
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI 
films the text directly from the original or copy submitted. 'I'hus, some 
thesis and dissertation copies are in typewriter face, while others may 
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the 
copy submitted. Broken or indistinct print, colored or poor quality 
illustrations and photographs, print bleedthrough, substandard margins, 
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 
manuscript and there are missing pages, these will be noted. Also, if 
unauthorized copyright material had to be removed, a note will indicate 
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 
sectioning the original, beginning at the upper left-hand corner and 
continuing from left to right in equal sections with small overlaps. Each 
original is also photographed in one exposure and is included in 
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quality 6" x 9" black and white 
photographic prints are available for any photographs or illustrations 
appearing in this copy for an additional charge. Contact UMI directly 
to order.

University Microfilms International 
A Bell & Howell Information C om pany  

3 0 0  North Z eeb  Road. Ann Arbor. Ml 4 8 1 0 6 -1 3 4 6  USA  
31 3 /7 6 1 -4 7 0 0  8 0 0 /5 2 1 -0 6 0 0





A "

O N  T H E  G E O M E T R Y  O F  T H E  T E IC H M U L L E R  S P A C E

by

N IK O L A  L A K IC

A dissertation subm itted to  the G raduate Faculty in M athem atics 

in partial fulfillment of the requirements for the degree of 

Doctor of Philosophy, The City University of New York

1995



UMI Number: 9530894

OMI Microform 9530894 
Copyright 1995, by OMI Company. All rights reserved.

This microform edition is protected against unauthorized 
copying under Title 17, United States Code.

UMI
300 North Zeeb Road 
Ann Arbor, MI 48103



This m anuscript has been read and accepted for the G raduate 

Faculty in M athematics in satisfaction of the dissertation 

requirem ent for the degree of Doctor of Philosophy.

**/2 g M S  F/UcLuck

D ate Chair of Examining Comm ittee

D ate Executive Officer

Frederick P. Gardiner 
Dennis P. Sullivan

Linda Keen________
Richard Sacksteder

Supervisory Committee 

THE CITY UNIVERSITY OF NEW YORK



Abstract

O N  T H E  G E O M E T R Y  O F  T H E  T E IC H M U L L E R  S P A C E

by

N IK O L A  L A K IC

Adviser: Professor Frederick P. Gardiner

Let A ( X )  be the Banach space of integrable, holomorphic, quadratic dif­

ferentials i(3 o n a  Riemann surface X .  We characterize the points of A (A ) at 

which the norm is weak uniformly convex in terms of the infinitesimal form 

of Teichmuller’s m etric on Q S  mod S  and we give a quantified version of this 

characterization. Sullivan’s coiling property applies along any Beltram i line 

[t|<y?|/(/?] for which tp is a point of weak uniform convexity and the am ount of 

coiling is quantified by the quantified version of weak convexity. For a closed 

set J  in C, we let A (J )  be the Banach space of integrable functions in C which 

are holomorphic in the complement of J.  We generalize Bers’ approxim ation 

theorem  by showing th a t rational functions with simple poles in J  are dense 

in A (J) .  Density is with respect to the iA-norm over the whole complex 

plane, including J .  Assume both X and Y are Riemann surfaces which are 

subsets of compact Riemann surfaces A'i and Yi, respectively, such th a t set 

X \  — X  has infinitely many points. Finally we prove th a t the only surjective 

complex linear isometries between spaces of integrable holomorphic quadratic 

differentials on X and Y are the ones induced by conformal homeomorphisms 

and complex constants of modulus 1 . As a corollary we conclude th a t if the 

Teichmuller space of X is biholomorphic to the Teichmuller space of Y, then 

X is quasiconformal to Y.
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C hapter 1

Prelim inaries

1.1 T eich m u ller  Space.

Let D be the unit disk and T be a torsion-free Fuchsian group acting on

D. Then A' =  D /T  is a Riemann surface. We let L <x>( X ) be the space

of essentially bounded complex-valued measurable functions /z on D, which 

satisfy /z(7 2 ) 2̂ j|j =  (i[z) for every 7  in T, and M ( X )  be the open unit ball 

in L°°(A). For any /z in M ( X ) ,  there exists a solution /  : D —*■ D of the 

Beltrami equation

/* =  /*/*, (1-1)

unique up to a postcomposition by a Mobius transform ation. We let / #t be

the solution /  of (1) normalized by f ( i )  = i , f (  1) =  1 and / ( —l)  =  —1.

Two elements ^0 and /zj in M ( X )  are equivalent if and / Ml coincide on 

dD.  The Teichmuller space Teich(X)  is M ( X )  factored by this equivalence

1



2

relation. Teichmiiller’s metric dr  is given by

where the infimum is taken over all fi in the equivalence class [//], and by 

declaring that right compositions

are isometries.

1.2  T h e  T an gen t Space to  T e ic h (X ).

A holomorphic quadratic differential if on X  = D /F  is a holomorphic function 

if : D —► C which satisfies i f{^z)^ '{z)2 =  p{z)  for every 7  in T. A { X )  is 

the space of all holomorphic quadratic differentials ip on X  which satisfy 

IMI =  flw M  <  00 where u  is a fundamental domain for T.

The natural pairing:

(/*,¥>)* =  / j ^ V 3 5 e  L ° ° ( X ) , f  G A {X )

induces a linear map P  from L°°(X)  onto A(A')*, the dual space of A ( X ) ,  

defined by P f ( f )  = (p,<f)x- The kernel of P is N  =  {p  G F o o ^ ) ! ^ ,  i f )x  — 

0 for every ip G A(A')}. We denote the equivalence class of an element p in 

L ° °{X ) modulo N  by [//].

B ( A ), the tangent space to Teich(X)  a t [0], is the space L oa( X ) / N ( X )  =  

A(X)* .  The infinitesimal form of Teichmiiller’s metric is

dT{[0], [tp]) = sup 11 R e J f  w \  + 0 { t 2)
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where the supremum is over all ip in the unit ball of A { X ) and the constant 

in 0 ( t 2) depends only on |M|oo, [G2].

A sequence tpn in A { X )  is called a degenerating sequence if ||(^n|| <  1 for 

every n and if —»• 0 uniformly on compact subsets of X .  Let B q( X )  be the 

space of all elements [/i] in B ( X )  such th a t (fi,(pn)x  tends to  zero for every 

degenerating sequence ipn in A(A'). It is known th a t the dual space of B 0(X )  

is isometrically isomorphic to A (A ), [EG]. i?o(A') is the closed subspace of 

B ( A ), and the quotient norm makes B ( X ) / Bo(X)  into a Banach space.

1.3  T h e  U n iv ersa l T eich m u ller  S p ace.

Teichmuller space T(D) can be viewed as Q S  mod G where G is the group 

of all orientation preserving Mobius homeomorphisms of the circle SD, and 

Q S  is the class of all quasisymmetric homeomorphisms of the circle 5D. 

The boundary dilatation B D ( f )  of a quasisymmetric homeomorphism /  is 

obtained by looking a t the infimum of all maximal dilatations of quasiconfor- 

mal extensions of /  to a neighborhood U of the boundary and taking the limit 

of these dilatations as U shrinks to the boundary. We call a quasisymm etric 

homeomorphism /  symmetric, if B D ( f )  — 1.

Let S  be the class of all symmetric homeomorphisms of dD. The space 

Q S  mod S  has its Teichmuller’s metric d defined by

d ( S f ,  Sg)  =  ^  inf log K ( s x o / o f 1 o s j 1)

where the infimum is over all and S2 in S,  [GS].

The infinitesimal form of Teichmuller’s metric d is

d ( s , s n  = m M ) + o ( e )
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where

/?([//]) = sup lim sup | / /  fupn\
(Vn) n-"°° J J

and the supremum is taken over all degenerating sequences <pn in A(B),

([Gl]).
By lemma 5.1 in [GS],

d { S f , S g ) = l- \ o g B D { f o g - ' ) .

Let A"0( / M) be the infimum of the dilatations of restricted to U, over all

annular neighborhoods U of the boundary of the unit disk and let k o i f11) =

. We say th a t a Beltrami coefficient a realizes its boundary dilatation 
A o l/'O + l J  r

if B D ( f )  = Ko( f^ ) ,  where /  is the restriction of to the unit circle 3D.

In [Gl] it is proved th a t a Beltrami coefficient /i realizes its boundary 

dilatation if, and only if,

/3(M ) =  M  /" ) .

T hat is the Hamilton-Reich-Strebel necessary and sufficient condition for 

extrem ality in Q S  mod S.

Also in [Gl], Gardiner proved the following principle of Teichmuller con­

traction:

Assume ||/i||oo =  1,0 <  <  &2 <  L and d ( S , S f k l <  Aidp(0,A:i) where

Ai <  1 and dp is the Poincare metric on the unit disk. Then there exists 

A <  1 depending only on k i , /c2 and Ai such that

d { S , S f ^ )  < Adp(0, k)

for all // with | | / i | | o o  =  1 and all k with 0 <  k <

This contracting property of the function Ip(t) = [t ] is called a coiling

property by Sullivan [S] because if the two points along the Beltrami line
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[tfi] are not stretched apart as far as they can be by a certain factor, then 

throughout most of the line the distance between pairs of points is not great 

as it could be, by an am ount depending on the given factor.

1.4  T h e  U n it S p h ere in  A (X ) .

Let S ( X )  be the set of all <p in A(A') of norm one. If ip and ?/> are in A(X) 

we let

< v , 4 , > = R e J j x V  M

be the (non-linear) pairing of ip and V’- < > is the first derivative of

/(<) =  f i x  Î  +  M  at < =  0.
We say th a t A(X) is weak uniformly convex, or non-flat, a t a point ip 

in S(X), if V’n G 5 (X )  and < ipn,ip > —> 1 imply \\ip -  i^n\\ -* 0. A(X) is 

weak uniformly convex if it is weak uniformly convex a t every ip in S(X). If 

||ip — -011 =  0 ( (1 — < ip, xj) > ) “ ) for 0  G S ( X ) ,  then A(X) is weak uniformly 

convex a t ip £ S ( X )  with exponent a. It is known tha t there are differentials 

in 5(D ) where A(D) is not weak uniformly convex ([M]), and th a t A(D) is 

weak uniformly convex a t ip(z) — L with exponent |  ([Go]).



C hapter 2

W eak U niform  C onvexity in

2.1 A  C riter io n  For W eak  U n ifo rm  C o n v ex -

Define the infinitesimal functional f3(v) of v € B ( X ) as the suprem um  of

over all degenerating sequences ipn in A(X).

Note tha t if X is the unit disk, then j3 coincides with the previously 

defined differentiated form of Teichmuller’s metric in Q S  mod S. Also, note 

th a t v £  Bo(X)  iff f3(v) — 0. Therefore /? defines a norm on the space 

B ( X ) / B 0(X) .  We call /? a degenerating norm.

