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Abstract

OPTIMIZED AVERAGE EXCITED STATE OF ATOMS,
INTERMEDIATE - ENERGY SCATTERING
by

Arthur Benjamin Weglein

Adviser: Professor Marvin H. Mittleman

The optimization of the average excited state of an atom (via a Kohn
variational principle) is investigated. The resulting non-linear coupled
integro-differential equations for the optimized excited state and the elas-
tic and inelastic scattering coefficients are studied with two purposes in
mind: (1) to extract electron-atom scattering information from this opti-
mized two state model and (2) to attempt to assign some physical reality

to the optimized excited state of an atom.
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Chapter One: Introduction

A technique used to calculate scattering amplitudes of projectiles off
targets with structure is to choose a finite basis set in which to expand the
total wave function and then to optimize the choice using a variational prin-
ciple. If target eigenstates are chosen as a basis and the coefficients (which
are functions of the projectiles coordinates) are optimized by the Kohn prin-
ciple this leads to the usual close coupling equationsl.

This program has been widely appliedz’ 3 in scattering problems
often yielding reliable amplitudes whenever a small number of channels domi-
nate the particular process. The expansion basis, however, need not consist
of target eigenstates. In fact they may not correspond to any physical state,

4,56 and effective channel

and, among others, the pseudostate expansions
methods7 have been considered.

We are thereby naturally lead to the idea of choosing average inelastic
channels. The concept of prechoosing an average inelastic channel has also
been applied, in the context of an optical potential expamsion8 (at high energies),
yielding rather good results for e-He scattering.

At intermediate energies (50-500 e.V.), where neither high nor low
energy expansion techniques are expected to work, it seems unlikely that

scattering will be easily describable by a systematic expansion technique

where we prechoose a finite basis set.



The next step in the growth (and exploitation) of the average inelastic
channel(s) concept was to optimize the choice of basis set9. That is, rather
than prechoosing the basis set, we ask how we should make the best choice
under certain criteria. The choice of criteria for optimizing the basis is
in itself deserving of serious attention.

The program of optimizing a single excited state has been consideredg.
The criteria chosen was a Kohn-type of variational principle to optimize the
average inelastic channel; although an alternate method of optimizing the opti-
cal potential operator was also ourlinedg‘

The former variational principle method, carried out on a trial wave

function of the form:

L ¥)= R(K) 7)) + wlid) 66) (1.2)

where % = the target ground state, assumed known,

F = the elastic scattering coefficient,

L = the average excited state

6— =z the coefficient describing inelastic scattering into the

average inelastic channel,
leads to a set of three non-linear coupled integro-differential equations for
the functions F, G and @/°.
To avoid the non-linear problems involved in the trial function (1.1)

(10)

an alternate trial function was considered which incorporated features of



both low and high energy collisions:

F (2 X) = £17) FO) + Bz T wls) + K00 Ge (57

(1.2)

where y, , Z and ?t are assumed known (prechosen) while F, &/
and ﬂ are to be obtained optimally from a set of coupled equations.

In (1.2):

}f, == the target ground state
f = the adiabatic component of ZE
at= the impulse component of -f

The basis functions are chosen and the relative importance of the
various terms was decided optimally by a set of linear coupled differential
equations.

Although the above scheme avoids the non-linearity and could be a val-
uable calculational tool at intermediate energies it does avoid the optimized
average inelastic channel concept.

It seems, however, that if we want to deal with at least a single non-
prechosen average excited state within the Kohn principle, a general feature
of the technique will be the non-linearity.

The purpose of this paper is to further explore and use the concept of
a single optimized (non-prechosen) average excited state determined via a
Kohn principle. There are two basic and related reasons to justify this inves-

tigation of the optimized average excited state. They are:



(1) To use this single optimized average excited state (OAES) as
a calculational toadl for evaluating scattering amplitudes. The optimization,
in some sense insures, (within the two state approximation), that no pre-
chosen state could better average the effect of the inelastic channels on the
elastic scattering. (See Chapter Five).

(2) To attempt to assign some physical reality to such an optimized
average excited state by considering what if any defining characteristics (e.g.
its width and lifetime) we could associate with such a state. It could then be
possible (e.g. depending on whether the lifetime of the state is small com-
pared to its energy) to consider the OAES as a collective excited state of the
atom. Under these circumstances the OAES could be interpreted as a state
excited by the incident electron. This electron then escapes with some range
of lowered energy (the incident energy minus the excitation energy of the
OAES) and the OAES decays into eigenstates of the target.

We will also use the above mentioned scattering information to see if
any structure appears inthe scattering as a function of energy that could be
attributed to a resonance type of behavior on the part of the projectile and
in turn a collective excited mode of the atom.

An essential ingredient in both of these procedures is an approxima-
tion for the optimized excited state.

Chapter Two will present a discussion of the type of variational prin-
ciple needed in (1.1) as well as the derivation of the coupled equations for

F, Gand W .



In Chapter Three we present an analysis of the relationship of the
parameter found in the @) (average excited state) equation and the &/ equa-
tion itself. Chapter Four deals with an approximation scheme. valid for
heavy atoms, for the average excited state. Also derived here are a prac-
tical set of criteria to determine the validity of the approxirﬁation for any
particular atom. In Chapter Five, the average excited state, as approxima-
ted in Chapter Four, is used in the problem of electron-atom scattering.

In particular, we are interested in this chapter, in the effect of the optimized
average excited state on the process of elastic scattering. We analyze the
eikonal approximation for the coupled equations of the coefficients (F and G)
of the elastic and inelastic channels. We also preserit and investigate here
the angular momentum decomposed F and G equations.

In Chapter Six, we use the theory of the previous several chapters
in the specific case of electron-Argon scattering.

We show "m this chapter that the criteria estahlished in Chapter Four
for the average excited state of an atom are satisfied in the case of Argon.
Then having justified the approximate average excited state in this case, we
use it in the gngular momentum decomposed F and G equations to evaluate
both elastic scattering and inelastic scattering into the average inelastic channel.
We chose the latter method of Chapter Five because of the short range nature
of the coupling potential (whose effect on elastic scattering we wish to establish).

We also discuss in this chapter the width of our approximate QAES and suggest

-10-



how the effect of such a state could be detected experimentally.

Recent successes in intermediate energy scattering techniques11
(e.g. the Eikonal-Born series) has changed the relative weight we should
give to the two above mentioned justifications. It seems now that less of an
emphasis on the search for an optimized average excited state for the sake
of its use as an intermediate energy scattering technique is justified. Cor-
respondingly, more weight should then be applied to the very active aiea of
the reality of the optimized excited state and its possible interpretation as a
collective mode.

These recent scattering techniques, however. were developed after
we initiated this investigation and the weights we originally attributed to

these factors would now be somewhat different.
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Chapter Two

(I) The Variational Principle, (II) Derivation of the Coupled Equation

for F, Gand @ . (IlI) Appendix on Lagrange Multipliers

(I) The Variational Principle:

As mentioned in Chapter 1, there are various criteria we could use to
optimize the choice of & . We choose here the Kohn formalism.

In this section, we investigate the Kohn principle for scattering off targets
with internal degrees of freedom. We then proceed to see how the principle applies
specifically to a trial function of the form (1. 1).

Let H be the hamiltonian of the system: H= HT+ T+ YV where Hy is the target
hamiltonian, T is the kinetic energy operator of the projectile and V is the interaction
potential energy of the projectile and the target.

Consider the integral:

v( _ //;Lé—)x (E—H) ?‘k/(*)C/Z

@) y )X
3;‘, and .&‘ are trial functions for a system of projectile (electron) and
neutral atom (4 and — denote the usual outgoing and incoming wave boundary
conditions, respectively). At the high energies to be considered the Pauli principle
between the incident and target electrons lead to small corrections to the elastic

scattering1 and can consequently be neglected.

-13-



We define: (using Hartree's Atomic Units)

?; = the target eigenfunctions where,

Hr%= M%

% = the target ground state

2
E=£L" + Mé = the total energy of the target projectile system

==
kN

> the incident electron's energy
Mr. the ground state of the target

4 Z= the differential volume in the target and projectile coordinate

system

——l .

Al == position vector of the projectile

Ly 4 ——p Lere 4

X = (X z . X ) is the position vector of the Z atomic electrons.
H% &

‘( (D) ~)
would vanish identically if 'ﬁ‘. and Vk‘. were the exact eigenfunctions

of H for eigenvalue E.

Expand these trial functions using as a basis set the target eigenfunctions

bW = 5 R () G )

( y 2.1
¥ > 5 (w) GF)
7"’5‘ A vhe (2.2)
where the th) are the coefficients of the e

Asymptotically we have:

+) B 2 M [
?*. ~ gef +2 ., ﬁhﬁ:"e)fg

‘ w—

_14_



&) I.‘Ef:'f-{. = ) -
4,7 x ge' V2 B HRC g
r nh=o r

By

In terms of the coefficients F, ° the asymptotic conditions are:

(*) ~ J;, 6 "[('.,-'-0 . £’(ﬁ61'&,r
= o

Fnk g
s r (2.5)
) 'F.-o . _ 'é
£ I AR A L R
s K ne = 2.6)

where E:= kn;“ and.é‘."z-/-%:E

Consider a general variation of U( in which:

(-) X . -
/ y’.t()x +Joy2()x

if trial f exact f

and
(“') - (+) (*)
- vt{ exact a J, 7[(

k(' trial

+ X
By a general variation we mean that ﬁ (for h#o0 ), F, t , (Fp~)

are all allowed to vary, subject only to the restrictions on the asymptotic forms

(given by (2.5) and (2. 6)) and fﬁ (going to zero fast enough for large

1+

of Fn

7 to insure Hy is hermetian).

ﬁ, the ground state wave function of the target, is assumed to be known

exactly.
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We can now write 4 as:

2
o= [(Voslrn + 1) B (U 1417

(2.7)

-)x *) 2
A, = /’z/ (E-#) & % dz + O(Y)

‘5f1anc;r

or ] (.l) ,
A =[BT (e-0) S0 dTr O(FF)

(2.8)

@)
where (E-H) . equals zero has been used in deriving (2.7).
% g

¢ exact

Therefore, to first order in the variation J';‘ we have: J.Y/

- - ~ o, = X (E-p) Y. d
= b= e =l = [ B LW b

In (2.7) let us write

—p

—y —d - o o —y
(EB-H)=E-Hp-T-V=E-Hp-T-V#(T-T) (2.10)
where (—%» or —) means that the operator acts to the right or left respectively.
“— —

Ht and V are hermetian whereas T is not, giving rise to the T - T term in (2. 10).

Using (2.7), (2.9) and (2. 10) we have:

(ot = ) B (F-T) U 12
— , —— +)
=i i [ 47 B (- B

-16-



Making use of Gauss's theorem we then have:

St = [AF [ fon r 472 6HI)- ST

(2. 11)

where J-Q;‘ is the differential solid angle in the projectiles coordinate space.

Now utilize the expansions (2. 1) and (2. 2) to write:

It = S (RS € e S8)

2.12
neo (2.12)

Equation (2. 12) together with the asymptotic forms (2. 3) and (2.4) leads to

the asymptotic form of J‘? .

:k..r #)
) e~
J‘ #l‘ o é f f ¢ 7+

e".i’

> 5= A7 ag
h=/

(2.13)
In (2. 13) we have made use of the fact that J‘?Z = @ . We also have a similar

)X
expression for J? ¢ )

Substitution of these asymptotic forms in the JV(of (2.11) we find:



sq= [IF L [l [Je %7

F—@
i ' knr N nd y g"‘ea"‘
7 £ ﬁ‘zf,“”f/Zz;/r /
n'=0

N=p

[ SEM B 8 + £ 5-8)5% ] f
— [i lé»r[ f]c(ﬂ 5 E) @ J[';[f-)a“%jj

h=o

. — g =2 1&y ), % per X,
f—/if'»‘e g Fgky S 7 e,."/ff’fff
=0

(2. 14)
The exact target eigenstates satisfy the orthonormality condition:
/ é , &, ) =dnnt
(2.15)
If we ask that the trial target states also satisfy this condition we have:
(Gy Gy)= dnn’
) z
(2.15a)

These last two relations lead to (keeping terms of O ([ﬁ) ):

-18-



(%t/ J%')="’ /;% %t') (2. 15b)

Using the fact that J% equals zero, (2.15b) becomes for n = 0:
(%/fﬁ)=0 (2. 16)

for all n.
——
Integrating over X in SY[(Z. 14) using (2.15a) and (2.16) and the performing
the angular integration we find:

o0 = - 47 S, (B—F)

(2.17)

The result (2. 17) is the Kohn principle. This principle states that the wave function

which extremizes ij= V(twill in turn extremize the difference

7(9 (*)trial - f o G)exact

It also is a method to improve the evaluation of elastic scattering amplitudes
found using trial wave functions. That is, the elastic scattering amplitude found

using trial wave functions will be improved (as long as we can neglect) O (& V‘”)

)
by adding It 6]€t .

-19-



(I1) Derivation of the Coupled Equations for F, G and W

We now turn our attention to the problem of interest and consider

the trial function (1. 1):

z

#‘1 = & F’;t + w 5;_ (1.1),

e

where % is the ground state of the target and eV s the average excited
state of the target.

Explicitly:

?1‘(-*): A m,:k‘{+%“)+“//;)6'kf) ey (2. 18)
7/@:_) = % (x) FE;;)(/‘_’)?‘ w(7) él;(-)ﬁ) (2.19)

+) . -~
and where F . , , F <G (f) , 65?7 and @  will be determined
ke kA TN

variationally.

