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'~ OVERVIEW

In the twenty years since the discovery of AVL or height-balanced trees a
large literature concerning their combinatorial structure has arisen. For
example, Knuth [13] has made extensive empirical studies on insertion
algorithms on these trees. Alternative structures such as B-trees, k-
balanced trees, and weight-balanced trees have been introduced and studied.
In a modern development [22] related to AVL trees, rebalancing
transformations of B-trees under insertion have been related to Markov
processes. Brown [T ] subsequently applied the Markov concepts to a cloéed
set of subtrees of height-balanced trees known as M and N subtrees abnd
established bounds for the probability that an insertion into an arbitrary
AVL tree with n nodes would imbalance the tree. Brown's bounds were improved
by Melhorn [15] who in addition generalized the model for insertions to
include &eletions of nodes as well. In another direction, the worst-case
behavior of insertion and deletion algorithms has been studied in [13] as well
as [16].

One of the major directions of this thesis is to examine all the
combinatorial ramifications of the Markov connection for AVL trees. The

insight travels in both directions. On the one hand Markov analysis allows
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us to estimate the density of AVL trees with M M=-subtrees and N N-subtrees.
On the other, the study of m-way search trees leads us to the concept of Markov
processes with random rules and an an algebraic criterion for the stability of
a Markov process.

For an introduction to AVL trees the reader is referred to Chapter 1.
What follows here is a brief discussion of the fringe analysis of M and N
subtrees to motivate some of the results announced below.

If a leaf has another node opposite it in an AVL tree, we refer to it as
an N-subtree. If a leaf has a failure node opposite it in the tree, the leaf
and its parent are referred to as an M-subtree. 1InChapter 3 of this thesiswe
prove a number of results concerning these subtrees. For example, let
F(n,N) enumerate the number of height-balanced trees (generated with
multiplicity by insertion) with N N-subtrees. In THEOREM 3.II.1 it‘gs shown
that F(n,N) is unimodal for all n. In THEOREM 3.II.1 we relate thez M,lg,
or fringe, structure of an AVL tree to the history of its generation by
insertions. Rotations (see Chapter 1 for a definition) can be
characterized by their height, or the length of the path from the newly
inserted node to the node around which the rotation is made. THECREM 3.I.21s
used to predict the worst case, as well as the average, number of rotations of
height 2 which occur in the generation of a height-balanced tree with n nodes,
N N-subtrees, and M M-subtrees. In THEOREM 3.III.1 we generalize this result
and apply the methods back to a ¢class of urn models for aftereffect well-known
in probability theory. Again, curiously, the probability model for m-way
search trees leads us to the concept of a Markov process with random rules.

In Chapter 4 we consider the worst-case performance of insertion



algorithms on AVL trees. For example, we show in THEOREM 4.I.1 that the exact
number of rotations which occur in the generation of an AVL tree whose
inseftion sequence corresponds to the identity permutationisn- logzn -1
In addition, we enumerate subsequences of this sequence at which rotations of
height k , k < 1og,n, occur. For each node, we may associate a number, the
balance factor, which is the difference in height of the left and right
subtreeé of the node. When an insertion is made into an AVL tree balance factor
adjustments must be made to reflect the new structure of the tree. As a
byproduct of this last result, we show that the total number of balance
factor adjustments required to insert the identity permutation sequence into
an AVL tree is O(n) where the constant can be explictly computed. Next we
borrow a well known method used to prove the linearity of the time complexity
of the subroutine HEAPIFY in the algorithm HEAPSORT. In THEOREM 4.1I.2 we
apply a variation of the proof to show that the number of balance factor
adjustments for AVL trees generated by a large class of permutations is
linear in n, the number of nodes in the tree.

Let F(k) enumerate the number of distinct AVL trees of height k.
Then, as will be shown, F(k) = F(k-1)2 + 2%F(k-1)*F(k-2). In Chapter 5
we repeatedly exploit this relation to prove probabilistic results about
rotations on AVL trees of height k. A failure node of an AVL tree will be
deemed rotational if an insertion at that failure node will imbalance the
tree. In lTHEOREM 5.1.2 we establish the following result: for any j greater
than some fixed positive integer k > 3, the probabilty that a random
insertion into an arbitrary failure node of an AVL tree of height J is

rotational is greater than a fixed strictly positive constant (k) times
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J=k }/,

where Y: \y—3/ . Inaddition, the following question is examined: given
an arbitrary height-balanced tree of height h, determine the probability that
the deletion of an arbitrary node will imbalance the tree (see [11], for a
discussion of deletion algorithms for AVL trees). Again, we employ infinite
product developments to establish a lower bound for this probability. Asan
application of these methods we‘extend our results to obtain probability
measures on generalized height-balanced trees called k-balanced trees. K-
belaneed trees differ from height-balanced trees in that the height
difference of subtrees of nodes is allowed to vary in absolute value by some

fixed positive integer k rather than one or zero for AVL trees.



Introduction to AVL Trees Chapter 1

A binary search tree is a finite set of nodes that is either empty or
consists of a root and two disjoint binary trees called the left and right

subtrees of the root. For example

Q,O

Figure 1.I.1

A sequence of real numbers A =<}]}Q§1 ...};G/' defines a binary tree

T(A) as follows: if n=0, T(A) is the empty tree; 4f n> 1, T(A) consists of



the root node containinsc¥?, a left subtree, T(4;) and right subtree T(Ap)

where

1? 12’ ey 1J
is the subsequence of A consisting of all elements < 11 and

AR =°/k1,.of2, -oo,a/km

is the subsequence of A consisting of all elements >Q/’1/: For example, the

tree in Figure 1.I.1 is defined by the sequence

A = ?6,2,1,9.8,13,11}

Large key-ordered data sets (such as census data keyed by the Social
Security number) are often maintained as tree structures. We can think of

. the key values as residing in the nodes of the tree.

Figure 1.I.2



Note, we include boxes, or failure nodes, to symbolize the empty tree.

AVL, or height-balanced trees, have the following recursive definition:
i) the empty tree is height-balanced; ii) a non-empty binary tree is height-
balanced if and only if a) the height hL of the left subtree Ty, and the height
hp of the right subtree Tp satisfy )hL - th L 15 and b) Tp and Tp are
themselves height-balanced. The tree in Figure 1.2 is an example of a
height-balanced tree.

Height-balanced trees are useful for maintaining large key-ordered
data sets for the following reasons. i) The cost of certain fundamental
operations on these data sets such as searching for a key value in the set, and
insertion and deletion of key values from the set can be shown to be
proportional to the height of the tree. Height-balanced trees tend to
minimize the height of the tree as a function of the number of nodes in the
tree. 1ii) Height-balanced trees can easily be maintained as such under the
operations of searching, insertion, and deletion. For example, suppose we

add the number 0 to our input sequence.

A H 66,2’1,9’8’13,11’§

To insert a new key value ne proceed along a path from the root passing
to the left subtree of a node N(E’) containing the value,\@ if Y( 63 and passing
to the right if ‘() 1@ . This process terminates in an empty tree at some
leaf and the insertion of N(%{is made there. In the example, the node for 0

would be placed to the left of the node for 1.

L T R R - B I T - - . B P T T



Figure 1.I.3

Note that after the insertion, the subtree rooted by the key value 2 no
longer is height-balanced. To rebalance the tree a procedure known as a

rotation is‘required. After the rotation the tree has the following shape:

{ HAnAEE ©

‘ -

Figure 1.I1.4

A rotation is essentially a finite number of parent-child pointer
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changes, and based upon the location of the newly inserted leaf with respeet
to its nearest ancestor whose balance factor become greater than zero in
absolute value, there are a finite number of rotation types which ﬁill
always rebalance the tree. Let V'be inserted into an AVL tree and let A(Z{
be the ancestor of whose balance factor becomes greater than 1 in absolute
value . Then we have the following characterization of rotation types

LL : the node for >(/is inserted in the left subtree of the left
subtree of AeYs

LR : the node for \( 1s inserted in the right subtree of the left
subtree of A(Xi

RR : the node for \( is inserted in the right subtree of the
right subtree of A?{?

RL : the node for {l/ is inserted in the left subtree of the right subtree
of A(})

Below are a sequence of representations of these rotation types which
demonstrate that they do indeed rebalance the tree. For RR and LL rotations
the node A is the first ancestor of the newly inserted node with a non-zero
ancestor and in the case of LR and RL rotations C is the the first ancestor of
the newly inserted node with a non-zero balance factor. The cost of an
insertion then divides into two parts, the cost of search and the cost of
rebalancing. The cost of the search is proportional to the height of the tree
since the same processing ( 2 compare and a Jump down to the next node along the |
path if a match is not found ) occurs along each node of the path of search.

More will be said of the cost of rebalancing in Chapter 2,
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Historical Survey Chapter 2

In this chapter we survey some analytic and statistical results
pertaining to AVL trees as well as generalizations of and alternatives to

these data structures in database systems.

2.1 ANALYSIS OF SEARCHING COSTS

From the discussion of Chapter 1 we conclude that the worst-case
performance of search algorithms on height-balanced trees is proportional to
the height of the tree., In this section we show that the height of any AVL tree
with nnodes is 0(1ogzn) . We will also examine the implied constant which is
of interest as we wish to know how far an arbitrary height-balanced tree is

from the optimum. Here we follow [13] .

THEOREM 2.I.1 (Adelson-Vel'skii, Landis,[1]). The height of a height-

balanced tree with n nodes always lies between log,(n+1) and 1.4404#10g,(n+2) '
- 0 . 328 .

13



Proof: A binary tree of height h obviously cannot have more than 2h pailure
nodes; so n+1 < 2h, as there are n+1 failure nodes in a tree with n nodes; or
equivalently, h > 1982(11-0-1 ). In order to find the maximum value of h,
qonsider vthe problem of finding the miminum number of nodes possible in a
height-balanced tree of height h. Let T, be sucha tree of height h with the
fewest number of nodes. Then one of the subtrees of the root, say the left
subtree, has height h-1 or h=2. Sincé we wish Ty to have the minimum number of
nodes, we may assume that the left subtree of Th is Tp.1, which is minimal for
height h=1, and that the right subtree is Tp.ps Which is minimal for height
h=2. Then if N(k) counts the number of nodes ina minimal tree of height k,

N(k) satisfies the recursion

N(1) = 2
N(2) = 4
N(k) = N(k=1) + N(k-2) k> 3,
or equivalently, N(h) = F(h+2) where F(h) is the Fibonacei sequence.
Again
F(hs2) -1 = OPB*2 /5 -2

where.@ (1 +i//-/2. For a proof of this inequality see ([13],vol. 2, p.

343, and vol. 1, sec. 1.2.8).

14



To make a more refined analysis for seaching costs on height balanced
trees consider the following argument. Let Bnh be the number of height-
balanced trees of height h with n non-failure nodes. Then we compute the

generating function Bh(z) = pn=0 Bnhzn for small h from the relations:

Bo(z) = 1

By(z) = z

B,(2) = z%By(z)#(By(z) +2%By(2))

Hence

Bo(z) = 2#z2 4+ 23

33(2) = yagh o 6825 4 yazb 4 T

By(z) = 16927 + 32828 + nuwz9 o ., & gagl¥ 4 215

and in general Bp(z) has the form

Fhet1=1, Fpoo=1 Fhe1=2 h_
2 BH17 g a2 o i #Ly.1 + complicated terms + 2h‘1'22h'2 + z2 -1
4
where Ly = Fp,q + Fg.q for h > 3. The total number of height-balanced
trees with height h is By, = Bu(1) which satisfies the recurrence
Bo = 1

1

o
-
1]

Bh+1 = Bh + Z.Bh.Bh-1

15



Assume that each of the By height-balanced trees of height h is equally

likely. Then we use an argument due to Kzidan [13] to show

THEOREM 2.I.2 The average number of nodes in a height-balanced tree of

height h is
B*(1)/B (1) —— (0.70118)#2D

where B' denotes the derivative of B.

