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Chapter 1
INTRODUCTION

e W, algebra and its so-called classically contracted wo, algebra appeared
recently in various problems in physics, in particular in the study of ¢ =1
string theory [1] and quantum Hall system [2], [3]. The gauge theory based on
these algebras also appeared in these studies [4], [5]. In fact the same algebras
and the gauge theories based on them had been proposed previously as the
theories [6], [7], [8] relevant to the large N limit of SU(N) gauge theories [9].
But it seems to us that not enough studies have been done to differentiate
the formal and dynamic aspect of Wy, and we theories. In view of the
recent developments we study in this chapter this subject as systematically
as possible by using the technique developed in the study of quantum Hall
system [2], [5].

The W, algebra is a commutator algebra of Hermitian operators of one
harmonic oscillator [10]. It is an infinite-dimensional Lie algebra. If we choose
a set of linearly independent real function of z and Zz as the parameters of
W group, the structure constants of the algebra are expressed in terms of

Moyal bracket [11]. Replacing the Moyal bracket by a Poisson bracket we de-

1
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fine the wo algebra. It is an algebra of area-preserving diffeomorphisms. As
an introduction we discuss this issue in section 2.1 together with the so-called
classical contraction procedure by which the W, algebra is transformed to
the wo, algebra.

W gauge theory is a gauge field theory of Wy, as an internal symmetry
algebra. The W, gauge potential is a space-time dependent Hermitian opera-
tor of harmonic oscillator. In the coherent state representation it is a function
of z, z, which we call the color space coordinates, and z* (u = 1,2,...d),
the space time coordinates. Thus, we can express the W, gauge theories
in terms of d + 2 dimensional local fields. The interactions of the fields are
necessarily non-local in the color space in W, theories, but they are local
in we, theories. In section 2.2 we define W, theories as d + 2 dimensional
field theories with non-local interactions and we, gauge theories as d + 2 di-
mensional local field theories. Since the W, algebra is closely related to the
weo algebra, the gauge theories based on these algebras may also be closely
related. In order to see the relationship at classical Lagrangian level, we
introduce the  — 0 contraction procedure by which we derive the ws, gauge
theories from the corresponding W, gauge theories. The procedure consists
of the introduction of a length scale [ in the color space, an appropriate scale
transformation of the fields, and the [ — 0 limit. In this section we also
introduce matter fields analogous to the quark fields and the Higgs fields.

The W, algebra can be considered as an N — oo limit of the SU(N)
algebra [10]. Therefore, the W, gauge theory or its variation we gauge the-
ory [7], [12] might be used for the large N gauge theory. Since the wo, gauge
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theory is a local theory and much easier to be handled, it is important to
determine whether this theory can serve for the large N gauge theory or
not. For this purpose we solve d = 1 gauge theory of scalar field exactly in
section 2.3, which reveals also the quantum mechanical relationship between
the W, theory and the wq, theory. In d = 1 exists only the time component
of the gauge potential and the pure gauge theory is trivial but it constrains
the states of scalar field to be gauge invariant. The W, theory becomes es-
sentially N = oo limit of d = 1 gauged matrix model. On the other hand the
wo, model becomes an infinite number of non-interacting quantum mechan-
ical systems. We use the collective field method [13] to solve these theories.
The spectrum of these two theories are in general different and coincides with
the N = oo limit of SU(N) theory only for W, model. Based on this result
we conclude that W, gauge theory can but we gauge theory cannot serve

for the purpose of large N gauge theory.

o In chapter 2 we develop the general formalism for constructing We gauge
theories. In chapter 3 we propose gauge invariant observables for these the-
ories - W, Wilson loops. We solve W, two dimensional Yang-Mills on
the cylinder exactly. After appropriate coupling constant renormalization
(g?°N = g? - fixed, N — oo, where N is the volume of the color space) so-
lution agree with N — oo limit of SU(N) Yang-Mills [20]. This theory is

equivalent to a W, one-dimensional unitary matrix model.

¢ Random matrix theory was originally introduced by Wigner and studied
in detail by Dyson and Metha to investigate statistical properties of energy
levels of heavy nuclei [25]. It has been applied to various fields recently such
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as quantum chaos [26], quantum dots or 2d discretized gravity [27]. It has
also been applied to quantum transport problem of mesoscopic wires reviewed
in [28].

In the above mentioned contexts universal behavior of correlation func-
tions of eigenvalues has been discussed. There are two types of universali-
ties, one for a short distance behavior (where correlation functions oscillate
rapidly) [30] and the other for a smoothed correlator of distance scale larger
than the rapid oscillation [31]. In chapter 4 we study the latter universal
behavior of correlation functions.

The universal large scale behavior of density correlation functions was
pointed out by Brézin and Zee who stressed its importance in disordered
systems though it was already derived by Ambjorn, Jurkiewicz and Makeenko
[32] in the context of 2d discretized gravity. They considered a random matrix
theory for large matrices M, whose statistical weight is given by

% e~ NV (M) (1.1)

and showed that, in the large matrix limit, the connected two point correla-
tion function of density of eigenvalues (p(z)p(y)). has a universal form which
has no explicit dependence on the potential V. For a symmetric potential it
is

1 a®—-zy

T 2r2A\(z —y)? \Kaz — 2?)(a? — y2)

where a and —a are the end points of the density distribution and A =

(12)

1/2,1,2 corresponding to orthogonal, unitary or symplectic ensembles (see
Appendix C, page 62). This universal form has been calculated in various
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methods [32], [31], [33], [34], [37]. and its 1/N corrections were also studied
for general ensembles [32], [35], [36].

Physical implication of this universality to the universal conductance fluc-
tuation of mesoscopic wire is discussed in a recent review by Beenaker [28].
Universality here means that fluctuation of conductance §G in a metallic
regime is of order e?/h, independent of sample size or disorder strength.
This strong suppression of conductance fluctuation was first pointed out by
Altshuler [38] and Lee and Stone [39]. Also, when magnetic field is applied,
variance (6G)? of the conductance decreases exactly by a factor of two com-
pared to the fluctuation without magnetic field. The system can be modeled
by random matrix theory for the transmission matrix [28]. Since the variance
of conductance is proportional to the connected density-density correlation
function, the above universality of conductance fluctuation is mapped to the
universality of correlation functions in random matrix theory. Looking back
to the equation (1.2), first it is O(N°) and independent of the system size (N)
or details of disorder (V). Next it decreases exactly by a factor of two when
magnetic field is applied () is changed from 1/2 to 1 by applying magnetic
field.) It is quite nice that such a simple model as the random matrix theory
can explain some of important features of complicated systems.

Since the main guiding principle of random matrix theory is randomness
and symmetry, it is natural to ask whether this universality still holds for
a more general ensemble which is invariant under symmetry rotation. Sim-

ple generalization of the potential (1.1) is to add products of traces to the
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statistical weight of matrices;

—e

1 —NaV(M)-aw:(M)aWs(M)
Z e (1 '3 )

This ensemble is invariant under M — UMU ' where U is an orthogonal,
unitary or symplectic matrix correspondingly. The ensemble with this gener-
alized potential was studied in [40] in the context of 2d gravity. Universality
in this ensemble was discussed by [41], [42]. Brézin and Zee [41] argued that
this model is equivalently described by an ensemble with an effective single
trace potential V.ss and concluded that the universality still holds.

In chapter 4 we study this generalized ensemble and obtain density of
eigenvalues and its correlation functions explicitly. In section 4.1, we review
a collective field theory approach to an ensemble with a single trace potential
and show how the universal behavior of correlation functions emerges. In
section 4.2, we generalize it to an ensemble with a multi trace potential
(containing products of two traces). We show that the universality is broken
and the correlation function is no longer universal in the strong sense. Finally
in discussion, we analize why the argument by Brézin and Zee [41] does not
hold for correlation functions.

In Appendices A to C we prove useful formulas.
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Chapter 2

Woo AND woo GAUGE
THEORIES AND
CONTRACTION

We present a general method of constructing W, and we, gauge theories in
terms of d + 2 dimensional local fields. In this formulation the W, gauge
theory Lagrangians involve non-local interactions, but the we theories are
entirely local. We discuss the so-called classical contraction procedure by
which we derive the Lagrangian of we gauge theory from that of the cor-
responding W, gauge theory. In order to discuss the relationship between
quantum W,, and quantum we, gauge theory we solve d = 1 gauge theory
models of a scalar field exactly by using the collective field method. Based on
this we conclude that the W, gauge theory can be regarded as the large N
limit of the corresponding SU(N) gauge theory once an appropriate coupling

constant renormalization is made, while the w,, gauge theory cannot be. !

1These results have been published in [18]
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2.1 W, and w, Algebra.

We define the W, algebra as a commutator algebra of all Hermitian opera-
tors £(&,4') in the Hilbert space of a harmonic oscillator [2]. A convenient
parametrization for these operators is achieved by using a real function § (2,2)
as

£(a,4") = (2, 2)l s 1 = [ P2e(2)¢(z, 2)al, (21)
where at and & are standard creation and annihilation operators [17] and
t f stands for the anti-normal-order symbol, i.e., all the creation operators
stand to the right of the annihilation operators. The last expression (2.1) is
in the coherent state representation (see Appendix A, page 58). Obviously
the product of two ¢’s is not anti-normally ordered and we bring it to the
anti-normal-order form by using the commutation relation [4,af] = 1. We

obtain (see A.5)

66,8068 = 13 TG AN6E DL @)
from which the following commutation relation follows
6406, ), (6 1] = i€, 636, 8, (23)
where {&1,6} is a Moyal bracket [11] defined by
L6, 6He0) =15 (026, 86 ) - T D%6(2). (24

The commutation relation (2.3) is that of the W Lie algebra in the fun-
damental representation. The W, is an infinite-dimensional Lie group with
parameters being a set of linearly independent real functions &(2,2z). The
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generators of W, are the linear functionals of {(z,2). Thus we write for

arbitrary representation:

[plé1], pléall = in[{€1, &2 B, (25)

where p is the generator of W, group.
The Lie algebra of wo, , the area-preserving diffeomorphisms, is defined

by the commutation relation

[pl&1], pl&2]] = ({61, &}, (2.6)

where {&1,6}(2,3) = —i (6,{1(:;, 5)0:6x(2, Z) — Osta(2, 2)0,a(z, 2)) is the
Poisson bracket.
It is well known [2] that one can obtain the wo, algebra from the W, by

a contraction. To explain it let us introduce a length scale [ in the z, Z space,

which we call the color space, and set

! 3 F= Oz — 10,
z= —ﬁ(o’z +i0y), z= \/2—1( z v)- (2.7)

The Poisson bracket is the leading surviving term of the Moyal bracket in
the [ — 0 limit. To be more specific we set £(z, Z) = [72£(&) and obtain
}i_{gl’{{l, LMz, 2) = 0,,6(5)0:,6(F) - 00, £1(6)05.£2(5)
= eij ,-51(&‘)6,-52(&’)
= {&, &) (2.8)

In this chapter we call this procedure as the [ — 0 contraction.
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10

2.2 W, and w,, Gauge Invariant Lagrangians

The W, gauge theory is a gauge field theory of Wy, as an internal symmetry
algebra.

