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Abstract

Group Theory, and Renormalization-group Theory,

of Structural Phase transitions in A-15 Systems
Adviser: Professor Joseph L. Birman

The main concern of this thesis 1s the study of
second order structural phase transitions in A-15 systems
(space group Og). In Chapter 2 we use the group theoretical
version of the Landau Theory of Second Order Phase Transitions
to find lower symmetry groups which can be achieved by order
parameters of X- or R-point symmetry. Then in Chapter 3 we
develop, for the first time, a general method for calculatiop
of the Molien generating function for invariants of space
groups, which we apply in Chapter 4 to the O3

h

also find all quartic invariants for X- and R-point represen-

space group. We

tations. For the six-dimensional representations *Xn, n=1,..
.»4 and *R4 in Chapter 6 ve derive the Renormalization-group
equations. We do not find any stable fixed points for these
equations. Therefore we conclude that second order phase
transitions, although aaowed by the Landau Theory, are not
permited due to large fluctuations of the order parameter.

This result seems to agree with experiment.
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CHAPTER 1

Introduction to A~15 Systems

Considerable interest in A-15 systems started in 1954

when it was found that V_.Si and Nb_Sn, which at their room

3 3
temperature crystallize in the A-15 structure, become super-
conductors at "high" temperatures: V3Si at V17°K and Nb3Sn at
n18°K. Since that time it has been found that many of the
high temperature superconductors share the A-15 structure as
their room temperature structure.

These superconductors are binary alloys with general
chemical formula A3B*) , A being a transition metal ( usually
V or Nb ) and B is often a nontransition metal (usually Si,
Sn, Ge, Ga, Al). Their structure (called also B-W structure)
is shown at Figure 1.1 . Atoms B form a becc lattice, whereas
atoms A form three orthogonal nonintersecting chains along
the cube faces; a pair of A atoms at each face are separated

by half the unit cell length. The space group of A-15 systems

is 03-Pm3n, whose translation group N is a simple cubic so

h

*
)They could be also pseudobinaries with B replaced by Bxcl—x



that the 1°% Brillouin zone is a simple cube shown in Figure

1.2 , in which high symmetry points are also shown.

Tigure 1.1

R
r
X M
Figure 1.2
A factor group of Oi with respect to N is a point
group 0h
3
0h / N = 0h . (1.1)

Coset decomposition of 03 with respect to the translation

h
group N is:

03-glN+gzN+...+g (1.2)

N
h 48
where gy is a coset representative:

31'(¢1|11> , i=1,...,48 (1.3)

o



and
g, =(e]0) . (1.4)
The set of rotation-reflections ¢1 s I=1,...,48, forms a

point group O With regard to fractional translations T

h. 1 4

i=1,...,48, it turns out that we can define one canonical

fractional T

1=0Cs,%,%) (1.5)
such that all coset representatives can be written as:

(0,100 , t=1,...,24
g= (1.6)
(¢, 11) .  1=25,...,48
where elements ¢i y i=1,...,24 form a point group Th .
For later use we list in Table 1.1 "canonical" coset

representatives which we will use.

Since 1954 there has been extensive investigation of

physical properties of A-1I5 systems. There are several good

1 2

* . We will just mention some of

review papers on the subject
the results of these investigations.

Besides being superconducting, A-15 systems show many
other anomalies and it is interesting that some of the anoma-

lies appear even at room temperature. Such an anomaly is

observed in the strong temperature dependence of the Knight-

3 W
’

shift and magnetic susceptibility . There is also observed

5
anomalous behavior in the electrical resistivity which rises

rapidly up to about 200°K and then saturates to a relatively



TABLE 1.1

“Canonical" coset representatives of the coset decomposition

of the group 02

with respect to the translation group N.

=(e|0)

=(c3(111){g)
=i 0
=(c, (111) | 0)
(201D o)
=(c,y(111)]0)
=21y ]0)
gg =(cy(111)]0)
gg =(c501T1)]0)

8107 (e, |0

g13-(1|g)

g,,=(sp(111)|0)
g 5= (s (111)]0)
g~ (s. (1T |0)
g,,=(s, (11T [ 0)
g g™ (5o (111) | 0)
810" (s (117)]0)
8,0 (sg(1T1)]0)
8y~ (8¢ (111)]0)
832" (04 12)

g23=(0y|2)

824-(°zlg)

825-(c2(1T0)11)

8,¢=(c,(01T) [1)
g8,,=(c,(10T) | 1)
g,5= (e () 1)
8,57 (e, () |D)
840= (¢, (101) | 1)
g31=(c,(011)[1)
83,=(c, ()1
843 (c, (x)]1)
834-(c2(§)ll)
g45= (¢, (2)[1)

g5 (c,(110) 1)

337-(0(1T0)|1)

g38=(0(01T)]1)

g59=(0(101) | 1)

8,0 (5, (x) 1)
g, (s, (3|1
8,,=(0(101) [1)
g844=(0(011)|1)
g,,=(s2 (D)
g, 5= (s; () [1)
8,6=(5,(2) D)
g, (5,(2)|D)

8,g=(0(110) [ 1)

T={}%,%,%)



shallow linear dependence at high temperatures. Many authors

6
have measured temperature dependence of the specific heat Cp,

and they observed unusually high electronic contribution to
the specific heat, which suggests that the electronic density
of states at Fermi ‘evel must be very large. An assumed rapid
increase of the density of states near the Fermi level is the
basis for many models used to explain anomalies of the A-15
systems.

In some samples, at low temperatures, beside supercon-
ducting phase trancsition, a structural phase transition has

been observed : from a cubic phase 03 to a tetragonal phase.

h

Such phase tranmsition was first observed by Batterman and

7

Barret who observed the transition in V_Si from a cubic phase

3
above 21°K to a tetragonal phase with c¢/a=1.0024 below 21°K.

A similar transition was observed in Nb_Sn at 43°K, and 1t

3
was found that a/c=1.0036. In this case the tetragonal struc-

9
4h

transformed, structural instability was observed in all of

ture has been determined as D . Although not all samples

them. The elastic constant (c c12) softens with decreasing

11"
temperature (if the sample is transforming, it approaches
zero at the structural transition temperature) and below a
superconducting transition temperature, structural stability
is reestablished.

Most of the theories have focussed their attention on
the transition metal chains (the importance of the transition

metal atoms 1is suggested by experiments in which the effect

of alloying was studied).



Labbe and FriedeI’ proposed a microscopic model which
assumes a one-dimensional band structure for each chain of
transition metals. Furthermore, this model is purely omne-
dimensional since no interchain coupling is considered. In
the simplest version, the Fermi level is placed close to the
I' point where one finds a singular behavior inm the electronic
density of states. Therefore an electronic order parameter*)
would presumably have I symmetry. The transition is then
considered as a secon order Jahn-Teller effect in which de-
generacy of one-dimensional bands is lifted by the tetragonal
distortion. The weak point of this theory is the neglect of
interchain coupling.

On the other hand Gor'kov's model’ assumes the Fermi
level is clgse to the X point where there is degeneracy which
is 1ifted by pairing of the transition metal atoms in the
tetragonal phase so that electronic energy is lowered in this
phase. Gor'kov considers three non-interacting chains and the
interchain coupling is introduced as a perturbation.

Bhatt and McMillanl° have worked out a Landau theory
of structural phase transition based on Gor'kov's model. They

consider a 9-component order parameter consisting of three

charge density waves along transition metal chains coupled to

*)Anderson and Blount'? suggested that structural phase
transition must be driven by some hidden order parameter. For
example, they and others suggested: electronic order parame-.
ter?!? (e.g. charge density wave, Jahn-Teller effect,...),

soft optic modeslk, vacanciesls,... .



the three optic phonons, which pair transition metal atoms 1in
the chains and which are in turn coupled to the dilatations
exx , eyy , ezz of the unit cell.

Recently a model which assumes Fermi level close to
the R point has been proposedll. Therefore one would assume
an electronic order parameter to be of symmetry R.

In this thesis we will analyze transitions driven by
an order parameter of symmetry X or R. We choose these two
points in the light of Gor'kov's X-point model and the new R-
point model, assuming in principle an electronically driven
transition. It is not our intention to give full physical
analysis of structural phase transitions in A-15 systems. We
rather give analysis of possible second order phase transi-
tions driven by an order parameter of a given symmetery: we
do not make an attempt to determine which physical quantity
is a relevant order parameter. This determination would have
to be made on the basis of the microscopic theory which is
not the concern of this thesis. We will analyze possible
structural phase transitions, both by means of the Landau
Theory of Second Order Phase Transitions and by Wilson's
Renormalization-group approach. By comparing results obtained
by these two methods and by comparing them wgth experiments,
one may learn more about the Renormalization-group method. We
focus our attention on the order parameters of symmetry X and
R for the following reasons:

(a) These two points are considered separately in

Gor'kov's X-point model and in the new R-point



model of the electronic structure.

(b) We are interested in the structural phase transi-

tions involving change in the translation symme-

try group.

(c) The order parameters involved are 6-dimensional,

therefore the Renormalization-group approach

which has not been sufficiently tested for

systems involving a multicomponent (24) order

parameter appears interesting.

In Chapter 2 we will give a group theoretical analy-

sis of the possible second order structural phase transitions

(Landau Theory) in A-15 structure, driven by
terof symmetry X and R. Then in Chapter 6 we
Renormalization-group analysis for the order

the same symmetry. In order to do so we will

an order parame-
will give a
parameters of

first give a

general method of constructing the Molien generating function

for space groups in Chapter 3. In Chapter 4 we will apply

this to the X and R representations of the space group 03

h 3

We will a2lso construct quartic invariants for these represen-

tations. An introduction to the method of Chapter 6 will be

given in Chapter 5.



CHAPTER 2

Landau Theory of Structural Phase Transitions in A-15

16
Systems. Group Theoretical Approach.

The general framework of the present analysis is that
of the Landau phenomenological analysis of continuous phase
transitions. As this theory has been reviewed in several
places,l7’18 we will give here only a brief introduction to
it.

