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Abstract
Horava gravity: Symmetries and Generalized Particle Dynamics

by
Dario Capasso

Adviser: Prof. Alexios Polychronakos

In the search for a theory of Quantum Gravity a new proposal was recently
made by P. Hofava. The main feature of this new proposed theory is that it
is power-counting renormalizable by construction, and could prove to be truly
renormalizable, although more work is needed in this direction.

The renormalizability of the theory is a central issue. Indeed, General Rela-
tivity does not have this property, implying that to construct its quantum version
we need to “complete” the theory in the UV. Hofava suggested a possible way
to provide a UV completion of GR by giving up full spacetime reparametriza-
tion symmetry, which is one of the fundamental assumptions of GR, and adding
appropriate higher order terms in the action.

In this Thesis we review Horava’s theory and analyze some of the issues related
to the breaking of the spacetime structure.

Specifically, we derive the general static spherically symmetric solutions for
Hotfava’s theory with a nonvanishing radial “shift” field g;.. Such “hedgehog”
configurations are not considered in GR, since g4 can be mapped to zero with an
appropriate reparametrization, but they are physically distinct solutions in Hotava
gravity where the reparametrization is not allowed by the reduced symmetry.

These new solutions exhibit specific properties from the particle dynamics point

iv



of view and possess an extra gauge symmetry.

We also study the deformed kinematics of point particles allowed by the re-
duced reparametrization symmetry. The main result is that particles can have
generalized dispersion relations that include higher even powers of the momen-
tum. We analyze the implications of this and provide some examples that may be
converted into possible experimental tests for the deviations of this new theory of

gravity from standard GR.
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Chapter 1

Horava-Lifshitz Gravity

In this chapter the main ideas behind Hotava theory of gravity and its initial
formulation will be introduced, showing how the relativistic property of spacetime
can be considered as emergent in this context.

The aim of this introduction is to have a general view of the theory, while some
structural and formal problems will be discussed in the following chapters, as well

as the derived dynamical properties for point-like particles.

1.1 The Lifshitz Scalar

The model introduced by Hofava in [1] and subsequently adapted to a (3 + 1)-
dimensional theory of gravity in [2] is based on a previous model for anisotropic
scalars constructed by Lifshitz [3].

The Lifshitz model describes a scalar with an action anisotropic with respect
to space and time. The isotropy is recovered only in the IR limit of the theory
making the “relativistic invariance” an emergent property.

Let us start with a massless scalar theory for a D-dimensional Euclidean flat
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space:

W = % / dPx0;00'¢.

We want to construct a (D + 1)-dimensional theory having the same configuration

space of W and such that its ground state Wy[¢] satisfies the property
eI = Wi [o]Wo[g];
therefore W§[p]W¥o[¢] describes the density distribution in the partition function
2= [ Do = [ Dowsiemfol
Such a theory is given by the following action
5=y [ @ |62 - Jo00r] (1)

and is referred as Lifshitz Scalar theory.

The action (1.1) can be divided in a kinetic term

Sk = ;/dthx(qﬁ)Z (1.2)
and in a potential term
1 D 1 2
SV = 5 dtd” x —Z(azaqu) (1.3)

that are evidently anisotropic under a space and time rescaling. Space and time
are treated in a different way in this model that, consequently, will not be rela-
tivistically invariant by construction.

Parametrizing the rescaling of spatial coordinates, the x’s, and of the time
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coordinate ¢t as

T — bx t — b%t,

it is easy to see that, independently of D, z = 2. Hence the conformal dimensions

of the variable and of the scalar field are

We then conclude that the Lifshitz scalar action describes a free-field with a fixed
point where the dynamical critical exponent z(= 2) can be defined in terms of the

scaling properties of two point functions as follows:

(6(.0000.0) = 1 S (572 (14)

The Hamiltonian associated to (1.1) in the Schrédinger representation will be

1 5§ \* 1
H= 2/de [<_i5¢> +4(aiai¢)2] -
1 ) 1 é 1
=3 / e K‘&z» B 28i3i¢> (5@5 - zaﬁ@)] |

The ground state can be obtained solving the condition:

then given by

1) 1
((qu - 281'61@5) ‘I’O[¢] =0.

We can rewrite the last relation as follows

) 1
%\POW] = 581‘31'@1’0[(25] (1.5)
which is solved by

\I’O[Qs] = e_ideataz%f’a,-(ﬁ _ 6_%W
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as we wanted.
The above property is a consequence of the fact that the potential term can

be rewritten as

Sy = —% / dtd”z [E?]

where we defined

E = 9,0'®.

Such potential then satisfies the detailed balance condition; namely it can be
obtained as the square of the variation of an Euclidean action that, in our case,

corresponds to W:
ow

(1.6)

The critical exponent z = 2 is then due to the particular choice of the potential
term. With an opportune choice of the potential term we can add also an isotropic

phase with z = 1. Such a term is given by

—c? / dtdP z0,60;¢. (1.7)

This term is a relevant deformation, that is, a deformation of the potential
that is not obtained through a detailed balance condition and that influences only
the low energy behavior of the theory. Indeed the potential term (1.3) contributes
only in the UV. In this way the theory in the IR flows naturally to the fixed point
with dynamical critical exponent z = 1 accidentally restoring Lorentz invariance.
The constant velocity of light is then originated from the dimensionful coupling
constant of the relevant deformation term.

The theory just described can be used as a model to construct an anisotropic
gravitational theory as proposed by Hofava [1]. Such a theory will not have

exactly the same properties as the Lifshitz-scalar, as we will see in the following
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section, but it will have some appealing properties that make the theory a possible

candidate for a UV-completion of GR.

1.2 Horava-Lifshitz gravity: Building the Theory

The main idea behind Hotava’s choice to consider a theory with anisotropic rescal-
ing properties is that different potential terms correspond to coupling constants
with different conformal dimension. This means that there exists a particular
class of potential terms for which the coupling constant is dimensionless or with
negative conformal dimension producing a theory power counting renormalizable.
The Hotava-Lifshitz (HL) model introduced in [1, 2], describing a gravity in
which time and space are not treated in the same way, is constructed on a space-
time of the form M = R x 3 where Y is a space-like and, for simplicity, a compact
D-dimensional surface while R parametrizes the time. The topological structure
of the manifold M contains in addition a foliation structure F or, more precisely,
a codimensional-one foliation (see [4, 5]):
A codimension-q foliation F on a d-dimensional manifold M means that there
exists an atlas (y*, x*) with a = 1,...,q and i = 1,...d — q, such that the transition

function acts as follows

3 =3z,y) Yt =P =7Y),

that is, we consider only the subgroup of the diffeomorphisms that leave unchanged
the foliation structure.

Therefore in the Hotava-Lifshitz theory we consider only the diffeomorfisms
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In the context of a metric theory with a space-like foliation the metric tensor

g can be globally decomposed in terms of its Arnowitt-Deser-Misner (ADM)

components:
—N24+ N;N' N; -1 N
N2 N2
g[,LV = g,lU/ = Ni B Nz‘Nj (18)
N; hij Nz M-

where h;j(z,t) is the metric on ¥ and N(z,t) and N;(z,t) are called, respectively,
lapse and shift variables.

In principle such a metric makes sense only if there exists a space-time structure
or at least if a particle would move along the geodesic associated to g,s and, in
general, this is not necessarily the case (ch. 4). In the Hofava-Lifshitz model,
General Relativity should be recovered in the IR limit and hence also the spacetime
must be seen as emerging from the theory in the low energy limit; therefore we
expect that the fields of such a theory should be h;;(z,t), N(z,t), N;(x,t) and
that they should describe a metric only in the IR limit. This turns out to be
a problematic point due to the survival of an extra unstable scalar mode in the
theory. In general, and in particular in the UV limit, the only quantity that can
be interpreted as a metric is h;; on 3.

We can now start constructing a model similar to the Lifshitz-scalar, taking
into account that the Hilbert-Einstein action in terms of the ADM components of

the metric is given by

1 1 g
Sup = d*z[R—2Ap] = dtd®>zNVh|K;; K9 —K?*+4+*R—2A
e 167ch/\/§ 7l 2] 167ch/ eNVh[EK;; +c E]
(1.9)
where
1 .
Kij = ﬁ[hij — ViN;j — V;Ni, (1.10)

is the extrinsic curvature, V; is the covariant derivative compatible with the
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metric h;;, R is the curvature of ¥ constructed from h;; and Ag is the cosmological
constant.
Similarly to the Lifshitz scalar we can construct the action for the gravitational
field as
Sur, = Sk — Sy

with

Sk dtd3xVhNK;;GIM Ky,

TR

k2 Iy
SV = ? /dtdgx\/ﬁNE”GijklEkl
where G and its inverse Giji are a generalization of the De Witt metric (in
which A = 1) and are defined by

R D 3 1 A
GIM = 5(91199]5 +9"g™) = Ag7gM, Gy = 5 (9imgjt + gugir) — mgzjgkl

. 1 . . o
G Gt = 5 (0707, + 07,07,).

This choice for the kinetic term
) , N
Sk == / dtd®zVhN (K K7 — AK?)
K

is due to the fact that K;; is, respect to the foliation preserving diffeomorphisms,
a covariant generalization of the time derivative of the field h;;; A is introduced
because, quantizing the theory, we should require a general coupling constant for
each term. In GR A = 1 and this value does not change in the quantization process
because it is preserved by the whole diffeomorphism invariance, contrarily to HL
gravity.

The choice of the potential term will fix the UV critical point and hence its con-

formal dimension is crucial to construct a power-counting renormalizable theory.
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From the kinetic term we deduce the following relations between the conformal

dimensions of the fields and the coupling constant :

9[his]s

D—|—Z+2[H]s _ [hij]s + [N]S+Q[K]S+2[hij]s = 5

2

— [N]s + 2=.

Being h;; a metric we can postulate [h;j]s = 0 and [N]s = 0 obtaining (2.24)

[Ni]s:z—l [Ki]s:

As consequence we have that the coupling constant k is dimensionless in the case
z=D.

Hence, to gain power-counting renormalizability, we need to construct a theory
with a potential term such that the Lifshitz fixed point in the UV regime has
z = D (for z > D becomes power-counting super-renormalizable) and that in
the IR case flows to a theory with a fixed point with dynamical critical constant
z = 1 reproducing the isotropy. Moreover the action in the low energy limit must
reproduce the Hilbert-Einstein action, that is the potential term should reduce to
the 3D Ricci scalar plus, eventually, the cosmological constant as in (1.9).

Following the construction of the Lifshitz scalar, the potential part can be

constructed using the detailed balance condition, that is,

VhET = —.

(5]%]'
Therefore the starting point is to construct W as the most general D-dimensional
Euclidean Gravity invariant under spatial diffeomorphims. The choice of W de-
pends essentially on the spatial dimension D. Let us consider the case D = 3

which corresponds to z = 3.
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A possible candidate is the Chern-Simons character

W = i? /Tr [C’*)r AdOT + 2B AT A T
3

w

where the I'’s are the Christoffel symbols relative to h;;.

The theory at z = 3 contains A, k, w as dynamical coupling constants, but only

w? controls the strength of the interactions: the IR limit correspond to w? — oo

and the UV limit to w?, k? — 0 with

finite. Therefore in the UV limit we have a two-parameter family, in terms of A

and v, of free-field fixed points.
Evaluating the variation we find

i — 2 i
w2

where
g . 1 .
CY = hly, <(3)Rf _ 4(3)5;)

is the Cotton tensor! on ¥. Using the traceless and the symmetry properties we

obtain the following potential term

2 ..
Sy = — [ dtd*xVhNCIC;;.
2w

!The Cotton tensor has conformal weight —5/2, that is,

h—e*g = C—e™C

and the following properties

c9=c"  CYhy=0 V.07 =0.
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The conformal dimension of the cotton tensor is [C]s = 3 giving [w]s = 0.
Therefore the added term has a conformal dimension of 6 = 2D.

Such a theory in the IR limit should reduce just to the kinetic term and hence
we must consider the presence of other terms in W relevant in the IR limit to make
HL-gravity a UV extension of GR. This will be described in sec. 1.3. Moreover
the correct IR limit can be recovered only if the dynamical coupling constant A
flows to 1 in the IR limit.

A running A may become 1 in the z = 1 fixed point, but other issues prevent the
Horava-Lifshitz theory from recovering Einstein gravity, such as the persistence of

strong coupling and an extra scalar mode [6, 7], which will not be analyzed here.

1.2.1 Gravity and Detailed Balance Condition

Although the detailed balance in the context of Hotava gravity is just a prescription
to generate potentials, it does imply some properties, although they do not have
a direct correspondence with the one of the Lifshitz scalar (sec. 1.1).

To see the main consequence of the detailed balance condition, let us consider

a Wick rotation t — 47 of the above Hotrava-Lifshitz action

K 2w? 2w?

S = i/de?’ac\/EN <1Kz" — r Cz]> Gijkl </];Kkl — RC}ﬂ)

where we used the traceless property of the Cotton tensor, C% hij = 0, and the

fact that the mixed term Kl-jGijlekl is a total derivative:

drd®av/h(hi; — ViN; — V;N;)C =

1 3 ijkl

0w 1 i .1 y
_ / drdalh g+ 1 VAVI(N,OY) = / drd*ald + —O(VAN;C')]

where we used the symmetry and the transverse invariance, V;,C% = 0, of the

10
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Cotton tensor and where £ is the Lagrangian corresponding to the action W.

Introducing an auxiliary field B;; we can rewrite the action as follows

2uw?

e ..
S = z/degx\/EN {BZJ (KZ - n Cz]) - BZ]Gijlekl} .
K

The coefficient of the term linear in B% is the gradient flow equation for h;;

Kk OW

" b

+ V;N; + V,;Nj;
this is the consequence of the detailed balance condition.

For the Lifshitz scalar the action W on the D-dimensional space was a solu-
tion of the Schrédinger equation of the D + 1-dimensional theory, in particular it
corresponded to the ground state. It is not possible to construct a similar solution
of the Schrodinger equation associated to the Hotava-Lifshitz gravity in canonical

quantization because the state

1 2
wo[hz‘j] — o Tl €Tr(IAI'+ 5 ALAL)

is unphysical. This means only that the ground state of the theory has not such
a simple form.
1.3 Relevant Deformations

We concentrated on terms in the action with the highest possible engineering
dimension. These terms determine the behavior at the fixed point (z = 3) such

terms are called marginal.

11
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Adding terms involving lower dimensional operators, called relevant terms

S—/dth:c h Z AJ0J+/dtd% h Z A0

[04]=2D [O4]<2D

marginal relevant

still preserves the power counting renormalizability

Such terms are quite arbitrary, the only request being the compatibility with
the symmetries of the theory, as the foliation preserving diffeomorphisms. Such
terms, by general arguments from effective field theory, will be generated by quan-
tum effects and will dominate in the long distance behavior (IR); therefore the
most simple way to determine the presence of such terms is to request a certain
IR behavior that, in our case, corresponds in the request that the theory flows
naturally to the relativistic scale invariance z = 1 reducing to the Hilbert-Einstein
action.

One way to add relevant terms is to modify directly the spatial action W. In
this case the detailed balance condition is preserved. The other possibility is to
add relevant terms, not obtainable from the detailed balance procedure and that
do not modify the IR limit, directly in the action; in this way the UV limit is still
described by a potential term derived from a detailed balance condition. In this

case we will say that the detailed balance condition is softly broken.

1.3.1 Relevant Deformation Satisfying the Detailed Balance Con-
dition

To reproduce the Hilbert-Einstein action, respecting the detailed balance condi-

tion, we can consider the following relevant deformed action to obtain the potential

part of the Sy, action:

W = % /wg(F) + /L/d‘gw\/ﬁ((g)R — 2Aw)

12



1.3 Relevant Deformations Horava-Lifshitz Gravity

By construction we have:

[u]s =1 [Aw]s =2

and the full Hofava-Lifshitz action, in order of descending dimension, becomes

9 - 2 . 2, ..
S = / dtd3avV/hN {#(Kijw ~AK?) - 2%40”0” + ;—JéskaileRﬁf

K22 1—4X
8(1 —3X) 4

. RinZ] + R2+AWR_3A12/V>} (111)

In the IR limit, w — oo and the terms quadratic in the curvature go to zero so
the HL-action reduces to

9 B 2,2
S = /dtd?’x\/ﬁN {#(KMK” —AK?) + e

WAW (R— 3AW)}

that, compared with the Hilbert-Einstein action

1 1

_ 4,.1p_ _ 4 2 27
Sk 16ch/\/§d z[R—2Af] 16ch/¢Ed eN[K; K7 — K+ R —2Ag),

gives the emergent velocity of light

K | Aw

= \T-sx [c]s = (2 — 1), (1.12)
the emergent Newton constant
o2
= = -2 1.1
G 32me (Gwls (1.13)
and the cosmological constant
3

13
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The theory then describes a space-time with a cosmological constant. In partic-
ular, looking at (1.12), it is evident that A > 0if A <1/3 and A <O0if A > 1/3.

With an analytic continuation of the theory

w1 w? — —iw?

we can reverse the situation, that is, A <0if A <1/3 and A > 0if A > 1/3.
Moreover from the IR limit of the Hofava-Lifshitz action it is also evident that

it does not correspond to the Hilbert-Einstein action for A # 1. The quantity A

becomes a running constant once we quantize the theory?, therefore it is necessary

to study the RG equation to verify that A = 1 in the z = 1 fixed point.

1.4 Graviton Propagator

In Einstein’s theory of Gravity the main problem in employing usual quantum
field theory techniques is that the coupling constant G has dimension —2 in
mass units yielding a theory that is not power counting renormalizable; moreover
the graviton propagator is

_

w2 — k2
and, at increasing loop orders, requires counterterms of ever-increasing degree in
the curvature. The theory can still be treated as an effective field theory but it
needs an UV completion.

In the Hotava-Lifshitz model, as consequence of the non-relativistic value of

the dynamical critical exponent z, the dimension of the coupling constants that

determines the UV behavior makes the theory power counting renormalizable.

In GR the condition A = 1 is preserved by the full covariance.

14
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Schematically the graviton propagator will take the form [2]

1
w? — k2 + ... — G(k?)*

where in general there will be also other powers of k? between 1 and z in the
denominator, but they are important in our discussion.

In the IR limit we can expand the propagator as

1 1 1
w? — 2k2 — G(kQ)Z w2 — 2k2 + w2 — c2k2

1
2\z
G) T gz T

reproducing the expected graviton propagator. Moreover no higher time deriva-
tives are generated as usually happens for theories with higher powers in the
curvature.

In the UV limit, instead, we can expand the propagator as follows

1 1 1

= + Pl 1
w? — k2 — G(k?)?  w?—-G(k?)*  w?—G(k?)*? w? — G(k?)

plie P

where the short distance behavior is improved by a suitable choice of the scale
factor z that changes the critical dimension at which the theory is power countable

renormalizable. This then shows that HL-gravity may have a better UV behavior.

1.5 The Scalar Field Theory

The next step is to introduce a scalar field in the theory.

Because of the reduced symmetry we can add new non-relativistic terms to
the action, the implications of which will be analyzed in chapter 4 where the
kinematics of point-like particles, derived as optical limit of this scalar field, is
analyzed.

To introduce a scalar field we can follow the same steps as for the Lifshitz

15
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scalar or for the HL-action, that is, we start from a kinetic term, that is, a “time
derivative” of the field and then we add the most general potential term.

Because we want to recover the Klein-Gordon action in the IR limit let us start
looking to the Klein Gordon action for a free massless scalar theory in terms of
the ADM components of the metric:

; 2
S = /d4$\/jg [\]/VE (3t¢ - N3i¢) + hijaiﬁf)ajﬁb] .

C

Here we are using the usual notation, the 0;’s indicate derivatives with respect to
the coordinates on the space-like surface.

Then it is clear that, in order to recover the relativistic theory in the IR limit,
we have to consider the following kinetic term

1 Nt
W(aﬂb - 75@)

while the second term, after an integration by part, rewritten as ¢A¢ - where
A = hY V;V; -, will be included, together with the eventual mass term, in the
potential part, containing only space derivatives.

In [8] the authors suggest the following general action for a scalar field theory

1 1 :
S=3 /dtddm/ﬁz\f 3 (016 — N'9ig)* — > 05%¢” (1.15)

J>2

where
ny

M .
Oy = (~1)"—— A

M2n+ 3 J—d—1

n=0
and the x product contains all the possible combinations in the application of
A= hijvivj to ¢; e.g.
A% % ¢% = c1(Ad)’¢ + c20° A%

16
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with c1, co constants. The A, are energy dimensionless coupling constants, while

M has the dimension of the energy. From the kinetic term we get

Therefore in the case z = d the scalar field is dimensionless then every power of ¢
is allowed in the interaction term.

