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A bstract

D ensity-F unctional T heory Studies  

of 

Correlation E nergy E ffects at Metallic Surfaces

b y

A bd el-R aou f Eid Mohammed 

A dvisor: P ro fe sso r  V iraht Sahni

In th is  th e s is  w e s tu d y  th e e f fe c t s  of correla tion  in the  

inhom ogeneous e lec tro n  gas at m etallic su r fa c e s . T h ese  s tu d ie s  are  

perform ed w ith in  the co n tex t of d e n s ity -fu n c tio n a l th eo ry  (D F T ). 

U sin g  accu rate  re p r e se n ta tio n s  of the e lec tro n ic  d e n s ity  p ro file , we 

h ave estim ated  varia tion a lly  th e su rfa ce  correla tion  e n e r g y  o f jellium  

m etal. T he accu racy  o f th e se  estim ates is  fou n d ed  in th e assum ption  

th at the e x ch a n g e -co r re la tio n  e n e r g y  fu n ction a l o f th e  d e n s ity  is  

approxim ated  a ccu ra te ly  b y  th e w a v e -v e c to r  a n a ly s is  m ethod, and b y  

th e  fact th a t th e  n o n -lo ca l ex ch a n g e  e n e r g y  co n tr ib u tio n s are trea ted  

e x a c tly  . In co n tra st to  th e p r e v io u s ly  a ccep ted  con clu sion  th at for  

su r fa c e s  correlation  e f fe c t s  are as s ig n if ic a n t as e x c h a n g e , our r e su lts  

in d ica te  the ratio of th e se  e n e r g ie s  to lie  b etw een  34% - 97% o v er  th e  

m etallic d e n s ity  r a n g e , th e sm aller ra tios co rresp o n d in g  to  th e  h ig h er



d e n s ity  m etals. In th is  work we have a lso  exam ined  th e  local d e n s ity

2
(LDA) and gra d ien t ex p a n sio n  approxim ations(G E A ) (to  0 (V  ))  for  the  

correlation  e n e r g y . We have dem onstrated  for r ea lis t ic  m etal su rface  

d e n s it ie s  the can cella tion  of th e  err o rs  in th e  LDA for ex ch a n g e  and  

correla tion , and show n th at th e d e n s ity  p ro files  at su r fa c e s  w ould have  

to be u n p h y sica lly  slow ly  v a ry in g  for  th e correla tion  e n e r g y  GEA to  

c o n v e r g e . We h ave a lso  stu d ied  th e e f fe c ts  of correla tion  at su r fa ces  

b y  scree n in g  th e e x c h a n g e , and o b serv e  th a t th e  su r fa ce  ex ch a n g e  

e n e r g y  for  screened-C ou lom b  in teraction  d e c r e a se s  as th e  scree n in g  

le n g th  is  red u ced . T h u s , th e  more sh o r t-r a n g e d  th e in teraction  , the  

e a sier  it is  to sp lit  th e  c r y s ta l in  tw o. In add ition  we h ave  d er iv ed  th e  

DFT f ir s t  gra d ien t correction  co e ffic ien t in th e  GEA for th e sc r e e n e d -  

Coulomb ex ch a n g e  e n e r g y , and show n it to be th e  same as th at ob tained  

w ith in  H artree-F ock  th eo ry  (HFT) for fin ite  sc r e e n in g  . T h is  co e ffic ien t  

r ed u ces  to th e DFT bare-C oulom b in teraction  va lu e in th e limit of no 

sc r e e n in g  in w hich  lim it th e HFT c o e ffic ien t is  s in g u la r . T he GEA for  

th e screened-C ou lom b  su rfa ce  ex ch a n g e  e n e r g y  in b oth  HFT and DFT  

are a lso  exam ined  and both  ex p a n sio n s  show n not to  co n v erg e  to  the  

e x a c t v a lu es  as a fu n ctio n  of th e d e n s ity  p ro file . An exp lan ation  for  

th e se  su r p r is in g  r e s u lts  is  p resen ted  and s u g g e s t io n s  made for  fu tu re  

w ork b ased  on th e  w a v e -v e c to r  m ethod.
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Chapter I 

INTRODUCTION

1.1  The Correlation E nergy within D ensity-F unctional Theory

T he Coulomb rep u ls io n  b etw een  e lec tro n s  co rre la tes  th e ir  motion in

su ch  a way as to red u ce  th e p rob ab ility  of two e lec tro n s  ap p roach in g

each  o th er  c lo se ly . T h ese  Coulomb corre la tion s are d iffere n t from the

ty p e  of co rrela tion s w hich  are due to th e Pauli ex c lu sio n  p r in c ip le .

The H artree-F ock  m ethod w hich a ccou n ts  for  correla tion s of th e  la tter

ty p e , ta k es  no account at all of th e  form er. C on seq u en tly  , th e

correlation  e n e r g y  Ec is  d efin ed *  as th e tota l n o n -r e la t iv is t ic  e n e r g y  

nrE , ca lcu la ted  w ith  p rop er  allow ance for  Coulomb co rre la tio n s, m inus

HFth e H artree-F ock  e n e r g y  E . T h is  is  th e con ven tion a l d efin ition  of

th e correlation  e n e r g y  . What is  r e fe r r e d  to  as th e correlation  e n e r g y

2 3in  m odern d e n s ity -fu n c tio n a l th eo ry  ’ (D F T ), on th e  o th er  h an d , is  a

m athem atical a r tifa c t . In ord er  to  u n d ersta n d  th is  d efin ition  we b eg in

2 3w ith  a d isc u ss io n  of the H ohenberg-K ohn-Sham  ’ th eo ry  .

2
A ccord in g  to H ohenberg  and Kohn , th e  n o n -r e la t iv is t ic  ground  

nrsta te  e n e r g y  E of a sy stem  of N in tera c tin g  e lec tro n s  in  the p resen ce  

of an e x te r n a l p o ten tia l V (r^ , , . .  . r^. ) = E. v ( r . )  may be

w ritten  as

- 1 -



2

En r [p]= ( dr v ( r ) P(r)  + i
p( r ) p( r ' )

drdr' ---------------  + G[p] (1)
I r -r ' |

= Ee s [ P] + G[ p]  ( 2 )

w here th e f ir s t  term  in E q . ( l )  co rresp o n d s to th e  in tera ctio n  betw een

th e e lec tro n s  and th e ex ter n a l p o ten tia l, th e  secon d  term  is  the c la ssica l

Coulomb s e lf -e n e r g y  o f th e  e le c tr o n s , and G[p] is  a u n iv ersa l

fu n ction a l of th e d e n s ity  p ( r ) .  T he sum of th e  f ir s t  two term s

c o n s titu te s  th e  know n e le c tr o s ta tic  e n e r g y  fu n ctio n a l Ee g [p] of th e

sy ste m . T he fu n ction a l G[p] is  not g iv en  b y  th e  th e o r y . In th e  K ohn- 
3

Sham v e r s io n  of th e  th e o r y , th e  fu n ctio n a l G[p]  is  d efin ed  b y  adding  

and su b tr a c tin g  from it th e  k in etic  e n e r g y  E, [p] of a system  of n on -
K

in tera c tin g  e lec tro n s  h a v in g  th e same d e n s ity  p(r)  . T h u s

G [ P] = Ek [ P] + G [ p ]  - Ek [p] ( 3 )

= Ek [p) + Ex c [ P] ,  (4)

w hich  d e fin es  th e p r e se n t ly  unknow n 'e x ch a n g e -co rre la tio n ' e n e r g y

fu n ctio n a l E [p] in  w hich  all th e  m an y-b od y  e f fe c t s  are in corporated  . xc

T h e r e fo r e , E [p] is  com prised  o f th e  sum of th e  d e n s ity  fu n ction a lXC

th eo ry  ex ch a n g e  and correla tion  e n e r g ie s  to be d e fin ed  below , p lu s th e



3

actu a l k in etic  e n e r g y  of the in tera c tin g  sy ste m , m inus th e  k in etic

e n e r g y  of th e n o n -in te r a c tin g  e lec tro n s  w ith  th e  same d e n s ity . It has  

2 3b een  show n ’ th at th e e n e r g y  fu n ction a l of Eq. (1) is  sta tio n a ry  and  

minimum for th e tru e  d e n s ity , su b jec t to  th e co n stra in t th at all the  

d e n s it ie s  co n sid ered  c o n serv e  th e tota l num ber of e le c tr o n s .

Em ploying a L agrangian  m ultip lier y (w hich  can be show n to  

corresp o n d  to th e chem ical p o ten tia l of th e  sy stem ) to  in corporate  th e  

co n stra in t that th e to ta l num ber of p a r tic le s  m ust be c o n se r v e d , the  

E uler eq u ation  for  th e  tru e  d e n s ity  on ap p lication  of th e  varia tion al 

p rin cip le  for  the e n e r g y  is  th en

SEn r [P]
-----------------  V • (5)

6P(r)

U sin g  Eq. (1) and E q . ( 4 )  th is  E uler eq u ation  for  th e d e n s ity  may be p u t  

in  th e form

6E [p] 5E [p]
k x c

------------  + Ve s (r ) +   = V , ( 6 )
M r )  6p(r)

w here Ve g (r )  is  th e  e le c tr o s ta t ic  p o ten tia l due to all th e  ch a rg es  . T h u s  

Ve s (r )  = V(r)  + VH (r)  ' (7)
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w here v ^ r )  is  th e  H artree p oten tia l rl

VH (r)  = dr'
P ( r ?)

(8)

T he ground  sta te  d e n s ity  may th en  be ob ta in ed  b y  so lu tion  of Eq. (G)  in  

conjunction  w ith  E q . ( 7 ) .

trea ted  as th a t for  a sy stem  of n o n -in tera c tin g  e le c tr o n s , Kohn and  

Sham show ed th a t so lu tion  of the E uler Equation ( 6 ) w as e n tir e ly  

eq u iv a len t to so lv in g  a s e t  of s in g le -p a r tic le  S ch ro d in g er-lik e  eq u ation s  

for n o n -in tera c tin g  e lec tro n s  m oving in  a loca l e f fe c t iv e  p o ten tia l 

Ve ££(r ) • T he s e lf -c o n s is te n t  so lu tion  of th e se  eq u ation s are the

orb ita ls  from w hich  th e  e x a c t  grou n d  sta te  d e n s ity  and e n e r g y  of th e  

in tera c tin g  sy stem  may be determ ined  . T he K ohn-Sham  eq u ation s are

H ow ever, s in ce  th e k in etic  e n e r g y  E [p] w ith in  th is  th eo ry  is
K

H V 2 + Ve f£ (r )  ] ^. (r)  = e. ^. (r) (9)

w ith  the d e n s ity  b e in g  g iv e n  b y

P(r) = i f  l ^ ( r ) | 2 . ( 10)

H ere th e local e f fe c t iv e  p o ten tia l Vg££(r ) is  d efin ed  as

V (r ) = V (r ) + v  (r ) ,e f f  e s  xc (ID
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w here v  , th e  ex c h a n g e -c o r r e la tio n  p o ten tia l, is  th e  fu n ction a l xc

d er iv a tiv e  ,w ith  r e sp e c t  to th e d e n s ity , of th e  ex ch a n g e-co rre la tio n  

e n e r g y  fu n ction a l :

v  (r)  xc

6E [p]  xc

M r )

( 12)

T he k in etic  e n e r g y , w hich  w ith in  th is  s e lf -c o n s is te n t  schem e may be 

determ ined  e x a c t ly , is  th en  ob ta in ed  b y  m u ltip ly in g  E q . ( 9 )  b y  ,

summing o v er  all th e  p a r tic le s , and  in te g r a tin g  o v er  th e e lec tro n ic  c o ­

o rd in a tes . T hus

' /
Ek [p] = V i '  Ve f f (r ) p(r)  d r .  (13)

With the su b stitu tio n  of th is  e x p r e ss io n  for  th e k in etic  e n e r g y  in to  

E q s . ( l )  and (4) , th e  grou n d  s ta te  e n e r g y  o f th e  in tera c tin g  sy stem  is  

th en  g iv en  b y

p( r ) p( r ’)

E n r [ P] = z f e .  - i f  f d r d r ’ --------------- - /  dr  v M ( r ) P(r) t E J p ]  . (14)

J J  | r - r ' |  J



6
3In th e ir  or ig in a l w ork , Kohn and Sham p o in ted  out that the

be in terp re ted  as e lec tro n  rem oval e n e r g ie s . More r e c e n tly  h ow ever , it

eq u a l to th e chem ical p o ten tia l y .

T h u s we se e  th at th e  m ost s ig n ific a n t a ttr ib u te  of th e  K ohn-Sham  

th eo ry  is  th a t th e  e f fe c t iv e  p o ten tia l in  w hich  th e  e lec tro n s  move is  

loca l, and c o n seq u en tly  so lu tion  of Eq. (9 ) is  sim ilar to  th at of th e  

H artree eq u a tio n s . T h e p r in c ip le  draw back of th e  form alism  ,o n  th e  

o th er  h an d , is  th a t th e  ex ch a n g e -co r re la tio n  e n e r g y  fu n ction a l is  

unknow n and m ust be approxim ated  . As a co n seq u en ce  , th e  b ounds  

to th e ground  sta te  e n e r g y  are no lo n g er  r ig o ro u s .

In th e K ohn-Sham  d e n s ity -fu n c tio n a l th eo ry  c o n te x t , the correlation  

DFT
e n e r g y  E [p] is  d efin ed  b y  su b tra c tin g  from E [p] ,  th e  d e n s ity -  c xc

DFTfu n ction a l th eo ry  ex ch a n g e  e n e r g y  fu n ction a l E [p] d efin ed  below  .
X

e ig e n v a lu e s  e  ̂ o f Eq. (9) h ave  no d irect p h y sic a l s ig n ifica n ce  and cannot

has b een  show n th a t th e  h ig h e s t  occu p ied  orb ita l e n e r g y  e ism ax

T h u s

(15)

w here

Y. (r)Y. ( r?)Y.(r’)Y.(r)  
! J 1 J

EDFT
[p]x

(16)
I r -r ' |



T he orb ita ls  in  th e d efin ition  of E [p] are so lu tion s of E q . ( 9 )  w ith
X

v  (r ) rep laced  b y  th e sum of th e  co rresp o n d in g  fu n ction a l d er iv a tiv es
XC

v  (r )  and v  (r ) . T h ese  orb ita ls are , o f cou rse  , th e same as th ose  x  c

obtained  b y  so lu tion  of E q . ( 9 )  . As is  th e  case  w ith  E [p] , the
XC

DFTfu n ction a l Ec [p] is  a lso  p r e se n tly  unknow n .

H ow ever, we note th a t th ere  is  n o th in g  in th e  H ohenberg-K ohn

theorem  w hich  p rec lu d es  th e addition  and su b traction  of an y  a u x iliary

k in etic  e n e r g y  from th e  in tera ctin g -ferm io n  e n e r g y  fu n ction a l . In fa c t,

one is free  to  ch oose th e  s ta t is t ic s  of th e  f ic t it io u s  n o n -in tera c tin g

p a r tic le s , or ev en  th e ir  m asses and sp in s . C o n seq u en tly , the

co rresp o n d in g  'e x ch a n g e -co rre la tio n ' and 'correlation ' e n e r g y

fu n ction a ls  w ould be d iffere n t from th at of th e  K ohn-Sham  d efin itio n .

It is  in  th is  co n tex t th at we re fe r  to the correla tion  e n e r g y  in d e n s ity -

fu n ction a l th eo ry  as a m athem atical a r tifa c t. T he add ition  and

su b traction  of th e  k in etic  e n e r g y  of a sy stem  of n o n -in te r a c tin g  b oson s

of d e n s ity  p(r)  , to g e th e r  w ith  app lication  of th e  variation al p rin cip le
5

for  the e n e r g y  to  Eq. (1) , in  fact lea d s to  a s in g le  E uler eq u ation  for  

th e  d e n s ity  w ith  a d iffe r e n t local e f fe c t iv e  p o ten tia l and w hose  

e ig en v a lu e  is  th e  chem ical p oten tia l .

R etu rn in g  to  th e K ohn-Sham  form alism  th e  to ta l n o n -r e la t iv is t ic  

e n e r g y  may th en  be w r itten  as



w here the sum of th e f ir s t  th ree  term s c o n s t itu te s  w hat we re fe r  to  as 

'ex ch a n g e -o n ly ' (XO) p art o f the to ta l e n e r g y  . T he ex c h a n g e -o n ly

x oe n e r g y  E can be determ ined  in d ep en d en tly  b y  so lv in g  th e  ex ch a n g e -  

on ly  K ohn-Sham  eq u ation s w hich  are

[ - | V 2+v(r )+v  ( r )+v  ( r ) ]§ (r)=e'  $ (r)  , (18)
i l  x  1 11

w ith

p'(r)  = i f  | * . ( r ) | 2 (19)

XOb ein g  th e co rresp o n d in g  e x c h a n g e -o n ly  d e n s ity . N ote th at E [p] = 

XO
E [p'] , but th at th e co n stitu e n t k in etic  , e le c tr o s ta tic  and ex ch a n g e  

e n e r g y  fu n ction a ls  are not eq u iv a len t for  th e two d e n s it ie s  p and p' . 

T h u s , the g r o u n d -sta te  e n e r g y  for th e  e x c h a n g e -o n ly  sy stem  is doubly  

d eg en era te  in th e se  d e n s it ie s  . A lth ou gh  we p ro v id e  no r igorou s  

m athem atical proof of th e e x is te n c e  o f th is  d e g e n e r a c y , th e  eq u a lity  of 

th e  g r o u n d -sta te  e x c h a n g e -o n ly  e n e r g y  for  th e  two d e n s it ie s  may be  

u n d ersto o d  as fo llow s. For an assum ed ca lcu la tion a l schem e, su ch  as 

th a t due to Kohn and Sham , th e correlation  e n e r g y  is  u n iq u ely  d efin ed  

and m ust have a sp e c if ic  num erical va lu e  for th e  fu lly - in te r a c tin g  

sy stem  u n d er  co n sid era tio n . C o n seq u en tly  , th e  ex c h a n g e -o n ly



com ponent o f th e to ta l e n e r g y  m ust h ave th e  same va lu e ir r e sp e c tiv e  of 

w h eth er it is  b e in g  d eterm ined  b y  th e  d e n s ity  of th e  fu lly -c o rre la te d  

system  or th a t of th e  e x c h a n g e -o n ly  sy ste m . T he r e su lts  of ca lcu lation s  

to be p r e se n te d  in ch a p ter  IV su p p o rt th is  co n c lu sio n . It m ust a lso  be  

em phasized  th at th e  'T(r) are not H artree-F ock  o rb ita ls  , and that

xoco n se q u e n tly , E is  not th e  H artree-F ock  e n e r g y . T he d istin ctio n  

a r ise s  b eca u se  one se t  o f orb ita ls  are d er iv ed  from a local e f fe c t iv e

p oten tia l w hile th e  o th er  are ob ta in ed  v ia  a n o n -lo ca l p o ten tia l. Of
g

cou rse  , it is  p o ss ib le  to c o n str u c t a local e f fe c t iv e  p o ten tia l w hich  w ill 

g iv e  r ise  to th e H a rtree-F ock  d e n s ity  and tota l e n e r g y , b u t th is  is  th en  

not the optim ized local e f fe c t iv e  p o ten tia l .

T h ere are two w ays b y  w hich  th e  con ven tion a l and d e n s ity -

fu n ction a l th eo ry  correla tion  e n e r g ie s  may be estim ated  . T he f ir s t  is  

to re so r t to exp erim en t . T he n o n -r e la t iv is t ic  grou n d  sta te  e n e r g y  may 

be ob ta in ed  b y  su b tr a c t in g  out from th e  exp erim en ta l va lu e  th eo re tica lly  

determ ined  r e la t iv is t ic  e f fe c t  c o n tr ib u tio n s . Em pirical v a lu es  for the  

correla tion  e n e r g ie s  may th en  be ob ta in ed  b y  su b tra c tin g  out the  

H artree-F ock  and e x c h a n g e -o n ly  e n e r g ie s  . T he secon d  approach  is  

en tir e ly  th eo re tica l . For th e  con ven tion a l correla tion  e n e r g y  , one

assu m es a m any-param eter co rre la ted  w ave fu n ctio n  to determ ine  

varia tion a lly  a r ig o ro u s  u p p er  bound to  th e  ground  sta te  e n e r g y , from  

w hich th e H artree-F ock  va lu e  is  th en  su b tra c ted  . For d e n s ity -
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fu n ction a l th eo ry  v a lu es  , one m ust approxim ate th e e x c h a n g e - 

correlation  or correla tion  e n e r g y  fu n ctio n a ls  as a ccu ra te ly  as p o ssib le  , 

so lv e  th e K ohn-Sham  eq u ation s s e lf -c o n s is te n t ly  to determ ine th e ground  

sta te  e n e r g y  , and from th is  r e su lt  su b tra c t th e  ex c h a n g e -o n ly  term s 

u sin g  the same orb ita ls  . A s in d ica ted  ea r lier , th e ex c h a n g e -o n ly  

e n e r g y  may a lso  be determ ined  b y  an in d ep en d en t K ohn-Sham  p roced u re  

assum ing on ly  Pauli co rre la tio n s . For sy stem  in w hich  se lf -c o n s is te n c y  

is  d ifficu lt  to a ch ie v e , th e  ground  sta te  e n e r g y  may be approxim ated  b y  

trea tin g  the d e n s it ie s  in the e n e r g y  fu n ction a l varia tion a lly  . T he  

ex c h a n g e -o n ly  com ponent to  be su b tra c ted  shou ld  th en  be determ ined  

for th e se  same e n e r g y  m inim ized d e n s it ie s . In both  th e s e lf -c o n s is te n t  

and variational p ro ced u res  , th e  fa ct that the to ta l e n e r g y  fu n ction a l is  

approxim ated im plies , as s ta ted  ea r lier , that th e  bound  ob ta in ed  is  no 

lo n g er  r igorou s .

1 . 1 . 1  Q uantitative Estim ates

1 . 1 . 1 . 1  Homogeneous E lectron Gas

H aving d escr ib ed  th e  q u a lita tive  d iffe r e n c e s  b etw een  th e  

con ven tion a l and d e n s ity -fu n c tio n a l th eo ry  d e fin itio n s of th e  correlation  

e n e r g y  , the ob v iou s q u estio n  w hich  a r ise s  n e x t  is  w hat are  

q u a n tita tiv e  d iffe r e n c e s  b etw een  th e two ?. For th e hom ogeneous  

electro n  g a s , th e  two correla tion  e n e r g ie s  are id en tica l s in ce  both  th e
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H artree-F ock  and e x c h a n g e -o n ly  o rb ita ls  are p lane w aves . Furtherm ore

, the a v er a g e  correlation  e n e r g y  per  partic le  e  ̂ a s  determ ined  b y  a

7
m any-param eter co rre la ted  w ave fu n ctio n  ca lcu lation  , is  20% - 33% of

8 —
th e  a v era g e  ex c h a n g e  e n e r g y  E^=-3kp/4Tr ov er  the metallic ran ge  of

d e n s it ie s  r s =2-6 . H ere r^ is  the W igner-Seitz  rad iu s d efin ed  in term s

— 9 — -1 1 /3
of the bulk  Fermi momoentum k as k = l / ( a r  ) ,  a =( 9 t t / 4 ) , and

Jr . r  S
—3  _

w here k-c,/3iT3 = p is  the bulk  d e n s ity .b

1 . 1 . 1 . 2  Atoms

For th e non -un iform  e lec tro n  gas in atoms , th e  d iffere n c e  b etw een

th e  con v en tio n a l and d e n s ity -fu n c tio n a l v a lu es  o f the correla tion  e n e r g y

can be determ ined  w ith  a ccu ra cy  upto an atomic num ber o f Z=18 .

Follow ing V eillard  and C lem en ti^  th e n o n -r e la t iv is t ic  grou n d  sta te  

nr
e n e r g y  E is  th e  sum of th e exp erim en ta lly  determ ined  ion ization

III*
p o ten tia ls  of an atom m inus a r e la t iv is t ic  correction  . To determ ine E

for th e se  atom s w e u se  th e  m ost r e c e n tly  determ ined  exp erim en ta l v a lu es

quoted  b y  M oore^  . T he r e la t iv is t ic  co rrectio n s  we em ploy are th o se  

1 2due to D esc la u x  w ho ob ta in ed  th e se  con tr ib u tio n s p e r tu r b a tiv e ly  u s in g

s e lf -c o n s is te n t ly  determ ined  D irac-F ock  w a v efu n ctio n s . In add ition  to  

nr
th e  E th u s  determ ined  for  th e atoms w ith  Z=2-18 , we p r e se n t  in

13 HP 14 XO
T able I th e H a rtree-F ock  (E ) and e x c h a n g e -o n ly  (E ) e n e r g ie s

to g e th e r  w ith  th e  co rresp o n d in g  con ven tion a l (^ c ) anc  ̂ d e n s ity -

DFTfu n ctio n a l th eo ry  (Ec ) correla tion  e n e r g ie s  . T hat th e se  em pirical
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Table L

determ ined conventional (Ec ) and d en sity -fun ction al

correlation en erg ies in R yd b ergs of atoms with atomic

nrnumber Z=2-18 . The n on -rela tiv istic  ground state en erg y  E
HFdeterm ined as described  in the te x t, as well as the H artree-Fock E

x oand exch an ge-on ly  E en erg ies are also quoted . T heoretically
nrdeterm ined values of E for He , Li and Be are g iven  in p aren th eses.

ATOM A comic Total Energies (Ryd) Correlation Energies (Ryd)
Number

Z

Non-
Relatlvlstic

-Ear

Hartree-
Fock

-EHF(3)

Exchange-
only

_EX0(b)

Conventional

-Ec

Density-
Functional Theory

-E DiT c

He 2 5.8068 

(5.8077)(c)

5.7234 5.7234 0.0834 0.0834

Li 3 14.9554

(14.9561)(d)

14.8655 14.8648 0.0899 . 0.0906

Be 4 29.3332 

(29.3347)(e)

29.1460 29.1448 0.1872 0.1884

B 5 49.3058 49.0581 49.0555 0.2477 0.2503

C 6 75.6864 75.3772 75.3730 0.3092 0.3134

N 7 109.1732 108.8019 108.7964 0.3712 0.3768

0 8 150.1278 149.6188 149.6149 0.5090 0.5129

F 9 199.4568 198.8187 198.8157 0.6381 0.6411

Empirically

DFTtheory (Ec )
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Table 1  ̂ (continued)

ATOM Atomic Total Energies (Ryd) Correlation Energle. (Ryd)
Number Non-

Relativistic
Hartree-
Fock

Exchange-
only

Conventional Denslty-
Functlonal Tlieory

Z -Enr _ehf<*> -EX0(b) -Ec
_£ DFT 
c

Ne 10 257.852 257.0942 257.0910 0.758 0.761

Na 11 324.478 323.7178 323.7119 0.760 0.766

«8 12 400.058 399.2293 399.2223 0.829 0.836

Al 13 484.620 483.7514 683.7462 0.869 0.874

SI 14 578.616 577.7087 577.7008 0.907 0.915

P 15 682.370 681.4376 681.4264 0.932 0.944

S 16 796.044 795.0098 794.9998 1.034 1.044

Cl 17 920.108 918.9641 918.9569 1.144 1.151

Ar 18 1054.844 1053.635 1053.623 1.209 1.221

(a) See R ef. (13)
(b) See R ef. (14)
(c ) See R ef. (15)
(d) See R ef. (16)
(e) See R ef. (17)



v a lu es  for  th e  con ven tion a l correla tion  e n e r g y  are accu ra te  is

su b sta n tia ted  b y  th e r e s u lts  of m any-param eter correla ted  w avefu n ction  

15-17ca lcu lation s for th e grou n d  sta te  en e r g ie s  of He , Li and Be .

T h ese  th eo re tica lly  determ ined  num bers are quoted  in p a ren th eses  below

th e co rresp o n d in g  em pirically  determ ined  v a lu es  in th e T ab le , and th e

two s e ts  of num bers may be o b serv ed  to be e s se n tia lly  th e  same . A

stu d y  of the T able in d ica te s  th at th e con ven tion a l correla tion  e n e r g y  is

c o n s is te n tly  la r g e r  than  th e d e n s ity -fu n c tio n a l th eo ry  v a lu e , th e ir

d iffere n c e  b e in g  < 1% of the form er. T h is  is  , of c o u r se , due to th e

fact th at th e e x c h a n g e -o n ly  r e su lts  for  the e n e r g y  lie  on ly  s lig h t ly

above th o se  of H artree-F ock  . T he orb ita ls  as w ell as th e  co n stitu en t

18ex ch a n g e  and k in etic  e n e r g ie s  a lso  c lo se ly  approxim ate each  o th er  . 

