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ABSTRACT

COMPLEXITY CLASSES:
TREE MODELS, OPERATORS AND ORACLES.

by

Kiron Sharma
Adviser: Professor E. Zachos

Our fundamental machine model is a NDTM. We consider

complexity classes involving polynomial time.

Iree Models :

All the possible computation paths of a NDIM can be
represented in the form of a tree structure. In general we
have a different length for each path and a different fan-out

at each internal node.

We present simplified padding and extension techniques used in
order to obtain a uniform model (complete binary
computational trees) for: (a) PP Computations, (b) #P
Computations and (c) Computations belonging to sub-classes of
the class #P. Similar techniques can be extended to most

complexity classes within PH.



Operators :

We consider complexity ciass operators corresponding to
nondeterministic, probabilistic and counting classes. The
characterization of classes in terms of operators is closely
related to the oracle characterization. We study the calculus
of operators and in the process we identify some interesting
properties and the behavior of certain widely used operators
applied on complexity classes. We identify operators which
yield unexpected collapse results, when these operators are
assumed to satisfy certain properties. Thé goal is to argue
about complexity class inclusions using algebraic techniques.
We introduce two new sensible operators corresponding to the
classes (NP n co-NP) and ZPP respectively. The operator "ZPe"
provides us with a medium to study the Las-Vegas version of
‘complexity classes. It turns out that the well known Graph
Isomorphism problem is in the Las-Vegas version of NP i.e.,
the class ZPeNP, exactly as the primality problem is in thé

Las-Vegas version of P i.e., ZPP.

Oracles :

We show that a BPP 5rac1e is not very powerful. Amoung other
things, we prove: NP using a BPP oracle is (lower than)
contained in ZPP using a D* oracle. We use quantifiers and

combinatorial techniques to prove this result.
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I. COMPLEXITY CLASSES =-- AN OVERVIEW

1. INTRODUCTION

The theory of Computational Complexity considers in
general the basic resources of time and space as
measures of complexity for computatiqns. The concept of
resources used by a computation has led to more
efficient algorithms and to fhe concept of

computationally feasible problems.

Complexity classes are specified by several parameters:

a) Underlying model of computation (ITM, High level
programming, Boolean circuits etc.).

b) Mode of computation (i.e., Deterministic,
Nondeterministic, etc.).

c) Bounds 6n resources (time and space in general).
A bound is defined as a function of the size of

the input i.e., £f: N-->N.

COMPLEXITY CLASSES -- AN OVERVIEW
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In general, the main goals of Computational Complexity

theory are:

. to introduce classes of problems which have
similar complexities with respect to a specific
computational model, mode and measure of
complexity; and,

. to study intrinsic properties and interrelations
of such classes of problems.

In order to achieve these two goals, there are two

approaches:

<$ First, Algorithmic :

The Algorithmic view involves solving "natural"”

problems efficiently. In addition, it also involves

classification of these algorithms based on the
computational model, resources used, etc..

<$ Second, Structural

With the structural point of view we are concerned with

intrinsic properties of complexity classes, including

. relationships between classes,

. implications of several hypotheses about
complexity classes, and

. identification of structural properties of sets

that affect their computational complexity.

COMPLEXITY CLASSES -- AN OVERVIEW
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Throughout the discussion, in this text we are dealing with

Structural Computational Complexity.

It has been traditionally assumed that an algorithm is
practical, efficient and tractable iff it can be rendered as
a polynomial time-bounded Deterministic Turing Machine
(DTM) . Any algorithm whose time complexity function cannot
be bounded by a polynomial, e.g., whose time complexity is
exponential or even worse may be regarded as an inefficient
algorithm. Problems for which there are né efficient

algorithma are called intractable.

A Nondeterministic Turing Machine (NDTM) is informally
viewed as a Turing Machine (TM), which at every step has
more than one possible choice of behavior (e.g., two
choices, three choices ...., m choices). We consider NDTMs
only as acceptors and we restrict or bound the number of
computation steps. Another view of a nondeterministic
algorithm is a two stage algorithm; the first stage being a
guessing stage (i.e., guess a structuie or a solution), and
the second stage being a checking, substantiation stage
which proceeds in a normal deterministic manner (see [11]).

Nondeterministic machines are more powerful than their

COMPLEXITY CLASSES -- AN OVERVIEW



deterministic counterparts and this is because of a very
weak "input-output behavior": we regard a nondeterministic
computation as accepting its input if there is an accepting
path. A nondeterministic algorithm is basically a
definitional device to capture the notion of verifiability,
rather than a realistic method for solving decision
problems. Instead of having just one possible computation on

a given input, it offers, one for each possible guess.

The computational activity corresponding fo a
nondeterministic computation lends itself naturally to a
representation in form of a tree structure. The root node
represents the initial state and the starting computation.
Each derivative of a node represents one of the possible
nondeterministic choices available at the relevant
computational step and finally each leaf node provides a
possible final output. It is required that for each
computational path the number of steps is bounded (i.e., the
depth of computation is bounded for example, by a polynomial
in the size of the input). On the other hand, the total
computational activity pertaining to the whole tree

structure can be exponential in the size of the input.

COMPLEXITY CLASSES —- AN OVERVIEW
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Since a NDTM is considered as an acceptor, it is said that a
NDTM N accepts an input x, if there is one or more
computation paths that result in acceptance (i.e., one or
more leaves, providing the final output, result in
acceptance or "Yes", while the other leaves, or the other
computational paths may result in a nondecisive answer or a
"NO"). It is said that N rejects an input x if no path
results in acceptance. The language that N recognizes

(decides correctly) is denoted by L(N).
The following figure represents a nondeterministic

computation as a tree structure. We assume that the depth is

bounded by a polynomial in the size of the input.

Bounded

o]

FIG1. A NONDETERMINISTIC COMPUTATION

COMPLEXITY CLASSES —- AN OVERVIEW
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Without loss of generality, we can reduce the degree of
nondeterminism i.e., we can assume a nondeterministic

computation to be represented by a binary tree. [22].

As noted above, a complexity class is defined based on the

following parameters,

a) Model of computation
b) Mode of computation and
c) Bounds on resources.

Here we will be using the model of computétion (a) a Turing
Machine, M. We will now discuss some useful modes (b) and

resource bounds (c).

On an input say x, a bound is set, such that M uses no more
than f£(|x|) units of a specified resource, where (f:N -->
N, depends on the size of the input x). If n is the length
(size) of the input, then the amount of resource under
consideration is bounded by f(n). TIME(f) is a set of
languages decided by a DTM operating within time-bound f (n),
i.e., M has no computational paths which are longer than
f(n) on inputs of length n. NTIME(f) is a set of languages
decided by a NDTM, operating within time-bound f(n).

Similarly, SPACE(f) and NSPACE(f) are sets of languages,

COMPLEXITY CLASSES —-- AN OVERVIEW



when working "Space" is considered as a resource

(input/output space is not counted).

The class P (Deterministic Polynomial time computable) is:

P = U,, TIME(nl).

The Union of all these classes provides us with the set of
all languages that are decidable by Turing Machines in some
polynomial time bound (i.e., if L is a polynomially
decidable language then it is in TIME (n¥) for some integer
k>0). It can be said that an algorithm requires polynomial
time if it runs in O(n*) steps for k>0. The importance of P
resides in the opinion that P coincides with the class of
problems that can be realistically solved by computers
(combutationally tractable). In practice, it can be said
that all problems solvable by algorithms requiring a
superpolynomial number of steps are computationally
‘intractable (a function is superpolynomial if it grows
faster than n* for any fixed k). For many problems not known
to have deterministic polynomial time (P) algorithms, there

exist fairly simple nondeterministic (NP) algorithms.

COMPLEXITY CLASSES -- AN OVERVIEW



The nondetermistic counterpart of P is NP which is:

NP = U,,, NTIME(nj).

Similarly, we can define PSPACE and NPSPACE, which are equal

by a theorm of Savitch, see [22].

Besides Deterministic and Nondeterminstic Turing Machines,
we will also discuss Probabilistic Turing Machines. In the
last 15 years probabilistic algorithms have been proposed
that determine the exact solution of probléms faster than
existing deterministic algorithms. Probabilistic algorithms
may, when given an input, produce a correct answer, a wrong
answer or no answer at all. The probabilistic complexity
classes arise from the fact that there are many computa-
tional problems for which the most natural algorithmic
approach is based on randomization. Such an algorithm uses a
full instruction set of deterministic algorithms and
additionally has the ability to "flip unbiased coins" or
guess randomly. The outcome of such algorithms can be
erroneous, but we have to deal with sﬁch errors. This is

~ part of the trade-off between running time and accuracy of
the computation. Intuitively, probabilistic algorithms are

deterministic ones, that make random choices in the course

COMPLEXITY CLASSES -- AN OVERVIEW



of their execution. For a fixed input different runs of a
probabilistic algorithm may thus give different results.
Probabilistic algorithms with a bounded probability of error
can be used to obtain a correct answer with a probability as
high as desired by simply iterating the algorithm a limited
number of times. Our probabilistic model of computation is
essentially a tree similar to that corresponding to a NDTM
with a different interpretation of its branchings, and a

different interpretation of the set of leaf outcomes.

Another concept is a Turing Machine or an algorithm equipped
with an oracle. Such an algorithm which is equipped with an
oracle may repeatedly stop to query the oracle about
membership of a specific string in the set represented by
the oracle, obtain the answer from the oracle (this is
considered as one step) and continue its normal computation

(section 4.).

The theory of polynomial time complexity classes classifies
the inclusion/ separation structure of deterministic/
nondeterministic/ probabilistic polynomial complexity

classes {(with or without oracles).

COMPLEXITY CLASSES -- AN OVERVIEW
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2. THE COMPUTATIONAL MODEL AND DEFINITIONS

The computational model throughout the discussion is a
polynomial-time bounded Nondeterministic Turing Machine
(NDTM) M viewed as an "acceptor"”. We assume that the tape
alphabet (without loss of generality) is ¥ = {0,1}. We
restrict each computation path to a length of p(|x|), p
being a polynomial, and |x|, the length of input x. Each
algorithm or TM can be equipped with a counter that counts
the number of computation steps performéd and if the counter
exceeds p(lx|) then M rejects the input x. Thus, the final
answer 1s either accept or reject. The time for a
computation is simply the number of steps made before the
machine halts. Acceptance of a word x € ¥’ is defined in
terms of probabilities Pr[Accy(x)] and Pr[Rej,(x)] that a

path may lead to acceptance or rejection.

For any class C, we can define a class co-C (complement-C):
co-C = {Y'-L :L is a language over the alphabet } and
L € C} i.e., the class co-C is the set of all languages

whose complements are in the class C.

COMPLEXITY CLASSES -- AN OVERVIEW
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We now define specific complexity classes.

Definition 1.

The class P :

A language L = ¥' is in P iff for some NDTM, M and all

X €Y,

X € L =->Pr[Accy(x)] 1 and
Xx ¢L -->Pr[Rejy(x)] =1
This is equivalent to the existence of a Deterministic

Turing Machine (DTM}, that recognizes L i.e.,

P={Lcy¥Y : 3 poly-time DTM accepting L}.

Definition 2.

The class NP :

A language L ¢ Y is in NP iff for some NDTM M and all
Xx ey,

X € L --> Pr[Accy(x)] > 0 and

Il

X € L --> Pr[Rejy(x)] 1

"NP = {L ¢ ¥' : 3 poly~-time NDTM accepting L}.

COMPLEXITY CLASSES -— AN OVERVIEW
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Definition'B.