Consider the integral,

A=/, + A+ Ky A (2. 20)
wee ¥y = [ Vo, (E-H) Fa T
and Jz = j %‘,(ﬂx /E— ”) #l:-) JZ

The reasons for this choice of L( will be discussed below.

-20-



From section (I) of this chapter it follows that for a general variation

5= e JE®
g el =-ym IE "
Sely = —ur 5
d e,X

- yrd¥£ il

(+) -
and therefore: J‘ U( = -4n [z' ee“( /f E J‘f ‘ ))‘7

However, now rather than the general variation, we will vary indepen-

) - x )X - -
dently F!, B, Y g OIF ) ) X ek

, w and w*
The results of these independent variations are:
Sl = -y TV (2.21)
J‘cﬁ,_—n = _—gyr SL7* (2.22)
J !'/(f(—) = =Y fﬁ(.) 2. 23)
d L perr = =97 O (2. 24)

where the right hand sides of equations (2. 21), (2.22), (2.23), (2.24) come from

the non zero contributions due to (Sb@) ‘> (J‘dx),x, (:‘()
[ J ‘f )F(—)X respectively.

=21~



The other independent variations lead to:

Y cﬂé - =0 (2.25)

Jtﬂeé(-)x =0 (2.26)
fd&o-l =0 (2.27)

J) D(@mx =0 (2.28)

§Fel,y =0 (2.29)

£ lyr =0 (2.30)

The reason for the asymmetric look (between the F and G's) in the
above variational principles is that we are scattering off the ground state of the
target. That is, the F and G's have different asymptotic forms, due to the fact
that F is the coefficient of the target ground state and consequently has an incident
plane wave component (absent in G).
s . . k 4 ¥
This difference causes variations with respect to F or (F ),

: t £X - o
(unlike G and G ) to have non-zero contributions whenever these variations
occur to the right of E - H in an integral. If we were scattering off an excited
state of the target, the right hand sides of (2. 21) - (2. 24) would still correspond

to an elastic scattering amplitude, (where in this elastic scattering amplitude the

initial and final states of the target are the original excited target state).

-22~-



These independent variations lead to coupled integro-differential

b 4
equations for F t, G and W

Remarks on the Choice of ‘Z

X x ¥
a) Including %, with p(, leads to equations for &J F( ,

) X -y X
) ,G”’xadc”

n which are the complex conjugates of the equations for
-) X
w ., F ) , e , ¢ andg ) respectively. (E.g. if D[/ were left out the
X
W and l()x equations would not be complex conjugates.) Also with 9(, included
Fé” and G:-') satisfy the same equation as Fb(” and G.m respectively
(as they should).

X
b) Including 9( 2 t D(z gives an integral u( with asymmetric depen-

dence on ¥ and= states, i.e. V/ (#b('(ﬁ ka{y:- ﬁ//—ﬁt;‘: %‘6)

/

Physically &Y should be derived from a variational principle symmetrically depen-
dent on f and — states.

However, using (2. 20) for ‘.'1 is essentially done for mathematical
completeness and its clear aesthetic and physical appeal, since the inclusion of
E/‘ + %leeads to no new contributions beyond 6(, + d,x to the equations
for F ) Gand W .

c) Because of Remark (b) we will henceforth deal with the mathematically
equivalent (for the variations of interest to us) reduced w’é'b(l +De,x. With

+) +)

this new ‘( the variations which produce the F , G and &/ equations

respectively are:

=23~



de-(_)x == O (2.31)

S Agrix =0 (2.32)

Shwx=7 (2.33)
A= o+ A
for = / / . Note the difference between equations (2. 31)
X ) X
and (2.24). We have (2. 31) because in 5([ + d’ , F ¢ never appears on

the right hand side of E ~ H.

X
In the previous U(=J’ f&, X+ p?,_f-r,@_" , 5(2 contributes a term
)X X ~) X
g appearing on the right of E - H. This 17(2 in (2.20) leads to J£( !

on the right hand side of (2. 24).
Writing ¥, + c?e’x in detail:

A =) +d)* =
SR (- —T—ws) B 4=
%
+ [ B R (E—Hy ~T—V) @ 6% & d¥
b Jwr 6 (et -T-) BE AT IF

+ ij G /E—//,-T—V)Wﬁ*/"ﬂ %

(2.34)

+ (Complex Conjugate)

where VS: (% V%) .
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\-;( . @)% e x
will be varied with respect to F , G and &/ to give the three

@)+
coupled equationsfor F , G and w .
Note that the T operator (the projectile's kinetic energy operator)
can now go in either direction. The reason is that the contribution from this
change of direction is either zero or what we set equal to zero in asking for
X x
t { t) t by
stationary fo or 7% values., (l.e. J‘fo or ) /are set equal
v 4
to zero). The former situation occurs when we take ;G't s (J’G i) R
x 2z T )X
dJw or fw as the variation and the latter when we take gF~ or /J,F )
. x + X .
from the right to the left of E - H. If we vary F or (F~ ) in
. : . . L T X
an integral in which this F or (F~ ) occurs on the left of E - H then we also
have the former situation.
We want % to be an average excited state of the target. We therefore
impose the condition on W of orthogonality to the single unexcited state to keep
w exclusively in the part of Hilbert space spanned by the excited states of the
target. This will also insure that F contains all of the elastic scattering. For

these two reasons we impose the constraint on

/%, w)= o (2. 35)

It is permissible to include this constraint directly in these independent variations

of J\/fr-)r and f%"’ *¥ . (A discussion is given below explain-
X

ing why terms like /%/ u)) must be kept when varying with respect to w ).

Using (2.35) in (2. 34):

-25=-



Shper = jJ’F"",,—-)//fg-‘- T—¥)F*- rotfH

where the coupling potential ¥" s introduced:

. J' F ) *
Noting that is an arbitrary function (within the
-)
restriction that all the F ¢ trial have the same asymptotic form (2.5)) we

have using (2.31) and (2. 35):

(f—z-——T—k‘S‘) Ft=wG7

(2.36)

Now taking J‘%&(”x and arguing as in the case of JC(F -1

we find: ,2 — &) x (4]
B-r-v) &=l FT
(2’ /@W) (2.37)
iy C,,,/ = E-€
where '%_ Ww)

= [wlW. yw)
and V= ((qu))

(2.36) and (2.37) are similar to the usual two state close coupling
equations.

Now to find the equation for the average excited state £/ by varying

w* ,

_26_



5T yx = ffw’ G E-Hr -T- WEF dz
*/fw’ GI*(E - Hyp-T-V)wETde

F B F (E- by - T-0)f0x6@7de
+ / w6 (€ - H— T—V)Sw G dr

(2.38)
In the first and third integrals of (2. 38) we are going to keep term s that the
constraints on /%/ u)) and /% J'“) would cause to vanish. These
terms could be considered as a part of (or as it turns out, (see below) all of) a
Lagrange multiplier whose presence will insure the orthonormality of % and &
in the W/ equation.

We could have added a term /1 /“f %) to G( , where 7\ isa
Lagrange multiplier, and } would appear on the inhomogeneous side of the &/
equation. We show in the appendix to this chapter that/\ must be equal to zero
to have &/ orthogonal to % . Therefore, the terms that are kept with /F:/ w)
in (2.38) constitute the entire Lagrange multiplier needed to insure /po? 4}):: ¥/
in the &) equation.

Using: (1) the equations for F M) L, F 6™ andg™ (2) the nota-
tion { 7.-..— integrate over ? , ( ) = integrate over /.I’-. , (3) the require-
ment that J. @ *be an arbitrary variation (within the restriction that W is normali-

zable) we have using (2. 33) the equation for w
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f‘< 6(—)16_&)) # <G’6Hxé(-))j (g—f/r)w
_[<é(+)XVG(-)) FE G Vé,(f-))Jw

7‘-[(6;“"'( 6”)/—(6'(”V6-'*)_7w

tikrg L <6 0m > 4 <6 et £

t [ EOTVS Fo> S s Fe>] 4

_[{G(-}xl//cﬁ-))_/_<G_(+/XVF(-J>7;{;
4 [{G"’va- GH > + ¢ M 6"”}_7 £ = 0

(2.39)

Now define:

£ = (w Hre)

{‘(7 w) (2. 40)

N = L GE*XeH >4 L G5 >

(2.41)

X
N (x) = [{ é‘ﬁ"/x 6'()>+(6() 6'(*)(2}42)

S )= f-f <OV EDILETVEDL
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E'=£+ 7‘,‘-[@“"‘"6"’) Sl L et g
[<6 *rxFeD+ 6! VXFF)J\}(Z 44)

*'(ww)
E! = (w, Awﬁa:':;}zg) (2.45)
/4
A4 = Hy +1 (2.46)

S'=Z (82 ¥) (2.47)

The & equation with these definitions takes the form:

Et (W Rw) f/wifb)__/_, —) w
4 w) (w,w) r )

[Z—{%_(Zw)- 0,2%).7¢
or finally: (5 A)w [Z —/%-/Z-w)j%

(2.48)

which is the third of the coupled integro-differential equations with (2.36) and

(2.37) for F) @) ”and w .
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(1I1) Appendix: The Lagrange Multipliers in the Variational Principle for W

If we take < ?o on both sides of equation (2.48) we find:

€' (g w) (%, hw) = (6 Z'0)-(612w)
(ELWo) (¥, w)=0

Therefore (?},w):o if f/# “’p and (2.48) satisfies ortho-

gonality. The inclusion of a Lagrange multiplier ] in,

A= w(f/’\/%,m) (2. 49)

&) (4} X .
would not change the F and G equations, but would appear in the w

equation:

([‘(—-,A,)w = (2 I~ /%,-Q“’) +/")%

(2.50)

Now taking (% on both sides of (2.50) we find:
(gL ws) (%/ w) = (2.51)

Therefore (2.51) implies that if we want[Po/w) =0 , )- must
vanish.

If we use an additional Lagrange multiplier to insure the normalization
of the average excited state as well as its orthogonality to the ground state we

consider:
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"= ) +A (% Bt Al w)

(2.52)

SW" o [Sw'[ (6-4) w—Z £ + (6 2R) %+
(Gaw)B_] +2 (S« #)
+ Ay (Sw)iw)

7Y — x
Now 5) l'/ = @ (from (2.33) and the fact that we want O™ 6 be

varied such that (@,, w) and (% W) are stationary) gives:

(E/4p, —A)w = (S~(C)+)) ¥

(2.53)

Taking (%/ on both sides of (2.53), assuming (% /%)'-‘1 we

have:

(15‘44- A, — W ) (4%7 w) = ;1,

(2.54)

Taking (‘U/ on both sides of (2.53) leads to

My (w) == (4 B)[ (6Z8)r(624) |

/

)

Equations (2.55) and (2. 54) imply that if we want (10, %) to
vanish, and retain a nonvanishing /to, w) then A’ and ;lz must both
equal zero.

We therefore choose /1' and A?_ equal to zero in (2.53) and return

to (2.48).
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Chapter Three

(I) A Study of the Relationship between the Equation for W ang € /

!
) £ " and the Five Coupled Equations

It is the usual case that when a parameter appears in an equation for
a state which is normalizahle (bound): the equation itself determines the para-
meter. (E.g. the bound state eigenvalues of the Schroidinger equation are de-
termined by the equation itself).

We are interested in this chapter in determining whether the equation for
(77 specifies its parameter é'/ in a similar way.

/ z*
As can be seen from (2.45) E'isa complex functional of & , G ~ and
/
F T . Note also that the &/ equation is nct an eigenvalue equation for € .
In the first section (Ia) we will examine the question of the specification
/. . : -

of £ in relation to the general w equation. In sections (Ib, c, d) several
special cases of the ) equation will also be analyzed. We will examine how each

* )
of these simplified models deals with the &/ equation and the€ determinacy question
and then relate it to the general conclusion (s) of section (Ia). Section (Ie) will be

/

a summary and overview of the £ determinacy situation in relation to the
equation.

In section (II) we take a different perspective on this situation and consider

. / . . k T . :

the relation of &' to the five coupled equations for F ~ , G— and & . With this

/
viewpoint the conclusion about € 's determinacy is quite different from that of

section (I). Comparing sections (I) and (II) gives us an insight into the nature of
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the parameter found i n the equation for the OAES. In particular, the role
played by the optimization (rather than prechoice) of the average excited state

on the specification of its parameter is clarified.
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(Ia) &’ and the General &/ Equation:

Consider the &/ equation:

(cls)w= (2~ Nw))F

(whew) + [‘Uzﬂ%)
(4, &)

(2.48)

where £ / -

Assume here that {l‘)/ W) equals one. At the end of this section (Ia)
we comment on the role & 's normalization plays in the specification of 5"
Define the operator d = é'!—,é , and iwert this operator to find

an integral equation solution for &/ :

40-";‘-[2’- /gﬂ”)]% (3.1)
Using (3. 1) the orthogonality condition (2.35) ( (?;, w) equals zero) gives us;
(4, j—S’ﬁ)=/%ﬂw)/% ;L'%) (3.2)

Again using (3. 1) in the normalization condition /lq l()l=1 , we are lead to:

[= (w, 7’—2”%)—/%_(240)[021-%) 3.3)

Substituting (3.1) for & in this last equation (3.3) we find,
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|= g,g,,[mz'”zz) (45" +2%)

—(wad)((t F2'6)-(4}F2'%))
~(Caw) ((€Z"F6)— (62" F8))
[(e 2l ((t 5 6)- (e +e))f

-‘.

