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Abstract

Optical Properties of Quantum Heterostructures

by

Mikhail Erementchouk

Adviser: Professor Lev I. Deych

The thesis is devoted to consideration of optical properties of quantum heterostruc-

tures. These structures are characterized by a spatial modulation of the dielectric

function and a periodic arrangement of optically active elements. The coexistence of

two different channels of the light interaction with the matter makes the quantum

heterostructures belonging to the new class of structures - resonant photonic crystals.

In the present thesis effective approaches have been developed for an effective descrip-

tion of the exciton polariton dispersion law and optical spectra of finite structures.

In particular, the polariton spectrum is shown to consist of passing bands separated

by forbidden gaps. The structure of the gaps essentially depends on the relation be-

tween the exciton resonant frequency and the frequencies of the photonic band gaps

existing in a passive photonic crystal characterized by the same modulation of the

dielectric function. The resonant condition for formation of a wide solid stop-band is

obtained and analyzed in detail for different structures. The reflection and transmis-

sion spectra are effectively described by effective excitonic susceptibility and effective

optical widths of the quantum wells. These effective quantities are determined by



iv

the dielectric environment of the quantum wells and naturally take into account the

dependence of the reflection and transmission spectra on angle of propagation of the

electromagnetic waves and their polarization state. The information obtained for

the polariton spectrum and reflection and transmission properties of quantum het-

erostructures is used for the solution of a problem of the exciton luminescence in

resonant photonic crystals. In particular, it is shown that the large scale form of the

luminescence spectra is determined by the form of the polariton forbidden gap while

its fine structure is the result of a strong frequency dependence of the transmission

coefficient near the band edges.
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Chapter 1

Introduction

1.1 Quantum heterostructures. Quantum wells vs.

superlattices

Quantum heterostructures are structures with modulated composition. A simple

example is multilayer structures grown using molecular beam epitaxy or metal organic

chemical vapor deposition [2]. In such structures different layers are composed of

different materials. There is a great variety of materials which are used for producing

such multilayers: GaAs/Al1−xGaxAs, In1−xAlxAs/Ga1−yAlyAs, CdTe/Cd1−xMnxTe,

Zn1−xCdxSe/ZnSySe1−x to name a few [3]. Here the subscripts show the fraction

of atoms of a particular kind at sites of the crystal lattice or one of its sublattices.

Building such heterostructures makes it possible to engineer the properties of electron
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Figure 1.1: Three types of heterostructures classified according to relative position of
the band gaps (dashed regions).

and hole states because the positions of the top of the valence band and the bottom

of the conduction band vary with the material used to compose the layer. According

to the relative position of the band gap of the materials used for the growth of the

heterostructure, one distinguishes heterostructures of three types (see Fig. 1.1).

In the structures of type-I, the gap of one material is situated completely in the

band of another. A typical example of such structure is GaAs/AlxGa1−xAs multilayer

with x < 0.4. Here, the gap of GaAs is covered by the gap of AlxGa1−xAs. Such

structures sometimes are called direct because in equilibrium the electrons and holes

are situated in the same layers. In type-II structures the gaps in different layers

are shifted with respect to each other. Fig. 1.1 shows a typical picture of the band

structure for a GaInN/GaN multilayer. A distinction is made between such structures
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(also called type-II staggered lattices) and type-II misaligned structures. In the latter

the shift of the gaps is so large that the top of the valence band in one material lies

above the bottom of the conduction band in another. An example of such a lattice

is the GaSb/InAs heterostructure. Structures of type III are those where one of

the layers is a gapless semiconductor. This situation is implemented in HgTe/CdTe

heterostructures where the band merging point of HgTe falls inside the gap of CdTe.

The structures of type-I, which are the main objective of the present thesis, are

additionally classified according to the widths of the layers. This reflects a strong

dependence of physical properties of the heterostructures on this parameter of the

system. The physical reason for this dependence is the following: the motion of an

electron perpendicular to the growth direction is unaffected by the modulation of the

composition. Meanwhile for the motion along the growth direction, the modulation

of the profile of the bottom of the conduction band plays the role of an external

potential. The layers where the gap is narrower are the potential wells and those

with wider gap are the barriers. When the wells are far apart the electron states in a

vicinity of one well are independent of the existence of other wells. Indeed, as is shown

in any standard textbook for quantum mechanics (see e.g. Ref. [4]) there always exist

bound states in a one-dimensional potential well. For a finite well for a state to be

bound means that outside of the well the wavefunction exponentially decays. This

decay determines a characteristic length scale. When the wells are further apart from

each other than this length the. overlap of the wavefunctions corresponding to the
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states in different wells becomes negligibly small. As the result, the electron spectrum

at the energies below the edges of the well, i.e. below the bottom of the conduction

band of the material with the wider forbidden gap, is discrete and degenerate. The

multiplicity of the degeneration is equal to the number of the wells. In this case, one

can say that the electrons are free to move in the plane of the layers while there is

confinement along the growth direction. Corresponding structures are called long-

period or quantum well structures.

When the distance between the wells becomes smaller than the penetration length

into the barriers, the overlap of the wave functions corresponding to the levels in

different quantum wells becomes noticeable. This removes the degeneration. Eventu-

ally, when the number of the layers in the structure is essentially large, a mini-band

appears, similarly to what happens when atoms form a solid. Such structures are

referred to as superlattices.

There is a qualitative difference between quantum wells and superlattices. For-

mation of mini-bands in the latter removes the electron confinement in the growth

direction. This has a great impact on the physical properties of such structures and

optics is not an exception. As will be demonstrated later, the propagation of light in a

medium is strongly affected by dipole active bound states. The interaction with such

states results in the appearance of a strong resonant dispersion of the effective dielec-

tric function. For the case of the light-exciton interaction, the resonant frequency is

related to the recombination energy of the electron-hole pair constituting the exciton.
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The width of the resonance is determined by the non-radiative decay of the exciton

through phonon emission. The observation and applications of the resonance of the

dielectric function are hampered by the closeness of the resonant frequency to the

semiconductor fundamental absorption edge. The difference between the resonant

frequency and the fundamental absorption edge is determined by the exciton binding

energy. The binding energy, in turn, strongly depends on the ability of electrons and

holes to move freely. Even simple restriction in one direction leads to essential in-

crease of the binding energy [5, 6]. This circumstance makes quantum well structures

more promising from the point of view of observation and application of peculiarities

in optical properties which are the result of the exciton-light interaction.

1.2 Light-matter interaction in quantum hetero-

structures

The interaction between the electrons and the electromagnetic field in quantum

heterostructures has its specific features. First is the spatial confinement of the elec-

tron states due to the modulation of the profile of the semiconductor forbidden gap.

Second is a modulation of the dielectric function that essentially affects the states of

the electromagnetic field. These features require a solid understanding of the basic

processes occurring in the quantum heterostructures. In this Section we provide a



6

qualitative derivation and the analysis of main equations of motion which will be

considered in details in the following chapters.

The interaction of light with the electrons in the materials constituting the struc-

ture leads to a non-constant number of the electrons in the conduction band. There-

fore, the most suitable frameworks for a description of the dynamics of the electrons

and the electromagnetic field are those provided by a quantum field approach. It

has been reviewed in a number of publications [5, 7–10] and the consideration be-

low follows a standard procedure. First, to illustrate the basic ideas, we consider a

two-band model for the semiconductor. Then, we obtain the modifications produced

by a degeneration of the band states. Finally, we discuss the form of the Maxwell

equations in the multiple quantum well structures.

1.2.1 Two-band approximation

The interaction between the electrons and the electromagnetic field is described

in the most general way by the introduction of the canonical momentum

p̂ → p̂ +
e

c
Â, (1.1)

where p̂ is the electron momentum operator and Â is the operator of the vector po-

tential. The canonical momentum determines the electron kinetic energy and thereby

gives a coupling between the electron states and the states of the electromagnetic field.

In the operator of the kinetic energy the term proportional to Â2 can be neglected
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(the dipole approximation)

1

2

(
p̂ +

e

c
Â

)
=

p̂2

2m
+

e

mc
Â · p̂, (1.2)

where we have adopted the Coulomb gauge ∇ · A = 0. Under this approximation

the total Hamiltonian has the form of a sum of parts responsible for dynamics of the

electromagnetic field and electrons alone and the interaction between them

H = Hph + He + He−ph. (1.3)

Here, Hph is the Hamiltonian of the electromagnetic field

Hph =
ε0c

2

2

∫
dr

[
n2(r)

c2

˙̂
A2 + (∇× Â)2

]
, (1.4)

where c is the speed of light in vacuum and n(r) is the index of refraction which is not

assumed to be homogeneous in space. In the electron Hamiltonian He we explicitly

write only the kinetic energy

He =

∫
drψ+(r)

p̂2

2m
ψ(r) + V [ψ+, ψ] (1.5)

and use the notation V [ψ+, ψ] for the contribution of the Coulomb interaction between

the electrons themselves and between the electrons and ions in the lattice. The part

of the Hamiltonian responsible for the interaction between the electromagnetic field

and the electrons is

He−ph =
e

2mc

∫
drψ+(r)Â(r) · p̂ψ(r). (1.6)
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The self-electron and the field-electron parts of the total Hamiltonian can be simplified

taking into account two-band structure of the electron spectrum. For this purpose

we represent the electron field operator ψ(r) in the form

ψ(r) = wc(r)ψc(r) + wv(r)ψv(r), (1.7)

where wc,v are the Bloch functions of the electron states at the edges of the conduction

and the valence bands respectively. In Eq. (1.7) the operators, ψc,v can be thought of

as electron annihilation operators in the conduction and the valence band respectively.

Such representation allows one to make a distinction between different scales of the

spatial variation of ψ(r). The Bloch functions are periodic with the period equal

to the lattice constant, a. Meanwhile, for energies E not too far from the edges

of the gap Ec,v, the characteristic scale of the spatial change of electron and hole

operators is ∝ a(E − Ec,v)/Ec,v ¿ a. Besides, we are interested in optical properties

at frequencies that are close to the semiconductor fundamental absorption edge. The

light wavelength at these frequencies is much larger than the lattice constant. Thus,

the variation of Â(r) over the crystal elementary cell is negligibly small. Such a

separation of scales allows performing the integrations in Eqs. (1.5) and (1.6) with

respect to the smallest scale. The result of such integration in the term He is the

simplest one. For our purposes here it is enough to restrict ourselves to one-particle

electron properties. In this approximation He reduces after the integration to

He =
1

2

∑

b,b′=c,v

∫
dr dr′ ψ+

b (r)ĥbb′(r− r′)ψb′(r
′). (1.8)
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Here, the diagonal terms ĥcc,vv of the Hamiltonian density describe the dynamics of

the electrons in the conduction and the valence band respectively. For example, for an

electron moving in multiple-quantum-well structure the Hamiltonian density can be

written in a standard one-particle form ĥcc(r−r′) = δ(r−r′)[p2/2me+Vc(r)], where me

is the effective electron mass in the conduction band and the potential Vc(r) is given

by the modulation of the bottom of the conduction band in the multilayer structure.

The off-diagonal elements eventually give the interaction between the electrons and

the holes.

The resultant form of the term describing the electron-photon interaction is more

complicated, therefore we will discuss it in more details. The derivative in Eq. (1.6)

after substitution of Eq. (1.7) produces two term which correspond to different phys-

ical processes. One of them is ∝ w∗
bwb′Âψ+

b ∇ψb′ and another is ∝ w∗
b (∇wb′)Âψ+

b ψb′ ,

where the indices b and b′ run over all bands. In both these terms during the inte-

gration over a particular elementary cell all quantities except the Bloch functions can

be considered constant due to the arguments discussed above. Then, one can use the

orthogonality properties of the Bloch functions

1

Ω

∫

Ω

drw∗
bwb′ = δbb′ ,

1

Ω

∫

Ω

drw∗
b∇wb′ = (1− δbb′)

idbb′

~
, (1.9)

where Ω is the volume of the elementary cell. The second equation of Eqs. (1.9) is

the definition of the matrix elements of the dipole moment dcv. These conditions

show that the term w∗
bwb′Âψ+

b ∇ψb′ is not zero only when b = b′. This corresponds
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to such electron transitions when the final and initial states are in the same band.

Such transitions are called intraband. They affect low-frequency optical properties

of semiconductors. The term ∝ w∗
b (∇wb′)Âψ+

b ψb′ , on the contrary, is not zero only

for interband transitions, between states lying in different bands. Thus, if one is

interested in optical properties at frequencies close to the fundamental absorption

edge only the second term should be kept. Finally, the interaction term in the whole

electron-photon Hamiltonian can be written as

He−ph =

∫
dr

[
ψ+

e (r)dcv · Â(r)ψh(r) + h.c.
]
. (1.10)

The equations of motion of the electron field operators and the electromagnetic

field are obtained in the Heisenberg form

i~
∂Ô

∂t
= [Ô, H ] (1.11)

taking into account the commutation and anticommutation relations

[Â(r1), Â(r2)] = i~
4πc2

n2(r1)
δ̂⊥(r1 − r2)

{
ψ+(r1), ψ(r2)

}
= ~δ(r1 − r2),

(1.12)

where δ̂⊥(r) is the transverse delta-function [5, 11]. For pairs of fermionic fields a

commutator can be found using a useful relation

[ab, cd] = a{b, c}d− {a, c}bd + ca{b, d} − c{a, d}b. (1.13)

After substitution Eq. (1.3) into Eq. (1.11) one obtains the quantum equations of
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motion

n2(r)

c2

¨̂
A = −∇×∇× Â− 4π

∫
d3r′ δ̂⊥(r− r′)

[
dcvψ

+
e (r′)ψh(r

′) + h.c.
]
,

i~
∂

∂t
ψ+

b ψb′ = ψ+
b

(
ĥψ

)
b′
−

(
ĥψ+

)
b
ψb′ + Â · (ψ+

b dbb′ψb′ − h.c.
)
,

(1.14)

where
(
ĥψ

)
b′

schematically shows the action of the electron-hole Hamiltonian on the

field operator. Formally we have kept the term ∇ ·A in Eq. (1.14) to make later a

transition to the electric field description more transparent.

Since, we are interested in macroscopic electromagnetic phenomena the average (in

the field theoretical sense, i.e. with respect to an equilibrium state) of products similar

to 〈Âψ+
b ψb′〉 can be decoupled leading to 〈Â〉〈ψ+

b ψb′〉. Thus, one can obtain closed

equations with respect to the classical electromagnetic field A = 〈Â〉 and the electron

density matrix fbb′ = 〈ψ+
b ψb′〉. The matrix elements of the density matrix have an

independent physical sense. The diagonal elements give the electron distribution

functions in the bands. The off-diagonal elements describe the transition amplitudes

or the interband polarization. The interpretation of the off-diagonal elements as a

polarization follows from the equations of motion

n2(r)

c2
Ä = −∇×∇×A− 4π

∫
d3r′ δ̂⊥(r− r′) [dcvfcv(r

′, r′) + dvcfvc(r
′, r′)] ,

i~
∂

∂t
fcv(r1, r2) = (ĥc(r1)−ĥv(r2))fcv(r1, r2)+

+fcc(r1, r2)A(r2) · dvc − fvv(r1, r2)A(r1) · dcv.

(1.15)

The second equation has a sense of a Schrödinger equation with a source. One of the
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particles has negative mass and can be identified as the hole.

Accomplished with the equations with respect to the diagonal elements of the

density matrix Eqs. (1.15) give a complete description of a semiconductor near the

band edge in the two-band model (aside from the one-body electron approximation

and the approximation of the classical electromagnetic field). To make a complete

transition to the electron-hole picture one needs to introduce the hole population

instead of electron population in the valence band fvv. To do this one can note that

the electron and the hole pictures are complimentary in the sense that an electron

annihilation operator is a hole creation operator and, therefore, ψ+
e ψe = ψhψ

+
h . Us-

ing the anticommutation relation ψhψ
+
h = −ψ+

h ψh + {ψh, ψ
+
h } one can show that

fvv(r1, r2) = −fh(r1, r2) + δ(r1 − r2), where fh is the hole distribution function.

Eqs. (1.15) describe a rich variety of physical phenomena (including, e.g. a trans-

port in semiconductors) and are the subject of extensive investigation for last several

decades. Here we are interested in only a small part of this big physics. For our

purposes it is enough to assume that the electron and the hole distributions, fe and

fh, are given by the Fermi distribution in the thermodynamic equilibrium, so that

Eqs. (1.15) are closed. After being linearized the second equation of Eqs. (1.15) can

be easily solved with respect to the interband polarization allowing to obtain thereby

a closed equation for the electric field. To obtain such an equation it is necessary to

take a derivative of both equations with respect to time. As the result ḟcv enters the

Maxwell equations, however, it satisfies exactly the same equation with the electric
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field E in the r.h.s. Now, let us assume, for simplicity, that the Hamiltonian of the

electron-hole pair has a single discrete level (exciton) with the energy determined

by the frequency ω0 and the eigenstate, the exciton wavefunction, Φ(r1, r2). The

polarization created by the electric field of frequency ω is obtained as

ḟcv(r1, r2) = −ScvΦ(r1, r2)

ω − ω0 − iγ
, (1.16)

where γ is a phenomenological broadening of the exciton line and

Scv = dcv ·
∫

drΦ(r, r)A(r)−

fedvc ·
∫

dr1 dr2 Φ(r1, r2)A(r2)− fhdcv ·
∫

dr1 dr2 Φ(r1, r2)A(r1),

(1.17)

where we have neglected the non-resonant term (ω + ω0)
−1 (the rotating wave ap-

proximation). To obtain the expression for ḟvc one needs to note that by virtue of

the anticommutation relation fcv(r1, r2) = −fcv(r2, r1).

The expressions similar to Eq. (1.17) describe the dependence of the exciton-light

interaction on the population of the valence and the conduction bands. In particular,

it is seen that with the increase the population, e.g. due to increase of the temperature

or the intensity of a pump field, the oscillator strengths Scv and Svc decrease. Clearly,

this is a consequence of the exclusion principle. Indeed, the electron can be excited

resonantly by the electromagnetic wave only when the final state is empty otherwise

the corresponding transition is prohibited leading to an absent interaction. Thus,

the maximum effect of the excitons on the propagation of the electromagnetic waves

through the structure is achieved at small populations, e.g. low temperatures. In this
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case the contributions ∝ fe,h can be neglected and the expression for Scv additionally

simplifies.

Before we write down the final form of the Maxwell equations for the electro-

magnetic waves interacting with the excitons we would like to discuss the struc-

ture of the polarization term in the r.h.s. of Eq. (1.15). Generally the vector field

Φ(r, r)(dcvScv + dvcSvc) under the integral has a non-zero divergence. Therefore,

its convolution with the transverse delta-function is not trivial. This circumstance

reflects the fact that there is an electrical dipole moment induced by the exciton po-

larization. This dipole moment creates a Coulomb field which, generally speaking,

affects excitons localized in the same or another quantum wells. As an example of

interesting physical effects produced by the exciton dipole-dipole interaction let us

mention its possible important role in the exciton Bose-Einstein condensation [12]. In

what follows we primarily are interested in the most pronounced effect of the exciton-

light interaction and, therefore, neglect this dipole field. This neglecting is performed

by the substitution of the conventional delta-function in the r.h.s. of Eq. (1.15) in-

stead of the transverse delta-function. Thus, finally the Maxwell equations for the

electric field can be written in the form

∇×∇× E =
ω2

c2
[ε∞(z)E + 4πPexc], (1.18)

where Pexc is the excitonic contribution to the polarization

Pexc(r) = −χ(ω)d̂cvΦ(r)

∫
dr′ Φ(r′)d̂cv · E(r′). (1.19)
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Here d̂cv is the unit vector in the direction of dcv, also for shortness we have denoted

Φ(r) = Φ(r, r) and have introduced the excitonic susceptibility

χ(ω) =
α

ω0 − ω − iγ
(1.20)

with the coupling parameter α = 2 Re(dcv)c
2/ω2. The Maxwell equations (1.18) are

the basic tool for a semi-phenomenological description of the light propagation in

quantum heterostructures in the frameworks of the two-band approximation. They

have two specific features. First, this is a resonant response of the medium at a

frequency corresponding to a corresponding transition. Second, the interaction with

the microscopic dipole active excitations is described by the non-local susceptibility.

It is worth noting that the Maxwell equations with a resonant non-local susceptibility

accomplished with the Schrödinger equation with respect to the exciton wave function

resolve a long lasting problem of additional boundary conditions (ABC problem)

[8, 10, 13–15].

1.2.2 Degeneration of the band states

The Maxwell equations with the excitonic susceptibility in the form (1.19) quali-

tatively reproduce main features of the interaction of the electromagnetic waves with

the dipole active excitations. However, they predict some properties of this interaction

which are not necessarily true. First, according to Eq. (1.19) the exciton polarization

has the fixed direction determined by dcv. Second, only the component of the electric
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field along this direction interacts with the excitations. These predictions contradict

observations of the light interaction with the optically active excitations. For ex-

ample, such interaction in materials with the cubic symmetry is isotropic. Another

example is provided by materials with the zinc-blende structure (GaAs/AlxGa1−xAs

heterostructures) where only the component along a particular direction [001] is op-

tically inactive (see e.g. Refs. [16–20] where the optical anisotropy of corresponding

structures have been studied).

These predictions are direct results of the two-band approximation. More realistic

description of the electron band structure should take into account a degeneration

of the states at the edges of the band gap. In semiconductors with the zinc-blende

structure the bottom of the conduction band (Γ6) is twofold degenerate due to the spin

of the electron. The form of the top of the valence band is more complicated. It has

threefold degeneracy, that is the Bloch functions corresponding to the electron states

at the top of the valence band transform according to an irreducible representation

of SU(3) (see e.g. Ref. [21]). Additionally, each state is twofold degenerate because

of the spin of the electrons. As the result there are six linearly independent Bloch

functions for the valence band instead of just two as has been used in Eq. (1.7). The

spin-orbit interaction partially removes this degeneracy leading to the appearing of

two groups of states (see Fig. 1.2). The first group (Γ7) has two states and is called

split-off band. The second group (Γ8) has four states and corresponds to heavy and

light holes.
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Figure 1.2: The electron states at the edges of the first band gap.

The basic steps of the derivation of the Maxwell equation remain the same. The

important difference is that the summation over the band states [e.g. in Eqs. (1.8)]

now runs over all eight states in the conduction and the valence bands. In particular

the density of the electron Hamiltonian ĥbb′ is represented generally by 8 × 8 Kane

Hamiltonian [22]. The complete equations of motion describe quite rich variety of

physical phenomena. It suffices to mention that there exist different types of the

excitons, for example, formed by the bound states of the electrons and heavy and

light holes. However, the difference between the masses of the holes leads to different

energies of the ground state of these excitons. As the result, one can consider the

interaction of light with the excitons of one type in the vicinity of a corresponding

resonant frequency neglecting the effect of the interaction with the excitons of other

types. This circumstance allows using the one-level approximation in the same way

as it has been done above. One only has to modify the calculation of a product
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Table 1.1: The normalized matrix elements of the momentum operator for the tran-
sition Γ8 → Γ6 [1].

p̂
pcv

∣∣3
2
, 3

2

〉 ∣∣3
2
, 1

2

〉 ∣∣3
2
,−1

2

〉 ∣∣3
2
,−3

2

〉

〈↑| −ê+ êz

√
2/3 êz

√
1/3 0

〈↓| 0 −êz

√
1/3 êz

√
2/3 ê−

similar to dcv (dvc · E) in the expression for the excitonic polarization Pexc. It can be

done using Table 1.1 where the matrix elements of the momentum operator are shown

for the transition Γ8 → Γ6. The states in the valence band are classified according

to the values of the total angular momentum J in the irreducible representation

of the symmetry group. The bands Γ7 and Γ8 correspond to J = 1/2 and J =

3/2, respectively. Let us consider the case when the structure is not grown along a

low symmetry direction. For example, let the direction of z axis coincide with the

principal axis [001]. Then, in the band Γ8 the heavy and light holes are the states

with |Jz| = 3/2 and |Jz| = 1/2. The states in the conduction band are enumerated

by the projection of the electron spin. In Table 1.1 the vectors ê± are defined as

ê± = (êx ± iêy)/
√

2.

In what follows we will be interested in a relatively narrow vicinity of the heavy

hole exciton frequency. The contributions of the interaction of the electromagnetic

waves with other excitons can be neglected. As the result in the expression dcv (dvc · E)

the summation over the valence band states should run over the states corresponding
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to the heavy holes. Substitution of the matrix elements from Table 1.1 yields

〈↑|p |3/2〉E 〈3/2|p |↑〉+ 〈↓|p |−3/2〉E 〈−3/2|p |↓〉 = pcvE⊥, (1.21)

where we have left only the value of the projection of the total angular momentum

and E⊥ is the component of the electric field perpendicular to the growth direction êz.

Making use of this result leads to the well-known form of the excitonic contribution

to the polarization

Pexc(r) = −χ(ω)Φ(r)

∫
dr′ Φ(r′)E⊥(r′), (1.22)

where the exciton susceptibility is defined by Eq. (1.20) with ω0 the resonance fre-

quency of the heavy hole exciton.

1.2.3 Electromagnetic waves in multiple quantum wells struc-

tures

To complete the derivation of the basic equations governing the propagation of

the electromagnetic waves in quantum heterostructures let us consider the case of

multiple quantum well structures. It is clear that the consideration provided in the

previous subsections remains valid in this case also with a slight modification in finding

the density of the exciton polarization fcv(r1, r2). As has been discussed above the

specific feature of the multiple quantum well structures is the absence of the overlap

of the exciton wave functions localized in different quantum wells. As the result the
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exciton state in one well is not affected by the exciton localized in other wells in

the approximation of a small dipole-dipole interaction between the excitons. If we

restrict our attention to 1s-state of the heavy hole excitons then the absence of the

interaction between the excitons leads to the fact that there exists only one exciton

level in the system with the degeneracy determined by the number of the quantum

wells in the structure. Using this fact the Hamiltonian of the electron-heavy hole pair

can be written in the spectral representation as

H = ω0

∑
m

|m〉 〈m| , (1.23)

where the summation runs over all quantum wells in the structure and the state |m〉

is the exciton state localized in the m-th quantum well. Schematically, the equation

determining the spatial distribution of the exciton polarization density [the second

equation of Eqs. (1.15)] can be written as a Schrödinger equation with a source

i~ḟcv = (ω0 + iγ)
∑
m

|m〉 〈m| fcv + S, (1.24)

where we have taken into account a phenomenological broadening γ and S is the

source function. The representation of the density of the exciton polarization in the

form fcv =
∑

m fm |m〉 gives

fm = − 〈m|S〉
ω − ω0 − iγ

. (1.25)

The expression for the scalar product 〈m|S〉 is similar to Eq. (1.17) where as the

exciton wavefunction Φ(r1, r2) should be taken Φm(r1, r2) i.e. that of the exciton
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localized in the m-th quantum well. As the result the form of the exciton contribution

to the polarization in the multiple quantum well structures is merely the sum of the

terms similar to Eq. (2.2) or (1.22) over all quantum wells.

