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Abstract
ON THE GEOMETRY OF THE TEICHMULLER SPACE

by
NIKOLA LAKIC
Adviser: Professor Frederick P. Gardiner

Let A(X) be the Banach space of integrable, holomorphic, quadratic dif-
ferentials ¢ on a Riemann surface X. We characterize the points of A(X) at
which the norm is weak uniformly convex in terms of the infinitesimal form
of Teichmiiller’s metric on .S mod S and we give a quantified version of this
characterization. Sullivan’s coiling property applies along any Beltrami line
[t|¢]/ @] for which ¢ is a point of weak uniform convexity and the amount of
coiling is quantified by the quantified version of weak convexity. For a closed
set J in C, we let A(J) be the Banach space of integrable functions in C which
are holomorphic in the complement of J. We generalize Bers’ approximation
theorem by showing that rational functions with simple poles in J are dense
in A(J). Density is with respect to the L!-norm over the whole complex
plane, including J. Assume both X and Y are Riemann surfaces which are
subsets of compact Riemann surfaces X; and Y], respectively, such that set
X1 — X has infinitely many points. Finally we prove that the only surjective
complex linear isometries between spaces of integrable holomorphic quadratic
differentials on X and Y are the ones induced by conformal homeomorphisms
and complex constants of modulus 1. As a corollary we conclude that if the
Teichmiiller space of X is biholomorphic to the Teichmiiller space of Y, then

X is quasiconformal to Y.
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Chapter 1

Preliminaries

1.1 Teichmiiller Space.

Let D be the unit disk and I" be a torsion-free Fuchsian group acting on
D. Then X = D/T is a Riemann surface. We let L>(X) be the space
of essentially bounded complex-valued measurable functions g on D, which
satisfy ;L(’)’Z)Z:LZ—)-E; = pu(z) for every v in T', and M(X) be the open unit ball

in L®(X). For any p in M(X), there exists a solution f : D — D of the

Beltrami equation

f’é'zl‘fza (11)
unique up to a postcomposition by a Mébius transformation. We let f# be
the solution f of (1) normalized by f(:) =4, f(1) =1 and f(-1) = —1.

Two elements po and g; in M(X) are equivalent if f# and f# coincide on

0D. The Teichmiiller space Teich(X) is M(X) factored by this equivalence



relation. Teichmuiller’s metric dr is given by

NP 1101
dr([0), [¢]) = inf = log ————,
where the infimum is taken over all z in the equivalence class [1], and by
declaring that right compositions
(f7o f*)z
1]~ (o)

are isometries.

1.2 The Tangent Space to Teich(X).

A holomorphic quadratic differential ¢ on X = D/T is a holomorphic function
¢ : D — C which satisfies ¢(72)7'(2)? = p(z) for every v in I'. A(X) is
the space of all holomorphic quadratic differentials ¢ on X which satisfy
llell = ff, le] < oo where w is a fundamental domain for T.

The natural pairing:

(1, 0)x =//w/up; p€ L=(X), ¢ € A(X)

induces a linear map P from L*(X) onto A(X)*, the dual space of A(X),
defined by Pu(p) = (#,¢)x. The kernel of P is N = {p € Loo(X)|(pt,0)x =
0 for every p € A(X)}. We denote the equivalence class of an element p in
L>(X) modulo N by [u].

B(X), the tangent space to T'eich(X) at [0], is the space Loo(X)/N(X) =

A(X)*. The infinitesimal form of Teichmiiller’s metric is

dr ([0}, [tu) = sup |t Re [ [ wol +0(#)



where the supremum is over all ¢ in the unit ball of A(X) and the constant
in O(t?) depends only on ||¢||w, [G2].

A sequence ¢, in A(X) is called a degenerating sequence if ||¢,|| < 1 for
every n and if ¢, — 0 uniformly on compact subsets of X. Let By(X) be the
space of all elements [g] in B(X) such that (x,p.)x tends to zero for every
degenerating sequence ¢, in A(X). It is known that the dual space of By(X)
is isometrically isomorphic to A(X), [EG]. Bo(X) is the closed subspace of
B(X), and the quotient norm makes B(X)/Bo(X) into a Banach space.

1.3 The Universal Teichmiiller Space.

Teichmiiller space T'(B) can be viewed as QS mod G where G is the group
of all orientation preserving Mobius homeomorphisms of the circle 9D, and
@S is the class of all quasisymmetric homeomorphisms of the circle dD.
The boundary dilatation BD(f) of a quasisymmetric homeomorphism f is
obtained by looking at the infimum of all maximal dilatations of quasiconfor-
mal extensions of f to a neighborhood U of the boundary and taking the limit
of these dilatations as U shrinks to the boundary. We call a quasisymmetric
homeomorphism f symmetric, if BD(f) = 1.

Let S be the class of all symmetric homeomorphisms of dD. The space

@S mod S has its Teichmiiller’s metric d defined by
- 1
d(Sf,Sg) = 5 inflog K(s 0 f 0g~los;?)

where the infimum is over all s; and s; in S, [GS].

The infinitesimal form of Teichmiiller’s metric d is

d(S,Sf*) = [tIB([k]) + O(t*)



where

B([u]) = sup lim sup | / / 10|

and the supremum is taken over all degenerating sequences @, in A(D),

(IG1)).
By lemma 5.1 in [GS],

A(S,59) = 5log BD(f 0 g™,

Let Ko(f*) be the infimum of the dilatations of f* restricted to U, over all
annular neighborhoods U of the boundary of the unit disk and let ko(f*) =
% We say that a Beltrami coefficient u realizes its boundary dilatation
if BD(f) = Ko(f*), where f is the restriction of f* to the unit circle D.

In [G1] it is proved that a Beltrami coefficient p realizes its boundary
dilatation if, and only if,

Bl = Ro(f*).

That is the Hamilton-Reich-Strebel necessary and sufficient condition for
extremality in Q.S mod S.

Also in [G1], Gardiner proved the following principle of Teichmiiller con-
traction:

Assume ||gt|]o = 1,0 < ky < k2 < 1, and d(S, Sf51#) < A\1d,(0, k;) where
A1 < 1 and d, is the Poincaré metric on the unit disk. Then there exists

A < 1 depending only on ky, k, and Ay such that
d(S,Sf) < Ad,(0, k)

for all ¢ with ||g|lc =1 and all k with 0 <k < kg.
This contracting property of the function 1,(t) = [t ] is called a coiling

property by Sullivan [S] because if the two pomts along the Beltrami line



[tp] are not stretched apart as far as they can be by a certain factor, then
throughout most of the line the distance between pairs of points is not great

as it could be, by an amount depending on the given factor.

1.4 The Unit Sphere in A(X).

Let S(X) be the set of all ¢ in A(X) of norm one. If ¢ and % are in A(X)
we let

<99,1/1>=Re_//xga|%|
be the (non-linear) pairing of ¢ and ¥. < p,9 > is the first derivative of
F(8) = ffx b + bl at £ =0,

We say that A(X) is weak uniformly convex, or non-flat, at a point ¢
in S(X), if ¥, € S(X) and < n, >— 1 imply ||¢ — ¥,|| — 0. A(X) is
weak uniformly convex if it is weak uniformly convex at every ¢ in S(X). If
lle —¥|l = O((1— < ¢, >)*) for ¢ € S(X), then A(X) is weak uniformly
convex at ¢ € S(.X) with exponent a. It is known that there are differentials
in S(D) where A(D) is not weak uniformly convex ([M]), and that A(D) is

weak uniformly convex at ¢(z) = L with exponent 3 ([Go]).



Chapter 2

Weak Uniform Convexity in

A(X).

2.1 A Criterion For Weak Uniform Convex-
ity.
Define the infinitesimal functional 8(v) of v € B(X) as the supremum of

lim sup |v(¢)|

n—00

over all degenerating sequences ¢, in A(X).

Note that if X is the unit disk, then § coincides with the previously
defined differentiated form of Teichmiiller’s metric in Q.S mod S. Also, note
that v € Bo(X) iff B(v) = 0. Therefore 8 defines a norm on the space
B(X)/Bo(X). We call 8 a degenerating norm.

Let ¢ € S(X) and v = [14]. If € A(X) then [o(s)] = | [f $12l] < |[y]].
Hence ||v|| = 1. If v(3)) = |[v|] for some ¥ € S(X), then v(p + %) = 2||v||,



and thus ||¢ + #|| = |le]| + ||| = 2. That yields

le + 41 = Il + 141,

i+ L=1412,
@ @
L)
©

Therefore, ¢ is the unique differential in the closed unit ball of A(X), where

v takes value ||v][.

Theorem 1 Let ¢ € S(X) and v = [%l]. Then A(X) is weak uniformly

convex at ¢ if and only if the degenerating norm of v is less than 1.

PRrooF. First suppose that #(v) = 1. Then there exists a degenerating
sequence (¢,) in A(X) such that v(p.) = [f cpn%l tends to 1. Hence,

el _, 1

< Pnyp >= Re/ Pn=—
P

However, by Lebesque’s dominated convergence theorem,
lle = eall =1 = [ (e = pal = lea) = [[ 16l =1.

Therefore || — ¢n]] — 2, thus A(X) is flat at .

Now suppose that A(X) is flat at ¢ € S(X). Then there exists a sequence
¢n in S(X) so that < @,,¢ >— 1 and || — .|| > € > 0. Since the family
{¢x} is normal, some subsequence ¢,, converges uniformly on compact sets

to a differential ¢ € A(X). It follows from Fatou’s lemma that

9 < Jim inf [l || = 1.



