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Józef Dodziuk

Cormac O’Sullivan

Supervisory committee

THE CITY UNIVERSITY OF NEW YORK

ii



Abstract

Asymptotics for the parabolic, hyperbolic, and elliptic Eisenstein series

through hyperbolic and elliptic degeneration

by

Daniel J. Garbin

Advisor: Professor Jay Jorgenson

Let Γ be a Fuchsian group of the first kind acting on the hyperbolic upper

half plane H, and let M = Γ\H be the associated (connected) finite volume

hyperbolic Riemann surface. We will allow the presence of both parabolic

and elliptic elements as part of the group Γ, so that the surface has cusps

(coming from parabolic elements) and conical points (coming from elliptic

elements). To each primitive Γ-inconjugate parabolic element there is an as-

sociated parabolic Eisentein series which is more commonly referred to in the

literature as the non-holomorphic Eisenstein series. If γ is a primitive Γ-

inconjugate hyperbolic element, then following the work due to Kudla and

Millson, there is an associated hyperbolic Eisenstein series. More recently,

Jorgenson and Kramer have introduced an elliptic Eisenstein series associated

to a primitive Γ-inconjugate elliptic element γ of the discontinous group Γ.

In this note, we look at the behavior of these Eisenstein series on families

of hyperbolic Riemann surfaces of finite volume. In particular, there are two

types of families that we study. The first family is obtained by hyperbolic

degeneration which is a process that involves pinching primitive simple closed

geodesic. The second family is obtained by elliptic degeneration, a process
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in which the order of ramification becomes unbounded, namely the order of

elliptic fixed points associated to the conical points of the surface runs off to

infinity. The main results are as follows. The Eisenstein series that are not as-

sociated to degenerating elements will converge to their correspondents in the

limiting surface. For the Eisenstein series that are associated to degenerating

elements the situation is as follows. In the case of hyperbolic degeneration,

the hyperbolic Eisenstein series associated to a pinched geodesic will converge

(up to a multiplicative factor) to the parabolic Eisenstein series associated to

the newly developed cusp(s) in the limit surface. In the case of elliptic de-

generation, a strikingly similar result occurs since the elliptic Eisenstein series

associated to a degenerating conical point converges (up to a multiplicative

factor) to the parabolic Eisenstein series associated to the newly developed

cusp in the limit surface. The striking similarity lays in the fact that the

above multiplicative factors involve the parameters defining the two type of

degeneration, namely the length of the pinched geodesic in the case of hyper-

bolic degeneration and the angle of the pinched cone in the case of elliptic

degeneration.
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1 Preliminaries

1.1 Riemann surfaces

The material in this section is rather classical in the mathematics literature.

It can be found in several books on the subject of Riemann surfaces (see

[FK 92] or [Bea 83] for instance).

In essence, a Riemann surface M is a 1-(complex) dimensional connected

topological manifold which is equipped with a complex analytic structure.

The uniformization theorem tells us that there are three possibilities (up to

biholomorphism) for the universal cover of a Riemann surface, namely the

complex plane C, the sphere C ∪ {∞}, and the upper half plane H.

In this paper we will focus on the hyperbolic Riemann surfaces, namely

those whose universal cover is the upper half plane. In other words, we realize

these surfaces as the quotient Γ\H where Γ denotes a discrete group of auto-

morphisms of the upper half plane. Thus, the study of such surfaces amounts

to understanding the so called uniformizing group Γ.

The group PSL(2,R) is the group of (orientation preserving) automorphisms

of the upper half plane. It consists of the collection of mappings of the form

z 7→ (az + b)/(cz + d) with a, b, c, d ∈ R and ad − bc = 1. The uniformizing

group Γ is a discrete subgroup of PSL(2,R). The quantity |a+d| (also referred

to as trace) allows us to classify the types of elements of PSL(2,R). We call

an automorphism parabolic, hyperbolic, or elliptic if its trace is grater than

2, equal to 2, or less than 2, respectively. The presence of elliptic elements in

the uniformizing group Γ results in a surface with conical points referred to

as orbifolds. We will allow the presence of such elliptic elements. In an abuse
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of language, we will still use the term Riemann surface for such orbifolds.

However, all these surfaces whether compact or non-compact will have finite

volume.

To see that the quotient Γ\H can be equipped with a complex analytic

structure we reason as follows. First we need two definitions. If the discon-

tinuous group Γ contains a parabolic element γ, then γ has a fixed point say

P ∈ R ∪ {∞}. We call P a cusp for the group Γ. Now suppose that γ ∈ Γ is

an elliptic transformation. Then γ has two fixed points one in the upper-half

plane the other in the lower-half plane. Denote by E the fixed point of γ

contained in the upper-half plane. Then E is called an elliptic point or conical

point of Γ. Now consider the projection map π : H 7→ Γ\H given by z goes to

Γz, that is the orbit of the z under the action of the group Γ. Denote by Γz

the stabilizer of z under the action of Γ, namely

Γz = {γ ∈ Γ | γ(z) = z}.

Since the group Γ is discontinuous, for each z ∈ H there exists a neighborhood

U of z such that

Γz = {γ ∈ Γ | γ(U) ∩ U 6= φ}.

Let us look at the inclusion map Γz\U ↪→ Γz\H. If z ∈ H does not cor-

respond to a cusp or elliptic point, then its stabilizer consists only of the

identity element of Γ. Then π : U 7→ Γz\U is a homeomorphism and we can

take (Γz\U, π−1) as local chart about z.

Now suppose that z is some cusp P of Γ. Choose a scaling matrix σ ∈
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PSL(2,R) such that σ(P ) = ∞. Then σΓP σ−1 stabilizes ∞ and is an infinite

cyclic group generated by




1 w

0 1


, where w denotes the width of the cusp.

Define the homeomorphism ϕ from ΓP\U to some open set of the C given by

ϕ(π(z)) = exp(2πiσ(z)/w). Then (ΓP\U,ϕ) represents a local chart about the

cusp P .

If z is some elliptic point E of Γ, choose a bi-holomorphism σ : H 7→ D

with σ(E) = 0. Then σΓEσ−1 stabilizes 0 ∈ D and is a finite cyclic group

(of rotations) of order n generated by w 7→ exp(2πi/n)w. Define the homeo-

morphism ϕ from ΓE\U to some open set of the C given by ϕ(π(z)) = σ(z)n.

Then (ΓE\U,ϕ) represents a local chart about the elliptic point E.

1.2 The upper-half plane

Denote by C the complex plane. Then one can define the upper half plane

as H = {z = x + iy ∈ C | y > 0} equipped with the Riemannian metric given

by

ds2 =
dx2 + dy2

y2
.

With respect to the coordinates the volume form and Laplace operator are

given by

dµ(z) =
dxdy

y2
and ∆ = −y2 (∂xx + ∂yy) .

Under the change of coordinates x = er cos θ and y = er sin θ, the hyperbolic
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metric becomes

ds2 =
dr2 + dθ2

sin2 θ

with corresponding volume form and Laplace operator

dµ(z) =
drdθ

sin2 θ
and ∆ = − sin2 θ (∂rr + ∂θθ) .

It will be useful for us to introduce the hyperbolic polar coordinates (ρ, θ)

about i ∈ H, where ρ(z) denotes the hyperbolic distance between i and z, and

θ(z) is the angle between the positive y-axis and the tangent (Euclidean) line

at the point i to the unique geodesic from i to z. In this coordinates, the

hyperbolic metric is given by

ds2 = dρ2 + sinh2(ρ)dθ2

whereas the volume form and Laplace operator by

dµ(z) =
dρdθ

sinh(ρ)
and ∆ = −∂ρρ − 1

tanh(ρ)
∂ρ − 1

sinh2(ρ)
∂θθ.

1.3 Eisenstein series

We end this chapter with a brief description of Eisenstein series. We will

take a look a three types of Eisenstein series, namely parabolic (associated to

cusps), hyperbolic (associated to primitive closed geodesics), and elliptic (asso-

ciated to conical points). We decide to keep this section concise. Nevertheless,

precise statements will be made in Section 3.1.
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By now, the study of parabolic Eisenstein series associated to a cusp P

on a non-compact, finite volume hyperbolic Riemann surface M = Γ\H is a

classical aspect of mathematics (see, for example, [He 83], [Iw 02] or [Ku 73]).

To recall, for any z ∈ H and s ∈ C with Re(s) > 1, we define the parabolic

Eisenstein series Epar;M,P (z, s) by

Epar;M,P (z, s) = w−s
∑

η∈Γ∞\Γ
(Im ηz)s

where Γ∞ denotes the stabilizer of the cusp at ∞. In our definition, we assume

without loss of generality that the cusp P = ∞, in other words the uniformiz-

ing group Γ is reduced at ∞. It is standard in the mathematical literature to

normalize cusps so that the width w is equal to one. We will work slightly

more generally and, as a result, include the multiplicative factor of w−s.

Our next task is to define the hyperbolic Eisenstein series. In [KM 79],

the authors introduced a vector-valued type of Eisenstein series associated to

primitive closed geodesics. We will use a scalar-valued analog of this. Suppose

that γ ∈ Γ is a primitive hyperbolic element which is associated to a primitive

closed geodesic on M . Again, we will make the assumption that γ is repre-

sented by a diagonal matrix and fixes 0 and ∞. Using the (r, θ) coordinates

coming from Section 1.2, we formally define the hyperbolic Eisenstein series

Ehyp;M,γ(z, s) by

Ehyp;M,γ(z, s) =
∑

η∈Γγ\Γ
(sin θ(ηz))s

where Γγ denotes the stabilizer of γ. The series above converges absolutely

and locally uniformly for z ∈ H and s ∈ C with Re(s) > 1.

In [JK 03], the authors introduced an elliptic Eisenstein series associated
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to an elliptic element γ ∈ Γ with fixed point E on a finite volume hyperbolic

Riemann surface. For any point z ∈ H which is not Γ-equivalent to the

associated elliptic fixed point E and s ∈ C with Re(s) > 1, we define the

elliptic Eisenstein series Eell,M,γ(z, s) by

Eell,M,γ(z, s) =
∑

η∈Γγ\Γ
sinh(ρ(ηz))−s.

In the above series, we are using the (ρ, θ) coordinates as described in Section

1.2. Furthermore, we assume that the uniformizing group Γ is reduced at i in

the sense that the element γ fixes i. As before, Γγ denotes the stabilizer of the

elliptic representative γ.

6



2 Degeneration of Riemann surfaces

The main result of this chapter deals with the uniform convergence of the

hyperbolic metrics away from the newly developed nodes. After reviewing

some facts about moduli space of genus g, we will introduce in Section 2.2

the notion of hyperbolic degeneration of Riemann surfaces of genus g. In

short, degeneration occurs by pinching some primitive simple closed geodesics

on the surface. The limiting surface will develop new nodes or cusps. In

other words, through hyperbolic degeneration one moves inside the moduli

space of genus g towards its boundary. Section 2.3 concludes the chapter

by review the concept of elliptic degeneration. In this setting, we start with

a hyperbolic Riemann surface with conical points (really this is an orbifold)

where degeneration occurs by pinching conical points or differently said, letting

the order of ramification go to infinity.

2.1 Moduli spaces

In this section we will discuss the Teichmüller space of genus g and the

corresponding moduli space. Our presentation here will closely follow the ideas

starting on Section 1.2 of [IT 92]. We will take the approach from [IT 92] by

describing first the genus 1 case and then generalize to higher genus.

Our discussion here will focus on the closed Riemann surfaces, by which

we mean Riemann surfaces that are homeomorphic with a sphere having g

handles attached to it. Let us start by looking at the moduli space of tori.

A torus is a Riemann surface which can be realized as the quotient Γ\C,

where C denotes the complex plane and Γ is lattice group on C. The lattice
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is spanned by two points (vectors) in C. It is common to normalize these

two points so that one of them is 1 and the other is τ ∈ H. Thus one can

identify the lattice group Γ as the direct sum Z⊕ Zτ . We will write Γτ for Γ

in order to emphasize the relation with the second generator τ of the lattice

group. Now let us look at two tori R1 = Γτ1\C and R2 = Γτ2\C. It is not

hard to show that the tori are biholomorphic if and only if there exists a

fractional linear transformation γ ∈ PSL(2,Z) with γ(τ1) = τ2. This in turn

allows us to introduce biholomorphic equivalence classes of tori. The collection

of equivalence classes of tori is called the moduli space of tori M1, and this

moduli space of tori can be identified with the quotient of the upper half plane

H by the modular group PSL(2,Z), namely

M1
∼= PSL(2,Z)\H.

Let us discuss the genus 1 case. One way to introduce the notion of Te-

ichmüller space and moduli space is via the fundamental group. Consider a

torus Rτ with generators 1 and τ . The torus can be constructed as follows.

Consider the fundamental parallelogram in C with vertices at 0, 1, τ and τ +1.

If we identify the segment [0, 1] with segment [τ, τ + 1] and the segment [0, τ ]

with the segment [1, τ + 1] we obtain the torus Rτ . The segment [0, 1] in

C determines a simple closed curve on the torus Rτ . The same can be said

about the segment [0, τ ]. Call the first simple closed curve A and the second

B. Choose p = [0] as a base point on Rτ . The homotopy classes [A] and

[B] determine a system of generators for the fundamental group π1(Rτ , p).

Furthermore, the lattice Γτ is isomorphic to the fundamental group π1(Rτ , p)
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under the following correspondence

1 7→ [A]

τ 7→ [B].

