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ABSTRACT

A Crass oF (Q,R) INVENTORY MoDELS WITH PARTIAL BACKCRDERS,
PoissoN DemanDs, AND ERLANG-DISTRIBUTED LEAD TiMES
by

York Y. Woo
Advisor: Professor Georghios P. Sphicas

The framework of analysis in this study is the stochastic (Q,R)
model for a single inventory item. The inventory position, which
is the level of inventory on hand plus on order minus backorders,
is continuously monitored. Customers demand single units
according to a Poisson process. When the position reaches the
prespecified reorder level R, an order is placed with suppliers
for a lot of size Q units. The lead time, defined as the time
from placing the order until the shipment arrives, is a random
variable with an Erlangian type of distribution.

We first consider such an inventory system with exponentially
distributed lead times, which is a special case of Erlangian
distributions. When a stockout occurs, some customers are willing
to wait for backorders but the rest will take their business
elsewhere. After a certain number of outstanding orders have been
placed by the system, however, all new demands will be lost
because the expected waiting time for backlogging will then be

longer than customers’ tolerance limits. An analytical model
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exactly representing this system is derived by solving a truncated
stochastic process. Under a special case, the model also

represents another inventory system where the interarrival time

bet two ive TS has an Erlang distribution and an
order is placed by the system whenever a unit is demanded. Some
properties of the net inventory probability distribution are then
presented with proof. Since solutions of the optimal inventory
policy cannot be explicitly obtained, some experimentation is
designed and performed jn order to investigate the nature of this
system. Numerical results of the sensitivity analysis are also
reported with some discussion.

We then consider a continuous review inventory system with
Erlang-distributed lead times where all customers will wait to be
backlogged when the system is out of stock. Another analytical
model which closely approximates this system is built by
conditioning the probabilities of net inventory first on the
inventory position and then on the lead time. Several properties
of this model are then established. Closed-form expressions of
both the net inventory probability and the average inventory cost
function are also obtained. Sensitivity analysis is designed and
conducted by using numerical examples to examine the effect of
lead time variability on the optimal solution. Exponential lead
time is studied as a special case, and then compared with the
previous exact model when all unsatisfied demands can be
backordered. Finally, we provide some suggestions for future

research.
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CHAPTER 1

INTRODUCTION AND OvERVizw

1. PROBLEM STATEMENT

Inventory control is a practical problem whenever certain
commercial activities are undertaken. Inventory can be generally
defined as: A quantity of goods or materials in the control of an
enterprise and held for a time in a relatively idle or
unproductive state, awaiting its intended use or sale. This
definition suggests that the existence of an inventory reflects a
temporary lull between two activities which can be termed the
supply and demand processes. Customarily the supply process
precedes and contributes goods to the inventory, while the demand
process succeeds and depletes the same inventory. The inventory
exists because the supply and demand processes differ in the rates

at which they respectively provide or require stock.

Inventory serves an important role in any bussiness enterprise
because it can provide the fol;ouing functions:
1. Market exploitation. Anticipation of a future increase in
selling price suggests a delay in disposing of stock on hand.
Conversely, declining market prices are a motivation for

creating a negative inventory such as intended backorders.
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2. Protection against stockouts. To the extent that the supply
or demand process fluctuates unpredictably, there is some
risk of running out of stock and suffering the associated
customer strife, disruption of operations, expediting costs,
ete. Insurance against such stockouts is provided by
so-called buffer stocks.

3. Operations smoothing. Demand fluctuation is usually
synchronous with the season of the year or with the
phenomenon of the business cycle. Although such fluctuation
can be accommodated in other ways, such as changing
production rates, there is usually the alternative of
producing smoothly and storing for peak demands.

4. Lot-size economy. If the supply process involves shipment
and receipt of goods from an outside supplier, the economy of
larger-sized replenishment orders basically arises from lower
shipping and delivery costs. In some cases, this may consist
of the supplier’s offer of a quantity discount on large
orders. If the supply process is internal production, the
economy accrues from fewer machine setups.

5. Control system economy. An often-overlooked purpose for
carrying larger inventories is that less control effort is
required. Inventory control systems are costly to design,
implement, and maintain. A lower-cost, looser mode of

control, with attendant larger stocks, may be justified.

The functions of inventory introduced above can be unified into a
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single, overall function. The purpose of maintaining inventories

is tc avoid the opportunity cost associated with not doing so.

H , 1 tory maint is itself a costly activity. The
cost of carrying stocks may include interests on inventory
investment, storage and handling expenses, insurance policies
against accidental losses, property taxes, etc. Therefore, the
Justification for holding stocks must be that the costs avoided
exceed the carrying cost. Those costs which can be avoided by
holding inventories are shortage costs, ordering costs, material

costs, and systems costs.

Inventory control is one of the earliest developed areas in the
fields of Industrial Engineering, Operations Research, Management
Science, or Production and Operations Management. Inventory
control can be interpreted as effort to achieve and maintain an
economic balance between the costs incurred and the costs saved by
holding material in stock. The control of inventory can be also
viewed as control over availability for use of stocks. In
general, the usual control mechanism involves regulation of the
supply process. Accordingly, the predominant concern in this
study will be the effectiveness of decisions regarding when and
how much to order or produce to supply an inventory. However, the
effectiveness of supply decisions is measured differently by
different people, depending on their role in the organization. A
common denominator is therefore needed to unify thought and

promote communication among people with varying organizational

. - ] ission.
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goals. Costs are usually used to achieve this resolution.
Therefore, the emphasis of inventory control is on designing
cost-sensitive, cost-effective, and cost-minimizing inventory

supply systems.

Modeling of supply behavior involves relating an actual supply to
an ordering decision. The two quantities may differ in quantity
or timing or both. Most inventory models in use today assume that
the quantity supplied will be equal to that ordered. However, the
timing of supply will generally lag behind the placement of an
order for two reasons. An order for replenishment is supplied
only after the necessary paperwork, materials handling, and
transportation activities are completed. These delays are lumped
together to form a delivery lag or lead time. In the model, lead
time may be treated either as constant or as a random variable.
The other reason why supply is not coincident in time with an
ordering decision is that the supply rate may be finite. This is
the case when the order is a production order rather than a
purchase order. In this study, only the case of purchase orders

will be considered.

While supply quantities are usually realistically modeled as
known, future demand quantities frequently can not be. It 1is the
degree of predictability which governs the modeling decision to
treat future demands as known or unknown. If demands are quite

predictable, it should be reasonable to treat them as known.
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However, unpredictability is not to be confused with variability.
Demands can be highly variable but nonetheless predictable. It is
the random variation in demands which causes future demands to be
unpredictable. Thus demands for future time periods are
considered to be either known quantities or random variables.
Since demand and lead time are usually the only quantities treated
as random variables in an inventory model, such models will be
called deterministic if demand and lead time are both treated as
known. If one or both of demand and lead time are modeled as

random variables, the model is called probabilistic or stochastic.

In the case of stoch ic models, d ds for future periods in
time and/or lead times are usually respectively assumed to be
independently, identically distributed random variables with a

known probabil ity distribution.

Another important consideration in modeling inventory systems is
the way in which a shortage affects demands. Demands which can
not be satisfied when a stockout occurs are usually either
backlogged or lost or a combination of both. Backlogged demands
are assumed to be satisfied as soon as supply is available.
Unsatisfied demands may also affect subsequent demands, as when
dissatisfied customers take their business elsewhere or persuade
their acquaintances to do likewise. Occasionally, however,
unsatisfied demands may generate more demands than would have
normally occurred. For example, demands for needeq maintenance

parts, if not provided, may cause additional events to occur which
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require more maintenance.

The framework of amalysis in this study is the éontinuous—review
stochastic (Q,R) model for a single inventory item. This model is
also known as the lot-size reorder-point inventory model. I% is
presumed that information regarding the inventory level, including
amount on hand and on order, is continually available at all
times. In a practical sense, this assumption is considered valid
if the time lag between the occurrence of a transaction and
knowledge of its occurrence is negligibly small compared with the

typical interval bet ive d Here, two inventory

levels commonly in use must be distinguished. Net inventory is
usually defined as the level of on-hand inventory minus backorders
while inventory position is the level of net inventory plus

inventory on order.

It is therefore logical for such an inventory system to specify
its operating policy so that an order is triggered whenever the
stock position falls to a given 1level. In the inventory
literature, that level is usually called R and referred to as the
reorder point. The quantity to be ordered when an order is placed
is fixed if it is assumed that customers demand the inventory item
one at a time, and is usually called Q in the literature. The
purpose of the analysis of (Q,R) models is therefore to fird the
optimal values for G and R. The order quantity may be variable in

2 situation where customers demand various rather than one unit at
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2 time, but those situations are beyond the scope of this study.
A policy involving variable order quantities usually specifies
that the inventory position be brought up to a level S whenever it

falls below the level s, and is referred to as an (s,S) policy.

Another policy for operating an inventory system in a stochastic
environment is known as the periodic-review policy, where the

inventory level is observed only at equally spaced points in time.

The choice bet a conti: review and a periodic-review
ordering policy is one of the most fundamental decisions to be
made in designing an inventory control system. The use of a
periodic-review policy will result in higher holding and shortage
costs and lower ordering and information control costs than the
use of a continuous-review policy. However, due to the rapid
growth of the use of electronic data Processing systems to control
inventories, the cost of handling inventory information for a
continuous-review system is now no greater than that of a
periodic-review system. Therefore, when this is combined with the
faét that, exclusive of the review cost, a continuous-review
system always results in a lower expected inventory cost per unit
of time than a periodic-review system [Hadley and Whitin 1863,
Sections 5-1 and 5-12], the reason for the trend to continuous

review becomes clear.
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2. OBJECTIVES AND SCOPE OF THE STUDY

This study attempts to investigate two single-item, continuous-

review st ic i tory t so as to fill up some gaps in
the literature and make some contributions to the current state of
knowledge of such systems. The main objective is to develop two
analytical models representing these Systems, one exact and the
other approximate. It is worthwhile to note here that the general
trend in Management Science for recent years has been in the
direction of finding "gocd enough”" solutions, if they are easily
obtainable, rather than exact ones, if they require a lot of

effort and restrictive assumptions.

Properties and closed-form results are also derived for both
models. Due to the complexity involved in the theoretical result,
some numerical experimentation is designed and performed for each
model in order to examine its nature and behavior. Finally, these
two models are compared under some special cases by numerical
examples. The ultimate goal of this study is to provide useful
results for the design and implementation of real life inventory

control systenms.

The scope of this study is limited by some assumptions on the
nature of problems under consideration. First of all, it is
assumed for both inventory systems that demands arrive one at a

time according to a Poisson process and lead times are

R m F i ibi i ission
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independently identically distributed random variables with an
Erlangian type of probability distribution. This also implies

that the demand arrival rote and the service rate for

replenish are ind of the inventory level in the

system.

The assumption of Erlang ' distribution for lead times is
appropriate in many inventory problems. Consider that there are
several phases in the process of replenishing orders and if each
phase requires exponential time duration, the entire lead time
would have an Erlang distribution. The method of stages allows
one to model the Erlang process as a Sequence of exponential
processes. This, combined with the Poisson process generating
demands, allows one to work with a completely Markovian model.
Another reason for the Erlangian assumption is that the Erlang
distribution provides a convenient family of distributions with a
wide range of coefficients of variation between the constant case
and the large variation of exponential case. Table 1.1 shows the
first two moments of the probability distributions used in this

study.
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Table 1.1. Probability distributions used in this study

Probabiliry Probability mass/
Distribution density function Mean  Variance

ax
Poisson with =Y _
parameter X > 0 x' € x=0,12,... a a
1 1
Exponential with ot t20 2 kS
parameter p > 0 K -
B 3
Erlang with (ut)*? -~ " "
parameters u > 0 W t=0 —_ —
and K = 1,2,3,.. (X-1)! " K
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Next, it is assumed for the first system that a constant fraction,
which is independent of the backlog size, of customers are willing
to wait for backorders when there is a stockout, but the remaining
fraction will take their business elsewhere. Furthermore, those
who will wait are assumed to have limited patience and only
willing to wait a certain period of time for satisfaction.
Therefore, after a certain number of outstanding orders have been
placed by the system, all new demands will be lost and/or the
management will not accept any new demand from custoners, because
the expected waiting time for backorders will then be longer than
customers’ tolerance limits. In other words, only a certain
number of orders are allowed to be outstanding at all time. This
last assumption allows one to truncate the Markov process into

finite states.

The general justification for utilizing such a model would be that
the management feels that customers are only willing to wait for a
certain period of time for backlogging, after which their loyalty
will be placed in jeopardy. It would naturally be assumed that
the loss of this loyalty is in excess of merely losing a single
sale.  Therefore, the management wishes to utilize the limited
customer patience in a2llowing only a certain length of queue to
form. For example, only a portion of new car buyers will wait for
2 certain brand and/or model of cars from the dealer and the rest
will turn to other brands or models when a stockout occurs. When

backorders accumulate to a certain level, however, all buyers will
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g0 somewhere else or the dealer will advise new customers to do so
because the expected waiting time for replenishments would be too
long. Peterson and Silver [1985, pp. 253-254] provide a detailed

discussion on the practicality of models with partial backorders.

However, for the second model, all customers are assumed to be
willing to wait as long as necessary for backlogging when the
system is out of stock. This is also one of the two assumptions
frequently used in the inventory literature. The other common
assumption is that all demands will be lost when a stockout

occurs.

Finally, it is assumed for both models that cost elements are
stationary, i.e., all inventory related costs do not change with
time, and the system can reach steady state as the planning
horizon approaches infinity. Furthermore, the system control cost
is assumed to be independent of Q and R, and the purchase price of
inventory item is assumed to be constant over time, i.e., it is
independent of the order quantity. Therefore, two possible
limitations in applying these models include the steady-state
assumption, which does not allow for any variation in the mean
demand and mean lead time, and the constant price assumption,

vhich precludes quantity discounts.
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13
3. RESEARCH METHODOLOGY

The purpose of analyzing (Q,R) models is to find the optimal
values for the order quantity and reorder point. The optimal
values of Q and R can be obtained by minimizing the average total
inventory cost per time period. One procedure frequently used to
determine the average cost per time period is to compute the
expected cost per inventory cycle and then to multiply by the
average number of cycles per period of time. This is a very
powerful technique for developing the average cost expression. It
can be used under a very wide variety of circumstances as

illustrated by many studies in the literature.

Another different and interesting approach to formulate the
average total cost per period of time, for the case where a
Poisson process generates demands, is to use a Markov process
discrete in space and continuous in time. Here, one first derives
the state probabilities, and then uses them to obtain the average
cost expression. While the Markovian type of analysis is useful
in a variety of cases, it does not seem to have nearly the general
applicability of the Procedure mentioned above. The Markovian
form of analysis, however, does have the advantage that it yields
directly the state probabilities, which are not obtained directly

from the other approach of generating the average cost.

Because of the Poisson demand assumption, both of our models in
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this study use the Markovian approach to formulate the average
total cost per time period. The steady-state probabilities of net
inventory level are derived directly from the analysis for both
models. In the first model, the system of difference equations
for a truncated Markov process is first formulated, and a system
of recursive expressions is then obtained for the state
probabilities of net inventory. Some properties of the net
inventory distribution are also presented with theoretical proof.
Under a special case, the model also represents another inventory
system where the interarrival time between two successive
customers has an Erlang distribution and an order is placed by the
system whenever a unit is demanded. The average inventory cost
Per unit of time is formulated as a function of Q and R by using
the state probabilities. Due to the complexity in the cost
expression, some numerical experimentation is designed and

conducted to investigate characteristics of the model.

In the second model, state probabilities of net inventory level
are derived by conditioning them first on the inventory position
and then on the lead time. This model is an extension to Erlang
lead times of that of Hadley and Whitin [1963, Section 4-7], which
is exact for Poisson demands and constant lead times. Because of
the stochastic nature of lead times, our model is an approximate
rather than exact representation of the real inventory system.
Two different sets of closed-form expressions for the state

probabilities and analytical properties of the distribution are
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obtained for the inventory 1level. Closed-form expression is
formulated for the average cost function. Theoretical proof of
the convexity of the cost function is attemped for the special
case of exponential lead time. The relationship between optimal
values of Q and R is also developed for this special case. A
computational experimentation is designed and performed to show

the nature of this model.

A simple two-dimensional search apprcach is used to locate the
optimal values of order quantity and reorder point in the
numerical experimentation. Finally, these two models are
evaluated and compared under some special cases by the numerical

results.
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4. LITERATURE REVIEW

The continuous review policy in inventory control systems has been
investigated by many researchers. Under this policy, an order
quantity of Q is triggered whenever the inventory position falls
to a prespecified level R. In the deterministic situation where
demands and lead times are known and constant, the optimal
operating policy can be determined without any difficulty [Johnson
and Montgomery 18974, Section 2-2]. However, as demands and/or
lead times become random variables, the exact optimal inventory
policy can be obtained only under certain circumstances. Various
approximations have been proposed for other situations where exact
model is too difficult to formulate, resulting in different
expressions of the expected average cost function and optimal
solution. Therefore, the review of relevant literature will be
reported into two categories, one of approximate stochastic (Q,R)

models and the other of exact ones.
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4.1. Approximate (Q,R) Models

Among the tremendous work reported in the inventory 1literature,
many authors have studied the (Q,R) model with either complete
backordering or complete lost sales under different assumptions
[Hadley and Whitin 1963; Love 1979; Wagner 1969; Holt et al. 1860;
etc.]. Due to difficulties arising from the stochastic nature of
(Q,R) models, most of their work, to some extent, treats the
inventory situation heuristically or approximately. One common
assumption used in these approximate models is that at most one
order is allowed to be outstanding at any point in time. Everyone
of these models can then neuristically solve the inventory problem

for any specified distribution of lead-time demand.

The heuristic treatment of expected on-hand inventory level in the
complete backordering case differs among these approximate models.
However, the expected average cost function can be expressed in

the following general form:

A Q -3 m
C(Q,R) = *Hl——+R-p+—BR) [+ —BR) ;
Q 2 2 Q

where
C(Q,R) = the expected average total inventory cost per time
period for the order size Q and reorder point R,
A = ordering cost per order placed,

H = carrying cost per unit held in stock per unit of time,

= backordering cost of each unit backlogged,
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A = the mean demand rate,
p = the mean lead-time demand,
B(R) = the expected number of backorders per cycle given the

reorder level R, 1.e.,
®
B(R) = ] (x-R) £(x) dx ;
R

where £(.) is the probability density function of lead-time

demand, and
o [Hadley and Whitin 1963, Section 4-2]
a=41 {Love 1879, Section 3-31
waQ {Wagner 1969, PP- 821-8311 .

It should be mentioned here that Wagner assumes constant lead time
for his derivation while other models can be applied for both

constant and stochastic lead times.

This average cost function is then partially differentiated with
respect to Q and R by treating them as continuous variables. BY
setting the derivatives to zero, one can obtain two expressions in
terms of optimal Q and R. Usually via the normal approximation of
lead-time demand distribution, the optimal inventory policy can
then be determined by iteratively applying these two expressions.
Some researchers have conducted studies to evaluate the
performance of these approximate models over that of some exact
model [Gross and Ince 1975; Nahmias 1876; Chiou and Sphicas 1988].
For example, Chiou and Sphicas conclude that the three models

mentioned above perform equally well in those cases they
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investigated, and suggest that any one of these models can be used

for those cases with low or moderate lead-time demand.

When faced with a

» different rs react differently
depending upon how it affects their respective businesses. Some
are sensitive to the frequency of stockouts while others regard
the number of backorders to be more important, In certain
situations, such as spare parts, the crucial element is, however,
the duration of stockout as it is directly responsible for the
idle time of machines. It appears that probably the earliest
models considering time-weighted backorders are due to Holt,
Modigliani, Muth, and Simon [1980, pp. 226-227 and 248-251]. 1In
their Model Two, by applying a heuristic treatment on inventory
situation and assuming constant lead times, they obtain the
expected average cost function as follows.

v Q I e
C(QR) = — =+ H ——+R-p+—JR) |+
Q 2 Q

J(R) ;

where T is the backordering cost per unit to be backlogged per

time unit and

(x-R)?
J(R) = J £(x) dx .
2x
R

. The optimal values of Q and R can then be derived iteratively from
expressions obtained by setting the partial derivatives of the
cost function to zero. Das [1983] proves that this cost function

is strictly convex with repect to Q and R, and provides a
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quadratic approach to approximate the optimal policy.

Federgruen and Zheng [1988] develop another form of the expected
average cost function with time-weighted backordering cost for

constant lead times as follows:

C(Q,R) = + — Gly) ,
Q

where, when t is the lead tinme, G(y) is the rate at which expected
inventory costs accumulate at time T+t when the inventory position
at time 7 equals y. Let D, a random variable, denote the demand
during lead time, then
Gly) = E[ H(y-D)* + T(D-y)* ] .

This cost function is valid as long as the inventory position at
steady state is uniformly distributed and independent of the lead-
time demand. They also present an efficient algorithm to locate
the optimal inventory policy. Zheng [1989] further shows that the
cost function is quite insensitive to Q and R at their optima, and
argues that the simple, deterministic EOQ model can be used for

stochastic cases without causing much cost increase.

