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Abstract

Algebraic Models for the Free Loop Space and Differential Forms of a
Manifold
by
Micah Israel Miller

Advisor: Professor Mahmoud Zeinalian

Our initial goal is to give a chain level description of the string topology
loop product for a large class of spaces. This effort is described in two
parts; the first uses Brown’s theory of twisting cochains to obtain a model
for the free loop space of a manifold and the second constructs a minimal
model for the Frobenius algebra of differential forms of a manifold. The first
part defines the loop product for closed, oriented manifolds and Poincar/’e
Duality spaces. The second part is an attempt to understand the Frobe
algebra of a manifold, with the idea of extending the methods in the first
section to define the loop product for open manifolds.

Brown’s theory of twisting cochains provides a chain model of a princi-
pal G bundle and its associated bundles. The free loop space is obtained
by considering the path space fibration, and taking the associated bundle
with the based loop space acting on itself by conjugation. Given a twisting

cochain, then, we obtain a chain model of LM using Brown’s theory. To
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describe the chain-level loop product in this setting, we need a model for
the intersection product in C,(M). For this, we use the cyclic C, algebra
structure on H,(M). Such a description would give a chain level description
of the string topology loop product for open manifolds. We explain this in
detail in Section 2.

Instead of using the cyclic C's, algebra, we could have used the Frobenius
algebra structure. One would expect that the Frobs, algebra can be used
to show the necessary relations to define the loop product. Then given the
Froby, algebra on H, (M) for an open manifold, we would have a chain level
description of the loop product.

The purpose of Section 3 is to gain a better understanding of the F'robs
algebra on H*(M). The Frobenius algebra on H*(M ), induced by the wedge
product and Poincar/’e Duality, is well understood; the structure on the
level of forms inducing the Frobenius algebra is less well understood. We
use the language of operads, dioperads, and properads and Koszul duality to
give a definition of Frob, algebra. We also use descriptions of the transfer
of structure using trees and integrating over cells in the moduli space of
metrised ribbon graphs. When M is closed and oriented, these tools allow
us to build a minimal model for the Frobenius algebra Q* (M) and to compare

it with the cyclic C algebra H*(M).
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Chapter 1

Introduction

In Section 2, we use Brown’s theory of twisting cochains to construct a
chain level description of the free loop space of a closed, oriented manifold.
In Section 3, we construct a minimal model for the Frobenius algebra of
differential forms of a closed, oriented manifold. We outline the process in

this section.

1.1 Twisting cochains and the free loop space

Brown’s theory of twisting cochains, outlined in [B], provides a way to model
the total space of a bundle in terms of the base and fiber. Given a principal
bundle G — P — M and a twisting cochain 7 : C,(M) — C.(G), Brown
constructs a complex (Cy (M) ® Cy(G), ;) whose homology is isomorphic to

H,(P). f Y is a G space and Y — P xg Y — M is the associated bundle,



then there is a complex (Cy(M) ® Ci(Y'), ;) whose homology is isomorphic
to Hy(P X¢ Y). Quillen, in [Q], shows that when Im(7) C Prim(H,),
the isomorphism is one of coalgebras. There is an extensive literature on
twisting cochains due to their wide ranging applications. We have focused
on these two results immediately related to this discussion.

In Section 2.2, we push Brown’s theory to homotopy algebras. That
is, given a Cy coalgebra C,, a dg bialgebra H,, and a twisting cochain
7 : Cy — H, where Im(7) C Prim(H,), we define a twisted A, coalgebra
on Cy ® H,. The twisted coalgebra structure is denoted {c], : C\, ® H, —
(Cy ® H,)®"}. The twisted term in Brown’s differential is described by
applying the coproduct on C,, then applying 7 to one of the factors, and
finally using the multiplication in H,. The same idea is used for c], except we
use the higher homotopies {c,, : C — C¥"} of the Cy coalgebra structure
as well as the coproduct. We use the same process to obtain cj, except
we use the maps c¢,>2. And the process continues for all ¢]. If C, is a
strict differential graded coalgebra with ¢, = 0 for n > 2, then the complex
reduces to Brown’s complex. For this reason, we denote ¢] by 0.. The

following theorem is proved in Section 2.2.

Theorem 1.1.1. Let C, be a Cy coalgebra, H, a dg bialgebra, and 7 :



C. — H, a twisting cochain such that Im(t) C Prim(H.). The maps

{07,¢3,c5,- -+ } define an A coalgebra on C\ @ H,.

We then define the conjugation action of H, on itself. The action of a
primitive element on H, is both a derivation and a coderivation. If we go
through the process of defining {c] } as above, except instead of using the
multiplication in H,, we use the conjugation action, the resulting maps also
define an A, coalgebra structure. Because the conjugation action involves
the antipode map, we require H, to be a dg Hopf algebra, as opposed to a

dg bialgebra found in the Theorem 2.2.9.

Theorem 1.1.2. Let C, be a Co coalgebra, H. a dg Hopf algebra, and
7 : Cy — H, a twisting cochain such that Im(7t) C Prim(H,). The maps
{07,¢3,c5,- -+ }, obtained using the conjugation action, define an A coal-

gebra on Cy, ® H,.

Since the conjugation action is a derivation, if C, also has a multiplica-
tion, it is reasonable to ask for an A, algebra on C, ® H,. When C, is a

cyclic Cy, coalgebra, there is a twisted Ay, algebra on C, ® H,.

Theorem 1.1.3. Let C, be a cyclic Cy coalgebra, H, be a Hopf algebra,

and 7 : Cy — H, be a twisting cochain with Im(t) C Prim(H,). The maps



{07, ma,m3,- -}, defined using the conjugation action in H, give Cy @, H,

the structure of an As algebra.

The Ay algebra and A, coalgebra share the same differential 0;, so
they compute the same linear homology. We still do not know what the
further compatibilities are.

Section 2.3 applies this work to the path space fibration Qu(M) —
Py(M) — M. Since Q,(M) is homotopy equivalent to a topological group,
we consider P,(M) — M to be a principal bundle. The first step is to
construct a twisting cochain H,(M) — T(H.(M)[—1]), whose image is in
L(H.(M)[—1]). We obtain such a map by considering the construction of
a power series connection. Then we apply Theorem 2.2.9 to get an Ay
coalgebra model of the based path space.

We also get a description of string topology operations from the path
space fibration. Any group acts on itself by conjugation. The conjugate
bundle is defined to be the associated bundle of a principal G bundle with
respect to the conjugation action. The conjugate bundle obtained from the
path space fibration is a model of the free loop space. Applying Theorem
2.2.17 gives an A, coalgebra structure modeling the coalgebra on H,.(LM)

induced by the diagonal map. Applying Theorem 2.2.18 gives an A, algebra



structure modeling the algebra on H,(LM) given by the loop product.

The final section in the chapter applies the work in Section 2.2 to the
case of a principal G bundle G — P — M, where G is a connected Lie group.
The A, coalgebra on H,(M)® H.(G) given by applying Theorem 2.2.9 can
be expressed in terms of the characteristic classes of the bundle. We can
also consider the conjugate bundle, denoted Conj(P) — M. Then Theorem
2.2.17 gives an A, coalgebra model for H,(Conj(P)) and Theorem 2.2.18
gives an A, algebra model.

Given a connection on P — M, there is a map of bundles P,(M) — P,
which induces a map on associated bundles with respect to the conjugation
action Conj(Py(M)) — Conj(P). Then the algebraic structures we get
modeling the total space C'onj(P) are representations of algebraic structures

on Conj(Py(M)). In this way, we get representations of string topology.

1.2 Minimal model for the differential forms

In the second part of the thesis, we investigate the algebraic structure on
the differential forms of a closed, oriented manifold *(M) and the induced
structure on its cohomology H*(M). It is well known that H*(M) is a
Frobenius algebra, i.e., there is a multiplication and comultiplication, such

that the comultiplication is a map of modules. The structure on Q*(M)



which induce Frobenius algebra is less well understood. We provide a model
for this structure and show that when we transfer the maps to H*(M),
we obtain a Frobs, algebra. We then show that this Frob,, algebra is a
homotopy invariant of the manifold.

To do this, we recall in Section 3.1 the definition and properties of op-

erads, dioperads, and properads. The main examples in this paper are

1. the cyclic C» operad, which is used to describe the cyclic Co, algebra

on H*(M) induced by the wedge product and Poincar/’e Duality,

2. the Frobd, dioperad, which is used to describe the Frobenius algebra

on H*(M),

3. and the Froby, properad, which models the Frobenius algebra struc-

ture as well but also includes operations with genus.

We will also need to discuss the notion of partial algebras. These objects
were discussed by Wilson, [W], in the context of operads. We extend the
discussion to include dioperads and properads.

In Section 3.2, we discuss methods of transferring algebraic structures
from a chain complex to its homology as a way to build minimal models.
Kontsevich and Soibelman show, given a contraction between an A, algebra

(As, {m2}) and a chain complex B,, how to define an A, algebra structure



{mBZ} on B, [KS]. Cheng and Getzler, [CG], show that if A, is a Cs
algebra, then {mZ} will be a Cs algebra structure. In a more general
setting, Markl shows that for algebras A, over a cofibrant replacement of a
dg operad have the property that if there is a contraction between A, and
a chain complex B,, then B, is an algebra over the cofibrant replacement
[M]. Sullivan, [S] and Granaker, [Gr], extend this discussion to dioperads
and properads. We provide an explicit way to transfer a Frobl  algebra,
following the methods of [KS] and [CG].

With the abstract setting in place, the rest of this section focuses on
constructing a minimal model for Q*(M) in two ways. First, we consider
the partial Frobenius algebra on Curr,.(M), using ideas from topological
conformal field theory. This construction makes use of the heat kernel I?t :
Curry(M) — Curry(M), which can be thought of as a contraction between
Curry(M) and itself. The differential forms Q*(M) sit inside Curr,(M) as
smooth currents, and we show that the partial Frob, restricts to Q*(M).
We apply the transfer to theorem to obtain a minimal model for H*(M).

The second approach for constructing a F'robs, algebra is to compose
functors

{cyclic operads} — {dioperads} — {properads}



to the map of cyclic operads Csooperad — End(H*(M)) to obtain F'robs, —
End(H*(M)). This will also be a Frobs, algebra. We show in Section 3.5
that this F'robs, algebra is the same as the previous one. Since (H*(M),{my,}, PD)

is known to be a homotopy invariant, this proves the claim.



Chapter 2

Free Loop Space

2.1 Background Material

Algebras and coalgebras are taken over Q. Homology and cohomology are

taken with coefficients in Q.
2.1.1 Twisting Cochains

We first describe Brown’s theory of twisting cochains in a purely algebraic
setting. Let C, be a differential graded coalgebra and A, a differential graded
algebra. Then (Hom(Cy, Ay),0c®14+1®04) is a differential graded algebra,
and a twisting cochain is an element 7 € Hom/(C\, A,) satisfying the Maurer
Cartan equation

OpoT—T00c+7-7=0.



The Maurer Cartan equation makes sense for any differential graded algebra,
and a twisting cochain is a Maurer Cartan element in a differential graded
algebra of the form Hom(Cy, A.). The tensor differential dc ® 1 + 1 ® 04

on C, ® A, is twisted by adding a term
CoAS ool T eseA 'S oA,

We refer to this term as the twisted term, and J; is the sum of the tensor
differential and twisted term. The coproduct on C, defines a comodule on
the tensor C, ® Ay — Cy ® Cy ® A,. The coalgebra C, is a comodule over

itself.

Theorem 2.1.1. [B] Let C, be a coalgebra, A, an algebra, and T a twisting
cochain. Then (Cy ® Ay, 0;) is a chain complex. If C1 =0 and € : Ay — k

s an augmentation, then Id ® € : Cy @ Ay — Cy is a map of comodules.

Proof. In [[B], p. 229], 0; is shown to square to zero. We give a diagram-
matic proof of that 9> = 0 in Remark 2.2.8.

The map 1 ® € obviously commutes with the comodule map, since the
comodule map on C,® A, is given by the coproduct on C, and the coproduct
on C is the comodule structure for C,. To show that 1 ® ¢ commutes with
the differential, it suffices to show that 1 ® € vanishes on the twisted term.

To see this, note that € is zero on any element of positive degree in A,. Let

10



c®h e Cy® A,. If hisin positive degree, then the twisted term will have
positive degree in the A, factor and will map to zero under 1 ® e. Consider
Ci®1in Ci ® Ay and A(c) = ) c14) @ ¢(24)- Since 7 is a degree —1 map,
7(c(2qy) will have positive dimension for |c(3;| > 1 and be zero for |c(g;| = 0.

Since C71 = 0, 1 ® € will vanish on the twisted term.

We write Cy ®; A, for the twisted complex (Cy ® A, 0;).

This theory can be applied to principal bundles G — P — M. The chain
complex Cy(M) is a differential graded coalgebra, where the coproduct is
induced by the diagonal map M — M x M. The group multiplication of G
provides an algebra structure on Cy(G). A twisting cochain is then a map
7 : Co(M) — C4(G) satisfying the Maurer Cartan equation.

The complex (Cy(M) ® Cu(G), 0y @ Id + Id ® Og) will not, in general,
compute the homology of P. However, when we twist the differential by
a suitable twisting cochain 7 : C(M) — C.(G), the complex (C.(M) ®

C (@), 0r) will compute H,(P).

Theorem 2.1.2 ([B], Theorem (4.2)). The chain complex (Cy(M)RC,(G), d;)

is chain equivalent to Cy(P).

The equivalence of the above theorem is of chain complexes and not of dg

11



coalgebras, despite the fact that both complexes have coproducts. A further
assumption is needed on 7 to obtain an equivalence of dg coalgebras.

We return to the general setting. Let C, be a dg coalgebra and H,
a dg bialgebra. The primitive elements Prim(H,) = {h € H,A(h) =
h®1+4+1®h} is a Lie algebra whose universal enveloping algebra is H,. The

following lemma is a reformulation of Quillen ([Q], Appendix B).

Lemma 2.1.3. Let 7 : Cy, — H, be a twisting cochain from a cocommuta-
tive coalgebra to a dg bialgebra. Then (Cy ® H,,0;) is a differential graded

coalgebra if and only if Im(T) C Prim(H,).

Proof. To show that 0, is a coderivation we need to show that

(AC®H)87 = (a‘r ®1+1® 8T)AC’(X)H-

The key is that multiplication by a primitive element is a coderivation.
We give a diagrammatic proof in Remark 2.2.8. The reader can find the

computation in ([Q], p. 289).

12



2.2 Algebraic Setting for Twisted Tensor Prod-

ucts

In this section, we extend the discussion of Brown’s theory of twisting
cochains to the homotopy algebra setting. Let (Cy,{c,}) be a Cy coal-
gebra and H, a strict dg bialgebra. Given a twisting cochain 7 : Cy — H,,
we define a twisted Ao, coalgebra structure on C, ® H,.

There are three properties that are used in Brown’s setting. For Ci a
strict dg coalgebra and A, a strict dg algebra, the following properties are

used.

1. Hom(Cy, Ay) is a differential graded algebra.

2. twisting cochains 7 : Cy — A, are in one to one correspondence with

chain maps F(Cy) — A,, where F is the cobar functor.

3. a twisting cochain 7 € Hom(C\, A,) defines a twisted differential on

Cy ® A,.

We address the analogs of these properties in the following subsections.

13



2.2.1 Maurer Cartan Equation in the Homotopy Algebra
Setting

We review some definitions. An A, algebra consists of a vector space V
and maps {m,, : V[—1]®" — V[-1]} satisfying

n n-1

Z Z My g1 0 (Id% @ my, @ Id"_j_k) =0.

k=1 j=0
The maps {my} define a coderivation of square zero on T'(V[—1]). The
shuffle product is a map T(V[-1]) @ T(V[-1]) — T(V[-1]). If m,, vanishes
on the image of the shuffle product for every n, then (V,{m,}) is a Cux
algebra.

An A, coalgebra and Cy, coalgebra are the dual notions of A, and
Cw algebras. So V' is an A, coalgebra if there are maps {¢, : V[-1] —
V[—1]®"} defining a derivation of square zero on T'(V[—1]). If the unshuffle
product T'(V[—-1]) — T(V[-1]) ® T(V[—1]) vanishes on the image of each
cn, then (V,{c,}) is a C coalgebra.

To deal with issues of convergence, we will make use of the completed

tensor product. For a vector space V, let
o0
(V) =]Jv*.
i=0
In our applications, V' will be a finite dimensional vector space. So V has a

14



unique topology making it a topological vector space. There is an induced
topology on T (V), known the inverse limit topology.

In order to say 7 is a twisting cochain, the vector space Hom(Cy, H,)
must have at least an A, algebra structure. Moreover, we need the Lie
algebra version of the Maurer Cartan equation, so we need an L., algebra

on Hom(Cy, Prim(H,)).

Lemma 2.2.1. Let (Cy, {cn}) be a Co coalgebra and A, a differential graded

algebra. The vector space Hom(Cy, Ay) is an A algebra.

Since Hom/(Cy, Ay) = C*®A,, the lemma is just the statement the tensor
product of an A, algebra with an associative algebra is an A, algebra. We

omit the proof, but define the maps m,,. Let
mi " (f) = a0 f+ (~1)VIf o e,
where o = ¢1 of the C coalgebra structure. For n > 1, let

mHom(fla"' afn) : C* — A*

n

c = maA(fi®- @ fn))en(e),

where by m4 we mean multiply all the terms using multiplication of A,.

Since the multiplication in A, is associative, mZ°™ is well-defined.

15



The Maurer Cartan equation is then
Dot 4708+ mfl" (7, 7) + mom (r, 7, 7) 4 M (1 m, 7, 7) 4 = 0.

Since we have an infinite sum, a note on convergence is in order. In our
application, A, = f(H* (M)[—1]). The twisting cochain we construct will

have the property that
Im(mn(Ta T 77-)) C (H*(M)[_l])®n

So the infinite sum can be expressed as a finite sum in different tensors.
This is well defined in the completed tensor product.

For the Lie version of the Maurer Cartan equation, we will need the
following fact about Lo, algebras.

The Koszul sign convention says that when two elements z and y of
degree p and ¢ are commuted, a sign of (—1)P? is obtained. For zi,---,x,

and a permutation o € Sy, let €(o;x1, - xy,) be the sign so that

Tl AR /\I‘n == 6(0-;'7:17' o 7xn)xa(1) ARER Axo’(n)v
in the free graded commutative algebra A(z1,--- ,z,). Let {(0) = sgn(o) -
6(0';561, e ,.’En).

