',YYY( 80) , ROOTl 80) .ENERGY 
DIMENSION E NEG(18,3),BETA0118)

_  DIMENSION BETAl17,17)
'0IM6NSION* Gil 18)*F2ll8) ' ........

DIMENSION SI 80,30)
EuUI VALENCE IS(1, 1),At 1,1))

'INTEGER “CCCA,GCC8,UL,AN,C'Z,F,UL IM.ANI 
Siij*0SCRTl3.C0J

 G 113)*•0920I d _D C  ________  ________
~G'il4)*. 1407' DO' "  ' " " ....
G115)*.199265 CO
G116)=.267708 DO

 G l T T T ^ O ^ G o Z ? ------ CO--------------------------------------------------------
Gl(8)*.43423 DO
G119J*.532305 DO
FT13) *7049865 ' " CO
F214)*.C89123 DO
F2(5)=.13041 CO

 f rrer=rri7372— ~  ~ d  o----- !------------- r  “...
F217)* .219055 DO 
F218JL=.266415 D0_ _
F2( 9 )* • 31 5dQ   DO ...
ENEGl1 , 1 )*7.1761 CO 
£NEG(3,1)*3.1055 00
cNE3T3,2T* 1 .’258 ‘ DO "" * ' ' .....
ENEG(4,1J*5.94557 00
ENEG14,Z)=2.563 00____  __

" En EG’(5, 1 )=9.59407 CO .
ENEG15.2)*4.001 DO '
ENEGl6,1)*14.051 00

 ENEG7'672T*5‘. 5 72 00..................................   '
ENEGl7,l)*19.31o37D0 
ENEGt7,2)*7.275 00
ETN'EG f6 , 1 J *257 3901700.........
ENEG18,21*9.Ill DO 
E NE G 19iI)*32.2724 DO
ENEGTV, 2 > * 1 1 . 0 8 " 0 0  '   '
ENEGl11,11*2.304 OC 
ENEGl11,21*1.302 CO ENEGTTri‘37*'0.T5<J DO “..................................
ENEGl12,1)*5.1254 00 
ENEGl12,2)=2.0516 DO

 EReG'(T2T31 = 07T6r95DO
ENEGl13,1)*7.7706 DO 
ENEGl13,2)*2.9951 OC ENEGT13 o ) *072Z425DC ' ' .............
ENEGl14,1)=10.032700 
ENEGl14,2)=4.1325 OC EN'EG'rr47'JM0.'33r ”co-----------------------------
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SNEGt 15»1)=15.Q327DQen6isrrr.'2)«5.̂ 633''o6 ' *...................
ENEGtl5,3)*0.500 00
E N E G U & , 1 ) * 1 7 .  655600

......... £NEGrr6',2) = 6.9a'S DC  .    "...............................
ENEGtlO,3)=0.7l32500 
ENEGli 7»1)=21.590600

---------- EN'EGrrr,'2I»3VT0ai'oo     - ~
ENEGt17,3)=0.9769500 
BETAOt1)* -9. DO
¥£ T a o T3T= -5; ‘ ~D 0     - -
BETA0l5)» -L3. 00
dSTAOt 3 ) = -17. DO

  ffET573T6)*' -2I T  “"00 ...... ........
BETAOI 71= -25. 00
BETAO C 3)= — 31. 00

■7 — &ETAot 9)V“=y9. DO ......................... .........
B ETAOI11)=— 7.7203 OC 
B ETAOI12)=-9.55 71 00 
8 E T a O T O T = - 11. 3 C ilo C 
BETAOI 15) — 13.Oc5 DO 
BETAOI 15)— 15.07C 00
oETAOrioJ —  l'a.lSO DC 7..............
BETAOI17)=-22.330 DO 

C... EXPAND THE BETA MATRIX —  -------- Bir3xrT=nT7----------------------------
DC 511 J=1,I
BETA!I,J)=.5D0*tBETAOII J + BETAOlJ))
-g£T A(3, I J"=BfcTA(T , J ).. ............ . ..

511 CONTINUE
C FIND NELECS AND FILL H COP. E < DIAGONA L ) WITH tI+A)/2

--------- T̂EtTECTS =0----------------------- - -----
CO 60 1=1,NATQMS 
N£LECS=NELECS+C2II)  ~ ll~»'llt'mu> ' ....... .. .....
CL =ULIM( 1 )
ANI=AN<I)

- • • -*E=flj ' ........ ......... ....
CO 50 J=LL,OL 
L = l+l

 ....” IFTC'.EiJTIT GO-TC"”10’  ~ " ..........
20 IF (L.LT.5) GO TU 50
30 AtJ,J)=-ENfcGtANI,31/27.21C0

 -------- TO"TCT"5C----------------- -------------------------- ------- ---- ----
50 At J, J)— ENEGiANl,21/27.21D0 

GO TO 50
------ r o_a rj v j)— »*-cfrer,TANTi r/zi. ziuo....... . ..........

50 CONTINUE 
6C CONTINUE

----------arov^NXOEcs/z------------------------------------     *.. *"
C FORM HUCK.EL HAMILTONIAN IN A (OFF DIAGONAL TWO CENTER TERMS)

CO 90 I=2,N
 ----------on t 11= At~I »T)----------------------- -----------

K = F( I )
L = AN( K.)
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CQ 90  3 = 1 tUL
....-----------------------KTC*F'(3T~ '  " ..............   . "

IL=AN (KK >
I F  I < L , . G T . 9 ) . 0 R . ( L L . G T . 9 ) )  GO TO 70

6 0 “  A'( TV3 f = A T I » 3 ) * B E T A ( LVLL ) / 2 7 .  2 IDO
A ( J » I ) * A (  1 , 3 )

GOTO 90
 ----------70----------  ~A' {T73 J =0 . 7 5 0 0 * A (  173 ) *BETA I U 7 L T ) / 2 7 7 2 1 D 0  ‘ ..... .. '

A ( 3 , I ) = A M , 3 )
9 0  CONTINUE

... '  " ' OC ' 1 0 O " I * 1 * N '  ............
100 0< I ) = A ( I , I )

CAUL G IVENS(N»OCCA)
 z  ETCENVECTQRS T r f T 'B T  Aft E~ CONV ERT EYT'TNTO' OEMSITY MATRIX'  I IN 8 )

OC 1 AO 1 = 1 , N
_  OC 120 3 = 1 , N  ______________ .

X X X I 3 ) =  0 • 0 0  0 
OC 110 K= 1«0CCA 

n o  x x x u )  = x x x U ) + 2 . D o * e ( i , k j * b i j , k j
---------------- r 2 0 “ CDNrrfruE-----------------------------------------------------------------------;

OC 130 J - I t N  
130 Bl  1 , 3)  = XXX(O)  __

   1«»0""CG’NTINUE ..................................................... . “
DC 150 1 = 1 , N 
OC 150 3 = 1 , N

----------------r j o " " f i n v i  r = 3 T  i . n    ~
C ACC V ( A 8 )  TO HCCkE— CNDO

0 0  1 7 0  1 * 1  »N
... -------------------- j . F r n --------------------------:....        "

U ( t ) = U t I )  + 0 . 5 D 0 * G l J , J )
00 160 K=l ,NATCMS

------------------------------------ q-( i y ^ o  FCO AT CC2 CRT)"* G f  3 7i<)
170 CONTINUE

00 3 1 0  1 = 1 , N
-A -( I - T ) , 0 ( n      ‘.....