For the lost-sales case, the approximate model not only treats the
on-hand {nventory heuristically but also ignores the portion of
time during a cycle when the system is out of stock. The expected
average cost function can be formulated as follows [Hadley and

Whitin 1963, Section 4-3; Love 1879, Section 3-3; among others]:
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M
c(Q.R)=—+H[—+R—u+B{m + B(R) ,
Q 2

where L is the cost of each lost demand. Again, two expressions
of optimal Q and R can be derived by setting partial derivatives
of the cost function to zero. Given a lead-time demand
distribution, the optimal Q and R can then be solved iteratively

by these two expressions.

Approximate (Q,R) models which consider partial backordering have
also been studied by some authors. Montgomery, Bazaraa, and
Keswani [1973] analyzed a continuous review inventory system
where, during the stockout period, a fraction of demands are
backlogged while the remaining fraction are lost. Both
deterministic and stochastic demands are considered. In the
stochastic case, they develop an approximate model by linearly
combining Hadley and Whitin’s backordering and lost-sales models.
Love [1979, Section 3-3] also bullds a similar model by assigning
the fractions of backlogged and lost demands as weights,
repectively, to his complete backordering and lost-sales models.
Based on Holt and others’ heuristic treatment, Kim and Park [1985]
consider a partial backordering inventory system where demand is
stochastic and the backordering cost is assumed to be proportional
to the length of time for which the backorder exists. By assuming
that lead time is constant, they derive the necessary equations

from which optimal Q and R can be calculated iteratively.
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If not approximated by a normal distribution, thess approximate
models can also solve the inventory control problem for any
specified lead-time demand distribution. In general, the nature
of demand during lead time depends on assumptions about the size
of each demand, the interarrival time between successive demands,
and the lead time. Therefore, many authors have concentrated
their attention on deriving the probability distribution of
lead-time demand. For examples, Burgin [1972] studies the case of
normal unit demads and Erlang lead times, and obtains a very
complicated compound distribution for lead-time demand. Bagchi
and Hayya [1884] modify the result by applying the so-calied
"post~-integration truncation" on the compound distribution and
derive a simpler expression for the lead-time demand distribution,
which is a weighted average of a group of Erlang distributions.
Das [1976] shows that after the post-integration truncation the
demand during lead time for normal unit demands and exponential

lead times is exponentially distributed.

Practical experience has shown that often a gamma distribution
also constitutes an acceptable approximation of the lead-time
demand [Burgin and Wild 1967; Burgin 1975; among others]. In two
papers Tadikamalla [1978 and 1979] shows how the Weibull and
lognormal distributions can be used to approximate the lead-time
demand.  Fortuin [1980] considers a single item (Q,R) inventory
system where lead-time demand is assumed to have five different

distributions, namely Gaussian, logistic, gamma, lognormai, and
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Weibull. The expected shortage per cycle is calculated for all
five distributions, leading to the result that there are very
small numerical differences between these distributions provided

that they are all nearly symmetric.
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4.2. Exact (Q,R) Models

As mentioned earlier, exact continuous-review (Q,R) inventory
models exist only under certain restrictive assumptions due to
difficulties arising from the stochastic nature of demand and/or
lead time. However, existing studies [for example, Chiou and
Sphicas 1988] suggest that the exact model should be used for
those cases with high lead-time demand and those cases with
unrealistic cost condition. Zipkin [1986] also suggests that the
approximate model may glve misleading results when demand during
lead time is highly variable because of volatility in the demand
process and/or in the lead time, or when mean lead-time demand is

large compared to the order quantity Q.

Almost all exact models assume that a Poisson process generates
demands, because the Markovian property provided by this Poisson
assumption can conveniently reduce much intractability in the
derivation. Hadley and Whitin [1963, Section 4-7] consider such
an inventory system where all unsatisfied demands will be
backlogged and lead time is constant. They obtain steady-state
probabilities of net inventory level, and hence expression of the
average cost function, by conditioning those probabilities on
inventory position. They also suggest in Section 4-12 that their
model can be extended to stochastic lead time cases as long as
there is never more than a single order outstanding. This

provides a part of motivation for our second, approximate model.
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Gallihker, Morse, and Simond [1958] also study the backordering
system for both constant and exponential lead times. In the case
of constant lead time, they derive the same results as those
obtained by Hadley and Whitin but in a different form. In the
case of exponential lead time, they obtain rather complicated
expressions for net inventory probabilities and some operating
characteristes of the system. Their results are one of the
earliest exact formulations for stochastic (Q,R) models. The
unmanageability in their results strongly motivates our attempt

for the approximate model.

Gross and Harris [1973] analyze the case where the distribution of
exponential lead time is allowed to depend on the level of
unfilled demands. They model the inventory system under two
different assumptions about how lead times depend on the number of
outstanding orders. Posner and Yansouni [1972] study an inventory
system where lead time is exponential and, during a stockout
period, all customers will wait for backlogging but then cancel
their demands if waiting time is too long. By allowing at most
one order outstanding at any point in time, they derive

expressions for net 1 tory probabilities and the expected cost

function. Our first, exact model adopts this limited patience

assumption but interprets it in a different way.

Sivazlian [1874] considers the backordering case of unit demand

arrivals and general demand interarrival times. He shows that the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



26

steady-state distribution of inventory position is uniform on the
set of integers between R+1 and R+Q and is independent of the
distribution of demand interarrival times. Richards [1975] offers
an extension of the same result to the case of random rather than
unit demand size. In both cases of variable and unit demand
sizes, the distribution of inventory position is independent of

the nature of lead time.

Few exact stochastic (Q,R) models have been reported for the
lost-sales case in the literature. Hadley and Whitin [1963,
Section 4-11] treat the lost-sales case of unit Poisson demand and
constant lead time with a maximum of one order o’.\tstand"x'ng at any
point in time. They derive a set of expressions for on-hand
inventory probabilities and average cost per unit time. They also
suggest that in practice it is rather difficult to determine the
optimal values of Q and R from the exact cost function and it is
almost always true that the approximate model will be sufficient
for most real world situations. Buchanan and Love [1985] consider
the lost-sales case of Erlang-distributed lead times under the
assumption that only one order can be outstanding at a given time.
They obtain a system of expressions for on-hand inventory
probabilities and formulate the average operating cost function.
They also reduce their results to simpler ones for the special
case of exponential lead times. Ravichandran [1984] studies the
case of so-called “phase type" distributed lead times and unit

Poisson demands. He also derives a set of expressions for net
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inventory probabilities by allowing at most one order to be

outstanding.

So far as we know, no exact (Q,R) model has been developed for the
lost-sales case when more than one order is allowed to be
outstanding except for the case where Q equals one. In certain
real world situations, it is optimal to order inventory units one
at a time as demanded. This can be true, for example, if the
demand for the item is very low or the item is very expensive so
that the cost of ordering is negligible compared with holding
costs. The solution to the general (Q,R) model will indicate
whether or not that Q = 1 is optimal. Sometimes, however, it is
required by the supplier that the order quantity must be one.
Since an order is placed each time there is a demand, the
inventory position must remain constant. Denote the inventory
position which is also the maximum inventory level by R, the
problem is to determine the optimal value of R. This is usually
referred to as the base stock (R) policy or as the continuous
review (S-1,S) policy where S is the maximum inventory level. The
special case of (Q,R) models for Q = 1 has been investigated by

some authors for both complete backlogging and lost-sales cases.
Hadley and Whitin [1863, Section 4-13] study the backordering case

for constant and exponential lead times and derive the same

expression of net inventory probability for both cases as follows.
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(A/p)
P(R-J) = ———— ~(/p) 3°0,1,2,.
3

where P(.) is the net inventory probability, R is the maximum
inventory level, A is the mean demand rate, and 1/p is the lead
time or mean lead time in the constant or exponential case,
respectively. This is a very interesting result. They also prove
an even more surprising result that, for the case where Q equals
one, 1if demand is Poisson distributed and lead times are
independent random variables, i.e., orders can cross each other,
then this expression represents the net inventory probabilities
for any lead time distribution with mean 1/p. In other words, the
net inventory probabilities and, hence, the optimal value of R are
independent of the nature of lead time distribution as long as
lead times are independent. Galliher et al. [1958] also analyze
the backordering system for both cases of constant and exponential

lead times and conclude the same results.

The lost-sales case for Q = 1 js also considered by Hadley and
Whitin in their Section 4-13 under the assumption of exponential
lead times. For this model, more than a single order is allowed
to be outstanding at a given point in time. They derive the
following truncated Poisson distribution for on-hand inventory
probabilities by using the Markovian analysis:

a/mis 5
P(R-)) = — J=0,1,...,R;
Y vt/
i=0

where 1/p is the mean lead time. They also point out that these
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probabilities have been shown to be independent of the nature of
lead time distribution if lead times are independent and orders
can cross. Unfortunately, however, those proofs do not include
the case of constant lead tinmes. Smith [1977] offers an
approximate formula for this lost-sales case to locate the optimal

maximum stock level R.

Recently, Moinzadeh [1983] treats the case of Q = 1 with unit
Poisson demands, constant lead times, and partial backorders, and

derives the following expressions for net inventory probabilities:

(A/u)"
P(R-j) = ——— P(R) J=0,1,...,R,
g
B R avmyd
P(R) J=R,R+1,R+2,..., and

R (vw' a B Foam! 14
P(R) = ; + ; 5

i it I=R+1 it

where 1/p is the lead time and B is the fraction of customers who
will wait for backorders. He further points out that these
probabilities are also valid for exponential lead times with mean
1/4.  We would like to provide an observation here that, because
these results generalize those of Hadley and Whitin, the author
indirectly proves that Hadley and Whitin’s lost-sales case is also
valid for constant lead times. During our review, it appears that
no exact (Q,R) model which considers partial backordering has been
reported in the literature except for the special case of Q = 1

mentioned above. This brings us to formulate our first, exact
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model for partial backorders.

Finally, several other authors have treated cases where customers
demand variable units for an inventory item. For example, in the
backordering case, Archibald and Silver [1978] solve the optimal
policy for systems with exponential inter-demand times but general
rather than unit demands and constant lead times. Sahin [1979]
presents both the time-dependent and steady-state distributions of
on-hand inventory and inventory position for cases operated under
an (s,S) policy with general inter—demand times, general demands,
and constant lead times. Galliher et al. [1953] also consider a
backordering case where demands arrive according to a Poisson
process, the number of units demanded follows a geometrical
distribution, and the lead time is constant. They obtain
expressions of net inventory probabilities for this so-called

“stuttering Poisson" demand case.

Archibald [1981] studies the lost-sales case for discrete compound
Poisson demands with constant lead times and at most one order
outstanding.  Altiok [1989] investigates a product ion/inventory
system with discrete compound Poisson demands and phase-type
processing times for both complete backordering and lost-sales
cases. The inventory policy indicates that production starts when
on-hand stock reaches a prespecified level and continues until the
stock reaches its maximum level. He derives recursive expressions

of net inventory probability for both cases. However, those
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models with variable rather than unit demands are beyond the scope
of this study. Table 1.2 summarizes those stochastic (Q,R)

inventory models which are relevant to this study.
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Table 1.2. Summary of relevant (Q,R) inventory models

» Outstanding

Model Demand  1*2d 8 Orders  Optimal
Allowed
Holt

et al. 1860 General Const. 1 1 Approx.
Wagner 1869 General Const. 1 1 Approx.
Federgruen &

Zheng 1988 General Const. 1 1 Approx.
Hadley &

Whitin 1863 General  Gener. 0&1 1 Approx.
Kim &

Park 1885 General Const. [0,1] 1 Approx.
Love 1979 General  Gener. [o,11 1 Approx.
Mont,

e: g:ine:g;a General  Gener. [0,1] 1 Approx.
Tty 1963  Potsson Comst. 081 1&e Bt
Gilher 1959 Potsson Expon. 1 ® Exact
Gross &

Harris 1973 Poisson  Expon. 1 ® Exact
Posner &

Yansount 1872 Poisson  Expon. 1 1 Exact
Woo-1 1830 Poisson  Expon. (0,1] N Exact
Buchanan &

Love 1985 Poisson Erlang [} 1 Exact
Woo-2 13830 Poisson Erlang 1 @ Approx.
ey % 1083" Poisson Gener. 081 R&w  Exct

+ Const.
Moinzadeh 1989° Poisson Expon. [0»1] © Exact

-
B 1s the fraction of customers who will wait for backorders.

* For the case where Q = 1.
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S. OVERVIEW

The framework of analysis in this study is the stochastic (Q,R)
model for a single inventory item. The inventory position, which
is the level of inventory on hand plus on order minus backorders,
is continuously monitored. Customers demand single units
according to a Poisson process. When the position reaches the
prespecified reorder level R, an order is placed with suppliers
for a lot of size Q units. The lead time, defined as the time
from placing the order until the shipment arrives, is a random

variable with an Erlangian type of distribution.

In Chapter 2, we first consider such an inventory system with
exponentially distributed lead times, which is a special case of
Erlangian distributions. When a stockout occurs, some customers
are willing to wait for backorders but the rest will take their
business elsewhere. After a certain number of outstanding orders
have been placed by the system, however, all new demands will be
lost because the expected waiting time for backlogging will then
be longer than customers’ tolerance limits. An analytical model
exactly representing this system is derived by solving a truncated
stochastic process. Under a special case, the model also
represents another inventory system where the interarrival time
between two successive customers has an Erlang distribution and an
order is placed by the system whenever a unit is demanded. Some

properties of the net inventory probability distribution are then
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presented with proof. Since solutions of the optimal inventory
policy can not be explicitly obtained, some experimentation is
designed and performed in Chapter 3 in order to investigate the
nature of this systen. Numerical results of the sensitivity

analysis are also reported with some discussion.

In Chapter 4, we then consider a continuous review inventory
system with Erlang-distributed lead times where all customers will
wait to be backlogged when the system is out of stock. Another
analytical model, which closely approximates this system, is built
by conditioning the probabilities of net inventory first on the
inventory position and then on the lead time. Severai properties
of this model are then established. Closed-form expressions of
both the net inventory probability and the average inventory cost
function are also obtained. Sensitivity analysis is designed and
conducted in Chapter 5 by using numerical examples to examine the
effect of lead time variability on the optimal solution.
Exponential lead time is studied as a special case, and then
compared with the previous exact model when all unsatisfied
demands can be backordered. Finally, we provide some suggestions

for future research in the end of that chapter.
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CHAPTER 2

(Q,R) INVENTORY MODELS WiTH PARTIAL BACKORDERS,

Poisson DeMANDS, AND EXPONENTIAL LeAD TiMes

1. INTRODUCTION

Cost and operation of inventory depend a great deal on what
happens to demands when the system is out of stock. Most of the
existing inventory models assume that when a stockout occurs all
customers either wait as long as necessary or not at all for the
replenishment to arrive. Both of these assumptions are, however,
extreme and they do not represent many realistic situations where
backorders are partial. Consequently, it seems more practical to
assume that a portion of customers will never cancel their demands
and the other portion will cancel their demands when the delivery
is not immediate. This behavioral feature of potential customers

is the basic premise of our models.

In this chapter, we consider a single item continuous-review
inventory system where demands arrive one at a time according to a
Poisson process with average demand rate A and lead times are
independently and identically distributed exponential random
variables with mean 1/p.  The inventory position is continuously

monitored, and an order wiil be triggered by the system for a lot
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of size Q units whenever the position reaches the reorder point R.
The cost of placing the order regardless of the quantity ordered
is A. A fraction, B, of customers are willing to wait for
backorders when there is a stockout, but the remaining fraction
will go to other vendors. Furthermore, those who will wait are
assumed to have limited patience and only willing to wait a
certain period of time for satisfaction. After a certain number
of outstanding orders have been placed by the system, all new
demands will be lost and/or the management will not accept any new

demand from t S, the waiting time for

backorders will then be longer than customers’ tolerance limits.
In other words, there are only a limited number, N, of orders
allowed to be outstanding at any point in time. The cost of
backlogging one unit of demand is ﬁ per unit time and a fixed cost
of T is also associated with each backorder. If a demand is lost,
a fixed cost of L is incurred. Finally, the cost of carrying one

unit of inventory in stock is H per unit time.

The general justification for utilizing such a model would be that
the management feels that customers are only willing to wait for a
certain period of time for backlogging, after which their loyalty
will be placed in Jeopardy. It would naturally be assumed that
the loss of this loyalty is in excess of merely losing a single
sale. Therefore, the management wishes to utilize the limited
customer patience in allowing only a certain length of queue to

form. For example, only a portion of new car buyers will wait for
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a certain brand and/or model of cars from the dealer and the rest
will turn to other brands or models when a stockout occurs. When
backorders accumulate to a certain level, however, all buyers will
g0 somewhere else or the dealer will advise new customers to do so
because the expected waiting time for replenishments would be too
long. A detailed discussion of the practicality of models with
partial backorders is provided by Peterson and Silver [1985, pp.
253-254].

(Q,R) inventory models with Polsson demands and exponential lead
times have been studied by several authors. Galliher, Morse, and
Simond [1859] investigate such a system with complete backorders
and obtain rather complicated expressions for net inventory
probabilities and some operating characteristics of the system.
Gross and Harris [1973] consider the backordering case where the
distribution of exponential lead time is allowed to depend on the
level of unsatisfied demands. They model the system under two
different assumptions about how lead times depend on the number of
outstanding orders. Posner and Yansouni [1872] study an inventory
system where, during a stockout period, all customers will wait
for backlogging but then cancel their demands if waiting time is
too long. By allowing at most one order outstanding at any point
in time, they derive expressions for net inventory probabilities
and the expected cost function. Buchanan and Love [1985] analyze
the lost-sales case of Erlang-distributed lead times under the

assumption that only one order can be outstanding at a given time.
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They obtain closed-form expressions of the on-hand inventory
probability and the cost function for the exponential lead time as

a special case.

Inventory models which consider partial backordering have also
been studied by several authors. Montgomery, Bazaraa, and Keswani
[1973] analyze a continuous-review inventory system where a
fraction of demands can be backlogged and the remaining fraction
is lost during a stockout period. Both cases of deterministic and
stochastic demands are examined, although the stochastic case is
treated heuristically. Love [1979, Section 3-3] also builds a
similer stochastic model by linearly combining his complete
backordering and lost-sales models. Kim and Park [1985] consider
a partial backordering inventory system where demand is stochastic
and the backlogging cost is assumed to be proportional to the
length of time for which the backorder exists. By assuming that
lead time is constant, they derive the necessary equations from
which optimal Q and R can be calculated iteratively. Recently,
Moinzadeh [1989] treats the partial backordering ;:ase of Q =1
With unit Poisson demands and constant lead times, and obtains
expressions for net inventory probabilities. He further points
out that his results are also valid for the case of exponential
lead times. It appears that no exact (Q,R) model which considers
partlal backlogging has been reported in the literature except for
the special case of Q = 1 mentioned above. This provides us with

2 strong motivation for our models.
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In next section, we derive an analytical model exactly
representing the partial backordering inventory system by solving
a truncated stochastic process. A set of recursive expressions
for ‘the net inventory probability are obtained. Several
properties of the model are established and proved in Section 3.
Examples of the net inventory probabilities are also derived when
the maximum number of outstanding orders is small. In the case
where not Jjust some but all customers will wait for backlogging
before a certain number of orders are outstanding, this model also
represents another inventory system where the interarrival times
tetween customers have an Erlang distribution and an order is
placed by the system whenever a unit is demanded. In Section 4,
we consider this special case and the continuous-review (S-1,S)
model with Erlang demands Just mentioned. Some properties are
presented with proof. The inventory cost function and optimal
policy will be discussed in the last section. Since closed-form
solutions for the inventory policy cannot be obtained there, some
numerical experimentation will be conducted in Chapter 3 in order

to examine the nature of this inventory system.
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2. THE MODEL AND STEADY-STATE RESULTS

If we let X denote the net inventory level, then the set of
possible ordering levels can be defined as that for which X € {
R+Q-nQ | n=1,2,... }. However, if N orders have been outstanding
and X = R+Q-(N+1)Q, then all new demands will be lost and the last
order will not be released until one of the outstanding orders
arrives. Therefore, there are at most N orders outstanding at any
point in time and R-NQ = X = R+Q. We also meke the following
assumptions:
1. Demands arrive one at a time according to a Poisson process
with parameter A.
2. Lead times are exponentially distributed with parameter p.
3. During a stockout period, a portion, B, of customers are
willing to wait for backlogging, where 0 < Bs1.
4. Steady-state probabilities exist.
5. @Q>R>o0.
6. The maximum number of outstanding orders N, N = 1, is a

constant and prespecified by the inventory system.

