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Abstract

BINARY KERNEL METHOD IN CLASSICAL 
STATISTICAL MECHANICS 

BY
JAMES F. LIND

Advisor: Professor Charles E. Hecht
The binary kernel expansion method was developed by T.D. Lee 

and C.N. Yang to study the effects of interactions among the particles 
of quantum mechanical systems. This method involves use of Lee-Yang 
diagrams to represent the interactions as an expansion in powers of 
the binary kernel function. This binary kernel function can be found 
from knowledge of how two particles interact. For a system of JL 
particles the binary kernel expansion begins with the (&.- l)st power 
of the binary kernel function and involves successively higher powers 
of it. An expansion of the binary kernel function developed by Lee 
and Yang allowed use of only the lowest and next-to-lowest powers 
of it in applying the method to the Bose-Einstein gas at very low 
temperatures.

The aim of this work was to adapt this binary kernel method to 
systems obeying classical mechanics. It was found that in the 
classical limit the Lee-Yang binary kernel expansion converges to the 
Mayer cluster expansion for classical systems only if all powers of
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the binary kernel function are included in the expansion. If only a 
finite nunber of terms are considered the correct classical results are 
not obtained. Has is demonstrated explicitly for the cases of three 
and four particle systems interacting as hard spheres. Lack of a 
suitable expansion for the binary kernel in the classical case makes 
the application of the binary kernel method to classical systems very 
cumbersome.

Pais and Uhlenbeck have shown in a different way that in the 
classical limit the binary kernel expansion converges to the Mayer 
classical expansion. They proceed frcm the initial assunption that 
the binary kernel expansion will be identical to the Mayer expansion 
in the classical limit. This initial assunption permits the deriva­
tion of a general formula for the number of Lee-Yang diagrams possible 
when a given nunber of binary kernels act. This general formula 
agrees with the nunber of diagrams found by direct counting in the 
classical case. This is proof that the initial assunption of coinci­
dence of the binary kernel expansion with the Mayer expansion in the 
classical limit is correct.

This work applied the Uhlenbeck and Pais formulation of the 
binary kernel expansion to the calculation of new quantum mechanical 
corrections to the third virial coefficient at high temperatures. A 
form for the binary kernel function which gives the known quantum 
corrections to the second virial coefficient for hard spheres at high 
temperatures was found. This form for the binary kernel function

•*9
failed to give the known first-order quantum correction term for the 
third virial coefficient. Thus this study gives a form for the binary
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kernel function sufficient but not necessary to yield quantum mechani­
cal corrections for hard spheres at high temperatures when used in the 
binary kernel expansion.
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INTRODUCTION

The binary kernel method of Lee and Yangl is a method of treating 
the many-body problem in quantun statistical mechanics. In this method 
diagrams are used to express the effects of interactions among the many 
particles of a system in terms of a function called the binary kernel 
function. This binary kernel function can be found from knowledge of 
how two particles of the system interact. The binary kernel expansion 
is an expansion of the interaction effects of a many-particle system 
in terms of the binary kernel function.

The Lee-Yang binary kernel method was developed to treat systems 
in which quantum mechanical effects are important. It was applied to 
the calculation of the ground state energy of the Bose-Einstein gas.
In the binary kernel method certain cluster functions Ug, for a system 
of / particles are expressed as sums of integrals over powers of the 
binary kernel starting with the (Si- l)st power and continuing to in­
finite powers in the binary kernel. In treating the Bose-Einstein gas 
Lee and Yang found an expansion of the binary kernel function which 
permitted the consideration of lowest order (containing (^ - 1 ) 
binary kernels) and next-to-lowest order (containing Si binary kernels) 
diagrams only in calculating the ground state energy. The use of this 
method of expanding the binary kernel is the basis of the progress 
made by Lee and Yang in applying the binary kernel expansion to 
quantum mechanical systems.

It is the aim of this work to adapt the Lee-Yang binary kernel 
method to a system obeying classical mechanics. It was planned to 
investigate the expansion of the equation of state resulting from this

(ix)



adaptation with the idea of getting new insights into the conver­
gence properties of the virial series and the gaseous condensation 
problem for a classical system. In the Lee-Yang technique expansion 
of the binary kernel was found to lead to rapid convergence at low 
temperature of the binary kernel expansion in the quantum mechanical 
case. It is found that the development of the binary kernel tech­
nique for a classical system requires an infinite summation over 
all powers of the binary kernel contributing to the expansion.
Attempts to find an expansion of the binary kernel function in the 
classical case which could be used in a way analogous to the treat­
ment of the Bose-Einstein gas by Lee and Yang were not successful. 
Lack of such an expansion makes the application of the binary kernel 
method to classical systems very difficult because of the infinite 
summation required to get the well known classical results for the 
equation of state.

Pais and Uhlenbeck^ have shown that the binary kernel expansion 
of Lee and Yang converges in the classical limit to the Mayer expan­
sion for classical systems. This was done indirectly by working 
backwards from the initial assumption that the Lee-Yang result is 
identical to the Mayer expansion in the classical limit. This initial 
assumption of coincidence with the Mayer results allowed Pais and 
Uhlenbeck to obtain a general formula for the number of allowed 
Lee-Yang diagrams given that a certain number of binary kernels are 
to be operating. That this formula does indeed agree with the number 
of diagrams found from direct counting in the classical case is 
proof that the initial assunption is correct; namely that the Lee-

00



Yang expansion converges to the classical Mayer expansion in the 
classical limit.

The present work demonstrates the convergence of the Lee-Yang 
binary kernel expansion in the classical limit to the Mayer expansion 
for the three and four particle cases directly by applying the 
classical analogue of the binary kernel function and directly sunning 
up the contributions of all allowed diagrams to obtain the Mayer 
classical results.

This work also attempted to apply the Lee-Yang binary kernel 
method to the problem of obtaining new higher order high temperature 
quantum mechanical corrections (neglecting statistics) to the third 
virial coefficient. A form for the binary kernel containing quantum 
corrections sufficient to give the known quantum mechanical correct­
ions to the second virial coefficient was obtained using the 
Uhlenbeck and Pais form of the binary kernel expansion. The use of 
this form for the binary kernel to calculate quantum corrections to 
the third virial coefficient did not check the known quantum correct­
ions to the third virial coefficient. Thus this study gave a 
sufficient but not necessary form for the binary kernel embodying 
high temperature quantum mechanical corrections.
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Chapter 1
The Binary Kernel Function and Lee-Yang Diagrams

According to the development of the binary kernel expansion by 
Lee and Yang^ we consider a system of N particles enclosed in a volume 
/L , in the limit N --- , /L—>«o with

e = CVAO

held fixed, being the number density. The Hamiltonian of the system

is N
H = - C k 2 /2m) + 2 .  V

i=l ij» ij
±<J (1)

where

V = V(f - r )
ij i j K '

is the potential energy between a pair of particles i and j. The mass
of a particle is m and "ft is Planck's constant divided by 2ir. The
operator is defined by Lee and Yang as

^  <3)
where

(3= (1/kT)
The matrix element of in coordinate representation is 

<!■' ,2', N'| WN ll,2, N> =

^  ̂  (l',2', N’) f  .... N) e ^
i i i



2
Here the notation is defined by 

1  = r!1 = (x̂ ,ŷ ,ẑ ) , etc.

1 ' = r1' = , etc. (6 )
andVi(^) and are the normalized eigenfunctions and eigenvalues 
of Hjj with periodic boundary conditions in a cubic box of volume .
The must be properly symmetrized according to whether the
particles obey Fermi-Dirac, Boltzmann, or Bose-Einstein statistics. 
Following Lee and Yang, the partition function is 

-=T -gE.
1 (7)

- J<1,2.............  N7d3Nr (8)
In the development of Lee and Yang the logarithm of the grand 
partition function is obtained by following a procedure first intro­
duced by Ursell^ and Mayer-’ for classical statistical mechanics and 
by Kahn and Uhlenbeck^ for quantum statistical mechanics; func­
tions are defined by

O ’ I w^i? = <i- lux| p  ,

<L\2' | W2\ 1,2? = <1’| ]> <2’ lU^ 2> +
<1',2' | U2 | 1 ,2>,

<L' ,2’ ,3'l W3| 1,2,3> = <1' J Uj $<2' I Uj 2>(3' | Uj 3> +

<1' I Ux| 1><2',3'|U2| 2,3> +
<2' \\J1\ 2> <1* ,3't U2l 1,3> +
<3’ )U1|3> <!’ ,2* | U2| 1,2> + 
<1',2’,3'|U3| 1,2,3> , ...



3
These equations may be inverted to give the as functions of the 

. Putting = * 2 » ~ ri t̂ 6 3 6  equations Lee
and Yang show that for the grand partition function oLwe may write

X -  f t  <10>

-exp ?  / ( i l ) " 1  [ < 1  A |u^|l •«>d3'CH  (U)
vr'’ 1 -uv

Further, Lee and Yang show that the equilibrium pressure P and
density g are given by

(P/kT) = lim Ĉ )"1 In Z
vTV--^*0

(12)

- 1

£ = lim^^ («A>) ( 5 In &  / £ lnjj.)
where the fugacity is defined by

(13)

(13a)
and is the chemical potential.
The following relationships are given by Lee and Yang

OO

(P/kT) = lim ^  btf
a.-**L=1 *  0

C = (15)
where the fugacity coefficients b^are defined by

( 3-2
b| = a/i i^) J <1, • • •, * I ux  11, ... ,ay d r <16>



4
In the binary kernel method the functions can be expressed in 
terms of a function called the binary kernel B((3 ; i,j) which can be 
calculated from a solution of the two-body problem.

