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Abstract

Z -CLASSES IN CENTRAL SIMPLE ALGEBRAS

by

Rony Gouraige

Adviser: Professor Ravindra Kulkarni

Two elements in a �nite-dimensional central simple algebra are said to be

z-equivalent if the corresponding centralizers are conjugate. We determine

in this thesis the invariants which characterize z -equivalence.
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1 Introduction

It is known that a linear operator on a �nite-dimensional vector space over

a �eld is determined up to conjugacy by its elementary divisors. This is

a classic result of Krull, and is standard fare in many texts on linear alge-

bra or module theory. The extension of this result to operators on �nite-

dimensional vector spaces over division rings is not as prevalent in the text-

books. That result is due to N. Jacobson, and is contained in his paper [6].

The standard references for this extension are [2] and [7].

It is curious that there is no reference in the above cited works to the

following natural analogue of the conjugacy problem: What invariants de-

termine the centralizer of an operator up to conjugacy? That the centralizer

was present in the considerations of the masters is indisputable. Frobenius

determined the dimension of the centralizer when the scalars form a �eld.

J. H. M. Wedderburn devotes an entire chapter to commutative matrices

in [14]. Indeed, Wedderburn works out a canonical form for the central-

izer when the base �eld is algebraically closed, and uses it to determine the

center of the centralizer. One sees, with a bit of hindsight, the conjugacy

invariants clearly displayed in that canonical form, although Wedderburn

does not make this observation. Apropos, J. Williamson in [15] generalizes

Wedderburn�s canonical form for the centralizer by allowing scalars from an

arbitrary �eld of characteristic 0. Once again, one sees the conjugacy invari-

ants in Williamson�s canonical form, but Williamson too fails to make this
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observation. B. L. van der Waerden proved that the centralizer is semisimple

if the operator acts completely reducibly. The monographs [2] and [7] also

contain some structural results on the centralizer of an operator. All this

work on the centralizer notwithstanding, I know of no reference in which

the centralizer is classi�ed up to conjugacy. This lacuna is all the more

curious when one discovers that the conjugacy invariants of the centralizer

are derived from the elementary divisors in a simple way. This is the insight

of R. Kulkarni. As a part of his broader investigations in geometry and

the structure of groups, Kulkarni determined the conjugacy invariants of

centralizers when the division ring is a �eld.

The main theorem of this thesis (Theorem 101) extends Kulkarni�s result

by allowing the scalars to lie in a central division algebra. An interesting

consequence of our main theorem is that the arithmetic of the center of the

division algebra enters into the determination of the number of conjugacy

classes of centralizers. For example, should the center have only �nitely

many nonisomorphic �eld extensions of any given degree, then there are

only �nitely many centralizers up to conjugacy. In light of Wedderburn�s

Structure Theorem, this means that in any �nite-dimensional central simple

algebra over the reals or a p-adic �eld the number of conjugacy classes of

centralizers is �nite. This generalizes the observation that in Hamilton�s

quaternions there are only two conjugacy classes of centralizers. As a by-

product of our work, we extend some known results for a single operator to

results on the centralizer of an operator. For example, a �nite-dimensional
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vector space over a central division algebra has, by restriction of scalars, a

natural structure of a vector space over the center of the division algebra.

It is known (see [7], p. 53) that two operators are conjugate as operators

over the division algebra if and only if they are conjugate as operators over

the center. This result follows from our work, and in fact, we show that an

analogous theorem holds for the centralizer (see Corollary 102). Moreover,

all the results on the centralizer of Frobenius, Wedderburn, and Williamson

cited above are generalized in this thesis to allow scalars from a central

division algebra (see subsections 8.2 and 9.2, and also Theorem 99).

M. Moskowitz has brought to my attention the thesis of M. Brock sub-

mitted at The Graduate Center of CUNY in January, 2004. Some results

in that thesis, particularly those contained in the seventh chapter, appear to

overlap with our work, but the extent of the overlap is negligible. Brock

seeks to characterize those subsets of the full matrix algebra over a perfect

�eld which are simultaneously diagonalizable, and this involves some struc-

tural results on the centralizers of such subsets. Our aim is both narrower

and broader in scope: We focus on the centralizer of a single operator which

need not be diagonalizable, and we work over a central division algebra with

no restriction on its center. So, in details, there is some overlap, but the

spirit of our investigation and the results obtained are di¤erent.

Let me end this introduction with a few comments on organizational mat-

ters. After a brief section on notation and a section on centralizers in division

algebras, we present some basic results on the arithmetic of polynomials over
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division rings. We then turn in succession to the analysis of irreducible,

completely reducible, indecomposable, and, �nally, arbitrary operators. We

close with a short section in which the aforementioned Frobenius dimension

formula is extended to allow scalars from a division ring. Results that we

use from the theory of associative algebras are presented in a �nal section.
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2 Notation

Our notation is standard. We summarize below some conventions which will

be in force throughout this thesis.

1. F is a �eld; D is a �nite-dimensional central division algebra over F ; V

is a �nite-dimensional right D-vector space; and, T 2 EndD (V ). We

de�ne D [t] � F [t]
F Dop (Dop is de�ned in the next paragraph). The

characteristic of F is denoted by char (F ).

2. We require a ring to have an identity element, and any homomorphism

of rings to preserve the identity elements. For any ring R, R� denotes

the multiplicative group of units of R, Rop denotes the opposite ring

of R (i.e., Rop coincides with R as an abelian group under addition,

but the multiplication in Rop is obtained from that of R by reversing

the order of the factors), and Rad (R) is the (Jacobson) radical of R.

Recall that Rad (R) is, by de�nition, the intersection of all maximal

left ideals of R. If R is a �nite-dimensional algebra over a �eld, then

Rad (R) is the largest nilpotent ideal of R. Z(R) denotes the center

of R, ZR(P ) denotes the centralizer in R of P � R, Mn(R) denotes

the ring of n� n matrices with entries in R, and GLn (R) � Mn (R)
�.

If A;B 2 Mn(R), then we write A s B (read: A is conjugate to B)

provided there exists C 2 GLn(R) such that CAC�1 = B.

3. Similarly, if S 2 EndD (V ), then S s T means there is a U 2 GL (V ) �
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EndD (V )
� such that USU�1 = T . The centralizer of S 2 EndD (V ) is

denoted by ZEndD(V )(S) or Z(S). We write S sz T in case there exists

U 2 GL (V ) such that UZ(S)U�1 = Z(T ). This is an equivalence

relation. We call its equivalence classes z-classes.

4. If R is a division algebra and W is a right vector space over R, then

[W : R] � dimRW:
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3 Conjugacy Classes and Z -Classes in Gen-

eralized Quaternion and Central Division

Algebras

This section is mostly expository, although I know of no reference which

contains any of the results on the conjugacy of centralizers. Its purpose

is to illustrate in the context of generalized quaternion algebras and central

division algebras some general results that we will derive later. We begin,

appropriately enough, with the �rst example of a noncommutative division

algebra.

3.1 Hamilton�s Quaternions

Let R be a real closed �eld, and let H �
��1;�1

R

�
(this notation will be

explained later) be Hamilton�s quaternion algebra over R. Recall that H

has a basis f1; i; j; kg over R where 1 is the identity element, i2 = j2 = �1,

and ij = �ji = k. Thus H = R1�Ri�Rj �Rk. We shall identify a 2 R

with a1 2 H. Set �!H � Ri�Rj�Rk. So by our identi�cation of R with R1,

we have H = R � �!H . It follows that 8q 2 H, there exist unique elements

q0 2 R and �!q 2
�!
H such that

q = q0 +
�!q :
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Let p = p0 +
�!p 2 H, where p0 2 R, �!p 2

�!
H . If we identify

�!
H = R3, then

we may form

�!p � �!q 2 R

�!p ��!q 2 �!
H;

where �!p � �!q (respectively, �!p ��!q ) is the standard dot (respectively, cross)

product in R3. In terms of these, we get the following formula for multipli-

cation in H:

pq = p0q0 ��!p � �!q + (p0�!q + q0
�!p +�!p ��!q ):

The conjugate of q is q � q0 � �!q . The following properties of conjugation

may be deduced from the de�nition:

q1 + q2 = q1 + q2

q1q2 = q2 q1

q = q

q = q () q 2 R

q = �q () q 2 �!H

q = 0 () q = 0;

8



8q; q1; q2 2 H. The map (�) : H �! H, q 7�! q, is thus an R-linear anti-

automorphism ofH of order 2. In particular,H �= Hop asR-algebras. More-

over, the eigenspace of (�) corresponding to 1(respectively,�1) isR(respectively,
�!
H ). We also have the following purely ring-theoretic characterizations of R

and
�!
H :

R = Z(H)

�!
H � 0 = fq 2 H j q =2 R; q2 2 Rg:

To prove the second equality, observe that the left-hand side is certainly

contained in the right-hand side. To prove the reverse containment, suppose

that q = q0 +
�!q 2 H with q =2 R and q2 2 R. Then

q2 = (q0 +
�!q )2 = q20 ��!q � �!q + 2q0�!q ;

where we have used the formula given above for multiplication. Since q2 2 R,

if follows that 2q0
�!q = 0. But �!q =2 R =) �!q 6= 0. Hence 2q0 = 0

(every non-zero element of H is invertible; see below), and so q0 = 0. Thus

q 2 �!
H � 0, which proves the reverse containment. It follows that

�!
H is

invariant under conjugation by an invertible element r 2 H: r�!Hr�1 = �!H .

If q = q0 +
�!q 2 H, then we de�ne the norm of q, denoted N (q), by

N (q) � qq = qq 2 R;
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and the trace of q, denoted T (q), by

T (q) � q + q = 2q0 2 R:

If �!q = a1i+ a2j + a3k, where al 2 R, then

N(q) = q20 + a21 + a22 + a23 � 0;

and so we may de�ne the length of q, denoted kqk, by

kqk =
p
N (q):

The norm and trace have the following properties:

N (q1q2) = N (q1)N (q2)

N(q) = N(q)

N (q) = 0 () q = 0

N (�!q ) = ��!q 2

T (q1 + q2) = T (q1) + T (q2)

T (q1q2) = T (q2q1)

T (q) = T (q)

T (q) = 0 () q 2 �!H

T (aq) = aT (q);
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8q; q1; q2 2 H, �!q 2
�!
H , a 2 R. In particular, if q 2 H�0, then q is invertible

with inverse

q�1 = q�N (q) :

Hence H is a 4-dimensional, central division algebra over R. Note that

the map N : H� �! R�, q 7�! N (q), is a group homomorphism, and the

map T : H �! R, q 7�! T (q), is an R-linear endomorphism of H. As a

consequence, N(rqr�1) = N(q) 8q 2 H, r 2 H�.

Set C � R (i) = fa + bi j a; b 2 Rg = R [i]. Since i2 = �1 and R is real

closed, C is an algebraically closed �eld. Suppose that

q = a0 + a1i+ a2j + a3k 2 H:

Then

q = a0 + a1i+ j(a2 � a3i) = z + jw;

where z = a0 + a1i; w = a2 � a3i 2 C. In this way, we see that H is a

2-dimensional right vector space over C with basis f1; jg. Using this basis,

we obtain the C-linear isomorphism H �! C2, q = z + jw 7�!

264z
w

375. If

q = z + jw 2 H, where z; w 2 C, de�ne �q : H �! H by x 7�! qx. Then

�q 2 EndC (H). (Note that �q is also H-linear.) Using ju = uj 8u 2 C,

11



we see that the matrix of �q with respect to the ordered basis f1; jg is

M (q) =

264z �w

w z

375 2M2 (C) :

Observe that

detM (q) = jzj2 + jwj2 = N(q)

trace M(q) = z + z = T (q);

and so the characteristic polynomial of M(q) is

�q(t) = t2 � T (q)t+N(q) 2 R [t] :

It follows that �q is irreducible over R () q 2 H �R.

Remark 1 We also have �q 2 EndR (H). A direct computation shows

that the characteristic polynomial of �q as an element in EndR (H) is just�
�q
�[H : C]

. Moreover,

deg
�
�q
�
j
p
[H : R]:

The form of these observations is meant to suggest that these are special cases

of results we will obtain later. Speci�cally, see Proposition 57 and Theorem

45.
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Now, since C is algebraically closed, there exist

264z0
w0

375 2 C2�0 and zo 2 C
such that

M(q)

264z0
w0

375 =
264z0
w0

375 z0:
Using our C-linear isomorphism H �= C2 to pull this equation back to H, we

get

qq0 = q0z0;

where q0 = z0 + jw0 2 H�. Hence

q0�1qq0 = z0:

Since �i = jij�1, we may arrange that im (z0) � 0. We have thus proved

the following

Proposition 2 Every element of H is conjugate to an element of C with

nonnegative imaginary part.

Corollary 3 H =
[
q2H�

qCq�1

We want now to parametrize the conjugacy classes in H by ordered pairs

in R � N(
�!
H ). Note that N(

�!
H ) = fa 2 R j a � 0g since R is real closed.

The �rst step towards this objective is the following

13



Lemma 4 If q 2 H, then q s i () q 2 �!H and N (q) = 1.

Proof. Necessity is clear, for the norm and
�!
H are invariant under conju-

gation by an invertible element. For su¢ ciency, assume that q 2 �!H and

N(q) = 1. Our proposition above implies that 9r 2 H�; z 2 C such that

rqr�1 = z. It follows that z 2 �!H , which implies that z = ai for some a 2 R.

We get

1 = N(q) = N(rqr�1) = N(z) = N(ai) = a2;

and so a = �1. If a = 1, we�re done. If a = �1, then �i = jij�1 =) q s i.

Theorem 5 If p; q 2 H, then the following statements are equivalent:

p s q

p0 = q0 and N(
�!p ) = N(�!q )

�p = �q

trace M (p) = trace M (q) and detM (p) = detM (q)

T (p) = T (q) and N (p) = N (q) :

Hence, the map [q] 7�! (q0; N(
�!q )) is a well-de�ned bijection between the set

of conjugacy classes in H and R�N(
�!
H ).
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Proof. Assume that p s q, say rpr�1 = q for some r 2 H�. Then

q0 +
�!q = r(p0 +

�!p )r�1 = p0 + r�!p r�1;

and since r�!p r�1 2 �!H , we have q0 = p0 and
�!q = r�!p r�1. Hence p0 = q0

and N(�!p ) = N(�!q ).

Conversely, assume that p0 = q0 and N(�!p ) = N(�!q ). If N(�!p ) =

N(�!q ) = 0, then p = p0 = q0 = q. So we may suppose that N(�!p ) 6= 0.

Since
�!p
k�!p k 2

�!
H and N(

�!p
k�!p k) = 1, the preceding lemma gives

�!p
k�!p k s i,

whence �!p s k�!p k i. Similarly, �!q s k�!q k i. Hence �!p s �!q , because

k�!p k = k�!q k. Choose r 2 H� such that r�!p r�1 = �!q . This yields

rpr�1 = p0 + r�!p r�1 = q0 +
�!q = q:

Hence p s q. This establishes the equivalence of the �rst two statements.

The remaining equivalences follow immediately.

We denote the centralizer of x 2 H by Z(x). The centralizer of an

element in the center of H is obviously H. We now show that the centralizer

of a noncentral element is a �eld isomorphic to C, and any two centralizers

of noncentral elements are conjugate.

Theorem 6 If p; q 2 H � R, then Z(p) = R[�!p ] is a 2-dimensional �eld

extension of R isomorphic to C, and 9r 2 H� such that rZ(p)r�1 = Z(q).
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Proof. Observe that Z(p) = Z(�!p ) = Z(
�!p
k�!p k). Now 1 = N(

�!p
k�!p k) =

�(
�!p
k�!p k)

2 implies that
�!p
k�!p k is a root of the polynomial t

2 + 1 2 R[t], which

is irreducible over R. But i is also a root of t2 + 1. It follows from the

elementary theory of �elds that R[
�!p
k�!p k ] = R[�!p ] is a 2-dimensional �eld

extension of R isomorphic over R to R(i) = C: Certainly,

R[�!p ] � Z(�!p ) = Z(p):

This shows that

2 � [Z(p) : R] < 4:

Since [Z(p) : R] = [Z(p) : R[�!p ]] [R[�!p ] : R] = 2 [Z(p) : R[�!p ]] is even, we

must have dimR Z(p) = 2. Hence Z(p) = R[�!p ]. By the preceding theorem,

9r 2 H� such that r
�!p
k�!p kr

�1 =
�!q
k�!q k . Hence

rZ(p)r�1 = rR[�!p ]r�1 = rR[
�!p
k�!p k ]r

�1

= R[r
�!p
k�!p kr

�1] = R[
�!q
k�!q k ]

= R[�!q ] = Z(q):

Remark 7 It follows from the preceding theorem that there are two z-classes

in H: the center R and the noncentral elements H � R. Notice also that if

16



p 2 C �R, then �!p = ai for some a 2 R� 0, and so

Z(p) = R[�!p ] = R[ai] = R[i] = C:

3.2 Matrices With Entries in H

We stray somewhat from the theme of this section to consider generalizations

of some of the preceding results. We want to discuss matrices with entries

in H.

Proposition 8 A 2Mn(H) =) 9v 2 Hn�0 and z0 2 C such that Av = vz0

Proof. Recalling that H has the structure of a 2-dimensional right vector

space over C with basis f1; jg, we may write A uniquely in the form

A = Z + jW;

where Z;W 2 Mn(C). Similarly, we may write any vector in Hn uniquely

in the form z + jw for some z; w 2 Cn. Thus, if e1; e2; : : : ; en is the

standard basis of Hn as a right vector space over H, then we are taking

e1; e2; : : : ; en; je1; je2; : : : ; jen as the ordered basis of Hn as a right vector

17



space over C. This gives two maps:

Mn(H) �! M2n(C), A = Z + jW 7�!

264Z �W

W Z

375
Hn �! C2n, z + jw 7�!

264 z

w

375 :
The �rst is a monomorphism of rings, and the second is an isomorphism

of vector spaces over C. Note that these maps are compatible with the

natural action of Mn(H)(respectively, M2n(C)) on Hn(respectively, C2n) in

the following sense:

(Z + jW )(z + jw) = (Zz �Ww) + j(Wz + Zw) 7�!264Zz �Ww

Wz + Zw

375 =

264Z �W

W Z

375
264z
w

375 :

Now, since C is algebraically closed, 9

264z
w

375 2 C2n � 0, z0 2 C such that

264Z �W

W Z

375
264z
w

375 =
264z
w

375 z0:
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Pulling this last equation back by the above maps yields

Av = vz0;

where v = z + jw 2 Hn � 0.

Corollary 9 Every matrix in Mn (H) is conjugate to an upper triangular

matrix with elements in C along the diagonal.

Remark 10 In fact, we will show later (see Theorem 88) that every quater-

nionic matrix is conjugate to a matrix in Jordan canonical form with entries

in C. This result may be proved by elementary means in the case n = 2,

and we do so now.

Proposition 11 Every matrix in M2(H) is conjugate to a matrix in Jordan

canonical form with entries in C.

Proof. Assume A 2 M2(H). By the preceding corollary, A is conjugate to

a matrix of the form 264� u

�

375 ;
where �; � 2 C, u 2 H. Thus there is no loss in generality if we assume

that A equals the above matrix. If u = 0, then A already has the required

form. So suppose u 6= 0. We analyze separately two mutually exclusive and
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exhaustive possibilities: either � and � are or are not conjugate in H. If

� 6s �, then de�ne ' : H �! H by 'x = �x�x�. Then ' is anR-linear map.

' is in fact an isomorphism, for a nonzero kernel would imply that � s �,

contrary to our hypothesis. Hence 9q 2 H such that u = 'q = �q � q�.

Now the matrix 2641 q

1

375
has the inverse 2641 �q

1

375 ;
and computation veri�es that

2641 q

1

375
264� u

�

375
2641 q

1

375
�1

=

264�
�

375 :
If � s �, then 9q 2 H � 0 such that � = q�q�1. It follows that

2641
q

375
264� u

�

375
2641

q

375
�1

=

264� uq�1

�

375 ;
where uq�1 6= 0. So there is no loss in generality if we assume that

A =

264� u

�

375 , � 2 C, u 2 H � 0:
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Now consider ' : H �! H de�ned by 'x = �x� x� � [�; x]. ' is R-linear.

We claim that H = ker' � im'. (Notice that ker' = ZH (�) = C.) It

su¢ ces to show that ker'\ im' = 0. Indeed, if q 2 (ker'\ im')� 0, then

q = [�; r] for some r 2 H and [�; q] = 0. Hence

1 = q�1[�; r] = [�; q�1r]:

Taking the trace of both sides of 1 = [�; q�1r] yields 1 = 0, which is nonsense.

This proves our claim. Thus 9r 2 ker', q 2 H such that

u = r + [�; q]:

If r 6= 0, then 2641 q

r

375
�1

=

2641 �qr�1

r�1

375 ;
and 2641 q

r

375
264� u

�

375
2641 q

r

375
�1

=

264� 1

�

375 :
If r = 0, then 2641 q

1

375
264� u

�

375
2641 q

1

375
�1

=

264�
�

375 :

Remark 12 It follows from the proof of the preceding proposition that there
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are exactly seven conjugacy classes of centralizers inM2 (H). We summarize

this result in the table below where we list the possible centralizers under each

Jordan form.264�
�

375 ; � � �

264� 1

�

375
264�

�

375
H �H; �; � 2 R NH oH; � 2 R M2 (H) ; � 2 R

H � C; � 2 R; � 2 C �R NC o C; � 2 C �R M2 (C) ; � 2 C �R

C � C; �; � 2 C �R

Only the second column requires some explanation. We set

NH �

8><>:
2640 a

0

375 j a 2 H
9>=>; ;

and similarly de�ne NC . The claim is that if � 2 R, then

NH = Rad

0B@Z
0B@
264� 1

�

375
1CA
1CA ;

and there is an exact sequence

0 �! NH �! Z

0B@
264� 1

�

375
1CA �! H �! 0
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which splits. A similar claim holds if � 2 C � R. To verify these claims,

suppose that 264a b

c d

375 2 Z
0B@
264� 1

�

375
1CA :

A simple computation yields the following four equations:

a� = �a+ c a+ b� = �b+ d

c� = �c c+ d� = �d

Thus c 2 Z (�). Now, if c 6= 0, then c = �d� d� implies

1 = c�1�d� c�1d� = �c�1d� c�1d�;

and taking traces yields 1 = 0, which is nonsense. Hence c = 0. This shows

that a; d 2 Z (�). But b� � �b = d � a 2 Z (a) implies, by the preceding

argument, that a = d and b 2 Z (�). Hence

Z

0B@
264� 1

�

375
1CA =

8><>:
264a b

a

375 j a; b 2 Z (�)
9>=>; :

3.3 Generalized Quaternion Algebras

Let F be a �eld such that char (F ) 6= 2, and let a; b 2 F � 0. We denote by

A the four-dimensional vector space over F with basis 1; i; j; k. We de�ne
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the structure of an algebra on A by declaring 1 to be the identity element,

i2 = a1

j2 = b1

ij = �ji = k;

and extending bilinearly to all of A. It is known (see, for example, [12],

Lemma, p. 14) that A is a noncommutative simple associative algebra with

identity and center F . The algebra A is also denoted
�
a;b
F

�
, and called a

(generalized) quaternion algebra over F . We shall identify F = F1, and set
�!
A = Fi � Fj � Fk. So A = F � �!A , and every element q 2 A may be

written uniquely as q = q0 +
�!q for some q0 2 F;�!q 2

�!
A . We de�ne

q � q0 ��!q

T (q) � q + q = 2q0 2 F

N (q) � qq = q20 � aq21 � bq22 + abq23 2 F;

where �!q = q1i + q2j + q3k; ql 2 F . These de�nitions enjoy the same

properties we enumerated in the case A = H =
��1;�1

R

�
with the obvious

exception of N (q) � 0, which has no meaning unless F is an ordered �eld,

and even then it may be false.

We want to state conditions for A to be a division algebra in terms of

N and the choice of the elements a and b. Recall that if E � F is a
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�nite-dimensional �eld extension of F , then for any c 2 E, NE�F (c) de-

notes the determinant of the F -linear map E �! E; x 7�! cx. Note that

NE�F (c) 2 F , NE�F is a homomorphism from the multiplicative group E�

to the multiplicative group F �, and

NE�F (c) 6= 0 () c 6= 0:

We now state the conditions in the following proposition and its corollary.

Proposition 13 A is a division algebra over F if and only if a =2 F 2 and

b =2 NF(pa)�F (F (
p
a)).

Proof. Suppose that A is a division algebra, and a 2 F 2, say a = c2 for

some c 2 F . Then c+ i 6= 0 and c� i 6= 0, but

(c+ i) (c� i) = c2 � a = 0;

contradicting our hypothesis that A is a division algebra. Now if a =2 F 2

and b 2 NF(
p
a)�F (F (

p
a)), say b = NF(

p
a)�F (x+ y

p
a) = x2 � ay2 for

some x; y 2 F , then x+ yi+ j and x� yi� j are nonzero elements of A with

product

(x+ yi+ j) (x� yi� j) = x2 � ay2 � b = 0;

again contrary to hypothesis. So the stated conditions are necessary for A to

be a division algebra. Assume that the stated conditions hold and q 2 A�0.
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Observe �rst that since a =2 F 2, then 8 x; y 2 F

N
F(
p
a)�F

�
x+

p
ay
�
= x2 � ay2 = 0 () x+

p
ay = 0 () x = y = 0:

Write q = q0 + q1i + q2j + q3k where the ql�s are in F , at least one of which

is nonzero. We claim that N (q) 6= 0. If this is true, then

q
q

N (q)
= 1;

and A is a division algebra. Returning to our claim, suppose for a contra-

diction that N (q) = 0. Then

0 = N (q) = q20 � aq21 � bq22 + abq23 =) q20 � aq21 = b
�
q22 � aq23

�
:

If q22 � aq23 6= 0, then

b =
q20 � aq21
q22 � aq23

=
N

F(
p
a)�F

(q0 +
p
aq1)

N
F(
p
a)�F

(q2 +
p
aq3)

= NF(
p
a)�F

�
q0 +

p
aq1

q2 +
p
aq3

�
2 NF(pa)�F

�
F
�p

a
��
;

which is not possible by hypothesis. So 0 = q22 � aq23, and also 0 = q20 � aq21.

