Z-CLASSES IN CENTRAL SIMPLE ALGEBRAS

RONY GOURAIGE

A dissertation submitted to the Graduate Faculty in Mathematics
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy, The City University of New York

2006



UMI Number: 3213262

®

UMI

UMI Microform 3213262

Copyright 2006 by ProQuest Information and Learning Company.

All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, Ml 48106-1346



This manuscript has been read and accepted for the

Graduate Faculty in Mathematics in satisfaction of the

dissertation requirements for the degree of Doctor of Philosophy.

4/28/2006

Date

4/28/2006

Date

Prof. Ravindra Kulkarni

Chair of Examining Committee

Prof. Josef Dodziuk

Executive Officer

Prof. Ravindra Kulkarni

Prof. Kenneth Kramer

Prof. Alphonse Vasquez

Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

ii



Abstract

Z-CLASSES IN CENTRAL SIMPLE ALGEBRAS

by

Rony Gouraige

Adviser: Professor Ravindra Kulkarni

Two elements in a finite-dimensional central simple algebra are said to be
z-equivalent if the corresponding centralizers are conjugate. We determine

in this thesis the invariants which characterize z-equivalence.
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1 Introduction

It is known that a linear operator on a finite-dimensional vector space over
a field is determined up to conjugacy by its elementary divisors. This is
a classic result of Krull, and is standard fare in many texts on linear alge-
bra or module theory. The extension of this result to operators on finite-
dimensional vector spaces over division rings is not as prevalent in the text-
books. That result is due to N. Jacobson, and is contained in his paper [6].
The standard references for this extension are [2] and [7].

It is curious that there is no reference in the above cited works to the
following natural analogue of the conjugacy problem: What invariants de-
termine the centralizer of an operator up to conjugacy? That the centralizer
was present in the considerations of the masters is indisputable. Frobenius
determined the dimension of the centralizer when the scalars form a field.
J. H. M. Wedderburn devotes an entire chapter to commutative matrices
in [14]. Indeed, Wedderburn works out a canonical form for the central-
izer when the base field is algebraically closed, and uses it to determine the
center of the centralizer. One sees, with a bit of hindsight, the conjugacy
invariants clearly displayed in that canonical form, although Wedderburn
does not make this observation. Apropos, J. Williamson in [15] generalizes
Wedderburn’s canonical form for the centralizer by allowing scalars from an
arbitrary field of characteristic 0. Once again, one sees the conjugacy invari-

ants in Williamson’s canonical form, but Williamson too fails to make this



observation. B. L. van der Waerden proved that the centralizer is semisimple
if the operator acts completely reducibly. The monographs [2] and [7] also
contain some structural results on the centralizer of an operator.  All this
work on the centralizer notwithstanding, I know of no reference in which
the centralizer is classified up to conjugacy. This lacuna is all the more
curious when one discovers that the conjugacy invariants of the centralizer
are derived from the elementary divisors in a simple way. This is the insight
of R. Kulkarni. As a part of his broader investigations in geometry and
the structure of groups, Kulkarni determined the conjugacy invariants of
centralizers when the division ring is a field.

The main theorem of this thesis (Theorem 101) extends Kulkarni’s result
by allowing the scalars to lie in a central division algebra. An interesting
consequence of our main theorem is that the arithmetic of the center of the
division algebra enters into the determination of the number of conjugacy
classes of centralizers. For example, should the center have only finitely
many nonisomorphic field extensions of any given degree, then there are
only finitely many centralizers up to conjugacy. In light of Wedderburn’s
Structure Theorem, this means that in any finite-dimensional central simple
algebra over the reals or a p-adic field the number of conjugacy classes of
centralizers is finite. This generalizes the observation that in Hamilton’s
quaternions there are only two conjugacy classes of centralizers. As a by-
product of our work, we extend some known results for a single operator to

results on the centralizer of an operator. For example, a finite-dimensional



vector space over a central division algebra has, by restriction of scalars, a
natural structure of a vector space over the center of the division algebra.
It is known (see [7], p. 53) that two operators are conjugate as operators
over the division algebra if and only if they are conjugate as operators over
the center. This result follows from our work, and in fact, we show that an
analogous theorem holds for the centralizer (see Corollary 102). Moreover,
all the results on the centralizer of Frobenius, Wedderburn, and Williamson
cited above are generalized in this thesis to allow scalars from a central
division algebra (see subsections 8.2 and 9.2, and also Theorem 99).

M. Moskowitz has brought to my attention the thesis of M. Brock sub-
mitted at The Graduate Center of CUNY in January, 2004. Some results
in that thesis, particularly those contained in the seventh chapter, appear to
overlap with our work, but the extent of the overlap is negligible. Brock
seeks to characterize those subsets of the full matrix algebra over a perfect
field which are simultaneously diagonalizable, and this involves some struc-
tural results on the centralizers of such subsets. Our aim is both narrower
and broader in scope: We focus on the centralizer of a single operator which
need not be diagonalizable, and we work over a central division algebra with
no restriction on its center. So, in details, there is some overlap, but the
spirit of our investigation and the results obtained are different.

Let me end this introduction with a few comments on organizational mat-
ters. After a brief section on notation and a section on centralizers in division

algebras, we present some basic results on the arithmetic of polynomials over



division rings. We then turn in succession to the analysis of irreducible,
completely reducible, indecomposable, and, finally, arbitrary operators. We
close with a short section in which the aforementioned Frobenius dimension
formula is extended to allow scalars from a division ring. Results that we

use from the theory of associative algebras are presented in a final section.



2 Notation

Our notation is standard. We summarize below some conventions which will

be in force throughout this thesis.

1. F'is afield; D is a finite-dimensional central division algebra over F'; V'
is a finite-dimensional right D-vector space; and, T' € Endp (V). We
define D [t] = F [t]®@p D (D is defined in the next paragraph). The

characteristic of F' is denoted by char (F).

2. We require a ring to have an identity element, and any homomorphism
of rings to preserve the identity elements. For any ring R, R* denotes
the multiplicative group of units of R, R°’ denotes the opposite ring
of R (i.e., R’ coincides with R as an abelian group under addition,
but the multiplication in R is obtained from that of R by reversing
the order of the factors), and Rad (R) is the (Jacobson) radical of R.
Recall that Rad (R) is, by definition, the intersection of all maximal
left ideals of R. If R is a finite-dimensional algebra over a field, then
Rad (R) is the largest nilpotent ideal of R. Z(R) denotes the center
of R, Zr(P) denotes the centralizer in R of P C R, M,(R) denotes
the ring of n x n matrices with entries in R, and GL,, (R) = M, (R)".
If A,B € M,(R), then we write A ~ B (read: A is conjugate to B)
provided there exists C € GL,(R) such that CAC~! = B.

3. Similarly, if S € Endp (V'), then S ~ T means thereisa U € GL (V) =



Endp (V)" such that USU™! = T. The centralizer of S € Endp (V) is
denoted by Zgnq,v)(S) or Z(S). We write S ~ T' in case there exists
U € GL(V) such that UZ(S)U™' = Z(T). This is an equivalence

relation. We call its equivalence classes z-classes.

4. If R is a division algebra and W is a right vector space over R, then

[(W: R] = dimg W.



3 Conjugacy Classes and Z-Classes in Gen-
eralized Quaternion and Central Division
Algebras

This section is mostly expository, although I know of no reference which
contains any of the results on the conjugacy of centralizers. Its purpose
is to illustrate in the context of generalized quaternion algebras and central
division algebras some general results that we will derive later. We begin,
appropriately enough, with the first example of a noncommutative division

algebra.

3.1 Hamilton’s Quaternions

Let R be a real closed field, and let H = (%) (this notation will be
explained later) be Hamilton’s quaternion algebra over R. Recall that H
has a basis {1,4, j, k} over R where 1 is the identity element, i* = j2 = —1,
and ij = —jt = k. Thus H = R1® Ri & Rj & Rk. We shall identify a € R
with al € H. Set H= Ri® Rj& REk. So by our identification of R with R1,
we have H = R & ﬁ It follows that Vg € H, there exist unique elements

qo € R and E) S ﬁ such that

q=0q + q.



Let p=po+ P € H, where pg € R, P € H. If we identify H = R3, then

we may form

7-q €
ﬁ
q

Tl =

7 % €
where P - ¢ (respectively, P x ) is the standard dot (respectively, cross)
product in R3. In terms of these, we get the following formula for multipli-

cation in H:

q)

Pe=pogdo— D ¢+ P d +q@p +7P x

The conjugate of ¢ is § = qo — ¢. The following properties of conjugation

may be deduced from the definition:

Gt = qt+a¢

192 = 42 q1

7 = q

g = g << q€R
H

g = —q << q€ H

g = 0 << ¢g=0,



Vq,q1,90 € H. The map (-): H — H, ¢ — ¢, is thus an R-linear anti-
automorphism of H of order 2. In particular, H = H as R-algebras. More-

over, the eigenspace of (-) corresponding to 1(respectively, —1) is R(respectively,

ﬁ) We also have the following purely ring-theoretic characterizations of R

H
and H:

R = Z(H)

H-0 = {geH|q¢R, ¢ <R},

To prove the second equality, observe that the left-hand side is certainly
contained in the right-hand side. To prove the reverse containment, suppose

that ¢ = qo + ¢ € H with ¢ ¢ R and ¢> € R. Then
2
¢ =(0+q) =6w-q -¢+207q,

where we have used the formula given above for multiplication. Since ¢* € R,
if follows that 2¢¢ = 0. But ¢ ¢ R = ¢ # 0. Hence 2¢y = 0
(every non-zero element of H is invertible; see below), and so ¢o = 0. Thus

— —
q € H — 0, which proves the reverse containment. It follows that H is

=1

R
invariant under conjugation by an invertible element r € H: rHr ! =

If g = qo+ ¢ € H, then we define the norm of ¢, denoted N (q), by



and the trace of ¢, denoted T (q), by

T(q)=q+7=2q € R.

If § = ayi+ asj + ask, where a; € R, then

N(q) = q5 +af + a3 +a3 >0,

and so we may define the length of ¢, denoted ||q||, by

gl = /N ().

The norm and trace have the following properties:



Vg, q1,0 € H, ¢ € ﬁ, a € R. In particular, if ¢ € H —0, then ¢ is invertible

with inverse

¢ '=9/N(qg).

Hence H is a 4-dimensional, central division algebra over R. Note that
the map N: H* — R*, ¢ — N (q), is a group homomorphism, and the
map T: H — R, g — T'(q), is an R-linear endomorphism of H. As a

consequence, N(rqr~') = N(q) Vg € H, r € H*.

Set C = R(i)={a+bi|abe R} = R[i]. Sincei® = —1 and R is real

closed, C is an algebraically closed field. Suppose that
q=ao+ait+asj+ask € H.

Then

q = aop+ ari + j(as — asi) = z + jw,

where z = ag + a1t,w = ay —azr € C. In this way, we see that H is a
2-dimensional right vector space over C' with basis {1,j}. Using this basis,
z

we obtain the C-linear isomorphism H — C?, ¢ = z + jw L If
w

q=z+jw e H, where z,w € C, define \;: H — H by x —— qz. Then

A, € Endc (H). (Note that A, is also H-linear.) Using ju =uj Yu € C,

11



we see that the matrix of A\, with respect to the ordered basis {1, j} is

Observe that

det M (q) = |2*+|w|*> = N(q)

trace M(q) = z+z="T(q),
and so the characteristic polynomial of M(q) is
Xo(t) =" = T(q)t + N(q) € R[t].

It follows that y, is irreducible over R <= g€ H — R.

Remark 1 We also have N\, € Endg(H). A direct computation shows

that the characteristic polynomial of X\, as an element in Endg (H) is just

(Xq) [ €] Moreover,

deg (x,) | VIH: R

The form of these observations is meant to suggest that these are special cases

of results we will obtain later. Specifically, see Proposition 57 and Theorem

4.

12



Z/

Now, since C' is algebraically closed, there exist €(C?-0and 2, €C
w/
such that
2z 2!
M(q) = 20
w’ w'

Using our C-linear isomorphism H = C? to pull this equation back to H, we
get

qq = ¢z,

where ¢ = 2/ + jw’ € H*. Hence

Since —i = jij !, we may arrange that im (z) > 0. We have thus proved

the following

Proposition 2 FEvery element of H is conjugate to an element of C' with

nonnegative 1maginary part.

Corollary 3 H = U qCqt

qeEH*

We want now to parametrize the conjugacy classes in H by ordered pairs
in R x N(ﬁ) Note that N(ﬁ) = {a € R|a>0} since R is real closed.

The first step towards this objective is the following

13



Lemma 4 Ifqg € H, then ¢ ~i <~ qEﬁandN(q)zl.

Proof. Necessity is clear, for the norm and H are invariant under conju-
gation by an invertible element. For sufficiency, assume that ¢ € H and
N(q) = 1. Our proposition above implies that Ir € H*, 2z € C such that
rqr—t = z. It follows that z € ﬁ, which implies that z = az for some a € R.
We get

1= N(q) = N(rgr~ ') = N(2) = N(ai) = d?,

andsoa = +1. Ifa =1, we're done. If a = —1, then —i = jij ! = ¢q ~ 1.

Theorem 5 Ifp,q € H, then the following statements are equivalent:

p ~ q
po = @ and N(p) = N(7q)
Xp = Xg
trace M (p) = trace M (q) and det M (p) = det M (q)

T(p) = T(g) and N(p)= N (q).

Hence, the map [q] — (qo, N(q)) is a well-defined bijection between the set

of conjugacy classes in H and R X N(ﬁ)

14



Proof. Assume that p ~ ¢, say rpr—! = ¢ for some r € H*. Then

G+ qd=rpo+P)r " =p+rpr,

~1. Hence py = qo

and since r pr! € ﬁ, we have g = po and ¢ =rpr
and N(p') = N(7q).

Conversely, assume that py = qo and N(p) = N(¢). If N(P) =
N(q) =0, then p = py = o = ¢. So we may suppose that N(p’) # 0.

Since £+ € ﬁ and N % = 1, the preceding lemma gives
71 7]/ = & O Preceae g

whence p ~ || 7||i. Similarly, ¢ ~ ||¢||é. Hence p ~ ¢, because

1P|l = I'¢||. Choose r € H* such that 7 pr—' = ¢. This yields

Hence p ~ g. This establishes the equivalence of the first two statements.

The remaining equivalences follow immediately. =

We denote the centralizer of v € H by Z(x). The centralizer of an
element in the center of H is obviously H. We now show that the centralizer
of a noncentral element is a field isomorphic to C, and any two centralizers

of noncentral elements are conjugate.

Theorem 6 If p,q € H — R, then Z(p) = R[P] is a 2-dimensional field

extension of R isomorphic to C, and Ir € H* such that rZ(p)r—* = Z(q).

15



\*@l

Proof. Observe that Z(p) = Z(p) = Z(ﬁ). Now 1 = N(| H)

|
—(ﬁ)2 implies that ﬁ is a root of the polynomial ? + 1 € R[t], which

=l

is irreducible over R. But i is also a root of 2 + 1. It follows from the

elementary theory of fields that R[ﬁ] = R[p] is a 2-dimensional field

pry
p

extension of R isomorphic over R to R(i) = C. Certainly,
R[7] € Z(P) = Z(p).

This shows that

2 < [Z(p): R] < 4.

Since [Z(p): R] = [Z(p): R[P]][R[P] : R] = 2[Z(p): R[D]] is even, we
must have dimp Z(p) = 2. Hence Z(p) = R[p]. By the preceding theorem,

Jr € H* such that roZ 71 = %. Hence

B A [

rZ(p)yr~t = rR[pr :rR[H%”]T_l
= T ? r = i
= B 1= Bl
= R[q]=Z(q)

Remark 7 It follows from the preceding theorem that there are two z-classes

in H: the center R and the noncentral elements H — R. Notice also that if

16



p e C — R, then P = ai for some a € R—0, and so

Z(p) = R[F)] = Rlai] = Rli] = C.

3.2 Matrices With Entries in H

We stray somewhat from the theme of this section to consider generalizations
of some of the preceding results. We want to discuss matrices with entries

in H.
Proposition 8 A € M,,(H) = Jv € H"—0 and zy € C such that Av = vz

Proof. Recalling that H has the structure of a 2-dimensional right vector

space over C with basis {1, j}, we may write A uniquely in the form

A= 7+ W,

where Z, W € M, (C). Similarly, we may write any vector in H" uniquely
in the form 2z + jw for some z,w € C".  Thus, if ey, es,...,e, is the
standard basis of H" as a right vector space over H, then we are taking

€1,€,...,6n,j€1,7€2,...,j€, as the ordered basis of H" as a right vector

17



space over (. This gives two maps:

7 _
Mo(H) — Mao(C), A= Z+jW— |~
W Z
z
H" — O 24 jw +—>
w

The first is a monomorphism of rings, and the second is an isomorphism
of vector spaces over C'. Note that these maps are compatible with the
natural action of M,,(H)(respectively, My,(C)) on H"(respectively, C*") in

the following sense:

(Z+ W)z +jw) = (Zz—Ww)+j(Wz+ Zw) —
Zz—Wuw 7 -W z
Wz+ Zw W Z w

z
Now, since C' is algebraically closed, € C?" — 0, z € C such that

18



Pulling this last equation back by the above maps yields

Av = vz,

wherev=z2z+jwe H" —0. =m

Corollary 9 Every matriz in M, (H) is conjugate to an upper triangular

matrix with elements in C along the diagonal.

Remark 10 In fact, we will show later (see Theorem 88) that every quater-
nionic matriz is conjugate to a matrix in Jordan canonical form with entries
in C'.  This result may be proved by elementary means in the case n = 2,

and we do so now.

Proposition 11 Fvery matriz in My(H) is conjugate to a matriz in Jordan

canonical form with entries in C'.

Proof. Assume A € My(H). By the preceding corollary, A is conjugate to

a matrix of the form

a u

B

Y

where o, 8 € C, uw € H. Thus there is no loss in generality if we assume
that A equals the above matrix. If u = 0, then A already has the required

form. So suppose u # 0. We analyze separately two mutually exclusive and

19



exhaustive possibilities: either o and 3 are or are not conjugate in H. If
a o4 3, then define p: H — H by px = ax—z[. Then ¢ is an R-linear map.
@ is in fact an isomorphism, for a nonzero kernel would imply that o ~ £,
contrary to our hypothesis. Hence d¢ € H such that u = pq = aq — ¢f.

Now the matrix

L q
1
has the inverse
I —q
. )
and computation verifies that
~1
1 q| |l u| |1 ¢ «
1 8 | &)

If a ~ 3, then 3¢ € H — 0 such that o = ¢B¢~'. It follows that

-1

where ug~! # 0. So there is no loss in generality if we assume that

A= ,aeC,ue H—DO.

20



Now consider ¢: H — H defined by pz = arz — za = [a, z]. ¢ is R-linear.
We claim that H = ker p @ imp. (Notice that kerp = Zy (o) = C.) It
suffices to show that ker o Nimy = 0. Indeed, if ¢ € (ker p Nimep) — 0, then

q = [, r] for some r € H and [o, q] = 0. Hence

L=q '[or] =la,q 7],

Taking the trace of both sides of 1 = [, ¢7'r] yields 1 = 0, which is nonsense.

This proves our claim. Thus Jdr € ker ¢, ¢ € H such that

u=r+|a,q
If r # 0, then
~1
1 g 1 —qrt
r r1
and - o ) )
1 q|l [ u| |1 ¢ a 1
r Q r o
If r =0, then
- - - - - - _1 — -
1 g |l u| |1 ¢ o'
1 « 1 «
[ |

Remark 12 [t follows from the proof of the preceding proposition that there

21



are ezxactly seven conjugacy classes of centralizers in My (H). We summarize

this result in the table below where we list the possible centralizers under each

Jordan form.

« a 1 «
, a3
15} « Q@
H®H, o, € R NyxH, a€R My(H), « € R

HoC, aeR, fcC—-R

chc,OéGC—R

M2(0)7 aeC—R

Col, o,BeC—-R

Only the second column requires some explanation. We set

0 a
|la€ H ;,

0

and similarly define Ng. The claim is that if & € R, then

NH:RCLd A

and there is an exact sequence

22
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which splits. A similar claim holds if &« € C'— R. To verify these claims,

suppose that

A simple computation yields the following four equations:

ac=aa+c a+bau=ab+d

co = ac c+da=ad

Thus ¢ € Z (a). Now, if ¢ # 0, then ¢ = ad — da implies

l1=c'tad—ctda =ac'd—cdo,

and taking traces yields 1 = 0, which is nonsense. Hence ¢ = 0. This shows
that a,d € Z («). But ba — ab = d — a € Z (a) implies, by the preceding

argument, that « = d and b € Z (). Hence

Z = |a,be Z(a)

3.3 Generalized Quaternion Algebras

Let F be a field such that char (F') # 2, and let a,b € F —0. We denote by

A the four-dimensional vector space over F' with basis 1,7, 7, k. We define
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the structure of an algebra on A by declaring 1 to be the identity element,

1 = al
j2 = bl
ij = —ji=k

and extending bilinearly to all of A. It is known (see, for example, [12],
Lemma, p. 14) that A is a noncommutative simple associative algebra with
identity and center F. The algebra A is also denoted (%b), and called a
(generalized) quaternion algebra over F'. We shall identify F' = F'1, and set
A = Fieo Fj& Fk. So A = F@Z, and every element ¢ € A may be

—
written uniquely as ¢ = go + ¢ for some ¢y € F, ¢ € A. We define

— —
7 = q—¢
T(q) = q+7=2¢€F

N(q) = qq=q; —aqi —bg; +abg; € F,

where ¢ = qii + qj + @3k, q € F. These definitions enjoy the same

properties we enumerated in the case A = H = (_11’%_1) with the obvious

exception of N (¢) > 0, which has no meaning unless F' is an ordered field,

and even then it may be false.
We want to state conditions for A to be a division algebra in terms of

N and the choice of the elements ¢ and b. Recall that if £ O F is a

24



finite-dimensional field extension of F', then for any ¢ € E, Ng p(c) de-
notes the determinant of the F-linear map £ — FE,x —— cx. Note that
Ng, r(c) € F, Ng p is a homomorphism from the multiplicative group E*

to the multiplicative group F™*, and
Ng, p(c) #0 <= c#0.

