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Abstract

On the rank of 2-primary part of Selmer group
of certain elliptic curves

by

KWANG HYUN KIM

Advisor: Professor Victor Kolyvagin

Kolyvagin proved very remarkable results on Mordell-Weil groups and

Shafarevich-Tate groups of certain elliptic curves when a given Heegner point

PK has infinite order in his series of papers [3], [4], [5] and [7]. In [6], he

also extended his result to odd prime `-primary part of Selmer group of

higher rank with the assumption of existence of non-trivial Kolyvagin sys-

tem(conjecture 1.0.4). In this thesis, we will follow his Euler system method

and verify that his method also works to prove the result on the rank of 2-

primary part of Selmer group of higher rank with Strong non-zero conjecture

1.0.9.
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Chapter 1

Introduction

Let E be an elliptic curve over Q with conductor N . Let K = Q(
√
D) be

an imaginary quadratic field with the associated quadratic character ω on

A×Q/Q×. We assume all prime factors of N are split in K.( Heegner condi-

tion). Here D is a discriminant of K with (D, 2N) = 1. We also consider a

Weierstrass minimal models of curve E with discriminant ∆. Let PK ∈ E(K)

be the Heegner point over K, and Let L(E/K, s) := L(E,Q, s)L(E,Q, ω, s)

be the complex L-function of E/K (over K). Gross and Zagier proved that

PK has infinite order if and only if L′(E/K, 1) 6= 0( analytic rank one). From

Gross and Zagier’s formula and Birch and Swinnerton-Dyer Conjecture for

E/K with analytic rank one, we can get the following conjecture.

Conjecture 1.0.1 (Conjecture 1.2 in [2]) Suppose PK has an infinite order,

then E(K) has rank one, the Shafarevich-Tate group X(E/K) is finite and

1



CHAPTER 1. INTRODUCTION 2

its order is given by

|X(E/K)| =

(
[E(K) : ZPK ]

c
∏

q|N cq

)2

where c is Manin constant and cq = [E(Qq)|E0(Qq)] is the Tamagawa number

at q.

Using the theory of Euler system, Kolyvagin ([5],[7]) has shown the rank part

of conjecture 1.0.1, the finiteness of X(E/K) and the explicit upper bound

of X(E/K). To calculate more exact size of `-primary part of X(E/K), we

assume the following condition.

Assumption 1.0.2 (Surjective condition) We assume the `-adic repre-

sentation ρ` of a given elliptic curve E is surjective.

ρ` : G(Q(E[`∞])|Q)→ Aut(E[`∞])

Kolyvagin proved the structure theorem on X(E/K)[`∞] if ` is odd. When

` is odd, we can decompose X(E/K) as X(E/K)+ and X(E/K)− via the

complex conjugation.

Theorem 1.0.3 (The structure theorem of Shafarevich group for odd `, The-

orem C in [7]) Assume PK has infinite order. With the surjective condition



CHAPTER 1. INTRODUCTION 3

on ρ`, for odd `

X(E/K)ε[`∞] = Z/`m1−m2Z⊕ Z/`m1−m2Z⊕ Z/`m3−m4Z⊕ Z/`m3−m4Z . . .

and

X(E/K)−ε[`∞] = Z/`m0−m1Z⊕ Z/`m0−m1 ⊕ Z/`m2−m3Z⊕ Z/`m2−m3 . . .

where −ε is a sign of functional equation and mi is a (non-negative) `-

divisible index of Heegner points with mi ≥ mi+1(definition 4.4.5). In par-

ticular, we can conclude

RankZ(E(K)) = 1

and

|X(E/K)[`∞]| = `2(m0−m∞)

where m0 = ordl([E(K) : ZPK ]) and m∞ is a minimal `-divisible index of

Heegner points.

When PK has a finite order, Kolyvagin also proved the structure theorem

on odd prime `-primary part of Selmer group over K with the following

conjecture 1.0.4.

Conjecture 1.0.4 (Kolyvagin conjecture for odd prime ` [6]) There is r ∈

Z≥0 such that mr <∞.
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Definition 1.0.5 (minimum f for odd `) Assume the Kolyvagin conjecture

1.0.4.

f := min{r ∈ Z≥0|mr <∞}

Remark 1.0.6 If PK has infinite order, f = 0.

With Kolyvagin conjecture 1.0.4, Kolyvagin proved the following theorem for

odd `.

Theorem 1.0.7 (Conditional structure theorem for odd `, theorem 1 in [6])

Assume the conjecture 1.0.4. With the surjective condition on ρ` for odd

prime ` and n > mf ,

S(E,K, `n)ε(−1)f = Z/`n0 . . .Z/`nf+1Z⊕Z/`mf+1−mf+2Z⊕Z/`mf+1−mf+2Z⊕. . .

and

S(E,K, `n)ε(−1)f+1

= Z/`n′1 . . .Z/`n′fZ⊕ Z/`mf−mf+1Z⊕ Z/`mf−mf+1 ⊕ . . .

where ni = n for i = 0, . . . f + 1 and n′i for i = 1, . . . , f is unknown.

In particular,

rankQ`/Z` lim−→(S(E,K, `n)(−1)f ε) = f + 1

and

rankQ`/Z` lim−→(S(E,K, `n)(−1)f+1ε) ≤ f
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In this paper, we will prove the weaker results for ` = 2. We will not prove

the structure theorem for ` = 2, but we will prove the rank part of theorem.

Basically, we follow Kolyvagin’s original ideas in his Euler system papers [4],

[5], [7] and [6], but we adjust proofs slightly to fit ` = 2 case when it is

necessary.

For ` = 2, Kolyvagin pointed out that we need a slightly stronger conjec-

ture in [6]. This stronger conjecture means the Kolyvagin derivative classes

{τλ,n|λ ∈ Λr
n} are not torsion1.

Definition 1.0.8 (V r
n,k, page 258 in [6])

V r
n,k := {τλ,n|λ ∈ Λr

n+k}

where τλ,n is a Kolyvagin derivative class in definition 4.4.4.

Conjecture 1.0.9 (strong non-zero system conjecture, conjecture B in [6])

There exists r ∈ Z≥0 such that

∀k ≥ k0, ∃ n | V r
n,k 6= 0

Definition 1.0.10 (minimum f for even `) Assume the strong non-zero sys-
1Remark 5.2.6
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tem conjecture 1.0.9.

f := min{r ∈ Z≥0|r holds the strong non− zero conjecture 1.0.9}

In this paper, we will prove the following result.

