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ABSTRACT
iv

RESONANT TUNNELING THROUGH A 
DIODE ACCUMULATION LAYER 

by
Daniel P. Morris 

Advisor: Professor Melvin Lax

The phenomenon equivalent to resonant tunneling, in a double- 
barrier diode with a spacer layer and consequent accumulation 
layer on the cathode (source) side, is elucidated. The accumu­
lation layer and the inter-barrier well is a double barrier reflect­
ing structure in which each support an electron quasi-level (or 
several) which may be expected to combine coherently into a 
doublet of states that are filled by in-scattering of the source 
electrons and emptied by tunneling to the "anode" side. A rec­
tangular model potential is computationally investigated to elu­
cidate the properties of the double barrier reflecting structure, 
including the Gamow-like tunneling out o f the double-well sys­
tem. These properties are shown to be accurately represented 
by a two level model The resulting current depends on the dis­
tribution of electron density (norm) between these two compo­
nent orbitals, with a peak (as a function of bias) at the "level 
crossing" point where the norms are each 1/2. The in-scattering 
rate due to acoustic-mode phonons in particular is calculated. 
Corresponding diode current characteristics are obtained.
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CHAPTER 1
i

INTRODUCTION

The concept of tunneling through a potential barrier manifests 
the fundamental principle o f the quantum theoiy of matter - the 
wave-like property of matter. The concept of tunneling was in­
corporated into solid state physics in 1928 by Fowler and 
Nordheim, [1] and by Oppenheimer [2] to describe field emission 
from metals and later by Zener [3] in 1934 to describe internal 
field emission in semiconductors. Tunneling between the valence 
and conduction bands o f a semiconductor p-n diode was re­
ported by Leo Esaki in 1958 [4]. Such devices are referred to as 
Esaki or tunnel diodes. Since the first observation of resonant 
tunneling, by Tsu, Esaki and Chang [4, 5 ] in the early 1970's, 
double-barrier resonant tunneling structures (DBRTS) have at­
tracted much interest due to their potential applications [7-9] and 
the opportunities they offer for the theoretical and experimental 
study of quantum effects and tunneling processes [10, 11]. The 
first theoretical treatment o f resonant tunneling appears to be 
by Bohm [12] in 1951 using the WKB approximation. The early 
work on tunneling in solids has been thoroughly reviewed by 
Duke [13]. A recent review o f tunneling in semiconductors has 
been done by Price [17]. There are a number of recent books 
on various aspects of the theory o f resonant tunnelling and its 
practical applications [14, 15, 16].
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The observations o f Tsu, Esaki and Chang appeared shortly after 
molecular beam epitaxy (MBE) was introduced into compound 
semiconductor crystal growth techniques. Electron tunneling 
was predicted for an AIGaAs/GaAs/AlGaAs double barrier 
heterostructure based on electron wave resonance [5]. In the 
particle picture each electron is constrained inside the GaAs 
quantum well for a certain dwell time before escaping into the 
anode region. The bias dependence of the tunneling current 
through the DBRTS shows negative differential resistance as a 
result of the resonant tunneling. Resonant tunneling can be de­
scribed by the transmission and reflection process of resonant 
electron waves through the DBRTS [16 at pp. 1-6 ].

1.1 Overview of Physics of Resonant Tunneling

Double barrier resonant tunneling structures are made from 
planar layers of material having conduction or valence band 
edges at different energies. Typically a layer o f one material is 
sandwiched between two layers of the other material to result in 
a potential profile shown in Figure 1.1. This figure shows a 
schematic diagram of a DBRTS formed from two barrier regions 
of GaAlAs (of width Wi and W3 and barrier height A E) and a 
well region of n-doped GaAs (dopant and o f width W2) The 
cathode and anode regions are heavily n-doped GaAs (cathode 
dopant and the anode dopant N/j3). Ef  is the Fermi energy 
in the cathode and anode regions. The shaded regions are the 
occupied continuum states in the cathode and anode regions. E\ 
is a resonant level in the well region.
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GaAs
N d3

Fig. 1.1

Schematic diagram o f a DBRTS formed from two 
barrier regions o f  GaAIAs (of width Wi and W3 and 
barrier height AE) and a well region o f n-doped 
GaAs ( dopant Nd2 and o f  width W2). The cathode 
and anode regions are heavily n-doped GaAs (cath­
ode dopant Ndi and anode dopant N D3). Ef is the 
Fermi energy in the cathode and anode regions. 
The shaded areas are the occupied continuum states 
in the cathode and anode regions. E\ is a resonant 
level in the well region.
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Since there is no variation in the electrostatic potential parallel 
to the interfaces at xi between the layers of different material, 
only a one dimensional Schrodinger equation need be considered 
for the envelope wave function ij/:

^  +  k{E,x)24/ =  0
dx2 ( 1 . 1 )

A particle of energy E  in a one dimensional potential, V{E), has 
wave vector kjE^x) which is in general complex and given by 
k{x) =  V  Wx) —E l  where m is the effective mass
which is constant in each layer. \f/(x) may be assumed to satisfy 
the following conditions at an interface at locations xt where + 
and - correspond to the right and left side of xi

l <#(*) 
dx

1 dipjx) 
dxm_

( 1.2)

(1.3)

Eq. (1.3) is the typically used effective mass approximation to 
satisfy continuity of current through an interface at which there 
is a discontinuity in the band-edge energy and m* [18].

The current per unit area, J ,  for the DBRTS o f Figure 1.1, is 
given by:

J  =  (k) -> 2eJ(2it) 3 t(k)/(k) d3k (1.4)
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where the 2 is for two spin states, n{k) is the number of electrons 
per unit volume having wave vector k> v(k) is the group velocity 
given by

"?(*)— ±-V*£ (1.5)

/z(/c) =  (2n)~3J(k) where (27r)—3 is the density of states and J{k) is the 
probability that a state is occupied which is given by the Fermi 
distribution function. (Two-dimensional vectors parallel to the 
interface planes of the diode structure are represented by capitals 
K and the components normal to the planes by k, z, J .)

If the current is incident on a potential barrier, each electron has 
probability 7\E) of going through the barrier. The total energy 
E  =  £j| +  E± where E\{ =  (ftK)2/(2m) is the energy parallel to the 
surface o f the potential and Ex = (hk)2j(2m) is the energy per­
pendicular to the surface of constant potential. Therefore, from 
Eqns. (1.4) and (1.5) the current J  perpendicular to the potential 
surfaces is given by

J = — 4 -  \AE)1\E)%-dkdK. (1.6)
M n  J dk

When no bias is applied across the potential barrier, as shown 
in Figure 1.1, the current through the barrier is equal to zero 
since the current from left to right equals the current from right 
to left.
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Fig. 1.2

Schematic diagram o f the DBRTS o f Fig. 1.1 with 
a voltage applied between the cathode and anode. 
In Fig. 1.2(a) the resonant level E\ o f Fig. 1.1 is 
aligned with the cathode continuum states permit­
ting resonant tunneling (double lined arrow) to an 
unoccupied anode continuum state. In Fig. 1.2(b) 
the applied voltage is large enough to place the well 
resonant level below the cathode continuum. 
Electrons in the cathode continuum reach unoccu­
pied levels in the anode continuum by nonresonant 
tunneling (dotted arrow).
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If an external bias, V, is applied to the barrier as shown in Figure 
1.2, the net current flow through the barrier is [19]

J ~ — S~ T  [U (E )-A E + e V )]7 X E ± )-2g-d/c<iK (1.7)
fc4n

The transmission probability through a  potential barrier, T, can 
be determined by solving the Schrodinger equation. For a 
DBRTS shown in Figures 1.1-1.2 in the off resonance condition 
T ^ T l Tr and in the resonance range the peak value o f T  is 
T =  4Tl TrI(Tl  -f Tr)2 which is a  function of the ratio o f 71 and 
T r where 71 and Tr are the transmission probabilities for the left 
and right barriers, respectively [20].

Figure 1.3 shows a schematic plot o f the I/V characteristics of 
the DBRTS of Figure 1.2 [21]. When the energy o f the resonant 
state o f the barrier well is lower than the occupied (hatched re­
gion in Figures 1.2) states of the cathode or above the Fermi 
energy o f the cathode, the current is due to electrons reaching 
anode states through non-resonant states of the barrier well. The 
current reaches a maximum when the applied voltage equals 
2Eije which corresponds to the energy of a resonant state in the 
barrier well being aligned with the states of the cathode 
continuum as shown in Figure 1.2(a). The current then decreases 
showing a negative resistance when the resonant state of the 
barrier falls below the states of the cathode continuum as shown 
in Figure 1.2(b). The current increases again as another reso­
nance is approached.
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V

Fig. 1.3

Current/voltage characterized o f the DBRTS of  
Figs. 1.1 and 1.2 showing a peak at a voltage equal 
to 2Eile after which there is a negative resistance 

region.
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In many cases of interest, such as a DBRTS, the Schrodinger 
equation cannot be solved analytically and approximation 
methods are not applicable. In such a situation numerical sol­
utions of the Schrodinger equation must be obtained to deter­
mine 7\E) and the current.

1.2 Problem Investigated In This Thesis

In the DBRTS schematically shown in Figure 1.1 the cathode 
and anode regions are sufficiently highly doped so that none of 
the voltage applied between the cathode and anode contacts is 
dropped across the anode and cathode regions which are the re­
gions to the right and left of the barriers in Figure 1.1. This is 
shown in Figure 1.2 by the bands in the anode and cathode re­
gions remaining flat when a voltage is applied.

If the regions just outside the two barrier regions in Figure 1.1 
are undoped or lightly doped, part of the voltage between the 
cathode and anode contacts will be dropped in the cathode and 
anode regions resulting in bending of the energy bands [22]. 
Figure 1.4 schematically shows a DBRTS structure, which has 
lightly doped anode and cathode regions (N GaAs regions) and 
thin undoped GaAs spacer layers, of the type measured by Wu 
et al. [24].

Figure 1.5 is a schematic diagram of the energy band o f the 
structure of Figure 1.4 with a voltage applied between the cath­
ode and anode contacts. The top and bottom electrodes of
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Highly N doped GaAs electrode
N doped GaAs Anode ■__

Thin GaAs spacer
AIGaAs barrier

N doped GaAs well 
AIGaAs barrier 

Thin GaAs spacer
N doped GaAs Cathode 

Highly N doped GaAs electrode

Substrate

Fig. 1.4
Schematic cross section of a DBRTS with 
lightly doped anode and cathode regions.
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wl

w2 AnodeCathode Continuum
■w3 -w

<acc

Fig. 1.5

Schematic diagram o f the potential profile for a 
DBRTS o f Fig. 1.4. Eacc is a quantized level in the 
accumulation layer. Em, Ewi and Ews are quantized 
levels in the well. Ef is the Fermi energy. ka is the 
transition rate from a cathode continuum state to 
Eacc• kw is the transition rate from resonant level 
Ewi to an unoccupied anode continuum state.
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Figure 1.4 correspond to the left and right, respectively, of Fig­
ure 1.5. When the top electrode is biased negatively with respect 
to the bottom electrode, the top electrode is the cathode and the 
bottom electrode is the anode. The potential shows band bend­
ing caused by a voltage drop in the lightly doped spacer layers. 
The band bending originates from the accumulation of electrons 
in the lightly doped region adjacent the cathode side barrier and 
from the buildup of space charges in the lightly doped region 
adjacent the anode side barrier. The N doped GaAs layer and 
the thin undoped GaAs layer on the cathode and anode sides 
of the structure of Figure 1.4 result in the bending of the con­
duction band edge in the regions to the left and right of the two 
potential barriers in Figure 1.5.

In Figure 1.5, Ef is the Fermi energy in the cathode region. 
There are a continuum of cathode states between the Fermi en­
ergy and the conduction band edge energy which is shown as a 
dashed line in the accumulation layer region, but the lower en­
ergy range is quantized. Figure 1.5 illustrates that one can expect 
to have levels associated with the quantization o f the accumu­
lation layer by itself as well as levels associated with the double 
barrier resonant structure, but as they approach coincidence 
these will interact through the interconnecting barrier between 
the well and the accumulation layer. For energies less than the 
conduction band edge in the cathode region, the structure of 
Figure 1.5 is a reflecting double barrier structure, that is, a wave 
function incident from the anode side of the DBRTS is com­
pletely reflected with a change in phase by the DBRTS.
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In Figure 1.5 as the applied voltage is varied the effective width 
o f the accumulation layer changes. The DBRTS of Figure 1.5 
has a well with three resonance levels 22*i, E*n and 22*3. Since 
resonance level 22*i is not in the occupied energy range of the 
cathode continuum, the probability o f an electron tunneling 
through the DBRTS through these levels is zero except by some 
inelastic scattering process. On the other hand, resonance level 
22*2 is within the range of the cathode continuum and the prob­
ability of an electron tunneling through the DBRTS will be high 
[27, 28, 30]. Well resonance level 22*3 is shown aligned with the 
accumulation layer resonance level Eacc- Therefore, electrons can 
"tunnel" from level Eacc to level 22*3. Accumulation layer quasi­
level Eacc can be filled with electrons scattered from the cathode 
continuum with a rate constant, schematically shown as ka in 
Figure 1.5. Because of the lateral two-dimensional wave-vector 
component for electron states in a  three dimensional parallel- 
plane structure, it is possible for elastic disorder-induced scat­
tering as well as elastic-phonon induced scattering to contribute 
to these processes. The transition from the resonance level 22*3 

to the anode side will be given by a rate constant, schematically 
shown as kw in Figure 1.5 which depends on the time to escape 
from the resonance level Eacc which is the lifetime, i g (Gamow 
decay time), of the electron in the accumulation layer resonance 
energy level. These resonance levels will be referred to a as 
quasi-levels since an electron is not trapped in this level but can 
leak out into the anode region.
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The quantized levels in the accumulation layer are in fact not 
distinct levels from the quantized levels in the barrier. The ac­
cumulation layer and barrier layer levels are resonance-associated 
quasi-levels forming a single "hybrid'1' quantum state. The "hy­
brid" quantum state is characterized by an escape time for an 
electron scattered into the "hybrid" state to reach an anode state.

The escape time for these resonance-associated quasi-levels will 
be o f the same order of magnitude as the isolated ("stand alone") 
resonant structure's response time, ~  h/AE, where AE  is the res­
onance half width. Where an appreciable fraction F  o f the norm 
for these electron states belongs to the accumulation layer part 
of the structure, scattering rates should be comparable to those 
for the usual "two-dimensional electron-gas" sub-bands of a 
completely confining accumulation layer plus conventional bar­
rier.

Eq. (1.7) for the current applies to electrons tunneling through 
the double barrier from a cathode state in a semi-infinite space 
(cathode region) to an anode state in a semi-infinite space (anode 
region), such as when well level E*,2 is aligned with the cathode 
continuum states as shown in Figure 1.5. Eq. (1.7) does not 
apply to electrons reaching such an anode state from a quantized 
level in the accumulation layer, such as Eacc which is filled with 
an electron by transitions from occupied cathode continuum 
states. Therefore, a different approach is needed to calculate the 
I/V characteristics when there is an accumulation layer with 
quantized states. Such an approach is described in this thesis.
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Eq. (1.7) is not sufficient since it applies to an electron wave 
function which is incident from infinity on a potential barrier 
which transmits a part of the wave function to infinity in the 
opposite direction. The portion of the wave function which is 
not transmitted through the barrier is reflected back to the in­
finity from which it originated. Thus the wave function is a re­
flected but not a bound state. An electron in an accumulation 
layer state reflects back and forth between the potential side 
walls of the accumulation layer. A portion o f the wave function 
is transmitted through the potential barrier into the anode region 
each time the electron is incident on the barrier. The entire wave 
function eventually escapes to the anode region. Thus an 
electron in an accumulation layer state is characterized by an 
escape time from the accumulation layer state which is not taken 
into account by Eq. (1.7).