We now state the conditions in the following proposition and its corollary.

Proposition 13 A is a division algebra over F if and only if a ¢ F? and

b¢ NF(\/E)/F (F (Va)).

Proof. Suppose that A is a division algebra, and a € F?, say a = ¢? for

some ¢ € F. Then c+i # 0 and ¢ — i # 0, but

contradicting our hypothesis that A is a division algebra. Now if a ¢ F?
and b € NF(\/E)/F (F (ya)), say b = NF(ﬁ)/F (x4 y/a) = 22 — ay?® for
some z,y € F, then x +yi+ j and x — yi — j are nonzero elements of A with
product

(z+yi+j)(x—yi—j)=a2"—ay’—b=0,

again contrary to hypothesis. So the stated conditions are necessary for A to

be a division algebra. Assume that the stated conditions hold and ¢ € A—0.
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Observe first that since a ¢ F?, then V x,y € F

NF(ﬁ)/F($+\/ay):$2—ay2=0 — r+Vay=0 <= r=y=0.

Write ¢ = qo + ¢1t + ¢27 + g3k where the ¢;’s are in F', at least one of which

is nonzero. We claim that N (q) # 0. If this is true, then

and A is a division algebra. Returning to our claim, suppose for a contra-

diction that N (¢) = 0. Then

OZN(q):qg—aqf—bq§+abq§:>qg—aqf:b(qg—aqg).

If ¢2 — ag? # 0, then

ot _ Mo o 0 V)
Q§ - acﬁ NF(\/E)/F <Q2 + \/EQS)

NF(\/E)/F <ZZi—\\;—iZQ) = NF(ﬁ)/F (F (Va)),

which is not possible by hypothesis. So 0 = ¢3 — ag2, and also 0 = ¢3 — ag;.
Hence, by our observation above, ¢y = ¢1 = ¢2 = ¢q3 = 0, contradicting our

assumption that ¢ # 0. m

Corollary 14 A is a division algebra <= Vg€ A—0, N(q) #0 < b ¢
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F? and a ¢ NF(\/E)/F (F (\/T)))

Proof. This follows from the proof of the preceding theorem, and the sym-

metrical roles of ¢ and b in the definition of A. =

Assume for the remainder of this subsection that our quaternion algebra
A is a division algebra. We want to analyze the conjugacy classes and

z-classes in A. First, we consider conjugacy classes.

Theorem 15 Let p,q € A. Then
p~qg = po=q & N(P)=N(7q).

Proof. This is clear if p = pg or ¢ = qo. So we may assume that p,q € A—F.

If the stated conditions hold, then

T(p) = 2po=2q =1TI(q)

N(p) = pi+N(P)=¢+N(q)=N(q),
and so
X)) =t? =T (p)t+N(p)=t*=T(q)t+ N (q) € Fi].

Note that x (t) = (t —p) (t —p), and so x(p) = 0. Similarly, x (¢) = 0.
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The discriminant of the quadratic y is
T (p)* — 4N (p) = 4p; — 4 (pg + N (7)) = 4N (¥) = 47",
and this is not a square in F. Indeed, if 42 = ¢? for some ¢ € F , then
0=472- =027 - )27 +o)=2p c F= P FNA =0,

where the first implication follows from our assumption that A is a division
algebra and the second implication follows from char (F) # 2. But we
assumed that p ¢ F. So p = 0 is not possible. The conclusion is that
x is irreducible over F' . It also has the roots p and ¢ in A. Therefore,
there is an F-isomorphism of fields ¢ : F [p] — F [q] which carries p to
q. 'This isomorphism between simple subalgebras of the finite-dimensional
central division algebra A extends to an inner automorphism of A by the
Skolem-Noether Theorem (see [12], p.230). Hence p ~ q.

Conversely, if p,g € A— F and p ~ ¢, then dr € A — 0 such that

W+ q=qg=rprt=r(p+P)rt=p+rprt.

Since rpr! € A -0 (recall that A-0= {ge A|q¢ F,¢* € F} is invari-
ant under any inner automorphism of A), we conclude that
-1

Po=q & 7:7"77“
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The second equality implies N (7)) = N (7). =

Next, we parametrize the z-classes of noncentral elements of A by the
2-dimensional field extensions of F' which may be imbedded in A, and also
by the subset N (Z - 0) F*? /F*2 of F* /F*2. Recall that the notation

p ~. q means that the centralizers of p and ¢ are conjugate.

Theorem 16 Vg € A — F, Z (q) = F[q] is a 2-dimensional field extension

of F. Ifpe A—F, then
pr~.q <= F[D]=2F[{] as fields over F <= N () F*? = N(7q)F*

Hence, the z-classes of noncentral elements of A are in one-to-one correspon-

dence with the nonisomorphic quadratic field extensions of F which may be

imbedded in A and also with N <Z — O) F*? /[*2,

Proof. Observe that Z (¢) = Z(¢). Now, as we argued above, ¢ € A — F
implies y (t) = t>—T (q) t+ N (q) is irreducible over F. Hence F [q] = F [{]
is a 2-dimensional field extension of F' contained in Z (¢). This implies that
dimpg Z (q) is an even integer > 2, but < 4. Hence, by comparing dimensions,
Z(q) = F[q].

Suppose that p € A— F, and p ~, q. Then, as shown in the proof of the

preceding theorem, P ~, ¢. So Ir € A—0such that rZ (P )r~' = Z (),
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and so

!

FIq] = Z({)=rZ(p)rt=rF[p|r't=

SIS

—>
q
F[P] = F[{q] as fields over F.

—_
q

Conversely, any F-isomorphism of fields ' [p] — F[¢] is, by the Skolem-
Noether Theorem, given by an inner automorphism, whence p ~. q.

Suppose that N (') F*2 = N (¢) F*2. Then 3¢ € F* such that
N(P)=N(q)*=N(cq).

It follows from the preceding theorem that p ~ c¢¢. Hence for some

reA—0,rpr-'=c¢q. Hence
rZ (p)rt=rZ (?) rl=27 (Tﬁr’l) =7 (c?) =7 (?) =27 (q),

where the penultimate equality holds because ¢ # 0. Hence p ~, ¢q. Con-
versely, if p ~. ¢, then as above rZ (p)r~' = Z(¢) = F[{q] for some
re A—0. Sorpr ' =ax+yq for some z,y € F. Note that y # 0,

because p # 0. On the one hand,

N(P)=N@Epr)=NE+yqd)=(+yq)(z—y7q).
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On the other hand,

N(P)=N(rpr ) =-(pr ) =—(+y7)"

Therefore,
2
(+yq)(r—yq) = —(t+yq) =
r—yq = —(r+yq) =
r = —r=
r = 0.
Hence,

N(@P)=N(@pr)=Nyq)=y"N(q)= N(P)F*=N(q)F

Example 17 Suppose that F' = Q, is a p-adic field. Then it is known (see
[13], p. 18) that

Q@

= 8,4, or 2 according as p = 2, an odd prime, or co.

Thus, in this case, the number of distinct z-classes is finite.

Example 18 Suppose that A = (%) 1s Hamilton’s quaternions over the
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field of rational numbers Q. 1t is a theorem of Gauss (see [11], p. 174)
that every rational prime p which is not congruent to 7 modulo 8 may be
written as a sum of three squares.  In particular, every such prime arises
as the morm of an element in A - 0. By Dirichlet’s theorem on primes
in arithmetic progressions (see [13], p. 61), there exist infinitely many such
primes, and these, of course, belong to distinct classes in Q* /Q*?. Hence,

A has infinitely many distinct z-classes.

3.4 Split Quaternion Algebras

We have thus far restricted our considerations to the case in which the gen-
eralized quaternion algebra A = (%) (char (F) # 2) is a division algebra.
It is a fact , which we shall prove in this subsection, that if A is not a divi-
sion algebra, then A = M, (F') as F-algebras. Such quaternion algebras are
called split. 'We will conclude this subsection with some observations about

z-classes in a split quaternion algebra. The first step in the proof of the

above assertion is the following simple lemma.

Lemma 19 Assume that a,b, ¢ € F*. Then the following isomorphisms of

F'-algebras hold:

VR

o

],

[l

N——
[l

)

™[ 2

N——
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<a]’?_1> > M, (F)

Proof. The first two isomorphisms are clear. For the third, consider the

following elements of M, (F'):

10
1 = ,
01
0 1
I = ,
a 0
1 0
J =
0 -1
Then computation verifies that
I’ = al,
J: = 1,
1J = —JI

Moreover, the matrices 1,1, .J, and I.J form a basis of M (F). It follows

that the third isomorphism holds =
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Assume now that the quaternion algebra A = (%b) is not a division
algebra. If follows from Corollary 14 that either b € F*? or else b ¢ F*?
and a € NF(\/E)/F (F (\/5) *) On the one hand, if b € F*2, then by the
preceding lemma, we have

a,l
A= (?) =~ M, (F') as F-algebras.
On the other hand, if b ¢ F*? and a € NF(\/B)/F (F (\/5)*), then there

exists x,y € F such that

a’:NF(\/E)/F <x+\/5y> :xQ—byQ,

where WLOG (= without loss of generality) we may assume that = # 0
(otherwise, replace x + Vby with v/b (:1: + \/5y> =by+ \/Ex) Consider the

basis 1,1, 7,75 of A such that

i = a,
j* =
ij = —ji.

Define the following elements of A:

o= ity
75 = —=byi+aj.
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Then

-2

12

(i +yj)* =i +yij +yji + 45

a + by?

7%

(=byi 4+ aj)® = b*yi® — abyij — abyji + a*j>
ab®y® + a’b = ab (a + by?)

z2ab,

(i +yj) (—byi + aj) = —byi® + aij — by*ji + ayj>
—aby + (a + by2) 1j + aby

i

(=byi + aj) (i +yj) = —byi®> — by*ij + aji + ayj*
—aby — (a + by*)ij + aby

—22ij

-7

The elements 1,7, j/,4'j" are linearly independent, and so

2 .2 1. ab
A (x i ab) o (ﬁ) >~ M, (F') as F-algebras.

F F

This concludes the proof that a quarternion algebra which is not a division

algebra is split.
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The analysis of the z-classes in the split case of M, (F) is similar to the
one we carried out for M, (H) earlier. We say "similar" because, in general,
the arithmetic of the underlying field F' (which is quite simple when F' = R is
real closed) must be considered, and this will determine whether the number
of z-classes is finite or not, as it does in the case when the quaternion algebra
is a division algebra. To be specific, the z-class of a matrix a € M, (F) is
completely determined by the minimum polynomial of a. We denote the
minimum polynomial of @ by p,. If u, is linear, then Z (a) = M, (F). If
i, is the product of a pair of distinct linear factors, then 7 (a) = F & F.
If p, is the square of a linear polynomial, then Z (a) = F x F. These
are essentially the same results we obtained for M, (H), and exhaust the
possibilities if F' is algebraically closed. However, if p, is an irreducible
(over F') quadratic, then Z (a) = F'[t] / (u,) is a quadratic field extension
of . In that case, arguments similar to the ones given above (that is,
applying the Skolem-Noether Theorem) show that the z-classes are in one-
to-one correspondence with the nonisomorphic quadratic extensions of F' (all
of which may be imbedded in M, (F)), or equivalently, with £* /F*2.  So,
for example, the number of z-classes in M; (Q,) is finite, and the number of

z-classes in M, (Q) is infinite.
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3.5 Central Division Algebras

We close this section with two results that generalize our results on conjugacy
classes and z-classes in nonsplit quaternion algebras. We assume that D
is a finite-dimensional central division algebra over F. If p € D, then there
exists a unique monic irreducible polynomial p,, € F'[t] such that 1, (p) = 0.
This follows from the very hypothesis that D is finite-dimensional over F' and
a division algebra. The subalgebra F'[p] generated by p is a field extension
of F isomorphic to F [t] / (11,). Note that Z (p) = Zp (F [p]). Since F [p]
is a simple subalgebra of the finite-dimensional central simple algebra D, it

follows from the Double Centralizer Theorem (see [12], p. 232) that

Z(Z(p)) =Zp(Zp (Fp])) = F[p].

The first of the two results we mentioned above is a classical theorem of L.

E. Dickson which characterizes the conjugacy class of p in terms of .

Theorem 20 If p,q € D, then

P~ =y =y

Proof. If p ~ ¢, then Ir € D — 0 such that rpr=! = ¢, and so

by (@) = g, (rpr ™) =1, () 171 = 0 = p1, = gy,
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Conversely, if p,, = i1, = p, then p and ¢ are roots of the irreducible polyno-
mial p over F. Hence there is an F-isomorphism F' [p] = F'[q] taking p to
g. This isomorphism between the simple subalgebras F'[p] and F'[q] of the
central simple algebra D extends to conjugation by an invertible element of
D, by the Skolem-Noether Theorem. Hence p~¢q. =

The second result, which is due to R. Kulkarni, characterizes the z-class

of p in terms of the field extension F [t] / (1)
Theorem 21 Ifp,q € D, then

Flt]  FIt
P~ q = J = j as field extensions of F.

(1) (1)

Proof. It follows from our preliminary observations above that the stated
condition is necessary, for the conjugacy of the centralizers of p and ¢ implies
the conjugacy of their centers. If the stated condition holds, then F' [p] &
Flq| as field extensions of F. This isomorphism extends, by the Skolem-
Noether Theorem, to conjugation by an element r € D—0. Hence 3f € F [t]

such that rpr=! = f(¢). Hence

rZ(p)r—t =Z (rpr') = Z(f(a)) 2 Z (a),
where the containment follows from Z (D) = F. Hence

dimr Z (q) < dimprZ (p)r— = dimp Z (p) .
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By symmetry, we get the reverse inequality, whence
dimp Z (¢) = dimp Z (p) .

Hence our containment 77 (p)r~! D Z(q) is in fact an equality. Hence

pr~zq. N

Remark 22 These theorems illustrate the general theme of this thesis: Whereas
the irreducible polynomial p,, determines the conjugacy class of p, it is the
field extension F'[t] / (up) which determines the z-class of p. In general,
congugacy classes of linear operators on finite-dimensional vector spaces over
central division algebras are parametrized by numerical data and irreducible
polynomials. We will show that z-classes of such operators are parametrized
by the same numerical data together with the field extensions obtained from

the irreducible polynomials.
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4 Fundamental Concepts and Results

4.1 V as D [t]-module

All modules considered will be left modules with the sole exception that for
vector spaces over D, the action of D shall be on the right. Note that a
right D-vector space is also a left D°P-vector space. All homomorphisms of
modules shall be written on the left. Keeping these conventions in mind,
we begin by defining the structure of a left D [t]-module on V' by using 7'

Every element in D [t] = F [t] @ D’ may be written uniquely in the form

m
Z tl X a;,
1=0

where a; € D for each i. If we identify f (t) € F'[t] with f (t) ® 1 € D [t]
and a € D with 1 ® a € D [t], then since t' ® a; = (t' ® 1)(1 ® a;), we may

write the above sum as
m

thal

=0

If f(t)=Y1"yt'a; € D[t],v € V, then define

ft)v= (Em: tla;)v = i T'va;
=0 1=0
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This endows V' with the structure of a left D [t]-module. Only one module

axiom is not immediate: We must verify that

for all f,g € D[t],v € V. Because multiplication is bilinear in D [t], we

may suppose WLOG that f (t) = t'a and g (t) = /b, where a,b € D°?. Then

f(t)g(t)=(t'a)(t'b) =t"a b,

where a - b = ba, and we have

f@gt)v) = (ta)(#b)v) = t'a(T'vb) = T'(T?vb)a
= T"y(ba) = T v(a-b) = (t7a - b

= (ft)g@®).

4.2 Basic Arithmetic Properties of D [{]

If f(t)=>",ta; € D[t],a, # 0, then we define the degree of f, denoted

deg (f), to be m. By definition, deg (0) = —oco. With these definitions, it
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follows that Vf, g € DI[t],

deg(f +g) < max(deg(f),deg(g))

deg(fg) = deg(f)+deg(g).

It follows from the second equation that D [t] has no (left or right) zero-
divisors (in particular, left and right cancellation laws hold in D [¢]), and the
only units of D [t] are the nonzero elements in D°.

Suppose f,g € D[t],g # 0. Then, arguing by induction on deg (f), we

obtain right and left division algorithms:

dq,q¢',r,7" € D]Jt] such that
f = qg+r, deg(r) <deg(g),

f = gq¢ +7, deg(r') < deg(g).

It follows that every left (respectively, right) ideal of D [t] is a principal left
(respectively, right) ideal. That is, if I is a left (respectively, right) ideal of
D [t], then 3f € D [t] such that [ = D [t] f (respectively, I = fD[t]) and f
has minimal degree in I. Note that if [ # 0 and f is monic, then f is the
unique (left or right) generator of I. We have thus shown that D [t] is a
(noncommutative) principal ideal domain. That is, D [t] is a nonzero ring
(not necessarily commutative) with identity and without any left or right

zero-divisors such that every left or right ideal is principal.
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Definition 23 Let f,g € D [t]. We say that f, g are similar, denoted f ~ g,
provided that D [t| /D [t] f =2 D[t] /DIt g as left D [t]-modules.

Notation 24 Let f(t) = t™ — t" Ya,, 1 — -+ —tay —ag € D[t]. The

companion matriz of f, denoted C (f), is the matriz

0 0 0 ag
1 0 --- 0 aq
_O o --- 1 am_l_

Remark 25 Note that f ~ g <= DI[t] /fD][t] = D][t] /gD ]t] as right
D [t]-modules (see [7], Theorem 4, p. 34). For our purposes, a useful char-

acterization of similarity is the following

Proposition 26 Let f,g be monic elements in D[t]. Then f ~ g <~

C(f) ~C(g) in My(D) (m = deg (f) = deg(g)).

Proof. It suffices to observe that C' (f) is the matrix of left multiplication by
t acting on the right D-vector space D [t] /D [t] f with respect to the basis
1], [t], ..., [t™!], where m = deg (f)and Vh € D[t], [h] =h+ Dt] f. =

Remark 27 Note that f ~ g = deg (f) = deg (g).
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Definition 28 Let p € D [t] — D?. We say that p is irreducible over D if

p = fg for some f,g € D [t] implies that [ is a unit or g is a unit.

An important arithmetic property of D [t] is the fundamental

Theorem 29 If f € D[t] — D, then Ip; € D |[t] such that f = p1---p,,
where p; is irreducible over D for alli. Moreover, if f = p) ---pl,, where the
pi’s are irreducible over D, then r = 1" and the p’s and p'’s may be paired

mto stmilar pairs.

Proof. The existence of a factorization follows by induction on deg (f).
Suppose then that f = p;---p. . Consider the descending chain of left

ideals

>
U

D [t] DPr 2 D [t] DPr—1Dr 2 D [t] Pr—2Pr—1Dr 2

> Dflpe---p 2 DI .

This yields a composition series for D [t| /D [t] f :

D[] /Dt]f 2 Dli]p/ DIt f2 D] proapy/ DIt} f 2

2 D[tpz--p/DItIf 20,
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with composition factors

(D[t]pi---pe/Dt) )/ (D[t|picr---p./D[t] f) = DItlpi---pr/DIt] pis--

I

DIi] /Dt] pi-1.

The uniqueness assertions of the theorem now follow from the Jordan-Holder

Theorem. =

Definition 30 r is called the length of f, denoted length(f).

To close this section, we prove a lemma which will be used often.

Lemma 31 If f*,g* € F[t| -0, h € D]t], and f* = hg*, then h € F [t].

Proof. Use the division algorithm in F'[t] to write f* = h*g*+r*, deg (r*) <

deg (g*), for some h*,;r* € F'[t]. Then h*g* + r* = hg*, and so

r*=(h—h")g".

We now see that h = h*, for otherwise

deg (r*) = deg(h — h*) 4+ deg (¢*) = deg (¢") .
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5 Irreducible Operators

We say that T is irreducible if V' £ 0 and V has no proper, nonzero T-
invariant subspaces. We assume throughout this section that 7" is irreducible.
Then V is an irreducible D [t]-module. Choose v € V —0. Then V = D [t] v,
since D [t]v is a nonzero submodule of V. Note that since V' is finite-
dimensional, there exists f (t) € D[t] — 0 such that f (t)v = 0. Define a
mapping D [t] — D [t]v by f (t) — f(t)v. Thisis a D [t]-homomorphism
(considering D [t] as left D [t]-module), and its kernel is a nonzero maximal

left ideal D [t] p, where p € D [t] — D°?. Hence
Dt] /D[tlp= Dt]v,

as D [t]-modules. We set ann (v) ={f () € D[t]| f(t)v =0} = D][t]p.
Proposition 32 p s irreducible over D.

Proof. Indeed, assume that p = fg for some f,g € D [t] — 0. Then
Dlt]p € Dt]g € Dt],

and D [t] g/ D [t|p is a submodule of D[t] /D [t]p. Since DIt] /D ]t]p is
irreducible, we must have either D[t|g = D|[t] or D[t|g = D[t|p. In the
former case, h € D [t] such that hg = 1. Taking degrees of both sides of

this last equation, we find that deg(g) = 0. Hence, ¢g is a unit. In the
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remaining case, k' € D [t] such that ¢ = h'p = h/(fg) = (W' f)g, whence
1 = h'f. It follows as before that f is a unit. Hence, either f or g is a

unit. m

Define ann (V) = {f (t) € D[t] | f(t)V = 0}. Then ann(V) is a nonzero
two-sided ideal of V. (To see that ann(V') # 0, simply consider V' as a vector
space over F.) It follows that 3f,g € D [t] — 0 such that D[t] f = gD [t] =
ann(V'), where f, g have minimal degree in ann (V') and, WLOG, are monic.
Hence deg (f) = deg(g). 3h € D|[t] such that f = gh. By comparing
degrees and taking into account that f, g are monic, we conclude that h = 1.
Hence f = g. Hence ann(V) = D[t] f = fD[t]. More is true: We must
have f(t) € F[t]. To see this, let a € D°?. There exists a’ € D [t] such
that o' f = fa. By comparing degrees, we see that a’ € D, and since f is
monic, a = a’. Comparing coefficients of both sides of the equality af = fa,
we see that all the coefficients of f commute with a. Since a is arbitrary,
all coefficients of f lie in the center of D°P, which is F'. Hence f (t) € F'[t],
as asserted. This argument also shows that Z(D [t]) = F [t]. Changing
notation, set p* = f. It is evident that ann(V) C ann(v) (in general, this

containment may be proper), and so D [t] p* = p*D [t]| C D [t] p.