Landau has developed a theory of continuous phase
transitions based on the concept of an order parameter Y. The
order parameter in Landau theory should be a quantity which
changes continuously from zero in one phase to value different
than zero in another phase, as temperature is changed passing

a critical temperature Tc (Fig. 2.1). Also for continuous

phase transitions he assumes Free Energy ¢ to be a continuous

function of an order parameter and other thermodynamic
variables T, P, ... . However, the order parameter is itself
a function of thermodynamic variables. It is determined from
a minimization of Free Energy ¢(T, P, ... ; ¥) with respect

to Y. Furthermore, since in the neighborhood of the critical



10

point the order parameter is small, we can expand the Free
Energv in a power series of the order parameter as:
(T,P,...; )= ravravecy emyte. .. (2.1)
where QO’ a, A, B, ... are analytic functioﬁs of T, P, ... .
We will assume here that a higher symmetry phase corresponds

to a disordered system and T>Tc' Therefore for T>Tc we want

4"

Te

Figure 2.1

Yy=0 to be a minimum. That in turn implies a=0 and A>0. Since
a=0 for T>TC and is an analytic function of T, P, ... we
conclude a=0 everywhere (later we will also justify this
conclusion gy symmetry arguments). Therefore for T<Tc; Py=0 is
stiil an extremum, however if do not want it to be a minimum
then we must assume A<O for T<TC. Thus we conclude that A may
be written as

A(T,P,...)-a(P,...)(T-Tc) (2.2)
where TC=TC(P,...) is a transition temperature. Therefore we
conclude that at the critical temperature A=0. Also for ¥=0
to be a minimum we need C=0 and B>0 at the transition temper-
ature. Since we are interested in the systems having a criti-

cal line, not a point, condition C=0 must be identically sat-



11

isfied (i.e. by symmetry). Since the coefficient B is greater
than zero at T=Tcwe take it to be effectively independent of
T. Therefore ¢ 1s given as:

®=0 +a (P, ...) (T-T )W2+B(P,.. 09", (2.3)
Then the low symmetry value of the order parameter obtained
by the minimization of (2.3) 1s given by:

Vege(r -m) . (2.4)
From Eqs. 2.3 and 2.4 it is easv to conclude that entropy is
continuous at T-TC, whereas specific heat Cp exhibits discon-
tinuity.

We have just analyzed a second order transition with
some definite symmetry change which we have assumed possible.
This theory however does not tell us whether such symmetry
change could arise via a second order phase transition. Next
we will address this question.

We will consider a phase transition involving change
of crystal symmetry. An important role in this theory is
played by the density function p(r) which represents a prob-
ability that an atom of the crystal will be found around r.
Therefore the symmetry of the crystal is a group of all tran-
sformations which leave p(r) invariant. A typical example is
a linear chain of identical atoms whose density function at
T:Tc and T<Tc we represent on Fig. 2.2 where the symmetry
change is reflected in a doubling of the unit cell.

Let Go be a symmetry group at the transition point.
Then function P(r) could be expanded at any temperature as:

p(r)=p,(r) + Sp , (2.5)
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where oo(r) is invariant under G, and ¢p is conventionally

0

given by the expansion

)
sp=] Jv{® o (™) (z) : (2.6)
i i
n i
|
where: z is a sum over all ireducible representations of GO’
n
except the identity representation; ¢in)(r) is the 1th basis
th

function of the n irreducible representation T(n) of GO;

Win) are arbitrary parameters. Also we must remark that since

é
P T2T

+4
+
4
{L
4
§

J-
-+
L o

—t —t—>
r

Figure 2.2
p is real we will consider only physically irreducible rep-
resentations in expansion (2.6).
Since the parameters W§n) determine the actual symm-

etry group we will take them as order parameters. Any symm-
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etry operation g6G_, on p is equivalent to the linear trans-

0
formation on the set w(n). So we can consider w( n) to trans-
form under GO as:
(n)_’zr(n) (n) . ‘ (2.7)
Now we can expand the Free Energy as:
dad +0 40 +0 40 +... , (2.8)

0 "1 "2 "3 "4
where ¢1 is of ith degree in set w(n). However, since ¢ should

be invariant under GO’ every 01 should be {nvariant under Go.

This automatically rules out 01. Furthermore, for all physi-

cally irreducible representations there is only one quadratic

invariant:

'Z A(“)Z(w(“) 2 . (2.9)

At T-Tc the symmetry is G, and thus all win) are zero

0
and that value must corespond to a minimum of ¢. This in

(n)

turn implies that all A(n)>0 at T-Tc. But, since A is an

analytic function,in the neighborhood of T-Tc A(n) would
(n)

also be greater than zero and thus w =0 would always be a

minimum and no symmetry change would occur. Therefore at least

(n) A(®)

one A should change sign at T-Tc. That particular

will be kept in the expansion with t(n) taken to belong to

that particular representation. Thus we take:

6p-§¢i¢i(r) (2.10)

and

2
O-QO+A§¢1+§C1 +anrj+... , (2.11)

vhere IT is the jth independent invariant of the mth degree

3
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in the set {wi}. Then, considerin ¢ at T-Tc, we conclude that
all Cj must be zero at T-Tc and therefore, since we are
interested in the system having a critical line, that term
mnust be identically zero (i.e. corresponding representation T
of G0 should not have a cubic invariant), and the coefficients
B, must be such that the expansion tends to +« as ytf++~.

TiisBJ must be such that the expansion tends to += as §¢§*+~.
is often called the Landau condition.

In order to rule out possible spatial inhomogeneity
of an order parameter, which would give rise to a term of the
form (wiawj/ara-wjawi/ara) we have to impose a condition on
representation , namely that it must not contain such an
invariant. This condition is called the Lifshitz condition.
However, there is experimental evidence that some systems
develop below a critical temperature a spatially inhomogeneous
order parameter, so that it is not certain whether the
Lifshitz condition really must be satisfied for the phase
transition to be of the second order.

The next step is to determine a low symmetry phase.
This is conventionally done by determining a set {Wi} which
minimizes the Free Energy ¢ given by

¢-¢°+A§wi+2331; . (2.12)

3
Then with {wi} so obtained one goes back to §p and determines
a low symmetry group G1 as one which leaves 8p invariant.
This theory has been simplified into several group

19
theoretical algorithms. These algorithms have the merit of



reducing the tedious minimization associated with the usual

method and have been applied to investigate symmetry change
20
in phase transitions for several systems, including some

21
with magnetic symmetry.

These algorithms are:
(1) The Landau condition, given in the group theoretical

language 1is:

{r3yer!* of ¢ ) (2.13)

O -
That is: the symmetrized cube of T shall not contain the

identity representation of GO'

(2) The Lifshitz condition, given as:

(ryerY of ¢ (2.14)

o L]
That is: the antisymmetrized square of T shall not contain

the vector representation of GO'

(3) The subduction criterion: G1 is an allowed subgroup of Go

if

T of g 4Tt of G (2.15)

0 1 ’
where + means subduces. This criterion has been introduced by

19
J.L.Birman in order to avoid minimization of the Pree Energy

whkich is especially difficult for many component order para-

15

meters. It is clear that every group G1 obtained by minimiz-._

ation will satisfy this condition. However, the converse has
not as yet been proven.
(4) The chain subduction criterion: 1f Gi is a subgroup of G1

. 1+
1 0’ and 1f T of G0 + T of G,

(c times) and T of Gy + r1+of Gi (d times, c and d positive

integers), then Gi is allowed as well as G1 if d is greater

and 1f G, is a subgroup of G
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than c¢. Otherwise Gi is not allowed. This criterion is a
direct consequence of the assumption that the converse in the
previous criterion holds: assume that c=d then G1 and Gi in
the minimization procedure will correspond to the identical
minimum of ¢ and therefore to identical 8p, however, by
assumption , the highest symmetry group which leaves §p

invariant is a symmetry group of the system and thus Gl but

not G!

1 is a new symmetry group.

We have used all these criteria in our investigation.

In the A-15 structure the translation group is primits
ive so that the first Brillouin zone is a simple cube. The
group theory has been given by Gorzkowski, Mattheiss and
others,22 and the irreducible representations are known. Since
there are two molecules/cell there are quite a few available
representations.

The particular points in the Brillouin zone at which
attention can be focusesed are I', X and R. These are the points
where it would appear that the most likely order parameter
synmetries should originate.

The point I in the zone is the focus of attention in
the Labbe-Friedel#Bariiiézs model of electronic structure.
Possible order parameters of symmetry I' (vector represenmtations
of the point group Oh) have been analyzed previously. Anderson
and Blountlz showed that elastic strain could not be an order

parameter in the cubic structure for continuous cubic-tetra-

gonal symmetry change. Possible optic mode order parameters



14
were investigated by Birman and compatible subgroups and

order parameters were given.
The point X 1s of interest because of recent work by

’ .
Gor'kov who places the Fermi level in A-15 alloys near X. We

have examined representations *Xn, n-1,2.3,4.2’ These are all
two-dimensional ray representations of the point group D4h
yielding six-dimensional irreducible representations of Oz.
We find that *X3 and *X4 satisfy both Landau and Lifshitz
criteria. Thus these are both compatible representations for
a second order phase transition. Note these representations
are called xl, X3 by Gor'kov and he does not employ them in
his theory. The predicted (sub)space groups are given in
Table 2.1, for cell doubling in one direction, and in Table
2.2 for cell doubling in two directiomns. In both tables the
extreme right hand column gives the effect of employing the
chain subduction criterion. Therefore the subgroups listed,
which emanate from representations #*X3 and *X4, are to be
understood as achievable by second order phase transitions in
the strict sense.

On the other hand we find that the representations
*X1 and *X2 satisfy Landau but not Lifshitz criterion. Thus
strictly speaking, these representations give rise to first
order transitions. But the Lifshitz criterion has had a
somevhat ambiguous historyz~ and in our opinion it is not yet
settled whether in fact this condition needs to be obeyed for

a transition to be second order. The group theory results are

given in Tables 2.1 and 2.2 for representations *X1 and #*X2.

17



TABLE 2.1
Phase Transitions 1in Oz Based on *Xm , m=1,2,3,4. Phases Resulting

from Doubling in One Direction

Irrep. c Subgroups after subduction Allowed subgroups
*X1 2 c;v’ C;, Ci’ Ci C;v
L oy, Dég’ Dé' 54 QEh’ Ci;, Pons Dra
*X2 2 c;v' C;, Ci, Ci Cgv
1 D3, D3gs Dy Sy C;ﬂa' Coyr Cor Dgh’ Doy
°
*X4 c:’z, ci

81



TABLE 2.2
Phase Transitions in Oi Based on *Xm , m=1,2,3,4. Phases

Resulting from Doubling in Two Directions

Allowed
Irrep. c Subgroups after subduction subgroups
*x1 & cl, e c,
3 Cév' C; C;v
2 Dyps C3ys Dgs Cops Chy € D3ne Cav
I Das D58 Chgr Capr Dos €337 gy 327
si, cz, Dg, c§’4, cg
*x2 o 2, c; o c?
3 Copr € Cov
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Dir €337 s 84 € Dy Oyl
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The transitions there listed may be regarded as first order
"in principle"”, but perhaps weakly so. Representations *Xl
and *X2 are called X2 and X4 by Gor'kov and they are employed
in his theory.

Note that Tables 2.1 and 2.2 give space groups which
arise from a doubling of the fundamental translation in one,
or two directions respectively.

The point R in the Brillouin zone has recently been
investigated in a new model for electronic and lattice
properties of A-15 compounds.“ Interest in the states around
that point has arisen in part because recent energy band

258

calculations show the Fermi level in several A-15 compounds

Sn, inter alia) to be near R. States there may

3
then be eligible to participate as "order parameters",

(V3Si); Nb

We have investigated representations *Rm, m=1,2,3,4.
(we use here the notation of Miller and Lovez.). But represe
entations *R2 and *R3 are complx conjugates 8o that we cone
sider the "physically irreducible" representations: *Rl,

*R'2 *R26*R3 and *R4.

