
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films the 
text directly from the original or copy submitted. Thus, some thesis and 
dissertation copies are in typewriter face, while others may be from any type of 
computer printer.

The quality of this reproduction is dependent upon the quality of the copy 
submitted. Broken or indistinct print, colored or poor quality illustrations and 
photographs, print bleedthrough, substandard margins, and improper alignment 
can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript and 
there are missing pages, these will be noted. Also, if unauthorized copyright 
material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by sectioning 
the original, beginning at the upper left-hand comer and continuing from left to 
right in equal sections with small overlaps. Each original is also photographed in 
one exposure and is included in reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quaiity 6” x 9” black and white photographic 
prints are available for any photographs or illustrations appearing in this copy for 
an additional charge. Contact UMI directly to order.

Bell & Howell Information and Learning 
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA 

800-521-0600

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



Diophantine Properties of Atkin-Lehner Quotients of 
Shimura Curves

by

Srinath Baba

A dissertation subm itted to the G raduate Faculty in 
M athematics in partial fulfillment of th e  requirements 

for the degree of Doctor of Philosophy,
The City University of New York.

1999

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



UMI Number: 9946135

UMI Microform 9946135 
Copyright 1999, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized 
copying under Title 17, United States Code.

UMI
300 North Zeeb Road 
Ann Arbor, MI 48103

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



This manuscript has been read and accepted by the Graduate Faculty in 
Mathematics in satisfaction of the dissertation requirement for the degree of 
Doctor of Philosophy.

flpYl 1 I W *
Date

^  f lpW ) d M
Date

Chair o f Exami»i6g Committee

Bruce W. Jordan
<s

Raymond Hoobler @ /  - jJerjr& L-^

Carlos J. Moreno 

Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .



A b stra ct

Diophantine Properties of Atkin-Lehner Quotients of Shim ura  

Curves

by

Srinath Baba

Advisor: Bruce Jordan

Let Vb be the Shimura curve attached to an indefinite rational quaternion 

algebra B  of odd discriminant D , and W  be the group of Atkin-Lehner in­

volutions acting on it. In this thesis, vve study the Diophantine properties of 

quotients Vb / G ,  where G is any subgroup of W.

We analyse the existence of rational points over local fields. Using the results 

obtained, we study the existence of divisors and divisor classes of degree d 

over local fields. Using this information, we analyse the Cassels-Tate pairing 

on U l(A /Q ), where A  =  Pic°(pB/G ), and conclude exactly when it is a lter­

nating and when it fails to be alternating, using the criteria of Poonen and 

Stoll.
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Introduction

Let B be an indefinite quaternion algebra defined over Q , and let m C B  

be a maximal order. Since B is indefinite, we have an isomorphism 

— > M2 (R ). The image of /  on m is a discrete subgroup of 

M2 (R), and the units in m embed as a discrete subgroup T of SL2 (R.). 

It is well known th a t T is a Fuchsian group of the first kind, and is 

cocompact. Hence, the quotient r \ H  is a compact R iem ann surface 

Cb, where is the Poincare upper half plane. Shimura observed that 

the curves C b  param etrise abelian surfaces with an action by m, and 

that Cb has a canonical model Vb over Q. We call Vb the Shimura 

curve attached to the quaternion algebra B.

Since the early 1970s people have been studying the diophantine arith­

metic of Shimura curves. In the local archimedean setting, Ogg and 

Michon classified hyperelliptic Shimura curves and studied real points 

on Shimura curves and certain quotients. Kurihara, Cerednik and Drin- 

feld studied models for the bad reduction of Shim ura curves, Jordan 

and Livne studied questions about the existence of rational points, 

divisors and divisor classes on Shimura curves over local fields. More 

recently, works of R ibet, Wiles and others, have generated a lot of inter­

est in the study of Shim ura curves, mainly because of their connections 

to elliptic modular curves, Galois representations, and  the Langlands 

correspondence.

l

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



INTRODUCTION 2

Shimura curves, like modular curves, come with a set W b  of canoni­

cal modular involutions on them, called the Atkin-Lehner involutions. 

These form a finite group of involutions defined over Q. Let G be any 

subgroup of the group of Atkin-Lehner involutions, and consider the 

curve V c  =  Vb/G , this curve has a model defined over Q. In this 

thesis, I study the diophantine arithm etic of such quotients.

In [JL3] in 1998, Jordan and Livne examined the local diophantine 

arithm etic of a quotient of a Shimura curve in one particular situation, 

where B  has discriminant pq and G is generated by a single involution. 

The main motivation of this study was to generate families of Shimura 

curve quotients whose jacobians are “odd” as defined by Poonen and 

Stoll. In brief, the Poonen-Stoll theory is as follows:

Let A / K  be an principally polarized abelian variety, where A' is a global 

field. The Shafarevich-Tate group LU(.-4/K )  , which classifies isomor­

phism classes of locally trivial principal homogeneous spaces over A  is 

conjecturally finite. From work of Cassels and Tate ([Ta]), it is known 

that there is a bilinear pairing on U l(A /K )  x U l(A /K ) ,  where .4 is 

the dual of A, and from the polarization on A, we have a pairing ( ,) 

on m ( A / K )  x Ul(A /K) .  In the case of elliptic curves, Cassels and 

Tate showed that this pairing (called the Cassels-Tate pairing) is al­

ternating, i.e., (x ,y )  =  ~ { y ,x )  and hence, Ul{A/K)  has even order. 

In the higher dimensional situation, Poonen and Stoll showed that the 

Cassels-Tate pairing is not necessarily alternating, it is antisym m et­

ric, i.e. (x ,x )  = 0. By studying the pairing, Poonen and Stoll show
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INTRODUCTION 3

th a t a certain principal homogeneous space over A  can generate a non­

triv ial 2-torsion class in H l(A /K) .  Hence, the (conjectural) structure 

of U l(A /K)  is of the form Z /2 Z x G  x G (the odd case), or G x G ( the 

even case), for a finite abelian group G. In addition, they gave local 

diophantine criteria on curves to decide if their jacobians (equipped 

w ith the canonical polarization) are odd or even. In particular, by us­

ing the local diophantine results in [JL l], they showed that Shimura 

curves all have even jacobians, and that a positive proportion of hy- 

perelliptic curves of even genus over Q have odd jacobians. In their 

1998 paper [JL3], Jordan and Livne produced the first known set of 

examples of non-hyperelliptic curves of arbitrarily  high genus with odd 

jacobians, these curves are Atkin-Lehner quotients of Shimura curves 

of discriminant pq.

In this thesis, I study the diophantine arithm etic of Atkin-Lehner quo­

tients of Shimura curves of arbitrary discrminant by arbitrary sub­

groups G C Wb , with the aim of producing new examples of quotients 

with odd jacobians. In order to apply the Poonen-Stoll test, we need to 

study the existence of rational divisors of specific degree on the curve 

V G over local fields. To study this, we need to  establish criteria for the 

existence of points on V G over local fields. In Chapter 2, I prove the 

following:

T h e o re m  1. I f  K /Q p is a f i n i t e  extension , where p is a pr ime o f  

bad reduction o f  Vb  and wp ^  G, then V ° ( K )  ^  0 i f  and only i f

(a) f ( K / Q p) is even , or

(b) e ( I \ /Q p) is even , and 3wd €  G, p \ d, so that  Q f \ / —pd) splits  B ,
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INTRODUCTION 4

or

(c) 3itfd 6  G, p\d so that  Q ( \ / —pd) splits B p-,n£, where B p-m£ is the 

def in i te  quaternion algebra o f  discriminant D /p , or

(d)3zo££l , Wd2 €  G , so that  B p_,n£ ~  B (—dip, — d2)

In [JL2], Jordan and Livne establish criteria for existence of divisors 

on Vb over local fields K / Q p, where p is a prime of bad reduction of Vb ■ 

Using the theorem  above, it is easy to extend their results to V G. Let 

Pici (U G)(A') denote the set of degree d divisor classes defined over K , 

and Picd(V'G)(AT)+ be the subset of degree d divisor classes represented 

by a divisor over A\ we have the following proposition.

P rop osition  2. Pict£(V’G)(A')+ =  0 i f  and only i f  d is odd and

V G{I<) =  0.

Theorem 1 and proposition 2 suffice to construct families of quotients 

with odd jacobians. I outline this below.

Another interesting question that comes up is to decide when there 

are divisor classes  over local fields, i.e., when Picd(Vc )(K) ^  0. The 

following settles this:

T heorem  3. Pici (V,G)(A') =  0 i f  and only i f  Pic‘i(UG)(A')+ =  0, 

and the genus g{VG) is odd.

In Chapter 4, I outline the Poonen-Stoll theory of odd and even jaco­

bians. In order to  produce families of Shimura curve quotients w ith odd 

jacobians, one needs to decide which quotients can have even genus. 

Using the Eichler mass formula and the Riemann-Hurwitz theorem , it
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INTRODUCTION 5

is easy to calculate which quotients can have odd jacobians.

T h e o re m  4. UG/Q  has odd jacobian only i f  [Wb ' G\ = 2 , and  

wd ^  G , where D -  DiscB

To construct families of curves w ith odd jacobians, one then needs only 

to look at quotients satisfying the conditions in the previous theorem. 

Once we have picked G satisfying these conditions, we use the proposi­

tion to generate the families of curves. In chapter 5, I construct families 

of quotients in the situation where D is a product of 4 primes. I also 

produce new examples in the situation D =  pq, to extend the families 

produced in [JL3]. Some examples are:

E x a m p le  1. Vb(3 9 ) / wz has odd jacobian.

E x a m p le  2 . Vb(5 -7 .ii-7 9 )fG, where G is generated by u;7 ,m u  and U75. 

has odd jacobian.

Using the results above, I define a numerical invariant N (V G) which 

measures the number of primes where V G does not have divisors of 

degree 1, and the parity of the genus of V G. Its definition shows that 

N ( V G) is odd if and only if V G has odd jacobian over Q. This invariant 

is easy to calculate, and I dem onstrate how to code it using PARI, and 

calculate examples using it.

I would like to thank Bruce Jordan for having guided me through this 

thesis, and for being a wonderful advisor and friend. Thanks are also 

due to Ray Hoobler and Shiv Sikri for many helpful discussions, and 

to Florian Lengyel for having w ritten the program in appendix A. Fi­

nally I would like to express my gratitude to all my friends at CUNY,
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especially Jack Levinson, Ananya Mukherjea and Effie M aclachlan, for 

their support and love.
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CHAPTER 1

Shim ura curves and Atkin-Lehner involutions

1. R ation a l quaternion algebras and m axim al orders

Let B /Q  be a central simple algebra of rank 4. If p is any prim e in 

Z , we can extend the scalars of B to Qp to get B p =  B ®q Qp, which 

is a rank 4 central simple algebra over Qp ( we let Qco =  R). There 

are exactly two isomorphism classes of quaternion algebras over Qp; 

they are M 2 (QP) and Hp, the quaternion division algebra (in the  case 

p =  oc, this is the Hamiltonian quaternions).

