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A bstract

OPTIMIZED AVERAGE EXCITED STATE OF ATOMS, 

INTERMEDIATE - ENERGY SCATTERING 

by

A rthur Benjamin Weglein

Adviser: Professor Marvin H. M ittleman

The optimization of the average excited state of an atom (via a Kohn 

variational principle) is investigated. The resulting non-linear coupled 

integro-differential equations for the optimized excited state and the e la s ­

tic and inelastic scattering coefficients are  studied with two purposes in 

mind: (1) to ex tract electron-atom  scattering information from this opti­

mized two state model and (2) to attem pt to assign some physical reality  

to the optimized excited state of an atom .
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Chapter One: Introduction

A technique used to calculate scattering amplitudes of projectiles off 

targets with structure is to choose a finite basis set in which to expand the 

total wave function and then to optimize the choice using a variational p rin ­

ciple. If target eigenstates a re  chosen as a basis and the coefficients (which 

a re  functions of the projectiles coordinates) a re  optimized by the Kohn p rin ­

ciple this leads to the usual close coupling equations*.

2,3This program  has been widely applied in scattering problems 

often yielding reliable amplitudes whenever a small number of channels domi­

nate the particu lar process. The expansion basis, however, need not consist 

of target eigenstates. In fact they may not correspond to any physical state, 

and, among others, the pseudostate expansions^’ ^ and effective channel 

methods^ have been considered.

We a re  thereby naturally lead to the idea of choosing average inelastic 

channels. The concept of prechoosing an average inelastic channel has also
g

been applied, in the context of an optical potential expansion (at high energies), 

yielding ra th e r good resu lts  for e-He scattering.

At interm ediate energies (50-500 e. V .), where neither high nor low 

energy expansion techniques a re  expected to  work, it seem s unlikely that 

scattering will be easily  describable by a system atic expansion technique 

where we prechoose a finite basis set.
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The next step in the growth (and exploitation) of the average inelastic
9

channel(s) concept was to optimize the choice of basis set . That is, ra ther 

than prechoosing the basis set, we ask  how we should make the best choice 

under certain  c r ite r ia . The choice of c rite ria  for optimizing the basis is 

in itself deserving of serious attention.

9
The program  of optimizing a single excited state has been considered .

The c rite ria  chosen was a Kohn-type of variational principle to  optimize the

average inelastic channel; although an alternate  method of optimizing the opti-

9
cal potential operator was a lso  outlined .

The form er variational principle method, carried  out on a tr ia l wave 

function of the form:

% £ (r, x) = & (x) F*M + ft *)

where the target ground state, assum ed known,

f“ zz the e lastic  scattering  coefficient,

Ifj s i  the average excited state

(j- s t  the coefficient describing inelastic scattering into the

average inelastic channel, 

leads to a set of three non-linear coupled integro-differential equations for
Q

the functions F, G and CO .

To avoid the non-linear problem s involved in the tr ia l function (1.1) 

an alternate  tr ia l fu n c tio n ^ ^  was considered which incorporated features of

- 7 -



both low and high energy collisions:

f  (X x) -  t  (r) Fft) + % (xfJuM  + ft*)
-L * /  '  '  (1.2)

where %  %  and a re  assum ed known (prechosen) while F, (O

and JC a re  to be obtained optimally from a set of coupled equations.

In (1.2):

“fo  "  the target ground state 

^  — the adiabatic component of "5? 

the impulse component of i f .

The basis functions a re  chosen and the relative importance of the 

various term s was decided optimally by a set of linear coupled differential 

equations.

Although the above scheme avoids the non-linearity and could be a val­

uable calculational tool a t interm ediate energies it does avoid the optimized 

average inelastic channel concept.

It seem s, however, that if we want to deal with at leas t a single non- 

prechosen average excited state within the Kohn principle, a general feature 

of the technique will be the non-linearity.

The purpose of this paper is to further explore and use the concept of 

a single optimized (non-prechosen) average excited state determ ined via a 

Kohn principle. There a re  two basic and related reasons to justify this inves­

tigation of the optimized average excited state. They are:

- 8 -



(1) To use this single optimized average excited state (OAES) as

a calculational tool for evaluating scattering am plitudes. The optimization, 

in some sense insures, (within the two state approximation), that no p re ­

chosen state could better average the effect of the inelastic channels on the 

e lastic  scattering. (See Chapter Five).

(2) To attem pt to assign some physical reality  to such an optimized 

average excited state by considering what if any defining ch arac te ris tics  (e.g . 

its width and lifetim e) we could associate with such a sta te . It could then be 

possible (e .g . depending on whether the lifetim e of the state is small com ­

pared to its energy) to consider the OAES as  a collective excited state of the 

atom . Under these circum stances the OAES could be interpreted as  a state 

excited by the incident electron. This electron then escapes with some range 

of lowered energy (the incident energy minus the excitation energy of the 

OAES) and the OAES decays into eigenstates of the target.

We will a lso  use the above mentioned scattering information to see if 

any structure  appears in the scattering as  a function of energy that could be 

attributed to a resonance type of behavior on the part of the p ro jec tile  and 

in turn a collective excited mode of the atom.

An essential ingredient in both of these procedures is an approxim a­

tion for the optimized excited state.

Chapter Two will present a discussion of the type of variational p rin ­

ciple needed in (1.1) as well as the derivation of the coupled equations for 

F , G and UJ .
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In Chapter T hree we present an analysis of the relationship of the 

param eter found in the 0) (average excited state) equation and the CU equa­

tion itself. Chapter Four deals with an approximation scheme, valid for 

heavy atom s, for the average excited state. Also derived here a re  a p rac ­

tical set of c rite ria  to determ ine the validity of the approximation for any 

particu lar atom. In Chapter Five, the average excited state, as approxim a­

ted in Chapter Four, is used in the problem of electron-atom  scattering.

In particu lar, we a re  interested in this chapter, in the effect of the optimized 

average excited state on the process of e lastic  scattering. We analyze the 

eikonal approximation for the coupled equations of the coefficients (F and G) 

of the e lastic  and inelastic channels. We a lso  present and investigate here 

the angular momentum decomposed F and G equations.

In Chapter Six, we use the theory of the previous several chapters 

in the specific case of electron-A rgon scattering.

We show in this chapter that the c rite ria  established in Chapter Four 

for the average excited state of an atom are  satisfied in the case of Argon.

Then having justified the approximate average excited state in this case, we 

use it in the angular momentum decomposed F and G equations to evaluate 

both e lastic  scattering and inelastic scattering into the average inelastic channel. 

We chose the la tte r method of Chapter Five because of the short range nature 

of the coupling potential (whose effect on e lastic  scattering  we wish to establish). 

We also  discuss in this chapter the width of our approximate OAES and suggest
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how the effect of such a state could be detected experim entally.

Recent successes in interm ediate energy scattering techniques** 

(e .g . the Eikonal-Born series) has changed the relative weight we should 

give to the two above mentioned justifications. It seems now that le ss  of an 

em phasis on the search for an optimized average excited state for the sake 

of its use as an interm ediate energy scattering technique is justified. Cor­

respondingly, more weight should then be applied to the very active area of 

the reality  of the optimized excited state and its possible interpretation as  a 

collective mode.

These recent scattering techniques, how ever. w ere developed a fte r 

we initiated this investigation and the weights we originally attributed to 

these factors would now be somewhat different.
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Chapter Two

(I) The V ariational Principle, (II) Derivation of the Coupled Equation 

for F, G and U) . (Ill) Appendix on Lagrange M ultipliers

(I) The V ariational Principle:

As mentioned in Chapter 1, there a re  various c rite r ia  we could use to 

optimize the choice of CO . We choose here the Kohn form alism .

In this section, we investigate the Kohn principle for scattering off targets 

with internal degrees of freedom. We then proceed to see how the principle applies 

specifically to a tr ia l function of the form (1.1).

Let H be the hamiltonian of the system : H3* Hrp+ T4- V where is the target 

hamiltonian, T is the kinetic energy operator of the projectile and V is the interaction 

potential energy of the projectile and the ta rge t.

Consider the integral:

neutral atom (•#- and — denote the usual outgoing and incoming wave boundary 

conditions, respectively). At the high energies to be considered the Pauli principle 

between the incident and target electrons lead to sm all corrections to  the e lastic

a re  tr ia l functions for a system  of projectile (electron) and

scattering* and can consequently be neglected.
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We define: (using Hartrae's Atomic Units)

^  sz  the target eigenfunctions where,

^  — the target ground state

+ W o  =? the total energy of the target projectile system 

- ^ " s th e  incident e lec tron 's  energy 

the ground state of the target

the differential volume in the ta rge t and projectile coordinate 

system

~r*
/ 1 =  position vector of the projectile

)(  55T ( X, Xl” ' ) Is ^ e  position vector of the 2  atom ic e lectrons,

would vanish identically if an<l w ere the exact eigenfunctions

of H for eigenvalue E.

Expand these tr ia l functions using as  a basis set the target eigenfunctions

y  M  T" F„,  u> (?) K (?)
•kc * = r  * * •  (2.1)

(2 .2 )

(*■) rfn
where the Fn a re  the coefficients of the .

Asymptotically we have:

% M o =  %  e  ‘

c * 2- 3>

-1 4 -



. T* —* °0  * /  , -I

'*■£■ h ^ D  l~

( t )
In term s of the coefficients Fn the asym ptotic conditions a re :

(2.4)

(+) ^ t k n rc
!r (2.5)

f i  H  ^  r  r < ~ )

where ® /* and -J- H£j — £

Consider a general variation of in which:

(2 .6 )

? 2 \  =  K ) X• tria l * exact *

and

C+) =  ^  (H  -A £  I f r  c +>
&£ tr ia l C exact

By a general variation we mean that ^  (for Yl^*0 ), Fn , ( F j j" ) *  

a re  all allowed to vary, subject only to  the res tric tio n s  on the asymptotic forms 

of Fn “  (given by (2.5) and (2. 6)) and ^  (going to zero  fast enough for large 

^  to insure H j is herm etian).

the ground state wave function of the target, is assum ed to be known

exactly.
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We can now w rite % a s :<
(+) . n i l  '+>

or

- 4  -  j K l ' j £ - , > s '/ S ’ J * t 0 ( r > ' > ^

or

=  /  V w  r £ ~ " ;  n ^ ) J z f  o u r ) (2 .8 )  

•jAwhere (E-H) . equals zero  has been used in deriving (2.7).
* exact

T herefore, to f ir s t  o rder in the variation < ? ¥  we have:

s  = 4  ~  «6««<r = =  J  Si*< J z
H i* /

(2.9)

In (2. 7) le t us w rite

(E -H )«  E-H t  - T - V = E  - HT - T - V-/-(T - T) (2. 10)

where (—^  or «fr ) means that the operator acts to the right or left respectively. 

Ht  and V a re  herm etian whereas T is not, giving r ise  to the T - T term  in (2.10). 

Using (2. 7), (2. 9) and (2.10) we have:

/ v  =  j  c t - T ) j r* / " j z

K ' Y - * ‘ +

-1 6 -



Making use of G auss's theorem we then have:

s u = r  ‘ r  J J J 2 >  & ■ ,
(2 . 11)

where ^*CLp is the differential solid angle in the projectiles coordinate space.

Now utilize the expansions (2. 1) and (2.2) to write:

(SF.™ ff )
(2 . 12)f f Z  =  Z  ( S F > ™  K + F ,  Z ’  * K )

h «=■o

Equation (2.12) together with the asymptotic form s (2. 3) and (2.4) leads to 
, C+)

the asymptotic form of
f t ;

h

oo &  t k „ h

z :  ^ < r n

(2. 13)

In (2.13) we have made use of the fact that a jg  «  O  • We a lso  have a sim ilar 

Substitution of these asymptotic form s in th e ^ ^ ^ o f  (2.11) we find:

expression for s f r r .
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S4 . J J T A - "  J r ‘U t2 f [ /e - '* f,g ‘'

« = 0  r  J  L 7 & ,

[  S f J “( & ■■:,■>  &  * • £ f t v - S - M K -  ] }

- i f :  s ^ r r  s f ; ’ < v ~ s >  * ,  & ~ h q 1
f t — C -J

f - , % • /  e - ' ^ r . '  +  J L  £ ( ^ ? Z ' € ] J

(2. 14)

The exact target eigenstates satisfy the orthonorm ality condition:

( f t r '  )  —
'  (2.15)

If we ask  that the tria l target states a lso  satisfy this condition we have:

( K  ¥ » ' ; ) =
J (2.15a)

These la st two relations lead to (keeping term s of O

-1 8 -



£ & ' ) = -  t f > t )  (2. 15b)

Using the fact that equals zero , (2 .15b) becomes for n s s  0:

(  Ve>/ £ f t i ) =  O  (2.16)

for all n.

Integrating over X  in 2 . 14) using (2 .15a) and (2.16) and the perform ing

the angular integration we find:

(2.17)

The resu lt (2.17) is the Kohn principle. This principle states that the wave function 

which extrem izes will in turn  extrem ize the difference

r  (+) __ r  C t)
JO  tr ia l J  0 exact

It a lso  is a method to improve the evaluation of e lastic  scattering amplitudes 

found using tria l wave functions. That is, the e lastic  scattering amplitude found

using tria l wave functions will be improved (as long a s  we can neglect) O

T  /• /  ^by adding ** Jo^ .

-1 9 -



(II) Derivation of the Coupled Equations for F |  G and

We now turn our attention to the prohlem of in terest and consider 

the tria l function (1.1):

= %  F *  +  *> ^

where ^  is the ground state of the target and is the average excited 

state of the target.

Explicitly:

=  % (*) Fk'+’tr )  + u  (* )& £ (? ) (2.18,

“  % f x )  * # { ? )  (2 .19)

C’t") /_i c—i
and where F> . , F W , G . .  > G * and 60  will be determined

k < V
variationally.

Consider the integral,

d  =  + < & *  +  * ^ 2  f  (2.20)

where ^  =  /  ~  Y m^ ' J  Z

= 4  -  /  Yk * ‘ * f E ~ H )  T tg '  J t

The reasons for th is choice of t ^  will be discussed below.

-2 0 -



From  section (I) of this chapter it follows that for a general variation:

*

( - ) X

and therefore: £  x^C —  - V tt [ i .  4 W

However, now ra th e r than the general variation, we will vary indepen­

dently F t+>, F(~ \  F<+)* , F ^ >X, G ^ J, G<_* , C?H* , Gr' )X, M and t o *  . 

The resu lts  of these independent variations are:

S *<F, = -  V7T (2.21)

/  J * f i f  * (2.22)

—  - t i r S f o '  

S p i  /=<->* -  - * * f
(2. 23) 

(2. 24)

where the right hand sides of equations (2.21), (2.22), (2.23), (2.24) come from 

the non zero contributions due to . ( s < L  ( f ^ L ,

( S ^ ) F,>
r  i ‘&)

and (-)*  respectively

-2 1 -



The other independent variations lead to:

^  (2.25)

S  c ^  (2.26)

£ r s t  fytt*  —  ^  (2.27)

S  t /  ^  (2>28)

£  Uj  — O  (2.29)

<T KJ? n j*  ~  & (2.30)

The reason for the asym m etric  look (between the F and G’s) in the 

above variational principles is that we a re  scattering off the ground state of the 

ta rg e t. That is, the F and G 's have different asymptotic form s, due to the fact 

that F is the coefficient of the target ground state and consequently has an incident 

plane wave component (absent in G).

This difference causes variations with respect to F or (F “  ),
+ f; K

(unlike G and G ) to have non-zero contributions whenever these variations 

occur to the right of E - H in an integral. If we w ere scattering  off an excited 

state of the target, the right hand sides of (2. 21) - (2. 24) would still correspond 

to an e lastic  scattering amplitude, (where in this e lastic  scattering amplitude the 

initial and final states of the target a re  the original excited target state).

-2 2 -



These independent variations lead to coupled integro-differential

equations for F ^  , G ^  and U) .