We find that *R1 and *R'2 satisfy both Landau and
Lifshitz conditions. The resultant lower symmetry phases with
doubling of unit cell in all three directions which can arise
are given in Table 2.3. These are to be understood as being
"strictly" second order transitions.

We find that *R4 satisfies Landau but not Lifshitz
condition. The resulting lower symmetry phases which can

arise with a doubling of the unit cell in all three directions
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TABLE 2.3

h

Based on *Rm , m=1,'2,4. Phases

Resulting from Doubling in All Directions

Allowed
Irrep. Subgroups after subduction subgroups
*R1 i 4 cg, ni". c;’z, c] plsé D§’3
1,2,6 6,7 7 .2 1-16 1,2,6 6,7
Ty’ 7 s 07775 Dgy Cgys Doy s Ty » 07,
3,4,7,8 _.1,2,4,5 _.1-10 3-14,16
Dy » Con » Cay s Don ,
2,4 1,2 1 3,4,7
c,’ s ' c, D,
#R'2 Di", c;’z, ci Di‘“
1-16 _3,4,7,8 ,.2,4 _1-10 1-16 _3,4,7,8
Dan » D4 » €4 2 Cay v Dy s Dy
1,2,4,5 1,2 1
Con » Cg ™ Cy
*R4 c] S
1,2 1,2
c2' Cz)
1,2 1 1,2 .1
N c.’% €y
1 .1-10 _.1,2,4,5 _1-4 4
54, sz R C2h ’ D2 » C3 <+ Ssame
7, ¢2 i Ds-s’ D1-16’ p3:4,7,8
3* “31* Y24 2h 4 } o
same
2,4
C4
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are also set forth in Table 2.3, and may be considered

"weakly" first order according to the rationale given above.

As far as we have been able to determine there exists
two definitive structure analyses with wich we ca compare our
results. These are determinations of lower symmetry space
groups for alloys originally in the A-15 structure.

The first is:

Nb,Sn - D, . (2.16)

a (weak) first order transition with no cell nultiplicity.z‘
Since there is no cell (translational) multiplicity, the
relevant order parameter here has been taken as belonging to

12+, wvhich would, of course, produce a first

9 12 10
’ Recently, a model based on the use of

representation T
order transition.
a charge-density-wave(CDW) with electronic (CPW) order para-
meter symmetry #*X2 has been put forth for Nb3Sn based on

Gor'kov's X-point model. The CDW model requires a coupling of

+ to the CDW in the Gingzburg-Landau

the order parameter Plz
type Free Energy.

The second case is:

Nb,S1 - Cjp . . (2.17)
doubling in x and y directions; thermodynamic order not
determined. According to our work, the transition 0§+C:h with
doubling in two directions can occur only for an order param-
eter belonging to *X2 with the additional assumption that the
chain criterion is not applicable. The transition should be

wveakly first order. This follows from Table 2.2 and the fail-



ure of *X2 to satisfy the Lifshitz and chain criteria. In

Ref.

27 no information regarding the order of this transition

was given: we suggest it may be "weakly" first order.

23
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CHAPTER 3

Calculation of the Molien Generating Function for

29030
Invariants of Space Groups

There are various physical problems for which it is
of importance to determine polynomial invariants of a group
G. The first step in the explicit determination of such in-~
variants is to obtain the number of invariants of given
degree. This can be accomplished by use of the Molwen func-
tion,’l‘for representation I' of group G (definition of the
Molien generating function will be given below). Actual con-
struction of the invariants is a separate step which can be
accomplished by use of projection operators or an equivalent
algebrajc technique. Knowledge of the structure of the Molien
function provides a useful guide for determination of the
integrity basis of the ring of invariants.

If one is concerned with a phase transition in a
crystal, one may have focused attention upon some multicompo-
nent order parameter (xl,...,xl), where X, are vectors in a

Hilbert space, such that under action of elements g in G



25

g: (xl,...,x1)+r(g) (3.1)
vhere T is an l-dimensional irreducible representation of G.
For the present we suppress all inddices relating to the rep-
resentation. Then, the first step in modern renormalization-
group calculations requires construction of the Hamiltonian
for the system based on these order paraleters.’z The
Hamiltonian is taken as a power series in the set (xl,...,xl)
= (x)

=0 x+aM )+, 418 )+, (3.2)
where the terms in H(’)(x) will be a sum of the independent
polynomial invariants, each homogeneous of degree s in the
set (x). This so-called Landau-Ginzburg-Wilson expression is
usually truncated at s=4 or 6, but future work may require
considering terms of higher degree, or the entire function
H(x).

Work in the framework of phenomenological (Landau)
theory of phase transitions in crystals” requires knowledge
of the basic invariants (integrity basis), and in some forms
of the theory, one needs expansions of the Gibbs free energy
F(x) in a power series like (3.2).’~

A third example is the calculation of selection rules

for higher order optical processes such as multiphonon infra-

red or Raman processes.

The Molien function for a finite group G is the gen-
erating function for the multiplicity Cal with which the

trivial or identity representation rl+ is contained in the
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symmetrized nth power of a representation I' of G. The Molien

function is also the formal power series

o
M(T,G52)= ] c 2" . (3.3)
n=0 °
By definition cnoil. The usual form for the generating func-
tion 1is
M(T,Gs2) =y § 1 (3.4)
e |G| g det{1-zT(g)} ’ '

where the sum is over all elements g in the group G, IGI is
the order of G.

It may be helpful in the interpretation of (3.3),
(3.4) to recall that if, in the l-dimensional representation
I' of G we diagonalize the one matrix T'(g) for element g and
find its 1 eigenvalues

d1agT ()= (g eridy) (3.5)
then we can construct the partial Molien function for element

g in the representation T:
1

n(l,g;2)= 1 (1-:51)-1 (3.6)
i=1
and
1
M(I'.G;z)-T—T In(T,g;2) . (3.7)
¢ 4

Also, since the partial molien function is a class function,
1
M(T,632) =TT chn(r,ck;z) . (3.8)

where the sum is over all classes Ck in the group G, and Sy
is the order of class Ck’
In actual application, the forms 3.4, 3.6 have the
disadvantage of requiring diagonalization of all the T.
First we will give two equivalent presentations for

the Molien function, only requiring the characters



x(g)=TrT(g) ’ (3.9)
which are more readily available. This should facilitate

applications, especially to crystal space groups.

From the character system for the symmetrized nth
power of representation T we can find the e 1° Let x(n)(g) be

the character of g in the symmetrized nth powver of I'; then,

since all characters of F1+ are 1,

-1
e 1617 Ixay (8 - (3.10)
& ss
A closed, but chumbersome expression exists for x(n)(g):
K K
1 n, n
X(n)(S)- X XK (&L...XK (L-)' » (3.11)
KpreeeoKn 1 Yeoglin Pt
1 n
with
! 1k =n (3.12)
1=]

and Kl zero or a positive integer. The objective of this
section 1s to rewrite x(n) in terms of a simpler generating
function and thereby also c.1°

First we include the condition 3.12 by incorporating
it as a Kronecker delta in 3.11, and extending multiple sums
on Kl,...,Kn to infinity:

Kl K

X(n) (8)" ) 6 2o .(3.13)

Kl,...,Kn 'n’XIKI Ky Kn
1 Klloaan Knl

Next we use an integral representation of the delta

8 =Res 1 L dz
9
P,0 :p+1 271 A zp+1

(3.14)

with p integer, where c 18 a closed contour around z=0 and

27



Res means "residue'". Substituting 3.14 into 3.13 we obtain

1 dz n P 1 1[ 1}
x(n)(g)'zwi $ ,o+1 I ) p . (3.15)
[ l=]1 x.=0 1
1 1 "k !
1
We also used
n lx L1k
[z tex * . (3.16)
l=}
Now Eq. 3.15 can be rearranged to give
( K
n © 1 1 1
x(n)(g)-Zii ::1 L) lf—lfﬁ—l] ;37- , (3.17)
c 1=] Kl-O 1
which can now be recognized as follows:
1 1
1 dz 4 Xss 2
X(n)(S) 271 f n+11§1‘xp 1 -
n n 1 1
nlx dne"P{ zz_X{z_)_} . (3.18)
dz 1=] z=(

We may now formally extend the sum upon 1 to «», This sum is
convergent since we may take |z|<1; also for finite groups
the characters of powers of g are periodic (e.g., 1if p is the
smallest positive integer such that gp-e, then x(gl+p)-
1
x(g7)):
1 4" T =2xeh)
X(n)(s)';T ——;{exp ) 1 } , (3.19)
dz =] z=0
th

which 1is the n term in the Taylor expansion about z=0 of

the function inside the curly brackets. Hence

exp Z —‘1-)— Z X &, (3.20)

where x(o)(g)El by definition.

Recalling Eq. 3.10 we have
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e, 2" . (3.21)

M(P,G;z)-IGI—lzexp E Ei%i&il -
8 1=1 n=0
This 18 our first expression for the Molien function in terms
of a generating function which depends only on the character
system of the representation.
To verify the connection with the usual form of the
Molien function, we observe

x(ghy=te{r gy tateir(g)?} . (3.22)

Then the exponential function becomes

o ] 1 bt 1
exp{Trlzlf—Iézl—}-det exp Z.!El%l__ . (3.23)

1=]
But for |zl<1

- 1
-1n{1-zr(g)}-1211331§ll— . (3.24)

and, substituting back into Eq. 3.23, we have
det exp{-ln(l-zr(g))}-det{(l-zr(g))-l}-
={det(1-z (g} . (3.2%)
All that now remains is to average this expression over the
group by multiplying by IGI-1 and summing on g to recover Eq.

3.4.

Let us return to (3.6), (3.7). In these equations the
eigenvalues of T'(g) appear. If G is a finite group, then, as
previously remarked, every element has finite period p: gp-e.
0f course, p:IGI. Consequently, P(gp)-r(e) and

diagl(gP)=(1,1,...) . (3.26)

It follows that
wJ-exp(ZﬂinJ/p), (3.27)

where n, is selected from the set of integers 1l,...,p, 1i.e.,

J
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the eigenvalues w_ of T are selected from among the pth roots

J
of unity. It may be that in a given representation T(g)t-r(eL
where t divides p, but the argument does not depend on this.
In using (3.5), (3.6) we must determine which ©, ap-
pear, and the multiplicity of appearance. Let us call GJ the

multiplicity (frequencu of appearance of a particular ®y in

(3.5)). Then (3.6) can be rewritten
P -GJ
)| (l-sz) ’ (3.28)

J=1

P
where Z §.=1, the dimension of T.
351 Y

Consider the subgroup A, generated by g, consisting
of all powers of g: g,gz,...,gp-e. The irreducible represn-
tations of A are lebeled by the pth roots of unity:
A little consideration then shows that if we consider T of G
as a representation of A (i.e., we subduce),

I of Gy, of A, (3.30)
then

5= a1 Ty, (6™ x (g™ (3.31)

J mYJ g X8 . .
That is, the multiplicity GJ is the reduction coefficient of
r of G, upon Yy of A. To find the GJ one simply reads of the
characters x(gm) of the cyclic subgroup and carries out the
reduction (3.31) in the usual manner; prior to this one has
constructed all the needed basic set of characters T& of A, .-
as pth roots of unity. In (3.31) |A|=p.