(3.4)

Now making use of (3.2) in (3. 4):

== [z [£-F+]2'8)
- ( Z ‘/f-%) _ A /
é Z'%
/%;/L-I'-% / ( J) )
— (& ;Lz':ra)

(65 1))
+//%JZ%}/ [¢ .._L)¢)
d* d 7

(3.5)

Equation (3. 5) contains the information /@ w) =4 and /ll.; ,3): oO.

To simplify the algebra, substitute:

A = /% 'JL%)
p = (6 +5'4)
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c= (82"13'%)
p = (4=t L #)

where A B, C and D contain & through E" . Equation (3.5) in terms of
A, B, Cand D is:

/= 7% .a& (¢*-c ‘B' (p-B)-8 /B"'-D)
) 181"

AY-A
141 ‘ )

= [ -+ Im (BDAK)}
¥ | Al?

and substituting back for A B, C, and D

L[, ZFEE) ¢

I
[(etz'e)(ez'" }e) (% -

) (% 5 4)]
| (@ +&)/° ‘7

(3.6)

The subscripts R and I denote respectively the real and imaginary parts of the

expression. We would have lost equation (3.6) had we not specified & 's nor
malization.

-37-



/ /
Equation (3. 6) is a single real algebraic equation relating gg and EI
is is the only equation for wit set equal to one. erefore,
This is the onl for &/ with (@ w) 1 Theref
the equation for A/ (with &/ normalized) doesn't specify 6/. With &/
normalized there is in this general situation a one dimensional freedom in 6,
If we had not specified the normalization of , would be completely un-

determined.
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(Ib, c, d) 8’/ and Three Particular Situations of the 2% Equation

In this section we are going to investigate £,and various special cases
of the W equation.

The first example is of genuine interest (e.g. see Chapter Four) whereas
the others are academic exercises used to gain insight about the problem at hand.

-'-
b) The & equation with peaked GL').

We will now study the &) equation's relation to 6, in the practical situa-
tion of G(t) peaked about the origin (see Chapter F our).
In Chapter Four, we will show that when G ('t) is a peaked function the

following relations hald:
2 =« N2
v = FHp) JE T+ FE) [l

J67) 67 p) e + / G15) 641F) P

where Z and _(2_ are given by (2.43) and (2. 42) respectively.

The W/ equation under these conditions becomes
(fLt)w=[xZ —w@ZLH 4.
e %‘ 7 w)]

£l= /w,/A"’w)*"/‘“ ,Z -’l?; %) 3.7)
(&, W)
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A solution is then found for &/

w= « (-1 + 4")¢/
where d—'-'—" 5/-"/4(-) and 4 = [% 'JL' %)

Equation (4. 6) identically satisfies (4.1') and (3.7) as well as (?B w)=0
/4

(4.6)

Choose [‘U/ W) =1 . The evaluation of this normalization using

(4. 6) leads (see Chapter Four) to the single relation:

2 a
/@w):l = — [/ (/f-é’_l’r/@/z)

4.7)

or E-I/:__ _ /q,/z Gr
[+ 1=/* [q/2

(4.8)

Equation (4. 8) is the special case of (3. 6) for the situation in which

(+)

G is peaked. Keeping in mind that A and aI are functions of 5’ we see

(t) peaked

’ Vs
that (4. 8) is a single real equation relating E'g and €1‘ in the G
situation. With ( w, W) specified there exists a one dimensional freedom in
E,in this model of the &) equation. If & were not considered normalized

’
4.7), gl would be completely unspecified. (I.e. no relation between £p and

’
& would exist).
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(c) One Dimensional Delta Function Model

/
In this model, the E-w equation situation is analyzed for the case
of a single target electron in one dimension. For mathematical simplicity we
replace all the potentials appearing in the W equation by Dirac delta functions.

In particular: Hr = - ]J-;;‘ ~c? J'/I)
L =2 8(x)

Detine 2 = (@ f) #5) and ;Z,-':"-/%_Qw).

With these approximations z , M/a and & can be written:

Z=(B2B) = A &) =-_az_:

The &J equation is then written:

(eAh)w=x(2-Z2-%)¢

(3.8)

where ,L - "jJ_;‘—-CLf{’jfﬂf/K)
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We now find A1 and Bl such that (3.9):

_ ol 1’774
‘U=A,e e 7] #

+8e ¢

(3.9)

is a solution to (3. 8).

Substitution of &4 and ﬂ into (3. 8) leads for (7>") to:

A= "= (B rEL)
E'+<C%4
and f’=—;z , & #o

Requiring /%/lv)-"'oleads to:

O = _'iz' + &
e
C* cx+yg
: . . / .
Finally substitution of /’t; in terms of £ ' we find:

A= —X Ac3
1= 2 vz

[V r<a][ v+ <227 ©F
B = ;}LZZC[,CZ *<%)
(- +<% ) (V=& *<t?)

Using this A) and By and requiring 4t/ to be normalized to 1 gives a

(3.11)

single equation for q :

-42~



LO1pr+<ta 1S ) (131°4 oe)gat£32))

— loc/‘;lzc"/ [g1%+ c%gp + cz/s«__c,j
& 4?/( (3.12)

Equation (3. 12) is equation (3. 6) for this particular situation.

(3.12) is a single real equation for q (qR and qI) and therefore cannot
specify q. Consequently, q and therefore E / /é’ - gz)are not deter-
mined. If we take & /= /‘UAW)'/'N 2;)( with

-ci % -q /x/
w=Ae %lI* L peo-1?
A
7" = - «A°cy
) -f[(? +2) /2]

/
A1 and B1 given by (3. 10) and (3. 12) we find £E= —;zan identity:

and

no additional information about g and ag- Therefore once again a one dimensional

freedom exists in E,.
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d) The Three State Calculation with Localized G.

A solution for €U could be found by expanding in an infinite sum and
integral over the eigenstates of the target. This expansion would (when sub-
stituted into &/ 's equation) lead to an infinite set of coupled algebraic equations
for the weights (coefficients) of this expansion.

For mathematical simplicity consider the case of & confined to three
eigenstates (2 excited states) of the target. We will not present the yet simpler
two state situation (even though the same conclusion concerning the one dimen-
sional freedom in g’ is true in this case). The reason is that &/ would then
be an exact eigenstate of the target and the interpretation of &/ as, in some
sense, an average excited state of the targat is lost. For the three state calcu-
lation we can consider M4/ as the OAES of the part of Hilbert space spanned by

(z)

the two included excited states of the target. Let G be peaked functions.

Under these circumstances:
/ Y £~
% = / o ) W= [a
4 4

- E, o o [o) -Qn. -QIS
H" = o' E2 o] A 2 = -aZI o —ﬂll
0 o E3 {235, [23a ©

(3.13)

The diagonal terms of _Q have been incorporated into the El’ E2 and E3 of HT.

Now impose (“4 ‘U) =1 .
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)a)%+ 1b]*=1

a = é’.x'ma
4 = &' J/Aﬂ

(3. 14)
0
w = -
C'*ime | = €' 5 ’37
'z,
é 251m 6 .f/hﬂ (3.15)
where 7/ = _w‘_
2
and 2/ = 27—2’2
Substitution of &/ and ¢° into (4.1") leads to: _ﬁ’za‘___ﬁ,"
ELE -1,, -Aus 0 0x
-2, ELE, -l a|= * "(2'2 - ¢
x
- —Qlax “—szs ELE;s 4 3 ©

This matrix equation is now written as three algebraic equations, one

an identity:
—_Qud—.ﬂz.g.v‘ =_'-(2[2.Q—._(2I3/€
(6’—. Ez_)a.—__(z234= %__lex
[5/“ E;) 46— 2 a= « (2,3

(3. 16)
(3.17)

gl= /w/."’w) 4ot (w_Q.ﬂ,) 6.1

where
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Using (3. 15) and (3. 13) in (3. 18) we find:

£ie E,lal?+Ey [b]*+2Re (a3 @*4)
4 « /dxﬂ/zxf Axﬂ/gx)

(3.19)

Using (3. 19) in (3. 16) and (3. 17).
From the two complex equations, (3.16) and (3.17) we arrive at two
independent real equations. If we set 14 equal to zero (for convenience) and

assume that the _.(2," are real (also for convenience) and that

ML, = (2,3 = (L (3. 20)

and write

N = {33 3.21)

(where (3. 20) assumes that the two components of the inelastic space are equally
coupled to the ground state ) we then find two real equations for & and ?’ .
The two equations, found after some algebra, (and also assuming & is real for

convenience) with A= 53 —Ez_ are:

A F /_:%/_l)zcoozﬁ— 2.0 cot26=0

(3.22)
Coo ¥ = — aA2 /r/'aa-fans)
2 2 _ (3.23)

These two equations would determine 0 and x .
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Remember, however, that )/ , if not set equal to zero, would
appear in these two equations giving us two real algebraic equations for three
parameters. Therefore, one of the three parameters g , 7 and 4 can be
looked upon as unspecified.

/ . . .
E can be written in terms of the parameters which describe &/ as:

) 4
£/ = E,,Coozéf-iji“ﬂ + 2 Re (-ste Twar/Aﬂ)

+ « & ”'.y[é -/ e coso (2] +E 1A% siing -Q/;]

(3.24)

Equation (3.24) demonstrates how g’depends on )/ & and 2/ . There are
two algebraic equations relating )/ , & and% . Thus we once again have a
one dimensional freedom in € ,.

The assumptions (3.20), (3.21) and & being real will certainly affect
the equations (3.22), (3.23) for & andX . The inclusion of the general —QlJ
and & complex would just complicate the algebra without gaining additional

information concerning the parameters g , x and V.
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(Ie) Summary and Significance of Section (I)

We have seen in this section (I) that in both the general and particular
models of the equation for & : the & equation with (4 w) equals one
doesn't specify g’ .

There always exists a one dimensional freedom in E.I. The normaliza-
tion of & gives us information about E l, but it doesn't complete the
picture,

We will now describe the most natural way of looking at the freedom in 8’.
Let t be a real parameter describing the freedom in € , (I.e. with the &/ equation
and (@w) equals one we have g'(t) )

The three state calculation gives us a hint about how we can look at this
one dimensional parameter t. The two equations (3.22) and (3. 23), had we not
set V¥ equal to zero, could be looked at as having given a single freedom to
through ¥ . This is saying, that in this case, the multiplicative factor (A 24
in W leads to a freedom in £': E€ 7v) . This choice, obviously is not unique.
We could have chosen & orx or a combination of 4 R Xand Y as the freedom
giving parameter in &7 .

With this last statement in mind, we look at the definition of E/:

(whw) +(wZ #)
( 4,ed)

£'/=
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We notice that when &) undergoes a multiplicative phase shift v
w—we'

A -1y
Iy £(y) = /af,%wf;é )’ (g =) 4
,W

3

We therefore have the fallowing four statements and conclusion:

(1) As evidenced by the general w equation and three particular examples:
I / always has a one dimensional freedom.

(2) 5’always has a one dimensional freedom due to the freedom of the
phase of & . This statement is justified by comparing the equations (3.25) and
3.26) for £/ .

(3) Look at the freedom in 5/ as a parameter specifying E’&,and E‘;’

in a two dimensional complex E / space.

€r

o y
/ R

g't)

Ex = £ (¢) (3.27)
&' = A )

(3.28)
Equations (3.27) and (3. 28) represent a particular parametrization of the

curve & /.
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(4) From statement (2) we also know that a way to specify this curve

is given by:

EK/-:'- i, (V)

(3.29)

f.r’= fz/y)

(3.30)

where )/ is the parameter corresponding to the phase of #) . If we believed
that perhaps (3. 29) and (3. 30) correspond to a different curve than (3.27) and
(3. 28) then this would imply that elhas a two dimensional freedom and contradict

statement (1).

Conclusion:

Any one dimensional parameter t must be a function of }/ , another one
dimensional parameter describing this curve. Explicitly, r = f; -'f?l /y))
or l" = fz_-’ /?a.[y))

Therefore the conclusion we reach is that the freedom in élcan always be
parametrized as a function of the phase of W,

The first statement of this chapter is that it is usual for a bound state
equation of motion to determine its parameter. flis not the usual parameter.
E'/is not an eigenvalue and the ¢/ equation is not an eigenvalue equation for &/ .
6/ is complex and is a sum of linear and bilinear &) terms. The usual conclu-
sion, concerning parameters of bound state equations, is therefore not to be

/
expected for g
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/
(II) We now take a look at the € = determinacy question from a different
perspective.

If we consider the five coupled equations together,

2 - @) — il
(JZL —T— VS) F o akx 0.3
(%Z—T —Vs) FC) = &7/ (3.32)
(B -T-7) 6= 2 £
2

) (3.33)
2 bl -
(g—' —-7'—//) GT= arr e (3.34)
([ w)

(ELb)w = (2 '~ (% 124)) 4 (3.35)

and then inquire about the € ,determinacy situation, a different conclusion is
reached.

An examination of equations (3.31-3.34) above shows that the relative phases
of F(‘t)% and G(-t) w must be fixed, i.e. determined by these five equations.
For example, if W/ G(t)undergoes a phase shift Y then % /:[t) must under-
go an equal phase shift or equations (3.31-3.34) will be changed. The above con-
clusion can also be seen from looking directly at the total trial wave function
% * = g F If‘ w G z , where we notice that the relative phase of the
elastic part % F't and the inelastic part w&‘t must be fixed. The overall
phase will have no effect on the above mentioned relative phase.