The model can be formulated as a truncated Makovian process where
the state is defined as the net inventory level. The rate diagram
shown in Figure 2.1 represents the state transition for this
inventory process. Customer demands cause transitions to the
right by one unit at ra.tevl from state R+Q to O and at rate BgA

from state O until the inventory level reaches R-NQ, which is the
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last state. When the inventory level reaches the reorder point
R+Q-nQ, a new order is triggered except at state R+Q-(N+1)Q, in
which case the order will not be released until one currently
outstanding order arrives. Arrival of an outstanding order causes
a transition to the left by Q units at rate np if there are n
orders outstanding. Transitions are therefore possible to the
right when a demand occurs or to the left when an outstanding

order arrives.
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Figure 2.1. Rate diagram representing the partial backordering
(Q,R) model
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From Figure 2.1, the following system of Chapman-Kolmogorov

difference equations representing the state transition can be

obtaineq:
A P(R+Q) = p P(R); (2.1)
A P(R+Q-J) = A PIR+Q~(j-1)] + p P(R-J) (2.2)
J=1,2,...,Q-1;
(A+p) P(R-J) = A PIR-(J-1)] + 2p P(R-Q-J) (2.3)
J=0,1,...,R-1;
(BA+p) P(0) = A P(1) + 2p P(-Q); (2.2)
(BA+p) P(R-J) = BA PIR-(J-1)] + 2p P(R-Q-J) (2.5)

J=R+1,R#2,...,Q-1;

(BA+np) P(R+Q-nQ-j) = A PIR+Q-nQ-(j~1)] + (n+1)p P(R-nQ-J) (2.6)
J=0,1,...,Q-1; n=2,3,...,N-1;

(BA+Nu) P(R+Q-NQ) = ga P(R+Q-NQ+1) + Nu P(R-NQ); 2.7)
(BA+Nu) P(R+Q-NQ-J) = g P[R+Q-NQ-(Jj-1)] J=1,2,...,0-1; (2.8)
Np P(R-NQ) = ga P(R-NQ+1); (2.9)
where P(.) = the steady-state probability of the associated net
inventory level,
Q = the size of order quantity,
R = the reorder point in terms of inventory position,
A = the arrival rate of demands,
K = the service rate of replenishments,
B = the fraction of customers who will wait for backorders
when a stockout occurs, and
N = the maximum number of outstanding orders allowed by the

inventory system.
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By using Equations (2.8) and (2.8), we can then derive that

N JQ-1-Jf N
P(R+Q-NQ-j) = |1+ —| —| P(R-NQ)  j=0,1,...,Q-1; (2.10)
Bp Bp,

where p is the utilization rate which equals A/p. By (2.7) and

(2.10),
N e N

P(R+Q-NQ+1) = [[1+ — - 1| [—| P(r-NQ) . (2.11)
Be, Bp,

By (2.8),

n |Q-1-§
P(R+Q-nQ~-j) = [1+ — P(R-nQ+1)

Be,
n+1 ] Q=1 n )i-1-j
- T o= P(R-nQ-1) (2.12)
Bp J 15341 Bp.
J=-1,0,...,0-2; n=2,3,...,N-1.
By (2.5),
10-1-3 2) 01 1 )i-1-5
P(R-J) = |1+ —| P(R-Q+1) - |— 1+ — P(R-Q-1)
Bp, Bp) 1=j+1 Be,
J=R,R+1,...,Q-2. (2.13)
By (2.4),
) 1 2
P(1) = g+ —| P(0) - |—] P(-Q) . (2.14)
P 13
By (2.3),
1 R-1-j 2 ) R-1 1)i-1-5
P(R-§) = |1+ — P(1) - |— T [1+— P(R-Q-1)
[ P J 15§+1 P
J=-1,0,...,R-2. (2.15)

Finally, by (2.2),
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P(R+Q-J) = P(R+1) - [L] El P(R-1) J=0,1,...,Q-2. (2.16)
P ) iSj+1

Equations (2.10) to (2.16) are presented here only for the

completeness of theoretical analysis, because it will be much

easier to work through the state probabilities in the numerical

experimentation by using Equations (2.1) to (2.9} than by

evaluating the expressions in (2.10) to (2.16).

Note that so far we assume Q > R > 0 for deriving Equations (2.10)
through (2.16). This assumption can be relaxed to Just Q > 1. By
adjusting the position of R, similar expressions as Equations
(2.10) through (2.16) can be obtained for the case where R=Q > 1
and the case where R s 0 and Q > 1, repectively. Also note that
we exclude the case of B = 0, because in that case all unfilled
demands are lost and the setting of the model becomes different
from that of backordering case. Under the assumption that Q > R >
0, at most one order can be outstanding at any time and the Markov
process is truncated at the inventory state of zero in the
lost-sales case. The system of balance equations becomes:
A P(R+Q) = u P(R);
A P(R*Q-J) = A P[R+Q-(J-1)]1 + p P(R-J) J=1,2,...,R;
A P(R+Q-J) = A P[R+Q-(J-1)] J=R+1,R+2,...,Q-1;
- (A+p) P(R-J) = A P[R-(j~1)] J=0,1,...,R-1;
# P(0) = A P(1);
where P(.) is the on-hand inventory probability. This complete

lost-sales case with exponential lead times is treated by Buchanan
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and Love [1985] as a special case.

Equations (2.10) through (2.16) represent a set of recursive
expressions for the steady-state net inventory probability in the
partial backordering case. By working backwards, starting from
P(R-NQ+1), P(R-NQ+2), ..., to P(R+Q), each of these probabilities
can be expressed in terms of P(R-NQ). For instance, from (2.10)
and (2.11), we have that

N1Q-1-§f N
P(R+Q-NQ-j) = |1+ — =] P(R-NQ) J=0,1,...,0Q-1; and
Bp. Bp.

N e N
P(R+Q-NQ+1) = [l1+ —! - 1| |—| P(R-NQ) ;
Bp, Be

where p = A/u.  Now, from (2.12),

-1 Yo-1-3
PIR+Q-(N-1)Q-j1 = [1+ PIR-(N-1)Q+1]

Bp

N Q-1 N-1 Ji-1-j
- |— Z 14 ——| PIR-(N-1)Q-1]
Bp) 15541
N-1 )Q-1-§ N N
1 — 1+ —| ] P(R-NQ)
Bp Bp,
N Q1 11-,1 NJo-t
o o DD ESS P(R-NQ)
Bp) 1=j+1 Bp

[ [ N-1 ]q—1-3[ N Q-1-J
1+ — 1+ = + (N-1) |1+
i ek { J
[ N]Q-l-,j"'{N] :
=N |1+ — —| P(R-NQ) J=-1,0,...,0-1;
e,

L B
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N-2 )Q-1-j
D— P[R~(N-2)Q+1]

PIR+Q-(N-2)G-j] = [1+
Bp

N-1] Q=1 N-2 1-1-§
i 1+ — P[R-(N-2)Q-1]
Bp J iSj+1 Bp

N N-2 )Q-1-J N-1]Q N)Q
= |—| P(R-NQ) 1+ 1+ 1+ —
Bp. Bp Bp Bp.
Q—l—J[ N-1 ]Q [ N-2 ]Q—i—J[ N }Q
1+ — - 1+ —— 1+ —
Be Bp Be,
Q-1-3 NJQ (N-1)(N-2) N-2 JQ-1-j
- (N-1) |1+ I+ = + —— |1+
Bp Bp, 2 Bp

2 N-1]Q-1-j N(N-1) N JQ-1-j
= (N-1)° |14 —— +— 1 —
Bp 2 Bp.

J=-1,0,...,0-1;

N-2

)
B

+ (N-1) [11»

N-3 1Q-1-3
J PLR-(N-3)Q+1]
Be

P[R+Q-(N-3)Q~j] = [1+

N-2 ] Q-1 N-3 )i-1-j
- 1+ P[R-(N-3)Q-i]

155+ Bp

(e
o o2 2 2
2
Y
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N-2 JQ-1-j N-11Q NQ
- a2y [1+ _] [u —] [1. —J

Bp Bp Bp,
(N-1)(N-2) [ N-3 ]Q-I-J [ N-2 JQ
T |1+ —— 1+ ———
2 Bp B

N-3 Q—I-J[ N-1 ]Q [ N-3 Q—I—j[ N]Q
= (N-1) [14 ——— 1+ + (14— 1+ —
Bp Be Bp Bep

N-2 JQ-1-3 N-1Q
= (N-1)(N-2) |1+ ——| 1+ —
Be Bp

N-2 JQ-1-j N o
+ (N-2) |1+ 1+ —
B Bp,

(N-1) (N-2) N-1 ]Q-1-j N]Q
— 1+ —— 1+ —|
2 Bp Bp,

(N-1) (N-2) (N-3) [ N-3 }Q-I-J
1

- —_
6 Bp

(N-1) (N-2)2 [ N-2 ]Q-I-J (N-1)%(N-2) [ N-1 JQ—l—J
-— 1 o |1+ ——

P——

2 Bp 2 Bp
N(N-1) (N-2) N JQ-1-3 N
- T 1+ — [ P(R-NQ)  j=-1,0,...,0-1;
6 Bp. Be

+++» and S0 on until the expression of P(R+Q) is derived. Due to
normalization, P(R-NQ) can then be solved and so can other
Probabilities. The net inventory probabilities for the cases when
N, the maximum number of outstanding orders, equals one and two

will be obtained respectively in the next section.

i ibi i ission.
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3. SOME PROPERTIES OF THE MODEL
By applying Equations (2.10) through (2.16), the following
property of the net inventory probability distribution can be

derived.

Proposition 2.1.

Q1 Bp

; P(R+Q-nQ-j) = —— P(R+Q-nQ+1) n=2,3,...,N; (2.17)
J= n

Q=1

ZO P(R#Q-Q-J) = p P(R+Q-Q+1) ; (2.18)
g

where p = A/p and 8 is the portion of customers who will wait for
backorders.
Proof:
From Equations (2.10) and (2.11), it follows directly that
Q1 Bp
J;, P(R+Q-NQ-J) = o PN

By using (2.12), for n=2,3,...,N-1,

Q=1 Q-2 n o-1-j
; P(R+Q-nQ-J) = P(R-nQ+1) + ZO 1+ — P(R-nQ+1)
J J= Be
n+l ] Q=1 n li-1-j
- T | P(R-nQ-i)
Bp | iSj+1 Bp
. Q-1 n Je-1-3
= P(R-nQ+1) Zo [1+ —J
J= Be

n J i-1-J

n+1 Q-1 i-1
- Y P(R-ng-1) ;0 1+
Bp J i51 J Bp
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Bp n JQ
= [—] Hh» —-} - 1] P(R-nQ+1)
n Bp
n+l ] Q=1 [ Bp n i
- ~] [[1+ ] ) 1] P(R-nQ-1)
Bp J 11 | n Bp
[ N } [ [ ; ]Q
= |— 1+ P(R-nQ+1)
n Bp
n+l ] Q=1
- [ ] [ ] P (Rm-) ]
Be i= Bp

Bp " n+l
= || | P(R-ng+1) - P(R-nQ-i)
n

Bp
= || P(R+Q-nQ+1);
n

where the second to last step follows by simultaneously
subtracting and adding one term of P(R-nQ), and the last step

holds if
Q1 Bp
A) P[R+Q-(n+1)Q-J] = [——| PIR+Q-(n+1)Q+1].
J= n+l

Therefore, we have proved Equation (2.17) by mathematical

induction. Also note that, from (2.16) and (2.1),

1 Q-1 1
P(R+Q) = P(R+1) - |—| T P(R-1) and P(R+Q) = |—| P(R).
P ) iF1 3

This implies that

1 Q-1
- P(R+1) = |— [u P(R-1),
P J 1=

which proves Equation (2.18). Equation (2.18) can also be proved

by applying Equations (2.13), (2.14), and (2.15).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



51

The interpretation of Proposition 2.1 is that the sum of the net
inventory probability set where there are n outstanding orders
equals a constant times the probability of the last state of
previous set, where the constant is equal to Bp/n for n=2,3,...,N
and p for n = 1. This property will be useful later in deriving
the state probability of R-NQ. Another implication of Proposition
2.1 is that the probability of n outstanding orders is equal to
Bp/n times the probability of the last state when there are n-1

outstanding orders for n=2,3,...,N-1 and is equal to p P(R+1) for

n = 1. Because there are also N orders outstanding at the state
of R-NQ, the probability of N outstanding orders equals the sum of

(Bp/N) P(R+Q-NQ+1) and P(R-NQ). This leads us to:

Proposition 2.2.
N+1
E[M] = p P(R+1) + Bp L P(R+Q-nQ+1) ;
s
where E[M] is the expected number of outstanding orders, p = A/,
B is the fraction of customers who wait for backlogging, and N is
the maximum number of outstanding orders.
Proof:

N
E(M] = z n Prob( n orders outstanding )
n=1

Q-1 N Q-1
= Zb P(R+Q-Q-J) + ZZ n ZO P(R+Q-nQ-J) + N P(R-NQ)
S nf2 o
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N
= p P(R+1) + Zz Bp P(R+Q-nQ+1) + Bp P(R-NQ+1)
&

N+1
= p P(R+1) + Bp Zz P(R+Q-nQ+1);
&

where we apply Equations (2.17), (2.18), and (2.9) for the second

to last step.

We are now ready for deriving some examples of the net inventory
probability. First, when the maximum number of outstanding
orders, N, equals one, the state probabilities of net inventory

can be obtained from Equations (2.10) to (2.16) as follows.

1])Q-1-jf 1
P(R-J) = |1+ — —| P(R-Q) J=R,R+1,...,Q-1;

Bep, Be
1 )R-1-j 1Q-R[1

P(R-J) = |1+ — 1+ — —| P(R-Q) J=0,1,...,R-1;
P Bp, 4

1 Q=1
P(R+Q-J) = P(R+1) ~ [— ; P(R-1)
p ) i=j+1

[T 2 e

J=R-1L,R,...,Q-1;

1) Rl
P(R#Q-§) = P(R+1) - [—| T P(R-1)
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Now, by the result from Proposition 2.1,

R:Q Q=1 Q-1
; P(X) = P(R-Q) + Zu P(R-J) + ;Op(ma-ﬁ
X=R-Q J= J

Q-1
= P(R-Q) + p P(R+1) + ;) P(R+Q-J)
P

1]Q-R Q 1)R Q-R
=P(R-Q) | B + (1-B) |1+ — e | 1 — B
Bep P P Be,

therefore, because of normalization,
1 ]Q-R Q 1]Rr 1 ]Q-R ]-1
P(R-Q) = | B + (1-B) |1+ — + =1+ —| [1+ —
Bp, P P Be,

Next, when N = 2, we can obtain from (2.10) to (2.16) that

Q-1-J
P(R-Q-j) = [14- ] [ ] P(R-2Q)  j=0,1,...,Q-1;
Bp Be

P(R-J) = —_ —] + |1+ —
Bp, Be Be
2 Q-1-3 2
2 |1+ — —| P(R-2Q) J=R,R#1,...,Q-1;
Be, Bp,
[ 1 }R—l-,j[ 1 Q—R[ 2 ]Q
—_ 1+ — 1+ —|
4 Bp, Bp.
[ 1 JR—I-j[ 1 ]Q-R 2 [ 2 }Q—I-J
- 1+ — - 14 —
[ Bp. 2-8 Bp,
1 )R-1-3 2 Je-R 2
1+ — 1+ — —| P(R-2Q)
2-B [ Be, P

J=-1,0,...,R-1;

P(R-J) = [

+
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1R 1)eR -
P(RHQ-J) = [ [1+ —] [1* —]Q [1+ iJQ o {10 =¥ L]*F
[ Bp Be. [ Be,
B 2]Q  2-28 1R 2 Jo-R
1+ —! - 1+ —| |1+ —|
2-g Be, 2-g 3 Be

1 1)Q-1-3 2 -1
[_] [h_"- PR
Be, Be Bp

1
P(R+Q-J) = [ [1* ——]
P

. 2-28 [1 1 }3-1-,3 27eR] (2
T 1+ — —| P(R-2
&6 4 BP] ] [ P ] @

J=0,1,...,R-1.
Now,
R+Q

F(X)
X=R-2Q

Q1 Q-1 Q-1
P(R-2Q) + P(R-Q-j) + P(R-J) + P(R+Q-j)
JZO sz J;] Q-j

Bp

Q-1
= P(R-2Q) + P(R-Q+1) + p P(R+1) + ZO P(R+Q~j)
j:
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1 )Q-R 21Q 1]Qe-R
=P(R-2Q) { B+ (1-B) | 2 [1+ — 1+ +2 |1+ —
Be Bp. Be
2 )e-R 2 ]Q ]
- |1+ —
Be
2Q [ 1 ]R[ 1 ]Q—R[ 2 ]q [ 1 ]R[ 1 }Q—R
+ — 1+ —| |1+ — 1+ — + |1+ — 1+ —
P P Bp. Bep [ Bp.
- 1+ — - 1+ —| |1+ — B
2-g Bp 2-B P Be
therefore,

1 ]Q-R 2)Q 11Q-R
P(R-2Q) =4 B + (1-8)| 2 |1+ — 1+ — + 2 |1+ —
Bp, Be, Bp.

2 )e-R 27Q
-2 s —f - |1+ —
Be, Be
+ 1+ —| |1+ — 1+ —| + [1+ —| 1+ —
P P Be Bp, [ Be,
B 270 2-28 1R 21QeR7 -1
i [1+ 'S ) [1* _] " _J ] } ’
2-8 Be 2-g P Be.

As we can see, the probability of the last state R-NQ decreases as

]

n
—_—
+

z |

the number of outstanding orders, N, increases. Therefore, when N
is large enough, P(R-NQ) will approach zero and the effect of
truncating the net inventory distribution becomes negligible.
This will also be seen in the numerical results presented later in
Chapter 3. Since the net inventory probability has been derived
when N = 1 and when N = 2, the expected number of outstanding

orders can then be obtained for these cases by Proposition 2.2.
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When N = 1,
E[Mi = p P(R+#1) + Bp P(R-Q+1)
1)R 1)Q-R
= |1+ —| |1+ —| Pr-0) .
[ Be.

When N = 2, the number of out ing orders

E[M] = p P(R+1) + Bp P(R-Q+1) + Bp P(R-2Q+1)
1]R 1 ]Q-R! 2\Q 1]R 1 ]Q-R
2 1+ —-] 1+ —| 1+ —| + |1+ —| |1+ —
[ Be Be 3 Be
8 21]Q 2-28 1R 2 QR
- 1+ —| - 1+ —| |1+ — P(R-20Q) .
2-B Bp. 2- 4 Bp.

Two degenerate cases respectively occur when R = O and when R = Q.

In the case of N = 1, for example, if R = 0, then

17e-1-§f 1
P(-J) = [1+ — —| P(-Q) J=0,1,...,Q-1;
Be, Be,

1]Q 1)e-1-4] (1
P(Q-J) = 1+ —| - |1+ — —| P(-Q) J=0,1,...,Q-1;
Bep. Bp, P

Q 17071
P(-Q) = | B+ | —+1-8] |1+ — .
[ Bp,

When N = 1 and R = Q, the i 'y will be tr at state

zero and the model is equivalent to the lost-sales one. The
on-hand inventory probabilities become (see Equations (22) to (25)

in Buchanan and Love [1985] for comparison):
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1 Q—l-,j[' 1
P(Q-3) = |1+ —| —| P(O)  j=0,1,...,Q-1;
P lp

1]Q 1 )Q-1~, 1
P(2Q-J) = [ [1+ —J - [1+ —] J —| P(0) J=0,1,...,Q-1;
3 P P
Q 1 -1
P(0)=[1+—[1+-—Q .
3 3
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4. THE SPECIAL CASE FOR B = 1
4.1. Steady-State Results

Sometimes, in real world, all customers of a certain inventory
system will wait for backlogging but with limited patience when
there is a stockout. For example, almost all new car owners are
willing to wait for optional equipments and/or parts from the
contracted dealer when a stockout occurs. But it is reasonable to
assume that these customers have only limited patience so that
they will all turn to other local auto parts shops or decide not
to buy those optional equipments at all if the expected waiting
time is longer than their tolerance limits. If this is the case,

then the parameter g equals 1.
When B = 1, Equations (2.10) through (2.16) from Section 2.1 can
be simplified as the following:

N]Q-1-jf N
P(R+Q-NQ-J) = |1+ — —| P(RNQ)  j=0,1,...,Q-1;
I3 P

N JQ N
P(R+Q-NQ+1) = |1+ —| - 1| |— P(R-NQ) ;
4 P

n |Q-1-J
1+ — P(R-nQ+1)
P

n+l ] Q=1 n Ji-1-j
- 1+ — P(R-nQ-1)
P 1=§+1 P

P(R+Q-nQ-J)

J=-1,0,...,Q-2; n=1,2,...,N-1;
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1] Q1
P(R4Q-J) = P(R#1) - [—| T P(R-1)  J=0,1,...,0-2;
p ) 1S+

where p = A/p and N is the maximum number of outstanding orders
placed by the inventory system. Equations (2.17) and (2. 18) from

Proposition 2.1 can also be combined as
Q1 P
; P(R+Q-nQ-J) = — P(R+Q-nQ+1)  n=1,2,...,N; (2.19)
J n
and Proposition 2.2 becomes
N+1
ElM] = p ) P(R+Q-nQ+1) , (2.20)
n=1

where E[M] is the expected number of outstanding orders.