Let ip e  S ( X )  and v -  [ ^ ] .  If ip e  A (X) then |v (^ )| =  \ J f i p ^ \  <  |H I-  

Hence ||v || =  1. If v(ip) =  ||u || for some ip £  S ( X ) ,  then v((p + ip) = 2 ||u ||,

ity .

lim sup|u((^„)|

6
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and thus \\p> +  V’H =  IMI +  HV’II =  2 . T hat yields

\<P + =  M  +  M ,

<P
Therefore, ip is the unique differential in the closed unit ball of A(X), where 

v takes value ||u ||.

PROOF. First suppose that /?(v) =  1. Then there exists a degenerating

Therefore ||</? — ipn \\ —> 2, thus A(X) is flat a t <p.

Now suppose tha t A(X) is flat at <p G S ( X ) .  Then there exists a sequence 

ipn in S(X) so th a t < ipn,<p > —► 1 and \\p — p n \\ > e > 0. Since the family 

{ifn} is normal, some subsequence tpnk converges uniformly on compact sets 

to  a differential 0  £ A (X). It follows from Fatou’s lemma th a t

Theorem  1 Let ip G S ( X ) and v =  Then A (X )  is weak uniformly 

convex at ip if  and only i f  the degenerating norm of  v is less than 1.

sequence (y>n) in A(X) such th a t v(ipn) =  f f  <pn^  tends to 1. Hence,

However, by Lebesque’s dominated convergence theorem,

\ \ i p - i P n \ \  ~  1 =  j J { \ p ~ P n \  ~  b n |) J  J  \<p\ =  1 .

\\4>W < lim inf ||(^nJ |  =  1.
k —*oo
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If 110 || =  0, then the sequence (<pnk) is degenerating, and Re v(ipnk) = <  

<pn„,ip > ->  1; thus /3{v) =  1. If 0 < ||0 || < 1, take 0 fc =  Then, by

Lebesque’s dominated convergence theorem,

| |  tpnk - 0 | |  -  1 =  J J  ( |  <pnk -  0 | -  | v > „ J )  - >  J j  ~  | 0 | .

Therefore, 0* tends to 1_,p i] =  0 uniformly on compact subsets of X. Fur­

thermore,

i ^   ̂ -  Re v( ^  ~ Re vM 1 ~  VW  > ,
— ^\V^k) it , | |  - l l / l l  —

\Wnk ~ M \  1 - I M I

Hence, (0*.) is degenerating and v(ipk) —* 1; thus f3(v) = 1.

If 11011 =  1, then ||y>njk —011 —> I — 11011 =  0. Hence,

> l = l i m  R * f [ VnM
p  n —►oo J  J  p

T hat implies u(0) =  ||u || and hence 0  =  p.  Therefore \\pnk — | —>• 0; a

contradiction. □

<4>,p >= Re f  [  0 —  =  lim Re f  f  p n} —  = lim < <Pnk,P  > =  1. J J p  n->oo J J in n-+ oo

C o ro lla ry  1 I f  p  G S ( X )  and v = [ ^ ]  G B o ( X ), then A (X )  is weak uni­

formly convex at p.

PROOF. Since V G Bo{X),  we have /3(v) =  0 <  1, and by theorem 1, 

A(X) is weak uniformly convex at p.  □

C o ro lla ry  2 A(D) is weak uniformly convex at each point p n{z) =

P r o o f . Let v =  f^^l. Then,L </>n 1 ’

v W  =  I I d =  f l o  ^ ' > lĵ dxdy  =
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=  f  f ' H A l r i r d t  -  f  r ”+ '( I  /  M * ) *
Jo Jo ein< Jo * J7r zn+1

where 7r is a circle with center at 0 and radius r. Hence,

v(ip) = 2ir [  
Jo

n+1-----:— dr = 2n
n! (n +  2)n!

where = -j^ip(z).  If ?/>*,. is degenerating then tends to  0 as k

tends to oo. Thus f3(v) — 0. □

C o ro lla ry  3 I f  X  is a Riemann surface of finite analytic type then A ( X )  is 

weak uniformly convex.

PROOF. In general B { X ) =  A ( X ) m — B 0(X)**. If v4(A') is finite di­

mensional, then Bo{X)  =  B ( X )  and so (3(v) = 0 for every v in B ( X ) .  In 

particular, we apply theorem 1 to v(ip) = f f  ip^-. □

Theorem 1 and corollaries 2 and 3 give the answers to questions in prob­

lems 1, 2 and 3 in [Go].

C o ro lla ry  4 Let  6  5(D ) and p — Then /1(D) is weak uniformly 

convex at p> iff d ( S f ktl, S)  <  d([fc/i],0) for every k (E (0,1). In other words, 

Sullivan’s coiling property along the Beltrami line [ k ^ ]  is equivalent to weak 

uniform convexity of  A(D) at q>.

PROOF. Combine theorem 1 and the Hamilton-Reich-Strebel necessary 

and sufficient condition for extrem ality in Q S  mod S. □

Note th a t the inequality d ( S f kfi, S )  < d([fc/i],[0]) means th a t the pro­

jection map p : Q S  —> Q S  mod S  decreases the distance between [0] and
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[kp]. By the StrebePs frame mapping theorem, if the projection map p  de­

creases the distance between [0] and some point [7/] in Q S , then there exists 

a constant k and a quadratic differential p  G •S'(D) such th a t [77] =  [k^-]. 

Therefore, corollary 4 shows th a t p decreases the distance between [0] and 

some point [p] in Q S , if and only if there exists a constant k and a quadratic 

differential p  G ^(D ) such th a t [/*] — [A:^] and A(D) is weak uniformly con­

vex a t tp. In [XT], it is proved tha t if the quadratic differential (p G ^4(0) 

satisfies |arg((^)(z)| <  6 for every 2 £  D with |  < 0 < |  +  arcsin ^y, then 

p  decreases the distance between [0 ] and [ k ^ \  for every k  between 0  and 1 . 

Therefore, if |  <  6 < |  -f- arcsin pj-, then /1(D) is weak uniformly convex at 

every point p  which satisfies | arg(<y?)(.z)| <  0 for every z G D.

2.2  C o n sta n t o f  W eak  U n ifo rm  C o n v ex ity .

In this section we strengthen theorem 1 by introducing the constant of weak 

uniform convexity.

First we prove

L e m m a  1 Let p  G S ( X ) ,  v = [ ^ ] ,  and let D (p ,6 )  be the set of  all if in 

S(X)  with < i f , p >  > 1  — 6. Then the following are equivalent:

(1) A (X) is flat at p.

(2) There exist a constant e >  0 and a sequence (pn) in S(X)  such that 

< p n, p  > -*  1 and \\pn -  p\\ > e.

(3) (3(v) =  1.

(4) There exists a degenerating sequence (p n) such that < Pn,P > —y 1-
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(5) There exists a sequence (<pn) in S (X)  such that < (pn, T  > —y 1 and 

IITn ~  ¥>|| -»■ 2 .

(6) sup^eD(Vifi) \\<p-il>\\ = 2, for  every 6 > 0 .

PROOF. (1) is equivalent to (2) by the definition of weak uniform con­

vexity. (1) is equivalent to (3) by theorem 1. (3) is equivalent to (4) by 

the definition of the degenerating norm /?. To prove that (4) implies (5) sup­

pose that (ip n) is a degenerating sequence. Then, by Lebesque’s dominated 

convergence theorem,

| |V?„ — V>|| — 1 = J j ( l ^ n  -  <f\ ~  b n | )  - »  J J  | -  ¥>| =  1 .

Clearly, (5) implies (2 ) and (6 ).

Finally, letting 6 —> 0, we see tha t (6 ) implies (5). □

D e f in it io n  1 We say that A(A') is weak uniformly convex at <p in S ( X )  with

constant 6, i f  sup^eD^ ^  l b  ~  V’ ll < 2 . A(A) is weak uniformly convex with 

constant 8, i f  it is weak uniformly convex with constant 8 at every tp £ S ( X ) .

It follows from lemma 1 that A(X) is weak uniformly convex at ip in S(X) 

if and only if there exists 8 > 0 such that A(X) is weak uniformly convex at 

p  with constant 8.

T h e o re m  2 Let p  £ S ( X ) , 8  > 0, and v = [ ^ ] .  Then A (X )  is weak uni­

formly convex at p  with constant 8, i f  and only i f  (3(v) < 1  — 5.

PROOF. If /3(v) > 1  — 5, then there exists a degenerating sequence (pn) 

in S(X) such th a t <  p n, f  >— v (Tn) fl(v) > 1  — 5. Therefore, we can 

find nonnegative numbers cn such th a t cn —> 0 and cn > x- 6-<V'"{e> - Le^
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ipn =  |j^ + ^ y |[- Then ipn is degenerating because 1 — cn < \\pn +  cnp\\ <

1 +  cn, p n is degenerating, and cn —> 0. Therefore, by Lebesque’s dom inated

convergence theorem, \\ipn — p \ \ 2. Furtherm ore,

, <  <b’n ) (/J >  d"c n <  ‘PniP >  4 'c n ^  r< v>n, >= -n— ; M-   ̂— r~rz------>i - o .llV̂ n "I" CnĈ H 1 T  Cn

Therefore, sup^eD^ ^  ||y> — ip\\ =  2 and A(X) is not weak uniformly convex 

a t p  w ith constant 8.

To prove the converse, we assume tha t /3(v) < 1 — 8. Suppose th a t A(X) 

is not weak uniformly convex at tp with constant 8. Then, there exists a 

sequence <pn in D (p ,8 )  such th a t \\tpn — tp\\ —» 2. Since the family {tpn} 

is normal, some subsequence of <pn converges uniformly on com pact sets to 

some ip £  A (X ). W ithout loss of generality we can assume th a t tpn converges 

uniformly on compact sets to ip. We have,

1 =  l im ( ||v 9 „  -  tp\\ -  1) =  l i m J  J  ( \ p n -  <p\ -  Iv’n l)  =  11^ -  <p\ \~  I M I -

Hence, \\ip — tp\\ =  [ |0 || +  || — p\\, thus |ip — tp\ =  \ip\ +  | — tp\. Therefore 

ip — —k p  with some constant k >  0. If k — 0 then tpn is a degenerating 

sequence, and

/3(v) >  lim\v(ipn)\ > l im < Pm^f > > I — 8, a contradiction.

If At =  1 then, by Lebesque’s dominated convergence theorem, \\pn — ip\\ —>

1 — I M l =  0- Therefore,

<  p n, p  > —>< ip,p >— —1, a contradiction.

yn-tjl
llv>n-V>ll 'Finally, suppose th a t 0 <  k < 1. Let ipn =  • Then (ipn) is a degener­

ating sequence in S(X), and

Re  >  t - 6 - R e v W
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1 — 8 — Re v(tp) _  1 — <5 +  A:
T H W I  i - k  -  “  •

T hat yields /3(v) >  1 — <5; a contradiction. □

The principle of Teichmuller contraction and theorem 2 improve corollary

4.

C o ro lla ry  5 I f p  6  ^(D ), 0 <  K  < 1, and i f  A(D) is weak uniformly convex 

at p  with constant 6, then

d ( S , S f k <  (1 -  (1 -  I<)26)dP(0,k)  

fo r  every 0 < k <  K.