B  is said to r a m i f y  a t p if and only if B p ~  Hp, and B is said to split 

a t p otherwise. The product of all finite primes ramified in B  is called 

the discr iminant  of B , denoted DiscB. A classical theorem of Hasse 

states th a t B  is completely determined by the set of primes where it 

ramifies, and the number of ramified primes in B  is always even. Fur­

thermore, for any given finite set of primes of even cardinality, there is 

a unique quaternion algebra ramified exactly at the given primes. If oo 

is ramified in B , then B is called d e f in i te , otherwise it is inde f in i te .

There is a natural basis for B over <Q> of the form {1 , z, £ : } ,  where 

i- j  =  —j  -i =  k. Furthermore, i2 = r , j 2 = s, where r ,s  £  Q. VVe write 

B  =  B (r, s). The following is well known, see for example [Vigj.

7
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2. SHIMURA CURVES AND THEIR MODULI INTERPRETATION 8 

L em m a 1 . 1 . 1 . B (r, s) is ramified at a prime p i f  and only if  the 

Hilbert symbol (r, s)p =  —1 .

B (r, s) is definite if and only if both r and s are negative rational num­

bers. For example, B (—1 , —1 ), the Hamiltonian quaternion algebra, 

is definite, while B ( —19,6) is indefinite.(in fact, it has discriminant 6 . 

which is a product of 2  primes).

If B  =  B (r, 5 ) ,  then we can define the reduced norm  Nb/q and trace 

Trs/Q as follows: if a  E B ,a  =  x  +  iy +  j z  + k w , where x, y, z, w E <Q> 

and i2 =  r, j 2 = s. i j  =  —j i  =  k. then

Nb/q(o;) = x 2 — ry2 — sz2 +  rsw 2. and TrB/Q(o:) =  2x.

An order m in B is a Z algebra of rank 4 in B . m is maximal if it is 

not contained in any other order; from the Skolem-Noether theorem it 

follows that all maximal orders in a quaternion algebra are conjugate.

If m is a maximal order in B , we let -nr denote the units in m, and m̂ _ 

denote the units of positive norm in m.

2. Shim ura curves and th eir  m od u li interpretation

Following the notation from the previous section, we fix B, m and nVj_. 

We also recall that by the Skolem-Noether theorem, m , and hence 

is unique upto conjugation in B.

Since B  is indefinite, there is an isomorphism

0  : B®qR. — )■ M 2 (R).

If we restrict the 0  action to m!j_, we get
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2. SHIMURA CURVES AND THEIR MODULI INTERPRETATION 9

©|m* : c~* SL2 (R)

If T is the image of rrfj. in SL2 (R), then clearly T is a discrete subgroup 

of SL2 (R). Poincare observed th a t Y is a Fuschsian group of the first 

kind, i.e., it is cocompact. Hence, T acts on the upper half plane 

%, and the quotient is a compact Riem ann surface. Since all choices 

of maximal order m in B  are conjugate, the isomorphism type of the 

quotient Riemann surface is independent of the choice of maximal order 

in B  and the embedding 0 .  We denote it by Cb-

Shimura showed that Cb has a moduli interpretation as follows: Cb 

is the coarse moduli scheme over C th a t classifies isomorphism classes 

of abelian surface (A, i, C ), where A /C  is an abelian surface, i : 

End(A) is an injection, and C  is a weak polarization on A so that 

Ros(C), the Rosati involution attached to C  is "compatible” with i, 

i.e., Ros(C)(i(6 )) =  i( 6 ”), where 6 6 “ =  Nb/q(&). We call such triples 

Abelian sur faces  with quaternionic mult iplication , or QM abelian 

surfaces.

In [Shi], Shimura showed th a t Cb, which are a priori only algebraic 

curves over C, have models over Q, and, moreover, there is a canonical 

such model for each such C b, we denote it Vb. For example, If B has 

discriminant 6, then the canonical model Vb has equation x 2 -\-y2 + 3 =

0. Kurihara, Jordan, and Michon compiled equations of Vb for many 

discriminants in [Ku], [Jo], and [Mic]. From now on, we will refer to 

Vb as “the Shimura curve attached to  B ” , or “ the Shimura curve of 

discriminant D ”, where D is the discrim inant of the quaternion algebra 

B . We also fix <f>: 'H — >■ Vb, the quotienting m ap that defines Vb.
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4. CM POINTS AND FIXED POINTS OF MODULAR INVOLUTIONS 10

3. A tkin-L ehner involu tions on  Vb

From the description of Cb  as a r\"H, it is easy to see th a t it has certain  

modular automorphisms.  Namely, via the inclusion

B c—>■ B ®q K. ~  M2(R) ,

b ;  acts on T~L. where B[j_ is the set of non-zero elements of positive 

norm in B. Following, for example [Mic], one can see th a t the action 

of a  6  B^. on 'H. descends to an action on Cb if and only if a  G 

NormB^(ni^). In fact, if 2r  is the number of prime divisors of D =  

DiscB, then

NormB+(tn^.)/Q“m^ ~  (Z /2 Z )2r.

Hence, the group of m odular involutions has order 22r, and a set of 

representatives is generated by any set of elements {atd\d\D-. a d £ m -

/q(c*</) =  d-

Following standard notation, we shall call these involutions Atkin- 

Lehner involutions, and the group of these involutions, the Atkin- 

Lehner group. We denote it by W b , and we denote the involution 

defined by ad as Wd- Thus, we have the following

NormB^(m+) /Q “m+ A ut(C B)

It is well known tha t Wd induces a Q-rational involution on Vb , we 

will denote it as Wd■ Henceforth, Wb , the Atkin-Lehner group, will be 

considered as a  group of Q-rational involutions on Vb .

4. CM  p o in ts  and fixed  points o f m odular in volu tion s

CM points, or complex m ultiplication points play an im portant role in 

the study of the arithm etic of Shimura curves. Since Shimura curves
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4. CM POINTS AND FIXED POINTS OF MODULAR INVOLUTIONS 11 

axe compact, there are no obvious analogues of cusps on them , as one 

has in the case of m odular curves. The closest canonical set of points 

one can define, therefore, are the CM points.

Let <j> : Ti — >-Vb be the uniformization of Vb by the upper half plane. 

Let z £  Ti, then from the action of B̂ _ on Ti, Stabe* (^) =  Q". or 

Stab-B^(z) =  K ”, where K / Q  is an imaginary quadratic field. The 

former is the generic case, in the latter case we say that z  has CM 

by K ,  and we extend the definition to <p(z) £  Vb- There is a 1 - 1  

correspondence between points on Ti with CM by K  and quadratic 

fields in B  isomorphic to K.

One can also define CM by orders O  in K.  We say that z £ Ti has 

CM by O if Stabm+_o(2 ) =  0 —0, and we say that x £ Vb has CM 

by O  if o - 1 (x) £ TL, for any choice of preimage, has CM by O. The 

points in Ti with CM by O  are in 1 - 1  correspondence with normalised 

0-optim al embeddings of K  into B . We let CM((9) be the locus of 

points x € VB with CM by O. The following proposition characterises 

CM(C>)(see [Jo]).

P rop osition  1 .4 .2 . Let K  be an imaginary quadratic field which splits 

B , and set s equal to the number of primes p which divide D isc(B) and 

which do not ramify in K . Then, for any order O d  K ,  the cardinality 

of CM(O) is given by 2s • h (0) ,  where h(O) denotes the class number 

of  the order O.

The 2s factor comes in because of the Wb action on the CM locus, for 

full details, see [Mic] or [Jo]-
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4. CM POINTS AND FIXED POINTS OF MODULAR INVOLUTIONS 12 

The fixed points of the modular involutions are easily characterised in 

terms of CM loci in the following proposition(see [Mic]).

P ro p o s itio n  1 .4 .3 . 7/'d|Disc(B), then the set o f  fixed points o fw j  act­

ing on Vb  is CM(Z[v/—<d\) U C M ( 0 ^ ^ z df), i f  d 2, and CM{Z[V~-T| 

i f  d = 2, where O k  denotes the ring of integers in the number field K .

In particular, we have the following corollary:

C o ro lla ry  1 .4 .4 . /yd|D isc(B ), and Q ( \ /—d) doesn’t split B , then Wd 

has no fixed points on Vb -

The following will be useful:

P ro p o s itio n  1 .4 .5 . Let e{wd) denote the number of  fixed points o f  Wd 

on Vb , where DiscB is odd. Then !!(fTB)|e(ic(f).

P ro o f . Since D  is odd, we have two possibilities:

I. d =  1 (mod 4). Then —d =  3 mod 4, and hence Z [y/—d\ -  O q ( ^ d)- 

Hence, by proposition 2.4.2 above, e(wd) =  2s • h{0) .  Now, s must 

be the number of primes divisors of D / d , and by the genus theory 

of quadratic imaginary fields, h(O) is divisible by 2 r , where r is the 

number of prim e factors of d. Thus 2s • h {0 )  is divisible by 2r+s =  

i (WB).

II. d =  3 (mod 4). Then, Z [ \/—d] is an order of conductor 2 in O q ^ ^ d)- 

From [Sh2 ], it is immediate that h(Z[y/^d\)  is an odd multiple of 

h{Oq^^rd))- ^  r  denotes the number of prime factors of d , then both 

are exactly divisible by 2r~l . Hence, clearly their sum is divisible by 

2r . The argum ent is then the same as in I above.
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4. CM POINTS AND FIXED POINTS OF MODULAR INVOLUTIONS 13 

Frequently, we will want to check if a given quadratic field K  splits the 

quaternion algebra B . A famous theorem of Hasse tell us how to do 

this. For a proof, see [Vig],

T h e o re m  1.4.6 (Hasse’s Criterion). A quadratic field K  splits a quater­

nion algebra B i f  and only i f  every prime that ramifies in B  does not 

split in K .

So for example, Look at B(39), the quaternion algebra of discriminant 

39. It is indefinite, and is ramified at exactly 3 and 13. The quadratic 

field Q (v /-3 ) doesn’t split B because 13 splits in Q ( \ /—3), and thus 

by the corollary and Hasse’s criterion, w3 has no fixed points on Vb(3 9 ).
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CHAPTER 2

B ad reduction  o f Atkin-Lehner quotients

We fix B , an indefinite quaternion algebra over Q of odd discriminant 

D, Vb , a subgroup G  C H b , the quotient V G :=  Vb /G ,  and a prime

p\D.