T hat an optim ized local e f fe c t iv e  p o ten tia l rep ro d u ces  in  e s s e n c e  th e  

so lu tion s d er iv ed  from a n o n -lo ca l p o ten tia l is  q u ite  rem arkable. We are  

unaw are of an y  theorem  th a t p r o v e s  th is  m ust be th e  ca se  . F ina lly , 

a lth ou gh  th e correla tion  e n e r g y  in c r e a se s  in m agnitude w ith  e lec tro n  

num ber , as it m ust , th e  fraction  it is  of th e  ex ch a n g e  e n e r g y  

d im in ishes . For H e ,B e ,N e  and Ar , th e correla tion  e n e r g y  is  4.1% , 

3.5% , 3.1% and 2.4% of th e  d e n s ity -fu n c tio n a l th eo ry  ex ch a n g e  e n e r g y
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1 . 1 . 1 . 3  Metallic Surfaces

T he problem  of th e  inhom ogeneous e lec tro n  gas at m etallic su r fa ces

has p ro v ed  to be far more com plex. As a co n seq u en ce  o f th e  fa ct that

at p r e se n t  no reliab le  exp erim en ta l num bers e x is t  for  th e su rface

e n e r g y  of sim ple m etals, our u n d e rsta n d in g  is e n tir e ly  th eo re tica l . As

in th e  atomic p h y s ic s  c a se , th ere  h as b een  both  a d e n s ity -fu n c tio n a l

th eo ry  as w ell as a quantum -m echanical co rre la ted -w a v efu n ctio n

approach  to the su r fa ce  problem  . Within th e co n tex t of th e form er

th eo ry  our id eas on th e  sep a ra te  con tr ib u tio n s of ex ch a n g e  and

correla tion  to  th e su rfa ce  e n e r g y  of jellium  m etal are b a sed  on

19 20ca lcu la tion s perform ed  for the in fin ite  b arrier  model ’ o f a su r fa ce  .

For th e se  orb ita ls  th e  'exact' (w ith in  th e random p h a se  approxim ation

21 22(R P A )) su rfa ce  e x ch a n g e -co r re la tio n  e n e r g y  ’ o [p ], as w ell a s thexc
23-25 18ex a c t (d e n s ity -fu n c tio n a l th eo ry ) su rfa ce  ex ch a n g e  e n e r g y  ’ 

o [p] are know n. (T he s u p e r sc r ip t  DFT w ill no lo n g er  be u sed  w ith
X

sym bols for th e su rfa ce  p ro p er tie s  s in ce  th e  m ajority of th e  ca lcu la tion s  

to be d isc u sse d  and p r e se n te d  in  th is  th e s is  are perform ed  w ith in  

d e n s ity -fu n c tio n a l th eo ry  ) .  T h ese  r e s u lts  are q u oted  in T able II for  

th e m etallic ran ge of d e n s it ie s  . T he ex a c t ex ch a n g e  e n e r g y  column is
18 _ 3  _ o

g iv e n  b y  ( 0 .5 7 6 /k p ) (10 a . u . )  . In th e la s t  colum n of th e Table

we g iv e  th e ratio  of the correla tion  to ex ch a n g e  as a p e r c e n ta g e , and  

o b se r v e  th a t th e two co n tr ib u tio n s are e q u iv a le n t. T h is  in d ica te s  th at
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Table II.

The surface exch an ge , correlation , and exch ange-correlation  
en erg ies in e rg s /c m 2 as a function of W igner-Seitz raduis r g (in  a . u . )

for the in fin ite  barrier model d en sities  . The resu lts  quoted are those  
in the local d en sity  (LDA) and gradient expansion  (GEA) approxim ations 
. The exchange en erg ies  are the exact non-local v a lu es, w hereas the  
'exact* exch ange-correlation  ( and correlation ) en erg ies are the RPA 
resu lts  of Wikborg and In g lesfie ld 2 las modified by L angreth and  
Perdew 22 . For the LDA correlation en erg y  we have em ployed the  
C ep erley-A ld er7 values o f the average correlation en ergy  per particle  . 
The quantities in p aren th eses in the LDA correlation en erg y  column 
are th ose obtained u sin g  th e W igner51 exp ression  . The GEA ex ch an ge-  
correlation (and correlation ) en erg y  resu lts  are determ ined u sin g  the  
L angreth-P erdew **1 coeffic ien t for the f ir s t  gradient correction .

Wigner-Seitz S U R F A C E E N E r a i 2E S (erga/co ) /correlation)

Radlua Exchanga Correlation Exchange-Correladon \ Exchanga /

ra
(a.u.)

LDA GEA EXACT LDA GEA "EXACT"
(RPA)

LDA GEA "EXACT"
(RPA)

"EXACT"
(RPA)

2.07 1110 -392 715 116

(65)

3542 675 1228 3150 1390 94

4.0 154 -54 99 26

(22)
450 104 180 396 203 105

6.0 46 -16 29 10
(10)

129 34 X 113 63 117
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for  su r fa c e s , correla tion  p la y s as s ig n ific a n t a role as does e x ch a n g e , 

a r e su lt  w hich is  e n tir e ly  d iffe r e n t  from th e atomic and hom ogeneous  

e lectro n  gas sy stem s d is c u s se d  ab ove. C erta in ly  th is  r e su lt  is  

reason ab le and to be e x p e c te d  fo r  low er d e n s ity  m eta ls, b u t th a t it is  

th e case  for th e h ig h er  d e n s ity  m etals ap p ears in tu it iv e ly  to be 

in co r rec t. Of c o u rse , it m ust be em phasized  that th e se  v a lu es  are  

d er iv ed  for th e in fin ite  b a rr ier  model w hich  is  a ra th er  poor
9g 2 7

r e p r e s e n ta t io n  ’ of a m etal su r fa ce  .

No RPA calcu lation  of Ex c [p] along th e lin e s  of W ikborg and

22In g lesfie ld  for a ccu ra te  m etal su r fa ce  d e n s it ie s  e x is t s  a lth ou gh  one is

28p r e se n tly  b ein g  attem pted  b y  Qian and Kohn . H ow ever, r igo ro u s  

u p p er b ou nd s to th e su r fa ce  e n e r g y  in the e x c h a n g e -o n ly

approxim ation (w ith  n o n -lo ca l e x c h a n g e )  h ave b een  determ ined  b y  Sahni

29 30 31and Ma for  w a v efu n c tio n s  g en era ted  b y  th e lin e a r-p o ten tia l m odel ’

of a m etal su rfa ce  . T h u s  we do have an accu rate  estim ate of th e  DFT

ex ch a n g e  con trib u tion  to  th e su rfa ce  e n e r g y  of jellium  m etal. A

quantum -m echanical co rre la ted  w avefu n ction  ca lcu lation  of th e  su rfa ce

32e n e r g y  has re c e n tly  b een  perform ed b y  Woo and collaborators  

H ow ever, variou s approxim ations are made in th e ir  w ork and it is  on ly  

th e k in etic  e n e r g y  th at h as b een  trea ted  e x a c tly  . A s e lf -c o n s is te n t  

H artree-F ock  so lu tion  for  th e su r fa ce  p h y s ic s  problem  also  d oes not



19e x is t ,  a lth ou gh  B ard een  did attem pt su ch  a ca lcu lation  w ith  m any

19 29sim plying approxim ations ’

1.2 Local D en sity  and G radient Expansion Approxim ations .

Within d e n s ity -fu n c tio n a l th eo ry  th e m ost commonly em ployed  

approxim ation for  th e ex ch a n g e  ( x ) ,  correla tion  ( c ) ,  e x c h a n g e -  

correlation  (x c )  and sc r e e n e d -e x c h a n g e  ( s x )  e n e r g ie s  is  th e  so -ca lled  

local d e n s ity  approxim ation  (LDA) acco rd in g  to w hich  th e e n e r g y  

d e n s ity  is  trea ted  as a fu n ctio n  of th e local va lu e o f th e  d e n s ity . T h u s  

, in  th is  approxim ation ,

A .(p (r )  } = p ( r ) e .{ p ( r ) } w here the e  ̂ are th e  co rresp o n d in g  a v era g e  

e n e r g ie s  p er  e lec tro n  of a hom ogeneous e lec tro n  gas of d e n s ity  p (r ) .  

B y ex ch a n g e -c o r r e la tio n  we mean th e  sum of th e ex ch a n g e  and  

correlation  e n e r g ie s ,  and  b y  sc r e e n e d -e x c h a n g e  th e ex ch a n g e  e n e r g y  

ob ta in ed  fo r  th e  screened-C ou lom b  in tera ctio n  of th e  Yukawa form:

( 20)

w here i= x ,c ,x c  or sx  r e s p e c t iv e ly . T he LDA co effc ien t 3
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w here k is  th e  scree n in g  param eter . T he co e ff ic ien ts  A and A are  s x  sx
2 3 3 - 3 5  36

know n ’ e x a c tly  for all d e n s it ie s , w hereas Ac is  know n for  h igh

33 37d e n s it ie s  but m ust be approxim ated for m etallic and low er d e n s it ie s  ’ 

T h u s the LDA is ex a c t in th e limit of v e r y  slow ly v a r y in g  d e n s it ie s  

and should  be accu rate  for  d e n s it ie s  w hich do not ch an ge ap p reciab ly  

o v er  a Fermi or scree n in g  w a v e len g th .

For the case  w here th e  d e n s ity  p (r) v a r ie s  slow ly  o v er  d ista n ces

su ch  as th e Fermi w a v elen g th  or scree n in g  le n g th , H ohenberg and  

2
Kohn have also  su g g e s te d  n on -loca l co rrectio n s to th e  LDA term  of 

Eq. (20) in th e form of an exp a n sio n  in g ra d ien ts  of th e  d e n s ity . In th is  

grad ien t ex p an sion  approxim ation (GEA) , the correction  to  the LDA to  

0 (V2) is  of th e  form

AE^EA = I B .{p (r )  } | Vp(r) | 2 d r  =

IVP( r ) | 2

C .{P( r ) }   d r  . (22)

4 / 3  ̂  p (r)

T he co e ffic ien ts  B of th is  ex p an sion  can be show n to be re la ted  to the  

2
q co e ffic ien t in th e ex p an sion  of th e  rec ip roca l of th e  s ta tic  d en s ity  

r e sp o n se  fu n ction  in p ow ers of th e w a v e -v e c to r  q  .

18U ntil th e  recen t w ork of Sahni e t al it w as assum ed  th at a GEA 

for  th e ex ch a n g e  (and  h en ce  correla tion ) e n e r g y  did  not e x is t  and th at
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co n seq u en tly  su ch  an ex p a n sio n  w as m athem atically va lid  on ly  w hen

ex ch a n g e  and correlation  w ere con sid ered  to g e th e r . T h is assum ption

38 39was b ased  on the w ork o f Kleinman and Gelda^t e t al who show ed

th at for H artree-F ock  th e o r y  orb ita ls  th e co e ffic ien t B w as s in g u la r .X

H ow ever, the exp a n sio n  o f Eq. (22) is  in tr in s ica lly  an exp a n sio n  w ith in

18th e ru b ric  of d e n s ity -fu n c tio n a l th eory  and w hat Sahni e t  al show ed

was that su ch  an ex p a n sio n  e x is t s  for th e ex ch a n g e  e n e r g y  p rov id ed

one em ploys d e n s ity -fu n c tio n a l th eo ry  orb ita ls  i . e .  so lu tio n s  of E q .(1 8 ) .

T he cr itica l d iffere n c e  b etw een  the two s e t s  of o rb ita ls  is  th at one is

d er iv ed  from a n on -lo ca l p o ten tia l w hereas th e o th er is  ob ta in ed  from an

e ffe c t iv e  p oten tia l w hich  is  local.. T he d e n s ity -fu n c tio n a l th eo ry

40co effic ien t B w as orig inaU y d er iv ed  by Sham and h as b een  red er iv edX
41re c e n tly  b y  L an greth  and P erdew  b y  a w ave v e c to r  a n a ly s is  m ethod.

As a con seq u en ce  of th e  fa ct th at a d e n s ity -fu n c tio n a l th eo ry  GEA

e x is t s  for the ex ch a n g e  e n e r g y , su ch  an exp a n sio n  m ust a lso  e x is t  for

th e  case  of the screened-C ou lom b  ex ch a n g e  e n e r g y . One of the

ca lcu la tion s perform ed in th is  th e s is  is  th e d eriva tion  of th e  co e ffic ien t  

DFTB . Within H artree-F o ck  th eo ry  (HFT) , a GEA for th e  sc r e e n e d -
S  X

Coulomb ex ch a n g e  e n e r g y  is  a lso  w ell d e fin ed , and  th e  corresp o n d in g

co effic ien t B ^ ^  is  k n o w n ^ ’ ^  . T h ere  are se v e r a l  s x
41 43-45ca lcu la tion s ’ o f th e  c o e ffic ien t B for m etallic d e n s it ie s , and axc

46va lu e for  B c h as b een  determ ined  in th e h ig h  d e n s ity  lim it.
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In the n e x t few  su b se c tio n s  , we su r v e y  th e e x is t in g  r e su lts  of th e  

LDA and GEA for the ex ch a n g e  , correla tion  and ex ch a n g e-co r re la tio n  

e n e r g ie s  as app lied  to atoms and m etallic s u r fa c e s .

1 . 2 . 1  Local D en sity  A pproxim ation for  th e  E xch an ge , C orrelation  

and E x ch an ge-C orrela tion  E n erg ie s .

1 .2 .1 .1  Atoms

For the atoms co n sid ered  in T able I , th e  erro rs  in th e LDA

18ex ch a n g e  e n e r g ie s  are -13.6% , - 8 . 8 % and -7.5% for H e,N e and Ar

r e sp e c t iv e ly  w hen com pared w ith  th e e x a c t e x c h a n g e -o n ly  r e s u lt s .  On

th e o th er  h an d , th e m agnitude of th e LDA correla tion  e n e r g ie s  are  

47 37overestim ated  ’ b y  100-200% . T h is co n sid erab le  overestim ate  has

48been  a ttr ib u ted  p rin c ip a lly  to th e fact th at the e x p r e ss io n  u sed  in

Eq. (20) are d er iv ed  for th e in fin ite  e lec tro n  gas sy stem  w hich h as a

con tin u ou s e n e r g y  sp ectru m , w hereas th e sp ectru m  of th e fin ite  atomic

sy stem  is d e sc r e te  . F urtherm ore, th e  e lec tro n  d e n s it ie s  v a ry  rap id ly

n ear th e n u c le ii o f atom s . H ow ever, th e LDA ex ch a n g e -co r re la tio n  

49e n e r g y  err o rs  for  H e ,L i and Be are on ly  8.7% , 8 . 8 % and 9.2%

49r e sp e c t iv e ly  w hen com pared w ith  e x a c t r e su lts  for  E [p] . T h ese
xc

ex a c t v a lu es  are ob ta in ed  b y  a p ro ced u re  w h ereb y  th e  K ohn-Sham

p oten tia l v  and e ig e n v a lu e s  e . are f ir s t  determ ined  u s in g  th e
X C  1

corre la ted  w a v efu n ctio n s  of R e fs . (15) , (16) and (17) . T h en  w ith
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the ex a c t ground  sta te  e n e r g y  b e in g  known (v ia  th e se  correla ted

w avef u n ctio n s) , th e  ex ch a n g e -co r re la tio n  e n e r g y  is  ob ta in ed  b y

su b stitu tio n  into  E q .(1 4 ) .

1 . 2 . 1 . 2  Metallic Surfaces

50T he LDA su rfa ce  ex ch a n g e  and correla tion  e n e r g ie s  for th e

in fin ite  barrier  model d e n s it ie s  are a lso  g iv e n  in T able II. We have

37 7r ed er iv ed  th e  la tter  u s in g  a param eterization  of th e  C ep er ley -A ld er

r e su lts  for e  ̂ . In com parison w ith  the e x a c t r e su lts  , th e  ex ch a n g e

18 “ 3 "3e n e r g y  w hich  in the LDA is g iv e n  b y  (0 .8 9 3 9 ) /k x;,(10 a . u . )  is  an

overestim ate  b y  55% w h ereas th e correla tion  e n e r g y  is  u n d erestim ated  b y

a f if th  to a th ird  of the 'true' va lue . H ow ever, th e ir  sum , as in  th e

case of the lig h t atom s, is  w ith in  10% of th e th e 'exact' RPA r e s u lt s .

T he cancella tion  of th e se  erro rs  in local e x ch a n g e  and correla tion  as

dem onstrated  b y  th is  model ca lcu lation  has b een  th e  p rin cip le

ju stifica tio n  for th e u se  of th is  approxim ation in su r fa ce  p h y s ic s

ca lcu la tion s. (In  the LDA correla tion  e n e r g y  column we a lso  g iv e  th e

v a lu es  o b ta in e d ^  b y  u s in g  th e W ig n e r ^ e x p r e ss io n  for  th e  a v era g e

correlation  e n e r g y  p er p artic le  . N ote th at for  the h ig h er  d e n s ity

m etals, th e se  LDA v a lu es  are co n sid era b ly  d if fe r e n t) .

We o b serv e  th at a lth ou gh  in both  atoms and m etallic su r fa c e s  th e  

d e n s ity  v a r ie s  rap id ly  o v er  th e  ap p rop riate le n g th  s c a le s , th e LDA s t ill
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lead s to fa ir ly  accu rate  r e s u lt s .  T h ere  h ave b een  d iffere n t exp lan ation s

50 52 53of th is  fact in th e litera tu re  ’ ’ . We p r e se n t h ere  an argum ent

50due to Lang and Sham w hich  is  r e lev a n t to th e p r esen t w ork .

1. 2 . 2  The Lang-Sham Argum ent

T he argum ent for th e de facto  a ccu ra cy  of the LDA for th e  e x c h a n g e -

50correlation  e n e r g y  due to Lang and Sham has b een  made w ith

re fe ren ce  to  the m etallic su r fa c e . It is  b ased  on th e  w ork b y

38 39
Kleinman and G eldart e t al who show ed th at for H artree-F ock

o rb ita ls , a s e r ie s  in th e  g ra d ie n ts  of th e  d e n s ity  does n ot e x is t  for  th e

bare-C oulom b ex ch a n g e  e n e r g y  due to a d iv er g en ce  in th e  f ir s t  gra d ien t

correction  term . C o n seq u en tly , th ey  con clud ed  th at n e ith er  d oes su ch

an ex p a n sio n  e x is t  for  th e  correla tion  e n e r g y . H ow ever, a cco rd in g  to

them , an ex p a n sio n  d o es  e x is t  w hen ex ch a n g e  and correla tion  are

co n sid ered  to g e th e r  s in ce  th e  s in g u la r itie s  in th e  ex p a n sio n s  fo r  th e

50ex ch a n g e  and correla tion  ca n ce l. Lang and Sham ca lcu la ted  th e  LDA

v a lu es  for th e su r fa ce  e x c h a n g e  and correla tion  e n e r g ie s  w ith in  the

51in fin ite  b arrier  m odel ( s e e  T able II) u s in g  th e W igner e x p r e ss io n  for  

th e a v era g e  correla tion  e n e r g y  p er p artic le  . As d is c u s se d  in the  

p rev io u s  sec tio n , th e LDA v a lu es  d iffe r  su b sta n tia lly  from th e "exact"  

r e s u lts  w hen co n sid ered  in d iv id u a lly  but are w ith in  1 0 % of them  w hen  

taken  to g e th e r  . T he la rg e  d iscrep a n c ie s  in the in d iv id u a l LDA term s  

for th e  ex ch a n g e  and correla tion  e n e r g ie s  w ere a ttr ib u ted  to th e
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assum ed fact that th e gra d ien t correction  had to  be la rg e  s in ce  the  

in d iv id u a l s e r ie s  d iv er g ed  . B ut w hen ex ch a n g e  and correlation  trea ted  

loca lly  w ere taken  to g e th e r  the r e su lts  w ere accu rate  b ecau se  the  

s in g u la r itie s  in  th e  gra d ien t se r ie s  for  each  of th e se  p ro p ertie s  

ca n ce lled . T h u s th e ju stifica tio n  for the a ccu ra cy  of th e  LDA w as b ased  

on th e e x is te n c e  of a pow er se r ie s  ex p a n sio n  in th e g ra d ien ts  of th e  

d e n s ity . F urtherm ore, it is  im plicitly  assum ed in th is  argum ent that 

th e con trib u tion  of th e  f ir s t  grad ien t correction  term s is  small.

F u rth er su p p ort for th is  argum ent w as p rov id ed  b y  a sim ilar

50calcu lation  b y  Lang and Sham for th e su r fa ce  ex ch a n g e  e n e r g y  

assum ing a screened-C ou lom b  in teraction  . Now w hen correlation

e f fe c ts  are in c lu d ed  b y  sc r e e n in g  th e e x c h a n g e , it has a lso  b een  show n

38 39b y  Kleinman and G eldart e t  al , as s ta ted  ea r lier , th at a GEA e x is t s

50w ith in  H artree-F ock  th eo ry  (H F T ). T he r e su lts  o f th e Lang and Sham  

ca lcu la tion s w hich w ere aga in  perform ed for  th e in fin ite  barrier  model 

d e n s it ie s  , in d ica ted  th a t th e  LDA w as good for fin ite  and large  

sc r e e n in g  but poor for  w eak sc r e e n in g  for  w hich  th e  in teraction  more 

c lo se ly  approxim ated th e  bare-C oulom b in teraction  . T h u s aga in , th e  

e x is te n c e  of a GEA for screen ed  ex ch a n g e  w as u sed  to ju s t ify  th e  

accu racy  of th e  LDA .
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T he above argum ent is  , h ow ever , in co rrec t s in ce  as in d icated  

18ea rlier  Sahni et al have show n th at w ith in  th e d e n s ity -fu n c tio n a l 

th eo ry  co n tex t i . e .  for orb ita ls  d er iv ed  from local e f fe c t iv e  p o ten tia l, a 

grad ien t exp an sion  does e x is t  for th e bare-C oulom b ex ch a n g e  e n e r g y ,  

and th u s co n seq u en tly  a lso  for the correlation  e n e r g y . T h u s th e fact 

th a t th e in d iv idu a l LDA ex ch a n g e  and correla tion  e n e r g ie s  are poor 

cannot be a ttr ib u ted  to th e lack  of e x is te n c e  of a grad ien t exp an sion  

for th e se  p ro p er tie s .

50A secon d  draw back of th e Lang and Sham argum ent has to do w ith  

th e ir  screened-C ou lom b ex ch a n g e  e n e r g y  ca lcu la tion . T h ey  show ed that 

th e LDA w as good and th a t it co n v erg ed  as a fu n ction  of th e scree n in g  

param eter k g for th e f ix e d  in fin ite  b arrier  model d e n s ity  p ro file . T h u s,  

it w as th e Ham iltonian, or eq u iv a le n tly , th e  e n e r g y  fu n ction a l of the  

in tera c tin g  sy stem  w hich  was b ein g  varied  in th e ir  ca lcu la tion s. 

H ow ever, in any te s t  of th e co n v erg en ce  of an approxim ation in w hich  

th e d e n s ity  is  the in tr in s ic  variab le , it is  th e  Hamiltonian th at m ust be  

k ep t fix ed  and the d e n s ity  p rofile  w hich m ust be v a r ied .
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1. 2 . 3  Gradient E xpansion Approximation for the Exchange , 

Correlation and Exchange-C orrelation E nergies.

1 . 2 . 3 . 1  Atoms

T he on ly  GEA corre la tion  e n e r g y  r e su lts  availab le are th o se  of Ma 

46
and B ru eck n er  who u s in g  th e  h igh  d e n s ity  (co n sta n t) c o e ffic ien t B c

and H artree-F ock  d e n s it ie s  have show n th a t for atoms (0 ,N e ,N a ,A r  and

K) the con trib u tion  of th e  correction  term  (E q .(2 2 ) )  is  too la rg e  b y  a

factor  of about f iv e .  On th e  o th er  h an d , th e  GEA for ex ch a n g e  as  

18
app lied  to atoms is  a m arked im provem ent o v er  th e  LDA , b u t aga in  

the erro rs  for th e atom s co n s id ered  in T able I ran g e  from 5-3% .

1 . 2 . 3 . 2  Metallic Surfaces

For p h y sica l d e n s ity  p ro file s  at m etallic su r fa c e s  the GEA for th e

18ex ch a n g e  e n e r g y  h as b een  show n to be p articu la r ly  a ccu ra te . In fact

54, w ith in  the e x c h a n g e -o n ly  approxim ation , th is  ex p a n sio n  rep ro d u ces

the r e su lts  of a ca lcu la tion  of th e su rfa ce  e n e r g y  in w hich  th e n on -loca l

29ex ch a n g e  e n e r g y  is  trea ted  e x a c tly

As we m entioned  b e fo re , th ere  are m any d iffere n t  

41 43-45ca lcu lation s ’ of th e  co e ffic ien t B for m etallic d e n s it ie s . T hexc

r e su lts  of th e se  ca lcu la tio n s all d iffer  and co n seq u en tly  so do th e  

su rfa ce  en e r g ie s  ob ta in ed  w ith in  th is  approxim ation . W hether th e
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addition  of th e gra d ien t correction  term for the e x ch a n g e -co r re la tio n

e n e r g y  im proves th e su r fa ce  e n e r g y  (and th ro u g h  it th e  d e n s ity  and

oth er  p r o p e r t ie s ) , cannot be an sw ered  b y  com parison w ith  exp erim en t

due to th e u n cer ta in tie s  in the exp erim en ta l v a lu e s . One m ust th u s

re ly  s tr ic t ly  on a th eo re tica l b a s is  for determ in ing w h eth er  th e GEA for

ex ch a n g e -co r re la tio n  is  ap p rop ria te  or n ot. One su ch  a n a ly s is  h as b een

55g iv en  b y  P erdew , L an greth  and Sahni who em ploying th e  w a v e -v e c to r

formalism show  th a t the GEA lead s to overestim a tes  for su r fa ce  e n e r g y .

41More rec en t w ork b y  L an greth  arid Perdew  su p p o rts  th is  con c lu sio n .

T he op p osite  con clu sion  th a t the GEA is in fact accu ra te  fo r  su rfa ce

42 56e n e r g y  ca lcu la tion s w as a rr iv ed  at by R asolt and co -w o rk ers  ’ who

stu d ied  the ex p a n sio n  for th e screened-C ou lom b in tera c tio n . An

im provem ent in th e co n v erg e n c e  of th e GEA o v e r  th e  LDA w as

o b se r v e d , and th is  fact w as u sed  to argu e in d ire c tly  th e  m erits o f the

GEA for ex ch a n g e -co r re la tio n  as app lied  to m etallic s u r fa c e s . H ow ever,

50as in th e  w ork of Lang and  Sham d isc u sse d  a b o v e , th e se  au th o rs  a lso  

dem onstrated  th e co n v erg e n c e  of th e  GEA as a fu n ctio n  o f th e  sc r e e n in g  

param eter and not as a fu n ctio n  of the d e n s ity  p rofile  or its  g ra d ie n ts .

1 .3  T hesis Outline

In th is  th e s is  we are con cern ed  p rin cip a lly  w ith  th e  s tu d y  of 

correlation  e f fe c ts  at m etallic s u r fa c e s , th e s tu d ie s  perform ed b e in g
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w ith in  th e co n tex t of d e n s ity -fu n c tio n a l th eo ry  . In section  II. 1 we 

d efin e  a jellium m etal su rfa ce  and the v a r io u s su r fa ce  p ro p ertie s  w hich  

are em ployed in th is  w ork . We b eg in  our s tu d y  of th e  correlation  

e f fe c ts  at su r fa ces  in sectio n  I I .2 b y  assu m ing  for  th e non-uniform  

e lectro n  gas a screened-C ou lom b  in tera c tio n . We f ir s t  d er iv e  in th is  

sec tio n  ex a c t r e su lts  for th e scree n e d  su rfa ce  ex ch a n g e  e n e r g y  as a

fu n ction  of th e sc r e e n in g  le n g th  for orb ita ls  ob ta in ed  from th e  s te p -
20 2y 2.9

p oten tia l model ’ ’ of a su r fa ce . We th en  s tu d y  th e e f fe c ts  of

sc r e e n in g  th e ex ch a n g e  on th e tota l su rface  e n e r g y .

Em ploying th e se  ex a c t r e su lts  we th en  re-ex a m in e  th e argum ents of

50 56L ang-Sham  and R asolt e t  al for th e a ccu ra cy  o f th e  local d e n s ity

and gra d ien t ex p a n sio n  approxim ations r e s p e c t iv e ly , as ap p lied  to

su r fa c e s . In sec tio n  I I I . l  we s tu d y  th e  co n v erg e n c e  o f both  th e se

approxim ations for th e screened-C ou lom b  e x ch a n g e  e n e r g y  as a fu n ction

of th e d e n s ity  p rofile  w ith in  H artree-F ock  th eo ry  . In ord er to  s tu d y

th e co n v erg e n c e  p ro p er tie s  of the co rresp o n d in g  GEA in d e n s ity -

40fu n ction a l th eo ry  we f ir s t  d er iv e  b y  th e m ethod of Sham (S ee

A p p en d ix  A for d e ta ils)  th e  f ir s t  gra d ien t co rrectio n  term  co effic ien t  

DFTB . In sec tio n  I I I .2 we compare the d e n s ity -fu n c tio n a l th eo ry
S X

DFT HFTand H artree-F ock  th eo ry  c o e ffic ien ts  B and B r e s p e c t iv e ly ,
S X  S X

and th en  perform  a co n v erg e n c e  s tu d y  of th e  GEA fo r  screened-C ou lom b

ex ch a n g e  e n e r g y  in d e n s ity -fu n c tio n a l th e o r y . T h e r e su lts  o f th e se
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co n v erg e n c e  s tu d ie s  are su r p r is in g  and q u ite  con tra ry  to in tu itiv e  

e x p ec ta tio n s  of a sh o r t-r a n g e d  in teraction  .

