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Loops, Waves, and an “Algebra” for Heegaard Splittings
by
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Advisor: Prof. Martin Bendersky

In this thesis, I consider an algebraic structure involving isotopy classes
simple closed curves (circles) on a closed orientable surface F. We may
consider ' to be the boundary of a handlebody H of genus g. I relate
this to Heegaard splittings, (H1, Hz, F'), of closed orientable 3-manifolds,
M. The operations of this structure are used in the proof of topological
results. In particular, [ prove results about reducibility of splittings, char-
acterization of loops on F bounding disks in H (i = 1,2), and properties
of iterated connected sums. I also give a presentation of a subgroup of
MCG(F) which preserves the number of waves of a given splitting, and
use this to reprove a result of Homma, Ochiai, and Takahashi. A number
of algebraic relations in the structure are detailed and some questions are

asked about further connections between the algebra and the topology.
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0 Introduction

In this thesis I consider an algebraic structure for simple closed curves on the boundary F, of a
handlebody H, of genus g, and relate this to Heegaard splittings of closed orientable 3-manifolds,
M. Chapter 1) gives some background information regarding Heegaard splittings, and the mapping
class group MCG(F). In Chapter 2) I give a definition of a “quandle” as described in [Kauffman],
and show that the collection P, of isotopy classes of simple closed curves, (circles) on F forms a
quandle, with the action of MCG(F) via Dehn twist on the circles of P. I then introduce some
further operations on P, including connected sum of circles, and another operation v, which turns
out to be an inverse of the connected sum operation, when it is defined. The structure consisting
of the collection of isotopy classes P, together with the operations Dehn twist, connected sum,
and the others, I call the extended quandle. The remaining portions of this section, and of the
beginning of the next section, are devoted to giving some algebraic relations among the operations
in the extended quandle.

The last segment of Chapter 3) gives a theorem, Thm. 3.1) which relates an algebraic condition
for iterated connected sums of circles on F', to the topological imbedding of these circles in F. This
then, is the beginning of some topological ramifications of the algebraic structure. In the next
chapter, I look more deeply at some of the other properties of the connected sum operation and
prove Thm. 4.1), which characterizes circles on F = §H which bound disks in H, as connected
sums of “meridian” circles on F. Some algebraic corollaries to a theorem of [Casson, Gordon]
follow from this.

In Chapter 5) the idea of a “wave” for a Heegaard splitting is introduced. Existence of waves,
for a splitting, was shown in Ch. 3) to essentially correspond to the ability to find inverses of
connected sums of circles on F. A theorem of [Starr] also gives a correspondence between waves
and compression disks. Using these, we prove Thm. 5.1) which says that if a splitting has a
collection of waves which kill the genus of a subsurface, then the splitting is reducible, i.e. there
is a 2-sphere which meets the splitting surface F in a single essential circle. A partial converse
is also proven. The remainder of the chapter is given over to further exploration of waves, and
their effects on splittings. Ilook at a subgroup of MCG(F) which preserves the number of waves
associated to a given splitting, and Thm. 5.3) characterizes and gives a presentation for this
subgroup. This subgroup and its properties are then used to reprove a result of [Homma, Ochiai,
Takahashi]; Among genus 2 splittings of S3, all but the standard splitting, admit waves.

The final chapter examines some further algebraic structures that arise from consideration of

the extended quandle, and draws some parallels (perhaps questionable) between these and some
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known algebraic and topological structures. Also, a number of further questions and avenues of

inquiry are proposed.
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1 Background

1.1 Heegaard Splittings

We will use Heegaard splittings to construct closed orientable 3-manifolds from pairs of homeo-
morphic handlebodies of genus g. In particular, let H; and H2 be two copies of a handlebody of
genus g. Let 0H; = 8H, = F, a closed surface of genus g. Consider a collection of g meridian
disks in Ha, m;, as shown in Fig. 1.1, along with their boundary circles. (waist curves w; are also

shown)

H1 H2

CoG

Fig. 1.1)

We form a Heegaard splitting of genus g for a (closed orientable) manifold M, using the handle-
bodies H; and H, and the surface F, by glueing H; and H; along F via an orientation reversing
homeomorphism. Thus we form M = H; |Jp H2 so that the ineridian circles of Hj are glued to g
disjoint, simple, closed, nonseparating curves on F = @H;, called characteristic curves. Fig. 1.2

gives some examples.

yields L(3,2) # (L(3.,1)

Fig. 1.2)

To view this construction in another way, take the handlebody H; with g simple closed curves

on it’s boundary F, and glue g 2-handles to these curves, identifying the boundaries of the core
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disks to the curves. Finally attach 3-handles to the boundary of the resulting object, capping off
any boundary spheres. A 3-manifold is completely determined by specifying a splitting surface M,
the g characteristic curves, corresponding to disks in H,, and g simple closed curves corresponding

to disks in Hy. For the moment we will take these latter curves to be the g meridians of Hj.

Definition 1.1 The Heegaard genus of a 8-manifold is the minimum genus of the splitting surface

F for M over all possible splittings for M.

For example, S° is the only 3-manifold with Heegaard genus 0, and is created by glueing two copies
of B3 along their boundary spheres. The lens spaces L(p, ¢) all have splittings with splitting surface
F = T2 the torus, and hence have Heegaard genus 1.

One of the difficulties arising out of the representation of 3-manifolds via Heegaard splittings
is that a given manifold M will have an infinite number of representations through surfaces of
different genera. Even if we restrict attention to surfaces of a particular genus, we have many
different options for the characteristic curves of the splitting. The curves of one splitting of M, on
F, may not be in the same isotopy class (on F' ) as the curves of another splitting of M. It is clear
though, that manifolds arising from choosing one or another curve in a given isotopy class, are
homeomorphic. As we see however, there is generally a massive nonuniqueness of representation.

In the mid ’30’s , Reidemeister and Singer developed “ moves” that allowed passage between
one Heegaard splitting of a manifold M and another, i.e. moves that preserve the homeomorphism
type of the underlying manifold, while perhaps changing the characteristic curves and possibly
the genus of the splitting. The moves are as follows, and some are illustrated in Fig. 1.3. See also

[Singer].
1. change orientation of a characteristic curve

2. take a connected sum along a path < ( disjoint from all other curves), which joins any pair
of characteristic curves a and b, taking as the resulting pair, one of the original circles and

the connected sum, a #-b.

3. cut F along meridian loops so that the result is a sphere with 2g holes. Remember which
boundary circles on the sphere arose from cutting a given meridian loop. Let a and b be
two such boundary components, arising from cutting two such meridians. Find a circle ¢ on
the sphere with holes such that ¢ and b lie in the interior of a disk bounded by ¢. Cut the
sphere along c. Reglue either a and its mate a’ or b and its mate &. We again have a sphere

with 2g holes. Now reglue corresponding mated pairs of circles.
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cut

glue

Figs. 1.3.2,1.3.3)
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4. cut F along a meridian circle and twist one of the resulting boundary components through

27, then reglue.

5. add a new handle to F, increasing the genus by 1, and take a characteristic curve associated

to this new handle to be the longitudinal curve around the new hole.

stabilize

M

Figs. 1.3.4, 1.3.5)

The fifth move described is called stabilization, and it corresponds to taking a connected
sum M #53. 1 shall discuss this further later on.

There is the following theorem due to Reidmeister and Singer.

Theorem 1.1 (R-S) For a given manifold M, any two Heegaard splittings F and F' are equivalent

via moves 1-5.
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In other words, it is possible to get from any splitting , given by a surface F and its characteristic
curves, to any other splitting F’ and its curves, by applying the above moves and their inverses

to F. The process may involve going through splittings of higher or lower genus. (use of move 5)

1.2 The Mapping Class Group of a Closed Orientable Surface F

The mapping class group of a surface F is the group of isotopy classes of orientation preserving
self-homeomorphisms of F', modulo isotopy to the identity. It is generated by Dehn twists around
the loops on F, shown in Fig. 1.4a}), where a Dehn twist is a local twist, restricted to an annular
neighborhood in F as seen in Fig. 1.4b). Here, we see the effect on the loop a of a twist along
the circle b. This may be thought of as cutting the surface along the circle which we twist about,
holding one of the resulting boundary components fixed, and reattaching the other, after rotating
it through 2.

al

twist right

Fig. 1.4)

Any orientation preserving self-homeomorphism of F may be expressed as a composition of
Dehn twists. The mapping class group of F, henceforth MCG(F), plays a key role in the study
of 3-manifolds and their Heegaard splittings. In particular, let us consider a surface with the

meridians of handles highlighted as shown in Fig. 1.5 to be our initial surface.
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Fig. 1.5)

Any Heegaard splitting is a configuration of g disjoint, nonseparating, essential loops on the
surface, and may be obtained by applying elements of M CG(F) to an initial configuration. Thus,
we may also consider the sequence of homeomorphisms which lead to a desired configuration
of circles, as representing the Heegaard splitting. So a splitting may be specified by giving an
element or product of generators in MCG(F). This leads to a couple of essentially equivalent
ways of viewing the totality of Heegaard splittings of manifolds, which possess splittings of genus
g. Namely, we can think of the collection of splittings of genus g (for arbitrary manifolds) as a
groupoid, where each configuration (each diagram) is an object, and the morphisms are elements
of MCG(F). In a similar fashion, we may take the collection of splittings of genus g to be Cayley
graph of M CG(F'), where the vertex representing the identity element is the initial configuration
above, (which happens to correspond to a connected sum of copies of $? x S'), and all other
vertices (splittings) are reached by successive applications of the generators of MCG(F) to this
initial configuration. [Thurston and Hatcher] describe a simplicial complex that is similar. For
a surface of genus g, we associate to the isotopy class of a loop on the surface, a vertex of the
complex. By abuse of notation, allow a loop to represent its isotopy class. Then any n-tuple of
disjoint loops forms an (n-1)-simplex and so a splitting of genus g, given by g loops as above, is
represented by a simplex of maximum dimension. There is an obvious action of MCG(F) on the
complex. Since splittings of a given manifold M are highly nonunique, it is important to have
some idea of which elements of MCG(F') preserve the homeomorphism class of M. Borrowing
notation and reference from [Birman), let ¥, < MCG(F) be the subgroup of mapping classes
whose representatives extend to H;. Birman quotes a result of MacMillan which says these are
precisely the elements ¢ € MCG(F) such that for the induced map on homotopy, ¢.(N) = N,
where N = << meridianloops >> a m(F). (Here <<>> denotes normal closure.) In particular,

twists around meridians m; and waist curves w; represent elements of 7.
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2 Some Algebra: Quandles

2.1 Quandle Definitions and Proposition.

In what follows, I will be discussing an algebraic object associated to the collection of imbedded
simple closed curves on a closed orientable surface F, of genus g. Actually, the algebraic object
will be defined for isotopy classes of such curves, but by abusive notation, the elements wil be
called variously, circles or loops, i.e. an isotopy class will be identified with its representative.

Let F be a closed orientable surface. Let
P = {isotopy classes of unoriented, imbedded circleson F}.

Let MCG(F) be the mapping class group of F. MCG(F) acts on P, so there is a natural map
A : MCG(F) — Aut(P). This action shall be written as a right action of MCG(F) on P. We
will show that {P, MCG(F)} can be given an algebraic structure which captures many important
geometric properties of the action of MCG(F) and consequently, of Heegaard splittings.