Proof: Let by, = B,'(1)/Byp(1) + 1 and let h/be the very small quantity
2%B,%B,_,%(by -b,_1)/B, . Then by = 2%, _; -“j; backsubstituting in
this formula we obtainb, =2M#(1- 72 - L/l )er =9 /20%1

%/Zh""2 4+ ... 1s extremely small for large h.

This indicates that the height of a balanced tree with n nodes is usually much

closer to logyn than 1050:51. Unfortunately, this result cannot be directly

-applied to insertion algorithms on AVL trees since the mechanism of these

algorithms seems to make some trees much more likely than others. Note that
there are T! = 5040 possible orderings in which seven orderings in which
seven keys can be inserted into a height~balanced tree and the perfectly

balanced "complete™ tree

16
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Figure 2.I.1

is obtaineq 2160 times. By contrast, the minimal tree of height 3 with seven

nodes

Figure 2.I.2

occurs only 144 times, and the similar tree

17
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occurs 216 times.

The fact that the perfectly balanced tree appears to be obtained with such
high probability - together with THEOREM 2.I.2 ~ makes it éxtremely plausible
that the average search time for a height-balanced three with nodes is about
logon + ¢ for some small constant ¢. Empirical evidence supports this

conjecture: the average number of comparisons needed to insert the n'th

element seems to be approximately logyn + .25 for large n [13].
II ANALYSIS OF REBALANCING

From the discussion of Chapter 1, we conclude that the rebalancing
procedure for insertion of a new element into an AVL tree has two cost

componants: 1) the cost of the pointer changes from the newly inserted node to

18



its first ancestor ( before the insertior) with a non-zero balance factor; and
2) the cost of the pointer changes for the subtrees rotated around that
ancestor. In this section we recount some partial analytic results due to
Brown[ 7] on the costs of rebalancing.

Define an internal (non-failure) node in a height-balanced tree to be a
fringe node if at least one of its offspring is a failure node; the set of al}
fringe nodes is called the fringe of the tree. When the non-failure nodés ‘are
removed from an AVL tree, the fringe becomes a collection of disjoint
subtrees, each one having one of the forms shown in figure 2.II.1. An M- -
subtréé ié » rboted by a fringe node whick is unbalanced, while an N-subtree is
simply a balanced fringe node. |

While the analysis in this sectiorn is performed in terms of M-3subtrees
and N-subtrees rather than directly in terms of balanced and unbalanced

fringe nodes, it is clearly possible to translate between the two views.

M-subtree

Figure 2.II.1

19



LEMMA 2.II.1 Let T be an n node height~balanced tree with M M=subtrees and

N N-subtrees where n > 0. Then

3% + 28N = n+1

Proof: Each M=-subtree has three failure nodes, and each N=subtree has two;
hence the left-hand side of the equation counts the number of failure nodes in
T. But a simple proof by induction shows thatan n-node height-~-balanced tree

has n+1 failure nodes.

LEMMA 2.1II.2 An insertion which falls into a failure node of an M-subtree

reduces the number of M=subtrees by one and increases the number of N-subtrees

by two.

Proof: By observation of Figure 2.1I.1 and the rotation diagrams of Chapter

1, section IV.

LEMMA 2.1I1.3 An insertion which falls into an failure node of an N-subtree

reduces the number of N-subtrees by one and increases the number of M-subtrees

by one.

Proof': When an insertion falls into either of the failure nodes of an N=-
subtree, the N=-subtree is transformed into an M-subtree , but rebalancing may
take place higher up the tree since the root of an N-subtree is balanced. It

remains to determine what effect rebalancing will have upon the fringe.

20



Aéain, if we refer to the rotation diagrams of Chapter 1, section IV, we
observe that rebalancing has no effect on nodes which lie outside of the
rebalanced sﬁbtree, and if the fringe of the rebalanced subtree is contained
entirely in the subtree, then we can see that rebalancing has no effect on the
fringe. We can also see that the only case in which the fringe of the
rebalanced tree is not totally contained in this subtree is the case of an RL
rotation or an LR rotation in a subtree of height 3. Fortunately, there is
only one such tree (and its mirror image) in which this case occurs. The
posaible insertions which cause a rotation are shown in Figure 2.1X.2. In
both situ.é-tions the net effect on the entire fringe is to eliminate one N-

subtree and to introduce one M-subtree,

INSERT "E"
INSERT "C"

. Figure 2.1I1.2

Now it is easy to determine the average number of M and R subtrees

generated by a random permutation of an input set of size n. Let Pn( N, M) denote

21



probability that a random height-balanced tree with n nodes contains M M-

subtrees and N N-subtrees in the fringe. If we define

-~
N(n) = 4 N*P, (N, M)

M,N

then N is just the average number of N-subtrees in the fringe of a random

height-balanced tree with n nodes. The same quantity for M is defined

analogously.
THEOREM 2.II.1 N(n) = (2/7)®(n+1) and M(n) = (1/7)%(n+1) for n > 6.

Proof: Let T be an n node AVL tree with M M-subtrees and N N=subtrees in the
fringe for some n > 0. Then by LEMMAs 2,II.2 and 2.II.3 the next
insertion into T changes the number of N-subtrees to N-1 or N+2 depending on
whether the insertion falls into an N-subtree or an M-subtree. For a random
insertion into T (that is, all failure nodes are equally likely candidates for
the new insertion), these events occur with probabilities 2#N/(n+1) and
38M/(n+1) = ((n+1) = 2%*N)/(n+1) respectively so

N(n) = ‘;j;— P (N,M)®((2%N/(n+1)) #(N-1) +

M,N
(1-(2#N)/(n+1)) #(N+2))
—
) Pn(N,M)'(N-(G’N/(n+1)) + 2)
—
M,N

22



(1 = 6/(n+1))™N(n) + 2.

A proof by induction shows that N(1) = 1andN(n) = (2/7)%(n+1) for n>

" 6.

This theorem allows us to confirm the accuracy of some empirical results
on random height~balanced tree given by Knuth [13]. In section 3,6.2.3, Table
1., it is given that the probability that a random insertion into a large
random height-balanced tree falls into an M-subtree and causes either 1) no
rebalancing, 2) an LL or RR rotation or 3) an LR or RL rotation is
appproximately .144 1ineach case. The following corollary shows that 1/7 is

the exact formula for every insertion after the sixth.

CORCLLARY 2.II.1 The probability that a random insertion into a random

height-balanced tree of size n falls into an M-subtree is 3/7 for n > 6.

Proof: Since an M-subtree has three faillure nodes, the probability is

< <

3/(n+1)%(/ M¥P_ (N, M) = (3/(n+1))'ZM'Pn(N,M))
M, N M,N

(3/(n+1))™M(n) = 3/7

forn > 6 by THEOREM 2.II.1

23
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ITI ALTERNATIVES TO HEIGHT-BALANCED TREES

In the wake of the Adelson Velskii-Landis paper [1] other classes of
binary trees have been suggested as data structures for FIND-ADD-DELETE
operations which like AVL trees require at most logarithmic time. C.C.
Foster [10] has suggested generalized height-balanced trees which arise when
we allow the difference of subtrees to vary by as much as some fixed positive
integer k (see Chapter 5.III for an analysis of k-balanced trees).

Weight-‘balanced trees have been studied by J. Nievergelt, E.
Reingold, and C.K. Wong [18]. Instead of considering the the height of binary

trees, they require that the subtrees rooted by all nodes of the tree satisfy

Do, of nodes in left subtree
‘{f- 1 < no. of nodes in right subtree < \/—{: 1

The weight-balance of a tree can be maintained under insertion using the
rotations for rebalancing height-balanced tree, but after a single insertion
the number of rotations required to rebalance the tree may be as many as
logo(n) where n is the number of nodes in the tree.

The tree search methods discussed so far were developed primarily for
searching a computer file maintained entirely within a computer's high speed
main memory. When the file is maintained on an external storage device such
as a disk, the cost of the disk access during the search procedure becomes

important.

24



If one disk access per node of the height-balanced tree were required
during the search process and each disk access took an average of .25 seconds,
then the seach procedure for large data sets could become very time consuming.
An alternative tree structure for large data sets which minimizes the number
of disk accesses in the search process was discovered in 1970 by R. Bayer and
E. MeCreight [6]. Their data structure, called a B-~tree of order m,

satisfies the following properties.

i) Every node has < m sons.

ii) Every node, except for the root and leaves, has > m/2 leaves.
iii) The root has at least 2 sons (unless it is a leaf).

iv) All leaves appear on the same level.

v) A non-leaf node with k sons contains k-1 key=-variables

values.

Below is an example of a B-tree of order 3.

[

Figure 2.III.1

25



A node which contains jJ keys and J+1 pointers can be represented as

\

PO’K1’P1,K2’.¢-’ PJ-1’KJ’PJ 1)

Figure 1.III.2

where K4 < Ky < ...« KJ and P points to the subtree for keys between Kj and
Kk+1’ k=0, «..yJ. Then searching a B-tree is quite straightforward. After
node 1) has been fetched into main memory from the disk, the algorithm
searches for the given argument among the keys K1, K2, ceey Kj' Sequential
rather than binary search would be appropriate for small j. If the key value
being searched lies in the set K,, Ky eoey Kjv the search procedure
terminates, Otherwise, the key value in question lies between some K, and
Kr+1 and we procede to search the keys of the subtree to which P, points.

If we wish to insert a new item into a B-~tree of order m, where all the
leaves are at level q, we insert the next key J into the appropriate node at
level q=1. If the node now contains m keys so that it has the form 1) with j=m,
an attempt is made to displace J in the parent node of its node via the
following method: an attempt is made first to move J into its parent node at
the appropriate position and to move the key Mi immediately at its left (if it
exists) to the rightmost key position in the root of the subtree to which My
originally pointed. If that node is full a similar attempt is made to move J
into the parent node moving M;j,q into the root of the subtree to which it
points. If neither of these transfers is feasible the node N containing J

splits into N and N!
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and the key J is inserted into the father of the original node. Note the
pointer P:I. +1 in the father node is replaced by the sequence Pis1r p? i+1? where
Py ,q points to the split node N and P'; +1 points to N'. With this change the
father of the original node may itself obtain too many keys. In this event it
must split in the same fashion its offspring split. The splitting and re-
insertion process may continue all the way up to the root of the tree. If the
root becomes full in this process, the algorithm splits it and creates a new
root with the single key value V, (see [11], pp. 496~510, for an 11lustration
of this phenomenon). For a discussion of deletion procedures for B-trees see
(111, pp. 511-51T.