Let us discuss pure Yang-Mills theory first. We introduce a gauge po-
tential A, which is a Hermitian operator in the harmonic oscillator Hilbert

space as well as a function of space time:
Au(z) = Az, 8,at) = / Pze " |2) A (2, 2, )z (2.9)
The action is given by
Seat = —— [ &z tx(Fu B 2.10
YM——Zg—zf T tr(Fuw ) (2.10)
where F,, is the field strength defined by

j}uv = au/iv - avA“ - i[Au, Au]- (2.11)
and tr, for any operator A(&,a') defined as follows:
trA(a,at) = / &£ze~ (2] A(4, 31)|2) (2.12)

(see Appendix A, page 59).

Therefore rewriting (2.10) in the coherent state representation we obtain:

Svic =~z | [ 53 S O Fule, 2 90 @57, (219

where

Fou(zy2,7) = 0,A(3, 2, 2) — B Au(, 2, 2) + {Au ARz, 2,2). (2.14)
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11

This action is invariant under the W, gauge transformation:

5A(z) = 8,€(2)+ilé(z), Au(2)l, 6AL(2,2,2) = 0ub(z, 2, 2)—{¢, Az, 2, 7).
(2.15)

In the coherent sate representation the gauge fields are formally d + 2
dimensional local fields, d for space time and 2 for color space. However,

the interactions are non-local since the action involves derivatives of infinite

order.

In the action (2.13) we no longer have a damping factor e~* because it
is a trace expression. Therefore we have to restrict the field configurations so
that we can integrate by parts in the color space. We define our W, gauge
theories as d + 2 dimensional field theories such that all the fields and their

derivatives vanish at z = oo.
Next, let us introduce a fermion field, which is a fundamental represen-

tation of W. , namely a field which transforms as a bra or ket vector in the

Hilbert space of harmonic oscillator:
W) = [ ladae o alp()) = [ 12) Pze P o(2).  (216)
We write the action as

Sp = [ d2((@) 18— Au@)(=))
= / / P zd ze~* (2, 2458, — Au(z, 2, 2))b(2, ), (2.17)

which is invariant under the W, gauge transformation (2.15) and

8lp(z)) = —ié(z) (=), 59 (z, z) = —i}€(8s, 2)1¥(z, 2), (2.18)
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12

where { } indicates that the derivatives are placed on the left of 2.

As a last example of W, gauge theory let us consider next a scalar field

which is in an adjoint representation.

M(z) = M(z,3,d") = / Pze 1 |2) M(z, z,2) (2. (2.19)
The action is given by:
Sy = [diatr [% (B“M(z) ~ A, M](z)) (B“M(z) — A, M](x)) _ v(M)]
y %),1 r (6,,M(z, 2,3) — { A, M}(z, z, z)) x

- /d%[/&{"

mZag(a“M(z, 2,5) — A", M}(z, z, z))] — tro( M),
(M) = Xn:g,.M“, dim(gn) =d (g - l) —n. (2.20)

Here again we require that the fields and their z,Z derivatives should fall
off to zero at z = oco. We can check that this action is invariant under the

W gauge transformation (2.15) and
6M(z,2,%) = {6, MHz,2,2),  6M(z) = —ilf(=), M(z)].  (221)

Notice again, that the interactions are non-local in the color space.

The quantization of the theory is done by the standard canonical quan-
tization. Although the interactions are non-local in the color space, they
are local in the ordinary space. Accordingly there is no problem for the
quantization. We shall see it explicitly in an example in the next section.

Let us discuss next the contraction procedure which will allow us to obtain
the we gauge invariant actions from W, ones. For the fields in the adjoint

representation such as A, and M this procedure is straightforward. As we
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have mentioned earlier, by introducing two real coordinates o, and oy as
in (2.7) and by taking the ! — 0 limit we reduce Moyal bracket to Poisson
bracket. If we simultaneously rescale the fields and the coupling constants as

Au(z,z,2) = 172 Ay(z, §)
M(z, z,2) = (2r)=IM(z, &)
¢ =15, gu=gal2m)l ", (2.22)

we obtain that the dominant term in a power series expansion in [, in Y M
action (2.13) and in the action for the scalar field (2.20) is one. Indeed, field
strength F,,(, z, Z) and integration measure d*z is of the order [, infinite
sum in these actions can be dropped out, therefore integrands are of order
-6 in Y M case and one in scalar field case. This [~® power cancels out with
I6 power from coupling constant g2. Therefore in [ — 0 limit we obtain the
following we gauge invariant d + 2 dimensional local field theory:

Sy = —éz- [ 2 Fu(z,5)F*(2,5)
Fu(z,3) = 0y A (, 5) — 0, A2, ) + €10:A,(z, )04, (2, 5);

(2.23)
Su = [d'ad's [%(B“M(z, 5) — 18, (z, 5)9;M(z, 7)) x
x (8" M(z, 5) — €10, A%(z, 7)0;M(z, &)) — 5(M)] ,
(M) = ; GunM™(z,5). (2.24)

Here again we require that the fields vanish at & = oo.
Also, setting é(z, 2, 2) = I~2{(z, &) in the equations for the gauge transfor-

mation (2.15) for Y’M and (2.21) for scalar field, and extracting the dominant

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14

terms in the power series expansion in [ we obtain the following we gauge

transformation:

§A¥(z, &) = *¢(z, &) — €70:(z, 5)0;A(z, &)
§M(z,5) = €70:¢(z, 5)9;M(z, &) (2.25)

Even though the wo, transformations (2.25) are obtained from W, transformations
(2.15) and (2.21) by the [ — 0 limit, we can independently check that the
actions (2.24) are really invariant by the wo, gauge transformation (2.25).

We remark that the second equation of (2.25) can be written as

§M(z,5) = M(z,G + 66(z, 7)) — M(z,7), §o'(z, &) = —€79;¢(z, 5),
(2.26)
which is a local area-preserving coordinate transformation.

As we mentioned earlier the damping factor e~#" cancels out in La-
grangians for the fields in the adjoint representation such as A, and M, due
to the property of the trace in coherent state representation. But it remains
there for the fields in fundamental representation, such as Fermi field (see
(2.17)). Plugging in z and Z from equation (2.7) to the action (2.17) we
obtain that e~ = e'i% factor is dominant in the [ — 0 limit. Therefore,
a naive limit leads to the trivial result (Sp = 0). Fermi field ¥(z,z) which
is the fundamental representation of W , goes to Fermi field 4(z, e) which
is the fundamental representation of we, algebra in the I — 0 limit. It is
unknown to us how to construct such a representation. This, we believe, is
the source of above mentioned difficulty.

We should mention that the YM lagrangian (2.23) had already been writ-
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ten down in the literature (7], [8].

2.3 One Dimensional Scalar Field Theory:
One Dimensional W, and w,, Matrix Model

In the previous section we presented a general method for constructing W, gauge
theory and then we obtained the wo, gauge theories by using the [ — 0 con-
traction procedure from W, theories. On the algebra level (see page 9) the
contraction procedure (W, —we ) requires throwing away an infinite set of
generators of W, algebra shrinking it to much ”smaller” (but still infinite)
set of we, generators and therefore drastically reduces a symmetry of the
gauge theory based on this algebras.

Several questions arise. Since Wy, group can be considered as an N = co
limit of SU(N) group, can one use the W, gauge theory for the large N limit
of SU(N) gauge theory, especially for the large N QCD [9]? In the large N
QCD one takes the N — oo limit keeping g*N finite. Since in W, theories
N is already at infinity, how can one implement the large N QCD condi-
tion ? Treating color coordinates & in we, theory (2.24) as additional space
coordinates we have derived for d = 1 + 2 dimensional theory propagator
and vertexes and using the standard perturbation diagrammatic calculation
showed that the coupling constants are multiplicatively renormalized to ab-
sorb the infinite volume of color space. Analogous calculations in Wy, theory
are complicated by highly non-local structure of the vertexes. Therefore in

W gauge theory the question arises whether or not one can implement the
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QCD condition as a multiplicative renormalization of coupling constants ?
Also, as shown in the previous section it is possible to obtain we theory
from Wa, theory by contraction. This shows the relationship between these
theories as classical theories. On the classical level that procedure allows
one to go smoothly from the solutions of the classical equations of motion
for W, theory to those for wy theory. How about quantum theory ? Is

_there any physical region where one can use the we, gauge theory for large
N QCD ? In this section we address these questions by solving the simplest
one-dimensional case exactly.

Since in d = 1 only time component of gauge field exists and the pure
gauge field model becomes trivial, we consider the gauge invariant scalar field
model. This theory may be thought of as a gauged one dimensional W, (or
We ) matrix model [14]. We solve it by using the collective field method [13].
Since we can carry out the discussions entirely in parallel for both Wy, and
w., models, we present the corresponding expressions simultaneously and
put label a for W, model and label b for we, model.

