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A b s tr a c t

Novel Results in the Propagation of Intense 
Pulses and Beams in N onlinear M edia

b y

Barry Gross

Adviser: Professor Jam al T. M anassah

T he non linear pa rtia l d iffe re n tia l equations d escrib in g  the 
evolution of intense pulses or beam s in various nonlinear m edia are 
solved by using a com bination o f spectral decom position (F .F .T  or 
m ulti-d im ensional F .F .T ) and adap tive  R unge-K utta  techn iques. In 
short, new results are obtained for:

1. Supercontinuum  G eneration
2. N onlinear Self-Focusing
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3. Pulse Propagation in Resonant M edia
4. Beam Propagation in Resonant M edia
5. Incoherent Signal Propagation
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1.1) I n tr o d u c t io n

The propagation of intense pulses and beams in m aterial m edia 

(not vacuum ) m anifest, during pulse evolution, d ifferent phenom ena 

from those at low intensity . In the low intensity regim e, a spatial 

beam  undergoes diffraction while a tem poral pulse undergoes 

dispersion. In a resonant medium, a low intensity beam will also 

undergo linear absorption (Beer's Law). W hen the field is intense 

enough, the field changes the m aterial index of refraction which then 

m odifies the propagation o f the incident field. This process explains 

such processes as Self-Phase M odulation (Spectral Broadening), Self- 

Focusing (& Self-Defocusing) and M ulti-W ave M ixing. In the resonant 

medium, intense fields cause other nonlinear processes such as gain 

saturation, gain dispersion and coherent transients effects to occur. It 

is our intention to study the propagation of intense (ultrashort) 

pulses and beams in nonlinear media. The m otivation of our study is 

that U ltrashort pulses are im portant in U ltrafast Spectroscopy and 

High Speed Communications.
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1.2) Thesis Outline

In 2.1, the relevant processes unique to intense pulses are 

explained. The classical model describing the Self-Phase M odulation 

effect is presented and an explanation of the supercontinuum  

(spectral broadening) is given. The model is system atically m ade 

more realistic by adding terms (higher order nonlinear processes) to 

the classical description and is used to explain observed anomalies in 

pulse propagation in the fem tosecond regim e. The classical model of 

the self-frequency shift is presented which explains the linear red- 

shift in soliton propagation. The full model is introduced and 

num erically integrated for typical fiber param eters. Section 2.2 deals 

with propagation in the normal dispersion regim e. In 2.3, the model 

is applied to the anom alous dispersion regim e. Q ualitative differences 

in the two regim es are observed and explained.

In 3.1, the propagation of an intense axially symmetric beam in 

a Kerr medium is explored. Known sem i-quantitative approxim ations 

in the aberrationless approxim ation are presented . The results of a 

num erical sim ulation are presented and com pared to the 

approxim ation methods. By solving the relevant equations for 

various input powers, regions in which the approxim ation methods 

give accurate results are given. Further com m ents on their predictive 

pow ers are presented.

In 3.2, the propagation of spatial beams in a Kerr medium  is 

extended to nonsym m etric beams (elliptic gaussian beam s). This 

allows us to study the transition from the 2D (spatial soliton) to the 

3D (self-focusing) regim e by varying the ellipticity. The semi- 

quantitative expressions are extended to the elliptic case and
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presented here. They result in a set of coupled ordinary differential 

equations (O .D .E's) which give qualitative understanding of the 

propagation. In 3.3, a num erical investigation is done by varying 

both the initial intensity and ellipticity. Com parisons to the 

approxim ation m ethods are again explored and new features not 

m anifested in an axially symmetric beam are observed and 

ex p la in e d .

In 4.1, we introduce the form alism  required to describe pulse 

propagation in resonant media. This form alism , which couples the 

Bloch equations and the inhomogeneous M axwell equation allows the 

study of propagation in optically thick m aterials. In 4.2, the 

form alism  is applied to a rigorous study of Erbium  Doped Fiber 

Am plifiers. The full model including active and passive (fiber) 

elem ents is presented and integrated and the results com pared to 

previous m odels which phenem ologically describe the active 

m ed iu m .

In 5.1, the study of a 2D C.W. beam propagating in a resonant 

medium  is undertaken. This model extends the earlier exam ined Kerr 

model. The Bloch equations are suitably m odified and an evolution 

equation developed. The model is shown to reduce to the Kerr model 

under certain achievable conditions. In 5.2, a variational 

approxim ation scheme is used to model the beam in the presence of 

a K err medium  with index saturation which is equivalent to the 

num erical m odel w ithout absorption losses. Beam  param eter 

equations are developed and num erically in tegrated. In 5.3, the 

num erical sim ulations are presented by varying the pulse m edium  

detuning (pulse center frequency - m edium  resonance frequency). It
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is shown that various different propagation regim es are obtained for 

different values of the detuning.

In 5.4, the model is extended to the 3D axially sym m etric case. 

The propagation equation is modified and presented. In 5.5, a 

variational procedure is again im plem ented to give a qualitative 

understanding of the problem . In 5.6, the num erical results are 

presented for a fixed detuning and various input powers.

Catastrophic self-focusing is shown not to occur. Various properties 

of the beam evolution are elucidated and the w aveguiding ability of 

this geom etry dem onstrated.

In 6.1, a study of incoherent signals is initiated and m otivation 

presented. A num erical procedure is presented in detail that allows 

one to study the evolution of the signal coherence time in an optical 

fiber. The model is exhaustive and includes all the relevant nonlinear 

and dispersive processes. The calculation is checked against known 

analytic m odels and conclusions are drawn. W e prove the possibility  

of significant coherence time com pression and point out advantages 

and disadvantages of this com pression scheme.

In 6.2, a study of a quasi-m onochrom atic incoherent 2D signal 

is undertaken. The sim ilarities and differences to the previous 

calculation are discussed and quantitative and qualitative differences 

are observed and explained. Im plications to the tim e dom ain are 

g iven .

In 7, the num erical algorithm s used are explained in detail. 

Since the program s are highly m odular, the subroutines are first 

presented and the driver functions are explained for each problem .

In 8, we summarize our results.
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2.1) Supercontinuum Generation (Historical Perspective)

The ability of an intense field to affect the medium  by changing 

the effective index of refraction which in turn affects the field as it 

propagates in the medium is the central problem  in nonlinear optics. 

In the present context o f supercontinuum  generation, the intense 

pulse is considered planar. In this way, self-focusing effects will not 

effect the supercontinuum  generation. That the self-focusing indeed 

can effect the supercontinuum  is known but is not considered in this 

section. U nder these conditions, the m edium index of refraction is 

n=no + n2l. Noting that the intensity is a function of time, a self­

induced frequency chirp is created. Since the instantaneous 

frequency of the pulse is related to the time derivative of the phase 

(which possesses a nonlinear chirp), instantaneous frequencies which 

them selves are functions of the reduced time are created. This, as 

will be shown, is the standard m echanism  of spectral broadening. In 

the simple model, the broadening depends linearly on the field 

intensity  and propagation distance and is inversely proportional to 

the pulse duration.

The possibility, of an intense pulse being able to self-m odulate 

its phase (frequency) was explored early in the history of nonlinear 

optics H -6]. The first experim ental observation of the spectral 

broadening process was observed f7l in the output of laser pulses 

propagating in liquids. In [gl , the spectral broadening effect was 

m agnified using pico-second pulses giving a spectral bandw idth 

~ ( 10,000 cm -1).

The sim plest model showing the essential features of spectral 

broadening is describable by

5



d  ( j )  _ i z K
J v ~ ~ 2 ~

1*7 I2n?\Eo\  z z t
where E  = E Q (|> , e =  21 u !  , V = -=— t U  = --------- ---,

n$ v g T vg T T

x is the initial pulse width, Vg is the group velocity at the pulse

center frequency, hq is the linear index of refraction, «2 is the Kerr 

nonlinear index of refraction including geom etric factors resulting 

from the transverse averaging of the mode over the fibre cross- 

section, Eft is the amplitude of the electric field of the incom ing 

pulse, K  = (0 q x, and COq is the pulse center frequency.

If (j) = a exp ( i a ) we obtain
2

da _ q  da  _  Kea 2)
d V ~  ’ d V ~  2

which integrates to

a(U,V)  = a(U,  0), a  ( U , V ) = K e ( a ( U ' ° )2) V (2-1.3)
2 a

From these equations and the fact that the instantaneous 

frequency shift defined by -

we see that a nonlinear frequency chirp develops. From the phase 

expression, we have

3(x = KeUV&xp(-U2 ) = (oo0 -  co)x (2-1.4)
BU
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For U>0, the instantaneous frequency is less than the center 

frequency and for U<0, the instantaneous frequency is greater than 

the cen ter frequency.

Therefore, the leading edge of the pulse is red-shifted and the 

trailing edge is blue-shifted. An im portant application I9' 10! of the 

spectral broadening phenom enon is to feed the m odified pulse 

through an external dispersive delay system  which is designed to 

com pensate the self induced phase m odulation. As can be seen using 

spectral analysis [11-13] ? thjs jn turn com presses the pulse duration. 

This scheme along with recent m odification has produced the 

shortest optical pulses to date [14-16]

The superbroadened spectrum  for a gaussian envelope has a 

spectral bandwidth Acox = KeV  and the spectrum  possesses 

frequency m odulations Acomx = 47C> The frequency m odulation is 

explained by noting that there are two values of U (of same sign) 

which give the same instantaneous frequency. These traveling waves 

of the same instantaneous frequency but differing phase will 

com bine constructively or destructively depending on the phase 

delay. This yields t|je m odulation effect observed in the spectrum .

The simple theory works well in describing pulses on the p ico­

second scale, but experim ental results using fem tosecond pulses 

show [I7] that the spectrum is no longer sym m etric but shows an 

asym m etry to the blue (anti-stokes) side. On the other hand, 

experim ental work [181 on soliton propagation shows that the 

spectrum  generates a large red shifted spectral com ponent (stokes). 

Such com plications in the super broadened spectrum  can not be 

explained by the simple S.P.M  theory.
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If we neglect dispersion effects for the m om ent, the observed 

anti-stokes blue shift can be accounted for by correcting in part 

the slowly varying envelope approxim ation (Self Steepening). Using 

an operator technique l2°l , the corrected equation to first order in 

1/K is

d ()) _ i e K  
' d V ~ ~ 2 ~ K d U

o |2 |j> (2 -1 .5 )

which shows that the correction becom es im portant for fem to-second 

pulses. A nalytical solutions for a gaussian (or hyperbolic secant) 

pulse can be found 12U  which show that the self steepening causes an 

asymmetry to the blue. This is a consequence of a delay in the pulse 

am plitude (n2 > 0). The trailing edge sees a more intense field and 

the m aximum blue shift increases and sim ilarly the decrease of the 

field intensity at the leading edge causes the m axim al red shift to 

d e c rea se .

To explain the results of the soliton experim ents i22l, it is first 

observed that the theory until now  assum es that the m edium  

response is instantaneous. In truth, the m edium  response is not 

instantaneous but has a fin ite  response time. W hen the optical pulse 

is in the fem tosecond regim e, the pulse is not much longer than the 

response and the part o f the pulse that excites the m edium  is not the 

part of the pulse which feels the m edium  response. The effective 

nonlinear index of refraction is given as

8



A n ( z , t ) =  J n 2 ( z , t  -  t ' ) \ E ( z , t ' ) \ 2 d t '  (2-1.6)

and the induced phase by

coz
A & ( z , t )  = — j A n ( z , t ) d z  (2 -1 .7 )

c  0

One may expand the kernel in the nonlinear index equation [22]  ̂ ancj 

to first order in the expansion obtain

d (|) _ i e K  
d V ~ ~ 2 ~ w2*-7a77(|* N +ir*it71*12 ( 2 - 1 .8 )

no I Ef) j ci z z t
where £  = £ 0 <j> , e = , y  = - L , V  = ------  , U  = ----------   ,

«0 ? vg 'Z Vg T T

x is the initial pulse width, vg is the group velocity at the pulse 

center frequency, Is ^  linear index of refraction, «2 the Kerr 

nonlinear index of refraction including geom etric factors resulting 

from  the transverse averaging of the mode over the fibre cross- 

section, E q is the am plitude of the electric field of the incom ing 

pulse, K  = COq w 0 is tlie Pulse center frequency, and C\ is the first 

moment in the expansion of the delayed response Kernel of the 

Raman Scattering .

The solution to this equation using multiple scale technique 

[23-25] has been accomplished. The magnitude of the stokes anti- 

stokes asymmetry is lessened in the presence of a finite relaxation 

time. Physically, the finite response time of the medium is due to the

9



nuclear vibrations (Raman Scattering). The field photon excites the 

atom  which undergoes vibration. This vibratory  m ode, quantum  

m echanically, is an optical phonon. Using the concept of energy 

(m omentum ) conservation, the creation of the optical phonon down 

shifts the optical photon frequency leading to a red-shift. To leading 

order the Raman Scattering is m athem atically equivalent to the 

medium possessing a finite response time.

Raman Scattering plays a dom inant role in the propagation of 

optical solitons. The frequency shift due to Raman Scattering limits 

the effectiveness of using solitons as inform ation packets in high 

speed com m unication system s. In a sim ple m odel quantifying the 

self-frequency shift, we assume that self-steepening and higher 

order dispersion are neglected. Then the field intensity  is unchanged 

during pulse propagation but the phase is a com plex function of the 

propagation. The result in this lim it l25i is

For a soliton, the self-frequency shift scales as 1 /t4 since then the 

field is inversely prbportional to the pulse duration . The observation 

of the self-frequency shift in soliton propagation in optical fibers 

confirm s the above approach .

M odelling the Raman process as a sim ple response delay is an 

approxim ation valid if  the pulse spectra is m uch narrow er than the 

Raman linewidth. W hen this is not the case, the response kernel must 

be expanded to all orders l2^]. For fused silica, the Raman line ~1013 

Hz. so that a transform limited pulse of 20 fsecs. would overlap the

(2 -1 .9 )
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Raman transition. Therefore to model the propagation of fem tosecond 

pulses which undergo spectral broadening, the linear approxim ation 

to the Raman susceptibility is inappropriate and a better model of 

the Raman scattering process is required.

Until now, we have neglected m aterial dispersion. In general, 

the inclusion of m aterial dispersion into the supercontinuum  model 

prohibits an analytic solution and one m ust resort to num erical 

sim ulations [27,28] Dispersion effects in the norm al dispersion 

regim e will cause the tem poral profile to broaden and thus lim it the 

extent of the supercontinuum . In the anom alous dispersion regim e, 

the Kerr effect couples with the Group Velocity Dispersion (G.V.D) to 

create solitons which are periodic states valid for special initial 

conditions of the field. These soliton states are derivable from a 

pow erful technique known as the Inverse Scattering Transform  

[29-30] _ in this work, an exhaustive model [31] of the optical fiber is 

developed which includes all the above processes. The equation is 

num erically  integrated yielding inform ation on the spectral and 

tem poral properties. We neglect transverse effects since the 

propagation distance^ are less than the self-focusing distances for 

typical fiber diam eters.



2.2) Supercontinuum Generation (Normal Dispersive 

Regime) Ibl

If we define the Fourier transform  of the envelope as:

1 oo
§ ( n , V )  = F[ t y ( U ,V ) ]  = -1L =  J e x p ( z Q £ / ) < i> ( ^ ) d £ /  then the

' l 2 n -oo

differential equation for (j) is t31l

d V

i 8 K

l^)(t/,V)|2 <t>(£/,V)] 

^ ( £ / , V ) F ^ [ 3Cs (Q)F[|((,(i7>V')|2 '

k=2 k \ T
( 2 -2 . 1)

Here ^
d(dJ co=co0

where k is the wave number. The first and second terms account for 

Kerr and Self-Steepening effects, the third term  corresponds to the 

Raman Scattering an^ the terms in the sum m ation give rise to the 

chrom atic dispersion terms to all orders. W e analyze this equation, 

keeping only the p^2) and P ^  terms of the chrom atic dispersion 

se ries .

To account for the true Raman response, we use the generalized 

Raman Scattering susceptibility  which can be approxim ated in the 

harm onic oscillator m odel t32l for the m olecular vibrations by:

12



„  , r ^ _  X0 ( « f f r s ) ( 2 -2 .2 )
X n ( ^ )  7 ?

where Q /j is the Raman shift norm alized to the pulse width i.e

m olecular vibrational frequency m ultiplied by x. For example, for 

fused silica, £2^=(15.1 THZ)x (2tcx). is the norm alized 

phenom ological line width. Q  = ((O0 -C o ) t .  To match this 

susceptibility to the moments expansion, we T aylor expand it in Q:

. . , q  £2 c 2 Q 2
 ................................  (2 -2 .3 )

then cq and y can be identified as:

r R q  ..  „  Y leO = X 0 7̂ — and — = y = v  —  
0 & R  T 0 n 3c"R

For fused silica, Cq - 0 .2 8 ,  X0 = 0 .2 7 5  and Q  ~ 3 f s .

In Fig. 2-1, we plot the im aginary part of the Raman 

susceptibility and compare it to the linear (first m om ent) model. The 

linear Raman m odel is the tangent to the Lorentzian model at the 

origin and therefore gives good results for narrow  bandwidth pulses.
A

The evolution equation is integrated by com bining F.F .T  and adaptive 

Runge-K utta techniques to advance the solution. The accuracy of the 

num erical m ethod was tested by verifying:

1) The energy invariant was m aintained to 1 per 1,000,000.