The modulation of the exciton polarization and the dielectric function along the

growth direction preserves the symmetry of the structure with respect to shifts in the

plane of the layers. This allows one to simplify more the integral entering Pexc and to

reduce it to the integration along z direction only. The qualitative line of reasoning

is the following. First, the in-plane exciton dispersion can be taken into account by

the phase factor eikρ only, where ρ is the coordinate in the plane perpendicular to

the growth direction. Indeed, because of the separation of variables in the Shrödinger

equation the resonant frequency corresponding to an exciton state characterized by

the momentum ~k in the plane of the quantum well is simply ωk = ω0 + ~k2/2M ,

where M is the mass of the exciton. However, for the values of the wave-vectors

under the interest the shift of the resonant frequency due to the kinetic energy term

is negligibly small. Taking into account this additional degeneracy of the exciton

states the exciton polarization can be written as

Pexc ∝
∫

d2k Φm(z)

∫
d3r′ Φm(z′)E(r′)eik(ρ−ρ′), (1.26)

where Φm(z) = Φm(z, z) and Φm(z, z) is the solution of a corresponding one-dimen-

sional Shrödinger equation in the m-th quantum well. After the Fourier transform of

the electric field with respect to the in-plane coordinates the integration over both ρ



22

and k can be performed. Finally, this gives the excitonic contribution to polarization

in multiple quantum well structure made of a semiconductor with the zinc-blende

structure

Pexc(r) = −χ(ω)
∑
m

Φm(z)

∫
dz′ Φm(z′)E⊥(z′). (1.27)

Eq. (1.27) and the Maxwell equation (1.18) constitute the basic equations describing

the propagation of the electromagnetic waves in the multiple quantum well structures

and which will be analyzed in detail in the following chapters of the present thesis.

1.3 Resonant photonic crystals

In quantum heterostructures described by the Maxwell equation (1.18) with the

polarization given by Eq. (1.27), the spatial modulation of the dielectric function

ε∞(z) coexists with the periodic arrangement of the optically active elements. This

puts the propagation of the electromagnetic waves in quantum heterostructures in a

general context of resonant photonic crystals. These structures attract a great deal

of attention [23–31]and are the object of intensive investigation.

The optical properties of resonant photonic crystals are still a challenge since an

interplay of two scattering channels existing in such structures is not trivial. Different

aspects of this problem have been considered in a number of publications. In par-

ticular, in Ref. [32] the necessity of a modification of the Bragg resonance condition

in comparison with what one has in the case of simple MQW structures has been
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shown. Later, this result was confirmed [33] and an exact Bragg condition in such

structures was found. It is especially interesting to note recent publications Refs. [29]

and [31]. In these papers the numerical calculations of the photonic band structure

have been provided for a 3D (and 2D) system with periodically modulated resonant

dielectric function and for a 3D lattice of quantum dots with the index of refraction

different from that of the environment, respectively. These calculations have shown

that the existence of the resonance widens the forbidden gap in the spectrum of the

electromagnetic waves. There is a definite similarity between the spectral properties

of different systems which makes it reasonable to suggest that such widening is a

general feature of resonant photonic crystals.

A formal problem which impedes establishing a general framework for description

of the resonant photonic crystals is their resonant property. Strong dispersion near

the resonance and accompanying resonant absorption make difficult using a standard

technique which has been developed for self-adjoint operators proved its efficiency in

quantum mechanics. This circumstance requires a special approach for description

of the propagation of the electromagnetic waves which is under active development

these days [34, 35]. The basic idea of this approach is the introduction of fictitious

degrees of freedom which are responsible for both absorption and dispersion. The

general requirement of causality in the form of the Kramers-Kronig relation leads

to a unique1 choice of these additional degrees of freedom. For the new extended

1This is obvious that such a choice is unique up to a trivial extension of the resultant system
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system the dynamics turn out to be unitary and this allows applying the machinery

of self-adjoint operators.

In the present thesis a similar ideology is implemented naturally since the initial

system explicitly contains degrees of freedom additional to the electromagnetic field

— the exciton polarization. There are two important differences, though. First, we

do not consider dynamics in the extended electromagnetic field – exciton polarization

system. Moreover, using the absence of the overlap of the exciton wavefunction we

exclude the exciton degrees of freedom from the equations of motion. Second, in

order to account the finite exciton lifetime we introduce a phenomenological exciton

linewidth broadening and thereby we make the system incomplete from the canonical

point of view. The success of our approach is provided by a possibility to describe one-

dimensional systems without referring to solutions of some boundary value problems.

In Chapter 2 we develop a general approach and apply it for an analysis of the exciton

polariton spectrum in different structures. In Chapter 3 we use the same general

ideas to consider the reflection and transmission spectra of finite structures. Finally,

in Chapter 4 we apply the information we gathered regarding the optical properties

of the quantum heterostructures to solve the problem of the exciton luminescence in

MQW based photonic crystals.

by degrees of freedom which do not interact with the relevant excitations. Thus, one can talk only
about unique irreducible set of the degrees of freedom.
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Chapter 2

Polaritons in MQW based

photonic crystals

In the present Chapter we obtain and analyze the polariton dispersion law in

photonic crystals based on multiple quantum well structures. The main objective

is to establish a solid theoretical background for a description of exciton polaritons

in resonant photonic crystals with an arbitrary periodic modulation of the dielectric

function, propagation angle of the electromagnetic wave and its polarization state.

The developed approach is applied for an analysis of the exciton polariton spectrum

in different structures.
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2.1 Derivation of the transfer matrix

As has been shown in Introduction a propagation of the electromagnetic wave in

the structures under discussion is governed by the Maxwell equation

∇×∇× E =
ω2

c2
[ε∞(z)E + 4πPexc], (2.1)

with the excitonic contribution to the polarization

Pexc = −χ(ω)
∑
m

Φm(z)

∫
dz Φm(z′)E⊥(z′). (2.2)

Here z axis is chosen along the growth direction, and Φm(z) = Φ(z− zm) is the enve-

lope wave function of an exciton localized in the m-th quantum well. The summation

in Eq. (2.2) is taken over all quantum wells and zm are the positions of their centers.

We assume that the distance between the consecutive wells, d = zm+1− zm, coincides

with the period of the spatial modulation of the dielectric function, ε(z + d) = ε(z).

Also, we assume that the profile of the dielectric function is symmetric with respect

to the position of the center of the quantum well, ε(zm +z) = ε(zm−z) (see Fig. 2.1).

We restrict ourselves to the consideration of 1s states of heavy-hole excitons and

neglect their in-plane dispersion. Therefore, writing Eq. (2.2) we have taken into

account that the component of the electric field parallel to the growth direction is

optically inactive. Only E⊥, the component lying in the plane of the quantum wells,

contributes to the exciton polarization.
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Figure 2.1: An example of the modulation of the dielectric function, ε(z) = ε̄+∆ε(z)
(solid line). The dashed vertical lines show the positions of the centers of quantum
wells.
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The frequency dependence of the excitonic susceptibility, χ(ω), is given by

χ(ω) =
α

ω0 − ω − iγ
, (2.3)

where ω0 is the exciton resonance frequency, γ is the non-radiative decay rate of the

exciton, and α is the exciton-light coupling parameter.

It is convenient to analyze Eq. (2.1) considering the components of the electric

field. To do this it is necessary to make separate considerations of s- and p-polarized

fields because these fields satisfy different differential equations. This follows from

the fact that for s-polarization one has ∇ · E = 0 while for p-polarized wave this is

generally not true because of the spatial modulation of the dielectric function.

2.1.1 S-polarization

In s-polarized wave the electric field E is perpendicular to the direction of z axis

and can be represented in the form

E(z, ρ) = êsE(z)eikρ, (2.4)

where ρ is a coordinate in the (x, y)-plane and ês = êk × êz is a unit polarization

vector. We use the separability of variables and the symmetry of the equation with

respect to infinitesimal shifts in (x, y)-plane to introduce the wave vector k = k êk

lying in the plane of the layers. For E(z) we obtain an ordinary differential equation

d2E(z)

dz2
+ κ2

s(z) = −χ(ω)
4πω2

c2

∑
m

Φm(z)

∫
dz Φm(z′)E(z′), (2.5)
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where κ2
s(z) = ω2ε(z)/c2 − k2.

The absence of an overlap of the exciton wave functions localized in different

quantum wells makes it plausible to use the transfer matrix technique. The general

idea of this technique, in summary, is obtaining the field at, say, the right boundary of

the elementary cell (z = z+) given by the field at the left boundary (z = z−). Due to

linear character of the basic equations it is sufficient to consider each elementary cell

separately and then obtain the complete transfer matrix as a product of individual

matrices. Without any lost of generality we can choose the position of the origin

coinciding with a position of the quantum well in the layer under consideration.

Inside a single layer the summation over quantum wells in Eq. (2.5) can be dropped

and so is the index of the quantum well. The term with the exciton polarization

at the r.h.s. of Eq. (2.5) can be considered as an inhomogeneity in a second order

differential equation

d2E(z)

dz2
+ κ2

s(z)E = F(z). (2.6)

A general solution of this equation can be written in the form [36]

E(z) = c1h1(z) + c2h2(z) + (G ? F)(z), (2.7)

where

(G ? F)(z) =

z∫

z−

dz′F(z′)
h1(z

′)h2(z)− h1(z)h2(z
′)

W (h1, h2; z′)
. (2.8)

Here we have introduced h1,2(z), a pair of linearly independent solutions of the ho-
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mogeneous equation

d2E(z)

dz2
+ κ2

s(z)E = 0, (2.9)

and W (h1, h2; z) = h1h
′
2 − h′1h2 is the Wronskian of these solutions. For the case

under consideration the Wronskian does not depend on z and will be denoted by Wh

in what follows.

Using, next, a standard procedure we obtain the expression for the field (2.7) for

points to the right of the quantum well where Φ(z) = 0

E(z) =h1

[
c1 + χ̃

4πω2ϕ2

c2
(c1ϕ1 + c2ϕ2)

]
+

+h2

[
c2 − χ̃

4πω2ϕ1

c2
(c1ϕ1 + c2ϕ2))

]
,

(2.10)

where ϕ1,2 are “projections” of the solutions h1,2 onto the exciton states

ϕ1,2 =
1√
Wh

∫

QW

dz′Φ(z′)h1,2(z
′), (2.11)

and the modified excitonic susceptibility χ̃ can be presented as

χ̃ =
χ

1−∆ωχ/α
, (2.12)

where

∆ω = α

∫

QW

dz Φ(z)(G ? Φ)(z) (2.13)

gives the radiative shift of the exciton frequency in the photonic crystal. It is useful

to compare Eq. (2.13) with well-known expression for the radiative shift in MQW

structures with a homogeneous dielectric function [37–39].
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Using the general solution (2.10) we can find a relation between the field at dif-

ferent sides of the elementary cells (z = z±). Because the field is uniquely specified

by providing the amplitudes c1,2 we have



c1

c2


 (z+) = Th




c1

c2


 (z−), (2.14)

where Th is the transfer matrix written in the basis of the linearly independent solu-

tions inside the elementary cell

Th = 1 +
4πω2χ̃

c2




ϕ2ϕ1 ϕ2
2

−ϕ2
1 −ϕ2ϕ1


 , (2.15)

where 1 is the unit matrix. It should be noted that Eq. (2.15) is valid for an arbitrary

form of the exciton envelope wave function and spatial modulation of the dielectric

function as long as the period of the arrangement of the quantum wells coincides with

the period of the spatial modulation of the dielectric function.

Now, we use the freedom of choice of the pair of the solution to simplify the

expressions obtained. We note that one of ϕ1,2 can always be turned to zero by

a special choice of h1,2.
1 In the case when ε(z) is invariant with respect to mirror

reflection relatively to the center of the quantum well such choice of h1,2 corresponds to

h1 and h2 being even and odd solutions with respect to the center of the quantum well.

1It raises a question is it possible to have both ϕ1,2 equal to 0. Generally it can be proven that it
is impossible below the frequency of the first photonic band gap, so the latter is always effected by
the exciton-light interaction. This impossibility can be proven also for all frequencies for considered
here model of symmetric quantum wells and spatial modulation of the dielectric function, and for
δ-functional approximation for the envelope wave function. These results make the question about
the possibility for the effective exciton-light interaction to be completely inhibited rather academic.
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The existence of such solutions with the definite parity is guaranteed by the symmetry

of ε(x). Below we will consider only this symmetrical case. The generalization of the

consideration is straightforward but requires more complicated analysis.

Sometimes we will call h1 and h2 even and odd modes of the photonic crystal. It

should be understood that actual modes of the photonic crystal defined as solutions

of appropriate boundary problems are not necessarily even and odd functions with

respect to the center of the elementary cell. Moreover, due to the Bloch theorem the

modes of a photonic crystal have a definite parity only at specific frequencies that are

naturally identified with boundaries of the forbidden gap in the spectrum. However,

all modes of the photonic crystal can be represented as linear combinations of the

even and odd solutions h1,2.

It should be noted that after fixing the symmetry the functions h1,2 are still

determined up to a constant factor only. However, observables, such as, for example,

the positions and the widths of forbidden gaps, do not depend on this factor due to

appropriate entrance of Wh. For example, the functions h1,2 can be found as solutions

of a Cauchy problem for Eq. (2.9) with initial conditions (some formal details can

be found in Ref. [40] where the spectrum of a Shrödinger equation with a periodic

potential is studied using similar approach)

h1(0) = 1, h′1(0) = 0,

h2(0) = 0, h′2(0) = 1.

(2.16)

With such a choice of the initial conditions we have Wh = 1. We will write general
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results in a covariant form, i.e. independent on a particular choice of the initial

conditions in corresponding Cauchy problems. However, discussions will be done

having in mind the initial conditions (2.16).

Let h1 be the even solution then ϕ2 ≡ 0 and the transfer matrix for the coefficients

c1,2 is

Th = 1 + Ssqs




0 0

1 0


 , (2.17)

where qs = κs(z+) is the value of κs(z) at the boundary of the elementary cell and

Ss(ω) = −χ̃(ω)
2πω2ϕ2

1

qsc2
. (2.18)

Substitution of χ̃ yields

Ss(ω) =
Γs

ω − ω0 −∆ω + iγ
, (2.19)

where Γs is the radiative decay rate,

Γs =
2παω2ϕ2

1

qsc2
. (2.20)

The function Ss(ω) plays an important role in determining the effect of the exciton-

light interaction on optical properties. In particular, the resonant absorption of light

occurs at a frequency ω0 + ∆ω where the pole of Ss(ω) is situated. This is important

that the main parameters — the resonant frequency and the radiative decay rate —

can be found in a single quantum well optical experiment. We note that the radiative

shift of the exciton frequency ∆ω is small provided by the narrowness of quantum
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wells and often is neglected. In what follows by the exciton frequency we will mean

the resonant frequency of Ss(ω). Also, for shortness we will refer to the function

Ss(ω) as the excitonic susceptibility.

The basis of a pair of linearly independent functions is clearly convenient to derive

the transfer matrix through a single elementary cell staying inside the cell. To obtain

the transfer matrix through the period of the structure it is necessary to satisfy the

continuity of the field and its derivative at the boundary between different elementary

cells. This problem appears since the even and odd solutions in one cell are not

necessarily even and odd with respect to the center of the next cell. This problem

can be solved but, instead, using the conversion rule (A.9) we convert the matrix to

more conventional basis of plane waves

E(z) = E+eiqsz + E−e−iqsz. (2.21)

As will be seen shortly the transfer matrix in the basis of plane waves T is conve-

nient to be represented in the form

T =




af (āf − af̄)/2

(af̄ − fā)/2 āf̄


 . (2.22)

This representation is extensively used in the present paper and, in what follows, we

will refer to it as (a, f)-representation. The parameters of this representation, a and
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f , are found to be

a = g2, f = g1 − iSsg2,

ā = g∗2, f̄ = g∗1 + iSsg
∗
2,

(2.23)

where

g1 =
1√
Wh

[
h1(z+) +

h′1(z+)

iqs

]
, g2 =

1√
Wh

[iqsh2(z+) + h′2(z+)] . (2.24)

2.1.2 p-polarization

As has been mentioned, the important difference between s- and p-polarized waves

is that they satisfy different differential equations since for the latter case ∇ ·E 6= 0.

For conventional photonic crystals the p-polarized waves are conveniently described in

terms of the magnetic field (see e.g. Ref. [41]). However, the existence of dipole active

excitations essentially reduces this convenience by the necessity to close the equations

by finding the interaction of the excitons with light in terms of the magnetic field. This

problem, of course, can be solved but it leads to quite cumbersome expressions which

make it difficult to establish a relation with the results obtained above. Therefore, it

is reasonable to stay in the frameworks of the equations with respect to electric field.

The electric field can be represented in a similar to Eq. (2.4) form

E(z, ρ) = [êkEx(z) + êzEz(z)] eikρ. (2.25)
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The amplitudes Ex,z(z) satisfy the system of the ordinary differential equations

d2Ex

dz2
− ik

dEz

dz
+ κ2

p(z)Ex =

−χ(ω)
∑
m

Φm(z)

∫
dz Φm(z′)Ex(z

′),

−ik
dEx

dz
+

[
κ2

p(z)− k2
]
Ez(x) = 0,

(2.26)

where κ2
p(z) = ω2ε(z)/c2. Deriving these equations we again explicitly have taken

into account that only the in-plane component of the electric field interacts with the

heavy-hole excitons. Solving the second equation with respect to Ez we obtain the

closed equation for Ex(z)

d

dz

[
p(z)

dEx

dz

]
+ κ2

p(z)Ex =

−χ(ω)
4πω2

c2

∑
m

Φm(z)

∫
dz Φm(z′)Ex(z

′),

(2.27)

where p(z) = κ2
p(z)/[κ2

p(z)− k2]. This function can be seen to be determined by the

local angle of propagation of the wave, p(z) = 1/ cos2 θ(z).

The derivation of the transfer matrix for the p-polarized field follows exactly the

same steps as in the previous subsection with an important specific detail. The

Wronskian of two solutions of “homogeneous” version of Eq. (2.27) (that is with χ ≡

0) is not a constant but depends on z [36]. However, writing down this dependence

as

W (z) = Wh
p(z+)

p(z)
. (2.28)

one can see that the main results of the previous subsection are immediately applied.

In particular, the transfer matrix in the basis of plane waves can also be represented in
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the form (2.22). There are only simple changes in definitions of the parameters of the

(a, f)-representation. First of all, in the definition (2.24) as the pair of functions h1,2

there should be even and odd solutions of the “homogeneous” version of Eq. (2.27).

Second, the expression for the radiative shift of the exciton frequency (2.13) changes

because now, instead of Eq. (2.8) one has

(G ? F)(z) =
1

Whp(z+)

z∫

z−

dz′F(z′) [h1(z
′)h2(z)− h1(z)h2(z

′)] . (2.29)

Finally, the function Sp(ω) can be introduced which also has the Lorentz form as in

Eq. (2.19) with the modified radiative decay rate that becomes

Γp =
2παω2ϕ2

1

qpc2p(z+)
, (2.30)

where qp = κp(z+). It is seen that these expressions and corresponding expressions

for an s-polarized wave coincide in the case of normal propagation, i.e. when k = 0.

2.2 The structure of the transfer matrices

The fact that the transfer matrices for both polarizations allow the (a, f)-repre-

sentation is not a coincidence but is related to a structure of the Maxwell equations.

To demonstrate this let us consider Eq. (2.5) in a particular case corresponding to the

passive structure (χ ≡ 0). Let E(z) be a solution of this equation. Taking complex

conjugation of the equation one can see that E∗(z) is also a solution. Then, one finds
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that

d

dz

(
EE∗′ − E ′E∗) = 0. (2.31)

Now, representing the electric field in the form (2.21) the relation

d

dz

[
qs

(|E+|2 − |E−|2
)]

= 0 (2.32)

is found. This relation can be shown to correspond to a constancy of the flux of

the Poynting vector through a plane perpendicular to the z-axis and represents the

fact that there are no sources or drains of the energy in the system. From Eq. (2.32)

follows that the transfer matrix through the period of the structure must preserve the

combination |E+|2 − |E−|2. The same can be shown for p-polarization. This proves

that the transfer matrix written in the basis of plane waves belongs SU(1, 1) [42]. A

general form of an element of SU(1, 1) is [42]

T =




T1 T2

T ∗
2 T ∗

1


 , (2.33)

where T1,2 are complex numbers and |T1|2 − |T2|2 = 1. The (a, f)-representation can

be seen to correspond to a particular case of T2 being purely imaginary. Such transfer

matrices describe structures that posses mirror symmetry. Indeed, the condition of

this symmetry can be written in the form σxTσx = T−1, where σx is the Pauli matrix.

Substitution of Eq. (2.33) into this equation gives T ∗
2 = −T2. The converse statement

can also be easily checked. The corresponding statement regarding the full equations
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(2.5) and (2.27) can also be proved but the proof is rather technical and we do not

provide it here2.

Structures with the mirror symmetry have a nice property to allow a relatively

simple analysis and still demonstrate a rich variety of interesting phenomena. There-

fore they attract a lot of attention (see e.g. Ref. [43]). If such a structure is built of

blocks that have the mirror symmetry by themselves then the transfer matrix through

the entire structure can be easily written in terms of matrix element describing the

individual blocks. Indeed, let us look at a structure with the period BAB where the

transfer matrices of the blocks A and B have the form T (a1, f1) and T (a2, f2), re-

spectively, in the (a, f)-representation. Then the transfer matrix through the period

is

T (a2, f2)T (a1, f1)T (a2, f2) = T (a, f), (2.34)

where

a = a1a2f2 − ā1

2

(
ā2f2 − a2f̄2

)
,

f = f2f1a2 +
f̄1

2

(
ā2f2 − a2f̄2

)
.

(2.35)

To establish a connection with well-known results let us consider several important

examples. The first example is when the blocks B are homogeneous barriers whose

the transfer matrix is Tb(φb) = diag [exp(iφb), exp(−iφb)]. In this case one has a2 =

2The non-locality of the equations with the exciton polarization seems to be a problem for a
straightforward derivation of a relation (2.31). This problem can be resolved in several ways. One of
the simplest is a consideration of an equivalent local equation. The equivalence is understood here
in terms of transfer matrices.
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f2 = exp(iφb/2) in Eq. (2.34) and thus

Tb(φb)T (a, f)Tb(φb) = T (aeiφb , feiφb). (2.36)

Another example is when a mismatch of the indices of refraction at the boundaries of

the block A and the surrounding barriers is taken into account. In this case one has

Tρ(ρ)−1T (a, f)Tρ(ρ) =
1

1− ρ2
T (a + āρ, f − f̄ρ). (2.37)

where ρ is the Fresnel reflection coefficient [44] (see below Eq. (2.45)), and Tρ is the

matrix describing the interfacial scattering

Tρ =
1

1 + ρ




1 ρ

ρ 1


 . (2.38)

The real factor in Eq. (2.37) can be incorporated into a and f due to the useful

relation (with real λ)

λT (a, f) = T (λa, f) = T (a, λf). (2.39)

The formulas (2.34), (2.36) and (2.37) are basic tools for obtaining the (a, f)-

representation of a matrix in terms of more elementary transfer matrices. This method

is often more practical than solving corresponding differential equations. It is inter-

esting, however, to note the reverse: the parameters of the (a, f)-representation are

boundary values of solutions of a corresponding Cauchy problem.
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2.3 The dispersion equation

In the formalism of a transfer matrix in the basis of plane waves the polariton

dispersion law can be obtained using [45]

cos Kd =
1

2
Tr T, (2.40)

where K is the Bloch wave number and d is the period of the structure. From the

fact that det T = 1 follows that fā + f̄a = 2. Using this identity we can write the

polariton dispersion law in the form

cos2

(
Kd

2

)
= Re(a)Re(f), (2.41)

where the real part is defined as Re(a) = (a + ā)/2. The forbidden gap is determined

as such a frequency region where the r.h.s. of this equation becomes negative or

bigger than 1 because in these cases the Bloch wave-number becomes complex and

this corresponds to evanescent modes. These conditions, being the r.h.s. negative or

bigger than 1, can be seen to determine different parts of the forbidden gap and this

makes an analysis of the structure of the spectrum somewhat cumbersome. However,

the consideration can be easily unified noting that the dispersion equation can be

equivalently written as

sin2

(
Kd

2

)
= Im(a)Im(f), (2.42)

with Im(a) = (a − ā)/2i. Now, the gaps that are at the frequencies where the r.h.s.

of Eq. (2.41) is bigger than 1 correspond to frequencies where the r.h.s. of Eq. (2.42)
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b

w

Figure 2.2: The periodic structure built of two blocks. Vertical dashed lines show
the boundary of the elementary cell. The angles of propagation inside the blocks are
related by Snell’s law.

is negative. This circumstance allows one to consider all gaps in the same way.

The representation of the dispersion equation in the form (2.41) or (2.42) [and,

hence, the transfer matrix in the form (2.22)] has that advantage that the polariton

forbidden gap corresponds to frequencies where one of the terms is negative. Such

factorization of the equation drastically simplifies the analysis of the spectrum. We

demonstrate how it works for the examples of known structures and apply the results

obtained for more general situation.

2.3.1 Passive multilayer structure

Let us consider a structure built of a periodic sequence of two blocks character-

ized by the widths db,w and the indices of refraction nb,w. To emphasize the mirror

symmetry we choose the elementary cell as shown in Fig. 2.2. The transfer matrix
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through the period of the structure has the form

T = T
1/2
b T−1

ρ TwTρT
1/2
b , (2.43)

where

Tb,w =




eiφb,w 0

0 e−iφb,w ,


 (2.44)

φb,w = ωnb,wdb,w cos θb,w/c and θb,w are the angles of propagation of the wave.

The scattering of the electromagnetic wave at the interface between different

blocks depends on both the angle of incidence of the wave and its polarization state.

