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OVERVIEW

In the twenty years since the discovery of AVL or height-balanced trees a 
large literature concerning their combinatorial structure has arisen. For 
example, Knuth [13] has made extensive empirical studies on insertion 
algorithms on these trees. Alternative structures such as B-trees, k- 
balanced trees, and weight-balanced trees have been introduced and studied. 
In a modern development [22] related to AVL trees, rebalancing 
transformations of B-trees under insertion have been related to Markov 
processes. Brown [7 ] subsequently applied the Markov concepts to a closed 
set of subtrees of height-balanced trees known as M and N subtrees and 
established bounds for the probability that an insertion into an arbitrary 
AVL tree with n nodes would imbalance the tree. Brown's bounds were improved 

by Melhorn [15] who in addition generalized the model for insertions to 
include deletions of nodes as well. In another direction, the worst-case 
behavior of insertion and deletion algorithms has been studied in [13] as well 
as [16],

One of the major directions of this thesis is to examine all the 
combinatorial ramifications of the Markov connection for AVL trees. The 
insight travels in both directions. On the one hand Markov analysis allows
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us to estimate the density of AVL trees with M M-subtrees and N N-subtrees. 
On the other, the study of m-way search trees leads us to the concept of Markov 
processes with random rules and an an algebraic criterion for the stability of 
a Markov process.

For an introduction to AVL trees the reader is referred to Chapter 1. 
What follows here is a brief discussion of the fringe analysis of M and N 
subtrees to motivate some of the results announced below.

If a leaf has another node opposite it in an AVL tree, we refer to it as 
an N-subtree. If a leaf has a failure node opposite it in the tree, the leaf 
and its parent are referred to as an M-subtree. In Chapter 3 of this thesis we 
prove a number of results concerning these subtrees. For example, let 
F(n,N) enumerate the number of height-balanced trees (generated with 
multiplicity by insertion) with N N-subtrees. In THEOREM 3.II.1 it is shown 
that F(n,N) is unimodal for all n. In THEOREM 3.II.1 we relate the^ M,N^, 
or fringe, structure of an AVL tree to the history of its generation by 
insertions. Rotations (see Chapter 1 for a definition) can be 
characterized by their height, or the length of the path from the newly 
inserted node to the node around which the rotation is made. THEOREM 3.1.2 is 
used to predict the worst case, as well as the average, number of rotations of 
height 2 which occur in the generation of a height-balanced tree with n nodes, 
N N-subtrees, and M M-subtrees. In THEOREM 3.III. 1 we generalize this result 
and apply the methods back to a class of urn models for aftereffect well-known 
in probability theory. Again, curiously, the probability model for m-way 
search trees leads us to the concept of a Markov process with random rules.

In Chapter 4 we consider the worst-case performance of insertion
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algorithms on AVL trees. For example, we show in THEOREM 4.1.1 that the exact 
number of rotations which occur in the generation of an AVL tree whose 
insertion sequence corresponds to the identity permutation is n - log2n - 1. 
In addition, we enumerate subsequences of this sequence at which rotations of 

height k , k < log2n, occur. For each node, we may associate a number, the 
balance factor, which is the difference in height of the left and right 
subtrees of the node. When an insertion is made into an AVL tree balance factor 
adjustments must be made to reflect the new structure of the tree. As a 
byproduct of this last result, we show that the total number of balance 
factor adjustments required to insert the identity permutation sequence into 

an AVL tree is 0(n) where the constant can be explictly computed. Next we 
borrow a well known method used to prove the linearity of the time complexity 
of the subroutine HEAPIFY in the algorithm HEAPSORT. In THEOREM 4.II.2 we 
apply a variation of the proof to show that the number of balance factor 
adjustments for AVL trees generated by a large class of permutations is 
linear in n, the number of nodes in the tree.

Let F(k) enumerate the number of distinct AVL trees of height k. 
Then, as will be shown, F(k) = F(k-1 )2 + 2*F(k-1)*F(k-2). In Chapters
we repeatedly exploit this relation to prove probabilistic results about 
rotations on AVL trees of height k. A failure node of an AVL tree will be 
deemed rotational if an insertion at that failure node will imbalance the 
tree. In THEOREM 5.1.2 we establish the following result: for any j greater 
than some fixed positive integer k > 3, the probabilty that a random
insertion into an arbitrary failure node of an AVL tree of height j is 
rotational is greater than a fixed strictly positive constant (k) times
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^ 2 )

t + 2 > 2

j=k Y2J-2

where J = 3 . In addition, the following question is examined: given

an arbitrary height-balanced tree of height h, determine the probability that 
the deletion of an arbitrary node will imbalance the tree (see [11], for a 
discussion of deletion algorithms for AVL trees). Again, we employ infinite 
product developments to establish a lower bound for this probability. As an 
application of these methods we extend our results to obtain probability 
measures on generalized height-balanced trees called k-balanced trees. K- 
balanced trees differ from height-balanced trees in that the height 
difference of subtrees of nodes is allowed to vary in absolute value by some 
fixed positive integer k rather than one or zero for AVL trees.
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Introduction to AVL Trees Chapter 1

A binary search tree is a finite set of nodes that is either empty or 
consists of a root and two disjoint binary trees called the left and right 
subtrees of the root. For example

Figure 1.1.1

A sequence of real numbers A = defines a binary tree
T(A) as follows: if n=0, T(A) is the empty tree; if n > 1, T(A) consists of
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the root node containing0^, a left subtree, T(AL) and right subtree T(Ap) 
where

At - CV' o '*L “ ii» ip* **** ij

is the subsequence of A consisting of all elements < and

A _ oS aSaR - k.j» k2» •••» kjj

is the subsequence of A consisting of all elements > Q ^ . For example, the 
tree in Figure 1.1.1 is defined by the sequence

£  6,2,1,9,8,13,11^

Large key-ordered data sets (such as census data keyed by the Social 
Security number) are often maintained as tree structures. We can think of 
the key values as residing in the nodes of the tree.

Figure 1.1.2
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Note, we include boxes, or failure nodes, to symbolize the empty tree.
AVL, or height-balanced trees, have the following recursive definition:

i) the empty tree is height-balanced; ii) a non-empty binary tree is height- 
balanced if and only if a) the height hL of the left subtree TL and the height 
hR of the right subtree TR satisfy }hL - hR l ̂  1; and b) TL and TR are
themselves height-balanced. The tree in Figure 1.2 is an example of a 
height-balanced tree.

Height-balanced trees are useful for maintaining large key-ordered 
data sets for the following reasons, i) The cost of certain fundamental 
operations on these data sets such as searching for a key value in the set, and 
insertion and deletion of key values from the set can be shown to be 
proportional to the height of the tree. Height-balanced trees tend to 
minimize the height of the tree as a function of the number of nodes in the 
tree, ii) Height-balanced trees can easily be maintained as such under the 
operations of searching, insertion, and deletion. For example, suppose we 
add the number 0 to our input sequence.

To insert a new key value e proceed along a path from the root passing

to the right if ̂  . This process terminates in an empty tree at some
leaf and the insertion of N(|j/is made there. In the example, the node for 0 
would be placed to the left of the node for 1.

A

to the left subtree of a node N(£>) containing the value^ if Y < and passing
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Figure 1.1.3

Note that after the insertion, the subtree rooted by the key value 2 no 
longer is height-balanced. To rebalance the tree a procedure known as a 
rotation is required. After the rotation the tree has the following shape:

Figure 1.1.4
A rotation is essentially a finite number of parent-child pointer
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changes, and based upon the location of the newly inserted leaf with respect 
to its nearest ancestor whose balance factor become greater than zero in 
absolute value, there are a finite number of rotation types which will 
always rebalance the tree. Let \ b e  inserted into an AVL tree and let k(^ 
be the ancestor of whose balance factor becomes greater than 1 in absolute 
value . Then we have the following characterization of rotation types 

LL : the node for ^  is inserted in the left subtree of the left 
subtree of k^)

LR : the node for ̂  is inserted in the right subtree of the left

subtree of A(^)
RR : the node for V  is inserted in the right subtree of the

right subtree of A(f̂ )
RL : the node for ̂  is inserted in the left subtree of the right subtree

of A^)
Below are a sequence of representations of these rotation types which 

demonstrate that they do indeed rebalance the tree. For RR and LL rotations 
the node A is the first ancestor of the newly inserted node with a non-zero 
ancestor and in the case of LR and RL rotations C is the the first ancestor of 
the newly inserted node with a non-zero balance factor. The cost of an 
insertion then divides into two parts, the cost of search and the cost of 
rebalancing. The cost of the search is proportional to the height of the tree 
since the same processing ( a compare and a jump down to the next node along the 
path if a match is not found ) occurs along each node of the path of search. 
More will be said of the cost of rebalancing in Chapter 2.
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Historical Survey Chapter 2

In this chapter we survey some analytic and statistical results 
pertaining to AVL trees as well as generalizations of and alternatives to 
these data structures in database systems.

2.1 ANALYSIS OF SEARCHING COSTS

From the discussion of Chapter 1 we conclude that the worst-case 
performance of search algorithms on height-balanced trees is proportional to 
the height of the tree. In this section we show that the height of any AVL tree 

with n nodes is 0(log2n). We will also examine the implied constant which is 
of interest as we wish to know how far an arbitrary height-balanced tree is 
from the optimum. Here we follow [13] .

THEOREM 2.1.1 (Adelson-Vel’skii, Landis,[1]). The height of a height- 

balanced tree with n nodes always lies between log2(n+1) and 1,4404*log2(n+2) 
- 0.328.
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Proof: A binary tree of height h obviously cannot have more than 2h failure
nodes; so n+1 < 2*1, as there are n+1 failure nodes in a tree with n nodes; or 

equivalently, h > log2(n+1) • In order to find the maximum value of h, 
consider the problem of finding the miminum number of nodes possible in a 

height-balanced tree of height h. Let Th be such a tree of height h with the 
fewest number of nodes. Then one of the subtrees of the root, say the left 
subtree, has height h-1 or h-2. Since we wish to have the minimum number of 
nodes, we may assume that the left subtree of Th is T ^ i , which is minimal for 

height h-1, and that the right subtree is 1^-2» which is minimal for height 
h-2. Then if N(k) counts the number of nodes in a minimal tree of height k, 
N(k) satisfies the recursion

N(1) = 2
N(2) = 4

N(k) = N(k-1) + N(k-2) k > 3,

or equivalently, N(h) = F(h+2) where F(h) is the Fibonacci sequence.
Again

F(h+2) - 1 = jP>h+2 / 5 - 2

vhereĵ ) = (1 +i/"s)/2. For a proof of this inequality see ([13],vol. 2, p.
343, and vol. 1, sec. 1.2 .8).
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To make a more refined analysis for seaching costs on height balanced 

trees consider the following argument. Let be the number of height- 
balanced trees of height h with n non-failure nodes. Then we compute the 
generating function Bh(z) = n_0 B ^ z 11 for small h from the relations: 

B0(z) = 1 

B-j (z) = z
B2(z) s z*Bjj(z)*(Bjj(z) +2*Bjj(z))

Hence

B2(z) = 2*z2 + z3

Bg(z) s 4*z^ + 6*z5 + 4*z® + z^

b4(z) a 6̂9ẑ  + 32*z® + 44*z9 + ... + 8*z^ + z^  
and in general B^tz) has the form

2Fh+1  ̂»2Fh+2 1 + 2Fh+1 2#Lh_^ + complicated terms + 2h-^*z2h*'2 + z2h-1
/

where a Fk+1 + Fk_i for h > 3. The total number of height-balanced
trees with height h is Bh a Bh^1  ̂which satisfies the recurrence



Assume that each of the Bh height-balanced trees of height h is equally 
likely. Then we use an argument due to Kzidan [13] to show

THEOREM 2.1.2 The average number of nodes in a height-balanced tree of 
height h is

B*(1 )/B (1)^“̂  (0.701l8)»2h 

where B* denotes the derivative of B.