2) The solution involving dispersion alone was recreated to 1/1000.

3) The analytic solution [24,25] w ithout dispersion was recovered to 

1/ 1 0 0 0 .

13



R esu lts

1) In fig. 2-2, the spectral distribution of the pulse is calculated 

for different propagation distances for various in itial intensities. The 

pulse spectral distribution is obtained by taking the square of the 

absolute value of the Fourier transform  of the pulse envelope, i.e., 

|(p(£2,F)j . The im portant features in the pulse spectrum  are that:

(i) the spectral extent increases with e V , (ii) for a particular value of 

e V  the spectral extent decreases with a decrease in the value of e , 

(iii) as e V  increases the spectrum  is m ore asym m etric betw een the 

Stokes and Anti-Stokes sides, and (iv) this asym m etry is less 

pronounced as the dispersion effects becom e m ore im portant.

2) In fig. 2-3, the amplitude of the temporal profile of the pulse 

is calculated for d ifferent propagation distances for various 

intensities. The im portant features in the tem poral profiles are:

(i) for a particular value of e V , the tem poral extent decreases with e,

(ii) the asym m etry due to self steepening decreases as e d e c re a se s .

(iii) The pulse undergoes scattering at the self-steepened edge as 

d ispersive effects becom e present.

3) In fig. 2-4,* the ratio of the integrated spectrum  on the 

Stokes side over the total integrated spectrum  as function of e V  fo r

different values of the pulse initial energy is studied. We note 

m odulation of the total energy in each band as a function of e V . This

is due to the linear increase in the num ber of peaks in the spectra as 

the pulse propagates.

4) In figs. 2-2 and 2-3, we also note the m odification to the 

evolution if  the self-steepening term , the { 3 ^  term , or the Lorentzian

1 4



Raman term  were separately om itted from  the d ifferential equation. 

The m odification is more apparent for higher intensity since the 

spectral broadening m anifests itse lf m ost prom inently  at these 

in te n s itie s .

5) The average frequency shift for the spectral distribution, 

defined as:

00 1 
j £ i |$ ( Q ,V ,)| dQ.

Q. — (((Oq -  to) t )  =   is studied.

J | $ ( n , v ) | 2 d£i
—OO

For small e V , and neglecting the self-steepening term , this 

self-frequency shift in the linear Raman model is given by [24-25]:

_ 4
q  ~ — ( y K e V )  i.e. the shift is towards the red. But we note that 

15 '

this shift can be towards the blue for higher energy pulses. In such 

an instance the effects of self-steepening and can dom inate over 

the Raman effect. W e illustrate this last point by plotting, in fig. 2-5, 

the m odification to this shift if the self-steepening term , the (3 ^  

term, or the L orentzian Raman term  were separately om itted from 

the d ifferential equation . Furtherm ore, even in those instances 

where the shift is towards the red (i.e. the lower energy pulses) , 

then it is not linear in the distance of propagation due to 

m odifications in the tem poral am plitude of the pulse.

15



2.3) Supercontinuum Generation (Anomalous Dispersive 

Regime) Ifl

It was shown earlier that the leading part o f the spectrum 

broadened pulse due to K err nonlinearity undergoes a red-shift and 

the trailing edge undergoes blue-shift. In the norm al dispersive 

region, the red-shifted com ponents move with higher group velocity 

than their blue-shifted com ponents leading to pulse spreading. The 

reverse occurs in the anom alous dispersion regim e. Therefore, the 

pulse undergoes tem poral com pression. After a w hile, the pulse 

becomes distorted and a com plicated interplay betw een the Kerr 

effect and the anomalous dispersion effect occurs. For certain well

defined initial sech pulses (i.e. N an integer), the propagation is

periodic. These well defined modes of propagation are known as 

solitons and the analytical theory using the inverse scattering 

transform  gives detailed inform ation on these soliton states.

The theoretical prediction of soliton propagation was first given 

by Hasegawa and Tappert [30T Experim ental verification of soliton 

propagation in optical fibers was first obtained by M ollenaur et al

[331. Soliton propagation as a means of high speed optical

com m unication due to its stable tem poral pulse shape was quickly 

realized 130] However, the self-frequency shift due to Raman 

Scattering lim its the usefulness o f this schem e over long distances 

since the pulse spectrum drifts into another band causing signals to 

o v e rla p .

Furtherm ore, in the anomalous dispersive regim e, the spectrum 

will never shift towards the blue since the pulse undergoes initial 

com pression and the Raman induced frequency shift scales as 1 / t 4

16



for a soliton, the Raman induced frequency shift is stronger and is 

expected to overcom e the blue shifts of the self-steepening effects 

and third order chrom atic dispersion.

The model used to investigate the propagation of intense fem to­

second pulses in the anomalous dispersive regim e is substantially the 

same as the normal dispersive regime. It should be noted that some 

models along our lines appear in the literature but are not exhaustive 

t34l  .In this frame work, soliton units are the natural choice. In these 

un its :

a $ ( Q ,z )  = . N 2
d z

(  o . \1 -  — F 
K

|( |)(f /,F ) |2 <).(f/,z)]

+i N 2f | <(,(C/,z) F - 1[x /; (0)F[|(|>(£/,z)|2 ’

( a 2 s n M
—I + <j>(£2,z ) (2 -3 .1 )

where z = —  = 
z0

P<2)
, 5 =

p(3)

P (2)
, and N 2 =

7CT

P (2)
n2 ^ Q »i.e.

the distance is measured in units of the dispersion length and the 

nonlinear coupling is m easured in the units used for determ ining the 

order of a soliton. Note that we keep only the ( 3 ^  ( < 0 ) a n d ( 3 ^  

terms of the chrom atic dispersion series. The generalized Raman 

Scattering susceptibility  can be approxim ated using the same 

harmonic oscillator model for the m olecular vibrations :

1 7



% d (Q.) = —x— -—t--------------  where Q d  is the Raman shift
R q 2r- q 2 + i r R a

norm alized to the pulse width, i.e the m olecular vibrational 

frequency m ultiplied by x, and T/j is the norm alized phenom ological

line width.

In what follows we consider incom ing pulses with sech shape 

but with energies larger than that of the fundam ental soliton (i.e. 

N>1).

1) In fig. 2-6, the pulse amplitude as a function of the 

com oving norm alized time is studied for different soliton orders and 

propagation distances. The pulse narrows initially , then breaks up 

and a daughter pulse, whose delay increases with the distance of 

propagation, is formed. The delay of this daughter pulse is a result of 

the lower velocity of the Raman generated frequency com ponents 

that form it. We note further that this daughter pulse behaves like a 

fundam ental soliton. The num ber of these daughter-solitons would 

increase with an increase of the incom ing pulse energy (higher N ).

2) To see how each of the physical effects contributes to the
A

signal time profile at the exit planes., we plot, in fig. 2-7, the results 

of the full theory and compare them to the different cases of the full 

theory minus one of the physical effects. It is clear that the Raman 

effect is responsible for the shift to the red, while the self-steepening 

and the P ^ te rm s  pull the soliton to the blue, i.e. they contribute a 

blue shift to the spectral distribution.

3) In fig. 2-8, we compare the results of the full theory to those 

of the N onlinear Schrodinger equation (N.L.S). The cases illustrated

1 8



correspond to the higher order solitons of the N.L.S theory. Our 

algorithm 's predictions for the higher order solitons is accurate to 

better than one part per thousand with the analytical results.

4) We compare, in fig. 2-9, the results of our model to those of 

ref.34 which uses the linear Raman model and twice the self- 

steepening contribution (which is derived from  S.V .E.A .) and note 

that im portant quantitative differences exist. The details of the 

different contributions in the m odel can m ake im portant quantitative 

d iffe ren c e s .

5) The spectral distribution of the pulse after propagation 

through the nonlinear medium is studied in fig. 2-10. The im portant 

features of the spectrum  are (i) the spectral extent increases with 

distance, (ii) as distance increases the spectrum  is m ore asym m etric 

between the Stokes and Anti-Stokes sides, and (iii) the spectral line 

representing the daughter soliton shifts more to the Stokes side as 

the distance increases.

6) To more clearly see the difference of the supercontinuum  in 

the normal and anom alous dispersion region, we plot, in fig. 2-11, 

the spectral distribution for the same param eters except that we 

change the sign of P^2\  We note that the two spectra are 

qualitatively quiet different. The main reason is that in the normal 

GVD regime, the P^2  ̂ term disperses the pulse thus narrow ing the 

spectrum  while in the anom alous regim e this term  com presses the 

pulse initially and later in conjunction with SIRS leads to its 

breakdown thus resulting in a much broader supercontinuum .



7) The average frequency shift of the spectral distribution is 

studied in fig. 2-12, and the results of the full theory compared with 

those of the truncated versions.W e note two regim es in this figure, 

the first where the param eters of the in itial pulse determ ine the 

value of the self-frequency shift, and the second where those of the 

daughter soliton do. The much shorter soliton duration in the second 

region accounts for the appreciable difference in the value of the 

shift since the shift scales as 1/x4. Furtherm ore the higher order 

processes cannot be ignored as the stokes spectral line moves far 

from  the center frequency.
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f i g u r e  C a p t i o n s

Fig. 2-1 The imaginary part of the Raman susceptibility for "glass" 

is plotted as function of the norm alized frequency difference 

[(co0 -  co) t ].

M aterial relaxation time ~ 3 f s .  For x=50 fs., Q.r  = 4 .7 6  , T r  = 4 .8 5 .

(i) the Lorentzian model (ii) the Linear model.

Fig. 2-2 The spectral distribution is plotted as a function of the 

frequency difference m ultiplied by the pulse duration (i.e., the 

norm alized frequency d ifference).

*Pulse Param eters: x=50 fs.. A.0=1 4 m - 

*M aterial param eters: Q r  = 4 .7 6  , T r  = 4 .8 5

= 2 x  10"26 s 2 /m  ; P<3) = 5 x  1 0 "41 s 3/ m . 

[At X q = 6 3 0 nm P (2) = 5 .2  x  10“ 26 s 2/m  ; P (3) = 2 .5  x  10“ 41 s 3/ m .]

a. The m odel incorporates self-steepening, and Raman Scattering but 

not chrom atic dispersion.

b, c, d, e The model incorporates self-steepening, Raman Scattering

b. £ = 0 .7023  x  10-2  or N 2 = 4 0 0 0 . (e V = 1 corresponds to z=1.4 

m m ),

c. £ =  0 .7 0 2 3 X 10 3 or N 2 = 4 0 0 . (e F  = 1 corresponds to z=1.4 cm),

and chrom atic dispersion a n d ( 3 ^  term s).
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d. 8 = 0 .7023  X 10-4  or N 2 = 4 0 . ( e V  = 1 corresponds to z=14 cm) .

e. 8 = 0 .7023  X 10-5  or N 2 = 4 .  ( 8 ^  = 1 corresponds to z=1.4 m) .

[For «2 = 3 x  10-22 (mks) ,  hq = 1 .5  and e = 0 . 7 x l 0 - 5 , the value of
O

= 1 .8 x 1 0  V / m  which corresponds to a maxim um  power flux 

- 1 0 10 W / c m 2 ]

Fig. 2-3 T h e  field am plitude as a function of the reduced time is 

plotted. The labels a,b,c,d and e represent the same field intensities 

as in figure 2-2.

Fig. 2-4 The ratio o f the integrated Stokes spectral intensity over 

the total integrated spectral intensity is plotted as a function of eV . 

The same param eters for the nonlinear m aterial and the pulse as 

those of fig. 2-2 are used. The a,b,c,d,e labeling of the graphs refer to

the same value of e as those in fig.2-2. In each graph the different

curves refer to the follow ing cases:

(i) The full model

(ii) The full model minus the self-steepening term.

(iii) The full model minus the Raman term.

(iv) The full model minus the p(3) te rm .

Fig. 2-5 The norm alized self-frequency shift is plotted as a function 

of eV. The same param eters and labeling as those of fig. 2-4 are used. 

For t= 50  fs., (Cl) = 1 corresponds to a frequency shift of

3.18 x  1012 Hz.
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Fig. 2-6 Evolution of the pulse with initial sech shape propagating in 

the anomalous GVD region.

*Pulse Param eters: t= 180 fs.. A.o=1.55 pm .

*M aterial param eters: Q/? = 17.136 , T r  = 17.46

j3<2) = -  2 x 10"26 s2/m ; P(3) = 10-40 s3/m . 

a) N 2 = 4  ; b) N2=9 ; c) N 2= 16.

The exit planes for cases a,b, and c are respectively z = 4, z = 2 , and 

z =  1.

Fig. 2-7 Signal profile at the exit plane for the same pulse and 

m aterials param eters of fig.2-6. (i) full model; (ii) full model minus 

the p(3) term ; (iii) full model minus the Raman term; (iv) full model 

m inus the self-steepening term , 

a) N 2= 4 ; b) N2=9 ; c) N 2= 16.

Fig. 2-8 Signal profile at the exit plane for the same pulse and 

m aterials param eters of fig.2-6. (i) full model; (ii) H igher order 

solitons of the nonlinear Schrodinger equation, 

a) N 2 = 4  ; b) N2=9 ; c) N2=16.

Fig. 2-9 Signal profile at the exit plane for the same pulse and 

m aterials param eters of fig.2-6. (i) present full model; (ii) model of 

re f .3 4 .

a) N 2 = 4  ; b) N2=9 ; c) N 2= 16.
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Fig. 2-10 The spectral distribution is plotted as a function of the

frequency difference m ultiplied by the pulse duration (i.e., the

norm alized frequency difference) for the same pulse and m aterials 

param eters of fig.2-6. 

a) N 2 = 4  ; b) N2=9 ; c) N 2= 16.

Fig. 2-11 The spectral distribution is plotted as a function of the

norm alized frequency difference at the exit plane, (i) same 

param eters as fig.2-6 (ii) same except that P ^ > 0 .  

a) N 2 = 4  ; b) N2=9 ; c) N 2= 16 .

Fig. 2-12 The norm alized self-frequency shift is plotted as a

function of the norm alized distance. The same param eters and 

labeling as those of fig. 2-7 are used. The self-frequency shift of the 

NLS case is identically zero,

a) N 2 = 4 ; b) N2=9 ; c) N 2= 16 .
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3 . 1 )  N o n l in e a r  Se lf-F ocusing  (A xial S y m m etry )  [gl

The effect of the intensity dependence of the refractive index 

in the formation of supercontinuum generation has been investigated 

in Chapter 2. The effects of the intensity dependence on spatial 

beams constitute another interesting aspect in nonlinear optics. 

Experiments 1351 and theoretical work using aberrationless

approximations [36-371 form our basic qualitative understanding of

the self-focusing effect for axially symmetric beams. For focusing 

medium (n2 >0), there exists a threshold power where the diffractive 

effects are overcome by the Kerr term. Above this threshold power, 

the beam undergoes a catastrophic collapse.

The theoretical analysis t37l relies on the use of a paraxial ray 

approximation which assumes the beam radius is small compared to 

the relevant nonlinear optic effective radius. This approximation has 

found wide application in subsequent work [38,39]. More recent 

analysis of the Nonlinear Shrodinger Equation (N.L.S) using a 

variational approach [40-42] has led to quantitatively different results

from the paraxial approximation. For example, the variational

method predicts a self-focusing power four times the paraxial 

prediction. Numerical models [371 show that the variational prediction 

is more accurate. On the other hand, the variational method 

incorrectly predicts self-phase modulation result in the plane wave 

limit (infinite radius) while the paraxial method gives the proper 

S.P.M. result. This is explained by the variational techniques use of 

averaging over the beam radius, a procedure undefined in the plane 

wave limit [41]. The value of these approximation methods in 

studying self-focusing, induced self-focusing and super-spiking and
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induced super-spike t43*44! phenomenon therefore demands a better 

understanding of the domains of applicability of these 

approxim ations.

Our model of self-focusing in material medium is valid only up 

to the appearance of the self-focus. Past this point, the beam 

becomes singular due to the paraxiality of the wave equation. 

However, if the beam is intense enough, saturation 1451 and 

absorption t46l of the nonlinear index exist. This eliminates the 

singularity o f the field as will be seen later. In another approach, Feit 

and Fleck t47l, using a non-paraxial model propagates the beam past 

the self-focus. This is done by cutting of all plane waves whose angle 

> 90 degrees. This makes the model energy non-conservative and 

thus limits the usefulness of the method. It is to be expected that 

both approaches give qualitatively similar behavior as both give rise 

to absorption effects. Therefore, to make sense of our predictions, we 

propagate up to the focus which in our model is marked by an 

impulsive change in the beam energy as the spectral grid cannot 

support the wide angle modes. Further propagation in the Kerr model 

is meaningless. 4

If we write the field envelope E  — E q \|/, where E q is the field 

amplitude at z -  0  and r  =  0 , the partial differential equation for \|/ is



where the radial distance is normalized to the beam radius, r = r / d Q ,

the longitudinal distance is normalized to the Rayleigh's length,
—  2z = z / k a Q , the nonlinear coupling coefficient,

2 n 1 E ^ k 1 a \  (3 -1 .2 )
p - -------------------------------

*0

ao is the initial beam size, «2 *s Kerr coefficient, k  is the wave- 

number, and hq is the medium linear index of refraction. In the 

paraxial approximation scheme, \|/ is assumed aberrationless, i.e. 

does not change shape, and is parametrized as

V(>*,z) = —7Z7 exp< 
GJ(z)

1 r 2 . p ( z )  r 2 t
+  l  h Z (j)( Z ) (3 -1 .3 )2 032 (z )  2

where G3(z) is the beam normalized size, p ( z )  is the beam

normalized inverse radius of curvature, and (})(z) is the longitudinal 
p h a se .