Rem arks on the Choice of

J  *  a  *a) Including with leads to equations for CO , F

F^_l , G ^  ^ and G ^  which a re  the complex conjugates of the equations for

tO , F ^  , F * * , G** and G respectively. (E.g. if c /j were left out the

X i  xU) andA^ equations would not be complex conjugates.) Also with included

F ^ ”* and G £  * satisfy the same equation as F ^ * ' and G ^  respectively 

(as they should).

b) Including gives an integral with asym m etric depen­

dence on ■/" and-  states, i .e .  ^  f

Physically CO should be derived from a variational principle sym m etrically depen­

dent on ^  an d — sta tes.

However, using (2.20) for is essentially  done for mathematical 

completeness and its clear aesthetic and physical appeal, since the inclusion of 

4 *  < * /  leads to no new contributions beyond to the equations

for F G and U) .

c) Because of Rem ark (b) we will henceforth deal with the mathematically 

equivalent (for the variations of in terest to us) reduced ’. With

this new the variations which produce the F ^  , G ^  and U) equations 

respectively are:

-2 3 -



(2.31)

<T (2.32)

<T 388 O  (2.33)

for ^  1 ^  . Note the difference between equations (2.31)

J  /  *  (~) *and (2.24). We have (2.31) because in CK/'H , F never appears on

the right hand side of E - H.

In the previous +X#t  xf  t 4  /-  , contributes a term

m X  j X
F appearing on the right of E - H. This in (2.20) leads to Offr

on the right hand side of (2. 24).

W riting l - J l *  in detail:

C (  =• c ^ /  i - < 4 * = -

J F ‘~, x ( E - W . - T — v s )  J r

* J  t l '  F / - >r (E -H r - T - r )  »  6-*-' 1* J x

+ J t o '  ( e -Hj - T - yJ  Po F * J *  JF

+ J  t o '  &(->* ( e -Ht- T - v)  u> 6-* d r  J ?

4-  f z  3 4 )' (Complex Conjugate) * ‘

where y s =  ( f .  r r * )  .

-2 4 -



J j  ( - ) *  ( i *  X
^  will be varied with respect to F , G and tO to give the three

if) iH . >
coupled equations for F , G and Cc/ .

Note that the T operator (the pro jectile’s kinetic energy operator)

can now go in e ither direction. The reason is that the contribution from this

change of direction is either zero  or what we set equal to zero  in asking for

stationary "fa or & * )  values. (I.e . S fo *  or ^ a re  set equal

to zero). The form er situation occurs when we take S 6 * - . ( f * * )  .
StO or a s  the variation and the la tte r  when we take o r F  J

•f* -f x
from the right to the left of E - H. If we vary F or (F ~  ) in 

an integral in which this F ^  or (F “ )* occurs on the left of E - H then we also 

have the form er situation.

We want ^  to be an average excited state of the target. We therefore 

impose the condition on ^  of orthogonality to the single unexcited state to keep 

to) exclusively in the part of H ilbert space spanned by the excited states of the 

ta rge t. This will a lso  insure that F contains all of the e lastic  scattering. For 

these two reasons we impose the constraint on :

t o )  =  o (2.35)

It is perm issible  to include this constraint directly  in these independent variations 

of and . (A discussion is given below explain­

ing why te rm s like must be kept when varying with respect to (xj ).

Using (2.35) in (2.34):
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S d ? F  <->* -  J S F ' - > ‘f a / ( € -  T - K ) r  r -  * 6 ' ] *

where the coupling potential is introduced: \

i r f t r ) * *  (  K  t » )  v h * ) " W

C  t ? ( ~ )  *
Noting that O I is an a rb itra ry  function (within the

res tric tio n  that all the F ^ ^trial have the same asymptotic form (2. 5)) we 

have using (2.31) and (2.35):

F t = ' i r 6 - i '

Now

(2.36)

taking and arguing as in the case of S e t F r -> »

we find: , , ,

o* =  f -  f a  Hr*) = E -C*27 (<yuj)

(2.37)

where

i /  =
( »

and r  US).

(2. 36) and (2.37) a re  sim ilar to the usual two state close coupling 

equations.

Now to find the equation for the average excited state CO by varying

C O *  .
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< 5 X * ,x =  f f * >  O ^ V e - H t  - T - 0 & F * X r  

+J f u *  6r f->*(E -H r-T -ts )V & + J Z  

+ J f c F "  ( E - H t  -  T - l / ) f a * 6 U i y J c  

+ J c o & '->  f e - H r -T -i/)£ w * G -r+'*dr

(2.38)

In the firs t and third integrals of (2. 38) we a re  going to keep te rm s that the 

constraints on and would cause to vanish. These

term s could be considered as a p a rt of (or a s  it turns out, (see below) all of) a 

Lagrange m ultiplier whose presence will insure the orthonorm ality of and U) 

in the 0 0  equation.

We could have added a te rm  A (v, <&) to df , where ^  is a 

Lagrange m ultiplier, and ^  would appear on the inhomogeneous side of the CO 

equation. We show in the appendix to  this chapter th a t^ ,  m ust be equal to zero  

to have (O orthogonal to ^  . Therefore, the term s that a re  kept with

in (2. 38) constitute the en tire  Lagrange m ultiplier needed to  insure (P>0 /c j ) = 0  

in the (O equation.

Using: (1) the equations for , F , G and G ^  (2) the nota-

tion (  J 1 ss integrate over A* , ( ) as integrate over X  > (3) the req u ire ­

ment that $ ( 0 *  be an a rb itra ry  variation (within the res tric tio n  that U) is norm ali­

zable) we have using (2. 33) the equation for (aJ  \
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f  <{G<+>*&<'>}j  ( e - H T) c o  

* V 6 '->J> +- < 6  *■** y  &M> J  tv  

t  £ <  G-*1 * ?  < & '-> * y & ^ l  co

+ ( i* * ,) E  < & e " ’ v ' F + >  +  < & » * * V * F - y / « J  

^  < C G -( ' ) X  K s  / -  <  & + * * y s F ' - ' ^ l  <fo

< & C- " l / F ™ > i . < C r c + , * y F ^ > : j ¥ a

F  [  < & < - > ' * .  y .  f  6 - S - ^ J  f e ^ c

(2. 39)

Now define:

^  ( 'e y  H -j- c o )

{ c u j  (2 .40)

N  — < Gr’J* <?*J>  -t <
(2.41)

J l M = ^  J f  f  < 6 t” * V G - r - > >  +  < 6 “ * V 6 * ? ) '^  (2.42)

2 !  ( * ) * *  < & C )  *  V  ^ > A  \ Z F y j
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. r < 6 m * v e * * >  t -

_L_ r <&->V *F^t-<6i v*F,'t>]}(2.M)
(iOfU>) J

€ ' =  ( “ > , A u j \  +  (2 45)

((O f  UJ)

J t  — H j  + J L (2.46)

K )  (2.47)

The CO equation with these definitions takes the form:

/ g +  ( t o ^ J L u ) t  ( * t  %  A J  _  u  _ j 2 )  t o

\ (tot U>) (LU,«J) '

=  [z:
or finally: f e / _  )  «J =  £" %  ' ~  C ¥of  A . O j ) J  %

(2.48)

which is the third of the coupled integro-differential equations with (2. 36) and

(2 .37) for G ^ a n d  CO .
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(Ill) Appendix: The Lagrange M ultipliers in the Variational Principle for £ p  . 

If we take < %  on both sides of equation (2.48) we find:

C / T ' - W o )  / v > ,  w )  =  C

Therefore (<&f i o ) = o  if e ' +  M0  and (2.48) satisfies ortho­

gonality. The inclusion of a Lagrange m ultiplier ^  in,

0 ^ / ‘=r  *V) (2.49)

.
would not change the F and G equations, but would appear in the

equation:

(et-jL) to =  (Z -* (2.50)

Now taking on both sides of (2. 50) we find:

( £ ~ W o )  w )  = / ^  (2.51)

Therefore (2.51) implies that if we w ant$£ ,& /^ to a s  Q , yA. must

vanish.

If we use an additional Lagrange m ultiplier to insure the normalization 

of the average excited state as  well as  its  orthogonality to the ground state we 

consider:
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o ( " '  =  ^  1 - f i ,  ( * ,  f  (2 52)

< f v / "  =  p « > * [ ( * ' - * )  “ - Z f o  + { * Z 4 M +

n j  -ĥ  (Sto* re)
t  Az (Sd/fu>)

Now S  d t v =  o  (from (2.33) and the fact that we want to be

varied such that and (***>) a re  stationary) gives:

( g ' - t ^ - A )  u j  =  f e ' - f K J L v l + A , ) # ,  (2 53>

Taking on both sides of (2.53), assum ing we

have:

(€*+ (<&,«>) =  A,
1 *  '  (2.54)

Taking < t o !  on both sides of (2. 53) leads to

A  ( * * * > )  —  ( • *  (2. 55)

JJ
Equations (2. 55) and (2. 54) imply that if we want (<vf  C i )  to 

vanish, and re ta in  a nonvanishing ( tV fU l)  then and /k^  m ust both 

equal zero .

We therefore choose and equal to zero  in (2. 53) and re tu rn

to (2.48).
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Chapter Three

(I) A Study of the Relationship between the Equation for ^  and .

(II) £  * and the Five Coupled Equations

It is the usual case that when a param eter appears in an equation for 

a state which is norm alizahle (bound): the equation itself determ ines the p a ra ­

m eter. (E .g . the bound state eigenvalues of the Schroidinger equation a re  de­

term ined by the equation itself).

We a re  interested in th is chapter in determ ining whether the equation for

Co specifies its param eter in a s im ilar way.
c /  y;

As can be seen from (2.45) C is a complex functional of CO , G and

F ^  . Note a lso  that the UJ equation is net an eigenvalue equation for .

In the firs t section (la) we will examine the question of the specification 

of S*  in relation to the general tO  equation. In sections (lb, c, d) several 

special cases of the 40 equation will a lso  be analyzed. We will examine how each 

of these simplified models deals with the ^ e q u a tio n  and theg 'de term inacy  question 

and then re la te  it to the general conclusion (s) of section (la). Section (Ie) will be 

a summary and overview of the c  determ inacy situation in relation to the 

equation.

In section (II) we take a different perspective on this situation and consider
/  £ £

the relation of S  to the five coupled equations for F , G and (O . With this

viewpoint the conclusion about c  s determ inacy is quite different from that of 

section (I). Comparing sections (I) and (II) gives us an insight into the nature of
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the param eter found i n the equation for the OAES. In p a rticu la r, the role 

played by the optimization (rather than prechoice) of the average excited state 

on the specification of its param eter is clarified .
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(la) € *  and the General U) Equation:

Consider the equation:

( e ' - x )  u >  —  f S . ' -  ( P . J L w ) ) ? *  (2 48)

e l   { ta > X u > )  +  ( t o  £  1 i )
where £  —  —  . —

( t o , u i )

Assume here that equals one. At the end of this section (la)

we comment on the ro le U) 's  norm alization plays in the specification of

Define the operator , and invert this operator to find

an integral equation solution for CO :

t o  -  j ~ C ( K J l  t o ) ]  M

Using (3.1) the orthogonality condition (2.35) ( (% U > )  equals zero) gives us: 

(H I , )  = ( < f Z J L ‘0 ) ] a  ] ■ < & )  (3.2)

Again using (3.1) in the norm alization condition , we a re  lead to:

/  “  ( t o  (3 . 3)

Substituting (3.1) for CO in this la s t equation (3.3) we find,
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\  =  j r r e / * i

—  <P‘ )  ( {  f e  ' j + Z / f t )  — / f $  j ~  S / ‘P o ) ' )

-  { v . s z » )  ( ( < P , Z HJ+ & ) - ( K T ' + J - t * ) )

■ f - 1 ( & •  - & * ) / * ( ( %  j +  & ) —

(3.4)

Now making use of (3.2) in (3.4):

> - £ i [

+  I  f t .  j - Z ' K ) ! 2  ^  ^  w  )

Equation (3. 5) contains the information ftVf  U j J - ±  and t n f r o .

To simplify the algebra, substitute:

a  =  ( a  J - & )

B =  ( r .  i - Z ' K )
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C =  f & Z ' + l - S ' K )

* =  ( < e , z ' f  j -  f t )
where A B, C and D contain CO through € *  . Equation (3.5) in term s of 

A, B, C and D is:

1 =  ( c * - c  - £ !  ( P * —  B )  — J L  (b * - d )
Z i £ x  r * A  y

+ a t  ( a * - a )

I  A  I 1

/  =  -L, I  - C X + - C -  ( B M * )  J
L I A I *  J

and substituting back for A B, C, and D:

£ ( r . i - z ' K ) ( < r . z ,h  (< ?.

l ( « j -  f t )  I*  o s .

The subscripts R and I denote respectively the real and im aginary p arts  of the 

expression. We would have lost equation (3.6) had we not specified CO 's  nor­

malization.
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Equation (3.6) is a single rea l algebraic equation re la ting  and

This is the only equation for with set equal to one. Therefore,

the equation for W  (with UJ normalized) doesn 't specify With

norm alized there is in this general situation a one dimensional freedom in 

If we had not specified the norm alization of ^  would be completely un­

determ ined.
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(Ib, c, d) and Three Particular Situations of the ^  Equation

C $In this section we a re  going to investigate C  and various special cases 

of the U) equation.

The f irs t example is of genuine in terest (e .g . see Chapter Four) whereas 

the others a re  academ ic exercises used to gain insight about the problem at hand, 

b) The Inequation with peaked G^"^.

We will now study the U) equation's relation to €>* in the practical situa-

( t )tion of peaked about the origin (see Chapter Four).

In Chapter Four, we will show that when G ^  is a peaked function the 

following relations hold:

T ,  =  < * J i

*  =  f m m  *■ f ' - Y c )

where £  and J l  a re  given by (2.43) and (2.42) respectively.

The CO equation under these conditions becomes

(4. if)

- ( % z  - k ,-  m ) 3  k
0
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i v  =  <  f - J L  + £ - ) < &

A solution is then found for CO

+ d ' 1 ) c y
(4.6)

where  ̂ and CL “  ( ^  J
Equation (4.6) identically satisfies (4 .1’) and (3.7) as well as

Choose tC U fU f)- 1 . The evaluation of this norm alization using

(4.6) leads (see Chapter Four) to the single relation:

W - i  -  -  1 + g i . r ) (4.7)

or

(4.8)

Equation (4. 8) is the special case of (3. 6) for the situation in which 

is peaked. Keeping in mind that ^  and a re  functions of we see 

that (4. 8) is a single rea l equation relating and in the G^— ^peaked

situation. With specified there exists a one dimensional freedom in

in this model of the 0 0  equation. If U) were not considered norm alized

(4.7), S ^  would be completely unspecified. (I .e . no relation between and 

&£ would exist).
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(c) One Dimensional Delta Function Model

In this model, the 40  equation situation is analyzed for the case

of a single target electron in one dimension. For mathematical sim plicity we 

replace all the potentials appearing in the /^ e q u a tio n  by Dirac delta functions. 

In particu lar: / / r -  — — ~  _  c  * S f a )

JL =A S M

Define Z =  ( V ,  S I  t o )  and % ,  =  S < K -Q .uj) .

With these approximations £  . We  and Z can be written:

H r  f o - W K

e  - ( ' e y * )  1 * 1

V 7~

w „ =  - c V v

z  =  (<?. sir.)  =  3  effo)
2.

The CO equation is then written:

(3.8)

where JL  = - -  -  C ‘ M  +  * * M
J / r *
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We now find and Bj such that (3.9):

co = a, e~cy* M+ b, e ' f 1*1

is a solution to (3.8).