Proof: Let bh = B^'CD/Bj^Cl) + 1 and let ̂  be the very small quantity
2*Bh»Bh->1«(bh -bh_-|)/Bh . Then bh = 2<*bh_1 backsubstituting in
this formula we obtain bfa = 2h *( 1 - ĵ?2 - -...)+ r = ̂ h+i/2h+1 +
^ ^ / 2h+2 + ... is extremely small for large h.

This indicates that the height of a balanced tree with n nodes is usually much 
closer to log2“ than Unfortunately, this result cannot be directly
applied to insertion algorithms on AVL trees since the mechanism of these 
algorithms seems to make some trees much more likely than others. Note that 
there are 71 = 5040 possible orderings in which seven orderings in which
seven keys can be inserted into a height-balanced tree and the perfectly 
balanced "complete" tree

16



Figure 2.1.1

Is obtained 2160 times. By contrast, the minimal tree of height 3 with seven 
nodes

Figure 2.1.2

occurs only 144 times, and the similar tree

17



u  □

Figure 2.1.3

occurs 216 times.
The fact that the perfectly balanced tree appears to be obtained with such 

high probability - together with THEOREM 2.1.2 - makes it extremely plausible 
that the average search time for a height-balanced three with nodes is about 

log2n + c f°r 30me small constant c. Empirical evidence supports this 
conjecture: the average number of comparisons needed to insert the n'th 

element seems to be approximately log2n + *25 for large n [13].

II ANALYSIS OF REBALANCING

From the discussion of Chapter 1, we conclude that the rebalancing 
procedure for insertion of a new element into an AVL tree has two cost 
components: 1) the cost of the pointer changes from the newly inserted node to

18



its first ancestor ( before the insertion) with a non-zero balance factor; and
2) the cost of the pointer changes for the subtrees rotated around that 
ancestor. In this section we recount some partial analytic results due to 
Brown[ 7] on the costs of rebalancing.

Define an internal (non-failure) node in a height-balanced tree to be a 
fringe node if at least one of its offspring is a failure node; the set of all 

fringe nodes is called the fringe of the tree. When the non-failure nodes are 

removed from an AVL tree, the fringe becomes a collection of disjoint 
subtrees, each one having one of the forms shown in figure 2.II.1. An M- * 
subtree is rooted by a fringe node which is unbalanced, while an N-subtree is 

simply a balanced fringe node.
While the analysis in this section is performed in terms of M-subtrees 

and N-subtrees rather than directly in terms of balanced and unbalanced 

fringe nodes, it is clearly possible to translate between the two views.

M-subtree

Figure 2.II.1
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LEMMA 2. II. 1 Let T be an n node height-balanced tree with M M-subtrees and

N N-subtrees where n > 0. Then

3*M + 2*N = n+1

Proof: Each M-subtree has three failure nodes, and each N-subtree has two;
hence the left-hand side of the equation counts the number of failure nodes in 

T. But a simple proof by induction shows thatan n-node height-balanced tree 
has n+1 failure nodes.

LEMMA 2.II.2 An insertion which falls into a failure node of an M-subtree 
reduces the number of M-subtrees by one and increases the number of N-subtrees 

by two.

Proof: By observation of Figure 2. II. 1 and the rotation diagrams of Chapter

1, section IV.

LEMMA 2.II.3 An insertion which falls into an failure node of an N-subtree 
reduces the number of N-subtrees by one and increases the number of M-subtrees 

by one.

Proof: When an insertion falls into either of the failure nodes of an N-
subtree, the N-subtree is transformed into an M-subtree , but rebalancing may 
take place higher up the tree since the root of an N-subtree is balanced. It 
remains to determine what effect rebalancing will have upon the fringe.

20



Again, If we refer to the rotation diagrams of Chapter 1, section 17, we 
observe that rebalancing has no effect on nodes which lie outside of the 
rebalanced subtree, and If the fringe of the rebalanced subtree Is contained 
entirely In the subtree, then we can see that rebalancing has no effect on the 
fringe. Ve can also see that the only case in which the fringe of the 
rebalanced tree Is not totally contained In this subtree Is the case of an RL 

rotation or an LR rotation in a subtree of height 3* Fortunately, there is 
only one such tree (and its mirror Image) in which this case occurs. The 
possible insertions which cause a rotation are shown in Figure 2.II.2. In 
both situations the net effect on the entire fringe Is to eliminate one N- 

subtree and to Introduce one M-subtree.

INSERT "E
INSERT "C

Figure 2.11.2

Now it Is easy to determine the average number of M and H subtrees 
generated by a random permutation of an input set of size n. Let Pn(N,M) denote

21



probability that a random height-balanced tree with n nodes contains M M- 
subtrees and N N-subtrees in the fringe. If we define

then N is just the average number of N-subtrees in the fringe of a random 
height-balanced tree with n nodes. The same quantity for M is defined 

analogously.

THEOREM 2.II.1 N(n) = (2/7)#(n+1) and M(n) = (1/7)*(n+1) for n > 6.

Proof: Let T be an n node AVL tree with M M-subtrees and N N-subtrees in the
fringe for some n > 0. Then by LEMMAs 2.II.2 and 2.II.3 the next 
insertion into T changes the number of N-subtrees to N-1 or N+2 depending on 
whether the insertion falls into an N-subtree or an M-subtree. For a random 
insertion into T (that is, all failure nodes are equally likely candidates for 
the new insertion), these events occur with probabilities 2*N/(n+1) and 
3*M/(n+1) = ((n+1) - 2*N)/(n+1) respectively so

N(n)
M,N

N(n) Pn(N,M)«((2«N/(n+1))*(N-1) +

M,N
(1-(2*N)/(n+1))*(N+2))

Pn(N,M)*(N-(6*N/(n+1)) + 2)
M,N

22



(1 - 6/(n+1))*N(n) + 2.

A proof by induction shows that N( 1) s 1andN(n) a (2/7)*(n+1) for n> 
6.

This theorem allows us to confirm the accuracy of some empirical results 
on random height-balanced tree given by Knuth [13]. In section 3»6 .2.3, Table 
1., it is given that the probability that a random insertion into a large 
random height-balanced tree falls into an M-subtree and causes either 1) no 
rebalancing, 2) an LL or RR rotation or 3) an LR or RL rotation is 
appproximately .144 in each case. The following corollary shows that 1/7 is 
the exact formula for every insertion after the sixth.

COROLLARY 2.II.1 The probability that a random insertion into a random 
height-balanced tree of size n falls into an M-subtree is 3/7 for n > 6.

Proof: Since an M-subtree has three failure nodes, the probability is

< T
3/(n+1 )*(^/ji*Pn(N,M) = (3/(n+1 ))•(/ M«Pn(N,M))

M,N M,N
(3/(n+1))*M(n) = 3/7

for n > 6 by THEOREM 2.II.1
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Ill ALTERNATIVES TO HEIGHT-BALANCED TREES

In the wake of the Adelson Velskii-Landis paper [ 1 ] other classes of 
binary trees have been suggested as data structures for FIND-ADD-DELETE 
operations which like AVL trees require at most logarithmic time. C.C. 
Foster [10] has suggested generalized height-balanced trees which arise when 
we allow the difference of subtrees to vary by as much as some fixed positive 
integer k (see Chapter 5.Ill for an analysis of k-balanced trees).

Weight-balanced trees have been studied by J. Nievergelt, E. 
Reingold, and C.K. Wong [18]. Instead of considering the the height of binary 
trees, they require that the subtrees rooted by all nodes of the tree satisfy

The weight-balance of a tree can be maintained under insertion using the 
rotations for rebalancing height-balanced tree, but after a single insertion 
the number of rotations required to rebalance the tree may be as many as 
log2(n) where n is the number of nodes in the tree.

The tree search methods discussed so far were developed primarily for 
searching a computer file maintained entirely within a computer's high speed 
main memory. When the file is maintained on an external storage device such 
as a disk, the cost of the disk access during the search procedure becomes 
important.

<

no. of nodes in left aafetogg.
no. of nodes in right subtree < / T 7 1
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If one disk access per node of the height-balanced tree were required 
during the search process and each disk access took an average of .25 seconds, 
then the seach procedure for large data sets could become very time consuming. 
An alternative tree structure for large data sets which minimizes the number 
of disk accesses in the search process was discovered in 1970 by R. Bayer and 

E. McCreight [6]. Their data structure, called a B-tree of order m, 
satisfies the following properties.

i) Every node has < m sons.
ii) Every node, except for the root and leaves, has > m/2 leaves.
iii) The root has at least 2 sons (unless it is a leaf).
iv) All leaves appear on the same level.
v) A non-leaf node with k sons contains k-1 key-variables 
values.

Below is an example of a B-tree of order 3*

e u/ x

Figure 2.III.1
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A node which contains j keys and j+1 pointers can be represented as

Figure 1.III.2
where < K2 < ... < Kj and Pk points to the subtree for keys between and 
Kk+i, k= 0, ...»j. Then searching a B-tree is quite straightforward. After 
node 1) has been fetched into main memory from the disk, the algorithm 

searches for the given argument among the keys K1, K2, ..., Kj. Sequential 
rather than binary search would be appropriate for small j. If the key value 
being searched lies in the set , K2, ..., Kj, the search procedure 

terminates. Otherwise, the key value in question lies between some Kr and 
Kr+i and we procede to search the keys of the subtree to which Pr points.

If we wish to insert a new item into a B-tree of order m, where all the 
leaves are at level q, we insert the next key J into the appropriate node at 
level q-1. If the node now contains m keys so that it ha3 the form 1) with j=m, 
an attempt is made to displace J in the parent node of its node via the 
following method: an attempt is made first to move J into its parent node at 
the appropriate position and to move the key immediately at its left (if it 

exists) to the rightmost key position in the root of the subtree to which 
originally pointed. If that node is full a similar attempt is made to move J 
into the parent node moving M-j^ into the root of the subtree to which it 
points. If neither of these transfers is feasible the node N containing J 
splits into N and N1
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and the key J is inserted into the father of the original node. Note the 

pointer Pi+1 in the father node is replaced by the sequence Pi+1, Pf i+-j» where 
Pi+1 points to the split node N and P'i+i points to N*. With this change the 
father of the original node may itself obtain too many keys. In this event it 
must split in the same fashion its offspring split. The splitting and re­
insertion process may continue all the way up to the root of the tree. If the 
root becomes full in this process, the algorithm splits it and creates a new 
root with the single key value V, (see [11], pp. 496-510, for an illustration 
of this phenomenon). For a discussion of deletion procedures for B-trees see 

[11], PP. 511-517.
The worst case performance of search algorithms for B-trees involves a

simple analysis. Suppose that there are N keys and the N+1 leaves appear at
T  1level q. Then the number of nodes on levels 1,2,3, ... is at least 2, 2*m/2,r2*(m/2)<£ , ...; hence

N+1 > r2*(m/2)<̂
or equivalently

r  1
* K l0Sm/2<M+1>/2)

Now we estimate the average number of splittings required to insert n keys
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into a B-tree of order m. If there are p nodes then there are at least (m/21 - 
1)(p—1) keys; hence

. NrJ__
p < 1

Then the average number of times splitting is required is less than l/Cm/^-l) 
per insertion.
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CHAPTER 3 FRINGE ANALYSIS

In this chapter we examine many of the combinatorial implications of 
fringe analysis for AVL trees. For example we show that the fringe 
distribution function is unimodal. Furthermore we estimate and obtain 

recursive formulae for sums of the type pn(N,M)*P(N,M) where P(N,M) is a 
polynomial in N and M

I Cumulative Analysis of Fringe Sets

It is possible to relate fringe analysis for algorithms on AVL trees to a 
cumulative analysis of algorithms on these data structures. That is, given an 
arbitrary height-balanced tree with n nodes and N N-subtrees and M M-subtrees 
generated by a sequence of random insertions into an initially empty tree, 
determine bounds for the maximal number of rotations (of special types) which 
could posssibly have arisen in the generation of the tree. Ve will 
characterize a rotation as being of height k, if the path, after the insertion 
but before the rotation, of the newly inserted node to its first ancestor with 

a non-zero balance factor is of length k.
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THEOREM 3.1.1 Given a height-balanced tree T with M M-subtrees and N N- 
subtrees at most N+M rotations of height 2 could have occurred in the 
generation of the tree and at most N + 2*M rotations of height 3 or greater 

could have occurred.