Hence, by our observation above, q0 = q1 = q2 = q3 = 0, contradicting our

assumption that q 6= 0.

Corollary 14 A is a division algebra () 8q 2 A�0; N (q) 6= 0 () b =2
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F 2 and a =2 NF(pb)�F
�
F
�p

b
��
.

Proof. This follows from the proof of the preceding theorem, and the sym-

metrical roles of a and b in the de�nition of A.

Assume for the remainder of this subsection that our quaternion algebra

A is a division algebra. We want to analyze the conjugacy classes and

z -classes in A. First, we consider conjugacy classes.

Theorem 15 Let p; q 2 A. Then

p s q () p0 = q0 & N (�!p ) = N (�!q ) :

Proof. This is clear if p = p0 or q = q0. So we may assume that p; q 2 A�F .

If the stated conditions hold, then

T (p) = 2p0 = 2q0 = T (q)

N (p) = p20 +N (�!p ) = q20 +N (�!q ) = N (q) ;

and so

� (t) � t2 � T (p) t+N (p) = t2 � T (q) t+N (q) 2 F [t] :

Note that � (t) = (t� p) (t� p), and so � (p) = 0. Similarly, � (q) = 0.
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The discriminant of the quadratic � is

T (p)2 � 4N (p) = 4p20 � 4
�
p20 +N (�!p )

�
= �4N (�!p ) = 4�!p 2;

and this is not a square in F . Indeed, if 4�!p 2 = c2 for some c 2 F , then

0 = 4�!p 2 � c2 = (2�!p � c) (2�!p + c) =) 2�!p 2 F =) �!p 2 F \ �!A = 0;

where the �rst implication follows from our assumption that A is a division

algebra and the second implication follows from char (F ) 6= 2. But we

assumed that p =2 F . So �!p = 0 is not possible. The conclusion is that

� is irreducible over F . It also has the roots p and q in A. Therefore,

there is an F -isomorphism of �elds ' : F [p] �! F [q] which carries p to

q. This isomorphism between simple subalgebras of the �nite-dimensional

central division algebra A extends to an inner automorphism of A by the

Skolem-Noether Theorem (see [12], p.230). Hence p s q.

Conversely, if p; q 2 A� F and p s q, then 9r 2 A� 0 such that

q0 +
�!q = q = rpr�1 = r (p0 +

�!p ) r�1 = p0 + r�!p r�1:

Since r�!p r�1 2 �!A �0 (recall that �!A � 0 = fq 2 A j q =2 F; q2 2 Fg is invari-

ant under any inner automorphism of A), we conclude that

p0 = q0 &
�!q = r�!p r�1:
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The second equality implies N (�!p ) = N (�!q ).

Next, we parametrize the z -classes of noncentral elements of A by the

2-dimensional �eld extensions of F which may be imbedded in A, and also

by the subset N
��!
A � 0

�
F �2�F �2 of F ��F �2. Recall that the notation

p �z q means that the centralizers of p and q are conjugate.

Theorem 16 8q 2 A� F; Z (q) = F [�!q ] is a 2-dimensional �eld extension

of F . If p 2 A� F , then

p sz q () F [�!p ] �= F [�!q ] as �elds over F () N (�!p )F �2 = N (�!q )F �2:

Hence, the z-classes of noncentral elements of A are in one-to-one correspon-

dence with the nonisomorphic quadratic �eld extensions of F which may be

imbedded in A and also with N
��!
A � 0

�
F �2�F �2.

Proof. Observe that Z (q) = Z (�!q ). Now, as we argued above, q 2 A� F

implies � (t) = t2�T (q) t+N (q) is irreducible over F . Hence F [q] = F [�!q ]

is a 2-dimensional �eld extension of F contained in Z (q). This implies that

dimF Z (q) is an even integer� 2, but < 4. Hence, by comparing dimensions,

Z (q) = F [�!q ].

Suppose that p 2 A�F , and p sz q. Then, as shown in the proof of the

preceding theorem, �!p sz �!q . So 9r 2 A�0 such that rZ (�!p ) r�1 = Z (�!q ),
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and so

F [�!q ] = Z (�!q ) = rZ (�!p ) r�1 = rF [�!p ] r�1 =)

F [�!p ] �= F [�!q ] as �elds over F:

Conversely, any F -isomorphism of �elds F [�!p ] �! F [�!q ] is, by the Skolem-

Noether Theorem, given by an inner automorphism, whence p sz q.

Suppose that N (�!p )F �2 = N (�!q )F �2. Then 9c 2 F � such that

N (�!p ) = N (�!q ) c2 = N (c�!q ) :

It follows from the preceding theorem that �!p s c�!q . Hence for some

r 2 A� 0, r�!p r�1 = c�!q . Hence

rZ (p) r�1 = rZ (�!p ) r�1 = Z
�
r�!p r�1

�
= Z (c�!q ) = Z (�!q ) = Z (q) ;

where the penultimate equality holds because c 6= 0. Hence p sz q. Con-

versely, if p sz q, then as above rZ (�!p ) r�1 = Z (�!q ) = F [�!q ] for some

r 2 A � 0. So r�!p r�1 = x + y�!q for some x; y 2 F . Note that y 6= 0,

because �!p 6= 0. On the one hand,

N (�!p ) = N
�
r�!p r�1

�
= N (x+ y�!q ) = (x+ y�!q ) (x� y�!q ) :
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On the other hand,

N (�!p ) = N
�
r�!p r�1

�
= �

�
r�!p r�1

�2
= � (x+ y�!q )2 :

Therefore,

(x+ y�!q ) (x� y�!q ) = � (x+ y�!q )2 =)

x� y�!q = � (x+ y�!q ) =)

x = �x =)

x = 0:

Hence,

N (�!p ) = N
�
r�!p r�1

�
= N (y�!q ) = y2N (�!q ) =) N (�!p )F �2 = N (�!q )F �2:

Example 17 Suppose that F = Qp is a p-adic �eld. Then it is known (see

[13], p. 18) that

��Q�p�Q�2p �� = 8; 4; or 2 according as p = 2, an odd prime, or 1:

Thus, in this case, the number of distinct z-classes is �nite.

Example 18 Suppose that A �
�
�1;�1
Q

�
is Hamilton�s quaternions over the
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�eld of rational numbers Q: It is a theorem of Gauss (see [11], p. 174)

that every rational prime p which is not congruent to 7 modulo 8 may be

written as a sum of three squares. In particular, every such prime arises

as the norm of an element in
�!
A � 0. By Dirichlet�s theorem on primes

in arithmetic progressions (see [13], p. 61), there exist in�nitely many such

primes, and these, of course, belong to distinct classes in Q��Q�2. Hence,

A has in�nitely many distinct z-classes.

3.4 Split Quaternion Algebras

We have thus far restricted our considerations to the case in which the gen-

eralized quaternion algebra A =
�
a;b
F

�
(char (F ) 6= 2) is a division algebra.

It is a fact , which we shall prove in this subsection, that if A is not a divi-

sion algebra, then A �= M2 (F ) as F -algebras. Such quaternion algebras are

called split. We will conclude this subsection with some observations about

z -classes in a split quaternion algebra. The �rst step in the proof of the

above assertion is the following simple lemma.

Lemma 19 Assume that a; b; c 2 F �. Then the following isomorphisms of

F -algebras hold:

1. �
a; c2b

F

�
�=
�
a; b

F

�
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2. �
a; b

F

�
�=
�
b; a

F

�

3. �
a; 1

F

�
�= M2 (F )

Proof. The �rst two isomorphisms are clear. For the third, consider the

following elements of M2 (F ):

1 =

2641 0

0 1

375 ;
I =

2640 1

a 0

375 ;
J =

2641 0

0 �1

375 :
Then computation veri�es that

I2 = a1;

J2 = 1;

IJ = �JI:

Moreover, the matrices 1; I; J; and IJ form a basis of M2 (F ). It follows

that the third isomorphism holds
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Assume now that the quaternion algebra A =
�
a;b
F

�
is not a division

algebra. If follows from Corollary 14 that either b 2 F �2 or else b =2 F �2

and a 2 NF(
p
b)�F

�
F
�p

b
���

. On the one hand, if b 2 F �2, then by the

preceding lemma, we have

A �=
�
a; 1

F

�
�= M2 (F ) as F -algebras.

On the other hand, if b =2 F �2 and a 2 NF(
p
b)�F

�
F
�p

b
���

, then there

exists x; y 2 F such that

a = NF(
p
b)�F

�
x+

p
by
�
= x2 � by2;

where WLOG (� without loss of generality) we may assume that x 6= 0

(otherwise, replace x+
p
by with

p
b
�
x+

p
by
�
= by +

p
bx). Consider the

basis 1; i; j; ij of A such that

i2 = a;

j2 = b;

ij = �ji:

De�ne the following elements of A:

i0 � i+ yj;

j0 � �byi+ aj:
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Then

i02 = (i+ yj)2 = i2 + yij + yji+ y2j2

= a+ by2

= x2;

j02 = (�byi+ aj)2 = b2y2i2 � abyij � abyji+ a2j2

= ab2y2 + a2b = ab
�
a+ by2

�
= x2ab;

i0j0 = (i+ yj) (�byi+ aj) = �byi2 + aij � by2ji+ ayj2

= �aby +
�
a+ by2

�
ij + aby

= x2ij

j0i0 = (�byi+ aj) (i+ yj) = �byi2 � by2ij + aji+ ayj2

= �aby � (a+ by2)ij + aby

= �x2ij

= �i0j0:

The elements 1; i0; j0; i0j0 are linearly independent, and so

A �=
�
x2; x2ab

F

�
�=
�
1; ab

F

�
�= M2 (F ) as F -algebras.

This concludes the proof that a quarternion algebra which is not a division

algebra is split.
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The analysis of the z-classes in the split case of M2 (F ) is similar to the

one we carried out for M2 (H) earlier. We say "similar" because, in general,

the arithmetic of the underlying �eld F (which is quite simple when F = R is

real closed) must be considered, and this will determine whether the number

of z -classes is �nite or not, as it does in the case when the quaternion algebra

is a division algebra. To be speci�c, the z -class of a matrix a 2 M2 (F ) is

completely determined by the minimum polynomial of a. We denote the

minimum polynomial of a by �a. If �a is linear, then Z (a) �= M2 (F ). If

�a is the product of a pair of distinct linear factors, then Z (a) �= F � F .

If �a is the square of a linear polynomial, then Z (a) �= F o F . These

are essentially the same results we obtained for M2 (H), and exhaust the

possibilities if F is algebraically closed. However, if �a is an irreducible

(over F ) quadratic, then Z (a) �= F [t]� (�a) is a quadratic �eld extension

of F . In that case, arguments similar to the ones given above (that is,

applying the Skolem-Noether Theorem) show that the z -classes are in one-

to-one correspondence with the nonisomorphic quadratic extensions of F (all

of which may be imbedded in M2 (F )), or equivalently, with F ��F �2. So,

for example, the number of z -classes in M2 (Qp) is �nite, and the number of

z -classes in M2 (Q) is in�nite.
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3.5 Central Division Algebras

We close this section with two results that generalize our results on conjugacy

classes and z -classes in nonsplit quaternion algebras. We assume that D

is a �nite-dimensional central division algebra over F . If p 2 D, then there

exists a unique monic irreducible polynomial �p 2 F [t] such that �p (p) = 0.

This follows from the very hypothesis that D is �nite-dimensional over F and

a division algebra. The subalgebra F [p] generated by p is a �eld extension

of F isomorphic to F [t]�
�
�p
�
. Note that Z (p) = ZD (F [p]). Since F [p]

is a simple subalgebra of the �nite-dimensional central simple algebra D, it

follows from the Double Centralizer Theorem (see [12], p. 232) that

Z (Z (p)) = ZD (ZD (F [p])) = F [p] .

The �rst of the two results we mentioned above is a classical theorem of L.

E. Dickson which characterizes the conjugacy class of p in terms of �p.

Theorem 20 If p; q 2 D, then

p s q () �p = �q:

Proof. If p s q, then 9r 2 D � 0 such that rpr�1 = q, and so

�p (q) = �p
�
rpr�1

�
= r�p (p) r

�1 = 0 =) �p = �q:
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Conversely, if �p = �q � �, then p and q are roots of the irreducible polyno-

mial � over F . Hence there is an F -isomorphism F [p] �= F [q] taking p to

q. This isomorphism between the simple subalgebras F [p] and F [q] of the

central simple algebra D extends to conjugation by an invertible element of

D, by the Skolem-Noether Theorem. Hence p s q.

The second result, which is due to R. Kulkarni, characterizes the z -class

of p in terms of the �eld extension F [t]�
�
�p
�
.

Theorem 21 If p; q 2 D, then

p sz q ()
F [t]�
�p
� �= F [t]�

�q
� as �eld extensions of F .

Proof. It follows from our preliminary observations above that the stated

condition is necessary, for the conjugacy of the centralizers of p and q implies

the conjugacy of their centers. If the stated condition holds, then F [p] �=

F [q] as �eld extensions of F . This isomorphism extends, by the Skolem-

Noether Theorem, to conjugation by an element r 2 D�0. Hence 9f 2 F [t]

such that rpr�1 = f (q). Hence

rZ (p) r�1 = Z
�
rpr�1

�
= Z (f (q)) � Z (q) ;

where the containment follows from Z (D) = F . Hence

dimF Z (q) � dimF rZ (p) r
�1 = dimF Z (p) :
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By symmetry, we get the reverse inequality, whence

dimF Z (q) = dimF Z (p) :

Hence our containment rZ (p) r�1 � Z (q) is in fact an equality. Hence

p sz q.

Remark 22 These theorems illustrate the general theme of this thesis: Whereas

the irreducible polynomial �p determines the conjugacy class of p, it is the

�eld extension F [t]�
�
�p
�
which determines the z-class of p. In general,

conjugacy classes of linear operators on �nite-dimensional vector spaces over

central division algebras are parametrized by numerical data and irreducible

polynomials. We will show that z-classes of such operators are parametrized

by the same numerical data together with the �eld extensions obtained from

the irreducible polynomials.
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4 Fundamental Concepts and Results

4.1 V as D [t]-module

All modules considered will be left modules with the sole exception that for

vector spaces over D, the action of D shall be on the right. Note that a

right D-vector space is also a left Dop-vector space. All homomorphisms of

modules shall be written on the left. Keeping these conventions in mind,

we begin by de�ning the structure of a left D [t]-module on V by using T .

Every element in D [t] � F [t]
F Dop may be written uniquely in the form

mX
i=0

ti 
 ai;

where ai 2 Dop for each i. If we identify f (t) 2 F [t] with f (t) 
 1 2 D [t]

and a 2 Dop with 1
 a 2 D [t], then since ti 
 ai = (t
i 
 1)(1
 ai), we may

write the above sum as
mX
i=0

tiai:

If f (t) �
Pm

i=0 t
iai 2 D [t] ; v 2 V , then de�ne

f (t) v = (
mX
i=0

tiai)v �
mX
i=0

T ivai:
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This endows V with the structure of a left D [t]-module. Only one module

axiom is not immediate: We must verify that

(f (t) g (t))v = f (t) (g (t) v);

for all f; g 2 D [t] ; v 2 V . Because multiplication is bilinear in D [t], we

may suppose WLOG that f (t) = tia and g (t) = tjb, where a; b 2 Dop. Then

f (t) g (t) = (tia)(tjb) = ti+ja � b;

where a � b � ba, and we have

f (t) (g (t) v) = (tia)((tjb)v) = tia(T jvb) = T i(T jvb)a

= T i+jv(ba) = T i+jv(a � b) = (ti+ja � b)v

= (f (t) g (t))v:

4.2 Basic Arithmetic Properties of D [t]

If f (t) =
Pm

i=0 t
iai 2 D [t] ; am 6= 0, then we de�ne the degree of f , denoted

deg (f), to be m. By de�nition, deg (0) � �1. With these de�nitions, it
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follows that 8f; g 2 D[t],

deg(f + g) � max (deg (f) ; deg (g))

deg(fg) = deg (f) + deg (g) :

It follows from the second equation that D [t] has no (left or right) zero-

divisors (in particular, left and right cancellation laws hold in D [t]), and the

only units of D [t] are the nonzero elements in Dop.

Suppose f; g 2 D [t] ; g 6= 0. Then, arguing by induction on deg (f), we

obtain right and left division algorithms:

9q; q0; r; r0 2 D [t] such that

f = qg + r, deg (r) < deg (g) ;

f = gq0 + r0, deg (r0) < deg (g) :

It follows that every left (respectively, right) ideal of D [t] is a principal left

(respectively, right) ideal. That is, if I is a left (respectively, right) ideal of

D [t], then 9f 2 D [t] such that I = D [t] f (respectively, I = fD [t]) and f

has minimal degree in I. Note that if I 6= 0 and f is monic, then f is the

unique (left or right) generator of I. We have thus shown that D [t] is a

(noncommutative) principal ideal domain. That is, D [t] is a nonzero ring

(not necessarily commutative) with identity and without any left or right

zero-divisors such that every left or right ideal is principal.
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De�nition 23 Let f; g 2 D [t]. We say that f; g are similar, denoted f s g,

provided that D [t]�D [t] f �= D [t]�D [t] g as left D [t]-modules.

Notation 24 Let f (t) = tm � tm�1am�1 � � � � � ta1 � a0 2 D [t]. The

companion matrix of f , denoted C (f), is the matrix

C (f) �

266666666664

0 0 � � � 0 a0

1 0 � � � 0 a1

0 1 � � � 0 a2
...
...

...
...

0 0 � � � 1 am�1

377777777775
2Mm(D):

Remark 25 Note that f s g () D [t]�fD [t] �= D [t]�gD [t] as right

D [t]-modules (see [7], Theorem 4, p. 34). For our purposes, a useful char-

acterization of similarity is the following

Proposition 26 Let f; g be monic elements in D [t]. Then f s g ()

C (f) s C (g) in Mm(D) (m = deg (f) = deg (g)).

Proof. It su¢ ces to observe that C (f) is the matrix of left multiplication by

t acting on the right D-vector space D [t]�D [t] f with respect to the basis

[1]; [t]; : : : ; [tm�1], where m = deg (f)and 8h 2 D [t], [h] � h+D [t] f .

Remark 27 Note that f s g =) deg (f) = deg (g).
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De�nition 28 Let p 2 D [t] �Dop. We say that p is irreducible over D if

p = fg for some f; g 2 D [t] implies that f is a unit or g is a unit.

An important arithmetic property of D [t] is the fundamental

Theorem 29 If f 2 D [t] � Dop, then 9pi 2 D [t] such that f = p1 � � � pr,

where pi is irreducible over D for all i. Moreover, if f = p01 � � � p0r0, where the

p0j�s are irreducible over D, then r = r0 and the p�s and p0�s may be paired

into similar pairs.

Proof. The existence of a factorization follows by induction on deg (f).

Suppose then that f = p1 � � � pr . Consider the descending chain of left

ideals

D [t] � D [t] pr � D [t] pr�1pr � D [t] pr�2pr�1pr �

� � � � D [t] p2 � � � pr � D [t] f:

This yields a composition series for D [t]�D [t] f :

D [t]�D [t] f � D [t] pr�D [t] f � D [t] pr�1pr�D [t] f �

� � � � D [t] p2 � � � pr�D [t] f � 0;
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with composition factors

(D [t] pi � � � pr�D [t] f)�(D [t] pi�1 � � � pr�D [t] f) �= D [t] pi � � � pr�D [t] pi�1 � � � pr

�= D [t]�D [t] pi�1:

The uniqueness assertions of the theorem now follow from the Jordan-Holder

Theorem.

De�nition 30 r is called the length of f , denoted length(f).

To close this section, we prove a lemma which will be used often.

Lemma 31 If f �; g� 2 F [t]� 0, h 2 D [t], and f � = hg�, then h 2 F [t].

Proof. Use the division algorithm in F [t] to write f � = h�g�+r�, deg (r�) <

deg (g�), for some h�; r� 2 F [t]. Then h�g� + r� = hg�, and so

r� = (h� h�)g�:

We now see that h = h�, for otherwise

deg (r�) = deg(h� h�) + deg (g�) � deg (g�) :
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5 Irreducible Operators

We say that T is irreducible if V 6= 0 and V has no proper, nonzero T -

invariant subspaces. We assume throughout this section that T is irreducible.

Then V is an irreducible D [t]-module. Choose v 2 V �0. Then V = D [t] v,

since D [t] v is a nonzero submodule of V . Note that since V is �nite-

dimensional, there exists f (t) 2 D [t] � 0 such that f (t) v = 0. De�ne a

mapping D [t] �! D [t] v by f (t) 7�! f (t) v. This is a D [t]-homomorphism

(considering D [t] as left D [t]-module), and its kernel is a nonzero maximal

left ideal D [t] p, where p 2 D [t]�Dop. Hence

D [t]�D [t] p �= D [t] v;

as D [t]-modules. We set ann (v) � ff (t) 2 D [t] j f (t) v = 0g = D [t] p.

Proposition 32 p is irreducible over D.

Proof. Indeed, assume that p = fg for some f; g 2 D [t]� 0. Then

D [t] p � D [t] g � D [t] ;

and D [t] g�D [t] p is a submodule of D [t]�D [t] p. Since D [t]�D [t] p is

irreducible, we must have either D [t] g = D [t] or D [t] g = D [t] p. In the

former case, 9h 2 D [t] such that hg = 1. Taking degrees of both sides of

this last equation, we �nd that deg (g) = 0. Hence, g is a unit. In the
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remaining case, 9h0 2 D [t] such that g = h0p = h0(fg) = (h0f)g, whence

1 = h0f . It follows as before that f is a unit. Hence, either f or g is a

unit.

De�ne ann (V ) � ff (t) 2 D [t] j f (t)V = 0g. Then ann(V ) is a nonzero

two-sided ideal of V . (To see that ann(V ) 6= 0, simply consider V as a vector

space over F .) It follows that 9f; g 2 D [t]� 0 such that D [t] f = gD [t] =

ann(V ), where f; g have minimal degree in ann (V ) and, WLOG, are monic.

Hence deg (f) = deg (g). 9h 2 D [t] such that f = gh. By comparing

degrees and taking into account that f; g are monic, we conclude that h = 1.

Hence f = g. Hence ann(V ) = D [t] f = fD [t]. More is true: We must

have f (t) 2 F [t]. To see this, let a 2 Dop. There exists a0 2 D [t] such

that a0f = fa. By comparing degrees, we see that a0 2 Dop, and since f is

monic, a = a0. Comparing coe¢ cients of both sides of the equality af = fa,

we see that all the coe¢ cients of f commute with a. Since a is arbitrary,

all coe¢ cients of f lie in the center of Dop, which is F . Hence f (t) 2 F [t],

as asserted. This argument also shows that Z(D [t]) = F [t]. Changing

notation, set p� � f . It is evident that ann(V ) � ann(v) (in general, this

containment may be proper), and so D [t] p� = p�D [t] � D [t] p.

Proposition 33 p� is irreducible over F , and D [t] p� is a maximal two-sided

ideal of D [t].
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Proof. Suppose that p� = f �g� for some f �; g� 2 F [t]. If D [t] p + D [t] f �,

then D [t] p+D [t] f � is a left ideal of D [t] properly containing the maximal

left ideal D [t] p. Therefore, D [t] p + D [t] f � = D [t], and so 9h; k 2 D [t]

such that 1 = hp+ kf �. We now have

g� = g�hp+ g�kf � = g�hp+ kf �g� = g�hp+ kp� 2 D [t] p:

Hence D [t] g� � D [t] p.

We have shown that either D [t] f � � D [t] p or D [t] g� � D [t] p. If

D [t] f � � D [t] p, then since f � 2 F [t] = Z (D [t]), it follows that D [t] f � �

D [t] p� (using F [t]\D [t] p � ann(V )). Thus f � = h�p� for some h� 2 F [t]

(by Lemma 31). Hence

p� = f �g� = (h�p�)g� = p�(h�g�) =) 1 = h�g�:

Hence g� is a unit. Similarly, D[t]g� � D[t]p =) f � is a unit. Hence p�

is irreducible over F , which is the �rst assertion of our proposition. The

second assertion follows immediately from the �rst.

Remark 34 1. p is determined up to similarity. That is, if

V = D[t]v0; v0 2 V � 0

and ann(v0) = D[t]p0, then p s p0, by the very de�nition of similarity.
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So deg (p) is independent of the choice of generator for V . In fact,

deg (p) = [V : D].

2. p� is uniquely determined, provided, as is always the case, we choose

p� to be monic. The next theorem shows that p� determines T up to

conjugacy. We shall see later that the �eld extension F [t]�F [t] p�

determines the z-class of T .