Substitution of ^  and ^  into (3 .8) leads for (*>0) to:

* , =  > - * ■ / . )

e'

(3.9)

and

Requiring ( l eads to:

O  =  A  y _ _ f t

Finally substitution of in term s of £ ^ w e  find:

.  _  «  A c 3
A i =  *  ~ 7 r

[ j = P i -  c * J C *- C- ^ A J
(3.10)

f t *  f  + c V z )• A l f e - J ------------------   ^ ---------- — -  (3.11)
+  c ^ )  + £ + * )

Using th is A j and Bj and requiring  CO to be norm alized to 1 gives a 

single equation for q :
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i ( l t l 2 + c2f* f^ ) ( !}!*+ ('c2+*)$K+(£±i*l)

=  /  i f i / * + c 2 f x  f(  ! t r + c  U  f  _ „ 0

*  ' 4 U (3.12)

Equation (3.12) is equation (3.6) for this particu lar situation.

(3.12) is a single rea l equation for q (q^ and q^) and therefore cannot 

specify q. Consequently, q and therefore a re  not d e te r­

mined. If we take S y=  f a h u > ) + 0 (  with

a  e ~ c V * h l  + d e ~ * M

a ,d  i c ,  =  -  « A * c y * _____

^  2
and given by (3.10) and (3.12) we find S ’ =  — £  an identity: 

no additional information about qj and q ^ . Therefore once again a one dimensional 

freedom ex ists in .
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d) The Three State Calculation with Localized G.

A solution for CO could be found by expanding in an infinite sum and 

integral over the eigenstates of the ta rg e t. This expansion would (when sub­

stituted into a ) '  s equation) lead to an infinite set of coupled algebraic equations 

for the weights (coefficients) of this expansion.

For mathematical sim plicity consider the case of ^ c o n fin e d  to three 

eigenstates (2 excited states) of the target. We will not present the yet sim pler 

two state  situation (even though the same conclusion concerning the one dimen­

sional freedom in is true in this case). The reason is that UO would then 

be an exact eigenstate of the target and the interpretation of CO as, in some 

sense, an average excited state  of the target is lo st. For the three state calcu­

lation we can consider CO a s the QAES of the part of Hilbert space spanned by 

the two included excited states of the ta rg e t. Let G ^ ^ b e  peaked functions.

Under these circum stances:

*-(s)
(3.13)

Mr ~  o 1 J 1  =  / JLZ, o  J i l l= f f  £ o) J2= f l
1 o  O E j  [ m

The diagonal te rm s of A  have been incorporated into the E j , E^ and E^ of H^,. 

Now impose

-4 4 -



<Z =  < 2 , X >cn 8
-4 = e

Uj  —

Sit* o

(3.14)

S/Hff (3.15)

where

and

1 / =  Z ,-h 7 (^  
2

x =  X ' - k

Substitution of CO and <p̂  into (4 .1') leads to:

~ £ -  Et - J l /4 - J l , s  ~  
- J l u  £ < - E z  - J i l l

~ J l 2\  £ * - £

This m atrix  equation is now w ritten as three algebraic equations, one 

an identity:

— j L t 1Q . - - O . 23O  — ~ - O / z Q -  ~ - O n X

( € > -  f i )  a. - J l z i  - i  -  <*■ ~ a , £

( £ * —  & 3 )  ~  - 1 2  a 3  a  — Jin

where

(3.16)

(3.17)

(3.18)
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Using (3. 15) and (3.13) in (3.18) we find: ^

£ / =  £ ^ / a / z - h E 3 m z + z R e

4- °C ( +  h X- 0 - ! 3 ^

(3.19)

Using (3. 19) in (3.16) and (3.17).

From  the two complex equations, (3.16) and (3.17) we a rriv e  a t two 

independent rea l equations. If we set 1 / equal to zero  (for convenience) and 

assum e that the a re  rea l (also for convenience) and that

_ J l /2  =  J l l3 = J L (3.20)

and w rite

JL  =  J2
2 3  (3-21)

(where (3. 20) assum es that the two components of the inelastic space a re  equally 

coupled to the ground state  ) we then find two rea l equations for &  and Of . 

The two equations, found after some algebra, (and also  assum ing is re a l for 

convenience) with — £ 3  ^  a re :

Co* 2 0  — 3 . C + +  2  0  =  O   Co* 2 0  — *2 J 1  C++ 2  0  =  O
(3.22)

Co-d ^  - f l-  { S'/'h0 +  C trt& J
Z  -eJX  (3.23)

These two equations would determ ine 0  and 'jC .

- 4 6 -



Remember, however, that ")/ , if not set equal to zero , would 

appear in these two equations giving us two rea l algebraic equations for th ree  

param eters . Therefore, one of the three param eters 6  , %  and ^  can be 

looked upon as unspecified.

£   ̂ can be written in term s of the param eters which describe (O as:

€ '  *  E s,C <ro2 0  t- +  2  R e

v- *  e ~ ' y [ e ^ c tseJ i,*  + - e ' * A - &&]

(3.24)

Equation (3.24) dem onstrates how £ ^depends on y, <? and . There a re  

two algebra ic equations relating  and / * •  Thus we once again have a

one dimensional freedom in £* \

The assumptions (3.20), (3.21) and 0( being rea l will certainly affect 

the equations (3.22), (3.23) for & a n d ^ ^  . The inclusion of the general 

and oC complex would just complicate the algebra without gaining additional 

information concerning the param eters S  , %and y .
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(Ie) Summary and Significance of Section (I)

We have seen in this section (I) that in both the general and particu lar 

models of the equation for UJ : the ^ e q u a tio n  with (tty  equals one 

doesn’t specify .

There always ex ists a one dimensional freedom in The norm aliza­

tion of iAJ gives us information about £ •* , but it doesn't complete the 

picture.

We will now describe the m ost natural way of looking at the freedom xn.£*. 

Let t be a rea l param eter describing the freedom in £  *. (I .e . with the ^ e q u a tio n  

and ((*//&) equals one we have e W  .)

The three state calculation gives us a hint about how we can look a t this 

one dimensional param eter t .  The two equations (3.22) and (3.23), had we not 

set V  equal to  zero , could be looked at as having given a single freedom to

ithrough y  . This is saying, that in this case, the m ultiplicative factor ^  

in U) leads to a freedom in £*: e ' f v ) . This choice, obviously is not unique. 

We could have chosen G oxpC o r a combination of & , %  and X  as the freedom 

giving param eter in .

With this la s t  statem ent in mind, we look a t the definition of :

g /   -h ¥ L )
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We notice that when iO  undergoes a multiplicative phase shift
iV—9 t v s  , y

€ ' - *  £ ' ( * ) =  *- <s ~ , y <'“ 's z
tv)

We therefore have the following four statem ents and conclusion:

(1) As evidenced by the general UJ equation and three particu lar examples: 

always has a one dimensional freedom.

(2) g *always has a one dimensional freedom due to  the freedom of the 

phase of tV  . This statem ent is justified by comparing the equations (3.25) and 

(3.26) for g *  .

(3) Look at the freedom in £ *  as  a param eter specifying and

in a two dimensional complex S  * space.
/

curve

S * .  (3.27)

<?X =  A M

Equations (3.27) and (3.28) rep resen t a particu lar param etrization of the

S '-
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(4) From statem ent (2) we a lso  know that a way to specify this curve 

is given by:

e * '  =  $ ,  ( y )
(3.29)

X  v  '  (3.30)

where "/ is the param eter corresponding to the phase of . if we believed 

that perhaps (3.29) and (3.30) correspond to a different curve than (3.27) and 

(3.28) then this would imply that £^has a two dimensional freedom and contradict 

statem ent (1).

Conclusion:

Any one dimensional param eter t must be a function of ) /  , another one 

dimensional param eter describing this curve. Explicitly, t  =  f ,  " C  9, M )  

or t =
/

Therefore the conclusion we reach  is that the freedom in & can always be

param etrized as a function of th e  p h ase  of LU .

The firs t statem ent of th is chapter is that it is usual for a bound state
_  /

equation of motion to determ ine its param eter, c  is not the usual param eter.

6 "^is not an eigenvalue and the bO equation is not an eigenvalue equation for US .

is complex and is a sum of linear and bilinear tO  te rm s. The usual conclu­

sion, concerning param eters of bound state equations, is therefore not to be 

expected for £  *.
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(II) We now take a look a t the 6 * determ inacy question from a different 

perspective.

If we consider the five coupled equations together,

/ j g  —~r— MS) F lr )=r v

v s )  F (~ } &(~ >

f t?  _ T - V )  5 ^  = F*>

7 * -  p )  & l~ } — x r  » f=r~)
\  ^  w )

(S'-.L) u  =  ( 2 . (KJl*))fo

(3.31)

(3.32)

fUfUS) (3 33)

(3.34)

(3.35)

_ /
and then inquire about the & determ inacy situation, a different conclusion is 

reached.

An examination of equations (3.31-3.34) above shows that the relative phases 

of and g ( - )  CO must be fixed, i .e . determ ined by these five equations.

For exam ple, if UJ undergoes a phase shift then m ust under­

go an equal phase shift or equations (3.31-3.34) will be changed. The above con­

clusion can a lso  be seen from looking directly at the total tr ia l wave function 

% = 12F * +  , where we notice that the relative phase of the

elastic  p art and the inelastic part m ust be fixed. The overall

phase will have no effect on the above mentioned relative phase.

These rem arks imply that when CXJ undergoes a phase shift If , then 

a possible overall phase shift in the total tria l wave function of ^  would lead to
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the following (assuming for sim plicity that %  doesn’t change its phase) general 

re la tive-phase-preserv ing  transform ation T :

j Z f c )  p.

u >  — * e , )ru j

f t  m -> e /A % a>

We now examine what happens to &* under such a general re la tiv e -p h ase -p re ­

serving transform ation.

From  (2.43) and (2.45) we have:

2  =  <?&*** VFMJ> F <6re>*yF*t>
< t r- , r 6 a-t>  (2 43>

c  t — (u / jJ L tv )  +- <Po)
------------— -------- ----------------   (2.45)

and under T, £  becomes.

(  e  ->(*-*) O'*-' y e •*F f~J>+

< e ~ * > 6 r  M*e

and consequently under T, 2 - * e { iZ  . In the peaked G approximation,
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; r
it is easy to see that OC will go to €  . The conclusion that we draw,

in the five coupled equations situation, is that when changes its phase con­

sistent with the re la tive-phase-p reserv ing  transform ation T : 8 *does not change. 

That is, is completely specified within the five coupled equation situation. 

That 8* has a one dimensional freedom attributable to an unspecified phase of 

IV is true only when we isolate and examine the ^ e q u a t io n  (apart from the 

other four coupled equations).

This property of the param eter £*  that it is not specified by the tO equa­

tion alone, but ra th e r by all five equations is ultimately attributable to MJ being 

optimized ra th e r than prechosen. (For example, if we prechose and , 

where and a re  the ground and f irs t excited states of the atom then the 

param eters %  and the ir respective energy eigenvalues a re  totally inde­

pendent of the close coupling equations for their respective coefficients.) It is 

the optimization procedure on the average excited state which couples tO  to  

and , and demands that in order that 8* be well defined it is necessary  that 

also rem ain coupled to the F ^ ^ a n d  ^equations.
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Chapter Four

Approximate Solution for the Optimized Average Excited State

Equation (4. 1) is one of three non-linear coupled integro-differential 

equations and there  is little  hope of obtaining an exact solution to  this set of 

equations.

The purpose of this chapter is to describe an approach to solving this 

equation (4.1) valid for heavy atom s.

A natural starting point in the investigation of equation (4.1) is to con­

sider the nature of the hamiltonian h. It differs from Hq- by a sum of single 

particle  potentials:

where

F or la rge  ? J L  behaves like while for sm all JL it is a finite

constant. w ere for all f t  , then h would be the hamiltonian of

a singly negative ion isoelectronic with the target h
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t ' fyJ f  J

—  Z T -  +  z Z i I _ x j  ~ Z (Z -
(' t j f  ' V '  ( '  ' Y

=  kinetic energy of the i th electron.

An argum ent will now be given suggesting that for heavy atom s the low lying states 

of h do not depend in an important way on the short range behavior of SL  .

For heavy atom s the inner shell electrons experience an effective charge 

which is la rg e . (See, e .g . ,  S la ter's  screening ru les  ) Therefore the addition 

of a single particle potential XL  will be a small perturbation on a large attractive 

central potential experienced by these inner-shell e lectrons. Therefore for heavy 

atom s the low lying states of h a re  not much perturbed from the eigenstates of H j .

The valence shell e lectrons do not penetrate deeply into the atom and 

therefore the short range behavior of J l  is of no g rea t moment to them either.

On the other hand, note that the valence electrons experience a small effective 

charge so that the addition of J l  to H j  for these electrons reduces the effective 

charge by unity : a significant change.

The above argum ent indicates that the states of h for heavy atoms are 

closely re la ted  to the states of h^') : the hamiltonian of the singly negative ion 

isoelectronic with the target. 2

Since for heavy atoms the eigenstates of h and h ^  should be closely related, 

the solution of equation (4.1) should, for these atom s, not be greatly  affected by 

replacing h by h^’ .̂
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An examination of h shows that a way to  have h approach l /   ̂ is to have 

G ^^eplaced  by sharply peaked functions about the origin. Physically this la s t 

statem ent points out that a way to have h replaced by h^~) is to have G ^ re p la c e d  

by a resonance type of behavior about the origin. (I.e . in the inelastic channel 

the projectile spends a long tim e in the vicinity of the nucleus.) In this G ^^ 

peaked approximation:

Z M =  Z  i j r - n  F ^ rJ>  4 ^ /  O

N

becomes

where *  =  J

The replacem ent of h by h^"^ in equation (4.1) behooves us to consider 

and compare the equation of a state of the isoelectronic negative ion orthogonalized 

to the ground state of the ta rge t.

For convenience le t us consider the ground state of the isoelectronic nega­

tive ion:
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ss  the ground state of the target

the ground state of the isoelectronic negative ion.

A  "  f / - ‘ =  W - f / s  A "  -  H r  +  

w ,  =  ? / - • -  W ,  & - ')< &

V t - 1 J *

— the ground state of the isoelectronic negative ion orthogonalized to 

and norm alized to one.

We ask for UJ (and any approximation for IaJ ) to be normalized since we 

want to be able to in terpret UJ as a decaying state  of the atom. The quantum 

mechanical postulate that the absolute value squared of the wave function of a 

state is the probability density of that state, req u ires  the norm alization of iA j. 

( I . e . , the integrated probability that the atomic electrons a re  somewhere in space 

must be unity).

Using the la s t equations:

A ‘-> mc =  y k ‘- ' [  r/->) ft>V V  f t  1  

r - » l *  J

=  _ ( y0f ? /-> ) {  Wo + Z  jc} . }  <fo

V i-k ?., <&'->)r  11 w w

=  W 'f r - 1 -  f  ft, <&<->){

V l —
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/(s>  <&L
Now adding and subtracting * T*y T°  to  the right hand

ii i —  U K , v s ' i r
directly  to the equation satisfied by .side of this la st equation leads

( W f ' - A H ) # o  =  a ” )  [ ( m -  + Z  * ; ■ ] < £

V t - l f *  v - v f  (4 2)

/> )
Now equation (4. 1) with G peaked near the origin is:

f  *
(4.1*)

- (t.
where A  / —  ( t v  j i M v )  -f- •< ( m  * /# / )

 —  —     —

( tu ,iv )

At this point we a re  compelled to ask whether we can determ ine a set of 

conditions under which would satisfy (4 .1 '). The answer to this question is 

rem arkably sim ple.