Definition 2.1 A quandle consists of a group G acting on the right on a set S, together with a
pair of maps ], [ : S = G for which the following relations hold:

Qlaal=af@ =a Yae S
Q%) a6t T = ablft =a Va,be S
Q3) z[6 @|T] = a?l Va,bz € S

These relations, in the given order, are analogs of the Reidemeister moves I, I1, ITI, for knots
and links. The quandle encodes how the action of the group on the set, and the ”actions” of the
set back on the group are intertwined. The definitions and notions of a quandle used here are
taken from [Kauffman]. He also gives examples of quandles, one of which is the quandle associated
to a knot K and 71 (S® — K), where the set S is the set of based lassos around strands of the knot,
and the group is 71 (S® — K). Another example is given by the action of m1(X) on m(X), for a
space X, where S consists of representative 2-spheres. I believe that quandles are also known as
crossed G-sets for a group G acting on a set.

Define the maps ], [~ such that

—1.[~: P+ MCG(F),

where

a+7al
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10

and 2] is the right Dehn twist around the circle @ € P, while similarly,
a-Difa”
and [@ is the left Dehn twist around the circle a € P. With these definitions,

Proposition 2.1 The guintuple {P, MCG(F), A, ™1, } has the structure of a quandle.

The proof will be given below. Note that if z is oriented, @] and z[a" inherit the orientation of
z, since Dehn twists affect z only locally, where a is inserted.

I will give two proofs of the proposition, the second of which will make use of further properties
of the quandle. I doing so, it will be convenient at times, to make use of another notation for
the actions of —7] and [T, which will present these operations in a manner emphasizing a binary
quality to the operation, so that for @], for instance, the roles of a as operator and « as operand
are not visually distinguished as they are in the above notation. This suggests a symmetry of the
roles of the operator and operand circles. However, this symmetry is only fully realized in certain
special situations, as we shall see later. Nonetheless, with this caveat, the notation is harmless

and shall be used where needed. Hence, let
zxp b = 2B]

and let
2+ b = 20
Pf. of Prop 2.1) Taking @] and[® to be Dehn twists gives the following interpretations of the

three relations above:
Q1) Dehn twisting (right or left) around a circle a leaves a invariant as a set.

This is clear since we may isotope a copy of a off of itself, twist about it, and this has no effect
on the original copy.
Q2) twisting left and twisting right about a circle a are inverses of one another. This is obvious.
Q3) If the result of a right twist around & on a circle a, is the circle ¢, then to perform a right

twist around c;

1. take c to a via left twist on b 18
2. twist right, around a al
3. take the result back to ¢ via right twist on b D1
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In other words, conjugation takes a twist around one circle a to a twist around its image c. (Image
under some other twist D7) ///
Alternatively we may prove Q3) in a way that exhibits certain other important quandle prop-

erties. We need the following lemma.
Lemma 2.1 ~| and [ distribute over xr and *r. i.e. (2 *g a)¥] = 2G| g a0, fora, b€ P.

Pf Leta,b,z € P. Let|zNa} = L,|zNbl = M,and Ja N b| = N, where L, N, and M are
minimal with respect to the isotopy classes of a, b, and z. We may always think of “pulling the
loops tight” and assume the intersections are transverse. Then performing Dehn twists may be
thought of as inserting a requisite number of copies of the operating circle into the operand circle,
with deference to the sense, L or R, of the twist.

Thus 2@ = (2 with L copies of a inserted into it) See Fig. 2.1) for an example.

- i >

N2
a

Fig. 2.1)

We have (z *r a)b] = za] 8] = x with L copies of a inserted into
it and in each such a component,
insert N copies of b, and addition-
ally insert M copies of b in the =

component.

So we have z with M copies of b in it, L copies
of a in it, each of which has N

copies of b in it.

Now consider #5] *r a ¥}

Here, £ 0] is ¢ with M copies of b in it.
dablis a with N copies of b in it.
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and the total collection, corresponding to *g, consists of

z with M copies of b in it
L copies of a in it (from *g)

each with N copies of b in it.

Had we worked with *z and — Jor[, similar numerology would have occurred, the only difference

being in the sense, L or R, of the inserted piece. In the calculation above, both for

(z *& a)T]

and for
z-b—l *R aT.I)
since the inserted circles are placed in the receiving circles in the same place, positionwise (“read-

ing” along the receiving circle) with the same sense, L or R, we then have
(z *g a)B] = £6|*r a B

Again, a similar argument holds for any combination of ¥, *1, and " Jor [ .

/17

So the operation of Dehn twisting distributes over itself.

Alternate Pf. of Proposition 2.1 As we saw above, the fact that Q1) and Q2) hold for circles and

Dehn twists is clear. So we consider an alternate proof of Q3). We need to see that

z[6 @ T] = bl
But
z[6"a)T] = (z[6 *r a)T] by notation
= (2[5 7T]) *r (aT]) by Lemma 2.2 (distributivity)
=z g (aT]) by Q2) (inverses)
=2zd0) by notation.

Again, the argument holds for all possible combinations of *g, *z,~ | and ™.
Thus {P, MCG(F), A, 1, } fulfills all the conditions for quandlehood. ///
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The quandle structure on the collection of circles on the surface F is part of a larger (quasi)
algebraic structure. In this context, the quandle may be thought of as the “multiplicative” part
of the overall structure. The quotes, “ ”, on multiplicative, are meant to suggest that to a certain
extent, what we consider multiplication on P, will depend on the context. There are further

operations that may be imposed on P, to form the “extended quandle”.

2.2 Connected Sums, #.,

Consider a family of binary operations #. on the circles in P. These operations will be connected
sums of circles @, b € P where anb = @, and where the path v along which we take the connected
sum, is imbedded, and meets each of a and b in exactly one point. It is clear that the (isotopy
class of the) resulting circle is independent of representative of the isotopy class of ¥ which is used
to form the connected sum. So these connected sums are parametrized by, and depend only on
the isotopy classes of paths 4 on the surface F'. Notice also that the path « is taken relative to the
ending circles @ and b, rather than to specific endpoints on those circles, since we may slide the
endpoints around the circles, and the resulting connected sums will be in the same isotopy class,

because we may “unwind” the path by rotating the end circles as necessary. See Fig. 2.2)

==

Fig. 2.2)

2.3 Further Algebraic Operations and Characteristics

Let t denote the isotopy class of a homotopically trivial circle on F, and let ¢ be a representative.

Then
all=aff =a Vi€t andVa € P,

since any such ¢ may be isotoped off @, and hence has no effect on a. Clearly also

aF#,t =a
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for all paths v connecting a and t. Thus ¢ plays the role of the unit element with respect to both
] and [~ and the connected sum #.

We saw that a[6 6] = aF|[F = a Va,b € P by Q2). Now if a is a circle with a given
orientation, then let a~! denote the same circle with the opposite orientation. If we form a tubular
neighborhood of g, i.e. the cobordism ax[—1, 1], then the two boundary copies of a inherit opposite
orientations. We may form the connected sum of one copy of a with the oppositely oriented a~1,
along a fiber ¥, (of the product neighborhood) . We see that a#.,a~! = t. Note that the short
path <4 chosen for this connected sum is crucial, for if we were to use another path, the result
would not be the homotopically trivial circle. As a matter of fact, we may form a separating circle
by summing a nonseparating circle a, and its inverse a~!, along another path. In general, when
forming connected sums of circles with orientation, we will assume that the orientations of the

circles are compatible. See Fig. 2.3)

C ) ——e-
’
e -
a#a
'Y .
G@O-@=

Fig. 2.3)

a#,. a

According to Lickorish, the set of circles {a;|i = 1..3¢g — 1} (see Fig. 1.4a)) generates
MCG(F) as a group, via Dehn twists about these circles. It is clear from the foregoing that any
circle in P may be obtained from the operations of Dehn twisting about the o, and the taking of
connected sums, as described. Since even “basic” separating circles may be obtained as above, and
all others are homeomorphic images of these, the extended quandle is thus generated . We saw
above (Lemma 2.1) that Dehn twists distribute over each other. There is also a “distributivity”
of Dehn twists with respect to connected sums. More specifically,ifa, b,¢c € P,anb = @, and
4 is a path as above, then

(a#4b)T1 = aT1#y 671
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Here, 4c] is the image of 4 under the homeomorphism™]. The equation above makes sense
precisely because™c] is a homeomorphism of all of F, and the right hand side merely records its
effects on the individual summands and on the connecting path, separately. An example is given

below in Fig. 2.4).

Fig. 2.4)

Now, let K be a commutative ring with unit, or a field, and form the free module Px = K{[P]
over K. So typical elements of Pg are formal sums of isotopy classes of loops on F' with coefficients
in K. Consider an operation A : P — P ® P defined on a loop a € P by taking a pair of
disjoint copies of a, with the same orientation, so that A(a) = a ® a. Define an operation;
A : P — P, sothat A(a) = a~! where a~! is the loop a on F with the opposite orientation.
We also insist that A : *xg 4 *; and that it be an antimorphism. Then, .4 inverts elements in
MCG(F) and thus affects the quandle appropriately. We also consider another operation similar
to A, called v, where v is an arc in F with both of its endpoints on the same side of a € P and
Vy : P —+ P @ P is defined by letting v, (a) be the pair of components of the boundary of a
regular neighborhood of @ U +, neither of which is isotopic to the original loop a. Sometimes, I
will refer to this operation as “self-connected- sum”. Notice that if the path 4, with endpoints on
a € P, is homotopically trivial rel. endpoints, then one of the resulting circles is in the class of the
trivial loop t on F, and the other is isotopic to the original loop a € P. Fig. 2.5 shows examples

of applications of these operations.
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Fig. 2.5)

If we choose a particular path ¥ along which to form a connected sum of elements a, b € P
we may think of the connected sum as a “multiplication” on P, so that # (a @ b) = a#,b. We
then have the following interactions of the above operations. Let v be the (isotopically unique)

short path used to define the parallel copy of a € P. Then
#y(Ip @ A)A(a) = #4(A® IP)A(a) = ¢

where Ip is the identity morphism in P. Diagramatically,

'P®P Tred PP
/ k&
Y et
-~ AQIlp

PP —— P®P

Similarly, if we again specify a particular path ¥ along which to form the self-connected-sum , we

have

#:(Ip @ A)vy(a) = #,(A® Ip)ry(a) = a

Here, 7 is the (isotopically unique)“shortest path” joining the two components of vy (a).
y
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Diagramatically, we have:

“pep 2 pop

Fig. 2.6) gives examples of the above relations.

lp ®A

SO e -
-.---

Ip ®A #.

Fig. 2.6)

A also has the property that it behaves like a morphism with respect to #, i.e. for any
a, b € P, for which #, is defined,

Alagyb) = A@)#,A().

Here, the notation “4” on the right side of the equation implies taking the connected sums respec-
tively of the “outer” and “inner” pairs of circles formed by the operation A on a and 4. We sum
along the path 4, to connect the “outer” pair. Then we sum along a parallel copy of v, which has
been extended by the unique “fibers” of the A construction (see the beginning of section 2.3), for

each of a and b, to connect the “inner” pair. See Fig. 2.7)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



18

A(a) #, A(b)

Fig. 2.7)

With the operations #- (as “multiplication”), A (as antipode), and A (as comultiplication),
defined above, P comes very close to being an involutary Hopf algebra, or some generalization
thereof. However, we lack uniqueness in the definition of the “multiplication” #.,, since there
is no unique path between nonintersecting elements a, b € P, along which to form a connected
sum. Notice however, that the issue of uniqueness of connected sum did not arise in the relations
above. There, a unique “shortest” path exists and is well defined. If some notion of canonical
path between nonintersecting elements ¢, b € P could be forind, then the structure just defined

would reduce to a Hopf algebra, assuming the use of this path for the multiplication.