The scaling dimension of the coupling constant will be
z—d
Ainls =2z+d+ TJ—2n.

Then, to have a power counting renormalizable theory, we must impose the con-

dition [Aj,]s < 0 that implies

z+d z-—d
’I’Z]—II]&X{ 5 + 1 J}.

If 2 < dthen J < 2%. If 2z > d then J is unbounded and hence we can have
interaction terms of any power in the field; in particular if z = d there is no
dependence from J and ny = z = d.

We are interested in the evaluation of the free field theory so we will consider

only the effective mass term, that is, only the case J = 2:

z
)\Q,n

Sy = ;/d“x\/ﬁN {;2@@ = N'09) = Y (1) o AT <z>2} . (1.16)

n=0

The case studied in [8] contains an analysis of the J = 2 case restricted to a
Minkowskian metric, that is, N =1, N* = 0 and h;; = 0;;.

To study the transformation properties of a matter field we generalize the

17
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action (1.16) to the following diffeomorphism-invariant action

S = 5 [ dev=a{-0" 0,006 raodPos + (Nar - 3) (680 + 6780
S M
S s arteats | o)
n=2 k=0

where Aok = A2 pnn—k to make the action real. The action (1.17) it is a gen-
eralization of the Klein-Gordon action where the terms involving the various A’s
- excluding the term Ao oM 2p¢* that corresponds to the usual mass term in the
Klein-Gordon equation - must be considered as small corrections.

Note that the action (1.17) reduces to the original action (1.16) for a Minkowski
space-time in ADM coordinates, which corresponds to the case studied in [8].

In section 4.1 we will find the optical limit approximation of the scalar theory
(1.17) obtaining the general equation of motion of massive and massless particles.
In particular we will study the kinematics in a flat space-time in section 4.2 and

the dynamics in a static spherical symmetric space-time in section 4.3.
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Chapter 2

Variations on Horava-Lifshitz

Theory

The original action that goes under the name of Hotfava-Lifshitz action was first
introduced by P. Hotava in [2] mostly as described in Chapter 1. The expression
is the following (1.11):

2 . k2 N T
S = / dtd3zvVhN {kz(Kin” —\K?) — 5. 7CiCY + Q—Uféekaﬂij;

k2 p? 1—4)\
8(1—3X) 4

K ij

R2+AWR—3A%V)}. (2.1)

The initial theory has been modified in several versions for different reasons:
zero-Cosmological constant limit, generalizations without the use of the detailed
balance condition, a “healthy extension”, a covariant generalization, etc..

Other than these modifications, some of them suggested by Hofava himself
in [2], Hotava distinguished between two possible branches of theories: the pro-
jectable and the non-projectable theory.

This main distinction has to do with the way in which we want to constrain

the lapse function N: if N is a space-time dependent function the theory is called
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2.1 Symmetries and Projectability Variations on Horava-Lifshitz Theory

non-projectable, if it is a function of ¢ only will give rise to projectable theories.

In this chapter we will explain how the projectable case comes out naturally
and why it’s physically odd, at least once we relate the theory to GR, and why
we preferred to choose a non-projectable theory for our studies. Moreover we
will introduce some of the interesting reformulation of Hofava gravity working
out in deeper details the one we used in the rest of the chapters. We will also
introduce the covariant formulation for the original Hofava gravity [9, 10] achieved

introducing a Stuckelberg field, and the canonical formulation of the theory.

2.1 Symmetries and Projectability

On a geometrical ground the main difference between GR and HL gravity is in the
symmetries of space-time. General Relativity is covariant under a generic change of
coordinates while, because of the anisotropic rescaling properties, Hofava gravity

is invariant only under a foliation preserving diffeomorphism

Fogit)  I=u() (2.2)

that preserves the distinction between “space” and “time”. Then it comes natural
to use the ADM decomposition of the metric (1.8) to study the fields of the theory.

Having in mind that we would like to recover GR in the infrared limit, we need
to require that the lapse function NN, the shift vector V; and the spatial metric
hi; transform under a foliation preserving diffeomorphism (2.2) in the same way

as their combined field, the metric, transforms

g;w(x’ t) — 9ap (SE’ E)auq)aau(bﬁ
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2.1 Symmetries and Projectability Variations on Horava-Lifshitz Theory

and to consider its non-relativistic limit (¢ — oo). The result is then:

Shij = O0pFhjy, + 00  hiy + VFOhij + dh

SNi = NpOp* + "0, N; + )" hys + GN; + oN; (2:3)

ON VFON + N + ¢N.

As consequence of the invariance under a foliation preserving transformation
we obtain the following conservation laws for the ADM components of the energy-

momentum tensor:

. N: d .
i 1y _ i 3 = 2.4
hijT fdt(fp) fdt(\/ﬁv) 0 (2.4)
IViT; — pV;N + — (fvj)ﬂvvq) +20'V N = 0. (2.5)

fd

As we will see later the lapse function is related to the normalization of the
time-direction orthogonal to the spatial hypersurface 3., therefore it comes natural
to consider the case in which such a field is just time dependent considering that
this choice is preserved by the time reparametrization ¢ — 1 (t).

In what will follow in chapter 3 and 4 we will not consider the projectable
theory because it is overly constrained and does not reproduce the Schwarzschild

spherically symmetric solution.

2.1.1 The Projectable Theories

The shift vector IV; and the lapse function NV can be easily interpreted as the gauge
fields associated, respectively, to the time-dependent space reparametrization and
to the time reparametrization. Therefore it comes natural to consider only time-
dependent lapse functions as fields. A theory with such a restriction is called

projectable.

21



2.1 Symmetries and Projectability Variations on Horava-Lifshitz Theory

Because of the restricted time symmetry due to the physical foliation, the
symmetry group has one less generator with respect to GR; the projectable case
then represents a way to match this constriction reducing the degree of freedom
of N 1.

In terms of the canonical variables (sec. 2.5) we have that the momenta of N

and N; are identically zero (respectively H and H;) giving the two constraints
H; =0

and, in the projectable case,

/ dPzH = 0;

only in the case in which N has a full space-time dependence this constraints
corresponds to the GR’s energy constraint H = 0. In the projectable case then
the energy constraint becomes a global constraint while in GR it is local. This
makes clear that the projectable case will not recover GR in a naive IR limit. A
possible way out was described in [11].

Then in the projectable case we have that the constraints form a Lie algebra

1]

[ oo, [Py =0 ([ ai@io), [ dPyme) =0
From this analysis it is possible to show [12] that the expected number of degrees
of freedom of the theory are [1]:

4(DoF) = f(field components) — 2 >2< #(first-class constraints) _ (D + 1)2(1) -2) o

Note that, using the gauge freedom in rescaling time, we can always set the lapse function
to 1.
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2.1 Symmetries and Projectability Variations on Horava-Lifshitz Theory

that is one more than GR. The corresponding scalar degree of freedom is called
khronon?.

An unappealing feature is the strong coupling of the extra scalar mode at low
energy [6, 7, 13] which might make the theory unstable in the present formulation;
moreover the unstable scalar mode does not decouple in the IR limit, therefore

GR is not really recovered. Let us analyze this point.

As suggested in [13] the projectable condition can be forced introducing in the

/di”xdt\ﬂv <J¢2 —~ 1)2

that constraints N2 to be equal to 1 in the limit M — oco. Neglecting the terms

action the term

with higher spatial derivatives the Hotava action can be rewritten as (the covariant

formulation will be introduced in sec 2.4)

M4
~MAR+ — 5 (Ouxd"x — 1)% +

M]% 6“)(8 X

/ d*z/—g

where y is the khronon. Considering the following perturbation with respect to

flat space-time

N =1+¢, N;= O B,  hiy =026 — 995\ _2%9 Y = t+6,
A A
at the quadratic level we have

2
S = /d4 []\g ( 2% — QAP + 4dAY + VAR + 4¢E)

FMAG - ¢)2 — (A —1)M (fB+E+2¢+A9)] (2.6)

2Later the khronon will be simply called foliation.
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2.1 Symmetries and Projectability Variations on Horava-Lifshitz Theory

where the first line is just the linearized Hilbert-Einstein action. Evaluating the
equation of motion for E and VAB and substituting them back into the action

we have

£ _ M} {2(3>\ —-1)

12
R e —2wAw}

that produces the following dispersion relation

A1
2 _ 2
YT T et

Asking the positivity of the kinetic term, that is, imposing

B -1

0
o1

we obtain, from the dispersion relation, that ¢ must be tachyonic, at least at low
energies where the higher powers of p? do not contribute. Considering also the
term p* it is possible to show that, being such a term a positive contribution to the
dispersion relation [13], the instability does not develop at least in the Universe
life-time if

A —1] <1070 (2.7)

Under this condition we can neglect the term )2 with respect to 1A in (2.6).

To study the khronon we are going to choose the gauge
B =0, 20+ E =0
that reduces the action to
M

S = /d4x [MI% (=AY +20A9) + M (0 — ¢)* — (A= 1) 5 (A0)*) .
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2.1 Symmetries and Projectability Variations on Horava-Lifshitz Theory

The equation of motion for ¢ then is ¥ = ¢; substituted back in the action yields
@ _ [ gt | as2 a2y Mp e
S, = [ d'x |MppAp+ M*(0 — $)* — (A —1) 5 (AG)"| .

The equation of motion for ¢ becomes

M49

S Ve V2

that substituted back in the action gives

2 4 2
(2 _ 4 MPM INGD — —1%A 2
st /dx[MJ%JrMﬁ i (- 1)F (8077

The leading interaction term is given by the cubic interaction with the smallest
number of time derivatives and, following the treatment used for the quadratic

part, it will correspond to

MEM*
- | e oo
P

Therefore, in the projectable limit M* — oo, the action reduces to

M

/ diz [Ml%ém - (=15 (A0)? — M2EAG(9;0)?

and can be set into canonical form with the rescaling

t/ o’
e =
G-1D Mp(x— 1)1/

from which we get

.. 1 9 1 .
A AN A= U,V ) ——, v 5 ¥ T I
/ x[ 2( ) Mp(A —1)3/4 (%6)
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2.1 Symmetries and Projectability Variations on Horava-Lifshitz Theory

from this expression we ca read out the cutoff
Ay = Mp(\—1)%4

that under the constraint (2.7) goes to zero, showing that in the IR limit the
khronon is strongly coupled.
Such a problem is also present in the non-projectable case and there are pro-

posals to solve it [13, 14].

2.1.2 The non-Projectable Theories

The non-projectable case, on the other hand, is more tractable although it still
suffers from a strong coupling problem. This is particularly evident if we consider
also the presence of a matter term S, [6].

Let us consider the action
S = Sar + Suyv + Sm

where

1 g
Ser = 1o / dtd*zVhN[Kij K — K? — (R — 3A)]

2 ..
Svv = /dtde\/ﬁN [;(1 ~ NK? - %E”GijklEkl :

Expanding around a background metric (N +n, N; +n;, Eij +7ij), the matter

term at the linear level becomes

Sy, ~ — / dtdw?’\/ﬁ[np +not + %-jTij]
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2.1 Symmetries and Projectability Variations on Horava-Lifshitz Theory

while

where
i 1 2(.1] —1J © 7k 1 Avai —ij kl A i
Y=gV = gY) + VIV = SVIVIY + gi Vit 4 S

The transformation rules (2.3)

N — N+C¢"ViN+ fN+fN (2.8)
Ni — Ni+Vi({/Nj) = 20'V;Nj + b + fNi + fN; (2.9)
hij = hi +2V (G + fhij (2.10)

describe the symmetries of Hotava gravity. We want to use the Stuckelberg formal-
ism, therefore we consider an extension of this symmetry treating f as a space-time
dependent coefficient to generate the Stuckelberg field. In this case the transfor-
mation rules, considering an expansion around a time-independent 3-dimensional

metric with N; = 0, that corresponds to a particular choice of gauge, become

n = n+c*ViN+ fN+fN (2.11)
n;, — n;+ éjﬁz‘j - N262Vif (2.12)
Yij = Vi T 2VEd)- (2.13)

Because the time-dependent space diffeomorphim corresponding to the field ¢* is

a symmetry also of the generally covariant theory (2.4.3), it does not produce any
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2.1 Symmetries and Projectability Variations on Horava-Lifshitz Theory

Stuckelberg field, therefore we can just redefine the fields as follows

n = n+¢N+¢N (2.14)

n, — n; — W202V2'¢ (2.15)
where ¢(x,t) is the Stuckelberg field. The action then reduces to

—/dtdw3\[mc2[f(l —-A) (12Vi(N2Vi¢)(’V —2V'in;) + CZ(Vi(NQVi¢))2> +
N N

¢

= Vi (szi)]

where we considered that Sgr does not give any contribution because it is invariant
under a general diffeomorphism, that only the first term of Sy might contribute

in the IR limit and that

as consequence of the energy-momentum conservation laws (2.4), (2.5).

The corresponding equation of motion is
2 2oi (L . i A i N2, i
N

Unlike GR where V, T#” = 0 is satisfied, the right hand-side of the above equation
is not zero implying that the limit A — 1 is not continuous; therefore the theory
is strongly coupled in the IR limit: the Stuckelberg field does not decouple and
hence Hotfava gravity does not recover GR in the IR limit.

We are going to consider anyway a non-projectable theory for our discussions

in the following chapters because it recovers GR. solutions for A = 1.
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2.2 'To Balance or not to Balance Variations on Horava-Lifshitz Theory

2.2 To Balance or not to Balance

Initially Hotava introduced the detailed balance condition to reduce the number
of parameters in the theory giving a recipe to produce possible potential terms
[2]. More general expressions were considered in [15, 16, 17].

In particular Kiritsis and Kofinas in [15] studied more general solutions con-

sidering the Horava-Lifshitz action with generic (independent) coupling constants

S = / dtde\/ﬁN[a(Kinij — AK?) + BC;;CY + ynT* Ry VR A+

+(RijRY +nR* + R + o] | (2.16)

in the detailed balance case the constants correspond to

2 Bpp = K2 _ K2 Cpp = _/<c2,u2
apB = 2 DB = ~5 1 DB = w2 DB 3
K202 1 — 4\ K202 K212
_ S N\ = 3T ___AZ.
WE= g1 -3\ 4 o8 =g gy W DB 8(1—3x) W

Such an action is not the most general allowed by the foliation preserving sym-
metry, it is indeed possible to consider terms with six spatial derivatives arriving
to cubic terms in the spatial curvature. In [15] such terms are not considered
to study the deformations with respect to the original HL gravity with (softly)
broken detailed balance.

The emerging constants for this action become
13 a 1 1 A o

c=1/—=

a " 167 v/ag 3

In most of the cases the theory acquires specific properties or, at least, results
to be easier in the case the detailed balance is employed (e.g. the case 3¢ + 8n

with ¢(n # 0 in [15] corresponds to the detailed balance with A = 1). Whether
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2.3 The Kehagias-Sfetsos Action Variations on Horava-Lifshitz Theory

the detailed balance is important or just a guiding principle to generate easier

potentials is not clear until now.

2.3 The Kehagias-Sfetsos Action

Although, as described in the previous section, there is no true guiding principle
to construct the potential term there is GR as constraint on the IR behavior
of the theory. With the aim to recover GR and hence the spacetime isotropy,
Hotava introduces, through the detailed balance condition, a linear term in the
curvature and a constant term in the action (1.11). With this construction we
need necessarily the presence of a cosmological constant to recover GR as it is
evident from (1.12).

In his second germinal paper [2], Hofava suggests also possible modifications,
in terms of soft violations, of his action. The authors of [18] developed Horava’s

suggestion studying the solution of the so called Kehagias-Sfetsos action:

2 ij K2 ij ’42,“ ij
S = /dtd%mN {I@(Kin T AK?) — 5.1 CuCY + 55 KRV, R |+

K212 1—4A
8(1—3\) 4

2,2 N
—%RURZ? + R2 + AR — 3A%V> + u4R} L (2.17)
The soft breaking of the detailed balance is achieved introducing the term p*R by
hand in the action; therefore the cosmological constant Ay is no longer necessary.
With this action is then possible to study asymptotically flat solutions under the
well-behaved limit

Aw—>0;

the theory therefore admits a Minkowski vacuum. This is the theory that has a
central role in our work.

For this action we obtain the following emergent velocity of light, the emergent
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

Newton constant and the cosmological constant:

K2 Ay B K2 Ao 3K%A, ‘
4 1—3)\ N 32w T 16(1 — 3\ 2 + 262 Ay

in the limit Ay — 0 they reduce to

\/ﬁmﬂ G K2
CcC = =
2 N7 395¢

Several aspects of the Kehagias-Sfetsos action were analyzed in the literature:
cosmological solutions [19, 20, 21], possible tests [22, 23, 24, 25, 26], fundamental
aspects of the theory [6, 7, 8, 27, 28, 29, 30, 31, 32, 33, 34, 35|, black hole solutions
[15, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46], the specific case of A = 1/3 [47] and
possible extensions of the theory [48, 49].

We are mostly interested in the spherical solutions relative to the KS-action.
The static spherically symmetric solution with zero-shift vector was derived first
in [18]. Such a solution is not the most general one, as it happens in GR, because

of the reduced coordinate invariance symmetry, as it is observed in sec. 3.1.

2.4 The Covariant Action

The first formulation of Hofava gravity [1, 2] was based on an explicit distinction
between space and time where, essentially, the only object with a “geometric
interpretation” was the space-like surface ¥ endowed with a metric h;;. The
Lapse function and the shift vector were interpreted as two external fields.

A covariant approach, with its own geometrical interpretation, would make
easier the study of differences between GR and Hotava gravity.

Let us start reviewing the ADM formalism, then we can introduce the covariant

scalar-tensor theory.
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

2.4.1 The ADM formulation of GR

The Arnowitt-Deser-Misner (ADM) formalism was introduced to obtain a Hamil-
tonian formulation for GR. The main ingredient is the existence of a global space-
like foliation for the space-time. Such a foliation will allow a definition of a time
direction, giving the basis for a Hamiltonian formulation.

Let us then assume that such a global space-like foliation exists. The time ¢
then identifies the specific space-like hypersurface ¥; (that from now on we will just
write as X)) in the foliation. From a covariant point of view what is geometrically
relevant is the time-like direction field t* identified with the vector field tangent
to the time-like time flow generated by points of ¥ during the time evolution, and

the space-like hypersurfaces .. The time direction t* can be decomposed as
t* = N*4+ Nn® (N%ngy =0) (2.18)

where N is called shift vector and is defined as the projection of t* on ¥ while
N, called Lapse function, is the component of the projection of t* along the
time-like direction n® orthonormal to . With this structure the metric g,5 can

be easily decomposed into [10]

JaB = hch — NaNp (2.19)

where h,g corresponds to the embedded metric of the space-like surface .

It is evident then that, raising one index with the metric g,3, we can interpret
haﬁ and —nan?, respectively, as the projector on ¥ and its orthogonal projector
(50/3 = haﬂ—nanﬁ).

Considering that we are going to interpret h,g as the “metric on ¥” we need
to define a covariant derivative D, with respect to this metric and compatible

with it. Such a derivative D, is just the projection of the covariant derivative on
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

the space-like surface ¥3; i.e

DTy = hy Py, Moy b, Lk, N g TR (2.20)

Using the orthogonality of n, with respect to the space-like hypersurface 3, that
is, hﬁana = 0, it is simple to show that D,h*" = 0.

The foliation is completely determined by a scalar function y, indeed setting
X equal to a constant k (later such a constant will be identified with the time ¢
after a choice of coordinates) we identify a hypersurface ¥; the continuous set of
hypersurfaces then corresponds to the foliation. Hence the hortogonal vector to

the hypersurfaces is directly identified with

1

ng = —N0OaX where non® =-1, N = ———. (2.21)
Note that non® = —1 implies
n'Vany, =n,Von? = Vo (n'n,) —n"Veny = —nVan,,
that is,
n'Vany = 0. (2.22)

The defining condition n, = —N0J,x verifies the Frobenius integrability con-
dition?

Fuw = Dyyny; =0, (2.23)

which means that a zero vorticity condition for n, is satisfied; this is a necessary

condition to have a foliation structure.