PROOF. Suppose that 0 < k < K.  Let ko =  ^  u  • Then
BDf/* v> )+l

r f (5 ,5 / fcl5l ) =  dp(0 ,fco)-
Since A(D) is weak uniformly convex at p  with constant <5, /3 ([^]) <  1 — 6 

by theorem 2. By proposition 3.2 in [Gl] we have

k ~  h  >  (1 -  k)2k ( l  -  /3([M ])) > (l _  K ) 2k8.

Therefore ko < k(  1 — (1 — K ) 2S).

Now consider function 1(c) =  log — clog We have /(0) =  / ( l )  =  0 

and l'(c) — x_^° 2' — log Therefore /' has exactly one zero on the interval 

(0,1). Since I" >  0, 1 is negative on (0,1). Thus log <  clog for every 

c G (0 , 1).

Let C = 1 -  (1 -  K ) 2S. Then d ( S , S f k^ )  = dP(0,ko) < dP( 0 , C k ) < 

CdP(0,k).  □
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C o ro l la ry  6  Let C < 1, <p 6  S {X ) ,  and v =  [ ^ ]  G Bo{X). Then A (X )  is 

weak uniformly convex at with constant C.

Therefore,

(1) for  every C < 1 and every n, /1(D) is weak uniformly convex at 

<pn(z)  =  with constant C, and

(2) i f  C < 1 and i f  R  is a Riemann surface of  finite analytic type, then 

A (R )  is weak uniformly convex with constant C.

PROOF. Since v £ Bq(X)  we have fi(v) = 0, and corollary 6  follows 

immediately from theorem 2 . □



C hapter 3 

Zygm und B ounded Functions  

on a C losed Set

3.1  D efin it io n s .

In [G3], Gardiner defined the complex Zygmund space Z ( C) to be the set 

of complex functions V(z) defined on C such tha t V induces a motion of 

cross ratios with bounded velocity measured in the Poincare m etric for the 

cross ratio of every possible quadruple of points selected from C, factored by 

quadratic polynomials.

In other words, Z (C )  is the set of functions V(z) satisfying

M T  M T
M e .  =  sup \ —  \p{— ) \V {LM R T) \  <  oo (3.1)

where L  =  z2 — z4, M  =  z3 — z2, R  — z4 — z3 and T  =  z\ — z4, p is the 

infinitesimal form of the Poincare metric in C — {0,1},

V ( L M R T )  =  V (*a) ~  V(*l} V{Z2) ~  V{Z3) I V{23) ~  V{Z4) V{Zi) ~  y ( *l}
Z2 -  Z\ z2 -  z3 z3 -  z4 z4 — Zi

15
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and the supremum is over all combinations of four distinct points 21, 2:2,23 

and 24 in C. This norm makes 2 (C )  into a Banach space.

A gard’s formula

m o -1 =  - / / 1 , t \ \dxdy^7T J JC z(z  — 1)(2 — t) 

shows th a t if p G L°°(C) and if V(t) is given by formula

l/(f) =  - i  / 1 , .(2) ( ^ -  -  - L -  +  —  )<faA, (3.2)
TT J JC Z — t 2 — i 2

then V  G 2 (C ) and ||V ||cr <  \\p\\co-

In [EG2], Earle and Gardiner defined the complex Zygmund space of a 

closed set J in C as follows. Assume J is a closed set in C th a t contains the 

point a t infinity. Let A ( J ) be the Banach space of functions f ( z ) ,  holomor­

phic in C — J  and measurable on C such tha t | | / | |  =  f f c \ f (z ) \dxdy  <  00 . 

Let Z ( J )  be the set of functions V(z)  defined on J  such tha t

71-smp | | =  ||V ||r  < 00 ,

where the supremum is over all rational functions Y%=i norm

1; and let Z ( J )  be Z ( J )  factored by the two dimensional subspace of affine 

functions.

Notice th a t every function V of the form (3), with p G L°°(C), belongs 

to Z ( J ) .  To prove the converse, assume tha t 0 and 1 are in J  and let V  G 

Z ( J )  such th a t K(0) =  V( l )  =  0 . Define L(<p) =  — 7r)Cj=i V ( x j ) cj f°r every 

tp = Yl]=i ’n A(J). Let R(J)  be the set of rational functions ^  which are 

holomorphic in C except for a t most finitely many simple poles a t points in 

J  and for which f f c |i/>| <  00 . Then, we have \L(p)\ <  ||V '||t ||^ )|| for every p  

in R(J) .  R (J )  is a subspace of L1(C), and by Hahn-Banach theorem  we can
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extend L to a bounded linear functional L on /^ (C ). Therefore, there exists 

H G L°°(C)  such th a t L(p)  = f f c p p  for every p  G A(J ) .

Let

Then W  G 2 (C ) ,  d W  =  p in the generalized sense, and W z  — V z  for every

Therefore, every V G 2 ( J )  can be extended to a function W  G 2 ( C )  

w ith bounded d  derivative.

Also in [EG2], it is proved tha t the norms ||. ||y  and 11.11cr are equivalent 

when J  = C.

3 .2  T h e  P a ir in g  B e tw e e n  Z{ J )  an d  A(J) .

For p  G A ( J )  and V  in 2 ( J )  define a pairing ( , ) : 2 ( J )  x A ( J )  —* R by

T h e o r e m  3 The pairing ( , ) between A (J )  and 2 ( J )  given by (4) is well 

defined.

P R O O F . We have to show tha t the pairing does not depend on which 

extension of V is chosen. Assume tha t V G 2 (C ) ,  such th a t V is identicaly 

equal 0 on J. Let p  G A (J )  and let (V,p)  = h  +  h i  where

z G J.

(3.3)

where V  is any extension of V with bounded d  derivative and with V(z )  =

o(z2) as z —> oo.
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h = jjy w .
Using the mollifier, Ahlfors showed th a t I x =  0. (See, for example, [G2], 

page 72).

To prove I 2 = 0 we have to show tha t d V ( z ) =  0 for almost every z £ J. 

Let /i =  dV. We may assume tha t set P  =  {z £ J\p(z )  ^  0} has positive 

Lebesque measure. Therefore, there exists a point in P, which is a Lebesque 

point of p and of the characteristic function of J .  W ithout loss of generality 

we may assume th a t this point is 0. Let 2 =  ret8. If r is sufficiently small, 

then there exist points p and q in </, such that

■ r 1 r , 1 2r  r\ p  e <  — and \ q  e < — .
W 3 1 10 'q 3 1 10

Letting L = retB — 0, M  = q — re'e, R  = p — q, and T  =  0 — p, we get 

M T  (p — 0 )(re,B — q)
L R  (p -  q) re"

-, and

V I L M R T )  = V(p)  ~  ’/(0 ) V[?) ~  V(q)  I V(reW) ~  V M  V (re" ) ~  V(0)
p — 0 p — q rel8 — q relB — 0

Then, \ ^ \ p ( ^ ) \ V { L M R T ) \  < ||U ||cr <  | | / « | | o o ,  and consequently |U (2 )| <  

C\z\,  for some constant C.

Now choose e > 1 such th a t ^-|/i(0)| >  |||/||oo(l — ^ )-  Then take a smooth 

function h on R such tha t h(x) = 0 when x > 1, and h(x)  = 1 when x  < 0. 

Let

hn{x) =  h{ ^ ).
n  n c

One verifies tha t

(1) hn(x) =  0 for x > i ,

(2 ) hn(x ) =  1 for x < -L, and
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(3) |/!4(£)| ^  Cn  w'th  some constant C, 

provided th a t n is sufficiently large.

Let H n(z ) =  hn(\z\). Then,

We have

\—  [ [  V d H n | <  — | f  f  const.\ < const Vi'~
\ J J  * ' J h z t e f r - J  \{\z\ < £}|

tends to 0 as n tends to oo. Furthermore,

l im su p |— f  f  f.iHn \ =  lim s u p (^ ^ — ^-| f  j  p,Hn+ —  f  f  f iHn \)
n-oo TT J J n—+oo £ 7T JJ{\z|<£} x J J { ± -<|*|<i-}

> ^ IM 0 )l -  I H W i  -  4 ) -e1 el
This contradiction proves theorem 3. □

C o ro lla ry  7 Let J  be a closed set in the complex plane and let R ( J )  be the 

set of  rational functions ip which are holomorphic in C except for  at most 

finitely many simple poles at points in J  and for which f f c \ip\ < oo. Then 

R (J )  is dense in A (J )  in the L l -norm on C.

Remark: This corollary generalizes the Bers’s approxim ation theorem, 

[B],[A], because the norm on A (J )  is given by integration over all of C.

P R O O F . If J  is a finite set, then the theorem is obvious. If J  is infinite, 

we may assume th a t 0,1 and oo are in J. Suppose th a t R (J )  is not dense in 

A(J) .  Then there exists a non-zero bounded linear functional on A {J )  th a t 

vanishes a t R (J) .  By Hahn-Banach theorem it can be extended to a bounded

>
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linear functional on Zd(C). By Riesz theorem, there exists L 00 complex valued 

function p(z)  which satisfies the orthogonality condition

satisfies d V  =  /1 , where the derivative is taken in the distributional sense. 

Notice th a t r(£) =  belongs to R{J)  for every z £ J. Therefore

V(z )  = 0 for every z £ J. Theorem 3 implies th a t Re  / / c /«/? — (P ,^ )  =  0 

and I m  f f c pip = — (V,ip)  — 0 for every p  £ A(J ) .  □

C o ro lla ry  8  The dual space of  A (J )  is isometrically isomorphic to the space

PROOF. This corollary follows immediately from theorem  3. □ 

Theorems 1 and 2 apply to A(A'), where X is a Riemann surface. Parallel

is arb itrary  closed set in the plane with Lebesque measure 0. A sequence tpn

tends to zero uniformly on compact subsets of C — J. If V  £ Z  then f3(V) =  

sup l im s u p ^ ^  |(V,y>n)|, where the supremum is taken over all degenerating 

sequences <pn in A (J) ,  is called the degenerating norm.

Let S(J) be the unit sphere in A(J). We say th a t A(J) is weak uniformly 

convex a t a point <p £ S ( J ) with constant 8 if sup^g^ ,^^  \\tp — ij>\\ < 2 , 

where D(ip,8) is the set of all ?/> in S(J) with ([^],V 0  > 1  — 6. We obtain the 

following two theorems which are parallel to theorems 1 and 2 .

for all ip in R(J) .  The potential function

tl{()d£drj

Z ( J ) .

theorems with parallel definitions and parallel proofs apply to A (J ) ,  when J

in A ( J )  is called a degenerating sequence if ||v?n|| <  1 for every n and if ipn
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T h e o re m  4 Let p  G A (J )  and v = [ ^ ] .  Then A(J)  is weak uniformly 

convex at p  i f  and only i f  the degenerating norm of v is less then 1.

T h e o re m  5 L e tp  6  S(J ) ,  6 > 0, andv  =  [ ^ ] .  Then A(J )  is weak uniformly  

convex at p  with constant 6, i f  and only i f  fi{v) < 1  — 5.

3 .3  T h e  ca se  J  is a C ircle  or a  L in e.