The worst case performance of search algorithms for B-trees involves a
simple analysis. Suppose that there are N keys and the N+1 leaves appear at
level q. Then the number of nodes on levels 1,2,3, ... is vat least 2’\‘:2%/2'1’

i .|
2#(m/2)2 , ...; hence

N+1 > r_2*(m/2)a

or equivalently

[t 7
q < logy,s(N+1)/2)

Now we estimate the average number of splittings required to insert n keys

27

D R T - a et e e e e s PR P - w B R L T TSR



into a B-tree of order m. If there are p nodes then there are at least (E/él -

1)(p=1) keys; hence

- )
p < f—111/2"“‘-- 1
Then the average number of times splitting is required is less than 1/ ('5/5‘-1)

per insertion.
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CHAPTER 3 FRINGE ANALYSIS

In this chapter we examine many of the combinatorial implications of
fringe analysis for AVL trees. For example we show that the fringe
distribution function is unimodal. Furthermore we estimate and obtain
recursive formulae for sums of the type Po(N, M) ®*P(N,M) where P(N,M) is a

polynomial in N and M
I Cumulative Analysis of Fringe Sets

It is possible to relate fringe analysis f'or algorithms on AVL trees toa
cumulative analysis of algorithms on these data structures. That is, given an
arbitrary height-balanced tree with n nodes and N N-subtrees and M M-subtrees
generated by a sequence of random insertions into an initially empty tree,
determine bounds for the maximal number of rotations (of special types) which
could posssibly have arisen in the generation of the tree. We will
characterize a rotation as being of height k, if the path, after the insertion
but before the rotation, of the ﬁewly inserted node to its first ancestor with

a non=-zero balance factor is of length k.
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THEOREM 3.I.1 Given a height-balanced tree T with M M-subtrees and N N-
subtrees at most N+M rotations of height 2 could have occurred in the
generation of the tree and at most N + 2%M rotations of height 3 or greater

could have occurred.
REMARK. This last bound is nontrivial since by LEMMA2.II.1 3%M+ 28N = n+1.

Proof: By LEMMA 2.II.2 an insertion which lands in an M-subtree increases
the number of N~subtrees by 2 and decreases the number of M-subtrees by 1.
Call this an M~insertion. By LEMMA 2.II.3 an insertion which lands in an N-
subtree increases the number of M-subtrees by 1 and decreases the number of N-
subtrees by 1. Call this an N-insertion. Inspection of the rotation diagrams
in Chapter 1 shows that a rotation of height 2 can be the consequence of an M-
insertion only. Let MI count the number of M=insertions in the generation of
the tree ( in this case the number of N-subtrees increases) and let NI count
the number of N-insertions (in this case the number of M-subtrees increases)
Assume that every M-insertion causes a rotation of height 2. Then NI counts
the number of rotations of height 2. By the discussion above we have the

following relations

2%MI - NI

[1}
=

and

NI - MI

]
=
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Substituting for MI in the first equation we obtain

MI -M

"
=

or equivalently

MI N+M

Now assume that every N-insertion generates a rotation of height 3 or greater.
Then the same equations give a bound for the maximal number of rotations of

height 3 or greater.

NI = 2% + N
This proves the following
COROLLARY 3.I.1 The maximal number of rotations of height 2 which can arise in
the generation of a height-balanced tree with n nodes is less than (n+1)/2 and
the maximal number of rotations of height 3 or greater which can occur is less
than 2%(n+1)/3.
Proof:By LEMMA 2.II.1 we have the relation 2%N + 3#M = n+1. Hence we maximize

the expression N+M in THEOREM 3.I.1 by taking M=0 and we maximize the

expression N + 2#M by taking N = 0.
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Suppose a sequence of insertions generates a height-balanced treewithn
nodes, N N-subtrees and M M-subtrees. Assume further that at any stage of the
insertion process the failure nodes of the current tree are equally likely to
be the location of the next insertion. In particular, if the new element is
to be inserted into an M-suﬁtree, it is twice as likely that the insertionwill
force a rotation of height 2 than that it will cause a no rotation at all (note
that there are two failure nodes in the Italler of the subtrees of an M-subtree
and there is one failure node in the shorter of the subtrees). From the
previous formulae we know that in the generation of a height-balanced tree
with N N=subtrees and M M=subtrees N + M of the insertions generation T landed
inM=-subtrees. This fact coupled with our probability assumptions allows us
to obtain explicit formulae for the expected number of rotations of height 2

oceurring in the generation of T.

THEOREM 3.I.2 Let T be a height~balanced tree with n nodes N N-subtrees, and
M M-subtrees. Then the expected number of rotations of height 2 which would

take place in the generation of T is (2/3)®(N+M).

Proof: The function
N+M
b(k,N+M,2/3) = k / #(2/3)kw(1/3)N+M-k
for k = 0,1, «.., N+M

0 otherwise.
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is the probability mass function in question. Then if we follow [19], p.208,

its mean is given by

N+M N+M
<:’* : N+M
/ k#*p(k) = / k k n(2/3)ka(1/3)N+M-k
- ——
k=0 k=0
N+M
N+M-1
= k-1 /% (2/73)k~18(1/3) (N+M=1)=(k-1)
_—~
k=0
= (M) #(2/3)%(2/3 + 1/FMT = (2/3)8(NeM)

THE FRINGE DISTRIBUTION FUNCTION II

Now consider the following probabilistic question:for Mand N such that
3" + 2®N = n+1, what is the probability that n insertions made into an
initially empty height~-balanced tree will generate a tree with M M-subtrees
and N N-subtrees? This is the density function Py(N,M) Brown uses to establish
the densities of M- and N-subtrees in treeswith nnodes. 1In this sectionwe

shall establish that its distribution is unimodal.
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For the first result the following LEMMA is required.

LEMMA 3.II.1 The function P, (N,M) described above satifies the following

relations:
Pn(o,o) = 0
Pn(0,1) = 1
P (1,0) = 2
Pn(N,M) = 2'((N+1)'Pn(N+1,M-1) + 3'(M-|-1)'Pn(N-2,M+1))/(n+1)

M>1, N>2

3%*P, (N=2,M+1)#3(M+1)/(n+1) N > 2, M= 0

2%P, (N+1,M=1) #2%(N+1)/(n+1) N = 0,1 M > 1

Proof: Given an arbitrary height-balanced tree with n nodes generated by
insertions, the n*th insertion had one of two outcomes: i) the number of N-
subtrees increased by two and the number of M-subtrees decreased by one (the
insertion landed in an M-subtree) ; or ii) the number of N-subtrees
decreased by one and the number of M-subtrees increased by one (the insertion
landed in an N-subtree). For case 1) N> 2, M > 1, the term 3%(M+1)#P,(N-
2,M+1) counts the number of distinet insertion sequences which could have

generated a predecessor tree with n-1 nodes, N-2 N-subtrees and M+1 M-
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subtrees. Note the factor M+1 derives from the possible candidate M=
subtrees for the n-insertion and the factor 3 reflects the fact that an
insertion landing in any of the tree failure nodes of an M-subtrees will
transform it into two N-subtrees. For case ii), N > 2, M > 1, the term
2'(N+1)*Pn( N+1,M=1)/(n+1) counts the density of sequences which could have
generated a predecessor tree with N+1 N-subtrees and M-1 M=subtrees times the
number of ways (2%(N+1)) the n'th insertion could land in an N-subtree and
generate an M-subtree. The border condition formula (M=0) follows from the
observation that a tree with no M-subtrees could only have been generated by
an n'th insertion landing in the sole M-subtree of 1ts predecessor tree in
the insertion sequence. Similarly, the border condition (N = 0,1) follows
from the observation that a height-balanced tree with 0 or 1 n-subtrees could
only have been generated by ann'th insertion landing in an N-subtree of a tree

with either two (N = 1) or one (N = 0) N-subtrees.

Let F(N,n) equal Pn( N,M) over all permissable values of N and M for fixed

n. Now we can prove the following

35



PERMISSIBLE VALUES OF N

n k mod 6 N=...

0 2y, 5, 8, ..oy (n=2)72

1 1, 4, Ty ec.p, (n+1=6)/2
2 0, 35 6y «cey (N=2)/2
3 2, 5, 8, «eey (n+1=6)/2
4 1, 4, 6, «cey (n=2)/2
5 0, 3, 6, «cey (n+1=6)/2

Table 3.II.1

THEOREM 3.II.2 For alln)> 0, functionF(n,N) over permissable N is unimodal.

Proof: For each of the congruence classes the initial sequence for F(n,N) is

given below
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n F(n,N)®*n = ...

1 1

2 2

3 6

y 24
5 48,72
6 720

Table 3.II.2

The Figure serves as a basis for a proof by induction on n. For the
induction step, we assume that for n > 6 , the sequence is unimodal. Then we
construct amap M : F(n,N)—>F(n+1,N) which preserves the unimodality of
F(n,N). To facilitate the proof we will demonstrate the unimodality of
sequences F(n,N) which differ from F(n,N) by the presence of single zeroes
attached at the beginning or the end of the sequence depending on the residue
of n mod 6.

By the induction hypothesis for some n > 6, the sequence F(n,N) is
unimodal. Let F(n+1,k) be the k'th member of the sequence F(n+1,N). Then by

LEMMA 3.1II.1

F(n+1,k) = (F(n,k+1)%(2% + 2) + F(n,k=-1)%(n =1 ~ 2%k))/(n+1)

for 0<k<n
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F(n,1)#*2/(n+1)

for k=0

F(n,(n=1)/2)*(n=-1)/(n+1)

for k=n

Then we can write.
F(n+l,k) = €Y *F(n,k+1) +ﬁ *F(n, k)

where Q"fB = 1. Then F(n+1,k) 1lies between the values of F(n,k+1) and
F(n,k=1) as it is a convex combination of their values. By the induction
hypothesis, the sequence F(n,k) is unimodal; hence the sequence F(n+1,k) is
also unimodal. Note that an extra zero must be appended either to the
beginning or to the end of the derived series for F(n+1,k) as one of the zeroes
will be lost in the transition.

Curiously, the fringe analysis model for height-balanced trees
corresponds to a specific case of a class of urn models for aftereffect well-
known in probability theory. ‘From [9], we have the following description of
these models: "Consider an industrial plant liable to accidents. The
occurrence of an accldent might be pictured as the result of a superhuman game
of chance: Fate has in store an urn containing red and black balls; at
regular time intervals a ball is drawn at random, a red ball signifying an
accident. If the chance of an accident remains constant in time, the

composition of the urn is always the same. But it is conceivable that each
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accident has an aftereffect in that it elther increases or decreases the
chance of a new accident. This corresponds to an urn whose composition
changes according to certain rules that depend upon the outcome of successive
drawings."

Many of the cases are covered by the following model: an urn contains b
black balls and r red balls. A ball is drawn at random. It isreplaced. If it
is red then ¢4 red balls are added and dq black balls are added. If it is
black, then d, black balls are added and ¢, red balls are added. Note that cq»
¢y, dq, and d, are arbitrary integers and may be chosen negative. In terms of
Brown's fringe analy=sis model the faillure nodeé of M=subtrees would
correspond to red balls and the failure nodes of N-subtrees would correspond

to black balls.
III FRINGE POLYNOMIALS

In his fringe analysis for height=-balanced trees Brown obtains

explicit formulae for expressions of the form

{ P, (M, N)*N

M, N

7 P, (M, N)#M

\
M, N

where P,(M,N) is the density of height-balanced trees with n nodes
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containing M M-subtrees and N N-subtrees. 1In this section we indicate a

method to evaluate sums of the form

where } is a polynomial M and N. As an illustration of the method we will

prove the following

THEOREM 3.III.1 an(n,u)nz > (4/49)%(n+1)2,
N,M

Proof: The variance of N is

? P(N,M)#(N-N(n))2

N, M

We can expand it as

z.Pn(N,M)'NZ‘ +;_ P (N,M)®N(n)2  + =2( ZPn(N,M)*N'N(n))
N, M

N,M N,M
By THEOREM 2.II.1 N(n) = (2/7)%(n+1) andan(N,M) = 1 so the second
term equals (4/49)%(n+1)2. Applying the same result we obtain that the third

sum equals ~4#((n+1)/7)% ZPH(N,M)'N)) = -8%(n+1)2/49. But the variance

must be positive so

ZP,,(N,M)*NZ > (4/49)%(n+1)2
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THEOREM 3.III.2 Let

<

2w =/ Ema?
/[
M, N

<
M2(n) =/ Py (M, N) #42

—

M, N
and
—
NM(n) =/ P, (M,N) *N*M

-
“M,N

Then

N2(n+1) = 3"N2(n) + (16/T)*n * 12%NM(n)
where NM(n) can itself be expressed as linear combinations of N2(n-1), M2(n-
1), NM(n-1) and n.