Applying the ansatz to the Maxwell equation and using the 

paraxial approximation to reduce the nonlinear Kerr term by 

a p p ro x im a t in g

- 2  - 2

e xp( — * ( 1 "  —\ — } (3 -1 .4 )G3 ( z )  03 ( z )

results in the following equations for the beam parameters
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d l m  _  1 - p  

d z 2 G33
(3 -1 .5a)

p ( z )  =
® ' ( z )
GJ(z)

( 3 - 1 .5b)

dz  G5(z) (3 -1 .5c)

These differential equations may be easily integrated yielding i38F

G5(z)= 1 +  ( l  — /?)z
2 l l /2

(3-1 .6a)

P(z)
l + ( l - p ) z- 2 ( 3 - 1 .6b)

i - £ - v:i. arctanf z p )
v 1 - / ?

for 0  < p  < 1

( i —— 
2

1
In 1 + z-N/p - -T > for p > 1

2 ^ p  -  1 1̂ 1 -  z - \ J p - l

( 3 -1 .6c)

From this we see that the regularized phase (longitudinal phase - 

diffractive phase) is given by

<j)(z) =  ~ p z  /  2 (3 -1 .7 )
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which agrees with the S.P.M. result and the beam radius will collapse

? / = V F 7  ( 3 - ' - 8)

for a power p> l. Thus p=l defines the wave guiding power in the 

paraxial approximation scheme.

In the variational formulation of the problem, a Lagrangian 

functional is found in which the first variation set to zero returns the 

N.L.S equation. Then by optimizing (taking the variation of) the 

integrated lagrangian with respect to the beam parameters give the 

equations of motion. The ansatz is again

1
G3(z)

exp<
1 F 2

2 t02 (z )
+  I;P(Z) r ‘ + /<|>(z) (3 -1 .9 )

and the required Lagrangian Functional is

L = r
d\j/
dr

(
-  ir

d\j/* * 9\i/
dz dz - f ' l v l 4 ( 3 - 1 . 10)

and the equations of motion are

5L = 5L _ 5L _ o 
8(0 5p 8cj)

5L a
where —  = —  

8(0 9z

/

dL

I  dz .

dL
d(0

etc.

(3 -1 .1 1 )

(3 -1 .1 2 )

and the integrated (over the cross-section) lagrangian is defined as

5 1



L = J L ds ~  J L rdr (3-1.13)

Going through tedious but straightforward algebra gives the 

following equations for the beam parameters:

,# 2 „  1 - *
d  ___ 4 ( 3 - 1 . 14a)
d z 2 G33

p(z- ) =  _ ^ ( £ )  ( 3 - 1 ,14b)
G5(z)

d$ _  U 8 ;
dz  05 ( z ) 2

( 3 - 1 .14c)

These equations are integrated to give

G5(z) = [ l  + (1 - p ) z 2
1/2

( 3 - 1 .15a)

p ( z )  = z(! ~ P )

1  +  ( 1  ~ p ) z 2 ]
( 3 - 1 . 15b)

arctan(z-/L -  J?) for 0 < p  <  1

=  1 — 1 1 ]n(  i  + Z ' J p - i
2 J y l - z - y j p - l

for p > l
(3 -1 .15c)
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where P = p / 4

From this, we see that the critical power for self-focusing in the 

variational method is four times larger than the value obtained by 

the paraxial approximation method. Also, we see that the regularized 

phase (longitudinal phase - diffractive phase) is given by

(j>(z) = - 3 p z / 8  (3 -1 .1 6 )

which differs from the S.P.M result by 25%.

Numerical Results

An analytic solution to N.L.S equation for the axially symmetric 

beam for arbitrary initial field distribution is not yet known. By 

numerically integrating the equation over a wide range of input 

powers, the true evolution of the amplitude and phase are 

determined. The numerical algorithm used combines 2-D Fast Fourier 

Transform and Runge-Kutta scheme. The use of Cartesian coordinates 

fails to utilize the cylindrical symmetry of the beam. However, the 

flexibility of this formulation allows the study of non cylindrical 

beams which will be undertaken later. The accuracy of this method 

was tested by :

1) Monitoring the pulse energy.

2) Reproducing the free diffraction (p=0) result

3) Reproducing the Self-Phase Modulation solution.

4) The spatial soliton solution was recovered in the limit of a 

2D beam with sech profile.

In fig. 3-1, the on-axis field as a function of propagation distance is 

compared to the semi-analytic methods. In fig. 3-2, the regularized
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phase is plotted as a function of propagation distance and compared 

to the semi-analytic methods. The results may be encapsulated as 

follows:

1) For powers less than the variational self-focusing power, the 

variational method gives excellent quantitative agreement for the 

beam param eters .

2) For small distances of propagation, the variational method 

fails to give quantitative agreement to the on axis beam amplitude 

and phase. In this regime, the paraxial method gives the correct 

asymptotic evolution. This is due to the paraxial method giving the 

correct S.P.M result in the plane wave limit.

3) As the power increases beyond the variational self-focusing 

power, the variational method breaks down and the paraxial method 

gives better quantitative agreement. This is due to the short self- 

focusing distances at these powers and as we have already shown, 

the paraxial method is better in the short distance regime.

4) In the paraxial approximation, there exists a power domain 

0<p<2 in which the regularized phase changes sign as the beam 

propagates. In the variational method, the regularized phase is 

monotonic for any power. If  the paraxial prediction is correct, this 

leads to the possibility of the blue components leading the red in the 

supercontinuum. This would allow for pulse compression without 

phase adjusting external gratings C38i. The numerical results show 

unambiguously that the regularized phase never changes

sign confirming the qualitative results obtained in t41i.

In fig. 3-3, we plot the beam profile and the total phase minus 

the longitudinal (on-axis) phase as a function of the normalized
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the profile is a Gaussian and the phase difference is a parabola. The 

true beam parameters differ significantly from either prediction. The 

dip in the phase difference indicates that the field radius of 

curvature is not constant along the beam wavefront. This change is 

possibly measurable by observing its effect on a weak probe beam 

copropagating with this beam as pump.
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3.2) S e lf-focusing  (E ll ip tic  G a u ss ia n  B eam s) HI

The characteristic features of an intense c.w. beam propagating 

in Kerr medium are qualitatively different depending on the spatial 

dimension. In a 2D space (one longitudinal + one transverse 

dimensions) and for a well defined beam shape and relation between 

the beam amplitude and width spatial solitons are possible [48,49] Q n  

the other hand, in a 3D space (one longitudinal + two transverse 

dimensions) a beam with an intensity larger than a critical value 

self-focuses [35,36] xh e transition from one limit to the other can be 

studied through the analysis of the propagation of a 3D elliptical 

beam for different values of the ellipticity. The propagation of a c.w. 

Gaussian elliptical beam in a nonlinear Kerr material has been 

considered [50-53] jn the aberrationless paraxial approximation. Here, 

the variational method is extended to the axially nonsymmetric case 

and the results of both semi-analytic techniques are compared to 

numerical results using an algorithm that combines the Fast Fourier 

2D transform and Runge-Kutta techniques . This numerical algorithm 

is identical to that of  the axial symmetric case and accuracy was 

ensured by monitoring the energy of the beam. The exact numerical 

results are shown to differ significantly from either approximations. 

Furthermore, we show that in the exact treatment we observe 

qualitative features that are absent in any aberrationless 

approximation scheme. In particular, we find that for a sufficiently 

large ellipticity and intensity a hole (beam splitting) in the beam 

intensity can develop in the center of the beam. This hole manifests
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itself through modulation of the spatial Fourier transform of the 

field.

If we write the field envelope E =  Eq  \j/, where Eq  is the field 

amplitude at z = 0 and (jc,y) =  ( 0 ,0 ) ,  the partial differential equation 

for \|/ is then:

3 2 \j/  3 2 \i/ „ . 9 i i /  , ,2
— j  + - - j - 2 i  —  + p\\\f\ VJ/-0 (3 -2 .1 )
d x A d y z  o z  '

where the transverse components are normalized to the elliptic beam 

short dimension, i.e. ( J , y )  = (;c / a 0 , y  / cIq ), longitudinal distance
_  9

is normalized to the short axis Rayleigh's length, z = z /  k a ^ ,  the 

nonlinear coupling coefficient,

2 n 2 * 2 a 0
P -   --------- (3 -2 .2 )

aQ is the initial elliptic beam short dimension, «2 Is ^  ^ err 

coefficient, k is the wave-number, and uq is the medium linear 

index of refraction. We have normalized the equation so that fixed p 

means fixed initial beam intensity. In either aberrationless 

approximation scheme, an initially elliptic Gaussian beam may be 

parametrized for any z as:

- 2  1 - 2  -  2  n  ( 7 \  v 2  '

\ ) /( jc ,y ,z )  =  A ( z )  exp
1 x 2 1 y 2 . p  ( z )  X 2 . P y ( z ) y

+  1 x  +  1
2 m 2x ( z )  2 m 2y ( z )  2 2

(3 -2 .3 )

where |A (z ) |  is the on-axis amplitude, ( z ) , ! ^  ( z ) j  are the beam 

normalized sizes respectively in the x and y directions, (p* (z),p-y ( z ) )
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are the beam normalized inverse radius of curvature respectively in 

the x and y directions, and a rg [A (z)]  is the longitudinal phase. In the

paraxial approximation scheme, the ansatz is plugged directly into 

the field, envelope equation. Using the paraxial approximation 

explained earlier, the following coupled differential equations are 

obtained [50-53].

d z 2

1 p e

05:
=  0 ( 3 - 2 .4a)

- 2d z

A ( z )  =

L + _p..?L, = o  
3 rJl03'' 03“” 03 v
y  y

®X i Z ) ® V ( z )

1/2

Px,y ~
v d z y

03

rf[arg(A )]

d z
+

x,y

1

2
1

v 03?v x

+
03

y  J

p  8

203^ G3y

( 3 - 2 .4b)

(3 -2 .4c)

( 3 - 2 .4d)

( 3 - 2 .4e)

The initial conditions for the beam parameters are:

A (z  =  0) = 1, 03̂ . (z =  0 )  = 1, 03 ̂  (z = 0 ) =  8 ,  p x (z  =  0 )  = 0 ,  (z  = 0 ) =  0.

These equations can be solved numerically using standard Runge- 

Kutta techniques.
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In analogy with the variational formulation in the cylindrically 

symmetric case, we formulate the equations of motion for the beam 

parameters which are derived from the Euler-Lagrange equations of 

the Lagrangian density:

1
L = ------

2
3\j/* * 3\)/ 1 3 vj/

2
3\i/

2"

V a -  ^  a -a z  d z
+  — 

2 3 J
+

d y
P  k . j4

M  (3 -2 .5 )

and the ordinary differential equations for the different functions 

appearing in the ansatz are then obtained by a variational 

optimization over the reduced Lagrangian:

L  = j j d x d y L  (3 -2 .6 )

which give the following coupled equations for the beam parameters:

3 2G5v

d z- 2
- L +  p £ = o'I 9 v
03.,. 03  ̂ 05^ ( 3 - 2 .7a)

d 2®y  1 p e  

d z 2
3 • + -*$ - 0

G5 y 03 y 03 x ( 3 - 2 .7b)

A ( z )  =
\

Wx (z)U5 ( z )

1/2

(3 -2 .7c)
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P x , y  =

r f d < S x,y V

d  z

m *.:y (3 -2 .7d)

d[arg(A)}
= +

( \
1 1

tt.2 + r t  2
V®x ® y  J

3 p z  
2 05^ G3̂

( 3 - 2 .7e)
d  z

where p  = p  /  4

The coupled equations for the normalized beam radii form an 

Ermakov system 1551. The form of the coupled equations is such that 

the system can be derived from a Hamiltonian function given by

« = I
2 V d  z y v d  z y

1_|----
2

+
v ^ y

p z
03 ̂  03 y

(3 -2 .8 )

which is an integral of the motion. Combining H with the equations of 

motion, the expression for the sum of the squares of the width can be 

obtained for any normalized longitudinal distance

032 + G52 = l + \ - 2  p  
z

z 2 + (l + e 2) (3 -2 .9 )

From this, variational approximation self-focusing is possible for 

p  > 0.5^1 -I- £ -2 j and the focusing distance is
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-2  ( 1 +  £ 2 ) (3 -2 .1 0 )
f  (2 p — 1 — e—2)

The results for the elliptic beam reproduce, in the limit of unit 

ellipticity, the axially symmetric case. Note also that as the ellipticity 

tends to infinity, the wave guiding intensity corresponds to the 2D 

spatial soliton.

Numerical Results

The semi-analytic approximations are compared to an exact 

numerical treatment using the same algorithm as was used in the 

cylindrical beam. In fig. 3-4, the self-focusing distance is plotted as a 

function of the ellipticity for various input intensities. We note:

1) For l<p<4, the propagation as a function of ellipticity will go

4

from a regime of diffractive propagation (i.e. the diffractive effect 

overcomes the Kerr effect) to a self-focusing regime. The self-focusing 

distance reaches a minimum at some ellipticity and increases 

monotonically towards infinity as the ellipticity goes to infinity. 

Detailed results for p=2 are representative of this region.
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2) For p=4, the propagation is always self-focusing and the self- 

focusing distance decreases until it reaches some representative 

ellipticity. Then the self-focusing distance increases monotonically as 

the ellipticity increases. For small ellipticities, the self-focusing 

distance lies between the variational and paraxial approximations. For 

sufficiently high ellipticity, the self-focusing distance is less than 

either theory although the paraxial predictions are quantitatively 

superior. This is in analogy to the cylindrical beam in which the 

paraxial method is better for higher powers. Since the incident power 

increases if the ellipticity of the beam increases, one may expect 

better agreement in the paraxial approximation.

3) For sufficiently high ellipticity and beam intensity, a new 

phenomenon is observed. The beam will undergo pulse splitting in a 

quasi-periodic manner. This is expected as the beam undergoes the 

transition towards a higher order spatial soliton state. In fig. 3-5, the 

pulse splitting is clearly seen as we plot the evolution of the x and y 

transverse profiles. In this regime, application of an aberrationless 

approximation method is doomed to failure as is seen by fig. 3-6

62



where the transverse profiles in the pulse splitting regime are 

compared to the approximate methods. A more complex ansatz which 

inherently allows for pulse splitting seems necessary.

4) In fig 3-7, we plot the spatial Fourier transform of the x and y 

cross-sections. The spatial spectrum is modulated with increasing 

intensity and ellipticity. This is also explained in the transition to a 

higher order soliton state.

5) In fig 3-8, the x and y cross-sections are given just before the 

focus for various intensities and ellipticities. In all cases, the 

geometry of the beam in the region near the self-focusing point 

becomes cylindrical except for pedestal effects. In this case, the wide 

axes collapses to the width of the narrow axis. This result is contrary 

to the predictions of the approximate methods.
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F ig u re s  C a p t io n s  

Fig. 3-1 The field amplitude for r = 0  is plotted as a function of the 

normalized longitudinal distance of propagation, (a) p = l.  (b) p=2. (c) 

P=3. (d) p=4. (e) p=8. (f) p=16 

(i) numerical results (ii) paraxial approximation. (iii) variational 

m e th o d .

The focusing distance in the paraxial approximation zy  is

(«o,l, V2 /  2 ,V3/3,V7 / 7, V II /15)

for respectively p=(l,2 ,3 ,4 ,8 ,16).

Fig. 3-2 The regularized longitudinal phase is plotted as a function 

of the normalized distance of propagation.(a) p = l .  (b) p=2. (c) p=3. 

(d) p=4. (e) p=8. (f) p=16.

(i) numerical results (ii) paraxial approximation. (iii) variational 

m e th o d .

The focusing distance in the paraxial approximation z y  is 

(~ ,  1, V2 / 2, V3 /  3, V7 / 7, Vl5 /15)

for respectively p = (1,2,3,4,8,16).

A

Fig. 3-3a The beam transverse profile is plotted as a function of r 

at z =2.5 for p=4.

Fig. 3-3b  The off-axis total phase minus the on-axis total phase is

plotted as a function of r  at z = 2.5 for p=4.

Fig. 3-4 The focusing distance z y  is plotted as a function of the

ellipticity for different values of p .  a) p = 1/2. b) p = 1 c) p =  2 d) p = 4
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(i) numerical results (ii) paraxial approximation. (iii) variational

m eth o d .

Fig. 3-5a The beam transverse x-profile is plotted as a function of x  

at different z for p=  4 and 8 =  10.

Fig. 3-5b The beam transverse y-profile is plotted as a function of 

y  at different z for p=  4 and 8 =  10.