CO 3 0 0  J = I »N 
3 0 0  A( 3 , I ) =A( 1 , 3 )

3 T 0  CO N r rNl iE  '  “  ~ '■   ~  ~ ............
RETURN
ENO
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SUBROUTINE SCFOUTICF.MCP)
------------- I iH P t T C IT - R’EA'C*’8 T A - H » 0 —Z1-----------------------------------------------------   '
C T H IS  ROUTINE PRINTS THE ARRAY I N  COMMON/ARRAYS/ WHICH IS  DESIGNATE
C HOP. I F  OP *  I THE EIGENVALUES CONTAINED IN COMMON/1/  ARE ALSO
c p r i n t e d ; rF'ap= a t h e  e i g e n v a l u e s are n o t  p r i n t e d :

COMMON/ARRAYS/AI  8 0 , BO,31
COMMON /  INFO/NATOMS , A M 1 5 ) , C {  1 5 , 3 )  ,N  '
C C M M C W / T N F O I / C Z I I S ) , U T 8 0 J , U C I M f I 5 I , L L I M T 1 5 ) , N E L E C S , U C C A , 0 C C 8 "  
COMMON/OR8 / ORB( 9) -
COMMON/PERT8L/EL( 1 8 )
INTEGER" CP, AN,~A"N11 i C 2 ,  U"JORB,’UL IM i EL * QCC A , CC CB
CC 120 M = 1 , N , 1 1
K=M+10

T F “ f K 7 C ¥ ^ J - i S C r ' TO 3 0 -------------------------------------------------------------------- ----------------------------------- -
20 K=N 
3 0  CONTINUE

WRITE! 67100)" ”  .................................................................. ....
I F  ( O P . E v l . l )  GO TO 40  
GO TO 50

40 ' CALL 'ETGOUTTMTk)----------------------------------------------
■50 CONTINUE

W R I T E ! 6 , 6 0 )  ( 1 , 1 =M» K.)
»'0‘ FORMAT (I3xi5019)        * ' *

DO 110  I » 1 , N
n*um

 w n » A n n n -----------------:-------------------------------
L » I - L U M ! I I ) * 1

70_ W R I T E ( o , 8 0 )  1 ,1 I ,  E H  AN 11)  , O R B ( L )  , ( A! I  ,  J ,J*!OP ) , J=M,K>
"30 F O R M A T ( I X , 1 2 , I 3 , A 4 , 1 X , A 4 , 5 0 ! F 9 . 4 ) )

IF  ( I . E O . U L I M ( I I ) )  GC TO 90  
GC TO 110

~9G~wR"iTETfr, i  car
100 FORMAT(I X )
110 CONTINUE 
120 CONTINUE

WRITE!6,100) 
WRITE!6,100)

 RETURN------
END
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SUBROUTINE EIGOUT(MtK)
------- THPETCI T ~R ESf* 8T A.-H ,C-2J---------------------------   ~
C THIS ROUTINE IS CALLED IN SCFQUT TQ PRINT THE EIGENVALUES M TO K

COMMON/GAB/XXXI8 6 5 )*EPSILN(80),YVY
-------KRITEfoi lO) IEPSILN(I I»I=M»K)

10 FORMAT I//,15H EIGENVALUES--,20(F 9 ),//)
RETURN

 ------ END—  ------------- — ..........        . : ..
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SUBROUTINE GIVENSXNX.NRCCTA)
" t m p c t c  r r p . f A i . * a  i  A - H , " o - z r ~  -------------------------------
CCMMCN/ARRAYS/ABX80,60),VECT{30,60),X (80,80 I 
COMMON/GAB/B<80,6),XY I(3 o 5 ),R O O T (80},ABCD 
DIMENSION A{32'»0),6A(3160)
EQUIVALENCE ( A 8 ( 1 ) , BA<1 ) ) , IAB < 3 1 6 1 ) , A ( 1 ) )  
NJX=60

_N R C o rx * N x ---------------------------------------------------------;---------------------
DO 6 0 0  1 = 1 , NX 
DC 6 0 0  J = i , N X

600 V E CT 'I I *~J)=AB(T*J)  ........  ' '  .......
L = 1
CO 601 J=2,NX
Kij-I "   ” ~.....  ~
CO 6 0 1  1 = 1 , K 
3 A ( L ) = VECT( X , J )

■601' L'='L+1"“ .... '................................
L= I
DG 602 J = 1 , NX

 c o ~ 6 ( j 2 ~ r s n i --------------------------------------------------------------------------
A ( L ) = V E C T ( J , I )

602 L=L*1
CALL 'G XVENl NX *NX»NJX* 'A, 6 ,  ROD T » VECT) ................~
L=NX*< N X - l > / 2  
CO o 0 3  I = 2 , NX 

 K=~NX-TT2-------------------------------------------- -
K1=K-1

 CO 6 0 3 _ J = l , l U _
J1»iO.-J + 1 
A 8 (J 1,K)=BA(L ) 

c03 L=L-1
N=NR'00rX7T  ......
DO 60<t 1 = 1, N 
J = N R O O T X - I H
t e  MR= r c c t t  rr ’ ---    — .....
RCCT( I  ) = RO O T( J )
RCCTIJ )=TEMP  
DO 6 0 6  K=1YNX 
TEMP=V ECT( K,  I )
VECTlK , I ) = V E C T { K , J )

6"J4 " VE’CTT R"*~J"5*TEMP"-------------------------- -----------------------------------------
RETURN 
END



SUBROUTINE GIVEN(NX »NRCCTX,NJX,A,B,ROOT,VECT )
"C ^CALCULATES" EIGENVALUE'S AND EIGENVECTORS OF REAL SYMMETRIC MATRIX
C STORED IN PACKED UPPER TRIANGULAR FORM.
C _    _
C   ’’’ " "   " ’ ’“ ’   ’ '
C TrtE PARAMETERS FOR THE ROUTINE ARE:
C NX ORDER OF MATRIX
‘C------------ NROOTX'NUMBER'OF'ROOTS FOR”WHTCH'ETGENVECTORS ARE WANTED.
C IF-NO VECTORS ARE WANTED, MAKE NROOTX NEGATIVE.
C NJX ROW DIMENSION OF VECT ARRAY. SEE 'VECT' dELOw.
C---------- -- NJX ’M U S T ' BE'NOT LFSS T H A N ’ NX.'
C A MATRIX STORED BY COLUMNS IN PACKED UPPER TRIANGULAR
C FORM, I.E. OCCUPYING NX*(NX+L)/2 CCNSECJTIvE
“C— ~---------- LOCATIONS .   ""  "" '
C B SCRATCH ARRAY USED BY GIVENS. MUST BE AT LEAST
C NX*6 CELLS.

"C   “ R'CCT " ARRAY'TC HCLD’ THE EIGENVALUES. MUST BE AT LEAST
C NX CELLS LONG. THE ROOTS ARE ORDERED LARGEST FIRST
C IN THIS ARRAY.

~ Z  VECT ETG'ENVEC T 0R~"A'R’RAY. EACH COLUMN'WILL HOLD" AN  .........
C EIGENVECTOR FOR THE CORRESPONDING ROOT. MUST BE
C DIMENSIONED WITH 'NJX* ROWS AND AT LEAST 'NJX*
... , COLUMNS,"UNLESS NO VECTORS ARE REUUESTEu (NEGATIVE
C NROOTXJ. IN THIS LATTER CASE, THE ARGUMENT vECT
C IS JUST A DUMMY, ANO THE STORAGE IS NOT USED.
"C-------------------- T'HE'ETG E N V  EC TC A S A  K E NC RM A L’t ZED T O U N I T  LENGTH.
C
C THE ARRAYS A AND B ARE QESTROYED BY THE COMPUTATION. THE RESULTS
C APPEAR IN ROOT AND VECT. .......... .....
C FCA PROPER FUNCTIONING CF THIS ROUTINE, THE RESULT Or A FLOATING
C POINT UNDERFLOW SHOULD BE A ZERO.
--------------I 'MPLI C I  T X E A L * d  ("A-H , C - Z  ) ' ‘......................................... .................................

COMMON / VEC TOR /  FACT, ID IF
CIMENSION J J ( N X , 6 )  , A ( l )  ,R0UT(NX)_,  VECTINJX.NROOTX)

C '
C THE ORIGINAL REFERENCE TO THE GIVENS TECHNIQUE IS  IN  OAK RIDGE
C REPORT NUMBER ORNL 1 5 74  ( P H Y S I C S ) ,  BY WALLACE GIVENS.
C------------ Th E~ M F T H 0  D- "A S~" P R E S E N'T £ 0 ~ IN’" T H I  S PROGRA'M CONS ISTS OF FUUR S T E P S , ’
C ALL MODIFICATIONS OF THE ORIGINAL M E T H O D . . .
C F I R S T ,  THE INPUT MATRIX IS  RECUCEO TO TRIQIAGCNAL FORM BY THE

. . . ------------HOUSEHOLDER TECHNIQUE ’ ( J .  H .  WILKINSON, '  COMP. J .  3 ,  23  i l V o O ) ) .
C TnE EIGENVALUES OF THE TRIDIAGONAL MATRIX ARE ThEN FUUNO USINu
C THE UK TRANSFORM METHCC. SEE J .  H .  WILKINSON,  THE ALGEBRAIC

_ c------------ EIGENVALUE P R Q B L E M IT 9 65 ) " r C R ’ A"DESCRIPT ION" OF THIS ALGORITHM.
C THE EIGENVECTORS OF THE TRIDIAGONAL FORM ARE THEN EVALUATED
C ( J .  H .  WILKINSON,  COMP. J .  I ,  90 ( 1 9 5 6 ) ) ,  BY THE METHOD UF

~ C ----------- INVERSE" ITERATION’. ’ FOR" NONDEGENERATE MATRICES.
C FOR MATRICES WITH DEGENERATE OR NEAR-DEGENERATE E IGENVALUES,
C THE EIGENVECTORS ARE EVALUATED INSTEAD BY FURTHER gR TRANSFORMS.

