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Chapter 0.

Background and Motivation

Let X be a smooth algebraic variety defined over the
finite field Iq with q=pa elements, where p is a prime

integer. The zeta function Z(X,t) associated to X is

defined by
© N
Z(X,t) = exp( L = ts)
s=1 S

This is a formal power series, where NS is the number of

F s ~ rational points of X . This definitiom has a long
q
history (see Katz [9 ]). An important type of algebraic

varieties are abelian varieties.

Definition. (Lang [10], Mumford [14], Weil [26]). An

abelian variety is a complete projective variety with algebraic

group law.

To an abelian variety X we can associate a Qg-vector
space, where QZ is the field of f-adic rationals (without
further mention we assume that X is defined ovef ¥ and

q .
that £ is a prime number, 2#p). For each positive integer

n .
n>1 , let in = {xeX|2 'x=0} . There is a map &: X£n+l - in
£

which sends x - #x . ~ Form the sequence ... X —> X
£n+1

and take the inverse limit of

2,1'1
2
—> X > ... —> X

Qn—l

this diagram, TQ(X)

L

11m X n ° Then sz = Zig where
n L

g = dimX , since X _ (z/27°2) . Let VX T,X 8 @ Q. -

.2 ZR

VQ is a functor since morphisms of abelian varieties preserve

torsion.



2.
In characteristic p we have the Frobenius morphism

which sends a point x to x4 (raise each coordinate to the

qth power). Call this map 'ﬂx . The action of ﬂx on X
passes by functoriality to an action on VQ(X) as a R, -
linear map. Let fx(T) denote the characteristic polynomial
of VR(WX) on VQ(X) . Our point of departure is from two
fundamental results of Tate and Honda. From now on let k

be the field Eq

Definition: If A and B are abelian varieties defined over

k , then a morphism q: A*B is called an isogeny if q 1is
surjective and has a finite kermnel.

It is a fact that if ¢: B>*A 1is an isogeny, then there
exists an isogeny VY: B+A (Waterhouse and Milne [25], p.54).
Therefore, the relation of isogeny is an equivalence relation
on the set of abelian varieties over k . The equivalence

classes are called isogeny classes.

If k 4is an algebraic closure of k and & is the
Galois group of k/k , then V,X dinherits a G&-action, since
the elements of & preserve torsion. By functoriality of

V2 there exists a map

Hom(A,B) ® Ql _> Homm(va’le) .

z
Tate's theorem (Tate [22]) states that this map is a bijection.
Tate's theorem allows us to connect the Frobenius action on
VQ(X) with the zeta function of X ©because of the

Corollary: (Tate [22], Waterhouse and Milne [251). 1If A

and B are abelian varieties over k , then the following



are equivalent:
(1) A 1is isogenous to B

(2) VzA is isomorphic, as a &-module, to

VQB for some % # p .

(3) £,(T) = £,(T) .
(4) Z(A,T) = Z(B,T) .
The zeta function Z(A,T) is related to the characteristic
polynomial fA(T) through the fixed points of the Frobenius.

Consider mw,- 1,: A-A . N , the number of F - rational
A A s qS

points of A , equals the number of points of the kernel of

s s
Ty = 1A . If we can describe deg(ﬂA— 1A) » the degree of

the map for all s , we will recover Z(A,T) . The

S
TTA- lA’

remarkable fact that allows us to do this is

Proposition: (Mumford [141). deg(m,-1,) = £, (1) = 7(1-a,)
A A A i i

where a; are the complex roots of fA(T) . More generally,

s _ _.8
deg(ﬂA— lA) 2(1 ai) .

We see that the roots of fA(T) = 0 , which are the
eigenvalues of VQ("A) , determine NS for s=1,2,... .
This sequence, in turn, determines Z(A,T) . Conversely,
Z(A,T) determines the s;t {NS} which gives the numbers
I(l—ai) . It is then seen that the values g(l—ai) for

finitely many s determine the éet {ai} .

An abelian variety A 1is called elementary or simple

if A has no nontriwvial subvarieties.

Proposition. (Weil {[26 ], Mumford [14]1). Let A be elementary

over k . End(A) denotes the ring of endomorphisms of A ,



4,
End® (A) = End(A) @z @ . Then End°(A) is a division algebra
with center Q(Th) . Every embedding of Q(WA) in € has
absolute value IﬂA| = qli . If XA is a root of fA(T) s
then |A]= q% . fA(T) is of the form mA(T)n where mA(T)
is monic, defined over Z and irreducible over § . Hence a

root of fA(T) is an algebraic integer.

Definition: An algebraic integer w 1is called a gq-Weil

1
%

number if lw|= q in any complex embedding, where g 1is a
power of a prime p .

What we have seen so far is that for A elementary, NA
determines fA(T) which determines a conjugacy class of
q-Weil numbers. Tate's theorem tells us that any abelian
variety over k which is isogenous to A determines the same
conjugacy class of Weil numbers. Conversely, if two elemen-
tary abelian varieties determine the same conjugacy class of
q-Weil numbers, Tate's theorem implies that they are isogenous.
Hence we have a map @q from the set of k-isogeny classes
0of k-elementary abelian varieties to the set of conjugacy
classes of q-Wéil numbers, and Tate's theorem implies that
this map is injective. Furthermore, we have
Theorem: (Honda [7 ], Tate [23]). Given a conjugacy class
{wi} of q-Weil numbers, there exists an isogeny class I
of k-elementary abelian varieties such that if AeI , then
fA(T) has precisely the set {wi} as its roots.

We see immediately that this theorem, together with thé

above remarks, gives us a one-~to-one correspondence between the

set of k-elementary abelian varieties and conjugacy classes



of gq-Weil numbers.

We would like to briefly sketch Honda's proof of the
last theorem in order to motivate our problem. Our reference
here is Honda's paper [7 ]. Honda works not only with Weil

numbers, but with what he calls ideals of type (A,). These

are ideals I in a suitable ring of algebraic integers

0 .0 a fo S
having the property that 1° 19° = (p”) where I is a
conjugate.of I and p is complex conjugation. We will

call these Weil ideals, the analogy with Weil numbers being

clear. Let k denote an algebraic closure of k=Iq, where
g=p . If LAY and v, are q-Weil numbers, say that vy
is equnivalent to Wo s Wy~Wys if wgl is conjugate to w;z

for some positive integers n and n Note that if w

1 2 -
is a q-Weil number, and ¢ is an Nth root of unity, then
w~5Zw . The same definition applies to Weil ideals. We have
maps &: {E-isogeny classes of E—simple abelian varieties
over k} + {equivalence classes of q-Weil numbers and
@q: {k-isogeny classes of k-simple abelian varieties over
k} - {conjugacy classes of q-Weil numbersl.

Honda proves that ¢ is surjective. The surjectivity of
the map @q follows from that of & by a descent argument.

An important part of Honda's proof is understanding the
relationship between Weil numbers and Weil ideals. It is
clear that any Weil number generates a Weil ideal. It is not
so clear that the converse is true, i.e., that any Weil ideal

is generated by a Weil number (Honda, Th.l). Thus, there is

a bijective correspondence between {equivalence classes of



6'
q-Weil numbers} and {equivalence classes of q-Weil ideals}.
Honda also proves (Honda [ ], Th. 2, p. 87)

Proposition; Given a Weil ideal I , there is a CM~type

(F1{¢i}) such that
(a) F dis a CM-field normal over @
(b) For a prime divisor P of p in F ,

we have

I~ ¥

TP i

i
where Wi=¢;1 : . For definition and facts about CM-types,
CM-fields, etc., see Shimura-Taniyama [20], and Lang [11].
Once a CM-type is associated to a Weil ideal I , Shimura-
Taniyama tells us that we can associate an abelian variety
defined over an algebraic number field having that CM-type
(Shimura-Taniyama [20], Theorems 2 and 3, p.45-46). Honda
then reduces this abelian variety at a prime divisor of

p in F , and shows that the CM-type can be chosen so the
reduction is simple and has Frobenius element which generates
the equivalence class of I .