Theorem 35 Let Ti 2 EndD(V ), and suppose that V is Ti-irreducible. Let

pi; p
�
i be the elements of D[t]; F [t], respectively, corresponding to Ti. Then

T1 s T2 () p�1 = p�2:

Proof. Note that

T1 s T2 =) D[t]�D[t]p1 �= D[t]�D[t]p2 =) D[t]p�1 = D[t]p�2 =) p�1 = p�2:

Now, assume that p�1 = p�2. Then F [t]�F [t]p�1 = F [t]�F [t]p�2 � E is a �eld,

and F [T1] �= E �= F [T2]. The isomorphism F [T1] �= F [T2] �xes F pointwise,

and maps T1 to T2 (because T1 7�! [t] 7�! T2). By the Skolem-Noether

Theorem, this isomorphism extends to an inner automorphism of EndD(V )

which takes T1 to T2. Therefore, T1 s T2.

Remark 36 Note that the preceding theorem is a special case of a result by

N. Jacobson (see [7], Corollary, p. 45).
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5.1 Structure of ZEndD(V )(T )

SetA � D[t]�D[t]p�, I � D[t]p�D[t]p�, andE � F [t]�F [t]p�. SinceD[t]p�

is a maximal two-sided ideal of D[t], A is a �nite-dimensional simple algebra

over F . Note also that A �= D [T ] � ff (T ) j f 2 D [t]g as F -algebras. I

is a maximal left ideal of A because D[t]p is a maximal left ideal of D[t].

E is a �eld extension of F , and E �= F [T ]. Note that V is a faithful left

A-module (recall: D[t]p� = ann(V )). It is an elementary result that the

lattice of submodules of V as A-module and as D[t]-module are the same.

In particular, since V is D[t]-irreducible, V is A-irreducible. Therefore, by

Schur�s Lemma, EndA(V ) is a (�nite-dimensional) division algebra over F .

We have veri�ed half of the following

Theorem 37 ZEndD(V )(T ) = EndA(V ) is a division algebra over F .

Proof. Only the equality remains to be shown. This follows by observing

that both sides equal EndD[t](V ).

Remark 38 Note that the equality asserted in the above theorem holds for

any operator S 2 EndD (V ), where A = D [t]�ann (V ) and V has the D [t]-

module structure induced by S.

We next derive some information about the structure of A.

Theorem 39 A �= E 
F Dop, and Z(A) �= E.
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Proof. We identify Dop with a subalgebra of A via the imbedding Dop ,! A,

a 7�! [a]. It is a result of the theory of associative algebras (see [9], Theorem

4.7, p. 218) that since Dop is a �nite-dimensional central simple subalgebra

of A, we have

A �= ZA(D
op)
F Dop;

Z(A) = center of ZA(Dop):

Thus we need only show that ZA(Dop) �= E. Consider the map F [t] �! A,

f � 7�! [f �] � f � + D[t]p�. This is a ring homomorphism with kernel

F [t] \ D[t]p� = F [t]p� (the equality follows from Lemma 31). Therefore

E = F [t]�F [t]p� �! A, f � + F [t]p� 7�! [f �] is a monomorphism whose

image certainly lies in ZA(Dop). Suppose that [f ] 2 ZA(D
op) � 0. Then

8a 2 Dop, [fa] = [af ]. Dividing on the right by p�, if necessary, we may

WLOG assume that deg (f) < deg (p�). There exists g 2 D[t] such that

fa� af = gp�. Now, unless g = 0, we obtain the contradiction

deg (p�) > deg (f) � deg(fa� af) = deg (g) + deg (p�) � deg (p�) :

Therefore fa = af , 8a 2 Dop, and so f 2 F [t]. Hence [f ] 2 image of the

monomorphism E �! A.

Remark 40 The preceding proof makes no use of the irreducibility of p�

(and thus of the irreducibility of T ). We have in fact established that for
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any q� 2 F [t],

D [t]�D [t] q� �= (F [t]�F [t] q�)
F Dop:

Hence the preceding theorem applies to any operator in EndD (V ). It also

follows, again without restriction on T , that

A
FD �= (E 
F Dop)
FD �= E
F (Dop
FD) �= E
FM[D:F ] (F ) �= M[D:F ] (E) :

Lemma 41 Every irreducible factor occurring in a factorization of p� is sim-

ilar to p. In particular, deg (p�) = length(p�) deg (p).

Proof. We establish �rst that the factors in a factorization of p� (in fact,

of any central element) may be permuted cyclically. It su¢ ces for this

to show that if p� = f1f2 , then f2f1 = f1f2 . To this end, notice that

f2p
� = p�f2 since p� lies in the center of D [t] . Hence f2f1f2 = f1f2f2 , and

so f2f1 = f1f2 , since f2 6= 0 . Suppose now that q is an irreducible factor

in some factorization of p� . From what we established initially, we have

D [t] q � D [t] p� . Thus D [t] q�D [t] p� is a maximal left ideal of A, and

so A�(D [t] q�D [t] p�) �= D [t]�D [t] q is an irreducible A-module. But so

is D [t]�D [t] p . Since A is a �nite-dimensional simple algebra, any two

irreducible A-modules are A-isomorphic, and thus D [t]-isomorphic. Hence

q s p .
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Theorem 42

dimF ZEndD(V )(T ) = [D : F ] deg (p)�length (p�)

= [D : F ] deg (p�)� [length (p�)]2

Proof. Since A is a �nite-dimensional simple algebra over F , Wedder-

burn�s Theorem implies that A �= Mr(�) for some division algebra �, which

is unique up to isomorphism. In fact, we may take � = EndA(M)
op,

where M is any faithful, irreducible A-module, such as V . Hence A �=

Mr(ZEndD(V )(T )
op). Recall also thatA is a direct sum of rminimal left ideals,

all isomorphic as A-modules, and every irreducible A-module is isomorphic

to one of these minimal left ideals. Since V is an irreducible A-module and

dimF V = deg (p) [D : F ], it follows that dimF A = r deg (p) [D : F ]. But

dimF A = [E : F ][D : F ] = deg (p�) [D : F ]:

Therefore

r =
deg (p�)

deg (p)
=
length(p�) deg (p)

deg (p)
= length(p�):

We also have dimF A = r2 dimF ZEndD(V )(T ). Combining these results yields

the asserted equalities.

We record some of the results contained in the proof of the preceding

theorem as the following
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Theorem 43

1. D [t]�D [t] p��= D [t]�D [t] p� � � � �D [t]�D [t] p| {z }
length(p�)

as D [t]-modules.

2. D [t]�D [t] p� �= (F [t]�F [t] p�) 
F Dop �= Mlength(p�)

�
ZEndD(V )(T )

op
�

as algebras over F .

Remark 44 Since Z (T ) � EndD (V ), we have a natural action of Z (T )

on V on the left, or, in keeping with our convention about vector spaces over

division algebras, a natural action of Z (T )op on the right. It follows from

our dimension formula for Z (T ) that

dimZ(T )op V = length (p�) :

Hence

EndZ(T )op (V ) �= Mlength(p�) (Z (T )
op) �= A:

By hypothesis, D is a �nite-dimensional central division algebra over F .

It is known that this implies [D : F ] = d2. The integer d is called the degree

of D, denoted degD. Since ZEndD(V )(T ) is also a �nite-dimensional central

division algebra over E (by identifying E = F [T ]), we let � denote its de-

gree. So dimE ZEndD(V )(T ) = �2: The next theorem expresses a relationship

between d, �, and length(p�).

Theorem 45 � = d�length (p�)
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Proof. We have

[D : F ] deg (p)

length(p�)
= dimF ZEndD(V )(T )

= dimE ZEndD(V )(T )[E : F ]

= dimE ZEndD(V )(T ) deg (p
�) ;

and so

�2 = dimE ZEndD(V )(T )

=
[D : F ] deg (p)

deg (p�) length(p�)

=
d2

[length(p�)]2
:

Corollary 46 length(p�) = d () ZEndD(V )(T ) = F [T ] �= F [t]�F [t] p� is

a �eld () F [t]�F [t] p� is a splitting �eld for Dop.

Corollary 47 length(p�) = 1 () ZEndD(V )(T )
�= (D [t]�D [t] p�)op is a

division algebra.

Corollary 48 If d is a prime, then either ZEndD(V )(T ) �= F [t]�F [t] p� or

ZEndD(V )(T )
�= (D [t]�D [t] p�)op.
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5.2 Some Applications

We digress a bit from the general development, and prove some classical

results in the theory of associative algebras. Although these results have

independent interest, our primary motivation is to give some nontrivial ap-

plications of the theory that has been developed thus far in this thesis. We

begin with Wedderburn�s Little Theorem.

Theorem 49 Every �nite division ring is a �eld.

Proof. We argue by contradiction. If the theorem is false, then choose a

�nite division ring D which is not a �eld of minimal size. Let F = Z (D),

and note that F is a �nite �eld of order, say, q = jF j. Then D is a �nite-

dimensional central division algebra over F such that [D : F ] = d2 for some

integer d > 1. Choose a 2 D�F , and consider the endomorphism of D (as

a right D-vector space) which sends each x 2 D to ax. This is an irreducible

endomorphism of D, and applying our dimension formula (Theorem 42), we

get

dimF ZD (a) =
[D : F ] deg (p)

length (p�)
:

In this case, we have

deg (p) = 1 (since deg(p) = dimD(D) = 1)

deg (p�) = length (p�) deg (p) = length (p�) .
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Hence

dimF ZD (a) =
[D : F ]

length (p�)
=

d2

length (p�)
=

d

length (p�)
� d = �d,

where

� =
d

length (p�)
(Theorem 45)

�2 = dimZ(ZD(a)) ZD (a) (by the de�nition of �):

By the minimality of our choice of D, we conclude that ZD(a) is a �eld,

because ZD (a) is a �nite division ring and ZD (a) $ D. Thus

Z (ZD (a)) = ZD (a) ,

which forces � = 1. It follows that

ZD (a) = F [a]

[F [a] : F ] = d = deg (p�) :

Notice that we have shown that the minimum polynomial of any non-central

element in D must have degree d. From the theory of �nite �elds we know

that the extension F [a]�F , being a �nite extension of a �nite �eld, is

a cyclic Galois extension such that Gal (F [a]�F ) = h�i, where � is the

Frobenius automorphism of F [a] given by x 7�! xq 8x 2 F [a]. Note that
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� has order d. Moreover, since F [a]�F is Galois and since the irreducible

polynomial p� has a root, namely a, in F [a], p� splits over F [a]. Indeed,

p� (t) = (t� a) (t� � (a)) � � �
�
t� �d�1 (a)

�
:

Since any two irreducible factors of p� are similar (Lemma 41), there exists

b 2 D� such that

� (a) = bab�1:

Observe that this implies ab 6= ba, for � 6= id. It follows that

� (x) = bxb�1, 8x 2 F [a] :

Equivalently,

bx = � (x) b; 8x 2 F [a] :

Note that �d = id implies

a = �d (a) = bdab�d:

So F [a] � ZD
�
bd
�
. This inclusion forces ZD

�
bd
�
= D; otherwise, ZD

�
bd
�

is a �eld containing a and b, contradicting ab 6= ba. Thus bd 2 F �. Now,
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8x 2 F [a], we have

(xb)d = (xb) (xb) (xb) � � � (xb)

= x� (x) b2 (xb) � � � (xb)

= x� (x)�2 (x) b3 � � � (xb)

� � �

= x� (x)�2 (x) : : : �d�1 (x) bd

= NF [a]�F (x) b
d;

where NF [a]�F (x) 2 F is the norm of x. Since F [a]�F is a �nite extension

of �nite �elds, it is known that

NF [a]�F : F [a]
� �! F �

is surjective. In particular, 9x0 2 F [a]� such that NF [a]�F (x0) = b�d 2 F �.

Hence,

(x0b)
d = NF [a]�F (x0) b

d = b�dbd = 1:

But this is impossible. For it forces x0b 2 F , otherwise we get a non-central

element in D with minimum polynomial of degree less than d, and so

b = x�10 (x0b) 2 F [a] ;

contradicting ab 6= ba.
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Suppose now that F = R is a real closed �eld, D = H �
��1;�1

R

�
is Hamil-

ton�s (4-dimensional) quaternion algebra over R, and p 2 H [t] is irreducible

over H. Let V � H [t]�H [t] p and T 2 EndH (V ) be the operator left mul-

tiplication by t. Then, as above, V is an irreducible H [t]-module via T with

ann(V ) = H [t] p� = p�H [t], where p� 2 R [t] is irreducible over R. It is well-

known that deg (p�) = 1 or 2, and E = R [t]�R [t] p� is algebraically closed

provided deg (p�) = 2. H contains a maximal sub�eld C �= R
�p
�1
�
which

is algebraically closed. As another interesting application of our results, we

prove the following theorem of Niven and Jacobson:

Theorem 50 Every irreducible polynomial over Hamilton�s quaternions is

linear.

Proof. Adopting the notation of the preceding paragraph, we must show

that deg (p) = 1. We have degH = 2, whence length(p�) = 1 or 2. Since

deg (p�) = length(p�) deg (p) ;

we have only to eliminate the possibility that deg (p�) = 2, deg (p) = 2, and

length(p�) = 1. But if this were so then dimR ZEndH(V )(T ) = deg (p) [H :

R]�length(p�) = 8. We have now contradicted the theorem of Frobenius

which asserts that this dimension can only be 1, 2, or 4. However, we can

obtain another contradiction independently of the theorem of Frobenius: If

dimR ZEndH(V )(T ) = 8, then dimE ZEndH(V )(T ) = 4 (since [E : R] = deg (p
�) =
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2), which is impossible because in this instance ZEndH(V )(T ) is a �nite-

dimensional division algebra over the algebraically closed �eld E.

Remark 51 The preceding proof illustrates the use of our dimension for-

mula. Here is a second proof: Since p� 2 R [t], 9a 2 C such that p� (a) = 0.

So, for some q 2 C [t], we have p� (t) = (t� a) q (t). This factorization of

p� occurs in C [t] � H [t]. Since any two irreducible factors of p� in H [t]

are similar, p s t � a. Hence, deg (p) = deg (t� a) = 1. This proof,

mutatis mutandis, yields as a dividend the following generalization due to

Wedderburn:

Theorem 52 If p� has a root in D, then p� splits as a product of linear

factors in D [t].

Proof. Suppose that p� (a) = 0 for some a 2 D. Then 9q 2 F (a) [t] such

that p� (t) = (t� a) q (t). Since this factorization occurs in F (a) [t] � D [t],

it follows that every irreducible factor of p� in D [t] is similar to t � a. In

particular, all the irreducible factors of p� in D [t] are linear.

Remark 53 We showed earlier that length (p�) j d = degD. It is natural

to pose the following question: Assume that d > 1 and for some integer

m > 1, m j d. Does 9p� 2 F [t] such that p� is irreducible over F and

length (p�) = m? A partial a¢ rmative answer is given in the
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Theorem 54 9p� 2 F [t] such that p� is irreducible over F and length (p�) =

d.

Proof. Since D is a �nite-dimensional central division algebra over F , there

exists a maximal sub�eld E � D such that E is separable over F . E is

necessarily monogenic, say E = F (a). Let p� be the minimum polynomial

of a over F . Then p� is irreducible over F , and

deg (p�) = [E : F ] = d;

where the second equality follows from the maximality of E. By the preced-

ing theorem, p� splits as a product of linear factors in D [t]. Hence

d = deg (p�) = length (p�) :

Remark 55 If D is a cyclic division algebra, then more can be said. For in

that case, D contains a maximal sub�eld E which is a cyclic Galois extension

of F . Hence, for any divisor m of d = [E : F ], there exists an element a 2 D

with minimum polynomial p� such that m = [F [a] : F ] = deg (p�), whence

length (p�) = deg (p�) = m. Now, for certain �elds F , for example local

�elds and global �elds, every �nite-dimensional central division F -algebra is
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cyclic. Thus, in these cases, every divisor of degD may be realized as the

length of an irreducible polynomial over F .

The next theorem is an immediate consequence of the Double Centralizer

Theorem (since F [T ], being a �eld, is a simple subalgebra of the �nite-

dimensional central simple algebra EndD (V ) and Z (T ) = ZEndD(V ) (F [T ])),

and we shall prove later (see Corollary 64) that it holds for all operators.

We give a proof now as a �nal illustration of our results.

Theorem 56 The center of ZEndD(V )(T ) is F [T ].

Proof. On the one hand,

E = F [t]�F [t]p� �= F [T ];

where the isomorphism is given by [f �] 7�! f �(T ). On the other hand,

E �= Z(A) �= Z(Mr(ZEndD(V )(T )
op) = Z(ZEndD(V )(T )

op) = Z(ZEndD(V )(T )):

Thus F [T ] and Z(ZEndD(V )(T )) have the same dimension over F , and since

F [T ] � Z(ZEndD(V )(T )), we get the equality F [T ] = Z(ZEndD(V )(T )).

5.3 V as F [t]-module

We may consider V as an F [t]-module by restricting the action of D [t].

However, by doing so, V will no longer be irreducible, provided [D : F ] > 1.
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Indeed, considering T as an element of EndF (V ), we see that its minimum

polynomial is p�, and so its characteristic polynomial is p�n. We know from

the Cyclic Decomposition Theorem that as an F [t]-module V decomposes

into

V �= F [t]�F [t] p� � � � � � F [t]�F [t] p�| {z }
n

= En:

Thus V is T -irreducible as an F -vector space precisely when n = 1. But

n deg (p�) = dimF V = [D : F ] dimD V = [D : F ] deg (p) = d2 deg (p) ;

whence

n =
d2 deg (p)

deg (p�)
=

d2

length(p�)
= d

d

length(p�)
= d� � d;

which con�rms our assertion about the relationship between the F -irreducibility

of V and [D : F ] = d2. We record these observations as the following

Proposition 57 V is a completely reducible F [t]-module. More precisely,

V decomposes into a direct sum of n = d� irreducible F [t]-modules, each

isomorphic to E = F [t]�F [t]p� . Hence V has the structure of an n-

dimensional E-vector space.
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Remark 58 We may write our dimension formula as

dimF Z (T ) =
[D : F ] deg (p)

length (p�)
=

d2 deg (p)

length (p�)
= d� deg (p) = deg

�
pd�
�
;

which expresses the dimension as the degree of a polynomial. Similarly,

dimF Z (T ) =
[D : F ] deg (p�)

[length (p�)]2
=

d2 deg (p�)

[length (p�)]2
= �2 deg (p�) = deg

�
p��

2
�
:

5.4 Structure of ZEndF (V )(T )

This is made explicit in the following

Theorem 59 ZEndF (V )(T ) = EndE(V ) �= Md�(E)

Proof. The asserted equality holds because both sides equal EndF [t] (V ).

The isomorphism holds because dimE V = n = d�.

Remark 60 Recall that if B is a �nite-dimensional central simple algebra

over E and [B] denotes the equivalence class of B in Br(E), the Brauer

group of E, then [B]�1 = [Bop]. Since A �= Mr(ZEndD(V )(T )
op), we have

[A] = [ZEndD(V )(T )
op] = [ZEndD(V )(T )]

�1:

We are thus led to conclude that A
EZEndD(V )(T ) is similar (in the sense of

�nite-dimensional central simple algebras over E) to E. Hence the assertion,
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contained in the preceding theorem, that ZEndF (V )(T ) is isomorphic to a full

matrix ring over E may have been deduced from the following

Theorem 61 ZEndF (V )(T )
�= A
E ZEndD(V )(T ) as algebras over E.

Proof. Since EndD(V ) � EndF (V ), we have ZEndD(V )(T ) � ZEndF (V )(T ).

Because ZEndD(V )(T ) is a �nite-dimensional central simple E-subalgebra of

ZEndF (V )(T ), it su¢ ces to prove that A �= ZZEndF (V )(T )
�
ZEndD(V )(T )

�
� C

as E-algebras. The map A �! EndF (V ), a 7�! �a � left multiplication

by a, is a well-de�ned algebra homomorphism (over E). It is in fact a

monomorphism because it is nontrivial and A is simple. Now the image

of this monomorphism lies in EndE (V ) = ZEndF (V )(T ), and elements of the

image certainly commute with A-endomorphisms of V . Hence the image

is contained in Z ZEndF (V )(T )
(EndA (V )) = Z ZEndF (V )(T )

(ZEndD(V )(T )) � C.

We have

dimE C =
dimE ZEndF (V )(T )

dimE ZEndD(V )(T )
=
(d�)2

�2
= d2 = [D : F ] = dimE A:

It follows that the image in fact exhausts C. Hence A �= C.

Remark 62 The preceding theorem expresses the relation between ZEndF (V )(T )

and ZEndD(V )(T ) as algebras over E. It is natural to ask for their relation

as F -algebras. The answer does not depend on the irreducibility of T , and

is given by the next
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Theorem 63 8S 2 EndD (V ), ZEndF (V )(S) �= Dop 
F ZEndD(V )(S) as alge-

bras over F .

Proof. If a 2 Dop, then de�ne �a : V �! V by �a (v) = av � va. Observe

that �a 2 EndF (V ), and that the map Dop �! EndF (V ), a 7�! �a is

a monomorphism of F -algebras. The image of this monomorphism, call

it C, lies in ZEndF (V )(S), since S 2 EndD (V ). Now observe that C is a

central simple subalgebra of ZEndF (V )(S), and its centralizer in ZEndF (V )(S)

is ZEndD(V )(S).

Corollary 64 8S 2 EndD (V ), Z
�
ZEndD(V ) (S)

�
= F [S]

Proof. It is known that Z
�
ZEndF (V ) (S)

�
= F [S] (see, for example, [8],

Corollary 1, p. 208). The isomorphism of the preceding theorem (and its

proof) implies that

Z
�
ZEndF (V ) (S)

� �= Z
�
Dop 
F ZEndD(V )(S)

� �= Z
�
ZEndD(V ) (S)

�
:

So, dimF Z
�
ZEndD(V ) (S)

�
= dimF F [S]. Since F [S] � Z

�
ZEndD(V ) (S)

�
,

we get the asserted equality.

Corollary 65 8S 2 EndD (V ),

D [S]
F ZEndD(V )(S) �= F [S]
F ZEndF (V )(S)

as algebras over F .
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5.5 z -classes of Irreducible Operators

Theorem 66 Suppose Ti 2 EndD(V ) is irreducible, and let p�i be the element

of F [t] corresponding to Ti. Then

T1 sz T2 () F [t]�F [t]p�1 �= F [t]�F [t]p�2 (as �elds over F ).

Proof. Necessity follows from F [t]�F [t]p�i �= F [Ti] = Z(Z(Ti)). For suf-

�ciency, set Ei � F [t]�F [t]p�i . If E1 �= E2 over F , then, by the Skolem-

Noether Theorem, we may extend this isomorphism to conjugation by some

C 2 GL (V ). Hence, repeating the argument we used in the case V = D,

we may conclude that since CT1C�1 2 F [T2],

CZ (T1)C
�1 � Z (T2) :

This containment is in fact an equality, by symmetry.

Remark 67 In other words, the centralizer of an irreducible operator is de-

termined up to conjugacy by its center, which is a �nite-dimensional, mono-

genic �eld extension of F . As a consequence, since [E : F ] � dimF EndD (V ),

if F has only �nitely many non-isomorphic �eld extensions of a given degree

(such is the case, for example, if F is algebraically closed or a �nite �eld

or a real closed �eld or a p-adic �eld), then up to conjugacy there are only

�nitely many centralizers of irreducible operators. We shall see later that

the adjective "irreducible" in the preceding statement may be deleted.
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6 Completely Reducible Operators

6.1 Structure of the Centralizer

We say that T is completely reducible if V may be written as a direct sum

of T -irreducible subspaces. Equivalently, every T -invariant subspace has a

T -invariant complement. In this section, we shall determine the structure

of centralizers of completely reducible operators, and the invariants which

characterize such centralizers up to conjugacy. So, suppose T is completely

reducible. It follows from our results on irreducible operators that 9vi 2

V; pi 2 D [t] ; p�i 2 F [t] such that

V = D [t] v1 � � � � �D [t] vr;

where ann (vi) = D [t] pi; ann (D [t] vi) = D [t] p�i = p�iD [t] ; and the p�s (re-

spectively, p��s) are irreducible over D (respectively, F ).

Consider �rst the special case in which p�1 = � � � = p�r � p�. It follows

that pi s pj for all i and j. Set Pi � C (pi), and note that Pi s Pj for all i

and j. Thus 9Ci 2 GLm (D), where m is the common degree of the p�s, such

that CiPiC�1i = P1 � P for all i. By stringing together suitable bases for the

D [t] vi�s, we obtain a basis for V with respect to which the matrix of T has

the block diagonal form diag (P1; P2; : : : ; Pr). Conjugating this matrix by the

block diagonal matrix diag (C1; C2; : : : ; Cr), we see that T has the canonical

form diag (P; P; : : : ; P ) with respect to a suitable basis. We now determine
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those matrices X 2Mmr (D) which commute with diag (P; P; : : : ; P ). If we

write such an X in the block form

X =

266666664

X11 X12 � � � X1r

X21 X22 � � � X2r

...
...

...

Xr1 Xr2 � � � Xrr

377777775
;

where Xij 2 Mm (D) for all i and j, then we must have XijP = PXij

for all i and j. This condition is also su¢ cient for X to commute with

diag (P; P; : : : ; P ). Recalling that � � Z (P ) is a division algebra over F ,

we see that Z (T ) �= Mr (�) as F -algebras.