Fig. 3-6a The beam transverse x-profile is plotted as a function of x  

at z =0.7 for p=  4 and 8 = 10.

Fig. 3-6b The beam transverse y-profile is plotted as a function of

y  at z =0.7 for p - 4 and 8 = 10.

(i) numerical results (ii) paraxial approximation. (iii) variational

m e th o d .

Fig. 3-7a The exact spatial Fourier transform of the beam envelope 

for the case described in fig.3-5.a.

Fig. 3-7b The exact spatial Fourier transform of the beam envelope 

for the case described in fig.3-5.b.

Fig. 3-8 The x (solid line) and y (broken line) cross-sections of the 

field amplitude are plotted for the following parameters right before 

the onset of self-focusing.

a)  p  = 0 .5  8 = 3

b )  p  = 0 .5  e =  6

c) p  = 0 .5  e = 8

d )  p - 1.0 8 = 2

e) p - 1.0 8 =  3

f )  p - 4 .0  e = 2

g) p - 4 .0  e = 3
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4.1) Pulse Propagation in Resonant Medium: Historical 

P e r s p e c t iv e s

The propagation of intense pulses in nonlinear m edia has been 

treated to this point by a phenem ological m odel which includes the 

Kerr and higher order nonlinearities. This m odel is useful when the 

pulse spectrum  is far from  any natural resonances of the medium. 

W hen the medium resonance is near the spectrum  of the pulse, 

resonant effects must be included. In this case, the proper model 

consists of sim ultaneously solving the optical Bloch equations which 

describe the evolution of the density m atrix which describes an 

assem bly of two level system s and the M axwell equation. The 

m acroscopic polarization can then be calculated from the Bloch 

equations and is used as the driving term in the M axwell equation 

describing the evolution of the pulse.

The concept of Bloch equations was used to describe the 

evolution of spin 1/2 system s l5^]. Pulse propagation in a resonant 

two level medium  was shown to be equivalent to the spin 1/2 

system  in the rotating wave approxim ation. The equation of motion 

for the density matrijc follows the Louisville equation t57l

[ / / ,  p] w here H  = H Q + H ml (4 -1 .1 )

In the dipole approxim ation

^ i n t  ~  P ‘ E (4 -1 .2 )

If the two atomic levels are labeled

ll> and 12)
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then the m atrices describing the two-level system  and its interaction 

a re

H 0 =  n
coj 0

0 co2
( 4 -1 .3a)

H mt E{t )
0 d  

d 0
( 4 - 1 .3b)

where d = ( \ \p\2)

Using the Bloch vector symbolism t58l, the coupled nonlinear 

ordinary differential equations for the density m atrix  elem ents are

ip = n 0 p - n  2y 2e * E
i y 2p

ifl = \  (p *e ~ P E * ) + i J l (ni ~ n)

CO0 -CO!
h

where

(4 -1 .4a) 

(4 -1 .4b)

Here, C0 Q is the atom resonance frequency , n is the difference in

population between the ground and excited states , is the initial 

condition for n , 'is  the gyroelectric ratio for the two-level atoms 

system  , where p  = p \  + / / ? 2> the Bloch vector is [p\  , P 2 , n ( y e ^  I 2 )) 

and Yj a n d Y 2 are respectively the longitudinal and transverse decay

rates (i.e. the decay rates associated with the diagonal and off- 

diagonal elem ents of the density m atrix). W e write for E  and p

E = E q§ exp[-/coc t + ik c z ] 

p  = d%e,xp[-i(i>c t + ik c z ]

( 4 -1 .5a) 

( 4 -1 .5b)
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where C0 c is the center frequency of the pulse .In the comoving 
sy s te m

where x is the initial pulse width, and vg is the group velocity, the 
Bloch equations can be written as

where the dim ensionless param eters 0 , A , r i , a n d r 2 are defined as

macroscopic polarization density due to the active atom s is given by 

p p ,  where p is the num ber density of the two-level atoms. If  the

m edium  is considered optically thin, then the transient response of 

the polarization is calculated as if  the excitation pulse is not effected

by the transient response of the system. In this way, a num ber of 

resonant transient phenom enon such as transient nutation, free 

induction decay, photon echoes and transient 4-w ave m ixing are 

studied 1591.

If the sample medium is not optically thin, the excitation field is 

continuously changed owing to the m edium  response and the 

propagation effect can not be ignored. It is this propagation 

phenomenon which adds richness to the study of optical system s as

(4 -1 .6 )

(4 -1 .7a)

( 4 - 1 . 7 b )

0  =  d £ 0 T / f t , A  =  ( ( O 0  - 00^ 1 , 1" ^  =  y  1  t , a n d  T 2 =  Y 2 T -  T h e
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opposed to the m agnetic spin system s studied earlier. The 

propagation effect m ust be included in  studying phenom enon such as 

Self-Induced T ransparency 16°] and Super F lorescence l61i.
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4.2) Pulse Propagation in Resonant Media (Fiber Amplifier)

Recent experimental and theoretical work on the amplification 

of ultrashort pulses in fiber am plifiers shows the necessity of 

including the active m edium  nonlinear gain, saturation, and

perturbative approximations, and from [68-70] jn that no stationary

In order to efficiently amplify ultrashort pulses requires a large gain 

bandwidth which is governed by the transverse relaxation rate in 

the Bloch formalism. An attractive dopant for such purposes is 

erbium  ion. The advantages [71,72] 0f erbium  as a dopant agent is the 

large gain near the 1.5pm wavelength which corresponds to the 

m inimum loss wavelength in fused silica fiber, low noise, wide 

bandw idth (30 n.m .), polarization sensitiv ity  and high saturation 

output pow er.

W e show in detail the contribution of each of the above effects 

to the obtained solutions. Our main conclusion is that a detailed 

quantitative analysis o f the problem  requires the use o f the full 

M axwell-Bloch model.W e show the need of this m odel by contrasting 

the com plete model to a frequently used approxim ation m odel o f the 

gain medium  [73], i n this phenem ological m odel, the gain bandwidth 

and saturation are described

[e]

dispersion [62-65] Our model differs from [66] in that we include the 

effects of p (3), ISRS and SS, from [67] in that we make no adiabatic or

solution is assumed and that we include terms.

( Q2 ^ 
g ( B )  =  g p ( U) -  1 - ^ jI 7iJ (4-2.1)
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and the gain peak saturation is described by

(4-2.2)

w h e r e

Pq = pulse peak power 

E s = medium  saturation energy 

g p = peak gain w ithout saturation

The full coupled model which is used to model the active fiber 

in the spectral domain is accom plished as follows:

the passive fiber to which is added a function representing the 

polarization response of the active m edium , specifically

If we define the Fourier transform of the field envelope as:

then the differential equation for ^  is the differential equation for

Q , V )  + -  | ] f [ | ( ] > ( £ / , 7 ) |2 <t>(C/.V)

F { $ ( C / ,F ) F ^ [ x fi (£J)f [|< |)(£ /,F)|2 ]]}

k=2

(4-2.4)
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where a /  is the coefficient of nonresonant linear absorption in the

1 / 7  | 2
n 2 ^ 0fiber, £ = -------------, uq is the linear index of refraction of the fiber, «2

n0

is the fiber Kerr nonlinear index of refraction including geom etric 

factors resulting from the transverse averaging o f the mode over the 

fibre cross-section, K  = C0c x, C0c is the pulse center frequency, % is

the generalized Raman Scattering susceptib ility  (described m ore fully 

in the m odelling of the passive fiber in the supercontinuum  

generation) for the passive fiber, ( 5 ^  is the derivative  of the 

propagation constant with respect to the angular frequency

P d E a
evaluated at the pulse center frequency , \J/ = ---------- , and £ r is the

2 e r E q

perm ittivity of the passive fiber. The first term  on the r.h.s of the 

evolution equation represents the linear absorption in the fiber, the 

second term  represents the Self-Phase-M odulation  con tribu tion , the 

third term (the term proportional to Q /K ) rep resen ts se lf-steepening , 

the fourth term represents Raman scattering w hich is responsible for 

the soliton self-frequency shift, the fifth  term s (the sum m ation) 

represent the chrom atic dispersion term s and the last parenthesis 

represents the second tim e-derivative of the active atom s 

p o la riza b ility .

This equation is integrated, keeping only the P ^  and P ^  terms 

of the chrom atic dispersion series.If the distance is m easured in units 

of the dispersion length and the nonlinear coupling is m easured in the 

soliton units:
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_ _  z z p P )
, 5  = r ^ , and N 2| T

Then the small c.w. signal amplitude gain coefficient per dispersion 

length, due to the presence of the active medium, is given by:

which describes the am plification of a fundam ental soliton in a 

completely inverted collection of two level atoms. The polarization is 

zero before the excitation pulse enters the system. To integrate this 

system  requires a com bination of transverse integration using a 

Runge-Kutta scheme , Fast Fourier Transform  m ethods to convert 

into the spectral dom ain and longitudinal propagation of the field

using a Runge-K utta scheme. The num erical procedure was tested in 

the follow ing ways.

1) The fiber gain was shut off and the passive fiber results were 

o b ta in ed .

2) The fiber processes were shut off and the solution of the 

follow ing analytically  in tegrable system  (T i very large) for 

hom ogeneously broadened system s w ere recovered. This in tegrable 

system are the so called solutions o f Self-Induced Transparency i74!.

n i Q K  p d x
(4 -2 .5 )

For the fiber am plifier, the initial conditions used were: 

n ( U  = °o ,z) =  - ! ,% (£ / = °o, z ) = 0 and (})(£/,0) = s e c h ( t /)
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(4 -2 .6a)

^  = /T 2Ax - i M  
d u  r2 1  2

J ^  = - 2 e im ( z > )

If  <|)(f/,0) = -sech(C/) 
0

H u , v )  =  |sech(J7  -  Ush (V))exp(i<p(lO)

ush(v)= -y™v
( l  +  (T 2^ ) 2 )

( V ) =  (Y2T)2 * A ^

( i  +  ( y 2 -cA ) 2 )

n ( v , v )  = l> J?pEzIf*pL
( l  +  ( y 2 TA)2 j

Re(Zexp(-,<p)) = l2 ^ E E !ti* 0 2 )
( i + (y 2tA )2 )

Im(Z exp(-i'(p )) = ^ ( U - V A V ) ) ^ { U - V A V ) )
(i  +  ( y 2tA )2 )
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In these variables, the gain is

r i i Q K  p d  -  i  v
g = - l r T  and A = K - “ c ) r 2

l  r  o

Since we have seen that the Raman Scattering plays a significant 

role in the evolution of higher order solitons and that the am plifier 

adds energy continuously to the pulse, we expect large spectral shifts 

and the generation of m ultiple stokes pulses. Therefore the 

phenem ological model of the gain line will become a poor model 

when the spectrum  of the pulse becomes com parable to the gain 

bandwidth. The phenem ological m odel which uses a parabolic m odel 

to model the gain line will attenuate the red shifted stokes spectrum  

as it becom es shifted from  the gain window. The com plete m odel 

shows that the gain line goes to zero far from  the gain center and 

therefore the stokes pulse will propagate w ithout attenuation.

W e note:

1) In fig. 4-1, we plot the evolution of the temporal profile as a 

function of propagation distance. The in itial am plification of the 

fundam ental soliton 'th rough  the fiber causes a sim ultaneous 

am plification and tem poral com pression consisten t w ith soliton 

propagation. To this point, the two models agree quite well. At some 

point, the pulse breaks up into radiation near the carrier frequency 

and a stokes red-shifted pulse. The dynam ics o f the stokes pulse due 

to the passive fiber Ram an Scattering is the dom inant evolution 

process. This is clearly seen in fig. 4-2a, where the full model is 

compared to the full m odel minus nonlinear term s taken one at a
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time at the exit plane. W e see that while the Raman scattering is the 

dom inant process, the other effects give non-negligible contribution 

to the tem poral dynamics. In fig. 4-2b, the full m odel is com pared to 

the parabolic model at the exit plane. In the full m odel, the stokes 

pulse will continue to amplify until it is far from the gain line. There 

it propagates as a higher order soliton in the passive fiber (i.e. it lags 

behind the center due to the slower velocity o f the red com ponents 

in the anomalous dispersion regim e. In the parabolic model, the 

stokes pulse is filtered out and the tem poral pulse undergoes more 

pulse splitting than the num erical results indicate.

2) In fig. 4-3, the pulse spectra evolution is plotted as a function 

of propagation distance. We observe the form ation of the red-shifted 

stokes pulse clearly. In fig. 4-4a, the spectrum  of the full m odel is 

com pared to the full model minus higher order term s at the exit 

plane as in fig. 4-2a. The Raman term is clearly responsible for the 

stokes pulse and the other effects cause sm all but non-negligible 

shifts in the stokes band. In fig. 4-2b, the spectrum  calculated from  

the full m odel is compared to the parabolic gain dispersion model.

The red-shifted spectra is not absorbed in the exact model as in the 

parabolic m odel and the resulting spectrum  is not band lim ited. 

Therefore, self-frequency shift suppression due to gain dispersion is 

not a correct explanation in itse lf and is probably due to unavoidable 

losses in the system  (along the fiber and coupling losses).
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Figure C aptions

Fig. 4-1 Evolution of the fundam ental soliton propagating in a fiber 

am plifier.*Pulse param eters: t=180 fs.. X,0=1.55 pm. A = 0.

—21*Passive material parameters =17.136 , = 1 7 .4 6 ,« 2 = 10

(MKS); =  -  6 x  10-26 s 2 / m ; P^3) = 10-40 s 3/ m .

* Active m aterial param eters: gain= 10 dB per dispersion length ;

F j = 10 m s ; = 60 f s  .

Fig. 4-2 Signal profile at z =  2 for the same pulse and m aterials 

param eters as f ig .l. a .E ffects of the passive fiber m odel: (i) full 

model; (ii) full model minus the pC3) term ; (iii) full model minus the 

Raman term; (iv) full model minus the self-steepening term .b .E ffe c ts  

of the gain model (i) full model; (ii) parabolic approxim ation model.

F ig. 4-3 The spectral distribution is plotted as a function of the

frequency difference m ultiplied by the pulse duration (i.e., the 

norm alized frequency difference) for the same pulse and m aterials 

param eters as fig.4-1.

Fig. 4-4 The spectral distribution is plotted as a function of the 

norm alized frequency difference for z =  2 . a .T h e  sam e param eters 

and labeling as those of fig. 4-2a are used. b .T he sam e param eters

and labeling as those of fig. 4-2b are used.
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5.1) 2D C .W . B eam  P ro p a g a tio n  in R e so n a n t M edia  (M odel) 

[h]

The effect of an intensity dependant index of refraction on the 

propagation of a non-uniform monochromatic beam has led to both 

theoretical and numerical investigations [36-37]. jn the simple Kerr 

medium, it was shown that the beam, for sufficient powers, w ill self­

focus. In the 2-D limit, the existence of spatial solitons has been 

verified theoretically,numerically and experimentally [48-49] When 

modelling the interaction of the light beam with material media, we 

showed that the proper framework is coupling the M axwell equation 

with the Bloch equation. It is easy to see that far from resonance, the 

resulting equations will approximate the Kerr model. However, the 

true model gives rise to different phenomena not inherent in the 

Kerr model such as absorption and saturation in the nonlinear index 

o f refraction. Therefore, the proper framework to study the 

propagation of intense monochromatic beams in material media is to 

solve the Bloch equations for the polarization which is a function of 

the field and use this as the source term in the Maxwell equation. 

This approach is tak^n in the study of both 2D and 3D beam 

propagation.