Proof: Let T be an arbitrary height-balanced tree with N N-subtrees and M M-

subtrees. Then the coefficient of T in 2 Pn(l“l,N)'N2 is N2. Suppose the
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n+1'st insertion into T lands 1n an N=subtree. Then the coefficient of the
image T' of T under this insertion map is ( N-1)2. There are n+1 ways this can
occur. If the n+1'st insertion lands inan M-subtree the coefficient of T! is

(N+2)2, Then

N2(n+1) 7 P (N,M)#(3#M#(N+2)2/(n+1) )+(2¥N#(N=1)2)/(n+1))

—~
M,N
< <
=/ Py (N, M) ((39M429N) N2/ (1 1)+128/ Py (N, M) #MON/ (ns1)
e, ——
N M, N
< <
- 40/ BN, M)/ (ns1) + 128/ Py(N, M)/ (ne1)
—
M, N M,N
S
+ 28 : Pp(N, M) #N/(n+1)
M, N "

= N2(n) + 12"MN/(n+1) - 4N2(n)/(n+1) + 16/T

if we use THEOREM 2.II.1 to evaluate the expressions for Pp(M,N)#N and

P (M,N)#M. We also have a recursive formula for NM(n).

/’
NM(n+1 )7\Pn(n,n)u(3m*(mz)-(u-1 )/ (1) +29N%(N=1) #(Ms1)/ (ne1)
——— .

M,N
X <
=/ BN, M)8% +/ Po(N,M)*6%M /(n+1)
T~ —
M,N M,N
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< <
-5%_/ P (N,M)*N#M/(n+1) = 6%/ P (N,M)#M2/(n+1)

N,M N,M |
-2 ?Pn(N,M)'N/(n-H) + 2/ P, (N,M)N2/(n+1)
N’M N’M

= NM(n) + 6%M2(n)/(n+1) =5%NM(n)/(n+1)

+ 28§2(2)/(n+1) - =10/7

—
i b~
Note the constant -10/7 follows from the terms =6 / P,(N,M)*M/(n+1)

—
= =(6/7)%(n+1)/(n+1) and -2\_/_ Po(N,M)®N/(n+1) = (4/7)%(n+1)/(n+1). A

similar derivation gives the following recursive formula for Mz(n).

M2(n+1) = M2(n) + 4¥NM(n)/(n+1) - 6%M2(n)/(n+1) + 1

Iv DOUBLE AVERAGING FRINGE ANALYSIS

In section 3.I the expected number of rotations (2/3)¥(N+M) of height 2

occuring in the generation of a height-balanced tree with n nodes , N N-
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subtrees, and M M=subtrees was calculated. Suppose now we wish to obtain the

expected number of rotations over all AVL trees with n nodes.

THEOREM 3.IV.1 The expected number of rotations of height two occuring in the

. generation of an AVL tree with n nodes is (2/7)>'(n+1)

Proof: Let Tn(N,M) enumerate AVL trees with N N-subtrees and M M=subtrees and
let T(n) count all AVL trees with n nodes. Then the average number of rotations
of height 2 occurring in the generation of trees with n nodes is
<
(_/__Tn(N,M)'(2/3)'(N+M))/T(n)
N,M
<
(2/3)'(‘_/\ Pp (N, M) (N+M))
N,M

as TdN,M)(//T(_x::) = Pp(N,M). By THEOREM 2.II.1 and COROLLARY 2.II.1 the
expressionLPn( N,M)#*(N+M)=(3/T7)#*(n+1). Reducing the fraction we obtain
the result. .

We can extend this averaging method to a general Markov model with
certain restrictions on its rules of transition.

Let O / be an urn model for aftereffect containing balls of colors b‘l ’
byy eesy bg. For each i, i= 1, ..., k, when a ball of color by is chosen from
theCurn the following transitions occur: if a ball of color b:l. is chosen ny4

balls of color b; are added to the urn, nj, balls of color b, are chosen, ...,
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<
and ny) balls of color by are added for i= 1, ..., k. Furthermore,[\ njy = k

for all j= 1, ..., k. Let the matrix [aijJ represent the transitions in the
composition of rz / under the various selections of balls. Let N4 (n) represent
the average number of balls of color bi in urn compostions generated by
insertions from an initial state S. Assume, again, that there exist real
constants ¢y, ¢p, ..., ¢ such that for some r, N(r) =c,*n, r=1, ...,k and the

vector (Cq,Coy «esy cy) 1s an eigenvector with eigenvalue unity of the matrix

(aj5/k]. Then we have the following result.

THEOREM 3.1IV.2 Let q be defined as above with initial state S, IS! = k. Then
exist constants ¢4, ¢,, ...,¢y Such that for any n greater than some fixed

integer r, Nj(n) = ci*n.

Proof: Let Pp(Nq,Np, ...,Ny) denote the density of urns with compositions
consisting of N balls of color bq, N balls of color by, ..., and Ny balls of

color 0. Then

-
~ .
Ni(n+1) =ZZ__ Pn(N1,N2,...,Nk)'NJ'(Ni + aij)/k'n

J

= ; ; Pn(N1’N2"°"Nk)'Ni'( NJ)/k'n
J

+: ; Pn(N1’N2' -oc,Nk).aiJ'Ni/k.n

J

= Ni(n) +§:aiJNJ(n)/k'n
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By the induction hypothesis, Ny(n) = cj(n), i = 1,...,k, and the vector
(01,e2, ...,c_:k) is an elgenvector of [aij/k]' with eigenvalue 1. Hence the
summation 3 -aiJNJ(n)/k*n = c¢4. This impliés Ny(n+1) = ci'(n+1), i-=

1 goesny ko
V FRINGE ANALYSIS FOR RANDOM BINARY TREES

It is possible to apply the methods of fringe analysis for AVL trees to
random binary trees (see Overview for an introduction to random binary
trees). Failure nodes of leaves of random binary trees will be referred to as
leaf failure nodes and failure nodes of interior nodes will be referred to as
interior failure nodes. Let P,(L,I) represent the density of random binary
trees (generated with multiplicity) containing exactly L leaf failure nodes
and I interior failure nodes. Let L(n) represent the average density of leaf
failure nodes over all trees wil n nodes and let I(n) represent the average
density of interior failure nodes over all trees with n nodes. When a new
insertion lands in a leaf failure node there is a net increase of one interior
failure node in the tree; when a new insertion lands in in an interior failure
node there is a net loss of one interior failure node and a net increase of two

leaf failure nodes. Then I(n) =

Z Pp(L,I)*I

L,I
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and
I(n+1) ; Pn(L,I)'((I-1)'I/N)+((I+1)'L/N))

L,I
= I(n) - I(n)/n +L(n)/n
Taking the case n = 2 as a basis (where the density of interior failure nodes is
1/3), we can prove via induction that the solution to the above recurrence
is 1/3%(n+1).
THEOREM 3.V.1 The average density of interior failure nodes in random binary

trees is (1/3)%*(n+1) for n > 2.

Note that there is a one-one correspondence between interior failure nodes
and unbalanced hodes in random binary trees. This allows us to establish the

following

COROLLARY. 3.V.1 The average number of unbalanced nodes in a random binary

tree with n nodes is greater than (1/3)%(n+1).

REMARK. It is possible to apply the cumulative fringe analysis of section3.I
and 3.IV to the fringe model for random binary trees and obtain similar

results.

The fringe model for random binary trees can be extended to larger

classes of subtrees than those described above. Let isl: ; be the set of

subtrees of random binary trees split from the tree below the first ancestor

rooting a subtree of height greater that some fixed integer k. If no such
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ancestor exists an imaginary ancestor of the root with an imaginary subtree of
height k opposite the subtree in question will serve to determine the class.
We claim that such classes of subtrees are closed under insertion. To observe
this note that an insertion into a subtree class member will have one of two of
the following effects: the insertion will send a tree of one class into a
subtree of another class; or it will split a subtree of a certain class into
two subtrees of the original each having its own classification. The latter
phenomenon occurs when an insertion lands in a subtree of height k and
increases its height to k+1.

Let Ny(n) , v=1, ..., J be the average density of the subtree class {Tkj

Then Ny(n) satisfies the following relation

e

~

Nv(n) =LNV.PDCN1’N2’ csey NJ)

where P, (N4,N,, ..., NJ) is the density of random binary trees of size nwith
N, subtrees of class §Tk5 N, subtrees of class g TkS «++y and N4 subtrees of
classZTkJ‘S. Since we can generate all random binary trees of size n+1 by
considering the trees generated by all possible insertions at the failure
nodes of binary trees of size n, we can analyze the impact of such insertions
on the right side of the above equation.

Suppose QTKS‘S a subtree class representative such that an insertion
into a tree of size nlands in {Tkp Let Cpq count the net change in the number
of subtrees of class qu yA=1, ¢eey J, over insertions landing in any of the
possible failure nodes of Tkp weighted by the density of the failure nodes in

Ty which effect the same transition. Then
p
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<<
N (n+1) = E Pp(NysNoyeee, Ny )®(Ny+ /' 0g,®Ny/(041)
<
= : Pn(N1,N2, cs oy NJ).NV +

('
Z Pn(N1,N2, . ..,Nk)*(LNi’civ/(nﬂ))

= Nyn) + ? cyy™*N;(n)/(n+1)

The recursion form suggests that possibly the Ny(n) each equal d,(n) for some
fixed constants Z dg and a computer program would have to be used to come up
with a set of canditates. At the least the formula above provides a

computational method for computing the N,(n) which is linear in n%j.
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WORST CASE ANALYSIS CHAPTER 4

In this chapter we make a number of worst-case analyses of insertion and
deletion algorithms on AVL trees and other balanced tree structures. With
certain constraints on the class of AVL trees to be considered, we can for
instance obtain non-trivial bounds on the number of balance factor
adjustments required to generate a tree of the class. For specific
permutation sequences such as the identity permutation an exact formula for
the number of rotations required to insert this sequence into an AVL tree is
obtained. Exact formula for the number of rotations of height k for such
sequences are also derived. Finally, we adduce formulae for the number of
balance factor adjustments required for insertion sequences and general

bounds are given.

I THE IDENTITY PERMUTATION

N

THEOREM. 4.I,1 The number of rotations required to insert n elements q? ’

Qz/, pesey q(corre.‘zponding to the identity permutation, i.e.q"'i <qf LGP 4
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n» into a height-balanced tree is

n-rlogzn-'- 1, for n > 1

The result follows form the following three LEMMAs. 1In the proofs, a

leaf L of a height-balanced tree will be referred to as dominant if for each of

the trees T(AJ) rooted by ancestors { AJEOf depth j , 3 > 1, of L, liesina

subtree of T(AJ) of height j = 1.

LEMMA 4.I.1 For the input sequence qq, e n corresponding to the

o
identity permutation, the node containing , 1s always a leaf.
Proof: If the insertion of the node of On/ requires no rebalancing, then

there is nothing to prove. If a rotation occurs, we may conclude from an

examination of the rotation diagrams on pp. 10=12 that after a rebalancing,

the leaf containing &5 remains a leaf.

LEMMA 4.I.2 Given the input sequence q1/,02/, ceey on corresponding to the

identity permutation, the leaf of 4’,1/ is always dominant.
Proof: by induction for n > 2.