One dimensional W, and we matrix model Lagrangians are given by

(compare with (2.20) and (2.24) respectively):

Lo =t [5(ON ~ Lo, MY ~ w(80)|
= %/dzz(atM(t, z,2) — { Ao, M}(2, 2, 2)) 925 (agM(t, z,2) — { Ao, M}(2, 2, 5))
~ tro(M),

L, = / d7 B (a,M(t, &) — €18, Aq(t, 7)0; M(t, &')) ' v(M)] : (2.27)

Using Woo (and wo, ) gauge invariance of the actions (2.27) let us fix the gauge
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Ao = 0. The canonical quantization leads to the following Hamiltonians:

H = [P(z20Mzz0d—L= [ d’z% 3 %6;‘}7(3, 3)0°P(z, 2) + tro(M),
n=0 """

B = [P@OME )Pz L= [d (-;-P(&‘)’ +o(M())), (2.28)

where P’s are the canonical momentum operators conjugated to M’s, with

the following commutation relations:
[M(z,2), (2, 2)] = i#6(®)(z - 2),
[11(5), B(#)] = i8(F — &). (2.29)

In addition there is an equation of motion of the field Ao which we impose

as an operator constraints on the state vector |¥):

o) = [dzde M}P(z2)0) =0,

o) = / d5e15:£(5)0; M(3) P(7)®) =0, (2.30)
which simply state that the wave function (or the state vector) is gauge
invariant and depends only on gauge invariant singlet variables. Therefore in

order to solve the problem we choose the following W, (and we ) invariant

collective field as dynamical variables:

#(z) = tré(z — M(a,a')) (for W),

#(z) = / d76(z — M(3))  (for we) (2.31)
Then we change variables from P(z, ), M(z, 2) to =(z), ¢(z), where n(z) is,

by definition, a canonical momentum conjugate to ¢(z):

[7(z), $(2)] = —i6(z — =) (2.32)
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The wave function is a functional of the gauge invariant collective coordinates

¥ = ¥[#(z)]. Acting on the wave function and using a chain rule:

B #(4(a)] =i [ dy [P,6(v)] #(v) ¥I4] (2:33)

we can change all P’s in Hamiltonians (2.28) to #’s. Therefore we need to
compute the following Q(z, z') and w(z) (see [13] or Appendix B, page 60 for
details):

—[&23 d’z [BEP(2,2), (@][OP(z ), #(a")]
-/ da[P(a>,¢(z)1[P(a>, ) (2.34)

Qa(z, z’)

Q(z,z’)

and
walz) = / d’z a“P(z 3), [0"P(z, ), ()]l
wp(z) = / da] P(a), [P(5), 8(z)]] (2.35)
These calculations can be easely done in momentum space. First, straight-
forward calculations lead to:
[P(z, 2), e—ikM(a,af)] . /0 ' dTe"‘""M(a'at)|z)(z|e"'"‘(1"1')M(&‘a'),
[P(2,3), $(k)] = —ke ™ (z]e™*MEN)),
[P(z, 2), [P(w, B), 4(k)]] = ke~ P [ " dr {w]e= M@ ) (5] HIIMG )
(2.36)
where ¢(k) = e~*M(3") s the Fourier transform of ¢(z). Then using the
following identity:

e 3 (3, ~ B0 — e = 1. (237)
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which expresses the completeness property 2 of the generators of Weo fundamental
representation (see A.3 for proof) we finally obtain:

Qu(z,2') = Y(2, ') = 0:0-[6(z — =')é(z)], (2.38)
and

wa() = 20:[4(2)Gl(a: 8],
w(z) = —*02(z), (2.39)

where k2 = §%(0), and G(z;¢) = P [dX ;ﬂ_’—g Notice that we obtained the
same expression for Q for both theories but quite different expressions for w.
In the collective field theory the hermiticity requirement of the Hamilto-

nian leads to the following equation for the Jacobian J of change of variables:

w(z) + 2/dz'ﬂ(a:,:z')C(z') =0, C(z)= %%%J,

(2.40)
Using (2.38) and (2.39) and assuming 8;¢(—00) = ¢(—00)8:C(—o0) = 0 we

obtaln

0:Ca(z) = G(z: 9),

0:Ce(z) = —%n’%‘(ﬁ%= —%nzazln:ﬁ(a:). (2.41)

Also in the collective field theory kinetic energy part of the hermitian

Hamiltonian is given by:

= ';- / / dedz'[x(z)Qz, z')x (') + C(z)(z, z)C ()], (2.42)

2[4 can be considered as a generalization of the completeness property of SU (N) gen-
erators to the case of N = oo.
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Since 2, = O the first term in (2.42) is the same for both theories:
% [ [ dada'x(@)0(a, 2n(=) = % [ [ dadetn(2)8.0.15(z - =)o(@)in(=)
= [ dag (0u(=)" $(a) (2.43)
The second term, however, is different and equal to
% [ [ dede' €(a) 0(z,2) C(=") = % [ 4z (3.0.2))* $(a)
L [t Gaora@) = T [deglaP (2.44)
for W, theory and

1 ! r n o__ 1 2 _ 1 4(a=¢(z))2
5//dzdz C(z) Qz,z') C(2) = §/dz (0:Cs(2))” ¢(z) = 3"® —8(m)

(2.45)
for we, . Collecting all results together we obtain the following Hamiltonians:

H = [do (§<a=vr<z»’¢(z)+’;—2¢(z)3+v(z)¢(z)) ~e([ dzde) - N) (2.46)

H = / dz (%(azw(z))zcﬁ(z) + én'*@f%)—)i + t’z(z)qS(z)) _e ( / dzd(z) — L’)
(2.47)

where e is a Lagrange multiplier to insure
/ dz §(z) =trl = N (for W), (2.48)
f dz §(z) = / dF =L  (for we) (2.49)

which follows from the definition of collective field (2.31). Notice that even-
tually we have to take N — oo, & — 00, L — oo. For this purpose we first

make the following scale transformations:

z — Nz, §(z) > NY?¢(z), =(z) > N'n(z), e— Ne (2.50)
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(for W ) and
z—xz, ¢z)—> Lx7¢(z), n(z)—> L7*x(z), e—r’e (2.51)

(for we, ), which preserve the canonical commutation relation (2.32). We

obtain

[ 1 2 2 (7 3 2
H, = /d:z: W(ﬁ,ﬂ'(z)) #(z)+ N (E-tﬁ(:c) + u(z)¢(z) — e¢(z))] + N

' (2.52)
H, = /d:z: NE (azvr(z)) #(z) + N2 (; (B,;z(a;)) + u(z)¢(z) — e¢(z))} + N%e

] (2.53)
where for wo, we set N = Lx and

u(z) = EN(='1)_¢; z" Ea,,,:z:", (2.54)

w(z) = Z K" 2G 2" —Z(&l)"‘zgnz __Za,.:z: (2.55)

We know from the previous study [13],[15] that the 1/N expansion of Hamil-
tonians (2.52) and (2.53) is a standard semi-classical expansion. We prove
this statement in the next two sections. Here, let us simply quote the results.
In the N — oo limit the excitation spectrum is finite provided that u(z) is

finite and given by
H=; Z (pﬂ + wnqn [anpm] = isﬂm, (2.56)

where for W

£ y T
wae = nx/T, T= / ’ do , -71; / ’dz’\/2(éo—u(z'))=l,

2 4/2(8 — u(z))

(2.57)
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and for we :

wn = En — Eo, (502 +32) xa(a) = Bxala)  (258)

2.3.1 Solution of W, Matrix Model

As we promised above, let us do a semi-classical expansion of the Hamiltonian
(2.52) [13] [15]. In large N limit last two terms are dominant, therefore the
classical field configuration can be found by solving classical equations of
motion. It is particularly simple for this case since variation with respect to

$o(z) of the second term in (2.52) leads to the simple algebraic equation:
'll'2 2
?qSo(z) +u(z)—e=0 (2.59)
And variation with respect to lagrange multiplyer e, leads to
/ dz go(z) = 1. (2.60)
Let us restrict ourselves to one cut solution of the system (2.59) and (2.60).

¢o(z) = %\/2(eo —u(z)), z1<z< (2.61)

and ¢o(z) = 0 otherwise. z; and z; are turning points defined from the

following conditions: u(z,) = u(z2) = e, and lagrange multiplyer e; can be

found from (2.60): .
~ " day/2(eo — u(z)) = 1. (2.62)
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1/N expansion is now straightforward. First, let us set:
1 -
é#(z) = do(z) + -ﬁn(z), #x(z) = N#(z), e=ep+ Tv—;z\ (2.63)

Then plugging back into the equation (2.52) and expanding the Hamiltonian
up to the order 1/N we obtain

1
H, = Non + Heou + O(F), (2.64)

where E; = Eo(do,e€0) is a constant ground state energy, and Heu is a

Hamiltonian of the collective excitations.

Hou =5 [ dz 4o(a) (@05 +7° n(a)) =2 [T den(s)  (265)

z)

Let us introduce the new variable [15] [13]

[z dy _ [ dy
()= [ ooy 0SEsT= L e (2.66)
and set
_ mrf
3 = sin —E
- z”(z) = do (:B) 2 ( ) ( )Pn (2'67)

where [gn, Pm] = 16nm are canonical field variables. Plugging back equations
(2.67) into the collective Hamiltonian (2.65) and integrating over z we obtain
(2.56) and (2.57). (QED).
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2.3.2 Solution of W, Matrix Model, I1

Although we solved this model in the straightforward fashion (used in [15])
starting from (2.52), we solve it below in a slightly different way which illu-

minates the dynamical group structure of the theory.
We start with the Hamiltonian (2.46) with the constraint (2.48):

H= / dz (%(B,w(z))zcﬁ(z) + %qs(z)’ + v(a:)qS(z)) , / dzé(z) =trl = N.
(2.68)
Using y+(z) = +7é(z) — O-7(z) one [16] writes the Hamiltonian and the

constraint as
H /d /’”()d ( 2 4y )) = /dzf’”(")d N, (2.69)
= — = v(z — =N, (2.
y -y o AR

where y+(z) ’s satisfy the commutation relation
[y+(z), y&(z')] = F2rié'(z — ). (2.70)

We diagonalize this Hamiltonian by a canonical transformation. In the
integral of (2.69) we change variables from y,  to e, £ such that e = 3y°+v(z).