Consider now a biholomorphism between two tori f : Rτ1 7→ Rτ2 . This induces

an isomorphism between the fundamental groups f∗ : π1(Rτ1 , p1) 7→ π1(Rτ2 , p2)

by

f∗([A1]) = [f(A1)] = [A2]

f∗([B1]) = [f(B1)] = [B2],

corresponding to the isomorphism between the lattice groups Γτ1 and Γτ2 .

Consider a torus R. Take a set of generators Σp = {[A], [B]} (also referred

to as marking on R) for the fundamental group π1(R, p). Define an equivalence

relation as follows. Two markings Σp = {[A1], [B1]} and Σq = {[A2], [B2]} are

equivalent if there exist a continuous curve Cp,q from the p to q and this curve

induces an isomorphism between π1(R, p) and π1(R, q) by sending [A1] to [A2]

and [B1] to [B2]. More generally, this isomorphism sends a homotopy class

[C] ∈ π1(R, p) to the homotopy class [C−1
p,q ·C ·Cp,q] ∈ π1(R, q). The next step is

to consider two pairs (R, Σp) and (S, Σq). The two pairs are equivalent if there

exist a biholomorphism f : R 7→ S and the marking f∗(Σp) is equivalent to

the marking Σq. The equivalence class [(R, Σp)] is called a marked torus. The

Teichmüller space of genus 1 which we denote by T1 consists of the collection

of marked tori. Given a marking Σp we can identify it with the set of homology

classes determined by the generators 1 and τ of the corresponding torus and
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write Σ(τ) for Σp. Suppose that [R, Σ(τ1)] and [S, Σ(τ2)] are two elements in

T1. It is not difficult to show that the two elements are equal if and only if

τ1 = τ2. But then this implies that the Teichmüller space of genus 1 can be

identified with the upper half plane.

A second method to construct the Teichmüller space of genus 1 is via

orientation-preserving diffeomorphisms. Let R be a torus with a marking

Σ = {[A1], [B1]}. Consider a pair (S, f) of a torus S and an orientation-

preserving diffeomorphism f : R 7→ S. Then f∗(Σ) = {f∗([A1]), f∗([B1])} is a

marking on S. Furthermore, two such pairs (S1, f1) and (S2, f2) are equivalent

if and only if the map f2 ◦ f−1
1 : S1 7→ S2 is homotopic to a biholomorphism

f : S1 7→ S2 (see Theorem 1.3 on page 12 of [IT 92]). The Teichmüller space

of R which is denoted by T(R) consists of the collection of equivalence classes

[S, f ].

To see how to identify the spaces T1 and T(R) we reason as follows. Let

[S, Σp] be a marked torus. Then we can find an orientation-preserving diffeo-

morphism f : R 7→ S with [S, Σp] = [S, f∗(Σ)]. Choose two points τ, τ1 ∈ H
such that [R, Σ] = [Rτ , Σ(τ)] and [S, Σp] = [Rτ1 , Σ(τ1)]. Then the linear map

(which maps 1 to 1 and τ1 to τ) given by

f̃τ (z) =
(τ − τ 1)z − (τ − τ1)z

τ1 − τ 1

, with z ∈ C

gives rise to an orientation-preserving diffeomorphism fτ : Rτ1 7→ Rτ such that
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fτ ([z]) = [f̃τ (z)] as in the diagram

C
f̃τ //

π
²²

C
π

²²
Rτ1 fτ

// Rτ

where π denotes the universal covering map. The correspondence that sends

[Rτ , Σ(τ)] to [Rτ , fτ ] identifies the T1 with T(R).

Now the group PSL(2,Z) acts on the Teichmüller space T(R). On the one

hand, for γ ∈ PSL(2,Z) with γ(z) = (az + b)/(cz + d), the action is defined

by sending an element [Rτ , fτ ] to [Rγ(τ), fγ(τ)]. On the other hand, for a point

τ ∈ H, the automorphism h̃τ : C 7→ C given by h̃τ (z) = (cτ + d)z induces the

biholomorphism “downstairs” hτ : Rγ(τ) 7→ Rτ by hτ ([z]) = [h̃τ (z)]. Letting

Rτ0 = R, we see that hτ ◦ fγ(τ) = fτ ◦ hτ0 ◦ fγ(τ0) (see the diagram below), and

this in turn yields [Rγ(τ), fγ(τ)] = [Rτ , fτ ◦ hτ0 ◦ fγ(τ0)] in the Teichmüller space

T(R).

Rτ0

∼=
²²

Rγ(τ0)
hτ0oo

R

OO
fγ(τ0)xxxx

;;xxx

fτ

//

fγ(τ) ##FF
FF

FF
FF

F Rτ

Rγ(τ)

hτ

OO

Putting these two together, we see that [Rτ , fτ ] = [Rτ , fτ ◦ hτ0 ◦ fγ(τ0)] and

this defines an action on T(R). Namely for ωγ = (hτ0 ◦ fγ(τ0))
−1, which is a

diffeomorphism of R, we have [ωγ]∗[Rτ , fτ ] = [Rτ , fτ ◦ ω−1
γ ]. Since [ωγ]∗ is a

biholomorphism on T(R) and corresponds to γ ∈ PSL(2,Z), we can identify

the moduli space M1 of tori by the quotient PSL(2,Z)\T(R). This concludes

the discussion in the genus 1 case.
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The genus 1 construction generalizes to higher genus g. In the latter case,

the fundamental group π1(R, p) has 2g generators, so that a marking consists

of the set Σp = {[Ai], [Bi]}g
i=1. As before, we have that two pairs (R, Σp) and

(S, Σq) are equivalent if and only if the exist a biholomorphism h : R 7→ S

such the marking h∗(Σp) on S is equivalent to the marking Σq on S. We call

such an equivalence class a marked closed Riemann surface of genus g. The

Teichmüller space of genus g which is denoted by Tg consists of the collection

of marked closed Riemann surfaces of genus g.

As before, we can construct the Teichmüller space T(R) of a closed Riemann

surface of genus g by using the method of orientation-preserving diffeomor-

phisms. Consider a pair (S, f) of a closed Riemann surface of genus g and an

orientation-preserving diffeomorphism f : R 7→ S. Two such pairs (S1, f1) and

(S2, f2) are equivalent if and only if the map f2 ◦ f−1
1 : S1 7→ S2 is homotopic

to a biholomorphism f : S1 7→ S2. The space T(R) consists of the collection

of equivalence classes [S, f ]. Furthermore, the Teichmüller space Tg of genus

g can be identified with T(R) (see Theorem 1.4 of [IT 92]).

Finally, let us introduce the moduli space of genus g. Denote by Mod(R)

the mapping class group, namely the collection of all homotopy classes of

diffeomorphisms ω : R 7→ R. We can introduce an action of Mod(R) on T(R)

as follows. For [ω] ∈ Mod(R) let [ω]∗[S, f ] = [S, f ◦ ω−1]. The moduli space

Mg of genus g can be identified as the quotient Mod(R)\T(R).

2.2 Hyperbolic degeneration

In this section we present the concept of (hyperbolically) degenerating Rie-

mann surfaces. The discussion in this section is taken from [Fa 73] (see also
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[IT 92]) and is repeated here for the convenience of the reader.

Let M1 and M2 be two compact Riemann surfaces of genus g1 and g2 respec-

tively. Each surface has one distinguished (removed) point denoted by Pi ∈ Mi

(i = 1, 2). Let z1 : U1 7→ D and z2 : U2 7→ D be local coordinates in the neigh-

borhoods U1 and U2 of the two distinguished points. Here D represents the

(open) unit disc in C. Put

W t
i = {xi ∈ Mi | xi ∈ Mi\Ui or xi ∈ Ui with |zi(xi)| > |t|}

and

Ct = {(X,Y ) ∈ D× D | X · Y = t}.

The above surface Ct denotes a “complex hyperbola” with parameter t ∈ C
of small absolute value. We then can sew together W t

1 and W t
2 with the collar

Ct, obtaining a Riemann surface of genus g = g1 + g2 as follows:

x1 ∈ W t
1 ∩ U1 is identified with

(
z1(x1),

t

z1(x1)

)
∈ Ct

and

x2 ∈ W t
2 ∩ U2 is identified with

(
t

z2(x2)
, z2(x2)

)
∈ Ct.

Then we can set x = (X+Y )/2 and y = (X−Y )/2 as holomorphic coordinates

on Ct, so that the space Mt = W t
1 ∪W t

2 ∪Ct is a compact Riemann surface of

genus g = g1+g2. For t = 0 we obtain a Riemann surface with two components
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Figure 1: Hyperbolic degeneration with two components

M1

M2

Mt

P1
P2

and one node, coming from identifying to two removed points P1 ∈ M1 and

P2 ∈ M2 (see Fig. 1). In this way, we have constructed a degenerating family

{Mt | |t| < 1} of Riemann surfaces of genus g = g1 + g2.

We will now describe another case of hyperbolic degeneration. Start with

a compact Riemann surface M of genus g (≥ 2), having two distinct removed

points P1 and P2. Choose local coordinates about Pi, namely zi : Ui 7→ D

where U1 and U2 are disjoint neighborhoods of P1 and P2 respectively. For

any t ∈ D\{0}, let

Wt = {x ∈ M | x ∈ M\(U1 ∪ U2) or x ∈ Ui with |zi(x)| > |t|}.

With Ct defined as above, we can form a Riemann surface of genus g + 1 by

sewing together Wt and Ui as follows:

x ∈ Wt ∩ U1 is identified with

(
z1(x),

t

z1(x)

)
∈ Ct

14



Figure 2: Hyperbolic degeneration with one component

M Mt

P1

P2

and

x ∈ Wt ∩ U2 is identified with

(
t

z2(x)
, z2(x)

)
∈ Ct.

As before, we can set x = (X + Y )/2 and y = (X − Y )/2 as holomorphic

coordinates on Ct. When t = 0, we obtain a surface M0 with one component

and one node. Once again, we call {Mt | |t| < 1} a hyperbolically degenerating

family (see Fig. 2).

Now suppose that Mt is a hyperbolically degenerating family of compact

Riemann surfaces. We will often use the phrase “bounded away from the

developing node (cusps)” to refer to points that are contained in Wt. Another

way to say this is that such points are outside the collar Ct0 , and hence outside

any collar Ct for |t| ≤ |t0|. The above construction allows us to identify points

on Mt for sufficiently small |t|. Furthermore, we can use the above construction

to study the behavior of functions defined on Mt for values bounded away

from the developing node. Another point here is that the above degeneration

reduces to the case of one developing node. It is clear though that one can

repeat the degeneration for as many nodes as wanted.

One can repeat the above two arguments to form a hyperbolically degener-

ating family of non-compact Riemann surfaces of finite volume. First choose
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distinguished points lying away from the developing nodes. After removing

these distinguished points we obtain cusps on the family Mt. In the non-

compact case, bounded away from developing node must also include bounded

away from the removed points.

In the above constructions, we parametrized the degenerating family by t,

the parameter defining the collar Ct. Now we can equip the collar Ct with

the hyperbolic metric. In section 2 of [Wo 87], the author models the collar

as an annular region and expresses the hyperbolic metric in terms of the z

coordinate in C. Then one can look at the short geodesic in the homology

class of H1(Ct,Z) (which is isomorphic to Z). From [Wo 87] we have the

following result about [γ] – the homology class generating H1(Ct,Z). As |t|
goes to zero, one has

`γ

2π
=

2π

− log |t|2 + o((log |t|)−2),

where `γ denotes the length of the geodesic path in [γ]. As such, one can

use the lengths ` = (`1, . . . , `n) to parametrize the hyperbolically degenerating

family M`.

Let us summarize the hyperbolic degeneration in the language of hyperbolic

geometry. Let M` be a degenerating family of connected, hyperbolic Riemann

surfaces with p degenerating geodesics. Denote by ` the p-tuple corresponding

to the lengths of the degenerating geodesics. To say that ` approaches zero

means that the length of each degenerating geodesic is approaching zero. Al-

though each M` is connected when ` > 0, the limit surface M0 need not be

connected and, indeed, the number of cusps on M0 is equal to the number of

cusps on M` plus 2p.
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For ` > 0, let C` denote the hyperbolic infinite cylinder with simple, closed

geodesic of length `. One can describe C` as

C` = {(ρ, θ) | ρ ∈ R, θ ∈ [0, 1)}

equipped with the Riemannian metric

dss = dρ2 + `2 cosh2(ρ)dθ2

and consequent volume form

dµ = ` cosh(ρ)dρdθ.

It easily follows that the length of the meridian at ρ equals to ` cosh(ρ). Con-

sequently, the shortest meridian is at ρ = 0 and the length of the meridian

increases without bound as ρ approaches positive or negative infinity.

A convenient fundamental domain for C` in H is

{r exp(iθ) | 1 ≤ r < exp(`), 0 < θ < π}, (2.2.1)

with hyperbolic metric induced from H and uniformizing group {exp(k`) | k ∈
Z} which acts on H by multiplication. For any ε > 0, let C`,ε denote the

symmetric submanifold of C` about the geodesic defined by γ with total volume

equal to ε. Using the expression of the metric in (r, θ) coordinates as in Section

1.2, we have that

ε =

∫ a

−a

∫ `

1

drdθ

sin2 θ
= 2` cot(a).
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A model for C`,ε in (2.2.1) is obtained by adding the restriction

cot−1(ε/(2`)) < α < π − cot−1(ε/(2`)).

