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Abstract

On the rank of 2-primary part of Selmer group
of certain elliptic curves

by
KWANG HYUN KIM

Advisor: Professor Victor Kolyvagin

Kolyvagin proved very remarkable results on Mordell-Weil groups and
Shafarevich-Tate groups of certain elliptic curves when a given Heegner point
Pk has infinite order in his series of papers [3|, [4], [5] and [7]. In [6], he
also extended his result to odd prime ¢-primary part of Selmer group of
higher rank with the assumption of existence of non-trivial Kolyvagin sys-
tem(conjecture 1.0.4). In this thesis, we will follow his Euler system method
and verify that his method also works to prove the result on the rank of 2-
primary part of Selmer group of higher rank with Strong non-zero conjecture

1.0.9.
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Chapter 1

Introduction

Let E be an elliptic curve over Q with conductor N. Let K = Q(v/D) be
an imaginary quadratic field with the associated quadratic character w on
Ay/Q*. We assume all prime factors of N are split in K.( Heegner condi-
tion). Here D is a discriminant of K with (D,2N) = 1. We also consider a
Weierstrass minimal models of curve E with discriminant A. Let Px € E(K)
be the Heegner point over K, and Let L(E/K,s) := L(E,Q, s)L(E,Q,w, s)
be the complex L-function of E,x (over K). Gross and Zagier proved that
Py has infinite order if and only if L/(E/K, 1) # 0( analytic rank one). From
Gross and Zagier’s formula and Birch and Swinnerton-Dyer Conjecture for

E,k with analytic rank one, we can get the following conjecture.

Conjecture 1.0.1 (Conjecture 1.2 in [2]) Suppose Py has an infinite order,

then E(K) has rank one, the Shafarevich-Tate group UI(E/K) is finite and
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its order is given by

E(K): ZPe]\
CHq|N Cq

[HI(E/K)| = (

where ¢ is Manin constant and ¢, = [E(Q,)|E°(Q,)] is the Tamagawa number

at q.

Using the theory of Euler system, Kolyvagin (|5],|7]) has shown the rank part
of conjecture 1.0.1, the finiteness of III(E/K) and the explicit upper bound
of III(E/K). To calculate more exact size of -primary part of HI(E/K), we

assume the following condition.

Assumption 1.0.2 (Surjective condition) We assume the (-adic repre-

sentation py of a given elliptic curve E is surjective.
pe: GQEN™))|Q) — Aut(E[(>])

Kolyvagin proved the structure theorem on IHI(E/K)[¢>] if ¢ is odd. When
¢ is odd, we can decompose III(E/K) as III(E/K)" and III(E/K)~ via the

complex conjugation.

Theorem 1.0.3 (The structure theorem of Shafarevich group for odd ¢, The-

orem C in [7]) Assume Pk has infinite order. With the surjective condition
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on pyg, for odd ¢
HI(E/K) > =Z/M ™ML S L/ "L O L0 ™ML S L™ ™. ..
and
HI(E/K) ] =Z/M ™MZS L/ ™ @ L0 LS L/m>™ ...

where —e is a sign of functional equation and m; is a (non-negative) (-
divisible index of Heegner points with m; > my.q(definition 4.4.5). In par-
ticular, we can conclude

Rankz(E(K)) =1
and
III(E/K)[®]| = (2mo=me)
where mo = ord)([E(K) : ZPgk]) and m is a minimal (-divisible index of

Heegner points.

When Py has a finite order, Kolyvagin also proved the structure theorem
on odd prime /-primary part of Selmer group over K with the following

conjecture 1.0.4.

Conjecture 1.0.4 (Kolyvagin conjecture for odd prime ¢ [6]) There is r €

Z>o such that m, < oco.
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Definition 1.0.5 (minimum f for odd {) Assume the Kolyvagin conjecture
1.0.4.

fi=min{r € Zso|m, < oo}
Remark 1.0.6 If Pk has infinite order, f = 0.

With Kolyvagin conjecture 1.0.4, Kolyvagin proved the following theorem for

odd /4.

Theorem 1.0.7 (Conditional structure theorem for odd {, theorem 1 in [6])
Assume the conjecture 1.0.4. With the surjective condition on py for odd

prime € and n > my,

S(E, K (MY = 7)0m L0 LG O TR LS L O TR
and

S(E, K, (Y =z 0L L) TR LG LT

where n; =n fori=0,...f+ 1 andn'; fori=1,...,f is unknown.
In particular,

rankg,/z, lim(S(E, K, )V = f 41

and

f+1e)

rankg, z, im(S(E, K, 0) 7077 < f
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In this paper, we will prove the weaker results for ¢ = 2. We will not prove
the structure theorem for ¢ = 2, but we will prove the rank part of theorem.
Basically, we follow Kolyvagin’s original ideas in his Euler system papers [4],
[5], [7] and [6], but we adjust proofs slightly to fit £ = 2 case when it is
necessary.

For ¢ = 2, Kolyvagin pointed out that we need a slightly stronger conjec-
ture in [6]. This stronger conjecture means the Kolyvagin derivative classes

{Tan|X € A7} are not torsion'.

Definition 1.0.8 (V,,, page 258 in [6])
Vi = A{malX € AL}
where Ty, 1s a Kolyvagin derivative class in definition 4.4.4.