Theorem 2.2.2 ([LM], Theorem 3.1 ). Let (V,{m,}) be an A algebra.

16



Then there is an Lo, algebra on V' given by symmetrizing my. That is, if

ln(vla cot 7vn) = Z §(U)mn(va(1) X Ua(n))
oES,

then (V,{l,}) is an L algebra.

We denote the L, algebra by [V] to distinguish it from the A, algebra

V.

Lemma 2.2.3. Let (Cy,{cp}) be a C coalgebra and L, be a differential

graded Lie algebra. Then Hom(Cy, Ly) is an Lo algebra.

Proof. Our proof proceeds as follows. Let U(L,) be the universal enveloping
algebra of L. The previous lemma shows that the space Hom(Cy,U (L)) is
an A algebra, with structure maps {m,}. Symmetrizing each m,, defines
an Lo algebra, with structure maps denoted {i,,}. Let ¢p(z) =251 ® - ®

ZTnn. Then the Lo, algebra is given by

ln(fl T f'ﬂ)(x) = Z f(a>f1(xn,a(1)> e fn(xn,a(n))'

UESn

To prove the lemma, it suffices to show that the maps {i,,} restricts to
Hom(Cy, L) C Hom(Cy,U(Lx)).

Suppose f; € Hom(Cy, Ly). This implies A(fi(z)) = fi(z)®1+1® fi(z),

17



where the coproduct is in U(L,). Since A is an algebra map, we see that

A Oln(flv T 7fn)($)

= Z A(f1(znom) Alfn(@nom))

oESy
= Z(fl(mn,a(1)®1+1®f1(xn, ))) (fn( )®1+1®fn( Lno( n)))
0ESh
= Y [1@no) Fal@nom) @ L+ 1@ fil@no) - fal@nem)
oESy
+ Z Zfl(xn,a(l)) o f( Lo ])) ® f( Tn,o(j+1) ) fn(x(na(n)))
o€Sy J

We need to show that the cross terms cancel. The composition
C, & o < T(Cy) "B (o) @ T(C)

is zero by definition of a Cs, coalgebra. Each permutation o is an (7, j) un-
shuffle of some linear order of the {z, ;}. For example, for Ss, the collection
of all the (2,1) unshufflings of 231 ® ¥32 ® 233 and 23, ® 13, ® 253 =
T32 ® r31 ® 733 exhausts all combinations of 3 5(1) ® 73 5(2) ® T3,5(3)-

The Lo algebra on Hom(C,, L) is then given by

(fla Z 5 ZL‘1 0’(1) f(xn,a(n))a
JESn
where the multiplications are in U(Ly). O

Let A, and B, be two Ay, algebras and {f,, : A" — B.,} an A, algebra

morphism. Suppose the Maurer Cartan equation is well defined for A, and

18



B, (so either there are only finitely many maps defining the A, algebra or
a suitable notion of convergence of the infinite sum holds). Let 7 € A, be a

Maurer Cartan element. That is,

8AT+m§4(T®T)+m§4(7®7’®7’)—|—~--:0.

The following well-known lemma shows how to obtain a Maurer Cartan

element in B, from 7 and {f,}.

Lemma 2.2.4. Let Ay, By be two Ay algebras and {f, : A" — B.} be an
Ao algebra morphism between them. If T is a Maurer Cartan element in
A, then

T =)+ far@r) + g a7 4
1s a Maurer Cartan element in Bi.

2.2.2 Maurer Cartan Equation and Differential Graded Al-
gebra Maps

The following lemmas will be used to construct twisting cochains.

Lemma 2.2.5. Let Cy be an Ay, coalgebra and A, a dg associative algebra.
There is a one to one correspondence between twisting cochains T : Cy — A,

and differential graded algebra maps mr : T(Ci[—1]) — A..
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Proof. Let d7(©) . T(C,[—~1]) — T(C4[—1]) be the derivation of square zero
given by the A coalgebra on C,. Given a twisting cochain 7 : C, — A,
let 7p(c1®---®c¢p) =7(c1) - 7(¢pn). Then by construction, 7 is an algebra

map. It is a chain map, because

oMr(c)) = 79 C)+mao(t@7)oca(c) +maoroes(c) +---

= TTaT(C) (c),

where the first equality is due to the Maurer Cartan equation for 7 and
the second equality is the definition of 87(¢) in terms of the maps ¢, :
Cyi[—1] — C,[-1]®". Conversely, given a map of differential graded algebras

7 : T(Cy) — A, restricting 7 to Cy defines a twisting cochain.

Lemma 2.2.6. Let C, be a Cy coalgebra and H, a Hopf algebra. There is
a one to one correspondence between twisting cochains T : Cy, — Prim(H,)

and differential graded Lie algebra maps L(Cy[—1]) — Prim(H.).

Proof. This lemma is proved in the same way as that of the previous. Note
that a Cy coalgebra defines a derivation of square zero on the free Lie

algebra L(Cy[—1]).
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2.2.3 (coalg ®, bialg as an A, coalgebra using left multi-
plication
Given a twisting cochain 7 : Cy — H,, we want to define a twisted A

coalgebra structure on C,® H,. First, we define the untwisted A, coalgebra.

Lemma 2.2.7. Let (Cy, {cn}) be an Ay coalgebra and H, be an algebra with
a strictly coassociative comultiplication. Then Cy ® Hy is an A coalgebra

with structure maps
2=, ®@((A®Id®" o --0A): C.® H, — (C, ® H,)®".

Proof. The proof is straightforward, using the A, coalgebra relations for

C, terms and that H, is a strict coassociative coalgebra. O

Remark 2.2.8. Before we define an A, coalgebra structure on C, ® H,, we
return to the classical setting of Brown’s twisting cochains. We introduce a
graphical picture of &, and a graphical proof that 92 = 0. This technique
will be used to define the twisted A, coalgebra later on. Let C, be a
differential graded coalgebra and H, a differential graded bialgebra. Let 7
be a twisting cochain and 0, be the twisted differential.

To represent 9; : C, ® H, — C, ® H,, we draw two vertical lines, one

to represent C, the other to represent H,. We draw a horizontal dash to
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Figure 2.1: A graphical representation of 0; = 0c ®14+1® g+ (1®@ma ®
T ® 1)Ac ® 1. A vertical line with a dash represents the differential. The

diagonal line with a vertex represents the map 7: C — H.

denote the differential. The twisting term applies the coproduct on C, and
7 to one of the factors. We represent the twisting cochain 7 : Cy — H,
by connecting the lines representing C, and H, with a line. The resulting
vertex on C, of valence three can be thought of as the coproduct and the
vertex of valence three on H, can be thought of as the product. We refer
the reader to Figure 2.1 for a picture of 0;.

We can prove that 02 = 0 by analyzing the diagrams. The top row in
Figure 2.2 are the terms that remain after canceling the terms in 92 that
correspond to the tensor differential, which is well known to square to zero.
Note that because J¢ is a coderivation, the first and third terms in this row
are equal to the first term in the second row of the figure. Similarly, since Op
is a derivation, the second and fourth terms on the first row equal the second

term in the second row. The coassociativity of Ag and the associativity of
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Figure 2.2: A graphical representation of 9> = 0. The top row represents
the five terms that remain in 92 when we cancel the terms corresponding
to the tensor differential. The bottom row is zero because the middle lines

represent the Maurer Cartan equation g7 + 70¢c + 7 - 7.

my imply the last term of the first row is equal to the last term of the
second row. The bottom row then is equal to zero, because the middle lines
describe the Maurer Cartan equation dy7 + 70¢c + 7 - 7, which is zero by
assumption.

There is a similar argument showing that if Im(7) C Prim(H,), then
(Cy ® Hy, 0;) is a differential graded coalgebra. The argument requires C.

to be a cocommutative coalgebra. We refer the reader to Figure 2.3.

We can now describe how to twist the A, coalgebra. Let 7 : C, —
Hom .

Prim(H,) satisfy the Lie Maurer Cartan equation. First consider cj

Cy® H, — Cy ® H,. As in the strict setting, there is a twisting term of the
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Figure 2.3: A graphical representation that 9, is a coderivation of the co-
product of C, ® H,. The first equality is a result of the fact that multipli-
cation by a primitive element is a coderivation. The second equality is a

result of the coproduct in C, being coassociative and cocommutative.

form
C,oH, 2 2¢H "o, o' 0, 0 H,.

But this twisting only takes ¢y into account and ignores all of the higher
¢, maps in the C, coalgebra structure on C,. To account for these maps,
first apply ¢, to C, and apply 7"~ ! to the last n — 1 factors in C®". Since
Im(1) C Prim(H,), we can bracket these n—1 terms in all possible ways to

get another primitive element. Then we multiply Prim(H,) and H, terms.
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To sum up, c] consists of terms

2
CooH, % ®BoH, S0 on?eon "N c.oH, 0 H ¥ C, o H.

3
CooH, “8' c¥ou S0 on®eon N 0.0 H, 0 H ¥ C, o H.

4
e, S o oo W o, 9 1S 0,0 1,

c5®1

Ci ® H,

and continue for all n in this way. By [,] for three or more terms, we mean

[xla T wrn] - Z [xa(l)a [$0(2)7 T [xa(nfl)a xcr(n)m'
ocESnh

Note the similarity of the twisted terms with the Lo, algebra on Hom(C\, Prim(H,)).
Since c{ is an infinite sum, we need to address the issue of convergence in
C. ® H,. In our application, H, = T(H,(M)[—1]), with the multiplication
given by concatenation of tensors. Let x € C, ® H.(M)[—1]. When ¢, is
used to twist the differential, the corresponding term in ¢ (x) will be an
element in C, ® (H.(M)[—1])®™. Then ¢ consists of finite sums in different
tensor products. So in the completed tensor product, ¢f(z) is well defined.

When C is a strict dg coalgebra, then c] is the same as the twisted
differential 0 in Brown’s construction. So we write ¢] by 0.

The higher maps ¢, can be twisted in the same manner as c¢;. To twist
ca : Co ® Hy = C%? @ H®?, we apply ¢, for n > 2, then 7"~ ! to the

last n — 2 factors of C®", and bracketing these n — 2 terms in all possible
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Figure 2.4: A graphical representation of 9. The terms are o ® 1 + 1 ®
op+1eam)(1e7®1)ce®1+(1®1®7)cs

ways, multiplying the result with the element in H,, and finally applying

the coproduct in H,. For n = 3, the process is the composition of
®2 ®2
C.oH SN, ¥ cR2eH, oH " 2o, 5% 0% g H®2.

The resulting map is denoted cj : Cy @ Hy, — (Cy @ H,)®2.
For n > 3, we must use the Lie bracket, and the composition of maps is

1®2® ®n72®1
ja

C, o H, S c®" @ H, %2 g "2 g H,

X2 n—2 ®2
TN o oL 0 H 'S 022 @ H, VIS 092 @ 02

To show that {c],} defines an A, coalgebra on C, ® H,, we use the diagrams
as in Remark 2.2.8. For a picture of 0, we refer the reader to Figure 2.4.
For a picture of ¢}, we refer the reader to Figure 2.5. Since multiplying by
a primitive element is a coderivation, we have some identities for the terms
in ¢j. These identities are described in Figure 2.6.

We can now show that {0;,c3,c3,- -} define an Ay coalgebra. The

proof of the theorem uses a graphical approach.
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Figure 2.5: A graphical representation of c3.

N A A

Figure 2.6: The above identities hold because Im(7) C Prim(H,) and mul-

tiplying by a primitive element is a coderivation. The same holds true for

the other terms of ¢ and also for cJ,.
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Theorem 2.2.9. Let C, be a Cy coalgebra, H, a dg bialgebra, and 7 :
C. — H, a twisting cochain such that Im(t) C Prim(H.). The maps

{07,¢5,¢c5, -} define an As coalgebra on C\ @ H,.

Proof. We first show that 0. is a differential. To show that 62 = 0 we
will show that expanding the terms yield many occurrences of the Maurer
Cartan equation.

We list some of the terms of 92 in Figure 2.7. The fact that dy is a
derivation is expressed diagrammatically as in Figure 2.8. This relation can
be used to add diagrams in the second and fourth rows of Figure 2.7. In
place of the coderivation relations, we must use the Co, coalgebra relations
for (Cx,{cn}) . The relation for n = 3 is expressed in Figure 2.9. We use
these relations to add figures in the first and third rows of Figure 2.7. Some
of the resulting diagrams will either cancel with diagrams in rows five or
higher. The rest of the diagrams are shown in Figure 2.10. The Maurer
Cartan equation is present in each row. Since 7 is a twisting cochain, the
sum to zero.

Next, we show that cj is a coderivation of 0;. In Figure 2.11, the graphs
representing cj o 0, are drawn and in Figure 2.12 the graphs representing

(0r ® 1) o ¢& are drawn. The graphs representing (1 ® 0;) o ¢} are the same
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Figure 2.7: Some of the in terms of 2. We have left out the terms in the

tensor part, as these are known to square to zero.

Figure 2.8: The equality here come from the fact that H, is a differential

graded algebra.
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Figure 2.9: The equality here comes from the fact that (Cy, {c,}) is a Cx

coalgebra.

L e e

i
7
4
i

M+Q&+&+@+m

Figure 2.10: These remaining terms in (8;)? sum to zero because dyT +

Oy + i (7, 7) I (T = 0,

30



as the graphs representing (0 ® 1) o ¢j except the graphs are connected by
the right output edge of each tree as opposed to the left output edge.

Multiplication by a primitive element is a coderivation, which gives us
identities expressed in Figure 2.6. This allows us to compare the graphs
from ¢} o 9; with the graphs from (0, ® 1 +1® 9;) o ¢}. Note that on
the left hand side of each pairing, we have many compositions of the form
(1®---®c;®- - -®@1)oc;, where ¢;, ¢; are maps of the C coalgebra on C,. The
relations in the Ci coalgebra state that 3, ., (1®-+-®c;®---®1)oc; =
0. Noting which maps in our graphs appear in the sum and which graphs
do not appear, we can apply the Cy, coalgebra relation to obtain many
identities. When this is done, we obtain graphs which involve the Maurer
Cartan equation for 7, just as we did in showing 92 = 0. Since 7 is a twisting
cochain, this sum is zero and ¢ is a coderivation of 0;. In Figure 2.13 we
organize the graphs in ¢ 0 9; + (0 ® 1 +1® 0;) o ¢5. The relations for the
coalgebra structure on C, state that the sum of these graphs are equal to
the graphs in Figure 2.14. The sum of these graphs is zero, because of the
Maurer Cartan equation.

The reader can see that this situation generalizes for n > 2. In each

of these cases, we have many compositions involved in the Cy coalgebra
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Figure 2.11: The graphs representing ¢} o 0-.

AAAAA AL

Figure 2.12: The graphs representing 0 ® 1 o c3.
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Figure 2.13: The graphs of ¢} 0 9; + (0- ® 1 + 1 ® 0;)c} organized to show

how the C coalgebra on C is used.

relation for C,. When we replace these graphs, using the coalgebra structure,
we obtain graphs involving Maurer Cartan equation. We summarize the

relation in Figure 2.15.

O

2.2.4 (4 coalg®, bialg as an A, coalgebra using bracket ac-

tion action

In the previous section, we used the twisting cochain and left multiplication

in H, to twist the Ay, coalgebra structure on Cy ® H,. In this section,
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Figure 2.14: These graphs are equal to the graphs in Figure 2.13 using the

Co coalgebra on C,. Note that these terms involve Og7+ 700 +7 -7+ 7 -

T-T+---=0.
cjg\
C.
i . .
CKQ\
C.
+ i
Ci + C Ck o Cj

+

Figure 2.15: To show that c¢] form a coalgebra structure, use the relation
above to get a sequence of graphs involving the Maurer Cartan equation.

The equality is due to the fact that C, is a Cy, coalgebra.
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we consider another action. For a € H,, the bracket action of a on H, is
defined by [a, x] = ax—xa. Note that [a, —] is a derivation. If a is a primitive
element, then [a,—] is also a coderivation.

Given a twisting cochain 7 : Cx — H, such that Im(7) C Prim(H,), we
define a twisted A, coalgebra structure on C,® H,. The process is the same
as the one defining the previous twisted A, coalgebra, except we replace
the multiplication in H, with the bracket action. We use the same notation
{07,¢5,¢5, - -+ } and so we will be explicit when to use left multiplication and

when to use the bracket action.

Theorem 2.2.10. Let C, be a Co coalgebra, H, a dg bialgebra, and T :
Cy. — H, a twisting cochain such that Im(t) C Prim(H.). The maps

{07,¢5,¢5,- -}, obtained from the bracket action, define an As coalgebra

on Cy, ® H,.

Proof. The only property of left multiplication used in the proof of Theorem
2.2.9 is that left multiplication by a primitive element is a coderivation. Since
conjugation by a primitive element is a coderivation, the proof applies to

this theorem as well.
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2.2.5 CyclicC, coalg®, bialg as an A, algebra using bracket
action
Sometimes a Cy, coalgebra has extra structure on it, allowing one to define
an algebra structure on C, ® H,. We consider the case when the coalgebra
has a non-degenerate bilinear form that is compatible with the coalgebra
structure, i.e., a cyclic C'w coalgebra. We review the relevant definitions.
A cyclic Ao algebra consists of a finite dimensional A, algebra (A, {my})

and a non-degenerate bilinear form (,) : A, ® A, — k such that

(mn(xla tee ,ﬂ?n),$0> = (_1)N<mn(330” e axn—l)afEn)y

where N = —1 + |zo|(|z1] + -+ + |zn|). The bilinear form defines an iso-
morphism between A and its dual. The maps m, can then be viewed as
elements in A[—1]*®" @ A[—1] & A[-1]®"F1,

Lemma 2.2.11. Let (Ay, {mn},(,)) define a cyclic Ax algebra. Then m,, €
A[—1]®"*1 s eyclically invariant.

Proof. Let my, = Y. 21 ® -+ @ wpy1 € A[—-1]¥"HL. It suffices to show that
21 ® - @Tptl = T2 ® -+ Q Tpy1 ® x1. This is seen to be the case by
expressing (,) as an element in A, ® A, and writing the conditions for a

cyclic Ay, algebra in terms of elements in the tensor algebra.
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Viewing the maps {my} as elements in the tensor and using the Koszul
sign rule, one can determine the sign (—1) found in the definition of a
cyclic Ay, algebra. We define a cyclic A, coalgebra viewing ¢, as cyclically

invariant elements in the tensor product.