Now, when the maximum number of outstanding orders, N, equals one,

1]Q-1-4( 1
P(R-j) = |1+ —| —| P(R-Q) J=0,1,...,Q-1;
P

P
1]Q 1)Q-1-§ 1
P(R+Q-J) = 1+ — - |1+ — —| P(R-Q)
3 P I3
J=0,1,...,Q-1;
e [ 1)e71
P(R-Q) = | 1 + — {1+ —| ; and
3 [

1]Q
EIM] = |1+ —| P(R-Q) .
P

When N = 2,

2 Je-1-j( 2
P(R-Q-J) = |1+ — —| P(R-2Q)  j=0,1,...,Q-1;
3 P
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Q-1-3 2
+ |14 — —| P(R-2Q) J=0,1,...,0Q-1;
1 2
P(R-2Q) = { 1+ [ [1+ —}Q[u — ¢ + |1+ —1— °
P P P P
- |1+ — ; and
P
1]Q 21Q 1
E[M] = 2 [[1+ —J [u- —] + [1+ — ¢ - [1+ i ¢ P(R-2Q) .
P P P P
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4.2. (S-1,S) Models with Erlang Demands

In certain real world situations, it is either optimal or required
to order units one at a time as demanded. This can be true, for
example, if the demand is very low or the inventory item is very
expensive. Now let us consider such an inventory system where the
interarrival time between two successive customers follows an
Erlang distribution with scale parameter A and phase parameter Q,
and the lead time for replenishments is exponentially distributed
with parameter y. The inventory position, which equals inventory
on-hand plus on-order minus backorders, is continuously monitored
and always kept at the level of S so that an order of size one
will be triggered by the system whenever 2 unit is demanded.
Furthermore, it is assumed that all customers are willing to wait
for backlogging with limited patience when there is a stockout.
After N orders have been outstanding, however, the management of
this inventory system will accept only one more demand from
customers in order to prevent the expected waiting time for
backorders from being longer than customers’ tolerance limits, but
not release the last order until one of the outstanding orders
arrives. In other words, there are only N orders allowed to be

outstanding at any point in time.
This inventory model can also be represented by a queuing system

where the interarrival time between customers has an Erlang

distribution and the service time is an exponentially distributed

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



random variable. Customers are served one at a time and there are
N servers in the system. There 1is only one waiting space
available, that is, customers will not enter the system when all
servers have been occupied and one customer has already been
waiting for services. The rate diagram representing the Markovian
process for this inventory system is shown in Figure 2.2. The
state (X,Y) is defined as the net inventory level X at current
demand phase of Y. The existence of steady-state probabilities is

also assumed.
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Figure 2.2. Rate diagram representing the (S-1,S) model
with Erlang demands

A A A A
“es S-mm' AJS‘N. Q-1 S-N-l.O]
(n-1)p P ny (n+1)p Nu Np
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Note here that Q is the quantity of order size for the (Q,R) model
but is the phase parameter of the Erlang demand distribution for
the (S-1,S) model. With the following transformations for the net
inventory probability, all results obtained in Section 4.1 are
applicable to this new model:
Pnow(S-n, j) = P(R+Q-nQ-j) J=0,1,...Q-1; n=0,1,...,N;
Paew(S-N-1,0) = P(R-NQ);
where P(X) = the steady-state probability of net inventory X for
the backordering (Q,R) model considered previously,
Pnew(X,Y) = the steady-state probability of net inventory X
when the demand process is at phase Y for the (S-1,S)
model under consideration,
S = the maximum inventory level for the (S-1,S) model,
R = the reorder point for the (Q,R) model, and
N = the maximum number of outstanding orders allowed by both
models.
From Figure 2.2, we can see that the net inventory probability for
the (S-1,S) model is equal to the sum of probabilities of the same
net inventory level at all different demand phases. In other

words,
Q-1

Prew(S-n) = ZUPnev(S-n,J) n=0,1,...,N; and
J:

Pnew(S-N-1) = Prew(S-N-1,0);
where Pnew(.) is the net inventory probability for the (s-1,s)

model.
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Hence, the following properties of the (S-1,S) model can easily be
derived from Equations (2.19) and (2.20).
Proposition 2.3.
P
Pnow(S-n) = —— Pnew(S-n+1,Q-1) n=1,2,...,N;
n
where p = A/p.
Proof:

For n=1,2,...,N,

Q=1
Prew(S-n) = Zb Pnew(S-n, j)
K
Q-1
= ;) P(R+Q-nQ-J)
J

P
= — P(R+Q-nQ+1)
n

n

P
—— Pnew(S-n+1,Q-1) ,
n

where P(.) is the net inventory probability for the (Q,R) model.

Proposition 2.3 implies that, for n=1,2,...,N-1, the probability
of n orders outstanding for the (S-1,S) model is equal to p/n
times the probability of n-1 outstanding orders at the last demand
phase. The probability that N orders are outstanding, however,
equals the sum of (p/N) Pnew(S-N+1,Q-1) and Pnew(S-N-1,0), because
there are also N orders outstanding when the net inventory is at

the state of S-N-1. Now, from (2.20),
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Proposition 2.4.
N
EIM] = p ZO Pnew(S-n,Q-1) ,
&
where E[M] is the expected number of outstanding orders; and
N
E[I] = S - Pnew(S-N-1,0) - p Zo Pnew(S-n,Q-1) ,
I

where E[I] is the expected net inventory levei.
Proof:
From (2.20),
N+1
EM] = p n; P(R+Q-nQ+1)

N+1
=p Z Prew(S-n+1,Q-1)
n=1

n

N

P Zu Paow(S-n,Q-1) .
n=t

Now, the expected net inventory

N+1
E[I] = _Zu (S-n) Prew(S-n)
ok

N+l N+1
=s Zo Pnew(S-n) - Zu n Prew(S-n)
oL

n=t

N
=s- [ ) D Pneu(S-n) + N Pneu(S-N-1) ] - Prow(S-N-1)
n=1

N
=S = Pnew(S-N-1,0) - p [D Pnew(S-n,Q-1) ;
e

N+1 N
where ' Poow(S-n) = 1 and L B Pow(S-n) + N Paew(S-N-1) = E[M].
n=0 n=1
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The inventory pesition for this (S-1,S) model is S when the net
inventory is at state S, S-1, ..., or S-N, and is S-1 when the net
inventory level is S-N-1. Therefore, the expected inventory
position is S -~ Pnew(S-N-1). Since the order size is always one,
the expected inventory on order is equal to the expected number of
outstanding orders. By definition, the expected net inventory can
also be derived by subtracting the expected inventory on order

from the expected inventory position.
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S. THE OPTIMAL INVENTORY POLICY

In order to locate the optimal order quantity and reorder point
for the partial backordering (Q,R) model, we need to formulate the
expected cost of operating this inventory system as a function of
Q and R. Here, it is assumed that the purchase price of each
inventory unit is independent of the order size, i.e., there are
no quantity discounts offered by the supplier. Therefore, the
Purchasing cost becomes irrelevant in the inventory decision. In
addition, let us define the following cost elements and other
system parameters:

C(Q,R) = the expected average inventory cost for the order size

Q and reorder point R,

A = fixed ordering cost per order placed,

H = carrying cost Per unit held in stock per unit time,

fl’ = backordering cost Per unit to be backlogged per unit time,
T = fixed backordering cost per unit backlogged,

L = fixed cost for each lost demand,

A = the mean arrival rate of demands,

H = the mean service rate of replenishments,

B = the fraction of customers who will wait for backorders when
2 stockout occurs, 0 < B=1, and

N = the maximum number of outstanding orders allowed by the

inventory system, N = 1.

Note that, when the system is out of stock, 1-8 portion of demards
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will be lost and the remaining portion can be backordered except
at the last state R-NQ, where all customers will take their
business elsewhere. Hence, during each unit of time, the

following portion of demand will be lost:

o]
A [(1-3) ZN P(X) + P(R-NQ) ] s
X=R=NQ+1

and the rest can either be satisfied or backlogged. Therefore,
the number of orders placed per unit time is equal to

a 1]
—|1-u-a ZN P(X) - P(R-NQ) | .
Q X=R-NQ+1
So, the expected inventory cost per unit time, which consists of
ordering cost, carrying cost, linear and fixed backordering costs,

and the cost of lost sales, can be formulated as:
A o} R+Q
CQR) =— | 1 - (1-p) XN P(X) - P(R-NQ) | + H xz X P(X)
Q X=R-NQ+1 =1

-~ -1 o]
+ 1 Z (-X) P(X) + M8 P(X)
X=R-NQ X=R-NQ+1

o]
+1a | (1-8) fu P(X) + P(R-NQ)
X=R=NQ+1

A R+Q a -1
= +H XP(X) -1 Z X P(X)
=1 X=R-NQ

Q

A ] A o]
+2A - P(X) + 28 (— + T -1L P(X) .
Q J X=R-NQ Q X=R-NQ+1

For the special case where B =1, the cost function becomes:
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A R+Q -~ -1
C(Q,R) = — [1 - P(R-NQ)] + H xz XP(X) + 1 ; (=X) P(X)
Q <1 X=R-NQ

o]
+m ZN P(X) + LA P(R-NQ)
X=R-NQ+1

A

ll

R+ ~ =1
+H XP(X) -1 ; X P(X)
Q =1 X=R-NQ

o] A
+ M & P(X) + A |[L - —| P(R-NQ) .
X=R=NQ+1 Q

The steady-state net inventory probability for this model obtained
in Section 2 can then be substituted into these cost functions.
However, it appears impractical to prove analytically that the
cost function is strictly convex with respect to Q and R for
either the general or the special case. Furthermore, closed-form
solutions of the optimal Q and R also cannot be obtained for
either case. For each set of model parameters, a numerical search
will then be needed for locating the optimal policy. Therefore,
some numerical experimentation is required in order to examine the
nature of this model and how it reacts to the change of system

parameters. This will be explored in the next chapter.
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CHAPTER 3

SENSITIVITY ANALYSIS FOR THE PARTIAL BACKORDERING MopEL

In Chapter 2 we derive several theoretical results for the partial
backordering (Q,R) model with Poisson demands and exponential lead
times. Due to the difficulty of obtaining closed-form solutions
for the optimal inventory policy, some numerical experimentation
is required to locate the optimal Q and R, and to examine how the
model reacts with respect to system parameters. The design of
experiments with a two-dimensional search procedure will be
considered in the next section. In Section 2, numerical results
will be reported for this partial backordering model followed by
some discussion. Finally, our findings about this model will be

summarized in Section 3.
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1. EXPERIMENTAL DESIGN

Optimization of inventory policy is not difficult since the cost
function has only two discrete decision variables. A simple
two-dimensional search procedure is used to locate the optimal
values of order quantity and reorder point. For each example, the
value of R that minimizes inventory costs is found for any given
Q, then the best value of Q which minimizes costs is found.
Initially, the classic EOQ and mean lead-time demand are
arbitrarily used as starting values for Q and R, respectively.
Because strict convexity cannot be theoretically proved for the
cost function, local optimality might exist. Therefore, the
inventory cost is then examined on a small grid of feasible points
centered around the best Q and R values found previously. If any
improvement is detected, the search procedure will be restarted at
the best of the grid points, otherwise the current Q and R are

accepted as optimal.

Notice from Section 4.1 in Chapter 2 that, when B =1, i.e., all
unsatisfied demands will be backlogged when there are N or less
orders outstanding, the probability distribution of net inventory
level depends only upon the order quantity Q and is independent of
the reorder point R. This provides an advantage in the search of
optimal policy. The net inventory probability only has to be
calculated once for each glven Q, and the inventory cost can be

evaluated by shifting the inventory level for different values of
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R. Unfortunately, the property mentioned above does not hold true
for the case where 0 < B8 < 1. For partial backordering cases, the
probability of net inventory must be calculated for each Q and R

pair in order to evaluate the cost function.

Equations (2.10) through (2.18) from Chapter 2 represent a set of
recursive expressions of net inventory probabilities, and can be
used to calculate the probability distribution for each pair of Q
and R. However, Equations (2.1) through (2.9) provide a simpler
alternative way to compute the net inventory probability. If we
define P(R-NQ-Jj) = 0 for J=1,2,...,Q-1, then the following general
relationships between probabilities can be derived from (2.1)
through (2.9). When the net inventory level is R-NQ+1,

N
P(R-NQ+1) = —— P(R-NQ) ;

Bp

for other non-positive inventory states R-NQ+2 = X = 0,

n n+1
P(X) = |1+ P(X-1) - —— P(X~1-Q)
p

Bp
if X is among the group of states from R-nQ+2 to R+Q-nQ+1, except
that

N N
P(R+Q-NQ+1) = [1+ J P(R+Q-NQ) - —— P(R-NQ) ;
73

Bp

. n n+l
P(1) = g8 [|1+ P(0) - ——P(-Q)| if R-nQ+2 s 1 = R+Q-nQ+1;
Bp Bp

for other positive inventory states 2 s X s R+Q,
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n n+l
P(X) = [1+ —| P(X-1) - —— P(X-1-Q)
P P

if X is among the group of states from R-nQ+2 to R+Q-nQ+1; where p
is the ratio of mean demand rate A to mean rate of replenishments
M, B is the fraction of unfilled demands backlogged, and N is the

maximum number of outstanding orders.

The net Inventory probability distribution can be obtained more
efficiently by this set of recursive expressions than by that of
(2.10) to (2.16). First, each probability is expressed in terms
of P(R-NQ), which is the probability of the last state. Then,
P(R-NQ) can be calculated because of normalization and, hence, so
can others. Note that we assume Q > R > 0 in order to derive
(2.1) through (2.9). That assumption can be relaxed here to just
Q> 1. As will be seen later in the numerical results, the value
of R is allowed to be greater than or equal to Q or be negative in

our examples.

With the probability distribution of net inventory level for each
pair of Q and R, the expected average cost function can easily be
evaluated for a given set of cost parameters. The following cost
elements are used throughout the experimentation:

A =50 $/order,

H= 1 $/unit in stock/unit time,
T= 4 $/unit backordered/unit time,
T= 0 $/unit backordered, and
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L= 3 $/unit lost.
We first fix the mean lead time rate and let (A,pu) = {(100,8),
(200,8), (400,8)} to examine the effects of mean demand rate on
the optimal inventory policy and cost. We then fix the mean
demand rate and let (A,p) = {(200,4), (200,2), (200,1)} to see how

lead time affects the optimal policy and cost.

We investigate the effect of the backordering fraction on the
optimal solution by varying the value of B as 1, 0.75, 0.5, and
0.25. The case of B = 0 is also considered for comparison
purpose. The following cost function from Equation (29) of
Buchanan and Love [1985] is used for the complete lost-sales case:

A 1 { A
C(Q,R) = + 2 A -—
Q 1 + Qs(1+s) Q

o H R Q(Q+1) R
s(1+s) QR + - Q(1+s)" + Q »
2

where s = p/A. Finally, in order to see how the maximum number of

outstanding orders affects the optimal decision, we let N = {1, 2,
3} in the cases where mean lead time rate equals 8 and N = {1, 2,
3, 4} in other cases except when B = 0, where only one outstanding
order is allowed. Therefore, we totally examine 84 examples for
our partial backlogging model and & examples for the complete
lost-sales case. Numerical results of the experimentation will be

presented in next section followed by some discussion.
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2. NUMERICAL RESULTS AND DISCUSSION

Computer outputs of raw results are shown in Figure 3.1 to Figure
3.6. For each parameter set of mean demand rate A, mean rate of
replenishments pu, and fraction backordered B, the optimal
inventory policy and average cost are obtained for various numbers
of outstanding orders. Several observations can then be offered.
First of all, the optimal inventory cost decreases as the number
of outstanding orders allowed increases. Because the cost of

losing sales is high in our examples, allowing more outstanding

orders will more d and hence reduce the
operating cost. Second, as mentioned in Section 3 of Chapter 2
the cumulative probability of the truncated tail is usually very
small when N is large, and the effect of truncating the net
inventory probability distribution becomes negligible as N, the
number of outstanding orders allowed, increases. Also note that,
for the set of cost parameters used in our examples, the effect of
truncation can be ignored as long as demand during lead time,
which equals the ratio of mean demand rate to mean lead time rate,
is low. The effects of early truncation on both the optimal
policy and cost are, however, significant when lead-time demand is
relatively high. Table 3.1 shows the cost increase in percentages
caused by allowing only one instead of a large number of orders to

be outstanding.
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Figure 3.1. Numerical results for the partial backordering
model when A = 100 and g = 8

THE MEAN DEMAND RATE IS 100

THE MEAN LEAD TINZ RATE IS 8

ORDERING COST = 50 (§/ORDER)

CARRYING COST 1 {S/UNIT/ONIT TINE)

BACKORDER COST1 4 ($/UNIT/UNIT TINE)
BACKORDER COST2 = 0 {$/UFIT BACKLOGGED)
LOST-SALE COST = 3 ($/UNIT LOST)

THE FRACTION BACKORDERED IS 1.00

0OUT. . ORDERS 0 -3 TOTAL COST
1 116 -11. 93. 14
2 116 =11 93.13
3 116 -1 93.13

THE FRACTION BACKORDERED IS 0.75

OUT. ORDERS Q R TOTAL COST
1 110 1 102. 24
2 119 1 102, 23
3 110 1 102.23

THE FRACTION BACKORDERED IS 0.50

0UT. ORDERS Q R TOTAL COST
1 109 6 107.30
2 109 6 107. 30
3 109 5 107.30

THE FPRACTION BACKORDERED IS 0.25

0UT. ORDERS Q R TOTAL COST
1 108 10 110.95
2 109 10 110.95
3 108 10 110.95

THEZ FRACTION BACKORDERED IS 0.00

OUT. ORDERS Q R TOTAL COST
1 109 12 113.81
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Figure 3.2. Numerical results for the partial backordering
model when A = 200 and p = 8

THE MEAN DEMAND RATE IS 200

THE MEAN LEAD TIME RATE IS 8

OBDERING COST 50 (S/ORDER)

CARRYING COST 1 (S/UNIT/UNIT TIME)
BACKORDER COST1 4 (3/UNIT/ONIT TIME)
BACKORDER CCST2 0 {$/0NIT BACKLOGGRED)
LOST-SALE COST 3 ($/UNIT LOST)

g

THE FRACTION BACKORDERED IS 1.00

QOUT. ORDERS Q k:d TOTAL COST
1 171 -10 136.43
2 169 -9 136. 29
3 169 -9 136.29

THE FRACTION BACKORDERED IS 0.75

0UT. ORDERS Q E TOTAL COST
1 165 9 153.37
2 164 9 153, 35
3 164 9 153.35

THE PRACTICN BACKORDEZRED IS 0.50

OUT. O3DERS Q R TOTAL COST
1 163 19 163.27
2 163 19 163427
3 163 19 163.27

THZ FRACTICN BACKORDERED IS 0.25

0UT. ORDERS [} R TOTAL COST
1 161 27 170.40
2 161 27 170. 40
3 162 27 170.40

THE FRACTION BACKORDERED IS 0.90

- O0T. ORDERS Q R TOTAL COST
1 161 32 176.01
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Figure 3.3. Numerical results for the partial backordering
model when A = 400 and p = 8

THE MEAN DEMAND RATE IS 400

THE MEAN LEAD TIME RATE IS 8

ORDERING COST 50 (S/ORDER)

CASRYING COST 1 ($/UNIT/ONIT TIME)
BACKORDER COST1 4 (S/UNIT/O0NIT TIME)
BACKORDER COST2 0 ($/ONIT BACKLOGGED)
LOST-SALE COST 3 (S/UNIT LOST)

THE FRACTICN BACKORDERED IS 1,00

0UT. ORDERS Q . R TOTAL COST
263 -3 2064 25
2 251 -1 204.52
3 251 -1 204,52

THE FRACTION BACKORDERED IS 0,75

072, ORDERS o] R TCTAL COST
B 251 32 238.73
2 247 33 238.30
3 247 33 238.30

THE FRACTIOR BACRORDERED IS 0.50

OUT. ORDERS Q R TOTAL COST
246 53 258.08
2 246 53 258.04
3 246 53 258, 04

THEZ FRACTION BACKORDERED IS 0,25
0UT. ORDERS p) R TOTAL COST
245 67 272,14
2 245 67 272,14
3 245 67 272. 14

THE FRACTION BACKORDERED IS 0,00

OUT. ORDERS Q R TOTAL COST
- 1 244 78 283,23
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Figure 3.4. Numerical results for the partial backordering
model when A = 200 and u = 4

THE MEAN DEMAND RATE IS 200

THE MEAN LEAD TIME RATE IS 4

ORDERING COST 50 ($/ORDER)

CARRYING COST 1" {$/UNIT/UNIT TIME)
BACKORDER COST1 4 ($/UNIT/UNIT TIME)
BACKORDER COST2 0 (3/UNIT BACKLOGGED)
10ST-SALE COST 3 {$/UNIT LOST)

THE FPACTION BACRORDERED IS 1.00

0UT. ORDERS Q R TOTAL COST
1 206 9 162,62
2 183 15 158.72
3 183 15 158.72
4 183 15 158.72

THE FRACTION BACKORDERZD IS 0.75

OUT. ORDERS 2 k TOTAL COST
1 193 27 176.55
2 184 29 175. 17
3 182 30 175,17
3 184 25 175.17

THE FFACTION BACKORDERED IS 0.50

OUT. ORDERS Q R TOTAL COST
1 186 40 . 187, 44
2 184 40 187,22
3 184 40 187.21
8 184 40 187.21

THE FRACTION BACKORDERZD IS 0. 25

OUT. ORDERS Q R TOTAL COST
1 182 50 195.67
2 182 50 196,67
3 183 50 196.67
4 182 50 196. 67

- THZ FRACTION BACKORDERED IS 0.00

00T, ORDESS Q R TOTAL COST
1 180 58 204.73
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Figure 3.5. Numerical results for the partial backordering
model when A = 200 and p = 2

THE MEAN DEMAND RATE IS 200

THE MEAN LEAD TINE RATE IS 2

ORDERING COST = 50 ($/ORDER)

CARRYING COST = 1 ($/UNIT/UNIT TINE)
BACKCRDER COST1 4 ($/0NIT/0NIT TIAZ)
BACKORDER COS 0 {$/UNIT BACKLCGGED)
LOST~SALE COST = 3 (S$/UNIT LCST)

THE FRACTION BACKORDERED IS 1.00°

0UT. ORDERS 2 R TOTAL COST
1 267 60 232.64
2 155 ,97 200.73
3 141 101 198. 38
4 141 101 198. 34

THE FRACTION BACKORDERED IS 0.75

0UZ. ORDERS Q R TOTAL COST
-1 253 69 236450

2 133 116 213.83

3 129 113 212.58

4 129 118 212,57

THE FRACTICN BACKORDERED IS 0.50

OUT. ORDERS Q R TOTAL COST
1 239 78 240.72
2 127 127 222, 34
3 126 126 222.05
4 126 126 222.04

THE FRACTION BACKGRDERED IS 0.25

CUT. ORCERS Q R TOTAL COST
1 227 87 245,58
2 128 130 230.09
3 128 130 230,08
4 128 130 230.08

THE FRACTICN BACKORDERED IS 0,90

0UT. O3DERS Q R TOTAL COST
1 216 96 251.37
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Figure 3.6. Numerical results for the partial backordering
model when A = 200 and p = 1

THE MEAN DEMAND RATE IS 200

THE MEAN LEAD TINE RATE IS 1

ORDERING COST = 50 ($/ORDER)

CARRYING COST = 1 {$/UNIT/UNIT TINE)
BACKORDER COST1 4 (3/UNIT/UNIT TINE)
BACKORDER COST2 0 {$/UNIT BACKLOGGED)
LOST-SALE COST = 3 ($/UNIT LCST)

THE FRACTION BACKORDERED IS 1.00

OUT. ORDERS Q2 R TOTAL COST
1 208 208 325.13 |
2 176 215 268. 55
3 138 228 249,44
4 121 231 245, 41

THE FRACTION BACKORDEEED IS 0.75

OUT. ORDERS Q R I0TAL COST
1 298 208 325. 13
2 174 212 269.21
3 123 231 254,06
4 116 232 251.27

THZ FRACTION BACKCRDERED IS 0.50

OUT. ORDERS 2 R TOTAL COST
1 208 208 325.13
2 170 209 272,17
3 116 232 257.79
4 115 230 2564 89

THI FRACTION 3ACXOQRDER3D IS 0,25

OUZ. C2DZIRS Q R TNTAL €CO3T
1 208 2083 325.13
2 155 296 271. 86
3 115 230 262,25
4 115 23) 262,21

THZ FRACTION BACKCRDERED IS 0.00

R ICTAL COST

OUZ, ORDERS 2 E
1 76 141 316,45

[N)
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Table 3.1. Cost increase when only one instead of a large number
»
of outstanding orders are allowed

a 100 200 400 200 200 200
» 8 8 8 4 2 1

B Cost increase (in percentages)

1 0.01 0.10 0.85 2.46 17.28 32.48
0.75 0.01 0.01 0.18 0.79 11.26 28.39
0.5 0.00 0.00 0.02 0.12 8.41 26.56
0.25 0.00 0.00 0.00 0.00 6.74 24.00

-
A is the mean demand rate, p is the mean lead time rate, and B
is the fraction of unfiiled demands which can be backlogged.