Conjecture 1.0.9 (strong non-zero system conjecture, conjecture B in [6])

There exists v € Z>o such that

Vk > ko, 3m | VI, #0

Definition 1.0.10 (minimum f for even £) Assume the strong non-zero sys-

IRemark 5.2.6
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tem conjecture 1.0.9.
f:=min{r € Zso|r holds the strong non — zero conjecture 1.0.9}

In this paper, we will prove the following result.

Theorem 1.0.11 (Main theorem) Let ¢ = 2. Assume assumption 2.0.13. If

we assume the strong non-zero Kolyvagin conjecture 1.0.9 for £, then
ranke, jz, (lm S(B, K, )"0 = f +1

and

rank@z/ze (hﬂ S(E7 Ku gn)(_l)‘fﬂe) < f



Chapter 2

Preliminaries

Remark 2.0.12 For simplicity, we sometimes use +1 as £ sign.

We always assume ¢ = 2. Let E be a elliptic curve over Q with conductor N

and a discriminant A.

Assumption 2.0.13 (Basic assumption) We assume the (-adic representa-

tion pgy of a given E is surjective.
pee: GQET))|Q) — Aut(E[L])

So E is a non-CM(complex multiplication) elliptic curve by classical results

in the theory of complexr multiplication.
e K =Q(VD) with D <0 and D # —2, -3, —4, —|A|, =2|A|.

e (D,2N)=1,(N,¢) =1 and K satisfies Heegner condition’.

'Heegner condition means that all prime factors of N are split in K.

7
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Definition 2.0.14

pene: GQEN])|Q) — Aut(E[€"])
Remark 2.0.15 From [4] proposition 16, D # —2, -3, —4, —|A|, —2|A| im-
plies K N Q(E[¢*]) = Q. Therefore
pe s GUK(BU)|K) — GLa(20)
is also surjective. We also get E(K)[{] = 0 from surjective condition( [4]
proposition 3).

Actually, if E is non-CM, there are only finitely many prime ¢ such that pg

is not surjective by Serre’s result(|13]).

Theorem 2.0.16 (J.P. Serre [13]) Suppose that E is an elliptic curve with
End(E) = Z(Non-CM).
dc such that

peq: GQEGT]IQ) = GLy(Z,)

is surjective for q > c.

Definition 2.0.17 Let o is the complex conjugation.

Let ¢ € G(K(E[(*™)|K) such

peste) = peao) ()



CHAPTER 2. PRELIMINARIES 9

Then

=

{ o if ppaelo) #1
og' if ppaelo) =1

For {1, c}-module A,

A% = ker(1 F¢)

Definition 2.0.18 ( Projective system of basis {ef. } on E[(>°]) From propo-
sition 6, proposition 9 and the page 490 in [{], E[("]* = Z/(". So we
can construct a projective (basis) system {ez.} of E[("] for alln > 1. So

+ +
€6£n+1 — ezn .

Remark 2.0.19 Because ¢|x = 0|k, actions on H'(K, E[("]) are same.



Chapter 3

Construction of Euler system

Now let us consider a family of Heegner points which is a key object in
Kolyvagin’s papers which we are following. In general, finding an algebraic
point of a elliptic curve F is not easy question. Using complex multiplication
theory, one can construct a large supply of algebraic points on E through
the modular parametrization ®x.! These points are "Heegner points" on E.
The existence of the modular parametrization? is proven by Andrew Wiles,
Richard Taylor and other contributors. It also implies a famous Fermat Last

Theorem due to e-conjecture result of Kenneth Ribet([11]).
3.1 Heegner points

Definition 3.1.1 We assume (A, N) = 1 with A\ € N.

1For a detail construction, refer chapter 3 in [1]
%It is called Taniyama-Shimura-Weil conjecture.(Chapter 2.6 in [1])

10
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o K[\ is the ring class field of K with conductor A

e By Heegner condition, there exists an ideal Y C O in the ring of

integers of K such that N = NN and Ok /N = Z/NZ.
e O[)\] :=Z + \Ok a order with conductor \
o N\ :=MNO[A
o (\,N)=1= N[\ is an invertible ideal in O[N]
o 2 :=[C/O[A] = C/MA'] € Xo(N)(K[N])

o Letm: Xo(N) — E be a fized optimal modular parametrization which

map the cusp ico of Xo(N) to the origin of F E
o y, :=m(xy) € E(KI\) is a Heegner point with conductor X\

o Py := Ngujx(y1) € E(K)

One of Kolyvagin’s main idea is using local conditions of local fields which is
complete with respect to Kolyvagin primes to bound a given group. Kolyva-
gin proved that there are infinitely many Kolyvagin primes using Chebotarev

density theorem?.

3proposition 9 in [4]
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3.2 Kolyvagin prime

Definition 3.2.1 o n(p) := ordi(p + 1,a,(E)) with a,(E) :==p+1—

|E(F,)| and F, := Z/pZ.
o n(A) :=minyp{n(p)}

Definition 3.2.2 (Kolyvagin prime of level n, proposition 6 in []]) Koly-

vagin prime p of level n is a prime in Q satisfying the following
0. p s inert in K
1. pt2-3ND
2. n <n(p)

3. B[]t =Z/l where E[{]* is a kernel of Fr,—1 and F'r, is the Frobenius

automorphism a — aP on_/p over Z/p.
We also can define
o A" ={p1-p2...p:|pi distinct Kolyvagin prime of level n}
o N"=U,A"

Remark 3.2.3 If ¢ is odd, E[{]" =7Z/¢ condition is always true.
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Definition 3.2.4 £, € Z|G(K[N]|K)]
Forpe AL,

£y, =ay

Where a, :=p+1—|E(F,)| and F, := Z/pZ.
3.3 Euler system

In [3], [5], Kolyvagin introduced collections of points with such properties
and called them Euler systems. The Euler system of Heegner points is one

of his main examples of Euler Systems.