Theorem 1.0.11 (Main theorem) Let ` = 2. Assume assumption 2.0.13. If

we assume the strong non-zero Kolyvagin conjecture 1.0.9 for `, then

rankQ`/Z`(lim−→
n

S(E,K, `n)(−1)f ε) = f + 1

and

rankQ`/Z`(lim−→
n

S(E,K, `n)(−1)f+1ε) ≤ f



Chapter 2

Preliminaries

Remark 2.0.12 For simplicity, we sometimes use ±1 as ± sign.

We always assume ` = 2. Let E be a elliptic curve over Q with conductor N

and a discriminant ∆.

Assumption 2.0.13 (Basic assumption) We assume the `-adic representa-

tion ρE,` of a given E is surjective.

ρE,` : G(Q(E[`∞])|Q)→ Aut(E[`∞])

So E is a non-CM(complex multiplication) elliptic curve by classical results

in the theory of complex multiplication.

• K = Q(
√
D) with D < 0 and D 6= −2,−3,−4,−|∆|,−2|∆|.

• (D, 2N) = 1, (N, `) = 1 and K satisfies Heegner condition1.
1Heegner condition means that all prime factors of N are split in K.

7
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Definition 2.0.14

ρE,n,` : G(Q(E[`n])|Q)→ Aut(E[`n])

Remark 2.0.15 From [4] proposition 16, D 6= −2,−3,−4,−|∆|,−2|∆| im-

plies K ∩Q(E[`∞]) = Q. Therefore

ρE,` : G(K(E[`∞])|K)→ GL2(Z`)

is also surjective. We also get E(K)[`] = 0 from surjective condition( [4]

proposition 3).

Actually, if E is non-CM, there are only finitely many prime q such that ρE,q

is not surjective by Serre’s result([13]).

Theorem 2.0.16 (J.P. Serre [13]) Suppose that E is an elliptic curve with

End(E) = Z(Non-CM).

∃c such that

ρE,q : G(Q(E[q∞])|Q)→ GL2(Zq)

is surjective for q ≥ c.

Definition 2.0.17 Let σ is the complex conjugation.

Let g′ ∈ G(K(E[`∞]|K) such

ρE,`(g
′) = ρE,`(σ)

(
0 −1
1 0

)
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Then

c :=

{
σ if ρE,1,`(σ) 6= I
σg′ if ρE,1,`(σ) = I

For {1, c}-module A,

A± := ker(1∓ c)

Definition 2.0.18 ( Projective system of basis {e±`n} on E[`∞]) From propo-

sition 6, proposition 9 and the page 490 in [4], E[`n]± ∼= Z/`n. So we

can construct a projective (basis) system {e±`n} of E[`n] for all n ≥ 1. So

`e±`n+1 = e±`n.

Remark 2.0.19 Because c|K = σ|K, actions on H1(K,E[`n]) are same.



Chapter 3

Construction of Euler system

Now let us consider a family of Heegner points which is a key object in

Kolyvagin’s papers which we are following. In general, finding an algebraic

point of a elliptic curve E is not easy question. Using complex multiplication

theory, one can construct a large supply of algebraic points on E through

the modular parametrization ΦN .1 These points are "Heegner points" on E.

The existence of the modular parametrization2 is proven by Andrew Wiles,

Richard Taylor and other contributors. It also implies a famous Fermat Last

Theorem due to ε-conjecture result of Kenneth Ribet([11]).

3.1 Heegner points

Definition 3.1.1 We assume (λ,N) = 1 with λ ∈ N.
1For a detail construction, refer chapter 3 in [1]
2It is called Taniyama-Shimura-Weil conjecture.(Chapter 2.6 in [1])

10



CHAPTER 3. CONSTRUCTION OF EULER SYSTEM 11

• K[λ] is the ring class field of K with conductor λ

• By Heegner condition, there exists an ideal N ⊂ OK in the ring of

integers of K such that N = NN and OK/N = Z/NZ.

• O[λ] := Z + λOK a order with conductor λ

• N[λ] := N ∩O[λ]

• (λ,N) = 1⇒ N[λ] is an invertible ideal in O[λ]

• xλ := [C/O[λ]→ C/N[λ]−1] ∈ X0(N)(K[λ])

• Let π : X0(N) → E be a fixed optimal modular parametrization which

map the cusp i∞ of X0(N) to the origin of F E

• yλ := π(xλ) ∈ E(K[λ]) is a Heegner point with conductor λ

• PK := NK[1]|K(y1) ∈ E(K)

One of Kolyvagin’s main idea is using local conditions of local fields which is

complete with respect to Kolyvagin primes to bound a given group. Kolyva-

gin proved that there are infinitely many Kolyvagin primes using Chebotarev

density theorem3.
3proposition 9 in [4]
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3.2 Kolyvagin prime

Definition 3.2.1 • n(p) := ord`(p + 1, ap(E)) with ap(E) := p + 1 −

|E(Fp)| and Fp := Z/pZ.

• n(λ) := minp|λ{n(p)}

Definition 3.2.2 (Kolyvagin prime of level n, proposition 6 in [4]) Koly-

vagin prime p of level n is a prime in Q satisfying the following

0. p is inert in K

1. p - 2 · 3ND

2. n ≤ n(p)

3. E[`]+ = Z/` where E[`]+ is a kernel of Frp−1 and Frp is the Frobenius

automorphism a→ ap of Z/p over Z/p.

We also can define

• Λr
n = {p1 · p2 . . . pr|pi distinct Kolyvagin prime of level n}

• Λr = ∪nΛr
n

Remark 3.2.3 If ` is odd, E[`]+ = Z/` condition is always true.
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Definition 3.2.4 Lp ∈ Z[G(K[λ]|K)]

For p ∈ Λ1
n,

Lp = ap

Where ap := p+ 1− |E(Fp)| and Fp := Z/pZ.

3.3 Euler system

In [3], [5], Kolyvagin introduced collections of points with such properties

and called them Euler systems. The Euler system of Heegner points is one

of his main examples of Euler Systems.