In order to compute the length of each boundary component of C`,ε we integrate

the line element as the r-coordinate varies and θ = cot−1(ε/2`) stays constant,

giving

length of ∂C`,ε =

∫ `

1

dr

sin θ
=

`

sin(cot−1(ε/2`))
=

√
`2 + ε2/4.

For ε1 > ε0, the distance between the boundary of C`,ε1 and that of C`,ε0 can

be computed as follows

dH(∂C`,ε0 , ∂C`,ε1) =

∫ cot−1(ε0/(2`))

cot−1(ε1/(2`))

dθ

sin θ

= − log(csc θ + cot θ)
∣∣∣
cot−1(ε0/(2`))

cot−1(ε1/(2`))

= log

(
(ε1 +

√
(ε2

1 + 4`2))/(ε0 +
√

(ε2
0 + 4`2))

)
. (2.2.2)

From [Ra 79] we have that for any 0 < ε < 1/2, the surface C`,ε embeds

isometrically into M`. The surface M0 contains 2p embedded copies of C0,ε

which is the limit of C`,ε ⊂ M`. One can model C0,ε as two copies of a sym-

metric neighborhood of the origin in the punctured unit disc with its complete

hyperbolic metric. Throughout this article we make use of the following fun-

damental result which we cite without proof from [Ab 77], stated as Theorem

8, page 37.

Proposition 2.2.1. With notation as above, the hyperbolic metrics on the

18



degenerating family M` convergence to the hyperbolic metric on M0. Further-

more, the convergence is uniform on compact subsets of M0 bounded away from

the developing cusps.

We refer the reader to [Ab 77] for a complete proof of Proposition 2.2.1.

2.3 Elliptic degeneration

In this section we describe how to construct a family of elliptically degen-

erating hyperbolic Riemann surfaces of finite volume. For further details, we

refer to [Ab 80], [Ber 74], [Fa 73], as well as the more recent papers [Ju 95]

and [Ju 98].

Let q be a positive integer, and write Cq for the infinite hyperbolic cone of

order q. One can describe Cq as

Cq = {(ρ, θ) | ρ > 0, θ ∈ [0, 2π)} (2.3.1)

with Riemannian metric given by

ds2 = dρ2 + q−2 sinh2(ρ)dθ2 (2.3.2)

and volume form

dµ = q−1 sinh(ρ)dρdθ. (2.3.3)

A fundamental domain for Cq in the hyperbolic unit disc model is provided

by a sector with vertex at the origin and with angle 2π/q. In coordinates, we
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write

{α exp(iφ) | 0 ≤ α < 1, 0 ≤ φ < 2π/q}.

The hyperbolic metric on Cq is that which is induced by the disc on this fun-

damental domain. The uniformizing group which corresponds to this funda-

mental domain consists of the numbers exp(2πin/q) for n = 1, 2, · · · , q acting

by multiplication.

Denote by Cq,ε the submanifold of Cq of volume ε. Integrating the volume

form in (2.3.1) above, we have that

ε =

∫ a

0

∫ 2π

0

q−1 sinh ρdθdρ =
2π

q

∫ a

0

sinh ρdρ =
2π

q
(cosh a− 1).

Then Cq,ε can be obtained by restricting the first coordinate of (ρ, θ) to 0 ≤
ρ < cosh−1(1 + εq/2π).

A fundamental domain for Cq,ε in the unit disc model is the subset of that

given above with the added restriction that α < (εq/(4π + εq))1/2. It easily

follows that the volume of Cq,ε equals ε, and the length of its boundary is

(4πε/q + ε2)1/2.

For ε1 < ε2, we can compute the the length between the boundaries of the

two nested cones Cq,ε1 and Cq,ε2 as follows

dH(∂Cq,ε1 , ∂Cq,ε2) =

∫ cosh−1(1+ε2q/2π)

cosh−1(1+ε1q/2π)

dρ

= cosh−1(1 + ε2q/2π)− cosh−1(1 + ε1q/2π)

= log

(
ε2q + 2π +

√
ε2q(4π + ε2q)

ε1q + 2π +
√

ε1q(4π + ε1q)

)
, (2.3.4)
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where we used the fact that cosh−1 x = log(x +
√

x2 − 1).

C∞ will denote an infinite cusp. A fundamental domain for C∞ in the upper

half plane is given by the set {x+ iy | y > 0, 0 < x < 1}. C∞ is obtained from

this fundamental domain by identifying the boundary points iy with 1 + iy.

The uniformizing group that corresponds to this fundamental domain consists

of Z acting by addition.

C∞,ε will denote the submanifold of C∞ obtained by restricting the y coor-

dinate of the fundamental domain given above to y > 1/ε. Easy computations

show that Vol(C∞,ε) = ε, and the length of the boundary of C∞,ε is also ε.

We now introduce some notation that will be convenient for studying sur-

faces with more than one distinguished, elliptic point. Let ω = (ω1, ω2, · · · , ωm)

be a vector of the orders of these elliptic fixed points. In this case we define

Cω = ∪m
k=1Cωk

. Cω,ε is similarly defined as a union over the components of

ω. We say that the vector ω approaches infinity if and only if each of its

components approach infinity. It will be convenient to define

|ω| = min
1≤k≤m

ωk

We say that the Riemannian manifold Cω (with m connected components)

converges to m copies of the limit Riemannian manifold C∞ as ω →∞. Simi-

larly, Cω,ε converges to m copies of C∞,ε. We shall write these limits as m×C∞

and m× C∞,ε.

A family of finite volume hyperbolic surfaces Mω parametrized by the m-

vector ω will be called an elliptically degenerating surface if it has the following

properties (see Fig. 3):
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Figure 3: Elliptic degeneration of ω1 and ω2

2π/ω1

2π/ω2

2π/ω3

ω →∞

Mω M∞

1. For any ε < 1/2, the surface Cω,ε (with m components) embeds isomet-

rically into Mω.

2. As ω → ∞, Mω converges to a complete, hyperbolic surface M∞ in the

following sense. M∞ contains m embedded copies of C∞,ε which is the

limit of Cω,ε ⊂ Mω. And, the geometry of Mω\Cω,ε converges to the

geometry of M∞\(m× C∞,ε). In the last expression, m× C∞,ε refers to

the “new” cusps of M∞, that is, the cusps which developed through de-

generation. In particular, for every ω, it is possible to identify points xω

and yω on Mω\Cω,ε such that limω→∞ dω(xω, yω) = d∞(x∞, y∞). Hence-

forth, we shall suppress the ω dependence of points which are identified

during degeneration and simply write x and y. The volume forms in-

duced by the converging metrics also converge uniformly on Mω\Cω,ε,

and all such measures are absolutely continuous with respect to each

other. In general, the hyperbolic volume form occurring in an integral

will be denoted by µ with an appropriate subscript when needed (for

example, µω). Length measure will be denoted by ρ.
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The description of the degeneration of Mω to the limit surface M∞ also

applies to the degeneration of Cω and Cω,δ (with ε < δ) to their limit surfaces,

m× C∞ and m× C∞,δ respectively.

Let us describe how one can convert a cusp to a cone. The discussion follows

[Ju 98] (see also section 2 of [Ju 95]), which for reasons of transparency we

decide to include here. First consider the infinite cylinder S1×(0,∞) equipped

with some smooth element of arc length. Denote by `(t) the length of the circle

S1 × {t} and by d(s, t) the signed distance between the two circles S1 × {t}
and S1 × {s}. Then we can define the cone angle as the rate of change of the

` with respect to d, namely

α = lim
t→∞

[
lim
s→t

`(s)− `(t)

d(s, t)

]

provided that the limit exists. In such case, we call α the angle of the cone

with apex at ∞.

To model a cusp, one can chose the metric m0 = y−2(dx2 +dy2). First note

that the metric has constant negative curvature equal to −1. It also easily

follows that the length of the circle S1×{y} is given by `(y) = 1/y whereas the

distance between two circles S1 × {y1} and S1 × {y2} is d(y1, y2) = log(y2/y1).

Using the above notion of angle, one can compute the angle of the cone as

follows

α = lim
y→∞

[
lim
y1→y

1
y1
− 1

y

log y1 − log y

]
= lim

y→∞

− 1
y2

1
y

= 0.

Hence, (S1× (0,∞),m0) describes a hyperbolic cone with angle 0 and apex at

∞, i.e. a hyperbolic cusp.
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To model a cone with angle α and apex at ∞, we consider (S1×(0,∞),mα)

where

mα = ρα(y)2(dx2 + dy2) with ρα(y) =
α

sinh(αy)
.

Recall that the curvature in local coordinates (x, y) is given by

κ(x, y) =
∆ log ρ(x, y)

ρ(x, y)2
,

where the function ρ represents the density of the metric and ∆ represents

the Euclidean Laplace operator ∆ = −(∂xx + ∂yy). First we observe that

∆ log ρα(y) = −ρα(y)2. This in turn shows the metric mα has constant curva-

ture equal to −1. Furthermore, let us evaluate the length of the circle S1×{y}.
Namely, we have

`α(y) =

∫ 1

0

αdx

sinh(αy)
=

α

sinh(αy)
.

As per the length between to meridians S1×{y1} and S1×{y2}, it follows that

dα(y1, y2) =

∫ y2

y1

αdy

sinh(αy)
= log

∣∣∣∣
csch(αy1) + coth(αy1)

csch(αy2) + coth(αy2)

∣∣∣∣ .

Then we can evaluate the angle of the cone as follows

lim
y→∞

[
lim
y1→y

α/ sinh(αy1)− α/ sinh(αy)

log(csch(αy1) + coth(αy1))− log(csch(αy) + coth(αy))

]

= lim
y→∞

α cosh(αy)

sinh(αy)
= α.

This in turn makes (S1 × (0,∞),mα) a hyperbolic cone of angle α with apex
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at ∞. Note that as α approaches 0, one obtains the metric y−2(dx2 + dy2)

which is just the metric m0.

We note that all the computations involving the mα model of the cone

agree with the computations performed at the beginning of the section where

we used different coordinates. To see this, one makes the change of variables





θ = 2πx

ρ = 2 tanh−1(e−αy), with α = 2π
q

which then immediately gives the metric expressed in hyperbolic polar coor-

dinates as in (2.3.1).

Now suppose that M is a hyperbolic Riemann surface with conical ends. For

simplicity, let us assume that M has exactly one such end E ⊂ M . Consider a

hyperbolic metric g on M such that (E, g) is a cone as described above. The

main theorem in [Ju 98] states the following.

Let M be a surface with one end E. Let [g] be a pointwise conformal class

of hyperbolic metrics on M . For each α ∈ [
0, 2π(1 − χ(M))

)
, let gα be the

unique hyperbolic metric on M such that (E, gα) is a cone of angle α. Define

the conformal factor wα by gα = ewαg0. Then the map that sends α to the

smooth factor wα is real analytic.

In other words, a hyperbolic surface with cusps belongs to a unique confor-

mal deformation of hyperbolic surfaces with cones and this deformation is

real-analytically parametrized by the angles of the cones. For us, it give the

following proposition.

Proposition 2.3.1. Let M∞ be an hyperbolic surface of finite volume with p

cusps. For 0 < m ≤ p, there exists a degenerating family of surfaces Mω with
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p−m cusps indexed by the m-tuple ω such that

lim
ω→∞

Mω = M∞

Proof. See Theorem 1 of [Ju 98].
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3 Eisenstein series through degeneration

We begin this chapter by recalling some facts about the Eisenstein series

introduced in Section 1.3 as well as express these Eisenstein series as Stieltjes

integrals with some appropriate measure, which is basically a counting func-

tion. Aside from this, we also give bounds for these counting functions. The

main results of the chapter are then presented in Sections 3.2 and 3.3. Namely,

we show the convergence of the parabolic, hyperbolic, and elliptic Eisenstein

series through both hyperbolic and elliptic degeneration to their correspond-

ing Eisenstein series on the limiting surface. In obtaining these results, one

uses the integral representation, the bounds for counting functions, and the

convergence of metrics as described in Sections 2.2 and 2.3.

3.1 Integral representation

We start this section by making precise definitions of the three Eisenstein

series introduced in Section 1.3. Then we will represent these series as Stieltjes

integrals against geodesic counting functions.

Let us start with the parabolic Eisenstein series. For a reference on this

one can look at [Ku 73] for instance. Suppose that γ is a primitive parabolic

element of the uniformizing group Γ, namely γ corresponds to one of the Γ-

inequivalent cusp representatives κ1, . . . , κh. Let Γγ be the stabilizer in Γ of

one the cusps P , that is Γγ = {σ ∈ Γ | σP = P}. Then, there exist an

element σ ∈ PSL(2,R) (referred to as the scaling matrix for the cusp P ) such
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that σ∞ = P and the group σ−1Γγσ is generated by the matrix




1 w

0 1


 ,

where w is the width of the cusp P which is the fixed point of γ . Then for

z ∈ H and s ∈ C one can define the parabolic Eisenstein series Epar;M,P (z, s)

associated to the cusp P by

Epar;M,P (z, s) = w−s
∑

η∈Γγ\Γ
Im(σ−1ηz)s.

The parabolic Eisenstein series as defined above converges absolutely and lo-

cally uniformly for any z ∈ H and s ∈ C with Re(s) > 1 (see [He 83], [Iw 02],

or [Ku 73]).