Proposition 3.3.1 (proposition 1 in [3] and proposition 1 [4])

Forpe Al and A € A",

® pi A= Nipairn (W) = £pya
e For almost all p € A

redykp) (Ypr) = FT;TI(Tde(K[A])(yA))

where Fry, is the Frobenius automorphism a — a? of Z/p over Z/p.

Using these properties, Kolyvagin constructed Kolyvagin derivative cohomol-

ogy classes (we will recall their construction in the next chapter) which are
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among main tools in his theory of Euler Systems. They are also called as

Kolyvagin System by Berry Mazur and Karl Rubin in [9].



Chapter 4

local properties

In this chapter, we define several local conditions of Selmer structure. Using
these local conditions, we will construct Selmer modules which are generaliza-
tions of classical Selmer group. We will also recall Kolyvagin’s construction
of derivative cohomology classes. We will use them to calculate the difference

between two Selmer structures later.

4.1 local conditions

Definition 4.1.1 (chapter 1 in [9]) Now for prime w € Spec(Ok),
Hi(Ky, B[("]) = E(K,)/("E(K.,)

H,(Ky, B[("]) == H' (K, E[("])/Hy (K., E[("])

15
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Then we have the exact sequence

0—= H}(K,, B[("]) **% HY(K,, E[(")) —= HY(K,,, B[("]) —0

T (7)s

Here we can identify
HNK,, E[(") = H(K,, E)[("]

Of course, we can define similar cohomology groups for Q, instead of K.

Definition 4.1.2 If M is Z[Fry)-module with Fr2 =1, we can define

M* :=ker(Fr,¥1: M — M)

Remark 4.1.3 Forp € AL, from 101-102 page of [7] 1, We can decompose
H' (K, E[0") = H (K, E[0") ® Hy, (Ky, B["])

where H} (K,, E[("]) := H'(Lyn|Kp, A(Lpn)[0"]) and Ly, is the class field
of K, which corresponds to the subgroup K;anz of K.

We can also check

(i (5, BIE))) = H (5, E) 6]

s

'Kolyvagin’s augment also works well for £ = 2 because E[("] = H'(K,, F)[("] from
page 479 in [7].
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4.2 Selmer structure

Basically, we use Mazur and Rubin’s definitions in chapter 2 of [9].

Definition 4.2.1 (chapter 2 in [9]) Selmer structure F on E[("] over K is

a collection of local conditions { Hx(K,, E[("])} such that

o Let Y (F) be a finite set of place of K, including co,l and primes

dividing ND.

e For each v € Y (F), we choose some Z/{"-submodule

HL(K,, E[("]) ¢ H'(K,, E[("])

o v ¢ > (F) we define

Hy(K,, E[("]) := H}K,, E[("])

Definition 4.2.2 (Selmer module, chapter 2 in [9])

Selmer module H3(K, E[("]) C H'(K, E[("]) is defined by

Ker (Hl(K, E["]) — @g;gf Z[é:]])))

Definition 4.2.3 (chapter 2 in [9]) Given Selmer structure F and abc € Al

we can define Fi(c) on E[0"] over K as
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o ple= Hby o (Ky 7)) = HL(K,, E[07)
o pla = Hby (K, El7) = H'(K,, E[0")
o plb= HL, (o (K, E[7) = 0

Definition 4.2.4 (a(n,n’)) Forn' > n, a(n,n’) is the inclusion map from
E["] to E[0™]

B[ plem

Definition 4.2.5 (Cartesian property of local condition Hx(K,, E[("]) on
{E["]ln = 1} )

F is cartesian at K, on {E[("]|n > 1} means For alln' >n > 1
H}(K,, B[")) = a(n,n) ™ (H3(K,, E["]))

F is cartesian on {E[("]|n > 1} means that for all v, F is cartesian at K,

on {E[("]|n > 1}
Remark 4.2.6 From page 104-105 in [7] because E(K)[{>] = 0,
H(K, Ele") = H[)

where H = liﬂHl(K,E[ﬁn]).

So if F is cartesian on {E[("]ln > 1}, We can identify Selmer structure

2Definition 1.1.4 in [10]
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Hz (K, E[t"),

HL(K, E[") = Hz [0
where Hy := lim HY(K, E[(")
Remark 4.2.7 (Ezamples of Cartesian condition)

o HY(K,, E[("]) is cartesian for all primes v in K from the definition of

cartesian.

o Hi(K,, E[("]) is cartesian for all primes v in K. Rubin’s definition in

[12] and our definition is same from proposition 1.6.7 in [12].

e Forpe AL and n < n(p), H}(K,, E[("]) is cartesian. For n < n(p),
HY(Ky, E[("]) = H{(K,, E[("]) © H.(K,, E[("]) by remark 4.1.3. As
H}(Ky, E[€"]) and H'(Ky, E[("]) are cartesian, we can conclude that

H} (K,, E[{"]) is also cartesian for n < n(p).