"C-------------THT5~M ETHO 0 " G IVES-  C RT HCGQNAL" V £ CT 0 RS" EVEN FOR DEGENERATE ROOTS.
C F INALLY THE TRIDIAGONAL VECTORS APE ROTATED TO VECTORS OF THE
C .CRI&INAL ARRAY ( F IR S T  REFERENCE) .

"C  '""’THE I N V E R S E  TTEP.AT ION'PCRTTGN'OF THIS"PROGRAM WAS ADAPTED
C FRUM THE QUANTUM CHEMISTRY PROGRAM EXCHANGE NUMBER o ^ . i ,  BY
C FRANKLIN PROSSER. THE EIGENVALUE ^SUBROUTINE ( EVQR ) WAS „F. ITTEN

... w'A'LTER N IELSEN’. "  " ’" ’
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RUY GORDON, SEPT., 1969
AN EXCELLENT PRESENTATION OF THE GIVENS TECHNIQUE IS FOUND IN 
J . M. ORTEGA'S ARTICLE IN 'MATHEMATICS FOR DIGITAL COMPUTERS,' 
VQLUMC 2» £D'."'6Y RALSTON AND WlLF,''WILEY U 9 o 7 ) ,  PAGE 9A.

**
ETA » £70-16  " "  ........................................................
THETA *  1 . D 7 5

* * * * * * * * * * * * * * *  * * * * * * * * * * * * * 9 4 * * * * * *

DELI * ETA/1.D2 
CELTA = ETA**2*1.02
SMALL = ET a'**2/1.02 ' ' "" ~ '" ' ............
CELtJIG * THETA*DELTA/1.03 
ThETAi => 1.D3/THETA
■" TOLER IS "a ' Fa CTCK' u SED' TO DETERMINE IF'ANY ROOTS ARE CLOSE 
ENOUGH TOGETHER TO EE CONSIDERED DEGENERATE FOR PURPOSES OF 
CALCULATING EIGENVECTORS. FDR THE MATRIX NORMED TO UNITY, IF THE
d i f f e r e n c e  b e t w e e n  t w o  r o o t s  i s 'l e s s  t h a n  To l e r ,'t h e n  t h e
OR TRANSFORMATION IS USED TO FORM THE EIGENVECTORS.

TCLER = l.02*QSQFT(ETAJ
" E H A G  IS' A'' TOLERANCE'FOR NEGLIGIBLE ELEMENTS IN THE wR ITERATION 

FOR EIGENVECTORS FOR CEGEN ERAT E EIGENVALUES.
EMAG = ETA

N *■ NX
FLCATN = DFLOAT (N)

 n r c o t  i a b s Cn r c o t a J ............ .........
IF (NRCOT.EQ.O) GO TO 1001 
IF (N-l) 1001,1003,105rcos -R'coTTi) » Acrr ' * ~ ' " ' ' '
IF (NROOTX.GT.O) VECTll.lJ = i.DO
GO TO 1 0 0 1 ____  ________ _____________

105 CONTINUE ........   ""......
NSIZE NUMBER OF ELEMENTS IN THE PACKED ARRAY

NSIZE * (N * (N +I J )/2     ~   " ' “
NM2 = N— 2 
NP1 * N+l

COMPUTE TRACE 
TRACE = 0 .DO------ JQHP —* J ' “
DO 1 J *2,NPi
TRACE “ TRACE + A (J U M P )

 I-JUHF-a -JUMP~V"J ~  •' ........  ...........
TRACE = TRACE/FLOATN 

C SUBTRACT TRACE FROM .DIAGONAL ELEMENTS TO GIVE A MORE RELIABLE NORM 
’ C WHEN 'THERE~ARE—'LA'RGE'~DI AGONAL"ELEMENTS " '

JUMP ■ 1 
CO 2 J=2.NP1

" A ( JUMP I _W"ACDUMP) TR ACE' .................... .........
2 JUMP = JUMP + J 

C SCALE MATRIX TO EUCLIDEAN NCRM OF 1. SCALE FACTOR IS ANORM. 
-------- F A C i m  cr. ao-------------------------------------- ----
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CO 73 I=L«NSIZ£
 7 0 ~ F A C T 0 R =  W f l X K F A C T C R T D A B S r A n )  > )' ' ' "

IF (FACTOR.NE.O.OO) GO TO 72 
C NULL MATRIX. FIX UP ROOTS AND VECTORS, THEN EXIT.
 DC 7 j '1=1 ,N R C O T.........  ....

IF (NROOTX.LT.O) GC TO 73 
00 77 J=1,N

— 77 vect r x r i  j  -= **!T.o'o' !--------------------------------- ----- -----------------------
VECT(1,1) * l.DO 

73 RCCT(I ) = 0.00
   GO TU l OOl      """......... ..

72 ANCRM = O.DO
06 SCALE = DSCRTI2.DO)/FACTORerr so' t=i,nstze "
30 ANCRM = A N O R M  +  ( A ( I) *SCALE) * * Z

C SUBTRACT DIAGONAL CCNTRI8 UTIGNS, WHICH WERE COUNTED TWICE 
SCALE * ~ 1 .00/FACTOR 
JUMP = 1 
DO 31 J=2,NP1
ancrf = a nq rm ~-tatj um p i * s czl £Y* * 2 " ~ " ~

31 JUMP = JUMP * J 
83 ANCRM = FACTQR*CSQKT(A N O R M )

SCALE * 1 .00/A N G F M .............
CO 91 1=1,NSIZE 

91 A(I) = A(I)*SCALE
a r r H r r  “= " i;o o

C TRICIA SECTION.
C~'TRICIAGUNALIZ a TIGN OF SYMMETRIC M A T R I X ......................*

ID = 0
IA = 1

--------j f-("n m ZTEQTO’ ) 5 Q 'T CT 20*1---------------------------------------
CO 200 J=1.NM2 

C J COUNTS ROW GF A-MATRIX TO BE DIAGONAL!ZED
C " I A  - START OF NCN-CODI AGONAL ELEMENTS IN THE ROW
C ID INDEX OF CODIAGONAL ELEMENT CN ROW BEING CODIAGCNALIZE

IA = IA>J+2
------------r ir~^Tc-K r*-i----------------------------------------------------------------------------------------------

JP2 = J * 2 
J1 = J + 1

C F 7 N C  TTI M ITS’_F0R"3‘AND_CF STGNIFI CAN'T’ MA TRTX” c LE M EN TS .....
LIMIT = J1
II = IA

  CCr99**T*JPZ7N “ ......
3(1,3) = A(II)
IF (DA8S(B(I,5)).GT.CEL1) LIMIT = I

—  99'ir'= T T > ~ I  ----------------------------------- ------------
CTEMP = A(ID)
IF (LIMIT.GT.J1) GO TO 110

•C— N'0~TR~AN SFCRMAT ION"NECESSARY'I F- ALL THE~NON-COD IAGUNAL .... ~
C ELEMENTS ARE TINY.

120 B(J,1) = DTEMP
------ AIID7_ = ”D . D D -------------------------------------- ----------

GC TO 200
C SUM SQUARES OF SIGNIFICANT NON-COO IAGCNAL ELEMENTS CF ROW J
~ i r o ~rcTF"=— L-imr-=3p-2    -------------- --------------
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SUM « DCT(B(JP2,5),8(JP2.5)J 
C NCW C'OMPLc TE'THE SUM CP OFF-OIAGONAL SQUARES'

SUM = OSQRT(SUM + DTEMP**2)
C MEW CCOIAGCNAL ELEMENT

' 6lJ,'i) » -OSrGNT SUM.DTEMP)......  ......
C FIRST NGN-ZERO ELEMENT OF THIS H-VECTOR

8( J+l< 2) a O S Q R T U l . O O  + DADS ( DT EMP )/SUM )*5 .0-1)
c FOU'M p e s t 'o f t h e  w- v e c t g r  "'El e m e n t s  " *

TEMP a OS IGN( 5.0— 1/ (B(J+1,2) ̂ SUM ) * DTEMP)
II a IA  cc iio lajp2»limTt  ------
B( 1,2) a A<I I)*TEMP

_ 130 I I a I I + I __________  ____
C. ' TOR'M P— V ECTCR 'AND SCALAR. "P-V ECTOR a A-MATR IX*W— VECTOR. 
C SCALAR a W-VECTOR*P-VECTOR.

_DAK.js_C.00 __
C ‘ IC """ LOCATI UN OF NEAT DIAGONAL' E L E M E N T "  .... .