The action integral is the generator of transformation

S(z,e) = /z ydy = :t/z v2(e — v(z"))dz, (2.71)

accordingly ¢ = & =+ f° o "(z,)) , where + is for positive and negative £
respectively. The bounda.ry of the phase space is transformed from y.(z) to
e(£)

o(¢) = 534(2) +v() (2.72)
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and the Hamiltonian and the constraint are given by
1 e(£) 1 ()
H=>- f dt [ ede, - fae [ de=n. (2.73)

We expand e(¢) around the minimum configuration e; of H: e(§) =

eo + 6e(£), where eg is given by a solution of

% : V/2(e0 — v(z))dz = N, (2.74)

where z; and z, are the turning points.

Since we see from (2.74) that e is of order N, we may assume eq > 6e(£)
and we may approximate ¢ on the boundary by {(z) = £ [, m :i' pr s and
the half period by

s dz' &2 dz’
T = — , 2.75
Iy e Bl A ey 1)

where 8, = N~ley, # = N—iz, and u(z) = N~1v(Niz) (see (2.54)).

Since the commutation rules of e(§)’s are given by

(€ e(€)] = [2vi(e) +2(2), 392(@) +0()
= F2riys(z)yx(z)8'(z — ')
~ -2mib'(E - ¢), (2.76)

if we define 8 and r(8) by § = w¢, r(f) =w™'6e(€), w = F, we obtain
[r(6),7(8")] = —2xi8'(8 — 6') (2.77)

The normal mode expansion of r(8) is given by r(6) = \/g-_ Y nso(sin(nd)p. +
nw cos(né)g,), and leads to the following Hamiltonian:

H = Eo + Hean,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



26

be(£) di1 1
Ha= o [ cde=w f S-2(r(0) = 5 T(0h +lad)),
L

Wp =TW =N7. (2.78)

T

It is obvious from (2.74) and (2.75) that in the large N limit T~ is finite
provided that u(z) is finite. In the double scaling limit one of the turning
points goes to infinity so that T — oo and we obtain the continuous spectrum
(chiral Boson).

The result for W, model exactly coincides with the N — oo limit of the
matrix model discussed in [13],[15]. Of course it is already expected from
the equations (2.38) and (2.39) since these equations coincide with the ones
obtained in {13]. The infinite volume of color space (i.e. N) is absorbed by
the multiplicative renormalization into the coupling constants (see (2.55)).

The reason why we could solve the W, model by a canonical transforma-
tion is that a dynamical we, algebra exists in the physical Hilbert space and
the Hamiltonian is a generator of the algebra. More general: p[¢]’s defined
by )

el = § 2 [ drg(r,0), (2.19)

satisfy the we, commutation relation (2.6) [2].

[P[f],], p[fZ]] = zp[{fl: 52}]: (2.80)

Let us prove (2.80). Choosing basis &(r,8) = rki=1e™ and £&(r,8) =

rka—lgimé we get:

db, . .
6 AEN] = f T Reinh el (61), 78] =
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. d01d92 nd; _siméby R (8. )7(8,).7(6 akg—1 ~ky—1—8 -
= P Y F(81)[7(61), 7(82)I7 ' (62)F (6,) =
=0
— db a mO mﬂzkl—l A8 ~kg—1 ~ky ~1—8
= if ot X FORT @), 28
Using the following equation
Dioe) = of 0)(68) ~ Jala—1)72(6)
06 2
A = [F(6),7(61)] = —27i8 (0 — 61)o,=s (2.82)
for the right hand side of (2.80) we obtain
[6(&1),6(&2)] = A+B+C;
dé
- :(n-{-—m)@ ~ky kg —2
A = -—n o (6),
= 5 _ &Y _i(ntm)6,.’ Ak +ka -3
B = i(k —1) }f Soe e () 8),
A df ; . -
C = "7'5(’31 _ 1)(’(:1 4k — 3)f _2?81(11-&-1'!)67,1:1+k2 4(0).
(2.83)
And for the left hand side of (2.80) we obtain:
. _ dé r7® 9 ind ke ~1)( imé, ka1 ]
io(tentl) = if 5 d"ar[aa(e (emtrit)
4 ind_ky —1\( im8_ky—1 ] _
R e |
- A i(kl — 1) da et(n+m)0 2 "k1+k2 -2 _
(ky + k2 — 2) ET
= A+B+C. (2.84)

(QED)
As we have shown the above W, effective Hamiltonian (2.52) is actu-

ally an element of the w,, spectrum generating algebra [1]. However this

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



28

Weo Symmetry is not directly related to the original W, gauge symmetry of
the Lagrangian. Indeed, the original W, gauge symmetry acts trivially in
the physical Hilbert space, since all wave functions are functionals of gauge
invariant collective coordinate ¢(z). From the other side the dynamical

We, transformations are realized non-trivially in the physical Hilbert space.

2.3.3 Solution of wo Matrix Model

We first obtain the field configuration at which the potential energy of (2.53)
is minimum. The equations are —13 (%?) -1 (%‘2)2-{-&(:3) =eand [dzé(z) =
1. For the variable p(z) = |/¢(z) the first equation is the Scrodinger equation
(— 16% + ﬁ(:z:)) ¢(z) = ep(z) and the second equation is the normalization of
the wave function. Therefore we consider an orthonormal set of eigenfunction
Xn With eigenvalue E,. We set ¢(z) = x3(z) + 7gn(z), =(z)= VvV N(¢(z)
and expand the Hamiltonian. We obtain
1 2 2, 1 ((On(=))? 2 ()
== — | = Inxo)—5—= .
n=} [ [devoce) + (B +eraLE)| @)

n(z) and ((z) satisfy the canonical commutation relation:
[0¢(z), n(z")] = —16'(z — ) (2.86)

and the constraint [ dzn(z) = 0. The normal mode expansion is now straight-

forward:

77(33)=X0(3’)§:1\/2—w:>(n(3) @, ((2) =>«161($)z1 \/217;"“("”)?"' (2.87)
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and
1 & X
H= 5 2 (plzt + w:qul)i [qu, p"l»] = lb-n.m ’ wn = Ep — Eo. (2.88)
n=0

As we see in (2.57) the energy spectrum of Wy, model is that of bosons
with equally spaced frequencies irrespective of their interactions. For the
we, model the equally spaced spectrum occurs only in the free theory, when
&, = 0 for n # 2 (which corresponds to quadratic potential u(z) = z2/2).
It appears that in quantum theory the I — 0 contraction of Wo theory is
a free wo, theory. In general, for arbitrary potential u(z), the spectrum of
we, theory is essentially different from spectrum of Wy, theory. One should
not be surprised, since we have mentioned before the contraction procedure
drastically changes the underlying symmetry of the theory, and therefore
changes also the physical picture of the theory. Another words, taking [ — 0
limit first and then quantizing the theory is not the same as quantizing the
W.., theory first and then taking the ! — 0 limit. Therefore, it is not possible
to learn W, theory by studying we theory.
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Chapter 3

GAUGE INVARIANTS FOR
Woo YANG-MILLS

In the previous chapter we developed the general formalism for constructing
W, gauge theories. In the present chapter we propose gauge invariant ob-
servables for these theories - W, Wilson loops. We solve W, two dimensional
Yang-Mills theory on the cylinder exactly. After appropriate coupling con-
stant renormalization (§?N = g2 - fixed, N — oo, where N is the volume of
the color space) solution agree with N — oo limit of SU(N) Yang-Mills [20].
This theory is equivalent to a Wy one-dimensional unitary matrix model.

3.1 Introduction and Summary

In chapter 2 (see also [18]) we started systematic approach to gauge theories
with gauge symmetry based on the W, algebra. W, is a commutator algebra
of all Hermitian operators in the Hilbert space of a Harmonic oscillator. The

gauge theories which possess this symmetry as an internal symmetry we call

30
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W gauge theories. In this chapter we construct gauge invariant observables

(Wilson loops) for these theories, and solve 1 + 1 dimensional Yang-Mills

theory exactly.
Let us recall that for the pure W, Yang-Mills theory we have (2.10),
(2.11) [18]:
1 . oa
—_ ——_—— (4
Sru = ~pa / &z tr(Fu ™),
Fu = 8,A —8A, —i[A, A (3.1)

where a gauge potential fl,.(:z:, a,a') is a Hermitian operator in the harmonic
oscillator Hilbert space as well as a function of space-time. In the coher-
ent state representation (see Appendix A, page 58) these equations can be

rewritten as follows (compare with (2.13) and (2.14)):

1 — (_)'l n s\An 7
SYM —-4—g;//d42d22§-0’7!_'asz(zr Z, Z)asz(z, Z’ Z),

'Flw(zr 2, 2) = all'AV(zr 2, 2) - a.,A,.(z, 2 2) + {Am .A,,}(.’B, 2, 2)' (3’2)

To integrate by parts in the color space we have to restrict the field configu-
rations to those fields which vanish together with their derivatives at z = oo.

This action is invariant under the W, gauge transformation (2.15):

§Au(z) = 0,(z)+il€(2), Au(2)l, AUz, 2,2) = Bul(=,2,2)—{, Aul(z, 2, 2).
(3.3)
The interaction in the coherent state representation is non-local in the color
space, since the action involves derivatives of infinite order. However it is
local in the ordinary space-time. Therefore the quantization can be consis-

tently done.
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In section 3.2 we construct W., and ws gauge invariant Wilson lines
in arbitrary dimensions. In sections 3.3 we quantize 1 + 1 W, Yang-Mills
theory to test our results. We prove that it reduces to the one-dimensional

W unitary matrix model [20].