As d isc u sse d  p r e v io u s ly  , both  for atom s and m etal su r fa c e s , the

LDA for e x ch a n g e -co r re la tio n  is in erro r  b y  approxim ately  10% . In

ord er to elim inate th is  e r r o r , th ere  has re c e n tly  b een  a con sid erab le  

41 43-45  52 53 57amount of w ork ’ ’ ’ ’ on th e  developm ent of n on -loca l

co rrectio n s to it . For th e non uniform  e lec tro n  gas at m etallic

su r fa c e s , the most accu ra te  of th e se  approxim ate co rr ec tio n s , in our

opinion (w ith  a d isc u ss io n  of the ju stifica tio n  to be g iv en  la te r ) ,  is  that

2 2 58ob ta in ed  b y  the w a v e -v e c to r  m ethod of L an greth  and Perdew  ’ . In

section  IV. 1, we em ploy th e ir  m ethod in conjunction  w ith  rea lis tic

30 31jellium metal su rfa ce  d e n s it ie s  ’ to a ccu ra te ly  estim ate th e  (d e n s ity -  

fu n ction a l th eo ry ) su r fa ce  correla tion  e n e r g y  . In our ca lcu la tion s we 

trea t th e  n on -loca l ex c h a n g e  e n e r g y  con tr ib u tio n s e x a c tly  . T h ese  are  

th e  f ir s t  rea lis tic  e stim a tes  of th is  p r o p e r ty , and th e r e s u lts  are far  

more p h y sica lly  reason ab le  than th o se  ob ta in ed  for th e in fin ite  barrier  

m odel. We th en  make com parisons w ith  th e r e su lts  o f e x is t in g  correla ted  

w avefu n ction  ca lcu la tion s . In th is  sec tio n  we a lso  exam ine th e LDA for  

th e  su rfa ce  ex ch a n g e  and correla tion  e n e r g ie s  sep a ra te ly  in ord er  to  

determ ine w hether th e can cella tion  of er r o r s  o b se r v e d  for th e in fin ite  

b arrier  model is  fo r tu ito u s  or w h eth er  in fact su ch  a cancella tion  d oes  

occu r e v e n  for the more r ea lis t ic  d e n s ity  p r o file s .
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Since it has now b een  e s ta b lish ed  th at a g ra d ien t exp a n sio n  e x is t s

for the ex ch a n g e  and correla tion  e n e r g ie s  se p a r a te ly , it is  th u s  p o ssib le

to s tu d y  the co n v erg e n c e  p ro p ertie s  o f th e  GEA for th e  su rface

correlation  e n e r g y . As in d ica ted  ea r lier , th e  GEA for ex ch a n g e  as

app lied  to s u r f a c e s ^ ’ ^  is  p articu lar ly  accu ra te  in rep ro d u cin g  the

29r e su lts  of an ex a c t n on -loca l ex ch a n g e  e n e r g y  ca lcu lation

C o n seq u en tly , for  su r fa c e s , and to a le s s e r  d e g ree  for  atom s, the

41 53se v e r e  co n v erg e n c e  cr iter ia  th a t have b een  d er iv ed  ’ for  the

e x ch a n g e -co r re la tio n  e n e r g y  GEA m ust be cr iter ia  th at th e correlation

e n e r g y  GEA m ust sa t is fy  . Em ploying th e same m ethod of estim atin g  the

su rfa ce  correla tion  e n e r g y  as d escr ib ed  in sec tio n  IV. 1 , we s tu d y  in

sec tio n  IV. 2 th e co n v erg e n c e  p ro p ertie s  of both  th e  local d e n s ity  and

g rad ien t ex p a n sio n  approxim ations for th is  p r o p e r ty . In th is  sec tio n  we

a lso  s tu d y  a m odified gra d ien t ex p a n sio n  approxim ation for  th e

53correla tion  e n e r g y  d er iv ed  r e c e n tly  b y  L an greth  and Mehl

F inally , in ch ap ter  V we summ arize our co n c lu s io n s , and make 

su g g e s t io n s  for  fu tu re  w ork w hich  w ould help  in b e tte r  u n d ersta n d in g  

some of th e  p r e se n t  r e s u lts  and th e co n c lu sio n s o f th e  o th ers .



Chapter II

2 .1  D efin ition s of Jellium  Metal S u rface P ro p erties

In th is  sectio n  we p r e se n t  th e d efin itio n s  of th e  e lec tro n  d e n s ity ,

p o ten tia l, work fu n ction  and su rfa ce  e n e r g y  as ap p lied  to the jellium

m odel of a metal su rfa ce  . In th is  model th e p o s itiv e  ions are assum ed

to be rep laced  b y  a uniform  sem i-in fin ite  ch arge  b ack grou n d  of d e n s ity  
3

p (x )= k  /3irz0 (-x + a ) en d in g  a b ru p tly  at th e  m etal su r fa ce  p osition  'a' .+ .r

B ecau se  of th e  red u ction  in sym m etry in th is  problem  , th e  Hamiltonian  

of th e sy stem  is d iffe r e n t in sid e  and  o u tsid e  th e m etal su rfa ce  , and  

th ere fo re  th e e lectron  momentum p erp en d icu lar  to th e su rface  is  no 

lo n g er  a good quantum  num ber. H ow ever, s in ce  jellium  m etal has no  

s tr u c tu r e  parallel to the su r fa ce , the momentum p arallel to th e su rfa ce  

is  a good quantum  num ber. C o n seq u en tly , th e e lec tro n ic  w ave fu n ction  

can be w ritten  as

Tk (r ) = [A] * Yk (x )  exP(ikn  ' xn> * (23)

w here and are r e sp e c t iv e ly  th e p rojection s of th e momentum k

and p ositio n  r  of th e e lec tro n  on th e su r fa ce  p la n e , k and x  are the  

co rresp o n d in g  q u a n tities  m easured  a long  th e su rfa ce  norm al, and  A is  

th e  c r o s s -s e c t io n a l area . T he tran sla tion a l in varian ce  in  th e d irection  

p arallel to th e su rfa ce  th u s  r e d u ces  th e  com plex th ree-d im en sion a l

- 31 -



32

calcu lation  to one w hich  is  on e-d im en sion a l. Away from th e  su rfa ce  

reg ion  deep  in th e b u lk , th e  w ave fu n ction  h as th e asym ptotic  form

f  (x )  ----------------> s in [k x  + 6 (k ) ] ,  (24)
it

X   >  -oo

w here 6 ( k ) ,  th e asym ptotic  p h ase  sh if t ,  is  a con tin ou s fu n ctio n  of k .

T he e lec tro n  d e n s ity , w hich  sp rea d s into  the vacuum  in ord er  to  

low er its  k in etic  e n e r g y , is  d efin ed  as

kF

p(x )  = ( L/ 2TT2 ) I (k p  - k 2 ) | Yk (x )  12 dk , (25)

w here for  p u rp o se s  of norm alization  we have assum ed a c r y s ta l of

len g th  L w here L is la rg e  . T he e lec tro n  d e n s ity  v a n ish e s  far  in to  th e  

vacuum , and ap p roach es its  bulk  va lue p deep  in th e b u lk . In sid e  at 

the c r y s ta l su r fa ce , th e  d e n s ity  e x h ib its  th e  re q u is ite  F ried el

o sc illa tio n s . T he to ta l ch a rg e  d e n s ity  p^,(x) w hich  is  th en

PT (x )  = p (x ) - p+(x )  , (26)

m ust s a t is fy  th e  ch arge  n e u tra lity  cond ition  for  th e sy stem  w hich  is

00

/ •
PT ( x )  d x  = 0 . (27)

—  60

59It has b een  show n th at th is  ch arge  n e u tra lity  con d ition  is  eq u iv a len t

60to a p h ase  sh ift  sum ru le  due to Sugiyam a a ccord in g  to w hich  th e
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w eigh ted  Fermi su rfa ce  a v era g e  o f th e  asym ptotic  p h a se  sh ift  5 (k ) of 

the e lec tro n ic  w ave fu n ctio n  m ust eq u a l - t t /4  :

k 6 (k ) dk /  k dk = - ir/4 . (28)/
o o

IT he jellium ed g e  p osition  a may be determ ined  e ith e r  b y  the ch arge  

n eu tra lity  condition  or b y  em ploying th e  Sugiyam a sum r u le . A pplication  

of th e la tter  con d ition  lea d s  to  a sim ple e x p r e ss io n  fo r  th e jellium ed g e  

p osition  in term s o f  th e  asym p totic  p h a se  sh if t  6 (k ) w hich  is

a = -3Tr/8kF - 3 / k |  ( k 6 (k ) dk . (29)

Due to th e  fact th a t th e  e lec tro n ic  d e n s ity  d eca y s  in to  the vacuum

w ell b eyond  th e jellium  e d g e , a double la y e r  is  form ed in the reg ion

about th e su r fa ce . An e lec tro n  tr y in g  to  e sca p e  from th e  metal w ill th u s

ex p er ien ce  a dipole b a rr ier  of h e ig h t

oo

' J "  x  PT ( X )A§ = 4ir j x  Prp(x )  d x  = Ve s (~) - Ve s ( - )  , (30)

-  oo
w here Vg s (x )  is  th e  e le c tr o s ta t ic  p o ten tia l due to  th e  total ch arge  

d istr ib u tio n  of the sy stem  , and  is  d eterm ined  as th e so lu tion  to  

P o isso n 's  equation

d 2Veg / d x 2 = - 4 t t  pT (x )  . ( 31 )
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With th e choice of b ou nd ary  con d ition s V (-°®)=V' (-«>)=0 , to g e th er
G S  G S

w ith  th e ch arge  n eu tra lity  con d ition , th is  so lu tion  may be w ritten  as

X ^ X'HVe s (x )  = A$ - 4it I d x 'J  dx"  p t ( x h ) .  (32)

00 00

T he co n tr ib u tio n s to the e f fe c t iv e  p o ten tia l Ve ^ ( x ) ,  o th er  than  the  

e lec tro sta tic  p o ten tia l Ve s (x )> are due to ex ch a n g e  and correla tion  

e f fe c ts  (S ee  Eq. 11) . In th e deep  in ter io r  of th e m etal w here the  

e lectro n  d e n s ity  is  uniform ,

Ve f f (x )  ---------- * Ve s ( - >  +Vx c (p) <33)

w here v (p) = d[pe (p ) ] /d p  s in ce  E [p] is  know n for  thex c  x c  x c

hom ogeneous e lec tro n  g a s  sy stem . V ery  far  o u tsid e  th e su r fa ce ,

ex ch a n g e  and correla tion  e f fe c ts  are in s ig n if ica n t so  that

~) = Ve s (~> • <34>

In th e in term ediate reg io n  it is  not p o ss ib le  to g iv e  an ex p lic it

e x p r e ss io n  for  V „„(x) s in ce  th e  fu n ction a l E [p (x )J  is  unknow n. Both
G i t  X C

61from e le c tr o s ta t ic s  and b y  a s tu d y  of th e  m ass op erator o f a Fermi-

le v e l e lec tro n  in a bou nd ed  e lec tro n  gas we know  th a t w ell o u tsid e  the

su rfa ce  b u t sh o r t of w here Eq. (34) is  a p p rop ria te , th e  e ffe c t iv e

p oten tia l is  o f the image form . i . e .

Ve f f (x )  -  Ve s (oo) " 1 /4 x  (35)
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in  th is  reg io n . More re c e n tly  Sahni and B ohnen  ’ have show n that 

th e  image p oten tia l at a m etal su r fa ce  is  s tr ic t ly  due to  correlation  

e f fe c ts  and that ex ch a n g e  p la y s  a role on ly  w hen  th e  e lec tro n  is  at and  

near th e  su rface  .

T he w ork fu n ction  § w hich  is  th e e n e r g y  req u ired  to rem ove a Fermi 

e lec tro n  to in fin ity  may th en  be w r itten  as

i  -- l Ve f t <«-) - Ve f ( < - )  ] - i k |  (36)

or e q u iv a le n tly  as

§ = A* -  -  v x c ( p ) ,

—2
w here Ik p  is  Fermi e n e r g y .

20T he su rfa ce  e n e r g y  of a m etal o is  d e fin ed  as th e e n e r g y  

req u ired  p er  u n it area o f new  su rfa ce  form ed, to  sp lit  th e  c r y s ta l in  

two a long  a p lane . We co n s id er  a c r y s ta l all o f w hose d im ensions are 

m acroscop ic , and take th e  two fragm en ts in to  w hich  th e  c r y s ta l is  sp lit  

to  be id en tica l . Let A be th e area of th e new ly  ex p o se d  face  on each  

fragm en t . Let p (r) be th e e lec tro n  d e n s ity  d e n s ity  d is tr ib u tio n  fo r  the  

fragm en t and p '(r) be th at th e u n sp lit  c r y s ta l . T h en , th e su rface  

k in etic  , o^ , e lec tro sta tic ,O e g , and  e x c h a n g e -c o r r e la tio n  , ax c > e n e r g ie s  

may b e w r itten  as

ok = (2A ) 1 [ 2Ek [P] - Ek [P'] ] , (37)
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° e s  = (2A ) ' 1 [ 2Ee s [p] -  Ee s (p'l ] , (38)

and

° x c  = (2A) 1 1 2 Ex c [pl '  Ex c [p'! 1 • (39)

T he total su r fa ce  e n e r g y  c>s is  th en  th e  sum of th e se  term s.

S ince th e  e le c tr o s ta tic  e n e r g y  in th e  ch arge  n eu tra l u n sp lit  c r y s ta l

is  zero , we can w rite  an ex p lic it  e x p r e ss io n  fo r  th e  e lec tro sta tic

con tr ib u tion  to th e  su r fa ce  e n e r g y  as

oo

° e s [p] = * J " p-t (x )  Ve s (x )  d x  ‘ (40)
-  oo

On th e o th er  hand  due to th e  fa c t E [p] is  unknow n, it  is  not p o ssib leXC

to w rite  e x a c t e x p r e s s io n s  for e ith er  a [p] (S ee  E q s. (11) and  (13) )
K

or a [p] . H ow ever, it is  p o ssib le  to  w rite  an e x p r e ss io n  for  a [p] in  xc ic

term  of Vg££(x ) and  th e  asym ptotic  p h a se  sh ift  6 (k ) w hich  jg2 0 j3 0 ,6 0

c'Vf f ' [tf
ok [p] = (k 4 /160n ) { 1 + ^ - ;  [ - | k p  I k 6 (k ) dk - I k 3 6 (k )d k  ] }

/
00 o o

<v e f £ [ p ; x l ~ v e f f t p ; - - ] >p ( x ) d x  • ( 4 i )

-  00

A s m entioned  in th e  in tro d u ctio n , we b e liev e  th e m ost a ccu ra te  m ethod  

fo r  th e  d eterm ination  o f th e  su rfa ce  e x ch a n g e -co r re la tio n  e n e r g y  a [p]
XC

is  th e  w a v e -v e c to r  (WV) a n a ly s is  m ethod to be d is c u s se d  in  sec tio n  IV . 1

In th is  form alism  we w rite  o fpl asx c



w here is  the local d e n s ity  approxim ation va lu e g iv en  b y  th e
XC

e x p ress io n
GOc

LDAa xc [E { p ( x ) >  - e ( p )  ] p ( x ) d x  ■ (4 3 )X C  X  c
-  GO

wvand A a is  the n o n -lo ca l correction  to it  ob ta ined  b y  th e  w ave-  x c

v ecto r  m ethod. T he n o n -lo ca l gra d ien t exp a n sio n  approxim ation

correction  to th e LDA is  , of c o u rse , g iv e n  b y  th e  e x p r e ss io n  of

Eq. (22) . In all our ca lcu la tion s of th e  LDA su rfa ce  correlation  e n e r g y

we em ploy for th e a v era g e  correla tion  e n e r g y  p er  p artic le  th e

37P erd ew -Z u n ger  param eterization  of the m any-param eter M onte-C arlo

7
ca lcu la tion s of C ep erley  and A lder . T he e x p r e ss io n  em ployed is

CA . . . .e =   (44)c
1  + $ + P rI s  2  s

w here X = - 0 .1423  p = 1 .0529 P2  = 0 .3334

In th e su rfa ce  p h y s ic s  lite r a tu r e , h o w ev er , th e  m ost commonly u sed

51ex p r e ss io n  for is  th e W igner in terp o la tion  form ula w hich  is  s c = 

- 0 .4 4 / ( r s (p )+ 7 .8 ) . T he C ep er ley -A ld er  v a lu es  are , of c o u rse , more

accu rate  an d , as in d ica ted  in th e in trod u ction  , lead  to  su b sta n tia lly  

d iffere n t r e su lts  for th e  LDA su rfa ce  correlation  e n e r g y  of h ig h  d e n s ity  

m etals (S ee  T able II) .
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2.2 Exact Surface Exchange Energy for Screened-Coulomb 

Interaction^

64In th is  sectio n  we s tu d y  th e e f fe c ts  of correlation  at su r fa ces  b y  

co n sid er in g  the ex ch a n g e  e n e r g y  for  th e screened-C ou lom b in tera ctio n . 

T he ex ch a n g e  e n e r g y  fu n ctio n a l for  an y  a rb itra ry  in teraction  is  know n, 

and co n seq u en tly  one can  determ ine (a t le a st  in p r in c ip le ) the su rfa ce  

ex ch a n g e  e n e r g y  e x a c t ly . In ord er  to  dem onstrate the ex p lic it  

d ep en d en ce  of th e  ex c h a n g e  e n e r g y  on th e d e n s ity  p (r) we rew rite  

E q .(16) as

Ex [p] = *eZJJ drdr’u (r -r ')p(r)px (r ,r') , (45)

w here p (r  , r ') is  th e  ex c h a n g e  hole d e n s ity  d efin ed  in term s o f th e  

e lectro n ic  w a v efu n ctio n s ^ ( r )  ° f  momentum k  as

p(r)px (r , r')= - Ik Ek , ^ ( ^ . ( r ' J ' y r ’JY ^ r) , (46)

and w here u (r - r ' )  is  th e  Yukawa in teraction  of Eq. (21) . T he orb ita ls

?k (r ) are the so lu tion s o f th e  K ohn-Sham  ex ch a n g e  on ly  eq u ation s Eq.

(1 8 ) . For th e jellium  m etal su rfa ce  problem  it has not b een  p o ssib le  to

so lv e  th e se  eq u a tio n s . C o n seq u en tly  we r e so r t to th e  u se  of a n o n -se lf

c o n s is te n tly  determ ined  w a v efu n c tio n  in  ord er  to ca lcu la te  th e su rfa ce

ex ch a n g e  e n e r g y . T he w a v efu n ctio n s  we em ploy are th o se  g en era ted  b y

26 27 19th e  s te p -p o te n tia l model ’ ’ of a su r fa ce . T h ese  w avefu n ction s
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sa t is fy  all th e c o n stra in ts  on th e  d e n s ity  d isc u sse d  in th e p rev io u s

sec tio n . Our ch oice of th e se  w a v efu n ctio n s ra th er  than  th e  more

30 31a ccu ra te  w a v efu n ctio n s g en era ted  b y  th e lin e a r -p o ten tia l m odel ’ was

go v ern ed  b y  th e fo llow ing co n s id era tio n s . F ir s t, s in ce  we aj*e d ea ling

w ith  a sh o r t-r a n g e d  in tera c tio n , we b e liev e  th e s te p -p o te n tia l

w a v efu n ctio n s to be ad eq u ate  to dem onstrate th e g en era l tren d s  of any

e f fe c ts  that m ight a r ise  due to th e n atu re  of th is  in tera c tio n . S eco n d ly ,

42 56th e  argu m en ts of R asolt e t  al ’ for th e a ccu racy  o f th e GEA for  

ex ch a n g e -co r re la tio n  are b ased  on th e  u se  of th e se  w a v e fu n c tio n s . Our 

ca lcu la tion s th u s  en ab le  a m ean ingfu l eva lu ation  of th e ir  argu m en ts and  

co n c lu s io n s . (S ee  ch ap . I l l  ) .

26 27 19For th e  s te p -p o te n tia l model ’ ' of a su r fa ce  th e  e f fe c t iv e

p oten tia l Vg^ ( x )  is  d efin ed  as

Ve f f (K) = W ° (X) ’ (47)

w here W is  the b a rr ier  h e ig h t , and 0 (x )  th e  s tep  fu n ctio n . With th e  

assum ption  of tra n sla tio n a l in varian ce  in  th e  p lane para lle l to the  

su rfa ce  (th e  jellium  m odel a p p rox im ation ), th e  e lec tro n ic  w av efu n ctio n s  

g en era ted  b y  so lu tion  of th e  S ch ro d in g er  eq u ation  are

Tk (x )  = v/ ~  { s in [k x + 6 ( k ) ] 0 ( - x )  + jj e x p [ - ( h 2 - k 2 )^ ] 0 (x )  } .

(48)
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w here th e  p h ase  sh ift  6 (k ) = s in  * (k /h )  and h 2=2W . T he ran ge of

d e n s ity  varia tion  in th e  s te p -p o te n tia l model is  d escr ib ed  b y  th e d en s ity

p rofile  param eter 3=k /h  . T he case  3=0 is  th e  in fin ite  b arrier  m odel,
b

w hereas 3=1 co rresp o n d s to th e case  w here th e Fermi le v e l is  at th e  

b arrier  h e ig h t.

T he ex ch a n g e  e n e r g y  of Eq. (45) is  th e  sum of bu lk  E , and
X  y  O

su rfa ce  o co n tr ib u tion s  x

E = S2E + A a , (49)x  x ,b  x

w here ft is  th e c r y s ta l volum e and A th e area of a c r y s ta l face . U sin g

29th e m ethod of Ma and S ahni , and th e w avefu n ction s of Eq. (4 8 ) , we 

64 56h ave reca lcu la ted  th e  e x a c t n on -loca l su rfa ce  ex ch a n g e  e n e r g y  a

assu m ing  a screened-C ou lom b  in teraction  betw een  th e  p a r tic le s . T he

64sem i-an a ly tica l e x p r e ss io n  for a may be w ritten  as a u n iv ersa lsx

fu n ction  of th e  d e n s ity  profile  param eter 3 for  sp ec ific  sc r e e n in g

d efin ed  b y  th e param eter X = k ^ /k p  . T he e x p r e ss io n  is  th u s  a lso  a

29u n iv ersa l fu n ctio n  of X fo r  f ix e d  3 . T he case  X = 0 co rresp o n d s to

th e bare-C oulom b in tera c tio n . T he bulk  ex ch a n g e  e n e r g y  for  the

35screened-C ou lom b  in tera ctio n  E , is  a lso  a u n iv ersa l fu n ctio n  of thes x ,  b

sc r e e n in g  param eter X . T he su rfa ce  k in etic  o and e lec tro sta tic  a
K  G S

27en e r g ie s  in  th is  m odel can a lso  be w ritten  in term s of u n iv ersa l 

fu n ctio n s of th e d e n s ity  p rofile  param eter 3 . T h e se  p ro p er tie s  are
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in d ep en d en t of the ty p e  o f in tera ctio n  and are th u s  in d ep en d en t of the  

param eter 2f . We p r e se n t  b elow  th e  an a ly tica l and  sem i-an a ly tica l 

e x p r e ss io n s  for  th e u n iv e r sa l fu n ctio n s  in v o lv in g  th e  to ta l ch arge  

d e n s ity  p ^ ,(x ), the e le c tr o s ta t ic  p o ten tia l V ( x ) ,  th e  k in etic  e n e r g y

, th e  bu lk  ex ch a n g e  e n e r g y  ^ , and th e su rfa ce  ex ch a n g e

e n e r g y  . T he e x p r e ss io n  for a is  g iv e n  in term s of th e  in fin ite

b arrier  model e x p r e ss io n  oIBM
sx

T otal C harge D en sity 27

PT ( z )

(  * - 1  1 
( 3 2 A )  J  ( l - q 2 ) q 2 ex p  [-3  ( l - 3 2 q 2 ) 2 z ] dq , for z > 0

= < (50)

( 1 /it) ^ ( l - q 2 ) s in 2 [ izq -2T (q )]d q  - ( l / 3 n 3 ) 0 ( - z - z a ) , fo r  z < 0

,27E lectrosta tic  P oten tia l

(l~q2)q 2

V (z)  e s

l - 3 2 62 * 2

(1-q2)

A§

e x p [ ~ 3  * ( l - 3 2 q 2 ) 2 z] dq + ——  , for z > 0

l - 2 3 2 q 5
( 1 -c o s  zq ) -

23 q

( l - 3 2 q 2) i

3q

(51)

sin  zq l dq

(z+z ) 2 0 (z+z )+ l  + “3 2 - 2 3 tt+tzu ] , for  z < 0 ?

w here z=2kT7x , z =2kT7a , and w here th e  su rfa ce  d ipole b arrier  A$ is
x* cl .b
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26g iv e n  as

A$ 1 2 2 , Q 32- 1 . 1 + 3
k u 3 Va + 23 1- 3F

26and w here y  , th e  jellium  ed g e  p o sitio n , is  g iv e n  b y

v v =!  1 \  ■( i V  sin'1|! - 1 - p ) 1 1 •
27S u rface K inetic E n ergy

„ -  „ (1 )  J 2)
k k k

w here

n ( D
k 1 4 3 15

  =   [ 1 -   ( 1 -   +   ) s in  1 3

F
160it it 3 2 8 3

15

( 7 ------------) ( 1 - 6 2 )*  ] ,
3 it 23‘

and

r( 2 )
°k  1 4 5 15

k**
K F

160it it 32 4 3 ‘

1 15

) sin  1 3

+
x2 \ 2( - 1 0  + ------- ) (  1  - 32 V  ]

B ulk  E xch an ge E n ergy

E , ,s x ,b  1

--------------  =   F ( y )  ,
—4 4 it 3

F

3 it 32

35

(52)

(53)
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w here

F ( 0  = 1 - \  * \  Z2 ( 1 + J in  [ 1 + y ta n '1 ! ] .

(54)

S u rface E xch an ge E n erg y ^

(55)

kF- kp2 87T3
1 “

2/S2
s in - . p  +

2/S ^ ( 7 )

2  1 1

-  z r r f  dp f  dq f  dq' p  H(p,q,q')  
4rr4 o o o

1 sin25+ sin2<5 sm2t5’
72+jD2+ g +2 2g+ 2g 29'

1 sin2<5_ sin2<5 sin2<5'
y2+jD2+g_2 2 g - 2g 2g'

■ V ^ + p * cosi5_ cos5+ 2 1 1
72+jp2+g_2 T^+p^g^.2 T^+p2—g_2 y2+p2+g+2

, 1 g_sm6_ g +sin<5+
V -^+ p2 T ^ + p ^ g .2 72+p2+g+2

sin2(5sin2<5'
2  1 1

rlr, f r i t t  '  5     ________________________

W *o 'o "o Vy^+p2 (V -^+p^+a+a'X a+a')



where

F

44
sin<5sin<5'

i r  o V 72 +pZ (V y2+jo2+ a + a ')

V y 2 + p s
cos<5_ cos<5+

7 2 + p 2 + g _ 2  T ^ + j c ^ + g * 2

g +sin(5+g_sin<5_ __________
T ^ + p ^ g . 2 7 2+JJ2+ g + 2

IBM IBM
'SX

Er3 ~ ~ Vâ  ~FW  + i z r f  dP f  ^  Jl ^ ' p  ^ (p >9 .7 #)
4 ^ * 0

X
72+ p 2+ g _2 72+ p 2+ g +2

(27T)1 f  dP f  ^  P T^+JD5

7 2 + p 2 + g 2
{ tf (p ,g ,0) + / / ( p ,0 ,g)j

Va
/FAT _  3rr

0  ’

( * )  i s  g i v e n  b y  E q .  ( 5 4 ) .

sin <5 = q/5, sin<5' = q'P, q+ = g + g', g_ = g -  g \  (5 = t5(g).

<T = <5(g'), <5+ = S + 6'. 6 ^ - 6  - 6 ' ,  a  = V i - g 2/?2//? . a ' - ^ X - q * ? 2



and w here

H (p ,q ,q ')

and

45

TT(q'2- q 2)

ir[ ( 1 - q 12) + ( l _q 2) ]

Tr( l-q2 ) -2 [ ( l - q ,2 ) s i n ' 1 (C/v/T: q r2) H / l - q ,2 -Cz ]

for  £ > l-q 12 and £ > 0  

for  £ 2> l - q ' 2 and £ < 0

for  £ 2< l-q 1 2

S=(p +q -q  ) / 2 P

In th e  T able III we p r e se n t th e r e su lts  for th e  u n iv e r sa l fu n ction  
—3

o /k  for d iffe r e n t Z as a fu n ction  of th e  d en s ity  p ro file  param eter BSX x*

. In ob ta in in g  th e se  u n iv ersa l v a lu es  we have perform ed  th e m ulti-
—3

dim ensional in teg ra tio n s  in th e e x p r e ss io n  for as x /k p  b y  an in tera tiv e

65and ad ap tive  M onte-C arlo schem e w ith  a new  alogrithm  due to  L epage  

T he u n iv ersa l fu n ctio n s  are p lo tted  in F ig . 1 . We note th a t fo r  a 

sp ec if ic  d e n s ity  p ro file  ( i . e .  for f ix ed  va lu e (3 ) ,  th e  su r fa ce  ex ch a n g e  

e n e r g y  d e c r e a se s  a s  th e in teraction  is  made more sh o r t-r a n g e d  ( i . e .  as 

Z is  in cr ea se d  ) .  S ince n e ith er  th e su r fa ce  k in etic  nor e lec tro sta tic  

e n e r g ie s  (S ee  E q s. (40) , (50) and (52) ) d ep en d  e x p lic ity  on th e

ty p e  of in tera ctio n  ( i . e .  w h eth er  the e - e  in tera ctio n  is  scree n e d  or is  

th e  bare-C oulom b in tera c tio n ) for  f ix ed  form of th e e f fe c t iv e  p o ten tia l , 

w e can th en  con clu d e th at th e tota l su rfa ce  e n e r g y  d e c r e a se s  a s  th e  

sc r e e n in g  le n g th  is  d ecre a se d . T h is is  d em onstrated  in T able IV w here
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Table III.

