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Abstract

Robust Estimators for Finite Mixtures of Count Data Regression Models and

their Applications

by

Ti-Jen Tsao

Adviser: Professor Partha Deb

Finite mixtures of count data regression models have been successfully used for

modeling discrete responses arising from heterogeneous populations. But the max-

imum likelihood (ML) estimator for such models are sensitive to data contamina-

tion and extreme values. This dissertation develops two robust estimators for finite

mixtures of count data regression models. One is the minimum Hellinger distance

(MHD) estimator and the other is the minimum L2 error (L2E) estimator, a spe-

cial case of the minimum density power divergence estimator. Two Monte Carlo

simulation studies show that the MHD and L2E estimators are more robust than

the ML one but come at the cost of efficiency. However, the robustness property of

the MHD and L2E estimators is deteriorated as the mixing probability approaches

one.

For empirical application, this dissertation uses the data from Dionne et al. (1996),

the extent of non-payments of personal loans in Spain, and from Deb and Trivedi

(2002), counts of utilization from the RAND Health Insurance Experiment, re-

spectively. The estimated results show that the two-component Poisson mixture

regression model is the best fit model for the first data set and the two-component

negative binomial one mixture regression model for the second data set. But both

of the model specifications are preferred to be estimated by the ML estimation

that could be attributed to the flexibility of the finite mixture model and data

processing procedures.



v

Acknowledgments

I would like to express my deepest gratitude to my family, whose support paves

the way to my Ph.D. degree. I thank my supervisory committee members for their

advice and encouragement. I also thank Montserrat Guillén and Partha Deb for

providing me their data sets so that the developed models and estimators can be

empirically tested.



Contents

1 Introduction 1

2 Model and Estimator Developments 6

2.1 Finite Mixtures of Count Data Regression Models . . . . . . . . . . 6

2.2 MHD and MDPD Estimation Methods . . . . . . . . . . . . . . . . 8

2.2.1 Minimum Hellinger Distance Estimation . . . . . . . . . . . 8

2.2.2 Minimum Density Power Divergence Estimation . . . . . . . 10

3 Model and Estimator Selections 13

3.1 Pearson’s Chi-square Statistic and Root Mean Squared Error . . . . 13

3.2 Cross-validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

4 Monte Carlo Simulation Studies 16

4.1 Efficiency Comparison among the ML, MHD, and L2E Estimators . 16

4.2 Robustness Comparison among the ML, MHD, and L2E Estimators 21

5 Empirical Applications 37

5.1 Analysis of Non-payments of Personal Loans in Spain . . . . . . . . 37

5.1.1 Data and Summary Statistics . . . . . . . . . . . . . . . . . 39

5.1.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

5.1.2.1 Model Comparison among the Standard, Hurdle,

and Finite Mixture Regression Models . . . . . . . 41

5.1.2.2 Model and Estimator Choices for Finite Mixture

Regression Models . . . . . . . . . . . . . . . . . . 46

vi



CONTENTS vii

5.1.2.3 Further Analysis of the Preferred Model and Esti-

mator . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.2 Analysis of Health Care Demand in the United States . . . . . . . . 61

5.2.1 Data and Summary Statistics . . . . . . . . . . . . . . . . . 62

5.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.3 Discussion of the Best Estimator in Empirical Applications . . . . . 74

