
INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While 
the most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 
submitted.

The following explanation of techniques is provided to help you understand 
markings or patterns which may appear on this reproduction.

1 .The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If  it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to insure you complete continuity.

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It  is customary to begin photoing at the upper 
left hand corner of a large sheet and to continue photoing from left to 
right in equal sections with a small overlap. If  necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete.

4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received.

Xerox University Microfilms
300 North Zeeb Road
Ann Arbor, Michigan 48106



I
76-27,226

SHIMSHAK, Daniel G., 1949- 
A STUDY OF QUEUES IN SERIES.

City University of New York, Ph.D., 1976 
Operations Research

Xerox University Microfilms, Ann Arbor, Michigan 48106

0  COPYRIGHT BY 
DANIEL G. SHIMSHAK 

1976

ii



A STUDY OF QUEUES IN SERIES 
by

DANIEL G. SHIMSHAK

A dissertation submitted to the Graduate 
Faculty in Business in partial fulfillment of 
the requirements for the degree of Doctor of 
Philosophy, The City University of New York.

1976



This manuscript has been read and accepted for the Graduate 
Faculty in Business in satisfaction of the dissertation 
requirement for the degree of Doctor of Philosophy.

•7 /
date Chai:

 / J / ^ J -  __
rtan of Examining Committee

A  ■' date ' Executive Officer

/ /P J

f'aJjJ iA a MK- Q a m a J  lb_______________
Supervisory Committee

The City University of New York

iii



Abstract

A STUDY OF QUEUES IN SERIES 
by

Daniel G. Shimshak 

Adviser: Professor Georghios P. Sphicas

Two aspects are considered in this study of series 
queueing systems. The first deals with determining an 
optimal sequence of service stations in a series system. 
Optimality is defined in terms of the total time spent 
v/aiting for service. Sequences are compared on the basis 
of the moments of their steady state total waiting time.
In addition, the rules for first and second degree stochastic 
dominance are applied which allow comparison of sequences 
on the basis of their waiting time distributions. The 
second aspect under study is the determination of single 
station queueing systems which are isomorphic with the 
series queueing system. Here the distribution functions 
of certain output characteristics are equivalent for both 
systems. Isomorphic queues of the original system allow 
for further study to be made that would otherwise not be 
possible on the complex series system.

Analytic results in the sequencing of service sta­
tions in tandem queues had been limited to stations
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with constant or exponential service times. This study 
extended the investigation to service distributions with 
varying degrees of statistical regularity given by the 
family of Erlang distributions with parameter k. The 
model employed consists of two single channel service sta­
tions with Poisson arrivals to the first station. Only 
a first-in, first-out service discipline is considered and 
both possible ordered arrangements of the service stations 
in the system are feasible.

A series of exploratory simulation experiments, 
programmed in GPSS, is used to isolate the critical factors 
in determining optimality of sequences. These are used in 
the analytical derivation of an indifference equation for 
the mean waiting time between the two feasible sequences 
of the service stations. This gives a range of parameters 
where the mean waiting times in the two sequences are equi­
valent. By using some statistical techniques, this rela­
tionship is extended so that it can predict which sequence 
is optimal on the basis of first or second degree stochas­
tic dominance. Validation is accomplished by simulating 
a number of systems and comparing the waiting time distri­
bution functions for each sequence. The relationship is 
shown to be a good predictor and useful in the study and 
design of systems of servers in series.

The two server model is also used in the study of 
isomorphism. This work attempts to find single server

v



queues whose waiting time distribution function is statis­
tically equivalent to the total waiting time distribution 
function of the series system. Characteristics of the 
series queueing system are gathered through simulation.
Two methods of determining isomorphs are used. One is 
based on fitting the waiting time distribution of the 
series system in order to estimate the parameters of the 
isomorph. The second is a method of fitting moments of 
the total waiting time in the series system. Waiting time 
characteristics of the isomorphs found by both methods 
are compared to the actual series system. Results are 
limited and suggest that the isomorphs may be useful in 
estimating only portions of the waiting time distribution 
function of the series queueing system. However, the 
findings imply a vast potential and usefulness for iso­
morphism in the study of series queueing systems.

Further research in isomorphism will allow the n 
server queueing system to be reduced through the determina­
tion of single server isomorphic queues. Then methods for 
evaluating sequences of stations can be applied to study 
the system. Together, research in sequencing and isomor­
phism will enable the analysis of large systems of queues 
in series.
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CHAPTER I

INTRODUCTION 

The Problem
Queueing theory involves the mathematical study of 

queues or waiting lines. Whenever the demand for service 
exceeds the capacity to provide that service, a waiting 
line forms. Since it is often impossible to predict when 
units will arrive for service and how much time will be 
needed to provide that service, decisions concerning the 
amount of service to provide are often difficult to make.
Too much service involves excessive costs; not enough 
results in long waiting lines which is also costly. The 
objective is to attain a balance between the cost of service 
and the cost of waiting for that service. Queueing theory, 
by gathering data on the behavior of the waiting line, 
provides the vital information required for making this 
decision.

Queueing theory has been a very popular research 
subject for many years. One reason for the amount of inter­
est in waiting line systems has been the awareness of a 
wide range of practical applications. Little of that 
effort has been spent on the area of queueing systems that 
deal with service facilities in series, in which the



departure process from one service station forms the arrival 
process at the next service station. Each customer, on 
arrival goes to the first station. Upon completion of ser­
vice, he enters the second station. This continues until 
completion of service at the last station when he leaves 
the system. Such systems have been referred to as tandem 
queues or queues in series. Because departures from one 
station form arrivals into the next station, the analysis 
of these systems are much more complicated than traditional 
analysis for ordinary service stations.

Queueing problems concern the arrival of units, the 
operation of a service, and the departure of a completed 
unit. The elements of all queueing systems are the same, 
no matter how complex. That is, the specific features needed 
to define a particular system are statistical descriptions 
of the arrival and service processes, the number of servers, 
the size of the allowable queues, the arrangement of ser­
vice facilities, and the service discipline. The possible 
combinations of these features allows for an unlimited 
number of specific systems for study.

Most of the work in the area of series queueing 
systems has consisted of mathematical analysis. However, 
results have been obtained only for problems that have 
severe assumptions associated with them. A relaxation of 
these assumptions results in problems that are not tractable 
through analytical techniques. There is no indication of 
major breakthroughs in the theory using mathematical analysis



3
alone, and significant extensions can only come from the 
use of simulation techniques. In this way, study of more 
than just the most simply structured problems can be made.

This work is not intended to be a contribution to 
the art of simulation. Instead an important and novel 
investigation of complex queueing systems is being conducted 
with the use of simulation techniques. This is the only 
method feasible for solving new and significant problems 
involving tandem queues and expanding the current know­
ledge of theoretical results.

The primary objective of this thesis is the devel­
opment of mathematical techniques which can be used by 
the systems analyst and operations researcher for steady 
state analysis of tandem queueing systems of unlimited 
capacity. The problem is approached through simulation 
and analysis of the behavior of a queueing system consisting 
of two service facilities in series. Two aspects of this 
system will be dealt with. First, the sequence or order 
of these service stations will be studied for the purpose 
of prescribing an optimal order. A particular sequence is 
optimal if the time spent waiting for service is smaller 
than for any other sequence. It is most desirable to 
consider optimality in terms of waiting time. Decisions 
in problems involving queueing systems are usually based 
on the balance between the cost of service and cost of waiting. 
Since service costs are generally the same for any arrange­
ment of the same service stations, waiting time is the



dominant criterion. Even if operating costs are different, 
valid comparisons can be made between sequences of service 
stations.

This study will look at a given arrival process and 
vary the nature of the service process. There are several 
factors which can affect the total waiting time distribution 
in any series queueing system. The intention is to find 
a range of service distribution parameters within which one 
sequence is optimal. Sequences of queueing systems will 
be compared for optimality of the basis of their steady 
state total waiting time moments. In addition, the rules 
of stochastic dominance of Hadar and Russell'*' will be con­
sidered which allow comparison of systems on the basis of 
their waiting time distributions. An application of sto­
chastic dominance rules in evaluating single server queues
on the basis of waiting times can be found in Rolski and

2Stoyan.
Secondly, a means of mathematically determining a 

single station queueing system which is isomorphic with the 
series queueing system will be developed. Here the distri­
bution functions of certain output characteristics are 
equivalent for both systems. Isomorphic queues of the

1Josef Hadar and William R. Russell, "Rules for 
Ordering Uncertain Prospects," American Economic Review 59 
(March 1969):25-34.

2Tomasz Rolski and Dietrich stoyan, "On the Compar­
ison of Waiting Times in GI/G/1 Queues," Operations 
Research 24 (January-February 1976):197-200.



original system will allow for further study to be made
that would otherwise not be possible on the complex system.
This work is based upon previous research presented by 

3 4Ghosal ' on isomorphism in queueing processes.
The findings of this study can prove significant in 

extending the current knowledge in the theory of tandem 
queues as well as having practical application to important 
problems. A systems manager must always be conscious of the 
design and operation of the system. Clearly, determining 
the optimal sequence will allow the designer to rearrange 
service stations to reduce over-all customer delay. The 
potential exists to make better use of existing facilities, 
alter server busy patterns, control the buildup of items 
in intermediate queues, and other advantages. The net 
result is a reduction in time spent waiting and greater 
efficiency throughout the system.

Further research into the behavior of the output in 
the complex system of queues in series can be conducted on 
the isomorphic single station queues. Mathematical analysis 
of series queueing systems has been extremely limited.
To the system manager, it is necessary to study the system 
at hand in order to evaluate proposed changes. If such a 
system is a series of queues, a very convenient manner of

3A. Ghosal, "Some Problems in Applied Cybernetics,"
SCIMA 2 (1973):35-50.

A*A. Ghosal at the International Conference on 
Stochastic Processes, "Isomorphic Queueing Systems," 
University of Maryland, 1975. (Mimeographed.)



study is on a simpler isomorphic system. Isomorphism will 
allow the n server queueing system to be reduced through 
the determination of single server isomorphic queues. Then 
methods for evaluating sequences of stations can be applied. 
The analysis of complex systems now becomes a possibility 
and the use of sequencing and isomorphism in queueing 
processes becomes an important part of the work on large 
systems.

Series queueing systems are rather common in practice.
5R. R. P. Jackson noted some industries in which activity 

takes place in several successive but distinct phases.
An overhaul procedure involves five stages of activity 
including stripping, detailed examination, repair, assembly, 
and testing. Similar situations are found in stores and 
offices where parts of the service are performed at dif­
ferent counters, in telephone networks, cafeteria serving 
lines, urban automobile traffic, and school registration 
processes. Avi-Itzhak and Yadin^ were motivated by the 
inspection system of a vehicle's mechanical condition.
The vehicle undergoes inspection through three stations with 
no intermediate queues. One station checks front wheels 
and the steering system, a second the mechanical condition

5R. R. P. Jackson, Queueing Systems with Phase 
Type Service," Operational Research Quarterly 5 (December 
1954):109—20.

g
B. Avi-Itzhak and M. Yadin, "A Sequence of Two 

Servers with No Intermediate Queue," Management Science 11 
(March 1965):565-71.



of the transmission and light system, and the third station
inspects the braking system. There are many quality control
systems with a sequence of inspection stations of this

7type. Cycling arose in Koenigsberg1s study of conventional 
mechanized coal mining operations and he approached the 
design of these operations using queueing theory.

In the context of production, systems of queues in 
series are models of many production line systems. This

Qidea was first suggested by Richman and Elmaghraby and 
9Koenigsberg. An entire area of research is devoted to the 

topic of assembly line balancing. Here all stations operate 
continuously when the line is running. The movement of 
parts through the line may be "paced" in that the flow of 
parts from station to station is geared to the slowest 
operation station in the line. Although the line may be 
designed for an inventory of parts between stations, this 
inventory is not expected to fluctuate to any large degree. 
This situation often results in an under-utilization of 
servers on the line.

It is possible to study "unpaced" production lines 
in which the operation time at each station is a random

7Ernest Koenigsberg, "Cyclic Queues," Operational 
Research Quarterly 9 (March 1958):22-35.

8Eugene Richman and Salah Elmaghraby,"The Design of 
In-Process Storage Facilities," Journal of Industrial 
Engineering 8 (January-February 1957):7-9.

9Ernest Koenigsberg, "Production Lines and Internal 
Storage— A Review," Management Science 5 (July 1959):410-33.



variable. The most useful approach to this problem is to
treat the line as though it were a system of queues with
service stations in series. The inventory between stations 
would be the length of the queue that forms ahead of each 
station.

Queueing theory is useful in the complete design of 
production lines, including the following decisions:

1) The number of stations to employ in the line,
2) The order in which to place the stations, and
3) The amount of interstation storage capacity to

provide for inventory buildup.
Various aspects of the design problem have been studied by 
Barten, ^ 0 Goode and Saltzman,^ and Freeman.^

Dam reservoirs and inventory systems have often been 
thought of as analogues of queueing problems. In these 
models both the input and release of output are random 
variables. The major probability problem in such storage 
systems is to determine the distribution of the storage 
level. In dams this is the dam level, in inventory it is 
the stock level, and in queueing systems it is the waiting

l0Kenneth Barten, "A Queueing Simulator for Deter­
mining Optimum Inventory Levels in a Sequential Process," 
Journal of Industrial Engineering 13 (July-August 1962):245-52.

^ H e n r y  P. Goode and S. Saltzman, "Estimating Inven­
tory Limits in a Station Grouped Production Line," Journal 
of Industrial Engineering 13 (November-December 1962):484-90.

12Michael C. Freeman, "The Effects of Freakdowns and 
Interstage Storage on Production Line Capacity," Journal of 
Industrial Engineering 15 (July-August 1964):194-200.
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13time or queue size. Ghosal considered two infinite dams 

in series where the release from the first dam goes as 
input into the second dam. Finding the distribution of the 
dam level is quite a lengthy task, and queueing theory 
serves as a means of viewing the problem. Simulation methods 
are suggested for solving the more complicated problems.

Review of the Literature
The earliest research with tandem or series queueing

14systems was performed by R. R. P. Jackson. For a system 
with Poisson arrivals and exponential service time, he found 
that the queue length of the service stations are indepen­
dent random variables in the steady state. He later extended
this work to include service stations composed of a number

15 16of identical servers in parallel. J. R. Jackson showed
that, for this same Poisson-exponential system, the steady
state joint probability distribution of customers waiting
in the system is equal to the product of the probabilities

for each individual Poisson-exponential service station.

13A. Ghosal, Some Aspects of Queueing and Storage 
Systems, Lecture Notes in Operations Research and Mathematical 
Systems, vol. 23 (Heidelberg and New York: Springer-Verlag, 
1970), pp. 72-3.

14R. R. P. Jackson, "Queueing Systems."
15R. R. P. Jackson, "Random Queueing Processes with 

Phase Type Service," Journal of the Royal Statistical Society, 
ser. B, 18 (1956):129-32.

16James R. Jackson, "Networks of Waiting Lines," 
Operations Research 5 (August 1957):518-21.



10
17Nelson went on to derive the joint waiting time distri­

bution for this series of service stations.
Some important results were reported by Burke, Finch,

and Reich dealing with the steady state departure process
18of a Poisson input-exponential service system. Burke

showed that for each service station, the steady state output
process, and therefore the input process to the next station,

19is also Poisson. This proof was supplemented by Finch
who found Burke's Poisson departure to hold only when
infinite queue lengths are allowed between stations. In
addition he proved that successive interdeparture intervals
are independent in the steady state only in the case of
exponential service time and unbounded queue lengths. For
general service distributions, other considerations must
be given to the input of each station in the series. Working

20on the same system, Reich proved that the durations of
time spent by a customer in successive stations are independent

17Rosser T. Nelson, "Waiting-Time Distributions 
for Application to a Series of Service Centers," Operations 
Research 6 (November-December 1958):856-62.

18 Paul J. Burke, "The Output of a Queueing System," 
Operations Research 6 (December 1956):699-704.

19P. D. Finch, "The Output Process of the Queueing 
System M/G/l," Journal of the Royal Statistical Society, 
ser. B, 21 (1959):375-80.

20Edgar Reich, "Waiting Times When Queues Are in 
Tandem," Annals of Mathematical Statistics 28 (September 
1957):768-73.
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21 22in single server tandem queues. Burke ' obtained some

additional results to show that when multiple servers in
parallel are permitted at each service station, some of
the waiting times are dependent.

Reich stated that if waiting times are defined as
only the time spent in queue and not including the service
times, then the question of independence of these quantities

23is an open problem. Burke studied a system with two
exponential service stations in series and a Poisson arrival
pattern, and found, rather remarkably, that the steady
state waiting times in each phase are dependent. These
results hold for all queue disciplines that do not allow
defections or pre-emptions.

Most of the analytical work done with series queueing
systems has been limited to Poisson-exponential networks.

24However, Ghosal found results under approximation for a 
system of one exponential service station and a second 
station with Erlang distribution of parameter 2. The lack 
of theory for any but the simplest classical queueing systems

21Paul J. Burke, "The Input Process of a Stationary 
M/M/s Queueing System" Annals of Mathematical Statistics 39 
(August 1968) :1144-52.