Now we consider the case when J  is a circle or a line in C. If B  is a Mobius 

transform ation transforming J j onto J 2, then B  induces a natura l isomor­

phism from Z { J 2 ) onto Z ( J i )  by pullback; given V  G Z ( J 2), B * V ( z ) =  

V ( B ( z ) ) /B ' ( z ) .  This mapping preserves vector fields of the form ( a z 2 + /3z + 

7 ) ^  and therefore B* is well-defined on the space of vector fields on J  fac­

tored by the three dimensional subspace of quadratic polynomials.

Z { J )  has a real locus, ZTeai(J),  consisting of those vector fields on J  

which point in direction tangent to J. Thus V  G ^reai(R) if V  is real-valued 

and V  G Zrcai(9D) if V(e ,6) / i e ,e is real-valued. In [GS], Gardiner and Sul­

livan proved th a t either of these spaces is naturally identified with the tan ­

gent space to universal Teichmuller space. This fact was observed earlier by 

Reimann in [R]. Elements of Zreai(R) give infinitesimal generator for curves of 

quasisymm etric self-mappings of R and similarly, Zreai(3B) give infinitesimal 

generator for curves of quasisymmetric self-mappings of dB.  An element of 

•Zreai(R) can be represented by a real-valued function R(.t) for which

M ( )  _  | , /(x +  0  +  V-(, - 0 - 21/ M |  (3 4)

is uniformly bounded for all t. This representation is unique up to the addition 

of a function of the form ax  +  h.
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Zreai(dD) is naturally dual to A(B). This fact is somewhat suprising be­

cause, while A(D) is complex Banach space, Zreai(5D) appears to be only a 

real vector space. However, it has a natural complex structure coming from 

the H ilbert transform  which is explained in [G3]. The natural isomorphism 

from Zreai(R) to the real Banach space /1(H)*, where H is the upper half 

plane, is given by the following recipe. Starting with V  in Zreai(R) a PPty 

the Ahlfors-Beurling extension formula to obtain an extension V  of V  to 

the upper half plane with bounded d  derivative in generalized sense. Then 

tp —> Re f f  <pdV yields an element of /1(H)* (see [G3]).

The predual space to /1(H) is realized by the closed subspace 2reaj(R) 

consisting of those K ’s in Zreai(R) for which ev(t)  defined in (5) is bounded 

and which satisfy the further condition tha t ev{t) —*• 0 as t —► 0 .

Let p £ D. Define vp G 5 (D ) =  /1(D)* as point-evaluation a t p; vp{ip) - - 

Cpip(p) for every ip G /1(D), where cp is a positive constant selected so th a t 

| [ 11 =  1. Since i  f f  \ip\ >  |ĉ >(0)| for every holomorphic function p> in D, we 

obtain c0 =  ir. To obtain cp let 7 (2) =  Then 7 '( 0 ) =  1 — |p |2 >  0, thus 

vp{if) — vo(if o 7  • y 2) for every ?/> in /1(D). Therefore cp =  7r( l — |p |2). 

Furtherm ore ipo(z) =  L is the only function in 5 (0 )  for which uo(<^o)

'0  =  1. Therefore, ipp{z )  = is th e  o n ly

function in 5(D ) for which v p(ipp) =  1.

We define vn G 5 (D ) by vn(ip) = cn<̂ lnl(0) for every tp G /1(D), where 

cn is a positive constant so th a t ||un|| =  1. In corollary 2 we saw th a t vn G 

5 0(D), c„. = {nl l )ni and vn(pn) =  ||un|| =  1 for tpn(z)  =  ^ 2". Since 

Vo G 5 0(D) we have vp G 5 0(D) for every p  in D.

By Hahn-Banach theorem:

1) Linear functionals v n span a dense subspace of 5o(D) and
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2) If (pn) is a sequence in D with a limit point in D then (vPn) span a 

dense subspase of i?o(D).

Similarly we can define point-evaluations for any Riemann surface X. 

For every point p choose a chart z : U —» z (U ) with p G U and define 

vp G B ( X )  by vp(ip) = cptp(z(p)) where if){z{p)) is the local expression for 

the quadratic differential ^  in terms of the local param eter z, and cp is the 

constant chosen so tha t ||up|| =  1. This linear functional depends on the 

choice of local param eter 2 . However, ker(vp) is defined independently of the 

local param eter. Therefore we can define vp independently of this choice, up 

to a multiplication by a constant of modulus 1 , if we stipulate th a t ||up|| =  1.

Question  : Which divergent sequences pn in X have the property th a t 

vPn span a dense subspace of B ( X ) .  Equivalently, which divergent sequences 

pn in X  have the property th a t p(pn) — 0 for every pn and ip G A (X ) imply 

th a t p(z )  = 0?

As an illustration we find functions Vn(x) and Un(x) in Zreai(R) th a t 

correspond to Re vn and I m  vn under the natural isomorphism between 

/1(H)* and Zreai(R) given above.

Let 7 [z] — Then 7 is conformal mapping from the upper half plane 

H onto the unit disk D. Thus, we ought to find Vn : H —> H such th a t 

K>(R) C R, dVn = J*Pn, and Vn(z) -  0 ( z 2) as 2 -> 00 ; where 7 *pn =  ^ n ° 7 ^  

and p n(z) =  ^jr- Observe th a t if Vn(z ) =  then dvn — p n-Z *7 (Z)
Hence, di>n — thus,

2 zT+1
vn(z) — -------—rr— h a conformal mapping .

n +  2 z 2
Therefore,

,> / x   i { z - j ) 5 +1{z + i)%+2
n{ } n + 2 ( 7 + i ) ? + ' { z - i ) %

+  a conformal mapping f ( z ) .
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Letting

n  1 n +  2 (z + i)n+1 ’

we see th a t

1 1 Ir — ,’|n+3
| v . l s ^ l » - i | | *  +  i| +  ^ j j T 7 L r  =  o (**)

as ^ —> oo. Furtherm ore,

A 7 (  t» «L 9
Vn(x) =  2 Re  ( ----- ^ 7-  - t t )  for x real.

v ' v n +  2 (a -  z ) ^ 1'

Therefore,
t ,  , n 2 (*  +  *)2n+4 ,
K'(X) =  n +  2 (x> +  l ) » «  and

u  (X ) -  2 f l e ( s  +  0 2"+4
j ~ n  +  2 (®2 +  l ) n + l  ’

up to addition of a linear polynomial. So, for example, Vo(a;) =  yiyy, and

Uo(x) =  p —  up to addition of a linear polynomial.

Normalize Vn( x ) and Un(x) such th a t they vanish a t 0 and a t 1. Let 

V  € Zreai(R) such th a t V(0) =  0 and V ( l )  — 1. Functions Vn(a1) and Un(x ), 

together span a subspace T of Zrcai(R). T is dense in the weak star topology, 

because a holomorphic function on a domain with all derivatives a t certain 

point equal to 0 is a zero function. Hence, some sequence (W n) of linear 

combinations of Vn 's and Un 's converges to V  in the weak star topology, 

thus R x {Wn) —> RX(V),  where R x(t) =  and x is arb itrary  real

number. It yields W n(x) —> V(.t), for every real num ber x.

By Banach-Steinhaus theorem, there exists M  >  0 such th a t ||W n || <  M  

for every n. T hat implies th a t every Wn satisfies e log e -modulus of continuity 

uniformly on compact sets. Therefore, W n(x) converges to V(a-) uniformly 

on compact subsets of R and we have proved the following theorem.
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T h e o re m  6  A linear span of  functions Vn and Un is dense in Z reai(H) in 

the topology of  uniform convergence on compact subsets of  R.

Let 0 <  p < 1.

l - < i p p, ¥ o >  l - n R e i p p(0)

_ U S \ ^ S - H ) 2 (IS
7T2(1 — (1 — P2)2) 7T2(2 — p2)

Since
((2 — p2 +  p2z 2 — 2pz)(2z — p — pz2) j 24

(1 - p z ) A (1 - p ) 4 ’
by Lebesque’s dominated convergence theorem,

1— <  ‘Ppi f o  > 2tt2

Now let n > 1 and let ipn<p — ipn((3(z))f3'(z)2 where j3{z) =  We have 

| bn,p| | =  1 and

where C  =  ^ r | | zn~l (l  — (n +  4)z2)||. Furthermore,

1 <[ (pn,p'> ¥11 ^ ^ n ( ^ n , p )  —

= 1 -  (1 -  p2)f y((* -  p)”(l -  pZ)— •')M(O) =

=  l - ( l - ! > 2)2-!TD  " ) ( ( ^ - p ) " ) l"-‘ l ) ( 0 ) ( ( l - p 2:)-“- , )I‘l)(0) =
n - k=0 K
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=  np2(n +  4) +  2p2 +  o(p2).

Therefore,

I K P - ^ „ | | 2 c 2'------ ----------------->    — > 0 as p 0 .
1 - < < p n,p,lP n >  2 +  n(n  +  4)

Therefore |  is the best exponent of weak uniform convexity of /1(D) at

po{z), and we proved the following theorem.

T h eo rem  7 I f  n is a nonnegative integer and a  > \  then A(B) is not weak 

unifoi'mly convex at <pn{z) — ^ ĵrZn with exponent a.

Question  : Is /1(D) weak uniformly convex a t points <pn(z) =  Z2 ^ 271 with 

exponent |  ?



C hapter 4

A n  Isom etry T heorem  for 

Q uadratic D ifferentials on  

R iem ann Surfaces o f F in ite  

G enus

4 .1  In tr o d u ctio n

Let A(X) and A(Y) be the complex Banach spaces of integrable holomorphic 

quadratic differentials on Riemann surfaces X and Y. If a  is a conformal 

m apping from Y onto X, and C is a complex constant of modulus one, then 

Co* : A(A') —> A{Y )  defined by Ca*((p)(z) = C<p(a(z))a'{z)2 is complex 

linear isometry in the norms for A(X) and A(Y).

The main result of this chapter is the following theorem.

Iso m e tr y  th eo rem  I f  the Riemann surfaces X  and Y  are subsets of

27
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compact Riemann surfaces X \  and F ,  respectively, such that set X \  — X  

has infinitely many points, then every linear isometry L from A ( X )  onto 

A ( Y )  comes from pull back by a conformal mapping a  from Y  onto X  and 

multiplication by a complex constant C of  modulus one, i.e. L  =  Ca*.

A Riemann surface is of finite analytic type (g,n) if it is obtained from 

a compact Riemann surface of genus g by deleting n points. The Riemann 

surface of finite analytic type is exceptional if (g,n) is equal to (0,3), (0,4), 

(1,1), (1,2) or (2,0). For the case of Riemann surface of type {g,0),g  >  2, 

the isometry theorem was proved by Royden ( [R] ). Using the same m ethod 

of proof, Earle and Kra generalized the isometry theorem  to the case of 

nonexceptional Riemann surfaces of finite analytic type. The m ethod was 

to study the smoothness properties of the Zd-norm on A(X) and A(Y) and 

to consider the differentials in A(X) and A(Y) with zeroes of the highest 

possible order a t the points in X and Y. This m ethod does not generalize to 

the case where X is not of finite analytic type because there is no limit on 

the order of zero of a differential in A(X).