Table 3.2. Cost increase when the optimal policy of N = 1
is used in the case of large N

A 100 200 400 200 200 200

B 8 8 8 4 2 1

B Cost increase (in percentages)

1 0.00 0.00 0.10 0.48 8.38 7.43
. 0.75 0.00 0.00 0.01 0.09 6.54 7.08

0.5 0.00 0.00 0.00 0.01 6.65 6.69

0.25 0.00 0.00 A 0.00 0.00 6.58 6.34
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For example, when (A,1,8) = (200,1,1) (see Figure 3.6), the
optimal average inventory costs when N = 1 and when N = 4 are
325.13 and 245.41, respectively. The cost increase, 32.48%, is
calculated by dividing the difference between the two costs by the
latter. As can also be seen from Figures 3.5 and 3.6, both the
optimal policy and the cost when N = 1 differ significantly from
those of large N in the cases where mean lead-time demand, which
equals the ratio of mean demand rate A to mean lead time rate i,
is greater than or equal to 100. This can be explained by the
fact that penalty for each lost demand is usually higher than that
for each demand backlogged or for each unit held in stock, as it
is so in our examples. In the case of B > 0, some unsaiisfied
demands will be backordered if possible. Also note that any new
demands arriving after N orders have been outstanding will be
lost. So, when the demand during lead time is high, restricting
the number of outstanding orders to one will require larger
ordering quantity to reduce the frequency of stockouts and to
accommodate more unsatisfied demands, and lower reorder level to
compensate the high carrying cost caused by large Q. Overall,
this will result in a higher maximum inventory level, which equals

the sum of Q and R, and higher total cost.

Also note that the difference of optimal solutions between the
cases of N = 1 and large N becomes smaller as B approches zero.
Because, in the case of small B, most unsatisfied demands are

already lost, early truncation of net inventory distribution would
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have less impact on the situation than in the case of large B.
Therefore, if possible, the management of a real world inventory
system should allow at least two or three orders to be outstanding
when demand during lead time is relatively high and/or most

unsatisfied demands can be backlogged.

Now, when g > 0, it might be costly to use the optimal policy
obtained by assuming only one outstanding order in the situztion
vhere actually more than one order is allowed to be outstanding.
Table 3.2 shows the cost increase in percentages when the optimal
policy of N = 1 is applied to the case of large N. For example,
in the case of (A,1) = (200,2) ang B =0.25 (see Figure 3.5), the
policy of (Q,R) = (227,87) is used for N = 4 and the inventory
cost is calculated as 245.25. The difference between this cost
and the optimal cost of N = g, 230.08, is then divided by the

latter to yield the percentage cost increase.

As we can see, the Penalty of applying optimal policy of N = 1 to
the system where more than one order is allowed to be outstanding
becomes severe when lead-time demand is greater than or equal to
100. Most approximate models and some exact models in the
literature allow only one order to be outstanding in the complete
backordering case, and could hence yield biased results when
applied in the System with moderate or high demand during lead
time. However, the optimal policy of lost-sales case in our

examples always satisfies the condition of Q > R = 0, and it is

i ibi i ission.
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not possible to have more than one order outstanding under this
condition when all unsatisfied demands will be lost during the
stockout period. Therefore, it should be safe to assume that at
most one order can be outstanding for the complete lost-sales

case, as almost all authors do.
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Table 3.3. Summarized results for the partial backordering
model when mean lead time rate is fixed'

A 100 200 400

1’3 8 8 8

B Q R TC Q R TC Q R TC
1 116 -11 93.13 | 168 -3 136.29 | 251 -1 204.52
0.75 | 110 1  102.23 | 184 8 153.35 | 247 33 238.30
0.5 108 6 107.30 | 163 13 163.27 | 246 53 258.04
0.25 | 108 10 110.95 | 162 27 170.40 245 67 272.14
o} 108 12 113.81 | 161 32 176.01 | 244 78 283.23

»
A is the mean demand rate, p is the mean lead time rate, and 8
is the fraction of unfilled demands which can be backlogged.

Table 3.4. Summarized results for the partial backordering

model when mean demand rate is fixed

A 200 200 200

H 4 2 1

B Q R c Q R c Q R TC
1 183 15 158.72 | 141 101 198.34 | 121 231 245. 41
0.75 | 184 29 175.17 | 129 118 212.57 118 232 251.27

- 0.5 184 40 187.21 | 126 126 222.04 | 115 230 256.89

0.25 | 182 50 196.67 | 128 130 230.08 | 115 230 262.21
[} 180 58 204.73 | 216 96 251.37 | 276 141 316.45
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Table 3.3 and Table 3.4 respectively summarize the results when
mean lead time rate is fixed and when mean demand rate is fixed,
where the optimal policy and average inventory cost of large N are
used for cases of 0 < B to eliminate the effect of truncation.
Some observations can then be offered. First, for a given mean
lead time rate, the optimal values of both Q and R as well as
inventory cost for each case of B monotonically increase as mean
demand rate increases. This is because that increasing demand in
an inventory system will require larger order quantity to keep the
frequency of placing orders low and higher reorder level to
prevent the system from being out of stock during the lead time,
and will result in higher inventory costs. Note here that,
although the total inventory cost increases, the average cost of
each demand actually becomes lower when there are more demands.

This might be explained by the effect of “economy of scale."

Next, when demand rate is fixed, the optimal reorder level becomes
higher in order to accommodate more demands during lead time as
lead time increases. The maximum inventory level and average cost
also rise when lead time becomes longer. Since lead times of
replenishments are somewhat controllable to an inventory system,
they should be shortened as much as possible to reduce the
operating cost. The management can design the operation according
to the concept of "Just In Time" and eliminate the lead time if at

all possible.
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Finally, when g > 0, the optimal value of Q slightly decreases but
remains in the same magnitude while the optimal value of R
increses as B decreases for each set of A and g. The maximum
inventory level and average cost, however, always increase as B
becomes smaller for all values of B including zero. When B is
getting smaller, more unsatisfied demands will be lost if the
system is out of stock. Therefore, the inventory policy should
have a higher inventory level to protect the system from

stockouts, and will result in higher inventory costs.
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3. CONCLUSION

As summary of the numerical result, we can conclude that, first,
the effect of truncation on both the ontimal pelicy and inventory
cost will be negligible if lead-time demand is low and/or the
number of outstanding orders allowed is large. Therefore, when
demand during lead time is relatively high, the system should
allow at least two or three orders to be outstanding in order to
reduce the operating cost. Furthermore, the cost penalty caused
by early truncation becomes smaller as the fraction of unsatisfied
demands backlogged decreases. Allowing only one outstanding order
would therefore have less impact on the inventory cost when more
unsatisfied demands during the stockout period will be lost.
Second, when lead-time demand is high, it could be quite costly in
the backordering case to apply the optimal policy obtained by
assuming only one outstanding order to the system where actually a
large number of orders can be outstanding. It appears, however,
that the assumption of only one order outstanding at any point in

time might be legitimate for the lost-sales case.

Third, both of the maximum stock level and the reorder level as
well as the inventory cost will increase if either demand rate or
lead time increases. However, for a fixed lead time, the average
cost of each demand becomes lower as demand rate increases. Since
lead times are more controllable than demands, the management

should seek ways to reduce the length of lead time as much as
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possible. Next, the inventory level and operating cost become
monotonically higher when the fraction of unsatisfied demands
backlogged 1is getting smaller. Therefore, it is obviously

preferable for the system to as many d as

possible during the stockout period if penalty for losing sales is
high.

Finally, although the inventory cost function of the partial
backordering case is not theoretically proved to be convex, it
behaves fairly well around the optimal values of Q and R. During
our experimentation, local optimality is detected in only two
cases, when (A,p,B8) = (200,2,0.25) and (200, 1,0.25), respectively.
Furthermore, only two local optimal points are found in these
cases and they are both far away from the global optima. The cost
function is also quite insensitive to the values of both Q and R
when they approach the optima, i.e., the surface of inventory cost
is very flat around the optimal Q and R values. This is generally
the case for various inventory models and has been reported by

other authors [for example, Zheng 1988].
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CHAPTER 4

(QR) INVENTORY MoDELS WiTH COMPLETE BACKORDERS,
PoissoN DemManps, AND ERLANG-DISTRIBUTED Leas Tives

1. INTRODUCTION

In this chapter, we consider a single item (Q,R) inventory system
where unit demands arrive according to a Poisson process with mean
demand rate A. The inventory position, which is the level of
inventory on hand plus on order minus backorders, is continuously
monitored and an order of size Q will be placed with suppliers by
the system whenever the position reaches the reorder point R. The
cost of placing the order regardless of the quantity ordered is A.
The lead time, defined as the time from placing the order until
the shipment arrives, is a random variable having an Erlang
distribution of order K and with mean K/u. All customers are
assumed to be willing to wait for backlogging when the system is
out of stock. The cost of backlogging one unit of demand is ﬁ per
unit time and a fixed cost of W is also assocliated with each
backorder occurred. The cost of carrying one unit of inventory in

stock is H per unit time.

The assumption of Erlang distribution for 1lead times is

appropriate in many inventory problems. Consider that there are
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several phases in the process of replenishing orders and if each
phase requires exponential time duration, the entire lead time
would have an Erlang distribution. In practice, the lead time
distribution, when known, can often be fitted fairly well by a
gemma distribution [Burgin and Wild 1967; Burgin 1975; among
others]. The Erlang distribution is a special case of gamma
distributions which has an integral number of phases. The method
of stages allows one to model the Erlang process as a sequence of
exponential processes. This, combined with the Poisson process
generating demands, allows one to work with a completely Markovian
model. Another reason for the Erlangian assumption is that the
Erlang distribution provides a convenient family of distributions
with a wide range of coefficients of variation between the

constant case and the large variation of exponential case.

Continuous-review (Q,R) inventory models with unit Poisson demands
and backorders have been studied by several authors. Hadley and
Whitin [1963, Section 4-7] consider such an inventory system for
constant lead times. They obtain steady-state probabilities of
net inventory level, and hence expression of the average cost
function, by conditioning those probabilities on inventory
position. Galliher, Morse, and Simond [1959] also‘ study the
backordering system for both constant and exponential lead times.
In the case of constant lead time, they derive the same results as
those obtained by Hadley and Whitin but in a different form. In

the case of exponential lead time, they obtain rather complicated
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expressions for net inventory probabilities and some operating
characteristcs of the systenm. Their results are ones of the

earliest exact formulations for stochastic (Q,R) models.

Gross and Harris [1973] analyze the case where the distribution of
exponential lead time is allowed to depend on the level of
unfilled demands. They model the inventory system under two
different assumptions about how lead times depend on the number of
outstanding orders. Posner and Yansouni [1872] study an inventory
system where lead time is exponential and, during a stockout
period, all customers will wait for backlogging but then cancel
their demands if waiting time is too long. By allowing at most
one order outstanding at any point in tinme, they obtain
expressions for net inventory probabilities and the expected cost

function.

In next section, we first derive a set of difference equations of
the steady-state net inventory probability for the model under
consideration. The inventory probability becomes, however,
unmanageable when the order of Erlang lead time distribution is
greater than one. An approximate model is therefore developed by
conditioning the net inventory probability first on the inventory
position and then on the lead time. Two different sets of
closed-form expressions are obtained for the net inventory
probability. The special case of exponential lead times is

studied in Section 3. Several properties of the inventory
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distribution are established with proof.

In Section 4, we derive closed-form expressions of the expected
net inventory, expected inventory on hand, expected backorders,
and the probability that the system is out of stock for the
general Erlang lead time case. The average inventory cost and the
optimal policy are then considered in the last section. The proof
of strict convexity of the cost function is attempted for the
exponential lead time case. Since solutions of the optimal policy
cannot be obtained explicitly, a numerical search is required to
locate the optimal values of order size and reorder level for each
set of system parameters. Some numerical experimentation will
therefore be performed in Chapter S to investigate the nature of
this model and the effect of lead time variability on the optimal

solution.
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2. BACKGROUND OF THE MODEL

For the inventory system under consideration, the following
assumptions are made:

1. Demands arrive one at a time according to a Poisson process
with parameter A.

2. Lead times have an Erlang distribution with scale parameter u
and phase parameter K, where K is a positive integer greater
than or equal to 1.

3. All customers will wait for backlogging when a stockout
occurs.

4. Steady-state probabilities exist.

5. Q=1.

According to the (Q,R) policy, an order will be placed by the
system whenever the inventory level reaches R+Q-nQ, n=1,2,3,...
Furthermore, 1let [R+Q-nQ-J; ik-1, ix-2, ..., to], J=0,1,...,Q-1 and
n=0,1,2,..., denote the state that the inventory level is R+Q-nQ-j
and the number of outstanding orders currently in phase m is im, O
S im s n and n=0,1,...,K-1, for the Erlang lead time distribution
of order K, K= 1. Note that the sum of all in’'s is equal to n,
the number of outstanding orders. Then, the model can be
formulated as a Markovian process with infinite number of states,
and all possible transitions into and out from a given net

inventory state can be shown in Figure 4.1.
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Figure 4.1. Steady-state transitions of the backordering model
with Erlang lead times

R+Q-nQ; ik-1,..., in-1,im1+1, ..., io] n=1,2,...,K-1
(iz-1+1)p if in >0

R+Q-(n+1)Q; ix-1+1, ix-2, ... . io]

(ix-1+1)p

R+Q-nQ+1; ik-1, ik-2,. .., io—l]

R+Q-nQ; ix-1, ik-2, ..., io

[R*Q-nQ-‘.l; iK-1,ix-2,..., 10
ik-1 p

[R+Q—(n-1)Q; ir-1-1,1z-2,..., 10

[R+Q—n0; ik-1,..., ime41, i0-1, ..., f0
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Figure 4.1. ( Continue... )

R+Q-nQ-j; ix-1, ... slo=l, ime141, .., ia] n=1,2 K-1

lio-1+1)p if in> 0

R+Q-(n+1)Q-~§; ix-1+1, ix-2,..., io]

R4Q-nQ-(J—1);1x-1. ixk-2,..., io]

R+Q-nQ-J; ix-1, ir-2,..., 10

[R+Q—nQ-(J+1); ix-1,ik-2,..., 10
[R+Q-(n-1)Q-J: ik-1-1,ik-2,..., fo0

[R+Q-nQ-J; 1k-1,. .., imeasl, i=1,...,10

J=1,2,...,Q-2
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Figure 4.1. ( Continue..

R+Q-nQ-(Q-1);iK-1,...,1m-1,im1+1,..., iu] n=1,2,...,K-1
(im-1+1)p if in > O

R+Q-(n+1)Q-(Q-1);ik-1+1, ix-2,..., 10]

R+Q-nQ-(Q-1); ik-1, ir-2,..., io

[R-rQ—(n»l)Q; ix-1,ix-2,...,10+1

[RfQ-(n—I)Q-(Q-l); ik-1-1,ix-2,..., 10

[R*Q—nQ—(Q—l];iK‘l, coerimttl,in-1, ..., 10| m=0,1,...,K-2
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Therefore, from Figure 4.1, we can obtain the following balance

equations for the net inventory probability:
k-1
A+ ;’ in p| P(R#Q-nQ; ix-1,ix-2,...,10)
4

= A P(R+Q-nQ+1; ix-1,1x-2,...,10-1)
+ (ix-1+1)p P[R+Q-(n+1)Q; ik-1+1, ix-2, ..., 10}

+ V7 Ue1+1)p P(RAQ-DQ; ix-1, ..., da-1, 1ae1s1, .. ., 50)
meS

n=0,1,2,...;

K-1
[A + ; in u] P(R+Q-nQ-J; ik-1, 1k-2, ..., 10)
&

= A P[R+Q-nQ-(j-1); ik-1, ix-2, ..., i0]

+ (ir-1+1)p PIR+Q-(n+1)Q~j; ig-1+1,ix-2,...,10]

+ ) Ueae)p P(RAQ-Q-Js ixt, ..., fu1, dars1, . .., 10)

meES
J=1,2,...,Q-1 and n=0,1,2,...;
where P(.;.) is the steady-state probability of the associated
inventory state and numbers of orders in various lead time phases,
S is such a set that S = { m ] m=1,2,...,K-1 and imn > 0 }, and K
is the order of Erlang lead time distribution. Hence,
(A + np) P(R+Q-nQ; ix-1, ix-2,... ,10)
= A P(R+Q-nQ+1; ik-1,1x-2, ..., i0-1)

+ (1k-1+#1)p P[R+Q-(n+1)Q; ik-1+1, ix-2, ..., io0]

+ ] Ue141)p PRAQ0Q; ik, ..., dam1, Lae1s1, .. ., 10)
meES

n=0,1,2,...; and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



101

(A + np) P(R+Q-nQ-J; ix-1, ix-2, ..., i0)
= A P[R+*Q-nQ-(j-1); ix-1, ix-2, ..., io]
+ (ir-1+1)p PIR+Q-(n+1)Q-J; ik-1+1, ix-2,...,1i0]

+ Z (iz-1+1)p P(R+Q-nQ-j; ix-1,..., im-1,im-1+1,...,1i0)
me€ES

J=1,2,...,Q-1 and n=0,1,2,...;

k=1
because Zo im=n
m=

Now, for j=0,1,...,Q-1 and n=0,1,2,..., the probability of a given
inventory level when K = 1

-z} i

n-ix-1 ‘m=
Zo P(R+Q-nQ-j; ik-1, ik-2, ..., io).
0=

P(R+Q-nQ-J) = Z
ik-T=0 ix-2=0
As we can see, these net inventory probabilities for the exact
model rapidly become unmanageable when K is greater than one.
However, when K = 1, the above system of difference equations can
be so reduced that
A P(R+Q) = pn P(R) ,
A P(R+Q-j) = A P[R+Q-(j-1)] + # P(R-j) J=1,2,...,Q-1,
(A+np) P(R+Q-nQ-J) = a PIR+Q-nQ-(j-1)] + (n+1)p P(R-nQ-j)
J=0,1,...,Q-1 and n=1,2,3,...;
where P(.] is the steady-state probability of the associated net
inventory level. Galliher et al. [1958] study this relatively
simple special case for K = 1 but obtain rather complicated, non
closed-form expressions for the inventory probability. This
provides us with a strong motivation to formulate an approximate

model for the general case where K = 1 and, hence, be able to
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derive some closed-form results for it.