4.3 Standard Selmer group at ¢/ =2
Definition 4.3.1 Now we define the standard Selmer structure F as
Hy(K,, E[("]) := H}(K,, E[("])

for all prime v € Spec(Ok). It is same to the original definition of Selmer

group.
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Definition 4.3.2 For ab\ € A],
Sl?(Aan Ka gn) = H]l-'g(A)<K7 E[gn])
From remark 4.2.6 and 4.2.7, we can conclude the following proposition.

Proposition 4.3.3 For abA € A},

Sy (N(E, K, 0[] = Sy(A) (B, K, 07)

4.4 Kolyvagin’s derivative classes

Choose p € AL. Let G[p] := G(K|[p]|K[1]) =< t, > with a generator t,. We

—_

can also define G[A\] := G(K[)\]|K). From proposition 5 in [3], G[p] is cyclic

with order p + 1.
Definition 4.4.1 o G\ = G(K[N|K[1])

o [fp|A, then we identify G[p] = G(K[\||K[\/p])

P
o D, := Z@ : t;(Derivative Operator)?
i=1

SWe use Dy, := Y7 i-t, and [4] use D), := " | (p+1—1i)-t}. It only change a sign
in a explicit relation.
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—

o Let Jy be a set of coset representatives of G[A] = G(K[MN|K) with

respect to G|\ = G(K[\]|G[1])
Proposition 4.4.2 ( (3.5) in [2])

(tp = 1)Dp =p+ 1 — Ngpk]
p .
with NK[pHK[l} = Z t;

=0

Proposition 4.4.3 ({ ND and pgy is surjective implies

E(K[A)[] =0

Proof ({ N = Q(E[(])|Q is only ramified at places dividing N¢. K[A]|Q is
unramified at places dividing N¢. Q(E[¢]) N K[)] is an unramified extension
over Q. But there is no unramified extension over Q. So Q(E[{]) N K[A] = Q
and it implies

p: GIK(EUIKA]) = GLy(Z/1)

From the order augment of proposition 3 in [4], E(K(X))[¢] = 0. O

Consider Py := Z oDy yx. Then from p 239-240 in (8],

oeJy

—

[P € HY (K], E[gn])Gm
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—

Because E(K[\)[{] =0 = H (G, E(K[\)[¢"]) =0, for i = 1,2 and

—

HY(K[A], E[e"])W

ESKN|K

H\(K, E[t"]) =
So we can define

Definition 4.4.4 (Kolyvagin’s Derivative classes)

Tam i= res}l[/\”K([P,\]gn)

Definition 4.4.5 (¢-divisible index m(\) of P,)

max{m € N|P, € {"E(K[\])} Py non — torsion
00 otherwise

o m'()\) = {

m'(A) m'(A) <n(N)
00 otherwise

o = {

m,(\) == min{m(6)|6 € A" \|6}
o m; := min{m(N\)|\ € A’}

o m,;, =min{m(\)|\ € Afn()\)Jrn}4

1t is well-defined by remark 5.2.2
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Definition 4.4.6 #a means (-power part of the order of a. ®> For a finite

Zo-module M, we can also define

#M = maz{#ala € M}

Definition 4.4.7 (ordy(a) with a € Z/{™ ) Let a € Z/".

ordy(a) := maz{a | (*la and 0 < o < n}

Remark 4.4.8 e mg=m(1)

o #T\n=n—m(N) if m(\) <n.

o ForacZ/l", #a =n — ordy(a)

S< a > 7/* with a generator a = #a =k
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global properties

In this chapter, we expose key properties of Kolyvagin’s derivative classes
proved in papers [4], [5], [7]. We will also discuss strong non-zero Kolyvagin

conjecture.

Definition 5.0.9 m is {-power of the least common multiple of the period

of the unramified cohomology groups H (K,, E)yn, for all primes v in K.

Proposition 5.0.10 (proposition 10 in [5] and proposition 1 in [7]) For
AN i

Tam € SO)(EB, K, ()1

Proof Because n(\) > m + n, we can consider 7 ,,4,. From theorem 10

in [5], for v ¥+ A, (Ma(v)s = (™ Tantm(v))s = 0. Namely, mh,(v) €

24
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Hi(Ky, EXD("]) . From theorem 3 in [5] or proposition 1 in [7], for p|X

with n(p) > n+ 11, 7y,(p) € HA(Ky, BV, O

Remark 5.0.11 From remark 4.2.7, for pA € ATF, SP(\)(E, K, (")* is

cartesian.

5.1 Key properties of the Kolyvagin’s deriva-
tive classes

Proposition 5.1.1 (proposition 2 in [4])
For A€ AL, .., and s € H' (K, E[("])™ with s(p) € H}(K,, E[("])*™ For

plA
r—1

2 2 _
Frp 13, . e-FTp 1
o /m

<3:T)\,n>E,K,p,n . [
n’p -

T)\/p,n]E,K,n
where Cup € pun and <, >prpn: HY(K,, E[("]) x H'(K,, E£[("]) — Z /"
is the local Tate pairing and [ , |grxn @ E[0"] x E[{"] — pm is the Weil

paLrIng.

Remark 5.1.2 We change a sign because we use a slightly different Deriva-

tive operator from [4].

In proof of proposition 1 in [7], we need 7y n(p) = —(1 +2+ ... + p)Frpﬁ,\\/Jp =
—@ € ("E(F). Because £ = 2, we need?"*!|p + 1 and it implies n(p) > n + 1
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Proposition 5.1.3 There is a local isomorphism ¢,, for pX\ € A:;Z:l (n" >n).