These remarks imply that when w undergoes a phase shift & , then

a possible overall phase shift in the total trial wave function of 2 would lead to
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the following (assuming for simplicity that % doesn’t change its phase) general

relative-phase-preserving transformation T :
C— %
Flel 5 @ tA (1)
Gt — e / //)—3')6&)
w— e'w
% /-ﬁ_, e 7' A f}f‘ (%)

/
We now examine what happens to E " under such a general relative

-phase-pre-
serving transformation.
From (2.43) and (2.45) we have:

> = CEVVFES LGV FED
- e (2.43)

(G(*/ké r_> + (6 r.)ré&P

— w/] - (w

£'= (yhw)tZR) (2.45)

(4 w)

and under T, Z becomes.
Ce~=r) o+ y @ F e A0 ve F
(e -l.é - r)é (»)’e /’//1-3‘)6 /9-)— (e"z""zﬁ)xg,p_;)q@

[} i)
and consequently under T, Z-—)e"z . In the peaked G ( approximation,
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it is easy to see that & will goto & é' . The conclusion that we draw,

in the five coupled equations situation, is that when w changes its phase con-
sistent with the relative-phase-preserving transformation T : 5'does not change.
That is, e, is completely specified within the five coupled equation situation.
That &€ ! has a one dimensional freedom attributahle to an unspecified phase of
W is true only when we isolate and examine the w equation (apart from the
other four coupled equations).

This property of the parameter 6’ that it is not specified by the # equa-
tion alone, but rather by all five equations is ultimately attributable to # being
optimized rather than prechosen. (For example, if we prechose % and ?,9 ,
where % and ﬁ are the ground and first excited states of the atom then the
parameters WO and M their respective energy eigenvalues are totally inde-
pendent of the close coupling equations for their respective coefficients.) It is
the optimization procedure on the average excited state which couples &) to F('t)
and G(t) , and demands that in order that & ! be well defined it is necessary that

()

E” also remain coupled to the F*~ “and G‘t,equations.
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Chapter Four

Approximate Solution for the Optimized Average Excited State &/ .

(ers)w= [z 62004

Equation (4. 1) is one of three non-linear coupled integro-differential
equations and there is little hope of obtaining an exact sdution to this set of
equations.

The purpose of this chapter is to describe an approach to solving this
equation (4.1) valid for heavy atoms.

A natural starting point in the investigation of equation (4.1) is to con-
sider the nature of the hamiltonian h. It differs from H~ by a sum of single

particle potentials:

__(2_ Zﬂ/ﬁ'(

(’X;)— e ((6"“7?)-—L— - 6—‘9/'-))
. < EH) _; A7) D

For large X ,_ﬁ_ behaves like /ﬂ while for small X it is a finite

where

For large X ,_ﬁ_ behaves like ‘/ﬂ while for small X it is a finite
constant. If /2 were '/x for all X , then h would be the hamiltonian of
),

a singly negative ion isoelectronic with the target h

N ~ ‘Zf Vi,
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= T +1 ! - Z-1)
,Z ¢ 2 %/7,_23/ (Z zZ,

T; = kinetic energy of the i th electron.

An argument will now be given suggesting that for heavy atoms the low lying states
of h do not depend in an important way on the short range behavior ofﬁ- .

For heavy atoms the inner shell electrons experience an effective charge
which is large. (See, e.g., Slater's screening rulesl.) Therefore the addition
of a single particle potentialﬁ will be a small perturbation on a large attractive
central potential experienced by these inner-shell electrons. Therefore for heavy
atoms the low lying states of h are not much perturbed from the eigenstates of Hp.

The valence shell electrons do not penetrate deeply into the atom and
therefore the short range behavior of j): is of no great moment to them either.
On the other hand, note that the valence electrons experience a small effective
charge so that the addition of .5_- to Hp. for these electrons reduces the effective
charge by unity : a significant change.

The above argument indicates that the states of h for heavy atoms are
closely related to the states of h(*) ; the hamiltonian of the singly negative ion
isoelectronic with the target. 2

Since for heavy atoms the eigenstates of h and h(') should be closely related,
the solution of equation (4. 1) should, for these atoms, not be greatly affected by

replacing h by h().
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An examination of h shows that a way to have h approach h(-) is to have

G(r{'eplaced by sharply peaked functions about the origin. Physically this last
statement points out that a way to have h replaced by h(-) is to have G(t)replaced
by a resonance type of behavior about the origin. (I.e. in the inelastic channel
()

the projectile spends a long time in the vicinity of the nucleus.) In this G

peaked approximation:
A ~) e L F¥
Sn)= 60 Z TS

N

becomes

Z{X): %Z Z(c'

e = [F€1) 6 IR+ UL gl ]
W

The replacement of h by h(') in equation (4. 1) behooves us to consider
and compare the equation of a state of the isoelectronic negative ion orthogonalized
to the ground state of the target.

For convenlence let us consider the ground state of the isoelectronic nega-

tive ion:
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?;: the ground state of the target

Hr & =W %

¢ (-)_ the ground state of the isoelectronic negative ion.

- - _ 3 -
A E = W) , A = Hrt JZ;J.

Wp —_ %,-)— /%, gf-lj%
V/""' /(%/%’—J)/Z

A/p = the ground state of the isoelectronic negative ion orthogonalized to %

and normalized to one.

We ask for W) (and any approximation for &/ ) to be normalized since we
want to be able to interpret & asa decaying state of the atom. The quantum
mechanical postulate that the absolute value squared of the wave function of a
state is the probability density of that state, requires the normalization of &/.
(I.e., the integrated probability that the atomic electrons are somewhere in space

must be unity).

Using the last equations:

A Wo = /A(-)[ @~ — /p', %r-)) 74
Vi—/c#,&)]*

A g —(Ga) Wt Z
Vi-ice, &) Vi—i€a,q-)*
— MBS — (6, a) W+ [
Vi—/ce, g=)/*
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~)
Now adding and subtracting [%/ % } % to the right hand

R 2
1— 1(®&, %)/
side of this last equation leads girecr_ly to the equation satisfied by % .

(W) ty = (6, 67) [ (W) 2 %] %

Vi—icw, #-))? 2
Now equation (4. 1) with G (£ peaked near the origin is:
b w=[< (2 ey = (0.55:4)
(4.1"

- (6 Z5w) %
where El= [w ,‘{"Id/‘l' -({‘U ?‘ Vﬂ:,%)
(yw)

At this point we are compelled to ask whether we can determine a set of
conditions under which wo would satisfy (4.1'). The answer to this question is
remarkably simple.

Directly substitute p in (4.1'). First use equation (4. 2) to determine
€ () - "

) = () (0, 5 90) # W

(4.3)
where P — (?, %"')

Vi—- it &)

7

_58_



!
Now using 8 /WO) and after some algebra equation (4.1') with o

substituted 1or w becomes:

[(=-e) (we, 2. iy 15) + WA W
E,EW M!:)],c@-cc)/% 2 /7"1 %) 4.4)

+“1Z I/¢1] %

Comparing equations (4.2) and (4.4) we notice that % will indeed satisfy

(4.1'") exactly if x=/3 . lLe.if

A )
Fev) [6ude v F )57 F _ (4,7
DD L s ol O X

We also see that if the difference between @/ and /3§ is such that
bp) ()l ) aa (-p) (G2 Vi €2)
are small comparead to the other terms on the 1.h.s. and r.h.s. of equation (4.4)
respectively; a/owﬂl to that extent approximate the solution to (4.1').
We now show under what circumstances equation (4.5) will be satisfied.

Equation (4.1") has an integral equation solution:

w = %/—1"‘7—)%

where d = E /—’4 «’
and d=/% E'-'l::‘-"’ %)

That (4. 6) identically satisfies (4. 1") and is orthogonal to % is seen by direct

(4.6)

substitution.
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Using (4. 6) to evaluate the normalization of &/ :

(ww)= I2)*((~4+47) ¥, 2L+ /%)

()= 1 (14 7= (% 77 )

. denti I I L)
Making use of the identity =
) Jd*d 20&F d* d

/ /
where £r is the imaginary part of &€ , the normalization becomes:

— e )+ A, 4z
(wuw)=—1=/* (17 jaiagz) .,
If we ask for (‘U/w)=/ we have salving for EI,:

&f = — 4 /*/‘_)

/al* l +/ec/® (4.8)

In the expression for a = {eé}"(_; %) insert a complete set
of eigenstates of h(-) : 2
A= > 1<BI16D>/
" £ L W,
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If

<t G >1% 5> [<GIGD

(4.9a)
-
and gl__ M is not small forall 72| (4.9b)
we have:
: - 2
a=x [I<%/%~>/
6’ /_ n/o(') (4.10)

Now h( )and HT can be written:

L= = -g'- (- ’/z)*zzm—/r,
Zz

Hy =‘“% Z o +7T

%

h(') and Hy describe iscelectronic atoms. As argued previously for large Z,

n() and HT and their respective eigenstates are "closely related." Therefore,
? ?(—) .

for heavy atoms 7o and 7o should have an appreciable overlap and for such

atoms condition (4. 9a) is reasonable.

Equation (4. 10) can be written as:

6/_ %(‘)= /<%/%(—))/2
Qa (4.11)

Taking the imaginary part of both sides of (4.11)

£l o - <@ 5> e
r - - /4/2 (;1.12)

-61-~



—_ //3/1 ar
1+181% [ 4/* (4.13)

é'_r, =

where ﬂ is given by (4. 3).

Now when we compare (4. 8) with (4. 13) we notice that Jet]  win equal ’/il
as long as condition (4.9a) is satisfied.

We want to be ahle to say that (4.9) implies d=ﬂ . With this in mind,
we will now show that the phase of @& can always be chosen, consistent with the
transformation T, referred to in Chapter Three, such that & and ﬂ have the
same phase.

In general ﬂ will be a complex number:

/j:-: /%/ %(ﬂ) = //6/6’/“
V/"" /[%/%(.))/L

where A will be determined by {%%'4}
5

We have shown in detail at the end of Chapter Three, how, (within the five
coupled equation viewpoint) when ¢V undergoes a phase shift . thatz and ¢
also must undergo a phase shift of d to be consistent with the mandatory relative-
phase-preserving transformation T. The phase of &/ is allowed to change freely
as long as we are consistent with T. We have shown that consistent with T, & 's
phase change must equal &J 's phase change. We can infer from these last two
statements that consistent with T, &/ 's phase can be made to change by such an
amount that ¢ 's new phase will become ﬂ 's phase. This conclusion also follows

from looking at equation (4. 6):
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w=a (-1 f—.ﬁ,:')/a (4.6)

/
where 2— is only a function of w through € . Since E', is determined

-l

within the five coupled equation picture (see Chapter Three) and does not vary
with the free phase shift of &/ (consistent with T) we see that (4.6) implies that
when W/ undergoes a phase shift of 4 so must & , Therefore by changing
W 's free phase we can change & 's phase until it becomesﬁ 's phase.

With this understanding concerning the relative phases of of andﬂ
(that we can choose & 's phase, consistent with T to equal /3 's phase) we will
henceforth consider (4.9) as implying %-‘-'/@ rather than /I“/‘: /ﬂ/

Consequently we can now say that ‘4/, will be a solution to (4.1') as long
as condition (4.9a) is satisfied.

If condition (4.9a) is approximately satisfied, @ will be approximately/Q
and Ap will be approximately the solution to (4.1").

The claim is that for large atoms (4.9a) is approximately satisfied and for
such atoms Wp is an approximate average excited state,

There is a consistency in the above argument in that if (4.9) is satisfied
and @ is in turn nearﬁ we see that comparing (4.2) and (4.4) E'L o,.l

will then be small satisfying (4. 9b).
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Chapter Five

(NN Use of the Optimized Average Excited State to Calculate Scattering Amplitudes

(II) Appendix

(I) In Chapter One we discussed the two basic and related reasons that
justify this investigation. The purpose of this Chapter is the use of the optimized
average excited state (OAES) to extract electron-atom scattering information. For
example, to use the optimized average excited state to optimally average (within
the two state approximation) the effect of the inelastic channels on the elastic scattering.
That is, assuming the approximation scheme for &/ (of Chapter Four) holds for a
given heavy atom, we will focus our attention on the two remaining coupled equations

for F and G (2.36) and (2. 38):

(8 —-T—Vvs) F=~&

(2.36)
(BT -V)6=2" F
2 (4 w) (2.38)

We want to extract scattering information from these two equations.
Keeping this goal in mind, the two methods we will investigate are:

1) the angular momentum decomposed F and G equations (partial wave
analysis) and 2) the eikonal approximation for the elastic scattering coefficient, F.

We will also study (in an appendix) the relationship of the WKB method to

the eikonal approximation to justify a procedure used in our eikonal technique.
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() The Angular Momentum Decomposed F and G Equations

Consider VS, V and v as defined in Chapter Two. If VS, V and v are
spherically symmetric, it is then possible to angular momentum decompose
(2.36) and (2.38) for F and G. For the following discussion, assume we are
dealing with states % and @p suchthat VS, Vandv are spherically symmetric.

We then expand F and G in Legendre Polynomials:

F = F&—é (2.t+1) Fe (Pr) eleos) 6.1

G = Fl;f:_:; (2411) Gol(pa) Blwe)

Substitute (5. 1) and (5.2) into (2.36) and (2.38). Multiply both sides by

8(’) and integrate from -1to 1.