Figure 1 .6  which is a  schematic plot of data reported by Wu et 
al. [24.] shows I/V and the G/V (G = dI/dV) characteristics of a 
DBRTS structure schematically shown in Figure 1.4. Wu et al. 
reports data with the lightly doped N-GaAs layers having Na— 
2 x 1018, 2 x 1017, 2 x 1016 and 2 x 101S atoms/cm2. The presence 
of the "kink" increases as dopant decreases. The black diamond 
in Figure 1.6 marks a "kink" in the I vs.V and G vs. V charac­
teristics which Wu et al. attribute to alignment of a well reso­
nant state, such as E m , and an accumulation layer state, such 
as Eacc, shown in Figure 1.5.
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Fig. 1.6
Schematic plot of I vs. V  and dl/dV vs. V 
characteristics of a DBRTS structure of 
Fig. 1.4 for a lightly doped spacer layer.
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Resonant tunneling o f electrons has also been observed from the 
accumulation layer adjoining a DBRTS formed from undoped 
regions (0.3 fxm thickness) [23]. This effect has also been ob­
served in a DBRTS with a spacer layer [24]. Others have also 
reported that tunneling of electrons from the first excited quan­
tum  level in the accumulation layer has been found to produce 
kinks in the current voltage characteristics [25]. It has been re­
cently reported that the photoluminescent intensity from the 
quantum well as a function of bias sharply peaks at the voltage 
corresponding to the kink. The experimental evidence has been 
interpreted as evidence of the interaction o f the first excited 
quantum state in the accumulation layer and the resonant state 
in the quantum well [26].

A general analytic treatment of resonant tunneling via an accu­
mulation layer in a DBRTS has been presented by Price [31]. 
A more complete computational analytical treatment to under­
stand the origin of the "kinks" shown in Fig. 1.6 is presented in 
this thesis. In this thesis the double well structure is treated as 
a coherent quantum system. It is shown that the resonance levels 
are in doublets of quasi-levels where the "level crossing phe­
nomena" as the bias is varied is the critical property of the sys­
tem. As described in Chapter 2 a model potential is initially 
investigated to understand the properties of a reflecting double 
barrier quantum system. The model potential is a surrogate 
system which replaces the potential of Figure 1.5 with a rectan­
gular potential which can be represented by algebraic expressions 
and numerically computed. From this investigation of the model
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potential an understanding of the "level crossing phenomena" of 
the potential o f Figure 1.5 is obtained. This understanding is 
applied in Chapter 3 to derive an expression for the current 
which results from the "level crossing phenomena" which results 
in an expression for the current which has Lorentzian form. The 
electrons in the cathode continuum reach the quasi-levels o f the 
accumulation layer by inelastic collisions where acoustic phonon 
scattering is the dominant scattering mechanism. If z >  0 is the 
direction of current flow, then in a transition from a cathode 
continuum state to an accumulation layer state, the z  compo­
nent, k2, of the wave vector changes from an initial value to a 
final value. Since the collision is inelastic, the initial and final 
total energy differ by the phonon energy. In Chapter 3 it is 
shown that the phonon energy can be neglected in comparison 
with the initial and final state energies. Parabolic energy bands 
will be assumed therefore

2
E  ^  ( * 2  +  A? +  A2) (1.8)

2m

The surface o f constant energy in k  space is a sphere. Therefore, 
for fixed k2 there is a circle on the sphere o f constant energy 
which are the initial states and there is another circle on the 
sphere of constant energy which are the final states. The final 
states for a given initial state will incorporate a change in lateral 
2D wave-vector,AT, so as to give the same final as initial state 
energy for inelastic scattering processes for which the the phonon 
energy can be neglected. A factor in the rate (incident velocity 
times probability) is the density of the final states at this energy.
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With the final states being the 'outward waves' ones of the type 
calculated in Chapter 2. The occupation probability of the final 
state is (1 — j)  and of the initial state is /  where / i s  the Fermi 
distribution function which is a factor in the rate. All transitions 
from each initial state to each final state are possible and have 
to be summed. Fermi's golden rule is used to calculate the 
transition rate from each initial to each final state. It is assumed 
that the energy of the initial state Ek satisfies 0  <  Et < Ef where 
E f is the Fermi energy. Thus f  =  1 for 0 <  E* < E j and / =  0 for 
Ei >  Ef.

1.3 Initial Investigation of a Model Potential

Reflecting Multibarrier Resonant Quantum System

Initially a model potential o f a DBRTS with an accumulation 
layer has been investigated. The system initially investigated is 
the idealized model potential shown in Figure 1.7, in which each 
segment of the potential has zero field (constant potential). It 
has been found that the model potential is an interesting quan­
tum system for separate investigation aside from being a model 
of the potential of Figure 1.5. There have been a number of 
recent theoretical studies of multibarrier transmission resonant 
tunneling structures [32-41], There appears to have been no 
thorough investigation of reflecting multibarrier resonant 
tunneling structures. My investigation of the model potential 
has elucidated properties of reflecting multibarrier quantum sys­
tems which appear not to have been investigated before. My 
investigation elucidates the properties of a quantum system
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Fig. 1.7 

Model potential for a DBRTS with an accumulation 
layer.
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which is not a bound state but a quasi-level of a reflecting double 
barrier system which leaks out of the double barrier system with 
a finite lifetime. It has been surprisingly found that pairs of 
quasi-levels have significant changes in some properties when the 
right barrier (Region 5) is made thinner than the left barrier 
(Region 3). There is a change in lifetime of the quasi-level and 
distribution o f the quasi-level within the DBRTS structure which 
is most significant when the right barrier is made much thinner 
than the left barrier. Even when the right barrier is so thin as 
to be almost completely transparent, the system maintains 
properties of a double barrier system.

Parameters of the model potential are easily varied to gain an 
understanding of the properties of a reflecting double barrier 
structure to more easily understand the properties of the poten­
tial of Figure 1.5. This initial work is reported in Chapter 2. 
The application of this understanding to the potential o f Figure 
1.5 is described in Chapter 3.

The model potential, while expected to have the same qualitative 
properties as for the potential o f Figure 1.5, can be analyzed and 
hence numerically computed in terms of elementary functions 
using the transfer matrix formalism. Its properties have been 
investigated by varying the thicknesses of the two barriers and 
the two "potential wells."

In the potential of Figure 1.5 (which is a representation o f the 
the actual potential profile of a DBRTS with an accumulation

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



22
layer) the left is higher in energy than the right since a bias is 
applied to the left (cathode) electode which is negative with re­
spect to the right (anode) electrode. Since the regions to the left 
and the right of the two barriers are lightly doped or undoped, 
there is a field in these regions. In the left region (the accumu­
lation layer) a well is formed which has approximately triangular 
shape. A t a particular value o f the field, F0 and at an energy 
E ' above the bottom  of the triangular well the triangular well 
has a width, W ’. As the magnitude of the field is increased to 
greater than | F01, W ' decreases. As the magnitude of the field 
is decreased to less than |F o |, W ‘ increases. At energy E ' the 
width of the left and right barriers and of the well between the 
left and right barriers remains constant as the field is varied. 
Thus, for the model potential o f Figure 1.7, this effect is simu­
lated by varying the the width of the left well, dlw. As the field 
is varied about F0, the top o f the right barrier is lowered with 
respect to E ‘. Thus for the right barrier \V 0 — E '\  decreases as 
the magnitude o f the field is made greater than | F0 | which re­
sults in the transmission probability through the right barrier 
decreasing. Also, for the right barrier | V0 — E ' | increases as the 
magnitude of the field is made less than | F0 | which results in the 
transmission probability through the right barrier increasing. 
This effect can be simulated by varying the thickness of the right 
barrier for the model potential o f Figure 1.7.

Therefore, the effects o f applying a potential across the DBRTS 
are simulated by varying the width of the left well and the width 
of the barrier on the anode side (right side) of the DBRTS.
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These widths are varied separately to understand the effect each 
has on the properties of the DBRTS.

The calculated resonances of the DBRTS are pairs of closely 
spaced quasi-levels (having a higher and lower energy quasi-level) 
derived from one level generated by each o f the wells.

1.4 Numerical Solutions of Schrodinger's Equation

When V(x) is constant, the one dimensional Schrodinger 
equation has a solution of the form

For E  > V, k is real and for E  <  V, k is imaginary. At interfaces 
between regions of constant potential using Eqns. (1.2) and (1.3) 
setting the wave function and its derivative divided by the effec­
tive mass equal on both sides of the boundary results in a 2  x 2  

transfer matrix, M, relating the coefficients A and B  from one 
region o f constant potential to the adjacent region of constant 
potential. When there are n regions the coefficients A\ and B\ 
are related to the coefficients A„ and B„ by the following 
equation:

Eq. (1.10) can be used to solve the Schrodinger equation for the 
potential profile of Figure 1.5 by approximating the potential in

= A exp(ikx) +  B  exp( — ikx) (1.9)

( 1. 10)
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regions where the potential is not constant by a number of re­
gions o f constant potential o f different magnitude as shown in 
Figure 1.7.

1.5 Conclusion

In this thesis I investigate resonant tunneling from a quantized 
source layer (i.e. an accumulation layer). Understanding of this 
investigation is facilitated by the investigation of a reflecting 
multibarrier resonant quantum system described in Chapter 2. 
The results of Chapter 2 are applied in Chapter 3 to derive an 
expression for the current in a diode having a DBRTS with an 
accumulation layer.
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CHAPTER 2
25

RESONANCE IN A ONE-SIDED NON-SYMETRICAL 
DOUBLE BARRIER STRUCTURE

2.1 Introduction

Since the first observation of resonant tunneling [5, 6 ], double- 
barrier resonant tunneling structures (DBRTS) have attracted 
much interest due to their potential applications [7, 8 , 9]. 
Moreover, they offer opportunities for the theoretical and ex­
perimental study of quantum effects and tunneling processes 
[10, 11].

The quantum system that is investigated in this chapter is chosen 
to serve as a model for a special case of resonant tunneling diode 
discussed in Chapter 3, and it is also found to have quantum- 
mechanical properties that are of interest in themselves. As de­
scribed in Chapter 1 the semiconductor diodes in question have 
a spacer layer separating the n-doped (source) region from the 
nearer of the two barrier layers, resulting in an accumulation 
layer containing one or more distinct quantum levels of the 
electrons. Consequently these levels, rather than the usual one­
dimensional continuum of states, serve as a "cathode" source for 
tunneling current.
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Recently in the literature there has been a number of studies o f 
multiple barrier resonant structures [32-41]. These structures 
provide new opportunities for electronic applications and show 
new aspects of resonant tunneling not present in double barrier 
structures.

In this chapter a multiple barrier structure is studied theore­
tically. The structure comprises a double barrier structure ad­
joining a reflecting structure. This structure is investigated as a 
simple model o f actual diodes in which there is a double barrier 
combined with an accumulation layer, which display a variety 
of resonant tunneling characteristics.

Figure 1.5 shows the conventional potential diagram to represent 
this situation. The accumulation layer and the standard inter- 
barrier layer, when each is considered apart from the rest of the 
system, support quasi-levels as shown. The former can be filled 
from the source continuum by elastic or inelastic scattering 
processes (remembering the two-dimensional lateral wave vec­
tors, not shown), while the latter empty by electron tunneling 
into the anode continuum. These two steps are connected by a 
"tunneling interaction" in the barrier on the left (cathode) side; 
and accordingly it is the resulting combined quantum state that 
fills from the source region and empties (decays) by tunneling to 
the right (anode side). The current through the diode, consid­
ered in this way, will depend on the fraction of the norm, for the 
state given by the combined levels, that belongs to the accumu­
lation layer, and hence must depend on a kind of dwell time.
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As the two "combining levels" cross (which should occur with 
increasing bias voltage) one expects -  and, in this chapter, finds 
— an "anti-crossing effect" in which the pair of combined levels 
approach only to a  minimum energy separation; that will be the 
"resonance" phenomenon in this system.

The tunneling decay for such a combination level must give an 
energy broadening effect on the level properties, proportional to 
the rate (inverse o f lifetime). This decay rate should increase 
with forward bias as the anode-side barrier is effectively lowered. 
Then it is of interest to examine what happens to the properties 
of these electron states when the broadening exceeds the anti­
crossing level splitting.

The system that is actually investigated here is the idealized 
model depicted in Figure 1.7, in which each segment of the po­
tential has zero field (constant potential). This model, while 
expected to have the same qualitative properties as for Figure 
1.5, can be analyzed and hence numerically computed in terms 
of elementary functions. Its properties will be varied by varying 
the thicknesses of the two barriers and the two "potential wells."

In Chapter 3 a more complete investigation, involving scattering 
from the cathode continuum into the quasi-levels of the accu­
mulation layer, is presented of current/voltage characteristics of 
a DBRTS with an accumulation layer having the potential of 
Figure 1.5. For such a potential, if a quasi-level of the accu­
mulation layer is aligned with a quasi-level of the barrier well,
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coherent tunneling is expected from the accumulation layer 
quasi-level through the barrier well quasi-level to an unoccupied 
state on the anode side of the DBRTS. Consequently, the 
electrons of the cathode continuum may, via scattering processes 
at the site of the accumulation layer [31] reach a resonant level, 
and hence the anode states.

In the typical model o f a DBRTS at zero bias, the resonance 
levels of the quantum well lie above the energy range of the 
continuum of occupied electron states (electron sea) of the cath­
ode (emitter). The resonance level of the well can be displaced 
to within the energy range of the electron sea by an anode to 
cathode potential bias. The current through the diode is then 
at a relative maxima because of the possibility of direct coherent 
tunneling through the resonance level to an unoccupied level at 
the anode side of the DBRTS [28, 42-45].

Diode configurations having an undoped cathode or undoped 
spacer layer between a heavily doped cathode and the barrier 
layer will have an accumulation layer on the cathode side of the 
DBRTS [46]. Consequently, due to quantum confinement in 
both the accumulation layer and the barrier well between the two 
barriers o f the DBRTS there are quasi-levels [47]. A potential 
well bounded on both sides by a potential barrier of infinite 
width or height has discrete energy levels in which an electron 
can be trapped. Where a potential well is instead bounded on 
at least one side by a potential of finite height and width, the 
discrete levels are broadened into quasi-levels since an electron
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in such a level can escape with a lifetime related to the energy 
width of the quasi-level.

In order to properly account analytically for the contribution to 
the current through the accumulation layer via the energy levels 
o f the accumulation layer and the energy levels of the quantum 
well, the associated wave functions in the accumulation layer and 
quantum well and the interaction between the energy levels of 
the accumulation layer and the quantum  well must be under­
stood as a function of the variation of the accumulation layer 
width with bias and as a function of the difference between the 
energy of the quasi-level and the top of the anode side barrier.

Figure 1.5 shows schematically a DBRTS with an accumulation 
layer formed by the application o f bias between the anode and 
cathode regions which is assumed to result in a constant electric 
field. As the electric field is varied the effective width o f the 
accumulation layer changes. The DBRTS of Figure 1.5 has a 
well with three resonance levels Ey,i, £ ^ 2 and £^3. Since quasi­
level Ewi is not in the occupied energy range of the cathode 
continuum, the probability of an electron tunneling through the 
DBRTS through this energy level is zero except if an electron 
reaches this level by some scattering process. On the other hand, 
quasi-level Ew2 is within the range of the cathode continuum and 
the probability of an electron tunneling through the DBRTS will 
be high [27-29].
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Well quasi-level Ew3 is shown aligned with the accumulation layer 
quasi-level Eacc- Then electrons can "tunnel' from level Eacc to 
level Ew3 . Accumulation layer quasi-level Eacc can be filled with 
electrons scattered from the cathode continuum with a rate 
constant, schematically shown as k* in Figure 1.5. The transition 
from the quasi-level £ * 3  to the anode side will be given by a rate 
constant, schematically shown as kw in Figure 1.5 which depends 
on the time to escape from the quasi-level Eacc which is the life­
time, t ,  o f the electron in the accumulation layer quasi-level.