The class co-NP :

A language L ¢ ¥' is in co-NP iff L'= ¥" - L and
L'e NP.
In other words, a language L c ¥' is in co-NP iff for

some NDTM M and all x € ¥,

X € L =-> Pr[Accy(x)] =1 and

X ¢ L --> Pr[Rejy(x)] > 0.

Definition 4.

The class aP :

AP = NP n co-NP.

By imposing certain conditions on the acceptability criteria
of a NDTM, we can define probabilistic complexity classes
and counting classes. Following the form given above, that
for some NDTM M and all x € Y}’ the conditions given in [12]
for L to belong to Probabilistic Complexity classes RP, BPP

and PP are given below.

COMPLEXITY CLASSES —-- AN OVERVIEW
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Definition 5.

The class RP (Random Polynomial time):

A language L ¢ ¥' is in RP iff for some NDTM, M and all

x € ¥', there exist 3>0 :

X €L -->Pr[Accy(x)] > %+d and

X gL -->Pr[Rejy(x)] =1
(Note: The restriction imposed on the NDTM accepting a
language in RP, is that either at least a fixed
fraction more than half the computations are accepting
computations, or all computations are rejecting

computations.)

Definition 6.

The class co-RP :

A language L < Y' is in co-RP iff for some NDTM, M and
all x € ¥, there exist 3>0
Xx eL -=> PrAccy(x)] =1 and

X ¢ L -=> Pr[Rejy(x)] > %+d

COMPLEXITY CLASSES -- AN OVERVIEW
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(Note: The restriction imposed on the NDTM accepting a
language in co-RP, is that either all computations are
accepting computations or, at least a fixed fraction
more than half the computations are rejecting

computations.)

Definition 7.

The class ZPP (Zero-error Probabilistic Polynomial):

ZPP = RP n co-RP.

Definition 8.

The class BPP (Bounded error Probabilistic Polynomial):

A language L ¢ ¥’ is in BPP iff for some NDTM, M and
all x € ¥, there exist &>0 :

X €L --> Pri{Accy(x)] > 3+5 and

x ¢ L -=> Pr[Rejy(x)] > 3+8
(Note: The restriction imposed on the NDTM accepting a
language in BPP is that, either at least a fixed
fraction more than half the computations are accepting

computations or, at least a fixed fraction more than

COMPLEXITY CLASSES —-- AN OVERVIEW
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half the computations are rejecting computations.)

Definition 9.

The class PP (Probabilistic Polynomial Time):

A language L € Y' is in PP iff for some NDTM, M and all

xeyY,
X €L --> Pr[Accy({x)] > ¥ and
X ¢ L --> Pr[Rejy(x)] > %

(Note: The restriction imposed on the NDIM accepting a
language in PP, is that either more than half the
computations are accepting computations or more than
half the computations are rejecting computations., This
restriction is however insignificant as e.g., the

" >" of the last line can equivalently be replaced

by "zlﬁ ")

It is known that RP ¢ NP ¢ PP and RP ¢ BPP ¢ PP, We do not

know of any inclusion relationship between NP and BPP.

For the classes RP, co-RP and BPP we can arbitrarily
increase the probability of correctness by repeating the

algorithm. This property is known as "Robustness" and has

COMPLEXITY CLASSES -- AN OVERVIEW
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been discussed in detail in [38]. The robustness property
does not extend to the class PP, since the probability of
correctness cannot be substantially improved by repeating

the algorithm.

Many papers in the literature [13,17,19] have considered
definitions of complexity classes using quantifiers in place
of machines. We shall use the fixed length quantifiers
(3y:lyl=k), and (Vy'lyl= k) together with (F'y'lyl=k), and
(ly']yl= k) which are informally interpreted to mean "For
most strings y, such that |yl|=k..." and "For over half of
the strings y such that |yl=k ...". We provide formal

definitions of quantifiers 3%, A.

Definition 10.

The quantifier 3* (the overwhelming majority quantifier):

For a predicate P(X,y),
3*yP (x,y) denotes that there is a & > 0 so that for
all (inputs) x:

Pr({ylP(x,y)})> ¥+d.

COMPLEXITY CLASSES -— AN OVERVIEW
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Definition 11.

The quantifier fl (the majority quantifier):

For a predicate P(x,Vy),
yP (x,y) denotes that for all (inputs) x:

Pr({ylP(x,¥y)})> 3.

Using these quantifiers alternative definitions of the above

classes [39] can be given as follows:

For all languages L c ¥', L is respectively in (i) NP, (ii)
P, (iii) RP, (iv) BPP, and (v) PP, iff there exists some
polynomial-time predicate P(.,.) and a polynomial p(.) such

that for all x € Y},

(i) The class NP:
X €L —-> 3ylyl=p(ixl)) P(xX,y) and

x € L --> (Vy'lyl=p(Ix]|)) -P(x,y)

(ii) The class P:
X € L --> (Vy'lyl=p(Ix])) P(x,y) and

x ¢ L —-> (Vy'lyl=p(Ix])) -P(x,y)

COMPLEXITY CLASSES -~ AN OVERVIEW
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(iii) The class RP:
X € L ==> (3'y|yl=p(lx])) P(x,y) and

X ¢ L —--> (Vy'lyl=p(Ix])) =P(x,y)

(iv) The class BPP:
x € L --> (I'ylyl=p(Ix])) P(x,y) and

X ¢L --> (I'yvlyl=p(Ix]|)) -P(x,¥y)

(v) The class PP:
X €L --> (ﬂy%y]=p(|xl)) P(x,y) and '

x € L =--> (Ay'lyl=p(Ixl])) =P(X,¥y)

We suppose that all quantifiers are length bounded by a
suitable polynomial p(|x|) and suppress this bound in the
notations, writing Vy P(x,y) instead of (Vy'|yl=p([|xl))

P(x,y) etc..

We abbreviate the definition above to follow simple
notations as in [39], so that the criteria for an input x to
be accepted as being in a language of the class are

expressed as simple combinations of the known quantifiers.

COMPLEXITY CLASSES -- AN OVERVIEW
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(1i') P = (V/V)
(iidi') RP = (3'/V)
(iv"') BPP = (3*/3%)
(v') PP = (4/4)
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Using quantifiers it can be verified that if the class C is

represented by quantifiers as in the above notation:
C=(0Q,/Q,), then the class co-C = (Q,/Q;). Therefore,
co-NP = (V¥/3), co-P = (V/V) = P, co-RP = (V/3*),

co-BPP = (3*/3*) = BPP and co-PP = (§/5) = PP.

The same idea can be extended for longer strings and
predicates P(.,.,.) having appropriately many arguments,

with the first place still referring to the input. Some

basic examples are the classes in the Polynomial Hierarchy

as we see in the following section.

Definition 12. For all quantifier strings Q;, Q, of length n

each over the alphabet consisting of
{3,v,3*}, (Q,/Q,) stands for the class of

languages satisfying for all x € ¥~ ,

COMPLEXITY CLASSES -~ AN OVERVIEW
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X€L =--> 0 yP(x,y) and
Xe¢e€¢L --> Q yqP(x,y)
for some (n+l)-ary polynomial time predicate
P, where y is a sequence of variables which

has length n.

"It is to be noted that not all pairs (Q;/Q,) make sense in
the formula above; for example the pair (3/3) contains all
subsets of ¥'. The two possibilities i.e., an input x € L or

X ¢ L should be mutually exclusive.

Definition 13. A pair of quantifiers (Q,/Q,) is called

sensible [17], if for any (n+l)-ary
polynomial time predicate P and all x € }7,

QY P(Xy) -—->9 0 ¥y P(X,y).

3. PROBABILISTIC ALGORITHMS - AN EXPLANATION

In general, probabilistic algorithms, when given an input,
may produce, a correct answer, a Wrong answer Or no answer
at all. Conceptually one can distinguish between the

following three types of probabilistic algorithms [38]:

COMPLEXITY CLASSES -- AN OVERVIEW



21
1. Those that never lie but may give no answer with
(say) Probability (no answer) < 0.001.
2. Those that always answer but may lie with (say) :
Probability (wrong answer) < 0.001.
3. Those that always answer with : Probability (wrong

answer) < 1/2

Algorithms of type (2.) and (3.) fall in the category of

Monte-Carlo Algorithm, where as algorithm of type (1.) are

called Las Vegas algorithms.

A polynomial (one sided) Monte Carlo TM for a language L is
a Nondeterministic ™ with length of the computations

bounded by polynomial in the size of the input x, such that,.
% If x € L then at least a fixed fraction more than
half of the 2F!*!) computation of N on x halt with "Yes"

or "Accept".

% If x ¢ L then all computations halt with a "No" or

"Reject".

COMPLEXITY CLASSES -- AN OVERVIEW
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The class of all languages accepted by a polynomial (one
sided) Monte Carlo TM is the class RP (called Randomized
Polynomial time : definition 5.). We notice here that if a
computation of the Monte Carlo TM above accepts an input x
then the decision is reliable and final. There are no false
positive answers, since for x ¢ L, rejection is unanimous.
This property is also shared by a Nondeterministic Turing
Machine i.e., the class NP. On the other hand the
probability of false negative is at most 1/2. From the
complexity theory point of view, the Monte Carlo algorithms
are efficient or at least feasible but may give incorrect
answers. However, the probability of such incorrect answers

can be greatly reduced by iterating the algorithm.

For the class RP, the probability of acceptance need not be
(bounded away from) 1/2 but (bounded away £from) any number
strictly between zero and one, [38]. If we have a RP
algorithm with a probability of false negative at most 1-0:
0 < 1/2 then we could transform it into one with probability
at most 1/2 by repeating the algorithm k times with k chosen

as follows.
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In the case of a TM repeating an algorithm means that from
each leaf of the nondeterministic computation tree, we
attach or hang on another tree identical to the original
tree. We would do this k times for k repetitions. At the
final leaf we would report a "Yes"” if and only if at least
one computation leading to the leaf has reported a "Yes".
The probability of the false negative answer would now be
(1-5)*. If we take k = [~-1/1log(1-8)] this probability is at
most 1/2. The total time required is k times the original,

which is still polynomial.

In a similar manner a symmetric (two sided errors) Monte
Carlo TM gives rise to the class BPP. By repeating a Monte
Carlo algorithm (BPP algorithm) we can make the probability
of false answers arbitrarily small, up to an inverse

exponential.

More informally, in order to recognize a language in RP,
there must be an algorithm for a NDTM with the property that
on all inputs it either rejects "unanimously" or it accepts
by majority. For a BPP algorithm, we require that either it
accepts an input by a great majority or rejects an input by

a great majority.
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The Monte Carlo property is not exhibited by all polynomial
bounded NDTMs. Given a méchine there is no easy way to tell
whether it qualifies by exhibiting the property: either it
accepts an input by a great majority or rejects an input by
a great majority. More over, there is no easy way to
standardized NDTMs so that the Monte Carlo property is
always exhibited and all Monte-Carlo algorithms are included
i.e., there is no way to tell whether a machine always
exhibits the required output behavior. One of the
shortcomings of these classes are that thefe are no complete

problems for such classes.

A Las Vegas algorithm may give no definite answer. Such an

algorithm can be viewed as a result of combining two Monte
Carlo algorithms; one with no false positive answers and one

with no false negative answers.

The class (RP n co-RP) is the class of languages with Las
Vegas algorithms and is called ZPP (Zero-error Probabilistic
Polynomial Time : definition 7). The Las Vegas algorithms

are characterized by feasibility, absolute reliability of

COMPLEXITY CLASSES -- AN OVERVIEW
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correctness and a very low probability of nonconclusive

termination.