Once the surjectivity of ¢ has been proven, the surject-
ivity of @q is shown by using a descent argument that runs
as follows. If w 1is a q-Weil number, let I = (w) be
the associated q-Weil ideal. Then there is a CM-type
(F,{¢i}) and a prime P 1lying above p such that if B is
an abelian variety of type (F,{¢i}), and B is B reduced
at P , there is ‘WOEF which gives the Frobenius endomor-
phism of B . W may not equal w , but W~ W 5 SO there

. v
exists an integer v such that wz is conjugate to w



7.

Base change the ground field of B to E v and let

q
A =B #® 3 . There is an imbedding of Q(wv) into

End, (A) € @ mapping wv to the Frobenius endomorphism of

A ., This observation reduces the surjectivity problem to a
descent problem for a finite extension. Honda applies the
norm construction (Weil [28], or next section) to A

relative to the field extension X v/I . This descends the

q
field of definition to Iq . Honda then shows that Ww
appears as a characteristic root of Frobenius acting on the
norm. In fact, w multiplied by all the Vth roots of
unity occur as characteristic roots. Our first problem is

to describe the isomorphism classes of these other '"twisted"

Weil-numbers relative to the isogeny type determined by w .



Chaptexr 1
Multiplying Weil Numbers by Roots of Unity
Let w be a q~-Weil number for the k-elementary abelian

variety A and let g be an Nth—root of unity. gw satis-

1
fies |zw| = |w| = q® . Therefore, by Honda's theorem, W

determines an isogeny class of a k-elementary abelian
variety. Our problem is to explicitly describe this isogeny
class. We first briefly review an algebraic-geometric con-

struction called descending the field of definition or norm

(Weil [27]1,[28]; Grothendieck [5 ]). Given a morphism of

rings R*S , we can map R-schemes to S-schemes by taking the pull-

back along SpecS = SpecR . This operation is functorial.

We will denote it by QR S and call it base change. The

norm functor, written NS/R » 1s the right adjoint to base
change (if this adjoint exists). That dis, if Y 4is an
R-scheme and X is an S-scheme, there is a natural (in X
and Y) bijective correspondence.

HomS(Y QR S,X) = HomR(Y,N Grothendieck [5 ] has

shown that the norm exists if R+S is flat and proper. In
particular, the norm exists if R+S is a field extension.

Proposition 1. If k'/k is an extension of finite fields of

degree N and X is an abelian variety defined over k' ,

then N X 41is an abelian variety defined over k and

k'/k
v - Bi
(N o K08 k' =7 X
i
where G = {gl,...,gN} is the Galois group of k'/k and
i
X is the pullback of X along the automorphism



. v > L
A k k
Proof: Let Y = Nk'/kx in the above adjointness relation;

' fad
Homk,(N X Qk k',X) Homk(Nk'/kx’Nk'/kx) . Taking the

k'/k
preimage of did by this bijection gives a morphism
N ,,.X
k'/k
Nk,/kx Qk k' - X . By naturality, this morphism has the
universal property that if Z d1is a variety over k and

Z Qk k' > X 1is a morphism over k' , there exists a unique

morphism 2 -+ N X such that A Qk k' » Nk'/kx 2 k'

k'/k k

yields the following commutative diagram:

(Nk'/kx) q{k' —_> X
* -1

\
\
\

Yz ® k' )

This property characterizes the functor Nk'/k uniquely upto

isomorphism. Since k'/k 1is Galois, we have by the normal

—> 7 k' indexed over the number
i

basis theorem, k' Qk k!

of elements of G . Therefore we have the following commuta-

tive diagram of spectra

A ] ]
K k') SpIc k

Spec k' ————— Spec k .

Spec(Tk') = Spec(k' @

By pulling back, we get the following commutative diagram

g,
i . > X

T X
1]

L
Spec (k' Qk k') —> Spec(k’)
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It is then an easy diagram chase to verify that the map

&y

T X + X satisfies the required universal property.

i

Now let A be a k-elementary abelian variety in the
isogency class determined by w . We form another abelian
variety as follows. If [ 1is an Nth root of unity, let
k'/k be the extension of degree N . Raise the field of
definition of A to k' ; let A' = A Qk k' . Lower the

field of definition by taking the norm down to k ; let

B=N We compare the characteristic polynomials

)
k'/kA .

f of the Frobenii acting on B and A' respectively.

B’fA'
Since B becomes isomorphic to the N-fold product A'N

over k' , the dimension of B equals N-(dimA). Hence the
degree of the polynomial fB(T) is 2N°(dimA) (Mumford [ 1]).
Consider the polynomial fA,(TN) . Its degree is also

2N+ (dimA) .

Proposition 2. fB(T) = fA,(TN)

Proof: These are both monic and defined over I . We show
that they have the same roots. Let r be a root of fq(T)
Ey
i.e., an eigenvalue of Frobenius acting on VQ(B) tor some
prime f, f¢#p . B Qr k' = (A')N implies that rN is a root

of f (T) . This is because after base change by a

field extension of degree N , the new Frobenius is the old
one iterated N times. But by the correspondence between
factoring of isogeny type and characteristic polynomials,

f (T) = (f ,(T))N . Therefore, rN is a root of
(A')N A
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fA,(T) » 1i.6., ¥ 1is a root of fA,(TN) . So every root of
fB(T) is a root of fA,(TN) . But we have already checked
that these have the same degree. This finishes the proof.

Now consider the Weil number ¢w . By Proposition 2,
fB(CW) = fA.(ENWN) = fA.(wN) = 0 . Therefore, the conjugacy
class of yw determines a k-elementary subvariety of B .
In fact, Proposition 2 shows that any Nth root of unity
times any Weil number for A determines a k-elementary
subvariety of B .

Our next task is to analyze the k-isogeny type of B .
To do this we utilize the formalism of k'/k-forms (see
Milne [12], pg. 183). Fix the abelian variety A over k .
A k'/k-form for A is a pair (C,¥) where C 1is an
abelian variety over k and Y : A Qk k' = C Qk k' is
an isomorphism defined over k' . Let Autk,(A) be the
automorphisms of A defined over k' , and let G be the
Galois group of k'/k . Then (C,¥) determines a 1l-co-
cycle in the sense of cohomology of groups G -+ Autk,(A) by

sending g ** W_le s Where y& g‘i’g_1 . In this expression

g-l acts on A Qr k' .through its action on k' , and g
acts on C Qk k' through its action on k' . It is a basic
fact of group cohomology (see e.g. Serre [19]) that this
correspondence sets up a bijection between Hl(G,Autk,A)
and the isomorphism classes of k'/k-forms for A .

We will use a different formulation of k'/k-forms.
Our reference here is Milne {121, pg. 183. Let R be a

commutative subring of Endk(A) » the endomorphisms of A



>2.

defined over k , and M an R-free G-module. Let

n: R" > M be an R-isomorphism. Define a 1l-cocycle
' -1 -1 -1l g

G+G2n(R) by the rule g = n ~gng =n n Note that

since G acts trivially on R ,.n_lgng-l = n_lgn as an

élement of Gln(R) acting on rR" . Regard Gln(R) as a sub~-
group of Autk,(An) to get a l-cocycle G - Autk,(An) » hence
an element of Hl(G,Autk,(An)) i.e. a k'/k-form for AT .
Let (M QR A,WA) denote the k'/k form so induced. We wish
to describe this construction functorially.

Let M,M' be R-free G-modules with R-ranks n,n'

respectively, i.e., there are isomorphisms n: R™ -+ M and

)
n': R® -+ M' . Let ¢: M - M' be a morphism of G-modules.
By definition there are associated k'/k-forms (M QR A,TA)

and (M’ QR A, WA) for powers of A . Define a map

. | \J ]
¢Ak" (M QR A) Qk k > (M QR A) Qk k

over k' 1in such a way that the following diagram commutes:

n WA
A" @ k'’ > (M QR A) & 1"
-1
n “én Parc
] W'A 1 1

A" @ k' N (M QR A) 8 k
To show the functoriality of the QR A construction, we
need to show that ¢Ak' descends to a morphism
¢A: M QR A~ M QR A over k . To do this, it suffices to

¢Ak' preserves descent data for M QR A (see

Waterhouse [ 24}, pg. 132, paragraph 1). To illustrate, we

show that

argue with the module analogy.
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Let N,N' be k-modules, (F,¥) a k'/k-form for N ,
(F',¥") a k'/k-form for N' and consider

N & k'’ ———EL———? F&a k'

J v

1
N' @ k' ——}L———é F' @ k'

where T is defined over k . We wish to show that T'TW_l
preserves descent data, hence descends to a map F + F'

over Lk .