V alues of th e  u n iv ersa l fu n ctio n  o /k - ,  for  th e  ex a c t su rfa ces x  F
ex ch a n g e  e n e r g y  a for screened-C ou lom b  in tera ctio n  a s  a fu n ction  of

S X

th e d e n s ity  profile  param eter 6 for  d iffe r e n t sc r e e n in g  as sp ec ified  b y  
th e  param eter IS = k s /k p  . T he JT = 0 column are th e r e su lts  for  b are-

Coulomb in teraction  .

DENSITY

PROFILE

PARAMETER

P

oa /EF3

( I 0 " 3a . u . )

7  =  0 * 7  =  0 . 5 7 =  1 .0 7 =  1 .5 7  =  2 . 0 7  =  2 . 5 II CO o

0 .0 0 .5 7 5 4 0 .5 3 5 9 0 .3 4 4 3 0 .3 2 4 6 0 .1 5 2 4 0 .1 0 8 2 0 .0 7 9 9

0.1 0 .5 7 5 5 0 .5 3 6 1 0 .3 4 4 5 0 .2 2 4 7 0 .1 5 2 5 0 .1 0 8 2 0 .0 8 0 0

0 .3 0 .5 7 9 1 0 .5 3 7 7 0 .3 4 5 5 0 .3 2 5 4 0 .1 5 2 9 0 .1 0 8 5 0 .0 8 0 2

0 .3 0 .5 8 5 4 0 .5 3 3 5 0 .3 4 8 5 0 .2 2 7 3 0 .1 5 4 2 0 .1 0 9 4 0 .0 8 0 9

0 .4 0 .5 9 9 1 0 .5 4 3 3 0 .3 5 4 5 0 .2 3 1 1 0 .1 5 6 8 0 .1 1 1 3 0 .0B 22

0 .5 0 .6 3 4 8 0 .5 5 9 1 0 .3 6 4 9 0 .2 3 7 7 0 .1 6 1 3 0 .1 1 4 4 0 .0 8 4 5

0 .6 0 .6 6 3 B 0 .5 B 6 1 0.3B 14 0 .3 4 8 2 0 .1 6 8 2 0 .1 1 9 3 0.08B1

0 .7 0 .7 3 5 7 0 .6 3 7 4 0 .4 0 6 4 0 .2 6 4 0 0 .1 7 8 B 0 .1 2 6 B 0 .0 9 3 7

0.B 0 .B 1 5 5 0 .6 8 9 B 0 .4 4 4 1 0 .2 8 7 8 0 .1 9 4 7 0 .1 3 8 0 0 .1 0 1 9

0 .9 0 .9 6 4 6 0 .7 B 7 3 0 .5 0 3 4 0 .3 2 4 4 0 .2 1 9 1 0 .1 5 5 1 0 .1 1 4 5

1.0 1 .3 7 0 6 0 .9 7 4 3 0 .6 1 1 4 0 .3 9 2 0 0 .3 6 3 9 0 .1 8 6 5 0 .1 3 7 5

*see Ref. (25)
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n

OO'
Ul
Ul
111o

oX
UJ
llj 0 .5  
o 3'= 1.0

o
X

0.5
DENSITY PROFILE PARAMETER 0

1.0

F igu re  1
_3

V ariation of th e  u n iv e r sa l fu n ction  o /k ^ ,  w here a is  thesx  F sx
ex a c t su rfa ce  ex ch a n g e  e n e r g y  for screened-C ou lom b  in teraction  as a
fu n ction  of the d e n s ity  p r o f ile _  param eter 3  for  d iffere n t scree n in g
d efin ed  b y  the param eter 2f=ks /k p  . T he 2f=0 cu rv e  corresp on d  to the

ca se  of bare-C oulom b in tera c tio n .
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T able IV.

T he tota l su rfa ce  e n e r g y  0 g in e r g s /c m 2 fo r  d iffe r e n t b u lk  d e n s it ie s  

( r- = 2 , 4 and 6  ) and  d e n s ity  p ro files  ( 8=0, 0 .5  and  1 .0  ) , as a 

fu n ction  of th e  sc r e e n in g  param eter Jf .

Screening Total Surface EnergleB (erg/cm2)
parameter r - 2 . 0's

01.4-“ F - 6.0a
K P - 0.0 fi • 0.5 p - 1.0 ft - 0.0 P - 0.5 01 p - 0.0 P - 0.5 f} - 1.0

0.0 3571 1329 -1027 2B2 147 77 67 42 43

0.5 3503 1234 -1435 274 135 26 65 38 28

1.0 3253 966 -1934 242 102 -36 56 28 9

1.5 3089 791 -2236 222 80 -74 50 22 -2

2.0 2989 686 -2412 209 67 -96 46 18 -8

2.5 2928 621 -2519 202 59 -no 44 16- -12

3.0 2889 580 -2586 197 54 -118 42 14 -15



we g iv e  th e r e s u lts  for  th e  to ta l su rfa ce  e n e r g y  for  d iffere n t bulk  

d e n s it ie s  ( r  = 2, 4 and  6 ) and d e n s ity  p ro file s  ( 3 = 0, 0 .5  and 1 .0  

) ,  a s  a fu n ctio n  of th e  sc r e e n in g  param eter 2f . T he d ecrea se  in 0 g as X 

is  in cr ea se d  is  e v id e n t . T h u s , th e  more sh o r t-r a n g e d  th e  in tera ctio n , 

th e e a s ier  it is  to sp lit th e  c r y s ta l in two , a r e su lt  e x p e c te d  on p u re ly  

p h y sica l g ro u n d s . Y et an oth er  r e su lt  th at could  be p red ic ted  , and  is  

d em onstrated  b y  th e T ab le , is  th at for  f ix e d  profile  and f ix ed  

in teraction  s tr e n g th , th e  g rea ter  the d e n s ity  th e h ig h er  th e  m agnitude  

of th e su rfa ce  e n e r g y . T h ere are more e lec tro n s  p er  u n it volum e  

in tera c tin g  w ith  each  o th er  and th u s more w ork h as to  be done in ord er  

to sp lit  th e  c r y s ta l.



Chapter III

3.1 Convergence Study of the Gradient Expansion Approximation for 

Screened-Coulomb Exchange Energy within Hartree-Fock Theory

In th is  se c tio n , we s tu d y  th e  co n v erg e n c e  p ro p er tie s  of th e GEA for  

th e  su rfa ce  ex ch a n g e  e n e r g y  fo r  screened-C ou lom b  in teraction  . The  

exp a n sio n  exam ined is  th a t w hich  is  va lid  w ith in  H artree-F ock  th eory  

(H F T ).

35T he LDA c o e ffic ien t A for scree n e d  ex c h a n g e  as w ell as the
S X

38 42co rresp o n d in g  e x p r e s s io n  ’ for the f ir s t  gra d ien t correction

HFTco effic ien t C w ith in  H artree-F o ck  th eo ry  are g iv e n  below . T he
S  X

e x p r e s s io n s  are g iv e n  in term s of the sc r e e n in g  param eter 2f= k s /k p  . 

When th e se  e x p r e s s io n s  are u sed  in the local and  g rad ien t exp an sion  

approxim ations e x p r e s s io n s  e x p r e s s io n s  , E q s. (20) and  (22) , th e  local
_ 1 /3

va lu e 2f(p) = 2fk /k  ( r ) ,  w here k „ (r )  = [3ir2 p (r )]  m ust be em ployed .X* X* X4

Local D en sity  A pproxim ation  C oeffic ien t

A [ p ] = a  [ p (r*) ]4/3 
sx  sx

as x = - [3(3tt2 ) 1 / 3 /4tt] F(2f) (56)

w here F(Y) is  g iv e n  b y  E q .(5 4 )  .
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G radient E xpansion  A pproxim ation C oeffic ien t

B = C / [ P( r ) ] 4/3  (57)sx  sx

38 42w here C w ith in  H artree-F ock  T h eo ry  is  ’
SX

C™ T= - [tt/ { 2 4 ( 3 tt2) 4 / 3 >] [ i {5 -2n k W+G+D}] (58)
S X O I?

w here

G = (l-2?f2)ln(l+4/?r2) - (64-4y2-3y<‘)/(4+2T2) 2

-2 [l+TTkF+2f2/(4+Jf2) - (2f2/2) ln(l+4/?C2) ] 2

D = -------------------------------------------------------------------------
l-TikF- i ( l  + }r2/2 ) ln ( l+ 4 / t f2)

From th e  ab ove e x p r e s s io n s  we o b se r v e  th at th e LDA c o e ffic ien t A
S X

is  a u n iv ersa l fu n ction  of th e  param eter K b u t th a t th e HFT f ir s t  

grad ien t co rrectio n  term  is  not .

We perform  our ca lcu la tion s for th e same d e n s it ie s  as em ployed b y

56o th ers  who h ave  p r e v io u s ly  s tu d ied  th is  ex p a n sio n  v i z . ,  th o se  o f the

26 27 19ste p -p o te n tia l m odel o f a su r fa ce  ’ ’ . T he e x p r e ss io n  for  the

d en s ity  is  g iv e n  in Eq. (5 0 ) ,  and for p u rp o se s  of s tu d y in g  th e GEA we 

also  n eed  th e f ir s t  d er iv a tiv e  of th e  d e n s ity  . As is  th e  ca se  w ith  th e



d e n s ity , th e f ir s t  d er iv a tiv e  can a lso  be w ritten  as a u n iv ersa l fu n ction  

of the d en s ity  profile  param eter 3 . T he e x p r e ss io n  for th is  u n iv ersa l 

fu n ction  is

I
3 J d q ( l - q 2)qsin[2(qy-6(q,  3 ) ) ]  , for y  < 0 

=J (59)

-63 f d q ( l - q 2) q 2/ l - q 2g2 e x p ( - 2 y  / l - q 232/3 )  , for y  > 0  
V* o

It is  e v id e n t from th e  above rem arks on u n iv e r sa lity , th at as w ith  

th e ex a c t su rfa ce  ex ch a n g e  e n e r g y  a , th e  LDA e x p r e ss io n  fo r  the
SX

su rfa ce  ex ch a n g e  e n e r g y  can a lso  be w ritten  in term s of a
S  X

u n iv ersa l fu n ction  of the param eter 3 for f ix ed  sc r e e n in g  as d efin ed  by  

th e param eter X . T he u n iv e r sa l fu n ction  in v o lv in g  is
S  X

LDA oq

° s x  F(Y) f  F(Y (P)) I P ( y ) ^ / 3  p ( y )
d y  [ 1 - ---------------  — 4  ) --------  . (60)

r3  4 i t 3 J  F(Y)
F -

HFTOn th e  o th er  h an d , s in ce  the GEA co effic ien t C w ith in  H artree-s x

Fock th eo ry  is  not a u n iv e r sa l fu n ctio n  of % , th e  GEA correction  term  

cannot be w r itten  in term s of a u n iv ersa l fu n ction  of X for f ix e d  3 ev en  

th ou gh  the f ir s t  d er iv a tiv e  of th e  d e n s ity  is  a u n iv ersa l fu n ctio n  of 3 . 

T h u s , one is  forced  in to  perform ing  ca lcu la tion s for  sp ec ific  va lu e of 

th e bulk  d e n s ity  as d efin ed  b y  the W ign er-S eitz  rad iu s r g .
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We b eg in  our a n a ly s is  b y  f ir s t  re-exam in in g  th e  t e s t  of th e GEA for

the su rfa ce  ex ch a n g e  e n e r g y  for screened-C ou lom b in teraction  w ith in

56HFT as perform ed b y  o th ers  . We rep lo t in F ig . 2a th e e x a c t , LDA 

and GEA su rfa ce  ex ch a n g e  e n e r g ie s  as a fu n ctio n  o f the sc r e e n in g

param eter k for  r  = 4 . T h ese  r e su lts  are ob ta in ed  for th e f ix ed---------------  —s s
66d e n s ity  profile  ch o sen  su ch  that th e B udd-V ann im enus sum ru le  is

19 26e x a c tly  sa t is f ie d  for th is  r^ value . T h is  co rresp o n d in g  va lue ’ of 

th e d e n s ity  p rofile  param eter obtained  is  3=0.733 . T he B u d d -

V annim enus sum ru le  re la tes  the d ifferen ce  in th e e lec tro sta tic  p o ten tia l 

b etw een  th at at the su rfa ce  and in the b u lk , to th e  tota l e n e r g y  p er  

p artic le  of a uniform  e lectro n  g a s . A ccord in g  to th e  B u d d -

V annim enus theorem

AV = Ve g (a) - Ve s (-~ )  = pdET /d ?  . (61)

T he s ig n ific a n c e  of th is  theorem  lie s  in th e  fa c t th a t it  re la tes  a su rfa ce  

p ro p erty  to  th o se  of th e more w ell u n d ersto o d  b u lk . In m od el-p oten tia l 

ca lcu la tio n s, th is  theorem  can th u s be u sed  as a co n stra in t on th e  

e lec tro sta tic  p o ten tia l. Of co u rse , the cho ice o f b arrier  h e ig h t , or  

eq u iv a le n tly  th e d e n s ity  p ro file  is  a rb itra r y , b u t we b e liev e  th a t in an y  

m od el-p oten tia l ca lcu lation  it is  im perative th at th e cr iter io n  u sed  for  

th e  adjustm ent o f th e  param eters be as p h y sica lly  b a sed  as p o ss ib le .  

T he u se  of th is  sum ru le  is  p o ss ib ly  the b e s t  su ch  cr iter io n  : it en a b les
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F igu re  2

(a) V ariation of th e  e x a c t , local d e n s ity  (LDA) and g rad ien t  
exp a n sio n  (GEA) approxim ations for  th e su r fa ce  ex ch a n g e  e n e r g y  for

—3screened-C ou lom b  in tera ctio n  a /k_, as a fu n ctio n  of th e  seren in g
SX i 1 ______

param eter k in u n its  of T hom as-Ferm i w a v e -v e c to r  k_, = v/4k 1_,/ir . The  s 1  i? I1
ca lcu la tion s are for a bu lk  d e n s ity  o f = 4 , w ith  a d e n s ity  profile

ch o sen  so  as to s a t is fy  th e  B u dd-V ann im enus theorem . T he  
co rresp o n d in g  va lue o f th e  d e n s ity  p rofile  param eter is  3=0.733 .

(b ) P ercen t erro r  p lo ts  of th e LDA and GEA r e s u lt s .
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th e con trib u tion  to th e su rfa ce  d ipole b arrier  due to th e ch arge  

d istr ib u tio n  in s id e  th e m etal to be determ ined  e x a c t ly , and  is  in fact  

in d ep en d en t o f th e  choice of any approxim ate tota l e n e r g y  fu n ctio n a l. In 

F ig . 2b we p lot th e  p erce n t err o rs  of th e  LDA and GEA r e s u lt s .  We 

o b se r v e  that a lth ou gh  th ere  is  a co n v erg e n c e  of both  th e LDA and GEA 

w ith  th e e x a c t v a lu e s , each  is  e s se n tia lly  as much in erro r  as the  

o th er . T he co n v erg e n c e  of th e se  r e su lts  is  due to th e  fa ct th a t the  

c o e ffic ien ts  of th e  LDA and f ir s t  gra d ien t correction  term  (s e e  F ig s . 3a 

and 3b) d ecre a se  ra p id ly  w ith  in cr ea sin g  va lu e of th e  scree n in g  

param eter. Of c o u rse , any local approxim ation m ust im prove as th e  

in teraction  is  made more s h o r t-r a n g e d . It is  in te r e s t in g  to  note th a t the  

ad d ition  of th e  f ir s t  g ra d ien t correction  term  d oes not im prove upon the  

LDA erro r  to an y  d eg ree  of s ig n if ic a n c e .

T he above a n a ly s is  o f th e  co n v erg en ce  o f th e  gra d ien t exp a n sio n  

has b een  perform ed  for th e same fix ed  d e n s ity  p rofile  . It is  the  

Hamiltonian or e q u iv a le n tly  th e e n e r g y  fu n ctio n a l of th e  in tera c tin g  

sy stem  w hich is  b e in g  v a r ied  w hen th e sc r e e n in g  param eter is  ch an ged

H ow ever, in an y  t e s t  of th e  co n v erg e n c e  o f an ex p a n sio n  in the  

g ra d ie n ts  of th e  d e n s ity  for a sy stem  d efin ed  b y  some Hamiltonian or 

e n e r g y  fu n ction a l , it is  th e d e n s ity  and its  g ra d ie n ts  th a t m ust be  

v a r ied . T he au th o rs  o f R ef. (56) did not s tu d y  th e co n v erg en ce  

p ro p er tie s  of th e  GEA as a fu n ction  o f th e  varia tion  of th e  d e n s ity  .
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Figure 3

—3(a) V ariation o f the LDA co effic ien t A /k ^  as fu n ction  of thes x  F
scree n in g  param eter k g for  r g= 2 , 4  and 6 .

(b ) V ariation o f th e co e ffic ien t C (HFT) (w hich  is  re la ted  to th e
S X

co effic ien t B of th e  f ir s t  grad ien t correction  term  v ia  B = C
sx  sx  sx

) as a fu n ction  of k for th e r v a lu es .s s
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T h eir  ca lcu la tion s w ere perform ed  for  a f ix ed  d e n s ity  profile  w ith

r e su lts  sim ilar to  th o se  o f F ig . 2 (a ) .  H ow ever, th e ir  d e n s ity  profile  was

67ch osen  su ch  th at it c lo se ly  resem bled  that d er iv ed  b y  Lang and Kohn

w ith in  th e  LDA for th e ex ch a n g e -c o r r e la tio n  e n e r g y . T he corresp o n d in g

value of the d e n s ity  p ro file  param eter em ployed  b y  th e se  au th ors was

(3=0.894 . We n ex t perform  an a n a ly s is  of the GEA as a fu n ction  of the

variation  of the d e n s ity  p ro file  for  the ran ge of p ro file s  perm itted  by

the s te p -p o te n tia l m odel ( 0 < (3 < 1 ) . A gain , due to  the fact that

th e f ir s t  gra d ien t correctio n  term  cannot be w ritten  as a u n iv ersa l

fu n ction  of (3 for  a sp e c if ic  2C , th e  ca lcu la tion s are perform ed for r g=

4. Furtherm ore, we assum e th e sc r e e n in g  param eter to be of th e  form

k = k k _ „  , w here krT1_=V^4k„/'ir is  th e T hom as-F erm i w a v e -v e c to r  and  s TF TF F
68

k an a rb itrary  param eter . In F ig . 4a we p lo t th e  e x a c t , LDA and

GEA su rfa ce  ex ch a n g e  e n e r g ie s  as a fu n ction  of th e  d e n s ity  profile

param eter 3 for k = 0 .5 k rp_, , and in F ig . 4b th e co rresp o n d in g  erro rss X .b

in the LDA and GEA r e s u lt s .  O b serve f ir s t ,  th a t for th e d e n s it ie s  of 

th is  model th e LDA is p oor. S econ d , in th e ran g e  0<(3<0.6, ev en  as the  

d e n s ity  is  made more slow ly  v a r y in g , th e  GEA erro r  is  s t ill grea ter  

than  th at due to th e  LDA. It is  on ly  for  th e m ost slow ly  v a ry in g  of 

the d e n s it ie s  perm itted  b y  th is  m odel th a t th e  GEA is  su p er io r  to the  

LDA , b u t again  not b y  an y  s ig n if ic a n t d e g r e e . T h ese  r e su lts  are for a 

large  va lu e of th e  s c r e e n in g  le n g th . H ow ever, p r e c ise ly  th e  same tren d s  

are
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Figure 4

(a) V ariation of the e x a c t , local d e n s ity  (LDA) and  g rad ien t  
ex p an sion  (GEA) approxim ations for  th e su rfa ce  ex ch a n g e  e n e r g y  for

—3screened-C ou lom b in teraction  a /k „  as a fu n ction  of th e  d en s itysx  F
p rofile  param eter 8 . T he r e s u lts  corresp on d  to a bu lk  d e n s ity  of = 

4, and for  a value of th e  sc r e e n in g  param eter k g= 0 .5k^ ,p  w here k-pp 

is the Thom as-Ferm i w ave v ec to r  .

(b ) LDA and GEA p erce n t erro rs  as a fu n ction  of th e  d e n s ity  
p rofile param eter 8 .
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o b serv ed  (se e  F ig s. 5a and  5b) if th e  scree n in g  le n g th  is  h a lv ed . T he  

r e su lts  are similar if th e  sc r e e n in g  le n g th  is  red u ced  s t ill  fu r th er . 

B ased  on th e se  r e su lts  one m ust conclude th at both  th e local d en s ity  

and grad ien t exp an sion  approxim ations for th e su rfa ce  ex ch a n g e  e n e r g y  

for screened-C ou lom b in tera ctio n  are poor .

T h ese  r e su lts  are su r p r is in g , and th e q u estio n  a r ise s  as to w hat 

d eg ree  are th ey  a co n seq u en ce  of th e  d e n s it ie s  em ployed? In an 

attem pt to answ er th is  we have p lo tted  in F ig s . 6  and 7 r e sp e c t iv e ly  

th e "small param eters |V p |/2 kpp and |V p |/2 k s p of th e  co n v erg e n c e  

con d ition s

|V p |/2 k Fp < 1 (62)

|V p |/2 k s p < 1 , (63)

as a fu n ction  of th e  d ista n ce  from th e jellium  e d g e . T he sa tis fa c tio n  of 

th e se  con d ition s w ould gu aran tee  that th e m agnitude of th e  grad ien t  

term  w ould be small com pared to th e local term . We do not co n sid er  th e  

co n v erg e n c e  condition  |V2 p | / 2 k |Vp| << 1 , a s for  th e stepc
p oten tia l model d e n s it ie s  th ere  is  a d isco n tin u ity  in  th e secon d  

d er iv a tiv e  at the p o ten tia l b arrier  i . e .  at x=0 . In F ig . 6  th e  "small" 

param eter of E q .(6 2 ) is  p lo tted  for  th e  IBM d e n s ity  6=0 , for 6=0.8  

and for  th e most slow ly  v a r y in g  d e n s ity  perm itted  b y  th is  m odel ( 6 =1 ) .
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Caption for parts  (a) and (b ) is the same as that of F ig . 4 , ex ce p t
that th e se  r e s u lt s  are d er iv ed  for k = 1 .0  k_,_ .

s I t



61

2.0

o

CVJ

0.5

0.02 0.04 0.06
DISTANCE FROM JELLIUM EDGE (2iT/kF)

-0.06 -0.04 -0.02
FROM

Figure 6

V ariation of th e  "small" param eter of E q .(6 2 )  as a fu n ction  o f the  
d ista n ce  from the jellium ed g e  for  d iffe r e n t  d e n s ity  p ro files  
co rresp o n d in g  to 6 =0 , 0 . 8 , and 1 . 0  .
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V ariation of the "small" param eter of Eq. (63) for d iffere n t va lu es  
of th e param eter Jf= k /k ^  as fu n ction  of the d istan ce  from th e jellium

S £*

ed g e  for fix ed  d en s ity  p rofile  corresp o n d in g  to 6=0.733 . In crea sin g
v a lu es  of 2f correspon d  to d ecrea sin g  sc r e e n in g  le n g th .
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It is  ev id en t from th is  grap h  th at th is  co n v erg e n c e  condition  is  not w ell 

sa tis f ie d  , and th at th is  th e  case  ev en  for  3 = 1  at f iv e  h u n d red th s of a 

Fermi w avelen g th  o u tsid e  th e su r fa ce . In F ig . 7 we plot th e  "small"

param eter of E q .(6 3 )  for f ix e d  d en s ity  p rofile  (3= 0.733) for d iffere n t

v a lu es  of th e  param eter X- k s /k p  . T he diagram  dem onstrates that w ith  

in crea sin g  X , i . e .  d e c r e a s in g  sc r e e n in g  le n g th , the co n v erg en ce  

condition  is  b e tte r  sa t is f ie d  . T h is  is  c o n s is te n t  w ith  th e idea th a t the  

LDA and GEA r e s u lts  shou ld  im prove as th e sc r e e n in g  le n g th  is  

d ecrea sed  . T he ca lcu la tion s of F ig s . 4 and 5 d isc u sse d  p rev io u s ly

corresp on d  to 3=0.6 and 1 .2  r e s p e c t iv e ly , and as may be o b serv ed  from  

F ig . 7 th e co n v erg e n c e  co n d ition s for th e se  v a lu es  of X are again  not 

too w ell sa t is f ie d . T h u s we con clud e th a t one p o ssib le  cau se  for the  

fa ilure of th is  ex p a n sio n  is  th at th e d e n s it ie s  of th is  m odel may not be  

slow ly  v a r y in g  en o u g h .

In ord er to in v e s t ig a te  th is  p o ss ib ility  fu r th e r , we have a lso

perform ed ca lcu la tion s fo r  th e  ca se  of bare-C oulom b e x c h a n g e . In F ig . 

8 a we p lot th e  e x a c t , LDA and GEA su rfa ce  ex ch a n g e  e n e r g ie s  for the  

bare-C oulom b in tera ctio n  , and in F ig . 8 b th e  co rresp o n d in g  LDA and  

GEA p ercen t e r r o r s . N ote th a t for 70% of th e  d e n s it ie s  (0  < 3 ^ 0 .7 )  

the GEA is  su b sta n tia lly  in  e r r o r . For IBM d e n s it ie s  th is  erro r  is  -155% 

and at 3=0.7 it is  -12%. It is  on ly  for  3  ̂ 0 .8  th at th e  GEA is  

reason ab ly  a ccu ra te . At 3 = 0 .8  th e  erro r  is  -3% b u t at 3 =1 it is  6 %.
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F igure  8

(a) V ariation of th e  e x a c t , local d e n s ity  (LDA) and grad ien t  
exp a n sio n  (GEA) approxim ations for th e su rfa ce  ex c h a n g e  for b are-

—3Coulomb in teraction  o ^ /k p  as a fu n ction  of th e d e n s ity  profile

param eter 6 . T h ese  r e su lts  u n iv ersa l c u r v e s  are in d ep en d en t of the  
bulk  d e n s ity .

(b ) LDA and GEA p ercen t err o rs  as a fu n ction  of th e d en s ity  
p rofile  param eter 8 .



T h u s , in  co n tra st to the con c lu sio n s a rr iv ed  b y  Sahni e t a l ^ ’ ^  (se e  

also  F ig . 2 of R ef. 5 4 ), it is  not p o ssib le  on th e b a sis  of th e se  r e su lts  

to make v e r y  s tro n g  sta tem en ts w ith  reg a rd  to th e accu racy  of th e GEA 

for bare ex ch a n g e  as ap p lied  to su r fa c e s . T h is a lso  ten d s  to su p p ort  

th e con c lu sio n s of the p rev io u s p aragrap h  . It is  th u s  clear th a t the  

p o o rn ess  of th e p ro files  o f th e  s te p -p o te n tia l model p lay  a s ig n ific a n t  

role in th e p r e se n t con clu sion  th at th e  GEA for screen ed  ex ch a n g e  

w ith in  H artree-F ock  th eo ry  is  poor .
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69 Exchange E nergy w ithin D ensity-F unctional T heory

We b eg in  th is  sec tio n  b y  a d isc u ss io n  of w hy a gra d ien t exp an sion

approxim ation for th e ex ch a n g e  e n e r g y  e x is t s  in d e n s ity -fu n c tio n a l

th eo ry  but not w ith in  H artree-F ock  th e o r y . We th en  d erive  the  

DFTco effic ien t (B ) of th e  f ir s t  gra d ien t correction  term  for the
S  X

screened-C ou lom b ex ch a n g e  e n e r g y , th e d e ta ils  of th e  d eriva tion  b ein g

HFTre leg a ted  to A ppend ix  A. N ex t we compare th e co e ff ic ie n ts  and

DFT
B of H artree-F ock  and  d e n s ity -fu n c tio n a l th e o r ie s , and fin a lly ,

S  X

DFTu s in g  th e co e ffic ien t B d er iv ed  b y  u s , we perform  a co n v erg en ce
S  X

s tu d y  of the co rresp o n d in g  gra d ien t exp a n sio n  approxim ation .