If |[4|] = 0, then the sequence (¢n,) is degenerating, and Re v(pn,) =<
Oy >— 1; thus B(v) = 1. 0 < ||| < 1, take ¢ = ”—k—w—l—l Then, by

Lebesque’s dominated convergence theorem,

lows =0l = 1= [[(pne =¥l =louc) = [[ =101

Therefore, ;. tends to IT?[Z,/TH = 0 uniformly on compact subsets of X. Fur-
thermore,
1> Re v(th) = Re v(pn,) — Rev(yp) 1 — Re v(v) > 1.

_—) —_—
lln, — I 1 — [
Hence, (v;) is degenerating and v(vx) — 1; thus B(v) =

If ||s]] = 1, then ||@n, — || = 1 —|[#|| = 0. Hence,

n—o0o

<Y, p >= Ref/rbkpl lim Re//sonk%=,}i_{§o<¢nk,<p>= 1.

That implies v(¢)) = ||v]| and hence ¥ = . Therefore ||¢n, — || — 0; a

contradiction. O

Corollary 1 If ¢ € S(X) and v = [J%I] € Bo(X), then A(X) is weak uni-

formly convez at .

PROOF. Since v € By(X), we have f(v) = 0 < 1, and by theorem 1,
A(X) is weak uniformly convex at ¢. O
Corollary 2 A(D) is weak uniformly convex at each point p,(z) = %tz

2

PROOF. Let v = [l:—:l]. Then,

= Jfpld = [ sl -



_//2”‘/’ ) drdt = / ”“(Z_/rji(—ﬁdz)dr

where 7, is a circle with center at 0 and radius r. Hence,

L () »(0)

’U(?,/}) = 27!'[) r Td’l‘ = QWW

where pIMl(z) = Zoop(z). If ¢ is degenerating then 1/)["]( 0) tends to 0 as &k
tends to oco. Thus f(v) =0. O

Corollary 3 If X is a Riemann surface of finite analytic type then A(X) is

weak uniformly conver.

PROOF. In general B(X) = A(X)* = Bo(X)™*. If A(X) is finite di-
mensional, then By(X) = B(X) and so f(v) = 0 for every v in B(X). In
particular, we apply theorem 1 to v(¥) = [f 1/)]%'. 0

Theorem 1 and corollaries 2 and 3 give the answers to questions in prob-

lems 1, 2 and 3 in [Go).

Corollary 4 Let ¢ € S(D) and p = J%l. Then A(D) is weak uniformly
convex at @ iff d(Sf**,S) < d([ku),0) for every k € (0,1). In other words,
Sullivan’s cotling property along the Beltrami line [k%l] is equivalent to weak

uniform convexity of A(D) at .

ProoF. Combine theorem 1 and the Hamilton-Reich-Strebel necessary

and sufficient condition for extremality in Q.S mod S. O

Note that the inequality d(Sf**,S) < d([kp],[0]) means that the pro-
jection map p : @S — @S mod S decreases the distance between [0] and
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[ku]. By the Strebel’s frame mapping theorem, if the projection map p de-
creases the distance between [0] and some point [7] in @S, then there exists
a constant k and a quadratic differential p € S(D) such that [y] = [k%l].
Therefore, corollary 4 shows that p decreases the distance between [0] and
some point [¢] in QS, if and only if there exists a constant k and a quadratic
differential ¢ € S{D) such that [y] = [k%l] and A(D) is weak uniformly con-
vex at ¢. In [XT], it is proved that if the quadratic differential ¢ € A(D)
satisfies | arg()(z)| < 0 for every z € D with £ < 8 < Z 4 arcsin §;, then

p decreases the distance between [0] and [k%l] for every k between 0 and 1.

L

-, then A(D) is weak uniformly convex at

Therefore, if 7 < 6 < 7 + arcsin
every point ¢ which satisfies | arg(p)(2)| < 8 for every z € D.

2.2 Constant of Weak Uniform Convexity.

In this section we strengthen theorem 1 by introducing the constant of weak
uniform convexity.

First we prove
Lemma 1 Let ¢ € S(X), v = [Lg—l], and let D(p,8) be the set of all ¢ in

S(X) with <, > > 1~ 6. Then the following are equivalent:

(1) A(X) is flat at .

(2) There exist a constant ¢ > 0 and a sequence (pn) in S(X) such that
< @nyp >— 1 and |lon — ]| > €.

(3) B(v) = 1.

(4) There exists a degenerating sequence (@) such that < @, >— 1.
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(5) There exists a sequence (p,) in S(X) such that < @n, >— 1 and
[lon = ol — 2.

(6) 1P yen(os) ke — Il = 2, for cvery 6 > 0.

PROOF. (1) is equivalent to (2) by the definition of weak uniform con-
vexity. (1) is equivalent to (3) by theorem 1. (3) is equivalent to (4) by
the definition of the degenerating norm . To prove that (4) implies (5) sup-
pose that () is a degenerating sequence. Then, by Lebesque’s dominated

convergence theorem,

llew =l = 1= [[Uon—vl=leah) = [[1-0l=1.

Clearly, (5) implies (2) and (6).
Finally, letting § — 0, we see that (6) implies (5). O

Definition 1 We say that A(X) is weak uniformly convez at ¢ in S(X) with
constant 6, if supyep(,.6 lle — Y1l < 2. A(X) is weak uniformly convex with

constant 8, if it is weak uniformly convex with constant é at every ¢ € S(X).

It follows from lemma 1 that A(X) is weak uniformly convex at ¢ in S(X)
if and only if there exists § > 0 such that A(X) is weak uniformly convex at

¢ with constant .

Theorem 2 Let ¢ € S(X),6 > 0, and v = []‘—;1]. Then A(X) is weak uni-
formly convex at ¢ with constant &, if and only if B(v) < 1—4.

PROOF. If f(v) > 1 — 8, then there exists a degenerating sequence ()
in S(X) such that < ¢,,p >= v(p,) — B(v) 2 1 — §. Therefore, we can

find nonnegative numbers ¢, such that ¢, — 0 and ¢, > 115—'—%’”"—‘”. Let
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thp = "%{E—""‘S". Then %, is degenerating because 1 — ¢, < ||ln + crip]] <
1+ cn, ¢y is degenerating, and ¢, — 0. Therefore, by Lebesque’s dominated
convergence theorem, |1, — ¢|| — 2. Furthermore,

< (Pn,tp> +cn > < (Pn,(p > +Cn

> >1-6.
“‘Pn + Cn‘PH l+cq

< thn,p >=

Therefore, sup,ep(e.s) llv = #l| = 2 and A(X) is not weak uniformly convex

at o with constant 6.

To prove the converse, we assume that 3(v) < 1 — é. Suppose that A(X)
is not weak uniformly convex at ¢ with constant §. Then, there exists a
sequence @, in D(p,8) such that ||p, — ¢|| — 2. Since the family {¢.}
is normal, some subsequence of ¢, converges uniformly on compact sets to
some ¥ € A(X). Without loss of generality we can assume that ¢, converges

uniformly on compact sets to 1. We have,
1= lim(llgn — ol = 1) = im [ [(ln = ol = loul) = [1¥ = l| = 1]

Hence, [l — @Il = [[%] + [ - @ll, thus [¢ — o[ = [#] + | — |- Therefore
¥ = —ke with some constant & > 0. If & = 0 then ¢, is a degenerating

sequence, and
B(v) = lim|v(ps)| > lim < @a, > > 1 — 6, a contradiction.

If £ =1 then, by Lebesque’s dominated convergence theorem, ||, — ¥|| —

1 — ||#]] = 0. Therefore,
< @n,p >—< P, >= —1, a contradiction.
Finally, suppose that 0 < k& < 1. Let ¥, = n":‘—:%”. Then (%,) is a degener-

Pn
ating sequence in S(X), and

Re v(ih,) = pen) —v() S 1-6—Rev(y)

len =l = llon =9l
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1—6—Rev(yp) 1-6+%
= > 1 -4
RS 11—k =

That yields f(v) > 1 — §; a contradiction. O

The principle of Teichmiiller contraction and theorem 2 improve corollary

4.

Corollary 5 Ifp € S(B), 0 < K < 1, and if A(D) is weak uniformly convez

at ¢ with constant 6, then
d(S,S%) < (1 — (1 = K)?8)dp(0, k)
for every0 < k < K.

plel
PROOF. Suppose that 0 < k < K. Let ko = 22 "% )=1 Then
BD(f*% )+1

35, Y = dp(0, ko).
Since A(D) is weak uniformly convex at ¢ with constant 6, ﬂ([%l]) <1l-4¢
by theorem 2. By proposition 3.2 in [G1] we have

k— ko > (1 — k)2k(1 ﬂ([M] ~ K)*kS.

Therefore ko < k(1 — (1 — K)3%6).
Now consider function [(c) = log 12 — clog 1¥2. We have {(0) = (1) =0

and l'(c) = 25 — log 112. Therefore l' has exactly one zero on the interval
(0,1). Since I > 0, 1 is negative on (0,1). Thus log {2 < clog 132, for every
ce (0,1).

Let C = 1— (1 — K)25. Then 4(S,Sf*'5") = dp(0, ko) < dp(0,Ck) <
Cdp(0, k). O
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Corollary 6 LetC < 1, ¢ € S(X), andv = [%l] € Bo(X). Then A(X) is
weak uniformly convexr at ¢ with constant C.

Therefore,

(1) for every C < 1 and every n, A(D) is weak uniformly convexr at
on(z) = ZE22™ with constant C, and

(2) if C <1 and if R is a Riemann surface of finite analytic type, then

A(R) is weak uniformly convex with constant C.