3 Some Relations and Consequences in the Extended Quan-
dle

We now look at some consequences that arise from the definitions above, among them, certain

basic relations. The following are basic facts regarding Dehn twists.

Lemma 3.1 Let a, b € P and suppose a and b are representatives of distinct isotopy classes.

Then aB] = bfa” iff la N ] = 1.
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Pf. Since |a N b| = 1, a and b must be nonseparating. Then as we have seen above, aB]is a copy
of a with a copy of b inserted in it, where a turns to the right when it encounters b; similarly bfa”
is a copy of b with a inserted in it, such that b turns to the left when it encounters a, and the

resulting loops are the same. See Fig. 3.1 for an example.

aBll

Fig. 3.1)

Soiflanb|l =1, then a %) = bfa.

Now suppose that a¥] = bfa, and [a N b] # 1. Let {a}, {b} denote the homology classes of
e and b respectively. If {a} = {b)}, then a and b cobound a subsurface of of genus > 1, since we
have assumed a and b are in different isotopy classes. But then a N & = @, and so a %] = a and
bla = b = a = b, since we assumed ab] = bfa . This contradicts the assumption that a and b
were in distinct isotopy classes. Hence we may take {a} 3 {b}. So suppose now that |a N b] > 2.

Then

aT] = a withn copies of b inserted in it, so

homologically it looks like a + nb

while,

b[a” = b with n copies of a inserted in it, so
homologically it looks like b + na
If we now consider a homology basis for F' in which

{a} = (01, seey a2§+2) and {b} = (ﬁla sery ﬂ29+2)

we would have
o + nfi = B; + na;
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where o; , 5, €Z,i =1..29—-2

= (n—1p = (n— 1
=> fizo Vi (1)
= {e} = {8}

which contradicts our initial assumption that {a} # {b}.

So ad] = bf@a = land =1.///

We also have the following small lemma, which is similar.

Lemma 3.2 Ifa, b € P and they are in different isotopy classes, then a’b| = a and bfa = b iff
land| = 0.

Pf. We may assume again that a and b are nonseparating, and that |a N b} is minimal in the
isotopy classes of @ and b. Then as mentioned above, if |a N b] = 0,%] does not affect a, andfa
does not affect b. Conversely, if ja N b = n # 0, then a0 vields a with n copies of b inserted
into it, which is not isotopic to a. Similarly for b[a", hence the result.

We will use these, and the other quandle relations to prove a slight generalization of the “braid
relation” in MCG(F). According to Lickorish, MCG(F) is generated by the Dehn twists about
the 3g-1 curves shown on F in Fig. 1.4a). In MCG(F) there exists a relation o; i1 05 =
@41 05 a;+1, where by abuse of notation, «; is taken to mean the Dehn twist about that curve.

Notice that as shown, |a; N a;41f = 1 for all i=1...3g-1. More generally,

Proposition 3.1 Suppose a. b€ P andlaNb| = 1. ThenTalbla]l =T|a|?]

Pf.
6 @151 = ao| by Q3)
=ba’] by Lemma 3.1 above, since [a N b| = 1
=T 0l by Q3) variant,
so [t els] ="7al%lla
thus by applying @], [t e]?] el =al?]
and by applying?], albla] =" alb]
so in particular a; oi41 @ = a4 i aigr. ///
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While on this subject, it is also worth noting a connection between the statement of Lemma
3.1a) and the behavior of the “antipode” A. If |a N b] = 1, then

A(aT)) = A(a *r b) by notation
= A(b) *1 A(a) by definition of A
=b"! 4y a~!
=b"1[a" 1T by notation
=bfa as circles, since T}, [ do not notice orientations.

So A acts as the identity on circles of the form a5} where a,b are as above. There also exists
another relationship between # and the comultiplication-like v. Recall that Py is the free vector

space over the field K, generated by elements of P, and that ® is defined.

Proposition 3.2 Let a and b be disjoint nonseparating circles in Px. Choose a path « joining

them. Then there ezists a canonical path T (up to isotopy) such that
vr#,(a @ b) = (a ®b).

Conversely, given a circle ¢ and a path T joining c to itself (intersecting ¢ on the same side of ¢

at both endpoints), there erists a canonical path + (up to isotopy) such that
#"l Vr (C) =c
so #y and vy are “inverses”’ of one another.

Pf. We may consider the formation of #4 (@ ® b) = a#-b as being accomplished by “tubing
together” a and b along 4. Then we may choose the path = to be the short path (unique up
to isotopy) running from one side of the “tube” along v to the other, which crosses v once,
transversely. Then the result of applying v; is a ® b(= a U b) again. The converse holds
similarly. See Fig. 3.2) ///

We shall see instances of this and of related behavior, when we look at situations involving “waves”

and connected sums later on.
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Fig. 3.2)

There are also certain relatively simple relations that arise from the interaction of the operations
of Dehn twist and connected sum, when the intersection numbers of the twisting circles with the
twistees are small (0 or 1). We have already seen one interaction in the form of the “distributivity”
of Dehn twists with respect to connected sum. Here, we will look at simple instances of twisting
about a circle that is a connected sum, and the effect on other circles. Throughout the following
discussion, suppose that @, b, ¢ € P and that [b N ¢| = 0, so that b#- c is defined, for some path
v joining b and ¢. Furthermore, suppose that 4 is chosen so that it may be homotoped off a if

necessary. The situation will be ‘graded’ by intersection numbers.

Case 1)
Assume |a N b] = |e N ¢] = 0 (again we are taking |[b N ¢| = 0).
Then
[(b#yc) Nal = 0 so a[b#yc) = alb#,c) = a.
See Fig. 3.3)
Case 2)

Assume jaNbl =landjane =0
Here, a [[#, c) inserts a copy of b#.c into a point z = a N b. However since |a N ¢| = 0, and
v does not meet a, this is the same as inserting a copy of b into a at 2, and then forming the
connected sum with ¢. Hence,

aI@#‘YC) = afb #4¢

and similarly for the twist a (8 #, c)|. Again see Fig. 3.3) for an example.
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Fig. 3.3)

‘We may allow one of the intersection numbers, say |a N b, to increase arbitrarily, while holding
the other one at 0, and the situation is still manageable in that a simple description of the result
may be given.

Before the next case, let us introduce some new terminology and notation. In particular, let

A, : P — P®" be defined by

An = (IQIQ@ - @IQAYIQ®I® - @ IQA)...(I1 @I ® A)I @ A)A.

n=2 ne3

Case 3)

Let anb] = n>1,andlet |a N c| = 0. Now a [[b#-c) inserts n copies of b# ¢ into a.
But consider @[5 . This is @ with n copies of b inserted in it. Consecutive (adjacent) “strands” of
af% come from different copies of b, i.e., from copies arising from distinct adjacent points of a N b.
Now form connected sums with ¢, repeatedly, along paths isotopic to v, for each of the n strands
of the “b-portion” of afb . Then each of the n copies of b is now connect-summed with a copy of
¢, and the result is the same as a [[F#- ¢). So in general, if |a N 5] = n> 1 and [a N-¢| = 0, and

if (the isotopy class of) 4 joining b and ¢ is chosen, then

afbFyc) = (..(@F)#)#c...)#¢)
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where # ¢ occurs n times in the right hand side of the above equation and the repeated appearance
of 4 each time has been suppressed. Using the notation developed above, we might write this

alternatively as
BT = (@5 )tnr An(e)

where #n, means repeated summing along n parallel copies of 4. Similarly for a (§ #, c)}. See Fig.

3.4) for an example.

(alb) #sy As(C)

Fig. 3.4)

In the previous three cases, we held [a N ¢| = 0, while |a N b| was allowed to vary. If
we simultaneously were to allow |a N ¢] to vary, the situation would become far more involved,
depending to a much greater extent on the path 4 chosen, and a general characterization as above

seems much less likely. See Fig. 3.5) for a simple comparative example.
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Note in the cases 1) and 2) of Fig. 3.5), |a N b| = 1 and |a N ¢| = 1, but different v and +
were used. [(B#, ¢) acts nontrivially in 1), while [[F#, ¢) acts trivially in 2), so characterization

depends on more than just |a N b] and |a N ¢].

The next result examines the behavior of certain iterated connected sums. It is somewhat of
interest in that it concludes that a strictly algebraic result is equivalent to a strictly topological
one. We consider three mutually disjoint circles a, b, ¢ € P, an let 4;; be paths joining appropriate
pairs of circles, where i, j € {a, b, c}, and i 5 j. We also assume that each such v;; may be
homotoped so as to meet the i-th and j-th circles in a single point apiece, and that it may be
homotoped to be disjoint from other circles and paths. To simplify notation, I will write Ty d

simply as +;;, where ¢ and j are as above. So for instance, a 2-fold connected sum might look like
(¢ #‘Yij 7) #7;/; k = vijvik,

where i,j,k € {a,b,¢} and i £ j # k. This is meant to imply that first we connect i to j
via 7;;, and then we take the result and connect its i-portion to &k via 4;x. There are six such
2-fold sums possible from the above description. Due to the commutativity of #, pairs of them are
equivalent (isotopic). For instance a5 Yoe = Yoe Yab- See Fig. 3.62) It is also worth mentioning a
slightly subtle point here. If we happen to choose a pair of paths that approach a given circle from
opposite sides, then it is not sufficient to merely specify their isotopy classes in order to determine
the resulting 2-fold connected sum. We must also specify the positions of their endpoints with
respect to one another on the circle. However this situation will not arise in the following theorem,

as as we will show.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



26

Fig. 3.6)

but Yoc &, Yac -

Notice that in Fig. 3.6b), the paths chosen on each side of the circle in each case represent the

same isotopy class, but their relative placements on the circle give rise to different results.

Theorem 3.1 Leta, b, c € P be mutually disjoint circles on F, and let 45 , b, and vq. be three
fized paths joining pairs of them, as cbove. Then the three possibly distinct 2-fold sums are in fact
equivalent (isotopic) to one another, iff a circuit formed by the union of the paths and portions of

the circles a, b, ¢ bounds a disk in F.