M axwell equation for the propagation of a 2D c.w. beam in a 

resonant tw o-level m edium  is given, in the slow ly varying envelope 

approxim ation  by:



where z is the longitudinal coordinate, x is the transverse coordinate, 

E  = Eq <|> , Eft is the incoming electric field maximum amplitude, p is 

the two-level number density, kc = 2 k  /  Xc, X c is the beam

wavelength, d is the transition dipole moment, e is the background 
permeability of the medium, is the group velocity in the medium,

and % — p  /  d  where p  is the atomic polarization. In the Bloch model 

for the two-level system, the source polarization for a 

monochromatic beam can be obtained for given optical frequency by 

setting the time derivatives of the Bloch equations to zero and 

solving the resulting algebraic equations. This yields:

X
d T 2 E 0 §

i n
(A + i)

A2 +1 + 5 |(b|2
n ( 5- 1 . 2)

where s = { d ?  E^ 7\ T2 j /  7i2, A = (c G q  -  C0c ) T 2  , 7\ is the longitudinal 

relaxation time, T2 is the transverse relaxation time, CDq is the 

angular frequency of the resonant transition, and n is the ratio of the 

population difference; (number of atoms in the ground state - 

number of atoms in the excited state) divided by the total number of 

atoms. Since we are modelling the propagation through an initially 

unexcited system,n=l. In the small signal (Beer's Law) limit, the 

linear absorption coefficient of the two-level system at resonance is 

given in this notation by

#0 =
p k d  T2 n 

4 h e
(5-1.3)
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Then the field equation becomes

‘2a  ( a  +  03<j) i d (])
—  = ----------- J  + *8,
d z  2 k c d x  0 A +  1 +  s|<|>|‘

4> (5-1.4)

To begin, we w ill concentrate first on the two-level model 

assum ing that the source wavelength is located on the far-w ing of 

the resonance line. For large detuning, the susceptibility can be

expanded in the small param eter + l ) j  > and the M axwell

equation can be approxim ated to 3rd order terms in the field by

d (j) i d (j)

d z  2 k c d x 2 8 ° a1

(A +  /)

A +1
1 -

A2 + 1
♦ (5 -1 .5 )

Com paring this equation to the standard form  of M axwell equation in 

a Kerr medium  given by

d z  2 k r d x  * 2 n o
(5 -1 .6 )

the values of a  , the linear absorption coefficient, and n 2, the 

nonlinear K err coefficient, are respectively  given by

a  = 2 gp
A2 + 1

( 5 -1 .7a)
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n 2 = . S o _ n 0 A d ^ T , T ,  ( 5 i 7 b )

%2 kc (A2 + l )

In our choice of parameters for the simulations, we observe that 

if the sample's length is of the order of the diffraction length

( z ^ = / : c a^) ,  then (a) low total absorption translates into

[so zV (a2 + l j j < l ;  (b) the validity of considering only the leading 

terms in the susceptibility perturbative expansion requires 

s A2 + l j  « 1 ;  (c) the existence of a spatial soliton requires that 

the width and the amplitude be related such that

g0 z d \ b \ s j (a 2 + l ) = 1; and (d) neglecting the nonlinear absorption

versus the nonlinear shift requires that I A l» l.S in c e  we are studying 

focusing behavior, A is negative (self-focusing medium).
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5.2) 2D C.W. Beam Propagation in Resonant Media

(V aria tion a l A pproach) i h l

To get a qualitative feeling of the propagation phenom enon, we 

apply the variational model already applied to the case of the Ken- 

medium and extend it to a saturating (no loss) medium. This 

obviously w ill not give exact results due to aberrationless 

approxim ation in the trial functions as well as ignoring absorption 

effects. In analogy with the variational form ulation in the K err 

medium  we form ulate the equations of m otion for the beam 

param eters which are derived from  the Euler-Lagrange equations of 

the L agrangian density:

L = — 
2

A 3 * '  A* 3<j) 1
+ — * ° A ln

d z 2 s
1 +

A2 +1

The trial function used is

<{)(jc, z ) =  A ( z )  exp
= \ 2

2 G52 ( z )

P (z )  x

and the integrated lagrangian is 
L  =  JcCc L

(5 -2 .1 )

( 5 -2 .2 )

(5 -2 .3 )

Follow ing the previously outlined m ethod, we obtain four equations 

for the given beam  param eters. A fter doing the algebraic 

m anipulations, we obtain the d ifferential equation fo r the norm alized 

beam  radius.
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d 2 05 1 2 go  |A|

d z 2 U33
/ ls-yjn 

2 ^ 0 |A|

tO^A2 + l )

:/2

+

G j|a 2 + l jV i r  CCs(a2 + 1)

and conservation of energy (in the lossless m odel) gives

(5-2.4)

(5 -2 .5 )

The curvature and longitudinal phase may be calculated along 

sim ilar lines but is not necessary for our purposes. The auxiliary 

functions used are

f l ( x ) =  J j w l o g ( l  +  x e x p ( - w 2 ))
—oo

e x p (-w 2 j
f 2 ( x ) =  I  du

1 + xexp^-w2 j

( 5 -2 .6 a)

( 5 - 2 .6 b)

These equations^ may be integrated using a com bination of 

R unge-K utta and num erical in tegration  algorithm s.
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5.3) 2D C.W. Beam Propagation in Resonant Media

(Numerical  Results)  l h l

In our simulations, we choose the beam initial shape to be a 

sech function, which is the invariant shape for a Kerr m edium spatial

The num erical algorithm  used combines F.F.T  and an Adaptive 

Runge-Kutta scheme. The algorithm  used is a sim pler version than 

that in chapter 4 since the Bloch equations are sim ply algebraic. 

Therefore the com prehensive tests used there were sufficient. Also 

as a check, by choosing the medium  param eters properly, we obtain 

the fundam ental soliton with the absorption close to the value 

predicted by the linear absorption theory (since nonlinear absorption 

was chosen negligible).

The starting point in the param eter space which yields the

(The tw o-level atom num ber density corresponding to this case is 

p = 2 x l 0 18 m ~ 3).

By scanning A over the param eter space, d ifferent propagation 

regim es are observed.

soliton, (5 -3 .1 )

fundam ental spatial soliton with m inim al absorption is

g0 = 1 0 5 ,A  = - 1 0 3-5 ,^  =  105'5 where g 0 = g 0 k c a 2

1 0 3



In fig. 5-1, the spatial profile at the exit plane for A= -104 and 

A= -103-5 is compared to the incident profile.

1) For larger values (~3 times) of the soliton detuning, the 

propagation is purely diffractive, since the K err coefficient is 

approxim ately 30 tim es sm aller and therefore the effects of the non- 

linearity in the differential equation can be neglected.

2) For the soliton detuning, the total flux absorption over the 

length of the sample is less than 3% and the beam power corresponds 

to that of a fundam ental spatial soliton at this value of the K err 

coefficient. The beam profile due to the small absorption is sm aller 

than its value at the entrance plane , otherwise it follows closely the 

spatial soliton solution.

3) For a detuning value which is VlO sm aller, the shape of the 

beam as it propagates in the resonant m edium  is m arkedly different. 

The m ultiple peaks in the beam profile that appears for small 

distances of propagation can be well understood by noting that the

nonlinear Kerr coefficient is now 30 times larger which implies that

the effective soliton num ber is about 6 tim es larger and the

m ultipeak structure observed is akin to that of a higher order spatial

soliton. To understand the origin of the break-up of the beam, we 

plot, in fig. 5-2 the spatial profile of the beam  propagation if  we had 

neglected the absorption term , and the results of the corresponding 

approxim ate nonlinear Schrodinger equation for the equivalent Ken- 

medium. The spatial variations o f the phase (due to the nonlinear

1 0 4



beam and thus lead to the beam break-up. We note that the 

separation between the two daughter peaks as a function of the 

longitudinal distance is linearly increasing with z. Physically, the 

daughter pair pulses, located respectively on the positive and 

negative portions of the transverse axis acquire equal and opposite 

transverse velocities i.e. total m omentum  conservation.

4) In fig. 5-3, we plot the transverse beam profile as a function 

of propagation distance for sm aller detunings (the detuning is now 

10 times smaller). The shape of the beam, with the same initial 

conditions, as it propagates in the resonant m edium undergoes

and the perturbative expansion used is not valid, i.e., the system can 

not be described as a Kerr medium. The system ’s susceptibility 

exhibits saturation effects for larger values of the field, resulting in 

larger absorption on the wings (i.e. lower fields) than at the center 

and thus leading to a narrowing of the beam. The beam main peak 

narrows at its minima to about 1/20 of its value at the entrance 

plane. The width o f 'th is  peak oscillates with a period 8 z =0.052. Other 

im portant features are: (i) the ratio of the secondary peak intensity 

to the main peak intensity decreases to less than 1%, and (ii) the 

location of the secondary peaks recede linearly from that o f the 

beam center as the longitudinal distance increases.

periodic com pression. In this instance, the param eter
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5) In fig. 5-5, we plot the transverse beam profile as a 

function of propagation distance for even sm aller detunings. As the 

detuning decreases, m ore secondary peaks develop, their relative 

intensity to the main peak decrease with the distance of propagation 

and their location recede from the center. In this regim e, the beam 

is quasi-trapped with a breather central peak. The width of the 

central peak oscillates and is plotted in fig. 5-4 as a function of the 

longitudinal distance for the different detunings. The oscillations are 

in qualitative agreem ent with the variational approxim ation 

calculation. Since the fundam ental peak behaves qualitatively  like a 

soliton, oscillations in the width cause oscillations in the peak 

am plitude. The m aximum am plitude of the central peak, in the 

quasi-trapped regime, is plotted in fig. 5-6 as function of the 

longitudinal distance. This quantity oscillates with the same period as 

the width but out-of-phase with it. Furtherm ore, the product of the 

(a m p litu d e )2 by the width, approxim ately the flux, is slowly decaying 

due to the absorption in the medium. A lthough we are at small 

detunings, absorption is low as a result o f the saturability of the 

model for high field intensities.

6) In fig. 5-7, the ratio of the amplitude square of the beam 

integrated over the transverse distance (i.e. total energy flux) over 

the same quantity evaluated at the entrance plane as a function of 

the norm alized longitudinal distance of propagation for the different 

values of the detuning is plotted. W e note that even for small 

detunings (which cause the absorption coefficient to increase), a 

significant percentage of the signal flux rem ains. W e note that for the
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sm allest detuning considered, the transm ission coefficient is about 

10%. This should be compared with a value of e x p ^ -3 .6  X 104 j for the

linear regim e.
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5.4) 3D C .W . B eam  P ro p a g a tio n  in R eso n an t M ed ia  (M odel) (‘1 

The propagation of the 3D, unlike the 2D, spatial beam in a Kerr 

medium for sufficiently high power leads to self-focusing. In a more 

realistic m odel, however, the nonlinear index of refraction will 

saturate for high fields and absorption is present. V arious theoretical 

m odels [75-79] have shown how such beams are quasi-trapped. In 

such a case, an infinite intensity will never exist. We investigate 

num erically the behavior of an axially sym m etric 3D beam 

propagating through a resonant two level system . New qualitative 

features not exhibited in the Kerr model are exhibited and qualitative 

understanding of the num erical calculations are achieved by a semi- 

quantitative treatm ent using the variational technique. In this 

geometry, we explore for large detuning the propagation of the beam 

as a function of the beam power and explore in particular the 

w aveguiding properties that a resonant m edium  w ill exhibit.

The equation for the propagation of a 3D c.w. beam in a 

resonant tw o-level medium is given, in the slowly varying envelope 

approxim ation (SVEA), by:

2 i k c E q —— + E q +
d x  d y 2

.2
d\\f  f  d  2 \f/ 9 2 \|f^\ P K d

'  e v s

X (5 -4 .1 )

where z is the longitudinal coordinate, x and y are the transverse 

coordinates, E  = E q  \\f  , E$  is the incom ing electric field m axim um  

am plitude, p is the two-level num ber density, k c = 2 n  /  X c, X c is the 

field w avelength, d is the transition dipole moment, e is the
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background perm eability of the m edium , Vg is the group velocity in 

the medium, and % = p  /  d  where p  is the atomic polarizability. Using 

the same method applicable in 2D, % is given by

2ft A2 + 1  +  s |\j/ | 2 _
(5 -4 .2 )

w here s = ^d 2 E q 7\ 72 j /  ft2 , A = (cOq “  Mc ) ^2 ’ -Tl *s longitudinal

relaxation time, T2 is the transverse relaxation tim e, C O q  I s  ^  

angular frequency of the resonant transition, and n is the ratio of the 

population difference (num ber of atoms in the ground state - num ber 

of atoms in the excited state) divided by the total num ber of atoms, n 

is here assumed equal to one for an absorbing medium. The linear 

absorption coefficient of the two-level system  at resonance is given in 

this notation by

(5 -4 .3 )

and the field equation in this notation is

3(j) i f  5 2 ()) 3 2 ()0  • (A  +  0
— -  = --------  — I - -1----------1-  -t- i p  ---------   - (5 -4 .4 )

The norm alized distances:

z - z l k c a \  and ( x , y )  = ( x / a 0 , y / a 0 ) w here a 0 is the initial 

beam size will be hence used.
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5.5) 3D C.W. Beam Propagation in Resonant Media

(Variat ional  Scheme) t'l

Previous theoretical investigations of a 3D beam in a saturable 

absorber can treat the problem in an approximate way under various 

assumptions of detuning,field strength etc. Wagner et alJ75] used the 

aberrationless paraxial ray approximation, Leberre et al. [76-78] 

m odeled  the process in the high absorption regime by an initial 

encoding of the beam by the medium nonlinearity (i.e. neglecting 

diffraction) followed by a purely diffractive step (i.e. neglecting the 

nonlinearity), and McCord et al. [79] in a refinement to the initial 

encoding obtained approximate expressions for the position and 

magnitude of the main axis enhancement. In the variational 

approximation and for a laser frequency in the far-wing of the 

atomic line, absorption is totally neglected and Maxwell's equation 

can be derived from the Lagrangian density

optimization procedure the parametrized aberrationless Gaussian 

form:

s

  2
w here go = £ o ^ <2o * use ôr tr*a* function f° r the

1 1 0



the functions | A | , a rg (A ),0 3 ,an d  p correspond respectively  to the 

am plitude, longitudinal phase, norm alized beam  size and norm alized 

radius of curvature. The ordinary differential equations of m otion for 

these functions are obtained by a variational optim ization over the 

in teg rated  L agrangian:

c2
'L = ^ d x d y ' L = n

103' d A  * d A  
A — - —  A —— 

d z  d z
i , i2 a d b

+  tc|A | 05 —  +

7CG3 |A |'
K  + 4 b 2

v03
+  H ^ L i 2

/
,  |A| 2 A

V 1 + A

d  z 

(5 -5 .3 )

where L i2 is the dilogarithm  function, also known as Spence's 

integral. The self-focusing regim e corresponds to A < 0. The 

differential equation obeyed by 03 in this regim e is

d 203 1 2 g 0 |A |03

d z 2 G33

f  \ /  \

L il
s

-  L i2
s

 ̂ (A2 + l ) o 5 2 ^ (A2 +  l )  052 J

(5 -5 .4 )
Here L ii is the polylog function of order 1. For sm all 5 , this equation 

reduces to that obtained by the variational m ethod for K err m aterial,



d 2 m

d  z ‘
+

G3'

gp\&\ s  

2 1 A2 + l ) '
- 1 = 0 (5-5.5)

Thus, in the variational method, the value for the critical self-focusing 

pow er for the Kerr m aterial which approxim ates the saturable 

medium  is:

s cr. ~
(a 2 + 1 ) :

S O  l A l

(5 -5 .6 )

A
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5.6) 3D C.W. Beam Propagation in Resonant Media

(Num erica l  Results)

The numerical algorithm  employs a com bination of 2D F.F.T and 

Adaptive Runge-K utta schemes. Since only the dim ensionality in the 

transverse operator is different, the diffraction solution of the 3D 

beam was recovered. The active medium was checked in the 

previous problem .

In fig. 5-9, we plot for various input powers, the on axis field 

strength. W e note:

1) For values of the saturation coefficient sm aller than a critical 

value, the on-axis field decreases, albeit at a low er rate than that of a 

low energy beam, here the diffraction term is being partially 

com pensated by the self-focusing term. W e note as w ell that the 

waveguiding threshold increases with the addition of the nonlinear 

s a tu ra tio n .

2) For values of s larger than the critical focusing value, the 

saturable model contrary to the Kerr model would not lead to a 

catastrophic collapse o f the am plitude, the on-axis field oscillates and 

the value of the oscillation period decreases with an increase in the 

beam power. W ith a further increase in pow er, the periodic evolution 

of the pulse becomes chaotic due to pulse splitting.

3) In fig. 5-10, we plot the transverse beam profile for various 

input powers as a function of propagation distance. As previously
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3) In fig. 5-10, we plot the transverse beam profile for various 

input powers as a function of propagation distance. As previously 

known and as clearly shown by the figures the in itial beam Gaussian 

shape is in general not preserved. W e further note that the beam can 

periodically develop a hole in its center. In fig. 5-11, we investigate 

in more detail the hole form ation evolution.

4) The waveguiding efficiency of a beam propagating in this 

medium is studied as a function of input power. In fig. 5-12, we plot 

as function of the longitudinal norm alized distance the value of the 

capture efficiency of the beam through a circular aperture which 

captures 99% of the beam  energy flux if located at the entrance 

plane. We note that the value of this efficiency is larger than 60% for 

all values of the beam power larger than the critical value and for 

any distance of propagation within the first ten diffraction lengths. 

A lso note that the w aveguiding efficiency increases m arkedly as the 

beam pow er increases. For com parison purposes, the capture 

efficiency of this aperture at 10 diffraction lengths for a weak beam 

is about 5%. The vajue of the waveguiding efficiency obtained for 

energetic beams clearly shows that despite the losses due to the 

absorption present when a beam is propagating in a resonant 

m edium , the enhancem ent factor in the nonlinear index of refraction 

overcom pensates and quasi-w aveguiding becom es efficient.

5) In fig 5-13, the on-axis field as a function of the norm alized 

propagation distance is com pared to the variational approxim ation 

solution. As can be noted the approxim ate solution exhibits the main
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qualitative features found in the exact solution, but quantitatively 

the results can differ by as much as 50% . For higher powers, the 

variational approach is useless due to the com plex transverse profile 

of the beam exhibited (pulse splitting).

This scheme may prove useful in directed energetic beam 

propagation and in m ulti-signals parallel processing in optical 

compu t ing .
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F i g u r e s  C a p t i o n s  

Fig. 5-1 T he spatial profile of the beam is plotted as function of the 

norm alized  transverse  coord inate .

a = 300)1; 7\ = K T 9 s , r 2 =  2 x l O _9 s , <g0 = 105 m _1 ,s  = 1011/2,>.c = 0 .6 3 j i

£ 20 = 1 .5 x 1 0  n {V I m j 1 .

i) z =  2 z^ , A =  - 1 0 7/2 , ii) z = 2zd  , A = - 1 0 4, iii) z=0.