Proposition 33 p* is irreducible over F', and D [t] p* is a mazimal two-sided

ideal of D [t].
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Proof. Suppose that p* = f*g* for some f* g* € F[t]. If D[t]p 2 DIt] f*,
then D [t|p+ D [t] f* is a left ideal of D [t] properly containing the maximal
left ideal D [t]p. Therefore, D[t|p + D[t] f* = D|[t], and so 3h,k € D [t]

such that 1 = hp + kf*. We now have

g =g+ gkf =ghp+kfg=ghp+kp* € Dlt]p.

Hence D [t] g* C D [t] p.

We have shown that either D[t] f* C D[t]p or D[t]g* C D][t]p. If
Dt] f* € D|t]p, then since f* € F'[t| = Z (D [t]), it follows that D [¢] f* C
D [t] p* (using F' [t|ND[t]p C ann(V)). Thus f* = h*p* for some h* € F'[{]

(by Lemma 31). Hence

Hence ¢* is a unit. Similarly, D[t]¢g* C DI[t]p = f* is a unit. Hence p*
is irreducible over F', which is the first assertion of our proposition. The

second assertion follows immediately from the first. m

Remark 34 1. p is determined up to similarity. That is, if

V =D[th/,v' eV -0

and ann(v') = DIt]p’, then p ~ p', by the very definition of similarity.
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So deg (p) is independent of the choice of generator for V. In fact,
deg (p) = [V : DI.

2. p* is uniquely determined, provided, as is always the case, we choose
p* to be monic. The next theorem shows that p* determines T up to
conjugacy. We shall see later that the field extension F'[t] /F [t] p*

determines the z-class of T.

Theorem 35 Let T; € Endp(V'), and suppose that V' is T;-irreducible. Let

pi, i be the elements of D|t], F[t], respectively, corresponding to T;. Then

Ty ~ T, < pj =p5.

Proof. Note that

Ty ~ Ty = D[t] /Dlt]p: = D[t],/ Dltlpo = D|[t]p} = Dl[t]p5 = p] = p5.

Now, assume that pj = p5. Then F[t] /Fltlp; = F|t]/F[t|p5 = E is a field,
and F[T1] = E = F[T;]. The isomorphism F[1}] = F[T5] fixes F' pointwise,
and maps T) to Ty (because T} —— [t] — T3). By the Skolem-Noether

Theorem, this isomorphism extends to an inner automorphism of Endp (V)

which takes T7 to T5. Therefore, 77 ~ 15. m

Remark 36 Note that the preceding theorem is a special case of a result by

N. Jacobson (see [7], Corollary, p. 45).
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5.1 Structure of Zp,q,1)(T)

Set A = D[t /DItlp*, I = D[tlp/Dlt|p*, and E = Ft] /F[t]p*. Since D[t]p*
is a maximal two-sided ideal of D]t], A is a finite-dimensional simple algebra
over . Note also that A = D[T]| = {f(T) | f € D|t]} as F-algebras. I
is a maximal left ideal of A because D[t]p is a maximal left ideal of D[t].
E is a field extension of F', and £ = F'[T]. Note that V is a faithful left
A-module (recall: D[t|]p* = ann(V)). It is an elementary result that the
lattice of submodules of V' as A-module and as D[t]-module are the same.
In particular, since V' is D|t]-irreducible, V' is A-irreducible. Therefore, by
Schur’s Lemma, End4 (V) is a (finite-dimensional) division algebra over F'.

We have verified half of the following
Theorem 37 Zg,q,v)(T) = Enda(V) is a division algebra over F.

Proof. Only the equality remains to be shown. This follows by observing

that both sides equal Endpy (V). =

Remark 38 Note that the equality asserted in the above theorem holds for
any operator S € Endp (V'), where A = D [t] /ann (V) and V has the D [t]-

module structure induced by S.
We next derive some information about the structure of A.

Theorem 39 A= E®p D?, and Z(A) = E.
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Proof. We identify D with a subalgebra of A via the imbedding D — A,
a — [a]. It is a result of the theory of associative algebras (see [9], Theorem
4.7, p. 218) that since D is a finite-dimensional central simple subalgebra

of A, we have

X
112

ZA(DOP) ®F D0p7

Z(A) = center of Z,(D).

Thus we need only show that Z,(D) = E. Consider the map F[t] — A,
f*— [f*] = f*+ DJjt]p*. This is a ring homomorphism with kernel
Flt] N D[tlp* = F[t]p* (the equality follows from Lemma 31). Therefore
E = F[t|/Ftlp* — A, f*+ F[t]p* — [f*] is a monomorphism whose
image certainly lies in Z4(D°). Suppose that [f] € Za(D) — 0. Then
Va € D, [fa] = [af]. Dividing on the right by p*, if necessary, we may
WLOG assume that deg (f) < deg(p*). There exists g € D[t] such that

fa—af = gp*. Now, unless g = 0, we obtain the contradiction

deg (p*) > deg (f) > deg(fa — af) = deg (g) + deg (p*) > deg (p*).

Therefore fa = af, Va € D, and so f € F[t]. Hence [f] € image of the

monomorphism £ — A. =

Remark 40 The preceding proof makes no use of the irreducibility of p*
(and thus of the irreducibility of T')). We have in fact established that for
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any q¢* € Ft],

D[t] /D[t]q¢* = (F[t] /F[t]¢*) ®F D.

Hence the preceding theorem applies to any operator in Endp (V). It also

follows, again without restriction on T, that

A®pD = (E®@p D?)@pD = EQp(DP®pD) = EQpMp.r) (F) = Mip.p) (E) .

Lemma 41 FEvery irreducible factor occurring in a factorization of p* is sim-

ilar to p. In particular, deg (p*) = length(p*) deg (p).

Proof. We establish first that the factors in a factorization of p* (in fact,
of any central element) may be permuted cyclically. It suffices for this
to show that if p* = fifs , then fof; = fifs . To this end, notice that
fap* = p* fo since p* lies in the center of D [t] . Hence faofifo = fifafs , and
so fofi = fifs , since fo # 0 . Suppose now that ¢ is an irreducible factor
in some factorization of p* . From what we established initially, we have
Ditlq 2 DIt]p* . Thus D|t]q/D [t] p* is a maximal left ideal of A, and
so A/ (DItlq/Dlt|p*) = DIt] /D |[t] qis an irreducible A-module. But so
is D[t] /D|[t]p . Since A is a finite-dimensional simple algebra, any two

irreducible A-modules are A-isomorphic, and thus D [t]-isomorphic. Hence

g~p. N
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Theorem 42

dimp Zpnap,v)(T) = [D: F]deg(p) /length (p*)

= [D: F]deg(p") / [length (p"))?

Proof. Since A is a finite-dimensional simple algebra over F', Wedder-
burn’s Theorem implies that A = M,.(A) for some division algebra A, which
is unique up to isomorphism. In fact, we may take A = End,(M),
where M is any faithful, irreducible A-module, such as V. Hence A =
M, (ZEnay,vy(T)P). Recall also that A is a direct sum of r minimal left ideals,
all isomorphic as A-modules, and every irreducible A-module is isomorphic
to one of these minimal left ideals. Since V' is an irreducible A-module and

dimp V = deg (p) [D : F], it follows that dimp A = rdeg (p) [D : F]. But
dimp A =[E: F|[D : F] =deg (p*)[D : F].

Therefore
_deg(p*)  length(p*)deg (p)
r = =
deg (p) deg (p)

We also have dimp A = r? dimp Zpna,v)(T). Combining these results yields

= length(p").

the asserted equalities. m

We record some of the results contained in the proof of the preceding

theorem as the following
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Theorem 43

L D[t] /Dt]p*= D[t] /Dt]p®---& D[t] /D[t]p as D [t]-modules.

Length(p*)
2. D[] /D[]p* = (F[t] /F[t]p*) ®F DP = Mienginpr) (ZEnanv)(T)™)

as algebras over F'.

Remark 44 Since Z (T) C Endp (V), we have a natural action of Z (T)
on V' on the left, or, in keeping with our convention about vector spaces over

op

division algebras, a natural action of Z (T)™ on the right. It follows from

our dimension formula for Z (T) that

dimgryer V' = length (p*) .

Hence

EndZ(T)Dp (V> = Mlength(p*) (Z (T)Op) = A

By hypothesis, D is a finite-dimensional central division algebra over F'.
It is known that this implies [D : F] = d*. The integer d is called the degree
of D, denoted deg D. Since Zgyq,v)(T') is also a finite-dimensional central
division algebra over E (by identifying £ = F'[T]), we let § denote its de-
gree. So dimg Zgna,v)(T) = §2. The next theorem expresses a relationship

between d, ¢, and length(p*).

Theorem 45 § = d /length (p*)
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Proof. We have

(D : F]deg (p)
length(p*)

= dlmF ZEndD(V) (T)

= dlmE ZE‘ndD(V) (T) deg (p*) )

and so
(52 = dlmEZEndD(V)(T)
[D: Fldeg(p)
deg (p*) length(p*)
d2
= [length(p)]2°
]

Corollary 46 length(p*) =d <= Zgna,)(T) = F[T] = F[t] /F [t] p* is

a field <= F[t| /F[t]p* is a splitting field for DP.

Corollary 47 length(p*) = 1 <= Zgna,()(T) = (D [t] /D [t]p*)? is a

division algebra.

Corollary 48 If d is a prime, then either Zpna,\(T) = F[t| /F [t|p* or

Znap)(T) =2 (D [t] /D [t] p*)°P.
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5.2 Some Applications

We digress a bit from the general development, and prove some classical
results in the theory of associative algebras. Although these results have
independent interest, our primary motivation is to give some nontrivial ap-
plications of the theory that has been developed thus far in this thesis. We

begin with Wedderburn’s Little Theorem.
Theorem 49 FEvery finite division ring is a field.

Proof. We argue by contradiction. If the theorem is false, then choose a
finite division ring D which is not a field of minimal size. Let F = Z (D),
and note that F' is a finite field of order, say, ¢ = |F|. Then D is a finite-
dimensional central division algebra over F' such that [D : F] = d? for some
integer d > 1. Choose a € D — F' | and consider the endomorphism of D (as
a right D-vector space) which sends each € D to ax. This is an irreducible
endomorphism of D, and applying our dimension formula (Theorem 42), we

get

(D : Fldeg (n)

dimp Zp (a) = length (p*)

In this case, we have

deg(p) = 1 (since deg(p) = dimp(D) =1)

deg (p*) = length(p*)deg(p) = length (p*).
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Hence

. D : F] d’ d
i 7 _ _ — -d=4d
imp Zp (a) length (p*)  length (p*)  length (p*) 7
where
5 = 4 (Theorem 45)
~ length (p*)

6> = dimgzp) Zp (a) (by the definition of §).

By the minimality of our choice of D, we conclude that Zp(a) is a field,

because Zp (a) is a finite division ring and Zp (a) & D. Thus

Z(Zp(a)) = Zp (a),

which forces § = 1. It follows that

ZD(CL) = F[CL]

[F[a] - F] = d=deg(p).

Notice that we have shown that the minimum polynomial of any non-central
element in D must have degree d. From the theory of finite fields we know
that the extension F'[a] /F , being a finite extension of a finite field, is
a cyclic Galois extension such that Gal (F'[a] /F) = (o), where o is the

Frobenius automorphism of F'[a] given by x — 2% Vz € F'[a]. Note that
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o has order d. Moreover, since F'[a] /F is Galois and since the irreducible

polynomial p* has a root, namely a, in F [a], p* splits over F'[a]. Indeed,

P (1) = (t—a) (t — 0 (a) -+ (t — 0" (a)

Since any two irreducible factors of p* are similar (Lemma 41), there exists
b € D* such that

o (a) = bab™.

Observe that this implies ab # ba, for o # id. It follows that
o (x) =bxb™', Vz € Fla].

Equivalently,
br =0 (x)b, Yo € Flal.

Note that ¢¢ = id implies

a=0"(a) = blab™.

So F[a] C Zp (b%). This inclusion forces Zp (b%) = D; otherwise, Zp (b¢)

is a field containing a and b, contradicting ab # ba. Thus b? € F*. Now,
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Vx € F |a], we have

(zb)* = (xb) (xb) (xb) - - - (xb)
= 20 (2)b? (xb) - - - (xb)

= z0(2)0? (2)b* - (ab)
= 20 (2)o?(x)...0" " (2)v?
= Ny r (2) b,

where Npjy, p () € F is the norm of x. Since F [a] /F is a finite extension

of finite fields, it is known that
NF[a]/F: F [CL]* —

is surjective. In particular, 3z € F'[a]” such that Npp, r (z¢) = b= e F*.
Hence,

(0b)* = Npw, £ (20) b = b~ = 1.

But this is impossible. For it forces zob € F', otherwise we get a non-central

element in D with minimum polynomial of degree less than d, and so
b=xy" (wob) € Fla],

contradicting ab # ba. =m
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Suppose now that F' = R is a real closed field, D = H = (_11’%_1) is Hamil-
ton’s (4-dimensional) quaternion algebra over R, and p € H [t] is irreducible
over H. Let V=H[t] /H[t|pand T € Endy (V) be the operator left mul-
tiplication by ¢. Then, as above, V' is an irreducible H [t]-module via T with
ann(V) = H [t| p* = p*H [t], where p* € R [t] is irreducible over R. It is well-
known that deg (p*) = 1 or 2, and F = R[t] /R|[t]p* is algebraically closed
provided deg (p*) = 2. H contains a maximal subfield C'~ R (/—1) which

is algebraically closed. As another interesting application of our results, we

prove the following theorem of Niven and Jacobson:

Theorem 50 FEvery irreducible polynomial over Hamilton’s quaternions s

linear.

Proof. Adopting the notation of the preceding paragraph, we must show

that deg (p) = 1. We have deg H = 2, whence length(p*) =1 or 2. Since

deg (p*) = length(p*) deg (p) ,

we have only to eliminate the possibility that deg (p*) = 2, deg (p) = 2, and
length(p*) = 1. But if this were so then dimg Zgna, (v)(T) = deg (p) [H :
R]/length(p*) = 8. We have now contradicted the theorem of Frobenius
which asserts that this dimension can only be 1, 2, or 4. However, we can
obtain another contradiction independently of the theorem of Frobenius: If

dimR ZEndH(V) (T) = 8, then dlmE ZEndH(V) (T) =4 (since [E . R] = deg (p*) =
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2), which is impossible because in this instance Zpgy,q, (1) is a finite-

dimensional division algebra over the algebraically closed field £. =

Remark 51 The preceding proof illustrates the use of our dimension for-
mula. Here is a second proof: Since p* € Rt], Ja € C such that p* (a) = 0.
So, for some q € C[t], we have p* (t) = (t —a)q(t). This factorization of
p* occurs in C'[t] C H[t]. Since any two irreducible factors of p* in H [t]
are similar, p ~ t —a. Hence, deg(p) = deg(t —a) = 1.  This proof,
mutatis mutandis, yields as a dividend the following generalization due to

Wedderburn:

Theorem 52 If p* has a root in D, then p* splits as a product of linear

factors in D [t].

Proof. Suppose that p* (a) = 0 for some a € D. Then 3¢ € F' (a) [t] such
that p* (t) = (t — a) ¢ (t). Since this factorization occurs in F (a) [t] C D [t],
it follows that every irreducible factor of p* in D [t] is similar to ¢t — a. In

particular, all the irreducible factors of p* in D [t| are linear. m

Remark 53 We showed earlier that length (p*) | d = deg D. It is natural
to pose the following question: Assume that d > 1 and for some integer
m > 1, m | d. Does JIp* € F[t] such that p* is irreducible over F and

length (p*) = m?¢ A partial affirmative answer is given in the
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Theorem 54 Jp* € F [t| such that p* is irreducible over F' and length (p*) =
d.

Proof. Since D is a finite-dimensional central division algebra over F', there
exists a maximal subfield £ C D such that F is separable over F'. FE is
necessarily monogenic, say £ = F (a). Let p* be the minimum polynomial

of a over F'. Then p* is irreducible over F', and

deg (p*) = [E£: F] =d,

where the second equality follows from the maximality of £. By the preced-

ing theorem, p* splits as a product of linear factors in D [t]. Hence

d = deg (p*) = length (p*) .

Remark 55 If D is a cyclic division algebra, then more can be said. For in
that case, D contains a mazimal subfield E which is a cyclic Galois extension
of F. Hence, for any divisor m of d = [E: F|, there exists an element a € D
with minimum polynomial p* such that m = [F[a] : F| = deg (p*), whence
length (p*) = deg (p*) = m. Now, for certain fields F, for example local

fields and global fields, every finite-dimensional central division F'-algebra is
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cyclic. Thus, in these cases, every divisor of deg D may be realized as the

length of an irreducible polynomial over F.

The next theorem is an immediate consequence of the Double Centralizer
Theorem (since F'[T], being a field, is a simple subalgebra of the finite-
dimensional central simple algebra Endp (V') and Z (T') = Zgna,v) (F [T7)),
and we shall prove later (see Corollary 64) that it holds for all operators.

We give a proof now as a final illustration of our results.
Theorem 56 The center of Zgpa,v)(T) is F[T].

Proof. On the one hand,

E = F[i] /F[i]p" = F[T],

where the isomorphism is given by [f*] — f*(7'). On the other hand,

E = Z(A) = Z(M(Zpnap () (T)") = Z(Zgnapv)(T)™) = Z(Zenapv)(T))-

Thus F[T] and Z(Zgna, (1)) have the same dimension over F', and since

FIT) C Z(Zgna,vy(T)), we get the equality F[T] = Z(Zgna,v)(T)). =

5.3 V as F'[t]-module

We may consider V' as an F'[t]-module by restricting the action of D [¢].

However, by doing so, V' will no longer be irreducible, provided [D : F] > 1.
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Indeed, considering T" as an element of Endpr(V'), we see that its minimum
polynomial is p*, and so its characteristic polynomial is p*”. We know from
the Cyclic Decomposition Theorem that as an F' [t]-module V' decomposes
into

Ve Pl /Flp e---aFlt] /Ft]p" =E"

N
n

Thus V' is T-irreducible as an F'-vector space precisely when n = 1. But
ndeg (p*) = dimpV = [D : F]dimp V = [D : F]deg (p) = d* deg (p),

whence

_ d*deg(p) d? _d d
~ deg(p*)  length(p*)  length(p*)

—ds > d,

which confirms our assertion about the relationship between the F-irreducibility

of Vand [D : F] = d*>. We record these observations as the following

Proposition 57 V is a completely reducible F [t]-module. More precisely,
V' decomposes into a direct sum of n = dé irreducible F [t]-modules, each
isomorphic to E = F[t|/F[tlp*. Hence V has the structure of an n-

dimensional E-vector space.
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Remark 58 We may write our dimension formula as

. _ [D:Fldeg(p)  d’deg(p) B
dimp Z (T) = length (") length () dé deg (p) = deg (pdé) ,

which expresses the dimension as the degree of a polynomial. Similarly,

. _ [D:Fldeg(p)  d’deg(p*) _ o o 182
dimp Z (T) = Tength ()] = length (o) = 6“deg (p*) = deg (p ) .

5.4 Structure of Zg,q,1)(T)

This is made explicit in the following
Theorem 59 ZEndF(V) (T) = EndE(V) = Md(;(E)

Proof. The asserted equality holds because both sides equal Endpy (V).

The isomorphism holds because dimgV =n=dj. =

Remark 60 Recall that if B is a finite-dimensional central simple algebra
over E and [B] denotes the equivalence class of B in Br(FE), the Brauer
group of E, then [B]™* =[B]. Since A= M,(Zgnipv)(T)%), we have

[A] = [ZEndD(V)<T)Op} = [ZEndD(V) (T)]71~

We are thus led to conclude that AQ g Zgna,v)(T) is similar (in the sense of

finite-dimensional central simple algebras over E) to . Hence the assertion,
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contained in the preceding theorem, that Zgya, v (T) is isomorphic to a full

matriz ring over & may have been deduced from the following
Theorem 61 Zg,q,v)(T) = A®Rg Zpnapv)(T) as algebras over E.

Proof. Since Endp(V) C Endp(V), we have Zpna,(v)(T) € Zenapy(T).
Because Zpna,v)(T) is a finite-dimensional central simple E-subalgebra of
Zgnapvy(T), it suffices to prove that A = ZZEnde)(T) (ZEndD(v)(T)) =C
as E-algebras. The map A — Endp(V), a — A, = left multiplication
by a, is a well-defined algebra homomorphism (over E). It is in fact a
monomorphism because it is nontrivial and A is simple. Now the image
of this monomorphism lies in Endg (V) = Zgna,(v)(T), and elements of the
image certainly commute with A-endomorphisms of V. Hence the image
is contained in Z ZEndF(V)(T)<EndA V) =2 ZEndF(V)(T)(ZEndD(V)(T)) =C.
We have
dimp Zpna,)(T) _ (do)?

dimg C = = =d’>=[D: F] =dimg A.
Img dimg ZEndD(V)<T) 52 [ ] Img

It follows that the image in fact exhausts C. Hence A= C. =

Remark 62 The preceding theorem expresses the relation between Zgpayvy(T)
and Zgnap v (T') as algebras over E. It is natural to ask for their relation
as F'-algebras. The answer does not depend on the irreducibility of T', and

s given by the next
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Theorem 63 VS € Endp (V), Zgnap(v)(S) = D @p Zpnayv)(S) as alge-

bras over F'.

Proof. If a € D, then define \, : V. — V by A, (v) = av = va. Observe
that A\, € Endp(V), and that the map D? — Endp(V), a — A, is
a monomorphism of F-algebras. The image of this monomorphism, call
it C, lies in Zgpg,(v)(5), since S € Endp (V). Now observe that C is a
central simple subalgebra of Zp,q,1)(S), and its centralizer in Zgy,q,.1v(S)
is Zgna,)(S).