N 8 k' has canonical descent data HN s 1.e.,

I N@ k'@ k! —>N8 k'@ k'

N’
n 9@ a@b t+———m—>n@ b A a (interchange)
Let nf& e N@k' . VY(n&a) = ¥Y(nfl)-a
—3 - '
(Zfiﬁ si)a Zfiﬁ sja fieF R siek .

On N @ k' € k' we have

Y@ id: N @ k' @ k' >Fak'@k'

n & afbd > Y(nRa)eb = Zfiﬁ s;a 2 b

or

(Y a id)t: N @ k' f k' >F & k' @ak'

negafbt—> ZfiQ a @ sib

( t stands for "twist"). If OF is the canonical descent

1

data for F , we wish to check whether (Y @ id) "~ @F(w 2] id)t

defines descent data for N .

But
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(v~ 1la 14y 0p(¥a id), (n @ a & b)

-1, .
(Y "8 id) @F(Zfiﬁ a @ sib)

(vt

e id)(ZfiQ 84b f@ a)

W-l(ZfiQ'sib) f a=n&abea a,

which is the "interchange"'" descent data for N . Observe

that we get the same thing if we take
(Y @ id);l 0, (¥Rid) instead.

That is, (Y@ 1d)~ Y O_(¥@ 1d) (n@ a@b)
t F

-1
(ve id)t OF(ZfiQ s.,a 8 b)

i
1

(Ve id)t (Zfiﬁ b & sia) =n@DbDL a.

Going back to our diagram, we can now show that Y¥' T Wfl

preserves descent data

1

(v 1 ¥l e 1 (v @ 10) og(v @ 1)

1

= (¥' T @ 1d) (v le 1d) (v @ id) oy (¥ & 1id)7}

- (¥' T e 1d) og(y @ 1)1 = (y'® 1d) (T @ id) gy (y @ id)}

= (¥Y' @& id) @N(T f id)(y @ id);l (since T preserves
' descent data)

1

= (¥' @ id) oy (¥' " @ id)(y' & 1d)(T @ 1d)(y @ id)zl

1

“la id)(y' & id)(T @ id) (v R id) (by

= @' e id), 0y’

previous observation)

1 1

' e id) eNcy" @ 1id)@'Ty — @ id) .

This shows that VTW-l commutes with descent data. Hence

the "tensor product" construction 8 A yields a functor

R



from the category of R-free

A

k'/k-forms for powers of
Now form the group ring
Recall tha

R-free G-module.

Proposition 3.: R[G] QR A=

We know that R[G] QR A is a

15.

- G-modules to the category of

R[G] This is clearly an

t A'= A @ k'
r

L
Nerjicd -
k'/k=-form for
N

AN determined

by a representation

described as a

G - Aut(A'")

G-representation.

for A and can

L]

also be

We compare these represen-

tations.

If they are equal,

We first review another
which allows us to see the re

tions. Let

Le

c= I(A') Bi
1

of G the Galois group of

k'-isomorphism

then Proposition 2 will follow.

|
way of constructing Nk'/kA

lationship with G~representa- ¢

t be the canonical generator

g

k'/k Then g induces a

t : ¢ »c8
g
by permutation of factors according to g . We then have
maps
t 2 2 n-1 ° N No_ .
c® —8& > ¢B >... > ¢& —£& >c8 =0 -
It is clear that t N o.t N-1 © *°° ot 2 © t = idc . For
g g g
2i < j <N, let
i-1 h|
fgg =t 30 eee0 € 4 c® —> 8
g g
-1
and £,.. = £.. . Then we have
ij ji
£i3 ° Fy1 = fix
tgi
fivg a4k = F5k
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These are precisely the conditions required to descend the
field of definition (Weil [ 1), and by our particular

choice of f,.'s , we get the norm construction up to iso-

ij
morphism (Honda [ 7], pg.89-90). To go from this description
i
to the G-representation, we reason as follows. (A')g is
A' pulled back along g1 » i.e. we have
i
(A')g —_—_ > A'
i J
k' g > kl

Since gi is an automorphism, the top map is an isomorphism.

i
This gives isomorphisms a, A' » (A')g » i=1l,...,N , hence

i
an isomorphism a = Hai: TA' » ]I(A')g .

i
This induces a G-action on A' by
o i ¢t i a_l
mar —% > na"n)® —8 > nan)®d —2 5 ma
i
It is easily seen that geG acts on points of IIA'
g
according to how g permutes the factors in NCA') 1 .
i

Hence the G-representation induced by N A' is the‘same

k'/k
as that induced by R[G] QR A . This proves Proposition 3.
Now assume that R = End(A) is commutative and that all
the endomorphisms of A are defined over k and that A 1is
k~simple. We want to compare the categories of R~free G-modules
and k'/k-fqrms for powers of A . Let M denote the category
of R-free G-modules and F the category of k'/k-forms for

powers of A . We have seen that __QRA is a functor M-F .
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Theorem 1. __QRA induces an equivalence of categories.

Proof: Let (B,Y¥) be a k'/k-form for A" . (B,Y) corres-

ponds to the l-cocycle G - Aut(An) which sends geG to

-1

y~*y® | Recall that A was assumed to be k~elementary, so

an endomorphism of A" is an element of the algebra of nXn
matrices with entries in R = End(A) . In particular, an

automorphism is in GQn(R) . Hence, Aut(An) = Gln(R) . Let

n -1

M be R with G-action G = Gln(R) given by g > VY y&

Then it is clear from the definition of the functor __QRA
that M QRA = (B,¥) . Hence, __QRA maps onto the objects

of F .
To prove that __QRA is full and faithful, let (B,Y)
and (Bl,Wl) be k'/k-forms for A" and aA™: respectively.

and let ¢: (B,¥) -~ (Bl,Wl) be a morphism. Over k' vwe

have a diagram

\J
T % g . B Qrk
-1 !
1 ¢k"yi [d’k'
(AT)M2 E1 > B8 k'

where the dotted arrow is filled in to make the diagram
commute. Let M and M1 be R-free G-modules such that

- -1 _
M@ A = (B,¥) and M, @A = (B.¥)) . ¥ ¢ ,¥: MM

1 .
We check that this map preserves G-action. G acts on M by

gem = (W-lgW)m,gEG,meM, where W_lgW has matrix representa-

tion as an nXn matrix with entries in R . Similarly, G
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-1
acts on M1 by gm, = (Wl ng)ml. Therefore,

-1 -1 -1
(¥, 0, V(X)) = ¥77 6, ¥¥ Tg¥x

(¥7% 8 D@

g (47T 6 ) = (¥ g VYT 6 D@

v g 0 ()

for geG, xeM
But ¢k,-g = g~¢k, since ¢k' is obtained by tensoring
with k'. over k . Therefore, WII ¢K,W preserves G=-action.
It is clear from the definition of the functor _QRA that
the morphism Wil¢k,W: M > M' gets sent to ¢ . This
shows that _@.A is full. It is easy to check that it is
faithful. This finishes the proof of Theorem 1.

We now return to the problem of describing the isogeny
type of B = Nk'/kA' . By Proposition 2 we have a descrip-
tion of B as R[G] QR A . Since G 1is the Galois group

of the finite extension k'/k of finite fields, we have

R[G] :-R[X]/(XN- 1) . The polynomial XN—l factors over

o th
R¥= End(A) Qz @ depending on the N roots of unity which
lie in R . Write this factorization as

XN 1 =T P (X) .
i i

The polynomials Pi(x) are relatively prime and irreducible

over R°. Therefore we have

~

k‘[c] =~ ®x1/ (TP (X))

nd I}(R’[ X1 /(P (X))

1
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using the Chinese Remainder Theorem, Recall that the functor

_QRA is product preserving. Therefore,

-~

B — R[G] QR A 1is isogenous to I ((R[X]/(Pi(X))) QR A) .
i

We must verify that this gives the complete isogeny factori-

zation.