PROOF. Since v € By(X) we have (v) = 0, and corollary 6 follows

immediately from theorem 2. O



Chapter 3

Zygmund Bounded Functions
on a Closed Set

3.1 Definitions.

In [G3), Gardiner defined the complex Zygmund space Z(C) to be the set
of complex functions V(z) defined on C such that V induces a motion of
cross ratios with bounded velocity measured in the Poincaré metric for the
cross ratio of every possible quadruple of points selected from C, factored by
quadratic polynomials.

In other words, Z(C) is the set of functions V(z) satisfying

MT, MT
IVller = sup |7 lo()IV(LMET)] < o0 (3.1)

where L = 29 — 2;,M = 23 — 23,R = zy —z3 and T = z; — z4, p is the
infinitesimal form of the Poincaré metric in C — {0, 1},

V(z2) = V(z1) V(z2) — V(23)+V(23) —V(z4) V(z4) —V(21)

Z9 — X1 29 — 23 23 — 24 24— 21

V(LMRT) =

15
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and the supremum is over all combinations of four distinct points 21, 22, 23
and z4 in C. This norm makes Z(C) into a Banach space.

Agard’s formula

L1 tt—1)
)" = E//c'z(z “T) - )W

shows that if g € L>°(C) and if V(t) is given by formula

1 1 t t—1
S = —— — : 2
Vie)= = [ [ w(z)(cmg = =7 + = )dady (3.2)

z

then V € Z(C) and ||V]ler < |]#tlloo-

In [EG2], Earle and Gardiner defined the complex Zygmund space of a
closed set J in € as follows. Assume J is a closed set in C that contains the
point at infinity. Let A(J) be the Banach space of functions f(z), holomor-
phic in € — J and measurable on C such that ||f|| = [fc |f(z)|dzdy < oco.

Let £(J) be the set of functions V(z) defined on J such that
msup |- V(wj)e;| = [|Vllr < o0,

where the supremum is over all rational functions 3°7_, }_EJE in A(J) of norm
1; and let Z(J) be Z(J) factored by the two dimensional subspace of affine
functions.

Notice that every function V of the form (3), with p € L°°(C), belongs
to Z(J). To prove the converse, assume that 0 and 1 are in J and let V €
Z(J) such that V(0) = V(1) = 0. Define L(p) = —7 3"}, V(z;)c; for every
0 =37 ?—EJE in A(J). Let R(J) be the set of rational functions % which are
holomorphic in C except for at most finitely many simple poles at points in

J and for which [f¢ [¢] < co. Then, we have |L(¢)| < ||V||r||o|| for every ¢
in R(J). R(J) is a subspace of L!(C), and by Hahn-Banach theorem we can
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extend L to a bounded linear functional L on L!(C). Therefore, there exists
1 € L®(C) such that L(¢) = [f¢ py for every ¢ € A(J).
Let

1 2(z -1
W == e Ly e
Then W € Z(C), OW = u in the generalized sense, and Wz = Vz for every
z € J.
Therefore, every V € Z(J) can be extended to a function W € Z(C)
with bounded 9 derivative.
Also in [EG2], it is proved that the norms ||.||7 and ||.||c are equivalent

when J = C.

3.2 The Pairing Between Z(J) and A(J).
For ¢ € A(J) and V in Z(J) define a pairing ( , ) : Z(J) x A(J) = R by
(V, ) = Re//c )4 (3.3)

where V is any extension of V with bounded & derivative and with V(z) =

o(z%) as z — oo.

Theorem 3 The pairing ( , ) between A(J) and Z(J) given by (4) is well
defined.

PROOF. We have to show that the pairing does not depend on which
extension of V is chosen. Assume that V € Z(C), such that V is identicaly
equal 0 on J. Let ¢ € A(J) and let (V,¢) = I; + I3, where

L = //C_J @0V, and
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= / : @dV.

Using the mollifier, Ahlfors showed that I; = 0. (See, for example, [G2],
page 72).

To prove I; = 0 we have to show that dV(z) = 0 for almost every z € J.
Let x4 = dV. We may assume that set P = {z € J|u(z) # 0} has positive
Lebesque measure. Therefore, there exists a point in P, which is a Lebesque
point of u and of the characteristic function of J. Without loss of generality
we may assume that this point is 0. Let z = re®. If r is sufficiently small,
then there exist points p and ¢ in J, such that

T

10
< -
| 10°

2r
18

r T oand lo—
lp— 3e|<10an lg 3

Letting L =re?® —0,M =q—re, R=p—q,and T = 0 — p, we get
MT _ (p—0)(re? —g)
LR =~ (p—q)re
Vip) = V(0)_V(p)=V(a) V(re) = V(g) _V(re?) - V(0)
p—0 P—q retf —gq reif — 0
Then, |¥Z)p(30)\V(LMRT)| < [|V||er < |lelleo, and consequently [V (z)| <

C|z|, for some constant C.

and

V(LMRT) =

Now choose € > 1 such that 5|x(0)| > ||¢||e(1 — ). Then take a smooth
function h on R such that A(z) = 0 when @ > 1, and h(z) = 1 when 2 < 0.
Let

One verifies that
(1) hn(z) =0 for x> L,

2) hp(z) =1 for z < L, and
(2) hu(z) ne
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(3) |h! ()| £ Cn with some constant C,
provided that n is sufficiently large.

Let H,(2) = h,(|z]|). Then,

" fvan= [ .

We have

; H —-—2 1l _
; / VBH,| < - |// const.| < const_|{|z| < n}l J|
' m e =< D

tends to 0 as n tends to oo. Furthermore,

1
€2

n2
{lzl< X } T JJ{E<z<t}) y

%mm e —}2).

This contradiction proves theorem 3. O

lim sup |—/ pH,| = hm sup

n=—00

Corollary 7 Let J be a closed set in the complex plane and let R(J) be the
set of rational functions b which are holomorphic in C except for at most
finitely many simple poles at points in J and for which [f¢ |¥| < oco. Then
R(J) is dense in A(J) in the L'-norm on C.

Remark: This corollary generalizes the Bers’s approximation theorem,
[B],[A], because the norm on A(J) is given by integration over all of C.

PROOF. If J is a finite set, then the theorem is obvious. If J is infinite,
we may assume that 0,1 and oo are in J. Suppose that R(J) is not dense in
A(J). Then there exists a non-zero bounded linear functional on A(J) that

vanishes at R(J). By Hahn-Banach theorem it can be extended to a bounded
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linear functional on L!(C). By Riesz theorem, there exists L™ complex valued

function p(z) which satisfies the orthogonality condition

//[t z)dady =0

for all ¢ in R(J). The potential function

V(z) = z(z = 1) //C /t(Cdﬁdn ’

satisfies 9V = p, where the derivative is taken in the distributional sense.
Notice that r({) = C—(?zf% belongs to R(J) for every z € J. Therefore
V(z) = 0 for every z € J. Theorem 3 implies that Re [fc o = (V,0) =0

and Im [foc pp = —(V,19) = 0 for every p € A(J). O

Corollary 8 The dual space of A(J) is isometrically isomorphic to the space
Z(J).

PRrOOF. This corollary follows immediately from theorem 3. O

Theorems 1 and 2 apply to A(X), where X is a Riemann surface. Parallel
theorems with parallel definitions and parallel proofs apply to A(J), when J
is arbitrary closed set in the plane with Lebesque measure 0. A sequence ¢,
in A(J) is called a degenerating sequence if ||@,|| < 1 for every n and if @,
tends to zero uniformly on compact subsets of C — J. If V € Z then (V) =
sup limsup,_ o, |[(V,®n)|, where the supremum is taken over all degenerating
sequences @, in A(J), is called the degenerating norm.

Let S(J) be the unit sphere in A(J). We say that A(J) is weak uniformly
convex at a point ¢ € S(J) with constant & if supyep(es) Il — %[ < 2,
where D(¢, 6) is the set of all ¥ in S(J) with ([]%l],v,b) > 1— 6. We obtain the

following two theorems which are parallel to theorems 1 and 2.
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Theorem 4 Let ¢ € A(J) and v = [lfl]. Then A(J) is weak uniformly

convezx at ¢ if and only if the degenerating norm of v is less then 1.

Theorem 5 Letp € S(J),6 >0, andv = [l%l]. Then A(J) is weak uniformly
convex at @ with constant b, if and only if B(v) <1 — 6.

3.8 The case J is a Circle or a Line.

Now we consider the case when J is a circle or a line in C. If B is a Mobius
transformation transforming J; onto J;, then B induces a natural isomor-
phism from Z(J;) onto Z(J;) by pullback; given V € Z(J;), B*V(z) =
V(B(z))/B'(z). This mapping preserves vector fields of the form (az? + fz +
'7)5‘?; and therefore B* is well-defined on the space of vector fields on J fac-
tored by the three dimensional subspace of quadratic polynomials.

Z(J) has a real locus, Zea(J), consisting of those vector fields on J
which point in direction tangent to J. Thus V € Zea(R) if V is real-valued
and V € Za(9D) if V(e?)/ie? is real-valued. In [GS], Gardiner and Sul-
livan proved that either of these spaces is naturally identified with the tan-
gent space to universal Teichmiiller space. This fact was observed earlier by
Reimann in [R]. Elements of Z.eal(R) give infinitesimal generator for curves of
quasisymmetric self-mappings of R and similarly, Z.c.(dD) give infinitesimal
generator for curves of quasisymmetric self-mappings of 0D. An element of
Zreat(R) can be represented by a real-valued function V(x) for which

Vie+t)+ V(e —t) -2V (2)
i

ev(t) = | | (3.4)

is uniformly bounded for all £. This representation is unique up to the addition

of a function of the form azx + b.
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Zreat(OD) is naturally dual to A(D). This fact is somewhat suprising be-
cause, while A(D) is complex Banach space, Zi.a(0D) appears to be only a
real vector space. However, it has a natural complex structure coming from
the Hilbert transform which is explained in [G3]. The natural isomorphism
from Zea(R) to the real Banach space A(H)*, where H is the upper half
plane, is given by the following recipe. Starting with V in Z.a(R) apply
the Ahlfors-Beurling extension formula to obtain an extension V of V to
the upper half plane with bounded J derivative in generalized sense. Then
© — Re [[ 00V yields an element of A(H)* (see [G3]).