From M orita [Mo], it is well known th a t Vb has good reduction at 

precisely those primes q where q does not divide D. The primes of 

bad reduction, therefore, are exactly the prime divisors of D. From 

Drinfeld etc., it follows th a t the involutions reduce modulo all primes 

of good reduction . Hence, the primes of bad reduction of V G are 

precisely those of V b ,  i.e., the prime divisors of D. The analysis of 

rational points on V G defined over completions of Q  at good places 

involves the Trace formula and the Eichler-Shimura relations on V G. I 

hope to work on this in the near future, in this chapter I analyse points 

over completions of Q at primes of bad reduction.

1. T h e  p -ad ic  u p p e r  h a lf  p lan e  a n d  ad m iss ib le  cu rv es

In order to study the bad fibre of V G a t p , where p\D, we need to un­

derstand the Cerednik-Drinfel’d p-adic uniformization of Vb- We recall 

that Tip, the p-adic upper half plane has the  following properties:

1) Up is a formal scheme , flat and locally of finite type over Z p. "Hpis 

regular and irreducible, and admits a natural action by PG L 2 (Qp).

2) The special fibre 'Hp$ of T-Lv is reduced and geometrically connected.
14
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1. THE p-ADIC UPPER HALF PLANE AND ADMISSIBLE CURVES 15 

All of its components are smooth rational curves defined over Fp, which 

intersect transversally at Fp rational points.

3) The dual graph of the special fibre, with the induced PGL2 (Qp) 

action is canonically identified with the Bruhat-Tits building A of 

SL2 (QP), where the dual graph is defined by assigning a vertex to each 

component, and an edge to each intersection.

A curve C/SpecR , for a DVR R,  is called admissible if C  is proper and 

flat, its generic fibre is a nonsingular curve, and its reduced fibre is a 

union of rational curves intersecting at reduced normal crossings. We 

refer the reader to [JL l] for details on admissible curves.

In [Ku], Kurihara shows the following:

P ro p o s itio n  2 .1 .7 . Let T C PG L 2 (Qp) be discrete, cocompact. Then 

(T\TLp)/1,r> is an admissible curve. Moreover, there is an isomorphism 

of  pairs

(Gr(r\Wp)/Zp), Frob(r\'Hp)/Zp)) ~  ((r\A)“ , id).

where Gr(T\'Hp) denotes the dual graph of the special fibre of the quo­

tient T\TLP, and Frobp denotes the action of Frobenius on the dual 

graph. The * suffix describes the contraction of edges y = y. for de­

tailed proofs and explanations, see [Ku] or [JL l]. It follows that each 

component on the special fibre has multiplicity 1 .

The following theorem of K urihara relates the genus of an admissible 

curve with the combinatorics of its dual graph:

T h e o re m  2 . 1 .8 . g{C) = 1 +  Ed(G r(C )) -  Ver(Gr(C))

where we count the edges without orientation. For proofs, see [Ku]
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2. THE CEREDNIK-DRINFELD p-ADIC UNIFORMIZATION 16

2 . T h e  C e red n ik -D rin fe ld  p -ad ic  u n ifo rm iz a tio n

In [Dr], Drinfeld constructs a scheme Mb which represents the coarse 

moduli problem for isomorphism classes of abelian surfaces with QM 

by m and satisfies the following properties:

1) MB®Q = Vb

2) Mb is projective over Z

3) Mb®Fp is the reduction of Vb at p studied by Morita, if p \ D.

The Cerednik-Drinfeld theory constructs a uniformization of M b © F p , 

where p\D by H p, the p-adic upper half plane. We will construct a 

model for the special fibre and its dual graph, and study the action of 

Wb  on it.

We need to fix some notation: Let B p-mt be the de f in i te  quaternion 

algebra of discriminant —D /p , we refer to it as the the quaternion 

algebra obtained from B by interchanging local invariants at p and oc. 

Fix a maximal order M. in B p-mt.

Define

Z<p> =  Z [l/p ]; M ip) = M ®  l S p\  M p = M ® Z p 

f0= M™m
T+ =  {x  €  Yo\vp(detx) is even}, where vp(a) is the p-adic valuation of 

a.

z  = Z<p)“ c M ip)m 

To =  f o /Z

r+ = f +/ z
If we fix an identification of m®Qp with M2 (QP), then To and F+ are 

discrete cocompact subgroups of GL2 (QP), and To and T+ are discrete
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2. THE CEREDNIK-DRINFELD p-ADIC UNIFORMIZATION IT

subgroups of PGL 2 (Qp), hence we can consider them  as groups acting 

on Up, and thus on A.

From their definitions, it is clear th a t is a normal subgroup of To of 

index 2. If W  = T o /r+ , then W  =  { 1 , tcp}, where wp can be represented 

by an element 7 P £ M. of norm p.

Also, since W  is also isomorphic to 17o/r+ , there is an action of W  on 

each of T+\H P, T +\'H P, and th e  graph T+ \A . The Cerednik-DrinfeTd 

construction shows that the action of wp on each of these is the sam e 

as th a t of Frobp. In [JLl], Jordan  and Livne give a proof of this, 

and show, using the Eichler-Shimura relations that the dual graph of 

MB x Z p/Z p is the following:

G r(M B x Z p/ Z p),F ro 6 p) ~  ((r+\A)“, wp) 

and further, give an extension to the case of A'/Qp, a finite extension.

G r(M B x O K/ 0 K ,Frob) ~  ( ( ( r +\ A r ) e, ^ )  

where e =  e (K /Q p), /  =  f ( K / Q p).

In essence, this means the following: The Shimura curve Vb  considered 

as a curve over O k  is admissible. Using proposition 3.1.7, one can 

analyse its dual graph. Cerednik and Drinfeld say that this dual graph 

is the  same as the dual graph of the special fibre of M b, it has one 

vertex corresponding to each com ponent of the special fibre, and one 

edge corresponding to each intersection. This graph is bipartite, i.e, the  

set of vertices can be partitioned into two sets, which we call the odd 

and even vertices, and no two vertices of the same parity are connected 

by an edge. The action of Frobenius on the vertices is the same as the  

action of wp on the vertices and edges. This is a graph with lengths, i.e.
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3. BAD REDUCTION OF V a  AND THE DUAL GRAPH. L8

each edge has an associated integral length, defined as follows: Since 

the graph is a quotient of the  A by T, the edges are obtained by this 

action. The order of the stabilizer subgroup in T+ of any preimage in 

A of an edge e on Gr(V') is its length. Furthermore, by base change to 

K ,  the dual graph of the special fibre over K  is the same as th a t over 

Qp, but the lengths of the edges are multiplied by e.

The action of the group W b  on the graph is as follows: the group 

has a subgroup # ,  which is generated by all involutions Wd where p f d. 

The two cosets of H  in W b , i.e. H  and wpH  do the following: H  

preserves the parity of the vertices, and wpH  switches the parity of the 

vertices. In particular H  cannot fix any edges, and wpH  cannot fix any 

vertices. Clearly the action of Wb  preserves the lengths of edges.

As an example, let us construct the dual graph of the curve Fb(3 9 ). 

Following Kurihara, we have

o---------------o

at 13

a--------------- o

at 3

3. B a d  re d u c tio n  o f V G a n d  th e  d u a l g ra p h .

Since, from the previous section, we know how Wb-, and hence G  acts 

on the dual graph of Vb, it is easy to figure out what the dual graph 

of the quotient V G is. The set of vertices Ver(Gr(VrG)) is the same 

as V er(G r(l/))/G , and the edge set is also the correct quotient, the 

lengths multiply by a factor of at most (G). So, for example, the graph 

^B (3 9 ) / ^ 3  looks like
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3. BAD REDUCTION OF V G AND THE DUAL GRAPH. 19

9---------------©

at 13

at 3

and the graph of V'b(3 9 )/uT 3 looks like

0------------o

at 3

at 13

We can give a description of the special fibre and its dual graph of V °  

similar to that of Vb as follows:

For each Wd G G , let 7 d be an element of the normaliser of T+ in W  

of norm d. Set

r +>G = <  > G  PGL2(Qp),

r+,c =  r+ ,G /z[i/p ]-

Since 7 d induces the action of Wd on M b, we see that V °  x Qp is 

uniformised by the action of F+i(g on A, with Frobp acting as wp. Thus, 

we have the following:

(Gr(MB/ G  x Zp/Zp), Frobp) ~  ((r+iG\A ) ’ , wp)

and by base extension to K / Q p, we have

(Gr(MB/G  x O k / O k ), F ( M b  fG  x O k / O k )) *  (((r+,G\A)-)e, w ' ) )
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4. RATIONAL POINTS ON V G DEFINED OVER K / Q p 20

4. R a tio n a l  p o in ts  on  V G defined  o v er A '/Qp

In order to study the existence of Qp-rational points, we will use HenseFs 

lemma. For completeness1 sake, I include a version of the statem ent 

from [JL l].

T h e o re m  2 .4 .9 . (HenseVs Lemma) Let R be a complete DVR.  K  its 

fractions field, m its maximal ideal, and k its residue field. I f  f  :

X  — y SpecR is a proper and flat morphism, where X  is a regular

scheme, then the generic fibre X  x j  SpecK has a K-rational point if  

and only i f  the special fibre X  x $  Speck has a smooth k-rational point.

In order to study V G{K),  where K / Q p is a finite extension, we apply 

Hensel’s Lemma to K  and conclude that VG{I\)  ^  0 if and only if the 

special fibre of V G x O k  has smooth k  rational points. In the case /  is 

even, we know that the special fibre of V  x O k  has k  rational points, 

and these reduce to the points we want for V G. Thus we only need to 

analyse the case where /  is odd.

The possibilities for a sm ooth ^-rational point x 0 are the following:

1 ) Xo is a smooth point on a component of the special fibre,i.e., xo is 

on a vertex in the dual graph, or

2 ) x 0 lies on a component which comes from blowing up the  special 

fibre at i t ’s singular points, i.e., zo is on an edge of the dual graph 

before it is blown up.

In case 1 , if xq is to be fixed by Frobenius, its component m ust be 

fixed by it. hence, we need to make sure that there is a com ponent 

that is fixed by Frobenius, and tha t there is a smooth point on it. In 

particular, we need a vertex on the dual graph to be fixed by Frobenius,
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4. RATIONAL POINTS ON V G DEFINED OVER K / Q p 21

or, by 3.1, by which, since /  is odd, and wp is an involution, is wp. 

Moreover, we need to ascertain when this component has a sm ooth 

fc-rational point on it. The following theorem decides this:

T heorem  2 .4 .10 . Suppose wp £  G. I f  v is a vertex on Gr(V/G) fixed 

bywp, and C is the connected component corresponding to v, then there 

is a smooth point xq €  C(k).