REMARK. This last bound is nontrivial since by LEMMA 2. II. 1 3*M + 2*N = n+1.

Proof: By LEMMA 2. II.2 an insertion which lands in an M-subtree increases
the number of N-subtrees by 2 and decreases the number of M-subtrees by 1.
Call this an M-insertion. By LEMMA 2.II.3 an insertion which lands in an N- 
subtree increases the number of M-subtrees by 1 and decreases the number of N- 
subtrees by 1. Call this an N-insertion. Inspection of the rotation diagrams 
in Chapter 1 shows that a rotation of height 2 can be the consequence of an M- 
insertion only. Let MI count the number of M-insertions in the generation of 
the tree ( in this case the number of N-subtrees increases) and let NI count 
the number of N-insertions (in this case the number of M-subtrees increases) 
Assume that every M-insertion causes a rotation of height 2. Then NI counts 
the number of rotations of height 2. By the discussion above we have the 
following relations

2*MI - NI = N

and

NI - MI = M
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Substituting for MI in the first equation we obtain

MI - M N

or equivalently

MI s N + M

Now assume that every N-insertion generates a rotation of height 3 or greater. 
Then the same equations give a bound for the maximal number of rotations of 
height 3 or greater.

NI = 2*M + N

This proves the following

COROLLARY 3.1.1 The maximal number of rotations of height 2 which can arise in 
the generation of a height-balanced tree with n nodes is less than (n+1 )/2 and 
the maximal number of rotations of height 3 or greater which can occur is less 

than 2*(n+1)/3.

Proof:By LEMMA 2.II.1 we have the relation 2*N + 3*M = n+1. Hence we maximize 
the expression N+M in THEOREM 3*1.1 by taking M=0 and we maximize the 
expression N + 2*M by taking N = 0.
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Suppose a sequence of insertions generates a height-balanced tree with n 

nodes, N N-subtrees and M M-subtrees. Assume further that at any stage of the 
insertion process the failure nodes of the current tree are equally likely to 
be the location of the next insertion. In particular, if the new element is 
to be inserted into an M-subtree, it is twice as likely that the insertion will 
force a rotation of height 2 than that it will cause a no rotation at all (note 
that there are two failure nodes in the taller of the subtrees of an M-subtree 
and there is one failure node in the shorter of the subtrees). From the 
previous formulae we know that in the generation of a height-balanced tree 
with N N-subtrees and M M-subtrees N + M of the insertions generation T landed 
in M-subtrees. This fact coupled with our probability assumptions allows us 
to obtain explicit formulae for the expected number of rotations of height 2 
occurring in the generation of T.

THEOREM 3.I.2 Let T be a height-balanced tree with n nodes N N-subtrees, and 
M M-subtrees. Then the expected number of rotations of height 2 which would 
take place in the generation of T is (2/3)*(N+M).

Proof: The function

k J »(2/3)k»(1/3)N+M"k
for k = 0,1, ..., N+M
0 otherwise
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is the probability mass function in question. Then if we follow [19], p.208, 
its mean is given by

= (N+M)»(2/3)*(2/3 + 1/3)N+M“1 = (2/3)*(N+M)

THE FRINGE DISTRIBUTION FUNCTION II

Now consider the following probabilistic question: for M and N such that 
3*M + 2*N s n+1, what is the probability that n insertions made into an 
initially empty height-balanced tree will generate a tree with M M-subtrees 

and N N-subtrees? This is the density function Pn(N,M) Brown uses to establish 
the densities of M- and N-subtrees in trees with n nodes. In this section we 
shall establish that its distribution is unimodal.

N+M N+M

k \ k  / »(2/3)k«(1/3)N+M"kk*p(k)

N+M
N+M-1N+M-1\
k-1 /* (2/3)k“^*( 1/3) (N+M-1 )-(le-1)
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For the first result the following LEMMA is required.

LEMMA 3*H* 1 The function Pn(N,M) described above satifies the following 
relations:

Pn(0,0) = 0

Pn« M >  = 1

Pn(1,0) = 2
Pn(N,M) = 2*((N+1)*Pn(N+1,M-1) + 3*(M+1)*Pn(N-2,M+1))/(n+1)

M > 1, N > 2

= 3*Pn(N-2,M+1 )*3(M+1 )/(n+1) N > 2, M = 0

= 2*Pn(N+1,M-1)*2#(N+1)/(n+1) M a 0,1 M > 1

Proof: Given an arbitrary height-balanced tree with n nodes generated by 
insertions, the n’th insertion had one of two outcomes: i) the number of N- 
subtrees increased by two and the number of M-subtrees decreased by one (the 
insertion landed in an M-subtree) ; or ii) the number of N-subtrees 
decreased by one and the number of M-subtrees increased by one (the insertion 

landed in an N-subtree). For case i) N > 2, M > 1, the term 3*(M+1)*Pn(N- 
2,M+1) counts the number of distinct insertion sequences which could have 
generated a predecessor tree with n-1 nodes, N-2 N-subtrees and M+1 M-
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subtrees. Note the factor M+1 derives from the possible candidate M- 
subtrees for the n-insertion and the factor 3 reflects the fact that an 
insertion landing in any of the tree failure nodes of an M-subtrees will 
transform it into two N-subtrees. For case ii), N > 2, M > 1, the term 
2*(N+1)*Pn(N+1,M-1)/(n+1) counts the density of sequences which could have 
generated a predecessor tree with N+1 N-subtrees andM-1 M-subtrees times the 

number of ways (2*(N+1)) the n’th insertion could land in an N-subtree and 
generate an M-subtree. The border condition formula (M = 0) follows from the 
observation that a tree with no M-subtrees could only have been generated by 
an n'th insertion landing in the sole M-subtree of its predecessor tree in 
the insertion sequence. Similarly, the border condition (N = 0,1) follows 
from the observation that a height-balanced tree with 0 or 1 n-subtrees could 
only have been generated by an n' th insertion landing in an N-subtree of a tree 
with either two (N = 1) or one (N = 0) N-subtrees.

Let F(N,n) equal Pn(N,M) over all permissable values of N and M for fixed 
n. Now we can prove the following
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PERMISSIBLE VALUES OF N

n k mod 6 N * ...

0 2, 5, 8, .... (n-2)/2
1 1, 4, 7, (n+1-6)/2
2 0, 3, 6,----- (n-2)/2
3 2, 5, 8, (n+1-6)/2
4 1, 4, 6, (n-2)/2
5 0, 3» 6, (rn-1-6)/2

Table 3.XI.1

THEOREM 3.II.2 For all n > 0, function F(n,N) over permissable N Is unlmodal.

Proof: For each of the congruence classes the Initial sequence for F(n,N) is
given below
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n F(n,N)*n = ...

1 1

2 2
3 6
4 24
5 48,72
6 720

Table 3.11.2

The Figure serves as a basis for a proof by Induction on n. For the 
induction step, we assume that for n > 6 , the sequence is unimodal. Then we 
construct a map M : F(n,N)— ^F(n+1,N) which preserves the unimodality of 
F(n,N). To facilitate the proof we will demonstrate the unimodality of 
sequences F(n,N) which differ from F(n,N) by the presence of single zeroes 
attached at the beginning or the end of the sequence depending on the residue 
of n mod 6.

By the induction hypothesis for some n > 6, the sequence F(n,N) is 
unimodal. Let F(n+1,k) be the k’th member of the sequence F(n+1,N). Then by 
LEMMA 3.II.1

F(n+1,k) = (F(n,k+1)*(2*k + 2) + F(n,k-1)«(n -1 - 2»k))/(n+1)
for 0 < k < n
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= F(n,1)*2/(n+1) 
for k s 0

s F(n,(n-1)/2)*(n-1)/(n+1) 
for k = n

Then we can write

F(n*1,k) a *F(n,k+1) #F(n,k)

where = 1. Then F(n+1,k) lies between the values of F(n,k+1) and
F(n,k-1) as it is a convex combination of their values. By the induction 
hypothesis, the sequence F(n,k) is unimodal; hence the sequence F(n+1,k) is 
also unimodal. Note that an extra zero must be appended either to the 
beginning or to the end of the derived series for F(n+1 ,k) as one of the zeroes 
will be lost in the transition.

Curiously, the fringe analysis model for height-balanced trees 
corresponds to a specific case of a class of urn models for aftereffect well- 
known in probability theory. From [9], we have the following description of 
these models: "Consider an industrial plant liable to accidents. The 
occurrence of an accident might be pictured as the result of a superhuman game 
of chance: Fate has in store an urn containing red and black balls; at
regular time intervals a ball is drawn at random, a red ball signifying an 
accident. If the chance of an accident remains constant in time, the 
composition of the urn is always the same. But it is conceivable that each
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accident has an aftereffect in that it either increases or decreases the 
chance of a new accident. This corresponds to an urn whose composition 
changes according to certain rules that depend upon the outcome of successive 

drawings."
Many of the cases are covered by the following model: an urn contains b 

black balls and r red balls. A ball is drawn at random. It is replaced. If it 

is red then ĉ  red balls are added and d-j black balls are added. If it is 
black, then d2 black balls are added and c2 red balls are added. Note that c<| > 
c2, d<|» and d2 are arbitrary integers and may be chosen negative. In terms of 
Brown's fringe analysis model the failure nodes of M-subtrees would 
correspond to red balls and the failure nodes of N-subtrees would correspond 
to black balls.

Ill FRINGE POLYNOMIALS

In his fringe analysis for height-balanced trees Brown obtains 
explicit formulae for expressions of the form

M,N

Pn(M,N)«M
M,N

where Pn(M,N) is the density of height-balanced trees with n nodes
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containing M M-subtrees and N N-subtrees. In this section we indicate a 
method to evaluate sums of the form

*n(M,N)* J (M,N)

where is a polynomial M and N. As an illustration of the method we will 
prove the following

.111.1 2 ^ P n(N,M)N2 > (4/49)*(n+1)2.THEOREM 3
N,M

Proof: The variance of N is

^^P(N,M)*(N-N(n))2
N,M

We can expand it as

Pn(N,M)«N2 + /  J n(N.M)«N(n)2 + -2( Zl_Pn(N,M)*N«N(n))
N,M N,M N,M

^ P n(N,]By THEOREM 2.II.1 N(n) = (2/7)*(n+1) and Pn(N,M) = 1 so the second
term equals (4/49)*(n+1)2. Applying the same result we obtain that the third 

sum equals -4«((n+1 )/7)«( 2^Pn(N,M)»N)) = “8*(n+1 )2/49. But the variance 
must be positive so

Pn(N,M)»N2 > (4/49)*(n+1)2
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THEOREM 3*H I . 2 Let

and

Then

N2(n) = /  Pn(M,N)«N2
M,N

M2(n) * y /  Pn(M,N)«M2
M,N

NM(n) = /  Pn(M,N)*N*M

N2(n+1) = 3*N2(n) + (l6/7)*n • 12*NM(n)

where NM(n) can itself be expressed as linear combinations of N2(n-1), M2(n- 
1), NM(n-1) and n.

Proof: Let T be an arbitrary height-balanced tree with N N-subtrees and M M-

subtrees. Then the coefficient of T in Pn(M,N)*N2 is N2. Suppose the
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n+1'st insertion into T lands in an N-subtree. Then the coefficient of the 

image T’ of T under this insertion map is (N-1)2. There are n+1 ways this can 
occur. If the n+1' st insertion lands in an M-subtree the coefficient of T’ is 
(N+2)2. Then

N2(n+1) Pn(N,M)*(3*M*(N+2)2/(n+1))+(2*N*(N-1)2)/(n+1))
M,N

=y  Pn(NtM)((3*M4-2»N)*N2/(n+1)+12y  Pn(N,M)*M«N/(n+1)
M,N __ M,N

- 4«y/ Pn(N,M)«N2/(n+1) + 12«/ Pn(N,M)»M/(n+1)
M,N M,N
ST"+ 2*/^J>n(N,M)«N/(n+1)
M,N

= N2(n) + 12*MN/(n+1) - 4«N2(n)/(n+1) + 16/7

if we use THEOREM 2.II.1 to evaluate the expressions for Pn(M,N)*N and 
Pn(M,N)*M. We also have a recursive formula for NM(n).