IC = ID + I
C I RUNS OVER THE NON-ZERO P-ELEMENTS
C CASE'S FOR I ' LESS THA'N LIMIT 

LIMLES a LIMIT - I 
CO 188 I=J1,LIMLES

C'~FOK~M'FIRST PART OF "P‘ ELEMENT ........
ICIF a I - J1
CTEMP * COTIBIJ1.2),AIIC))

~C MOV E IC'T 0~"T0P "OF~NEXf'~A-MaT R T x ,’R’0'W •
IC = IC +- I 

C COMPLETE P ELEMENT
C CHANGE'INCREMENTING MODE' AT'THE' 0 I'AGON'AL' t C E M E N T ...

17b IP1 = I + 1
JJ a IC ♦ ID IF'CTEMP' = OTEMP ♦ DTUM(3TN,T), A (JTJTl P1,LIMIT )'

C BUILD UP THE K-SCALAR IAK)
CAK a OAK + DTEM P* d (1,2)

~  1S'8'"E( I,l'T“ a~0'TSMP' ” "  '"
C CASE FOR I = LIMIT

ID IF a l i m i t  - Ji
-------- OTEMP- » “CCTHBT3TT2T,A (TCJJ------------------

DAK a OAK + DTE MP*B(LIMIT,2)
BILIMIT,1) = OTEMP------ ! j  j (r~5 i_ i j.* j T~ “ j  r  -

C TEST TO SEE IF ANY I VALUES REMAIN 
IF (LIMIT.cC.N) GO TO 190. ----- lir'a-TC'FTTMIT
LIMLC = LIMIT ♦ 1

C DO REMAINING I VALUES------ CG-lb9"IaCIMi:0:TN — ----------  ~
BI 1,1) > 0UT(BU1.2),A(IC))
8(1,2) a C.DO

 139 I C ‘='TC— +~~I----------------------------------------------
C FORM THE Q-VECTOR 

190 FACT = -DAK
" " ....  CALI~V ECSUM CB U  Ti l )', b  ( Ji.,2) ) ...
C TRANSFORM THE REST OF THE A-MATRIX 
C JJ START-1 OF THE REST OF THE A-MATRIX

JJ''a— rD
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C MGVE W-VECTOR INTO THE OLD A-MATRIX LOCATIONS TO SAVE SPACE 
C I RUNS- OVERT THE' SIGNIFICANT ELEMENTS OF THE W-VECTOR

CO 160 I * Jl « N
a(jj) = aii*2)
IF (I.GT.LIMIT) GO TO 161 '
B2 = B (I >2)
FACT * -82 - 82ID_n..__I__._ri : — ...
CALL V E C S U M (AIJJ+l), 3 1 J 1,1))

161 B1 s 8(1,1)
FACT * -81 -"&r~  ..........
ID IF * MINO(I,LIMIT) - Jl

_ CALL VECSUMlAIJJ+i),6<Jl»2>J ________
~160~JJ = JJ -*• I 

C STORE AWAY LIMIT FCR LATER USE IN BACK TRANSFORMATION 
200 3(J,6) = LIMIT 

' ' C "MCVE L'AST'COCI AGONAL 'ELEMENT UUT INTC ITS PROPER PLACE 
2 0  l CONTINUE

B(NMl,l) = AINSI2E-1)
----------ACNSTZE-LT'-S-OVOO' ~  ' ' ” ..

C
C USE OR TRANSFORM METHOD TO FIND EIGENVALUES OF THE TR10 1 AGONAL MATRIX 

‘ "C" MGVE"0IAG0NAL ELEMENTS "OF'THE T'Rl DIAGONAL MATRIX INTO ROOT ARRAY 
C THIS IS A MORE CONVENIENT INDEXING POSITION.
C ALSO, PUT SQUARE OF COO IAGCNAL ELEMENTS IN THIRD N ELEMENTS.

jCMPr ■ <r "■..... .... .
DO 320 J=1,NM1 •
JUMP * JUMP ♦ J

"........... RCCTO") ='A'IJUMP)..........
320 B(J,3) = B(J,1)*»2 

FOOT(N) * A(NSI2E)
----------^ lc-evcr ■fHacr,-6TiT3 r,N73'crrsMALLJ...........................

C ROUT NOW CONTAINS THE SHIFTED AND SCALED EIGENVALUES
C STORE EIGENVALUES FCR POSSIBLE LATER USE AS SHIFTS, IN
c e v a l u a t i n g ' e i g e n v e c t o r s  f c r  d e g e n e r a t e  m a t r i c e s .

DC 325 J=1*N 
325 BIJ.2) = POCT(J)

 C S G R T T h  E“~‘E IG EN V a LU ES“ IN T 0""C E'SCEM O' IN G~“A L GE 8 R A IC ORDER".................
CC 330 I=1*NM1 
IP I 3 I + 1
CC"_i3'0 J3 1P1»N ..... .................... .
IF (RCCT< I) .GE.PCOT(J)) GO TO 330 
TEMP = ROO T ( I)pGCTTrrv-acoT(J) ~ ‘
ROCT(J) - TEMP 

330 CONTINUE
 C QUIT" NOW “IF" NC'VECTCRS ~WER E""R EflUEST ECT

IF (NPOUTX.LT.O) GO TO 1002 
C IF ONLY ONE VECTOR WAS REQUESTED, DEGENERACY DOESN'T MATTER

------------- TF-rNRCarX7EQ;XJ“ GC~ T0 807... . ....  ...
C TEST FOR DEGENERACY OR NEAR DEGENERACY OF EIGENVALUES FOR wHICH 
C EIGENVECTORS WERE REQUESTED

 .......... NT CP "NRCOT 1 ---- ------ --------- --- -------
CC ^00 1=1,NTCP
IF (DA3S(ROOT( l + lJ-ROOTII)).LE.TCLER) GO TO A10 

-------^OO-CCNTTNUE------------------------------- -- -----



C This IS REACHED IF ALL EIGENVALUES FCR WHICH EIGENVECTORS WERE
C— R'EUCESTcD 'ARE ’ wELL "SEPARATED. ‘ .....

GO TO 807
C
C ' “THE'FCCLCSING IS" REACHED IF'THERE 'APE ANY DEGENERATE CLuSTERS 
C OF e i g e n v a l u e s , u s e  f u r t h e r  o r t r a n s f o r m s  t o  e v a l u a t e
C THE EIGENVECTORS OF THE TRIDIAGONAL MATRIX. THIS METHOD 
'C‘~GIVES''ORTHEGONALrErGENVECTCfrS EVEN~wHEN THE EIGENVALUES ARE'
C DEGENERATE. HOWEVER, IT TAKES MORE ARITHMETIC THAN THE METHOD 
C OF INVERSE ITERATION (AT LEAST AT LARGE N).c ‘    -.....
C PUT DIAGONAL ELEMENTS OF TRIOIAGONAL MATRIX INTO ROOT 
C PUT OFF-DIAGONAL ELEMENTS INTO Bll,3)4T0 JUMP * O' "    ” "... ” ....  '.....

CO 440 J* 1 ,NM1
JUMP * JUMP *  J _______________
r o o t i 'A(juMPi '...... .......... .....

440 B(J,3) * 8(J >11 
C LAST CIAGCNAL ELEMENT

FrocnfTT'^'MNS'izEi -  -

C
C INITIALISE VECTORS TO A UNIT_MATRIX_

CC 450 1*1,N ............* '■....
CO 445 J * I,N 

445 VECT(J,I) = O.DO
C CI'ACC NA~L~EXEMEfNT ' ‘........ .........

4aC VECT( I t l )  ~  I.DO
C
C '“ F'CRM“ EIGENVECTORS'CF “TP. I DIAGONAL MATRIX,', “FOR DEGENERATE MATRICES 

CALL JRTN<ROOT,B<1,3),VECT,d(1,2),N ,25,EM A G ,N J X )
C TRANSPOSE TbE VECTORS

co "4 s'd t * r « n m t       ''
IP1 = 1 + 1  
DO 455 J=IP I * N

 fl ip i“VEc r n , j r  ~      * ''...... ........
VECT(I ,J) * VEC T (J , I)

*,55 VECT I J , I) = FLIP
" 45o~CONTTNUE------------------------- ----  ------
C IF ROOTS WERE NOT LOCATED IN DESCENDING CROER, INTERCHANGE ROOTS 
C AND VECTORS.
 ... IToF~«~NRaOT=r :    ' “

CC 480 1*1,1 T O P  
IP1 * 1+1 — c t r ^ s m i * ! p t ;n  "  '
IF (ROOT!I).GE.ROOT(J)) GO TO 480 

C ROOTS OUT GF ORDER. INTERCHANGE.
   TEMP -W-UCCTTn ---------------------------     '

ROOT(I ) * R O O T (J )
ROOT(J ) * TEMP

—  C INTERCHANGE “VECTORS ~
CO 470 K*1,N 
TEMP * VECT(K.I)

------- vEcctKiU'^A/ECTiKVjr'   "".....
470 VECT(K,J1 * TEMP 
480 CONTINUE

— C DCGTNEKATE~VECTOKS““ARE“!'rCW' COMPLETE................ ...................
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 GO TO 9 4 0 _______________________________________ _______  ______ __

EIGENVECTORS OF TRIOIAGCNAL MA T RI X ,  FOR NCNDEGENERATE MATRICES  
807  CONTINUE

I N I T I A L I Z E  VECTOR ARRAY.'  ..............     '
CO 7.05 I » I ,N R O O T  
CC 15 J * I , N

t s t t e c t  r 3 T I 7  r z o  cr;-------------------------------------------------------------------   * .........
705 CONTINUE

DO 7 0 0  I  = 1 » NRCCT
" 'USE' INVERSE ' IT E R A TI O N  TO FINO VEC TORS""    "........ .