Figure 2. depicts the relationship between the classes

defined above The broken lines show classes which have no

complete problems.

FIG2. PROBABILISTIC CLASSES

COMPLEXITY CLASSES -- AN OVERVIEW
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4. THE POLYNOMIAL HIERARCHY

If C is any Deterministic or Nondeterministic time
complexity class, we can define CP to be the class of all
languages decided (or accepted) by machines of the same sort
and time bound as is C, except that the machines may now
query an oracle A. An oracle is a black box, which answers
all membership questions about the language A. The algorithm
may repeatedly stop to query the oracle, obtain an answer
from the oracle in one step and continue its computation. A
hierarchy of classes is defined based on the concept of
oracles, thereby yielding classes of greater apparent
difficulty. While considering classes with languages decided
in polynomial time, the number of queries to the oracle is

bounded by a polynomial in the size of the input.

The Polynomial Hierarchy introduced in [29] as a

computational analog to the Kleene arithmetic hierarchy of
recursion theory consists of classes 4°, Y7, I, k>0,

defined as follows:
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P P |4
Notations: Yo = J[p = 48, =P
P T P
By = P (P with oracle Y, ).
P )8
Ekﬂ,== NP
P P
Tkn = co-NP = co-Y i

In other words, A" (I.:f) is a set of languages that can be

recognized in polynomial time (nondeterministic polynomial

time) with an oracle in ¥,?. [l..® consists of all languages

whose complement is in },.,*. In particular, Af = P, },F = NP
and J[,® = co-NP, while as stated earlier a,” = P¥*, Note that
AfF e Y n IIE. Similarly Y,..® u I].f € 4°F and we do not know

whether these containments are proper for any kzl. Given
these relationships, we can capture the set of all languages

in the Polynomial Hierarchy (PH) as follows:

Definition 14.

The class PH is equal to the union :

U o X’ -
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Based on the number of queries made to the oracle, there are
classes of the form P¥{ (one query to the NP oracle ),
P¥I2, ., etc.. It turns out that NP = NPY (ji_.e., one
query to the oracle is sufficient). The containment
»relationships within the polynomial hierarchy can be

depicted as shown in figure 3.

P
A1

FIG 3. CONTAINMENT STRUCTURE WITHIN PH

The Polynomial Hierarchy can also be defined by alternating
quantifiers instead of iterated use of oracles as above.
Using alternating quantifiers for the classes in the
Polynomial Hierarchy :

Ye, = (3v/v3a), ¥P, = (3Iv3a/VvaV) and so on.
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The Polynomial Hierarchy can therefore be considered as
built with quantifiers 3 and V [29,37] :
(2/Vv) < (3Iv/V3) < (3IV3/V3V) © ..... < PSPACE.

The following inclusions are known [12] :

P ¢ ZPP ¢ RP ¢ BPP ¢ PP, also ZPP ¢ AP.

5. GAMES AND INTERACTIVE PROOF'S

Another form of studying complexity problems is to describe
their solution by games between two players. The teérminology
used in such games involves adversaries, e.g., games between
two players of equal or unequal computational power such as
"Artbur-Merlin" games [3]j. Arthur-Merlin games are in terms
of conversations between players of supposedly unequal
computational power. Arthur (A) is an indifferent player
with a polynomially bounded computational power and the
ability to flip coins. Merlin (M) is a powerful player
capable of optimizing the winning chances at every step.
Given an input string x and a language L, Merlin's goal is
to convince Arthur "beyond reasonable doubt" about
membership of x in L. The two players alternate moves; the

history of the game is always known to both. After p(|x])
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steps, a Deterministic Turing Machine reads the history and
decides (in polynomial time) who wins. The class AM(1)
consists of decision problems solvable by protocols in which
only Arthur speaks and is equal to BPP [3]. MA(l) is the set
of decision problems solvable by protocols which begin and
end with Merlin's first transmission and this is equal to
NP [3]. For each k, AM(k) (MA(k)) consists of all those
decision problems solvable by Arthur-Merlin protocols in
which Arthur (Merlin) goes first and there are exactly k
messages sent. For an input x € L Merlin can convince Arthur
with probability 374 of this fact and for an input x ¢ L,
Merlin can fool Arthur with probability no more than 1/4

({that x € L), no'ﬁatter what Merlin does.

Definition 15,

The class AM(k):
L € AM(k) iff there exist a k-move Arthur-Merlin game
such that, Arthur moves first and for every x € Y,
X € L —-> Pr (Merlin wins) > 3/4

X ¢ L --> Pr (Merlin loses) < 1/4.

The connection of alternating quantifiers to the Arthur-

Merlin games has been presented in [39]. It is noted that
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AM = (3'3/3'V), MA = (33'/v3*), AMA = (3*33*/3'v3").... etc.. It
has been shown in [4] and [44] independently that MA ¢ AM
and also that AM(k) = AM = MA(k+1) i.e., the game hierarchy

collapses for all k=x2.

Let AM(poly) = MA(poly) = U{ aM(@n*) : k > 0 } [3].

It is not expected that polynomially many alternations (in
an AM game) collapse, i.e., if AM(poly) = AM. So we have,

MA ¢ BAM ¢ AM(poly) < PSPACE.

Similarly, a hierarchy of Interactive Proofs was defined in
[14]. This generalized notion of an interactive proof is
based on two players, one all powerful and the other with a
source of random bits (or an equivalent ability to flip
coins) and polynomial time computational power. The
distinction with Arthur-Merlin games is that while Merlin
(here called "the prover") operates under the same
constraints, Arthur (here called "the verifier") always
sends messages first and in addition is more clever. Arthur
may send the result of an arbitrary polynomial computation
based on input X and some random bits, which means that the
verifier can keep "secrets" from the prover. In AM-games the

verifier keeps no secrets.
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Definition 16.

'The class IP consists of all those decision problems
solvable by interactive proof systems in which the total
computation time of the verifier is polynomially bounded,
but otherwise there is no limit on the amount of

interaction.

By definition, AM(Poly) < IP. Surprisingly all the extra
power that the verifier has in the Interactive .Proof System
does not take us far from AM-games. We know from [15] that

IP = AM(Poly) and IP(k) <« AM for k = 1.

Shamir has shown that IP = PSPACE [26A].

6. INCLUSION STRUCTURE

Figure 4. on the following page depicts the inclusion
structure of some presently known important polynomial time

complexity classes.
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II. TREE MODELS OF POLYNOMIAL TIME

COMPUTATIONS

1. TREE MODELS

Complexity classes are defined by referring to computational
models and by imposing restrictions on the models. The most
widely used computational models are DTM, NDTM, with or
without oracles. The restrictions involve obvious
limitations on time and space, as well as conditioﬁs on the
number of accepting computations. In certain probabilistic
models (e.g., for the class ZPP) the assumption for the
computational model is that the algorithm may "stop" without
an answer (i.e., an accept or a reject answer)~ in a "don't

know" state.

In this Chapter, we discuss different tree models of
computations and their equivalence. Although these models
encompass most of the classes of interest, we will review
the counting class #P and the closely related probabilistic
class PP in detail. It is not difficult to show that P*’=P?,

i.e., a PP oracle is as good as a #P oracle. Trees as models
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of computations for the counting class eP [24] and for
probabilistic classes viz., BPP, RP, etc., have been used by
Zachos ([38], [39], [43]). These models prove to be
extremely useful while considering complexity classes in
terms of quantifiers. Later, a similar model was presented
in [8]. The tree models are useful in showing results which
relate the PH to counting classes. It is known that all sets
in PH (the Polynomial Hierarchy) are polynomial time (Cook)
reducible to sets in PP [30]. In order to prove this Toda
used the class oP as well as techniques that were used in

[24] where oP was defined.

The computational model throughout the discussion is a
polynomial-time bounded Nondeterministic Turing Machine
(NDTM) M viewed as an "acceptor”. We assume that the tape
alphabet (without loss generality) is Y} = {0,1}. We

restrict each computation path to a length of p(Ix]|), p
being a polynomial, and |x], the length of input x..Each
algorithm or TM can be equipped with a counter that counts
the number of computation steps performed and if the counter
exceeds p(|x|) then M rejects the input x. The final answer
is either accept or reject. The time for a computation is
simply the number of steps made before the machine halts and

is obviously bounded by a polynomial. Acceptance of a word
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X € Y' is defined in terms of probabilities Pr[Acc,(x)] and
Pr[Rejy(x)] such that a path may lead to acceptance or

rejection.

On a particular input, computation paths of a
Nondeterministic Turing Machine form a tree. In general, the
branches of this tree (which represent the computational
paths) may be of different lengths. In addition the fan-out
at each node (the number of possible choices at each step),
is not the same. Each path is of course béunded, i.e., each
computation terminates in at most p(|x]) steps, with the
leaf nodes carrying the answer. It is important to point out
that all the possible computations related to the tree are

at most an exponential many.

The probabilistic model of computation is similar to the
nondeterministic model and we consider the probability of
obtaining an accepting computation as discussed in Chapter
I. With each computation, we associate the probability of
choosing a particular computation path. The probability of
accepting an input is the sum of probabilities associated
with the accepting computations of the machine on the given
input. Acceptance of a word x € ¥ by M is defined in terms
of Pr[Accy(x)] which is the probability that a path leads to
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acceptance or Pr[Rejy(x)], the probability that a path

leads to rejection of the input x.

Definition 1.

The class PP [12] (Probabilistic Polynomial Time):

A language L © ¥’ is in PP iff for some NDTM, M and all
x eY,

x € L -=> Pr[Accy(x)] > % and

X ¢L -->Pr[Rejy(x)] > %
(Note: The restriction imposed on the NDTM accepting a
language in PP, is that either more than half the
computations are accepting computations or more than
half the computations are rejecting computations. This
restriction is however insignificant as e.g., the

" > %" of the last line can equivalently be replaced

by "> 3gm)

The class PP does not have the positive advantages
(Robustness Property) associated with the "Las Vegas" class
ZPP and the "Monte Carlo" classes BPP and RP. Polynomial
repetition of a PP algorithm does not increase the

probability of the correct answer.
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The Counting Turing Machine and the class #P of counting
prcblems that can be solved by such machines in polynomial

time, were first introduced and studied in [34].

Definition 2.

The Counting Turing Machine:

The Counting Turing Machine is a NDTM whose "output" for a
given input x, is the exact number of accepting computations
for that input, i.e., the output of a Counting Machine is

|Accy (%) |.

Definition 3.

The class #P:
The class #P is a set of all functions that are computable

by polynomial time Counting Turing Machines.

The class #P consists of functions that count exactly the
accepting path of some NP machine. P* is a class of
languages computable by polynomial time Deterministic Turing
Machines that use an oracle from #P. In this chapter we
present simplified padding and extension techniques in order
to obtain complete binary trees corresponding to PP

computations, #P computations and computations corresponding
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to sub-classes of the class #P [5] (viz., P and MOD,P).
Similar padding and extension techniques can be used to
obtain complete binary trees corresponding to computational

models of other complexity classes e.g., MA and AM,

2. TREES : VARIOUS STRUCTURES

Key Words

< Fan out : The number of nodes directly descending
(children) from a parent node.

¢ Binary tree : A tree with maximum fan out equal to two.
¢ Complete binary tree : A binary tree, such that each node
except the root node has one other sibling and all leaf
nodes i.e., terminal nodes have the same depth.

$¢ Length of a path : The length of the corresponding
computation.

4 Degenerate node : A node of a tree which has only one

child.