22Paul J. Burke, "The Dependence of Sojourn Times in 
Tandem M/M/s Queues," Operations Research 17 (July-August 
1969):754-55.

23Paul J. Burke, "The Dependence of Delays in Tandem 
Queues," Annals of Mathematical Statistics 35 (June 1964): 
874-75. ’

2a.'A. Ghosal, "Queues in Series," Journal of the Royal 
Statistical Society, ser. B, 24 (1962):359-63.
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suggests a simulation approach toward further study. Some

25work was performed by Nelson who simulated a two server 
network model in order to estimate steady state queue statis­
tics. He considered the exponential, Erlang with parameter 2, 
and constant distributions as arrival and service processes 
and conducted experiments for possible combinations of 
these. Nelson examined both a tandem flow system and job- 
shop type network system.

26A useful contribution was made by Fraker who developed
an approximate formula for the steady state mean waiting
time in a system of single server, infinite capacity queues
with Erlang service. This was developed through observation
and analysis of simulations of tandem queueing systems.

27Rosenshine and Chandra extended this in considering
multiple servers at each stage of the system.

28The results of Finch indicate that departure inter­
vals are statistically dependent random variables for any 
system other than Poisson arrival and exponential service

25Rosser T. Nelson, "A Simulation Study and Analysis 
of a Two Station, Waiting-Line Network Model," (Ph.D. dis­
sertation, UCLA, 1965).

p fZJohn R. Fraker, "Approximate Techniques for the 
Analysis of Tandem Queueing Systems," (Ph.D. dissertation, 
Clemson University, 1971).

27Matthew Rosenshine and M. Jeya Chandra, "Approximate 
Solutions for Some Two-Stage Tandem Queues, Part 1: Indi­
vidual Arrivals at the Second Stage," Operations Research 23 
(November-December 1975) : 1155-66.

pQFinch, "Output of M/G/l."
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times. Since departures from one service station are arri­
vals at the next station, arrival intervals are also 
statistically dependent. The presence of statistical depen­
dence in the service station arrival and departure processes 
will influence the queueing statistics of the individual 
service stations in the system. In addition, this feature 
violates one fundamental assumption of elementary queueing
theory and complicates further analytic work on series

29queueing systems. In his research, Nelson studied the 
effect of statistical dependence on equilibrium properties 
of the system using simulation.

The sequence of service stations in a series of 
queues was first investigated by A v i - I t z h a k . H e  derived 
some characteristics of a queueing system with finite queues 
in series and constant service times. It was proven that 
the time spent in the system, for any specified process of 
arrivals, is independent of the order of the servers and is 
independent of the allowable intermediate queue size. A 
problem called blocking was encountered whenever a server is 
occupied by a customer whose service at that server is 
already completed. This condition occurs when the customer 
cannot move to the next server in the sequence due to the 
presence of the preceding customer still being there. By

29Nelson, "Simulation of Two Stations."
^ B .  Avi-Itzhak, "A Sequence of Service Stations 

with Arbitrary Input and Regular Service Times," Management 
Science 11 (March 1965):553-64.
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changing the order of the servers such that the one with
the longest service time is first in the sequence will

31eliminate the blocking situation. Friedman, in an inde­
pendent investigation, found similar results.

32 33As implied by the works of Reich and J. R. Jackson,
the expected total time in a system with exponential servers
is independent of the order of the stations. Avi-Itzhak 

34and Yadin studied the effect of intermediate queues
between service stations in this system and found that by
introducing these queues, not only will blocking be reduced,
but in fact the time spent in the system will reduce.

Much of the previous work on the sequence of servers
drops out as special cases of the results found by Tembe 

35and Wolff. Their main concern was to compare the total 
time in the system for customers under different orderings. 
Tembe and Wolff ordered two service stations to form two 
different queueing systems. They found a reduction in the 
time in the system by having the longer service time station 
perform first. If the shorter service is a constant, then

31Henry D. Friedman, "Reduction Methods for Tandem 
Queueing Systems," Operations Research 13 (January-February 
1965):121-31.

32Reich, "Waiting Times in Tandem."
33James R. Jackson, "Networks of Lines."
34Avi-Itzhak and Yadin, "Sequence of Two Servers."
35Shantanu V. Tembe and Ronald W. Wolff, "The Optimal 

Order of Service in Tandem Queues," Operations Research 22 
(July-August 1974):824-32.
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the time in the two systems are equal and independent of 
order. This is what Friedman found. Another finding 
showed a reduction in time in the system when one station, 
being of constant service time, is placed first. Though 
based upon some limiting assumptions, this significant 
study demonstrated the ability of sequencing queues in 
series to reduce the time spent in the system, a result 
which can prove extremely helpful in the design of systems.

In discussing areas of further research, Tembe and 
Wolff stated that their results were based upon stringent 
assumptions about the service distributions and are not 
dependent on the utilization factor at each station. In 
general this will not be true. Thus the area is still open 
for useful investigation of series queueing problems that 
will provide an insight into the more realistic situations 
that exist in system operations. This thesis intends to 
seek results and methods of analysis for predicting system 
behavior which may enhance the ability to attack the more 
complex systems. Both simulation and analytical techniques 
will be used to present new findings and extend current 
theoretical knowledge in this very important area of study.

The queueing model to be used is described in Chap­
ter II, along with a presentation of the theoretical foun­
dations and a statement of the hypotheses of this study. 
Chapter III discusses some problems in the simulation of

36Friedman, "Reduction Methods for Queues."



stochastic processes, presents the simulation program, and 
outlines the experimental design. Results of the experi­
mental and analytical studies in the sequence of servers 
are dealt with in Chapter IV, and the work on isomorphic 
systems in Chapter V, including a review of previous research. 
The conclusions of this study are given in Chapter VI.



CHAPTER II

MODEL DEVELOPMENT AND THEORETICAL FOUNDATIONS

The Queueing Model
All waiting line systems have a large number of 

features which are unique to the specific system being 
modeled. However, it is most practical if a model is selected 
which includes certain fundamental properties descriptive 
of a broad class of systems. In this way, studying the 
model may produce results of direct application to a wide 
class of problems. The model selected is intended to repre­
sent a blend of both simplicity and detail and use current 
knowledge and research techniques as a foundation to expand 
into new areas.

The following assumptions apply to the model employed 
in this study:

1) Each station operates as a single server queue.
2) Each arrival requires service at all service 

stations in the system.
3) All possible ordered arrangements of service 

stations in the queueing system are feasible.
4) Only a first-in, first-out service discipline is 

considered.

17



18
5) Service and arrival rates are independent of 

the state of the system.
6 ) Service rates are independent of the arrival 

process.
7) Infinite queues are allowable throughout the 

system.
The model deals only with pre-specified series queueing 

systems with each arriving unit having to be serviced at 
each station in order. This study avoids the job-shop 
production system where an arrival from outside the system 
requires its first service at any of the stations with 
certain probabilities, then conditional probabilities des­
cribe the movement of the job through the system, station by 
station. While considering all possible arrangements of 
the service stations, any zoning constraints or precedence 
relationships are ignored. However, the results that follow 
from this study can apply to situations where such restric­
tions do exist. The assumption of infinite queues eliminates 
the problem of blocking at queue i when the waiting line 
at queue i+1 is full. One can study the system under the 
condition of infinite capacity queues in order to determine 
the maximum queue length that develops. Finite queues, 
though of interest, should be reserved for later study.

In working with a series queueing system, there are 
many descriptive features that could be included in the 
model. Some of these include labor and capital restrictions, 
service repair, set-up costs, inventory procedures, and
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cost effectiveness measures for the system. However, these 
characteristics, most useful in evaluating the operation 
of a specific firm, would greatly complicate the model.
The main purpose of this simulation is to investigate the 
sequence of service stations in series, according to a 
particular optimizing criterion, on a model which approxi­
mates the operations of a queueing system. All other fac­
tors regarding labor, set-up costs and quality of performance 
are considered the same for any arrangement of the same 
service stations. Waiting time has been chosen as the 
optimizing criterion. As compared to other system charac­
teristics that are related to measures of effectiveness, 
waiting time and the costs involved in waiting are usually 
the bases for decisions in queueing problems. Clearly 
a reduction in total waiting time can only lead to a reduc­
tion in total costs in the long run. Since it is the 
operation of the system that is of most interest, the scope 
of the experimentation on the queueing model will be limited 
to studies of the system and its waiting time behavior for 
a variety of system parameters.

For practical reasons, in order to limit the dimension 
of the problem to a manageable degree, the model used in this 
study is limited to two stations in series. Each arrival is 
serviced by one station, then the second before leaving the 
system. Two arrangements exist; in sequence A, service 1 
is performed first followed by service 2, and in sequence B, 
service 2 first then service 1. (See Fig. 1.)
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Definitions

The following is a list of symbols used in the analysis 
with their operational meanings. All refer to steady state 
characteristics.
a^(t), ^ ( t )   the probability density functions of

time between arrivals to service station 1 

and to service station 2

A^, A 2 ..............  the mean arrival rate to service station 1

and to service station 2

a^, a £   the mean arrival intervals to service
station 1 and service station 2

2 2rr f cr ............ the variance of the arrival intervals to
al a 2

service station 1 and service station 2

s^(t), S2 (t). The probability density functions of
service times at service station 1 and
at service station 2

'!•' r  2 ......................................... the mean service rate for service station 1

and for service station 2

s^, S2   the mean service time for service station 1

and for service station 2
2 2(j- , Q- ............ the variance of service time for service
S 1 ~ S 2

station 1 and for service station 2
2 2C , C ............ The square of the coefficient of vari-
S 1 2

ation (ratio of the variance to the 
square of the mean service time) for ser­
vice station 1 and for service station 2



the probability density functions for 
times between departures from service 
station 1 and service station 2 

the mean departure intervals from ser­
vice station 1 and from service station 2 

the variance of the departure intervals 
from service station 1 and from service 
station 2

the joint probability of there being 
n^ customers in service station 1 and 
n^ customers in service station 2 , both 
waiting and in service
the mean number of customers waiting and 
in service in service station 1 and in 
service station 2

the mean number of customers waiting 
and in service in both stations under 
sequence A and under sequence B 
the mean number of customers waiting at 
service station 1 and at service station 
the mean number of customers waiting at 
both stations under sequence A and under 
sequence B
the probability density functions for 
the time waiting and in service at 
service station 1 and at service station



the probability density functions for 
the time waiting and in service at both 
stations under sequence A and under 
sequence B
the cumulative distribution functions 
for the time waiting and in service 
at service station 1 and at service 
station 2

the cumulative distribution functions 
for the time waiting and in service at 
both stations under sequence A and 
under sequence B
the mean time waiting and in service at 
service station 1 and at service 
station 2

the mean time waiting and in service 
at both stations under sequence A and 
under sequence B
the variance of time waiting and in 
service at service station 1 and at 
service station 2

the variance of time waiting and in 
service at both stations under sequence A 
and under sequence B 
the probability density functions for 
the time waiting at service station 1 
and at service station 2



the probability density functions for 
the time waiting at both stations under 
sequence A and under sequence B 
the cumulative distribution functions 
for the time waiting at service station 1 

and at service station 2 

the cumulative distribution functions 
for the time waiting in both stations 
under sequence A and under sequence B 
the mean time waiting at service 
station 1 and at service station 2 

the mean time waiting at both stations 
under sequence A and under sequence B 
the variance of the time waiting at 
service station 1 and at service station 2 

the variance of the time waiting at 
both stations under sequence A and 
under sequence B
the square of the coefficient of vari­
ation (ratio of the variance to the 
square of the mean of waiting times) 
for service station 1 and for service 
station 2

the square of the coefficient of vari­
ation (ratio of the variance to the 
square of the mean of waiting times) for 
both stations under sequence A and under 
sequence B
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Pi' P2 the utilization factor for service
station 1 and for service station 2

Pa ' P b

where p =
the utilization factor for both stations
under sequence A and under sequence B 
where p = 1 - probability of no waiting 
in both stations
the ratio of the variance of the service
time to the utilization factor for
service station 1 and for service

2 2 station 2 (crs and q -s /p2>

the number of phases in the Erlang
service distribution for service station 1 

and for service station 2 .
In referring to queueing systems, Kendall's notation 

will be used. A/S1/m 1 _t*./S2/m 2 is a system of two servers 
in series where A denotes the distribution of interarrival 
times, and S2 the distribution of service times at
station 1 and station 2 respectively, and m^ and m 2 the num­
ber of servers at each station. The symbols usually used 
for these distributions include:

M for Markovian or exponentially distributed inter­
arrival or service times,

D for deterministic or constant interarrival or 
service times,

G for general distribution of interarrival or ser­
vice times,
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GI for general independent distribution of inter­

arrival or service times,
N for normal distribution of interarrival or service 

times,
H for hyperexponential distribution of interarrival 

or service times, and 
Ê . for Erlangian distribution with parameter k of 

interarrival or service times.

In the search for an optimal sequence of servers, 
several comparison measures were used. The primary measures 
were the first and second moments of the waiting time.
This allowed direct comparison of sequences on the basis 
of the most commonly recognized performance standards.
The sequence with the smaller mean and variance of waiting 
time was considered to be optimal. In addition, sequences 
were evaluated in terms of their waiting time distributions. 
In comparing sequences A and B of service stations in series,CO , 06
w < w  if and only if flT-W (tjldt^f [l-W (tjl dt. qA~  <3B qA -I Jo*- <5b -*
However, the relationship between distributions took on two
forms that could be described according to the rules of
stochastic dominance, defined as follows:

(1) Sequence A dominates sequence B by first degree
(1)

stochastic dominance (A <  B) if W (t)>W (t) for all t.
qA qB

Here the distribution for waiting times in sequence A lies 
entirely above the distribution for waiting times in 
sequence B.
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(2) Sequence A dominates sequence B by second degree

( 2 ) I**!— —|
stochastic dominance (A ̂  B) if J Iw (x)-W (x)| dx 2^0 for

-«r-qA qB
all t. This is a situation in which the distributions
intersect and W (t)>W (t) for some values of t and

qA qB
W ( t ) < W  (t) for other values of t. However, the area
qA qB

under the distribution in sequence A is equal to or larger 
than that under the distribution in sequence B.

The dominance rules add depth into the comparison 
and evaluation of sequences of servers in series. A third 
degree stochastic dominance rule exists but has no appli­
cation in this analysis of queueing systems. A derivation 
of the third degree rule was given by Whitmore.^

Theoretical Foundation 
Analytic results in the study of tandem queueing 

systems have been quite limited. The major constraint on 
this work has been the need to assume certain well-known 
distribution forms of the arrival and service patterns. For 
an infinite input with Poisson distribution and rate X to 
the first of two stations in series, with exponential ser­
vice times having rates and respectively, R. R. P.

2Jackson found the steady state solution for the number of

■̂ G. A. Whitmore, "Third-Degree Stochastic Dominance, " 
American Economic Review 60 (June 1970):457-59.

2R. R. P. Jackson, "Queueing Systems with Phase Type 
Service," Operational Research Quarterly 5 (December 1954): 
109-20.
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customers in the system to be

nl n?P(n;L,n2) = (px) x (p2) P (0, o)
where P(0,0) = (1-p^)(l-p2).

The mean number in the system is

"  _ _£l_ _f 2_«s = i.ei i- e2

which is simply the sum of the mean number of customers at 
each individual station. Jackson noted that although the 
number in any station would seem to be dependent upon the 
output from the previous station, each station behaves inde­
pendently in the steady state. This was later proven true 
only for the case of Poisson input and exponential service 
in the stations.

These ideas were extended to i service stations in 
series with queues developing before each station and un- 
limited Poisson input to the first station. The j station
consists of r^ parallel channels all with exponential ser-

3vice rates jn.. R. R. P. Jackson again found the steady 
state solution for the number of customers and total time 
spent in the system.

This same system was used by Nelson‘S in determining 
the cumulative distribution function of waiting times at 
each service station. This is applicable to any problem

3R. R. P. Jackson, "Random Queueing Processes with 
Phase Type Service, " Journal of the Royal Statistical 
Society, ser. B, 18 (1956):129-32.

4Rosser T. Nelson, "Waiting-Time Distributions for 
Application to a Series of Service Centers," Operations 
Research 6 (November-December 1958):856-62.
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for which the waiting times at individual stations are inde­
pendent with distributions of the form

W (t) = l-K.exp(C.t)

for the probability of waiting less than time t at the j 
station, which consists of r . identical servers in parallel, 
The constants are

C. = - r ^ j d - p , )
and

fcl"lKj = probability of a customer waiting at j station.
The cumulative distribution function of the total 

waiting time at all i service stations is

W (t) = l-T-!-f A..exp(C.t)q ^ j=i ji * j

_ v=i 1—KkCj
where A ji = K j n k= 1- c p c ^

for j = l,2 ,...,i and k / j
and where C, ^ C . for any k ^ j .K J
DeBaum and Katz^ presented an approximation of the sum of 
the exponentials in the distribution of the waiting times 
that is readily computable and considerably useful.