Corollary 64 VS € Endp (V), Z (Zpnapv) (S)) = F 5]

Proof. It is known that Z (Zpna.v) (S)) = F[S] (see, for example, [8],
Corollary 1, p. 208). The isomorphism of the preceding theorem (and its

proof) implies that

Z(Zgnapwvy (8)) = Z (D? @p Zpnapw)(S)) = Z (Zgnapv) (9)) -

SO, dlmFZ (ZEndD(V) (S)) = dlmFF[S] Since F[S] g Z (ZEndD(V) (S)),

we get the asserted equality. m

Corollary 65 VS € Endp (V),

DI[S] ®@F Zpnipv)(S) = F[S] @F Zgnapwv)(5)

as algebras over F'.
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5.5 z-classes of Irreducible Operators

Theorem 66 Suppose T; € Endp(V') is irreducible, and let p} be the element

of F[t] corresponding to T;. Then

Ty ~, Ty < F[t|/F|tlp; = F|t] /F[tlp; (as fields over F).

Proof. Necessity follows from Ft] /Fl[t|p; = F|T;] = Z(Z(T;)). For suf-
ficiency, set E; = F[t|/Fltlpf. If Ey = E5 over F, then, by the Skolem-
Noether Theorem, we may extend this isomorphism to conjugation by some
C € GL(V). Hence, repeating the argument we used in the case V = D,

we may conclude that since CTyC™! € F [Ty,

CZ(T)C' 2 Z(Ty).

This containment is in fact an equality, by symmetry. =

Remark 67 In other words, the centralizer of an irreducible operator is de-
termined up to conjugacy by its center, which is a finite-dimensional, mono-
genic field extension of . As a consequence, since [E : F| < dimp Endp (V),
if F' has only finitely many non-isomorphic field extensions of a given degree
(such is the case, for example, if F is algebraically closed or a finite field
or a real closed field or a p-adic field), then up to conjugacy there are only
finitely many centralizers of irreducible operators. We shall see later that

the adjective "irreducible” in the preceding statement may be deleted.
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6 Completely Reducible Operators

6.1 Structure of the Centralizer

We say that T' is completely reducible if V' may be written as a direct sum
of T-irreducible subspaces. Equivalently, every T-invariant subspace has a
T-invariant complement. In this section, we shall determine the structure
of centralizers of completely reducible operators, and the invariants which
characterize such centralizers up to conjugacy. So, suppose T is completely
reducible. It follows from our results on irreducible operators that Jv; €

V,pi € Dt],pf € F[t] such that
V=D[tlvy@--- & Dlt]v,

where ann (v;) = D [t] p;,ann (D [t]v;) = D [t]pf = pfD[t], and the p’s (re-

spectively, p*’s) are irreducible over D (respectively, F').

Consider first the special case in which p; = --- = p¥ = p*. It follows
that p; ~ p; for all ¢ and j. Set P, = C (p;), and note that P, ~ P; for all 4
and j. Thus 3C; € GL,, (D), where m is the common degree of the p’s, such
that C;P,C; ' = P, = P for alli. By stringing together suitable bases for the
D [t] v;’s, we obtain a basis for V' with respect to which the matrix of 7" has
the block diagonal form diag (Py, P, . .., P,). Conjugating this matrix by the
block diagonal matrix diag (C1,Cs, ..., C,), we see that T' has the canonical

form diag (P, P, ..., P) with respect to a suitable basis. We now determine
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those matrices X € M,,, (D) which commute with diag (P, P, ..., P). If we

write such an X in the block form

Xll X12 Xlr

X21 X22 XQT'
X = ,

XTl X’!‘2 e er

where X;; € M,, (D) for all ¢ and j, then we must have X;;P = PX,;
for all + and j.  This condition is also sufficient for X to commute with
diag (P, P,...,P). Recalling that A = Z (P) is a division algebra over F
we see that Z (T') = M, (A) as F-algebras.

We return now to the general case. By grouping together those D [t] v;’s
which have the same annihilators, we may rewrite our decomposition of V' in

the form

V=D{t]loyu® - ®D[vy, ® @ D[] @ ® D [t] vy,

where ann (D [tjv;;) = D [t|p; fori=1,...,s, j=1,...,r; and the p}’s are
pairwise distinct. Set V; = D [t]vin®@- - -©D [t] vy, and Vpr = {v € V' | pjv = 0}.
Note that

V=Wo oV,

We now make the following
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Claim 68 V; = V,+. In particular, the V;’s are Z (T)-invariant.

Proof. The inclusion V; C VZ,,;« is immediate. For the reverse inclusion,

assume v € Vp; and write v = vy + - - - + v,, where v; € V;. We have
0=pjv=pivi+-+pv.= > pvj,
J#i
since pjv; = 0. Since pjv; € Vj, each summand in the last sum above must
be 0. Hence for each j # i, we have p}, p; € ann (v;). Now, because p} # p},
Ja*,b* € F'[t] such that 1 = a*p} + b*p} € ann (v;), which forces v; = 0 for
all j # 4. Hence v =1v; € V;. Hence V; 2 V), verifying the first part of
our claim. The second part follows by observing that V). = kerpj (T) is

Z (T)-invariant. m

Note that as a corollary of the claim we obtain ann (V) = D [t] p}- - p*

and ann (V;) = D [t] pf. It also follows from our claim that
Z(T)=Z(T)& & Z(T,),

where T; = T |y.. Invoking our result in the special case where all annihila-

tors are the same, we conclude that

as F-algebras, where each A; is a division algebra over F. This decom-
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position shows that the centralizer of a completely reducible operator is a

semisimple algebra, and also yields the following dimension formula:
dimp Z (T) = [D: F|y_rideg (p})/ [length ()]

=1

Recall that we showed that the center of A; is isomorphic to the field F; =

Ft] /F [t]pf. As a consequence,
Z2(Z(T)=E oo E,

This shows that dimp Z (Z (T)) = > _;_, deg (p;). Of course, these results

about Z (Z (T')) also follow from

Set

A = DI[t] /DIt p]---ps,
E = F[t] /F[t]p]---p;, and

A

D[t} /DIt p;-

We now generalize some of the results we obtained for irreducible operators

to completely reducible operators.
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Theorem 69 A = A, @ --- @ Ay as D [t]-modules. In particular, A is a

semisimple algebra over F'.

Proof. It suffices to establish the isomorphism for the case s = 2. More
generally, if a} and a} are relatively prime elements in F [t], then consider the
map D [t] /D [t]aial — D|t| /D[t|a} & D|t] /D [t] a5 defined by [f] —
(), [f),). where [f] = f + D[flaias and [f], = f + D[f]aj. This is a
well-defined D [t|-homomorphism. In particular, it is an F-homomorphism.
By comparing dimensions over F, it is an isomorphism if it is injective. So,
assume that ([f],,[f],) = (0,0). Then 3b; € D [t] such that f = b;a}, and

dc; € F'[t] such that 1 = ¢fa} + chaj. Thus

b1 = cibia] + cibias = cibaay + c3bias = (C1by + c3b1)as = cas,

where ¢ = ¢jby + c3b1.  We now have

f = bia] = cajai € D [t]ajas.

Hence [f] = 0, and our homomorphism is an isomorphism. The second

statement follows since each A; is simple. =

Corollary 70 If S € Endp (V) and S ~, T, then S is completely reducible.

If T s irreducible, then S is irreducible.
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Proof. If S ~, T, then

— DIS| 2 F[S]®p D? 2 F[T|®p D" =~ D|T].

Hence, by the preceding theorem, the algebra D [S] is also semisimple. D [S]
is isomorphic to D [t] /ann (Vs), where Vg denotes V' with the D [t]-module
structure induced by S. Hence D [t] /ann (Vs) is semisimple. It is known
that this implies Vg, as (D [t] /ann (Vs))-module, is completely reducible.
Hence Vg is a completely reducible D [t]-module, which is the first assertion.
If T is irreducible, then S is completely reducible. ~We have seen that
a decomposition of Vg into S-irreducible subspaces yields a corresponding
decomposition of Z (S5) into a direct sum of matrix algebras. But Z (),
being conjugate to Z (T), is a division algebra. By the uniqueness assertion
of the Wedderburn Structure Theorem and the simple observation that only
matrix algebras of degree one are division algebras, we conclude that the
number of summands in our decomposition of Vs into irreducibles must be

one. Hence S is irreducible. =

Remark 71 Notice that, with only minor modifications, the proof of the
preceding corollary shows that if the centralizer of an operator is semisimple
(respectively, a division algebra), then the operator is completely reducible
(respectively, irreducible). The corollary itself implies that it makes sense

to speak of irreducible or completely reducible z-classes. Of course, not all
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properties of an operator are inherited by its z-equivalents. For example, take

D = F and suppose that char (F') = 0, then in My (F'), the two matrices

and

are z-equivalent (indeed, their centralizers coincide), but the first is nilpotent
while the second is not. Interestingly, it will follow from results to be estab-
lished later that two nilpotent operators are z-equivalent if and only if they
are conjugate (see Corollary 98). The converse of the corollary is patently
false.  For, in D itself, every element defines an irreducible operator on D
by left multiplication, but, unless D = F', there will be at least two distinct

z-classes.

Theorem 72

Z(T)=FEndy (V)= Enda, V1)@ ---® Enda, (Vy),

where Enda, (V;) = M,, (A;)
Proof.
Z(T) = Endpy (V)= Ends(V),
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and Z(T)=Z(T)®--- @ Z(Ts). m

6.2 Invariants of the z-class of a Completely Reducible

Operator

We associate to the completely reducible operator T the sequence of ordered
pairs (11, E1), ..., (rs, Es). It follows from the Wedderburn Structure The-
orem (or the Krull-Schmidt Theorem) that the integers r; do not depend on
our choice of a decomposition of V' into irreducible subspaces. Similarly,
the field extensions F; are independent of any choices, for these are deter-
mined by the distinct irreducible factors of the unique monic generator of
the annihilator of V. Thus our assignment to 7" of the sequence (r;, E;) is

well-defined. The integers r; are subject to the following relation:

s
dlmFV: E r;my,

i=1
where m; is the dimension over F' of any minimal left ideal of the simple

algebra A; = E; @ D?. The sequence (r;, E;) forms a complete set of

invariants for the conjugacy class of Z (T') in the sense of the following

Theorem 73 Let T,T" € Endp (V) be completely reducible operators with
associated sequences (ri, Ey) ..., (rs, Es), (r}, Ey) ..., (rl, E.), respectively.

sy sl

Then necessary and sufficient conditions for T ~, T' are s = s' and, possibly
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after permuting the order of the terms, r; = rl, E; = E! (as field extensions

of F).

Proof. The integers r; and, up to isomorphism, the division algebras A;,
hence their centers F;, are invariants of a semisimple algebra, according to
the Wedderburn Structure Theorem. Hence the necessity of the conditions.
The proof of sufficiency requires more work. Suppose that the stated con-
ditions hold. Let A, A’ be the semisimple algebras corresponding to T',T",
respectively. We shall show that 3C' € GL (V) and an F-algebra isomor-
phism ¢ : A — A’ such that C'(av) = ¢ (a) Cv,Va € A,v € V. Assume
for the moment that this is done. Then let S € Ends (V),d € A0 € V,

and choose a € A,v € V such that ' = ¢ (a),v" = Cv. It follows that

(CSCT) (dV') = (CSC7Y) (¢ (a)Cv) =CS (C™" (¢ (a) Cv))

= CS(aw)=C(aSv) = ¢ (a) CSv=d (CSC™) .
That is, CSC~ € Enda (V). Hence
CZ(T)C™" = CEnda (V)C™' C Endy (V) = Z (T')

Since the stated conditions are symmetric, we get C' € GL (V) such that
C'Z(T")C'~' C Z(T), whence dimp CZ (T)C~! = dimp Z (T"). Thus the

above containment is actually an equality from which we obtain T' ~, T". It
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remains then to prove the existence of C' and . We have

A AL - B A

1%

A = Ae---aA,

where A, = E! @p D?. Since E; = E!, we get a sequence of isomorphisms:

A; 2 B @p D 2 El @p D = A,

These give an isomorphism A; — A!, call it ¢,, which fixes D point-
wise because it is a composite of isomorphisms which do so. Identifying
A and A’ with their respective direct sum decompositions above, we get an
isomorphism ¢ : A — A’ such that ¢ |4,= ¢,. This isomorphism also fixes
D°P pointwise (to see this, one need only recall how D is imbedded in the
various algebras involved and how the isomorphisms are defined). We now

use the decompositions

Vp = V=Vi& -aV

Vi = V=Vl@---aV,

where Vr (respectively, Vi) is an A-(respectively, A’-) module and each V;
(respectively, V) is a completely reducible A;- (respectively, Al-) module

which is a direct sum of r; irreducible A;- (respectively, Al-) modules. We

define the structure of an A-module on Vi via ¢: av’ = ¢ (a)v' Va € A0 €
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Vri. By the very definition of this A-module structure on Vi, we see that
V! is a completely reducible A;-module which decomposes into a direct sum
of r; irreducible A;-modules. But so is V;. Since A; is a finite-dimensional
simple F-algebra, any two irreducible A;-modules are isomorphic. In fact, if
I; is a minimal left ideal of A;, then any irreducible A;-module is isomorphic

to I;. If i+ j, then

The conclusion is that V; = V;" as Ai-modules and if i # j, A;V; =0 = A;V].
It follows that the isomorphisms V; = V. induce an isomorphism C' : Vp —

Vi as A-modules. Hence

C(av) = aCv = ¢ (a) Cv,Va € A,v € V.

Finally, since ¢ fixes D pointwise, we have

C(va) =C(aw) = p(a)Cv=aCv = (Cv)a, Va € D,v e V.

That is, C € GL(V). =

Remark 74 The sufficiency part of the preceding proof exploits the semi-
simplicity of the algebra A = D [T|, and makes essential use of the repre-

sentation theory of such algebras. We now present a second proof of suf-
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ficiency which makes no use of the structure of D[T]. The idea of this
second proof is to capitalize on the particularly simple canonical form which
is available for semisimple operators. Suppose initially that s = s’ = 1,
r=r=ry=7r,and E=F = E| = E'. Recall that we showed in this case
that Z (T) = M, (A), where A = Z (P), P = C (p) forp an irreducible factor
of p*, and E = Z (Z (P)). Let Z(T") = M, (A", N'=Z(P"), P =C(p),
P, and p* be the corresponding data for T', so that E' = Z (Z(P')). Note
that E = E' implies

deg (p*) = dimp E = dimp E' = deg (p*).

We also have

rdeg (p) = dimp V = rdeg (p'),

whence deg (p) = deg (p') = m. Now

Micnginps) (A?) 2 E@p D = E' @p D = Myepginpery (A'),

and it follows that AP = AP, Thus A = A’, and both division algebras

lie in the central simple algebra M, (D). By the Skolem-Noether Theorem,
dB € GL,, (D) such that

BZ(P)B'=2Z(P).

80



This equality implies BPB™' € Z(Z(P')) = F[P]. Hence BPB™' =
fX(P"), for some f* € Ft], and Z (f*(P")) = Z(P'). There exists a
basis {w;}o, (respectively, {w}}!" ) of V with respect to which the matriz
of T (respectively, T') has the canonical form diag (P,..., P)(respectively,
diag (P',...,P")) in M, (D). Let Uy € GL(V) be defined by Uyw; = wi.
Then Uy TU " has the form diag (P, ..., P) with respect to the basis {w!}.

We have

diag (B, ..., B)diag (P, ..., P)diag (B_l, . B_l)

— diag(f*(P)),....[" (P)).

But the centralizer of the matrix on the right-hand side of this equation equals
{(Xi) | Xy € Z(f(P)} ={(Xyy) | Xij € Z(P)} = Z (diag (P',.... P')).
Hence

diag (B, ...,B) Z (diag (P, ..., P))diag (B,...,B)""

— Z(diag(P,...,P").

With respect to the basis {w.}, the matrixz diag (B, ..., B) defines an element

Uy € GL(V), and the above equality becomes

U.Z (L TUT Y Uyt = Z(T).
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Hence UZ (T)U = Z(T"), where U = UyU; € GL (V). Hence T ~. T, if

s=1.

Passing to the general case, we have the decompositions

V.=Vie---aV

V = Vl’ BB VS’
corresponding to T, T" respectively, and these induce the decompositions

Z(T) = ZEndp (V1) (Ty)® - @ ZEndp (V) (Ts)

Z(T) = Zpap(vy) (T © -+ ® Zonapvy) (T7)

where T; = T |y,and T = T |y».  Applying our result in the special case

s = 1, we find invertible D-linear maps U; : V; — V' such that
UiZgnanwy (T) U = Zg,a, vy (T7) -

Let U € GL (V) be defined by U |y,;=U;. Then UZ (T)U! = Z (T"), and
T~,T.

Corollary 75 Let T, T" € Endp (V') be completely reducible. Then T ~, T"
in Endp (V) <= T ~,T" in Endp (V).

Proof. Let (ri, F1),...,(rs, Es) be the invariants of 7' as an element in

Endp (V). Then, as we showed in the irreducible case, each T-irreducible
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summand in a decomposition over D decomposes over F' into a direct sum
of dj; irreducible summands, where §; is the degree of the division algebra
A; considered as a vector space over its center E;. Hence T' is completely

reducible over F', and its invariants as an F-operator are

(dTlél, El) geeey (d?”sds, ES) .

We thus see that the invariants of T" as a D-operator determine its invariants

as an F-operator, and vice versa, which is the assertion of the corollary. m

Remark 76 The fact that the centralizer of a completely reducible operator
is a semisimple algebra is well-known (cf., for example, [7], Theorem 6, p.59).
Thus, by the Wedderburn Structure Theorem, the integers r; and the division
algebras A; form a complete set of invariants for the isomorphism class of the
centralizer. Theorem 73, however, says more: The integers r; and the field
extensions F; determine the centralizer up to conjugacy. In particular, as
we noted for irreducible operators, if the base field F' has only finitely many
nonisomorphic field extensions of a given degree, then, since there are only
finitely many possibilities for the r;, there exist up to conjugacy only finitely

many centralizers of completely reducible operators.
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6.3 Summary

It is well at this point to review some of our results about irreducible and
completely reducible operators, and to place these in a conceptual framework.
To any operator T" € Endp (V'), we may associate in a canonical way three
F-algebras: F'[T|, Z(T) = Zpgnapv) (T), and D [T]. These algebras are

mutually dependent, as shown by the following relations:

F[T=Z(z(T))
Z(T) = Endpyy (V)
D|[T| = F[T| D%
We showed that for completely reducible operators, the conjugacy class of
Z (T) in Endp (V) is determined by invariants consisting of numerical data
(positive integers subject to a certain relation) and certain field extensions
which are, up to isomorphism, uniquely determined by F'[T]. We presented
two proofs of that theorem: One exploits the structure of D [T] as a semi-
simple algebra, particularly the representations of such algebras; the other
uses a canonical form available for completely reducible operators.
Our results about the structure of the associated algebras for irreducible

and completely reducible operators are summarized in the following table:

T irreducible completely reducible

FT] | field commutative semisimple algebra

Z (T) | division algebra | semisimple algebra

DI[T] | simple algebra | semisimple algebra
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Notice that for irreducible and completely reducible operators, all the as-
sociated algebras have zero radical. For an arbitrary operator 7', we are nat-
urally led to inquire about the nature of its associated algebras, modulo their
radicals: F'[T] /Rad (F[T)), Z(T) /Rad(Z (T)), and D [T] /Rad (D [T]).
Irreducible operators are the simplest, in the sense that the associated alge-
bras of irreducible operators have the "best" possible structure. The logic
of this situation suggests that we seek a class of operators whose associated
algebras, modulo their radicals, are the "best" possible , i.e., a class of op-
erators T' such that F'[T| /Rad (F[T]) is a field, Z(T) /Rad (Z (T)) is a
division algebra, and D [T'] /' Rad (D [T)]) is a simple algebra. This turns out
to be the class of indecomposable operators, and these are the operators we

shall study next.
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7 Indecomposable Operators

7.1 Structure of Indecomposable D [t]-modules

We call T' indecomposable if V' # 0 and V' cannot be written as the direct
sum of two nonzero T-invariant subspaces. lLe., if V = V] & V5 and each
V; is T-invariant, then either V; = 0 or V5, = 0. This is equivalent to
V' being indecomposable as a D [t]-module. We shall now determine the
structure of indecomposable D [t]-modules. The first observation is that, by
the Cyclic Decomposition Theorem, if 7" is indecomposable, then V' is cyclic,

say V' = D |t]v for some v € V. Then dq € D [t],q* € F [t] such that

ann (v) = Dlt]q

ann (V) = DI]tlq"

1

% D|t] /D|t] q as D [t]-modules.