Proposition 3.3.1 (proposition 1 in [3] and proposition 1 [4])

For p ∈ Λ1
n and λ ∈ Λr

n,

• p - λ⇒ NK[pλ]|K[λ](ypλ) = Lpyλ

• For almost all p ∈ Λ1

redp(K[pλ])(ypλ) = Fr−1
p (redp(K[λ])(yλ))

where Frp is the Frobenius automorphism a→ ap of Z/p over Z/p.

Using these properties, Kolyvagin constructed Kolyvagin derivative cohomol-

ogy classes (we will recall their construction in the next chapter) which are
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among main tools in his theory of Euler Systems. They are also called as

Kolyvagin System by Berry Mazur and Karl Rubin in [9].



Chapter 4

local properties

In this chapter, we define several local conditions of Selmer structure. Using

these local conditions, we will construct Selmer modules which are generaliza-

tions of classical Selmer group. We will also recall Kolyvagin’s construction

of derivative cohomology classes. We will use them to calculate the difference

between two Selmer structures later.

4.1 local conditions

Definition 4.1.1 (chapter 1 in [9]) Now for prime w ∈ Spec(OK),

H1
f (Kw, E[`n]) := E(Kw)/`nE(Kw)

H1
s (Kw, E[`n]) := H1(Kw, E[`n])/H1

f (Kw, E[`n])

15
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Then we have the exact sequence

0 // H1
f (Kw, E[`n]) Kum // H1(Kw, E[`n]) // H1

s (Kw, E[`n]) // 0

τ // (τ)s

Here we can identify

H1
s (Kw, E[`n]) ∼= H1(Kw, E)[`n]

Of course, we can define similar cohomology groups for Qv instead of Kw.

Definition 4.1.2 If M is Z[Frp]-module with Fr2
p = 1, we can define

M± := ker(Frp ∓ 1 : M →M)

Remark 4.1.3 For p ∈ Λ1
n, from 101-102 page of [7] 1, We can decompose

H1(Kp, E[`n]) = H1
f (Kp, E[`n])⊕H1

tr(Kp, E[`n])

where H1
tr(Kp, E[`n]) := H1(Lp,n|Kp, A(Lp,n)[`n]) and Lp,n is the class field

of Kp which corresponds to the subgroup K∗
p`
npZ of K∗p .

We can also check

(
H1
tr(Kp, E[`n])

)
s

= H1(Kp, E)[`n]

1Kolyvagin’s augment also works well for ` = 2 because E[`n] ∼= H1(Kp, E)[`n] from
page 479 in [7].
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4.2 Selmer structure

Basically, we use Mazur and Rubin’s definitions in chapter 2 of [9].

Definition 4.2.1 (chapter 2 in [9]) Selmer structure F on E[`n] over K is

a collection of local conditions {H1
F(Kv, E[`n])} such that

• Let
∑

(F) be a finite set of place of K, including ∞, ` and primes

dividing ND.

• For each v ∈
∑

(F), we choose some Z/`n-submodule

H1
F(Kv, E[`n]) ⊂ H1(Kv, E[`n])

• v 6∈
∑

(F) we define

H1
F(Kv, E[`n]) := H1

f (Kv, E[`n])

Definition 4.2.2 (Selmer module, chapter 2 in [9])

Selmer module H1
F(K,E[`n]) ⊂ H1(K,E[`n]) is defined by

Ker

(
H1(K,E[`n])→ ⊕H

1(Kv, E[`n])

H1
F(Kv, E[`n])

)
Definition 4.2.3 (chapter 2 in [9]) Given Selmer structure F and abc ∈ Λr

n,

we can define Fab (c) on E[`n] over K as
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• p|c⇒ H1
Fab (c)(Kp, E[`n]) = H1

tr(Kp, E[`n])

• p|a⇒ H1
Fab (c)(Kp, E[`n]) = H1(Kp, E[`n])

• p|b⇒ H1
Fab (c)(Kp, E[`n]) = 0

Definition 4.2.4 (α(n, n′)) For n′ ≥ n, α(n, n′) is the inclusion map from

E[`n] to E[`n
′
]

E[`n] �
�α(n,n′)// E[`n

′
]

Definition 4.2.5 (Cartesian property of local condition H1
F(Kv, E[`n]) on

{E[`n]|n ≥ 1} )2

F is cartesian at Kv on {E[`n]|n ≥ 1} means For all n′ ≥ n ≥ 1

H1
F(Kv, E[`n]) = α(n, n′)−1

(
H1
F(Kv, E[`n

′
])
)

F is cartesian on {E[`n]|n ≥ 1} means that for all v, F is cartesian at Kv

on {E[`n]|n ≥ 1}

Remark 4.2.6 From page 104-105 in [7] because E(K)[`∞] = 0,

H1(K,E[`n]) ∼= H[`n]

where H := lim−→
n

H1(K,E[`n]).

So if F is cartesian on {E[`n]|n ≥ 1}, We can identify Selmer structure
2Definition 1.1.4 in [10]
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H1
F(K,E[`n]),

H1
F(K,E[`n]) ∼= HF [`n]

where HF := lim−→n
H1(K,E[`n])

Remark 4.2.7 (Examples of Cartesian condition)

• H1(Kv, E[`n]) is cartesian for all primes v in K from the definition of

cartesian.

• H1
f (Kv, E[`n]) is cartesian for all primes v in K. Rubin’s definition in

[12] and our definition is same from proposition 1.6.7 in [12].

• For p ∈ Λ1
n and n ≤ n(p), H1

tr(Kp, E[`n]) is cartesian. For n ≤ n(p),

H1(Kp, E[`n]) ∼= H1
f (Kp, E[`n]) ⊕ H1

tr(Kp, E[`n]) by remark 4.1.3. As

H1
f (Kp, E[`n]) and H1(Kp, E[`n]) are cartesian, we can conclude that

H1
tr(Kp, E[`n]) is also cartesian for n ≤ n(p).

4.3 Standard Selmer group at ` = 2

Definition 4.3.1 Now we define the standard Selmer structure F as

H1
F(Kv, E[`n]) := H1

f (Kv, E[`n])

for all prime v ∈ Spec(OK). It is same to the original definition of Selmer

group.
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Definition 4.3.2 For abλ ∈ Λr
n

Sab (λ)(E,K, `n) := H1
Fab (λ)(K,E[`n])

From remark 4.2.6 and 4.2.7, we can conclude the following proposition.