We return now to the general case. By grouping together those D [t] vi�s

which have the same annihilators, we may rewrite our decomposition of V in

the form

V = D [t] v11 � � � � �D [t] v1r1 � � � � �D [t] vs1 � � � � �D [t] vsrs ;

where ann (D [t] vij) = D [t] p�i for i = 1; : : : ; s, j = 1; : : : ; ri and the p
�
i�s are

pairwise distinct. Set Vi � D [t] vi1�� � ��D [t] viri and Vp�i � fv 2 V j p
�
i v = 0g.

Note that

V = V1 � � � � � Vs:

We now make the following
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Claim 68 Vi = Vp�i . In particular, the Vi�s are Z (T )-invariant.

Proof. The inclusion Vi � Vp�i is immediate. For the reverse inclusion,

assume v 2 Vp�i and write v = v1 + � � �+ vs, where vi 2 Vi. We have

0 = p�i v = p�i v1 + � � �+ p�i vs =
X
j 6=i

p�i vj,

since p�i vi = 0. Since p
�
i vj 2 Vj, each summand in the last sum above must

be 0. Hence for each j 6= i, we have p�i ; p
�
j 2 ann (vj). Now, because p�i 6= p�j ,

9a�; b� 2 F [t] such that 1 = a�p�i + b�p�j 2 ann (vj), which forces vj = 0 for

all j 6= i. Hence v = vi 2 Vi. Hence Vi � Vp�i , verifying the �rst part of

our claim. The second part follows by observing that Vp�i = ker p�i (T ) is

Z (T )-invariant.

Note that as a corollary of the claim we obtain ann (V ) = D [t] p�1 � � � p�s
and ann (Vi) = D [t] p�i . It also follows from our claim that

Z (T ) �= Z (T1)� � � � � Z (Ts) ;

where Ti � T jVi. Invoking our result in the special case where all annihila-

tors are the same, we conclude that

Z (T ) �= Mr1 (�1)� � � � �Mrs (�s) ;

as F -algebras, where each �i is a division algebra over F . This decom-
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position shows that the centralizer of a completely reducible operator is a

semisimple algebra, and also yields the following dimension formula:

dimF Z (T ) = [D : F ]
sX
i=1

r2i deg (p
�
i )� [length (p�i )]

2 :

Recall that we showed that the center of �i is isomorphic to the �eld Ei �

F [t]�F [t] p�i . As a consequence,

Z (Z (T )) �= E1 � � � � � Es:

This shows that dimF Z (Z (T )) =
Ps

i=1 deg (p
�
i ). Of course, these results

about Z (Z (T )) also follow from

Z (Z (T )) = F [T ] �= F [t]�F [t] p�1 � � � p�s:

Set

A � D [t]�D [t] p�1 � � � p�s;

E � F [t]�F [t] p�1 � � � p�s; and

Ai � D [t]�D [t] p�i :

We now generalize some of the results we obtained for irreducible operators

to completely reducible operators.
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Theorem 69 A �= A1 � � � � � As as D [t]-modules. In particular, A is a

semisimple algebra over F .

Proof. It su¢ ces to establish the isomorphism for the case s = 2. More

generally, if a�1 and a
�
2 are relatively prime elements in F [t], then consider the

map D [t]�D [t] a�1a�2 �! D [t]�D [t] a�1 �D [t]�D [t] a�2 de�ned by [f ] 7�!

([f ]1 ; [f ]2), where [f ] � f + D [t] a�1a
�
2 and [f ]i � f + D [t] a�i . This is a

well-de�ned D [t]-homomorphism. In particular, it is an F -homomorphism.

By comparing dimensions over F , it is an isomorphism if it is injective. So,

assume that ([f ]1 ; [f ]2) = (0; 0). Then 9bi 2 D [t] such that f = bia
�
i , and

9c�i 2 F [t] such that 1 = c�1a
�
1 + c�2a

�
2. Thus

b1 = c�1b1a
�
1 + c�2b1a

�
2 = c�1b2a

�
2 + c�2b1a

�
2 = (c

�
1b2 + c�2b1)a

�
2 = ca�2;

where c � c�1b2 + c�2b1. We now have

f = b1a
�
1 = ca�2a

�
1 2 D [t] a�1a�2:

Hence [f ] = 0, and our homomorphism is an isomorphism. The second

statement follows since each Ai is simple.

Corollary 70 If S 2 EndD (V ) and S sz T , then S is completely reducible.

If T is irreducible, then S is irreducible.
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Proof. If S sz T , then

F [S] = Z (Z (S)) �= Z (Z (T )) = F [T ]

=) D [S] �= F [S]
F Dop �= F [T ]
F Dop �= D [T ] :

Hence, by the preceding theorem, the algebraD [S] is also semisimple. D [S]

is isomorphic to D [t]�ann (VS), where VS denotes V with the D [t]-module

structure induced by S. Hence D [t]�ann (VS) is semisimple. It is known

that this implies VS, as (D [t]�ann (VS))-module, is completely reducible.

Hence VS is a completely reducible D [t]-module, which is the �rst assertion.

If T is irreducible, then S is completely reducible. We have seen that

a decomposition of VS into S-irreducible subspaces yields a corresponding

decomposition of Z (S) into a direct sum of matrix algebras. But Z (S),

being conjugate to Z (T ), is a division algebra. By the uniqueness assertion

of the Wedderburn Structure Theorem and the simple observation that only

matrix algebras of degree one are division algebras, we conclude that the

number of summands in our decomposition of VS into irreducibles must be

one. Hence S is irreducible.

Remark 71 Notice that, with only minor modi�cations, the proof of the

preceding corollary shows that if the centralizer of an operator is semisimple

(respectively, a division algebra), then the operator is completely reducible

(respectively, irreducible). The corollary itself implies that it makes sense

to speak of irreducible or completely reducible z-classes. Of course, not all
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properties of an operator are inherited by its z-equivalents. For example, take

D = F and suppose that char (F ) = 0, then in M2 (F ), the two matrices

2640 1

0

375 and

2641 1

1

375
are z-equivalent (indeed, their centralizers coincide), but the �rst is nilpotent

while the second is not. Interestingly, it will follow from results to be estab-

lished later that two nilpotent operators are z-equivalent if and only if they

are conjugate (see Corollary 98). The converse of the corollary is patently

false. For, in D itself, every element de�nes an irreducible operator on D

by left multiplication, but, unless D = F , there will be at least two distinct

z-classes.

Theorem 72

Z (T ) = EndA (V ) �= EndA1 (V1)� � � � � EndAs (Vs) ;

where EndAi (Vi) �= Mri (�i)

Proof.

Z (T ) = EndD[t] (V ) = EndA (V ) ;

Mri (�i) �= Z (Ti) = EndD[t] (Vi) = EndAi (Vi) ;
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and Z (T ) �= Z (T1)� � � � � Z (Ts).

6.2 Invariants of the z -class of a Completely Reducible

Operator

We associate to the completely reducible operator T the sequence of ordered

pairs (r1; E1) ; : : : ; (rs; Es). It follows from the Wedderburn Structure The-

orem (or the Krull-Schmidt Theorem) that the integers ri do not depend on

our choice of a decomposition of V into irreducible subspaces. Similarly,

the �eld extensions Ei are independent of any choices, for these are deter-

mined by the distinct irreducible factors of the unique monic generator of

the annihilator of V . Thus our assignment to T of the sequence (ri; Ei) is

well-de�ned. The integers ri are subject to the following relation:

dimF V =
sX
i=1

rimi;

where mi is the dimension over F of any minimal left ideal of the simple

algebra Ai �= Ei 
F Dop. The sequence (ri; Ei) forms a complete set of

invariants for the conjugacy class of Z (T ) in the sense of the following

Theorem 73 Let T; T 0 2 EndD (V ) be completely reducible operators with

associated sequences (r1; E1) ; : : : ; (rs; Es), (r01; E
0
1) ; : : : ; (r

0
s0 ; E

0
s0), respectively.

Then necessary and su¢ cient conditions for T sz T 0 are s = s0 and, possibly
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after permuting the order of the terms, ri = r0i; Ei
�= E 0i (as �eld extensions

of F ).

Proof. The integers ri and, up to isomorphism, the division algebras �i,

hence their centers Ei, are invariants of a semisimple algebra, according to

the Wedderburn Structure Theorem. Hence the necessity of the conditions.

The proof of su¢ ciency requires more work. Suppose that the stated con-

ditions hold. Let A;A0 be the semisimple algebras corresponding to T; T 0,

respectively. We shall show that 9C 2 GL (V ) and an F -algebra isomor-

phism ' : A �! A0 such that C (av) = ' (a)Cv;8a 2 A; v 2 V . Assume

for the moment that this is done. Then let S 2 EndA (V ) ; a0 2 A0; v0 2 V ,

and choose a 2 A; v 2 V such that a0 = ' (a) ; v0 = Cv. It follows that

(CSC�1) (a0v0) =
�
CSC�1

�
(' (a)Cv) = CS

�
C�1 (' (a)Cv)

�
= CS (av) = C (aSv) = ' (a)CSv = a0

�
CSC�1

�
v0:

That is, CSC�1 2 EndA0 (V ). Hence

CZ (T )C�1 = CEndA (V )C
�1 � EndA0 (V ) = Z (T 0)

Since the stated conditions are symmetric, we get C 0 2 GL (V ) such that

C 0Z (T 0)C 0�1 � Z (T ), whence dimF CZ (T )C
�1 = dimF Z (T

0). Thus the

above containment is actually an equality from which we obtain T sz T 0. It
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remains then to prove the existence of C and '. We have

A �= A1 � � � � � As

A0 �= A01 � � � � � A0s;

where A0i �= E 0i 
F Dop. Since Ei �= E 0i, we get a sequence of isomorphisms:

Ai �= Ei 
F Dop �= E 0i 
F Dop �= A0i:

These give an isomorphism Ai �! A0i, call it 'i, which �xes D
op point-

wise because it is a composite of isomorphisms which do so. Identifying

A and A0 with their respective direct sum decompositions above, we get an

isomorphism ' : A �! A0 such that ' jAi= 'i. This isomorphism also �xes

Dop pointwise (to see this, one need only recall how Dop is imbedded in the

various algebras involved and how the isomorphisms are de�ned). We now

use the decompositions

VT � V = V1 � � � � � Vs

VT 0 � V = V 0
1 � � � � � V 0

s ;

where VT (respectively, VT 0) is an A-(respectively, A0-) module and each Vi

(respectively, V 0
i ) is a completely reducible Ai- (respectively, A

0
i-) module

which is a direct sum of ri irreducible Ai- (respectively, A0i-) modules. We

de�ne the structure of an A-module on VT 0 via ': av0 � ' (a) v0 8a 2 A; v0 2
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VT 0. By the very de�nition of this A-module structure on VT 0, we see that

V 0
i is a completely reducible Ai-module which decomposes into a direct sum

of ri irreducible Ai-modules. But so is Vi. Since Ai is a �nite-dimensional

simple F -algebra, any two irreducible Ai-modules are isomorphic. In fact, if

Ii is a minimal left ideal of Ai, then any irreducible Ai-module is isomorphic

to Ii. If i 6= j, then

AiIj � AiAj � Ai \ Aj = 0:

The conclusion is that Vi �= V 0
i as Ai-modules and if i 6= j, AiVj = 0 = AiV

0
j .

It follows that the isomorphisms Vi �= V 0
i induce an isomorphism C : VT �!

VT 0 as A-modules. Hence

C (av) = aCv � ' (a)Cv, 8a 2 A; v 2 V:

Finally, since ' �xes Dop pointwise, we have

C (v�) � C (�v) = ' (�)Cv = �Cv � (Cv)�, 8� 2 D; v 2 V:

That is, C 2 GL (V ).

Remark 74 The su¢ ciency part of the preceding proof exploits the semi-

simplicity of the algebra A �= D [T ], and makes essential use of the repre-

sentation theory of such algebras. We now present a second proof of suf-
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�ciency which makes no use of the structure of D [T ]. The idea of this

second proof is to capitalize on the particularly simple canonical form which

is available for semisimple operators. Suppose initially that s = s0 = 1,

r � r1 = r01 � r0, and E � E1 �= E 01 � E 0. Recall that we showed in this case

that Z (T ) �= Mr (�), where� = Z (P ), P = C (p) for p an irreducible factor

of p�, and E �= Z (Z (P )). Let Z (T 0) �= Mr (�
0), �0 = Z (P 0), P 0 = C (p0),

p0, and p�0 be the corresponding data for T 0, so that E 0 �= Z (Z(P 0)). Note

that E �= E 0 implies

deg (p�) = dimF E = dimF E
0 = deg (p�0) :

We also have

r deg (p) = dimD V = r deg (p0) ;

whence deg (p) = deg (p0) � m. Now

Mlength(p�) (�
op) �= E 
F Dop �= E 0 
F Dop �= Mlength(p�0) (�

0op) ;

and it follows that �op �= �0op. Thus � �= �0, and both division algebras

lie in the central simple algebra Mm (D). By the Skolem-Noether Theorem,

9B 2 GLm (D) such that

BZ (P )B�1 = Z (P 0) :
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This equality implies BPB�1 2 Z (Z (P 0)) = F [P 0]. Hence BPB�1 =

f � (P 0), for some f � 2 F [t], and Z (f � (P 0)) = Z (P 0). There exists a

basis fwigmri=1(respectively, fw0ig
mr
i=1 ) of V with respect to which the matrix

of T (respectively, T 0) has the canonical form diag (P; : : : ; P )(respectively,

diag (P 0; : : : ; P 0)) in Mmr (D). Let U1 2 GL (V ) be de�ned by U1wi = w0i.

Then U1TU�11 has the form diag (P; : : : ; P ) with respect to the basis fw0ig.

We have

diag (B; : : : ; B) diag (P; : : : ; P ) diag
�
B�1; : : : ; B�1�

= diag (f � (P 0) ; : : : ; f � (P 0)) :

But the centralizer of the matrix on the right-hand side of this equation equals

f(Xij) j Xij 2 Z (f � (P 0))g = f(Xij) j Xij 2 Z (P 0)g = Z (diag (P 0; : : : ; P 0)) :

Hence

diag (B; : : : ; B)Z (diag (P; : : : ; P )) diag (B; : : : ; B)�1

= Z (diag (P 0; : : : ; P 0)) :

With respect to the basis fw0ig, the matrix diag (B; : : : ; B) de�nes an element

U2 2 GL (V ), and the above equality becomes

U2Z
�
U1TU

�1
1

�
U�12 = Z (T 0) :
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Hence UZ (T )U�1 = Z (T 0), where U = U2U1 2 GL (V ). Hence T sz T 0, if

s = 1.

Passing to the general case, we have the decompositions

V = V1 � � � � � Vs

V = V 0
1 � � � � � V 0

s

corresponding to T; T 0 respectively, and these induce the decompositions

Z (T ) �= ZEndD(V1) (T1)� � � � � ZEndD(Vs) (Ts)

Z (T 0) �= ZEndD(V 01)
(T 01)� � � � � ZEndD(V 0s ) (T

0
s) ;

where Ti � T jViand T 0i � T jV 0i . Applying our result in the special case

s = 1, we �nd invertible D-linear maps Ui : Vi �! V 0
i such that

UiZEndD(Vi) (Ti)U
�1
i = ZEndD(V 0i )

(T 0i ) :

Let U 2 GL (V ) be de�ned by U jVi= Ui. Then UZ (T )U�1 = Z (T 0), and

T sz T 0.

Corollary 75 Let T; T 0 2 EndD (V ) be completely reducible. Then T sz T 0

in EndD (V ) () T sz T 0 in EndF (V ).

Proof. Let (r1; E1); : : : ; (rs; Es) be the invariants of T as an element in

EndD (V ). Then, as we showed in the irreducible case, each T -irreducible
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summand in a decomposition over D decomposes over F into a direct sum

of d�i irreducible summands, where �i is the degree of the division algebra

�i considered as a vector space over its center Ei. Hence T is completely

reducible over F , and its invariants as an F -operator are

(dr1�1; E1) ; : : : ; (drs�s; Es) :

We thus see that the invariants of T as a D-operator determine its invariants

as an F -operator, and vice versa, which is the assertion of the corollary.

Remark 76 The fact that the centralizer of a completely reducible operator

is a semisimple algebra is well-known (cf., for example, [7], Theorem 6, p.59).

Thus, by the Wedderburn Structure Theorem, the integers ri and the division

algebras �i form a complete set of invariants for the isomorphism class of the

centralizer. Theorem 73, however, says more: The integers ri and the �eld

extensions Ei determine the centralizer up to conjugacy. In particular, as

we noted for irreducible operators, if the base �eld F has only �nitely many

nonisomorphic �eld extensions of a given degree, then, since there are only

�nitely many possibilities for the ri, there exist up to conjugacy only �nitely

many centralizers of completely reducible operators.
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6.3 Summary

It is well at this point to review some of our results about irreducible and

completely reducible operators, and to place these in a conceptual framework.

To any operator T 2 EndD (V ), we may associate in a canonical way three

F -algebras: F [T ], Z (T ) � ZEndD(V ) (T ), and D [T ]. These algebras are

mutually dependent, as shown by the following relations:

F [T ] = Z (Z (T ))

Z (T ) = EndD[T ] (V )

D [T ] = F [T ]Dop

We showed that for completely reducible operators, the conjugacy class of

Z (T ) in EndD (V ) is determined by invariants consisting of numerical data

(positive integers subject to a certain relation) and certain �eld extensions

which are, up to isomorphism, uniquely determined by F [T ]. We presented

two proofs of that theorem: One exploits the structure of D [T ] as a semi-

simple algebra, particularly the representations of such algebras; the other

uses a canonical form available for completely reducible operators.

Our results about the structure of the associated algebras for irreducible

and completely reducible operators are summarized in the following table:

T irreducible completely reducible

F [T ] �eld commutative semisimple algebra

Z (T ) division algebra semisimple algebra

D [T ] simple algebra semisimple algebra
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Notice that for irreducible and completely reducible operators, all the as-

sociated algebras have zero radical. For an arbitrary operator T , we are nat-

urally led to inquire about the nature of its associated algebras, modulo their

radicals: F [T ]�Rad (F [T ]), Z (T )�Rad (Z (T )), and D [T ]�Rad (D [T ]).

Irreducible operators are the simplest, in the sense that the associated alge-

bras of irreducible operators have the "best" possible structure. The logic

of this situation suggests that we seek a class of operators whose associated

algebras, modulo their radicals, are the "best" possible , i.e., a class of op-

erators T such that F [T ]�Rad (F [T ]) is a �eld, Z (T )�Rad (Z (T )) is a

division algebra, and D [T ]�Rad (D [T ]) is a simple algebra. This turns out

to be the class of indecomposable operators, and these are the operators we

shall study next.
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7 Indecomposable Operators

7.1 Structure of Indecomposable D [t]-modules

We call T indecomposable if V 6= 0 and V cannot be written as the direct

sum of two nonzero T -invariant subspaces. I.e., if V = V1 � V2 and each

Vi is T -invariant, then either V1 = 0 or V2 = 0. This is equivalent to

V being indecomposable as a D [t]-module. We shall now determine the

structure of indecomposable D [t]-modules. The �rst observation is that, by

the Cyclic Decomposition Theorem, if T is indecomposable, then V is cyclic,

say V = D [t] v for some v 2 V . Then 9q 2 D [t] ; q� 2 F [t] such that

ann (v) = D [t] q

ann (V ) = D [t] q�

V �= D [t]�D [t] q as D [t] -modules:

We identify V = D [t]�D [t] q via this last isomorphism so that the action

of T corresponds with left multiplication by t. Let q� = p�e11 � � � p�ess be

the factorization of q� as a product of powers of pairwise distinct monic

irreducible polynomials over F . Then, by the same argument used in the

commutative case D = F , we obtain a decomposition

V =

sM
i=1

ker (p�i
ei) :
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Since each of the summands in this decomposition is a T -invariant (indeed,

Z (T )-invariant) subspace, the T -indecomposability of V forces s = 1. Thus

q� = p�e for some irreducible polynomial p� 2 F [t] and integer e � 1 such

that e is the smallest power of p� which annihilates T . It follows that every

irreducible factor of q in D [t] is similar to an irreducible factor of p� in D [t]

because D [t] p�e � D [t] q. Hence there exist irreducible monic polynomials

pi; p 2 D [t] such that

q = p1 � � � pe0 ;

D [t] p� � D [t] p; and

pi s p 8i;

since any two irreducible factors of p� are similar. By the de�nition of

similarity,

D [t]�D [t] p �= D [t]�D [t] pi;

and soD [t] p� = ann (D [t]�D [t] p) = ann (D [t]�D [t] pi). HenceD [t] p� �

D [t] pi for all i. This implies that each pi is a right factor of p� and also a left

factor, since the factors of p� may be permuted cyclically: p� = fipi = pifi

for some fi 2 D [t]. Recall that e0 = length (q) is the length of the following

composition series of V :

0 � D [t] p2 � � � pe0
D [t] q

� D [t] p3 � � � pe0
D [t] q

� � � � � D [t] pe0

D [t] q
� D [t]

D [t] q
= V:
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Recall also that the composition factors are the D [t]�D [t] pi. Now, we also

have the following chain of submodules for V :

0 � ker (p�) � ker
�
p�2
�
� � � � � ker

�
p�e�1

�
� V:

All the inclusions in this chain are proper. This is clear if e = 1 since V 6= 0.

So suppose e > 1, and ker (p�i) = ker (p�i+1) for some i, 0 � i � e� 1 (where

ker (p�0) = 0). If v 2 V , then

0 = p�ev = p�i+1p�e�i�1v

=) p�e�i�1v 2 ker
�
p�i+1

�
= ker

�
p�i
�
=) p�e�1v = p�ip�e�i�1v = 0;

contradicting the minimality of e. By the Schreier Theorem, the chain of

kernels has a re�nement equivalent to the composition series. In particular,

e0 � e. We shall presently show that in fact e0 = e, and this characterizes

the indecomposable D [t]-modules. Assuming that e0 = e for the moment,

then
D [t] pi � � � pe

D [t] q
� ker

�
p�i�1

�
:
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To see this, recall that each pi is a factor of p�, and so

p�i�1pi � � � pe = p�i�2p�pi � � � pe = p�i�2fi�1pi�1pi � � � pe

= p�i�3p�fi�1pi�1pi � � � pe = p�i�3fi�1p
�pi�1pi � � � pe

= p�i�3fi�1fi�2pi�2pi�1pi � � � pe = � � � = fp1 � � � pe

= fq 2 D [t] q;

where f = fi�1 � � � f1. Since the chain of kernels has the same length as the

composition series, we conclude that

D [t] pi � � � pe
D [t] q

= ker
�
p�i�1

�
8i = 1; : : : ; e;

since a proper inclusion for some i would lead to a composition series of length

> e. Continuing with our hypothesis e0 = e, suppose that W is a proper,

nonzero T -invariant subspace of V and let k � 1 be the smallest integer such

that p�kW = 0. Thus W � ker
�
p�k
�
, but W * ker (p�i) 8i = 0; : : : ; k � 1.

We make the

Claim 77 W = ker
�
p�k
�

Proof. We argue by induction on k. If k = 1, then W is a nonzero

submodule of the irreducible module

ker (p�) =
D [t] p2 � � � pe

D [t] q
�=

D [t]

D [t] p1
:
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Hence we have equality if k = 1. Assume k > 1, and the assertion holds for

all proper, nonzero submodules W 0 such that k � 1 is the smallest power of

p� which annihilates W 0. Consider the submodule W 0 � W \ ker
�
p�k�1

�
�

ker
�
p�k�1

�
. Certainly, W 0 � W $ V is proper. It is also nonzero: For, by

the minimality of k, 9w 2 W such that w0 � p�w 6= 0, and w0 2 W 0. Next,

observe that k� 1 is the smallest power of p� which annihilates W 0. Indeed,

if W 0 � ker
�
p�k�2

�
, then for all w 2 W

0 = p�kw = p�k�1p�w =) p�w 2 W 0 � ker
�
p�k�2

�
=) p�k�1w = 0:

Since w is arbitrary, we conclude that W � ker
�
p�k�1

�
, contradicting the

minimality of k. Invoking our inductive hypothesis, we �nd that W 0 =

ker
�
p�k�1

�
. This gives us the inclusions

ker
�
p�k�1

�
= W 0 � W � ker

�
p�k
�
:

We showed that ker
�
p�k�1

�
is a maximal proper submodule of ker

�
p�k
�
.

Hence W = ker
�
p�k�1

�
or W = ker

�
p�k
�
. The former equality is precluded

by the minimality of k. Hence, the latter equality holds, as claimed.

Thus the chain of kernels exhausts all the submodules of V , and is the

unique composition series of V . It is now time to verify that e0 = e. For the

remainder of this subsection, our exposition follows Jacobson�s presentation

in [7], pp. 44-45. The veri�cation proceeds in two steps. First, we show that
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as D [t]-modules,

D [t]

D [t] p�e
�=

D [t]

D [t] q
� � � � � D [t]

D [t] q
;

where there are l � 1 summands. It follows from this and the Krull-

Schmidt Theorem that if two indecomposable modules have the same an-

nihilators, then these modules are isomorphic. Second, we show that for

every natural number e there exist monic irreducible polynomials p0i 2 D [t]

for i = 1; : : : ; e such that p0i s p, ann (D [t]�D [t] p01 � � � p0e) = D [t] p�e, and

D [t]�D [t] p01 � � � p0e is indecomposable. Since our module D [t]�D [t] q is

indecomposable and also has annihilator D [t] p�e, we get

D [t]

D [t] q
�=

D [t]

D [t] p01 � � � p0e
:

Hence e0 = length (q) = length (p01 � � � p0e) = e, as we want. It also follows

that l = length (p�), for

e � length (p�) = length (p�e) = l � length (q) = l � e:

We carry out this program as a sequence of lemmas.