These effects are described by using Fresnel coefficients ρs and ρp

ρs =
nw cos θw − nb cos θb

nw cos θw + nb cos θb

,

ρp =
nw cos θb − nb cos θw

nw cos θb + nb cos θw

(2.45)

for s and p polarizations respectively. Below we denote the Fresnel coefficients simply

by ρ having in mind that for a particular polarization one of these expressions should

be used.

Using Eqs. (2.36) and (2.37) we can obtain the (a, f)-representation of the transfer

matrix. Then making use of Eq. (2.39) we can factor out the term 1/(1 − ρ2) and

write

a = eiωτ+ + ρeiωτ− , f = eiωτ+ − ρeiωτ− , (2.46)

where τ± = (φb ± φw)/2ω. For this case Eqs. (2.41) and (2.42) turn to

cos2

(
Kd

2

)
=

Re(a)Re(f)

1− ρ2
, sin2

(
Kd

2

)
=

Im(a)Im(f)

1− ρ2
. (2.47)
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As follows from these equations there exist forbidden gaps of two types. First, where

the r.h.s. of the first equation becomes negative, Re (a)Re (f) < 0, and, second,

where the same is valid for the second equation, Im (a)Im (f) < 0. If τ+ and τ−

are incommensurate these gaps alternate along the frequency axis and correspond

to the gaps appearing in vicinity of the odd and even Brillouin boundaries. For the

convenience we will call these gaps odd and even respectively.

The edges of the forbidden gaps are situated at the frequencies where different

terms in these equations vanish3. For example, if ρ > 0 than Re (a) changes its sign

at the low frequency boundary, Ω−, of the first gap and the same occurs with Re (f)

at the high frequency boundary, Ω+. That is the edges of the forbidden gap satisfy

the equations

Re [a(Ω+)] = 0, Re [f(Ω−)] = 0. (2.48)

The center of the gap is situated at Ωc = (Ω+ + Ω−)/2 and its width is ∆PC =

Ω+ − Ω−. The left and right edges of the next odd gap are given by Re (f) = 0 and

Re (a) = 0, respectively, and so on. The explicit form of these equations is obtained

using definitions (2.46)

cos(Ω−τ+)− ρ cos(Ω−τ−) = 0,

cos(Ω+τ+) + ρ cos(Ω+τ−) = 0.

(2.49)

In the simplest case when the layers have the same optical width one has τ− = 0 and

3It can be shown that if τ+ and τ− are commensurate then at some frequencies both terms
become zero simultaneously. That is the corresponding gaps collapse and a continuity of the band
establishes.



45

the positions of the edges of the forbidden gap are ωr(1± 2 arcsin(ρ)/π), where

ωrτ+ =
π

2
. (2.50)

While this case gives a convenient reference point, however, having in mind applica-

tions to multiple quantum well structures (MQW) an opposite case, when the optical

widths of the layers are different, is of more interest. Generally, as one can see from

Eq. (2.49) the boundaries of the gap are situated asymmetrically with respect to ωr

and in the assumption of narrow gap, that is fulfilled for angles not too close to the

angle of the total internal reflection, are given by

Ω± = ωr

(
1± 2ρ sin φw

π(1± ρ cos φw)

)
. (2.51)

2.3.2 Multiple quantum well structure

An opposite limiting case is when all layers in the structure have the same index

of refraction, n, but there are optically active excitations in the quantum wells. The

propagation of light through a quantum well is described by the transfer matrix of

the form

Tw =




eiφw(1− iS) −iS

iS e−iφw(1 + iS)


 . (2.52)

Here φw = ωndw cos θw/c. The excitonic contribution to the scattering of the light is

described by [compare with Eq. (2.19)]

S =
Γ0

ω − ω0 + iγ
. (2.53)



46

The radiative decay rate, Γ0, depends on the angle of incidence. As follows from

Eqs. (2.20) and (2.30) for structures with homogeneous dielectric function these de-

pendencies for different polarizations are [32, 46, 47]

Γ
(s)
0 = Γ0/ cos θw, Γ

(p)
0 = Γ0 cos θw. (2.54)

The transfer matrix through the period of the structure, thereby, is

T = T
1/2
b TwT

1/2
b . (2.55)

The parameters of the (a, f)-representation of the transfer matrix through the quan-

tum well are

a = eiφw/2, f = eiφw/2(1− iS) (2.56)

[it is useful to compare them with those given by Eqs. (2.23)]. The dispersion equation

is, thus, [48–50]

cos2

(
Kd

2

)
= cos ωτ+(cos ωτ+ + S sin ωτ+). (2.57)

A straightforward application of the approach from the previous subsection is com-

plicated by the fact that the second term in this equation has a singularity at the

exciton frequency ω0. This singularity, however, is cancelled by the first term if the

condition cos(ω0τ+) = 0 is met. It is seen that this condition is equivalent for the

photonic half-wavelength at the exciton frequency to be equal to an odd multiplier

of the period of the structure

ω0τ+ =
π

2
+ πn (2.58)
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and is called the Bragg resonance. The spectrum of such structures is characterized

by a relatively wide gap with the width

∆Γ = 2

√
Γ0

τ+

= 2

√
2Γ0ω0

π(1 + 2n)
(2.59)

indicating enhanced coupling between light and QW excitons.

2.3.3 MQW structures with a mismatch of the indices of

refraction

Now, we consider the situation which is a combination of the two just analyzed.

In this case we assume that quantum wells in a MQW have the index of refraction

different from that of the barriers. Different aspects of this case have been considered

in a number of publications [32, 33, 37, 51–54] including the polariton spectrum in

such structures [32, 33]. However, here we consider this case in details since it gives

perfect illustration of analysis of factorized complicate dispersion equations.

The transfer matrix for this structure is obtained from Eq. (2.55) by taking into

account the scattering at the interfaces between the quantum wells and the barriers,

T = T
1/2
b T−1

ρ TwTρT
1/2
b . (2.60)

The dispersion equation following from the (a, f)-representation of the transfer matrix

has the form

cos2

(
Kd

2

)
=

1

1− ρ2
Re(aPC)[Re(fPC) + S Im(aPC)], (2.61)
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where aPC and fPC are calculated for a passive multilayer structure and are given by

Eqs. (2.46).

Similarly to what we had before, the structure of the gap near the exciton fre-

quency is complicated by the singular character of the excitonic susceptibility that

compels taking into account both conditions of the existence of the gap (see Fig. 2.3).

However, as one can see from Eq. (2.42) when the exciton frequency coincides with

the position of the right edge of the photonic band gap Ω+ the singularity of the

excitonic susceptibility cancels and the only contribution to the gap is that given by

being the r.h.s. of Eq. (2.61) negative.

Assuming a smallness of the gap we can expand aPC and fPC near the frequencies

Ω±

Re[aPC(ω)] = (Ω+ − ω)t+, Re[fPC(ω)] = (Ω− − ω)t−, (2.62)

and write the equation for the boundaries of the forbidden gaps in the form

(ω − Ω+)(ω − Ω−)− Γ0
Im(aPC)

t−
= 0, (2.63)

where

t+ =

∣∣∣∣
d

dω
Re [aPC(ω)]

∣∣∣∣
Ω+

, t− =

∣∣∣∣
d

dω
Re[fPC(ω)]

∣∣∣∣
Ω−

. (2.64)

In Eqs. (2.62) we explicitly have taken into account the negative sign of these deriv-

atives. The radiative decay rate, Γ0 in Eq. (2.63), should be taken according to the

polarization of the wave and the angle of propagation as given in Eqs. (2.54).
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Figure 2.3: The dependence of r.h.s. of Eq. (2.61) scaled by 103 on frequency for
slightly off-Bragg structure. The material parameters are chosen to be close to typical
parameters of GaAs/AlxGa1−xAs structures: ρ = 0.03, Γ0 = 60 µeV, ω0 = 1.5 eV.The
frequencies where it is negative correspond to forbidden gaps. The vertical line shows
the position of the exciton frequency. There is an additional contribution to the
forbidden gap where graph exceeds 1 (not shown in this scale). This addition is given
by Ωδ, Eq. (2.71) and, as can be seen, is small.

The imaginary parts of aPC and fPC can be approximated using the following

argument. Since

|aPC |2 = (1 + ρ)2 − 4ρ sin2

(
ω

τ+ − τ−
2

)
(2.65)

and Re(aPC) ∼ 0, then taking into account the narrowness of the quantum wells we

obtain

Im(aPC) ≈ 1 + ρ, Im(fPC) ≈ 1− ρ. (2.66)

The approximation t− ≈ τ+Im(fPC) can be derived using the similar reasoning.
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Using these approximations the solutions of (2.63) can be found in the form

ω± = Ωc ± 1

2
∆. (2.67)

It follows that the forbidden gap is situated symmetrically with respect to the center

of the photonic gap with the width

∆ =

√
∆2

PC + ∆̃2
Γ (2.68)

equal to “Pythagorean sum” of the widths of the passive photonic and the modified

excitonic gaps,

∆̃2
Γ = Γ0

4Im(aPC)

t−
≈ ∆2

Γ

1 + ρ

1− ρ
. (2.69)

This is important that in order to have a solid gap the exciton frequency must be

situated not at the center of the gap but rather be shifted towards the higher frequen-

cies. Comparison of the properties of the solutions of Eq. (2.63) with a consideration

of MQW structures without the mismatch of the indices of refraction [55] shows that

the case of the gap being solid must be identified with the Bragg resonance. That is

the condition of the Bragg resonance in a MQW-based photonic crystal has the form

ω0 = Ω+. (2.70)

The reason for the necessity of modification of this condition is clear. Indeed, to

provide an effective optical coupling between the excitons in different quantum wells

the distance between the quantum wells must be multiple of half-wavelength of the
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electromagnetic wave at the exciton frequency. However, in structures with a mod-

ulation of the dielectric function the dispersion relation of the waves is essentially

modified in the vicinity of the boundary of a Brillouin zone [Eq. (2.47)]. Therefore,

to find the wavelength of the wave at the exciton frequency it is necessary to use the

dispersion law of the structure with the modulated dielectric function rather than a

homogeneous one.

While the results presented have been obtained using the assumption that ρ > 0

(that is, for the normal propagation, nw > nb) they remain valid in the opposite

case due to the symmetry of the transfer matrix under the transformations ρ → −ρ

and aPC ↔ fPC . In other words, when we have the opposite relation between nw

and nb all the arguments used above can be repeated with the mirror reflection of the

frequency axis with respect to the center of the photonic gap. In particular, the Bragg

resonance occurs when the exciton frequency coincides with the left (low frequency)

edge of the photonic band gap.

For the case of the normal propagation, when ρ = (nw − nb)/(nw + nb), these

solutions were obtained in Ref. [33]. In a general case Eq. (2.69) yields the dependence

of the excitonic contribution to the forbidden gap on the angle of propagation and

the polarization state of the electromagnetic wave. When the angular dependence of

the spectrum is considered it is necessary additionally to take into account that the

position and the width of the photonic band gap depends on the angle of propagation

and the polarization. Both these effects are taken into account by Eqs. (2.49) with
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Figure 2.4: Dependence of the Bragg resonance frequency ωB/ωr [see Eq. (2.50)] on
the angle of propagation θb measured in the barriers. The material parameters are
the same as in Fig. 2.3. Bold and thin lines correspond to p− and s-polarizations,
respectively. The vertical lines (the error bars) show the forbidden gap for each
polarization. For better visibility the gap is scaled by the factor of 5.

the Fresnel coefficients given by Eqs. (2.45).

It is natural to consider two problems regarding the angular dependence of the

spectrum. First one corresponds to the situation when the system is tuned to the

Bragg resonance at an oblique propagation of the electromagnetic waves in the struc-

ture. The second one describes the fixed structure tuned to the Bragg resonance at

normal propagation.

On Fig. 2.4 the dependence of the Bragg frequency on the angle of propagation is

shown for both s- and p-polarizations. Due to the narrowness of the quantum wells
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the position of the Bragg resonance approximately follows the renormalization of the

optical width of the period of the structure ∝ cos(θb) for both polarizations. Mean-

while, the change of the width of the gap with the angle of propagation essentially

depends on the polarization. The width monotonously increases with the angle for s-

polarization. For p-polarization it first, decreases, reaches its minimum at Brewster’s

angle, where the only contribution to the gap is due to the exciton-light interaction,

and then increases. It should be noted that at Brewster’s angle, found from the equa-

tion sin θb = nw/
√

n2
b + n2

w, the Fresnel coefficient ρp changes its sign [it corresponds

to θb ≈ 0.8 in Fig. 2.4]. Thus, the symmetry argument pointed above says that the

Bragg resonance condition corresponds to coinciding the lower frequency edge of the

photonic band gap for p-polarized wave.

When the exciton frequency is not tuned to Ω+, so that δ = ω0 − Ω+ 6= 0, in

addition to the contributions to the gap found from the condition of being the r.h.s.

Eq. (2.41) negative there is one more. It is caused by the singularity of the excitonic

susceptibility and can be found looking at the frequencies where the r.h.s. of Eq. (2.42)

is negative. In the same approximation as above, we find that this patch is between

ω0 and ω0 + Ωδ, where

Ωδ =
π

2
τ+δ∆̃2

Γ, (2.71)

extending to the left or to the right from ω0 depending on whether ω0 is smaller or

bigger than Ω+. For slightly off-Bragg structures this frequency is small and in what
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follows we neglect this correction to the structure of the band gap.

Thus, the gap is determined by zeros of r.h.s. of Eq. (2.41) and as the result

the structure of the gap is determined by four frequencies: ω0 and the roots of the

equation

(ω − Ω+)

[
(ω − Ω−)(ω − ω0)− ∆̃2

Γ

4

]
= 0. (2.72)

If we put these four frequencies in ascending order the gap is determined by the

first and second pairs of frequencies with a transparency window between them (see

Fig. 2.3). The exact order depends on relation between ω0 and Ω+. If ω0 < Ω+ then

the gap is between ω′− and ω0 and between Ω+ and ω′+, where

ω′± = Ωc +
δ

2
± 1

2

√
(∆PC − δ)2 + ∆̃2

Γ, (2.73)

while there is a window between ω0 and Ω+. Thus, detuning the exciton resonance

frequency away from Ω+ leads to the appearance of the transparency window between

ω0 and Ω+ in the forbidden gap obtained before for the case ω0 = Ω+ and slight

modification of the external edges of the gap. Taking into account Ωδ results in

shifting the edge of the window from ω0 to ω0 + Ωδ. This result is in a qualitative

agreement with the analysis of off-resonant MQW structures [55] and this additionally

confirms the consistency of the modification of the condition of the Bragg resonance

to have the form (2.70). Moreover, now it is clear that the situation when the exciton

frequency satisfies a “standard” Bragg condition actually means having a system

detuned from the resonance. Such a detuning shows up as a transparency window in
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Figure 2.5: The dependence of the band-gap structure of the s-polarized wave on
the angle of propagation θb measured in the barriers. The material parameters are
the same as in Fig. 2.3. The dashed regions correspond to the forbidden gaps. The
structure is assumed to be tuned to the Bragg resonance at normal propagation.

the forbidden gap [26] or as a dip on the reflection spectrum [54, 56, 57].

With detuning of the system away from the Bragg resonance the second ques-

tion about the angular dependence of the spectrum is related. This is the situation

when the system is tuned to the Bragg resonance at normal propagation, the exciton

frequency and the period of the structure are fixed, and the polariton spectrum is

considered for different angles of propagation. As follows from Fig. 2.4 the Bragg fre-

quency increases with the angle of propagation and, therefore, the structure becomes

detuned from the Bragg resonance. Two gaps appear separated by the transparency

window. One of the gaps is adjacent to the exciton frequency and another one is
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detached. Fig. 2.5 shows the angular dependence of the forbidden gap for the case of

s-polarization. The behavior of the detached band-gap essentially depends on polar-

ization. For both polarizations there is a collapse of the detached gap occurring at

the angle where Ω+ = ω′+ (slightly different for different polarizations). This collapse

is a specific feature of the resonant photonic crystals and is absent in either purely

passive structures or MQW. The dependence of the adjacent gap on the polarization

is rather weak. This is clear from the following reasoning. A noticeable difference

between the polarizations, as seen from Fig. 2.4, should appear at such angles where

ωB−ω0 À ∆̃Γ, ∆PC . As follows from Eq. (2.73) the width of the adjacent gap in this

case is

∆adj ≈ ∆̃2
Γ

Ω− − ω0

(2.74)

and, up to terms ∝ ∆adj∆PC/(ωB−ω0), is the same for both polarizations. This weak

dependence accomplished with the relation between the polariton’s dispersion law and

the optical properties of finite structures [54] leads to the omnidirectional reflectivity

of the structures under consideration. It follows from the notion that usual scattering

problem is set up for a structure embedded in a medium with essentially lower index of

refraction (air or vacuum). As the result the angles of propagation inside the structure

can not exceed the angle of the internal reflection θc at the boundary between the

structure and surrounding medium. Therefore, for all angles of incidence the range of

frequencies between ω0 and ω′−(θc) corresponds to the forbidden gap and, therefore,
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to a resonant reflection. The similar effect has been considered for the case of passive

photonic crystals in a number of publications [58–61]. Here we would like to emphasize

the feature specific for resonant photonic crystals. Assuming a smallness of the angle

of total internal reflection (for a air-GaAs interface θc ≈ 0.28) we can describe change

of the edges of the photonic band gap by a simple renormalization of the optical width

of the period Ω± → Ω±/ cos θ. It results in the width of the region corresponding to

the omnidirectional reflection in the form

∆omni ≈ 1

2

∆̃2
Γ

Ω+ sin2 θc − 2∆PC

, (2.75)

where we have assumed that the photonic forbidden gap is not too wide, i.e. Ω+ sin2 θc >

2∆PC . It is seen that the presence of quantum wells essentially weakens the condition

of the omnidirectionality in comparison with passive photonic crystals.

2.3.4 General modulation of the dielectric function

Using the formalism developed and the expressions for the parameters a and

f obtained before [Eqs. (2.23)] we can derive the dispersion equation in the form

Eq. (2.41)

cos2

(
Kd

2

)
=

h′2(z+)

Wh

[h1(z+) + Sqh2(z+)] (2.76)

or Eq. (2.42)

sin2

(
Kd

2

)
= −h2(z+)

Wh

[h′1(z+) + Sqh′2(z+)] . (2.77)
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The dispersion equations have this form for all polarization. The only difference is

using S, q and f1,2 appropriate for particular polarization. Eqs. (2.76) and (2.77) are

ready for using the general procedure. In particular, the photonic contribution to the

forbidden gap is obtained by setting χ ≡ 0 in Eq. (2.76), so that the frequencies Ω±

corresponding to the edges of the gap satisfy the equations

h1(z+, Ω−) = 0, h′2(z+, Ω+) = 0, (2.78)

where Ω∓ as arguments denote that the functions h1,2 are solutions of corresponding

homogenous equations [Eqs. (2.5) or (2.27) with χ ≡ 0] when ω = Ω∓ respectively.

Thus the boundaries of the forbidden gap lie at points of zero of even and the

maximum of odd solutions. This puts the result about the gaps in the spectrum of

a photonic crystal in a perspective of the oscillating theorem about the number of

zeros of an n-th eigenfunction of a Sturm-Liouville problem [62] (see Fig. 2.6). In

Eqs. (2.78) we implicitly assumed that the odd solution reaches the maximum at a

frequency which is bigger than that where the even solution vanishes. Of course, the

exact answer depends on details of the modulation of the dielectric function. This

assumption is true for such ε(z) that monotonously decreases, for z > 0, from the

position of the quantum well up to the boundary of the elementary cell and this is

enough for our consideration here.

The analysis of the full dispersion equations repeats the one provided in the pre-

vious subsection, with the substitutions aPC = g2 and fPC = g1. In particular, the
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Figure 2.6: Dependence on frequency of Im(Kd) (solid lines, left scales) for a passive
structure (S ≡ 0) and the boundary values of the solutions of Eq. (2.9) (right scales).
The modulation of the dielectric function is chosen in such a way that n(z) = 3 +
cos20(πz/2d), for calculations the value d = 1 has been used. (a) h1(ω) (dashed line),
h′2(ω) (dotted line), Kd is the solution of Eq. (2.76). (b) h2(ω) (dashed line), h′1(ω)/5
(dotted line), Kd has been found from Eq. (2.77). Different dispersion equations
give the same result, but the conditions of being r.h.s. of these equations negative
determine different forbidden gaps.
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parameters, t±, of the equation for the boundaries of the forbidden gap, Eq. (2.63)

are defined in terms of boundary values of f1,2 as

t− =
1√
Wh

∣∣∣∣
∂h1(Ω−)

∂ω

∣∣∣∣ , t+ =
1√
Wh

∣∣∣∣
∂h′2(Ω+)

∂ω

∣∣∣∣ . (2.79)

Following the outlined procedure we immediately obtain the necessity of the mod-

ification of the Bragg resonance obtained before for the case of a piece-wise constant

modulation of the dielectric function. In order to have a solid forbidden gap, the

singularity of the excitonic susceptibility at the exciton frequency must be cancelled

by the first term f ′2(z+) in Eq. (2.76). This corresponds to coinciding of the exciton

frequency and the high frequency boundary of the photonic gap, Ω+. Eqs. (2.78)

prove the representation of the Bragg resonance condition in terms of the effective

optical width of the period of the structure, φ̃, defined by Eq. (3.16) (see Chapter 3).

At the point where f ′2 = 0 one has a/ā = −1 yielding φ̃(Ω+) = π. This allows one

to write down the Bragg condition in the form similar to what one has in the case of

pure MQW structure, φ̃(ω0) = π. This form is convenient for practical calculations.

The second result is the width of the forbidden gap in the case of the Bragg

resonance. Performing the expansion similar to Eqs. (2.62) we can obtain the equation

for boundaries of the forbidden gap

(ω − Ω+)

(
ω − Ω− − ∆̃2

Γ/4

ω − ω0

)
= 0, (2.80)

with ∆̃2
Γ given by the first part of Eq. (2.69). The analysis of Eq. (2.80) completely

repeats that of Eq. (2.63). In particular the width of the forbidden gap is determined
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by the Pythagorean sum of the photonic and excitonic contributions

∆2 = ∆2
PC + ∆̃2

Γ, (2.81)

where ∆PC = |Ω+−Ω−|. The relation between the parameters aPC and fPC and the

solutions of corresponding differential equations allows us to express the renormaliza-

tion of the excitonic contribution to the forbidden gap in terms of a quantity having a

direct physics sense. Using the standard procedure of differentiating of a solution of a

differential equation with respect to parameter one obtains for s- and p-polarizations

(
∆̃Γ

∆Γ

)2

=
πc2qsWh

4Ω−ω0u
(1)
s

, and

(
∆̃Γ

∆Γ

)2

=
πc2qpWhp(z+)

4Ω−ω0u
(1)
p

, (2.82)

respectively. Here we have introduced

u(1)
s,p =

1

2

∫
dz ε(z)E(1)

s,p

2
, (2.83)

where E
(1)
s,p is the s- and p-polarized electric fields corresponding to the even mode of

the photonic crystal. Eq. (2.82) describes the effect of the modulation of the dielectric

function on the exciton contribution to the exciton-polariton spectrum. First, as

could be expected, only even mode of the photonic crystal contributes to the exciton-

photon interaction and, second, the modification can be estimated to be proportional

to u
(1)
qw/u(1), where u

(1)
qw and u(1) are the energies of the even mode of the photonic

crystal in the quantum well and the whole elementary cell, respectively. This means

that the modification of the exciton-light interaction depends on the distribution of

the electric field inside the elementary cell at the frequency corresponding to Ω−. If
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Figure 2.7: Dependence of Im(Kd) on frequency for different structures in a vicinity
of the first forbidden gap when the exciton homogeneous broadening is taken into
account. Dashed line represents the passive structure from Fig. 2.6. Solid line shows a
Bragg-MQW structure with a homogeneous dielectric function. Dotted line represents
the structure with combination of quantum wells and the smooth modulation of the
dielectric function. The characteristic feature is a divergence of the penetration length
(Im K)−1 at the exciton frequency.

the electric field is pushed out of the center of the elementary cell, i.e. the quantum

well, then the excitonic effects are reduced and vice versa.

Consideration of off-Bragg structures is exactly the same as in Section 2.3.3 with

the same main results. Therefore, we do not repeat it here. We supplement the

analysis provided in the previous subsection by a discussion of an effect of homoge-

neous broadening on the spectrum of the exciton polaritons. We assume that the only

source of the dissipation of the energy of the electromagnetic wave is a broadening

of the exciton line. In the presence of losses the conception of band gaps becomes
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ill-defined because the imaginary part of the Bloch wave-number, generally speaking,

is not zero at all frequencies. Therefore it is necessary to consider directly solutions

of Eq. (2.76). Representing Kd in the form

Kd = π + iλ (2.84)

and assuming a smallness of λ we can write

λ2 = 4t+t−(Ω+ − ω)

(
ω − Ω− − ∆̃2

Γ/4

ω − ω0 − iγ

)
. (2.85)

As one can see from this expression λ vanishes at the frequency corresponding to

the right edge of the photonic band gap. The similar effect of divergence of the

penetration length of polaritons in media with homogeneous broadening takes place

in MQW [55] structures without the contrast. The important difference, however, is

that in the latter case it happens at the exciton frequency that lies at the center of

the forbidden gap. Fig. 2.7 shows the comparison of the solutions of the dispersion

equation for different structures with taken into account the exciton homogenous

broadening.

To complete the consideration of the exciton polaritons in the resonant photonic

crystals let us briefly discuss the dispersion law ω(K) of the polaritons near frequencies

corresponding to the band edges. The polariton’s dispersion law can be obtained

resolving Eq. (2.76) with respect to ω. In the case of the Bragg resonance it reduces
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to a quadratic equation with the solutions

ω±(K) = Ωc ± 1

2

√
∆2 + ζ2(K −KB)2, (2.86)

where KB = π/d is the Bloch wave-number corresponding to the boundary of the

first Brillouin zone and ζ = d/t+t−. These two branches with positive and negative

masses, m± = ±2~2∆/ζ2, lie in the bands that are above and below the forbidden gap,

respectively. In addition to these branches there is one more dispersionless branch at

the exciton frequency ωB(K) = ω0.

Let now the system be detuned from the Bragg resonance with the parameter of

the detuning δ = ω0 −Ω+. If the detuning is not too big, |δ| . ∆̃Γ, it leads to only a

slight modification of the polariton branches (2.86). In particular, the magnitudes of

their masses are little bit different in this case

m±(δ) = m±

(
1− ∆PCδ

∆2
± 2δ

∆∓∆PC

)
. (2.87)

Near the band edges the dispersion laws of these branches become ω±(K) = ω′± +

~2(K −Kb)
2/2m±, where ω′± are given by Eq. (2.73).