Proposition 3.1.1. For z ∈ H and s ∈ C with Re(s) > 1, the parabolic

Eisenstein series Epar;M,P (z, s) is an automorphic form with respect to the

group Γ, namely it is invariant under Γ and is an eigenfunction of the Laplace

operator, that is

(∆z − s(1− s))Epar;M,P (z, s) = 0.

Proof. Let σ be any element of the group Γ. Then we can write

Epar;M,P (σz, s) = w−s
∑

η∈Γγ\Γ
Im(σηz)s = w−s

∑

η′∈Γγ\Γ
Im(η′z)s = Epar;M,P (z, s),

whenever the series converges. Over the domain of convergence of the series, we

can interchange the sum with the Laplace operator. In the (x, y) coordinates,
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the Laplace operator has the following expression

∆z = −y2(∂xx + ∂yy).

With this we can write

∆z(y
s) = (−y2)∂yy(y

s) = (−y2)s(s− 1)ys−2

= s(1− s)ys,

which proves the differential equation.

In what is to follow, we will assume that the group Γ is reduced at∞, that is

∞ is a cusp and its stabilizer Γ∞ is infinite cyclic generated by




1 w

0 1


. If P

is a cusp which not equivalent to∞, we can use a scaling matrix σ ∈ PSL(2,R)

with σ∞ = P and then the group σ−1Γσ is reduced at ∞ (see [Ku 73]). With

this assumption, our definition of the parabolic Eisenstein series is consistent

with the one mentioned in Section 1.3, namely

Epar;M,P (z, s) = w−s
∑

η∈Γ∞\Γ
Im(ηz)s. (3.1.1)

Our next task is to define the geodesic counting functions. Choose and fix

any point z ∈ M , which we lift to a point z ∈ H. Since Γ is acts discontinu-

ously, it follows that the set

{ηz | η ∈ Γ} ∩ neighborhood of ∞

has finitely many elements. Then we can choose y0 ∈ R sufficiently large so
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that y0 > Im(ηz) for all η ∈ Γ. Let Ly0 be the horocycle in H defined by

{Im(z) = y0}. This is basically the boundary of a neighborhood of the cusp at

∞. For any point z ∈ M , which we lift to a point z ∈ H, let dH(z, Ly0) denote

the geodesic distance from z to Ly0 . With all this, we define the parabolic

counting function associated to γ and y0 to be

Npar;M,P (T ; z, y0) = card {η ∈ Γ∞\Γ | dH(ηz, Ly0) < T}.

Observe that when defining the parabolic counting function, we needed to use

the length from z to a horocycle Ly0 since the cusp is at infinite distance.

An important part of our analysis is played by the following bound for the

counting function Npar;M,P (u; z, y0).

Lemma 3.1.2. For any point z ∈ M with injectivity radius r, and any u ≥
T0 > r, we have

Npar;M,P (u; z, y0) ≤ Npar;M,P (T ; z, y0) +
sinh2(u+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

.

Proof. The arguments from [Lu 93] apply to yield the following bound. How-

ever, to make the reading more self-contained we present a proof here. So fix

some point z ∈ M . The injectivity radius at z is given by

r =
1

2
min{dH(z, ηz) | η ∈ Γ− {id}}.

Now for two distinct representatives η1 and η2 of Γ∞\Γ we have that the

hyperbolic balls of radius r about η1z and η2z are disjoint. But then, for

u ≥ T0 > r we can estimate the number of points ηz which are trapped inside
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Figure 4: Hyperbolic balls of radius r trapped inside Bz(u + r) \Bz(T0 − r)

z

T0
u

the hyperbolic balls of radii T0 and u about z, by comparing the aggregate

volume of such hyperbolic balls (see Fig. 4). Namely, for representatives

η ∈ Γ∞\Γ for which T0 ≤ dH(z, ηz) ≤ u, we have that

∑

η∈Γ∞\Γ
vol(Bηz(r)) ≤ vol(Bz(u + r))− vol(Bz(T0 − r)),

where the “corrections” +r and −r in the right hand side above are justified by

the fact that for some coset representatives it might happen that dH(z, ηz) = T0

or dH(z, ηz) = u.

Recalling that the volume of a hyperbolic ball of radius r is equal to 4π sinh2(r/2),

we can further write

4π sinh2
(r

2

)
·
(
Npar;M,P (u; z, y0)−Npar;M,P (T ; z, y0)

)

≤ 4π sinh2

(
u + r

2

)
− 4π sinh2

(
T0 − r

2

)
.

31



The result of the lemma now easily follows from the above inequality.

Now we are ready to give an integral representation for the parabolic Eisen-

stein series. For any point z ∈ H and y0 ∈ R with Im(z) < y0, we have that

dH(z, Ly0) =

∫ y0

Im(z)

dy

y
= log

(
y0

Im(z)

)
,

so then

Im(z)s = ys
0 exp (−s · dH(z, Ly0)) .

With this observation, we have the following result.

Proposition 3.1.3. The parabolic Eisenstein series Epar;M,P (z, s) has the fol-

lowing integral representation

Epar;M,P (z, s) = (y0/w)s

∫ ∞

0

e−sudNpar;M,P (u; z, y0),

for all z ∈ H and all s ∈ C with Re(s) > 1.

Note that the above definition is independent of the choice of y0. To see

this, let us choose y1 ∈ R sufficiently large such that for any lift z ∈ H of a

point z ∈ M , we have y1 > Im(z). Without loss of generality we may assume

that y1 ≥ y0. Then we can write,

Im(z)s = ys
1 exp (−s · dH(z, Ly1))

= ys
1 exp (−s · (dH(z, Ly0) + dH(Ly0 ,Ly1)))

= ys
0 exp (−s · dH(z, Ly0)) ,
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since dH(Ly0 ,Ly1) = log(y1/y0).

As we will see, one can use the bound in Lemma 3.1.2 and Proposition

3.1.3 to prove the well-known result that the series defined in (3.1.1) converges

uniformly and absolutely for Re(s) > 1.

Now that we are done with the integral representation for the parabolic

Eisenstein series, we proceed with the integral representation of the hyperbolic

Eisenstein series. Let γ be a primitive hyperbolic element of Γ. Then we can

find a matrix σ ∈ PSL(2,R) such that

σ−1γσ = γ` =




e`/2 0

0 e−`/2


 ,

where ` denotes the length of the simple closed geodesic Lγ on M in the

homotopy class of γ. We then lift the geodesic Lγ to the geodesic L0 lying

on {z ∈ H | Re(z) = 0} in the upper half plane. Using the (r, θ) coordinates

introduced in Section 1.2, we define hyperbolic Eisenstein series Ehyp;M,γ(z, s)

associated to γ by

Ehyp;M,γ(z, s) =
∑

η∈Γγ\Γ
sin(θ(σ−1ηz))s.

As in the parabolic case, we can use the notion of reduce at 0 and ∞, so that

there is no need for the scaling matrix σ. With this in mind, our definition of

the hyperbolic Eisenstein series is consistent with definition given in Section

1.3, that is

Ehyp;M,γ(z, s) =
∑

η∈Γγ\Γ
sin(θ(ηz))s. (3.1.2)
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Using the hyperbolic metric in the (r, θ) coordinates as given in Section 1.2,

we have that

dH(z, L0) =

∫ π/2

θ(z)

dθ

sin θ

= − log(csc θ + cot θ)
∣∣∣
π/2

θ(z)

= log(csc θ(z) + cot θ(z)),

where we assume that θ(z) ≤ π/2, for otherwise the limits of integration must

be swapped. This allows us to write

exp(dH(z, L0)) =
1 + cos θ(z)

sin θ(z)

and

exp(−dH(z, L0)) =
sin θ(z)

1 + cos θ(z)
,

from which we get that

sin(θ(z)) · cosh(dH(z, L0)) = 1.

This in turn, allows us to express (3.1.2) as

Ehyp;M,γ(z, s) =
∑

η∈Γγ\Γ
(cosh(dH(ηz, L0)))

−s .

The series given in (3.1.2) converges absolutely and locally uniformly for z ∈ H
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and s ∈ C with Re(s) > 1 (see [Fa 07], [GJM 08], [vP], or [Ri 07]).

Proposition 3.1.4. For z ∈ H and s ∈ C with Re(s) > 1, the hyperbolic

Eisenstein series Ehyp;M,γ(z, s) is invariant under Γ in the z variable, but it

is not an eigenfunction of the Laplace operator since it satisfies the following

differential equation

(∆z − s(1− s))Ehyp;M,γ(z, s) = s2Ehyp;M,γ(z, s + 2).

Proof. Let σ be an element of Γ. Then as we have seen in the parabolic case

(cf. Proposition 3.1.1), we have that Ehyp;M,γ(σz, s) = Ehyp;M,γ(z, s) whenever

the series converges. Over the domain of convergence, we can interchange

the sum and the Laplace operator. Recall that the Laplacian in the (r, θ)

coordinates is given by

∆ = −(sin θ)2(∂rr + ∂θθ).

Working with the series as given by (3.1.2), we have that

∆(sin(θ)s) = − sin(θ)2∂θθ(sin(θ)s) = − sin(θ)2∂θ(s sin(θ)s−1 cos θ)

= − sin(θ)2
[
s(s− 1) sin(θ)s−2 cos(θ)2 − s sin(θ)s−1 sin θ

]

= s(1− s) sin(θ)s cos(θ)2 + s sin(θ)s+2

= s(1− s) sin(θ)s − s(1− s) sin(θ)s+2 + s sin(θ)s+2

= s(1− s) sin(θ)s + s2 sin(θ)s+2,

which completes the proof.

We now proceed to define the counting functions in the hyperbolic case.
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For any point z ∈ M , which we lift to a point z ∈ H, let dH(z, L0) denote

the geodesic distance from z to L0. With all this, we define the hyperbolic

counting function as

Nhyp;M,γ(T ; z) = card {η ∈ Γγ\Γ | dH(ηz, L0) < T} .

Equivalently, one can count the number of geodesic paths from z ∈ M to the

closed geodesic on M in the homotopy class determined by γ.

As in the parabolic case, we can establish the following bound for the hy-

perbolic counting function.

Lemma 3.1.5. For any point z ∈ M with injectivity radius r, and any u ≥
T0 > r, we have

Nhyp;M,γ(u; z) ≤ Nhyp;M,γ(T0; z) +
sinh2(u+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

.

Proof. The result follows by mimicking the arguments employed in Lemma

3.1.2 above.

We can now express the hyperbolic Eisenstein series given by (3.1.2) as a

Stieltjes integral, namely we have the following result.

Proposition 3.1.6. The hyperbolic Eisenstein series Ehyp;M,γ(z, s) has the

following integral representation

Ehyp;M,γ(z, s) =

∞∫

0

(cosh u)−sdNhyp;M,γ(u; z) .

for all z ∈ H and s ∈ C with Re(s) > 1.
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By combining the bound in Lemma 3.1.5 and Proposition 3.1.6, we can

show that the series defining the hyperbolic Eisenstein series (3.1.2) converges

uniformly and absolutely for Re(s) > 1.

We end this section with the integral representation of the elliptic Eisenstein

series. Let γ be a primitive elliptic element of Γ. Then there is an element

σ ∈ PSL(2,R) such that

σ−1γσ = γq =




cos(2π/q) sin(2π/q)

− sin(2π/q) cos(2π/q)


 ,

where q denotes the order of the elliptic fixed point E associated to γ. The

quotient αq = 2π/q denotes the cone angle. Using the hyperbolic polar coor-

dinates (ρ, θ) (coming from Section 1.2), we define the elliptic Eisenstein series

Eell;M,γ(z, s) associated to the elliptic element γ by

Eell;M,γ(z, s) =
∑

η∈Γγ\Γ
sinh(ρ(σ−1ηz))−s.

As in the previous two cases, we can use the notion of reduce at i, so that

there is no need for the scaling matrix σ. With this in mind, our definition of

the elliptic Eisenstein series is consistent with definition given in Section 1.3,

that is

Eell;M,γ(z, s) =
∑

η∈Γγ\Γ
sinh(ρ(ηz))−s. (3.1.3)

The series converges absolutely and locally uniformly for all z ∈ H which are

not Γ-equivalent to the associated elliptic point and all s ∈ C with Re(s) > 1

(see [JK 03] or [vP]).
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Proposition 3.1.7. For all z ∈ H which are not Γ-equivalent to the associ-

ated elliptic point and all s ∈ C with Re(s) > 1, the elliptic Eisenstein series

Eell;M,γ(z, s) is invariant under Γ in the z variable, but fails to be an eigen-

function of the Laplace operator, since it satisfies the following differential

equation

(∆z − s(1− s))Eell;M,γ(z, s) = −s2Eell;M,γ(z, s + 2).

Proof. That the elliptic Eisenstein series is Γ-invariant in the z variable follows

from the definition given in (3.1.3). Recall the expression in (ρ, θ) coordinates

of the Laplace operator, namely

∆ = −∂ρρ − 1

tanh ρ
∂ρ − 1

sinh(ρ)2
∂θθ.

Then we can write

∆(sinh(ρ)−s) =− ∂ρρ(sinh(ρ)−s)− 1

tanh ρ
∂ρ(sinh(ρ)−s)

=− ∂ρ(−s sinh(ρ)−s−1 cosh(ρ))

− cosh(ρ)

sinh(ρ)
(−s sinh(ρ)−s−1 cosh(ρ))

=s(−s− 1) sinh(ρ)−s−2 cosh(ρ)2 + s sinh(ρ)−s

+ s sinh(ρ)−s−2 cosh(ρ)2

=− s2 sinh(ρ)−s−2 cosh(ρ)2 + s sinh(ρ)−s

=− s2 sinh(ρ)−s−2(1 + sinh(ρ)2) + s sinh(ρ)−s

=s(1− s) sinh(ρ)−s − s2 sinh(ρ)−s−2,

38



which proves the differential equation.