In the Lee-Yang development the W^ and are treated as 
operators so that

WN(£)=e"£HN (17)
where the dependence of W^ on £ is emphasized. Writing

*  (18)

where and are, respectively, the operators for the kinetic 
and potential energies, we have

%°(£) = e ^ N i) (19)
where

<t W  *  2 ....
w(@ ; i) = e

According to Lee and Yang ) is a product of N operators each
of which operates on the coordinates of one particle. If V is 
finite, the operators may be expanded into an exponential series 
in powers of V:

f
y $ >  - %°<e> + ,)d^ ' +

$ 0 * 0

J d ( ' C - £ ' > < - y V < ? ' - 2 " >
o o

+ -  (21)



If V = oo for some configurations, this series ceases to be meaningful. 
At this point in their development Lee and Yang regard V as finite 
everywhere and the possibility of V going to infinity is allowed for 
later in the development.

Lee and Yang represent the sum on the right of equation (21) by 
diagrams. Each operator contributing to the sun W^( § ) is repre­
sented by a diagram. Each of the N particles in the system is re­
presented by a vertical line of length § in the diagram for an 
operator. The vertical lines originate from the same horizontal 
base level. A horizontal line linking particles i and j stands for 
an interaction between these particles. No two interactions may 
occur at the same height in ̂  space above the horizontal base level. 
Figure 1 gives examples of representing operators by Lee-Yang dia­
grams . The exact height of a horizontal link in ̂  space is not 
specified in a diagram because the £ primes are to be integrated 
over, but die order in which the links occur vertically is important. 
This means that the last two diagrams given for Wg(^) in Figure 1 
are considered as two different diagrams.

As explained by Lee and Yang, to obtain the operator correspond­
ing to a given diagram a line segment of length ‘Jp along the vertical 
line i i' stands for the operator

(1 i2 /2m ) V v i 2

w(J? ;i) = e

A horizontal link between ii1 and jj' represents the operator
-V(r - r.)dfl’ = -V..d5'

i J iJ Z
where Q is the height of the link above the base line. The product



6
of all operators represented by vertical line segments and the hori-

is the operator represented by a diagram. Further, in the 
Lee and Yang work, when writing down the operator for a given dia­
gram those operators represented by line segments lcwer down in the
diagram must occur to the right of those represented by line seg­
ments higher up in the diagram. Also, the limits of integration of

o l "the heights @ , ... of the horizontal links are defined by the 
condition

and the relativeheight of any two links remain of the same sign 
within the limits of integration as in the diagram.

These rules are clarified by examples given in their work.
The diagram for a single particle given in Figure 1 represents the 
operator

The operator corresponding to the diagrams of W2(£) appearing in 
Figure 1 is given by

zontal links, integrated over the heights £ of the various links,

(22)

(23)

W2(f) =w(£; l)w( (2 ; 2 ) +  ̂ £'w(£ 1 )

X w ( ^ - ^ - ;  2)(-V1 2 )w(<3'; 1)w ((3'; 2) +

J d£'J dg''w((3 l)w((3-(?'; 2 )(-V12)
O aa
X w ( g ’ - l)w(<3’ -(3 ";2 )(-Vl2 )w(^"; 1 )

X w ( ^ " ;  2 )
(24)
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where the three diagrams of ̂ (.Q) in Figure 1 correspond to the 
three terms in equation (24).

Following the development of Lee and Yang, the operator ) 
is now seen to be the sum of all diagrams of N vertical lines con­
taining all possible interactions consistent with the parameter g . 
Lee and Yang define a connected diagram as one in which all verti­
cal lines are connected to one another through horizontal links and 
vertical lines. The nature of the U2  and functions as expressed 
in equations (9) above means that U2  is the sum of all different 
connected diagrams for two vertical lines (particles); and that U3  

is the sum of all different connected diagrams for three particles. 
According to Lee and Yang %(^) is the sum of all different con­
nected diagrams consisting of N vertical lines and consistent with 
the parameter £ .

The binary kernel B(£; i,j) is defined by Lee and Yang as 
follows:

An explicit operator equation for ^ ) is given by Lee and Yang:
(25)

2 v
equation (26) is then differentiated with respect to @ to give

-0H2 (V/2m)£?2 (k2/2m)0 9,2
U ( £ ) = e r Z - e  1 e (26)

a relationship between B((? ; i,j) and ̂ ((J) :

B(g; i,j) = O U 2(g)/*g) - d)2/2m)(Vi2 + ? j2)U2(^) (27)



The procedure followed by Lee and Yang in their -work is to first 
fl Hcalculate e- “ 2  using the solutions of the two-body problem 

for the particle in a box. Then U2((? ) is calculated using the 
operator equation (26) given above. Next equation (27) is used to 
calculate the binary kernel B(@ ;i,j). The potential energy of 
interaction V-y does not occur explicitly in these equations so 
that the binary kernel can be calculated for systems where Vy =*°.

As explained by Lee and Yang, in the binary kernel technique 
the diagrams of ̂ ( ^  ) can with equation (25) defining
the binary kernel to adapt a diagramatic representation of the 
binary kernel as shown in Figure 2. The topmost link in each 
diagram of Figure 2 represents an additional factor (-V-̂ 2) which 
has been added. The part of a diagram having this form of re­
peated links between particles i and j can now be summed up and 
replaced by a factor B( £ ; i, j) . Thus Lee and Yang represent 
Ujg_ in terms of the binary kernel and give examples for U2  and 
U3  as shown in Figure 3. The algebraic forms of the operators 
U2(£ ) and Ug((5) can be written down with the aid of the dia­
grams in Figure 3 as follows:

U2 (0) = /dg'w^-g' ; l)w(g-£' ; 2)B(g'; 1,2)
0 V

u3 (f) = J d C ' f d f  " * ( $ - $ "  ; i 2)w(g-£' ; 3)
;2,3)B(£“ ; l,2)w(g" ;3) + 

”w(^-C' ; ; 2)w((3-g” ; 3)
X B ( f - ( "  ; l,2)B(g" ; 2,3)w((3” ; 1) +

4 other terms of order g2  + terms of higher 
order in B



The binary kernel technique expresses the cluster functions as 
suns of integrals over powers of the binary kernel. The fugacity 
coefficients bj£ are integrations of the functions carried 
out on the coordinates of the particles over the volume open to 
the particles. The equation of state is expressed in terms of the 
b^ by the two parametric equations

?  JL(P/kT) = A- h , -L.

T  *e
where is the fugacity,

v = e

and i*> is the chemical potential.



Chapter II
Calculation by Lee and Yang of the Ground 
State Energy for the Maxwell Boltzmann Gas 

with Hard Sphere Interaction

Lee and Yang haw applied the binary kernel expansion method to 
the calculation of the ground state energy of a hard sphere Bose- 
Einstein gas. 2  The Bose-Einstein condensation makes it difficult 
to approach the limit T — ^ 0 for a Bose system. Lee and Yang 
circumvented this difficulty by making the calculation on the 
Maxwell-Boltzmann system with hard sphere interaction and noting that 
at T = 0 the thermodynamic properties of a Boltzmann gas are the same

Oas that of the Bose gas.
In the quantum mechanical case the binary kernel B may be ex­

panded in powers of the hard sphere diameter or':

B = B + B0 + ...
1  2

it 9where B^ is of order <K , B2  is of order t* , etc..̂  The fugacity 
coefficients b^ are integrals over the Ursell cluster functions 
The functions are expressed in the binary kernel method as sums 
of integrals over powers of the binary kernel B, starting with the 
( H  - l)st power. The diagrams of U£ which contain (X - 1 ) binary 
kernels are called lowest order diagramj and those which contain 
X  binary kernels are called next-to-lowest order diagrams. ̂ For 
each X , Lee and Yang calculate the dominant terms in b£  . They 
take as the dominant terms in b£ those represented by the lowest
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order and next-to-lowest order diagrams. These dominant terms have 
the following form :

b/ =A/"3 [.'^t(<rA ) ^ " 1 +  SA ( c r / x *  + ... J (2 )
where %  is the de Broglie thermal wavelength 

&*h( Q /2 tr m)1/ 2

The coefficients and are pure nunbers. The generating
functions TC*) and A(x) are defined as follows.^

*> *  Af (x) = (x/2) (3)
X = 1  ^

A  (x) = ^  (x/2 )
X =1 x

Using the fugacity series for the pressure
(4)

X
e p = ^  hj i t

where /y is the fugacity and is related to the chemical potential 
fA. by y  = exp( r/kT). The pressure is obtained as a function