Basis step: we begin with a tree consisting of a single node containing : 1+
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When '2 is inserted to the right, we note that it lies in the taller of the

subtrees of the root i.e., it is dominant,

Induction step: for n) 3 we consider the effect of the insertion ot‘"{in the
cases i) where no rotation occurs, and ii) where a rotation does occur. We
know by LEMMA 4.I.1 that O‘ﬁs a leaf. Now assume by the induction hypothesis
that O,flﬂ:l.s dominant. If the insertion of 0'11{1 requires no rebalancing and
°/n is dominant thenQ'n/liiﬁst initiate a zero path.(i.e. before the insertion
of on/_,,1 all the ancestors of the node containing qn/‘had balance factors
identically zero). Then On/.,,1 must lie in the taller of the subtrees of all
trees rooted by its ancestors. Hence the dominance property extends to
identity sequences of size n+1 where the insertion of %1 corresponds to
case 1). For case ii) we note that if a rotation occurs it must always be of
type RR (see the rotation diagrams on pp. 10=12 for a description of RR
rotations). This must be the case since 011{1 is inserted into the right
subtrees of all trees rooted by its ancestors. If we observe the diagram for
the RR rotation, we note that by the induction hypothesis the insertion of

n+1 Makes its leaf dominant in Br. After the rotation the new root B of

Qn_ﬂ has balance factor zero. Since the remainder of the tree is not

disturbed by the rotation, we conclude that the leaf of qn/” is dominant with

respect to the trees rooted by all its ancestors.

LEMMA 4.I.3 Given the height-balanced tree constructed by the identity

permutation sequence for n > 3, the set of all left subtrees of nodes along the
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path from the leaf containing n+] O the root are conplete binary trees.
Proof: by induction for n > 3.
Basis: by observation for n = 3.

Induction step: Assume the LEMMA true for some n > 3. If we insert n+1
and no rotation occurs, then certainly the property is preserved. Suppose
now a rotation occurs after the insertion of anp Here we follow the
notation for the RR diagram on pp. 10=12, By the induction hypothesis, the
subtree B;, of the right subtree of A is a complete binary tree. Within By
the left subtrees of subtrees containing onf1 remain complete after its
insertion. We note also that by the induction hypothesis, the subtrees AL
and By are complete and hence after the rotation the tree rooted by A with
subtrees A; and B;, is complete as well. Finally, we observe that the
rotation leaves the rest of the tree undisturbed and hence the left subtrees
of all trees rooted by ancestors of Q‘n{” remain complete.

Then from LEMMA 4.I.2, we conclude that a rotation can fail to take place
if and only if the leaf of On{1 initiates zero path. But if this is the case,
by LEMMA 4.I.3, all the left subtrees of this tree must be complete and hence
the entire tree is complete. A binary tree canonly be complete forn-= L 1,
k > 1, and by a simple application of LEMMA 4.I.3, we can show that the identity
permutation sequence of size n constructs all complete binary trees of height

a——

I ~ ( 7
< logon = 1. Hence the formula n - logyn = 1.
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We can characterize rotations by the distance from the newly inserted
node to its first ancestor with a non-zero balance factor. This distance will
be referred to of the height of the rotation. Now we may adapt the machinery
of the previous LEMMA's and THEOREM 4.I.1 to give explicit formulae for those
i < n in the identity permutation sequence at which a rotation of height k <

logon - 1 occurs.

THEOREM 4.I.2 For the sequences

2k-1 k> 1

n
kq

nkJ' me,_y * 2k Iy

and nkJ < n, the insertion of the nkJ'th element of the identity
permutation sequence causes a rotation of height k+1.
Proof: by inductionon k > 1, J > 1.

Basis step: k=1, j=1. We observe the RR-rotation diagrams for n= 3 to see

that a rotation of height 2 occurs.

Induction step: k=1, J > 1. We must show that rotations of height 2 occur

precisely at the odd integers > 3. Suppose j > 3is odd. Then J~1 is even and
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by the induction hypothesis either 1) a rotation of height > 2 occurred at
the j=1'st insertion or ii) norotation occurred at all. Situationii) could
only have occurred, by THEOREM 4.I.1, if the j=1'st insertion were made into

the complete binary tree leaving the setup of Figure 4.I.1

Figure 2.I.1
Then the rightmost leaf has no left sibling in this situation and the
insertion of the j'th element to the far right necessitates a rotation of
height 2. For case i) we note by an exmination of the RR-rotation diagram
that the rightmost leaf in subtree B has again no left sibling and hence the
insertion of a new leaf to the right of it will cause a rotation of height 2.
Basis step: k>1,J=1. We must prove that for k > 1 that at the o 'st (2K + 2k-1)

insertion the tree in question has the shape

Figure §.I.2
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where E is complete of héight k-2, F less P is complete of height k-1 and the
insertion of P causes a rotation of height k+1. By LEMMA 4.I.3 E is complete.
It must be of height at least k=2 as otherwise F would contain too many nodes to
maintain balance at G. Then E must contain either 2K-1 nodes or 2K~1-1 nodes. A
Suppose E contains 2k=1 _ 1 nodes. By LEMMA 4.I.3 the subtrees opposite the

parent P are complete and number including the parent of P

Then since F must have 2k=1 _ 1 nodes q must equal k-2. But by LEMMA 4.I.2 the
parent of P had to be dominant in the tree after its insertion and clearly if
the height of F were k-2 this could not be the case. Hence E must be complete of
height k-2, F minus P must be complete of height k=1 and the insertion of P

causes a rotation of height k+1.
Proof': by induction j>1, k>1,. Suppose for some J > 1 a rotation of height k>1

occurs in the manner described in the previous step J=1. The after the

insertion the rightmost subtree of height k has the shape
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k-2

Figure 4.I.3

where E is complete of height k-1 and F minus p is complete of height k=2 and F
including P is of height k-1. A simple proof by induction on k shows that after

21"1 « 1 additional insertions the subtree has the shape:

F
E complete E
k-1 B Z

L4 ey

F F complete

k-1

Figure 4.I.4

Whether or not the next insertion causes a rotation up the tree beyond H
or not, F, the rightmost subtree of height k, will have the shape:
F less g complete

E complete F

k-1

Figure 4.I.5 T
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After 2k=1_ 1 additional insertions Fp becomes complete of height k-1 and we

have the following setup:

F1 complete Fo complete

T

k-2 k-1

Figure 3.I.6

The next insertion, the nl“1 1'31:, will cause a rotation of height k+1.
&

We note that whenever a rotation occurs the balance factors along the
path from the newly inserted node to its first ancestor which, before
insertion, held a non-zero balance factor. In addition a maximum of three
additionai balance factor adjustments may occur ﬁround that ancestor during
the rotation process (see the rof:ation diagrams on pp.10-12). The result
Just proved allows us to obtain an explicit formula for the number of balance
factor adjustments required to insert the identity permutation into a height-

balanced tree. The formula is linear in the size of the sequence.
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THEOREM 4.I.3 The number of balance factor adjustments required to insert n

elements corresponding to the identity permutation-ini;b a height-balanced

tree is
'ﬂlasz(n)_r Clogp(n)
n*(k=1) <
2k - (k"1 ) + / i+1
- .
k=2 i=0
+n -rlogz(n;‘- 1

<c*n for some fixed effectively computable constant ¢ independent of n

Proof': we account for each term ( (n/2X)#(k-1) -(k-1)from the formulae for the
Sequences nkj at which a rotation of height k+1 occurs . We' account for the
second summation by noting that at indices 1,2, ..., 2J no rotation occurs
but nevertheless J balance factor adjustments are made. If we follow the
notation of the diagram for the RR-rotation on p.12, we may account for the
last term by noting that every time a rotation occurs node A is shifted down
the tree and its balance factor changes. To get the linear inequality we

observe that the second sum is \1032(n72 + )loga(n)lzjand that

1082(!1)
—_—
n.‘ K-] !
7 Zk '(k-1)
.
k=2
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1082(n)

k=1
>n'(///// k -(k=1))
(— 2
k=2
Sn¥( / e =(e=1))
r‘\
k=2

THEOREM 4.I.1 demonstrates the effectiveness of the following upper
bound on the number of rotations which can occur in the generation of a
height-balanced tree with n nodes.

THEOREM 4.I.4 A maximum of n - log,(n) - 1 rotations can occur in the

generationof a height-balanced tree with n nodes.

Proof: Inspection of the rotation diagrams on pp. 10-12 shows that the height
of the tree cannot increase when an insertion causes a rotation, But at least
1og2(n) + 1 insertions must increase the height of the tree as its final height

must be at least logy(n).

There are a number of corollaries to THEOREMs 4.X.1 and 4§.I.2, a few of which

we present here.
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COROLLARY 4.I.1 For n even, the sequence 2,1,4,3, ..., n,n-1 requires

-~
exactly n/2 -l_logz(n) (rotations to insert it into a height-balanced tree.

Proof: The proof follows exactly as in the proof THEOREM 4.I.1 if we note that
odd-indexed sequence entries are always inserted into the shorter subtree of
an M=-subtree (see Chapter 2 for a definition of an M-subtree) and hence do not
cause rotations of height 2 as in the case of the identity permuation.

Otherwise the rotation behavior of the two sequences is identical.

COROLLARY 4.I.2 There is a positive effectively computable constant ¢ such
that the total number of balance factor adjustments required to insert the

sequence 2,1,4,3, ..., n,n=1, neven, into a height-balanced tree is less that

c*n as n - A4

Proof: As noted above the balance factor adjustments for this sequence are
identical to those of the sequence 1,2, «.s, n except at the odd integers,
where instead of causing a rotation of height 2, the insertion lands in the
shorter subtree of an M-subtree. But in both cases exactly one balance
factor adjustment is made so the bound in THEOREM 4.I.3 applies to the

Sequence 2,1,3,“,...,!1,!1—1 as Hell.

COROLLARY.4.I.3 For n odd the sequence n/2+ 1, n, 2, n=1, ..., n/2=1, n/2+
o — '
2, requires exactly n - 2'1‘ogz(n/ 2) - 3 rotations to insert it into a height-
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balanced tree.

Proof: A simple proof by induction shows that a member of the subsequence
1,243, ««., R/2 =1 can never migrate to the right subtree of the tree and no
member of the subsequence n,n~1, ..., n/2 + 2 can migrate to the left subtree
of the tree. Then the insertion process for these two subsequences goes on
independently as if the two sequences were being inserted into two disjoint
trees. By THEOREM 4.I.1 each of the subsequences requires n/2 _T" logz(n/ 27- 1
rotations to insert it into its respective subtree. Finally, we observe that

no rotation is required to insert the first element into the tree.

To continue this worst case analysis of insertion algorithms, consider

the following problem: over all permutations of the input sequence, determine

bounds for the maximal number of rotations around the root of the tree

required to insert n elements into an AVL tree.

THEOREM 4.I.5 Let T be an AVL tree of height k. Then at most k root rotations

could have occurred in the generation of T.

Proof: A rotation around the root of a tree will occur if and only if both of
the following conditions are met: i) the balance factor of the root is non-
zero; and ii) the insertion is made at a failure node initiating a zero path in

the taller of the subtrees of the root. Inspection of the rotation diagranms
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on pp. 10-12 reveals that after a rotation at the root the balance factor of
the new root is zero. This implies that for condition i) for a root rotation
to obtain, the height of one of the subtrees of the root must increase by one.
If a tree has a balance factor of zero in the root and the height of one of the
subtrees increases by one, then the height of the tree must increase by one as
well. This follows by a simple proof by induction. To complete the proof we
note that under insertion the height of a tree is monotone increasing at most
one root rotation can be charged to each of the height-increases obtained in
the generation of the tree,

COROLLARY 4.I.4 A node of a height~balanced tree generated by insertions from
an empty tree can migrate during this process from one subtree of the root to

another a maximum of k times where k is the height of T.