This procedure leaves us with the angular decomposed F and G equations:

L dY P e fer))E =
ziutE ¥ —.27/ fe = Ce 6.9
1 dt 3 _ V_x/m)) o
2 dar +€_ 2% G‘e =7 E‘
. 4)

We have (@W)‘l from our #/e  of Chapter Four. We want F and G to

asymptotically satisfy the conditions:

(5.5)

6 ~ 't £ (5.6)
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where 7% is the elastic scattering amplitude and )e is the inelastic scattering

amplitude into the average inelastic channel.

To insure (5.5) and (5. 6) Et and 6,2 must asymptotically satisfy:

Fe ~ ¢Esn (pr-4nf) + “e e (5.7)

‘o
. pn
The first term in (5.7) comes from the angular momentum decomposed plane wave:

C';’?= Z‘o ?;/}’r/ 1‘1/217"/)/?:/400}
A=0

~~ 2 s (pr —%7) (€ 2641) [Pelenrs)

£=0 P
(5.9)
5 and 6_‘2 must satisfy,
Fblo) = Cele) =0 (5. 10)

in order to have F and G finite at A =¢ .
We now derive a Wronskian condition for the pair of equations (5.3) and

é b
(5.4). If (6 ; 6‘[./ and (f-;, 6‘ ) are two pairs of solutions to (5.3)

and (5.4): a LY ) a q
42 E‘ _ At [ 78 =~
ra 7 [{' o4 2pt o
¢ tet1) | 6x* o1
o [ + K%
L if@a'f[%‘w"[—z;z’.] T e
2 d* (5. 12)
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_L%:»F}L_F (ﬁ. Vs - AU+ b /zrﬁ-
2 "

2r2
5.13)
L 4* Gety (20T 1"*’))6 = v
2 Tr* 2 2,2
(5.14)
b

Q@ 4
Multiply (5. 11), (5.12), (5. 13) and (5. 14) by & , ét , F,( and 6,‘(
respectively. After the multiplication, subtracting (5.13) from (5.11) leads to

_E,_/E,bj/;&‘—/: ) w-/é- l,c;j

(5.15)

Repeating this operation on (5. 14) and (5. 12) we find:

7‘/ Ge* JZ, Ge' — qudi%z)—’v/éf‘/fe'—&//}‘/
(5. 16)

Adding (5. 15) and (5. 16) we find:

IE LAY A
574 57_%‘-/-6-/7_;4 J’_;:sn)

Equation (5. 17) can now be written: /
b /
YA J#[6x (CERK q/@/]
=0

or

Fe* (K o) - f* /F;‘y + 6,6(5—;) ~ e /G:e./

constant
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Utilizing equation (5. 10) we have:

/ / a I) /_
EARY-R(RY + 6. (6) -6 167 =0
(5.18)
This equation (5. 18) is the Wronskian condition for a pair of solutions to (5.2)
and (5.4). We now investigate the Wronskian condition (5. 18) as applied to the
asymptotic forms of a pair of solutions to (5. 3) and (5. 4).
Assuming VS, V and v go to zero faster than -'-'_-_- for large » , any

pair of solutions which vanish at F equals zero have asymptotic forms such that

phase shifts can be defined.

Fof o sin (pr —27% +52°)

(5.19)
Gt~ He i (P =2 +4.)
& ’ (5. 20)
Fe* ~ B oh (pr—tm +8)

(5.21)
Gabn si (pr =47t &)

(5.22)

where x‘g and Z/r are mixing parameters which go to zero in the limit of
small coupling (v=0).
Applying the Wronskian condition (5. 18) to these asymptotic forms leads

to the condition:
y y—- 2 —3 0
. [ & 3 d7’) + ' st ﬂ& & )
Z,e P g4 ( < “) %/’ (5.23)
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This relationship (5. 23) will provide a check on machine calculated
/] 3 J ¢
va.luesofz;,a:(,&,& , &,and J';

e a
We next find the proper linear combination of solutions ( Fl , 6‘1 ),
F b é b
( T2 , V2 ) such that the boundary conditions (5.7) and (5. 8) are satisfied.

That is, we want A and B such that:
E =AE*+BE*
Ge = AG* + BGe*

(5.24)
(5. 25)

satisfy (5.7) and (5. 8).
Substituting (5.19), (5.20), (5.21) and (5. 22) into (5.24) and (5. 25) we

have:

£ “sn (pr ~AN4G) + de € ‘Pr

’ .y / 3
= pep (r—<rfpfs!) TBE H (br ~L+ &)
(5.26)
s e ' -
Be €P*_ A X, sinlpt — 4T + &)F B (P ~42 + &)
(5.27)
If we want to only have outgoing spherical waves, A and B must satisfy:
‘A = -1 /J“( “":.tz)
A = l
e (G- d+d)_ x, 2,7

G’
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B = '.I a,“
e—l'/&'-i?f'g‘e’)_ma_‘ e-'. &

Substituting these A and B values back into (5.26) and (5. 27) we find:

(S8R (55 8,
‘(x J-—Z (ﬁ t)%zcel/,tfgt)
8‘(‘ “;2) ﬂ’é em—,}"‘}

(5.28)

”’"‘-‘-‘:z"f / *(%ezz}z//——ccn/sz}j

szc"’ (&*+ & ¥ &'—ff)f- Cov (S L2 452

~Con (B G- 5 47) ~ oo (B4 - 51 &)

-Cot (2&) /Zr’*/ff )= 2B con (£ 53 55 &’)}
¢
ﬂu /Xl /62'& ;fz (5.30)
2(, (f— ¢ /7"“1 ”1/&"-&9/

"'72.(

2 .2 2 (5.31)
Jpel= He _SEE(LYL)
f/ +2) -2 Maeeas/- £+ & &0)f
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The partial elastic cross section (Q;O ) is defined as the flux of
elastically scattered projectiles of angular momentum /( divided by the total
incident flux. The partial inelastic cross section (Q :' ) is defined as the
quotient of the flux of inelastically scattered projectiles of angular momentum
(which have excited the OAES W and left with a lowered (range of) energy
corresponding to the incident energy minus the excitation energy of the OAES)
to the total incident flux.

. . . . ) oo ol
The partial elastic and inelastic cross sections Ql and Q"

2 2
are then found in terms of [ote/ and //3/‘/ ,

QL= ﬁfl’i_" (2cr1) Joel?

K ‘°' = wr_;z;'_ (2.641) @1/ .

where p and p' are the projectiles' momenta in the elastic and inelastic channels

: i S2f=52° : : : :
respectively. We see that if 2 = ok the inelastic scattering vanishes.
Also if 2& (or using (5. 23), Zg ) vanishes the inelastic scattering vanishes. l.e.,

in the limit of small coupling (v or }/-C and Zz small) we have
. 4
— de [ 2 &)

and ﬁ*‘ =0

as we expect for ordinary potential scattering in which all the scattering is elastic.

L 3
The above results for oj , A‘ , /el “and //"// agree with Mott
1)

and Massey" ~ where they treat the special case,
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¢£;I==’¢{;f! ¢£2'3‘==142‘¥

) (5.32)
JEE: = - 525312' (5.33)
P

Equation (5.33) is the Wronkian condition for the special case of (5.32).

The reason we are presenting this general result is that the specialized
result with (5. 32) is harder to use in practice. That is, to attempt to impose
(5.32) by manipulating the small A boundary conditions on the F} and Gj
is not simple in practice.

The method outlined above will be particularly useful when only a small
number of angular momenta describe the process under investigation. For short
range potentials and low energy projectiles the number of angular momentum
appreciably affected by the potential is small. (l.e. jm""\flﬂo range). The
great advantages of this method are (1) the replacement of a pair of coupled partial
differential equations by a set of N (if N angular momenta are to be considered)
pairs of total differential equations and (2) allowing us to follow the scattering of

projectiles of a given angular momenta.
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(II) The Eikonal Approximation to Calculate Elastic Scattering

We present in this section another formulation, the eikonal method,
for the extraction of elastic scattering information within our two state model.

The eikonal technique gives good results for fast projectiles scattered
near the forward direction.

Consider again the coupled equations

& -T-¥5) FT =0 67

+ (2.36)
(2_ —_T—V)GT =v*F
2 (2.38)
o @) . . 12 =
We now eliminate G from (2.36) by inverting the operator .%- -T-V
in (2. 38) and substitute the G (+) thus found into (2. 36).
We tind:
(8 -T—vs =, vr) Ft=
(5.34)

where 'Af/ vpo= (f—'—z_T— I-/.) -.-'

(5. 34) is an equation for F +)

multiplying the non-local term of (5.34) by F /Z’)[fo}/ /.7we find:

in terms of a non-local operator After

[f‘ T—=Vs- f/n) v/r/j pe ’/fé) F(R)
=0

where we replaced the non-local potential of (5.34) by a "local potential" dependent

(5.35)

on F.
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We will carry out the eikonal technique on equation (5.35). First,
however, consider the eikonal technique in ordinary potential scattering.

The eikonal wave function, taken as:
Y o = e FFH
LK (5.36)

when substituted into equation (5. 37) for ordinary potential scattering

/_g-_?__ r— V/ 3" =0 (5.37)

becomes

—F.VA—';‘.'/V/'/Z:*—L vA—-V=o (5.38)

(5.38) is an exact equation. That is, no approximations have been made and if
we could solve (5. 38) for A , (5.36) would be the exact salution to (5.37). How-

ever, (5.38) is as difficult an equation to solve exactly as the original (5.37).

As in the case of light waves entering a region of smoothly varying index

of refraction, an electr on wave will not experience an appreciable distortion in a

region where the potential doesn't change appreciably in a wavelength. E.g. such

phenomena as interference and reflection will be small).

To be able to say that our incident plane wave is not much distorted in
some region and therefore we can approximate /l , we ask that the fractional
change of the potential in a wavelength be small, i.e. A %V <«

or A<<;‘l§
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This condition will be easier to satisfy (for a smoothly varying potential)
the smaller the incident particles wavelength or equivalently the higher the incident
particles energy.

For a smoothly varying potential, we therefore seek a high energy approxi-

mation forA . The hope is therefore to be able to expand /1 as a power series
o B

A= —;,‘—' +—;-1—:- f-% pooe (5.39)

and thus, in the high energy limit, A will be a small correction to a plane wave
salution. With (5.39) substituted into (5.38), the terms of (5. 38) will have the

following p dependence:

pevA ~ O (pe)

JoA)~ 0 (p%)
va~~ o)
V ~ olp2)

Keeping terms of O(/)"), (5. 38) becomes

—pmn=-v =0 (5.40)

2 — /

(5.41)
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— T —
where P is chosen in the +2 direction (and b is perpendicular to f ).

The limits of integration insure the incoming plane wave boundary condition at
Z=—o0 . There are problems (notably, time reversal invariance)
involved in (5. 36) with/1 given by (5.41) but these have been studied extensively(z)
and will consequently not concern us here. (E.g. we can avoid the time reversal
problem by changing our path of integration). At this point it should be noted that
there are alternate but equivalent ways to arrive at (5.40) from (5.38). )

We concern ourselves here with how this eikonal formalism could be
applied to (5.35). The obvious difference is that (5.35) includes an essentially non-
local potential.

In our presenting this multichannel eikonal approximation MEA we recog-
nize that other improved MEA techniques exist (e.g. the curvature of the path has
been included(4)). In fact, it turns out (see Chapter Six) that in the problem we are
interested in, the criteria for the eikonal technique are not satisfied. The main
reason we are presenting this MEA is to provide a simple but instructive comparison
of the elastic scattering in the MEA found using an optimized rather than prechosen
average excited state in the optical potential method(s).

Consistent with the approximations we have of (1) high Pz/z (2) small
distortion of the wave function from the plane wave, we can linearize the kinetic
energy operator in the bilinear form of this non-local potential’s greens function.

A factor of '/P', arises from this procedure (see later on in this chapter for

details) of linearization.
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That is, the potential of (5. 35):

V=VS+ F v g " F (5.42)

R ¢ : - . .
will have a factor of /f' in the second term when ﬁ’/’y is lin=arized.
F A

Now %’- = é.z +Wo-€ as defined in Chapter Two. For
high p, p' A~ p and the second term in the potential has an essentially yp dependence.

Now if we want to keep the entire V (5.42) in the eikonal approximation,

a
we should (looking back at equation (5. 38)) also keep the VA term since it has
a yf dependence. (I.e., we are keeping terms up to A,_ in the Vf expansion).
a
The problem with this is that VA can be shown to diverge. We believe that a
natural solution to this problem lies in looking at the eikonal expansion as a special
case of the WKB approximation (an expansion in t ). This is discussed in an appen-
2

dix. In this & expansion, VA isofa higher order in K than the non-local
term in our potential and can consequently be ignored to the order in t we are
considering.

We will therefore proceed to eikonalize equation (5. 25) with the non-local

potential included in the generalization of (5.40). The generalization of (5.40) in

our two state model is:

-p VA — Vj—F"W‘éﬁ; v =0 (5.43)

Write the bilinear form of 2'7 /= :
{744

IR YelF) Yelr)
/!7’;7 - / P k2 4)€ (5.44)
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(The terms of the bound state part of ﬂ f,’ v are O ( ‘#‘.,) (6 and

therefore will not be considered) where '1"-'-: satisfies:
(-;"T V)"I‘[" o (5.45)
Let q (the momentum transfer) be defined as:

F- 77

Now make the following approximations- (consistent with the eikonal approxima-
tions):

K= g af T S )
where q2 is small for high p and scattering near the forward direction. This

last process linearizes the denominator of (5.44).