R (X)
(7, (0

Proposition 4. Notation as above. QR A is

k-elementary.
Proof: It suffices to prove that End°(R[X]/Pi(X)) QR A) is

a division algebra. By Theorem 1,

End® ( gi’({i) 8, A) = End(R[X]1/P (X)) &  A) & @
. . R[X]
is isomorphic to End (,———=< ) €_ Q
¢ (P (X))’ “z

R[X]
?,0)) %2 ¢

Therefore, we wish to show that End_( . is a

G
division algebra.
We first remark what the G-action looks like on

R[X]/Pi(x) . Under the isomorphism

~

R[C] ———> R[X}/(X"-1) ,

the action of the canonical generator g on G passes to

multiplication by X . Under the isomorphism

N ol
RIX]/(X"-1) ———> T RIX]/(B (X))
i
X breaks into say r components (xl,...,xr) . So the
action of g on the ith component R[X]/(Pi(X)) is
multiplication by xi which is the coset represented by X .

Hence, EndG(R[X]/Pi(X)) consists of all additive functions
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f from R[X]/Pi(X) to itself having the property that
f(X*g) = X-£(g) where geR[X]/(Pi(X)) . In particular,
multiplication by elements of R[X]/(Pi(x) has this property,

i.e.,
«
RIXL e ) > Endg(RIX e () -

We wish to show that this inclusion is an equality. There-
fore, let feEndG(R[X]/(Pi(X)) . Then, £(x) = X-f(1) , so

that

n n-1
f(anX + an_lx + ... + aiX + ao)

= £(a X" + f(a_ Ly &+ 4 £(aX) + £(a,)

-1

n-1

= f(an)xn + £(a__;)X + ..o+ £(a )X + £(a))

-1)

's are elements of R . But by definition, f

where the a,
i
is also a map of R-modules, hence f(ai) = ai-f(l) . There-

fore, the last expression becomes

Xn-l) + ... + a. X + ao) - £(1) ,

n
(anX + a 1

n-1
i.e., £ dis multiplication by £(l1) . Therefore,
EndG(R[X]/Pi(X)) = R[X]/(Pi(X)) .
Tensoring with Q gives
End, (R[X1/P (x)) 8, Q = R[X]/(P,(x)) &, Q .

But R[X]/(Pi(X)) Qz Q 1is a division algebra because

Pi(x) is irreducible over R .
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Next we produce examples of k'/k-forms corresponding to
multiplying Weil numbers by -1 . We do this for hyper-
elliptic curves. We first treat th% case of elliptic curves,

using an argument of Baldisserri [ 1.

Let Elz Y2 = 4x3 - ax - b
E : Y2 = 4x3 - au2x - bu3
be elliptic curves defined over k = ¥ . Let Nl and N
be the number of rational points of E1 and E respectively.
Note that _
3 2 3
N =1+ I {; + (4x ~au x-bu )J
xek 1
3 2 3
= g+l + 3 (4x -au x - bu )
x€k q
where ( —— ) is the Legendre symbol:
+1 4if x 1is a square in k
( f ) = -1 4if x 1is not a square in k

]
™
~

Letting ¢ (u)
q xEEq

N = q+1 + ¢q(n) .
Make the change of variables x=uz to get

4u3 23 - au2uz - bu3

¢§(“) = I ( )

zek
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It
™M

Therefore, we have

= u
N = q+l1 + (q)¢q(1) .

But ¢q(1) is also equal to Nl_ q-1 , so we get

u

N o= q+l + () (N -q-1)

= (q+1) (1- () + (N, .
(q+1) ( (q)) (q) 1
If u= -1 and (:%) = 41 , then N = N1 and E and E1
have the same zeta function. If -1 d1is not a square in k ,
then (%) = -1 , so0 we get
N = 2(q+1) - N1

= (Q+1) + (Q+1-N1) ) i~e-’

N - (gq+1) = q+1 - Nl . Therefore, if o 1is a root of the

zeta function for E , we get

o+ o = q+1 - N
= =(q+1) + Nl .
On the other hand,
N1 = q+1 - (al+al)
where al is a root of the zeta function for E1 . Therefore,
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a+0,

- (a1+a1) .

i.e., Re(a) Re(—al) .

But by the Riemann hypothesis,
&0 = q = 0,0,

which implies that Im(oa) = Im(al) or Im(—&l) .

We sum this up in

Proposition 5.: Notation as above. If w 1is a Weil number

of the elliptic curve Elz Y2= 4x3+ax+b over k , then the
elliptic curve E with equation Y2= 4x3+au2+bu3 » where
uek is such that (=) = -1 has Weil number -w . E is a
k'/k-form for E1 where k' is the quadratic extension of
k .

Proof: The first sentence has been proven above. To prove
the second sentence, let t= u and k'=k(t) . Define a
morphism E1 + E by sending (x,y) —* (tzx,tBy) . It is
easily seen that this is an isomorphism defined over k'

We now generalize this argument to hyperelliptic curves.

Definition: A hyperelliptic curve is a curve X which

admits a degree 2 surjective rational function f: X - Il

where Rl is the projective line. We take our hyperelliptic
curves to be defined over k=Eq s g=pa, p#2

Lemma 1l: We can put the equation of a hyperelliptic curve

C defined over k 1into the form

2— -
Y = X(X—l)(X—Xl) oo (X Xs)

where, if g = genus of C , s= 2g-2, and Aiei,.an algebraic

closure of k .
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Proof: (Springer [21]). We rewrite Springer's argument,
being careful that the argument goes through in finite
characteristic. Let K(C) and K(Il) denote the function
fields of C and El . K(Il)= k(X) where k is an
algebraic closure of k , and k(X) & K(C) . K(C) is a
quadratic extension of k(X) . C comes equipped with a
rational function £: C + Rl , feX(C) . Hence, f satisfies

a quadratic equation f2+ Rl(x)ﬁ + R2(X) =0 ,

Rl(X),Rz(X)eE(X) . Make the change of variable

u =§f + Ra(X) .
2
Then u satisfies u2= —RZ(X) + —Bfigl . Since k 1is

algebraically closed, we can write

2= (X-a;)(X~as) ... (X-agp)
(X-b1) (X=b3) ... (X-b )

Replace u by W = u(x—bl)...(X-bn) . W satisfies

2
W= (X-al)(X-az)...(X—an)(x—bl)...(x—bn) . We can eliminate
repeated roots. If a;= a, for example, let Y = W/(X—al) .
We get

v? =(X-a,) (X~a,) ... (X-b_) .

In this way, we remove all pairs of equal roots. By the

transformation X +—> %Z%i » Wwe can rewrite this equation as
4 73
Y2 = X(X-1) (X-2 ). (X=2)

We now want to know what s is in terms of the genus of C
We apply the Riemann-Hurwitz formula (Hartshorne [6 ],

p.301) which says that if f: X - Y 1is a finite separable
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morphism of curves, d = degree of £ , V = ramification

index and X has tame ramification, then
2g(X) - 2 = d(2g(¥)- 2) + V

where g(X) = genus of X , g(Y) = genus of Y . 1In the

hyperelliptic case, Y=Il, g(!1)=0, d=2 , so we have

2g(X)-2 = 2(-2) + VvV ,

i.e., 2g(X) + 2 v .

On the other hand, from the form of our equation, we see

that V = s+2 . Therefore,

s+2

]

2(g(X)+1)

2g(X) .