Proof: A node can move from one subtree of the root to another only if a

rotation occurs at the root.

There is analogy to THEOREM 4 .IV.4 for sequences of deletions fromaninitial
height-balanced tree T. We adopt the following terminology: the deletion of a
node which causes a rotation around the root of the tree will be referred to as
a root deletion rotation. For a complete discussion of deletion algorithms

on height-balanced trees see [1] .

THEOREM 4.I.6 Let T be an AVL tree of height k. Then a sequence of deletions
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of nodes from T giving rise to the empty tree can cause at most k root deletion

rotations.

Proof: An inspection of the deletion rotation diagrams shows that after a

deletion at the root of the tree the height of the tree must decrease by one.

II REBALANCINGS IN CLASSES OF AVL TREES

There are interesting analogies to THEOREM 4.I.3 for measuring the
number of balance factor adjustments incurred in insertion algorithms on AVL
trees. Again we must apply certain restrictions on the types of AVL trees to

which the results apply.

THEOREM 4.II.1 Let T be a height-balanced tree with n nodes of height
'loga(n)-lc- k inwhich j, fixed independent of n, rotations have occurred. Then
there exists a constant ¢ which depends only on j and k such that the total

numbepr of balance factor adjustments required to generate T is less than c¥*n.

Proof': Suppose\( is inserted at a leaf of the tree. Following the rotation
diagrams on pp.10-12, we let A be the first ancestor of the newly inserted node
with a non-zero balance factor. Let B be the root of the subtree of A

containing the node N(Y) and let T(B) be the subtree rooted by B. Let C be the
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root of the subtree in T(B) containing N(Zf) and let Cp and Cp, be the left and
right subtrees of T(C), the subtree rooted by C. We adopt a charging scheme
which relates the final level of a node to the number of balance factor

adjuétments charged against it. If no rotation occurs the balance factors of

each node along the path from N(6 to A must be adjusted and accordingly the

depth of each node along the path increases by one with the exception of A. To
account for the adjustment of A without the corresponding depth increase 2
charges are made to B (in the case where A is the root, its depth in the tree
increases also and it is not necessary to make an addditional charge to B). In
the case of an RR or an LL rotation the depth of all nodes along the path from
N( Wto B increase in depth and one balance factor adjustment is ‘ehat'ged to
each of them. The balance factor of A also changes so an additional charge is
made to B. In the case of an RL or an LR rotation the balance factors in ‘CR and
CL change and for each change the depth of the node position charged incfeases
by one in the tree. A decreases indepthand soa possiblg charge related to the
previous depth of Amight be lost. To account for this aswell as the charge for
changing the balance factor of A in the rotation three balance factor charges
are made to C whose depth increases by 2.

Now consider in the resultant tree T a node of level m+k. For such a node
at least m+k balanced factor adjustments must be charged to account for its
height in the tree. Also, if such a node were a node of type B in a non-
rotational insertion, or in an RR or LL rotation or in the case it was a node of
type C inanLR or RL rotation as many as 2#(m+k) charges could be laid to it.
Furthermore, 1f during a rotation, the node had been shifted down the tree,

certain charges to the node may not be reflected by its depth. However, since
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only j rotations occurred at most 2#j charges to a node would not be reflected
4in its depth. Since there are at most n/2® nodes at level m+k, the total

'charges which can be laid to this level is less than

n®2#(k+Jj)

Summing over all levels greater than k we obtain

I~ 7
1082( n) +k
2% (J+p+k)

n¥®( R |
2P-k

p=k

72
<

2% (j+p+k)
< n’(/ —_— )
—_

2Pk

p=k

< 01'n
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Now a maximum of 2%(k+j)#n < cz'n charges can be made against nodes of level
less than k. Hence the total number of balance factor adjustments required to

generate the tree is less than

c1'n o+ cz.n )

THE GENERAL CASE FOR BALANCE FACTOR ADJUSTMENT COSTS III

There is a method to obtain bounds for the maximal and average number of
balance factor adjustments for an arbitrary permutation sequence generating

an AVL with n nodes.

THEOREM 4,.III.1 The number of balance factor adjustments required to insertn
elements into an initially empty AVL tree T is less than 2%n + U(T), where U(T)

is the number of unbalanced nodes in T.

Proof: It must be shown that for an arbitrary insertion into an AVL tree the
total number of balance factor adjustments is less than the net change in the
number of nodes in the tree with non-zero balance factors + 2. An insertion
which lands into an AVL tree falls into one of three categories: 1) all of its

ancestors have zero balance factors; 2) it 1ies in the shorter of the subtrees
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of its first ancestor with a non-zero balance factor; 3) it 1ies in the taller
of the subtrees of its first ancestor with a non-zero balance factor. Note a
rotation occurs in the third case and no rotation occurs in the other two.

Now consider the number of balance factor adjustments in the the first
case and the net change in the number of non-zero balance factors. Note we
assume that the balance factor of the newly inserted node is pre-set to zero
and so its balance factor need not be considered among those balance factors

adjusted.

case 1(a)
Figure 4.ITI.1
In case 1(a) where the tree consists of a single node the net change in
non=ze;*o balance factors is +1 and +1 balance factor adjustments made so the
difference is less than +2 consistent with the statement of the theorem. Now

consider case 1 for general n.

zero )
k path

casei(b)

. non-zZexo
Figure 4.III.2 path
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Here the net change in nodes with non=-zero balance factors equals the total

number of balance factor adjustments. Now consider case 2.

Case 2(a)

Figure 4.1II.3

Here again the number of balance factor adjustments equals the net change in

the nun_lber of non-zero balance factors plus two. Here is the general case 2.

zero
path

| .-

non-zero
path

Case 2(b)

Figure 4.III.4
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To observe the correctness of the theorem in case 3 the reader is
referred to the rotation diagrams on pp.10-=12.

Let d(U(i)) denote the net change in unbalanced nodes after the 1i'th
insertion and let BC(i) equal the number of balance factor adjustments

required for the i'th insertion. Then

/‘
Z a(u(1)) + 2 >Z\ BC(1)

o
=~

But /_d(U(i)) equals U(T), the number of nodes with non-zero balance

factors in the final tree. This proves the theorem. Naturally U(T) is less

than n so the total number of balance factor adjustments must be less than 3%n.

There is an interesting corollary to THEOREM 4.III.1.

COROLLARY 4.II.1 The expected height of an insertion into any AVL tree with n
nodes is 0(1) as n -—_ﬁ . The height of an insertion denotes the length of the
path from the newly inserted node to its first ancestor with a non-zero
balance factor or to the root of the tree if the balance factors of all the

node's ancestors are identically zero.
Proof: From the discussion above the height of an insertion is less than the
number of balance factor adjustments required to make the insertion . Hence

the average height of an insertion is less than 3%n/n which is less than 3.

The analogue for B-trees to balance factor adjustments in AVL trees 1is

the number of index comparisons and node splittings required to insert n

T0
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elements into a B~tree of order ni. Recall the description of the insertion
algorithm for B-trees from page 24, If the leaf node L is made full by the
insertion of the key J an attempt is made to move. the newly inserted key up to
its parent node P and £o move the adjacent key to the left of J down to the left
sibling of L; or if this node if full a symmetric attempt is made to move the
right adjacent key of J to the root of the right sibling of L . If these
siblings are both full P splits and its middle key M is moved up to the parent
node P! of P. Once again, if the insertion of M causes P' to be full an attempt
is made to displace keys adjacent to M in P' in corresponding sibling nodes.
This splitting and reassignment of nodes may carry to the root inwhich case it
splits creating a new root for the tree. We infer from this discussion each
time a key 1s inserted and causes a chain of splittings the same processing
occurs at each step of the chain. Each node access will be accorded a
processing unit. At the same time for each splitting there is a corresponding
increase of the total depth of the keys of the tree. Suppose an insertion
causes k splittings but the final operation is to move a key from a full node
successfully to a sibling. Then there is one procesing unit for the leaf
access, three accesses and hence three processing units for each node that
splits (three k in all). Finally, there is one processing unit for the final
insertion. There is a net increase in the total index key depth of the tree by
k+2. Then the net processing units are three times more than the net increase
of the total depth of tree. When a node is inserted sﬁccessfully into a leaf
there is a net increase of one in the total key depth of the tree and no
rebalancing processing. When a node is inserted into a full leaf and a key in

the parent node is displaced in a sibling there are two or three processing
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units and a net gain of one in total key depth. Then the number of node

processing units is less than

3%(Total key depth)
This leads us to the following result

THEOREM 4,.IXI.2 The total rebalancing processing required to insert n
elements into a B-tree of order m is 0(n) where the implied constant depends
only on the fixed time ¢ required to insert a key into a node, possibly
displace other keys in the node, or possibly to split the node, and m the order

of the tree.

Proof: We want to show that the total depth of a B-tree with n nodes is 0(n).
For simplicity assumemis odd andletr= m/2+ 1. Assumenhas theform1+r+
e Lo+ rk. A simple proof by induction shows that for such n the total depth
of a B=tree ismaximized by choosing a tree with one key in the root and exactly
r nodes in every other node. Then the total depth of such a tree is

log,®n + (logn(n =1))%r + (logn(n =2))#r2 + ... + rlO&pP

This expression is less than

>
Dk
rk
—_—
k=1
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LmTe ey, 3

< c¥#n
Results similar to THEOREM 4.III.1 exist [16] but readjustment costs are
not related to the number of non-zero balance factors in the resulting tree

but rather to the total path length of the tree. Results analogous to THEOREM

4,IIT.2 also exist in the literature [16].
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COMBINATORIAL AND STATISTICAL RESULTS CHAPTER 5
INTRODUCTION

Very often counting aruguments may be applied to recursively defined
objects such as height-balanced trees through the use of recursive functions.
Note, for instance, that the counting function for the number of height-
balanced trees of a given height k is F(k) = F(k=-1)2 + 2%F(k-1)#F(k-2). In
this chapter we exploit this relation on a number of asymptotic density limits
relating to the properties of height-balanced trees. In particular we

establish upper and lower bounds for the following limit problem:

Let T(k) count the number of failure nodes of all height-=balanced trees of a
given height k > 0 . A failure node at which an insertionwould imbalance the
tree will be referred to as a rotational failure node. Nowlet G(k) enumerate
the number of rotational failure nodes in {:he set enumerated by T(k). We wish
to determine the 1imit G(k)/T(k) as k -—-j . Inwhat follows we establish a

lower bound for this limit if it exists.
THEOREM 5.I.1 The ratio G(k)/T(k) > .70697 for k > 9.

REMARK The ratio we derive cannot automatically be taken as probability

estimates of the number of rotations required to insert n elements into a

T4



height-balanced tree. In fact, they are probably quite different. 1In the
node parametrized case (which is Brown's model; see Chapter 2) the
probabilities are computed over all failure nodes of all AVL trees generated
with multiplieity from all permutations of an ordered set of n elements. In
the present case the trees and consequently the failure nodes are not taken
with mulf.iplicity. Note that many permutations of the input set may lead to
the same tree and in fact empirical evidence suggests (see [13], pp.460~1)
that the trees generated in the greatest number are the most balanced. For
example, when n = T there are 7! possible permutations of the input sequence
and 2140 of them lead to the complete binary tree of height 3, none of whose

failure nodes are rotational.

Ir addition to this result on insertions we establish the following

analogous result for 'deletions.