Extending the theory beyond the assumptions of expo­
nential interarrival and service distributions was a for- 
midable task. Fraker was able to develop an approximate

R. M. DeBaum and S. Katz, "An Approximation to Dis­
tributions of Summed Waiting Times," Operations Research 7 
(November-December 1959):8il-13.

^John R. Fraker, "Approximate Techniques for the 
Analysis of Tandem Queueing Systems," (Ph.D dissertation, 
Clemson University, 1971).
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formula for the mean waiting time in a system of queues in 
series. He found an approximation for the variance of the 
departure intervals to be

&  1/nA2 + (n-D/n /*2 + (1-p) (n-l)/mn/j.2 - (m-l)/mjm?
+0 . 5 (1-p) (m-1) (n-l)/m2 n/x2 (2.1)
+ 2 (!-£>) (m-1 ) (n-D/mn2/*?

where

and

—2n = (coefficient of variation of interarrival times)

_2m = (coefficient of variation of service times)
With this approximation and the relation

wq = + 2°f ~ °d^/2 (1 "P)
7developed by Marshall, Fraker developed a technique for

analyzing tandem queueing systems.
Consider the system M/E, /I -►  ./E, /l. In the first

1 2
service station, n^=l, m^=k^, therefore

%  = = [ I - t V l J p / Z J / A

so that

‘1
as known from theory. Since the output from station 1 is

2 2the input for station 2, rr = . Also under steady
2 dl

state conditions, = A 2» therefore

n 2 = = (i/A 2 ) 2/o |1= [ i -

7K. T. Marshall, "Some Inequalities in Queueing," 
Operations Research 16 (May-June 1968):651-65.
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2 2 2 Since m 2=k2, =l/^2/i2/ and can ^ound usin9 formula

(2 .1 ), the mean waiting time in station 2 is

wq2 = |̂ 2//2 ^ “(ki-l)piAj/Ai + 2A 2>̂2 “ 1//n2̂ 2
- (n2-l)/n2A»2 ~ n̂2“1 /̂/k2n2̂ 2 + k̂2‘_1 ̂'/k2̂ 2
-0 .5 (l-^>2) (k2 -l) ( n ^ D A ^ n ^ 2

- 2 (l-p2)(k 2" 1 )(n2“ 1 )/k2n 2^ 2j*

When A=A^=A2 under steady state, the first and third terms 
in the expression cancel to give

j = 1̂_P2ll [2//̂k2̂2 “ ̂n2“1̂//n2̂2 “ <‘1"P2') ̂n2_1̂//k2n2̂<2w
q 2

+ (k2-l)/k2̂ 2 - 0.5 (l-f2) (k2-l) (n2-l)A2n2>t2 2̂*3^
-2 (l-f2) (k2-l) (n2- l ) A 2n 2̂ 2].

Total waiting time in this system of two servers is w + w
ql q 2

found from equations (2.2) and 2.3). Fraker's work was 
supported by simulations of tandem queueing systems. The 
theory has yet to be advanced beyond first moment approx­
imations.

In the investigation of the sequence of servers in 
series, analytic results through queueing theory were again 
restricted by the severe limitations imposed on the problems. 
Considering a system of i stations in series with an arbi­
trary arrival process, constant service times at each 
station, and an unlimited queue before the first station 
and queues of arbitrary sizes allowed before other stations.
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gAvi-Itzhak proved the following theorems:

(1) The time spent in the system by any customer is 
independent of the order of the servers and of the allow­
able intermediate queue sizes.

(2) Letting s^ = maximum (sj) for j = l,2,...,i
where s^ is the service time of the j server, then the
time spent in the system by any customer is equal
to plus the time that the same customer wouldJ=1 J
have been waiting in the queue of a single server system
(i=l) with constant service time of sm «

Studying the case of two stations in a sequence
with no queue permitted to accumulate between the stations,

gAvi-Itzhak and Yadin found that for Poisson arrivals with
rate A and constant service times s^ and s^ where sm = max­
imum (s^Sg), then the moment generating function of the
steady state time in the system is

(l-pm )zexp(fc1+s2]z) 
t ^  Z+A-Aexp (smz)

and the mean time in the system is
.s‘Ar2

w = s. + s0 +’1 "r °2 T 2(l-p ) *
If the service times at both stations are exponen­

tially distributed with rates jjl̂  and then the moment

8B. Avi-Itzhak, "A Sequence of Service Stations with 
Arbitrary Input and Regular Service Times," Management 
Science 11 (March 1965):553-64.

9 B. Avi-Itzhak and M. Yadin, "A Sequence of Two 
Servers with No Intermediate Queue," Management Science 11 
(March 1965):565-71.
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generating function of the customers time in the system is

t \ ^l+^2~Pl~P2~flP2 . 
Pl+P2+Pl^2 (Mi-z) (M2-z>

-A ^2 (><2 "z ^

In both cases, the time spent in the system is independent 
of the order of the stations.

Tembe and Wolff"*-0 did work on a system of two servers 
in series with the assumptions of unlimited queues, iden­
tically distributed and mutually independent service times, 
and neither arrivals nor service times dependent on the 
order of service. Results were derived for the sequence 
of two stations in terms of the total time in the system. 
They considered s^(t) and S2 ^  where s^ and S 2 were ser­
vice times at the respective stations. If P(s-^2> S2 ) = 1/ 
then the waiting time distribution is stochastically 
smaller when the station with the longer service (station 1 ) 
is first in the order. This is equivalent to first 
degree stochastic dominance. If one station has a con­
stant service time and the other station has a service 
time which is a random variable, the stochastically smaller 
waiting time distribution will occur when the constant 
service station is first in order. This same conclusion 
holds when the first service station is made up of many 
servers in parallel, all with constant service times. All

10Shantanu V. Tembe and Ronald W. Wolff, "The Optimal 
Order of Service in Tandem Queues," Operations Research 22 
(July-August 1974):824-32.
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of these results were found after imposing rather stringent 
assumptions about the service distributions.

Various areas of operations research were considered 
as possible sources for suggesting rules for ordering 
service stations in the tandem queueing problem. A popular 
topic in the current literature deals with job shop sched­
uling. The majority of academic research in shop scheduling 
has centered on the sequencing problem. This is concerned 
with determining the sequence in which a set of jobs is 
to be performed on each of a number of machines in order 
to optimize a particular performance measure. However, 
there are several differences between the sequencing of 
jobs and the ordering of servers in queueing systems.
In jog sequencing, it is the job which is of concern and 
all dispatching rules relate to it. The machine ordering 
is usually described by some precedence relations so that 
the operations on each product are to be performed in a 
specified order. Machines operate independently and machine 
processing times are known and finite. In series queueing 
systems, customers, analogous to jobs in the scheduling 
problem, are served on a first-come, first-serve basis.
It is the service stations, analogous to machines, whose 
ordering is of concern. In these stations, service times 
may not be independent and are represented by probability 
distributions.

Job sequencing and shop scheduling problems have 
been formulated and analyzed using combinatorial analysis,
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heuristics, integer programming, and network analysis 
approaches.^ Systems of servers in series must rely on 
queueing theory and simulation techniques. Because of the 
extensive differences in the nature of the problems, there 
is little application of solution rules developed in job 
sequencing to the problem of tandem queues.

Assembly line balancing involves finding a sequential 
arrangement of work stations. Each station is composed of 
several tasks to be performed on a product. Since the 
assembly line is balanced, the product spends the same 
time at each work station, called the cycle time. Prece­
dence relations and zoning constraints again have an 
important part in determining feasible sequences of tasks 
and solution techniques generally rely on combinatorial 
analysis. Heuristics used for the solution of complex 
problems suggest rules for ordering tasks based on two 
ideas

(1) Order a task on the basis of its performance 
time. Almost all analysis assumes constant performance 
times although recent work is beginning to relax this 
assumption.13

■^S. Ashour, Sequencing Theory, Lecture Notes in 
Economics and Mathematical Systems, vol. 69 (Heidelberg 
and New York: Springer-Verlag, 1972), p.3.

12Fred M. Tonge, "Assembly Line Balancing Using 
Probabilistic Combinations of Heuristics, " Management 
Science 11 (May 1965):727-35.

13Fred N. Silverman, "The Effects of Stochastic Work 
Times on the Assembly Line Balancing Problem," (Ph.D. dis­
sertation, Columbia University, 1974).
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(2) Order a task based on precedence relations and 

the number of tasks that must follow it.
In the queueing model under study, neither constant per­
formance times nor precedence relations are relevant 
assumptions. Thus the concept of line balancing contri­
butes little to the study of series queueing systems.

The first applications of queueing theory to line
14balancing were made by Richman and Elmaghraby and 

15Koenigsberg. They considered work cycle times as random 
variables with an exponential distribution. In addition, 
raw material enters the production line at a rate which 
has a Poisson distribution. With these assumptions they 
were able to study the production line on the basis of 
known results in tandem queueing theory.

The use of queueing theory in the study of produc­
tion lines led to new developments. New designs suggested 
an operator's performance time be represented by a proba- 
bility distribution and not a constant. With queues of 
parts allowed to build up, an operator could balance his 
long performance cycles with his shorter cycles and the 
result would be a more efficient use of the worker. This 
was referred to as an unpaced assembly line.

14Eugene Richman and Salah Elmaghraby, "The Design 
of In-Process Storage Facilities," Journal of Industrial 
Engineering 8 (January-February 1957):7-9.

"^Ernest Koenigsberg, "Production Lines and Inter­
nal Storage— A Review," Management Science 5 (July 1959): 
410-33.
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As compared with the series queueing problem, the de­

sign of unpaced lines has a different objective. For the pro­

duction lines, the problem has been reduced to determining 
the optimum inventory levels where operator service times
are random variables. The order of production stations

16 IVhas been treated as a fixed variable. ' Thus, whereas 
queueing theory can offer guidelines for handling storage 
problems in unpaced production lines, solutions to the 
production line problem offer little help in determining 
the optimal sequence of service stations in series.

Hypotheses
There are many voids that remain in the theory of 

queues in series that have significant and practical impor­
tance. A natural extension of the literature is to consider 
many types of stochastic service processes and determine 
rules for ordering the service stations to result in opti­
mal performance standards. A review of current findings 
in the sequencing of servers shows limited results; these 
refer to exponential and constant service processes. However, 
they do suggest the following factors to be studied;

(1) The effect of the variance of the service dis­
tributions on the sequence of station in series. This was

16Kenneth Barten, "A Queueing Simulator for Deter­
mining Optimum Inventory Levels in a Sequential Process," 
Journal of Industrial Engineering 13 (July-August 1962):245-52.

17Henry P. Goode and S. Saltzman, "Estimating Inven­
tory Limits in a Station Grouped Production Line," Journal 
of Industrial Engineering 13 (November-December.1962):484-90.
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implied by observing the results of positioning the constant 
service stations in the order of servers.

(2) The effect of service station utilization rates 
on the sequence of stations in series. Results of ordering 
on the basis of service times had suggested this factor for 
study.

(3) Some relationship between the variance and 
utilization rates of the servers.

(4) The effect of the coefficient of variation of 
the service distribution on the sequence of stations in 
series. The indifference relationship between stations of 
exponential service brought out this factor. However, 
experimentation not reported here as well as analytical 
studies had shown this not to be a major factor in the 
analysis of the sequencing of servers.

After a thorough investigation of the current liter­
ature dealing with queues in series, the following hypo­
theses are proposed:

(1) For a range of system parameters a sequence can 
be found which is optimal on the basis of total waiting 
time moments and stochastic dominance rules.

(2) A single station queueing system can be found 
which is isomorphic with the series queueing system with 
respect to waiting time.

The first hypotheses is tested in Chapter IV where 
results of the analysis of the sequencing problem are 
presented. In Chapter V, concerning the study of isomorphic
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systems, the second hypothesis is examined. Conclusions 
based upon these investigations can be found in Chapter VI.

The research in ordering service stations goes beyond 
the current literature to extend the realm of known results. 
Also, the study of isomorphic queueing systems opens up 
an area which has not been greatly researched. Its sig­
nificance can be quite meaningful. This thesis, in dealing 
with these problems, will result in contributions to the 
theoretical framework of the study of series queueing systems.



CHAPTER III

SIMULATION TECHNIQUES, PROGRAM,
AND EXPERIMENTAL DESIGN

Problems in the Simulation of Stochastic Systems
Digital simulation is a powerful tool for analyzing 

complex systems. However, there are many problems that 
deserve serious attention. The performance of a system is 
measured by one or more characteristics of system state 
variables. Generally this characteristic is a frequency 
distribution or a mean value. In queueing situations there 
are a number of simulation methods which are available for 
determining such variables as the number of customers in 
the queue and their waiting time.

Gafarian and Ancker1 introduced two dichotomies in 
constructing a digital simulation model.

(1) Event-sequencing and time-slicing programming.
In event-sequencing, the simulation program moves from 
one event to the next while recording the state of the 
system at all times and the time between events. All system 
changes are recorded. Time-slicing simulation will record

^A. V. Gafarian and C. J. Ancker, Jr., "Mean Value 
Estimation from Digital Computer Simulation," Operations 
Research 14 (January-February 1966):26.

40
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the state of the system at regular, fixed intervals of 
time. However, some information may be lost within any 
interval of time. As a result, event-sequencing is preferred 
and outweighs the savings in computer-time costs using the 
time-slicing method. GPSS (General Program Simulation 
System) is an event-sequencing simulation language chosen 
to be used in this research.

(2) Terminating and nonterminating systems. Ter­
minating processes are ones in which the simulation ends 
if a specified event occurs, such as an equipment failure 
model. In a nonterminating system, no special event stops 
the simulation run. The system can be stopped and started 
arbitrarily but not as a result of a critical occurrence.
The problem of series queueing systems meets the conditions 
of a nonterminating process.

In this research the estimation of the steady state 
characteristics are of importance rather than transient 
results. It is necessary to determine the appropriate simu­
lation procedure for this analysis. Three methods have been 
cited most frequently in the literature for estimating the 
steady state response in nonterminating systems. These 
are (1 ) independent blocks or tours, (2 ) replicated runs, 
and (3) continued runs.

(1) Independent blocks was first suggested by Cox 
2and Smith in a discussion of the concept of tours and

2D. R. Cox and Walter L„ Smith, Queues (London:
Methuen & Co., 1961), pp. 127-36.
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3developed by Kabak. The state of the system is defined 

as the number of customers in the system either being 
served or waiting to be served. When an event, either an 
arrival or a departure, causes the system to be in state i, 
a tour is begun. A departure from state i and a subse­
quent return, caused by the same event that began the tour,

4completes it. The procedure defined by Crane and Iglehart 
suggests that the simulation start in the empty state and 
a tour is completed when the system returns to its empty 
state. All observations, transient and steady state ones, 
are averaged within a tour. The blocks of observations 
created in this fashion are independent and identically 
distributed. No observations are wasted since all are 
recorded. The key requirement for obtaining these inde­
pendent and identically distributed blocks is that the 
system being simulated returns to an empty state infinitely 
often and that the mean time between such returns is finite.

(2) Replicated runs is a classical method employed 
in simulation problems. The technique involves replicating 
the entire process by making a series of runs that are 
completely separate and independent, usually by using a 

new random number generator seed for each run. The analysis

3Irwin W. Kabak, "Stopping Rules for Queueing Simu­
lations, " Operations Research 16 (March-April 1968):431-37.

4Michael A. Crane and Donald L. Iglehart, "Simulating 
Stable Stochastic Systems, I: General Multiserver Queues," 
Journal of the Association of Computing Machinery 21
(January 1974):103-13.
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of replicated runs is very simple since they are independent 
random variables. Each run, however, involves the same 
problems of starting conditions and steady state. It takes 
some time for the simulation to overcome the artificiality 
introduced by the abrupt beginning of operation of the 
system. The initial period or transient state is a period 
of time when the performance of the simulated system is 
distorted. Since this research studies only steady state, 
the solution is to exclude information from consideration 
from an initial stabilization period and run the system 
through steady state. Unfortunately transient state obser­
vations are thrown away for each replication resulting in 
a wast of computer time.

(3) Continued runs has been discussed by Conway,
5 6Johnson, and Maxwell and Conway. A long, continued run 

can be divided into n subruns with the transient observa­
tions excluded for the first subrun. Then the conditions 
that exist at the end of this subrun may provide information 
for reasonable starting conditions of the second subrun in 
order to accelerate steady state. The stabilization period 
for the second subrun should be shorter than for the first 
subrun and so on for the subsequent subruns. For each 
subrun, information from the previous subrun is used to

5R. W. Conway, B. M. Johnson, and W. L. Maxwell,
"Some Problems of Digital Systems Simulation," Management 
Science 6 (October 1959):109.

g
Ro W. Conway, "Some Tactical Problems in Digital 

Simulation," Management Science 10 (October 1963):55-57.
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specify a pre-load starting condition which will expedite 
steady state. This method is just a continuation of the 
initial run with intervals during which no measurements 
are obtained.

A problem of dependence among observations exists 
with this method. However, serial correlation between 
observations decreases as the distance between observations 
increases. Thus, only the first few observations of a 
subrun will be correlated with the last few observations of 
the previous subrun and output of each subrun show only 
small correlations. If the subruns are long enough, the 
correlations among subrun output can be neglected and the 
result is independent random variables from each subrun.