Definition 2.2.12. (C,,{cy}, (,)) is a cyclic A, coalgebra if

1. C, is finite dimensional

2. (Cy,{cn}) is an Ay coalgebra,

3. (,) is a non-degenerate bilinear form,

4. the maps ¢,, when identified as elements C€"*! using the bilinear form,

are cyclically invariant.

The condition that C, is finite dimensional implies that (,) defines an
isomorphism between C, and its dual C*. A cyclic C coalgebra is defined
in the obvious way. Given a cyclic Cy coalgebra C,, the bilinear form
and maps {c,} can be used to define a Cy, algebra {m,, : C,[-1]®" —
Cy[-1]}. So C. ® H, has an A, algebra structure given by combining
the C algebra on C, with the strict algebra structure on H,. Does the
twisting cochain 7 : Cy, — H, define a twisted A, algebra on C, ® H,?

We show that it does and unlike in the previous cases, we do not need
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to twist the higher maps. In Theorem 2.2.22, we prove the case when C\
is a strict cyclic coalgebra. Also, note that since bracketing is always a
derivation, whether by a primitive element or not, we do not require I'm(7) C
Prim(H,). If Im(7) C Prim(H,) and H, is a dg Hopf algebra, and not just
a dg bialgebra, then the bracket action agrees with another action, which

we call the conjugation action. We use this action in Theorem 2.2.18.

Theorem 2.2.13. Let C, be a cyclic Cx coalgebra, H, be a dg bialgebra,
and 7 : C, — H, be a twisting cochain. The maps {0r, ma, ms,- -} defined

using the bracket action in H, give C, ®. H, the structure of an A algebra.

Proof. Since {0, mg, m3,---} defines an (untwisted) Ao, algebra, it suffices
to show that the twisted terms in 9, all cancel. We first show that 0, is a

derivation of msg,
Oromg=mgo (0; ®1+1®03,). (2.2.1)

We refer the reader to Figures 2.16 and 2.17 for graphs representing the LHS
and RHS of equation (2.2.1). Since the bracket action is a derivation, the
diagrams in Figure 2.16 are equal to the diagrams in Figure 2.18. We need
to show that Figure 2.17 is equal to Figure 2.18.

The LHS of equation (2.2.1) has compositions ¢, o mg : Ci[-1]¥% —
C.[—1]®". The maps on the RHS has compositions (1% ®@ms®1%7)o(c,®1) :
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Figure 2.16: A graphical representation of 9, omg. The label [,] is to remind
the reader that the bracket action is applied on T'(H,(M)[—1]), and not the
product in T(H.(M)[-1])).

Y YY T
VY Y

Figure 2.17: A graphical representation of mg o (0 ® 1 +1® 0;).

o

SR

Figure 2.18: Because the bracket action is a derivation, these diagrams are

equal to the one found in Figure 2.16.
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C.[-1]%2 — C,[-1]®". We show these two maps are equal by writing the
compositions as elements in C,[—1]*"*2 and using Lemma 2.2.11.
The map ¢, can be written as > 21 ® -+ @ 241 € Ci[—1]®"T! and mao

as an Yy ® Yo ® y3 € Cy[—1]®3. Their composition ¢, o my is expressed as

Z<3317y3>$2 @y @Y1 @ Yo € Cu[—1]%4

The composition on the RHS of the equation, (1% @ ma ® 1%7) o (ca ® 1) is
described in the same way except for a different pairing (z;,y;). However,
since ¢, and my are cyclically invariant, the compositions are equal.

The higher compatibilities for the A., algebra proceed in exactly the
same way, with mso replaced by m;.

O]

Given the Ay algebra C, ® H,, we can symmetrize the maps to obtain
an Lo, algebra ([Cy ® H],{0:,l2,13,---}). This restricts to an Lo, algebra

structure on Cy ® Prim(H.,).

Theorem 2.2.14. Let (Cy ® H,,{0;,ma,m3,---}) be the Ass algebra de-
scribed in Theorem 2.2.13. Then (Cy ® Prim(H,),{0-,1l2,l3,---}), obtained

by symmetrizing {my}, is an Lo, algebra.
Proof. Since C, is finite dimensional, we can identify C,®@ H, = Hom/(C*, H,.),
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where C* is a C, coalgebra. Then the statement follows from Lemma

2.2.3. O

This gives an A, algebra structure on C, ® H, and an L., algebra
structure on Cy ® Prim(H,). More can be said when C, is a strict unital
commutative algebra. In this situation, C, ® Prim(H,) can be viewed as
a Lie algebra over C,. Its universal enveloping algebra over C\, denoted
Ue, (Cy @ Prim(H,)) is Cy ® H,. Note if we take the universal enveloping
algebra of C,,® Prim(H,) (viewed as a Lie algebra over the ground field), we
obtain U(C, ® H,) which is not equal to Uc, (Cx ® Prim(H,)). We are not
aware of the corresponding notion for Cy algebras to make the analogous
statement. This seems to be a useful notion. We discuss the strict case in
more detail in Theorem 2.2.23.

2.2.6 (,coalg ®, Hopf alg as an A, coalgebra using conju-
gation action

In our applications of the previous results, we would like to relate the twisted

algebraic structures to the total space of some bundle. Let G — P — M

be a principal G bundle and G — Conj(P) — M be the associated bundle

with respect to the conjugation action. Note that H.(M) is a cyclic C

coalgebra and H,(G) a bialgebra, and moreover, a Hopf algebra. Then given
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a suitable twisting cochain 7 : H,(M) — H.(G), we can form the twisted
algebraic structures using the methods described above. The homology of
the total space, H.(Conj(P)) can be identified with linear homology of
the twisted algebraic structures, that is homology the homology H.(M) ®
H,(G) with respect to d,. However, the argument uses Brown’s theory of
twisting cochains, which requires using the conjugation action. Because the
conjugation action uses the inverse operation in G, the algebraic setup in
this situation requires H, to be a dg Hopf algebra. We will see that when
Im(7) C Prim(H,), the conjugation action agrees with the bracket action.

Let H, be a Hopf algebra. Denote the antipode map of H, by s : H, —
H,.. Given an element a € H,, we define the conjugation action of a on H,

by
conjq : He — H,
T Za(li)xs(a(gi)).
The homology of a topological group H,(G) is a Hopf algebra. The group
acts on itself by conjugation, and so induces an action on H,(G). The

following lemma shows that this action is the same as the conjugation action

of the Hopf algebra.

Lemma 2.2.15. Let G be a topological group. The conjugation action in G
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mnduces a map
H.(G)® H(G) — H.(G)
a®r — Z aqiTs(acs))-
Proof. Conjugation is described by the composition

GxG P G ax G T GGG GXxGXxE > G

1 1

(z,9) = (z,2,y) = (z,27 1 y) = (z,y,27") > ayz™.

The diagonal map in G induces the coproduct A on H,(G) and the inverse

map in G induces the antipode s. This proves the lemma.

The following lemma shows that conjugation by a primitive element is a

coderivation and a derivation.
Lemma 2.2.16. Let H, be a Hopf algebra.
1. Conjugation by a primitive element in a Hopf algebra is a coderivation.
2. Conjugation by a primitive element in a Hopf algebra is a derivation.
Proof. 1. Let a be a primitive element of H,. The antipode has to satisfy

mo (1®s)oA(a) = 0, which means s(a) = —a. Then conj,(x) =
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> aairs(aei)) = ax —za. This is a coderivation because multiplying

by a primitive element is a coderivation.

2. Let a be a primitive element. Then

conjo(z) -y +x-conja(y) = axy— zray+ ray — xya
= axy — TYQ
= conja(ay).

Theorem 2.2.17. Let C, be a Cy coalgebra, H, a dg Hopf algebra, and
7 : Cy — H, a twisting cochain such that Im(t) C Prim(H,). The maps
{07,¢5,c5, - -+ }, obtained from the conjugation action, define an Ax coalge-

bra on Cy ® H,.

Proof. For a € Prim(H,), the conjugation action, conj,, and bracket action
[a,] agree. Since Im(7r) C Prim(H,), the maps {0:,c},c5, -} defined
using the conjugation action are equal to the maps defined using the bracket

action. The statement then follows from Theorem 2.2.10 OJ

Theorem 2.2.18. Let Cy be a cyclic C coalgebra, H, be a dg Hopf algebra,

and 7 : Cy — H, be a twisting cochain with Im(t) C Prim(H,). The maps
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{07, ma,m3,- -} defined using the conjugation action in H, give Cy @, H,

the structure of an As algebra.

Proof. Since Im(7) C Prim(H,), the twisted Ay, algebra structure defined
using the conjugation action agrees with the twisted A, algebra structure
defined using the bracket action.. The proof then follows from Theorem

2.2.13. O

2.2.7 Addendum

The graphical approach taken above can obscure some sign issues. In this
section, we show that J; is a differential without appealing to graphs. We
also look at the strict (non-infinity) versions of the proofs, with the idea
that this will also shed some light on the constructions.

We first show that the twisted differential 0, is indeed a differential, by
referencing the work of Chuang and Lazarev. In [CL2], a twisted A, algebra
is also defined, given a Maurer Cartan element. While their construction is
different on the higher maps, it agrees with the twisted differential described
in this paper.

Let C* be an A, algebra and A, a strict dg associative algebra. Then

C*® A, is an A algebra, and a twisting cochain is an element 7 € C* ® A,
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satisfying the Maurer Cartan equation

Oot + Oyt + ma(7,7) + ma(r,7,7) + - = 0.

The twisted differential is then

O-(x) = dc(x) + O () + ma(T,x) + ma(T,7,2) + -+ .

This is related to our construction as follows. Let C be an A, coalgebra,
A, astrict dga, and 7 : C, — A,. We are only looking to define a differential,
which is why we do not require a C, coalgebra and a dg Hopf algebra. Then
the A algebra C* used above is the linear dual of the A, coalgebra. The
twisting cochain 7 : C, — A, can be viewed as an element in C* ® A,
satisfying the Maurer Cartan equation. The complex C, ® A, is the A,-dual
of C* ® A.. The two definitions of the twisted differentials can then be

related in this way.

Lemma 2.2.19. Let C* be an Ay algebra, Ay a differential graded algebra,

and 7 € C* ® A, a twisting cochain. Then 02 = 0.

Proof. This is a special case of Theorem 2.6 (2)a in [CL2].

We write out some terms in 92(x). The elements 7,7 € Cy ® A, can be
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written as 7 = >  7c ® T4 and x = ) x¢c ® 4. Then

O-(x) = (Ocxc)®@xa+ (—1)|x0|xc ® (Daza) +ma(To,20) @ TA - TA
+ma(1c, 7o, T0) @TA - TaA-TA+ -+,
where we dropped the summation for ease of notation. Applying 0. a second
time yields compositions of the A, algebra maps {m,}. Using the relations
for an A, algebra and strict dg algebra, we obtain terms involving the

Maurer Cartan equation for 7. The argument is similar to the one used to

prove Theorem 2.2.9. 0

Theorem 2.2.18 asserted the existence of a twisted As, algebra on the
tensor product. We review some definitions and then discuss the strict case

of the theorem.

Definition 2.2.20. A Frobenius algebra structure on V' consists of a com-

mutative multiplication and a non-degenerate inner product such that
(a,bc) = (ab,c).
Note that a Frobenius algebra is a cyclic C, algebra with m,, = 0 for n > 2.

Using the non-degenerate inner product of a Frobenius algebra, one can

turn the multiplication into a comultiplication. The multiplication and co-
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multiplication satisfy a certain compatibility, which brings us to the notion

of what some authors refer to as an open Frobenius algebra [CEG].

Definition 2.2.21. An open Frobenius algebra structure on V' consists of
a commutative multiplication and a cocommutative comultiplication such

that the comultiplication is a map of bimodules. That is,

Afab) =Y aqy ®a@pb =Y abuy @ beai)-
Abrams, [A], proved that unital Frobenius algebras and unital, counital

open Frobenius algebras are equivalent.

Theorem 2.2.22. Let C, be a dg Frobenius algebra and H, a dg bialgebra.
Let 7 : Cy — H, be a twisting cochain such that Im(t) C Prim(H,). Then

(Cy ® Hy,07) is a differential graded algebra.

Proof. To prove the theorem, we need to show that the twisted term is a
derivation. Let a ® b,c® d € C, ® H,, and let conj, : H, — H, be the
conjugation action by b € H,. Then we need to show that

(ac) 11y ® CONJr(ac) (g, b = (15 € @ (CONJr(ay,)b)d + acriy @ b(CONGr(c ) d)-
Since Im(1) C Prim(H,) and conjugating by a primitive element is a deriva-
tion, the LHS of the equation is

(ac) (1) ® CONJr(ac)(yy, bd = (ac) (1) ® (CONJr(ac) o, 0)d + ac(riy @ b(CONJr (ac) ) d)-
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We need to show that (ac)(1;) ® (ac)e = a(1;) ® agc = ac(iyy @ c(2i)-

Note that this is the condition that the coproduct is a map of bimodules,
i.e., an open Frobenius algebra. If we use the result that Frobenius algebras
and open Frobenius algebras are equivalent, we are done.

We use another argument which follows the proof of Theorem 2.2.18.
Using the non-degenerate inner product, we express the coproduct A as an
element in C®3. The multiplication msy : C, ® C, — C, is obtained by
dualizing the coproduct C* ® C* — C* and using the isomorphism between
C* and C,. So mg is represented by the same element in C®3. Write this
element as ma = A = 3" x(1;) @ (25 ® 237y € CL3.

We need to show that certain compositions of A and mgy are equal. In
writing the compositions of A and ms, we use the subscript ¢ to represent mso
(T(15) ® T(24) ® 2(3;)) and the subscript j to represent A. Then compositions

are then given by

Nomy = > (i), 2(17)T(1i) @ T(2i) ® T(25) © T(3))

,J

(me®@1)o(A®1) = Z<$(2j)a T(13))T(15) @ T(3j) ® T(25) @ T(35)
4,J

(me®1)o(1®A) = Z@(g]’)a T(20))T(15) @ T(25) @ T(1q) @ T(34)-
4,J

Since mo = A are cyclically invariant, we get the necessary equalities.
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In our construction of a twisted A, algebra structure on Cy, ® H,, we
used a cyclic C, coalgebra. A cyclic Cy algebra is the homotopy version of
a Frobenius algebra. It should be possible to define a twisted A, algebra us-
ing the homotopy version of an open Frobenius algebra. The Koszul Duality
theory for dioperads, described in [G], and for properads, described in [V],
provides a definition for such an object. The dioperad describing Lie bialge-
bras, denoted BiLie, and the dioperad describing open Frobenius algebras,
denoted BiLie', are Koszul dual ([G] Corollary 5.10). So a resolution for
BiLie' is obtained by taking the cobar dual of BiLie, denoted D(BiLie),
and an open Frobs, algebra structure on V is a map of differential graded
dioperads D(BiLie) — End(V'), where End(V') is the endomorphism diop-
erad.

The cohomology of a Poincar/’e Duality space is a cyclic C, algebra.
An open manifold is not a Poincar/’e Duality space, but its cohomology
is an open Frobenius algebra. The constructions using cyclic C algebra
would define string topology operations for Poincar/’e Duality spaces, and
the constructions using open Frob,, algebras would define string topology
operations for open manfiolds.

Theorem 2.2.14 stated that the L., algebra structure on C, ® H, re-
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stricts to Cy ® Prim(H,). In the strict case, more can be said about the
relation between the associative algebra C, ® H, and the Lie algebra C, ®
Prim(Hy). Let Ug, (Cyx ® Prim(H,)) be the universal enveloping algebra of
Cy ® Prim(H,) viewed as a Lie algebra over C,. Recall, if A, is an asso-
ciative algebra, then [A,] is the Lie algebra obtained by symmetrizing the

mulitplication.

Theorem 2.2.23. The Lie bracket on [C,® H,] restricts to C,® Prim(H,).

Moreover, if Cy is unital, Uc, (Cx ® Prim(H,)) = C\ @ H,.

Proof. We first show that the Lie bracket on [C\ ® H,] fixes Cy ® Prim(H.,).

This is a simple computation

[a1 @b1,a2 @ ba] = ara2 @ biby — aza; ® baby
= a1as ® (blbg — bgbl)

= ajaz ® [by, ba),

where the bracket is in [H,]. Since Prim(H,) is a Lie subalgebra of [H,],
this proves the claim.
For the second part, suppose Cj is unital. Then an element in Ug, (Cyx ®

Prim(H,)) can be re-written

(c1®h1)®c, - ®c, (ca®hyn) = (€1 cn®h1)®c, (18h2)®¢, - ®c, (1&hy).
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The claim then follows from the construction of the universal enveloping

algebra as a quotient of the tensor algebra.

2.3 Application to Spaces

To describe string topology operations, we start with the path space fibra-
tion Qp(M) — Py(M) — M. The based loop space (M) is homotopy
equivalent to a topological group, so we view ,(X) as a topological group
and the path space fibration as a principal (M) bundle. The group acts
on itself by conjugation and the associated bundle with respect to this bun-
dle, which we refer to as the conjugate bundle, is a model for the free loop

space.

Lemma 2.3.1. The conjugate bundle Qp(M) — Conj(Py(M)) — M is

equivalent to the free loop space bundle Qy(M) — LM — M.

Proof. The total space Conj(Py(M)) is Py(M) Xq, ) (M). We define
a bundle map from Conj(FP,(M)) — LM. Let [p,a] be an element in
Py(M) X 0, (1) Q2(M) and choose a representative (p, a), where p : [0, 1] — M
and a : S' — M. Then consider the map f : [p,a] — pap~'. This map is

well defined since a different representative will be of the form (pg, g~ tag),
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which gets sent to

(pg)(g 'ag)(pg) " = pap™".