We identify V' = D [t] /D [t] g via this last isomorphism so that the action

*€e1

of T' corresponds with left multiplication by ¢. Let ¢* = pj - pié be
the factorization of ¢* as a product of powers of pairwise distinct monic
irreducible polynomials over F'. Then, by the same argument used in the

commutative case D = F', we obtain a decomposition

V= éker (pre).
i=1
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Since each of the summands in this decomposition is a T-invariant (indeed,
Z (T)-invariant) subspace, the T-indecomposability of V' forces s = 1. Thus
q* = p*© for some irreducible polynomial p* € F'[t| and integer e > 1 such
that e is the smallest power of p* which annihilates T'. It follows that every
irreducible factor of ¢ in D [t] is similar to an irreducible factor of p* in D [t]
because D [t| p** C D [t]q. Hence there exist irreducible monic polynomials

pi,p € D [t] such that

¢ = pipe,
D[t]p* < DJt]p, and

since any two irreducible factors of p* are similar. By the definition of
similarity,

Dt} /Dltlp= DIi] /D It] pi,

and so D [t|p* = ann (D [t] /D [t]p) = ann (D [t] /D [t| p;). Hence D [t] p* C
D [t] p; for all i. This implies that each p; is a right factor of p* and also a left
factor, since the factors of p* may be permuted cyclically: p* = fip; = pifi
for some f; € D [t]. Recall that ¢’ = length (q) is the length of the following

composition series of V:

N

D [t] pe
Dltlq
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Recall also that the composition factors are the D [t] /D [t] p;. Now, we also

have the following chain of submodules for V:

0 C ker (p*) C ker (p*2) C .- Cker (p*e_l) cV.

All the inclusions in this chain are proper. This is clear if e = 1 since V' # 0.
So suppose e > 1, and ker (p**) = ker (p***!) for some i, 0 < i < e —1 (where
ker (p*°) = 0). If v € V, then

0 — p*e,U — p*z—i-lp*e—z—lv

—_— p*e—i—lv c ker (p*i—i—l) = ker (p*z) — p*e—l,U — p*ip*e—i—lv — 0’
contradicting the minimality of e. By the Schreier Theorem, the chain of
kernels has a refinement equivalent to the composition series. In particular,
e/ > e. We shall presently show that in fact ¢’ = e, and this characterizes
the indecomposable D [t]-modules. Assuming that ¢/ = e for the moment,

then

Dt]pi---pe

Dl C ker (p*iil) .
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To see this, recall that each p; is a factor of p*, and so

*1—1 *1—2 sk

P i pe = PP pe = P fisapicapi e e
= PP fipicapic pe = P fip picapi - pe
= P fiafiapiapiapic D= = D1 Pe

= fqe Dlt]q,

where f = f;_1--- fi. Since the chain of kernels has the same length as the

composition series, we conclude that

D[t]pi -+ pe 1) s
——————— = ker (p* Vi=1,...,e,
Dltlq ™)

since a proper inclusion for some 7 would lead to a composition series of length
> e. Continuing with our hypothesis ¢/ = e, suppose that W is a proper,
nonzero T-invariant subspace of V" and let k£ > 1 be the smallest integer such
that p**W = 0. Thus W C ker (p*k), but W & ker (p*') Vi = 0,...,k — 1.
We make the

Claim 77 W = ker (p*k)

Proof. We argue by induction on k. If & = 1, then W is a nonzero

submodule of the irreducible module

o Dipp . DI
=" DWe C DEm
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Hence we have equality if £k = 1. Assume k£ > 1, and the assertion holds for
all proper, nonzero submodules W' such that k£ — 1 is the smallest power of
p* which annihilates W’. Consider the submodule W' = W N ker (p*k_l) C
ker (p*kfl). Certainly, W' C W ;Cé V' is proper. It is also nonzero: For, by
the minimality of k, Jw € W such that w' = p*w # 0, and w’ € W’. Next,
observe that k& — 1 is the smallest power of p* which annihilates 1W’. Indeed,

if W’ C ker (p**~2), then for all w € W

*k sk—1, *

0=p“w=rp pw:p*wEW'gker(p*k_Z)

Since w is arbitrary, we conclude that W C ker (p*kfl), contradicting the
minimality of k. Invoking our inductive hypothesis, we find that W’ =

*kfl) .

ker (p This gives us the inclusions

ker (p™ 1) = W' C W C ker (p).

We showed that ker (p**~!) is a maximal proper submodule of ker (p**).
Hence W = ker (p*™*~!) or W = ker (p**). The former equality is precluded

by the minimality of k. Hence, the latter equality holds, as claimed. =

Thus the chain of kernels exhausts all the submodules of V', and is the
unique composition series of V. It is now time to verify that ¢/ = e. For the
remainder of this subsection, our exposition follows Jacobson’s presentation

in [7], pp. 44-45. The verification proceeds in two steps. First, we show that
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as D [t]-modules,

Dy~ Dia DR

Dt
t]q’

where there are [ > 1 summands. It follows from this and the Krull-
Schmidt Theorem that if two indecomposable modules have the same an-
nihilators, then these modules are isomorphic. Second, we show that for
every natural number e there exist monic irreducible polynomials p, € D [t
for i = 1,...,e such that p, ~ p, ann (D [t] /DIt]p|---p.) = D[t] p*, and
DIt]| /DIt|p}---p. is indecomposable. ~Since our module D [t] /D [t] q is

indecomposable and also has annihilator D [t] p*¢, we get

D[t] , DIt
Dltlq  DItp,--p.

Hence €' = length (q) = length (p ---p.) = e, as we want. It also follows

that [ = length (p*), for

e - length (p*) = length (p*®) =1 - length (q) =1 - e.

We carry out this program as a sequence of lemmas.

Lemma 78 For some natural number [,

Dipe Dilqe DY

J/

D[
[t
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Proof. Suppose that for some natural number h, the direct sum of h copies

of D[t] /D [t] q is a cyclic module, say

D[ D[
D[t]q’

-

h

for some monic g, € D [t]. This certainly holds for h = 1. Notice that since
D [t|p*® = ann (D [t] /D [t] q), we have ann (D [t] /D [t] q») = D [t] p** also.

In particular,

h - length (q) = length (q) < length (p*°) = e - length (p*),

and so h is bounded above by e - length (p*)] /length (¢). Thus this process
of forming direct sums of copies of D [t] /D [t] ¢ to produce a cyclic module

must break off at some point, say at [. That is, 3¢ € D [t] such that

Y P —

Dl . DI DIl
Difa Die "D

?
J/

~
l

but the sum of [ + 1 copies, call it M;,q, is not cyclic. The claim is that
q = p*. If My, is not cyclic, then by the Cyclic Decomposition Theorem,

we obtain isomorphisms
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where s > 1, d; € D[t], ann (D [t] /D [t|d;) = D [t] df for some df € F [t],
and D [t]d; O DIt]d} O DJt]d; for i < j. Since each D [t] /D [t]d; de-
composes into a direct sum of indecomposable summands each isomorphic

to D [t] /D [t] g (by the Krull-Schmidt Theorem), we get

length (d1) > length (q)
Dlt]d; = Dl[t]p*

length (d2) > length (p*®) = e - length (p*) > length (q) .

We now have

length (dy)+length (dy) > length (q)+length (q) > length (dy)~+length (ds),

from which we are forced to conclude that

length (q;) = length (dy) = length (p*©) .

*e

These equalities imply ¢, = p*¢, because ¢, p* are monic and D [t]q 2

D[t]p*. =

Theorem 79 Two indecomposable D [t]-modules are isomorphic if and only

if they have the same annihilators.
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Lemma 80 For each natural number e > 1, there exist monic irreducible

polynomials p, € Dt] fori=1,... e such that

p;~p Vi
ann (D [t] /Dt p;---p,) = DIt]p*

Proof. We argue by induction on e > 1. The case e = 1 was established
during our analysis of irreducible operators. Assume now that for some
e > 1 we have found p;’s satisfying the stated conditions. We claim that

there exists some monic irreducible polynomial p’ ~ p such that
ann (D [t] /D[t]p'p;---p.) = D[t p™*".
Otherwise, for each irreducible polynomial p’ ~ p, we have
Dt]p'py--p. 2 D[t]p™.

Hence

ﬂD p'pi v, 2 Dt p™.

We now claim that

(DU p. =Dt 1l.
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Suppose this claim is true. It follows that

3f € DIt] such that p* = fp*p|---p. =p*fpi Pl

= p*“ = fp---p.eDt]p, D,

contradicting our hypothesis that ann (D [t] /D [t|p}---p.) = D[t]p*. So
our inductive proof is done once we verify the claim. This verification consists

of establishing the following equalities

ﬂD Py} = (ﬂD[t]p’>p’1--~pé
p'~p
ﬂDtp = DIt]p*

It is immediate that the right-hand side of the first equality is contained in
the left-hand side. For the reverse inclusion, suppose x is in the left-hand

side. Then for each p’ ~ p, 3f, € D [t] such that
T = fpp'p) Dl
If p” ~ p, then
oyl =x = fud"py -l = fup = fpp".

Hence f,p" € ﬂ Dt]p', and so x = fp"p} - pl is in the right-hand side

p'~p

of the first equality. This verifies the first equality.
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We now turn to the second equality. Once again, the right-hand side of
the second equality is certainly contained in the left-hand side. Suppose z is

in the left-hand side of the second equality. We must show that Vf € D [t],

zf € D[t]p,

for this implies « € ann (D [t] /D [t|p) = D [t]p*. This is clear if f =0. If
f # 0, then consider the left ideal D [t] f + D [t] p. It contains the maximal
left ideal D [t|p. Thus D[t]f+ D[t|p = D[tjpor D[t] f + D[t]p = Dt].
In the former case, f € D [t]p, and so zf € D [t|p. In the latter case, there
exist a,b € D [t] such that

af +bp=1.

Now, for some g € D[t], D[t] f N D][t]p = D[t]g. (Note that g # 0, for
paf = (1 —pb)p and fop = (1 — fa)f are both in D [t] g, and at least one of
these is nonzero; otherwise, a = b = 0, which is impossible.) So there exist

f1,p1 € D[t] such that

Jif =g =npip.

Using the displayed equalities, we can show that the map

D] /D] fi — D] /D[tlp,z+ D[t] fi — 2f + D [t] p,

is a well-defined D [t]-isomorphism. Indeed, ¢ is well-defined, because f;f =

p1p, and certainly a D [t]-homomorphism. It is injective because zf = hp
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for some h € D [t| implies zf € D [t] g, whence Jec € D [t] such that

z2f =cg=chlf.

Hence

z=-cf1 € D[t] f1.

The equality af + bp = 1 implies that ¢ is surjective:

¢ (ya+ DIt fr) =yaf + D[t]p=y+ Dt]p, Yy € DIt].

Hence, by definition, f; ~ p, and since length (f1) = length (p) = 1, f1 is
also irreducible. We conclude that x = x1 f; for some x; € D [t]. Finally,
we get

vf =x1f1f = xipip € Dt]p,

as required. m

Lemma 81 Suppose that there exist monic irreducible polynomials p, € D |t]

such that ann (D [t] /D [t]p}---pl.) = D[t]p*®. Then D[t] /D[t|py---p. is

e

an indecomposable D [t]-module.

Proof. If not, then we have a decomposition of W = D [t] /D [t]p}---p.
into a direct sum of proper indecomposable submodules. All of these in-
decomposable submodules must have annihilators of the form D [t] p*¢ for

some €' < e. Otherwise, we get a proper subspace of W whose D-dimension
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is at least that of W, which is impossible. It follows that the annihilator of
DI[t] /D[t]py---p. is of the form D [t]p*", " < e, contrary to hypothesis.

We conclude this subsection by stating the fundamental structure theorem

for indecomposable D [t]-modules:

Theorem 82 Let p* € F [t], p € D [t| be monic irreducible polynomials over
F, D, respectively.  Suppose that D [t|p D D[t|p*, and let p; € D|t] be
monic irreducible polynomials for i =1, ... e such that p; ~ p for alli. Set

q=p1--pe. Then

Dt] /D [t] q is indecomposable <= ann (D [t] /D t]q) = D [t] p*°.

7.2 Structure of the Associated Algebras

Set

A = DI[t] /DI[t]p*, Ay =DIt] /DIt p*,
E = F[t] /F[t]p*, By =F[t] /F[t]p"

P = C(p) eM,(D),A=Z(P)e M, (D),

where m = deg (p). We know from the analysis of irreducible operators that

Ay = Fy ®p D = D|[P] is a simple algebra, Ay = Endy, (D [t] /D [t]p)
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is a division algebra over F', and FE; is a field such that F; = Z(A;) =
Z(Z(P)) = F[P]. We have also shown that A = E @ D? and Z (T') =
Endy (V). Notice that D [t]p* /D [t|p*® is a nilpotent ideal of A such
that A/ (D [t]p*/D [t]p*) = Ay is simple. It follows that Rad(A) =
D [t]p* /D [t|p*c. Similarly, Rad (E) = F [t|p* /F [t] p*¢, and E /Rad (E) =
E;. Note that both Rad (A) and Rad (E) have index of nilpotency e. Recall
that Rad (V') is, by definition, the intersection of all submodules W' C V' such
that V /W isirreducible. Since ker (p**~!) = D [t| p.,/ D [t] q is the only sub-
module of V' with irreducible quotient, we have Rad (V') = D [t] p./D [t] q,
and so

V/Rad(V) = D[t] /D|t]p. = D[t] /D[t] p.

This shows that P is a matrix of the operator induced by 7" on the quotient
space V /Rad (V'), which is irreducible.

We now want to determine Rad (Z (T')). Recall the Z (T')-invariant flag
0 C ker (p*) C ker (p*2) C .- Cker (p*e_l) cV.

This is a composition series with D [t]-irreducible, and a fortiori Z (T)-

irreducible, composition factors

ker (p*i)/ker (p*ifl) = DI[t] /D[t]p; = DIt] /Dltlp, i =1,...,e.
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As these are Z (T')-irreducible, they are annihilated by Rad (Z (T')), and so

Rad (Z (T)) ker (p*') C ker (p*7').

On the other hand, the collection of all S € Z (T) such that Sker (p*') C

ker (p**~1) Vi is an ideal of Z (T') consisting of nilpotent operators. Hence

Rad (Z (T))={S € Z(T)| Sker (p*) Cker (p*") Vi=1,...,e}.

With respect to a basis adapted to the Z (T')-invariant flag of kernels, we

obtain for any S € Z (T') a matrix of the form

B, % -
By -+ %
B

where B; is a matrix of size m x m of the operator induced by S on

ker (p*') /ker (p~') 2 D[t] /Dlt]pfori=1,...e.

If S € Rad(Z(T)), then B; = 0 Vi, and conversely, B; = 0 Vi implies
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S € Rad (Z (T)). Hence Rad (Z (T)) consists of those matrices of the form

Specializing to the case S = T and after conjugating by a block diagonal

matrix, we see that 7' has a matrix of the form

P

and thus there exists a basis of V' such that each S € Z (T") has a matrix of

the form

B,

*

By

B.

and Rad (Z (T)) consists precisely of those S for which all the B;’s are 0.

Consider now the map Z (T) — Enda, (V /Rad (V)), S — S = operator

induced by S on V /Rad (V).

It is straightforward to check that this is a

well-defined homomorphism of F-algebras whose kernel contains Rad (Z (T)).
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Hence we obtain a homomorphism

¢: Z(T) /Rad (Z (T)) — Enda, (V,/Rad(V)), S+ Rad (Z (T)) — S.

We prove that ¢ is in fact an isomorphism in a sequence of steps.

Step 1 Recall that

Hence

A = (AP

2

(Enda (A)™

I

Mlength(p*) (EndA(D [t] /D [ﬂ q))O;D
Mienginpe) (Enda (D [t] /D [t] q)™)

Mlength(p*) (Z (T)Op) )

I

I

where the final isomorphism follows from V' = D [t] /D [t]qand Z (T) =
Ends (V). This yields

edeg (p*)[D : F] = dimp Edimp D

= [length (p*)])* dimp Z (T),
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from which we obtain

_edeg(p*)[D: F] _edeg(p)[D: F]

[length (p*)]° length (p*)

This generalizes the dimension formula we obtained for irreducible op-

erators, which is the special case e = 1.

Step 2 EndAl (V/Rad (V)) = Al —

dimp Endy, (V,/Rad (V) = dimp Ay = deg (p) [D : F] /length (p*).

Step 3 Z(T') /Rad (Z (T)) is a division algebra over F. Indeed, since
V' is an indecomposable D [t]-module via 7', it follows from Fitting’s
Lemma that every S € Z (T) is either nilpotent or invertible. This is
because the Fitting components of S, being the kernel and image of a
power of S, are T-invariant subspaces, and since V' is a direct sum of
the Fitting components of S, one of these must be all of V. Now, if
S e Z(T)— Rad(Z(T)), then considering the matrix of S determined
above, we see that some diagonal matrix B; # 0. Since B; lies in
the division algebra Z (P), no power of B; is 0. Thus no power of
S is zero. We conclude that S is invertible. This shows that every
nonzero element in Z (7') /Rad (Z (T')) has an inverse, confirming our
assertion. (It also shows that every nilpotent operator in Z (T') lies in

Rad (Z (T')).) Thus our homomorphism ¢, being nontrivial, must be
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injective. As a consequence,

dimp [Z(T) /Rad (Z (T))] = dimp (imy)
< dimp Endy, (V,/Rad(V))

= deg(p)[D: F] /length (p*).

On the other hand, using the matrix representation for Z (7') deter-

mined above, we see that

By

Z(T) /Rad (Z (T)) = b . | B; € Z (P)

B,

\ L | Vs

as F-algebras. Consider the subalgebra of the algebra on the right of

the isomorphism above consisting of those matrices for which

Bi=DBy=---=B,.

This has dimension

= deg(p) [D: F] /length (p*) .
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Hence

deg (p) [D : F] /length (p*) < dimg[Z(T) /Rad(Z(T))]

< deg(p)[D : F] /length (p) .

Hence imgp has the dimension of Ends, (V,/Rad(V)). Hence ¢ is

surjective.

There are two observations we want to make here. First, the fact that ¢
is injective implies that if S € Z (T) and SV C Rad (V), then Sker (p*') C
ker (p*~1) Vi. Second, as a by-product of our argument in Step 3, we see

that every matrix of an element in Z (T") has the form

B x *

B *
,Be Z(P).

B

We summarize our structural results in the

Theorem 83 There exists an exact sequence

0 — Rad(Z(T)) — Z(T) — A; — 0.
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The chain of T-invariant subspaces
0 C ker (p*) C ker (p*2) C ... C ker <p*e—1) cv

1s the unique composition series of V', and the kernels exhaust all the T-
invariant subspaces. Moreover, this composition series is a Z (T)-invariant
flag and with respect to a basis compatible with this flag, the matrices of Z (T)

have the form

B x *

B *
,BeZ(P).

B

Rad (Z (T)) consists of those matrices for which B = 0, or equivalently, those

operators S € Z (T) such that Skerp* C kerp* ' Vi=1,... e.

Remark 84 The exact sequence need not split in general. However, there
s a special case in which it does. We showed in Step 2 above that T, being
indecomposable, is either nilpotent or an isomorphism. Consider the case in
which T is nilpotent. In that case, we have p* (t) = p(t) =t and q (t) = t°.
So as D [t]-modules

V=D /D[t

With respect to the basis [t [t*7?],...,[t],[1] of D[t] /D]It]t¢ as right
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D-vector space, the matrix of left multiplication by t has the form

€ M, (D).

Hence the matriz N is an available canonical form for T.

collection of matrices of the form

by

by
by

by
by

, b € D.

Consider the

Direct computation (or observing that such matrices are polynomials in N )

shows that these matrices commute with N, and, visibly, the collection of such

matrices forms a vector space of dimension e [D : F| over F. Since this is

also the dimension of Z (N) (by our dimension formula in Step 1 above), we

see that

T

\ L

by by

b

be
| b; € D
ba
b1

Vs

The centralizer here is expressed in a particularly simple and recognizable
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form:

Z(N)=D[N]={bI+bN+---+bN""|beD}={f(N)| feDl[]}

We also see that in this case, the exact sequence splits, and

Z(T) = Rad (Z (T)) x D.

Observe that the centralizer in this case is completely determined by the nat-
ural number e. But e also determines the canonical form N. One conclusion

from all this is the

Proposition 85 Two indecomposable, nilpotent operators are z-equivalent if

and only if they are conjugate.

We may generalize the indecomposable nilpotent case in (at least) two
ways. One direction is suggested by noting that the irreducible polynomial
p*(t) =t has a root in D, namely 0. Recall the theorem of Wedderburn
which asserts that an irreducible polynomial p* € F'[t] which has one root in
D splits as a product of linear factors in D [t]. So assume that p* has a root a
in D. Then we may choose p (t) = t—a, and there exist a; € D fori =1,... ¢
such that p; (t) = t —a;. The relation p; ~ p implies that a; is a conjugate of

a. Consider now the following D-basis for D [t] /D [t] (t —a1) -+ (t — ae):

[(t—az)(t_a?))"'(t_QE)]7[(t_a3)"'(t_a6)]""7[t_a€]’[1]'
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This is in fact a basis. For, any D-linear combination of these which equalled
[0] would yield a polynomial of degree < e in D [t] (t —ay)- - (t — a.), which
is impossible. So the above collection is linearly independent over D, and
since it contains e = dimp [D [t] /D [t] (t — a;) - - - (t — a.)] members, we have

a basis. The matrix of left multiplication by ¢ with respect to this basis is

aq 1

a2

<
Il

1

Qe

where a; ~ a Vi. So M is an available canonical form for the indecomposable
operator T" when p* has a root a € D. The nilpotent case is the special case
a=0.

Another possible generalization of the indecomposable nilpotent case is
suggested by the observation that if p* (¢) = ¢, then the formal derivative
p* (t) =1 # 0. This leads to the concept of almost separability, which we

take up in the next subsection.

7.3 Almost Separable Operators

We begin with a

Definition 86 Let ¢* € F [t] be monic and let ¢* = pi™ ---pi® be the fac-

torization of ¢* as a product of powers of pairwise distinct monic irreducible
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polynomials over F. We say that ¢* is almost separable if for each i, either
e; =1 orelsee; >1 and pf’ #0. We say that S € Endp (V') is almost sep-
arable if the unique monic generator of the annihilator of V' as D [t]-module

via S s almost separable.

This definition is due to Kulkarni. The class of indecomposable almost
separable operators is amenable to a thorough analysis, primarily because of
the availability of a simple canonical form for such operators. If char (F) = 0
or, more generally, if F' is perfect, then every operator is almost separable.
So our results, in these cases, will apply without restriction.

We now continue with our analysis of the indecomposable operator T,
but impose the additional condition that 7" is almost separable. This means
that either e = 1 or else e > 1 and p* # 0. Recall that we set m = deg (p),
and so n = dimp V' = edeg(p) = em. Choose and fix a basis for V, and

identify V' = D". So we may assume that 7' € M, (D). Let

P I
P

=
I

€ M, (D),
I

P

where there are e blocks along the diagonal, P = C' (p) € M,, (D), and [ is the
m xm identity matrix. We consider M as the D-linear operator on V' defined

by left multiplication by M. We aim to show that M is indecomposable with
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annihilator D [t] p*¢, whence M is an available canonical form for 7. That
M is indecomposable would certainly follow if e = 1, for in that case M is
the companion matrix of the irreducible polynomial p. So we may as well

suppose that e > 1, in which case p* # 0.

Set
P
P
S = ,
P
0 I
0o .
N = , where 0 = m X m zero matrix.
T
0

Then M = S+ N and SN = NS. Notice that N¢ = 0, N¢ # 0 for all
¢ =1,...,e—1,and p*(S) = 0. For any f* € F [t], we have the "Taylor

expansion"

FSHN) =S+ [ (S)N+ f5 (S)N? + -+ fi (S) N,

111



where k = deg (f*), f € F[t], and deg (f) < k —i fori = 2,...