The choice of simulation technique for this research 
paper was guided by the comparison and application of the 
three methods in the current literature. In addition, 
consideration was given to the fact that the main purpose 
of this thesis is to study the behavior of series queueing 
systems and not to solve problems in the simulation of 
stochastic processes. Each method has its own advantages 
that must be weighed in light of the problem to be studied 
and the availability and cost of computer time.

Some of the recent literature dealing with the 
simulation of stochastic processes have praised the advan­
tages of using independent blocks. Fine applications of 
this procedure to queueing simulations have been made by
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7 8Fishman and Law . In order to estimate the expected value 

of the total waiting time in the system for a customer, 
data must be gathered for each block. This data includes 
the total waiting time and the number of customers during 
each block. A point estimate of the total waiting time 
would be obtained by taking the ratio of the average waiting 
time per block to the average number of customers per block. 
This ratio estimate has a bias of order 1/n where n is the 
number of independent blocks. The standard error of the 
estimate is of order 1/VrT, and likewise the ratio of the 
bias to the standard error is also of order 1/Vn. This 
bias becomes negligible as n becomes large and, in practice, 
is usually found to be unimportant even in samples of

9moderate size. Statistical formulas necessary to calcu­
late a confidence interval around this estimate are given 
in Hillier and Lieberman.^0

Serious thought was given to adopting independent 
blocks as the simulation procedure for this analysis. One

7George S. Fishman, "Statistical Analysis for 
Queueing Simulations," Management Science 20 (November
1973):363-69.

8Averill M. Law, "Efficient Estimators for Simulated 
Queueing Systems," Management Science 22 (September 1975): 
30-41.

9William G. Cochran, Sampling Technigues, 2d ed.
(New York:John Wiley & Sons, 1963), p. 160.

"^Frederick S. Hillier and Gerald J. Lieberman, 
Operations Research, 2d ed. (San Francisco: Holden-Day,
1974), pp. 645-46.
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problem considered was that of sample size. For the case 
of service stations in series, the probability that all 
servers are idle at the same time and the system is in an 
empty state, is small. The simulation would have to run 
considerably longer to collect data on n tours in the series 
queueing system than in the single server system for the 
same level of activity. Some pilot runs at various utili­
zation rates showed that this was not a serious problem with 
two servers in series.

The most decisive factor was the particular information 
that had to be generated by simulation. Independent blocks 
are useful in estimating the first moment of some random 
variable of interest. However, the problem being studied 
calls for the variance as well as a probability distribution 
of the waiting times, information which can not easily be 
found by use of independent blocks. In addition, Crane 
and Iglehart"^ found no significant differences to exist 
between performance estimates using the methods of inde­
pendent blocks and replicated runs. All these considerations 
led to a choice against the use of the independent blocks 
technique.

A number of authors have made a comparison between 
the techniques of continued runs and replicated runs and
all agree that replication of runs is more efficient.

12Gafarian and Ancker concluded that it is better to replicate

"^Crane and Iglehart, "Stochastic Systems," pp.111-13.
12Gagarian and Ancker, "Mean Value Estimation," 

pp. 33-34.
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than to extend the observation interval in the form of a
continued run if individual observations have a positive
serial correlation, a mild assumption which is common in

13many simulations. Mihram claimed that the recommended
procedures for determining the stabilization periods between
subruns are somewhat heuristic in a continued run, and
recommended the use of independent replicated runs.

14Kleijnen summarizes the arguments in favor of replication 
of runs.

Considering the arguments for and against each 
method, and keeping in mind the particular problem to be 
investigated in this research, it was decided to use the 
replication of runs technique for generating simulation 
output. It then became necessary to deal with the problem 
of transient behavior in the system. Since only steady 
state results are of interest, the transient bias must be 
eliminated. Co n wa y ^  recognized the solution to the prob­
lem as simply (a) to exclude data from some initial period 
from consideration, and (b) to choose starting conditions 
that make the necessary excluded interval as short as 
possible.

13G. A. Mihram, Simulation; Statistical Foundations 
and Methodology (New York; Academic Press, 1972), pp. 448-49.

14Jack P. C. Kleijnen, Statistical Techniques in 
Simulation, part 1 (New York: Marcel Dekker, 1974), 
pp. 85-87.

15Conway, "Tactical Problems," pp. 48-51



48
There are no statistical techniques known for deter-

16mining when the transient state ends. Conway suggested 
making a few pilot runs with periodic reporting over short 
intervals and plotting the performance of these runs against 
the number of customers processed through the system.
This gives a rough idea of what might be a reasonable 
exclusion. Next, leave out the initial observations as 
long as they continue to increase or decrease. This decision 
of a stabilization period is then applicable to each of the 
independent runs.

Since transient observations are excluded, the 
computer time needed to reach steady state is wasted. The 
selection of adequate starting conditions can minimize 
this wasted time. The choices of initial conditions avail­
able for selection include (1 ) the system in its empty 
state, or (2 ) the system in a non-empty state determined by 
some a priori knowledge of the system. Whereas the empty 
starting condition is simplest to work with, it usually 
prolongs reaching steady state. Selecting the initial state 
on the basis of prior knowledge has an advantage in terms 
of saving computer time. However, if an unlikely state 
were chosen to start the simulation, it could bias the 
resulting output.

The search for good starting conditions is a prac­
tical question. There are certain circumstances in which

■^Ibid., p. 49.
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it would be difficult to determine reasonable starting
conditions and the investigator was willing to consume the
additional computer time to avoid this task. The main
factors to consider are the extent of a priori knowledge
of the system and the availability of computer time.

17Hillier and Lieberman advised using the same starting 
conditions for all simulation runs once initial conditions 
are chosen. This is especially true when comparing alter­
native systems in order to avoid biasing the comparisons.

Pilot runs were made on several series queueing 
systems with various utilization rates at each service 
station. Due to the lack of prior knowledge, it was decided 
to start the system in the empty state for all experiments. 
While a comprehensive study of transient behavior under 
different starting conditions would certainly be interesting, 
it should be reserved for later work. In order to analyze 
the transient and steady state conditions, the behavior of 
the system was recorded at various intervals up to a total 
of 30,000 customers. Both the average waiting time and 
the standard deviation about this estimate were plotted
against the number of customers. The suggestions of

18 19Conway and Kleijnen were followed in determining a

17Frederick S. Hillier and Gerald J. Lieberman, 
Introduction to Operations Research (San Francisco: Holden- 
Day, 1967), pp. 462-63.

18Conway, "Tactical Problems," p. 49.
19Kleijnen, Statistical Techniques, pp. 70-71.



50
stabilization period. It was found sufficient to limit 
attention to just 25,000 customers. The analysis suggested 
that the first 7,000 customers be excluded from each run, 
and the following 18,000 customers be analyzed.

The next step was to determine the sample size or 
number of replications of each experimental run. Using 
the pilot runs, confidence intervals were constructed about 
the mean waiting time estimates. For any increase in the 
sample size, the standard error about the mean is reduced 
making the confidence interval narrower. As a result of 
this relationship between the standard error of the mean 
and the sample size, the population mean may be estimated 
within any desired degree of precision, given a large enough 
sample size. A decision was made as to the size of the 
deviation about the mean and the number of replications was 
found based on 95% confidence. It should be obvious that 
as the utilization rates are increased at each service 
station in the system, the mean waiting time increases 
along with the standard error of the mean. In order to 
maintain the same degree of precision, more replications 
are needed. As a result, based upon pilot runs with differ­
ent utilization rates, required sample sizes vary for each 
experiment. Anywhere from seven to thirteen replications 
were needed depending upon the utilization rates of the 
service stations in the series.

The final step was to validate the computer model. 
Several steps in the validation process are discussed by
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20Meier, Newell, and Pazer. Generally, assurances of 

validity are provided when the simulator can produce results 
that are consistent with the known performance of the real 
system for some alternative versions of the simulated system 
under certain conditions. In this case, statistical tests 
were used to compare sample data generated by the simula­
tion model with known analytic data for certain system 
performance outputs. The system used for study was the 
M/M/1—►•/M/1 with various server utilization rates. Upon 
passing the tests, the simulation program was judged valid 
and ready to be used to conduct further experiments.

The Computer Program 
The simulation program used in this analysis is of 

a more general nature than required for the systems studied 
in this research. It can be useful for a large variety 
of queueing networks. Because of the type of problems to 
be investigated, the choice was to use a special-purpose 
simulation language. These languages are designed to assist 
analysts in the design, programming, and analysis of simu­
lation models. Although language developers often claim 
that their particular language is all-encompassing in appli­
cation, sufficient differences exist so that proper selec­
tion may result in considerable time and cost savings in 
implementing a simulation model.

20Robert C. Meier, William T. Newell, and Harold L. 
Pazer, Simulation in Business and Economics (Englewood Cliffs, 
New Jersey; Prentice-Hall, 1969), pp. 294-96.
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21Kiviat identified ten important features common 

to simulation programming languages. The way they are 
elaborated and implemented makes particular special-purpose 
languages difficult or easy to use, programmer- or analyst- 
oriented, and so on. These features include: modeling a
system's static state, modeling system dynamics, statis­
tical sampling, data collection, analysis and display, 
monitoring and debugging, initialization and language 
usability.

GPSS is the most applicable language for the problem 
under study. GPSS stands for "General Purpose Simulation 
System" and was developed by IBM. Historically, the 
language had its beginnings as early as the late 1950s 
but it has moved through several stages over the years. 
Actually GPSS is both a computer language and a computer 
program. As a language, it has a well-defined vocabulary 
and grammar to describe certain types of system models.
As a computer program, it interprets a model described in 
the GPSS language. The normal procedure is to prepare a 
block diagram of the system to be simulated which is then 
punched on cards. This is then interpreted by the GPSS 
Processor and the system is simulated by the computer, 
allowing experiments to be conducted with the model.

21Philip J. Kiviat, "Simulation Languages," in 
Thomas H. Naylor, ed., Computer Simulation Experiments with 
Models of Economic Systems (New York: John Wiley & Sons, 
1971), pp. 413-36.
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The orientation of GPSS is one of transactions 
moving in time through a system composed essentially of 
facilities, storages, and queues. Simulated time moves 
forward in unequal time increments. Being event oriented, 
the "clock" is moved from one instant of time to the next 
instant where the system changes its state. The program 
can compile and print out certain statistics regarding 
facility utilization, storage utilization, queue contents, 
and the number of transactions flowing through the blocks 
in the system. A great deal of flexibility exists in the 
construction of a model which allows systems of consider­
able complexity to be simulated by the use of basic block 
types.

The computer program used in this research can be 
divided into three parts: input data for the simulator,
the simulator which simulates and analyzes the behavior of 
the system, and the output data which supplies the desired 
statistical information.

All input data is supplied by the experimenter.
These include:

(1) The number of service centers in the series 
queueing system.

(2) The probability density function of time between 
arrivals to the system. In this study the density function 
of the interarrival times was always exponential although 
other forms may have been specified.

(3) The parameters for the density function of the 
time between arrivals. This includes the mean interarrival
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time and any other parameters necessary to be specified for 
a given form of the density function.

(4) The probability density function of the service 
times for each service station. Although an Erlang density 
with parameter k was used throughout this study, the com­
puter program can accommodate many other forms. The density 
function may vary at each service station.

(5) The parameters for the density function of the 
service times. The mean service time at each station must 
be specified along with any other parameters which are 
needed to describe a particular form of the density func­
tion. In this study the service times were represented by 
Erlang density functions. Therefore, the Erlang parameter k, 
where k was an integer greater than or equal to one, was 
required.

(6 ) The number of customers to be processed before 
reaching steady state conditions and the total number of 
customers to be generated. Through some trial runs it was 
decided to eliminate the accumulated system statistics for 
the first 7,000 customers. This data was considered to 
represent the transient behavior of the system. An additional 
18,000 customers were processed for each run through the 
system.

(7) Random number seeds. A random number generator 
is built into GPSS and is used each time a random number
is needed to determine interarrival times or service times.
A total of eight base numbers called seeds are included
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from which uniform random numbers are calculated. A dupli­
cation of each run can be obtained by using the same seeds.

The major part of the computer program is involved 
with the simulation and analysis of the behavior of the 
system by generating and processing customers. This portion 
of the program is expressed in GPSS block format in 
Appendix A. Each run of the computer program simultaneously 
simulates the operation of two sequences of stations that 
are to be compared on the basis of their waiting times.
The results gathered for each individual sequence include 
information on utilization rates, waiting times, size of 
waiting lines, and interarrival and interdeparture times.
A final analysis is made by determining the difference in 
total waiting time for individual customers in the two 
sequences being studied. The reliability of this estimate
is increased by use of a variance reduction technique

22described by Kleijnen.
The general expression for the variance of the

difference between w , the estimated total waiting time in
qA

sequence A, and w , the estimated total waiting time in
qB

sequence B, is

oi , + oi - 2c°v(w ,w ).q(A-B) qA qB qA qB
The variance of the estimated difference is decreased if 

the covariance term can be made positive. By using the

22Kleijnen, Statistical Techniques, pp. 200-206.
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same sequence of random numbers to determine the stochas­
tic interarrival and service times, such a positive covari­
ance is created. This is because both sequences react to 
the stochastic input variables in the same way. Low inter­
arrival times and long service times tend to result in 
longer waiting times irregardless of the order of the 
service stations, the number of stations, the arrival and 
service rates, etc.

The computer program reports an extensive amount 
of useful output regarding the behavior of the systems 
being simulated. Although most of the analysis in this 
study was based upon an evaluation of system waiting times, 
the other information which is generated might prove useful 
in subsequent studies. The following output is obtained 
from the program for each individual system:

(1) The mean utilization rate of each service station.
(2) The mean number of customers waiting in the 

queue before each service station and the maximum contents 
of each queue.

(3) The mean, variance, histogram, and cumulative 
distribution of the waiting time in the system and at each 
service station queue.

(4) The mean, variance, histogram, and cumulative 
distribution of the total time (waiting and in service) 
in the system and in each service station.

(5) The mean, variance, histogram, and cumulative 
distribution of arrival intervals to each service station.
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(6 ) The mean, variance, histogram, and cumulative 

distribution of departure intervals from each service station.
(7) The mean, variance, histogram, and cumulative 

distribution of service times at each station.
In addition the following information comparing the two 
sequences of stations which are simulated simultaneously 
is reported:

(8 ) The mean, variance, histogram, and cumulative 
distribution of the difference in total waiting times for 
individual customers in the two sequences.

The entire computer program can best be expressed 
in the following flow chart to show the step-by-step 
approach used in the simulation of series queueing systems. 
(See Fig. 2.) Each computer run represents the operation 
of two sequences of service stations. These two sequences 
differ only with respect to the order of their stations in 
the series. They are being simulated simultaneously so 
that a comparison can be made as each individual customer 
is being processed.
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Fig. 2. Flow Chart of Computer Program
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Fig. 2— Continued
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Fig. 2— Continued
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Experimental Design 

The inability to use mathematical analysis alone 
as a solution technique in tandem queueing systems, calls 
for experimental results from system simulations. Simula­
tion, as a supplement to mathematical analysis, can be 
useful in obtaining a solid understanding of queueing 
systems to serve as the foundation for general theory of 
system behavior. Results in the form of empirically tested 
hypotheses and tables of data serve as comprehensive and 
experimental theory.

The specific experimental design was decided upon 
with the idea of choosing parameters representing systems 
that are realistic while at the same time selecting diverse 
sets of parameters. In addition, the computing time serves 
as a constraint on the number of experiments that are 
feasible. Because of the large number of parameters, the 
number of levels for any given factor was limited. They 
were not the only combination of possibilities that existed, 
but the results of these experiments served the purpose 
of this paper.

The simulation experiments were conducted with the 
two-service station model discussed in Chapter II. Two 
sequences were considered. In sequence A, all arriving 
units went to service station 1 first and then to service 
station 2. Sequence B had service station 2 preceding 
service station 1. In all experiments the distribution 
of the system's interarrival process was exponential with
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mean interarrival time, 1/A, of 100 time units of the 
simulator. The exponential interarrival distribution, 
widely used in queueing research and quite frequent in 
real life problems, allowed experimental results to be 
compared with known theoretical results. The choice of the 
mean of 1 0 0  time units made determination and control of 
utilization rates an easy task.

Another factor in the design was the choice of the 
form of the service processes at the two stations. Steady 
state properties with regard to order of stations have 
been analytically obtained for the systems in which either 
one or both stations have a constant service time or both 
have exponential service distributions. It was decided 
to use a number of service processes that vary in terms of 
randomness and the Erlangian family of probability distri­
butions with degree k was chosen. The Erlang density 
function

|7k^0*V(k-l) Tj exp (-k^tt) t^~^ (t&0 , k integer^l)
has a mean of and variance of 1/k its mean squared.
The usefulness of this distribution rests in the fact that 
for a constant mean service time the family of Erlangian 
distributions interpolates infinitely many distributions 
between the completely random negative exponential (k=l)
and completely regular constant service time (k=oo).