Assembling this we have

-1 P fQJ
M(T,G;z)=[c| "] n1 {1-zv; (g} . (3.32)
g J=



Using the periodicity of the characters for finite groups,
mentioned above, we have also werified that Eq. 3.32 follows
from Eq. 3.21.

The merit of these two algorithms is that they facil-
itate the calculation of the Molien function by only using
characters, which are generally more readily available than
representations.

Before we apply these algorithms to the case where
the group G 1is a space group we shall assemble some formulas
for the elements of a crystal space group which will be used

later.

Let the translation group T of the crystal be gener-

ated by the fundamental translation a i=1,2,3. Using

TE
periodic boundary conditions, we have

(elgi)Ni-(elg), 1=1,2,3 . (3.33)
Then |T| -N1N2N3. The set of all lattice translations

(e|R )=(e|1a)) , (3.34)

-Ni/2§li<N1/2 . 11 integer, i=1,2,3, (3.35)
forms T. Sometimes below we denote a lattice vector by R. It
is simpliest to consider a cubic system with NI-NZ.NS; there
i8 no loss of generality.

Call the space group G. The factor group G/T is

isomorphic to a crystal point group P. Coset representatives

in the decomposition of G with respect to T are

I=0
(¢|1) with{ or
I=a fractional translation. (3.36)
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A general element g of G 1is
g=(¢]t) , t=1+R, . (3.37)
If required we may affix an index to ¢ and 1 such as ¢o ’ 10;

other sy mbols will be defined as needed. Assume the rota-

tional element ¢ has period p, 8O ¢p-e. Then

P. P.
g =(¢|t) (elgp) , (3.38)
where
Bp'(£+¢£+---+¢°-1£)E{¢}p-£ (3.39)
and
p-1
(6)°= 7 () . (3.40)
A=Q
Thus
gp-pigi (pi integer) (3.41)

is some lattice vector. The period of Bp will be N/q, q21
with q an integer. We find it simpler, and no less general,
to choose q=1 so that the period of an element g depends on
the period of its rotational part in a siﬁple fashion:

g =(e|0) : (3.42)

We will need the element g'. Take for g the expression
3.37. Then

g"=(¢" | {¢}"¢) : (3.43)
In order to take advantage of the period of ¢, we write for m:

m=i+lp with py=1,...,p; 1=0,...,N-1 . (3.44)
Then

¢T=0" (3.45)
and

{¢}“g-{¢}1P£+{¢}“£-1gp+{¢}"£y

+

T =
L 1

+

lu . (3.46)

u
=1R + t-1 +
1R _+{¢} R _+R

vhere
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—r41H
R = t'. 3.‘.7
R Flelt-z ( )
is8 some lattice vector, and Ip is the fravtional (or zero) in
the coset representative wvhose rotational part 1is Qu. Then
m u+1p u
=- - 1R R . 3.48
g =g (e[1R ) (e[R ) ("1, (3.48)
The element gglgmgo will also be needed later. The

element g is as before, in 3.37, while

805(¢°|10) . (3.49)

Hence
-l m _ uo

8, 8 B (e|¢ (R +1R D)) ((67) I_vuo (3.50)
where

") %¢ oV, (3.51)
and

= M
5 6= (8 Yok It xv ¢, _0) . (3.52)

The translation Esuo is in general a sum of fractiomnal plus

lattice translation, and might be written

- =¢ "R+ .
Eouo ¢0 —uo Tuo (3.53)
where luo is the fractional associated with rotatioamal part
(¢“)° in the coset representative, while gﬂo is defined by

(3.53) and is a lattice vector.

We shall be concerned with the Molien function for
irreducible representation T of space group G. The construc-
tion of T of G and of Y is well known," and ve shall simply
cite some relevant expressions.

Let the irreducible representation I' of the space
group G be labeled *kn where *k-(k =k, kz,..., -¢OL,....k )

and n refers to the allowable little group irreducible rep-

resentation of G(k). The canonical wave vector is k, and G(k)
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is the space group of the wave vector k. Coset representativ-
es in the canonical decomposition of G with respect to G(k)
are g :

G=G(£)+g°G(_l£)+...+goC(_1{_)+...+gsG(}'_) . (3.54)
e always reserve the index O for such representatives. Then

S
X" @r= T xW M (g lgg ) (3.55)
g=1

¢ (k) (n)

and ¥ (h)=0 1if hfG(}). Later we require the character of

m
g .

Consider the Abelian subgroup A generated by group
element g. Because we take the period of the elments in the
space group to be pN the group A has pN distinct irreducible
representations given by

g*YJ(g)=exp(2ninJ/pN) » ny=l,...,pN ,

J=1,...,pN . (3.56)
Below it will prove convinient to talke nJ=J and

nJ=J=j+VN, j=1,...,N; v=0,...,p-1 . (3.57)
Of course, we still retain the same number of roots this way,
but mearly achieve a simpler labeling. Equivalently, j is an
integer (mod N), and vy is an integer (mod p).

Recalling Eqs. 3.26-3.32, we se that the YJ(g) are

the possible eigenvalues W, which occur in the expression for

J
the Molien function.

We are now in position to assemble all the previous
results to calculate the Molien function for representation T
(labeled *kn) of G. Our strategy must be to compute the subd-

uction coefficients GJ and the corresponding eigenvalues YJ.

Ther is no difficulty in principle since we are merely evalu-



ating the sum 3.31:
- *
6= [al7 Iy, (8™ *x(s™ . (3.58)
m

The sum goes over all elements inthe cyclic subgroup A gen-
erated by g. However, because I is an induced representation
and the structure of ¥ reflects this as in Eq. 3.55, the
calculation is formaly rather untidy. Her we shall simplify
the formulas as much as seems possible at present.

We requiere that

x" P (g% = f i(h)(")(sgls"sa)-

o=1

8 ~
- T 3 (k)(n) -1, U oy, -
dzlx (Cel (1R +R,)) ((6")7|£5 )

o (k 3
-gexp{-i_go°(1§p+§u)}x(—)(“)((¢u)°l_t_6uc)-
-gexp{-i(1%?'§p+50-§u+kooﬁuc)}x
xg ® ) (3% ) (3.59)

wvhere 50-¢°L is one of the members of *k, not equivalent to
k, since (¢°|10) is not in G(k). Note that in 3.59 the label
1l hs been separated out,and we have taken m=p+pl (see 3.44)
and used Eqs..3.50~-3.53.

Then, returning to 3.58 and replacing the sum on m by
appropriate sums on it and 1, we have as an intermediate step
-1 B 1T (etiey a0 () (-1 ulp
p N F v ) X (g

g g.) .
o=1 ju=1 1=0 o o
(3.60)

Now write, following 3.56 and 3.59, m=pu+pl, and nJ-j+vN. s0

that
YJ(S-)*'exp{-Zﬂi(u+p1)(3+vn)/pu}-

wexp{~-2ri(uj/pN+uv/p+13j/N)} . (3.61)

It is already clear here that some indices are redundant, and

35



we shall eliminate j shortly.
The first step is now to calculate the sum on 1, anmd
ve isolate the relevant terms in 3.60 to obtain

N-1
-1
N 1goexp{-il(2wj/N+£o°gp)}-A(j/N+LU-§p/2ﬂ).(3.62)

This will immediately be recognized as a "lattiee delta"

1 1f y=integer,

A(y)={
0 otherwise. (3.63)

Taking account of the restrictions on j (an integer mod N)
and go'gp-Zn(integer)/N, we find

2ﬂj/N+£o'§p-0 (3.64)
as the only permitted value of j, which now allows us to

write
8
5J-°§lcv°A(j/n+go-gp/zw) . (3.65)
where we define

2-1 ] -
§,5°P uzlexp{—i(zwvlpﬂ_zo (5u+5vo ugp/p))}x

xy (&) (8) gy 10y | (3.66)

—-uo

(6 should not be confused with a Kronecker delta Gv o which
»

vo
we denote with comma between indices). An interesting note

about 3.66 is that there is no dependence on N.

Although it may appear chumbersome, Eqs. 3.65, 3.66
may be readily used in computations. It is assumed that the
space group irreducible representations are known, so that,

for each *kn, the set of coset representatives im G{k) is

)’((h) (n)

known, as are the dotted charecters , and the set of

elements 8y° Computation of the translations gp. R is

Byr Buo
straightforward and so is the evaluation of the sum 3.66.

36
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In the same fashion that the calculation of GJ sim-
plifies, so does the calculation of each term in 3.32, which

is _5J .
M{1-zvy _(g)!} , (3.67)
3 J

and, suhstitutirg J=j+v0 as hefore, we find this becomes
p-1 N -6 N
I T {l-zexp(2mi(j+uN)/pry} IV (3.68)
v=>04=]

Now we may use Egq. 3.65 and e¢iiminate index j in favor of o

2s in 3.¢4, and thus we change the range of the product

appropriately, so that 3.6& hecomes

s -8
T i {l—zexp(i(Zﬂv—ho'Kp)/p)} Vo, (3.69)

In order to exhibit these formulas in more compact
form, let us define the quantities
wDEexp(2vi/p) . (3.70)
= - * (R _+R . .
You exp{-ik (_u —uo)/p} (3.71)

Nf course these allrefer to a single space group element g.

Tlen
-1 * * « (k 1
- glmp)“\’(yop)“«w)px(—’ ™ "%z,
u (3.72)
and p-1 s -8
M(*kn,G32)=]G| '] m T {1-zy, (w W VO (3.73)
g v=0 o=1 PP

We continue with Eq. 3.73 and reduce it to a form in which 1t
appears as asum of partial Molien functions, each lebeled by
an index derived from an index of class of the point group P
of space group G.

Let P=G/T. We call the kth conjugacy class of P Ck(PL

with elements
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C(Phip,, » 1=l,ense, (3.74)
where ¢ki is a rotation-reflection.
Call the k th conjugacy class of G Cka(G)’ with

elements

(e|R ), i=l,...,c (3.75)

tray a1 Ous Ty k .

The index & willrefer to those lattice translations associated

with ¢ki’ and T is the canonical fractional; is an

ki “kat
element in T. To understand the structure of the conjugacy
classes of G, form the conjugate of 3.75 with respect to gen-

eral element g=($|t), where t=T+R with 1 the canonical frac-

tional for ¢ and R a lattice vector as in Eq.3.27. Then

g tkaigkig'tﬂajgkj (3.76)
with

gkj'(¢-l¢k1¢,lkj)s(¢kjIlkj) ’ (3.77)

thay CeloT R 4R (3.78)
and

i AT ORI T s S 3 : (3.79)

When g runs through all elements in G, one will obtain on the
right side of 3.76 the set of coset representatives By i=]1,
ceesCy whose rotational parts are all the members of the
conjugacy class Ck(P) of Eq. 3.74. Each such fixed rotational
part (fixed k and 1) will be associated with a set of trans-:
lations, e.g., tkai which 1s a subset of T. For example if ¢
commutes with ¢ki’ then the set 3.78 will occur with

¢-1 1

To label a class in G, we require an incdex k referring

R'=(¢ -2 e+ n, 1, - (3.80)

to set ¢ki and an index a reffering to the particular subset



of translations accompanying a specified representative sguch
as 8, - For fixed ki a subset Tkai of translatioms occurs in
class CM§G) accompanying Bryi® Then for fixed ki, the decom-
position of T with respect to the class lebel o is disjoint.