P roof. Since v is fixed by wp, v is fixed by Frobp, and hence the 

component corresponding to v is a P l (HTp), which has p +  1 points on 

it. Since the Frobenius action on this P l is twisted by wp, the Fp 

rational crossing points are exactly those points on C  that are fixed by 

wp. Since wp can have at most 2 fixed points, there must be rational 

points that are not crossing points, and hence C{K)  has smooth points 

on it(see [JLV] for a more general result).

In case 2, if Xo comes from an edge on V G, then Frobp must either fix 

the edge or reverse it. We see the following:

L em m a 2 .4 .11 . There is a rational point xq coming from an edge s 

o /r+,G\A i f  and only i f  wp(s) =  s, and e ■ £(s) is even, where £(s) is 

the length of  the edge s.

P roof. Working with K  =  Qp, we see that by blowing up the singu­

larity corresponding to the edge s, we get a chain of edges of length 1 

, and thus we have added a string of £(s) — 1 vertices (see [JLl] for 

blowing up singularities). Since the point xo must lie on one of these 

vertices, we must fix one, i.e the middle one, which means that £(s) — 1 

must be odd, clearly base change to K  proves the lemma. Details are
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4. RATIONAL POINTS ON V G DEFINED OVER K / Q p 22

exactly similar to the proof of theorem 5.2 in [JL lj.

Thus, if e is even, we need an edge s on G r(F) which is switched by wpd 

for wj. G G. The following proposition shows when this can happen.

P roposition  2 .4 .12 . 3 s an edge on Gr(V) so that wr(s) =  s, where 

p\r,p ^  r  i f  and only if  Q  ( y /~ r ) splits B .

P roof. Let t be an edge on A lying above s. Then, there exists an 

element 7 ,- G so th a t N(7 r ) =  r, and 7 rt = t. Thus, j 2 fixes

the initial and final vertex of t, Vi and vj. By the definition of the 

Bruhat-Tits building, each vertex v corresponds to a maximal order 

mt, in PGL2 (Qp), and so ~/2 G Q 'm ^ .

By conjugating 7 ,. appropriately, we can assume that 7 ;? =  ru, where u 

is a unit in mVi. Since u lies in a quadratic imaginary field, u is a root 

of unity of order 2, 3 or 4. If u is an order 3 or 4 root of unity, then 

r  =  2 or r  =  3, both impossible. Thus, Q(7 r ) =  Q ( \ /—r )- Thus, -yr 

satisfies the equation X 2 +  r  =  0 in B p-,7li, so <Q>(\/—r) splits B p-int.

Conversely, suppose Q ( \ /—r) splits B p-,nL If 7 r satisfies X 2 + r = 

0, then 7 2 fixes some vertex u, and clearly also fixes j rv. Since p|r, 

d ist(u ,7 ru) =  1 . Thus there is an edge e joining these two vertices that 

is switched by ~/r. This edge descends on Gr(Vr) to an edge switched 

by wr.

We have a similar result for when a vertex is fixed:

P roposition  2 .4 .13 . 3 v a vertex on Gr(V) so that wr(v) = v, where 

p \ r ,  i f  and only z /Q (a /—r) splits B p-,ni.
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4. RATIONAL POINTS ON V °  DEFINED OVER K / Q p 23

P ro o f. Following the argument as above, we lift v  to a vertex y  on 

A, and we again find an element 7 r £ which fixes y.  By the same 

argument, Q ( \ /—r ) splits B p-m<.

We notice the following for V G:

O b se rv a tio n  2 .4 .14 . Suppose A"/Qp is a finite extension. Then

a) I f  f  is even, then V G{K)  ^  0.

b) I f  e is even, then V G(K)  7^ 0 i f  and only if3wd  6  G and an edge e

on G r(l/G) so that w pd(e)  =  e.

I f  e and f  are both odd, then V G( K ) ^  0 i f  and only if

c) there is a vertex v on the dual graph Gr( V G) of V G which is fixed

by wp, i.e. wp(v) =  v, or

d) there is an edge s on G r(F G) with of even length which is switched

by wp, i.e. wp(s) = s.

T h e o re m  2.4 .15 . Suppose wp £ G, and AYQp is a finite extension.

Then V G{K) ^  0 i f  and only i f

( I ) f  is even, or

(II)e is even and 3wj, £  G with p \ d  and Q (y/—pd) splits B , or

(III) 3Wd 6  G,p\d, with Q  (y/—pd) splits B P~tnt, or

(IV) B p-mt ~  B (—dip, —do), where Wd^Wd2 G G

P ro o f. I is done above. To prove II, we use b) in the observation along 

with proposition 3.4.12. Clearly, if w pd fixes an edge e on Gr(V'), then 

wp fixes the edge below e on Gr(VrG).

I ll  follows from proposition 3.4. and part c) of the observation. By

R ep ro d u ced  with p erm issio n  o f  th e  cop yrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .
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theorem 3.4.10, if we have a component fixed by wp, then it has a 

smooth point on it.

All tha t remains, therefore, is the edge situation, i.e. (d) in the obser­

vation. Suppose we have an edge e on Gr(V'G) of even length th a t is 

fixed by wp. Let s be an edge on Gr(V') above e. Then, there are two 

possibilities for s: either

(i) s has even length or wdl(s) =  s for wdl E G,

(ii) Wp(s) =  s or wp(s) =  wd2(s) for wd2 E G.

Following the argum ent in [JL3], we see that the possibilities are the 

following:

1 ) s has even length and wpci2(s) =  s

2 )  u;p ( s )  =  s ,  wdl( s )  =  5

3) wpd2(s) -  s ,w dl(s) = s.

In case 1) let 7 pd2 E M. represent wpd2. We can assume that N(7 p£f2) =  

pc/2 - If 3 lies on A  above s, we can conjugate 7 pd2 to make sure that 

lpd2(s ) =  s. Following the argument in [JLl], theorem 5.6, we get the 

condition B p-mt ~  B( — 1 ,— pd2). Reading the same argum ent back­

wards gives us an edge s of length 2  with wpd2(s) = s.

In case 2), Let ''(p, j dl E M  of norms p and di respectively, th a t rep­

resent wp and wdl so that 7 p(s) =  s and 7 dl(s = s. Then, following 

the analysis in [Ku], we see that 7p ,7jt G Q, and j d l  and 7 P • 7 d l  ■ j ~ L 

both fix s and hence, B  p~,nt ~  B ( — p, — dt ). Conversely, if the two 

quaternion algebras axe isomorphic, then we can pick 7 P and j dl with 

the above properties, and we will get s as in 2 ).

In case 3), let 7 ^  and 7 pd2 be as in the previous paragraph, we get that
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B p-mt ~  B (— pd2, —di) by the same analysis.

Pu tting  all of the above together, we get the statem ent in the theorem. 

This completes the proof.

Specialising to the case where e = f  =  1 , we have:

T h e o re m  2 .4 .16 . I f w p £ G, then V ^Q p) 7 ^ 0  i f  and only if

(a)3wd E G, p { d. with Q  ( \ / —d) splits B  ?~tnt; or

(b)~Rv~int ~  B  (—dip, —of2)j where w ^ . w ^  G G.

C o ro lla ry  2 .4 .17 . I f  G, K  are as above, and L / K  is odd. then

V G(L) = 0 i f  and only i f V G(K )  = 0
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CHAPTER 3

D ivisors and divisor classes over com pletions o f  Q

Throughout this chapter, we let V'G be as before. VVe also fix the fol­

lowing notation:

For a smooth, projective, geometrically irreducible curve C  =  C/  K  

over a field K ,  we let

Pic(C) be the K-variety of divisor classes on C,

Picd(C) the K-variety of degree d divisor classes on C

Pici (C)(Z«) the set of degree d divisor classes on C  defined over I ,  for

L / K  a field extension,

Pic££(C )(L )+ the subset of degree Pic<f(C)(L) represented by an Ir­

rational divisor.

For simplicity, we split up the completions into the archimedean and 

non-archimedean cases.

1 . P o in ts , d iv iso rs  a n d  d iv iso r  classes on  V °  over R

The real locus of V G is easy to characterise. Following Ogg ([Ogg]), 

we prove the following:

T h e o re m  3 .1 .18 . KC(R) ^  0 i f  and only i/3wd  € G so that Q (\/d ) 

splits B .

P ro o f  Suppose x0 €  Vr(3 (R) Let y0 € Vb be a point on Vb above it.

Then, since Vb(R) =  0, it is clear that r ( y 0) = Wd(yo),  where r  denotes
26
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2. THE NON-ARCHIMEDEAN CASE: DIVISORS OVER LOCAL FIELDS 27 

complex conjugation, and wj  E G. From [Ogg], it follows that (Q)(\/d) 

splits B.

The main aim of this chapter is to analyse the existence of divisors and 

divisor classes over various completions of Q. The following result is 

known classically.

T heorem  3 .1 .19 . I f  C / K  is a smooth, projective, geometrically irre­

ducible curve over a field K , then

fajPicd(C )(R )+ =  0 i f  and only i f  C{R) = 0 ,  and d is odd. 

f6JPicti(C)(M.) =  0 i f  and only i f  Pic <i(C')(R)+ =  0 and the genus g ( C ) 

is odd.

For detailed proofs, see, for example. [GH].

So, for example, when C = V G, we know that Picrf( VrG)(R )+ =  0 if 

and only if VrG(R) =  0, and we know then Picd(V'G)(R) is em pty iff 

Picd( t /G)(R )+ is.

2. T h e non-arch im idean  case: divisors over local fields

Suppose K / Q p is a finite extension, with ring of integers Ok~ and 

residue field k. Fix K j K ,  an algebraic closure with residue field k / k , 

and L C K  a finite extension with residue field I. We are interested in 

Pic<i(V'G)(A ')+ , i.e., we want to know when there are degree d divisors 

on V G defined over K . The case when p is a prime of bad reduction, 

as remarked in [JL2], is surprisingly similar to the archimedean case, 

the interchange of local invariants at p and oo relates the two.

In the case where p is a  prim e of good reduction, there is a more general 

result in [JL2].
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P ro p o s it io n  3 .2 .20 . I f  C / K  is a smooth projective geometrically ir­

reducible curve with good reduction, then Picd(C)( A')+ 0 fo r  all d.

P r o o f.(From [JL2]) Choose a regular model C / O k - If K r  denotes 

the unramified extension over K  of degree r, and kr its residue field, 

then there is some n £  Z so th a t C(kr ) ^  0 in r  >  n. Hence, by 

Hensel’s lemma, C  (K r ) ^  0 for r > n. To get a divisor of degree 1 . 

pick P £ C { K n+i) ,Q £  C (K n), then

£  =  S r € G a ((A 'n + l/A') — Y l T^G al(K n/ K )  Q T 

is a divisor of degree 1 and is clearly defined over I\ .  m ultiplying by d 

gives us a divisor of degree d defined over K.

So, in particular, if p { D = D isc(B), V,  and hence V G have divisors of 

degree 1 and hence every degree over Qp.