HM(n+1)=/'Pn(N,M)»(3*M«(H+2)*(M-1)/(n+1)+2»N*(N-1)«(Mf 1)/(n+1)

» /  Pn(N,M)*N«M + /  Pn(N,M)«6»M /(n+1) 
M,N M,N
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■ 5 * ^ P n(N,M)*N*M/(n+1) - 6 * ^ P n(N,M)*M2/(n+1)
N,M N,M

•2*
N,M N,M

Pn(N,M)»N/(n+1) + 2*^/^Pn(N,M)N2/(n+1)

NM(n) + 6*M2(n)/(n+1) -5»NM(n)/(n+1)

+ 2*N2(2)/(n+1) -10/7

Note the constant -10/7 follows from the terms -6 /  Pn(N,M)*M/(n+1) 
= -(6/7)*(n+1 )/(n+1) and -2̂ /_Pn(N,M)»N/(n+1) = (4/7)«(n+1)/(n+1). A
similar derivation gives the following recursive formula for M2(n).

M2(n+1) = M2(n) + 4»NM(n)/(n+1) - 6*M2(n)/(n+1) + 1

IV DOUBLE AVERAGING FRINGE ANALYSIS

In section 3.1 the expected number of rotations (2/3)*(N+M) of height 2 
occuring in the generation of a height-balanced tree with n nodes , N N-
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subtrees, and M M-subtrees was calculated. Suppose now we wish to obtain the 
expected number of rotations over all AVL trees with n nodes.

THEOREM 3.IV.1 The expected number of rotations of height two occuring in the 
generation of an AVL tree with n nodes is (2/7)*(n+1)

Proof: Let Tn(N,M) enumerate AVL trees with N N-subtrees and M M-subtrees and 
let T(n) count all AVL trees with n nodes. Then the average number of rotations 
of height 2 occurring in the generation of trees with n nodes is

Tp(N.M)*(2/3)*(N+M) )/T(n)
N,M

( 2/3) * Pn(N, M) (M+M))
N,M

as Tn(N,M)/T(n) = Pn(N,M). By THEOREM 2.II.1 and COROLLARY 2.II.1 the 
expressionJ/^Pn(N,M)<t(H+M)=(3/7)*(n+1). Reducing the fraction we obtain 
the result.

We can extend this averaging method to a general Markov model with 
certain restrictions on its rules of transition.

Let ̂ 2 ^  be an urn model for aftereffect containing balls of colors b^, 

b2, ..., bk. For each i, i= 1, ..., k, when a ball of color b^ is chosen from 
theCurn the following transitions occur: if a ball of color b^ is chosen n^j 

balls of color b-j are added to the urn, n^2 balls of color b2 are chosen, ...,
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and nik balls of color bk are added for 1= 1f • • • 9

<r
k. Furthermore,/ n^j = k

for all js 1, ..., k. Let the matrix [a^j] represent the transitions in the 
composition of under the various selections of balls. Let %(n) represent 
the average number of balls of color bĵ in urn compostions generated by 
insertions from an initial state S. Assume, again, that there exist real 

constants c1, c2, ..., ck such that for some r, N(r) = cr*n , r= 1, ... ,k and the 
vector.(c■j, c2, ..., ck) is an eigenvector with eigenvalue unity of the matrix 

Caij/k]. Then we have the following result.

THEOREM 3.IV.2 Let ̂  be defined as above with initial state S ,/s| = k. Then 
exist constants Cp c2, ...,ck such that for any n greater than some fixed 
integer r, %(n) = c^n.

Proof: Let Pn(NpN2, ...,Nk) denote the density of urns with compositions 
consisting of balls of color bp N2 balls of color b2, ..., and Nk balls of 
color nk. Then

N ^ n + 1) = pnCl.»2f * * * #Nk)«Nj*(Ni + a^/k^n
j

Pn(NpH2 » • • • 9 Nk)«Ni*( Nj)/k*n

j
V n1*n2* ...»Nk)*aiJ*Ni/k»n

j

N^(n) a^jNj(n)/k*n
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By the induction hypothesis, NA(n) = Ci(n), i = and the vector

(°1 *°2» is as eigenvector of [aj[j/k] with eigenvalue 1. Hence the
summation"^-aijNj(n)/kan = Cĵ . This implies Nj^n+O = c^*(n+1), i = 
1, •. .,k.

V FRINGE ANALYSIS FOR RANDOM BINARY TREES

It is possible to apply the methods of fringe analysis for AVL trees to 
random binary trees (see Overview for an introduction to random binary 
trees). Failure nodes of leaves of random binary trees will be referred to as 
leaf failure nodes and failure nodes of interior nodes will be referred to as 
interior failure nodes. Let Pn(L,I) represent the density of random binary 
trees (generated with multiplicity) containing exactly L leaf failure nodes 
and I interior failure nodes. Let L(n) represent the average density of leaf 
failure nodes over all trees wil n nodes and let I(n) represent the average 
density of interior failure nodes over all trees with n nodes. Vhen a new 
insertion lands in a leaf failure node there is a net increase of one interior 
failure node in the tree; when a new insertion lands in in an interior failure 
node there is a net loss of one interior failure node and a net increase of two 
leaf failure nodes. Then I(n) =



and
Pn(L,!)•((1-1)*I/N)+((1+1)*L/N))

L,I
I(n) - I(n)/n +L(n)/n

Taking the case n = 2 as a basis (where the density of interior failure nodes is 
1/3) t we can prove via induction that the solution to the above recurrence 

is 1/3*(n+1).
THEOREM 3.V.1 The average density of interior failure nodes in random binary 
trees is (1/3)*(n+1) for n > 2.

Note that there is a one-one correspondence between interior failure nodes 
and unbalanced nodes in randan binary trees. This allows us to establish the 

following

COROLLARY. 3.V.1 The average number of unbalanced nodes in a random binary 
tree with n nodes is greater than (1/3)*(n+1).

REMARK. It is possible to apply the cumulative fringe analysis of section 3.1 
and 3.IV to the fringe model for random binary trees and obtain similar 

results.

The fringe model for random binary trees can be extended to larger

subtrees of random binary trees split from the tree below the first ancestor 
rooting a subtree of height greater that some fixed integer k. If no such

classes of subtrees than those described above. Let
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ancestor exists an imaginary ancestor of the root with an imaginary subtree of 
height k opposite the subtree in question will serve to determine the class. 
We claim that such classes of subtrees are closed under insertion. To observe 
this note that an insertion into a subtree class member will have one of two of 
the following effects: the insertion will send a tree of one class into a 
subtree of another class; or it will split a subtree of a certain class into 
two subtrees of the original each having its own classification. The latter 
phenomenon occurs when an insertion lands in a subtree of height k and 
increases its height to k+1.

Let Ny(n) , v= 1, ..., j be the average density of the subtree class £*k£ 
Then Nv(n) satisfies the following relation

where Pn(N̂  f N2, ...» Nj) is the density of random binary trees of size n with 
N1 subtrees of class Ng subtrees of class ( ^ T ^  ..., and Nj subtrees of
class . Since we can generate all random binary trees of size n+1 by
considering the trees generated by all possible insertions at the failure 
nodes of binary trees of size n, we can analyze the impact of such insertions 
on the right side of the above equation.

of subtrees of class T,. , q = 1, ..., j, over insertions landing in any of the
possible failure nodes of Tj. weighted by the density of the failure nodes in

P
Ti. which effect the same transition. Then 
KP

into a tree of
Suppose s a subtree class representative such that an insertion

Let Cjv, count the net change in the number
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<r
Nv (n+1) = J  Pn(N1, N2,..., N j) *( Nv+ / ^  oivn ±/ (n+1)

Z
^/^Vn1»n2» •••» Nj)*Nv +

Pn(Ni, N2, ...,NkJ^C^Ni^Ciy/fn+l)) 

Nvn) + ̂ J>jy*WjL( n)/ (n+1)

The recursion form suggests that possibly the Nv(n) each equal dv(n) for some 
fixed constants and a computer program would have to be used to come up 
with a set of canditates. At the least the formula above provides a 
computational method for computing the Ny(n) which is linear in n*j.
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HORST CASE ANALYSIS CHAPTER A

In this chapter we make a number of worst-case analyses of Insertion and 
deletion algorithms on AVL trees and other balanced tree structures. With 
certain constraints on the class of AVL trees to be considered, we can for 
instance obtain non-trivial bounds on the number of balance factor 
adjustments required to generate a tree of the class. For specific 
permutation sequences such as the identity permutation an exact formula for 
the number of rotations required to insert this sequence into an AVL tree is 
obtained. Exact formula for the number of rotations of height k for such 
sequences are also derived. Finally, we adduce formulae for the number of 
balance factor adjustments required for insertion sequences and general 

bounds are given.

I THE IDENTITY PERMUTATION
\

THEOREM. 4.1.1 The number of rotations required to insert n elements , 

° 2* * • • •» corresponding to the identity permutation, i.e - j  <(̂ 2 * * * • *
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n, into a height-balanced tree is

i"n - log2n - 1, for n > 1

The result follows form the following three LEMMAs. In the proofs, a 
leaf L of a height-balanced tree will be referred to as dominant if for each of 

the trees T(Aj) rooted by ancestors 
subtree of T(Aj) of height j - 1.

LEMMA 4.1.1 For the input sequence corresponding to the
identity permutation, the node containing ̂  is always a leaf.

Proof: If the insertion of the node of requires no rebalancing, then 
there is nothing to prove. If a rotation occurs, we may conclude from an 
examination of the rotation diagrams on pp. 10-12 that after a rebalancing, 

the leaf containing remains a leaf.

of depth j , J > 1, of L, lies in a

Ck  / vLEMMA 4.1.2 Given the input sequence ^, 2, •..» n corresponding to the 
identity permutation, the leaf of is always dominant.

Proof: by induction for n > 2.

Basis step: we begin with a tree consisting of a single node containing ^.
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When 2 is inserted to the right, we note that it lies in the taller of the 
subtrees of the root i.e. it Is dominant.

os'Induction step: for n > 3 we consider the effect of the Insertion of n in the
cases 1) where no rotation occurs, and ii) where a rotation does occur. We 

know by LEMMA 4.1.1 that n is a leaf. Now assume by the induction hypothesis 
that ̂  is dominant. If the insertion of requires no rebalancing and 

is dominant thenCî must initiate a zero path. (i.e. before the insertion
of all the ancestors of the node containing had balance factors

os''identically zero). Then n+  ̂must lie in the taller of the subtrees of all
trees rooted by its ancestors. Hence the dominance property extends to
identity sequences of size n+1 where the insertion of corresponds to
case i). For case ii) we note that if a rotation occurs it must always be of
type RR (see the rotation diagrams on pp. 10-12 for a description of RR
rotations). This must be the case since is inserted into the right
subtrees of all trees rooted by its ancestors. If we observe the diagram for
the RR rotation, we note that by the induction hypothesis the insertion of 
o /n+1 makes its leaf dominant in BR. After the rotation the new root B of 

has balance factor zero. Since the remainder of the tree is not 

disturbed by the rotation, we conclude that the leaf of is dominant with 

respect to the trees rooted by all its ancestors.

LEMMA 4.1.3 Given the height-balanced tree constructed by the identity 
permutation sequence for n > 3, the set of all left subtrees of nodes along the
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path from the leaf containing n+i to the root are conplete binary treea. 

Proof: by induction for n > 3.

Basis: by observation for n = 3.