The predual space to A(H) is realized by the closed subspace zea(R)
consisting of those V’s in Zea(R) for which ey(t) defined in (5) is bounded

and which satisfy the further condition that ey (¢) — 0 as ¢t — 0.

Let p € D. Define v, € B(D) = A(D)* as point-evaluation at p; v,(¢) =
cpo(p) for every ¢ € A(D), where ¢, is a positive constant selected so that
|lvy|| = 1. Since L ff || > |¢(0)] for every holomorphic function ¢ in D, we
obtain ¢g = 7. To obtain ¢, let y(z) = %525 Then 4/(0) =1 — |p|? > 0, thus
v,(¥) = vo(1p 0 7y - 4'2) for every ¥ in A(D). Therefore ¢, = w(1 — |p|?).
Furthermore ¢o(z) = 1 is the only function in S(D) for which vo(@o) =
llvo]| = 1. Therefore, v,(z) = wo(y71(2))(y"1)(2)* = frl(—l‘_l%'—z—)); is the only

function in S(D) for which v,(p,) = 1.
We define v, € B(D) by v,(¢) = c,lM(0) for every ¢ € A(D), where

¢, is a positive constant so that ||v,]] = 1. In corollary 2 we saw that v, €
Bo(D), ¢, = (—1;_’%—)71, and vn(pn) = [Jva]l = 1 for @u(z) = %2z, Since

vo € Bo(D) we have v, € Bo(D) for every p in D.
By Hahn-Banach theorem:

1) Linear functionals v, span a dense subspace of Bo(D) and
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2) If (p,) is a sequence in D with a limit point in D then (v,,) span a

dense subspase of By(D).

Similarly we can define point-evaluations for any Riemann surface X.
For every point p choose a chart z : U — z(U) with p € U and define
v, € B(X) by v,(¢) = ¢p3p(2(p)) where 9(z(p)) is the local expression for
the quadratic differential 3 in terms of the local parameter z, and ¢, is the
constant chosen so that ||vy|| = 1. This linear functional depends on the
choice of local parameter z. However, ker(v,) is defined independently of the
local parameter. Therefore we can define v, independently of this choice, up
to a multiplication by a constant of modulus 1, if we stipulate that |Jv,|| = 1.

Question : Which divergent sequences p, in X have the property that
vp, span a dense subspace of B(X). Equivalently, which divergent sequences
p, in X have the property that ¢(p,) = 0 for every p, and ¢ € A(X) imply
that p(z) = 07

As an illustration we find functions V,(z) and U,(z) in Zrea(R) that
correspond to Re v, and Im v, under the natural isomorphism between
A(H)* and Zea(R) given above.

Let v(z) = ;—E— Then 4 is conformal mapping from the upper half plane
H onto the unit disk D. Thus, we ought to find V;, : H — H such that
Vo(R) C R, 9V, = v"tn, and V,(z) = O(2%) as z — oo; where y* i, = pno'y%
and n(z) = EL. Observe that if V,,(z) = 208D then 86, = pin.

Hence, 09, = %,l,: = fg—; thus,

2 zatl
Op(2) = I . + a conformal mapping .
Therefore,
R — ;)51 )7 +2
Vo(z) = - _1_ 5 (?z +21)'3+$?z+—2)i)" + a conformal mapping f(z).
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Letting

i (2= i)
f(z) = n+2(j+i;"+1’

we see that

7] < —fz =il +l+ —— 220 o)
T n42 n+ 2|z + ¢t
as z — 0o. Furthermore,
R N “\n+4+3
Vi.(2) =2 Re (- ¢ (e+7) ) for x real.

n+ 2 (x— )"t

Therefore,
2 Im (z )t
Valz) = R 2 (@ 1) and
2 Re(z+ g)ntd
up to addition of a linear polynomial. So, for example, Vo(z) = fzsfl—, and
Ug(z) = ?28?1‘ up to addition of a linear polynomial.

Normalize V,(z) and U,(z) such that they vanish at 0 and at 1. Let
V' € Zgea(R) such that V(0) = 0 and V(1) = 1. Functions V,(z) and U,(z),
together span a subspace T of Z..(R). T is dense in the weak star topology,
because a holomorphic function on a domain with all derivatives at certain
point equal to 0 is a zero function. Hence, some sequence (W, ) of linear
combinations of V,, ’s and U, ’s converges to V in the weak star topology,
thus R,(W,) — Rg(V), where R,(t) = T(Tx-(f)—?zl—%)’ and x is arbitrary real
number. It yields W,(z) — V(a), for every real number x.

By Banach-Steinhaus theorem, there exists M > 0 such that ||W,|| < M
for every n. That implies that every W, satisfies € log € -modulus of continuity
uniformly on compact sets. Therefore, W,(z) converges to V(z) uniformly

on compact subsets of R and we have proved the following theorem.
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Theorem 6 A linear span of functions V, and U, is dense in Zea(R) in

the topology of uniform convergence on compact subsets of R.

Let 0 < p< 1.

112
|le» — ol s Ir(l—pZ)" 1) —
1— < @p, 90 S ey ©p(0)

(F 122 — 12 (Jf Bt iemeren) 2

(1—pz)* (1—p2)*

- 72(1 — (1 — p?)?) - 72(2 — p?)

Since
(@ PP+ = 2p2)(22 —p—pt) 2

(1 - pz)* (1-p)*
by Lebesque’s dominated convergence theorem,
_ 2 L 1\2
H‘PP ‘IOOH = (ffD |4"’|) > 0 as p— 0.

1— < @p, 00 > 27?2
Now let n > 1 and let @, = @n(8(2))3'(2)? where B(z) = . We have
llenpll =1 and

{1 a2)2 (z—p) —
(1-p%) (1_pz)n+4ll

n+4+2
H‘Pn.p - ‘PnH =

_n+ 2“npz"'1 — (n + 4)pzntl
T 2r (1 — pz)nta
where C' = 2E2[|z7~1(1 — (n + 4)2?)||. Furthermore,

ob)) = cp 4 0p)

I-< Prps Pn >= 1 — Re vn(gonup) =

= 1= (1= (=~ p)"(1 — p2) ") (0) =

" )((z = pMEH)0)(1 — p2) ) H)(0) =
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= np*(n +4) + 2p® + o(p?).

Therefore,

|lenp — nll? - c?
I— < @npypn > 24 n(n+4)

Therefore % is the best exponent of weak uniform convexity of A(D) at

>0asp—0.

¥o(z), and we proved the following theorem.

Theorem 7 Ifn is a nonnegative integer and o > 1 then A(D) is not weak

uniformly convex at pn(z) = LE22" with exponent c.

Question : Is A(D) weak uniformly convex at points ¢, (2z) = ZE2z" with

19
exponent 3 7



Chapter 4

An Isometry Theorem for
Quadratic Differentials on
Riemann Surfaces of Finite

Genus

4.1 Introduction

Let A(X) and A(Y) be the complex Banach spaces of integrable holomorphic
quadratic differentials on Riemann surfaces X and Y. If a is a conformal
mapping from Y onto X, and C is a complex constant of modulus one, then
Ca* : A(X) — A(Y) defined by Ca*(¢)(z) = Co(a(z))a'(2)? is complex
linear isometry in the norms for A(X) and A(Y).

The main result of this chapter is the following theorem.
Isometry theorem If the Riemann surfaces X and Y are subsets of

27
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compact Riemann surfaces X, and Y), respectively, such that set X, — X
has infinitely many points, then every linear isometry L from A(X) onto
A(Y) comes from pull back by a conformal mapping a from Y onto X and

multiplication by a complex constant C of modulus one, i.e. L = Ca*.

A Riemann surface is of finite analytic type (g,n) if it is obtained from
a compact Riemann surface of genus g by deleting n points. The Riemann
surface of finite analytic type is exceptional if (g,n) is equal to (0,3), (0,4),
(1,1), (1,2) or (2,0). For the case of Riemann surface of type (¢,0),¢9 > 2,
the isometry theorem was proved by Royden ( [R] ). Using the same method
of proof, Earle and Kra generalized the isometry theorem to the case of
nonexceptional Riemann surfaces of finite analytic type. The method was
to study the smoothness properties of the L!-norm on A(X) and A(Y) and
to consider the differentials in A(X) and A(Y) with zeroes of the highest
possible order at the points in X and Y. This method does not generalize to
the case where X is not of finite analytic type because there is no limit on
the order of zero of a differential in A(X).

A Riemann surface is of finite genus if it can be holomorphically imbedded
into a subset of a compact Riemann surface. We prove the isometry theorem
in the case where X and Y are subsets of compact Riemann surfaces X;
and Y; such that set X; — X has infinitely many points. Therefore X and
Y are Riemann surfaces of finite genus. A further condition imposed on
X simply means that X is not a Riemann surface of finite analytic type,
a case completely discussed in [EK]. Hence, we prove the isometry theorem
precisely in the case when X is a Riemann surface of finite genus and infinite
topological type and Y is a Riemann surface of finite genus. In the proof

we use the smoothness of the L'-norm on A(X) and A(Y), and we consider
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differentials in A(X) with at least a double zero at some fixed point in X.