Oof the generating functions by

P = (h2 /2*m) [(a-^rVcx) + A,"5A (x) + .. j  (6 )
where

x
In the limit T — > 0, %  — > 00, so that successive terms in this 
expansion become increasingly unimportant. In the limit T— ► 0 the



generating functions T (x) and A (x) have the forms3

C  (x) — » (tr2  m2 /h4 ) ^ 2 ^ 4

A(x) — * -(128TT2 m5/2/15h5) ja-5 / 2  \ 5 
so that the following expression for the pressure at T = 0 is 
obtained3

(P)T_Q = (irm/2h2<r)p2 - (64TTm3/2/15h3) f 5 / 2  + ... 
Using the thermodynamic equation

dP = £ dp- + (S/JV)dT 

The particle density at T = 0 is obtained^

(£)t=0 = (irmr/h2ff-) - (32rm3/2/3 h3) ^3/2 + • • •

The energy density at T = 0 is given by3

<e/jv)t=o = [ r-M/dr) - 1J (p)T=0

doing
l)St

(E/uv) t = 0  = (TTm^2/2 h2 <r) - (32fTm3/2^ 5/2/5 h3) 

Eliminating jv gives the ground state energy per particle3

(E/N) t = 0  = (2ir*fc2e <r/ni) t  + (128/15) (<r 3 e/TT)1/2]

In this calculation for a quantum mechanical system an 
appropriate expansion of the binary kernel has been used. In 
the sum of the b n over all X  the contributions from the (4 -



and X t*1 powers of the binary kernel are retained for each X  . This 
development was studied with a view to dealing with the parametric 
equations of state

O ©

e J .
for a classical system of hard spheres in an analogous manner. It 
was planned to develop an appropriate expansion of the binary kernel 
function for the classical system with hard sphere interaction. The 
contributions of the (X- l)st and X th powers of the binary kernel 
could be retained in doing the sums over Ji to eliminate the 
fugacity between the two equations in order to obtain the series 
for the pressure in powers of the density (virial series) for the 
hard sphere gas. Such a program could not be carried out because 
a useful expansion of the binary kernel function for the classical 
system could not be developed.



Chapter III 
An Alternative Derivation of the Nunfoers of 
Lowest Order and Next-to-Lowest Order Lee- 

Yang Diagrams

In the binary kernel technique as used by Lee and Yang, for 
each 9. the dominant terms in b£  are calculated. The dominant 
terms are taken by Lee and Yang as those represented by the lowest 
order and next-to-lowest order diagrams.

As discussed by Lee and Yang,2 there is a one-to-one correspon­
dence between the lowest order diagrams for b^ and "tree skeletons". 
This is shown in Figure 4. The tree skeletons are defined by Lee 
and Yang as connected diagrams of 9 particles, connected by (9 -l) 
links. Lee and Yang did not calculate explicitly the number of 
lowest order diagrams for each JL but sumned up their contributions 
to b̂ _ using a method involving generating functions. The number 
of these tree skeletons (lowest order diagrams) for each JL is given 
by the formula

/ " 2 [a-ii] i 
je-a.

This is true because there are X. ways 7 of making connected 
diagrams having X  points with (Jl - 1 ) lines (binary kernels) 
linking them. The factor (X - 1)! canes about because the (9. -  1) 
distinct links in any diagram may be arranged in (9 - 1 ) ! ways in 
^ sequence. The ̂  sequence determines the order in which the 
binary kernels operating between the particles act. It is im­



possible for the binary kernel operator to act between the same two 
particles in immediate succession in ^  sequence.

Each next-to-lowest order Lee-Yang diagram contains Si binary 
kernels. The next-to-lowest order diagrams are diagrams of X  points 
with X links or lines joining the points. Lee and Yang draw skeltons
to represent these next-to-lowest order diagrams as shown in Figure 5 .̂
Each such skeleton consists of Si numbered points connected by SI lines, 
|x of which form a simple loop, the rest not forming loops. The case 

= 2  is special because the loop is not a polygon but a repetition 
of the single line between two particles. In the Lee-Yang method of 
counting each line is given a ^ label which determines the order in 
which the binary kernel operators act in the diagram. Ihe one line 
which is doubled receives two ̂  labels, and £n . Because the 
binary kernel operator cannot operate between the same two par­
ticles twice in succession \ m - n| £L. ̂ Lee and Yang enumerate
the Hi a grams by first drawing all unlabelled skeletons and then
generating all possible diagrams by considering all possible label­
lings with ^ . Each of the resulting labelled skeletons corresponds
uniquely to a single next-to-lowest order diagram. In their treat­
ment of the next-to-lowest order diagrams Lee and Yang have not cal­
culated explicitly the numbers of diagrams but have summed up their 
contributions to bousing generating function methods.

The number of diagrams containing X. points with SL lines joining 
them and no line repeated (j*.̂=2 ) has been obtained in graph theore­
tical calculations. These diagrams consist of polygons with (£ - S) 
sides and £ lines hung on the vertices. Their number C^ ̂  is
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given by°

S - X - 3
C = Z T  (* /£ !) f(£ - l)!/2^  (2)
1,1 S = 0

where is the number of free lines in the diagram. The free 
lines are those lines not forming the polygon. Each addend in 
equation (2 ) corresponds to a different polygon with free lines 
hung on its vertices. Thus when £= 0  we have the JL -sided 
polygon with no free lines. The value S = l corresponds to the 
X  - 1  sided polygon with one free line to be hung on its ver­
tices, etc. To get the total number of next-to-lowest order dia­
grams with f t  3 we multiply equation (2) by X 1 to take into 
account the different possible arrangements in ^ sequence of 
the X  distinct binary kernels involved in the diagram. When 
|>- = 2  multiplication by X ! is not correct because two of the 
links operate between the same two particles and cannot be adja­
cent to one another in (3 sequence.

The diagrams of X  points and X. lines with ^  = 2  have 
two links occurring between the same two particles and X - 2  

distinct links linking different particles. As pointed out by 
Lee and Yang the repeated link in these diagrams cannot be 
labelled by two consecutive Q labels. As can be seen in 
Figure 5 switching the order in which the repeated binary kernels 
act does not lead to a new skeleton. Thus for the case p- = 2 the 
total number of skeletons obtained by considering different 
labellings must be divided by two. This necessity of division
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by two is also shown by the result of using the addend of equation
(2 ) corresponding to 2  to give the nuriber of such unlabelled 
skeletons:

n i - 2 „
I (I- 1 )

2

This result may be obtained also by considering that the 
number of unlabelled skeletons of Jl points containing (Jl- 1 ) 
binary kernels is given by X  . Since there are Jl - 1  links 
and we are to repeat one link, we have JL - 1  choices for the 
repeated link so that the number of these unlabelled skeletons 
is given by

i - 2

I  (*- 1 )
and division by two will be necessary in- labelling with Q s  .

OEquation (3) is consistent with the result given by Lee and Yang.
We cannot simply multiply equation (3) above by J l! to 

count the number of arrangements in (3 sequence for these dia­
grams. This is because of the restriction on arrangements of 
the links in (3 sequence for the case p = 2 discussed earlier. We 
must multiply by Jl ! Jr where ^ is a factor smaller than unity 
and is given by

(3)

* = (I - 2) (4)JL
That f should have the form given by equation (4) is shown 

by the following. There are available positions in 0 space 
for the JL links in each of the next-to-lowest order diagrams with



|A- = 2. Suppose we place one of the repeated links in the lowest 
(first) position in ^ sequence. Since the other repeated link 
cannot occupy the position immediately adjacent to the first posi­
tion, there are Jl - 2 positions where it may be located. In each 
of these Jl - 2  arrangements of the repeated links the other JL - 2 
different links can be arranged in (JL - 2 )! ways. Thus there are 
d - 2 ) [x- 2  ̂! arrangements in 0  sequence in which the 
lowest ̂  position is occupied by one of the repeated links.

If one of the repeated links is placed in the second or next 
to the bottom @ position, these are (Jl - 3) positions in which 
the other repeated link may be placed. (The bottom and the 
third ^ position are not allowed.) Again for each of these 
a  -3) arrangements of the repeated links the other U -  2 ) 
different links may be arranged in (Jl- 2 ) ! ways. This counts 
all arrangements in ^ space in which the second position in 0  

space is occupied by one of the repeated links.
If we decide to place one of the repeated links in the 

third @  position, there are Jl - 4 positions open to the other 
repeated link. (Although position one is not adjacent to 
position three and thus is available we have already counted all 
arrangements in which one of the repeated links is found in 
position one.) Again the other JL - 2  different links can be 
arranged in (JL- 2 ) ! ways in each of the jt - 4 arrangements of 
the repeated links.