[0}
]

By further transformations we can make s odd by taking

As to <, Let ¢ = 1/(x—AS) and replace Y by

Y v - ¢g+1Y

8—
/ jgl(xj—xs)-xs(xs-l)

Then it is easily seen that

2

2 _ 1 -1 1 1
Y C5h +8)€ 572y +#6 ) (=5 +0) o e (=) +0)
s s s 1 s s-1
Now let N be the number of solutions of
¥2 = X(X-1) (X=A.) ... (X=A, )
1 2g~1
over k . Let Nl be the number of solutions of
¥2 = X(X-u) (X=X u)...(X=A, .u)
u l . O Zg_.l
where ( u ) = -1 . As before, we compare the number

of rational points:
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x(x~u) (x=2.u)...(X-A u)
=1+ I é+( L 2g-1
xek q

2
I

X X X ! |
Cl4q+ E E(E = 1. (3 —AZg—l) u2g+1
xek \. q q
=1+q+ ¢ (1)
q q
where . X %
o . g [BETDG- Mg-D\
9 xek q

But ¢q(1) also equals N~ (q+1) . Therefore,

2
it
le
N’
[
i
=

u
1+q+ (q)(N—(q+l)) . If (g

2
]

2(gq+1) - N .

Now proceed as in the elliptic case. In summary, we have

Proposition 6. If Y2= X(X—l)(X-Xl)...(X-A

equation of a hyperelliptic curve C of genus g defined
over a finite field k=fq of characteristic #2 , and if

w 1s a reciprocal root of the zeta function.,of C, then we can
find a hyperelliptic curve C' with zeta function having

a reciprocal root -w . C' has equation

2 .
Y = X(X—u)(x—klu)...(X-Azg_lq)
where uEk 1is such that (§)=—1 where (é) denotes the

Legendre symbol. C' dis a k'/k-form for C where k'
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is the quadratic extension of Lk .
Proof: We first check that C' 1is a form for C over the
quadratic extension k' of k . Let t=vu and consider

the morphism C+C' which sends a point (x,y) - (tzx,t28+ly

) .
We check that this map is well defined:

 2(2g+1)

x(x-l)(x—ll)...(x-k )

2g-1
so the image of this map satisfies the equation for C' .
Since t’=u , ¢28*l_y8.5 , this map is defined over k'

It is easy to see this map is an isomorphism. If {ai} is
the set of 2g roots of the zeta function of € , and {Bi}
the set of 2g roots of the zeta function of C' , our
previous argument in the elliptic curve case shows that

Zui= —ZBi . On the other hand, C and C' become isomorphic

over k' , i.e.,

~

c Qk k' = cC' Qk k' .

This implies that Zeta(C Qk k') = Zeta(C' Qk k') , so

in particular these have the same roots. But the roots of

Zeta(C @, k')are {o 2} and the roots of Zeta(C' e, k')

i
are {Biz} . Therefore, for each oy there exists Bj
2 2
= = + .
st. oy Bj , 1.t., o, * Bj
We want to conclude that ai= -Bj «. To do this, we

pass to the Jacobians J(C), J(C') of C and C' re-
spectively. Let Y be the k'-isomorphism between

C & k' and C' k' . VY passes to a k'-isomorphism
k
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between J(C) Qk k' and J(C") Qk k' which we also call V¥ .
Let T be the Frobenius of J(C) and 7' the Frobenius
of J(¢c') . 1If G=gal(k'/k), then G = 1/2Z = {e,0} where
e is the identity and o sends t=/u to -t . Let
T = W_IWUeAutk(J(C)) . 0 has the same effect as 7 and 7'
ot points of J(C) and J(C') respectively, i.e., 0 is
the qth-power map. Therefore,

1 -1

Yoy~ yy~lyO ooy

=7t'Y7m 1y = 7' .

That is, the following diagram commutes

J(C) & k' ¥ > J(Cc') @ k'
T m'
? \y 1 \
J(C) & k > J(C') & k
Since T2= 1, is +1 or ~1 . T 1is not the

identity since VY defines a non-trivial form for J(C) .

The reason we know that T defines a mon-trivial form for
J(C) 4is that VY is the image by J of the hyperelliptic
involution (x,y) F+(x,;y) , hence is =1 . We check this

directly: If (x,y) is a rational point of C ,

-1 O -
v % (x,y) = ¥l ¥(x,y)

1

vy 1o (e?x, 284y,

It

W-l(tzx,—t2g+1y

)

(x,-y) .
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Hence, the eigenvalues of Tm and w' are the same on
ﬂt(J(C)) = gt(c) and Ei(J(C')) = gi(c') respectively (see
Chapter 3 or Milne [13] or SGA 4% for the definition of
f-adic cohomology). But the above shows that the eigenvalues
of Tm are -1 times the eigenvalues of w . This proves

that ai= —Bj as asserted.



Chap;gr 2
An Application to Exponential Sums

In this section we use an observation about forms for
curves to prove that the roots of the L-function of an
Artin-Schreier cover of an algebraic curve defined over a
finite field differ from the roots of the zeta function of
the cover by roots of unity. This result is in the spirit
of the first chapter. This question was raised by Bombieri
in [3 ] and [4 1.

Let X be am absolutely irreducible normal variety

defined over k= !q =[q] . In this chapter we will use
Bombieri's convenient notation so that [q] means the
finite field with q elemeuts.

Let k(X), k(X) be the function field of X over k
and over k , k = an algebraic closure of k . Let R(X)ek(X)
be a rational function on X such that R(x)# hP— h

1 is the affine

for hek(X).R defines a map x+Al where A
line over [q] . Let Xm be the set of points of X

defined over [qm] , and

' expl
xeXm

tr(R(x))]

2mi
Sm(R,X) .

where means exclude the points lying on the poles of R(x) and

tr: [q] » [p] 4is the absolute trace.

Let X' be the variety defined by ZP— 1 = R(x) .
X' (z,x)
Then there is a Galois covering l“ l . This
X X

covering has Galois group ZI/pl acting on X' by

30
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g: (z,x) —> (z+g,x) .
It is easily checked that (z+g,x)eX' . Let Y be a normali-

zation of X' , so there exists a birational map r: Y>X' .

By composing Tor = f , we get an Artin-Schreier covering of

X related to R(x) . Define an L-function related to this

covering by
o0

L(t,R,X) = exp L Sm(R,X)tm/m .
m=1

Bombieri [ 4 ] calls this the Artin L-function associated with

the Artin-Schreier covering f: Y=*X .

We now state Bombieri's theorem. Let Y be the Artin-

Schreier cover associated to ZP-Z = R(x),x€X . Let Y(A) be

the Artin-Schreier cover associated to ZP-Z = R(x) + A,

relqPy .

Theorem 2. (Bombieri [4 }J). L(t,R,X) is a rational function
of t . There exists a suitable power pu of the degree p
of the cover f: Y+X such that if ©O d1s a characteristic
root of L(t,R,X) , then there exists v < -1 and Ae[qp 1

such that

where W 1is a characteristic root (zero or pole) of

v
Z(t,Y(A),qp ), the zeta function of Y()A) relative to the

v
ground field [qf ]

At the end of the papers [ ] and [ ] Bombieri conject-
ures that ©0 is of the form 0O =YW1 where Wl is a character-
istic root of Z(T,¥,q) and Y 1is a pu—th root of unity.

We give a proof of this statement.
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In recent communication Bombieri has informed us that the con-
jecture can also be proved by considering the Frobenius action

on f-adic cohomology.

v
Lemma 2. If W 1is a characteristic root of Z(t,Y()\),qp )
v+1 p
AeIm(tx([qP 1)) then W is a characteristic root of
v+1

Z(t,¥,q® ) .
v+1

Y
Proof: Choose Xe[qp ] so that there exists A'elq’ ]

such that A'P- a'= ) . Therefore,
zP- z = R(x) + A = R(x) + A'P- 2",

i.e., (z-2")P- (z-1") = R(x) .

v+1 v
Thus, Y(A) and Y are [qp ]/[qp ]- forms. Therefore the
eigenvalues of their Frobenii acting on Q-adic cohomology

must differ by roots of unity. The argument here is similar

to the hyperelliptic curve case in Chapter 1. Since W is

AY]
a characteristic root of Z[t,Y()\),qp ] 5 TW 1is a character-

AY
istic root of Z[t,Y,qp ] » where T is some pth root of

unity; d.e., chP= WP is a characteristic root of

v+l
Z[t,Y,qp ] . This proves the lemma.
-v=-1 -V
Now observe that (Wp)p = wP is a characteristic

v+l v+1

root of Z[tp ,Y,qp ] , and we have the following fact:

v+1 v+1
Z[tp squp 1 =1 Z[Ctsqu]

L
v+1
where the product is over all the p ~st roots of unity.