701 ARGOT *  RCOT( IJ
ELIM1 *  A ( l )  -  AROOT

 E O H 2 - T “ 8 C i a i r    ---------------------
JUMP a 1

 CG 75 0  J a l . N M l ____________________     __
JUMP "a JUMP + J ♦ 1'.. ............... .

GET THE CORRECT PIVCT EOUATION FOR TH IS  STEP.
IF ( C A d S ( E L I M l ) . L E . C A d S ( d ( J f l l ) ) GG TO 760

f t r ST~t e l  i m i i  etjuat i o n  is" t'h E" p'i v q t  Th i s  t t m e . ' c a s e  i .
B C J , 2 )  *  ELIM1  
8 ( J , 3 )  a ELIM2
Bl J i V l  ' V q .OO' " ......... ' ............... ...................................................... ....
TEMP *  d l J . l J / E L I M l
E L I M i  = AC JUMP) -  ARGOT -  T E M ^ E L I M Z

 e r iM T ^ r - B 'n + i -  n ------------------------------------------------------------------------------- ------
GO TO 755

SECCND EUUATION I S  THE PIVCT THIS  T IM E. __ CA S E 2 .
76J 8 C J , 2 i  ^ 31 J , l )  ...........

B ( J , 3)  a A(JUMP)  -  AROCT 
B( J ,  A) a , j (  J + l  , 1 )
TEMP a £ . 0 9 "     ■    " "
I F  C D A b S C B C J , l ) J .G T .T H E T A 1 )  TEMP = E L I M 1 / B C J , 1 J  
ELIM l__a EL IM2 -  TEMP*BCJ,31

 E L I M2 a ~ - T E M P * 8 T j  + 1 , 1 )  " "............ ....................... .
C SAVE FACTOR FCR THE SECOND I T E R A T IO N .

755 e < J , 5 )  a TEMP
------7 3 0 " C C m N U E------------------------------------------------

e ( N , 2 )  = E L I M I  
8 C N . 3 )  = O.DO 
3 f K , 4 r  *  "O.DO 
B( N M 1, A )  a o.DO  
ITER a I

  ~ c "~ a A C 'K "s a s s T rT u rE ‘'TC  g e t t h i  s "v e c t o r ; ............................ ..................................... ..
750 L *  S i t  1

_______ CO 730_ J * I » N  __________________  ______________

736 CONTINUE
E L IM I  a V E C T ( L » l ) - V E C T ( L * l , I l * B ( L « 3 ) - V E C T ( L + ,2 f I ) * S ( L , A )

 c— r r r r  vER'F ra errs ~ c o nc e i  v a b l~e~, ~ sc a l e  ~t h f ~  v e c t  a r  ' o c w n .  ................... ...
C T H IS  APPROACH IS USED TO AVOID MACHINE-DEPENDENT AND SYSTEM-  
C DEPENDENT CALLS TC CVERFLOW ROUTINES.

 r F “ ( -DA 3SfE L IMl  ) . G T . C E L B I G )  GO'TO 782  ...........................
TEMP » B I L »2)
IF  C D A B S C 6 1 L , 2 ) ) . L T . D E L T A )  TEMP a CELTA
v e c t c t'rri "= el'i m i / t e m p    " ....
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GG TG 780   _  ____________________
C VECTOR I § TOO BIG. SCALE IT DOWN; '

782 00 7d4 K»l,N
73* VECT(K , I) VECT(K,J)/DEL8IG

GO' TG 786 " ..... " ' ................... .
730 CONTINUE

GO TG (820.900). ITER
t  ~S ECCNO- IT E'RA'T ION " " ~  *......  '

820 ITER * ITER + I 
890 ELIMI * VECT(l.I)

CO 830 J3 i,NMl ..." “  " “ ......
IF ( 6 (J , 2).E0.8<J.U) GC TO 8*0 

C CASE ONE.
850 V E C T t J T l  ) *  E L I M I  ~   " .............

ELIMI * V ECT(J +l.I) - ELIM1*8(J,5)
GC TG 830

c “ c a s e  t w o ;"   “  ‘ ‘ ........ ......
8*0 VECT(3.1) = V E C T U + l . I J

ELIMI = ELIMI - VECT(J+l,I)*TEMP 
a B o i x N f i N u E  ‘

VECTIN,I ) = ELIMI 
GC TG 790

C~"NORMALIZE Tnt "VECTCR “  ' " “  ~
900  E L I M I  3 ( 1 . 0 0  

DC 9 0 *  J = 1 , N  
9 0 4  ElT m‘1 = —DMA)QTO’AbST vECTl  J » I ) T ,E l T m iT  

'  TEMP 3 O.DO
CO 9 10 J 3 1» N___________________ ______
EL1M2 = VECr(j,T)/ELIMI  ..............

910 TEMP = TEMP + ELIM2**2
TEMP 3 l.CO/(CSCRT(TEMP)*ELI M l )

-'CirszQ'^r.N
VECT(J.I) - vECT(J,I)*TEMP
IF (DA8S(VECT(J,I)).LT.DEL1) VECTIJ.I) = O.DO

" VZOT CONTINUE ......... ..........
70C CONTINUE

C
XT* S T M V E C ~ S E C n  O N .-------------------------------------------------- -
C ROTATE THE COOIAGCNAL VECTORS INTO VECTORS OF ORIGINAL ARRAY 
C LCOP CVER ALL THE TRANSFORMATION VECTORS__

9*0 "IF I iY m 2.EU.O) G C  TC "1002 "" ".......... ......................
JUMP 3 NSIZE - NPl 
IM 3 NMI
C 0 T 5 0 '  T 3 I 7 N M 2 ~ ................................. ~ ................
LIMIT 3 ID I NT I 6 1IM— 1,6 ) )
Jl 3 JUMP

C MOV E"~A "TR ANSFGRMATrCN-VECTOR " OU T T N T G  BETTER" INDEXING PCS IT lu 
DC 935 J*IM,LIMIT 
3( J.2) 3 AI Jl )

 555“ Jl~3 "3r + "J--------------------------------- ---------- -------------
ID IF 3 LIMIT - IM 

C MODIFY ALL REQUESTED VECTORS.------ ca-9-5-0 -K ,T ;-NKQCT  —  '.. .....
C FORM SCALAR PRODUCT OF TRANSFORMATION VECTOR WITh EIGENVECTOR 

IMP 3 0CT(d(IM,2)»VECT(IM.K))-------WCT-,— _THP-i-7Mp--------       -
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CALL VECSUMIVECTlIM,K),B(IM,2)I
nmreoirrutoE '---- ----- -- -’'

JUMP a JUMP -  IM 
950 IM = IM - 1

1002" CONTINUE ......       ;
RESTORE ROOTS TO THEIR PROPER SIZE AND ADO SACK TRACE 

CO 95 I = 1» N 95~-ROOTTTr a' RQOT (TT*ANCRM ~F TRACE..................
1001 RETURN 

END
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SL6RCUTINE EVO R (A , 8 ,N.M,TOL)
Z  QTT T (TANS FC HM IFOR RE A C  SYMMETRIC TR ID I AGONAL MATRICES 
C QN ENTERING, A CONTAINS THE N DIAGONAL ELEMENTS OF THE TRIDIAGGNAL
C MATRIX. 0 CONTAINS THE SQUARES OF THE N-l OFF-DIAGONAL ELEMENTS.
C ITERATES LINTIL" THE SQUARES OF. THE OFF-DIAGONAL ELEMENTS ARE LESS 
C THAN TOL.
C TYPICALLY, LESS THAN TViO ITERATIONS PER EIGENVALUE ARE REQUIRED.
C- TfitrS- TRE* UPPER“ LIMTT” M T(T THE~N u M b £R~OP 'ITERATIONS PER EIGENVALUE 
C MAY SAFELY BE SET AT 20 OR SO
C ON RETURNING, A CONTAINS THE N EIGENVALUES