Lemma 78 For some natural number l,

D [t]

D [t] p�e
�=

D [t]

D [t] q
� � � � � D [t]

D [t] q| {z }
l
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Proof. Suppose that for some natural number h, the direct sum of h copies

of D [t]�D [t] q is a cyclic module, say

D [t]

D [t] qh
�=

D [t]

D [t] q
� � � � � D [t]

D [t] q| {z }
h

;

for some monic qh 2 D [t]. This certainly holds for h = 1. Notice that since

D [t] p�e = ann (D [t]�D [t] q), we have ann (D [t]�D [t] qh) = D [t] p�e also.

In particular,

h � length (q) = length (qh) � length (p�e) = e � length (p�) ;

and so h is bounded above by [e � length (p�)]�length (q). Thus this process

of forming direct sums of copies of D [t]�D [t] q to produce a cyclic module

must break o¤ at some point, say at l. That is, 9ql 2 D [t] such that

D [t]

D [t] ql
�=

D [t]

D [t] q
� � � � � D [t]

D [t] q| {z }
l

;

but the sum of l + 1 copies, call it Ml+1, is not cyclic. The claim is that

ql = p�e. If Ml+1 is not cyclic, then by the Cyclic Decomposition Theorem,

we obtain isomorphisms

D [t]

D [t] q
� � � � � D [t]

D [t] q| {z }
l+1

�= Ml+1
�=

D [t]

D [t] d1
� � � � � D [t]

D [t] ds
;
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where s > 1, di 2 D [t], ann (D [t]�D [t] di) = D [t] d�i for some d
�
i 2 F [t],

and D [t] di � D [t] d�i � D [t] dj for i < j. Since each D [t]�D [t] di de-

composes into a direct sum of indecomposable summands each isomorphic

to D [t]�D [t] q (by the Krull-Schmidt Theorem), we get

length (d1) � length (q)

D [t] d�1 = D [t] p�e

length (d2) � length (p�e) = e � length (p�) � length (ql) :

We now have

length (d1)+length (d2) � length (q)+length (ql) � length (d1)+length (d2) ;

from which we are forced to conclude that

length (ql) = length (d2) = length (p�e) :

These equalities imply ql = p�e, because ql; p�e are monic and D [t] ql �

D [t] p�e.

Theorem 79 Two indecomposable D [t]-modules are isomorphic if and only

if they have the same annihilators.
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Lemma 80 For each natural number e � 1, there exist monic irreducible

polynomials p0i 2 D [t] for i = 1; : : : ; e such that

p0i s p 8i

ann (D [t]�D [t] p01 � � � p0e) = D [t] p�e

Proof. We argue by induction on e � 1. The case e = 1 was established

during our analysis of irreducible operators. Assume now that for some

e � 1 we have found p0i�s satisfying the stated conditions. We claim that

there exists some monic irreducible polynomial p0 s p such that

ann (D [t]�D [t] p0p01 � � � p0e) = D [t] p�e+1:

Otherwise, for each irreducible polynomial p0 s p, we have

D [t] p0p01 � � � p0e � D [t] p�e.

Hence \
p0sp

D [t] p0p01 � � � p0e � D [t] p�e:

We now claim that

\
p0sp

D [t] p0p01 � � � p0e = D [t] p�p01 � � � p0e:
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Suppose this claim is true. It follows that

9f 2 D [t] such that p�e = fp�p01 � � � p0e = p�fp01 � � � p0e

=) p�e�1 = fp01 � � � p0e 2 D [t] p01 � � � p0e,

contradicting our hypothesis that ann (D [t]�D [t] p01 � � � p0e) = D [t] p�e. So

our inductive proof is done once we verify the claim. This veri�cation consists

of establishing the following equalities

\
p0sp

D [t] p0p01 � � � p0e =

 \
p0sp

D [t] p0

!
p01 � � � p0e\

p0sp

D [t] p0 = D [t] p�

It is immediate that the right-hand side of the �rst equality is contained in

the left-hand side. For the reverse inclusion, suppose x is in the left-hand

side. Then for each p0 s p, 9fp0 2 D [t] such that

x = fp0p
0p01 � � � p0e:

If p00 s p, then

fp0p
0p01 � � � p0e: = x = fp00p

00p01 � � � p0e =) fp0p
0 = fp00p

00:

Hence fp00p00 2
\
p0sp

D [t] p0, and so x = fp00p
00p01 � � � p0e is in the right-hand side

of the �rst equality. This veri�es the �rst equality.
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We now turn to the second equality. Once again, the right-hand side of

the second equality is certainly contained in the left-hand side. Suppose x is

in the left-hand side of the second equality. We must show that 8f 2 D [t],

xf 2 D [t] p;

for this implies x 2 ann (D [t]�D [t] p) = D [t] p�. This is clear if f = 0. If

f 6= 0, then consider the left ideal D [t] f +D [t] p. It contains the maximal

left ideal D [t] p. Thus D [t] f + D [t] p = D [t] p or D [t] f + D [t] p = D [t].

In the former case, f 2 D [t] p, and so xf 2 D [t] p. In the latter case, there

exist a; b 2 D [t] such that

af + bp = 1:

Now, for some g 2 D [t], D [t] f \ D [t] p = D [t] g. (Note that g 6= 0, for

paf = (1� pb)p and fbp = (1� fa)f are both in D [t] g, and at least one of

these is nonzero; otherwise, a = b = 0, which is impossible.) So there exist

f1; p1 2 D [t] such that

f1f = g = p1p:

Using the displayed equalities, we can show that the map

' : D [t]�D [t] f1 �! D [t]�D [t] p; z +D [t] f1 7�! zf +D [t] p;

is a well-de�ned D [t]-isomorphism. Indeed, ' is well-de�ned, because f1f =

p1p, and certainly a D [t]-homomorphism. It is injective because zf = hp
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for some h 2 D [t] implies zf 2 D [t] g, whence 9c 2 D [t] such that

zf = cg = cf1f:

Hence

z = cf1 2 D [t] f1:

The equality af + bp = 1 implies that ' is surjective:

' (ya+D [t] f1) = yaf +D [t] p = y +D [t] p; 8y 2 D [t] :

Hence, by de�nition, f1 s p, and since length (f1) = length (p) = 1, f1 is

also irreducible. We conclude that x = x1f1 for some x1 2 D [t]. Finally,

we get

xf = x1f1f = x1p1p 2 D [t] p;

as required.

Lemma 81 Suppose that there exist monic irreducible polynomials p0i 2 D [t]

such that ann (D [t]�D [t] p01 � � � p0e) = D [t] p�e. Then D [t]�D [t] p01 � � � p0e is

an indecomposable D [t]-module.

Proof. If not, then we have a decomposition of W � D [t]�D [t] p01 � � � p0e
into a direct sum of proper indecomposable submodules. All of these in-

decomposable submodules must have annihilators of the form D [t] p�e
0
for

some e0 < e. Otherwise, we get a proper subspace of W whose D-dimension
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is at least that of W , which is impossible. It follows that the annihilator of

D [t]�D [t] p01 � � � p0e is of the form D [t] p�e
00
, e00 < e, contrary to hypothesis.

We conclude this subsection by stating the fundamental structure theorem

for indecomposable D [t]-modules:

Theorem 82 Let p� 2 F [t], p 2 D [t] be monic irreducible polynomials over

F , D, respectively. Suppose that D [t] p � D [t] p�, and let pi 2 D [t] be

monic irreducible polynomials for i = 1; : : : ; e such that pi s p for all i. Set

q = p1 � � � pe. Then

D [t]�D [t] q is indecomposable () ann (D [t]�D [t] q) = D [t] p�e:

7.2 Structure of the Associated Algebras

Set

A � D [t]�D [t] p�e, A1 � D [t]�D [t] p�;

E � F [t]�F [t] p�e, E1 � F [t]�F [t] p�;

P � C (p) 2Mm (D) , �1 � Z (P ) 2Mm (D) ;

where m = deg (p). We know from the analysis of irreducible operators that

A1 �= E1 
F Dop �= D [P ] is a simple algebra, �1
�= EndA1 (D [t]�D [t] p)
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is a division algebra over F , and E1 is a �eld such that E1 �= Z (�1) =

Z (Z (P )) = F [P ]. We have also shown that A �= E 
F Dop and Z (T ) =

EndA (V ). Notice that D [t] p��D [t] p�e is a nilpotent ideal of A such

that A� (D [t] p��D [t] p�e) �= A1 is simple. It follows that Rad (A) =

D [t] p��D [t] p�e. Similarly, Rad (E) = F [t] p��F [t] p�e, andE�Rad (E) �=

E1. Note that both Rad (A) and Rad (E) have index of nilpotency e. Recall

that Rad (V ) is, by de�nition, the intersection of all submodulesW � V such

that V�W is irreducible. Since ker (p�e�1) = D [t] pe�D [t] q is the only sub-

module of V with irreducible quotient, we have Rad (V ) = D [t] pe�D [t] q,

and so

V�Rad (V ) �= D [t]�D [t] pe �= D [t]�D [t] p:

This shows that P is a matrix of the operator induced by T on the quotient

space V�Rad (V ), which is irreducible.

We now want to determine Rad (Z (T )). Recall the Z (T )-invariant �ag

0 � ker (p�) � ker
�
p�2
�
� � � � � ker

�
p�e�1

�
� V:

This is a composition series with D [t]-irreducible, and a fortiori Z (T )-

irreducible, composition factors

ker
�
p�i
�
� ker

�
p�i�1

� �= D [t]�D [t] pi �= D [t]�D [t] p, i = 1; : : : ; e:
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As these are Z (T )-irreducible, they are annihilated by Rad (Z (T )), and so

Rad (Z (T )) ker
�
p�i
�
� ker

�
p�i�1

�
:

On the other hand, the collection of all S 2 Z (T ) such that S ker (p�i) �

ker (p�i�1) 8i is an ideal of Z (T ) consisting of nilpotent operators. Hence

Rad (Z (T )) =
�
S 2 Z (T ) j S ker

�
p�i
�
� ker

�
p�i�1

�
8i = 1; : : : ; e

	
.

With respect to a basis adapted to the Z (T )-invariant �ag of kernels, we

obtain for any S 2 Z (T ) a matrix of the form

266666664

B1 � � � � �

B2 � � � �
. . .

...

Be

377777775
;

where Bi is a matrix of size m�m of the operator induced by S on

ker
�
p�i
�
� ker

�
p�i�1

� �= D [t]�D [t] pfori = 1; : : : ; e:

If S 2 Rad (Z (T )), then Bi = 0 8i, and conversely, Bi = 0 8i implies
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S 2 Rad (Z (T )). Hence Rad (Z (T )) consists of those matrices of the form

266666664

0 � � � � �

0 � � � �
. . .

...

0

377777775
:

Specializing to the case S = T and after conjugating by a block diagonal

matrix, we see that T has a matrix of the form

266666664

P � � � � �

P � � � �
. . .

...

P

377777775
, P = C (p) 2Mm (D) ;

and thus there exists a basis of V such that each S 2 Z (T ) has a matrix of

the form 266666664

B1 � � � � �

B2 � � � �
. . .

...

Be

377777775
, Bi 2 Z (P ) �Mm (D) ;

and Rad (Z (T )) consists precisely of those S for which all the Bi�s are 0.

Consider now the map Z (T ) �! EndA1 (V�Rad (V )), S 7�! S = operator

induced by S on V�Rad (V ). It is straightforward to check that this is a

well-de�ned homomorphism of F -algebras whose kernel containsRad (Z (T )).
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Hence we obtain a homomorphism

' : Z (T )�Rad (Z (T )) �! EndA1 (V�Rad (V )) , S +Rad (Z (T )) 7�! S:

We prove that ' is in fact an isomorphism in a sequence of steps.

Step 1 Recall that

A �=
D [t]

D [t] q
� � � � � D [t]

D [t] q| {z }
length(p�)

:

Hence

A = (Aop)op

�= (EndA (A))
op

�= Mlength(p�) (EndA(D [t]�D [t] q))op

�= Mlength(p�) (EndA (D [t]�D [t] q)op)

�= Mlength(p�) (Z (T )
op) ;

where the �nal isomorphism follows from V �= D [t]�D [t] q and Z (T ) =

EndA (V ). This yields

e deg (p�) [D : F ] = dimF E dimF D
op

= dimF A

= [length (p�)]2 dimF Z (T ) ;
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from which we obtain

dimF Z (T ) =
e deg (p�) [D : F ]

[length (p�)]2
=
e deg (p) [D : F ]

length (p�)
.

This generalizes the dimension formula we obtained for irreducible op-

erators, which is the special case e = 1.

Step 2 EndA1 (V�Rad (V )) �= �1 =)

dimF EndA1 (V�Rad (V )) = dimF �1 = deg (p) [D : F ]�length (p�) :

Step 3 Z (T )�Rad (Z (T )) is a division algebra over F . Indeed, since

V is an indecomposable D [t]-module via T , it follows from Fitting�s

Lemma that every S 2 Z (T ) is either nilpotent or invertible. This is

because the Fitting components of S, being the kernel and image of a

power of S, are T -invariant subspaces, and since V is a direct sum of

the Fitting components of S, one of these must be all of V . Now, if

S 2 Z (T )�Rad (Z (T )), then considering the matrix of S determined

above, we see that some diagonal matrix Bi 6= 0. Since Bi lies in

the division algebra Z (P ), no power of Bi is 0. Thus no power of

S is zero. We conclude that S is invertible. This shows that every

nonzero element in Z (T )�Rad (Z (T )) has an inverse, con�rming our

assertion. (It also shows that every nilpotent operator in Z (T ) lies in

Rad (Z (T )).) Thus our homomorphism ', being nontrivial, must be
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injective. As a consequence,

dimF [Z (T )�Rad (Z (T ))] = dimF (im')

� dimF EndA1 (V�Rad (V ))

= deg (p) [D : F ]�length (p�) :

On the other hand, using the matrix representation for Z (T ) deter-

mined above, we see that

Z (T )�Rad (Z (T )) �=

8>>>>>>><>>>>>>>:

266666664

B1

B2

. . .

Be

377777775
j Bi 2 Z (P )

9>>>>>>>=>>>>>>>;
as F -algebras. Consider the subalgebra of the algebra on the right of

the isomorphism above consisting of those matrices for which

B1 = B2 = � � � = Be:

This has dimension

dimF Z (P ) = dimF �1

= deg (p) [D : F ]�length (p�) :
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Hence

deg (p) [D : F ]�length (p�) � dimF [Z (T )�Rad (Z (T ))]

� deg (p) [D : F ]�length (p�) :

Hence im' has the dimension of EndA1 (V�Rad (V )). Hence ' is

surjective.

There are two observations we want to make here. First, the fact that '

is injective implies that if S 2 Z (T ) and SV � Rad (V ), then S ker (p�i) �

ker (p�i�1) 8i. Second, as a by-product of our argument in Step 3, we see

that every matrix of an element in Z (T ) has the form

266666664

B � � � � �

B � � � �
. . .

...

B

377777775
, B 2 Z (P ) :

We summarize our structural results in the

Theorem 83 There exists an exact sequence

0 �! Rad (Z (T )) �! Z (T ) �! �1 �! 0:
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The chain of T -invariant subspaces

0 � ker (p�) � ker
�
p�2
�
� � � � � ker

�
p�e�1

�
� V

is the unique composition series of V , and the kernels exhaust all the T -

invariant subspaces. Moreover, this composition series is a Z (T )-invariant

�ag and with respect to a basis compatible with this �ag, the matrices of Z (T )

have the form 266666664

B � � � � �

B � � � �
. . .

...

B

377777775
, B 2 Z (P ) :

Rad (Z (T )) consists of those matrices for which B = 0, or equivalently, those

operators S 2 Z (T ) such that S ker p�i � ker p�i�1 8i = 1; : : : ; e.

Remark 84 The exact sequence need not split in general. However, there

is a special case in which it does. We showed in Step 2 above that T , being

indecomposable, is either nilpotent or an isomorphism. Consider the case in

which T is nilpotent. In that case, we have p� (t) = p (t) = t and q (t) = te.

So as D [t]-modules

V �= D [t]�D [t] te:

With respect to the basis [te�1] ; [te�2] ; : : : ; [t] ; [1] of D [t]�D [t] te as right
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D-vector space, the matrix of left multiplication by t has the form

N �

266666664

0 1

0
. . .

. . . 1

0

377777775
2Me (D) :

Hence the matrix N is an available canonical form for T . Consider the

collection of matrices of the form

266666664

b1 b2 � � � be

b1
. . .

...
. . . b2

b1

377777775
, bi 2 D:

Direct computation (or observing that such matrices are polynomials in N)

shows that these matrices commute with N , and, visibly, the collection of such

matrices forms a vector space of dimension e [D : F ] over F . Since this is

also the dimension of Z (N) (by our dimension formula in Step 1 above), we

see that

Z (T ) �= Z (N) =

8>>>>>>><>>>>>>>:

266666664

b1 b2 � � � be

b1
. . .

...
. . . b2

b1

377777775
j bi 2 D

9>>>>>>>=>>>>>>>;
:

The centralizer here is expressed in a particularly simple and recognizable

107



form:

Z (N) = D [N ] �
�
b1I + b2N + � � �+ beN

e�1 j bi 2 D
	
= ff (N) j f 2 D [t]g

We also see that in this case, the exact sequence splits, and

Z (T ) �= Rad (Z (T ))oD:

Observe that the centralizer in this case is completely determined by the nat-

ural number e. But e also determines the canonical form N . One conclusion

from all this is the

Proposition 85 Two indecomposable, nilpotent operators are z-equivalent if

and only if they are conjugate.

We may generalize the indecomposable nilpotent case in (at least) two

ways. One direction is suggested by noting that the irreducible polynomial

p� (t) = t has a root in D, namely 0. Recall the theorem of Wedderburn

which asserts that an irreducible polynomial p� 2 F [t] which has one root in

D splits as a product of linear factors inD [t]. So assume that p� has a root a

inD. Then we may choose p (t) = t�a, and there exist ai 2 D for i = 1; : : : ; e

such that pi (t) = t�ai. The relation pi s p implies that ai is a conjugate of

a. Consider now the following D-basis for D [t]�D [t] (t� a1) � � � (t� ae):

[(t� a2) (t� a3) � � � (t� ae)] ; [(t� a3) � � � (t� ae)] ; : : : ; [t� ae] ; [1] :
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This is in fact a basis. For, anyD-linear combination of these which equalled

[0] would yield a polynomial of degree < e in D [t] (t� a1) � � � (t� ae), which

is impossible. So the above collection is linearly independent over D, and

since it contains e = dimD [D [t]�D [t] (t� a1) � � � (t� ae)]members, we have

a basis. The matrix of left multiplication by t with respect to this basis is

M �

266666664

a1 1

a2
. . .

. . . 1

ae

377777775
;

where ai s a 8i. SoM is an available canonical form for the indecomposable

operator T when p� has a root a 2 D. The nilpotent case is the special case

a = 0.

Another possible generalization of the indecomposable nilpotent case is

suggested by the observation that if p� (t) = t, then the formal derivative

p�0 (t) = 1 6= 0. This leads to the concept of almost separability, which we

take up in the next subsection.

7.3 Almost Separable Operators

We begin with a

De�nition 86 Let q� 2 F [t] be monic and let q� = p�e11 � � � p�ess be the fac-

torization of q� as a product of powers of pairwise distinct monic irreducible
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polynomials over F . We say that q� is almost separable if for each i, either

ei = 1 or else ei > 1 and p�0i 6= 0. We say that S 2 EndD (V ) is almost sep-

arable if the unique monic generator of the annihilator of V as D [t]-module

via S is almost separable.

This de�nition is due to Kulkarni. The class of indecomposable almost

separable operators is amenable to a thorough analysis, primarily because of

the availability of a simple canonical form for such operators. If char (F ) = 0

or, more generally, if F is perfect, then every operator is almost separable.

So our results, in these cases, will apply without restriction.

We now continue with our analysis of the indecomposable operator T ,

but impose the additional condition that T is almost separable. This means

that either e = 1 or else e > 1 and p�0 6= 0. Recall that we set m = deg (p),

and so n � dimD V = e deg (p) = em. Choose and �x a basis for V , and

identify V = Dn. So we may assume that T 2Mn (D). Let

M �

266666664

P I

P
. . .

. . . I

P

377777775
2Mn (D) ;

where there are e blocks along the diagonal, P = C (p) 2Mm (D), and I is the

m�m identity matrix. We considerM as theD-linear operator on V de�ned

by left multiplication byM . We aim to show thatM is indecomposable with
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annihilator D [t] p�e, whence M is an available canonical form for T . That

M is indecomposable would certainly follow if e = 1, for in that case M is

the companion matrix of the irreducible polynomial p. So we may as well

suppose that e > 1, in which case p�0 6= 0.

Set

S �

266666664

P

P

. . .

P

377777775
;

N �

266666664

0 I

0
. . .

. . . I

0

377777775
, where 0 = m�m zero matrix:

Then M = S + N and SN = NS. Notice that N e = 0, N e0 6= 0 for all

e0 = 1; : : : ; e � 1, and p� (S) = 0. For any f � 2 F [t], we have the "Taylor

expansion"

f � (S +N) = f � (S) + f �0 (S)N + f �2 (S)N
2 + � � �+ f �k (S)N

k;
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where k = deg (f �) ; f�i 2 F [t], and deg (f �i ) � k � i for i = 2; : : : ; k. In

particular, taking f � = p�, we get

p� (M) = p� (S +N)

= p� (S) + p�0 (S)N + � � �

= N [p�0 (S) +Ng� (S;N)] ;

for some g� 2 F [s; t] such that Ng� (S;N) = g� (S;N)N . We now make

and prove a sequence of claims:

1. p�0 (S) = diag (p�0 (P ) ; : : : ; p�0 (P )). By hypothesis, p�0 6= 0, and since

deg (p�0) < deg (p�), p�0 (P ) 6= 0 , for no nonzero polynomial with coef-

�cients in F of smaller degree than deg (p�) can annihilate P . Hence

p�0 (S) 6= 0.

2. If f � 2 F [t] and f � (P ) 6= 0, then f � (P ) is invertible. For f � (P ) 2

ZMm(D) (P )� 0 and ZMm(D) (P ) is a division algebra. Hence p
�0 (S) is

invertible, by 1.

3. Ng� (S;N) is nilpotent since N is and N commutes with g� (S;N).

Hence, by 2, p�0 (S) + Ng� (S;N) is the sum of an invertible matrix

and a nilpotent matrix which commute. Hence p�0 (S) +Ng� (S;N) is

invertible.
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4.

p� (M)e = [N (p�0 (S) +Ng� (S;N))]
e

= N e [p�0 (S) +Ng� (S;N)]
e

= 0;

but if e0 < e, then p� (M)e
0
6= 0. Otherwise,

0 = p� (M)e
0
= N e0 [p�0 (S) +Ng� (S;N)]

e0

implies by 3 that N e0 = 0, which is not possible.

The conclusion is that the annihilator of V as D [t]-module via M is

D [t] p�e. Now V is a direct sum of indecomposable M -invariant subspaces,

at least one of which must have annihilator D [t] p�e. Choose one of these

indecomposableM -invariant subspaces, call it W , with annihilator D [t] p�e.

W is, up to isomorphism, of the form

D [t]�D [t] p1 � � � pe;

where pi s p for each i. Hence deg pi = m, and so

dimDW = em = dimD V:
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Hence V coincides withW . This shows that V isM -indecomposable, which

was our aim all along. So if T is indecomposable and almost separable, then

M = S +N

is an available canonical form for T . Conversely, if T 2 EndD (V ) is inde-

composable with annihilator D [t] p�e and T has the canonical form M with

respect to some basis, then T is almost separable. To prove this, suppose

for a contradiction that _e > 1 and p�0 = 0. Then from our Taylor expansion,

we get

p� (M) = N [p�0 (S) +Ng� (S;N)] = N2g� (S;N)

p� (M)e�1 = N2e�2 [g� (S;N)]e�1 = 0;

because 2e � 2 � e. This contradicts the minimality of e. Thus we have

the following

Theorem 87 If T 2 EndD (V ) is indecomposable with annihilator D [t] p�e,

then

T has the canonical form M with respect to some basis

() T is almost separable.
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Consider the special case D = H � Hamilton�s quaternion algebra over

a real closed �eld F = R. Every irreducible polynomial over R has a root

in C � R
�p
�1
�
� H, and thus splits as a product of linear factors in

C [t] � H [t]. Since char (R) = 0, the indecomposable operator T is almost

separable. Hence T has the canonical form

266666664

a 1

a
. . .

. . . 1

a

377777775
;

for some a 2 C. Since every operator on a �nite-dimensional vector space

is a direct sum of indecomposable operators, we obtain the following matrix

formulation of our result:

Theorem 88 8B 2 Mn (H) 9U 2 GLn (H) such that UBU�1 is in Jordan

canonical form with entries in C.