Continuation of this process shows that in general the 
number of arrangements in 0  sequence for the Jl links two of
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which link the same two particles is given by 

C(X- 2) + U -  3) + ... + l] (X- 2)1

JL -2
= (JL- 2)1 51 n = (I- 7-1(4 -_2),_ (j£- 2)! (5)

n=l 2
Then the total number of diagrams of X  points with X  links in
which one link is repeated ( = 2) is given by

X 2(JL- i)-(l-~ 1)<A~2\.(X- 2)\

Jt-2
= 1---(/ -J-Ljgl^-2)/jt]<5L

As noted above this is consistent with Lee and Yang’s division 
by two to correct for the repeated link. We find here that 
multiplication by

gives the correct count for these next-to-lowest order diagrams 
with j*- = 2. The factor ■f mentioned above is then given by

f = JL- 2
JL

We have found that the mniber of next-to-lowest order dia­
grams is given by

X 2c X\ +  JL (JL - l) X  - 2

(6)

(7)

(8)

(9)



Chapter IV 
Application of the Binary Kernel Method 

to a Classical Gas with Hard-Sphere Interaction

The binary kernel technique of Lee and Yang is now adapted 
to a classical gas of hard spheres. It is used to calculate 
the fugacity coefficients (Mayer cluster integrals) b 3  and b^ 
from which the third and fourth virial coefficients for hard 
spheres may be obtained. It is found that the fugacity coeffi­
cients b^ so obtained lead to the knownvirial coefficients only 
if the number of binary kernels acting is allowed to become in­
finite, and a surrmation is carried out over a1 1  resulting dia­
grams which then contribute. Sunning over all diagrams arising
when only some finite number of binary kernels act is unsatisfac- 

qtory. 7

The form of the Ursell cluster function U2((?) is given by 
Lee and Yang for a quantum mechanical system as the operator

U2 C? ) 1

- Q H0 +(3 (It 2/2m) V 2 + 1  (ti 2 /2m) V }
U2(?> = e - e

where ^

H2  = “ J  (^ 2 /2m)V. 2  + V(f1 -f2)

V(r^ - r2) = potential of interaction for molecules 1  and 2  

t» = (h/2TT )
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In the classical application this form is replaced by its classical 
analogue,

P 1  P 2

H2  = ^  (pi2 /2m) + V(rx - r,,) (2)

Introducing the relative coordinate r 2̂ >

r 1 2  |rl ' r 2

6 [  (~ ™ @ i2 + h zX 1 ^ U2 (g) = (1 /h6) J ̂ e [e - y  dPidP:
P p 

1  2

dpl<% )2

(3)

<4> 
where

A  o_ 1/2%  = (hZ£ /2 trm) (5 )

as diseased by Lee and Yangl U2(@) is required by definition to 
be zero when0  = 0 . The form in equation (4) above does not satisfy 
this so a step function A  (Q )
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must be added:

u2 (g> - (1 , 4 - ^  + V )f-ev(ri2 > . 2J  ^ +

A(g)(l/hb)

(6)
where

A(£) = 1  for £ £ 0

A (g) * O  for @  > 0  

The operator ) is related to the binary operator in quantum
(7)

mechanics as follows:'

B(g; 1,2) = ̂ U 2 (g) + (X2l2m)(V* + V 2 2 )U2 (g)

This gives for B(g ;1,2) for a system obeying classical mechanics:
(8)

6 (  f  -C$/2m)(pi2 + p^)r
B(g; i,j) = (1/h6) J y  e ^ J [ ^ fij(̂ >

Pi P2

+

(9)
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where the Mayer function f (^) is defined by

V(r..)
V f }= <e 1J - d

In all applications of the binary kernel we shall leave the inte­
grations over momenta (which are trival in the classical case) 
until last and apply B(^ ;i,j) in the form

B(

(10)
it being understood that integrations over the momenta will be 
performed as the last step.

For a hard-sphere potential of diameter (S' ,

V(r..) =*> , 0 < r.. < riJ iJ

V (r̂j) = 0 , rij > r
(11)

the binary kernel becomes

-(g/2m)(p. 2  + p 2)
B(£;i,j)=e 1  1 £ij(g)S(e>

(12)
because

f..(£) = 0 (13)
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for the hard-sphere interaction.

The JL ̂  fugacity coefficient bfc is given by Lee and Yang as

h£- (A* !) 1 J. . . j ^ d ^ .  . .dr̂  (14)

where

A  = volume open to the JL particles (14a)

as we have seen, the Ujj are related to the binary kernel through 
the use of diagrams. For U2  we have

U (?) = d C M g - g '  ;l)w(?-g';2)B(g' ;1,2)
Jo (15)

The w(Q ; i) functions are defined by Lee and Yang aŝ  

g(1 \2 /2m) V 2
w(f = e (16)

and have the classical form

w
(p.2 /2m)

(? ;i) = e 1  (17)

Using equations (12), (15) and (17) in equation (14) gives for b2

f-(^/2m)(p12 + ̂ 22)
b2  = ( 2 w)

t

X J  dg'

(18)
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To obtain b f r o m  we integrate over the coordinates first. 
This followed by the integration over which gives a factor 
unity, and the momenta integrations gives

b = - b 
2  o

with
b = (2TTO/3 /3)

25

(19)

This leads to the known result for the second virial coefficient 
B2  for hard spheres since b^ = and

B2  = -N^Cbj) " 2 (20)

For the square-well interaction

V(r ) = cO 0  cr..^ f

V(rij) = " £ ° <rij < Sr

V(r..) = 0 ij
the binary kernel is

r.. > g <T (21)

-(£/2m)(p2  + p.2)r 
B(g;i,j)=e [ 4 fij(̂ )

(22)
Using this in equations (14), (15) and integrating over coordi­
nates first, followed by the Q  integration and doing the momenta 
integrals as the final step gives b2  for the square-well interac-
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which gives the well-known form for the second virial coeffi­
cient for the square-well interaction.

To calculate bg for hard spheres we must consider the dia-

Figure 6 . We generate the next-to-lcwest order diagrams by 
adding an additional binary kernel to each of the lowest order 
diagrams. Because two binary kernels cannot operate between 
the same two particles in succession, the topmost link in each 
of the six diagrams cannot be repeated as the added binary kernel. 
Therefore, in the Ug case for each lowest order diagram, there 
are only two choices for the added binary kernel, since among 
the three particles there is a total of three links. This means 
we can add the third link to each of the lowest order diagrams 
in two ways giving 12 next-to-lowest order diagrams. The same 
considerations give 24 diagrams of Ug containing 4 kernels, 48 
diagrams containing 5 kernels, etc.

The six lowest order diagrams of Ug are all of the same 
topological type meaning they give the same integral over coordi­
nates. A typical one of these has the form'*'

grams of U . The six lowest order diagrams for Uo are shown in 3 ^

S' d£"w( (? - l)w(g - g'; 2)

X w ( g  - (3'; 3)B(g' - g " ;  2,3)B(g"; l,2)w(g
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(In this notation Ug' indicates a single specific diagram of Ug, and 
by indicates the integral contribution of such a diagram to bg.)
Using equation (12) for the binary kernel, we have

-(^/2m)(p 2  + p 2  + p 2)/^
uy = e 1  2  J j d(3-J d^"f23(^ 1 - i ")

(25)
The Mayer functions satisfy the following

f..«3) = - 1  0 <r.. < or
ij ^ iJ

fij< £ ) = 0  rij>ir <26)
The integration over coordinates in equation (25), including the 
factor (<fl»)~l as in equation (14), followed by integration over 
(3 ' and { 9 1' and the momenta integrations, results in a contri­

bution to 3 !b̂  of

A-9 9
3 !by = %  (4b0  ) (27)

The next-to-lowest order diagrams consist of two topological types 
as shown in Figure 7. The type Ig diagram has the form

= e-c e/20.) (px2 + p22 + p32)y ̂  .y a€ ■ ’/fe •' ■ X
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X f  eg* - g ” ) S ( t  - $")f23($ "  -

(28)
Because of the nature of the Mayer functions, the diagrams of 
topological type I2  give the same numerical contribution to bg 
as the diagram of equation (24), but the additional binary 
kernel changes the sign of this contribution. The diagram of 
type I3  has the form

Addition of another binary kernel to this diagram gives a fourth- 
order diagram with identical numerical contribution but differing 
in sign.

( 0  / 2 m )  ( p j 2  +  p 2 2  +  p 3 2 )

X fi3(?’ - ?">$(£' - e,,)f23<£" " £

(29)
and gives a contribution to 3!b of

(30)



29
Hie Ug diagrams consist of the two topological types l£ and 

Ig. The absolute values of the integral contributions of these 
are X -̂ (4bQ2) and X  ~9(15b02/8) ; respectively. The sign 
of the contribution of a diagram is given by the factor (-l)n, 
where n is the number of binary kernels in the diagram.

We find that bg can be expressed as

3! b = 6  I2  - ( 6 I2  + 6  Ig) +

+ 6  I2  + (24 - 6 ) I3  - . . .

where Ig and Ig are given by
-9 o 

I2  = X  (4bp

a" 9  2I3 = X  (15bQZ/8)

After some algebra equation (31) becomes
©«»

3! L = ( 6 I, - 6  Ip) 21 (-l)n + 6  Ig 2 (-2)n
J J n= 0  n= 0

Using the analytical continuation of

^  (-x)n
n= 0

along the positive real axis not enclosing the singularity on the
negative real axis at x = -1 , 

oO
(-x)n = ( 1 + x) " 1

n= 0

and
b3  = (l/3!)(3 I2  - Ig) = %  (27bQ2/16)

(31)

(32)

(33)

(34)

(34a)

(35)



which leads to the known result for the third virial coefficient 
for hard spheres.