What is more important is that the third branch acquires the dispersion

ωB(K) = Ω+ +
ζ2δ

∆̃2
Γ

(K −KB)2. (2.88)

That is the mass of the third branch (the braggaritons [26]) becomes finite in the

off-Bragg structures mB = ~2∆̃2
Γ/2ζδ. Let us note that the extremum point of the
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Figure 2.8: The periodic structure with two quantum wells (dark rectangulars) in
the elementary cell. Dash lines show the boundaries of an elementary cell having the
mirror symmetry. The quantum well with the exciton frequency ω2 is assumed to
have the index of refraction different from other elements of the structure.

dispersion curve lies at Ω+ and the mass of the braggaritons, particularly its sign,

depends on the parameter of detuning.

2.3.5 MQW structures with complex elementary cells

Here we illustrate the application of the developed technique to structures with

complex elementary cells studied in Ref. [33]. We consider only one particular example

when the elementary cell contains two quantum wells half-period apart and these

quantum wells differ by the value of the exciton frequency, ω1 and ω2 (see Fig. 2.8).

One of the interesting results obtained in Ref. [33] for such structures was that the

condition of having a solid gap involves all excitonic frequencies in the system. That is,

this is not enough just to tune the period of the system according to, for example, the

mean value of the frequencies. It is necessary to have the special separation between

the frequencies. Second, at the same value of the period as Bragg MQW structure
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with a simple cell it turns out to be possible to increase the effective interaction

between excitons and photons by the factor of
√

2. More formally, this is expressed

by the fact that the half-width of the forbidden gap for such structures is

∆CS =
√

2∆Γ. (2.89)

This eventually means that it is possible to increase the exciton-photon interaction

thanks to increasing density of quantum wells in the structure. However, special con-

ditions on the exciton frequencies must be imposed, while “random” rearrangement

of the quantum wells will most likely lead to a crumbly structure of the forbidden

gap and, as the result, to a complicated and rather not favorable optical spectra.

Here we would like to consider the effect of the mismatch of the indices of the

refraction on the spectral properties of such structures. For this purposes we consider

a simple case when all elements of the structure, except the wells with the exciton

frequency ω2, have the same exciton frequency. Formally, the dispersion equation for

such structure in the case of normal propagation has been obtained in Ref. [33] by

more conventional methods, but that equation turned out to be too cumbersome to

allow non-numerical analysis.

To apply the technique developed in the present paper it is necessary to choose the

elementary cell with the explicit mirror symmetry. It can be done as shown in Fig. 2.8.

The problem of writing the transfer matrices through the right and left halves of the

quantum well can be resolved in the following way. We note that the quantum well
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transfer matrix Tw determined by Eq. (2.52) can be written in a factorized form

Tw = Tb(φw/2)T̃wTb(φw/2), (2.90)

where T̃w is derived from the expression for Tw by setting φw = 0. Using this fac-

torization the transfer matrix through the elementary cell can be written in the form

similar to Eq. (2.34)

T =

√
T̃

(1)
w Tb(φb + φw/2) T−1

ρ T (2)
w TρTb(φb + φw/2)

√
T̃

(1)
w . (2.91)

The difference between the indices of refraction is taken into account by introduction

corresponding Fresnel coefficient entering Tρ. The transfer matrices through different

quantum wells T
(1,2)
w are obtained from Eq. (2.52) by substitution of the different

excitonic susceptibilities

S1,2 =
Γ0

ω − ω1,2 + iγ
. (2.92)

The square root

√
T̃

(1)
w can be found to be

√
T̃

(1)
w =




1− iS1/2 −iS1/2

iS1/2 1 + iS1/2


 . (2.93)

Now, we can apply Eqs. (2.35), (2.36) and (2.37) to derive (a, f)-representation

for T . The dispersion equation following from this representation has a relatively

simple form

cos2

(
Kd

2

)
=

1

1− ρ2
[Re(a) + S1 Im(a)] [Re(b) + S2 Im(b)] , (2.94)
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where a = exp(iφ+)−ρ exp(iφ−), b = exp(iφ+)+ρ exp(iφ−) [compare with Eqs. (2.46)],

and φ± = ω(2dbn+dwn±dwn2)/2c. Comparison with Eq. (2.61) shows that Eq. (2.94)

is proportional to the product of dispersion equations for MQW structures with a

mismatch of indices of refraction considered in details in Subsection 2.3.3. This fact

makes it reasonable to interpret this equation as an interaction of polariton branches

in different sublattices.

It is seen that the structure of the forbidden gap is determined by six characteristic

frequencies where r.h.s. of Eq. (2.94) changes its sign, so that, generally, the gap has

two transparency windows. This makes the analysis of the equation somewhat long

but straightforward. We restrict ourselves to detailed consideration of the resonant

case when the solid forbidden gap is formed. As we already know from previously

considered examples the solid gap is formed when the exciton frequencies coincide with

one of characteristic frequencies of the system without the corresponding excitonic

contribution. Such frequencies in the case under consideration are the boundaries of

the polariton branches. Let for concreteness one have ω2 > ω1, then for a solid gap

to form ω1 should fall to the low-frequency boundary of the second branch gap and

ω2 should coincide with high-frequency boundary of the first branch gap.

Let us denote these frequencies by ω±1,2. The lower index shows which branch

we consider and ± denotes high- and low-frequency boundaries, respectively. The
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frequencies ω±1,2 are determined by

ω±1 =
1

2
(ω1 + Ω−)± 1

2

√
(ω1 − Ω−)2 + ∆2

Γ,

ω±2 =
1

2
(ω2 + Ω+)± 1

2

√
(ω2 − Ω+)2 + ∆2

Γ,

(2.95)

where Ω∓ are determined by Eqs. (2.49), and, for simplicity, we assumed the same

value of the effective exciton-light interaction for both branches, i.e. we have neglected

possible difference between the exciton radiative decay rates in different wells and have

neglected the renormalization of Γ0 due to the spatial modulation of the dielectric

function [see Eqs. (2.69) and (2.82)]. The generalization is straightforward but leads

to nothing new except cumbersome expressions.

Let us, first, consider the case when the index of refraction of the wells of the

second type is higher, i.e. ρ > 0. The condition of absence of transparency windows

inside the gap (the Bragg resonance condition) is formulated as ω+
1 = ω2 and ω−2 = ω1.

Resolving these equations with respect to the exciton frequencies one obtains

ω0 = Ωc, δ =
1

2

(√
2∆2

Γ + ∆2
PC −∆PC

)
, (2.96)

where ω0 and δ are determined by ω1,2 = ω0 ∓ δ/2. Substitution of found relations

into the expression for the width of the gap ∆ = ω+
2 − ω−1 gives familiar result

∆ =
√

∆2
CS + ∆2

PC . (2.97)

The opposite relation between the indices of refraction can be considered using trans-

formation ∆PC → −∆PC . It changes the Bragg condition [the second equation of

Eqs. (2.96)] but leaves the width of the gap (2.97) the same.
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Thus, taking into account the mismatch of the indices of refraction in the system

with complex elementary cell leads to modification of the Bragg condition in com-

parison with what one has in the case of absent mismatch. This modification has

a different character then in structures with a simple cell. The mean value of the

exciton frequencies stays at the center of the forbidden gap and only the difference

between the frequencies must be corrected to take into account the mismatch. The

resultant gap is, as well as in the case of simple cell, again the Pythagorean sum of

the photonic and the excitonic contributions.

2.4 The effect of a complex structure of the exci-

ton states

In the previous Section we essentially use the (a, f)-representation of the transfer

matrix. As has been discussed the necessary condition of existence of the (a, f)-

representation is the mirror symmetry of the elementary cell. It should be noted that

such symmetry is a property of two characteristics of the medium, the modulation of

the dielectric function and the profile of the exciton wave function. The symmetry of

the dielectric function is specified during the growing process and can be considered

fixed. The symmetrical properties of the exciton wave function are the consequences

of those of the confining potential and can be relatively easy changed. For example,
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one of the possible applications of multiple quantum well structures is related to the

possibility of the tuning the exciton frequency using the quantum confined Stark

effect [63–65]. The applied electric field obviously breaks the mirror symmetry of the

potential and as the result the exciton wave function does not have a definite parity.

Another deviation from the situation considered in the previous sections is a mul-

tilevel property of the exciton levels. Generally, the different exciton states, 1s, 2s

and so on, either have energies well separated from each other (in comparison with the

width of the gap ∆) or have small oscillator strength. As the result, in a vicinity of

a particular exciton frequency the contributions of other exciton states are negligibly

small. However, in specially engineered structures the situation can be completely

different. As an example let us consider structures with two identical quantum wells

in the elementary cell. If the wells are sufficiently close to each other then the hy-

bridization of the exciton in these wells leads to splitting of the exciton level with the

value of the split determined by the distance between the wells.

All these deviations lead to changes of the picture of the exciton polariton spec-

trum in comparison with that established above. A complete analysis of these changes

requires a special approach different from used above. In present Section we briefly

consider the effect of a non-trivial structure of the exciton states on the polariton

spectrum in cases when this effect is in some sense small. We will consider explicitly

the case of an s-polarized electromagnetic wave. Using the results of Section 2.1 a

similar analysis of the case of the p polarization can be provided.
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2.4.1 The transfer matrix and the dispersion equation

When the mirror symmetry is absent the transfer matrix does not have the prop-

erty T21 = −T12 (see Section 2.2). As the result the transfer matrices can not be

represented in the form (2.22). However, the basic steps to obtain the transfer ma-

trix remain the same. The only difference is the form of the exciton contribution

to the polarization Pexc because of existence of multiple exciton levels. The interac-

tion of light with each exciton state is given by Eq. (2.2). Thus, to obtain the total

polarization one has to sum all these contributions. This gives

Pexc =
∑

`

χ`

∑
m

Φ(`)
m (z)

∫
dz′ Φ(`)

m (z′)E⊥(z′), (2.98)

where the index m runs over all quantum wells in the structure and the index `

accounts the exciton states. The interaction of light with the `-th exciton state is

specified by the projection of the electric field on the wave function of the `-th state

Φ
(`)
m (z) and the corresponding susceptibility χ` = α`/(ω` − ω + γ`). The latter is

conveniently represented by a diagonal matrix χ̂ (below the hat is used to denote a

matrix in the “space” of the exciton states) with the matrix elements χ̂``′ = δ``′χ`. In

Eq. (2.98) and in what follows the bar denotes the complex conjugation. We provide

formulas with generally complex exciton wave functions to resolve the problem of

transformation properties of main quantities under the unitary transformation of the

exciton states.

The derivation of the transfer matrix follows the same steps as in Section 2.1. In



73

the basis of the functions h1,2 one has

Th = 1 + 2q



−S12 −S22

S11 S21


 , (2.99)

where Sij = −2πω2 Tr(̂̃χϕ̂ij)/qc
2Wh. Here we introduced the matrices ϕ̂ij, the tensor

products of the vectors

ϕ
(`)
i =

1√
Wh

∫
dz Φ(`)(z)hi(z), (2.100)

with the elements (ϕ̂ij)``′ = ϕ
(`)
i ϕ

(`′)
j . The effective susceptibility ̂̃χ in Eq. (2.99) is

found to be

̂̃χ =
√

χ̂
1

1 + 4πω2

c2

√
χ̂ Ĝ

√
χ̂

√
χ̂, (2.101)

where the matrix Ĝ has the elements

Ĝ``′ =

∫
dz Φ(`)(z)(G ? Φ(`′))(z). (2.102)

The transfer matrix in the basis of the plane waves can be obtained using mapping

(A.9).

We would like to discuss a general structure of the effective susceptibility. As

well as in the one-level case one has a radiative shift of the exciton frequency. In

addition to this ̂̃χ has off-diagonal elements which lead to a weak radiative mixing of

the exciton levels [see below Eqs. (2.108) and (2.110)]. It is convenient to separate the

diagonal and the off-diagonal parts of Ĝ writing the latter as Ĝ = Ĝd + Ĝo (clearly only
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the symmetric part of G contributes to Ĝd). Using this representation the effective

susceptibility (2.101) can be approximated by

̂̃χ ≈ σ̂ − 4πω2

c2
σ̂Ĝoσ̂, (2.103)

where the diagonal matrix σ̂ takes into account the radiative shifts of the exciton

levels

σ̂ =
1

χ̂−1 + 4πω2

c2
Ĝd

. (2.104)

For usual long-period MQW structures both the radiative shift of the exciton

resonant frequency and the off-diagonal part of the effective susceptibility are small.

The smallness of latter is provided by the narrowness of the quantum wells, so that

ϕ
(`)
2 are small. The radiative shift (and the whole symmetric part of Ĝ) is small for

narrow quantum wells because of the same reasoning and also because of the fact that

for narrow quantum wells the terms h2(z1)h1(z2) and h2(z2)h1(z1) are close. To these

arguments it should be added that if the difference between the energies of the exciton

levels is bigger than the width of exciton related peculiarities in the polariton spectrum

then the off-diagonal part of the effective susceptibility is additionally subsided by

the factor ∝ |ω` − ω`′|−1. It should be noted, thereupon, that the situation can be

different in special MQW structures. For example, in mentioned above structures

with two sufficiently close quantum wells in the elementary cell. In such structures

the off-diagonal part of the effective susceptibility becomes essential.

The dispersion equation following from the transfer matrix can be written in the
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form

cos2

(
Kd

2

)
=

1

Wh

(h1+S11qh2)(h
′
2−S22qh

′
1)+

h′1h2

Wh

S21S12+
h′2h1

2Wh

(S21−S12). (2.105)

It is seen that if the exciton wave function has a definite symmetry (either odd or

even with respect to the center of the elementary cells) S12,21 ≡ 0 and an equation

with the structure of Eq. (2.76) is restored. It should be noted that the absence of

the mirror symmetry itself does not imply an impossibility to factorize the dispersion

equation. However, it can be shown that generally the factorization can not be done

similarly to Eq. (2.76), i.e. in terms of a linear combination of the boundary values

of the linearly independent solutions of the corresponding Cauchy problems.

2.4.2 Single-level excitonic susceptibility

First we consider the simplest case when there is only single exciton level interact-

ing with light but the corresponding wavefunction does not have definite symmetry,

i.e. for even and odd h1 and h2 both projections ϕ1,2 do not turn to zero. In this

case the dispersion equation can be simplified noting that Sij = χ̃2πω2ϕiϕj/qc
2Wh

[see also Eq. (2.15)] where χ̃ is given by Eq. (2.12).

Let us assume that the non-symmetricity of the wave function is small as it takes

place, for example, in structures placed in a uniform electric field. To emphasize this

circumstance the dispersion equation is convenient to write down in the form

cos2

(
Kd

2

)
=

h′2
Wh

(h1 + S11qh2)− h1

Wh

h′1S22q. (2.106)
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As follows from this equation the non-symmetricity is quantified by ∆2
a = α2πω2

0ϕ
2
2/qc

2

[compare with Eqs. (2.69) and (2.20)]. So that the smallness can be understood as

∆a ¿ ∆̃Γ.

It is clear that because of the absence of the mirror symmetry the optimal coupling

between the excitons localized in different quantum wells can not be provided by

the modes of the photonic crystal at an edge of the forbidden gap, i.e. with K =

KB. Instead, the states inside the band should be involved. Indeed, as follows from

Eq. (2.106) the condition of the Bragg resonance in this case has the form

ω0 = Ω+ +
∆2

a

4

∆PC

(Ω+ − ω−)(ω+ − Ω+)
, (2.107)

where the frequencies ω± are determined by Eq. (2.67). When this condition is fulfilled

there is a solid gap in the polariton spectrum with the width of the gap reduced in

comparison with the symmetric case by the value ∼ ∆2
a/∆.

2.4.3 Multilevel excitonic susceptibility

If the exciton states can be characterized by a definite parity then, as follows from

the expression for the effective susceptibility, Eq. (2.103), the multilevel structure of

the excitonic susceptibility leads to multiple poles of the function S(ω) in the disper-

sion equation (2.76). The main consequence of having several poles is that generally

speaking the polariton gap has at least one transparency window. Changing the pe-

riod of the structure one can cancel a peculiarity at most one resonant frequency by
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placing it at the high-frequency boundary of the photonic gap. The complete cancel-

lation of the resonances in r.h.s. of Eq. (2.76) requires a special relation between the

oscillator strengths corresponding to different resonances which is quite improbable

in a general case.

More interesting situation appears when the different exciton levels correspond to

the wave functions with different parity. In this case the effective susceptibility has

non-zero off-diagonal part what leads to an optical mixing of the exciton states. To

emphasize this effect we consider the case when only two exciton levels characterized

by the frequencies ω1,2 (already modified by the radiative shifts) are involved. In this

case the effective susceptibility can explicitly be written down in a relatively simple

form

̂̃χ =
1

η − (ω − ω1)(ω − ω2)




α1(ω − ω2)
4πω2

c2
α1α2Ĝ12

4πω2

c2
α1α2Ĝ21 α2(ω − ω1)


 , (2.108)

where α1,2 are the coupling parameters between light and corresponding exciton

states, Ĝ12,21 are the matrix elements of Ĝ given by Eq. (2.102) and the mixing para-

meter η is defined as

η = Ĝ12Ĝ21α1α2

(
4πω2

c2

)2

. (2.109)

We also assume that each level has a definite parity, namely, the state 1 is even and

the state 2 is odd. As the result, only two of the parameters ϕ
(`)
i are not zero, ϕ

(1)
1 and

ϕ
(2)
2 . Substitution of the effective susceptibility into Eq. (2.105) gives the dispersion



78

equation

cos2

(
Kd

2

)
=

h′2
Wh

(h1 + S1qh2)− h1

Wh

S2qh
′
1 +

(h1h2)
′

Wh

S12q, (2.110)

where

S1,2 = α1,2

(
ϕ

(1,2)
1,2

)2 2πω2

c2

ω − ω2,1

(ω − ω1)(ω − ω2)− η
,

S12 = α1α2ϕ
(1)
1 ϕ

(2)
2

(
2πω2

c2

)2 Ĝ12 − Ĝ21

(ω − ω1)(ω − ω2)− η
.

(2.111)

Without going into a detailed technical analysis of the polariton spectrum in this case

let us note the most interesting feature of Eq. (2.110). If one formally neglects terms

∝ ϕ
(2)
2 in this equation the spectrum turns to that one has in the case of a multilevel

excitonic susceptibility discussed above. The important difference is that the exciton

peculiarities are situated at the frequencies ωs and ωa which are determined by zeros

of the denominator in Eq. (2.111). These frequencies have a structure of a result of

an additional interaction between the exciton states induced by the electromagnetic

wave. This interaction with the intensity ∝ √
η repels the exciton levels (if η > 0) or

brings them closer to each other (if η < 0). However, the interaction of the excitons

with an electromagnetic wave does not lead to a modification of the actual exciton

levels because this interaction enters as a source in the exciton Shrödinger equation

(see e.g. Ref. [8]). Thus, the change of the resonant frequencies is the effect of the

same nature as the usual radiative shift of the exciton frequency [Eq. (2.13)]. We

would like to note that the optical mixing disappears if the exciton wave functions do

not overlap. It can be shown using the fact that in this case by an appropriate unitary
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transformation one of the matrix elements Ĝ12,21 can be turned to zero implying η ≡ 0.

In this connection the resonance frequencies ωq,b should be defined without a reference

to a particular form of the matrix elements of the effective susceptibility. It can be

shown, however, that these frequencies correspond to poles of det ̂̃χ which are not

altered by unitary transformations.

To conclude the consideration of the effect of the complex structure of the exci-

ton levels on the polariton spectrum we would like to note that a distinction should

be made between the structures with coupled quantum wells in the elementary cell

and structures with a complex elementary cells (see Refs. [33, 66, 67] and also Sec-

tion 2.3.5). The first are characterized by the hybridized exciton states i.e. the

electromagnetic wave interacts with the exciton localized over both quantum wells.

In the structures with the complex elementary cell the excitons are localized in their

own quantum wells. The different microscopical pictures of the exciton states lead

to the different form of the exciton contributions to the polarization in the Maxwell

equations (2.5) and, eventually, to different features of electromagnetic waves prop-

agating through the structures. In particular, in the structures with the complex

elementary cell the effective exciton susceptibility remains diagonal after transition

to a pair of non-overlapping wave functions and therefore there is no the radiative

mixing of the exciton levels.
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2.5 Discussion

This technique developed in the present Chapter has two key features. First of

all this is a relation between the parameters of the representation and solutions of

appropriate Cauchy problems. It relates results regarding properties of solutions of

the differential equations and the spectral properties. In particular, it puts the result

about the forbidden gaps in the perspective of the oscillating theorem. We would like

to emphasize that this relation automatically establishes the correctness of a problem

of propagation of electromagnetic waves in 1D structures with dispersion and absorb-

tion. In particular, it makes it possible to avoid the question about eigenmodes of

the system (which are well defined only when the operator governing the spatial dis-

tribution of the electric field is self-adjoint) and still obtain all necessary information

for an analysis of optical and spectral properties of the system. This relation sets up

a complete framework for description of 1D systems.

The second feature is a special representation of the transfer matrix for structures

with an elementary cell possessing mirror symmetry. This representation yields the

dispersion equation in a factorized form. It drastically simplifies the analysis of the

spectrum.

Thus, these two features open a number of problems for a detailed constructive

analysis. In addition to the questions considered in the present Chapter these are

reflection and transmission properties of finite structures (see Chapter 3), excitation
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of the field by external sources such as embedded excited atoms or radiative exciton

recombination (see Chapter 4), polariton density of states and other. We also believe

that the constructed general setup allows one to apply the results obtained for more

complicated systems, e.g. quantum graphs [68, 69].
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Chapter 3

Optics of finite structures

3.1 Single quantum well in a dielectric environ-

ment

It is constructive to start an analysis from consideration of a simple case of a single

quantum well in a dielectric environment. We consider the situation when the indices

of refraction of the well and the surrounding barriers are nw and nb respectively.

Using the usual Maxwell boundary conditions the transfer matrix through one period

of the structure in the basis of incoming and outgoing plane waves can be written in

the form

T = T
1/2
b TbwTwTwbT

1/2
b , (3.1)
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where

T
1/2
b =




eiφb/2 0

0 e−iφb/2


 (3.2)

is the transfer matrix through the halves of the barriers surrounding the quantum

well. Here φb = ωnbdb cos θb/c with db being the width of the barrier and θb being an

angle between the wave vector k inside the barrier and the direction of the z-axis, êz.

The scattering of the electromagnetic wave at the interface between the quantum

well and the barrier caused by the mismatch of the indices of refraction of their

materials is described by

Tbw = T−1
wb = Tρ(ρ) ≡ 1

1 + ρ




1 ρ

ρ 1


 , (3.3)

where ρ is the Fresnel reflection coefficient (see, e.g. Ref. [44]). The interface scatter-

ing depends upon both the angle of incidence of the wave and its polarization state.

These effects are effectively described by an introduction of corresponding Fresnel

coefficients ρs and ρp

ρs =
nw cos θw − nb cos θb

nw cos θw + nb cos θb

,

ρp =
nw cos θb − nb cos θw

nw cos θb + nb cos θw

(3.4)

for s (E ⊥ (k, êz)) and p (E ‖ (k, êz)) polarizations respectively. The angular depen-

dence of these coefficients upon the angle of incidence measured inside the barrier is

schematically shown in Fig. 3.1.
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Figure 3.1: A scheme of the angular dependence of the Fresnel coefficients ρs and ρp

upon the angle θw is shown on the complex plane. At normal incidence the coefficients
have values shown by small filled circles (the same for both polarizations). When the
angle of incidence increases the coefficients follow the arrows on the lines. ρp passes
through 0 at the Brewster’s angle, both coefficients reach the unit circle at the angle
of total internal reflection. When the angle increases further the Fresnel coefficients
become complex with the unit modulus and increasing argument.

Finally,

Tw =




eiφw(1− iS) −iS

iS e−iφw(1 + iS)


 (3.5)

is the transfer matrix through the quantum well. Here φw = ωnwdw cos θw/c, where

dw is the width of the quantum well and θw is the angle between the wave vector k

inside the quantum well and the growth direction êz. The excitonic contribution to

the scattering of the light is described by the function

S =
Γ0

ω − ω0 + iγ
, (3.6)

which we will call the excitonic susceptibility in what follows. The radiative decay
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rate, Γ0, at normal incidence is determined in the case under consideration by

Γ0 =
1

2
πkωLT a3

B

(∫
Φ(z) cos kz dz

)2

. (3.7)

For oblique incidence the radiative decay rates are renormalized in different ways

for different polarizations [see Eqs. (2.20) and (2.30)]. For p-polarization in addition

to this renormalization it is also necessary to take into account a possible splitting of

Z- and L-exciton modes [46, 47, 70] that gives rise to a two-pole form of S. However,

in materials with the zinc-blend structure, as has been shown in Introduction, the

Z-mode of the heavy-hole excitons is optically inactive. Thereby, one can describe

angle dependencies of the radiative decay rate for s- and p-polarizations respectively

by simple expressions [32, 46, 47]

Γ
(s)
0 = Γ0/ cos θw, Γ

(p)
0 = Γ0 cos θw. (3.8)

Thus, the propagation of light in the structures under consideration depends upon

a number of natural parameters such as Fresnel coefficients, exciton frequencies and

radiative decay rate, and optical widths, which (with the exception of ω0) depend

upon the angle of incidence of the wave and its polarization state.

Our next step is to simplify the presentation of the total transfer matrix through

the period of the structure in such a way that makes the relations between the elements

of the transfer matrix and the natural parameters of the structure more apparent. The

most complicated part of the transfer matrix is the product TbwTwTwb, which describes
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the reflection of the wave from the interface and its interaction with quantum well

excitons. We simplify it by noting that this product can be presented as TbwTwTwb =

T̃w, where T̃w has the same form as Tw, Eq. (3.5), but with renormalized parameters

T̃w = TbwTwTwb =




eiφ̃w(1− iS̃) −iS̃

iS̃ e−iφ̃w(1 + iS̃)


 , (3.9)

where the effective excitonic susceptibility, S̃, and the phase shift, φ̃w, are defined as

S̃ = S
1 + ρ2 − 2ρ cos φw

1− ρ2
+ 2ρ

sin φw

1− ρ2
, ei(φ̃w−φw) =

1− ρe−iφw

1− ρeiφw
. (3.10)

Here ρ denotes the Fresnel coefficient for the wave of a respective polarization. Taking

into account the diagonal form of the transfer matrix through the barrier Tb one can

see that the total transfer matrix through the period of the structure again has the

form of a single quantum well transfer matrix and is determined by Eq. (3.5) where

the phase φ̃w is replaced by a total phase φ = φb + φ̃w.