18 70In DFT, the ex ch a n g e  e n e r g y  and h en ce  its  GEA are ’ p u re ly  of 

2
0 ( e  ) w here e is  th e  e lec tro n  ch a rg e . T h is is  b eca u se  th e  DFT orb ita ls  

are d er iv ed  from a loca l e f fe c t iv e  p o ten tia l and are fu n ctio n s  on ly  of th e

d e n s ity  p (r ) . T h ey  do n ot in any w ay d ep en d  on th e  ch a rg e  e . T h u s

40 DFTin the ca lcu lation  of th e  DFT c o e ffic ien t B , each  term  in  thex

ex p an sion  o f the d e n s ity  r e sp o n se  fu n ctio n  is  fu r th e r  ex p an d ed  on ly  to

2
term s w hich  are f ir s t  o rd er  in e . F urtherm ore, s in ce  th e f ir s t

71gra d ien t correction  term  m ust h ave  th e d im ensions of an ex ch a n g e  

e n e r g y , th is  co e ffic ien t is  of the form
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DFT 40T he co e ffic ien t C w as o r ig in a lly  d er iv ed  b y  Sham and has

re c e n tly  been  red er iv ed  v ia  a w a v e -v e c to r  a n a ly s is  m ethod b y  L angreth

41 DFT 2and P erdew  . T he correla tion  e n e r g y  c o e ffic ien t B to 0 ( e  )

46valid  for h igh  d e n s it ie s  h as b een  d er iv ed  b y  Ma and B ru eck n er  , who

2 2also  show  th at term s o f 0 (e  ln e  ) do not e x is t  a lth ou gh  term s of 

h ig h er  ord er do.

On the o th er  h an d , in H artree-F ock  th eo ry  (H F T ), the ex ch a n g e  

18e n e r g y  con ta in s term s to a ll o rd ers  in th e e lec tr o n -e le c tr o n

in tera c tio n , b eca u se  th e o rb ita ls , (b e in g  d er iv ed  from a n on -lo ca l

2
e ffe c t iv e  p o te n t ia l) , d ep en d  e x p lic ity  on e . In the eva lu ation  o f the

HFT 2HFT co effic ien t B one m ust th u s  sum to all o rd ers  in  e . Such  a x
38 39ca lcu lation  has b een  perform ed  b y  Kleinman and  G eldart e t  al , and

39th e r e su lt  show n to be d iv e r g e n t. A p e r tu rb a tiv e  a n a ly s is  show s th at

4
it is  term s of 0 ( e  ) and h ig h er  ord er  th at are s in g u la r . A s a

co n seq u en ce , a gra d ien t ex p a n sio n  for th e e x c h a n g e  e n e r g y  in  HFT

d oes not e x is t .  H ow ever, a grad ien t se r ie s  d o es  e x is t  w ith in  HFT

p rov id ed  correla tion  is  in tro d u ced  b y  sc r e e n in g  the in teraction  via

screened-C ou lom b  in teraction  of Yukawa form g iv e n  in E q .(2 1 ) .  In

fact th e  au th ors of R e fs . (38) and (39) em ployed  th is  form of sc r e e n e d -

Coulomb in teraction  in th e ir  ca lcu la tio n s, and c o n seq u en tly  a rr iv ed  at

HFTth e ir  con clu sion s of th e  s in g u la r  n atu re of B b y  tak in g  the

HFTk -----> 0 limit of th e  c o e ffic ien t B for  scree n e d  ex ch a n g e  .
S  S  X
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It is  e v id e n t th at w hat rem ains to com plete th e  p r e se n t  p ic tu re  on

th e GEA for the ex ch a n g e  e n e r g y  is  th e  determ ination  of the DFT  

DFTc o effic ien t B for screened-C ou lom b  in tera c tio n . On th e b a s is  ofs x

th e d isc u ss io n  g iv en  ab ove and th at in R efs . (18) and (70) , th e  GEA

2
for th e screened-C ou lom b ex ch a n g e  e n e r g y  is  a lso  p u re ly  of 0 (e  ) and

w ell d e fin ed . In ord er to  d er iv e  th is  co e ffic ien t we have follow ed th e  

40m ethod of Sham d e sc r ib e d  above ra th er  than  the w a v e -v e c to r  a n a ly s is  

m ethod of R ef. (41) . T he d eta ils  of th e  d er iva tion  are g iv e n  in

A p p en d ix  A . We quote below  th e fin a l e x p r e ss io n  fo r  th e co effic ien t:

Cs x T =- I 1T/{24( 3it2) 4 /3 }] [2 - ( 3*2/ 4 ) ln { 1+4/ y2>_ (4 0 ' 6*2 -3 *', ) / ( 3 (4+3r2) 2)]

(65)

From th e above e x p r e s s io n  we o b serv e  th at th e DFT f ir s t  grad ien t

DFTg ra d ien t correction  co e ff ic ie n t C is  a u n iv ersa l fu n ctio n  o f th e
S  X

param eter X . F urtherm ore, in  th e  limit of no sc r e e n in g  ( X -----> 0)

DFT' 9 4 /%
we rec o v e r  th e  Sham DFT r e s u lt ,  C = - 7 tt/ 1 4 4 ( 3 tt ) = -0 .0 0 1 6 7

X

a .u .  a s we m ust . For p u r p o se s  of com parison , we p lot in F ig . 9 th e

DFTLDA and GEA co e ffic ien ts  a and  C r e s p e c t iv e ly . For all v a lu ess x  s x

o f th e  sc r e e n in g  param eter X th e  two c o e ffic ie n ts  d iffe r  b y  two o rd ers  

of m agn itude. T he m agnitude of each  co e ffic ien t a lso  ch a n g es  

co n sid era b ly  as th e s c r e e n in g  is  in crea sed  .
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Figure  9

V ariation of the D en sity -F u n ctio n a l th eo ry  (D FT) local (a ) and
S X

DFTfir s t  grad ien t correction  (C ) c o e ff ic ien ts  in th e exp a n sio n  for  the
S  X

screened-C oulom b ex ch a n g e  e n e r g y , a s  a fu n ctio n  o f th e  scree n in g  
param eter JfThe bare-C oulom b in teraction  ca se  co rresp o n d s to %- 0.
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As in d ica ted  in th e p rev io u s sec tio n , th e  HFT f ir s t  grad ien t

HFTcorrection  co e ffic ien t C , on th e o th er  h an d , is  not a u n iv ersa ls x

fu n ction  of th e  param eter Y . C o n seq u en tly , com parisons w ith  th e DFT

co effic ien t m ust be made for  sp ec ific  v a lu es  of th e b u lk  d e n s ity . In

F ig . 1 0 (a ) , (b ) and (c ) we compare th e  DFT and HFT f ir s t  grad ien t

correction  co e ffic ien ts  as a fu n ction  of th e scree n in g  param eter k g for

r^ = 2, 4 and 6 . What is  r e a ssu r in g  and read ily  e v id e n t from the

g rap h s is  th at a lth ou gh  th e  an a ly tic  e x p r e ss io n s  for th e  co e ffic ie n ts  in

th e two th eo r ie s  are q u ite  d issim ilar (S ee E qs. (58) and (65) ) ,  the

num erical v a lu es  are th e  same for fin ite  sc r e e n in g . T h ey  become

d issim ilar on ly  as one ap p roach es the bare-C oulom b in tera ctio n  case  for

w hich  th e HFT c o e ffic ien t is  s in g u la r . T h is , of c o u r se , im plies th at for

fin ite  scree n in g  in HFT th e  con trib u tion  of term s o f o rd er  h ig h er  than  

2
e are n e g lig ib le . F urtherm ore, the h ig h er  th e d e n s ity , th e  la r g er  is  

th e va lu e of th e  sc r e e n in g  param eter b efore th e two c o e ffic ie n ts  m erge.

In sectio n  3 .1  , we s tu d ied  th e co n v erg en ce  p ro p er tie s  of th e  GEA 

for the screened-C ou lom b ex ch a n g e  e n e r g y  w ith in  HFT as app lied  to 

su r fa c e s . T h ere  we show ed  th a t for  th e s te p -p o te n tia l m odel of a 

su rfa ce  th e co n v erg e n c e  o f both  th e  GEA and the LDA w ere poor and  

th a t th e form er did  not red u ce  th e erro r  of th e  la tte r  to  an y  s ig n ifica n t  

d eg ree  e v en  for the m ost slow ly v a ry in g  d e n s ity  p ro file  ob ta inab le b y  

th is  m odel. It is  e v id e n t from th e  d isc u ss io n  on F ig . 10 th a t p r e c ise ly
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Figure 10

(a) , (b ) and ( c ) .  V ariation of th e  f ir s t  grad ien t correction
co effic ien t C w ith in  D en sity -F u n ctio n a l and H artree-F ock  th eo r ie s , as

S  X

a fu n ction  of th e  scree n in g  param eter k g for r g = 2, 4 and 6 .



th e  same con clu sion s m ust hold for  th e GEA w ith in  DFT for th ose  v a lu es  

of th e scree n in g  param eter k g for w hich  th e co e ff ic ie n ts  in th e two 

th eo r ie s  are the sam e. Now s in ce  in HFT th e  f ir s t  gra d ien t correction  

co effic ien t is  not a u n iv e r sa l fu n ctio n  o f th e  param eter X , the  

ca lcu lation s of the p rev io u s  sec tio n  had to be perform ed  for a sp ec ific  

va lu e of the W igner-Seitz  rad iu s r , (a s  had  a sp ec ific  va lu e (and form) 

to be ch osen  for th e sc r e e n in g  param eter k ^ ). H ow ever, s in ce  in DFT  

the co e ffic ien t is  a u n iv e r sa l fu n ction  o f X , one can s tu d y  th e  

co n v erg e n c e  of th e LDA and GEA for th e se  s te p -p o te n tia l m odel 

d e n s it ie s  in a more co n c ise  and  g en era l m anner, one w hich  is  e n tir e ly  

in d ep en d en t of r , and th u s  va lid  for all bu lk  d e n s it ie s .

Within D FT, th e  e x a c t , LDA and GEA su rfa ce  ex ch a n g e  e n e r g ie s  

for  th e screened-C ou lom b in tera ctio n  can  now all be w ritten  in term s of 

u n iv ersa l fu n ctio n s  of th e  sc r e e n in g  param eter X for  a sp ec ific  d e n s ity  

p rofile  d escr ib ed  b y  th e step -m od el p ro file  param eter 3 . E q u iva len tly ,' 

for  a sp ec ific  sc r e e n in g  X , th e  ex ch a n g e  e n e r g ie s  are u n iv ersa l 

fu n ctio n s  of the d e n s ity  p ro file  param eter 3 . In F ig . 11 we p lot th e  

u n iv e r sa l LDA and GEA p e r c e n t erro r  c u r v e s  for  X= 0 .5 ,  1 .0  and 1 ,5  

o v e r  th e en tire  ran g e  o f d e n s it ie s  perm itted  b y  th e  s te p -p o te n tia l  

m odel. T he p rofile  becom es more slow ly  v a r y in g  as 3 is  in cr ea se d . 

N ote f ir s t  th at for  each  va lu e  o f the sc r e e n in g  param eter X co n sid ered , 

th e co n v erg en ce  of th e  LDA is  p oor. T he GEA b e g in s  to  im prove upon
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Figure  11

T he u n iv ersa l D en sity -F u n ctio n a l th eo ry  loca l d e n s ity  (LDA) and  
gra d ien t exp a n sio n  (GEA) approxim ation p ercen t erro r  c u r v e s  for the  
su rfa ce  ex ch a n g e  e n e r g y , as a fu n ction  of th e d e n s ity  p rofile  param eter 
3 for d iffere n t va lu es of th e scree n in g  param eter X . In creasin g  
v a lu es  of X imply d ecrea sin g  sc r e e n in g  le n g th s .
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th e  LDA for & > 0 .6 ,  b u t th e im provem ent is  not s ig n if ic a n t. T h ese  

w ere also  the co n c lu sio n s o f th e  p rev io u s  sec tio n  . A nother in te r e stin g  

fa ct is  that ev en  for  th e m ost slow ly  v a r y in g  d e n s ity  ( 3 = 1 ) ,  in crea sin g

th e scree n in g  im proves th e  GEA erro r  on ly  s lig h t ly , go in g  from -1.8%

for Y= 0 .5  to -1.3% for Z= 1 .5  . (S ee  F ig . 11) .

In con clu sion  , we h a v e  d er iv ed  the DFT co effic ien t of the f ir s t

g rad ien t correction  term  in th e exp an sion  for th e screened-C oulom b  

ex ch a n g e  e n e r g y . E xcep t for w hen the sc r e e n in g  is  v e r y  sm all, (for  

w hich  th is  e x p r e ss io n  a p p roach es th e bare-C oulom b in teraction  v a lu e ) ,  

th e r e su lts  are e q u iv a le n t to th o se  d er iv ed  w ith in  HFT. H ow ever, the  

fa c t that the f ir s t  g ra d ien t correction  c o e ffic ien t d er iv ed  h ere has the  

same u n iv ersa l fe a tu r e s  as th e LDA term  is  s ig n if ic a n t . A fter  a ll, the  

GEA is in tr in s ica lly  an approxim ation  w ith in  D FT, and it is  im perative  

th at each  term in the ex p a n sio n  ex h ib it  th e  same u n iv e r sa lity  as that 

ex h ib ited  b y  th e ex a c t term . T h is im portant fa ct co n seq u en tly  has  

en ab led  us to d em on strate in a far  more g en era l m anner p rev io u sly  

a rr iv ed  at co n c lu sio n s reg a r d in g  th e co n v erg e n c e  of th e ex p an sion  for  

scree n e d  ex ch a n g e  as ap p lied  to  s u r fa c e s . In th e p rev io u s  section  we 

had a lso  in d ica ted  th at th e se  co n c lu sio n s w ere s u r p r is in g , and that 

more p h y sica lly  rea lis tic  d e n s it ie s  had to be em ployed  in an y  fu r th er  

s tu d y  of the ex p a n s io n . T he u n iv ersa l c h a r a c te r is t ic s  of th e  ex p an sion  

c o e ffic ien ts  w ill now en ab le  an e x te n s io n , sim ilar to  th at p r esen ted



h ere , to d e n s it ie s  gen era ted  b y  o th er  more accu rate  loca l e ffe c t iv e  

p o ten tia ls . T he lo ss  of th is  u n iv ersa lity  in HFT is ,  of c o u r se , s tr ic t ly  

a co n seq u en ce  o f a ttem p tin g  to rep lace a n on -loca l e f fe c t iv e  p oten tia l b y  

a local one.



Chapter IV

4 .1  Estimates of the Surface Correlation E nergy

In sectio n  I I . 2 we stu d ied  th e e f fe c ts  of correla tion  at m etallic

su r fa ces  b y  scree n in g  th e ex ch a n g e  term . T h ese  ca lcu la tion s may also

72in terp re ted  in th e B ohm -P ines co n tex t as b e in g  an a n a ly s is  of the

sh o r t-r a n g e d  part o f th e  Coulomb in tera ctio n . In th is  sec tio n  we

a ccu ra te ly  estim ate th e su rfa ce  correla tion  e n e r g y  of jellium m etal v ia

d e n s ity -fu n c tio n a l th e o r y . In ord er  to do th is  we m ust assum e as

a ccu ra te  an approxim ation as p o ssib le  for  th e u n iv e r sa l e x c h a n g e -

correla tion  e n e r g y  fu n ction a l of th e  d e n s ity  E [p] . For th e su rfacex c

p h y s ic s  problem  sp e c if ic a lly , w e b e liev e  th e  m ost accu rate of the

e x is t in g  form alism s to  be th e n o n -lo ca l w a v e -v e c to r  (WV) a n a ly s is

22 58schem e o f L an greth  and P erdew  ’ . In th is  th eo ry  b oth  la rg e  as

w ell a s small w a v e len g th  flu c tu a tio n s  are co n sid ered  in  th e a n a ly s is  of 

th e e x ch a n g e -co r re la tio n  e n e r g y  fu n ction a l . We b eg in  th is  sec tio n  b y  

a b r ie f d escr ip tio n  of th e  form alism  as ap p lied  to  su r fa c e s , and th en  

p r e se n t  th e  ju stifica tio n  o f w hy we th in k  it  to  b e th e  b e s t  th eo ry  for  

th is  problem . N ex t we d escr ib e  and ap p ly  our m ethod for th e  

determ ination  of th e  su r fa ce  correlation  e n e r g y , and  f in a lly , we p r e se n t  

and d isc u ss  our r e s u lts  fo r  th is  p ro p er ty .

- 76 -
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T he ex ch a n g e -co r re la tio n  e n e r g y  E is  d efin ed  b y  the e x p r e ss io n

Ex c = J dr p ( r )  Exc(r) (GG)

w here p (r) is  e lec tro n  d e n s ity  and  e (r )  th e  ex ch a n g e -co r re la tio nxc

e n e r g y  d e n s ity . In term s of th e w a v e -v e c to r  k  of the flu ctu a tio n s th at  

con tr ib u te  to it , th e  e x ch a n g e -co r re la tio n  e n e r g y  may be w ritten  as

E X C  = V  z k  Exc<k > - I S P  j d k E Xc<k > • <67>

For an in tere lec tr o n ic  in teraction  of th e  form u (r -r ')  = Xe2 / | r - r ' |  ,

w here X is  a cou p lin g  co n sta n t, th e  w a v e -v e c to r  decom position  E (k ) is
XC

d efin ed  as

/ I

d r  P(r )  * J  u (k )  [ S x (k  ,k )  - 1 ] ( 6 8 )

 ̂ O
= x J  d_X u ( k )  N { s ^ ( k  k )  _ 1} > (69)

o

w here N is  the e lec tro n  num ber, u (k )  is  th e  F ourier transform  of u ( r ) ;  

and

S x (k  ,k ')  = J  d r

is  a double F ourier transform  . T he q u a n tity  N S x (r  , r ’) = x (r  , r ’) is  

th e d e n s ity -d e n s ity  correla tion  fu n ctio n  , and  ^ x (k  ,k ’) is  th e
A

s tr u c tu r e  factor  . T he fu n ction  x (r  ,r ')  is  re la ted  to th e  d e n s ity  and  

th e  a v era g e  ex ch a n g e -co r re la tio n  ch a rg e  d e n s ity  p (r  ,r ')  b y  th e
X C

relation

dr' -ik
s x‘r ,r') ik' (70)
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N S x (r  , r') = x (r  ,r ')  = P(r ) [ 6 (r -r ' )  + P?{c(r  ,r ')  ] . (71)

For a la rg e  , th ro u g h  fin ite  c r y s ta l, th e  ex ch a n g e -co r re la tio n  e n e r g y

E has both  a bu lk  as w ell a s a su r fa ce  co n tr ib u tio n . C o n seq u en tly ,

one may w rite

S x (k ) = SB x (k ) + S S x (k ) , (72)

B Sw here S is  th e  bu lk  co n tr ib u tion  , and S x th e  su rfa ce  correction  to
g

S (k ) . T he q u a n tity  NS (k ) is  prop ortion a l to th e  area o f th e
A A

c r y s ta l su r fa c e . T he su rfa ce  ex ch a n g e -co r re la tio n  e n e r g y  o may be
X C

th en  be w ritten  as

“x c  - I S P  dk  ° x c (k ) - <73>

w here a (k ) , th e  w a v e -v e c to r  decom position  for  th e su r fa ce  e x c h a n g e -
X C

correla tion  e n e r g y  , is  g iv e n  b y

l

° x c (k ) = i  f  " V "  U (k) N s S \ (k ) • (74)

For p u rp o se s  of p h y sic a l in terp re ta tio n  and com putational

co n v en ien ce  it is  p re fera b le  to w ork w ith  th e sp h er ica l a v era g e  of

a (k ) w hich  is  d efin ed  as  x c
7T

o (k ) = i  I d0 sinO a (k ) . (75)
X C  I x c/
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In th e w a v e -v e c to r  decom position  schem e, th e  local d e n s ity  

approxim ation is  g iv en  b y  an e x p r e ss io n  sim ilar to th at of E q .( 6 8 )
g

e x c e p t  that one em ploys th e b u lk  s tr u c tu r e  facto r  S ^(k) at th e  local 

va lu e o f the d e n s ity  p (r) ra th er  than  a t th e  bu lk  va lu e p . T h u s

I

Ex c A (k ) = J dr p(r) J  n r  u (k )  [ s B x{k ;p (r )> " 1 1

( 7 6 )

and th e co rresp o n d in g  su rfa ce  e n e r g y  term  is

I

°xcA(k) = j dr J  U(k) [ p(r) sB\{k; p(F)} '  PsB\{k;p} ]
J 0 (77)

In ord er to d escr ib e  th e in terp o la tion  schem e , th e  su r fa ce  

e x ch a n g e -co r re la tio n  e n e r g y  a is  rew ritten  as
X C

00 0 0

1 -3 I dk 4uk 2 a (k )xc (2tt) I xc

w here

^  * (k ) , (78)
F

y (k ) = 2kp [ 4irk2/ ( 2 tt)  3] 0 x c (k ) . (79)

58Now L angreth  and P erdew  w ere able to r ig o r o u sly  show  th at in  th e  

small w a v e -v e c to r  limit

k k
lim y (k )  ----- ^  ( ws - i « p ) (80)

k >0
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w here = w^/v^T is  th e su rfa ce  plasm on fr e q u e n c y  and = (4irpe2 /m )^

th e bulk  plasm on freq u en cy  . Furtherm ore , th e y  show ed th at in th e

la rg e  k limit th e  LDA e x p r e ss io n  Eq. (77) w as e x a c t  and co n seq u en tly

yLDA(k ) can ke ob ta in ed  from it . T he con tr ib u tion  for  the

in term ediate w a v e -v e c to r s  is  th en  ob ta in ed  b y  in terp o la tin g  in  a

system atic  m anner b etw een  the e x a c tly  know n la rg e  and small w ave-

22v ec to r  lim its. T he r e s u lts  of th is  in terp o la tion  schem e are accu rate  to

about 1% w hen te s te d  a g a in st  th e e x a c tly  so lvab le  RPA r e su lts  for th e

in fin ite  b arrier  model g iv e n  in T able II . T he in fin ite  b arrier  m odel

r e p r e se n ts  the limit of rap id  d e n s ity  v a r ia tio n . L ater P erdew , L an greth  

55and Sahni a lso  show ed  th at th is  same schem e a g r e e s  w ith  th e  r e su lts

of the gra d ien t ex p a n sio n  approxim ation for  v e r y  slow ly v a ry in g

d e n s it ie s  w here th e  la tte r  approxim ation is  e x p e c te d  to  be co rr ec t .

C o n seq u en tly , it  w as assum ed th a t th e  schem e w as accu rate  for  th e

in term ediate p h y sic a l ran g e  of d e n s ity  p r o file s . In th is  w ork th e se

a u th ors a lso  d em on strated  th at th e  GEA lea d s to o v erestim ates of the

su rfa ce  e n e r g y  for  p h y sic a l d e n s it ie s  . In su b se q u e n t w ork on a w ave-

v e c to r  a n a ly s is  of th e  f ir s t  grad ien t exp a n sio n  c o e ff ic ie n t , L an greth  and  

41P erdew  show ed  th at th is  correction  term  made on ly  a small 

co n tr ib u tion  b ey o n d  th e  LDA in th e  in term ediate w a v e -v e c to r  reg ion  . 

F urtherm ore, it w as for small w a v e -v e c to r s  th a t th e  GEA com pared  

poorly  w ith  th e  e x a c t lim iting b eh av iou r . T h u s th e  im plicit assum ption
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of th e ir  o r ig in a l in terp o la tion  schem e w as ju stif ie d  . T h ey  a lso  show ed  

th at th e  d e n s it ie s  at m etallic su r fa c e s  w ere too ra p id ly  v a r y in g  for the  

GEA to g iv e  th e  ap p rop ria te  correction  to th e LDA . In th is  w ork th ey  

a lso  p ro p o sed  a g en era liza tion  o f th e  g ra d ien t approxim ation  w ith  r e su lts  

w hich  aga in  a g ree d  w ith  th o se  of th e  o r ig in a l schem e .

A rgum ents in  su p p o rt of th e  GEA as th e  m ost accu rate

rep re se n ta tio n  o f th e  ex ch a n g e -c o r r e la tio n  e n e r g y  fu n ction a l for

42 56su r fa c e s  are th o se  of R asolt and  co -w o rk ers  ’ . As in d ica ted  in the

in trod u ction  , th e ir  co n c lu s io n s  w ere a rr iv ed  at in d ir e c tly  b y  a s tu d y  of

th e GEA for th e  screened-C ou lom b  e x ch a n g e  e n e r g y . To r e ite r a te , th e se

au th o rs  d em on stra ted  th e co n v erg e n c e  of th e  GEA as a fu n ctio n  of the

sc r e e n in g  param eter and  not a s  a fu n ctio n  of th e  d e n s ity  p rofile  or its

g r a d ie n ts . H ow ever, as we h ave  show n in ch a p ter  II, w hen  th is

ex p a n sio n  is  te s te d  a s  a fu n ctio n  of v a r y in g  d e n s ity  p r o file s , it  d oes

not c o n v erg e  to  an y  ap p reciab le  d e g r e e , at le a s t  fo r  th e  s e t  o f p ro file s

em ployed  b y  th e se  a u th o rs  . O ther n o n -lo ca l r e p r e se n ta tio n s  of the

ex c h a n g e -c o r r e la tio n  e n e r g y  fu n ctio n a l, su ch  a s  th e  w e ig h ted  and

52 57a v era g e  d e n s ity  sch em es ’ have a lso  p ro v ed  to  be in accu ra te  in  

com parison w ith  th e  e x a c t  in fin ite  b arrier  m odel r e s u lts  g iv e n  in Table  

II.
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T h u s , from th e  above d isc u ss io n  it is  e v id e n t th a t th e  m ost accu arte  

m ethod for th e determ ination  of th e su r fa ce  ex ch a n g e -co r re la tio n  

e n e r g y  of jellium  metal is  th e  w a v e -v e c to r  (WV) a n a ly s is  schem e . 

C o n seq u en tly , we w rite  th e  to ta l su rfa ce  e n e r g y  fu n ctio n a l for th e  

fu lly -c o r r e la te d  system  as

WVa [ p]  - o + o  + o  ( 8 1 )s k e s  x c  v '

w here

WV LDA . WV /oox
o = o  + A o  , ( 8 2 )x c  x c  x c  '

w here o^ is  th e su rfa ce  k in etic  e n e r g y  of a sy stem  of n o n -in te r a c tin g

e le c tr o n s  , o is  th e  e le c tr o s ta tic  e n e r g y , and A t h ee s  x c  x c

LDA e x ch a n g e -co r re la tio n  e n e r g y  and th e  w a v e -v e c to r  a n a ly s is  schem e

co rrectio n  to  it . For th e LDA term  we em ploy th e  same param eterization

7
of th e  Monte Carlo ca lcu lation  o f C ep erley  and A lder a s  u sed  in  our

ca lcu la tion s for  th e in fin ite  b arrier  m odel . In th e  w ork of P erdew ,

5 5L an greth  and Sahni it w as a lso  show n th at th e  n o n -lo ca l correction  

WVAo w as d ep en d en t o n ly  on th e bulk  va lu e o f d e n s ity , and was 
X  c

e s se n t ia lly  in d ep en d en t of th e  d e n s ity  p ro file  at th e  su r fa ce  . H ence we
3

h ave trea ted  th is  correction  term  as a co n sta n t (1 3 0 0 /r s e r g s /c m 2) in  

our ca lcu la tio n s.
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We n e x t  d efin e  th e su rfa ce  e n e r g y  for th e  ex c h a n g e -o n ly  (XO)

system  as

XO /DO,a = a, + o + o  (83)s k e s  x

w here a, and a are as d efin ed  above and w here a is  th e ex a ct non-  k e s  x  --------  -------

local su r fa ce  ex ch a n g e  e n e r g y , th e se  com ponents all b e in g  determ ined

for th e same se t  o f orb ita ls  u sed  in  E q .(8 1 )  . Our estim ate of the

WVw a v e -v e c to r  m ethod su rfa ce  correlation  e n e r g y  is  th en  d efin ed  as

th e d iffere n c e  b etw een  th e fu lly -c o r r e la te d  and e x c h a n g e -o n ly  v a lu es  :

WV r . XO . . . .