We recall that there is a one-to-one correspondence between 
the lowest order diagrams for bj£ and "tree skeletons", and that 
the number of these tree skeletons is given by^

J -2 0
I  ( £ - 1 ) 1

The 96 lowest order diagrams for b^ consist of 72 tree 
skeletons of type (a) and 24 of type (b) shown in Figure 8 . We 
will generate the higher order diagrams of which come from 
these connected lowest order diagrams by adding binary kernels 
to them. The sign of a contribution of a diagram is obtained 
as in the bg case. In this four particle case, a new link may 
be added to a diagram in five ways, the topmost link being 
ruled out as before. The transformation properties of the various 
diagrams in the four particle case are shewn in Figure 8 .

We use the transformation properties of the various 
diagrams to sum up the contributions of the different topolo­
gical types to b̂ . We first sum the contribution of the dia­
grams of type (a). (The lewer case letters in parentheses here 
refer to the diagrams in Figure 8 .) Using the transformation pro­
perties for type (a) we have for type (a) diagrams as more binary 
kernels are added!
3 kernels 4 kernels 5 kernels
-72(1) type (a) +72(2) type (a) -72(2)2 type(a)
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6  kernels 
+72(2)3 type (a)

so that the total muiber of type (a) diagrams contributing after 
an in. finite nuniber of binary kernels are added is given by

-72 [l + (-2) + (-2) 2  + (-2) 3  + . . . + ]  (3 7 )

— 72 ^  (-2)n = -24 II (38)
This means -24 type (a) diagrams is the net number of this type 
coming from the connected lowest order diagrams containing ( 1 ) 
binary kernels. The 24 type (b) diagrams transform into them­
selves in the same way as do the type (a). Therefore, we may 
sum up the type (b) diagrams in the same manner to give - 8  type 
(b) diagrams coming from connected lowest order diagrams of Û .

In order to sum the type (c) diagrams we note that they are 
produced at four binary kernels from type (a) diagrams according 
to the transformation properties given in Figure 8 . We obtain 
two of the type (c) diagrams from each type (a) diagram, and 
then these two type (c) diagrams transform to give three type (c) 
diagrams. We have summed the type (a) diagrams according to 
equations (37) and (38). Therefore, for type (c) diagrams 
coming from type (a) diagrams present at three binary kernels 
in we have:
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4 kernels 
+(2)72(1)

5 kernels
-(2)72(2) 
-(3) (2)72(1)

6  kernels
+(2)72(2)2 
+(3)(2)72(2) 
+(3) (2)72(1)

7 kernels ••.
(-2)72(2)3 
(-3)(2)72(2)
-(3)1(2)72(2)
-(3) (2)72(1)
This may be written

(2)72 £+1 + (-1) [2 + 3] + [(2)2  + (3) (2) + (3)2] +

+ (-1) f(2) 3  + (3) (2) 2  + (3)2 (2) + (3)3] + ... }
r 00

= (2)72] ̂  (-l)n [x11 + xn_1y + xn-2y2  + ... + x V 1" 2

*yn 1 + yn 3 }

* n= 0

where
x = 2  

y = 3
Then the sum for type (c) diagrams can be written

•v
2(72)f r

lnl=°
(-x)nl

n2=°
(-y)n2 = 12 171

(39)

(40)

(41)

(42)



which is the net number of type (c) diagrams caning from type (a) 
at three kernels in Û .

Consideration of the transformation properties of the 24 type 
(b) diagrams present at three kernels leads to a similar sum for the 
type (c) diagrams coming from these 24 type (b) diagrams. We have 
for type (c) caning from these type (b) ’

which is the net lumber of type (c) diagrams coming from the type 
(b) diagrams present at three kernels in Û .

To get the nnriber of type (d) diagrams arising frcm the 
connected Hi a grams entering at three kernels in we see fron 
Figure 8  that each type (a) diagram gives one type (d) diagram 
and that this type (d) transforms to give three type (d) diagrams. 
Recalling the sun on type (a) given in equation (38), we have for 
type (d) diagrams caning from this source:

4 kernels 5 kernels 6  kernels 7 kernels

(3) (24) j 1 + (-1)

(-1) [(2) 3  + (2)2 (3) 2  + (2)(3) 2  + (3)3] + ... +

= (3) (24) FI

+72(1) -72(2) +72(2)2 -72(2)3
-72(3) +72(2)(3)

+ 7 7  < ^ 2+72(3)
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which may be written

72
L n=0

(-l)n£ x11 + x^V + x11 ̂ y2 + • • • + x2̂ 1-3 + 
+ x̂1"1 + y1] }

(44)

= 12 Z Z  (-x)nl 2- (-y) n 2  = 6  P (45)n-j=0 ^2=0
where

x = 2

y = 3 (46)
Thus equation (45) gives the net number of type (d) diagrams coming 
from the connected lowest order diagrams present at 3 kernels in Û .

We now sum the type (e) diagrams coming from the lowest order 
connected diagrams entering at three kernels. The type (e) dia­
grams are generated from type (d) according to the transformation 
property shown in Figure 8 . Each type (d) diagram gives two 
type (e) diagrams which in turn transform to give four type (e) 
diagrams. Recalling our work leading to equation (45) we wrote 
the type (d) diagrams as follows:

4 kernels 5 kernels 6  kernels

7 kernels
72 {(-1) [(2) 3  + (2) 2  (3) + (2) (3) 2  + (3)3. 



8 kernels

72 [[(2) 4  + (2)3 (3) + (2)2 (3) 2  + (2)(3) 3  + (3) 4

Then using the transformation property of type (d) and the trans­
formation property of type (e) we have for the type (e) diagrams:

5 kernels 6  kernels
-72 {l} (2) -72 {(-1) [2 + 3]} (2)

+72 {l} (2)(4)

7 kernels
-72 {[(2)2 + (2) (3) + (3)2 3^(2)
+72 {(-1) [2 + 3] 1(2) (4)
-72 {l} (2)(4) 2

8  kernels
-72 [(-1) [(2) 3  + (2)2 (3) + (2) (3) 2  + (3)3J \ (2)
+72 ( C(2) 2  + (2) (3) + (3)2J 1 (2) (4)
-72 [(-1) [2 + 3]1 (2)(4) 2  

+72 {l^ (2)(4) 3

which may be written

-72(2) [l + [(-1) (2 + 3) + (-4)] + [(2) 2  + (2) (3) +
+ (3)2 + (2 + 3)(4) + (4)2]+ Q-l) C(2)3 + (2)2(3) + 

+ (2) (3)2 + (3)33+ C(2)2 + (2) (3) + <3)2J (-4) +
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” lo <-4)" (<-2) <?2> So <‘1>n (x“ + 3^'V + ... + + yn]j36
= (12/5) 121 (48)

where
x = 2

y = 3 (49)
which is the nuriber of type (e) diagrams coming from the type (d) 
diagrams present at four kernels.

The type (e) diagrams also arise from type (c) diagrams.
Each type (c) diagram transform/to give two type (e) diagrams 
each of which then gives four type (e) diagrams as more kernels 
are added. We sumned the type (c) diagrams in equations (40) to 
(43). By considerations very similar to our treatment above for 
type (e) diagrams coming from type (d) diagrams we get the 
following sum for the type (e) diagrams coming front type (c) dia­
grams:

K  (-4)m [ -2 f(2)72 Z. (-l)n [xn + xn_1y + ... -by" ' 1  + y"J
m= 0  n= 0

+

+ 3(24) 27 (-l)n fx11 + x11 ŷ + ... + xy11-̂  + y 
n= 0

•3}
(50)

= ^  (-4)m [(-2) [l2 + 6 ] ) = (-36/5) 0
m=0 ° (51)

which is the number of type (e) diagrams caning from the connected
type (c) diagrams entering at 4 kernels.

Combining equations (48) and (51) gives type (e) dia-5
grams for the net number of type (e) coming from connected lowest



order diagrams in Û .
Type (f) diagrams come only from the type (e) diagrams. Each 

type (e) gives one type (f) and each of these type (f) diagrams goes 
on to give five additional type (f) diagrams as more binary kernels 
are added. By consideration of the nunbers of type (e) diagrams in 
each order and the transformation properties of these to give the 
type (f) diagrams but omitting the enumeration of the type (f) 
diagrams contributing as each new binary kernel is added, we have

Zl ("5)m f (1) (12/5) + (1) (36/5)1 = (8/5) S  
m= 0

which is the net number of type (f) diagrams caning from the lowest 
order connected diagrams of Û .

Thus far we have considered only those diagrams of which 
cone from the connected diagrams present at three kernels. There 
are other diagrams which contribute to Û . These are taken into 
account by considering certain types of disconnected diagrams which 
become connected upon the addition of more binary kernels. We 
note that no such diagrams occur in the case of b^ because all 
diagrams containing two binary kernels are connected in the case 
of three particles.