We define the elliptic counting function

Nell;M,γ(T ; z) = card {η ∈ Γγ\Γ | dH(ηz, i) < T} ,

which counts the number of geodesic paths from z ∈ M to the elliptic fixed

point E of length less than T .

Similar to Lemmas 3.1.2 and 3.1.5 above, we obtain the following bound

involving the elliptic counting function.

Lemma 3.1.8. For any point z ∈ M with injectivity radius r, and any u ≥
T0 > r, we have

Nell;M,γ(u; z) ≤ Nell;M,γ(T0; z) +
sinh2(u+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

.

Proof. This follows by the same methods used in Lemma 3.1.2 above.

We can now express the elliptic Eisenstein series (3.1.3) as a Stieltjes inte-

gral, namely we have the following result.

Proposition 3.1.9. The elliptic Eisenstein series Eell;M,γ(z, s) has the follow-

ing integral representation

Eell;M,γ(z, s) =

∞∫

u0

(sinh u)−sdNell;M,γ(u; z)

for all z ∈ H which are not Γ-equivalent to the associated conical point and

s ∈ C with Re(s) > 1. The lower limit of integration u0 depends on the variable

z in the sense that u0 = u0(z) = min{dH(ηz, i) | η ∈ Γγ\Γ}.
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Note the u0 = u0(z) > 0 since z is not Γ-equivalent to the associated elliptic

fixed point. By combining the bound in Lemma 3.1.8 and Proposition 3.1.9,

we can show that the series defining the hyperbolic Eisenstein series (3.1.3)

converges uniformly and absolutely for Re(s) > 1.

3.2 Eisenstein series through hyperbolic degeneration

In this section, we study the limiting behavior of the three Eisenstein series

on a hyperbolically degenerating family of finite volume hyperbolic Riemann

surfaces. In particular, we prove the following result. If γ ∈ Γ corresponds to a

degenerating hyperbolic element, then a multiple of the associated hyperbolic

Eisenstein series converges to parabolic Eisenstein series on the limit surface.

Namely, we have the following theorem which is based on joint work with J.

Jorgenson and M. Munn (see [GJM 08]). This convergence is also studied in

[Fa 07]. However, the methods employed here rely on the uniform convergence

of counting functions and are quite different from the methods used in [Fa 07].

Theorem 3.2.1. Let M` be a hyperbolically degenerating family of hyperbolic

Riemann surfaces of finite volume, with limit surface M0.

(i) Let Ehyp;M`,γ(z, s) be the hyperbolic Eisenstein series on M` associated to

the hyperbolic element γ. If γ corresponds to a non-degenerating hyper-

bolic element, then

lim
`γ→0

Ehyp;M`,γ(z, s) = Ehyp;M0,γ(z, s) .

(ii) Let Epar;M`,P (z, s) be the parabolic Eisenstein series on M` associated to
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the cusp P . Then

lim
`γ→0

Epar;M`,P (z, s) = Epar;M0,P (z, s) .

(iii) Let Eell;M`,E(z, s) be the elliptic Eisenstein series on M` associated to the

conical point E. Then

lim
`γ→0

Eell;M`,E(z, s) = Eell;M0,E(z, s) .

(iv) Let Ehyp;M`,γ(z, s) be the hyperbolic Eisenstein series on M` associated to

the hyperbolic element γ, whose geodesic has length `γ. If γ corresponds

to a degenerating hyperbolic element which results in the new cusp P ,

then

lim
`γ→0

`−s
γ Ehyp;M`,γ(z, s) = Epar;M0,P (z, s) .

In all instances, the convergence is uniform on compact subsets of M0 bounded

away from the developing cusps, and in half-planes of the form Re(s) ≥ 1 + δ

for any δ > 0.

In order to keep the statement of part (iv) manageable, we employed a

slight abuse of notation, which we wish to clarify. If M` has a single pinching

geodesic which is separating, then the limit surface M0 has two components,

which we denote by M0;1 and M0;2, each with a single newly formed cusp,

denoted by P1 and P2. In this case, the right-hand-side of (iv) depends on the

location of the point z: If z ∈ M0;1 (resp. z ∈ M0;2), then the right-hand-side

of (iv) signifies the function Epar;M0;1,P1(z, s) (resp. Epar;M0;2;P2(z, s)). If M`
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has a single pinching geodesic which is non-separating, then the limit surface

M0 has one component with two newly formed cusps, denoted by P1 and P2.

In this case, the right-hand-side of (iv) signifies the function Epar;M0,P1(z, s) +

Epar;M0,P2(z, s). To consider the general case when M` has several pinching

geodesics, then one simply iterates the results from Theorem 3.2.1 by pinching

one geodesic at a time.

In the first part of the section we will look at the behavior of the count-

ing functions mentioned in Section 3.1. Then we will use the convergence of

counting function and the integral representation of the Eisenstein series to

prove the aforementioned result. For simplicity, we will assume that M` has

a single family of degenerating geodesics; the more general situation is easily

obtained from the arguments presented here with only a slight modification of

notation.

Lemma 3.2.2. With notation as above, we have the following limits:

(a) If γ does not correspond to a degenerating hyperbolic element, then

lim
`→0

Nhyp;M`,γ(T ; z) = Nhyp;M0,γ(T ; z);

(b) For any cusp P , we have

lim
`→0

Npar;M`,P (T ; z, y0) = Npar;M0,P (T ; z, y0).
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(c) For any elliptic element γ, we have

lim
`→0

Nell;M`,γ(T ; z) = Nell;M0,γ(T ; z).

In all instances, the convergence is uniform on compact subsets of M0 bounded

away from the developing cusps.

Proof. The first step is to choose ε1 sufficiently small so that the point z is

bounded away from the degenerating collar, that is z ∈ M` \C`,ε1 . The second

step is to choose ε0 < ε1 so that the distance from the boundary of C`,ε0 to the

boundary of C`,ε1 is greater than T . Namely, one can choose ε0 such that the

following inequality holds

ε0 +
√

ε0 + 4`2

ε1 +
√

ε1 + 4`2
< e−T ,

which comes from formula (2.2.2) in Section 2.2. But then any geodesic path

from z to the non-pinching geodesic γ with length bounded by T will neces-

sarily avoid entering the inner collar C`,ε0 , for otherwise it will gain a length

of at least T . Said differently, such a geodesic will be contained entirely in

the M` \ C`,ε0 . From Proposition 2.2.1, we know that the family of hyperbolic

metrics converge uniformly away on M` \ C`,ε0 , which proves part (a).

The convergence statements asserted in (b) and (c) follow by a similar

argument.

Lemma 3.2.3. With notation as above, let

g(y0, `) = log


 w

y0`
+

√(
w

y0`

)2

+ 1



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and let γ correspond to a degenerating hyperbolic element.

(a) Assume ε > 0 is sufficiently small so that C`,ε is embedded in M`, and, for

z ∈ M`, let Cz
`,ε denote the half of C`,ε closest to z. Define

Nhyp;M`,∂Cz
`,ε

(T ; z) = card{η ∈ Γγ\Γ | dH(ηz, ∂Cz
`,ε) < T} . (3.2.1)

Then, for any T > 0, we have

Nhyp;M`,γ(T + g(y0, `); z) = Nhyp;M`,∂Cz
`,ε

(T ; z) .

(b) For any fixed T > 0, we have that

lim
`→0

Nhyp;M`,γ(T + g(y0, `); z) = Npar;M0,P (T ; z, y0).

Proof. For fixed `, one can identify M` with a fundamental domain in H, re-

quiring that the lift of the pinching geodesic γ lies along the line Re(z) = 0.

With this choice of fundamental domain, it is easy to see that the bound-

ary ∂Cz
`,ε of C`,ε lies along a path for which θ(z) is constant, namely θ(z) =

cot−1(ε/2`). The curve ∂Cz
`,ε is orthogonal to the geodesics which transverse

the sub-cylinder Cz
`,ε, so ∂Cz

`,ε converges to a path on M0 which is perpendic-

ular to the geodesics which transverse a neighborhood of the cusp, meaning

∂C`,ε converges to a horocyclic path Ly0 in a neighborhood of the new cusp;

see Fig. 5. The area of Cz
`,ε equals the area on M0 above Ly0 by the choice of

ε = ε(`). By direct computation, we have

Area(region on M0 above Ly0) =

∫ ∞

y0

∫ ω

0

dxdy

y2
=

w

y0

,
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Figure 5: The Riemann surfaces M` and M0

g(y0, `)

γ`

P

Ly0

giving the relation ε = 2w/y0. We define g(y0, `) to be the distance from ∂Cz
`,ε

to the geodesic in Cz
`,ε. Using the computations from Section 2.2, we then have

that

g(y0, `) =

π/2∫

cot−1(ε/2`)

dθ

sin θ

= − log(csc θ + cot θ)
∣∣∣
π/2

cot−1(ε/2`)

= log

(
ε

2`
+

√
1 +

( ε

2`

)2
)

.

Recalling that ε = 2w/y0, allows to write

g(y0, `) = log


 w

y0`
+

√
1 +

(
w

y0`

)2

 .

Furthermore, consider a coset representative η ∈ Γγ\Γ. For an appropriate

such representative, we may assume that ηz lies in the fundamental domain

for Γ` from Section 2.2, meaning 0 ≤ log |ηz| < `. It follows that the geodesic

path from ηz to the {Re(z) = 0} ∩H lies along the path ρ = constant, which

45



then is seen to be orthogonal to each path θ = constant. Using the triangle

inequality (which in this case reduces to triangle equality), we have that

dH(ηz, γ) = dH(ηz, ∂Cz
`,ε) + dH(∂Cz

`,ε, γ) = dH(ηz, ∂Cz
`,ε) + g(y0, `). (3.2.2)

From (3.2.2) it immediately follows that

dH(ηz, γ) < T + g(y0, `) ⇐⇒ dH(ηz, ∂Cz
`,ε) < T,

which finishes the proof of part (a).

Part (b) follows from combining part (a) with the convergence of the hyper-

bolic metric on M` away from the developing cusps to the hyperbolic metric

on M0, as stated in Proposition 2.2.1.

Remark 3.2.4. As mentioned after the statement of Theorem 3.2.1, there are

two cases one needs to consider in part (b) of Lemma 3.2.3. In the first case the

pinching geodesic separates, that is the limiting surface M0 is disconnected.

If γ is separating, then the statement of part (b) can be taken as is. In the

second case, the pinching geodesic γ is non-separating. In such a case, one

needs to take into account that geodesic lengths from z to γ enter the cylinder

about the pinching geodesic from the two different sides. The proof of part

(b) easily extends to show that in the non-separating case the right-hand-side

is actually the sum of two parabolic counting functions corresponding to the

two newly formed cusps. With this noted, we choose to use the statement of

part (b) in slight abuse of notation in both the separating and non-separating

cases in order to avoid additional notation.

Remark 3.2.5. Note that, the convergence of the counting functions in Lemma
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3.2.2 is an immediate consequence of the convergence of the hyperbolic met-

rics away from the developing cusps, as stated in Proposition 2.2.1. In Lemma

3.2.3, we have the added feature that the hyperbolic counting function involves

the distances from the orbits of a point z to the geodesic corresponding to the

hyperbolic element, but the parabolic counting function involves distances to

a chosen horocycle. The distances to the geodesic associated to a degener-

ating hyperbolic element are growing without bound; however, Lemma 3.2.3

can be viewed as establishing a type of “regularized convergence”. Namely,

the function g(y0, `) depends solely on y0 and `, and no other aspect of the

family M`. This allows us to “regularize” the counting function associated to

a degenerating hyperbolic representative γ by defining it as

Nhyp;M`,γ(T ; z) = card {η ∈ Γγ\Γ | dH(ηz, L0) < T + g(y0, `)}.

With this regularization, Lemma 3.2.3 states that the counting function Nhyp;M`,γ

associated to a degenerating hyperbolic element converges to the counting

function Npar;M`,P associated to the newly formed cusp.

A key component in our analysis is an integral inequality for Stieltjes inte-

grals, which we quote from [JK 01] and, for the sake of completeness, we state

here.

Lemma 3.2.6. Let F be a real valued, non-negative, smooth, decreasing func-

tion defined for u > 0 and let g1, g2 be real valued, non decreasing functions

defined for u ≥ a > 0 and satisfying g1(u) ≤ g2(u) for u ≥ a. Then, the
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following inequality of Stieltjes integrals

∞∫

a

F (u) dg1(u) + F (a) g1(a) ≤
∞∫

a

F (u) dg2(u) + F (a) g2(a)

holds, provided both integrals exist.

We now proceed to prove Theorem 3.2.1. In brief, our proof uses the conver-

gence of the counting functions for fixed T (Lemma 3.2.2 and Lemma 3.2.3),

the uniform bounds for the counting functions (section 3.1) and the Stieltjes

integral inequality (see Lemma 3.2.6) . We present the arguments in the setting

of a single degenerating hyperbolic element γ whose associated geodesic has

length `; in order to consider the general situation where there are a number

of degenerating geodesics, one simply needs notational changes.