Our model is an extension of that of Hadley and Whitin’s to the
case of Erlang-distributed lead times. In their model, Hadley and
Whitin [1963, Section 4.7] make the same assumptions as those
shown above except that they assume constant lead times for the
replenishment. Since the reorder point R is expressed in terms of
the inventory position and demands arrive one at a time, an order
of size Q is placed and immediately bring the inventory position
to R+Q when a demand arrives and reduces the position from R+1 to
R. Therefore, the inventory position must have one of the values
R+Q, R+Q-1, ..., R+#l. To compute the steady-state net inventory
probability, consider the system at any instant of time T and at
the time 7-t, where t is the procurement lead time and constant.
Note that everything on order at time 7-t will have arrived in the
system by time T and nothing not on order at time 7-t can have
arrived in the system by time t. Thus, given that the inventory
position was R+Q-j at time T-t, where j=0,1,...,Q-1, the
probability that there are X units of net inventory at time T is
equal to the probability that R+Q-j-X units were demanded during

the lead time t if R+Q-J-X = 0 and is equal to zero otherwise.

Let P(.|t) denote the probability of the associated net inventory
level at any instant of time T given the lead time t. Then, by
conditioning on the inventory position at time z-t, Hadley and

Whitin derive that
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R+Q-X
P(X[t) = i [ P( R+Q-J-X units were demanded during time t )
k=

P( inventory position was R+Q-j at time 7-t ) ]

1 R#Q-X
= P(i;At) R+l s X = R+Q; (4.1)
15

P(XIt) = Qi; [ P( R+Q-Jj-X units were demanded during time t )
R=
P( inventory position was R+Q-j at time 7-t ) ]
1 R+Q-X
= — g P(i;At) X = R+1; (4.2)
Q i=R¥1-X
where P(.;At) is the probability mass function of a Poisson
distribution with parameter At. Also note that, independent of
the nature of lead times, steady states of the inventory position
are uniformly distributed when demands arrive according to a
Poisson process, each with a probability of 1/Q [Sivazlian 1974].
Same results as Equations (4.1) and (4.2) are also obtained by

Galliher et al. [1953] in a different form.

But, Equations (4.1) and (4.2) only hold true when the lead time
is a constant. Hadley and Whitin suggest that their results can
be extended to the case of stochastic lead times as long as there
is never more than a single order outstanding.  Unfortunately,
however, for (Q,R) models where the demand is Poisson-distributed
and all demands will be backordered during a stockout period, it
is not possible to specify rigorously that never more than a

single order is outstanding. For any time interval of positive
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length, there is a positive probability that an arbitrarily large
number of demands will occur in that time interval, and hence a
positive probability that any given number of orders will be
placed in the same interval. This in turn implies that there is a
positive p.robability that any given number of orders can be

outstanding at any point in time.

When more than one order can be outstanding and the lead time is a
random variable, we would like to treat lead times as independent
of each other, i.e., we would like to assume that the lead time
for a given outstanding order is independent of lead times of the
other orders. However, if this assumption is to be rigorously
held true, then we must allow outstanding orders to cross, i.e.,
they need not be received in the same order in which they were
placed by the system. Then, the statement claimed for deriving
Equations (4.1) and (4.2), that everything on order at time -t
will have arrived in the system by time T and nothing not on order
at time 7-t can have arrived in the system by time 7 when the lead
time for a given order is t, is no longer true because of the
stochastic nature of lead times and the possibility of crossing

orders.

Therefore, any extension of the results from Equations (4.1) and
(4.2) to the case of stochastic lead times, such as our models, is
Just an approximation to the real system. How well these results

will represent the true model depends on how small the probability
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that more than a single order is outstanding and the probability
that orders will cross given that more than one order is
outstanding are. It is often true in the real life situation
that, even although two or more orders are outstanding at any
point in time, the interval between the placing of orders is
usually large enough so that there is essentially no interaction
among orders. It can therefore be assumed to be a good
approximation that the lead times are independent of each other as
well as that orders do not cross. As will be illustrated in the
second part of next chapter, our models closely approximate the

exact ones when demand during lead time is relatively low.
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3. THE APPROXIMATE MODEL AND STEADY-STATE RESULTS

By extending Hadley and Whitin’s model to accommodate Erlang lead
times, we can further condition the net inventory probability when
the phase parameter of lead time distribution is K, P(X,X), on the
lead time. By which,

P(X,X) = J' P(XIt) g(t;K,p) dt X s R+Q, (2.3)
0

where g(.;K,u) is the probability density function of a K-phase

Erlang distribution with scale parameter p.

Therefore, by applying (4.1), (4.2), and (4.3), we can obtain
that; for R+l = X = R+Q,

i K-1
1 RQ-X (At)" _ (ut) -
P(X,K) = J — ﬁu ——eM | et
Q 1= it (K-1)!
0

1omgx Al K S o N
L J R U
Q if0 1r(k-1)r
1 i] (i+K-1)1
Q K- e iR
1 zﬂ K-1+i A )i (o )X
) Q At A+

1)K R4Q-X [ K-1+1 p )i
= E H (4.4)
Q |1+ 10 1 14p

and, for X s R+1,
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° i k-1
1 RQ-X  (At)” _ (ut) -
P(X,K) = J —_— 2 '—en —ue“t dt
Q i=R¥1-Xx 1! (k-1)!

b R‘ix J' LKL 0wt
Q i=RF1-X 11(K-1)!
1 R»ix (14K-1)1
Q i=RFI-X i1(K-1)!  (ap)t*F
1 g K1) [ A Jif ok )k
T o i=RFix lmu A+
1 1 K R+Q-X K-1+1 P i
- g ; (4.5)
Q (14} 1=RF1x| 1 14p

where p = A/p and K is the order of lead time distribution. For
the above derivation, we apply the following identity that, when X

z0and Y >0,

® X

~ Xt (vt) ~
theYtdt= J——Ye‘{tdt
0

because the second integral integrates a Gamma density function

and hence equals one.

If we make some transformations for the net inventory level as

follows:
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RHQ-J = X for j=0,1,...,Q-1 and R+1 = X = R+Q; and
R =X for j=-1,0,1,... and X s R+1;

then we can obtain from Equations (4.4) and (4.5) that

Theorem 4.1.

1 1 )X j K-1+n p In
P(R+Q-j,K) = — zo (4.8)
Q 1+p =t n 1+p

J=0,1,...,Q-1;
1 1 )X Jj+Q K-1+n p In
P(R-§,K) = — |—— (4.7)
Q 1+p n=j+1 n 1+p
J==1,0,1,...;

where p = A/p, K = 1, and P(.,K) is the probability of associated
net inventory level when the Erlang lead time distribution is of

order K.

Equations (4.8) and (4.7) represent a set of closed-form
expressions for the net inventory probability. As we can see,
they are both in the form of a polynomial of [p/(1+p)]. When the
inventory level is in the range between R+Q, which is the maximum
inventory level, and R+1, the order of that polynomial is equal to
the number of units which have been depleted from the maximum
level. However, when the inventory level is below R+1, the power
of [p/(1+p)] in that polynomial is between the range of the number
of depleted units from inventory level R plus one and the number
plus Q. Also note that, in these polynomials, terms with the same

power of [p/(1+p)] have the same coefficient for a given K.
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Now, let us point out that there is an alternative way to derive
Equations (4.6) and (4.7) and which is a lot more complicated than
the approach shown above. This second approach and its results
are shown in Appendix 1. Some results derived there will be
useful later in other sections. Next, let us derive another set
of expressions for the net inventory probability in a different

form. We can obtain by applying results from Theorem 4.1 that;

for K=1,
1 1 1 j 1-1+n P In
P(R+Q-j,1) = — 20
Q 1+p n= n 1+p
1 1 20 p |n
Q 1+p | n=t 1+p
1 P |+l
=—11- J=0,1,...,Q-1, (4.8)
Q 1+p
1 1 )1 j+Q 1-1+n p In
P(R-j,1) = — |—— D—
Q 1+p n=j+1 n 1+p
1 1 JxQ P In
1 p )i+l l’ p )i+l
Q 1+p L+
1 P |J*1 P |Q
= - 1- J=-1,0,1,...; (4.9)
Q [ 1+ 1+p
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for k = 2,
1 1 ]2 2-1
P(R*Q-§,2) = — i -
Q 1+p = n 1+p
1 1 )2 p In
== iu (n+1)
Q 1+p n= 1+p
1 p )+l j+2
=—[1-(j+2) + (j+1) L
Q 1+p 1+p
! p |3+t 1 o g+t
=—[1“ _(j+1)_~,1
Q 1+p 1+p 1+p
J=0,1,...,0Q-1,
1 1 2 g+ 2-1
P(R-3,2) = — JZQ +n p In
Q 14p n=j+1 n 1+p
1 1 )2 j+Q e In
=— = T
Q 1+p n=J+1 1+p
i P )J+e+1
-— [ 1= (pa2) |——| T  (grarn) =]
Q 1+p 1+p

P |J*1 j+2
-1 (g - |
1+p 1+p
1 2REis! 1
=— 1+ (j+1)
Q 1+p 1+p

P Q 1 e )Q
= = (Q+j+1)
1+p 1+p 1+p

J=-1,0,1,...;
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for K = 3,

P(R+Q-j,3) =

‘1_ 3 3-1+n p In

[ 1+p } nzu [ n ] [ 1+p ]
113 (n+2) (n+1) p In

[ l+p ] an 2 [ 1+p ]

(J+3)(j+2) p i+l
1 - —m |—
2 1+p

1
Q
1
B Q
1
Q

P )J*2  (§+2)(§+1) j
+ (343)(J+1) [ L) e P
1+p 2 1+p

1 p ]+t P j+2
- [1 - (J+2) + (j+1) J
Q 1+p 1+p

(j+2) (j+1) p )j+1 o j+2
I + (+23(5+1)
2 1+p 1+p

2

1 P ]J*+1 1 p )i+t
D - (3+1)
Q 1+p 1+p | 14p

_ (J+2) (j+1) [ 1 ]2[ P ]j«q'l
1

(J+2)(§*+1) { p J5+3 ]
Gl ]

2 1+p 1+p

J=0,1,...,Q-1,

1 1 3 j 3-
P(R-3,3) = —— [ } JiQ 1+n p In
1+p n=g+1 n 1+p

[ 1 Js JH (n#2)(n+1) { I3 ]n

n=j+1 2 1+p
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1 (J+Q+3) (j+Q+2) [ ]J+Q+1
= |l1l-—
Q

2 1+p

P |J+Q+2  (§+Q+2)(j+Q+1) P ]J+Q+3
+ (J+Q+3) (j+Q+1) T

1+p 2 1+p

2

(J+3) (§+2) P )1
—_—
1+p

J¥2 (§+2)(§+1) p 1J+3
= (J+3)(3+1) [

1+p 2 1+p
1 P )J+1 1 (J+2) (§+1) 1 )2
= — 1+ (§*1) —
Q [+ 1+p 2 1+p

P ]c 1 P ]Q
= 7] - (Q+5+1)
14p 1+p 14p

(Q+j+2) (Q+j+1) 172 p ]Q
2 1+p 1+p

J=-1,0,1,...;

where we use the following identities for the derivation:

j n 1 - (j+2) q‘ig'1 + (j+1) q‘j+2
20 (n+1) ¢ = s (4.10)
n&

(1-92

in (042) (n+1) P = [2 - () (g2)
n= (l-q)3

+20543) (3+1) @0*2 - (g42)(jo1) q‘j+3] .

Therefore, from the result shown above, we can deduce the

following theorem:
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Theorem 4.2.

1 p ]J*1 K=1 [ j+n 1 In
P(R#Q-J,K) = — [ 1 - [—— Zo (4.11)
Q 1+p n= n 1+p

J=0,1,...,Q-1;
1 P ]J+1 K=1 [ j*n 1 )n
P(R-§,K) = — |—— ZO
Q 1+p n= n 1+p
P 1Q K=1 (Q+j+n 1 In
- Y (4.12)
1+p n=0 n 1+p

J=0,1,2,...;

where p = A/p and K = 1.

The proof of Theorem 4.2 is shown in Appendix 2. Equations (4.11)
and (4.12) represent a different set of closed-form expressions
for the net inventory probability. Here, they are both in the
form of a polynomial of [1/(1+p)] with order of the number of lead
time phases minus one. Unlike (4.6) and (4.7), however, the
coefficient of terms with the same power for a given K in these
polynomials is different from each other. One comment we can make
about these two sets of expressions is that, when K is small,
Equations (4.11) and (4.12) are easier to work with than (4.8) and

(4.7) for the net inventory probability because of fewer terms.
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4. THE SPECIAL CASE FORK = 1

For the case where K = 1, i.e., the lead time is an exponentially
distributed random variable, we can show by using (4.8) and (4.9)
that

Expected Net Inventory

R+Q

= xz X P(X)
S

Q-1 @
= (R+Q-J) P(R+Q-j) + (R-j) P(R-j)
o o

Q=1 1 p )+t
=) ®ey —|1-|—
J=0 Q 1+p
© 1 p J+1
+ ZO (R-§) —
J= Q 1+p

1 Q-1
=— Zo (R+Q-j) - (R+Q) —

}‘j*l
1 Q=1 P J-&l 1 @ p )+t
+ — Z B —_ 1 - —_—
Q J=1 1+p Q 1+p J50 | 1+p
1 P J+1
-1 - J
Q 1+p 1+p
1 Q (R+Q+#R+1)

1 [ P ]Q+1
=TT T - (R+Q) — (1+p) -
Q 2 Q 1+p 1+p

1 P )2 Q=2 e )J
- —_ ZO (§+1)
Q 1+p J= 1+p
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1 e 1Q P )2 = e )J
- [1 - [ ] ZD (3+1) ]
Q 14p 14p | S 1+p
Q+1 1
= +R-(R+Q)p—[1-[P]QJ
2 Q
o L e o1
+— { ] (1+p)2 1-Q + (Q-1) e e
Q I+p 1+p 1+p
1 P )Q
+Rp— [ 1- |—
Q 1+p
e |Q P )2
1+p 1+p
Q+1 1 1+p PR
= PRI — 10— + o |——]°
2 Q I3 1+p 140
1 L L 2
e - (R -
a e +Q) p =~ Rp + p }
1 R
= "R“P_[D'Q(hp] +(Q-1) p e e
2 Q 1+p 1+p

P ]Q P )Q
-Q-p+Q +p
1+p 1+p

P( out of stock )

o]
= P(X)

®
= JZR P(R-j)
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[
PYem
]

P |Q p )R+l
1- (1+p)
1+p 1+p

=p P(1) ;
Expected Backorders

-1
=- X P(X)
-

Ak M
R T e B
e ETET B B
i Rdjﬂ[i}jﬂ ]
LB HET o [
woo e B e [T

"
oI.-
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1 e 1Q p )R+l
=—|1- (1+p) p (R+1)
Q 1+p 1+p
1 P ]Q p R+t
=p—|1- (1+p)
Q 1+p 1+p

= p P( out of stock ) ;

Expected On-Hand Inventory
= Expected Net Inventory + Expected Backorders

Q+1
= +R=-p +pP( out of stock ) ;
2

where we apply (4.10) for the derivation and P(.) is the net

inventory probability when K = 1.

Furthermore, we assume that the reorder point, R, is greater than
zero for deriving the above results except expected net inventory,
where there is no restriction on R. In almost all real inventory
systems, because the penalty for each backordering unit is usually
greater than the cost of carrying one unit in stock, the reorder
point is in terms of a positive inventory level so as to prevent
the system from being out of stock during lead times of the
replenishment. The assumption of R > 0 is, therefore, realistic.

So, the following results can be summarized:
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Proposition 4.1.
When the lead time is an exponential random variable,

Q+1

Expected Net Inventory = +R=-p;

and, when R > 0,

Q+1
E: ted On-Hand I tory = + R - p + p Plout of stock),
2

Expected Backorders = p P( out of stock ) N

P( out of stock ) = p P(1) ;
where p is the ratio of demand arrival rate A to service rate of
the replenishment p and P(1) is the probability that the inventory

level is one.

In their paper, Galliher et al. [1959] investigate the exact model
for the Exponential lead time case. Without having the closed-
form expression for the net inventory probability, they, however,
obtain the expected value and variance of the net inventory level.
The expected net inventory obtained in Proposition 4.1 is
identical to that of theirs. However, the variance of net
inventory in our model is different from that in their model.
Galliher and others derive that

2

Q® -1 p L1+ (1) 1% - 5 - (e
Variance = +p N
- 12

L1+ () 1%-1
and we have that
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-1
Variance = +p (1+p).
12

Therefore, the difference between our result and theirs is

p L1+ (1/p) 1% - p - (@s1)
A=p (1+4p) - p

L1+ e 1%9-1

{ (1+p) 11+(1/p)1% = (149) - p 11401/ P 4 p 4 (@41) }
P

[1+ () 19-1
pQ

=—

{1+ p 10

1

Q pm1

( 1+p)Q -p
Now, because

lim A =0,
p=>o0

the difference decreases as p decreases. Note here that p, which
equals A/p, is also the lead-time demand because A is the demand
arrival rate and 1/p is the mean of exponential lead time.
Therefore, when the lead time is exponentially distributed, the
net inventory probability obtained earlier and, hence, our model
closely approximate the exact ones as long as demand during lead
time is low. Also note that, since A is strictly positive, the
variance of our approximate net inventory probability distribution

is always greater than that of the exact one.
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When K = 1, several properties of the net inventory probability
distribution in our model can also be established and proved as

follows.

Theorem 4.3.

®
)} P(R1) = p P(R-j) J=-1,0,1,...,
J+1

where p is the ratio of demand arrival rate A to service rate of

the replenishment K.

Proof:
From (4.9),
© © 1 p )i+l I3 (o}
Y P(R-1) = — 1-
i=j+1 i=j+1 Q 1+p 1+p

1]
°
=
7
<

The interpretation of Theorem 4.3 is that, starting from R+1, the
lead-time demand, P, times the probability of a certain inventory
level is equal to the sum of probabilities of all levels less than

that level.
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P(R+1) > P(R+2) > ... > P(R+Q) , and (4.13)
P(R+1) > P(R) > P(R-1) > ... (4.14)
Proof:

As we can see from (4.6), when the inventory level drops one unit
between R+Q to R+1, the state probability increases by one term of
[p/(14p)].  Therefore, (4.13) holds true. Now, from (4.8), when
the inventory level drops one unit below R+1, the probability
decreases by being multiplied by [p/(1+p)], which is strictly less

than one. Thus, (4.14) is proved.

Theorem 4.4 says that the state probability distribution of net
inventory level has only one mode and the level of R+1 has the
greatest state probability. In other words, the probability
strictly increases when the inventory level depletes from R+Q to
R+1 and then strictly decreases as the inventory level continues
to drop below R+1. The result of (4. 13) can be extended to the
general case where K = 1 because (4.6), which is valid for the
general case, is used for its proof. Unfortunately, however,

(4.14) is not always true when K = 2.
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S. SOME PROPERTIES OF THE MODEL

After having the expression of net inventory probabilities, we can
then present several properties of the probability distribution
for the general Erlang lead time case. First of all, from

Proposition A.1 in Appendix 1, we have that, for K = 2, ¥

P(X,K) = P(X+1,K) +

1+p 1+p

P(X,K-1) X = R+Q-1.

Then, for K = 2, the expected net inventory

R+Q
EIN,K] = x{ X P(X,K)

2

R+Q-1
= (R+Q) P(R+Q,K) + XE X P(X,K)

R+Q-1 14
(R+Q) P(R+Q,K) + X% X P(X+1,K) + P(X,k-1)
S 14p

1+p

1 1 R+Q-1
(R+Q) P(R+Q,K-1) + )(E X P(X,K-1)
1+p 1+p S
p R+Q-1
+— X P(X+1,K)
1+p =

1 R#Q Q
= X P(X,K-1) + (X-1) P(X,K)
1+p S 1+p =-®

1 R#Q P R+Q
= X P(X,K-1) +
1+p =-0 1+p

P R¥Q
-— P(X,K)
14p X=-wo
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1
= E[N,K-1] + E[N,K] -
1+p 1+p 1+p

where the result of (A.5) in Appendix 1 is used for the

derivation. Therefore, far K = 2,

EIN,K] = EIN,X-1] -
1+p 1+p 1+p

Hence,

EIN,K] = E[N,K-1] - p

E[N,K-2] -p - p

EIN,1] - (k-1) p

Q+1
= +R-p- (K1) p
2

Q+1
= +R-Kp, (4.15)
2

where K = 1. Then, for K = 2, the expected on-hand inventory

R+Q
E[HK] = xzu X P(X,K)

R+Q-1
(R+Q) P(R+Q,K) + xi X P(X,K)

R+Q-1 ) 1
= (R+Q) P(R+Q,K) + XEO X P(X+1,K) + P(X,K-1)
= 1+p 1+p

1 R+Q-1
(R+Q) P(R+Q,K-1) + Xi} X P(X,X-1)
1+p 1+p =

P R+Q-1
+ X P(X+1,K)
1+p =
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1 R P R:Q
= XZD X P(X,K-1) + xz (X-1) P(X,K)
1+p X= 1+p %=1

1 R+Q
= X P(X,K-1) +
1+p XA

3

R+Q
xz X P(X,K)
1+p 1

P R:xQ
xz P(X,K)
1+p X=1
1

P
= — E[H,k-1] + E[HK] - ~—— [ 1 - Pout,x ] ,
1+p 1+p 1+p

where Pout,k is the probability of being out of stock; therefore,

E[H,X] = E[H,X-1] -
1+p 1+p 1+p

[1-Pout,x].