D irectly substitute W o in (4 .1 '). F ir s t  use equation (4.2) to determ ine

S (too) :

e'(wo)= («-/» f  t  n) +
<4 -3>

where =  ( < f :  W )

l/ / -  Ke>, w-’)F  ‘
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Now using £  ' M  and a fte r some algebra equation (4 .1 ') with 

substituted for ^  becomes:

U ^ )  (w ., Z  % ) "
z = J j > E w p - - w m_' ] ■ $ - « ' )  f f y z  * , « ;  (4.4)

<* Z *  ' / * , - ]
i  u

Comparing equations (4.2) and (4.4) we notice that ooe  will indeed satisfy 

(4.1 ') exactly if . I .e . if

F (-V » ) -  (*%>, % 'V

v- i f h - f y  <%")/(*■ 5)

We a lso  see that if the difference between and A  is such that 

k - 1* )  ( V c f a i  * )  and ( « - f i )  ( K Z .  '/*.■ <Po)
J* ?

a re  small compared to the other te rm s on the l .h .  s . and r .h .  s. of equation (4.4) 

respectively; ^C^will to that extent approximate the solution to (4 .1 ').

We now show under what circum stances equation (4.5) will be satisfied. 

Equation (4 .1 ') has an integral equation solution:

c u  —  -+

where 4 =  € < - * * *

and 4 =  { l -A  t- t & > )

That (4.6) identically sa tisfies (4.1*) and is orthogonal to is seen by direct 

substitution.
- 5 9 -
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Using (4. 6) to evaluate the norm alization of CO :

Making use of the identity  ̂ ==
J * d ( j *  ~ H

(4.7)

C   ̂ — /where is the imaginary part of fc > the norm alization becomes:

( » , * , )  = - W L  ( > +  j t T 7 * - § )

If we ask  for (cv/ w ) = l we have solving for £ x

e£  =  -  *£ /  lK,L - )
/ a j * -  (  l i - j o c t (4.8)

In the expression for insert a complete set

of eigenstates of h^  ̂ :

z  ! < * . ! % < - ? ! *  

e M ' - i
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2 »  1 V S P l ^

IA/J-) „  ^  .
and C* rva [s not small for all rt 2i f (4 . 9b)

we have:
a  I *  i < < & / < & " > /

g L - W o ' " *  (4 - ! 0)

Now  ̂and H^, can be written:

O' 'V

Ht = ~ ^  ±  + X 5 - _ 1 _  + T
3 * )  2  W  , J r ' ' _ ; r j /

 ̂ and H.-p describe isoelectronic atom s. As argued previously for large Z, 

h ^  and H j and their respective eigenstates a re  "closely re la ted . " Therefore, 

for heavy atom s ^  and * should have an appreciable overlap and for such

atom s condition (4. 9a) is reasonable.

Equation (4.10) can be written as:

p / _  IA /J -J  =  l < < & l 2
5  <4 *u >

Taking the imaginary part of both sides of (4.11)

X  I * / *  (4 - 12>
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C  /  —  l A l 1'

1  H - l f l *  / « / “■ (4 1 3 )

where ^  is given by (4.3).

Now when we com pare (4. 8) with (4.13) we notice that i will equal

as long as condition (4.9a) is satisfied .

We want to be able to say that (4. 9) implies OC ~  • With this in mind,

we will now show that the phase of QC can always be chosen, consistent with the 

transform ation T , re fe rre d  to in Chapter Three, such that Qd and ^  have the 

same phase.

In general ^  will be a complex number:

*  =  / , < / « ' >

( / / —  U & ,

where /A  will be determ ined by

We have shown in detail at the end of Chapter T hree, how, (within the five 

coupled equation viewpoint) when CO undergoes a phase shift d f , that 2  and *4 

also m ust undergo a phase shift of Cd to be consistent with the mandatory re la tive- 

phase-preserving transform ation T . The phase of CO is allowed to  change freely 

as long as we a re  consistent with T . We have shown that consistent with T, 's 

phase change must equal CO 's  phase change. We can infer from these la s t two 

statem ents that consistent with T, CO ’s phase can be made to change by such an 

amount that 64 ’s new phase will become ’s phase. This conclusion a lso  follows 

from looking a t equation (4. 6):
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u >  =  « .  ( - 1  + ■ £ ) < &  <4 -6>

where is only a function of ^4^ through £ *  . Since € *  is determined

within the five coupled equation picture (see Chapter Three) and does not vary 

with the free phase shift of CO (consistent with T) we see that (4.6) implies that 

when UJ undergoes a phase shift of ¥  so must 0/  . Therefore by changing 

U) 's  free phase we can change CC ’s phase until it becom es^  's  phase.

With this understanding concerning the relative phases of o t  and 

(that we can choose CC 's  phase, consistent with T to equal ' s  phase) we will 

henceforth consider (4. 9) as implying ra th e r than /® ^ /  I/&I

Consequently we can now say that will be a solution to (4 .1 ') as long 

as condition (4.9a) is satisfied.

If condition (4.9a) is approximately satisfied, Ot> will be approximately 

and CVo will be approximately the solution to  (4 .1 ').

The claim  is that for large atoms (4. 9a) is approxim ately satisfied and for 

such atom s iV0 is an approximate average excited state.

There is a consistency in the above argum ent in that if (4.9) is satisfied
/  1it

and C{, is in turn  n e a r^  we see that comparing (4.2) and (4.4) c  — **0 
will then be sm all satisfying (4.9b).
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Chapter Five

(T)Use of the Optimized Average Excited State to Calculate Scattering Amplitudes 

(II) Appendix

(I) In Chapter One we discussed the two basic and rela ted  reasons that 

justify th is investigation. The purpose of this Chapter is the use of the optimized 

average excited state  (OAES) to ex tract electron-atom  scattering  information. For 

example, to use the optimized average excited state  to optimally average (within 

the two state approximation) the effect of the inelastic channels on the e lastic  scattering. 

That is, assum ing the approximation scheme for CO  (of Chapter Four) holds for a 

given heavy atom, we will focus our attention on the two rem aining coupled equations 

for F and G (2.36) and (2.38):

—  Vs) F -sbr-6-
(2.36)

- T  -  v) G- = F
'  *  (2-38>

We want to ex tract scattering information from these two equations. 

Keeping this goal in mind, the two methods we will investigate a re :

1) the angular momentum decomposed F and G equations (partial wave 

analysis) and 2) the eikonal approximation for the elastic  scattering  coefficient, F.

We will a lso  study (in an appendix) the relationship of the WKB method to 

the eikonal approximation to justify a procedure used in our eikonal technique.
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(I) The Angular Momentum Decomposed F and G Equations

Consider VS, V and v as  defined in Chapter Two. If VS, V and v a re  

spherically sym m etric, it is then possible to angular momentum decompose

(2.36) and (2.38) for F and G. For the following discussion, assum e we a re  

dealing with states tfo and CUo such that VS, V and v a re  spherically sym m etric. 

We then expand F and G in Legendre Polynomials:

F  =  - t Z .  (* J + Q  &  ( r >  * f t ~ )  
r

6 - =  £  2 t <  f a + 0  M - )  ( 52 )
r  *=e>

Substitute (5.1) and (5.2) into (2.36) and (2.38). Multiply both sides by 

Pt M  and integrate from -1 to 1.

This procedure leaves us with the angular decomposed F and G equations:

A  £  + z? _  v s -  5 ^ 6 ,
\  Z  d s i  Z  ^ 3)

f i d l  + _ l Z  -  V -  M * * ! ) )  =  - v ' F
d / l*  2.  /

(5.4)

We have ( t t y * f r o m  our W o  of Chapter Four. We want F and G to 

asymptotically satisfy the conditions:

e ' * w

(5.5)

(5.6)
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where ^  is the e lastic  scattering amplitude and f j  is the inelastic scattering 

amplitude into the average inelastic channel.

To insure (5.5) and (5 .6) fit and must asym ptotically satisfy:

I
F . ^  i  ( p r

^  '  (5.7)

- 'a
(5.8)

The firs t term  in (5.7) comes from the angular momentum decomposed plane wave:

C  ' P F =  j t ,
^  =o

T ^ l  “  W
(5.9)

and must satisfy,

F jc fo )  — ~ 0  (5.10)

in o rder to  have F and G finite a.t /L — C .

We now derive a Wronskian condition for the pair of equations (5.3) and

(5.4). If ( & *  G ? )  and & * ’)  a re  two pa irs  of solutions to (5.3)

and (5.4):
±

d*'r  z l " +  L i  j

j .  £  < h * + £ 4 r l - K - t Z g )] 6 * *
(5.12)
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i J1 f  t'1-  V-*(■*+»') <5*''= v*Fj
J  7 Z * - I 2. 2 f*  /

(5.14)

Multiply (5. 11), (5.12), (5. 13) and (5.14) by , F x *  and G l

respectively . A fter the multiplication, subtracting (5.13) from (5 .11) leads to

x ( F j b  £ * *  ~  & £ ? )  =  V
*  ^  (5.15)

Repeating this operation on (5.14) and (5.12) we find:

4 /  G*£ < *-
I *rl dr* /

(5.16)

Adding (5.15) and (5.1$) we find:

"  Tr 7P 7P- * r .,„

Equation (5. 17) can now be written: -y /

fa  * ; Fs*(friT]'+ '***) -  £ / 6 * ) J

— o
or

r S f c ' y - f t ' C F S ) 1 +  <6t ,‘ ( G x ') ~ ( 7 x * f c * iJ
=  constant
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Utilizing equation (5.10) we have:

Fa ( Fj*-)1 -  F>* ( F t  V '  + ^  V  & / )  ~  < £ //£ ?  V  = o
(5.18)

This equation (5.18) is the Wronskian condition for a pair of solutions to (5.3) 

and (5.4). We now investigate the Wronskian condition (5.18) as  applied to  the 

asymptotic form s of a pair of solutions to (5.3) and (5.4).

Assuming VS, V and v go to zero  faster than -£■ for large F , any 

pair of solutions which vanish at t  equals zero  have asym ptotic form s such that 

phase shifts can be defined.

F y *  ' v  s i *  ( p r  —SW l )
(5.19)

Q . A  ^  S/i. (p 'r -  + S /J
^  (5.20)

. (5.21)
C h ^  S/U ( p ' r  - * * A  + £ e ¥)

(5.22)

where and Z ? /  a re  mixing param eters which go to zero  in the lim it of

small coupling (v s  0).

Applying the Wronskian condition (5.18) to these asym ptotic form s leads 

to the condition:

j z  p  *-& ') O
*  /  (5.23)
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This relationship (5.23) will provide a check on machine calculated 

value, of * " a „ d  g

We next find the proper linear combination of solutions ( ^5 ,

F  * f  ^( 'A  , VA ) such that the boundary conditions (5.7) and (5.8) a re  satisfied.

That is, we want and B such  th a t:

F t  =  A F X ‘  t - P F e *  

&£, =  A t
(5.24)

(5.25)

satisfy (5.7) and (5.8).

Substituting (5.19), (5.20), (5.21) and (5.22) into (5.24) and (5.25) we

have:

I J stM f p r  -  J t y * )  +  c(a  &

=  A t *  8 % e r * ^

(5.26)

fa e ' f k =  A %tsih ~*n/L + * ^ 8 s,i(f,,“ ^
(5.27)

If we want to  only have outgoing spherical waves, A and B must satisfy:

  ^ A  g  - 1' C&  *’ '& * )   ^
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Substituting these A and B values back into (5.26) and (5. 27) we find:

1  e ^ i r ^ ; e ^  / 5 2s)

- c**(st*-si-si-si) -c*fal-v-&L&¥)J 

- e x .  ( * & ) J  / f i + f e Z j ) -  

a . «  K  ( e 2,' * - e 2 ,v)
*  * '  f = r 7 T V = ^ Z e ( r a ^ 9 )

(5.31)

% L  & W - G ) _____________________________________

j  /  +(Xi B£f ' - 2 .  Xi ?*<*-(f j -  $ t*  4  -  <Si)j
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60The partial e lastic  c ro ss  section (Q^ ) is defined as  the flux of

elastically  scattered  projectiles of angular momentum A  divided by the total

o I
incident flux. The partial inelastic cross section (Q ^  ) ls defined as the

quotient of the flux of inelastically scattered pro jectiles of angular momentum 

(which have excited the OAES and left with a lowered (range of) energy

corresponding to the incident energy minus the excitation energy of the OAES) 

to the total incident flux.

oo a I
The partial e lastic  and inelastic c ro ss  sections and

a re  then found in term s of I I and l f l * l  .
>2

Q / '  =  a x :  f a " )  /« * !

=  v r j z L .  f a n )  f a !

where p and p ' a re  the p ro jec tiles ' momenta in the e lastic  and inelastic channels 

respectively . We see that if the inelastic scattering vanishes.

A lso if (or using (5. 2 3 ) , )  vanishes the inelastic scattering  vanishes. I . e . , 

in the lim it of small coupling (v or and sm all) we have

C - /  i - e * ' * * )

a s  we expect for ordinary potential scattering in which all the scattering is e lastic .

The above resu lts  for o£ , ■ !•<*)' and I f a l  agree with Mott

and M a s s e y ^  where they tre a t the special case,
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^  /  (5.32)

&  -  -  (5.33)
P

Equation (5.33) is the Wronkian condition for the special case of (5.32).

The reason we a re  presenting th is general re su lt is that the specialized 

resu lt with (5.32) is harder to  use in p rac tice . That is, to attem pt to impose

(5.32) by manipulating the small /L  boundary conditions on the and

is not simple in p ractice .

The method outlined above will be particu larly  useful when only a small 

number of angular momenta describe the process under investigation. For short 

range potentials and low energy pro jectiles the number of angular momentum

appreciably affected by the potential is sm all. (I.e . j t p • range). The

great advantages of th is method a re  (1) the replacem ent of a pair of coupled partial 

differential equations by a set of N (if N angular momenta a re  to be considered) 

pa irs  of total differential equations and (2) allowing us to follow the scattering of 

projectiles of a given angular momenta.
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(II) The Eikonal Approximation to Calculate E lastic  Scattering

We present in this section another formulation, the eikonal method, 

for the extraction of e lastic  scattering information within our two state model.

The eikonal technique gives good re su lts  for fast pro jectiles scattered  

near the forward direction.

Consider again the coupled equations

where we replaced the non-local potential of (5.34) by a "local potential" dependent

F r  — 'Ir  &  +  

0r +  =  v '  F  +

(2.36)

(2.38)

We now elim inate G from (2.36) by inverting the operator - T - V

in (2.38) and substitute the G ^  thus found into (2.36).

We find:

(5.34)

where

(5.34) is an equation for F ^  in te rm s of a non-local operator. After

multiplying the non-local term  of (5.34) by / /L i ts*/Jwe find:

VS -  F fr) v(r) Ffo)
= o

on F.
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We will ca rry  out the eikonal technique on equation (5.35). F irs t, 

however, consider the eikonal technique in ordinary potential scattering. 

The eikonal wave function, taken as:

(5.36)

when substituted into equation (5.37) for ordinary potential scattering

(5.37)

becomes

(5.38)

(5.38) is an exact equation. That is, no approxim ations have been made and if 

we could solve (5.38) for / \  , (5.36) would be the exact solution to (5.37). How­

ever, (5.38) is as difficult an equation to sd v e  exactly as the original (5.37).

As in the case of light waves entering a region of smoothly varying index 

of refraction, an electron wave will not experience an appreciable distortion in a 

region where the potential doesn 't change appreciably in a wavelength. E .g . such 

phenomena as interference and reflection will be small).

To be able to  say that our incident plane wave is not much distorted  in 

seme region and therefore we can approxim ate A  , we ask  that the fractional 

change of the potential in a wavelength be sm all, i .e .  A i

ox A  «  —  PAV '
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This condition will be eas ie r to satisfy (for a smoothly varying potential) 

the sm aller the incident partic les wavelength or equivalently the higher the incident 

partic les energy.

For a smoothly varying potential, we therefore seek a high energy approxi­

mation f o r / I  . The hope is therefore to be able to expand A  as a power series

!/p  .in

(5.39)

and thus, in the high energy lim it, A  will be a small correction to a plane wave 

solution. With (5.39) substituted into (5.38), the term s of (5.38) will have the 

following p dependence:

j V A  O f f )

O  C f ~ l )

O f f " ' )

I/  ^  o  C f )

Keeping te rm s of O ( j f  ), (5.38) becomes

- f . w - y  = o  (5 40)

(5-41) 
- -  GO
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where yP is chosen in the direction (and is perpendicular to J3 ).