3.2 W, Wilson lines

Let us consider a space-time curve C = {z*(7)|r € [0,1]}. We will define a
W., Wilson line as a path ordered exponent:

W(C) = Pe-ifol drAu(z(r))2*(r) — Pe"ij;l dff‘{ize-lllz |2)Ap(z(7),2,2)24(7)(z| (3.4)

where we use the coherent state representation for operator A, (2.9). This
is a formal definition. It defines the W, group element which is naively di-
vergent [22], and therefore requires further specification of the regularization
procedure, which manifestly guarantees that (3.4) actually exists. One way

to regularize (3.4) is to consider the following discretized version:

we) =11 (1-id #(n)An), A =2 (35
©= [ (1~ man),  An=g (9

and take (eventually) K — oo. Or instead, (rewriting (3.4) in coherent
state representation) we can show that this definition is actually finite or
superrenormalizable. For this purpose let us divide the [0, 1] interval into n
equal parts: 0 = 71,72, .., Tny Tn1 = 1. Then the W(C) can be written as:

n—oo

W) = lim / / Py Pz Pl |2 (1 — iAu(2(11), 21, 21)8%(1 )dm ) X
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x €% e (1 —iAW(T(Tn), Zny Zn ) (Tn)dTn)(2n| =

. - 2_ - 2 3 3
-_— hm ..'/dzzl.’.fz“e Iz,»I hadd lzﬁl ezlz:+---+z1t—lz'l x

n—oo
x |z1) g~ Au(E(N )21, (M =i () s B} (T |
-z _( —2n)
= n]-_i;.%-/---/d221...dczn+1e£l£:—".?xldﬂ+m+m2%‘l;;t—tn—df“ x
x| zl)e—iAu(z(fl).zt.ix JE4(n )dr —...~5Au(2(Tn ) 2n. 20 )4 (Tn )dTn o~ lZn 41 2 (Zns1] (3.6)

where on the last line 1 = [ d’znﬂe‘l"‘“lzlznﬂ)(znﬂl is inserted. Since
z, = 2(m) = 2(0) and zn41 = 2z(Tat1) = 2(1), one can easily take the limit

(keeping the endpoints fixed) to obtain:

W(e) = [ Da(r)la0)etls Are I (z(1)]

) = HD)rs(r) - Aualr), o) ). (37)

(3.7) means that we can express Wilson lines in terms of the one-dimensional
quantum mechanical system with the Hamiltonian A, (z(7), 2(7), Z(7))2*(7).
This is nothing but the Bargman-Fock representation for one-dimensional
path integral [23] and in fact it is superrenormalizable. (3.5) or (3.7) will be
our working definition of W, Wilson lines. In a different context for a finite
N similar expression has been derived in [24].

Note that the endpoints of the curve C enter (3.7) asymmetrically. It will
be very important for us later that £(7) (as follows from (3.6)) is an analytic
function of zn4; = 2(1). Because of that equation (3.7) is very convenient
for the coupling with other operators from the right hand side since it allows
to use property (A.8) of the coherent state representation. However, this

asymmetry is artificial and can be easily removed by noting that in the same
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way as we work out expression (3.7) we can work out the following expression:
W(C) = [ DPa(r)e P ja(0))eth “OH (=(1))

2(1) — Au(z(7), 2(7), 2(7))2(7). (3.8)

£’(T) = —;

Where now in opposition to £(r), L'() is an anti-analytic function of z; =
2(0), so that this expression is perfectly adopted for the couplings with other
operators from the left hand side (using (A.8)). We will refer to these ex-
pressions interchangeably. Note that: £(7) = L'(1) — id|z(r).

Several properties should be checked for further reference:

3.2.1 Group Property

Suppose the curve C consists of two parts: C; = {z*(7)|r € [0,%]} and
Ca = {z#(7)|r € [t,1]}. Formally: C = Cy0C;. Then for the product of two
Wilson lines we get:

W(COW(Ca) = [ D?a(r)la(0))e s el

x / Dzw(r)ei(‘)"’(‘)e"f r)dre—tw( (4y(1)] =

=/m4ﬂmmw£%%rﬂwpmpﬂWao@) (3.9)
where integral fd2z(t) ... is manifestly taken using representation (3.6) and
the property (A.8).

3.2.2 Endpoint Derivatives
Let us define the following endpoint derivative:

5 . .. W(C+6C)-W(C)
szH(t) w(c) = alcu—lolo §C

(3.10)
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where §C = {&%(t)dt} is the infinitesimal line added to the end of the line
C; (defined above in (3.9)). Using (3.2) one can easely see that:

[ N s R
5z#(t)W(C‘) = —iW(C1)Au(=(t)) (3.11)

Or instead, one can directly differentiate W(C;) using representation (3.7)
and property (A.8) to show that (3.11) is valid. The same way the derivative

of the beginning of the line C, leads to:

5 . _ . W(C)-W(SC +Ca) _
§z+(t) W(C) = G, 6C =

where now &C is the line element added to the begining of C,.

iA,(2()W(Ca), (3.12)

3.2.3 Gauge Invariance

Let us prove first the gauge covariance of the Wilson line for the infinitesimal
line element ¢ connecting points z* and z* + dz*:

W(c)(z + dz) — €(z)W(c) =

= (1 - iAu(z)dz*)(€(z) + 8,(z)da?) — £(z)(1 ~ iAu(z)dz*) =

= (8.(2) + ilé(2), Au(z)])de* = 6A,(z)dz* = i8W(c) (3.13)

Using group property (3.9) one can now generalize this result to arbitrary
curve C, dividing it into the set of infinitesimal curves and aplying (3.13):

§W(C) = —i(W(C)é(=(1)) — &(=(0))W(C)) (3.14)

However, one can prove the same result directly from (3.6) (or (3.7) and
(3.8)) noting that for arbitrary variation 5A,(z):

§W(C) = —i /c dz*W(C1)6A,(z)W(Ca) (3.15)
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where C = C; o C; as in (3.9). For gauge transformation using (3.11) and
(3.12)) we get

W(C) = —i [ de*W(C)B.E +ill, ADW(C) =
= —if ,,zm%”(w(cl)évif(cz))=

= —i(W(O)(a(1)) - é=(0)W(C)) (3.16)

Closing line (z#(1) = z*(0)) and taking trace over coherent state represen-

tation leads to the W, gauge invariant Wilson loop:
W(C) = / D?a(r)ei§ LY (3.17)

Anti-normal ordering of the W(C) (see (3.7) or (3.8)) leads to the following

coherent state representation for the W, Wilson lines.

W(C) = W(C,a,at) = / £ ze7 | \W(C, z,7){z],
W(C, z,2) = e e (z|W(C)|2) (3.18)

(see (A.6) and (A.7)). Then we can rewrite (3.9) and (3.16) in the coherent

state representation as follows:
W(Ch, z,2) * W(Cs, 2,2) = W(C1 0 C3, 2, 2), (3.19)

§W(C,2,3) = —i (W(c, 2, 2)xt((L), 2, 2)—E((0), z, W (C, z, 2)) (3.20)
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3.3 W, Two Dimensional Yang-Mills

Going back to (3.2) let us restrict ourselves to the d = 1+1 dimensional Yang-
Mills theory with the spatial dimensions compactified to the circle of length
L. In this section we solve this theory exactly and show that it is equivalent
to the one dimensional unitary matrix model [20]. We use the same collective
field approach as in previous chapter. Canonically quantizing this theory in
the Ao(z) = 0 gauge we get the following Hamiltonian:

2 ) . .
S %- / dzd?z ) %aﬁl’(z, z,2)07 P(z, z, 2), (3.21)
n=0 """
where 15(1:, z, Z) is the canonical momentum operator conjugated to Ai(z, 2, 2):
[Ai(z, 2,2), P(y, 7', 2)] = i6%)(z — 2')6(z ~ y) (3-22)

The Gauss Law constraint effectively resolved on functions which are func-

tionals of gauge invariant collective coordinate:
. = tr(W*) (3.23)
with one dimensional Wilson line W = W given by (see (3.7)):
WE= :(:) D?2(z)|z(a))etfe He Dm0 (5(3)),

£(a,2(2), %2) = Hz)s - o(z) — Aa(a, (@) 2(=)). (324)

Note that since W is the unitary matrix (rather then Hermitian) k in (3.23)

is an integer and can not be promoted to all real values.
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In this case straightforward calculations (see Appendix B, page 60) [13]
lead to the following results for £ and w:

Qk,K) = — / dz / d’z 3"P(z 2,5), $el[0°P(z, 2, 5), dwr] =

= —Lkk' ¢k+k'- (3.25)
L
w(k) = /0 dr / le [B"P(z z,3), [00B(z, 2, 2), dull =
= Lk§ ¢l+1¢k-l—1 (3-26)

And after Fourier transform:

0(z,2)) = 171?5 L3 ek, k) = La.0 (506 - 2)d(=") (3.27)
w(z) = g,-r;eww=La,(¢<z>a.,<z;¢>) (3.28)
where
1 & 1 X
$(z) = 2—k_2 *= e, 8(z) = — Z_ e™s  (3.29)
Gowid) = P dy 4(y) cot(“5E) (3.30)

All dependence upon space dimension is factorized here into a prefactor L
in front of  and w. This is a crucial observation. It follows therefore, that
up to multiplicative prefactor L this theory is equivalent to the W, unitary
matrix model.

Hermiticity requirement of the Hamiltonian leads to the following equa-
tion for the Jacobian J of change of variables (compare to (2.40)):

o) +2 [ d0(e,#)0E) =0, C@) =gt (33D
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Using (3.27) and (3.28) we obtain:
8.C(z) = % (), (3.32)

Since in the collective field theory the kinetic energy part of the hermitian
Hamiltonian is given by (2.42) we obtain the following answer for H:

H=gL[ " do G(a,qr(z))w(z) + 1;«#(2:)3) (] " do(z) — N)
(3.33)

where e is a Lagrange multiplier to insure
2x
/ dzd(z) =trl = N (3.34)
0

This is a collective Hamiltonian of one dimensional W, unitary matrix
model. The same result can be obtained using a slightly different approach
of [20] presented in next section.