Proposition 4.3.3 For abλ ∈ Λr
n+1,

Sab (λ)(E,K, `n+1)[`n] ∼= Sab (λ)(E,K, `n)

4.4 Kolyvagin’s derivative classes

Choose p ∈ Λ1
n. Let G[p] := G(K[p]|K[1]) =< tp > with a generator tp. We

can also define Ĝ[λ] := G(K[λ]|K). From proposition 5 in [3], G[p] is cyclic

with order p+ 1.

Definition 4.4.1 • G[λ] := G(K[λ]|K[1])

• If p|λ, then we identify G[p] ∼= G(K[λ]|K[λ/p])

• Dp :=

p∑
i=1

i · tip(Derivative Operator)3

• Dλ :=
∏

p|λDp

3We use Dp :=
∑p
i=1 i · tip and [4] use Dp :=

∑p
i=1(p+ 1− i) · tip. It only change a sign

in a explicit relation.
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• Let Jλ be a set of coset representatives of Ĝ[λ] = G(K[λ]|K) with

respect to G[λ] = G(K[λ]|G[1])

Proposition 4.4.2 ( (3.5) in [2])

(tp − 1)Dp = p+ 1−NK[p]|K[1]

with NK[p]|K[1] :=

p∑
i=0

tip

Proposition 4.4.3 ` - ND and ρE,` is surjective implies

E(K[λ])[`] = 0

Proof ` - N ⇒ Q(E[`])|Q is only ramified at places dividing N`. K[λ]|Q is

unramified at places dividing N`. Q(E[`])∩K[λ] is an unramified extension

over Q. But there is no unramified extension over Q. So Q(E[`])∩K[λ] = Q

and it implies

ρ : G(K[λ](E[`])|K[λ]) ∼= GL2(Z/`)

From the order augment of proposition 3 in [4], E(K(λ))[`] = 0. 2

Consider Pλ :=
∑
σ∈Jλ

σDλyλ. Then from p 239-240 in [8],

[Pλ]`n ∈ H1(K[λ], E[`n])Ĝ[λ]
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Because E(K[λ])[`] = 0⇒ H i(Ĝ[λ], E(K[λ])[`n]) = 0, for i = 1, 2 and

H1(K,E[`n])
resK[λ]|K

∼
// H1(K[λ], E[`n])Ĝ[λ]

So we can define

Definition 4.4.4 (Kolyvagin’s Derivative classes)

τλ,n := res−1
K[λ]|K([Pλ]`n)

Definition 4.4.5 (`-divisible index m(λ) of Pλ)

• m′(λ) :=

{
max{m ∈ N|Pλ ∈ `mE(K[λ])} Pλ non− torsion
∞ otherwise

• m(λ) :=

{
m′(λ) m′(λ) < n(λ)
∞ otherwise

• mr(λ) := min{m(δ)|δ ∈ Λr λ|δ}

• mi := min{m(λ)|λ ∈ Λi}

• mi,n := min{m(λ)|λ ∈ Λi
m(λ)+n}4

4It is well-defined by remark 5.2.2
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Definition 4.4.6 #a means `-power part of the order of a. 5 For a finite

Z`-module M , we can also define

#M := max{#a|a ∈M}

Definition 4.4.7 (ord`(a) with a ∈ Z/`n ) Let a ∈ Z/`n.

ord`(a) := max{α | `α|a and 0 ≤ α ≤ n}

Remark 4.4.8 • m0 = m(1)

• #τλ,n = n−m(λ) if m(λ) ≤ n.

• For a ∈ Z/`n, #a = n− ord`(a)

5< a >∼= Z/`k with a generator a ⇒ #a = k



Chapter 5

global properties

In this chapter, we expose key properties of Kolyvagin’s derivative classes

proved in papers [4], [5], [7]. We will also discuss strong non-zero Kolyvagin

conjecture.

Definition 5.0.9 m is `-power of the least common multiple of the period

of the unramified cohomology groups H1(Kv, E)unr for all primes v in K.

Proposition 5.0.10 (proposition 10 in [5] and proposition 1 in [7]) For

λ ∈ Λr
n+m+1,

τλ,n ∈ S(λ)(E,K, `n)(−1)rε

Proof Because n(λ) ≥ m + n, we can consider τλ,n+m. From theorem 10

in [5], for v - λ , (τλ,n(v))s = (`mτλ,n+m(v))s = 0. Namely, τλ,n(v) ∈

24
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H1
f (Kp, E

ε(λ)[`n]) . From theorem 3 in [5] or proposition 1 in [7], for p|λ

with n(p) ≥ n+ 11, τλ,n(p) ∈ H1
tr(Kp, E

ε(λ)[`n]). 2

Remark 5.0.11 From remark 4.2.7, for pλ ∈ Λr+1
n , Sp(λ)(E,K, `n)± is

cartesian.

5.1 Key properties of the Kolyvagin’s deriva-
tive classes

Proposition 5.1.1 (proposition 2 in [4])

For λ ∈ Λr
n+m+1 and s ∈ H1(K,E[`n])ε(λ) with s(p) ∈ H1

f (Kp, E[`n])ε(λ) For

p|λ

ζ
<s,τλ,n>E,K,p,n
n,p = [

Fr2
p − 1

`n
s, (−1)r−1ε ·

Fr2
p − 1

`n
τλ/p,n]E,K,n

where ζn,p ∈ µ`n and < , >E,K,p,n: H1(Kp, E[`n])×H1(Kp, E
±[`n])→ Z/`n

is the local Tate pairing and [ , ]E,K,n : E[`n] × E[`n] → µ`n is the Weil

pairing.

Remark 5.1.2 We change a sign because we use a slightly different Deriva-

tive operator from [4].

1In proof of proposition 1 in [7], we need τλ,n(p) = −(1 + 2 + . . . + p)FrpP̃λ/p =

−p(p+1)
2 ∈ `nE(F ). Because ` = 2, we need`n+1|p+ 1 and it implies n(p) ≥ n+ 1
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Proposition 5.1.3 There is a local isomorphism φp for pλ ∈ Λr+1
n′+1(n′ ≥ n).