To investigate these properties numerically for a  DBRTS with 
an accumulation layer, it is desirable to consider first a some­
what simpler potential system as in Figure 1.7 where the 
cathode-side barrier is of infinite width. In this chapter the ide­
alized system consisting of the rectangular model potential, 
shown in Figure 1.7, of a DBRTS with an associated accumu­
lation layer is investigated analytically. In this case, the quantities 
of interest may be expressed algebraically, and then evaluated 
numerically by computer. The model potential is non-symmetric. 
It is a  one sided resonance structure which is closed on the 
cathode side and open on the anode side for which the source 
is the accumulation layer. The accumulation layer, Region 2 
(left well), and the well between the barriers, Region 4 (right 
well), are represented here by a rectangular well. An electron in 
a quasi-level within the accumulation layer can escape to the 
right to the anode continuum, Region 6 . There is no electric 
field applied to the potential of Figure 1.7. The effect of an 
electric field on the effective width of the accumulation is simu­
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lated by varying the width of the left well of Figure 1.7. The 
quasi-levels within the left well and the right well are studied as 
a function o f the difference:

(where d‘w, the width o f the left well, is variable and the width 
of the right well, is held fixed) with the width of the left barrier, 
db, equal to the width of the right barrier, di and as a function 
of the difference:

with dlw =  drw (where di is variable and di is held fixed).

The electron system investigated here differs from the usual 
double-barrier system of resonant tunneling diodes in two re­
spects: (a) the electron states of interest are not transmitted be­
tween semi-infinite spaces, instead they are reflected from a 
"potential well" on the cathode side; (b) the two spaces between 
the barriers each support quasi-levels - what would be the iso­
lated quantum states if there were no tunneling through the 
barriers - and the resonances effect involves the degree of align­
ment of those levels in the two well spaces. The combination 
o f the wells results in a kind of quasi-level, an "almost stationary" 
state of the electron escaping slowly from this structure into the 
anode continuum.

(2.1)

Ax* =  4  “  4 (2.2)
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To help elucidate the properties of the electron states that are 
involved, we first discuss a simpler case. Instead of the two 
tunneling barriers of Figure 1.7, let there be a single barrier and 
hence a single "weir region. The stationary states of an electron 
(real energy) represent reflection from this structure. That is, if 
the wave function in the anode continuum space is given by:

=  A{E)eikx +  B(E)e~ikx (2.3)

then (for E  real) | A{E) \ — | B{E) | . In general the right side of 
Eq. (2.3) is multiplied by u( £ ) -1 /2  where

v{E) = h ~ ldE/dk (2.4)

is the group velocity in the anode continuum. The form o f the 
wave function in Eq. (2.3) depends on the form of the model 
potential of Figure 1.7. The velocity factor has to do with the 
wave functions in the leads which contact the anode and cathode 
regions. It is necessary in general, in the definition of the 5-ma­
trix, S(E), for the wave functions in the anode and cathode re­
gions to contain the velocity factor. In a multichannel system, 
the coefficients A and B are replaced by "outward" and "inward" 
arrays {A„} and {Z?*}, linearly related by An =  mBm where S(E)

m
is the S-matrix.[49.] In view of the velocity factor u* 1/2 in the
definitions of the wave amplitudes, current conservation for the

2 2
steady state (E real) implies £  \A„ | = £ I Bn I and hence that this 
S-matrix is unitary. If the velocity is the same in both regions, 
the velocity factors cancel out and can be eliminated in the de­
finition of wave functions. The case being investigated here is a 
reflection structure and therefore has only one lead on the anode
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side, so the velocity factors drop out of the calculation formulas. 
The properties are contained in a "one-component S-matrix", the 
complex quantity S(E) = A(E)/B(E) as a function of E. For a 
stationaiy state, E is real and the phase 6(E) in

5(£) =  exp id(E) (2.5)

describes the reflection process.

We are interested in the norm J(E ) =  J | tj/ \ dx  integrated over 
the "well" structure, for which the coefficient £(E) in
J'iE) =  £{E) | B(E) | 2 is related to the usual "dwell time" by:

£{E) = u( E)rzdweii (2.6)

with v(E) given by Eq. (2.4). £{E) is the norm corresponding to 
an incident wave function having unit amplitude (which is re­
flected as a wave function having unit amplitude delayed in 
phase by the reflection process).Eq. (2.6) is the mathematical 
definition of the dwell time. The heuristic depiction is that the 
electron enters the system (for which the dwell time is defined) 
hangs around for that long and then exits.

As in conventional scattering phenomena, the continuation of 
S(E) to complex energy, E  = Er + iEi, such that B(E) =  0 for 
nonzero A(E), and so a pole o f S(E) (zero of 5(E)-1) gives the 
quasi-level state for which the localized wave function then de­
cays by

|¥ (* ,()\2 = e~  |< « x )|2  (2.7)
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Trf= -fc /(2£ )) (2.8)

with Ei <  0 .

If we have a simple isolated quasi-level, then the E  dependence 
of S(E) is S  ~  (E — Er +iEi)/(E— Er —iEi) in its energy neighbor­
hood. Applying this to real E (the stationary reflection states) 
we obtain t PhaslE) =  t dwdJE) =TdA(£) (This expression follows 
from Eqs. (2.8), (2.31) (first term) and (2.37)) where A(£) =  
1/[1 +  { ( E — Er)/Ei}2] is the usual Lorentzian form [50].

With the double barrier case of interest here, we are still con­
cerned with the same properties but of more complicated local­
ized states. The total norm is

where £%E) is the norm in the ith region o f Figure 1.7 at real 
energy E. The major contribution to /f^E) comes from 

— *?’(£), the norm in the left well (accumulation layer) and 
<f!v(£) =  *?4(E)> the norm in the right well (between the barriers). 
It is therefore, convenient to define a total norm by:

5

(2.9)

e(Bfw -  /„ (£ ) +  { rJ,E ,) (2 . 10)
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To calculate the current we need the decay times of associated 
quasi-levels. If the quasi-levels are far apart in energy, we expect 
/f^E) to be mainly in the right or left wells. As these quasi-levels 
cross each other (for example, as an applied potential is varied) 
we expect a "level crossing" effect [51] in which a pair of quasi­
levels approach to a minimum energy distance then separate 
again; and the resulting properties will depend on the compar­
ison of this minimum distance with the Lorentzian widths, as in 
recent studies of tunneling transmission in triple-well systems 
[52-55]. In the reflection structure investigated here the conven­
tional transmission resonance behavior is replaced by this cross­
ing phenomenon.

The numerical procedure is described in sections 2.2 and 2.5. 
There are two special features: (a) care is need in selecting the 
appropriate real and imaginary components of the wave vector 
for complex energies, and (b) a numerical procedure is required 
to locate the poles of S(E) in the complex E  plane.

In the analysis reported here, for the potential profile of Figure 
1.7, the heights of the left and right barriers are chosen to be 
both equal to V0. A typical value of 0.3 eV is used for F0. The 
widths, di, and di are nominally 50 A. The widths, d!w and drw are 
nominally 100A. The widths d‘w and di in Eqs. (2.1) and (2.2), 
respectively, are variable.
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2.2 Solution by Transfer Matrix Formalism

The one dimensional Schrodinger equation is:

36

-2^< K x) + k(E,x)2t  =  0  C2 . 1 I)

and

*

KE.x'p- =  -22|_ £ £  -  n x ) ]  (2.12)
it

For real energy,E, Eq (2.11) gives for £ > V (x ) , *P(x) =
A(E) exp(ikx)+B(E) exp( — ikx), k = \_{2rn jh2)(E — F )X /2 and for 
E < V(x), i//(x) =A(E) exp(rcx) +B(E) exp( — k x ),  k  =

\_{2m*/h2X V — £ ) T /2 and ^ and k  are real.

In the complex energy (E = Er + iEi) domain, k(Ejc)2 is complex. 
In a region of constant potential, V, the wave function ij/(x) has 
the form

xjj{x) = AjiE)eikiE)x +  B{{E)e~ ik,<E)x (2.13)

with k£E) the complex root of kt{E)2 given by Eq. (2.12) for x
corresponding Regions i = 1 to 6  o f Figure 1.7. k(E,x) given by
Eq. (2.12) in general has four values; two corresponding to 
Ei > 0 and two corresponding to Ej <  0. Only two o f the four 
values for k{E,x) correspond to the physical situation under ex-
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animation. These are determined from the time dependent wave 
function which has the form

Therefore, the squared wave function has form of Eq. (2.7) with 
the decay time of Eq. (2.8). For Ei >  0 the argument o f the ex­
ponential is negative and corresponds to the squared wave 
function decreasing in time which is the solution o f interest since 
this corresponds to a wave function leaking out of the DBRTS.

The complex wave vector k{E>x) = kR(E,x) + ikj(E,x) is deter- 
mined by writing Eq. (2.12) as \ikR{E,x) +  ik^E,x)~\ = u + ix  
where u =  2m\^ER — V{x)~\!h and x = 2mEijh which when solved

where ct =  +1 when u > 0 and a = — 1 when u < 0.

In Regions 1 to 6 of the potential profile of Figure 1.7, the wave 
function has the form given by Eq. (2.13) with complex coeffi­
cients A,{E) and B,(E) for i = 1 to 6.

Using the transfer matrix formalism [35., 36.] at the locations, 
Xi, of the steps in the potential, matrices A/,, for i = 1 to 5, can 
be defined which relate the At(E) and Bt(E) coefficients on the 
left side o f the ith step to the coefficients Ai+i(E) and Bi+1(E) on 
the right side through equations (Ai+ ,(£)> Bi+1(£)) =  M,x 
(A,{E), B£E)). Uniform rn is assumed. These matrices are de-

¥ (* .o  =  < r (2.14)

gives
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termined by setting the wave function and its derivative equal 
on both sides of each potential step. Then

38

M- = (2.15)

2* /+ l

+  j + k i\eKkfCt ~ ki+l xd [kt + j -  *,]/ ~ kt*1 ~  ki+ 1 Xi)'

[ki+ j -  ki-]eKkiXi~ ki+l xd [ki+ ! +  kj}eK~kfiet~ kl+xXd

For reali? the matrices guarantee continuity of current across 
the potential boundaries at xi. The coefficients Ai(E), Bi(E), 
A6(E) and B6(E) are then related by the matrix equation:

(2.16)

The norm, €{x', x ' \  E), between x ' and x "  for a wave function 
o f unit amplitude | B6(E) | =  1 in the anode region (x > xs) is real 
and is defined for real energies E  by:

x"
€{x\ x " , E ) =  f  | ME, x) 12dx  (2.17)

jc'

Since | ip(E, x) \ is normalized in unit length for x  > xs, the norm 
has the units of length which is to be expressed in A for the 
simulations reported here. The norm is expected to have sharp 
maxima versus E  at resonance values [25].
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Provided that the sharp maxima do not overlap, they should 
have a Lorentzian form

/ ( £ W ( £ y A ( £ ) (2.18)

where

A (£ )  = 1 +

- ,- i

(2.19)

and Eq is the real energy corresponding to the maximum of 
€{E') and AE  is a measure of the width o f the Lorentzian peak. 
The decay time, t*  for an electron in a quasi-level which has the 
Lorentzian form of Eq. (2.19) is given by Eq. (2.8) with Et =  AE  
[27].

Peaks in the norm €[£E) =  €{x\, X2 , E) in Region 2 (left well) of 
the potential of Figure 1.7 correspond to quasi-levels in an ac­
cumulation layer o f a DBRTS. Peaks in the norm 
€rJJZ) =  /(X3, xa, E ) in region 4 (right well) correspond to quasi­
levels in the well between the two barriers of the DBRTS. The 
total norm in the two wells for an incident wave function of unit 
normal amplitude in the the anode region (Region 6 ) is given 
by Eq. (2.10).

For the potential of Figure 1.7

< d ( . E ) = [ U / £ ) |2 +  !* ,(£ ) 12] [ * ,
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+  2 R e | [eak̂ - e ak̂ - q \  (2.20)

where j = 2 for the left well and j = 4 for the right well.

It has been shown [59.] for a Ga o.47ln  0 .5 3 A S - A I  o m  In 0 .5 2 A S  based 
DRTS that the resonant energy values obtained using a position 
dependent effective mass and a non-parabolicity of the energy 
band differ from those obtained using a homogeneous effective 
mass and without including the non-parabolicity by less than 2 
Mev. Therefore, a uniform effective mass, m , o f 0.061 mo, where 
mo is the free electron mass, is assumed here. This is equal to the 
gallium arsenide electron effective mass.

Since a solution of the Schrodinger equation is known up to an 
arbitrary complex constant, Ai(E)  is arbitrarily chosen to be 
exp(in/4)/M  where M is an adjustable real parameter initially 
chosen to be 1. In Region 1, Bi(E)  is 0 since if it were not the 
wave function would be unbounded as x  goes to negative infin­
ity. The coefficients of the wave function if/t(x) in Region 6, 
A 6(E )  and B6(E) ,  are calculated using Eq. (2.16). Since the 
DBRTS is a reflection structure \ A 6{E) \ =  | B6{E) \ = M '. With 
the initial choice of M = 1, if/6(x) does not contain an incident 
component of unit amplitude for all E , that is M ' ^  1. For each 
value of E ,  the value o f M ' for if/t(x) is determined. The coeffi­
cient A\{E)  is replaced by exp(inf4)/M' and A 6(E) and B 6(E) are 
recalculated to result in a 1f/6(x) containing an incident compo­
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nent of unit amplitude for x  >  x$. It is sufficient for A f  to be 
chosen to be real since it scales the magnitude of Ai(E) so that
l A W l - l .

The norm £T(E) is calculated for E  varying from 0 to V0 in steps 
chosen small enough to identify the sharp maxima in £T(E). The 
computational routine to determine £ T(E) is designed to auto­
matically locate the real energy, Eq, corresponding to the maxi­
mum of £\E '). This is done by determining the energy 
corresponding to the maximum in € T{E') for the initial value of 
the energy step, SEs, chosen and subdividing the energy range 
26Es about this energy to determine a new value for the energy 
corresponding to the maximum in f ^ E ) .  This process is re­
peated until the maximum value of £T(E) changes by less than 
0.5% between successive iterations.

2.3 Norms In the Left and Right Wells

The norms £{J(E), in the left well, and £rJ^E), in the right well, 
for 0 < E <  0.3 eV are plotted in Figure 2.1 and Figure 2.2, re­
spectively, showing the quasi-levels in the potential wells of 
Region 2 and Region 4 of Figure 1.7 with </£,= </£,= 100A, 
d( = d[, = 50A, V0 = 0.3eV and m* — 0.067w0. The vertical scales 
of Figures 2.1 and 2.2 are appreciably different. Both €lw{E) and 
£rJiE) have three pairs of closely spaced peaks. The higher energy 
peak of a pair is at real energy Eq+ and the lower at real energy 
E q_ .  Isolated wells would each have three single peaks. Since
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Fig. 2.1 

fa{E) vs. Energy for fa =  fa  =  100A, d{=  f a =  50A 
and Vo =  0.3eV.
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Fig. 2.2 

£rJJS) vs. Energy for di,— d^— 100A, dl =  dl — 50A  
and Vo =  0.3eV.
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the two wells interact through the middle barrier (Region 3), 
each single peak becomes a double peak. (A heuristic expecta­
tion that turns out to be right.) The peaks of the norms in the 
right and left wells are at the same energy.

As seen in Figures 2.1 and 2.2, the energy spacing between each 
peak of a pair increases as the energy of the pair increases. This 
is also expected since at a lower energy there is greater quantum  
confinement. The magnitude of the wave function ip3 (x) in Re­
gion 3, the barrier between the wells, where E  < V(x) is less for 
lower energies and consequently the interaction between the left 
and right wells is less and therefore, the coupling between the 
energy levels contributed by the right and left wells is less and 
thus the energy separation of the quasi-levels is less.