IMPLI'CTT" REAL>dI'A-H,C-Z) ......................
DIMENSION A H ) , e l l )
NX a N
NI » I ‘ ~ ~  - — ..-  - ..........
SH a O.DO

C _ K  CCUNTS THE NUM^BEP QF_ IT_ERAT IONS PER EIGENVALUE
K a'O ”  ‘ " ' ‘..."..    " ..........
IF (NX-2) 50,60,B5 

C EACH NEw ITERATION BEGINS HERE 
TO O K » it ♦ I

IF IK.LT.M) GO TC 101 
WRITE 16,1000) K

“  ICCO'FORMAT (35H NO CONVERGENCE OF UR' ALGQR ITHM" IN ".IA, U H  ITERATIONS) 
CALL EXIT

C SOLVE THE TWO BY TWO IN THE LOWER RIGHT CORNER, AND USE SMALLER ROOTr~asnrF£'Ti-exr'5ffiPT      ' '
101 AT a AI N X ) + AI NX— 1)

ST * AT*5.D— I _ _
CISC = A T * * 2  - AVDO* I ATN)0 * A lNX-T)-d( NX-1 ))
IF (DISC.LE.O.DO) GC TO 15
ST a ST - D SI G MD S Q R T ( C I S C )  »ST )*5 .D-l

C ri'iCREAS'E'Tfl£T TOTAL 'SHTFT'SY Th£~TEMPORARY' SHIFT ’......... .
15 SH * SH ♦ ST

C THIS LOOP SUBTRACTS THE TEMPORARY SHIFT FROM THE DIAGONAL ELEMENTS
DO 20 'Iai.Nx' ■ '  *

20 A(I) a All) - ST 
C INITIALIZE
--------G_s~ATNl) ' ..... ..

PS a G**2
RS a PS > BtNI)

  ~ SX a d'fNT)7RS ■' '  ""
CXS a 1.00 
CX a PS/RS \r*»~sx'*t g*s i n r * m
A t N I ) a G *  U 
NTOP a NX - 2

C TrirS"LO'CP_ COMPLETES~CNE“ITERATIONV TFAT- IS'ONE' GR T RA N S F O R M ...........
DO 10 I=NI,NTOP 

C G IS THE GAMMA, IN THE NOTATION OF WILKINSON
------- G  ~a~ATT+’TI ~-~CI ~ ....

IF (CX.GT.TOL) GC TC 12 
PS a B(I)*CXS

--------- GO'TO Tc ---------------------------------- - -----------
12 PS a G**2/CX 
lb RS a PS + 01 1 + 1>

— C Th I S~~RCJT A T ES'AN'O F F-0 I AGON A L’ ELEMENT ‘    "
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BC I) a SX*P. SSX-a~STT* 1‘) /R S ■ -...........  . ‘cxs * cx
CX a PS/RSu-i-s-x-*-CG>ar(-XV(j-),   -

C ROTATE A DIAGONAL ELEMENT AC 1*1) a G «• U
 IU”CCNTTNrCT6 '--:-------------------------------C COMPUTE THE LAST DIAGONAL ELEMENT AC NX) a ACNX) - UC COmPLTEThE CAST OFF-DIAGONAL ELEMENT ‘.... .IF ICX.GT.TCL) GO TO 112 PS = BCI\TCP*1)*CXSstnroru6 ~112 PS * C CACNX)>**2)/CX 116 6CNTOP+1) a SX*PS~C “THIS cN Or$~CN’E IT ER AT TUN ‘.....  ........85 IT a NXC CHECK UPWARD THROLGH THE OFF-DIAGONAL ELEMENTS TO FIND THOSE LESS
C THAN TOC............................... ~... ~   ""
c these three statements constitute a backward logp30 IT a IT-1
 IFTDABS'C'B'C IT>T.LE.TQLV GO" TO “40........ .. ... .C IF NO OFF-OIAGONAL ELEMENTS LESS THAN TOL ARE FOUND, wE PERFORM C ANOTHER ITERATION

 i f t i  r-Ni )"t o q  vioo r3a------------------------------ ------C THIS CONDITIONAL BRANCHES ACCORDING TO WHETHER THE MATRIX ISOLATED C aY THE SMALL OFF-DIAGONAL ELEMENT IS OF OIMENSION ONE, TwO, OR MORE 
 W T F t  NX"-1T-2T 50 ,6"tf J 70C THIS EXTRACTS THE EIGENVALUE OF A ONE 8Y ONE MATRIX, BY C ADDING SACK THE SHIFT 50 ATNX) i ATNX) SH C THIS DECREASES THE SUE OF THE PORTION OF THE MATRIX AFFECTED BY C LATER ITERATIONSNX" a NX-1.........C THIS RESETS THE ITERATION COUNTER 

K a I
----- GCTTO~bO----------------------------------- --------C THIS SECTION EXTRACTS THE EIGENVALUES FROM A TWO BY TWO MATRIX.60 AL a BCNX-1J
----- AM“i'5.D-r*rACNx-iT-A(Nxn---*------------  " 'AMS a AM**2SAM a DSIGNC1.DO,AM)
----- MTS" OSQRT C AL>’AK**'2'1--------------------  ---------------

C X  a (AN+OA8S(AM))/C2.00*ANJ 
SX a 6CNX-1)/C4.00*AN**2»CX)"TA"~a~Al NX-IJ-------------------------- ----------TB = A I NX)TC » BCNX-l):
1  a~NX-------------------------------------- -----------C ROTATE THE DIAGONAL ELEMENTS . .A ( NX—1 ) a TA*CX+TB*SX+TC*SAM/AN«-SH- ATNX ) a_Tfi*S~X*T5*CX-TC*SAM/AN+SH------ ""C ROTATE THE OFF-DIAGONAL ELEMENTBCNX-l) a ^.OOaAMSaCXaSX-OABSCAM)«TC/AN+TCa<CX-SX)a»2

C“  reset-the-ttekaticncounter-----------------   ”
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K * 1X OECTTFASE~TFE"STZir~OF~TFE"l>CRTTON" OFTHE MATRIX' AFFECTED BY Trie LATER C ITERATIONSNX * NX-2
ccr Tff oo...... ~....~   “ "■ "C THIS STATEMENT IS REACHEO WHEN THE PORTION OF THE MATRIX C ISOLATED IS GREATER THAN TWO BY TwO. IT CHANGES THE LOWER LIMIT CT- OF TH E~TT E R"A1T CN~ 50 ~THAT~C NCY 'TH IS- POR TI ON' WILL BE AFFECTEO BY C SUBSEQUENT ROTATIONS, UNTIL ALL ITS EIGENVALUES ARE FOUND 70 NI * IT 4- I(T TRANSFER "TO BEGINNING OF ANCTHER ITERATION...GO TO 85c this statement is reached after either one or two eigenvalues

C— H aW ~ J U S T ~  B~EEN“ FOUND. IT “TRANSFERS I F ALL THE EIGENVALUES I N .......C THIS PORTION OF THE MATRIX HAVE BEEN FOUND.BO IF (NX.LT.NI) GC TO 90 C "Thl S BRANCH TRANSFERS ACCORCING TO WHETHER ONE * TWO, OR MORE C EIGENVALUES REMAIN TO EE FCUNO IN THIS PORTION 95 IF (NX-NI-i) 50,60,85
"c nrmroN'criTicna c t s - reach Et when all etgenvalues*'in'this p o r t i o n "C OF THE MATRIX HAVE BEEN FOUND. IT RETURNS IF THIS IS THE LAST C PCRTICN OF THE MATRIX.90 IF (NI.EO.l) RETURN "".......C THIS ENLARGES THE PORTION OF THE MATRIX BEING TREATED TO INCLUOE C THE BEGINNING OF THE MATRIX
■ NT~='1---------------------------------------------------- --- -------------GC TO 95 END
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SLBR CUT INfc CRTN (A,6,V,ElG,N,M,TOL,NJX)
~c r t r a n s 'f c r m t f o t 's e a c  s y m m e t r i c  t r i d i a g o n a l  m a t r i c e s ............
N IS THE DIMENSION OF THE MATRIX
A CONTAINS THE N DIAGONAL ELEMENTS OF THE TRIDIAGONAL MATRIX 
B CONTAINS ThE N-l OFF-DIAGONAL ELEMENTS 
M IS THE MAXIMUM NUMBER OF ITERATIONS ALLOwED (SAY 20)
NJX IS THE PHYSICAL ROW DIMENSION CF THE EIGENVECTOR MATRIX V 
T F ’E"~ETGENVAL'UE'S' OF-THE MATRI X ’"ARE^ ASSUMED KNOWN,’ AND PLACED 
IN THE FIRST N ELEMENTS OF THE ARRAY El G.
N VECTORS V (EACH OF LENGTH N) ARE TRANSFORMED INTO THE BASIS 
IN WHICH’"The MATRIX IS' DIAGONAL ..