H1
f (Kp, E[`n])

φp // H1
tr(Kp, E[`n])

τλ,n(p) // τpλ,n(p)

Proof From [5] p479, we have a isomorphism ε−1
E,p,n′ : E[`n

′
] ∼= H1(Kp, E)[`n

′
]

by setting

ζ
<s,ε−1

E,p,n′ (e)>K,E,p,n′

n′,p = [
Fr2

p − 1

`n′
s, e]`n′

with s ∈ H1
f (Kp, E[`n

′
])

Recall Fr2p−1

ln′
: H1

f (Kp, E[`n
′
]) → E[`n

′
] is a isomorphism. So we have the

following isomorphism

Definition 5.1.4

φp,n′( ) := ε−1
p,n′

(
(−1)r−1ε

Fr2
p − 1

`n′
( )

)

2

Corollary 5.1.5 With above assumption,

#τλ,n(p) = #τpλ,n(p)

Remark 5.1.6 Barry Mazur and Karl Rubin define Kolyvagin system in
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general. One of main properties is corollary 5.1.5.2

5.2 Strong non-zero Kolyvagin conjecture

We will look at the strong non-zero system.

Definition 5.2.1 (k0, page 258 in [6]) Let K =
∏
λ∈Λ

K[λ]. Then

k0 := 2#E(K)[`∞]

Remark 5.2.2 (well-defined mf,n) Because #E(K)[`∞] = 0 from proposi-

tion 4.4.3, we have k0 = 0.

∀k ≥ 0, ∃ n | V r
n,k 6= 0

means

∀k ≥ 0, ∃ λ such that n(λ) > m(λ) + k

Now when we switch n and k, we can also interpret it as

∀n ≥ 0 ∃ λ such that n(λ) > m(λ) + n

So mf,n is well-defined.

Definition 5.2.3 For r = 0,

s(r) :=

{
0 if PK finite order
∞ if PK infinite order

2(5) of chapter 3 in [9].
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For r ≥ 1,

s(r) := maxλ∈Λr{n(λ)−m(λ), 0}

Remark 5.2.4 Recall

∀n ≥ 0 ∃ λ such that n(λ) > m(λ) + n

We can conclude

Strong conjecture for r ⇔ s(r) =∞

Remark 5.2.5 So we can redefine f as

f := min{r|s(r) =∞}

Remark 5.2.6 ({τλ,n|λ ∈ Λr
n} is torsion if r < f) By definition of s(r) and

#τλ,n = n−m(λ) ≤ n(λ)−m(λ),

#{τλ,n|λ ∈ Λr
n} ≤ s(r)

We will also prove s(r) ≤ m+ 2re+ 2 if r < f (proposition 6.0.22) later. So

if r < f , then

#{τλ,n|λ ∈ Λr
n} ≤ m+ 2re+ 2
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Remark 5.2.7 If we consider odd prime ` with surjective condition of ρE,`,

(original) Kolyvagin conjecture⇔ s(r) > 0

Actually theorem 3 in [6] implies

s(r) > 0⇒ s(r) =∞

So original Kolyagin conjecture and Strong non-zero Kolyvagin conjecture

are equivalent if ` is odd and ρE,` is surjective.



Chapter 6

Main theorem

In this chapter, we will follow main idea of theorem 10 in [5] and the paper

[6]. To handle higher rank case, we consider a decreasing sequence of Selmer

groups

S
(0)

(−1)f ε`n
⊃ S

(1)

(−1)f ε`n
⊃ . . . ⊃ S

(f)

(−1)f ε`n

and

S
(0)

(−1)f+1ε`n
⊃ S

(1)

(−1)f+1ε`n
⊃ . . . ⊃ S

(f)

(−1)f+1ε`n
⊃ S

(f+1)

(−1)f+1ε`n
1

Then we can directly use Kolyvagin’s original idea to S(f+1)

(−1)f ε`n
and S(f)

(−1)f+1ε`n

After then, we will annihilate them to prove their finiteness.

Definition 6.0.8 (log`) we fix an isomorphism log` : µ`n → Z/`n.

Definition 6.0.9 (Subgroup of A generated by a)

< a >A means the subgroup of A generated by a.
1In the definition 6.0.13.

30
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Remark 6.0.10 • Vn′ := K(E[`n
′
])

• a := max{|H1(Vn′|K,E[`n])|} for all n′ ≥ n. From proposition 7.1.1,

ord`(a) = 1

• b := 2 × b′ where b′ satisfying b′A = 0 for all Gn-module such that

A ⊂ E[`n]+ or A ⊂ E[`n]−2. From lemma 2 and 3 in [3], ord`(b′) = 0.

So ord`(b) = 1.

• Let e := ord`(ab) = 2

• Let n := m+ 2ef + 3 and m := mf,n

• In [5], Kolyvagin also used c for size of `-torsion and d for action of

complex conjugation. Here c = 1 and d = 1 because E(K)[`] = 0 and

we use c instead.

Definition 6.0.11 (rankn)

For Z`-module B,

rankn(B) := rankZ/`(B/B[`n]⊗ Z/`)

In particular, rank0(B) is the number of cyclic subgroups in the primary

decomposition of B.
2From page 473 in [5], [e±`n , e∓`n ] = ζ`n−1 instead of ζ`n . To handle this difference, we

multiply 2.
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Definition 6.0.12 For a prime v in K,

H1(K,E[`n])v̂ := Ker
(
H1(K,E[`n])→ H1(Kv, E)[`n]

)
Now let us make some definitions. Later, we will construct pi with i =

1, 2, . . . , 2f + 1 in proposition 6.0.23.

Definition 6.0.13 Let n′ > m + 4 + 2e(f − 1) + n and n > (f + 2)(4fe +

m+ 1) + e(f + 4) + 1. For given primes p1, , p2, . . . , p2f+1 ∈ Λ1
n′,

• Let λk = p0pk · pk+1 . . . pf+k−1 for k = 1, . . . f + 1 with p0 = 1.

• χ(k)
ε∓,n : H1(K,E[`n])p̂f+k → µ`n for k = 1, . . . , f + 1 such that

χ
(k)
ε∓,n(s) := [

Fr2
pf+k
− 1

`n
s, e±ε`n ]`n

• S(0)
±`n := S(E,K, `n)±

• S(k)
±`n := kernel

(
χ

(k)
ε∓,n|S(k−1)

±`n

)
for k = 1, . . . f + 1

• K2 = S
(f+1)

(−1)f ε`n

• K1 = S
(f)

(−1)f+1ε`n

• For a simplicity, we also use

χpf+k(s±) := χ
(k)
±,n(s±)
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with s± ∈ H1(K,E[`n])p̂f+k

• ηi = τλi,n with i = 1, . . . f + 1

• M := (Mi,j)1≤i,j≤f+1 is a (f + 1)× (f + 1) matrix

with Mi,j = log`(χpf+j(ηi)).