While discussing trees corresponding to the computations of
Nondeterministic, Probabilistic and Counting Machines, we

keep in mind that only the leaf nodes are assigned values.
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Therefore, a path rejects or accepts an input depending on

the value of the corresponding terminal or leaf node.

Consider the following models of Counting Turing Machines.
Let p(lx]|) denote a polynomial in size of the input x € }':

p(lxl) is a bound on the height of the computation trees.

¢ Cl : The possible computation paths of a Counting
Turing Machine M1 form a complete binary tree of height
p(lx|). Thus the number of all paths is 2r!*!), The

result is a count of the number of accepting paths.

e C2 : The computational tree is a binary tree which is

not necessarily complete.

e C3 : The computational tree is of bounded fan-out e.g.,

a ternary (fan-out=3) tree.
e C4 : The computational tree is of polynomial fan-out.
¢« C5 : The computational tree is of exponential fan-out.

Let M =f M' denote that M can be simulated by M' in
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Let M =P M' denote that M can be simulated by M' in
polynomial time and vice versa. C =f C', means that if there
is a polynomial time bounded NDTM M of type C, then there
exists NDTM M' of type C', that accepts exactly the same

language accepted by M and vice versa.

3. TREE EXTENSION AND PADDING TECHNIQUES

PROPOSITION 1.
Cl =P C2 =P C3 =F C4 =P C5
Proof:
In each of the extension and padding steps, the idea is
to preserve the exact number of accepting computations
and we do not worry about the number of rejecting

computations i.e., the leaf nodes carrying a reject

answer.
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The extension technique:

We can extend any binary tree into a complete binary
tree with the same number of accepting paths in

polynomial time.

Let the longest path of the binary tree be of length
p(lx|). Extend any path of length less than p(ix|)
further:

At every level the left child takes the value of the
parent node, whereas the right child takes a rejecting
(non-accepting) value. Extend all the way till each
path length (i.e., a path from a root to a leaf) eguals

p(Ix]). This can surely be achieved in polynomial time.

Conversely, every complete binary tree (Cl) is a binary
tree (C2). Thus, Cl =P C2. This extension technique can
be modified for a simulation of a tree with any

fan-out.

The fan-out problem:

We need to prove that a counting machine that counts
the number of accepting computations in a tree with
arbitrary fan-out can be simulated by a complete

binary tree. This can be achieved by the technique used
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in [38] for the class RP. As an example consider a
complete ternary tree. There are 3P!*") computational
paths. Let the least power of 2 exceeding 3°!'*!) be "z",
We now construct a binary tree of height "z" with the

same outcome of the leaf nodes as the original tree.

As a result: Cl1 =F Cc2 =P C3 =P C4 =P C5.

PROPOSITION 2.
An analogous result can be shown for PP computational

tree models M1, M2, M3, M4, M5 and the corresponding

classes C1l, C2, C3, C4, C5 defined analogously.

Proof:

Padding binary trees for PP algorithms

Step 1. Eliminate any degenerate nodes in the

following manner,
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FIG. 5. ELIMINATION OF A DEGENERATE NODE

Step 2. Duplicate each leaf node, i.e., extend the
tree to the next level in depth such that both the
children which will be the new leaf nodes carry the

value identical to the parent node.

Duplication in this manner will double the difference
between the number of correct answers and the number of

wrong answers for the PP algorithm.
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Extension technique to form a complete binary tree:

After padding has been achieved, let the length of the
longest path of the binary tree be p(|x|). Extend any
path of length less than p(ix|) in the following

manner.:

At every level the left child takes the value of the
parent node while the right child is assigned a
rejecting value 50% of the time and &n accepting value

50% of the time (in order to maintain the difference).

The fan-out problem:

Consider the fact that all nodes of the computation
tree may not have the same fan-out. We use a technique
in order to modify the existing tree such that all the
nodes of the resulting tree have the same fan-out
(i.e., each of the nodes except the root node has the

same number of siblings).

As a result of the technique used here, all the nodes

of the modified tree have a big fan-out. This does not
create a problem, since the eventual, complete binary

tree that we obtain after padding and extension is
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still a PP computation tree simulating the original

computation.

The first step is to create a clone for all the leaf
nodes of the computation tree. This is in order to
maintain a difference of at least two between the
correct answers and the wrong answers. The duplication
is achieved by adding a twin sibling for each leaf

node.

Let us say that at this point the maximum fan-out of
the tree is "m". Now consider the least power of two
exceeding "m". Modify the tree so that all the nodes of
the resulting tree have this fan-out. The new leaf
nodes of the completed tree are assigned values such
that, half of these take an accepting value and half of

these take a rejecting value.

The resultant computation tree simulates the original
computation. A node of fan-out 2% can be easily

simulated by a complete binary tree of height k.

Now a complete binary tree can be simulated in
polynomial time from the resulting computational tree.
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This can be achieved by the technique discussed in the

previous proposition.

Since the padding and tree extension techniques discussed
for the #P model, preserve the exact number of accepted
computations, we can use the same technique to show similar
results for the counting subclasses [5] of #P, viz., eP,

MOD,P. These classes are also discussed in chapter III.
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III. OPERATORS ON COMPLEXITY CLASSES

1. ROLE OF OPERATORS

We make observations about complexity classes when used as
operators over other complexity classes. We identify
properties of operators, when these are expressible in terms
of ordinary quantifiers 3 and V together with 3* ([38],
[39]). Many times oracle classes can be expressed in terms
of operators over complexity classes. Some oracle
hierarchies collapse e.g., BPP = BPPP? = BPeBPP, but even
such complexity classes yield several interesting classes
when used as operators on other complexity classes e.g.,
AM = BPeNP = co-ReNP (i.e., the Monte Carlo version of NP).
The operator "BPe" has yielded very interesting results
([19]), [26]). The class (RP n co-RP) of languages with Las
Vegas algorithms denoted by 2ZPP, offers realistic proposals
for practical algorithms and in this sense is closely
related to P. In order to study the Las Vegas versions of
classes in the Polynomial Hierarchy, we introduce new

operators corresponding to the Las Vegas class ZPP and the
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class aP = NP n co-NP. It is interesting that the only two,
still remaining open problems from the original list of
problems considered by Karp (whether NP-complete or in P)
namely, Primality and Graph Isomorphism are in the Las Vegas
version of P (ZPP) [1] and NP (ZPeNP) respectively, as shown

later.

2. INTRODUCTION

The Monte-Carlo (Probabilistic) version of complexity
classes (P, NP, PSPARCE, Y%, II%: etc.,) have been studied in
depth [19], [26]. The class BPP has been extensively studied
(see [15],[39],[44]) and it is known that the Monte-Carlo
version of NP i.e., BPeNP is exactly the same class as
AM(2). BM(2) was defined in [3], IP(2) i.e., two round
interactive proof system was defined in [14] and in [15] it
was shown that AM(2) = IP(2). In [19] several properties of
general Probabilistic classes, with "BP*" as an operator have
been identified. Our main interest in this chapter is to
give a uniform picture of general operators and the
properties that certain operators may satisfy. We also
introduce the Las-Vegas versions (Zero-error probabilistic

versions) of various complexity classes by defining the
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operators corresponding to the class ZPP and the class aP.
We present a model of computation for aP (the Las-Vegas

computation ZPP follows the same model).

Several papers in the literature (e.g., [38], [39], [41])
have shown that many results can be proved by considering
definitions of complexity classes using quantifiers. We use
quantifiers to express operators over general complexity
classes. We use the fixed length bounded quantifiers

(3y Iyl = k), (vy Iyl = k) and (2'y |yl = k) (which is
interpreted to mean : "for most strings such that |yl=k,..."
and is also called the overwhelming majority quantifier
defined in chapter I). We have used these quantifiers in the

definition of complexity classes.

Our fundamental machine model is a polynomial-time bounded
Nondeterministic Turing Machine M. Without loss of
generality we assume the tape alphabet is }={0,1}. For
simplicity, we may view the set of possible computation
paths of M on input x of length |x| as a complete binary

tree of length p(|x|) for some polynomial p.
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Let C be a complexity class where we consider a polynomial

time bound on the computational model. We define the

following operators, keeping in mind that all quantifiers

are length bounded by a suitable polynomial p(lx|) i.e.,

polynomial in size of the input x.

Definition 1.

The operator "Ne ", corresponding to the class NP :

Let L € NeC ; there is a L, € C such that

X €L ----> 3y L(x,Y)

and x ¢ L ----> V y qL,(x,y)

The class NP can be expressed in terms of quantifiers

as ( 3/V ):; therefore the operator "Ne" can also be

written as "( 3/V )e" (Remark: in [19], "3e" is used).

Similarly, the

"co-Ne" operator on the class C is

defined as follows:

Let L € co-NeC ; there is I, € C such that

X €L -———-> Vy LI(XY)

and x ¢ L --—-> 3y q L(x,¥).
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The operator "co-Ne" can also be written as " ( V/3 )e".
(Remark: in [19] "Ve" is used).
Notice that, L' € co-(NsC) iff there is I, € C such
that

X € L' ~——=> V y+q L(x,y)
and x ¢ L' ----> 3y L(x,y).
Since L, € C <=> 4L, € co-C, it can be seen that

co- (NeC} = co=Neco-C.

Definition 2.

The operator "BPe" corresponding to the class BPP :
Let L € BPeC ; there is I, € C such that
X € L ~—-> 3"y Li(x,y)
and x ¢ L -——-> 3" y 1L, (x,Yy)
Since BPP is closed under complement, the operator "co-
BPs" is same as above and these can be written as
" (TH/3r) ",
Notice that since L, € C <=> qI, € co-C, it can be

verified that co-(BPeC) = BPeco-C.
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Definition 3.

The operator "Rs" corresponding to the class RP :

Let L € ReC ; there is L, € C such that

X € L -—--> 3 vy L{xX,Y)
and X € L ---->V y qL;(X,¥)
"Re" can also be written as "(3'/V)e". The operator

"co-Re " can be defined similarly.

Here, again co-(ReC) = co-Reco-C.

Definition 4.

The operator "Ps" corresponding to the class P :
Let L € PoC ; there is L, € C such that
X € L -—=> Vy Lix,y)
and x ¢ [ ----> Vy+q Li(xy)
From here it is clear that PeC = C .
The class P is closed uﬁder complement and thus

co- (PeC) = Peco-C = coc-C.

Similarly we could define other operators (not directly

involving V,3,3%).
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Definition 5.

The operator "ee" corresponding to the class eP ([24],

see also [13])

Let L € @C ; there is a L, € C such that

X €L -—=~=>0Y Lz(XIY) = "y: LI(le) " is odd &

X € L ==-=>q0 Yy Li(x,y) = |ly: Li(x,¥)]] is even.
The operator "co-e+" is defined as follows:
L € co-eC ; there is a I, € C such that
X € L -——=> -0 ¥ Lix,y) = |ly: Lix,y)| is even &
X ¢ L---->ey Lixy) = |ly: Li(x,y)| is odd.
The following fact is easy to prove considering that we
have an even number of total paths, because we consider

complete binary trees

o*C = esco-C.

We can similarly define any operator "Oe" corresponding to a
complexity class OP which is expressible as a sequence of
quantifiers (Q/Q'). We use two notations i.e., (Q/Q')eP is
the same as (Q/Q'). For example, the operator "Neco-Ne" (or
"(3v/v3)e") corresponding to the class, }f, i.e., (3v/V3) or
Neco-NP. The operator corresponding to the class MA (Merlin-

Arthur), can be written as "MAs" or " (3V/VvI*)e"
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(Remark: It has been shown [41] as the completeness

property, that (3v/v3a*) = (33*/v3")).