HY(Ky, E["]) —2 HL (K, E[¢"))

T)\,n<p> > TpA,n(p)

Proof From [5] p479, we have a isomorphism e}, : E[("] = HY(K,, E)[("]

by setting
_ 2
<57€E,lp,n/(e)>K,E,p,n’ FT’p —1
Cor =1 o S, €l

with s € H}(K,, E[(™])

Recall

Fﬁfl : H}(Kp,E[E”’]) — E[f"] is a isomorphism. So we have the

following isomorphism

Definition 5.1.4

e )= et (-1 E20)

Corollary 5.1.5 With above assumption,

#TA,n (p) = #Tp/\,n (p)

Remark 5.1.6 Barry Mazur and Karl Rubin define Kolyvagin system in
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general. One of main properties is corollary 5.1.5.2
5.2 Strong non-zero Kolyvagin conjecture

We will look at the strong non-zero system.

Definition 5.2.1 (ko, page 258 in [6]) Let R = H K[). Then
AEA

ko = 24 B (R[]

Remark 5.2.2 (well-defined my,,) Because #E(R)[(*] = 0 from proposi-

tion 4.4.3, we have ky = 0.
V>0, 3n |V, #0

means

Vk >0, 3 X such that n(\) > m(\) + k

Now when we switch n and k, we can also interpret it as
Vn >0 3 X such that n(\) > m(\) +n
So my, is well-defined.

Definition 5.2.3 Forr =0,

oo if Py infinite order

s(r) = { 0 if Pk finite order

2(5) of chapter 3 in [9].
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Forr>1,

s(r) :== mazyear{n(A) —m(A), 0}

Remark 5.2.4 Recall

Vn >0 3 X such that n(\) > m(\) +n

We can conclude

Strong conjecture for r < s(r) = oo

Remark 5.2.5 So we can redefine f as

fi=min{r|s(r) = oo}
Remark 5.2.6 ({7\,|A € AL} is torsion if r < f) By definition of s(r) and
#Tan =n —m(A) < n(A) —m(N),

#{manlA € AL} < s(r)

We will also prove s(r) < m+2re+2 if r < f (proposition 6.0.22) later. So
if r < f, then

#{nnA €A} <m+2re+2
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Remark 5.2.7 If we consider odd prime ¢ with surjective condition of pg.e,

(original) Kolyvagin conjecture < s(r) >0

Actually theorem 3 in [6] implies

s(r) > 0= s(r) =00

So original Kolyagin conjecture and Strong non-zero Kolyvagin conjecture

are equivalent if £ is odd and pgy is surjective.



Chapter 6

Main theorem

In this chapter, we will follow main idea of theorem 10 in [5] and the paper

[6]. To handle higher rank case, we consider a decreasing sequence of Selmer

groups
St 2 S reen 2 -2 8
and
Sy sreen D S(oiyrreen D+ D S rirgn D ST 1

Then we can directly use Kolyvagin’s original idea to S (({ ;ﬁ?dn and S (({ )1) 41

e/m

After then, we will annihilate them to prove their finiteness.

Definition 6.0.8 (log,) we fix an isomorphism logy : pun — Z/0".

Definition 6.0.9 (Subgroup of A generated by a)

< a >4 means the subgroup of A generated by a.

n the definition 6.0.13.

30
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Remark 6.0.10 o V, := K(E[("])

e a := max{|H (V,,|K, E[("])|} for all n' > n. From proposition 7.1.1,

orde(a) =1

o b := 2 x b whereV satisfying ¥A = 0 for all G,,-module such that
A C E[("]" or AC E[{"]7%. From lemma 2 and 3 in [3], ord,(0') = 0.

So ordy(b) = 1.
o Let e := ordy(ab) =2
o Letn:=m+2f+3 andm :=msz

e In [5], Kolyvagin also used c for size of {-torsion and d for action of
complex congugation. Here ¢ =1 and d = 1 because E(K)[{] =0 and

we use ¢ instead.

Definition 6.0.11 (rank,)

For Z;-module B,
rank,(B) = rankz,(B/B[("| ® Z]{)

In particular, ranko(B) is the number of cyclic subgroups in the primary

decomposition of B.

“From page 473 in [5|, [e4¢n, €x¢n] = (pn—1 instead of (¢n. To handle this difference, we
multiply 2.
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Definition 6.0.12 For a prime v in K,

Now let us make some definitions.

1,2,.

H'(K,E[(")) :== Ker (H'(K, E[("]) » H'(K,, E)[("])

..,2f + 1 in proposition 6.0.23.

Later, we will construct p; with ¢

32

Definition 6.0.13 Letn' > m+4+2e(f —1)+n andn > (f +2)(4fe+

m+1)+e(f+4)+1. For given primes p1,,pa, ..., papi1 € AL,

Let Ay = popr * i1 - - - Ppr—1 for k=1,... f +1 with py = 1.