°c  = ° s [pl " ° s  ' (84)

T he K ohn-Sham  eq u ation s co rresp o n d in g  to E q .(8 1 )  can be so lv ed  s e lf -

c o n s is te n tly  . H ow ever, due to th e com plex ity  o f th e  ex ch a n g e  term ,

th e  ta sk  of d eterm in ing  th e e x c h a n g e -o n ly  e n e r g y  w ith  th e se

num erically  determ ined  orb ita ls  is  p ro h ib itiv e  . N eith er  d oes a s e lf -

c o n s is te n t  optim ized lo c a l-e f fe c t iv e  p o ten tia l ca lcu la tion  of th e  ex ch a n g e -

on ly  problem  e x is t .  T h ere fo r e , in  ord er  to  determ ine th e su rfa ce  e n e r g y

a ccu ra te ly  we ap p ly  th e varia tion a l p r in cip le  for  th e e n e r g y  to the

fu n ction a l of E q .(8 1 ) .  For our variation al d e n s it ie s  we choose th ose

30 31g en era ted  b y  th e linear p o ten tia l model ' of a su r fa ce . Our choice  

is  g o v ern ed  not on ly  b y  th e  fact th a t th e se  d e n s it ie s  p o s s e s s  th e  

re q u is ite  quantum -m echanical F ried el o sc illa tio n s  , b u t a lso  th at in  a
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31variation al p roced u re th e y  rep rod u ce th e fu lly  s e lf -c o n s is te n t  LDA

67su rfa ce  en e r g ie s  of Lang and  Kohn . For th is  model th e w a v efu n ction  

of an e lec tro n  , ^ ( x ) > i s

(x )  = - [2 /L ]*  { s in [k x  + 5 ( k ) ] 0 ( -x ) + s in 6 ( k ) A ( 5 ) /A i( - 5  ) 0 (x )  } ,
K  O

(85)

1 A i'(-£ o )

6 (k ) = c o t ' 1 [ ----- ---------------- ] ,
✓50  A i( - ?o)

73w here A i(£ ) and A i'(5 ) the A iry fu n ctio n  and it s  d er iv a tiv e  ,

£ = x (k ? ,/x _ ) £ = (k  x - , ) ^ ^  k^/k?, . T he variation al or slope
F F  o o F F  F

param eter is  Xp : th e  ca se  Xp= 0  co rresp o n d s to th e  in fin ite  b a rr ier

m odel, and as Xp is  in cr ea se d  th e d en s ity  p ro file  at th e  su r fa ce

becom es more slow ly  v a r y in g  . T he ch arge  n e u tra lity  is  sa t is f ie d  b y

60a d ju stin g  th e jellium  e d g e  p osition  to s a t is fy  th e Sugiyam a sum ru le  o f  

E q .(2 9 ) .  With ch an ge o f v a r ia b les  to y  = k ^ x  (y  = k_x_,) and
x* b r r

q = k /k _ , , the d e n s ity  , it s  f ir s t  d er iv a tiv e  and o th er  p ro p ertie s  su ch

as th e  jellium  ed g e  p o sitio n  y a=kpa , th e  e le tro n ic  su r fa ce  d ipole b a rr ier

(A$) , th e  e le c tr o s ta tic  p o ten tia l , th e  e x a c t  n on -lo ca l su r fa ce

ex ch a n g e  o , th e  su r fa c e  k in etic  and th e  su r fa ce  e le c tr o s ta tic

e n e r g y  a can all be w r itten  in term s of u n iv e r sa l fu n ctio n s  o f th e

slope param eter y.^ = k_,xr  . T he sem i-a n a ly tica l e x p r e s s io n s  for  th e se  
b Jt1 r

25 30 74p ro p ertie s  are g iv e n  ’ ’ in A pp en d ix  B .
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Our p roced u re  for th e determ ination  of th e  su r fa ce  correlation

e n e r g y  is  as fo llow s : for  a sp e c if ic  m etal d efin ed  b y  its  bu lk  va lue of

the W igner-Seitz rad iu s r , we minimize th e  e n e r g y  fo r  th e  fu lly -

correla ted  system  w ith  r e sp e c t  to th e  varia tion a l param eter y  . T hen  ,r
in th e sp ir it  of d e n s ity -fu n c tio n a l th eo ry  w e determ ine th e  e x c h a n g e -

on ly  e n e r g y  for th e se  same se t  of o rb ita ls  . From th e se  two s e ts  of

WVv a lu es we obtain  v ia  E q .(8 4 )  . (I t is  in te r e s t in g  to  n ote  th at

th e r e su lts  of th e  e x c h a n g e -o n ly  ca lcu la tion s o f Sahni and Ma

(R ef. (29) )  d iffer  on ly  s lig h t ly  from th e  r e su lts  of th e  p r e se n t  w ork for

the e x c h a n g e -o n ly  com ponent of th e  to ta l e n e r g y  for  th e  fu lly -c o r r e la te d

sy stem . T h is su p p o r ts  our con ten tion  th at th e  e x c h a n g e -o n ly  e n e r g y  for

th e fu lly -c o r r e la te d  and P a u li-co rre la ted  sy stem s are e q u iv a le n t. Had

29th e ca lcu la tion s of Sahni and Ma , and th o se  o f th e p r e se n t  w ork  

been  fu lly - s e l f -c o n s is t e n t ,  th e  e x c h a n g e -o n ly  e n e r g ie s  in each  case  , we 

b eliev e  , would h a v e  b een  th e  same .)

75T he r e su lts  fo r  th e e x a c t n o n -lo ca l su r fa ce  ex ch a n g e  e n e r g y  a , 

the 'exact' su r fa ce  correla tion  e n e r g y  a , and  th e  p erce n ta g e  th at  

th e  la tte r  is  o f th e  form er are g iv en  in T able V and p lo tted  in F ig . 12 . 

We note f ir s t  th a t th e  r e s u lts  for  th e  m agn itu d es of both  th e ex ch a n g e  

and correla tion  e n e r g ie s  for  a sp ec ific  m etal are co n sid era b ly  d iffere n t  

from the co rresp o n d in g  r e s u lts  of th e  in fin ite  b a rr ier  m odel (T able I I ) . 

A gain , in  sharp  co n tra st to th e  in fin ite  b arrier  m odel r e s u lts  , as th e
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Table V.

T he su rfa ce  ex ch a n g e  , correla tion  , and  ex ch a n g e -co r re la tio n  
e n e r g ie s  in ergs/'cm 2 as a fu n ctio n  of th e W ign er-S eitz  rad iu s r^ in

( a . u . ) .  T he r e s u lts  q u oted  are th o se  of the loca l d e n s ity  approxim ation  
(LDA) ,  th e  e x a c t n o n -lo ca l ex ch a n g e  e n e r g y , th e  w a v e -v e c to r  a n a ly s is  
estim ates of th e  'exact* ex ch a n g e -c o r r e la tio n  (an d  corre la tion ) e n e r g ie s ,  
and th e  tota l e n e r g y  . T he LDA ex c h a n g e -c o r r e la tio n  and correla tion  
e n e r g ie s  are determ ined  via th e  C e p e r le y -A ld e r 7 e x p r e ss io n  fo r  th e  
a v era g e  correla tion  e n e r g y  p er p a r tic le . T he e n e r g y  m inim ized v a lu es  
of th e varia tion a l param eter y^  are a lso  g iv e n  .

Wlgnar-Saltx
Radius
7s
(a.u.)

Variational
Paranetar

S Q U A Cl E N E R G I E S (args/ca*) / CorralatlonX
Exchanga Corralaelon Exchangt-Corralacloa Total \ Exchanga / 

"EXACT"
' (vava-vaetor)

LDA EXACT LDA "EXACT1*
(vave-vactor)

LDA "EXACT'*
(vava-vactor)

2.0 3.3948 2979 2369 3X2 885 3291 3454 -664 34

2.5 2.6677 1313 1086 164 475 1478 1561 187 44

3.0 2.1170 674 533 96 285 770 818 278 33

3.3 1.6945 384 292 61 184 446 476 240 63

* .0 1.3721 238 176 42 124 280 300 189 70

4.3 1.1257 137 112 30 88 186 200 146 79

5.0 0.9362 108 77 22 63 130 140 113 82

5.5 0.7887 78 55 17 48 95 103 89 87

6 .0 0.6740 58 39 13 38 71 77 71 97
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2.0

F igure 12

V ariation of the e x a c t and local d e n s ity  approxim ation (LDA) 
r e su lts  for the su rfa ce  ex ch a n g e  (X ) , correlation  ( C) ,  and ex ch a n g e -  
correlation  (XC) e n e r g ie s  as a fu n ction  of the W igner-Seitz  rad iu s r^ .

The "EXACT" C and XC r e su lts  are w a v e -v ec to r  a n a ly s is  estim a tes , and  
are co n sid ered  to be ex a c t . T he n on -loca l su rfa ce  ex ch a n g e  X e n erg y  
is  determ ined  ex a ctly  .
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d e n s ity  is  in cr ea se d , th e  correla tion  e n e r g y  becom es a sm aller fraction  

of th e ex ch a n g e  e n e r g y . (S ee  th e la s t  column of T able V ) .  H ow ever, 

for  v e r y  low d e n s it ie s  (r  = 6  ) , th e  co n clu sion  th at correlation  is  as  

s ig n ific a n t as ex ch a n g e  is  th e sam e. It is  a lso  in te r e s t in g  to o b serv e  

how m uch more s ig n ific a n t th e e f fe c t s  of correla tion  are for th e n on -  

uniform  gas at su r fa c e s  w hen com pared to  e ith er  th e uniform  e lectro n  

gas or th e  non-uniform  sy stem  in atom s.

In ord er  to make com parisons b etw een  th e d e n s ity -fu n c tio n a l th eo ry

and con ven tion a l d e fin itio n s  of th e  correla tion  e n e r g y  we m ust assum e

29th at the p r e se n t  e x c h a n g e -o n ly  r e s u lts  or th o se  of Sahni and Ma are

eq u iv a len t to H artree-F ock  sin ce  th e la tte r  do not e x is t  . T h ere  seem s

little  reason  to doubt th is  assum ption  in lig h t  o f th e c lo se n e ss  of th e

e x c h a n g e -o n ly  and H artree-F ock  r e su lts  in atom s . Of th e many

32correla ted  w avefu n ction  ca lcu la tion s of Woo and co -w o rk ers  we u se

th o se  w ith  th e low est su r fa ce  e n e r g y . U n fo rtu n a te ly  th e ir  r e su lts  do not

e x is t  for  half in te g e r  v a lu es  of r g and we have had to ex trap o la te  to

obtain  th e se  r e su lts  . For r = 2 . 5 - 3 . 5  th e ir  r e su lts  for  th e  correlations

e n e r g y  are  100-180 e r g s /c m 2 g rea ter  th an  our v a lu e s , w hereas for  i*g = 2

th e ir  va lu e  is  about 450 e r g s /c m 2 g r e a te r . For r g=4.5 th e  two v a lu es

are th e  sam e, and for r > 4 .5  th e  co n ven tion a l v a lu es  are le s s  than  th es

d e n s ity -fu n c tio n a l th eo ry  v a lu es  b y  20-13 e r g s /c m 2 . T h u s, it is  on ly  

for  th e  h ig h  and medium d e n s ity  m etals th a t th e  tw o th eo r ie s  g iv e
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s ig n ific a n tly  d iffere n t r e s u lt s .  P resu m ab ly , the two w ould more c lo se ly

approxim ate each  o th er  if  in  th e quantum -m echanical ca lcu la tion , the

ex p ecta tio n  va lue of term s in the Ham iltonian o th er  than  th e k in etic

76en e r g y  w ere a lso  determ ined  e x a c t ly . T he Y am ashita and Ichim aru  

d en s ity  -fu n c tio n a l th eo ry  estim ates of th e  su rfa ce  correla tion  e n e r g y  

are about 333% g rea te r  th an  th e p r e se n t  w a v e -v e c to r  estim ates o v er  th e  

en tire  ran ge of m etallic d e n s it ie s  . C o n seq u en tly , th e ir  correla tion  

e n e r g ie s  are a lw ays g r e a te r  than  th e ex ch a n g e  e n e r g y  v a lu e s .

In T able V we a lso  q u ote  th e LDA su rfa ce  e x c h a n g e , correla tion , 

and e x ch a n g e -co r re la tio n  e n e r g ie s  as w ell as th e to ta l w a v e -v e c to r  

ex ch a n g e-co r re la tio n  e n e r g ie s ,  and th e se  r e su lts  are a lso  p lo tted  in  

F ig . 12 . T he rem arkable can cella tion  of th e  erro rs  in th e  loca l ex ch a n g e  

and local correla tion  e n e r g ie s  is  e v id e n t  from th e  f ig u r e . N ote th at th e  

e n e r g y  a x is  in th is  f ig u r e  is  logarithm ic . T he local va lu e  of th e  

correlation  e n e r g y  is  n ea r ly  as much an u n derestim ate o f th e  tru e  va lu e  

as th e local ex ch a n g e  is  an o v erestim a te . T h is  can cella tion  of err o rs  in  

th e p r e se n t w ork has b een  d em on strated  fo r  p h y sic a lly  r ea lis t ic  d e n s ity  

p r o file s . T he fa c t th at a sim ilar con clu sion  is  a rr iv ed  a t for  th e in fin ite  

b arrier  model d e n s it ie s  is  one of th e  rare in sta n c e s  for w hich  th is  

m odel's co n c lu sio n s are in agreem en t w ith  th o se  o f more rea lis tic  

ca lcu la tion s. F ina lly , as in  th e atomic p h y s ic s  case  , th e  LDA su rfa ce  

ex ch a n g e-co r re la tio n  e n e r g ie s  ob ta in ed  b y  th e  varia tion a l p ro ced u re  are



w ith in  10% of th e 'exact' r e s u lts  . T h u s , as a lso  con clud ed  b y  

o t h e r s ^ ’ t he LDA for ex ch a n g e-co rre la tio n  is  a good f ir s t  

approxim ation for su rface  p h y s ic s  ca lcu la tion s.
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4 .2  C onvergence Study of the Gradient Expansion Approximation for 

the Surface Correlation E nergy .

In th is  sectio n  we s tu d y  th e GEA for th e correla tion  e n e r g y , to

0 ( V 2) ,  as ap p lied  to jellium  m etal su r fa c e s  . A s in d ica ted  in  the

in tro d u ctio n , th e  co e ffic ien t B of th e  f ir s t  grad ien t correction  term is  

46know n on ly  in th e h ig h  d e n s ity  lim it and has not b een  determ ined

in d ep en d en tly  for the m etallic d e n s ity  ran g e  . H ow ever , for th ese

d e n s it ie s  both  th e c o e ff ic ie n ts  B and B are know n, and co n seq u en tlyxc x

we d efin e  th e co e ffic ien t B as th e ir  d iffere n c e  . T he co e ff ic ien t Bc x c
43w as o r ig in a lly  determ ined  b y  R asolt and  G eldart (RG) u s in g  m an y-bod y

p ertu rb ation  th eo ry  in a ca lcu lation  along th e lin es  o f Ref .  (46) that

w ent b eyon d  th e RPA b u t w hich  trea ted  th e  ad d ition al term s in  an

41approxim ate m anner . More re c e n tly  L an greth  and P erdew  (LP) have  

d er iv ed  th is  co e ffic ien t w ith in  a d e n s ity -fu n c tio n a l th eo ry  v e r s io n  o f th e  

RPA . A lth ou gh  th e in tr in s ic  p h y s ic s  of th e se  two ca lcu la tion s is  the  

same , th e  c o e ffic ie n ts  d iffe r  s lig h t ly  due to th e approxim ations made in  

th e  w ork of RG . In our s tu d y  we co n sid er  both  th e se  c o e ff ic ie n ts .  

(T h e a n a ly tic  polynom ial f it  e x p r e ss io n  for  th e se  c o e ffic ie n ts  as w ell as 

th e  num erical v a lu es  of th e  co e ff ic ie n ts  B are g iv e n  in  A p p en d ix  C )
X C

. We a lso  exam ine the co n v erg e n c e  o f th e  correla tion  e n e r g y  m odified

53GEA u s in g  th e  re c e n tly  d er iv ed  L angreth-M ehl (LM) e x p r e ss io n  for  the

c o e ffic ien t B w hich is  x c
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F = b |VP( r ) I / [ p ( r ) ] 7 / 6

4 / q - Q
a = tt/ [ 8 ( 3 tt2 ) ] = 4 .2 8 7 x 1 0 (86)

b = ( 9 tt)  1 / 6  f = 1.745 f

f = 0 . 15

w here th e co n sta n ts  a and  b are g iv en  in  u n its  w here th e  e n e r g y  and  

le n g th  are in R y d b er g s  and  B oh rs r e sp e c t iv e ly . (In  th e  p r e se n t  w ork

ex ch a n g e -co r re la tio n  GEA to OfV**) we r e fe r  th e rea d er  to  A pp en d ix  C 

of R e f . (74) )  .

Now in ord er  to in v e s t ig a te  th e co n v erg en ce  o f th e  LDA and GEA 

for th e  correlation  e n e r g y  we n eed  to assum e a form alism  w hich  lea d s  

to e s se n tia lly  ex a c t r e s u lt s  . A s in section  4 .2  we aga in  assum e th at  

form alism  to be th e w a v e -v e c to r  a n a ly s is  schem e . T h u s w e w rite  the  

'exact' su r fa ce  correla tion  e n e r g y  o a s

we do not co n sid er  th e  co e ff ic ie n ts  d er iv ed  b y  Lau and Kohn nor

45that due to Gupta and S ingw i . For a s tu d y  o f th e  G u p ta-S in gw i

WV WV (87)a =  0  - a ,
C X C  X
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WVw here o is  as d efin ed  b efore  and a is  again  th e e x a c t n on -loca l x c  x

su rface  ex ch a n g e  e n e r g y , both  q u a n titie s  b e in g  determ ined  for  th e same

set of orb ita ls  . We perform  our co n v erg e n c e  s tu d ie s  for  th e orb ita ls  of

th e lin ea r-p o ten tia l m odel w hich  perm its th e d e n s ity  p rofile  to  ch an ge

con tin u ou sly  from ra p id ly  to slow ly  v a ry in g  as th e d e n s ity  p rofile

param eter is  in crea sed  from y^  = 0 . (T yp ica l rea l m etal su r fa ce  

77
d e n s it ie s  lie in th e ra n g e  l< y  <4.5  . For jellium  m etal (s e e  T able V )

X*

th e range is  y =  0 .6  - 3 . 5 )  .
r

We b eg in  our d isc u ss io n  w ith r e s u lts  of th e  in fin ite  b arrier  m odel

18( y F=0) (s e e  T able I I ) . T he GEA for the ex ch a n g e  e n e r g y  is  g iv e n  b y  

—3 -3
( - 0 . 315 7 ) /kp ( 1 0  a . u . )  and th ere fo re  u n d erestim ates th e  e x a c t  v a lu es

b y  155% , w hereas th e GEA for correlation  is  an overestim ate  b y

430%-525% . S ince th e m agnitude of th e ex ch a n g e  and correla tion

en e r g ie s  are ap proxim atley  th e  sam e, th ere  is  some can cella tion  of the

erro rs  , so th at th e GEA for e x ch a n g e -co r re la tio n  is  in  erro r  b y

179%-227% . It is  ob v io u s from th e se  r e s u lts  th at th e d e n s it ie s  are too

rap id ly  v a ry in g  for e ith e r  of th e se  ex p a n sio n s  to be a ccu ra te . One

m ight e x p e c t  on th e b a s is  of th e  in fin ite  b arrier  m odel r e s u lts  th a t th e

cancella tion  of th e  err o rs  w ould be more e ffe c t iv e  as th e  d e n s ity  is

made slow ly  v a ry in g  . H ow ever, th is  is  not th e  ca se  s in ce  we know  that

18th e GEA for e x ch a n g e  c o n v e r g e s  ra p id ly  to  th e  e x a c t  r e su lts  . 

C o n seq u en tly , all th e  erro r  in  th e GEA for ex ch a n g e -co r re la tio n  is  due  

to  the GEA for correla tion  .
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In T able VI and F ig . 13 we p r e se n t th e r e s u lts  for  th e 'exact' 

w a v e-v ec to r  su r fa ce  correla tion  e n e r g y  , as w ell as th e  LDA and

v ariou s GEA v a lu e s , as a fu n ction  of th e  d e n s ity  p rofile  param eter y _Jr

for the f ix e d  va lu e r g = 4 w hich  co rresp o n d s to th e bu lk  d e n s ity  of 

Sodium . ( T he tren d s  in th e  r e s u lt s ,  and co n c lu s io n s , for  both  h igh er  

and low er d e n s ity  m etals are sim ilar and w ill not be p r e se n te d  ) . As 

is  e v id e n t from F ig . 13 and the p erce n t erro r  p lot of F ig . 14 , th e  LDA 

is  su b sta n tia lly  in erro r  o v e r  th e en tire  ran ge  of d e n s it ie s  co n sid ered  . 

E ven at y ^ G  it is  in  erro r  b y  32% . T he GEA(LP) r e su lts  (s e e  F ig . 14 ) 

are not a s ig n if ic a n t im provem ent o v er  th e  LDA v a lu es  b ein g  in error  

b y 14% at y ,-.=6  . For th e p h y sica l d e n s ity  p ro file  of y  =1.37 (se e
r  r*

T able V ), th e  GEA(LP) r e su lts  are as much in erro r  as th o se  of the

LDA . T h u s th e d e n s ity  p ro file s  h ave  to be ex trem ely  slow ly  v a ry in g

b efore  th e GEA for th e correla tion  e n e r g y  could  be co n sid ered  as b e in g

a ccu rate  . On th e o th er  h an d , th e  GEA(LM) r e s u lts  are e sse n tia lly

e x a c t for  d e n s it ie s  co rr esp o n d in g  to y ^ l  (se e  F ig . 14) .  T h is  is

u n d erstan d ab le  s in ce  th e  GEA(LM) is  b ased  on th e  w a v e -v e c to r  m ethod

. For ra p id ly  v a r y in g  d e n s it ie s  ( y ^  1) for  w hich  a k ey  approxim ation
b

made in th e  GEA(LM) is  b ad ly  v io la ted  , th e  r e s u lts  are poor , 

a lth ou gh  th e y  are s t ill su p er io r  to th o se  of both  th e  LDA and GEA(LP) 

( se e  F ig .14) .
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Table VI.

Surface correlation  e n e r g ie s  in e r g s /c m 2 as a fu n ction  of th e d e n s ity
profile  param eter y^, for th e fix ed  bulk  d e n s ity  va lue of r  =4 . Here the

r  S

'exact' r e su lts  are th ose  of th e  w a v e -v ec to r  schem e . T he num bers in
p a ren th eses  in th is  column corresp on d  to th e  u n cer ta in tie s  in th e se
v a lu es  due to th e u n cer ta in tie s  in th e su rfa ce  ex ch a n g e  e n e r g ie s  (se e
Eq. ( 87)  ) •  T he local d e n s ity  approxim ation (LDA) r e su lts  are ob ta in ed
via th e C e p e r le y -A ld e r 7 e x p r e ss io n  for th e a v era g e  correla tion  e n e r g y
p er  p a rtic le . T he gra d ien t ex p a n sio n  approxim ation (GEA) v a lu es  are
th o se  em ploying the f ir s t  grad ien t correction  co e ffic ie n ts  o f R aso lt-
G eld art1*3 ( R G ) , L a n g reth -P erd ew 1* 1 (LP) and L an greth -M eh l5 3 (LM) .

yF
' EXACT' 

(Wave-vector)
Local-Density
Approximation

Gradient Expansion Approximation
RG LP LM

0.0 102 26 310 450 160

0.L 105 (1) 28 198 274 147

0.2 106 (1) 29 187 255 140

0.3 107 (1) 31 180 243 136

0.5 HI (1) 33 170 227 131

1.0 118 (2) 38 157 204 127

1.5 121 (2) 42 150 192 126

2.0 127 (2) 48 145 183 127

2.5 130 (2) 54 141 176 127

3.0 131 (3) 59 139 170 128

3.5 134 (3) 65 139 168 131

4.0 137 (3) 72 139 166 133

4.5 138 (4) 79 140 165 136

5.0 143 (5) 87 143 166 141

5.5 148 (5) 94 146 168 145

6.0 150 (6) 102 150 170 151
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rs = 4.0

GEA (LM)

GEA (LPGEA (RG)o
UJ
UJ

EXACT"(WV)UJ

LDA

u_

2 .0  4 . 0
DENSITY PROFILE PARAMETER

6.0

Figure  13

V ariation of th e  'exact' (w a v e -v e c to r )  (WV) , local d en s ity
approxim ation (L D A ), and  g rad ien t exp a n sio n  approxim ation (GEA)
su rfa ce  correla tion  e n e r g ie s , as a fu n ction  of th e  d e n s ity  profile
param eter y for  a bulk  d e n s ity  co rresp o n d in g  to 7  =4 . T he d ifferen t  r  s
GEA r e su lts  corresp o n d  to d iffere n t co e ff ic ie n ts  o f th e  f ir s t  grad ient

4 3correction  term as d er iv ed  b y  R aso lt-G eld art (R G ), L an greth -  

Perdew^* (LP) and L a n g r e th -M e h l^  (LM) .
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CL GEA (LM)

0.0 2 .0  4 .0  6.0
DENSITY PROFILE PARAMETER

LDA
-5 0 - 3 2 %

-7 5 %

Figure  14

P ercen t erro r  p lo ts  of the r e su lts  of F ig . 13 co rresp o n d in g  to the
local d en s ity  approxim ation (LDA) , and g rad ien t exp an sion
approxim ations (GEA) due to L an greth -P erd ew  (LP) and L angreth-M ehl
(LM ), as a fu n ction  of the d e n s ity  p rofile  param eter y^  .

r
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N ext , the fact th a t for  th e  LDA and GEA fu n ctio n a ls  the  

co rresp o n d in g  e n e r g y  d e n s it ie s  are ea s ily  determ ined  , m akes it  p o ssib le  

to  p lot th e 'exact' correlation  e n e r g y  d e n s ity  s in ce  th e GEA(LM) r e su lts  

are e s se n tia lly  ex a ct for y ^ S l . In F ig . 15 we d isp la y  th e  LDA ,r
GEA(LP) and th e 'exact' GEA(LM) correlation  e n e r g y  d e n s it ie s  for y „  =

F

1 , 4 and 6  . We o b serv e  th a t in g en era l, th e  'exact' e n e r g y  d e n s it ie s  

lie  b etw een  th ose  of th e LDA and GEA(LP) c u r v e s  . T h is  fa ct th u s  

ex p la in s  w hy it is  th at th e LDA u n d erestim ates th e  e x a c t r e su lts  

w h ereas th e GEA(LP) lea d s to  an overestim ate  . Furtherm ore , th e  

p rin cip a l con trib u tion  to the su r fa ce  correlation  e n e r g y  com es from  

w ith in  half a Fermi w a v e len g th  about the jellium  ed g e  .

53In th e ir  w ork, L an greth  and Mehl a lso  a rr iv ed  at a certa in  formal

q u a n tita tiv e  cr iter ion  for the v a lid ity  of th e GEA for th e  e x c h a n g e -

correla tion  e n e r g y  that d iffe r s  from that d er iv ed  p r e v io u s ly  b y

41L an greth  and Perdew  . T h is co n v erg e n c e  cond ition  , w hich  is  le s s  

se v e r e  b y  a factor  of s ix ,  is

IVp(r)|
  «  1 (88)

kTF(r)p(r)

w here k ^  (r ) = [4kT,(r )/ir ]  is  th e  Thom as-Ferm i w a v e -v e c to r  . Now1 F  X*
18sin ce  Sahni e t al have show n th a t th e GEA for e x c h a n g e  co n v e r g e s

ra p id ly  to the ex a c t r e su lt  for th e  su r fa ce  p h y s ic s  problem , th is
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in LDA

o
UJ

UJ GEA (l_P) y F = 4

0.2

LDA

o
UJ
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GEA (LP)

-0.6 -0.4 - 0.2  0  0.2 
DISTANCE FROM JELLIUM EDGE (2 n /k P)

0.80.4 0.6

Figure  15

V ariation of th e  su rfa ce  correla tion  e n e r g y  d e n s ity  as a fu n ction  of
the d ista n ce  from th e jellium  e d g e  for d iffe r e n t v a lu es  o f the d en s ity
profile  param eter y _  for a bulk  d e n s ity  co rresp o n d in g  to  r = 4 . Ther s
r e su lts  show n are th o se  w ith in  th e local d e n s ity  approxim ation (LDA)
and th e grad ien t ex p a n sio n  approxim ations (GEA) due to  L an greth -
Perdew  (LP) and L angreth-M ehl (LM) . T he GEA (LM) r e su lts  are
con sid ered  e s se n tia lly  ex a c t .



co n v erg e n c e  condition  may be th o u g h t o f as b e in g  th a t for  the

correla tion  e n e r g y  GEA . We d isp la y  in F ig . 16 th e  'small param eter' of

Eq. ( 8 8 ) co rresp o n d in g  to  the m ost slow ly  v a r y in g  p rofile  co n sid ered  in

th is  s tu d y  ( y „  = 6  ) for  d iffe r e n t v a lu es  of th e  bu lk  d en s ity

( r = 2 ,4 ,6  ) . Note th at th e  co n v erg e n c e  con d ition  is  poorly  sa tis f ie d

in th e reg ion  about th e jellium  e d g e  , a r e su lt  c o n s is te n t  w ith  th e lack

of th e co n v erg e n c e  of th e  GEA(LP) cu rv e  (se e  F ig . 14) . On th e  o th er

h an d , th e  GEA(RG) r e s u lt s ,  th o u g h  su b sta n tia lly  in  erro r  at the

p h y sic a l e n e r g y  minimized va lu e  of the d e n s ity  y  = 1 .3 7 , are in co n s is ten t
.r

w ith  th e co n v erg e n c e  cond ition  r e s u lts  of F ig . 16 . For y  > 2.5  th e
.b

GEA(RG) v a lu es  are in erro r  b y  le s s  th an  10% h a v in g  a lread y

c o n v erg e d  b y  y^  = 4 . T h u s , th e  d iffe r e n c e s  in th e  LP and RG

c o e ffic ie n ts  of the f ir s t  g ra d ien t correction  term  (S ee  A p p en d ix  C)

lead  to  s ig n if ic a n tly  d iffe r e n t  con clu sion s w ith  reg a r d  to  th e

c o n v erg e n c e  of th is  ex p a n sio n  . In lig h t of th e  c o n s is te n c y  b etw een  th e

GEA(LP) and th e co n v erg e n c e  con d ition  r e su lts  , we con clud e th a t the

d e n s ity  p ro files  at m etallic su r fa c e s  w ould h ave  to  be v e r y  slow ly

v a r y in g  (y  > 6  ) for  th e correla tion  e n e r g y  GEA to  be a ccu ra te  . 
b
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tu.
a - 0.5

- 0.8  - 0.6 - 0.2
DISTANCE FROM THE JELLIUM EDGE (2TT/kF)

-0.4 0.2 0.4 0.6
(2TT/kDISTANCE EDGE

Figure 16

V ariation of the 'small param eter' of E q . ( 8 8 ) for  d iffere n t v a lu es  of 
th e bulk d e n s ity  ( Fs = 2 ,4 ,6 )  , as a fu n ction  of th e  d istan ce  from the

jellium ed g e  for the slow ly v a ry in g  d en s ity  co rresp o n d in g  to y , -,=6 . T heJb
d e n s ity  p rofile  norm alized to the bulk  d e n s ity  is a lso  p lotted  .