T'ngai . Tkaiz{tkai} . (3.81)
Thus a single class Ck(P) in P, with Sy elements gives rise
to several classes Cka(G) in G.

Let f(t) be a function of the translations t of T.
Then for fixed ki

Y £(t)=) )}  f(t) , fixed ki . (3.82)
teT a tGTkai

Let X be a character in a representation of G; then

X (a8 ) =X (tyq 8y y) . (3.83)
Since ¥ 1s a class function, it is independent of i, J since
these refer to the same class.

Now let F(x) be a function on the characters of [ of

G, and let t be an arbitrary translation in T. Then

} Fix(tg,  ))=) § TF(x(tg,  ))=F, . (3.84)
FGT ki atGTkai ki k

The last step follows from 3.82 and 3.83, and now 3.84 can be
used to rewrite the expression for the Molien function.

Returning to the expression 3.7 for Molien function,
we may write, for g an element of the space group G,

M(T,G3z)=|¢|  n(T,g52) . (3.85)
g

Letting gEtgki
M(P,G;z)-lPl—lz ZITI'IZ n(T,tg,  52)=
k i t

=12 e B (T8, 52), (3.86)
k
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vhere

a(r,gk;z)s|T|'12m(r,cgk;z) . (3.87)
t

The last step in 3.86 follows owing to the use of 3.84., The

symbol gk 18 a typical element or coset representative corre-

sponding to class Ck(P)' Then, instead of Eq. 3.73, we write
§

- ) -1 p 5 _ Vi VO
w(l,g, ;2)=|T| Evlll 021“ zYOp(wp) } : (3.88)

All quantities refer to elements te, in G.

At the end of this chapter we verify dimensionality
formula give below Eq.3.28, which shows that the degree of
the polynomial in the denominator is equal to the dimension-
ality of the representation I'. To verify this property in Eq.

3.73 we have to show that

s p-1
GZI vzoévo-sln , (3.90)

where slnis the dimensionality of the irreducible represent--
ation *kn of G and 1n is the dimensionality of the irreduc-
ible representation D(k)(n) of G(k). Since Vv appears in 3.72

*
only in (wp)uv, the sum over Vv will give

1Pzl
P 1 Zo(w;)w-A(u/p)-Gu p (3.91)
V= ’

where we took into account the fact that u is restricted to

the values 1l,...,p. Thus by 3.91 we may eliminate the summa-

tion over U, leaving only terms U=ps Then from the definition
* .U p

of You Ve see that (ch) (You) u=p 1, so that the left-hand

side of 3.90 reduces to:
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8 8 ~
21 0515\,0‘ Xlx(y(n)((cbp)olzpo) . (3.92)
= = o=

However, (¢p)o-e, by 3.52, and thus Ipo-g' Finally since

i(h)(“)(elg)-ln (independent of o), 3.92 reduces to 3.90.

The formulae obtained here will be used in the fol-
lowing chapter in which we will calculate the Molien func-
tions, and subsequently quartic invariants, for irreducible

representations of space group Oz—Pm3n.
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CHAPTER 4

Molien Generating Function and Invariant Polynomials

30 37
’

for Space Group Oh

In Chapter 2 we have used Landau Theory to analyze
second order structural phase transitions in A-15 systems

having symmetry 03 Since in Chapter 6 we will apply a renor-

he
malization-group technique to these systems, we will need to
calculate quartic invariants for some irreducible representa-
tions of space group Oz. Therefore we will calculate the
Molien functions and all quartic invariants for representat-
ions *Rn and *Xn. Before dealing with these representations
we shall discuss, as an illustration, the representations
*T'n.

Since Oi is nonsymmorphic, the calculation of the
Molien function in this case may illustrate some typical
problems which arise in such calculations for space groups.
The results are also of interest since they may reval new

features peculiar to space groups.

The irreducible representations of this space group
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22
have been given by Gorzkowski and in addition are listed in

the standard compilation Miller and Love.z‘ We follow these
authors' notations and we shall also indicate connection to
another notation used by Gor'kov’ (see Table 4.1).

Representations *In

At the center of the Brillouin zone, the group G(I)
is the entire space group and the factor group G(I)/T is a
group isomorphic to point group 0h since all tramslations in
T map into the identity. All irreducible representations of
0h are well known as are the irreducible character system.

In Table 4.1 we give: class multiplicity, coset rep-

resentatives in G([)/Tv0, (first column), then in succeeding

h
columns for each irreducible representation *I'n the partial
Molien function which arises by summing over all elements in
T. The weighted sum of all the partial Molien functions as in
Eq. 3.86 gives M(*Ln,oz;z), and these are listed in Table 4.3
where the first seven rows refer to *I'n. The notation of

28
Miller and Love is ugsed. The result for the fundamental

representation *I'4- of Oﬁ agrees with a result of Meyer,sa
who gave Molien functions for the fundamental representations
of all point groups.

Representations *Xn

At the point X=(0,0,7/a) in the Brillouin zone the
allowable irreducible representations of G(X) may be consid-
ered as ray representations of G(_X;)/T"&4h with nontrivial

L X

factor systems. All allowable (X)(n), n=1,2,3,4, are two

dimensional, and the *Xn are six dimensional. Some of these



TABLE 4.

1

Notation follows Ref.28.

Partial Molien Function E(I‘,gk;z) (text (3.86)) for Irreducible Representation *I'n of o,g .a) In the Tables:
i_‘!-l—zn; Qn-l+zn; Rl‘(n)=1+nzz+zl‘; saz-l—ﬁzz;zg-u-znz .

*kn *T14+ *T1- *[24 #[2- #*T3+ *T3- *T4+  *T4- %[5+  *T5-
¢ By m(*kn,g, ;z)
1 (eloy /e a/e a7ep /ey 1/ed /el el el a/e) /el
8 (c3|g) 1/, 1/, 1/P, 1/P, 1/T, 1/T, 1/P, 1/P, 1/P, 1/P,
3 (e2lo) 1/p, /e /e, 1/eg 172 1/p2 1/pjq, 1/,0, 1/P,0, 1/P,0,
1 (1]0) 1/p, 1/0, 1/P, 1/q, 1/P3 VLTIV SN VI FA V2 S VL &
8 (sglo) 1/, 1/, 1/P) 1/ 1/T, 1/S, 1/P, 1/q, 1/P, 1/Q,
3 (olo) 1/p, 1/q, 1/ 1/q, 1/} 1/Q 1/p,q, 1/P,P, 1/P,q, 1/P P,
6 (czll) 1/p, 1/p, 1/q, 1/q, 1/?, 1/p, 1/P P, 1/P P, 1/P,Q, 1/P,Q,
6 (c,lx) 1/p 1/P 1/Q, 1/q; 1/P, 1/P, 1/Q,Q, 1/Q,Q, 1/P,Q, 1/P Q,
6 (o lx) 1/p 1/0, 1/, 1/P  1/P, 1/P, 1/P\P, 1/P,Q, 1/P,Q; 1/P P,
6 (s,|1) 1/P, 1/0, 1/q, /2, 1/®, 1/P, 1/Q,Q, 1/P,Q, 1/P,Q, 1/,0Q,
a)

vy



reprecertations have ! een used in recent theories of proper-
ties of these svstems.
In Takle 4.2 we give the functions ﬁ(*ir,gk;z) for n=

1,2,3,4. In Table 4.3, lines 8 and 9, the full Molien function

>

M(*¥n,0.:2z) is given,and as we note representations *X1 and

3

[ 2R

*X2 have same Molien functions. However,it does not follow
that two representations with identical Molien functions have
identical invariants (up to a sirilarity transformation).

In the case of these representations, however, as can
be seen from Tables 4.4 and 4.5 matrix groups *X1 and *X2 as
well as *X3 and *Y¥4 are identical and thus respective invar-
iants are identical too.

Representations *Q7n

At the point 3=(T/a,ﬁ/a,*/a) in the Brillouin zone
allowable irreducible representations of G(R) are ray repres-

39

entations of G(R)/T™0 The factor system is nontrivial.

h*
Allowahle irreducible representations *Rn are two dimensional
(n=1,2,3) and six dimensional (n=4). The six dimensional *R4
is unusual: it was used in a recent theory of the electronic
properties of the A-15 systems.11 Representations *R2 and *R3
are time reverse¢, and it proves interesting to consider the
four dimensional physically irreducible representation *R2¢*R3.
In Ta*le 4.2, last four columns, we list the
5(*5n,gp;z). In Tahle 4,3, last four rows, we give the Molien
functions M(*gn,ﬂi:z), including for a physically irreducible

*R2@*R3. e see from Table 4.3 that representation *R4 has

identical Molien function as representations *X3 and *X4. In



TABLE 4.2

Partial Molien Function E(F,gk;z) for Irreducible Representations *Xn,

and *Rn of Og.a)See Table 4.1 heading.

*kn *X1,2  *X3,4  #R1  *R2,3 *R2*R3 *R 4
L m(*kn,g, ;2)
1 Celoy QpS adred  qupl el R 6)/y o a0/Rd
8 (ca]0) /P2 aZ/e  q,/P2 P e R (3)/R, (1) /P
3 (el]0) Q,/P5  Q)/P5  Q,/Pl q /B3 R, (6)/P5  Q,/P
1 (1l 1/p)  1/py /P, 1/P, 1/P) 1/%3
8 (s6lg) 1/P 1/7, 1/p, Pg/P6 P,/P, 1/P,
3 (ol0) Qe 1/ed ase, 1/p, 1792 1/93
6 (c,lT) q,/P,P2 o /P27 1/P, 1/P, 1/P] 1/23
6 (c4[_r_) l/P,'Q2 QA/P2P2 1/P2 1/1>2 1/P§ 1/P2Q§
6 (o,l1) Q /P20, Q,/P2q, 1/0, 1/0, 1/0 1/q3
6 (s,|1) 1/P,, 0q,/Piq, 1/0, 1/q, 1/Q3 1/p2a,

a)Notation follows Ref.28. Representations *X1,*X2,*X3,*X4

are called *X

2

’ *x4 ?