At three binary kernels in there are 24 disconnected dia­
grams of the type (g) which transform as another binary kernel is 
added to give 72 type (n) and 48 type (m) diagrams. When this 
topological type was sunned from connected diagrams, the diagrams



of type (n) were not included. These type (n) diagrams correspond 
to the Lee-Yang diagram of Figure 9 (a). These type (n) diagrams 
occur in as follows:

4 kernels 5 kernels 6  kernels
3(24) -(2)13)24 (2)2(3)24

-(3) 24 (2)(3)24
(3)̂ 24

This can be written as the sum

3(24) ZT (-l)n f xn + xn_1y + ... + xyn - 1  + y11] ' 6  ^  
n= 0

which is the net number of type (n) diagrams arising from the 24 
type (g) disconnected diagrams at three binary kernels.

At two binary kernels there are 24 type (h) diagrams which 
transform to give 24 type (p), 48 type (q), 24 type (r), and 
24 type (s) diagrams. We included these types (q) and (r) when 
we counted the lowest order diagrams and included the type (s) 
as the type (g) considered above. We have not yet dealt with 
the 24 type (p) diagrams and must count all connected diagrams 
arising from adding binary kernels to than.

The 24 type (p) diagrams give rise to type (t) diagrams 
which we must count. The type (t) diagrams correspond to the 
diagram of Figure 9 (b). These enter as follows:



4 kernels 5 kernels 6  kernels
39

(2)24 -(2)24 +(2)24
-(2)224 +(2)224

+(2)324

and this may be expressed as the sun:

(2) (24) {l + (-1) [l + 2] + [l + (2) (1) + (2)2J + ... }

C*£>

= (2) (24) (-l)n Cx11 + x?1--̂- + ...+ xy11  ̂+ y°J
n=0 (54)

xf=1 ; y=2

=(2) (24) Z T  (-x)ni 2 1  (-y)n2 = 8 i**!
n-|=0 n2=0 (55)

which is the nuufoer of type (t) diagrams coming from..-the discon­
nected (p) ones present at two kernels in U .̂

The type (p) diagrams also give rise to 24 type (u) diagrams 
which must be counted. Using the same analysis as for the type (t) 
diagrams we find four type (u) diagrams as the net contribution from 
disconnected diagrams.

The type (m) diagrams give a net contribution of -3 diagrams 
like type (n) when they are summed up.

Also present at two kernels are six type (i) diagrams which 
transform to give types (v) and (w). We have dealt with type (w) 
but (v) diagrams give rise to type (x) which have not been treated 
yet. These type (x) diagrams correspond to the diagram of Figure 3(c) .



The (x) diagrams from this source can be suntned up to give a net con­
tribution of +4 type (x) diagrams to Û .

The types (t), (u), and (x) which we have considered also trans­
form to give diagrams like type (n). Without giving the details 
which are familiar from the treatment of these types which come from 
the connected diagrams, the type (n) diagrams coming from types (t) 
and (x) can be surrmed to give -6 , and those coming from type (u) can 
be summed to give -3. This means we have a total of - 6  diagrams of 
typological type (n) coming from disconnected diagrams.

Using this sunmation technique we find the number of type (d), 
(e), and (f) diagrams coming from disconnected diagrams. The results 
are tabulated in Table I. The values of the integral contributions 
of the six topological types of diagram contributing to b^ have 
been determined. 1 0  

The result for b^ is
b4  = (v 1 2 / 4 o [-1 2 n  -4k: + 12 71 + 3 □  +

- 6 0 + 1

-12  ̂b, =-X (3.5539832 b )4 o
which leads to the correct result for the fourth virial coefficient 
for classical hard spheres.

The analysis of bg and b^ using the classical application of 
the Lee-Yang binary kernel technique is very cunberscme because of 
the necessity of sunning the diagrams of all orders in the binary 
kernel to obtain the well-known classical results. Clearly this 
classical adaptation is not useful unless a convenient expansion



of the binary kernel (as was done by Lee and Yang-^ in treating the 
quantum mechanical system) can be found. Some further work corro­
borating this analysis has been published^ since the appearance of 
reference 9. The use of an expansion for the binary kernel per­
mitted a consideration of diagrams of order X  ~ 1  ^  only for 
each bjg in the limit of very low temperatures for the quantum 
mechanical system. Attempts to find an analogous expansion for use 
in classical applications were unsuccessful.



Chapter V

The Binary Kernel Expansion in the 
Classical Limit: the work of Pais

and Uhlenbeck

3Pais and Uhlenbeck have studied the Lee-Yang binary kernel 
method and examined its relation to the Mayer expansion for classi­
cal systems. They show how the Lee-Yang quantum mechanical dia­
grams may be obtained by in their words "a process of blowing up" 
the Mayer graphs of classical theory by working backwards from the 
initial assumption that the Lee-Yang result is identical to the 
Mayer expansion in the classical limit. In Chapter IV we explicitly 
demonstrated this identity for the lowest values (£=2, 3, 4) 
of the hard sphere potential. Their method is to consider each 
graph drawn for the classical system to be related to a sun over a 
class of Lee-Yang diagrams given for the quantum mechanical system. 
The first step in this development by Pais and Uhlenbeck is to draw 
the Mayer classical graphs for a given number of particles JL .
Next, lines are drawn upward frcm the vertices of these graphs per­
pendicular to the plane/of the graphs. These vertical lines form 
vertical planes between the vertices of the classical graphs. The 
quantum graphs are now obtained by "blowing up" the classical graphs. 
Blocks (represented by shaded areas) are placed in the vertical 
planes starting at the bottom. Each successive block must touch the 
top of the preceeding one as the blocks are added. A graph with at 
least one block in each vertical plane is said to be a connected



quantum graph. No two blocks may be placed in succession in the 
same vertical plane. The order in which the blocks are built 1 4) 
is significant. A quantum graph is associated with each classical 
Mayer graph by sunning over all possible number* of blocks which can 
occur. The blocks are closely related to the binary kernel operator. 
Pais and Uhlenbeck associate the k ^  block in the vertical plane 
between particles i and j with the operator

A 2 1  (p 2 /2m) 
k n'=l n

c(@k ; ij) = B(@k; ^  e

where B(^^;ij) is the binary kernel operator defined by Lee and 
Yang

-Q, ( Pi2  + J & Q +  y..) 
B($k; ij) = -Vy e k 2m 2 m ij

where V̂ j is the potential energy of interaction of molecules i and 
j. The prime on the sumnation sign in the definition equation (1) 
means that n' £  i,j. The C(^k;ij) operators occurring at the 
bottom of the quantum graph occur to the right of those represent­
ing blocks located higher up in the diagram when the operator for 
the diagram is written down. In the formulation of Pais and 
Uhlenbeck the operator
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* c<?n; W « f n-r VlJn-1). • .CC^i 1^)

(3)
is associated with the quantum graph of X  points with n blocks.
Here is the kinetic energy of the particles

- E  ^  (4)

The domain of the (? integration is restricted by the condition

A

U  (5)
Pais and Uhlenbeck write the operator associated with each Mayer 
graph G as follows:

„ C  f L  ^ k
x * e  <-> y  ■ -jdfi • • • d^K e

X c ( ^ N; % % )  • • • c(@i> ill]} (6)
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The round surnnation means: (1) summation over all numbers n(i,j)
of blocks between all pairs of particles i, j occurring in the graph 
G from n(i, j) = 1 to«o . The total number of blocks N is N = ^  n(i, j). 
(2 ) for given n(i,j) surnnation over all allowed permutations of the 
blocks. Permutations in which two blocks between the same two part­
icles are immediately adjacent to one another are not allowed. The 
number of connected quantum graphs for given number of blocks n(i,j) 
between the various particles i,j in the graph is calculated by Pais 
and Uhlenbeck. This is the number of permitted arrangements in (3 
space of the links present in the diagram.

It is pointed out by Uhlenbeck and Pais that the case of two 
particles is instructive for comparison between quantum theory and 
classical theory. The quantum graph in the case of two particles 
contains only one block and the quantum mechanical U£ is expressed 
by Pais and Uhlenbeck as

This equation becomes valid for the classical system if the 
kinetic and potential energies are allowed to conmute:

U2 (l,2) = e
(7)

122 (8)



where

ij

iS the Mayer f-jj function.
Pais and Uhlenbeck prove that the binary kernel expansion 

converges to the Mayer expansion for classical systems in the 
classical limit. This is done by first assuming that for a given 

the classical result, equal to a product of Mayer fy functions 
(specified for that ) multiplied by would be obtained in
the classical limit from the quantum mechanical formulation. This 
assumption directly implies a general formula for the number of 
arrangements in (3 space for the links in a Lee-Yang diagram con­
taining a specified mmber of links (binary kernels) operating 
between the pairs of particles in the diagram. The results of this 
formula agree with the lumber of arrangements obtained by direct 
counting in the classical case. This proves the convergence to the 
classical result of the quantum mechanical binary kernel expansion 
in the classical limit.