3The Frobenius theorem proves that the algebra of fields on ¥ must be close for ¥ to be a
manifold.
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From the definition
Dyny = h,*h, Vang = h,*Van, = Vun, +n,m*Van,
we can rewrite the integrability condition as
0= Djn, = Vn, +n*Vanyn,.

Having that xy = k identifies a particular hypersurface in the foliation along
the time direction %, we may interpret k£ as a time parameter, its monotonic
increase being the time evolution between one hypersurface ¥ to another. The
easiest choice is to set ¢ = k. For the moment ¢ is still just a parameter and
will not be interpreted as a coordinate because in this case we would break the

diffeomorphism invariance. From this choice we have that
Nag = —NVax =—NV,t

and, recalling that (2.19)
t* = N® + Nn®,

we deduce

—N = t"ngq = —Nt"Vat

that implies
t*Vat =1, NVt = 0;

therefore the choice to parametrize the hypersurfaces with the time parameter ¢
gives also as return a natural parameter for the curves describing the time flow

evolution. Multiplying the expression n, = —NV,t by n,, we find an other
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

relation to construct the lapse function:
N = (n*V,t)~ L (2.24)

Using this structure it is possible to decompose the Riemannian and the Ricci
tensor as well as the Ricci scalar with respect to n, and . In the decomposition
two kind of curvatures can be found: the intrinsic curvature, the curvature of
Y., and the extrinsic curvature.

The extrinsic curvature is defined as the Lie derivative of the spatial metric

along the orthogonal direction to X:
1
Kafj = iﬁnhaﬂ
From the definition we have
K. & — Lo 5 h Y1h vy Lo _
= 5(” Vol + by Vun? + hyy Von) = 5(” Vo (nunw) +Vyny, +Vyny,) =

=n"Vann,) + Vny) = V,Yn(uhy)7 =h?

(uhy)wvvnp = D(,un,,)

where we used (2.22). From the integrability condition (2.23) we then have
K,, =D,n,.
Note the extrinsic curvature K,g is orthogonal to n® by construction
1 8 8 8 8
0= iﬁn(haﬁn ) = Kagn —I—hagﬁnn = KN’

The previous expression of the extrinsic curvature does not involve explicitly
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the fields N, N, and h,g but an explicit expression can be obtained
K. = 1£ hag = Lo h h T+ h 7 =
aB = Platd af = 5(” Voyhap + hayVan" + hygVan ) =

1
= 5 (N1'Vshag + Nhay Van? + NhyVan?) =

1

5N [INNYVyhag + hayVa(NDY) 4 hyg Vo (Nn7)]

where we used n7h,g = 0; from the decomposition Nn? =t7 — N7 we deduce

1 .
577 [hap — DaNg — DgNo|

1
Kaﬁ = ﬁ[[/th(xﬁ - ENhaﬁ] = IN

where Lihag = Othag = hap by definition and Lyhag = Do Ng+DgN, is obtained
writing the Lie derivative in terms of the covariant derivative D,.
The Riemannian curvature R? yap Ol Y can be defined as the commutator of

spatial covariant derivatives acting on a 1-form on >:
é
[Da,D/g]wn/ =-R ,Yaﬁw(;.
Following the definition (2.20) we have
DoDgwy = hohg"h, OV ulh, Phys OV jwo) =

= hohg"h, TV N pwg + by B OV u[hy, PIV jwe + o PR h OV R TV jwg
= ha“hﬁphvgvuvag + h., T Kopn”V yws + hﬁpKO,yn"pr(7

that implies

é o pA
R yap = [hauhﬁphv R op
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

where we used n“w, = 0, w, being defined on X.

The Ricci tensor will be

Ryg = hy"hy h, "R+ Ky “ Koy — K, *Kpy,

while the Ricci scalar is
_ A B
R=h"n" R, +K;°K,” — K,°K,
= R+ 20" Ry, + K, °K,? — K,°K," = 20’nGy, + K,°K,” — K,°K,".
On the other hand
n“n’ Rag = nﬂR'ymﬁna =nf[V,,Vgn? =n’V,Van? —nPVsV. n? =
=~V nPVan? + V, [V + VanP V. n? — Vs[nV,n]
= —K,°K," + K," K7+ V,[n°Vn'] - V[nV,n?]

therefore we have the following expression for the Ricci scalar:

R=R+K;°K,” - K,*K,” — 2V, [n’Vgn'] + 2V;[n"V,n").

(By construction also the intrinsic curvature is orthogonal to n®.)
From the expression of the Ricci tensor we can directly write the GR action

in the ADM decomposition
1 4 1 3 3 2
= = NVh|K 3K — K
Sug 167TG/\/§de IGWG/dtd:r Vh[Kap + R]

in which we neglected the pure divergence terms.
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2.4.2 Coordinate Expressions

The particular choice of coordinates that allows us to recover the expressions used

in the original formulation of Hofava gravity is the gauge choice

20 =t

In this particular choice of coordinates the time direction ¢t reduces to the vector

(1,0,0,0) and

Ng = —NVax = —Nut = (=N, 0,0,0).

From the above expression and the orthogonality relation N“n, = 0 we readily

deduce

N = (0,N?)

which give us a simple way to find the expression for n®

1 1 Nt
@ (@ N = [ — )
=t ) <N’ N)

Therefore from the relation (2.20)
6,7 =h,P —nan®

we have
1 —N*
—ngn’ =

0 0

and hence the expression for the projector on ¥ becomes

P
P U

[0}

0 o
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

Note that the index S in the projector above will take only spatial values be-
cause the 0-components are zero; this allow us to substitute ho/B — hg,*. This
implies that every tensor defined only on X, that is, such that each index con-
tracted with n® gives zero, can always be written in terms of its associated spatial

components
T —h B B —h B
ag..om ar Moy BB ar ey Lirdn:

In particular we have

hap = hy g’ hij.

The next step is to construct the tensor h*?. Tt can be easily obtained using

the fact that h*? is orthogonal to ng
haﬂng = (¢*% + nanﬁ)n/g = gaﬂn/g —n*=0

where

0 =h"ng = —Nh*;

hence the only non-zero components are the spatial components h%:

s _ [ 00

0 h¥

From here we are finally able to write the inverse metric g®?

__L NI

2 2
gaﬁ — hozﬁ _ nanﬂ _ N N o
Ni o pij _ N'NJ
N2 N2
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

which inverted gives

—N? + N,N* N;
GapB = 3
where we defined h;; as the inverse metric? of h¥ (hijhjk = 65“) and N; = hj N 7.
from the above expression we can then read
N;N® N;

haﬁ = gap + NaNg =
N; hij

and evaluate

No = hogNP = (N,N*, N;).

The coordinate expression of the extrinsic curvature can be obtained from the

definition
Kug = = Lohas = ——(Lohs — Lxhog)
aﬁ—znaﬁ—2N t/lap N/ag
where
Lihay = Othay  Lxhay = N'Oihay + hip0aN' + haiOyN',
that is,
. 1 O(NENL) 0N, N*O(N'Ny)  N*O,N;
afB = a7 -
2N Ny Ouhyj NFOLN;  N*Quhy;
O NENy, 9, NFhy; ONEN,  No;N*
NpO;N¥  9;Nkhy; ON*hy;  0jNFhy,

4The spatial tensor h¥ is a metric; indeed it is symmetric by construction and is non-
degenerate as consequence of the non-degeneracy of g**.
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

1 N NGy (hyy) — NROR(N'INy) N*0hy; — N*OyN; — N,0; Nk

2N\ N*O by — NFOWN; — NeiNE - Oyhaj — N*Ophaj — 0i:N*hy; — 0; N by

NFN'K, NFEKG o
= T =hy'hy K
NFKG; Ki;

where

1
Kij = ﬁ (8thij — Nké)khw - @Nkhk] - a]Nkth> == 8thl-j - VZN] - V]NZ)

1
77 (
2N
and V; is the covariant derivative with respect to the metric h;; and corresponds
with the coordinate expressions of D,,.

Now let us consider the ingredients we need for the covariantization of HL

gravity.

The trace K, % = Kaghﬁa is given by
Kagh®® = h,'hy Kih*? = Kih = % (W901his — WIN* Oyl — 20:N7)
or, equivalently, by
KoshoP = % (h90yhi; — 2V;N*) = WV K.
The product K,gK a8 is given by
KogK®? = h,'hy' Ky K% = K;; K",

Note that

KosK? — AK? = K;; K9 — (K" ,)?

reproduces exactly the kinetic term in the Horava-Lifshitz action. The same can
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

be said for the intrinsic curvature and for the Cotton tensor appearing in the

potential term of Hofava gravity, noticing that
Rap =ho'hg’Rij R =Rapg®™ = Rijh"
and that
Cap = hy'hy’ Cij

where the covariant expression of the Cotton tensor is given by
C = B D, |RY 5 — LRov
=1 a BT 8
with ntef = preBops the 3-dimensional volume form.

2.4.3 A Scalar-Tensor Theory

The reduced symmetries in Hofava gravity, due to a particular choice of foliation,
can be interpreted in terms of a new degree of freedom, with respect to GR,
that is responsible for the breaking of the symmetry. Such a degree of freedom
corresponds with the foliation x which is the only ingredient we need to construct
the remaining geometrical objects we need for the ADM decomposition. The field
X then will be the scalar degree of freedom together with the metric g,5. Such a

field enters in the action thorough the vector ny:

OaX

\/—'vxavx;

Considering g,s and x as the two independent degrees of freedom of the theory,

Ng = —

ng results automatically normalized without the use of a Lagrangian multiplier

[9]-

Here we are going to consider only the IR limit of the theory, this being the only
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

part we need to discuss about regarding the covariantization (the UV terms, once

rewritten in a covariant form, can be easily integrated in the following discussion):
Sur) = /\/jgd%(KaﬂKaﬁ — AK? + R);
the above relation can be rewritten as

S = /\/?gd%[u ~NK?+R).

From this expression it is clear that only the term K? contains the scalar field y,
being the only term involving the normal vector ng.

The term K? contains also the field g,s therefore the variation of this term
with respect to gos will be like an energy-momentum tensor for the scalar field x.

The variation of the action [ /—gd'zK? gives
1
5/\/—gd4xK2 :/\/—gd4x{2K2gaﬁéga5+

Vsd
+2K [—Vo‘nﬁégag — (g% +nPg™ — n‘sgo‘ﬁ)éTM + gaﬁva&mg] } =

1
= /\/—gd4x {QKanﬂégaﬁ — QKVO‘nﬁ(Sgag—l—
+(2nOVIK — ¢°PndV 5K )8 gas + K (2VPn® — Kg°P)5gas — 2VﬁK(5nn5} —
1
= / V—gd'z { (—2K2905 +2nleVAK — ga5n5v5K> 0Gap — 2V5K5nnﬂ} .

Noting that

ha' 050 1
Mg = —7/B¢ - *nanunljéguu

/=049 2
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

we finally have

= /\/—gd4aﬁ { <—;K290"3 +2on VA K — (g°F — no‘nﬂ)n‘SVgK) 09ap

hB9566

+2V K

Therefore

58 = 5/ V=gd'z[(1 - \)K? + R] =
~ [v=ada {(1 N (‘;K 2098 4 9@V K — (4o — ”anﬁ)”év‘SK) et

hoBss
—G*5g05 +2(1 — AV K p0® }

\/ —0,007 ¢
where we used te fact that the (3 4+ 1)-Ricci tensor R does not depend on the

foliation.

The equations of motion then are
1
(1-2) <—2K29a5 + 20 VA K — (¢*F — nanﬁ)n‘;VgK) —GY¥ =0 (2.26)

Ba
W2Vl )—0. (2.27)

21 -M)Vi | —————
(\/ - ’y‘bawb
Multiplying the first equation by ho"h BV’ ha'ng and nong we have, respectively

(1—2X\) <—;K2h’“’ - h“”n5V5K> — G*hythg” =0

(1 =) (=ho"VOK) — G*hytng = 0

1
(1— )\)§K2 — GPngng = 0;
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

using the Gauss-Codacci relation

DaKaB - DﬁK - Ruynuhuﬁ7

and

1
GHVTLHRV = 5(72’ + K2 - K,UZ/KMV)’

the equations become

1
(1—X\) <—2K2W — h“”n5V5K> — G*Phy " =0

Do (K — Ah*'K) =0
R — K, K" + A\K? = 0.

For A = 1 the equations of motion reproduce the equations of General Relativ-
ity [10] but, as we already discussed in sec. 2.1.2, the limit A — 1 does not behave
well implying that the scalar field does not decouple in the IR regime.

Let us now analyze the connections between the equations of motion in the
covariant version and in the ADM context. The full expression of the covariant

generalization of the KS action (2.17) is given by[9]

2 K2 K2
Scrs = / d*zv/—g {KQ(KQBKW — AK?) — = CopC’ + ﬁcaﬁﬂa%r

2w
K212 1—4X\
(1 -3\ 4

2,2
H,u/ RaﬂRaﬂ+8

< R2+AwR — 3AW> + n4R}(2.28)

In the ADM formalism we choose the gauge ¢ = ¢ then

—2NON + 2NNy, — NENIshy,  6N;
OGuw = én,, = (—=6N,0,0,0).
Iz iz
5Nz’ (Shij
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2.4 The Covariant Action Variations on Horava-Lifshitz Theory

Setting

0L e 9L

" dng

EMM = =
Y g

we have
5L = EM0na + EMY g, =
—EMJSN + EM)°(—2NGSN + 2N*N;, — N*N'6hy,) + 2EM'SN; + EM hy;

= —(EMJ+2NEM°)0N +2(EM°N* + EM")§N; + (EM}) — EM°N*N7)éh;;.

The relative equation of motion can be obtained projecting the equations of motion

for gop and ng,.

The equation of motion EM}” = 0 multiplied by n,h,? in the gauge ¢ = ¢

becomes

0=EM}!"n,h," = -N(EM) + EM°N")

multiplied by huihyj becomes

0 = EM/”h,'h,’ = EMJ + EM°N'N’ + EM,’ N’ + EM;’ N’
= EMJ +(EM°N? + EM')N' + (EM;’ + EM{°N*)N7 — EM°N'N’

= EM}J — EM}°N'N’

where we used the previous result. The last component is obtained multiplying
the equation of motion EM}"” = 0 for the last projector n,n, that gives
0=EM}nyn, = N°EM)°

g

together with the equation of motion for n,.
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2.5 The Hamiltonian Formalism

Now that we have a covariant expression it is easier to look for a Hamiltonian
formulation of HL gravity. We will again focus only on the IR limit - with a
general A\ - for the same reasons. The Hamiltonian formulation will follow the
same steps as in GR, the only difference being in the modified de Witt metric
Gapuv that contains A.

The Lagrangian describing the HL: theory in the IR limit is
L= NVh(KGP" K, +R),

where the degree of freedom are N, N, and hqg; it easy to show that the only

non-zero canonical momentum is the one associated to hag

798 = 05 R asGO = (K™~ AK™).

Shas

The Hamiltonian then takes the form
3, .1afBj 3 N af pv af
H= [ @[ has — L] = dxvﬁ'awﬂ — NVhR + 27°® D, Ng | .

The variation of the Hamiltonian with respect to N gives the energy constraint

1
H= fwaﬁGag L — VR =0
vh 8

that in the Lagrangian formalisms corresponds to the energy constraint

0 = Vh(Ku K" — AK?) — VAR = —Vh[(A = 1)K? 4 G opnn”);
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2.5 The Hamiltonian Formalism Variations on Horava-Lifshitz Theory

the variation with respect to Ng gives the momentum constraint

of
HP = —2VhDy" = =0
Vh

that in the Lagrangian formalism corresponds to

0= Do (K% — NXKh¥).

The equation of motion relative to the metric h,g are:

: 5H N
hag = —— = 2—=m" G ap + 2D, N,
B= §paB — 2 T Cuwes T 20Ng)

0H 1 1N 1
- af _ _ Bs Bé Y 4 Bs pr 2
T = _5haﬂ = N\/E (R *2'R,h ) -+ *2 \/Eh <7‘;u/7‘ 27[ ) +

N 1
_2ﬁ (MV@‘; - zmﬂ5> — 2D, PN + Do (N*7B) — n*B D N?)

where the first equation is just the definition of the extrinsic curvature.

The Poisson brackets structure is given by

{N(@),Qn(y)} = &z —y) (2.29)
{Ni(z), @y(y)} = 8l8%(x—vy) (2.30)
(hij(a), 7)) = S(0F0L + 60— y) (231)

while the others are all zero.
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Chapter 3

Spherically Symmetric

Solutions

In this chapter we study and derive spherically symmetric solutions for the non-
projectable Kehagias-Sfetsos action (2.17) with general A and nonzero shift vari-
ables [50, 51]. We call these “hedgehog” solutions, in analogy with the field the-
oretic soliton configurations of the same name, as they possess radially-pointing
“hair” due to the shift field. In the process we uncover conserved quantities for the
system, and a special “deformed” gauge invariance for the case A = 1. The con-
formal value A = % will also turn out to have special properties. In this context we
study the presence of horizons, singularities and the related Hawking temperature.

In the IR limit the infinite set of solutions, found for A = 1, corresponds to the
invariance of General Relativity under a spacetime reparametrization. In general,
not being a coordinate transformation, the symmetry in the action responsible for
the infinite set of solutions does not have a clear physical interpretation. Indeed
it is broken by the relativistic matter term in the action. In this chapter we also

study the behavior of the solutions for generic values of the gauge parameter g>(r).
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3.1 The Spherically Symmetric Ansatz Spherically Symmetric Solutions

3.1 The Spherically Symmetric Ansatz

Since the beginning of studies on Hofava gravity the spherical solution played one
of the main roles, being the easier solution - excluding the flat configuration -
and because it allows for solar system tests. Between the formulations of Horava
gravity (chapter 2) we focused on the KS-action (2.17) mainly because it allows
for asymptotically flat solutions. As already observed in sec. 1.2, there are two
relevant parameters: w that describes the strength of the fields and A. The first
corresponds to the deformation with respect to the IR limit, that is “GR”, while
the second strictly depends on the behavior of the renormalization. In the attempt

to study general solutions in terms of these two parameters we rescaled
p’ = (3 — 1)

allowing us to recover a nontrivial conformal limit when A\ = % We will also denote
the total coefficient of the linear Ricci scalar R (which receives contributions both
from Ay in the action and from the added extra terms) as wxk?u?/8. Finally, we
will use the freedom to rescale time and N; (which amounts to a choice of time
units) in order to make the coefficient of the kinetic term equal to the coefficient
of the Ricci scalar. This will ensure that in the IR limit the speed of light comes

out equal to 1. With these choices, the action (2.17) becomes

2,,2
3 4 g
s = & : / dtd3x\/ﬁN{w(Kin” —AK?) + A 1R, VR,
A A1
21 CiC = (A= RyRY + SR 43+ wR}. (3.1)

(Note that our w corresponds to w — Ay in [19].) The standard Einstein gravity

is recovered in the limit w — oo and for A — 1; the cosmological constant A in
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3.1 The Spherically Symmetric Ansatz Spherically Symmetric Solutions

this limit is identified as

3A2
A=W
2w

We shall keep A arbitrary, as there may be measurable deviations from its general
relativistic value (A = 1).

The most general static spherically symmetric ansatz involves a spherically
symmetric 3-dimensional metric in terms of a radial coordinate r with metric
f~Y(r) and spherical angles 0, ¢, a lapse function N(r) depending only on r and
a “hedgehog” configuration for the shift vector N; of the form N, = N,(r), Ng =

Ny = 0. In this parametrization the metric is

1
ds? = —(N? — N2 f)dt? + 2N,dtdr + ?dﬂ + 72(d6? + sin® 0dg). (3.2)

In the general relativistic case the term dtdr can be eliminated by an appropriate
redefinition ¢ — ¢ + F(r). In the present case, however, such a transformation is
not an invariance of the action, and the variable NN, remains a relevant degree of
freedom (app. C); this point was also stressed in [15].