Chapter V

5 .1  Summary and C on clu sion s

In th is  th e s is  , we have s tu d ied  w ith in  d e n s ity -fu n c tio n a l th eo ry  th e  

correla tion  e n e r g y  at m etallic s u r fa c e s . We have exam ined both  th e  

q u a lita tive  and q u a n tita tiv e  d iffe r e n c e s  b etw een  th e con ven tion a l 

quantum -m echanical and K ohn-Sham  d e n s ity -fu n c tio n a l th eo ry  d efin itio n s  

of th e  correla tion  e n e r g y  of in tera c tin g  n on-un iform  e lectro n  gas  

sy ste m s. Em ploying th e m ost re c e n t exp erim en ta l and  th eo re tica l v a lu es  

e x is t in g  in th e lite r a tu r e , we o b se r v e  th at for atom s upto an atomic 

num ber of Z = 18 , the two correla tion  e n e r g ie s  d iffer  b y  le s s  than  1% , 

and th at th e  con ven tion a l va lu e  is  c o n s is te n tly  th e la r g er  . In ord er  to  

enab le sim ilar com parisons for  th e inhom ogeneous e lec tro n  gas at 

su r fa c e s , we have perform ed  varia tion a l ca lcu la tion s to  estim ate th e  

d e n s ity -fu n c tio n a l th eory  su rfa ce  correla tion  e n e r g y  of jellium  metal' 

u sin g  th e a ccu ra te  su rfa ce  d e n s ity  p ro files  g en era ted  b y  th e  lin ear-  

p oten tia l m odel . T he a ccu ra cy  of th e se  estim ates is  fou n d ed  in th e  

assum ption  th a t the ex ch a n g e -c o r r e la tio n  e n e r g y  fu n ctio n a l of the  

d e n s ity  is  a ccu ra te ly  approxim ated  b y  th e w a v e -v e c to r  a n a ly s is  m ethod. 

T h ese  r e su lts  are th e f ir s t  r ea lis t ic  estim ates of th is  p r o p e r ty , h av in g  

b een  determ ined  b y  tr e a tin g  th e  n on -loca l ex ch a n g e  e n e r g y  

co n tr ib u tio n s e x a c t ly . M eaningfu l com parisons w ith  correla ted

- 102 -
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w avefu n ction  ca lcu lation s cannot be made at p r e se n t  s in ce  th e se  

ca lcu la tion s do not trea t th e  ex p ecta tio n  va lue of all term s of th e non-  

r e la tiv is t ic  Hamiltonian e x a c tly  . H ow ever, a com parison w ith the  

e x is t in g  r e s u lts  in d ica te  th at for  h ig h  and medium d e n s ity  m etals the  

con ven tion a l correlation  e n e r g ie s  are su b sta n tia lly  la r g e r  w h ereas for

low d e n s ity  m etals th e y  are s lig h t ly  le s s  than  th e  d e n s ity -fu n c tio n a l  

th eo ry  v a lu e s . An im portant r e su lt  of our ca lcu la tion s is  th at in 

co n tra st to th e  case  of atom s for w hich  th e  correlation  e n e r g y  is le s s  

than 5% of th e ex ch a n g e  e n e r g y , th is  ratio  for su r fa c e s  v a r ie s  from

34%-97% o v er  th e m etallic d e n s ity  r a n g e , b e in g  th e sm aller p ercen ta g e  

for th e h ig h er  d e n s ity  m etals as one m ight e x p e c t  . T h is  is  a

s ig n ifica n t p h y sica l d iffere n c e  b etw een  th e two non-un iform  sy stem s . 

In ad d ition , th e se  r e su lts  a lso  co n tra st w ith  p rev io u s  co n c lu s io n s , that  

for su r fa c e s  correla tion  e f fe c ts  are a lw ays as s ig n if ic a n t as ex ch a n g e

ev en  for  medium and h igh  d e n s ity  m etals.

In th is  w ork we have a lso  exam ined the local d e n s ity  approxim ation

for th e e x ch a n g e -co r re la tio n  and correla tion  e n e r g y  fu n ctio n a ls  , as w ell 

as va r io u s gra d ien t ex p a n sio n  approxim ations for th e  correla tion  e n e r g y  

fu n ctio n a l, a s app lied  to su r fa c e s . We h ave f ir s t  d em on strated  th at for  

rea lis tic  m etal su rfa ce  d e n s it ie s  th e  err o rs  in th e  local d e n s ity  

approxim ation for  ex ch a n g e  and correla tion  tak en  sep a ra te ly  do in fact

ca n ce l, and th a t co n seq u en tly  th e local d e n s ity  approxim ation for
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ex ch a n g e-co r re la tio n  is  a good f ir s t  approxim ation for su r fa ce  p h y s ic s  

ca lcu la tion s. We have a lso  sh ow n , th a t as in case  of atom s, th e  local 

d e n s ity  approxim ation for  th e su rfa ce  correla tion  e n e r g y  is  v e r y  

su b sta n tia lly  in  erro r  , and th at th e  d e n s ity  p ro file s  w ould h ave  to  be  

u n p h y sica lly  slow ly  v a r y in g  e v en  for th e  correla tion  e n e r g y  grad ien t  

exp a n sio n  approxim ation to  co n v erg e  to  th e  ex a c t r e s u lt s .  T h is  la tter  

fact is  su b sta n tia ted  b y  co n sid era tion  of q u a n tita tiv e  co n v erg e n c e  

con d ition s for th is  p ro p erty  w hich  are show n not to  be sa t is f ie d  . We 

h ave a lso  co n sid ered  a r e c e n tly  d er iv ed  g ra d ien t ex p a n sio n  

approxim ation due to L an greth  and Mehl and  h ave show n th is  ex p a n sio n  

to be v e r y  a ccu ra te . As a co n seq u en ce  of th is  fact we h ave  u tilized  the  

r e su lts  of th is  exp a n sio n  to p lot and s tu d y  th e  b eh av iou r of th e  'e x a c t ' 

su rfa ce  correla tion  e n e r g y  d e n s ity  as a fu n ction  o f the d e n s ity  p ro file . 

A com parison w ith  th e co rresp o n d in g  local d e n s ity  and g ra d ien t  

exp a n sio n  approxim ation e n e r g y  d e n s it ie s  th en  ex p la in s  w hy  th e se  

approxim ations for  th e correla tion  e n e r g y  fa il for  m etal su r fa c e s .

We have a lso  s tu d ied  th e e f fe c ts  of correla tion  at su r fa c e s  b y  

sc r e e n in g  the ex ch a n g e  , or p u t an oth er w ay , we h ave  stu d ied  th e  

e f fe c ts  o f co n s id er in g  on ly  th e sh o r t-r a n g e d  p art o f th e  Coulomb 

in teraction  on th e  su rfa ce  p ro p er tie s  o f jellium  m etal. For th is  

in teraction  we h ave d er iv ed  a sem i-an a ly tica l e x p r e ss io n  for  th e  n o n ­

local su rfa ce  ex ch a n g e  e n e r g y  for  th e  d e n s it ie s  o f th e  s te p -p o te n tia l
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m odel. T h is e x p r e ss io n  is  a u n iv ersa l fu n ctio n  o f th e  sc r e e n in g  

param eter. We o b serv e  th a t th e su rface  ex ch a n g e  e n e r g y  for  sc r e e n e d -  

Coulomb in teraction  not on ly  d ecre a se s  b u t th at it becom es more 

in d ep en d en t of th e  d e n s ity  p rofile  as the sc r e e n in g  le n g th  is  red u ced  . 

T h u s we show  th at th e tota l su rfa ce  e n e r g y  d e c r e a se s  w ith  sc r e e n in g  

le n g th , and that c o n seq u en tly  th e more sh o r t-r a n g e d  th e in tera ctio n  , 

th e  ea s ier  it is  to sp lit  th e  c r y s ta l in tw o. As a co n seq u en ce , we can  

also  dem onstrate th at for f ix e d  d e n s ity  profile  and in teraction  s tr e n g th ,  

th e  g rea ter  the d e n s ity  of th e  e le c tr o n s , th e  h ig h er  th e  su rfa ce  

e n e r g y .

N ext we have d er iv ed  the co e ffic ien t o f th e  f ir s t  gra d ien t correction  

term  in the ex p a n sio n  fo r  th e screened-C ou lom b e x ch a n g e  e n e r g y  w ith in  

th e  co n tex t of d e n s ity -fu n c tio n a l th eo ry . For fin ite  sc r e e n in g  th is  

co effic ien t is  eq u iv a len t to  th at d er iv ed  w ith in  H artree-F ock  th e o r y . It 

red u ces  to the bare-C oulom b in teraction  va lu e in th e lim it o f no 

sc r e e n in g , in w hich  lim it, as is  w ell known , th e  H artree-F ock  th eo ry  

co effic ien t is  s in g u la r . In co n tra st to th e H artree-F ock  c o e ff ic ie n t , th e  

d e n s ity -fu n c tio n a l th eo ry  co e ffic ien t is  a u n iv e r sa l fu n ctio n  o f th e  

sc r e e n in g  param eter, a s is  th e LDA co e ffic ie n t. T h e fact th a t th e  

gra d ien t correction  co e ff ic ien t d er iv ed  h ere h as th is  u n iv e r sa l fea tu re  is  

p articu la r ly  s ig n if ic a n t s in ce  th e  GEA is  in tr in s ic a lly  an approxim ation  

w ith in  d e n s ity -fu n c tio n a l th e o r y , and it is  im perative th a t each  term  in
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th e  exp a n sio n  ex h ib it  th e  same u n iv e r sa lity  as th at ex h ib ite d  b y  th e  

ex a c t term .

F inally , we h ave  ev a lu a ted  th e  argum ents of o th ers  in  su p p ort of 

both  th e LDA and GEA fo r  th e e x ch a n g e -co r re la tio n  e n e r g y  at m etallic  

su r fa c e s . T h ese  argu m en ts are b ased  on s tu d ie s  assu m ing  a sc r e e n e d -  

Coulomb in tera c tio n . B y s tu d y in g  th e  loca l d e n s ity  and gra d ien t  

exp a n sio n  approxim ations for th e  screened-C ou lom b  ex ch a n g e  e n e r g y  

w ith in  both  th e H artree-F ock  and d e n s ity -fu n c tio n a l th eo r ie s  as a 

fu n ction  of th e  d e n s ity  we have show n th e argu m en ts and co n clu sio n s of 

th e se  a u th ors to be in c o r r e c t . What we h ave  o b se r v e d  is  th a t q u ite  

con trary  to in tu it iv e  ex p e c ta tio n s  for a sh o r t-r a n g e d  in tera ctio n , both  

the GEA as w ell as LDA are poor. F urtherm ore, th e  form er  

approxim ation does not red u ce  th e error  of th e  la tter  to an y  s ig n ific a n t  

d eg ree  e v en  for  th e m ost slow ly  v a ry in g  o f th e  d e n s it ie s  co n sid ered  . 

B y an exam ination of v a r io u s  co n v erg e n c e  con d ition s we have con clu d ed  

th a t th is  lack  o f co n v e r g e n c e  is  p r in c ip a lly  due to th e  lim itations of th e  

s te p -p o te n tia l m odel d e n s it ie s  em ployed .

5.2 Future Work

In re c e n t w ork on th e  d e n s ity -fu n c tio n a l th eo ry  GEA for th e

78ex ch a n g e  e n e r g y , Kleinman h as claim ed th at th e  co e ffic ien t o f th e
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40f ir s t  g rad ien t correction  term  is  not th at due to Sham b u t ra th er  8 /7  

th s .  of Sham's va lue . F urtherm ore, h is  r e s u lts  (for  th is  co effic ien t)  

for th e screened-C ou lom b case  do not red u ce  to th e bare-C oulom b va lue  

in  th e limit of no scree n in g  . As d er iv ed  in our w ork , th e  co e ffic ien t  

for th e screened-C ou lom b case  does g iv e  th e Sham r e su lt  in  th is  limit . 

F urtherm ore, th e  co e ffic ien t that we h ave  d er iv ed  for  th e case  of 

screen ed  in teraction  lead s to th e  same u n iv ersa l fea tu res  for  the GEA as  

th o se  p o s se s se d  by the ex a c t and local d e n s ity  r e su lts  fo r  the su rfa ce  

ex ch a n g e  e n e r g y . It is  e v id e n t th a t Kleinm an's d er iva tion  and th e

p h y s ic s  in v o lv ed  th erein  m ust be exam ined .

A s in d ica ted  b e fo re , our r e su lts  in d ica tin g  the lack  of the

co n v erg e n c e  of both  th e LDA and GEA for screened-C ou lom b in teraction  

are su r p r is in g  . O b viou sly  the fact th a t the co n v erg e n c e  con d ition s  

are not sa tis f ie d  for  the s te p -p o te n tia l m odel d e n s it ie s  is  one

exp lan ation  of th is  fa c t . T h ere fo re , in  ord er  to  a rr iv e  at more d e fin itiv e  

con c lu sio n s w ith  reg a rd  to  th e co n v erg e n c e  of the LDA and GEA for  

th is  in tera c tio n , th e  a n a ly s is  should  be perform ed for th e  p h y sica lly  

accu rate  lin e a r-p o ten tia l model d e n s it ie s . H ow ever, in  ord er  to  b e tte r  

u n d ersta n d  th e  r e su lts  o f th e  p r e se n t w ork , as w ell as to  exp la in  th e  

s u c c e s s  of th e  GEA for bare-C oulom b su rfa ce  ex ch a n g e  e n e r g y , a w ave-  

v ec to r  a n a ly s is  of th e  e x a c t , LDA and GEA su rfa ce  ex ch a n g e  en e r g ie s  

for  both  b a re- and screened-C ou lom b in tera c tio n s sh ou ld  a lso  be

perform ed .



Appendix A

D en sity -F u n ctio n a l T h eory  F ir s t  G radient C oeffic ien t

fo r  th e  Screened-C ou lom b E xch an ge E n erg y .

40In th is  ap p en d ix  we ap p ly  th e  m ethod of Sham to d er iv e  an  

e x p r e ss io n  for th e  f ir s t  g ra d ien t co rrectio n  co e ffic ien t in  the ex p an sion  

for  th e  screened-C ou lom b  ex ch a n g e  e n e r g y  w ith in  d e n s ity -fu n c tio n a l  

th e o r y .

T he H artree-F ock  eq u ation s for an e lec tro n  of momentum k are

w here p (r) is  th e  d e n s ity , p (r  ,r ')  th e  s in g le -p a r tic le  d e n s ity  m atrix  

d efin ed  as

u (r )  is  an a rb itra ry  in terp a rtic le  in tera ctio n  and v ( r )  is  th e  e x te r n a l 

p o ten tia l. T he e ig e n e n e r g y  , in  an e lec tro n  g a s  o f uniform  d e n s ity ,  

is

2 m

(A l)

p (r  , r ’) = Zk Y k ( r ’)Yk (r )  , (A2)

- 1 0 8 -
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h 2 k 2

E ( k )  = + e ( k )  =  e ( k )  + e  ( k )X O X (A3)

2 m

w here th e  ex ch a n g e  e n e r g y  (for  th e  sta te  k )  is

(2ir)3

d k

u (k -  k ') f [ e ( k ’) ] , (A 4)

and w here f [ £ ( k ) ]  is  th e  Fermi fu n ctio n , and u (k )  th e Fourier  

transform  of u ( r ) .

Now it can be show n b y  p ertu rb ation  th eo ry  and b y  go in g  into  

momentum sp ace  (se e  A p p en d ix  A of th e secon d  r e fe r e n c e  of R ef. (4 3 ))  

th at E q .(A 3 ) to g e th er  w ith  th e  fo llow ing eq u ation s (A 5) - (A7)

A(k+q ,k )=  1 -
( 2 tt) 3

dk'
0(k '+q  ,k ')  u (k -k ')  A(k'+q ,k ') (A5)

w here

f .  , -  f .  ,
k  + q  k

0 (k'+q , k ') = -------------------------------
s(k '+ q ) - E ( k ' )

(A6)
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and

f  dk
X(q) = 2 /   0(k+q ,k )  A(k+q ,k )  , (A7)

J  ( 2 -rr) 3

co n stitu te  the s e lf -c o n s is te n t  so lu tion  of th e  H artree-F ock  equ ation s  

( A l ) . T he fu n ction  A(k+q , k ) is  ca lled  th e irred u cib le  v e r te x  fu n ction  

and x (q ) the d e n s ity  re sp o n se  fu n ctio n .

2
From th e w ork of H oh en b erg  and Kohn we know  th at th e co effic ien t  

IT (i= x , sx )  (se e  Eq. (2 2 ))  of th e grad ien t ex p a n sio n  is  th e  q 2 

co effic ien t in the exp a n sio n  of the fu n ction  IT w hich  is  re la ted  to the  

rec ip roca l of the d e n s ity  resp o n se  fu n ctio n  by

K. =l
X(q)

(o)

Xo (q )

q 2 K (2 ) ( /.3 )

w here th e su p e r sc r ip ts  denote th e ord er  of q . H ere XQ(q ) is  the

r e sp o n se  fu n ction  for  th e  n o n -in tera c tin g  e le c tr o n s . T he su b sc r ip t zero  

d en o tes  no in teraction  b etw een  the e lec tro n s  i . e .  e 2 = 0  w here e is  the

e lec tro n ic  ch a rg e . S u b scr ip ts  w ill den ote th e ord er  of e 2 b ein g

co n sid ered . N ext we exp a n d  the re sp o n se  fu n ctio n  x (q ) and XQ(q ) in

p ow ers of q as

X(q) = X(o)  + q 2 X<2 > (A9)
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and

X (q ) = X(0) + q 2 X(2) . (A 10)o o o

From E qs. (A 8 ) - (A 1 0 ), th e  c o e ffic ien t is  th en  ob ta in ed  as

(2) x (2)X o

B. = K<2) =   -   . ( A l l )1

I* ' - ' ] 2 [ x ^ ' ]( ° ) , 2 r v ( ° ) i 2

Now th e H artree-F ock  ex ch a n g e  e n e r g y  (s e e  E q s. (45) and  (46) 

w ith th e b e in g  so lu tio n s of Eq. ( A l) )  con ta in s term s of 0 ( e 2) ,

0(6**) , e tc  . T he 0 ( e u) and h ig h e r -o r d e r  term s a r ise  from th e  e

d ep en d en ce  o f th e H artree-F ock  o rb ita ls . T h u s , in  ord er  to ob ta in  th e

co effic ien t B. in H artree-F ock  th eo ry  one m ust co n sid er  aH o rd ers  of e 2

38 ^
. T h is is  w hat Kleinman did  . He ex p an d ed  th e  fu n ctio n  0 and A to

0 (q 2) ,  and th en  show ed  th a t for  th e screened-C ou lom b  in tera ctio n  , th e  

( 2 )
term  x (and th u s  B^) d iv e r g e d  as In k g as k g -----> 0  , w here k g is

39th e  sc r e e n in g  param eter. G eldart and R asolt a lso  d er iv ed  th e  same

r e s u lt ,  b u t in  add ition  th e y  show ed th at it w as th e  e 1* con tr ib u tion  to  

( 2 )
X th at is  d iv e r g e n t . In d e n s ity -fu n c tio n a l th e o r y , th e  K ohn-Sham  

o rb ita ls  do n ot d ep en d  upon  e b u t on th e  e lec tro n  d e n s ity . T h u s , if  

one perform ed a p er tu rb a tio n  ca lcu lation  a long  th e  lin e s  of G eldart and  

R asolt , th e  on ly  term s th a t w ould e x is t  in  th e  ex p a n sio n  w ould b e of 

0 ( e 2) due to th e e 2 o u ts id e  th e  ex ch a n g e  e n e r g y  e x p r e ss io n  (se e
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E q .( 4 5 ) ) .  C o n seq u en tly , in d e n s ity -fu n c tio n a l th eo ry , th e  g rad ien t

ex p a n sio n  approxim ation is  p u re ly  of 0 ( e 2) .  T he n e x t  s ig n ific a n t point

4 /3is  th at the d e n s ity  d ep en d en ce  of B. m ust be p (r ) for th e follow ing  

re a so n s . F ir s t, if we sca le  th e w hole system  b y  m ultip ly ing  th e linear  

dim ension w ith  a factor  S , th e  total ex ch a n g e  e n e r g y  sca les  b y  the  

same fa cto r . S eco n d ly , w e know  th at we cannot in trod u ce any h ig h er  

ord er  pow ers of e 2 b eca u se  th e se  en te r  as eVirk-p w hich  g iv e  r ise  toX4
-1 /3ad d ition al term s p rop ortion a l to  p ( r ) .  T h u s, th e grad ien t exp a n sio n

approxim ation in d e n s ity -fu n c tio n a l th eo ry  term inates in  the term  of 

-4 /30 (V 2) w ith  th e p d ep en d en ce  of .

B ased  o n  th e above d isc u ss io n  we see  that in o j  d er to obtain  B ., we
i

m ust exp an d  the in d iv id u a l term s of X(q) of E q .(A 9 ) to  0 ( e 2) . T h u s , 

we w rite

• to) = x<°) .  <°> (A12)
o 1

and

*<2> « x (2) * „{2> . (M3)o 1 '

S u b stitu tin g  E q s. (A 1 0 ) , (A12) and (A13) in to  ( A l l )  we have ( on

re ta in in g  term s o f 0 ( e 2) on ly  ) that

(2 )Xo
B. =l

[x ; ]

x f )  2x<°>

<»>,* L x<2> x(°>
o o o

(A14)
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In th e e x p r e ss io n  of Eq. (A3) for e ( k ) ,  it is  th e  e (k ) term  th at is  of
X

0 ( e 2) w h eth er it be for  th e bare or screened-C ou lom b  in tera c tio n s. 

With the exp an sion  0=0o +0^ w here 0^ is  th e  0 ( e 2) term  of 0 , and  

w here 0q is th e  same as 0 of Eq. (A 6 ) w ith  e (k )  rep laced  b y  EQ(k ) , 

we have on su b s t itu tin g  (A5) into (A7) and re ta in in g  on ly  term s upto  

0 ( e 2) , that

/ dk
  0 Q(k+q ,k )

( 2 v ) 3

- 9
dk

0 Q( k +q ,k ) /.
dk'

u (k  - k ' ) 0 Q(k'+q ,k ')

L (2*)

[ Ev (k+q)-£ (k) ]
A  A

[ E0 (k+q)-eo (k) ]
(A15)

= XQ(q) + X: (q) , (A16)
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w here again  in  Eq. (A16) th e  su b sc r ip ts  denote th e  ord er of e 2 . For 

th e scree n e d  Yukawa in tera ctio n

-k  | r -r ' |e s
u (r - r ' )  = e 2 ------------------------  (A17)

| r - r ’ |

w hose F ourier transform  is

4 ire 2
u (k -k ')  = ---------------------------- (A18-)

2  i
Ik -k ’ r  + k “

35we h ave  from Eq. (A 4) that

2  k  k + k ~  k - k _e^ s F F

e ( k ) =  -   k ^  [ 1 -    [ tan   ̂   - tan   ̂ ------------s x  F
k k kF s s

, ,  2 2 2 . . . .  , 2  . 2(k_+k  -k  ) (k+k ) +kF s F s
In ( )] (A19)

4kk ( k - k - J 2 +k2F F s

(N ote th at in Eq. (A 15) we m ust now u se  e  ra th er  than  e  )
S X  X
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I . T he C o effic ien t x (q )o

From E qs. (A15) and (A 16) we have that 

XQ(q ) = '2 ( 2 tt) 3 I d k  0~ (k+<l  ’k >
I

(A20)

“ ( 2  „ • / dk

f(k+q) - f (k )

s  (k+q) - e (k)  o o

(A21)

Now

1(k+q) - f (k ) -k .

dk =

e  (k+q) - e  (k)  o o 2 n2

F (q /2 k p ) (A22)

w here

1 - x 2
F (x ) 2 + In

4x

1 +x

1 -x
(A23)

T h u s

Xo (q) = - ( k F /if) F ( q / 2 k F ) (A24)
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For small x  ,

F ( x )  £  1 -  x 2

so th at

k F  1
X0 (q ) = ------------* q !   (A25)

ir2 12 ir2k T,F

( o) 2 ( 2) (A26)= ' + q 2 Xv ' v •o o

w here in Eq. (A26) , th e  su p e r sc r ip ts  denote the ord er of q 2 .

T hus

k F

x£0) = -   , (A27)

IT2

and

X( 2) =   . (A28)o
12ir2k T,F
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II. The Coefficient x^ q )

From (A15) and (A1G) we have th at X^Cq), th e  d e n s ity  resp o n se  

fu n ction  to f ir s t  ord er in  e 2 , is  g iv en  b y

Xx (q ) = - 2

dk
0 Q(k+q ,k )

(2tt)

* f  dk'
----------  0 Q(k'+q ,k ')  u

(2it) 3

(k -k ')

[ e  (k + q ) - e  (k ) ]sx  sx

[ eo (k + q )-e o (k ) ]
(A29)

X<°> + x j 2) , (A30)

w here x̂ *"̂  and x ^  are th e 0 ( q ° )  and 0 ( q 2) com ponents of X^(q).

In ord er  to obta in  th e s e r ie s  in q 2 from (A 29) we exp a n d  th e fu n ction  

0 Q(k+q ,k )  as

0 Q ( k + q  , k ) = f ' [ E o ( k ) ] + i [ E o ( k + q ) - E o ( k ) ] f " [ E o ( k ) ]  + . . .  (A31)

w here f 1 and f" are th e  f ir s t  and secon d  d e r iv a tiv e s  of f [£ Q(k )]  w ith  

r e sp e c t  to £Q( k ) ,  and th en  su b s t itu te  in to  E q .(A 2 9 ) .



II. 1. The q-independent term x ! 0 )  Of X1(q)

T he q -in d ep en d e n t term  of Eq. (A29) is  g iv en  b y

Es x  F
(o)x = -   + I

X1
TT2 k p

w here

a r dk afk
i  = 2 ------    E sx <k) —

9ef  J  ( 2 i r ) 3 3Ep

and w here e  = | k 2 . From Eq. (A 19) we haver r

, 2k„ k 2 k 2 +4k2e F s s F

Es x (k F ) = ------------ 1 k F " k s tan  1 (--------- ) +   ln --(--------------
tt k 4k _  . 2s F k s

so th at

2 k 2 +4k2
2 k 2k _  k s Fe s F s

x[0) = ---------- [ 1 ------------ ta n ” 1 ( ) ♦   ln--(---------------- ) ]

(A32)

(A33)

] (A34)

+ I. (A35)
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In th e  secon d  term I of in E q .(A 3 2 ) , s in ce

is  sp h er ica lly  sym m etric , we have

I = dk k e  ( k )sx

af,

3e,

Now sin ce  f. =f [e (k ) l  , we h ave th e  id en tit ie s  k o

a f ,

3e (k ) o

6 (  E o ( k )  -  e f  )

and

3f,

= 6 ( Eo ( k ) - E F )  = 6 ( i k 2 - 4 k |)

3e,

N ex t u s in g  the id en tity

6 ( f ( x ) )  = Ix .
i

6 ( x - x .)l

3 f /3 x | |x=x.l

w here x  ̂ are the zeros of th e fu n ction  f ( x )  , the

with resp ect  to e in E q .(A 3 8 ) may be written as

£ (k)=E (k) i . e .  itsx  sx

(A36)

(A37)

(A38)

(A39)

f irst  derivative of f,
k



1
  [ 6 (k -k F )+fi(k+kF) ] (A40)

S ince the limit of in teg ra tio n  o v e r  k is  from 0 to « in E q .(A 3 6 ) , th ere

is no con trib u tion  from th e SCk+k^) term  in Eq. (A40) . T h u s weJr

rew rite  3 f^ /3 eF in Eq. (A 40) as

S (k -k p ) (A41)

B y su b s t itu tin g  for 3 f^ /3 e F g iv e n  in E q .(A 4 1 ) in to  E q .(A 3 6 ) and u sin g

th e id en tity

r
I f ( x )  6 (x -a )  = f (a )  (A42)

0

we obtain

I = e (k ) eC k-k^) dk  sx  F

8eF  k F

(A43)
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3 1 3w here we have u sed  th e  fact th at 3e k _  3k-,-, . Now from (A34)r  x* r
we have

e 2

3kF

(k-pE (k „ )}  = -------------- [ 2k „  - k ta n " 1 (2 k p /k  ) ] . (A44)F sx  F F s F s

T h u s

2 k  2 k , ,e s r

I = -    [ 2 -   ta n " 1 ( ) ] , (A45)
i t3 k  kF s

and co n seq u en tly  E q .(A 3 2 ) for is

i 2 , 2  , , 22 k k +4k„e s s F

x[o) = -   [ 1 ----------------- ln  (---------------- ) ] . (A46)

TT3 . . 2  , 24k p kF s

Note th at in the lim it as k^  > 0 th e  ab ove e x p r e ss io n  r e d u ces  to

Sham 's re su lt

2e

x£0) = -   . (A47)

IT3
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I I .2 . T he q 2-C o effic ien t X^^ of x ^ (q ).