Eventually we have to take N — oco. Therefore let us renormalize the
coupling constant N = g? and to keep it finite as N — oo. Then H =
N2Ey + Heu + o(1/N), where Eq is the energy of the ground state field
configuration given by ¢o = 2= and eo = ;g2 Lw. To prove this expression let

us consider small (of the order 1) fluctuationes around ground state fields:
#(z) = Néo + €(2), e=Neo+), (3.35)
Plugging back into (3.33) we obtain the following Hamiltonian:

Hou = -";f / " 4 [%(a,w(z))’ + 7—;-2-6(3:)2] =y " doe(z).  (3.36)

The normal mode expansion is now straightforward:

w(z) = V2 i %sin(nz)p,,, e(z) = —V2 ij:lnsin(nz)qn (3.37)
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Hent = 2 +widd), [Gn, Pm] = 16nm, wyp =n. (3.38)

The spectrum of the theory is that of SU(N), N — oo unitary matrix model.
This is in complete agreement with our statement from the last chapter, that

large N limit of gauge theories corresponds to the Weo theory.

3.3.1 W, Two Dimensional Yang-Mills, IT

In this section we derive equation (3.33) using different approach of [20].
In Ao(z) = 0 gauge we have the following Hamiltonian and the classical

constraint:
H= i;/dztr(ﬁl(z))z, a,./i1(-1:) —i[A4, -‘iﬂ(z) =0. (3.39)

Let us consider

V(z) = We Ay (z)WE (3.40)

where W? as in (3.24). Using endpoint derivatives (3.11) and (3.12) one can
easily see that on the constraint (3.39) the following property holds:

2 §(a) = W (Bu () — iLs, Ai@IWE =0, (3.41)

Therefore V(z) is independent of z: V(z) = V(0) = V(L), .411(:1:) = ngl(O)W:
and using (A.10) we obtain that:

__L L 2 2_.-_1_.5 2 2 _ 1 ._1‘:2
=5 /0 detr( (o)) = 55 jo datr(Ay(0))* = ~gptr(WWY,
(3.42)

where W = W, constrained to the equation: W, Vi’] = 0 [21] [20]. This con-

straint reduces the whole configuration space to the eigenvalue subspace of W
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[21]. Thus the whole system is equivalent to the one-dimensional W gauged

matrix model. Introducing Hermitian operator M as follows W = e~*M(33")
and quantizing the theory we finally get:
2
H= 9—25 [ #2P(z, 2)e 2 (2, 3), (3.43)
[M(2', ), P(z,2)] = i6®)(z - ). (3.44)

The last equation defined only locally since it does not respect periodicity
(6; — 6;+2mn;, where 0; is any of eigenvalues) of W’s Lie algebra. To resolve

this problem let us consider following collective coordinates:

#(z) = 2% nzf:w enTr(e— M@, (3.45)
and assume that the wave function depends upon the eigenvalues of W
through ¢(z) only. In contrast with hermitian matrix model case the sum
here is over the integers only and can not be promoted to all real values be-
cause of the above mentioned periodicity. Note that ¢(z) is gauge invariant
on a circle since according to (3.14): §W = i[§, W]. Then we change variables
from P(z,%), M(z,2) to n(z), ¢(z), where 7(z) is a canonical momentum
conjugate to ¢(z):
[r(z), $(z")] = —ibs(z — =) (3.46)

The standard procedure to do this is to compute Q(z,z’) and w(z). The
definitions and the results are

(e, 2 = - [ 2 32 LIOEP(,2) HaNELP(2,), 6o = 0.0u(6(e=2 4],
(3.47)
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w(@) = [ P23 LI02P(=,2) (0 P(z, ), #(2)] = 20:(¢(2)Golz: B,
= (3.48)

and therefore

#=gL [ (Yool + ) e ([ deste) - 1\2 1)
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Chapter 4

BREAKDOWN OF
UNIVERSALITY IN
RANDOM MATRIX
MODELS

In this chapter we discuss universal behavior of two and higher order density-
density correlation functions of matrix models.

We calculate the smoothed correlators for a large random matrix model
with a potential containing products of two traces trtWi(M) - ttW,(M) in
addition to a single trace trV(M). The connected correlation function of
density eigenvalues receives corrections besides the universal part derived by

Brézin and Zee and it is no longer universal in a strong sense. '

LThese results appear in [48].

43
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4.1 Single Trace Matrix Model

In this section we review how to calculate the density of eigenvalues and its
correlations in random matrix theory in the large N limit(N is the size of the
matrices) and show how the universal form of a two-point correlation function
emerges. We consider a matrix model with an ordinary single trace potential
in the Collective Field approach [43]. This approach is easily generalized to
a multi trace potential, discussed in the next section.

The free energy F[V] is defined as follows:

o~NFV] = / dvl‘il o~ NV (M) _ / dzy..doy AP e NELVE)  (4.1)
(4]

where Vol is the volume of gauge symmetry group, A = [T1cicjcn(Zi —Z;) is
the Van der Monde determinant, and A = 1/2,1 or 2 for orthogonal, unitary
or symplectic ensembles correspondingly. The partition function is invariant
under orthogonal, unitary or symplectic rotations and the matrix integral
can be reduced to integrals over its eigenvalues z; (i = 1 ~ N). Normalized

density of eigenvalues is defined by

1 N
p(z) = NZ_?(-‘B - ;). (4-2)

Connected density-density correlation functions can be obtained from the

free energy by taking variational derivatives with respect to V(z):

(oenen)-plem)e = S st 57~ ey IV

(4.3)

It is obvious now that the leading non-vanishing term for an m-point (unnor-

malized) density correlation function is O(N*~™). The standard procedure
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of collective field theory is to rewrite integrals over eigenvalues in terms of a

functional integral over density p(z). Inserting one to the equation (4.1)

1= [ Do(@) [16(o(=) - —Zs(z 2)), (44)

we obtain up to an overall constant (see Appendix C, page 62)

o~N?FIV] _ / Dp(z)do &> [ dzdvel=liniz—sip(u)-N" J dzo(=)V (2o ( [ dzelz)-1) o).

(4.5)
The Lagrange multiplier o is introduced to impose the constraint that an
integral of p(z) is normalized to one. We are interested in the large N
behavior and the Jacobian J[p] can be neglected in this limit (see [44] for de-
tails). The resulting integral over p can be evaluated by the steepest descent

method which requires solving the following equations of motions [43]:

0 = 2N2X / dt In|z — £|po(€) — N2V(z) + igo, (4.6)
0 = /d:z: po(z) — 1. (4.7)

By differentiating the first equation we have the equation of BIPZ [46]

P/d{ PO(E) — V(z) (48)

and it determines the stationary value po(z). We assume here that po(z) is
equal to zero for z < a or = > b (one-cut from a to b). Then the solution of

this Cauchy integral equation is given by [45]:

_1 ! 1, YE—a)B-8)
"°(”“w\f(z_a)(b_z){m"/a"‘ VO + 1} (49)
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The second term in the curly bracket is a solution of a homogeneous integral
equation (i.e set the r.h.s. of eq. (4.8) zero) and its coefficient is deter-
mined such that po(z) satisfies equation (4.7), while the first term does not
contribute to the integral of eq.(4.7) (see Appendix C, page 64).

Equation (4.6) defines oo[V] as a functional of V' and, of course is inde-
pendent of z even though it enters to the solution manifestly. Unknowns left
are the positions of the end points of the cut [a,b]. By choosing boundary
conditions po(a) =0 and po(b) = 0 we get:

po(a) = 0 > %[df\/% V() + 1=0, (410)
po(d) = 0 = —é—ix/:df‘/i:gV'(f) + 1=0.(4.11)

Equations (4.10) and (4.11) determine @ = a[V] and b = b[V] as functionals of
V(z), and should be solved first. This completes the solution po(z) through

the equation (4.9). For a simple case V(z) = z?/2 this procedure reproduces
the famous Wigner semi-circle solution.

The dependence of po(z) on V(z) comes both explicitly and implicitly
through the end points and in order to find connected correlation functions
(4.3) we have to know V-dependence of the end points. However we have
an important relation that, given the boundary conditions (4.10) and (4.11),
the solution (4.9) satisfies

2 po(z) = grpula) = 0. (4.12)

This can be checked by straightforward calculations. Therefore upon vari-
ation of po(z) with respect to V(z) only the manifest dependence on V(z)
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in (4.9) is relevant, while V-dependences of the boundaries @ and b are can-
celled out. Since the two-point correlation function is obtained from po(z)
by taking a variational derivative, this is essentially the statement of the

universality of a two-point correlation function:

. 1 (y—a)b—y) P
N:{po()po(¥))e = 6V( 7)) = 2o ay{\l (c—a)(b—z)y = -}
(4.13)

All dependence on the potential V(z) is implicit only through the end-points
a and b. Here P stands for the principal value: P = lim._oz/(z? + €).

This result has been obtained in various papers by various methods {31],

(321, [33], [34], (361, [37].
Collecting all the results together we obtain for the free energy F [V] the

following expression (in the N — oo limit):
b[V] BV
FIVl= [ 4= po@)V(2) = ) [y % dweol@linte ~ 3l pula). (414

As expected, density of eigenvalues is given by the saddle point solution;

(p(a)he = jﬁ{g

= polz) + / d¢ g/‘,’(@g(V(E) 2) / dy In|z —y| po(y))

= ole) = 2 [ d (m(E)po(@)e = o). (4.15)

In principle 1/N corrections can be calculated by evaluating the Jacobian
J[p] [44] and fluctuationes around the saddle point.
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4.2 Multi Trace Matrix Model

Let us now generalize our approach to a multi trace case. We consider an
ensemble with the following statistical weight

1 1 &
L exp (- Nuv(M) -5 3 wagteWa(M)W(M) ). (4.16)

Z Ry}
In this case, after integrating over the angular variables the free energy is
given by:
e~N3FIV] — / dz,..dzy AP NI V(z) -1 S X o, wan Tise, Walz)Walz;)

(4.17)

and as before connected m-point correlation functions can be obtained by

taking functional derivatives with respect to V(z) (see (4.3)). Expressing

F[V] in terms of the density p(z) we obtain:

e~ NFV] = / Dp(z)do N[ dsdup(z)iniz=vlo(u)-N" [ dzo(z)V(=)

eV T o ves [ 4o HIWala) [ by s)Waw)+io( [ deole)1) 11 (4.18)

with the same Jacobian J[p] as in the previous section. Again in the leading

order in N we can set J[p] = 1. The steepest descent equations are:

K

0 =2N%) / deln|z — £lpo(€) — N2V (z) — N? a%:_lwapwa(z)cﬂ +igo,
) (4.19)
0 = / dz po(z) —1 (4.20)
where cg’s are constants
o = / dz po(z)Ws(z) (4.21)
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which are determined self-consistently later. Differentiating the equation

(4.19) we have a generalized equation of BIPZ

P / dé Po(f) Vz(;) ) 'ﬂz—lwagufl(z)cﬁ (4.22)

and it determines the stationary value po(z). Let us consider again a one-cut
solution, i.e po(z) is equal to zero if ¢ < a or £ > b. Then the general

solution is given by [45]:

1 1
ol G:B V W, Wa G py
polz) = [ dt (= 6){V () +,§1 aWal(£)ea} + 7 fz—a)b-2)
(4.23)

where @(z, y) is a differential operator defined by

5 _ 1 (y—a)b—y) P |\ @
Glz.y)= 272 (\J (z—a)b—z)y — :z:) By (424)

The coefficient of the homogeneous part (the second term) of po(z) is deter-

mined so as to satisfy the constraint (4.20).
The constants cg’s are still unknown. In order to fix them we plug equa-
tion (4.23) into the equation (4.21) and obtain a set of algebraic equations

for cg’s, which can be written in the following compact form:

}El Quyey = Oa (4.25)

where "
0p = /:dzdyW‘g(z)é(z,y)V(y)+ /:dz \/(z"_’”g’()b_z) (4.26)
Oy = o0 3 v [ dedy Wa(2)6(z,y)Waly): (427)

a=1
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Assuming further that
det | #0 (4.28)

equation (4.25) can be inverted
ca =) (2 )apOps (4-29)
8
to give the solution for po(z):

R K
we) = [[% CEO{VE) + 3 Welthuus@ )0}

L 1
T \ﬂz —a)(b—z)
Now the only unknowns left are the end points of the cut [a,b]. We can

(4.30)

fix them by choosing boundary conditions pg(a) = 0 and po(b) = 0. These
equations determine a = a[V, W] and b = b[V, W] as functionals of V(z) and
W (z)’s. Then equation (4.30) provides final expression for po(z).

As in the previous section one can prove that the solution (4.30) for po(z)
satisfies

2 po() = 0. (431)

In order to prove it, notice that, from equation (4.23) and the boundary
conditions po(a) = po(d) = 0, we get

o b . K P
55/’0(2:) =/a d¢ G(z,§) 0%21 wagWe(€) zrcs- (4.32)

All other contributions cancel out due to the boundary conditions at the end

points. Therefore taking derivative of cg in equation (4.21) we get a set of
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homogeneous algebraic equations, which can be written in the following form
X, a
Qpy et = 0. (4.33)
2, Yoy
Since det [ # 0, as previously assumed in equation (4.28), we conclude that

Ocy _
5 =0 (4.34)

and equation (4.31) is proved. Similarly one can prove that

Opo(y) _ Oca _
0a  Oa =0 (4.35)

Therefore upon variation of po(z) with respect to V(z) only the manifest
dependence on V(z) in (4.30) remains. For a connected two point correlation

function we obtain:

2 _ bpo(y) 1 Ofi(y—ea)b—y) P
N*(p(z)p(y))e = —EV(:B) = 9x2)\ 5.!;{\J (z—a)b—2z)y — :z:}

K b . b .
— Y [ a6, OWal8) cas [ dCCly, OIWa(C) (4.36)
af=1"2% a
where
K
Oay = pz_: was(2 " )y (4.37)

Correlation function (4.36) is symmetric in ¢ and y which follows from the
symmetry of the matrix w and the definition of Q (4.27).

The correlation function (4.36) manifestly depends on W,’s and is no
longer universal in a strong sense. However it is independent of V(z) and also

the short distance behavior is dominated by the first term of the universal
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form, which is what we call weak form of universality.? It is O(N°) and
there is still a strong suppression of fluctuation though its amplitude is not
universal. And the second term of the correlation function which breaks the
universality is not inversly proportional to A generally. But if the second
term in the definition of Q eq.(4.27) is much larger than one the correlation
function (4.36) is again inversly proportional to A.
The free energy F[V] is written in the following form:
PV = [T de Vi) + 3 wascess
a[V,W] a,f=1

- A /,, ' dzdypo(z)in|z — ylpo(y) (4.38)

where c,’s are defined in (4.29).
Finally we consider the case that wy; = wz; = 1 and all other components
equal to zero. Using equation (4.27) and (4.37) the explicit form of the

two-point correlation function is

. _ 1 8f|(y—a)b—y) P
N¥p(2)p(y))e = 533 5;{\J (z—a)(b—z)y — :z:}

- [ sl o) (-W’Tef—[mﬂ) [ %6, om(©)
- [ dedie oo BT [acc, owalc)
1—-(We-G-W,

b " ) b A
- [[ e, eWale) — i [ 46, owi(0)

2In the paper by B. Eynard and C. Kristjansen [47] they proved universality of corre-
lation functions for O(N') model on random lattice which can be written as one matrix
model with an infinite sum of products of two traces. The universality might be recovered
for their case since the infinite sum may make the determinant eq. (4.28) divergent and
oy in €q.(4.37) zero. We would like to thank C. Kristjansen for calling our attention to

their papers.
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- [ dcte,omie) P accw om0, )

where

det Q] = (1 — (W2 - G- WL))(1 — (W1 -G - W2)) — (Wr- G - Wi} (W2 - G - Wy).
(We-G-We) = [ dady Wale)C(a,u)Walv). (4.40)

4.2.1 Example: W, = W, = g,2?/2 + gaz*/4

In this section we give an example for an ensemble with a potential N trV(M)+

(teW(M))? where

2 4
W(z) = gi;— + ‘—’%f—. (4.41)

We assume that V(z) is a symmetric potential and @ = —b. From eq. (4.39)

we have

N*(p(z)p(y))e = 2—:23561/—{ z—_——fgy fz}

b . 2
- [ 4G oW (®) — BT

/_b,, d¢G(y, Q)W (C)- (442)

First it is straightforward to evaluate the integral

b . 1 b " P ,
[, 6@, oW (&) = 5= [ #VE -7 W©

1 b P p
= = L 4/P ¢ [9’(1+$£_$)+g4(52+z§+z2+z3£_$)

bt  wbiz?
nz?) +g4(-§- +——- wz‘)l .

(4.43)

_ L _[(1_6’_
S — | 2
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Then by using
b o Cm -1 ..
./-b dc\/b" -Z’ = 2m!! b’ ’ (4-44)
we can obtain
A _ 1 g§b4 929466 9 218
W-G-W) = -3 { 3t 3 Tl | (445)

The end points —b and b are determined by the conditions that the density
distribution should vanish at the end points. The final answer for the con-
nected density-density correlation is in general not inversely proportional to
X. This means that, when we apply matrix theory to the problem of conduc-
tance fluctuation, the variance (§G)? does not decrease exactly by a factor
of two. However, if |(W - G- W)| >> 1, we can approzimately write the two

point correlation function as
1 0 b—y2 P
2 T ——— —
N{p(2)e())e = 212 6y{ b2 —zly— z}
1 xb? 2 bt  wb’z? . ]
g: — 7z )+ ga — + — 7z )} X
(2r2y20 /(57 — 22)(8 - 3?) [ (e )
. 1 [ (rb
LA+ 200 + il | 2

2 1l"b4 .n,bz 2
—7"3/2)+94(—8—+ 2y —Wy4)]

(4.46)

and it is again inversely proportional to A.

4.3 Discussion

In this chapter we have studied density-density correlation functions for ran-

dom matrix models with a generalized potential containing products of two
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traces trtWy(M) - trW, (M) in addition to a single trace trV(M). We have
shown that the two point function has no longer the universal form which
depends on the potentials only through the end points. This is against the
argument by Brézin and Zee [41]. They have considered a special ensemble

P(M) = % e~ NaV(M)~[W(M)P/2 (4.47)

They argued that the effect of the second term is just to remormalize the
potential V' to V + aoW where ay is a constant determined by V and W and
claimed that the universality for two point correlation function still holds for
the above ensemble. Here we briefly review their argument and discuss why it
cannot generally hold for higher point correlation functions. By introducing

an auxiliary variable a the partition function is written as
Z(V,W) = e VFVM - / dM e~ NV MW (M)P/2)

_ / da N2 /2g-N*FIV+aW,0] (4.48)

up to an irrelevant overall factor and the integral over a runs over the imag-

inary axis. In the large N limit, the integral over a can be evaluated at the

saddle point and

2
F[V,W] = F[V + aoW, 0] — % (4.49)
where ag is determined by
d
oy = b;F[V +aW,0]|ap- (4.50)

ao depends on the details of the potentials. We can now obtain its density

distribution function:
SF[V,W
we) = TG
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§F[V + oW, 0] OF[V + aoW,0] | fao

- §V(z) lao + Oag cm)z')'V(:z:)
_ 6F[V + oW, 0]
= 5V (z) lao- (4.51)

This density distribution is the same as that of an ensemble with an effective
potential trV.ss = tr(V + aoW) as discussed in {41]. In order to obtain
the two point correlation function we then take variational derivative of the
distribution function with respect to the potential V(y). po(z) depends on
V(y) not only explicitly but implicitly through ao. It becomes

_ _SFVW] __ bpo(z)

CG=9) = “5Wauve) V(@)
_EFV +aW,0] _ Opo(z) bao_ (4.52)
V@) = da V() ’

The first term is the universal correlation function for an effective potential

V.ss and actually is independent of the details of the potential. But the sec-
ond term, which is a product of a function of z and that of y, depends on
the potential explicitly and the universality is broken down. (It is straight-
forward to show that the above expression is equal to a special case of that
obtained in section 4.2). In this simple case of potential, the extra term is
factorized into functions of z and y and we may say that there is still univer-
sality in a weak sense. As we discussed in this chapter, if the potential term
is more complicated, other products of functions at z and y are added and
this weak universality is also gradually broken.

Our result can be also generalized to potentials containing products of
more than two traces. The two point correlation function is again given by

the universal form plus a sum of products of a function of z and that of y.
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In this case we have to solve a non-linear equation to obtain these functions.