Induction step: Assume the LEMMA true for some n > 3. If we insert n+1 

and no rotation occurs, then certainly the property is preserved. Suppose
a /now a rotation occurs after the insertion of n+.j. Here we follow the 

notation for the RR diagram on pp. 10-12. By the induction hypothesis, the 

subtree B^ of the right subtree of A is a complete binary tree. Within BL 
the left subtrees of subtrees containing n+i remain complete after its 
insertion. We note also that by the induction hypothesis, the subtrees A^ 

and BL are complete and hence after the rotation the tree rooted by A with 

subtrees AL and is complete as well. Finally, we observe that the
rotation leaves the rest of the tree undisturbed and hence the left subtrees

a /of all trees rooted by ancestors of n+  ̂ remain complete.
Then from LEMMA 4.1.2, we conclude that a rotation can fail to take place 

if and only if the leaf of initiates zero path. But if this is the case, 
by LEMMA 4.1.3, all the left subtrees of this tree must be complete and hence 
the entire tree is complete. A binary tree can only be complete for n s 2 lt- 1, 
k > 1, and by a simple application of LEMMA 4.1.31 we cac show that the identity
permutation sequence of size n constructs all complete binary trees of height

r  -1 ~ 1< log2n - 1. Hence the formula n - log2n • 1*
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We can characterize rotations by the distance from the newly inserted 
node to its first ancestor with a non-zero balance factor. This distance will 
be referred to of the height of the rotation. Now we may adapt the machinery 
of the previous LEMMA'S and THEOREM 4.1.1 to give explicit formulae for those 
i < n in the identity permutation sequence at which a rotation of height k < 

log2n - 1 occurs.

THEOREM 4.1.2 For the sequences

and n«. < n, the insertion of the n,, 'th element of the identity
permutation sequence causes a rotation of height k+1.

Proof: by induction on k > 1, j > 1.

jk-1

nk + 2*

k > 1

Basis step: k=1f j=1. We observe the RR-rotation diagrams for n = 3 to see 
that a rotation of height 2 occurs.

Induction step: k = 1, j > 1. We must show that rotations of height 2 occur 
precisely at the odd integers > 3. Suppose j > 3 is odd. Then j-1 is even and
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by the induction hypothesis either 1) a rotation of height > 2 occurred at 
the J-1* at insertion or ii) no rotation occurred at all. Situation ii) could 
only have occurred, by THEOREM 4.1.1 ( if the j-1 'at insertion were made into 
the complete binary tree leaving the setup of Figure 4.1.1

Then the rightmost leaf has no left sibling in this situation and the 
insertion of the j'th element to the far right necessitates a rotation of 
height 2. For case i) we note by an exmination of the RR-rotatlon diagram 
that the rightmost leaf in subtree B has again no left sibling and hence the 
insertion of a new leaf to the right of it will cause a rotation of height 2.

Basis steps k>1, j=1. We must prove that for 1c > 1 that at the nk *st (2* + 2Ie“1)
1

insertion the tree in question has the shape

Figure 4.1.1

U i J_

k

PFigure 4.1.2
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where E is complete of height k-2, F less P is complete of height k-1 and the 
insertion of P causes a rotation of height k+1. By LEMMA 4.1.3 E is complete. 
It must be of height at least k-2 as otherwise F would contain too many nodes to 
maintain balance at G. Then E must contain either 2k-1 nodes or 2k“ -̂1 nodes. 
Suppose E contains 2k"1 - 1 nodes. By LEMMA 4.1.3 the subtrees opposite the 
parent P are complete and number including the parent of P

q-2
21 = 2C*~1 - 1

i=0

Then since F must have 2*c-‘l - 1 nodes q must equal k-2. But by LEMMA 4.1.2 the 
parent of P had to be dominant in the tree after its insertion and clearly if 
the height of F were k-2 this could not be the case. Hence E must be complete of 
height k-2, F minus P must be complete of height k-1 and the insertion of P 
causes a rotation of height k+1.

Proof: by induction j>1, k>l,. Suppose for some j > 1 a rotation of height k>1 
occurs in the manner described in the previous step j=1. The after the 
insertion the rightmost subtree of height k has the shape
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Figure 4.1.3
where E is complete of height k>1 and F minus p is complete of height k-2 and F 
including P is of height k-1. A simple proof by induction on k shows that after 

- 1 additional insertions the subtree has the shape:

E complete 
k-1

F complete 
k-1

Whether or not the next insertion causes a rotation up the tree beyond H 
or not, F, the rightmost subtree of height k, will have the shape:

E complete 

k-1

F less g complete

g“Figure 4.1.5
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After 2*“* - 1 additional Insertions F2 becomes complete of height k-1 and we 
have the following setup:

F]_ complete F2 complete

k-2

Figure 4.1.6

The next Insertion, the a. 'st, will cause a rotation of height k+1.KJ+1

Ve note that whenever a rotation occurs the balance factors along the 
path from the newly inserted node to its first ancestor which, before 
Insertion, held a non-zero balance factor. In addition a maximum of three 
additional balance factor adjustments may occur around that ancestor during 
the rotation process (see the rotation diagrams on pp.10-12). The result 
Just proved allows us to obtain an explicit formula for the number of balance 
factor adjustments required to insert the identity permutation into a height- 
balanced tree. The formula is linear in the size of the sequence.
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THEOREM 4.1.3 The number of balance factor adjustments required to Insert n 
elements corresponding to the Identity permutation Into a height-balanced 
tree Is
^oggU)7 l̂og2(n]P

k=2 1=0

+ n -nLog2(n)^- 1

<c*n for some fixed effectively computable constant c Independent of n

Proof: we account for each term ((n/2k)*(k-1) -(k-l)from the formulae for the

sequences a. at which a rotation of height k+1 occurs . We account for the 
j

second summation by noting that at indices 1,2, ..., 2J no rotation occurs 
but nevertheless j balance factor adjustments are made. If we follow the 
notation of the diagram for the RR-rotation on p. 12, we may account for the 
last term by noting that every time a rotation occurs node A is shifted down 
the tree and its balance factor changes. To get the linear inequality we 
observe that the second sum is'loggCny2 + ,log2(n)/2̂ and that



log2(n)

k=2

THEOREM 4.1.1 demonstrates the effectiveness of the following upper 
bound on the number of rotations which can occur in the generation of a 
height-balanced tree with n nodes.
THEOREM 4.1.4 A maximum of n - log2(n) - 1 rotations can occur in the 
generationof a height-balanced tree with n nodes.

Proof: Inspection of the rotation diagrams on pp. 10-12 shows that the height 
of the tree cannot increase when an insertion causes a rotation. But at least 
log2(n) + 1 insertions must increase the height of the tree as its final height 
must be at least log2(n).

There are a number of corollaries to THEOREMS 4.1.1 and 4.1.2, a few of which 

we present here.
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COROLLARY 4.1.1 For n even, the sequence 2,1,4,3, ..., n,n-1 requires
I-  '“ fexactly n/2 - log2(n) rotations to insert it into a height-balanced tree.

Proof: The proof follows exactly as in the proof THEOREM 4.1.1 if we note that 
odd-indexed sequence entries are always inserted into the shorter subtree of 
anM-subtree (see Chapter 2 for a definition of an M-subtree) and hence do not 
cause rotations of height 2 as in the case of the identity permuation. 
Otherwise the rotation behavior of the two sequences is identical.

COROLLARY 4.1.2 There i3 a positive effectively computable constant c such 
that the total number of balance factor adjustments required to insert the 
sequence 2,1,4,3, ..., n, n-1, n even, into a height-balanced tree is less that 

c*n as n

Proof: As noted above the balance factor adjustments for this sequence are 
identical to those of the sequence 1,2, ..., n except at the odd integers, 
where instead of causing a rotation of height 2, the insertion lands in the 
shorter subtree of an M-subtree. But in both cases exactly one balance 
factor adjustment is made so the bound in THEOREM 4.1.3 applies to the 
sequence 2,1,3*4,...,n,n-1 as well.

COROLLARY.4.1.3 For n odd the sequence n/2 + 1, n, 2, n-1, ..., n/2 - 1, n/2 +
r~ “i

2, requires exactly n - 2*log2(n/2) - 3 rotations to insert it into a height-

61



balanced tree.

Proof: A simple proof by Induction shows that a member of the subsequence 
1,2,3, .«.» n/2 -1 can never migrate to the right subtree of the tree and no 
member of the subsequence n,n-1, ..., n/2 + 2 can migrate to the left subtree 
of the tree. Then the insertion process for these two subsequences goes on 
independently as if the two sequences were being inserted into two disjoint 

trees. By THEOREM 4.1.1 each of the subsequences requires n/2 -Tlog2(n/2)7- 1 
rotations to insert it into its respective subtree. Finally, we observe that 
no rotation is required to insert the first element into the tree.

To continue this worst case analysis of insertion algorithms, consider 
the following problem: over all permutations of the input sequence, determine 
bounds for the maximal number of rotations around the root of the tree 
required to insert n elements into an AVL tree.

THEOREM 4.1.5 Let T be an AVL tree of height k. Then at most k root rotations 
could have occurred in the generation of T.

Proof: A rotation around the root of a tree will occur if and only if both of 
the following conditions are met: i) the balance factor of the root is non­
zero; and ii) the insertion is made at a failure node initiating a zero path in 
the taller of the subtrees of the root. Inspection of the rotation diagrams
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on pp. 10-12 reveals that after a rotation at the root the balance factor of 
the new root Is zero. This implies that for condition 1) for a root rotation 
to obtain, the height of one of the subtrees of the root must increase by one. 
If a tree has a balance factor of zero in the root and the height of one of the 
subtrees increases by one, then the height of the tree must increase by one as 
well. This follows by a simple proof by Induction. To complete the proof we 
note that under insertion the height of a tree is monotone increasing at most 
one root rotation can be charged to each of the height-increases obtained in 
the generation of the tree.
COROLLARY 4.1.4 A node of a height-balanced tree generated by insertions from 
an empty tree can migrate during this process from one subtree of the root to 
another a maximum of k times where k is the height of T.

Proof: A node can move from one subtree of the root to another only if a 
rotation occurs at the root.

There is analogy to THEOREM 4.17.4 for sequences of deletions from an initial 
height-balanced tree T. We adopt the following terminology: the deletion of a 
node which causes a rotation around the root of the tree will be referred to as 
a root deletion rotation. For a complete discussion of deletion algorithms 
on height-balanced trees see [1] .

THEOREM 4.1.6 Let T be an AVL tree of height k. Then a sequence of deletions
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of nodes from T giving rise to the empty tree can cause at most k root deletion 

rotations.

Proof: An inspection of the deletion rotation diagrams shows that after a 
deletion at the root of the tree the height of the tree must decrease by one.

II REBALANCINGS IN CLASSES OF AVL TREES

There are interesting analogies to THEOREM 4.1.3 for measuring the 
number of balance factor adjustments incurred in insertion algorithms on AVL 
trees. Again we must apply certain restrictions on the types of AVL trees to 
which the results apply.

THEOREM 4.II.1 Let T be a height-balanced tree with n nodes of height 
1 log2(n)1 k in which j, fixed independent of n, rotations have occurred. Then 
there exists a constant c which depends only on j and k such that the total 
number of balance factor adjustments required to generate T is less than c*n.

Proof: SupposeV is inserted at a leaf of the tree. Following the rotation 
diagrams on pp. 10-12, we let A be the first ancestor of the newly inserted node 
with a non-zero balance factor. Let B be the root of the subtree of A 
containing the node N(rj and let T(B) be the subtree rooted by B. Let C be the
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root of the subtree in T(B) containing N(|j) and let Cp and be the left and 
right subtrees of T(C), the subtree rooted by C. We adopt a charging scheme 
which relates the final level of a node to the number of balance factor 
adjustments charged against it. If no rotation occurs the balance factors of 
each node along the path from N({^ to A must be adjusted and accordingly the 
depth of each node along the path increases by one with the exception of A. To 
account for the adjustment of A without the corresponding depth increase 2 
charges are made to B (in the case where A is the root, its depth in the tree 
increases also and it is not necessary to make an addditional charge to B). In 
the case of an RR or an LL rotation the depth of all nodes along the path from 
N ^ t o  B increase in depth and one balance factor adjustment is charged to 
each of them. The balance factor of A also changes so an additional charge is 
made to B. In the case of an RL or an LR rotation the balance factors in Cp and 

change and for each change the depth of the node position charged increases 
by one in the tree. A decreases in depth and so a possible charge related to the 
previous depth of A might be lost. To account for this as well as the charge for 
changing the balance factor of A in the rotation three balance factor charges 
are made to C whose depth increases by 2.