It is to be noted here that MA (= (3v/v3')) is not the same
as Neco-RP in terms of quantifiers. The class MA is
expressed as follows:
Let L € MA then, there exists a polynomial time
predicate P(x,y,z) such that:
X € L -—---> 3yvz P(X,Yy,2)

X &€ L -=--=-> Vy3'z qP(x,y,2)

We express the class Neco-RP as follows:
Let L € Neco-RP, then there is a L; € co-RP such that,
x €L ----> 3y Lx,y). (a)

X €L ---=> VyqLixy) (b)

Since L, € co-RP, the above conditions (a) and (b) are

in fact equivalent to the following conditions in terms
of quantifiers alone:

There exists a polynomial time predicate P(x,y,z) such

that,
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X € L -=---> 3yvz P(X,Y,2) (a')
X ¢ L ————1 Vya‘z -|P(X,y, Z) (bl)
VxVy(VzP(x,y,2) V 3*'29P(x,y,2)) (*)

The class MA is equivalent to the conditions (a') and (b')
in terms of quantifiers as seen above. The (*) condition is

not required for the class MA. Thus Neco-RP ¢ MA,

LEMMA 1. Let OeP and O'sP be complexity classes expressible
in terms of quantifiers as (Q,/Q,) and (Q',/Q',).
0«Q'eP c (0,Q0',/0,0',) but it is in general, not

true that, O«Q'ep = (Q1Q'1/Q2Q'2) .

This result especially holds true when the second operator
i.e., "O'e " corresponds to a probabilistic class, in which
case we need an added condition i.e., the (*) condition to
express the special behavior of the machine model (sée
chapter I). The (*) condition in fact imposes an added
restriction on the machine model e.g., there must be an
algorithm for a NDTM with the property that on all inputs it

either accepts "unanimously" or it rejects by a great
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majority. We shall therefore call it the confining
condition. The confining condition depends on the class C,
in the definition of OeC.

For the class NeBPP, let L € NeBPP then there is a L, € BPP
such that,
X € L -=-=-=> 3y L(x,Yy)

X ¢ L ----> VyqL(x,y).
LEMMA 2. (i) Neco-RP g NeBPP ¢ MA
(ii) co-NeRP c co-~NeBPP ¢ co-MA
Proof : (i) Let L € Neco-RP then there exists a

polynomial time predicate P(X,y,2) such that:

X € L =--=-=> 3yVz P(X,Y,2) (a')

X ¢ L -——=> Vy3'zqP(x,y,2) (b")
VXVy (V2P (X,¥,2) V 3*zqP(X,y,2)) ‘ (*)

The conditions (a') and (b') can be rewritten as,
Xx € L =---=-> 3JyI'z P(x,y,2) (a')

X ¢ L --——> Vy3‘z qP(x,Yy,2) (b')
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The confining condition (*) based on the class
co-RP above is stiffer than the following
confining condition that is based on the class
BPP:

VxVy (3*zP(x,y,2z) V 3'2qP(x,¥,2)) (*')

The class NeBPP is expressible by (a'), (b')
together with (*'). Therefore L € NeBPP. The class
MA is expressible in terms of quantifiers as
conditions (a') and (b') alone. No confining
condition i.e., (*) condition is required in order
to express the class MA in terms of quantifiers as

seen above. Therefore I, € MA,

The proof for (ii) proceeds similarly.

In [9] it has been shown that there is an oracle c relative

to which MA ¢ NP®®, Thus NeBPP is a proper subclass of MA

relative to the oracle c.

On the other hand, the class AM is the same as co-ReNP,

since there is no confining condition corresponding to the

class co-R*NP. The operator corresponding to the class AM
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(Arthur- Merlin), i.e., co-ReNP can be written as "AMe" or

" (va/3'V)«" which is equivalent to " (3*3/3'V).".

In the next section, we consider complexity classes
involving polynomial time, expressible in terms of
quantifiers and those that are expressible as intersections

of these classes.

4. GENERAL PROPERTIES OF OPERATORS

In this section we first list the properties that may be
satisfied by operators corresponding to complexity classes
and involving polynomial time. We then discuss various
operators and their properties. We argue over formulae using

combinatorial techniques.

We call an operator represented in terms of quantifiers as
"(R/R')e" symmetric if (R/R') = (R'/R) [viz., "Pe " and "BPs"
from the definitions in the previous section].

Remark: This does not necessarily imply R = R' e.qg.,

" (V3*/3*'V)e" is symmetric, [41].
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% Property 1 : co-(0eC) = co-0eco-C, V C

(The Co-Property).

% Property 2 : C; € C, => 0eC, £ OC,, VC, & V G,
{Monotonicity).

¥ Property 3 : Cc OC, V C

(Vacuous extension).

% Property 4 : O¢(C; N C, ) € OC, N OC,, VC, & Y C,
(Distributive Property). ‘
% Property 5 : O¢(C N co-C ) € OeC N Oeco-C, V C
(Special case of Property 4.).

% Property 6 : O,2P © O,P => 0,oC c 0,C, V C
(Monotonicity w.r.t. Operators).

% Property 7 : P C=> 0P c OC, V C

(Special case of Property 2.).

¥ Property 8 : Oe0¢C = QOeC, V C

(Idempotent)

THEOREM 3.
Let "Oe", "O's" be any operators corresponding to complexity

classes OP, O'P respectively, expressible in terms of
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quantifiers as (R,/R;) and (R';/R"',). Let C, C, and C, be

conplexity classes.

1. co=-(0C) = co~-Oeco-C. {1.1}

2. Cl c Cz => O'C;l = O.C2- {1.2}

3. C € OsC. {1.3}

4, Os(C;n C, ) € OeC; N OeC, {1.4}

5. O¢(C N co-C ) € OeC n Oeco-C {1.5}
Proof :

1. co-(0«C) = co-0eco-C.

Since "Oe" is expressible in terms of quantifiers
as "(R,/Ry;)*", the operator "co-Oe¢" is expressible

as ” (RZ/R]_)."I

L € co-0sco-C <==> there is a L, € co-C :

X €L -->R, ¥y L (x,¥)"

Let L, = 9L,, then L, € C.

S0, L € co-0eco-C <==> 3L, € C :
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X €L -->R, ¥ L, (X,y)

4]
3
Q.
>
m
=

-—=> R ¥y L(x,y).

A
1l
li

AV,

(|

€ QeC
<==> 1L € co-(0eC), where L is the

complement of L.

C, e G => 000, € O0eC,.
"Oe" is an operator expressible as " (R;/R.;)*", so
in order to exXpress any language L € O«C, , we
have :
There exists L, € C; such that
X eL -->R, vy Li(xX,¥y)
and x ¢ L --> R, y 1Ly (x,y).
Since C, € C, , it follows that L, € C,.
From the above expression we observe that L € OeC,

therefore, Oe¢C; < 0eC,.

C g OC,
"Oe" is an operator expressible as " (R;/R,)e".

If L € C then,

X € L =>R, ¥ L{(x) and
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X ¢ L => R, ¥y qL(x) by vacuous

quantification. Thus L € 0eC,

4. Oe(C, N C,) & QoC; N OeC,.
Since (C;, nC;) € C, & (C;nC, ) € C,, using
Property 2. we directly obtain:

O (C; N G, ) &€ OC; N OeC, ,

5. Oe(C N co-C) = OC N Qeco-C.

Proof is a consequence of Property 4.

a
COROLLARY 4. O ¢ NP ¢ O « PNP(U
Proof :
The proof follows from property 2 above, since NP ¢
prei
o

We shall call an operator "Oe" sensible if it satisfies
properties 1, 2 and thus 4 and 5. Based on this notion of
sensible operators we define two new operators in the next

section.
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Although it is obvious that PsNP = NP and P € ZPP, we will
show later that it is highly unlikely that, NP c ZPeNP, (if
so then the polynomial hierarchy collapses at the second

level).

This leads us to believe that properties 3. and 6., probably
do not hold for all operators. It is probably not even true,
that for any

"O,e ", "O,s" and "Oe" if,

O,*P © O,P then 0,s0+P c O, «OsP.

5. THE OPERATOR "A®" AND THE LAS-VEGAS

OPERATOR "ZPpe"

The Arthur-Merlin system has been defined in [3]. Arthur is
a randomized verifier & Merlin is a nondeterministic prover.
Merlin tries to convince Arthur that a certain string
belongs to a language L. BAM(k) [MA(k)] denotes a k move
Arthur-Merlin game where Arthur fﬁerlin] moves first. It is
known [3,4] that,

AM(k) = AM = MA(k+1).
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In terms of operators and quantifiers, (see [17], [19])

AM = (v3/3'V) = co-ReNP = (3'3 /3'V) = BPeNP

co-AM = Reco-NP = (3'V/3'3) = co- (BPeNP} = BPeco-NP

MA = (33*/v3*) = (3v/v3').

co-MA = (V3*/33%) = (v3‘/3v).
The following results are known,

NP ¢ MA c AM and co-NP c co-MA c co-AM

BPP ¢ MA ¢ AM also BPP c co-MA ¢ co-AM

However, it has also been shown that if co-NP ¢ AM, then the
PH collapses to the second level (see [7]). In this section
we define the operators "ZPe" (corresponding to the class
ZPP) and "a*" (corresponding to the class NP n co-NP).

We will first elaborate upon the model of computation for
the class aP. The model for the Las Vegas class ZPP would
be similar. A problem which has a Las Vegas algorithm can be
thought of, as a combination of two algorithms, one that has
no false positive answers and another that has no false

negative answers.

MODEL OF COMPUTATION FOR aP: We consider binary trees as
models of computation. Each path from the root to a leaf is

a possible computation on input x € }' by a NDTM.
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(a) Let M, be a NDTM accepting 1, € NP. For' x € L,, the
computation tree is such that some computation paths
result in a "YES" leaf i.e., an accepting computation;
while the other paths may result in a nondecisive
answer or a "?" leaf. In case x ¢ L, then all

computation paths result in "?".

(b) Now consider a NDTM M,, accepting L, € co-NP. Let x €
L,. In this case all computations result in a "?" leaf.
For x ¢ L, there is at least one compﬁtation that ends

in a 1leaf "NO" while others result in a "?" leaf.

(c) By definition aP = NP n co-NP. Let M, be a NDTM,
accepting x € L,: L, € aP. Then the computation tree, in
the model considered here is such that, there is at
léast one computation path which results in the correct
answer and many others may result in a "?" leaf i.e.,
giving no answers at all; the correct answer being
either "NO" or "YES." 1

Using the above model of computation, we show the following

result.
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THEOREM 5.

aP¢ = NP° n co~-NP°, for all oracles c.

Proof :

In order to show aP° = NP n co-NP° consider a language
L € NpP° , accepted by NDTM M; querying an oracle "c"
The tree of all computation pathsh is similar to one
defined in (a) above, except that at each computation
path an oracle query is permitted. Similarly, if L €
co-NP¢ then a NDTM M, querying an oracle "c" accepts

L, [M, as defined in (b) ] also if L € aP° then the

NDTM M, with an oracle "c" accepts L.

We first show L € aP° ==> L € NP° n co-NP%, i.e., given
a NDTM, described as M, above that accepts L in

polynomial time, we can construct NDTMs M; and M,, such
that both M; and M, accept L in polynomial timeliff M,

accepts L.

Construction of NP° model: The NPt tree is the same as
the aP° tree except that all the "NO" leaves are

converted to "?".
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Construction of co-NP° model: The co-NP¢ tree is the
same as the aP° tree except that all the "YES" leaves

are converted to "2",.