If f maps fibers isomorphically onto fibers, then f will be a homeomor-
phism (see for example [MS], Lemma 2.3). Let F,(Conj) be the fiber of
ConjPy,(M) above the point z € M. An element in the fiber is of the form
[p, a] where p is a path from b to x and a is a loop at b. Let o € F,(LM)

be an element in the fiber of the free loop space bundle. Then letting p be

1 1

ap] = a.

any path from b to x and a = p~ ap, then f[p,p~

2.3.1 Power Series Connection

To apply the theorems proved in Section 2.2, we need to construct a twist-
ing cochain. There are several different constructions available for this pur-
pose. The commutative algebra structure on Q*(M) defines a Cy algebra
on H*(M), (see [CG] for a description of how to transfer structure). The
Cw algebra defines a derivation of square zero on L(H,(M)[—1]) and the
inclusion Hy (M) — L(H.(M)[—1]) defines a twisting cochain. Note that
the C algebra on H*(M) is a minimal model for Q*(M). Kadeishvilli’s
Minimal Model Theorem, [K], provides another construction of a twisting

cochain.
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We choose to review the work of Chen [C] and Hain [H2] on power series
connections, which gives an equivalent construction of the minimal model for
Q*(M) as the one described above. A power series connection will be a twist-
ing cochain from H,(M) — L(H.(M)[—1]) in slightly different terminology.
The equivalence of Kadeishvilli’s construction and Hain’s construction is de-
scribed in [Hue]. The construction is explicit and self contained, which is
why we have chosen to include it.

Let M be a simply connected manifold. We introduce some notation. If
L is a Lie algebra, let L = [L, L], and for s > 2, IL = [L,I*"'L]. Also,
for w € Q*(M), let J(w) = (—1)*lw.

Hain, [H2], defines a power series connection to be a pair consisting of an
element w € Q*(M)QL(H.(M;R)[—1]) and derivation 0 on L(M,(X;R)[—1])

, such that
1. 92=0

2. if w = Y W;X;(mod Q* (M) ® I2L(H.(M)[—1])), then W; are closed

forms whose cohomology classes form a basis for H*(M;R),
3. 0w+ dw — [Jw,w] = 0.

The last condition for w is referred to as the twisting cochain condition.
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We go through Hain’s construction of a power series connection, which
requires the next lemma. The statement can be found in [H1], where a dual

statement is proved.

Lemma 2.3.2 ([H1], Lemma 3.8). Let L be a graded Lie algebra and O
be a derivation of L such that O(L) C [L,L]. Suppose w is an element of

Q*(M) ® L such that

1. w = Y, W;X;(modQ*(M) @ I*’L), where W; are closed forms whose

cohomology classes form a linear basis for H*(M),
2. 0w + dw — [Jw,w] = 0(mod V* (M) ® I"L),
Then
1. 9> =0(modI"1L) and
2. d(0w + dw — L[Jw,w]) = 0(mod V* (M) ® I"*1L).
Theorem 2.3.3 ( [H2]. Theorem 2.6 ). There exists a pair (w,0) such that
1. we Q"(M)® LH(M)[-1)),
2. 0 is a derwation of L(H.(M)[—1]) of square zero

8. Ow + dw — 3[Jw,w] = 0.
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Proof. The proof can be found in [H2]. But we go over it, because this
construction will be referred to later on. Let (X;) be a basis of H.(M).
Suppose (W;) are closed forms in Q*(M) whose cohomology classes form
a basis of H*(M) dual to (X;). We construct 0 and w inductively and
simultaneously. For ease of notation, let L = L(H,(M)[—1]).

The first step is to let
wo= > WX,
i
01 X; = Ofor alls.
Then the Maurer Cartan equation is partially satisfied,
O\wi + dwy — %[le,wl] = 0 (mod Q*(M) ® I’L).
Now, suppose that 9, and w, for r < s are defined so that
1. 0, is a derivation of L,
2. 051X; = 0, X; (mod I"1 L)
3. ws 1 =w, (mod (M) @ I"1L),
4. Opw, + dw, — %[Jwr,qu] =0 (mod Q*(M) ® I"t1L).

We need to define 0 and ws to continue the induction step. By Lemma
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2.3.2,

1
d (35_10.)5_1 +dws—1 — [st—laws—l]> =0.

2

But since the cohomology classes of (W;) form a basis, we have the identity

1
Os—1ws—1 + dws—1 — §[<]ws—1,ws—1]

= > (Za?'"“WﬁdWir--is) [Xiy, [Xis - [Xig oy, X J])-

i1l 7

Then let

Wws = Ws—1+ Z Wi1~-~i5 [Xip [Xiza T, [Xis—uXisH]
i1 lg
OsXi = 051X+ Z aﬁlmis [Xila [Xiw T [Xis—lﬁX’isH]'

11l

Looking at the Maurer Cartan equation modulo Q*(M) ® I**t1L,

1
Osws + dwg — §[st, ws]

1
= Os_1ws—1 +dws_1 — é[st—lvws—l]

T Z ( Z az:ln.iSWi + dWil"%) [Xilv [Xi2v T [Xisfleism
7 i1l

0.

This allows us to continue our induction. Define w and 0 by the equations

0X;

ds (mod I°T1L)

= w, (mod Q*(M)® I*T'L).

&
I
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It is a result of rational homotopy theory that the homology of (L(H.(M)[—1]), D)
is isomorphic to m (M) ® Q and the homology of (U(L(H.(M)[—1])),0) is
isomorphic to H,(Q(M)) as a Hopf algebra.

The twisting cochain will be the inclusion H.(M) — L(H.(M)[-1]).

The power series connection defines the differential on L(H,.(M)[—1]) to
be used in the Maurer Cartan equation and the twisting cochain condition
implies that the inclusion is indeed a twisting cochain. The power series

connection also has the following consequence.

Theorem 2.3.4. [GLS] The power series connection w defines a dg coal-
gebra map T(H*(M)[1]) — T(Q*(M)[1]). There is map T(*(M)[1]) —
T(H*(M)[1]) such that the composition of the two maps is homotopic to the

identity on T(Q*(M)[1]) and equal to the identity on T(H*(M)[1]).

Proof. The element w defines a map T(H*(M)[1]) — Q*(M), using the
adjunction between tensor and Hom. The twisting cochain condition on
w implies that the map satisfies the Maurer Cartan equation. The rela-
tions between power series connections and twisting cochains is described
in [[GLS], Section 1.3]. Using the correspondence between twisting cochains
and coalgebra maps then implies that extending the map as a coalgebra

respects the differentials.
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The second claim about the map T(Q*(M)[1]) — T(H*(M)[1]) is a
consequence of the map being a deformation retraction. This result can be
found in [Mer].

O

2.3.2 A, coalgebra modeling the homology of the principal
path space

With a twisting cochain H.(M) — L(H«(M)[—1]) at our disposal, we can
apply the theorems of Section 2.2 to the path space fibration and its con-
jugate bundle. This gives us three structures, a twisted As coalgebra on
H, (M) ® T(H.(M)[—1]) modeling the coproduct on H,(P,(M)), a twisted
A coalgebra on H,(M)®T(H,(M)[—1]) with the conjugation action mod-
eling H,(LM) modeling the coproduct on H,(LM), and a twisted A, alge-

bra on H,(M) ® T(H.(M)[—1]) modeling the loop product.

Theorem 2.3.5. Let M be a simply connected manifold, Qp(M) — Py(M) —
M be the path space fibration, and H.(M) — L(H.(M)[—1]) be the twist-
ing cochain given by the inclusion. Then (H.(M) @ T(H.(M)[-1]),{c.})

defines an Ao coalgebra model H,(P).

Proof. The diagonal map M — M x M defines a C, coalgebra on H,(M)

and T'(H,.(M)[—1]) is a Hopf algebra model for H,.(Q(M)). The theorem is
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then a consequence of Theorem 2.2.9.

O]

2.3.3 A, coalgebra modeling the homology of the free loop

space

This brings us to defining operations in string topology. The tensor product
H,(M)® T(H.(M)[-1]) is an Ay coalgebra given by combining the Cy
coalgebra on H,(M) and the strict associative algebra on T'(H.(M)[—1]).
Using our twisting cochain, we twist the A, coalgebra as described in Sec-

tion 2.2.6.

Theorem 2.3.6. Let H.(M) be a simply connected manifold. Consider
the Coo coalgebra on H, (M), the Hopf algebra on T(H.(M)[—1]), and the

conjugation action on T(H.(M)[—1]). The maps

O H(M)® T(H(M)[-1]) — H.(M)® T(H.(M)[~1])

e Ho(M) @ T(H (M)[-1]) —  (H.(M) ® T(H.(M)[-1])*"

define an Ao coalgebra. The linear homology, (H,.(M)QT (H.(M)[-1]),0;),

is the homology of the free loop space of the manifold H,(LM).

Proof. The proof follows from the application of Theorem 2.2.9.
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2.3.4 A, algebra modeling the homology of the free loop

space

The loop product in H,(LM), first described in [CS], is intuitively defined
as combining the intersection product of H, (M) with loop concatenation in
H,.(Q(M)). The set-up of twisted tensor products accommodates such a
description. The tensor product H,(M)® T (H,.(M)[—1]) is an Ay, algebra.

The map
ma : (Hy(M) ® T(Ho(M)[-1)))** — H,(M) ® T(H.(M)[~1])

is a combination of the intersection product and loop concatenation. How-
ever, its linear homology is not H,(LM) so it does not define an operation
in H,(LM). For this we need to take the twisted differential 0.. Unlike the

coalgebra case, we do not need to twist the higher multiplication maps.

Theorem 2.3.7. Let M be a simply connected manifold. Consider the
cyclic C coalgebra on H.(M), the Hopf algebra on T(H.(M)[—1]), and
the congugation action on T(H.(M)[—1]). The maps
0 - HLM) @ T(H.(M)[-1]) — H.(M)® T(H.(M)[1]
Mo+ (Ho(M) @ T(H(M)[-1]))*" = Ho(M) @ T(H(M)[-1])
define an Ao algebra on H (M) ®@ T(H.(M)[-1]).
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Proof. The proof is an application of Theorem 2.2.18. O

Example 2.3.8. Let M = G be a connected Lie group and consider the path
space fibration, ,(G) — Py(G) — G. We claim that the conjugation action
of Qp(G) is trivial, and so there is no twisting given by the twisting cochain
H,(G) — L(H«(G)[—1]). Consequently, the string topology operations are
given by the untwisted tensor H.(G) ® T'(H.(G)[-1]).

To see that the conjugation action is trivial, recall that a Hopf alge-
bra H, is commutative if the Lie bracket on Prim(H,) is zero. In this
case, the Hopf algebra is H,({2(G)). There is a homotopy equivalence,
(G) = Q2(BG). The Lie bracket is the same as the Samelson bracket on
7(Q2(BG)) which is equal to the Whitehead bracket on 7,(Q(BG)). This
bracket is zero because the Whitehead bracket is trivial on H-spaces. Since
the multiplication is commutative, the conjugation action is trivial and there
is no twisting coming from a twisting cochain. This computation agrees with
that in [Hep]. In that paper, Hepworth uses the isomorphism between LG
and G x (G) to determine the Batalin Vilkovisky algebra on H,((G)).
Menichi, in [Me], investigates the BV structure on H,(QZ(BG)) @ H.(M),
and also considers the case when M = (. In that paper, he constructs a

BV algebra morphism H,(Q(G)) = H.(%(G) ® H (M) — H.(LM).
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The argument that the conjugation action is trivial can be applied to

any manifold M that is an H-space.

2.4 Application to Principal G Bundles

We are interested in applying the results in Section 2.2 to the case of a
principal G bundle G — P — M. This will turn out to be representations
of the algebraic structures on H,(M)®,T(H.(M)[—1]) given in the previous
section. Given a connection on a bundle G — P — M, we get a map of
bundles Py,(M) — M to P — M in the following way. Choose a basepoint
above the fiber in P — M, and denote it by e € F;,(M). Then the fiber can
be identified with GG, and e is identified with the identity element. Using the

lifting property for connections gives us maps

The map Q(M) — G is often referred to as the holonomy map.

Lemma 2.4.1. Let G — P — M be a principal bundle with connection and

Qp(M) — Py(M) — M be the path space fibration. The diagram
P(M) — P

! !

M 1y

63



commutes. Furthermore, the map Py(M) — P commutes with the Qu(M)

action on Py(M) and the G action on P.

Proof. This first part is the definition of lifting paths. See ([KN], Proposition
3.2) for the second statement. O

This bundle map induces a map on the conjugate bundles

Conj(Py(M)) —— Conj(P)

! |

M M.

An element in Conj(Py(M)) is represented by an element (p;, ) € Py(M) x
Qy(M). The induced map is defined by taking a representative (p;, «) and

sending it by the map
(pt, @) = [pe(1),a] € Conj(P) = P x¢g G.

A loop a € Qp(M) lifts to a path a starting at e € Fp(M) and ending in
F,(M). This path corresponds to an element in G. A path p; € Py(M) lifts

to a path p; in P starting at e. Then p, — p(1) € P.

Proposition 2.4.2. Let G — P — M be a principal G bundle with connec-
tion and Qp(M) — Py(M) — M be the path space fibration. The map
Conj(Py(M)) — Conj(P)

(pr,a) = (p:(1), @)
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is well defined and independent of choice of basepoint e € Fy(M).

Proof. Let B € Qu(M). For the map to be well defined, (pﬁ,ﬁ, 6/0:;1) and

(p1, @) must be in the same equivalence class in P xg G. We see that

conjugating (pi, &) by B eGis (m,ﬂaﬂ_l). So the map is well defined.
Choosing a different point €’ € P,(M) changes the map P,(M) — P by
the G action and changes the map (M) — G by a conjugation. In the

conjugate bundle, the images belong to the same equivalence class. O

Given a bundle G — P — M, with G a connected Lie group, we look to
construct a twisting cochain 7 : H,(M) — H,(G). Then using the methods
in Section 2.2, we obtain various structures on H,(M) ® H,(G) modeling
H,(P). The twisting cochain will be in terms of the characteristic classes of

the bundle.

Proposition 2.4.3. ([DP], p. 249) Let G be a Lie group and R a ring.
The cohomology, H*(BG; R) is a polynomial R-algebra of finite type on

generators of even degree.
For H,(BG), we need a separate argument.

Lemma 2.4.4. Let G be a connected Lie group. Then H.(BG) is a free

commutative algebra.
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Proof. The classifying space BG is rationally equivalent to a product of
Eilenberg Maclane spaces. Furthermore, since G is connected, the long exact
sequence in homotopy groups of G — EG — BG, implies 71 (BG) = 0. The
Eilenberg Maclane spaces here are then infinite loop spaces, and so BG is
rationally an infinite loop space. This means H,(BG) is a Hopf algebra,
which is commutative if the Lie bracket in Prim(H.(BG)) is zero. This
bracket is equivalent to the Whitehead bracket on . (Y") where Q2(Y) = BG.
But Y is a loop space, since BG is, rationally, an infinite loop space. And
the Whitehead bracket on H-spaces is zero.

Hopf algebras are self dual, so H*(BG) is a Hopf algebra and H,(BG)
is the dual Hopf algebra. We see that H,(BG) is also a polynomial algebra.

O

2.4.1 Constructing the twisting cochain H.(M) — H.(G).

The power series connection w € Q*(M) ® L(H.(M)[—1]), constructed in
Section 2.3.1 will be used once more. Theorem 2.3.4 defines a dg coalgebra
map T(H*(M)[1]) — T(Q*(M)[1]), which has an inverse T'(Q2*(M)[1]) —
T(H(M)[1)),

Since G is a connected Lie group, H*(BG) is a polynomial algebra.

This allows us to define maps from H*(BG) in terms of its polynomial

66



generators. Let {p; € H*(M}) be the characteristic classes of a bundle
G — P — M. Then there is an algebra map H*(BG) — Q*(M) defined as
follows. Let {P; € H*(BG)} be the polynomial generators which pullback
to the characteristic classes {p;}. Then define an algebra map by P; — p;,
where p; € Q*(M) is a representative for p;. Extend the map as an algebra
map to all of H*(BG). The algebra map H*(BG) — Q*(M) defines a
coalgebra map T'(H*(BG)[1]) — T'(2*(M)[1]).

So we have a coalgebra map T'(H*(BG)[1]) — T(Q*(M) — T(H*(M)[1]),
which defines an algebra map T'(H.(M)[—1]) — T (H.(BG)[—1]). To this al-
gebra map, there is a corresponding twisting cochain H,(M) — T (H.(BG)[—1]).
Since T'(H«(BG)[—1]) is a model for Q;(BG), which is homotopy equivalent
to G, we could do our work with twisting cochains now.

To replace T'(H*(BG)[1]) with H*(G) we need to find a coalgebra map
H*(G) — T(H*(BG)[1]). Recall that H*(G) is generated by odd dimen-
sional generators U;. To each U; there is a generator of H*(BG) one degree

higher, which we denote by F;. We define

fH(G) — T(H"(BG)[1))

UilUZé = Pil ®Pi2+Pi2®Pi1
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and extending the map as an algebra map. So f(Uj, ---U;;) = P, U---U P,

5

where U is the shuffle product.

Lemma 2.4.5. The map f : H*(G) — T(H*(BG)[1]) is a map of differ-
ential graded coalgebras. Therefore, f is a map of differential graded Hopf

algebras.
Proof. The coproduct on H*(G) is given by
Aq(UiyUsy) = Uy Uy, @ 1+ Uy, @ Uy + Uy, @ Uy + 1@ Uy, Uy,
and extended so that A is an algebra map. The coproduct on T'(H*(BG)[1])
is given by deconcatenation,
AP, @ @P) = Y Po P, QP,,® P,
J
The following computation shows that f is a coalgebra map,
(f@NHeAUU;) = (fof)UU; @1+ U; @U;+U; @ Ui + 10 U;Uj)
= (PBOP)®1+(PoP)®1+PeP;
+P;@Pi+1® (P ®P)+1® (P;® F)
= AReP+PoR)
= Af(UU;).
The differential on H*(G) is zero, so for f to be a chain map, f must

map to cocycles in T'(H*(BG)[1]). We see that § is zero on P;. Then since
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f maps to shuffle products of P; and § is a derivation with respect to the
shuffle product, f maps to cocycles.

O

To replace T'(H,.(BG)[—1]) with H,(G), we take the dual of the above
map to get a differential graded algebra map T(H.(BG)[—1]) — H.(QG).
So given a twisting cochain 7 : H.(M) — T(H.(BG)[-1]), composing
maps defines a twisting cochain H.(M) — T(H.(BG)[—1]) — H.(G).
Similarly, H*(G) — H*(M) is a twisting cochain obtained by compos-
ing the twisting cochain T'(H*(BG)[1]) — H*(M) and the coalgebra map
H*(G) —» T(H*(BG)[1]).