In the case of bad reduction, we have the following.

P ro p o s it io n  3 .2 .21 . //AT/QP, where p\D, and wp £  G, then 

Picd( V G)(K )+= 0 i f  and only i f  d is odd and V G(K)  = 0

P ro o f . Clearly V G(K)  ^  0 would mean Picd(VrG)(/\f)+ ^  0. Also, by 

theorem 3.4.15, if K 2 is the unramified quadratic extension of K , then 

V g {K2) ±  0. Hence,

^  =  Yl<reG al(K2/ K )  

is a divisor of degree 2  defined over K , multiplying by d / 2  gives us a 

divisor of degree d when d is even.

Conversely, suppose we have a  divisor Q £  Pic<f(V'G)(A ')+ with d odd. 

Then SuppC?, the support of Q is Gz.l(K/ K )  invariant, and has an odd 

number of points on it. This means th a t there is a point a £  SuppCy
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so that the orbit{ G al(K/ K ) .a}  has odd cardinality. Hence, a  must 

be in V°{L) ,  where [L : K] is odd. Now from the corollary[3.4.14], 

V G{L) ±  0 =s> V G(K) ±  0.

This leaves the case where wp E G. The following proposition can be 

deduced from [JL3].

P ro p o s i t io n  3 .2 .22. I f  wp E G, then Pic1 (VrG)(Qp)+ ^  0.

P ro o f . It suffices to show that if G = {l,znp}, then the proposition is 

true. In the case of larger G, V G is clearly a quotient of Vq / wp.

W hen G  =  {l, u;p}, we see that V G is clearly uniformised by Up, the 

p-adic upper half plane as in Chapter 3, and we get a model for V G  

over Zp whose special fibre consists of Fp- rational crossing at Fp- 

rational points. In particular, we have smooth Fpr points for any r >

2. By Hensel’s lemma, we have points over the W itt vectors W(Fpr) 

for any r  >  2. The trace to Qp of such a point gives us a divisor of 

degree r defined over Qp.

Let T>i and V 2 be two such Qp rational divisors of degree 3 and 2  , 

respectively. Then T>i —T>2 is a Qp-rational divisor of degree 1 , and 

hence P ic1 (V'G)(Qp)+ ^  0.

N o te  : Since there is no twist by wp on the special fibre described 

above, the analysis in Chapter 3 doesn’t work on this special fibre, as 

the action of wp is trivial. Hence, studying the existence of rational 

points on V G if wp E G is non-trivial, but divisors come for free.
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3. D iv isor  classes over loca l fields

As in the case of divisors, the existence of divisor classes over a given 

field is similar to the archimidean case. In [JL2], Jordan and Livne 

give criteria analogous to those in theorem 4.1.19 for V , the following 

is an extension to V G.

T heorem  3 .3 .23 . Vicd( V G){K)  =  0 i f  and only ifPicd( V G) ( K ) + = 0 

and the genus g (V G) is odd.

The proof is similar to th a t for Vb, we will use some propositions from 

[JL2], I will state them  in the form tha t we need.

Suppose L / K  is an extension, and let A(L)  =  Pic( V G)(L) /P ic (VG)(L)+. 

Also, let g = g{VG) be the genus. Then,

P rop osition  3 .3 .24 . I f  L / K  is a cyclic extension of local fields with 

V G(L) ^  0, then A (K)  is o f  orderm with m\[L : K ] and'2g—2 =  0 (mod 

m). Also, i f  A  €  PicVrC(A') generates A(K ) ,  then degA = g — 1 (mod 

m ) .

In order to prove the theorem, we need only consider I \ /Q p where p\D. 

and Pic1 (V/G) ( / \ ) =  0, so when V G(I\) =  0 and wp £ G suffices. We 

need to prove the following two assertions:

n
g (V G) odd and Pic1 (VrG)(A")+ =  0 = j> P ic 1 (VrG)(A0 =  0-

(**)

g (V G) even = *  P ic^V ^X /T ) ^  0.

P ro o f o f *. We apply proposition 4.3.24 to L = K 2, the unramified 

quadratic extension of I \ .  We know tha t V G( K 2) ^  0, assume that
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Pic 1 (Vr<3)( A') 7  ̂ 0. Then, by the proposition, m \[K2 ' AT], we have two 

cases:

(i)m =  1 . Then Pic(V'G)(A')+ =  Pic(V'G)(A '), and so, by assumption. 

P ic1 (VrG)(AT)+ 7  ̂ 0. But V G(K)  = 0, and we have a contradiction by 

proposition 4.2.21.

(ii)m =  2. Then, by proposition 4.3.24, there is a divisor ,4 E Pic( V'G)(A') 

that generates A(A') so th a t deg.4 is even. Since, by assumption. 

Pic1 (V'G)(A') 0, there is a divisor B  E  Pic( V'G)( A')+ so that A +  Z? E  

Pic1 (V'G)(A'). Since Pic1 (VrG)(K ) + = 0, B  m ust have even degree, and 

hence so must A  +  B,  this is a contradiction.

The even genus case is considerably more difficult. Once again, we will 

require some results from [JL 2 ]. Our aim is the following: we shall 

show that if the genus is even, then the class [Pic1 (VrG)] is trivial in 

the W eil-Chatelet group WC(Pic°(VrG)/A , K 2), and this will establish 

the non-emptiness of Picl (KG)(A').

We need the following notation: For an Abelian variety A / K  with 

Neron model -4, denote by $  the group of connected components of 

the special fiber. This is a Gal(fc/&) module, and hence, for any sub­

field / C k, we have this is a G al(l /k)  module. We

define W C(A/A', L), for an abelian variety A /A ': it is the group of 

isomorphism classes of principal homogeneous spaces for A/A' which 

become trivial over L. There is a natural identification of WC(A/A', L) 

with the kernel of

Res : H ^G a^A '/A '), A(A')) H 1 (Gal( A /T ), A( A')),

and if L / K  is Galois, then we have an isomorphism
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\ NC( A/ K, L)  ~  H ^G alC I/A '), A (I)) .

Further, from [Ma], there is a natural isomorphism

(I).

a  : W C ( A / K ,  L) ~  H l ( Gal (L/ K) , $[ ) .

In our situation, i.e. A  =  Pic°(VrG), we can use a result of Raynaud 

[Ray] to describe $  easily. Let £  denotes the free abelian group of 

the reduced components C i,C 2 -...Cm of the special fibre of C x k  for 

a regular model C of V G over O. We know, from chapter 2. that 

each component C,- occurs with multiplicity 1 in the special fibre. 

Also, if we assume th a t V G(K)  =  0, then clearly each of the com­

ponents Ci are moved by Frobp. Hence, £  is a  twist of Z 2n. where 

2 n = m  is the number of components in the reduction, and there 

is an action of G a l^ / f c ) =  {l,Frobp} on it. Thus, we can iden­

tify £  with In d f â 2 /̂ ( Z n). Define a linear m ap T> : £  — )■ £  by 

V(Ci )  = Cj )Cj . where Cj runs through all components, and

(C{, Cj)  is the intersection number of the components Ci and Cj if 

i ^  j ,  and (Ci,  C.) =  -  Cj).

We have the following facts:

£  is a Gal(k[k)  module. T> is Galois equivariant, deg:£ — > Z is Galois 

equivariant, where deg ( £ 3  n t-C:) =  J 2 ni- If £o =  ker(deg), then we 

have the following Gal(&/k )-equivariant exact sequences

(II).

0 — ► £ 0 — ► £ —  ̂Z — )• 0

(III).

0  — > £>(£)-> £ 0 — » $  — >0
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We have the following proposition

P roposition  3.3.25. Suppose Picd(V G)(L)+ $ for  L f  K  unramified. 

Then, the class o f  [Pic^V 0 )] E W C(Pic°VG/ K,  L) is in the image of  

the composition

H 1 (Gal(l / k ) , £ 0 ^ > W C (P ic ° (l/G)/A', L) 

P roof. For the proof, see prop 3.4 in [JL2].

Suppose we let T =  Gal(Ar2 /A:). Then, we see immediately that £  is a 

T module, and that $  is the same as $jt2. As in [JL2], we have the 

following:

Lem m a 3 .3 .26 . H^T, £ 0) ~  Z /2Z

P roof. Using the long exact sequence associated to the Galois coho­

mology for T for the exact sequence in equation I above, we get

£ r — > Z — > Hl(r ,£0) — > H 1 (T ,£ )

By Shapiro’s lemma, ([AW]), we see th a t Hl (T, £ )  ^ ( f Z 2") =  0. 

Furthermore, since £ r =  a,(C,- -f C [robp), we see that the image of

£ r  in Z is 2Z. Hence the lemma follows.

From the definition of the connecting homomorphism, we get the fol­

lowing:

Lem m a 3.3 .27. Suppose a lt a 2) ..., a n E Z  so that

a i =  1 (modi). If we let D =  then the cohomology class

o f  the 1 -cocycle defined by the map f  : T — > Co, where for r  E T, 

/ ( r )  =  DT — D generates H:(r,£0).

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



3. DIVISOR CLASSES OVER LOCAL FIELDS 34

we can. now begin to construct the proof of (**). We first need to notice 

that if we apply Galois cohomology to equation III, we get

H ^ P O C ) ) ^  Hl ( I \ £ 0) —4- H l {r , $ )

Furthermore, if we let L  =  K 2 in proposition 4.3.25, then we have the 

following the class of [PicdVG]E W C(Pic°V G/A', L ) is in the image of 

the composition

R 1(Gal(k2/ k ) , £ o a‘Ck/k2]) A  
H 1(Gal(fc2 /Ar), ^ i) ^ W C ( P i c ° ( P G)/A", K 2)

Suppose we can find a D  as in lemma 4.3.27. Then, we see tha t 7 ,  m ust 

be surjective. But since V G(K2) ^  0, using the equation above, we get 

Q([Pic1 (V'G)]) =  0. Hence, we can conclude that [Pic1(V'G)] =  0, since 

q is an isomorphism, and hence P ic1( VrG)(A') ^  0.

Hence, it is clear that all that remains is to show th a t we can find a 

D that satisfies the conditions in lem m a 4.3.27. We show this in the 

following. Since V G(K)  =  0, no vertex is fixed by wp, and hence the set 

of components is partitioned into {C,-},- and where r  =  Frobp.