Now consider in the resultant tree T a node of level m+k. For such a node 
at least m+k balanced factor adjustments must be charged to account for its 
height in the tree. Also, if such a node were a node of type B in a non- 
rotational insertion, or in an RR or LL rotation or in the case it was a node of 
type C in an LR or RL rotation as many as 2*(m+k) charges could be laid to it. 
Furthermore, if during a rotation, the node had been shifted down the tree, 
certain charges to the node may not be reflected by its depth. However, since
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only j rotations occurred at most 2*j charges to a node would not be reflected 
in Its depth. Since there are at most n/2® nodes at level m+k, the total 
charges which can be laid to this level is less than

n»2*(k+j)

2m

Summing over all levels greater than k we obtain

r 1
log2(n) +k

n*(

P=k

2* (j+p+k)

.)
2p-k

<

2*(j+p+k)

)
2p-k

P=k

< c ^ n
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Now a maximum of 2*(k+j)»n < c2*n charges can be made against nodes of level 
less than k. Hence the total number of balance factor adjustments required to 
generate the tree is less than

c^*n + c2*n

< c*n

THE GENERAL CASE FOR BALANCE FACTOR ADJUSTMENT COSTS III

There is a method to obtain bounds for the maximal and average number of 
balance factor adjustments for an arbitrary permutation sequence generating 
an AVL with n nodes.

THEOREM 4. III. 1 The number of balance factor adjustments required to insert n 
elements into an initially empty AVL tree T is less than 2*n + U(T), where U(T) 
is the number of unbalanced nodes in T.

Proof: It must be shown that for an arbitrary insertion into an AVL tree the 
total number of balance factor adjustments is less than the net change in the 
number of nodes in the tree with non-zero balance factors + 2. An insertion 
which lands into an AVL tree falls into one of three categories: 1) all of its 
ancestors have zero balance factors; 2) it lies in the shorter of the subtrees
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of its first ancestor with a non-zero balance factor; 3) it lies in the taller 
of the subtrees of its first ancestor with a non-zero balance factor. Note a 
rotation occurs in the third case and no rotation occurs in the other two.

Now consider the number of balance factor adjustments in the the first 
case and the net change in the number of non-zero balance factors. Note we 
assume that the balance factor of the newly inserted node is pre-set to zero 
and so its balance factor need not be considered among those balance factors
adjusted

1(a)
Figure 4.XXI.1

In case 1(a) where the tree consists of a single node the net change in 
non-zero balance factors is +1 and +1 balance factor adjustments made so the 
difference is less than +2 consistent with the statement of the theorem. Now 
consider case 1 for general n.

zero
path

k+1

easel(b) non-zero
pathFigure 4.III.2
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Here the net change in nodes with non-zero balance factors equals the total 
number of balance factor adjustments. Now consider case 2.

+1

Case 2(a) 
Figure 4.III.3

Here again the number of balance factor adjustments equals the net change in 
the number of non-zero balance factors plus two. Here is the general case 2.

zero
path

non-zero 
pathCase 2(b)

Figure 4.III.4
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To observe the correctness of the theorem in case 3 the reader is 
referred to the rotation diagrams on pp.10-12.

Let d(U(i)) denote the net change in unbalanced nodes after the i'th 
insertion and let BC(i) equal the number of balance factor adjustments 
required for the i'th insertion. Then

But^d(U(i)) equals 0(T), the number of nodes with non-zero balance 
factors in the final tree. This proves the theorem. Naturally U(T) is less 
than n so the total number of balance factor adjustments must be less than 3*n. 
There is an interesting corollary to THEOREM 4.III.1.

COROLLARY 4. II. 1 The expected height of an insertion into any AVL tree with n 
nodes is 0( 1) as n — . The height of an insertion denotes the length of the 
path from the newly inserted node to its first ancestor with a non-zero 
balance factor or to the root of the tree if the balance factors of all the 
node's ancestors are identically zero.

Proof: From the discussion above the height of an insertion is less than the 
number of balance factor adjustments required to make the insertion . Hence 
the average height of an insertion is less than 3*n/n which is less than 3.

The analogue for B-trees to balance factor adjustments in AVL trees is 
the number of index comparisons and node splittings required to insert n

d(U(i)) + 2
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elements Into a B-tree of order m. Recall the description of the Insertion 
algorithm for B-trees from page 24. If the leaf node L is made full by the 
insertion of the key J an attempt is made to move the newly inserted key up to 
its parent node P and to move the adjacent key to the left of J down to the left 
sibling of L ; or if this node if full a symmetric attempt is made to move the 
right adjacent key of J to the root of the right sibling of L . If these 
siblings are both full P splits and its middle key M is moved up to the parent 
node P' of P. Once again, if the insertion of M causes P' to be full an attempt 
is made to displace keys adjacent to M in P' in corresponding sibling nodes. 
This splitting and reassignment of nodes may carry to the root in which case it 
splits creating a new root for the tree. Ve infer from this discussion each 
time a key is inserted and causes a chain of splittings the same processing 
occurs at each step of the chain. Each node access will be accorded a 
processing unit. At the same time for each splitting there is a corresponding 
increase of the total depth of the keys of the tree. Suppose an insertion 
causes k splittings but the final operation is to move a key from a full node 
successfully to a sibling. Then there is one procesing unit for the leaf 
access, three accesses and hence three processing units for each node that 
splits (three k in all). Finally, there is one processing unit for the final 
insertion. There is a net increase in the total index key depth of the tree by 
k+2. Then the net processing units are three times more than the net increase 
of the total depth of tree. When a node is inserted successfully into a leaf 
there is a net increase of one in the total key depth of the tree and no 
rebalancing processing. When a node is inserted into a full leaf and a key in 
the parent node is displaced in a sibling there are two or three processing
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units and a net gain of one in total key depth. Then the number of node 
processing units is less than

3*(Total key depth)

This leads us to the following result

THEOREM 4.III.2 The total rebalancing processing required to insert n 
elements into a B-tree of order misO(n) where the implied constant depends 
only on the fixed time c required to insert a key into a node, possibly 
displace other keys in the node, or possibly to split the node, and m the order 

of the tree.

Proof: He want to show that the total depth of a B-tree with n nodes is 0(n). 
For simplicity assume m is odd and let r = m/2 + 1. Assume n has the form 1 + r + 
r2+ ... + rk. A simple proof by induction shows that for such n the total depth 
of a B-tree is maximized by choosing a tree with one key in the root and exactly 
r nodes in every other node. Then the total depth of such a tree is 

logr*n + (logr(n -1))*r + (logr(n -2))*r2 + ... + rloSrn

This expression is less than

k=1
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S  k 
<tt(/  _* >

< c#n
Results similar to THEOREM 4. III. 1 exist [16] but readjustment costs are 

not related to the number of non-zero balance factors in the resulting tree 
but rather to the total path length of the tree. Results analogous to THEOREM 
4.III.2 also exist in the literature [16].
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COMBINATORIAL AND STATISTICAL RESULTS CHAPTER 5

INTRODUCTION

Very often counting aruguments may be applied to recursively defined 
objects such as height-balanced trees through the use of recursive functions. 

Note, for instance, that the counting function for the number of height- 
balanced trees of a given height k is F(k) a F(k-1)2 + 2*F(k-1)*F(k-2). In 
this chapter we exploit this relation on a number of asymptotic density limits 
relating to the properties of height-balanced trees. In particular we 
establish upper and lower bounds for the following limit problem:

Let T(k) count the number of failure nodes of all height-balanced trees of a 
given height k > 0 . A failure node at which an insertion would imbalance the 
tree will be referred to as a rotational failure node. Now let G(k) enumerate 
the number of rotational failure nodes in the set enumerated by T(k). We wish 
to determine the limit G(k)/T(k) as k —  In what follows we establish a
lower bound for this limit if it exists.

THEOREM 5.1.1 The ratio G(k)/T(k) > .70697 for k > 9.

REMARK The ratio we derive cannot automatically be taken as probability 
estimates of the number of rotations required to insert n elements into a
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height-balanced tree. In fact, they are probably quite different. In the 
node parametrized case (which is Brown's model; see Chapter 2) the 
probabilities are computed over all failure nodes of all AVL trees generated 
with multiplicity from all permutations of an ordered set of n elements. In 
the present case the trees and consequently the failure nodes are not taken 
with multiplicity. Note that many permutations of the input set may lead to 

the same tree and in fact empirical evidence suggests (see [13]» PP*460-1) 
that the trees generated in the greatest number are the most balanced. For 
example, when n = 7 there are 71 possible permutations of the input sequence 
and 2140 of them lead to the complete binary tree of height 3, none of whose 

failure nodes are rotational.

In addition to this result on insertions we establish the following 

analogous result for deletions.

THEOREM 5.II.1 The probability that the deletion of an arbitrary node of an 
arbitrary height-balanced tree of height k will cause an imbalance of the tree 

is greater than .11417 for k > 9*

REMARK. This result is of particular interest since so little is known about 
the statistical aspects of deletion algorithms for height-balanced trees.
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I PROOF OF THEOREM 5.1.1
Now we establish the lower bound. Let 6(h) be the number of failure nodes of 

all extended height-balanced trees of height h at which the insertion of a new 
node would imbalance the tree. Let H(h) enumerate failure nodes which 
initiate zero paths in the set of all extended height-balanced trees of height 
h. Then we have the following product development.

Now we can establish a formula for G(k)
6(1) = 0

6(2) = 4
G(k) = 2*G(k-1)*(F(k-1) + F(k-2)) + 2«6(k-2)«F(k-1) + 2»H(k-1)«F(k-2)

This formula follows from the following observations. If we embed a 
rotational failure node in a subtree of height k-1 in a tree of height k by 
taking it as the left subtree, then this failure node will again be rotational 
in the embedding tree. The factor F(k-1) + F(k-2) in the first expression 
enumerates the choices for the right subtree under this embedding. A similar 
analysis holds when the rotational failure node is embedded in the right 
subtree. The term 2*G(k-2)»F(k-1) counts the number of ways a rotational 
failure node in a tree of height k-2 may be embedded in a tree of height k. To 
see the last term note that a failure node will cause an imbalance of the tree 
if it lies in the taller of the left or right subtrees of the subtree rooted by

k-1
H(k) 2*F(j)

j=1
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the first ancestor of the newly inserted node with a non-zero balance factor. 
This last term counts the case when the ancestor is the root of the tree 
itself. The failure nodes which initiate zero paths in the left or right 
subtrees of height k-1 in trees of height k with a non-zero balance factor in 
the root will also cause an imbalance.

Let T(k) be the total number of failure nodes of all extended AVL trees of 

height k. Then
T(1) = 2
T(2) = 10
T(k) = 2*T(k-1)*(F(k-1) + F(k-2)) + 2»T(k-2)»F(k-1)

The derivation of this formula is similar to those above.
Then the probability that an insertion at an arbitrary failure node of an 

arbitrary AVL tree of height k will imbalance the tree is equal to the ratio 
G(k)/T(k)

G(k) G(k)*T(k-1)
T(k-1) T(k)*G(k-1)

Now we may rewrite G(k) as

2*G(k-2)*F(k-1)
G(k-1)*(2*F(k-1) + F(k-2) + G(k-1)

+ HCk-1)*F(k-2) ^ 
G(k-1)
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Similarly, we may rewrite T(k) as

2*I.(k-£).»F.QcrJl 
T(k-1)((2*F(k-1) + F(k-2)) + T(k-1) )

Then
2G (k-2) *F (k-,1.) +F (k- 2) *H C k-1) 

G(k) = G(k-n • 2*F(k-1 ?tF.(feDJ..±_____SlkrJJ----------
T(k) T(k-1) 2*I(K-1.)*F(K-.1.)