2 3Ghosal observed that for k greater than 4, the Erlang 

23A. Ghosal at the International Conference on Sto­
chastic Processes, "Isomorphic Queueing Systems," University 
of Maryland, 1975, p. 6 . (Mimeographed.)
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distribution gives results similar to a normal distribu- 

24tion. Morse claimed that the Erlang distributions will 
not fit all possible service time distributions, but they 
will fit many, if not most, of the ones encountered in 
practice.

The following Erlangian distributions were used in 
this study. These were chosen to be representative of 
varying degrees of randomness.

2Parameter k (Coefficient of Variation)
1 1
2 1/2
3 1/3
4 1/4
9 1/9

Each experimental run is identified by a number and 
a letter. The number refers to a particular experiment 
with different stations in a series while the letter dis­
tinguishes the two sequences of the same stations (either 
A or B ) . In all sets of experiments, both possible sequences 
of the same servers were compared in order to determine 
the optimal ordering. The first set of simulation runs 
were designed to test the effect of the variance of the 
service distributions on the order of the queueing stations. 
The utilization rates at each of the two service stations 
were equal and arbitrarily chosen to be 0.75. This value

24Philip M. Morse, Queues, Inventories and Maintenance 
(New York: John Wiley & Sons, 1958), p. 41.
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was neither high nor low but one which was realistic and 
proved to make an interesting queueing problem. As a 
result, the mean service times at the two stations were 
1/j-k-̂ = 1/^2 = time units. A comparison of the steady-
state output of the following experimental runs were made:

2 2crs crsExperiment Sequence A________Sequence B _____ 1__  2
1 M/M/1 -► ./e 2/ i m/ e 2/ i -► ./M/1 5625.0 2812.5
2 m/e 2/i —► 0/ E 3/1 m / e 3/ i -► ./e 2/ i 2812.5 1875.0
3 m / e 3/ i -► •/E4 / 1 m / e 4/ i -► ./E3/I 1875.0 1406.25
4 m /e 4/ i •/E g/l M/Eg/1 -► ./e 4/ i 1406.25 625.0

The second set of experiments was designed to test
the effect of utilization rates on the order of service 
stations. The variance of the service distributions were 
held constant and utilization ratios varied from 0.30 to 
0.90. All possible combinations of different service 
station distributions were considered. The case of exponen­
tial service at both stations, for which analytic results 
are already known, played a part in validating the simula­
tion model. Again the steady state output of the two 
sequences for each experimental system was compared. The 
following experiments were conducted:

:riment Sequence A Sequence B ? 1 Pi

5 M/M/1 -► ./E2/l M/E2/l - ►  ./M/1 0.30 0 . 30V5"
6 M/M/1 -► */E3/l M/E3/l -► ./M/1 0. 30 0 . 30V5"
7 M/M/1 -► ./Eg/1 M/Eg/1 -► ./M/1 0 . 30 0.90
8 m/ e 2/ i -► ./e 3/ i m / e 3/ i - ►  ./e 2/ i 0. 30V^T 0.30/5"
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Experiment Sequence A________Sequence B ft. ft

9 M/E2/l -► ,/Eg/l M/Eg/l - ►  */E2/l 0*30/5“ 0.90
10 M/E3/l - ►  ./Eg/1 M/E9/l - ►  ./E3/l 0.30\^f 0.90

Based upon the initial simulation results and the 
analytical derivations presented in Chapter IV, more exper­
iments were conducted. These were intended to test the 
relationships found for optimal server sequencing through 
an in-depth study of two separate systems of service sta­
tions in series.

One set of experiments dealt with the two station 
series consisting of Erlang service distributions with 
parameters 2 and 3. In addition to the results of experi­
ment 2 on this system, the following simulation runs 
were made:
Experiment Sequence A Sequence B Pi ft

11 m /e 2/ i -► */e 3/ i M/E3/l -► ./E2/l 0.6841 0.75
12 m /e 2/ i -► ./e 3/ i M/E3/l -► */E2/l 0.6370 0.75
13 m/e2/ 1 -b* */e 3/ i M/E3/l -► •/ft/ 1 0.5900 0.75
14 m /e 2/ i -► * /E 3 / 1 M/E3/l -► •/ft/ 1 0 . 2 0 0 0 0.75
15 m / e 2/ i -► */E3/l M/E3/l -► */E2/l 0 . 1 0 0 0 0.75

The final simulations were conducted on a system
in which one service station had an exponential service 
distribution and the second station an Erlang service 
distribution with parameter 2. These experimental runs were: 
Experiment Sequence A Sequence B Pi ft

16
17

M/M/1 -► */E2/l M/E2/l -► ./M/1 0.05 0.10
M/M/1 -► */E2/l M/E2/l -** ./M/1 0.05 0.20
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Experiment Sequence A Sequence B

18 M/M/1 -► ./E2/! M/E2/l -► ./M/1 0.05 0.30
19 M/M/1 -► . / V I M/E2/l -► ./M/1 0 . 1 0 0.15
20 M/M/1 -► . / V I m/ e 2/ i , -► ./M/1 0.15 0 . 1 0

21 M/M/1 -► ./E2/! M/E2/l -► ./M/1 0.15 0.15
22 M/M/1 -► . / V I M/E2/l -► ./M/1 0 . 2 0 0 . 1 0

23 M/M/1 -► . / V I M/E2/l -► ./M/1 0 . 20 0.15
24 M/M/1 -► ./E2/l M/E2/l -► ./M/1 0 . 2 0 0.25

In Table 1, a summary of the service distributions
used in each experimental run is presented. Although the 
choice of parameters limited the results found, exhaustive 
experimentation would have been an impossible task. The 
main consideration in planning the design of these experi­
ments was to find a range of possible queueing systems 
that represent realistic situations. The experimental 
results were used to base hypotheses describing the behavior 
of the model in terms of the specific set of parameters.
This led to continued experimentation geared to refining 
the hypotheses, adding new numerical results, and leading 
to general predictive theory.
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TABLE 1
A SUMMARY OF THE SERVICE DISTRIBUTIONS USED 

IN THE SIMULATION EXPERIMENTS

Experiment
Station 1 Station 2

k k

1 1 75.00 2 75.00
2 2 75.00 3 75.00
3 3 75.00 4 75.00
4 4 75.00 9 75.00
5 1 30.00 2 42.43
6 1 30.00 3 51.96
7 1 30.00 9 90.00
8 2 42.43 3 51.96
9 2 42.43 9 90.00

1 0 3 51.96 9 90.00
11 2 68.41 3 75.00
12 2 63.70 3 75.00
13 2 59.00 3 75.00
14 2 2 0 . 0 0 3 75.00
15 2 1 0 . 0 0 3 75.00
16 1 5. 0 0 2 1 0 . 0 0
17 1 5.00 2 2 0 . 0 0
18 1 5.00 2 30.00
19 1 1 0 . 0 0 2 15.00
20 1 15.00 2 1 0 . 0 0
21 1 15.00 2 15.00
22 1 2 0 . 0 0 2 1 0 . 0 0
23 1 2 0 . 0 0 2 15.00
24 1 2 0 . 0 0 2 25.00

NOTE: For all experiments, the interarrival dis
tribution is exponential with mean 1/\=100. For service 
station i, the utilization rate = {1/u j )/lOO and the var 
iance<J*l1 =l/(kiM?) .



CHAPTER IV

RESULTS IN THE SEQUENCING OF STATIONS IN SERIES

The Effects of Server Utilization Rates and 
Variance of Service Distribution 

on the Sequence of Stations
The observed values of the system waiting time 

statistics for each of the simulated systems Al through 
AlO and B1 through BIO are summarized in Tables 2 and 3. 
The mean and standard deviation of the total waiting times 
are shown for each system. In addition, for sequences A 
and B of the same service stations, the mean difference 
in total waiting time for individual customers in the two 
sequences, w^ ̂  and the standard deviation of the 
differences about the mean, are reported. These
were found by using the mean and variance from each exper­
imental run and averaging over all the replications. For 
each replication, a total of 18,000 customers were pro­
cessed. Working with this data, the mean difference was 
tested to see if it was significantly different than zero. 
The values of "t" which are significant at the .01 level 
are indicated by *.

The two sequences of servers for each experiment 
were compared on the basis of their waiting time distri­
bution functions for a test of stochastic dominance in

69
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TABLE 2

A TEST OF SERVICE DISTRIBUTION VARIANCES 
ON STATION SEQUENCES

Exper­
iment

Se­
quence System wq CTWq Differences

1 A M/M/1-►./E2/l 397.836 368.401 w o\ = 31.523 q(A-B)
B m/e2/i-*-. /M/1 364.438 357.143 <T =371.123 

q (A—B)
t=37.796*

2 A m/e2/i-*./e3/i 285.274 274.873 w /A = 7.345 q(A-B)
B m/e3/i-*>./e2/i 276.877 269.962 CT =242.309 

Wq(A-B)
t=13.488*

3 A m/e3/i-*./e4/i 238.657 239.536 w ,A _,v = 0.579 q(A-B)
B m/e4/i-*./e3/i 237.413 235.901 CT =189.763 

q(A-B)
t=l.358

4 A M/E4/l—*./Eg/l 206.094 211 .199 w /A D = 8.118 q (A-B
B M/Eg/l-^./E4/l 197.742 206.440 CT =148.809 

Wq(A-B)
t=24.339*

^Indicates significance at the 1% level.
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TABLE 3

A TEST OF SERVER UTILIZATION RATES 
ON STATION SEQUENCES

Exper­
iment

Se­
quence Sys tem wq q Differences

5 A
B

M/M/1-*./E2/l
m/e2/i->./m/i

36.023 
33.333

57.460 
53.607

w , = 2.335 q(A-B)
CT = 64.901
Wq(A-B)

t=12.771*
6 A

B
M/M/1-►./E3/l
m/e 3/i-*./m/i

48.840
44.044

70.656
64.894

w /7V = 4.386 q(A-B)
CT = 72.800
V/q(A-B)

t=22.862*
7 A

B
M/M/1-►./Eg/1
m/e9/i-*../m/i

450.308 
444.240

450.206 
453.910

W /a = 5.519 q (A-B)
° w  =275.089 q(A-B)

t=9.705*
8 A

B
m/e2/i-*./e3/i
m/e 3/i-*../e2/i

53.427
51.115

73.764
71.804

wq(A-B) = 2 *0 1 2  
O* = 74.772 
Wq(A-B)

t=lO.2 1 1 *
9 A

B
M/E2/l—►./Eg/l 
M/Eg/l-*./E2/l

450.222 
449.971

472.726
474.471

w = 0.190 q(A-B)
Cr =276.929

q(A-B)
t=0.332

1 0 A
B

M/E 3/l->./Eg/l
M/Eg/l-*./E3/l

458.870
457.541

466.553 
476.900

Wq(A-B) = 0.975
CT =297.746 
Wq(A-B)

t=l.584

*Indicates significance at the 1% level.
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Figures 30 through 39 of Appendix B. In Figures 40 through
49 of Appendix C, the distribution of the difference in
customer waiting times under the two sequences are shown
for each experimental run. This represents customer waiting
time in sequence A minus customer waiting time in sequence B,
referred to as W ,,q(a - b ;

In experiments 1 through 4 the utilization rates of 
each service station were set equal and the variance of 
the service distributions allowed to vary. In each case, 
the larger mean and variance of the waiting time occurs 
under sequence A of the same servers. Except for experi­
ment 3, the difference in mean waiting times is significant 
at the .oi level. On the basis of their waiting time 
distributions, B ^ A  in all cases. These results conclude 
that, with utilization rates held constant, the optimal 
sequence of service stations is the one with the smallest 
variance of the service distribution placed first in the 
order.

In studying the effect of utilization rates on 
sequencing, experiments 5 through 10 present results from 
which conclusions cannot be so obviously drawn. Here the 
variance of the service distribution for each station was 
fixed and the utilization ratios varied from 0.30 to 0.90. 
Systems 5 through 8 display the optimality of sequence B, 
where the station with the larger utilization rate is first 
in the order. Under this sequence the mean waiting time 
is significantly smaller than under sequence A at the
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.01 level and the variance of the waiting times is smaller 
for all but system 7. On comparing the distribution func­
tions of both sequences, B<j^A for each case. In system 7 
the two distribution functions merge together in the area 
of the larger waiting times.

Systems 9 and 10 exhibit situations in which the mean 
waiting time is smaller for sequence B but not significantly. 
In addition, the variance of the waiting times is larger 
for sequence B and the waiting time distributions for the 
two sequences overlap so that no sequence is optimal with 
respect to first degree stochastic dominance. In the 
area of smaller waiting times, sequence B dominates, while 
sequence A dominates in the area of larger waiting times.

The initial experimentation implied the following 
conditions for an optimal sequence: (1 ) the station with
the smaller service distribution variance be first in order, 
and, though not as conclusive (2 ) the station with the 
larger utilization rate be first in order. These findings 
seem to agree with the known results in sequencing. It 
has been proven that if two stations are being ordered 
and one has a constant service time (variance of zero), 
it should be placed first in order to create a sequence 
with the smallest waiting time. Finding (1) appears to be 
an extension of this idea. In addition, two stations of 
finite service times should be ordered by having the longer 
service time station performed first. Again, finding (2) 
serves to extend the knowledge in sequencing of servers.
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Evaluation of each of these factors separately on

several series queueing systems, including the case of two
2exponential servers, showed that variance, qt / and utiliza-s

tion rate, p, did not operate independently but that some 
relationship existed between the two measures that deter­
mined the optimality of sequences of servers. This led 
to the development of mathematical approximations for 
optimality of sequences with respect to total waiting 
time moments and rules of stochastic dominance on the basis 
of the relationship between and p for each service 
station in the queueing series.

Mathematical Approximations 
for Optimal Sequencing

The initial experimentation conducted on sequences of ser­
vice stations in series queueing systems implied two rules
for ordering. (1) When Pi=e2 ' sequence A dominates sequence B

0 0 0 7if cf err . (2) When rr =<T / sequence A dominates sequence '“'Si"v S2 S 1 s 2
B if 1 2 * As always, in sequence A, station 1 is
followed by station 2 and in sequence B station 2 is followed 
by station 1 .

These observations suggested the following hypo­
thesis for consideration:

2Ifot|<e<2 (where o<̂  and 0^  are the ratios CTs/p 
for stations 1 and 2 respectively), then se­
quence A dominates sequence B with respect to 
waiting time. If waitin9 times are
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indifferent to ordering. If ^ en se”
quence B dominates sequence A.

This hypothesis was evaluated in terms of the known results 
for the series queueing systems under study and found to 
be true for some systems but not for all. It became appar­
ent that such a simple relationship does not exist for all 
systems of service stations.

A new hypothesis was formulated that stated:
If of-jCf (<X2 ), then sequence A dominates sequence
B. If or^fCo^), then waiting times are indif­
ferent to ordering. If oi^fCo^)/ then sequence 
B dominates sequence A. In each case, f (o(2 ) 

is some function of G^.
The investigation on the basis of this hypothesis 

was carried out by using the results of Fraker,^ who devel­
oped an approximation for the mean waiting time in tandem 
queueing systems. For an M/E^ /I - ►  ./E^^/l system, the 
total waiting time is given by formulas (2.2) and 2.3) 
in Chapter II. The technique used to study sequencing 
involved mathematically finding the relationship between 
OĈ  and <X2 that results in a mean total waiting time which 
is the same for sequences A and B of the two service sta­
tions. Careful investigation of this relationship led to 
ordering rules on the basis of mean waiting time as well as 
stochastic dominance.

■^John R. Fraker, "Approximate Techniques for the 
Analysis of Tandem Queueing Systems," (Ph.D. dissertation, 
Clemson University, 1971).
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Three categories of situations were considered 

separately in the investigation:
(1) Both stations in the system have service distributions 
which are different from each other and not exponential.
(2) Both service stations have the same service distribution.
(3) One of the service stations has an exponential service 
distribution.

(1) Different service distributions.
It was not possible to study in depth many series 

queueing systems because of the cost of computer experi- 
mentation. The system considered was one in which station 1 
had an Erlang service distribution with parameter 2 and 
station 2 had an Erlang service distribution with para­
meter 3. Some simulation results had already been obtained 
for this system. For a number of other systems, mathemat­
ical derivations were performed that seemed to suggest 
results similar to those found for the system under study.

For sequence A, the system is M / ^ / l  - ►  ./E^/l and 
has mean total waiting time

W = + jA/2(l-f>27] | 2 / 3 ^  . p 2/2/,2

-(l-f>2)pJ/6^2 + 2/3^2 - ,'1-P2>(‘l/Ieiu2 (4'1)

Sequence B is the system M/E^/l -► ./E2/I with mean total 
waiting time

”qB = (2/ 3 )0 y (1 -P2 K ] +  [ V 2  U - f J ]  [l/M l - 2f2/3M2

- (1-fl)f 2/3>Ml + 1/2/*l ” (1-fl )̂ 2/12>“l (4,2)

- [ 2 (1 -P i> e 2 /3/ ‘ i ] G 3- 2P 2 > /3 ) -
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If the expressions are simplified by letting i/A = i.
then 14 A1 “ Pi and 1 ^ 2 = P 2. Using these equalities,
formulas (4.1) and (4.2) are equated and the result is

24(l-£2 ) - 18(1-^) + (7+12^-16^2) (l-fx) (l- ^ 5 = °* (4*3)
This is a third order equation in ei and e 2 which expresses
equal waiting time for both sequences of service stations.
In terms of 0(, this is a representation of the equation
o(^=f (0C2  ̂ which is stated in the hypothesis.