Most of proof of the main theorem 1.0.11 is carried from theorem 10 in [5],

proposition 8 in [7] and theorem 3 in [6]. We split them as several propositions

to adjust proofs for the ` = 2 easily.

Definition 6.0.14 (from theorem 10 in [5])

• S± is any finite subgroups of H1
`n
±.

• S ′± = resV |K(S±)

• W (±) be the M-periodic abelian extensions of V corresponding S ′±

• W = W (+)W (−)

• H(±) := G(W (±)|V ) and H := G(W |V )

• ϕ(±) : H → S ′∗± := Hom(S ′±, µ`n) such that

ϕ(±)(η) : s± → [s±((ηc)2), e±`n ]`n
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• ψ(±) : H → S∗± := Hom(S±, µ`n) via ψ(±) = res ◦ ϕ(±)

• X(±) := ψ(±)(H)

Proposition 6.0.15 Assume n′ ≥ n > e + 1. Choose any finite subgroups

S± ⊂ H1
`n
±. then, ∃η ∈ H such that #ψ(±)(η) = #X(±). From abS∗± ⊂

X(±) with ord`(ab) = e,

#S± − e ≤ #ψ(±)(η) ≤ #S±

Proof Proof can be found on page 477 - 478 in [5]. 2

Proposition 6.0.16 (from theorem 10 in [5]) With same assumption, for

s± ∈ H1
`n
±, there is infinitely many prime p ∈ Λ1

n′′ such that

• Let χp(s±) := ψ(±)(η)(s±) then

#s± − e ≤ χp(s±) ≤ #s±

• (relation between local cohomology and global cohomology)

#s±(p) ≤ #s± ≤ #s±(p) + e

Proof Proof is contained in the proof of theorem 10 in [5]. To help to

understand our changed notations, we will write the proof.
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Let S± = {sn±|n ∈ Z}. Let χp := ψ(±)(η) with above setting. Let g ∈

G(W |Q), g = ηc3. By Chebotrarev density theorem, ∃, There is infinitely

many prime p of K such that p is unramified in W and g = FrWv |Qp where v

is a prime of W satisfying v|p.

• g|K = σ|K ⇒ ( p
K

) = −1(inert)

• From proposition 6 in [4], we can check p ∈ Λ1
n′ and p splits in Vn′ |K.

χp(s±) := ψ(±)(η)(s±) = [s±(g2), e∓`n ]`n = [
Fr2

p − 1

`n
s±, e∓`n ]`n

Claim 6.0.17 # log`(χp(s±)) = max{#s±(p)− 1, 0}.

Proof From
Fr2

p − 1

`n
: E(Kp)/`

n ∼= E[`n]

we can write Fr2p−1

`n
s± = ∗`n−#s±(p)e±`n with ∗ ∈ (Z/`n)∗. Because d = 1,

from page 473 in [5], [e±`n , e∓`n ] = ζ`n−1 . Therefore

# log`(χp(s±)) = max{#s±(p)− 1, 0}. 2

From #S± − e ≤ #ψ(±)(η) ≤ #S±, we have

#s± − e ≤ χp(s±) ≤ #s±

3Definition 2.0.17
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. From claim 6.0.17, #s±(p)− 1 ≤ χp(s±) ≤ #s±(p). So we can conclude

#s±(p) ≤ #s± ≤ #s±(p) + e

2

Corollary 6.0.18 (proposition 5 in [7]) If n′ > n > e+ max{m(λ),m(pλ)}

with λ ∈ pΛr
n′ and #τλ,n ≤ #τλ,n(p) + e, then m(pλ)−m(λ) ≤ e.

Proposition 6.0.19 (proposition 4 in [7])

For pλ ∈ Λr+1
n (r ≥ 0)

#Sp(λ)(E,K, `n)± = n

Namely, there is s ∈ Sp(λ)(E,K, `n)± such that #s = n.

Proof From remark 5.0.11, Sp(λ)(E,K, `n) is cartesian. From proposition 6

in [4] and remark 4.1.3, |H1(Kp, E[`n])±| = `2n. Because isotropic properties

also work for ` = 2, the proof of proposition 4 in [7] also works for ` = 2. 2

Now we will state the proposition which allows us to switch a prime p to

other prime q with arbitrarily large n(q).

Proposition 6.0.20 (proposition 8 in [7]) Assume n > 1+2e+m(pδ), n′ ≥

m+ 1 + n, n′′ > n′ with any pδ ∈ Λr+1
n′ . Then there is a prime q ∈ Λ1

n′′ such

that #τpδ,n(q) ≤ #τpδ,n ≤ #τpδ,n(q) + e and m(qδ)−m(pδ) ≤ 2e.
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Proof To keep track the conditions of n and n’, we will write a proof. But

the proof is exactly same to the proof of proposition 8 in [7]. Because we

have a fudge factor e when ` = 2, our result is a slightly weaker than original

proposition.

Choose n such that n > 1+2e+m(pδ) and n′ > m+1+n. Let sε(−1)r = τpδ,n

and s−ε(−1)r = s ∈ Sp(δ)(E,K, `n)−ε(−1)r from proposition 6.0.19. Then from

proposition 6.0.16, there is q ∈ Λ1
n′′ satisfying the following two conditions.

Let εi(τqpδ,n) = xie(−1)rε`n and Fr2i−1

`n
s = si · e(−1)rε`n where i = p, q, xi ∈ Z/`n

. Then q satisfies

• #τpδ,n(q) ≤ #τpδ,n ≤ #τpδ,n(q) + e⇒ ord`(xq) ≤ e+m(pδ)

• #s(q) ≤ #s = n ≤ #s(q) + e⇒ ord`(sq) = n−#s(q) ≤ e

Let ζ`n = ζyk`n,i with yk ∈ (Z/`n)∗

Because s ∈ Sp(δ)(E,K, `n)−ε(−1)r and τpqδ,n ∈ S(pqδ)(K, `n)−ε(−1)r ,

by global class field theory, we have the following orthogonal relation4.