For both Figures 2.1 and 2.2 the peaks in the norm decrease and 
the width becomes wider as the energy o f the peaks, £b+ and 
Eo-, increase. This is not an unexpected result since as the en­
ergy of a wave function increases, it more easily leaks out into 
the anode, Region 6. The broadened peak corresponds to a 
shorter lifetime which corresponds to a less strongly bound wave 
function. The peak of the norm corresponds to the buildup of 
the wave function caused by reflecting off the regions of the po­
tential where E  <  V(x). As Vo — E  decreases the wave function 
is less efficiently reflected by the barriers and is more efficiently 
transmitted through the barriers. Consequently, it is expected 
that £‘w{Eq _) >  £»{Eo +) and £rJiEo _) >  £rJJLo +) for each of the three 
pairs of peaks of Figures 2.1 and 2.2.
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2.4 Characteristics of a Single Pair of Quasi-levels
45

Figure 2.3 shows on an enlarged scale the energy range corre­
sponding to the middle pair o f peaks of Figures 2.1 and 2.2, 
within which there are two quasi-levels spaced apart by about 6 
meV The solid line in Figure 2.3 is the norm £\£E) and the 
dashed line is the norm €rJ(E). The energy of the lower peak, 
Eo-, and the energy o f the higher peak, Eq+, are the same for 
both t'JJZ') and €rJ<E'). However, the shapes of €[XE) and €\£E) 
are not the same. €rJJZ) has a sharp minimum, in the off reso­
nance condition between Eo- and Eo+ which is absent in €\U{E'). 
For Eo- < E < £©+ we have £m£E)<£1{E). Therefore, the wave 
function is predominantly in the left well. In fact, for a real 
energy, Em, midway between Eo- and Eo+, £‘J,Em) is about three 
orders o f magnitude greater than £rJ,E^) and thus, the wave 
function is almost Completely in the left well. On the other 
hand, in the off resonance condition for energies between pairs 
of peaks £lJ E )  is about three orders of magnitude lower than 
£rJ(E). Therefore, for these energies the wave function is pre­
dominantly in the right well. Therefore, it appears that for en­
ergies between the twin peaks an incident electron passes through 
the right and left barriers and is trapped in the left well. 
Whereas for energies between pairs of quasi-levels (between 
doublets), a wave function passes through the right barrier and 
is reflected from the left barrier resonating more in the right well.

In Figure 2.3 the higher and lower energy peaks for £lJ,E) remain 
approximately symmetric and Lorentzian as Axw is varied and
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Fig. 2.3 

fldJE) (solid line) and A>(£) (dashed line) vs. energy 
for dL= <%, =  100A, 4  =  4  =  50A and V0 =  0.3eK.
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one of the higher and lower energy peaks for £T*AE) become 
asymmetric as Axw is varied. The asymmetry results from the 
sharp minima between the two peaks of €TJ<E').

Sharp minima in nuclear scattering cross sections have been 
measured and shown to be caused by interference between the 
hard sphere scattering component and the resonant scattering 
component of the cross section [60, 61]. Sharp minima, referred 
to as Fano resonances, have been observed in auto-ionization 
line profiles [62] which have been shown to result from a con­
figuration interaction between an energy level of a discrete en­
ergy configuration with a continuum energy configuration 
containing an energy equal to the discrete energy which results 
in a broadening of the discrete level [63]. A connection between 
the nuclear scattering asymmetric cross section and the asym­
metric Fano resonance has been indicated [63]. The existence 
of Fano resonances in quasi-one-dimensional wave guides [64] 
and in resonance line shapes in quasi-one-dimensional scattering 
[65] have been theoretically shown. Here it is believed the sharp 
minima results when there is an interaction between the adjacent 
resonances of the pair of quasi-levels. This is further discussed 
later in this chapter.

Figure 2.4 shows a plot of (dashed curve) and Eq+ (solid 
curve) vs. Axw (defined in Eq. (2.1)) which is varied to observe 
the crossing behavior of the quasi-levels. This plot shows a 
classic anticrossing behavior observed in atomic systems [51]. 
The plot of Figure 2.4 is the same for both right and left wells
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Fig. 2.4

Energy o f  the higher energy, Eq+, (solid line) and 
lower energy, E0 (dashed line) peaks o f «?£(£) vs. 
A Xw.
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as it is expected to be since the energy levels are a characteristic 
of the entire potential profile of Figure 1.7. \Eo+ — £o-l has a 
minimum for Axw = 0 and increases as \A xweu\ increases. For 
larger A xw, Eq+ — Eo- varies approximately linearly with Axw, as 
expected.

For Axw — 0, each well contributes a level of the same energy 
which splits into the two quasi-levels Eo+ and Eo- for the inter­
acting wells. An isolated well having potential profile V(x) =  0 
for —d /2 < x < d /2  and V(x) =  Vo for { jc | ^  d /2 has a set of 
discrete energy levels, E», which decrease in energy as d  increases. 
[66.] Lp the level in the left well corresponds to Eacc in Figure 1.5 
and Lr, the level in the right well corresponds to EW3 in Figure 
1.5. To a first approximation the left and right wells o f Figure
1.7 are a combination of two such wells which interact through 
the middle barrier, Region 3. It is therefore, expected that the 
quasi-levels in the left and right wells will have a dependence on 
the width of the wells in a manner similar to the individual 
non-interacting wells. When Axw <  0, the left well width is nar­
rower than the right well width and for two isolated wells the 
energy level En in the left moves up in energy and remains un­
changed in the right well. From Figure 2.4 it is evident that for 
Axw <  0 only the higher energy quasi-level, £b+, moves up in 
energy. The lower energy quasi-level remains approximately 
fixed moving up to asymptotically approach Em =  {Eo+ +  £ o - ) / 2. 

For the coupled system it is expected that the energies of both 
the higher and lower quasi-levels will have a functional re­
lationship on Axw The higher energy in the right well (which is
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fixed at dw = 100A) is pulled up by the movement of the higher 
energy level in the left well. Therefore, for Axw <  0 the higher 
energy level in the left well is strongly coupled to the higher en­
ergy level in the right well. The situation is reversed for 
Axw >  0, i. e. when the left well is wider than the right well, for 
which for two isolated wells, the energy level E„ in the isolated 
left well moves down in energy and remains unchanged in the 
isolated right well. For interacting wells, for Axw >  0, the lower 
energy level, Eq _, moves down in energy while the higher energy 
level, Eq+, remains approximately fixed moving down to 
asymptotically approach Em. The lower energy level in the right 
well is pulled down by the movement of the lower energy level 
in the left well. Therefore, for Axw >  0, the lower energy level 
in the left well is strongly coupled to the lower energy level in 
the right well. The asymptotic energy Em is a barrier across
which the quasi-levels do not move.

In Figure 1.7, if V0 —* oo in Regions 1 and 5, the potential be­
comes closed on both left and right and, therefore, has discrete 
energy levels. Analytical expressions which can be graphically
solved for the discrete energy levels for this potential [67.] are
given by:

k dL
tan (kd) =  — — tanh(fc' - y ) (2.21)

k di
tan (kd) = - —■ coth (k' - j - ) (2.22)
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where k =Q(2m7ft2)£G1/2, K =\i(2m* fh2)(Vo — £ )T /2> K' =
k[_ 1 — ln(z)/4dkj and

1 +  tan^^A jc^Cl +  ~ -tan(kd)]/E  tan(kd) — ]
z  7  7  ( 2.23)

1 +  tan(»?^Ajcw)n 1 — -jj- tan(^c</)]]/C tan(/cd) +  —  ]

where rj = 1 when d = dlw and rj = — 1 when d — drw. When 
Vo -+ o o  in Region 3 these equations reduce to:

which are the equations for the eigenvalues for isolated left (Ej,) 
and right wells. (££). When d‘w = d„, El„ = Ei, for which the 
graphical solution shows that the two energy levels of the same 
energy, one each from the right and left wells, are split into 
higher, Eh and a lower, Et discrete energy levels by the interaction 
between the right and left wells through the barrier between 
them. A graphical solution of Eqs. (2.21) and (2.22) would show 
the anti-crossing behavior shown in Figure 2.4.

The electric-field-dependent intrinsic lifetime of resonances in 
biased multiple quantum wells have been studied using a com­
plex energy analysis based on an Airy-function transfer matrix 
description of tunneling using a two level model approximation

tan (kdlf) =  0 (2.24)

which have solutions

n =  1, 2, 3 (2.25)
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to the quantum resonances [69, 70]. The trend in the movement 
of the quasi-levels of Figure 2.4 is shown by a simple two level 
model [71]. A pair of quasi-levels can be considered to a first 
approximation as a two level system in isolation from the other 
pairs or quasi-levels. The total Hamiltonian o f the system, 
has orthonormal eigenfunctions \<pi> and | <pr >, corresponding 
to eigenvalues E{ and Er, respectively. can be represented by 
the hermitian matrix:

where Es =  < < p i \ j i ? \q ) r >  =  <  <pr \ ' & > I <Pi > , Et = <  (pl \3tf’ \(pl >  
and E r = <  (pr \ d P \ ( p r > -  The eigenvalues of this matrix are:

where Ei and Er correspond to the energy levels of isolated left 
and right wells, respectively. If Et= Er = Em , i.e. Axw =  0, E± = 
Em ±  Es. Thus, the two levels from the isolated left and right 
wells are split with an energy separation of 2Es. If Axw ¥> 0, 
Ei= Em + £ and Er — Em with eigenvalues: Eo± = Em + (e/2)
±  y/Je/l)2 +  £? where £ =  a(E), the change in the energy of
a quasi-level as the left well width is varied and a(£) is the rate 
of change of the energy of a quasi-level with respect to dL which 
results in eigenvalues:

(2.26)

Eo ±  =  - i -  (E, +  Er) ±  i  y /(E , -  Erf  +  4E* (2.27)
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E<1± = Em - A Xw^ - ± ^ ( A x „ ^ - ' ' j  +  £ ?  (2.28)

which is an equation o f a hyperbola with asymptotes E =  Em and 
E =  Eo — (a(E)/2)Axw which generally agree with the plots in 
Figure 2.4 for Em =  0.1325eF and a(£) =  0.0035eV/A. Thus, for 
Axw >  0 both Eo+ and Eo- decrease and for Axw <  0 both Eo+ and 
Eo- increase as shown in Figure 2.4. One of these levels, de­
pending on whether Axw is greater or less than 0 has an approx­
imate linear dependance on Ax* while the other asymptotically 
approaches Em. This can be understood by considering the be­
havior o f the logarithmic derivative of (at x  = xs) given by 
Eq. (2.13) which can be written as: [72.]

d\f/{x)ldx |" ,r n  6(Ejc) "I
— —  =  -k (E )  tanl k(E)x +  — ^—  J (2*29)

which is 0 at an energy Eo± corresponding to a resonance (i.e. 
kx  +  0/2 =  nn for n even integers) and goes to ±  o o  between 
Eq- and Eq+ (i.e. k x  +  0/2 =  nit 12 for n odd integers) which are 
the boundaries across which the energy level does not cross as 
Axw is varied from 0. Eq. (2.29) follows from Eq. (2.13) if 
A(E)/B(E) is replaced by exp[z'0(£, x)] where 8(E, x) is the phase 
between the in going and out going waves. Eq. (2.29) is evalu­
ated at x  =  xs, i.e. just outside of the reflecting potential. The 
agreement between the values for Eo ±  from Eq. (2.27) with the 
plot of Figure 2.4 is improved by either using higher order terms 
of Ax«, in the equation for £ or by fitting a function of another 
form for e. The following functional form e — e' = — AxwEm
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(0.016 +  0.001 exp(Axw/2)) gives a close fit between the two level 
model prediction and the algebraic model calculation. Thus the 
two level model accurately predicts the E q ±( A x w) computed by 
the algebraic model.

Figure 2.5 shows £‘W(E) (solid curve) and £\dE) (dashed curve) for 
the middle pair o f peaks of Figures 2.1 and 2.2 for Axw =  10A ( 
dlw >  drw). The sharp minima o f €rJ^E) shifts towards the lower 
energy peak of which becomes more asymmetric than it is 
at Axw = 0. The higher energy peak of €rJ<E) becomes more 
symmetric. The integrated norm within a quasi-level, given by 
the integral of £TJ(E) over an energy range about Eq increases for 
the higher energy peak of £rw{E) and decreases for the lower en­
ergy peak of £rw{E). Therefore, norm shifts from the lower energy 
peak to the higher energy peak of £rJiE) as Axw increases from 
Ax w =  0. As described above for Axw >  0, the lower energy level 
in the left well behaves more like the energy level of an isolated 
well and pulls the lower energy level in the right well down from 
its value at Axw =  0 while the upper energy level (in the right and 
left wells) remains approximately unchanged. Since the right well 
width remains unchanged it corresponds to an isolated right well 
for which the energy is fixed at a  value midway between Eq+ and 
Eq— Therefore, in the right well the norm shifts into the upper 
energy level from the lower energy level as Axw increases from 
Axw = 0 and the upper energy level moves down to its value when 
there is no coupling to the left well.
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e lw{E) (solid line) and ^{E)  (dashed line) vs. energy 
for d l =  llOA, =  100 A, di =  d l — 50 A, and 
Vo — 0.3eV.
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€IXE) (solid line) and (dashed line) vs. Energy 
for di> — 90 A, cfo =  100 A, dl =  d i =  50 A, and 
Vo =  0.3eV.
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Figure 2.6 shows £{JJZ) (solid curve) and €rJ<E) (dashed curve) for 
the middle pair o f peaks o f Figures 2.1 and 2.2 for 
Axw = — 10A. This is essentially the condition opposite to that 
of Figure 2.5 and the shifting of the norm is opposite to that of 
Figure 2.5. The sharp minima o f £rJtE) shifts towards the higher 
energy peak. The higher energy peak of £TJ<E') becomes more 
asymmetric than it is at Axw = 0 and the lower energy peak of 
€rJJZ) becomes more symmetric. The integrated norm within a 
quasi-level, given by the integral o f €rJ,E) over an energy range 
about Eo increases for the lower energy peak of €rJ<E) and de­
creases for the higher energy peak o f £rJ,E). Therefore, norm 
shifts from the higher energy peak to the lower energy peak of 
€\JJL) as Axw decreases from Axw =  0. As described above for 
Axw < 0, the higher energy level in the left well behaves more like 
the energy level of an isolated well and pulls the higher energy 
level in the right well up from its value at Axw =  0 while the 
lower energy level remains approximately unchanged. Since the 
right well width remains unchanged, for an isolated right well, 
the energy would be fixed at a value midway between Eo+ and 
Eo— This corresponds to the lower energy level in the right well. 
Therefore, in the right well the norm shifts into the lower energy 
level from the higher energy level as Axw decreases from 
Axw =  0 and the lower energy level moves up to its value when 
there is no coupling to the left well.

From Figures 2.5 and 2.6 it is apparent that the sharp dip in 
€rJJE) moves, as Axw varies from 0, towards the quasi-level which 
has a significant change in energy as |Axw| increases, i.e. Eo +
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when A xw <  0 and £b- when Axw >  0. These are the levels which 
the left well is strongly coupled to and which are not the levels 
which the right well would be in as a isolated well.

Figure 2.7 shows for the left well, a plot of the peak of the norm 
SiAEoJ) for the lower energy level (dashed curve) and a plot of 
the peak of the norm €lJ<Eo +) (solid curve) for the higher energy 
level vs. Ax*,- For Axw =  0, £{J(EoJ) is approximately equal to but 
slightly less than /(££$>+). For Axw <  0, €1J^Eq +) becomes much 
greater than €lJJZo _) and for Ax >  0 £lw(Eo +), becomes much less 
than £lJ^Eo _).

Comparing Figures 2.4 and 2.7, it is seen that for Axw <  0, Eq + 
increases and £{J(Eo+) increases, but Eo- remains about the same 
and _) decreases. For Axw = — 10A, €\£Eo +) is between 1 
and 2 orders o f magnitude greater than its value when Axw = 0 
and £‘w(Eo-.) is between 1 and 2 orders of magnitude less than its 
value at Axw =  0. Therefore, as Axw becomes more negative, the 
norm in the left well shifts from the peak at lower energy to the 
peak at higher energy. Since for Axw < 0 the upper energy level 
behaves more like an energy level in an isolated well, it is not 
unexpected that the norm shifts into this level from the lower 
level.

Again comparing Figures 2.4 and 2.7, it is seen that for 
Axw >  0 , Eo- decreases and £lw{Eo_) increases, but Eo + remains 
about the same and f ‘w(Eo +) decreases. For Axw =  10A, £lw{Eo _)
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*fU£'o+) (solid line) and ^(Eo-) (dashed line) vs. Axw 
for dfc =  100A, di =  d i ~  50A, and F0 =  0.3eV.
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is about 2 orders of magnitude greater than its value when 
Axw = 0 and £lJJu> +) is between 1 and 2 orders of magnitude less 
than its value at A xw =  0. Therefore, as Axw becomes more pos­
itive, norm shifts from the peak at higher energy to the peak at 
lower energy. Since for Axw >  0 the lower energy level behaves 
more like an energy level in an isolated well, it is not unexpected 
that the norm shifts into this level from the higher level. Con­
sequently, the crossing o f the peaks of the norms in the left well 
as A xw varies is expected.