XE?n CHY (K, E[0"))y—~, — pen fork=1,..., f + 1 such that

Pf+k
Fr2 —1
XEIQ,n(S) = [WE—’CS’ eief”]é

SO = S(E, K, (m)*

Sikg)n := kernel <X£?7n|s(’“‘1)> fork=1,...f+1
+4m

_ oD
Ky = S(q)fezn
f
K, = S((,)l)fﬂe@n
For a simplicity, we also use

k
Xopon(52) = X0 (54)
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with s+ € H' (K, E[("])p,
o 1= Tam withi=1,... f+1
o M = (M;;)i<ij<ft1 is a (f +1) x (f+ 1) matriz

with Mm‘ = lOg((pr-‘-j (771))

Most of proof of the main theorem 1.0.11 is carried from theorem 10 in [5],
proposition 8 in [7] and theorem 3 in [6]. We split them as several propositions

to adjust proofs for the ¢ = 2 easily.
Definition 6.0.14 (from theorem 10 in [5])
e S. is any finite subgroups of H}ni.

o S\ =resyx(St)

W (L) be the M-periodic abelian extensions of V corresponding S’
o W=W(H)W(-)
o H(£) :=GW(L)|V) and H := G(W|V)

o o(£): H— S := Hom(S, pun) such that

P(£)(n) : 52 = [s:((nc)?), €xen]en
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o Y(£): H— SL :=Hom(S¢, pm) via (L) = res o p(£)

Proposition 6.0.15 Assume n’ > n > e + 1. Choose any finite subgroups
Sy C HL™. then, 3n € H such that #¢(£)(n) = #X(£). From abS% C

X (&) with ordy(ab) = e,
#5951 —e < #p(£)(n) < #5s
Proof Proof can be found on page 477 - 478 in [5]. O

Proposition 6.0.16 (from theorem 10 in [5]) With same assumption, for

S+ € H}ni, there is infinitely many prime p € AL, such that

o Let xp(s2) i= () ()(s2) then

#se —e < xp(sa) < #sa
e (relation between local cohomology and global cohomology)

#s1(p) < #sy < #si(p) +e

Proof Proof is contained in the proof of theorem 10 in [5]. To help to

understand our changed notations, we will write the proof.
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Let Sy = {s}|n € Z}. Let x, := ¥ (%)(n) with above setting. Let ¢g €
G(W|Q), g = ne3. By Chebotrarev density theorem, 3, There is infinitely
many prime p of K such that p is unramified in W and g = Fry, |, where v

is a prime of W satisfying v|p.
® glx = o|lx = () = —1(inert)
e From proposition 6 in [4], we can check p € AL, and p splits in V,/|K.

5 FT}% —1
Xp(s2) = P(E)M)(s2) = [5£(07), exenlen = [— 54, ezen]n

Claim 6.0.17 #log,(x,(s+)) = max{#si(p) — 1,0}.

Proof From

Fr2—1
b L B(K,) /0 = B[]

2
we can write F’g’n se = #"# Wy with * € (Z/0")*. Because d = 1,

from page 473 in [5], [exn, €xen| = (gn-1. Therefore

#log,(xp(s+)) = max{#s+(p) — 1,0}. O

From #S. —e < #Y(£)(n) < #S5+, we have

#s: —e < xp(sx) < #sz

3Definition 2.0.17
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. From claim 6.0.17, #s5(p) — 1 < xp(s+) < #s+(p). So we can conclude

#s+(p) < #se < Hs+(p) +e

Corollary 6.0.18 (proposition 5 in [7]) If n’ > n > e + max{m(\), m(pA)}

with X € pAl, and #7x, < #Tan(p) + €, then m(pA) —m(A) <e.
Proposition 6.0.19 (proposition 4 in [7])
For p € ATt (r > 0)
HSP(N(E, K, (M* =n
Namely, there is s € SP(A\)(E, K, (") such that #s = n.

Proof From remark 5.0.11, SP(\)(E, K, (") is cartesian. From proposition 6
in [4] and remark 4.1.3, |H*(K,, E[¢"])*| = ¢*". Because isotropic properties

also work for ¢ = 2, the proof of proposition 4 in [7]| also works for ¢/ = 2. O

Now we will state the proposition which allows us to switch a prime p to

other prime ¢ with arbitrarily large n(q).

Proposition 6.0.20 (proposition 8 in [7]) Assume n > 1+2e-+m(pd), n' >
m+1+n,n" > n' with any p§ € A"f'. Then there is a prime q € AL, such

that #7p50(q) < #Tpsn < #Tpon(q) + € and m(qd) — m(pd) < 2e.
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Proof To keep track the conditions of n and n’, we will write a proof. But
the proof is exactly same to the proof of proposition 8 in [7]. Because we
have a fudge factor e when ¢ = 2, our result is a slightly weaker than original
proposition.

Choose n such that n > 14+2e+m(pd) and n’ > m+1+n. Let sc_1)r = Tpsn
and s_._1yr = s € SP(8)(E, K, (")~<C-1" from proposition 6.0.19. Then from

proposition 6.0.16, there is ¢ € AL, satisfying the following two conditions.

2_
Let €(Tgpsn) = ®i€(—1)reen and F;,L P e(—1yreen Where i = p,q, x; € Z/1"

. Then ¢ satisfies
o H#Tpon @) < #Tpon < #Tpsn(q) + € = orde(zy) < e+ m(pd)

o #5(q) < #s=n<H#s(q) +e=ordy(s,) =n—#s(q) <e

Let G = (fr; with y, € (Z/0")*
Because s € SP(6)(E, K, ")~V and 7,4, € S(pgd) (K, ")V,

by global class field theory, we have the following orthogonal relation®.