A Riemann surface is of finite genus if it can be holomorphically imbedded 

into a subset of a compact Riemann surface. We prove the isometry theorem 

in the case where X and Y are subsets of compact Riemann surfaces A'i 

and Y\ such th a t set X \  — X  has infinitely many points. Therefore A’ and 

Y  are Riemann surfaces of finite genus. A further condition imposed on 

X  simply means th a t X  is not a Riemann surface of finite analytic type, 

a case completely discussed in [EK]. Hence, we prove the isometry theorem 

precisely in the case when A" is a Riemann surface of finite genus and infinite 

topological type and Y  is a Riemann surface of finite genus. In the proof 

we use the smoothness of the T1-norm on A(X) and A(Y), and we consider
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differentials in A(X) with a t least a double zero a t some fixed point in X.

In section 2 of this chapter it is shown th a t the integrability of the 

quadratic differential ~ , where ip and ip are in A(X), is an invariant for 

every linear isometry L from A(X) onto A(Y). T hat is obtained by proving 

th a t the integrability of ^  is equivalent to the existence of the second deriva­

tive of the function f ( t )  = \\<p +  tip|| a t t =  0 , in the direction of both real 

and imaginary axises.

In section 3 we consider the case where X and Y are plane domains. We 

show th a t the image under L of the space of all quadratic differentials in 

A(X) with a t least a double zero at some fixed point p in X is the space of all 

quadratic differentials in A(Y) with at least a double zero a t some point q in 

Y. T hat implies tha t the image under L of the space of all differentials in A(X) 

th a t vanish at p is the space of all differentials in A(Y) th a t vanish a t q. The 

function from Y to X th a t sends q to p is a conformal homeomorphism which 

together with a complex constant of modulus 1 realizes the given isometry.

We prove the isometry theorem in section 4, following the same steps from 

the plane domain case and using the standard theorems about the existence 

of certain meromorphic functions on Riemann surfaces.

Finally, in section 5 of this chapter we prove few corollaries including one 

about the existence of uncountably many non-biholomorphic Teichmiiller 

spaces.

The isometry theorem was one of the three main tools in Royden’s clas­

sification of all holomorphic automorphisms of the Teichmiiller space of a 

compact Riemann surface of genus a t least two ( [R] ). Royden showed th a t 

every holomorphic isomorphism F between Teichmiiller spaces of compact 

Riemann surfaces of genus a t least two is induced by a quasiconformal home­

omorphism </; F ( [ f ]) =  [ /  o g]. The starting point in Royden’s proof is
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the fact th a t Teichmiiller’s metric is equal to Kobayashi’s m etric for finite­

dimensional Teichmiiller spaces. A consequence of this equality is th a t any 

holomorphic homeomorphism between Teichmiiller spaces induces isometries 

on fibers of the tangent bundles. Gardiner proved th a t Teichmiiller’s and 

Kobayashi’s metrics coincide on Teic h(X) ,  for any Riemann surface X ( See 

[Gl] ).

W hen X is compact except for finitely many punctures, Z(X), the tan ­

gent space to T e ich (X )  is finite-dimensional, and therefore any isometry from 

Z(X) onto Z(Y) is induced by an isometry between their predual spaces A(X) 

and A(Y). Earle and Gardiner showed tha t an isometry from Z(X) onto Z(Y) 

is induced by an isometry from A(Y) onto A(X), for any Riemann surfaces 

X and Y ( [EG] ). If Riemann surfaces X and Y satisfy the hypotheses of 

the isometry theorem then every isometry L from A(X) onto A(Y) comes 

from pull back by a conformal mapping from Y onto X and m ultiplication 

by a complex constant of modulus one. Royden showed th a t the constant of 

modulus one is equal to one by using the fact th a t the action of the m apping 

class group on T e ich (X )  is discontinous. Earle and Gardiner proved the cor­

responding result for infinite-dimensional Teichmiiller spaces by considering 

Teichmiiller disks and Jenkins-Strebel differentials ( [EG] ).

Therefore, the results in [EG] and the isometry theorem  generalize Roy­

den’s classification.

A u to m o rp h is m  th e o re m  I f  the Riemann surfaces X  and Y  are sub­

sets of  compact Riemann surfaces X \  and Y\ , respectively, such that set 

X \  — X  has infinitely many points, then every holomorphic isomorphism from  

T e ic h (X )  onto Teich(Y) is induced by a quasiconfoi'mal homeomorphism g 

from Y  onto X  . In particular, every biholomorphic self mapping of  Teich(X)
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is induced by a quasiconformal self mapping of  X.

4 .2  T h e  N o n sm o o th n e ss  o f  th e  N o r m  o n  Q u ad ratic  

D ifferen tia ls

Recall th a t if X is a Riemann surface then A(X) is the Banach space of all 

holomorphic quadratic differentials ip on X satisfying ||y?|| =  f f x  |y>| <  oo.

Note th a t if p  and ip are t wo differentials in A (X ), then ^  is also a 

quadratic differential on X.

In this section we use the smoothness properties of Teichmuller’s m etric 

to show th a t the integrability of a quadratic differential ^  is an invariant 

for any complex linear isometry L from A(X) onto A(Y). F irst we prove the 

following simple inequality for complex numbers.

L e m m a  2 For all complex numbers z 7  ̂ 1; Ijirff — 1| ^  Mz \-

P r o o f . Let 1 -  z =  reil.

If r  >  then (27’ — 1) cos t < 2r — 1 <  r 2,

— cos t < r2 — 2 r  cos t ,

—2 cos t < 2 ( r 2 — 2 r  cos t , )

2 — 2 cos t <  2(?-2 — 2?- cos t +  1),

\eu -  1|2 <  2|1 — 7'e,( |2,

IfO <  r <  then \z\ =  |1 — reif| >  1 - r  >  |  and =  W l ~ l \  <  2.
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Therefore, 

for every z ^  1. □

Consider the real valued function f ( t )  =  \\<p +  tip|j =  f f  \(p -f tip\dxdy 

where ip and 4’ are elements of A(X), ||c^|| ^  0 and t is a real number.

L e m m a  3 Let X  be an arbitrary Riemann surface. I f  <p, ip £ A { X )  and 

^  £ L 1(X ) ,  then f ( t )  = \\ip +  tip\\ has a second derivative at t—0.

v+tip
0 .

PROOF. One verifies th a t f ' ( t )  =  Re f f  Provided th a t ||y> +  ir/>|| 7^

Therefore,

m - _ m = [  /  Re{± M { ' l ± 3 .  _  1}).
t J J  t <p + tip ip J J  t <p 1 + 1&<p + tip ip J J t ^  1 +

An easy calculation shows tha t, except a t the zeroes of p{z),

v t <p(z) 1 n
TO

converges to
I m 2{ip{z)ip{z)) j n

M - ) l3 ‘ ° '

Also -  !))! £  e  ^ ‘ (A') by lem m a 2.

Therefore, by Lebesque’s Dominated Convergence Theorem, lim ^oo  TpHTfo) 

exists and is equal to f f  /̂rn| Thi s proves lemma 3. □
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L e m m a  4 Let X  and Y  be arbitrary Riemann surfaces. Suppose that L is a 

linear isometi'y from A (X )  onto A(Y) .  Then, for  every ip and if in A ( X ),

- e i ' ( X )  iff ^ p l e L \ Y ) .
<p L(ip)

PROOF. Suppose tha t if,<p E A(A') and ^  G L 1(X )  . For any subset S 

of Y, let gs(t)  =  f f s  \L<p +  tLip\ and hs(t)  = f ( t )  — gs(t).  By lemma 3 we 

know th a t / ( / )  has a second derivative a t t =  0. Take any point p in Y. Let 

m be the order of zero of Lip at p, and k the order of zero of Lip a t p. Let U 

be a small conformal disk with center a t p such th a t L i fL p  has no zeroes in 

U — {p}. Then, obviously, hu(t)  =  f f Uc \Lip +  tLi f  | is a convex function. If 

m  — k > 2 + k, then gu{t) — gu{0) — tg'u{0) — Ce(t) +  o(e(t)) where C  >  0, and 

e(t) =  jt |1+m-/c when m  — k > 2 +  k, and e(t) — t2 log j|j when m  — k =  2 +  k 

(See [G2]). Since hy  is convex, we have hu{t) — hu{0) — thy(0) > 0 . This 

contradicts the existence of /" (0 ); thus, m  — k <  2 +  k and G L}0C(Y).  

Now take any compact set K  C Y.

G L 1(K),  and by the proof of lemma 3

Since !ik  is convex,
f f  ( Im(LifLfp))2 „ .

J J k  \Lp\* ~  J [ h
Letting I\ —> Y  we obtain

Now, instead of P. take t p . We have ^  G L l (X) ,  and so

„ f  f  ( I m ( i L i , L d f  f  f  ( R e ( L 4 , L t ) f
00 >  J J r  i i^ j3 =  J J y  \ L v P  (4'2)



34

Adding (1) and (2), we see that

r t  w m *  [ f  \jm !
J J r  \ L . f P  S l y  \ L p \  '

Since L is invertible, that proves lemma 4. □

4 .3  P la n e  D o m a in  C ase

Let X be a domain, and let C be a set in a complex plane with parameter z . 

Let R(C)  be the set of rational functions r(z)  which are holomorphic except 

for at most simple poles at points of C, and for which ||r || =  f f c \r(z)\dxdy < 

oo.

We will frequently use an approximation theorem for A(X) due to Bers 

( [B] ) and Ahlfors ( [A] ). We refer to this theorem as Bers’ approximation 

theorem.

T h eo rem  (B ers) If X is a domain in the complex plane and C is dense 

in X c, the set complementary to X, then R(C) is dense in A(X).

Notice that if a  is a conformal mapping from a plane domain Y onto a 

plane domain X, then a* : A(X') —> A ( Y )  defined by a*ip(z) =  (p(a(z))a'(z)2 

is complex linear isometry in the norms for A(X) and A(Y). Moreover if a  is 

a Mobius transformation, then the set complementary to X is transformed 

onto a set complementary to Y.

In this subsection we prove:

T h eo rem  8 I f  X  and Y  are two plane domains such that X c is infinite 

and i f  L  : A ( X )  —> A ( Y )  is a linear invertible isometry, then there exist a 

constant C of  modulus one and a confownal mapping ft from Y  onto X  such 

that L = C/3*.
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Before beginning the proof of theorem 8 we state a definition and prove 

a lemma about rational functions which is used frequently in the proof .

D e fin it io n  2 For any rational function R(z)  = C  (^Iqp\')( -̂ ~ z -  p™ j » ^ie or~ 

der o f  R, denoted by ord(R), is equal to m  — n.

L e m m a  5 I f  R\  ^  0 and /  0 ore two rational functions with no double 

zeroes in common, then there exist constants C\ and C2 such that

(a) C \R \  +  C2 R 2 has no double zeroes,

(b) i f  Ri(p)  =  00 or i?2(p) =  00, then C\Ri(p)  +  C2i22(p) =  00, and

(c) ord(C\R\  -fi C 2 R 2 ) =  max{ord(R \) ,ord (R 2 )}-

P r o o f .  Suppose (C i, C2) 7̂  0 .