In section 2 of this chapter it is shown that the integrability of the
quadratic differential %2-, where ¢ and ¢ are in A(X), is an invariant for
every linear isometry L from A(X) onto A(Y). That is obtained by proving
that the integrability of 1/’7? is equivalent to the existence of the second deriva-
tive of the function f(t) = ||¢ + t|| at ¢ = 0, in the direction of both real
and imaginary axises.

In section 3 we consider the case where X and Y are plane domains. We
show that the image under L of the space of all quadratic differentials in
A(X) with at least a double zero at some fixed point p in X is the space of all
quadratic differentials in A(Y) with at least a double zero at some point ¢ in
Y. That implies that the image under L of the space of all differentials in A(X)
that vanish at p is the space of all differentials in A(Y) that vanish at q. The
function from Y to X that sends ¢ to p is a conformal homeomorphism which
together with a complex constant of modulus 1 realizes the given isometry.

We prove the isometry theorem in section 4, following the same steps from
the plane domain case and using the standard theorems about the existence
of certain meromorphic functions on Riemann surfaces.

Finally, in section 5 of this chapter we prove few corollaries including one
about the existence of uncountably many non-biholomorphic Teichmiiller
spaces.

The isometry theorem was one of the three main tools in Royden’s clas-
sification of all holomorphic automorphisms of the Teichmiiller space of a
compact Riemann surface of genus at least two ( [R] ). Royden showed that
every holomorphic isomorphism F between Teichmiiller spaces of compact
Riemann surfaces of genus at least two is induced by a quasiconformal home-

omorphism ¢; F([f]) = [f o ¢g]. The starting point in Royden’s proof is
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the fact that Teichmiiller’s metric is equal to I{obayashi’s metric for finite-
dimensional Teichmiiller spaces. A consequence of this equality is that any
holomorphic homeomorphism between Teichmiiller spaces induces isometries
on fibers of the tangent bundles. Gardiner proved that Teichmiiller’s and
Kobayashi’s metrics coincide on Teich(X), for any Riemann surface X ( See
[G1]).

When X is compact except for finitely many punctures, Z(X), the tan-
gent space to Teich(X) is finite-dimensional, and therefore any isometry from
Z(X) onto Z(Y) is induced by an isometry between their predual spaces A(X)
and A(Y). Earle and Gardiner showed that an isometry from Z(X) onto Z(Y)
is induced by an isometry from A(Y) onto A(X), for any Riemann surfaces
X and Y ( [EG] ). If Riemann surfaces X and Y satisfy the hypotheses of
the isometry theorem then every isometry L from A(X) onto A(Y) comes
from pull back by a conformal mapping from Y onto X and multiplication
by a complex constant of modulus one. Royden showed that the constant of
modulus one is equal to one by using the fact that the action of the mapping
class group on Teich(X) is discontinous. Earle and Gardiner proved the cor-
responding result for infinite-dimensional Teichmiiller spaces by considering
Teichmiiller disks and Jenkins-Strebel differentials ( [EG] ).

Therefore, the results in [EG] and the isometry theorem generalize Roy-

den’s classification.

Automorphism theorem If the Riemann surfaces X and Y are sub-
sets of compact Riemann surfaces X, and Yy, respectively, such that set
X1 — X has infinitely many points, then every holomorphic isomorphism from
Teich(X) onto Teich(Y) is induced by a quasiconformal homeomorphism g

from Y onto X . In particular, every biholomorphic self mapping of Teich(X)
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is induced by a quasiconformal self mapping of X.

4.2 The Nonsmoothness of the Norm on Quadratic

Differentials

Recall that if X is a Riemann surface then A(X) is the Banach space of all
holomorphic quadratic differentials ¢ on X satisfying ||¢|| = [fx l¢] < oo.
Note that if ¢ and 3 are two differentials in A(X), then %2— is also a
quadratic differential on X.
In this section we use the smoothness properties of Teichmiiller’s metric
to show that the integrability of a quadratic differential %3 is an invariant
for any complex linear isometry L from A(X) onto A(Y). First we prove the

following simple inequality for complex numbers.
Lemma 2 For all complex numbers z # 1; |ﬁ—| - 1] < 4]z|.

PROOF. Let 1 — z = re®t.
If r > 1, then (2r —1)cost <2r —1<1r?,

—cost < r? —2rcost,

—2cost < 2(r? — 2rcost,)
2—2cost <2(r* —2rcost +1),

et — 12 < 2|1 —re|?,

1—-=2
— 12 <922
I~ 1P S 20
1
IfOSTS§ =z

,then |z] = |1—-re| > 1—r > Land |3=%—1]| = | —1] < 2.
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Therefore,

—Z
— 1] <4
Iy~ 1 < 4l

for every z £ 1. O

Consider the real valued function f(t) = |l¢ + t¥|| = [f e + t|dzdy
where ¢ and ¥ are elements of A(X), ||¢|| # 0 and t is a real number.

Lemma 3 Let X be an arbitrary Riemann surface. If p,p € A(X) and

3’;—2 € LY(X), then f(t) = ||¢ + t|| has a second derivative at t=0.
PROOF. One verifies that f'(t) = Re [f 1/)%—[ provided that ||p +t|| #
0.
Therefore,
FO=FO_ [ b1l g
£ o+t go t 1 + 2 '

An easy calculation shows that, except at the zeroes of ¢(z),

(2) | <z)|(ll+t-ﬁ—€f%|
top(z) 14

Re( - 1))

converges to

P
L+eEl )y < 1l

Il _ 1y
1+t% NI < ltl4|t| € L'(X) by lemma 2.

Therefore, by Lebesque’s Dominated Convergence Theorem, lim,,_. o ﬂf-)"t—fl—@
exists and is equal to ff U—m,g’p@ﬁ. This proves lemma 3. O

Also IRe(ﬁw(
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Lemma 4 Let X and Y be arbitrary Riemann surfaces. Suppose that L is a
linear isometry from A(X) onto A(Y). Then, for every ¢ and y in A(X),

% er'(x) if 2 ¢ py),

L(p)
PROOF. Suppose that 1, € A(X) and ® € LY(X) . For any subset S
of Y, let gs(t) = [fs|Le¢ + tLy] and hs(t) = f(t) — gs(t). By lemma 3 we

know that f(t) has a second derivative at ¢t = 0. Take any point p in Y. Let
m be the order of zero of Ly at p, and k the order of zero of L1 at p. Let U
be a small conformal disk with center at p such that Li Ly has no zeroes in
U — {p}. Then, obviously, hy(t) = [fy. |Ly + tL| is a convex function. If
m—*k > 24k, then gu(t) —gu(0)—tg;;(0) = Ce(t)+o0(e(t)) where C' > 0, and
€(t) = lt|1+-,3,—*_-‘% when m — k > 2+ k, and €(t) =t2log|%, whenm—k=2+k%
(See [G2]). Since hy is convex, we have hy(t) — hy(0) — thy;(0) > 0 . This
contradicts the existence of f”(0); thus, m — k <2+ k and M € L},.(Y).

Now take any compact set K C Y.

LI ¢ [}(K), and by the proof of lemma 3

// (Im( Lt,/JL(p
gl\ K lL‘Pls

(Im( Ll/)Lap "
//1 e =0

Letting X' — Y we obtain

(Im( Lszcp ”
// SR S 10 <o (4.1)

Now, instead of 1, take 71). We have M = —ﬁ € L'(X), and so

Since hj is convex,

(Im(iL$T9)) (Re(LyT))?
> [ e e - JJ,! TP (4.2)



34

Adding (1) and (2), we see that

|y Lol |Ly
°°>/,, P “/y 7R

Since L is invertible, that proves lemma 4. O

4.3 Plane Domain Case

Let X be a domain, and let C be a set in a complex plane with parameter z .
Let R(C) be the set of rational functions r(z) which are holomorphic except
for at most simple poles at points of C, and for which ||r|| = [[¢ |r(2)|dzdy <
0.

We will frequently use an approximation theorem for A(X) due to Bers
( [B] ) and Ahlfors ( [A] ). We refer to this theorem as Bers’ approximation
theorem.

Theorem (Bers) If X is a domain in the complex plane and C is dense

in X¢, the set complementary to X, then R(C) is dense in A(X).

Notice that if « is a conformal mapping from a plane domain Y onto a
plane domain X, then o* : A(X) — A(Y) defined by a*p(z) = p(a(z))e’(2)?
is complex linear isometry in the norms for A(X) and A(Y). Moreover if a is
a Mébius transformation, then the set complementary to X is transformed
onto a set complementary to Y.

In this subsection we prove:

Theorem 8 If X and Y are two plane domains such that X°¢ is infinite
and if L : A(X) — A(Y) is a linear invertible isometry, then there exist a

constant C of modulus one and a conformal mapping B from Y onto X such

that L = Cp*.
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Before beginning the proof of theorem 8 we state a definition and prove

a lemma about rational functions which is used frequently in the proof .

oy . . _ r(z=q1)(z—q2)..(2—qm)
Definition 2 For any rational function R(z) = C(z—pll)(z-—pzz)...(z—-pn)’ the or-

der of R, denoted by ord(R), is equal to m — n.

Lemma 5 If R, # 0 and R; # 0 are two rational functions with no double
zeroes in common, then there exist constants Cy and Cy such that

(a) C1R1+ C2R; has no double zeroes,

(b) if Ri(p) = oo or Ra(p) = oo, then Cy Ry(p) + C2Ra(p) = 00, and

(¢) ord(CiRy + C2R;) = maz{ord(R:),ord(R,)}.

PROOF. Suppose (Cy,C2) # 0.

Ci1R1(a)+CyR2(a) = 0 and Cy R} (a)+C2Ry(a) = 0 imply that Ry (a)R)(a)—
R (a)Rz(a) = 0.