THEOREM 5.II.1 The probability that the deletion of an arbitrary node of an
arbitrary height-balanced tree of height k will cause an imbalance of the tree

is greater than .11417 for k > 9.

REMARK. This result is of particular interest since so little is known about

the statistical aspects of deletion algorithms for height-balanced trees.
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I PROOF OF THEOREM 5.I.1

Now we establish the lower bound. Let G(h) be the number of failure nodes of
all extended height-balanced trees of height h at which the insertion of a new
node would imbalance the tree. Let H(h) enumerate failure nodes which
initiate zero paths in the set of all extended height-balanced trees of height
h. Then we have the following product development.

k=1
a1
H(k) = ‘ \ 2%F(J)

J=1

Now we can establish a formula for G(k)

G(1) = 0
G(2) = L
G(k) = 28G(k=1)¥(F(k=1) + F(k=2)) + 2%G(k-2)%F(k-1) + 2%H(k-1)¥F(k-2)

This formula follows from the following observations. If we embed a
rotational failure node in a subtree of height k-1 in a tree of height k by
taking it as the left subtree, then this failure node will again be rotational
in the embedding tree. The factor F(k-1) + F(k-2) in the first expression
enumerates the choices for the right subtree under this embedding. A similar
analysis holds when the rotational failure node is embedded in the right
subtree. The term 2'G(k-2)'F(k;-1) counts the number of ways a rotational
fallure node in a tree of height k-2 may be embedded in a tree of height k. To
see the last term note that a failure node will cause an imbalance of the tree

if it lies in the taller of the left or right subtrees of the subtree rooted by
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the first ancestor of the newly insef-ted node with a non-zero balance factor.
This last term counts the case when the ancestor is the root of the tree
itself. The failure nodes which initiate zero paths in the left or right
subtrees of height k-1 in trees of height k with a non-zero balance factor in
the root will also cause an imbalance.

Let T(k) be the total number of failure nodes of all extended AVL trees of

height k. Then

T(1) = 2
T(2) = 10
T(k) = 2%T(k-1)¥(F(k-1) + F(k-2)) + 2%T(k-2)#F(k-1)

The derivation of this formula is similar to those above.
Then the probability that an insertion at an arbitrary failure node of an
arbitrary AVL tree of height k will imbalance the tree is equal to the ratio

G(k)/T(k)

G(k) = G(k=1) * G(K) #T(k=1)
T(k-1) T(k)®*G(k=-1)

Now we may rewrite G(k) as

G(k=1)#(2%*F(k=-1) + F(k-2) + G(k=-1)

+ H(k-=1)#F(k=2) )
G(k=1)

17
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Similarly, we may rewrite T(k) as

# D) # -
T(k=1)((2%F(k=1) + F(k=2)) + T(k=-1) )
Then
-d)# -l Y eF(k=D) ¥ -
G(K) = Gk=1) » 2%F(k=1)+F(k=2)) + G{k=1)
T(k) T(k=1) 8T (ket ) #F (ke
| ] - -
28(F(k=1) + F(k=2)) + (k1)
> G(k=1) ® __2%(F(kw1) + F(k=2))
T(k=1) BT (kwD) #F( ke
# - -
28(F(k=1) + F(k=-2)) + T(k=1)
= G(k-1) ® 1
T(k-1) [ D) & -
! T(k=1)82%(F(k=1) + F(k=2))
> G(k=1) *® 1
T(k-1) I(k=2)
1
T(k=1)
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T(k=1) I(3=2)
- 3=k T(3-1)

It is easy to observe that
2(j-2) < 2d-28p(j-2) and
T(3=1) >  F(J=1)

Hence

G > Gk=1) * ( 1

T™(k) = T(k-1) 3=k 1 +  23=2eF(3-2)

F(J=-1)

By the relation F(J3) = F(j-‘l)2 + 2%F(j=-1)%F(J=-2), each of the factors

1 1
2-28p(3-2) > 23=-2
1 + F(i=-1) 1+ F(3=2)

k
Let quual‘{}’B. Then a simple proof by induction shows that F(k) > Xz for k>

1. This implies that our product development is greater than
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Then for any q > k

ol
Ga) > Glk-1) * [ J 2d-2
T(q) rk-1)  SE T +623'2

The bound in the result was derived from computing G(9)/T(9). It is obvious
that for this value of k the effect of the infinite product on the bound is

negligible.
II PROOF OF THEOREM 5.1I.1

The proof follows from two lemmas: the first which establishes that a
positive density of the leaves of AVL trees of height kwill imbalance the tree
if deleted; and the second which shows that thé leaves of AVL trees of height
have a positive density in the set of all nodes of height balanced trees of
height k. We will refer to a node as deletion rotational if its deletion

would require a rebalancing of the tree.
LEMMA §.1I.1 The density of rotational leaves in the set of all leaves of

AVL trees is positive and effectively computable from the analysis described

below.
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Proof': Let R(k) be the number of leaves of all height-balanced tree of height k
at which a deletionwould imblance the tree. LetB(k) enumerate leaves of all
height-balanced trees of height k at which a deletion would reduce the height
of the tree from k to k-1. Finally, let T(k) enumerate all leave of height-
balanced trees of height k. Again, let F(k) enumerate distinet AVL trees of

height k. Then we have the following formula.

B(1) = 1

B(2) = &
k-2

B(k) = ]—Z;;F(J)
3=1

To observe the derivation of this formula note that B(k) = 2#B(k~-1) *F (k-
2), k>3, since a node whose deletion will shorten a subtree of the root of a
height-balanced tree of height k will shorten the entire tree by its deletion

only if the height of the subtree opposite it is of height k-2.

R(1) =0
R(2) = 0
R(k) = 2%R(k-1)#(F(k-1) + F(k-2)) + 2%R(k-2)*F(k-1) + 2¥#B(k-2)#*F(k-1)

This formula follows from the following observations. For the term 2%R(k-
1)#(F(k-1) + F(k=-2)) note that a leaf whose deletion will imbalance a subtree
of height k=1 in a tree of height k will imbalance the entire tree as well. The
factor 2#(F(k-1) + F(k-2)) enumerates the ways such a leaf in a subtree of
height k-1 may be embedded in a height-balanced tree of height k. A similar

analysis applied toward a leaf whose deletion will imbalance a subtree of
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height k-2 in a height-balanced tree of height k acccounts for the term 2#R(k-
2)#%F(k-1). To see the last term note that an imbalance will occur at the root
of a height-balanced tree of height k only if the leaf deleted shortens a

subtree of the root of height k-2. Again we have the following formula for

T(k)

T(1) = 2

T(2) = 10

T(k) = 2%T(k-1)%(F(k-1) + F(k=2)) + 2%T(k-2)#F(k-1)

which first appeared in the proof of the lower bound for THEOREM 5.1.1
Then the probability that the deletion of a leaf will imbalance a tree of

height k is R(k)/T(k) and

BK) > Bk=D  RKTGe1)
T(k) T(k-1) T(k)*R(k-1)

Now we rewrite R(k) as

R(k-1)#2((F(k-1) + F(k=2)) + #R(k=-2) #F (k-

and we may rewrite T(k) as
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T(k-1)#(2%( F(k~1) + F(k-2)) + 2%T(k-2)#F(k-1)

T(k-1) )
Then
B = R(k=1) *
T(k) T(k-1)
28(F(k=1) + F(k-2)) + 2%R(k~2)#F(k-2) + F(k=1)*B(k-2)
ROe=1) R(k=1)
2#(F(k~1) + F(k-2)) + 2%T(k-2)#F(k-1)
 T(k-1)
> Rk-1) * 1
T(k-1) BT (kD) IF(Ke

T(k-1)%2%(F(k-1) + F(k-2))

T(k-1) I(k=2)
T(k~-1)

Then for any q > k we have the ratio

=
R(Q) > R(k=1) ' 1
T(q) T(k~1) ( , I(J=2)
1
J=k T(J=1)
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Again we observe that T(J-2) < 23=2#F(3j-2) and T(J-1) > F(j-1)

Hence
R(q) > R(k-1) * 1
T(q) R(k-1) 2J=28p( 3-2)

1+

F(J-1)

By the relation F(J) = F(J=1)2 + 2#F(j-1)#F(J-2) each of the factors

1 1
23=2p(3-2) > 2d-2
- 1
1+ F(J=1) F(3=1)

Note that in deletion rotation analysis extended height-balanced trees are

not considered. Hence F(1) = 3 and we may argue as in the proof of THEOREM 5.1
~ k

that for Y: €3andfork > 1, F(k) > %/2 . This implies that the product

development is greater than

J=k 2J-2
1 + 32

Again this product converges to a strictly positive limit.

LEMMA 5.1II.2 There exists a positive effectively computable constant

such that the density of leaves of height-balanced tree of height k in the set

of all nodes of height=balanced trees of height k is greater than as k
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Proof: As in the proof of LEMMA 5.IV.1 we have the following recursive

formula for the number of leaves of height-balanced trees of height k.

T(0) = 1
(1) = 4
(k) = 2T(k-2)#(F(k=1) F(k=2)) + 2%T(k-2)*F(k-1)

and a recursive formula for the number of nodes of height-balanced trees of

height k
N(O) = 1
N(1) = (f
N(k) = 2%(N(k-1)"F(k=1) + F(k=2)) + 2%(k-2)*F(k-1) +

F(k=1)2 + 2#F(k-1)#F(k~2)

To account for the term 2#N(k-1)®(F(k-1) + F(k-2)) note that any node in
a height';-balanced tree of height k-1 is magnified by the F(k-1) choices for
the subtree opposite it when it is embedded in a tree of height kwith a balance
factor of zero in the root and it is magnified by F(k=2) when it is embedded in
a tree of height k with a non-zero balance factor in the root. As usual, the
factor 2 accounts for the symmetry. A similar analysis for the case where a
node in a tree of height k-2 is embedded as a subtree in a tree of height k
yields the term 2#N(k-2)#F(k-2). Note finally, that the root is counted F(k~
1)2 for trees with a balance factor of zero in the root and 2#F(k-1) #F(k~2) for

trees with a non-zero balance factor in the root. Then the ratio
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L - ) # -
(k) = T(k=1) + 2#(F(k=1) + F(k-2))#F(k=1)
N(k) N(k=1) + 28F(k-1)®N(k-2)+F(k=1){2}+2#N(k=1) #F(k=2)

2%(F(k=1) + F(k~2))*N(K-1)

> T(k=1)
‘- o+ -
Nlk=1) + N(k-1)
T(k=1) 1
> N(k-1) ® =2} + -
1 N(k-1)2
T(k=1) * 1
N(k=-1) 2%N(k-1)
! N(k-1)2

Then for any q > k we have the ratio

=
I(a) Ik=1) j" 1
N(q) > N(k-1) * [ —_—

v=k+l 1 + N(v—1)2

Again let \( = \3/3/. Then it will be no suprise if we substitute' 2 for

N(k-=1) in our product development to obtain the inequality
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N(q) N(k=1) J=k —_—
1 +
23-1

r

and certainly our product development converges to a strictly positive limit.

III INSERTION ALGORITHMS FOR K-BALANCED TREES

In this sectionwe extend the lower bound results of section5.I to the k-
balanced trees originally introduced by C.C. Foster [10]. K-balanced trees
are defined the same way as height-balanced trees except that the height
difference of subtrees is allowed to vary by an integer k. Here is an example

of a 2-balanced tree.

Q
/O/\

N H

.
e

1

Figure 5.III.1
By way of illustrationwe prove the lower bound first for 2-ba1an'ced trees and

then extend the result to general k.