(2

particular, taking f* = p*, we get

M) = p(S+N)
= P (S) P SN+

= N[p"(5)+Ng™(S,N)],

for some ¢g* € F'[s,t] such that Ng* (S, N) = ¢* (S, N) N. We now make

and prove a sequence of claims:

1. p”(9) = diag (p* (P),...,p* (P)). By hypothesis, p* # 0, and since
deg (p*') < deg (p*), p* (P) # 0, for no nonzero polynomial with coef-

ficients in F' of smaller degree than deg (p*) can annihilate P. Hence

p* (5) # 0.

2. If f* € Ft] and f*(P) # 0, then f*(P) is invertible. For f*(P) €
Z ) (P) — 0 and Zy,,py (P) is a division algebra. Hence p* (.5) is

invertible, by 1.

3. Ng*(S,N) is nilpotent since N is and N commutes with g¢* (S, V).
Hence, by 2, p” (S) + Ng* (S, N) is the sum of an invertible matrix
and a nilpotent matrix which commute. Hence p* (S)+ Ng* (S, N) is

invertible.
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pr(M)" = [N@®"(S)+Ng*(S,N))
= N°[p”(S)+ Ng* (S,N)]°

= 0,

but if ¢ < e, then p* (M)e/ # 0. Otherwise,

/ /

0=p* (M) = N [p () + Ng* (S, )"

implies by 3 that N¢ = 0, which is not possible.

The conclusion is that the annihilator of V' as D [t]-module via M is
D [t] p*. Now V is a direct sum of indecomposable M-invariant subspaces,

*xe

at least one of which must have annihilator D [t] p*¢. Choose one of these

indecomposable M-invariant subspaces, call it W , with annihilator D [¢] p*©.

W is, up to isomorphism, of the form

DIi] /Dt]p1---pe,
where p; ~ p for each 7. Hence degp; = m, and so

dimp W =em = dimp V.
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Hence V' coincides with WW. This shows that V' is M-indecomposable, which

was our aim all along. So if T" is indecomposable and almost separable, then

M=S+N

is an available canonical form for 7. Conversely, if 7' € Endp (V) is inde-
composable with annihilator D [t] p*¢ and T" has the canonical form M with
respect to some basis, then T is almost separable. To prove this, suppose
for a contradiction that ¢ > 1 and p* = 0. Then from our Taylor expansion,

we get

p* (M) = N[p”(5)+ Ng*(S,N)] = N?g*(S,N)

p* (M>e_1 = N*7? [g* (‘97 N)]e_l =0,

because 2e — 2 > e. This contradicts the minimality of e. Thus we have

the following

Theorem 87 If T € Endp (V) is indecomposable with annihilator D [t] p*c,

then

T has the canonical form M with respect to some basis

<= T 1is almost separable.
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Consider the special case D = H = Hamilton’s quaternion algebra over
a real closed field FF = R. Every irreducible polynomial over R has a root
inC =R (\/—_1) C H, and thus splits as a product of linear factors in
C'[t] C H [t]. Since char (R) = 0, the indecomposable operator T is almost

separable. Hence T' has the canonical form

for some a € C. Since every operator on a finite-dimensional vector space
is a direct sum of indecomposable operators, we obtain the following matrix

formulation of our result:

Theorem 88 VB € M, (H) 3U € GL, (H) such that UBU™! is in Jordan

canonical form with entries in C'.

Remark 89 One is naturally led to ask: Which finite-dimensional central
division algebras D 2 F' have the property that every irreducible polynomial
over F' splits as a product of linear factors in D¢ The answer is that such
a division algebra must be a generalized quaternion algebra over a real closed

field. See, for example, [10], Theorem 16.15, p. 255.

The availability of the canonical form M for T yields a canonical form

for Z (T') which allows us to determine its structure completely. One sees
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by computation and a comparison of dimensions that

Bl 32 Be
B, .

Z (M) = ' | B, € Z(P)
-

\ Bl 7

Rad (Z (M)) consists of those matrices all of whose diagonal blocks are 0,

and we have the splitting

Z(T) = Rad (Z (T)) x Z (P).

Note also that S is completely reducible and N is nilpotent. Moreover,

Se€Z(Z(M))=F[M], whence S and N are polynomials in M, and

Z(M)=2Z(S)NZ(N)=A[N], A, = Z(P).

We have shown that if 7" is almost separable, then Z (T') splits as a direct
sum of its radical and a subalgebra isomorphic to Z (T') /Rad (Z (T')) which

contains the identity. Suppose now that we are given a decomposition

Z(T) =D & Rad (Z (T)),

where D is a subalgebra containing the identity. D is necessarily isomorphic

to the division algebra Z (T') /Rad (Z (T)). We want to show that 7" must
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be almost separable. This is certainly true if e = 1. So we may suppose

that e > 1. There exist unique elements S € D, N € Rad (Z (T')) such that

T'=S+N.

In the first instance, we have shown without the hypothesis of almost separa-
bility that every element of Rad (Z (T)) is annihilated by ¢, whence N¢ = 0.

Secondly,

SN=(T'-N)N=TN - N?>=NT—-N*=N(T—-N)=NS.

Lastly, we claim that p* (S) = 0. Indeed, on the quotient space V /Rad (V),
the induced operators T and S coincide, because N, being in the radical
of Z(T), induces the zero operator on V Rad (V). In particular, since
p* (T) =0, p*(S) =0 also. This means that p* (S)V C Rad (V). As we
observed earlier, this implies that p* (S) € Rad (Z (T')). But p* (5) is also
in D, because D is a subalgebra containing the identity. The conclusion is
that p* (S) € DNRad (Z (T)) = 0, as claimed. If now p* = 0, then recalling

our Taylor expansion, we get

P (T) = p(S+N)=p () +p" ()N + N*[g" (S, N)]

= N*[g" (S, N)].
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Thus
p* (T)e_l = N?? [g* (57 N)]e_l =0,

contradicting the minimality of e > 1. We have thus established the following

Theorem 90 If T € Endp (V) is indecomposable, then T is almost separa-

ble if and only if the exact sequence

0 — Rad(Z(T)) — Z(T) — Z(T) /Rad (Z (T)) — 0

splits.

7.4 V as F[t]-module

We want now to consider the structure of V' as an F' [t]-module. First, note
that the characteristic polynomial of T" as an F-endomorphism of V' is of the
form p*’. Recall our notation d = deg D, 6 = deg A; from our analysis of
irreducible operators, where we consider A; as central division algebra over

its center Ey. So [D : F] = d?. We claim that

as F [t]-modules, which implies that ¢’ = edd. To see this, notice first that
it is true if e = 1; we showed this in our analysis of irreducible operators.

So we may assume that e > 1. Second, observe that since the minimum
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polynomial of 7" is p*¢, V' decomposes into a direct sum of indecomposable

F [t]-modules:

oo Fll o Fl o Fl o Fl
Flilp Filp " Flijp? Fltp?
Fi Pl )
CEHr T T FEp

where s; > 0 Vi. On the one hand, each of the summands F [t] /F [t] p*,
being indecomposable T-invariant F-spaces, has a filtration (the unique com-

position series)

o
N

Flt)p"= /F[t]p™ C Ft]p" " /F[t]p" C

C Fllp"/Flt]p" CF[t]/F[t]p".

Thus the kernel of p* (T') as an F-operator is the following direct sum of

irreducible F'-spaces:

Fli Fi| _ Fllp' Flilp

iy Y FHy CFMp? T T Fip2
Figp Py

O FHp U
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On the other hand, the kernel of p* (7T') as an F-operator is also obtained
by decomposing the irreducible D [t]-module ker (p*) into a direct sum of
irreducible F'[t]-modules. But, as we showed in our analysis of irreducible

operators, such a decomposition has precisely dé summands. Hence

$1+ 89+ -+ 5. =db.

Now we compute the dimension of V' over F' in two ways:

edeg (p)[D: F]=dimpV = (s1 + 259 + - - - + es.) deg (p*) .

Recall that deg (p*) = length (p*) deg (p) and d length (p*) = §. Hence

e(s1+sa+ - +5.) =edd =51+ 259+ - - + ese,

and so

(6—1)81+(€—2)82+"'+86_1:0
Each of the summands on the left is > 0, whence (e —i)s; = 0 for all
1 =1,...,e — 1. This forces s1 = s = -+ = 5.1 = 0, s, = dd, as we
claimed.
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According to a theorem of Frobenius (see subsection 9.2), we have

dd
i=1
dé

= |2(do)* =) (20— 1)] edeg (p*)

i=1

= [2(dd)* — (dd)*] edeg (p*) = (d6)” edeg (p*).

But we have also shown that Zgpnq,.v) (T) = Zgna,v) (T)@p D, as algebras

over F'. Hence
(d6)* edeg (p*) = dimp Zgpap vy (T) = dimp Zgpap,oy (T) [D - F],

and so

(d9)” e deg (p")
D : F]

e[D : F|deg (p*)
[tength (p))*

e[D : Fldeg (p)
length (p*)

ed’ deg (p)

length (p*)

= edddeg(p)

dimF ZEndD(V) (T) =

_ deg( ed§)

which gives another derivation of our formula for the dimension of the cen-

121



tralizer and also expresses the dimension as the degree of a polynomial.
Nothing so far has depended on our assumption that 7" is almost separa-
ble. Now we wish to derive some consequences from this hypothesis. To

begin, T' , as an F-endomorphism of V', has the canonical form

M*

M*

where there are dd blocks along the diagonal and

P I

P*
M* =
1

P*

M* has e blocks along the diagonal, P* = C (p*) € Myeg(p) (F'), and I is the
deg (p*) x deg (p*) identity matrix. If X € Mgscdeg(p) (£), then write X in

a block form compatible with the decomposition of T™:

Xll X12 e Xl,d5
X1 Xoo -+ Xogs

)
Xasg Xase - Xasas
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where each X;; € M geg(p+) (£7). Then computation verifies that

X € Z(T*) < X,; € Z(M*) Vi, j.

We know from our analysis of almost separable indecomposable operators

over D that
¢ i 3\
B Bj B
By .
Z (M) = | B € Z (P7)
. B
L Bi | )

where Z (P*) = F [P*| = Ey = F'[t] /F [t] p* is a finite-dimensional, mono-

genic extension of F' of degree deg (p*). Hence
Zgnapvy (T) = Mgs (Z (M7)) ,
as F-algebras, and
Z (M) /Rad (2 (M")) = Z (P"),

where Rad (Z (M*)) consists of those matrices with diagonal entries 0. We

have
Rad (Zgpapovy (T)) = Rad (Mas (Z (M*))) = Mys (Rad (Z (M*))),
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and so

Zgnapvy (T) /Rad (Zgpapen (T)) = Mys (Er).

Finally, the exact sequence

0 — Rad (Zpnapv) (1) — Zpnapv) (T) — Mas (E1) — 0

splits, giving

Zgnapv) (T) = Rad (ZEndF(V) (T)) X Mys (Ey) .

7.5 Application: The Image of the Exponential Map
in GL, (R)

As an application of our results on indecomposable almost separable oper-
ators we determine the image of the exponential map in GL, (R), where
R denotes the field of real numbers. This result is known, cf. [3], p.79,
but we include it here because it is interesting and fits in nicely with the
ideas developed in this section. Since char (R) = 0, every A € M, (R) is
almost separable. The only irreducible monic polynomials over R are the
linear ones p(t) =t — a, a € R, and quadratics p (t) = t* — M\t — u, where

A, € R and A*+4u < 0. The companion matrix of an irreducible quadratic
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pt)=t*—X—peR[t]is

0
€ M (R).
1 A

Let a = A\ 2 and choose 8 € R* such that

p |
62:—( Z /”L>>O.

Then the matrix

has characteristic polynomial

t2 =20t + o + B> =t> = M — pu.

It follows that 3C' € G Ly (R) such that

Consequently, if A € M, (R) is indecomposable, then since A is almost sep-

arable, A is conjugate to one of the following two indecomposable Jordan
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blocks:

- ]
) = | | e,
L a-
0« —8 1 0 ]
6 a 0 1
a —fB
I (o, B) = 5« 1 0| € My, (R),2m =n,[ #0.
0 1
a —f
i Y

Recall that the exponential map exp: M,, (R) — GL,, (R) is defined by
A= A VA e M, (R
oA =3 v e @),
Note that VC' € GL,, (R)

Clexp A)C™! = exp (CACT).

Every matrix A € M, (R) is conjugate to a direct sum of indecomposable

matrices. Each indecomposable matrix is conjugate to one of the two Jordan
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blocks displayed above. Hence, since the exponential of a direct sum is the
direct sum of the exponentials, there is no loss in generality if we assume
that A is an indecomposable Jordan block.

Suppose first that

A = J,(a) =S+ N, where

0 1
0
N =
1
0
Since SN = NS and N" = 0, we get
expA = (expS)(expN)
N2 anl
= e[+ N+—+---+-——— ], where I =n x n identity matrix
2! (n—1)!
S I SRR (ne—a1)!
X e %
ex e %
e 62—0,(
ea
eOZ
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It follows that

((exp A) —e")" =0,

and n is the smallest power of ¢ — e* which annihilates exp A. Hence exp A
is indecomposable and conjugate to J, (e*). So for all A\ > 0, by setting
a = log A\, we see that J,, (A) lies in the image of the exponential map.

Next, consider the case A = Jy(«,3),8 # 0. Note that the map
0: C — My(R), & +in+— Jy(§,n), is a monomorphism of R-algebras,
where C is the field of complex numbers. Observe that im (¢) = Zy,w) (¢ (7))
The restriction of ¢ to C*, also denoted by ¢, is a monomorphism of Lie
groups C* — GLy (R). Since ¢ is R-linear, its differential at 1 € C* is

di (¢) = ¢. We know from the elementary theory of Lie groups that

o (") = expdy () (a+iB)
— expp(atif)

= €xp ‘]1 (avﬁ) .

Hence

exp Ji (o, 8) = Jy (e® cos B, e“sin f3) .
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More generally, if

A = Jn(a,p) € My, (R), where 2m = n,

= S+ N, where
S = diag(Ji(a,8),..., 1 (,8)),
0 I
0o .
N = , I =2 x 2 identity matrix,
T
0

then since SN = NS and N™ = 0, we have

expA = (expS)(expN)

B B B
B B 5 5 =)
B B g :
B B . g
= ' , B=J;(e%cosf,e*sinf).
B . I
2!
B
B

We distinguish two cases, according as sin3 # 0 or sin§ = 0. If sinf # 0,

then B is irreducible with minimum polynomial

p(t) =t* — (2e¥cos B) t + e**.

129



It follows that

p(expA)™ =0,

and m is the smallest power of p(t) which annihilates exp A. Hence, if
sin 3 # 0, then exp A is conjugate to J,, (e® cos 5, e*sin ). Now, if A, p € R
and p # 0, then there exists a4+ i € C*, 5 # 0, such that

exp Ji (o, 8) = J1 (A, ) .

For example, we may choose a + i3 to be the principal value of log (A + ipu).
Hence every indecomposable block J,, (A, 1), # 0, lies in the image of the
exponential map.

It only remains to consider the case sin 5 = 0. Then cosf = +1. Set

A =e%cosff = te”.

Hence
M A A
AL AT 20 30 T (m—1)!
VDY
DV NPV A %
exp A = ' , I =2 x 2 identity matrix.
VAR AL
2!
A
A
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We have ((exp A) — \)™
annihilates exp A. We now claim that the elementary divisors of exp A are

(t— )", (t— N

where 1 <e; <ey <---<e.<mandej;+---+e. =m. This implies that

(t_ )‘)ela<t_

exp A is conjugate to a matrix of the form

It follows that

This shows that dimg [ker (B; — \)] = r + 1.

[ Jer (V)

By

Bi— A=

(exp A) — A, we have

dimg [ker (B; — A)] = dimg [ker ((exp A) — \)].
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= 0, and m is the smallest power of ¢ — A which

In any event, the elementary divisors are

N =N =N,

Since B; — A is conjugate to




But we see from the form of (exp A) — A that

dimg [ker ((exp A) — A)] = 2.

This forces » = 1, which proves our claim. Therefore, if sin5 = 0, then

exp A is conjugate to

Hence if A < 0, then every matrix having the above Jordan form is in the

image of the exponential map. Collecting our results, we get the following

Theorem 91 A matriz B € GL, (R) lies in the image of the exponential
map if and only if for each eigenvalue A < 0 of B and for each Jordan block

J. (\) corresponding to X\, the multiplicity of J,. (\) is even.

Remark 92 [t is known that the exponential map exp: M, (C) — GL,, (C)
is surjective.  The proof of this is straightforward: Fvery non-zero com-
plex number is of the form e*, and our argument above shows that Vz € C,
exp J, () is conjugate to J.(e*). We earlier showed that every element in
GL, (H), where H is Hamilton’s quaternion algebra over R, is conjugate to
an element in G L, (C). It follows that the exponential map exp: M, (H) —

GL, (H) is also surjective.
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7.6 z-classes of Indecomposable Operators

Assume that T' € Endp (V) is indecomposable with annihilator D [t] p*¢. We
associate to the operator 7" the ordered pair (e, £ ), where £y, = F' [t] /F [t] p*.
Recall that F is a field extension of F' because p* is irreducible over F. We
shall prove in this subsection that the ordered pair (e, £7) determines the
z-class of T

We begin with some preliminary remarks about the structure of the F-

algebra F'[t| /F [t] p*™ for n > 2. Consider the following sequence of ideals

0C

*n—1 *n—2
Flilp™ _ Flp

We observed earlier that

J = Rad
(F [t] p*m

It is immediate that

We now assert that every ideal of F'[t| /F [t| p*" is contained in the above
sequence. Indeed, if B is a proper, nonzero ideal of F'[t] /F [t| p*", then

there exists a proper ideal I of F'[t] properly containing F' [t] p*" such that




Since p* is irreducible over F', the only proper ideals of F'[t] properly con-
taining F' [t] p*™ are of the form F' [t] p** for some 4 such that 1 <i <n — 1.
This verifies our assertion. One consequence is the following useful fact:

Suppose that R is an associative F-algebra with identity and

p: F[t] /F[t]p™ — R

is a homomorphism of F-algebras carrying identity to identity, then ¢ is

injective if and only if foralli=1,...,n—1

o (p" + F[t]p™) #0.

Indeed, since ker ¢ is an ideal of F'[t] /F [t| p*", this is equivalent to the
assertion that ker ¢ = 0.

Consider F'[t] /F [t] p*™ as a vector space over F', and let T)* be the F-
linear operator on F'[t| /F [t| p*" given by left multiplication by ¢. Then
T* € Endp (F [t] /F [t] p*) is indecomposable with annihilator F' [t| p*". By
specializing our analysis of indecomposable operators to the case D = F', we

see that

ZEndF(F[t]/F[t]p*n) (T;> = F [t] P

as algebras over F'.  Moreover, we showed that the exact sequence

Flijpr P FlY
F[t]p Ft]p F[t]p*

—>O




splits if and only if 777 is almost separable. Since we have assumed that
n > 2 , the exact sequence splits if and only if p* # 0.
Keeping these preliminary remarks in mind, we turn to the proof of the

following fundamental

Theorem 93 Suppose p*,q* € F [t] are monic irreducible polynomials over

F. Then
Ft] Ft]
= as fields over F
Flt]p Flt]q*
Ft Ft
= U = i as algebras over F ¥n > 1.

Flip Fltlg

Proof. Only necessity requires a proof. To this end, assume that there

exists an F-isomorphism

L. Fl P

Ft]pr Fltlq

In particular, this implies that deg (p*) = deg (¢*). Now there exist z7,y; €
F'[t] such that

o+ F[t]p") = a1+ Flt]q"

o1 (t+F[tlq") = yi+Flip*

If we identify F' with its image under the imbedding F' — F'[t] /F [t] p*,
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a— a+ F[t]p*, then Vf* € F [t]

oo (ff+ Eltlp?) = [ () + Fltlg" = [ (a1 + F U] q7) .

A similar statement holds for p;*. It follows that

yi (@) + Fltlg" =t+ Flt)q"

Since p* + F [t] p* is the zero element in F'[t] /F [t| p*, we have

Fltlq" = (p" + F[t]p*) = p* (21) + F[t] ¢

Hence there exists ¢} € F [t] such that

p* () = ciq".

We show that the theorem is true for n = 2. Suppose first that ¢* 1 ¢}.

Then we claim that

Ft * * k * *
e + F[t]p? v f*(27) + F [t] ¢

is a well-defined isomorphism of F-algebras. It is well-defined because Vg* €

F [t] we have

(g°p™) (21) = g" (2}) p* (2])" = g (2}) (ciq")* € F [t] ¢
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That ¢, is an F-homomorphism which carries identity to identity is imme-
diate. Since F'[t] /F [t]p** and F[t] /F [t] ¢** have the same dimension
(namely 2deg (p*) = 2deg(q*)), we need only show that ¢, is injective to
conclude that it is an isomorphism. Recalling our preliminary remarks, we

just have to show that

wo (0" + F[t]p™2) # F[t] g2

But this is guaranteed by our hypothesis that ¢* 1 ¢}, and completes the proof
of our claim.

Suppose next that ¢* | ¢;. It follows that

p* (27 + F[t]¢?) =p" («}) + F[t]¢? = ci¢" + F [t} ¢ = F [t] ¢**.

Hence, because p* is monic and irreducible over F', the minimum polynomial

*

over F of the element x} + F [t] ¢** is p*. We thus obtain an F-isomorphism

>~ F [z} + F[t]¢*] .

Consider now the F-isomorphism ¢ : F[t] /F[t]q* — F [zt + F[t] ¢*?]

which is the composite of the F-isomorphisms

> F [27+ F[t] 7] .
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Thus ¢ (f*+ F[t]¢*) = f*(yi(a})) + F[t] ¢ Vf* € F[t]. Recalling the

exact sequence

we find that

T (f +Fltlg) = = (f (i (@) + F[]¢7?)
= [ (=) + Fltq
= [Ty (@) + Flt]q")
= [ft+Ft]q)

= "+ Flt]q¢".

The conclusion is that the exact sequence splits, which implies that ¢* # 0.
Hence the extension F'[t] /F [t| ¢* of F is separable. The isomorphism ¢,
ensures that F'[t] /F [t] p* is also a separable extension of F'; whence p* # 0.