Remark 89 One is naturally led to ask: Which �nite-dimensional central

division algebras D % F have the property that every irreducible polynomial

over F splits as a product of linear factors in D? The answer is that such

a division algebra must be a generalized quaternion algebra over a real closed

�eld. See, for example, [10], Theorem 16.15, p. 255.

The availability of the canonical form M for T yields a canonical form

for Z (T ) which allows us to determine its structure completely. One sees
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by computation and a comparison of dimensions that

Z (M) =

8>>>>>>><>>>>>>>:

266666664

B1 B2 � � � Be

B1
. . .

...
. . . B2

B1

377777775
j Bi 2 Z (P )

9>>>>>>>=>>>>>>>;
:

Rad (Z (M)) consists of those matrices all of whose diagonal blocks are 0,

and we have the splitting

Z (T ) �= Rad (Z (T ))o Z (P ) :

Note also that S is completely reducible and N is nilpotent. Moreover,

S 2 Z (Z (M)) = F [M ], whence S and N are polynomials in M , and

Z (M) = Z (S) \ Z (N) = �1 [N ] , �1 � Z (P ) :

We have shown that if T is almost separable, then Z (T ) splits as a direct

sum of its radical and a subalgebra isomorphic to Z (T )�Rad (Z (T )) which

contains the identity. Suppose now that we are given a decomposition

Z (T ) = D �Rad (Z (T )) ;

where D is a subalgebra containing the identity. D is necessarily isomorphic

to the division algebra Z (T )�Rad (Z (T )). We want to show that T must
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be almost separable. This is certainly true if e = 1. So we may suppose

that e > 1. There exist unique elements S 2 D; N 2 Rad (Z (T )) such that

T = S +N:

In the �rst instance, we have shown without the hypothesis of almost separa-

bility that every element of Rad (Z (T )) is annihilated by te, whence N e = 0.

Secondly,

SN = (T �N)N = TN �N2 = NT �N2 = N (T �N) = NS:

Lastly, we claim that p� (S) = 0. Indeed, on the quotient space V�Rad (V ),

the induced operators T and S coincide, because N , being in the radical

of Z (T ), induces the zero operator on V�Rad (V ). In particular, since

p�
�
T
�
= 0 , p�

�
S
�
= 0 also. This means that p� (S)V � Rad (V ). As we

observed earlier, this implies that p� (S) 2 Rad (Z (T )). But p� (S) is also

in D, because D is a subalgebra containing the identity. The conclusion is

that p� (S) 2 D\Rad (Z (T )) = 0, as claimed. If now p�0 = 0, then recalling

our Taylor expansion, we get

p� (T ) = p� (S +N) = p� (S) + p�0 (S)N +N2 [g� (S;N)]

= N2 [g� (S;N)] :
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Thus

p� (T )e�1 = N2e�2 [g� (S;N)]e�1 = 0;

contradicting the minimality of e > 1. We have thus established the following

Theorem 90 If T 2 EndD (V ) is indecomposable, then T is almost separa-

ble if and only if the exact sequence

0 �! Rad (Z (T )) �! Z (T ) �! Z (T )�Rad (Z (T )) �! 0

splits.

7.4 V as F [t]-module

We want now to consider the structure of V as an F [t]-module. First, note

that the characteristic polynomial of T as an F -endomorphism of V is of the

form p�e
0
. Recall our notation d = degD, � = deg�1 from our analysis of

irreducible operators, where we consider �1 as central division algebra over

its center E1. So [D : F ] = d2. We claim that

V �=
F [t]

F [t] p�e
� � � � � F [t]

F [t] p�e| {z }
d�

;

as F [t]-modules, which implies that e0 = ed�. To see this, notice �rst that

it is true if e = 1; we showed this in our analysis of irreducible operators.

So we may assume that e > 1. Second, observe that since the minimum
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polynomial of T is p�e, V decomposes into a direct sum of indecomposable

F [t]-modules:

V �=
F [t]

F [t] p�
� � � � � F [t]

F [t] p�| {z }
s1

� F [t]

F [t] p�2
� � � � � F [t]

F [t] p�2| {z }
s2

�

� � � � F [t]

F [t] p�e
� � � � � F [t]

F [t] p�e| {z }
se

;

where si � 0 8i. On the one hand, each of the summands F [t]�F [t] p�i,

being indecomposable T -invariant F -spaces, has a �ltration (the unique com-

position series)

0 � F [t] p�i�1�F [t] p�i � F [t] p�i�2�F [t] p�i �

� � � � F [t] p��F [t] p�i � F [t]�F [t] p�i:

Thus the kernel of p� (T ) as an F -operator is the following direct sum of

irreducible F -spaces:

F [t]

F [t] p�
� � � � � F [t]

F [t] p�| {z }
s1

� F [t] p�

F [t] p�2
� � � � � F [t] p�

F [t] p�2| {z }
s2

�

� � � � F [t] p�e�1

F [t] p�e
� � � � � F [t] p�e�1

F [t] p�e| {z }
se

:

119



On the other hand, the kernel of p� (T ) as an F -operator is also obtained

by decomposing the irreducible D [t]-module ker (p�) into a direct sum of

irreducible F [t]-modules. But, as we showed in our analysis of irreducible

operators, such a decomposition has precisely d� summands. Hence

s1 + s2 + � � �+ se = d�:

Now we compute the dimension of V over F in two ways:

e deg (p) [D : F ] = dimF V = (s1 + 2s2 + � � �+ ese) deg (p
�) :

Recall that deg (p�) = length (p�) deg (p) and d�length (p�) = �. Hence

e (s1 + s2 + � � �+ se) = ed� = s1 + 2s2 + � � �+ ese;

and so

(e� 1) s1 + (e� 2) s2 + � � �+ se�1 = 0

Each of the summands on the left is � 0, whence (e� i) si = 0 for all

i = 1; : : : ; e � 1. This forces s1 = s2 = � � � = se�1 = 0, se = d�, as we

claimed.
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According to a theorem of Frobenius (see subsection 9.2), we have

dimF ZEndF (V ) (T ) =

d�X
i=1

(2d� � 2i+ 1) e deg (p�)

=

"
2 (d�)2 �

d�X
i=1

(2i� 1)
#
e deg (p�)

=
�
2 (d�)2 � (d�)2

�
e deg (p�) = (d�)2 e deg (p�) :

But we have also shown that ZEndF (V ) (T ) �= ZEndD(V ) (T )
FDop, as algebras

over F . Hence

(d�)2 e deg (p�) = dimF ZEndF (V ) (T ) = dimF ZEndD(V ) (T ) [D : F ] ;

and so

dimF ZEndD(V ) (T ) =
(d�)2 e deg (p�)

[D : F ]

=
e [D : F ] deg (p�)

[length (p�)]2

=
e [D : F ] deg (p)

length (p�)

=
ed2 deg (p)

length (p�)

= ed� deg (p)

= deg
�
ped�
�
;

which gives another derivation of our formula for the dimension of the cen-
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tralizer and also expresses the dimension as the degree of a polynomial.

Nothing so far has depended on our assumption that T is almost separa-

ble. Now we wish to derive some consequences from this hypothesis. To

begin, T , as an F -endomorphism of V , has the canonical form

T � �

266666664

M�

M�

. . .

M�

377777775
;

where there are d� blocks along the diagonal and

M� =

266666664

P � I

P �
. . .

. . . I

P �

377777775
:

M� has e blocks along the diagonal, P � = C (p�) 2Mdeg(p�) (F ), and I is the

deg (p�)� deg (p�) identity matrix. If X 2 Md�e deg(p�) (F ), then write X in

a block form compatible with the decomposition of T �:

266666664

X11 X12 � � � X1;d�

X21 X22 � � � X2;d�

...
...

...

Xd�;1 Xd�;2 � � � Xd�;d�

377777775
;
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where each Xij 2Me deg(p�) (F ). Then computation veri�es that

X 2 Z (T �) () Xij 2 Z (M�) 8i; j:

We know from our analysis of almost separable indecomposable operators

over D that

Z (M�) =

8>>>>>>><>>>>>>>:

266666664

B�
1 B�

2 � � � B�
e

B�
1
. . .

...
. . . B�

2

B�
1

377777775
j B�

i 2 Z (P �)

9>>>>>>>=>>>>>>>;
:

where Z (P �) = F [P �] �= E1 � F [t]�F [t] p� is a �nite-dimensional, mono-

genic extension of F of degree deg (p�). Hence

ZEndF (V ) (T )
�= Md� (Z (M

�)) ;

as F -algebras, and

Z (M�)�Rad (Z (M�)) �= Z (P �) ;

where Rad (Z (M�)) consists of those matrices with diagonal entries 0. We

have

Rad
�
ZEndF (V ) (T )

� �= Rad (Md� (Z (M
�))) =Md� (Rad (Z (M

�))) ;
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and so

ZEndF (V ) (T )�Rad
�
ZEndF (V ) (T )

� �= Md� (E1) :

Finally, the exact sequence

0 �! Rad
�
ZEndF (V ) (T )

�
�! ZEndF (V ) (T ) �!Md� (E1) �! 0

splits, giving

ZEndF (V ) (T )
�= Rad

�
ZEndF (V ) (T )

�
oMd� (E1) :

7.5 Application: The Image of the Exponential Map

in GLn (R)

As an application of our results on indecomposable almost separable oper-

ators we determine the image of the exponential map in GLn (R), where

R denotes the �eld of real numbers. This result is known, cf. [3], p.79,

but we include it here because it is interesting and �ts in nicely with the

ideas developed in this section. Since char (R) = 0, every A 2 Mn (R) is

almost separable. The only irreducible monic polynomials over R are the

linear ones p (t) = t � �; � 2 R, and quadratics p (t) = t2 � �t � �, where

�; � 2 R and �2+4� < 0. The companion matrix of an irreducible quadratic
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p (t) = t2 � �t� � 2 R [t] is

2640 �

1 �

375 2M2 (R) :

Let � = ��2 and choose � 2 R� such that

�2 = �
�
�2 + 4�

4

�
> 0:

Then the matrix

P =

264� ��

� �

375
has characteristic polynomial

t2 � 2�t+ �2 + �2 = t2 � �t� �:

It follows that 9C 2 GL2 (R) such that

C

2640 �

1 �

375C�1 = P:

Consequently, if A 2 Mn (R) is indecomposable, then since A is almost sep-

arable, A is conjugate to one of the following two indecomposable Jordan
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blocks:

Jn (�) �

266666664

� 1

�
. . .

. . . 1

�

377777775
2Mn (R) ;

Jm (�; �) �

2666666666666666664

� �� 1 0

� � 0 1

� �� . . .

� � 1 0

. . . 0 1

� ��

� �

3777777777777777775

2M2m (R) ; 2m = n; � 6= 0:

Recall that the exponential map exp: Mn (R) �! GLn (R) is de�ned by

expA =
1X
i=0

Ai

i!
; 8A 2Mn (R) :

Note that 8C 2 GLn (R)

C(expA)C�1 = exp
�
CAC�1

�
:

Every matrix A 2 Mn (R) is conjugate to a direct sum of indecomposable

matrices. Each indecomposable matrix is conjugate to one of the two Jordan
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blocks displayed above. Hence, since the exponential of a direct sum is the

direct sum of the exponentials, there is no loss in generality if we assume

that A is an indecomposable Jordan block.

Suppose �rst that

A = Jn (�) = S +N; where

S � diag (�; : : : ; �)

N �

266666664

0 1

0
. . .

. . . 1

0

377777775
:

Since SN = NS and Nn = 0, we get

expA = (expS) (expN)

= e�
�
I +N +

N2

2!
+ � � �+ Nn�1

(n� 1)!

�
; where I = n� n identity matrix

=

2666666666666664

e� e� e�

2!
e�

3!
� � � e�

(n�1)!

e� e� e�

2!

. . .
...

e� e�
. . . e�

3!

e�
. . . e�

2!

. . . e�

e�

3777777777777775
:

127



It follows that

((expA)� e�)n = 0;

and n is the smallest power of t� e� which annihilates expA. Hence expA

is indecomposable and conjugate to Jn (e�). So for all � > 0, by setting

� = log �, we see that Jn (�) lies in the image of the exponential map.

Next, consider the case A = J1 (�; �) ; � 6= 0. Note that the map

' : C �! M2 (R) ; � + i� 7�! J1 (�; �) ; is a monomorphism of R-algebras,

whereC is the �eld of complex numbers. Observe that im (') = ZM2(R) (' (i)).

The restriction of ' to C�, also denoted by ', is a monomorphism of Lie

groups C� �! GL2 (R). Since ' is R-linear, its di¤erential at 1 2 C� is

d1 (') = '. We know from the elementary theory of Lie groups that

'
�
e�+i�

�
= exp d1 (') (a+ i�)

= exp' (�+ i�)

= exp J1 (�; �) :

Hence

exp J1 (�; �) = J1 (e
� cos �; e� sin �) :
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More generally, if

A = Jm (�; �) 2M2m (R) ; where 2m = n,

= S +N; where

S � diag (J1 (�; �) ; : : : ; J1 (�; �)) ;

N �

266666664

0 I

0
. . .

. . . I

0

377777775
; I = 2� 2 identity matrix,

then since SN = NS and Nm = 0, we have

expA = (expS) (expN)

=

2666666666666664

B B B
2!

B
3!

� � � B
(m�1)!

B B B
2!

. . .
...

B B
. . . B

3!

B
. . . B

2!

. . . B

B

3777777777777775
; B � J1 (e

� cos �; e� sin �) :

We distinguish two cases, according as sin � 6= 0 or sin � = 0. If sin � 6= 0,

then B is irreducible with minimum polynomial

p (t) = t2 � (2e� cos �) t+ e2�:
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It follows that

p (expA)m = 0;

and m is the smallest power of p (t) which annihilates expA. Hence, if

sin � 6= 0, then expA is conjugate to Jm (e� cos �; e� sin �). Now, if �; � 2 R

and � 6= 0, then there exists �+ i� 2 C�; � 6= 0; such that

exp J1 (�; �) = J1 (�; �) :

For example, we may choose �+ i� to be the principal value of log (�+ i�).

Hence every indecomposable block Jm (�; �) ; � 6= 0; lies in the image of the

exponential map.

It only remains to consider the case sin � = 0. Then cos � = �1. Set

� � e� cos � = �e�:

Hence

expA =

2666666666666664

�I �I �I
2!

�I
3!

� � � �I
(m�1)!

�I �I �I
2!

. . .
...

�I �I
. . . �I

3!

�I
. . . �I

2!

. . . �I

�I

3777777777777775
; I = 2� 2 identity matrix.
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We have ((expA)� �)m = 0, and m is the smallest power of t � � which

annihilates expA. We now claim that the elementary divisors of expA are

(t� �)m ; (t� �)m. In any event, the elementary divisors are

(t� �)e1 ; (t� �)e2 ; : : : ; (t� �)er ; (t� �)m ;

where 1 � e1 � e2 � � � � � er � m and e1 + � � �+ er = m. This implies that

expA is conjugate to a matrix of the form

B1 =

266666664

Je1 (�)

. . .

Jer (�)

Jm (�)

377777775
:

It follows that

B1 � � =

266666664

Je1 (0)

. . .

Jer (0)

Jm (0)

377777775
:

This shows that dimR [ker (B1 � �)] = r + 1. Since B1 � � is conjugate to

(expA)� �, we have

dimR [ker (B1 � �)] = dimR [ker ((expA)� �)] :
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But we see from the form of (expA)� � that

dimR [ker ((expA)� �)] = 2:

This forces r = 1, which proves our claim. Therefore, if sin � = 0, then

expA is conjugate to 264Jm (�)
Jm (�)

375 :
Hence if � < 0, then every matrix having the above Jordan form is in the

image of the exponential map. Collecting our results, we get the following

Theorem 91 A matrix B 2 GLn (R) lies in the image of the exponential

map if and only if for each eigenvalue � < 0 of B and for each Jordan block

Jr (�) corresponding to �, the multiplicity of Jr (�) is even.

Remark 92 It is known that the exponential map exp: Mn (C) �! GLn (C)

is surjective. The proof of this is straightforward: Every non-zero com-

plex number is of the form ez, and our argument above shows that 8z 2 C,

exp Jr (z) is conjugate to Jr (ez). We earlier showed that every element in

GLn (H), where H is Hamilton�s quaternion algebra over R, is conjugate to

an element in GLn (C). It follows that the exponential map exp: Mn (H) �!

GLn (H) is also surjective.
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7.6 z -classes of Indecomposable Operators

Assume that T 2 EndD (V ) is indecomposable with annihilatorD [t] p�e. We

associate to the operator T the ordered pair (e; E1), whereE1 � F [t]�F [t] p�.

Recall that E1 is a �eld extension of F because p� is irreducible over F . We

shall prove in this subsection that the ordered pair (e; E1) determines the

z-class of T .

We begin with some preliminary remarks about the structure of the F -

algebra F [t]�F [t] p�n for n � 2. Consider the following sequence of ideals

0 � F [t] p�n�1

F [t] p�n
� F [t] p�n�2

F [t] p�n
� � � � � F [t] p�

F [t] p�n
� F [t]

F [t] p�n
:

We observed earlier that

J � Rad

�
F [t]

F [t] p�n

�
=

F [t] p�

F [t] p�n
:

It is immediate that

J i =
F [t] p�i

F [t] p�n
for i = 1; : : : ; n:

We now assert that every ideal of F [t]�F [t] p�n is contained in the above

sequence. Indeed, if B is a proper, nonzero ideal of F [t]�F [t] p�n, then

there exists a proper ideal I of F [t] properly containing F [t] p�n such that

B =
I

F [t] p�n
:
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Since p� is irreducible over F , the only proper ideals of F [t] properly con-

taining F [t] p�n are of the form F [t] p�i for some i such that 1 � i � n � 1.

This veri�es our assertion. One consequence is the following useful fact:

Suppose that R is an associative F -algebra with identity and

' : F [t]�F [t] p�n �! R

is a homomorphism of F -algebras carrying identity to identity, then ' is

injective if and only if for all i = 1; : : : ; n� 1

'
�
p�i + F [t] p�n

�
6= 0:

Indeed, since ker' is an ideal of F [t]�F [t] p�n, this is equivalent to the

assertion that ker' = 0.

Consider F [t]�F [t] p�n as a vector space over F , and let T �n be the F -

linear operator on F [t]�F [t] p�n given by left multiplication by t. Then

T �n 2 EndF (F [t]�F [t] p�n) is indecomposable with annihilator F [t] p�n. By

specializing our analysis of indecomposable operators to the case D = F , we

see that

ZEndF (F [t]�F [t]p�n) (T
�
n)
�=

F [t]

F [t] p�n

as algebras over F . Moreover, we showed that the exact sequence

0 �! F [t] p�

F [t] p�n
�! F [t]

F [t] p�n
�! F [t]

F [t] p�
�! 0
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splits if and only if T �n is almost separable. Since we have assumed that

n � 2 , the exact sequence splits if and only if p�0 6= 0.

Keeping these preliminary remarks in mind, we turn to the proof of the

following fundamental

Theorem 93 Suppose p�; q� 2 F [t] are monic irreducible polynomials over

F . Then

F [t]

F [t] p�
�=

F [t]

F [t] q�
as �elds over F

() F [t]

F [t] p�n
�=

F [t]

F [t] q�n
as algebras over F 8n � 1:

Proof. Only necessity requires a proof. To this end, assume that there

exists an F -isomorphism

'1 :
F [t]

F [t] p�
�! F [t]

F [t] q�
:

In particular, this implies that deg (p�) = deg (q�). Now there exist x�1; y
�
1 2

F [t] such that

'1 (t+ F [t] p�) = x�1 + F [t] q�

'�11 (t+ F [t] q�) = y�1 + F [t] p�:

If we identify F with its image under the imbedding F �! F [t]�F [t] p�,
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� 7�! �+ F [t] p�, then 8f � 2 F [t]

'1 (f
� + F [t] p�) = f � (x�1) + F [t] q� = f � (x�1 + F [t] q�) :

A similar statement holds for '�11 . It follows that

y�1 (x
�
1) + F [t] q� = t+ F [t] q�:

Since p� + F [t] p� is the zero element in F [t]�F [t] p�, we have

F [t] q� = '1 (p
� + F [t] p�) = p� (x�1) + F [t] q�:

Hence there exists c�1 2 F [t] such that

p� (x�1) = c�1q
�:

We show that the theorem is true for n = 2. Suppose �rst that q� - c�1.

Then we claim that

'2 :
F [t]

F [t] p�2
�! F [t]

F [t] q�2
; f � + F [t] p�2 7�! f � (x�1) + F [t] q�2

is a well-de�ned isomorphism of F -algebras. It is well-de�ned because 8g� 2

F [t] we have

�
g�p�2

�
(x�1) = g� (x�1) p

� (x�1)
2 = g� (x�1) (c

�
1q
�)2 2 F [t] q�2:
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That '2 is an F -homomorphism which carries identity to identity is imme-

diate. Since F [t]�F [t] p�2 and F [t]�F [t] q�2 have the same dimension

(namely 2 deg (p�) = 2 deg (q�)), we need only show that '2 is injective to

conclude that it is an isomorphism. Recalling our preliminary remarks, we

just have to show that

'2
�
p� + F [t] p�2

�
6= F [t] q�2:

But this is guaranteed by our hypothesis that q� - c�1, and completes the proof

of our claim.

Suppose next that q� j c�1. It follows that

p�
�
x�1 + F [t] q�2

�
= p� (x�1) + F [t] q�2 = c�1q

� + F [t] q�2 = F [t] q�2:

Hence, because p� is monic and irreducible over F , the minimum polynomial

over F of the element x�1+F [t] q
�2 is p�. We thus obtain an F -isomorphism

F [t]

F [t] p�
�= F

�
x�1 + F [t] q�2

�
:

Consider now the F -isomorphism  : F [t]�F [t] q� �! F [x�1 + F [t] q�2]

which is the composite of the F -isomorphisms

F [t]

F [t] q�
'�11�! F [t]

F [t] p�
�= F

�
x�1 + F [t] q�2

�
:
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Thus  (f � + F [t] q�) = f � (y�1 (x
�
1)) + F [t] q�2 8f � 2 F [t]. Recalling the

exact sequence

0 �! F [t] q�

F [t] q�2
�! F [t]

F [t] q�2
��! F [t]

F [t] q�
�! 0;

we �nd that

� (f � + F [t] q�) = �
�
f � (y�1 (x

�
1)) + F [t] q

�2�
= f � (y�1 (x

�
1)) + F [t] q

�

= f � (y�1 (x
�
1) + F [t] q�)

= f � (t+ F [t] q�)

= f � + F [t] q�:

The conclusion is that the exact sequence splits, which implies that q�0 6= 0.

Hence the extension F [t]�F [t] q� of F is separable. The isomorphism '1

ensures that F [t]�F [t] p� is also a separable extension of F , whence p�0 6= 0.

Thus there exist a�; b� 2 F [t] such that

1 = a�p� + b�p�0:
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We now claim that there exist k�; f�2 2 F [t] such that

p� (x�1 + k�q�) � f �2 q
� �mod q�2

�
q� - f �2 :

Assume for the moment that our claim is true. Then, setting x�2 � x�1+k
�q�,

we de�ne

'2 :
F [t]

F [t] p�2
�! F [t]

F [t] q�2
; f � + F [t] p�2 7�! f � (x�2) + F [t] q�2:

The veri�cation that this is in fact a well-de�ned F -isomorphism proceeds

exactly as above. We now verify our claim. For any k� 2 F [t], we have the

Taylor expansion

p� (x�1 + k�q�) � p� (x�1) + p�0 (x�1) k
�q�
�
mod q�2

�
� c�1q

� + p�0 (x�1) k
�q�
�
mod q�2

�
� [c�1 + p�0 (x�1) k

�] q�
�
mod q�2

�
:

We cannot have c�1 + p�0 (x�1) k
� 2 F [t] q� 8k�. Indeed, this would imply

c�1; p
�0 (x�1) 2 F [t] q�, whence

1 = a� (x�1) p
� (x�1) + b� (x�1) p

�0 (x�1)

= a� (x�1) c
�
1q
� + b� (x�1) p

�0 (x�1) 2 F [t] q�;
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contradicting our hypothesis that q� is irreducible over F . So for some

k� 2 F [t], f �2 � c�1 + p�0 (x�1) k
� =2 F [t] q� and

p� (x�1 + k�q�) � f �2 q
� �mod q�2

�
:

This veri�es our claim, and completes the proof for n = 2. Summarizing,

we have shown that there exist x�2; f
�
2 2 F [t] such that

p� (x�2) � f �2 q
� �mod q�2

�
q� - f �2 :

(In the case q� - c�1, we take x�2 = x�1, f
�
2 = c�1.)

Assume inductively that we have shown for some n � 2 that there exist

x�n; f
�
n 2 F [t] such that

p� (x�n) � f �nq
� (mod q�n)

q� - f �n:

Choose k�n 2 F [t] such that p� (x�n) = f �nq
� + k�nq

�n, and consider x�n + q�n.