THEOREM 5.III.1 There exists a positive effectively computable constant
o such that the probability q2/(1'1) that the insertion of a new element into an
arbitrary 2-balanced tree of height hwill imbalance the tree satisfies ag(h)

>O5”
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THEOREM 5.III.2 There exists a positive effectively computable constant Kk
such that the probability k(h) that an insertion of a new element into an
arbitrary k-balanced tree of height h will imbalance the tree satisfies

k() > . for h > than fixed j.

Proof of THEOREM5.III.1: let Gz(h) enumerate failure nodes of all extended 2=
balanced trees of height h at which the insertion of a new element will
imbalance the tree. Let Hz(h) envmerate failure nodes of all extended 2~
balanced trees of height h at which the insertion of a new element will
increase the height of the tree. Finally, let Fz(h) enumerate extended 2-

balanced trees of height h. Then

Fo(1)

= 1
Fp(2) = 3
Fp(3) = 33
Fo(k) =  Fp(k-1)2 + 28F,(k=1)¥#F,(k-2) +

2'F2(k-1 )*Fz(k-3)
To account for this formula node that any extended 2-balanced tree must
have as lef't and right subtrees extended 2-balanced trees of heights k-1, k=2,

or k=3. The factor 2 accounts for the symmetry. Now we can give the formula

for H,(k)

Hy(0) = 1

Hy(1) = 2

Hp(2) = 8

Hp(k) = 2%Hy(k-1)#(Fy(k=1) + Fy(k-2))
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Hy(2) 8

Hy (k)

'2'H2(k-1 )'(Fz(k—1) + Fz(k-a))

or equivalently
k=1

Hy(k) = | 2%(Fy(3=1) + Fp(3=2))

J=3

To see this formula node that if an insertion at a failure node in a 2=
balanced tree of height k-1 will increase the height of tree, then the same
property will be true for the failure node if the tree is embedded as the left
or right subtree of a 2-balanced tree of height k with any 2~balanced tree of
height k~1 or k-2 chosen as the subtree oppposite it. Note also that a
single failure node is a k=-balanced tree of height zero. Now we can give t_he

formula for Gz( k).

G2(3) s 0
Go(k) = 2%G,(k-1)#(Fy(k-1) + Fp(k-2) + Fp(k-3))

+ 2%(Go(k=2) + Gp(k=-3))¥#Fy(k-1)

+ 2%Hp(k-1)#F,(k-3)

This formula follows from the following observations. If we embed ina
tree of height k a failure node in a tree of height k-1 which would cause an

imbalance, then an insertion at this fallure node would also cause an
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imbalance in the larger tree. The factor 2#F,(k-1 )+ Fa(k-?.)) enumerates the
possible choices for the subtree opposite the tree containing our node under
the embedding. The term 2#F(k-1)#(Gp(k-2) + Go(k=3)) counts the number of
ways a failure node at which an insertionwould cause an imbalance in a tree of
height k-2 or k-3 may be embedded in a 2-balanced tree of height k. To see the
least term note that a failure node will result in an imbalance after
insertionif 1) it lies in the the taller, by a height difference of two, of the
subtrees rooted by its first ancestorwith a balance factor of two in absolute
value, and 2) an insertion at this failure node increases the height of the
subtree. The last term 2’H2(k-1 )®F,(k=-3) counts the case where the ancestor
with the balance factor of +2 or -2 is the root of the tree itself.

Let T5(k) be the total number of failure nodes of all extended 2-balanced

trees of height k . Then

T(1) = 2
Tp(2) = 10

To(3) = 240

To(k) = 2%Ty(k-1)%(Fy(k-1) + Fp(k-2) + Fp(k-3)) +

The derivation of this formula is similar to those above. Then the
probability that an insertion at an arbitrary failure node of an arbitrary

2=balanced tree of height k will imbalance the tree is equal to the ratio

62(2) = G2(k—1) bd Gz(k)"ra(k"1)
Tz(k) Tz(k-T) Ga(k-1).'r2(k)
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Now we may rewrite Go(k) as

Gy(k=1)8(29F 5 (k1) + Fp(k-2) + Fp(k-3)) +

2%(G, (k=2)+Gp(k=3) ) #F 5 (k=1)+2¥Hy (k=1)#F 5 (k=3)

Ga(k—1)

= Gz(k-1)'(factor1)

Similarly, we may rewrite T,(k) as

To(k=1)#(2%(Fy(k=1) + Fy(k=-2) + Fp(k-3)) +

29(T,(k=2) + Tp(k=3))8F,(k-1)

Tp(k-1)

= To(k=1)%(factor2)
Then
Go(k) * Go(k=-1) ® (factor1)

T, (k)

T,(k=1) # (factor 2)

> Go(k=1) ® 28(F5(k-1) + Fp(k=-2) + Fp(k-3))

T (k=1)

P e it T TLFIREL LN 3 - e e e e e e 4 b e

28(Fp(k=1) + Fp(k=2) + Fp(k=3)) +

2%(Ty(k=2) + To(k-3))*F,(k-1)

Tp(k=1)
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> Golk-1) * 1

Tplke1) . 2#(Ty(k=2) + Tp(k-3))#Fp(k-1)

To(k=1)#(Fy(k-1) + Fp(k=2) + Fp(k-3))

> Gy(ke1) ® 1
;;?;:;; To(k=2) + Tp(k=3)
T T, (k=1)
> Gp(k-1) *# 1
75;?;:?3 29T, (k-2)
1 Tp(k-2)

Now To(k-1) < 2k'2'F2(k-2) and Tp(k-1) > Fa(k-1). Hence our ratio is

greater than

Go(k-1) * 1
Ta(k-1) 2k-2'F2(k-2)
14
Fz(k‘1)
> Go(k=-1) ® 1
Tp(k=1) 2k~1
! Fo(k~2)

k
Let equal ¥ 3. Then a simple proof by inducion shows that F,(k) > 2
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=2

[

' 1
J:k 1 =+ 2‘.’_1

2J-1

Then again for any q > k

o<
1
Gy(q) > Go(k=1) )

T5(q) To(k=1)  J=k _ad-»

It is easy to see that this infinite product converges. Whence the result

Proof of THEOREM 5.III.2: Let Gk(J) count the number of failure nodes of all
extended k-balanced trees of height k at which an insertion would imbalance
the tree. Let Hk( J) count the number of failure nodes of all extended k-
balanced trees of height j at which an insetion would increase the height of

the tree. Finally, let Fk(J) enumerate distinet k-balanced trees of height

J. Then
Fk(1) = F2(1)
F(k-1) = Fr.q(k=1)
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k+1

Fi(d) = Fp(3=12 + a-(E Fie(3-q) )9Fy(3-1)
q=2

J>k

Now a formula for Hy(j) can be generated

Hk(O) = 1

H (1) = 2

Hk(k—1 ) = Hk—1 (k"1 )
k+1

He(J) = 2%, (3-1)% ( <£ F(3-a))
q=1

Then Gy()) has the formula

Gk(O) = 0
Gk(1) = 0
k+1
Gy = 2%G, (J=1)%( Fi(3=q)) + 2#0F (§-1)*

q=2
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k+1

( chu-q)) + 28y (3-1)9F(3-k-1))
q=2

Finally we have the formula Tk( J) for the total number of failure nodes of all

extended k-balanced trees of height J

T(0) = 1
T(1) = 2
T(2) = Ty(2)
Te(k=1) = Tp_q(k=1)
k+1
Te(d) = 2'Tk(.1-1)'(Zg‘k(J-q))+2'Fk(J-1)'
q=1 |
k+1
(ZTk(J-q))
q=2

Then the probability that an insertion at an arbitrary failure node of an

arbitrary k-balanced tree will imbalance the tree is the ratio

G (3) = Cp(J=-1) * G(J)*T(3-1)
T (J) Ty (3=1) T (3)#Gy (J=1)
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Now rewrite G, (j) as

k+1
2'(2 Gy (J=q)) #*F(J=1)
k+1 q=1
Gk(J-l)'(Z'(Z Fi(J=a) +
q=1 Gk(.')-1)
+ Hp (3-1)#Fp(J-k-1) )
G (3=1)
= G(J-1)*(factor1)
Similarly we may rewrite Ty, (J) as
k
a-_rku-m(z Ty(3-q))
k-1 g=2
Tk(.']-1)'2'(z Fk(J‘Q)) +
q=1 Te(3-1)
= T (J=1)#(factor2)
Then

96



GL(J) = Gy(J=1) ®* factor?

So————

G () T (J=1) ® factor2
k+1
<
> G(J=1) * 2% F(J=-q))
a=]
Ty (3=1) k+1
<<
k+1 <<;\2Tk(J-Q))'Fk(J-1)
< '
2%( Z, Fi(J-q)+ g=
q=1 T(3-1)
> Gyld=1) * 1
Tk(J-‘l) k+1
S
2%( Tk(J-Q))'?k(J-1)
1 + g=2
k+1
E Fi (3=q))*T(J=-1)
q=2 '
> Geld-1) *® 1
T (3=1) k+1
2%( T (3=q))
s
1 + qQ=2
Te(3-1)
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> Gy (3=1) * 1

Ty (3=1) 28(k~1)#T) (3-2)

1 + Tk(J-1)

We observe T, (j-1) > Fp(3-1) and T (3=2) < 23-2aFy(3-2)

Then
Gr(d) > Gy(j=-1) * 1
T.(3) T(d-1) (k-1)#23=1eF, (3-2)

1 L Fk(J"1)
r
Again let ‘(: \"[5.' As in previous proofs it can be shown Fk(t‘) >3/2

for r > 2. Then for any p > J

G(P) > Gy(3-1) * \ 1

T (p) T (3=1) (k=1)#20r=1

r=J 1 + ar-2
We observe that the infinite product development converges to a strictly

positive limit which is so close to unity as to have a negligible impact

on the lower bound for even small values of J.
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"PROBLEMS FOR FUTURE RESEARCH CHAPTER 6

What follows is a 1ist of problems which have arisen in the course of the
research for this thesis. Some can certainly solved by extensions of the
methods deployed in the proofs of this thesis, but others would probably
require new techniques for solutions. Inany event these problems suggest the

rich combinatorial structure underlying height-balanced trees.

1) One of the most attractive directions for future research lies in the
connection (established in this thesis) between fringe analysis and urn
models for aftereffect. It would be of particular interest if the methods of
this thesis could be applied to estimate the function F(N,n). Again, a
comprehensive study of the literature for this class of urn models may yield

new ideas for fringe analysis.

2) In section 4.III it was established that the maximal number of
rotations of height 2 which could occur in the generation of a height-~balanced
tree with n nodes by insertions isn/2-~ 1. Ingeneral, we conjecture that the
maximal number of rotations of height k which can occur in the generation of an

AVL tree with n nodes through insertions is n/(zk'1) - 1. Remark that exactly
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n/2K=1 = 1 rotations of height k occur in the generation of the height-

balanced tree corresponding to the identity permutation (see THEOREM4.I.2).

3) When an insertion imbalances a height-balanced tree there are two general
types of rotations which would be required to rebalance the tree: single (LL
or RR) or double (LR or RL) rotations. One natural extension of the research of
Chapter 5 would be to deploy the infinite product development methods to
obtain bounds for the probab;llity that an insertion of an arbitrary failure
node of an arbitrary AVL tree of height h will result in an imbalance that

requires either a single or a doulble rotation.

4) In another direction random binary search trees have become a source for
new research in mathematical amalysis. In [5], Rheingold and Bagchi use
enumerating functions for random binary search trees to identity a function
f, closely related to the structure of the trees, on the domain D = (0, 1/2]
such that for ansz/é D, £ is discontinuous at oﬁ.f X is irrational, and f is

continuous at ¥if % is irrational.
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