P ro p o s itio n  3 .3 .28 . I f Q = J 2  . Ci, where Ci varies as above, then 

T>{Q) generates H l ( r ,£ o )-

P ro o f . By definition,

V(S)=  E  eye, +E,j(c„c;)

The first thing we notice is that

(ct-,cv) = (ci,a )  = (Cf,q)
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If we let D  =  Cj)Cj .  then T> (Q) = D — D T. This is because the

coefficient of Ci  and the coefficient of CJ  are negatives of each other, 

since

Y,1( c j , c d  =  - z , ( c j , c d -

Now, the deg(D) =  i , j (C j ,  C,), which, since (C,, Cj) — (C j , C ,) has 

the same parity  as C«')- From the above, this is the same as

J2i(CL Ci)- Now from Ivurihara’s theorem , 3.1.8, since the genus is 

even the to tal number of edges is odd, and hence , since all other edges 

must account for an even number, by wp action, the total num ber of 

edges of the form [ut-, U7p(u,)] must be odd, and hence 5 Zf-(C7 \  (?,-) is 

odd. So D satisfies the conditions of lem m a 4.3.27, and this proves the 

proposition.
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CHAPTER 4

Shim ura curve quotients w ith  odd jacob ian s

In [PSt], Poonen and Stoll showed that under the standard conjectures, 

the Shafarevich-Tate group UI(.4/A') is of the type G x G, or G x 

G x Z /2Z  for a finite group G. They also showed th a t in the case 

where A = Pic°(C) for a curve C  of genus g, the additional 2 -torsion 

element in the second case comes from the principal homogeneous space 

Pics - l (C). Following their convention, we say that A f K  is odd if 

IIl(-'4//\') ~ G x G x  Z /2Z , and even otherwise.

1. T h e  S h a fa re v ich -T a te  g ro u p  an d  th e  C asse ls -T a te  p a ir in g

In this section, we will have the following notation:

A / K  will denote an abelian variety A  defined over a global field K.

S  will denote the set of places of K , both finite and infinite

For 7T e  S ,  I\j: will denote the completion of K  at tt

T =  G a l(K /K )

FK = Gal(K7r/ K ) ,  the decomposition group at

The Hasse-YVeil local global principle relates the existence of global 

points on A, A (K )  to that of the existence of local points on A, i.e.

A(K~). The Shafarevich-Tate group III(A /K)  measures the obstruc­

tion to the Hasse-Weil principle. A formal definition of III follows.

For each prime t t  £ S,  we have a map

0 ?r : H^F, A { K ) )  — » E l ( T V, A ( K V)).

36
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Since the image of 0*- on any element is non-trivial for only a finite set 

of primes we have a map

0  : Hl(r, A ( k ) )  — * 0 ,  H ^IV , A ( K t )).

The kernel of this map 0  is defined to be the Shafarevich-Tate group 

U1{A/K).

Very little is known in general about IH(A/A'). A standard conjecture 

says that it is finite, and we usually consider HI(A/ K ) nd, the reduced 

Shafarevich-Tate group, which is just IH(A/K ) / D ,  where D is the m ax­

imal divisible subgroup of Ul(A/I \) .

From [Ta], we know that there is a  pairing

m { A / K )  x U1{A/K)  — ► Q /Z

VVe will define this pairing as done in [PSt]

Suppose a £ IH(A/A'), a £ Ul(A/K).  let X  be the principal homo­

geneous space over K  representing a. Then Pic°(AT(A~)) is canonically 

isomorphic as a T =  G al(K/ K )  module to A(A'). Hence, a can be 

considered as an element of H 1 (r ,P ic °(X (/v ))). Using the long exact 

sequence in Galois cohomology associated to

0 — )• K { X ) ' I K ~  — v Div°(A)(A') — ► P ic ° (X )(/0  — ► 0.

we can map the element a to an element b £  H2 (T, K ( X ) M/ K~) . Again, 

using the long exact sequence associated to Galois cohomology of

0  — ► K "  — >• K { X ) '  — >• K ( X y / K ~  — >• 0

we have

K 2 ( r , K ( X ) - )  —-> H2( r , K ( X ) - / K - )  — ► H3(r, A")
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Now, the H3 term  is 0, and hence the element b gives us an element 

f  £  H2(r,A'(X)-).  Then, from [Mil], it follows that locally, /*- is the 

image of an element c*. £  H2(Tr, A'“). VVe define

(a,  a)  =  X ^ i n v ^ )  £  Q /Z ,

and for A : A — > A  a polarization, (a, b)\ = (a, A6 ), and thus we get a 

pairing on IH(A/K )  x IH(A/AT).

2. The P o o n en -S to ll th eo ry  o f  odd  and even  abelian  varieties

In section 6  of [PSt], Poonen and Stoll show that the pairing (,).\, 

where A : A  — > A is a polarization, is antisymmetric. Associated to a 

polarization A, they construct a homogeneous space c which is of order 

2 in HI(A /K ) .  Furtherm ore, they show the following in corollary 7.

T heorem  4 .2 .29 . I f  U1(A/K)red is finite, then either

1 . (c, c) =  0, and IH(A/A~)red — T  x T , where T  is a finite abelian 

group, hence the order of  IH(A/A')re<j is a square; or

2. (c.c) =  1/2, and Hl(A/A’)red — Z /2 Z x T  x T, where T  is a finite 

abelian group, and hence the order o f  IH(A/A')red is twice a square.

In the first case, we say A / K  is even, and in the second case, we say it 

is odd.

In the case where A is the jacobian of a curve X  of genus g, they give 

the following criterion:

T heorem  4.2 .30 . I f  A  is the canonically polarized jacobian of a genus 

g curve X  over a global field K ,  then the element c inIH(A/A')[2] is
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Pic5 - 1X , and (c, c) =  N ( 2 E Q /Z , where N  is the number o f  places of  

tt £ S  where Picf f_ 1  X ( K V)+ =  0.

We call the tt E S' deficient for the curve X  iff Pic3 ~l (-Y)(/v-)+ =  0

3. Shim ura curve q u otien ts w ith  odd jacob ian s

In [JL3], Jordan and Livne constructed the first known family of non- 

hyperelliptic curves with genus going to infinity, all of whose jacobians 

are odd. The family they construct is a family of quotients of Shimura 

curves. They used curves coming from quaternion algebras whose dis­

criminant is the product of two primes pq. By setting up appropriate 

congruence conditions on p and q, they showed that Vb(pq)/wq has odd 

jacobian over Q.

E xam ple 4 .3 .31 . pB^gsj/^i? has odd jacobian.

In order to decide which quotients V’G/Q  of a Shimura curve Vb can 

have odd jacobian, we will use the Poonen-Stoll criteria. Clearly, we 

need to count the num ber of places p\D at which Pics - I ( VrG)(Q p) + =  0. 

We know that Pic2 (Vr<3 )(Qp)+ ^  0 for every place p (see proposition 

4.2.21).Clearly we can have Pic3 - l ( l /G)(Qp)+ =  0 only if g — 1 is odd, 

and then we need to look for places p where Pic1 (VrG)(Qp)+ =  0. Now, 

by proposition 4.2.21, we know that Pic1(V'G)(Qp)+ =  0 if and only if 

V ^Q p) =  0 when wp £ G and P ic 1(KG)(Qp)+ ^  0 otherwise. There­

fore, we have the following

O bservation 4 .3 .3 2 . V G has odd jacobian i f  and only the genus g ( V G) 

is even and the number of  places p so that Pic1(VrG)(Qp)+ =  0 is odd.
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The first thing we need to do is figure out when the genus of V G is 

even. The Eichler mass formula tells us the genus of Vb:

(4.3.33)

9(vB)=i+jr2 n 0--D-J n n
p \D isc{B ) p |D i3 c (B ) p \D isc(B )

To get to the genus of V G, we need to use the Riemann-Hurwitz

theorem. Recall that if we have two curves X  and Y . and Y  covers X  

by a degree d map, then

(4.3.34) g ( Y ) = d g ( X ) - i +  1 +
i

, where e, are the ramification degrees of the ramification loci.Hence,

9 iX)  + d - l  ei(4.3.35) g( X)  =
d 2d

L e m m a  4.3.36. g (V G) is even only if  [Wb : G\ < 2.

P ro o f . Clearly the degree of the quotient map from Vb to V G is just 

the order of G. If DiscB is divisible by N  primes, then Wb  =  2 iV, and 

so jG  =  2n, where G is generated by n involutions. Hence, clearly,

(4.3.37) g (V ° )  =  9(Vb)  +  2" ~  1 -  & £

Now, the ramification locus of the quotient map is easy to describe: it
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is clearly the set of fixed points for the involutions wj  E G. we have

(4.3.38)

„r\rG\ g(VB)+'2n — 1 1 I \
g (V ) = --------   2 _.

l^Wd€G

where e{wj )  denotes the number of fixed points of the involution Wd on

Vi*.

Now, in proposition 2.4.5, we studied exactly the num ber e(wd), and 

we saw that it is divisible by 2^. Therefore, if n <  N  — 2, e ( w d ) / 2n+l

is even always. Hence, for n < N  — 2, V G can be even only if (giVs)  +

2 " — l ) / 2 n is even, or (<7(Vg) — l ) / ( 2 ” ) is odd.

The analysis proceeds as follows:

(4.3.39)

£̂ = i 2iF( n (p-d-3 n a-(y»-4 n <*-(
p \D iscB  p \D iscB  p\D iscB

(4.3.40)

n (p-d-3 n d-(v»-4 n
p\D iscB  p \D iscB  p \D iscB

Clearly all three product terms are divisible by 2 jV, and hence if n <  

N  — 3, clearly (9(Vb ) — l ) / ( 2 n) is even (an extra factor of 2 remains in 

the numerator), and hence g (V G) is odd.

In the case n =  N  — 2, we look at 2 possibilities:

1 ) One of the primes p|DiscB is of the form At +  1 . Then, clearly 

( 1  — ( ^ ) )  =  0 , and so all tha t remain axe the first and third product 

terms, both divisible by 2JV+1. Hence, again g (V G) turns out to be odd.
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2) If all the primes p|DiscB are of the form At +  3, then the first two 

product term s are exactly divisible by 2^ , but not by 2 iV+1. Hence, 

their sum is divisible by 2 jV+1, the third product term  is always divisible 

by 2 iV + 1  and again g ( V G) turns out to be odd. This proves the lemma.

Now th a t we know which subgroups can give even genus curves, we 

need to elim inate the ones which have points at every completion 

of Q. The case of n = N  is easily eliminated- Notice that when 

n =  N,  G = W b - Hence, G contains wv for all primes p|DiscB. 

Thus, Pic1 (V'G)(<Q>p)+ 7^ 0, by proposition 4.2.22. Now, to check if 

F G(R) 7^ 0, we use theorem 4.2.18, clearly if D =D iscB . wd satisfies 

the conditions of the proposition. Thus P ic1 (V,G)(Qp)+ ^  0 for all 

primes p <  oo, hence V G has even jacobian.

This reduces the set of possible quotients V G to those with G C Wb of 

index 2. The argum ent in the previous section generalizes easily, and 

we get the following theorem

T heorem  4 .3 .4 1 . The curve V G/ Q  of genus g has odd jacobian only 

i f  the index o f  G in Wb is 2, and wp £ G, where D =  DiscB.