C ii?i(a)+C 2i?2(o) =  0 and Ci-ft'1(a)+C2-/?2(a) ~  0 imply that R i ( a ) R 2(a )— 

R[{a)R2{a) = 0.

Consider R(z)  — R i ( z ) R 2(z) — R ,1( z )R 2(z). If R  =  0 then Ri  =  C R 2 and 

we can take Ci =  0, C2 =  1.

Suppose that R  7̂  0. Then, A — {a\R(a)  =  0} is a finite set.

If R\{a), R 2(a), R[(a)  and R'2(a) are all equal to zero, then R\  and

have a common double zero at a.

If a £ A,  and not both R\{a)  and are zero, then C\R\{a) —

—C2/?2(a) is a linear condition for Ci and C2.

If a G A , and not both R\{a)  and R 2(a) are zero, then C iR [ (a ) =

—C2i2'2(a) is a linear condition for Ci and C2.

Therefore, to satisfy condition (a), it is enough to take (C i,C 2) from the 

set { { C U C2)\ (Vn G A) CiRi{u)  7̂  —C2i?2(a ) or CiR\(a)  7̂  —C2-ft2(ct)}.

Since R\  and have finitely many poles, to satisfy condition (b), we are 

only restricted by finitely many linear conditions for Ci and C2.
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To satisfy (c), it is enough to take C i ^  0 and C2 7  ̂ 0 such th a t aC\  +  

fiC? 7  ̂0 where a  and 0  are such that

' = and  =
(z -  bx)...(z -  bm) (z -  dl )...{z -  dj)

Therefore, to satisfy conditions (a), (b) and (c) we are only restricted by

finitely many linear conditions for C\ and G<i. □

P r o o f  o f  th eo rem  8.

Since the proof of theorem 8 is rather long, it will be convenient to divide 

it into several steps.

S tep  I We may assume that 0 belongs to X and to Y, and that 00 is a

cluster point of X °  and of Y c.

PROOF. The complement of X is an infinite set. That means that the 

boundary d X  of X must contain at least one cluster point. Let p be a cluster 

point of OX,  q an interior point of X, and a ( z )  =  Then, a* is an

isometry from A ( a ( X ) )  onto j4(Ar), and a ( X )  contains 0 in its interior and 

00 on its boundary. □

D efin itio n  3 Let F be the space of  all differentials in A ( X ) which have at 

least a double zero at 0, and V be the space of  all differentials tft in A (X) for  

which there exists a diffei'ential in F  such that ^  is integrable in X;

F  =  {<p £  A(Ar)|tp(0) =  0 and p \ 0 )  — 0},

v =  \ J ^ e A ( X ) \ ^ e L \ x ) } .
v e F  '-P

S tep  II  V,  the closure of V, is the set of all quadratic differentials in A(X) 

that vanish at 0 . Therefore, C odimension(L(V))  =  1.
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P R O O F .  If d> and ip are in A(X), and <p belongs to F, and ijj does not 

vanish at 0 then ^  has a double pole at 0 and is not integrable. Therefore, 

V  is contained in the set of qudratic differentials in A(X) which vanish at 0.

Conversely, assume that is a rational function in A(X) and >̂(0) =  0. 

Take p  E X c such that p  is not a pole of Then ip = is in F and 

_  (z-p)V’(̂ ) £  T1(X ); thus, if> € V. By the Bers’s approximation theorem, 

rational functions are dense in A(X); thus, V  =  {ij> G A.(X’)|t/>(0) =  0}. □

S te p  I I I  L (V)  =  U«=k f ) «  6  / t ( K ) | f  e  L '{Y)} .

P R O O F .  Step III follows immediately from lemma 4. □

S te p  I V  Every rational function R in L(F) with at least three poles and 

with ord(R) >  —5 has a double zero.

PROOF. Suppose that some rational function R in L(F) has ord at least 

-5, poles in pi,p2  and p3, and has no double zeroes .

If - w )(*-p3)(«-p) e  W )  for every p E Y c — {pu p2, p3, oo}, then by

the Bers’ approximation theorem, L(V)  — A (F); a contradiction. Therefore, 

we may assume that-----------------------w r is not in L(V)  for some p  in Y c —

{P l,P 2,P 3,°o}.

If p is a cluster point of Y c, then there exists a neighborhood U of p such 

that t T7 V7 w 7 is not in L(V)  for all q in U C\YC.
{ z - p 1) ( z - p 2) { z - p 3 ) ( z - q )  '  )  ^  11

Take cq, a2, a3 G U fl Y c. Since Codimension(L(F))  =  2 we can find three 

complex constants a , /3 and 7 , not all equal to zero, such that

M  =  ------------------------- a z 2 +  fiz +  7---------------------------^
( z  -  Pi ) ( z  -  p 2) ( z  -  p3){z  -  a i ) ( z  -  a2) ( z  -  a3)

Therefore, M has a pole at a i , a2 or 03. Assume that M has a pole at cq. Then, 

by lemma 5, we can find constants Ci and C2 such that T  =  C \ M  +  C2R  has
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ord a t least —5, poles a t pi-,p2,P3  and cq, and has no double zeroes. This 

implies T  G L(F),  and

(_________I_________ )2
v ( g —Pl  ) ( 2 ~ P 2 ) ( 2 ~ P 3 ) ( g - a i ) ’  g  L } ( Y )

which contradicts the fact th a t ----- 77----- }. n ,, „ , is not in L(V) .(z-pi)(z-P2i{Z-p3)[z-a1) v '

Therefore, we may assume tha t p is isolated in Y c.

Now suppose that £  Z,(F) for every q in T c- { p ,p i ,p 2,p3, oo}.

Then R ( Y C—{p, oo}) C  L(V) ,  and by Bers’ approximation theorem, L ( V )  =

{il> G A(Y)\i/)  is holomorphic at p }.

Let 9i,?2)93 and 94 be four distinct points in the complement of X .  Let

<Pi =  i z - n K z - n i i z - n i i ^ )  and  V *  =  ^  s te P H > ^  is in  V  and  ^  is 
not in V.  That implies that L(ip2) is in L(V) ,  and L(<pi) is not in L(V) \

therefore, L(q>2) is holomorphic at p, and L(<pi) has a pole at p. This yields

£  L l { X ), and 7 ^ ^ - has a double pole at p, contradicting lemma 3 .

Therefore, we may also assume that ------77----- 77-------77— 7 is not in L(V)
’ J  ( 2 ~ P l  ) ( 2 - P 2 ) ( 2 - P 3 ) ( 2 - 9 )  V '

with q isolated in Y c — {p i,p 2,p 3 ,p ,00}. Since F c  V, neither 

7------77 T7 77---- 7 nor ------77-----77-------77--- 7 is in L(F).
( z - p 1 ) { z - p 2 ) ( z - p 3 ) ( z - p )  ( z - P l ) { z - P 2 ) { z - P 3 ) ( z - q )  v >

Take r  G Y c — { o o ,p i,p 2,p 3 ,p ,9}. Since C o d im en s io n (L (F )) =  2, there 

exist three constants a, 0  and 7, not all equal to zero, such that

M  =  ________________ ctz1 +  0 z  +  7________________
(z  -  Pi ) ( z  -  p 2){z  -  p3) ( z  -  p ) ( z  -  q) { z  ~  r)

If 7 w------ 77-----77-----7 is not in L(F), then M has a pole at p or at q. As-
( z - p i ) ( z - p 2 ) ( z - P 3 ) ( z - r )  '  i l l

sume that M has a pole at p. By lemma 5, we can find constants C\  and

C2 such that C \ M  +  C 2R  has ord at least —5 , poles at p i ,p 2,P3 and p,

and has no double zeroes. But then ^*- pi g  L \ (Y )]  thus,

7------77----- 77------77— 7 is in L(V); a contradiction.
( 2 P l  ) { z  P2 ) ( “ —P3 ) { z  — p )  V



39

Therefore (z_pi)(,.Paj(,-P3)(,.r) G L(F)  for all r in Y c- { o o , p u p2,p3,p,q} ,  

and by Bers’ approximation theorem, L ( F ) = {ip £ A ( Y ) \ ^  is holomorphic 

at p and q }.

Now choose five distinct points <71, <72, <73, <74 and <75 from the complement 

of X . ip =  (z-g,)1 (z-qs) ’s no  ̂ *n thus, L(tp) is not in L(F). Suppose that 

L{p)  has a pole at p. There exist constants a  and /3, not both equal to 

zero, such that a L { p )  +  f3L(z<p) is holomorphic at p. Also z 2q> has a double 

zero at 0 , so L ( z 2p )  is in L(F); thus, L ( z 2(p) is holomorphic at p. Choose a 

constant 7 so that -fz2 +  f3z  +  a  has no double zeroes and has no zeroes in 

{<7i><72,<73)<74,<75}- Then £ L l {X ) ,  and has a

double pole at p, contradicting lemma 4 . □

S tep  V  L(F) is the set of all differentials in A(Y) with the double zero at 

some point a in Y.

PROOF. We first choose five distinct points Pi,P2,P3,Pa and p5 in Y c. 

Since Codimension(L(F))  =  2, there exist constants a , (3 and 7, not all equal 

to zero, such th a t 5  =  e  B* sleP 1V' S  =  le~pi).~(l-p5)
for some complex number a. Suppose tha t R is a rational function in A(Y) 

with a double zero at a. Let R(z)  — (z — a)2+kRi(z)  such th a t k > 0, and 

R i ( a ) is neither 0 nor oo. Then, since Codimension{L(F))  — 2, P ( z ) = 

Ri(z)[a(z  — a)2+k +  (3(z — a) +  7] £ L(F)  for some (a , /?,7) 7  ̂ 0. If P(a)  7  ̂ 0 

or P'(a)  7̂  0, then, by lemma 5, we can find constants C1 and C2 such tha t 

C \P  + C 2 S  has ord a t least —5, poles at p i ,p 2 and p3, and has no double 

zeroes. This contradicts step IV. Therefore P(a) = 0 and P'(a)  = 0. This 

yields 7  =  0 and fd = 0, which means R  £ L{F).  Therefore, every rational 

function in A(Y) with a double zero a t a is in L(F).
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Suppose that a 6 Y c. Then, since Codimension(F)  =  2,

M  =   ------- “  +  +  7y - G L(F)  for some (a , (3, 7) ^  0.
( z - a ) ( z - p i ) . . . ( z - p 4)

By lemma 5 , we can find constants C\  and C2 such that C \ M  +  C^S has ord 

at least —5 , poles at pi,p2,P3,  and has no double zeroes, again contradicting 

step IV.

By Bers’ approximation theorem and the fact that C odim en sion(L(F) )  — 

2, we have L(F)  — {ip E A(Y)\i/> has a double zero at a }. □

S tep  V I There exists a bijection /? from Y onto X such that

— 0 iff Lip(p) — 0, for every p  in Y.

PROOF. Steps II, III and V imply that L(V)  =  {ip E A(Y)\ip(a)  =  0}. 

Therefore, for every ip in A(X),

ip{0) =  0 L(ip)(a) =  0 .