Thus there exist a*,b* € F'[t| such that

1 :a,*p*_'_b*p*/'
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We now claim that there exist k*, f5 € F'[t] such that

(2 +kq") = f3q" (mod ¢*?)
< 1 fs

Assume for the moment that our claim is true. Then, setting 23 = 27 +k*¢*,

we define

Rl F[f
Flly? T Flle?

[P+ Ft]p? — f*(x3) 4+ F[t] ¢

The verification that this is in fact a well-defined F-isomorphism proceeds
exactly as above. We now verify our claim. For any k* € F [t], we have the

Taylor expansion

p* (z}) + p* (¢}) k*¢* (mod ¢*?)

G+ (@) kg (mod ¢%)

= [ +p" (7)) k] ¢ (mod q*2) )

We cannot have ¢ + p* (x3) k* € F[t]¢* Vk*. Indeed, this would imply

o, p* (x7) € F [t] ¢*, whence

1 = a (27)p" (2]) + 0" (2]) p" (2])

= a" (z]) q" + 0" (1) p* (2]) € F[t] ¢,
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contradicting our hypothesis that ¢* is irreducible over F. So for some

k*e Flt], f; =i +p” (x1) k" ¢ F[t]q" and

P (25 + k*¢") = f3q" (mod ¢*?) .

This verifies our claim, and completes the proof for n = 2. Summarizing,

we have shown that there exist 25, f5 € F [t] such that

p*(23) = f3q" (mod ¢*?)

T 1 fs

(In the case ¢* 1 ¢}, we take x} = =%, f5 = c}.)
Assume inductively that we have shown for some n > 2 that there exist

xr, fr € F[t] such that

p*(z;) = frq" (mod ¢™)

Choose k! € F'[t] such that p* (x}) = f*q¢* + kX¢*", and consider z + ¢*".

Then, since 2n > n + 1,

p* (.TZ) +p*/ (l’;) q*n (IIlOd q*n+1)

= [f; + (kX +p™ (22)) q*”_l] q* (mod q*”“) .
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Observe that f* + (kX +p¥ (z})) ¢ ' ¢ F[t]q*; otherwise, because n —
1>1= (ki +p¥(a)) ¢ € F[t|q*, we get f* € F[t]q*, contradicting
q* 1 fr. Hence, setting 27, = af +¢*" and [}, = fi+ (kX +p” (23)) ¢ 1,

we have

p* (I:H_l) = f;:+1q* (mod q*n+1)

q" Jf f :-1-1'
It is now a straightforward matter to check that

: —
Pn+1 F [t] prtl F [t] R ’

A F e e [ (2h) + F it g™

is a well-defined F-isomorphism. The theorem follows by induction. =

Remark 94 We record here for later use (see the proof of Theorem 97) an
observation which follows from the proof of the preceding theorem. Namely,

if 1 < m < n, then the following diagram commutes

where the vertical maps are the obvious ones.

Theorem 95 Suppose that T,T' € Endp (V) are indecomposable with an-
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nihilators D [t]p*¢, D [t]p*¢, respectively. — Then necessary and sufficient

conditions for T ~, T' are

e = ¢ and o — as fields over F.
p

> 7(Z(T)=2Z(Z(T)) %&i’d as algebras over F.

This isomorphism carries the radical of F [t] /F [t] p*¢ onto the radical of
Ft] /F [t] p*¢, and so there is an isomorphism of the algebras modulo their
radicals. That is,

Ft]
Fltlpr F[t]p”

as algebras, and thus as fields, over F.

Consequently, deg (p*) = deg(p¥). This equality and the isomorphism
Z(Z ()= Z(Z(T") yield e = €.

Conversely, assume that

I

as fields over F.

Flt]pr Fli]p”

Ft]
Flt]p*  Fl[t]p

2

as algebras over F'.
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Hence, we have an F-algebra isomorphism ¢ : A — A’, which is given by

the composite of the following isomorphisms

£t

op ~v D J—
P O D7 o= A

Ft]
A= o~ QRp DP =
Dlt]p ~ Fltpe "

Note that ¢ fixes D pointwise. Continuing with the notation adopted at
the beginning of this section for the indecomposable operator 7', recall that

we showed that

@EB—’
Dlt]q Dlt]q

length(p*)

D t] Dt]
[t

as D [t]-modules. As D [t]-modules, both A and D [t] /D [t] ¢ have anni-
hilators D [t] p*¢, and so the above isomorphism is also an isomorphism of
A-modules. Thus D [t] /D [t] q, as A-module, is isomorphic to an indecom-
posable left ideal of A, call it I. Adopting similar notation for the indecom-

posable operator 7", we have the following isomorphism of A’-modules

-~

length(p*)

and so D [t] /D [t] ¢, as A'-module, is isomorphic to an indecomposable left
ideal of A’, call it I’. Hence there exist indecomposable left ideals I, ..., I;

(respectively, I7,...,1I}) of A (respectively, A’), where [ = length (p*) (re-
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spectively, I' = length (p*')), such that

I = [, as A-modules Vi =1,...,[
I' = I, as A-modules Vi' = 1,... '
Lo o, =A=p (I (I}).

We have now two decompositions of A into a direct sum of indecomposable
left ideals. By the Krull-Schmidt Theorem applied to the A-module A, we
conclude that there exists an A-isomorphism ¢ : I — ¢~ (I'). Consider

the composite 1) : I — I’. We have

(e¥) av = ¢ (ayv) = ¢ (a) (#¥) v,

Va € A,v € I. We also have the isomorphisms

DIt

VvV = 4] >~ | as A-modules
Dlt]q
D

Vo U =~ ['as A’-modules.
DIt q

Identifying V' with I and I’, respectively, via these isomorphisms, we obtain

an invertible map C': V — V such that Va € A,v,v,v5 € V

C(av) = ¢(a)Cv

C(vy+vy) = Cuvg+ Cuos.
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Now, Ya € D, we have

C (va) =C(av) = p (a) Cv = aCv = (Cv) a,

using the fact, noted earlier, that ¢ fixes D pointwise. Therefore C' €
GL (V). We are now in a situation that is identical to one which occurred in
our proof of the z-class invariants for completely reducible operators. Hence,

as in that proof, we get the equality

CEnda (V)C™' = Enda (V).

Hence T'~,T'. m

Remark 96 If we assume that T and T' are both almost separable, then the
canonical forms we obtained for Z (T') and Z (T") yield a quick (and obvi-
ous, so we omit it) proof of sufficiency in the preceding theorem. The above
proof should be compared to the corresponding proof for completely reducible
operators. A key ingredient in both cases is the isomorphism A = A’. This
isomorphism was readily obtained for completely reducible operators, but for
indecomposable operators we required the theorem which asserts the isomor-
phism of the local algebras F'[t] /F [t|p*™ and F [t] /F [t] ¢*™ assuming that

their residue fields are isomorphic.
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8 Arbitrary Operators
8.1 z-invariants of Operators with a Single Primary

Component

Assume that T' € Endp (V). We shall determine in this section the invari-
ants which classify Z (T') up to conjugacy. Consider V' as D [t]-module via
T, and let ¢* € F'[t] be the unique monic generator of ann (V). Hereinafter,

*€e1

q* is called the minimum polynomial of T'. 1If ¢* = pi®* ---p; is the fac-
torization of ¢* as a product of powers of pairwise distinct monic irreducible

polynomials over F', then, as we noted earlier,

We consider first the special case in which v = 1, and set p* = pj, e = e;.
Then decomposing V' into a direct sum of indecomposable submodules and
grouping together those submodules which have the same annihilator, we

get the following isomorphism of D [t]-modules:

_ D . . DM _ DWH DA
Y e DM D Dl
D[zf?1 D [t] h

DM ©“ Dila,
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where for each i = 1,...,7r, ¢; € D[t| and D[t] /D [t] ¢; is indecomposable
with annihilator D [t] p*¢i. Recall that this implies ¢; is a product of e; monic,
irreducible polynomials over D, each of which is similar to an irreducible (over
D) factor of p*. Recall also that all the irreducible factors of p* in D [t] have

the same degree; call this common degree c. It follows that

i () = oo

We arrange the above decomposition so that
1<ei<ey < <e =k,
and each s; > 0. Observe that this implies

s ) < ) < <o ()

Consider the following r 4 1-tuple

((sl,el),(52,62),...,(sr,er), Fl >

The Krull-Schmidt Theorem guarantees that the s; s and e; ’s are inde-
pendent of any choices involved in the decomposition of V' into a direct sum
of indecomposable submodules. The field extension F'[t] /F [t] p* is deter-

mined by the minimum polynomial of 7. In short, the above r + 1-tuple,
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called, tendentiously, the z-invariants of T', is uniquely determined by 7.
The z-invariants of T classify Z (T') up to conjugacy in the sense of the

following fundamental

Theorem 97 Assume that T,T" € Endp (V) have minimum polynomials

p*e, p*¢, respectively, and let

((81’€1>’<52’62)’-'-v(Sr,GT), Fi] )

((8,176,1) ) (8,276,2) ot (S;/,e;,) )

be their respective z-invariants. Then necessary and sufficient conditions for

T ~,T are

/

ro=r,
Ft] F[t]
= as fields over F, and
Ft]p* F[t]p*
si = S, e=¢€ fori=1,...,r

Proof. The stated conditions are necessary. Indeed, suppose that T ~, T",
say Z(UTU ) =UZ(T)U' = Z(T"), for some U € GL (V). Since the

z-invariants of T' are conjugacy invariants, 7' and UTU ! have the same z-

invariants. So there is no loss in generality if we assume that Z (T') = Z (T7).
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Note that this implies

I
.
N
I
N
N
G

Flt
= Z(Z(T))=F[T"= W[p]*/e, as algebras over F.

Hence

Flie] o FU/F[tpe
Flt]pr  Rad(F[t] /F[t]pr)
. FU/Fi]p™
Rad (F'[t] /F [t p*)
= ] as fields over
ol i field F.

Thus deg (p*) = deg (p*). Combined with the equality of the centers, this
yields e, = e =¢€" =¢!,. Note that Z (T) = Z (T') implies T' € Z (Z (1T")) =
FT"]. As a consequence, every T’-invariant subspace is also T-invariant.
By symmetry, we conclude that a subspace of V' is T-invariant if and only
if it is T'-invariant. Consider now the following decompositions of V' into

indecomposable modules from which the z-invariants of 7" and 7" are derived:

~ DIl o oD o DI DI
T e T DG T Y Dle T Y Dl
. D _DW . Dil_ DI
1 T 21 I A 1L 2
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Set

_ D[y
Wi = Dy
. _ DI
W= D

Since the subspace of V' corresponding to W}, is T"-indecomposable, it is also
T-indecomposable. We thus obtain two decompositions of V' into indecom-
posable T-invariant subspaces; i.e., indecomposable D [t]-modules in which
the action of D [t] is determined by 7. It follows from the Krull-Schmidt
Theorem that for each ¢ = 1,...,r there exists an index i’ (i) such that
Wi = Wi, as vector spaces over D (but not necessarily as D [t]-modules
because the action of D [t] on the W/’s is determined by 7”). Now the W;’s
are pairwise non-isomorphic D-vector spaces, for they each have different di-
mensions, and there are r of them. Hence there are at least r non-isomorphic
’s. Hence r < r’. Hence, by symmetry, r = r’.  Moreover, since the
dimensions of the W/’s form a strictly increasing sequence, we must have
Wi,’(i) =W
Denote by ¢ (respectively, ) the common degree of the irreducible factors

of p* (respectively, p*') in D [t]. Then

ce = ce, = dimp (W) = dimp (W)) = el = e = c= (.
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It follows that
ce; = dimp (W;) = dimp (W)) = e} = ce, = ¢; = €,

foralli=1,...,7—1. It only remains to observe that the pairing W; = W/
associates the s; distinct copies of W; with distinct copies of W/, by the
Krull-Schmidt Theorem. Thus s; < s}, whence, by symmetry, s; = s;. This
concludes the proof of necessity.

Assume that the stated conditions hold. According to Theorem 93, the
isomorphism of fields over F

~ It
Flt]pr F[t]p”

[

implies that for all n > 1 there exists an F-algebra isomorphism

Dl D[
"Dy Dy

, [+ D™ — f(ay) + D[t]p™

which fixes D pointwise. These isomorphisms are obtained by tensoring
the isomorphisms of Theorem 93 with the identity map on D°?. Further (see

the proof of Theorem 95), there exist bijections

Oz' : Wl — Wi/
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such that for all a € D [t] /D [t] p*©, v, v, v € W;

Ci(av) = e, (a)Ciw

Ci (’Ul + ’Ug) = Cﬂ)l + Oﬂ]z.

Consider now the algebra A" = D [t] /D [t] p*'¢ (note that by hypothesis e/ =
e, = e). Since ann(Vy) = D [t]p¥¢, A" acts faithfully on V. The induced
action of A’ on each module W/ coincides with the action of D [t] /D [t] p*©i

foralli=1,...,r—1. If 1 <i <7, then for all f € D[t],w" € W/, we have

e, (f+Dt]lp)w" = (f(x})+D[t]p™)u

= (f (&) + Dlt]p™)w’
= (f(z%)+ D[t]p*) w' (cf. Remark 94)

= ¢, (f+D[p)w'.

If we set ¢ = ¢, and let C' be the D-linear isomorphism V' — V' defined

(after a harmless identification) by

C |W1: Ci7
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then for all a € A= D[t] /D [t] p*,v € V we have
C (av) = ¢ (a) Cw.
We have seen before that the existence of such a C' implies that T' ~, T". =

Corollary 98 IfT,T" € Endp (V) are nilpotent operators, then
T~T & T~,T.
Proof. For, any nilpotent operator has minimum polynomial a power of

p*(t) =t. Thus if T has z-invariants

((81761) ,(s2,€2) ..., (srr€r) %) ,

then its elementary divisors are

€1 el e eg er er
T R T T AT

J/ J/
~~ ~~ ~~

51 $2 Sy

If T ~, T, then they have the same elementary divisors. Hence T' ~ T".

The converse is immediate. m

Theorem 99 If T € Endp (V) has z-invariants

((51,61),(82,62),...,(87«,67«), Pl )
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then

: [D: Fldeg (0) 1.2
dimg Zg, T) = E Sy + 28 (Sig1 + -+ 5,)| €.
F 4 E dD(V) ( ) [length (p*)]Q — |: ( +1 )]

Proof. Consider the decomposition of V' as D [t]-module:

. DW . D DM _ . _ DI
Y'Z e ® @DM@@PM@® ®DW%@
Dt Dl ’

"D © P Dle

Using our result for indecomposable operators, we get the following decom-

position of V' as F'[t]-module:

v A U R 1 U Fig F[f
Flp Fipa © Fipe Fii]p=
Flipe F[t]pre’

where, as before, d = deg D, and if p is an irreducible factor of p* in D [t]
and P = C (p), then § is the degree of the division algebra Z (P), considered

as a division algebra over its center. Let s = sy +---+ s,.. The Frobenius
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dimension formula (see subsection 9.2) gives

dds
dimp Zpnap ) (T) = deg(p*) ) [2d6s — 2j + 1] n;,
Jj=1
( )

e,1 <7< ddsy

ey, dosy +1 <7 <di(s1+ s2)
where n; =

[ e dd(sit-+s-1)+1< )< dds |

r [dds;
= deg(p*)z ZQd(S(Si—i-"'-i-Sr)—jS—i-l e;
i=1 Lji=1
r | dds;
= deg(p*) Z 2(do)? s; (s + -+ 5,) — Z (27; — 1)] €
i=1 L ji=1

T

= deg (p*) Z [2(d6)? si (s + -+ 5,) — (dd5;)°] e

r

= <d5)2 deg (p*) Z [312 +28; (S41 + -+ + 87‘)] €;.

=1

The stated formula for the dimension is now a consequence of the following

facts:
dlIIlF ZEndF(V) (T) = [D : F] dlIIlF ZEndD(V) (T)
[D:F] = d
B d
~ length (p*)’
[ ]
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8.2 Almost Separable Operators

Continuing with our hypothesis that « = 1, assume further that 7 is almost
separable. It follows from our work on indecomposable operators that 7" has

the canonical form

M,
M
My
M = ,
My
M,
M,
where for each ¢ = 1,...,r there are s; blocks M; along the diagonal and
P I
P -
M; = € Mei deg(p) (D)
T
P

P = C(p) for some irreducible factor p € D [t] of p* .
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Now let X € Mgim, v (D) be decomposed into a block form compatible with
the decomposition of M. So X is composed of blocks X'. If X’ corresponds
to a block row of M containing M; and a block column of M containing Mj;,

we take X’ in the form

0 0 By B B.,
o _ | 0 0 B i<
. . . . . B2
_0 0 0 O Bl_
B, B, B, |
0 DB
By
X' =10 0 ... B ifi>y
0 O 0
_0 0 0_

where all the By’s are in A = Z (P). Note that e; <e; if i < j, and in that
case the first of the forms contains e; — e; block columns of 0 € Mgeg(p) (D).
A similar comment applies to the second displayed form for X’. Perhaps

the following simple example will make all this clear.

Example 100 Suppose that

r=2,s1=1e =285 =2 and ey = 4.
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Then

cy
0
0
0

0

where all the A’s, B’s, and C'’s are in Z (P).
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Label the blocks in X , starting

P
0 0
0 0
B, B,
0 B
0 0
0 0
A Al
0 A
0 0
0 0

A
A
A
y




at the upper left-hand corner and proceeding along each block row from left

to Tlght, as X11,X12, X13,X21, e ,X33. SO

00 B B
X12 -

00 0 B

By Byl

0 By
Xz1 =

0 0

0 0

Now X1 corresponds to a block row of M containing My and a block column
of M containing My. Thus X132 has e; = 2 rows and e; = 4 columns, the
first eo — e; = 2 of which consisting of 0’s.  Similarly, X3 corresponds to a
block row of M containing My and a block column of M containing M, and
so X31 has e; = 2 columns and es = 4 rows, the last e —e; = 2 of which

consisting of 0’s.

Returning to the general case, we claim that X € Z (M). To verify this,
we need only show that if X’ corresponds to a block row of M containing M;

and a block column of M containing M, then

M X' = X'M,;.
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It suffices to consider the case i < j because the case j < i is similar. Now,

on the one hand, we have

M; X'

On the other hand, since e; < e;, we may write

M/

"

M;

P I
P

I

P

[o MZB] , B =

By

By

By By
0 B

[0 BMZ.] because B € Z (M;).

, where M’ =

160

"no__
M =




Hence

0 -+ 0 Bl By - By||P I
oy 0 -~ 0 0 B " i P
,j =
By I
0 00 0 B P
r M/ Ml/
= |0 B}
: 0 M
= |0 BMZ}

Hence X € Z (M), as claimed. Observe that the collection of all such X’s
forms an F'- subspace of Z (M), and has the same dimension over F as Z (M),
by Theorem 99 and the construction of the X’s. The collection of all such X’s
thus exhausts Z (M), and yields a canonical form for Z (T'), provided that
T is almost separable. This canonical form generalizes those obtained by
Wedderburn (D = F' = algebraically closed field) and Williamson (D = F =
field of characteristic 0). With this canonical form in hand, one may show

by similar computations with matrices (which we omit) that

Z(T)/Rad(Z(T)) = M, (A)&---& M, (A) as algebras over F, and
Z(T)
™ Rad (2 (T))’

I

Z(T) Rad (Z (T))
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8.3 Main Theorem

We now state and prove the main theorem of this thesis. Recall that T €

*€e1 , ke

Endp (V) has minimum polynomial ¢* = pi*p5 - - pi®, and we have the

decomposition
u
V= @ker (P .
i=1

We define the z-invariants of T' by applying the definition in the special case
u = 1 to T restricted to each summand in the above decomposition. This

yields the sequence

((8117611>7'"7(317‘17617"1) F pT) 7 ((3217621) voe (S20y5 €21,) Fﬁt%?fg) :

o ((sul,eul),...,(suru,euru) : FI}%??Z) ;

where

1 < €1 < - < Eiry = €4, VZ:L,U,

Sij; > 0,Vizl,...,u,jl-:l,...,ri.

We denote the z-invariants of T in the compact form

Flt] \"
((511;61'1)7~--;(S1;m€m)aF H*>
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The z-invariants of 1" classify Z (T") up to conjugacy. This is the content of

our main

Theorem 101 IfT,T" € Endp (V) have respective z-invariants

((Sil, €i1) s (Sirs €ir) F]Ttgt] >u

*
Zzl

u’
(551, =
Sir1r 1) s s 17"7 zr, ’F )

=1

then necessary and sufficient conditions for T ~, T" are, possibly after per-

muting the indices,

!/

u = u
Ft Flt
[ ]* = Y 5 a5 fields over F,
Ft]p; F [t] p;
ri = rVi= ., u, and
Sij; = s’iji,eiji:e;ji Vi=1,...,u, j;=1,...,7;

Proof. The point is that the general case may be reduced to the special case
u = 1. To make this reduction, note that each submodule V; = ker (p;“)
is Z (T)-invariant. For each S € Z(T), write S; = S |y,. This gives a
decomposition

S=5&--® Sy,
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where the operator S; @ --- @ S, is defined by

(Si@---@®S)v = (S1@---®S,) (v 4+ +v), Wherev:Zvi,viEVQVi
i=1

= Slvl+--- —I—Suvu

Note that Sz < ZEndD(VZ') (T;) COHVGI'SG]y, if Sz < ZEndD(Vi) (T;), then

S=5@®&---®S,€ Z(T). We thus get the decomposition
Zgnapwvy (1) = @ Zgnapv;) (15) , as algebras over F.
i=1

Assume now that 7' ~, T', and WLOG Z (T') = Z (T"). Note first that
this implies u = u/. To see this, just consider the centers of the centralizers
modulo their radicals, and apply the Wedderburn Structure Theorem. Now
set V! = ker (p;"e;>, and consider the two decompositions of V' into primary

components with respect to T" and T":

Dri-v-Pr.
=1 =1

Since Z (T) = Z (1"), T = f* (1") for some f* € F'[t], and any subspace of V/
which is 7"-invariant is necessarily T-invariant (and vice versa, by symmetry).
Each V! is thus T-invariant, and as such may be decomposed into primary
components with respect to T. Consider the restriction of 7' to such a

primary component. It has minimum polynomial of the form p;nj for some

164



J =1,...,u and natural number n; < e;. Hence
0=p;" (T)=p;"” (f(T") = p; (f*)" (T")

where T and T" occurring in the above equations are actually their restrictions
to the given T-primary component of V. Now on any 7”-invariant subspace
of V!, T" has minimum polynomial of the form p:m; for some natural number
n; < e;. It follows that pi’ | p; (f*). This argument implies V' = Vj; i.e., V/
is the primary component with respect to 7' corresponding to pj. Indeed, if
there existed inside V' a vector annihilated by p; (7') for some other prime
py with k # j, then pi’ | pj (f*) also. But this is impossible. For, p, pj are

relatively prime when k # j, and so there exist a*, b* € F [t] such that
1 = a"p; + b"py.