For nonvanishing IV; the kinetic term for h;; (involving the extrinsic curvature)
is nonvanishing and must be included in the action. Using the expressions derived
in appendix B for the extrinsic and intrinsic curvatures for the spherical metric
(3.2), the action (3.1) after integration over the angular part - omitting the trivial

integration over t - becomes

2,2
5= an"l /dr L — Lv] (3.3)

o1



3.1 The Spherically Symmetric Ansatz Spherically Symmetric Solutions

where

N —1)?
Iy [(m— Y S o)

LK:wﬁ [(1 - )\)ﬁ (fN; +

f;lf/+ Aglf’Q—Zw(l—f—rf')—3A%Vr2]
/'N,
2

N f

2 /
) +2(1 =2\ fNZ? — 4\r <fN,{+ fg) NT]

in which prime denotes differentiation with respect to r.
To facilitate the treatment of the problem and identify its essential mathemat-

ical structure, we define new fields:

1+ wr?— 2w N3
p= —f’ q= 271;27‘2]\[1”7 M = 7 (34)
\Jw? — A%, r? y @T— Aw f

assuming w > |Ay| (other signs of w and w? — A12/V can be treated by analytically
continuing p — ip and/or ¢ — iq). We further define a new logarithmic radial
coordinate

s=lnr. (3.5)

In terms of the new variables and coordinate, the action becomes

S = 27T/<,2,u2(w2—A12/V)/dsL

A—1 1 /A-1
L = M(2p2—2pp—3p2+3)+M<242+2ch—3q2> (3.6)

where overdot denotes derivative with respect to s. Note that the case of unbroken
detailed balance (studied in [36]) corresponds to w = — Ay, which, upon rescaling
of the p and ¢ variables, corresponds to eliminating the term 3M from the action
(3.6).

For the classical theory the overall coefficient in the action is irrelevant and
will be omitted from now on.

In the above form, some features are immediately obvious: the explicit ap-
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3.1 The Spherically Symmetric Ansatz Spherically Symmetric Solutions

pearance of the radial variable has dropped. Further, the only relevant parameter
is A, all other parameters (such as w and Ay ) having been absorbed in field re-
definitions. Also note that the fields p (spatial metric) and ¢ (shift vector) enter
in the action in a remarkably similar way.

The equations of motion are

%ﬁ —2pp—3p°+3 = # <A2_1q'2 +2q4 — 3q2> (3.7)
M+ 6p) = S {MIO - 15— 2]} 39
ari=o0 = {0 i), (5.9)

Upon elimination of M using its (algebraic) equation of motion the above reduce
to two coupled second-order differential equations for p and ¢. The general solu-
tion will contain 4 integration constants. The equations of motion, however, are

invariant under a simultaneous rescaling of N and N, or

M — cM q— cq (3.10)

for any constant ¢, corresponding to a rescaling of time in the metric. This can be
used to set their scale (usually by requiring N — 1 as r — o0) thus eliminating
one integration constant. The solutions will therefore contain 3 relevant constants,
corresponding to the mass of the black hole plus two additional “hair” parameters.

The above equations are invariant under independent changes of sign for M,
p and ¢, so the solution manifold will exhibit this symmetry. The flip M — —M
is inconsequential, since only N? appears in the spacetime structure. The flip
q — —q is essentially time reversal and corresponds to inverting the hedgehog
direction N, — —N,., while the flip p — —p corresponds to changing the radial

metric as f — 2+ wr? — f.
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In addition to the above, the action (3.6) has two radial “invariants”, that is,
two first integrals of the equations of motion. The first one is obvious: the action

is invariant under shifts s — s + €, that is, under the infinitesimal variations

SM =M, dp=p  6q=q,

since £ does not depend explicitly on the parameter s. Under such a transforma-

tion the Lagrangian changes by a total derivative,

5L =L

and so the conserved quantity, analogous to energy for the radial coordinate s, is:

oL oL oL
ot T ap T 9
A—1 1 /A-1
— p(AT2p2 2 A 2 11
<2p+3p 3)+M<2q+3q (3.11)
FE is essentially the mass parameter, reducing to £ = 12m in the case of an

ordinary (de Sitter) black hole.
The other invariance is more nontrivial. The fact that p and ¢ enter the action
in a similar form suggests a possible new invariance under a variation involving

just these two fields. Indeed, it can be checked that the variation
1 . .
op =7 [(A=1)d+2q],  dg=M[A—1)p—2p| (3.12)

will make 6L = K a total derivative. Therefore the conserved quantity is

oL oL
= —_— —_— —
G <8p5p+ aqéq K>

A—1.. ) )
= 2(A—-1) <2pq +qp — pq + 3pq> (3.13)
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This is one of the nontrivial “hair” parameters of the black hole.

The above two constants of motion allow in principle for the reduction of the
system into one ordinary differential equation. Indeed, FE, GG, and the equation of
motion for M (3.7) are algebraic expressions in M, p and ¢, and therefore can be

used to express M, p and ¢ in terms of p and ¢:

p=Ppq, ¢=QMq.

Considering p as the new independent variable, ¢ can be obtained by solving the

equation
dg _ Qp.q)
dp  P(p,q)

after which M and the variable s can be determined.

Due to the rather complicated form of P(p,q) and Q(p,q), the above proce-
dure is quite involved. There are, however, special values of A ( = 1,1/3) with
interesting features for which the problem can be readily solved, and we expose
them in the next sections. Further, a more explicit solution for general A can be

found in the “bald” configuration IV, = 0 and will be analyzed in section 3.1.3.

3.1.1 The case A\=1

The value A = 1 is special, as it is required for recovering general relativity (to-
gether with w — o0). The equations of motion (3.7,3.8,3.9) for A\ = 1 become

first-order and simplify dramatically:

. 1 .
—opp—3p*+3 = e (2qq — 3q2) (3.14)
(M —3M)p = 0 (3.15)
: q
M—-3M)--~ = 0. 3.16
( i (3.16)
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3.1 The Spherically Symmetric Ansatz Spherically Symmetric Solutions

In particular the last two equations become essentially identical and imply
M =3M = M =ce* =crd.

(The other solution, p = ¢ = 0, implies trivially M = 0.) Using the time scale

invariance (3.10) to set ¢ = 1, we obtain

N=\/f (3.17)

as in the standard general relativistic case. The remaining equation can then be

written as
d, s 9 d q2
— 1-— =— (= 1
== (3.18)

which determines p in terms of ¢ or vice-versa:
k
2
=14+ - —. 3.19
p T3 (3.19)

It is evident that the case A\ = 1 has an infinity of solutions. The corresponding
solutions for the metric function f(r) and the shift variable N, (r) in terms of an

arbitrary function ¢(r) read

f = 14w+ \/(w2 — A2t + dwmr — 2wg?(r), (3.20)
_ 9(n)
Ny o= T (3.21)

The expressions for f obtained in [18, 19] are recovered for g(r) = 0, once we
choose the negative sign for p and identify our w with their w — Ayy.

From (3.20) it is evident that

2 2

—A
ot 2mr > () (3.22)
w
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must be verified; in particular this means that g(r = 0) = 0.
The expression 3.18 suggests that the theory for A = 1 has a gauge invariance.
A further indication for this is that the integral of motion G (3.13) is identically

zero for A = 1. Indeed, the A = 1 action is invariant under the variation

§(¢%) = —M?*5(p*), M =0 (3.23)

with §(p?) an arbitrary function of r. Clearly the symmetry transformation (3.12)
is a special case of the above gauge transformation, justifying the vanishing of its
charge.

The above symmetry (3.23) reduces to the usual reparametrization invariance
under t — t + F(r) in the IR limit w — oo, as can be checked by using the
expressions (3.20,3.21). For finite w, however, it corresponds to a “deformed”
transformation.

The gauge invariance of the solutions for A = 1 corresponds to a “deformed”
coordinate transformation, not previously observed because the usually chosen
condition g, = 0 fixes the gauge. This invariance does not survive for A # 1. A
specific gauge can thus be fixed by continuity as A\ — 1 (we must take into account
that in the theory M is a running constant), for example by matching the value of

AT
which remains finite and nonzero, or, alternatively, by coupling the theory to
matter which will not present this gauge invariance.

One must also consider that, although it is hoped (and required) that A goes

to 1 in the IR limit of the theory, this has not been proved yet.
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3.1.2 The case A =1/3

As observed in [2] the value A = % corresponds to the action being invariant under
an anisotropic conformal symmetry. That this value is special also manifests in

the fact that the action in this case becomes a sum of perfect squares:

M 1 M ., 1
L=—"(p+3 3M — —(¢—3 = RV V£ —
3 (p+ 3p)* + 3M(q q)? = 3p + 3Mr 3Mp

where we redefined

_ _ q —
p=rp, G= 5, M=

*c»\ <

The equations of motion (3.7,3.8,3.9) simplify accordingly

%+9r6 - 7 (3.24)
d, .

—(1p) = 0 (3.25)
d (q

The above equations integrate readily giving

. . _ 3AB
p= 43\ A2 4 16, q§=3AM = ——
P 1 VA2 4 b

with A and B integration constants. From these, the fields p, ¢ and M are obtained

as

dr 1
pz:l:% "VAZ rﬁ—j:3< A2+r6+
T T r

\/W LK
YV Lo A +A =

A/ A2
— 34Br® dr__ T YA A
AT 2 M Eeaa
M= Brb
VA2
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with K7, Ko new integration constants. Moreover fixing the scale of M by choosing

B =1, the corresponding solutions for f, N and N, are

AQ
f:1+wr2;|:V(r <\/A2+r6+ \/7“42+:6+A) 71(327)

2 _ A2 VAZ 16 _ 3
N, =r W Aw EIHM+K2 N:i. (3.28)
2wf 2 VA2 64 A VA2 46

The condition N, = 0 corresponds to choosing A, Ko = 0. In this case the

’ = +( T :l: (((7 —_ ‘I,) + _— N = f'

3.1.3 N, =0 solutions

For ¢ = 0 the equation of motion (3.9) is satisfied and we can determine p from

(3.7):
A—1

Tp — 2pp — 3(p —1)=0. (3.29)

Solving for p we have

2p — ey/4p? + 6(A — 1)(p2 — 1)
A1

Ij:

where € = £1. Note that only the case e = 41 has a finite limit for A — 1. This

equation is trivially separable, giving
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and upon doing the integral we obtain the implicit expression

In[Cr] = ! {ln [ Vap? +b—cp

+1nb + (a — 1)p?] + 2ev/alnfap + \/&W]}

6 Vap?+b+ep
(3.30)
where
3x—-1 3
= b=—M\—-1
a 5 5( )

and C is an integration constant.

Although such an expression is not explicit, it becomes explicit by considering
p as the independent variable and expressing r in terms of p in the spacetime
structure. Moreover, it allows for a qualitative investigation of the behavior of
the solution under a variation of A. It also reproduces the explicit solutions found

earlier in the limit A — 1 and A — 1/3.

3.2 Horizons and Hawking Temperature

In this section we will start studying the physical implications of the solutions
found before. To study the coupling with matter we will restrict our analysis only
to relativistic matter coupled to the full metric g,, in the standard way. This
excludes matter with modified dispersion relation described in [31, 32, 33, 34] (we
will introduce this topic in chapter 4). The notion of horizon could be meaningless
for non-relativistic matter since, in principle, particles could travel at any velocity
breaking the causality structure of General Relativity, therefore this kind of matter
will not be considered in this context.

The horizon can be defined as the surface on which photons are static. Then in

the static spherically symmetric case a photon on the horizon has four-momentum

pM = (pt7 Oa Oa 0)
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3.2 Horizons and Hawking Temperature Spherically Symmetric Solutions

proportional to the static Killing vector 0;. The horizon will be the surface at

r = rp, defined by the condition
0=p'py=—(N? = N2H)(p")*. (3.31)

Since matter couples to the g,, constructed from N, N,, f in a covariant way,
we can perform an ordinary reparametrization transformation to the above g,
(this is not an invariance of the gravitational part of the HL-action, but it is an
invariance of particle dynamics) choosing a diagonal coordinate system in which

the new shift field vanishes, we have for the new (tilded) variables
N?2=N?2_fN2  f=f(1-N?, N,=0.

(Note, further, that if N = /f then we also have N = \/})
We see that the horizon condition (3.31) is now the usual statement N?% =gy = 0.

For A = 1 the horizon condition translates into

0= pp, = — <f _ gz(;m)) e

Th

that is,

flrn) = 92(2’” (3.32)

Th

where we used (3.17,3.21). Obviously the above condition reduces to f = 0 if g(r)

is identically equal to zero. In the case A = 1/3 we have a similar situation:

2
0=—(N*-N2f)(p")? = — S’ 2~ Ay (1 AT A K2> (

_ Zp Xt
i T 2 Vamrmaal
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3.2 Horizons and Hawking Temperature Spherically Symmetric Solutions

that is,
2
f WAy A4S (1 \/A2—+r6—A+K
= —1In
2w rd 2 A2 14644 2

that reproduces the condition f = 0 in the case of no hair, A = 0 and Ky = 0.

(3.33)

To evaluate the Hawking temperature we need to look at space-times that are

asymptotically flat, so from now on in this section we will consider
Aw =0

and choose the negative sign in the expressions (3.20,3.27) for f. Expanding the
expression (3.20) for f for wr? > 1, we find for the metric functions in the diagonal
form of the metric in the case A =1
~ ~ 2m 1 /2m g? 2
N2=fol-"F4 — (-
/ r + 2w < 2 r3> ’
therefore to recover asymptotically flat space-time we need also to impose the

following condition

This condition, together with the constraint (3.22), which can be cast in the form

2
g W 9  2m
= -—-1< = — -1 3.34
2 < 2r + . ) ( )
still leaves an infinity of possible gauges.

Moreover, the horizon condition (3.32), using relation (3.20) with the minus

sign, reads as:

2
<g2gh> - 1) = 2wy (2m — ). (3.35)
h
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3.2 Horizons and Hawking Temperature Spherically Symmetric Solutions

One immediate corollary is that
rn, < 2m

implying that the radius of the horizon must be less the the GR value.
From the above we see that the function g2/r? is constrained to be within the
envelope defined in (3.34), while a horizon will form for it satisfies (3.35). We have

2w and

different possible situations, depending on the value of the parameter m
the form of g?(r): we could have no horizons at all, one, or several. In any case,
the Hawking temperature, if a horizon exists, will be evaluated for the biggest
possible value of the radius for the horizon. For wr% > 1 the value of the external
horizon acquires the correction

= 2m - (92(27”) = 1)2

4wm? 4m?

In the case A = 1/3 the horizon radius, if it exists, can be determined once we
know all the constants in the expression (3.33).

Since we are dealing with black hole solutions with hair, we cannot directly
adopt the definition of Hawking temperature used in [19, 41, 42, 52].

The Hawking temperature T}, is proportional to the surface gravity « (T, =
k/2m) on the horizon of the black hole (see, e.g., [10]) which corresponds to the
force at r = oo necessary to keep a particle from falling into the horizon. The
surface gravity is related to the Killing vector x = 0;, asymptotically normalized

(imy 00 X*Xa = —1), as follows

(V0usx®) == (g7 0:(N? = NZF),, = —2mx"(rn);

h
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3.3 Spherically Symmetric Solutions for A =1  Spherically Symmetric Solutions

then x reduces to

EZM(ar(N2_N3f))

TR

For A =1 the Hawking temperature is then given by
1 g° 1. =
Ty = —0 <f - 2) = 7arf(rh)
T ) T

which corresponds to the expression used in [19, 41, 42, 52| in the case without

hair (¢ = 0) and has the correct relativistic limit for w — oco. For A = 1/3 it

A2 46
7= VT T v Nzp)

47 r% h'

reduces to

Note that the Hawking temperature for A = 1/3 for the no-hair case (A, K2 = 0)

K
f1/3:1+W71 Nysz =/ f1/3

reduces to an expression similar to the case A =1

1 1

T, = —0,.f = — .
h 47 rf 2nwkKy

3.3 Spherically Symmetric Solutions for A =1

The infinite set of solutions (3.17,3.20,3.21) for the case A =1

[ 2
f=1+wr? — wrt + dwMr — 2wg?r? NZ=7f N, =+ g7 (3.36)

is not physically reasonable. Indeed, although the solutions (3.36) are the result of

an hidden symmetry of the pure gravity theory (3.6) (from here we will consider
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the case of a zero cosmological constant)

Ko’ 30vh ij 2 4 ij
s = = [ did's hN{w(Kin AR FWR = g 5O+

4 ’ a1
bV LRV, R! = (8 = DRy RY + = R2},

they corresponds to physically different space-times for the simple reason that
such a symmetry is not an invariance of a relativistic mass term.

Although in principle we could construct a matter term that is invariant under
such a gauge symmetry, the physical relativistic matter breaks the gauge explic-
itly: therefore every value of the function ¢ corresponds to a different space-time
background.

The reduced symmetries of HL gravity make unclear the meaning of the sym-
metry (3.46) from a physical point of view. Such a gauge invariance may be just
an accident for the present formulation of the theory, but if it is not an accident
it can be used, if generalized to a generic space-time background, to fix A to the
value of 1 in the quantization process.

In this and in the next sections of this chapter we will be studying the behavior
of the solutions (3.36) for different g2.

The choice A = 1 is dictated not only by the fact that it is the expected
value in the IR limit, but also by the fact that the gauge invariance found in [50]
and described in sec. 3.1.1 could be used to fix A = 1 from the beginning once
the theory is quantized (there are also different works in which it is shown how,
leaving A general, it is possible to achieve a correct IR limit introducing second
order constraints [53]). A promising advance in this direction, although it is not
clear yet if there is any relation with our gauge symmetry, was made by Hofava
and Melby-Thompson in [11]. In [54, 55] spherically symmetric solutions relative

to the theory described in [11] are discussed.
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In section 3.4 we will study the constraints to which g(r) is subject to have
a well defined metric, while in sections 3.5 and 3.6 we will review some physical
aspects of the problem, i.e. the possible measurement of g(r) from astrophysical
data and the behavior of spacetime behind the horizon.

To discuss the topic we are going to use redefined coordinates for which the
metric becomes diagonal, exactly as we have already done in sec. 3.2. Let us start
with a brief review.

As shown in the appendix C, in HL gravity, unlike GR, the non-diagonal metric

2
ds* = —(N? — N2f)dt* + 2N,drdt + d; + r2df* 4 r% sin? 0dp?, (3.37)

where we assume f and g2 to be analytic functions, and the diagonal one

1

ds®> = —N*2dt*? + Fdr*Q + r*2d6? + % sin? Ad¢? (3.38)

are not equivalent because we cannot perform the relevant coordinate transforma-
tion:

— * Nr
dt = dt + Wdr
(3.39)
with ~ N*2= N2 N2f  pr = [N

Hence the most general spherically symmetric ansatz in HL gravity is (3.2).

It is evident that these solutions are well defined only for

2M
f>0 and g2§§r2+7;
T

in the following, and in particular in section 3.4, we will find other constraints on
g° to have a well behaved metric.

Although we cannot consider the two form of the metric, (3.2) and (3.38),
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to be physically equivalent in this context, we can still perform the coordinate
transformation (3.39) to obtain intermediate expressions and then go back to the
non-diagonal coordinates to study the physical results. In all the cases we consider
here the relations used are relativistic because we consider the standard relativistic
coupling with matter, therefore, in the diagonal coordinates, the expressions for
the equations of motion for a test particle, the bending of light or the relation for
the position of the horizon are exactly like the one obtained in the GR context, only
in the wrong coordinate system. This means that we can just use the relativistic
relation and perform the change of coordinates to go to non-diagonal coordinates
to obtain the result we seek.

In our case the coordinate transformation for the diagonalization becomes

i [d 5.40)
B f(f—-g¢% " '

which is defined only for
f>0 and f#g¢* (f*#0). (3.41)
The first condition, f > 0, implies a constraint on g2
R N R (3.42)

while the second condition is related to the position r;, of the horizon, which is

obtained by solving the condition

f(rn) = = f(ra) = g*(rn) (3.43)

and choosing the outer solution. In particular, from the relations above, we have
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3.4 Constraints on g* Spherically Symmetric Solutions

shown in sec. 3.2 that

0 < (g%(rp) — 1)? = 2wrp(2M —13,), (3.44)

which corresponds to say that no horizon beyond the Schwarzschild radius is pos-
sible (rp, < 2M).

Under the conditions (3.41) the coefficients in the diagonal metric become:

N2 = =f—g®>=14wr®— Vu2rt + dwMr — 2wg?r? — ¢°. (3.45)

The implications of conditions (3.41) are that the change of coordinates is al-
lowed only in the region outside the horizon, exactly as in GR. With an opportune
change of coordinates in GR we can extend the spacetime inside the horizon, but
it is not clear how to proceed in HL gravity, where the foliation has a geometrical

meaning, not the metric. We will briefly investigate this problem in section 3.6.

3.4 Constraints on ¢>

Let us forget for a moment about the problems related to the extension of the
metric inside the horizon and concentrate on analyzing the infinite set of all pos-
sible solutions to the equations of motion, looking for the constraints which the
generic function g must obey to reproduce a well behaved metric.