It is easy to see this. Recall that in general, the
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zeta function of a smooth variety X defined over [q] has

the following form as a rational expression:

P ()P (t) ... P, _,(t)

Z(X,t) =
Po(t)Pl(t) e P2n(t)

—_ = - = _n = -
where n=dimX , Po(t) 1-t, PZn(t) l-q t, Pi(t) g(l o ).
J

and the Pi(t)'s have coefficients in I ., Therefore

T

the zeta function takes the form

= i+l
Z(X>t) = T H(l-ai.t)(_l)
i j 3

In our case, a factor on the right hand side, Z[%t,Y,q]

has the form

Z[ t,Y q] = T 1 (1—a )( )
2 Ll t .
T . i'C

v+1 v+1
Z[tp ,’Y,qp ] has the form -

JUHL vl : v+l (-1) D
z[t ,Y,q ] = Trwa-s, . P ) .
. i j J

The numerators of these zeta functions are characteristic
polynomials of Frobenius acting on g; (¥) . When we raise

. v+1
the ground field from [q] to [qp ] , to get the correct

Frobenius, we must iterate the gq-Frobenius pv+1 times.
The eigenvalues for the iterated Frobenius are those for the

v
q-Frobenius raised to the p +1-st power. Thus, we have that
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v+1
. Therefore the zeta function becomes

v+l v+1 Pv+1
= II l1-(a,.t
which factors as
i+l
T (m H(l—ai.Ct)(—l) )
T .
v+l

where the product is over all the »p -st roots of unity.

But this expression is precisely T Z[zt ,Y,q] .
4

-V
By this fact, we must have that WP is a characteristic

root of one of the Z(Lt,Y,q)'s . Therefore we have proved

AV
Lemma 3: If W is a characteristic root of Z[t,Y(k),qp ]

-V
then WP = & where & 1is a characteristic root of

Z[t,Y,q] and ¢ is a pv+1—st root of unity.

By Bombieri's theorem, we have that if @ 1s a

characteristic root of L(t,R,X) , then
H -V -V _u
P =wP = wP P, v <

. Vv
and W is a characteristic root of Z[t,Y()\),qp ] for some
P Vv
]

Aelq . Taking pu—th roots on both sides, we get

-\ )
0 =nwP =ngE = (NL)E
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where p 1is a pu~th root of unity, ¢ i1is a pv+1—st root
of unity and £ 1is a characteristic root of Z[t,Y,q] . Since

v+l < u , it is easily seen that ng is a pu-th root of

unity. Let Y=nL ,Wl=£ we get
Proposition 7: Notation as above. Then © = le where Yy
is a pu-th root of unity and W is a characteristic root

1
of 2Z[t,Y,q] .



Chaptér 3

On the Norm of an Algebraic Curve

In this chapter we recall the definition and some
properties of the Picard functor. In particular, we show that
the norm and Picard functors commute up to isomorphism. We

use the commutativity of and Pic° to produce a

Nk:/k

correspondence between of an algebraic curve C over

N /x

k' and a product C0 X ... X Cr of twisted forms for € . This

is our gttemp£ to generalize the isogeny factorization of the norm.
We first recall basic definitions and facts about the

relative Picard functor. References here are Oort [ 6] and

Grothendieck [5 ]. If X 1is an S-scheme with structure

morphism f , and T=»S 1is a change of base, fT: XT+ T denotes

the projection onto T ,

Define the relative Picard functor Pic to be the sheaf

X/s
for the flat topology associated to the functor which sends

1

*
an S-scheme T to R fT (@X ) , the first right-derived

* T

functor of the push forward along fT of the sheaf of

*
units GX .
T

From here on, we assume that X/S 1is projective and

smooth. Pic denotes the connected component of the

o
X/s

identity of Picx/S . Under the projective smooth

assumption, Pic® has the structure of abelian scheme

X/s

36
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over S . We shall use several properties of Pic°/ .
—=x/s

One of these is that Pic}‘;/s commutes with base change, i.e.

if S'»S 1is a change of base, then Pic ~ Pic?® X '
g Xgr /v Cws¥sS

Another fact is that if X is an algebraic curve, Pic°/
—x/s

is the Jacobian of X (see Hartshorne [6 ]). For further

information about representability of PiCX/S’ see, e.g.,

Artin [1 ], Grothendieck [5 ], Murre [15], Oort [ 16].

We now need to define correspondences and recall some
basic facts about them. Our reference here is Hoobler [8 1.

Definition: If X i1s a smooth, proper variety over a field

k , the Albanese variety of X is defined by

[

Pic s O
Pic ¥k

A (X)

By a k-pointed variety we mean a pair (X,:%) where X is
a smooth, proper variety over k and X is a k-rational
point of X .

Definition: If (X,ﬁB), (Y,yo) are k-pointed varieties,

define a divisorial correspondence between X and Y to be

a line bundle L over XXY such that L| OX and

' xx{y_} =
Ll{xo}XY - OY s where OX and @Y are the structure sheaves

for X and Y respectively.

Definition: If X has structure map p: X*>Spec k , the

f-adic cohomology sheaf is defined by

lim Rip*uQi

B} (X)
n

Lemma4: If A is an abelian variety over k , then

* . % 1 , 2 )
EQ(A) — A EQ(A) . In particular, HQ(A) is generated by
cup product from Ei(A) .

Proof: Serre [ 18].
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Definition: If X d4is a variety over k , define the Neron-

Severi sheaf

£ (Pic

NSy, = (Bley,) [ (pice

X/K)
The Brauer group sheaf Br'(X) is defined by Br'(X) =

*
Rzp*(Ox) . If F 4is any sheaf over X , define TQF by

T,F = lim F/ _ .
“n LUF

Lemma 5:The following sequence is exact:

0 > NS_,, @ 2,(1) > Hy(X) = T,(Br' (X)) (1) » 0

where & 1is not equal to the characteristic of k .

Proof: Recall that we have the Kummer sequence
n
2

> —> o >0 —> 0
0 —> u n X X ’

2

Milne [ ]. This gives a long exact sequence part of which

is:
n
1 1 * 1 *
RpyM > R p*OX ——> R p*GX —_—
2 n 2 *
__ < Rip, . 2 * & Rip,
> uzn > R p*OX 0X
> e & &
1 * . ’
But R p*OX = P:ch/k and
2 I a2 -1
R p*uon = H (X,u" ) @ uzn .
Therefore the sequence becomes
T ——X/k L
> r%p.ef —> 0
n" Pxx

L



39.

where HZ(X,uQZ)(-l) = HZ(X,u ) .
- L - L

Letting n vary, we get a sequence of such diagrams

—_— . n —_— 2 _ _ ' .
0 iim(hcx/k /2 Picx/k) Hy (X)) (-1) > T, (Br'(x) —>0
n
Since Picé}k is an abelian variety, it is 2-divisible

(Mumford [ 14]). Hence,

n - n
(Picx/k) /(s B}_CX/k) - E;x/k /2 Ex/k '

~

. n ~
Also, l:-l_m_ E—S-X/k /zﬁxlk - F—S—x/k f zgl

since nglk is a free, finitely generated locally constant sheaf

of abelian groups (Mumford [ 14]). Therefore the sequence becomes

A

0 —> NSy, 8 2, —> HA(X)(-1) —> T,(Br'(X)) —> 0 .

X/k L

Now twist this sequence to get

0 —> NSy, 8 2,(1) —> Ha(X) —> Ty(Bz' (X)) (1) —> 0

k
which proves the lemma.