Step VI follows by applying previous steps to L~x. □

S tep  V II  (3 is conformal homeomorphism.

PROOF. Let ip{z) =  (s_ ;)i)1 p e  Y, and P{p) =  q. Function 2:

7---------  r is in A(X) and has a zero at q. Hence,

L(z<p)(p) -  qL{tp)(p) =  0.

Thus, f3(p) =  • Therefore, f3 is holomorphic. □

S tep  V III  L =  C/3* for some complex constant C of modulus one. 

PROOF. W ithout loss of generality we can assume that X = Y  and
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(} =  identity.  If we let tp(z) =  (2_?1)1(z_?4) ; then for every ip G A ( X )  and 

every p G A', quadratic differential ip ~  *n A(X) and has a zero at p.

Therefore, by step VI, L i p ( p ) - ^ L < p ( p )  =  0. This yields Lip(p) =  i p {p )^$ - .  

Let /  =  Then Lip = fip for all ip G A(A').

The family { ip ,L ip ,L2ip, . . . }  is normal. Therefore, | / |  =  1. □

4 .4  R iem a n n  Surfaces o f  F in ite  G en u s

Assume both X and Y are Riemann surfaces which are subsets of compact 

Riemann surfaces A'i and Y\, respectively. Let L be a linear isometry from 

A(X) onto A(Y). If X i  — X  is a finite set, then A(A') is finite dimensional; 

thus, A ( Y )  is also finite dimensional; so, Y\ — Y  contains only finitely many 

points. In that case, all holomorphic automorphisms between Teichmiiller 

spaces of X and Y are determined in [EK]. Therefore, we assume that X \  — X  

and Y\ — Y  are infinite sets, which is equivalent to X  and Y  being of finite 

genus and infinite topological type.

An example for X is a Riemann surface of finite topological type with 

nonem pty border.

Fix three points p i ,p 2 and p$ in A'i — A' and let X 2 =  A'i — {pi,P2>P3} 

Let 7r : D  —► A 2 be the universal covering map with a covering group T. Let 

U =  7r—1 (X ), and 0  : A(U)  —> A(U,T)  =  A(X) be a Poincare T heta  series. 

By Bers’ approxim ation theorem, R(UC), the space of rational functions 

which are integrable over the complex plane and have all poles in Uc, is dense 

in A(U).  Since 0  is surjective (see [KR] ), Q(R(U C)) is dense in Q(A(U}) — 

A{U, T) =  A (X ) .

Every quadratic differential in Q(R(UC)) is holomorphic in X i  except for 

possibly finitely many poles in A'i — X .  Hence, for every ip in Q (R(U C)), we
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can find a neighborhood U of X so th a t all poles of ip in U belong to X  — X .  

Denote Q ( R ( U C)) by R ( X ), and similarly define R {Y ) .

In this section we prove the main result of the section:

T h e o re m  9 If both X  and Y are Riemann surfaces which are subsets of  

compact Riemann surfaces X i  and Yi, respectively , such that set X i  — X  

has infinitely many points, then every linear isometry from A ( X )  onto A ( Y )  

comes from a pull-back by conformal mapping from Y  onto X  and multipli­

cation by a complex constant of  modulus one.

In the proof of theorem 9 we use a theorem due to Noether about the 

existence of meromorphic functions with certain properties on a compact 

Riemann surface. We refer to this theorem as the “gap” theorem.

T h e  “ g a p ” th e o re m  ( N o e th e r )  Let M  be a compact Riemann surface 

of  genus g. For any n points p\,P2,Pz,  • • • ,Pn tn M  with n >  2g, there exists 

a meromorphic function f  on M  such that Div isor(  f  ) is a multiple of  the 

divisor  ~ x Pl — x P2 — . . .  — Xpn- i  ~  Xp» and D i v i s o r ( f )  is not a multiple of  

the divisor - \ Pl -  x P2 -  ■■■ -  XPn_, •

The proof of the “gap” theorem can be found in [FK].

The proof of theorem 9 will follow the methods developed in section 4.3. 

Before we begin to prove theorem 9, we prove two preliminary lemmas. First 

we adapt lemma 5 to a new situation.

L e m m a  6 If R\ ,  R2 G R ( X )  are non-zero meromorphic quadratic differen­

tials with no double zeroes in common on X , then there exist constants C\ 

and C2 such that
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(a) C\R\  +  C2 R 2 has no double zeroes in X , and

(b) i f p e x  is a pole of  Ri  or R 2 , then p is a pole of  C \R \  +

PROOF. To prove lemma 6 let 72 =  R\R'2 — R \ R 2 . Then R  is a meromor- 

phic abelian differential on a compact Riemann surface X \ ,  thus A  =  {a E 

A'i |-P(a) =  0} is a finite set provided tha t Ri  and R 2 are linearly independent, 

and the rest of the proof is the same as in lemma 5. □

The second preliminary lemma is a consequence of the “gap” theorem 

and lemma 6 .

L e m m a  7 Let N  be a compact, surface and let S  be a subset of  N  that contains 

infinitely many elements such that M  = N  — S  is a Riemann surface. Let 

Si,S 2 , ■ • • , s n E S  and m  E M . Then there exists a meromorphic function g 

on N, such that

(a) g(m)  =  0,

(b) all poles of  g are simple and belong to S  — { si,S 2i • . .  , s n},

(c) g has no zeroes in {^j, S2 , ■ ■ ■, sn}, and

(d) g has no double zeroes in N.

PROOF. Since S is an infinite set, by the “gap” theorem, there exist 

two linearly independent meromorphic functions hi and /12 on N which both 

satisfy (b). Let /  be a non-trivial linear combination of hi and h2 such th a t 

f ( m )  = 0. Let {ai =  m, a2 , 03, . . . ,  a/,.} be the set of all zeroes of /  in N. Let

m t- be the order of zero of /  at ct; for i > 1, and let m i  +  1 be the order of

zero of f a t a\. By the “gap” theorem, there exist meromorphic functions / ;  

on N such tha t /,• has a pole of order m,- a t a,- , all poles of /,■ in N  — {a,} are 

simple and belong to £> — {s i , . . . ,  sn}, and such th a t /  and /,■ have no poles 

in common. Function //,• satisfies (a) and (b), and / / , ( a t) 7̂  0, for i > 1, and
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f f i  has a simple zero a t m. By induction, we can find constants a j , . . . ,  a„  

such th a t the meromorphic function h — c* i//i +  CV2 //2  +  • • • +  <*kffk has 

a simple zero a t m and has no zeroes in {<22, 03, • • • ,«*:}• Now /  and h have 

no double zeroes in common, and by the proof of lemma 6 , some linear 

combination g =  a f  +  /3h satisfies (d) and (c). ( Note th a t <?(s;) 7  ̂ 0 is 

equivalent to a / ( s , )  +  (3h(si) ^  0, a linear condition for a  and /? ). Since 

both /  and h satisfy (a) and (b), g satisfies (a),(b),(c) and (d). □

Now we begin to prove theorem 9.

First we define spaces F and V in the same way as in section 4.3. 

D e f in it io n  4 Choose a point b £ X.  Let

F  = {<p E /1(A'’)|(£>(6) =  0 and p'{b) =  0}

and

v= U W £ A(X)\— e i'(A')}.
F V

S te p  I  V  is the space of all differentials in A(X) th a t vanish a t b.

PROOF. If Jp does not vanish a t b and p  is in F, then  ̂  has a double

pole a t b. T hat proves tha t V  is the subset of the space of all differentials in

A(X) th a t vanish at b.

To prove the converse suppose tha t R  £ R ( X )  such th a t R(b) — 0.

Set Â i — X  is infinite; thus, by lemma 7, we can choose a meromorphic 

function g on X \  such tha t

(a) g(b) =  0 ,

(b) all poles of g are simple and belong to X i  — X ,

(c) g and R  have no poles in common,
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(d) g has no double zeroes, and

(e) g has no zeroes a t poles of R.

p  =  g R  has a double zero a t b, and all poles of g and R  are simple,

distinct, and outside X. Hence f  is in F. Futhermore, = j  €  Z1(Ar); thus,

R  € V. Since R ( X )  is dense in ^ (X ) , we have V  = {ij) £ A{X)\t^(b) = 0}. 

□

S tep  II  L (V)  =  I U l (f){</> G A ( Y ) € L '{Y )} .

PROOF. Step II follows immediately from lemma 4. □

S tep  I II  Let p be an isolated point in Y\ — Y. Then L (V)  ^  {ij> £  A ( Y ) |?/> 

is holomorphic a t p }.

PROOF. Suppose th a t L (V )  = {tp €  A{Y)\4> is holomorphic a t p }.

Let tp £ R ( X )  such th a t f (b )  ^  0. Such a differential exists by an easy 

consequence of the “gap” theorem. By lemma 7, we can choose a merom or­

phic function g on X \  such tha t

(a) g(b) = 0 ,

(b) all poles of g are simple and belong to X i  — X ,

(c) g and tp have no poles in common,

(d) g has no double zeroes, and

(e) g has no zeroes a t poles of tp.

Hence tp is not in V  and gp  is in V, thus L(p)  has a pole a t p and L(gp)

is holomorphic a t p. Hence ^  ^ £ L l (X) ,  and has a double pole at

p , contradicting lemma 4. □

Now fix three points ci, C2, and C3 in Yi — Y , and let Q (Y )  be the subset of 

A ( Y )  consisting of all meromorphic quadratic differentials on Yi, w ith simple
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poles at c i ,c 2, and c3. By the proof of the Bers’ approximation theorem, a 

linear span of differentials in Q (Y)  is dense in A ( V ).

S te p  I V  Every R  in Q (Y)  f) L(F)  has a double zero in Y.

PROOF. Suppose that some R  £ Q ( Y ) f ] L ( F )  has no double zeroes in

Y.
If all poles (in Vj) of some tp £ F ( Y )  belong to {ci,c2,c 3}, then ^  £ 

L l (Y)-, thus tp belongs to L(V) .  Let Vo =  Y i~  {cj, c2, c3}. For every p £ Y0 — Y,  

take tpp £  A{Yo — {p}) — A(Vb). The existence of such differential is guaran­

teed by the fact th a t the dimension of the space of integrable holomorphic 

quadratic differentials on a Riemann surface of finite analytic type (<7, n ) is 

3g — 3 +  n, whenever n > 2; and it can be constructed using the Poincare 

T heta  series. If tpp is in L ( V ) for every p £ Y0 — Y  then, R ( Y )  C L(V’); a 

contradiction. Therefore tpp is not in L(V)  for some p e Yq — Y.