IMPLICIT REAL*d (A-H,0-2)
X I MENS ION A’l V) r’BTl ) '* V (1X, EIGTi.)
NX * N
NNMI * N J X * (N X - 1)
NI -  1      ' ' " '  .........

C SET INITIAL TOTAL SHIFT 
SH = 0IF'-TTX^T)-Tor6C7r "    ~ ’

C K CCuNTS THE NUMBER OF ITERATIONS PER EIGENVALUE 
1 K*0

~C SET 'INITIAL TEMPORARY SHIFT’ " " .....  ’
93 ST a EIG(NX J— SH

C CHECK FOR SMALL OFF-DIAGONAL ELEMENTS.     ----------
99 IT * IT— I

IF (DA8SI8(IT)).LE.TGL) GO TO 40
“ i'F’ IT.GT.Nf) GO TO 99  .... ......  ..................

C NO SMALL OFF-DIAGONAL ELEMENTS FOUND. ITERATE.
C EACH NEw ITERATION BEGINS HERE 

100 K = K * 1
IF (K.LT.M) GO TO 11 
WHITE (6,1030^ K

’■ 1000 FCRMAT’(35H NO C'CNVERGEN'CE'OF O R ’ALGCRITh M IN flAtllH ITERATIONS) 
CALL EXIT

11 IF (K.EG.i) GC TO 15
C S X L W T h E  Two BY~TwC~TN THE~LOw ER RIGHT CORNER," AND USE SMALLER ROOT 
C AS THE NEXT SHIFT

12 AT * A ( N X ) + A (NX— 1 )
ST* AT*5’.0-1 ’ ’ .....
CISC = AT**2-4.D0*(A(NX)*A(NX— 1)-B(NX— 1)**Z>
IF (DISC.LE.O.DO) GC TO 15
s t 3 " s t -o s i g n (d s c r t (d i s c ) ,"s t )*5.d - i ...............

C INCREASE THE TOTAL SHIFT BY THE TEMPORARY SHIFT 
15 SH * SH + ST

~C TrtTSTLOOP' S\JdTRACTS"THE ' TEMPORARY SHI FT' FRUM THE DIAGONAL ELEMENTS 
DC 20 1*1,NX 

20 A( I) » A( I) - ST
’-------- fT =~DS'ORT’('A IN 17**2 +31 NT ) * ' * Z f

S * a(NI)/R 
CS * S c.--_rfNI3/R-.      _   . . .
U * (S**2)*(A(M)+A(NI + 1) )
A (N I ) * A(NI ) + U

-------- CALL" r CTATEIV (NI) ,C, S , NJX, N N M 1)--------------    ’ '
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NTOP a NX - 2
C Tb i s l q c p  Co m p l  ET e s' o n e  i t e r a t i o n , t h a t "is o n e q r 't r a n s f o r m  

CO 10 I»NItNTCP 
C G I S  THE GAMMA, IN THE NOTATION OF WILKINSON
  G = A ( 1+1) - U '.. ...........
C J IS THE P, IN THE NOTATION OF WILKINSON 

Q  -  C * A U H )  - CS*d(I)
— — ~ r s r  as q r t 10**2+ij f i+i i * *2»....................
C THIS ROTATES AN OFF DIAGONAL ELEMENT 

6(1) * S*R
C FINC 'THE "NEW SINE' FOR THE’ "JACOBI 'ROTATION 

S 3 61 I + ll/R 
CS » C*S

C T^INC'THc n e w  COSINE " - - -.......
e = o / r

C COMPUTE A NEW U
 ' V  * < S**2)*(G+AiI + 2 » ) “     '

C ROTATE A CI AGONAL ELEMENT 
A ( I + i) a G *  U

C 'R0TaTE"THE VECTORS' ~ ■ ........
CALL RCTATE IV(1+11,C,S,NJX,N N M I )

10 CONTINUEc Compute the last off "diagonal element ......
e(NTQP+l) 3 S*(C*A(NX)— CS*B(NTCP+l))

C COMPUTE THE LAST OIAGONAL ELEMENT 
S (NXT = A'l NX ) - U 

C THIS ENOS ONE ITERATION 
65 IT 3 NXc check"upharo"through'the "off’ diagonal" elements to find those less

C THAN TOL.
C THESE THREE STATEMENTS CONSTITUTE A BACKWARD LOOP

j o  "i t~3~ i' t“ - " i       "
IF (DAdS(B(IT)).LE.TCL) GO TO 40 

C IF NO OFF DIAGONAL ELEMENTS LESS THAN TUL ARE FOUND, WE PERFORM
C" ANOTHER"rTERATION .. ......

IF ( I T - M  ) 100,100,30 
C THIS CONDITIONAL ERANCFES ACCORDING TO WHETHER THE MATRIX ISGLATtO 
C EfY~‘TfiE "S~M"AL"C'"GFF "DIAGONAL" ELEMENT "TS~~CF' DIMENSION ONE, TWO, OR MORE 

40 IF (NX-IT-2) 50,60,70 
C THIS EXTRACTS THE EIGENVALUE OF A ONE BY ONE MATRIX, BY ADDING 
X  back the shift .......

50 A (NX ) 3 A (N X ) + SH
C THIS DECREASES THE SIZE CF THE PORTION OF THE MATRIX AFFECTED BY
X ~  rATER“ IT¥RATIOMS ...........................

NX 3 NX - 1 
C THIS RESETS THE ITERATION COUNTER K- -0   -  •

GC TO 80
C THIS SECTION EXTRACTS THE EIGENVALUES FROM A TWO BY TwO MATRIX,
C A'ND~PERFORMS~THE CORKESPONDI'NG" ROTATTCNS"C!'T THE V E C T O R S .......

60 AL 3 -B(NX-l)
AM 3 5.D— 1*(A(NX— l)-A(NX))

--------AN 3~0 SGRT rAL*»2VAM**2) ~  " ‘ " " .......
C 3 DSURT((AN+CABS(AM))/(2.D0*AN))
S 3 0SIUN(5.D-1,AM)*AL/(AN*C)

------TA~i 'ArKX-I') - - .......
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TB » A I NX) rc * 61HX-Li 
CX * C**2 
SX * S**2

' "   CS »" C*S ..........■" ' *......... ""  ...........
C ROTATE THE OIAGGNAL ELEMENTS

A(NX— 1) = TA*CX+TB*SX-2.CO*TC*CS+SH
   TA*S'X + rB>CX>2^D0*TC*CS+SH ‘   "  ' ~ *....  .....

C ROTATE THE OFF DIAGONAL ELEMENTS
BtNX-l) *_2.00*AM*CS+TC*<CX-SXJ _

- 1 *  N x - r  ' ‘  .......... ........
C ROTATE THE VECTORS 

S ■ -S
-CALr- R0-r a r E v < r)TC,"S. NJX'. NNM I) '   *....

C RESET THE ITERATION COUNTER 
K = 0

■ 0 "DECREASE'T h E SI a E OF THE PORTION OF THE MATRIX AFFECTED BY ThiE LATER 
C ITERATIONS

NX = NX-2
---------- GO-TU- 30---------------------------------------- ----- --

C THIS STATEMENT IS REACHED WHEN THE PORTION OF THE MATRIX 
C 10 0 LATED IS GREATED THAN TWO dY TwO. IT CHANGES THE LOwER LIMIT

 ~C OF'THE'ITERATION SO THAT ONLY THIS PORTION «ILL BE AFFECTEO BY
C SUBSEQUENT ROTATIONS. UNTIL ALL ITS EIGENVALUES ARE FOUND 

73 NI = IT + I
 0 Tft'A'N'SFEfTTC" B £ GINN ING' CF "'ANOTHER 'TT ER AT ICN " " ' ' ~ ~..........

GO TO 100
C THIS STATEMENT IS REACHED AFTER EITHER ONE OR TWO EIGENVALUES 

~ '"C 'HAVE" JUST BEEN "FOUND. "IT TRANSFERS IF'ALL THE EIGENVALUES IN
C THIS FCRTICN OF THE MATRIX HAVE BEEN FCUND.