The lim its  of integration insure the incoming plane wave boundary condition at

j?  *  — oo . There a re  problem s (notably, time reversa l invariance)

A  (2)involved in (5.36) with / I  given by (5.41) but these have been studied extensively

and will consequently not concern us here . (E .g . we can avoid the tim e rev e rsa l 

problem by changing our path of integration). At this point it should be noted that
(3)

there a re  alternate but equivalent ways to a rriv e  a t (5.40) from (5.38).

We concern ourselves here with how this eikonal form alism  could be 

applied to (5.35). The obvious difference is that (5.35) includes an essentially  non­

local potential.

In our presenting this multichannel eikonal approximation MEA we recog­

nize that other improved MEA techniques exist (e .g . the curvature of the path has 

(4)been included ). In fact, it tu rns out (see Chapter Six) that in the problem we a re  

interested in, the c rite ria  for the eikonal technique a re  not satisfied . The main 

reason we a re  presenting this MEA is to  provide a simple but instructive com parison 

of the e lastic  scattering in the MEA found using an optimized ra th e r than prechosen 

average excited state in the optical potential m e th o d ^ .

Consistent with the approxim ations we have of (1) high r / z  (2) small 

distortion of the wave function from the plane wave, we can linearize  the kinetic 

energy operator in the bilinear form of this non-local potential’s greens function.

A factor of , a r is e s  from this procedure (see la te r  on in this chapter for 

details) of linearization.
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That is, the potential of (5.35):

l / =  l / S +  F ~'+r/otfv'V* F (5.42)

will have a factor of ^  in the second term  when A t *  is linearized.

Now jF t +  a s  defined in Chapter Two. For
^  2.

high p, p ' / v  p and the second term  in the potential has an essentially  dependence.

Now if we want to keep the entire V (5.42) in the eikonal approximation, 

we should (looking back at equation (5.38)) also keep the V*A term  s ince it ha s 

a Zf> dependence. (I. e . , we a re  keeping term s up to A *  in the */f> expansion). 

The problem with this is that V*A can be shown to diverge. We believe that a 

natural solution to this problem lie s  in looking a t the eikonal expansion as a special 

case of the WKB approximation (an expansion in £  ). This is discussed in an appen­

dix. In this £  expansion, V lA  is of a higher order in X* than the non-local 

term  in our potential and can consequently be ignored to the order in X" we are 

considering.

We will therefore proceed to eikonalize equation (5.25) with the non-local 

potential included in the generalization of (5.40). The generalization of (5.40) in 

our two state model is:

-  f>- VA — V S ' ~ F ~ , ' i r > £ f ' ? ' i r KF  =  0 (5.43)

W rite the bilinear form of / b p ' Z  :y ; v

_  /  jic ypfr'j
k 2 + f 'e

(5.44)

- 7 8 -



(The te rm s of the bound state part of V  a re  O ( ‘"jr» ^  and

therefore will not be considered) where Vjj* satisfies:

(± '-T -W t=*  p .45)

Let q (the momentum transfer) be defined as:

f - r - r

Now make the following approximations (consistent with the eikonal approxim a­

tions):

9where q is sm all for high p and scattering near the forward direction. This 

la s t process linearizes the denominator of (5.44).

(2) Take for its eikonal approximation:

J 'j'  =  €  '  (5-46)

Changing the integration variable in (5.44) we find using the above approximations:

J ^  ■

J

SimQarly, eikonalize F and F _1, inside the non-local potential (keeping only the 

VS term  in their eikonals here ; the non-local part has a factor and is sm aller
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2
than VS for large p ).

Using (5.47) and the eikonalized form s for F, F \  V , V we have: 

(again choosing the z axis as  the incident momentum direction)

/ \  ft j zvs(£, * ) & p *  ̂
_ go ~~

. e VS(K fvf " l/r‘£p

(5.48)

. j  i t
where ^  and is the excitation energy.

To evaluate the e lastic  scattering amplitude in the eikonal approximation:

/ elastic S  ̂  l l/A -^eikonal \
eikonal =  ^  ^  /

Now in the eikonal approximation choosing the z axis a s  the incident 

direction (5.40) and (5.43) gives us

^  =  - f § £

and

i n  -  / *  e  • ' / i a ' , >
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Again for scattering near the forward direction (with high p) we have q alm ost 

perpendicular to the incident direction.

f-r - r  ̂r-*s  ̂ f T
Therefore the z integration is always double in the eikonal approximation (as 

long as we can w rite — ^  =  V ) and

/:r:
where ^  is given by (5.48). We see that a great advantage of the eikonal 

technique is that the z integration of the e lastic  scattering  amplitude is always 

immediately done.

We will now compare these resu lts  with the eikonalized optical potential 

method (E O PM )^. In the EOPM the technique is to expand the optical potential 

and keep one term  beyond the static p o te n tia l^ . In the context of the optical

potential method to consider a single average inelastic channel the following approxi-

J (5) mations a re  made:

(1) The replacem ent of the excitation energies to  the intermediate states 

of the target by an average excitation energy ^  , enabling a com pleteness s u m  

to  be carried  out.

(2) With approximation (1) the term  beyond the static term  in the optical

—• (7)potential contains A( > ) defined as:

/\ &,?')= J  J*J*' P/C*) Vfi*)?)
/ 7  f ( %  H  -  &  W  &
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(where V is the interaction of the projectile with all the target partic les). The 

second approximation consists of replacing A( ) by a separable approxi­

mation, namely: ^  f f ? ,? " )  -  T T

which replaces all the inelastic channels by a single average inelastic one.

If we compare the equations for the eikonal found by this technique 

(equation (3. 6) of Reference (5)) with equation (5.48) we find that the form er 

has a V term  m issing throughout.

This is due to the fact that the single inelastic channel has been imposed 

on the optical potential method, ra th e r than in some way optimizing the choice of 

average inelastic channel within the optical potential framework.

The simple close coupling equations, for any two state problem , can be 

derived from a Kohn variational principle. T herefore, no m atter what the two 

states are  (either optimized or prechosen) the best way to find their coefficients 

is by using:

i .e . an extrem ized choice (within the two state prohlem) contains VS and V in 

a sym m etric way.

(5.49)

(5.50)
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In the choosing of an average inelastic channel in the optical potential 

method, we a re  in effect solving (5.49) and (5. 50) with V set equal to zero , i .e .

( £ -  T ~  V S )  F  = 1 T  &  (5. 51)

( ^ - T  )  6  =  V p  (5.52)

Since (5.49) and (5.50) are  the optimum choice for coefficients in the 

two state method they must be an improvement on (5. 51) and (5.52).

We see here how imposing, ra th e r than optimizing, the average excited 

state at a point in a given method can lead to coefficients F and G for the scattering 

which a re  in e r ro r . This example in itself is another justification of the optimiza­

tion ra th e r than prechoice of the average inelastic channel.

Note should be made of the fact that although V doesn't appear in the 

f ir s t  term  beyond VS, (in imposing the average inelastic channel on the optical 

potential) V will appear in the second term  beyond VS (in the imposed average 

inelastic channel on the optical potential).

We a re  claiming here that the work here with ID optimized is an improve­

ment for e lastic  scattering on the average inelastic channel imposed on the optical 

potential, keeping one te rm  beyond VS.

However, we a re  not making any claim s about the relative m erits  of the 

two methods if A( "h*j r  * ) is not separated.
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Appendix - C hapter Five

A Relationship between the WKB and Eikonal Technique

The already mentioned (Chapter Five) conditions for the eikonal 

approximation on the smoothness of the potential and the incident energy imply 

that the specifically quantum mechanical features arising  from the wave properties 

of m atter will not be important and a sem i-classical description will be adequate. 

The purpose of this appendix is to d iscuss this viewpoint and thereby compare the 

WKB and eikonal techniques.

effects a re  not of very  g rea t moment. We can see from the high energy smooth 

potential condition:

The WKB approximation is a technique valid when quantum mechanical

A
(5.53)

with A  ~  ~̂ r that

therefore h being sm all compared to p  is equivalent to (5. 53). The WKB

method is an expansion of the wave function in powers of . We therefore

would expect a close relationship between the WKB and eikonal techniques.

Consider the Schroidinger equation:

(5.54)
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(We a re  not using atom ic units h e re .)  The fact that the potential is slowly 

varying im plies that the wave function will take a form not changed much from 

what it would be with a constant potential, i .e . with a constant V,

^  =  e  '  where ^

and guided by this form we try

where (5.55)

we will expand / S  ■/* Sf  ^  (5.56)

Substituting (5. 55) into (5. 54)

B - v  + £  [ i v ' s - l w l 1}  = °
2490 (5.57)

Now substituting (5.56) into (5. 57) we find:

E - V  $  i f  7 %  +
\  ir  7  (5.58)

To 0(t°) then we have:

( B . V )  =  Z ^ / 1 (, 59>

2. AM

An obvious solution to  (5.59) is then:

ffr) = vsi
(5.60)
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and we write:
A

S. fc) -- L  f -/ £  r (5.61)

where n o  is an a rb itra ry  constant vector (i.e . to any point outside the 

distorting potential). Now to m  we have from (5. 58)

fE -  V+jLS v*. -  Ivsd1- *  * & ■ « / *  o
* - 2 * 1  — 2 ^ r  j  (5.62)

Using (5. 60) in (5. 62) we have

f  -  a  V S , ■ V S , =  «

(5. 60) will make (5.63) become

- ~ ? b *  • ^  O

(5.63)

(5.64)

The complicating factor in the three dimensional WKB form (5. 63) (which doesn't 

appear in the one dimensional case) is t h a t ^ s  direction is not in general constant.

However, consistent with the other assumption in the WKB approximation 

consider the direction of"i? as close to the forward direction (i. e. p ^  )•

Choosing z as the direction of fa ’ , we are  assum ing

f y  h  < < F*

and (5. 63) becomes:
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f ifo $ )b a s  equal to zero  and therefore ^ d o e s n 't  depend on p (since

if f  depended on p, ). Therefore, in the sm all p^ lim it

*  I'-f-fr b )(with constant V) the wave function would have the form C? /  7  an

unphysical lim it. We therefore choose j~ to be a constant and for convenience 

and without lo ss  of generality set it equal to zero .

We therefore have:

S. =1 A y >1 2 ’ (5.65)

We therefore have using (5. 61) and (5. 65) " H to Oft) as :

V  — —  €  1-  f j p f  c  *
£

~)L 0  A )
TjB&K. equal to OIn the usual eikonal method we take 

which is particu larly  well suited for the specific scattering type of problem in which 

an incident plane wave en ters  a region of a slowly varying potential, and / [  describes 

its distortion.

The equation for / [  , (5.38) (with not set equal to  one)

/ - i t - V A  -  I V A l ' + t  V ' - A - Z - n ^ o (5.67)
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If now guiding ourselves by the WKB example (whose c rite ria  a re  identical

to those of the eikonal method; the difference being that in the eikonal technique an

incident plane wave boundary condition, (useful for sca ttering  prohlems) is imposed 

on the wave function) we set out to  expand / \  in powers of t\ ra th e r than 1/p:

/ [  = . _ * £ •# • a , +  *•"

we then find to 0 ( t " )  equation (5.67) becomes:

-  z f r V A o - i V A o l ' - - 2 m l /  =  a  ( 5 6 g )

and the / \ o  is found to be:

Ao — f  P *’ — Pi '
JX c  (5-69)

where A 0 is the point the incident particle  en ters  the force field: ensuring us 

that A  ( * i ) = 0  .

A _ p  i  4  A
Equation (5. 69) for ^  V  pf  and becomes (with &  )

Z%

/I* f/1 /  t  'Z c  (5.70)

where *l*t %  , our usual eikonal re su lt.

In the eikonal expansion of Chapter Five for the case of the coupled F and 

G equations the potential:

V = V S t  , b f ' v V * F
* '  (5.71)
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appears. The second term  which is non-local^as discussed in detail in Chapter 

Five^when linearized has a factor, which led us to believe that we should 

include the term  *■ V A  (which diverges). It is now clear however, that a m ore 

fundamental viewpoint would be to consider the eikonal expansion as an fr expan­

sion for and p  &  Pi . In fact we will now dem onstrate that

for ”  M a )  and jP  t b p ^  the WKB solution (to lowest order

in ) yields the eikonal resu lt.

Equation (5.68) is the eikonal equivalent of (5.59). That is,

12
B - V  -  IJZfzJ

2. rn
(5.59)

is the WKB generalization of:

£
(5.68)

The WKB method is m ore general in that nothing is assum ed about the

form of the wave before the distortion due to the potential takes place. If we

impose (the convenient scattering initial condition) that the undistorted form  is

a plane wave and look a t the direction of p"as close to P t’ (consistent with p^

large and V slowly varying) we should get the eikonal approximation from (5. 72)

below: • B
/ £ o /t\

• H /K&  —  C>
(5.72)

*  ^
’ r ' —* —*  JL  f  ?  I

-  C  *  (5.73)
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A ^  A
For p near (taken as  z) we can write the WKB 0 0 as:

For
B0 'G o

I I  » i / f a )

f  -  £ 2  « .  ( " e -  * ) ]  C I  -

=  * ( ' - & )  =  « • - £ .  K

(where • =  f i / U i )

and the resu lt is essentially  the eikonal form (5.73).

Note that the usual eikonal form (as w ritten in (5.73)) has

(i.e . the possibility of the potential having an infinite range is considered), and 

that under these circum stances the WKB form:

S. -  j f  ?■ to  = ff* - * J -  4  f  v(V'i ') J i'
Kc

should have its constant chosen so that f  J  ^
J-0O

equals zero , to insure the eikonal boundary conditions.

With th is viewpoint (that the eikonal expansion is a special case of the 

WKB method) we note that the second term  in the potential (5.71) (although having 

a Yf when linearized) is along with VS of order O  ( t  V  in (5.67) whereas the 

I 7  ^  is 0 ( t " )  . Therefore, with this view, the en tire  V of (5.71) 

can be taken (lineaiized or not) consistently without the inclusion of the divergent 

I V  A  term .

-9 0 -



In conclusion, we note that the ultim ate (if we went higher in term s)
/ Q \

inclusion of divergent term s is attributable to the sem i-convergent' ' nature of 

the WKB expansion. However, we have shown h ere , that to the order needed to 

include the entire potential no divergent term  appears .
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Chapter Six

The Use of the Results of Chapters Four and Five in the Particu lar Case of

e - Argon Scattering

There a re  several re la ted  purposes of this chapter. The f irs t is to check 

the orthogonalized negative isoelectronic ion approximation (of Chapter Four) for 

a specific heavy atom: Argon. We then calculate VS, V and v for this atom using 

H artree-F ock  wave functions and determ ine an appropriate method to extract 

electron atom scattering information. Finding that v is a short range potential, 

we then pay particu lar attention to the effect that the OAES plays in la rge  angle 

e lastic  scattering.

In this chapter, we also  try  to give some physical rea lity  to the OAES. Two 

methods will be attem pted in this assignm ent: (1) calculate the width (spread in 

energy) of the OAES. This width might (depending on its size compared to the 

energy) allow us to in terpre t (in the case of electron - Argon scattering) the ground 

state of the orthogonalized negative isoelectronic ion Cl^  ̂a s  a decaying state 

excited by the projectile and having a lifetim e determ ined by th is spread in energy 

and the uncertainty principle. The projectile would then leave with a (spread of) 

lowered energy and the target decays into eigenstates of Argon.