*Xl R

*
X3 s

respectively,

in Ref.9.
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TABLE 4.3

Molien Generating Function M(I',G;z) for Irreducible Represen-

tations *I'n, *Xn, *Rn of Oi .
3
Irrep. *kn M(*gp,oh;z)
1

*T1+ e
*T1- ) 1
I —L1
*T 24 (1-2%)
*I3+ 7 . 3

(1-27)(1~27)
*I3- 2

(1-27)(1-2")

1
*T44
= (1-22) (1-23y (1-2%)
*T4- ) 1
AT5- (1-22) (1-2%) (1-25)
9

*T 5+ 5 1+z4 -

(1-27)(1-2")(1-2z")
*X1.2 1+26+326+528+210+212
= (1-22) (1-z%) 3 (1-2%) 2
*X3,4 1422%452%4112849,1041121246,1%45,16
R4 (1-z2) (1-2*)3(1-2%)?2
*R1 21 A

(1-z7)(1-2z")
*R2,3 %

(1-z7)(1-2")

1+z2+224+4z6+828+4zlo+2212+z14+z16

*R26*R3 6.2

2 (1-z%2(1-2%)




effect, it is possible to find a similarity transformation
which would transform a matrix group *R4 into a group *X3
(identical to *X4). Also, matrix groups *R2 and *R3 are iden-

tical and thus their Molien functions as well as invariants

are identical.

In order to construct invariants explicitely we will
use a projection operator P1 defined for arbitrary group G as:

-1
P.Z|G| P . (4.1)
1 ggG &

Where Pg is an operator acting on arbitrary fumnction f(r) as:
- -1
{ng}(r):f(g r) . (4.2)
Then, any function f generates a G-invariant function f1

defined by:

flzplf . (4.3)

In the specific case when f 1is a monomial of degree n in the

basis functions wi , i=1,...,1 of an 1-dimensional represen-

tation I of G, i.e., when
Pswi-gr(g)jiwj » 1,3=1,...,1; ¥g6G, (4.4)
and

f-wilwiz...win R (4.5)

function f1 is given, with the aid of Eq. 4.1, by:

fl-|c]'12 ] T(g) TRy g ¥

..Iw
g 350051, 1t a'n 1

g

n

(4.6)

Also it is then obvious that a sum IGI—IZ can be replaced by

- g

the sum |T| 1 )
T'(g)



Before we start calculating quartic invariants for
representations *Xn and *Rn we would like to emphasize that
although Molien function is independent of a similarity tran-
sformation on ', invariants are dependent upon the matrixform
used for the irreducible representation. Thus, we will give
in Tables 4.4 to 4.9 explicitely matrix groups *Xn and *Rn
for which we calculate quartic invariants.

The matrix group of the representations *X1 and *X2
is given in Table 4.4. The basis functions of these represen-
tations are denoted wl,wl,wz,m2,¢3,m3. From Table 4.3 we see
that for these representations there are five independent
quartic invariants. These invariants we list in Table 4.10.

For the representations *X3 and *X4 matrix group is
given in Table 4.5, and basis functions are wl,wl,wz,m2,¢3,wy
In this case, as can be seen from Table 4.3, there are six
independent quartic invariants which we list in Table 4.10.

Irreducible representation *R1 is two dimensional, so
we have basis functions wl and wz. The matrix group for this
representation is given in Table 4.6. From the corresponding
Molien function (Table 4.3) it is clear that there are two
independent quartic invariants which we give in Table 4.11.

Conjugate complex representations *R2 and *R3 form
the identical matrix group given in Table 4.7, whose basis
functions we take to be wl and wz. There is only one quartic
invariant which we give in Table 4.11. However, for physical

applications we are interested in physically irreducible rep-

resentation *R28*R3 whose real matrix group we give in Table



TABLE 4.4

Matrix Group for Irreducible Representations *Xl1 and *X2

Matrixa) Number of different matrices
iAi c ¢
0 s, 0 2323264
0O 0 iAt
0O O iAt
tA, 0 O 64
0 tAi 0
o iAi 0
0O 0 iAi 64
tAi o O
0O O iBi
(4] iBi 0 64
iBi 0 O
iBi 0 O
0 O #B, 64
0 tBi 0
0 iBi 0
tBt 0 0 64
0 o iBi
Order of the matrix group: ' 384

a)All + signs are independent; A+-[1 OJ,A_-[O 1],3*-[1 0],

01 1c 0 -1
01 00
2 o)o-(5 o)



TABLE 4.5

Matrix Group for Irreducible Representations *X3 and *X4 .

Matrixa) Number of different matrices
Aj 0O o
0 A0 232=16
0O O Aj
0O o0 Aj
Aj 0o o 16
0 Aj 0
0] Aj 0]
c ¢ Aj 16
Aj c o©
0O o0 Bj
o Bj 0 16
Bj 0O o
Bj 0o o0
o o Bj 16
0 Bj o
8] Bj 0
Bj 0 o 16
0O O Bj

Order of the matrix group: 96

a)All * gigns are independent; j=1,2; A -A+,A2-A_,Bl--iB

1 +’

B,=-1B_ (see Table 4.4).



TABLE 4.6
Matrix Group for Irreducible Represen-

tation *R1 .

Matrixa) Number of different matrices

Ny

(5 7)

(o -1)

N

01
1[1 0] 2
0 -1
1[1 0] 2
Order of the matrix
group: 8

a)All * gigns are independent.

TABLE 4.7
Matrix Group for Irreducible Representations

*R2 and *R3 .

Matrixa) Number of different matrices
+1 0 2
[ 011} 2 =4
(422 o 4
L 0 *A
(42 0
| c2a? s
[ 0+1
1 0 4
(0 +122
4
(tix O
[ 0 1)
Liilz Q 4
Order of the matrix
group: 24
a)All + gigns are independenty X-e2ﬂ1/3 .

4



TABLE 4 . TABLE 4.9

Matrix Group for the Repres . .ation *R2@&*R3. Matrix Group for Irreducible Representation

- . *R4 . ‘ _
Matrixa) Number of different matrices Matrixa) Number of different matrices
Ay © A0 2x3x23=48
+ 2x4=8 0 A
0 Aj *]1 00O 0 01 n1o0
A=) 0+x1 0o},|+x1 0 0O}, 0 0x1].
i=1,2,3,4 0 0+1 ot1 0] (1 0 0
Ay oA, 0B 2x3x23=48
2 2x2x4=16 +B O
A, A, 0 0+1) nt1 0} (+1 0 0
B=| 0+1 of,{+1 o0 of,| o o*1].
a=+/3 *1 00 0 01 0+1 0
(1,k)=(1,2), Order of the matrix
(2,1), group: 96
(3,4), =
(4,3). a) 00O
Order of the matrix 0=10 0 0y.
000
group: : 24

a)

AZ,BZ,O, respectively, of Table 4.5.

AI’AZ’A3’A4’O here 18 the same as Al’Bl’

€S



TABLE 4.10
Quartic Invariant Polynomials for Irreducible

Representations *Xn , n=1,2,3,4.

Irrep. Quartic invariant polynomiala

)

3
*X1,2 ) (w‘i’ﬂi:)
1=1

i§j<w§w§+$fw§+wi$§+$f$§>
igjwiwiijj

2. =2 - -
(igk)(wi+wi>cw1wj—wkwk)

3
*X3,4 ) WHTh
i=1
3
! viv?
{=1 i1

2-2
viv
12113
igjwiwiijj

2, -2

2.2.22-2
(Wews+PIPs)
iZj 173 7173

a)(ijk) means cyclic permutation of (123).
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TABLE 4,11
Quartic Invariant Polynomials for R-point

Representations.

Irrep. Quartic invariant polynomial
4, 4 2,2

*R1 VIt VIV
2 2

*R2, 3 vivs

*R20%R3  YIYIHvIvZ-29 v u.0,
VIVLHVRVIE 20,00,
Wi, +@w2-vDv v,
Vi te2 o dp2ep 2yl

*R4 i§1<w§+$§>
L
ARG
A AEAT

2,2, 1272
1§j<wiwj+$iwj)

VU U,V
1§j i7173
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4.8. From the Molien function in Table 4.3 it can be seen
that there are four independent quartic invariants. If we
take basis functions as wl’wz’w3’¢4’ then these quartic invar
iants are given in Table 4.11.,

The six dimensional representation *R4 is given in
Table 4.9. This representation has 8ix linearly independent
quartic invariants (c.f. Table 4.3). Denoting basis functions

as wl,w2,¢3,$1,$2,$3 we obtain these invariants as in Table

4.11.

Quartic invariants obtained in this Chapter we will .
use in Chapter 6 to construct Landau-Ginzburg-Wilson
Hamiltonians for the renormalization-group treatment of

structural phase transitions in A-15 systems.
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CHAPTER 5

A Brief Introduction to the Renormalization-group

and the €-expansion

In order to analyze the possibility of second order
structural phase transitions involving change of the unit
cell in A-15 systems, we have applied the Landau theory of
second order phase transitions (Chapter 2). One of the most
serious limitations of that theory is the fact that possible
fluctuations of the order parameter are neglected: sufficien-
tly large fluctuations may, in principle,result in a first
order phase transition which is otherwise prohibited by the
Landau theory. Therefore, a theory which would take fluct-
uations of the order parameter into account must reduce to
the Landau theory in the small fluctuations limit. Furthermore,
conditions which appear in the Landau theory as necessary
conditions for the phase transition to be of the second order,
must remain in the "covering" theory as necessary conditions.
Obviously, construction of such a"covering'theory is by no

means unique.
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In order to include fluctuations, Landau has suggested
construction of an effective Hamiltonian which will depend
upon a spatialy dependent order parameter w(i)'~° This idea
was first utilized by Landau and Ginzbwrg in their theory of
superconductivity, and then developed by K.G.Wilsonbl’~2 in
his Renormalization-group (RG) approach to the critical phen-
omena. There have already been several papers in which
Wilson's method was appied to the investigation of second order strucr:

43 ab
tural phase transitions. ° We will describe this method

below.
Since we are investigating phenomena near the phase
transition it is natural to assume that the only relevant

part of the order parameter is its long-wavelength part:

2 N R 2 T R G
|klgky = = |klgk, =
where k, is a cutoff wave number upon which critical proper-

0
ties should not depend.

The next step is to expand the effective Hamiltonian
in Y(r) and its spatial derivatives. The Hamiltonian obtained
in such a way, commonly called Landau-Gingzburg-Wilson
Hamiltonian, must sutisfy all the symmetry requirements just
as the Landau Free Energy. Thus we obtain:

H==f {5 (V) Z+3gu 0 24ut ¥ av , (5.2)
where the integral is taken over the volume of the system.
Near a phase transition u, and u are assumed to be analytic
functions of thermodynamic variables (e.g.,.temperature,

pPressure, ...).