Pf. Suppose the union of the paths and portions of the circles does bound a disk in F. Any
2-fold connected sum ¥;;4;x may be thought of as the component of the boundary of the regular
neighborhood N of the union

TUJUREU 75 Uik
which is not isotopic to any of ¢,j, k. I will use the term “tube arc” to refer to a piece of the
boundary of IV arising from one of the “tubed” paths 5. Similarly, a “circle arc” will denote a
portion of the boundary of N(i U j U k U v;; U ;i) arising from one of the circles. The portion

of any such 2-fold sum which abuts the disk (as per assumption) is comprised of 3 circle arcs and
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2 tube arcs. Each tube arc meets two circle arcs in one point apiece, and the totality of the 5 arcs
mentioned (abutting the disk) is itself an arc. Call this arc d. The only arc not represented in d
is the tube arc arising from 7;x, the unused path in the connected sum. It also abuts the disk.
Hence, we may isotope d to v;jx across the disk. But we may do this for any of the three 2-fold
connected sums. Since in each case, d was isotoped to the tube arc that was “missing” in that
sum but present in the others, and since a given sum coincides with another sum away from the
arcs which are missing from each, the results of the isotopies in all cases are the same. See Fig.
3.7).
Conversely, suppose the three sums 4ap Yac s Yab Yoe, 30d Yac Yoe are isotopic. Again, we may
~ consider each sum as being obtained by tubing together the circles a, b, and ¢ via tubes v;; x S°.
So each sum is again a collection of tube arcs and circle arcs, and a given connected sum *;; ¥
can again be represented by a fixed component of the boundary of the regular neighborhood
N(EUJUEU~; U4ix). Since the three sums o Yac , Vab “be, a0d “ae Yoc are isotopic, there exists
a representative, d, in their common isotopy class, which coincides with each of the fixed sums to as
great an extent as possible, but does not intersect each of the other tubed circles corresponding to
the other sums. See Fig. 3.7). So for the fixed sum 7;;v;&, let € (circle arc corresponding to 1)
and y € {circle arc corresponding to k) be the points at which v;;v;x and d cease to coincide.
They lie on one side of the path «;x. Choose points z‘ and ¥ on the circle arcs corresponding to
i and k respectively, which lie on the other side of ¥;x. Connect 2’ and y’ by a path %, parallel
to k. Let U and V be the small neighborhoods in the circle arcs of 4;;v;% bounded by z,z’ and
Yy, ¥ respectively. Let W = d UU U V. Then 7;;v;x — W is a connected curve consisting of tube
arcs and circle arcs of v;;v;% with endpoints 2’ and . So (¥iyj4s — W) U +; consists of a pair
of (otherwise nonintersecti.ig) curves with common endpoints, z’ and ¥/, so it is a simple closed
curve. 7;;7vjk fails to coincide with d precisely on v;;v;x — W. But v;;v;« is isotopic to d. So in
particular, %;vj% — W is isotopic to 4/,. Thus (y;;v;x — W) U 4}, bounds a disk in F. But it is
isotopic to a union of paths and portions of a, b, and ¢. /// See Fig. 3.7).
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Corollary 3.1 If one of the summands j has 4;; and v;x meeting j from different sides, then no

pair of the 2-fold sums are isotopic.
Pf. If 4;; and ;% approach j from different sides, yet are connected to 7 and k, the union
(75 Y Yk U vix) U(circle arcs)

must go around or through a hole, so the corresponding collection of tube arcs and circle arcs does
not bound a disk in F. See Fig. 3.8)

4 Disks and Spheres

In this section, we will look at some results involving interactions of disks and spheres within
the context of Heegaard splittings. We start off with a result concerning the meridian disks of a
handlebody, which seems rather natural, but whose proof is perhaps slightly more involved than
might have been anticipated. It will be used in later discussions as well, and interacts in useful

and important ways with the actions of MCG(F) and the operations of the extended quandle.
Definition 4.1 A loop is said to be essential in a surface F if is homotopically nontrivial in F.

Theorem 4.1 Let ¢ be an essential imbedded loop in a surface F, where F = 8H and H is a
handlebody of genus g. Then c bounds an imbedded disk in H iff ¢ is, up to isotopy, a connected

sum of meridian loops in F'.

Pf. If ¢ = a#b where a and b are meridians and # is a path connecting them, then certainly
a and b bound disks in H, and the “tube” which follows the path <, along which we form the
connected sum, may be pushed slightly into H, yielding a disk bounded by a #- . We may repeat

this process for further connected sums.
Conversely, suppose that c is as stated in the hypotheses, and that 1 3% [¢] € 71 (F), and that ¢

bounds an imbedded disk in H (by Dehn’s lemma). Suppose furthermore that ¢ is nonseparating
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(i.e. homologous to 0) in F. We will assume that c is in general position with respect to all
meridian curves m; and waist curves w; of F', and that it is “ pulled tight”, so that there are a
minimal number of intersections with the m;’s and w;’s.

Claim: There exists some m; or w; (for brevity call it v) in F such that D may be pushed into F
in a small neighborhood of v, and an arc a will then coincide with a subarc 3 of v.

Pf. of Claim Let us hold the case where ¢ = w; in abeyance for a while.We shall see later that
in this instance, c is clearly a connected sum of meridian curves m;. So assuming that ¢ is not a
waist curve, if [v N ¢| = 0 for all v as above, then ¢ does not intersect any m; or w;, and ¢ is then
homotopically trivial in F. Otherwise, let E be the disk in H bounded by v. If we put D into
general position with respect to E, then D intersects F in a collection of arcs (with endpoints on

8F = v) and circles. See Fig. 4.1a)

JE=v N B
h O O

DNE © ©

Fig. 4.1)

Suppose a is an innermost arc of intersection in E, and that there are no circles of intersection
lying in the subdisk bounded by the arc 8 C v and «. Then we can push « into F so that it
coincides with 8. On the other hand, if there are circles of D N F lying in the subdisk of E
bounded by « and S, pick an innermost one, €. It could not occur as an intersection of a “tube”
portion of D and E, for this would imply D had positive genus. Thus Q bounds a subdisk of D
as well as a subdisk of E, so we get a copy of S? in H. H is a handlebody, so its universal cover
is a thick tree 7. But 0 = m3(T) =& ma(H), so the S? bounds a ball, hence we may push the
subdisk (bubble) of D through F, and eliminate this intersection. Continue doing this until no
more circular intersection components lie in the disk region bounded by a and 3. Now as before,

the arc @ may be pushed into F to coincide with 8. This proves the claim. See Fig. 4.1b).
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But now this arc a, together with portions of 8D = c¢, bound a pair of subdisks of D. See Fig.
4.2a). Cut along a, and perform surgery on the resulting curves, along a, to get a new pair of
closed curves ¢’ and ¢”, each of which bound disks. Clearly, performing the connected sum ¢’ #. ¢’

yields ¢, where « is the short arc joining the images o’ and a” of a, in ¢’ and ¢” respectively. Sce

Fig. 4.2b).

a) « b) 0{‘
Cll

.
C

y

al
J

Fig. 4.2)

We now use the claim to complete the proof of the theorem.

We proceed by induction on the number of waist curves w;, or meridian curves m;, which ¢
crosses. By assumption, ¢ bounds a disk in H. The collection of m!s and w!s decompose F into
pairs of pants, and the disks they bound cut H into balls, B3. If ¢ does not cross any w; or m;,
then it lies entirely in one pair of pants. It bounds a disk in the corresponding portion of H,
and is essential in F. But any such simple closed curve in a pair of pants must be parallel to the
boundary circles of the pair of pants. In our case, the boundary circles are either meridians m;,
in which case c itself is a meridi;.n, and we are done, trivially, or the boundary circle is a waist

curve w;. But a waist curve wj; is clearly a connected sum of a pair of adjacent meridian curves,

and again we are done. See Fig. 4.3) .
o N e — =
A e
Fig. 4.3)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



32

Now for the general case. Assume that if ¢ crosses < k — 1 meridian or waist curves, then it
is a connected sum of meridian loops. Now suppose it crosses k such meridian or waist curves.
By the claim above, there exists an arc o such that performing surgery on ¢, along a, yields two
imbedded closed curves ¢’ and ¢”, bounding disks in H. Each of these crosses fewer than k m;’s or
w;'s, and so the inductive hypothesis holds, and they themselves are connected sums of the m;’s.
But then as above, ¢ = ¢/ #, ¢, where ¥ is the short arc joining the images o/ and o of , in ¢/
and ¢” respectively, thus ¢ is a connected sum of meridian curves, and we are done.///

We may use this to yield “algebraic” interpretations, in the language of the extended quandle,
of a deep theorem of Casson and Gordon regarding the reducibility of Heegaard splittings, and of
a statement about stabilizations of Heegaard splittings. We consider the latter first.

In chapter 1, a stabilized Heegaard splitting of a manifold M was described as one in which an
extra handle had been added to each handlebody of the splitting, in such a way that the resulting
3-manifold was a connected sum of a manifold homeomorphic to M, and S®. The splitting surface
F is then a connected sum of a surface of genus g, and a torus. [Scharlemann] gives another
characterization of a splitting which is stabilized. Namely, a splitting is stabilized iff there exist
a pair of imbedded disks, D, and D, with D; C H; and D, C Hj such that |D; N Dy| = 1.
These may be thought of as meridian disks of the solid tori which are attached to H; and H,
respectively, in the formation of the stabilized splitting, whose boundaries are joined to create the

copy of S3. (just the standard genus 1 splitting of S%)

Lemma 4.1 Let a and b be essential loops in F such that b = z #y, where £ and y are also

essential. If [@ N b| = 1, then a may be isotoped so that either |a Nz] = lorjany| = 1.

Pf. Assume [a N x| 7 lorf|anN y| # 1. Then a intersects b along the “tube” which follows
¥. Slide the small segment of @, which contains the intersection point, to either z or y, along the
tube wall.///

Now consider a Heegaard splitting of a 3-manifold M, with handlebodies H; and H, glued
along their common boundary, F. Let Dy = {m; : 1| < i < g} be a set of meridian curves

bounding disks D; in H,. Similarly, let D, = {n; : 1 < j < g} be a set of meridian curves

bounding disks D; in Hz, such that each §D; = nj is glued to the characteristic curve C;j on Hj.

Definition 4.2 An imbedded disk D in a handlebody H is boundary reducing in H if 9D lies in
8H = F and is essential in F.

So the meridian disks D; and D; are boundary reducing in H; and H, respectively.
Recall the definition of Pg, (chapter 2) in order to make sense of the ‘minus’ sign in the

following.
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Corollary 4.1 A splitting of a 3-manifold M is stabilized iff there ezist meridian circles m; from
Hy and nj from Hj, such that m;nj]l— nj[m; = 0

Pf. By Scharlemann’s characterization of stabilized spittings, the splitting is stabilized iff there
exist a pair of boundary reducing disks in H; and H» respectively, which intersect each other
exactly oncein F = §Hy = OH,. By Thm. 4.1), any such boundary reducing disks are connected
sums of meridian disks m; and n; in their respective handlebodies. Then Lemma 3.1) (regarding
Dehn twists of circles intersecting each other once) says that for such disks, m; ;] — nj[m; = 0
iff |m; N n;j| = 1. Finally, Lemma 4.1) assures us that we only needed to consider the “meridian
disk portions” (as opposed to the “tube portions”) of the connected sums forming the boundary
reducing disks, when we looked at their intersection in F. ///

To a certain extent, having written the quandle expression
mi 7] — n; [

as above, the corollary has the feel of a statement which says ‘if there exist circles, bounding disks
in their respective handlebodies, whose “bracket” equals 0, then the splitting is stabilized’. This is
somewhat premature, as I have not yet figured out how, or if, it is possible to create a well-defined
Lie-type bracket on P using ~ ] and [~ as above. Nonetheless, the next corollary has a similar
flavor, describing consequences of interactions of disks from each handlebody, and relating these

to a statement about the “bracket” of their bounding circles.

Definition 4.3 A Heegaard splitting of a manifold M with splitting surface S, is said to be a
reducible Heegaard splitting, if there erists a 2-sphere in M which intersects the splitting surface

F in a single essential circle.