(2) To look for structu re  in the scattering c ro ss  sections as a function of 

energy. If, for example, around a particu lar incident energy there  is a bump in the 

e lastic  scattering we could associate this structure  with a resonance. At this 

energy the projectile has an appreciable tim e delay ( i .e . time spent in the potential
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of the target) associated with th is rapid variation of the scattering. To somehow 

associate this resonance with the OAES we m ust compare this scattering with that 

produced solely by the static potential (VS). The non-local operator 

(and the OAES) could affect the e lastic  scattering  directly  (e .g . via a resonance) 

or through the interference of its scattering  with that of VS and produce an appre­

ciable effect even though v itself could be sm all. In the summary we mention how 

these effects might be experim entally determ ined.
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(I) Check of the Negative Isoelectronic Approximation for the Optimized Average

Excited State in the Case of the Argon Atom 

Taking for the atom ic wave functions the Slater determ inant:

f t !  I
where is an orbital.

In the Clementi t a b l e s ^  these orbitals a re  expanded in term s of basis functions 

according to:

“  21 ' X t f m  Cn-tf 
£

The subscript ,£ re fe rs  to the basis function. The basis functions a re  

Slater-type orbitals with integer quantum num bers, namely

^  ( f t )  ( » , t )

where

> e ~ ^ X f J L

and Y e n  a re  normalized spherical harm onics in complex form .

Note that Hj£ £ >  J  + !  (the t lx  J» a re  chosen, it seem s, from  experience) and 

the exponents a re  then determ ined via an optimization process to give the

best energy. This analytic fit to numerical H artree-Fock solutions is accurate to 

at leas t four significant figures.
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Using these t a b l e s ^  for Argon and its negative-isoelectronic-ion Cl^ ^

(ground state) we find with:

tfo 35  The Ar ground state

The Cl^  ̂ground state

that = .80865

and \(% f  65391

Therefore we see that for the case of Ar and Cl^  ̂ the ground state overlap

is a significant fraction of one. From the completeness relation:

Z K<P. I
we see that 2 1 *  K m w -w -  .34609

F or ^ ^ c o r r e s p o n d in g  to an excited state in the continuum / < « .  / « ' % > /  

will be a very small fraction of one. Since the lowest excited state of Cl^  ̂easily  

autodetaches to neutral Cl plus a free e le c tro n ^ , the lowest excited state of Cl^  ̂

is not strongly bound. Therefore no excited state of Cl^"^ will have a significant 

overlap with ^  . In fact, since all the contributions in the sum 

are positive and the ir sum is . 34609 no single term  will be a significant fraction 

of .34609 and (4.9a) is satisfied. Consequently, Ki&fi (see Chapter Four) and 

the ground state of Cl^  ̂ orthogonalized to the ground state of Ar, should be a good

approximation for W  the optimized average excited state of A r.

Having justified the use of the negative ion approximation in the case of Argon, 

the next step is to calculate the potentials VS, V and v (as defined in Chapter Two).



The re su lts  of these calculations a re  listed  in Tables (1,2, 3) and graphed 

in Figures (1, 2, 3), F igure 4 is a comparison of these three potentials.

We note that: (1) F or all /& the magnitude of v is much sm aller than VS or 

V, (2) the range of v (the distance v becomes C~* (©)) is approximately . 25aQ,

(3) V always has a magnitude g rea te r than VS due to * being le ss  tightly bound 

than ^  .

Note a lso  that the orthogonality of ^  and determ ines that the nuclear

part of the potential plays no ra le  in v. This point is critica l, since it makes v

a bounded potential fo r all ft. , unlike VS and V which a re  unbounded for sm all A, .
If

The sm all/ t  lim it of v is determ ined by 

a finite sm all constant. Its sm allness is due to the fact that has its m ajor

contribution for sm all %( where the inner orbitals of and play a

major ro le. The inner orbitals of ^  and fip * a re  the most sim ilar and 

consequently and a re  the most d issim ilar in this region. Further out

in 2V  where ^  and kJo might be expected to  have a somewhat m ore signifi­

cant contribution the - r ? , g6*8 small wiping this out. Thus, for both la rge  and
A<*

small fa* the contributions to v( O) a re  sm all. This is m arked contrast to  VS 

and V which a re  both dominated by a large nuclear attraction (and unbounded) for 

small /I .

For la rge  A, the leading te rm s in VS, TTand v a re :

l/s s  <;<?, / £
V  *  < > *  /  ^  Z - fi /" * >  j r ,

I - /

v -  2* < < ?o  /  h .
I - /  •



In deriving these la s t expressions we assum e . It seem s reasonable

that th is point (at which \T ? ) will occur in these integrals for VS and V

"outside the atom " in the state and W0 respectively.

However, in v, the coupling potential between orthogonal states, this point 

is likely to occur a t a sm aller /* value. Consequently, we can understand that 

this behavior occurs sooner for v than fo r VS or V contributing to v falling

off m ore rapidly than e ither VS or V.

v(o) is 3.36 a . u. a very  sm all number compared to VS(. 1) (which is -128.7 a .u .)  

and v approaches v(o) smoothly as  f  goes to zero .

(II) The Use of VS, V and v to Calculate E lectron Argon Scattering Information

One of the things we a re  interested in is the effect the average inelastic channel 

has on the e lastic  scattering.

The sm allness of the size and range of v for the case of A -Cl^  ̂ implies that 

the incident electron must get close in to feel the effect of the OAES. We therefore 

want to deal with a situation in which the electron comes in with a very sm all impact
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param eter and where backscattering will be the principle p rocess . The c lo ser in 

the electron gets, however, the la rg e r VS and V get in comparison to v. Conse­

quently, the effect of v on the elastic  scattering will not be expected to be particu larly  

large. In our situation, the optimized average inelastic channel plays a ro le in 

the elastic  scattering only a t very large  angles.

Note that even though v is sm all, once the projectile is in the range of v a m ajor 

contribution from the OAES to the large angle elastic  scattering could occur due to:
n  _ 1

(1) a resonance from (p'^ - T - V) in the non-local part of the potential or (2) the 

interference of the scattering from the local and non-local p a rts  of this potential.

For this type of prohlem, of the two methods mentioned in Chapter Five, one 

(the eikonal) is particularly  ill-suited  while the other (the partia l wave analysis) is 

ideal. The reasons that a partial wave analysis is considered well suited for our 

prohlem are :

(1) VS, V and v a re  spherically sym m etric, (for the closed shell ground states 

of Ar and Cl^"^) enabling us to simply angular momentum decompose the F and G

(2) Within the spherically sym m etric two state problem then the projectile’s 

angular momentum will be a good quantum number and it becomes interesting to 

watch the scattering of partic les of specific angular momenta.

(3) The sm allness of v 's  range te lls  us that only a small number of angular

equations.

momenta play a ro le in the process of in terest (

(4) The resulting coupled equations for Fjp and can be rew ritten  as four
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coupled f irs t o rder differential equations and there a re  prepackaged machine 

program s to handle this situation.
A  *

The condition for the eikonal method requiring f  ~ 11' is certainly not

satisfied for la rge  angle scattering, making this method unapplicable. There

a re  other methods, which could subsequently be carried  out (e .g . the d istorted

(3)Born method; or weak coupling approximations ), but the features (3) and (4) 

above convinced us to proceed with these angular momentum decomposed equations.

The re su lts  carried  out by the method detailed in Chapter Five a re  listed  for 

(the partia l e lastic  scattering amplitude), Q ^  (the partial inelastic 

scattering amplitude) for e - Argon scattering (see Tables ( 5, 6, 7, 8 ) and

Figures ( 5 - 1 0  )) with 1 equals zero , one and two and incident energy from

7.45071 a .u . to 31.45071 a .u . (7.45071 a .u . is the excitation energy

Tables ( 5 , 6 , 7 ) and Figures ( 5 , 6 , 7 )  show the effect of the inclusion 

of the optimized average inelastic channel on the e lastic  scattering  (for angular 

momentum quantum numbers 0, 1 and 2). This is done by comparing (see Figures 

( 3, 6 , 7 ) )  the resu lts  of elastic  scattering with and without the coupling to the 

inelastic channel. The difference of these curves (see F igs. ( 5 , 6, 7)) indicates 

the magnitude of the optimized average excited state's effect on the e lastic  scattering. 

Since the coupling to the QAES has an absorptive part, we might expect that a t any 

given incident energy the e lastic  scattering with the coupling included will be sm aller 

than with VS alone.
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However, we notice for 1 equals one a crossing  of these curves. The 

crossing could be explained by a possible interference effect of the scattering

Neither of the above mentioned ways that the OAES can have (in the case of 

small v) a la rg e  influence on the large angle e lastic  scattering  occur in our s itu ­

ation. Then as  expected, there  is not much of an effect with the inclusion of v 

since as previously mentioned v 4C VS and the form of the scattering follows 

VS closely.

Looking at the inelastic partial c ro ss sections (Table ( 8) and  Figures 

( 8 ,  9 , 10)) we note firs t that is always le ss  than a v  for all

energies. At firs t this might seem surprising  since the particle with 1 equals zero  

feels the innerm ost portion of v ( where v reaches its maximum value). This 

innermost region is essentially  excluded from the range of the 1 equals one partic le . 

However we can explain this resu lt by looking a t the c lassica l turning point (CTP) 

for /  equals one ( and the energies under consideration) and at the shape of v

energy here considered. Consequently, a very sm all region is being excluded from

innermost region. This makes the effective force for the "push" (scattering) of

in the backward direction.

itself. (The CTP is taken here to be the value of P for which 

van ishes.)

For projectiles with A equal to one the CTP is ^ 5  . 0 5 a fl for the lowest

the A  equals one situation. Secondly, the potential v is very slowly varying in this

particles from ^  to %  small in the innerm ost region, v r is e s  sharply, as  we
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move out of this innermost region, leading to an increase in the inelastic 

scattering for A equals one, ( i.e . the projectile with A equals zero  spends 

a smaller time(compared to the projectile with A  equals one) in this region 

where v has this rapid r i s e . )

The CTP for A equals two essentially re s tr ic ts  the projectile from entering 

the region in which v has its greatest slope and therefore accounts for the smallness
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(Ill) Attempt to Calculate the Width and Lifetime of the Optimized Average

Excited State; Summary

n
The width of the optimized average excited state JL. is given approximately

by<4>:
(r. J la  (u> n f » )  -  /co nr v ?

where Hj, is the target hamiltonian. This result can be understood from the un­

certainty principle. ^  is the uncertainty in energy (dispersion) and is

/v the lifetime of the state.

From the Clementi T a b l e s ^ :

-526.817 a .u .

14^” == -459. 580 a .u .

£  is calculated as CZ -519.4 a .u .  ( £ — J
/

p ^ s  p'^-f* 7.45071 a .u .

£"* W0 the excitation energy of the OAES is 7.45071 a .u .  There a re  different 

ways to calculate etc. and consequently ( ? r  . This

from applying to the right or left in the various inner products. These different 

directions of applying would not give different resu lts  if the wave functions we 

used for ^  and “were exact eigenfunctions of their respective hamiltcnians.

The use of our approximate wave functions (whose most serious e r r o r  is in omitting

arises
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electron correlation effects) will lead to an uncertainty in the width (measured 

by the difference in %  ) found by applying to the left or right.

In our case -519.3671 a .u .

as -519.4770 a .u .

where the subscript L and R correspond to taking to the leit or right respectively.

Take £  ~~~ , if we now consider the magnitude of the numbers
2.

under consideration:

a t y p ic a l  269, 827. 55 a. u .

269,799.27 a .u .

So a typical J is:

^ ) l 3 r
-  M

~  28 a .u .

a very small difference between very  large numbers.

The e r ro r  in €  due essentially to leaving out electron correlation effects in 

the wave function is:

f E  £  if =  .11 a .u .

.2
The e r ro r  in £  is then found using

z
We have: — 2. 1 . o f  • $ £  -h ( S  € .)

t  — t  T
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The e r ro r  in £  is S  and equals 2 ^  exact * ^  «  2(.11)(519)

r s  114 a. u.

Therefore the e r ro r  in the numbers we are  subtracting (due to leaving out 

correlation effects) is g rea te r  than the difference between them making the 

difference highly unreliable. We therefore conclude that with these wave functions 

the information about the width and lifetime of CO is lost in the omission of 

correlation in the wave functions.
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Summary

There a re  several ways we might experimentally observe the Q A E S ^ 

of Argon (and other atoms).

(1) Send a monochromatic electron beam on Argon and look at the flux

of electrons inelastically scattered through large angles with a kinetic energy 

loss equal to the excitation energy of our OAES. Compare this with our 

curves. We understand that this might be difficult due to the small flux at large 

angles.

(2) Detection of secondary electrons whose kinetic energy would be charac­

teristic  of the OAES and its decay modes.

(3) Measurement of the la rge  angle electron-Argon elastic scattering as a 

function of incident energy to determine if any structure appears which might be 

associated with a time delay on the part of the projectile (i.e . a resonance). If 

for a different atom v were found to have a longer range we could not confine our­

selves to investigate only large  angle scattering.

We plan in the future to examine the perhaps more fruitful example of e - K̂ * 

scattering. The reason we believe this to be a potentially more fruitful situation 

is the multiplicity of bound states in what would be the isoelectronic atom with one 

le ss  proton : the neutral Argon atom. We could also consider linear combinations 

of such states so a s  to approximate the optimized excited state. Taking linear 

combinations is complicated by the non-linear character of the fyj equation and of 

g ' s  l inear and bilinear dependence on U) .
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A future inclusion of the electronic correlation in the atomic description 

could allow us to speak about the width and lifetime of such a state and in turn 

improve our ability to comment on the interpretation of CO a s  a collective mode 

of the atom. The inclusion of correlation could also improve our v and its 

influence on the elastic  scattering and help bring any possible structure into 

focus.
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VS ( a . u . )

0 . 0 1 0000- 
0 . ' 0 2 0 0 0 0  
0 . 0 3 0 0 0 0  
0 . 0 4 0 0 0 0  
0V0 5 0 0 0 0  
0 . 0 6 0 0 0 0  
0 . 0 7 0 0 0 0  
0 . 0 8 0 0 0 0  
0 . 0 9 0 0 0 0  
0 * 1 0 0 0 0 0  
0 . 3 0 0 0 0 0  
0V5 0 0 0 0 0  
0 . 7 0 0 0 0 0
0 . 9 0 0 0 0 0
1. 100000 
1 . ' 3 0 0 0 0 0
1 . 5 0 0 0 0 0  
1. 7 0 0 0 0 0  
IV9 0 0 0 0 0  
2 . 1 0 0 0 0 0
2 . 3 0 0 0 0 0
2 V5 0 0 0 0 0
2 . 7 0 0 0 0 0  
2* 9 0 0 0 0 0
3 V 1 0 0 0 0 0  
3 . ' 3 0 0 0 0 0  
3V5 0 0 0 0 0  
3." 7 0 0 0 0 0
3 . ' 9 0 0 0 0 0
4.'  1 0 0 0 0 0  
4V 3 0 0 0 0 0  
4* 5 0 0 0 0 0  
4V7 0 0 0 0 0
4 . 9 0 0 0 0 0  
5 V 1 0 0 0 0 0
5 . 3 0 0 0 0 0  
5V 5 0 0 0 0 0
5 . 7 0 0 0 0 0
5 V 9 0 0 0 0 0  
6 . 1 0 0 0 0 0
6 V 3 0 0 0 0 0  
6V 5 0 0 0 0 0
6 . 7 0 0 0 0 0  
6V 9 0 0 0 0 0  
7." 1 0 0 0 0 0  
7V3 0 0 0 0 0
7 . 5 0 0 0 0 0  
7V7 0 0 0 0 0
7 . 9 0 0 0 0 0

■ 1 7 3 0 . 9 4 7 9 4 0  
- 8 3 2 .  5 4 9 5 0 7  
- 5 3 4 V 6 2 2 0 9 3
-  38 6 . 8 8  3 9 9  1 
- 3 0 3 .  1 8 9 7 2 4  
- 2 4 1 . 3 6 3 8 1 9  
- 2 0 0 .  5 7 6 0 8 8
-  1 7 0 .  3 5 0 0 8 4
-  1 4 7 .  1 1 0 4 4 7  
- 1 2 8 V 7 2 0 3 3 3

- 2 5 . 8 8 8 5 5 0  
-  10. '  7 5 4 8 0 1  

- 5 . 7 2 7 3 5 6  
28 7 0 8 0  
9 2 5 0 1 7  
1 3 5 7 0 4  
6 3 6 6 8 0  
4 0 1 9 5 5  
2 4 1 3 5 4  
1458  38 
0 8 8 6 2 7  
0 5 4 1 3 0  
0 3 3 1 8 7  
0 2 0 7 1 7  
0 1 2 5 9 2  
0 0 7 7 7 6  
0 0 4 8 1 7  
0 0 3 0 0 5  

- 0 V 0 0 1 8  75 
- 0 .  001  18 4 

0 0 0 7 4 7  
0 0 0 4 7 0  
0 0 0 3 1 7  
0 0 0 2 0 9  
0 0 0 1 4 2  
0 0 0 1 0 7  
0 0 0 0 7 7  

- 0V 0 0 0 0 5 5
-  0 . 0 0 0 0  48 
-0 V 000036  
- 0 . 0 0 0 0  31
-  0 . 0 0 0 0 3 0  
- 0 V 0 0 0 0 2 5
-  0V 0 0 0 0 2 3  
- 0 . ' 0 0 0 0 2 5  
- 0 V 0 0 0 0 2 4  
- 0 . 0 0 0 0 2 1  
—0 V 0 0 0 0 2 0  
- 0 . 0 0 0 0 2 1

- 3 .  
- 1. 
-  1. - 0 . 
- 0 . 
- 0 . 
- 0. 
- 0 . 
- 0. 
- 0 . 
- 0 . 
-  0« 
- 0 . 
- 0 . 
- 0 .