Thus, we have shown that the propagation of the wave in MQW based photonic

crystals can be described in terms of properties of a respective optical lattice with

renormalized parameters. The renormalization of the phase is the simplest one: the

expression for φ̃w can be rewritten as

φ̃w = φw
1 + ρ

1− ρ
(3.11)

provided that the change of phase φw across the well is much smaller than 2π, which

is usually true for long period MQW structures. Hence, one of the effects of the index
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of refraction contrast is reduced to a simple renormalization of the optical width of

the quantum well.

The effective susceptibility, S̃, consists of two terms. One of them has a singularity

at the exciton frequency while the second varies slowly in a wide frequency region.

The relation between these terms essentially depends upon the frequency and near

the exciton resonance the second term is negligibly small. The frequency region where

the nonsingular addition is negligible can be found from Eq. (3.10) and is determined

by

|ω − ω0| < ωmin =
∆2

Γ

2∆PC

1 + ρ2 − 2ρ cos φw

1− ρ2
. (3.12)

Here ∆Γ =
√

2Γ0ω0/π is the half-width of the forbidden gap in a Bragg MQW with-

out a mismatch of the indices of refraction, and ∆PC = 2ωrρ sin[φw(ω0)]/π(1 − ρ2)

is the half-width of the forbidden gap in a non-resonant (passive) photonic crystal

with the same mismatch calculated in the limit ∆PC ¿ ωr, where ωr is the central

frequency of the gap. In the presence of broadening (both homogeneous and inhomo-

geneous) there is an additional restriction on this frequency interval: |ω0 − ω| > γ,

and for large enough γ it may cease to exist. This will mean that the exciton reso-

nances play very little role in the system, which, in this case, can be considered as a

regular passive photonic crystals. In real GaAs/GaAlAs systems, this happens when

γ exceeds the value of about 10meV , which is significantly larger than inhomoge-

neous broadening in most QW structures, and corresponds to room temperatures for
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homogeneous broadening. Thus, in good quality samples and at sufficiently low tem-

peratures there always exists a frequency region determined by Eq. (3.12), where the

non-singular addition to the effective susceptibility, Eq. (3.10) is negligible regardless

of how strong is the mismatch between refractive indexes. Depending on the strength

of the mismatch, this region, however, can cover all or only part of the spectral in-

terval affected by excitons. In the case of a single quantum well or of a MQW with a

small number of periods, the frequency region of interest is of the order of Γ0, which

is typically much smaller than ωmin in Eq.(3.12). In this case the refractive index

mismatch can be described in the resonant approximation with only the first term in

Eq. (3.10) for the effective susceptibility retained. In this approximation, the effects

of the mismatch of the indices of refraction, non-perpendicular incidence, and the

polarization are reduced to a renormalization of the radiative decay rate. This means

that these effects can be taken into account by using standard expressions obtained

for normal incidence in the absence of the mismatch with the radiative decay rate

replaced with its effective value

Γs,p = Γ
(s,p)
0

1 + ρ2 − 2ρ cos φw

1− ρ2
. (3.13)

Depending on the value of the Fresnel coefficient one can observe either an enhance-

ment (when ρ < 0) or a reduction (when ρ > 0) of the exciton radiative recombination.

Since usually nw > nb, the Fresnel coefficient for the normal incidence is positive and

therefore the oscillator strength is diminished compared to the case of the absence
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Figure 3.2: Change of the effective radiative decay rates Γs (solid line) and Γp (dotted
line) with the angle of incidence for a single quantum well.

of the contrast. When the angle of incidence increases, in addition to different de-

pendencies of the Fresnel coefficients corresponding to different polarization states

following from Eqs. (3.4), it is necessary to take into account direct modification of

the oscillator strength given by Eqs. (3.8). Fig. 3.2 shows the dependence of the factor

modifying the radiative decay rate upon the angle of incidence.

3.2 Reflection spectra of simple structures

The representation of the transfer matrix through the period of MQW structure

introduced in the previous Chapter in Eq. (2.22) was convenient for an analysis
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of the band structure because it solved the problem of the factorization of the dis-

persion equation. However, for the reflection coefficient it gives an additive form

r ∝ exp(i arg(a)) + exp(i arg(f)). This form labors establishing the relation between

the parameters of the system and the form of the reflection spectrum. Therefore, it

is sensible to introduce a special representation for the transfer matrix

T (θ, β) =




cos θ − i sin θ cosh β −i sin θ sinh β

i sin θ sinh β cos θ + i sin θ cosh β


 , (3.14)

where the parameters of the representation, θ and β, are related to the “material”

parameters S and φ by

cos θ = Tr T/2 = cos φ + S sin φ, coth β = cos φ− S−1 sin φ. (3.15)

This representation is valid for an arbitrary system that possesses a mirror symmetry

with respect to a plane passing through the middle of the structure. It can be easily

derived taking into account the equality of the determinant of the matrix to one,

and the circumstance that the mirror symmetry requires off-diagonal elements to be

imaginary. Due to the general character of the representations (3.14), the material

parameters entering Eq. (3.15) can be either the parameters of a single quantum well,

Eq. (3.5) or the effective parameters S̃ and φ̃, Eqs. (3.9) and (3.10), of a barrier-well

sandwich, or even parameters characterizing the entire MQW structure as long as the

latter possess the mirror symmetry.

It is useful to compare this representations with the (a, f)-representation [Eq. (2.22)].
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Of course, there is a direct relation between all these representations. To see this it

is enough to note that for arbitrary matrix in the form (a, f)-representation one

can introduce an effective optical width of the period of the structure, φ̃, and an

effective exciton susceptibility, S̃. The relation between the parameters of the (a, f)-

representation and these effective parameters can be found comparing Eqs. (2.22)

and (3.5)

S̃ =
1

2i
(af̄ − āf), eiφ̃ =

a

ā
. (3.16)

This relation can be used to generalize the result of present Chapter for a case of

general periodic modulation of the dielectric function. It should be noted that the

(a, f)-representation itself is not convenient for an analysis of finite structures since

the relation between the parameters of the representation of a transfer matrix through

a single layer and the whole structure becomes quite cumbersome [see Eq. (3.52)]. This

is where the representation (3.14) becomes very convenient. The latter representation,

in turn, misses the possibility to factorize the dispersion equation what makes it barely

suitable for a constructive analysis of the dispersion law.

Using the representation (3.14) we can introduce the following transformation rule

for transfer matrices

TH(ψ)T (θ, β)T−1
H (ψ) = T (θ, β + 2ψ), (3.17)
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where matrix TH describes a hyperbolic rotation with a dilation and has the form of

TH(ψ) = eψ




cosh ψ − sinh ψ

− sinh ψ cosh ψ


 . (3.18)

This transformation rule can be used, for instance, for diagonalization of transfer ma-

trices, which can be achieved by choosing parameter ψ = −β/2. Matrix TH can be

turned into matrix Tbw, Eq. (3.3), which describes propagation of waves through in-

terface between two media with different refraction coefficients by using the following

relation between ψ and the Fresnel parameter ρ: ρ = − tanh(ψ) (a detailed discussion

of a relation between interface scattering and the hyperbolic rotation can be found

in Ref. [71]). This means that the transformation, Eq. (3.17), can be either used to

describe the interface between two different structures, or in order to present any type

of non-diagonality of the transfer-matrix as resulting from some effective interface.

With the help of Eq. (3.17), any symmetric multilayer structure can be replaced by

a uniform slab with the width given by θ and the index of refraction determined by

ψ. Therefore, it can be used to describe structures which are more complicated than

a simple three layer barrier-well sandwich considered in the previous section. For

instance, using Eq. (3.17) we can immediately derive an expression for the transfer

matrix TN of a sequence of identical blocks described by T (θ, β):

TN = T (θ, β)N = T (Nθ, β). (3.19)

Because the reflection from the structure described by the transfer matrix T given
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in the basis of incoming and outgoing waves is r = −T21/T22, then for a structure

containing N blocks we have

rN = − i sinh β

cot Nθ + i cosh β
. (3.20)

The reflection coefficient written in terms of the parameters θ and β does not depend

upon the specific form of the transfer matrix and therefore Eq.(3.20) can be applied to

a variety of different structures. In the case of Γ0 = 0, Eq. (3.20) can be easily shown

to reproduce the result well-known for a passive multilayer structure [43, 45, 72].

To find a relation between the quantities entering this expression and the elements

of the transfer matrix through the period of the structure it is convenient to multiply

both the numerator and the denominator by sin θ and to use Eq. (3.15). If each block

is characterized by an effective susceptibility S̃ and the phase φ = φb + φ̃w, then we

obtain for the reflection coefficient an exact expression

rN =
iS̃

cot(Nθ) sin θ + i(S̃ cos φ− sin φ)
. (3.21)

Below we analyze the reflection coefficient for Bragg and slightly off-Bragg struc-

tures. For frequencies close to ω0 we can use θ = π+ iλ, where λ is a complex number

with a small modulus. Moreover, in most applications of MQW structures it is nat-

urally to assume that structures are not too long, that is N ¿ Nc = (Re λ)−1. In

this approximation, coth(Nλ) sinh λ ≈ N and the reflection can be written directly
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in terms of the material parameters

rN =
iNS̃

1 + iN(S̃ cos φ− sin φ)
. (3.22)

The amplitude of reflection, |r|2, has the typical form shown in Fig. 3.3. It is charac-

terized by a strong reflection band around the exciton frequency, which is a manifesta-

tion of the strong resonant exciton-light interaction. The reflection has an asymmetric

form since it is a sum of two terms: one of them is even with respect to the frequency

ω0 and the second is odd. The latter is due to nonzero mismatch and in the ap-

proximation used above does not vanish at infinity. Both these terms have a typical

width

δ =
NΓ0(1− ρ)2 cos φ+

(1− ρ2)2 + N2(sin φ+ − ρ2 sin φ−)2
, (3.23)

where φ± = φb±φw. It should be noted that the actual optical width of the quantum

well determined by φw enters the definition of φ±, rather than the modified φ̃w. We

are interested in maximizing exciton related effects in the reflection spectra of our

structures, which means designing structures with as large a width δ as possible.

One can see from Eq. (3.23) that the width demonstrates essentially non-monotonous

dependence upon the number of quantum wells in the structure: it grows linearly for

small N , but starts decreasing as N2 for larger N . If the coefficient in front of the

N2-term in the denominator of Eq. (3.23) vanishes, then the linear growth of δ would

go unchecked as long as N does not exceed Nc. Thus, the condition for maximizing
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Figure 3.3: Dependence of the amplitude reflection coefficient |rN |2 upon the fre-
quency. The main plot shows the reflection of structure satisfying the modified Bragg
condition with ρ = 0.005, the radiative decay rate Γ0 = 67 µeV, the exciton fre-
quency ω0 = 1.491 eV, the homogeneous broadening γ = 500 µeV and the length
N = 10, 25, 100 (dot, dash, solid lines, respectively). On the inset reflection spectra
of structures which satisfy the standard Bragg condition are shown. To make the
correspondence with the experimental results clearer we chose ρ = −0.005.

the excitonic effects in the reflection spectrum can be formulated as

ρ2 = sin φ+(ω0)/ sin φ−(ω0). (3.24)

If one neglects the mismatch of the indices of refraction, this equation takes a well

known form of a condition for the Bragg resonance between the period of the struc-

ture and the exciton radiation [49]. One can consider Eq. (3.24) as an equation for

the period of the structure, d, for a given ρ. Then for the case of small ρ it gives
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approximately the same results as that obtained from

ρ = cos(φ+/2)/ cos(φ−/2), (3.25)

which coincides with a modified Bragg condition introduced in previous Chapter (see

also Ref. [33]). This condition actually requires that the exciton frequency is equal to

the low frequency boundary of the passive (without excitons) photonic crystals’ stop

band. This consideration shows that the most prominent effect of the light-exciton

interaction on the optical properties of long MQW structures with a mismatch of the

indices of refraction occurs when the modified Bragg condition is met.

To establish the relation between the modified Bragg condition and the reflection

spectrum of the structure, it is convenient to obtain the dispersion equation from

the transfer matrix written in terms of S̃ and φ̃w, Eq. (3.9). Using the relation

cos Kd = Tr T/2, where K is the Bloch wave-number, d is the period of the structure,

one obtains the dispersion equation in the standard form

cos Kd = cos φ + S̃ sin φ, (3.26)

where the change of the phase on the period of the structure, φ, is determined by

the modified optical width of the quantum well, i.e. φ = φb + φ̃w. The Bragg

resonance condition is written in a usual form φ(ω0) = π as has been shown in previous

Chapter coincides with the modified Bragg condition. Thus, for Bragg MQWs the

expression for the reflection coefficient, Eq. (3.21), is essentially simplified and can be
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approximated as

rN =
iNS̃

1 + iNS̃
. (3.27)

This expression gives a generalization of a well known result about the linear depen-

dence of the width of the exciton-polariton reflection band on the number of quantum

wells in Bragg MQW structures [73].

When the system is detuned from the Bragg resonance, the transparency window

appears in the band gap. It shows up in the form of a dip near the exciton frequency in

the reflection spectrum (see inset in Fig. 3.3). For example, in Ref. [57] the reflection

was measured for MQW structures that satisfied the Bragg condition for structures

without the mismatch. In other words, the period of those structures was made to

coincide with the half-wavelength at the exciton frequency calculated without taking

into account photonic crystal modification of light dispersion. These effects, however,

significantly modify the wavelength of light resulting in a detuning of the structures

studied in Ref. [57] from actual Bragg resonance. As a result, spectra observed

in that paper demonstrate features specific for slightly off-resonance structures [see

Fig. (3.3)].

The general results presented in this section allow one to analyze qualitatively

modifications in spectra of MQW structures caused by changes of the angle of in-

cidence or polarization state of the wave. Indeed, using Eq. (3.11) we can write an
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Figure 3.4: The change of the reflection spectrum with the angle of incidence. The
parameters of the structure are the same as those used in Fig. 3.3 except: γ = 25 µeV,
ρ = 0.01. The dotted line shows the reflection at normal incidence. The solid and
dashed lines show the reflection at θb = π/18 of s- and p-polarized waves, respectively.
The main plot corresponds to the structure that is tuned to the Bragg resonance at
normal incidence. The inset shows the reflection of a structure which is tuned to the
Bragg resonance at θb = π/18.

expression for the renormalized phase, φ, in the form

φ =
ω

c

(
nbdb cos θb + nwdw

1 + ρ

1− ρ
cos θw

)
. (3.28)

This expression shows that the dependence of the Bragg condition on the angle of

incidence differs significantly from the intuitive assumption that it can be accounted

for by a simple replacement of the wave number k with k cos θ, which was suggested in

some earlier works [56, 57]. While the latter assumption is true in the optical lattice

approximation, the presence of the refractive index contrast makes this dependence
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more complicated. Eq. (3.28) also describes dependence of the Bragg condition on

polarization.

Fig. 3.4 demonstrates changes in the reflection spectrum for the structure tuned to

the Bragg resonance for the normal incidence with the change of the angle. First, the

spectrum for the oblique incidence looks as a typical spectrum for slightly off-Bragg

structures. On the other hand, if a structure has a period, which is bigger than what

is required by the Bragg condition for normal incidence, i.e. φ(ω0, θ = 0) > π, it can

be tuned to the resonance by increasing the angle of incidence (see inset in Fig. 3.4).

An interesting result apparent from these figures is that tuning the structure to the

Bragg resonance by changing the angle preserves to a great extent the shape of the

spectrum. This fact opens a possibility for shifting the position of the reflection band

of these structures by changing the exciton frequency with the help of, for instance,

quantum confined Stark effect [63–65] with consecutive tuning of the structure back

to the Bragg resonance by adjusting the angle of incidence. Estimates show that for

the available Stark shifts of the exciton frequencies required changes in the angle do

not exceed 10− 15◦, which is similar to the angles used in Fig. 3.4.

The difference between reflection spectra of waves with s- and p-polarizations

remains rather insignificant for angles used in Fig. 3.4. In order to observe it one has to

consider much larger angles. Fig. 3.5 shows the reflection spectra of a structure which

is tuned to the Bragg resonance at the angle θb = π/4. The difference between the two

polarizations occurs due to two circumstances. First is the different renormalization
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of the optical width of the quantum wells for different polarizations [Eq. (3.11)]. As

a result, the angle at which the structure is tuned to the Bragg resonance depends on

the polarization. In Fig. 3.5 the Bragg condition is met for s-polarization. Therefore,

one has a typical Bragg profile for the reflection spectrum of the s-polarized wave and

off-Bragg profile for the p-polarized wave. The second circumstance is the difference

between the effective radiative decay rates [see Eq. (3.13)] for different polarizations.

Therefore, the exciton related feature on the reflection spectrum of the p-polarized

wave is weaker compared to the s-polarization.

It should be noted, however, that such big angles of propagation inside the bar-

riers are not accessible for a usual experimental setup when the wave is emitted and

detected outside the structure. The reason is a high contrast of the indices of refrac-

tion of the vacuum and the barriers. However, such angles become relevant when the

problem of luminescence is considered.

Another prominent effects caused by the refractive index mismatch consists in

vanishing of the reflection coefficient |rN |2 at ω = ω0 − ωmin [see Eq. (3.12)] where

S̃ = 0. This is the consequence of an interference of two channels of scattering of light

– by the excitons and by the barrier-well interfaces. For Bragg MQW structures, rN

can be written in a form that explicitly expresses the Fano-like profile of the reflection

rN = r
(0)
N

ω − ω0 + ωmin

ω − ω0 + ωminr
(0)
N

, (3.29)
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Figure 3.5: The reflection spectrum of s- and p-polarized waves (solid and dashed
lines, respectively) of a structure which is tuned to the Bragg resonance at θb = π/4.
The Bragg condition is met for s-polarized wave.

where

r
(0)
N =

iπN∆PC

ωr + iNπ∆PC

(3.30)

is the reflection in a vicinity of the photonic band gap of a passive, Γ0 = 0, N -

layer structure which is not too long compared to the penetration length. When the

mismatch of the indices of refraction vanishes, ωmin turns to infinity and the reflection

restores the Wigner-like form with the width ∝ NΓ. This is similar to what one has

in the standard Fano resonance case when the Fano parameter tends to infinity [11].

In the other limiting case, Γ0 = 0, the reflection turns to what one has for a purely

passive multilayer structure.



102

Due to discussed above relation between different contributions to the scattering

of light in regular MQW structures, this resonant drop of reflection occurs at the tail

of the excitonic susceptibility where the general smallness of the reflectivity masks this

effect. In Section 3.4 we consider a situation where the vanishing of the reflectivity

has a much more profound effect on the spectrum.

3.3 Effect of broadenings

So far we have considered ideal systems. In this subsection we discuss the effect of

broadenings on the results obtained. There are different sources of broadening of the

exciton line. First of all this is the exciton life-time which is finite due to processes

of electron-phonon scattering. Such kind of broadening is called homogeneous and is

taken into account phenomenologically by adding an imaginary part to the exciton

frequency: ω0 → ω0 − iγ.

The second source of the broadening is scattering on interface and bulk inhomo-

geneities and imperfections. It is necessary to make a distinction between contribu-

tions to these processes from inhomogeneities of different spatial scales. There are

long-scaled inhomogeneities with the correlation length of the order of magnitude

of the distance between the quantum wells and comparable to wavelength of light

in a typical experimental situation. For this scale each quantum well is ideal but

different wells have different characteristics: the width, the exciton frequency, the
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oscillator strength and so on. Inhomogeneities of such scale are called the vertical

disorder. The description of structures with the vertical disorder in terms of transfer

matrices is straightforward and they are intensively studied in the context of random

Kronig-Penny model and Anderson localization of light.

There are, also, inhomogeneities of the scale of the exciton Bohr radius. Such

inhomogeneities are non-controllable and caused by, for example, a roughness of the

quantum well - barrier interface [74–79]. While in average the quantum wells have the

same widths such fluctuations lead to a variety of physical effects. For example, the

speckle structure of the scattered electromagnetic waves [80, 81], enhanced resonant

backscattering [82, 83], inhomogeneous broadening of exciton lines [38, 84–86] to name

only a few. These phenomena can be classified making use a simple phenomenological

model. The basic assumption of the model is that the effect of the inhomogeneities on

the exciton dynamics can be described by introducing a local exciton frequency ω(ρ)

considered being a random function of the in-plane coordinate ρ. Thus, the frequency

dependence of Pexc is given by

χ(ρ, ω) =
α

ω(ρ)− ω − iγ
. (3.31)

We consider, for simplicity, a perpendicular incidence of the electromagnetic wave

with wavelength much longer than the width of QW so we can use the δ-functional

approximation for the exciton envelope wave function Φ(z) and neglect the mismatch

of the indices of refraction of the barrier and the quantum well materials. These
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approximations are sufficient for our particular goals here, but the results obtained

will remain valid for more rigorous treatment of the excitonic wave functions as well,

within the usual approximation of neglecting the radiative shift of the exciton fre-

quency that vanishes identically in the δ-functional approximation.

After substitution of Pexc into Maxwell equations (2.1) and the Fourier transfor-

mation with respect to the in-plane coordinates these equations take the form

−
(

κ2
q +

d2

dz2

)
Ex(q, z) =

2ω2δ(z)

c2

∫
d2q χ(q − q′, ω)E(q′, z), (3.32)

where κ2
q = k2 − q2 and k = ω

√
ε∞/c.

One can represent χ(ρ, ω) as a sum of its average value and a fluctuating part

χ(q, ω) = 〈χ(ω)〉δ(q) + χ̃(q, ω), (3.33)

where, assuming the independence of the distribution function of the exciton frequen-

cies, f(ω0), upon the in-plane coordinate, 〈χ(ω)〉 can be written in the form

〈χ(ω)〉 =

∫
dω0f(ω0)

α

ω0 − ω − iγ
. (3.34)

The structure of the Maxwell equation dictates that the reflection and transmission

coefficients have a δ-functional singularity in the specular direction [87], q = 0. Thus

the wave at the left-hand side of the quantum well, E−, and at the right-hand side,

E+, can be presented in the following form

E−(q, z) =
(
E0e

ikz + E0r0e
−ikz

)
δ(q) + E0r(q)e

−iκqz,

E+(ρ, z) = E0t0e
ikzδ(q) + E0t(q)e

iκqz.

(3.35)
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After the substitution of Eqs. (3.34), and (3.35) into Eq. (3.32) we obtain an inte-

gral equation for the reflection and transmission coefficients, r(q), and t(q). Assuming

that the random process representing the fluctuating part of χ does not include con-

stant or almost periodic realizations, we can conclude that χ̃(q, ω), does not have

δ-like singularities in almost all realizations. In this case, the terms proportional to

δ(q) in this equation must cancel each other independently of other terms. This leads

to splitting of the initial system of equation to

r0 = −iS t0,

r(q)

(
1 +

ik

κq

S

)
= − ik

κq

[
S̃(q)t0 −

∫
dq′S̃(q − q′)r(q′)

] (3.36)

with the relation between the reflection and transmission coefficients following from

the boundary conditions

r0 + 1 = t0, r(q) = t(q). (3.37)

Here we have introduced the effective excitonic susceptibilities, S = −〈χ〉/k and

S̃ = −χ̃/k.

Eqs. (3.36) and (3.37) can be resolved with respect to r0 and t0 yielding

r0 =
iη

1− iη
, t0 =

1

1− iη
. (3.38)

Comparison of these results with those obtained for the case of ideal QW [Eq. (3.5)

shows that r0 and t0 can be obtained from the Maxwell equations (2.1) and, hence,

from standard transfer matrix approach, with the susceptibility χ averaged over the
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distribution of the exciton frequency f(ω0). Such a representation constitutes the

effective medium approximation and is widely used for the description of the inho-

mogeneous broadening with the parameter of latter proportional to the variance σ of

the distribution (see e.g. Refs. [38, 74, 85, 86]).

This consideration shows that the horizontal disorder leads to appearance of two

components in the spectrum of the scattered electromagnetic waves: deterministic

(singular), described by r0 and t0, and random (r(q) and t(q)). An investigation

of these components implies addressing to different classes of physical phenomena.

The deterministic contribution is most prominent and can be considered as the main

contribution to the scattering, while the random component is, generally speaking,

small and is responsible for the fine structure of the spectrum (speckles, splitting of

the exciton peaks and others).

Staying in the frameworks of present Chapter we restrict ourselves to consideration

of the specular component of the scattered light. First of all it should be noted that the

inhomogeneous broadening affects optical properties at frequencies that are not too

far away from the exciton frequency. Indeed, the broadening enters into expressions

for the reflection through the susceptibility S defined by Eq. (3.34). The definition

of inhomogeneously broadened susceptibility can be rewritten in the form

S =

∫
dνf(ν)

Γ̃

(ω − ω̄)/ω̄ − ν + iγ̃
, (3.39)

where we have introduced Γ̃ = Γ0/ω̄, γ̃ = γ/ω̄, ν = (ω0 − ω̄)/ω̄, and ω̄ is the mean
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value of the exciton frequency. If the function f(ν) falls off with increasing ν fast

enough we can approximate the integral for the frequencies |ω− ω̄|/σ, |ω− ω̄|/γ À 1,

as

S ≈ S̄

∫
dνf(ν)

(
1 +

ν

(ω − ω̄)/ω̄ + iγ̃
+ . . .

)
, (3.40)

where

S̄ =
Γ0

ω − ω̄ + iγ
(3.41)

is the susceptibility in the absence of the inhomogeneous broadening. Noting that

now integration of each term in the parentheses gives an appropriate central moment

of ν we obtain

S ≈ S̄

(
1 +

σ2

|ω − ω̄|2 + . . .

)
. (3.42)

Therefore, the corrections due to the inhomogeneous broadening become small for fre-

quencies, which are farther away from the central frequency than the inhomogeneous

width σ. Significant inhibition of the effects due to disorder in optical spectra of pe-

riodic MQW for frequencies away from the resonance exciton frequency was obtained

theoretically in Ref. [85] and observed experimentally in Ref. [88].