The solutions in [50] for A = 1 (sec. 3.1.1) exhibit the following invariance:

N 0 s e
— SN2 =

1+wr? — f —wr?N2f/N? N?5,f
N2 f )

wr2f f

(3.46)

This invariance is not related to a coordinate transformation (although it recovers

2

the usual GR coordinate invariance in the limit wr® — oo) and therefore does

not admit yet a simple physical interpretation. Moreover, as will be evident from
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3.4 Constraints on g* Spherically Symmetric Solutions

section 3.5, we need to treat each possible value of g as the source of a different
solution. In this context it makes sense to discard some of the solutions based on
the study of the constraints that g2 must fulfill.

As already observed the first constraint on g2 comes from the expression (3.45),

for which we must have

9 W o  2M
< = —_— 3.47
g s Hrt (3.47)
This, in particular, implies
9*r?|=0 = 0. (3.48)

The constraint (3.42) is always compatible with the upper bound for g2 since

and is relevant only when the Lh.s is positive (remember that g? > 0):

2M 1 1 1
14+ — - >0 = M—\|M?— —<r <M+ /M?— —,
r 2r2 2w 2w

that is, between the internal and the external horizon radius for the KS metric

(N; = 0). This in particular means that only when f* < 0 the condition f > 0

may become relevant. Indeed, for a generic value of g2, f satisfies

1+ wr? — Vw2rt + dwoMr < f < 14 wr?.

The limits correspond, respectively, to g = 0 and g% = %72 + %
Also if we consider only a constrained subclass of possible g2, it is still an
infinite set. We can then study the range in which f* may vary for different ¢*’s.

For g = 0 we have the well known KS solution

fE=14+wr® — Vw2rt + dwMr;
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3.4 Constraints on g* Spherically Symmetric Solutions

while for 92 = %rz + % we have

2
f* :1_7—’_87427
r 2

max

that is, a de Sitter-like solution. The inequality

I e > 1+ wr? — w?rd + dwMr — 2wg?r? — g

is true for
3
——wr? + < g
which is always verified for
3 2M
——wr? + 7= <0,
2 T

that is,
r>(— .
(%)
Then, restricting to the case r > (%)1/3, which for w > 1 is much less than the

classical horizon 2M, we can consider f  to be the upper bound for f*.

max

Minimizing f* with respect to g we find two values

g=20 and g=1/—.

_2M

For 92 = =5 we have

froo=1-"". (3.49)

Therefore the Schwarzschild solution is the lower bound solution for the metric

(fig.3.1).
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Figure 3.1: In this figure we plotted f. . fr .. and f; with ¥ = r/M and @ =
wM? =100 (for bigger values of & the plot is qualitatively the same).

3.4.1 Asymptotic Behavior

In this section we want to find what are the restrictions to the asymptotic behavior

of g2 to have a flat asymptotic space-time. Let us then consider f*(r) for r — oo.

4M  2g?
wr wr
92

.. 2
it is easy two see that we can encounter three cases for r — oo: the terms =15

Writing

=1+ wr?

is negligible with respect to %, it is comparable with % or % is negligible

with respect to ii;. In the first two cases we can directly obtain that the asymp-
totic limit is flat space-time; in the third case we can neglect the term % and,

considering that asymptotically 2¢g? < wr?, we can expand f* in terms of g? as

follows:
2n

wn—lTQn—Q !

. 2n-=3)!! ¢
=1
/ +T;2 n!

The above relation implies that g2, asymptotically, must grow less fast than 7 to

have a Minkowski flat asymptotic space-time.
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3.4 Constraints on g* Spherically Symmetric Solutions

For g?> = Cr, with C constant, the function f* asymptotically goes as

— I n 2

n! wn—1 2w’

n=2

in this case the asymptotic metric interval becomes

dr?
02
2w

2
ds® = —(1+C—)d *2 4 :

2
dQ .
o +r (3.50)

that, after a rescaling of time and the radial coordinate (1/1 + g—:t* — t* and

2 .
r—/1+ g—wr), gives

2
ds? = —dt** +dr* + (1 + g—)r%m
w

showing a conical singularity.

Such a space is asymptotically flat in the sense that there exists a coordinate
transformation (3.40) for which the diagonal metric is Minkowsky-like. Going
back to the time coordinate determined by the foliation, the metric (3.50) asymp-

totically becomes
CQ
ds®* = —(1+ 2—)dt2 + 2drdt 4 dr® + r?dSQ.
w

To have a true flat asymptotic space-time in the physical coordinates frame we
need to impose the condition lim,_,~, N, = 0 that simply implies lim, _,, g(r) = 0,
being lim,_,~ f(r) finite by construction. Under this condition we directly obtain

a Minkowskian asymptotic behavior.
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3.5 The Bending of Light Measure Spherically Symmetric Solutions

3.5 The Bending of Light Measure

In this section we are going to show explicitly that the dynamics of a relativistic
particle is different for different values of the gauge parameter. As consequence
of this statement it will be possible to measure deformations with respect to the
Schwarzschild behavior (the analysis with respect the parameter w will be consid-
ered for the case N, = 0 in the section 4.3) measuring carefully the kinematics
of free falling objects. To study how, let us consider as example the bending of
light. Although this method will not produce good results because of the lack of
precision in this kind of measure, it is one of the few easy options available.

It is easy to show that in both coordinate frames, the physical and the diagonal
one, the Killing vectors that correspond, respectively, to the energy F and to the

angular momentum L take the same form
Ep = 0y = O &€ = 0y.

In particular the energy is given by

N,p"

_ * _ a2, %0 _ 2 2 0
E=—py=N"p~ =(N _Nrf)[p —W

] = (N*-N2f)p"—N,p" = —po.

Therefore for a particle of mass m the dispersion relation yields

62 7;2 2

—_ _ _ —O

1 massive particle
e=FE/m l=L/m k=

0 massless particle
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3.5 The Bending of Light Measure Spherically Symmetric Solutions

The equations of motion are

e = (N?*—=N2f)i— N7 (3.51)
I = % (3.52)
2 = &=V (3.53)

where we defined the effective potential as
l2
ES
Vers = f (7”2 + 1) .

The equations of motion are explicitly not invariant under the gauge trans-
formation (3.46), so metrics with different g’s represent physically different back-
grounds. Therefore the only way we have to fix ¢° is to study the trajectory of

a test particle and reconstruct from it the function ¢?: the measurement of the

do

bending of light as a function of the radial coordinate r, that is, -, and the impact

parameter can be used to determine the metric.

For a light ray the radial equation of motion is

and the impact parameter is defined as usual as

Jrz
“\F

where Ry is the closest distance to the star in the trajectory. Using the equation

b=

by &

r=Ro

of motion for ¢, as in GR, we obtain

do 1 [1 f*]m

dr 72 |2 2
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3.5 The Bending of Light Measure Spherically Symmetric Solutions

Knowing the impact parameter b and the function % the we can in principle
obtain completely ¢2.

A nonzero value of g2 can be also observed measuring the total bending angle,
although it will not be possible to reconstruct the whole function.

The deflection angle is given by

R N o R
o2 B

Therefore, considering the functions g7 and g2, we have that

O > o1

is true if the relative radial functions f; and f5 satisfy the following requirements:

fi) = ) forr>Ry and (3.54)
Ui (27") , I (;) are monotonically decreasing. (3.55)
r r

The above requirements are not the most general but are easy enough to deduce
what happens for some of the metrics considered here. First of all we know that if
we choose the metric (3.49), that is, f5 = f;, = 1— 2, the condition (3.54) will
be verified for any other possible f*. The condition (3.55) is also verified for f . .
So we can conclude that for every g2 such that the relative f* satisfies condition
(3.55) the deflection angle is smaller than what we expect from GR.

The case f* = 1 with g> = 0 and M = 0 corresponds to a flat Minkowski space-
time giving rise to a zero deflection angle. This means that for an f* satisfying
condition (3.55) and such that f* > 1 the deflection angle is negative, the force
being repulsive.

Let us consider as example the KS metric. Using the expansion for the KS
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3.5 The Bending of Light Measure Spherically Symmetric Solutions

metric for wr? > 1, f*=1— % + %Jj‘ff the deflection angle can be approximated
as
<dr [ 1 foooM? /1 1N\ Y2
5¢22/ 2[2 —T5t <6_6)] -7
Ro T° Lbrin r w Ry r
2/00 dr [ 1 ;;lm]—l/Q | MP1/RE—1)r
~ — |5 — - s
Ro r? b?nzn r? w szm - ﬁ;}#
>~ dr M* 1/R§—1/r®
—5¢GR—2/ 7;’7 /B /7'3/2'
Ry T W [ 1 f:;mn:|
b?nzn T2
Defining

< dr 1/RS —1/r8
w5¢wz2/ —2M2 /B */ 372
RO r |: 1 fmzn:|

we ca rewrite the above expression as

b0
59 =~ dgr — 0,

that will give the following estimated value for w:

wigp, 1

(JJ— b
dpgr1l —7

where we defined v = §¢/0¢pgr. In 1970 the National Radio Astronomy Ob-
servatory [56, pag. 1105] reports the value v = 0.90 & 0.05 for the deflection
angle of a ray barely touching the surface of the Sun. Being d¢pgr = 1.75” and
wé¢,, = 1.13- 10723, we obtain the following estimation for the minimal value of
w:

Winin = 6.5-10723(1.0 £ 0.5).

A small value was expected, being already observed in [23, 26]. Such a small value
is mainly consequence of the lack of precision in the measurement. The other

values reported in [56, pag. 1105] will reproduce a negative estimation for w, then
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3.6 The Singularity Spherically Symmetric Solutions

corresponding to no constraint at all. A possible explanation for a deflection angle
bigger than the GR value is in considering a metric with a g2 not satisfying the
conditions (3.54, 3.55). At the moment the choice of such value of g2 is quite

arbitrary.

3.6 The Singularity

Let us now consider what happens inside the horizon.

As already observed no Kruskal extensions make sense in the HL-gravity con-
text because of the reduced symmetry due to the foliation preservation. This
means that the concept of singularity must be reviewed.

The eventual external horizon satisfies the condition f*(ry) = 0, so we need
first of all to check if there are solutions to the condition f* > 0. Such a case
satisfies conditions (3.41), therefore we can just analyze the diagonal metric to
study its properties. Using relation (3.44) we can just restrict to the case r < 2M,
f* being positive for r > 2M.

At r = 0 we have that

where we used condition (3.48). Moreover the condition f* > 0 yields

1+wr?—g%> \/w27“4 + dwMr — 2wg?r2.

Let us consider a g2 such that 1 + wr? > ¢? (otherwise there is a range for

which f* < 0 and hence we have a horizon), then

gt —2¢% + 14 2wr? — 4wMr >0
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which implies

2M 2M
gz<1—\/2wr2<—1> g2>1+\/2wr2<—1>.
r r

The first condition corresponds to a positive g2 for r < M — \/M? —1/2w and

r> M+ \/M?2-1/2w if M > /5, while for M < /5 any g2 such that

0<g?<1—,/2wr? (% — 1) satisfies all the requirements. The second case,

instead, does not satisfy the condition

2M
1+ wr? > 1+\/2wr2 (—1)
T

for any r < 2M so it must be excluded if we want g2 to be a continuous function

(only in the case M = 0! we can consider such a case).
Therefore we cannot have vacuum solutions with no horizon other than in the
case (we are considering only the expression of g2 for r < 2M because for r > 2M

we can consider any analytic continuation)

1
g° <1 —+/2wr(2M —7) with M < 20
w

note that in this case there is no singularity at r = 0, f*(0) = 1 — ¢g2(0) > 0, only
a possible pinch. In particular this means that there are no naked singularities, if
we exclude the pinch.

Unlike GR, in HL gravity the 4D metric g, is not physically important: the
foliation structure is geometrically and physically relevant. In HL gravity the
foliation is determined by a scalar function y, as described in section 2.4. It is

evident then that, asking for a well behaving foliation, we need to have a surface

'For M = 0, whatever is the source for N,., there are g* for which f* > 0 but the condition
1+ wr? > g* does not allow to have singularities, being ¢g*(0) < 1.
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>} with a well defined orthogonal vector n®. In the gauge t = ¢

Ng = _NaaX = (—N,0,0,0)

hence the foliation is well defined if N # 0. In our case N = 4+/f, thus a foliation
is well defined only if f > 0. Let us call r the outer radius satisfying the condition

f(ry) = 0. Surprisingly we have

Fr(rp) = flry) = g°(rg) = —g°(ry) <0,

that is,

rp < . (3.56)

This means that the foliation may also be well defined also behind the horizon.
For the KS metric the condition g?(ry) = 0 implies ry = ry, but for any metric
such that g*(ry) # 0 it is always possible to define a foliation also behind the
horizon. We already discussed in section 3.4 the implications of condition f > 0
(3.42) and they simply implies that if an 7 exists is between two horizons, being
fr(rg) <0.

As example we have that the metric relative to f*

- in has a well defined foliation,

being N? = f = 1.

In general it is not clear what happens for r < r¢ because the foliation structure
breaks down, introducing a different kind of singularity. To explore what happens
to a particle travelling toward 7, and then toward r; let us consider a photon of
energy F following a radial trajectory. Unlike GR there are no constraints from the
fact that a particle is space-like, null-like or time-like because in this context the
4 D-metric has no direct physical meaning (there is not a clear causality structure).

Here we will base our discussion on the geometrical properties of space-time in
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terms of its physical foliation and we will consider the equations of motion for a

particle to be the same everywhere, inside or outside the horizons:

. . 1 N,
ingoing particle 7= —F, t* = % = t=- [N*2 - f:} 7 (3.57)

. . 1 N,
outgoing particle 7 =+FE, t*= 5% = {(=+ [N*Q + f’:} 7. (3.58)

Because we are considering asymptotically flat spherically symmetric space-
times, lim, o0 g> = 0 and hence lim, o f* = lim,_,o0 f = 1. This implies that
outside the outer horizon f* and f are both positive and that the outer horizon
r,(LO) is the first zero of f*. The consequence of this statement is that outside the

black hole N2 < 1, while in general we have

f*>0 = N2Z<1

ff<0 = NZ2>1.

We will assume that f*/(r}(f)) # 0 and f'(ry) #0.
(3)

On the horizon, if ry # réi), N? (7“,(:)) = 1 and we can approximate IV, near r;

as follows

w0 () .
Nor 0 N )
N, ~ —

N, <0: 1+1

If instead ry = r}(f) for a given i, then ¢ near r}(f) goes like g% ~

rgf))zn, where [DQ"gZ](rS)) is the first - even, being g> > 0, - non zero derivative

of g% in r,(f). Therefore, near r,(f), N, goes like

D2n 2 7.(1)
D -

[D2n92](r}(;’)) (r — r;j))2n71‘

N’I‘ ~ - )
Y 2n)]

(4)

in particular we have N,.(r;”) = 0. In the above relation we used the fact that
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3.6 The Singularity Spherically Symmetric Solutions

r (r}(j)) # 0, which implies f’(r,(f)) # 0, being g% (r,(j)) = 0. The case g?(r) = 0 is
then included in the case gQ(r}(j)) = 0 considering that all the following derivatives
of ¢* are all zero.

The last case to consider is what happens in ry for ry # r,(f) for any ¢. Assuming
that f'(rf) # 0 we have that f'(ry) > 0 because of the asymptotic flatness.

Moreover f*(rf) = —g*(rs) < 0, otherwise we fall in the above case for g* (r,(j)) =

0. Then N, near 7 is given by

9*(ry)

Ne == P —rp)

and it is singular in r¢. This behavior is expected considering that in r; the time
direction become tangential and that N~ is singular in r i
Let’s start considering a photon near? the outer horizon 7“}(:)), for which f* (7“}(:))) >

0, and crossing it from outside 3.2:

(0) , T a4y

(0) . ~ T 2d _ 2 )
Nr(Th ) <0: At ~ — fthr(; f*'(rﬁlO))(:—r;LO)) = f*/(r;l())) In r_rgo)

)y _ . ~ __ [T dr _ 1 )
Nr(Th ) =0: At ~ fthr(; f*'(r;l(]))(r—rﬁl(])) = f*/(r;;))) In r—réo) .

For NT(TéO)) > 0 we can extend the integral to r < r}(lo) (in this case f* < 0)
obtaining a finite positive value (f (rgo)) > 0 by construction), obviously inside the
limits for which our approximation is still valid. In the remaining two cases the
coordinate time interval goes to oo for r — 7“20). This means that for N, (r}(lo)) <0

the black hole behaves just like a Schwarzschild black hole, while for N, (T}(LO)) >0

a particle can cross the horizon in a finite coordinate time and if we consider the

limit of integrations to be from r < r}(lo) to T}(lo) —0 (in this case f* < 0) the interval

2We shall consider only the time intervals around the points of interest because we want to
show only if they are finite or no, positive or no.
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N.>0 At>0
— At>0
N.<0 At<0 —
‘—

(:) / rh f.:‘ < {)

N.>0 At<0
» At>0
. - —_—
N, <0 At>0
—_—

Figure 3.2: A particle crossing inward or outward a horizon with f* (r,)® > 0.

(0)

of time becomes negative and is divergent for r — r;”. This last statement can
be physically interpreted saying that for Nr(r,(lo)) < 0 particles behind the horizon
(r < T}(ZO)) can travel only outward. Will see that this is indeed possible once we
shall look to the motion of outgoing particles.

There may exists an other horizon r,gl) just behind r,(lo) but, in this case,
f* (r,(ll)) < 0. In a similar way we can show that we obtain the same results
as before.

If there exist other horizons then we go back considering one of the to above

cases.

Following the same steps we find that the situation for an outgoing particle
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for f*/(r,(LO)) > 0 (fig. 3.3) is reversed (N, > 0 < N, <0), giving

(0) ) ~ [ThHO 2dr _ 2 b
N ) >0 A=)y e A =
(0) _ s dr e
Np(r;”) <0: At ~ fr 270 = ar )
O _ . " [ThTO dr — 1 8
Nr(rh ) =0: At ~ fr f*/(r}(;)))(r_r}(z())) f*,(TI(LO)) In r—r,io) .
At>0 )
At>0 -— N.>(
‘—
At<0  N<0
‘—

\ f'? 50
O 11\ <0

At<0 N,>0

At>0 —_— "
—' = -
At>0 N,<0

—_—

Figure 3.3: A particle crossing inward or outward a horizon with f*' (rp)® < 0.

(0)

Therefore for N, (7"20)) > 0 the coordinate becomes infinite for » — r,” and in
particular it is negative if the particle travels toward 7“,(10) from inside. As before
the case f* < 0 gives similar results.

Therefore we can deduce that while N, (TS)) > 0 a photon can travel toward
the center of the black hole in a finite coordinate time while if N, (r,(f)) < 0 and the
photon is an a region in which f*(r) > 0, the photon take an infinite coordinate

time to reach the horizon toward which is traveling. Moreover if Nr(r}(j)) <0
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3.6 The Singularity Spherically Symmetric Solutions

and the photon is a region in which f* < 0 the photon can travel only toward
outside. If the photon is traveling toward outside the situation is completely
reversed: particles can come out in a finite coordinate time for Nr(rg)) < 0 and
need an infinite coordinate time to move away from an horizon if f*(r;f)) > 0 and
N(r) > 0.

If there is an r}(f/) = ry then N, (7‘}(51)) = 0 and this horizon behaves just like in
GR, that is, no photon can go away from the horizon surface in a finite coordinate
time and no photon reaches the horizon in a finite coordinate time. In this last
case the foliation structure also breaks down in this point so we will not worry
about what happens inside the horizon.

The last case to consider is when a photon travels toward r; # r,(j). We already
pointed out that f*(ry) < 0 (we already studied the case in which the equality is
true so will exclude it from the following analysis) therefore we already know that

for N, > 0 we need to consider only photons moving toward r; and for NV, < 0

only photons moving away from 7r:

. ~ _ [T dr . 92(ry) TN o g2(ry)é
) ~ [TF6 _dr _ @) "7 _ 92(r;)d
No(r) <0: At 10 e [1 f/(rf)(rfm} . [5 2,/ & } .

2
The above results are both finite and positive in our approximation (4 < 4?/5:; )) ).

This means that for N,(r¢) > 0 the photon will hit in a finite coordinate time the
singularity r¢ while for N,(r;) < 0 photons can come out of the singularity in a
finite coordinate time.

Again behind 7 it is not clear if it is possible to extend space-time.