2*(F(k-1) + F(k-2)} + T(k-D

> G(k-H •___ 2*fFfk~1) + F(k-2V)_______________

T(k-1) mLter2)*Fiter3l
2*(F(k-1) + F(k-2)) + T(k-1)

T(k-1) 2*T (k-2)_*Ff k-1)______
1 + T(k-1)*2*(F(k-1) + F(k-2))

> aafa.1l •
T(k-1) UXr&)■ 

T(k-1)
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> .SDfcJl 

T(k^ ' 1 1  -1 ) I '
j=k

Tf-1-2) 
T( j-1)

It is easy to observe that

T(j-2) < 2J“2»F(j-2) and
T(j-1) > F(J-1)

Hence

T(k)
F( j-1)

By the relation F(J) = F(j-1)2 + 2*F(j-1)*F(j-2), each of the factors

J.
2J-2»F( j-2) > 2 > 2

1 ♦ F(j-1) 1 + F(j-2)

i k
Y

1. This implies that our product development is greater than
Let yequal^37" Then a simple proof by induction shows that F(k) > for k >
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Then for any q > k 0

G(a) >

T(q)

The bound in the result was derived from computing G(9)/T(9). It is obvious 
that for this value of k the effect of the infinite product on the bound is 

negligible.

II PROOF OF THEOREM 5.II.1

The proof follows from two lemmas* the first which establishes that a 
positive density of the leaves of AVL trees of height k will imbalance the tree 
if deleted; and the second which shows that the leaves of AVL trees of height 
have a positive density in the set of all nodes of height balanced trees of 
height k. We will refer to a node as deletion rotational if its deletion 
would require a rebalancing of the tree.

LEMMA 5.II.1 The density of rotational leaves in the set of all leaves of 
AVL trees is positive and effectively computable from the analysis described 

below.
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Proof: Let R(k) be the number of leaves of all height-balanced tree of height k 
at which a deletion would imblance the tree. Let B(k) enumerate leaves of all 
height-balanced trees of height k at which a deletion would reduce the height 
of the tree from k to k-1. Finally, let T(k) enumerate all leave of height- 
balanced trees of height k. Again, let F(k) enumerate distinct AVL trees of 
height k. Then we have the following formula.

To observe the derivation of this formula note that B(k) = 2*B(k-1 )*F(k- 
2), k> 3, since a node whose deletion will shorten a subtree of the root of a 
height-balanced tree of height k will shorten the entire tree by its deletion 

only if the height of the subtree opposite it is of height k-2.

R(1) = 0
R (2) a 0
R(k) a 2*R(k-1)*(F(k-1) + F(k-2)) + 2«R(k-2)»F(k-1) + 2«B(k-2)«F(k-1)

This formula follows from the following observations. For the term 2*R(k- 
1 )*(F(k-1) -i- F(k-2)) note that a leaf whose deletion will imbalance a subtree 
of height k-1 in a tree of height k will imbalance the entire tree as well. The 
factor 2*(F(k-1) + F(k-2)) enumerates the ways such a leaf in a subtree of 
height k-1 may be embedded in a height-balanced tree of height k. A similar 
analysis applied toward a leaf whose deletion will imbalance a subtree of

B( 1) 1

B(2) = 4
k-2

B(k) 2*F(j)

j=1
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height k-2 in a height-balanced tree of height k acccounts for the term 2*R(k- 
2)*F(k-1). To see the last term note that an imbalance will occur at the root 
of a height-balanced tree of height k only if the leaf deleted shortens a 
subtree of the root of height k-2. Again we have the following formula for 
T(k)
T(1) = 2
T(2) = 10
T(k) s 2*T(k-1)*(F(k-1) + F(k-2)) + 2*T(k-2)*F(k-1)
which first appeared in the proof of the lower bound for THEOREM 5.1*1 
Then the probability that the deletion of a leaf will imbalance a tree of 
height k is R(k)/T(k) and

m i  > ROOJlXKr.l.).
T(k) T(k-1) T(k)*R(k-1)

Now we rewrite R(k) as

R(k-1)*2((F(k-1) + F(k-2)) + 2»R(k-2)»F(k^1)
R(k-1)

+ 2*B( k-2) *F( k-_1)
R(k-1) )

and we may rewrite T(k) as
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T(k-1 )*(2*( F(k-1) + F(k-2)) + 2»T(k-2)«F(k-.1l
T(k-1) J

Then

m i = Jtfkr.1I •

T(k) T(k-1)
2*(F(k-1) + F(k-2) ) + 2«R(k-2)«F(k-2) + F.( IfeJJ
_________________ RCk-U________RfJcrJL)__

2*(F(k-1) + F(k-2)) + 2*T(k-2)*F(k-1).
T(k-1)

> RfkrJJ • ________ 1_____________
T(k-1) 2*T (k-2.) *F ( k-1.)

1 + T(k-1)»2»(F(k-1) + F(k-2))

> Rfkrl? *
T(k-1) m=2l

1 + T(k-1)

Then for any q > k we have the ratio

m i

T(q)
> Rffc-U, J

T(k-1) (
j=k 1 +

TC.1-2) 

T(j-1)
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Again we observe that T(J-2) < 2J""2#f (J-2) and T(J-1) > F(j-1)
Hence

£ia) > E(k_-_LL * --------- 1--------------
T(q) R(k-1) 2 > 2»F(J-2)

1 + F(J-1)
By the relation F(j) = F(j-1)2 + 2»F(j-1)*F(J—2) each of the factors

J.
2^“2F(j-2) 

1 + F(j-1)

2J-2

F(J-1)

Note that in deletion rotation analysis extended height-balanced trees are 
not considered. Hence F( 1) s 3 and we may argue as in the proof of THEOREM 5.1 

that for jf = 'iMfahd for k > 1, F(k) > • This implies that the product
development is greater than

1 +

Again this product converges to a strictly positive limit.

LEMMA 5.II.2 There exists a positive effectively computable constant 
such that the density of leaves of height-balanced tree of height k in the set 
of all nodes of height-balanced trees of height k is greater than as k
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Proof: As in the proof of LEMMA 5.IV.1 we have the following recursive
formula for the number of leaves of height-balanced trees of height k. 

T(0) = 1
T(1) = 4
T(k) = 2T(k-2)*(F(k-1) F(k-2)) + 2»T(k-2)«F(k-1)

and a recursive formula for the number of nodes of height-balanced trees of 
height k
N(0) = 1
N(1) 7
N(k) = 2*(N(k-1)*F(k-1) + F(k-2)) + 2»N(k-2)»F(k-1) +

F(k-1)2 + 2*F(k-1)*F(k-2)

To account for the term 2*N(k-1 )*(F(k-1) + F(k-2)) note that any node in 
a height-balanced tree of height k-1 is magnified by the F(k-1) choices for 
the subtree opposite it when it is embedded in a tree of height k with a balance 
factor of zero in the root and it is magnified by F(k-2) when it is embedded in 
a tree of height k with a non-zero balance factor in the root. As usual, the 
factor 2 accounts for the symmetry. A similar analysis for the case where a 
node in a tree of height k-2 is embedded as a subtree in a tree of height k 
yields the term 2*N(k-2)*F(k-2). Note finally, that the root is counted F(k- 
1 )2 for trees with a balance factor of zero in the root and 2*F(k-1) *F(k-2) for 
trees with a non-zero balance factor in the root. Then the ratio
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2*F(k-_1 )*T(k~2)
iLki = W l-M  + 2*(F(k-1) + F(k-2))*F(k-1)________
N(k) N(k~n + 2*F(k-1 )*N(k-2)+F(k-1 )f2l+2*N(k-1 )*F(k-23

2*(F(k-1) + F(k-2))*N(K-1)

> ____X(.feD__________

N(k-1) +
B(k-U + F(k-1) 

N(k-1)

1US=1±   L
N(k-1) • N(k-2) + E.Cfc-.1)

1 +  oN(k-1)2

N(k-1) 2*N(k-1)
1 + 5N(k-1)2

Then for any q > k we have the ratio

Hal Itfell
N(q)

lOfell 7
> N(k-1) •(

v=k+1 1 + N(v-1)2
Again let H-  ^ r :  Then it will be no suprise if we substitute^/2** * for
N(k-1) in our product development to obtain the inequality
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jisll > m-n 77“__
N(q) N(k-1) j=k

1 + 2J-1

and certainly our product development converges to a strictly positive limit.

Ill INSERTION ALGORITHMS FOR K-BALANCED TREES
In this section we extend the lower bound results of section 5.1 to the k- 

balanced trees originally introduced by C.C. Foster [10]. K-balanced trees 
are defined the same way as height-balanced trees except that the height 
difference of subtrees is allowed to vary by an integer k. Here is an example

of a 2-balanced tree

Figure 5.III.1
By way of illustration we prove the lower bound first for 2-balanced trees and 
then extend the result to general k.

THEOREM 5.III.1 There exists a positive effectively computable constant 
2 such that the probability C^(h) that the insertion of a new element into an

/y1 .arbitrary 2-balanced tree of height hwill imbalance the tree satisfies
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THEOREM 5.III.2 There exists a positive effectively computable constant k 
such that the probability k(h) that an insertion of a new element into an 
arbitrary k-balanced tree of height h will imbalance the tree satisfies 

jjCh) > i£. for h > than fixed j.

Proof of THEOREM 5.III. 1: let G2(h) enumerate failure nodes of all extended 2- 
balanced trees of height h at which the insertion of a new element will 
imbalance the tree. Let H2(h) enumerate failure nodes of all extended 2- 
balanced trees of height h at which the insertion of a new element will 
increase the height of the tree. Finally, let F2(h) enumerate extended 2- 
balanced trees of height h. Then

F2 (1) = 1

F2(2) s 3

F2(3) = 33
F2(k) = F2(k-1)2 + 2«F2(k-1)«F2(k-2) +

2*F2(k-1)»F2(k-3)
To account for this formula node that any extended 2-balanced tree must 

have as left and right subtrees extended 2-balanced trees of heights k-1, k-2, 
or k-3. The factor 2 accounts for the symmetry. Now we can give the formula 
for H2(k)

H2(0) = 1
H2(1) = 2
H2(2) - 8

H2(k) s 2»H2(k-1)»(F2 (k-1) + F2 (k-2))
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H2(2) = 8

H2(k) s 2*H2(k-1)«(F2(k-1) + F2(k-2))

or equivalently
k-1

H2(k) 2*(F2(J-1) + F2(j-2))

j=3

To see this formula node that if an insertion at a failure node in a 2- 
balanced tree of height k-1 will Increase the height of tree, then the same 
property will be true for the failure node if the tree is embedded as the left 
or right subtree of a 2-balanced tree of height k with any 2-balanced tree of 
height k-1 or k-2 chosen as the subtree oppposite it. Note also that a 
single failure node is a k-balanced tree of height zero. Now we can give the 

formula for G2(k).

This formula follows from the following observations. If we embed in a 
tree of height k a failure node in a tree of height k-1 which would cause an 
imbalance, then an insertion at this failure node would also cause an

G2(1)
G2(2)

G2(3)
G2(k)

0

0

0

2«G2(k-1)«(F2(k-1) + F2(k-2) + F2(k-3)) 
+ 2*(G2(k-2) + G2(k-3))*F2(k-1)
+ 2*H2(k-1)*F2(k-3)
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imbalance in the larger tree. The factor 2*F2(k-1)+ F2(k-2)) enumerates the 
possible choices for the subtree opposite the tree containing our node under 
the embedding. The term 2*F(k-1)*(G2(k-2) + G2(k-3)) counts the number of 
ways a failure node at which an insertion would cause an imbalance in a tree of 
height k-2 or k-3 may be embedded in a 2-balanced tree of height k. To see the 
least term note that a failure node will result in an imbalance after 
insertion if 1) it lies in the the taller, by a height difference of two, of the 
subtrees rooted by its first ancestor with a balance factor of two in absolute 
value, and 2) an insertion at this failure node increases the height of the 
subtree. The last term 2*H2(k-1 )*F2(k-3) counts the case where the ancestor 
with the balance factor of +2 or -2 is the root of the tree itself.