Consider R(z) = Ry(z)Ry(z) — Ri(2)Ra(z). If R = 0 then By = CR; and
we can take C; = 0,C, = 1.

Suppose that R # 0. Then, A = {a|R(a) = 0} is a finite set.

If Ri(a), R2(a), Ri(a¢) and R)(a) are all equal to zero, then R, and R,
have a common double zero at a.

If a € A, and not both R;(a) and Ry(a) are zero, then C;R;(a) =
—C3R(a) is a linear condition for Cy and Cs,.

If « € A, and not both Rj(a) and Rj)(a) are zero, then CyR}(a) =
—C2R4(a) is a linear condition for Cy and Cs.

Therefore, to satisfy condition (a), it is enough to take (Ci, C3) from the
set {(C1,C2)| (Va € A) Ci1R:i{a) # —CyRz(a) or C1Ri(a) # —C2R}(a)}.

Since Ry and R, have finitely many poles, to satisfy condition (b), we are

only restricted by finitely many linear conditions for C; and C,.
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To satisfy (c), it is enough to take C; # 0 and C; # 0 such that aCy +
BCy # 0 where o and f§ are such that

(z —a1)...(z —an) (z —c¢1)..(2 —ck)
R = d R = .
1(2) = o g e = b M ) =P T T
Therefore, to satisfy conditions (a), (b) and (c) we are only restricted by

finitely many linear conditions for Cy and C,. O

Proof of theorem 8.
Since the proof of theorem 8 is rather long, it will be convenient to divide

it into several steps.

Step I We may assume that 0 belongs to X and to Y, and that oo is a
cluster point of X¢ and of Y.

PrOOF. The complement of X is an infinite set. That means that the
boundary X of X must contain at least one cluster point. Let p be a cluster
point of X, q an interior point of X, and a(z) = Z=iL. Then, o" is an
isometry from A(a(X)) onto A(X), and a(X) contains 0 in its interior and

oo on its boundary. O

Definition 3 Let F be the space of all differentials in A(X) which have at
least a double zero at 0, and V be the space of all differentialsp in A(X) for

which there exists a differential ¢ in F such that %2 is integrable in X;

F = {p € A(X)|p(0) = 0 and ¢'(0) = 0},

V= {ve A(X)l%i € L'(X)}.

wEF

Step II V, the closure of V, is the set of all quadratic differentials in A(X)

that vanish at 0 . Therefore, Codimension(L(V)) = 1.
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PROOF. If ¥ and ¢ are in A(X), and ¢ belongs to I, and 3 does not
vanish at 0 then ’—f; has a double pole at 0 and is not integrable. Therefore,
V is contained in the set of qudratic differentials in A(X) which vanish at 0.

Conversely, assume that 1 is a rational function in A(X) and #(0) = 0.
Take p € X¢ such that p is not a pole of ¥(z). Then ¢ = z—;/’é%l is in F and
LA LEr_PZMil € L'(X); thus, ¥ € V. By the Bers’s approximation theorem,

@

rational functions are dense in A(X); thus, V = {¢) € A(X)|¢(0) =0}. O

Step III L(V) = Userim {¥ € A(Y)I% € L'(Y)}.
ProOF. Step III follows immediately from lemma 4. O

Step IV Every rational function R in L(F) with at least three poles and
with ord(R) > —5 has a double zero.

PROOF. Suppose that some rational function R in L(F) has ord at least
-5, poles in p;, p. and p3, and has no double zeroes .

1
I e €
the Bers’ approximation theorem, L(V) = A(Y); a contradiction. Therefore,

L(V) for every p € Y —{p1, p2, ps, 00}, then by

is not in L(V) for some p in Y° —

1
we may assume that Yy Fprey | Py e

{PI,P21P3700}-

If p is a cluster point of Y¢, then there exists a neighborhood U of p such
that (Z_pl)(z_ml)(z_m)(z_q) is not in L(V) for all q in UNY".

Take ay, as,a3 € UNY". Since Codimension(L(F')) = 2 we can find three

complex constants a, 8 and <, not all equal to zero, such that

az? + Bz +

M = T =) =)z —an)(z =)

€ L(F).

Therefore, M has a pole at ay, a; or as. Assume that M has a pole at a;. Then,

by lemma 5, we can find constants C; and C3 such that T' = C; M + C,R has
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ord at least —5, poles at py,p2, p3s and aj, and has no double zeroes. This

implies T' € L(F'), and

( ; )?
(Z‘Pl)(Z_PQ);‘PS)(Z—al) € LI(Y),

is not in L(V).

. . l
which contradicts the fact that Yy Py ey vy

Therefore, we may assume that p is isolated in Y.

& L(V) forevery q in Y°—{p, p1, p2, p3, 0 }.

1
Now suppose that o= =)o)

Then R(Y*—{p,o0}) C L(V), and by Bers’ approximation theorem, L(V) =
{1 € A(Y')|9 is holomorphic at p }.
Let q1,q2,¢3 and g4 be four distinct points in the complement of X. Let

1 = (z_ql)(z_ml(z_qa)(z_l“) and @ = 2. By step I, ¢, is in V and ¢ is
not in V. That implies that L(p;) is in L(V), and L(epy) is not in L(V);
therefore, L(p;) is holomorphic at p, and L(y1) has a pole at p. This yields
%‘}2— € L1(X), and % has a double pole at p, contradicting lemma 3.

1 . [
(z~p1)(z=p2)(z2—p3)(2—q) 1s not m (V)

with q isolated in Y — {p;, p2, p3, p,o0}. Since F C V, neither

] 1 . .
==p1)(z—p2)(z—pa)(z=P) R Gy s in L(F).
Take r € Y¢ — {00, p1, P2, p3,P,¢}. Since Codimension(L(F)) = 2, there

Therefore, we may also assume that

nor

exist three constants «, # and v, not all equal to zero, such that

az?+ Bz 4+~

Rl Py e T pe | R G P

e L(F).

If z—pl)(z—pzl)(z—pg)(z—r) is not in L(F), then M has a pole at p or at q. As-
sume that M has a pole at p. By lemma 5, we can find constants C; and
C; such that C;M + C2R has ord at least —5 , poles at py,p.,p3 and p,

1 2
and has no double zeroes. But then ((“”1)(2.:;}1’52”1’2)(’?”5) € Ly(Y); thus,

(z_pl)(z_ml)(:_m)(z_p) is in L(V); a contradiction.
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Therefore (z_pl)(z_pzl)(z_pa)(z_r) € L(F)forallrin Y°—{oco,p1,p2,P3,P, ¢},
and by Bers’ approximation theorem, L(F') = {¢ € A(Y)|¢ is holomorphic
at p and q }.

Now choose five distinct points q1, g2, ¢3, ¢4 and ¢s from the complement
of X. o= (7:31—)—17-75—) is not in F; thus, L(¢) is not in L(F). Suppose that
L(p) has a pole at p. There exist constants o and 3, not both equal to
zero, such that aL(p) + BL(zy) is holomorphic at p. Also z%p has a double
zero at 0, so L(z%p) is in L(F); thus, L(z%p) is holomorphic at p. Choose a

constant ¥ so that yz2 + fz + « has no double zeroes and has no zeroes in

2 , L )2
{01,025, 44, 45} Then s € LX), and Spmdforrny has a

double pole at p, contradicting lemma 4. O

Step V L(F) is the set of all differentials in A(Y) with the double zero at
some point @ in Y.

PROOF. We first choose five distinct points py, pa, p3, p4 and ps in Y°©.
Since Codimension(L(F')) = 2, there exist constants a, # and v, not all equal
to zero, such that S = G%% € L(F). By step IV, § = ﬁ%
for some complex number a. Suppose that R is a rational function in A(Y)
with a double zero at a. Let R(z) = (z — a)***R,(z) such that k > 0, and
Ry(a) is neither 0 nor oo. Then, since Codimension(L(F)) = 2, P(z) =
Ri(2)[a(z — a)?** + B(z — a) + 7] € L(F) for some (a, B,7) #0. If P(a) #0
or P'(a) # 0, then, by lemma 5, we can find constants C; and C; such that
C1P + C3S has ord at least —5, poles at p;,p, and ps3, and has no double
zeroes. This contradicts step IV. Therefore P(a¢) = 0 and P'(a) = 0. This
yields ¥ = 0 and 8 = 0, which means R € L(F). Therefore, every rational

function in A(Y) with a double zero at a is in L(F).
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Suppose that a € Y*. Then, since Codimension(F) = 2,

a+ Bz + yz*
(2 = a)(z —p1)...(z = pa)

By lemma 5, we can find constants C; and C; such that C{M + C,S has ord

M = € L(F) for some (a, 3,v) # 0.

at least —5, poles at py, ps, ps, and has no double zeroes, again contradicting

step IV.
By Bers’ approximation theorem and the fact that Codimension(L(F)) =
2, we have L(F) = {¢p € A(Y)|s has a double zero at @ }. O

Step VI There exists a bijection § from Y onto X such that
P(Bp) = 0 iff Lyp(p) = 0, for every p in Y.

PROOF. Steps II, IIT and V imply that L(V) = {¢p € A(Y)|¥(a) = 0}.
Therefore, for every 9 in A(X),

$(0) =0 & L(¢)(e) = 0.

Step VI follows by applying previous steps to L=!. O

Step VII [ is conformal homeomorphism.

PROOF. Let ¢(z) = (—;m, p € Y, and B(p) = ¢. Function z —
T-E'?.:.T%?——J) is in A(X) and has a zero at q. Hence,

L(zp)(p) — ¢L(#)(p) = 0.

Thus, B(p) = %(z_:%pg))- Therefore, f is holomorphic. O

Step VIII L = Cp* for some complex constant C of modulus one.