Then, since 2n � n+ 1,

p� (x�n + q�n) � p� (x�n) + p�0 (x�n) q
�n �mod q�n+1

�
� f �nq

� + k�nq
�n + p�0 (x�n) q

�n �mod q�n+1
�

�
�
f �n + (k

�
n + p�0 (x�n)) q

�n�1� q� �mod q�n+1
�
:
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Observe that f �n + (k
�
n + p�0 (x�n)) q

�n�1 =2 F [t] q�; otherwise, because n �

1 � 1 =) (k�n + p�0 (x�n)) q
�n�1 2 F [t] q�, we get f �n 2 F [t] q�, contradicting

q� - f �n. Hence, setting x�n+1 � x�n+q
�n and f �n+1 � f �n+(k

�
n + p�0 (x�n)) q

�n�1,

we have

p�
�
x�n+1

�
� f �n+1q

� �mod q�n+1
�

q� - f �n+1:

It is now a straightforward matter to check that

'n+1 :
F [t]

F [t] p�n+1
�! F [t]

F [t] q�n+1
; f � + F [t] p�n+1 7�! f �

�
x�n+1

�
+ F [t] q�n+1

is a well-de�ned F -isomorphism. The theorem follows by induction.

Remark 94 We record here for later use (see the proof of Theorem 97) an

observation which follows from the proof of the preceding theorem. Namely,

if 1 � m < n, then the following diagram commutes

F [t]

F [t] p�n
#

'n�! F [t]

F [t] q�n
#

F [t]

F [t] p�m
'm�! F [t]

F [t] q�m
;

where the vertical maps are the obvious ones.

Theorem 95 Suppose that T; T 0 2 EndD (V ) are indecomposable with an-
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nihilators D [t] p�e, D [t] p�0e
0
, respectively. Then necessary and su¢ cient

conditions for T sz T 0 are

e = e0and
F [t]

F [t] p�
�=

F [t]

F [t] p�0
as �elds over F .

Proof. Assume that T sz T 0. Then

F [t]

F [t] p�e
�= Z (Z (T )) �= Z (Z (T 0)) �=

F [t]

F [t] p�0e0
as algebras over F .

This isomorphism carries the radical of F [t]�F [t] p�e onto the radical of

F [t]�F [t] p�0e0, and so there is an isomorphism of the algebras modulo their

radicals. That is,

F [t]

F [t] p�
�=

F [t]

F [t] p�0
as algebras, and thus as �elds, over F .

Consequently, deg (p�) = deg (p�0). This equality and the isomorphism

Z (Z (T )) �= Z (Z (T 0)) yield e = e0.

Conversely, assume that

e = e0 and
F [t]

F [t] p�
�=

F [t]

F [t] p�0
as �elds over F:

By the preceding theorem,

F [t]

F [t] p�e
�=

F [t]

F [t] p�0e
as algebras over F .
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Hence, we have an F -algebra isomorphism ' : A �! A0, which is given by

the composite of the following isomorphisms

A � D [t]

D [t] p�e
�=

F [t]

F [t] p�e

F Dop �=

F [t]

F [t] p�0e

F Dop �=

D [t]

D [t] p�0e
� A0:

Note that ' �xes Dop pointwise. Continuing with the notation adopted at

the beginning of this section for the indecomposable operator T , recall that

we showed that

A �=
D [t]

D [t] q
� � � � � D [t]

D [t] q| {z }
length(p�)

;

as D [t]-modules. As D [t]-modules, both A and D [t]�D [t] q have anni-

hilators D [t] p�e, and so the above isomorphism is also an isomorphism of

A-modules. Thus D [t]�D [t] q, as A-module, is isomorphic to an indecom-

posable left ideal of A, call it I. Adopting similar notation for the indecom-

posable operator T 0, we have the following isomorphism of A0-modules

A0 �=
D [t]

D [t] q0
� � � � � D [t]

D [t] q0| {z }
length(p�0)

;

and so D [t]�D [t] q0, as A0-module, is isomorphic to an indecomposable left

ideal of A0, call it I 0. Hence there exist indecomposable left ideals I1; : : : ; Il

(respectively, I 01; : : : ; I
0
l0) of A (respectively, A0), where l � length (p�) (re-
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spectively, l0 � length (p�0)), such that

I �= Ii as A-modules 8i = 1; : : : ; l

I 0 �= I 0i0 as A
0-modules 8i0 = 1; : : : ; l0

I1 � � � � � Il = A = '�1 (I 01)� � � � � '�1 (I 0l0) :

We have now two decompositions of A into a direct sum of indecomposable

left ideals. By the Krull-Schmidt Theorem applied to the A-module A, we

conclude that there exists an A-isomorphism  : I �! '�1 (I 0). Consider

the composite ' : I �! I 0. We have

(' ) av = ' (a v) = ' (a) (' ) v;

8a 2 A; v 2 I. We also have the isomorphisms

V �=
D [t]

D [t] q
�= I as A-modules

V �=
D [t]

D [t] q0
�= I 0as A0-modules:

Identifying V with I and I 0, respectively, via these isomorphisms, we obtain

an invertible map C : V �! V such that 8a 2 A; v; v1; v2 2 V

C (av) = ' (a)Cv

C (v1 + v2) = Cv1 + Cv2:
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Now, 8� 2 D, we have

C (v�) � C (�v) = ' (�)Cv = �Cv � (Cv)�;

using the fact, noted earlier, that ' �xes Dop pointwise. Therefore C 2

GL (V ). We are now in a situation that is identical to one which occurred in

our proof of the z-class invariants for completely reducible operators. Hence,

as in that proof, we get the equality

CEndA (V )C
�1 = EndA0 (V ) .

Hence T sz T 0.

Remark 96 If we assume that T and T 0 are both almost separable, then the

canonical forms we obtained for Z (T ) and Z (T 0) yield a quick (and obvi-

ous, so we omit it) proof of su¢ ciency in the preceding theorem. The above

proof should be compared to the corresponding proof for completely reducible

operators. A key ingredient in both cases is the isomorphism A �= A0. This

isomorphism was readily obtained for completely reducible operators, but for

indecomposable operators we required the theorem which asserts the isomor-

phism of the local algebras F [t]�F [t] p�n and F [t]�F [t] q�n assuming that

their residue �elds are isomorphic.
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8 Arbitrary Operators

8.1 z -invariants of Operators with a Single Primary

Component

Assume that T 2 EndD (V ). We shall determine in this section the invari-

ants which classify Z (T ) up to conjugacy. Consider V as D [t]-module via

T , and let q� 2 F [t] be the unique monic generator of ann (V ). Hereinafter,

q� is called the minimum polynomial of T . If q� = p�e11 � � � p�euu is the fac-

torization of q� as a product of powers of pairwise distinct monic irreducible

polynomials over F , then, as we noted earlier,

V =
uM
i=1

ker (p�i
ei) :

We consider �rst the special case in which u = 1, and set p� � p�1, e � e1.

Then decomposing V into a direct sum of indecomposable submodules and

grouping together those submodules which have the same annihilator, we

get the following isomorphism of D [t]-modules:

V �=
D [t]

D [t] q1
� � � � � D [t]

D [t] q1| {z }
s1

� D [t]

D [t] q2
� � � � � D [t]

D [t] q2| {z }
s2

�

� � � � D [t]

D [t] qr
� � � � � D [t]

D [t] qr| {z }
sr

;
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where for each i = 1; : : : ; r, qi 2 D [t] and D [t]�D [t] qi is indecomposable

with annihilatorD [t] p�ei. Recall that this implies qi is a product of ei monic,

irreducible polynomials overD, each of which is similar to an irreducible (over

D) factor of p�. Recall also that all the irreducible factors of p� in D [t] have

the same degree; call this common degree c. It follows that

dimD

�
D [t]

D [t] qi

�
= cei:

We arrange the above decomposition so that

1 � e1 < e2 < � � � < er = e;

and each si > 0. Observe that this implies

dimD

�
D [t]

D [t] q1

�
< dimD

�
D [t]

D [t] q2

�
< � � � < dimD

�
D [t]

D [t] qr

�
:

Consider the following r + 1-tuple

�
(s1; e1) ; (s2; e2) ; : : : ; (sr; er) ;

F [t]

F [t] p�

�
:

The Krull-Schmidt Theorem guarantees that the si �s and ei �s are inde-

pendent of any choices involved in the decomposition of V into a direct sum

of indecomposable submodules. The �eld extension F [t]�F [t] p� is deter-

mined by the minimum polynomial of T . In short, the above r + 1-tuple,
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called, tendentiously, the z-invariants of T , is uniquely determined by T .

The z -invariants of T classify Z (T ) up to conjugacy in the sense of the

following fundamental

Theorem 97 Assume that T; T 0 2 EndD (V ) have minimum polynomials

p�e; p�0e
0
, respectively, and let

�
(s1; e1) ; (s2; e2) ; : : : ; (sr; er) ;

F [t]

F [t] p�

�
�
(s01; e

0
1) ; (s

0
2; e

0
2) ; : : : ; (s

0
r0 ; e

0
r0) ;

F [t]

F [t] p�0

�

be their respective z-invariants. Then necessary and su¢ cient conditions for

T sz T 0 are

r = r0;

F [t]

F [t] p�
�=

F [t]

F [t] p�0
as �elds over F; and

si = s0i; ei = e0i for i = 1; : : : ; r:

Proof. The stated conditions are necessary. Indeed, suppose that T sz T 0,

say Z (UTU�1) = UZ (T )U�1 = Z (T 0), for some U 2 GL (V ). Since the

z -invariants of T are conjugacy invariants, T and UTU�1 have the same z -

invariants. So there is no loss in generality if we assume that Z (T ) = Z (T 0).
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Note that this implies

F [t]

F [t] p�e
�= F [T ] = Z (Z (T ))

= Z (Z (T 0)) = F [T 0] �=
F [t]

F [t] p�0e0
as algebras over F:

Hence

F [t]

F [t] p�
�=

F [t]�F [t] p�e

Rad (F [t]�F [t] p�e)

�=
F [t]�F [t] p�0e0

Rad (F [t]�F [t] p�0e0)

�=
F [t]

F [t] p�0
as �elds over F:

Thus deg (p�) = deg (p�0). Combined with the equality of the centers, this

yields er = e = e0 = e0r0. Note that Z (T ) = Z (T 0) implies T 2 Z (Z (T 0)) =

F [T 0]. As a consequence, every T 0-invariant subspace is also T -invariant.

By symmetry, we conclude that a subspace of V is T -invariant if and only

if it is T 0-invariant. Consider now the following decompositions of V into

indecomposable modules from which the z -invariants of T and T 0 are derived:

VT �=
D [t]

D [t] q1
� � � � � D [t]

D [t] q1| {z }
s1

� � � � � D [t]

D [t] qr
� � � � � D [t]

D [t] qr| {z }
sr

VT 0 �=
D [t]

D [t] q01
� � � � � D [t]

D [t] q01| {z }
s01

� � � � � D [t]

D [t] q0r0
� � � � � D [t]

D [t] q0r0| {z }
s0
r0

:
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Set

Wi � D [t]

D [t] qi

W 0
i0 � D [t]

D [t] q0i0
:

Since the subspace of V corresponding toW 0
i0 is T

0-indecomposable, it is also

T -indecomposable. We thus obtain two decompositions of V into indecom-

posable T -invariant subspaces; i.e., indecomposable D [t]-modules in which

the action of D [t] is determined by T . It follows from the Krull-Schmidt

Theorem that for each i = 1; : : : ; r there exists an index i0 (i) such that

Wi
�= W 0

i0(i) as vector spaces over D (but not necessarily as D [t]-modules

because the action of D [t] on the W 0
i0�s is determined by T

0). Now the Wi�s

are pairwise non-isomorphic D-vector spaces, for they each have di¤erent di-

mensions, and there are r of them. Hence there are at least r non-isomorphic

W 0
i0�s. Hence r � r0. Hence, by symmetry, r = r0. Moreover, since the

dimensions of the W 0
i0�s form a strictly increasing sequence, we must have

W 0
i0(i) = W 0

i :

Denote by c (respectively, c0) the common degree of the irreducible factors

of p� (respectively, p�0) in D [t]. Then

ce = cer = dimD (Wr) = dimD (W
0
r) = c0e0r = c0e =) c = c0:
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It follows that

cei = dimD (Wi) = dimD (W
0
i ) = c0e0i = ce0i =) ei = e0i

for all i = 1; : : : ; r� 1. It only remains to observe that the pairing Wi
�= W 0

i

associates the si distinct copies of Wi with distinct copies of W 0
i , by the

Krull-Schmidt Theorem. Thus si � s0i, whence, by symmetry, si = s0i. This

concludes the proof of necessity.

Assume that the stated conditions hold. According to Theorem 93, the

isomorphism of �elds over F

F [t]

F [t] p�
�=

F [t]

F [t] p�0

implies that for all n � 1 there exists an F -algebra isomorphism

'n :
D [t]

D [t] p�n
�! D [t]

D [t] p�0n
; f +D [t] p�n 7�! f (x�n) +D [t] p�0n

which �xes Dop pointwise. These isomorphisms are obtained by tensoring

the isomorphisms of Theorem 93 with the identity map on Dop. Further (see

the proof of Theorem 95), there exist bijections

Ci : Wi �! W 0
i
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such that for all a 2 D [t]�D [t] p�ei ; v; v1; v2 2 Wi

Ci (av) = 'ei (a)Civ

Ci (v1 + v2) = Civ1 + Civ2:

Consider now the algebra A0 � D [t]�D [t] p�0e (note that by hypothesis e0r =

er = e). Since ann(VT 0) = D [t] p�0e, A0 acts faithfully on V . The induced

action of A0 on each module W 0
i coincides with the action of D [t]�D [t] p�0ei

for all i = 1; : : : ; r � 1. If 1 � i < r, then for all f 2 D [t] ; w0 2 W 0
i , we have

'e (f +D [t] p�e)w0 = (f (x�e) +D [t] p�0e)w0

= f (x�e)w
0

= (f (x�e) +D [t] p�0ei)w0

=
�
f
�
x�ei
�
+D [t] p�0ei

�
w0 (cf. Remark 94)

= 'ei (f +D [t] p�ei)w0:

If we set ' � 'e and let C be the D-linear isomorphism V �! V de�ned

(after a harmless identi�cation) by

C jWi
= Ci;
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then for all a 2 A � D [t]�D [t] p�e; v 2 V we have

C (av) = ' (a)Cv:

We have seen before that the existence of such a C implies that T sz T 0.

Corollary 98 If T; T 0 2 EndD (V ) are nilpotent operators, then

T s T 0 () T sz T 0:

Proof. For, any nilpotent operator has minimum polynomial a power of

p� (t) = t. Thus if T has z -invariants

�
(s1; e1) ; (s2; e2) ; : : : ; (sr; er) ;

F [t]

F [t] t

�
;

then its elementary divisors are

te1 ; : : : ; te1| {z }
s1

; te2 ; : : : ; te2| {z }
s2

; : : : ; ter ; : : : ; ter| {z }
sr

:

If T sz T 0, then they have the same elementary divisors. Hence T s T 0.

The converse is immediate.

Theorem 99 If T 2 EndD (V ) has z-invariants

�
(s1; e1) ; (s2; e2) ; : : : ; (sr; er) ;

F [t]

F [t] p�

�
;
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then

dimF ZEndD(V ) (T ) =
[D : F ] deg (p�)

[length (p�)]2

rX
i=1

�
s2i + 2si (si+1 + � � �+ sr)

�
ei:

Proof. Consider the decomposition of V as D [t]-module:

V �=
D [t]

D [t] q1
� � � � � D [t]

D [t] q1| {z }
s1

� D [t]

D [t] q2
� � � � � D [t]

D [t] q2| {z }
s2

�

� � � � D [t]

D [t] qr
� � � � � D [t]

D [t] qr| {z }
sr

:

Using our result for indecomposable operators, we get the following decom-

position of V as F [t]-module:

V �=
F [t]

F [t] p�e1
� � � � � F [t]

F [t] p�e1| {z }
d�s1

� F [t]

F [t] p�e2
� � � � � F [t]

F [t] p�e2| {z }
d�s2

�

� � � � F [t]

F [t] p�er
� � � � � F [t]

F [t] p�er| {z }
d�sr

;

where, as before, d = deg D, and if p is an irreducible factor of p� in D [t]

and P � C (p), then � is the degree of the division algebra Z (P ), considered

as a division algebra over its center. Let s � s1 + � � � + sr. The Frobenius
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dimension formula (see subsection 9.2) gives

dimF ZEndF (V ) (T ) = deg (p�)

d�sX
j=1

[2d�s� 2j + 1]nj;

where nj =

8>>>>>>><>>>>>>>:

e1; 1 � j � d�s1

e2; d�s1 + 1 � j � d� (s1 + s2)

...

er; d� (s1 + � � �+ sr�1) + 1 � j � d�s

9>>>>>>>=>>>>>>>;
= deg (p�)

rX
i=1

"
d�siX
ji=1

2d� (si + � � �+ sr)� 2ji + 1
#
ei

= deg (p�)
rX
i=1

"
2 (d�)2 si (si + � � �+ sr)�

d�siX
ji=1

(2ji � 1)
#
ei

= deg (p�)
rX
i=1

�
2 (d�)2 si (si + � � �+ sr)� (d�si)2

�
ei

= (d�)2 deg (p�)
rX
i=1

�
s2i + 2si (si+1 + � � �+ sr)

�
ei:

The stated formula for the dimension is now a consequence of the following

facts:

dimF ZEndF (V ) (T ) = [D : F ] dimF ZEndD(V ) (T )

[D : F ] = d2

� =
d

length (p�)
:
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8.2 Almost Separable Operators

Continuing with our hypothesis that u = 1, assume further that T is almost

separable. It follows from our work on indecomposable operators that T has

the canonical form

M =

26666666666666666666666666664

M1

. . .

M1

M2

. . .

M2

. . .

Mr

. . .

Mr

37777777777777777777777777775

;

where for each i = 1; : : : ; r there are si blocks Mi along the diagonal and

Mi =

266666664

P I

P
. . .

. . . I

P

377777775
2Mei deg(p) (D)

P = C (p) for some irreducible factor p 2 D [t] of p� :
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Now let X 2MdimD V (D) be decomposed into a block form compatible with

the decomposition ofM . So X is composed of blocks X 0. If X 0 corresponds

to a block row ofM containingMi and a block column ofM containingMj,

we take X 0 in the form

X 0 =

266666664

0 � � � 0 B1 B2 � � � Bei

0 � � � 0 0 B1
. . .

...
...

...
...

...
. . . B2

0 � � � 0 0 0 � � � B1

377777775
if i � j

X 0 =

2666666666666666664

B1 B2 � � � Bej

0 B1
. . .

...
...

...
. . . B2

0 0 � � � B1

0 0 � � � 0

...
...

...

0 0 � � � 0

3777777777777777775

if i � j;

where all the Bk�s are in � � Z (P ). Note that ei � ej if i � j, and in that

case the �rst of the forms contains ej � ei block columns of 0 2Mdeg(p) (D).

A similar comment applies to the second displayed form for X 0. Perhaps

the following simple example will make all this clear.

Example 100 Suppose that

r = 2; s1 = 1; e1 = 2; s2 = 2; and e2 = 4:
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Then

M =

26666666666666666666666666664

P I

P

P I

P I

P I

P

P I

P I

P I

P

37777777777777777777777777775

X =

26666666666666666666666666664

A1 A2 0 0 B1 B2 0 0 C1 C2

0 A1 0 0 0 B1 0 0 0 C1

C 01 C 02 A01 A02 A03 A04 B0
1 B0

2 B0
3 B0

4

0 C 01 0 A01 A02 A03 0 B0
1 B0

2 B0
3

0 0 0 0 A01 A02 0 0 B0
1 B0

2

0 0 0 0 0 A01 0 0 0 B0
1

B00
1 B00

2 C 001 C 002 C 003 C 004 A001 A002 A003 A004

0 B00
1 0 C 001 C 002 C 003 0 A001 A002 A003

0 0 0 0 C 001 C 002 0 0 A001 A002

0 0 0 0 0 C 001 0 0 0 A001

37777777777777777777777777775

;

where all the A�s, B�s, and C�s are in Z (P ). Label the blocks in X , starting
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at the upper left-hand corner and proceeding along each block row from left

to right, as X11; X12; X13; X21; : : : ; X33. So

X12 =

2640 0 B1 B2

0 0 0 B1

375

X31 =

266666664

B00
1 B00

2

0 B00
1

0 0

0 0

377777775
Now X12 corresponds to a block row of M containing M1 and a block column

of M containing M2. Thus X12 has e1 = 2 rows and e2 = 4 columns, the

�rst e2 � e1 = 2 of which consisting of 0�s. Similarly, X31 corresponds to a

block row of M containing M2 and a block column of M containing M1, and

so X31 has e1 = 2 columns and e2 = 4 rows, the last e2 � e1 = 2 of which

consisting of 0�s.

Returning to the general case, we claim that X 2 Z (M). To verify this,

we need only show that if X 0 corresponds to a block row ofM containingMi

and a block column of M containing Mj, then

MiX
0 = X 0Mj:
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It su¢ ces to consider the case i � j because the case j � i is similar. Now,

on the one hand, we have

MiX
0 =

266666664

P I

P
. . .

. . . I

P

377777775

266666664

0 � � � 0 B1 B2 � � � Bei

0 � � � 0 0 Bi
. . .

...
...

...
...

...
. . . B2

0 � � � 0 0 0 � � � B1

377777775

=

�
0 MiB

�
; B =

266666664

B1 B2 � � � Bei

B1
. . .

...
. . . B2

B1

377777775
=

�
0 BMi

�
because B 2 Z (Mi) :

On the other hand, since ei � ej, we may write

Mj =

264M 0 M 00

0 Mi

375 ; where M 0 =

266666664

P I

P
. . .

. . . I

P

377777775
;M 00 = :

266666664

0 0 � � � 0

...
...

...

0 0 � � � 0

I 0 � � � 0

377777775
:
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Hence

X 0Mj =

266666664

0 � � � 0 B1 B2 � � � Bei

0 � � � 0 0 Bi
. . .

...
...

...
...

...
. . . B2

0 � � � 0 0 0 � � � B1

377777775

266666664

P I

P
. . .

. . . I

P

377777775
=

�
0 B

�264M 0 M 00

0 Mi

375
=

�
0 BMi

�
:

Hence X 2 Z (M), as claimed. Observe that the collection of all such X�s

forms an F - subspace of Z (M), and has the same dimension over F as Z (M),

by Theorem 99 and the construction of theX�s. The collection of all suchX�s

thus exhausts Z (M), and yields a canonical form for Z (T ), provided that

T is almost separable. This canonical form generalizes those obtained by

Wedderburn (D = F = algebraically closed �eld) and Williamson (D = F =

�eld of characteristic 0). With this canonical form in hand, one may show

by similar computations with matrices (which we omit) that

Z (T )�Rad (Z (T )) �= Ms1 (�)� � � � �Msr (�) as algebras over F; and

Z (T ) �= Rad (Z (T ))o
Z (T )

Rad (Z (T ))
:
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8.3 Main Theorem

We now state and prove the main theorem of this thesis. Recall that T 2

EndD (V ) has minimum polynomial q� = p�e11 p�e22 � � � p�euu , and we have the

decomposition

V =
uM
i=1

ker (p�eii ) :

We de�ne the z-invariants of T by applying the de�nition in the special case

u = 1 to T restricted to each summand in the above decomposition. This

yields the sequence

�
(s11; e11) ; : : : ; (s1r1 ; e1r1) ;

F [t]

F [t] p�1

�
;

�
(s21; e21) ; : : : ; (s2r2 ; e2r2) ;

F [t]

F [t] p�2

�
;

: : : ;

�
(su1; eu1) ; : : : ; (suru ; euru) ;

F [t]

F [t] p�u

�
;

where

1 � ei1 < � � � < eiri = ei; 8i = 1; : : : ; u

siji > 0; 8i = 1; : : : ; u; ji = 1; : : : ; ri:

We denote the z -invariants of T in the compact form

�
(si1; ei1) ; : : : ; (siri ; eiri) ;

F [t]

F [t] p�i

�u
i=1

:
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The z -invariants of T classify Z (T ) up to conjugacy. This is the content of

our main

Theorem 101 If T; T 0 2 EndD (V ) have respective z-invariants

�
(si1; ei1) ; : : : ; (siri ; eiri) ;

F [t]

F [t] p�i

�u
i=1�

(s0i01; e
0
i01) ; : : : ;

�
s0i0r0

i0
; e0i0r0

i0

�
;
F [t]

F [t] p�0i0

�u0
i0=1

;

then necessary and su¢ cient conditions for T sz T 0 are, possibly after per-

muting the indices,

u = u0

F [t]

F [t] p�i
�=

F [t]

F [t] p�0i
as �elds over F ,

ri = r0i 8i = 1; : : : ; u, and

siji = s0iji ; eiji = e0iji 8i = 1; : : : ; u; ji = 1; : : : ; ri:

Proof. The point is that the general case may be reduced to the special case

u = 1. To make this reduction, note that each submodule Vi � ker (p�eii )

is Z (T )-invariant. For each S 2 Z (T ), write Si � S jVi. This gives a

decomposition

S = S1 � � � � � Su;
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where the operator S1 � � � � � Su is de�ned by

(S1 � � � � � Su) v = (S1 � � � � � Su) (v1 + � � �+ vu) ; where v =
uX
i=1

vi; vi 2 Vi 8i

= S1v1 + � � �+ Suvu:

Note that Si 2 ZEndD(Vi) (Ti). Conversely, if Si 2 ZEndD(Vi) (Ti), then

S � S1 � � � � � Su 2 Z (T ). We thus get the decomposition

ZEndD(V ) (T )
�=

uM
i=1

ZEndD(Vi) (Ti) , as algebras over F:

Assume now that T sz T 0, and WLOG Z (T ) = Z (T 0). Note �rst that

this implies u = u0. To see this, just consider the centers of the centralizers

modulo their radicals, and apply the Wedderburn Structure Theorem. Now

set V 0
i � ker

�
p
�0e0i
i

�
, and consider the two decompositions of V into primary

components with respect to T and T 0:

uM
i=1

Vi = V =
uM
i=1

V 0
i :

Since Z (T ) = Z (T 0), T = f � (T 0) for some f � 2 F [t], and any subspace of V

which is T 0-invariant is necessarily T -invariant (and vice versa, by symmetry).