Going back to the case in which r; = Tﬁf) for a given 4, like in GR, we obtain
that it is necessary a finite proper time to reach the horizon. The KS metric is an
example:

the contribution to the proper time around (§ < r}(LO)) at the turning point r}(LO)
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3.6 The Singularity Spherically Symmetric Solutions

for a radially falling (time-like) particle with energy em

dr 1)

(0) MO
/(o)+5 /2 f* /(o)+5 \/f* (0) (T]g )45 r) f*l(T;SO))

is finite, being f* (r (0) > 0. In general if f*/(r,(lo)) = 0, then the integral is
divergent. In particular for an energy 1 — (2wM 2)1/ 3 < e < 1, between the two
horizons, the motion is periodic with a finite proper time period.

Being the proper time finite we can imagine that something like a Kruskal
extension is possible. In GR the Kruscal extension shows that rj, is not a singular
point but the procedure works because of the general covariance that allows us to
consider the same solution in a non-singular coordinate frame system. Here we
cannot perform any change of coordinates mixing space and time, so a Kruskal-
like extension does not exist. On the contrary it is still possible that a particular
interaction term for matter allows only well defined foliations.

An other point to consider in introducing an extension is the behavior of the
singularity in r = 0.

Supposing that we are in the conditions for which a particle will hit the center
of the system, what happens after the particle hits r = 0 is unclear because for

M # 0 the slope of the KS metric goes like

/ wrd + M )
()Y =2w | r— = lim = —00
fo (r) < Vw2rt + dwMr fo (r)

showing the presence of a singularity, a pinch (the Ricci scalar near r = 0 goes

like R ~ —8vwM)

r3/2
To have a smooth behavior at r = 0, that is, to have a space-time that looks
locally flat at » = 0 letting the particle go through, we need f*(0) to be finite and

£*(0) = 0. The first condition implies that g2(0) is finite while the second reduces
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to
o 2023 4 2wM — 2wg?r — w(g?)'r? B (92), _o
Vw2rt 4+ doMr — 2wg?r?

r=0
For r ~ 0, f* reduces to
2wM — 2\/,.2
2 — 2 wlg)r” (¢%) ~0,
4dwMr
that is,
M
(%) ~ — wT = g* ~ —2VwMr

showing that we cannot have a smooth behavior at the origin for M # 0, then the
presence of a point-mass still correspond to a singularity in space-time.

If we consider the case M = 0 with N, # 0, then

[2&17‘ B 20213 — 2wgPr — w(g?)'r? B (92), _o.

2,4 _ 2,2
Vwers = 2wger —0
For r ~ 0, f* reduces to (¢ < wr?/2 for r ~ 0)

2w?r3 — 2wg?r — w(g?)'r?
- ( ) _ (92)/ ~ O,

2wr —
wr

that is, é o 0. This property means that are possible locally non-flat vacuum
solutions with M = 0 and N, # 0 and smooth in » = 0. In this case there must
be some other source, other than M, responsible for an N, # 0. This possibility
will then depend strictly on the particular coupling with matter.

Here we do not consider any model for the collapse so we do not worry if it is
possible to have trapped particle between two horizons during the collapse but we
simply analyze how long it takes to move toward to or away from a horizon. As

simple consequence we have that if a black hole has a radial shift vector toward

outside then massless particles can travel in a finite coordinate time toward inside,
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3.6 The Singularity Spherically Symmetric Solutions

while if the shift vector is directed inwardly massless particles can came out in a
finite coordinate time.

With this definition we do not need to ask for any extension of the metric
behind such a point because the geometric structure, the foliation, is not well
defined; moreover, unlike GR,we are not supposed to consider the problem in a
different set of coordinates because it would be unphysical. It is still possible that
a particular coupling with matter or perhaps also the standard one would imply,
once the collapse is studied, that the foliation is always well defined under certain

physical conditions.
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Chapter 4

Particle Kinematics in

Horava-Lifshitz Gravity

The anisotropy of Hofava gravity has as consequence on the particle dynamics
that the Lorentz group is not anymore fundamental: a boost is not anymore a
“physical” coordinate transformation corresponding to a change of foliation. In
this chapter we are going to introduce a generalized particle dynamics to study
the deviation from the standard relativistic behavior.

In [29, 30, 33, 34] several formulations were analyzed to introduce particles
in the theory, mainly using as only prescription the reduced symmetry. In this
chapter we will follow [32] and we will introduce the particle action as the optical
limit of the scalar field action (1.16) described in section 1.5.

The action (1.17) is a deformation of the Klein-Gordon action in the sense that
it introduces new interacting terms small in the IR behavior. Such a deformation
has nothing to do with the deformation of the Hilbert-Einstein theory used to
construct the Hofava-Lifshitz gravity, but it is allowed by the breaking of the
Lorentz symmetry of space-time. This means that a scalar may still be described

by the usual Klein-Gordon action without any consequence for the whole theory.
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4.1 The Optical Limit Particle Kinematics in Horava-Lifshitz Gravity

A deformed dynamics not invariant under the full Lorentz group may support,
as we will see, non-standard kinematics as superluminal or massive luminal parti-
cles. These deviations from the standard behavior could be used for experimental
tests to check whether or not the Lorentz invariance is broken. The results of such
experiments may suggest the existence of new parameters, other than the mass,
describing a particle, related to the A’s in (1.17), or may give, at least, an upper

limit for them.

4.1 The Optical Limit

As guiding principle to construct the action describing the motion of a particle we
can use the dynamical symmetries allowed by the gravitational theory in consid-
eration. A different approach, that has built in it these symmetries, is to consider
the action for a generalized scalar field, obtaining the dynamics of a particle in
the same way we obtain the geometrical optics from the electromagnetic wave
equation.

To obtain the ray optical structure® (See [57] for a review) which describes
the optical limit behavior, we write the equation of motion for the scalar field ¢

obtained from the action (1.17) and express the scalar field as

¢ = Se¥ (4.1)

to find the eikonal equation. In deriving the ray (optical) limit of the scalar matter
field we will make the usual assumption that the wavelength of the ray Ay is small
compared to relevant gravitational length scales in the problem, and thus we will
neglect all terms that are small compared to the inverse of the wavelength (the

momentum of the particle). This includes derivatives of the wavefront S, because

!The ray optical structure H is the Super Hamiltonian of our system. This implies that
the dispersion relation will be given by the condition H = 0.
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4.1 The Optical Limit Particle Kinematics in Horava-Lifshitz Gravity

we are considering almost planar wavefronts, as well as spatial derivatives of the
four-momentum - defined in terms of the field ¢ as p, = 9,% - considering that
it changes slowly (Japs < p? ~ %) We will also neglect terms proportional
to the derivatives of the metric (in the presence of terms proportional to the
inverse wavelength) because we consider that the scale of variation of space-time
quantities is large compared to the wavelength (the curvature is small compared to
the square of the inverse wavelength). The details of this approximation are given
in the Appendix D. Our approximation breaks down for high energy particles
(which would gravitate) or for strong gravitational fields, therefore we are going
to exclude these conditions.

The equation of motion obtained from the action (1.17), using the results in
the appendix D, becomes the eikonal equation for the particle associated to the

scalar field.

Note that the term V,V,¢, with ¢ given by (4.1), can be expanded as
V. V¢ =V,0,6 = V,.(0,5¢" +ip0, )

and that, considering the approximation that the wave front is locally planar,

0,8 = 0, it becomes

>V, (i00,) = i(0,5¢™ 9, + i, + 160,0,1) = =, 1b, )

where in the last step we have used the fact that the four-momentum changes

slowly. Thus we have the following expansions:

Qwvuvufﬁ =~ —<Z>9W3u¢au¢

A¢ = h'uyvuvud) = _¢h#”8ﬂ¢8y¢
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4.1 The Optical Limit Particle Kinematics in Horava-Lifshitz Gravity

A"p o AV (=g 0,1p0,1b) = —A"THG) R 0,0, = (—1)" (W 0,00, 0)" ¢

Hence the eikonal equation is given by

9" OpbO + Ao + > Ao (W D0, 1h)" = 0 (4.2)

n=1

1-n) are combinations of the old \’s ap-

where the new constants 5\2@ = A27nM2(
pearing in the equation of motion for ¢. The terms containing the S\Q,n’s will be
considered small and treated as corrections to the usual eikonal equation derived

from the unmodified Klein-Gordon action?

. In contrast, :\2’0 can be simply in-
terpreted as the square of the mass of the particle?. From the eikonal equation
we can deduce the ray optical structure H for the theory replacing 9,4 with the

momenta p,; therefore the Hamiltonian is given by

1 ~ ‘.-
H=—F¢ {g"‘”pupy + X0+ Y /\2,n(huypﬂpy)n} =0 (4.3)
2 )\270

n=1

from which we deduce the following equations of motion with respect to an affine

parameter 7 analogous to proper time:

. oH 1 , z . )
Da = _8xa = — = {&Jg“ PuPv + Z )\27nn(hp>‘ppp/\) laahu Puby }(4_4)
24/ A2 n—1
r OH ! av ~ < v n—171av
S { Py + Z Ao (W pup,)"th pl,} (4.5)
Pa \/E n=1

(as usual, overdot stands for 7 differentiantion). For the massless case we find the

2From now on, when we speak generally of 5\27”’5 or simply of Ns, we will always refer to the
A2,n’s with n > 1.

3In this context the velocity of light ¢, the emerging velocity of light in the IR limit, is just a
conversion constant and will eventually be set to 1.
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ray optical structure to be

1 v - v n
H = 5 {gﬂ Pubv + Z /\Q,n(hu p,upu) } =0 (4-6)

n=1

that yields the following equations of motion

, OH 1 ) - - v
Pa = —% = —5 {6@9“ Pubv + Z )‘Q,nn(hl»\ppp)\)n laahM pﬂpl’} (47)
n=1
ca 8H av - 1 v n—1av
Jo — % = {g Dy + Z AQ,nn(hlu pﬂpu) lh pu} . (48)
@ n=1

In the upcoming sections we will analyze the motion of a particle for a Minkowski
space-time and for a static spherically symmetric metric. In the next section, in-
stead, we will study the corrections to the geodesic equation due to the deformed

kinematics.

4.1.1 Corrections to the Geodesic Equation

The deformed optical structure tells us essentially that the free-falling motion of
a particle will only be approximately a geodesic of the metric g,,,. Here we will
evaluate the first correction in the \’s to the geodesic equation. To write down
the exact equation of motion we need to invert 2%, finding p,, as a function of it.
Here, because corrections higher than first order in the Ns are negligible for low
energies, we will retain only terms first order in the \’s.

Differentiating (4.5) with respect to the parameter 7 we have:

1 . -
B = —— [ X000 059 8" = 0pg®" " Y do (W pupy)" " 0, by | +
\/;70 n=1
gaz/pV z 5\2771”

_l’_

—= )
VA20 n=14/A20

+(h#upupy)n—1(hcxupy+haupy) ]

R e AR e R
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The momentum p,, using the equation of motion (4.5), can be expressed as
~ d ~
Pa = )\2,090469'73 - Z AQ,nn(hquupV)nilhanu-
n=1
Moreover, using the expression above, we have the following approximation:
W Dupy = Ao ohyw@ta” + O(N).

Substituting the two expressions above for p, and h*'p,p, in (4.4) we have

z

P 1

) 1
Po = ———==009" Pubs — —— Y
2\ / )\270 2\ / )\270 n=1

\/ A2.0 ‘.- -
T {aagﬁ&%‘ﬁiﬁ - [Qaag,uﬁhiwg&y + aochm/gu(sguﬁ] [Z >\2,nn()\2,0huy-%"ui'y)n_1] iﬁiﬂ}

X2 (P2 p,pA) " L0 pLupy, =

n=1

Finally, putting everything together we have

z
PPV 53 ~ [—aﬁga"a;ﬁ > Xomn(Agohpwdtd” )" hy, Tgysi® | +

n=1

4
~ 1 . NS
+ Z )\2,71” [(_gayauguﬁhwygdw - 2gayauhu’yguég'yﬁ> ()‘Z,Oh/uxxuxy)n 1$6$6+
n=1
+ (n — 1)(A20hui"d”)" "2 (Aa,0h?V gp5 g paP i + Na0hP V05953057 gro )R g+
~ . 1 ~
+(Ag0hyuwdd” )" (W g,5d® + 2hwaygm;fcw:5)] +O(N).

As expected, the geodesic equation, relative to the metric g, is recovered as the
zero-order approximation in the Ns.

In this deformed kinematics the equation of motion depends on the values of
the A’s and hence each particle, having different \’s, will follow a slightly differ-

ent trajectory; this makes possible to verify experimentally if the kinematics is
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deformed or not. Moreover an interesting feature is that the motion will depend
also on the mass of the particle.

Similarly for the massless case 5\2,0 = 0 we obtain

z
¥V i ~ —959™ i > " Mg by i )" b, Y gysid +

n=1

z
- 1
+ Z A2 K—ga”&,g#gh’”g&y — zg“”ayhﬂwguggAYg) (hdta” )" it 30 4
n=1
+ (n— 1) (hu@" )" 2 (W77 gas g piP " + W1 059500 i grod® )R ggi® +
s \n—1/p o -0 1 av Y 20 Y2
+(hu " )" (R gysd +§h 0y grys73°%) | + O(X7).

We can give to the above modified geodesics a geometrical interpretation in
terms of the standard metric by interpreting the right hand side of the geodesic
equation as an extra velocity-dependent gravitational force due to the coupling
of the matter field to the vector field n,. Such a coupling implies that the force
depends on the foliation, as expected from the fact that the foliation has a physical
meaning in Hotava-Lifshitz gravity. Here we will not analyze this issue because
we are interested in studying the motion of test particles and hence we keep fixed

the background.

4.2 The Minkowski Case

We will study the behavior of particles in a curved - static and spherically sym-
metric - gravitational field in section 4.3. For the moment we will concentrate on
the flat case to generalize Special Relativity.

The full Hotava-Lifshitz gravity is invariant under local rotations and transla-
tions but this symmetry is not enough to construct the kinematics without having

any prescription on how to add velocities; it is so because there is no allowed
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transformation mixing space and time.

We shall study the modification in the kinematics considering the action of the
Poincaré group, mainly for two reasons: the first is that Special Relativity and
General Relativity are well verified theories and are based on the Lorentz group;
the second is related to the first but it is more practical: we used low-energy light,
which appears to have the same property light has in Special Relativity, as test
particles to define operationally “inertial” frame systems.

As noted in [18] the action (2.28) admits as solution the Minkowski vacuum
with ¢ = {-1,1,1,1} and n, = (—1,0,0,0), that is, with » = {0,1,1,1}. This
solution corresponds to a particular choice of coordinates. In general, we also have
to consider how to pass from one coordinate frame system to another. In this sec-
tion we will call the frame system in which the metric is given by g = {—1,1,1,1}
and h = {0,1,1,1} the “preferred frame system” and we will introduce the no-
tion of “inertial frame systems” which will have the same Minkowskian metric
g = {-1,1,1,1} but a different h*”. The group of coordinate transformations
which leave invariant the Minkowski metric is the Poincaré group, but the ray op-
tical structure is invariant only under rotations and translations?. In this context,
although the metric remains invariant, we move from the preferred frame system
in which n, = (—1,0,0,0) to others in which this vector, and consequently h*",
will be different. The dynamics of particles then will be different in these frames
allowing, in principle, to distinguish between any inertial frame system and the
preferred one. Therefore, in such a theory the preferred frame system plays the

role of an absolute frame system.

4The linear transformations of coordinates that leave unchanged the metric g = {-1,1,1,1}
and the vector no = (—1,0,0,0) are spatial rotations and spacial and time translations:

x' =Rx+xo t =t+to.
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4.2.1 Massive Particles in the “Preferred Frame System”

Let us start considering the equation of motion in the preferred frame system
(h = {0,1,1,1}); we will choose for simplicity and w.l.o.g.® that the particle is

moving along the z direction with p, = p, = 0. Then, the equations (4.4,4.5)

reduce to
. 1 .
R {1 + ZAz,nnpi("‘”}px g=0 =0 (4.9
A2,0 A2,0 n=1
and
oH
o = — - = 4.1
p 8560‘ ( 0)

Note that in this case the conditions p, = 0 and & = 0 are consistent; that is,
when a particle is at rest the linear momentum is zero, which is not the case in
other frame systems.

Integrating with respect to the parameter 7, we obtain the trajectories

Hr) = ——2 144,
\/ A2,0

1+ Z 5\2,nnpg23(n_1)]

n=1

PxT + Zo,

1

y(t) = wyo and 2(T) = 2o (4.11)
with the dispersion relation following from (4.3)

z
—p; 5+ doo+ Y Aanpa = 0. (4.12)

n=1

The momentum p2 can be bounded from above or not, depending on the values

5The action is invariant under the spacial rotation group.
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of the /N\Qm’s as is evident from the consistency condition®

z
P =1+ A0+ Y Aol > 0. (4.13)

n=1

If the preferred frame is the rest frame system of a particle we have p, = 0 and,
from the dispersion relation, p; = — 5\270. In this case 7 can be interpreted as
the proper time for this particle, but in general 7 will be just an affine parameter.

To study how the motion changes moving from one “inertial frame system” to
another we need to understand the kinematics of particles moving with constant
velocity in the preferred frame system, that is, to solve for p, as a function of the

constant velocity v = % From the equation of motion (4.9) we have:

z
1+ Z g nnp2" ) e p=-
1 bt

z
S Rz 2

o3
dt Z
(4.14)

Inserting the last relation in the dispersion relation (4.12), without any approxi-

mation, we have
2
2 1 5 - 2n\ o, < 2(n—1) P: _
_pr —+ /\2’0 + nzjl )\Q,n 1-— W Dy — ;)\Q,nnpx ? =0

which, approximated to the first order in the 5\2’n78 and for v < 1 (v < ¢), becomes

z
. . 1
P2 — Ao o720? — ; Ao y2 (02 = 2n)p2" ~ 0 ( 2= . 1)2> .

SFrom the dispersion relation we have
—pi + P = —Neo — Z X2npy"
n=1

therefore there is no condition on the four momentum to be space-, time- or light-like.
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Without any approximation we have

U2:

< _ P
14> dognp"™V | = T : (4.15)
o A20 4+ PF + D521 Aempd"

n=1

Note that the behavior of v2 depends on the sign of the 5\2771’8 and, although it must
be always positive under the condition (4.13), it may not be a monotonic increasing
function of p,. To study the behavior of v? as a function of p2 we need to know the
positive roots and the stationary points of the polynomial 5\270 +p%+2fl:1 ngnp%".
Concerning the roots, we can simply see that if the polynomial has at least one
positive root then v? goes to +oo for a finite momentum p, but in general not
monotonically; if the polynomial has no positive roots then v? will go, in general
not monotonically, to +oo for p, — oo if 5\27n # 0 for at least one n > 1; if 5\2@ =0
for n > 1 then the particle will always have a finite velocity. The non-monotonic
behavior means that the velocity can be 0 even for non-vanishing p,, as in the case
in which the first derivative of the polynomial, that is, 1+ " _, S\anpi(n_l), has
positive roots.

In the extreme case p, — oo the validity of our model breaks down because the
energy of the particle becomes strong enough to gravitate and modify the gravita-
tional background. (We will study the transition from subluminal to superluminal
speed with an example in section 4.2.5.)

In the zero order expansion in the Ay,,’s, (4.15) reduces to

2
2 bz

=%
A2 + p2

which corresponds to the relativistic relation

Pi = 5\2,07202
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reproducing the expected behavior (with the usual definition of the relativistic
factor 7). Now we can use the Newton algorithm to find the roots of a polynomial
using as starting point the value 5\2,0721)2, the other terms of the polynomial being

small corrections. After the first step” we have

= =1 ;\2,n(;\2,o’y2v2)"72 [v2 — 2n)]
1= 30 Aan(Ao0v20?)"1y2n[v? — 2n]

2 .5 29
Dy = A20Y 07 —

z
>\2,072U2 + Z Az,n()\z,072v2)”72[v2 — 2n).

n=1
Therefore, p, and p; of a particle moving at a constant velocity v in the preferred

frame system, at the first order in the s, are

1~ 1 2 2\n—1_2r, 2 3
Dr 1+2;/\2,n(>\2,070) 0T = 2n]| \/ A20v (4.16)
pr = 2)\ Z)\Qn )\20’7 v ) [ n — 1]] \/5\2’0’)/ (4.17)
2,0 4,

where to evaluate p; we used the relation (4.14). The first order equations of

motion then become

~

—~
B

~—
12

VT +to (4.18)

[ Z)\Qn )\20"}/ v )"[Qn— 1]
2) 20 5

8
—~
3
~—

2

[ Z)\gn (Ag0v?vH)" 20 — 1]] YUT + Tp. (4.19)
2X2,0 £

In section 4.2.3 we will obtain the equations of motion in a generic inertial

frame system. Before that, however, we need to construct operationally a notion

7

(P2)0 = :\2,0721)2 Yo = — Z :\2771(5\270721}2)7172 [02 — 2n)]
n=1
_ 9y

= 9 =1- Z A2 (A2,0720%)" Iy nfv? — 2n)

(®*)o n=1
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of “inertial frame”; this will be done in the next section.