For the converse, join the NP* and the co-NP® trees to

form a aP® tree, by adding a new root as shown in

figure 6.

T [T T T T A T T

FIG 6. sb° COMPUTATION
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Here is a general fact which will be useful in what follows:

co-(Cl n C2) = co-Cl n co-C2 V classes C1 and C2.
In case of operators corresponding to complexity classes,
defined as intersection classes, viz., aP and ZPP, the

definitions are formulated as follows:

Definition 5.

The operator "a*" corresponding to the class aP
( = NP n co-NP):

a*C = Neco-C n co-Ne(C.

The operator "co-a*" is defined as follows

COo-a*C = NeC N co=Neco-C = aeco-C

Note that the operator "co-as" is different from "ae".

Definition 6.

The Las Vegas operator "ZPe" corresponding to the class ZPP
(= RP n co-RP):

ZPeC = Reco-C N co-ReC
The operator "co*ZPe" is defined as follows

co-2ZP+*C = ReC N co-ReC = ZPeco-C
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Note that the operator "co-ZPs" is different from "ZPe".

Operators "ZPe" and "a*" are sensible since these operators
satisfy properties 1 and 2 from the last section (see

Theorem 6. below).

Notice that "ZPe" is not symmetric in the sense that

ZP+C is not the same as ZPeco-C. On the other hand ZPeC is
closed under complement (see Lemma A below). The operator
"ZPe" provides us with a medium to study the "Las Vegas"

versions of various complexity classes.

LEMMA A
The classes a*C and ZPeC are closed under complement

for any class C.

Proof :

co-(a*C) = co-(Neco-C n co-NeC) by definition

co- (Neco-C) n co-(co-NeC) by the above fact

co-NeC n Neco-C by the Co-Property 1.

a*C by definition.
Similarly co-(ZPeC) = ZPeC.
o
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THEOREM 6.

The operators "ZPs" and "a*" are sensible.

Proof :
We first show that both operators "ZPs" and "ae"
satisfy property 1.
co-ZPeco~C = ZPeC (by definition)

= co-(2P«C) (by Lemma A)

Similarly for the operator "as".

We now show that "Zpe" satisfies property 2.

Let C, ¢ C,, it follows that co-C, ¢ co-C,.

ZPsC, = Reco-C; N co-~-ReC,

ZP'CZ R.CO"'CZ N CO-R'CZ

From Theorem 1, part 2, it follows,
Reco-C, c Reco-C,, and co-ReC, & co-Re(C, .
Therefore, ZPeC, c ZPeC, .

The same argument follows for the operator "ae".
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The operator "BPe" enables us to investigate classes which
have "Monte Carlo" algorithms (Monte Carlo algorithms have
the property of solving a problem with a low probability of

error). The following observations follow :

PROPOSITION B

BPea © ZPeNP

Proof :
If L € BPea then, there is a L, in aP such that:
X € L ---> 3y L;(x,Y¥)

X ¢ L ——=> F'y 1L, (%,Y).

Now BPea = BPe (NP n co-NP)
< BPeNP n BPeco-NP (using {1.4})
= (co-RoNP'n Reco~NP) = AM n co-AM
i.e., BPes ¢ AM n co-AM.
Also note that ZPeNP = Reco-NP n co-ReNP
= Co-AM n AM.

Therefore, BPsa ¢ ZPeNP.

Because of Lemma A note that, ZPeNP is closed under
complement, i.e., ZPeNP = co-ZPeco-NP = co- (ZPsNP)
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It was shown in [7] that if co-NP ¢ AM, the Polynomial
Hierarchy collapses to the second level. Babai introduced
the term "Las vegas" in an unpublished manuscript which has
been refefenced in [18]. The term was coined in conjunction
with his research in randomized algorithms for variations of
the Graph Isomorphism (GI) problem (i.e., determining
whether two graphs are isomorphic). Babai then considered a
‘variant of a simpler GI problem in which the vertices of the
two graphs are colored and the problem involves looking for
a color preserving isomorphism. Shortly after that the
colored GI problem was shown to be in P [10]. It is known
from [7] that if the GI problem is NP-complete then the
Polynomial Hierarchy collapses to Y%, = [[,® = AM. This means
that the GI problem is not likely to be NP complete (because
we believe that the Polynomial Hierarchy does not collapse).
We know that the GI problem is in BM n co-AM (see [15]
[25])) . While characterizing the class ZPeNP, we have noted
above that it is exactly the class AM n co-AM (closed under
complementation). It follows that if we can show for any NP-

complete problem to be in ZPeNP the Polynomial Hierarchy
collapses to the second level. Equivalently, if NP < ZPeNP
or co-NP ¢  co-(ZPsNP) then the Polynomial Hierarchy

collapses at the second level. Since the GI problem lies in
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the class AM n co-AM which is ZPeNP, so does the complement
of GI (because the class ZPsNP is closed under
complementation). This provides a new insight into this
interesting problem i.e., the Graph Isomorphism problem lies

in the "Las-Vegas" version of NP.

Thus, although P ¢ ZPP it is unlikely that NeP ¢ ZPsNeP. AS a
matter of fact it seems unlikely that the following holds

for every "Ous", "Ope" & "Oe":

If O;eP c O,eP then 0,60¢P g 0,0eP,

(This is a special case of property 6.)

It seems unlikely that the operator "ZPe" when applied to

the class NP yields a complexity class higher than NP.

In [19], GI has been shown as a low set with respect to
various operators. The idea of lowness stems from the fact
that the set does not help in the computation i.e., if C is
low for the operator "Oe¢" then OsC = OeP (looking at

oracles, a set ¢ is low for the class OP if OP° = OP).

OPERATORS ON COMPLEXITY CLASSES



75
To investigate the "Las-Vegas" versions of some other
complexity classes, we apply the operators "ZPe" and

"co-ZP+" on an other complexity class

% 2ZPeco-NP = ReNP n co-Reco-NP.
In terms of quantifiers,

ReNP = (3+3/WY) = (3/V) = NP

also co-Reco-NP (W/3+3) = (V/3) = co-NP.

therefore ZPsco-NP = NP n co-NP = aP.

% On the other hand co- (2Peco-NP) co-ZPeNP

ZPecO~NP = aP.

* ZPeRP co-ReRP N Reco-RP

< BPP n BPP
= BPP.

We do not know if this containment is proper.

I
]

Y Z2Peco-RP = co-RP n RP = ZPP co~- (ZPeco—-RP) co-ZPeRP

and co-(2Peco-RP) = co-ZPe*RP = ZPeco-RP = ZPP.
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PROPOSITION 7.
ZPasP = AP
Proof:
ZPesaP = €O-ReaP N Reco-4aP = co-ReaP N ReaP
= co-Re* (NP n co-NP) n Re(NP n co-NP)
& co-Re*NP N co-Reco-NP n ReNP n Reco-NP
= AM Nn co-NP n NP n co-AM

= co~AM Nn AM n AP = AP

On the other hand aP c ZPesP, because
AP © ResP and AP = co-ReaP (by {1.3}).

Therefore also co- (2PesP) = co~ZPeco~-a = aP

It is easily seen that , ZPeZPP = ZPP = ZPeP i.e., the

operator "ZPe" is idempotent when used on P.

THEOREM 8.

YE,e (ZPeNP) PR

Proof :
YF,e(2ZPeNP) = YF,e(co~ReNP n Reco-NP)
= ):",_-(BPoNP N BPeco-NP)

{(using the distributive property {1.4})
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s L% n L'eBPe[f, {see [19]}
¥ n E5 =1IX%
Y%, © YF,e(2PeNP) follows from Property 7.

The class ZPeNP (the "Las-Vegas" version of NP) is

low for YF,.

COROLLARY 9.

The(ZPeNp) = ¥P for k > 2.

We now look at the operator "ae",
a*C = Neco-C n co-N*C (definition 5, page 69)

co-(a*C) = co-asco-C ("a*" is sensible)

co=a*C = Neco-C n co-NeC (definition 5 "co=-as")

As noted above (Lemma A), although "as" is different from "co-

a*" by definition, the class a*C (for any complexity class C)

is closed under complement.

Applying "as" on specific complexity classes we have

aeNP = Neco-NP n co-NeNP = Y%, n I]5,
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As mentioned above,
co- (a*NP) = co-~a*co-NP
= Neco-NP n co-NeNP = YF, n [][f, = aeNP.
a*co-NP is also closed under complement,

A*CO-NP = NeNP N co-Neco-NP = NP N co-NP = aP

For the classes in the Polynomial Hierarchy in general,

ao¥F = Y N I = co-ae[[%,

On the complexity class RP, the operator "a*" has the
following outcome:
a*RP = Neco-RP n co-NeRP. Since Neco-RP ¢ MA and co-NeRP ¢
co-MA, it follows that asRP ¢ MA n co-MA.

cO—Aa*RP = NeRP n co=-Neco-RP = NP n co=~NP = AP

We now investigate the class ZPeD* . The class D was first
introduced in [23] and consists of languages expressed in the
form (X n Y), where X € NP and Y € co-NP. As noted in [23] the
class DP is different from (NP n co-NP). It contains all of
(NP u co-NP) and is not equal to the union unless NP = co-NP.
The class D° when used as an oracle, is equivalent to two
calls to an NP oracle.

ZPeD? = co-ReD¥ n Reco-IF.
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In order to formalize the above expression, let Py(.,.,.) and
P,{(.,.,.) be polynomial tirﬁe predicates. For any language
L € co~-ReD* there is a D € D° such that:
X € L --->VyDix,y)
X ¢ L[ --->3yqD(x,y)
where there exist, N; € NP and N, € co-NP such that:
D(x,y) <--> N;(x,y) A N,(x,y) and
9D(x,y) <-=> 9N;(X,¥y) V N;(X,V)
that is, there exist P, and P, in P such that:
(x,y) € N, <----> 3 z P,(x,Y,2) and
(X,y) € N, <===->V z P,(X,V¥,2).
It follows that,
X € L <-——->V y [3zP,(x,y,2) A VzP,(X,Vy,2)]

X ¢ L <~-—--> 3" ylVz 1P, (x,y,2) V 3z qP,(x,y,2)]

In Chapter IV, we will show that NP®P ¢ ZPeD?., While it seems
doubtful that NP < ZPeNP (NP and ZPeNP are not directly

comparable), we conclude that NP c ZPeD°

It is interesting to study operators and complexity classes in
terms of quantifiers, since the quantifier characterizations
are closely connected to restrictions of the number of oracle

queries a machine makes along any computation path. We present

OPERATORS ON COMPLEXITY CLASSES
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in Table 1., at the end of Chapter V, a detailed picture of

complexity classes when used as operators. The following

figure depicts the inclusion structure of some complexity

classes in terms of operators.

co-AM

co~-MA

co-NeBPP
co-NeRP

MA n co-MA

1 \ T
ZPeNP /

AM N co-AM

)

!

aeBPP

I

ASRP

IEM (=BPeNP)

MA
NeBPP

T

Neco~-RP

FIG7. OPERATORS ON COMPLEXITY CLASSES
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In the following section we investigate the properties of the

Counting Quantifier [32] in the above light.

6. THE COUNTING QUANTIFIER

Many well-known complexity classes can be defined in terms of
Nondeterministic Turing Machines (operating in polynomial
time), by appropriate interpretations of.the results of all
possible computation paths. NP, co-NP, PP and members of the
Polynomial Hierarchy [29] are examples of such complexity
classes. Counting classes consist of 1languages in which
acceptance 1is determined by the number of accepting

computations.