Although it will not be used here, it is worth mentioning that Haken showed that if a manifold
is reducible, i.e. if there exists a 2-sphere in M which fails to bound a 3-ball on one side, then
there exists a reducible splitting for M. In effect, a reducing sphere for A/ may be isotoped so as
to intersect the splitting surface F in a single essential circle. Note the difference in terminology.
The definition above defines reducibility for a Heegaard splitting. The text of the first sentence
of this paragraph defines reducibility for manifolds. M reducible => 3 a reducible splitting. But
existence of a reducible splitting does not insure that Af is reducible. For example, the “standard”
genus 2 splitting of $2 is clearly reducible (take a sphere containing one handle, which intersects
F in the “commutator” curve.), but 52 is not a reducible manifold.

The second corollary will be formulated based upon the following theorem from [Casson, Gor-

don]. For the statement, we need the following definition.
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Definition 4.4 A surface S C M is incompressible in M if there does not exist an imbedded disk
D C M with 8D essential in S. Otherwise, S is compressible in M, and D is called a compression
disk.

The operation of cutting M (and the compressible surface S) along such a disk D and glueing
two copies of the disk to the resulting surface to form a new surface of lower genus, is called

compressing along the disk D.

Theorem. (Casson, Gordon) Let (Hy, H2, F) be a Heegaard splitting for a closed manifold M.
If there exist boundary reducing disks Dy in Hy and Dy in Hy with [D1 N Dy| = 0, then either

the splitting is reducible, or M contains an incompressible surface of positive genus.

Let Dy = {m;:1<i<g}and D; = {n;:1<j < g} be sets of meridian loops as above, for H,

and H2 respectively.

Corollary 4.2 Given a splitting of a mansfold M, if M has no incompressible surface, then the

splitting is reducible if there exist some m; and n; such that m; ;] — nj [ = 0.

Pf. We first appeal to the theorem of Casson-Gordon, and then apply Thm. 4.1) to show that the
boundary reducing disks are connected sums of meridian disks. Now apply Lemma 3.2) (charac-
terizing Dehn twists about nonintersecting loops in terms of quandle operations)and Lemma 4.2)

to complete this, in a similar fashion to their usage in the corollary above.

5 Waves

5.1 Reducibility of Splittings

In this section we define a geometric object which may be associated to certain Heegaard splittings,
allowing them to be simplified in a certain sense. These geometric objects, ‘waves’, will also have
algebraic significance within the extended quandle. We will use the notion of a wave, and its
algebraic interpretation to prove results about Heegaard splittings and to gather further geometric
intuition regarding interactions of disks in splittings and their associated handlebodies. The first
result we shall prove will be a kind of bridge between the results of the type exemplified by
the theorem of Casson and Gordon, mentioned in the previous chapter, regarding reducibiliy of
splittings, and the existence and use of waves. The method of proof will involve the operations

of the extended quandle. Initially, we will be looking at waves arising from one handlebody of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

the splitting, and the initial definition will reflect this. Later, we will refine the definition to
accomodate waves arising from each handlebody. For the initial definition, and for a key theorem,

we shall refer to [Starr]. First however, a preliminary definition;

Definition 5.1 For a handlebody H of genus g, with 8H = F, a complete disk system D for H,

consists of g imbedded, mutually disjoint disks in H, whose boundaries are essential in F, with the

property that if we cut H along D, the result is a 3-ball.

There are generally many complete disk systems for handlebodies of genus > 2, a fact that
will be important later on. In particular, if we look at a standard presentation of a handlebody
H, (see e.g. Fig. 1.1)), a choice of g meridian disks constitutes a complete disk system D, for H.

This will be called the “standard” complete disk system for H.

Definition 5.2 A wave for H is an open arc in 8H ~ 8D whose endpoints lie on the same

component 8D, € 8D, such that the arc approaches D1 from the same side at both of its endpoints,

but is not homotopic (rel. endpoints) to any arc in 8D.

See Fig. 5.1)

-
R TR TTY 0

.
“eames? RLTTTT LY

... .-‘
“eagunt

C

= = complete disk system D
a = Waves

'
ALY PP 14

= = not waves

Fig. 5.1)

In proving the next theorem, we will make use of the following result.

Theorem (Starr) Let H be a handlebody of genus g, and let A be an essential 1-manifold in
F = OH. Let N(A) denote a regular neighborhood of A. Then F — N(A) is incompressible in H
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iff there ezists a complete disk system D = {D;|i = 1...g} for H, having minimal intersections
with A, such that D admits no waves disjoint from A.

We will also use the following lemmas:

Lemma 5.1 Let M be a 3-manifold, and suppose we have a Heegaard splitting where the glueing is
given by the characteristic curves c1 .. .cy on the splitting surface F'. Then no pair of characteristic

curves cobound a subsurface of F.

Pf. We may think of the characteristic curves ¢;...cg as being gotten by applying a homeomor-
phism ¢ € MCG(F) to the boundaries of the standard complete system of disks for H;, where
F = JHy,shown in Fig. 1.1). Since no pair of these cobound a subsurface of F, no homeomorphic

images of such cobound a subsurface. ///

Lemma 5.2 Let ¢ be a nonseparating circle on the surface F of genus g, and form (A ® I)A(c),
doubling the circle ¢ and switching orientation on one component. (see chapter 2). Let v be a
path in F with v 7 7 (where T is the trivial path between the two components of A(c)), so that v
Jjoins the left side of one component to the right side of the other. Then the resulting loop ¢ c~1!

bounds a subsurface of F of genus 1.

Pf. The two copies of ¢, between them, bound an annulus in F'. Forming the nontrivial connected
sum along v adjoins an uniwisted strip to this annulus, connecting its inner and outer boundary

components. The result is a surface of genus 1 bounded by c#, ¢ 1. ///

Theorem 5.1 Let M be a closed orientable 3-manifold and suppose that (H,, H2, F) is a Hee-
gaard splitting of genus g for M.

1. Suppose s C F is a separating curve, bounding a disk in Ha. Suppose there exists a complete
disk system D for F. which admits a collection of waves, missing 5, which kill the genus of
one of the subsurfaces of F bounded by s. Then the splitting is reducible. (Assume also that

D Ns is minimal)

2. A partial converse holds; if the splitting is rcducible, there exists a complete disk system D,

and a wave on F for some D € D.

Note that the arguments that will be used in the proof will work for an arbitrary separating curve

on F, bounding a disk in Hs.

Pf. 1) We show first that it is always possible to create a separating curve s for F', which bounds

a disk in Hs. In the Heegaard splitting of M, the meridian disks of H, are glued to g disjoint
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characteristic curves {¢;]i = 1...g} on 3H; = F. Let ¢ € {¢li = 1...g}, and orient ¢
somehow. Take a parallel copy of ¢ and give it the opposite orientation, yielding ¢~1.(This is just
the “cobordism construction” of section 2.3)) Let « be a path joining cto ¢!, with ¥ 5% T (where 7
is the canonical short arc joining the copies of ¢) such that « does not intersect {c;|i = 1...g} —e.
To see that such an arc exists, let us suppose otherwise. Then any arc connecting the left side
of ¢ to the right side of ¢ must pass through one of the other characteristic curves ¢;. In other
words, cutting along c; separates the left side of ¢ from the right side. But then ¢ and ¢; cobound
a subsurface of F. This is not possible, by Lemma 5.1), so the desired path « exists.

By Lemma 5.2) above, c#~ ¢c~! bounds a genus 1 subsurface F/ C F. Then since ¢ bounds a
disk in Hj, ¢#4 c~! bounds a disk in H3, by Thm. 4.1). Since c¢#4c~! is a connected sum of a
meridian circle with another copy of itself, (along a path 7 to the trivial path 7), it is an essential
separating curve in F.

Now c#,c~! is a l-manifold in F = JH which does not intersect any of the other ¢;’s, since
¢ and v were disjoint from the other ¢;’s. Consider complete disk systems for H;, and choose
one, call it D, which intersects c#. ¢~! minimally in the isotopy classes of the disk systems and
of c#~c~!. Then for some disk D € D, if there are waves w; with endpoints on 8D such that
Jwi N e#yc™!| = 0, which kill the genus of one of the subsurfaces of F cut off by s, Starr’s
theorem tells us that at least one subsurface of F bounded by c#,c~! (recall it is separating in
F) is compressible in Hj. This is because the proof of Starr’s result shows that the existence of a
wave implies the existence of a compression disk. In particular, let w be a wave with endpoints
on dD € D. Then the compression disk arises as a disk bounded by one of the components of
vy (0D). (Recall that v was the operation in the extended quandle P which split a loop and an
attendant wave into a pair of disjoint loops) Thus we may compress along this disk to lower the
genus of the subsurface F/, which is bounded by c#. ¢c~!. Repeating this process of finding and
compressing along compression disks arising from waves, for the remaining waves, we eventually
reduce the genus of the subsurface bounded by c#.c~! to 0. Again, this new subsurface (disk)
lies in Hy. But c#4 ¢~! bounded a disk in Hs as well, by the arguments above. So we get a
2-sphere which meets the original splitting surface in the essential circle e # c™!, so the splitting
is reducible. Similar arguments hold for arbitrary separating curves s, bounding disks in H,.///

See Fig. 5.2) for a picture of the process.

2) If the splitting is reducible, then there exists a 2-sphere which meets F in a single essential
circle, ¢. This sphere intersects Hy say, in a disk E. We may initially take Dy, the complete disk

system for H,. to consist of the standard meridian disks for H1. (see Fig. 1.5) Suppose E € D;.
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By Thm. 4.1), E is a connected sum of meridian disks in D;. Write £ = E; #+ E2. Now form
a new disk system D’; from D;, by replacing the‘ meridian disk E) say in D,, by E; #+ E3, and
retaining E2 and all the other disks of D;. Since E; # E2 was the connected sum of E; and E,
along the path v (in the formation of E), Prop. 3.2) tells us that there is a path § with endpoints

on J(E, #+ E;) transverse to v, and intersecting it once, such that
vs #+4(0E1 @ O0E,) = 8F, Q@ 8E,

Here again, ® corresponds to disjoint union of circles. The arc &, with endpoints on the element
Ey #+ E2 of D'y, is the wave we seek. On the other hand, if £ € D, take a D’; which does
not contain £, and write £ as a connected sum E{ #, E2, with E}, E; € D’;. Then apply the
argument above. ///
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= = compression disks
formed from waves

Compress along
D+,D2,D3 | D,,D.

Disk bounded by c #,c "

In a), number of waves = genus of subsurface
In b), number of waves < genus of subsurface

Fig. 5.2)
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It is worth reiterating that the operations that were used to carry out the above proof are
precisely those of the extended quandle. Taking a‘para,llel copy (doubling) the characteristic curve
¢, and switching the orientation of one copy is achieved by (A4 ® I)A(c) where A is the “antipode”.
We then took the connected sum along v giving # (A ® I)A(c), where I is the identity on P.
We then applied » to §D; (D; € D) to get compression disks in H1. I am not certain how or if it is
possible to give a completely algebraic proof of the previous argument, as perhaps an expression or
an equation in the extended quandle, but the flavor of the extended quandle operations is apparent
within it.

The process of sequentially reducing the genus of the subsurface bounded by c#~c~! by
compressing along disks is similar to the process used by Casson and Gordon in the theorem
mentioned in chapter 4. They form a surface, capped off by the two nonintersecting disks in the
hypothesis, and then using the other hypothesis of having no incompressible surfaces, proceed to
lower the genus by compressing. Here, the existence of waves and their corresponding compression
disks, ailows us to proceed with the reduction of genus. To a certain extent, Thm. 5.2) and the

theorem of Starr are complements of one another in the theorem of Casson-Gordon.