P ro o f . The first part of the theorem follows from all of the above, 

what remains is to show that V G cannot have odd jacobian if wq E G. 

Clearly if wd £  G, then VG(R) ^  0, and hence Pic1( V'G)(R )+ ^  0, and 

Pic3-1( VrG)(R )+ 7^ 0. This takes care of the case p =  oo.

If p is a finite prim e, then we just need to check in the cases where 

p| DiscB. If wd €  G, we know that V ^Q p ) ^  0Vp <  oo. Thus 

Pic5 - 1(VrG)(Qp)+7^ 0 Vp < oo. By the observation 5.3.32, VG must 

have even jacobian. This completes the proof of the theorem.
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The next chapter deals with generating examples of quotients with 

odd jacobians. I calculate a certain set of examples in the case where 

N  =  4, and extend the set of families in [JL3] in the case N  =  2. I also 

define an invariant N ( l / G) which takes in a V  and G and produces an 

integer , which has the property that V G has odd jacobian if and only 

if N (V G) is odd.
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CHAPTER 5

Fam ilies o f  quotients w ith  odd jacob ian s

I will outline the construction of two families of curves w ith  odd ja ­

cobians. One of these families is constructed from Shim ura curves 

whose discriminant is a product of two primes, and the second family 

is constructed form Shimura curves with discriminant a product of four 

primes.

1. F am ilies fro m  B (pq)

To construct families of odd quotients, I will use theorem 5.3.41. I will 

also frequently use Basse’s theorem to check if a particular quadratic 

field splits a given quaternion algebra.We will construct our families of 

curves by forcing congruence conditions on the primes dividing D. 

Suppose we let D  =  p ■ q, where p and q are odd primes. Furtherm ore, 

let

a) p =  5 (mod 8):

b) <7 =  3 (mod 4);

c) (?) = 1

Since N  =  2, the only possible index 2 subgroups in Wb  a re  (l,u?p), 

(1, wq), (1, wpq). Clearly, from theorem [5.3.45], the third subgroup is 

not “good” , we let G =  (l,ur9). We let V  =  Vb, where B  is ramified 

exactly at p and q, and consider V G. From observation 5.3.32, we need
44
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to count the num ber of places r  in p, q, oo so th a t P ic1(VrG)(Qr )+ =  0.

(i) r =  oo. Since ( - )  =  +1, doesn’t split B . Hence, by theorem

4.1.18, F G(R) =  0, and hence Pic£f(VG)(R)+ =  0

(ii) r  =  q. By lem m a 4.2.20, clearly Pic1(VG)(Q9)+ ^  0.

(iii) r = p. We use proposition 4.2.21, and see th a t we need to check if 

V G(QP) #  0.

We observe that B p-int ~  B (— p, —q), because ( ^ )  =  —1, and ( ^ )  =  

+1. Now, by theorem  3.1.16, VrG(Qp) ^  0, and hence so is Picd( I/G)(QP)+ 

for any d.

From the formula in 5.3.38, we have

(5.1.42)

a(VG) =  1 + ~  l)(g  ~  1) ~  16 e ^ )
24 4

If -3 is not a residue modulo either p or q. and

(5.1.43) g (K c ) =  l +  ^ ^ - I ) + ^ f i >

otherwise, where e(wq) is the number of fixed points of wp on V. Since 

(y .)  =  +1, Q ( \ /—q) doesn’t split B, and hence, by corollary 2.4.4, 

e(wp) =  0. By the congruence conditions on p and q , clearly g (V G) is 

even.

Now, V G has even genus, and has divisors of degree g ( V G) — 1 over all 

completions of Q excepts for R. Thus, by the Poonen-Stoll criterion, 

V G has odd jacobian.

E x a m p le  Let p =  5, q =  11. then p and q satisfy the  consitions listed
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above, and hence Vb(5 5 ) / ^ u  has odd jacobian. This curve has genus 

2, and is clearly the smallest genus curve tha t we get using the above 

constuction.

E x a m p le  let p =  13, q =  23, then p and q work as above, and we have 

Vb(2 9 9 )/u>2 3 , which has genus 12, has odd jacobian.

E x a m p le  Let p =  13, q =  3, then Vb(39)/w 3  has genus 2 and odd 

jacobian.

From the formula for the genus of V G. clearly we can produce curves 

of aribitarily high genus with odd jacobians.

2. F am ilies  fro m  B(pqr.s).

As in the previous section, We will force congruence conditions on the 

four primes, and this will give us the families with odd quotients. Let 

B  be ramified at four primes, p, q, r ands, and let

a)p =  r  =  s =  3 (mod 4);

b)q =  5 (mod 8);

c)(f)  =  (*) =  (?) =  -!;

d)(f) = (f)  = (5) = +l.
Let V  =  Vb, and let G be the subgroup of W& generated by <

wp,w q,w r >. Then G is clearly of index 2, and does not comtain

wpqrs, hence V °  potentially has odd jacobian. We show th a t it does:

(i)Clearly Pic1(V'G)(Qp)+ ^  0, P ic1(V'G)(Q ,)+  ^  0, Pic1(VG)(Qr )+ ^  

0, by proposition 4.2.22, and hence p, q, r cannot be deficient for V G.
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(ii)V’G(K.) 0, because Q (y/p) splits B , and hence oo cannot be defi­

cient for V G.

(iii)Vr<3(Qs) =  0 This is easy to see, because the conidtion in theorem 

3.4.16 fails for every try  of di.d2 €  G. So r  is deficient for V ° .

Now for the genus of V G: from the formula in 5.3.4S, we have

(5.2.44)

/ y G - j  __ ^ _L n n = p , g , r , s ( n  ^  I " I n = p ,( j , r , s ( ^  ( t O ) X ^ u ;d e G
g[ ) -  gg i6

Now, clearly, the numerator in the first fraction is divisible by 32 but 

not 64, and hence the fraction is odd. I claim that the second fraction 

is 0, and hence the total is even.

To show that e{wd) =  OVu^ £ G , we just check that Q ( \ /—1d) doesn't 

split B  for each eligible d. This is easy to do.

Hence g (V G) is even, and it has exactly one deficient prime. So, by the 

Poonen-Stoll criteria, its jacobian is odd. Simple examples are

Exam ple. Let p =  7,g =  5 ,r  =  l l , s  =  79. Then, p ,q ,r ,s  satisfy the 

conditions above, and so V G, which has genus 196, has odd jacobian.

E xam ple, let p =  107, q =  5, r  =  11, s =  19. Then, by the above. 

g{VG) =  796, and the jacobian of V G is odd.

3. The invariant N(VrG)

We define an invariant N(17G) which has the following property: N( V G) 

is odd if and only if V G has odd jacobian. This invariant is easy to
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calculate, and using this, we can calculate all shimura curve quotients 

with odd jacobians. In the next section, I give the code for a program 

which calculates all quotients of V  which have odd jacobian.

To define N (V G), we need to define the deficiency term s np. where p 

varies through primes of bad reduction and oo.

Fix D = pi • p2  •... • pin, the discriminant of the given quaternion algebra, 

and let V  be the corresponding Shimura curve. Let G be a subgroup 

of the Atkin-Lehner group.

We observe the following:

Q  (y /—d) splits B  if and only if the quadratic residues

(5.3.45) { - ) ^ l V p \ D
P

th a t is,

(5.3.46) I F 1 - ^ ) ) ^ 0'
p \D  P

Thus, there exists Wd £ G so th a t Q ( \ / —d) splits B if and only if

(5.3.47) E t l l H - t - ) ) # 0
u/dGG p \ D  P

Thus, if we define

(5.3.48) » ~ =  £  ( I F 1 - ( ; » )
u/ d€G p\D

the Uqq =  0 if and only if ! /G(K.)= 0. Hence, n ^  is a m easure of the 

deficiency of V G a t oo.

Similarly, for each prime of bad reduction pt-, we define

nPt =  1 if wPi £  G
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n P. =  n p, +  n l t V>Pi £  G

where

(5.3.49) E  ( n  t1 -
uid €G ,p\d  q \D /p

and

(5.3.50)

—̂' p a q
wd l ,uid2€G ,D \d id2p,p\d2 q \D /p

Then, np = 0 if and only if ra* =  n p = 0, i.e., no component nor edge can 

give a IFP rational point. Thus,np =  0 if and only if P ic1VrG(Qp)+ =  0 

for p = pi or oo. To define the invariant N (V’G), we need to check how 

many np's are 0, these are the deficient ones, and measure the parity. 

Clearly, 2”p is odd if and only if np is 0, i.e., P ic1VrG(Qp)+ =  0. Hence. 

7% 2np is odd if and only if the number of places where V'G is deficient 

is odd.

To meet the Poonen-Stoll criteria, we only need to make sure when 

g{vG) is even, we can thus define

N  ( V G) = (g{VG) +  1)(7ZP 2n?) where p  varies through pt- and oo. Thus 

V G has odd jacobian if and only if N(VrG) is odd, by the Poonen-Stoll 

criteria.
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quotients

/*

Author: Florian Lengyel, Srinath Baba 

Date: Sun, 07 Mar 1999 20:41:17 -0500 (EST)

Generate subgroups of index 2 in Z2(+) ... (+) Z2 

Associate a prime with each summ and...

/
/*  Create em pty set of index 2 subgroups of Z2(+) ... (+ ) Z2 that do 

not contain the vector [1,1,1,1],

/
SetOfSubgroups =  Set();

/*
Step 1: subgroup enumeration. Enum erate subgroups by enum erat­

ing triples vl,v2,v3 of bit vectors modulo 2. Create the m atrix m =  

(v l,v 2 .v 3 ,[l,l,l,l])  and verify tha t rank(m ) =  4. If so, compute the 

group G generated over Z2 by vl,v2,v3. G is represented in PARI as a 

set of stringified bit vectors, which are sorted in ascending lexicographic 

order by default. Once G is created, G itself is stringified and added 

the union of the set of stringified subgroups of the direct sum. The set 

union operation ensures that exactly one copy of G is enumerated in 

the set of subgroups, even if G is generated by several Z2-bases.

50
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The reason for the data  conversion is to take advantage of PARFs lexi­

cographic ordering of sets of strings to represent groups, which obviates 

the need for sorting, and to use set union to  eliminate duplicate groups. 