BD IF (NX.LT.NI) GC TC 90
 C— THTS'ER AN'CH TRANSFERS"ACC0RDING 'TC WHETHER'ONE ," TWO, OR HORE .....

C EIGENVALUES REMAIN TO EE FOUND IN THIS PORTION 
95 IF (NX-NI-l) 50,oO,5b 

C "THIS"CCNDITIUNAL "IS REACHED WHEN' ALL EIGENVALUES IN THIS PORTION 
C OF THE MATRIX HAVE BEEN FCUND. IT RETURNS IF THIS IS THE LAST 
C PORTION OF THE MATRIX.

  F" ("N IYcO VO" 'RETURN "  .................
C THIS ENLARGES THE PORTION OF THE MATRIX BEING TREATED TO INCLUDE 
C THE BEGINNING OF THE M A T R I X  _

Ni * r ~.... .. ................ .............. ....................................
GC TO 95 
END
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SUBROUTINE RELVECIR tE .C l ,C 2 )
 IMPLT<riT'ftEAI>8( A - H , O-Z)

DIMENSION 6( 3 ) »CL(3) » C 2 (3)
X a 0.00

 CO” W T « i7 3   .............
E(I) - C 2 (I )—C 1(I )
X = X+ElI)#*2

T  0" "CO NTTNU E: r ~---- -— ~~
RaDSQRTSX)
CO 40 1*1,3
IE ( R. G‘Ti .00000 iOO ) "GO TG 30~ 

20 GO TO h O 
30 E(I) *EII)/R 
40~CONT INUE 

RETURN 
ENG



FUNCTION FACT(N)
 r f 'P i:rc T T ~ R E A L .*a  i  a - h  v o - z t

PRCDT * 1.00 
2C CO 30 1*1,N 
30' PRCDT * PRODT*DFLOAT(I ) '
^0 FACT*PROOT 

PETURN
 e n u  :--------:---------------- *



on
oo

 0
, 0 

nn
|o

o
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SUBROUTINE 9 1NTGS(X,K)
_ TMP lTCTT R£A'L*81 A - H ,0— I j "" .'    ..... ......“ ‘
FILLS ARRAY OF B— INTEGRALS. NOTE THAT B(I) IS B(I-l) IN THE 
USUAL NOTATION _
FOR X.GT.3...... .....““. EXPONENTIAL FORMULA IS USED
FOR 2.LT.X.LE.3 AND K.LE.10 EXPONENTIAL FORMULA IS USED
FOR 2.LT.X.LE.3 AND K.GT.10 15 TERM SERIFS IS USEO
FOR” T 7 £ T .X ."E.2 AND'KJLE.T EXPONENT IAL FORMULA IS U S E D ..........
FOR 1.LT.X.LE.2 AND K.GT.7 12 TERM SERIES IS USEO
FGR . S . L T . X . L E U  ANC K.LE.5 EXPONENTIAL FORMULA IS USED
FOR '.5.LT.A.LE.1 AND K.GT.5 "*'7 TERM SERIES IS USED 
FOR X.LE..5 o TERM SERIES IS USEDC ******************************* ***********************************

_  COMMON / AUXI NT/A (17) , B 117).......... . ...................
IC*0
ABSXs0 A8 S (X )
IF(AftSX.GT .3.DOI'GO"TO 120 ........

10 IFUB SX . GT . 2. D 0)  GO TO 20 
AO IF(ABSX.GT.l.DO) GO TO 50

-------70 IFU BSxTGTTV50‘0 T _GC~T0~80 .....
100 IF(ABSX.GT..00000100> GO TO 110 

GO TO 170
TlO LAST*6 ....

GC TO 140 
dO IFtK.LE.5J GO TC 120

• ...9o~TA$T=7------------------------------------        ~
GO TO 140 

50 IFtK.LE.7J GO TO 120
 “60 LAST = 12  ‘ " .... .... .

GO TO 140 
20 IF(K.LE.IO) GO TO 120

 s t r o s T v r s.......  ........
GO TO 140 

120 ExPX=DEXP(X)
EXPMX= 1 .OO/EXPX .......  ...................
d 11) = 11X P X— e X P M X J / X 
DC 130 1*1,K

130- B"rr* i t = t o f l o a  t  n  j *b  » i j F t - i . o o j  *> t*e x p x -e x p m x  j /x  
GO TO 1*30 

140 00 160 I * 10, K
- Y*0.‘00~ ".........  .........

DC 150 M*I0» LAST 
15J Y=Y*t-XJ**M»l l.DO-(-l.DO)*»( M+I + 1 J )/(FACT IM)*OFLOATIM+1 +1) )
160 3(1+1) =Y '................. ... ' ..............

GC TO 190 
170 DC 180 I*10,K

 130 "E f I>TJ*TITD 0 - 1 -17D 0 J * * ( r+1F J / D FL 0 AT ( r-FTT .......
190 CCNTINUE 
• RETURN

--------------------- END ;;----------------------------------------------------------------- 7 .... ..  ................... ........  ..........
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SL8RQUTINE AINTGS(X«K)
TMPtTCTT R£AL*atA-H,0 - 1 I 
COMMQN/AUXINT/Al17),6117)
A (II =>DEXP(-X)/X 

' "• DO 10" I*l»K *
10 All+il »(A( I)*DFLOAT(I)+DEXP(-X))/X 

RETURN      - - ■     -
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f u n c t i o n  s s i n n i ,l l i ,m m ,n n 2,l l 2 , a l p h a ,b e t a )
IMPCrCIT~ffEAC*8TA-H ,'O-Z)   ~ " ""

C PROCEDURE FOR CALCULATING REDUCED OVERLAP INTEGRALS 
CCMMCN/ARRAYS/S180 ,60),Y(9,5,203),2I17,45),XXI 2900) 
COMMON'/AUXINT/AI 17) ,81 17) ' '
INTEGER ULIM 
Nl«NNl    —        -

■ M=MM 
N2=NN2

 L2*LL'2 ' ~      Y   ................
P *(ALPHA + BETAJ/2.C0

 _ P T » ^ A L P H A  - J)£TA)/_2.D0 _ _  _ _ _ ____________
X a Q.O’C......
M=IABSIM)

C REVERSE QUANTUM NUMBERS IF NECESSARY
I F K L 2 . L T .  Ll>.CR.liL2.EC.Ll).AN0. IN2.LT , NI) )) GO TO 20 

10 GO TO 30 
20 K » NI------ NTS-?J2-----------------------------------------------------

N2= K 
K= LI

 "Li= L2      ■" '
L2= K 
PT»-PT

— to~~c c n t i w e   1 ■ :
K a MODIIN1+N2-L1-L2) , 2 )

C _ FINO_A AND B INTEGRALS_ _ _ _____
CALL AINTG3IP,N1+N2)   ' .......
CALL 8 INTGSIPT,N1 + N 2 )
IF((L1.GT.0).CR.(L2.GT.0)J GO TO 60 

_C BE 51N" "S EC TI ON USED" FOR'OVERLAP INTEGRALS INVOLVING 3 FUNCTIONS
C FIND 2 TABLE NUMBER L

*,0 L a I 90-17»Nl+Nl**2-2*N2)/2
  Ul I'M" i N1+N2'    ' " ' "

LLIM = 0
CO 50 IaLLIM,ULIM

-------- K NTTa N1+N 2-1 *  I ... . .
50 XaX+ZI I + l , L ) * A U  + l)*0lNNIl)/2.OO 

SS*X‘ ~ GO TO 30” ' - - • —  - - -... -
C BEGIN SECTION USED FCR OVERLAPS INVOLVING NON-S FUNCTIONS
C FIND Y TABLE NUMBER L _

50" L* I5=MT» ( 24— i 0*M+M**2 J * 183— 3 0*M'+3 *M**2) / 120+ '
1 l30-9*Ll+Li**2-2*Nl)*l2B-9*Ll+Li**2-2*Nl)/3+
2 (30-9*L2+L2**2-2»N2)/2  LLDf_ _ 0     . -
DC 70 I»LLIM,3 
ULIM*4 - MCDIK+1,2)‘
D0~7O~J=CL’I’M, on M : ........ ......
11II»2*J+MOQ(K + I.2J + 1 

7 0 XaX+YI I + l,J+l,L)*A11+1)*Bt IIII)
---------55- ^  X a(FACTlM>l)/a;DO)**2*DSGKT(DFLOAT(2*Ll+l)*FACTtLi-M)*

1 CFL0AT(2*L2 + l)*FACT(L2-M)/(4.D0*FACT IL1+M)«FACT IL2 +M)))
30 CONTINUE

-------- RETURN-----------------------------------------------------
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