5.2 Further Results on Waves, and Relating Waves to a Subgroup of
MCG(F)

We shall continue to look at questions of the existence and ramifications of waves in Heegaard
splittings, and show how these further tie into the algebra of the extended quandle. In the mid *70’s
[Volodin, Kuznetzov, Fomenko] came out with what they believed was an algorithm which would
enable them to distinguish Heegaard splittings of S® among splittings of all closed, orientable
3-manifolds. Their algorithm hinged on the ability, they thought, to find waves in the Heegaard
splittings of S for genus > 1, except the “standard” splitting in each genus, and to simplify the
diagrams using these waves. This turned out not to be the case. [Ochiai], [Viro)], and {Morikawa]
were able to produce counterexamples of splittings which were not the standard splitting of a given
genus, but which did not have waves. However, [Homma, Ochiai, Takahashi] did show that such
an algorithm, using the existence of waves, did occur in genus 2. I will examine this in greater
detail a bit later, and after having developed a bit more on the properties of waves, reprove their
result using the machinery of the extended quandle. As promised, however, we need to expand
our definition of a wave, in order to proceed. Suppose (H:, H2, F) is a Heegaard splitting of
genus g for a closed. orientable 3-manifold M. We may consider this as being given by a pair of

complete disk systems D; for H;, (i = 1,2). 8D, describes the characteristic curves on F.
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Definition 5.3 A Heegaard diagram for a given splitting of genus g is a planar surface with 2g

holes, joined by arcs. We get a Heegaard diagram by cutting H, along the disks of D1, and looking
at the resulting surface. It is a sphere with 2g boundary components. The boundary component
circles are joined to one another by arcs, which are remnants of the characteristic curves on F.
Removing one more disk, which avoids all the other boundary components and arcs yields the

planar surface with markings.

We adapt the expanded definition of a wave from [Homma, Ochiai, Takahashi]. Consider a
Heegaard splitting and associated diagram of genus g. 9D, is the collection of the 2g circular
boundary components of the disk-with-holes, and @D, yields the arcs corresponding to the char-
acteristic curves of the splitting. The boundary circles together with the arcs divide the surface
into regions, each bounded by some arcs, and some portions of boundary circles. See Fig. 5.3a)

Assume all the circles in 8D; and 8D, are oriented.

Definition 5.4 An arc in a region bounded by portions of circles from 8D, and 8D,, with end-

points on this boundary, is a wave if it joins two segments of the same circle, which are components

of the boundary of the region, and approaches these edges from the same side (according to the
orientation of the circle). See Fig. 5.8b)

We can see from this that the “standard” splitting of genus g for S® admits no waves (Fig. 5.3c)
since we do not have any pair of edges appearing, which come from the same circle. Hence there
is no possible arc fulfilling the requirements of the definition. The arcs and the boundary circles
of the Heegaard diagram may be thought of as forming a graph, with arcs as edges and circles
as (fat) vertices. Waves that connect arcs from 9D will be “edge” waves, while those connecting

portions of circles from D, will be “vertex” waves. See Fig. 5.4)
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Again using the complete disk system

--?Ju

= = edge wave N
= = vertex wave

Fig. 5.4)

As we shall see (and it will be important in what follows), waves are defined with respect to a
particular complete system of disks. If we change from one com};lete disk system to another, the
waves which exist for one may not exist for the other. We may gain or lose some in the transition.
In the section that follows, we’ll look at a subgroup of MCG(F) which preserves the number of
waves for a given splitting.

Let (Hy, Ha2, F) be a Heegaard splitting of genus g for a closed orientable manifold M. Let
D be a chosen complete disk systern for H,. Generally, due to the niceties of the symmetry, T will

take D so that
0D = {waist curves w;|i = 1...9— 1} U {the meridian ,m,}

See Fig. 5.5)

Fig. 5.5)

Recall (from Chapter 1) that Fy < MCG(F) is the subgroup which sends disks to disks in Hj.
Let Gp; < F, be the subgroups of MCG(F) which preserves the complete disk systems D; in H;,
i=1,2.
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Theorem 5.2 Suppose (Hy, Ha, F) is a Heegaard splitting of genus g as above. We may consider
its Hegaard diagram with respect to D;.

1. The elements of the subgroup Gp; < Fyg < MCG(F) preserve the number of waves for the
splitting. (Since Gp; < F,, elements ¢ € Gp; applied to (Hy1, Ha, F) yield splittings of the

same homeomorphism type)

2. Gp; is generated by
{@Wli=1...9} , MA@ =2...9} , (WiFw2)l,and T T %7 T1]}

where 7 is as shown in Fig. 5.6) and wg is the meridian m,

Wy #,Wo

Fig. 5.6)

Pf. As above, we are taking
D, = {waist curvesw; |i = 1...9} U {meridianmg},

so clearly twists around the w;’s and around mg maintain the same arcs entering and leaving
the boundaries of these disks, as well as maintaining the relative positions of their points of
intersection with the disks. So arcs or strands that were parallel, remain parallel. Also the regions
of the Heegaard diagram, which are created by the arcs of D2 and the circles of 8D; may thus be
twisted, but otherwise remain unchanged. In particular, pairs of boundary arcs which admitted a
wave still do, while those that did not, still do not.

Performing T1] w1 wiy Ti| has the effect of reversing the orientation of wy = 9Dy, ie.
T1] w1 w1 Ti] sends D; to itself as a set, reversing the orientation on the boundary, but has
no effect on the rest of the disks in D;. Hence it also leaves the Heegaard diagram unchanged,
and so preserves the number of waves.

(w1 #~ w2)] is a Dehn twist around a circle which does not intersect any of the disks in Dj,

and its effect on strands entering the boundary of a disk in D is to twist the strands but to keep
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parallel strands parallel. So again, waves are neither created nor destroyed (essentially, regions
are twisted, but preserved).

Finally, homeomorphisms of the form7;] “w;—1] w;] 7i] interchange waist disks D;_; and D;
while not affecting other disks in D;. Consider such a homeomorphism acting on a pair of such
adjacent disks, and on arcs joining them (e.g. arcs coming from longitude curves). We may then
observe that we can obtain the resulting Heegaard diagram, from the initial one, by sliding the
boundary circles past one another, in the diagram, in a manner determined by the particular
homeomorphism used. for its inverse). We can combine many such *pair flips” to obtain any
permutation of the disks in D;. Thus, such operations merely isotope the boundary circles around
in the Heegaard diagram, without changing which strands enter or leave a given boundary circle. So
the new diagram, waves or no waves, is isotopic to the original diagram, and the number of waves is
preserved. Intuitively, that such homeomorphisms should generate the group of homeomorphisms
that preserve D; seems reasonable, since they merely permute or flip disks in D;, and flips of
disks other than D; can be accomplished by moving them to the 1st position via applications of
the relevant 73] "w; 1] w;] 7] ’s, then flipping by T3] wy) w3l 71}, and then moving back. Similarly,
(wy #4 w2)] , the twist around the loop shown in Fig. 5.6), can be transported to twists around
other loops which are connected sums of the disks in D;, which don’t meet elements of D,. For
an actual proof of generation, we note that MCG(F) acts transitively on complete disk systems
and it is shown in [Wajnryb] that for D = the standard set of meridian disks, Gp is generated by

the conjugates of the homeomorphisms listed above by the homeomorphism

f= @l W [6) - (G-l wis] oy TG ) -+ (T wd [my [T7)

This is just a glorified application of the quandle relation Q3). Here (D)) f = D. See Fig. 5.7)

for justification.
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@2 D Q= D"@=

Fig. 5.7)

Fig. 5.7) shows (w1) Tyl wy] [ [TT = mi. The analogous results hold for the other w;’s. ///

Lest one harbor the erroneous notion, as I did for about a week, that Gp; is the entire collection
of homeomorphims fixing the number of waves for a given splitting, consider the following. By
symmetry, Gp, also preserves the number of waves. In fact any product in Gp, - Gp; will fix the
number of waves. For a given splitting, ¢ € G'p; does not change the collection of characteristic
curves, 3D, of the splitting. But then, since the splitting was taken with respect to the disk
system D, which is fixed, we need not consider the effect of ¢ on 8D;. (i.e. we can apply
¢ € Gpz, and then “insert” the chosen disk system Gp,.) Then applying ¥ € Gp; fixes D1, and
yields new characteristic curves (8D2)9. But by Thm. 5.6) above, it does not introduce or destroy
waves. The situation is actually somewhat more subtle, as the next example will show.

We will look at a counterexample given by [Ochiai} to the conjecture of [Volodin, Kuznetsov,
Fomenko], regarding whether all splittings of S® except the standard ones in each genus, admit
waves. Ochiai actually gives a whole family of counterexamples in genus 4. To create this family,
Ochiai considers “extended” complete disk systems for the handlebodies H; and H,. For a han-
dlebody of genus g, these are systems which consist of g+1 disks, such that cutting along them
would separate the handlebody. So in this instance, an extended system will consist of 5 disks in
each of H; and Hj, such that any choice of four of these, in each handlebody, yields a splitting
of $°. In particular, the example was constructed so that any such choice of four disks in each

handlebody, coming from the extended disk system, gives a splitting without waves. See Fig. 5.8)
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In Fig. 5.8),

a) shows the splitting surface with extended disk systems D; and Dy where
D, = {d;|]i =1...5} and 0D, = {ei|i =1...5}.

b) shows splittings of F and F’ (with 4 disks in each handlebody) such that
F e 6’Dl = {dz, da, d4, d5 } and 8D, = {62, c3, C4, cs}
and

F' & 0D'y = {d3, d3, d4, ds} and D'y = {1, c3, ¢4, 5}

c) shows the Heegaard diagram associated with the spitting # shown in b). Note the absence of

waves.
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With aD; as shown, for the extended disk system D,
dz_d
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In Fig. 5.9) I show four disjoint loops e ,@2,a3,and a4 such that a composition of Dehn
twists around them sends the characteristic curves of F above to those of F’, determined by
8D’y = {d2,ds,ds,ds} and D'y = {c1, ca, c4, c5}, i.e. it replaces ¢a by ¢1, leaving all other
circles unchanged. Since the a’s are mutually disjoint, the order of composition is unimportant.
If we consider the group generated by the a's, < a1,@2,a3,a4 > NGp,; = B, since the product
sends D, to D'y, while individually, or in sub-products, the a’s don’t even preserve disks. Also,
neither the product nor any sub-product lie in Gp,, since circles bounding disks in D are sent
to circles that no longer bound disks in Hi, and so the a’s, in product or individually, are not
even in the subgroup ¥y < MCG(F), whose elements send disks to disks in H;. Since none of
the splittings arising from picking disk systems from the extended disk systems D, and D, have

waves, we have
(F)[a1 a2 a3lGa) = F'

So in this instance, the homeomorphism [&; [a2 @3] ai] does preserve the number of waves.
Furthermore, if some of the splittings arising from the extended disk systems D; and D, have
waves, and some do not, then 2 homeomorphism taking one with waves to one without, would not
preserve the number of waves. The example detailed above is relatively special in that all splittings
arising from the extended disk systems had the same number of waves, zero. More generally, it
would seem reasonable that if extended disk systems were created for the manifold M, with the

following properties:
1. all complete disk systems coming from the extended system give rise to the same manifold
2. all complete disk systems coming from the extended system have equal numbers of waves

then the collection of homeomorphisms that preserved the extended disk system, for either Hy or

Ha, would preserve the number of waves. There. Lotsa time saved. Spend it wisely. Don’t spend

it in too many places at once.
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Steps taking c,—c; and F— F'
where dD,' = { d, ds, d4, ds}

Fig. 5.9)

Apropos the foregoing discussion, I will use Thm. 5.6) and properties of the extended quandle
to reprove the following result of [Homma, Ochiai, Takahashi]
Theorem (Homma, Ochiai, Takahashi) Among the collection of genus 2 splittings of S3, taken
with respect to the standard complete disk system Dy, with 8Dy = {m1, ma}, all splittings except

the standard splitting admit waves.