Table 4 shows some values of pi and e2 satisfying
2equation (4.3). By definition <X-=(J1 /pj which is equi-

valent to (p^/k^) X 104 . Values of o(̂  and are also
reported in this table. In Figure 3 the relationship is
graphed in terms of o(̂  and Mathematically analyzing
equation (4.3), it was found that the slope of the curve

2is always positive. Therefore the curve is constantly 
increasing and divides the area of possible values into 
two parts as shown in Figure 3.

The relationship between CK̂  and 0(̂  yields indiffer­
ence between sequences on the basis of mean waiting time.
For a given 0^/ an can he found so that the two sequences 
have the same mean waiting time. Some preliminary tests of 
this relationship showed agreement with the stated hypo­
thesis. That is, for a given value of if the actual
value of of̂  was less than that predicted for indifference, 
placing station 1 first in the sequence would yield the

2In Appendix D this analysis is shown for the general
indifference equation for Erlang service distributions.
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TABLE 4

SOME VALUES FROM THE WAITING TIME INDIFFERENCE 
EQUATION FOR A SYSTEM WITH E2 AND E 3 

SERVICE DISTRIBUTIONS

ft e2 * 1 0( 2

0 0 . 3 7 4 0 1247
0.160 0.450 800 1500
0.255 0.500 1275 1667
O. 341 0.550 1705 1833
0.423 0.600 2115 2000
0. 500 0.649 2500 2163
0.578 0.700 2890 2333
0.652 0.750 3260 2500
0.724 0.800 3620 2667
0.795 0.850 3975 2833
0.864 0.900 4320 3000
0.933 0.950 4665 3167
1.000 1.000 5000 3333
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10 oo

Fig. 3. The Third Order 
Indifference Equation in o(q and « 2  
for a System with E and E^ Service 
Distributions
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smaller waiting time. If was greater than that pre­
dicted, station 1 should be second in the sequence to 
result in the smaller waiting time.

The findings were then extended to the consideration 
of stochastic dominance. The available evidence from 
tests showed that for a given c(2, a value of o(̂  near the 
indifferent value resulted in some overlapping of the 
distribution functions of the two sequences, while a value 
of of̂  much larger or smaller than the indifferent value 
resulted in first degree stochastic dominance. Based upon 
this analysis, it would be logical to set up intervals 
around the indifference curve. It was theoriEed that an 
actual value of for a given value of cf2, within the
interval around the indifference curve, would lead to a 
situation of second degree stochastic dominance between 
sequences. A value of outside this interval would 
result in first degree stochastic dominance.

At this point the difficulty of working with a 
third order equation became apparent. It was decided that 
a straight line approximation of equation (4.3) would 
prove to be beneficial in conducting further investigation. 
Firstly, constructing intervals about the linear indiffer­
ence curve on the basis of statistical analysis is an 
easy task as compared to working with the third order 
equation. Also the linear approximation is useful in 
comparing the indifference relationships for different 
systems of service stations. Finally, for a particular
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system, working with a linear relationship in order to
conduct tests on hypotheses is most practical.

Equation (4.3) was approximated by a straight line
using the least squares method and extended to 0(̂  and
for the data in Table 4. The notation and formulas used

3are from Hays and Winkler. Using the linear regression 
model, Y = a + bX, and letting 0^ be the 's and be 
the Y^'s, the following coefficients were found: 

a = -2666.096 and b = 2.341.
The slope of this line, b, was significantly different than 
zero at the .01 level. Therefore, the equation of the
line was

0^  = -2666.096 + 2.341«2.
This straight line approximation shows a relationship 
between 0^  and that yields an indifference between 
sequences on the basis of the mean waiting time.

A 95% confidence interval for the actual value of 
0(̂  was constructed based upon the data in Table 4. Thus 
confidence bands were drawn about the indifference line.
The hypothesized areas of first and second degree stochas­
tic dominance between sequences are shown in Figure 4.

The theory was tested where the utilization ratio
of the second service station, with Erlang service dis­
tribution of parameter 3, was chosen to be 0.75. Therefore,

3William L. Hays and Robert L. Winkler, Statistics, 
Vol. II (New York: Holt, Rinehart & Winston, 1970), 
pp. 1-48.
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3333.3IS O

Fig. 4. The Linear Relation­
ship between and 0(2 for a System 
with E2 and E 3 Service Distributions
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0<2 = 2500. The following experiments were conducted for 
these values of 0(^:

* 1  = °s /(PiExperiment  1
2 3750.00

11 3420.54
12 3185.20
13 2949.86
14 1000.00
15 500.00

The values of o(̂  for each experiment are shown in 
Figure 4 in relation to the indifference line and confidence 
bands drawn about that line. These suggest the expected 
results of the simulation runs for these systems. The 
actual results of the simulation runs are presented in 
Table 5 where the t values significantly different than 
zero at the .01 level are indicated by *. The comparison 
of the distribution functions for both sequences A and B 
are displayed in Figure 5.

The results indicate that the method developed for 
determining optimal sequencing of stations in a series 
queueing system is valid and useful, even to the extent 
of predicting the relationship between sequences on the 
basis of stochastic dominance of waiting times.

The use of an indifference line is actually an approx­
imation of the third order relationship between and 
« 2 for the series system. In addition, the use of
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TABLE 5
A TEST OF THE RELATIONSHIP BETWEEN AND <*2 

FOR A SYSTEM WITH E 2 AND E 3 
SERVICE DISTRIBUTIONS

Exper­
iment

Se­
quence System wq Owq Differences

2 A
B

m/ e 2/ i -*../e 3/ i
m/ e 3/ i -*./e 2/ i

285.274
276.877

274.873 
269.962

"q(A-B) = 7’345 
CT =242.309 
Wq(A-B)

t=13.488*
11 A

B
m /e 2/ i -»../e 3/ i
m/ e 3/i -^./e 2/ i

238.751
232.087

236.860 
233.301

Wq (A-B) = 5,283 
<T =208.769 
Wq(A-B)

t=5.544*
12 A

B
m/ e 2/ i -*../e 3/ i
m/e 3/ i ->./e 2/ i

206.679
205.833

217.319 
210.655

^q(A-B) = 0,783 
<J* =190.956 
Wq(A-B)

t=l.556
13 A

B
m/e 2/ i -*./e 3/ i
m/ e 3/i -c ./e 2/ i

179.812 
180.670

210.915
194.471

^q(A-B) = -1,051 
CT =188.990 
Wq(A-B)

t=-l.218
14 A

B
m/e 2/ i -*../e 3/ i
m/ e 3/ i -*../e 2/ i

146.458
150.141

175.293 
187.449

"q(A-B) = -4,014 
CT =178.189 
Wq(A-B)

t=-4.935*
15 A

B
m /e 2/ i-*./e 3/ i
M/E3/l-^./E2/l

142.278
148.144

180.404
190.688

Wq(A-B) = -6.235
CT =173.925 
Wq(A-B)

t=-7.854*

^Indicates significance at the 1% level.
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confidence bands, and the form of those bands about the 
indifference line, to represent the separation between 
regions of first and second order stochastic dominance are 
issues that require further investigation. They are cer­
tainly valuable in developing the relationship between 
sequences of servers and for predicting an optimal ordering 
on the basis of total waiting time.

Similar analysis was conducted on a system with 
an Erlang service distribution with parameter 2 in station 1 
and Erlang distribution with parameter 9 in station 2. The 
equation of indifference for the mean total waiting time was 

144(l-£2) - 81(1-^) + (77+72^-128^2) (1“^ )  (1-P2) = °* (4*4)
Using a straight line approximation in terms of <X̂  and
resulted in the indifference relationship

<X = -5765.053 + 9.849<*2*
In Figure 6 this relationship is shown with confidence 
bands constructed to predict the optimal sequence on the 
basis of stochastic dominance.

For the system where station 1 had an Erlang 
service distribution with parameter 3 and station 2 an 
Erlang distribution with parameter 9, the indifference 
equation was found to be

l08(l-£2) - 81(1-^) + (35+96^-128^2) = 0 (4‘5)
and the linear approximation gave

<X1 = -1599.253 + 4.514<*2 .
Figure 7 shows this system and the range of optimality of 
each of the sequences in terms of stochastic dominance.
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In comparing the three systems studied, it was found 

that the slope of the third order indifference curve for 
each system was always positive and the graph of these 
equations took on a similar form. In trying to formulate 
some generalizations for all the systems, the linear approx­
imation for the indifference equation was used. After 
constructing a 95% confidence interval for the true slope 
of each indifference equation, no overlapping among the 
intervals were found to occur. As a result, it seemed that 
no general expression could be developed to represent all 
systems of service stations. Although the method of 
study is the same, each system of service stations in 
series must be analyzed individually to determine the 
optimality of sequences.

(2) The same service distributions at both stations.
The situation in which both stations in the system 

have exponential service distributions is known to be 
indifferent to ordering with respect to mean waiting time, 
no matter what the utilization rates are. However this is 
not true for any other service distributions. Where sta­
tions 1 and 2 both had Erlang distributions with parameter 2, 
the equation for indifference was

2 d - e 2> - 2 < h ?i> + <ei-e2 J d - e p  (1-f2 > = °-
Analysis of this equation yielded the relationship

a straight line with a slope of + 1 .
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No more investigation of this system was conducted 

since the results were obvious. Through simulation exper­
imentation, the areas separating first and second degree 
dominance between the sequences could be determined. The 
relationship between o(̂  and looks similar to that derived 
in the previous section where the system was composed of 
different service distributions. (See Fig. 8 .) This applies 
to all systems where both service stations have the same 
distribution form.

(3) An exponential service distribution at one 
station.

Analysis using the mean total waiting time approxi­
mation formulas (2.2) and (2.3) proved that if one station 
in the sequence had an exponential service distribution, 
it should always be placed second in the system. Considering 
a system with an exponential distribution for service in 
station 1 and an Erlang with parameter 2 in station 2, 
the indifference equation was

= °-

Since the utilization rates were restricted to less than 
one, no situations existed where the two sequences of 
servers had equal mean waiting times. Instead, sequence B, 
with the exponential server last, was always optimal.

This system was analyzed further to search for a 
possible separation between first and second degree sto­
chastic dominance. It was assumed that second degree
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Fig. 8 . The Relationship Between 01̂  and 0C2 
for a System with E 2 and E2 Service Distributions
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dominance in the waiting time distribution would result 
when the difference in mean waiting times between the two 
sequences was small. Simulation experiments were conducted 
to determine a range of 0(̂  and o(2 values that produced small 
differences in mean waiting times. The relationship used 
was

V a - b >  -  *  « rWq(A_B)

where K was arbitrarily chosen as 3. Thus differences in 
mean waiting times that are smaller than three standard 
deviations were expected to result in second degree dominance 
between the waiting time distribution functions of the two 
sequences.

The method of investigation was by computer simula­
tion. Several values of ei and ^ 2 were chosen and the 
system simulated. Clearly, low values of jp1 and e2 produce 
the smallest differences in waiting times between the two 
sequences. Results of the simulation experiments are shown 
in Table 6 . Sequence A represents the ordering 
M/M/1 - ►  ,/E2/l and sequence B is M/E2/l -► ./M/1. Included 
in this table are results of two previous experiments 
performed on this system. Figure 9 shows the areas of 
stochastic dominance for this system. Although based on 
a limited number of experimental results, the idea of 
estimating second degree stochastic dominance on the basis 
of small differences in mean waiting times for the two 
sequences is generally supported by the results found for 
the distribution functions. There is still a considerable
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TABLE 6

DETERMINATION OF THE RELATIONSHIP BETWEEN <*i AND (k2 
FOR A SYSTEM WITH M AND E 2 

SERVICE DISTRIBUTIONS

Exper­
iment Pi e2

1—1 *2 Wq(A-B) °^q(A-B)
t

16 0.05 0 . 1 0 500 500 0.036 5.632 1.71
17 0.05 0 . 2 0 500 1 0 0 0 0 . 206 14.039 3.94
18 0.05 0 . 30 500 1500 0.292 26.625 3.29
19 0 . 1 0 0.15 1 0 0 0 750 0.128 11.839 2.90
20 0.15 0 . 1 0 1500 500 0.147 14.582 2.70
21 0.15 0.15 1500 750 0.190 16.500 3.09
22 0 . 20 0 . 1 0 2 0 0 0 500 0. 380 22.125 4.61
23 0 . 2 0 0.15 2 0 0 0 750 0.262 23.500 3.34
24 0 . 20 0.25 2 0 0 0 1250 0.475 29.687 4.80
5 0 . 30 0. 30\/2 3000 2 1 2 1 2. 335 64.901 12.77
1 0.75 0.75 7500 3750 31.523 371.123 37.80
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amount of research that is needed. However, the ability 
to determine these relationships and predict optimality 
between sequences on the basis of stochastic dominance 
is a valuable tool in the study and design of series 
queueing systems.



CHAPTER V

ISOMORPHIC SYSTEMS

Discussion of Concepts
Isomorphism refers to similarity in form between

two substances with respect to certain sets of properties.
Isomorphism in queueing processes was introduced by 

1 2Ghosal ' while studying cybernetic systems. The basic 
intention of isomorphic research is to develop simpler 
problems for complicated real-life problems which are iso­
morphic with respect to certain properties of interest.
In this way study of the real-life problem, often impossible 
because of its complexity, can be conducted on the simpler, 
isomorphic problem.

Queueing systems have been defined as input-output 
mechanisms. The input elements include the interarrival 
process, service process, queue discipline, number of ser­
vers, size of waiting room, and any other regulating con­
ditions. The output consists of the departure process, 
idle time distribution, waiting time and number in the

^A. Ghosal, Some Aspects of Queueing and Storage 
Systems, Lecture Notes in Operations Research and Mathe­
matical Systems, vol. 2 3 (Heidelberg and New York: Springer- 
Verlag, 1970), pp. 62-66.

2A. Ghosal, "Some Problems in Applied Cybernetics,"
SCIMA 2 (1973):36-40.

95



96

queue. The following definitions apply to two queueing 
systems, Q1 and Q2, with and X 2 the respective input 
elements to each system, and and Y 2 the output elements:

(1) If two systems, with equivalent input charac­
teristics, have equivalent output characteristics, then 
they are strictly isomorphic. This is expressed as

x p x 2 and y p y 2 
where V'n" refers to equivalence with respect to the proba­
bility distribution functions of particular characteristics.

(2) If two systems do not have the same input charac­
teristics but are approximately equivalent with respect to 
at least one output element, then they are isomorphic in 
the restricted sense. This is expressed as

P
YP hp

where "rS1 refers to equivalence with repect to the proba­
bility distribution functions of one or more, but not all, 
or the output elements of Y^ and Y 2«

Statistical tests are necessary to test equivalence 
of output characteristics. If F^(t) and F 2 (t) are the 
probability distribution functions from systems and Q2 
of some output element, then the two systems are restricted 
isomorphs if F^(t) - F2 (t)| is not significantly dif­
ferent from zero for all t. This is a failure to reject 
the hypothesis F^(t) = F 2 (t). Statistical tests can also 
be performed on their frequency distributions to show 
similar conclusions.
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Analytical work has been limited in this recently

3developed area of isomorphism. Ghosal reported finding
M/M/1 restricted isomorphs of Gl/M/1 systems with respect
to waiting time and queue size and M/M/1 restricted isomorphs
of M/G/l systems with respect to idle time. Working with

4a two service station series system, Ghosal was able to
develop a technique for finding an M/M/1 restricted iso-
morph for the waiting time in the second queue and with
more difficulty, introduced the possibility of finding
M/E,/l restricted isomorphs of the same output rC
characteristic.

The purpose of this research is to develop methods 
of determining simpler systems which are isomorphic with 
the actual complex system. In this study single server 
queues are sought as restricted isomorphs of various two— 
server series queueing systems. The particular output 
characteristic of interest was the total waiting time in 
both queues. Most series queueing systems do not have 
known analytical solutions for their waiting time distri­
bution. But if single server queues can be found to 
approximately represent the waiting time, then decision 
making involved with the series queueing system can be

3A. Ghosal at the International Conference on Sto­
chastic Processes, "Isomorphic Queueing Systems," University 
of Maryland, 1975. (Mimeographed.)

4A. Ghosal, ed., "Isomorphic Queueing Systems and 
Related Problems," Working Paper G 1/76, Graduate Center of 
Management, Baruch College, New York, 1976.
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based on study of the simpler, single server isomorph.