Now recall that the Albanese A(X) has the following

universal property:

(X,x ) > (A(X),0)
0 P
PAg- B
k/
(v,0)

maps from (X,xo) to abelian varieties (V,0) factor

uniquely through (A(X),0)
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Lemma 6:Let O: (x,go) + (A(X),0) be the universal map for
the Albanese variety, where X 1is projective and smooth over

k . Then « induces an isomorphism Ei(A(X)) = gi(x) .

A

Proof: By duality, ¢ dinduces a map

~

. o -— > o
a: Pic A(X) /k Pic

x/k °

A

But Pic?® = Pic® so 0O 1is an isomorphism. From

A(X) /x X/k °’

the Kummer sequence we get the sequence

n

1 1 * L 1 *
R _— > .
0 > R p*uln > R p*OX R p*Ox
. . ° ~ pl s
which implies that QnPic %/ k R p*uzn . Passing to Lim

gives T, (Pic® ) & gi(x) . Since & is an isomorphism,

X/k
. o ~ o1
we also have Tz(Plc A(X)/k) HQ(A(X)) and

TR(Pic° TQ(Pic° Et(x) . Therefore,

ACK) [0 X/

~

B (A(R)) = Hp(X) .

We finally arrive at the theorem about correspondences
that we need. Let Corr(X,Y) denote the divisorial
correspondences "between X and Y .

Theorem 3ilet (X,xo),(Y,yo) be k-pointed projective, smooth

varieties with k=Eq, the finite field with q elements. Then

Corr(A(X),A(Y)) @ 22 Z Corr(X,Y) @ 22 ,

where 2% is a prime not equal to the characteristic of tq
Proof: Corr(X,Y) 1is by definition the kernel of the map
Pic (XxY) - P(Xxyo) X Pic(xoxY) which sends a line bundle L

over XXY to (L|Xxyo , le xY). That is, we have
o



41.

Corr(X,Y) > Pic(XXY) —> Pic(XXyo) X Pic(xOXY) .

There is a section Pic(Xxyo) X Pic(xbe) -+ Pic(XXY) which
* *

sends (Ll’LZ). to plL1 2 pZL2 where P,sP, are the pro-

jective maps. Therefore, Corr(X,Y) is a summand of

Pic(XXY) . Passing to the algebraic closure, EE(XXY)

decomposes as

2 —— ~ 42,= 2 = 1 = 1l -
using the Kunneth formula (X means X e, k) .
By the argument in Lemma 5,

[Pic(XXyo) & Pic(xoxY)] 2] ZQ

injects dinto Ei(i) @ Ei(i) . Hence Corr(i,?) ] El

injects into ﬂt(i) ] gi(i) . By "Galois theory" (Milne [13],
Pg.53), we conclude that Corr(X,Y) @ 22 injects into

gi(X) e ml(Y) .

L
On the other hand, there is a commutative diagram

Corr (A(X),A(Y)) & Ze—> HI(ACK)) @ Hy(A(Y))

¢ -

”~

Corr(X,Y) 2 z, c > gi(x).ﬂ gl(Y)

where the dotted arrow is the map induced by pulling back

l1ine bundles along

XY > A(X) x A(Y) .

But then the dotted arrow is an injection since the other
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three arrows are. Hence,
Corr(A(X),A(Y)) @& Zz-——> Corr(X,Y) @ Zy

is an injection. On the other hand, by the fact that the
Brauer group of an abelian variety over a finite field is

finite.
Corr(A(X),A(Y)) @ 2, = H'(A(X)) @ H}(A(Y)) .

Thus Corr (X,Y) & Z injects into Corr(A(X)),A(Y)) @ Zﬂ .

'3

This proves the theoremn.
° ~ .1
In the proof of Lemma ¢, we saw that Tz(Pic X/k) HQ(X)

Therefore, for a product XxY we get

. - ~ 1 ~ 1 1
T (Pic®y v/ ) © Hp(Xx¥) = H (X) @ Hy(Y)

— To(Bic®y p) @ Tp(Ric®y )

o Py o -
by the Kunneth formula. This suggests that Pic XxY/k pPre

serves products, i.e.,

f: Pic Z Pic® X Pic®

Y/k °

XxY/k X/k

Consider the map Pic(XxY) = Pic(X) X Pic(Y) which sends a line

bundle L over XxY to X L| where x ,y are

LIXXy x XY o°"o
(o] o

base points for X and Y respectively. ©Note that Corr(X,Y)

is precisely the kernel of this map. This map induces a map

> Pic® X Pic

Pic X/k

XxY/k Y/k

which is surjective because the base points give a section.

We want to show injectivity, i.e., we want to show that
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Corr(X,Y) N PichXY)/k =0 . But Corr(X,Y) e ZR injects
— - . 2 vy
into EQ(XXY) . Also NS(XXY)/k ] Zz injects into Hz(x Y) .

o 2
. o . X .
Therefore, Plc(XXY)/k 7] Zl gets sent to 0 in EK(X Y)

It may be possible that there is common A&-torsion, but
since & is any prime # char(k) , this cannot happen.
This leaves the possibility of common p-torsion where

P = char(k) . Since the above map f is surjective, we

have an exact sequence

.__..> __> (] [ ] —_— o . ° —
0 ker (f) Pic XXY /K > Pic X/k X Pic Y/k >0

As previously noted,

~

o ~ ol 1
T (Pic®y v ) = Ho(X) @ Hy(¥)
-~ ° e 0
TQ(Pic X/k) & TQ(PIC Y/k) .
0 (-] — -] -]
Therefore, dim(Pic XXY/k) = dim(Pic X/k X Pic Y/k)’ so

ker(f) is finite. Since the exact sequence has a section,

Pic® = Pic® @ Pic®

— XXY/k X/k

follows since Pic®

® ker(f) . Now the assertion

Y/k

XXY [k is connected and reduced by definition.
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Now let Y be a smooth proper k'-ﬁariety and X a
k-variety. By the defining adjointness property of the norm

functor, we haﬁe the following bijection of sets:

[-]
Homk(Pic

(N Y)/k ] Nkl/k(g_i_c_oY/kl))

k'/k
(1)

Homk,(Plc

(Nyo XDy o /K" Pic®y /i)

k'/k
Recall (Chapter 1, Propositionl) that over

Yek'= T Y% where G = Gal(k'/k) . Hence,
oeG

k' Nevsk

Pic® Z Pic® . (2)

(Nk'/ky)k' /k'

(I Y%/
oeC

Since Pic® preserves products, the right hand side is iso-
morphic to I Pie® . (3)

oeG Y9/k?

Since Pic commutes with base change,

n Pic® =~ @ Pic® . = (Pic® ')
0eG v9/k'  oeG Y/k e /act Y/k'7 (4)

By projection onto the first factor, we have a map

H __j-_eoc ' —_— PiCo ] . (5)
GG Y/k Y/k
Therefore, by composing (2),(3),(4),(5), we get a map
o — a
Pic > Pic /K (6)

(Nk./kY)k,/k'
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defined over k' . The adjointness bijection (1) giﬁes a corres-

Ponding map

f: Pic® —> N

Pic®
(Nk'/kY) k'/k

Y/k!' (7)

defined over k . We wish to show that £ 1is an isomorphism.
The idea of the proof is as follows: tensor f with k'

and show that f @ k' is an isomorphism. Then, by descent
theory, f must be an isomorphism.

Tensoring with k' gives a map

—> (N Pic 2 k'

f & k': Pic® ' ° '
—_— (Nk'/kY)k'/k k'/k Y/k')

(8) .
Let T be a k'-variety regarded as a '"test object".

Consider the following diagram

Hom, ,(T,Pic"® '
: & EN

o
1 ]
Hom(T,g Pic Y/k.)