So the conjecture of [Volodin, Kuznetzov, Fomenko] is true in genus 2.

To prove this, we will need to show that for any Heegaard diagram of genus 2 representing S2,
which is not the diagram of the standard splitting, there exists at least one wave w. If w has

endpoints on one meridian, it must intersect neither the other meridian, nor the circles of 8D,
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which form the characteristic curves of the splitting. In this way, it will be seen to lie in one of
the “regions” mentioned by [Homma, Ochiai, Takahashi] and described in Definition 5.4).

Pi. of Theorem. Supposing as per hypothesis, that F is of genus 2 and m; and m, are standard
meridians so that for the complete disk system D1, we have 8Dy = {mi, ma}. We consider the

following cases;

Case 1)

Suppose ¢ € Gp;. Then by Lemma 5.5) the only effect ¢ has on the Heegaard diagram of
the standard genus 2 splitting is to isotope the boundary circles around. In particular, it will not
change the number of pairs of edges available for the formation of waves. But since the standard
splitting of genus 2 (see Fig. 5.10)) has 2 components with one edge apiece, neither admits waves.
(recall that a wave required a pair of distinct edges on the boundary of a region in the splitting
diagram, and an arc between them.) Hence, elements of Gp; applied to the standard genus 2

spitting yield diagrams isotopic to the original diagram, which has no waves.

R RV —_Q QD
1 2

Fig. 5.10)

Case 2)
Now assume that ¢ € F» — Gpy

Claim: The image (m;)% is either disjoint from m;, or can be pushed off m; V¢, j € {1, 2}.

Pf. of Claim. If (m;)y = my for ¢ 5 j, then this is clear. On the other hand, if (m;)y¥ = my
for 7 % j, we may isotope the image copy of m; off another copy of m;. Finally, if (m;)¥ is not
a meridian, then by Thm. 4.1), it is a connected sum of meridians. Such connected sums on the
surface of genus 2 can be only of the following types (see Fig. 5.11a)), since if a path v connects
m; and mg, it cannot go around a hole, since then we could not form a legal connected sum (there
would be self-intersections). Also, the image (m;)¥ cannot be a connected sum of 2 copies of a

single meridian circle, since then it would be a separating curve on F. This would contradict the
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fact that m; is nonseparating, and ¢ is a homeomorphism. See Fig. 5.11b). From the figure, it is

clear that all such connected sums may be pushed off m; or mz. This proves the claim.

0

n-fold wraps

and reflections of these in the coordinate planes,
and rotations by & around the origin o.

b)

separating

Fig. 5.11)

Now, since {{; N m;| = 1 for j € {1, 2}, then |({;)¢¥ N (m;)¥| = 1, where [; represents the
j-th longitude circle. Thus, in the connected sum (m;)¢ = m; #, m;, we may use Lemma 4.1) to
slide the intersection point # = (I;)¢ N(m;) so that it lies in the m; “portion” of the connected

sum and not in the tube connecting m; and m;. But now Prop. 3.2) assures us that since we have
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(m;)Y represented as a connected sum, with v the connecting path, there exists another short
path 7, transverse and perpendicular to 4, with endpoints on (m;)y = m; #,m;. We may think
of 7 as connecting the two inside walls of the tube. It is a wave for (m;)¢. I particular, since we
have pushed the intersection point 2 = (I;)% N (m;)y off the tube, 7 avoids (;)¢. It is also the
case that (I;)¥ N (m;)y = B for i 7 j, since {; N m; = P. Thus the wave 7 misses the images of
the characteristic curves Iy and I, as well as avoiding the other meridian m;, as required.

Now, following [Birman], we give the next definition.

Definition 5.5 Two genus g Heegaard splittings F and F' are said to be strongly equivalent, de-
noted F' ~ F’, if there extsts an orientation preserving homeomorphism h : H, Uy Hz — Hy UgHo
such that (H1)h = Hy and (Hy)h = Ha.

Here, homeomorphisms ¢/, ¢ € MCG(F) yield the characteristic curves on F and F’ respectively.
Birman proves that F ~ F' iff there exist homeomorphisms f; , f2 € F4 such that ¢ = fiéfa.
[Waldhausen] and later [Scharlemann, Thompson] prove that all splittings of S are strongly
equivalent. If 9 is the homeomorphism on F = §H; yielding the standard splitting F, with
characteristic curves given by the longitudes !, and I, then we may think of ¢ as having created
these characterstic curves by acting on the initial configuration of the handlebody H;. Recall from
chapter 1 that the initial configuration consisted of the two (in this case) meridian curves m; and

ma. See Fig 5.12).

Fig. 5.12)

From the discussion above, any other configuration of characteristic curves on the surface, corre-

sponding to F’ and the homeomorphism ¢ € M CG(F), must be related by

¢ = fivfa.

Now as elements of Fa, the f; i = 1,2 merely permute disks in the complete disk system Dy,

where D1 = {mi, m2}. After applying fi, m; and m; still bound disks in Hy. Then ¢ : m; —
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l; i = 1,2, but does not change the inside of H;. (recall that ¢ € (MCG(F) — F3,), so it
does not extend to Hy). Now if fo € G;p 1, we showed above that it created no waves, and the
Heegaard diagram it yields is in fact the same as the one associated to 1. On the other hand, if
f2 € Fa — Gp,, then it did indeed yield waves. Thus for all new configurations of characteristic
curves, that is those which do not merely differ from the standard configuration by elements of
Gp, (which give isotopic Heegaard diagrams anyway), the homeomorphisms giving rise to them
also create waves. ///

The proof just given depends heavily upon the relative scarcity of disks and possible connected
sums of meridians in the handlebody of genus 2. This is quite different from the situation for
higher genus. In particular in higher genus, we would be unable to limit the types of possible
connected sum as we have in Fig. 5.11). The dearth of disks in the handlebody of genus 2 also
yields anotber somewhat unusual property; any homeomorphism in MCG(F) that sends a disk
in the handlebody to another disk, sends all disks to disks, and thus lies in F;. So whether a
homeomorphism lies in F; is determined by its behavior on a single disk. This is not the case for

genus > 2.

6 Dessert: Quirks, Oddities, and some Post-Prandial
Speechifying

In this section, we look at some other structures that arise from the extended quandle P, and also
pose some further questions.

To this end, let us assume our surface F is of genus g, and let

Sz = {beP|cT) = 2t = =z}

So Sz is the collection of circles on F which don’t intersect the circle z. (If a circle intersected z
nontrivially, Dehn twisting around it would insert a copy of it in z, yielding a result different from
z. Dehn twists about elements of S; form a subset of Stab(z) < MCG(F). S. is closed under
[ and —] Forifa, b€ Sz, then [a N z| = 0 = [b N z|, and thus none of afF", a¥], b[a_, b7a)
intersect z. One can see this by realizing that inserting one circle into another via Dehn twist is a
purely local operation. Thus, all of the four resulting circles are in S,. Furthermore, S, is closed
under connected sum, assuming that for ¢, b € Sz, with a N b = @, any connected sum a#~b
is formed along a path v which either doesn’t meet = or may be homotoped off z. Thus for each
such z, S is a sub-extended quandle of P, with group < S: > < MCG(F), somewhat analogous,
for a given z, to Stab(z) < MCG(F). Note that I am not insisting that S is a subgroup of
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MCG(F), or even of Stab(z); it is not, sigce concatenations of Dehn twists do not generally yield
a homeomorphism which is a Dehn twist about some circle.
Now consider triples of elements of P of the form (z, b, p), where b € S, and p is any old

element in P, and z is a test element. According to the quandle relation Q3),

=[5 P1T1 = = bp]| )

but for b € S, since [0 has no effect on z, this relation turns into

z P11 = z bp|

This is an expression of associativity of products of Dehn twists in P. So the general relation
Q3) becomes true associativity when & € S.. In some sense, we may consider that for triple
multiplications of the type shown on the left side of Q3), whether b liesin S or not is an obstruction
to true associativity. The full formula in Q3) is an expression of “quasi-associativity”, which I
think of as being “local” with respect to a given element 2. So for each z, there is a collection
of truly associative multiplications associated (pardon the pun) to z, amongst all possible triple
multiplications, namely those multiplications with first Dehn twist taken from S;.

Now let N = {z € P|zis nonseparating onF'}, For elements x € N, the S;’s and the
attendant truly associative multiplication triples have an additional feature. They satisfy a type
of cocycle condition. To see this, note that M CG(F) acts transitively on the elements of N. Let
z,y,z€ N andlet g, h,k € MCG(F) so that

(z)g =y
(v)h =z
(2)k = 2

where the actions by elements of MCG(F) are written on the right of elements of P. Define S,

Sy, and S; as above. Then for a € S; we have

(Vg™ 'Tg =y,
and
g~'alg =Tagl,

where this last equation is just a reformulation of Q3) for a general homeomorphism g € MCG(F),
where g is not necessarily a single Dehn twist, and (a)g € Sy. Then we may define an action of
MCG(F) on the collection of S:’s by (a,g) — (a)g, where a € S; and ¢ € MCG(F). Let us

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



56

denote this action by (S;)¢. The action is 1-1 and onto since it is action via homeomorphism,

carrying for example, S; to Sy. More particularly,
(S=)* = (S:)*.

Thus to a given z € N we may associate its unique sub-quandle, S:, and the collection of triples
(X,%,p), with b € S;, such that the multiplications of these triples (in the specified order,
z [b° p] 7] and variants) are associative. We also have the further structure of the cocycle
condition, mentioned above. This agglomeration of structure suggests an analogy to the structure
of a vector bundle over a manifold. There, cocycle conditions mediate interactions of locally
trivial bundles over coordinate patches, glueing them together to yield the entire bundle, which is
globally “quasi-trivial”. Here, we have the cocycle condition relating the interactions of S:’s and
the attendant collections of truly associative multiplications (for each z € N), and glueing them to
form a globally “quasi-associative” whole. So for each ¢ € N, S; and the associative multplications
play the same role in the global structure as the local patches and locally trivial bundles over them
play in the vector bundle. The “size” of the collection of associative multiplications, for a given
element z € N, carries some (obvious) topological information; namely it is a measure of the genus
of F, in that the greater the genus, the greater the number of circles on F which don’t intersect
z, so the greater the number of possible truly associative multiplications. The only exception is
the case when F = $2, where all circles are in S, for a given circle z on F.

We may glean some further properties of the S;’s.
Proposition 6.1 The assignment [a] — S, is 1-1, where [a] denotes the isotopy class of a € P.