Each V 0
i is thus T -invariant, and as such may be decomposed into primary

components with respect to T . Consider the restriction of T to such a

primary component. It has minimum polynomial of the form p
�nj
j for some
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j = 1; : : : ; u and natural number nj � ej. Hence

0 = p
�nj
j (T ) = p

�nj
j (f � (T 0)) = p�j (f

�)nj (T 0)

where T and T 0 occurring in the above equations are actually their restrictions

to the given T -primary component of V 0
i . Now on any T

0-invariant subspace

of V 0
i , T

0 has minimum polynomial of the form p
�0n0i
i for some natural number

n0i � e0i. It follows that p
�0
i j p�j (f �). This argument implies V 0

i = Vj; i.e., V 0
i

is the primary component with respect to T corresponding to p�j . Indeed, if

there existed inside V 0
i a vector annihilated by p

�
k (T ) for some other prime

p�k with k 6= j, then p�0i j p�k (f �) also. But this is impossible. For, p�j ; p�k are

relatively prime when k 6= j, and so there exist a�; b� 2 F [t] such that

1 = a�p�j + b�p�k:

This implies

1 = a� (f �) p�j (f
�) + b� (f �) p�k (f

�) ;

and we are forced to accept that p�0i j 1, which is absurd. We have not quite

eliminated the possibility that there exists a vector annihilated by p�j (T ) in

some other V 0
l for l 6= i. This however is precluded by the fact that there

are only u V 0
l �s, and each can accommodate vectors from only one of the u

primary components with respect to T . Hence Vj � V 0
i , which by symmetry
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must be an equality, as asserted. By a harmless relabelling, we get

V 0
i = Vi:

Since Z (T ) = Z (T 0) on all of V , we get ZEndD(Vi) (Ti) = ZEndD(Vi) (T
0
i ) for

all i = 1; : : : ; u, completing our reduction. Thus the necessity of the stated

conditions follow from the special case u = 1. As for su¢ ciency, one sees

immediately that there is a reduction to the special case u = 1, by the very

nature of the stated conditions.

Corollary 102 If T; T 0 2 EndD (V ), then

T sz T 0 in EndD (V ) () T sz T 0 in EndF (V ) .

Proof. If the z -invariants of T as D-operator are

�
(si1; ei1) ; : : : ; (siri ; eiri) ;

F [t]

F [t] p�i

�u
i=1

;

then its z -invariants as F -operator are

�
(d�isi1; ei1) ; : : : ; (d�isiri ; eiri) ;

F [t]

F [t] p�i

�u
i=1

;
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where d = degD, �i = degZ (Pi), and Pi is the companion matrix of some

irreducible factor of p�i . The implication

T sz T 0 in EndD (V ) =) T sz T 0 in EndF (V )

is clear. For the converse, recall from our analysis of irreducible operators

that

F [t]

F [t] p�i
�=

F [t]

F [t] p�0i
as �elds over F

=) Z (Pi) �= Z (P 0i ) as algebras over F

=) �i = �0i:

Hence if T sz T 0 in EndF (V ), then T and T 0 have the same z -invariants

over D. Hence T sz T 0 in EndD (V ).

Remark 103 The preceding corollary extends to centralizers the following

theorem about linear operators (see [7], p. 53):

T s T 0 in EndD (V ) () T s T 0 in EndF (V ) .
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9 The Structure of Z (T )

9.1 The Frobenius Ring of T

We start by recalling the fundamental Cyclic Decomposition Theorem:

Theorem 104 9zi 2 V � f0g ; and monic polynomials di 2 D [t] ; d�i 2 F [t]

for i = 1; : : : ; r such that

V = D [t] z1 � � � � �D [t] zr;

where ann(zi) = D [t] di � D [t] d�i = d�iD [t] = ann (D [t] zi) and

D [t] di � D [t] d�i � D [t] dj

for i < j. The integer r and the monic polynomials d�i are uniquely deter-

mined. The monic polynomials di are determined up to similarity.

Wewill use this theorem to determine the structure of Z (T ) = EndD[t] (V ).

The argument will follow the presentation of N. Jacobson in [8], pp. 204-206,

the only novelty being those modi�cations required for the lack of commu-

tativity in D. Suppose S 2 Z (T ). Then

Szi =
rX
j=1

bijzj; for i = 1; : : : ; r;
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where the bij�s are in D [t]. We now de�ne a map Z (T ) �! Mr (D [t]) by

S 7�! B = (bij). Note the following:

1. With respect to the zi�s, S is uniquely determined by the matrix B.

2. The bij�s are not unique. Indeed,

rX
j=1

bijzj =
rX
j=1

b0ijzj () bij � b0ij 2 D [t] dj:

3. We have

dizi = 0 =) dibij 2 D [t] dj = ann (zj) 8j = 1; : : : ; r

() ann (Szi) � ann (zi) :

If S 0 2 Z (T ), then S 0zi =
Pr

j=1 b
0
ijzj, and so

S 0Szi = S 0

 
rX
k=1

bikzk

!
=

rX
k=1

bikS
0zk

=
rX
k=1

bik

 
rX
j=1

b0kjzj

!
=

rX
j=1

 
rX
k=1

bikb
0
kj

!
zj:

Therefore, under our mapping Z (T ) �! Mr (D [t]), S 0S 7�! BB0, and cer-

tainly S 0 + S 7�! B0 + B. This shows that our mapping is in fact an

anti-homomorphism.
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Reversing this process, let B = (bij) 2 Mr (D [t]). We want to de�ne

S 2 Z (T ) by

Szi �
rX
j=1

bijzj:

For S to be well-de�ned, it is necessary (cf. our third remark above) that

9cij 2 D [t] such that

dibij = cijdj:

This condition is also su¢ cient, for

S

 
rX
i=1

aizi

!
�

rX
i=1

aiSzi

does not depend on the representation
Pr

i=1 aizi if the above condition holds.

Let

R �

8><>: B 2Mr (D [t]) j 9C 2Mr (D [t]) such that

diag (d1; : : : ; dr)B = Cdiag (d1; : : : ; dr)

9>=>; :

Note that R is a subring ofMr (D [t]). We may summarize our observations

above as follows: The map R �! Z (T ), B = (bij) 7�! S : zi 7�!
Pr

j=1 bijzj,

is a well-de�ned, surjective ring anti-homomorphism. Let K denote the

kernel of this anti-homomorphism. Then

K = fB0 2Mr (D [t]) j 9C 0 2Mr (D [t]) such that B0 = C 0diag (d1; : : : ; dr)g :
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Hence Z (T ) is anti-isomorphic to R�K.

Let B = (bij) 2 R. We shall determine what restrictions, if any, are

placed on the elements bij by the divisibility conditions

D [t] di � D [t] d�i � D [t] dj if i < j:

Assume �rst that i = j. Then bii must have the property that 9cii 2 D [t]

such that

dibii = ciidi:

Hence

bii 2 ID[t] (D [t] di) � ff 2 D [t] j D [t] dif � D [t] dig :

ID[t] (D [t] di (t)) is the idealizer of D [t] di in D [t]: It is the largest subring

of D [t] which contains D [t] di as a two-sided ideal. Next, suppose i > j, so

that D [t] dj � D [t] d�j � D [t] di. Thus 9aij; a0ij 2 D [t] such that

di = aijd
�
j

d�j = a0ijdj:

Then

dibij = aijd
�
jbij = aijbijd

�
j = aijbija

0
ijdj = cijdj;
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where cij � aijbija
0
ij. This shows that bij may be chosen arbitrarily in D [t]

if i > j. Lastly, assume i < j, and choose aij; a0ij 2 D [t] such that

dj = aijd
�
i

d�i = a0ijdi = dia
0
ij;

where in the second set of equalities we have used the fact, established earlier,

that the factors of a central element may be permuted cyclically. Now

9cij 2 D [t] such that

dibij = cijdj = cijaijd
�
i = d�i cijaij = dia

0
ijcijaij:

Therefore, since di 6= 0, we get

bij = a0ijcijaij = di
�1d�i cijdjd

�
i
�1 2 di�1d�iD [t] djd�i�1:

Conversely, if bij = di
�1d�i cijdjd

�
i
�1 for some cij 2 D [t], then

dibij = didi
�1d�i cijdjd

�
i
�1 = cijdj:

Hence bij 2 di�1d�iD [t] djd�i�1 if i < j.
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It follows from what was established in the preceding paragraph that R

has the structure

266666666664

ID[t] (D [t] d1) d1
�1d�1D [t] d2d

�
1
�1 d1

�1d�1D [t] d3d
�
1
�1 � � � d1

�1d�1D [t] drd
�
1
�1

D [t] ID[t] (D [t] d2) d2
�1d�2D [t] d3d

�
2
�1 � � � d2

�1d�2D [t] drd
�
2
�1

D [t] D [t] ID[t] (D [t] d3) � � � d3
�1d�3D [t] drd

�
3
�1

...
...

...
...

D [t] D [t] D [t] � � � ID[t] (D [t] dr)

377777777775
:

We already know that the kernel K of our anti-homomorphism has the struc-

ture 266664
D [t] d1 D [t] d2 � � � D [t] dr
...

...
...

D [t] d1 D [t] d2 � � � D [t] dr

377775 :
Hence, R�K has the structure

266666664

ID[t] (D [t] d1)�D [t] d1 d1
�1d�1D [t] d2d

�
1
�1�D [t] d2 � � � d1

�1d�1D [t] drd
�
1
�1�D [t] dr

D [t]�D [t] d1 ID[t] (D [t] d2)�D [t] d2 � � � d2
�1d�2D [t] drd

�
2
�1�D [t] dr

...
...

...

D [t]�D [t] d1 D [t]�D [t] d2 � � � ID[t] (D [t] dr)�D [t] dr

377777775
:

We call R�K the Frobenius ring of T .
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9.2 The Frobenius Dimension Formula

When D = F , there is a formula, attributed to Frobenius by Wedderburn,

which gives the dimension of Z (T ) in terms of the degrees of the invariant

factors of T . We will now generalize the Frobenius dimension formula by

allowing the possibility that D 6= F . Note �rst that if i < j, then the

map di�1d�iD [t] djd
�
i
�1 �! D [t]�diD [t] ; d�1i d�i adjd

��1
i 7�! a + diD [t] ; is

F -linear and surjective with kernel D [t] dj. Therefore,

di
�1d�iD [t] djd

�
i
�1�D [t] dj �= D [t]�diD [t] ;

as F -vector spaces, and so

dimF

�
di
�1d�iD [t] djd

�
i
�1�D [t] dj

�
= dimF (D [t]�diD [t]) = deg (di) [D : F ]:

This result and the structure of R�K yield

dimF Z (T ) = 2[(r � 1) deg (d1) + (r � 2) deg (d2) +

� � �+ deg (dr�1)][D : F ] +
rX
i=1

dimF [ID[t] (D [t] di)�D [t] di]:

This is the generalization of the Frobenius dimension formula that we sought.

Indeed, when D = F , we have ID[t] (D [t] di) = D [t], and so

dimF [ID[t] (D [t] di)�D [t] di] = dimF [D [t]�D [t] di] = deg (di) :
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Hence, specializing our dimension formula to the case D = F gives

dimF Z (T ) = (2r � 1) deg (d1)+(2r � 3) deg (d2)+� � �+3deg (dr�1)+deg (dr) ;

which is the classical Frobenius dimension formula.
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10 Summary of Results on Associative Alge-

bras

For the convenience of the reader, we summarize in this �nal section the

seven major theorems which form the foundation of the theory developed in

this thesis. These are the following:

1. The Jordan-Holder Theorem,

2. The Krull-Schmidt Theorem,

3. The Wedderburn Structure Theorem,

4. The Wedderburn (or Wedderburn-Artin) Theorem,

5. The Skolem-Noether Theorem,

6. The Double Centralizer Theorem, and

7. The Cyclic Decomposition Theorem.

Precise references will be given for all proofs. The �rst six are classical

results from the theory of associative algebras, and may be found in any

number of graduate algebra texts. For the sake of uniformity, we have chosen

[12], as our main reference for the proofs of 1-6. The Cyclic Decomposition

Theorem may be found in [7]. Let me mention that [7] contains all the

results about associative algebras that we need, but these are developed

using classical ring-theoretic methods, while the development in [12] is based
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on the notion of a module. I must also add that I originally learned much of

this material from N. Jacobson�s two volume masterpiece [8] and [9]. Any

algebraic facts or terms which are used in this section (or this thesis) without

explanation may be found in [8] and [9] (as well as many other sources).

Lastly, I want to record my intellectual debt to the beautiful text [4], from

which I learned a great deal. This text may also be used as an alternative

reference for all the results we need.

10.1 Modules

Let R be a ring, which we always assume to be equipped with an identity

element, and let M be a left R-module. All left R-modules are unitary (i.e.,

the identity element of the ring �xes each element of the module). We also

say left module for short, if there is no possibility of confusion or if the exact

nature of the underlying ring is immaterial. Since we shall be dealing almost

exclusively with left modules, we shall usually omit the adjective "left". A

nonempty subset of the R-module M is called a submodule if it is closed

under addition and scalar multiplication by elements of R. We use the

notation N �M to indicate that N is a submodule of the module M . If M

and N are R-modules, then a mapping ' : M �! N is said to be R-linear if

8x; y 2M and r 2 R we have

' (x+ y) = ' (x) + ' (y)

' (rx) = r' (x) :
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It is immediate that ker (') � '�1 (0) is a submodule of M , and ' (M) is a

submodule of N . If there exists an R-linear map  : N �!M such that

 � ' = 1M

' �  = 1N ;

then we say that the modules M and N are isomorphic, denoted M �= N ,

and call ' an isomorphism. An R-linear map ' : M �! M is called an

R-endomorphism of M . It is a fundamental fact that the set of all R-

endomorphisms ofM forms a ring under pointwise addition and composition

of maps. We denote this ring by EndR (M). Recall that M is said to be

simple ( or irreducible) if M 6= 0, and the only submodules of M are 0 and

M . Recall that a division ring is a ring in which every nonzero element is

invertible. The �rst result we state is universally known as Schur�s Lemma,

and it is surprisingly useful.

Theorem 105 If M is a simple R-module, then EndR (M) is a division

ring.

Proof. [12], p. 28.

If N is a submodule of the R-module M , then the additive quotient

group M�N has a unique structure as an R-module such that the natural

map � : M �! M=N is R-linear. The Noether isomorphism theorems hold

for R-modules. If M is an R-module, then a chain of distinct submodules
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of M

0 = N0 � N1 � � � � � Nn�1 � Nn =M

is called a composition series ofM if for all i = 1; : : : ; n the quotient module

Ni�Ni�1 is simple. The quotient modules Ni�Ni�1 are called the com-

position factors of the composition series. Two such series are said to be

isomorphic if there is a one-to-one correspondence between the composition

factors of the two series in which corresponding factors are isomorphic. The

next result is concerned with the uniqueness up to isomorphism of composi-

tion series. It is generally referred to as the Jordan-Holder Theorem.

Theorem 106 Any two composition series of a module are isomorphic.

Proof. [12], p. 34.

In particular, the number of composition factors is invariant. This num-

ber, when the module has a composition series, is called the length of the

module. There remains the issue of the existence of a composition series.

A module is Artinian (respectively, Noetherian) if any strictly decreasing

(respectively, increasing) sequence of submodules must be �nite.

Theorem 107 A module has a composition series if and only it is both Ar-

tinian and Noetherian.

Proof. [12], p. 34.

If a module may be written as a direct sum of simple modules, then

it is said to be semisimple (or completely reducible). Note that according
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to this de�nition the zero module is semisimple, but it is not simple. Of

course, every simple module is semisimple. The decomposition of a semi-

simple module into a direct sum of simple modules is essentially (i.e., up to

isomorphism) unique (see [12], p. 32). The following characterization of

semisimple modules is useful.

Theorem 108 A module M is semisimple if and only if every submodule

has a complement (i.e., if N � M , then there exists P � M such that

M = N � P ).

Proof. [12], p. 30.

There are a number of �niteness conditions that may be imposed on a

module which are in general independent of each other. However, in the

case of semisimple modules, the situation is much simpler, and all these

conditions are equivalent. Before stating this precisely, recall that a subset

S of a module M generates a submodule of M , namely the collection of all

�nite linear combinations of elements of S or, equivalently, the intersection

of all submodules of M containing S. If the submodule generated by S

coincides with M , then we say that S is a generating set for M . M is

�nitely generated if it has a �nite generating set. The precise result we

alluded to above is the following

Theorem 109 If M is a semisimple module, then the following conditions

are equivalent:

1. M is �nitely generated.
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2. M may be written as a �nite direct sum of simple modules.

3. M is Artinian.

4. M is Noetherian.

5. 9n 2 N such that for any strictly increasing �nite sequence

N0 � N1 � � � � � Nm�1 � Nm

of submodules of M , we have m � n.

Proof. [12], p. 36.

Next, we introduce the notion of the radical of a module M , denoted

Rad (M). This is, by de�nition, the intersection of all submodules N � M

such that M�N is simple. (The intersection of an empty collection of

submodules of M is de�ned to be M .) One can show that Rad (M) � M

and Rad (M�Rad (M)) = 0. Moreover, the radical of M is the smallest

submodule of M with a quotient that has vanishing radical.

Theorem 110 A module M is �nitely generated and semisimple if and only

if M is Artinian and Rad (M) = 0.

Proof. [12], p. 38.

A nonzero module M is indecomposable if whenever we have

M = N � P;
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for submodules N;P � M , then either N = 0 or P = 0. We refer to the

following existence and uniqueness assertion as the Krull-Schmidt Theorem.

Theorem 111 If a module M is both Artinian and Noetherian, then there

exist a natural number r and indecomposable submodules N1; : : : ; Nr � M

such that

M = N1 � � � � �Nr:

The natural number r and (up to isomorphism) the indecomposable modules

Ni are uniquely determined by M .

Proof. [12], p. 78.

10.2 Semisimple Algebras and the Jacobson Radical

Henceforth, R denotes a commutative ring (always with identity). An R-

algebra (or, simply, algebra) A is a left R-module equipped with an R-bilinear

map A� A �! A; (x; y) 7�! xy; such that

1. 8x; y; z 2 A; x (yz) = (xy) z; and

2. 91A 2 A such that 8x 2 A; 1Ax = x = x1A:

An R-algebra A is also a ring, and so all the results of the preceding

section apply to A-modules. Every ring is a Z-algebra. We have the usual

notions of subalgebras (these are required to contain the identity element),
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homomorphisms of algebras (these are required to preserve the identity el-

ements), isomorphisms of algebras, left ideals, right ideals, two-sided ideals

(or, simply, ideals), and quotient algebras. The Noether isomorphism the-

orems hold for algebras as well. A division algebra is an algebra in which

every nonzero element is invertible.

An algebra A has the natural structure of a left A-module. When con-

sidering A equipped with its left A-module structure, we write AA. Observe

that AA is �nitely generated (by 1A). The algebra A is said to be left semi-

simple if AA is a semisimple A-module. There is also an obvious notion of

right semisimplicity. It turns out that these two notions of semisimplicity for

an algebra coincide, and so we may speak of a semisimple algebra A without

specifying left or right. This is one consequence of the next result, which is

called the Wedderburn Structure Theorem.

Theorem 112 Let A be a left (or right) semisimple R-algebra.

1. 9n1; : : : ; nr 2 N and division R-algebras D1; : : : ; Dr such that

A �= Mn1 (D1)� � � � �Mnr (Dr) as R-algebras.

2. The natural numbers n1; : : : ; nr and the division algebras (up to iso-

morphism) D1; : : : ; Dr in 1. are uniquely determined by A.
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3. If n1; : : : ; nr 2 N and D1; : : : ; Dr are division R-algebras, then

Mn1 (D1)� � � � �Mnr (Dr)

is both a left and right semisimple R-algebra.

Proof. [12], p. 49.

An algebra A is called left Artinian (respectively, left Noetherian) if AA is

an Artinian (respectively, Noetherian) module. There are analogous notions

of right Artinian and right Noetherian algebras, but unlike semisimplicity, a

left Artinian (respectively, left Noetherian) algebra need not be right Artinian

(respectively, right Noetherian). However, it is a theorem of Hopkins that a

left Artinian algebra is necessarily left Noetherian (see [12], p. 63). Although

we shall state our results for left Artinian algebras, the same results of course

hold for right Artinian algebras.

The algebra A is said to be simple if A 6= 0, and the only ideals of A

are 0 and A. A simple left Artinian algebra is necessarily semisimple (see

[12], p. 44). Hence, the following result, which is called the Wedderburn

(or Wedderburn-Artin) Theorem, is a corollary of the Wedderburn Structure

Theorem.

Corollary 113 A left Artinian algebra A is simple if and only if A �= Mn (D)

for some natural number n and division algebra D. In that case, the natural

number n and the division algebra D (up to isomorphism) are uniquely

determined by A.
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We remark that if A is a simple Artinian algebra, then all simple A-

modules are isomorphic (see [12], p. 45). So, up to isomorphism, there

exists only one simple A-module, if A is simple Artinian. The algebra A is

semisimple if and only if every A-module is semisimple (see [12], p. 41).

The Jacobson radical of an algebra A, denoted by Rad (A), is de�ned to

be Rad (A) � Rad (AA). The appearance of a left bias in this de�nition is

illusory, for it turns out that

Rad (AA) = Rad (AA) :

The Jacobson radical is thus a (proper) two-sided ideal of A. See [12], p.

56 and p. 59 for proofs of these facts. For various ways of characterizing

the Jacobson radical, see [12], pp. 58-59. An algebra A is semisimple if

and only if A is left Artinian and Rad (A) = 0. This is just a restatement

of Theorem 109 in the preceding subsection. In the case that R = F is a

�eld and A is a �nite-dimensional F -algebra, then the Jacobson radical is

the largest nilpotent ideal of A (see [12], p. 61). Finally, we remark that

if A is a left Artinian algebra, then A�Rad (A) is a semisimple algebra (see

[12], p. 56).
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10.3 Central Simple Algebras

Let F be a �eld. In this subsection, we consider F -algebras A which are

�nite-dimensional over F . In this case, we identify F with the subalgebra

F1A = fa1A j a 2 Fg :

(This tacitly assumes that 1A 6= 0, which is always the case in the situations

we consider.) Thus F � Z (A), the center of A. If F = Z (A), then A

is called central. We are primarily interested in �nite-dimensional central

simple F -algebras. The �rst of the two main results of this subsection is the

following theorem, which is called the Skolem-Noether Theorem.

Theorem 114 Let A be a �nite-dimensional central simple F -algebra, and

let B be a simple subalgebra of A. If ' : B �! A is a homomorphism of

F -algebras, then there exists an invertible element u 2 A� such that ' (x) =

uxu�1 for each x 2 B.

Proof. [12], p. 230.

The second main result is called the Double Centralizer Theorem. The

name derives from the third assertion of the theorem.

Theorem 115 Let A be a �nite-dimensional central simple F -algebra, and

let B be a simple subalgebra of A.

1. ZA (B) is simple.
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2. [B : F ] [ZA (B) : F ] = [A : F ] :

3. ZA (ZA (B)) = B:

4. If B is central simple, then ZA (B) is central simple, and

A �= B 
F ZA (B) :

Proof. [12], p. 232.

10.4 Finitely Generated Torsion Modules over a Non-

commutative Principal Ideal Domain

Let K be a noncommutative principal ideal domain. This means that K is

a ring (not necessarily commutative) with identity 1 6= 0 which has no left

or right zerodivisors and in which every left or right ideal is principal. The

main example for our purposes is of course D [t]. Two elements d; d0 2 K

are said to be similar if

K�Kd �= K�Kd0

as left K-modules. It is shown in [7], Theorem 4, p. 34, that this de�nition

is equivalent to the one using right K-modules. If M is a left K-module,

then the annihilator of an element z 2M is the left ideal

ann (z) � fd 2 K j dz = 0g :
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We say that z has �nite order if ann (z) 6= 0, and call M a torsion module

if every element of M has �nite order. The annihilator of the module M is

the two-sided ideal

ann (M) � fd 2 K j dM = 0g :

It is shown in [7], p. 37 that 9d� 2 K such that

ann (M) = Kd� = d�K:

The following theorem, which we call the Cyclic Decomposition Theorem,

completely determines the structure of �nitely generated torsion modules

over K.

Theorem 116 Let M 6= 0 be a �nitely generated torsion module over K.

Then there exists a positive integer r and 9zi 2 M � 0 and di; d�i 2 K for

i = 1; : : : ; r such that

M = Kz1 � � � � �Kzr;

where ann(zi) = Kdi � Kd�i = d�iK = ann (Kzi) and

Kdi � Kd�i � Kdj

for i < j. The integer r and, up to similarity, the elements di are uniquely

determined. The elements d�i are determined up to multiplication by a unit.
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Proof. See [7], Theorems 18 and 19, p. 44, and Theorem 31, p. 49.

Note that in the special case that K = D [t], the elements d�i in the Cyclic

Decomposition Theorem are uniquely determined, provided that we choose

these to be monic.
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