A simple exanple of this convergence is given by Pais and 
Uhlenbeck as shown in equations (7) and (8 ) above vhere the quantun 
mechanical formulation of U£ involving only one quantum graph conver­
ges to the classical result when the kinetic and potential energies 
are allowed to conmute. For all cases where A > 3 the binary 
kernel expansion for b a is a son of an infinite runfoer of graphs



resulting from the operation of an infinite nurrber of binary kernels.
This complicates the situation for systems of three or more particles.
Pais and Uhlenbeck deal with this general case using the classical 
limit of their quantum mechanical formulation given above as equation (6 ). 
The restriction on the domain of the integration specified in equation 
(5) is replaced in equation (6 ) as follows

UA (G) = TX (1/2*1) j _el! dt gj
N

Cfi - «

0

N

(1 0 )
where the path of the t-integration is from -ieo to -hL°* in the t-plane 
and to the right of all singularities in t of the integrand. This 
replacement allows the limits on the @ -integrations to be from zero 
to . Substituting the definition given in equations (1) and (2) 
of the operator CC^; i,j) gives

oO
-A Tf r +i^  e t c r

Un (G) = e (1/21Ti) \ -S dt ^  ... d£...d£

M Jt o—  z.
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In the classical limit the kinetic and potential energies are 
allowed to commute:

- p x
r-

Uj (G) = e (1/2TU) 

K1
J _i&o

dg N

-0nv%3n
(-V± )e 

N N ("Vi J  )N-l N_!

“^N-lV%-ljN-l
• • • (-Vi . )e

hPl
-&V. .^ 1  illHJl

Performing the integrations over the ^ ' s results in

U o (G) = e
•0 1 .

(1 / 2  tri) \
r+i-»

t
^  —i o o

dt5
V

t + V. . 
xnjn

X V-
1N-1JN-1

0m
V- •

t + V. t + V.
^-l^N-l \ h

- _

(12)

(13)
The pairs of particles in the classical Mayer graph U^ (G)c are 

*1 ^1 ’ ’ ’ Win' round surnnation S means surnnation
over all numbers of blocks n(i-̂ ĵ ), n(i2 j£), . • • , ^i^j^ which can 
occur between the pairs of particles n(î ĵ ) = 1  to «o,..., n(imjm)
= 1 to °o . The total number of blocks N is given by

N = 4—  n(i, j) (14)



also for each n(ij_ĵ ), ... a summation must be made over all
allowed permutations of the blocks. Some permutations are not per­
mitted because two blocks between the same pair of particles cannot 
be immediately adjacent to one another. In the quantum graph the 
order in which the blocks are built up is important. In the 
classical limit this order is not significant because each allowed 
permutation of the blocks contributes the same product of factors 
to U((G)c. Each of these products of binary kernel factors is 
weighted according to the number of allowed permutations for it.
In the method of Pais and Uhlenbeck in the classical limit the 
round summation is replaced by a surnnation over all mnbers of 
blocks occurring n(i-jĵ ), n(i2 j2), ••• . n(imW between the par­
ticles each summand weighted by the weighting factor

tffnUjjj), n(i2 j2), • • Htttnim)] =

X (np n2, . . ., nm)

The absolute value of #(np n2, ... , n^ gives the number of 
allowed arrangements in (? space for n(ipj]) kernels linking 
particles ip j].; n(i2, j2) kernels linking i2, j2, ... nCim.jm) 
kernels linking jm. The function X(npn2, ... x̂ ) will be 
positive or negative in sign depending on the total number of 
binary kernels occurring because each binary kernel or block 
occurs as the factor -V^e for ̂ th block between par­
ticles i and j. This gives for Ug (G)c from equation (13) the
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result

Uj£ (G) T  TL Z L  * ,-e • . . %(&] >1*2 ,...,
n-,=l n9=l n.=l xL I  m

X  (1 /2 -rri)

+1*0 /* At
e1.

>V

m

-xoo
at TT

t x=i

-V.

t + v.

(16)
the definition of Ug (G)c is

m

UX (G)C = e ^  ^  fi,i **• Jl=l

Assuming this should hold in (16) we have
o® c*>

(17)

fi j ' ‘ ' fi j = 7 ̂ nl«n2» • • • '"m)
1 l m m  nl=1 n2 % = 1

X  (1/2*1) r^-°° qt
m

dt

^ -i ©o

Pais and Uhlenbeck use the identity

X = 1

-V.
j A-

t + V.

(18)



TTf.. -flv**
% %  x=i

,+ io o

-i*o
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dt

X [(-i)m + (-i)m_1 Z"— £----  +
% t]_ + xx

+ (-Dm-2 Z" t +...+__t_ _ _ _ _ i
A Y  t-+ + X<u> t + x1  + X2+ ...+ xm J

(19)
in equation (17) to find

( -z m
X(np n2, . . n^ = J dz e TT L (_1) (z) (2 0 )

where (z) is an associated Laguerre polynomial defined by

h f 0  (z) = ^  (-Dk (zk/k!) ̂  1 j 

(21)
Sane examples of results for ri2 , ... , n^ are

& 1 . 1  ,1 ) = - 6  Corresponding to six A  figures at
3 kernels



X < 2 , 2  ,2) =30 Corresponding to the thirty figures
of the 90 integrals at 6  kernels

76(2,1,1) = 6  Corresponding to _L of the figures
3

at 4 kernels (three ways to choose 
pairs for repeated kernel)

These results for ri2 , ... , r̂ ) are thus in agreement with
the number of arrangements in (3 space obtained by direct counting 
from the Lee-Yang diagrams in the classical case. Thus Pais and 
Uhlenbeck have proved that the Lee-Yang binary kernel expansion con­
verges in the classical limit to the Mayer expansion for classical 
systems.
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Chapter VI

Attempts to Obtain Quantun Mechanical 
Corrections to the High Temperature Third 
Virial Coefficient of Hard Spheres Using 

the Binary Kernel Expansion

The third virial coefficient C is related to the fugacity co­
efficients b2  and b2  by

binary kernel expansion to calculate quantum mechanical corrections 
to the third virial coefficient was part of this study. The second 
fugacity coefficient b2  is obtained by integration of U2 over the 
coordinates of the two particles. The binary kernel expansion form 
for b 2  involves only one block (or binary kernel) acting between 
the two particles and therefore is not an infinite sum. To calcu­
late b-j we must "blow up" in the sense of Pais and Uhlenbeck the 
classical Mayer graphs of Figure 10. The binary kernel expansion 
for one of these involving only two lines may be written in the 
classical limit according to Pais and Uhlenbeck^

C = (2N2/ %'6) (2b2 2  - J^3l- )
2  V 3

The possibility of using the Pais -Uhlenbeck formulation^ of the
(1 )

/ -£T
U3  = e J (1 / 2  ITi)

-1O0
e
t

dt



In this notation Ug' refers to the contribution of this one type of 
diagram of Ug to Û . Also

t 3  = (p^/2m) + (p2 2 /2 m) +(p3 2 /2m)

21 =
* 1

Xi + t

z - *2
2

X2  + t
where and X2  are for example and V^g respectively. In 
equation (2 ) n*_ is the number of binary kernels between the i4* 1 

pair of particles and the function ?G(n̂ > ng, n^ without 
sign gives the number of arrangements of the kernels such that 
kernels between the same two particles are not nearest neigh­
bors. Since the are taken as positive n2,    r̂ )

ni + ng + ...
will have the sign (-1 ) because in the
classical limit each ^ integration produces a factor

-Xj 
Xi + t

The function A>(n̂ , n̂ , ..., nffi) has been calculated by Pais and 
Uhlenbeck2
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where the associated Laguerre polynomial is defined by

L (_1 )(s) = 21 (-l)k skn
n-V

n kr=l k!
in-k,

Using equation (7) in equation (2) we have

f+i°° ^t ^
U ' = e (l/2iri) \ — - dt Z —  Z —
3 J t n,=l n=l

o°
X j d s  e Zlnl I^^-^Cs) z ™ 2 I ^ ^ C s )  

o

making use of the property of the associated Laguerre polynomials 
given by

Z  2 “ Ln<-»(S)=[e-S(Z/1 -Z)-l]

(8)

(9)

n=l
(10)

the simulations over the infinite nuiber of kernels acting in (9) can 
be written



3  (1 /2 TT i)

-s (z2/1-z2)
■i

(11)

, -gT3

U = e 3  (1/2 IT i)
£t f 1 2 ^

— dt ------t L 1

- z\~ z2)

-IcO zlz 2
-] (12)

In this same way we may write for the Mayer triangle di agram of

U3:
-^T

U3'' = e 3  (l/2 n i)
( 1 - z,)(l - zj(l - zj( 1 - z ) ( 1  -

U t [  1----
1 - ZlZ2 - Zj!

j -£©•

+
Z3  " ẑ1 z2 z 3

(1 - ZX) (1 - Z9) _S1)(1 - z3) (1 - z7)(l - ẑ )

1  ~zlz 2 1  " zlz3 1  - z2 z 3

+ ( 1 - zx) + ( 1 - z2) + ( 1 - z3) - l"J (1 3 )

If the z^ have the classical limiting forms as given in aquations 
(4) and (5) the complex integration on t in (12) and (13) will re­
sult in the respective classical product of Mayer f^ functions 
for each of these two types of diagrams of U3>



We have attempted to modify the so as to include quantum 
mechanical corrections. The function has the form of the cannon 
factor arising from each independent § ^ integration as was 
pointed out in connection with the expression (6 ). The binary ker­
nel expansion for U2  involves only one block between the two par­
ticles and therefore only one factor is involved. The quantum 
mechanical corrections to the second virial coefficient for the 
case where the symnetry of the wave functions need not be consi­
dered giving the "direct" second virial coefficient
direct have been determined for the system of hard spheres at high 
temperature

B9 = B C fl + ( 3 / 2 1 +  (1/IT ) ( V r ) 2 + 
direct 2

+ a n e ^ ^ ) ( X / < r ) 3 - (1/1051Y2)(X/<r)4 

+ (X/6WTt2{2})(X/<r)5 + . . .

where is the classical second virial coefficient.