Pf. There are a number of cases to consider. Let a,b € P such that andé = @, and let
genus(F) = g. Assume [a], [b] # [7] where T is a representative of the trivial class.
Case 1)

Suppose a is not homologous to b, and that both a and b are nonseparating imbedded circles
in F. Since a and b are not homologous, they do not bound a subsurface of F, so F — {a,b} is
still path connected. Choose points z,y € F, near a, lying on opposite sides of a, so that z, y
are the endpoints of a short segment Zy, transverse and perpendicular to a. See Fig. 6.1). Since
F — {a, b} is path connected, there is an imbedded path o C F — {a, b} which joins the points z
and y. Then ¢ = cUZY is a simple closed curve in F — {4}, such that jeNa] = 1, while |end| = 0.
Thus, Dehn twisting around c fixes b but acts nontrivially on a. So ¢ € S but ¢ € S,, s0 Sg 7% Sb.
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Xy Yy

X

Fig. 6.1)

Case 2)

All other suppositions as above, now assume a is homologous to b in F. If a and 4 bound
an annulus in F, then they are isotopic, and [a] = [b] = Sa = Si. So now assume that a and
b do not bound an annulus. Then they bound some subsurface F/ C F where genus(F’') < g.
By the classification of surfaces, (with boundary) all surfaces with the same genus and same
number of boundary components are homeomorphic. Now MCG(F') acts transitively on N =
{separating circles}, so there is a homeomorphism f € MCG(F) with (a)f = a’'and {b)f = ¥,
where these new circles bound a subsurface homeomorphic to F' in F, which is “generic” or
standard. For this new generic picture, we now use the fact that genus(#') < g to enable us to
find a curve ¢’ involving a hole “unused” by one of a’ or ¥, so that e.g. |¢! N¥| = 0. Then

(c’)f‘il ="¢] moves a but fixes b,s0 ¢ € S, but ¢ € S,, and S, # Sp.

Fig. 6.2)

Case 3)
Now suppose anb = @, and let a be a nontrivial separating curve on F, while b is nonseparating,.

Since aNb = 0, and a is separating, 4 lies on one side of g, i.e. cutting along a yields b lyng in
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a component F/ C F, where genus(F’) < g. Again we may choose points z, y € F’ and form the
segment Ty, transverse and perpendicu]af to b, with = on one side of 4, and y on the other. Since
b does not separate F, it does not separate F’, so F’ — b is path connected. As in case 1) we may
again form the path o and define the circle ¢ = o UZy. We then proceed as in case 1).

In each of the three cases above,we found a circle that intersected one of a or b once, by
construction.
Case 4)

Now suppose that both a and b are separating, and aNb = §. Cut F along a, say. One of
the resulting components, F’ contains b. If genus(F’) = 0, then [b] = [r], but this contradicts
the assumption that [b] # [r]. On the other hand, if genus(F') = 1, then [§} = [g], also contrary
to assumption. Hence, genus(F') > 2, and b is a separating curve for F’. If we cut F' along &,
we get two components of genus < genus(F”’). Each of these components has genus > 1. Pick
two nontrivial circles ¢, and ¢2 in F’, one from each of the components gotten by cutting along
6. Form the connected sum ¢ = ¢ # c2 along a path ¥ which intersects b nontrivially. Then ¢
crosses b (an even number of times) and thus Dehn twists about ¢ move b but fix a, so ¢ € S; but
c € Ssyand Sa 7# 5. ///

By the previous proposition, since the assignment [a] — S, is 1-1, the operations
#+, |, and [ induce operations on the S:’s, so that e.g. m = §; 7] and S:#+Sy =
Sz .y, Wherever z#. y is defined. I do not know what meaning this has, if any. It would be
nice, as well, to have some idea of whether the structure analogous to the vector bundle, that was
mentioned above, can be used to any topological benefit, with regards to 3-manifolds and their
Heegaard splittings.

In the previous sections, I attempted to show some of the ways in which the algebraic structure
of the extended quandle may be used to look at various aspects of the topology of 3-manifolds,
specifically regarding representations via Heegaard splittings. Now allow me to indulge in some
questions and speculations as to further properties and avenues of study.

As I mentioned briefly at the end of section 2, it would be nice to know whether the connected
sum admits a well defined, canonical or unique (possibly shortest) path, and whether this would
allow us to create connected sums using any applicable paths, yet specialize down to to a unique,
well defined multiplication and an actual Hopf algebra structure. Again, the desire for this is
motivated by some notion of completeness, and the comfort of finding somewhat more familiar
structures in a blooming algebraic wilderness. Whether such motivation is justified is also a
question.

There are other questions which arise somewhat naturally from the consideration of the ex-
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tended quandle and comparison to well known structures. Consider the homology group H;(F)
for F a surface of genus g. For a pair of homology classes {a} and {b} with representatives which
can be made to intersect in 0 or 1 point, the sum operation in homology is accomplished either by
connected sum, in the first case, or by one of two Dehn twists, in the second. E.g. if [anb] = 1
then {a} + {6} = {aB]} or {a[F }, depending on the signs. See Fig. 6.3)

{a+b}
bl

)
0=
0

LN

ce
~—
QL
e

{ } = homology class

Fig. 6.3)

So to this extent, the operations in the extended quandle generalize the sum in homology. The
question then arises: if connected sum and Dehn twists are manifestations of the same underlying
operation, sum, in homology, are they also manifestations of some analogous single operation in
the extended quandle? To a certain extent, this would be a pleasant development, if it were the
case. For as it now stands, the connected sum is defined only for nonintersecting pairs of circles, so
it is not, strictly speaking, an algebraic operation. The Dehn twist is of course defined in all cases.
If it were true that they were manifestations of some underlying and as yet unspecified operation,
we might be able to reasonably make connected sum into fully algebraic operation, adding a sort
of completeness (not in the mathematical sense) to the structure of the extended quandle.

One possibility for realizing this might be to find a way to think of connected sum, defined by
a path v joining the two circles, as degenerating into the Dehn twist of two intersecting circles
(intersecting once) as length{<) ~» 0. In other words, considering the intersection point of a pair
of circles a and & with |a N b = 1, as a path between the circles of length 0. However, I have

not yet figured out a way to correctly and coherently formalize this. A related complementary
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question might be: is it possible or useful to create a notion of connected sum between pairs of
circles which intersect? ‘

This actually leads to a rather more profound question of whether in formulating the operations
of the extended quandle, and in examining some of their interactions, it would have been more
correct and/or more useful to have defined them for immersed, rather than merely imbedded
circles in F? It is not unreasonable to expect that the addition of the further information of
intersection and self-intersection on the circles, into the “constitution” of the extended quandle
might be a useful generalization, and that the extra structure might enhance the “coherence” (not
in the categorical sense) and usefulness of the quandle. There are algebraic structures defined for
closed curves on surfaces (see [Turaev]) based on this. Alternatively, it might be more fruitful
to consider paths or arcs in F' as the basic building blocks in the definitions, rather than circles.
How might this be accomplished? Could this be used to eliminate the non-algebraicness of the
connected sum, for instance?

Another avenue of pursuit which I looked into briefly, without terribly much success, was
whether it might be possible to find some type of “function” associated to F' and the extended
quandle, which might give a simple, closed form expression for the Dehn twist about a given
connected sumn of two circles, in terms of “generating” Dehn twists. In other words, givena, b € P,
with {a N b = 0, and given a path 4 between them, is there a relatively simple function of
a, b, and v which determines the Dehn twists [(a # 0) and (a#- b)? Such a development would
provide a host of new relations in MCG(F), or perhaps they might be better termed “meta-
relations”, since the notion of connected sum is not native to MCG(F), though it is to the
extended quandle. In some sense, such relations would “factor through” the extended quandle.
Indeed, there already exists methods for describing Dehn twists about connected sums, or any
circle, for that matter. If, for instance, the circle a # b is nonseparating in F, since MCG(F)
acts transitively on N = {z € P |z is nonseparating in '}, one may choose a circle ¢ € N, and
find a homeomorphism ¢ € M CG(F) such that (c)¢ = a#b where ¢ is expressed as a product
of Dehn twists. Then the quandle relation Q3) allows the twist about a #4 b to be expressed as a
conjugate by ¢ , of the corresponding twist about ¢. This method of yielding an expression for a
twist about a #. b depends on the choice of the circle ¢. In particular, the length (number of twists
about circles) and amount of complication of the resulting expression, also depend on the choice
of c. There are many such ¢’s from which to choose. Sticking with this particular point of inquiry,
one might ask: for a given a # b, what choice of ¢ yields a conjugation expression, (i.e. a word in
MCG(F)) for the twist about a #- b, which is least complicated? Here, complicated might mean

‘is of minimal length’ or perhaps ‘is made up of Dehn twists about circles which are themselves,
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uncomplicated’, homotopically for instance. Again the choices for the element ¢ provide a large
measure of ambiguity to this formulation. This was precisely the reason for wanting to have a
“function” only dependent on a, b, and 7.

Another idea which crops up rather naturally, but which I have not used explicitly in the dis-
cussions above, is the notion of a duality in P, dovetailing neatly with the idea of P as an “algebra”
for Heegaard splittings. More explicitly, take P as the free module over some commutative ring
K, generated by the circles on F, as was done in section 2. If we have a Heegaard splitting given
by (Hy, Ha, F), it is reasonable to consider the boundary circles of a complete disk system D of
H and those of a complete disk system D, of Hs, (these latter being the characteristic circles of
the splitting) as being dual to one another. One impetus for doing so is that when we consider a
handle decomposition of M compatible with the splitting, the disks in D; are exactly the co-cores
of the 1-handles, while those in D3 are cores of the 2-handles. So dD; and 8D; may be thought
of as dual bases of submodules associated specifically with the handlebodies of a given Heegaard
gplitting. Changes to the respective complete disk systems, for instance by use of waves (as in
section 5) or by application of some homeomorphism preserving a handlebody, may be thought
of as changes of basis. The homology intersection form < a, b > for H,(F), where a € 0D; and
b € 0D, provides a method of evaluation; <, >: P*® P — K. Since by definition, the D;’s
(i=1,2) are disks with nonseparating boundary in F, and since again MCG(F) acts transitively
on N, there are explicit endomorphisms of Pk arising from the homeomorphisms ¢ € MCG(F)
with (8D2)¢ = 8Dy, which carry the dual basis to the basis, and vice versa. Perhaps for a more
complete (and conceivably useful) notion of the extended quandle, such a natural construction
ought to be incor.pora.ted into the structure.

One final project that I would like to realize is the use of the algebraic structure to form
invariants of 3-manifolds. Up until now, I had not looked into this, My hope would be that
since the algebra here is tied to the topology in a relatively straightforward fashion, that thus,
any invariants derived from it would be easily scen to be descriptive of particular aspects of the
topology and the geometry. This might distinguish such invariants fromm many of the present
ones, quantum and Vassiliev, for which the connection to the topology is not immediately evident.
One alternative thought is that perhaps some of the present invariants, in particular the quantum
invariants, might turn out to be invariants of the quandle formed by the action of MCG(F) on
m (M).

I have tried to show some of the interplay between algebraic and topological structures related
to curves on surfaces, and to point out some possible directions for further inquiry. I feel that

placing some of the topological ideas within an algebraic framework lends a dynamic quality to the
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geometric topology, which I appreciated; in particular, the pushing around of collections of disks by
elements of MCG(F). Also, I have attempted to suggest possible additions and ameliorations to
the structures which might prove useful and/or aesthetic. I hope I have been somewhat successful.

The area which I have briefly explored seems quite rich in structure and possibility.
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