F inally , from Eq. (A 29) and (A 31) , th e  co e ffic ien t X^^ is g iven

b y

s x  F
, ( 2 ) _ + I + I + I 1 2 3 (A48)

1 2 ir2k!;

w here

dk 3 f.

e (k )sx
3eF ( 2 tt)

3 e ,

(A49)

4tt2

r  3f 

dk
k 3P

3kF

(A50)

w here

P (k )  = [ -2-----  + 3
a , ,  (k )  1 (kEs *<k »  ' (A51)
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and

r  dk a3f.

2 9 E (k) £ (k)sx  o
9£f  ~  ( 2 ir) 3

3 e  '

(A52)

and

3 6

r dk a3f.

( 2  TT )

E (k)SX

3e;

(A 53)

We n ex t ca lcu late the in teg ra ls  1  ̂ , and 1̂
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II.2.1 The Integral 1̂

From Eq. (A50) , the  in teg ra l 1  ̂ is

r 00 afk ap ap
dk k=k,

4 t t 2 o 3kF 4ir2k 3k F

w here we have u sed  Eq. (A41) and w here

P (k )  = [  ----- + 3
a t „  a t  ( k )  1 ( k £ s x ' k »F o

we rew rite  (A51) as

1 3  1 3
P (k )  = / ------------------- +

k-j-, a k - . ,  k  3 kc r

= Px (k) + P 2 (k)

( k E s x ( k ) }

w here

(A54)

(A51)

(A55)

(A56)



(A57)

(A58)
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T h u s

P (k )  = —-  [ 2 k - kiTk r s
-1 I k+ kF tan ( — ; I - tan) - ]•

(A59)

N ext

3P

ak

2k-_, k F s k+kT k-k,

[ tan tan - 1

k k5

k 2 s

( k +k F ) 2 +k s 2 (k-k„)2+k 2 F s /-* (A60)

and

3P e 2 s

=   [ 1 ♦ --------------'k,
ak -irk. 4k2 +k2 F s

k 2k-.,s F

  tan  ̂ --------  ] .

k^ k

(A61)

S u b s t itu t in g  (A61) into (A54) we have

k 2 s

[ 1 +

c 2 ks F
- 1tan ] • (A62)

4k 2+k 2F s
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II .2.2 The Integral L

E q .(A 5 2 )  for I may be w ritten  as

dk k “ e (k)  s x

3 3f,

36ir2kp  3kp ^ V

(AG3)

Now from Eq. (A41) we h ave

a2 f.

i T  «(k-kF> i
F

V  k E sk F

S '(k -k p ) 6 ( k - k f )

k 2 
F

k 3 
F

(A64)

and co n seq u en tly

33f, 6 ' ( k - k p ) 6 ( k - k p )

^F 3^F k F 2
k 3 

F

3 6 ( k - k p ) 36' ( k - k p ) 6 " ( k - k p )

k 5 
F k *F

k 3 
F

(A65)
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S u b st itu t in g  (A65) into (A63) we obtain

/  * \  

r2 ----------------------------- [ T"f ’ ( k ' £sx( k > )  k=kF * i p  ( ' a i r ^ - ' s x ^ L k j .

36ir2k T, 3k„P .T

+ k p 3 I 3k2 { k ' Es x ( k ) } y k=kp ] (A 6 6 )

w here we have used  the rela tions  
00

9 f
f ( x )  fi'(x-a) d x  - =  i ^ l x=a (A67)

'o
and

00

f ( x )  6 " ( x -a )  dx  = a- ^ - 2 | x=a . (A 6 8 )

We rew rite  as g iv e n  b y  E q .( A 6 6 ) as

y _ 1 3  , .  + > _ ,
2 " 36 TT2 k^ 3k_ 1 21 + 22 + 23 J

w here

r21 = "k* { k ' £s x ( k ) }  k=k„ (A69)

2 3k 2k„  3 k 2 4 k 2 +k2e s F s F s

  [ -3 +   t a n ’ 1 ---------------------- ln  ---------------  ] , (A70)
it k k 4 k 2 k 2F s F s
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22 k V  1 akF

12

■{k“E (k)>s x  I k=kT

 TT E (k Tj) ' 3e (k ^) •k^ s x  F s x  FF

(A71)

(A72)

Now

de s x
E' ( k r ) = x  F

dk

k=k„

2 tt

[ - 2

2 4 +k 2
F s

2k,

2 i 24k +k F s

ln

so that

(A73)

2k „  9k 2 - 6 k 2 4 k 2 +k2F s F F s

* 2 2  = ,  > 1 5  - 12
tan  * ------- + ln

4k.-2

Finally

(A74)

a2
23 k 3F \ 3k2

(k^e ( k ) }s x  I k=k,
(A75)

=  ~  e  ( k „ )  +  8 e '  (k „ ) + k „  e" (k .,)k „  sx  F s x  F F s x  F
F

(A76)
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U sin g  (A73) and the fact  that

d 2e sx
E ” ( k F > k=k.

4k 2 +2k2 F s
[ 2

. 2 , 2  k +k F s
ln

. , 2 , 2  4k +k F s

d k 5 2 'irkT, , , 2 , 2F 4 k + kF s

we have

2 k 2 k 2+k 2F F s

I 00  = - -----  [ -19 + 12   -tan” 123 u
k 4k 2+k 2 s F s

(A77)

14k 2 - 6 k 2 4k 2+k 2 F s F s
• ------------------- ln ---------------

4 k p 2 k 2 s

(A78)

T hus

36ir3k 2F

4 9 9 4
64kZ.+3klk +6 k F F s s

. , 2  .. 2 X, (k  +4k_,) s F

3k 2 k,

- 1tan  (---------) ]

ks

(A79)
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II.2.3.  The Integral I_o

E q .(A 5 3 )  for may be w ritten  as

QO a 3f,k
1 I „ , 2

[3 = 1 2 ?  dk k Es x <k) ----------  (A80)

3 e f '

r2 [ T—5 k T72e (k T?)-+-r-«. ■ (k ) }12tt 1 k 5 F s x v F' k ^ 1* I 3k 1 s x v J k=k^F F \  / F

3

r V *  ! k \ x (k ) }  | k=k F 1 (A81)

= t4~T" [ - - T- ,  t  (k„)  ' T - ! e' (k„)  * 4 "  E" <k c) ] (A82)12ir k 3 s x  F k _ z s x  F s x  F 7 v 7F F F

w here we h ave  u sed  Eq. (AG5) to obtain (A81) . S ince we have  a lready

der ived  e x p r e s s io n s  for e (k „ )  , e' (k „)  and e" ( k „ ) ,  we haves x  F s x  F s x  F

2 2 k 2 +k2 k  2 k „e F s s F

I3  = ----------  [ 1 +   - ------- ta n " 1 ( ---------) ] (A83)

12ir3 k 2  4k 2 +k2  k^  kF F s F s
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N ext , in se r t in g  the  e x p r e s s io n s  for £ (k ^ ) ,  1 , 1 - ,  and I d er ived
S X  r  i. Z o

above into Eq. (A 48),  we obtain

. 2  , . 2 . 2  4 2.  2 42 k  4 k + k  40k  - 6 k _ k  -3 ke s F s  F F s s

x[ 2) =   [ 3    l n (  ) +   ] .

36iT3k 2 k 2 k 2 ( 4 k 2 +k2 ) 2F F s F s

(A84)

Finally on su b s t i tu t in g  th e  e x p r e s s io n s  for , X^°  ̂ and

x j 2) from E qs. (A 24) , (A 25) , (A46) and  (A84) into  Eq. (A14) we-

obtain for th e  coeff ic ien t  B the e x p r e s s io n

2 k 2 4 k l +k2 4 0 k ! . -6 k 2 k 2 - 3 k 4e^ir s F s F F s s

B = --------  [ -2+ 3    l n ( -------------- ) +------------------------------s x  1 4 v '
4 2 2 2 2 '

24kZ, k^ k Z 3 (4 k f+ k  )F F s F s

(A85)

With

k4 = [3 tt2 p (r) ]4/3 (A8G)

we can write

B = C /p4 /3 (r) (A87)s x  s x
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w here

2e it
k 2  4 k l + k 2  40k !,-6k 2 k 2 -3 k 4s F s F F s s

Cs x -----------------------[ -a. J —  i n (-------------- ) *

2 4 ( 3 tt) k “  k ^  3 ( 4 k p + k ^ )
4 / 3  , . 2  , 2  0 / / 1 1 , 2 ^ 2 , 2

( A8 8 )

As a ch eck , we note  that in the limit k ------->0s

7 u

1 4 4 ( 3 tt2 )
4 / 3

(A89)

w hich is  the  va lue d er iv ed  b y  Sham for bare-C oulom b interactio i



A pp en d ix  B

30Linear-Potentia l Model of a Surface .

In the linear-p o ten tia l model of a metal su r fa ce ,  the  e f fe c t iv e  

potentia l is assum ed to be

v e f f ( x ) = F x  0 (x )  , (B l )

w here F is the field  s tr e n g th  d efin ed  in terms of the slope parameter  

—  2 — 2
Xp as F=kp/2Xp , i k p  is  the  Fermi e n e r g y ,  and 0 (x )  is  the  s tep

fun ction . The solution  of the S ch rod in ger  equation  for th is  potentia l is

g iv en  as Eq. (85) of ch ap ter  IV. In th is  ap p endix  we p r e s e n t  for th is

26 30 7 4model the sem i-analytica l e x p r e s s io n s  ’ ’ for the following

p rop ertie s  : the e lec tron ic  d e n s ity  and its  f ir s t  d er iv a tiv e ,  the  jellium  

ed g e  position  , the  su rface  dipole barrier  , the  e lec tro sta t ic  potentia l,  

the su rface  k inetic  , e lec tro s ta t ic  , and the ex a c t  n on -loca l surface  

ex ch a n g e  e n e r g ie s .  T h ese  e x p r e s s io n s  are p r e se n te d  in terms of the  

variab les  y=kpX , q = k /k p  and q '= k '/k p  . T he slope parameter

y^, = kpXp , the jellium e d g e  posit ion  is at y a = kj,a . T he variable £

- 1 / 3  2 /3= y  y.^ - £ w here £ = q 2 y  . All the  above p ro p er t ie s  canO O x4

th en  be w ritten  in terms of u n iv ersa l  functions  of the param eter y^. and  

th e se  fu n ction s  are g iven  below . With the defin ition

-134-
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*(q,yF) = y F/ 3 A i( - ? o ) /A i' ( -C o ) (B 2 )

so that

k(0) = y p / 3 A i(0 ) /A i ' (0 )  (B3)

the ph ase  sh ift  may be w ritten

5 ( q , y p ) = cot 1 [ l / q i c ( q , y F)] . (B4)

We fu r th er  define

A (q ,y F ) = CoA i2 ( - ? o ) +A i'2 (-Co ) . (B5)

1. Jellium e d g e  posit ion

/ 'y a = “ 3 i r / 8  " 3  I dq q 6 ( q ’ y F ) • ( B6)



136

2. Electronic d en sity  and its  f ir s t  derivative

/ I

1 - (3 /2 )  J dq ( l - q 2 ) c o s 2 [q y + 6 (q ,y F ) ]  for y  < 0 
o

3 y p / 3  /  dq ( l - q 2 ) q 2A i2 ( - ? ) / A ( q , y F) for y  > 0 ;

(B7)

J _  d p ( y )  = 
P dy

3 y  dq(.1.-qz )q s in 2 [q y + 6 (q ,y F ) ]  fo ry  < 0 
o

\
(B 8 )

, 1 /3  (
>y F J

I
6 y F J  d q ( 1 -q  ) q A i(£ )A i ( £ ) / A(q, y  c ) for y > 0  .

^  0

3. Surface dipole barrier

A§ 16

[ 1  ttic( O )  --------  y

105

2 2 2 
' 3 y a

s in 2 6 (q ,  y^,)

dq ( 1 - q 2) “ ^  y F q s in 2 6 ( q ,y p ) > ])
(B9)
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4. E lectrostatic potential

For y  < 0

Ve s ( y ) 1

k F
[ 2

i  + § tt k(0 ) + i  tt y  - 3- ( y - y a ) 2 0 ( y  - y

r l ( l-q2) 1
+ / dq   s in 2 [q y + 6 (q ,y F)] .

For y  > 0

V (y )  4 y ? / 3
e s  A$ 2 F

  =   +   ( y - y a ) 2 0 ( y - y . )  +--------------d d
k-  ̂ 3tt 3tr

-T b

I s in 2 6 ( q , y F )
2 '/X dq ( l - q 2)

Ai2(-?o)

x  [ 2 UU)  + A i(5 )A i'(5 )  ]

(BIO)

( B l l )
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5. Kinetic E n erg y  : o

160ir

r  64yj 
1----------

35tt

/i ! / 3
f  r

3 it J

I

dq ( l - q 2 ) (3 + 5 q 2)

A i( -5 o )A i( -5 'o )

A(-50 )
(B12)

6 . E lectrosta tic  E n erg y  : oes

es

4u 2

oO

dy [ 0 ( y a

V (y )  es

- y)  ]

+ | y a { (2 / 9 tt) y a - i y &-[  ( 1 / tt) + | k ( 0 ) ]* 0 ( - y &)

+ ( * + ^ y 0 ( - y ) ) I dcI ( l - q 2) s in z 6 / q 2O ci Q. f
9 9

+ ( - | y “/TT 0 ( - y  ) - [ ( 1 /tt) +zk(0 ) ] } I dq ( l - q 2) s in 26 /2q
O  B  c i i

f
ar / dq (1_q2) /

■I 1 1
- (2/3-it) j dq ( l - q 2) — { y  + —  [ sin26 - s in 2 (q y  +6 )] } 0 ( - y  )

q 2 2 q a a

dq ( l - q 2) f  dq' ( l - q ' 2) .

sin26 sin25 sin26'

2 q, 2 q' J
(B13)



Exact non-local E xchange E nergy :

H ( p , 0 , q ) + H ( p , q , 0 )
dp dq p

p2+q2

4 tt‘
; u f d q ’ p H (p , q , q')

0  O

sin26 sin26 sin26'

p 2+q 2 2 q 2 q 2 q'

 ̂ s in 2 8 + sin26 sin26'
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w here q

H(p,q,q')

and

1 r C ̂ f ̂ s in 6 s in S 1 
dp dq dq'

o & A i( -5 o )A i( -5 'o )
H(p,q,q')

c o s 6 c o s 6 s in 6 sin  6

[ P

p2+q_2 p2+q+2
60

p2+q 2 p2+q+2

• /
x I d y  e Py  A i ( y , q ) A i ( y , q')

+

Ad AO

s in 2 6 s in 2 5'

A i2 ( - 5 o )A ia( -5 'o )
H(p,q,q')

A i ( y , q) A i ( y , q') A i ( y ' , q) A i ( y ', q') .

(B14)

=q+q' , q_=q-q' , 6'=5(q') , 6 += 6  + 6 ' , 6 =6-6' and w here

ir(q'2 - q 2) for £ > l - q ' 2 and £ > 0

tt[ ( l - q 12) + ( l - q 2) ] for £ 2 > l - q 12 and £ < 0

i r ( l - q 2 ) - 2 [ ( l - q ,2) s in  1 ( ? / / l - q ,2 ) + ? / l - q ,2 - 5 2 ]

for £ 2 < l - q 12

?=(p2+q2-q,2)/2P



A ppendix C

Polynomial Fit to F ir s t  G radient C orrection  C oeffic ient

In th is  ap p en d ix  we g ive  the analytic  polynomial f it  to  the

e x p r e s s io n  for the  grad ient correction  term co eff ic ien t  B due to

43 41R asolt and Geldart (R G ), and due to L angreth  and Perdew  (LP) .

4 /3  3Let y = [p (r)  B ] (10 ) and x  be th e  local va lue of r  x c  s

For 1 < x  < 12 :

y  = y 1 ( 1 - x / x 1 ) (  1 - x / x 2  ) (  1 - x / x g ) + y 2  . (C l)

RG coeffic ien t :

y^ = 0 .2 8  , y 2 = 2 .42  , x^ = -2 0 8 .2  , x 2  = 1 .5 ‘* , x^ = 72 .54  .

LP coeffic ien t :

y^ = 0 .155  , y 2  = 2 .5  , x 1 = - 4 .4  , x 2  = 8 .2  , x g = 21 .5  .

-141-
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In our work we d efine  th e  co eff ic ien t  B c of the grad ien t  correction  

term for the correlation e n e r g y  as

B = B -B  , (C2)
C X C  X

w here  the coef ic ien ts  B due to RG and LP are g iven  b y  the analytic
XC

polynomial f it  e x p r e ss io n  of E q . ( C l ) .  We w rite  th e  co e ff ic ien ts  B andXC

B in the s tandard  form as  x

B = C / [ P( r ) ] 4 / 3  , (C3)
X C  XC

and

B = C /  [ P(r )  ] 4 / 3  (C4)
A X

4 /3w here  C = - 7 it/ 1 4 4  ( 3 tt2 ) = -0.001G7 a . u .  . C o n seq u en tly ,  thex

correlation  e n e r g y  co eff ic ien t  is d ef in ed  i s

C = C - C . (C5)
C X C  X

We p r e s e n t  below the v a lu e s  for the co e ff ic ien ts  due to LP and RG

as a function  of r  for 1 < r  < 1 2 .s s
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Cc ( 1 0  ) ( a . u . )

LP RG

1 . 0 0 4.3265 4.1845

2 . 0 0 4.3218 4.0051

3 .00 4.3095 3.8291

4 .0 0 4.2906 3.6565

5 .00 4.2664 3.4874

6 . 0 0 4.2381 3.3219

7 .0 0 4 .2068 3.1601

8 . 0 0 4 .1739 3.0020

9 .00 4.1404 2.8478

1 0 . 0 0 4 .1077 2.6974

1 1 . 0 0 4.0767 2.5509

1 2 . 0 0 4.0489 2.4085



B ib liograp h y

1. O .S in an og lu  and K. E.  B ru eck n er ,  "Three A pproaches to Electron  

Electron Correlation in Atoms" (Yale U n iv e r s ity  P r e s s ,  1970).

2. P. H ohenberg  and W. Kohn, P h y s .  R ev . 136 , B864 (1964).

3. W. Kohn and L. J .  Sham, P h y s .  R ev . 140 , A1133 (1965).

4. J . P .  P erdew , R . G.  Parr , M. L evy  and J .  B a ldu z, P h y s .  R ev .  

Lett. 49, 1691 (1982).

5. M. L e v y ,  J . P .  P erdew  and V. Sahni, P h y s .  R ev .  A30, 2745

(1984) .

6 . D . C .  L angreth  has informed u s  of r e c e n t  w ork  b y  U. von  Barth  

along th e s e  l in e s .

7. D. M.  C ep er ley ,  P h y s .  R ev . B18, 3126 (1978); D. M.  C ep erley  

and B . J .  A lder, P h y s .  R ev . Lett. 45, 566 (1980) .

8 . S . Raimes, Wave M echanics of E lectrons  in M etals , (N orth  - 

Holland, Amsterdam, 1961) P. 177 .

9. We employ atomic u n its  for w hich  | e | = /fa = m = 1 .

10. A . V eillard and E. Clementi, J . Chem. P h y s .  49, 2415 (1968).

11. C. Moore, Ionization Potentia l and Ionization Limits from the  

A n alys is  of Optical S p e c tr a , U . S .  Natl. B u r .  S ta n d . ,  National 

R eferen ce  Data S er ie s  No. 34 ( U . S . G P O . ,  W ashington, D . C . ,

1970) .

- 144 -



12. J . P .  D esc la u x ,  A t. Data N ucl. Data T ab les  12, 311 (1973) .

13. C. F .  F isc h e r ,  T h e H artree-F ock  Method for  A tom s, (John Wiley

& S on s ,  New York 1977 ) .

14. K. Aashamar, T. M.  Luke, and J . D .  Talman, P h y s .  R ev . A19, 6  

(1979) .

15. C. L.  P ek er is ,  P h y s .  R ev .  115, 1216(1959); 126, 1470 (1962).

16. S. L arsson , P h y s .  R ev .  169 , 49 (1968) .

17. C. F .  B u n g e ,  P h y s .  R ev . A14, 1965 (1976) .

18. V. Sahni, J . Gruenebaum , and J . P .  Perdew  , P h y s .  R ev . B26,

4371 (1982) .

19. J . B ard een , P h y s .  R ev . 49, 653 (1936) .

20. N . D .  L ang, in Solid State P h y s i c s , A d v a n ces  in R esearch  and

A pplica tions , ed ited  b y  H. E hren re ich , F. S e itz ,  and D. 

T u rn b u ll ,  (Academ ic, New Y ork, 1973 ) p .  225 .

21. E. Wikborg and J . E .  In g le s f ie ld ,  Solid State Commun. 16, 335 

(1975).

22. D . C .  L an greth  and J . P .  Perdew , Solid State Commun. 17, 1425

(1975).

23. H. J .  J u r e ts c h k e ,  P h y s .  R ev .  92, 1140 (1953) .

24. J . Harris and R . O.  J o n es ,  J . P h y s .  F4, 1170 (1974) .

25. C. Q.  Ma and V.  Sahni, P h y s .  R ev .  B20, 2291 (1979) .

- 145 -



V. Sahni, J . B .  K r ieger , and J . Gruenebaum , P h y s .  R ev . B12,

3503 (1975) .

V. Sahni and J . Gruenebaum, P h y s .  R ev . B15, 1929 (1977).  

G. - X .  Qian and W. Kohn (p r iva te  communication) .

V. Sahni and C. Q.  Ma, P h y s .  R ev . B 22, 5987 (1980).

V. Sahni, J . B .  K r ieger , and J . Gruenebaum , P h y s .  R ev . B15,

1941 (1977) .

V. Sahni and J . Gruenebaum, Solid State Commun. 21, 463 

(1977) .

X. Sun, M. Farjam, and C. -W.  Woo, P h y s .  R ev . B27, 3913

(1983); X. Sun , M. Farjam and C. -W.  Woo , P h y s .  R ev . B28, 

5599 (1983); X. Sun, T .  Li, and C. -W.  Woo, in R ecent

P ro g r ess  in M any-B ody T h e o r ie s , (S p r in g er ,  New Y ork, 1981),

p . 87 ; X.  Sun, T . Li and C. -W.  Woo, Acta P h y s .  S in . A b str .

31, 1466, 1474 (1982) .

S. Raimes, M any-Electron T h e o r y , ( N orth-H olland/A m erican

E lesv ier ,  New Y ork, 1972) PP. 64 ,90 .

R. G aspar, Acta P h y s .  Acad. Sci. H ung. 3 ,2 6 3 (1 9 5 4 ) .

J . E .  R obinson , F. B assan i,  R . S .  K nox, and J . R .  S ch r ie ffer ,  

P h y s .  R ev . L ett .  9, 215 (1962).

M. Gell-Mann and K. B ru eck n er ,  P h y s .  R ev . 106 , 364 (1957).  

J . P .  Perdew  and A. Z u nger , P h y s .  R ev . B23, 5048 (1981) .

L. Kleinman, P h y s .  R ev . B10, 2221 (1974).



39. D. J . W.  G eldart, M. Rasolt and C . - O .  Almbladh, Solid State  

Commun. 16, 243(1975).

40. L. J .  Sham, in Computational Methods in Band T h e o r y , ed ited  b y  

P. O.  Marcus, J . F .  Janak and A . R .  Williams (Plenum, New York,

1971) P. 458.

41. D . C.  L angreth  and J . P .  P erdew , Solid State Commun. 31, 

567(1979); P h y s .  R e v .  B 2 1 ,5469(1980).

42. J . S . - Y .  Wang and M. R asolt,  P h y s .  R ev . B13, 5330 (1976).

43. M. R asolt and D. J . W.  Geldart, Solid State  Commun. 18, 

549(1976); D. J . W.  Geldart and M. R aso lt,  P h y s .  R ev . B 13, 

1477 (1976) .

44.  K. H.  Lau and W. K ohn, J .  P h y s .  Chem. Solids 37, 99 (1976).

45. A. K.  Gupta and K . S .  S ingw i, P h y s .  R ev . B15, 1801 (1977).

46. S . K.  Ma and K. A.  B ru eck n er ,  P h y s .  R ev .  165 , 18(1968).

47. B . Y .  T on g  and L. J .  Sham, P h y s .  R ev .  144, 1 (1966) .

48. B . Y .  T o n g ,  P h y s .  R ev . A4, 1375 (1971) .

49. C . - O.  Almbladh and A . C .  Ped roza , P h y s .  R ev . A29, 2322

( 1 9 8 4 ) ; C . - O.  Almbladh , U. E k en b erg ,  A . C .  Pedroza, Physica  

scr ip ta .  28, 389 (1983) ; See a lso  S. Jagann athan , Ph . D.

T h e s is ,  U n iv e r s ity  of Georgia, A th en , Georgia (1979) 

(u n p u b lish e d );  D. W.  Smith, S . Jagannathan  and G. S .  H andler, 

Int. J .  Q uant. Chem. S13, 103 (1979).

- 147 -



50. N . D .  Lang and L. J .  Sham, Solid State  Commun. 17, 581 (1975)

51. D. P in es ,  Elementary E xcitations in Solids (Benjamin, New York, 

1963 ) , P. 94 .

52. O. G u nnarsson , M. Jonson  and B . I .  L u n d q v ist ,  Solid State  

Commun. 24, 765 (1977) ; P h y s .  R ev . B20, 3136 (1979) .

53. D . C .  L angreth  and M. J.  Mehl, P h y s .  R ev .  Lett. 47, 446

(1981); P h y s .  Re v .  B 28, 1809 (1983).

54. V. Sahni and J . Gruenebaum , P h y s .  R ev . B25, 6275 (1982).

55. J . P .  Perdew  , D . C .  L angreth  and V. Sahni, P h y s .  R ev . Lett. 

38, 1030 (1977) .

56.  M. R asolt , J . S . - Y  Wang and L.M.  Kahn, P h y s .  R ev . B 15, 580 

(1977) .

57.  J . A .  A lonso and L . A.  Girifalco, Solid State Commun. 24, 135 

(1977) ; P h y s .  R ev .  B17, 3735 (1978).

58. D . C .  L angreth  and J . P .  Perdew , P h y s .  R ev .  B15, 2884 (1977).

59. A. Sugiyam a, J . P h y s .  Soc. Jp n . 16, 1327 (1961).

60. A. Sugiyam a, J . P h y s .  Soc. Jp n . 15, 965 (1960) ; D . C.

L an greth , P h y s .  R e v .  B5, 2842 (1972) .

61. J . R udnick  , P h . D.  t h e s is ,  U n iv e r s ity  of California, San D iego,  

(1970) (u n p u b lish e d ) .

62. V. Sahni and K . - P .  B ohn en , P h y s .  R ev .  B29 , 1045 (1984).

- 148 -



63. V. Sahni and K . - P .  B ohnen , "The Image C harge at a Metal

Surface" , P h y s .  R ev . B (subm itted  for p u b lica t ion ) .

64. A . - R .  E. Mohammed and V. Sahni, P h y s .  R ev . B28, 3014

(1983).

65. G. P.  L epage, J . Comput. P h y s .  27, 192 (1978).

6 6 . H. F.  Budd and J. V annim enus, P h y s .  R ev . Lett. 31, 1218

(1973); 31, 1430(E) (1973) .

67.  N . D .  Lang and W. Kohn, P h y s .  R ev .  B l ,  4555(1970).

6 8 . T his  param eter, for example , could be determ ined b y  the

e n e r g y  minimization condition  in a formalism su ch  as that due to 

D. Bohm and D. P in es ,  P h y s .  R ev . 92, 609 (1953) .

69. A . - R .  E. Mohammed and V. Sahni, P h y s .  R ev . B29, 3687

(1984).

70. For a fu r th er  ex p o s it io n  of th is  point see sect ion  IV(A)  of D . C .  

L angreth  and M. J.  Mehl, P h y s .  R ev . B28, 1809 (1983).

71. F. Herman, J . P .  Van D y k e ,  and J . B .  O r te n b u rg er ,  P h y s .  R ev .  

Lett. 22, 807 (1969) .

72. D. Bohm and D. P in es ,  P h y s .  R ev . 92, 609 (1953).

73. M. Abramowitz and I. A. S teg u n ,  Handbook of Mathematical 

Functions (D over ,  New Y ork, 1965), P. 446 .

74. V. Sahni and J . G ruenebaum , P h y s .  R ev . B19, 1840 (1979).

- 149 -



75. In obta in ing  the num erical va lu es  of th e  e x a c t  n on-loca l su rface

ex ch a n g e  e n e r g y  a , we have em ployed th e  itera tive  and
X

adaptive  Monte Carlo scheme g iv en  in  R ef .  (65) .

76. I. Yamashita and S .  Ichimaru, P h y s .  R ev . B29, 673 (1984) .

77. V. Sahni, J . P .  Perdew  and J . G ruenebaum , P h y s .  R ev .  B23,

6512 (1981) .

78. L. Kleinman, P h y s .  R ev .  B30, 2223 (1984).

- 150 -