The Polynomial time Counting Hierarchy (CH), was introduced by
Wagner in [36], analogous to the Polynomial Time Hierarchy
(PH) . Many natural computational problems whose complexity
cannot be modelled in terms of Existential (3), Universal (V)
or Majority (3") quantifiers are more adapted to the idea of
counting. Wagner introduced the Counting quantifiers Cr® .,.
Informally, the quantifier C*™ ..,y P(y) means that there are

at least £f£(x) strings y, of length p(x), satisfying the
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predicate P(y). C"™_,, ¥ P(y) means that there are exactly

f(x) strings of length p(x) satisfying the predicate P(y)).

The Counting Hierarchy (CH) arises in a natural way, by
combining the Counting quantifiers with the Existential & the
Universal quantifiers. The Counting Hierarchy (CH) contains PH
& is contained in PSPACE. Wagner has shown [36] that every

level of CH has complete problems.

For a NDTM N, let |Accy(x)] be the number of paths of N,
accepting the input x, |Pathy(x)| be the total number of paths
of N on input x. Before discussing the counting quantifier, we
preview the following notations and definitions in order to

relate to the counting classes.

CPrix,aix),mix)) P& @ class of languages L defined as follows:
(3N) (Vx) [x € L <==> R(x, [|Accy(x)|, |Pathy(x)|]) ].

It can be easily observed that if we let oa(x) > r(x)m(x) ,

then,

* PP : 0 < r{x) <1
¥ co-NP : rix) =1

* Y : r(x) =0

OPERATORS ON COMPLEXITY CLASSES
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* If we let R{x,x(x),n(x)) (x{x) = 1 (mod 2)) then the

class defined is eP [24].

* If we let R(x,0(x),m(x)) (a(x) = 0 (mod k)) then the
class defined is MOD,P.
* If we let R(x,0(X),n(x)) = (o(x) = 1} then the class

defined is UP (Unique P).

Definition 8. The class MOD,P :

For every positive integer Xk, MOD,P = CPq).omoaxj» that is,
a language L belongs to MOD,P iff there exists a NDIM N,
such that

X € L <==> JAccy(x)| = 0 mod(k).

The class eP defined in [24] is the class MOD,P such that k=2.

Definition 9. The class UP (Unique P) [33]

A language is in UP if there is a polynomial time NDTM N
such that for all input x,

[Accy(x) | = 1 if x € L and |Accy(x)| = 0 if x ¢ L.
The class UP was the first complexity class defined using the

idea of bounding the number of accepting paths of a language

accepted by a Nondeterministic Turing machine. This class
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plays an important role in areas of one-way functions and

Cryptography [16].

Definition 10. The polynomial Counting quantifier Cri=n .., vy,

(introduced in [36]):
Let FP denote the class of polynomial time computable
functions. For a function f: ¥'--> N, f € FP, a
polynomial p and a predicate P{.,.),
Cetxlley ¥ P(X,y) <=> || {y:lylz= plIx]) & P(x,¥)}I|l> £(x),
where |]S|| is the cardinality of the set S.
We can similarly define Ceuxi_. ., y as follows :
Criley ¥ PUX,y)  <=> ||{y:lyl = plIx]) & P(x,y)}|I=£(x).
Since we only consider quantifiers ranging over strings of

polynomial length, we drop the superscript p.

Definition 11. %  The quantifier C, y:

C. Yy P(x,y) = UfeFP Ciry ¥ P(X,Y).

%  The quantifier C. y:

C.y P(x,y) = UfeFP Ciwy ¥ P(x,Y).

OPERATORS ON COMPLEXITY CLASSES
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Definition 12. The operator "C,»" (corresponding to the

quantifier C, y P(X,vy))

If C is a complexity class involving polynomial time,

then C,oC is defined as follows:

L € CeC, iff there is a function f in FP, such that for

every X, f£(x) > 0, a polynomial p and a language

L, € G

X €L <=>CWy v Li(x,y).

In [37]), a characterization of the polynomial hierarchy in
terms of polynomially bounded existential ‘and -universal
quantifiers is given. We now alternate the polynomial Counting
gquantifier C,» with the Existential and the Universal

quantifiers in order to define the Counting Hierarchy (CH).

Definition 13, The polynomial Counting Hierarchy (CH) [32] is

the smallest family of language classes satisfying :

(i) P € CH

(ii) If K € CH then VK, 3K and CK € CH, where all

quantifiers range over strings of polynomial length.
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The threshold function f(x) of the operator "C,»" can be
changed to one half of the possible strings. This fact has
been observed in [27], [32] and [36]. C,»P is therefore the
same class as PP. It has also been shown that PP = C,»C for

any class C in CH [32].

LEMMA 10.

"C,»" and "e*" are sensible operators.

Proof :
In order for "C," to be a sensible operator it must

satisfy properties 1 and 2 (Section 3).

Property 1. (Co-property)

co- (C,*C) = co-C,eco-C = C,oco-C (see [32]).

Property 2. (Monotonicity) :
Cc C' =>C,oC c C,oC'

The result follows, since PP® ¢ PPY.

For the operator "es" we verify the co-property :
co-(e*C) = co-eeco-C.
Let L € co-(eC) then there is a L, € C :

OPERATORS ON COMPLEXITY CLASSES
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X €L -=->q0y L,(%X,y) and
X ¢L --> ey L(x,y).
We consider a complete binary tree (then there are an
even number of paths) :

18y Ly(x,y) <==> qey 3L,(x,y), where L, is in co-~C.

X €L -->qe0y qL,(x,y) and
X e¢L --> ey qL,(X,y).
By definition of "co-e", L € co-(eC) iff

L € co~aerco-C.

It can be verified that Monotonicity and Distributive

properties also hold true for the "ee" operator.

We use the notation "Cze" interchangeably with "PPe". It was
shown in [30] by Toda that PH ¢ P* and PH ¢ BPe*P. This result
was generalized to other counting classes in [31] where it was
shown that : PH ¢ BPeX such that K € {PP, MOD,, C.}. We provide

a new structured skeleton of a proof of the main result of

[30].
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The following Lemma can be proved by combinatorial swapping

arguments similar to [39].

LEMMA 11. (Parity Swapping):

@*BPP ¢ BPesgP,

a
COROLLARY 12.
> @BPeC c BPeaeC, where C is a polynomial time
complexity class.
> @ BPegP ¢ BPesP
o]
THEOREM 13,
PH ¢ P™,

Proof (sketch):

The proof utilizes the properties of the class oP [24].

l.) eseP = oP [24].
2.) @*BPP ¢ BPeaP and e*BRPeeP ¢ BPeeP [LEMMA 11].
3.) NP c BPeoP [35].

4.) Y,F < BPeer/] ,f , using the same argument as in [35].
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6.)
7.)

8.)

COROLLARY
(1)

(ii)

Proof :

(1)

(i1)

89
PH ¢ BPeoP, by induction on levels of PH, using 2.
and 4. above.
C,»eP < P* [30], i.e., PP°® ¢ PP
BPeoP c C,eaP.

PH ¢ P?, using 5., 6. and 7. above.

14.
BPegePH < BPeoP.

C,*BPegePH c P*F

"BPear" is a sensible operator. Since PH < BPegP, we
apply the operator "BPees" on both the classes and
obtain,
BPe+a*PH < BP¢@¢rBPeaoP ¢ BPeoP (using corollary 12.)
From corollary 12. above, we know that C,eeeP c P*F
and also C,sBPeesP < C,se*P. Therefore, C,*BP*eP <
C,»eP < PF*, Moreover, since " C,»" is a sensible
operator and PH < BPeaP,

C,*BPea@*PH < C,sBPegeP c C,ea°P.

Hence, C,sBPe@sPH c PP?

-y - vy
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LEMMA 15.
If the operator "C," is idempotent (Property 8. [section 3])

then PH < PP.

Proof :
From theorem 13. we know, PH ¢ PPP,
If "C,»" is idempotent then CeC,eP = C,»P i.e., PP? ¢ PP.

Hence the result follows.

Depending on the threshold function f(x) (which defines the
acceptability criteria for the counting machine) the class C,eP
could represent various classes. For example,

(a) If £(x) = 1 then C, P represents the class NP.

(b If f(x) = {all possiblé paths} then C,*P represents the

class co-NP.

(c) If £(x) = 1 then Cy*P represents the class UP (At most

one accepting computation).

Note: If f(x) = 1 then "C,*" is idempotent.
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IV BPP ORACLES : LOW POWER

1. INTRODUCTION

BPP seems to be a much more tractable complexity class than
NP, but currently we know nothing definite about the inclusion
relations, if any, between NP and BPP. It is known that if NP
c BPP, then RP = NP and in addition, the Polynomial Hierarchy
collapses to BPP [43]. Sipser showed that BPP ¢ },° [28] and
Lautemann [21] improved this to },* n [[,°. A much simplified
proof of this result is presented in [41], where it is also
shown that BPP ¢ ZPP" [41). In [40] Zachos and Heller showed
that.BPP &« AM n co-AM and also that BPP ¢ MA n co-MA. The two
classes NP and BPP at this time seem to be incomparable.
Comparing the augmenting power with the use of oracles of NP
‘and BPP complexity provides a deeper insight into the

comparison of the two classes.

It is known that PP = BPP, where as, P™ probably contains

NP in a proper way. BPP is "low" when used as an oracle. E.g.,

BPP ORACLES : LOW POWER
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Y,PBP = ¥.F [41] where as Y, = Y.?, which probably contains

Y, in a proper way.

We will show that NPP* ¢ ZPP¥ and this provides further
evidence of the "lowness" of BPP. As a matter of fact the
stronger version of the result is NP®® ¢ ZPeD’. This latter
class is a Las Vegas version of D’ (i.e., two questions to an
NP oracle are enough). The class NPP* is interesting in
itseif. It contains NP, BPP and RP and on the other hand is
contained in MA and consequently in AM. We. do not know if MA
is contained in ZPeD’. We also do not know if MA is even
contained in ZPPY. We do know that (MA n co-MA) ¢ (AM n co-AM)

S ZPeNP.

2. CHARACTERIZATION OF BPP.

The class BPP as we know, is the set of all decision problems
solvable by probabilistic polynomial time Turing Machines in
which the answer always has a probability of at least %*+d of
being correct, for some fixed & > 0. We have seen in Chapter
I that BPP = (3'/3'). The "B" in BPP stands for "bounded

error". Since the probability of correctness can be rapidly
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increased by iteration, the precise choice of the parameter &
in the definition of the quantifier "3*" does not affect the
language class it defines. The quantity %*»+3d i.e., the
threshold may be replaced by 1-279!x1) in the definition. This
phenomenon is known as robustness and has been studied in

detail in [39] and [41].

The classes defined by means of the quantifiers 3* exhibit the
robustness property. The robustness property for the class BPP
yields the fact that BPP problems can be solved in practice
with small probability of error . This is not known to be the
case for all problems in NP. It has been shown in [39] that
BPP = (3'VW/v3*) and since BPP is closed under complementation:

BPP = (3'V/V3*') = (V3*/3).

This characterization of BPP is called decisive [39] in the
following sense:
For L, € BPP i.e., x € L <--> J*uv¥v P(x,u, V)
and x ¢ L <--> Yud'v qP(x,u,v), for a
polynomial predicate P(.,.,.).
Thus for this P :
X € L iff Juvv P(x,u,v) iff IF*tuvv P(x,u,Vv)

and x ¢ L iff Yudv qP(x,u,v) iff Vud'v qP(x,u,v).