∑
i=p,q

< s, τpqδ,n >E,K,i,n= 0

From [e+, e−] = ζ`n−1 = ζ``n , we have

[
Fr2

i − 1

`n
s, e(−1)r−1ε`n ]yi·xi`n = ∗ζ`siyixi`n

4page 480 in [5]
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with i = p, q. From proposition 5.1.1,

ζ
<s,τpqδ,n>E,K,i,n
n,i = [

Fr2
i − 1

`n
s, (−1)k+1ε · Fr

2
i − 1

`n
τpqλ/i,n]E,K,n

where i = p, q.

So we have

`1 · sp · xp ≡ −`1 · sq · xq mod `n

Because 1 ≤ 1 + ord`(sq · xq) ≤ 1 + 2e+m(pδ) < n,

1 ≤ 1 + ord`(sp · xp) < n

and

ord`(sp) + ord`(xp) = ord`(sq) + ord`(xq)

n−m(qδ) = #τqδ,n ≥ #τqδ,n(p) = #τqpδ,n(p) = n− ord`(xp)

implies m(qδ) ≤ ord`(xp), so we can conclude that

m(qδ) ≤ ord`(sp) + ord`(xp) = ord`(sq) + ord`(xq) ≤ e+ e+m(pδ)

and

m(qδ)−m(pδ) ≤ 2e

2
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Remark 6.0.21 To use proposition 6.0.20, we need two conditions

n′ ≥ m+ 1 + n and n > 1 + 2e+m(pδ)

with pδ ∈ Λr+1
n′ .

Now let’s assume we have p1 · p2 . . . pkδ
′ ∈ Λr

n′ and we want to switch it to

q1 · q2 . . . qkδ
′ by repeating proposition 6.0.20 k-times.

m(q1 · q2 . . . qi · pi+1 . . . pkδ
′)−m(q1 · q2 . . . qi−1 · pi . . . pkδ′) ≤ 2e implies m(q1 ·

q2 . . . qkδ
′)−m(p1 · p2 . . . pkδ

′(∈ Λr
n′)) ≤ 2ke. So we need these conditions.

n′ ≥ m+ 1 + n and n > 1 + 2ke+m(p1 · p2 . . . pkδ
′(∈ Λr

n′))

Proposition 6.0.22

s(r) > m+ 2re+ 2⇒ s(r) =∞

Proof Because there is λ such that (s(r) ≥)n(λ) −m(λ) > 2 + m + 2e · r,

by applying proposition 6.0.20 r-times, we have λ′ ∈ Λr
n′′ . Because we can

increase n′′ as many as we want, we can conclude s(r) > m + 2re + 2 ⇒

s(r) =∞. 2

Proposition 6.0.23 (Key proposition, from theorem 3 in [6]) Let n′ > m+

4 + 2e(f − 1) + n and n > (f + 2)(4fe + m + 1) + e(f + 4) + 1. There are
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p1, p2, . . . , p2f+1 ∈ Λ1
n′ satisfying the following conditions.

(R1) M is upper-triangular and ord`(Mi,i) ≤ e+ 1 + 4fe+m

(R2) rankn−(4fe+m+1)(< ηi >i=1,...,f+1) = f + 1 where n > (f + 2)(4fe+m+

1) + e(f + 1)

(R3) τλi,n ∈ S(−1)f ε`n

Proof The proof is analogous to the proof of theorem 3 in [6]. Because we

have a fudge factor e when ` = 2 and ηi := τλi,n, our result is much weaker

than original theorem. To show how to handle e, we will write a detail proof.

(Construction of λi and ηi)

By the following the proof of theorem 3 in [6], let us construction λi and ηi

with i = 1, . . . , f + 1. From the conjecture 1.0.9 and remark 5.2.2, there is

λ = p0p
′
1 . . . p

′
f ∈ Λf

n such that m(λ) = m. We repeat proposition 6.0.20 f -

times to replace λ with λ1 := p0 · p1 . . . pf ∈ Λf
n′′ . Now we repeat proposition

6.0.20 f -times again by choosing pf+i from proposition 6.0.20 with p = pi and

δ = pi+1 . . . pf+i−1 with i = 1, . . . , f . We also choose p2f+1 from proposition

6.0.16 which is a part of theorem 10 in [5].

(Local properties of ηi)

By definition of f , n′ > n + m + 2(f − 1)e + 2 and proposition 6.0.22,



CHAPTER 6. MAIN THEOREM 41

τλ,n = α(n, n + m + 2(f − 1)e + 2)−1
(
`m+2(f−1)e+2τλ,n+m+2(f−1)e+2

)
= 0 for

∀λ ∈ Λf−1
n′ .

For λi and k = i, . . . , f + i− 1, from corollary 5.1.5

0 = #τλi/pk,n ≥ #τλi/pk,n(pk) = #τλi,n(pk) (6.0.1)

(R1 - M is upper-triangular and ord`(Mi,i) ≤ e+ 1 + 4fe+m)

From (6.0.1), if j < i, then

#Mi,j = # log`(χpf+j(τλi,n)) = max{#τλi,n(pf+j)− 1, 0} = 0 (6.0.2)

So M is upper triangular.

Now let us prove ord`(Mi,i) ≤ e + 1 + 4fe + m. Because m(λi) −m(λ1) ≤

2e(i− 1) and m(λ1)−m ≤ 2ef from proposition 6.0.20,

#ηi = n−m(λi) ≥ n− (4ef +m) (6.0.3)

From proposition 6.0.20 and (6.0.3),

#ηi ≤ #ηi(pf+i) + e⇒ #ηi(pf+i) ≥ n− (4fe+m)− e > 0 (6.0.4)

From claim 6.0.17,

#Mi,i = max{#ηi(pf+i)− 1, 0} ≥ n− (4fe+m)− e− 1
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So we can conclude

ord`(Mi,i) ≤ e+ 1 + 4fe+m (6.0.5)

(R2 - Rank of < ηi >i=1,...,f+1)

For simplicity, let β = e + 1 + 4fe + m. First, we will prove ηi is linearly-

independent up to some torsions which are universally annihilated5.

Suppose
∑f+1

i=1 αiηi = 0 (mod `n) with αi ∈ Z/`n. Then we will prove the

following inequality.