This study developed techniques for finding restricted 
isomorphs of the complex systems. Statistical tests were 
used to determine if no significant differences existed 
in the output of the actual system and its isomorph. If 
the test was satisfied, general rules were to be found to 
estimate the parameters of the isomorph in terms of para­
meters and observations of the complex system. The systems 
used for study were those same queueing systems simulated 
in Chapter IV with regard to optimal sequencing of servers. 
The simulation experiments run for the series queueing 
systems are referred to using the same identification 
scheme— Al, A2,..., Bl, B2,.... However, since each system 
was treated individually and order of the servers was 
disregarded, the notation used to describe a queueing 
system is:

^  = the mean arrival rate
= the mean service rate for the first service sta­

tion in the series 
= the mean service rate for the second service sta­

tion in the series 
s(t) = the probability density function of service times

Wg(t) = the probability density function for the total
time waiting in the system 

W (t) = Prob(w^t) = the cumulative distribution functionq q
for the total time waiting in the system 

H (t) = Prob (w >t) = 1 - w (t)q q q
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w = the mean total waiting time in the system

= the variance of the total waiting time in the 
system

crWq = the standard deviation of the total waiting time 
in the system

G^q = the square of the coefficient of variation (ratio 
of the variance to the square of the mean total 
waiting time) for the system 

Q = the utilization factor for the system (equal to 
the probability of a customer not waiting in any 
of the queues)

= the number of phases in the Erlang service dis­
tribution for the first service station 

k£ = the number of phases in the Erlang service dis­
tribution for the second service station 

= the weight assigned to a sum of exponentials in 
a hyperexponential distribution.

In most cases the phrase "isomorph" has been used for 
"restricted isomorph."

Methods of Determining Single Server Isomorphs 
Two methods were employed in finding single sta­

tion isomorphs of the complex series queueing systems. 
These two were: (1) a method of fitting distribution
functions and (2 ) a method of fitting moments.

(1) The method of fitting distribution functions
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5had been suggested by Ghosal. The attempt is to fit the 

total waiting time distribution of the series queueing 
system with an isomorphic M/M/1 system. It is known that 
the waiting time distribution function in an M/M/1 system is 

W (t) = 1 - p e x p (/a-A) tj where p= A ^ < 1 .

If one defines
H (t) = 1 - WQ (t) = pexp£(/A-A)t] 

then In H (t) = In p - ŵ.-A) t
whose graph is a straight line. Plotting the results of 
the simulation experiments of series systems may not give 
In H (t) that adheres to a straight line pattern, but can 
be estimated by a straight line using the least squares 
method of curve fitting.

The straight line approximation represents an M/M/1 
isomorph whose parameters can be found from the intercept 
and slope of the line. The intercept of the line, a, 
gives p  from

a = In p
and the slope, b, gives jx and A from

b = - ijx-X) .
In these studies, the intercept of the line was fixed and 
set equal to the p observed in the series queueing system. 
The result was that both the M/M/1 isomorph and the original 
queueing network had exactly the same utilization rate.
The slope of the line was found by least squares and used 
to determine jx and A of the isomorph.

5A. Ghosal, "Isomorphic Queueing Systems."
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(2) The method of fitting moments attempts to find

an M/G/l isomorph of the series queueing system. In this 
sense it is more flexible than the method of fitting dis­
tribution functions since it is not restricted to finding 
an M/M/1 isomorphic system. The basic idea is to find an 
M/G/l isomorph whose first two moments of the waiting time 
and utilization rate are equivalent to the moments of the 
total waiting time and utilization rate of the complex 
system.

Two general service distributions were considered—  

the Erlang and hyperexponential. The Erlang distribution 
with density function

has a mean 1//X and variance 1/k its mean squared. For 
different values of the parameter k, it represents an 
infinite number of distributions between the completely 
regular constant service time (k=oo) , and completely random 
negative exponential (k=l). The hyperexponential distri-

g
bution, as defined by Morse, has a density function

These distributions are more random than the exponential 
distribution. This becomes an exponential distribution

s (t)

s(t) = iy^Aexp + 2 (1-̂X) yuexp (-2 0-r>>
(t5>0, 0</^k)

with mean 1^  and variance fi+ Q i - 2 7 ) V 2y < i - y r f l

when 'Y=h with variance of When 'Y-̂ Ci the variance

g
Philip M. Morse, Queues, Inventories and Maintenance 

(Nev; York: John Wiley & Sons, 1958), pp. 51-55.
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approaches infinity.

The moments of the waiting time distribution of these
M/G/l systems can be found from the relationship derived 

7by Riordan. He showed that
(l-£») nw^ n _ 1  ̂ s ̂  where n>l

where w is the n moment of the waiting time distri-q ^
bution, and s is the n ^  moment of the service 
distribution.

For the M/Ej,/1 system where the moment generating 
function of the service distribution is

Mt (z) = E(ezt) = jk;u/(kfi-z)J 
the following relationships can be found: 

w^ = £>(k+l)/2k/x(l-£)
O? = p(k+l) (8+4k-5p-^k)/12k2yU2 (1-p) 2 

and C 2 = (8+4k-5p-pk)/3p(k+l) . (5.1)
For the M/H/l system, the moment generating function 

of the service distribution is
Mt (z) = (2y 2/*) / (2>-t> + [ l u - y j ^ / ^ u - y ^ - t ]

and these relationships are derived:

oij = p + 4e(i- e ) / 4 [2y(i-y[] 2a 2 a - e > 2
and C 2 = |j?+4(l-p) (l-2y+2>/2 r|/^. (5.2)

From these relationships a set of formulas had been 
developed by simultaneously solving for the unknown para­
meters of the isomorph. One must obtain the following

7John Riordan, Stochastic Service Systems (New York: 
John Wiley & Sons, 1962), p. 48.
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information from the particular series queueing system:
the mean total waiting time, w , the square of the coef-

2ficient of variation of the waiting time, C , and the
wq

utilization rate, p. If an M/E^/l isomorph is required,
A, /X, and k can be found from these three equations:

A = (5.3)
yU3 - (0.375AC2 +1.625A)M2 + (0.375A2C2 +0.625A2-0.25A/w )m ' wq ' Wg q ̂

+ (0.25A2/wq) = 0  (5.4)
and k = A/ (2^2w -2/iAw -A) . (5.5)d̂ d̂
If an M/H/l isomorph is needed, the following equations 
are used to find A, /U/ and 'Y:

A = (5.6)

M 2 ~ E 3^ q +̂ Cwq )/4^q]M " (A/2wg ) = 0  (5.7)

and y  = h ~\Jh-|A/4/a(/a.-A)w^j . (5.8)
The work involved in applying this method had been

considerably reduced because of the results developed by
8Sphicas and Shimshak. They studied the coefficient of 

variation of the waiting time distribution for various 
M/G/l systems. For the Erlang and hyperexponential service 
distributions, they found non-overlapping bounds on this 
measure. For the M/E^/l system the limits on are

1  +  f  Q l " f )/£ ] ~ c w  - 1  +  2 Q l " f ) / Q  * ( 5 * 9 )

gGeorghios P. Sphicas and Daniel G. Shimshak,
"Waiting Time Variability in Some Simple Queueing Systems," 
Working Paper, Graduate Center of Management, Baruch 
College, New York, 1976.
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For the M/H/l system these limits are
1 + 2 [ ( l - ^ ) ) / ^ c J s l  + 4jjl-p)/g] .9 (5.10)

From the results of each simulated queueing system, it was
2only necessary to find C , and knowing the utilization
wq

rate of the system, it was possible to determine, by 
applying these bounds, whether an M/E^/l or an M/H/l iso­
morph existed with equivalent moments and utilization 
rate. If one did, formulas (5.3) through (5.5) or (5.6) 
through (5.8) were used to find the parameters of the 
i somorph.

Results
A total of 20 of the experimental runs on series 

queueing systems were used in this analysis. These systems 
were simulated and their pertinent characteristics gathered 
and analyzed for possible fit by single server isomorphs.
The discussion of these systems and the steps involved in 
their simulation can be found in Chapter III. The results 
of fitting the series queueing system distribution func­
tion to find an M/M/1 isomorph are presented in Table 7.
Each system and its isomorph is described by its parameters, 
mean waiting time, and standard deviation of the waiting 
time. In Figures 10 through 29, the straight line approx­
imation of In H (t) for each system is shown. Table 8q
summarizes the results of using the method of fitting

9A derivation of these limits can be found in 
Appendix E.



TABLE 7
RESULTS FOUND BY METHOD OF FITTING DISTRIBUTION FUNCTIONS

Experiment Series Queueing System Isomorphic System
Al M/M/1 - ►  ./E2/l 

1/\=100; l/u.^75.0; l/u2=75.0 
w = 397.835q

CT = 368.401Wg

M/M/1
1/^ 49. 29; 1/U.=44.12; £> =0.895 

w = 376.070q
<T = 417.828 
Wq

A2 m/e 2/ i -► ./e 3/ i
l/u.1=75.0; 1^l(2=75.0

w = 285.274 qCT = 274.873
q

M/M/1
1/^ =45.05; l/u.= 39.19; £>=0.870 

w = 262.272qCT = 298.928 wq
A3 m/e3/i -► ./e4/i 

1/^ =100; l/̂u.1=75.0; l/^2=75.0 
w = 238.657qCT = 239.536 wq

M/M/l
l/\ =44. 94; 1^X=38. 38; £>=0.854

wa = 224.497
O" " = 260.064 wq

A4 M/E4/l ►  ./Eg/1 
1/̂  =100; l/u^=75.0; l^u2=75.0 

w = 206.094qCT = 211.199Wq

M/M/l
l/\ =44. 37; l^Lc=37.18; £>=0.838

w = 192.326 q
CT = 226.494
Wq
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TABLE 7— Continued

Experiment Series Queueing System Isomorphic System
A5 M/M/l - ►  ./E2/l

l/X=lOO; 1^u^=30.07 1^U 2 ~ 4 2 *43
w = 36.023 q

cT, = 57.460
q

M/M/l
1/^=73.957 1/U.=36.537 p=0.494

w = 35.664q
rr = 62.269
Wq

A 6 M/M/l -► ./E3/l 
1/\=100; 1 ^ = 3 0 . 0 7  1^*2=51.96 

w = 48.840qCT = 70.656
Wq

M/M/l
1/^=68.82 7 1/Ll=38.27; p =0.556 

w = 47.924qrp = 7 7 . 2 2 2wq

A7 M/M/l - ►  •/Eg/1 
1/^=1007 1 ^ = 3 0 . 0 7  1^U2=90.0 

w = 450.308q
CT = 450.206

Wq

M/M/l
1/^=52.487 l/u.=47. 39; p  =0.903 

w = 441.167qcr = 486.287 wq
A 8 m /e 2/ i -► ./e 3/ i 

1^=1007 1 ^ = 4 2 . 4 3 ?  1^Li2=51.96 
w = 53.427q

CT = 73.764
Wq

M/M/l
l/\=60.487 1/u=35. 697 p  =0 . 590 

w = 51.359q
rr = 79.387 
wq
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TABLE 7— Continued

Experiment Series Queueing System Isomorphic System
A9 M/E2/l -► ./Eg/1 

1 4 =1 0 0 ; 1 ^ = 4 2 . 4 3 ;  1^2=90.0 
w = 450.222q

(y = 472.726 wq

M/M/l
14=52.11; I4t=47.16; p =0.905 

w = 449.261qc~ = 494.156
q

A10 M/E3/l -► ./Eg/1 
14=100; l/̂u.1=51.96; 1/u 2=90.0 

w = 458.870q(T = 466.553 wq

M/M/l
14=52.22; 1 4 <.=4 7 . 31; p  =0 . 906 

w = 455.988qrr = 5 0 1 . 0 4 3  
wq

Bl M/E2/l ./M/1
1 4 =1 0 0 ; l/U-^75.0; 1/u-2=75.0

w = 364.438 qCT = 357.143
Wq

M/M/l
14=50.66; l/u.=44. 89; p =0. 886 

w = 348.882q
CT. = 391.180wq

B2 M/E3/l -► ./E2/l 
1 4  =100; 1/L»q=75.0; 14<.2=75.0 

Wq = 276.877 
CT = 269.962
wq

M/M/l
1 4  =44.84; 1^=38. 92; p =0 . 8 6 8  

w = 255.928q07, = 292.249
q



TABLE 7— Conti nued

Experiment Series Queueing System Isomorphic System
B3 m /e 4/ i - ►  ./e 3/ i

l/^=lOO; 1^U^=75.0; l^Lt2=75.0 
w = 237.413qCT = 235.901W q

M/M/l
1/^=45.087 l/u=38.4l7 £ =0.852 

w = 221.117q
<T = 256.673

q
B4 M/Eg/1 -► ./E4/l 

1/^ =1 0 0 ; l^Li^=75.0; 1^u.2=75.0 
w = 197.742q

(T = 206.440 wq

M/M/l
1/^=44.407 1^=37.03 7 =0.834 

w = 186.042qnr = 219.960 
w q

B5 m /e 2/ i - ►  ./m / i
1/̂  =1 0 0 ; 1,^=42.437 14ll2=30.0

w = 33.333 q
CT " = 53.607
wq

M/M/l
1/^=68.737 l/u=33. 75; =0.491 

w = 32.556qn~ = 57.072Wq
B6 M/E3/l - ►  ./M/1 

1/^=1007 l/u-^51.967 1/lc2=30.0 
w = 44.044q

<T = 64.894
q

M/M/l
1/^=61.777 l/i4.=34. 287 p=0.555 

w = 42.754qCT = 68.989
q



TABLE 7— Continued

Experiment Series Queueing System Isomorphic System
B7 M/Eg/1 -► ./M/1 

1/^=1 OO; lŷ a1=90.0; l^u.2=30.0 
w = 444.240qCT = 453.910
Wq

M/M/l
1^=51.94; 1/Ll=46. 91; £>=0.903 

w = 436.698 
CĴa/ = 481.279
Aq

B8 M/E3/l -► ./e2/i
1^=100; 1/1^=51.96; 1 ^ = 4 2 . 4 3  

w = 51.115qCT = 71.804wq

M/M/l
l/\=58.63; 1/Lc_=34. 36; £> =0.586 

w = 48.635q
CT.. = 75.542Wg

B9 m/e9/i -► ./e2/i
l/\ =100; l^u.1=90.0; 1/i*2=42.43 

w = 449.971q
CT = 474.471 wq

M/M/l
1/^ =53. 36; l/u=48.18; £> =0.903 

w = 448.521qCT = 494.379
q

BIO M/Eg/1 -► ./E3/l 
1/^ =100; 1/Uq=90.0; l/u,2=51.96 

w = 457.541qCT = 476.900
q

M/M/l
1/>=53cOO; l/u.=47.97; £>=0.905 

w = 456.977q
O h  = 502.639Wq
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Fig. 24. Determination of M/M/l Isomorph for Queueing System A8
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Fig. 28. Determination of M/M/l Isomorph for Queueing System A10
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Fig. 29. Determination of M/M/l Isomorph for Queueing System BIO
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TABLE 8
RESULTS FOUND BY METHOD OF FITTING MOMENTS

Experiment Series Queueing System
--------------------------------- ——_ess

Isomorphic System
A5 M/M/l -► ./E2/l 

1/  ̂=100; l/U-^30.0; l/u2=42.43
w = 36.023 arq

1/^=129.89; 1/Ll=64. 16; £> =0.494 
id (T = 57.460

wq
A 6 M/M/l -► ./E3/I 

1/^ =100; l/u.^=30.0; l/u.2=51.96
w = 48.840 arq

H/'E36.7/'1 
1/^=136.58; l/lc=75. 94; £) =0.556

id 0" 70.656
Wq

A 8 m/e2/i - ► ./e3/i 
1^ = 1 0 0 ; 1 ^ = 4 2 . 4 3 ;  1^2=51.96

w = 53.427 arq

M/Eoe/1
1/^=121.98; 1^=72.62; £>=0.590 

id CT = 73.764
Wq

B5 M/E2/l - ►  ./M/1 
1/A =l00; l/u>1=42 0 43; l/u2=30.0

w = 33.333 arq

M/E5 .8 / 1 
l/\ =120.00; 1/Lt=58. 92; £>=0.491 

id Q~ = 53.607Wq

B6 M/E3/I -> ./M/1 
1/^ =1 0 0 ; 1^11.^=51.96; l^u-2=30.0

w = 44.044 aiq

M/E9 .5A
1^=115.12; 1/m.=63. 89; £? =0.555 

rd G~ = 64.894Wq
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TABLE 8— Continued

Experiment Series Queueing System Isomorphic System
B8 M/E3/l -► ./E2/l M/E29.3/1

1/^=100; l/u-^51.96; l/u2=42.43 l/\ =119.19; l/u.=69. 84 ; £>=0.586
w = 51.115 and <T = 71.804q Wq
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moments. With this method, isomorphs were found for only 
some of the series queueing systems after applying the 
findings of Sphicas and Shimshak.

Both methods of fitting queueing systems provide 
some isomorphs that closely represent the actual system. 
Table 9 shows a comparison of the total waiting time dis­
tribution functions of system BIO and its M/M/l isomorph 
found by fitting distribution functions. In Table 10 
the same system and its isomorph are compared on a basis 
of their frequency distributions. In simulating system 
BIO, thirteen replications were required, each generating 
18,000 customer arrivals.

A series queueing system and its M/G/l isomorph 
found by fitting moments are also compared. For system 
A8 and its isomorph, M/Eqo/1/ the total waiting time 
distribution functions are shown in Table 11 and their 
frequency distributions in Table 12.