We summarize the construction of the twisting cochain and give a for-
mula for it. Let G — P — M be a principal G bundle, where G is a
connected Lie group and M is a simply connected manifold. Let {P;} be
the multiplicative basis for H*(BG) where p; € H*(M) is the pullback of
P, € H*(BG). The elements P; are even dimensional and correspond to an
element U; € H*(G) such that {U;} form a basis for H*(G). The following

coalgebra maps are composed

1. T(QU*M)[1]) — T(H*(M)[1])

2. T(H*(BG)[1]) — T(Q(M)[1])
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3. H*(G) — T(H*(BG)[1))

to define a coalgebra map H*(G) — T(H*(M)[1]) which corresponds to
a twisting cochain H*(G) — H*(M). When this process is carried out,

7: H*(G) - H*(M) is defined on generators by

H*(G) — H*(M)

Ui = Di
and zero on products of generators.

Proposition 2.4.6. Consider the coalgebra structure on H*(G) given by
group multiplication and the Cs, algebra structure on H*(M) given by the
cup product. Then the map 7 : H*(G) — H*(M) which on generators is
U; — p; and zero on products of generators is the twisting cochain coming

from the twisting cochain H. (M) — L(H.(M)[—1]) given by the inclusion.

Proof. There are no differentials on H*(G) and H*(M), and so it suffices

Hom

Hom(r®n) — ( for each n. For mZ™(7®") to be possibly

to show that m "

non-zero, we need to consider the product of n generators U;, ---U;,. We

look at terms in A™(Uj, - - - Uj,,) of the form

Z Uipy ® -+ @ Uiy .-
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Then we apply 7 to each factor and apply m,, : H*(M)®" — H*(M) of
the C algebra. But each m, vanishes on shuffle products, so it is zero on

products of these terms.

O
2.4.2 A, coalgebra of H,(M)®,H.(G) for a principal G-bundle

We can now define the twisted A coalgebra structure on H,(M) ® H.(G).
We use the dual of 7 : H*(G) — H*(M), to get a twisting cochain. The

map is also denoted 7 and is defined as

T:H (M) — H.(G)

* *
p; — U,

is zero on products pj ---p; . Note that U € Prim(G), and [U},U}] is
defined. The tensor differential on H,.(M) ® H.(G) is zero, so 0. consists
only of twisted terms. These terms are obtained by applying {¢,, : H.(M) —
H.(M)®"}, applying 7 to the last n — 1 terms, bracketing the results, and

then multiplying the resulting bracket with the element in H,(G). The

higher coproducts cj,c5. - - - are defined in the same way.

Theorem 2.4.7. Let {p} be the characteristic classes of a G bundle G —

P — M, where G is a connected Lie group and M a simply connected
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AV VRN

Figure 2.19: This identity is a consequence of the fact that ker(r) U
Prim(H,) = H,. The figure is dual to Figure 2.6.

manifold. The maps {0r,c},c3,---} define an As coalgebra on H (M) ®

H,(G) whose linear homology is isomorphic to H.(P).

Proof. This is an application of Theorem 2.2.9.

O

The twisting cochain is more easily defined as 7 : H*(G) — H*(M),
so the dual Ay, algebra can be made more explicit. Note that if C is a
C« coalgebra, H, a Hopf algebra, and a twisting cochain C, — H, has its
image in the primitives, then its dual map 7 : H* — C* has the property
that ker(r) U Prim(H,) = H,. This property of 7 implies the derivation
property dual to the statement that multiplying by a primitive element is a
coderivation. It is described in Figure 2.19.

We define an Ay, algebra on H*(G)® H*(M), where we view H*(G) as a
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Hopf algebra and H*(M) as a C, algebra. The map 0, : H*(G)@ H*(M) —

H*(G) ® H*(M) is given by

8T(Ui1 e Ui" ® a) = Z Ui"(l) e UiO(n—l) ® m2 (pio'(n) ® a)
UESn
+ Z Uiy = Uigezy © M3(Piy 1y © Pig,y @ @)
O'ESn

The map m3 : (H*(G) ® H*(M))®? — H*(G) @ H*(M) is given by

my(Usy - Ui, ®a,Usy ., -+ Us, @D)
= Uy - U, ®ma(a®Db)

+ Z Uia’(l) U Uio’(nfl) ® m3(p7'o-(n) ®a® b)
gESy

+ Z Uiam - Uia(nfz) & m4(pia(n,1) & Di, ®a® b)
O'GSn

Proposition 2.4.8. Let {p;} be the characteristic classes of a principal G
bundle P — M, with M simply connected and G a connected Lie group. The
maps {07, m%,---} define an As algebra on H*(G) @ H*(M) whose linear

cohomology is isomorphic to H*(P).

Proof. This is the algebraic dual of Theorem 2.2.9. One can see that 92 = 0
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directly, as well.

22Uy, -+ U, ®a)
= Z Z Uio’o(l) T Uia/a(n—2) ® m2(pia/ & m2(pi0(n) (%9 a))
o O

t Z Z Ui'—'"lf"(l) o Ui”’”(“‘& ® mg(pio"o’(n—Q) ® pia"a(n—l) ® m2 (p’bo(n) ® CL))
o o

+ Z Z Uigtay "+ Uigrotngy ® M2(Piyi(,_sy ® M3 (Pig(n_1) © Piy(ny @ @)
o O

+ Z Z Uiprorry " Uigronsy © m3(pz'o/o(n_3) Q@ Pigr o2 @ M3(Piy 1y @ Pigy @ Q)
o O

Note that on the H*(M) side of the tensor, there are compositions of m;
and m;. The Cy algebra relation on H*(M) states that such sums will be
Z€ero.

For the higher identities, we use the identity in Figure 2.19 and follow
the same argument that was made in Theorem 2.2.9. 0
2.4.3 A, coalgebra on H,(M)®, H,(G) using conjugation ac-

tion
The conjugation action of H,.(G) on itself is trivial when G is a connected
Lie group. This shows that there is no twisting needed for the A., coalgebra
on H,(M) ® H.(G). That is, the coalgebra is given by {c, ® A"}, where
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cn} is the Cy coalgebra given by the diagonal map and A™ is the n-fold
{cn} gebra g y g

composition of the coproduct on H,(G).
2.4.4 A, algebraon H,(M)®, H,(G) using conjugation action

Since the conjugation action is trivial, the Ay, algebra on H,(M) ® H.(G)
is given by {m,, ® mg}, with no twisting terms. Here, {m,} is the Cx alge-
bra on H,.(M) given by the intersection product and mg is the associative

multiplication in H.(G).
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Chapter 3

Differential Forms

3.1 Operads, dioperads, and properads

3.1.1 Cyeclic operads

We first review the definition of an operad. Let C be the category of Z

graded vector spaces over a field k of characteristic zero.
Definition 3.1.1. An operad P in C consists of

1. objects P(n) in C with S,, action for n > 0

2. for m,n > 0 and 1 <1 < m, morphisms

o; : P(m)® P(n) —» P(m+n—1),

3. a morphism n: k — P(1)

satisfying the following associativity and equivariance conditions,
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. For compositions of P(m) ® P(n) ® P(p), the following associative

condition must be satisfied:

Ojpp—1(0i®1)(1®7), forl <i<j-—1,
0i(0j)®1) =qoj(1®0;_j41), forj<i<j+n-—1,
0j(0j—pt1 ®1)(1®7), forj+n <i,
where 7 : P(n) ® P(p) — P(p) ® P(n) is the transposition given by

the symmetry,
. the operation is o; is equivariant in the sense that
oi(op) = (0 0i p)oo(i)

on P(m) ® P(n) where 0 € S(m), p € S(n), and o o; p is a block

permutation

A cyclic operad is an operad P such that the S,, action on P(n) extends

to an action on S} satisfying associative and equivariance relations. Here,

S;' is the permutation group on {0,1,2,--- ,n}. The group S, is viewed as

the subgroup of permutations in S/ that fix 0. Let 7, be the cyclic permu-

tation (0,1,---,n). Then an operad P is cyclic if the S; action satisfies the

following.
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1. If n: 1 — P(1) is the unit, then the following diagram commutes

71

P(1) = P(1)

1.7

1

2. For each m,n > 1, the following diagram commutes

P(m) ® P(n) —> P(m +n —1)

i‘rm RTn

P(m) [ P(n) Tm+n—1

|

P(n) ® P(m) —"> P(m +n —1)

If V is a finite dimensional vector space with a non-degenerate bilinear

form (,), then End(V) is a cyclic operad. The associative, commutative,

and Lie operad are examples of cyclic operads, as shown in [GK].

3.1.2 Dioperads

where the composition rule glues one output to one input.

Dioperads model structures on vector spaces with products and coproducts,

genus is never created. Dioperads can model Frobenius algebras, since the
relation that the coproduct be a bimodule map does not have genus and can

be described by grafting one output of a tree with one input of another tree.
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In contrast, dioperads cannot model bialgebras, since the requirement that

the coproduct be an algebra map introduces genus.

Definition 3.1.2. A dioperad P in C consists of
1. objects P(m,n) in C with an (S,,, S,) bimodule structure for m,n > 0,
2. for my,mo,n1,n0 > 1,1 <17 <nq, and 1 < j < mg, morphisms

i0j ° P(ml,nl) ®P(m2,n2) — P(m1 +mg —1,n1 +ng — 1),

3. a morphism 7 : k — P(1,1) such that

10 (n®Id) : k® P(m,n)=>P(m,n),

and

jo1 (Id®n): P(m,n))=P(m,n)
are the canonical isomorphisms.

The morphisms ;0; must respect the (S,,,S,) bimodule actions. The
conditions are described in [G].

The augmentation ideal of a dioperad P, denoted P, is defined by
P(1,1) =0 and P(m,n) = P(m,n) for m +n > 3.

If V is an object in C, the endomorphism dioperad End®(V) is given by

letting End’(V)(m,n) be the complex Hom(V®™, V&), The superscript
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0 indicates that only maps without genus are considered in the complex
Hom(V®™ V®") and distinguishes the endomorphism dioperad End®(V)
from the endomorphism properad End(V). An algebra over a dioperad P
is a dioperad map P — End’(V).

If Vis an (S,,,S,) bimodule, V* is also an (S,,,S,) bimodule. If f € V*
and o € 8™, then of € V* is defined by of(z) = f(o(x)). The S™ action
on V* is defined similarly.

There is an equivalent definition of a dioperad as a monoid in a monoidal
category. We describe the category of two leveled trees. A tree will be a
finite, directed tree, with m inputs and n outputs. If every vertex has valence
at least three, then T is said to be reduced. Each tree T has a global flow- a
direction on the edges signifying inputs and outputs. Let Edge(T) be the set
of edges of T, edge(T') be the set of internal edges of T', In(v) be the set of
incoming edges at the vertex v € T, and Out(v) be the set of outgoing edges
at v. We assume that In(v) and Out(v) are labelled by {1,2,--- ,|In(v)|}
and {1,2,---,|Out(v)|}. For a k- dimensional vector space V, denote by
Det(V') be the top exterior power of V. The global inputs and outputs will
also be labelled. A 2-leveled tree is a directed tree such that the vertices

are divided into a top level and bottom level. Denote the set of vertices in
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Figure 3.1: A 2 leveled tree.

the top level by N; and bottom level by No. We refer the reader to Figure
3.1. We let T be the category of graphs and 7?2 be the category of 2 leveled
trees.

If {P(m,n)} and {Q(m,n)} are collections of two (S,,S,)-bimodules,
their composition product is given by considering the collection of two lev-
eled trees, identifying vertices of the top level with elements in P(m,n) and
vertices in the bottom level with elements in Q(m,n). The composition

product X of P and @ is given by

QR P = (Dger2 Quven, QIOut(v), In(v)) @k @ven, P(|0ut(v)|, In(v)])) / ~,

where the equivalence is explained in Figure 3.2 .
The connected composition product X, is obtained by restricting X to

connected two leveled trees. The unit I for this monoidal product is

K for(m,n)=(1,1
P (m,n) = (1,1)

0 otherwise.
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1 2 3 b () b (2) b@)

-1

1 2 a a@

Figure 3.2: The equivalence relation in the definition X.

In [G], another product is defined on the category of S-bimodules, de-
noted [1. It is obtained from X, by restricting over saturated two level trees.
A vertex v € T is saturated if every path from a leaf vertex to a root vertex
passes through v. A tree is called saturated if every vertex is saturated.

Then if P; and P, are two S bimodules, define P; [ P> by

(REB)mn) = & 6Ly S B, Ou(w),  (3.11)

where the sum is taken over all saturated 2 level labeled (m,n) trees (T,1).
This product has a nice property with respect to Koszul duality, which we

describe in Proposition 3.1.4 after defining the cobar complex.

Example 3.1.3. We describe the free dioperad. Let E(m,n) is a collection
of (Sp, Sr) bimodules. Then for a tree T', let E(T') = @uerE(In(v), Out(v)).

The free dioperad F(FE) generated by E is given by

FE)Ymn) = @ BE(T)/~,

(m,n) trees
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where the equivalence relation is the one described in the composition prod-

uct X (see Figure 3.2).

Suppose {E(m,n)} is an (S;,,S,) bimodule, such that E(m,n) = 0 for
all (m,n), except E(2,1) and E(1,2). Take the free dioperad generated
by E. Let (R) be an ideal generated by R(1,3) C F(E)(1,3), R(3,1) C
F(E)(3,1), and R(2,2) C F(2,2). Then the quotient dioperad F(E)/(R),
denoted (E; R), is called a quadratic dioperad.

Let P = (E;R) be a quadratic operad. The quadratic dual of P is
a dioperad P' = (EV; Rt), where EY(m,n) = E* ® (Sgn, ® Sgn,,) and
RY(m,n) is the orthogonal complement of R(m,n).

Let Det(T') be the one dimensional vector space Det(k#%¢(T)) and det(T) =
Det(ke49¢(T)). Given a dioperad P, the cobar complex of P(m,n), denoted
C(P) is a bicomplex F(P"(m,n)) where the differential is the sum of the

differential induced by the differential of P, denoted d’, and the differential

induced by edge contractions, denoted d”. Looking at d” differential, we get

a complex
Pmn) % D P@OedmS P P@edn) s
ledge(T')|=1 ledge(T)|=2
reduced (m,n) trees reduced (m,n) trees

where P(m,n)* is placed in degree one.
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The cobar dual D(P) is given by A~1(C(P)). The chain complex with

d" is given by

Pmn)% @ P@epanb @ PTeDear) s
ledge(T)|=1 ledge(T)|=2
reduced (m,n) trees reduced (m,n) trees

where P(m,n)Y is put in degree 3 — m — n. The bimodule P(m,n)V is
P* @ (Sgnm, ® Sgny,).

Recall that a dioperad P is Koszul if there exists a dioperad () such that
D(Q) — P is a quasimorphism. The dioperad @ is said to be Koszul dual

to P, and is denoted by P'.

Proposition 3.1.4 ([G], Proposition 5.9). Let P = (E; R) be a quadratic

dioperad A(n) := P(n,1) and B(n) := P (n,1).

1. If P(m,n) = AL B°(m,n) for (m,n) = (2,2), (2,3), and(3,2), then
P = ABQ B. Similarly, if P(m,n) = A J B(m,n) for (m,n) =

(2,2), (2,3) and(3,2), then P = A°? [ B.

2. P = AG B if and only if P' = B'* 0 A'. Similarly, P = A? L1 B if

and only if P' = B' [0 A'oP

3. If A and B are Koszul, and P = AL1BP, then P is Koszul. Similarly,

if A and B are Koszul and P = A°P? [ B, then P is Koszul.
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3.1.3 Frobenius dioperad

The Frobenius dioperad, denoted Frob? is generated by an element in m €
E(2,1) and A € E(1,2), each with trivial So actions. The generators are

required to satisfy the following relations:

(myio1m)— (myorm)o,(myorm)—(mqo; m)02
(AI o5} A)—O‘(Al o1 A),(Al o1 A)—O‘Q(Al o1 A)
(Ayorm)—(myo1 A),(Arorm)—(myogA),

(Aioym)—(mgor A),(Ajorm)— (maoyA),

where 0 = (123) € S3. The superscript in Frob?, which we use to distin-
guish it from properads, emphasizes that we are considering only genus zero
operations. Note that Frob’(m,n) is one dimensional for each m and n.
From Proposition 3.1.4, we can see the following equality: Frob? =
Com®P [ Com. It is then Koszul, with Koszul dual Lie [ Lie°?. Algebras
over Lie [ Lie®? are Lie bialgebras, so we denote the dioperad by BiLie.

The dioperad BiLie? is generated by elements [ € F(2,1) and 6 € F(1,2)
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using the sign action of Sq. Its relations are spanned by

(I1010) + (I1 0110+ (1101)0?
(51015)—{—0(51015)—1—0'2(51015)

51 o1 l)— (llol (5) - (ll 025)—(l2 o1 5)—(12 02(5).
3.1.4 Functor from cyclic operads to dioperads

Given a cyclic operad P, we show how to obtain a dioperad denoted D(P).
To see why such a construction is possible, we consider the case of the cyclic
endomorphism operad End,.(V). If V is a finite dimensional vector space
with a non-degenerate bilinear form (,) : V@V — k, then End(V) is a cylic

operad. The S action is given by viewing a map f: V™ — V as

foyemtl g
(U()a”' ,'Um) — <U07f(2)17”' 7vm)>-
If f is viewed graphically as a tree with m whose leaves are labeled 1,--- ;m
and a root, then f is the same tree, with the root labeled by 0.
The maps o; : End(V)(m) ® End(V)(n) — End(V)(m +n — 1) are

defined by grafting the root of one tree to the edge with label j to the other

86



Figure 3.3: The result of grafting two trees along their root edges. Note

that the final leaf, m + n is relablled zero and designated to be the root.
tree. For f: V™ s kand §: V" — k, if j # 0, letfoigbeﬁ)i\g; that is,
foig:vm™m — k
(vo, s Umin—1) — (vo, [ oig(vr, -, Vmin-1)).

If the grafting occurs along a root edge, we define the composition rule as

follows,

fopg: V™t ok
(U07"' 7’Um+n71) = <U(ng(f(vla"' 7Um)avm+17"' avm+nfl)>'

The motivation for the definition can be seen from drawing the tree obtained
by grafting to the root edge; we refer the reader to Figure 3.3.