Fig. 5-2a The spatial profile o f the beam is plotted as function of 

the norm alized transverse coordinate and the norm alized 

longitudinal coordinate for the same param eters as in f ig .5 -1 (i) 

except that A =  —10 .

F ig . 5-2b Sam e as 5-2a but neglecting absorption effects.

Fig. 5-2c Sam e as 5-2a but using the equivalent K err medium  

a p p ro x im a tio n .

Fig. 5-3 T he spatial profile of the beam is plotted as function of the 

norm alized  transverse coordinate and the norm alized longitudinal 

coordinate for the sam e param eters as in fig .5 -1 except that 

A =  - 1 0 5/2 .

F ig . 5-4 The width of the central peak in fig. 5-3 is plotted as a 

function o f the norm alized longitudinal distance, in curve (i). Curves 

(ii, iii, iv, v) correspond respectively to |A| =  (lO 2 , 103yf2 ,1 0 ,101/2).

F ig . 5-5 The spatial profile of the beam is plotted as function of the 

norm alized  transverse coordinate  and the norm alized  longitudinal 

coordinate fo r the sam e param eters as in fig .l except that 

a) A =  - 1 0 2, b) A =  - 1 0 3/2, c) A =  - 1 0  , d) A =  - 1 0 1/2.
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Fig. 5-6 The height of the central peak in the quasi-trapped regim e 

is plotted as a function of the norm alized longitudinal distance. 

C urves

(i, ii, iii, iv, v) correspond respectively to 

| A| = (1 0 5/2 , 102 , 103/2 ,1 0 ,101/2).

Fig. 5-7 The ratio of the total flux over its value at the entrance 

plane as a function of the norm alized distance for different values of 

the detuning.

i) A = - 1 0 4 , ii) A =  - 1 0 7/2 , iii) A = - 1 0 3 , iv) A = - 1 0 5/2, v)

A = - 1 0 2, vi) A =  - 1 0 3/2, vii) A =  -1 0  , viii) A = - 1 0 1/2 

Fig. 5-8 The height of the central peak in the quasi-trapped regim e 

in the lossless variational approxim ation is plotted as a function of 

the normalized longitudinal distance. Curves (i, ii, iii, iv, v) 

correspond respectively  to | A| = ( l 0 5/2 , 102 , 103/2 , 1 0 ,101/2 ).

F ig .5 -9  The field am plitude at r  = 0 is plotted as a function of the 

norm alized longitudinal distance of propagation. The saturation

2 (A2 + l )2
coefficient s is m easured in units of s cr = — ;-----, i.e.

20 lA l

S = p x  Sc r it  .

7\ = 1 0 ~ 9 s , T2 = 2 x 1 0 _ 9 s , 20 = 1 0 5 m _ 1 , X c = 0 .6 3 p ,, A = - 1 0 7/2

(i) free propagation, (ii) p = l ,  (iii) p=  2 , (iv) p = 3.
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F ig .5-10 The field am plitude is plotted as a function of the 

norm alized longitudinal distance of propagation and of the 

norm alized radius.

7\ = 10- 9 s , T2 = 2 x 1 0 ~ 9 s,  g0 = 105 m " 1 , X c = 0 . 6 3 | i , A = - 1 0 7/2 

a )  p = l  , b )  p= 2 , c) p = 3 , d) j5=10 , e) p = 100 , f) /?= 1 0 0 0 .

F ig .5-11 Z o o m  view of fig. 5-10f around a region where the beam 

develops a hole at its center.

F ig .5 -12 The flux , through the circular aperture with 99% 

transm ission at the entrance plane, is plotted as a function of the 

norm alized longitudinal distance of propagation.

7\ = 10“ 9 s , T2 =  2 x 1 0 _9 s,  gQ —10^ m - 1 , X c = 0 .63^1, A = - 1 0 7/2

(i) free propagation, (ii) p = 1, (iii) p - 2, (iv) p - 100, (v) p = 1 0 0 0 . 

F ig .5 - 13 Com parison of the exact num erical results with the 

variational m ethod approxim ation results for the field  am plitude at 

r = 0 as a function of the normalized longitudinal distance of 

p ro p a g a tio n .

(i) exact num erical results, (ii) variational m ethod results, 

a) p = 1 , b) p= 2 , c) p=3  , d) p=  4.
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6.1) Incoherent Signals (Coherence Time Compression) Id

The study of relaxation processes in m aterial m edia occupy a 

central role in ultra-fast spectroscopy. The need to resolve processes 

on the fem to-second scale requires extrem ely short coherent pulses 

since it is the pulse duration which sets the lim it on the resolution of 

the experim ent.

In 1984, seminal experim ents by Beach and Hartm ann f8°l, 

Asaka et a l.t81 and M orita and Yajim a t82l showed that the tem poral 

duration of pulses can be irrelevant for short tim e resolution 

experim ents. W hat m atters is that the field  coherence tim e be 

short(i.e. wide spectral bandw idth). Long pulses w ith short coherence 

times are called incoherent. Correlation times as short as 15 fsec. 

have been achieved simply by using Nd-Yag lasers to pump dyes and 

then using the amplified spontaneous em ission (ASE) for excitation 

pulses. A further bandwidth increase in an already incoherent pulse 

was proven theoretically  possible i83l through the self-phase 

m odulation of an incoherent pulse obtained through its propagation 

in a Kerr m edium  such as an optical fibre. This self-phase induced 

spectral broadening 4and corresponding coherence tim e shortening of 

incoherent pulses propagating in single m ode optical fibers was 

recently observed by de Araujo, da Cruz and Gouveia-Neto i84l. Both 

the previous theoretical and experim ental resu lts w ere restric ted  to 

regim es where the K err m edium  can to a very good approxim ation 

be assumed dispersionless. H ow ever, as we have shown, for 

fem tosecond pulses, the effects o f group velocity dispersion, self 

steepening, and Induced Ram an Scattering can not be neglected. 

Consequently in the quest for incoherent pulses w ith a coherence
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time of the order of only few fem toseconds we investigate 

num erically the propagation of an incoherent pulse in an optical fibre 

with none of the previously m entioned effects neglected. The general 

model used requires a num erical solution.

To num erically model the propagation of a noisy signal in a 

nonlinear K err medium, we need to construct the in itial ensem ble of 

states with given statistics and a specific form  for the correlation 

function, propagate each state of said ensem ble independently , and 

then obtain from the ensem ble of final states the new correlation 

function as function of the m edium and signal param eters. W e will 

consider only Gaussian complex fields f85i.

If we define the norm alized Fourier transform  of the electric 

field envelope F [(j)( t/,V )]  as <j)(£2,F) then, including self-phase

m odulation (SPM ), self-steepening (SS), induced Raman scattering 

(IRS), group velocity dispersion (GVD) and higher order group 

velocity dispersion (HGVD), the differential equation for (j) is given

by:

3$(QfVr) _ i e ^ / r1_ Q >jF
d V K

i e K

+z

2

>(vgTc )

F[<|)(£/,l/)F-1[x R(£2)F[|<l)([/,V)|r  

p ( 2 ) q 2  j j ( 3 )  q 3

2 t : 6 T :
< K Q ,F ) (6 - 1. 1)

where E = Eq <|) , e " 2 |£ q 1:
n0

V =
vg Tc

U =
V g Tc
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T c is the initial coherence time, vg is the group velocity at the pulse 

center frequency, uq is the linear index of refraction, «2 Kerr

nonlinear index of refraction including geom etric factors resulting 

from the transverse averaging of the mode over the fibre cross- 

section, Eft is the amplitude of the electric field, K  = (Oq Tc, (Oq is the 

center frequency, £2 = ((Oq -  co)Tc , %r is the Raman susceptibility

and is the k*h derivative of the propagation constant with 

respect to the angular frequency evaluated at the signal center 

f req u e n cy .

The Raman susceptibility is approxim ated by:

X 0 {&R Fr )
%r (Q )=  2 2 

* a lR - n l + i  r R a
( 6 - 1 .2 )

where -i %0 is value of the susceptibility at = , £2#  is the

Raman shift normalized to the coherence time i.e m olecular 

vibrational frequency m ultiplied by Tc and T r  is the norm alized

phenom ological line width. Since the m inimum coherence tim e is 

expected to decrease as a function of the input field intensity, we 

work in the normal^ dispersive regim e where the required energetic 

pulse sources exist.

We shall assume that the electric field envelope in itial auto­

correlation function to have a Gaussian form

K
f  rp \

— , v  = o
y T c j « o ( » * u + — , v = o <l>(£/,v = o)

=  Eq /  =  E q exp
t 2 ^

T  2V l c  J
(6-1.3)
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where, using the Ergodic theorem, the tim e averaging can be 

replaced by an ensem ble average and the < > represents such 

averaging. The main features of complex gaussian fields are that the 

ensemble average of the product of an odd num ber of them is zero 

while the ensem ble average of a product consisting of n fields and n 

conjugate fields is the sum over all perm utations of the products of 

the n paired contractions of one of the fields and one of the 

conjugate fields, specifically if the two point correlation function is 

k n o w n

(A * ( r1, 0 )A ( f2 , 0 ))  = £ ^  f ( t 2 - t x ) ( 6 - 1.4 )

then the n point correlation function is

( a * (rj ,0 )  A* ( t 2 ,0 )  ...A *  ((„  ,0 )A ( i„ +1,0 )  A ( t n+2 , 0 ) . . .  A ( t 2n ,0 ) )  =

£ o " S / ( 0  ........
p  (6 -1 .5 )

where the subscript of the first variable in the argum ent of

/ e { «  + 1, ......., 2 n }  , the subscript of the second variable in the

argum ent of / e { l , ...... ,n }  and all integers from  1 to 2n appears

only once in each term of the sum . P  refers to all perm utations of 

the indices and /  is the form  function of the second order (or two- 

point) correlation  function.

Now we review  the basic algorithm s 1861 for constructing this 

ensem ble at V=0, and for deducing from  the propagated ensem ble at 

an arbitrary V the corresponding field auto-correlation function. We 

define the process by the m atrix <j>(V̂ ), its row  index (denoted by a
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greek letter) specifies the elem ent of the ensem ble and its column 

index (denoted by a latin index) specifies the norm alized discretized 

tim e .

To construct the initial incoherent signal, start by generating an

colum n are representatives of a complex random  variable with 

uncorrelated com ponents and such that each com ponent ( the real 

and im aginary parts) has zero mean and unit variance. Let the 

dimension of this matrix be L x M .  Next, construct the Toeplitz 

m atrix, a square matrix with both latin indices and such that

where p is the num ber of sampling points in an initial coherence 

time, and where i and j  go from 0 to (M - 1) in integer increments. 

Next, t87l make a Cholesky decomposition of T , i.e find the lower 

triangular m atrix X (m a k in g  X lower triangular insures a unique 

factorization) such that T =  X X ^  , where the superscript T attached to 

a m atrix denotes the transpose m atrix. The m atrix <|>(V = 0) is then

uncorrelated  m atrix < j)^ (V = 0), such that the elements of each of its

( 6 - 1 .6 )

0 T<I>u ( 0 ) X \  To show that this matrix possesses the desired correlation 

function, we have

( $ T ( v  =  o w v  = o)) = ̂ x((j)0 )T <t>°xr ̂

= X I X r  = T (6-1.7)
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which by construction of T  has the desired correlation function.

The matrix § ( V )  is obtained from <j>(V =  0 ) b y  propagating each row

(ensem ble elem ent) via the fiber equation. Once obtained, then the 

correlation m atrix R is

<y)
R  i j ( v )  =

11=1
V-J

i v w  * n < y )
U=1

1/2 r

S  X j ( v )  ♦ (V )
n=i

1/2

( 6 - 1 .8 )
and the field auto-correlation function at the discretized positive 

time m is

M-
K m ( y )  = B * e x p ( - i m 0 T )  £

i=0 M  — m
(6 -1 .9 )

To test our construction of the above stochastic process 

algorithm , we com pared the num erically evaluated m agnitude of the 

norm alized auto-correlation function of a signal propagating in a 

dispersionless K err m edium  with that corresponding to the exact 

analytical expression given by 1881

K { T , V )  = E q e x p ( - /  to0 T ) - ---------- -j-------- - y  ( 6 - 1 . 10 )
l  +  a 2 ( l - / 2 )j

where f  is the two point correlation function and a  — K z V  12 .  The

agreem ent is rem arkably good. It should be pointed out that the 

larger the dim ension of the <|>(V"), the more accurate is the

correspondence.In general, increasing the ensem ble size L decreases
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the sidebands (w iggles in the wings) m agnitude, and increasing the 

time sam pling rate gives a better fit at t=0. To make sure the 

evolution equation worked on the incoherent ensem ble elem ents, 

energy conservation for each elem ent was m onitored.

W e choose the initial T c to be 50 fs., the power of the signal to 

be ju s t under the typical fibre damage threshold, the incoherent 

signal center frequency to correspond to 1 pm , and the fibre 

param eters to be typical values for glass.

1) In fig. 6-1, we plot the norm alized auto-correlation function 

for various propagation distances. The coherence tim e decreases with 

an increase in e V .

2) In fig. 6-2, the norm alized auto-correlation function is 

com pared to the sim ple K err model. The coherence tim e agrees well 

with the simple Kerr model i88l for small distances of propagation. 

This is due to the observation that the dispersion and higher order 

effects have negligible effects in the initial part of the evolution.

3) In fig. 6-3, the com pression ratio of the half-width at half­

maxim um  of the full model is compared with the predictions of the 

sim ple K err model. 4 The deviation between the two models increases 

as the param eter eV increases or equivalently as the distance of 

propagation in the K err medium. The sim ple theory overestim ates 

this quantity for high eV versus the results of the com plete theory 

because of the absence of dispersion, while for low eV the Raman 

effect in the com plete theory adds to the spectral distribution and 

therefore to the com pression ratio. The lim iting value of the 

coherence tim e can be estim ated by noting that this quantity
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squared is up to a factor of order one equal to ( 3 ^  X /  ) '

lim iting value is m anifested by the observed saturation in the 

com pression ratio. For eV=0.3, and for the param eters chosen, the 

half-width at half maximum decreases to a value less than 4 fs.. This 

value is com parable to the shortest coherent pulses so far produced.

4) In fig. 6-4, the spectral distribution is plotted for various 

propagation distances. The spectral distribution width of the outgoing 

incoherent light for increasing values of eV increases with eV. and 

the product o f the spectral width by the coherence tim e rem ains 

c o n s tan t.

It should be em phasized that com pression of the coherence 

time of an incoherent light occurs all within the fibre w ithout the 

necessity for the external grating-prism  system  required for the 

com pression of a coherent pulse of equivalent tim e resolution. The 

disadvantage is that, although the noise intensity  am plitude may be 

below the m aterial damage lim it, some of the spikes m axim a are not 

thus lim iting the intensity am plitude for the incoherent signal to a 

value low er than the peak of the coherent pulse.
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6.2) In c o h e re n t  S igna ls  (2D S igna l C o h e ren c e  L en g th  

C o m p r e s s i o n ) . t d l

The study of incoherent pulses in the anom alous dispersive 

region is com plicated by the fact that pulses of sufficiently high 

power are d ifficult to achieve. However, the anom alous dispersion of 

a tem poral pulse is m athem atically equivalent to diffraction of a 

spatial 2D beam except there is no analogy to the higher order 

nonlinear processes (i.e. Self-Steepening etc.). Therefore, by studying 

the corresponding spatial problem , we accom plish two things.

1) We study a real physical problem  of incoherent spatial 

signals.

2) We are able to draw analogy to the incoherent signal in the 

anom alous dispersive regim e. If sources becom e available, the 

results will apply to this case as well.

The method of approach is nearly identical to the previous 

treatm ent of incoherent signals with a desired coherence time. The 

main feature of a 2-dim ensional K err medium  is the possibility of 

form ation of spatial solitons. These solitons have recently been 

observed in a p lanar waveguide 1481 and in the quasi 2D geometry i49l 

(i.e. with highly elliptical beams). For this geom etry the differential 

equation for the electrical field envelope is given by



where «2 is the nonlinear index of refraction, n$ *s iinear index of 

refraction, k is the wave number, z is the spatial longitudinal 

com ponent and x  is the transverse component.

The source beam, at the input plane of the nonlinear material, 

is assumed to be a Gaussian Stochastic complex field 1851 in the 

transverse com ponent. W riting A { x , z )  = E ^  § { x , z )  , the transverse

two-points correlation function at the point of observation z is

where the brackets refer to an ensem ble averaging. To com pute this 

function for an arbitrary z , we use the standard algorithm s for 

G aussian processes which were outlined in the previous problem . 

The initial correlation function of the random  process is given by

where Xc is the initial coherence length. The random  process is

advanced in the same m anner that the time problem  was except that

each ensem ble propagates via equation 6-2.1 Calculation of the 

coherence lengths for any distance proceeds in an analogous manner 

and w ill not be repeated here.