E < 8, Tpgsn ~E,K,in™ 0

i=p,q
From [ey,e_] = (m-1 = (fn, we have
Fr? —1

A *Cfszyzwz

[ KTL S ( 1)7‘ 1€€n]

4page 480 in [5]
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with ¢ = p, q. From proposition 5.1.1,

2 2
<<577—pq5,n>E,K,i,n - [Frz —1 (_1)k+1 . F?”i —1 ) ]
i = n S, € /n Tpg)/i;n]E,Kn
where 7 = p, q.
So we have
1 _ 1 mn
C-sp-xp=—L 5,74 mod [

Because 1 <14 ordy(s, - z,) <14 2e+m(pd) < n,

1 <1+ordysy-x,) <n

and

ordy(s,) + orde(x,) = orde(s,) + ordy(z,)
n— m(qé) = #Tqé,n Z #quS,n(p) = #qué,n(p> =n— O?”dg(.rp)
implies m(qd) < ordy(x,), so we can conclude that

m(qd) < ordy(sy) + orde(x,) = ordy(s,) + ordy(z,) < e + e+ m(pd)

and

m(qd) — m(pd) < 2e



CHAPTER 6. MAIN THEOREM 39

Remark 6.0.21 7o use proposition 6.0.20, we need two conditions
n' >m+1+nandn>1+2e+m(pd)

with p§ € A7

Now let’s assume we have py - pa...ppd" € AL, and we want to switch it to
q1-qo...q0" by repeating proposition 6.0.20 k-times.

m(q1-qo-. G Pix1---pr0) —m(q1-qo - Gi—1-Di-. - prd’) < 2e implies m(qy -

Q... qr0") —m(pr-pa...ped' (€ AL))) < 2ke. So we need these conditions.

n'>m+1+nandn>1+2ke+m(p-ps...prd (€ AL))

Proposition 6.0.22

s(r)>m+2re+2= s(r) =00

Proof Because there is A such that (s(r) >)n(A\) — m(\) > 2+m + 2e - r,

T
n/l .

by applying proposition 6.0.20 r-times, we have X' € A Because we can
increase n” as many as we want, we can conclude s(r) > m + 2re + 2 =

s(r) =o00. O

Proposition 6.0.23 (Key proposition, from theorem 8 in [6]) Let n' > m +

442e(f—1)+nandn> (f+2)dfe+m+1)+e(f+4)+ 1. There are
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D1,D2s - - Dapi1 € AL, satisfying the following conditions.

(R1) M is upper-triangular and ordy(M;;) < e+ 1+4fe+m

.....

) +e(f+1)

(RB) Th;n € S(—l)fefn

Proof The proof is analogous to the proof of theorem 3 in [6]. Because we
have a fudge factor e when ¢ = 2 and 7, := 7y, ,, our result is much weaker
than original theorem. To show how to handle e, we will write a detail proof.
(Construction of \; and ;)

By the following the proof of theorem 3 in [6], let us construction A; and 7;
with ¢ = 1,..., f + 1. From the conjecture 1.0.9 and remark 5.2.2, there is

A= pop} ... D} € A% such that m(\) = m. We repeat proposition 6.0.20 f-

f

n// .

times to replace A with Ay :=po-p1...ps € A),,. Now we repeat proposition
6.0.20 f-times again by choosing py.; from proposition 6.0.20 with p = p; and
0 = Dit1...Pryi—1 with e =1,..., f. We also choose pysy1 from proposition
6.0.16 which is a part of theorem 10 in [5].

(Local properties of ;)

By definition of f, n’ > n + m + 2(f — 1)e + 2 and proposition 6.0.22,
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Tan = a(n,n +m+2(f — e +2)71 ((m2U=D 2, o 1)eta) = 0 for
VA e AL

For \; and k =1,..., f 4+ — 1, from corollary 5.1.5

0= #Tki/pkﬂ > #TM/Pkm(pk) - #Tki,n<pk> (6‘0‘1>

(R1 - M is upper-triangular and ord,(M;;) < e+ 1+ 4fe +m)

From (6.0.1), if j < 4, then

#Mi,j = # 10g£(XPf+j (TM,N)) = max{#TAmn(pf-i-j) -1, O} =0 (602)

So M is upper triangular.
Now let us prove ordy(M;;) < e+ 1+ 4fe + m. Because m(\;) — m(\;) <

2e(i — 1) and m(\;) —m < 2ef from proposition 6.0.20,
#n; =n—m(N) >n— (def +m) (6.0.3)
From proposition 6.0.20 and (6.0.3),
#n; < #n0i(pyei) +e = #0i(prs) =n— (Afe+m)—e>0  (6.0.4)
From claim 6.0.17,

4M;; = maz{#mi(psa) — 1,0} > n— (Afe +m) —e—1
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So we can conclude
ordi(M;;) <e+1+4fe+m (6.0.5)

(R2 - Rank of <m; >i—1_ s41)

For simplicity, let § = e+ 1+ 4fe + m. First, we will prove 7; is linearly-
independent up to some torsions which are universally annihilated®.
Suppose szjll a;n; = 0 (mod (") with o; € Z/¢". Then we will prove the
following inequality.