#αi ≤ β(f + 2− i) (6.0.6)

From χp2f+1
(
∑
αiηi) = 0, we have αf+1Mf+1,f+1 = 0( mod `n) because of

(6.0.2). From (6.0.5), we have the following inequality.

ord`(αf+1) ≥ n− β and #αf+1 ≤ β

Now we will do induction on i reversely. Assume the inequalities (6.0.6) for

i = k + 1, . . . , f + 1 are true. From χpf+k(
∑
αiηi) = 0, we have

αkMk,k + αk+1Mk+1,k + . . . αf+1Mf+1,k = 0( mod `n)

If we multiply both sides by `β(f+1−k), by the induction, we get

`β(f+1−k)αkMk,k = 0(mod `n)

5Here, universally means it is independent of n.
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From (6.0.5), we can conclude

#αk ≤ β(f + 2− k)

In particular, we have

#αi ≤ (e+ 1 + 4fe+m)(f + 1) (6.0.7)

Now we will prove the rank of η where η =< ηi >i=1,...,f+1.

Lemma 6.0.24

rankn−(4fe+m)−1(< ηi >i=1,...,f+1) = f + 1

where n− (4fe+m)− 1 > (e+ 1 + 4fe+m)(f + 1).

Proof From (6.0.7), ηi are linearly independent in η/η[`β(f+1)]. Since #ηi ≥

n− (4ef +m)(6.0.3), we can conclude

rankn−(4fe+m)−1(η) = f + 1

where n− (4fe+m)− 1 > (e+ 1 + 4fe+m)(f + 1). 2

(R3 ηi ∈ S(−1)f ε`n)

From proposition 5.0.10 and (6.0.1),

ηi := τλi,n ∈ S(−1)f ε`n
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2

Corollary 6.0.25 (from theorem 10 in [5]) `αKi = 0(i = 1, 2) for α > 0

which is independent of n and |Ki| <∞ (independent of n).

Proof The proof of theorem 10 in [5] (in the case r=2) proves equally the

corollary 6.0.25 if simply we replace

• the Selmer groups S±M with the intersection of kernels of χpf+1
, . . . , χp2f

(in our notations) on them.

• λ0, λ1, λ2 (in the notations of [5]) with λf+1, p2f+1, p2f+2 (in our

notations)

• characters χ−ε, χε2 corresponding to primes λ1, λ2 (in the notations of

[5]) with characters χp2f+1
, χp2f+2

corresponding to primes p2f+1, p2f+2

(in our notations).

From theorem 10 in [5] with r = 2, we have

#Ki ≤ mi + 2e (i = 1, 2)

where mi := m(pf+1 · pf+2 . . . p2f+i).

Let α = 4e(f + 1) + m + 1. Of course, α is independent of n. Because
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m2−m1 ≤ e, m1−m(λf+1) ≤ e from corollary 6.0.18 and m(λf+1) ≤ 4ef+m

from proposition 6.0.20, we can conclude

#Ki ≤ α

Namely,

`αKi = 0 (6.0.8)

Because S±`α+1 [`α] = S±`α , it also implies |Ki| <∞ (independent of n). 2

Definition 6.0.26 (χ̃) Let

χ̃(−1)f ε : S(−1)f ε`n → (Z/`n)f+1

with

χ̃(−1)f ε(s) :=
(
χpf+1

(s), χpf+1
(s), . . . , χp2f+1

(s)
)

and

˜χ(−1)f+1ε : S(−1)f+1ε`n → (Z/`n)f

with

˜χ(−1)f+1ε(s) :=
(
χpf+1

(s), χpf+1
(s), . . . , χp2f (s)

)
Now let’s prove our main theorem.

Proof (Proof of Main theorem 1.0.11)
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We have the following maps.

0 // K1
// S(−1)f ε`n

˜χ
(−1)f ε// (Z/`n)f+1

0 // K2
// S(−1)f+1ε`n

˜χ
(−1)f+1ε// (Z/`n)f

First, We also checked |Ki| < ∞(independent of n) with i = 1, 2 from

corollary 6.0.25. From lemma 6.0.24, rankQ`/Z`
(

lim−→n
(< ηi >i=1,...,f+1)

)
=

f + 1.

So we can conclude that

rankQ`/Z`
(

lim−→
n

(S(−1)f `n)
)

= f + 1

and

rankQ`/Z`
(

lim−→
n

(S(−1)f+1`n)
)
≤ f

2
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Appendix

7.1 Size of H1(V ′n′|K,E[`n])

Proposition 7.1.1 (Kolyvagin)

H1(Gn, E[2]) = Z/2

for n ≥ 2

Proof By proposition 14 in [4], we already know H1(Gn, E[`]) ⊂ Z/2. So

we only check there is non-trivial elements in H1(G2, E[`])(⊂ H1(Gn, E[`])).

Recall H1(Gn, E[`]) ∼// H1(Hn, E[`])G1 = Hom(Hn, E[`])G1 and

H2
∼= M2(Z/2Z). Choose ψ0 : M2(Z/2Z)→ E[`] such that

ψ0

(
a b
c d

)
=

(
a+ d+ b
a+ d+ c

)

We can directly check ψ0 ∈ Hom(Hn, E[`])G1 . 2

47
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Remark 7.1.2 From proposition 14 in [4] and proposition 7.1.1

H1(Gn, E[2]) ∼=
{

Z/2Z n ≥ 2
0 n = 1

0 // H1(Gn/D,E[2n]D) // H1(Gn, E[2n]) // H1(D,E[2n])Gn/D

But E[2n]D = E[2], {P ∈ E[2n]|((−I) + 1)P = 0} = E[2n] and

H1(D,E[2n]) ∼= E[2n]/
(
(−I)− 1

)
E[2n] ∼= E[2n]/2E[2n] ∼= E[2]

implies H1(D,E[2n])Gn/D ∼= E[2]G1 = 0

0 // H1(Gn/D,E[2]) // H1(Gn, E[2]) // H1(D,E[2])Gn/D = 0

We can conclude

H1(Gn, E[2]) ∼= H1(Gn, E[2n])

So

H1(Gn, E[2n]) ∼=
{

Z/2Z n ≥ 2
0 n = 1

When n′ ≥ n from

// H0(Gn, E[2n
′−n]) = 0 // H1(Gn′ , E[`n]) // Z/2

1 and

0 // H1(Gn, E[2n]) ∼= Z/2 // H1(Gn+1, E[`n])

1H0(Gn, E[2n
′−n]) = E(K)[2n

′−n] = 0 and H1(Gn′ , E[2n
′
]) = Z/2
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we con conclude

H1(Gn′ , E[2n]) ∼=
{

Z/2Z n′ ≥ 2 and n′ ≥ n ≥ 1
0 n′ = n = 1
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