In an immediate vicinity of the exciton frequency the effect of the inhomogeneous

broadening is, on the contrary, very important. An exact expression of the effect de-

pends upon details of the distribution function of the exciton frequency. To illustrate
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Figure 3.6: The dependence of the reflection of a long Bragg structure, N = 100, on
frequency. The solid line shows the situation when the inhomogeneous broadening
is predominant, γ = 50 µeV, σ = 1000 µeV. The dash line shows the reflection for
an opposite relation, γ = 1000 µeV, σ = 50 µeV. It is seen that homogeneous and
inhomogeneous broadenings are not interchangeable.

the main point we model the function by the Gaussian distribution

S =
Γ0

σ
√

π

∞∫

−∞

dω0
e−(ω0−ω̄)2/σ2

ω − ω0 + iγ
. (3.43)

Using the function w(µ) = e−µ2
erfc(−iµ), this expression can be written as S =

Γ0w(µ)
√

π/iσ, where µ = (ω − ω̄ + iγ)/σ. The small µ expansion [89] w(µ) ≈

1 + 2iµ/
√

π allows us to obtain:

S =
Γ0π/2

ω − ω̄ + iγ̃
, (3.44)
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where γ̃ is the effective broadening,

γ̃ = γ +

√
π

2
σ. (3.45)

One can see that in this case the inhomogeneous and homogeneous broadening com-

bine to form a single broadening parameter γ̃, as it is assumed in the linear dispersion

theory. However, more detailed analysis shows that, because of fast decay of contri-

bution to the susceptibility, the inhomogeneous broadening results in a peculiarity on

reflection that is absolutely opposite to that caused by homogeneous broadening. To

illustrate this we consider a Bragg MQW structure in the vicinity of the center of the

forbidden gap where

|r|2 =
Γ2

0N
2

(ω − ω0)2 + [Γ0N + γ̃(ω)]2
, (3.46)

where we have switched back to the notation ω0 for the (mean) exciton frequency

and neglected the change of the renormalization of the radiative decay rate since its

changes slowly with frequency in comparison with γ̃(ω). The positions of the extremis

of the reflection are determined by the solution of the equation

ω − ω0 + [Γ0N + γ̃(ω)]
dγ̃

dω
= 0. (3.47)

For symmetric distribution functions f(ν) the effective broadening γ̃ achieves its

maximum at ω = ω0. Thus, one extremum is situated at ω0. Additionally there

might be two more extremis (which obviously would be maxima) that are solutions
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of the equations

|ω − ω0| = [γ(ω) + Γ0N ]

∣∣∣∣
dγ̃(ω)

dω

∣∣∣∣ , (3.48)

where it is taken into account that dγ̃/dω changes its sign at ω0.

The solutions of these equations can be quite complicated depending upon the

distribution function. As an extreme case it is enough to note that there are no

reasons to prohibit as complex γ̃(ω) as possible (e.g. non-monotonous). However,

we exclude such exotic cases from the consideration. Then, due to the fast fall of

|dγ̃/dω|, the condition of existence of solutions of Eq. (3.48) is

(γ̃ + Γ0N)|d2γ̃/dω2| > 1. (3.49)

From this expression follows that almost independently on details of the distribution

function for long enough structures this condition is satisfied and two additional

maxima on the reflection appear.

Thus, the effects of homogeneous and inhomogeneous broadenings on reflection

spectra are principally different: the former leads to an appearance of a sudden grow

of the reflection in the vicinity of the exciton frequency, while the second, on the

contrary, results in a dip. These distinctions are illustrated in Fig. 3.6.

3.4 MQW structures with defect

The results obtained in the previous sections are quite general and can be applied

directly to more complicated situations. As an example, in this section we consider
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a reflection spectrum of a system in which one of the barrier-well-barrier elements

has properties different from those of all other elements of the structure. These

structures can be described as MQW structures with a “defect.” In infinite systems

such a defect results in appearance of a new, local state, which arises in a band-gap

of the host structure. Then the transmission of light through finite but sufficiently

long structures can be conveniently described in terms of resonant tunneling via such

a state. This effect was studied in regular passive one-dimensional photonic crystals

[90–94], and in Bragg MQWs in the optical lattice approximation [95, 96]. In shorter

systems, however, which are the main object of study in this paper, the concept of

the resonant tunneling via a local state becomes ill-defined, and therefore, we will

interpret results of our calculations without resorting to this concept.

We will consider a structure, in which the defect is placed in its center (see Fig.

3.7): such an arrangement is known to result in strongest modifications of the optical

spectra [96]. In this case, the system demonstrates the mirror symmetry and the

results of the previous sections can be used. Indeed, for a structure ABA built of

blocks A and B described by the transfer matrices (3.14) with parameters θA,B and

βA,B, one has

T (θA, βA)T (θB, βB)T (θA, βA) = T (θ, β). (3.50)
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That is, the whole structure can also be described by the matrix (3.14) with

cos θ = cos ϕ+ cosh2 δβ − cos ϕ− sinh2 δβ,

coth(β − βA) = cos(2θA) coth δβ +
sin ϕ−

sin θN sinh(2δβ)
,

(3.51)

where ϕ± = 2θA ± θB and δβ = (βB − βA)/2. Applying now relations (3.15) one can

express the result in terms of parameters S and φ, and use the results for reflection

described above.

In some particular cases, however, the problem of scattering of light can be solved

without resorting to the transformation rule (3.51). Let us consider a situation when

the block B is a single quantum well surrounded by barriers so it can be described

by the matrix similar to that given by Eq. (3.9) with parameters Sd and φd. Let

the block A be an MQW structure described by θ and β. Thus, the transfer matrix

through the whole structure is

T = T (θ, β)Tρ(ρ)T (Sd, φ)T−1
ρ (ρ)T (θ, β), (3.52)

where Tρ(ρ) takes into account a possible mismatch of the indices of refraction of the
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defect layer and the host and, ρ is the corresponding Fresnel coefficient.

The transfer matrix (3.52) can be simplified in several steps. First, as has been

described before, we can treat β as an addition to the mismatch noting that

T−1
H (β/2)Tρ(ρ) = Tρ(ρ̃), (3.53)

where ρ̃ = (ρ + ρ′)/(1 + ρρ′) and ρ′ = tanh(β/2). Then, similar to Eq. (3.9) we can

introduce effective quantities S̃ and φ̃

S̃ = Sd
1 + ρ̃2 − 2ρ̃ cos φ

1− ρ̃2
+ 2ρ̃

sin φ

1− ρ̃2
, ei(φ̃−φ) =

1− ρ̃e−iφ

1− ρ̃eiφ
. (3.54)

The next step is a multiplication of T (S̃, φ̃) by the diagonal matrices T (θ, 0) what

leads to a simple shift of the phase, T (S̃, φ̃ + 2θ). Finally, the terminating matrices,

TH(β/2) and T−1
H (β/2), are taken into account by modifying S̃ and φ̃. Thus the

resultant transfer matrix T takes the form (3.9), i.e. T = T ( ˜̃S, ˜̃φ) with

˜̃S = S̃
1 + ρ′2 + 2ρ′ cos(φ̃ + 2θ)

1− ρ′2
− 2ρ′

sin(φ̃ + 2θ)

1− ρ′2
,

ei(
˜̃
φ−φ̃−2θ) =

1 + ρ′e−iφ̃−2iθ

1 + ρ′eiφ̃+2iθ
.

(3.55)

These expressions together with Eq. (3.20) give a complete solution of the problem

of propagation of light through the MQW structure with an arbitrary defect in the

middle.

One can consider several particular types of defects. An example is a well with

the exciton frequency different from the frequencies of all other wells, an Ω-defect.

Another possible example could be a defect element with the width of the barriers
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different from the rest of the structure. It is interesting to note that a standard optical

microcavity with a quantum well at its center can also be considered within the same

formalism. For example, after substitution of S̃ from (3.54) into Eq. (3.55) one

obtains an expression that contains a singular term (proportional to Sd) and regular

terms. Choosing such widths of the barriers surrounding the quantum well so that

the regular terms vanish in the vicinity of the exciton frequency one has the reflection

determined by the exciton susceptibility with renormalized oscillator strength. The

excitonic contribution to the scattering in such a structure will not be obscured by

the interface scattering.

We demonstrate the application of the results obtained above by a detailed con-

sideration of Ω-defect. Different aspects of the optical properties of structures with

this type of defect were analyzed in Refs. [96–100] in the scalar model for the electro-

magnetic wave in MQW structures without a mismatch of the indices of refraction.

It has been shown there that in the presence of homogeneous and inhomogeneous

broadening of excitons, the effect of the defect is prominent when the frequency of

the exciton resonance in the defect layer, ωd, is close to the boundary of the forbidden

gap in the host system, and the length of the system is not too big. The reflection

spectrum in this case has the characteristic Fano-like dependence with a minimum

followed by a closely located maximum. Such a spectrum makes this structure a

potential candidate for novel types of devices such as optical switches or modulators

[99, 100]. It is interesting, therefore, to find out how broadenings and the mismatch



115

of the refractive index affect spectral properties of such a structure.

For the frequencies within the polariton stop-band of the host structure one has

θ = M(π+iλ), where M is the number of quantum wells in the parts of the structures

surrounding the defect. The relation between the length of the system 2Md and the

penetration length (Re λ)−1 determines how deep the defect layer is situated in the

structure. Two limiting cases naturally appear. The first limit corresponds to the

situation when the penetration length of the electromagnetic wave at the frequency of

the defect is much smaller than the length of the structure (we call it a deep defect),

and the second is realized in the opposite case, when the system is much shorter than

the penetration length (shallow defect).

3.4.1 Deep defect

First we consider the situation when (Re λ)−1 ¿ 2Md for the example of a struc-

ture without the mismatch of the indices of refraction. Such situation was analyzed in

Ref. [96] for the case of a lossless system. To determine the range of validity of these

results in the case of broadened systems we represent the broadening as a sum of the

homogeneous and inhomogeneous ones as in linear dispersion theory. The estimation

of the effect of the broadenings on the reflection spectrum shows that when

γ + σ . 8πe−4Mλ ∆3
ω

ωh∆2
Γ

√
∆2

Γ −∆2
ω, (3.56)
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where ∆ω = (ωd − ωh) is the difference between the defect and the host exciton

frequencies (we assume for concreteness that ωh > ωd), the effect of the broadenings

can be neglected, and the results of Ref. [96] are valid. This inequality, however,

becomes broken for long systems, and the broadenings must be taken into account.

In this case the exponentially small non-resonant terms in Eq. (3.55) can be neglected

and the reflection in the vicinity of ωd can be presented in the form

r = r0
Ωd − Γ0Dd

Ωd + Γ0Dd − 2ie−2Mλ∆2
ωω2

h

, (3.57)

where Dd,h = 1/Sd,h, Sh is the exciton susceptibility of the host layers and

r0 =
1

1 + Dh [π(ω − ωh)/ωh + iλ (1 + 2e−4Mλ)]
(3.58)

is the approximation for the reflection coefficient of the structure without the defect

for frequencies deeply inside the forbidden gap. We keep the term exp(−4Mλ) in this

expression in order to preserve the correct dependence of the reflection coefficient of

the pure structure on its length. The frequency Ωd,

Ωd = πΓ0
∆ω

ωhλ
, (3.59)

describes the shift of the position of the reflection resonance from the initial defect

frequency ωd. This shift is an important property of our structure, which takes place

in both ideal and broadened systems. Deriving Eq. (3.57) we dropped the frequency

dependence of the non-resonant terms.
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Eq. (3.57) shows that when the defect well exciton frequency lies deeply inside

the forbidden gap the effect of the defect on the reflection spectrum of the system

exponentially decreases when the length of the MQW structure increases. This be-

havior is strikingly different from that of the respective ideal systems, where resonant

tunneling results in the transmission equal to unity at the resonance regardless of the

length of the system. One can see that homogeneous broadening severely suppresses

this effect, as was anticipated in Ref. [96].

If the shift, Ωd, of the resonance frequency away from ωd is large enough, so

that ωr is well separated from ωd, the effects of the inhomogeneous broadening can

be neglected. In this case, we can derive a simple approximate expression for the

reflection coefficient in the vicinity of ωr. The condition Ωd À ∆ can, in principle,

be fulfilled because λ(ωd) decreases when the frequency goes to the edge of the stop

band where λ is determined by

λ(ωh + ∆Γ) = (1 + i)π

√
γ∆Γ

2ω2
h

. (3.60)

For GaAs/AlGaAs MQW structures with ωh = 1.49 eV, Γ0 = 67 µeV, γ = 12.6 µeV

and ∆ = 290 µeV we obtain Re[Ωd(ωh + ∆Γ)]/σ ≈ 6.3.

In this case, in the vicinity of the resonance frequency we can approximate the

susceptibility Sd by

Sd =
Γ0

ω − ωd + iγ
(3.61)

and obtain that the resonance has a form of the Lorentz-type dip on the dependence
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of the reflection spectrum positioned at ω = ωd − Ωd with the depth, H, and the

width, W , determined by the expressions

H = |r0|2 1 + γωhe
2Mλ/∆2

ω

(1 + γωhe2Mλ/2∆2
ω)2 , W = γ + e−2Mλ∆2

ω/ωh. (3.62)

It should be noted, however, that while formally this approximation is valid even when

ωd is close to the edge of the forbidden gap, the deep defect approximation requires

that 2Mλ À 1. For GaAs/AlGaAs structures this means that N > (Re λ)−1 ∼ 2000.

The structures of this length are far beyond current technological capabilities, so this

case presents mostly theoretical interest.

In the opposite situation, when the frequency shift is small (Ωd < σ), i.e. when

ωd is not too close to the edge of the gap, the inhomogeneous broadening becomes

important. In order to estimate its contribution we use the approximation for Sd

given by Eq. (3.44), i.e.

Dd =
2

Γ0π
(ω − ωd + iγ̃) . (3.63)

One can see that in this case the inhomogeneous and homogeneous broadening

combine to form a single broadening parameter γ̃, as it is assumed in the linear

dispersion theory. The resonance on the reflection curve also has, in this case, a

Lorentz-type dip centered at

ω = ωh +
πΓ0∆ω

2
√

∆2
Γ −∆2

ω

, (3.64)
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with the depth and the width, respectively, equal to

H = |r0|2 2πe−2Mλ∆2
ω

ωhγ̃
, W = γ̃ +

πe−2Mλ∆2
ω

ωh

. (3.65)

Because of the contribution of the inhomogeneous broadening, the effective parameter

γ̃ becomes so large that πe−2Mλ∆2
ω ¿ γ̃, and the defect-induced reflection resonance

becomes rather weak compared to the case considered previously.

3.4.2 Shallow defect

From the experimental point of view, a more attractive situation arises when

the length of the structure is smaller than the penetration length. The description

becomes much simpler if we assume that the width of the defect layer is tuned to the

Bragg resonance at the frequency ωd, that is if φ(ωd) = π. That makes the second

term in the expression for S̃, Eq. (3.54), negligible in a wide region of frequencies and

the expression for ˜̃S takes a very simple form

˜̃S = Sd
1 + ρ

1− ρ
+ 2MS̃h. (3.66)

In derivation of this expression we have neglected the small term ∝ SdS̃h. The

reflection coefficient can be obtained by substituting this expression into Eq. (3.27)

with N = 1. The reflection has peculiarities near the exciton frequencies of the host

and the defect, and in the absence of broadening becomes 0 at the frequency where

˜̃S = 0. Generally, this equation is suitable for finding the resonance frequency for any
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value of the photonic band gap, ∆PC , not much bigger than the excitonic forbidden

gap, ∆Γ. Here, however, we only consider the perturbation of the spectrum analyzed

in Ref. [99] due to small contrast in the refractive indexes. Therefore we assume here

that ∆PC ¿ ∆Γ. In this approximation the resonant frequency is ωR = ωd − Ωs,

where

Ωs =
∆ω

2M + 1
+ 16

M2∆2
ω∆PC

∆2
Γ(2M + 1)3

. (3.67)

Setting the mismatch of the indices of refraction in this expression to zero we

reproduce the expression for ωR obtained in Ref. [99]. The fact that the contrast does

not preclude the reflection coefficient from going to zero at a certain point is not at

all obvious because it might have been expected that the interface reflection would

set a limit on the decrease of the reflection. However, as seen from Eq. (3.67), the

mismatch leads only to an additional shift of the zero point away from the defect ex-

citon frequency. We would also like to comment on the dependence of the resonance

frequency on the angle of incidence and the polarization of the electromagnetic wave.

These characteristics enter Eq. (3.67) through the Fresnel coefficients, Eq. (3.4), that

determine the photonic band gap, ∆PC ∝ ρ/(1 − ρ2). Therefore angular and polar-

ization dependencies of the zero point of reflection follow the behavior of ∆PC .

There is a certain analogy between this effect of the resonant drop of reflection

and turning the reflection to zero considered in Section 3.1. In the case of a defect

MQW structure, the Fano-like profile of the reflection, in a narrow vicinity of ωd, can
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be understood as an interference of the scattering of light by the host structure and

by the defect. Comparing Eq. (3.66) with Eq. (3.10) one can see that the second term

in Eq. (3.66) plays the role of a background on which the exciton susceptibility of the

defect quantum well appears. This is exactly the role played by the second term in

Eq. (3.10). Expanding ˜̃S near ωR the reflection can be represented in a form similar

to Eq. (3.29). There is an essential quantitative difference between these two cases,

however. In a defect MQW structure the drop of the reflection occurs not far away

from the exciton frequency, therefore this effect becomes more noticeable. A typical

form of the reflection, transmission and absorbtion near ωR is shown in Fig. 3.8.

It should be noted, that if a regular term in the effective susceptibility of the

defect layer is taken into account, then Eq. (3.66) for ˜̃S becomes valid not only in

an immediate vicinity of ωR but in a much wider region, including for example ωh.

In this region, the reflection can be seen to resemble the Fano profile in the case of

two metastable states interacting with continuum [101]. As a result, the reflection

has two resonances – near ωh and ωd. The first resonance is 2N times wider than the

second one.

If broadenings are taken into account the reflection do not vanish but rather

reaches a minimum at a frequency ω− and maximum at ω+.

For sufficiently short systems, Ωs can become larger than ∆. For example, in

a structure with parameters typical for GaAs/AlGaAs multilayers, the condition

Ωs À σ is fulfilled when M . M0 = 5. In this case, an approximate analytical
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Figure 3.8: The reflection (dotted line, right scale), transmission and absorbtion (solid
and dashed lines respectively, left scale) are shown in a vicinity of ωR for a Bragg
5 − 1 − 5 structure. The parameters of the quantum wells are the same as those
used in Fig. 3.3 except: γ = 25 µeV, ωh = 1.491 eV, ωd = 1.495 eV. To emphasize
the resonant character of the change of the reflection it is plotted in the log-scale. It
should be noted that due to large (in comparison with γ) separation between ωR and
ωd the drop of the reflection is not accompanied with a resonant absorbtion.

description of the spectrum is possible. However, since the maximum and the mini-

mum of the spectra lie at significantly different distances from ωd, the description of

these two spectral regions would require different approximations. The maximum of

the reflectivity takes place close to the defect frequency, and therefore the inhomo-

geneous broadening near the maximum has to be taken into account. At the same

time, ω− − ωd À σ, and the inhomogeneous broadening in this frequency region can

be neglected. Thus, we can approximate Dd using Eq. (3.61) in the vicinity of ω−

and using Eq. (3.63) near ω+. Using these approximations we find that the minimum
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and the maximum of the reflection coefficient are at the frequencies

ω− = ωd − Ωs − γ2

Ωs

(3.68)

and

ω+ = ωd +
1

π

(
Ω̃s − Ωs

)
+

Γ0γ̃

Ω̃sΩs

(
Ω̃s + Ωs

)
(3.69)

respectively, where Ω̃s =
√

Ω2
s + 4γ̃2 and γ̃ is the effective broadening defined by

Eq. (3.45). The values of the reflection at these points are

Rmin ≈ |Γ̄|2γ2(2M)4

∆4
ω2M2

, Rmax ≈ |Γ̄|2(Ω̃s + Ωs)
2

(ω+ − ωh)2(2Γ0 + πγ̃)2
. (3.70)

The exact and approximate forms of the reflectivity are compared in Fig. 3.9. One

can see that these approximations give a satisfactory description of the reflectivity in

the vicinities of the extrema for short systems.

The minimal value of the reflection is determined only by the small parameter

of the homogeneous broadening, γ, and can therefore become very small. This fact

reflects the suppression of the inhomogeneous broadening in this situation. When the

length of the system increases, Rmin grows as 16M4, however, when M > M0, the

inhomogeneous broadening starts coming into play: γ must be replaced with a larger

effective broadening containing a contribution from σ. This also leads to a significant

increase in Rmin. This behavior is illustrated in Fig. 3.10, where a comparison of the

reflection coefficients for two MQW structures with different lengths is provided.

Thus, the highest values of the contrast, defined as the ratio of the maximum and
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Figure 3.9: Reflection coefficient near the exciton frequency of the shallow defect
(solid line) for M = 3. The dashed lines depict approximation using different ex-
pressions for the defect quantum well susceptibility at the vicinities of the extrema:
near the minimum the inhomogeneous broadening is neglected, while in the vicinity
of the maximum it is accounted for as a renormalization of homogeneous broadening
[Eq. (3.45)]. For reference, the reflection coefficient of a pure MQW structure without
a defect is shown (dotted line).

minimum reflections η = Rmax/Rmin

η ≈
(

∆ω

2M
√

γγ̃

)4

(3.71)

are obtained when the number of periods in the structure is small. For low tempera-

ture values of γ the contrast can be as large as 104. However, these large values of the

contrast are accompanied by rather small values of Rmax. For possible applications
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Figure 3.10: Dependence of the reflection coefficient on the frequency in the neigh-
borhood of the exciton frequency of the defect well for different lengths of the MQW
structure (solid line M = 1, dashed line N = 2). The great difference of minimal
reflections results from the shift of the resonance frequency Ωs, Eq. (3.67).

it would be useful to have the large contrast, and the large maximum reflection. The

latter can be improved by considering structures with multiple defect wells composed

of several blocks ABA considered above. This leads, of course, to the increase in

the total number of wells, but as we show, one can achieve a significant increase in

Rmax for quite reasonable total length of the structure without compromising the

contrast too much. The reflection of such structures can be qualitatively described

by Eq. (3.27) where N is understood as the number of such blocks. This expression
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Figure 3.11: Dependencies of the maximal reflection (filled circles, left scale) and
the contrast (empty squares, right scale) upon the number of the defects in BMQW
structures.

shows that increasing N can be interpreted as increasing an effective radiative decay

rate. This qualitatively explains the results of numerical calculations shown in Fig.

3.11. The structures were constructed of several blocks, each of which is a 9-period

long BMQW with a single defect well in the middle. One can see that, indeed, the

spectrum of such multi-defect structures exhibits large Rmax (up to 0.8 for structures

no longer than 80 periods), while preserving high values of the contrast (of the order

of 104).
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3.4.3 Tunability of the reflection spectrum

Applications of MQW structures with a defect for switching or modulating devices

is based upon a possibility to change the value of the reflection coefficient at a working

frequency ωw by switching between ωw = ωmax and ωw = ωmin using for instance the

quantum confined Stark effect in order to change the value of ωd. The structures

under consideration, however, allow also for tuning of the working frequency of the

device by shifting the entire spectrum of the structure using the Stark effect in host

wells. There are several differen ways to implement this idea, but here we only want

to demonstrate its principal feasibility. The main possible difficulty results from the

fact that shifting ωh will detune the whole system from the Bragg resonance and, may

destroy the nice spectral features discussed above. In order to see how the detuning

affects the spectrum, we assume that for simplicity that ωh and ωd change uniformly,

and study the reflection spectrum of an off-Bragg structure.

As has been shown in Chapter 2 and Section 3.2 (see also Ref. [55]) a small

detuning from the Bragg resonance results in opening up a propagating band at the

center of the forbidden gap significantly complicating the spectrum. It turns out,

however, that as long as ωmin and ωmax are well separated from ωh, the detuning does

not affect the part of the spectrum associated with the defect. Indeed, we show that

the reflection spectrum of an off-Bragg structure is described by the same expressions

as in the case of the Bragg structure. The only modification is the change of the
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definition of Γ̄, which becomes now

Γ̄ =
Γ0(2M + 1)

1− i(2M + 1) sin π(ω − ωB)/ωB

. (3.72)

Thus, for such shifts of the exciton frequencies, ωs, that satisfy the condition

2M sin

(
π

ωs

ωB

)
¿ 1 (3.73)

the destructive effect of the detuning of the structure away from the Bragg resonance

is negligible in the vicinity of ωd. It is important to note that the smallness of the

shift is required in comparison with the relatively big exciton frequency rather than,

for example, with the width of the reflection band. Because of this circumstance, our

structures can tolerate as large changes of the exciton frequencies as are possible with

the quantum confined Stark effect. The result of such a change is simply a uniform

shift of the part of the spectrum.

3.4.4 Characterization of the reflection spectra in the case of

intermediate lengths

In the previous subsections we examined special situations when the defect can be

considered as either deep or shallow. In both cases, we were able to derive approximate

analytical expressions describing defect-induced modification of the spectra and to

obtain a qualitative understanding of how the defect affects the reflection spectrum.

In particular, it was demonstrated that the characteristic frequencies related to the
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modification of the spectrum are shifted from the resonant defect frequency of a

single well. This shift is the result of radiative coupling between the excitons in the

defect well and the collective excitations of the host system. One of the important

consequences of this shift is the possibility for almost complete suppression of the

effects due to inhomogeneous broadening in some spectral intervals. In this subsection

we consider systems with intermediate lengths, when M is larger than M0, but is still

smaller or of the order of magnitude of the penetration length. From the practical

point of view, this case is of the greatest interest, since this interval of lengths is still

easily accessible experimentally, and at the same time, it is expected that for such

structures the defect-induced modifications of the spectrum become most prominent.

Unfortunately, none of the approximations used in the previous subsections can be

applied here, and we have to resort to a numerical treatment. Nevertheless, the

qualitative understanding gained as a result of the previous analytical considerations,

serves as a useful guide in analyzing and interpreting the numerical data.

As it was pointed out in the previous section, when M becomes larger than M0,

the position of the minimum of the reflection, ω− moves closer to ωd, and the inhomo-

geneous broadening starts contributing to Rmin. This effect can phenomenologically

be described as the emergence of an effective broadening parameter γeff (γ, σ,M),

which is not a simple combination of γ and σ, but depends upon M . This parameter

is limited from below by γ, when the inhomogeneous broadening is suppressed, and

from above by γ̃, when the contribution from σ is largest. Because the minimum value
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of the reflection is always achieved at a point shifted with respect to ωd, generally γeff

is always smaller than γ̃, and the homogeneous broadening makes a contribution to

it comparable to that of the inhomogeneous broadening despite the fact that γ ¿ σ.