This implies
L=a"(f")p; (fF) + 0" (f) . (f7)

and we are forced to accept that p}’ | 1, which is absurd. We have not quite
eliminated the possibility that there exists a vector annihilated by p7 (7)) in
some other V/ for [ # i. This however is precluded by the fact that there
are only u V}'’s, and each can accommodate vectors from only one of the u

primary components with respect to 7. Hence V; C V/, which by symmetry
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must be an equality, as asserted. By a harmless relabelling, we get

Vv = V.

7

Since Z (T') = Z (1") on all of V, we get Zpnay,vi) (13) = Zgnay vy (17) for
all 7 =1,...,u, completing our reduction. Thus the necessity of the stated
conditions follow from the special case u = 1. As for sufficiency, one sees
immediately that there is a reduction to the special case u = 1, by the very

nature of the stated conditions. =

Corollary 102 IfT, 7" € Endp (V), then

T~,T in Endp (V) <= T ~, T in Endp (V).

Proof. If the z-invariants of T" as D-operator are

((Sih €i1) - - (Sirs, Ciry) F]?tgt] *>“ ,

then its z-invariants as F'-operator are

Flt] \*
((d5i5i1, 61’1) ye e (d(SiSz’m €m-) ) [ ]*> )
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where d = deg D, §; = deg Z (F;), and P, is the companion matrix of some

irreducible factor of pf. The implication
T~,T in Endp (V)= T ~, T in Endp (V)

is clear. For the converse, recall from our analysis of irreducible operators

that

]
~ ——— 3s fields over F
F[t]p; Ft]py

— Z(P) 2 Z(P!) as algebras over F
.

)

Hence if T' ~, T" in Endp (V), then T and 7" have the same z-invariants

over D. Hence T'~, T" in Endp (V). =

Remark 103 The preceding corollary extends to centralizers the following

theorem about linear operators (see [7], p. 53):

T~T inEndp (V) < T ~T in Endr (V).
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9 The Structure of 7 (7))

9.1 The Frobenius Ring of T

We start by recalling the fundamental Cyclic Decomposition Theorem:

Theorem 104 3z; € V — {0}, and monic polynomials d; € D [t],d} € F'[t]

fori=1,...,r such that
V=D[tl]zy®---DDI[t] 2,

where ann(z;) = D [t|d; O D[t|df = d!D [t] = ann (D [t] z;) and

for i < j. The integer r and the monic polynomials d} are uniquely deter-

mined. The monic polynomaials d; are determined up to similarity.

We will use this theorem to determine the structure of Z (T') = Endpy (V).
The argument will follow the presentation of N. Jacobson in [8], pp. 204-206,
the only novelty being those modifications required for the lack of commu-

tativity in D. Suppose S € Z (T'). Then

r
SZi = E bijZ]‘, for ¢ = 1,...,7”,
J=1
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where the b;;’s are in D [t]. We now define a map Z (1) — M, (D [t]) by

S +—— B = (b;;). Note the following:

1. With respect to the z;’s, S is uniquely determined by the matrix B.

2. The b;;’s are not unique. Indeed,
Zbijzj = Zb;jzj‘ <~ bij — b;] eD [t] dj.
j=1 j=1

3. We have

< ann(Sz;) D ann(z;).

If S"€ Z(T), then S’z = > _, b}.z;, and so

Jj=1"1

S/SZi = S/ (i bikzk> = ibsz’zk
k=1 k=1
7=1 k=1

k=1 j=1

Therefore, under our mapping Z (7') — M, (D [t]), S'S —— BB’, and cer-

tainly 8" + S —— B’ + B. This shows that our mapping is in fact an

anti-homomorphism.
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Reversing this process, let B = (b;;) € M, (D [t]). We want to define
S e Z(T) by

r
SZZ'E E biij.
=1

For S to be well-defined, it is necessary (cf. our third remark above) that
de;; € D [t] such that
dzbz] = Cijdj-

This condition is also sufficient, for

T T
S (Z aizi) = ZaiSzi
i=1 i=1
does not depend on the representation ) :_, a;z; if the above condition holds.

Let

ne B e M, (D]t]) | 3C € M, (D [t]) such that
diag (dy,...,d.) B = Cdiag (dy,...,d,)

Note that R is a subring of M, (D [t]). We may summarize our observations
above as follows: The map R — Z (1), B = (b;) = S: 2i — > i, bijz,
is a well-defined, surjective ring anti-homomorphism. Let K denote the

kernel of this anti-homomorphism. Then

K={B' € M. (DJt]) | 3C" € M, (D t]) such that B = C'diag (dy,...,d)} .
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Hence Z (T') is anti-isomorphic to R/ K.

Let B = (b;j) € R. We shall determine what restrictions, if any, are

placed on the elements b;; by the divisibility conditions

D[t]d;2 Df]d* 2 D[] d; it i < j.

Assume first that ¢ = j. Then b; must have the property that Jc; € D [t]
such that

dibii = ciid;.

Hence

Ipp (D [t]d; (1)) is the idealizer of D [t]d; in D [t]: It is the largest subring
of D [t] which contains D [t] d; as a two-sided ideal. Next, suppose i > j, so

that D[t|d; 2 D[t]d; 2 DIt|d;. Thus Ja;;,a;; € D [t] such that

%
di = aijdj
* g

Then

d;bi; = a”djbz] = ambmdj = awbwaijdj = ¢;d;,
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where ¢;; = a;;bi;aj;. This shows that b;; may be chosen arbitrarily in D [t]

if i > j. Lastly, assume 7 < j, and choose a;;,aj; € D [t] such that

— ¥

% i 17

where in the second set of equalities we have used the fact, established earlier,
that the factors of a central element may be permuted cyclically. Now

de;; € D [t] such that
dibij = cijdy = cyyayd; = djcijay = diagcijai;.
Therefore, since d; # 0, we get
bij = aj;cija; = di ' dicydyd ™ € di N D [t) dyd;
Conversely, if b;; = d;~'d}c;;d;d; =" for some ¢;; € D [t], then
d;b; = didifldfcijdjd;‘kil = ¢d;.

Hence bij € dl_ld;kD [t] djdz(_l if i < J.
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It follows from what was established in the preceding paragraph that R

has the structure

ID[t] (D [t] dl) dlildTD [t] dgd?il dlildTD [t] dgdiil .- dlildTD [t] drdiil
D Tow (D[f]dy)  dy 'dsD[f)dsdy™ -+ doy'd3D [t] dydy™
Dl Dl Ty (DIfdy) -+ dy~dsD]dds”

o Dl D - Toy(Dld) |

We already know that the kernel K of our anti-homomorphism has the struc-

ture

D[d, D[ld: - D[d,

Hence, R K has the structure

oy (D[f)d) /D[f]di di—'d:D[f]dodi' /Df]dy --- di-'d:D[t)d,d:~"/Dt]d,
DIt /Dt dy Tow (D[)dy) /D[]ds - dy-'d;D[f)d,ds~' /D] d,
. DDA DIt /DIt ds o Tpg (D) /Dd, |

We call R/ K the Frobenius ring of T
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9.2 The Frobenius Dimension Formula

When D = F, there is a formula, attributed to Frobenius by Wedderburn,
which gives the dimension of Z (T') in terms of the degrees of the invariant
factors of . We will now generalize the Frobenius dimension formula by
allowing the possibility that D # F. Note first that if ¢ < j, then the
map d;*d:D [t]d;d;™t — D[t] /d;D[t], d; 'diad;d;™" — a + d;D]t], is

F-linear and surjective with kernel D [t]d;. Therefore,
d; *diDt)d;d; ™' /Dt|d; 2 D[t] /d;Dt],
as F-vector spaces, and so
dimp (d;7'd; D [t d;d; ™' /D[t] d;) = dimp (D [t] /d;D [t]) = deg (d;) [D: F).
This result and the structure of R K yield
dimp Z (T) = 2[(r —1)deg(dy) + (r — 2) deg (d3) +

co-fdeg (d)][D : Fl+ Y dimp(Tpy (D [t)di) /D [t] di].

=1

This is the generalization of the Frobenius dimension formula that we sought.

Indeed, when D = F, we have Zpy (D [t]d;) = D [t], and so

174



Hence, specializing our dimension formula to the case D = F' gives

dimp Z (T) = (2r — 1) deg (d1)+(2r — 3) deg (d2)+- - -+3 deg (d,_1)+deg (d,),

which is the classical Frobenius dimension formula.
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10 Summary of Results on Associative Alge-
bras

For the convenience of the reader, we summarize in this final section the
seven major theorems which form the foundation of the theory developed in

this thesis. These are the following:

1. The Jordan-Holder Theorem,

2. The Krull-Schmidt Theorem,

3. The Wedderburn Structure Theorem,

4. The Wedderburn (or Wedderburn-Artin) Theorem,
5. The Skolem-Noether Theorem,

6. The Double Centralizer Theorem, and

7. The Cyclic Decomposition Theorem.

Precise references will be given for all proofs. The first six are classical
results from the theory of associative algebras, and may be found in any
number of graduate algebra texts. For the sake of uniformity, we have chosen
[12], as our main reference for the proofs of 1-6. The Cyclic Decomposition
Theorem may be found in [7]. Let me mention that [7] contains all the
results about associative algebras that we need, but these are developed

using classical ring-theoretic methods, while the development in [12] is based
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on the notion of a module. I must also add that I originally learned much of
this material from N. Jacobson’s two volume masterpiece [8] and [9]. Any
algebraic facts or terms which are used in this section (or this thesis) without
explanation may be found in [8] and [9] (as well as many other sources).
Lastly, I want to record my intellectual debt to the beautiful text [4], from
which I learned a great deal. This text may also be used as an alternative

reference for all the results we need.

10.1 Modules

Let R be a ring, which we always assume to be equipped with an identity
element, and let M be a left R-module. All left R-modules are unitary (i.e.,
the identity element of the ring fixes each element of the module). We also
say left module for short, if there is no possibility of confusion or if the exact
nature of the underlying ring is immaterial. Since we shall be dealing almost
exclusively with left modules, we shall usually omit the adjective "left". A
nonempty subset of the R-module M is called a submodule if it is closed
under addition and scalar multiplication by elements of R. We use the
notation N < M to indicate that N is a submodule of the module M. If M
and N are R-modules, then a mapping ¢: M — N is said to be R-linear if

Vr,y € M and r € R we have

plx+y) = p@)+ey)

pre) = re(@).
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It is immediate that ker (¢) = ¢! (0) is a submodule of M, and ¢ (M) is a

submodule of N. If there exists an R-linear map v: N — M such that

Yoy = 1y

SOO¢ = ]-N7

then we say that the modules M and N are isomorphic, denoted M = N,
and call ¢ an isomorphism. An R-linear map ¢: M — M is called an
R-endomorphism of M. It is a fundamental fact that the set of all R-
endomorphisms of M forms a ring under pointwise addition and composition
of maps. We denote this ring by Endg (M). Recall that M is said to be
simple ( or irreducible) if M # 0, and the only submodules of M are 0 and
M. Recall that a division ring is a ring in which every nonzero element is
invertible. The first result we state is universally known as Schur’s Lemma,

and it is surprisingly useful.

Theorem 105 If M is a simple R-module, then Endgr (M) is a division

ring.

Proof. [12], p. 28. =

If N is a submodule of the R-module M, then the additive quotient
group M /N has a unique structure as an R-module such that the natural
map v: M — M/N is R-linear. The Noether isomorphism theorems hold

for R-modules. If M is an R-module, then a chain of distinct submodules
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of M
0=NyCN,C---CN,_ 1CN,=M

is called a composition series of M if for alli =1,...,n the quotient module
N; /' N;_1 is simple. The quotient modules N, /N;_; are called the com-
position factors of the composition series. Two such series are said to be
1somorphic if there is a one-to-one correspondence between the composition
factors of the two series in which corresponding factors are isomorphic. The
next result is concerned with the uniqueness up to isomorphism of composi-

tion series. It is generally referred to as the Jordan-Holder Theorem.
Theorem 106 Any two composition series of a module are isomorphic.

Proof. [12], p. 34. =

In particular, the number of composition factors is invariant. This num-
ber, when the module has a composition series, is called the length of the
module. There remains the issue of the existence of a composition series.
A module is Artinian (respectively, Noetherian) if any strictly decreasing

(respectively, increasing) sequence of submodules must be finite.

Theorem 107 A module has a composition series if and only it is both Ar-

tinian and Noetherian.

Proof. [12], p. 34. =
If a module may be written as a direct sum of simple modules, then

it is said to be semisimple (or completely reducible). Note that according
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to this definition the zero module is semisimple, but it is not simple. Of
course, every simple module is semisimple. The decomposition of a semi-
simple module into a direct sum of simple modules is essentially (i.e., up to
isomorphism) unique (see [12], p. 32). The following characterization of

semisimple modules is useful.

Theorem 108 A module M is semisimple if and only if every submodule
has a complement (i.e., if N < M, then there exists P < M such that

M=NgaP).

Proof. [12], p. 30. =

There are a number of finiteness conditions that may be imposed on a
module which are in general independent of each other. However, in the
case of semisimple modules, the situation is much simpler, and all these
conditions are equivalent. Before stating this precisely, recall that a subset
S of a module M generates a submodule of M, namely the collection of all
finite linear combinations of elements of S or, equivalently, the intersection
of all submodules of M containing S. If the submodule generated by S
coincides with M, then we say that S is a generating set for M. M is
finitely generated if it has a finite generating set. The precise result we

alluded to above is the following

Theorem 109 If M is a semisimple module, then the following conditions

are equivalent:

1. M is finitely generated.
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2. M may be written as a finite direct sum of simple modules.
3. M is Artinian.
4. M is Noetherian.

5. dn € N such that for any strictly increasing finite sequence

N()CNlC"'CNm,lCNm

of submodules of M, we have m < n.

Proof. [12], p. 36. m

Next, we introduce the notion of the radical of a module M, denoted
Rad (M). This is, by definition, the intersection of all submodules N < M
such that M /N is simple. (The intersection of an empty collection of
submodules of M is defined to be M.) One can show that Rad (M) < M
and Rad (M /Rad (M)) = 0. Moreover, the radical of M is the smallest

submodule of M with a quotient that has vanishing radical.

Theorem 110 A module M 1is finitely generated and semisimple if and only
if M is Artinian and Rad (M) = 0.

Proof. [12], p. 38. =

A nonzero module M is indecomposable if whenever we have

M =N@®&P,
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for submodules N, P < M, then either N = 0 or P = 0. We refer to the

following existence and uniqueness assertion as the Krull-Schmidt Theorem.

Theorem 111 If a module M is both Artinian and Noetherian, then there
exist a natural number r and indecomposable submodules Ny, ..., N, < M
such that

M=N,®---®N,.

The natural number r and (up to isomorphism) the indecomposable modules

N; are uniquely determined by M.

Proof. [12], p. 78. =

10.2 Semisimple Algebras and the Jacobson Radical

Henceforth, R denotes a commutative ring (always with identity). An R-
algebra (or, simply, algebra) A is aleft R-module equipped with an R-bilinear

map A x A — A, (x,y) — zy, such that
1. Vz,y,z € A, x(yz) = (zy) z, and
2. d14 € A such that Vo € A, 1px = x = xl4.

An R-algebra A is also a ring, and so all the results of the preceding
section apply to A-modules. Every ring is a Z-algebra. We have the usual

notions of subalgebras (these are required to contain the identity element),
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homomorphisms of algebras (these are required to preserve the identity el-
ements), isomorphisms of algebras, left ideals, right ideals, two-sided ideals
(or, simply, ideals), and quotient algebras. The Noether isomorphism the-
orems hold for algebras as well. A division algebra is an algebra in which
every nonzero element is invertible.

An algebra A has the natural structure of a left A-module. When con-
sidering A equipped with its left A-module structure, we write 4A. Observe
that 4A is finitely generated (by 14). The algebra A is said to be left semi-
simple if 4 A is a semisimple A-module. There is also an obvious notion of
right semisimplicity. It turns out that these two notions of semisimplicity for
an algebra coincide, and so we may speak of a semisimple algebra A without
specifying left or right. This is one consequence of the next result, which is

called the Wedderburn Structure Theorem.

Theorem 112 Let A be a left (or right) semisimple R-algebra.

1. dnq,...,n, € N and division R-algebras D1, ..., D, such that

A= M, (D)®---®M,, (D,) as R-algebras.

2. The natural numbers ny,...,n, and the division algebras (up to iso-

morphism) Dy, ..., D, in 1. are uniquely determined by A.
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3. Ifny,...,n, € Nand Dy, ..., D, are division R-algebras, then

Mm (Dl) D---D Mnr (DT)

is both a left and right semisimple R-algebra.

Proof. [12], p. 49. =

An algebra A is called left Artinian (respectively, left Noetherian) if 4 A is
an Artinian (respectively, Noetherian) module. There are analogous notions
of right Artinian and right Noetherian algebras, but unlike semisimplicity, a
left Artinian (respectively, left Noetherian) algebra need not be right Artinian
(respectively, right Noetherian). However, it is a theorem of Hopkins that a
left Artinian algebra is necessarily left Noetherian (see [12], p. 63). Although
we shall state our results for left Artinian algebras, the same results of course
hold for right Artinian algebras.

The algebra A is said to be simple if A # 0, and the only ideals of A
are 0 and A. A simple left Artinian algebra is necessarily semisimple (see
[12], p. 44). Hence, the following result, which is called the Wedderburn
(or Wedderburn-Artin) Theorem, is a corollary of the Wedderburn Structure

Theorem.

Corollary 113 A left Artinian algebra A is simple if and only if A = M, (D)
for some natural number n and division algebra D. In that case, the natural
number n and the division algebra D (up to isomorphism) are uniquely

determined by A.
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We remark that if A is a simple Artinian algebra, then all simple A-
modules are isomorphic (see [12], p. 45). So, up to isomorphism, there
exists only one simple A-module, if A is simple Artinian. The algebra A is
semisimple if and only if every A-module is semisimple (see [12], p. 41).

The Jacobson radical of an algebra A, denoted by Rad (A), is defined to
be Rad (A) = Rad (4A). The appearance of a left bias in this definition is

illusory, for it turns out that

Rad (AA) = Rad (AA) .

The Jacobson radical is thus a (proper) two-sided ideal of A. See [12], p
56 and p. 59 for proofs of these facts. For various ways of characterizing
the Jacobson radical, see [12], pp. 58-59. An algebra A is semisimple if
and only if A is left Artinian and Rad (A) = 0. This is just a restatement
of Theorem 109 in the preceding subsection. In the case that R = F'is a
field and A is a finite-dimensional F-algebra, then the Jacobson radical is
the largest nilpotent ideal of A (see [12], p. 61). Finally, we remark that
if A is a left Artinian algebra, then A Rad (A) is a semisimple algebra (see
[12], p. 56).
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10.3 Central Simple Algebras

Let F be a field. In this subsection, we consider F-algebras A which are

finite-dimensional over F'. In this case, we identify F' with the subalgebra

FlAI{alA’(ZGF}.

(This tacitly assumes that 14 # 0, which is always the case in the situations
we consider.) Thus F' C Z(A), the center of A. If ' = Z(A), then A
is called central. We are primarily interested in finite-dimensional central
simple F-algebras. The first of the two main results of this subsection is the

following theorem, which is called the Skolem-Noether Theorem.

Theorem 114 Let A be a finite-dimensional central simple F-algebra, and
let B be a simple subalgebra of A. If p: B — A 1is a homomorphism of
F-algebras, then there exists an invertible element u € A* such that ¢ (x) =

uzu~t for each x € B.

Proof. [12], p. 230. =
The second main result is called the Double Centralizer Theorem. The

name derives from the third assertion of the theorem.

Theorem 115 Let A be a finite-dimensional central simple F-algebra, and

let B be a simple subalgebra of A.
1. Z4 (B) is simple.
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9. [B: F|[Z4(B) : F] = |A: F].
3. Z4(Z4(B)) = B.

4. If B is central simple, then Z4 (B) is central simple, and

Proof. [12], p. 232. =

10.4 Finitely Generated Torsion Modules over a Non-

commutative Principal Ideal Domain

Let K be a noncommutative principal ideal domain. This means that K is
a ring (not necessarily commutative) with identity 1 # 0 which has no left
or right zerodivisors and in which every left or right ideal is principal. The
main example for our purposes is of course D [t]. Two elements d,d’ € K
are said to be similar if

K/Ki=K/Kd

as left K-modules. It is shown in [7], Theorem 4, p. 34, that this definition
is equivalent to the one using right K-modules. If M is a left K-module,

then the annihilator of an element z € M is the left ideal

ann(z) ={d e K | dz =0}.
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We say that z has finite order if ann (z) # 0, and call M a torsion module
if every element of M has finite order. The annihilator of the module M is

the two-sided ideal

ann(M)={de K |dM =0}.

It is shown in [7], p. 37 that 3d* € K such that

ann (M) = Kd* = d"K.

The following theorem, which we call the Cyclic Decomposition Theorem,
completely determines the structure of finitely generated torsion modules

over K.

Theorem 116 Let M # 0 be a finitely generated torsion module over K.
Then there exists a positive integer v and 3z, € M — 0 and d;,d; € K for
1=1,...,r such that

M=Kn& oKz,

where ann(z;) = Kd; 2 Kdf = dfK = ann (K z;) and

Kd; O Kd: 2 Kd;

fori < j. The integer r and, up to similarity, the elements d; are uniquely

determined. The elements d are determined up to multiplication by a unit.
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Proof. See [7], Theorems 18 and 19, p. 44, and Theorem 31, p. 49. m
Note that in the special case that K = D [t], the elements d in the Cyclic
Decomposition Theorem are uniquely determined, provided that we choose

these to be monic.
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