Proof of the Theorem 3.2.1 part (i). The proof will proceed as follows. First,

we split the Stieltjes integral defining the hyperbolic Eisenstein series into two

integrals, namely for some T0 > 0 we have an integral over [0, T0] and one over

the interval [T0,∞). For the latter, we show that for an appropriate value T0,

the absolute value of this integral is arbitrarily small. Then we continue by

showing that the former integral converges through degeneration.

So let T0 > 0 and write

Ehyp;M`,γ(z, s) =

∫ T0

0

(cosh u)−sdNhyp;M`,γ(u; z)

+

∫ ∞

T0

(cosh u)−sdNhyp;M`,γ(u; z). (3.2.3)

Choose any δ > 0 and restrict s ∈ C to the half-plane Re(s) ≥ 1 + δ for some
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fixed δ > 0. Trivially, we have that

∣∣∣∣
∫ ∞

T0

(cosh u)−sdNhyp;M`,γ(u; z)

∣∣∣∣ ≤
∫ ∞

T0

(cosh u)−(1+δ)dNhyp;M`,γ(u; z).

We now wish to show that the integral in the right hand side above can be

made arbitrarily small. Namely, given any ε > 0, we want to produce a value

T0 = T0(ε, δ, r), where r is the injectivity radius at z, such that for each ` ≥ 0,

we have ∫ ∞

T0

(cosh u)−(1+δ)dNhyp;M`,γ(u; z) < ε . (3.2.4)

The bound (3.2.4) above follows via similar arguments as in the proof of

Lemma 1.4 from [JoLu 97a], which we repeat here. In the notation of Lemma

3.2.6, let F (u) = (cosh u)−(1+δ), which evidentally is real-valued, non-negative,

smooth, and decreasing. For u ≥ T0, we set

g1(u) =Nhyp;M`,γ(u; z)

g2(u) =Nhyp;M`,γ(T0; z) +
sinh2(u+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

.

Using the Lemma 3.1.5 above, we have that g1(u) ≤ g2(u). In addition to

this, both g1 and g2 are real-valued and non-decreasing for u ≥ T0 > r. Then

the hypothesis of the Stieltjes integral inequality are met (c.f. Lemma 3.2.6),
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giving the bound

∫ ∞

T0

(cosh u)−(1+δ)dNhyp;M`,γ(u; z)

≤
∫ ∞

T0

(cosh u)−(1+δ)dg2(u)

+ (cosh T0)
−(1+δ)

{
sinh2(T0+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

}
.

We have that

dg2(u) =
d

du

(
sinh2(u+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

)

=
1

sinh2( r
2
)

d

du

(
sinh2

(
u + r

2

))

=
1

sinh2( r
2
)
· 2 sinh

(
u + r

2

)
cosh

(
u + r

2

)
1

2
du

=
sinh(u + r)

2 sinh2( r
2
)

du ,

as well as

sinh2

(
T0 + r

2

)
− sinh2

(
T0 − r

2

)
= sinh r sinh T0 .

The trivial inequalities sinh u ≤ eu/2 and cosh u ≥ eu/2, allows for further
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bound, namely

∫ ∞

T0

(cosh u)−(1+δ)dg1(u) ≤ 1

2 sinh2( r
2
)

∫ ∞

T0

(cosh u)−(1+δ) sinh(u + r)du

+ (cosh T0)
−(1+δ) sinh r sinh T0

sinh2( r
2
)

≤ 2δer

sinh2( r
2
)

∫ ∞

T0

e−δ·udu

+ (cosh T0)
−(1+δ) sinh r sinh T0

sinh2( r
2
)

≤e−δ·T0

(
2δer

sinh2( r
2
)

(
1

δ
+ 1

))
, (3.2.5)

which clearly can be made smaller than any ε > 0, namely, by taking

T0 ≥ 1

δ

(
− log ε + log

(
2δer

sinh2( r
2
)

(
1

δ
+ 1

)))
. (3.2.6)

Therefore, we have proved the bound asserted in (3.2.4).

In addition to the requirement on T0 as in (3.2.6), let us assume that T0

is a point of continuity of Nhyp;M0,γ(T ; z). By this, we mean that there is no

geodesic path from z to γ on M0 with length equal to T0. Then, with T0 chosen,

there is an integer N and a positive number `0 sufficiently small such that for

` < `0, we have N = Nhyp;M`,γ(T0; z) = Nhyp;M0,γ(T0; z). Let {dk,M`
} ⊂ [0, T0]

be the set of lengths on M` such that for any η > 0 we have

Nhyp;M`,γ(dk,M`
− η; z) < Nhyp;M`,γ(dk,M`

+ η; z).

For simplicity, we count the elements in the set {dk,M`
} with multiplicities so
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that we have

∫ T0

0

(cosh u)−sdNhyp;M`,γ(u; z) =
N∑

k=1

(cosh dk,M`
)−s .

With this, we can write

∫ T0

0

(cosh u)−sdNhyp;M`,γ(u; z) −
∫ T0

0

(cosh u)−sdNhyp;M0,γ(u; z)

=
N∑

k=1

[
(cosh dk,M`

)−s − (cosh dk,M0)
−s

]
.

Observe now that the function (cosh u)−s is uniformly continuous and abso-

lutely continuous on [0, T0]. By Lemma 3.2.3, which we apply for all T < T0,

there is an `′0 such that for ` < `′0 we have

| dk,M`
− dk,M0| <

δ

N
for all k,

so then,
∑N

k=1 | dk,M`
− dk,M0| < δ. By the absolute continuity of (cosh u)−s on

[0, T0] we arrive at the bound

∣∣∣∣∣
N∑

k=1

[
(cosh dk,M`

)−s − (cosh dk,M0)
−s

]
∣∣∣∣∣

≤
N∑

k=1

∣∣(cosh dk,M`
)−s − (cosh dk,M0)

−s
∣∣ < ε . (3.2.7)
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Combining all these results, we can write

|Ehyp;M`,γ(z, s)− Ehyp;M0,γ(z, s)| ≤∣∣∣∣∣
∫ T0

0

(cosh u)−sdNhyp;M`,γ(u; z)−
∫ T0

0

(cosh u)−sdNhyp;M0,γ(u; z)

∣∣∣∣∣

+

∣∣∣∣
∫ ∞

T0

(cosh u)−sdNhyp;M`,γ(u; z)

∣∣∣∣ +

∣∣∣∣
∫ ∞

T0

(cosh u)−sdNhyp;M0,γ(u; z)

∣∣∣∣ . (3.2.8)

The second and third terms on the right hand side are arbitrarily small by

taking T0 as in (3.2.6), and the first term on the right hand side is arbitrarily

small by (3.2.7).This completes the proof of part (i) of the Theorem 3.2.1.

Proof of the Theorem 3.2.1 part (ii). The proof of part (ii) follows the pattern

of the proof of part (i) with slight modifications which we sketch below. The

function (cosh u)−s is replaced by e−su and for T0 > 0 we write

Epar;M`,P (z, s) =
(y0

w

)s
∫ T0

0

e−sudNpar;M`,P (u; z, y0)

+
(y0

w

)s
∫ ∞

T0

e−sudNpar;M`,P (u; z, y0).

The absolute value of the second integral above can be made arbitrarily

small for an appropriate choice of T0. To show this, we use the Stieltjes integral

inequality coming from Lemma 3.2.6 applied to the function F (u) = e−(1+δ)u

(where δ > 0 and Re(s) ≥ 1 + δ) together with the function g1(u) and g2(u)

which we set in the manner of the Lemma 3.1.2 above. Using this bound, we

can easily derive the fact that for any ε > 0 we have

∫ ∞

T0

e−(1+δ)udNpar;M`,P (u; z, y0) < ε ,
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provided that we choose

T0 >
1

δ

(
− log ε + log

(
er

sinh2(r/2)

))
.

With T0 chosen as above, for the integral over the interval [0, T0] we use

the absolute continuity of the function f(u) = e−su on this interval together

with the the added requirement on T0 that it is also a point of continuity on

Npar;M0,P (T ; z, y0). This allows us to show that the absolute value of the dif-

ference between the integral over [0, T0] associated to the parabolic Eisenstein

series on M` and the integral over [0, T0] associated to the parabolic Eisenstein

series on M0 can be made arbitrarily small. The convergence as stated in

Theorem 3.2.1 part (ii) then follows.

Proof of the Theorem 3.2.1 part (iii). The proof of part (iii) follows by similar

methods used in part (i) and (ii) above (also see the proof of Theorem 3.3.1

part (i) below).

Proof of the Theorem 3.2.1 part (iv). We proceed as in the proof of parts (i)

through (iii) above with some slight changes. First, we split the integral that

defines the hyperbolic Eisenstein series into two integrals, namely

Ehyp;M`,γ(z, s) =

∫ T0+g(y0,`)

0

(cosh u)−sdNhyp;M`,γ(u; z)

+

∫ ∞

T0+g(y0,`)

(cosh u)−sdNhyp;M`,γ(u; z) , (3.2.9)

where g(y0, `) is given in Lemma 3.2.3. Then multiply both sides of (3.2.9) by

2−sesg(y0,`) and let ` approach zero. For the integral over [T0 + g(y0, `),∞), we
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first use part (a) of Lemma 3.2.3 to write

∫ ∞

T0+g(y0,`)

(cosh u)−sdNhyp;M`,γ(u; z)

=

∫ ∞

T0

(cosh(u + g(y0, `)))
−sdNhyp;M`,∂C`,ε

(u; z) .

The geometric argument which produced Lemmas 3.1.5 and 3.1.2 can be easily

adapted to show that

Nhyp;M`,∂C`,ε
(u; z) ≤ Nhyp;M`,∂C`,ε

(T0; z) +
sinh2(u+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

,

for u > T0 > r where, as before, r is the injectivity radius at z. Following the

computations in (3.2.5), we arrive at the estimate

∣∣∣∣2−sesg(y0,`)

∫ ∞

T0+g(y0,`)

(cosh u)−sdNhyp;M`,γ(u; z)

∣∣∣∣ ≤ e−δ·T0
er

sinh2( r
2
)

(
1

δ
+ 1

)
,

(3.2.10)

where we have written Re(s) = 1 + δ. By choosing

T0 ≥ 1

δ

(
− log ε + log

(
er

sinh2( r
2
)

(
1

δ
+ 1

)))

we have that the upper bound in (3.2.10) is less than ε.

For the first integral in (3.2.9), we begin by writing

∫ T0+g(y0,`)

0

(cosh u)−sdNhyp;M`,γ(u; z)

=

∫ T0

0

(cosh(u + g(y0, `)))
−sdNhyp;M`,∂C`,ε

(u; z) .

Also, we observe the following result. For fixed x > 0 and s ∈ C with Re(s) >
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0, we have

lim
r→∞

2−sers(cosh(x + r))−s = e−sx . (3.2.11)

Furthermore, the limit (3.2.11) is uniform for all x > 0 and Re(s) ≥ 1 + δ.

Let f(s, `) = 2−sys
0e

sg(y0,`). Then, by Lemma 3.2.3 and the argument yielding

(3.2.7), we have, for any T0 as in (3.2.6), the limit

lim
`→0

f(s, `)

∫ T0+g(y0,`)

0

(cosh(u))−sdNhyp;M`,γ(u; z)

= ys
0

∫ T0

0

e−sudNpar;M0,P (u; z, y0) . (3.2.12)

We now use (3.2.10) and (3.2.12) and the triangle inequality, as in (3.2.8),

in order to prove

lim
`→0

f(s, `)Ehyp;M`,γ(z, s) = wsEpar;M0,P (z, s) . (3.2.13)

To complete the proof of part (iv), it remains to evaluate f(s, `). As shown in

the proof of Lemma 3.2.3, we have

g(y0, `) = log

(
w

y0`
+

√( w

y0`

)2

+ 1

)
,

from which we immediately derive the relation

f(s, `) = 2−sys
0

(
w

y0`
+

√( w

y0`

)2

+ 1

)s

= (w/`)s + o ((w/`)s) as ` → 0. (3.2.14)

Substituting (3.2.14) into (3.2.13), then multiplying both sides by w−s, com-

pletes the proof of part (iv) of our Theorem 3.2.1.
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Remark 3.2.7. In the setting of part (iv) of Theorem 3.2.1, consider the

differential equation satisfied by Ehyp;M`,γ(z, s) which, after multiplying by

`−s, is the identity

∆(`−sEhyp;M,γ(z, s)) =s(1− s)(`−sEhyp;M,γ(z, s))

+ (s`)2(`−s−2Ehyp;M,γ(s + 2, z)) . (3.2.15)

By part (iv) of Theorem 3.2.1, we have that

lim
`→0

(
s(1− s)(`−sEhyp;M,γ(z, s)) + s2(`−s−2Ehyp;M,γ(s + 2, z)) · `2

)

= s(1− s)Epar;M0,P (z, s) ,

for all Re(s) > 1 and z bounded away from the developing cusps. The point

here is that the second term on the right hand side of (3.2.15) vanishes through

degeneration. Heuristically, this shows that in the setting of part (iv), the dif-

ferential equation for the hyperbolic Eisenstein series limits to the differential

equation for the parabolic Eisenstein series.

3.3 Eisenstein series through elliptic degeneration

In this section, we study the limiting behavior of the three Eisenstein se-

ries on an elliptically degenerating family of finite volume hyperbolic Riemann

surfaces. The main result of the section has a similar flavor to the results from

Section 3.2. We prove the following result. If γ ∈ Γ corresponds to a degen-

erating elliptic element, then a multiple of the associated elliptic Eisenstein

series converges to parabolic Eisenstein series on the limit surface. Namely,
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we have the following theorem based on joint work with A. von Pippich (see

[GvP]).