Figure 2.8 shows, for the right well, a plot of the peak o f the 
norm at the lower energy level, €TJJu>J) (dashed curve) and a plot 
of the peak of the norm at the higher energy level, A££o +) (solid 
curve). For — 10A<Axw< 10A, £\Eo -)>£r(E0+). Unlike £l{Eo +) 
and €\Eq _) which cross at Axw =  0, €\Eo +) and £r{Eo _) anticross 
in a generally similar way to £J>+ and Eo- as shown in Figure 2.4. 
The variation in the peak of the norm in the left well is sub­
stantially greater than the variation o f the norm in the right well. 
(It is to be noted that the vertical axis in Figure 2.7 is a  log scale 
and in Figure 2.8 is a linear scale.) Comparing Figures 2.4 and
2.8 it is seen that for A xw <  0, Eo + increases and €rw{Eo +) de­
creases, but Eo -  remains about the same and €rviEo _) remains 
about the same. For Axw = — 10A, decreases by about
40% from its value when Axw =  0. For Axw >  0, £o- decreases 
and €rw{Eo-) remains about the same, Eo+ remains about the same 
and £TJyEo +) increases by about 40 % from its value when 
Ax w = 0. It is expected that when Axw < 0 the norm in the right 
well will shift into the lower energy quasi-level which is the level
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tfw(E0+) (solid line) and tfw(Eo~) (dashed line) vs. Axw 
for A  =  100A, dl =  dl =  50A, and V0 =  0 .3eK
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corresponding to the isolated right well and that when Axw >  0 
the norm in the right well will shift into the higher energy 
quasi-level which is the level corresponding to the isolated right 
well. Consequently, the anticrossing o f the peaks of the norm 
in the right well is an expected result as is the crossing o f the 
peaks of the norm in the left well.

2.5 Calculation of the Lifetime of the Quasi-levels

The peaks in €lJ^E) and £TJJZ) are in general not symmetric. 
This is not unexpected since the potential of Figure 1.7 is not 
symmetric. A wave function in the potential leaks out to the 
right but not to the left. Eq. (2.16) relates the coefficients o f the 
wave function in Region 6 to Region 1 through the transfer 
matrix formalism. Eq. (2.16) can be rewritten in the scattering 
matrix formalism which relates the coefficients of the outwardly 
moving waves to the inwardly moving waves through the (one 
dimensional) scattering matrix S(E). For complex energy, E, 
there are poles of S(E) at which there is no incident wave but 
only a wave leaking out from within the structure. In the one 
dimensional reflection situation under investigation here, there 
is one wave moving to the left and one wave reflected moving 
to the right. Consequently, for real E  the matrix equation re­
duces to the scalar equation A6(E) =  S(E^)B6(E) where S(E) is 
given by Eq. (2.5). Therefore, reflection from the potential of 
Figure 1.7 results in a phase change between the incident and 
reflected waves.
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When €{E)  is Lorentzian, AE  in Eq. (2.19) is equal to Et, the 
imaginary part o f the complex energy at which there is a pole 
of S(E). The real part of this complex energy is ideally equal to 
Eo, the real energy corresponding to the maximum in £ T(E). As 
£T(E) becomes more asymmetric, the real part of the complex 
energy corresponding to a pole differs from Eo-

The poles of S(E) can be found by locating the zeros (Er +  iEi) 
o f S(E)~l = B£E)/A6(E) by a Newton iteration in the complex 
energy domain. This was found to take many iterations. The 
zeros are more efficiently found by numerically locating the 
minima of 1 / 1 S(E) | . This has been done using a routine which 
automatically finds the minima by alternately varying the real 
and imaginaiy part o f the complex energy starting from an initial 
complex energy, Ei. Initially, the imaginary part of the complex 
energy is moved (in the negative direction) until a minima in 
1/ | S(E) | is found in that direction. From  that minima the real 
part o f the complex energy is varied until a minima in 1 / 1 S(E) | 
is found in the new direction. The procedure is repeated until 
1 /|5 (£ )| is less than a predetermined value which is chosen to 
be 1 x 10-10. To minimize the number of computations it is de­
sirable to choose Ei as close to the actual value of the zero of 
S(E)~1 as possible. The E} chosen is Eo +  iAEave. The real part 
of Ei is the real energy, Eo, corresponding to a sharp maxima in 
£T{E). AEave is an average of AE  determined from the computed 
values of £{E) using AE  =  -J(E — Eo)H{E)l€{Eo) . AE  is calcu­
lated for a number of points to the right and to the left of Eo - 
It has been found that the calculated values of AE  vary slightly
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as the value of E  moves to the right and left away from Eo . 
The average of the values to the left is A2w_ and the average 
of the values to the right is AEave + . Since AEaYe-  ^  AEave+, 
€ \E ')  has a non-symmetrical Lorentzian shape. The degree of 
asymmetry depends on the value of Ajcw and whether the higher 
or lower energy peak is under examination. The lifetime is de­
termined from Eq. (2.8) using the imaginary part of the complex 
energy, Eiy at which S(E) has a pole, i.e. S(E)~l has a zero. Except 
when A E ^  is large £ ^ A i w

Figure 2.9 shows a plot of vs.Axw for the quasi-levels of Figure 
2.4. x j (solid line) is the lifetime of the higher energy level, 
Eq+, and t d (dashed line) is the lifetime o f the lower energy 
level, Eo _. At Axw =  0, xj is slightly greater than xj . This is 
not unexpected since the lower energy peak is more tightly bound 
in the potential. For Axw < 0, x£ increases and x* decreases from 
their value at Axw = 0. This is expected since for Axw <  0, 
d!tv< d[v and Eo+ moves up in energy and £T&Eo +) shifts into the 
left well causing x£ to increase and £H£Eo -) shifts into the right 
well causing x j to decrease. This is not unexpected since Eo + 
increases while Eo- remains about the same. However, xj in­
creases at a substantially faster rate than 1 1  decreases. For 
Axw > 0, i d increases and x j decreases from their value at 
Axw — 0. This is expected since for A xw > 0 , dlw >  drw and Eo -  
moves down in energy and €XkEo _) shifts into the left well causing 

to increase and £»{Eo +) shifts into the right well causing xf to 
decrease. However, xj increases at substantially faster rate than 

decreases. This is not unexpected since Eo- decreases while
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t$ (solid line) and (dashed line) vs. Axw for 
d  ̂— 100A , di =  dl =  50A, arid Fb =  0.3eK.
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Eq+ remains about the same. The lifetimes for the quasilevels 
using Eq. (2.8) correspond to an energy o f a few milivolts 
whereas the splitting is a minimum of 5 meV from Figure 2.4

Figure 2.10 shows for the higher and lower quasi-levels of Figure 
2.4 a plot of t t  (solid curve) and t j  (dashed curve) vs. the cor­
responding real part of the complex energy at which S(E)~l =  0. 
Since is inversely proportional to the imaginary part of the 
complex energy at which S(E)~} = 0 ,  the plot of Figure 2.10 
corresponds to the curves in the complex E  plane. From Figure
2.9 it is apparent that t£(Ax =  10A) «  t?(Ax =  — 10A). From 
Figure 2.4 it is apparent that Eo+ (Ax =  1 0A)«£Jj _ 
(Ax =  — 10A)«0.1325cK From Figure 2.10 it is seen that 
for Er&0A325eV which is in agreement with Figures 2.4 and 2.9. 
From Figure 2.9 it is apparent that 
tJ(A x=  — 10A) <  tj(A x =  10A). From  Figure 2.4 it is apparent 
that E»+(Ax = -10A)« 0.155 eV >  £b-(Ax =  10A)« 0.115eV. 
From Figure 2.10 it is seen that the T$(£r&0A55eV) < 
'td(Er&0.1l5eV) which is in agreement with Figures 2.4 and 2.9. 
Therefore, as the real part of the complex energy of the higher 
and lower quasi-levels approach 2sm« 0 .1325 eV, the midpoint 
between Eq- and Eo+, the lifetime of each quasi-level approaches 
the same value which is at a minimum value. As the real part 
of the complex energy of the higher and lower quasi-levels di­
verge from Em, the lifetime o f each quasi-level increases. The 
plot in Figure 2.10 is not symmetrical about E  = Em, i.e., 
il(E m — 5E) >  'vtiEm +  BE). This is not unexpected since a 
quasi-level of lower energy is more tightly bound.
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Fig. 2.10

(solid line) and (dashed line) vs. Er for 
cfc =  lOOA, "dl =  dl =  50A, and Vo =  0.3eV. The 
minimum point on the dashed curve corresponds to 
A x w =  — 10A o f Fig. 2.9 and the maximum point 
corresponds to AXw — 10A o f Fig. 2.9. The mini­
mum point on the solid curve corresponds to 
Ax„ =  10A o f  Fig. 2.9 and the maximum point cor­
responds to Axw =  —10A o f Fig. 2.9.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



68

nf and rf will be used for the fraction o f the norm for a  quasi­
level at real energy E  in the left and right wells, resectvely. The 
norm in the left well is given by the equation:

/« =  —F  (2.30)
f w

where A, is given by Eq. (2.10). The fraction of the norm  in the 
right well is n r =  1 — n l.

The following notation is used: =  n(Eo+, Axw, Ax* =  0);
nl.w =  n (Eo _, Axw, AXb =  0); nij, — n (Eo +, Axw =  0, AXb)\ and, 
nljb =  n (Eo Axw = 0, AXb).

From Figure 2.11 (on the next page) it is seen that for Axw— 0, 
n+,w — ni,w — 0.5. (n+,w is shown as a solid curve and nl,w is shown 
as a dashed curve.) For Axw < 0, nl,w >  nl,w. Again, as Axw de­
creases (the left well width decreases) the higher energy level in 
the left well moves up in energy pulling up the higher energy 
level in the right well. Therefore, as Axw decreases £w(Eo +) shifts 
from the right to the left well and £‘w(Eo _) shifts from the left to 
the right well. For Axw > 0, nltW > n<j+,w. This is not unexpected 
since as Ax*, increases, the left well width increases and as ex­
plained above the lower energy level in the left well moves down 
in energy pulling down the lower energy level in the right well. 
Therefore, for the lower energy quasi-level, as Axw increases, 
£(Eo _) shifts from the right to the left wells and £(Eo +) shifts
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n l(E0+) (solid line) and n l(E0_) (dashed line) vs.
Ax*, for dfr =  100A, dl =  dl — 50A, and Vq =  0.3eV.
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from the left to the right wells. Current in a DBRTS with an 
accumulation layer will result in part from the rate of transition 
of electrons in the cathode continuum reaching quasi-levels in 
the accumulation layer. The rate of transition to these quasi­
levels will decrease with the energy separation from the cathode 
level and increase with the magnitude of the norm in the accu­
mulation layer (left well). However, as the norm shifts into the 
left well the rate of transition to an anode state decreases since 
the lifetime of the quasi-level increases which tends to decrease 
the current. Since the increase in the norm in the left well is 
associated with an increase in the lifetime, these have competing 
effects on the current. For Axw <  0 the lower energy quasi-level 
moves further away in energy from the cathode continuum which 
tends to decrease the transition onto this quasi-level and corre­
spondingly to lower the current and its norm shifts to the left 
well which tends to increase the rate o f transition into this 
quasi-level. However, since the lifetime increases the current 
tends to decrease. For Axw >  0 the higher energy quasi-level 
moves closer in energy to the cathode continuum which tends to 
increase the current and its norm  shifts to the left well which 
tends to lower the current since the lifetime increases.

Figure 2.11 is a plot of nl,w and nl,w vs. Axw computed from the 
algebraic model. In the two level model n±,w = 
l /£ l  +• E$I{Eq± — Er)2~\. Using the same e =  e' which resulted in 
a close fit of Eo± from Eq. (2.18) with Eq± computed from the 
algebraic model results in values of ,w for the two level model 
which are in good agreement with those computed from the al­
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gebraic model. It is thus clear that the two level model accu­
rately predicts the properties o f £o± and the distribution of the 
peaks of the norm in the left and right wells r(£o±)) as a 
function o f a = Et — Er which can therefore be used as a param­
eter for modeling the current through accumulation layer quasi­
levels for the potential of Figure 1.5 as described in Chapter 3.

Figure 2.12 shows the lifetime o f the higher energy (solid 
curve) and lower energy t?  (dashed curve) quasi-levels vs. n+,w 
and nl,w. Both t J  and idecay increase as n ltW and n+,w increase, re­
spectively. This is expected since when more of the wave func­
tion is confined in the left well there are two barriers through 
which the wave function must pass to leak out to Region 6. 
From Figure 2.12 it is apparent that Tj(/^jW»0)«Tj(/zi>w«0). This 
corresponds to the point in Figure 2.10 for which Er&0A325eV 
and to the points in Figure 2.11 for which /iiiW(Axw«  — 10A) and 
n+iW(Axw«10A), for which it is expected that the lifetimes should 
be equal. From Figure 2.12 it is apparent that 
tJ(/i/,w«1) <  Tj(/zi>w» l) .  This corresponds to the right most and 
left most points of Figure 2.10 for which it is expected that 

<  t decay- In Figure 2.12 as n+,w and nl,w vary from 0 to 1, Axw 
varies from — 10A to 10A for the lower energy quasi-level and 
varies from 10A to — 10A for the higher energy quasi-level.

For T t(n + ^  1) <  Td(/zlw« l )  which corresponds to the right most 
and left most points o f Figure 6. calculated with the algebraic 
model is reasonably accurately predicted by ft/(2Tf) =  nr±tWxPT^ 
where n£ <w = 1 — n± ,w  is the norm fraction in the right well,
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t$ (solid line) vs. n l(EQ+) and Zd(E0-) (dashed line) 
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Vo =  0.3eV.
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is the attempt frequency in the right well, and Tp is the transition 
probability through the right barrier. Tp =
1/[1 +  4 sinh2(d£ic)/C], where C — 16k 2K2/ ( k 2 +  k 2)2 [17]. k  is given 
by Eq. (2.12) for V(x) =  0 and k  is given by the negavive of Eq. 
(2.12) for V(x) = 0.3eV. If = Bfv(E) where L  =  2drw (which is the 
distance travelled in the right well between reflections off the left 
side of the right barrier and the right side o f the left barrier.) 
v(E) is the velocity given by Eq. (2.4). The expression for hj(2t£) 
is an upper bound since the effect o f the wave function reaching 
the left well is not taken into account. The round trip path be­
tween reflections from the left side o f the right barrier has two 
components since at the right side o f the left barrier, part of the 
wave is reflected back to the right barrier and part is transmitted 
through the left barrier to the left side of the left well from which 
the wave reflects back to the left side o f the right barrier. (In this 
discussion penetration of the wave into the region x  < xi in 
Figure 1.7 and the reflections from the right side of the left 
barrier are neglected.) If L  is replaced by L' = 
1/[112d^+ 1 /[2(dlw + di + c&)]] in the expression for fc/(2t£), there 
is very good agreement with calculated with the algebraic 
model.

2.6 Change in Phase and Number of Electrons Over a Quasi-level

In the potential of Figure 1.7, if the DBRTS structure is located 
at x  <  0, where xs =  0, the wave function for x  >  0 is given by 
Eq. (2.13) with the coefficients A6(E) and B6(E) related by
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A6(E) — B6(E) exp id. In the one dimensional case under consid­
eration here, the 'dwell time", idweii, which is the time spent by 
an incident particle in a region o f space, x  <, x s ,  is defined by 
Eq. (2.6) with €{E) — £T(E) from Eq. (2.9). For real E  a  property 
of the Schrodinger equation is [73]

^dwell — h  sin 6  (2-3 1)

A derivation of this equation is in the appendix. The first term, 
hddfdE , is the Wigner-Eisenbud delay time or the reflection delay 
time [74]. It is dominant over the second term at a sharp reso­
nance, being proportional to 1/J5*.