So,
E[H,K] = E[H,K~1] - p + p Pout,x

= E[H,X-2] - p + p Pout,k-1 — P + p Pout,x

K
= E[H,1] - (K1) p + p Zz Pout, 1
i=

Q+1 K
= *R=-p+pPout,1 - (K1) p +p ZZPouc,l
2 i=

Q+1
= +R-Kp+p
2

Pout,1 ,
1

I~

i
where K = 1. Now, by defination, the expected backorders for the
case where K = 1
E[B,X] = E[H,K] - E[N,K]
K

[ iZl Pout,1 .
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Next, for K = 2, the probability of being out of stock

0
Pout,k = xZ P(X)
cE

0 P 1
= XZ P(X+1,K) + P(X,K-1)
=~ 1+p 1+p

P 1 1 [o]
= P(X,K) + XZ P(X,%-1)
1+p X=-o 1+p X=-m
P 1
= ——P(1,K) + Pout,k + Pout,k-1 ;
1+p 1+p 1+p
therefore,
1 1
Pout,k = Pout,k-1 + P(1,K) .
1+p 1+p 1+p
Hence,

Pout,k = Pout,k-1 + p P(1,K)

= Pout,k-2 + p P(1,K-1) + p P(1,K)

K
= Pout,1 + p Zz P(1,1)
i

K
=p P(1,1) ,
i

where K = 1. Note that results from Proposition 4.1 are used for
the above derivation. Thus, the following proposition can be

established.
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Proposition 4.2.

When R > O,

K
EIH,K] = +R—xp+pZPm,a,
2 =1
K
E[BK] =p ) Powt, , and

K
Pout,x = p Z P(1,1) ;

where p = A/u, K = 1, and P(1,i) is the probability that the
inventory level is one for the case where the lead time

distribution is of order i.
By combining results from Proposition 4.2 and (4. 12), we can,
hence, obtain several closed-form results for the net inventory

probability distribution as follows.

Theorem 4.5.

E[N,K] = +R-Kp,
2

and, when R > 0,

E[H,X] = +R-Kp
1 p R K=1 [ K-n+1 R-1+n 1 In
+ p2 —_ Xo
Q 14p n=l 2 n [ 1+p
P ]Q K-=1 [ K-n+1 Q+R-1+n 1 In
1+p nZO 2 n 1+p
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-2 2 L[ 7)) 2
[ Q :1[K—:+1][Q+R;1+n}[ ;Jn]‘
Rt

Q k=1 Q+R-1+n 1 In
(X-n) ;
1+p n= n 1+p

where p = the ratio of demand arrival rate A to service rate of

each phase of the replenishment i,
= the order of Erlang lead time distribution, K = 1,
E[N,K] = the expected value of net inventory level,
E[H,K] = the expected value of on-hand inventory,
E[B,K] = the expected value of backorders, and
Pout,k = the probability of being out of stock.
Proof:

The first result is obtained from (4.15). Now, when R > 0,

Powt,k = p ) P(1,1)

=1

LR
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p )@ k=1 X [ Q+R-1+n 1 )n
B [1+p] an i=rzx+1[ n ] [14-9] ]
[p]R[K—l [R—1+n][1 ]n
(K-n)
1+p n=( n 1+p
P Q k-1 Q+R-1+n 1 n
e B M ET]
K
E[B,K] =p } Pout,s
L P ]Rl' 1§-‘1 (iom) R—1+n} 1 ]n
1 (14 ] | oo n 1+p
P ]Q izl Q+R-1+n 1 In
G L (MR
P R K-1 R-1+n 1 n K
TR BT de
P ]Q K=1 [ Q+R-1+n 1 In K
) [:] nZO [ n } [l_ﬂ)-] i=;+1(i-n) ]
_ 2 L p )R K=1 [ K-n+1 R-1+n 1 In
TR E
P |Q K=1 [ K-n+1 Q+R-1+n 1 In
| LT ETITET ]

To complete the proof, we use the fact that the expected on-hand

Hence,

1

°
I~

©

inventory is the sum of expected net inventory and expected

backorders to derive the expression for E[H,K].
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Finally, one observation can be made about the net inventory
proi:abillty. As we can see from either Equations (4.6) and (4.7)
or (4.11) and (4.12) that state probabilities of net inventory
level are independent of one of the decision variables, the
reorder point R. That is, as long as the order quantity Q is
fixed, the distribution of net inventory probabilities remains

unchanged no matter what value the reorder point R has.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



130

6. THE OPTIMAL INVENTORY POLICY

In order to locate the optimal order quantity and reorder point
for this model, we need to formulate the expected cost of
operating the inventory system as a function of Q and R. Here, it
is assumed that the purchase price of each inventory unit is
independent of the order size, i.e., there are no quantity
discounts offered by the supplier. Thus, the purchasing cost of
stock is irrelevant in determining the decision variables Q and R.
In addition, let us define the following cost elements and other
system parameters:
Cr(Q,R) = the expected total inventory cost for the order size
Q, Q > 1, and reorder point R, R > 0, when the Erlang lead

time distribution is of order X, K = 1,

>

= fixed ordering cost per order placed,

o

= carrying cost per unit held in stock per unit time,

= backordering cost per unit to be backlogged per unit time,

=5 =

= fixed backordering cost for each unit backlogged,

>

= the arrival rate of demands, and

K = the service rate of each phase of the replenishment.

Then, the expected inventory cost per unit time, which consists of
. ordering cost, carrying cost, time-weighted backordering cost, and

the penalty for backorders, can be formulated as

CR(Q,R) = + HE[HK] + T E[B,K] + T Pout,x
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A Q+1 -
= + H + R - Kp + E[B,K]| + T E[B,K] + M\ Pout,x
Q 2
A HQ
Q 2 2
1 R K K-n+1 R-1+n 1 In
+ (H+TI) P -
1+p L n 1+p
P ] Q K=1 [ K-n+1 Q+R-1+n 1 In
1+p J nZO 2 n 1+p
1 p JR[K1 R-1+n 1 In
+Mp — ZO (K-n)
Q 1+p n n 1+p

P JQ K-1 Q+R-1+n 1 )n
- Zo (X-n) ;
1+p n=l n 1+p

(4.186)

1
+HR+H | —-Kp

where p = A/p and results from Theorem 4.5 are applied.

Although the closed-form expression of expected average inventory
cost is obtained above, it appears, however, impractical to prove
analytically for the general case that the cost function is convex
with respect to both Q and R. Furthermore, closed-form solutions
for the optimal inventory policy can not be directly derived from
(4.16). Therefore, for each set of model parameters, a numerical
search is required for locating the optimal Q and R. Some
numerical experimentation will be performed in next chapter to
investigate the nature of this model and its reaction’ to the

change of system parameters. s
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Now, when the lead time is an exponential random variable, i.e., K

=1, (4.16) can be reduced such that

A HQ 1
C1(Q,R) = + +HR+H] —-p
Q 2 2

Ao 1 P |R P 1]Q
+ (H+M) p° — 1 -
Q 1+p 1+p
1 P IR e ]Q
+M p — 1-
Q 1+p 1+p

A HQ 1
= + +HR+H | — - P
Q 2 2
~ 1 P IR P )Q
+ (Hp+Tlp+M)p — 1
Q 1+p 1+p
«

A HQ p IR I3 p |R+Q
= — 4 +HR+ — |[—| - — |—— +B;
1+p Q 1+p
where « = (Hp+ﬁp+m)p and B = H (1/2 - p). Hence, treating Q and

R as continuous variables, we can obtain the first and second

partial derivatives of the cost function with respect to Q and R

that
ac M H e ((p R a [ p JRHQ
e Tzt Tz MCE
aQ qQ 2 Q° [ 14 Q° | 14
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ac 3 P IR P I3 p |R+Q P
s Hs— 1n - 1n
R Q (14 1+p Q [ 1+ 14p
I e p )Q
=H+— in 1- )
Q 1+p 1+p 14p
o’ 24 2a PR 2x P )R+Q
= + - —
(202 é @ e e 1
i P |R+Q I3 « p )R+Q 0
3 In = n
Q 1+p 1+p Q 1+p 1+p
@ P JR+Q e 112
- | In
Q 1+p 1+p
2M 2a p )R « o )R+Q 2
@ @ [ o 1 @
2 P e 112
- = 1n + |1n
Q 1+p 1+p
2

45 we can see, 8°C/(3R)? > 0 for 211 Q > 1 and R > 0. However,
the determinant of the Hessian matrix

% o & 12
0? (@m? [ J

8Q aR
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-3 P IR I3 2 2AA 2a p R
= In 3 +
Q {1 1+ G )
20 p |R+Q 2a p |R+Q P
- T + iIn
3 1+p Q2 1+p 1+p
« p JR+Q P 2 2AA e 1Q
- in -3
Q 1+p 1+p Q 1+p
20 p JR*Q 2a p |R+2Q
- a +
Qs 1+p 03 1+p
2a p )R+2Q P « p |R+2Q P 2
- _2 In + —_— in
Q 1+p 1+p Q 1+p 1+p
a |2 P ]2R P 2 1 1 P 2Q
e In - + —_—
o) [ 1+ & E e
P ]2Q ]2 2 e |Q
+ 1in - —
10 14 & (14
2 P ]Q P 2 P 2Q P
+ in -— in
Q 1+p 1+p Q 1+p 1+p

2 Q P 2
A 1n

Q 1+p L1+ 1+p 1+p

2 P ]Q 2 P ]2Q 2 P ]2Q [
-z Ay -— In

Q 1+p Q 1+p Q 1+p 1+p

[ P ) P12 1 1 P )20
+ In _-—— . —

10 ) 14p @ ® 1
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NG
R )
el

P 1Q P 112
- 1n .
1+p 1+p
which cannot rigorously be proved strictly positive for all Q and
R.  Therefore, even for the special case K = 1, the convexity of

the cost function cannot be analytically asserted.

Now, let us set the first derivatives equal to zero, thus,

A H @ p )R 1 1 P ]Q
2t T -
Q 2 Q 1+p Q Q 1+p

2R 4
+ 1n =0, (4.17)
1+p 1+p
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@ p IR 4 e ]Q
H+ — 1n 1- =0. (4.18)
Q 1+p 1+p 1+p

From (4.18), we have that

P R - HQ
= . (4.19)

140 @ Inlp/(1+p)] {1-[p/(1+p)1Y

By substituting (4.19) into (4.17), we can obtain that

A H -H 1
R e |5
Q 2 Inlp/(1+p)] {1-[p/(1+p) 1} Q
1 p ]Q P ]Q P
-— + In =0,
Q 1+ 1+p 1+p
and, hence,
M H E H (p/(14p)12
T + ) =0
qQ 2 Q In[p/(1+p)1 {1-[p/(14p) 1}

Then, it can be shown that

14p (2a+H0%) 1nlp/(14p)] - 2HQ

[ P ]u (2m-10%) 1nlp/(14p)] - 2HQ
250 1nlp/(1+p)]
=1 - > . (4.20)
(2AA+HQ®) 1nlp/{1+p}] - 2HQ

The closed-form solution of R can then be derived in terms of Q
from Equation (4.18) by taking the logarithm for both sides. This
provides us with some convenience for the optimal policy search,
because the optimal R for a given Q can easily be determined by
- (4.19). However, not only (4.20) is difficult to interpret, the
solution of Q is also hard to obtain in a closed fornm. Therefore,
some numerical examples for the case K = 1 will also be presented

in the next chapter to show the nature of the model.
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CHAPTER 5

SENSITIVITY ANALYSIS FOR THE COMPLETE BACKORDERING MopeL

AND COMPARISON OF Two MopeLs

In Chapter 4 we obtain the closed-form expression of the expected
average cost function for the complete backordering (Q,R) model
with Poisson demands and Erlang lead times. Since explicit
solutions of the optimal inventory policy cannot be derived, some
numerical experimentation is required to locate the optimal values
of Q and R, and to analyze the effect of changes in system
parameters on the optimal solution. The design of a simple
two-dimensional search procedure and several numerical results are
presented in the next section. In Section 2, this approximate
model will be compared with the exact model previously studied
under some special conditions. Finally, conclusions about this
study as well as some suggestions for future research will be

summarized in the last section.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



138

1. NUMERICAL RESULTS FOR THE COMPLETE BACKORDERING MODEL

Because closed-form expression has been obtained for the expected
average inventory cost, the numerical evaluation of inventory
costs is much easier in this model than that in the previous exact
model, where net inventory probabilities must be calculated for
each set of system parameters in order to evaluate the cost
function. A simple two-dimensional search procedure can be used
to locate the optimal values of Q and R for this backordering
inventory system. For each example, the value of R that minimizes
inventory costs is first found for any given Q, then the best
value of Q which minimizes costs is found. Initially, the mean
demand during lead time is arbitrarily used as starting point to
search for R. Because the strict convexity property cannot be
proved for the cost function, local optimality might exist.
Actually, many local optima of Q are detected in each of our
examples. Therefore, we search for the optimal Q exhaustively
among a wide range of values centered around the classic EOQ. The
best value of R found for each Q is, however, always optimal with

respect to Q in all of our examples.

Note from the last section of Chapter 4 that, when K = 1, i.e.,
lead times are exponentially distributed, the optimal value of R
with respect to any given Q can be explicitly obtained by taking
the logarithm for both sides of Equation (4.19). This provides an

advantage for the numerical search.  Unfortunately, when K > 1,
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the procedure described earlier still must be applied to find the
optimal R for each value of Q. Also note that we assume R > O in
deriving the average inventory cost function for the general K = 1
case. As will be seen later, all of our numerical results satisfy

that condition.

By using Equation (4.16) from Chapter 4, the cost function can
easily be evaluated for each set of system parameters. The
following cost elements are used throughout the experimentation:

A = 50 $/order,

H= 1 $/unit in stock/unit time,

T= 4 $/unit backordered/unit time, and

T= 0 $/unit backordered.

We first fix the mean lead time rate as 4 and let the mean demand
rate A be 200, 400, and 800, respectively, to examine the effects
of demand rate on both the optimal policy and the inventory cost.
We then fix the mean demand rate A as 200 and let the mean lead

time rate vary as 1, 2, and 4 in order to see how lead time

affects the optimal solution.

Note that, for Erlang lead times, the mean of lead time is K/p and
the variance of lead time equals K/uz, where K and p are the phase
and scale parameters of the lead time distribution, respectively.
Therefore, for each mean lead time rate u/K, the variance of lead
time decreases as the order of lead time distribution K increases.

For each lead time rate in our examples, we let K = {1, 2, 3, &,
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10, 100} in order to investigate the effect of lead time
variability on the optimal inventory policy and cost. Thus, we
totally examine 30 examples for this complete backlogging model.
Numerical results of the optimal policy and inventory cost for

these cases are shown in Table 5.1 and Table 5.2.
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Table 5.1. Numerical results for the complete backordering
-
model when mean lead time rate is fixed

A 200 400 800
WK 4 4 4
X Q R Tc Q R TC Q R TC

1 186 11 160.25 | 302 45 262.79 | 472 130 451.27
2 180 14 144.94 | 274 49 226.76 | 422 134 370.93
3 174 15 139.21 | 262 50 212.56 | 398 134 337.95
4 170 16 136.22 | 254 51 204.95 384 133 319.74
10 164 17 130.84 | 238 52 190.22 350 133 282.99

100 1860 17 127.17 | 226 54 180.61 | 322 135  257.18

.
A is the mean demand rate, WK is the mean lead time rate, and K
is the number of phases for the Erlang lead time distribution.
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Table 5.2. Numerical results for the complete backordering
.
model when mean demand rate is fixed

A 200 200 200
wX 4 2 1
X Q R c Q R C Q R TC

1 186 11 160.25 | 236 65 225.73 | 292 193 373.85
2 180 14 144.94 [ 212 67 185.66 | 258 188 283.88
3 174 15 139.21 [ 200 67 169.23 | 240 182 245.12
4 170 16 136.22 | 182 67 160.17 | 230 180  222.90
10 164 17 130.64 [ 176 66 141.89 | 200 172 174.74

100 160 17  127.17 | 162 &7 129.11 | 168 167  134.94

-
A is the mean demand rate, wX is the mean lead time rate, and X
is the number of phases for the Erlang lead time distribution.
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For a given mean lead time rate, the optimal ordering quantity Q
and reorder level R, as well as the inventory cost for each case
of K, monotonically increase as mean demand rate increases. This
is because increasing demand in an inventory system will require a
larger order quantity to keep the frequency of placing orders iow
and 2 higher reorder level to prevent the system from being out of
stock during the lead time, and will result in higher total
operating cost. However, the average cost of each demand
satisfied becomes lower when there are more demands per unit time.
Now, when mean demand rate is fixed, the optimal values of Q, R,
and invertory cost for each case of K also monotonically increase
as the mean of lead time becomes larger. Therefore, the
management of an inventory system should seek ways to minimize the
lead time of its replenishment orders so that the operating cost

can be reduced.

Another more interesting observation can be made from Tables 5.1
and 5.2 is that, for the set of system parameters used, the
inventory system always carries negative safety stock, which is
the difference between the reorder level and the expected
lead-time demand. For example, in the case where mean demand rate
A and mean lead time rate WK are 800 and 4 respectively (see the
last column of Table S.1), the reorder inventory level R ranges
from 130 to 135 for different cases of lead time phases K.but the
expected demand during lead time Ka/p is always 200, which on

average will result in a negative stock level at the end of each
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lead time. Therefore, our examples show that the safety stock

level is not necessarily always positive.

As mentioned earlier, for any given mean, the variance of an
Erlang lead time decreases as the order of its distribution K
increases. In fact, the lead time becomes a constant equal to its
mean and has zero variance when the number of phases approaches
infinity. Therefore, for each set of rates for mean demand and
mean lead time in our examples, the optimal operating cost
decreases because of less lead time variability when the order of
Erlang distribution increases. The optimal ordering quantity Q
and the maximum inventory level R+Q also drops as the lead time

variance becomes smaller.

Although the average cost function has a saw-toothed type of
behavior with respect to Q and many local optima have been found
during the experimentation, those local cost minima center around
the global optimum in a strictly convex fashion. This kind of
local optimality might be caused by the integrality restriction
for the values of Q and R. If the values of R were allowed to be
continuous, the cost function would have been strictly convex for
the set of cost parameters we choose. The optimal value of R
found for each Q is, however, global with respect to Q. Finally,
like that in the previous partial backlogging model, the cost
function for this model is also very insensitive to the values of

both Q and R when they are around the optima.
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2. COMPARISON OF TWO MODELS

We have so far studied two continuous-review inventory systems and
respectively developed an analytical model for each of them. In
the first systenm, only a fraction of unsatisfied demands will be
backlogged and the rest will be lost when the system is out of
stock; but all new demands will be lost after a limited number of
replenishment orders have been outstanding. Furthermore, the lead

time is to be ially distributed. In the second

system, however, all unfilled demands can be backordered during
the stockout period and the lead time is a random variable with
Erlang distribution. The model derived for the first system
exactly represents that system but the second model cnly

approximates the real inventory system.

In the case when all customers are willing to wait for backlogging
and the number of outstanding orders allowed is large enough, the
first inventory system could practically accommodate all
unsatisfied demands because, as mentioned in Chapter 3, the effect
of truncation becomes negligible if many orders are allowed to be
outstanding. Therefore, for exponential lead times, the second
model with complete backorders can be compared with the first
model. In other words, when B =1 and N is large in the first,
exact model and when K = 1 in the second, approximate model, the

two inventory systems become identical.
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In order to compare the two models and to investigate the penalty
incurred by using the approximate model, some numerical examples
are examined. We let A = {25, 50, 100, 200} when p =1, A = {s0,

100, 200, 400}

and A = {100, 200, 400, 800} when u=
4; where A is the mean demand rate and p is the mean lead time
rate. We further let the maximum number of outstanding orders, N,
in the first model equal four so that the effect of truncating the
net inventory level can be eliminated. Finally, the same set of
cost parameters as that used in the previous section is applied

for these examples.

The optimal policy and inventory cost of both models are obtained
for each case of A and K. The cost penalty of using the
approximate model is then calculated by first applying the optimal
policy of the second model to the first model and then dividing
the difference between the resulted cost and the true optimal cost
by the latter. Table 5.3 shows the optimal inventory policy and
total operating cost of both models and the cost penalty in

percentages for these 12 examples.
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Table 5.3. Numerical results for the comparison of two models

Model 17 Model 2*
B=1&N=4 K=1
At Q R C Q@ R . TC Errer™" (%)
25 1 60 17 63.35 | 76 11  65.80 1.20
S0 1 71 S0 99.45 | 118 32 112.98 5.68

100 1 95 108 155.68 | 186 82 202.08 12.52

200 1 121 231 245.41 | 292 183 373.85 18.68

50 2 o2 7 78.61 98 S 80.16 0.16
100 2 120 34 126.19 | 152 22 131.47 1.21
200 2 141 101 198.34 [ 2358 65 225.73 5.869
400 2 180 218 310.69 [ 37C 184 403.93 12.43
100 4 128 -1 102.48 | 128 0 102.30 0.04
200 4 183 15 158.72 | 186 11 160.25 0.15
400 4 242 87 251.86 | 302 45 262.79 1.14
800 4 282 202 396.13 | 472 130 451.27 5.72

-
A is the mean demand rate and M is the mean lead time rate.

All unsatisfied demands can be backlogged and up to four orders
can be outstanding at any point in time.
Lead times are exponentially distributed.