//:l//,/7 (9

Pic°Y/k,) 2 k')

f ak'

-

Homk,(T,(N

k'/k

The dotted arrow is indﬁced by composition with £ @& k' and
the solid arrows are isomorphisms., g 1is induced by the iso-
morphisms (2) and '(3), and h is induced by the isomorphism
coming from the defining property of norm (see Chapter 1).
Since g and h are isomorphisms, if we can show that the
diagram (9) commutes, we will have that f @& k' 1is an iso-

morphism.
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g sends a map

t: T > Pic®
l Ny kD v/ (10)
T £ Pic® - —> pic® ——>71 Pic® — npic°§’/]
k'"/kT K"K 1 v%/k? o Y9 /K" o
o
Going around the other way, we get
T —£—> Pic® £—Q—E-'—> (N Pic® ) > 1II Pic°0
o= ] ' rie J ]
(Nk'/kY)k'/k k'/k Y/k o Y/k
(11)
We want to show that these maps are equal.
By the adjointness property of the norm, there is a
universal map
o ] (-]
(Nk./k Pic Y/k') @ k > Pic Y/Kk" (12)
such that the bijection
Hom', , (Pic?® s (N, Pic® v) @ k')
k'‘\—= (Nk,/kY)k,/k k'/k — Y/k
Hom, , (Pic® vs Pic® W) (13)

is obtained by composition with (12). The accent on Homk,
means k'-maps which descend to k-maps; i.e., k'-maps pre-
serving descent data. Therefore the problem reduces to show-

ing that (12) factors through

(N

o o0
k'/kPic Y/k') 8 k' -—> g Pic /K" (14)

To do this, it suffices to show that
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——>» Pijic®

mk,/k Pic® /k.) & k' ——> J] Pic®
- (o]

Y/k' Y/k'

(15)

satisfies the appropriate uni%ersal property. Therefore, let

Z be a k-variety and s: Z & k' - Pic® a k'-morphism.

Y/k'

s dinduces a map % z @ k' -+ Pic® by pulling

Y/k'
back and taking the product. So we get a diagram

Un Pic® 8 .<‘—> I Pic® —> Pic®
k'/k —S y/kV® k Y/k' Y/k'
T\\\ -
\\\
‘?;’\\ Trso
o =
zZ e k'

The dotted arrow is the composite of ﬂsc with the inverse
to (14). It is the unique arrow which makes the diagram
commute. Thus we see that (10) and (11) are equal. We sum
this up in

Theorem 4: Norm and Pic® commute up to isomorphism if

k'/k is Galois; i.e., if Y is a k'-variety,

Pic Pic

Ny Bie®y g = (N o D/

We now recall a préposition from Milne {12]. Let
M and M' be R-free G-modules where R is a commutative
subring of End(A) where A 1is an abelian variety over k ,
and k'/k is a Galois extension with group G . We assume
that M and M' have the same R-rank and that we have

isomorphisms



48,
Lemma 7:If ¢: M + M has non-zero determinant det(¢) with

respect to the R-bases provided by n,n' , then ¢A (see

2d/r

Chapter 1) is an isogeny of degree ]NR/zdet(¢)| where

d = dim({A) and r = rankz(R) .

Proof: Let F = R Qz Q . We may assume that k = k
(algebraic closure). Then Mn(F) is a simple Q-algebra.
Therefore by Mumford [ 14, pg. 179, it suffices to check

2d/x n

that deg¢A=|NF/Qdet¢] for ¢el . If ¢el, det(d) = ¢

and (NF/Q(¢n) 2d/x (¢nr)2d/r = ¢2dn . This agrees

with dengA since ¢A is a map between forms of dimension
dn

Lemma 8{Milne [12]). Let A be a k-elementary abelian
variety such that R = End(A) is commutative and all endo-
morphisms are defined over k . Let G = Gal(k'/k) and

s: G + Aut(A) a homomorphism. Then s(G) is cyclic.

Let m be the order of s(G) . Let Ri’ oiiim—l be R
regarded as a G-module by g-<r = s(g)i-r and let

Ai= R QR A . Let L be the fixed field of H = ker s .

md

i
Then there is an isogeny'of degree M

NL/k(A ﬁk L) > on Alx ees X Am-l .

Proof: Let ¢ generate G/H and let £ =s(o) . Consider
the homomorphism ¢: R[G/H] - wRi defined by the matrix
(glJ) 0<i,j<m-1 . Check that this matrix has determinant

Ym™ and apply the previous lemma with r=1 .,
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To continue, we now reproduce some needed results from
Sekiguchi [717].
Theorem 5:Let S' be a faithfully flat S-scheme, C' a non-
hyperelliptic curve over S' (i.e. C' has non-hyperelliptic
curves as geometric fibers), and P a principally polarized

abelian scheme over S having an S'-isomorphism

~

¢': J(C') —> P e s' .

Then there exist a curve C over S and isomorphisms

~

f': C G st —/—> ¢!

-~

¢: J(C) —> P
such that

¢S' o J(f') = ¢"' .
Here, J(X) means the Jacobian of the algebraic curve X

The proof of this theorem is based on another theorem of

Sekuguchi appearing in the same paper.
Theorem 6:Let C and C' be non-hyperelliptic curves. Let
G be the constant group scheme {%1} . G acts on
IsomS(J(C'),J(C)),the polarization preserving S-isomorphisms

between J(C') and J(C) , and the geometric quotient

IsomS(J(C'),(J(C))/G exists. Then, the mnatural map
J: IsomS(C,C') —_> IsomS(J(C),J(C'))/G

is an isomorphism.
The idea of the proof of Theorem 5, given Theorem 6 ,

is to observe that c' descends, hence carries descent
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data, hence descends to a curve C over S . Therefore, J(C')
descends to J(C) and to P . So by uniqueness of descent,
J(C) = P . Sekiguchi also treats the hyperelliptic case.
See [17].
Now let X be an algebraic curve smooth and proper over

k=F . Let X' =X, k' . Let 2Z = Pic (the Jacobian

q k
of X') . Assume that Pic®

o
Xl/k'
X/k is k-simple and that there

is an injective homomorphism

Gal(k'/k) —3 Aut(21£°x/k) .

Then by Milne's lemma, there is an isogeny

Nk,/kz —_> Zo X o0. X Zm-l where m is the degree of the

extension k'/k and each Zi is a k'/k-form for 2Z . By

Sekiguchi's theorem, each Zi is isomorphic to Pic°x /k for
i

some algebraic curve Xi over k . Therefore, using proper-

ties of Pic° , we get

) x X (-]
Pic xo/k e Pic

N
X
X
N
e

m-llk

| @

Pic® »
—_c (Xox'uoxxm-l)/k .

By Theorem 4,

N, ., (Pic®,, ,.,) = Pic® , .
k'/k*—— X'/k (Nk,/kx Y/k
Therefore, we get a correspondence
gigo(N X")/k > Biso(x X xX Y/k °
k'/k o """ "m-1

Hence by Theorem 3, we get a correspondence

N X' —>X x ... xX
m

k'/k o -1
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As mentioned preﬁiously, this result can be viewed as an
attempt to generalize the isogeny factorization of the norm
by the product of k'/k-forms as in Chapter 1.

This argument makes the assumption that 'gi£°xlk is
k-gsimple, which is unnecessarily restrictiﬁe. This assump-
tion is made in order to apply Milne's lemma. However, a
careful examination of Milne's argument shows that k-simpli-~
city is assumed to ensure that the image of the Galois group
G of k'/k in Aut(A) by a map s is cyclic. But Milne
is dealing with fields k' and k which are not necessarily
finite. Since we are dealing with finite fields k'/k ,

s(G) is cyclic by necessity. Hence we may lift the assump-
tion of k-simplicity of gig°xlk .
With regard to the assumption of injectivity of

G = Gal(k'/k) - Aut(Pic® if we drop this assumption,

X/k) b
and if H is the kernel, we can say the following.
If L is the fixed field of H , then k<€ Lc k' .

Milne's lemma gives us an isogeny

° —_ X e ?g
L/ Be% /1 Zg z

N
where m is the cardinality of the image s8(G) & Aut(Pic°x/k) .

Pushing through the above argument gives a correspondence

Nk 0 m—1

where each Xi is an L/k-form for X .
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We feel that there are further questions of interest in
this area. For example, in trying to define two curves X,Y
as isogenous if J (X) is isogenous to J (Y) , the question
arises of whether an abelian variety that is isogenous to a
Jacobian is isomorphic to one. Also, is it possible to

characterize Wedll numbers of Jacobians?
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