To this cyclic operad, we associated a dioperad denoted D(End(V)).
Let D(End(V))(m,n) = Ende.c(V)(m +n —1). The (S,,,S,) bimodule
structure of D(End(V))(m,n) is given by viewing S,, and S,, as subgroups
of Sj;l +n_1- The group S, is viewed as a subgroup of Sj;l +n_1 by the usual

87



identification (i.e. 1+ 1,2~ 2,--- ;m — m). The group S, is a subgroup
of S;rwnq given by the identification 1 —» m+1,2— m+2,--- ;. n—1+—
m+n—1,n— 0.

To define the ;o; maps, we use the maps f o; g along with the 7,. If
f is a tree with my inputs and n; outputs g is a tree with mo inputs and
ng outputs, then f; o; g is a tree with mq +mg — 1 inputs and ny +no — 1
outputs obtained by grafting the i** output of g with the j** input of f. For
f and §, where the trees have only one output, we interpret the i*” output
of § to be the root of § after 7i has been applied to §. We then apply 7,,°
to undo the application. In summary, f; 0§ = i(f 0; 7(9))-

This construction works for general cyclic operad, defining a functor
D : {cyclic operads} — {operads}.

Let P be a cyclic operad. Then define D(P)(m,n) to be the object P(m-+n—
1). The (Sm,Sn) bimodule structure is inherited from the S, _; structure
on P(m + n — 1), using the same identifcations as above to view S,, and
S,, as subgroups of Sj; tn_1- Since 7" and o; maps are defined for any cyclic
operad, the ;o; maps can be defined in the same way as above.

If we have a cyclic operad morphism f : P — @, there is a corresponding

dioperad morphism D(P) — D(Q). The morphism is defined by sending

88



D(P)(m,n) = P(m+n—1) to f(P(m+n—1)) C Q(m+n—1) = D(Q)(m,n).

Proposition 3.1.5. There exists an exact functor

{cyclic operads} — {dioperads}.

which sends the cyclic endomorphism operad to the endomorphism dioperad.

Proof. The functor is defined above. It is an exact functor because given an
exact sequence

S P o By Py e

the terms in the induced sequence

+ = D(Pi1) = D(P;) = D(Pi1) = -+

are the same. The difference between P and D(P) lies in the actions and
gluing compositions, but this is not used for exactness. So the induced
sequence is exact as well.

For the claim about the cyclic endomorphism operad going to the endo-
morphism dioperad, note that D(End(V))(m, n) is the bimodule Hom (V®m+n-1 V) =~
y@rtm - Using the isomorphism between V and V*, we can write this as
V*EM @ Y o2 Hom(VE™ V™) so D(End(V)) is at least a sub-dioperad

of the endomorphism dioperad.
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Again using Hom-Tensor adjunction and the isomorphism given by (,),
an element in Hom/(V®™ V") can be written as an element in Hom(V®mtn=1 V),
So D(End(V))(m,n) has all elements of the (S,,,S,,) bimodule of the endo-

morphism dioperad End(V')(m,n). O

Corollary 3.1.6. Let V be a finite dimensional vector space. A cyclic Coo

0
algebra structure on V' defines a Frobs, algebra structure on V.

Proof. 1t is known that a cyclic commutative algebra is the same as a (unital
and counital) Frobenius algebra, (see for instance [A]). One direction can be
seen by proving that the cyclic commutative operad goes to the Frobenius
dioperad.

Let Com be the commutative operad, where Com(n) is the one dimen-
sional space with trivial S,, action. This operad is generated by Com(2) with
the relation that all ways of repeatedly gluing C'om/(2) with itself are equiva-
lent. We see that D(C'om) is generated by D(Com(2, 1) and D(Comm)(1,2),
with the relation that any way of obtaining an element in D(Com)(m,n)
through gluing generators are equivalent. The Frobenius dioperad is de-
scribed in the same way, so D(Com) = Frob'.

A C operad, denoted (I'(Com), 9) is a cofibrant model for Com; that is,

I'(Com) is a free operad, with a differential such that (I'(Com),d) — Com
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is a quasi-isomorphism. Since D is an exact functor, when we apply D
to (I'(Com),d) — Com, we obtain a quasi-isomophism D(I'(Com),d) —
Frot°.

To show that D(I'(C'om)) is a free dioperad, we use DD(Com) as a model
for I'(Com), where D is the cobar dual functor. We claim D(D(Com)) is
isomorphic to D(D(Com)) = D(Frob®). To see this, note that D(D)(i, j) con-
sists of (i, j)-trees with vertices labeled by elements in Com and D(D(Com))(i, j)
consists of (i, j) trees with vertices labeled by elements in Com. Then we
see that

DDD(Com) = DDD(Com) = DD(Frob”)

which is a model for Frob?, dioperad.

3.1.5 Properads

If we want our model of Frobs, to include operations with genus, we need
to consider properads. Merkulov and Vallette define a functor which allows
us to do just that. Before describing the functor, some background on
properads is in order.

Roughly speaking, a properad consists of the information of a dioperad

along with composition rules that include genus. To describe such composi-
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Figure 3.4: A two leveled graph.

tions, we make use of graphs (possibly with genus) as opposed to trees. We
use the category of two leveled graphs.

Graphs will consist of a set of vertices V', edges E, and a global flow-
direction on the edges signifying inputs and outputs. Let In(v) and Out(v)
be the set of input edges and output edges at v. We assume that In(v)
and Out(v) are labelled by {1,2,--- ,|In(v)|} and {1,2,-- ,|Out(v)|}. The
global inputs and outputs will also be labelled. A 2-leveled graph is a directed
graph such that the vertices are divided into a top level and bottom level.
Denote the set of vertices in the top level by N; and bottom level by Ns.
We refer the reader to Figure 3.4. We let G be the category of graphs and
G? be the category of 2 leveled graphs.

The composition product X and connected composition product X is

defined in the same way as it was for two-leveled trees, except we consider
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all two-leveled graphs. It is shown in [[V], Prop. 1.8] that (S —biMod, X, I)
is a monoidal category. A properad is a monoid in the monoidal category
(S —biMod, X, I'). Alternatively, a properad P can be defined by giving an
associative composition pu : PX. P — P and a unit n : I — P. A properad
P is called augmented if there is a properad morphism € : P — I. Let

P = ker(e) and note that P = P® I. Let

(ENDLEACEND

s S

denote the sub S-bimodule of PX. P generated by the compositions of s non-
trivial elements on the top level with r non-trivial elements on the bottom
level.

The endomorphism properad End(V') is an example of a properad. Let
End(V)(m,n) = Hom(V®", V&™), The bimodule structure is given by per-
mutation of the variables. The composition End(V) X End(V) — End(V)
is given by composition of linear maps.

There is a forgetful functor from Properads to S-bimodules. The free
properad functor F : {S — bimod} — {Properad} is the left adjoint to this
functor. Theorem 2.3 in [V] gives an alternative description of the free

properad.

Theorem 3.1.7 ([V], Thm 2.3). The free properad on an S-bimodule V is
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given by the sum on connected graphs G with the vertices indexed by elements

of V
F(V) = (®geg. @ven V(|Out(v), [In(v)])) / ~ .
The composition u comes from the composition of directed graphs.

The universal enveloping properad functor U : dioperads — properads is
the left adjoint to the forgetful functor properads — dioperads. Let FO(V)

be the free dioperad on V and F'(V') be the free properad on V.

Proposition 3.1.8 ([MV], Corollary 45). Let D be a dioperad defined by
generators and relations D = F°(V)/(R), where (R) is the dioperad ideal
generated by R. Then U(D) = F(V)/(R), where (R) is the properadic ideal

generated by R.

The functor U is not exact, as is shown in [MV]. So even if a properad
P = F(V)/(R) is given by genus zero relations, it is generally not enough
to resolve the dioperad F°(V)/(R) and apply U to the resolution to obtain
a resolution for P as a properad. However, it is sometimes the case that
this process provides a resolution. It is the case when P is a contractible

properad.

Definition 3.1.9. A properad P is called contractible if it admits a model

(F(C),0%) =P, where 8° is the genus zero part of the free properad on C.
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Proposition 3.1.10 ([MV], Proposition 48). Let P = F(V)/(R) be a pr-
operad defined by genus zero relations, i.e. R C FO(V). The properad P
is contractible if and only if the dioperad D = F°(V)/(R) admits a quasi-
free dioperad resolution (F°(C),0°) =D such that the quasi-isomorphism is

preserved by the universal enveloping properad functor U.

Merkulov and Vallette also give a condition for determining when a pr-
operad is contractible. First a definition. Let P be a quadratic properad of
the form F(V,W)/(R® D @ S), where R ¢ F® (V) and S ¢ F® (W), and

DC(I@\WL)&AI@L)@(I@L)&C(IGB\M///).
1 1 1 1

Let A:=F(V)/(R) and B := F(W)/(S). A morphism of S-bimodules

AN (I® VI/)&:(I@ 11/)—>(Ie9 11/)&([69 VI/)

is called a distributive law if D is defined by the image of the map (id, —\)

and the following morhpisms are injective

A X, B —P (3.1.2)
O~

1 2

A XK. B —P (3.1.3)
2 1

Proposition 3.1.11 ([MV], Proposition 50). Let D = F°(V)/(R) be a

binary Koszul dioperad defined by a distributive law such that V' is finite
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dimensional. Then the associated properad P := F(V)/(R) is Koszul and

contractible.
3.1.6 Frobenius properad

We use Propositions 3.1.10 and 3.1.11 to show that the Frobenius properad
is contractible. Once this is done, we can apply the functor to the dioperad
resolution of Frob" and obtain a properad resolution of Frob. The Frobenius
properad is defined using the same generators and relations as the dioperad;
the difference is that we now have graphs with genus. So the Frobenius
properad is generated by an element in m € Frob(2,1) and A € Frob(1,2),
satisfying the same relation as the Frobenius dioperad.

Note that Frob® is defined by a distributive law. By Proposition 3.1.11,
the Frobenius properad Frob is contractible. We know that BiLie® and

Frob® are Koszul dual dioperads, and so

D(BiLie®) — Frob®

is a resolution. By Proposition 3.1.10, the quasi-isomorphism is preserved

when we apply the functor U : {dioperads} — {properads}.

Lemma 3.1.12. The Frobenius properad is contractible. So applying the
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composition of functors
{cyclic operads} LA {dioperads} LA {properads}

to a resolution of the cyclic commutative operad defines a properadic reso-

lution of Frob.

Proof. Apply Propositions 3.1.10 and 3.1.11 to the case when P = F'rob,
D = Frob®. The functor D is exact and U will preserve exactness since

Frob is contractible. O
3.1.7 Algebras over cyclic operads, dioperads, and properads

As mentioned earlier, operads, dioperads, and properads are used to model
algebraic structures on vector spaces. If P is a cyclic operad (or dioperad
or properad), then V' is a P-algebra if there is a map of cyclic operads (or
dioperads or properads)

P — End(V).

Let P be a quadratic dg operad (or dioperad or properad) and P' be
its quadratic dual. Then P is Koszul if D(P') — P is a quasi-isomorphism.
The interest in D(P') arises from the fact that P, algebras are algebras over

D(P'). That is, a chain complex A, is a P, algebra if there exists a map of
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dg operads

D(P') — End(A,).

Markl, in [M], shows that algebras over resolutions have properties that
one would expect a homotopy algebra to satisfy. For example, if a P
algebra A is chain equivalent to a chain complex B, then B is a P, algebra
and the chain maps in the equivalence extend to P,, algebra morphisms.
Sullivan, in [S], discusses generalizations of this feature to include dioperads
and properads.

We described two functors
1. D : cyclic operads — dioperads,
2. U : dioperads — properads,

which will be used to construct Frob?, and Frob, algebras. The first
functor D is exact, so it sends resolutions to resolutions. Furthermore, if
D(P') — End®¥°(A,) is a cyclic Py, algebra, then applying D to the cyclic
operad map results in a map of dioperads D(D(P')) — End’(A,). Since
D(D(P')) is a resolution for the dioperad D(P), the dioperad map defines a
D(P) algebra structure on A,.

The second functor is not exact in general, but in the cases we are

interested in, it will be. We see that a dg dioperad map D(P') — End®(A.,)
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gets sent to a dg properad map U(D(P')) — End(A.). When U does preserve
exactness, the dg properad map defines a U(P)o, algebra structure on A,.
Lemma 3.1.12 shows that the Frobenius properad is contractible. So if we
have a Frob, algebra structure D(BiLie") — End’(V), we can apply the
functor to obtain a (properadic) Frobs, algebra structure on V.

3.1.8 Partial algebras over cyclic operads, dioperads, and

properads

We will be interested in situations when the algebraic operations on the
vector space V have domains or ranges that are not V™. These situations
arise when looking at a coproduct on forms A; : Q*(M) — Q*(M x M) or
product on currents Ay : Curry(M x M) — Curr,(M). We will call such
objects partial algebra (coalgebra) structures, although there is a difference

between these objects and the partial algebras found in [W].

Definition 3.1.13. A domain for a cochain complex (A, d) is a sequence

of complexes {A;} such that
1. Ay =A,
2. A®? is a subcomplex of A;,

3. there is an S; action on A;, such that for i1 +---+i =i, A" @ ®
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A®% is an S; invariant subspace of A;,

4. S; equivariant maps A®" < A; and A; — A% whose compositions

induce the identity map on cohomology,

Given a domain {A4;} for (A,d), we can form partial endomorphism
operad (or dioperad or properad). The definition of domain so far in-
cludes an S,, action on A,,. Let End(A) be the bimodule End(A)(m,n) =

Hom(Ap, Ay,). Given any f: A; — Aj, we have a map
FrA® AL A A%

So if End(A) is an operad (or dioperad or properad), End(A) is an operad
(or dioperad or properad) using the maps in (4) as above to define the
composition maps. For example, for f : A;) — A; and g : A;, — Aj,, let

fi0j g be defined by
i1 fi0;G i1
Ai1+i2—1 _>A®z1+zz s A®31+32 — Aj1+j2—1-

We focus mainly on the partial endomorphism dioperad and properad.
The partial endomorphism dioperad is denoted End(A)%(m,n) = Hom(A,, A,),
(where the superscript 0 indicates only genus zero operations are consid-
ered). If P is a dg dioperad, then A is a partial P-algebra if there is a map
of dg dioperads, P — End°(A).
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Remark 3.1.14. This definition of domain differs from the one found in
[W]. In there, each A; is a subcomplex of A®?, and the main example is the
subcomplex of transversally intersecting chains in C,(M). The difference
is mostly formal and the methods used in one situation translates in an

obvious way to the other situation.

3.2 Transfer of structure and minimal models

3.2.1 Transferring A, and C,, algebras by a contraction

Let A and B be cochain complexes over a field of characteristic zero. A
contraction (f,g, H) consists of chain maps f: A — B, g: B — A, and a

chain homotopy H : A — A[1] such that
1. fog=Idg,
2. dAH—i-HdA:gof—IdA.

Let A be a Cy algebra with maps m7 : A[-1]®" — A[-1]. Then B
can be given a (' algebra structure such that g can be resolved to a Cy
map. We describe the transfer map using trees. Let T" be a planar tree with
n inputs and one output. Associate to the input edges the map g and the
output edge the map f. To each interior vertex of valence k associate the

map m?. To each interior edge associate the map H. Then T defines a map
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Figure 3.5: The tree above defines a map m’ : B®" — B given by f o

ms(Id® H® H) o (Id ® m4 ® ma) o g°7.

mL : B[-1]®" — B[~1]. We refer the reader to Figure 3.5 for an example

of a map defined by a planar tree. Then mZ is defined as the sum
B T
Y

trees T’
with n inputs

We can define maps G, : B[-1]®" — A[—1] in the same way as m>Z,

keeping all the same association of edges and vertices to maps, except asso-

ciating the output edge with the homotopy H.

Theorem 3.2.1 ([CG], Theorem 12). Let (A,m?) be a Cu algebra and
(f,g, H) be a contraction between A and B. Then (B,mZ) is a Cx algebra

and {G,, : B[-1]®" — A[-1]} is a Coo morphism.

This method of transferring structure works for A, and Cy, coalgebras

as well. The only difference is that trees with one input and n outputs are
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considered. Suppose {c, : A[—1] — A[—1]®"} is an A, coalgebra structure
on A. Then ¢? : B[-1] — B[-1]®" is defined as the sum of all maps cZ.,
where T is a tree with one input and n outputs.

Given a chain complex A with domain {A;} and a dg operad P, a partial
P-algebra is then a map of dg operads P — End(A). A partial Ay, algebra
structure on A with domain {A,} is then given by maps m, : A, — A
satisfying the same compatibility relations.

We want to transfer partial A, algebra structure by a contraction be-
tween A and B using the same methods described in this section. The
definition of a domain allows us to do just that. To a corolla with ¢ incom-
ing edges and j outgoing edges, we associate a map A; — A;. A general
tree is obtained by grafting an outgoing edge of one corolla with an incom-
ing edge of another corolla. We use the ;o; compositions, whose existence
is assumed in the definition of complex to define the partial endomorphism

operad End(A), to associate to an (n, m)-tree a map A, — An,.
3.2.2 Transfer of partial Frob’, algebra by a contraction

By definition of Koszul Duality, D(BiLie®) — Frob is a quasi-isomorphism.

Then a vector space V is a Frob?, algebra if there is a dioperad map
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D(BiLie®) — End(V). The complex D(BiLie®) is given by

Frof(mn) % @ FroV' (Ded(T) S @ Frol (T) @ det(T) % -
ledge(T')|=1 ledge(T)|=2
reduced (m,n) trees reduced (m,n) trees

The resulting trees have vertices labelled by elements in Frob’. We can
think of the left most term in this complex as (m,n) trees with no internal
vertices. The differential is induced by contracting internal edges.

There are equivalent definitions C, algebras, we look for an analogous
situation with F robgo. For our purposes, we look for analogous equivalence
of the following two definitions of a Cy, algebra structure on a vector space

V:
1. a C algebra on V is a map of dg operads D(Lie) — End(V)

2. a C algebra on V is given by maps {m,, : V[-1]®" — V[—1]}, which
vanish on the image of the shuffle product T'(V[-1]) ® T(V[-1]) —

T(V[-1]).