Theorem 3.3.1. Let Mω be an elliptically degenerating family of hyperbolic

Riemann surfaces of finite volume, with limit surface M∞.

(i) If γω is a degenerating elliptic element, and γq is a non-degenerating

elliptic element, then

lim
ω→∞

Eell;Mω ,γq(z, s) = Eell;M∞,γq(z, s) .

(ii) If γω is a degenerating elliptic element, and P is a cusp (not among the

newly developed ones), then

lim
ω→∞

Epar;Mω ,P (z, s) = Epar;M∞,P (z, s) .

(iii) If γω is a degenerating elliptic element, and γ is a hyperbolic element,

then

lim
ω→∞

Ehyp;Mω ,γ(z, s) = Ehyp;M∞,γ(z, s) .

(iv) If γω corresponds to a degenerating elliptic element of order ω whose

associated hyperbolic cone has angle αω = 2π/ω, and P is the newly

developed cusp on the limiting surface M∞, then

lim
αω→0

(αω)−sEell;Mω ,γω(z, s) = Epar;M∞,P (z, s) .

In all instances, the convergence is uniform on compact subsets of M∞ bounded
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away from the developing cusp and elliptic cones, and in half-planes of the form

Re(s) ≥ 1 + δ for any δ > 0.

As in the Section 3.2, we will establish first the convergence of the count-

ing functions. Then we will use this together with the integral representation

of the Eisenstein series and bounds on counting functions to prove Theorem

3.3.1. As with the hyperbolic case, we will assume that Mω has a single degen-

erating elliptic element; the more general case can be obtained by repeating

the argument for each elliptic element we want to degenerate.

In this section we will make use of Proposition 2.3.1, namely that one

can construct a degenerating sequence which converges to M∞ whose metrics

converge uniformly away from the developing cusp.

Lemma 3.3.2. Let Mω be an elliptically degenerating family of finite volume

hyperbolic Riemann surfaces which converges the limit surface M∞. Let γω

correspond to the degenerating elliptic element.

(a) If γq does not correspond to the degenerating elliptic element, then

lim
ω→∞

Nell,Mω ,γq(T ; z) = Nell,M∞,γq(T ; z).

(b) If γ corresponds to a primitive hyperbolic element, then

lim
ω→∞

Nhyp,Mω ,γ(T ; z) = Nhyp,M∞,γ(T ; z).

(c) If P is any cusp, then

lim
`→0

Npar,Mω ,P (T ; z, y0) = Npar,M∞,P (T ; z, y0).
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In all instances, the convergence is uniform on compact subsets of M∞ bounded

away from the developing cusps.

Proof. We reason as in Lemma 3.2.2 above. Let ε1 sufficiently small so that

the point z lies in Mω \ Cω,ε1 . Choose ε0 < ε1 so that the distance from the

boundary of Cω,ε0 to the boundary of Cω,ε1 is greater than T , namely one

chooses ε0 such that inequality

ε0ω + 2π +
√

ε0ω(4π + ε0ω)

ε1ω + 2π +
√

ε1ω(4π + ε1ω)
< e−T

holds. But then, any geodesic path from z to the non-degenerating elliptic

element γq with length bounded by T necessarily lies entirely in the Mω \Cω,ε0 .

From Proposition 2.3.1 (see also Section 2.3), we know that the family of

hyperbolic metrics converge uniformly away on Mω \ Cω,ε0 , which proves part

(a).

Parts (b) and (c) follow by a similar argument.

Lemma 3.3.3. Let Mω be an elliptically degenerating family of finite volume

hyperbolic Riemann surfaces which converges the limit surface M∞. Let γω cor-

respond to the degenerating elliptic conical point E and P be the corresponding

newly developed cusp on M∞. Let

g(y0, ω) = log

(
1 +

wω

2πy0

(
1 +

√
1 + 4πy0/(wω)

))
.

(a) Choose ε > 0 such that the finite volume cone Cω,ε embeds in Mω. Define

Nell;Mω ,∂Cω,ε(T ; z) = card{η ∈ Γγω\Γ | dH(ηz, ∂Cω,ε) < T}.
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Figure 6: Convergence of ∂Cω,ε to Ly0

∂Cω,ε

Ly0

ω →∞Mω M∞

Then for any T > 0, we have

Nell;Mω ,γω(T + g(y0, ω); z) = Nell;Mω ,∂Cω,ε(T ; z).

(b) For any fixed T > 0, we have

lim
ω→∞

Nell;Mω ,γω(T + g(y0, ω); z) = Npar;Mω ,P (T ; z, y0).

Proof. Start by fixing ω and identify Mω with a fundamental domain such that

the degenerating elliptic fixed point lies on the geodesic |z| = 1 with y > 0

in the upper half plane H. Consequently, in hyperbolic polar coordinates (see

Section 1.2) the boundary of the finite volume cone Cω,ε lies along the path

where the ρ coordinate is constant, namely ρ = cosh−1(1 + εω/2π). The

boundary of this finite cone, ∂Cω,ε, is perpendicular to the geodesics that

traverse the cone and hit the elliptic fixed point. But then, this boundary

must converge to a path on M∞ which is perpendicular to the geodesics that

traverse a neighborhood of the newly formed cusp. This means that ∂Cω,ε

converges to the horocycle Ly0 (see Fig. 6). On the one hand, the distance
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between the degenerating elliptic point E and ∂Cω,ε can be computed using

(2.3.4) with ε1 = 0 and ε2 = ε, thus giving

dH(E, ∂Cω,ε) = log

(
εω + 2π +

√
εω(4π + εω)

2π

)
. (3.3.1)

On the other hand, the area of the finite cone Cω,ε converges to the area of the

neighborhood of the cusp above the horocycle Ly0 , that is C∞,ε. The latter

can be easily determined as

ε =

∫ ∞

y0

∫ w

0

dxdy

y2
=

w

y0

,

giving us the relation ε = w/y0. This together with (3.3.1) allows us to write

g(y0, ω) = log

(
1 +

wω

2πy0

(
1 +

√
1 + 4πy0/(wω)

))
. (3.3.2)

Pick a representative η ∈ Γγω \ Γ such that ηz lies in the fundamental

domain of Γγω . Then, the geodesic that joins ηz to the degenerating conical

point E is perpendicular to the boundary of the finite cone Cω,ε. Then we can

write

dH(ηz, E) = dH(ηz, ∂Cω,ε) + dH(∂Cω,ε, E) = dH(ηz, ∂Cω,ε) + g(y0, ω).

From this last equality we can infer that dH(ηz, E) < T + g(y0, ω) if and only

if dH(ηz, ∂Cω,ε) < T . This finishes part (a).

Part (b) follows form part (a) and the convergence of metrics away from

developing cusps, as in Proposition 2.3.1 (also see section 2.3).
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Remark 3.3.4. Lemma 3.3.3 can be viewed as establishing a type of “regu-

larized convergence”. Namely, if we defined the counting function associated

to a degenerating elliptic element γω as

Nell;Mω ,γω(T ; z) = card{η ∈ Γγω\Γ | dH(ηz, γω) < T + g(y0, ω)},

then Lemma 3.3.3 would state that the “regularized” counting function Nell;Mω ,γω

converges to the counting function Npar;M∞,P associated to the newly developed

cusp.

We are now ready to prove Theorem 3.3.1. Our proof uses the convergence

of the counting functions for fixed T , the uniform bounds for the counting

functions, and the Stieltjes integral inequality (see Lemma 3.2.6).

Proof of the Theorem 3.3.1 part (i). We show first the convergence of the

elliptic Eisenstein series associated to an elliptic element other than the de-

generating one. Recall that γω is the degenerating elliptic element whereas γq

is any non-degenerating elliptic.

For any T0 > r (which is the injectivity radius at z), write

Eell;Mω ,γq(z, s) =

∫ T0

u0

(sinh u)−sdNell;Mω ,γq(u; z)

+

∫ ∞

T0

(sinh u)−sdNell;Mω ,γq(u; z). (3.3.3)

Choose any δ > 0. Let s ∈ C with Re(s) ≥ 1+ δ for some fixed δ > 0. Clearly,

63



we have that

∣∣∣∣
∫ ∞

T0

(sinh u)−sdNell;Mω ,γq(u; z)

∣∣∣∣ ≤
∫ ∞

T0

(sinh u)−(1+δ)dNell;Mω ,γq(u; z).

We then show that the right hand side can be made arbitrarily small, namely

given any ε > 0, there is a T0 = T0(ε, δ, r), where r is the injectivity radius at

z, such that for each ω, we have

∫ ∞

T0

(sinh u)−(1+δ)dNell;Mω ,γq(u; z) < ε . (3.3.4)

The verification of (3.3.4) is as follows. In the notation of Lemma 3.2.6, let

F (u) = (sinh u)−(1+δ), which evidentally is real-valued, non-negative (for u >

0), smooth, and decreasing. For u > T0, we let

g1(u) = Nell;Mω ,γq(u; z)

g2(u) = Nell;Mω ,γq(T0; z) +
sinh2(u+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

.

Using Lemma 3.1.8, we have that g1(u) ≤ g2(u), and both functions are real-

valued and non-decreasing for u ≥ T0 > r. With all this, the conditions of

Lemma 3.2.6 apply, so then we obtain the bound

∫ ∞

T0

(sinh u)−(1+δ)dNell;Mω ,γq(u; z)

≤
∫ ∞

T0

(sinh u)−(1+δ)dg2(u)

+ (sinh T0)
−(1+δ)

{
sinh2(T0+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

}
.
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As before, let us recall the identities

dg2(u) =
sinh(u + r)

2 sinh2( r
2
)

du

and

sinh2

(
T0 + r

2

)
− sinh2

(
T0 − r

2

)
= sinh r sinh T0 .

Using the trivial bounds sinh u ≤ eu/2 and for u ≥ log
√

2 one has sinh u ≥
eu/4, we then obtain the estimate

∫ ∞

T0

(sinh u)−(1+δ)dg1(u) ≤ 1

2 sinh2( r
2
)

∫ ∞

T0

(sinh u)−(1+δ) sinh(u + r)du

+ (sinh T0)
−(1+δ) sinh r sinh T0

sinh2( r
2
)

≤ 4δer

sinh2( r
2
)

∫ ∞

T0

e−δ·udu +

(
eT0

4

)−δ
er

2 sinh2( r
2
)

≤e−δT0 · 4δer

sinh2( r
2
)

(
1

δ
+ 1

)
(3.3.5)

which clearly can be made smaller than any ε > 0, namely, by taking

T0 ≥ 1

δ

(
− log ε + log

(
4δer

sinh2( r
2
)

(
1

δ
+ 1

)))
. (3.3.6)

Therefore, we have proved the bound asserted in (3.3.4).

In addition to (3.3.6), assume that T0 is a point of continuity of Nell;M∞,γq(T ; z),

meaning there is no geodesic path from z to the conical point associated to

γq on M∞ with length equal to T0. Then, with T0 chosen, there is an in-

teger N and an ω0 sufficiently large such that for ω > ω0, we have N =
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Nell;Mω ,γq(T0; z) = Nell;M∞,γq(T0; z). Let {dk,Mω} ⊂ [u0, T0] be the set of lengths

on Mω such that for any η > 0 we have

Nell;Mω ,γq(dk,Mω − η; z) < Nell;Mω ,γq(dk,Mω + η; z).

Counting the elements in the set {dk,Mω} with multiplicities, gives that

∫ T0

u0

(sinh u)−sdNell;Mω ,γq(u; z) =
N∑

k=1

(sinh dk,Mω)−s .

With this, we can write

∫ T0

u0

(sinh u)−sdNell;Mω ,γq(u; z)−
∫ T0

u0

(sinh u)−sdNell;M∞,γq(u; z)

=
N∑

k=1

[
(sinh dk,Mω)−s − (sinh dk,M∞)−s

]
.

Observe now that the function (sinh u)−s is uniformly continuous and abso-

lutely continuous on [u0, T0]. By Lemma 3.3.2, which we apply for all T < T0,

there is an ω′0 such that for ω > ω′0 we have

| dk,Mω − dk,M∞| <
δ

N
for all k,

so then,
∑N

k=1 | dk,Mω − dk,M∞| < δ. By the absolute continuity of (sinh u)−s

on [u0, T0] we arrive at the bound

∣∣∣∣∣
N∑

k=1

[
(sinh dk,Mω)−s − (sinh dk,M∞)−s

]∣∣∣∣∣

≤
N∑

k=1

∣∣∣∣∣(sinh dk,Mω)−s − (sinh dk,M∞)−s

∣∣∣∣∣ < ε . (3.3.7)

66



To put all this together, let us write

∣∣∣Eell;Mω ,γq(z, s)− Eell;M∞,γq(z, s)
∣∣∣

≤
∣∣∣∣
∫ T0

u0

(sinh u)−sdNell;Mω ,γq(u; z)−
∫ T0

u0

(sinh u)−sdNell;M∞,γq(u; z)

∣∣∣∣

+

∣∣∣∣
∫ ∞

T0

(sinh u)−sdNell;Mω ,γq(u; z)

∣∣∣∣

+

∣∣∣∣
∫ ∞

T0

(sinh u)−sdNell;M∞,γq(u; z)

∣∣∣∣ . (3.3.8)

The second and third terms on the right hand side are arbitrarily small by

taking T0 as in (3.3.6), and the first term on the right hand side is arbitrarily

small by (3.3.7). Thus we have shown that

lim
ω→∞

Eell;Mω ,γq(z, s) = Eell;M∞,γq(z, s).