B2C = (2TTN(T3/3)

The term in (X/<r) was obtained by Uhlenbeck and Beth.
The term in (X/cr)2 apart from a missing factor of two was ob­
tained by Mohling.̂  The correct term(l/n̂ ( ̂ 7<r )2 was first 
given by Handelsmarm and Keller who also obtained the term in
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( X/ ff )3.15 The term in (% /or )̂  was obtained by Henmer and Mork.^
The last term was obtained by Hill.̂ 7

The second virial coefficient is related to b£ by

-Nb0B2  = ------2
X - 6

(16)
In the development of Pais and Uhlenbeck the case of U2  is in­
structive for comparison between classical theory and quantum 
theory. 3 We have

" K  ( + ^ T 2  - 0 lCT2  + vi2 >
U - . 2  [ d fl e 2  (-V12)e

d

(17)
In the classical limit the kinetic and potential energies ccmnute 
to give

.. c -?t2 .Ur> ^ U0 — e f1 9
2  2  1 2  (18)

The form for U2  containing quantum corrections is



qu “@T2 1/2 3/2
Y ^ e  f1 2 (l + d ^  +dj5f + d 3f +

59

2 5/2
+ d4 e + d  * + • . . )

(19)
The coefficients to are the coefficients of the respective
powers of 0   ̂ ) in the quantum correction terms of B0

\ kT y  *
direct as given in equation (14) such that

d-L = (h/2ir m) (3/2 f? <T) 

d2  = (h2 /2 rrm) (1 /ir & 2)

h3

**3 "
(2 rrm) 3 / 2  \ 16ITT2* o' 3

d4 = (-h4 /2iTm2) (1/105 Tf2 <r4)

(20)

d - h 5  5 - f—  -------- )\ 640 H 2 /2* <r5  /(2 -tTm) 5 / 2

In order to incorporate the quantum mechanical corrections we have 
focused on the single @ integration in equation (17) which gives 
rise to the Mayer f^ function of (18). We write

Uj’P  - e ((-V12)e ? V l 2  (l + ^  + d ^ i  + +

+ d4?x2 + d5?15/2 + ... 4° Vl2 - ilC(i/2)\a1/2
v12 J

„ ^  „ 3/2 l l+ d2  + (3/2)d3  ̂  + 2 d4  ̂  + (5/2)d5 g 1  J J (2 1 )



where the factor enclosed in the brackets on the right side of 
equation (2 1 ) is present because of the lack of comnutability of 
the kinetic and potential energies in the quantum case.

In order to modify the factor arising from each integration 
in the Pais-Uhleribeck formulation of the binary kernel expansion 
we have vised (2 1 ) to write (not including terms beyond d2)

( +i°°
U2  = e (l/2lf i) dt

-(3,(2̂  + t)

- 1 0 0

1 / 2  , . . (e - 1)

60

{1 + dlPl1 / 2  + d2 (2 l + • • • + “
1/2

+ d2 + . . . + ) (22)
where = V^2< After integrating over ^ ̂  we obtain

qu - 6  T0 I
U2  = e 2  (1 /2 TT1 ) \ — ---dt

J -i*>o

+ dn

gt r
i

"t

< w 5 r ^ )  ) (

1 / 2  -ecxj+t)e

+ d

,(xx

- $ (x1  + 1) ^ x1  m o ^ >  \

(Xx + t) 2
I f e - K -  *  .

(23)
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where

$
-x, Pi

e 1 1 = ( l / / x j  )N(lEf3tJ )

° (24)
so that

j m § ?  e * 1*1 d f ! -— 372- > - ( ? 1 / 2  e'̂ J l

(25)
We also write

Then

ECfiflQ1) = N(^Q*) 
ffQ1 (26)

Z 1 " ( i ^ r )  £(xi +c) • h  [ f e r V ) € 1/2 e(sĴ  <xi +^ +

, + t /

*l

1 / 2  - g(Xx + t) 1 / 2

* 1

1/2 .   ’
<3 E (V^oT+l)) - do

- @ E(tf|T) +

^(xx + 1 )( H - ) e +

(Xj_ + t)*) f(xi + ̂  " ( Xx + t ) f(X1 + l) + (-T~) f<^1

(27)



where

f («c) = e - 1

and (-1 ) has been factored out because the sign is to be included 
in n2,

That the containing quantum corrections defined by equation
qu

(27) does give the correction form for U2  is shown by using it in 
the Pais-Uhlenbeck formulation for as follows

- 0 T
U = e ^ 2 (l/2TTi) 

2

r+±0*> 
dt 

-i-o

Performing the integration on the complex variable t results in

qu -ftT -£X. 1 / 2

U2  = -e ^ 2  (e T - l)(dx £ + d 2$ + . . .)

Integrating this over the coordinates and momenta we obtain the
correct form for bo containing the first two quantum correction

b2terms which leads to the correct result for direct' t̂ ie second 
virial coefficient including the first two quantum correction terms.

The general form for the first quantum correction term to all 
virial coefficients fora ̂ -dimensional hard sphere gas at high 
temperature has been given by Banner. 18 General first quantum



corrections to all virial coefficients for three dimensional hard 
sphere systems at high temperatures have also been given by 
Jancovici. -*-9 Jancovici has also found the second quantum correc­
tion to the third virial coefficient for hard spheres at high temper­
atures . 20

Application of the frcm equation (27) in equations (12) and 
(13) which are the summation of the contributions of the two 
topological types of diagram contributing to bg does not lead to 
the correct quantum corrections in b̂ . Therefore use of the Zj_ in 
these equations does not check the results of Hemmer and Jancovici 
for the quantun corrections to the third virial coefficient and our 
formulation of the ẑ  is a sufficient but not necessary form to 
yield quantum corrections when used in the Pais-Uhlenbeck form of 
the binary kernel expansion.



w.
&

f /V 1’ ?' 1 2

W2<g> * + t +
e
i j. 4> 1 I

+

W3(^) -

1 '

e
1 r V l1 2 ’

+

1  2 3 1 2

t i

d ' +

1’ 2’ 3’

+

“I" . . .

1 2  3

Figure 1. Examples of Lee-Yang Diagrams which Represent Operators 
for a One-particle, Two-particle, and Three-particle 
System.
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j' i' j'

+ + +

i j i i i j

i j

Figure 2. Diagramatic Representation of the Binary Kernel.
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Figure 3. Diagrams Representing ̂ ((3 ) and U^C^) in Terms of the 
Binary Kernel.
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lowest order 
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Figure 4. Correspondence Between Lowest Order Diagrams 
Tree Skeletons.

and
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1 5» 3' 4

>'r Xi  r
hi. XX _*
i L X

3 4

2 ' 3'

21 3

Figure 5. Lee-Yang Diagrams and Their Skeletons.
When = 3 the loop is a triangle. When 2 no such 
polygon is found but the single link joining two part­
icles is repeated. For the diagrams above in which p- = 2 
switching of the (3 ̂  with  ̂does not generate a new 
skeleton.
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Figure 6 . The Six Lowest Order Diagrams of Û .
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m

321

Type I2  

Figure 7.
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e
at

The Two Topological Types of Next-to-lowest Order 
Diagrams of Û . The interactions in type I2  involve 
only two of the three possible links, while type 
has all three links involved in its interactions.
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(k) :
Figure 8 . The Transformation Properties of the Binary Kernel Diagrams 

in the Four-particle Case for Hard Spheres. The arrow 
stands for "upon adding another link gives". The cross 
marks in certain diagrams indicate repeated links which 
do not change the absolute value of the integrals.



Figure 9. Diagrams Representative of Those which Come from 
Disconnected Diagrams as a Result of Adding the 
Topmost Binary Kernel.
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Table I

A Summary of the Diagrams Contributing to b^
The number of diagrams coming from the 96 lowest order diagrams 

and from the disconnected diagrams which contain two and three binary 
kernels are given. Column 1 gives the sum on diagrams arising from 
connected lowest order diagrams. Colunm two gives the sum on diagrams 
arising from disconnected diagrams which become connected in higher 
order. Column three gives the total integral contribution multiplied 
by fc+12. bQ = (2TT<r3 /3)

Column 1 Colunn 2 Colunn 3

- s K 44 K -4(2b0)3-24 n 4 - 1 2 n -12(2b0)3
+18 F| -6 V\ 4-12(15b02/8)(2b0)-3n 4-3(272bQ3/105)
-48 □ 4-18 0  

5~
-6(6347b03/3360)

El z L  El5
4-1.2669040b03
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1 1 2

2

Figure 10. The Classical Mayer Graphs for Three Particles.
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