.
The penalty of using the approximate model is calculated by

applying the optimal policy of Model 2 to Model 1 and then
dividing the difference between the resulted cost and the true
optimal cost by the latter.
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As we can see, for each set of mean demand rate A and mean lead
time rate p, the optimal policy of the approximate model
underestimates the reorder level R and overestimates the ordering
quantity Q. The level of reorder point is underestimated because
the second model is an extension of the constant lead time case to
the Erlang lead time case and hence the stochastic nature of lead
time has been overlooked. The ordering quantity is so
overestimated that the frequency of placing orders can be reduced
in order to compensate for the higher probability of stockout
caused by low reorder level. This overall will result in higher

maximum inventory level R+Q and higher total operating cost.

The cost penalty of using the approximate model is also obtained
for each case of A and #. For example, when A = 200 and e=1,
the ordering policy from the second model, (Q,R) = (292,193), is
applied to the first model and the inventory cost is computed as
283.66. The difference between this cost and the true optimal
cost 245.41 is then divided by the latter and yields the
percentage cost increase 18.66%. As also implied in Section 3 of
Chapter 4, the cost penalty monotonically decreases as the mean
lead-time demand A/p decreases. To be more precisely, the cost
penalty actually becomes smaller when the product of variances of

demand and lead time, A/p,z, is getting smaller.

For example, although the mean lead-time demands of (A,pn) =

(50,1), (200,2), and (800,4) are respectively 50, 100, and 200,
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the cost penalties for these cases are in the same magnitude
because their values of Muz are all the same as 50. Many authors
have reported in the literature that the approximate model can be
used for the real inventory system as long as mean demand during
lead time is relatively low. Our results indicate that how well
an approximate model will represent the real system depends more
on how variable the demand during lead time is. Zipkin [1986]
also concludes the same relationship between the accuracy of an

approximate model and the variability of lead-time demand.
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3. CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

The framework of analysis in this study is the stochastic (Q,R)
model for a single inventory item. The inventory position, which
is the level of inventory on hand plus on order minus backorders,
is continuously monitored. Customers demand single units
according to a Poisson process. When the position reaches the
prespecified reorder level R, an order is placed with suppliers
for a lot of size Q units. The lead time, defined as the time
from placing the order until the shipment arrives, is a random

variable with an Erlangian type of distribution.

We first consider such zn inventory system with exponentizlly
distributed lead times, which is a special case of Erlangian
;istributions. When a stockout oceurs, some customers are willing
to wait for backorders but the rest will bring their business
elsewhere. After a certain number of outstanding orders have been
placed by the system, however, all new demands will be lost
because the expected waiting time for backlogging will then be
longer than customers’ tolerance limits. An analytical model
exactly representing this system is derived by solving a truncated
stochastic process. Some properties of the net inventory
probability distribution are then presented with proof. Since
solutions of the optimal inventory policy cannot be explicitly
obtained, some experimentation is designed and performed in order

to investigate the nature of this system.
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Numerical results of the first model show that, first, the effect
of truncating the net inventory level on both the optimal policy
and the total operating cost becomes negligible if lead-time
demand is low and/or the number of outstanding orders allowed is
large. Therefore, when demand during lead time is relatively
high, the system should allow at least two or three orders to be
outstanding in order to reduce the operating cost. Furthermore,
the cost penalty caused by early truncation becomes smaller as the
fraction of unsatisfied demands backlogged decreases. Allowing
only one outstanding order would therefore have less impact on the
inventory cost when more unsatisfied demands during the stockout

period wiil ke lost.

Second, when lead-time demand is high, it could be quite costly in
the backordering case to apply the optimal policy obtained by
assuming only one outstanding order to the system where actually a
large number of orders can be outstanding. It appears, however,
that the assumption of only one order outstanding at any point in
time might be legitimate for the lost-sales case. Third, the
optimal reorder level and maximum inventory level as well as the
operating cost monotonically increase when the fraction of
unsatisfied demands backlogged decreases. Therefore, it is
obviously preferable for the system to accommodate as many demands
as possible during the stockout period if the penalty for losing

sales is high.
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We then consider a continuous review inventory system with
Erlang-distributed lead times where all customers will wait to be
backlogged when the system is out of stock. Another analytical
model which closely approximates this system is built by
conditioning the probabilities of net inventory first on the
inventory position and then on the lead time. Several properties
of the model are then established. Closed-form expressions of
both the net inventory probability and the average inventory cost
function are also obtained. Sensitivity analysis is designed and
conducted by some numerical examples to examine the effect of lead
time variability on the optimal solution. For any given set of
rates for mean demand and mean lead time, both the ordering
quantity and the maximum inventory level as well as the operating
cost monotonically decrease as the number of phases of the Erlang
lead-time distribution increases because of less variability in

the lead time.

Now, for both models, the maximum stock level and the reorder
level as well as the inventory cost will increase if either demand
rate or lead time increases. However, for a fixed lead time, the
average cost of each demand decreases as demand rate increases.
Since lead times are more controllable than demands, the
management should seek ways to reduce the length of lead time as
much as possible in order to minimize the operating cost.

Finally, although it cannot be proved strictly convex, the
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inventory cost functions of both models behave fairly well and are
quite insensitive to the values of the ordering quantity and

reorder level when they approach the optima.

The case of exponential lead times is studied as a special case
for the second model and then compared with the first, exact model
when all unsatisfied demands can be backordered. The optimal
policy of the approximate model always underestimates the reorder
level and overestimates the ordering quantity because the
stochastic nature of lead time is overlooked in that model. The
second model, however, closely approximates the real inventory
system as long as the product of variances of demand and lead time
is relatively small. Since there is no exact model existing for
the Erlang lead time case when unsatisfied demands can be
backlogged, our second model provides a good approximation to

solve the real inventory problem.

This study has extensively investigated two classes of (Q,R)
inventory models and provided several important insights of them.
One possible extension of this study is to linearly combine the
complete backordering model with Erlang lead times with the
lost-sales model of Buchanan and Love [1985] to accommodate the
partial backordering case. In the case when all unsatisfied
demands can be backlogged until 2 limited number of orders have
been outstanding, the first model also represents another

inventcry system where the interarrival time between two
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successive customers has an Erlang distribution and an order is
placed by the system whenever a unit is demanfied. Some properties
of this continuous-review (S-1,S) model have been derived in this
study. The model can be further explored and extended to
accommodate the partial backordering case by some adjustment.
Finally, those models developed by this study can be widely
applied to many real life inventory situations. How to integrate
the results of these models into the real inventory system is a

very important problem and also deserves further study.
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APPENDIX
A.1. An Alternative Approach to Derive Theorem 4.1

From (4.1), (4.2), and (4.3), for R+l = X = R+Q-1,

®
i K-1
1 R+Q-X (at) (nt)
P(X,K) = J [— Eﬂ — M| Mt g
S Q S it (K-1)1
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_ EU JtHKl At
Q 1% 1r(k-1)
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0
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i k-1
1 ReQx-1 ()t (ut) _
[_ —_ e At ] A ut at

Q i= it (K-1)!
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¥l>
®
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+

n 1 Regx )t wt)¥2
J - E — e AL n e_“t dt
A+p Q i=0 it (k-2)!

3
= P(X+1,K) +
1+p 1+p

P(X,K-1) ;

and for X s R,

o
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i K-1
1 R+Q=X-1 (at)" _ (ut) -
[_ — e At ] —_— e #t dt

Q (K-1)!

+

i k-2
e 1 RQX (at)h _ (ut) _
I —_ i e AT Be ut dt
Q i=RF1-Xx 1 (k-2)!

P
= P(X+1,K) +
1+p 1+p

P(X,X-1) ;

where p = A/, K = 2, and P(.,K) is the probability of associated
net inventory level when the Erlang lead time distribution is of
order K. For the above derivation, we utilize the integration by

parts as follows:

©
X
the“dt= . —
¥
0

Ot 3
o+
0
-
®
)
<
o
[
o

X
= — J P (A1)
Y
0

where X > 0 and Y > 0. Therefore, we can obtain that

Proposition A.1.

For K = 2,

P
- P(X,K) = —— P(X+1,K) +
1+p 1+p

P(X,K-1) X = R+Q-1. (A.2)

Note that Equation (A.2) holds true only for the case where K = 2.
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When K = 1, for R+1 = X = R+Q-1,

n
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and for X < R,

1 mgx Gyl .
P(X,1) = J [——- i —e'At]ne“f' at

Q i=R¥1-X it
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. @
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e_"t '3 e-“t dt
Q i=R-X it

P
= P(X+1,1); (A.4)
1+p

where p = A/u. Here, again, we apply the result of (A.1) during
the derivation. It can also be shown by continuously integrating

by parts that

2 k-1
1 (ut) _
P(R¥Q,K) = J — e | ekt g
Q (K-1)1
0
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where p = A/j and K = 1.

Now, by applying (A.2) recursively, we can obtain that; for R+l =

X s R+Q-1,

P 1
P(X,K) = —— P(X+1,K) + —— P(X,X-1)
1+p 1+p

[

P(X+1,K) + P(X+1,K-1) +
1+p 1+p 1+p 1+p

P(X,K-2)
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P
= = P(X+1,K) +

P(X+1,X-1)
1+p 1+p 1+p
1 )2 ) 1
+ P(X+1,K-2) + P(X,K-3)
1+p 1+p 1+p
[
= P(X+1,K) + P(X+1,K-1)

1+p 1+p  14p

12 »p
+ P(X+1,K-2)
1+p 1+p

1 33 P 1
+ P(X+1,K-3) + P(X,k-4)
1+p 1+p 1+p

P S 1 k-1
= P(X+1,i) +

e K 1 )k-i
= P(X+1,1)

K-1
P(X,1)
1+p

I+p i=1 1+p Q 1+p
P K 1 )k-i
= P(R+Q,K) + ¥y P(X+1,1), (A.8)
1+p 151 | 14p

where we use (A.3) for the third to last step and (A.5) for the

last step; and for X = R,

P
P(X,K) = P(X+1,K) +
1+p 1+p

P(X,K-1)
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P X 1 k-1 1 k-1
= P(X+1,1) + P(X,1)

1+p i 1+p 1+p
P K 1 k-1 1 )k-1 p

= P(X+1,1) + P(X+1,1)
14+p iS 1+p 1+p 1+p
P K 1 )k-i

= Y P(X+1,1), (A.7)
1+p i=1 1+p

where (A.4) is applied for the second to last step.  Although
(A.2) holds true only for K = 2, we can see, however, that (A.8)
and (A.7) are also valid for K = 1 by comparing them with (A.3)

and (A.4) vespectively.

By repeatedly using (A.6), the following can then be obtained:

K [ 1 ki
P(R+Q-1,K) = P(R+Q,K) + P(R+Q,1),
1+p 151 | 14p
K " 1 )k-m
P(R+Q-2,K) = P(R+Q,K) + Z P(R+Q-1,m)
1+p m=1 l 1+p

P K 1 )K-m
= P(R+Q,K) + P(R+Q,m)

P K 1 K-m P m 1 m-i
+ Y ) P(R+Q, 1)
1+p m=1 1+p 1+p i=1 1+p

P K " 1 )X-m
= P(R+Q,K) + D l J P(R+Q,m)
1+p

1+p m=1
P )2 K K [ 1 k-1
+ P(R+Q, 1)
1+p i=1 m=i 1+p
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) K 1 )K-i
P(RQK) + —— } P(R+Q, 1)

1+p i1 | 1+p
p )2 K 1 )i
+ Y -1+ [—— P(reg,1),
1+p i=1 1+p

P K 1 Jk-m
P(R+Q-3,K) = P(R+Q,K) + P(R+Q-2,m)
1+p m=1 1+p

P X 1 }K-m
P(R+Q,K) + P(R+Q,m)
1+p m=1 1+p

p )2 X X 1 )Kk-i
+ Y Y P(R+Q, 1)
1+p i=1 =i 1+p

P I3 K 1 k-1 X
+ L[] Pman } meien
1+p i=1 1+p m=i

P K 1 )K-i
P(R+Q,K) + P(R+Q,1)
1

1+p i 1+p
e )2 kK 1 k-1
+ L &i+) [——|" “p(req,1)
1+p i=1 1+p
P 13 K (K-1+2)(K-i+1) 1 )K-i
+ Z -_— P(R+Q, i)
1+p i=1 2 1+p
P K K-i+0 1 K-i
= P(R+Q,K) + ) P(R+Q, 1)
1+p i1 0 1+p

P )2 K [Kk-i+l 1 )K-i
+ Y P(R+Q, 1)
+p | i%1 1 1+p

P )3 K [k-is2 1 )k-i
= I P(R+Q, 1),
14p | 181 2 14p
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P(R+Q-J,K) = P(R+Q,K)

p |n K K-i+n-1 1 )K-i
+ i Y P(R+Q, 1)
n=1 1+p i=1 n-1 1+p

J=1,2,...,0-1; (A.8)

where p = A/p, K= 1, and
n n!
i it(n-1)!

Now that (A.8) is derived by mathematical deduction, it can easily

be proved by mathematical induction as follows.
Proof of Equation (A.8):

Equation (A.8) is true for J =1, because

P K 1 )K-i
P(R+Q-1,K) = P(R+Q,K) + —— P(R+Q, 1)
1+4p i1 1+p

P(R+Q,K)

1 p In K K-i+n-1 1 )k-i
) Y P(R+Q, 1).
n=1 1l+p i=1 n-1 1+p

From (A.6) we have that, for J=2,3,...,Q-1,

P X 1 )K-m
P(R+Q-J,K) = P(R+Q,K) + P[R+Q-(j~1),m]
1+p m=1 1+p

o K 1 K-m
= P(R+Q,K) + ) P(R+Q,m)
1+p m=1 1+p

P K 1 )K-m
- + Z
1+p m=1 | 1+p

J=1 p |n m m-i+n-1 1 Im-i
Y ) P(R+Q, 1)
n=1 1+p i=1 n-1 1+p

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



165

P K 1 }Kk-m
= P(R+Q,K) + P(R+Q,m)
l+p m=1 1+p

J=1 p |n+l1 K 1 )k-i K m-i+n-1
T P(R#Q,1) )
n=1 1+p i=1 1+p m=i n-1

X

1

= P(R+Q,K) +

1+p

K-i+n 1 )K-i
P(R+Q,1)

K-m
P(R+Q,m)

._.
iy
°
i
-
—_——

+ Jil

j P n+1l
n=1 1+p i=1

[ n 1+p
K K-i+0 1 )K-i
= P(R+Q,K) + L P(R+Q, 1)
1+p i=1 0 1+p
i p In X K-i+n-1 1 JK-i
+ t Z — P(R+Q, 1)
n= 1+p i=1 n-1 1+p
= P(R+Q,K)

p |n K K-i+n-1 1 )K-i
+ )f ) P(R#Q, 1);
n=1 1+p i=1 n-1 1+p

where we apply the combinatorial identity, that

n m+i-1 n+i
z = ) (A.9)
m=0 i-1 i

for the proof so that

E "m—Hn—l Kii l’m-m—l K-i+n
m=i | n-1 =0 { n-1 n ’

Therefore, (A.8) is true for J=1,2,...,Q-1 by induction.

Now, by applying (A.7) recursively, we can derive that

] K 1 K-i
P(R,K) = Y P(R+1,1),
1+p i=1 [ +p
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I3 K 1 ]X-m
P(R-1,K) = P(R,m)

P K 1 K-m p m 1 m-i

Y v P(R+1,1)
1+p m=1 | 1+p 1+p i=1 1+p

2 K K 1 )K-i

} D [ ] P(R+1,1)
1+p i=1 m=i 1+p

p )2 K [K-i+1 1 )k-i
z P(R+1,1),
4p | 151

1 1+p
P K
P(R-2,K) =

[}
—_——
°

n

- —_—

K-m
P(R-1,m)

p )3 K 1 )K-i K m-i+l
= Y P(R+1,1)
1+p i=1 | 1+p m=i 1

1 )K-i
P(R+1,1),
2 1+p .

p )J*1 K K-i+§ ) § 1 )K-i
P(R-§,K) = Y P(R+1,1)
1+p i1 J 14p

I

—_——

-
+ | o

°
—
©

it
et
—_—
o
e
)

J=0,1,2,...; (A.10)
where p = A/p, K = 1, and (A.9) is used for the derivation. The
proof of (A.10) by mathematical induction is similar to that of

(A.8) and, hence, is omitted.
. Having (A.8), (A.10), and (A.5), we are now ready for deriving the

same results as Equations (4.6) and (4.7). By combining (A.5) and

(A.8), we can have that
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P(R*Q-j,K) = P(R+Q,K)

eir

,,} i [K_m_ ] [ . ]K-iP(R+Q.i)

-1 1+p
1 1 )X
B Q 1+p
p In K K-i+n-1 1 JK-i 1 1 )i

) ) -

=1 1+p i1 n-1 1+p Q 1+p
1 13
Q ll*p

1 1)K p In K [K-i+n-1
e ) )

Q 1+p n=1 | 1+p i n-1

T TR
LR

J<0,1,...,Q-1; (A.11)

where P{.,K) is the probability of associated net inventory level
when the Erlang lead time distribution is of order K. Note that,
although (A.8) is true only for j=1,2,...Q-1, (A.11) is also valid
for j = 0 because, from (A.5),

1 1 )X
P(R+Q-0,K) = —
1+p

LTRSS

Q
1
Q
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Then, from (A.10) and (A.11),

[_f’_}"” f [x-w] [ ]K oot 1)
1+p i1 14p
I3 ],14-1 K [K-i+j K-i
AR

1 1)t Q1 il+n

T ITIET

1 )k Q=1 nej+l K [ K-i+j i-1+n
TRV
1 JK Qz1 [ K-l+n+j+1 n+j+1
e v

1 JK j+Q K-1+n p In
=T AR

J=-1,0,1,...; (a.12)

P(R-J,K)

"

where the combinatorial identity [Lovasz 1979, p. 18], that

m utk v=k u+v+l
Y = . (A.13)
k=0 k m-k m

is utilized such that
f [K—1+J ‘I [ i-1+n] . Kil [ i+ ] [K-i—l-i-n ]
=y n i% | n
K=1 [ g+i K-1+n-i
=izb[ i J[K~1-i ]
J+K-1+n+1
["5)

K-1+n#j+1
n+j+l ’

n
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but (A.12) is also

Equation (A.10) is only true for j=0,1,2,..

valid for j = -1 because, from (A.11),

P[R-(-1),K] = P[R+Q-(Q-1),K]
1 1 1K -1+Q K-1+n P In
Q 1+p n=-I+1 n 1+p ’

Finally, also note that both of (A.11) and (A.12) hold true for
any positive integer K. As we can see, (A.11) and (A.12) are

identical to Equations (4.6) and (4.7), respectively.
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A.2. Proof of Theorem 4.2

By applying (A.2) recursively, we can derive for R+l = X = R+Q-1

and K = 2 that

P
P(X,K) = —— P(X+1,K) +
1+p 1+p

P(X,K-1)

3
= P(X+2,K) +
1+p 1+p 1+p

P ]2 [4 1
= P(X+3,K) + P(X+2,K-1)
1+p 1+p 1+p

P

P(X,K-1)

P(X+1,K-1) | +
1+p

+ P(X+1,K-1) +

1+p  1+p 14+p

P(X,K-1)

3 "J P )i
= P(X+§,K) + P(X+j-3,K-1),
1+p |

1+p i=1 1+p
where 1 = j = R+Q-X. Therefore, if let R#Q-j = X, we can have

that

J P )j-i
P(R+Q-4,K) = P(R+Q,K) + Bam— P(R+Q-1,K~1)
1

1+p 1+p i< 1+p
J=1,2,...,Q-1; (A.14)

where p = A/p and K = 2.

Now, Equation (4.11) is true for K = 1 because, from (4.8),
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1 1
P(R+Q-j,1) = — | 1 - o
Q 1+p
=L[l_[p j+llg J+n 1 In
Q 1+p n= n . 1+p

J=0,1,...,Q-1.

Then, from (A.14), for K = 2

o :
P(R+Q-j,K) = [ i
T+p 151 [ 14p

Lt

P 1J 1 i j-i 1
[_‘] P(R+Q,K) + z £ — | 1-
1+p 1+p iS1 | 14p Q

3 g
P(R+Q,K) + P(R+Q-i,K-1)

[
—
o B
s
—
L
DI»—-
-
ol N
S
-t
~
+
o~
-
+ -
3
-
i
e
—
:. h-]
s
'
<,
i
A

'
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-
+ | o
°
—

CIETINT

R
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BB
LIRS
ol 1; -[ =il

L]

14 |
BT [J"” =)
SECETE
J=0,1,...,Q-1;

where we apply results from (A.5) and (A.9) for the proof.

n
.o'..-
a——
-
'
—
-
+ | o
°
—
<.
—

Equation (A.14) holds true only for j=1,2,...,Q-1, but the result
obtained above is also valid for J = 0 because

1 1 )k
P(R+Q-0,K) = —
Q {1+

R ETIET]

Therefore, Equation (4.11) is true for K = 1 by induction.

Now, from (A.10), we have for K = 1 that
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P(R-4,K) =

TR TIET]
TETEE
T LRI
FEE
R TR
TR
R EET LTI
ETIEIET
ETEITIET

J=0,1,2,...;

where we use results from (4.11) and (A.13) for the second and the
iast steps, respectively. Therefore, Equaticn (4.12) is also true

for K = 1 and, hence, the proof is completed.
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