To conclude we have shown that the two point correlation function is
no longer universal in the strong sense and it depends on the details of the
potentials. This implies that, when we apply it to the random matrix models
for transmission matrix of a quantum wire the conductance fluctuation is
not exactly universal. The amplitude of the fluctuation might depend on the
system size or disorder strength. Also the variance of the conductance does

not decrease exactly by a factor of two when magnetic field is applied.
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Appendix A. Coherent state representation

We list the definitions and basic properties of the coherent state representa-

tion which we use throughout the paper:

2) =e¥'5(0), (o] = (0],  (#]e) ="
alz) =z|z), (z]a! = (z]z, / Pre Pz 2] = 1, dzzEdRez:Imz

(A-1)

There is important identity:

3 (@ - 2rim) (@ - ore) =1 (a-2)
The (A.2) expresses the completeness property of the generators of W, fundamental
representation. It can be considered as a generalization of the completeness
property of SU(N) generators to the case of N = oo . One can prove this
identity by multiplying both sides by arbitrary ket vector |2'). Then the right
hand side is |2’) and the left hand side is equal to:

—|2f? 1. =\n n_zz'
et ;a(af—z) |2)(8z — z)"e

1 a 5 n —|zlR+z2'
= ¥ L@ - o - it
= e(at-i)(z,—z) |z)e-lzlz+£z'

e&'z'e—a'zlz)

|2) (QED) (A-3)

For a given real function £(z,Z) = Y mn2"Z™ We obtain:

£(6,81) = 3 bmn™ (@)™ = [ P2eP T bnad®l2)(zI(81)" = [ & zeF12)e(z, 2)
' ' (A.4)
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A proof of (2.2) goes as follows.
£.(a,aNex(a,8") = / & ze b / B2 e 7P |2)8, (2, 2)EF a2, 2)(Z]

[&ze et [#e ez (- 9 s 21 (]

= [&ala)t(= Z)fz(z 75,2 el

= / & ze =" [z)z — 6"{1(2 5)0n¢(2, 2) (2|

- tg(—,jfa;:&(z, 2)906a(2, )l s (A5)

For any operator p(&, a') obtained from é(4, &') via commutation relation
aat — ata = 1 equation (A.4) is valid with the function £(z, Z') given by
&(z,2') = e e (|0(a,8")|2) (A-6)
The product of two anti-normal ordered operators coherent state represen-
tation is given by the "star” product [18], [19]:
(6,88, 8 = [ Fze o 12)6u(5,2) # a(z, )],
(2,5) (5, 3) = 3 LB, D)OE(2,2)  (AD)
n=0

The following useful relations are valid:
[ #ze e f(z) = £(2), [dzee e f(z) = £() (A8)

Action (2.11) naturally restricts physical operators to the ones which are
square integrable in the coherent state representation. Then for any (not

necessary) anti-normal ordered operator A(a, at) we define the tr as follows:

trA(a,at) = / Pze " (2] As, &) 2) (A.9)
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For the trace of the product of two operators we obtain:

tr(Aa, 8)B(a, 1) = [ [ dadt2e P (2| A3, aN)]e) (| B(&, aNle) =
= [ [ @adzre P (2| B, aMe)a| A4, 81)12') = tr(B(4, 4")A(8,4")
(A.10)

This proves the cyclicity property of the trace which we have heavily used
throghout this work.

Appendix B. Change of variables in quantum
mechanics 3

We start with a standard form for the Hamiltonian and Schrodinger equation

which is given by

5 = (- 13 o + V@)H@ = B (BD

a=1

We consider a transformation given by
¢ — Q@ =/r) ¢ = F(Q) (B.2)

We use the chain rule of differentiation to convert the derivatives with respect

to ¢’s into derivatives with respect to Q’s.

1 1 af® d aftofc o
‘5? 'a_qﬁ"’(‘” - 5( Zaq"zaQ" Z dq® 8g° 10Q* an)’“ (@)
(B.3)

3For more details see [13].
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We define

N _ azqc _ 62 fc _ aqa aqb _ o fc o fb
Q=37 =g T 1505 = 2o o
(B-4)

Then we obtain
6 = [[ETQR + TEQPRA) + VQF@), (B3)

where we set -}%; = P, V(Q) = V(F(Q)).

The Hamiltonian after the change of variables appears to be non-Hermitian
if we take the naive Hermitian conjugate: P,' = P,, Q%' = Q. This is be-
cause H is Hermitian in the original g-space. But after the change of vari-
ables, the Q-space should be defined by multiplying the wave function by the
square root of the Jacobian in order to satisfy the naive Hermitian conjuga-

tion prescription:

[davianala) = [TQ@dQUIF@)%(F@) = [dQ¥I(Q) Q)
(B-6)

where ¥(Q) = JY*(Q)¢(F(Q)). Then the Hamiltonian in @-space is ob-
tained by a similarity transformation

Hg = JY*HJ?, (B.7)

which should be Hermitian.

It is difficult to calculate the Jacobian in practice while w and 2 defined
by (B.4) are relatively easy to compute. So, it would be nice if Heg is ex-
pressed in terms of w and Q. Notice first J1(Q) = J(Q') = J(Q), accordingly
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JU2P, J12 = P, +iC,(Q), where Ca(Q) = 3 ag- In J(Q) and C} = C,. We

obtain

Ha = %[iZw‘(Q)(P, +C+ T OH(P. + iR+ iC+7(Q). (B.8)

Since H.g should be Hermitian, Hog—Hlg =1 S, {(w® + 23 Q%Cs + 5 %), P}, =
0, and by taking a commutator bracket with @, we obtain

w® + 2) 9%C, + Y. 0% =0 (B.9)
b b
This is the equation that determines C,. Then H.g is computed as
Hg = .;.Z[Paadp,, + C.0%C, + (C.0%)s] + V (B.10)
ab

(B.9) and (B.10) are the main results.

Appendix C

Let us remined definition and some properties of the ensembles we discuss in

this work. For a simplest case it is:
P(M) = %e‘N“V(M). (C.1)

(C.1) is the orthogonal ensemble (A = , see below (C.3)) when the matrix
elements M;; are real numbers. This ensemble is invariant under M —
UMU-!, where U is an orthogonal matrix (U € O(N)). If however, matrix
elements M;; are a complex numbers, U is an unitary (U € U(N)) than (C.1)
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is a unitary ensemble (A = 1). Finally if U is symplectic and M;; are real
quaternion numbers (i.e. 2 x 2 matrices of the form a + tbo. +icoy + ido,
where ¢.,0, and o, are the three Pauli spin matrices and a,b,c and d are
real numbers) than ensemble (C.1) is called symplectic (A = 2). Physically
(A = 1) case corresponds to broken time reversal (in underlying theory for
which matrix M is random Hamiltonian. This case realize in magnetic field
or if there is magnetic impurities). Surely, if spin rotation symmetry is broken
one has (A = 2) simplectic ensemble.

Let us prove now the equation (4.1) [29]. Consider matrix V' which diag-
onalize the matrix M such that M = V!XV, where X is diagonal matrix
with eigenvalues z;. Plugging one

1= / ﬁdzﬁdU SUMU™ — X') A (2) (C.2)
i=1
into the right hand side of (4.1), and performing integration over M, we
observe that integration over the angular variables U decouples and cancels
out with Vol in (4.1). We did not specify the measure dU in (C.2) to keep
it general. However we specify it exactly in (C.3).

Let us now find the A(z). Since only the infinitesimal neighborhood

U = (1+T)V of V contributes to the integral (C.2) we find:

N
1= / [[ deldU 6(UMU~X") A (z') = A%(z) f [ dT;8(Tizi-zs))
i=1 1<i<i<N
(C.3)
For orthogonal ensemble integration is over real T;; and therefore Az) =
[Ticj(z: — zj) and A = 1/2. For unitary ensemble number of integration

doubled since in this case T;;’s are complex numbers and therefore A = 1.
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Finally, for simplectic ensemble integration is over quaternions (four real

numbers) and therefore A = 2 (QED).

We prove the following identity we have used in equation (4.5):
N +0o
n(A?) =Y Injz; — 4| = N2/ dzdyp(z)in|z — y|p(y) + const. (C.4)
i#i Bag

Regularizing é-function in the definition of the collective coordinate p(z) (see
(4.2)) as follows,

N €E/TT
o) = lim Y- o) (©3)

we obtain

+o00
N? / . dzdyp(z)in|z —ylp(y) =

e/n
-z + €

e/m
—z;)? + €

—hmZ dzdy . (C.6)

e—0

The sum can be separated into two pieces: ¢ # j and 2 = j. The 7 # j terms
lead to the expression for the Van der Monde determinant. The 2 = j terms
become, by setting { =z —z;and { =y — z,

e/m _

+o00 /
Z/ da:dy 2 £ e In|z —y| G i ie

e/n

Z / dedl g5 Il — 1 e/ ; = const (C.7)

e—0

6—00

and equation (C.4) is proved (QED).

Due to the following identity

1 1

f(y)E%P,/:dx\/(z-—a)(b—z)y'z=0’ a<y<b (C38)
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the inhomogeneous term in po(z) (equation (4.9) or equation (4.23) ) does
not contribute to an integral (4.7). This can be proved as follows. We first

define a function
1 b 1 1
F(z)= - | de—————— . C.9
@)=z Je-a)b-2) = (©9)
Then it follows
1 : .
fly) = -2-(F(y +1€) + F(y — ze)), e— 0. (C.10)

Choosing the square root to be positive on the upper side of the cut (and
negative on the lower), the line integral (C.9) can be deformed to a contour
integral along a path C circling clockwise the cut between a and b. zis
outside of this contour. Since the integrand vanishes at infinity the contour

can be deformed smoothly to wind counterclockwise around z;
1
1 f iz 1 1
2r Je ‘/(z_a)(b_z)z—z
1

1 1

— ¢ dz

27"f; VE@—a)b—z)2—F
1

= 1

F(z) =

(C.11)

\ﬂz —a)(b—2) '
F(z) has different signs on the upper and lower sides of the cut and we get
f(z)=0.
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