1) In  fig. 6-5, w e p lo t fo r N 2=40 and 400 the initial and final state 

of a representative elem ent of the ensem ble. The initial signal (i.e. 

ensem ble elem ent) pulses com press and break-up in cascade leading

to spikes at the output plane which are narrow er than those at z =0

( 6 - 2 .2 )

K ( X , 0)  = E l  ((()* ( x  + X,0)(])(.x,0)) = E 0 2 exp
(

(6 -2 .3 )
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which will lead to a correlation length at the output shorter than at z 

=0. The spikes are seen to be narrow er as the input power increases. 

[The param eter a  is defined through 0C = k r i 2 E q  z  /  h q  a n d

corresponds physically to the phase shift associated with the 

nonlinear index of refraction for a value of the field equal to fig].

2) In fig. 6-6 , the norm alized transverse correlation function is 

plotted for various propagation distances. The com puted correlation 

functions differ in shape from Gaussian and the variance is of the 

order of a few percent. H ow ever, to facilita te  com parison, w e use  the 

G aussian least-square fit to the correlation function (since a w idth is w ell 

defined only fo r a curve described by  a single param eter and the gaussian 

curve is the natural param eterization), for d ifferent values of the 

p a ram ete r a ,  as function of the norm alized transverse coordinate. W e  

note that the correlation function narrow s, i.e. the transverse coherence 

length shortens w ith an increase in the value o f  a  and the rate of this 

compression decreases with an increase in the value of a .

3) In fig. 6-7, the compression ratio of the gaussian fit to the 

correlation function is plotted as a function of the propagation 

distance. The com pression ratio is defined as the ratio of the initial 

transverse coherence length over the coherence length at the point of 

observation z. We note that the com pression curve increases alm ost 

linearly for small values o f a  and hovers around an asym ptote for 

large values of a .  To see the reason for these lim iting behaviors, first

we introduce the length z Q = « q  /  n 2 E q j as a scaling factor in the

0 0
z-dim ension. Then it is easy to see that the d /  dx  term  in the field 

equation can be neglected if the coherence length is much larger than
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1 2 k .  The propagation equation then reduces to the Self-Phase

M odulation equation w hose solution can be explicitly w ritten 

an a ly tica lly :

and the corresponding correlation function can be analytically 

com puted by using the factorizability  property of the Gaussian 

process to give 1881

The com pression of the coherence length associated with this 

expression, follows closely for large coherence length (i.e. small 

propagation d istance) the num erically  evaluated curve resulting 

from solving the full equation. W e point out that the coherence 

length com pression that we are predicting may be m easured 

through a diffraction experim ent. Specifically, Schell's theorem  f89l 

relates the diffraction pattern sm oothing to the decrease of the 

coherence length as a function of the aperture size.

The asym ptotic behavior observed for large a  is due to the 

ensem ble form ing spatial solitons. In this case, the spikes form ed in 

any of the <|> rows (elem ents of the statistical ensem bles) reaches a 

stable width which is a function of the field intensity. In this lim it, 

the self-phase m odulation term balances the diffraction term in the 

equation of motion thus satisfying the condition for the form ation of

(6 -2 .4 )

l i m X ( X ,z ) - » - (6 -2 .5 )
l + a 2 ( l - / 2 ) ] 2
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a fundam ental spatial soliton configuration. U nder these conditions 

the m agnitude of the soliton and the width of the spatial soliton are 

specifically related. The m inim um  achievable coherence length is 

obtained by equating the fundam ental w idth of the fundam ental 

spatial soliton with the m inim um  coherence length with the proviso 

of making the adjustm ent necessitated by the sech shape of the 

soliton versus the assum ed G aussian form  function of the two-point 

correlation function. The minimum coherence length is then given by

4) A novel feature not observed in the norm al dispersive time 

correlation problem  are oscillations of the com pression ratio 

(coherence length) as a function of propagation distance. Since the 

soliton w idths are related to the local intensity  and their velocity 

related to the local phase inform ation and these vary chaotically 

about their m ean values, the coherence length is expected to 

fluctuate about its m ean value.

5) W e note that the com pression ratio  in the diffractive

(anom alous dispersive regim e) is alm ost tw ice that of the norm al 

dispersive regim e for the same input intensity. This affords the hope 

that if  pulses o f sufficient pow er in the anom alous dispersive regim e 

are achievable, then the correlation tim es can be com pressed to even 

sm aller values then those obtained in the norm al dispersive regim e.

min
___ 1.085 uq ( 6 -2 .6 )
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F ig u re  C a p tio n s  

Fig. 6-1 The m agnitude of the norm alized auto-correlation  function 

is plotted as function of the norm alized time.
2  — 3in c o h e re n t  Signal Param eters: Tc =50 fs , ?iO=l M-1™ » n 2 E q “ 10 .

♦M aterial param eters: = 4 .7 6  , T r  =  4 .8 5  , %Q = 0.275

p(2) = 2 x  10“ 26 s 2 / m ; ( 3 ^  =  5 x  10-41 s 3/ m . 

i) eV=0 ii) eV=0.06 iii) eV=0.1 iv) eV=0.2 v) eV = 0.26 .

Fig. 6-2 Com parison of the m agnitude of the norm alized auto­

correlation function between the full theory and the sim ple 

dispersionless theory.The param eters of fig .6-1 are assum ed, 

i) eV=0.1, full theory ii) eV =0.1, d ispersionless theory 

iii) eV=0.26, full theory iv) eV =0.26, d ispersionless theory.

Fig. 6-3 The com pression ratio  o f the half-w idth at half-m axim um  

as function of eV. The param eters o f fig .6-1 are assumed, x 1hwhm=

41.63 fs.

i) full theory ii) dispersionless theory.

Fig. 6-4 The spectral distribution is plotted as a function of the 

frequency difference m ultiplied by the in itial coherence tim e (i.e., 

the norm alized frequency difference). The param eters of fig .6-1 are 

a ssu m e d .

i) eV=0 ii) eV=0.06 iii) eV=0.1 iv) eV=0.2 v) eV = 0 .26 .

F ig .6 -5  A representative elem ent o f the stochastic G aussian 

ensem ble is plotted, (i) at the entrance face o f the nonlinear m aterial 

z =0 (ii) at the exit face o f the nonlinear m aterial, as a function of the 

norm alized transverse distance. In these units, the spatial coherence 

length is 1. The param eter a  at the exit plane is
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a  =  k «2 E q z /  yiq-  15. a). n 2 £ q  /  no= 2 /  3 x  10 3 .

b). «2 E q /  /zq= 2 /  3 x  10~2 .

[In all the figures L=50, M=512, and the grid element size is 

* c ,  in. /  200 ].

F ig .6-6  The G aussian least-square fit to the transverse coherence 

function is plotted as a function of the norm alized transverse

distance ( X  /  X c j n ) for different values of the param eter a

( a  = &«2 E q z / no)- x c,in. = 5 0  A,.

a) n .2 E q  /  no=2  /  3 X 10 3: (i) a  = 0 (ii) a  =1 (iii) a  =2 (iv) a  =4.

b) n 2 /  n0 =2 /  3 X 10 2 : (i) a  = 0 (ii) a  =2 (iii) a  =4 (iv) a  =8.

Fig.6-7 The coherence length com pression ratio  is plotted as a
2

function of a .  (i) num erically evaluated curve for ri2 Eq  /  ng =
 n 2

2 / 3 x 1 0  ;(ii) num erically evaluated curve for ri2 Eq /  nQ =
 2 *

2 /  3 X 10 ;(iii) small distance of propagation approxim ate curve; (iv)
2

large distance of propagation asym ptotic value for n.2 Eq /  nq =
 2

2 / 3 x 1 0  ; (v) large distance of propagation asym ptotic value for

n 2 E l  /  n0 = 2 1 3 x  10~2 . iru =  50 A.
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7) N u m e ric a l  A lg o r ith m s

W hen studying the propagation of intense optical fields, one 

encounters a nonlinear partial differential equation of parabolic type 

(i.e. first order in the longitudinal derivative using suitable 

approxim ations). This type of equation for a general nonlinear 

interaction does not have known analytical solutions and one resorts 

to num erical procedures. The equation we are concerned w ith is of 

the form

where U is the norm alized time and z is the norm alized longitudinal 

distance. For illustration, we assume that no space transverse 

coordinates are used in the description (i.e. plane wave 

approxim ation) Later, we explain how to generalize our m ethods to 

these cases. N um erical algorithm s to solve equations of this form can 

be constructed [90-96]

They may be classified into two broad categories:

1. Finite D ifference schemes.

2. Spectral M ethods .

Due to the com plexity (high degrees of freedom ) of the 

problem s undertaken, fin ite  difference m ethods are too slow [96] a n d  

stability  problem s cause d ifferent difference schem es to be 

unpredictable (i.e. a difference schem e for one type of nonlinearity 

may not w ork for another nonlinearity). On the other hand, progress 

in spectral m ethods (i.e. Fast Fourier Transform s) and m ulti­

dim ensional extensions prove m ore rapid  for achieving the same

(7 .1 )
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accuracy. W e concentrate in the spectral m ethods since they are 

more efficient and also many of the nonlinear operators we 

encounter are m ore easily w ritten in the spectral dom ain.

Furtherm ore, the spectral decom position in to  m onochrom atic 

modes is an im portant physical realization for tem poral pulses. To 

see the value of spectral methods, we look at the sim ple case of a 

linear equation. This is the equation describing dispersion 

(diffraction). In this case, we have

(  d \
= F ¥  (7 .2 )

dz V d U .

where F is a polynom ial function. In the spectral dom ain we have

= F ( i Q ) \ j> where \j/ = - p =  fe x p ( i Q U ) \ \ f ( U , z ) d U  (7 .3 )
dz V27T J

— o o

which when in tegrated gives

\j/(£2 ,z) =  e x p (F (/Q )z ) \jjr (Q ,0 )  (7 .4 )

If the equation is nonlinear and F depends on the field as well as its 

time derivatives, Fourier transform ation is com plicated since the 

transform  of nonlinear term s results in convolutions. To see how 

spectral m ethods can be applied to nonlinear problem s, we exam ine 

a method well known in the literature I97!. Consider the equation

Phir (  f  3  \
(7.5)

dz \  \  dU  J
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where we have separated the dispersive (transverse) and the 

nonlinear operators. This separation is not possible in all cases 

considered. Up to order 0 (h 2), this equation has local solution

V d U ) )
(7 .6 )

where the B aker-H ausdorff theorem  in noncom m uting operators 

is applied. If  h is sufficiently small, F2 may be evaluated at the 

initial point of the interval. Under this approxim ation, the field at the 

endpoint is given by:

and 3 q is the fourier transform.

This procedure can then be iterated indefinitely  through the 

medium. This method is known as the split-step Fourier method and 

has found wide application in many propagation problem s. In the 

context of beam propagation in varying index fibers, the m ethod is 

comm only referred to as the beam propagation m ethod. The accuracy

increases as the step size decreases and more steps are taken. This 

method has accuracy 0 (h2) but by expanding the exponential 

operator using the B aker-H ausdorff theorem  to h igher order, better 

approxim ations may be m ade such as the sym m etrized split step 1"1 

method which is accurate to 0 (h3 ). U nfortunately, the necessary grid 

size is d ifficult or im possible to determ ine for d ifferent operators and 

one is not guaranteed a given accuracy. To avoid these difficulties,

\j/(z + /0 = 3 t/(exp(/zF1(z’Q ))3 ft(\|/i(z))) where

\|U (z) = exp(/tF2 (v|/))\j/ and 3 ^  is the invis the inverse transform

(7 .7 )
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we propagate using an adaptive technique while still m aintaining the 

advantages of the spectral method.

To illustrate the idea, consider the follow ing parabolic equation:

* i ( v )*2
(7 .8 )

In all our problem s, it is possible to break the operator into a 

sequence of nonlinear and dispersive (transverse) operators. By 

folding and unfolding the operators , we have the follow ing formal 

representation of this equation in the spectral dom ain

Therefore the R.H.S can be calculated if the field (transform of 

the field is known). One may then advance the solution to second 

order 0 (h2).

This is form ally equivalent to the split-step m ethod. However, 

the propagation equation is of the form  in which longitudinal 

advancem ent by m ore sophisticated adaptive m ethod is possible. The 

most flexible m ethod is the Runge-K utta [100] adaptive m ethod which 

extends the Euler m ethod. The greater num ber o f derivative

which may be put into the general form

(7 .1 0 )

Xjlr( z  + h)  = \ \ f (z)  + /zF(/iQ,\Jir(z)) +  j (7 .1 1 )
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evaluations makes the method slower for a given step but the steps 

are longer and the m ethod is adaptive so slower field  variations are 

covered faster and global accuracy is assured at the call level. 

Applying the Runge-K utta technique to a partial d ifferential equation 

is possible since the partial differential equation is equivalent to N 

coupled ordinary d ifferential equations for the single frequency 

m odes. Here, N is the num ber of discretized modes (positive and 

negative frequency m odes being counted separately). If  the equation 

is linear, the coupled system  is decoupled and each m ode propagates 

separately. Furtherm ore, many of the nonlinear in teraction term s are 

m ost easily  represented in the spectral dom ain (Raman scattering) 

and it seems m ost natural to discuss spectral broadening in the 

spectral dom ain. Furtherm ore, this form alism  can be extended to 

m ultiple fields whose spectra overlap and a time dom ain method is 

no longer applicable.

In this chapter, using time as the transverse coordinate is only 

a convenience in this discussion. This method applies to any 

transverse system  of coordinates. For exam ple if  U is replaced by 

(X,Y), the partial derivative is replaced by the gradient operator and 

the single dim ensional F.F.T 's em ployed are replaced by the 

corresponding m ulti-dim ensional extensions. A lso space and time can 

be treated as a 3 vector without changing the argum ent. However, 

every increase in the degrees of freedom  results in a large increase 

in com putation tim e .

In w hat follow s, we discuss first the im portant num erical 

subroutines used. A fter this, we w ill go through each program  used 

in the areas where we have given num erical results. The subroutines
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occur often and will not be redescribed and only the driver programs 

which construct the m athem atical equations (the function F) to the 

Runge-Kutta and the main program  which initiates the global Runge- 

Kutta will be explained.
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1) Fast Fourier Transform s ( F.F.T's)

The value of using spectral techniques to prepare the 

transverse data  is that the transverse d ifferential operators becom e 

algebraic operators. Since all num erical problem s use finite sampled 

data, the continuous transform  is really a D iscrete Fourier Transform  

(D.F.T.). The discrete transform  is defined by the transform  pair :

Evaluating the D.F.T from a sample of N points using the above 

form ulae's requires ~ N 2 operations. However, im provem ents in the 

speed of evaluating the D.F.T put the operation count ~ N log2(N). The 

fundam ental idea in this saving is the observation that the N point 

transform  is the sum o f 2 N/2 point transform s on the even and odd 

positions of the data. Applying this recursively, log2(N) tim es gives

the N point transform  as a sum of N 1 point transform s. The value of

calculated using bit reversal technique. The bit reversal supplies the 

N  operations giving the desired operation count. More details may be 

found in [101-103] an<j ^ e  source of the code is [104]

2 Tcink ^
(7 .1 2 a )

v " - / m  ( - 2  ™nk) (7 .1 2 b )

these 1 point transform s is the initial data itself in a position which is
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2) M ulti-dim ensional Fast Fourier Transform s .

W hen more than one variable is required to describe the 

transverse variation of the field, it is convenient to transform  the 

data into the m ulti-dim ensional analog of the frequency space. In our 

problem s in which we encountered m ulti-d im ensional transverse 

variation, we were looking at 3D beam propagation so the frequency 

space is the spatial frequency space and the mode solutions are plane 

waves at various angles to the beam axis. Also, the transverse grid 

need not be symmetric in spacing or num ber of points. Here, the 

discussion focuses on the two Dim ensional D iscrete Transform  and its 

im plem entation. In the two dim ensional case, the transform  pairs are

n2=N2- \  ni=Nx- l  
^f(ki ,k2 ) =  X  X  V(«l»«2)exP

«2=0 «1=0

2v:in\k\

K N l J
exp 2KM2^2

. ~ * r  j
(7 .1 3 a )

j k2 = ^h .- l  k \ = N \ - l

Y (wl*w2 ) =  TTTT X  X  V(*i.*2)exp
N ' N 2 k2 = 0 0

exp^—271^2^2  ̂
N2

(7 .1 3 b )

and obvious extension can be m ade to any finite dim ension. From 

these expressions, one can in general im plem ent the 2 D im ensional 

transform  as N2 one dim ensional transform s of length N i. This
A

requires a lot of wasted com puter effort as the data m ust 

continuously be loaded and unloaded. W e make use, instead, of a 

general purpose m ulti-dim ensional F.F.T. The data is stored not as 

m ulti-d im ensional arrays but as single dim ensional arrays. T herefore 

a special ordering chosen beforehand as a rule m ust be given. These 

details are explained in DOl] and the source of the code is t 105l.
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3) Num erical integration of 1st order P.D .E. (Runge-K utta M ethod).

W e have shown that the partial differential equations of 

parabolic type may be transform ed into a system of coupled 

ordinary d ifferen tial equations w here the dependant variables are 

the modal fields. These equations are o f the form

~ -  = f i ( x > y i — yN)> i = l " ’N  (7 .1 4 )ax

for N modes and the f s  are known functions of the dependant and 

independent variables (not their derivatives). Besides the sim ple 

advancem ent procedures such as the m idpoint m ethod and Euler 

m ethods, a num ber of sophisticated advancem ent procedures have 

been developed which possess better accuracy [106] t Three of the 

m ost useful are

1) Runge-K utta m ethods.