The second definition can be stated as saying a C algebra is an A, algebra
with the extra condition that the structure maps m,, vanish on the image
of the shuffle product. It is closely related to the map of operads Lie —
Ass — Com, and the fact that Lie and Com are Koszul.

We use the description of the Frobenius dioperad as Com [ Com®P to set
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up the analogous situation of C, algebras in the dioperad setting. Denote
the dioperad Ass [ Ass®? by NC Frob? since algebras over Ass [ Ass®P
are a kind of non-commutative Frobenius algebra. A vector space V is
an NC Frob° algebra if it has an associative product and a coassociative

coproduct, A, such that
A(ab) = a1y ® CL(Q)b = ab(l) & b(2).

Denote the dioperad Ass® [ Ass by eBi®, since algebras over this dioperad
are infinitesimal bialgebras. A vector space V is an infinitesimal bialgebra,
or ¢ bialgebra for short, if it has an associative product and a coassociative

coproduct such that
A(ab) = a1y @ a(2)b + (—1)|a|ab(1) & b(2)

By Proposition 3.1.4, NC Frob® and eBi° are Koszul dual dioperads. A

vector space V is an NC Frob, algebra if there is a dg dioperad map
D(eBi’) — End(V).

Such a map yields a collection of operations {m; ; : V[-1]¥ — V[-1]®},

such that for each i, j, the following equality holds,

[mij,d] = Z My j7 a Op My 1, (3.2.1)
i i =i—1
J'+i"=i-1
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where the sum is over all possible compositions ,0p in the endomorphism
dioperad End(V). When j = 1, the maps {m;} define an A, algebra
structure on V', and when ¢ = 1, {m; ;} defines an A, coalgebra. Now,
suppose each m;; vanish on the images of the shuffle product, and the
composition of m; ; with the unshuffle product is zero. That is, the following

compositions are zero:

T(V[-1)) @ T(V]-1]) " r(v[-1)) ™% V&, (3.2.2)

V-1 " T(V[-1))T(V][-1]) "B T(v-1]) @ T(V[-1]). (3.2.3)

Then {m;1} and {m, ;} define a C algebra and coalgebra structure. The
other compatibilities define a commutative Frob?, structure on V.

In Section 3.2.1, we showed how an A, or C algebra can be transferred
by a contraction. Then it was shown how to transfer a partial A., algebra.
In this section, we discuss how to transfer a Frobl algebra structure by a
contraction.

Let (A,,d) be a cochain complex, and suppose {m; ; : A®E Af?j} is an
NC Frob2, algebra structure on A,. Then given a contraction, with chain
maps [ : A, — B, g : B, — A,, and chain homotopy H : A, — B, we
can define maps mfj : B® B%7 via trees. That is, given a tree T' with

¢ inputs and j outputs, associate to the input edges the map g, the output
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edges the map f, the interior edges the map H, and the vertices of valence

(i',7") the map m; j». Denote the resulting map by mZT] : B® — B® and

T

let mfj be the sum of maps m; ; over all trees with ¢ inputs and j outputs.

Lemma 3.2.2. The maps {mfj} define a NC Frob?, algebra structure on

B..

Proof. We need to show that dmfj + mfjd is equal to the sum of compo-

and m% ., where i/ +4" =i —1and j' + j" = j — 1.

sitions over my i

The argument is similar to the one for transferring A, algebras. Consider
m;f':j and take [m;j;,d]. Using the fact that f and g are chain maps, and
(A,d,{m;;} is a Frob2, algebra, we can move the differentials inside the
graph, until it meets an interior edge. Then at the interior edge, we have
dH + Hd = go f — Ids. The trees with Ida cancel, because the trees we
are summing over compositions of m; ; and m;» j», and we A, is a F' robgo
algebra.

We are then left with trees with g o f. If we split the interior edge into
two trees, with the map f associated to the upper tree and g associated to
the lower tree, we see that the upper tree is exactly mZ;:j, and the lower tree
is mg,’:j,,. Since we are summing over all trees, in the sum we obtain mﬁ 7

and mﬁ - This is what we wanted. O
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Using the arguments in [CG], which showed that when (A, {m,}) is a
C algebra, then transferred structure on B, is a C» algebra, we have the

corollary.

Corollary 3.2.3. If (A.,{m;;}) is a Frob?, algebra, then (B, {mfj}) is a

Frob?, algebra.

The argument in Lemma 3.2.2 applies to partial structures as well, pro-
vided that we can associate a tree to a map on the domain of the partial
Frob?, algebra. This will be the case when A, = Q*(M) for A; = Q*(M*?)
and A, = Curr,(M) and A; = Curr,(M*?). We need to make use of kernels

and the Dirac delta distributions to define the maps.

3.3 Topological conformal field theories

Let M be a compact Riemannian manifold. Then Q*(M) is a differential
graded commutative algebra, so it is a Cy algebra. Let Har*(M) be the
harmonic forms. We show there is a contraction (p,inc, H) where inc :
Har*(M) < Q*(M) is the inclusion and p : Q*(M) — Har*(M) is the

projection onto the harmonic forms using the Hodge decomposition.
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We have the following operations
d: (M) — QM)
(M) — Q7 HM)
A:QY (M) — QY(M),

where A = [d,d*]. There is also an inner product («, ) = [ aAx3. We can

tA

express e~ as an integral

e Paly) —/Kt(%y)a(y);

where Ki(x,y) € Q*(M x M x RT). The operator e *2 is called the heat

operator and Ky(z,y) is called the heat kernel.

Definition 3.3.1. A heat kernel for A is an element
K € C®(R") Q" (M) @ Q" (M)

such that the convolution operator K; : Q*(M) — *(M) behaves like e 4
where t is the coordinate on RT. This means that

d
@KtQ = —AKtOZ

limK,ao = «.
t—0
When ¢t = 0, e 2 is the identity and at t = co, e ** is the projection

onto the harmonic forms. The chain map I?t is chain homotopic to the
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identity. Let L; = diK; € Q*(M x M). Then the chain homotopy is an

t AN
| @k
0

We denote the chain homotopy by Et.

operator whose kernel is

Lemma 3.3.2. Let A and B be operators given by kernels K and K' €

Q*(M x M). Then,
1. A is a chain map if and only if K is a closed form,

2. A and B are chain homotopic if and only if K and K' are cohomolo-

gous.

Proof. Suppose A is a chain map. Then

[A,d] = 0

1 [ Kapaty) - [ Kap)lda)@) = 0
/(dey /Kwydoz /Kwyda 2) = 0

/ (dK (z,y))oly) = 0,

so dK(z,y) = 0. We can reverse this to get the converse.
To prove the second part, it is enough to consider the case when A is

null-homotopic. Suppose K (z,y) is exact. Then there is a form J, such that
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(dy +dy)J = K. Let J be the kernel of some operator C. We need to show
that [d,C] = A.

Since X is closed, Stokes’s theorem implies fyGX dy(J(z,y)a)(y) = 0.

This is rewritten as

[@a.mat) = [ I@ia0).
Since (dy + dy)J = K, we see that
/%MWM@+/%MWM@==/K@WMM
Ao

/ﬂam%mm+/%ﬂ@wmm =

C(da) +dCa

Aa,

which is what we wanted. Again, the converse statement is proved by re-

versing the order of equalities.

The natural setting for this work on minimal models is on currents. Let
Curry(M) be the linear dual of Q*(M). We will define a one parameter
family of products and coproducts in which Q*(M) forms a sub-object.

Given o € Q*(M), let [o] be the current [a]3 = [,, o A 3. This defines

an inclusion Q*(M) < Curr,(M). We say [a] is a smooth current.

111



Kernels can be used to define maps on currents. Let K(z1,---,z;) be

an element in Q*(M*?). Given a current C, let
[?Lj(C) = [C(xj)Ki(xlv T 7x2)]

So K*i(C) is a smooth current in Curry(M>~1). The representing form
is obtained by applying C to the j* factor of K? € Q*(M*?). Note that
if C = [a], then K[a] = [Ki(a)], so that the definition of K’ on smooth
currents agrees with the definition of K on forms.

As they did on Q*(M), K; and L; define maps on Curr,(M). We keep
the same notation, I?t,it : Curry(M) — Curr.(M), and dft + th =

I?t - IdCurr~
3.3.1 Cellular differential forms

We now define a form on the moduli space of metrised ribbon graphs. Let
['(m,n) be the set of graphs with m incoming vertices and n outgoing ver-
tices, and let v € I'(m,n). We will use T' to denote a tree in I'(m,n). An
edge of v is external if one of its vertices are external and is internal oth-
erwise. To each edge e of 7, we assign a length I(e) € RT. We impose the
condition that a path which starts and ends at different outgoing external
vertices has positive length. Denote the possible metrics on v by Met(y).

Note that Met(7y) is (R1)I*)| where |e(7)] is the number of edges of .
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For each internal edge e of « there is a map
Met(vy/e) — Met(v),
whose image is the set of all metrics on v that take the value zero on e.

Definition 3.3.3. A cellular differential form w € Q¢ _,(I'(m,n)) assigns

cell

to each graph v € T'(m, n) a form w, € Q(Met(v),C) such that
1. wy is Aut(y) equivariant

2. for each internal edge e,
Wy /e = Wy |net(y/e)-
There is an integration pairing
/ . Cy(T(m, n)) @ Q. (T(m, n)) — C. (3.3.1)

We view I'(m, n) as a topological symmetric monoidal category as fol-
lows. The obejcts are the non-negative integers. The morphisms come from

the continuous gluing maps
I'(l,m) x T'(m,n) — T'(l,n).
And the monoidal structure comes from disjoint union,

I(m,n) x T(s,t) = T'(m+ s,n+1t).
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We wish to consider chains on I'(m,n) with coefficients in a local system,

det. For v € I'(m,n), let det(y) be the relative cohomology group of ~,
det(v) = T XNV det(H* (v, [n))).

With this background, we can define a form. Consider @ = a3 X --- X

am € Q*(M*™). For each edge e, let w. € Q*(Met(y)) ® Q*(M x M) be
we = Ky(ey + dl(e) Lye)
if e is not an incoming external edge, and
(1P Dlel(fy )+ di(e) Lyey) o

if e is an incoming external edge with external vertex i.

To each edge e there is the two element set of half-edges H (e). Further-
more, since the edges are directed, there is an isomorphism from H(e) to
{0,1}. This allows us to view w, as an element in Q* (Met (7)) @Q* (M *H(€)),
Let H () be the set of half edges of . We denote the tensor product of all

we to get

Ky (a) = ®ccpwe € Q" (Met(y)) ® Q* (M HO),

For each vertex v € ~, let H,(7y) be the set of half edges at . Since

there is a cyclic order of the half edges, we can multiply the forms at the
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half-edges and integrate. This defines a map
Try : Q5 (M*0)) 5 (M) Iy ¢

Applying T'r,, at each vertex v € V() \ {outgoing vertex}, then, defines an

element

K’Y (a) = ®U6V(7)\{Uout}TrvK’y (a)

Lemma 3.3.4 ([Cos|, Lemma 4.5.1 ). K,(«) is non-singular. There is a
map

Ky Q5 (M)®" — Q" (Met(y)) ® QF(M)®™
that commutes with the differentials.

Lemma 3.3.5 ([Cos], Lemma 4.5.2). For all o € Q*(M*™),

KW(O‘) ’Met('y/e) = K’y/e(a)‘

Theorem 3.3.6 ([Cos|, Theorem 4.5.4). There is a symmetric monoidal

functor C, (T, detP¥" M)y — Compe sending

where ¢ is a chain in Cy(I'(m,n), det? M) and [.. is the integration pair-

ing between Cy(I'(m,n)) and

cell

(T(m,n)).
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3.3.2 Subspaces of the moduli space

We consider certain subpsaces of the moduli space of metrised graphs and
the cellular differential forms K, of the graphs in this space. Associating the
graphs with maps on Q*(M) and integrating over the subspaces will define
the Frobenius algebra we need.

For example, consider the subspace of trees, i.e. genus zero graphs, with
n inputs and one output. Furthermore, consider the metrics which take fixed
values on the inputs and outputs, but varying between [0,¢] on the interior
edges. For n = 3, there are three graphs and the moduli space of metrics is
a one parameter family. The form Kp, where T' € I'(3,1) in our subspace,
is exact, since it is a one form on R. The moduli space I'(3,1) is described
as the interval [—t,t], where s € [—t,t] represents the metric which takes
the value s on the interior edge of the binary tree, and where 0 represents
the three corolla. See Figure 3.6 for a description. For n = 4, the moduli
space is a pentagon. Continuing in this way, we obtain cells of the Stasheff
associahedron.

We obtain a Cy, algebra structure on Q*(M) by taking the cellular dif-

ferential form K, and integrating over the above cells in the moduli space.
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Figure 3.6: The subspace of the moduli space I'(3, 1), where the metrics take
the values in [0,¢] on the internal edge, can be identified with the interval
[—t,t]. The metrised (3,1) trees associated with the points —¢, 0, and ¢ in

[—t,t] are drawn above.

Integrating over these cells define maps m/!, for each n, given by

mt  QF(M)®" s QF(M)

A= ® - Qa, /Kw(oz).

The map mb(a, B) = IA(ta /\IA(tﬁ is strictly commutative but associative only

up to homotopy. The homotopy is given by

mi (e, B,7) = mb(Lemb(av, B),7) + mb (e, Limb(8,7)).

The definitions of the higher maps proceed in much the same many as trans-
fer of structure described in Section 3.2.1, where the contraction is given by
f= I?t, g = Id, and chain homotopy Et.

The form K, is exact, and so we can use Stokes’s theorem to describe

the boundary of m!,. The boundary consists of integrating over cells of one
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¢

lower dimension, which can be described as compositions of m! and m;,

where 7 + j — 1 = n. These are precisely the relations for an A, algebra.

3.4 Constructing a partial F'rob’, algebra on Curr,(M)

3.4.1 Double forms Q*(M x M)

We will briefly review some topics on Q*(M x M). The reader can find the
material in de Rahm’s book [DR]. A differential form v € Q*(M x M) can
be viewed as a differential form in Q*(M) with values in Q*(M). That is,
given local coordinates (x1,- - ,x,) for U C M and (y1,- - ,yn) for U' € M,

~ can be expressed as the sum
> Biyeigda™ A Adar,
where 3;,...1, is a form that can be expressed as the sum
chl...jqdyjl Ao Ady't,

where c¢j, ..., are real numbers. Then « is a p+ ¢ form, and can be expressed
by
V(x, y) = Z Ciy-vipji-iq (d.’E“ ARERRA dxip)(dyjl ARERRA djjq)'
The wedge product y(z,y) A+ (x,y) is defined in the obvious way, mul-

tiplying the dx terms and dy terms. We can also define the wedge product
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v(z,y) A a(x), where a(x) € Q*(M), where we use ony the multiplica-
tion in the dx coordinates. Given «a(z) and S(y), we have the double form
a(z)B(y) € Q*(M x M), which we refer to as the cartesian product of the
forms.

In Q*(M x M), we can take the differential in a single coordinate. We

denote it d, or d,, and we have the relations

dydy = dyd,.

Similarly, given a chain in one of the coordinates, we can integrate the form

in that coordinate, [

c. @(z,y), which defines a form in Q*(M).
3.4.2 Domain for Curr,(M)

To define a partial structure on Curr,(M), we need to specify a domain first
(defined in Section 3.2.1). Consider {Curr.(M**)}. Note that Curr, (M) —
Curr,(M*") is a quasi-isomorphism, since over field coefficients, H, (M )" =
H.(M*?%). There is also an S; module action, induced by permuting the fac-
tors M,

We need to define compositions of maps Curr,(M**) — Curr,(M>7),

for various i,j > 0. This is achieved using kernels Q*(M *™) and the Dirac
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delta distribution, denoted IA(O. A distribution is a O-current, i.e. the linear
dual of smooth functions. It defines a map on forms by taking a local repre-
sentation for a form and acting the distribution on the coordinate function.
Currents are distribution-valued forms. Since distributions, in general, can-
not be multiplied, they do not define maps on currents. We must be careful
when using the Dirac delta distribution to define maps and make sure it is
only applied to smooth distributions.

Given maps m;, 1 : Curry(M*") — Curry(M) and my, 1 : Curr (M*%2) —
Curry(M), we define a map Curr,(MT2=1) — Curr,(M) as follows. Ap-
ply the map m;, on the factors of Curr,(M>*"12=1) a5 given in the compo-
sition and apply IA(t to the remaining factors. This will give us an element
in Curr,(M*) to which we apply m;,. Note that the condition ¢t > 0 is
necessary, since Ky is a distribution and cannot be applied to an arbitrary
current. Since [?t is chain homotopic to the identity, this change is manage-
able for our work on minimal models.

Similarly, we can define compositions of maps my j,,m1 j,. In our case,
the maps mq; will land in smooth currents, so we can apply the Dirac delta
distribution to the factors.

To define the Frob?, algebra, we will have maps m; ; : Curr,(M*?) —
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Curr,(M*7). These maps will be compositions of maps of the form M1,

mq; and it. The definition of composition extends accordingly.
3.4.3 Partial Frob’, algebra structure on Curr,(M)

To define a F' robgo algebra structure on Curr.(M), we need to define a dg
dioperad map

D(BiLie®) — End’(Curr.(M)).

We first define the map on BiLie? C D(BiLie®). Since D(BiLie") is a free
dioperad, the map on BiLie® extends to D(BiLie®). We then show that the
map respects the differentials, which finishes the definition of the EFrob?
structure.

To define a map mf ;1 Curro(M 1) — Curry(M*7), consider all binary
trees with ¢ inputs and j outputs, with the equivalence relation as in the

free dioperad construction. To each such tree there is a map
mzj : Curry (M)®" — Curr, (M*9),

obtained by identifying the input and output edges with IA(t, the vertices
with A or A; as determined by the valence, the internal edges with ft.
Before showing that the maps mf j defines a Frobgo algebra, we consider

the cases when ¢ or j is equal to one. When 5 = 1, we have a partial
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algebra structure. The multiplication m} ; : Curr.(M x M) — Curr.(M) is
obtained as follows. Given a double current Ax B € Curr,(M x M), the heat
kernel K; x K is applied to Ax B to obtained a smooth double current [ax 3].
Then the representing forms are wedged, so that mj (A x B) = [aAf]. Note
this product has degree —d, where d is the dimension of M. The higher
maps m;l are obtained by a process similar to the one found in Section
3.2.1, and as such defines a partial C's, algebra. Note that m;l has degree
—(i—1)d+ (i—2), since i — 1 is the number of times the degree —d operation
is applied, and ¢ — 2 is the number of times Et is applied (internal edges).
We can continue the reasoning for mj ; : Curr.(M) — Curr.(M>7).
The map th2 : Curr(M) — Curry(M x M) is obtained by applying the
Ay Curri (M) — Curry (M x M) and then flowing the outputs for time ¢.
The map is a degree zero. The higher maps mﬁ,j is defined by compositions
of mtm and chain homotopy Et. We then obtain a partial C'w coalgebra
structure on Curr,(M). Note that mij has degree j — 2, since j — 2 is the
number of interior edges, which counts the number of times Et is applied.