- 0 .
- 0 .
- 0 .
- 0 .
- 0 .
- 0 .
- 0 .

Table 1. VS versus  R
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R(a0 ) V (a-H)

0V0 1 0 0 0 0 -  
0 .' 020000 
0 V 0 3 0 0 0 0  
0C 0 4 0 0 0 0  
0 c 0 5 0 0 0 0
0c 0 6 0 0 0 0
0 . 0 7 0 0 0 0
0c 0 8 0 0 0 0
0c 0 9 0 0 0 0
0 c 1 0 0 0 0 0
0c 3 0 0 0 0 0  
0c 5 0 0 0 0 0  
0V7 0 0 0 0 0  
0c 9 0 0 0 0 0
1. 100000 
IV 3 0 0 0 0 0  
IV5 0 0 0 0 0  
1c 7 0 0 0 0 0  
IV 9 0 0 0 0 0
2 V 1 0 0 0 0 0  
2V3 0 0 0 0 0  
2V5 0 0 0 0 0
2 . 7 0 0 0 0 0  
2V9 0 0 0 0 0  
3 .  1 0 0 0 0 0
3 V 3 0 0 0 0 0  
3V5 0 0 0 0 0  
3V7 0 0 0 0 0  
3V9 0 0 0 0 0  
4V 1 0 0 0 0 0
4 . 3 0 0 0 0 0
4 . 5 0 0 0 0 0  
4V7 0 0 0 0 0

: 9 0 0 0 0 0  
,■ 100000 
i 3 0 0 0 0 0  
; 5 0 0 0 0 0
: 700000

5V 9 0 0 0 0 0  
6 .  100000
6 . 3 0 0 0 0 0  
6.' 5 0 0 0 0 0
6 . 7 0 0 0 0 0  
6c 9 0 0 0 0 0  
7V 1 0 0 0 0 0  
7V3 0 0 0 0 0
7 . 5 0 0 0 0 0  
7V7 0 0 0 0 0  
7 V9 0 0 0 0 0

4.
5.  
5 . 
5. 
5.

1735V 
- 8  3 7 .  
- 5 3 9  V 
- 3 9 1 .  
- 3 6 0 .  
- 2 4 5 V  
- 2 0 4 .
-  1 73  V
-  1 5 0 .
-  131V 

- 2 7  V 
-  1 2 .

- 6 V
-  4 V 
- 2 V
-  IV
-  IV 
- 0 .
-  0C
-  0C
-  0 V 
- 0 V  
- 0 .' 
-0 V  
-0'V 
- 0 V  
- 0 .
-  0 V
-  0 .  
- 0 . 
- 0 .  
”  0C 
- 0 .  
- 0 . 
- 0 .  
- 0 . 
-0V
-  0 V 
- 0 . 
-0V 
- 0 .  
- 0 .
-  0C 
- 0 .  
- 0 . 
- 0 .  
- 0 . 
- 0 .  
- 0 .

9 7 2 2 1 0
3 5 6 5 4 5
1 6 4 2 4 6
1 5 9 0 5 4
0 0 0 0 0 4
1 6 9 5 0 4
1 9 1 7 5 2
8 0 3 9 4 2
4 2 8 3 2 2
9 2 2 7 5 2
8 60 3 6 1
0 1 5 6 3 0
7 4 0 0 7 6
18 48 40
7 1 2 7 2 6
8 0 5 3 1 4
2 2 8 0 7 0
8 5 3 0 9 5
6 0 5 0 3 4
4 3 8 0 5 8
3 2 4 1 1 7
2 1 0 3 6 0
1 8 7 5 1 7
1 4 6 9 6 7
1 1 7 3 9 2
0 9 5 5 1 6
0 7 9 1 4 7
0 6 6 7 5 5
0 5 7 2 4 5
0 4 9 9 0 4
0 4 4 1 5 7
0 3 9 6 1 0
0 3 5 9 8 7
0 3 3 0 3 9
0 3 0 6 5 2
028  6 8 7
0 2 7 0 2 7
0 2 5 6 0 5
0 2 4 3 9 8
0 2 3 3 4 4
0 2 2 4 1 5
0 2 1 5 9 9
0 2 0 8 5 1
0 2 0 1 7 4
0 1 9 5 5 3
0 1 8 9 8 2
0 1 8 4 4 3
0 1 7 9 3 8
0 1 7 4 7 5

Table 2 . V versus  R
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v ( a . u . )

0 . 0 1 0 0 0 0 3 V2 9 0 0 0 0
0 . 0 2 0 0 0 0 - 3 V1 3 0 0 0 0
0. ' 0 3 0 0 0 0 - 2* 9 4 0 0 0 0
0 V0 4 0 0 0 0 - 2V 7 5 0 0 0 0
0 . 0 5 0 0 0 0 - 2* 5 8 0 0 0 0
0 V0 6 0 0 0 0 - 2V 4 3 0 0 0 0
0 V0 7 0 0 0 0 - 2* 3 0 2 0 0 0
0 . 0 8 0 0 0 0 - 2V 1 9 3 0 0 0
0.' 0 9 0 0 0 0 - 2 V 1 0 2 0 0 0
0 . 1 0 0 0 0 0 - 2 V0 2 4 4 3 0
0. ' 3 0 0 0 0 0 - IV 1228  60
0 . 5 0 0 0 0 0 - 0 V6 4 1 0 4 0
0 V7 0 0 0 0 0 m0 . 4 9 0 9 5 0
0 . 9 0 0 0 0 0 - 0 . 4 1 6 3 9 0
IV 1 0 0 0 0 0 - 0 V3 4 1 8 6 0
IV 3 0 0 0 0 0 - 0 . 2 6 6 0 3 0
IV 5 0 0 0 0 0 - 0 V1 9 7 9 2 0
1.' 7 0 0 0 0 0 - 0.' 1 4 2 0 1 0
1. 9 0 0 0 0 0 - 0 . 0 9 8 6 9 0
2 . 1 0 0 0 0 0 - 0 . 0 6 6 3 7 0
2* 3 0 0 0 0 0 - 0 . 0 4 2 6 9 0
2 V5 0 0 0 0 0 - 0 V0 3 8 2 9 0
2 . 7 0 0 0 0 0 - 0 V0 1 4 2 3 0
2* 9 0 0 0 0 0 - 0 V0 0 5 9 8 0
3V 1 0 0 0 0 0 •a0 . 0 0 0 3 0 0
3V 3 0 0 0 0 0 0 V0 0 0 0 0 0
3 V5 C 0 0 0 0 0V 0 0 0 0 0 0
3 . 7 0 0 0 0 0 0 V0 0 0 0 0 0
3 V9 0 0 0 0 0 0 V0 0 0 0 0 0
4V 1 0 0 0 0 0 0 V0 0 0 0 0 0
4V 3 0 0 0 0 0 0 V0 0 0 0 0 0
4 V5 0 0 0 0 0 0 V0 0 0 0 0 0
4 . 7 0 0 0 0 0 0 V0 0 0 0 0 0
4V 9 0 0 0 0 0 0 V0 0 0 0 0 0
5. 1 0 0 0 0 0 0 . 0 0 0 0 0 0
5 V3 0 0 0 0 0 0 . 0 0 0 0 0 0
5 V5 0 0 0 0 0 0 V0 0 0 0 0 0
5 V7 0 0 0 0 0 0 V0 0 0 0 0 0
5 V9 0 0 0 0 0 0 V0 0 0 0 0 0
6 . 1 0 0 0 0 0 0V 0 0 0 0 0 0
6 . 3 0 0 0 0 0 0 . 0 0 0 0 0 0
6 . 5 0 0 0 0 0 0* 0 0 0 0 0 0
6 V7 0 0 0 0 0 0 V0 0 0 0 0 0
6 V9 0 0 0 0 0 0 V0 0 0 0 0 0
7 V1 0 0 0 0 0 0 V0 0 0 0 0 0
7 . 3 0 0 0 0 0 0 . 0 0 0 0 0 0
7 . 5 0 0 0 0 0 0 V0 0 0 0 0 0
TV 7 0 0 0 0 0 0V 0 0 0 0 0 0
7 . 9 0 0 0 0 0 0 V0 0 0 0 0 0

Table 3. v ve rsus  R
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R(ao ) VS V V

0 *0 i 0000 -  1 7 3 0 .9 4 7 9 4 0 -  1735 .9 7 2 2 1 0 -  3 .2 9 0 0 0 0
0.'0  20000 - 8 3 2 .5 4 9 5 0 7 - 8  37 . '356545 -3 . '  130000
0 .0 3 0 0 0 0 - 5 3 4 .  622093 -5 3 9 . '  164246 - 2 .9 4 0 0 0 0
0 .0 4 0 0 0 0 -3 8 6 .8 8 3 9 9 1 -3 9 1 . '  159054 - 2 .  750000
0 .0 5 0 0 0 0 -3 0 3 . '  189724 - 3 6 0 .0 0 0 0 0 4 -  2 . 580000
0 .  060000 -2 4 1 . '3 6 3 8  19 -2 4 5 . '  169504 -2 . '4 3 0 0 0 0
0 .  070000 -2 0 0 .5 7 6 0 8 8 - 2 0 4 .  191752 - 2 .3 0 2 0 0 0
0 .  080000 -  170.'35008 4 -  1 7 3 .8 0 3 9 4 2 - 2 . '  193000
0 V 090000 -  147.' 1 10447 -  150.'428 3 22 - 2 . '  102000
0*100000 -  128 . '720333 -  1 3 1 .9 2 2 7 5 2 - 2 .0 2 4 4 3 0
0* 300000 - 2 5 .8 8 8 5 5 0 -2 7 .8 6 0 3 6 1 -  IV 1228 60
0 .5 0 0 0 0 0 -  10 .754801 -  1 2 .0 1 5 6 3 0 - 0 . '  641040
0 .7 0 0 0 0 0 - 5 . '7 2 7 3 5 6 - 6 .7 4 0 0 7 6 -  0 . '4 9 0 9 5 0
0 .9 0 0 0 0 0 - 3 . '  28 7080 - 4 .  184840 - 0 .4 1 6 3 9 0
1*100000 -  1. 925017 - 2 .  712726 - 0 .3 4 1 8 6 0
1.‘300000 -  1.' 135704 -  1 .8 0 5 3 1 4 - 0 .2 6 6 0 3 0
1 * 500000 -0 . '  636680 -  1 .2 2 8 0 7 0 - 0 .  197920
IV700000 - 0 .4 0 1 9 5 5 - 0 .8 5 3 0 9 5 - 0 . '  142010
1 .9 0 0 0 0 0 - 0 . '  241354 - 0 .6 0 5 0 3 4 - 0 . '0 9 8  690
2 .1 0 0 0 0 0 - 0 . '  1458 38 -0 .4 3 8 0 5 8 - 0 .0 6 6 3 7 0
2V300000 - 0 .  088627 - 0 .  3241 17 - 0 .0 4 2 6 9 0
2 .5 0 0 0 0 0 -0 . '0 5 4 1 3 0 -  0 ." 2103 60 - 0 . '0 3 8  290
2V700000 - 0 .0 3 3 1 8 7 - 0 .  18 7517 - 0 .0 1 4 2 3 0
2 .9 0 0 0 0 0 - 0 .0 2 0 7 1 7 -0 . '  146967 -0 . '0 0  5980
3 .1 0 0 0 0 0 - 0 .0 1 2 5 9 2 - 0 .  1 17392 -  0 .0 0 0 3 0 0
3 .3 0 0 0 0 0 - 0 .0 0 7 7 7 6 - 0 .0 9 5 5 1 6 0.' 000000
3 .5 0 0 0 0 0 -0 . '0 0 4 8  17 - 0 .0 7 9 1 4 7 0 .0 0 0 0 0 0
3 .7 0 0 0 0 0 - 0 .0 0 3 0 0 5 - 0 . 0 6 6 7 5 5 0 .0 0 0 0 0 0
3V900000 - 0 .  00 1875 - 0 .0 5 7 2 4 5 0 .0 0 0 0 0 0
4 .  100000 - 0 . 0 0 1  184 - 0 .  049904 0 . '0 00000
4." 300000 - 0 . '  000 747 - 0 .  044157 0.' 000000
4.' 500000 -0 . '0 0 0 4 7 0 - 0 .0 3 9 6 1 0 0 .0 0 0 0 0 0
4 .7 0 0 0 0 0 -0 . '0 0 0 3 1 7 -0 . '0 3 5 9 8  7 0." 000000
4 .9 0 0 0 0 0 - 0 . '  000209 - 0 .0 3 3 0 3 9 0 .0 0 0 0 0 0
5 .1 0 0 0 0 0 - 0 .0 0 0 1 4 2 - 0 .0 3 0 6 5 2 0 .0 0 0 0 0 0
5 .3 0 0 0 0 0 - 0 .0 0 0 1 0 7 - 0 .0 2 8  68 7 0 .0 0 0 0 0 0
5.‘500000 -  0 .0 0 0 0 7 7 - 0 . 0 2 7 0 2 7 0 .0 0 0 0 0 0
5 .7 0 0 0 0 0 - 0 .0 0 0 0 5 5 -  0.’ 0 25605 0 .0 0 0 0 0 0
5 .9 0 0 0 0 0 - 0 .0 0 0 0 4 8 -0 .0 2 4 3 9 8 0.' 000000
6 .'100000 -0 . '0 0 0 0 3 6 - 0 .0 2 3 3 4 4 0 . '000000
6 .3 0 0 0 0 0 - 0 .0 0 0 0 3 1 -0 . '0 2 2 4 1 5 0 .0 0 0 0 0 0
6 . 500000 -0 . '0 0 0 0 3 0 - 0 . 0  21599 0 .0 0 0 0 0 0
6V700000 -  0 .0 0 0 0  25 -0 .0 2 0 8 5 1 0 .0 0 0 0 0 0
6* 9 00000 - 0 . 0 0 0 0 2 3 - 0 .0 2 0 1 7 4 0V000000
7 . 100000 -  0.’000025 - 0 .  019553 0 .0 0 0 0 0 0
7 .3 0 0 0 0 0 — 0 .0 0 0 0  24 -0 . '0 1 8  98 2 0 . '000000
7V500000 - 0 . '  000021 - 0 .0 1 8 4 4 3 0 .0 0 0 0 0 0
7V700000 -0 . '0 0 0  0 20 - 0 .0 1 7 9 3 8 0 .0 0 0 0 0 0
7 .9 0 0 0 0 0 -  0 .0 0 0 0 2 1 - 0 .0 1 7 4 7 5 0 .0 0 0 0 0 0