A comparison of the waiting time distribution func­
tions for each series queueing system and its M/M/l iso­
morph are summarized in Table 13. Here the largest absolute 
vertical deviation between the two distribution functions 
is presented where D=max
distribution function of the series queueing system and

W (t)—W (t) and W (t) is the<3S <31 I

W (t) is the distribution function of the isomorph. In 
qI

Table 14, the measure D is given for each system and its

^°Sphicas and Shimshak, "Waiting Time Variability."
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TABLE 9
COMPARISON OF DISTRIBUTION FUNCTIONS

OF SERIES SYSTEM BIO AND
ITS M/M/l ISOMORPH

t (Time units) W (t) Series System Wq(t) Isomorph

0 .095 .095
1 2 0 .266 .286
240 .427 .437
360 .552 .556
480 . 650 . 650
600 .726 .724
720 .783 .783
840 .827 .829
960 .863 .865

1080 .892 .892
1 2 0 0 .916 .916
1320 .934 .934
1440 .949 .948
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TABLE 10

COMPARISON OF FREQUENCY DISTRIBUTIONS
OF SERIES SYSTEM BlO AND

ITS M/M/l ISOMORPH

Waiting Time 
Class Limits

Series
System
Proba­

bilities
Isomorph
Proba­

bilities
Series
System

Frequencies
Isomorph

Frequencies

0 .095 .095 22,230 22,230
0<ts 1 2 0 .171 .191 40,014 44,694

120<tS 240 .161 .151 37,674 35,334
240<t<J 360 .125 .119 29,250 27,846
360<t^ 480 .098 .094 22,932 21,996
480<t<I 600 .076 .074 17,784 17,316

600<ttS 720 .057 .053 13,338 13, 806
720<t^ 840 .044 .046 10,296 10,764
840<t^ 960 .036 • 036 8 , 424 8,424
960<tSl080 .029 .027 6 , 786 6 , 318

l080<tS1200 .024 .024 5, 616 5, 616
1200<tSl320 .018 .018 4, 212 4, 212
1320<tssl440 .015 .014 3, 410 3, 276
1440<t .051 .052 11,934 12,168



ime

O
15
30
45
60
75
90

105
120
135
150
165
180
195
210

135

TABLE 11
COMPARISON OF DISTRIBUTION FUNCTIONS

OF SERIES SYSTEM A8 AND
ITS M/G/l ISOMORPH

units) Wq(t) Series System Wq(t) Isomorph

.410

.475

.542

.602

.666

.720

.767

.807

.841

.870

.893

.913

.930

.942

.954

.405

.458

.517

.585

.662

.740

.780

.817

.850

.879

.900

.918

.933

.945

.955
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TABLE 12

COMPARISON OF FREQUENCY DISTRIBUTIONS
OF SERIES SYSTEM A8 AND

ITS M/G/l ISOMORPH

Waiting Time 
Class Limits

Series
System
Proba­

bilities
Isomorph
Proba­

bilities
Series
System

Frequencies
Isomorph

Frequencies

0 .410 .405 59,040 58,320
0<t< 15 .065 .053 9, 360 7, 632

15<t< 30 .067 .059 9, 648 8 , 496
30<t^S 45 .060 .068 8 , 640 9, 792

45<t< 60 .064 .077 9, 216 11,088
60<t< 7 5 .064 .078 7,776 11,232
75<t<£ 90 .047 .040 6,768 5, 760
90<t<; 105 .040 .037 5,760 5, 328

l05<t:S 1 2 0 .034 .033 4,896 4, 752

120<t;£135 .029 .029 4,176 4,176
1 3 5 < t ^ 150 .023 . 0 2 1 3, 312 3,024
150<t<165 . 0 2 0 .018 2 , 880 2, 592

1 6 5 < t < 180 .017 .015 2,448 2 , 160
180<t^ 195 .012 . 0 1 2 1, 728 1, 728
195<t< 210 .012 . 0 1 0 1,728 1,440
2lO<t .046 .045 6,624 6,480
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TABLE 13

LARGEST ABSOLUTE VERTICAL DEVIATION 
BETWEEN DISTRIBUTION FUNCTIONS 

OF THE SERIES SYSTEMS AND 
THEIR M/M/1 ISOMORPHS

System D = W„ (t) (t)
qI I

Al .080
A2 .085
A3 .070
A4 .071
A5 .024
A 6 .036
A7 .040
A 8 .042
A9 .035

AlO .032
Bl .063
B2 .075
B3 .069
B4 .063
35 .026
B 6 .032
B7 .024
B8 .041
B9 .022

BIO . 0 2 0
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TABLE 14

LARGEST ABSOLUTE VERTICAL DEVIATION 
BETWEEN DISTRIBUTION FUNCTIONS 

OF THE SERIES SYSTEMS AND 
THEIR M/G/l ISOMORPHS

System D = W (t) - W (t)1 qs qT

A5 .031

A 6 .021

A 8 .025

B5 .034

B6 .024

B8 .021
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M/G/l isomorph found by fitting moments.

A problem arose when statistical tests were used to 
determine significant differences in the waiting time 
frequency distributions of the series system and its iso­
morph. Since the number of customers in each simulation 
experiment was over 1 0 0 ,0 0 0 , the differences in the fre­
quencies would have to be exceptionally small to pass any 
statistical test. As a result, significant differences 
appeared in each system when comparing waiting time fre­
quency distributions.

The inability to find isomorphic systems that passed 
the statistical tests for goodness of fit does not demean 
the techniques developed for determining isomorphs. Rather 
it is a result of the large sample sizes necessary to ac­
curately determine output in series queueing systems.
As mathematical analysis continues into the study of queues 
in series, approximations for the waiting time distri­
bution function may be developed that will yield more 
conclusive proof in favor of the existence of isomorphs 
for these systems.

Observation of the graphs of the In H (t) for the 
series queueing systems in Figures 10 through 29 indicate 
that the M/M/1 isomorphs found have better fits in the 
areas of larger waiting times. This suggests that perhaps 
the isomorphs are useful in predicting only portions of the 
waiting time distribution. Also In Hg(t) may be fit by 
a system of broken lines so that one M/M/1 isomorph is
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useful for studying smaller waiting times and another M/M/1 
isomorph for the larger waiting times. In addition, many 
of the graphs of In H^(t) that significantly depart from 
linearity can be fit by curves of higher order than one. 
Ghosal1"5" found that the waiting time distribution function 
of an M/E^/l system follows a hyperexponential distribution 
and has the form expressed by many of these curves.
However, the distribution function of this single server 
queue cannot be expressed in a closed mathematical form 
but is a function to the power k. Even for small values 
of k, no algorithms are known for determining the parameters 
of the M/E^/l isomorph from the series queueing system.

In applying the method of moments, results have been 
limited because of the few service distributions considered 
in the M/G/l system. Some work has been done by the re­
searcher on approximation formulas for the moments of the
waiting time in the E ./E,/I system. Again the difficulty

J K
lies with determining the waiting time distribution func­
tion. The investigation of new single server systems 
and future analytical developments in their analysis can 
only lead to further developments in isomorphic studies.

"^A. Ghosal, "Isomorphic Queueing Systems and Related
Problems."
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS 
FOR FURTHER STUDIES

The purpose of this investigation has been the 
development of techniques which are useful for the analy­
sis of systems of service stations in series. The approach 
has been directed into two areas. One deals with the 
determination of an optimal sequence of the servers in the 
system. The second is concerned with finding a single 
server queue which is isomorphic with the series system in 
terms of total waiting time.

Sequencing is a topic of extreme usefulness and 
importance. There are numerous real-life problems that 
can be represented by a system of servers in series. For 
many of them, the ability exists to arrange the servers in 
a particular order. Because of the high costs involved 
with waiting in the system, the ability to determine a 
sequence that can minimize the waiting time is a great 
asset to the applied researcher and systems designer. In 
addition, comparison of sequences on the basis of rules of 
stochastic dominance is a major contribution since many 
cost functions involved in real problems are not linear.
With costs related directly to the waiting time distribution
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functions, the introduction of stochastic dominance adds 
new depth to the evaluation of sequences of servers in 
series.

The evaluation of a system of service stations in 
series requires knowledge of the variance of the service 
distribution and utilization rate for each station. Deter­
mination of an optimal sequence in terms of the mean total 
waiting time is based upon some analytical derivations. 
Through additional statistical analysis and simulation 
work, stochastic dominance is included in the analysis of 
the sequences.

For a given system, knowledge of the service distri­
bution and utilization rates for each service station would 
allow the study of sequences through computer simulation. 
However, the procedure developed in this study offers cer­
tain advantages over simulation alone. Whereas simulation 
can only study a particular system, the analytical tech­
nique can analyze sequences for any utilization rates in 
a two-station series system. Not only is this method more 
comprehensive, but it is more efficient with regard to 
computing time.

This investigation serves to extend the current 
knowledge in the sequencing of servers. Previous work 
had analyzed only stations with constant and exponential 
service distributions. Now considering the family of 
Erlang service distributions, a system of two stations 
in series can be evaluated to give a range of parameters
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where each of the two possible sequences of these servers 
is optimal on the basis of mean waiting times. Further, 
these regions are broken down in terms of first and second 
degree stochastic dominance. When one of the service sta­
tions is exponential, the sequence with the exponential 
server placed second in the order is always optimal, again 
by first and second degree dominance.

There exists the need for further study in several 
areas. The consideration of additional networks of queues 
with arrival patterns other than Poisson and service times 
other than Erlang can be researched in a manner similar to 
this study. Allowing queues in parallel as well as in 
series would prove to be a challenging problem. Another 
obvious extension is the consideration of finite queues 
as suggested in Chapter II. Each of these would serve to 
broaden the investigation into new and practical areas. 
Ultimately, the determination of heuristic rules for 
ordering with application to any system of service stations 
in series will become a reality.

The benefits derived from the study of isomorphism 
have been mentioned throughout the paper. The ability to 
find single server queues that display characteristics 
which are equivalent to more complex systems of servers in 
series, makes it possible to study the series system by 
investigating its isomorph. Research that might other­
wise be impossible because of the complexity of the series 
system can now be carried out. The effects of changes in
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the order of stations, arrival or service rates, or other 
elements in the system can be analyzed by working with the 
single server isomorph.

Two methods of determining isomorphs have been 
developed. In each, total waiting time is the basis of 
determining the isomorph. The first method estimates the 
parameters of the isomorph through fitting the waiting 
time distribution function of the series system. The 
second attempts to fit moments of the waiting time density 
function of the series system.

The results obtained from the application of these 
techniques on several series queueing systems have shown 
limited success. Apparantly not all systems have isomorphs, 
and those that do suggest their usefulness may be in pre­
dicting only portions of the waiting time distribution 
functions. It seems that the isomorphs have good fits in 
the area of larger waiting times. This would still prove 
to be useful to the system analyst who is concerned with 
non-linear cost functions that are related to waiting times.

The development of this approach is novel. No pre­
vious work had attempted to find isomorphs of series queue­
ing systems with respect to total waiting time. There is 
a vast amount of research that remains to be done, much of 
which might answer some of the open questions. The investi­
gation of M/EySl and E^/E^/l systems as isomorphs must 
be conducted. This demands further study into the mathe­
matical and graphical forms of the waiting time
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distributions of these systems. Implied in this research 
is the use of two single server isomorphs in predicting 
the waiting time distribution in the series queueing 
system. One may be applicable in studying smaller waiting 
times, the other for larger waiting times. Analysis of 
systems of GI/G/1 queues in series and determination of 
isomorphs with respect to output characteristics other than 
total waiting time are important areas to be examined.
The potential for further study and extensions seems 
unlimited.

Although the model used in this study has been 
limited to two stations in series, the extension to n single 
channel service stations in series, though difficult to 
work with, is not an impossible task. Study of the two 
server model expresses all the techniques involved in the 
analysis of sequencing and isomorphism, and is the most 
useful system to investigate. This represents many real- 
life situations and, very often, the more complex problems 
can be reduced in stages to evaluating two servers in 
series. Also, further studies in isomorphism will allow 
the n server system to be reduced through the determination 
of single server isomorphic queues. Then the methods for 
evaluating the sequence of stations as developed in this 
paper can be applied. Together, the study of sequencing 
and isomorphism will enable analysis of series queueing 
systems to become a simple and routine task.
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APPENDIX B

COMPARISON OF CUMULATIVE DISTRIBUTIONS 
UNDER SEQUENCES A AND B FOR 

SERIES QUEUEING SYSTEMS 
1 THROUGH 10



Pr
ob
 
(w 

<t
)

0.2,

■Sequence
Sequence

0.4

Zoo 600 600
t (Time Units)

1000

Fig. 30. A Comparison of Cumulative Distributions under Sequences
A and B for Series System 1
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A and B for Series System 2

154



Pr
ob
 
(w

_<
t)

■Sequence A
Sequence B

0.4

0.2 -//

Zoa 8oo<#o©
t (Time Units)

Fig. 32. A Comparison of Cumulative Distributions under Sequences
A and B for Series System 3

155



Pr
ob
(w
 

<jt
)

•Sequence A
Sequence B

0.4

0.1

4oo
t (Time Units)

Fig. 33. A Comparison of Cumulative Distributions under Sequences
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A P P E N D I X  C

CUMULATIVE DISTRIBUTIONS FOR THE DIFFERENCE 
IN CUSTOMER WAITING TIMES UNDER 
SEQUENCES A AND B FOR SYSTEMS 

1 THROUGH 10
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ANALYSIS OF THE THIRD ORDER INDIFFERENCE 
EQUATION FOR ERLANG SERVICE 

DISTRIBUTIONS

For Erlang service distributions, the general 
equation for indifference between sequences on the basis 
of mean waiting time, from observation, appears to be

where s,t,v,w>0. This is expressed by equations (4.3), 
(4.4), and (4.5).

Letting Y=1 Z_1 ?2' and r=u+v-w, then equation
(Al) can be rewritten as

s(l-p2) - t(l-^) + (u+vp2-wp2) (1“P1) (1_P2  ̂ = 0

sZ - tY + YZ(r-2vY+vY2+2wZ-wZ2) = 0
or

(A2)
Differentiating with respect to Y gives
3wZ2dZ/dY - 4wZdZ/dY + - (s/Y)-r+2vY-vY2J dZ/dY

+ f(s/Y2)+2v -2v y 1z = 0.
Solving for dZ/dY yields 
dZ/dY = - 7s/Y^)+2v (1-Y) Z/jpv

= - (s/Y2 )+2v(l-Y)_ Z2/-£
3w Z2-4w Z+
3w Z2-4w Z

From equation (A2)
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Hence

dZ/dY = - [js/Y2 )+2v(l-Y) 
= [Ts/Y2 )+2v(l-i]/

Z 2/-(t-2wZ3+2wZ2)
(t/Z2 )+2w(l-Zr] . (A3)

Since OsY<L, and 0<Z<1# and s,t,v, and w are all positive, 
the numerator and denominator in equation (A3) are always 
positive. Therefore dZ/dY>0. Also

dZ/dY = d(l-f»2 )/d(l-p1) = - d p ^ - d ^  = dp2/dpx>0.
The third order indifference equation has a positive slope 
everywhere and the curve is constantly increasing.
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DERIVATION OF BOUNDS ON WAITING TIME VARIABILITY 
IN SOME QUEUEING SYSTEMS

Sp’nicas and Shimshak studied waiting time variability 
in queueing systems. Their results were based on an evalu­
ation of the square of the coefficient of variation of the 
waiting time in the M/E^/l and M/H/l Systems.

For system M/E^/l, the square of the coefficient of 
variation of the waiting time is given in equation (5.1) as

C 2 = (8+4k-5£-£k)/3p(k+l),
wq

which can be rewritten as

= 1 + (4/3) Qk+2)/(k+l[] [jl-e>/e] •
Since k is restricted to values greater than or equal to

2one, limits on C are found. When k=l, the fractionw
q  2 (k+2)/(k+l) is equal to 3/2 and the upper bound on C

vq
develops. When k approaches infinity, the fraction
(k+2 )/(k+l) approaches 1 and determines the lower bound on 
2C . These bounds are given in equation (5.9) asw q

1  +  § ■  | T i - e ) / e ] £ / s i  +  z Q i - e ) / e ] .

2C in the M/H/l system is shown in equation (5.2) as

q Cwq = [?+4 (1-f> (1-27+272)] /*> •
This can be rewritten as

Cl = 1 + 4(l-27+272) []l-£>)/^r] -
The parameter*^ is restricted to values between 0 and
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When 7=%, the expression (1- 2y+2/2 ) is equal to % and
determines the lower bound on C2 . As "V approaches 0,

wq
the expression (1-2/+2/ ) approaches 1 and the upper 

2bound on develops. These are expressed in equation
(5 .1 0 ) as

1+ 2 Q l - f )/p] < / | S l  + o Q l - f ) / ] .
Note that the upper bound in the M/E^/l system 

(when k=l) is equal to the lower bound in the M/H/l system 
(when y=h) . These are both cases where the service dis­
tribution is exponential. Thus the M/M/1 system is the 
boundary case between M/E^/l and M/H/l.
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