59

A partition function Z is defined as a path integral:
z=SD ()" : (5.3)
for which, neglecting fluctuations, we obtain the Landau Free
Energy as a saddle point solution of the path integral.
The following step in the RG method is integrating

out short wavelength degrees of freedom with b'-1

k0<|£|§k0 and
b aconstant b21. This"integrating out”is usually performed
perturbatively (Feynman diagram techniques), where u is

treated as a small parameter. Then a scale change is performed:

r+br ,

VTtV . (5.4)
The scale factor [ in the order parameter is fixed such that
a new effective Hamiltonian is obtained in the same form
(5.2), neglecting higher order terms which arise:

B {35 () 2ok 2eu gt day : (5.5)
The transformation H*H' is called a Renormaiization-group
transformation. It can be vewiled as a transformation on the
parameter space:

(ug,u)+(uy,u’) . (5.6)

This method exploits the fact that as the critical
temperature is approached the only relevant length, which is
a correlation length §, becomes infinite, and all physical
properties become scale independent. Two systems connected by
a RG transformation differ only in the scale, thus their free
energies F and correlation lengths are related as:

F=b F" ,

E=bE" . (5.7)
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From these relations it can be seen how important are,both,
the fixed points of the RG transformation, defined by H=H',
and the RG transformation itself in the neighbourhood of the
fixed point (from which one is able to calculate critical
exponents). Although this program looks simple, in practice
it is not so. One reason is that: integrals which appear in
the Feynman diagram expansion, as the critical temperature is
approached, become divergent. In dimension d=3 it is impos~-
sible to extract the "most divergent” part. However, since it
is possible to do 8o in dimension d=4, Wilson has suggested
calculations should be done in the dimension d=4-¢, € small
(it turned out to be possible to define all of the appearing
integrals for the noninteger dimensions). Then € is the small
parameter of the theory and all quantities are calculated to
some order in € (e-expansion). Although this expansion is an
asymptotic one,..s in orer to estimate critical exponents,
results are extrapolated to €=], This procedure in many cases
gives good results when compared with other approximative
methods and experiments.~6

In the case of structural phase transitions one is
considering a multicomponent order parameter wi(g), i=1,...,
n, which belongs to a physically irreducible n-dimensional
representation I' of the high symmetry group GO' The represen-
tation ' must satisfy all the necessary conditions of the

Landau theory. Therefore the Landau-Ginzburg-Wilson Hamiltonian

is given as:
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a3 ] (V9,0 45u T ouZe T w1 dav (5.8)
1=1 {m1 T gy 3

where I j=1,...,m, are all linearly independent T invar-

i’
iant polynomials quartic in the order parameter, and uj,
j=0,...,m, are parameters forming an (m+l)-dimensional
parameter space. Next,as discussed above, treating the quartic
part of the Hamiltonian as of order one forms a RG trans-
formation. Then one is aearching for the stable*) fixed points
(to some order in €) which correspond to second order phase
transitions. Stability of a fixed point is determined from
the linearized form of RG transformations in the neighborhood
of the fixed point.

The method presented however does not predict low
symmetry groups. In order to learn something about low symm-
etry groups one woul probably have to consider order paramet-
er expectation values <wi>. Otherwise we consider groups
allowed by the Landau theory and we disregard them if there
is no stable fixed point present, and consider them allowed
if there is a stable fixed point. In effect this represents
analysis of the transition approaching it from above toward
the transition point.

As a final part of this Chapter we will briefly
describe a concrete application of Wilson's program to

systems described by the Hamiltonian of Eq. 5.2.

Written in k-space the Hamiltonian is given as:

*)The fixed point is said to be stable iff there is a m-dimensional hyper-
surface (critical surface) in the (m+l1)-dimensional parameter space, such
that each point of the surface is transformed to the fixed point upon
repeating RG transfermation an infinite number of times.



2 ,
u=-%fk<1r bV el S Sy by by Vo ek,

k - hl EZ 53 -1 =2 =3 1 —2 =3
(5.9)
where
_ -d d
J =(2m) S d k . (5.10)

k 0g |k [k,

This Hamiltonian can be written as a sum of two terms:

H=HO+HI , (5.11)
where the interaction Hamiltonian HI i1s given as:
Ho==u/ [ [ ¥, ¥ V. ¥ . _ (5.12)
I Tk, Kk, K1 Kp kytokymkyokg
=1 =2 =3
A RG transformation is then defined as:
H'=1n{ -1 J D(w)exp(H0+HI)} -1 .(5.13)
b k< k| gk, k*b Tk

This path integral is evaluated by expanding the exponential,

and treating H_. as a perturbation. The path integral becomes:

I

Ho © i
-1 f De ~ ] Hy/4! . (5.14)
b ko< |klgk, 3=0

Therefore, evaluating the path integral (5.13) becomes
equivalent to the evaluating correlation functions for the

gaussian interaction HO. Since the interaction HI carries

four fields, wk s wk , wk s wk , the jth term in the expansion
-1 =2 -3 =4

(5.14) is equivalent to the (4j-1)-correlation function for

the gaussian Hamiltonian, where 1 is the number of fields

1

whose momentum satigfies fhlib- k On the other hand we know

00
that for the gaussian Hamiltonian a correlation function is
equal to the sum over all possible contractions. Each con-

traction $kwk' gives a contribuition (called a propagator):

62
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0) (5.15)

This procedure can be graphically expressed if we associate

mk.=(2w)d6d(£+}3')/(k2+u

to -H, a vertex with four legs (Fig. 5.1). Four legs at the

I
vertex represent four fields 1in HI' Then path integral (5.14)

Figure 5.1

could be expresed as:

1-Zx+&T (%)= (1/31)E (xxx)+, .. (5.16)
where . means sum over all possible contractions. For example,
for the first order terms we have:

Ex=x+6%+38 , (5.17)
where factors 6 and 3 come from topologically equivalent
graphs, e.g.,

38=8+oo+@ . (5.18)

Taking the logarithm of the expansion (5.16) is
equivalent to removing of all disconnected graphs. Also,we
are not interested in the graphs with no external legs (such
as 8 in Eq. 5.17), since these graphs give a constant
contribution to H'. Therefore set of rules for computing any
diagram is:~2

(1) Label the momenta in the "incoming" sense at each

vertex;

(2) Internal momenta range from b-lko to ko, external
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momenta range from 0 to b-lko;

(3) Associate a propagator (ZI)de(kfk')/(k2+u0) with
each internal line (k and k' are the two momentum
labels on that line);

(4) Associate a factor u(ZW)de(kl+h2+h3fk4) with
each vertex;

(5) Associate spin variable tpk-;w]')k with each external
leg. - -

(6) Integrate over internal and external momenta
according to rule 2.

Thus, treatin coupling constant u as a small quantity we can
determine a new Hamiltonian to some order in u. If we include
all j-vertex diagrams we will obtain a new Hamiltonian up to
jth order in u.

In dimension d=4 we know only one fixed point,H-H'-Ht

(uy*,u*)=(0,0) , (5.19)
which we call gaussian fixed point. It turns out that we can
consistently assume that in dimensions d=4-¢ there is besides
gaussian fixed point another fixed point of order €:

(a,*,u")=(0(e),00)) . (5.20)

Therefore expanding in powers of u is actually expanding in
powers of €. In order to obtain full €-expansion we have to
expand all integrals which appear in powers of € (considering
also u, to be of order €)

0

According to the above, for example, u0+k2 is trans-

formed as:

u +k2+b'dc2{uo+suA(uo)}+b‘d‘2;2{k2-uzn(k,uo)}.(5.21)

0



Where 6uA(u0) is a contribution from the graph of Fig.5.2,

Figure 5.2

and A(uo) is given as:
2.-1
Awgd= _y o (ugHkd)

=A(0)+upA' (0)+...(5.22)
b ko< |k|gk,

(we will be especially interested in linear term in uq

A'(0)=-K,1nb , (5.23)

4
where KA is (2'rr)—4 times the area of a three dimensional unit

sphere), and uzB(k,uo) represents a contribution from the

Figure 5.3

diagram of Fig. 5.3. B(k,uo) could be expanded in powers of

k2:

B(k,uo)-B(O,uO)+sz'(0,u0)+... , (5.24)

so that the coefficient of the k2 in Eq. 5.21 1is:

—d-2C2

b {1-u23'(o,uo)}=b‘d'2c2exp{-uzn'(o,uo)}. (5.25)

Since we need this coefficient to be unity, we have to choose

52 as:

2
u“B'(0,u.)
r2apdtZe 0 A (5.26)
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b2 *
On the other hand it could be shown that critical exponent n ) is
given as:
1a(z™)?
n
n=d+2-=tld , (5.27)

*
where [ 1s [ evaluated at the fixed point. Therefore, critical

exponent n is given to second order in € as:

]
nm—u? B1(0,0) , (5.28)

1nb
With ;2 determined, the linear term in u, of the Eq.
5.21 to order € is given as:

2 2—6uK4
b u0{1+6uA'(0)}=b u . (5.29)

0
This linear term determines the critical exponent v+) to

order €. In the neighbourhood of the fixed poin we can writte

RG transformation fo u0 asg:

T _ *,
uo uo

where, to order €, Al is a coefficient of the linear term in

* *
Al(uo-uo)+A2(u—u )y (5.30)

u, given by Eq. 5.29:

*
A =p270u K4 . (5.31)
42
Critical exponent V is related to Al as:
1nb
vflnkl . (5.32)
which in our case gives:
*
v=,5+1, 5u K, . (5.33)

Critical exponent Y, which describes divergence of

the "magnetic susceptibility" as the critical temperature

*)The critical exponent n is defined through behaivor of the correlation
function <Y (r)Y(0)> at the critical temperature Tch:

V@Y Q> ~Ix

T)The critical exponent v is determined from divergence of a correlation
length £ as the critical temperature T-Tc i1s approached:

et |7
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87
T=Tc is approached, is given by the scaling law as:

Y=v(2-n) . (5.34)

In order to calculate other critical exponents one
must introduce a symmetry breaking field in the Hamiltonian,
i.e., one has to introduce in the Hamiltonian term linear in

the field y. This 1s not considered in this thesis.
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CEAPTEP €

Application of Wilson's Method to Structural Phase

48
Transitions in A-15 Systems

Using a renormalization-group approach, as described
in Chapter 5, we have treated structural phase transitions in
the A-15 systems. The order parameter is taken to be of symm-
etry *R4, *X3, *X4, *X1, *X2 respectively. In chapter 4 we
have obtained quartic invariants for these representations,
which are needed for the construction of the corresponding
Landau-Ginzburg-Wilson Hamiltonians. All results, presnted
below, are obtained to order €.

Representation *R4

In this case the quartic part of the Landau-Ginzburg-
Wilson Hamiltonian, 1is

6

1§1v111 s (6.1)

where vy i=}1,...,6 are parameters and Ii’ i=1,...,6 are all

linearly independent quartic invariants of the *R4 represen-

tation, obtained in Chapter 4:



2.2 -2=2
Ie= ) (Wyvi+eivy)
5 iZj 1747 V1V

Ie= I ¥y¥950,

where wl’ wz, w3’ $1) mz, m3 span
equations for such a set of quarti

+v +v,+2

273 "4

+2v§+2v§

+8v

2-n
"=
ug b b0+2(6v +v

1an € -
vy b {v1 L(72v

1

2

1

v'=b€{v -%(16v2+48v v
2 2 2 1

§+48v

2

4

2

5

+8v

€
'- Ll
vi=p {v3 L(16v 3 2

3

€
'- -
N b {v4 L(16v +48v1v4

€
'- -
v b {v5 L(20v +48v1v

1V

+4v
0(ed)

€
" -
Ve b v6{1 %(2v6+16v2+8v3

with

I 1

2 -
(k"+u.)
|k 0

A(uo)' -1

b <|k|<1

d+1

-2—

and where bS=1+¢elnb; K,

+2v

2 3

+8v2

5 2

+8v

(6.2)

representation *R4. The RG
¢ invariants are:

vs)A(uO)}+0(82)

2
4

v5+8v4

+8v

+4v§)K41nb}+0(83)

v +2v§)K4lnb}+0(e3)

5

2 3
4v5+v6)K41nb}+0(e )
5+8v3v5

3+4v3v4+4v

Vs
2 3
v +v6)K41nb}+0(e )

2
v +v6)K41nb}+

v 472

4+16v5)K41nb}+0(e3),(6.3)

» (6.4)

of a d-dimensional unit sphere, divided by (Zﬂ)d. Factors

K4

shown on Figure 6.2 do not appear,

conserved at vertex v,.