2) R ichardson extrapolation m ethods.

3) P redictor C orrector m ethods.

The general rule is that the Runge-Kutta algorithm s work under a 

w ider variety of problem s while the other two may be faster but do 

not have as wide a range of validity. In other words, the Runge-Kutta 

advance will always work but it may be less than optim ally efficient. 

Since it is our aim to use our algorithm s over a wide variety of 

physical situations, we have concentrated on the Runge-K utta 

schemes. Such schemes are difficult to parallel process since the 

algorithm  is recursive. The standard schem e is put into the highly 

sym m etric  form

160



y n + 1  = y n +- 

h  = hf ( x n,yn )

+ <9(/*5 ) where (7.15)

(7 .1 6 a )

(7 .1 6 b )

(7 .16c)

(7 .1 6 d )

Here xn is the initial point, xn+i is the end point, h is the interval 

size, yn is the initial dependant vector and yn+i is the estim ated 

dependant vector at the endpoint.

This scheme involves four function evaluations per step. To 

com pare, the m idpoint m ethod requires two function evaluations. To 

apply this directly does not insure any global accuracy over the step. 

To have this im portant facility, we require a way to estim ate the 

error over this step and if the error is greater than the desired error, 

adjust the step size appropriately and try again. The details of the 

particular m ethod of estim ation are not explained here. For details in 

error estim ation for the Runge-Kutta step, see i 105i . The actual code 

used was found in the software package M atlab and converted into 

Fortran for greater speed and universality .

Now that the subroutines have been explained and the general 

outline o f our propagation scheme given, we explain in m ore detail 

the algorithm s for each physical problem . In order to propagate 

equations o f the general form  7.1, the function is sam pled over the 

transverse coordinate(s) (in this case U) form ing a system  of coupled 

first order differential equations which are of the form  7.14. The 

functions yi are the sam pled functions
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yf (z) = \ | f(iAt/,z) (7.17)

where i is a discretization index and AU is the sam pling interval. A 

generalization to m ulti-d im ensional transverse p roblem s is straight 

forward. Once the equation is reduced to the system  o f O.D.E's, 

standard prepackaged subroutines can be used to solve these 

systems. All that is required is the construction o f the driving 

functions fi(yk,z) where i and k are indices labeling the discretization.

In chapter 2, the propagation of an intense fem tosecond pulse 

in a fiber was shown to be described by the equation

The symbol descriptions are the same as those given in Chapter 2. In 

this case, the transverse variable used is Q. since the d ifferential 

equation takes on a sim pler form  in this dom ain and the propagation 

variable is V. If we4 discretize the frequency coordinate and m ake the 

follow ing identifications:

2

(7 .1 8 )

Si ( ^ )  = V )  w here i-------------------
2 2
N  N - 1

and AQ =
A U

then the forcing functions fi are given by
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M h ( v ) )  =

, + L 2 ^ F{y' { V ) F 4  l X « )F[ly' (V)|2 ]]},

( 7 . 19)

Here F is the Fast Fourier Transform  Operation and F *1 is the Inverse 

Fourier Transform  O peration defined by equations 7.12a,b. They give 

a quick means of transform ing betw een the tim e and frequency 

spaces. The dependant functions in both representations are 

connected by the reciprocal relations

The m ultiplications are done as array operations and the order 

of operations is from right to left. This procedure yields N complex 

1st order O.D.E's where N is the num ber o f sample points. In general, 

the com m ercial algorithm s require the system  to be real. This is done 

by separating the N com plex equations into 2N real equations by 

separating the real and im aginary parts of the system .

In Chapter 3, we investigate the self-focusing problem  in Kerr 

media. In this case, 'there is no frequency spectrum  since we use a 

continuous wave approxim ation. Instead, the field depends on 2 

transverse spatial coordinates. T his added dim ensionality  requires 

the m odification of our algorithm . By Fourier transform ation, the 

propagation equation 3-2.1 can be w ritten in the spatial frequency 

space as

57=F[yfc] y/ = F 1 ] where y t =§( i t e J , V)
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-(4 +  4) v - 2i| f + PFl-x ,Xy (kl2 v )  =  0 where  (7 .2 0 )

v  = F* ! y ( v ( x * ’'Ky ) ) (7 .2 1 )

The discretization of this equation is straight forward. We have

h j  (■1 )  =  V  ( * A ^ x  J A X y , z )

i , k -

=r»  y k , l ( ^ )  = V ( k A x , l & y , z )

N x_ N x - l  N y N y - 1
> J ’1 ~~ = —  A X y = —  y u  

x Ax  y Ay lJ2 2 2 2 

Here, Nx is the num ber o f sampling points in the x direction and N y is 

the num ber o f sam pling points in the y direction. The requisite 

driver functions are then given by

/ / ( y y ( z ) )  =  i
■ip

yk,i\ y u

) 2 + ( y A ^ ) 2 j y lV (z ) (7 .2 2 )

The general index I is used to label the dependant variables in the
4

system. The system consists of NxN y complex or 2NxN y real coupled

O.D.E's. The single index I is related to the double subscription by a 

consistent convention. The one which we use here is the normal 

ordering procedure described in reference f1013 . I f  this ordering is 

consistently used, no am biguity in the Runge-K utta algorithm  will 

occur. As was im plicitly assum ed, the size and the spacing of the 

sample grids are independent in the x and y directions. We also note 

that the beam geom etry only enters in the in itial conditions and
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therefore an independent discussion for the axially  sym m etric and 

nonsym m etric beams is not required.

Leaving chapter 4 until later, we discuss the algorithm s used to 

model the propagation o f 2D and 3D beam in resonant media. In the 

3D case, the propagation equation 5-4.4 in the spatial frequency 

domain is given by

/go (A +  Oft 

(A2 + l  +  s |f t |2 )
=  0 (7 .2 3 )

where the symbol definitions are the same as those given in the text. 

The construction of the driver functions used in this case are sim ilar 

to the Kerr model. If  the discrete transform s are related by

y i j ( z )  = §(iAXx,jAXy,z)

N x - \
, j , l  =

N y -  1

yjc,l ( z ) = ft(&Ax,/Ay ,z )

A % X = —  AXy  =  —  
X Ax  y Ay

* 2
8 o ( & + 0yic,

* 2 , 1  | 2 A + l  + .yyw

+ { j ^ y  ) 2 ) y i j ( z )
(7 .2 4 )

where all the subscripts have the same m eaning as in the Kerr 

medium case. In the 2D case, the driver functions are built up in a 

sim ilar m anner except for the use of 1 dim ensional transform s and 

an appropriate m odification of the diffraction operator. In this case, 

the appropriate driver functions are
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and the connection betw een the transform s is given by

yt = F b *  ] yi = F_1 [$k ] where yt - §(iAU»F )
In chapter 6 , we study the statistical properties of an incoherent

signal propagating in an optical fiber. W e describe the algorithm

required to build up the desired signal, propagate it and m easure its 

correlation properties. The code handling the propagation of

incoherent signals consists of 3 parts.

1) The generation of the initial ensem ble with the correct 

coherence time. This part is com pletely explained in chapter 6 (see 6-

1.6 and 6-1.7 for details). For the Cholesky decom position.,w e use the 

code developed by M atlab M athworks as part of the m atlab software 

package. The random  variables that form  the colum ns were generated 

by the M atlab random  num ber generator which calculates random  

variables o f zero m ean and unit variance.
A

2) The propagation of each ensem ble elem ent independently of 

each other. Each row of the initial random  m atrix propagates via the 

propagation equation. For the time signal, the evolution equation is 

given by 6-1.1 and for the spatial beam equation by 6-2.1. In each 

case, the construction of the driver functions follows

3). A supplem entary self-explanatory  program  w hich calculates 

the correlation function from  the ensem ble of states. This procedure 

is a coded version im plem enting equations 6-1.8 and 6-1.9



We have already noted that the code required to propagate the 

ensem ble (each element) is of the same form as that used in the 

supercontinuum  propagation. However, some technical details 

concerning ensem bles in general create some new wrinkles.

1) The initial state is read in from the initial states generated by 

im plem enting the Cholesky decom position method. Each in itial 

ensem ble state is not band limited as is the case in coherent 

propagation. Therefore, we must keep a careful watch on the total 

energy of each ensem ble to ensure aliasing errors do not occur.

2) A control loop which loops around the ensem ble elem ents is 

added. To speed up the program  im plem entation, each ensem ble state 

can be m apped into an independent processor in the com puter,w hen 

available, since the propagation of each ensem ble can run 

in d e p e n d e n tly .

In chapter 4, we study pulse propagation through a resonant 

medium within the context of fiber am plifiers. W e note that our 

algorithm  requires the construction of driver functions of the form

f i ( y / c ( z ) )  4 (7 .2 6 )

where the notation is consistent with previous exam ples. It is clear 

that the driver function is a sum of two parts: fi=fi(fiber) + fj(re s).

The construction of the fiber term has already been discussed so we 

concentrate here on constructing fi(res) which is built by realizing 

the active two-level resonant term which is the last term  of eqn.

4-2.4 when coupled to the Bloch equations 4-1.7a,b. The driver 

functions of the resonant term are sym bolically
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fj=i^Kx(nj,z)  
and the discretization is given by

(7.27)

w here j and AQ = -----
A U

and the physical m eaning o f the param eters are the same as eqn. 4 - 2 . 4  

Unfortunately, the driver functions as w ritten are not functions of 

the envelope functions in the spectral domain so are not yet of 

Runge-K utta type. We require a connection betw een the discrete 

polarization and the discrete field. This is accom plished by 

integrating the bloch equations. As we have seen, the bloch equations 

are given by

where the dim ensionless param eters 0 , A , r i , a n d r 2 are defined as 

in equations 4-1 .7a,b. If the initial conditions are known:

the bloch equations can be integrated for all further times using a 

standard Runge-K utta algorithm . Therefore, the polarization is known 

in the time domain and can be easily converted onto the discretized 

frequency domain. In other words, knowledge of the field gives the 

polarization which in turn gives the driver functions. Schem atically, 

this is represented by the follow ing flow chart.

(7 .2 8 a )

(7 .2 8 b )

n ( U  = oo,z ) =  - l , x ( t /  = °o ,z ) = 0 (7 .2 9 )
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, z ) = y ( k )  — y ( i )

y(i)

Interpolation

yd>v)

R unge-K utta

« K z )
Integration

X U * )

n( fJz)

yLUt)-
Interpolator 

Adaptive to 
fixed grid

X W J * )

nQAU* )

fft%(/A£/, z ) --------->%(kAQ,z ) = > f j =  P¥K%(jAQ,  z )

— fftn ( i A U , z )  > n ( M Q , z ) (th is term  is not requ ired)

The need for the two interpolating subroutines are

1) Since the Bloch equations are integrated on an adaptive grid, 

the field must be available for any time. However, the initial field is 

known only over the fixed grid points. Therefore, we interpolate the 

field so that it is known for any time.
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2) Sim ilarly, the bloch vector m ust be m apped back onto the 

equidistant grid or the longitudinal step cannot be made. A nother 

interpolation is done to accomplish this mapping.

A
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8) Summary of Results

By num erically  in tegrating the relevant partial d ifferential 

equations of motion, we obtain the follow ing results:

1) The classical description of supercontinuum  generation in a 

Kerr M edium is shown to be incom plete when describing the 

evolution of intense fem tosecond pulses. A more com plete model 

which accounts for d ispersive effects, self-steepening and Raman 

Scattering is developed and num erically  integrated.

a) In the normal dispersive regim e, the com plete m odel shows that 

for sufficiently high intensity, the self-frequency shift (the shift of 

the central frequency) will be towards the blue in contrast to pico­

second pulse propagation in which Raman Scattering is dom inant 

causing a net red-shift.

b) In the anomalous regim e, the com plete model extends past work 

in describing the evolution of a Raman Generated stokes pulse. 

Quantitative differences with the classical model are shown to exist.

2) The propagation o f an intense beam in a K err M edium  leads 

to a catastrophic self-focusing above a certain threshold power. The 

sem i-analytic methods in the literature are shown to be incom plete 

in describing the quantitative features o f self-focusing. A num erical 

investigation shows clearly the regions of applicability of the semi- 

analytic m ethods. It is shown that near the critical pow er the 

variational m ethod is more accurate but as the in itial pow er of the 

beam  is increased, the variational m ethod becom es less accurate and 

the paraxial m ethod becom es more accurate. The analysis is applied 

to reconcile the behavior o f the regularized phase which is defined as
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the total longitudinal phase - the diffractive longitudinal phase. The 

num erical investigation shows that the regularized phase is 

m onotonic in the propagation distance which is qualitatively  

different from the paraxial prediction. This result has consequences 

in pulse com pression studies (i.e. a pulse cannot be com pressed 

w ithout the aid of external gratings).

The study of beam propagation in a K err M edium is extended 

to the propagation of elliptical gaussian beams. By varying the initial 

ellipticity of the beam from one to infinity, a careful analysis of the 

transition from 3D to 2D beam propagation is accom plished. The 

num erical results are com pared to the sem i-analytical m ethods in 

the literature and quantitative and qualitative differences are seen 

to occur. For example, for sufficiently high beam intensity, pulse 

splitting occurs along both axes of definition which cannot be 

explained in the abberationless schem es em ployed.

3) The propagation of fem tosecond pulses in a resonant 

m edium in which the carrier frequency is near to the transition 

frequency of the medium cannot be described by the K err m odel but 

requires coupling the inhom ogeneous M axw ell wave equation to the 

optical Bloch equations which describe the evolution of the density 

matrix elem ents to an external excitation. From  the Bloch equations, 

the m aterial response (polarization) is determ ined and the M axwell 

equation is well defined. The above m ethod is applied to yield a 

rigorous model of a fiber am plifier (a fiber doped w ith an active ion 

concentration). The m odel describing the fiber am plifier includes the 

response of the fiber ( including the higher order nonlinear and 

dispersive effects for fem tosecond pulses) as w ell as the active two-

172



level medium. The model is applied to the study of an Erbium  Doped 

Fiber Am plifier and is compared to approxim ate m odels of the 

am plifier. Q uantitative and Q ualitative differences in the tem poral 

and spectral evolution are observed and explained.

4) The propagation of intense beams through m aterial medium  

can cause higher order soliton states in a 2D geom etry and Self- 

focusing in a 3D geometry. In reality, the Kerr m edium  

approxim ation can be improved in applying the optical Bloch 

equations. If the beam is quasi m onochrom atic, the transient effects 

of the medium response vanish and a steady state theory is 

developed which accounts for nonlinear saturation and dispersion 

effects. In the 2D geometry, the propagation of the beam is shown to 

vary qualitatively as a function of detuning. In the 3D case, the self- 

focusing of the beam does not occur due to saturation effects. The 

high saturation is applied to waveguiding possibilities and it is shown 

that efficient waveguiding for intense pulses does indeed occur. The 

resonant results are com pared to a variational treatm ent o f the 

problem  which neglects the absorption effects, only qualita tive  

agreem ent is preseqt.

5) The use of lasers as probes in quantifying the relevant 

relaxational processes of a particular transition are lim ited in 

resolution to the pulse duration of the optical pulse. This in turn 

fueled the search for com pression techniques o f optical pulses in the 

fem tosecond regim e. In general, the com pression o f coherent optical 

pulses require sophisticated experim ental set ups including  precision  

alignm ent of external gratings, etc. Recent theoretical and 

experim ental w ork have shown that the fundam ental lim it to
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ultrafast resolution experim ents is in m aking wide spectral

bandwidth sources. In the context of coherent pulses, the bandwidth

and the pulse duration are transform  lim ited but in incoherent 

pulses the bandwidth is transform  lim ited to the coherence 

(correlation) time of the signal.

A num erical investigation of an intense incoherent signal 

propagating through a fiber is accomplished. This is m otivated by 

work which shows that the Kerr effect on an incoherent pulse will 

com press the initial correlation time and that the com pression is 

linear in the propagation distance. In real fibers, higher order

nonlinear processes and dispersive effects cannot be neglected. The

com plexity o f the resulting model requires a num erical approach. It 

is shown that dispersion lim its the effective com pression achievable 

and that the maximum com pression increases with initial field 

intensity. Num erical sim ulations show that, for field in tensities below 

m aterial damage for a wavelength in the normal dispersive regim e, 

final correlation times of a few fem toseconds is achievable which 

com pares favorably w ith the shortest coherent pulses obtainable.

Due to the laqk of pulsed lasers in the anomalous dispersion 

regim e with the necessary intensity to yield effective correlation 

com pression, we study the m athem atically equivalent problem  of an 

incoherent beam propagating in a Kerr medium. The anom alous 

dispersion is now spatial diffraction and the higher order effects 

have no corollary in the spatial environm ent. Applying the same 

num erical algorithm  to the spatial problem , the correlation length 

com pression is studied. It is shown that for an equivalent intensity, 

the anom alous dispersion would more effectively com press the
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correlation tim e. Also, since this regim e supports spatial solitons, 

qualitative differences in the dynam ics of the correlation 

com pression are m anifested. These results agree well for small and 

large propagation distances with a sim plified model used to describe 

the fiber.
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