(2) Take for #k its eikonal approximation:

to= € L Vigh

Changing the integration variable in (5.44) we find using the above approximations:

(5. 46)

oy N

! -7 [filV/I‘ )dz /?‘/’/&S)J
P 47 e A [ 2")d2"- y 2/d€
/5 ,'7 = e e /f =© - %0

S

2.,'

Similarly, eikonalize F and F_l, inside the non-local potential (keeping only the

oy SNy,

VS term in their eikonals here; the non-local part has a }f factor and is smaller
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than VS for large p2).
- x

Using (5. 47) and the eikonalized forms for F, F l, L's , (4 we have:

(again choosing the z axis as the incident momentum direction)
z - A ' z ~ ~)
A /;'z)_-:-J-L‘[ ks (6 €)d2 - L [IZE v (F)
" P P
-— 0

-0
o

o b JZ Vs DE — [P 52)05]

. 4/')‘ /‘[; z’)
(5.48)

i

2 '
where g = A/P and A = {" - '%' is the excitation energy.

To evaluate the elastic scattering amplitude in the eikonal approximation:
elastic (6 4'#'/7/ V//f,eikonal)
eikonal e,

Now in the eikonal approximation choosing the z axis as the incident

direction (5. 40) and (5. 43) gives us

V=-r#
and
elastic '(f_:‘—f-‘);i. ' 3
oo = e T 00 g A0
on 52
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Again for scattering near the forward direction (with high p) we have q almost

perpendicular to the incident direction.
A
A Y,
f‘/‘ - I + f . = f Z

Therefore the z integration is always double in the eikonal approximation (as
long as we can write = P+ VA =V )and
elastic A e L 2 ' ‘/‘ /E"’)
][ . =—p / e'* 4 [f —1/ J
eikonal
where A is given by (5.48). We see that a great advantage of the eikonal
technique is that the z integration of the elastic scattering amplitude is always
immediately done.
We will now compare these results with the eikonalized optical potential
method (EOPM)(S). In the EOPM the technique is to expand the optical potential
and keep one term beyond the static potential(s). In the context of the optical
potential method to consider a single average inelastic channel the following approxi-
mations are made:(s)
(1) The replacement of the excitation energies to the intermediate states
of the target by an average excitation energy A , enabling a completeness s um
to be carried out.
(2) With approximation (1) the term beyond the static term in the optical

—at -
potential contains A( F; " ) defined as:( )

A(RF) = /Jx dzt B (%) VIZX)
[ Srz#) - GRE TV ! 7)) BT
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(where V is the interaction of the projectile with all the target particles). The

second approximation consists of replacing A( F; 7/ ) by a separable approxi-

mation, namely: A (‘F: -'-,-01) = 4 //"-"),p._/ﬂ—oy

which replaces all the inelastic channels by a single average inelastic one.

If we compare the equations for the eikonal found by this technique
(equation (3. 6) of Reference (5)) with equation (5.48) we find that the former
has a V term missing throughout.

This is due to the fact that the single inelastic channel has been imposed
on the optical potential method, rather than in some way optimizing the choice of
average inelastic channel within the optical potential framework.

The simple close coupling equations, for any two state problem, can be
derived from a Kohn variational principle. Therefore, no matter what the two
states are (either optimized or prechosen) the best way to find their coefficients

is by using:

(£ -T-V8) F=+6 6.9

(LiLL—T-V)é- =~ F

(5.50)

i.e. an extremized choice (within the two state problem) contains VS and V in

a symmetric way.
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In the choosing of an average inelastic channel in the optical potential

method, we are in effect solving (5.49) and (5. 50) with V set equal to zero, i.e.

(E-T-vs)F=76 (5-51)

(QL_T ) & =vF (5.52)

Since (5.49) and (5.50) are the optimum choice for coefficients in the
two state method they must be an improvement on (5. 51) and (5.52).

We see here how imposing, rather than optimizing, the average excited
state at a point in a given method can lead to coefficients F and G for the scattering
which are in error. This example in itself is another justification of the optimiza-
tion rather than prechoice of the average inelastic channel.

Note should be made of the fact that although V doesn't appear in the
first term beyond VS, (in imposing the average inelastic channel on the optical
potential) V will appear in the second term beyond VS (in the imposed average
inelastic channel on the optical potential).

We are claiming here that the work here with &4/ optimized is an improve-
ment for elastic scattering on the average inelastic channel imposed on the optical
potential, keeping one term beyond VS.

However, we are not making any claims about the relative merits of the

two methods if A( T:.l T’" ) is not separated.
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Appendix - Chapter Five

A Relationship between the WKB and Eikonal Technique

The already mentioned (Chapter Five) conditions for the eikonal
approximation on the smoothness of the potential and the incident energy imply
that the specifically quantum mechanical features arising from the wave properties
of matter will not be important and a semi-classical description will be adequate.
The purpose of this appendix is to discuss this viewpoint and thereby compare the
WKB and eikonal techniques.

The WKB approximation is a technique valid when quantum mechanical
effects are not of very great moment. We can see from the high energy smooth

potential condition:

A4V |
\/ (5.53)

with A= 4 that

Vv
therefore h being small compared to .‘}—TI P isequivalent to (5.53). The WKB
method is an expansion of the wave function in powers of ’# . We therefore

would expect a close relationship between the WKB and eikonal techniques.

Consider the Schroidinger equation:

E '+ V Vj 1’ 0 (5.54)
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(We are not using atomic units here.) The fact that the potential is slowly
varying implies that the wave function will take a form not changed much from

what it would be with a constant potential, i.e. with a constant V,

#= 8“ .;‘-‘/ﬂ- where IF" = MIE-V)

and guided by this form we try

)

’;L = 8 ! where (5.55)
we will expand AS‘ = .S_} -S; # Lol (5.56)

*

Substituting (5. 55) into (5. 54)

E-v +£ [i7s-Ivs)'f =0

(5.57)

Now substituting (5 56) into (5.57) we find:

E-V +% (V’fo + 7, +) /VS'H?Sf/j"

(5.58)
To O(to) then we have:
2
(E._. v) = (7551 (5.59)

2 m

An obvious solution to (5.59) is then:

e

(5. 60)
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and we write:
~
— —g
. d

So (7°) ’/é Pt (5.61)

-
where ﬂo is an arbitrary constant vector (i.e. to any point outside the

distorting potential), Now to 0(#) we have from (5.58)

- ' - > e __ VfoVS; =0
E-V+itvy, -7/’ 4 m/’

(5.62)

Using (5. 60) in (5. 62) we have
[ 738, = aVSs V5 =0 (5.63)

(5. 60) will make (5.63) become
I‘V'F —2/—. ' VS/ =¢ (5. 64)

The complicating factor in the three dimensional WKB form (5. 63) (which doesn't
appear in the one dimensional case) is that?s direction is not in general constant.
However, consistent with the other assumption in the WKB approximation
R A
consider the direction of T as close to the forward direction (i.e. p X P ).

Y d .
Choosing z as the direction of f( , wWe are assuming

Fe) by <Fe
e P

and (5. 63) becomes:
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ZP% :('gg
S, =4 bp + Fliy)

f{a}ﬂ)has %f equal to zero and therefore f‘doesn t depend on p (since
if ‘f depended on p, %g_ _¢o ). Therefore, in the small p limit
(with constant V) the wave function would have the form e '.f(’r’ 9) an
unphysical limit. We therefore choose f' to be a constant and for convenience

and without loss of generality set it equal to zero.

We therefore have:

(5.65)

We therefore have using (5. 61) and (5. 65) VWkg to O/ﬁ) as:
Z‘ —p J—i
. - Pq !
Yo = = C ' & F
WEB = ip] °
¢ ./‘ APt
In the usual eikonal method we take m equal to e )
which is particularly well suited for the specific scattering type of problem in which

an incident plane wave enters a region of a slowly varying potential, and /1 describes

its distortion.

The equation for A , (5.38) (with F not set equal to one)
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If now guiding ourselves by the WKB example (whose criteria are identical
to those of the eikonal method; the difference being that in the eikonal technique an
incident plane wave boundary condition, (useful for scattering prohlems) is imposed

on the wave function) we set out to expand /\ in powers of h rather than 1/p:

f= Gee A

we then find to 0 (ﬁ - ) equation (5.67) becomes:

- 2’3“..\7/10—/7/10/?' —~amlV =0 (5. 68)

and the /‘o is found to be: —_—

7t —D
No = [' F-dﬁ"—ﬂ"(ﬂ—"‘ﬁo‘}

=z (5.69)

—>
where ¢ is the point the incident particle enters the force fizld: ensuring us

that A (Z;)=0 .

. 1.2 . ith po= 2
. (4 - .
Equation (5. 69) for f ~ ,0 and /?' » V becomes (with g*= ):

2 ) )
No 7] = — va-: - V/é/ 2)dz (5.70)

where 7/,'-" % , our usual eikonal result.
In the eikonal expansion of Chapter Five for the case of the coupled F and

G equations the potential;

v=Vst F o SppvrF

(5.71)
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appears. The second term which is non—local(as discussed in detail in Chapter
Five)when linearized has a '/r factor, which led us to believe that we should
‘e d
include the term ¢ V°A  (which diverges). It is now clear however, that a more
fundamental viewpoint would be to consider the eikonal expansion as an k expan-
.1 A A
sion for {‘;" >> WA} and P~ F . Infact we will now demonstrate that
.a A A
for -E’. >? V/ﬂ) and PQP" the WKB solution (to lowest order
in ) yields the eikonal result.

Equation (5. 68) is the eikonal equivalent of (5.59). That is,

2
F—V = /Zf:/ (5.59)

is the WKB generalization of:

—2F VN, — [TA)Z2mV= 0

(5.68)

The WKB method is more general in that nothing is assumed about the
form of the wave before the distortion due to the potential takes place. If we
impose (the convenient scattering initial condition) that the undistorted form is

. . —p 3G N . 2
a plane wave and look at the direction of p as close to f[ (consistent with p
large and V slowly varying) we should get the eikonal approximation from (5.72)

P IP /4

below: , -‘/‘;r
7’://:3 = e =g 'R

(5.72)
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A A A
For p near p; (taken as z) we can write the WKB 5, as:

g o
S'o-‘-'fe; F"?géaf;a/az/ pdz

For

,,.z
Xe >> V)
2m

) + £y
p= [am(e-0)] % -bmE) (1~ %)

(a4
—— ¢ / - _z we—— 4 — _L
Zp(1-%) = -ty
(where 2, = ﬂ/")
and the result is essentially the eikonal form (5.73).
Note that the usual eikonal form (as written in (5.73)) has

(i.e. the possibility of the potential having an infinite range is considered), and

that under these circumstances the WKB form:

S, :LPF""’? =,’/e—2,)—#‘. ji:zl/ﬂ;}’)d?’
q’Lf;, /EaVJe

should have its constant Za chosen so that P Z‘
oo

equals zero, to insure the eikonal boundary conditions.
With this viewpoint (that the eikonal expansion is a special case of the
WKB method) we note that the second term in the potential (5.71) (although having
i . . . . -2 .
a /f when linearized) is along with VS of order O (t in (5.67) whereas the
C 2 -
{ VA s O(t ‘) . Therefore, with this view, the entire V of (5.71)

can be taken (lineaiized or not) consistently without the inclusion of the divergent

. 2
] V A term.
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In conclusion, we note that the ultimate (if we went higher in # terms)
inclusion of divergent terms is attributable to the sem i-convergent(S) nature of
the WKB expansion. However, we have shown here, that to the order needed to

include the entire potential no divergent term appears.
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Chapter Six

The Use of the Results of Chapters Four and Five in the Particular Case of

e - Argon Scattering

There are several related purposes of this chapter. The first is to check
the orthogonalized negative isoelectronic ion approximation (of Chapter Four) for
a specific heavy atom: Argon. We then calculate VS, V and v for this atom using
Hartree-Fock wave functions and determine an appropriate method to extract
electron atom scattering information. Finding that v is a short range potential,
we then pay particular attention to the effect that the OAES plays in large angle
elastic scattering.

In this chapter, we also try to give some physical reality to the OAES. Two
methods will be attempted in this assignment: (1) calculate the width (spread in
energy) of the OAES. This width might (depending on its size compared to the
energy) allow us to interpret (in the case of electron - Argon scattering) the ground
state of the orthogonalized negative isoelectronic ion Cl(-) as a decaying state
excited by the projectile and having a lifetime determined by this spread in energy
and the uncertainty principle. The projectile would then leave with a (spread of)
lowered energy and the target decays into eigenstates of Argon.

(2) To look for structure in the scattering cross sections as a function of
energy. If for example, around a particular incident energy there is a bump in the

elastic scattering we could associate this structure with a resonance. At this

energy the projectile has an appreciable time delay (i.e. time spent in the potential
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of the target) associated with this rapid variation of the scattering. To somehow
associate this resonance with the QAES we must compare this scattering with that
produced solely by the static potential (VS). The non-local operator

(and the OAES) could affect the elastic scattering directly (e.g. via a resonance)
or through the interference of its scattering with that of VS and produce an appre-
ciable effect even though v itself could be small. In the summary we mention how

these effects might be experimentally determined.
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(I) Check of the Negative Isoelectronic Approximation for the Optimized Average

Excited State in the Case of the Argon Atom

Taking for the atomic wave functions the Slater determinant:
/
Iw!

where %tln is an orbital.
(1)

In the Clementi tables" ’ these orbitals are expanded in terms of basis functions

according to:

%zm = !Z Xptm c”’[f

The subscript _f refers to the Bﬁ basis function. The basis functions 2’ are

Slater-type orbitals with integer quantum numbers, namely

Kpgm = Kepln) Yem(87)
L g +4
where /Q,l’f — [/2”,112),:7 ¢ (2%)

and >/[m /9/ ¢) are normalized spherical harmonics in complex form.