PROOF. Without loss of generality we can assume that X=Y and



41

B = identity. If we let p(z) = G_—_q_f)sz——qTi’ then for every ¥ € A(X) and
every p € X, quadratic differential ¢» — %%Lp is in A(X) and has a zero at p.
Therefore, by step VI, Lgb(p)—-%Lga(p) = 0. This yields Ly(p) = w(p)%};l.
Let f = %9. Then Ly = f¢p  for all P € A(X).

The family {v, Ly, L*, ...} is normal. Therefore, |f| = 1. O

4.4 Riemann Surfaces of Finite Genus

Assume both X and Y are Riemann surfaces which are subsets of compact
Riemann surfaces X; and Y], respectively. Let L be a linear isometry from
A(X) onto A(Y). If X; — X is a finite set, then A(X) is finite dimensional;
thus, A(Y) is also finite dimensional; so, ¥; — Y contains only finitely many
points. In that case, all holomorphic automorphisms between Teichmiiller
spaces of X and Y are determined in [EK]. Therefore, we assume that X; — X
and Y] — Y are infinite sets, which is equivalent to X and Y being of finite
genus and infinite topological type.

An example for X is a Riemann surface of finite topological type with
nonempty border.

Fix three points p;,p; and p3 in X; — X and let X; = X — {p1,p2,p3}
Let m : D — X, be the universal covering map with a covering group I'. Let
U=7"1X), and O : A(U) —» A(U,T') = A(X) be a Poincaré Theta series.
By Bers’ approximation theorem, R(U¢), the space of rational functions
which are integrable over the complex plane and have all poles in U¢, is dense
in A(U). Since O is surjective (see [KR] ), O(R(U¢)) is dense in O(A(U)) =
A(U,T) = A(X).

Every quadratic differential in ©( R(U¢)) is holomorphic in X; except for
possibly finitely many poles in X; — X. Hence, for every ¢ in O(R(U?)), we
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can find a neighborhood U of X so that all poles of  in U belong to X — X.
Denote O(R(U¢)) by R(X), and similarly define R(Y).

In this section we prove the main result of the section:

Theorem 9 If both X and Y are Riemann surfaces which are subsets of
compact Riemann surfaces X, and Yy, respectively , such that set X; — X
has infinitely many points, then every linear isometry from A(X) onto A(Y)
comes from a pull-back by conformal mapping from'Y onto X and multipli-

cation by a complex constant of modulus one.

In the proof of theorem 9 we use a theorem due to Noether about the
existence of meromorphic functions with certain properties on a compact

Riemann surface. We refer to this theorem as the “gap” theorem.

The “gap” theorem (Noether) Let M be a compact Riemann surface
of genus g. For any n points py,pa, pa,...,pn in M with n > 2g, there exists
a meromorphic function f on M such that Divisor(f) is a multiple of the
divisor —Xp, — Xp; — -+ = Xpny — Xpn @nd Divisor(f) is not @ multiple of

the divisor —Xp, — Xp, — -+ — Xpn_y -

The proof of the “gap” theorem can be found in [FK].

The proof of theorem 9 will follow the methods developed in section 4.3.
Before we begin to prove theorem 9, we prove two preliminary lemmas. First

we adapt lemma 5 to a new situation.

Lemma 6 If Ry, R; € R(X) are non-zero meromorphic quadratic differen-
tials with no double zeroes in common on X, then there exist constants C;

and Cy such that
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(a) CiRy + CyR; has no double zeroes in X, and
(b) if p€ X is a pole of Ry or Ry, then p is a pole of C1 Ry + C2R,.

PrOOF. To prove lemma 6 let R = Ry R}, — R|R;. Then R is a meromor-
phic abelian differential on a compact Riemann surface X;, thus A = {a €
Xi|P(a) = 0} is a finite set provided that R; and R; are linearly independent,

and the rest of the proof is the same as in lemma 5. O

The second preliminary lemma is a consequence of the “gap” theorem

and lemma 6.

Lemma 7 Let N be a compact surface and let S be a subset of N that contains
infinitely many elements such that M = N — S is a Riemann surface. Let
81,82,...,8, € S and m € M. Then there exists a meromorphic function g
on N, such that

(a) g(m) =0,

(b) all poles of g are simple and belong to S — {s1,82,...,5n},

(¢) g has no zeroes in {s1,82,...,8,}, and

(d) g has no double zeroes in N.

PROOF. Since S is an infinite set, by the “gap” theorem, there exist
two linearly independent meromorphic functions h; and h; on N which both
satisfy (b). Let f be a non-trivial linear combination of h; and h; such that
f(m) =0. Let {a; = m,az,as,...,ar} be the set of all zeroes of f in N. Let
m; be the order of zero of f at a; for ¢ > 1, and let m; + 1 be the order of
zero of f at a,. By the “gap” theorem, there exist meromorphic functions f;
on N such that f; has a pole of order m; at a; , all poles of f; in N — {a;} are
simple and belong to S — {s1,..., 8.}, and such that f and f; have no poles
in common. Function f f; satisfies (a) and (b), and f fi(a;) # 0, for ¢ > 1, and
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ff1 has a simple zero at m. By induction, we can find constants ay,...,a,
such that the meromorphic function h = oy ffi + eaffo + ... + arf fi has
a simple zero at m and has no zeroes in {az,as,...,ax}. Now f and h have
no double zeroes in common, and by the proof of lemma 6, some linear
combination ¢ = af + fBh satisfies (d) and (c). ( Note that g(s;) # 0 is
equivalent to af(s;) + Bh(s;) # 0, a linear condition for o and § ). Since
both f and h satisfy (a) and (b), g satisfies (a),(b),(c) and (d). O

Now we begin to prove theorem 9.

First we define spaces F and V in the same way as in section 4.3.
Definition 4 Choose a point b € X. Let
F={p € A(X)[p(b) = 0 and (b) = 0}

and

V= U (e A e '),

weF

Step I V is the space of all differentials in A(X) that vanish at b.

PROOF. If 9 does not vanish at b and ¢ is in F, then %2 has a double
pole at b. That proves that V is the subset of the space of all differentials in
A(X) that vanish at b.

To prove the converse suppose that R € R(X) such that R(b) = 0.

Set X; — X is infinite; thus, by lemma 7, we can choose a meromorphic
function g on X such that

(a) g(b) =0,

(b) all poles of ¢ are simple and belong to X; — X,

(c) g and R have no poles in common,
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(d) g has no double zeroes, and

(e) g has no zeroes at poles of R.

¢ = gR has a double zero at b, and all poles of ¢ and R are simple,
distinct, and outside X. Hence ¢ is in F. Futhermore, BE = g € L}Y(X); thus,
R € V. Since R(X) is dense in A(X), we have V = {p € A(X)|¥(b) = 0}.
[

Step IT L(V) = Uyer(m{® € A(Y)I% € L'(Y)}.
ProoOF. Step II follows immediately from lemma 4. O

Step III Let p be an isolated point in Y; — Y. Then L(V) # { € A(Y)|%
is holomorphic at p }.

PROOF. Suppose that L(V) = {1 € A(Y)|¢ is holomorphic at p }.

Let ¢ € R(X) such that (,9( ) # 0. Such a differential exists by an easy
consequence of the “gap” theorem. By lemma 7, we can choose a meromor-
phic function g on X; such that
(2) g(b) =0,

(b) all poles of g are simple and belong to X; — X,
(¢) g and ¢ have no poles in common,

(d) ¢ has no double zeroes, and

(e) ¢ has no zeroes at poles of .

Hence ¢ is not in V and gy is in V, thus L(y) has a pole at p and L(gy)
is holomorphic at p. Hence b“i—: =%€ LY(X), and %%%27 has a double pole at

p, contradicting lemma 4. O

Now fix three points ¢;, ¢, and ¢3 in ¥; =Y, and let Q(Y’) be the subset of

A(Y') consisting of all meromorphic quadratic differentials on Y;, with simple
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poles at ¢;,cy, and c3. By the proof of the Bers’ approximation theorem, a
linear span of differentials in Q(Y) is dense in A(Y').
Step IV Every R in Q(Y)N L(F) has a double zero in Y.

PROOF. Suppose that some R € Q(Y)N L(F) has no double zeroes in
Y.

If all poles (in Y;) of some 3 € R(Y) belong to {c1, ¢y, c3}, then %2- €
LY(Y'); thus o belongs to L(V). Let Yo = Y1 —{c1, ¢z, ¢3}. Forevery p € Y5V,
take ¥, € A(Yo — {p}) — A(Yo). The existence of such differential is guaran-
teed by the fact that the dimension of the space of integrable holomorphic
quadratic differentials on a Riemann surface of finite analytic type (g,n) is

3g — 3 + n, whenever n > 2; and it can be constructed using the Poincaré

Theta series. If 4, is in L(V) for every p € Yo — Y then, R(Y) C L(V); a
contradiction. Therefore ¢, is not in _(V—) for some p € Yy — Y.