#o; < B(f +2—1) (6.0.6)

From xy,,., (3> am;) = 0, we have a1 My 541 = 0( mod £") because of

(6.0.2). From (6.0.5), we have the following inequality.

orde(ays1) >n— B and #aype < B

Now we will do induction on ¢ reversely. Assume the inequalities (6.0.6) for

i=k+1,...,f+1are true. From x,,, (3  a;ni) = 0, we have
OékMk,k -+ Oék+1Mk+17k + ... aerleJr]_’k = O( mod gn)
If we multiply both sides by £#+1=%) by the induction, we get

gﬁ(f+1ik)&kMk’k = O(mod gn)

5Here, universally means it is independent of n.
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From (6.0.5), we can conclude
o < B(f+2—F)
In particular, we have
H#o; < (e+ 1+ 4fe+m)(f+1) (6.0.7)
Now we will prove the rank of n where n =<n; >, 41.

Lemma 6.0.24
Tankn7(4fe+m)71(< Ni >i=1,..., f+1) =f+1
where n — (4fe+m) —1> (e+1+4fe+m)(f +1).

Proof From (6.0.7), n; are linearly independent in n/n[¢°+]. Since #n; >

n — (def +m)(6.0.3), we can conclude
Tankn—(4fe+ﬁ)—1(77) - f +1
where n — (4fe+m) —1> (e+ 1+ 4fe+m)(f+1). O

(R3 ;i € S(_1yreen)

From proposition 5.0.10 and (6.0.1),

N = Tyn € S(,l)fegn
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|

Corollary 6.0.25 (from theorem 10 in [5]) (“K; = 0(i = 1,2) for a > 0

which is independent of n and |K;| < oo (independent of n).

Proof The proof of theorem 10 in [5] (in the case r=2) proves equally the

corollary 6.0.25 if simply we replace

e the Selmer groups St with the intersection of kernels of x;,, ;- -+, Xpa

(in our notations) on them.

® )\, A1, Ay (in the notations of [5]) with Afi1, pasi1, posie (in our

notations)

e characters x_., X corresponding to primes A, Ay (in the notations of
[5]) with characters Xp,, ., Xpys,. COrresponding to primes pyyy1, payio

(in our notations).
From theorem 10 in [5] with r = 2, we have

where m; :== m(ppi1 - Prio. .. Dofi)-

Let a = 4e(f + 1) +m + 1. Of course, « is independent of n. Because
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my—my < e, my—m(Arp1) < e from corollary 6.0.18 and m(Apyy) < def+m

from proposition 6.0.20, we can conclude
#K; <«

Namely,

(°K; =0 (6.0.8)
Because Sija+1[0*] = Siga, it also implies |K;| < oo (independent of n). O
Definition 6.0.26 (Y) Let

—_—

X(-nyfe : S(ciyren — (ZJ0)IH

with
X17e(8) = (Xopar (8): Xpp s (8); -+ Xy (5))
and
X(—iyrtie t Sy — (Z/€7))
with

e~

X(fl)f“e(S) = (pr+1 (5)7 pr+1<3)v <o Xpoy (5))
Now let’s prove our main theorem.

Proof (Proof of Main theorem 1.0.11)
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We have the following maps.

X(—1yfe
0—> K1 —=S(_1ysem et (Z,)07)f+1

X(Cnyftie
0 —= Ky —= S(_pyrs1em —— (Z/07)/

First, We also checked |K;| < oo(independent of n) with ¢ = 1,2 from

-----

corollary 6.0.25. From lemma 6.0.24, Tank@g/zz(lign(< M >i=1 f+1)) =
f+1
So we can conclude that

TGJTLkQZ/ZZ(%ﬂ<S(,1)f@n)) = f + 1

and

rankg,/z, (MQ(S 1)) < f
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Appendix

7.1 Size of H'(V|K, E[("))
Proposition 7.1.1 (Kolyvagin)

HY(G,,E[2]) =7Z/2
forn > 2

Proof By proposition 14 in [4], we already know H(G,, E[{]) C Z/2. So
we only check there is non-trivial elements in H'(Gs, E[{])(C H'(G,,, E[(])).
Recall HY(G,, E[{]) — HY(H,, E[())%* = Hom(H,,, E[{])“* and

Hy = M2(Z/2Z). Choose vy : M2(Z/2Z) — E[f] such that

” a b\ [(a+d+b
Ne d)  \a+d+ec

We can directly check vy € Hom(H,, E[¢])¢*. O

47
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Remark 7.1.2 From proposition 14 in [4] and proposition 7.1.1

HY(G, E[2]) = { 222 n22
00— H'(Gy/D, E[2"|P) — H'(G,,, E[2"]) — H'(D, E[2"])5/"

But E[2")° = E[2], {P € E[2"]|((=]) + 1)P = 0} = E[2"] and
HY(D,E[2"]) = E[2"]/((—1) — 1) E[2"] = E[2"]/2E[2"] = E[2]
implies H'(D, E[2"])%/P = E[2]% =0
0— HY(G,/D, E[2]) — H'(G,, E[2]) — H(D, E[2])¢"/P =0

We can conclude
HY(G,, E[2]) = H'(G,, E[2"))
So

7)27 n>2

Hl(Gn,E[Q”])g{ ]

When n' > n from
—— H°(G,,E[2"7"]) = 00— HY (G, E[("])) —= 72

and

0 —= HY(G,, E[2"]) & Z/2 — H*(G,s, E[(")

THY(G,,, E[2 ")) = E(K)[2" "] = 0 and H*(G,, E[2"]) = Z/2
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we con conclude

HY(G,y, E[2"]) = {

Z]2Z n'>2andn’ >n>1
0 n=n=1
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