/
for ( i =  1,14, 

for ( j =  i+1, 14, 

for (k =  j+ 1 , 14, 

m  =  M od(matid(4),2);

m [l, ] =  M odtvecextrac^binary^lG +iy^.-S”), 2); 

m[2, ] =  M od(vecextract(binary(16-fj),”2..5”), 2); 

m[3, ] =  M od(vecextract(binary(16+k),”2..5” ), 2); 

m[4, ] =  M od(Vec([l,1,1,1]), 2); 

if (m atrank(m ) = =  4,

SubGroup =  SetQ; 

for (a -  1,7, 

v =  0 * m [l, ]; 

for (b =  0, 2, 

if (bittest(a, b) = =  1, 

v + =  m [b+l,];

); 

);

SubGroup =  setunion(SubGroup, Set(Str(v)));

);

SetOfSubgroups =  setunion(SetOfSubgroups, Set(Str(SubGroup))); )

)
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)
)
nGroups =  length(SetOfSubgroups);

w xitel(out,”N um ber of subgroups: ” ); w rite l(out, nGroups); 

print();

Prim e Vector =  [7,5,11,79];

w ritel (out,“ List of primes: ” ); vvritel (out,Str( Prim e Vector)); 

write(out, );

/*  compute the preGenus (part that depends only onthe given primes) 

/
a =  1; 

b =  1; 

c =  1;

for (i =  1, 4, 

a *=  PrimeVector[i]-l; 

b *= 1 - kronecker(-3,PrimeVector[i]); 

c *=  1 - kronecker(-4,PrimeVector[i]);

)

preGenus =  1 +  (a -3*c -4“b)/96;

r
Step 2: genus sum  computation.

This is where we need to unquote (more precisely, evaluate) 

a subgroup encoded as a stringified vector of stringified 

mod 2 bitvectors. Two levels of unquoting are required, the
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first to recover the subgroup as a list of quoted bit vectors, 

the second to recover an individual bitvector.

FL

/
dVector=vector (7,i ,0); 

for (i =  1,nGroups, 

nO =  1:

nInvariant=vector(4,l, 1);

GenusSum =  0; 

e =  vector(7,i,0); 

eGenus =  0; 

for (j =  1,7,

BitVector =  eval(eval(SetOfSubgroups[i])[j]); 

d =  1;

for (k =  1, 4,

if ( BitVector[k] = =  1,

d *= PrimeVector[k];

)•:

);

kronprod= 1; 

for (k =  1, 4,

kronprod *=  l-kronecker(-d,Prim e Vector [k])

);

if (kronprod==0,

e[j] =  0;,

h =  kronprod*qfbclassno(quaddisc(-d));
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if (d

e[j] =  h;

);

print l ( ”e[” ); 

print 1(d); 

print 1( ”]= ” );

Print( e[j]); 

eGenus + =  e[j]; 

kron= 1; 

for (k =  1, 4,

kron *=  l-kronecker(d,PrimeVector[kj)

);

if (kron != 0, n0=0); 

for (k =  1, 4,

if (PrimeVector[k] = =  d, nlnvariant[k]=0)

);

for (k =  1, 4, 

if (nlnvariant[k] = =  1,

if (d

kron =  1; 

for (kk =  1, 4, 

if (kk != k,

kron *= 1- kronecker(-PrimeVector[k]*d,PrimeVector[kk]) ;

); 

);
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if (kron != 0, nlnvariant[k] =  0;);

); 

);

);

dVectorjj] =  d;

);

bigD =  1;

for (k =  1, 4,

bigD *= PrimeVector[k];

);

for (k =  1, 4, 

if (nlnvariant[k] = =  1, 

for (a =  1, 7, 

for (b =  1, 7, 

d l =  d Vector [a]; 

d2 =  dVector[b]: 

p =  P rime Vector [k]; 

if ((a != b) ( ( ( d l * d 2 * p )

if (hilbert(-p*dl,-d2,p) != -1,

allnegl =  1;

for (kk =  1, 4,

if (kk != k,

q =  Prim e Vector[kk];

if (hilbert(-p,cdl,-d2,q) != -1.

allnegl =  0 ;

);
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); 

);

if (allnegl = =  1, 

nlnvariant[k] =  0;

);

)

)

)

genus =  preGenus - eGenus/16;

w rite ^ o u t/’genus for group ” ); w rite l(out, i); w rite l(ou t, ” =  ” ): 

write(out, genus);

w ritel(out, ”n[0] =  ” ); vvrite(out, nO); 

parity =  nO; 

for (k =  1, 4,

w ritel(out, ’’np’); w ritel(out, k); w rite l(out, ”] =  ” ); 

write(out, nlnvariantfk]); 

parity + =  nlnvariant[k];

);

w rite l(out,”parity  =  ” ); write(out, parity 

w rite(out,” ” );

)
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Our conventions are:

If List of primes: [p. q, r, s], then 

group 1 =  <  q .r .s  >; 

group 2 =  <  p ,r , s  >; 

group 3 =  <  p ,q ,s  >; 

group 4 =  <  pq,pr,s  >; 

group 5 =  <  p, q, r >; 

group 6 =  <  p q ,ps .r  > ; 

group 7 =  <  q,pr,ps >: 

group 8 =  < p. qr, qs > .

n[0] (resp. n[l], n[2], n[3], n[4]) =  1 if and only if oc (resp. p .q .r .s )  

deficient.

List of primes: [191, 61, 347, 59]

genus for group 1 =  2383053

n[0] =  0 n[l] -  0 n[2] =  0 n[3] =  0 n[4] = 0

parity =  0

genus for group 2 =  2383029

n[0] =  0 n[l] =  0 n[2] =  1 n[3] =  0 n[4] =  0

parity =  1

57
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genus for group 3 =  2383070 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  0

genus for group 4 =  2383046

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] = 0

parity =  0

genus for group 5 =  2383052, ODD CURVE!! 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] = 1 

parity =  1

genus for group 6 =  2383076

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 7 =  2383035

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] = 1

parity =  1

genus for group 8 =  2383059

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

List of primes: [137, 113, 29, 149]

genus for group 1 =  657459

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0

parity =  1
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genus for group 2 =  657496 

n[0] =  0 n[l] =  0 n[2] =  1 n[3] =  0 n[4] =  0 

parity =  1

genus for group 3 =  657496

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  1 n[4] =  0

parity =  1

genus for group 4 =  657459

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 5 =  657418 ODD CURVE!!! 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  1 

parity =  1

genus for group 6 =  657351

n[0] =  0 n[l] =  0 n[2] =  0 n[3] -  0 n[4] -  0

parity =  0

genus for group 7 =  657351

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 8 =  657418

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

List of primes: [277, 281, 97, 73]

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



A P PE N D IX  B - SOME RESULTS FROM THE PROGRAM  

genus for group 1 =  5564093 

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  1

genus for group 2 =  5564109

n[0] =  0 n[l] =  0 n[2] =  1 n[3] =  0 n[4] =  0

parity =  1

genus for group 3 =  5564112 ODD CURVE!!! 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] = 1 n[4] =  0 

parity =  1

genus for group 4 =  5564090

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 5 =  5564090 ODD CURVE!!! 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  1 

parity =  1

genus for group 6 =  5564112

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 7 =  5564109

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 8 =  5564093

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0
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parity =  0

List of primes: [179, 181, 307, 277] 

genus for group 1 =  28187039 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0 

parity  =  0

genus for group 2 =  28187044

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity  =  0

genus for group 3 =  28186495

n[0] =  1 n[l] -- 0 n[2] = 0 n[3] =  1 n[4] =  0

parity =  0

genus for group 4 =  28186452

n[0] =  0 n[l] =  0 n[2] = 0 n[3] -- 0 n[4] =  0

parity =  0

genus for group 5 =  28187092

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity  =  0

genus for group 6 =  28187155

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 7 =  28186404
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APPENDIX B - SOME RESULTS FRO M  THE PROGRAM  

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  0

genus for group 8 =  28186379

n[0] =  1 n[l] =  0 n[2] =  0 n[3] =  1 n[4] =  0

parity =  0

List of primes: [5. 19, 11, 107]

genus for group 1 =  773

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 2 =  796 ODD CURVE!!!

n[0] =  0 n[l] =  0 n[2] — 1 n[3] =  0 n[4] =  0

parity — 1

genus for group 3 =  783

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  1 n[4] =  0

parity =  1

genus for group 4 =  774

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 5 =  796

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0
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APPE N DIX  B - SOME RESULTS FROM TH E PROGRAM  

genus for group 6 =  773 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  0

genus for group 7 =  774

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 8 =  783

n[0] - 0 n[l] =  0 n[2] =  1 n[3] — 1 n[4] — 0 parity  =  0

List of primes: [5, 19, 23, 31]

genus for group 1 =  478 ODD CURVE!!! 

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  1

genus for group 2 =  496

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 3 =  484

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 4 =  466 ODD CURVE!!! 

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  1
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A PPE N D IX  B - SOME RESULTS FROM THE PROGRAM  

genus for group 5 =  492 

n[0] -= 0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  0

genus for group 6 =  474 ODD CURVE!!! 

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  1

genus for group 7 =  470 ODD CURVE!!! 

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  1

genus for group 8 =  4S8

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] = 0

parity =  0

List of primes: [3, 7, 11, 13]

genus for group 1 =  14

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 2 =  14

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 3 =  13

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0
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A PPE N D IX  B - SOME RESULTS FROM THE PROGRAM  

genus for group 4 =  13 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0 

parity =  0

genus for group 5 =  16

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 6 =  12 ODD CURVE!!! 

n[0] = 0 n[l] =  0 n[2] -= 0 n[3] =  0 n[4] =  1 

parity =  1

genus for group 7 =  15

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 8 =  11

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  1

parity =  1

List of primes: [7, 5, 11, 79]

genus for group 1 =  196

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 2 =  182

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0
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genus for group 3 =  187 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  1 n[4] =  0 

parity =  1

genus for group 4 =  177

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

genus for group 5 =  196 ODD CURVE!!! 

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  1 

parity =  1

genus for group 6 =  182

n[0] =  0 n[l] =  0 n[2] = 0 n[3] =  0 n[4] =  0

parity =  0

genus for group 7 =  187

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  1 n[4] =  1

parity =  0

genus for group 8 =  177

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

parity =  0

List of primes: [1109, 757, 449, 953] 

genus for group 1 =  3721389569 

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0

parity =  1
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A PPE N D IX  B - SOME RESULTS FROM T H E PROGRAM  

genus for group 2 =  3721388069 

n[0] =  0 n[l] =  0 a [2] =  1 n[3] =  0 n[4] =  0 

paxity =  1

genus for group 3 =  3721386897

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  1 n[4] =  0

paxity =  1

genus for group 4 =  3721383241

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0

paxity =  1

genus for group 5 =  3721389527

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  1

paxity =  1

genus for group 6 =  3721385715

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0

parity =  1

genus for group 7 =  3721384717

n[0] =  0 n[l] =  1 n[2] =  0 n[3] =  0 n[4] =  0

parity =  1

genus for group 8 =  3721383769

n[0] =  0 n[l] =  0 n[2] =  0 n[3] =  0 n[4] =  0

paxity =  0
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