If go(E) is the logarithmic derivative at x  =  xs from Eq. (2.29) and 
if xs is set equal to 0 so that the potential of Figure 1.7 is at 
x  <  0 after some algebraic manipulation the following equation 
is obtained from Eq.( 2.13) and from the definition of g(E) plus 
S  =  B/A:

r g0(£) + iKE) "IJ ( 5
The logarithmic derivative can be expanded about Eo in the se­
ries:

ĝ E) =  so(£o) +  ^  ■ (2-34)
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Then, at a zero of go(£)> go(Eb) =  0, and neglecting higher order 
terms in the series expansion, *S(£) at a quasi-level resonance has 
the form:

E  —Eq —iAE 
* 3 —  E — Eo -HAE (2-35)

where

AE -  J  (2.36)

As £  increases from 0 to F0, the phase, 6, o f <S(iT) varies rapidly 
where E  passes through a quasi-level. Using Eq. (2.5) we ob­
tain:

dd(E) 2 x ̂ z A(£) (2.37)dE AE

where A(E) is given by Eq. (2.19) and where AE  is given by 
Eq.(2.36) from which fE,=+00dd(E) =  2it. Therefore, 0(E) increases

4 v E  =—oo

by 2it over a resonance. From Eqs. (2.6) and (2.31) neglecting 
the second term in Eq. (2.31) the following equation is obtained:

aem E(E)
dE hv(E)

showing that a plot of dd(E)/dE shows the structure of £T(E).

At each of the three pairs o f resonances of Figure 2.1 there is a 
4n change in the value o f 6, a 2n increase over each quasi-level.
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Therefore, the 4rc increase indicates a  double level. Figure 2.13 
shows the change in 6 over the pairs o f quasi-levels shown in 
Figures 2.1 and 2.2.

In Eq. (2.32) the preceding negative sign corresponds to scatter­
ing from a perfectly reflecting potential at the outer boundary 
of the scattering potential and from Eq. (2.5) corresponds to 
0 = — it. The part of the equation to the right of the negative 
sign corresponds to the resonance scattering which adds an ad­
ditional amount to the value of 6. A t a resonance go(E) =  0 so 
that using Eq. (2.5) 0 = nn for n equal to odd integers (excluding 
0) at a resonance and thus 0 changes by 2n between resonances. 
Also, from Eq. (2.29) between resonances go -> ±  oo so that 
0 =  nn for n equal to even integers including 0 between reso­
nances. This is in agreement with the plot of 0(B) vs. E  shown 
in Figure 2.13.

As seen in Figure 2.13 between the pairs of resonances 0 is ap­
proximately constant and thus d0ldE  ~  0. From Figures 2.1 and
2.2 €lJJE) and £rJJE) smoothly reach a minimum value between the 
pairs of quasi-levels. On the other hand, between Eo_ and Eq + 
£rw and consequently £Z will have a sharp minimum. On close 
examination of the plots in Figure 2.13, it is seen that at each 
resonance the plot of 0(E) rapidly changes from approximately 
horizontal to approximately vertical and then back to approxi­
mately horizontal. Between pairs o f quasi-levels the transition 
from a large value of d0jdE, to a small value and back to a large 
value is over an extended energy range and therefore, d0jdE  is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



77

0.25 0.30

Fig. 2.13

Phase of S(E), Q in units o f n for <%, =  (%,= 100A, 
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smooth. On the other hand, between quasi-levels of a pair the 
transition is rapid. If the energy separation of a pair of quasi­
levels is veiy small, the high energy tail of the lower energy 
quasi-level merges with the low energy tail of the higher energy 
quasi-level. The transition is sufficiently rapid to form a  cusp 
shown as a sharp minimum in €\&E).

Since | B(E)6 \ = 1 (for $<>{£)) for 0 <  E  < Vo for a particle inci­
dent on the DBRT structure, it is expected that a quasi-level 
should contain one electron. From Eqs. (2.4) and (2.38) we ob­
tain dd =  £T{E)dk. Therefore, since from Eq. (2.37) 
\E=+ood0(E) = 2n, over a resonance [75]
JE =—oo

(% k0 +Ak

N { k Q - A k , k Q +  A k )  =

• 4 0 —Ak

t T(k)co{k)dk (2.39)

where N ( k o  — A k ,  ko  +  A k )  is the number of particles contained 
within the states ko  —  A k  <  k  <  ko  +  A k  It should equal 1 over 
a resonance. £T(Jk) is the norm as a function of k. co(k), the 
density of states, is equal to l/27r and ko  is the value of k  corre­
sponding to the peak of £ { k ) .  It has been found that 
N ( k ( E =  0) , k ( E =  V 0))  =  6 indicating that each of the six quasi­
levels of Figures 2.1 and 2.2 contain one electron where the right 
boundary xs of the potential of Figure 1.7 is set equal to 0 so that 
the scattering potential is at x  < 0. The integration can be per­
formed numerically over E  giving:
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r E‘
NiO.E') =  e T(E) (2.40)

As a check o f the numerical routine, N  was computed over both 
E  and k  and gave the same result to many significant digits.

Figure 2.14 shows N(E) corresponding to the quasi-levels shown 
in Figures 2.1 and 2.2. At each quasi-level there is a unit change 
in N(E) indicating that the states associated with each quasi-level 
contain 1 electron (for each spin state).

In the potential of an actual DBRTS with an accumulation layer 
as shown in Figure 1.5, for a quasi-level at an energy E  as the 
applied bias is increased the energy difference between a quasi­
level and the top of the right barrier decreases which results in 
the right barrier being more transparent at that energy. This 
effect is simulated by decreasing the width of the right barrier. 
Heuristically it may be expected that the splitting of the degen­
erate levels of two isolated wells would decrease since as dl —*> 0 
the right well vanishes. This then raised the physical question 
of the effect o f a broadening of the quasi-levels being comparable 
to the splitting; what would happen?

2.7 Effect of Narrowing the Outer Barrier
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Number o f  electrons, N{E), vs. energy 
d l-= d ^ =  100A, dt =  <& =  50A, and V0 =  03eV .
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When the outer barrier is narrowed there is a change in the shape 
of £lvlE) and £\IE). As dl is decreased from a value equal to dl 
the two peaks in A<(£) shown in Figure 2.3 merge into one peak 
at d l^ 20A while the two peaks in remain separate since the 
sharp minimum between the two peaks in A£E) as seen in Figure 
2.3 remains.

Figure 2.15 shows (solid curve) and £rJ^E) (dashed curve)
for dL, —dweii = 100A and dl — 30A. Comparing Figures 5 and 17 
it is apparent that the two peaks of €1{E) are merging and the two 
peaks of £rJJZ) remain separate.

Figure 2.16 shows €lJiE) (solid curve) and €rJ<E) (dashed curve) 
for dl =  5A; *fw(£) has one peak and €rJJE) still has two peaks; but 
barely "peaks'! Notwithstanding that there are two peaks in 
€rJ^E) the following relationships exist: €rJ<Eo _) >  €tJ^Eq +);
/f(p(i$)+) >  «f;XEb+); and +). Thus the norm o f the
higher energy peak in the right well is less than the norm in the 
left well at that energy. Also, the norm of the lower energy peak 
in the right well is greater than the norm in the left well at that 
energy. Thus for dl <  0.5dl the two peaks of €T£E) only appear 
to merge. For dl =  di and d^ = dlweu, £‘w(Eo -)—£r*(Eo -) and 
£[£Eo+)^£ r*(Eo+)- Therefore, under these conditions both higher 
and lower energy quasi-levels are approximately equally distrib­
uted between the left and right wells. However, when the right 
barrier is thinned, the norms of the higher and lower energy 
quasi-levels are not equally distributed between the right and left 
wells.
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Fig. 2.15

t ‘J E )  (solid line) and t& E) (dashed line) vs. energy 
for A  =  *  =  100 A, dl =  50A, di =  30A, and

Vo =  0.3eV
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Fig. 2.16

(solid line) and (dashed line) vs. energy
for dl,—d^ =  100 A, di — 50 A, dl — 5 A, and
Vo =  0.3eV.
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Figure 2.17 shows a curve of E l-  and El + (which are the real 
energies corresponding to the lower and higher energy peaks, 
respectively, of /?£££)) and E&- and E&+ (which are the real ener­
gies corresponding to the lower and higher energy peaks, re­
spectively, of €rviE)') versus AXb which is defined by Eq. (2.2). 
From the plot of Figure 2.17 for AXb > 30A it appears that there 
are three quasi-levels: one from the merged peaks in the left well 
and two from the two peaks in the right well that remain sepa­
rate. However, there are only two as determined from the poles 
of S(E). Also, as will be described below, 6(E) changes by 4n 
over these levels. The curves or Figure 2.17 are generated fol­
lowing the procedure described in Section 2.2 which finds the 
real energy corresponding to a peak. As the width of the right 
barrier is changed, the energy corresponding to each peak in the 
left and right wells is determined. When the width of the left 
and right barriers are equal (Ax* =  0), the energy of the higher 
(lower) energy peak in the left well is equal to the energy o f the 
higher (lower) energy peak in the right well. As the right barrier 
is made thinner, the peaks in the left well merge, but the peaks 
in the right well do not merge.

The complex energies at which S(E)~l = 0 are determined as de­
scribed above using as initial starting complex values E l-  
— iA E L -  , El+— iAElve-t , ES-— iAErave-  , and E6+— iAEZve+, where 
E l- , E l+ , E l-  , and El + , are the real energies corresponding 
to the peaks of the left and right wells of the lower and higher
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Fig. 2.17

EU  (solid line), £fi+ (dashed line), Eh- (dotted line) 
and £5_(dot-dashed line) vs. A Xb for d  ̂— d  ̂— 100 A, 
d& =  50 angstrom, and V0 =0.3 eV.
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energy peaks, respectively, and where A££*,_, A£%ve+, A££*._, and 
A£Sv«+, are the average Lorentzian width determined as de­
scribed above for the left and right wells and for the lower and 
higher energy peaks, respectively. When these initial complex 
energies are used to determine the zeros o f S(E)~1 there are only 
two quasi-levels for lA <  dl < dl.

Figure 2.18 shows a plot of the zeros of S{E)~X in the complex 
energy plane (E  =  Er +iEi) with the imaginary part of the com­
plex energy plotted as id = —h/(2Ei), from Eq. (2.8). The solid 
curve is a plot of the path of the higher energy quasi-level and 
the dashed line is a plot of the path of the lower energy quasi­
level in the complex E  plane as dl varies from 50A to lA  with 
dL = drweU = 100A. A t dl =  50A both the higher and lower quasi­
levels have about the same lifetime. Both decrease in value as 
dl decreases, as expected. The real part o f the complex energy, 
Er for both the lower and upper energy quasi-levels remains ini­
tially approximately constant and then begins to change rapidly 
with the Er decreasing for the upper energy quasi-level and in­
creasing for the lower energy quasi-level with what appears to 
be a trend towards merging. Before Er for the lower and higher 
quasi-levels merge, however, the lifetime of the upper energy 
quasi-level rapidly increases to a value at dl =  1A approximately 
equal to the lifetime at dl =  50A with Er again remaining ap­
proximately constant. On the other hand, the lifetime of the 
lower energy quasi-level continues to decrease at a less rapid rate 
to a value ~  10-14 seconds at dl =  5 A while Er changes direction 
and steadily decreases.
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Fig. 2.18

(solid line) and z i  (dashed line) corresponding to  
the imaginary part o f the complex energy at which 
S{E) has a pole vs. the real part o f the complex en­
ergy at which S(E) has a pole. The maximum point 
on the dashed curve corresponds to dl =  50A and 
the minimum point corresponds to dl =  5A. The 
right maximum point on the solid curve corre­
sponds to dl — 50A and the left maximim point 
corresponds to dbr — 1 A.
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Figure 2.19 shows a plot of Er, the real component of the pole 
of SCE)-1 for the plots in Figure 2.18. vs. Ax*. Values of Er for 
both the higher energy (solid curve) and lower energy (energy) 
quasi-levels begin merging at about Ax* =  25A which corre­
sponds to dl/df, = 0.5 The energy separation of the lower and 
higher quasi-levels is a minimum at Ax*«33A after which Er for 
the higher energy quasi-level remains about constant and signif­
icantly decreases for the lower energy quasi-level.

Figure 2.20 shows a plot o f i t  (solid curve) and 1 7  (dashed curve) 
vs. AXb. For Ax* =  0 both lifetimes are approximately equal 
with i t  slightly lower than 1 7  as described above. As A Xb in­
creases (dl decreases), both i t  and 1 7  decrease and for dl^df/2, 
ia ~ i t .  1 7  decreases and reaches a minimum at Ax*w30A ( 
dlm(2/5)di) after which it increases. 1 7  steadily decreases as AXb 
increases. The lower and higher energy quasi-levels which have 
about the same lifetime when Axw =  Ax* =  0 differ by more than 
two orders of magnitude when well and barrier parameters are 
A xw —  0 and Ax* =  5A. From Figures 2.16, 2.18, and 2.20 for 
dl > l/2d{, the quasi-levels behave in a "regular'1' manner, that is 
the norm is distributed between the right and left wells and the 
lifetimes vary in an expected way with n l. Thus, for dl > df,/2, 
the two level model is good representation of the properties of 
the potential of Figure 1.5. The transmission probability T , for 
tunneling through the right barrier is given by 
Toe exp [_ —2drby/(2m*/h2)(Vo—E) ] .  Thus dl -> 1/2dl is equiv-
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The real part, Er o f  the complex energy at which 
S(E) has a pole vs. Axb for E0+ (solid line) and E0-  
(dashed line).
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(solid line) and (dashed line) corresponding to 
the imaginary part o f the complex energy at which 
S{E) has a pole vs. Axb for <& =  *&= 100A d{, =  50A.
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alent to (Vo — E) -> 1/4(F0 — E) to maintain the same trans­
mission probability. Therefore, if Ebb and Erob are the energies 
of the top o f the left and right barriers, respectively, so long as 
the condition Ebb —  E q ± >  l f 4 ( E b b — E o ±) is satisfied, for a quasi­
level o f the potential of Figure 1.5, the quasi-levels will be in 
the ''regular* domain.

Figure 2.21 shows a plot of the lifetimes i t  (solid curve) and 1 1  

(dashed curve) vs. nlj, and nlj,. From  Figure 2.21 is seen that, 
for Ajcb =  0, n lj,^0.5 and nlj,m0.5 for both the lower and higher 
energy quasi-levels, i.e. each is equally distributed between the 
left and right wells. From Figure 2.20 as Ax b increases (di de­
creases) both i t  and i t  decrease as Axb varies from 0 to ^25A. 
This corresponds to the rapid decrease in id and i t  shown in 
Figure 2.21 as nlj, and n+,b increase slightly from 0.5. From 
Figure 2.20 as Axb changes from 25A to 30A both id and i t  
continue to decrease and from Figure 2.21 within the corre­
sponding range nlj, and n+j, increase significantly. Thus both 
£{j(Eo-) and £‘J(Eo +) shift into the left well. Comparing Figures 
2.20 and 2.21 the shift into the left well continues between 
AXb =  30A and Ax* =  33A. However, thereafter, i t  begins rap­
idly increasing and €{(E o + ) continues to almost completely shift 
into the left well while id decreases at a more rapid rate again 
and € ‘( E o - )  almost completely shifts into the right well.

Figure 2.22 shows a plot of n+,b and nlj, vs. Axb which clearly 
indicates the significant shifting of the norm into the right and
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vs. n it  (solid line) and t 2 vs. n itb (dashed line) for 
4 = 4  =  100A, 4  =  50A and V0 =  0.3eV.
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nitb (solid line) and nitb (dashed line) vs. Axb for 

div=d^= 100A, dj, =  50A and Vo =  0.3eV.
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i 94left wells after a critical thinness (Ax*^33A) of the right barrier 
is exceeded.