If p is a cluster point of Y] — Y, then take a sequence p, € Yo—Y —{p} such
that p, — p. Let ® : D — Y; be the universal covering map with a covering
group G. Let Y, = Yy — {p,p1,p2,P3,-- -}, U = @1 (Y2), V = &Y (Y,U{p}),
and © : A(U) - A(U,G) = A(Y2) be a Poincaré Theta series. By the
Bers’ approximation theorem, R(V¢) is dense in A(U). Since O is surjective,
O(R(V*)) is dense in A(Y;). Therefore, there exists a sequence (1,,) in A(Y)
such that ¥, — ¥,, and %, is holomorphic in Yp except for finitely many
poles in {p1,p2,p3,...}. Without loss of generality, we can assume that 1,
and %, have no poles in common on Y, for m # n, and that v, is not in
L(V) for every n. Since Codimension(F) = 2, there exist constants , 8 and
v, not all equal to 0, such that M = a1+ B2 +vP3 € L(F). Assume a # 0.
Then by lemma 6, we can find constants C; and C; such that C1 R + CoM
has poles wherever 1, has poles, and has no double zeroes in Y. That yields

2

CReGH € LY(Y); a contradiction that proves that p must be isolated in
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Y, —Y. v
Suppose that ¥, is in L(V) for every ¢ € Yo — Y — {p}. Then, since
Codimension(V) = 1, we have L(V) = {¢ € A(Y)| is holomorphic at p },
which contradicts step III.
Therefore, 1, is not in L(V) for some ¢ isolated in Yo — Y — {p}. This
implies that neither ¥, nor v, is in L(F'). Let 1 € R(Y) be holomorphic

at p and ¢. If ¢ does not belong to L(F'), then since Codimension(F) = 2,

there exist constants a, 3 and v, not both a and 3 equal to zero, such that
M = ap, + B, + v¢, € L(F). Assume that  # 0. Then M has a pole at p,
and, by lemma 6, there exist constants Cj and C3 such that T = C1' M + Cy R
has poles at p,c;, ¢z, cs and has no double zeroes. But, then %’21 € LY(Y).
This contradiction proves that every ¥» € R(Y) which is holomorphic at p
and ¢ belongs to L(F). Since Codimension(F') = 2 and R(Y') is dense in
A(Y), we have

L(F) = {y € A(Y)|¢ is holomorphic at p and ¢}.

If 9 € L(F), and ¢ is not in L(F'), then %}3 has a double pole at p or ¢. Thus
L(F) = L(V); a contradiction.
Therefore, there exists r € Yy — Y — {p, ¢} such that . is not in L(F).

Since Codimension(F) =2, O

Step V There exists a point @ in Y such that every R in L(F)N R(Y) has
a double zero at a.

PROOF. Take a differential R in L(F) N Q(Y'). This is possible by chang-
ing ¢,c; and c3 if necessary. Let {ay,as,...,a,} be the set of all double
zeroes of R in Y. If there exists a differential Ry in L(F)( R(Y) such that

a1 is not a double zero of R, then by the proof of lemma 6, there exist
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constants C; and Cj such that the set of double zeroes of Ci1R; 4+ C3R in
Y is a subset of {a3,as,...,a,}, and that C;R; + C;R belongs to Q(Y).
By induction, there exists a € Y such that every quadratic differential in
L{(F)YN R(Y) has a double zero at a.

We now show that a must be in Y. Suppose not. Then ¢« € Y — Y thus
there exists a quadratic differential ¢4, in A(Y) which has a pole at «. By
lemma 7, there exist differentials 1 and ¢ in R(Y') such that 1(a) # 0, ¢(a) =
0, and ¢'(a) # 0, Therefore, Codimension(L(F)) = 2 implies that some non-
trivial linear combination of ¢, % and 1, belongs to L(F), thus has a double

zero at a; a contradiction. O

Step VI L(F) is the space of all quadratic differentials in A(Y) with the
double zero at a.

ProOOF. Take R in R(Y) such that R has a double zero at «. Since
Codimension(F) = 2, some linear combination of #,¢ and R is in L(F),
thus has a double zero at «. That implies that R is in L(F'). Since R(Y)
is dense in A(Y), the set of all differentials in A(Y) with a double zero at
a is a subset of L(F). Since Codimension(F) = 2, we have L(F) = {¢ €
A(Y)l¥(a) = 0 and $/(a) = 0}. O

Step VII L(V) is the set of all differentials in A(Y) that vanish at a.
ProoOF. Step VII follows immediately from steps I, IT and VI. O

Step VIII There exists a bijection # from X onto Y such that ¢ (p) = 0 iff
Ly(B(p)) =0 for every p in X and every ¢ in A(X).

PRrOOF. To prove step VIII consider L~! and observe that by lemma 7,
for any two distinct points p and ¢ in X, there exists a differential ¢ in A(X)
such that ¢(p) = 0 and p(g) #0. O
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Step IX / is continuous.

PROOF. Suppose that f is not continuous. Then there exists a point
p and a sequence (p,) in X that converges to p such that B(p,) does not
converge to B(p). Since Y is compact, we can assume that 3(p,) converges
to a point ¢ in Y — {A(p)}.

By lemma 7, there exists a quadratic differential ) € A(Y), and a function
g meromorphic in Y; and holomorphic in Y such that gy € A(Y), g(8(p)) #
0, P(B(p)) # 0, and g(g) = 0. Then g, = (g — g(A(p)))b belongs to A(Y)
and vanishes at 3(p,). Furthermore, ¢, converges to g in the L'— norm.
Therefore || L7} (pn) ~ L™ (g¥)|| = 0, L7 (n)(pa) = 0, and L~ (g%)(p) # O,
by step VIII. This contradicts the principle of argument. O

Step X / is holomorphic.

PRrRoOOF. Take any two linearly independent quadratic differentials ¢ and
¥ in A(X;). Fix p € X. Quadratic differential ¢(p)y — ¥(p)e has a zero at
p. Step VIII implies that ¢(p)L(v¥) — ¥ (p)L(p) has a zero at B(p). There-
fore %—i—f(ﬂ(p)) = %(p) for almost every p. Since f is continuous and % is
meromorphic, F(p) = (%‘5)“1 o (%)(p), locally, for almost every p; thus g is

holomorphic. O

Step XI There exists a constant C of modulus one such that L = C(371)*.
PROOF. By taking a geometric postcomposition, we can assume that
B = identity.
The proof of step X implies that L(y) = zﬁﬂwﬂ. Since
{#, L(¥), L(L(+)),. ..} is a normal family, |~Lf| =1. 0O
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4.5 Some Applications

Theorem 10 Let the Riemann surfaces X and Y be the subsets of compact
Riemann surfaces X, and Y, respectively, such that set X1 — X has infinitely
many points. If the cotangent spaces to the Teichmiller spaces of X and Y

are isometric then the underlying Riemann surfaces X and Y are conformal.
PROOF. Theorem 10 follows immediately from the isometry theorem. D

Any quasiconformal homeomorphism g of Y onto X induces a bijective
map p, from Teich(X) onto Teich(Y) by right translation; p,([f]) = [f o g]-

We call the bijection p, a geometric isomorphism.

Theorem 11 If the Riemann surfaces X and Y are subsets of compact
Riemann surfaces X, and Y, respectively, such that set X, — X has in-
finitely many points, then every holomorphic isomorphism from Teich(X)

onto Teich(Y) is geometric.

PROOF. Without loss of generality, we can assume that F([id]) = [id].
Since Kobayashi’s metric is equal to Teichmiiller’s metric, F is an isometry.
Therefore F'([id]) is a linear isometric map from Z(X), the tangent space
of Teich(X) at [id], onto Z(Y), the tangent space of Teich(Y) at [id]. This
implies that F’([i¢d]) is a dual map of an isometry G from A(Y) onto A(X)
(see [EG]). Using theorem 9, we see that G is induced by a constant C and a
conformal map from X onto Y. Therefore, without loss of generality, we may
assume that X=Y and F'([id]) = C Identity. Earle and Gardiner showed
that C=1 (See [EG]). Therefore, by the Cartan’s uniqueness theorem (See
[H]), F = Identity. O
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Definition 5 We call Teich(X) (conformally) equivalent to Teich(Y) if there
exists a biholomorphic mapping from Teich(X) onto Teich(Y).

Theorem 12 There exist uncountably many non-equivalent infinite dimen-

stonal Teichmiiller spaces.

This theorem had also been discussed in [O].

PROOF. Suppose that a;; =t and a; 441 = 2% .

Let Xi = {0, (—1:—,], ﬁ, ﬁ,}"‘ Suppose that Teich( Xj) is equivalent
to Teich(X;) for two real numbers k and j with £ > 5 > 1. Then by theorem
11, there exists a quasiconformal mapping g from X to X;. By the extension
property of quasiconformal mappings we can extend g to a quasiconformal
homeomorphism h of the plane with h(0)=0.

1yt
Let h(ak.") = T
In the closed unit disk h is Holder continous with some constant C and

exponent a. Therefore - ;( LS C(a: )%,
I n v, 1

1 o
@ f(n) 2 5(ak,n) ,

logaj s(n) > alogay, —logC,

log aj sy = %log Akn for large n,

@ f(n)-1log2 > g‘ak,n—l log2 for large n,

83
@j f(n)-1 2 5 Ckn-1  for large n (4.3)

-~

Consider the function {(z) = 22" — 2¥+1,
I'(z) = 2% (log 2%)2% log 2 — 2=t log 2 =
= 2%log2[2¥" zlog2 — 2] > 2log2[dlog2 — 2] > 0 for z > 1.

Therefore [ is increasing on (1, 00).
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Hence 22°%" — 2aknt1 > 929" _ 9a;n+1  for every n,

kg2 — 20k mp1 2 Qjny2 — 2a5241  for every n,

k42 — Gjng2 2 2(@knp1 — @jnyr)  for every n.

Therefore, arn — @j» — 00 as n — oo, and that implies : =2 =
2%kn-1"%n~1 4 00 as N — O0.
Therefore,

%ak,n_l > aj,—1 forlargen (4.4)

(3) and (4) imply that there exists N such that f(n) > n when n >
N, but then {-1-,1-,...,--} C {h(ﬁ),h(i),...,h( L)} which is a

a;1% a;2°" "o N k2 ak,N-1

contradiction. O
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