4.2.2 Massless Particles

The equations of motion for a massless particle (5\270 = 0) moving along the z-axis

in the preferred frame system, as derived from the Hamiltonian (4.6) are
d ~
t=—p T = {1 + Z )\gmn(pz)Q("_l) } Da =0 2 =0.
n=1

Following the same procedure as in the massive case, in the massless case we find

_dr_
== =

Vg

z
I
t

n=1

1+ Z 5\27nnp33(”1)] Pa.

v

(4.20)

n=1

Inserting the last relation into the dispersion relation we have

- 12
) {1 + 37 A anpa™ 1)]
v= . 1 2.1

14> Agm(2n— 1)173(”_1)] :

n=1

Note that low energy massless particles have a constant velocity of 4/1 + 5\2,1

and that they behave as in special relativity, that is,

—pt = [pa

since in this range no \’s, other than 5\2,1, appear in the relations. We can use
this property to define “inertial” frame systems as the frames in which light move
with a constant velocity. We will single out one kind of massless particles, namely
photons, and use their speed ¢ = /1 + S\liglht as a conversion factor between space
and time. The constant speed of light ¢ can then be set equal to 1 with a rescaling
of time units, and this is what we will assume in what will follow (this rescaling

corresponds to set X?ﬁht =0).
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To define an “inertial” frame system we start with a frame in which a photon
with low energy travels at a constant speed equal to 1. Such a definition of
“inertial” frame leads us to consider only frame systems obtained by applying the

8. Indeed, only such transformations preserve the

usual Lorentz transformations
relation

#—d* =p;—p; =0

in the low energy regime. This, in particular, means that in such frame systems,
lengths and time intervals change as in special relativity. Further, in a generic
“non-inertial” frame the metric will not be Minkowskian any more and hence the

equations of motion will be different from

T =Dy t = —ps. (4.21)

As an example, let us consider a boost with velocity u along the z-direction with

respect an “inertial frame”. Then the equations of motion change as follows:

-/

i = (i —ut) = y(pe —upy) =~ —ui) =y(p — upy).

Considering that in the new frame system, by definition of “inertial frame”, we

must have the same kind of equations of motion as (4.21), we deduce that

P =Pz —upt) Py =(pr — ups).

Therefore, as expected, the use of light to define an inertial frame implies that we
need to use the usual Lorentz transformations to go from one inertial frame to an

other.

8We consider as a more appropriate definition of an “inertial frame system” the unique coor-
dinates and units obtained using Lorentz transformations, once we fixed the units in one of the
“inertial” frame systems.
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4.2.3 Particle Motion in a Generic “Inertial” Frame System

Consider a particle in the origin of the rest frame O’ that coincide with the origin
O of a moving frame at tg = t{, = 0; moreover let us assume that these frames
have parallel spatial axes and that the moving frame is moving with a velocity
—u along the z-direction. Consider for the moment O’ to be the preferred frame

(W*? ={0,1,1,1}). Then the optical structure takes the following form in O’

1 v < S
H = {77’“ pupl 4+ A0+ Y Ao (R "p;p'y)”} :
2 )\270

n=1

Using the fact that the new coordinates are related to the primed ones by the
boost

= y(z' + ut’) t =yt + uz’)

and that the quantities appearing in H are vectors and tensors and hence transform

with the matrix %, we have that, in O, the metric becomes
Yu? ~*u 0 0
2 2
¥u ¢ 0 0
he? N =0 ng = (—y,7u,0,0)  (4.22)
0 0 10
0 0 01

and H in the new frame system can be written as

H =

{—p% 54 St S Ranlupn + pmn}

n=1

24/ X20

yielding to the following equations of motion:

, 1 . _
t=—F— {—pt + > Aoy (up; + pa)*" 1%}

n=1
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, 1 “ - _ . .
w={px+ZAz,nnh<upt+px>P” w} §=0 =0

with all the momenta constant and related to the primed momenta, being covec-

n=1

tors, by the same transformation rules

pr =D, —upl) = —v\/A20  px = (pl — up)) = v/ Moou.

This means that up; + p, = p.,/y = 0 and hence the kinematics is described by

the equation of motion

f=—L a0 20
\/ A2,0 A2,0
with the usual dispersion relation
—p; +ps =0.

Now let us consider the same situation with an O’, the rest frame of the
particle, which is not the preferred frame but it is itself moving with a constant
velocity —v(") with respect to the absolute frame system. Using the fact that
in O’ the metric takes the same form (4.22) with v(") instead of u, labeling the

four-momentum in O’ with ("), the equations of motion in O’ are given by

o= 1 {—P§T)+ZZ:1 5\27nn[ﬁy(r)(v(r)pt7’)+p($7"))]2n71,y(r)v(r)}

¥ o= Voo {py) + 327 Aaan [y ()l +p:(f))]2”_17(”)} J =0 #=0
| (4.23)

H%
»
<)

with the dispersion relation

2 2« “ - 2 r N\21n

n=1
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Since O is the particle’s rest frame, we have the condition 2’ = 0; from this, using
the Newton method with starting point p;r) = 0, we obtain
< 2 (02 (2 2
(7‘) o ZfL:l )\2,77/”(7(7‘) 'U(T) p(r)t)n_lfy(r) U(T)pET)
T 1T Aean(2n = 1)( 00 0 n-ly ()

~

-y (722 pmHn=1,m)2, @) )0,
n=1

We can plug this approximate result into the dispersion relation to find p; using

2 .
the Newton method with starting point pgr) = A2, obtaining
"~ _./x 1 z 3 M2, (M25. \n
Py = i\2,0 [1 + 2A~2’0 2 n=1 :\2,71(; v )\2,02) (4.24)
P o~ - X2,0 Y51 Az (7 07X 0) 1y (M (™),

It is evident, then, that only particles at rest in the preferred absolute frame have
Lorentz-like dispersion relations and that, in general, the linear momentum is not
zero, even if the particle is at rest. Moreover the dispersion relation depends from
the velocity v(™, the velocity of the particle with respect to the preferred frame
system.

Boosting from a non-preferred “inertial” rest frame to another will then make
the kinematics, through the momenta, S\—dependent making possible experimental
verification regarding the existence of such parameters. For example, in section
4.2.3 we show how the results of a scattering experiment turn out to be frame
dependent, while in section 4.2.5 we show that a particle, under certain conditions,
can reach superluminal velocities by applying a finite constant force.

To evaluate the equation of motion of a particle in a generic “inertial” frame
system we start with the previous result; therefore we will consider as given the

values of pg) and pgr) in the particle rest frame. Noting that in the rest frame we
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have the condition ©(") = 0 we simply have that

pg:r) _ Z S\Q,nn[’Y(T) (,U(r)pgr) + p:(tr))]anl,y(r) — Z 5\27nn[huup’upy]n71/2,y(r)
n=1 n=1
(4.25)
where v(") is the relative velocity between the “inertial” rest frame of the particle

and the preferred frame. Thus the equation of motion in a generic “inertial” frame

system for a particle moving with a velocity u, without any approximation, are

b= AP %V(T)U(T)} =7 {=pi =00 +w)}
v L ’7’%:))7(”} = s { — (1 +uv(’”))} §=0 2=0
(4.26)
where
u® o) tu YT = 4y (1 + ww™).

T + vy
In the massless case we can follow the same procedure arriving to the following

equations of motion:

. () . .
t = 9—pt— %’Y(T)U(T)} = {—Pt - pfc )’Yu(v( )+ u)} (4.27)
. () r . . . '

The expressions for pgf) and py), however will be different. As in the massive case

from the condition &' = 0 we obtain

SE ;Mn(v(r)%(r)?p(r)f)n—ly(m%(r)py)

(7‘) ~Y ~Y
Py’ = — < ~
1437 Ao nn(2n — 1) (0200 p0)7 yn=1y()?

-y Agn (") 2 p M2 =112 1)),
n=1
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which, substituted in the dispersion relation

2 2 s 2 . P\9n
=+ D Aaaly ™ O 4 D)) =0,

n=1

at the first order in the X’s, yields
2 s
=M} + 3 Aoy D2 = 0.
n=1
The first solution, pl(f) = 0, must be rejected because it implies also pg) = 0,
that is, the particle has vanishing energy and momentum. This corresponds to
the familiar result, valid for A = 0, that no photons at rest exist. The physical

solution for a massless particle at rest, to first order in \’s, would correspond to

the roots of the polynomial

Z Aoy Mo p{ME=1) = 1.
n=1

In this case we see that the generic solution would involve large momenta, of order
py) ~ 5\2_ é/ % or similar, in which case the first-order approximation breaks down as
we cannot neglect higher order terms. The existence and magnitude of solutions is
hard to estimate, especially since we do not have any information about massless
particles at rest, nor any indication of their existence.

The equations of motion (4.26) and (4.27) are the same equations we obtain

by boosting the rest frame equation of motion. For example there is no difference,

with respect to the prediction of Special Relativity, in the dilation of time

At i = D +w) =) = upl”) = p (00 +u)
NG e 7 () -
Pt TPz U =Py —DPz’V

or in the contraction of lengths. Therefore it looks like if nothing is really changed.
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But still, the kinematics of a particle, as is evident from equations (4.26),
strictly depends on the relative velocity between the particle and the preferred
frame. This will be evident once we study the dynamics in the next section. Then
we will complete the study of the particle motion in section 4.2.5 analyzing the

general case of luminal and superluminal particles.

4.2.4 Scattering

Suppose we have two identical particles’ in an “inertial” frame O, with respect
to which the preferred frame system P is moving with velocity u; the particles Py
and P, are moving, respectively, with a velocity —v and a velocity v symmetrically
toward the origin O. After they collide, a unique particle is created. We want to
find the dependence of this scattering on the particular “inertial” frame system.
The dynamics is described by the super Hamiltonian H = H; + Hs before
the collision and, after, by Hp [the formal structure of the Hamiltonians does
not change with respect to (4.3)]. The total conserved time component of the

momentum is

(po)1 + ()2 =70 {10701+ 0] + 0[(0) = )]} = ()
and the conserved spatial component is

(e + ()2 = 70 { 1B+ 0] + 01— (0121} = )

Now, using the approximate expressions in (4.24), we can evaluate the two four-

momenta in the rest frame as functions of the relative velocity with respect to the

9Here with identical particles we mean particles with the same \’s and the same mass.
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preferred frame:

G = =\ [+ g S a3+ 0) a0
P = =y A0 Yisy Aemny2y2 (u + v)2 A0 292 (1 + uv)(—u — v)
()2~ =\ [1 + 5 Lonmt A2alriva (v U)2>\2,0]"}
()2 = =y Aao Ximy Aemnli2r2 (v — u)2ha 0] 1292 (1 — uv) (v — u)
(4.28)
where we used the relativistic sum of the velocities
(p) -V —U (p):U—u
1 T 1tw V2 1—wv’
The approximate (p;)r is then given by
(o) = { [ + (p@)z] ol — ()]}
5\2,0711 1+ Z A2 N 7v’7u)‘2 0 n Z < > 2k +
2)\2 01 =0

z
A\ 3 2n —
_UZ/\ZTL”['Y?/YZ)\Q 0]"” 1%2,’)/5 [ < 1>u2 n—k), 2k—1

n=1
n—1
UZ(Qn—1> (n—k)— 10211}_
k=

0
< " Xon 9 9% "L (2n) A —R)y2k 9 k
= =2\ A0 1+ = [V rur20]" 1—2nv° —2—
{ ngl 220 — (2K)!(2n — 2k)! ~2

)

while the approximate linear momentum is

(po)r =70 {001 + 00)2] + ol — el =

n—1 2n lu 2(n— k)+1 2k—1 <(2k‘ _ 1)

Ao e e A2,0) Z 2
Pt — (2k —1)!(2n — 2k + 1)! %

+(2n — 1)v> .

If we know the final velocity and the N’s of the new particle, then we can relate
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the old \’s to the new ones. In general we can expect two possible results: the
final particle Pr is at rest in O or is moving in O. In the case in which the new
particle Pp is found to be at rest then, noting that the expected four-momentum

of the final particle is (4.24)

(PET))T >~ — S\g,o [1+2;\1:r22:1;\£n[73u25\£0]n
20 (4.29)
) = =N 22 AL a2 AT ) 2 (),

—u being the relative velocity of the particle with respect to the preferred frame,
we deduce that, although the mass 2 5\2,0% is the same as predicted by special
relativity, the other A’s come out to be dependent on u as well on v. On the other
hand, in the case in which the particle Pr has a non zero velocity in O, we deduce
that such a velocity must be first order in the X’s; this is so because in the zero
order in the \’s we expect a particle at rest. Then the velocity of Pr and its set
of Xs will depend on the velocities respect to O, the masses, and the Ns of the
two scattered particles as well as on the relative velocity of O with respect to the
preferred frame.

Therefore, in both cases we deduce that the physics is different in different
“inertial” frame systems; that is, the same scattering in two different “inertial”
frame systems either produces two different kinds of particle because the set of
A’s depends on the relative velocity with the preferred frame system, or produces
the same kind of particle (same \’s) but with different kinematics (momenta),

depending on the different initial frames.

4.2.5 Luminal and Superluminal Particles

The equations of motion (4.26) and (4.27) describe, respectively, massive and
massless subluminal particles, being subluminal in every “inertial” frame. The

motion is determined once we know the four-momentum of the particle in its rest
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frame, which can be approximately evaluated knowing all the A\’s. Also luminal
(Ju| = 1)1 and superluminal particles (|u| > 1), respectively, are luminal and
superluminal in every “inertial” frame, but for such particles there does not exist
an “inertial” rest frame. Therefore, the simplest choice is to write the equations

“inertial” frame in terms of the particle four-momentum

of motion for a generic
in the preferred frame.

Consider, then, the case of a luminal particle in the preferred frame (all other
cases can be obtained by appropriate Lorentz transformations). We cannot define
the four-momentum in the rest frame for luminal particles, therefore we need to

use the equation of motion (4.9) and the equivalent in the massless case. The

condition u = f = 1, using the equations (4.9), translates into

2
z
{1 +> Az,nnpi(”_”} Pz =P}

n=1

which, using the dispersion relation (4.12), gives

The relation above allows us to find p, and then p; in the preferred frame. In the

massless case it reduces to

2 z
+> dann—1)p* N =0

n=1

[z S
n=1

where we excluded the solution p, = 0 corresponding to the case of no motion.
Knowing p, and then p; in the preferred frame we can construct the kinematics

in any other “inertial” frame system. Note that in this case we cannot use the

10With luminal particles we mean particles moving with the same velocity as low energy pho-

; Jlight _
tons, that is, ¢ = W =1.
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Newton method as in the other cases because we cannot choose an opportune
starting point not knowing any expected behavior of the four-momentum nor if
the X’s are small. Therefore in this case it is necessary to know the \’s.

For superluminal particles we can proceed as in the luminal case by considering
the four-momentum only in the preferred frame because there does not exist any
Minkowskian frame in which a superluminal particle is at rest. Then, using the

equations of motion (4.9), the first condition is

2 2
{1 + X2,nnp?f”1)} ps = ()

n=1

where v(F)

is the velocity of the superluminal particle in the preferred frame. The
velocity in any other “inertial” frame system is obtained with the usual relativistic

addition of velocities rule. Using the dispersion relation we then have

2 z
P2+ Z A2 (2n — D)pa™ = Aoy

n=1

3 R 2l

n=1

1 — ()%} +

We can again find the four-momentum in the preferred frame, this time as a
function of v*), allowing us to know the kinematics in any “inertial” frame system.
In this case also it is necessary to know the A’s because we do not have any known
behavior of such particles to use as starting point in the Newton method.

We have seen that the deformed kinematics considered here allows in general
the existense of superluminal particles and massive luminal particles, depending
on the values of the the X’s. Indeed, from (4.15) we have that the velocity can be
bounded or unbounded depending on the values of the Ns. Moreover, if we have a
particle with Ns such that the velocity is unbounded, in principle we can accelerate
such a particle from rest to superluminal velocities with a constant force.

Let us consider for example the case of a charged particle at rest in the preferred

frame. Turning on a constant electric field directed along the x direction the
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particle starts to move. This can be achieved with the minimal substitution p, —
pu + €A, in the super Hamiltonian, where A, = (=FEx,0,0,0). The equations of

motion for & and ¢ are still the same, while the equations for Py turn out to be

) el . eF - _
bz = Npt bt = —— Py <1 + E )\2,nnp§(n 1)> .
\/ )\270 \/ /\2’0 n=1

If the particle has only a positive 5\271 then the mechanics is unchanged with the

only difference that the new maximum velocity is ¢ = /14 Xa1(> ¢). The

velocity of the particle is given by

/
eEc
v = tanh ——7

then making possible to reach the velocity of light in a finite proper time; the

associated energy is given by

Ve e
Vi-@) R

This result shows that particles with small masses can, in principle, reach su-

E=—p

perluminal velocities within energies for which the particles will not modify the
background gravity.

Considering that 5\271 = 0 is just a shifting of the velocity of light let us now
consider the case in which only 5\2,7,, with n > 1 is not zero. For S\Q’H small we have

the following momenta to the first order in /N\gm:

\/ 5\2,0 ebd ~ /= eEd <V 5‘270
Py = — ; sinh T+ )\2,119(7—) by = — )‘270 cosh T )\27n7.§'7
c = v el
\/;,o A2,0

where g(7) is the first order correction.
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In general the value of p, for which the particle reaches a luminal velocity
depends on the magnitude of the Ns. If p, is such that the associated energy
p¢ becomes high enough to generate a relevant gravitational field our analysis is
not valid any more. In principle, using relation (4.15), the condition to reach a

luminal velocity to the first order in the Ns is

z

X202 > Agn(2n — 1)p2"

n=1

in which case pfc becomes of the order of {/ 5\270 / 5\2771 and therefore our approx-
imation breaks down; if instead we consider particles with sizeable X’'s we could
have a solution of the condition v? = 1 (relation (4.15) assumes no approxima-
tions) with not too high p2, that is, with energies small enough to not generate
an appreciable gravitational field. This conclusion turns out to be true also if the
polynomial 5\2,0 +p2 4+ :\Q,npin has a positive root.

The above analysis was made starting from the equations of motion. These
equations are actually exact for a Minkowski background and hence can be con-
sidered for generic values of the X’s. On a general curved spacetime one must be
more careful; indeed, as it is evident from the evaluation of the optical limit in the
appendix D, we must also impose the condition 5\27n < A%V(n_l), which is a good

approximation if we consider usual relativistic matter whose momentum p ~ i/,

is not too large.

4.2.6 Non-covariant vs Covariant Horava Theory

In this section we want to point out the differences between the non-covariant
form of the modified Hotava-Lifshitz action (2.17) and its covariant generalization
(2.28). The main difference is that the action (2.17) is written in terms of the

fields h;j, N, N; while its covariant generalization is in terms of g,3 and n,; this
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implies that, as described in section 2.4, the covariant action reduces to (2.17) only
if it is written in a frame in which the metric g,3 can be decomposed in terms of
hij, N , N;.

In the case of the Minkowsky metric such frames are obtained by rotations and
translations of the preferred frame system. Indeed, the metric (4.22), obtained
by boosting the preferred frame, is not writable in terms of ADM components.
Therefore, the action (2.28) is a generalization of the non-covariant action (2.17)
because it includes solutions which are absent in the non-covariant form.

Let gop and nq be a solution of the Kehagias-Sfetsos action (2.17); then gos
and n, can be decomposed in terms of its ADM components and it is a solution
also for covariant action (2.28). If we consider a generic change of coordinates

xH(z®), then
, _ Oxt Ox¥
03 = 7 o3I

is another solution for (2.28) but not for (2.17). If the covariant action (2.28) is
equivalent to the Kehagias-Sfetsos action (2.17), then, after the change of coordi-
nates x#(z%), the new form assumed by (2.17) can be rewritten in terms g, ; and
will have the same form as (2.28).