In order to show the convergence of the parabolic Eisenstein series thorough

elliptic degeneration we use similar arguments as above with a slight modifica-

tion, namely one needs to use F (u) = e−su instead of F (u) = (sinh u)−s. For

the convergence of the hyperbolic Eisenstein series thorough elliptic degener-

ation one needs to use F (u) = (cosh u)−s instead. This completes the proof of

parts (i), (ii), and (iii) of Theorem 3.3.1.

Proof of Theorem 3.3.1 part (iv). In this part we show the convergence (up

to a multiplicative factor) of the elliptic Eisenstein series associated to the

degenerating elliptic element γω to the parabolic Eisenstein series associated

to the newly formed cusp P .
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To begin, we write

Eell;Mω ,γω(z, s) =

∫ T0+g(y0,ω)

u0

(sinh u)−sdNell;Mω ,γω(u; z)

+

∫ ∞

T0+g(y0,ω)

(sinh u)−sdNell;Mω ,γω(u; z) , (3.3.9)

where g(y0, ω) is given in Lemma 3.3.3. We shall multiply both sides of

(3.3.9) by 4−sesg(y0,ω) and let ω approach infinity. For the integral over [T0 +

g(y0, ω),∞), we first use part (a) of Lemma 3.3.3 to write

∫ ∞

T0+g(y0,ω)

(sinh u)−sdNell;Mω ,γω(u; z)

=

∫ ∞

T0

(sinh(u + g(y0, ω)))−sdNell;Mω ,∂Cω,ε(u; z) .

We can easily adapt the method of proof as in the Lemmas 3.1.2, 3.1.5, and

3.1.8 to derive the bound

Nell;Mω ,∂Cω,ε(u; z) ≤ Nell;Mω ,∂Cω,ε(T0; z) +
sinh2(u+r

2
)− sinh2(T0−r

2
)

sinh2( r
2
)

,

for u > T0 > r where, as before, r is the injectivity radius of Mω at z. Following

the computations in (3.3.5), we arrive at the estimate

∣∣∣∣∣4
−sesg(y0,ω)

∫ ∞

T0+g(y0,ω)

(sinh u)−sdNell;Mω ,γω(u; z)

∣∣∣∣∣

≤ e−δ·T0

(
er

sinh2(r/2)

(
1

δ
+ 1

))
, (3.3.10)
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where we have written Re(s) = 1 + δ. By choosing

T0 ≥ 1

δ

(
− log ε + log

(
er

sinh2(r/2)

(
1

δ
+ 1

)))
,

we have that the upper bound in (3.3.10) is less than ε.

For the first integral in (3.3.9), we begin by writing

∫ T0+g(y0,ω)

u0

(sinh u)−sdNell;Mω ,γω(u; z)

=

∫ T0

u0

(sinh(u + g(y0, ω)))−sdNell;Mω ,∂Cω,ε(u; z) .

Also, we observe the following elementary result: For fixed x > 0 and s ∈ C
with Re(s) > 0, we have

lim
r→∞

4−sers(sinh(x + r))−s = 2−se−sx . (3.3.11)

Furthermore, the limit (3.3.11) is uniform for all x > 0 and Re(s) ≥ 1 + δ.

Let f(s, ω) = 4−sys
0e

sg(y0,ω). Then, by Lemma 3.3.3 and the argument yielding

(3.3.7), we have, for any T0 as in (3.3.6), the limit

lim
ω→∞

f(s, ω)

∫ T0+g(y0,ω)

u0

(sinh(u))−sdNell;Mω ,γω(u; z)

= 2−sys
0

∫ T0

0

e−sudNpar;M∞,P (u; z, y0) . (3.3.12)

We now use (3.3.10) and (3.3.12) and the triangle inequality, as in (3.3.8),

in order to prove

lim
ω→∞

f(s, ω)Eell;Mω ,γω(z, s) = 2−swsEpar;M∞,P (z, s) . (3.3.13)
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To complete the proof of part (iv), it remains to evaluate f(s, ω). As shown

in the proof of Lemma 3.3.3, we have

g(y0, ω) = log

(
1 +

wω

2πy0

(
1 +

√
1 + 4πy0/(wω)

))
.

from which we immediately derive the relation

f(s, ω) ∼ 4−sys
0

(
wω

πy0

)s

=

(
wω

4π

)s

(3.3.14)

for sufficiently large values of ω. Substituting (3.3.14) into (3.3.13), then

multiplying both sides by 2sω−s, we get

lim
ω→∞

(
ω

2π

)s

Eell;Mω ,γω(z, s) = Epar;M∞,P (z, s) .

Since the degenerating elliptic cone is parametrized by angle αω = 2π/ω which

approaches zero as the order of the corresponding conical point ω runs off to

infinity, we can rewrite the above limit as

lim
αω→0

α−s
ω Eell;Mω ,γω(z, s) = Epar;M∞,P (z, s).

This completes the proof.

Remark 3.3.5. Consider the differential equation satisfied by Eell;Mω ,γω(z, s)

which, after multiplying by α−s, gives

∆(α−sEell;Mω ,γω(z, s)) =s(1− s)(α−sEell;Mω ,γω(z, s))

− (sα)2(α−s−2Eell;Mω ,γω(s + 2, z)). (3.3.15)
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By part (ii) of Theorem 3.3.1, we have that

lim
α→0

(
s(1− s)(α−sEell;Mω ,γω(z, s))− s2(α−s−2Ehyp;M,γ(s + 2, z)) · α2

)

= s(1− s)Epar;M∞,P (z, s) ,

for all Re(s) > 1 and z bounded away from the developing cusps. The point

here is that the second term on the right hand side of (3.3.15) vanishes through

degeneration.

Remark 3.3.6. There is a quite striking similarity between Theorems 3.2.1

and 3.3.1, especially when it comes to parts (iv) of Theorem 3.2.1 and Theorem

3.3.1. In the former the multiplicative factor in front of the hyperbolic Eisen-

stein series associated to a degenerating hyperbolic element γ is a power of

the length of the corresponding primitive geodesic, namely `−s. In the latter,

one has that the multiplicative factor is a power of the angle of the degen-

erating cone, namely α−s. Essentially, the `’s are parameters which describe

the hyperbolically degenerating family M`, whereas the α’s are parameters

describing the elliptically degenerating family Mω.

Remark 3.3.7. In [Wo 87], the author poses the following question: what is

the behavior of spectral invariants for a degenerating family of metrics? In

this direction, there has been quite some progress. For instance, in the setting

of hyperbolically degenerating family of hyperbolic Riemann surfaces, the be-

havior of the spectral counting function is studied by [He 90] and [JZ 93] in

the compact case. The compact as well as non-compact settings are further

studied in [JoLu 97a], [JoLu 95b], [HJL 95], and [HJL 97].

Another spectral invariant is the Selberg zeta function. Its behavior in the
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context of hyperbolic degeneration has been studied by [He 90] and [Wo 87]

(the compact case) and by [JoLu 97b] in the compact and non-compact set-

ting.

Other spectral invariants such as a regularized trace of the heat kernel, excep-

tional eigenvalues, the spectral zeta function, have been studied in [JoLu 97b].

Furthermore, in [DJ 98] the authors study the behavior of such invariants in

the setting of degenerating hyperbolic 3-manifolds, whereas in [GJ] the au-

thors look at such spectral invariants in the context of elliptic degeneration of

hyperbolic Riemann surfaces with conical points (orbifolds). Eisenstein series

turn out to be also invariants in both hyperbolic and elliptic degeneration of

hyperbolic Riemann surfaces.
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boliques. Math. Ann. 339 (2007) 341-375.

[Fa 73] FAY, J.: Theta Functions on Riemann Surfaces. Springer Lecture

Notes in Mathematics 352 (1973).

[FK 92] FARKAS, H. M. and KRA, I.: Riemann surfaces. Second edition.

Graduate Texts in Mathematics, 71. Springer-Verlag, New York,

1992.

[GJ] GARBIN, D. and JORGENSON, J.: Spectral convergence of el-

liptically degenerating Riemann surfaces. in preparation.

73



[GJM 08] GARBIN, D., JORGENSON, J., and MUNN, M.: On the appear-

ance of Eisenstein series through degeneration. Comment. Math.

Helv. 83 (2008) 701–721

[GvP] GARBIN, D. and VON PIPPICH, A.: Elliptic Eisenstein series

through hyperbolic and elliptic degeneration. in preparation.

[He 76] HEJHAL, D. A.: The Selberg Trace Formula for PSL(2,R), vol.

1. Springer Lecture Notes in Mathematics 548 (1976).

[He 83] HEJHAL, D. A.: The Selberg Trace Formula for PSL(2;R), vol.

2. Springer Lecture Notes in Mathematics 1001 (1983).

[He 90] HEJHAL, D. A.: Regular b-groups, degenerating Riemann sur-

faces, and spectral theory. AMS Memoirs 437 (1990).

[HJL 95] HUNTLEY, J., JORGENSON, J. and LUNDELIUS, R.: Con-

tinuity of small eigenfunctions on degenerating Riemann surfaces

with hyperbolic cusps. Bol. Soc. Math. Mexicana (3) 1 (1995) 119-

125.

[HJL 97] HUNTLEY, J., JORGENSON, J. and LUNDELIUS, R.: On the

asymptotic behavior of counting functions associated to degener-

ating hyperbolic Riemann surfaces. J. Func. Analysis 149 (1997)

58-82.

[IT 92] IMAYOSHI, Y. and TANIGUCHI, M.: An introduction to Te-

ichmller spaces. Springer-Verlag, Tokyo, 1992. xiv+279 pp.

[Iw 02] IWANIEC, H.: Spectral methods of automorphic forms. Second

edition. Graduate Studies in Mathematics, 53. American Math-

74



ematical Society, Providence, RI; Revista Matemtica Iberoameri-

cana, Madrid (2002).

[JZ 93] JI, L. and ZWORSKI, M.: The remainder estimate in spectral

accumulation for degenerating hyperbolic surfaces. J. Funct. Anal.

114 (1993), no. 2, 412420.

[JK 01] JORGENSON, J. and KRAMER, J.: Bounds for special values

of Selberg zeta functions of Riemann surfaces. J. Reine Angew.

Math. 541 (2001) 1–28.

[JK 03] JORGENSON, J. and KRAMER, J.: Canonical metrics, hyper-

bolic metrics, and Eisenstein series for PSL2(R). in preparation

(unfinished manuscript, (2003)).

[JKV] JORGENSON, J., KRAMER, J., and VON PIPPICH A.-M.: On

the spectral expansion of hyperbolic Eisenstein series. in prepara-

tion.

[JoLu 95] JORGENSON, J. and LUNDELIUS, R.: Convergence of the heat

kernel and the resolvent kernel on degenerating hyperbolic Rie-

mann surfaces of finite volume. Quaestiones Mathematicae 18

(1995) 345-363.

[JoLu 95b] JORGENSON, J. and LUNDELIUS, R.: Convergence theorems

for relative spectral functions on hyperbolic Riemann surfaces of

finite volume. Duke Math. J. 80 (1995) 785–819.

75



[JoLu 96] JORGENSON, J. and LUNDELIUS, R.: Continuity of rela-

tive hyperbolic spectral theory through metric degeneration. Duke

Math. J. 84 (1996) 47-81.

[JoLu 97a] JORGENSON, J. and LUNDELIUS, R.: Convergence of the

normalized spectral counting functions on degenerating hyperbolic

Riemann surfaces of finite volume. J. Func Analysis 149 (1997)

28-57.

[JoLu 97b] JORGENSON, J. and LUNDELIUS, R.: A regularized heat trace

for hyperbolic Riemann surfaces of finite volume. Comment. Math.

Helv. 72 (1997) 636-659.

[Ju 95] JUDGE, C.: On the existence of Maass cusp forms on hyperbolic

surfaces with cone points. J. Amer. Math. Soc. 8 (1995), no. 3,

715–759.

[Ju 98] JUDGE, C.: Conformally coverting cusps to cones. Conf. Geom.

Dyn. 2 (1998) 107-113 (electronic).

[Ku 73] KUBOTA, T: Elementary theory of Eisenstein series. Kodan-

sha Ltd., Tokyo; Halsted Press [John Wiley & Sons], New York-

London-Sydney, 1973. xi+110 pp.

[KM 79] KUDLA, S. and MILLSON, J.: Harmonic differentials and closed

geodesics on a Riemann surface. Invent. Math. 54 (1979) 193–211.

[Lu 93] LUNDELIUS, R.: Asymptotics of the determinant of the Lapla-

cian on hyperbolic surfaces of finite volume. Duke Math. J. 71

(1993) 212-242.

76



[Ra 79] RANDOL, B.: Cylinders in Riemann surfaces. Comment. Math.

Helv., 54 (1979) 1-5.

[Ri 07] RISAGER, M: On Selberg’s small eugenvalue conjecture and

residual eigenvalues. posted on arxiv.org (2007)

[vP] VON PIPPICH, A.: Doctoral thesis. in preparation, Humboldt-

Universität zu Berlin.

[Wo 87] WOLPERT, S. A.: Asymptotics of the spectrum and the Selberg

zeta function on the space of Riemann surfaces. Comm. Math.

Phys. 112 (1987), no. 2, 283315.

77