If p is a cluster point of Li — Y, then take a sequence pn £  Y0 — Y — {p} such 

th a t pn —> p. Let $  : D  —> Vo be the universal covering map with a covering 

group G. Let Y2 = Y0 -  {p ,P i,P2,P3, • ■ •}, U =  $ -1 (V2), V  -  $ -1 (V2 U{p}), 

and 0  : A(U)  —> A(U,G) = A{Y2) be a Poincare T heta  series. By the 

Bers’ approxim ation theorem, R ( V C) is dense in A(U).  Since 0  is surjective, 

Q ( R ( V C)) is dense in A(Y2). Therefore, there exists a sequence (tpn) in A ( Y )  

such th a t tpn —> tpp, and tpn is holomorphic in Vo except for finitely many 

poles in {pi,P2,P3, • • W ithout loss of generality, we can assume th a t tpn 

and tpm have no poles in common on Vo for m  ^  n, and th a t tpn is not in 

L (V )  for every n. Since Codimension(F)  =  2 , there exist constants a,/3  and 

7 , not all equal to 0, such th a t M  = atpi +  f3tp2 +  71^3 £ L(F) .  Assume a ^ O .  

Then by lemma 6 , we can find constants C1 and C2 such th a t C \R  +  C2M  

has poles wherever tpi has poles, and has no double zeroes in Y.  T hat yields
I 2

c1r +c2m  ^ T1 (V'); a contradiction that proves that p must be isolated in
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Y ! - Y .

Suppose tha t ipq is in L ( V ) for every q £ Yo — Y  — {p}. Then, since 

Codimens ion(V)  =  1, we have L ( V ) = {ip G A{Y)\ip is holomorphic a t p }, 

which contradicts step III.

Therefore, ipq is not in L(V)  for some q isolated in Yo — Y  — {p}. This 

implies th a t neither ipq nor ipp is in L(F) .  Let ip £ R ( Y )  be holomorphic 

a t p and q. If ip does not belong to L(F) ,  then since Codimension(F) — 2, 

there exist constants a , f3 and 7 , not both a  and fd equal to zero, such th a t 

M  = aipp +  /3ipq +  7 ipr G L{F)-  Assume th a t a  /  0. Then M  has a pole a t p, 

and, by lemma 6 , there exist constants C\ and C2 such th a t T  = C \ M  + C2 R  

has poles a t p, 01, 02,03 and has no double zeroes. But, then -5? £ JL1(V'). 

This contradiction proves th a t every ip £ R ( Y )  which is holomorphic a t p 

and q belongs to L(F).  Since Codimension(F) — 2 and R ( Y )  is dense in 

A (F ), we have

L{F) = {ip E A(Y)\ip is holomorphic a t p and q}.

If ip £ L(F),  and ip is not in L(F) ,  then ^  has a double pole a t p or q. Thus 

L ( F ) — L ( V ); a contradiction.

Therefore, there exists r  £ Yo — Y  — {p,q} such th a t ipr is not in L(F) .  

Since Codimension(F) = 2, □

S tep  V  There exists a point a in Y such tha t every R in L ( F ) f ] R ( Y )  has 

a double zero at a.

PROOF. Take a differential R in L ( F ) f ] Q ( Y ) .  This is possible by chang­

ing C\ , C2 and C3 if necessary. Let {ai, a2, . ■ ■, an} be the set of all double 

zeroes of R  in Y.  If there exists a differential in L ( F ) f) R { Y )  such th a t 

ai is not a double zero of i?x, then by the proof of lemma 6 , there exist
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constants C i and C2 such tha t the set of double zeroes of C iR \  -f C 2 R  in 

Y  is a subset of {<12, <23, . . . ,  an}, and tha t CiR\  +  C2 R  belongs to Q(Y).  

By induction, there exists a £ Y  such th a t every quadratic differential in 

L ( F ) f ] R ( Y )  has a double zero at a..

We now show th a t a m ust be in Y. Suppose not. Then a £  Y  — Y,thus 

there exists a quadratic differential ij?a in A ( Y )  which has a pole at a. By 

lemma 7, there exist differentials and tp in R ( Y )  such th a t ip(a) 7  ̂ 0, <p(a) — 

0, and <p'{a) ^  0, Therefore, Codimension(L(F))  = 2 implies th a t some non­

trivial linear combination of <£>,?/> and ij>a belongs to L(F), thus has a double 

zero a t a; a contradiction. □

S tep  V I L(F) is the space of all quadratic differentials in A(Y) with the 

double zero at a.

PROOF. Take R in R ( Y )  such tha t R has a double zero a t a. Since 

Codiviension(F)  =  2, some linear combination of and R  is in L(F), 

thus has a double zero a t a. T hat implies tha t R is in L(F) .  Since R ( Y )  

is dense in A (F ), the set of all differentials in A(Y) with a double zero at 

a is a subset of L(F). Since Codimension(F) = 2, we have L (F )  =  {ij} £ 

A(Y)\i!)(a) — 0 and ip'(a) = 0}. □

S tep  V I I  L(V)  is the set of all differentials in A(Y) th a t vanish a t a. 

PROOF. Step VII follows immediately from steps I, II and VI. □

S tep  V I I I  There exists a bijection /? from X  onto Y  such th a t 0(p) — 0 iff 

Lip(f3(p)) =  0 for every p in X  and every ^  in A(X).

PROOF. To prove step VIII consider L~l and observe that by lem m a 7, 

for any two distinct points p and q in X, there exists a differential <p in A(X) 

such that ip(p) = 0  and p(q)  7  ̂ 0 . □
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S tep  IX  /? is continuous.

PROOF. Suppose th a t /3 is not continuous. Then there exists a point 

p and a sequence (pn) in X th a t converges to p such th a t /3(p„) does not 

converge to /?(p). Since Y  is compact, we can assume th a t /3(pn) converges 

to a point q in Y  — {f3{p)}-

By lemma 7, there exists a quadratic differential ?/> G A (Y ) ,  and a function 

g meromorphic in Yi and holomorphic in Y such tha t gij> G A (Y ) ,  g(/3(p)) 7  ̂

0, ${f3{p)) 7  ̂ and Si<l) =  Then <pn = (g -  5(/3(pn)))V> belongs to A(Y) 

and vanishes a t (3(pn). Furthermore, converges to <p/> in the L 1— norm. 

Therefore ||T _1(<pn) - T“ 1(pV,)|| -> 0 , I - 1(<pn)(p„) =  0, and L~l ( # ) ( p )  7- 

by step VIII. This contradicts the principle of argum ent. □

S tep  X  /? is holomorphic.

PROOF. Take any two linearly independent quadratic differentials <p and 

ijj in A (X i ) .  Fix p G X .  Q uadratic differential — ^(p)<p has a  zero at

p. Step VIII implies tha t ip(p)L(tp) — il>(p)L(tp) has a zero a t /?(p). There­

fore j^{f i (p))  — ^(p) for almost every p. Since /? is continuous and ^  is 

meromorphic, (3(p) =  (x^ ) -1 ° (f)(p)> locally, for almost every p; thus (3 is 

holomorphic. □

S tep  X I There exists a constant C of modulus one such th a t L = C(j3 1)*.

PROOF. B y  tak ing  a geom etr ic  p o s tco m p o s it io n ,  w e  can a ssu m e  th a t  

13 = identity.

The proof of step X implies tha t Since

{■0 , L{L(4’)), • •.} is a normal family, | ^ |  =  1. □
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4 .5  S om e A p p lica tio n s

T h e o re m  10 Let the Riemann surfaces X  and Y  be the subsets o f  compact 

Riemann surfaces X \  and Y\, respectively, such that set X \  — X  has infinitely 

many points. I f  the cotangent spaces to the Teichmuller spaces of  X  and Y  

are isometric then the underlying Riemann surfaces X  and Y  are conformal.

PROOF. Theorem 10 follows immediately from the isometry theorem. □

Any quasiconformal homeomorphism g of Y onto X induces a bijective 

map pg from Teich(X) onto Teich(Y) by right translation; pg([f]) — [f  o g]. 

We call the bijection pg a geometric isomorphism.

T h e o re m  11 I f  the Riemann surfaces X  and Y  are subsets of  compact 

Riemann surfaces X \  and Vi, respectively, such that set X \  — X  has in­

finitely many points, then every holomorphic isomorphism from Te ich (X )  

onto Te ich fY )  is geometric.

PROOF. W ithout loss of generality, we can assume th a t F([id]) = [i.d]. 

Since Kobayashi’s metric is equal to Teichmiiller’s metric, F is an isometry. 

Therefore F'([id]) is a linear isometric map from Z(X), the tangent space 

of Teich(X) a t [id], onto Z(Y), the tangent space of Teich(Y) a t [id]. This 

implies th a t F'([id]) is a dual map of an isometry G from A(Y) onto A(X) 

(see [EG]). Using theorem 9, we see tha t G is induced by a constant C and a 

conformal map from X onto Y. Therefore, without loss of generality, we may 

assume th a t X =Y  and F'([id\) = C Identi ty .  Earle and G ardiner showed 

th a t C=1 (See [EG]). Therefore, by the C artan’s uniqueness theorem  (See 

[H]), F  — Identi ty .  □
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D e f in it io n  5 We call Teich(X) (confoi'mally) equivalent to Teich(Y) i f  there 

exists a biholomorphic mapping from Teich(X) onto Teich(Y).

T h e o re m  12 There exist uncountably many non-equivalent infinite dimen­

sional Teichmuller spaces.

This theorem had also been discussed in [0].

PROOF. Suppose th a t a tii — i and a,-,s+i =  2a,'s.

Let Xu  =  {0, .. .}c. Suppose tha t Teich( Xk)  is equivalent

to Teich(.Vj) for two real numbers k and j  with k > j  > 1. Then by theorem 

11, there exists a quasiconformal mapping g from Xk  to X j .  By the extension 

property of quasiconformal mappings we can extend g to a quasiconformal 

homeomorphism h of the plane with h(0)=0.

Let h(-^—) = —-— .V Ofc.n ’ aJ,/(n)
In the closed unit disk h is Holder continous with some constant C and 

exponent a.  Therefore —-— <  C ( - k - ) a
aJ,/(n) ~  ak,n ’

ajJ{n) — £>(“ *>«) >

log «j,/(n) >  a  log ak,n ~  log C, 
ex.

log ajj(n) > — log ak,n for large n, 

a
ajJ(n)~l ^ g  2 ^  2 ak’n~1 l0g 2 f° r lal’ge n ’

<y
«j,/(n)-i >  -^ak,n-i for large n (4.3)

Consider the function l(x) = 22* — 2X+1.

l’(x)  =  22*(log 2X)2X log 2 — 2X+1 log 2 =

=  2X log 2[22*a: log 2 — 2] >  2 log 2[4 log 2 — 2] > 0 for x  >  1.

Therefore I is increasing on (l,oo ).
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Hence 22°k'n -  2°*."+1 >  22“J'n -  2°^"+1 for every n,

Q‘k,n+2 ^  2Gjin -̂x for every n,

®fc,n+2 &j,n+ 2  ^  2(flfc>n-f.i fljin_j.i) foi every n.

Therefore, a^n — aj)n —> oo as n —> oo , and th a t implies : =
2afc,n— 1 ~ aj , n —l oo as n go.

Therefore,
a
- a k,n-\ > flj.n-1 for large n (4.4)

(3) and (4) imply th a t there exists N such th a t f ( n )  > n when n >

N,  but then {— , — , . . . ,  —*—} C  {h( —  ), h ( — ) , . . . ,  h (—5— )} which is aa;,2 aj,WJ 1 v“fc, Vafc, 7n  ’ KakiN- i ,J
contradiction. □
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