As the right barrier is thinned it is expected that t j  and t teoay will 
decrease since there is less quantum confinement of the wave 
functions. After a critical thinness o f the right barrier (here 
about 20 A) the right barrier reflects the wave resonating in the 
DBRTS less efficiently and both higher and lower energy quasi­
levels begin shifting into the left well where they resonate more 
efficiently. If both quasi-levels shifted completely into the left 
well, there would be six particles in a well which has only states 
sufficient to hold three particles. This tendency to over populate 
the states in the left well results in the reduction of nlj, so that 
three particles are in each of the left and right wells. From 
Figure 2.21 it is seen that the lower energy quasi-level shifts into 
the right well and the higher energy quasi-level shifts into the left 
well. Initially it would appear that this is the reverse o f what it 
ought to be. It might be expected that since the lower energy 
quasi-level is more confined than the higher energy quasi-level, 
the lower energy quasi-level would shift into the left well for 
which there is more confinement and the higher energy quasi­
level which is less confined would shift into the right well. If this 
occurred the plots of Figure 2.18 would have an intersection be­
tween the trace of the lower energy quasi-level and the higher 
energy quasi-level in the complex E  plane corresponding to the 
zeros of S(E)~]. There would be a two fold degeneracy with each 
state having the same lifetime. The norm £T{E) would have a 
single peak. Since each well has the same width, each contributes
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a level o f the same energy to the pair o f quasi-levels. The de­
generate levels are split by the interaction of these two degenerate 
levels through the left barrier. Therefore, the plots of Figure 2.18 
cannot intersect and the lower energy level must shift into the 
right well and the higher quasi-level into the left well.

Figure 2.23 shows the phase, 8, of S(E) for 0 < E  < 0.3 eV when 
d i— lA. In the energy range of each pair of quasi-levels there 
is a 2n jump in 8. Between the pairs o f quasi-levels there is an 
approximately linear increase in 6 by 2iz. The 2it jump in 8 
corresponds to the higher energy quasi-level whose €T{E) plot is 
narrow and localized in the left well. The linear increase in 8 
by 2n corresponds to the lower energy quasi-level whose norm 
is broad and localized in the right well. The width of the reso­
nance determines how rapidly the phase changes.

Figure 2.24 shows a plot of N{E) for the same conditions as in 
Figure 2.23. In the energy range of each pair o f quasi-levels there 
is a unit jump in N(E). Between the pairs of quasi-levels there 
is an approximately linear increase in N(E) by a unit. The unit 
jump in N{E) corresponds to the higher energy quasi-level whose 
norm is narrow and localized in the left well. The linear in­
crease in N(E) by 1 corresponds to the lower energy quasi-level 
whose norm is broad and localized in the right well. The width 
of the resonance determines how rapidly N(E) changes.

Over the entire energy range 0 < E < 0 3 e V  there is a bit less than 
the expected 12;r change in 8 in Figure 2.23 and a bit less than
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Fig. 2.23

Phase o f  S(E), 9 in units o f n for di, =  <#,= 100A, 
dl =  50A, dl — 1A and Vo =  0.3eV.
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Fig. 2.24

Number of electrons, N(E), vs. Energy for 
d l == eft, =  100A, dl =  50A, dl =  lA , and V0 =  0.3eV.
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the expected change of 6 in N(E) in Figure 2.24. This is attri­
buted to the extremely degenerate situation of having a lA right 
barrier width.

It would appear that in the plots of Figures 2.23 and 2.24 for 
6(E) and N(E) that the second term of Eq. (2.31) should be taken 
into account.

Figure 2.25 shows f^ E )  for dw — drw= 100A, dl, — 50A, dl — lA, 
and Vo — 0.3cV. There are three single peaks which would ap­
pear to be similar to the norm for a single barrier tunneling 
structure. However, from Figures 2.23 and 2.24 the total change 
in phase is greater than 6n and the total number of particles is 
greater than 3 which would be the values for a single barrier 
resonant tunneling structure. The sharp peaks in Figure 2.25 
correspond to the norm in the left well. Comparing Figures 2.1,
2.2 and 2.25 it is seen that the norm between the peaks of Figure 
2.25 is greater than the the norm between the pairs of peaks in 
Figures 2.1 and 2.2. This corresponds to the norm in the right 
well.

2.8 Conclusions

Resonances of a DBRTS having an accumulation layer have 
been studied using a rectangular model potential with the accu­
mulation layer and the barrier layer represented by square wells. 
The effect of applying a potential across the DBRTS is simulated
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£T(E), vs. energy for dlv== 100A, df, =  50A,
dl — 1 A, and Vo =  0.3eV.
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by varying the width of the left (inner) well and the width of the 
barrier on the anode side of the DBRTS. These widths are 
varied separately to understand the effect each has on the prop­
erties o f the DBRTS. The resonances of the DBRTS are pairs 
of closely spaced quasi-levels (having a higher and lower energy 
quasi-level) derived from one level generated by each of the 
wells.

Each level is represented by a peak in the norm versus energy. 
The energy width of each of these resonance peaks is related to 
the lifetime of each level. The distribution of the integrated 
norm o f each quasi-level between the right and left wells is a 
function of Axw and Ax* where Ax* = dlw — drw (with dlw, the width 
of the left well, variable and d„, the width of the right well, held 
fixed) and di, the width of the left barrier equal to dl the width 
of the right barrier) and where Ax& — d\, — dl (with d‘w — drw and 
dl variable and 4  held fixed). When Ax* =  0 (equal well widths), 
the norms o f the upper and lower energy quasi-levels are about 
equally distributed between the right and left wells. When 
Ax* <  0, the norm of the higher energy quasi-level is primarily 
in the left well and consequently has a increased lifetime and the 
norm o f the lower energy quasi-level is primarily in the right well 
and has a shorter lifetime. The situation reverses when 
Ax* >  0. The energy separation of the quasi-levels is a minimum 
at Ax* =  0. As Ax* is varied from 0, the quasi-levels anti-cross 
as in atomic systems.
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When the outside barrier is narrowed, the lifetime of both 
quasi-levels initially decrease until the lifetime of the higher en­
ergy quasi-level reaches a minimum after which it increases as its 
norm shifts into the left well while the lifetime o f the lower en­
ergy quasi-level continues to decrease as its norm shifts into the 
right well.

In an actual DBRTS with an accumulation layer, these effects 
which are separately studied here will occur simultaneously as a 
bias is applied over the DBRTS. The potential o f the accumu­
lation layer is not square but approximately triangular. There­
fore, the width of the potential well in the accumulation layer 
increases with energy and consequently for a given potential bias 
across the diode the effective width of the accumulation layer 
equals the width of the right well only at one energy, an inter­
mediate energy between the top and bottom of the accumulation 
layer. For energies greater than the intermediate energy the ac­
cumulation layer effective width is greater than the barrier layer 
(right well) width and for energies less than the intermediate en­
ergy the accumulation layer effective width is less than the bar­
rier layer width. Therefore, the energy separation of the two 
quasi-levels, the distribution of the norm between the accumu­
lation layer and the barrier layer and the lifetimes for groups of 
quasi-levels of the DBRTS is different depending on whether the 
energy of the pair of quasi-levels is greater or less than the 
intermediate energy.
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When a bias is applied, the anode side barrier is lower in energy 
than the cathode side barrier. Consequently, for a pair of 
quasi-levels near the top of the accumulation layer the energy 
difference of the pair of quasi-levels from the top of the cathode 
side barrier is greater than the energy difference from the top of 
the anode side barrier which has the equivalent effect of the 
anode side barrier being thinner than the cathode side barrier. 
Therefore, the two peaks in the left well should have a tendency 
to merge as a result of the effective thinning of the anode side 
barrier. This is opposite to the effect of the widening of the 
accumulation layer width which tends to separate the two peaks 
in the left barrier. The widening of the accumulation layer width 
shifts the norm of the lower energy quasi-level into the left well. 
Whereas the effective thinning of the anode side barrier after a 
critical thinning tends to shift the norm of the lower energy 
quasi-level into the right well. Therefore, it is apparent that the 
two effects of the variation in the accumulation layer width and 
in the effective thickness of the anode side barrier are competing 
effects which will result in a complex variation in the properties 
of the paired quasi-levels of a DBRTS with an accumulation 
layer, such as the current voltage characteristics.

As the width of the outer barrier is made thinner than the inner 
barrier, the properties of the barrier remain "regular" up until the 
outer barrier is about 1/2 the thickness o f the inner barrier, that 
is, the real energies corresponding to the peaks of the norms and 
the escape times both decrease at about the same rate and the
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norms are approximately uniformly distributed between the in­
ner and outer wells. When the outer barrier becomes thinner, 
the higher energy quasi-level almost completely shifts into the 
inner well having a long lifetime and the lower energy quasi-level 
almost completely shifts into the outer well having a short life 
time. The current through a DBRTS with an accumulation layer 
can be modeled using a two level model as a function of 
£ =  Ei— Er, the energy difference of the eigenvalues of the iso­
lated wells so long as the quasi-levels are sufficiently far away in 
energy from the top of the outside barrier to remain in the 
"regular" domain over the variation in e over a resonance which 
is satisfied if the quasi-levels are deep enough in the accumu­
lation layer.

The analysis in this chapter by separating out the effect of the 
variation of the width of the accumulation layer and the anode 
side barrier will provide greater understanding for the analysis 
of Chapter 3 of an actual DBRTS with an accumulation layer 
where the competing effects discussed here will be occurring at 
the same time.
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CHAPTER 3
104

RESONANT TUNNELING THROUGH A DIODE 
ACCUMULATION LAYER

3.1 Introduction

The phenomenon equivalent to resonant tunneling, in a double­
barrier diode with a spacer layer and consequent accumulation 
layer on the cathode (source) side, is elucidated. The accumu­
lation layer and the inter-barrier well each support an electron 
quasi-level (or several) which may be expected to combine 
coherently into a doublet of states that are filled by in-scattering 
of the source electrons and emptied by tunneling to the "anode" 
side. The resulting current depends on the distribution of 
electron density (norm) between these two component orbitals, 
with a peak (as a function of bias) at the "level crossing" point 
where the norms are each 1/2. The analysis draws on the com­
putational study in Chapter 2 of Gamow-like tunneling out of a 
double-well system, as a model o f the electron states. The in­
scattering rate due to acoustic-mode phonons in particular is 
calculated. Corresponding diode current characteristics are ob­
tained.

as described in Chapter 1 resonant tunneling in a semiconductor 
diode has been investigated in double-barrier structures [6] where 
the current versus bias depends essentially on the dependence of
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transmission probability T  on normal-direction energy E  for an 
electron incident on the barrier structure: T  =  T0 A (£) where

A(£5= 1/[1 +  ((E-  EoVAE)2] (3.1)

This Lorentzian dependence of T  on E  is characteristic for a 
continuum of electron states incident on a double-barrier struc­
ture [23]. If, however, the cathode doping of the diode is sepa­
rated from the barriers by an undoped spacer layer, there can 
be a resulting accumulation layer adjacent to the barrier on the 
cathode side, and consequently a "local quantization" of electron 
states (quasi-levels) instead of a continuum in this layer. The 
resonance-like feature in the diode current versus bias that is still 
observed [23] may heuristically be attributed [23, 31] to the 
crossing of this level with the local level belonging to the space 
between the two barriers, in place of the usual displacement, with 
bias, o f the energy distribution of source electrons relative to 
E0 . This "level crossing" interpretation is investigated here, in 
terms o f properties of the electron states of this diode system that 
have been elucidated by the computational study of Chapter 2.

Figure 1.5 shows a stylized picture of the situation. The cathode 
continuum of incident states may be assumed to have only a 
small probability of direct transmission through the two barriers 
B, (left barrier) and Br (right barrier), while the resonant path 
goes through the Lp Lr levels (levels in the left and right wells, 
respectively) -- by either elastic or inelastic scattering processes, 
with the accompanying transitions between the two-dimensional 
lateral wave vectors K of these states taken into account. (Two- 
dimensional vectors parallel to the interface planes of the diode
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structure are represented by capitals K, R, Q and the components 
normal to the planes by k, z t q .) The formulation that is eluci­
dated here considers the quantum combination of L, and Lr to 
be a single state (i.e., one o f the doublet o f states resulting from 
the interaction through the separating barrier B,) with a definite 
lifetime for ‘"decay* into the anode continuum on the right of 
Br in Figure 1.5. We expect (see below) the overall transition rate 
to be proportional to 1 / (T ( + T r) where 1/t, is the scattering rate 
from the C continuum into this compound state and l / r r is the 
rate of tunneling out o f this state.(Tr =Trf) The observed resonance 
feature can then be interpreted in terms of the "crossing" phe­
nomenon for coupled levels, as follows: When L/ and Lr are far 
apart in energy, the two electron states o f the resulting doublet 
have their norms (fractions of the integrated electron density) 
mainly in the left well and mainly in the right well, respectively. 
For the former case, <  Tr and the current channel is sup­
pressed by filling up the level, while for the latter Tr <  <  t, and 
the tunneling out is abated because the level is nearly empty. 
When the Lt and Lr levels cross, with increasing bias, then there 
is a range where r , «  i r and hence a peak in the current.

The quantum system has been investigated computationally in 
Chapter 2 in terms o f Figure 1.7, where there are two "square 
wells" (with the L,, Lr difference conveniently obtained by mak­
ing their widths dlw, drw different). As described in Chapter 2 the 
quantum states for real energy E  are then given by trigonometric 
formulas, supplying the phase angle for reflection of an electron 
incident from the right, and the relative norms n l , n r
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(w ithn l + n r = 1) in the two wells. The decay lifetimes are ob­
tained by a special algorithm as described in Chapter 2 that 
quantifies the Gamow treatment o f the tunneling decay. [76.,
69.] It computes the ratio of incident amplitude to reflected am­
plitude for a complex E  and searches for the (small) imaginary 
part o f E  at which that ratio is zero. This imaginary-part energy 
is then interpreted as ft/2Tr .

The transition rate through a compound L/5 Lr state (contrib­
ution to diode current from a given value of lateral wave-vector, 
K ) has some analogy to the laser generation process. The scat­
tering rate into a level with occupation number / i s  (1 /^ (1  —/ )  
and the tunneling rate out of the level is (1 /Tr) / .  Equating these 
two, we find f — t / t ,  -I- Tr) and for the rate R = 1/(t, +  Tr) as 
noted above. We shall assume that scattering between these 
compound (L/5 Lr) states (between the lateral wave-vectors), after 
scattering in from the cathode states and before tunneling out to 
the anode side, may be disregarded.

To a good approximation, a wave function of an electron inci­
dent from the source continuum (and mostly reflected back), and 
a wave function of the L/} Lr double-well state, will overlap only 
on the L, (cathode) side, and hence 1/t, is proportional to the 
norm n l . On the other hand, one expects l / r r to be proportional 
to the complementary norm n r = 1 — n 1, and this is confirmed 
by the computational investigation of Chapter 2 for the Figure
1.7 system. Thus the variation o f R  with bias (with L/} Lr split­
ting) is given by
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(3.2)

with coefficients tt , tr . The ±  subscript represents the fact that 
there is a current contribution from each state ( + and —) of the 
doublet o f states that results from the interaction through the 
left-hand barrier, Br It can be verified that the n l value for one 
state of this doublet (say, + ) is equal to the n r value for the 
other state ( — ); i.e. norm and complementary norm interchange. 
The t, and tr constants will be the same for each state of the 
doublet (the splitting being small), and consequently we find af­
ter some algebra, for the sum of the two contributions,

(Q+ =  Q_ =  Q. , the same for either state of the doublet.)

We may model the bias dependence of Q. by treating the L,, Lr 
combination states of Figure 1.5 or of Figure 1.7 as belonging, 
for this purpose, to a closed system (as though the right-hand 
barrier Br were infinitely thick). Then the doublet system may 
be represented -  whether or not symmetrical -- by a "two-by-

R =  R+ +  R_ = (*/ +  *r) ^ (3.3)
t l  t r +  (*/ — *r)2 ^

where

(3.4)

3.2 Model System
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two" Hamiltonian with two real diagonal elements El , Er (being 
the uncoupled L,, Lr levels) and (two equal, real) off-diagonal 
elements El2 representing the coupling via Br The doublet 
splitting of the energy eigenvalues is then

The n 1 and n r norms are given by the squares of the eigenvectors 
of this Hamiltonian, the result for the product n ln r being

Thus, Q is a Lorentzian function of E ,— Er , with maximum 
value 1/4. On substituting eq(3.6) in eq(3.3), we obtain

Then the strength of the current peak, where the Lt and Lr levels 
cross (£ ,=  Er) , is given by R^ = l/(t,+ tr ), summed over the K 
contributions, while the width o f the peak depends on tl l tr as 
well as on En  . With the normal-direction quantum states inde­
pendent of K , we expect from (3.7) that the peak of R will 
occur at the same bias, where Et = Er , for all these contributions 
to the current. But t, varies with K , and hence the form of the 
current contributions will vary accordingly.