Note that n£ 4 2L+/] (the Frig pare chosen, it seems, from experience) and
the exponents gj.[ are then determined via an optimization process to give the
best energy. This analytic fit to numerical Hartree-Fock salutions is accurate to

at least four significant figures.
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(1)

Using these tahles" ” for Argon and its negative-isoelectronic-ion Cl(-)

(ground state) we find with:

% == The Ar ground state

%"’ == The al) ground state

that (%, %)= 50865
'x
and I(% B)|= 65301
Therefore we see that for the case of Ar and Cl(') the ground state overlap

is a significant fraction of one. From the completeness relation:

S IR I147>)3=

n=o

we see that 5 /(g/ @"‘V/-—-‘- 34609

h¥o 2
For ﬁ(-) corresponding to an excited state in the continuum I <% , %(-))/

will be a very small fraction of one. Since the lowest excited state of Cl(_) easily
autodetaches to neutral Cl plus a free electron(z), the lowest excited state of Cl(—)
is not strongly bound. Therefore no excited state of Cl(') will have a significant
overlap with % . In fact, since all the contributions in the sum
are positive and their sum is .34609 no single term will be a significant fraction
of .34609 and (4.9a) is satisfied. Consequently, xa(s (see Chapter Four) and
the ground state of Cl(_) orthogonalized to the ground state of Ar, should be a good
approximation for W the optimized average excited state of Ar.

Having justified the use of the negative ion approximation in the case of Argon,

the next step is to calculate the potentials VS, V and v (as defined in Chapter Two).
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The results of these calculations are listed in Tables (1, 2, 3) and graphed
in Figures (1,2,3). Figure 4 is a comparison of these three potentials.

We note that: (1) For all & the magnitude of v is much smaller than VS or
V, (2) the range of v (the distance v becomes e-'ff (0)) is approximately .25 ,,
3) Valways has a magnitude greater than VS due to ¢0M being less tightly bound
than ¢° .

Note also that the orthogonality of % and W determines that the nuclear
part of the potential plays no rale in v. This point is critical, since it makes v
a bounded potential for all 2 , unlike VS and V which are urll’bounded for small 2 .

The small & limit of v is determined by < % l/ﬂ-'c' / w’>
a finite small constant. Its smallness is due to the fact that '/¢‘. has its major
contribution for small %,* where the inner orbitals of #o and ¢°"' play a
major role. The inner orbitals of ¢, and ¢or-) are the most similar and
consequently ¢p and @p are the most dissimilarvin this region. Further out
in Z‘- where ¢, and “p might be expected to have a somewhat more signifi-

cant contribution the gets small wiping this out. Thus, for both large and

L
y 7y
small X, the contributions to v(@) are small. This is marked contrast to VS

and V which are both dominated by a large nuclear attraction (and unbounded) for

small A

For large /& the leading terms in VS, V and v are:

8 A
Vsx cqt S PPl RO

=
V 2 (wel Z P (0>
L=/
rx <@ Zgf/wh
=/
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In deriving these last expressions we assume /5.77" . It seems reasonable
that this point (at which ¥ 2 %, ) will occur in these integrals for VS and v
"outside the atom" in the state ¢o and Wp respectively.
However, in v, the coupling potential between orthogonal states, this point
is likely to occur at a smaller F value. Consequently, we can understand that
this '/r" behavior occurs sooner for v than for VS or Vcontributing to v falling
off more rapidly than either VS or V.
v(o) is 3.36 a.u. a very small number compared to VS(. 1) (which is -128.7 a.u.)

and v approaches v(o) smoothly as P goes to zero.

(II) The Use of VS, V and v to Calculate Electron Argon Scattering Information

One of the things we are interested in is the effect the average inelastic channel
has on the elastic scattering.

The smallness of the size and range of v for the case of A -Cl(-) implies that
the incident electron must get close in to feel the effect of the OAES. We therefore

want to deal with a situation in which the electron comes in with a very small impact
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parameter and where backscattering will be the principle process. The closer in

the electron gets, however, the larger VS and V get in comparison tov. Conse-
quently, the effect of v on the elastic scattering will not be expected to be particularly
large. In our situation, the optimized average inelastic channel plays a role in

the elastic scattering only at very large angles.

Note that even though v is small, once the projectile is in the range of v a major
contribution from the OAES to the large angle elastic scattering could occur due to:
(1) a resonance from (p'2 -T- V)-l in the non-local part of the potential or (2) the
interference of the scattering from the local and non-local parts of this potential.

For this type of probhlem, of the two methods mentioned in Chapter Five, one
(the eikonal) is particularly ill-suited while the other (the partial wave analysis) is
ideal. The reasons that a partial wave analysis is considered well suited for our
problem are:

(1) VS, V and v are spherically symmetric, (for the closed shell ground states
of Ar and Cl(')) enabling us to simply angular momentum decompose the F and G
equations,

(2) Within the spherically symmetric two state problem then the projectil€'s
angular momentum will be a good quantum number and it becomes interesting to
watch the scattering of particles of specific angular momenta.

(3) The smallness of v's range tells us that only a small number of angular
momenta play a role in the process of interest ( jmw ~ f MJ:).

(4) The resulting coupled equations for Fp and G’ can be rewritten as four
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coupled first order differential equations and there are prepackaged machine
programs to handle this situation.
The condition for the eikonal method requiring ﬁ < f: is certainly not
satisfied for large angle scattering, making this method unapplicable. There
are other methods, which could subsequently be carried out (e.g. the distorted
Born method; or weak coupling approximations(B)), but the features (3) and (4)
above convinced us to proceed with these angular momentum decomposed equations.
The results carried out by the method detailed in Chapter Five are listed for
Q;o (the partial elastic scattering amplitude), Q:’ (the partial inelastic
scattering amplitude) for e - Argon scattering (see Tables ( 5,6, 7,8 ) and
Figures (5 - 10 )) with 1 equals zero, one and two and incident energy from
7.45071 a.u. to 31.45071 a.u. (7.45071 a.u. is the excitation energy é—m ).
Tables ( 5, 6, 7)and Figures ( 5, 6 , 7 ) show the effect of the inclusion
of the optimized average inelastic channel on the elastic scattering (for angular
momentum quantum numbers 0, 1 and 2). This is done by comparing (see Figures
( 5, 6, 7)) the results of elastic scattering with and without the coupling to the
inelastic channel. The difference of these curves (see Figs. (5, 6, 7)) indicates
the magnitude of the optimized average excited state's effect on the elastic scattering.
Since the coupling to the OAES has an absorptive part, we might expect that at any
given incident energy the elastic scattering with the coupling included will be smaller

than with VS alone.
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However, we notice for 1 equals one a crossing of these curves. The
crossing could be explained by a possible interference effect of the scattering
off VS and V%f,’? v in the backward direction.

Neither of the above mentioned ways that the OAES can have (in the case of
small v) a large influence on the large angle elastic scattering occur in our situ-
ation. Then as expected, there is not much of an effect with the inclusion of v
since as previously mentioned v & VS and the form of the scattering follows
VS closely.

Looking at the inelastic partial cross sections (Tahle (8) and Figures

ol ol
(8, 9,10) we note first that Py is always less than 62, for all
energies. At first this might seem surprising since the particle with 1 equals zero
feels the innermost portion of v ( where v reaches its maximum value). This
innermost region is essentially excluded from the range of the 1 equals one particle.
However we can explain this result by looking at the classical turning point (CTP)
for L equals one (and the energies under consideration) and at the shape of v

itself. (The CTP is taken here to be the value of ¥ for which {."_ /4.7 w
itse 2r2

vanishes.)
van

For projectiles with AL equal to one the CTP is /A& .05a for the lowest
tor projectiles with A equal toone the ClP is =~ .U> ag tor the lowest
energy here considered. Consequently, a very small region is being excluded from
the A equals one situation. Secondly, the potential v is very slowly varying in this

innermost region. This makes the effective force for the "push’ (scattering) of

particles fromg to &4 small in the innermost region. v rises sharply, as we
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move out of this innermost region, leading to an increase in the inelastic
scattering for 1 equals one, (i.e. the projectile with L equals zero spends
a smaller time(compared to the projectile with ,[ equals one) in this region
where v has this rapid rise.)
The CTP for l equals two essentially restricts the projectile from entering
the region in which v has its greatest slope and therefore accounts for the smallness

ol
of Q 5
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(III) Attempt to Calculate the Width and Lifetime of the Optimized Average

Excited State; Summary

The width of the optimized average excited state .2,—1 is given approximately
by(4):

(‘5.,") ‘v (w /-/,-zu) - [(w "/r“’):

where HT is the target hamiltonian. This result can be understood from the un-

rl

i
certainty principle. < is the uncertainty in energy (dispersion) and /’/2, is

N

~ the lifetime of the state.

W,

From the Clementi Tables

M= -526.817 a.u.

Wo“'= -459.580 a.u.

€ iscalculatedas A -519.4a.u. (5 = (a, Hyw)
(e, w)

pl= p'2 4 7.45071 a.u.

£- -‘Vo the excitation energy of the OAES is 7.45071 a.u. There are different
2 ri) .
ways to calculate €) (w H,— U)) etc. and consequently (3~ . This arises
from applying H to the right or left in the various inner products. These different
directions of applying Hp would not give different results if the wave functions we
-) . . . . e
used for ﬂ and ﬁ were exact eigenfunctions of their respective hamiltaians.

The use of our approximate wave functions (whose most serious error is in omitting
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electran correlation effects) will lead to an uncertainty in the width (measured
by the difference in P/g ) found by applying to the left or right.
In our case £L= -519.3671 a.u.
fn == -519.4770 a.u.
where the subscript L and R correspond to taking HT to the leit oi right respectively.
Take €= ELfER , if we now consider the magnitude of the numbers

2

under consideration:

a typical /JU, HTZ(O)= 269,827.55 a.u.
— )&
(é‘) = 269,799.27 a.u.

So a typical (g)tiSi
(.';,12-' (er)b)—(é-)zfQ'— 28 a.u.

a very small difference between very large numbers.
The error in € due essentially to leaving out electron correlation effects in

the wave function is:
gf ~ €L-—£,¢ = .lla.u.
2
The error in é is then found using
£ = ghud‘ te €

.56 + (F€)°

We have: Ez= E:(auf‘ 7,_22'”“

gt = €l + (€Y
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2
The error in Ez is S’(E‘) and equals 2 Eexact * 6’8 +(S£) = 2(.11)(519)

= 1l4a.u.
Therefore the error in the numbers we are subtracting (due to leaving out
correlation effects) is greater than the difference between them making the
difference highly unreliable. We therefore conclude that with these wave functions
the information about the width and lifetime of €J is lost in the omission of

correlation in the wave functions.
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Summary

There are several ways we might experimentally observe the OAES(S)
of Argon (and other atoms).

(1) Send a monochromatic electron beam on Argon and look at the flux
of electrons inelastically scattered through large angles with a kinetic energy
loss equal to the excitation energy of our OAES. Compare this with our
curves., We understand that this might be difficult due to the small flux at large
angles.

(2) Detection of secondary electrons whose kinetic energy would be charac-
teristic of the OAES and its decay modes.

(3) Measurement of the large angle electron-Argon elastic scattering as a
function of incident energy to determine if any structure appears which might be
associated with a time delay on the part of the projectile (i.e. a resonance). If
for a different atom v were found to have a longer range we could not confine our-
selves to investigate only large angle scattering.

We plan in the future to examine the perhaps more fruitful example of e - K*
scattering. The reason we believe this to be a potentially more fruitful situation
is the multiplicity of bound states in what would be the isoelectronic atom with one
less proton : the neutral Argon atom. We could also consider linear combinations
of such states so as to approximate the optimized excited state. Taking linear

combinations is complicated by the non-linear character of the W equation and of

&''s linear and bilinear dependence on W .
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A future inclusion of the electronic correlation in the atomic description
could allow us to speak about the width and lifetime of such a state and in turn
improve our ability to comment on the interpretation of W as a callective mode
of the atom. The inclusion of correlation could also improve our v and its

influence on the elastic scattering and help bring any possible structure into

focus.