Table 4 . v, v, VS versus  R
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E ( a . u . )

V

o o . 'i >Q o
v - O

oo 1 , 
Q e ( a ,  )

~ 0 0  /»/) 
Q o ( v =0 ) - Q ()(<

7 . 5 5 0 7 1 0 0 . 5 5 2 3 3 6 0 . 5 6 9 9 5 3 0 . 0 1 7 6 1 7
7 . 6 5 0 7 1 0 0V 5 5 3 2 6 5 0.'  5 7 1 4 1 6 0 . 0 1 8 1 5 1
7 . 8 5 0 7 1 0 0 . 5 5 4 9 3 5 0 . 5 7 3 6 5 0 0 . 0 1 8 7 1 5
8 . 0 5 0 7 1 0 0 . 5 5 6 6 4 1 0 . 5 7 5 0 3 2 0 V 0 1 8 3 9 1
8 . 2 5 0 7 1 0 0V5 5 7 5 6 6 0 . 5 7 5 6 3 6 0 . 0 1 8 0 7 0
8 . 4 5 0 7 1 0 0 . 5 5 7 5 9 3 0 . 5 7 5 5 2 9 0 V 0 1 7 9 3 6
8 . 6 5 0 7 1 0 0 . 5 5 7 0 1 4 0 . 5 7 4 7 7 8 0 .  0 1 7 7 6 5
8 . 8  5 0 7 1 0 0 . 5 5 6 0 1 7 0 . ' 5  7 3 4 4 0 0 V 0 1 7 4 2 4
9 . 0 5 0 7 1 0 0 . 5 5 4 5 8 9 0 . 5 7 1 5 7 2 0 . 0 1 6 9 8 3
9 . 2 5 0 7 1 0 0 . 5 5 2 6 7 1 0 . 5 6 9 2 1 9 0 . '01  6 5 4 7
9 . 4 5 0 7 1 0 0 . 5 5 0 2 6 6 0 .  5 6 6 4 2 8 0 . 0 1 6 1 6 2
9 . 5 5 0 7 1 0 0 . 5 4 9 1 9 1 0 .  5 6 4 8 8  2 0 . 0 1 5 6 9 1
9 . 6 5 0 7 1 0 0 . 5 4 7 4 5 2 0 . ' 5 6 3 2 4 3 0 . 0 1 5 7 9 2
9 . 8 5 0 7 1 0 0 . 5 4 4 3 0 1 0 . ’ 5 5 9 7 0 4 0 . 0 1 5 4 0 3

1 0 . 0 5 0 7 1 0 0 .  5 4 0 8 6 7 0 . 5 5 5 8  39 0 . 0 1 4 9 7 2
1 0 . ' 2 5 0 7  10 0 . 5 3 7 1 7  1 0V 55 1 6 8 8 0 . 0 1 4 5 1 7
1 0 . 4 5 0 7 1 0 0 . 5 3 3 2 1 2 0V5 4 7 2 8 0 0 . 0 1 4 0 6 8
1 0 . 6 5 0 7 1 0 0 .  5 2 8 9 9 3 0 . ' 5 4 2 6 4 2 0V0 1 3 6 4 9
1 0 . 8 5 0 7 1 0 0 . ' 5 2 4 5 3 1 0 V 5 3 7 3 0 0 0 . '01  3 2 6 9
1 IV0 5 0 7  10 0 . 5 1 9 8 6 1 0 . 5 3 2 7 7 6 0 . 0 1 2 9 1 6
1 I V 2 5 0 7 1 0 0 V 5 1 5 0 1 7 0V5 2 7 5 9 2 0 . 0 1 2 5 7 6
1 IV4 5 0 7 1 0 0 . 5 1 0 0 2 9 0 V 5 2 2 2 6 8 0 . 0 1 2 2 3 9
1 IV 5 5 0 7 1 0 0 . 5 0 7 6 4 3 0V5 1 9 5 5 8 0 V 0 1 1915
1 IV6 5 0 7  10 0.'  5 0 4 9  17 0 . 5 1 6 8 2 0 0 V 0 1 190 3
1 1 . 8 5 0 7 1 0 0 . 4 9 9 6 9 5 0 . 5 1  1 2 6 6 0 . 0 1 1 5 7 0
1 2 . 0 5 0 7 1 0 0 . 4 9 4 3 7 1 0 V 5 0 5 6 1 9 0 . 0 1 1 2 4 8
12 V2 5 0 7  10 0 . 4 8 8 9 5 2 0 . 4 9 9 8 9 6 0 . 0 1  0 9 4 4
12 V 4 5 0 7 1 0 0 . 4 8  3 4 4 9 0 . 4 9 4 1 0 7 0 . 0 1 0 6 5 9
13V5 5 0 7 1 0 0 . 4 5 2 3 3 9 0 V 4 6 1 5 7 9 0 V 0 0 9  240
1 5 . 5 5 0 7 1 0 0 . 3 9 5 4 7 3 0 . ' 4 0 2 5 9 9 0 . 0 0 7 1 2 7
1 7 . 5 5 0 7 1 0 0 . ' 3 4 2 0 6 8 0 .  3 4 7 4 8  4 0 . 0 0 5 4 1 5
19V5 5 0 7 1 0 0 . 2 9 3 9 6 4 0 . 2 9 8 1 2 2 0 . 0 0 4 1 5 8
2 IV5 5 0 7  10 0 . 2 5 1 6 7 5 0V2 5 4 9 1 8 0 . 0 0 3 2 4 3
2 3 . 5 5 0 7 1 0 0 . 2 1 5 0 3 1 0 . 2 1 7 5 7 5 0 . 0 0 2 5 4 5
2 5 .' 5 5 0 7 1 0 0 .  1 8 3 5 0 8 0 .  1 8 5 4 3 7 0 . 0 0 1 9 8 0
27  V5 5 0 7  10 0 . 1 5 6 4 3 3 0 . 1 5 7 9 7 2 0V0 0 1 5 3 9
2 9V 5 5 0 7 1 0 0 .  1 3 3 1 9 5 0 . 1 3 4 3 9 2 0 . 0 0 1 1 9 8

oo oo
Table 5 . Q ^(v) and Q c (v =0) v s .  inc iden t energy .
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E ( a .u . )
V

E(a .u . )

7. 550710 7 .5 5 0 7 1 0
7 .6 5 0 7 1 0 0.: 250451 9 .5 5 0 7 1 0
7. 8 50 7 10 0.'224491 1 1 .5 5 0 7  10
8 .0 5 0 7 1 0 0. 199190 1 3 .5 5 0 7 1 0
8 .2 5 0 7 1 0 0 .1 7 6 1 4 1 1 5 .5 5 0 7 1 0
8 .4 5 0 7 1 0 0.' 15558 7 1 7 .5 5 0 7 1 0
8."6507 10 0.' 136966 1 9 .5 5 0 7 1 0
8 .8 5 0 7 1 0 0.' 1 19981 2 1 .5 5 0 7 1 0
9." 0507 10 0 .1 0 4 6 3 4 2 3 .5 5 0 7 1 0
9 .2 5 0 7 1 0 0 .0 9 0 8 9 3 2 5 .5 5 0 7 1 0
9 . '4507  10 0 .0 7 8 6 3 7 2 7 .5 5 0 7 1 0
9 .5 5 0 7 1 0 0 .0 7 3 0 0 4 29.'550 7 10
9 .6 5 0 7 1 0 0 .0 6 7 6 7 7
9 .8 5 0 7 1 0 0. 057886

1 0 .0 5 0 7 1 0 0 .0 4 9 1 4 2
10.' 450 7 10 0 .0 3 4 5 5 6
1 0 .6 5 0 7 1 0 0 . 028562
1 0 .8 5 0 7 1 0 0 .0 2 3 3 3 1
1 1 .0 5 0 7  10 0. 018 788
1 1 .2 5 0 7 1 0 0 .0 1 4 8  65
1 1 .4 5 0 7 1 0 0 .0 1 1 5 1 2
1 1 .5 5 0 7 1 0 0 .0 1 0 0 3 0
1 1 .6 5 0 7 1 0 0 .0 0 8 6 7 9
1 1 .8 5 0 7 1 0 0. 006321
1 2 .0 5 0 7 1 0 0.' 004405
1 2 .2 5 0 7 1 0 0 .0 0  2892
12.' 450 7 10 0 . 0 0  1745
1 3 .5 5 0 7 1 0 0. 000 748
1 5 .5 5 0 7 1 0 0 .0 1 3 5 0 0
1 7 .5 5 0 7 1 0 0 .0 3 4 4 8 0
1 9 .5 5 0 7 1 0 0 .0 5 7 1 2 8
2 1 .5 5 0 7 1 0 0 . 0 78554
2 3 .5 5 0 7 1 0 0 .0 9 7 7 5 1
2 5 .5 5 0 7 1 0 0.' 1 14523
2 7 .5 5 0 7 1 0 0.' 128962
2 9 .5 5 0 7 1 0 0.' 141299__

Table 6 .  (v) and Q*^v=0) v s .  inc iden t

v=0

0.' 245742  
0 . 0 6 1 2 1 4  
0 .0 0 6 2 2 9  
0 .0 0 1 7 6 8  
0.'01 7465 
0 .0 4 0 1 9 6  
0.' 06388 2 
0 . 0858 64 
0 .1 0 5 2 6 9  
0.’ 1 22033 
0.' 136375 
0.' 148567

en e rg y .
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V oII>
E( a . u . ) Q°£(a%) E( a . u . ) Q ? ( a ? )
7 .5 5 0 7 1 0 3 .9 3 4 8 6 6 7 .5 5 0 7 1 0 3 .9 7 6 2 1 7
7 .6 5 0 7 1 0 3 .8 7 8 0 5 1 9 V 550710 3V147807
7 .8 5 0 7 1 0 3 .7 5 3 1 7 0 1 1 .5 5 0 7 1 0 2V612700
8 .0 5 0 7 1 0 3. 668 560 1 3 .5 5 0 7 1 0 2. 238 433
3 .2 5 0 7 1 0 3 .5 8 3 0 7 3 1 5 .5 5 0 7 1 0 1 .9 1 5 3 5 8
8 . '4 5 0 7 1 0 3. 499280 17V550 7 10 1 .7 4 5 4 6 6
8 .6 5 0 7 1 0 3 .4 1 8 7 2 8 19 V 5 5 0 710 IV 573243
8 .8 5 0 7 1 0 3 .3 4 0 9 4 7 2 1 .5 5 0 7 1 0 1 .4 3 2 3 1 4
9 .0 5 0 7 1 0 3 .2 6 6 1 4 3 23 V 550 710 1V314891
9 .2 5 0 7 1 0 3 .1 9 4 6 9 4 2 5 .5 5 0 7 1 0 1 .2 1 5 4 9 5
9 .4 5 0 7 1 0 3.' 126608 2 7 .5 5 0 7 1 0 IV 130166
9 .5 5 0 7 1 0 3 .0 9 3 7 3 1 29V550710 IV056007
9 .6 5 0 7 1 0 3 .0 6 1 5 5 4
9 .8  50710 2 .9 9 9 1 8 0

1 0 .0 5 0 7 1 0 2 .9 3 9 3 3 5
10V250 710 2. 882000
1 0 .4 5 0 7 1 0 2 .8 2 7 1 0 5
10V 650 710 2 .7 7 4 5 0 9
1 0 .8 5 0 7 1 0 2 .7 2 3 9 5 5
1 IV0507 10 2. 675284
1 IV250710 2. 628 309
1 1 .4 5 0 7 1 0 2 . 582959
11V 550 710 2 .5 6 0 8 9 0
1 1 .6 5 0 7 1 0 2V 539202
1 1 .8  50710 2 .4 9 6 9  72
12V050710 2 .4 5 6 2 0 9
12. 250710 2V416813
1 2 .4 5 0 7 1 0 2V3 78701
13 V5507 10 2. 18909 1
1 5 .5 5 0 7 1 0 IV9 15358
17V550 710 IV704779
1 9 .5 5 0 7 1 0 IV536421
2 IV550 710 1 V399033
2 3 .5 5 0 7 1 0 1. 285062
25. 550710 IV 188797
27V 5507 10 IV 106035
2 9 .5 5 0 7 1 0 1 .0 3 4 0 4 6

Table 7 . Q^(v) and Q ^ v = 0 ) v s . inc iden t energy •
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Table

E( a . u . ) Q % {% )
7 .5 5 0 7 1 0 0 . 004628
9 .5 5 0 7 1 0 0 .0 0 5 4 3 1

1 1 .5 5 0 7 1 0 0 .0 0 4 7 2 1
13.'550710 0 . '004239
1 5 .5 5 0 7 1 0 0 .0 0 3 7 7 9
1 7 .5 5 0 7 1 0 0 .'003329
19.'550710 0 .0 0 2 9 6 6
21.’ 550710 0 . 002678
2 3 .5 5 0 7 1 0 0 . '002423
2 5 .5 5 0 7 1 0 0 .0 0 2 1 8 5
2 7'.' 5 5 0 71 0 0 .0 0 1 9 7 9
2 9 .5 5 0 7 1 0 0 .0 0 1 8 0 5

E( a . u . )
0 | Z s

Q (a0 ^J
7 .5 5 0 7 1 0 0 .0 1 6 9 0 5
9 .5 5 0 7 1 0 0.’021 219

1 1 .5 5 0 7 1 0 0.' 0 18 420
1 3 .5 5 0 7  10 0 . 0  1 6330
1 5 .5 5 0 7 1 0 0.'0  14543
17.'550710 0.'01 2748
1 9 .5 5 0 7 1 0 0 .0 1  1293
2 1 .5 5 0 7 1 0 0 •’ 0 1 0 1 63
23.'5507 10 0 .0 0 9 1 4 7
2 5 .5 5 0 7 1 0 0 .0 0 8  210
2 7 .5 5 0  710 0 .0 0 7 4 1 4
2 9 .5 5 0 7 1 0 0 .0 0 6 7 4 7

E( a . u . )

7 .5 5 0 7 1 0 0 .0 0 0 3 7 9
9 .5 5 0 7 1 0 0 . '014245

1 1 .5 5 0 7 1 0 0 .0 1 6 4 8 1
1 3 .5 5 0 7 1 0 0 .0 1 7 6 7 4
15.' 5507 10 0 .0 1 7 5 8 8
1 7 .5 5 0 7 1 0 0 . 016517
1 9 .5 5 0 7 1 0 0.'01 5505
2 1 .5 5 0 7 1 0 0.'01 4439
23*550710 0. 013232
2 5 .5 5 0 7 1 0 0 .0 1 2 0 4 4
2 7 .5 5 0 7 1 0 0 .0 1  1054
29.'550710 0 . '010207

i QC> f Q ^ »  Q$! vs * inci< ênt energy .
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VS \ j
j / j
i' !

F ig . 1. VS (10*a . u . )  ve rsus  R (a#)
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R(a0 )

Fig.2. V versus R
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R(a0 ) 

F ig . 3. v ve rsus  R
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Ap
a . u .  ;

D -  v 

Z \  -  v s

o - v

i
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I
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F i g .4 .  VS, V and v versus  R
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F i g .5 .  Q°tfversus  inc ident energy, 

(1 ) v=0 , ( I )  v inc luded
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! n

i

F ig .6 .  Q/ versus incident 

(4 ) v =0 , (o) v included

i

a . u .

energy .
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a .u,

ooF i g . 7. Qz  versus  inc iden t energy,

(A) v=0 } (O) v inc luded
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Fig . 8 . Q0 ve rsus  inc iden t energy
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F i g .9 .  Q ^ v e rsu s  inc ident energy
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a .u .

F ig . 10. Q^1 v e rsu s  inc iden t en erg y .
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