E+ - E _  =  [(E, -  Erf  + 4 Elr2 ]112 (3.5)

£2= l/[4 + ( ( £ ) -  Er)!E,rf ] (3.6)

1/(̂ 7 •+■ tr) (3.7)
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3.3 Scattering Rate
110

It remains to calculate the scattering rate, \/ tn  for incident 
source electrons, from the occupied wave vectors (K, k ) , into a 
given accumulation-layer quasi-level state (the rate with n ‘=  1). 
That is, into a single final state with lateral wave vector K, from 
initial states with occupation function J(K, k ) ,  which will be as­
sumed to be degenerate: f =  1 , for 0 < E <  EP . We consider the 
specific process of deformation (non-polar) scattering by acoustic 
mode phonons. This should be favored over other processes 
because the scattering change o f lateral wave-vector K -*■ K, will 
be large,

A(K2) c* (2 m*/h2) Eq (3.8)

where E0 is the energy drop from incident band edge to the 
quasi-level. (We assume, throughout, the "parabolic" electron 
energy function.) Because of this large wave-vector change, it 
appears justified also to disregard screening o f the electron scat­
tering force. The acoustic-mode phonon energy may be esti­
mated from (3.8) to be hco ^  (2ES E0)112 where Es = m*^2 and s is 
velocity of sound. For n-GaAs, in thermal units Es = 0.11 
kelvin. Then for example if E0 — 0.3 eV (3500 kelvin), the 
phonon energy is 28 kelvin. This is small compared with E0 and 
also compared with 300 kelvin (thermal energy, k B T ) ,  so we shall 
make the "equipartition" approximation N , N  + \ —► /cB T/fi(o 
for the phonon occupation numbers.
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The selection rules for an absorption or emission of a phonon 
o f wave vector (Q, q) , to a given 'final* quasi-level having lateral 
wave vector K ,, are

A E = ( h 2f2m*)(Kl2 - K 2 - k 2) - E o  ±hco(Q,q)  (3.10)

where we are going to neglect the final term ±  h co . The 'energy 
conservation' delta function <5(A£) in the applicable Golden Rule 
formula then results in the factor

from summation over initial states (K, k ) .  If is the incident 
and reflected (normal component of) electron wave function, 
normalized in unit length, and <£/z) the 'f in a l' quasi-level wave 
function (normal component) of the accumulation layer, with 
J | <f>t I2 dz =  1 , then the transition matrix element is proportional 
to a form factor (with real)

(As with electron-phonon scattering in other parallel-plane 
structures, there is no selection rule like eq. (3.9) for the 
normal-direction component of phonon wave-vector. All q val­
ues are allowed, with non-zero scattering matrix elements.)

K / = K ± Q (3.9)

with energy change

(3.11)

(3.12)
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Collecting factors, the rate is the sum of absorption and emission 
terms 1 ft+ and \/t_ given by

1 2n 1 2n m*
'± h (2ir)4 ft2

^ d k ^ d q C ± \I(q)\2 (3.13)

where (for deformation-coupled acoustic modes, with 
fico < < kB T )

C+ =  C_ =  kB T  (D2l2p s2 ) (3.14)

where D is the deformation potential and p is the mass density
of the semiconductor (taken as homogeneous and isotropic).

To evaluate (3.13) we make use o f Parseval's Theorem (taking the 
limits of the q integral to be effectively ±  oo ):

j \ l f < i q = 2 7 ' j \4 > \2 \<h\2 dz  (3.15)

and combine the absorption and emission rates, 1 j t t = 
I / r ,  +  1 /(_ :

w 2 *  (3-16)

where

m* T D
u0 = ----- 5--------- 5—  (3-17)

2nh p s
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For GaAs at 300 kelvin, taking D = 12 eV, [77] and
p s1 =  1.4 x 1012 cgs, the value of value o f u0 is 9.07 x 104 cm/sec.

To complete this estimating calculation, we require (1) a model 
for <t>(z) and (2) the applicable limits for the k  integral in (3.16). 
For the incident (and reflected) wave function we adopt the 
WKB approximation

where g(z) is the "local" value of incident wave vector within the 
accumulation layer ( g(z) —> k when z -* — oo ) [78]. Also in the 
second integral of (3.16) we replace sin2f 2g(z')dz' by 1/2 . Then

where < ... > means average over the quasi-level electron density 
<f>fz)2 in the accumulation layer. <i>fz) can be approximated by 
a Fang-Howard type wave function [80]. If EF < < E0 , then 
this average does not vary much over the allowed range of k  in 
(3.16); so we remove it from the k integral, which becomes pro­
portional to the range of k2 , over the initial states, for which the 
incident energy relative to band edge is between 0 and EP .

Conservation of energy (here neglecting phonon energies hco ), 
and confinement of incident energy to the range (0, E? ) ,  requires

(3.18)

(3.19)

0 <K[2 - K ^ < >  /cF2 (3 .20)
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where

0 £ k 2 £ K , 2 -K<? (3.21)

Kq = (2 m*/^2) Eq (3.22)

Eqs. (3.20-3.22) specify the range o f states that contribute to the 
current (with Kr =  Kt for the tunneling-out process), and show 
that the factor \ k d k  from (3.13) and (3.19) should be set equal 
to X  kg/2 where

X = { K i 2 - K i ) l k $  (3.23)

with X  in (0,1) Finally, we have

P-24)

If we calculate a peak current from this tt value alone — i.e. as 
an upper limit, disregarding tr — the current per unit area 
(counting both spin states) will be

2 2
7 _ o  i- l » 2 1 -i 1 n k F______ e k FJ  2 € [ * Uq kp tr  ̂ (3.25)

(2 n) 1111111

where the factor after the [...] includes an average value 1/2 for 
X .

With the above value of u0 , and assuming kF — 3 x 106 cm-1 , 
then 1/t/min would be (kF < \ / g > )  times 1.36x 10n/sec. (For
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1/f/min =  3 x 1010/ s e c  , the current density according to eq. (3.25) 
is then 3.44 x 103 amp./cm2.) The tunneling-out rate, \ / tr , can 
be taken as equal to v T , where T  is the probability of tunneling 
transmission through the Br barrier by an electron incident at the 
energy, E , of the quasi-level, and v is the "attempt frequency" in 
the W2 well at this energy. If the well is of width W  then, to 
sufficient approximation, v W 2 =  nh/2 m * , which for n-GaAs is 
equal to 27.2 cm2/sec. For a single barrier, T  can be taken to 
be equal to M  exp — 2X where M  ~  1 takes account o f wave- 
function matching at the barrier interfaces and X is the usual 
integral frc d z  of the "imaginary wave vector" k  over the barrier 
width. The exponential factor makes possible a wide range of 
numerical values for the tunneling rate.

In eq(3.25), the effect of tunneling out was neglected (by setting 
tr — 0 ) .  To include it, in this result for the peak current, we set 
ti = timiJX and replace the factor 1/2 (the average value o f X )  in 
(25) by the factor

3.4 Diode Characteristic

d X (3.26)

tl min

where

c = t I t , -  r  I m i n
(3 .27)
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Fig. 3.1 

F  versus c (G =  0).
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Figure 3.1 shows this F versus c in a log-log plot, illustrating its 
fall off from F =  0.5 at c = 0 and asymptotic approach to l/c for 
large c values. Thus, a prediction o f our model is that peak 
current increases with increasing l / c .  That is, it increases with 
tunneling-out rate.

Away from the peak, where E , ^  Er , this factor (3.26) generalizes 
to

F(c, G) = t[ I /? s iY  =
+  c +  Gj(X  +  — )

in terms of (3.7), where

(3.29)

That is,

c2 F{c,
JrJo (1 +  u) +  uG 

■̂ ■(1 +  6 ) In [(1 +  c)2 +  cG] (3.30)

+  ^-G (3  +  G)

where a and 1/a are the roots of

a +  1/a =  2 +  G (3 .31)
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Fig. 3.2 

1 /F(c, G) versus G for indicated c values.
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Figure 3.2 plots 1 /F(c, G) versus G for representative c values. 
The approximate straight lines correspond to a Lorentzian de­
pendence of this F on G1'2 . Expressed as F = A / (B  + G),  the 
quantity B(c) is found to increase with increasing c , and hence 
a prediction of the model is that the width of the current peak 
decreases when the tunneling-out rate increases relative to 
scattering-in rate [79].

The result (3.30) may be expressed more simply in terms of the 
separate contributions from the two quasi-levels in the doublet, 
as in (3.2), rather than first combining them as in (3.3) and (3.7):

1
R± d X =

I

r 1f dX
Jq 1 H  min . hr_

*  n‘

The G dependence in (3.32) comes from the variation of n r and 
n l = 1 — n r given by eq (3.6): n ‘n r = 1/(4+ G) . The R+ and R_ 
contributions have separate maximums, as functions of G , which 
merge into the single peak given by (3.30),(3.31).

n ( n V

n
ln(l + c  -V )(3 -3 2 ) 

n
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CHAPTER 4
120

SUMMARY AND CONCLUSIONS

In this thesis we have developed a procedure to numerically an­
alyze the current in a double barrier resonant tunneling structure 
having an accumulation layer. This structure is a reflecting 
double barrier structure. A model potential is initially analyzed 
to understand the properties o f such a double barrier resonant 
tunneling structure and this understanding is applied to derive 
an equation for the current through quantized states in the ac­
cumulation layer.

The model potential is a rectangular potential, having two wells 
and two barriers, which is open on one side and closed on the 
other side. Since solutions to Schrodinger's equation for the 
model potential can be represented by algebraic expressions, the 
effect of varying the widths o f the wells and the thicknesses of 
the barriers have been investigated providing a detailed charac­
terization of a  reflecting double barrier structure which appears 
not to have been done previously. This characterization, which 
is described in Chapter 2, provided and understanding of the 
properties of a double barrier resonant tunneling structure with 
an accumulation layer which permitted the derivation for the 
expression for the current through the quasi levels in the accu­
mulation layer reported in Chapter 3.
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The peaked current seen in a double-barrier resonant tunneling 
diode having a quantizing accumulation layer on the source 
(cathode) side is considered in this thesis as due to electron 
scattering from incident source states to hybrid "final" states that 
combine an accumulation-layer level with a "well" level and in 
which the resulting doublet is coupled, through the second bar­
rier, to the anode continuum. The resonance appears as an 
"anti-crossing" o f the pair of levels derived from the pair before 
coupling, as the latter shift with increasing bias. The coupling 
with the anode continuum gives level broadening effects. The 
current will depend on the accumulation-layer fraction of the 
"norm" (space integral of the square of the wave function, ap­
propriately normalized). The lifetime for emission from the 
coupled levels into the anode continuum may be obtained from 
the complex energy at which the reflection "S function" has a 
pole, with the usual relation of the negative imaginary energy to 
the lifetime and to the broadening.

To study these properties in detail, in Chapter 2 the potential 
profile was replaced by a model "square" one in which the fields 
in the accumulation layer and in the two barriers and the well 
between them are zero. The above properties are then computed 
in detail. The norm and its two complementary fractions are 
found to exhibit the level broadening as a function of energy. 
The predominant norm fraction shifts between the "well" and 
"accumulation" sides of the structure over the anti-crossing 
process. The reflection phase is also computed as a function of 
energy, and its relationship to the total charge (fraction of one
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electron) within the diode structure, when all o f the system states 
are occupied, is elucidated. O f special interest is the conse­
quences o f having a thinner anode-side barrier (representing the 
actual lowering of this barrier, with increasing bias, in the diode).

As the width of the anode-side barrier is decreased with the ac­
cumulation layer well width equal to the anode-side well width, 
the lifetime of both quasi-levels decreases until the anode-side 
barrier is about one half the width o f the cathode-side barrier 
after which the lifetime o f the higher energy quasi-level increases 
and its norm shifts into the accumulation layer and the lifetime 
of the lower energy quasi-level continues to decrease and its 
norm shifts into the right well.

The phase of the "S function" increases by 2n over each quasi­
level and thus by 4n over a pair of quasi-levels and the integral 
of the norm weighted by the density of states is equal to one over 
each quasi-level thus indicating that each quasi-level is occupied 
by one electron even when the anode-side barrier is much thinner 
than the cathode-side barrier.

It has been shown in Chapter 2 that the properties o f the dis­
tribution of the norm between the accumulation layer well and 
the anode side well is accurately represented using a two level 
model. It is also shown in Chapter 2 that the two level model 
accurately represents the anticrossing properties of the 
eignevalues of the interacting accumulation layer well level and 
the anode side well level. This model is used in Chapter 3 to
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derive an expression for the current in a DBRTS with an accu­
mulation layer.

It has been shown in Chapter 3 that the model, in which diode 
current is due to electron scattering from the cathode side into 
the states formed by coherently combined accumulation-layer 
and inter-barrier quasi-levels, followed by Gamow tunneling out 
to the anode side, mimics conventional resonant tunneling by a 
current peak at the "level crossing" point. A quantitative calcu­
lation has been made for this system, subject to a number of 
simplifying approximations. The expression derived for the 
current has Lorentzian form having a peak when the energy level 
of the accumulation layer is equal to the energy level of the well 
between the two barriers where these energy levels are the energy 
levels of the non-interacting accumulation layer and the well 
between the two barriers. The energy levels of the interacting 
accumulation layer an the well between the two barriers anti­
cross.

There appears to be insufficient experimental data available for 
a detailed comparison with the quantitative calculation.
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APPENDIX

Derivation of Eq. (2.31)

The following is an unpublished derivation of Peter J. Price. 
Schrodinger's equation for wave function iftt of energy E  is

2 2
E#(.x)   S—  A —  W , )  +  VtxWfrc) (A. 1)

2m dx

For a stationary state the energy Ei is real. Take the complex 
conjugate of Eq. (A.l) for i = 2 and multiply by i//i and subtract 
from this equation \jj\ times Eq. (A .l) with i = 1 to get

(Ez -  E 1)ij/2i//l = -  \ * l  ^2  -  ^2  ^ l ]  (4.2)

Let V(x) =  0 for x  >  0 and let V(x) be a reflecting potential for 
x  <  0. Thus lim ihi -*■ 0 for i =  1,2. Intergating Eq. (A.2) from

X  **♦*—OO

— oo to 0 results in

(,E2-eJ  * 2* i< &= — ( -̂ 3)J-oo 2m L ax ax  J jc = 0

where the integral is finite if lim xb̂ xl/i -+ 0. For x >  0 the wave
G  X  o o

functions ijj\ and ifa have form

=  e-  '*<* +  Sle‘klX (A.4)

from which it follows
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U S )

where 5/ =  S(Ei). From Eqs. (A.4) and (A.5) Eq. (A.3) and since 
S(E) =  exp[z0(£)]> 57 =  1 /Si, Eq. (A.3) can be rewritten as

2m* f 0 *
— 2 ~  Ĉ 2  — ^ l )  I ^ 2^ 1^ x  =

h —oo

« 2  +  *1/  S ' ] 2 S2 )  + m 2 -  * , ) ( -  5 ,)  (A.6)

Let Ea -*■ E\ so that Ea — E\ —■► 52 — 5i —> J5 , and
ki — k\ -> dk so that Eq. (A.6) can be written as

Using

dS . dd id .c dd =  i ——  e = i SdE dE dE U S )

and 1/5 — 5  =  —2i sin 0 Eq. (A.7) can be rewritten as

2m* f °  . i i2 j  2k dS  , ^ n dk , Atxs— - J  1*1 dx =  - r l F + 2 s w 0 l r  (A. 9)
n —oo

Using v = (h k)/m*, E =  (h k f / i l rn ) ,  dk/dE = [m*/{2h2E)]'i2 and 
S = f° I ^  \2dx  Eq. (A.9) can be rewritten as

“ OO
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W /  =  ' T ^  =  f i ' % '  +  ~2 E & i n e  ^ - I0)

which is Eq. (2.31).
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