Let T2(k) be the total number of failure nodes of all extended 2-balanced 
trees of height k . Then

T2(1) = 2

T2(2) = 10

T2(3) = 240
T2(k) = 2*T2(k-1)»(F2(k-1) + F2(k-2) + F2(k—3)) +

2*(T2(k-2) + T2(k-3))*F2(k-1)

The derivation of this formula is similar to those above. Then the 
probability that an insertion at an arbitrary failure node of an arbitrary 
2-balanced tree of height k will Imbalance the tree is equal to the ratio

G2(2) = G2(k-1) • G2(k)*T2(k-1)
T2(k) T2(k-1) G2(k-1)«T2(k)
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Now we may rewrite G2(k) as

G2(k-1)«(2«F2(k-1) + F2(k-2) + F2(k-3)) + 
2*(G2(k-2)+G2(k-3))»F2(k-1)+2*H2(k-1)«F2(k-3)

G2(k-1)
s G2(k-1)*(factor1)

Similarly, we may rewrite T2(k) as

T2(k-1)*(2*(F2(k-1) + F2(k-2) + F2(k-3)) + 
2«(T2(k-2) + T2(k-3))»F2(k-1) 

T2(k-1)

s T2(k-1)*(factor2)

Then

G2(k) * G2(k-1) • (faetorl)
T2(k) T2(k-1) » (factor 2)

> G2(k-1) * 2*(F2(k-1) + F2(k-2) + F2(k-3))
T2(k-1) 2*(F2(k-1) + F2(k-2) + F2 (k-3)) +

2*(T2(k-2) + T2(k-3))»F2(k-1) 
T2(k-1)
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> G2(k-1) *  1_________________
T2(k-1) 2»(T2(k-2) + T2(k«3))*F2(k-1)

1 + T2(k-1)*(F2(k-1) + F2(k-2) + F2(k-3))

> G2(k-1) • _______________ ]_________
T2(k-1) T2(k-2) + T2(k-3)

1 +  ------------------T2(k-1)

> G2(k-1) «
T2(k-1) 2«T2(k-2)

1 + T2(k-2)

Now T2(k-1) < 2k“2*F2(k-2) and T2(k-1) > F2(k-1). Hence our ratio is
greater than

G2(k-1) •  1________
T2(k-1) 2k“2»F2(k-2)

1 + * F2(k-1)

> G2(k-1) •
T2(k-1) 2k~1

1 + F2(k-2)

i kLet equal 4 3. Then a simple proof by inducion shows that F2(k) > 2
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1 +
2>1
2J“1j=k

Then again for any q > k

G2(q) > G2(k-1)
T2(q) T2(k-1) j=k

1 +
2J-1 )
2J-2

It is easy to see that this infinite product converges. Whence the result

Proof of THEOREM 5.III.2: Let Gk(J) count the number of failure nodes of all
extended k-balanced trees of height k at which an insertion would imbalance 

the tree. Let Hk(j) count the number of failure nodes of all extended k- 
balanced trees of height j at which an insetion would increase the height of 
the tree. Finally, let Fk( j) enumerate distinct k-balanced trees of height 
j. Then

Fk(0)

pk<1) F2(1)

Fk(k-1) = Fjj.-j (k-1)
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k+1
Fk(j) = Fk(j-1)2 + 2 « ( ^ ^ F k(j-q))»Fk(j-1)

q=2
j > k

Now a formula for Hk(j) can be generated 

Hk(0) = 1
Hk(1) = 2
Hk(2) = H2(2)

Hk(k-1) = Hk_1(lc-1)
k+1

Hk( j) = 2*Hk(j-1 )• Fk(J
Q=1

Then Gk(J) has the formula 

Gk(0) = 0

Gv(1) = 0

-q))

k+1
2»Gk(j-1)«(^/_Fk(J-q)) + 2*Fk( J-1 )* 

q=2
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k+1
^ G k(j-q)) + 2»Hk(j-1)»Fk(j-k-1)) 
q=2

Finally we have the formula Tk( j) for the total number of failure nodes of all
extended k-balanced trees of height j

Tk(0) = 1
Tk(1) = 2
Tk(2) = T2(2)

Tk(k-1) = Tfc.^k-D
k+1

Tk(J) = 2«TV( J-1 )«( /  Fk( j-q) )+2*F]f( j-1 )•

q=i
k+1
( ^ _ T k(j-q))

<1=2

Then the probability that an insertion at an arbitrary failure node of an 
arbitrary k-balanced tree will Imbalance the tree is the ratio

Gk(j) = Gk(j-1) • Gk(j)«Tk(j-1)

Tk(J) Tk(j-1) Tk(j)«Gk(J-1)
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Now rewrite Gk(j) as

k+1
2 • ( /  Gk(j-q))«Fk(j-1)

k+1  fl=l
Gk ( j- 1 ) « (2 * ( j;/ F k ( j - q )  +

q=1 Gk ( j - 1 )

+ Hk ( j-1 )* F k ( j - k - 1 ) )

Gk (J -1 )

= Gk ( j - 1 ) actor1)

Similarly we may rewrite Tk ( j )  as
k

2«Fk ( j - 1 ) « ( / j r k ( j - q ) )

k-1 .__  0=2_________

Tk ( j - 1 ) « 2 « ( ^ ^ F k ( j - q ) )  +

q=1 Tk(J -1 )

Tk(j-1)«(factor2)

Then
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Gk ^  = 
Gk<J>

> Qk ( j -1

Tk(j-1

> Gk ( j - 1 )  

Tk(j-1)

> Gk(j-1)
V J - D

Gk(j-1) * factor1

Tk ( J - 1 ) * f a c to r2

k+1
< T) • 2«(/  F(j-q))

________ a=J______
) • k+1

J»1 Tk(j-q))*FkC j-1)

2*Cf FkCj-q)+fli2_____________
q=1 Tk( j - 1 )

1

k+1
2*( / Tk(j-q))*Fk(j-1)

1 +  as2.

k+1
^ ^ F k(J-q))«Tk(J-1)

q=2

k+1
Tk(j-q))

1 + q=2^ ________

V J - D
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> G k(j-1) *  1__________________
Tk(j-1) 2»(k-1)»Tk(j-2)

1 + Tk(j-1)

We observe Tk(j-1) > Fk(j-1) and Tk(j-2) < 2J"2«Fk(j-2)
Then

Gk( j) > Gk( j-1) * _________________ J____;________
Tk(j) Tk(j-1) (k-1)*2^"1*Fk(j-2)

1 + Fk(j-1)
Again let^= ^*37 As in previous proofs it can be shown Fk(r) >^'2 
for r > 2. Then for any p > j

Gk(p)

V p)

> Gk(J-1) 
Tk(j-1)

r=j 1 +

We observe that the infinite product development converges to a strictly 
positive limit which is so close to unity as to have a negligible impact 
on the lower bound for even small values of j.
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PROBLEMS FOR FUTURE RESEARCH CHAPTER 6

What follows is a list of problems which have arisen in the course of the 
research for this thesis. Some can certainly solved by extensions of the 
methods deployed in the proofs of this thesis, but others would probably 
require new techniques for solutions. In any event these problems suggest the 
rich combinatorial structure underlying height-balanced trees.

1) One of the most attractive directions for future research lies in the 
connection (established in this thesis) between fringe analysis and urn 
models for aftereffect. It would be of particular interest if the methods of 
this thesis could be applied to estimate the function F(N,n). Again, a 
comprehensive study of the literature for this class of urn models may yield 
new ideas for fringe analysis.

2) In section 4.Ill it was established that the maximal number of 
rotations of height 2 which could occur in the generation of a height-balanced 
tree with n nodes by insertions is n/2 - 1. In general, we conjecture that the 
maximal number of rotations of height k which can occur in the generation of an 
AVL tree with n nodes through insertions is n/(2*~1) - 1. Remark that exactly
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n/2k_1 - 1 rotations of height k occur in the generation of the height- 
balanced tree corresponding to the identity permutation (see THEOREM4.1.2).

3) When an insertion imbalances a height-balanced tree there are two general 
types of rotations which would be required to rebalance the tree: single (LL 
or RR) or double (LR or RL) rotations. One natural extension of the research of 
Chapter 5 would be to deploy the infinite product development methods to 
obtain bounds for the probability that an insertion of an arbitrary failure 
node of an arbitrary AVL tree of height h will result in an imbalance that 
requires either a single or a doulble rotation.

4) In another direction random binary search trees have become a source for 
new research in mathematical analysis. In [5], Rheingold and Bagchi use 
enumerating functions for random binary search trees to identity a function 
f, closely related to the structure of the trees, on the domain D :  (0, 1/2] 
such that for any^V^D, f is discontinuous at°fif °i"is irrational, and f is 
continuous at ̂ L f  <V i s  irrational.

100



REFERENCES

[1] Adelson-Vel'skii, G.M., and Landis, E.M., "An algorithm for the 
organization of information,n Dokl. Acad. NaukSSSR, 146(1962), pp. 1259-63; 
English translation
[2] Aho, Hopcroft, Ullman, THE DESIGN AND ANALYSIS OF COMPUTER ALGORITHMS, 
Addison-Wesley, Reading, Mass., 1974.
[3] Arbib,M., Kfoury, A.J., Moll R., A BASIS FOR THEORETICAL COMPUTER 
SCIENCE, Springer-Verlag, New York, 1981.
[4] Baer, J.L, "Weight-balanced Trees," AFIPS Conference Proceedings, 44, 
(1975, National Computer Conference Proceedings) pp. 467-472.
[5] Bagchi, A., and Reingold, E., "A Naturally Occurring Function Continuous 
Only at Irrationals," American Math. Monthly, June-July, 1982.
[6] Bayer, R., and McCreight, E., "Organization and Maintenance of Large 
Ordered Indices," Acta Informatica (1972), pp.173-189.
[7] Brown, M.R., "A Partial Analysis of Random Height-balanced Trees," Siam 
J. Computing, Vol. 8. No. 1, Feb. 1979.
[8] Brown, M.R., and Tarjan, R.E., "A Fast Merging Algorithm," J. of the Asso. 
for Computing Machinery, Vol 26, No. 2, April 1979.
[93 Feller, William, INTRODUCTION TO PROBABILITY THEORY AND ITS
APPLICATIONS, John Wiley, 1957, p.119.
[10] Foster, C.C., "A Generalization of AVL Trees," CACM 16(1973),PP.87-90.
[11] Horowitz and Sahni, FUNDAMENTALS OF DATA STRUCTURES, Computer Science 
Press, Rockville, Md.,1976.
[12] Karlton, P.L., Fuller, S.H., Scroggs, R.E., Kaehler, E.B., "Performance 
of Height-balanced Trees," CACM, Vol. 19, 1976, pp.23-28.
[133 Knuth,D.E., THE ART OF COMPUTER PROGRAMMING, vol. 2, Addison-Wesley, 
Reading, Mass., 1973*
[14] Luchio, F. and Pagli, L., "On the Height of Height-balanced Trees," IEEE 
Transactions on Computers, Vol. 25,1976, pp.87-90.

101



[15] Melhorn, K., "A Partial Analysis of Height-balanced Trees under Random 
Insertions and Deletion," Siam J. of Computing, Vol. 11, No. 4, Nov. 1982, pp. 
748-760.
[16] Melhorn, K., EFFEZIENTE ALGORITHMEN STUDIERENBDCHER, Teubner-Verlag, 
Leipzig, 1977.
[17] Nievergelt, J., and Reingold, E., "Binary Search Trees of Bounded 
Balance," Siam J. of Computing, Vol. 2, No. 1, March 1973*
[18] Nievergelt, J., and Wong, C.C., "On Binary Search Trees," Proceedings 
IFIP Conference, 1971* North-Holland, Amsterdam, 1972.
[19] Parzen, Emanual, MODERN PROBABILITY THEORY AND ITS APPLICATIONS, John 
Wiley, 1960, p.208.
[20] Tarjan, R.E., "Complexity of Combinatorial Algorithms," Siam Review,
Vol. 20, No. 3, July, 1978, pp. 457-491.
[21] Teorey, T.J., and Fry, J.P., DESIGN OF DATA BASE STRUCTURES, Prentice-
Hall, Englewood Cliffs, N.J.,1982.
[22] Yau, A., "On Random 2-3 Trees," Acta. Information, 9(1978)

10 2