-
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Figures and Tables for Chapter 8Six
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R(ae) VS (a.u.)\

D« 010000~1730.947940
P+ 020000 -832,549507
P.030000 ~534+622093
Je 340000 -386.883991
2.050000 -303+189724
0. 060000 ~241.,363819
0070000 ~200.576088
G- 080000 -170«350084
0.090000 -147.110447
0. 100000 -128.720333
0« 300000 -25.888550
@+500000 =-10.754801
Be 700000 -54727356
09900200 -3.287080
1. 100000 -1.9259017

1300000 -1.135724
1.500000 -0, 636680
1. 700000 ~Be401955
1.900000 ~@.241354
2. 100000 -@. 145838
24300000 -0.088627
2500000 -P.254130
2. 700000 -P.033187
2.900000 -0.020717

3. 100000 -2.012592
3.300000 -0.007776
3.500000 -2.084817
3¢ 7100000 -0.003005
3900009 -B.001875S
44122000 -0.001184
44300000 -3.000747

445080000 -0.0004790
44700000 ~3.000317
44900000 -0.0920209
5. 100000 -0.000142

5.300000 -3.000107
5500000 -@<09080877
S« 700000 ~P<@2BASS

S« 900000 ~Q.000048
6. 100000 -P.200036

6+ 300000 -0.000031
6¢500000 -2.000030
6. 700000 -0.000025
6+ 900000 -0.000023

7.100000 -0.000025
7300000 -0.000024
7500000 -0.000021
T+ 700000 -P.000020
7.900000 -2.000021

Table 1. VS versus R
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R(ag )

(a.w)

B<P10000~-17354972210
0+ 020000 =837«356545
B<030000 ~53%. 164246
Q240000 -391. 159054
0050000 -360.000004
B. 060000 -245+ 169504
P.D70000 -204s 191752
B.080000 -173+803942
D+ 090000 -150+428322
B¢ 100000 -131+922752

Pe 300009 -27.860361
0500000 ~12.915630
2. 700000 - 6e T4POT76
D. 9000003 -4 184840
1. 100000 ~24712726
1300000 -1.805314
1500000 -1¢228070
1. 700000 ~0.853095
1900000 -0e 605034
2. 100000 ~0e 438058
2. 3000069 -Pe324117
2.5900000 -Pe210360
2. 700090 -0 187517
2900000 -0 146967
3.100000 -0«117392
3. 300000 ~Pe@95516
3500000 “0e079147
3720000 -D<@66755
3.900020 -P.057245
44 100000 -~ 49904
4. 320000 -PeB44157
44500000 =“Pe039610
4 700000 -PeB35987
4. 900000 «~P«@33039
51800020 ~-2.030652
5. 300000 -0.028687
S¢500000 -P.027027
5700000 ~PeB25605
5.900000 -Pe.024398
6. 100000 -P.0B23344
6. 300000 -0.022415
6. 500000 -P.021599
6. 700000 ~0e@20851
64900000 -Pe 020174
T« 100000 ~0+019553
7. 300000 -0.@18982
T« 500000 -Pe018443
T« 7000030 -P.017938
7.900000 ~Q+017475

Table 2. V versus
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Table

R(g, )

v{ia.u,)
B.010000 - 3. 290000
P.020000 -3.130000
B.030000 -2.940000
P.040000 =26 750000
P.052000 -2.580000
PD.D60000 ~2.430000
. 070000 -2 302000
P.080000 -2.193000
Qe 390000 -2.102000
De 100000 -2.024430
Qs 300000 -1.122860
0. 500000 ~0s 641040
Q. 7100000 ~0e 490950
P.900000 -0.416390
1100000 -0.341860
1< 300000 -0 266030
1500000 -0.197920
1+ 700008 -Z. 142010
1900000 -0+098690
2. 100000 -P.066370
2. 300000 -0.042690
24500000 -@.0838290
2. 700000 ~0.014230
2900000 -0. 005980
3. 100000 ~-3.000300
34300000 ‘B.000000
3. 50000 P.0R2009
3« 700000 B<000000
3900000 P.000000
4. 100000 0. 0000020
4. 300000 0.000000
4500000 2.000000
4. 700000 P.002000
4. 9020000 Q000000
5. 100000 3200000
5.300000 P.000000
S5« 500000 0. 000000
S700000 e 0D020OBC
5900000 0.000000
6. 100000 P.002000
6. 300000 00000029
6. 500000 P.000000
6. 700000 P.000000
6900000 0.000000
7. 190000 P.0020000
7300000 P. 000000
7.500000 P. 000000
7.700000 0.000000
7.900000 0.000000
3. v versus R
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R(ao)

P.010000
P.020000
D.030000
D.040000
G.050000
D.060000
P.070000
0980000
BeA90000
0. 100000
@.300000
B« 500000
D« 700000
Be9000B0D
1. 100000
1300000
1500000
1. 700000
1.900000
24100000
24300000
24500000
2. 700000
2.900000
3100000
3.300000
3.500000
3. 700000
3.900000
4. 100900
44300000
44500000
44700000
4.900000
S5« 100000
5300020
5500000
S« 700000
5.900000
6. 100000
6+ 300200
6500020
6+ 700000
6.900000
7. 100000
7.300000
T¢500000
T<702000
T«900000

VS

- 1730947940
«8324549507
-5344622093
~386+.883991
-3034189724
-2414363819
~2008.576088
-170..350084
-147.110447
-128¢ 720333
'=-25.888550

- 18754801

Table

-5.727356
-3¢287080
-1+925017

-1+135784

-0.636680
-0e401955
-0.241354
- 0. 145838
~0.088627
-0+054130
~P.033187
-~0.020717
-3.012592
~0.007776

-0.0048117

-@.003005
-0.001875
-9.001184
-0.200747
-0.000470
-2.000317
-0.000209
-D.000142
~0.000107
~0.000077
-2+ 00PB55
~0.000048
-2.0000836
-0.0000831
-Q0.000030
-B. 000025
-2.002023
~P.0008825

-0.000024
~9.000021

~Q.000029
-0+ 000021

s

v

~-1735.972210
=-837.356545
-539.164246
-391+1590854
~360.000004
=245, 169504
=204+ 191752
-173.8083942
- 150+ 428322
~131.922752
-27.862361

—

4. v, v’ VS
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~12.015630
=64 740076

-4+ 184840

-2.712726

~-1.8025314
-1.228070
~0.853095
-0« 605034
-Q.438058
-P«324117
~2«210360
-0« 187517
-B« 146967
-@+ 117392
-0+.0295516
-0¢079147
-0«066755
-@+«957245
-0.049904
~-Re 044157
~0.039610
-2.035987
-2.0233039
-0.030652
-P.028687
-0.0827027
-2.025605
-De 024398
-0.@23344
-0.022415
-0.021599
~3.020851)
-0.020174
-2+0219553
-3.0318982
-Q.0218443
-P+0217938
-P.0B17475

versus R

v

~3. 290000
- 3. 130000
~ 2940000
-2.750000
- 2. 5680000
-2.430000
-2+302000
-24193000
-2. 102000
-2.024430
-1.122860
~0.«641040
=0+.490950
~-0.416390
-0s341860
-0.266030
-2.197920
-0.142010
-0.098690
-0.066370
~0e042690
-0.038290
-0e014230
-0.005980
-0.0003029

D 000000
0. 000020
D 000000
2.000200
Be000000
B+ 000000
D. 0020000
2.000000
De 0002000
0.000000
P 000000
P. 002000
D+ 000000
P.C00000
0.000000
0022000
P.0200200
0«000000
2.000000
20020000
B« 00000Y
0. 0002000
P.002000
De 00000



E(a.u.)

75501710
7.650710
7.850710
8.050710
8.258710
8.450710
8.650710
8.850710
9.258710
9. 250710
9.450710
9.550710
9.650714a
9.85071@
10.050710
18250710
10. 450710
10. 650710
18.850719
117050710
11250710
11.450710
11.55@710
11650710
11.850710
12.950710
12.2501710
12, 450710
13550710
15552710
17.5508710
19550710
21.552710
234550719
254550719
2745590710
29.550710

\Y

oo, 2
Q, ()
P.552336
0553265
P+554935
Pe 556641
@.557566
P«557593
P.557014
P.556017
P.554589
P.552671
P.550266
Ps549191
P.547452
2.544301
Qe 540867
2.537171
P.533212
8.528993
Ze¢524531
2.519861
R.515017
P.510029
B.507643
P.504917
Qe 499695
Be 494371
De. 488952
Pe 483449
@.452339
2.395473
Q. 342068
@. 293964
P. 251675
0215031
P.183508
P« 156433
@. 133195

=0

00 2

Qg2 )
0. 569953
6+571416
Pe 573650
B¢ 575032
P+ 575636
B¢ 575529
8574778
Be 573440
0571572
B.569219
0. 566428
B. 564882
0e563243
0559704
B+ 555839
0.551688
B¢ 547280
Be 542642
2<537300
P+532776
0. 527592
0+ 522268
0519558
Be516320
0s511266
Bs 505619
Qe 499896
0. 494107
Qs 461579
Be4P2599
Pe 347484
Q. 298122
0. 254918
@¢217575
@+ 185437
@e 157972
B¢ 134392

Qglv=0)=Q%v)

P.B17617
2.218151
PeB18715
2.018391
2.218070
2+017936
B.017765
0017424
2016983
P.016547
P.016162
P«015691
2015792
O.B15403
2s014972
@.014517
B.214n68
Pe013649
V013269
PaO12916
P.012576
B.012239
2011915
Pe2119023
P.011570
0.011248
PeD12944
B.012659
Qe BB9240
0.0207127
D.005415
P« 0@04158
P. 2023243
0. 002545
2.001980
P«02B1539
2.001198

oo co
Table 5. Qo(v) and Qo(v=0) vs. incident energy .
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E(a.u.)

7.550710
7.650710
7.850710
8.050710
B+250710
B.450710
8650710
8.850710
9.0508719
9.250710
94458710
9.550710
9.650710
9850710
10.058710
190450719
10650710
10.850710
11.056710
11250710
11450710
11550710
11650710
11.850719
12.050710
12.250710
12.450710
13.550871¢9
15.550719
17.558710
19.550710
21550710
23.550710
25.550710
27.550710
29.550710

v
Q%)

P. 250451
Be 224491
Be 199150
Pe 176141
@+ 155587
B¢ 136966
P.119981
e 104634
2. 090893
Pe878637
De 73004
P+067677
P. 857886
B.049142
Pe@34556
PeB328562
@.323331
PeD18788
De014865
PeP11512
20210830
D.008679
B. 006321
D¢ DOU4B5
PeP02892
Pe0Q 1745
0. 000748
B.013500
DeD34480
Pe057128
B+ @78554
PeP97751
Q¢ 114523
Pe 128962

B¢ 141299

E(a.u.)

74550718
2.558710
114550710
13+.550710
15550710
17.55¢719
19552710
214550710
234550710
25550710
27550710
29550710

v=0

Q7fa3)

Be 245742
Pe061214
0.006229
G.001768
P.017465
Be 040196
Be 0363882
B« 0285864
@s 125269
G.122033
@+ 136375
Bs 148567

0
Table 6. Qla(v) and Ql’?v=0) vs. incident energy.

-115~



E( a.u.)

7.550719
T«650710
7.850719
8.050710
B¢250710
84450710
84650710
B.850710
9.0508710
9.250710
9+ 450710
9.55017109
9.650710
9.850710
13.08506710
19.250710
10.456719
10650710
10.850710
11.850719
114250710
11.450710
11550710
11.650710
11.850710
12.058719
12250710
12450710
13550710
15550719
17550710
19.55071¢
214550710
234550710
25.550710
27.550710
29.55081710

\'4

QZa%)

3934866
38780251
3.753170
3¢ 668560
34583073
3.499280
3.418728
34340947
3266143
3. 194694
34126608
3.093731
3+261554
24999180
20939335
2.882000
2.827105
2+ 774509
24 723955
2675284
2+ 628309
24582959
2560899
2+.539202
24496972
2+ 456209
2.416813
2.378701
2. 189091
1915358
1784779
1.536421
14399033
l.285062
1. 188797
1106835
1834046

E( a.u.)

7.550710

95507190
11.550710
13.550710
155507190
17.550710
19550710
21550710
23.550710
25.550719
27.5501710
29.550710

v=0
QAad)
3:976217
3.147807
2.612700
2,238433
1.915358
1745466
1-573243
1.432314
15314891
15215495
15130166
1056307

Table 7. Qozo(v) and Q;?\FO) vs. incident energy .
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E( a.u.)

74558710

9.550710
11550710
13550710
15.550710
17550712
197550710
21550710
23550710
25.558710
27.550710
29550710

E( a.u.)

7.550710

9.550710
11550710
13.550710
15:550710
17550710
19.550719
21550710
23550710
25558710
27,550710
29,550710

E( a.u.)

7.554710

9553712
11.550710
13.550719
155550710
17550710
19.550710
21,5509710
23,550710
25550710
27,550710
297550710
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ol ,_a
<Do(a0)
B.004628
Pe 005431
Pe 004721
D« 004239
P.003779
Pe@03329
De BB2966
ReDB2678
ZeB02423
P.002185
2.001979
P.001805

2
Qa:.(ao )

B«016905
P.p21219
D.018420
RPeB16330
Ps014543
De012748
PeB11293
Pe 10163
P.009147
P.038210
B.007414
D.006747

<D;ﬂa§)
2. 000379
gs 014245
B 016431
Pe017674
@+ 017588
2016517
2s015505
@< 014439
2.013232
0.012044
g.011054
2.010207

/ i nergy.
Table 8. Qg' ’Qlo ,Qz’ vs. incident energy
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Fig.l. VS (IO;a.u.) versus R (ao)
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(103 a.u.)

Fig.2.V versus R
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Fig.4. VS, V and v versus R
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Fig.5. onversus incident

(I)v=0, (II) v included

energy.
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Fig.6. Qfoversus incident energy.

(4) v=0 ,(0) v included
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Fig.7. Q.z versus incident

(&) v=0 ,(O) v included
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Fig.o9. Qf'versus incident energy
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Fig.10. QZ versus Incident energy.
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