3

since momentum is not

69

ﬂ-%d{r(kd)}—lis the surface area

1nb come from the diagrams of Pigure 6.1. However, diagrams
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Figure 6.1

V. V.
i J

Figure 6,2
The critical exponent n is given to order 82 as:
2 2,2 2 2 2 2
n kK4(96v1+v2+v3+v4+v5+2v6) . (6.5)

and comes from diagrams of Pigure 6.3, which give contrib-

Figure 6.3
utions to the V¢1°V¢i term in the Hamiltonian. To order ez
there are no other diagrams contributing to this term. The
exponent N then fixes the scaling factor § in such a way that
the coefficient of the particular term Vwi'Vwi remains

unchanged by renormalization-group equations,

Critical exponent V is determined (cf. Eqs. 5.29-32)
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from the linear term in uy of the A(uo) in the first equation

of (6.3), 1i.e., from the diagrams of Fig. 6.4. This critical

Vi

Figure 6.4

exponent is given to order € as:

-1 2

v 2-2K4(6v1+v2+v3+v4+2v5)+0(€ ) . (6.6)
These two critical exponents are to be calculated at the
stable fixed point. The critical exponent Y is related to

these two by the scaling law (5.34).

Since last six equations in (6.3) do not contain Ugs

fixed poin may be evaluated by solving last six equations

with v)!=v i=1,...,6. After we introduce new variables

i1

xi-KAVi/E y I=1,...,6 , (6.7)

we obtain set of six quadratic equations:

2,2, 2, 2 2
x1 36x1+x2+x3+x4+2x5

2 2
x2-8x2+24x1x2+4x3x5+4x4x5+x6

x3-8x

2
+4x4x5+5x6

+24x +4x

1X37 %% %5
2
x4-8x +24x1x4+4x2x5+4x3x5+%x6

2 2
X 1Ox5+24x1x5+2x2x3+2x3x4+2x4x2+%x6

+8x5) .

(6.8)

SENWN

X -x6(x6+8x +4%x _+4x

6 2 3 4

These equations possess some apparent symmetry (e.g. X, and

x, are equivalent; Xy Xq and x, are equivalent at x6-0 etc.).
We find 24 real solutions of the equations (6.8) which
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are tabulated in Table 6.1. However all of these solutions
correspond to unstable fixed points. Therefore, according to
Mukamel et al, we conclude that a second order transition,
driven by the *R4 order parameter, is not permitted.
Representations *X3 and *X4
These two representations have six linearly indepen-
dent quartic invariants, obtained in Chapter 4. The quartic

part of the Hamiltonian is therefore given as:

g
u,J . (6.9)
1=1 11

where uyo i=1,...,6 are parameters and the quartic invariants

J i=]l,...,6 are given in Chapter 4 as:

i,

3
4, =4

J, = Wy, +y.)
m L o

(6.10)

2,=2 - -

Jo= ] QD@ )
S(ijk) 1791733 Yk
2.2 +2=2

Jo= ) Lu +0ivs)
6 1< i73 174

where Z is the sum over cyclic permutatins of the (123),
(1ik) _ -

and wl’ wl, wz, wz, w3, w3 are taken as the basis for either

irreducible representation *X3 or #*X4 (specific cases differ).

For the special choice of the parameters, Hamiltonians of the

representation *R4 and of the representations *X3 and *X4

have the same form. The correspondence 1is:



TABLE 6.1

Fixed Points for Irreducible Representation *R4.

Fixed point No.a)x1 x2 x3 x4 x5 x6
1 0 ©o o o0 o0 o0
2 1/3 0 0 0 0 0
3 1/46 0 0 0  1/22 0
4 1/ 0 0o o 1/18 0
(5,6,7)%) 1/72 1/120 o 0 0
(8,9,10)P) 1/40 1/200 0 0 0
11 1/56 1/28 1/28 1/28 1/28 0
12 5/216 1/36 1/36 1/36 1/36 0
13 7/360 1/60 1/60 1/60 1/20 0
14 3/136 1/68 1/68 1/68 3/68 0
(15,16,17)’ 1/54 1/18 1/36 1/36 1/36 0
(18,19,20) ") 1/44 1/22 1/44 1/44 1/44 0
21 1/68 1/17 1/34 1/3& 1/34 1/17
22 1/108 1/18 1/36 1/36 1/36 1/9
23 1/72 1/20 1/30 1/30 1/30 1/15
24 1/88 3/44 1/44 1/44 1/44 1/11

a)Solutions x, =0 agree with Ref.43

6
b)For these fixed points permute XysXg,X,.



(6.11)

+—ry

u6 5 .

After introducing new variables x i=1,...,6 by the equatioms:

i,

xi=K4ui/e , 1i=1,...,6 (6.12)

we obtain a set of fixed point equations:
2, .2 2,2 2
X, 36x1+x2+2x3+x5+2x6
2

2
4+6x5+24x1x2+8x3x6

2 2 2
8x3+%x4+3x5+24x1x3+4x2x6+4x3x6

2 2
4—20x5+8x2x4+8x3x4+8x6x4

nxs(12x1+6x2+6x3—5x4+6x6)
2

2 2 2
Xe 10x6+2x3+%x4+3x5+24x1x6+4x2x3 .

There are some symmetries in these equations too (e.g.,

2
x2 8x2+x

X
3 (6.13)

X, =X

4

Xg

X **-xs).

5

We have found 24 real solutioms of equations (6.13),
which we list in Table 6.2. First sixteen of them correspond
to the sixteen fixed point solutions of the representation
*R4, with VRV,

In this case as well as in the previous one, we have
found no stable fixed point solutions. Thus no second order
phase transition, driven by the order parameter of the symm-
etry *X3 nor *X4 may occur,

Representations *X1 and #*X2

We have found in Chapter 4 that these two represent-

74



TABLE 6.2

75

Fixed Points for Irreducible Representations *Xn, n=1,2,3,4,

Fixed point No. Xy x2 x3 xa x5 x68)
1 0 o 0 0 0 0

2 1/36 0 0 0 0 0
38) 1/446 0 0 0 o 1/22
42) 1/54 0 0 0 0 1/18
5 1/72 1/12 0 0 0 0

6 1/40 1/20 0 0 0 0

7 1/56 1/28 1/28 0 0 1/28
8 5/216 1/36 1/36 0 0 1/36
92) 7/360 1/60 1/60 0 0 1/20
102) 3/136 1/68 1/68 0 0 3/68
11 1/54 1/18 1/36 0 0 1/36
12 1/44 1/22 1/44 0 0 1/44
13 1/68 1/17 1/34 1/17 0 1/34
14 1/108 1/18 1/36 1/9 0 1/36
15 1/72 1/20 1/30 1/15 0 1/30
16 1/88 3/44 1/44 1/11 0 1/44
17,18 3/176 5/88 5/176 -1/44 £1/88 5/176
19, 20 7/432 1/24 5/144 -1/36 $1/72 5/144
21,22 1/144 1/24 1/48 =-1/12 $1/24 1/48
23, 24 1/80 3/40 1/80 -1/20 +1/40 1/80

a)

These rows and columns should be eliminated if one wants

to read fixed points for irreducible representations *Xl1

and *X2.



ations both have five linearly independent quartic invariants,

so the quartic part of the Hamiltonian 1is:

5
} w,L , (6.14)

1=1 11
where w

i=1,...,5 are parameters, and L i=1l,...,5 are

i’

five linearly independent quartic invariants of the represen-

i’

tations *X1 and *X2. These invariants have been given in

Chapter 4 as:
‘ 3

4, =4

L1=izl(w1+$i>

3
222
Lp= I WiV

i=1 (6.15)
2,2 2-2 2.2 2-2
L3-i§j(wiwj+wi$j+wiwj+wiwj>
L=} ¥, 9,99
4 123 1YY
) (w§+$f)(wj$j-wk¢k) .
(13k)

where wl, $1, wz, ﬁz, w3, $3 belong to a representation *XI
or *X2.

The Hamiltonian of this case becomes equivalent to
the one for the representations *X3 and *X4, if we make cor-
respondence:

v

W, eTu

2 2

w,ru_=u

3 3=U¢ (6.16)

w4+*u
v5+*u5 .

This gives us twenty real fixed points given in the

4

Table 6.2. Althou it was found in the previous case that all
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of corresponding fixed point solutions are unstable, it does
not imply that this 1s so in this case. However, calculatio
has shown that, in this case too, all of the fixed points are
unstable. Therefore we conclude that a second order phase

transition is not allowed in this case either.



CHAPTER 7

Summary

To conclude this thesis we shall summarize the
results obtained.

In Chapter 2 we found lower symmetry groups accesible
by second order phase transitions driven by an order parameter
of X- or R-point symmetry. Tables 2.1 to 2.3 summarize lower
symmetry groups we have found. Precise comparison of our
results with the experiments is possible only in a few known
cases. However, in all cases in which transformation to a
tetragonal symmetry group is observed, it is either found
that the phase transition is first order, or (where there are
insufficient data) it is found that the phase transition is
"nearly first order'". Therefore our results of Landau theory
would imply either:a) there are possible second order trans-
itions yet to be observed in experiments; or b) for these
order parameters Landau theory is not applicable since large
fluctuations prevent the phase transition frém being second
order. Our renormalization-group calculation favores the

second possibility: we have found no stable fixed points.
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Therefore we conclude that X- and R-point symmetry order
parameters give us an example where second order phase trans-
ition is prevented by the large fluctuations of the order
parameter. This conclusion dos not contradict experiments.
All of the order parameters used in the RG analysis were six-
dimensional, and we found no stable fixed points, It 1is int-
eresting to note that in cases so far analyzed in the liter-
ature,32 where multicomponent order parameter (n24) was
considered, it turned out most of the times that no stable
fixed point existed. Nonexistance of the stable fixed point
was alwais attributed to the first order character of the
phase transition. However, it is not the only possible exp-
lanation. for example a fixed point of order CB, 0<8<1,

would be missed by the €-expansion. Furthermore, until more
experimental data on multicomponent order parameters are
available, we will not be able to evaluate the validity of
our estimate obtained by €-expansion with €=].

These are some of the questions which remain to be

answered.
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