BPP ORACLES : LOW POWER
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We have:
3uvv P(x,u,v) <--> X € L

and VYudv qP(%x,u,v) <--> x ¢ L

This means even if "+" is dropped, it can be decided whether
X € L or x ¢ L. This is not true for the (3*/3")

characterization of BPP.

The hierarchy defined by alternations of 3* and V collapses at

the second level i.e.,
(3'V3*...Q,) /(VA'V...Q",) = (3V/v3*) = (v3'/3'V), where Q, = 3*
and Q', = V if k, the number of alternations is odd and Q, =

V and Q'y = 3* otherwise.

On the other hand, we do not know if the hierarchy defined by

operators, i.e.,

Reco-RP < Reco-ReRP ¢ ...... < BPP collapses.
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3. USING BOOLEAN MATRICES TO VISUALIZE QUANTIFIED

FORMULAE

LEMMA 1. (Swapping Lemma) [39]
Vy 3*z P(x,y,z) -=-> 3*C Vy 3zeC P(X,VY,2)
where P(x,y,2) is a polynomial time predicate and
JzeC P(x,y,z) is a polynomial size disjunction,

hence also a polynomial time predicate .

In order to have a practical and direct view of quantifiers,
we shall consider a matrix Miy,v] = P(X,y,Vv) in terms of 0's

and 1's for an input x. We now make the following

interpretations:

* vy3*v Mly,v] = 1 => for all rows most entries are 1l's.

* 3*Cvy 3veC M[y,v] = 1 => for most collections (combs) C
of columns, every row has a 1 in at least one column

(tooth of the comb) of C.

* The statement corresponding to Lemma 1. above can be

interpreted to mean: for all rows most entries are 1's

BPP ORACLES : LOW POWER
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implies that for most collections C of columns, all rows

have a 1 in at least one column of C.

* vu (3*vP(x,u,v) V 3*'v qP(%X,u,Vv)) in terms of the matrix
M[u,v] according to the definitions of 3* is:
There exists a 6>0, such that,
vu {Pr{v| M[u,v] = 1} > %+d A Pr{v| M[u,v] = 0} > ¥+38}.
Putting this in simple words, we have, for all rows

either most entries are 0's or most entries are 1's.

Some other swapping properties of quantifiers are:
Let Q € {3, V, 3*, 4§} then
(i) Qy Vz P(x,y,z) --> Vz Qy P(X,vy,2)

(ii) 3y Qz P(x,y,z) =--> Qz 3y P(X,y,2)

We refer to a collection C (or a set) of columns as a comb
such that |C| = g(lxl) for some polynomial g(.). Each member
column of this comb is a tooth. A comb C is called-faithful
(faithful(C)) iff for all rows, most teeth of this comb have
O's or most teeth of the comb have 1's. In terms of
quantifiers we have,

faithful(C) <=> Vu (3*v € C P(x,u,v) V 3'v € C 9P (%X,u,Vv)).

faithful(C) is a co-NP predicate.

BPP ORACLES : LOW POWER
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4. BPP AS AN ORACLE TO NP, MA AND AM

The BPP oracle as we know does not enhance the power of ¥,F.
We will show that augmenting the NP-machine with a BPP oracle

yields no more than the Las Vegas version of the class D°.

THEOREM 2.

NPBPP ¢ ZPeDF |

Proof:

Let L € NP®P,

In terms of quantifier notations,

X € L --> 3u PP (x,u) (1)

X ¢ L --> Vu 1P¥® (x,u) (2)
where PP (x,u) is a polynomial-time predicate with a BPP
oracle. Considering the behavior of the BPP oracle L €
NPPP* iff there exists a polynomial time predicate

P(.,.,.) such that,

X €L -->3u 3'v P(x,u,Vv) (1)
and x ¢ L --> Vu 3*v 7P (x,u,Vv) (2')
and Vvxvu(3'v P(x,u,v) V 3'v 1P (x,u,V)) (3")

Now Vxvu (3*v P(x,u,v) V I*v 7P(x,u,Vv)) implies:
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Vxvu 3*C (IF'veC P(x,u,v) V I'veC 1P (x,u,Vv)), where C is a

polynomial size collection of columns (a comb).

Using the proof technique of Lemma 1., from (3') get,

vx 3*C vu (3'veC P(x,u,v) V 3I*'veC 1P (x,u,Vv)) (3'7")

Using the abbreviation of faithful(C) from the previous
section, condition (3'') precisely means that for all
inputs, most combs are faithful i.e.,

Vx 3*C faithful(C).

From conditions (1'), (2') & (3'') we obtain,
x € L --> 3ud*v P(x,u,v) A 3I*C faithful(C)
--> 3'C (3u3‘veC P(%x,u,v) A faithful(C))
X ¢ L -->VYud'v qP(x,u,V)
--> VC (faithful(C) --> Yu3'veC qP(x,u,V))

This shows that L € RV,

In the characterization of L, only two queries to the NP
oracle are required:
x € L --> 3C Q(x,C) & x ¢ L --> VC 70Q(x,C)

where Q € DF.
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We also know that NP®? ¢ MA ¢ co-R¥I} ¢ co-ReD?, hence we
conclude that NPPFP ¢ ZpeDP,
a

O0f course NPPP ¢ MABPP hecause NP ¢ MA and also AM = BPeNP ¢

BPP"P,
THEOREM 3.
(i) MABFP = MA
(ii) AMPFP = AM
Proof:

(1) Let L € MAP*®*, This means,

X € L --> 3u3d‘v P (x,u,v) and

X ¢ L --> Vud'v P (x,u,v).
Then by the identity PP = BPP and quantifier
contraction, for some polynomial-time predicate P':

X € L --> Jud*y P'(x,u,y) and

X ¢ L -->Vvudy qP'(%X,u,y).

Hence L € MA.

(ii) Analogous to the above.

BPP ORACLES : LOW POWER
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V. CONCLUSIONS AND INTERESTING OPEN

PROBLEMS

We have investigated trees as representational models for the
computation of a Nondeterministic Turing Machine. In Chapter
II we have shown the invariance of the classes PP, #P and
counting subclasses of #P viz., eP, MOD,P with respect to
computational trees of various structures, viz., varying fan-
out and different length of computatioﬁal paths. We have
proved, taking into account all the properties of the
computational models, that we can represent any computation
of a PP machine and counting machines (the class #P and its
subclasses) with complete binary trees. We can extend the
techniques used here to other classes e.g., the classes MA and

AM, of games between two players.

In Chapter III we have created a calculus of operators on
complexity classes and have investigated properties that lead
us to define sensible operators. We observe that by forcing
certain properties on operators, we may imply unexpected
collapse results. We have introduced operators "ae" and "Zpe"

corresponding to the classes aP and ZPP. The operator "ZPe"

CONCLUSIONS AND INTERESTING OPEN PROBLEMS
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provides us with a medium to study the "Las-Vegas" version of
various complexity classes. The term "Las-Vegas" algorithms
refers to randomized algorithms which either give a correct
answer or no answer at all (where the probability of the
second option can be made exponentially small by repeating the
algorithm). The "Las-Vegas" version of any complexity class is
closed under complementation. A "Las-Vegas" algorithm (ZPP)
for primality testing appeared in [1], whereas no P algorithm
is known for primality yet. The class ZPP offers realistic
proposals for practical algorithms. We have found that another
interesting problem i.e., the Graph Isomorphism problem, is
contained in the "Las-Vegas" of NP (2PeNP). The class ZPeNP
is closed under complementation and, therefore, the Graph
Nonisomorphism problem is also in ZPNP. The Graph Isomorphism
problem is known to be in NP and not known to be in co-NP. It
is known from [7] that the Polynomial Hierarchy will collapse
to the second level if the Graph Isomorphism problem turns out
to be NP-complete. In fact we conclude that if there is an NP
complete problem that can be shown to be in the Las-Vegas
version of NP (i.e., ZPesNP) then the Polynomial Hierarchy
collapses to the second level. We also conclude that the class
ZPNP when used as an oracle does not add any computational

power to classes as low as },° in the Polynomial Hierarchy

CONCLUSIONS AND INTERESTING OPEN PROBLEMS
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(PH) . We have also investigated the consequences of specifying
certain properties for the Counting Operator (the Counting
Quantifier). In the same chapter II1 we also provide a new

structured skeleton of Toda's celebrated result : PH < PPP.

It has been widely discussed and it is known, that the classes
NP and BPP at the present time are not directly comparable and
that BPP is "low" when used as an oracle, [17], [19], ([26],
[41]. In Chapter IV we have presented further evidence on the
"lowness" of BPP as an oracle. We have shown that the class
BPP when used as an oracle does not substantially enhance the
computational power of the classes NP, MA and AM. The class
NP is contained in the Las-Vegas version of Df (i.e., ZPeDF).
On the other hand, for a slightly higher class, namely MA, we
do not know if it is contained in ZPeD* or even in ZPP". We
would, therefore, be interested in investigating further the
classes ZPNP and ZPP". We have also shown that MA®® = MA and
AMPPP = AM, i.e., the BPP oracle does not enhance the
computational power of the classes MA and AM. At the end of
this chapter, we present in a tabular form (table 1 and table

2) some interesting oracle and operator classes.

CONCLUSIONS AND INTERESTING OPEN PROBLEMS
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OPEN PROBLEMS :

MA € ZPeD° or MA € ZPPV ?

Reco~RP = ReBPP 7?
Reco-RP = BPP ?
Neco-RP = NeBPP = MA 7

L S A

AeBPP = MA n co-MA ?



COMPLEXITY OPERATOR

‘ﬁrﬂ e —— = e
g P ZPP RP co-RP AP BPP NP co-NP
P P PP RP co-RP AP BPP NP co-NP
ZP. zrP zrP ZP.RP zPP AP BPP ZP.NP aP
co-ZPs zZPP ZPP zZPP ZP-RP AP BPP AP ZP.NP
Re RP RP RP Reco-RP ReAP BPP NP co-AM
li
co-Re coRP | coRP coR-RP | coRP coRap | BPP AM co-NP
Ae AP AP ARP AP AP A«BPP ar AP
CO-Ae AP AP AP A<RP AP A<BPP AP AF
BP. BPP BPP BPP BPP BP.AP BPP AM co-AM
Ne NP NP NP Neco-RP NP N-BPP NP )
co-Ne co-NP co-NP co-N-RP co-NP co-NP co-N-BPP s co-NP
oP ®P @-ZPP @RP @-co-RP @-AP @®-BPP @NP ®-co-NP
TABLE1. OPERATORS ON COMPLEXITY CLASSES
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QQ‘P’ P ZPP RP co-RP aP BPP NP co-NP y.p oP
P P ZPP P 2 aP BPP pY Y 28 »P
i
ZPp ZPpP 2pPp 2pp™® ZPp¥® AP BPP ZPpe ZppY® ZPPL 2PP*
RP RP RP RPRPIY RPpRe1 RP*F BPP RPY RPY RPL RP¥
i
co-RP co-RP co-RP co- co- co—-RP** BPP co- co—~ co-RPE co-RP*f
RPRP( 1} RPREIL K RPY? RPN
AP aP AP aAPR? aPR® AP APBEP apPlll aPNPLY aPL aP*®
BPP BPP BPP BPP BPP BPP*®F BPP BPPY? BPP"? BPPE BPP*
NP NP NP NpRe( NpRety i}IP NpreRl] ¥.F ¥t ) NpP**
co~NP co~NP co—-NP co- co- co-NP co- 1354 1F T:° co-NPp**
NPRP[I] NPRP(H NPBPP[I]
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