At the same time, the position of ω+, which determines the width of the spectral

interval affected by the defect, depends upon γ̃ ≈ σ.

Thus the effect of the broadenings on the spectrum can in general be summarized

in the following way: while the width of the resonance is determined equally by both

homogeneous and inhomogeneous broadenings, its strength depends mostly upon the

homogeneous broadening.

We illustrate this conclusion quantitatively by defining the width of the resonance

as the distance between the extrema of the reflection spectrum, W (γ, σ,M) = ω+ −

ω−, and its depth as the difference between the values of the reflection at these

points, H(γ, σ,M) = Rmax−Rmin. In order to see how these quantities depend upon

parameters γ and σ, we chose several different values of W and H, and plot constant

level lines, W (γ, σ,M) = Wi, H(γ, σ,M) = Hi. These lines represent values of γ and

σ for which W and H remain constant (Fig. 3.12).

The locus of constant widths is the set of nearly straight lines running almost

parallel to the axis representing the homogeneous broadening. Slight deviation from

the straight-line behavior is seen only for non-realistically high values of γ. Such a

behavior confirms our assertion that the width of the resonance is determined by an

effective parameter, in which γ and σ enter additively. As we see, this is true even
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for systems which cannot, strictly speaking, be described by approximations leading

to Eq. (3.69). Since usually γ ¿ σ, the latter makes the largest contribution to

this effective parameter, and determines the value of W . The shape of the lines of

constant height demonstrates almost equal contributions from γ and σ, which means

that the effect due to the inhomogeneous broadening is significantly reduced as far as

this feature of the spectrum is concerned. This is also consistent with an approximate

analysis presented in the previous section of the paper.

The remarkable feature of Fig. 3.12 is that the lines of the constant width and the

constant high cross each other at a rather acute angle and at a single value of γ and

σ for each of the values of W and H. This means that one can extract both γ and σ

from a single reflection spectrum of the MQW structure. This is a rather intriguing

opportunity from the experimental point of view, since presently, the only way to

independently measure parameters of homogeneous and inhomogeneous broadenings

is to use complicated time-resolved techniques.

It is clear, however, that the shape of the lines of constant W and H depends upon

the choice of the distribution function used for calculation of the average susceptibility

of the defect well. It is important, therefore, to check how the results depend upon the

choice of the distribution function of the exciton frequencies. As an extreme example,

one can consider the Cauchy distribution

f(ω0) =
σ

(ω0 − ω̄)2 + σ2
. (3.74)
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Figure 3.12: Intersections of lines of constant height (dashed lines) and width (solid
lines) of the resonance allow determination of the values of the homogeneous and
inhomogeneous broadenings.

In this case, all the effects due to the inhomogeneous broadening can be described by a

simple renormalization, γ → γ+σ, and the level lines in Fig. 3.12 would have the form

of parallel lines. This distribution though, hardly has any experimental significance,

while the Gaussian function has a certain theoretical justification [102]. However,

the symmetrical character of the normal distribution is in obvious contradiction with

a natural asymmetry of the exciton binding energies, which can be arbitrarily small

but are bounded from above. It was suggested in Ref. [103] to take this asymmetry

into account by introducing two different variances in the Gaussian distribution: σ−
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for frequencies below some (most probable) frequency ωc, and σ+ for the frequencies

above it. Accordingly, the distribution function can be written as

f(ω0) =
2√

π(σ+ + σ−)





e
− (ω0−ωc)2

∆− , ω0 < ωc,

e
− (ω0−ωc)2

∆+ , ω0 > ωc.

(3.75)

It was shown that this choice gives a satisfactory description of time-resolved spectra

of MQW’s [103]. The distribution function Eq. (3.75) can be parameterized either by

σ± and ωc or, more traditionally, by the mean value, ω̄, the second moment, σ, and

the parameter of asymmetry, n, defined as

ω̄ = ωc +
σ+ − σ−√

π
, n =

σ+

σ−
, σ2 =

σ3
+ + σ3

−
σ+ + σ−

− 2

π
(σ+ − σ−)2. (3.76)

We use the corrected distribution function, Eq. (3.75), with the fixed mean fre-

quency and the variance, but different values of the asymmetry parameter, in order

to see how sensitive the defect induced features of the reflection spectrum are to the

shape of the distribution function. To this end, we plot the lines of constant height

and width for different values of the asymmetry parameter n (1 ≤ n ≤ 2). The results

are presented in Fig. 3.13.

An interesting result revealed by these graphs is that with the change of the asym-

metry, the points at which W and H level lines cross move parallel to the axis of γ,

while the respective values of σ remain quite stable. This shift can be explained by

noticing that with change of the parameter of asymmetry the total width of the dis-

tribution remains the same while the effective value of the inhomogeneous broadening
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Figure 3.13: Intersections for different values of the parameter of asymmetry. Dashed
and solids lines are lines of constant height and width respectively.

at the point of the reflection changes. This indicates that the value of σ, which can

be obtained by comparing experimental reflection spectra with the theory presented

in this paper, is not sensitive to the choice of the distribution function of the exciton

frequencies. The value of the parameter of the homogeneous broadening is more sen-

sitive to the asymmetry of the distribution function: it varies by approximately ten

percent when the parameter of the asymmetry changes by a factor of two. However,

the estimate for γ can be improved by studying the temperature dependence of the

reflection spectra.
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3.5 Discussion

The effects of the refractive index contrast on the optical properties of MQW

structures have not been, of course, overlooked in previous studies. In particular,

modifications of the Bragg condition and reflection spectra at normal incidence of

Bragg MQWs in the presence of the contrast have been discussed in Refs. [32, 33].

The effects of the dielectric mismatch on optical properties of single quantum wells

[37, 51] or an MQW structure embedded in a dielectric environment [53] was also

taken into account. However, this problem suffers a lack of an analytical approach.

While optical spectra of any given MQW based structure can be easily obtained

numerically, this is not sufficient when one needs to design a structure with pre-

determined optical properties, which is a key element in utilizing these structures

for optoelectronic applications. The main difficulty of this task is the presence of a

large number of experimental parameters such as an angle of incidence, a polarization

state, indices of refraction, widths of the barriers and the quantum wells, etc, which

are in a complicated way related to spectral characteristics of a structure. In order

to resolve this difficulty, one needs a general effective analytical approach that would

facilitate establishing relationships between material parameters and spectral prop-

erties of MQW based structures for an arbitrary angle of incidence and polarization

state of incoming light.

In the present chapter such a method is developed. It is based on a transfer matrix
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approach and consists of two steps. In the first step it is shown that a quantum well

embedded in a dielectric environment can be described in exactly the same way as a

quantum well in vacuum by introducing an effective excitonic susceptibility and an

effective optical width of the quantum well layer. In the second step relations between

these effective quantum well characteristics and parameters of a total transfer matrix

are established. The method is rather general and can be applied to a great variety

of different MQW structures with light of an arbitrary polarization, incident at an

arbitrary angle.
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Chapter 4

Luminescence of quantum wells

A general approach developed in the previous chapters allows its applications

not only for an analysis of optical properties of the heterostructures but also for an

investigation of more complicated problems. One of such problems is the exciton

luminescence in quantum heterostructures. Let an external pump field with the fre-

quency higher than the semiconductor fundamental edge create the the electrons in

the conduction zone and the holes in the valence zone. These excitations lose their

energy in both radiative and non-radiative ways until they reach the exciton states

where the final radiative recombination occurs. To obtain microscopical equations de-

scribing the relaxation processes it is necessary to extend the consideration provided

in Section 1.2.1 by taking into account the intersubband terms, ∝ w∗
bwb′Âψ+

b ∇ψb′ ,

where the field Â has its maximum magnitude at small frequencies comparing with

the exciton resonance frequency. This describes the radiative relaxation of the elec-
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trons and the holes. The non-radiative relaxation is accounted by consideration of

the interaction with phonons. This adds two more terms in the equation governing

the population of the exciton level. The structure of these new terms is similar to

that of the terms describing the radiative relaxation. It is clear that the introduction

of all these terms yields a Shrödinger equation with a source in its r.h.s. similar to

Eq. (1.24).

The difference between the case considered in the previous chapters and the prob-

lem of the exciton luminescence is that now the sources in the Shrödinger equation

are of different nature. One of the sources describes a contribution of the external

electric field to the population of the exciton level. This corresponds to the situation

considered in the previous chapters. The sources of the second kind are responsi-

ble for the change of the exciton polarization due to transitions (photon or phonon

assisted) to the exciton level from other states.

The recombination of an exciton produces light which has to propagate through

the structure and therefore is strongly affected by its optical properties. This is where

the results obtained in the previous chapters will be extensively used.

4.1 Macroscopic Maxwell equations

A qualitative consideration of the recombination processes provided above allows

to write down macroscopic Maxwell equations governing the spatial distribution of
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the electric field

∇×∇× E =
ω2

c2

[
n2(z)E + 4πPexc

]− F. (4.1)

Here n(z) is the background index of refraction which is assumed to be periodically

modulated n(z + d) = n(z), F(z) is an electric field source function describing a

“background” excitation and Pexc is the exciton contribution to the polarization given

by

Pexc = −χ(ω)
∑
m

Φm(z)

[∫
dz′ Φm(z′)E⊥(z′,ρ) + Σm(ρ)

]
. (4.2)

The sum in this expression is taken over all quantum wells which are enumerated by

the index m. The wavefunction, Φm(z), of the exciton localized in an m-th well is

taken in the form Φm(z) = Φ(z−zm), where zm is the position of the center of the m-

th well. As well as in the previous chapters, we assume that the period of the spatial

arrangement of the quantum wells coincides with the period of the modulation of the

dielectric function zm+1− zm = d. The term Σm(ρ) is the exciton polarization source

function in the m-th quantum well, ρ is the coordinate in the plane perpendicular

to the growth direction. In Eq. (4.2) we explicitly have taken into account that only

the projection of the electric field perpendicular to growth direction E⊥ is optically

active. The intensity of the exciton-light interaction is characterized by the exciton

susceptibility χ(ω) which we take in the form assuming an absence of the exciton

dispersion in the plane of the quantum well.

χ(ω) =
α

ω − ω0 + iγ
. (4.3)
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Here α ∼ | 〈c| p |v〉 |2 is the exciton-light coupling parameter, ω0 is the exciton reso-

nance frequency and γ is the homogeneous broadening of the exciton line.

Our final objective is to establish a general approach for a consideration of the

exciton luminescence in the resonant photonic crystals. We apply this approach to

an analysis of the luminescence spectrum in the direction normal to the plane of

the layers. Therefore, to avoid unnecessary technical complications, we will consider

only s-polarized electric field emitted by the structure. The Maxwell equation (4.1)

allows the separation of variables that can be performed in the following way. Let the

electromagnetic wave propagate with the wave vector k along the plane of quantum

wells, i.e.

E(z, ρ) = eikρE(z,k). (4.4)

For a s-polarized field the direction of k fixes the direction of E(z,k)

E(z,k) = E(z,k)ês(k), (4.5)

where ês(k) ≡ êz × êk is the unit polarization vector. In what follows we will omit

the argument k when it is clear that the value of the scalar amplitude is taken at a

fixed value of the in-plane wave vector.

Since we are interested in s-polarized field only we can assume that both source

fields F and Σm have a corresponding distribution in the plane of the layers. Formally

this requirement is formulated in the form of a possibility to represent the sources as

Σm(ρ) =

∫
d2k ês(k)Σm(k)eikρ, F (ρ, z) =

∫
d2k ês(k)F (k, z)eikρ, (4.6)
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where the integrals are taken over vectors lying in the plane of quantum wells and

the coefficients Σm(k) and F (k, z) can be found using the Fourier transformation

Σm(k) = ês(k) ·
∫

d2ρΣm(ρ)e−ikρ, F (k, z) = ês(k) ·
∫

d2ρF(ρ, z)e−ikρ. (4.7)

In what follows we will drop the wave vector k as the argument of the amplitudes

Σm(k) and F (k, z).

Substitution of Eqs. (4.4), (4.5) and (4.6) into Eq. (4.1) gives the equation with

respect to the scalar amplitude of the electromagnetic wave

d2E(z)

dz2
+κ2(z)E(z) = F (z)−4πω2

c2
χ(ω)

∑
m

Φm(z)

[∫
dz′ Φ∗

m(z′)E(z′) + Σm

]
, (4.8)

where κ2(z) = ω2n2(z)/c2−k2. The solution of the initial vector equation is obtained

from the solution of Eq. (4.8) as the inverse Fourier transform of the electric field

similar to Eq. (4.6).

4.2 Transfer matrix

The initial problem being reduced to a one-dimensional ordinary differential equa-

tion can be effectively studied using transfer matrices. We will use the approach

developed in Chapter 2. To apply it for the luminescence problem it is necessary to

take into account the circumstance that now the transformation of the electric field

from one boundary to another is not linear because of the sources. Fortunately, it

requires only a slight modification.
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Without loss of generality we consider a layer with the quantum well situated at

z = 0 with the left and right boundaries at z− and z+ respectively. Inside a single

layer the summation over quantum wells in Eq. (4.8) can be dropped and so can the

number of the quantum well. The r.h.s. of the equation obtained can be considered

as an inhomogeneity in a second order differential equation

d2E(z)

dz2
+ κ2(z)E = F(z). (4.9)

A general solution of such an equation is written in the form

E(z) = c1h1(z) + c2h2(z) + (G ? F)(z), (4.10)

where

(G ? F)(z) =
1

Wh

z∫

z−

dz′F(z′) [h1(z
′)h2(z)− h1(z)h2(z

′)] . (4.11)

Here h1,2(z) are linearly independent solutions of the homogeneous equation

d2E(z)

dz2
+ κ2(z)E = 0, (4.12)

and Wh = h1h
′
2−h2h

′
1 is the Wronskian of these solutions. To avoid unnecessary com-

plications of the following formulas we assume that h1,2 are real functions, e.g. they

solve the Cauchy problem (4.12) with real initial conditions at z = 0. In Eq. (4.11)

we explicitly have taken into account that for Eq. (4.12) the Wronskian does not

depend on z.

Substitution the r.h.s. of Eq. (4.8) into Eq. (4.10) yields for the field at the right



143

boundary of the elementary cell

E(z+) =h1

[
c1 − F2√

Wh

+ χ̃
4πω2ϕ2

c2

(
c1ϕ1 + c2ϕ2 +

Σ̃√
Wh

)]

+h2

[
c2 +

F1√
Wh

− χ̃
4πω2ϕ1

c2

(
c1ϕ1 + c2ϕ2 +

Σ̃√
Wh

)]
,

(4.13)

where ϕ1,2 and F1,2 are the “projections” of the exciton state and the non-resonant

field source onto the solutions of the solutions h1,2

ϕ1,2 =
1√
Wh

∫

QW

dz′Φ∗(z′)h1,2(z
′), F1,2 =

1√
Wh

z+∫

z−

dz F (z)h1,2(z). (4.14)

In Eqs. (4.14) the integrals are taken over the period of the structure (or over the

elementary cell of the photonic crystal). The effective polarization source function Σ̃

is the initial Σ modified by the field source function

Σ̃ = Σ +

∫

QW

dz Φ(z)(G ? F )(z). (4.15)

Using the solution (4.13) the relation between the values of the field at differ-

ent boundaries of the elementary cell can be found. If the field is specified by the

amplitudes c1,2 one has



c1

c2


 (z+) = T̂f




c1

c2


 (z−) +




∆c1

∆c2


 , (4.16)

where T̂f is the transfer matrix through the elementary cell written in the basis of

the linearly independent solutions

T̂f = 1̂ +
4πω2χ̃

c2




ϕ2ϕ1 ϕ2
2

−ϕ2
1 −ϕ2ϕ1


 , (4.17)
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where 1̂ is the unit matrix. The contribution of the sources is described by the second

term in r.h.s. of Eq. (4.16)



∆c1

∆c2


 =

1√
Wh



−F2

F1


 + Σ̃

4πω2χ̃

c2
√

Wh




ϕ2

−ϕ1


 . (4.18)

This is one of the main results of this Section. The important feature of this addition

is that it does not depend upon the state of the “incoming” field. In other words,

the field at the right boundary of the elementary cell is obtained as a superposition

of a regular transfer of the field at the left boundary (as if there were no sources at

all) and the field generated by sources. It might seem that there is on symmetry

between the left and right boundaries of the elementary cell, however, it must be

noted that such symmetry must appear as a solution of an appropriate boundary

value problem. In particular, results similar to Eq. (4.16) can be obtained for a

general case of absent mirror symmetry of the elementary cell, multilevel structure of

the exciton susceptibility χ, including both even and odd exciton states and so on.

In these cases the symmetry between the fields at the left and right boundaries can

barely be expected. At this stage the solution given by Eq. (4.16) must be considered

as a general solution of a Cauchy problem (general solution of homogeneous equation

plus a particular solution of inhomogeneous). The application of this solution to a

problem with boundary conditions will be shown in the next section.

So far we considered a general situation. The expressions obtained greatly simplify

when the symmetries of the profile of the quantum well and the modulation of the
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Figure 4.1: The periodic structure built of quantum wells (the shadowed rectangu-
lars) and the barriers between them. Vertical dashed lines show the boundary of
the elementary cell having the property of the mirror symmetry. The smooth line
illustrates the modulation of the dielectric function in the structure.

dielectric function are consistent, i.e. n(zm + z) = n(zm− z), where zm is the position

of the center of m-th quantum well. In this case the elementary cell of the structure

can be chosen such a way that it explicitly has the mirror symmetry with respect to

its center (see Fig. 4.1). In what follows the elementary cell will be meant having

such symmetry.

Because of invariance of Eq. (4.12) with respect to mirror reflection its solutions

have definite parity. Therefore as the pair of linearly independent solutions h1,2 can

be chosen functions which are even and odd with respect to the center of the quantum

well. Let h2 be the odd solution then ϕ2 = 0 what essentially simplifies Eqs. (4.17)

and (4.18). The generalization of the results obtained below for a non-symmetrical

case can be obtained but it requires more cumbersome analysis (see e.g. Section 2.4).

Therefore, to avoid blurring the main ideas by technical complications we will consider

the symmetric situation.
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The basis of a pair of linearly independent functions is convenient to derive the

transfer matrix through a single elementary cell staying inside the cell. However, for

consideration of optical properties (e.g. a field emitted by the structure) the conven-

tional basis of planar waves is more convenient. In this basis the field is naturally

represented in the form

E = E+eiqz + E−e−iqz, (4.19)

where q = κ(z+) is determined by boundary conditions at the interface between

elementary cells. The transfer matrix written in this basis relates the amplitudes of

the waves propagating to the left and to the right E± at the different boundaries of

the elementary cell. Using the transformation rule (A.9) the transfer matrix in the

basis of plane waves can be obtained in the form [see Eq. (2.22)]

T =




af (āf − af̄)/2

(af̄ − fā)/2 āf̄


 , (4.20)

where

a = g2, f = g1 − iSg2,

ā = g∗2, f̄ = g∗1 + iSg∗2,

(4.21)

and

g1 =
1√
Wh

[
h1(z+) +

h′1(z+)

iq

]
, g2 =

1√
Wh

[iqh2(z+) + h′2(z+)] . (4.22)

The function S(ω) in the one-level approximation for χ(ω) has the form

S(ω) =
Γ0

ω − ω0 −∆ω + iγ
, (4.23)
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where Γ0 = 2παω2ϕ2
1/qc

2 is the radiative decay rate. As well as in previous chapters,

since χ and S(ω) differ only by a factor slowly changing with frequency we will refer

to function S(ω) as the exciton susceptibility.

The source term (4.18) in the basis of plane waves has the form

|vm〉 = −F2 |a〉+
F1

iq
|s〉+

2Σ̃S

iϕ1

|s〉 , (4.24)

where |a〉 = g1 |+〉+g∗1 |−〉 and |s〉 = g2 |+〉−g∗2 |−〉. The index m in the notation |vm〉

reminds that relevant quantities (e.g. sources) depend on the number of the well and

should be taken for the particular m-th well. The first two terms in Eq. (4.24) can

also be represented as a vector with components [1±(iq)−1d/dz](G?F )(z+) relating it

more directly to the external sources of the field. However, for the following analysis

it is more important to establish the relation between the source terms in the basis

of plane waves and the solutions of Eq. (4.12) with the definite parity. Let us look,

for example, at the term ∝ F1 in Eq. (4.24). Its magnitude is determined by the

projection of the non-resonant source to the even solution of Eq. (4.12). In particular

this term vanishes if the external excitation is antisymmetric with respect to the center

of the elementary cell of the structure. A comparison of this term and the term ∝ Σ̃

allows to identify the symmetry of the excitation of the electric field induced by the

exciton recombination as symmetric with respect to the center of the elementary cell.

Of course, such identification is supported by assumed above the same symmetry of

the exciton wave function and the spatial modulation of the dielectric functions and
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is formally established by the choice ϕ2 ≡ 0 used above.

4.3 Radiative boundary conditions and the field

emitted by an m-th well

In this Section we consider a structure containing N layers and find the field

outside the structure subject to the radiative boundary conditions. For example, if

the structure is embedded into vacuum it is necessary to take into account additional

scattering of light by the interface. It is done by introducing the interface transfer

matrices so that the field outside the structure (behind its right end) is




E ′
+

E ′
−


 = Tρ




E+

E−


 ≡ 1

1 + ρ




1 ρ

ρ 1







E+

E−


 , (4.25)

where

ρ =
nout cos θout − nb cos θb

nout cos θout + nb cos θb

(4.26)

is the Fresnel coefficient for the s-polarized field. The angle of incidence is determined

by tan θb = k/q. The outgoing wave propagates at the angle following from Snell’s

law nout sin θout = nb sin θb.

First, we consider the case when only m-th quantum well emits light. There are

waves propagating away from the structure in the surrounding medium. In other

words, in the half-space z < zL, one has the wave propagating to the left, that is
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E
(m)
− |−〉 and in the half-space z > zR there is the wave propagating to the right

E
(m)
+ |+〉. Here zL,R are the coordinates of the left and the right ends of the structure,

respectively, and

|−〉 =




0

1


 , |+〉 =




1

0


 . (4.27)

Using the results obtained above we can find the relation between the field outside

the structure

E
(m)
+ |+〉 = TρT

N−m |vm〉+ E
(m)
− TρT

NT−1
ρ |−〉 . (4.28)

This equation is written using essentially the results obtained above in Eq. (4.16).

The field state given at the left boundary of the layer is transferred through the

luminescent layer in a usual way by a simple multiplication by the transfer matrix.

This gives the term proportional to TN . The sources of the electric field lead to the

appearance of one more term. Because of the linearity, the transfer of this summand

can be considered independently. This results in the term proportional to TN−m in

Eq. (4.28). Multiplication of Eq. (4.28) from the left by 〈+| and 〈−| gives the system

of two inhomogeneous equations with respect to E
(m)
± . The solution of this system is

E
(m)
− =− 〈−|TρT

N−m |vm〉
〈−|TPC |−〉 ,

E
(m)
+ =

(
〈+| − 〈+|TPC |−〉

〈−|TPC |−〉 〈−|
)

TρT
N−m |vm〉 ,

(4.29)

where TPC = TρT
NT−1

ρ is the transfer matrix through the whole structure including

the interfaces between the terminating layers and the surrounding medium. Let us
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note, that this is not essential for the derivation of these expressions that all transfer

matrices in the structure are the same or that the elementary cell possess the mirror

symmetry. For example, if the the transfer matrices are different then instead of

the powers of T in Eq. (4.29) products of the corresponding transfer matrices would

appear. What is crucial is the possibility to separate different contributions in the

field at the right boundary of the elementary cell as is emphasized by Eq. (4.18).

However, as has been discussed above, such a separability is the general result.

The apparent asymmetry of these expressions for E
(m)
± is a consequence of the

definition of |vm〉 and, actually, reflects a possible difference between the fields emitted

in positive and negative directions in an asymmetrical case. Since we are interested

in the case where both the dielectric function and the exciton wave function have the

mirror symmetry with respect to the center of the elementary cell, it is convenient

to have such a form of Eqs. (4.29) which is similar for both E
(m)
− and E

(m)
+ . It can

be done using the general property of the transfer matrix through a structure with

the mirror symmetry, σxT
−1σx = T . Using this property, the second equation of

Eqs. (4.29) can be shown to be

E
(m)
+ =

〈+|TρT
−m |vm〉

〈−|TPC |−〉 . (4.30)

Of course, to prove the actual symmetry it is necessary to show that Eqs. (4.29)

imply the equality

E
(N−m+1)
− = E

(m)
+ . (4.31)
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It should be noted, however, that such an equality is a consequence of the symmetry

not only of the structure itself but also of the sources. For example, as is seen from

Eq. (4.24), generally the non-resonant source term F (z) in the r.h.s. of Eq. (4.8)

can provide such excitations which do not have a definite symmetry with respect to

the center of the elementary cell of the structure. It occurs when both F1,2 6= 0.

In this case a relation similar to Eq. (4.31) generally does not take place. However,

when the sources have a definite symmetry, one can prove that Eq. (4.31) holds.

The most interest case for us is when F2 ≡ 0. Then, in order to prove Eq. (4.31)

one should use the relation T−1 |s〉 = −σx |s〉, which validity can be shown either by

direct calculations or by an analysis of the derivation of Eq. (4.24).

It is convenient to rewrite the expressions for the external field in terms of Green

functions defined as the field radiated by a source with a unit intensity. As follows

from Eqs. (4.29) one has

E
(m)
± = ζmG(s)

± (m) + ζ̄mG(a)
± (m), (4.32)

where

ζm =
F1

iq
+

2Σ̃mS

iϕ1

, ζ̄m = −F2 (4.33)

are the amplitudes of the sources. The Green functions G±(m)(s,a) describe the re-

sponse on the excitations with the different symmetries and can be written in the

form

G(s,a)
± (m) = ±tN 〈±|T (m)

∓ Tρ |s, a〉 . (4.34)



152

Here we have taken into account the definition of the transmission coefficient through

the whole structure tN in terms of the transfer matrix tN = 〈−|TPC |−〉−1. Also,

in Eq. (4.34) we introduced partial transfer matrices T
(m)
− = TρT

−mT−1
ρ and T

(m)
+ =

TρT
N−mT−1

ρ . These matrices have the property TPCT
(m)
− = T

(m)
+ which illustrates

their physical sense and makes the structure of the Green functions G(s,a)
± clear.