Our results are independent of the formulation chosen for the Kehagias-Sfetsos
action (2.17) because the solutions we considered are solutions of both theories.
Moreover the ray optical structure was constructed using these solutions as a
background metric. In terms of the optical structure we have that the equation
of motion H[gag(x),na(x)] = 0, under the coordinate transformation z#(x®),
becomes

H'[gap(2'),na(a)] =0 —  Hlgls(z"),no(2')] =0

remaining unchanged, the action (2.28) being covariant. On the other hand,

if we rewrite the same Hamiltonian in terms of its ADM components, that is,
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H[h(x), N(z), N(x)] = 0, the same change of coordinates will change the equa-
tion of motion as

H'[h(z'), Ni(2'), N(2')] = 0.

Such equation is equivalent to H'[gag(z’), na(z")] = 0, being just its expansion in

terms of the ADM components of g,3 but cannot be rewritten as
H[W (z), N"(2), N'(z)] = 0

because the transformed metric 9&,8 cannot be decomposed in ADM components.

Therefore, independently from the equivalence of the covariant and the non-
covariant form of the modified Hofava action, the optical structure is more conve-
niently written in a covariant form because the derived equations of motion take
a more compact form. The only difference is that, if the non-covariant and the
covariant theory are not equivalent, then g(’w cannot be interpreted as a metric
tensor in the IR limit of Hofava gravity, as it cannot be decomposed in ADM

components.

4.3 Spherical Symmetric Case

As the original Hofava-Lifshitz theory, the Kehagias-Sfetsos action (2.28) possesses
a spherical solution [18] (here we are not going to consider the general case N, # 0
and A # 1 because we will focus on the deviations due to the presence of the 5\’8).

The solution is based on the following ansatz

-5z 0 0 0 00 0 0
0o f 0 0 0O f 0 0
g = B — (4.30)
0o 0 % 0 00 % 0
0 0 0 'r2si1n29 00 0 7’25111120
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4.3 Spherical Symmetric Case Particle Kinematics in Horava-Lifshitz Gravity

1
n® = (_N’O’O’ 0)

and the functions N and f, for the case A = 1, are found to be

N2=f=1+wr’— \/T‘(w2r3 + 4dwM). (4.31)

This solution in the IR limit (w — oo0) reproduces the Schwarzschild solution.
The metric is a function only of the coordinates r and € and is diagonal,

therefore

pr =0 Dy = 0.

As in the relativistic case, we can define!!

pr=—F py = L.

Moreover
. 1 1
\/ A2,0
1
\/t 1+ Z& W (R pupy)" 1] 3P0,

z —2cosf
= — 1+ S Noan(hPpp)™ | =222 ) 12
Po = nz::l 2,01 (h"Dppy) ey

the last two equations have as particular solution

g="

= =0.
B Do

" Given a vector field K, the product K, is conserved along a path z®(7) if K is a Killing
vector and if the path is a geodesic:

d

- (Kai®) = iPV3(Kai®) = i’ 2°VsKa + i’ K, Vi® = 0.

Being &’V i # 0, we deduce that we cannot use the notion of Killing vectors in this context.
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4.3 Spherical Symmetric Case Particle Kinematics in Horava-Lifshitz Gravity

Therefore, in what follows we will concentrate on the case of the equatorial motion.

Moreover,
: 1 1 9 1 ‘.- A - w
Dr = 7~a7' m E* — = 1 + Z )\an(h ppp)\) 8rh p'upy
24/ A20 2.0 n=1
(4.33)
; 1 ~ v n—
P 1) doan(Wpupy) 1] f(r)py (4.34)
)\270 n=1
7 1+Z>\2nnh “pupy)” ! L (4.35)

From the dispersion relation, on the other hand, we have

E?
0=— N2—|—)\20+

143 Ao (10 >p2+fj§)n_1] o+ 2.

n=1

Now, to find an approximate result, we use again Newton’s method. Setting

, L?
T = f(r)pr + ﬁ
we choose as starting point
E? -
T0= g A2,0

~ ~ n

n—1
1+ 30 don (25 = ap)

~
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4.3 Spherical Symmetric Case Particle Kinematics in Horava-Lifshitz Gravity

1 | B2 - 2 - EZ - \"
M{M_AQ’O_ﬂ_Z’\2’”<J\T2_/\2’O> }:

= o — =
2 ; 2 =
which yields
25 \"
1 E2 . L2 1< - (m - )\2,0)
pr ~ 72 — )\2,0 — 7 1 —_ = Z >\2,n ~ (436)
VI VN " 200 [% — A0 — %2]

Using the expressions (4.34), (4.35) and (4.36) we have the approximate orbit
equation

rdr r2f(1“)p,n.

6 do L

Orbits as well as other classical gravitational tests were studied in the context of
the Kehagias-Sfetsos modification of Hofava-Lifshitz gravity [22, 23, 25] showing
the presence of corrections with respect to the results of General Relativity. In

these articles the kinematic is assumed to be described by the super Hamiltonian

1
——Ggup"p”
2\ / )\2’0

while we generalize this assumption. Our results, being obtained as the optical

H =

limit of a scalar field theory, show that the kinematic is indeed described by that
super Hamiltonian in the zero order in the Ns, but we are going to consider -
dependent corrections.

In the more general framework allowed by the Horava-Lifshitz gravity, that is,
for non-zero \’s, we can consider two simple cases which can be used to verify the
existence of such parameters: circular and radial orbits.

To have a circular orbit we must have 7 = 0 and therefore, from (4.34), p, = 0.
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4.3 Spherical Symmetric Case Particle Kinematics in Horava-Lifshitz Gravity

Using the equation (4.33) we have the condition

which is satisfied if

where K is a constant. From the dispersion relation we simply deduce K = ;\270.

From the previous expression then we obtain the energy associated with a circular

motion

From the expression (4.34) and the approximate relation for p? we obtain:

_ L2 Zo . E2 5 ¢ E2 ~ LZ
T~ 5\2’0 m - >\2,0 - ﬁ - 1; )\2771 <J\[2 - )\270> |:(1 — 27'1,) (]\[2 - )\270> + 2nr2j|

We can interpret the right hand side of this equation as a potential V' (r).

From the condition Cfi‘: = 0 for circular orbits we have

E?2 L2 & [I2\"'[ B?_, L2
—s N +73+§:1A2,n <72> [—N3N(6n—2)—rg2n =0.

So it is evident that deviations for the radius of a circular orbits from the zero-order

. 2 2 . . . .
solution %N I = f3 will increase for increasing angular momentum.

Another simple consequence of this deformed kinematics is that two particles

with the same mass and different \’s will fall radially toward the center with two

different velocities.

From the equation (4.35) it is simple to see that a radial solution corresponds
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to the case L = 0. In this case we have that the equations of motion become

o= 1A o, (;) E? . 1+Zia,nn[f(r)p3]"1] Orf (r)p;
2,0 24/ 20 n=1
P — 1+Z§2nn[f(7“)p3]"_1] f@r)pr
A2,0 n=1

and the dispersion relation reduces to

E2

OZ—W

+ 5\2,0 +

L+ ;\2,n[f(r)p3]"1] F(r)py.

n=1

Using the approximate relation (4.36) for p, we have

1 E? 1< - E2 . \"!
e e[y — A2 1= 2 Y Ao (g — A
p f(r) N2 2,0{ 2n:1 2, <N2 2,0) }

from which we have

fr) [B2 2N N\ (B2 <\
2\/;\20 m—)\g’o 1—{—2)\2’” ’I’L—§ m—)\zo .
) n=1

Using the equation (4.32) describing the coordinate time, we have

z 1 E2 N n—1
1+Z/\2,n <n—> <2—>\270> ] .
= 2 N

The A dependence shows again that the theory produces observable effects that

dr N2 |E2 .
— 4/ —1 == — A
@ = VI §E Mo

can be used to measure the deformations with respect to the usual dynamics.
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Chapter 5

Conclusions and Outlook

Ever since Special Relativity was established, we think of space and time as a
unique spacetime structure. General Relativity further generalized flat Minkowsky
spacetime to a generic Riemannian manifold on which Einstein’s theory of gravity
manifests in a completely covariant way, making the invariance under general
coordinate transformations a fundamental symmetry of the theory.

Whether this fundamental covariant structure survives in the quantum theory
of gravity is not a priori known. There are clues from string theory and other
attempts to quantize gravity that at the Planck scale the physics is quite different
and general covariance emerges only as an asymptotic long distance symmetry.

In his proposed theory of gravity Hofava chose to abandon full covariance at
the level of a four dimensional field theory and to introduce a physically relevant
foliation structure in space and time. This choice allowed him to construct a power-
counting normalizable action, but it also implies that the dynamics described by
this theory are in principle different than the one of GR. However, GR is a well
tested and verified theory in the IR, and any deviation from the expected behavior
must be consistent with experimental and observational bounds. It is, therefore,

important to identify and analyze such deviations.
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There are two kinds of deformations to look for: in the gravitational back-
ground itself and in the particle dynamics on it.

In this Thesis we analyzed static spherically symmetric backgrounds and showed
that additional physically distinct solutions are allowed. For the case A = 1 we
identified an extra gauge symmetry. This symmetry is explicitly broken by a par-
ticle mass term, however, increasing the possible number of physically distinct
solutions. We analyzed these solutions and showed that particle trajectories devi-
ate from the expected ones, giving rise to possible experimental tests.

We also studied the space-time structure of these solutions. It turns out that
the concepts of horizons and singularities must be reviewed in this context. We
suggest that the breakdown of the foliation structure, which may happen before
we reach the singular point in the center, represents the true singularity of the
theory. Further study of these questions is warranted and could reveal interesting
conceptual issues.

Regarding the particle dynamics we showed how it is possible to generalize the
action describing a particle. The reduced symmetry of the theory allows for higher
even powers of the momentum in the dispersion relation, modifying the geodesics.
Under certain conditions such modifications are small, at least in the IR behavior.
We suggested possible experiments in this context; all the observations we already
have about the motion of particles in Special Relativity and in General Relativity
suggest that the new parameters of the theory are very small, or simply that no
known matter has such nontrivial dynamics.

New perspectives come from a recent proposal by Hofava for an extension
of the theory [11]. This HL theory possesses an additional U(1) gauge symmetry
which aims to stabilize A to 1 and to reduce the number of degrees of freedom by 1
to match the degrees of freedom of GR. This model is based on a projectable lapse

function, but, with an opportune interpretation, it is possible to include a space

122



Conclusions and Outlook

dependence through the introduction of the U(1) gauge potential in a generalized
expression for the IR metric. It is possible that this extension of the theory is
related, or can be related, to the gauge symmetry we find in the case A = 1. This
could resolve the issue raised in [58] regarding the stabilization of A and lead to a

viable quantum theory of gravity.

123



Appendices

124



Appendix A

Spherically Symmetric
Christoffel Symbols

For a general static spherically symmetric metric (3.2) the only non-zero Christoffel

symbols are

1 1 1
Pit = _igtr rJtt; Pir = §gttargtt§ Ff«r = gttargtr + Qgﬂargrh

1 N, 1 .
Thy = —=9"0rg00 = _r—j; ng) = —fg”&«gw =T%, sin? 6;
2 N 2
r 1 rr T 1 rt r rt 1 T
Ly = —59 Or git; Ly, = 29 Or gtt; L =9"0rgre + 29 O rr;
1. N2 f2 1 ,
o= 59" Orgon = =1 (f TN > i Doy = —59"0rgep = Lipsin” 0
o _Loog, 1 o — Lo G 0coso:
]._‘0,,, - 2g 7“969 - 7"7 ¢¢ - 29 69(25(25 - 51 & COS ’
1 1 1
¢ _ = oo — 19 . ¢ _ 99 —__ 719
Ly = 29 Orgss = Loy Lop = 29 9oy = Gin2 9F¢¢'
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Appendix B

The Action for the Spherically

Symmetric case

The most general static spherically symmetric ansatz for a metric is

~N24+ N2f N, 0 0

N, ; 0 0
Guv =
0 0 72 0
0 0 0 r2sin%6
for which
N2f N, 0 0
N, 7 0 )
By = No = (fN:,N;,0,0) nyo=(—N,0,0,0)
0 0 72 0
0 0 0 7r2sin%6

where h,, = g, — nyn, is the metric on the space-like surface ¥ orthogonal to
the direction ng, N, the shift vector and N the lapse function.

The kinetic term in the action (2.17) is constructed from the extrinsic curvature
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The Action for the Spherically Symmetric case

defined as

1
—[Othap — DaNg — DgNa).

1

In our case the metric is static then

Kop = —5x:[DalNg + DgNa|.

2N

In particular the spacial components of the extrinsic curvature are
1 1 f’ 1 1
Kyp=—— (N +2% Ko = ——fNyr Kyy = —— fN,rsin?6
rr N ( + 5 f > 00 Nf T 020} Nf T
and, using the relation K,g = h,'h ﬁj K;j, the remaining non-zero components are

Ktt = fZNrQKTr Ktr = fNrKrr-

Raising one index with g" we find

1 LF Y (NEF N2f ! 1
K, = Kug"+Kopg = <N/+2f >< T\l
s s 1[N . B _ SNr  FNeY\
K, —K¢ =~ TT K,"=0 Krt—Krtgtt‘i‘KWth—KrT <_ NQT NQT =0

N2
N2

N f?

2
+fN7'_ N2

K, " = Kugd"+Kug"" = K,y ( ) = Kug" +Kg™" = K, " [Ny

Moreover
1 1
KT’T‘ :grth T+gTTKr r_ _N <fN1{=+ 2f/NT'> f Ktr :gtth T+gtTK7nT =0

1N e LN

N 3 N r3sin26’

Ktt:gttht+gtTKrt:O K99:
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The Action for the Spherically Symmetric case

Therefore the kinetic term of the action (2.17) is given by

y 1 1 2 9 f2N2 1 1 2 fN,]?
L (yigkl gkl ! -l e ro_ - / =l “ T _
KijGUM K Nz(fNﬂLQfNT) + 33z )\[N<fN,,+2fNT>+N ]
1A L1, \%  2(1—)) f2N2 4 1., \ [N,
—Nz<ﬂW+2“W)+pw =R AR T A
(B.1)

In the potential term the intrinsic curvature R,g,s in different contractions is

related to the 3 + 1-dimensional curvature as follows

Rags = ho'hy ., Phs *RC)

uvpX QKB [5K"/]O‘ :

In our case the intrinsic Ricci tensor for ¥ has the following spatial non-zero

components:
1f 1, .9
Rmn = —;7 Rgg = —§f T — (f — 1) R¢¢ = Rgg sin“ 6 (B.Q)
giving
o 3 B 9
RuwR™ = RuRagh'*h"P = RyRuh™h' = (Riih™)? = Ry f)* + ﬁ(Rgeﬁ =
i=1
1,2 2/ 1, 2 31,0 2 s 2 )
= — — | —=fr=(f - =—-— —(f -1 —(f—-1
25 (S5 -0) = 5as e AU -1 5 -0
(B.3)
and
Ny ) 1 / 2 1 / 2 /
R=9"Ruw=hRij=—f+—5 —ifr—(f_l) :_p[fT+(f_1)]'
(B.4)
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The Action for the Spherically Symmetric case

The Cotton tensor, because of the spherical symmetry, is null:

Cyj = 0. (B.5)

Therefore the potential and the kinetic term in the action, respectively, are:

- N (f_1)2 f_l ! A—1 12 !
Ly = \/f[(m—n = —2) . '+ =1 —2w(1—f—rf)—3A%,Vr2]
2
Lx = w\]/\z [(1—)\)7}2 <fN,f+;f’Nr> +2(1 = 2\)fN? — 4\r <fN7i+;f’Nr) NT].
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Appendix C

Metric Diagonalization in the

Spherically Symmetric Case

As pointed out in section 3.1 the most generic spherically symmetric metric is

with a nonzero shift vector and is given by (3.2)

d 2
ds® = —(N? — N2f)dt* + 2N, drdt + % +1r2d6° + 12 sin? 0dgs”.

In General Relativity we can always perform the following change of coordinates

dt = dt* + F(r)dr* r=r" (C.1)
obtaining
ds® = —(N? — N2f)dt** + 2[N, — (N? — N2 f)F]dr*dt*+
+ } — (N? = N2f)F? + 2N, F| dr*® 4+ r*2d6? + r*? sin® 0dg”.
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Metric Diagonalization in the Spherically Symmetric Case

Choosing
F = ]\WJ—VZ%C (C.2)
and defining
N*2 = N? — N2f f*:f(N2]\72Nr2f)

we have that the metric takes the usual diagonal form (3.38):

1
ds? = —N*2dt*? + Fdr*Q +7r*2d6? + r*? sin? dp>.

Moreover note that if f = N? we also have

A
N*2 N2

Unlike GR, in HL gravity we cannot perform the change of coordinates (C.1)
because such a transformation does not preserve the foliation M = R x X of

spacetime.
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Appendix D

The Optical Limit

In the action (1.17) the deviation from the Klein-Gordon action is described by

the term

_ Z Z n]w)‘;(: kl An_k¢Ak¢*

n=1 k=0

where we set A\o10 = X211 = A21 — % Such a term can be rewritten as:

A"FGAR G = ARG (Y, T,) AR Lt =
~Vv, [A“—%hwvuﬁ—lw] -V, [M—%hﬂ v, AR gt —
=V, [AT R, AR | -9, [, (Ao ) ARG 49,9, [AnRene ] At

— —
Defining the operator A such that its action is given by A¢ = V,Vz(h*P¢)
and considering that all the total covariant derivatives are boundary terms in the

action, we conclude that

AP ERARp* = XA”_quAk_lgb* + total derivatives.
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Therefore, varying with respect to ¢*, we have

Sge | > Ao s A" FoAkgr| =3 Aoi AEATEp66* + total derivativs.
k=0 k=0

Let us now restrict the above relation to the case of interest in this paper:
the optical limit. In this approximation we consider the wavelength of the field
Aw to be much smaller than the characteristic length L of the square root of the
components of the Riemann tensor. We can keep track of the various orders of

magnitude by expanding the scalar field as follows
¢ = Se = (ag + eay + ...)eée

where € = Ay /L is a small dimensionless parameter [56]. (Note that this is analo-
gous to the WKB approximation in quantum mechanics.) Then, keeping only the

highest order terms, we have

A¢ = h*PV, V36 = h*PV, [aﬁsgb + iqsaﬁe} ~ <h*7V 0 [6036) =
. . ,
~ LpoB {Z(paaaaﬁe 1 ¢vaaﬁe] ~ —— h*%0,00506
€ € €
and it is easy to show that in general
—1)k
a0 (1090,00,0)0 = (—1)F (0 w0 o. (1)

2k

In an entirely similar way we also deduce

1
g""'V V¢~ —E—Qg“”({)uwayw. (D.2)
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Further, noticing that in

KARG =V, V, 1 AR¢ 1+ 2V, hH7V, Akg + A+l

2k—1 and

the first term on the right hand side is of order e 2*, the second of order e~
the third of order e =22, we deduce that under the condition that the variation of
the curvature is small with respect to the inverse of the wavelength of the particle

_>
we have that AAF$ ~ AF+1gp. Up to total derivatives, this leads to

o — * & ~ n— * n *
Ogr | D Aok A" FOAFGT | = " Ny 1 AFATE GGG = Ny n A" GO
k=0 k=0

where we defined Az, = ZZ:O A2, k-

Then the full equation of motion can be simplified, yielding

A2.3

M4A3¢+ o2 0.

A
9"V uV6 = oM + A1 Mg — THA%G +
Then using (D.2) and (D.1) we obtain the eikonal equation
v v A2.2 1w
g"" 0,0, + >\2,0]\42 + Ao 1 (W O p0,1)) + W(h“ 8“1#81,1#)2 +...~0. (D.3)

In general, to ensure that the extra terms do not dominate the quadratic term
in the optical approximation and that the A\ corrections remain small, we need to

assume that the order of the extra terms is no more than =2, that is,
Ao < (MLe)2=Y = (A, M2,

This will be ensured if the wavelength of the particle Ay, is small but no smaller
than the fundamental length scale 1/M defined by the mass scale of the theory,

in which case the above relation imposes no essential restrictions on the Ag,,’s.
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For wavelengths much smaller than 1/M, however, the higher order terms would
eventually dominate and could not be treated as small corrections.

For the treatment of general curved backgrounds we assume that we are in the
regime M~! < \,, < L, in which the extra terms can be treated as perturbations.
Notice, however, that in the flat Minkowski case we do not need any assumptions

for Ay, as in that case the optical approximation becomes exact.
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