In general, mf is obtained by compositions of m’il, mi 5, and L. This

J

means that mj ; has degree —(i —2)d + (i +j — 3).

0
Theorem 3.4.1. The maps {mg’j} define a Frob,, algebra structure on
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=<
P

Figure 3.7: The cell in I'(2,2) obtained by considering metrics which take

values in [0,¢] on the internal edge is identified with the interval.

Curry(M).

Proof. To show that the necessary relations are satisfied, we view the maps
as obtained by integrating over the moduli space. The map mgg is obtained
by considering the binary trees with two inputs and two outputs. There are
two such trees, after identifying trees by the equivalence relation in the cobar
complex. The two trees have one internal edge, and when the metric takes
the value zero, the two trees are identified in the moduli space I'(2,2). The
cell is identified with [—¢,¢] as shown in Figure 3.7. Then by = f[_m] K,.
The boundary of this map is is given by (ma; ® 1) o (1 ®mi2) —mi20ma;
as desired.

Because the maps mg ; are defined by compositions of mgl, miQ, and Et

and the relations for a Frobs, algebra (3.2.1) require the boundary of mf ; to

be compositions of lower operations, we can apply an inductive arguement

123



to show the rest of relations are satisfied. O

We obtain a minimal model for (Curr.(M), {mf] ) by considering the
contraction Koo : Curry (M) — H,(M), inc : H.(M) — Curr,(M), and
EOO, where the inclusion is given by choosing the harmonic form «, such
that the smooth current [«] represents the homology class. Then we can
transfer the structure over to H,(M). This process defines a F'rob., algebra
structure on H, (M), since H,(M*?) = H,(M)®".

For different s,t > 0, we have different F'rob,, algebras on Cur,(M).
But they induce the same F'rob., algebra on H,(M). To see this, it suffices

to show it for m!; and m} ;» since the rest of the maps are described in

terms of these maps.

Lemma 3.4.2. Let s,t > 0. Suppose {m},} and {m$,} are the Cs algebra
structures on H.(M) for the minimal model for (Curr.(M)). The maps mj
and m;, are equal for each i. Similarly, the maps Coo coalgebra structure

on H.(M) given by {m{ ;} and {m3 ;} are equal.

Proof. The definition of mil and mj ; uses the inclusion H, (M) — Curr.(M),
so we will be looking at smooth currents [a] where « is a harmonic form.

The proof uses the following facts:

1. for a € Har*(M), K;(a) = o, since a € Ker(A) and K; = e~ 2,
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2. for o € Har*(M), L¢() = 0, since
N t t
Lie) = [ @' Rufe.p)laydu = [ d'(@)du=0,
0 0
3. for an exact form do, Ly(da) is exact, since

Lido) = [ )ty @wan=a [ aKat.aw)).

To show that m$, : Ho(M)®" — H.(M) and m}, : H,(M)®" — H.(M)
are equal, it suffices to show that the maps associated to the i-corollas are
zero for n > 2.

Recall that mj, : Curri(M*") — Curry(M) is defined by taking the
sum over all binary trees with ¢ inputs and one output. We start with
ai, -+ ,a; € Har*(M) and apply A; and Et in the order prescribed by the
binary tree. The first fact implies o; Ar ¢ = o; A j. The wedge product
is not harmonic, but since it is closed, it can be written as the sum of a
harmonic form and exact form. Then the second and third facts imply
Et(ai A a;) is exact. So when we do perform the operations associated with
the binary tree, we end up with an exact form. In cohomology, this map

from H,(M)®" — H,(M) is zero, as desired.

The same reasoning applies to the coalgebra maps. ]
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3.4.4 Sub partial Frob’, on Q*(M)

The maps mf] . Curry(M*") — Cury(M*J) send smooth currents to
smooth currents. This means that the smooth currents, Q*(M) — Curr, (M),
are a sub-Frob. algebra of Curr,(M). We wish to show a stronger state-
ment. That when we dualize Q*(M) and its Frob,, algebra, we obtain the
Frob. algebra structure on Curr,(M).

This statement almost follows by construction. Note that m%@ s Q% (M x

M) — Q*(M) is given by the composition

O (M x M) 5255 o0 (v < M) P Qr ().

~

Restricting to the subset (M) ® Q*(M), we see that mj | (a, f) = Ki(a) A

I?t(ﬁ). When we take the linear dual of m} ,, we obtain
Curr.(M) Diag- Curry (M x M) S Curry(M x M),

which is exactly the definition of mj 5 : Curry(M) — Curr«(M x M). The
main work was in defining the partial structures appropriately. It did not
seem necessary to define a partial algebra structure on Q*(M), since it is
possible to define an honest algebra structure. But this would not allow for

an easy comparison to Curr,(M).
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Proposition 3.4.3. Let (Curr.(M),{mj;}) and (Q (M),{mfj }) be the

Frob®, algebra structures defined above. Then the linear dual mf’jﬂ* : Currye (M) —

t

Curry(M*?) is equal to mj;.

Proof. The proof is immediate from the constructions of the structure maps
for the Frob?, algebra structures on Q*(M) and Curr.(M). Note that mf?
is the restriction of mj ; : Curry (M%) — Curr,(M*9) to Q*(M*?), viewing
an element in Q*(M*?) as a smooth current. But currents are covariant and
differential forms are contravariant. So if we have a map f; j : M** — M*J,
on forms we get an induced map Q(M**) — Q*(M>J) and thinking of forms

as smooth currents, we get the linear dual Q*(M>*J) — Q*(M*?). O

3.4.5 Comparison with another F'rob,, algebra

In [W2], Wilson defines a minimal model on the Frobenius algebra of differ-
ential forms. For a resolution of Frob, he uses the cobar-bar construction,
denoted QB(Frob). The set-up is different from ours, and so a few defini-
tions are needed before we describe the construction.

A coproperad C'is a comonoid in (S — bimod, X, I). This data consists

of two morphisms,

1. a morphism A : C —» C XK. C
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2. a counit morphism n: C — I.

In algebra, the linear maps from a coalgebra to an algebra is an algebra.
Similarly, for a coproperad C' and a properad P, the morphisms Hom/(C, P)

is a properad. The properad multiplication is a map
Hom(C, P)X. Hom(C, P) — Hom(C, P).

Suppose we have a two levelled graph, where the vertices in level one are
labelled by maps f; : C' — P and the vertices in level two are labelled by

maps gj : C'— P. The product is then the composition

p:cAor,c V) pgp L p

where the middle map is obtained by applying f; to the i** vertex in level
one and g; to the gt vertex in level two. If C' and P have differentials,
Hom(C, P) has a differential defined by pre and post-composing with the

differentials,
D(f)=dyo f—(~1)/If o de.

A twisting morphism in Hom!(C, P) is amorphism 7 : C — P satisfiying

the Maurer Cartan equation
D(7) + p(r,7) =0.
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Denote the set of twisting morphisms by TW (C, P). The bifunctor TW (—, —)
can be represented on the left and the right using cobar and bar construc-
tions, as we describe in Proposition 3.4.4.

The bar construction is a functor

B : {aug. dg properads} — {coag. dg coproperads}.

For a properad P, B(P) is the cofree coproperad F“(P). As an S bimodule,
F¢(P) is the same as the free properad F'(P). There are two terms for the
differential. The bar differential, denoted dg is the unique co-derivation
that extends the partial product of P. The differential on P induces a
differential on B(P), which we denote by d,,.. The total differential is then
the sum dg + dp.

The cobar construction is a functor

Q2 : {coag. dg coproperads} — {aug. dg properads}.

For a coproperad C, Q(C) is the free properad F(C'). Again, there are two
terms for the differential. The cobar differential, denoted dg, is the unique
derivation that extens the partial coproduct. The total differential is then
the sum dg + dp. The following propisition relates twisting morphisms to

the cobar and bar constructions.
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Proposition 3.4.4 ([MV], Prop. 17). For every augmented dg properad
and every coaugmented dg coproperad, there is a canonical one to one cor-

respondence
MOng pmpemd(Q(C)7 P) = TW(07 P) = MOng copraperad(ca B(P))

Using the bar construction, we can define the Koszul dual coproperad
of a properad P. The coproperad B(P) has a dual grading given by the
number of vertices of the graph and the total grading of an element in
B(P). Let By, (P)) denote the elements of degree p in B(P) represented
by graphs with s vertices labeled by elements in P. Then dp(By) (P)P))

B(p_l)(P)(p). The Koszul dual coproperad, denoted P!, is defined as
Pl = Hy)(B.(P)?, dp.

The properad P is a Koszul properad if the natural inclusion P! — B(P)
is a quasi-isomorphism. We can apply the cobar functor to the morphism,
to obtain a map Q(P?) — QB(P). There is a canonical quasi-isomorphism
QB(P) — P, and so if P is a Koszul operad, there is a quasi-isomorphism
Q(P1) — P, which resembles the previous definition of Koszul duality. In
fact, Pi — B(P) is a quasi-isomorphism if and only if Q(Pi) — P is a

quasi-isomorphism, ([MV], Thm. 7.6).
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The construction in [W2] proceeds as follows. First, it is shown that there
is an inductive sequence of obstructions to defining a morphism of properads
QB(P) — Q. Using Proposition 3.4.4, we see that the obstructions are given

by defining a twisting morphism B, (P) — @, and inducting over s.

Theorem 3.4.5 ([W2], Thm. 3). Let P be a dg properad with zero differen-
tial. Let Q be any proeprad. There is an inductive sequence of obstruction

to defining a morphism of properads
¢ :QB(P) = Q.

The next step to defining a Froby, structure on differential forms is
to show that the obstructions vanish in the case P = Frob and @ =

End(Q*(M)). This step is done in [W2].

Theorem 3.4.6 ([W2]. Thm. 4). There is a morphism of properads
QB(Frob) — End(Q*(M)),

inducing the Frobenius algebra structure on cohomology H*(M).

We now compare this construction of a Froby, algebra to the one in this
paper. First, we restrict our attention to dioperads- since it is enough to
show it in this case and then apply the functor from dioperads to properads.

In the previous section, we defined a map D(BiLie) — End®(Q*(M)). Let
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BiLie# be the codioperad dual to BiLie®. Then our construction defines a
map

Q(BiLie") — End®(Q*(M)).

By Proposition 3.4.4, this is the same as a twisting morphism BiLie# —
End®(Q*(M)). By Koszul duality, we have a quasi-isomorphism BiLie# <

B(Frob®). So we have a twisting morphism
BiLie® < B(Frob®) — End’(Q*(M)).

If we pass to cohomology, we get a twisting morphism B(Frob®) — End®(H*(M)).
We have shown that our construction of a FrobY, algebra structure on
Q*(M) can be obtained by following the obstruction theoretic approach in
[W2]. However, there are choices involved in showing the obstruction van-
ishes. In particular, there is a coproduct A : Q*(M) — Q*(M x M) in [W2]
which differs from m'i?Q for any value for . The previous argument above
and the uniqueness of minimal models implies that these two coproducts
induce the same map on H*(M). We give a more direct proof of this fact.
The coproduct in [W2] is defined as follows. Let T' € Q2" (M x M) be the
Thom class of the diagonal in M x M. Recall that T is a closed form, whose
cohomology class is Poincar/’e dual to [M] € H, (M x M). Also, note that

T = Kj, the heat kernel at ¢t = 1. Let p; : M x M — M be the projection
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onto the it" factor. The coproduct is then defined as

(vi+73)/2

A (M) (M x M) L (M x M), (3.4.1)

1. These maps are not equal on dif-

Note that the degree agrees with m'i:
ferential forms, but they induce the same maps on cohomology. To prove
this, first recall the following “naturality” statement about the cap product,

which can be found in ([H], Ch. 3.3). If f : M — N, then the following

diagram commutes

Hi(M)®H) (M) —"— H;_;j(M)

p*l pﬁ p*l (3.4.2)

Hi(N)®H/(N) —"— H;_j(N)

Lemma 3.4.7. The maps A*,m}:; : H*(M) — H*(M x M) agree.

Proof. We consider the diagram in the case when we take [M] € H, (M) to
be the element in homology for the cap product. Let [D] € H,(M x M) be
the diagonal in M x M. For ease of notation, denote (pj + p3)/2 by p* and
similarly for p,. Note that p.[D] = [M]. Also, recall that [D] is Poincar/’e
dual to [T] € H"(M x M). Then for a € H’(M), we have the following

diagram:
[D]®@p*a —— [D]Np*a

L !

M@ a —— [M]Na.
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Note that [M]Na € H,—;(M) is Poincar/’e dual to a. Also, we can turn
the rightmost arrow upwards using the map Diag.. To get the the coproducts
mfiz and A*, we add a layer to the diagram to obtain the following

[T) ®@p*a A pfaAT

P.D.Mle l: TP.D.]T/leM

[D]®p*a —— [D]Np*a (3.4.3)

P J{ p* T TDiag*

M]® a —— [M]Na.

Note that following a in the diagram
a— [M]Naw Diag.([M]Na) = P.D.}}, ,,Diag.([M] N a)

is the definition of mi’:;. Also, following a in the diagram in the other direc-
tion

a—p(a)—panT

is the definition of A*. The commutativity of the diagram then proves the

lemma. O

Remark 3.4.8. In Section 3.4.4, we showed that Q*(M) was a sub-Frob?,
algebra of Curr,(M). The coproduct A : Q*(M) — Q*(M x M) is not part

of a sub-F robgo algebra. We could define similar maps
Diag« nT
Curry(M) =" Curr,(M x M) = Curr,(M x M),
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where NT' is the cap product with the Thom class. In general, for A €

Curri(M) and o € Q(M), AN« € Curr,_;(M) acts on 8 € Q' by
(ANa)p:=Ala A p).

In our situation, 7" is a form in Q"(M x M) and the currents, being push-
forwards of currents in Curr, (M) are in dimension ¢ < n. So for dimension

reasons, the coproduct will be zero except for Curry,(M).

3.5 Homotopy invariance of the F'rob,, algebra

We now have two ways of obtaining a minimal model for the Frobenius al-
gebra on Curry (M) and Q*(M). We can transfer the Frob., algebra struc-
tures on Curr,(M) and Q*(M) given in the previous section to homology
and cohomology by a contraction. The contraction is given by using the
heat kernel for t = oo to project onto the harmonic forms. The chain map
in the contraction is Kao : Q*(M) — H*(M) with chain homology Lo, and
similarly for currents. The transfer of structure was described in Section
3.2.2.

The second way to obtain a minimal model is to consider the cyclic

C algebra structure on H*(M). The C algebra is induced by the wedge

product on differential forms (A or equivalently A in our notation), and the
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cyclic structure is given by Poincar/’e Duality. Applying the functor
D : cyclic operads — dioperads

to the map cyclicCoy — End(H*(M)) defines a Froby algebra on H*(M),
as described in Section 3.1.4. Since Poincar/’e duality and C, algebra on
H*(M) are homotopy invariants of M, showing that the two minimal models
are the same proves the main claim of the chapter.

We break the proof up into four statements relating the various algebraic

structures on currents and forms.

L (Curry(M),{m] ;}) is a Frobd, algebra. The differential forms Q*(M)

is a sub-algebra of Curr,(M).
2. The linear dual of (Q*(M), {mﬁd ) is (Curry(M), {m;j ).

3. The minimal model for (*(M), {m ;}) is a Frob?, structure on H* (M)
and the minimal model for (Curr.(M), {mfj}, ) is a Frob?, structure

on H,(M). These models are dual to each other.

4. The Poincar/’e Duality isomorphism from H*(M) — H,(M) identifies

the structure maps {mf]} in the minimal model for H*(M) with the
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structure maps for H,(M). That is, the following diagram commutes

Statement (1) is a summary of the work in Sections 3.4.3 and 3.4.4, where
we constructed Frob., algebras. Statement (2) is proved in Proposition
3.4.3. Statement (3) is the same as (2) after passing to minimal models.
That is, (3) is a corollary of 3.4.3. Finally, statement (4) follows from
the fact that the cup product on cohomology and intersection product on

homology are Poincar/’e dual operations.

Theorem 3.5.1. The Frobs structure on H*(M) induced by TCFT on

Q*(M) is a homotopy invariant of the manifold.

Proof. We show that the Frob, structure on H*(M) is induced by the cyclic
Coo on H*(M). The Co structure on H*(M) is obtained by transferring the
commutative algebra structure (2*(M), A) to H*(M). The cyclic structure
is given by capping with the fundamental class [M]. Since the Cy structure
and N[M] are known to be homotopy invariants, showing that the two Frobs

structures are the same proves the claim.
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Lemma 3.4.2 shows that the maps m; : H*(M)®* — H*(M) are equal
to the maps mf, : H*(M)® — H*(M) given by the minimal model for
(Q*(M), At). We write the maps m; as m; 1.

The dual of m;y : H*(M)® — H*(M) is a map c1; : H. (M) —
H,.(M)®. By statement (3), {c;} defines the coalgebra maps in the Frob?,
structure on H,(M) coming from currents. Using Poincar/’e duality iso-
morphism between H*(M) and H,(M) and the maps {c1; : H (M) —
H.(M)®}, we obtain maps {mi; : H*(M) — H*(M)®'}. By statement 4,
these maps are the coalgebra maps in the Frob, structure on H*(M).

So far, we have shown that m;; = mf,1 and my; = mﬁj We need to
show that this is true for general map m; ; : H*(M)® — H*(M)®J. Recall
that m} ; is defined by compositions of {mf,’l} and {m’i’j,}. Looking at the
definition of the functor D : {cyclic operads} — {dioperads}, we see that
the same is true for for m; ;. That is, m; ; is also defined by compositions
of {my 1} and {m; j}. So we see that the two Froby, algebra structures on

H*(M) are the same.
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