It should be noted that Eqs. (4.32) and (4.34) are direct consequences of Eqs. (4.29)

and up to the definition of T
(m)
± do not depend on a specific form of the transfer

matrices through the individual layers.

Eq. (4.32) solve the general problem of the field created outside a resonant pho-

tonic crystal by the sources of different nature localized inside the structure. It follows

immediately from Eqs. (4.33) that the specific feature of the contribution to the radi-

ated field due to the exciton recombination is its resonant character. This is the main

contribution at frequencies close to ω0 while the non-resonant sources specified by

F (z) create the background component which is characterized by a relatively smooth

frequency dependence and becomes important far away from the exciton resonant

frequency. These non-resonant sources are not important for the problem of the ex-

citon luminescence in the resonant photonic crystals. Therefore, below we assume

that the only source of the electric field in the structure is the exciton recombination

and neglect the non-resonant sources. As the result the amplitudes of the sources in

Eq. (4.32) become ζm = 2ΣmS/iϕ1 (note that Σ̃m = Σm as F ≡ 0) and ζ̄m ≡ 0. Since

the only relevant Green function in this case is G(s)
± (m) we will drop the superscript
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(s) hereafter.

4.4 The intensity of the field outside the structure

The full field created by a luminescent structure is obtained by the summation of

E(m) with respect to all quantum wells. To analyze the intensity spectrum, one should,

however, take into account the fact that the spatial correlations of Σm are shorter than

the characteristic length of the structure (the period of the structure). This leads to

non-coherent contributions to the emitted electric field from different quantum wells

and different points of the wells. This circumstance is taken into account by averaging

the total intensity over the realizations of Σm. We assume the function Σm to be a

random function of the frequency, ω, and the in-plane wave number, k. The statistical

properties of this function are characterized by a correlation function of the following

form: 〈Σm(k, ω)Σl(k
′, ω′)〉 = Ξ(ω, k)δ(ω−ω′)δ(k−k′)δml, where Ξ(ω, k) is a spectral

function, which we do not expect to depend strongly on ω and k at the frequency

scale involved in our discussion.

Using these properties of Σm, one obtains 〈E(k1)E(k2) = I(k1)δ(k1 − k2). Here

I(k1) is the spectral density of the electric field which has the form

I(ω, k) = 4 Ξ(ω, k)

∣∣∣∣
S(ω, k)

ϕ1

∣∣∣∣
2 ∑

m

|G(m; ω, k)|2. (4.35)

This is the general expression which allows analyzing both the frequency and the

directional dependence of the luminescence spectrum. In what follows we restrict
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ourselves to the consideration of the intensity of the electromagnetic waves emitted

along the growth direction of the structure (i.e. k = 0). The directional distribution

of the radiation will be studied elsewhere. When one considers a wave propagat-

ing along the growth direction, generally, it is necessary to take into account that

there are two s-polarized waves in this case. The relation between the intensities of

these waves is determined by the stochastic properties of Σ(ρ). Generally they are

specified by the average 〈Σ(ρ) ⊗ Σ(ρ′)〉 = Ξ̂(ρ − ρ′), where Ξ̂(ρ) is a symmetric

correlation second-rank tensor. For each wave polarized along the principal axes of

the tensor one restores Eq. (4.35). Thus, the relation between the intensities of the

waves with these polarizations is determined by the relation between the eigenvalues

of the tensor Ξ̂. Moreover, it is clear that the correlation tensor gives all Stocks pa-

rameters [44]. In the structures under consideration, however, it is natural to assume

the isotropic distribution of Σ(ρ) what leads to unpolarized emitted wave and the

general validity of Eq. (4.35). The spectral function Ξ(ω) is an important parameter

determining the form of the luminescence spectrum and should be determined from

a microscopical consideration of the electron relaxation processes. However, it barely

changes essentially on the frequency scales under the interest. Because of this cir-

cumstance we assume Ξ(ω) = 1 in our numerical calculations while formally keep it

in the expressions.

Eq. (4.35) shows that the form of the luminescence spectrum is determined by

several factors with different frequency dependencies. The exciton susceptibility, S(ω)
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for instance, strongly reduces the luminescence far away from the exciton frequency

ω0. The spectral density, Ξ(ω) can be considered as a slowly changing function

of frequencies at the scale of the width of the polariton stop-band. The last term

in Eq. (4.35) has two contributions. One is the transmission coefficient tN , which

has singularities at the eigenfrequencies of the quasi-modes of the structure. These

singularities determine the fine structure of the luminescence. The second term is

responsible for the variations in the luminescence intensity at a much larger scale. In

the presence of homogeneous and inhomogeneous broadenings only these variations

survive.

The summation over the quantum wells can be performed using an assumption

that all transfer matrices T entering the definition of T
(m)
− in Eq. (4.34) are the same.

Also we assume that the structure is made of an integer number of the elementary

cells. This means, in particular, that the terminating layers are half-barriers. These

assumptions imply that all partial transfer matrices possess the mirror symmetry and

can be represented in the form actively used in Chapter 3

T (θ, β) =




cos θ − i sin θ cosh β −i sin θ sinh β

i sin θ sinh β cos θ + i sin θ cosh β


 . (4.36)

Comparison of Eqs. (4.36) and (4.20) gives the relation between the parameters of

these representations

cos θ =
1

2
(af + āf̄), tanh β =

āf − af̄

af − āf̄
. (4.37)
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The parameter θ determines the polariton spectrum and has a sense of θ = Kd, where

K is the polariton Bloch wave-number.

The representation (4.36) is convenient for performing the summation in Eq. (4.35)

because all T
(m)
− are characterized by the same β (including the scattering at the

interface between the structure and the surrounding medium which does not change

the spectral parameter), while the spectral parameter of T
(m)
− is merely −mθ. Thus,

T
(m)
− can be written as

T
(m)
− = eimθTH(β/2) |+〉 〈+|T−1

H (β/2)

+ e−imθTH(β/2) |−〉 〈−|T−1
H (β/2),

(4.38)

where TH is a matrix describing a hyperbolic rotation with a dilation

TH(β) = eβ




cosh β − sinh β

− sinh β cosh β


 . (4.39)

Using Eq. (4.38) one can find

1

|tN |2
∑
m

|G(m)|2 =
sinh Nθ′′

sinh θ′′

[
|A|2e−(N+1)θ′′ + |B|2e(N+1)θ′′

]

+
sin Nθ′

sin θ′

[
AB∗eiθ′(N+1) + A∗Be−iθ′(N+1)

]
,

(4.40)

where we have represented θ = θ′ + iθ′′ and have introduced

A =
1

1 + ρ

[
(g2 − ρg∗2) cosh2(β/2)− 1

2
(g∗2 − ρg2) sinh β

]

B = − 1

1 + ρ

[
(g2 − ρg∗2) sinh2(β/2)− 1

2
(g∗2 − ρg2) sinh β

]
.

(4.41)

For the purposes of numerical calculations instead of direct calculations of the para-

meter β it is more convenient to multiply both parts of Eqs. (4.41) by sin θ and, then,
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use Eq. (4.36) to establish direct relation of corresponding terms with the elements

of the transfer matrix through the period of the structure.

It is immediately seen from Eq. (4.40) that the luminescence is reduced at fre-

quencies corresponding to the interior of the forbidden gap. At these frequencies the

main contribution to the r.h.s. of Eq. (4.40) is due to the exponentially large terms

∝ exp(Nθ′′). However, these terms are cancelled by the exponentially small transmis-

sion at these frequencies. As the result I(ω) tends to values which are independent

on the length of the structure. Thus, for sufficiently long structures where the polari-

ton band structure essentially affects their optical properties the luminescence at the

forbidden frequencies is relatively small.

Before we turn to a more detailed analysis of the luminescence spectrum it should

be noted that the optical properties of the resonant photonic crystals strongly depend

on the relation between the resonant frequency and the position of the photonic band

gap. The strongest exciton effect on the light propagation takes place in Bragg

structures (see Chapter 2). The condition for the Bragg resonance is the coincidence

of the exciton frequency, ω0, and a special frequency ωB. In MQW structures with

the homogeneous dielectric function the frequency ωB corresponds to the boundary

of a Brillouin zone. In resonant photonic crystal ωB is a boundary of the photonic

band gap existing in a passive photonic crystal characterized by the same spatial

modulation of the dielectric function. More specifically the condition of the Bragg

resonance is determined by the details of the modulation of the dielectric function.
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For concreteness we will assume that the dielectric function reaches its maximum

value at the quantum well and monotonously decreases towards the boundaries of

the elementary cell. In this case the Bragg resonance takes place when the exciton

frequency coincides with the high-frequency boundary of the photonic band gap, Ω+.

The structures where ω0 is close to ωB are characterized by a relatively wide forbidden

gap with a transparency window between ω0 and ωB. We will call such structures

quasi-Bragg in order to separate them from those where ω0 lies far away from the

photonic band gap. The polariton spectrum in the latter case consists of two gaps

— narrow exciton related gap near ω0 with the width ∼ Γ0 and almost unperturbed

photonic band gap. We will refer to these structures as off-Bragg.

The exciton luminescence is not an exception and also depends on the relation

between ω0 and ωB. Therefore, one should make a distinction between the lumines-

cence of the quasi- and off-Bragg structures. Eq. (4.40) allows a constructive analysis

in both these cases. We consider in details the case of quasi-Bragg structures and

shortly discuss main features of the off-Bragg case.

It can be noted that the luminescence spectrum is mainly concentrated near the

edges of the bands of the exciton polaritons when ω0 is close to ωB. Indeed, at

frequencies inside the forbidden gap the contribution to I(ω) of the exponentially big

terms in the r.h.s. of Eq. (4.40) is cancelled by the exponentially small transmission

at these frequencies. Besides, at frequencies far away from the ω0 the luminescence

is subsided by the smallness of the exciton susceptibility. In a neighborhood of the
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Figure 4.2: The luminescence spectrum and the polariton band structure are shown
for quasi-Bragg structures near the boundary of the first Brillouin zone. Smooth
filling corresponds to the term |S|2 ∑

m |G(m)|2. The lines are the level curves of
θ′′. Frequency changes along the vertical axis and the horizontal axis presents the
detuning from the Bragg resonance measured as a ratio ω0/ωB. (a) Pure MQW
structure with parameters typical for AlxGa1−xAs/GaAs structures: Γ0 = 15 µeV,
ω0 = 1.489 eV, γ = 50 µeV, also inhomogeneous broadening has been taken into
account σ = 200 µeV. (b) An example of MQW based photonic crystal. The exciton
related parameters are the same as in (a). The modulation of the index of refraction
is taken to be n(z) = 3.4 + 0.1 cos20(πz/2d).

band edges Eq. (4.40) drastically simplifies. At such frequencies we can represent the

spectral parameter as θ = π + iε and assume that ε is sufficiently small resulting in

N |ε| ¿ 1. Obviously, this approximation fails when ε is large which happens when

the exciton frequency is essentially detuned away from the Bragg resonance. However,

it suffices for a semi-qualitative analysis.

At a vicinity of the band edges Eq. (4.35) takes a simple form

I(ω) = 4NΞ(ω)|tN |2
∣∣∣∣
S(ω)

ϕ1

∣∣∣∣
2 ∣∣∣∣

g2 − ρg∗2
1 + ρ

∣∣∣∣
2

. (4.42)
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Figure 4.3: The fine structure of the luminescence spectrum. Smooth filling corre-
sponds to the term |S|2 ∑

m |G(m)|2. The parameters of the structures are the same
as in Fig. 4.2 except γ = 10 µeV and σ = 0. (a) The MQW structure with a
homogeneous dielectric function. (b) The MQW based photonic crystal.

As follows from this expression the intensity of the emitted field increases linearly

with the number of quantum wells as one should expect. This is the consequence of

the transparency of the structure at these frequencies and of the independence of the

contributions of different wells to the radiated field.

We would like to note that Eq. (4.42) can be simplified even more using the fact

that the last term changes very slowly in the region of frequencies under the interest.

Indeed, near the photonic band gap one has h2(z+)′ ≈ 0, thus the last term reduces

to |h2q/
√

Wh|2.

It is seen from Eq. (4.42) that the luminescence of the Bragg structures is rel-

atively small. The reason is that in this case there is a solid gap with the width
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∆ À max(Γ0, γ). As the result, the edges of the gap are situated so far away from

the exciton frequency that the intensity of the field is essentially reduced by the exci-

ton susceptibility. When the structure does not satisfy the Bragg condition a trans-

parency window appears which splits the gap into two parts. One part is detached

from the exciton frequency and another is adjacent to it. Using the same reasoning as

above one can show that the luminescence spectrum is concentrated near the edges

of the gap adjacent to ω0. The relatively smooth dependence of the luminescence

spectrum on the frequency and the period of the structure is modulated by strong

frequency and period oscillations of the transmission |tN |2. These oscillations con-

stitute a fine structure of the luminescence spectrum and become visible when the

exciton broadening is sufficiently small. Numerical calculations using the exact form

of I(ω) shown in Figs. 4.2 and 4.3 qualitatively confirm these results. Fig. 4.2 shows

the luminescence spectrum together with the polariton stop band. Because of the

exciton broadening, the notion of the gap becomes ill-defined and, in particular, the

edges of the gap can not be determined unambiguously. However, at the frequency

corresponding to the band edge in a system without broadening the imaginary part

of the polariton Bloch wave-number drastically increases what can be traced on the

level curves of θ′′ in Fig. 4.2. The outer curves correspond to the smallest value of θ′′.

It is seen that the maxima of the luminescence spectrum approximately follow these

lines with the change of the relation between the exciton frequency and the period

of the structure. The exact positions of the maxima are determined by an interplay
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between a smaller value of θ′′ (and, hence, a higher transmission) and a smaller dis-

tance from the exciton frequency (a higher value of S(ω)). It is interesting to note

that a clear difference exists between the luminescence spectra in a MQW structure

with a homogeneous dielectric function and in a MQW based photonic crystal. The

latter is clearly asymmetric with respect to the point of the Bragg resonance. It is

related to the asymmetrical structure of the polariton band gap in such structures.

In a structure tuned to the Bragg resonance the exciton frequency is not situated at

the center of the forbidden gap as it is in the case of the optical lattice but is rather

shifted toward the high-frequency boundary of the gap.

Fig. 4.3 shows the luminescence spectrum for a sufficiently smaller value of the

exciton broadening so that the fine structure is clearly visible. It is constituted by

maxima of the luminescence following the period dependence of the resonances on

transmission [104, 105]. These maxima appear as the characteristic scars on the

spectrum.

The approximation used above is suitable while the structure is slightly detuned

from the Bragg resonance. A detailed analysis shows that when the detuning becomes

essential |ω0 − ωB| À ∆ the relevant approximation is to keep only the term ∝ |B|2

in Eq. (4.40). It shows that the luminescence spectrum is concentrated only near the

exciton frequency ω0 with a characteristic width determined by the parameters of the

exciton susceptibility — radiative decay rate Γ0 and the exciton broadening γ.
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Appendix A

Transfer matrix formalism

The transfer matrix technique has been reviewed in a lot of publications. Here,

however, we use this technique in a bit unusual aspect and, therefore, find it relevant

to recall important results.

There are transfer matrices of different kind. As the basic one serves the matrix

built for values of the electric field and its derivative. The formal reason for it is

that Eq. (2.5) can be considered as a Cauchy problem whose solution is specified

by initial condition at some point with coordinate z, i.e. by E(z) and E ′(z). This

approach has proved its power in problems with piecewise constant dielectric function,

ε. The Maxwell equation can be easily solved in each region of constancy of ε and

the solution is determined by the initial conditions at the boundary of this region.

This solution supplemented by the Maxwell boundary conditions at the point of jump

of the dielectric function gives the values of E and E ′ that are considered as initial
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conditions for the next region of the constancy and so on. The matrix relating these

values is called transfer matrix


E(z + d)

E ′(z + d)


 = Tψ(z + d, z)




E(z)

E ′(z)


 . (A.1)

However, this basis is rather formal and masks some features that are specific

for propagation of light along the structure. This inconvenience can be improved by

choosing a special way of constructing the transfer matrix. For example, the problem

of scattering of light is naturally set by giving the amplitude of incident, say on the

left boundary, wave and obtaining the amplitudes of transmitted and reflected waves.

That is the field is sought in the form eiκz + re−iκz at the left side and in the form

teiκz at the right side. More generally, the field is represented in the form

E(z) = a+eiκz + a−e−iκz,

E(z + d) = a′+eiκz + a′−e−iκz

(A.2)

and the transfer matrix (sometimes it is called a scattering matrix [106]) relates the

amplitudes at the left and the right boundaries



a′+

a′−


 = T




a+

a−


 . (A.3)

As follows from Eqs. (A.2), the transfer matrices written in these two bases are related

by a similarity transformation, T = Ŵ−1
e (z)Tψ(z + d, z)Ŵe(z), where

Ŵe(z) =




eiκz e−iκz

iκeiκz −iκe−iκz


 . (A.4)
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Another important way to introduce a transfer matrix (see e.g. Ref. [107]) is based

on a possibility of a representation of the solution of the Maxwell equation as a sum

of two linearly independent functions, f1,2(z), with modulated amplitudes

E(z) = c1(z)h1(z) + c2(z)h2(z),

E ′(z) = c1(z)h′1(z) + c2(z)h′2(z).

(A.5)

Now, the transfer matrix gives the relation between the amplitudes at different points,

usually a period of structure apart,




c1(z + d)

c2(z + d)


 = Th(d)




c1(z)

c2(z)


 . (A.6)

From Eq. (A.5) follows that

Th(d) = Ŵ−1
h (z + d)Tψ(z + d, z)Ŵh(z), (A.7)

where Ŵh(z) is the Wronsky matrix

Ŵh(z) =




h1(z) h2(z)

h′1(z) h′2(z)


 . (A.8)

Eq. (A.8) allows to derive a relation between transfer matrices obtained for a different

choice of the basis functions h1,2.

The relation between the transfer matrices written in the bases of plane waves

and a pair of linearly independent functions is written as

T = M(d/2)Th(d)M−1(−d/2), (A.9)
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where M(z) = Ŵ−1
e (0)Ŵh(z). Substitution of Eqs. (A.4) and (A.8) gives

M(z) =
1

2




h1(z) +
h′1(z)

iκ
h2(z) +

h′2(z)

iκ

h1(z)− h′1(z)

iκ
h2(z)− h′2(z)

iκ


 . (A.10)

All different bases to write the transfer matrix have their advantages and disadvan-

tages. For example, the basis of a pair of linearly independent functions is naturally

related to solutions of the differential equation, is easy to find but is inconvenient for

solution of scattering problems. The fact that, generally, it is not related to Tψ by a

similarity transformation [see Eq. (A.7)] makes it difficult to consider the spectrum

problem in the frameworks of this basis. Indeed, divergence or vanishing the ampli-

tudes c1,2 themselves says nothing about the behavior of the field. It is necessary to

consider additionally details of the dependence of the basis functions. Therefore, to

solve the spectrum problem it is not enough to look at the transfer matrix itself but

it is necessary to solve an appropriate boundary value problems for amplitudes c1,2.

The basis of plane waves, on the contrary, is the most suitable for solution of such

problem since the transfer matrix itself contains all the information one needs. How-

ever, finding of the transfer matrix in this basis calls extra efforts because it requires

a solution of a differential equation with boundary conditions. Therefore, conversion

rule from one basis to another similar to Eq. (A.9) is very useful.

Concluding, a solution of a particular problem using the transfer matrix technique

can be quite straightforward provided by using different bases for representation of

transfer matrix — the most convenient for particular sub-problems.
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Summary

The thesis is devoted to an analysis of optical properties of quantum heterostruc-

tures — the structures characterized by a periodic spatial arrangement of elements

with optically active excitations (e.g. excitons). These structures are the merging

point of two active trends — conventional photonic crystals and optical lattices. In

the present thesis the one-dimensional situation (photonic crystals based on multiple-

quantum-well structures) is considered and the following most important results have

been obtained.

1. An effective approach for the description of propagation of the electromagnetic

waves in the structures under consideration has been developed. This approach

takes into account an arbitrary spatial modulation of the dielectric function, an

arbitrary form of the exciton states, an arbitrary angle of propagation of the

electromagnetic wave and its polarization state. This approach is naturally free

from the problem of the eigenstates in media with dispersion and absorption.

2. The exciton polariton dispersion law has been studied in details for a special case
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when the modulation of the dielectric function possesses the mirror symmetry.

It is shown that the interaction of light with excitons can lead to an essential

modification of the spectrum of electromagnetic waves when a special condition

of an optimal coupling between the quantum wells is met (the Bragg resonance).

In the simplest case of consistent symmetry of the dielectric function and the

exciton wavefunction this condition is the coincidence of the exciton resonance

frequency and the high-frequency boundary of the photonic band gap existing

in a passive structure with the same modulation of the dielectric function. The

polariton spectrum is characterized by a solid gap with the width equal to the

Pythagorean sum of the photonic and the excitonic gap widths.

3. The effect of a complex structure of the exciton states on the polariton spectrum

has been analyzed. This effect can be significant in special structures with suffi-

ciently close quantum wells in the elementary cell. In this case the hybridization

of the exciton states localized in different wells results in the states with dif-

ferent symmetries and close energies. It is shown that in this case the optical

mixing of the exciton states appears. The exciton related optical peculiarities

(e.g. on transmission and reflection spectra) appear at such frequencies as if

there were an additional interaction between the excitons.

4. The general approach for an analysis of the optical spectra of the finite quantum

heterostructures has been developed. One of the key features of this approach is
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that a single quantum well embedded in a dielectric environment allows descrip-

tion as a quantum well in a vacuum but with modified excitonic susceptibility

and the optical width. These modifications allow relatively simple taking into

account the angular and the polarization dependencies of the optical spectra.

The introduction of these effective quantities establishes a relation between the

results obtained in the particular case of a homogeneous multiple-quantum-well

structure and in the general case of a resonant photonic crystal.

5. It is shown that one of the specific features of the spectrum of quantum het-

erostructures is vanishing reflection at one of the frequencies, ωmin, where the

different contributions to the scattering of light (scattering by the inhomo-

geneities of the dielectric function and by the excitons) become equal. This

effect has the same origin as the Fano resonance. The characteristic frequency

ωmin depends upon the spatial distribution of the dielectric function and plays

the role of the Fano parameter.

6. Optical spectra of finite structures with a “defect” layer at the middle have been

studied. A special attention has been paid to Ω-defect. It is shown that there

exists a resonant drop of the reflection, also with the same origin as the Fano

resonance. This is the important feature of this effect that the drop occurs

not at the frequency of the defect layer but is rather shifted away from it.

The magnitude of the shift is determined, in particular, by the whole structure
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and can be made essential comparing with the values of the homogeneous and

inhomogeneous broadenings. As the result the effect of the broadenings can

be made quite small leading to extremely small values of the reflection at the

frequency of the drop.

7. General effects of the homogeneous and inhomogeneous broadenings on the op-

tical spectra have been considered. It is shown that the approximation of the

inhomogeneous broadening is exact when one considers only the specular com-

ponent of the scattered wave. It is shown that because of different frequency

dependencies of homogeneously and inhomogeneously broadened excitonic sus-

ceptibilities these broadenings lead to different modifications of the reflection

spectrum. This allows a principal possibility of independent measurements of

the broadenings.

8. Using the approaches developed, the problem of the exciton luminescence in

the resonant photonic crystals has been solved. It is shown that luminescence

spectrum is mostly concentrated near the edges of the forbidden gaps in the

polariton spectrum. The spectrum is modulated by the exciton susceptibility

and the transmission coefficient. The latter has strong frequency dependence

near the edge of the gap. This leads to a strong frequency modulation of

the luminescence spectrum which becomes visible when the broadenings in the

system become sufficiently small.
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etl, Phys. Rev. B 56, R1664 (1997).

[68] P. Kuchment, Waves Random Media 12, R1 (2002).

[69] P. Kuchment, Waves Random Media 14, S107 (2004).

[70] D. S. Citrin, Phys. Rev. B 50, 5497 (1994).

[71] J. J. Monzon and L. L. Sanchez-Soto, Eur. J. Phys. 23, 1 (2002).

[72] A. Yariv, P. Yeh, and C.-S. Hong, J. Opt. Soc. Am. 67, 423 (1977).

[73] E. L. Ivchenko, A. I. Nesvizhinskii, and S. Jorda, Phys. Solid State 36, 1156

(1994).

[74] R. Zimmermann, Phys. Stat. Solidi B 173, 129 (1997).



178

[75] R. Zimmermann, F. Grobe, and E. Runge, Pure and Applied Chemistry 69,

1179 (1997).

[76] D. S. Citrin, Chem. Phys. Lett. 228, 307 (1994).

[77] V. A. Kosobukin and A. V. Sel’kin, Phys. Solid State 42, 1914 (2000).

[78] G. V. Astakhov, V. A. Kosobukin, V. P. Kochereshko, D. R. Yakovlev, W. Os-

sau, G. Landwehr, T. Wojtowicz, G. Karczewski, and J. Kossut, Eur. Phys. J.

B 24, 7 (2001).

[79] V. A. Kosobukin, Phys. Solid State 45, 1145 (2003).

[80] G. Kocherscheidt, W. Langbein, G. Mannarini, and R. Zimmermann, Phys.

Rev. B 66, 161314 (2002).

[81] E. Runge and R. Zimmermann, Phys. Rev. B 61, 4786 (2000).

[82] V. Savona, E. Runge, and R. Zimmermann, Phys. Rev. B 62, R4805 (2000).

[83] W. Langbein, E. Runge, V. Savona, and R. Zimmermann, Phys. Rev. Lett. 89,

157401 (2002).

[84] G. Malpuech and A. Kavokin, Appl. Phys. Lett. 76, 3049 (2000).

[85] G. Malpuech, A. V. Kavokin, and G. Panzarini, Phys. Rev. B 60, 16788 (1999).

[86] V. Savona and C. Weisbuch, Phys. Rev. B 54, 10835 (1996).



179

[87] D. S. Citrin, Phys. Rev. B 54, 14572 (1996).

[88] P. Borri, W. Langbein, U. Woggon, J. Jensen, and J. Hvam, Phys. Rev. B 63,

035307 (2001).

[89] M. Abramowitz and I. A. Stegun, eds., Handbook of Mathematical Functions

(Dover, New York, 1970).
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