6 Conclusion 77

7 Appendices 79

Bibliography 85



List of Figures

4.1 Distributions of Parameter Estimates Produced by the ML, MHD,

and L2E Estimations at Parameter Setting 1 (2-component Poisson

Mixture Regression Models) . . . . . . . . . . . . . . . . . . . . . . 19

4.2 Distributions of Parameter Estimates Produced by the ML, MHD,

and L2E Estimations at Parameter Setting 2 (2-component Poisson

Mixture Regression Models) . . . . . . . . . . . . . . . . . . . . . . 20

4.3 Boxplots of Parameter Estimates Produced by the ML, MHD, and

L2E Estimations at Parameter Setting 1 with Sample Size Equal to

1e+2 under Contamination Scenario 1 . . . . . . . . . . . . . . . . 23

4.4 Boxplots of Parameter Estimates Produced by the ML, MHD, and

L2E Estimations at Parameter Setting 1 with Sample Size Equal to

1e+4 under Contamination Scenario 1 . . . . . . . . . . . . . . . . 24

4.5 Boxplots of Parameter Estimates Produced by the ML, MHD, and

L2E Estimations at Parameter Setting 2 with Sample Size Equal to

1e+2 under Contamination Scenario 1 . . . . . . . . . . . . . . . . 26

4.6 Boxplots of Parameter Estimates Produced by the ML, MHD, and

L2E Estimations at Parameter Setting 2 with Sample Size Equal to

1e+4 under Contamination Scenario 1 . . . . . . . . . . . . . . . . 27

4.7 Boxplots of Parameter Estimates Produced by the ML, MHD, and

L2E Estimations at Parameter Setting 1 with Sample Size Equal to

1e+2 under Contamination Scenario 2 . . . . . . . . . . . . . . . . 30

viii



LIST OF FIGURES ix

4.8 Boxplots of Parameter Estimates Produced by the ML, MHD, and

L2E Estimations at Parameter Setting 1 with Sample Size Equal to

1e+4 under Contamination Scenario 2 . . . . . . . . . . . . . . . . 31

4.9 Boxplots of Parameter Estimates Produced by the ML, MHD, and

L2E Estimations at Parameter Setting 2 with Sample Size Equal to

1e+2 under Contamination Scenario 2 . . . . . . . . . . . . . . . . 33

4.10 Boxplots of Parameter Estimates Produced by the ML, MHD, and

L2E Estimations at Parameter Setting 2 with Sample Size Equal to

1e+4 under Contamination Scenario 2 . . . . . . . . . . . . . . . . 34

5.1 Pearson’s Chi-square Statistics and Root Mean Squared Errors for

the ML, MHD, and L2E Estimators from the Cross-validation (2

and 3-component Poisson Mixture Regression Models) . . . . . . . 55

5.2 Component Densities of the ML, MHD, and L2E Estimations (2

and 3-component Poisson Mixture Regression Models) . . . . . . . 57

5.3 Pearson’s Chi-square Statistics and Root Mean Squared Errors for

the ML and MHD Estimators from the Cross-validation (2 and 3-

component Poisson Mixture Regression Models) . . . . . . . . . . . 58

5.4 Pearson’s Chi-square Statistics and Root Mean Squared Errors for

the ML, MHD, and L2E Estimators from the Cross-validation (2

and 3-component Negative Binomial 1 Mixture Regression Models) 72

5.5 Pearson’s Chi-square Statistics and Root Mean Squared Errors for

the ML Estimator from the Cross-validation (2 and 3-component

Negative Binomial 1 Mixture Regression Models) . . . . . . . . . . 73



List of Tables

2.1 Model Description . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4.1 Averages, Standard Deviations, and Mean Squared Errors of the

ML, MHD, and L2E Estimates (2-component Poisson Mixture Re-

gression Models) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

4.2 Ranking Frequencies of the Pearson’s Chi-square Statistic and Root

Mean Squared Error for the ML, MHD, and L2E Estimators (2-

component Poisson Mixture Regression Models) . . . . . . . . . . . 22

4.3 Ranking Frequencies of the Pearson’s Chi-square Statistic and Root

Mean Squared Error for the ML, MHD, and L2E Estimators at Pa-

rameter Setting 1 with Sample Size Equal to 1e+2 under Contami-

nation Scenario 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.4 Ranking Frequencies of the Pearson’s Chi-square Statistic and Root

Mean Squared Error for the ML, MHD, and L2E Estimators at Pa-

rameter Setting 1 with Sample Size Equal to 1e+4 under Contami-

nation Scenario 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.5 Ranking Frequencies of the Pearson’s Chi-square Statistic and Root

Mean Squared Error for the ML, MHD, and L2E Estimators at Pa-

rameter Setting 2 with Sample Size Equal to 1e+2 under Contami-

nation Scenario 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

x



LIST OF TABLES xi

4.6 Ranking Frequencies of the Pearson’s Chi-square Statistic and Root

Mean Squared Error for the ML, MHD, and L2E Estimators at Pa-

rameter Setting 2 with Sample Size Equal to 1e+4 under Contami-

nation Scenario 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.7 Ranking Frequencies of the Pearson’s Chi-square Statistic and Root

Mean Squared Error for the ML, MHD, and L2E Estimators at Pa-

rameter Setting 1 with Sample Size Equal to 1e+2 under Contami-

nation Scenario 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.8 Ranking Frequencies of the Pearson’s Chi-square Statistic and Root

Mean Squared Error for the ML, MHD, and L2E Estimators at Pa-

rameter Setting 1 with Sample Size Equal to 1e+4 under Contami-

nation Scenario 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.9 Ranking Frequencies of the Pearson’s Chi-square Statistic and Root

Mean Squared Error for the ML, MHD, and L2E Estimators at Pa-

rameter Setting 2 with Sample Size Equal to 1e+2 under Contami-

nation Scenario 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.10 Ranking Frequencies of the Pearson’s Chi-square Statistic and Root

Mean Squared Error for the ML, MHD, and L2E Estimators at Pa-

rameter Setting 2 with Sample Size Equal to 1e+4 under Contami-

nation Scenario 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

5.1 Variable Definitions and Summary Statistics . . . . . . . . . . . . . 40

5.2 Information Criteria and Likelihood Ratio Tests . . . . . . . . . . . 42

5.3 Fitted Frequencies, Pearson’s Chi-square Statistics, Root Mean Squared

Errors, and Objective Function Values of All Models Estimated by

the ML Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5.4 Fitted Descriptive Statistics of All Models Estimated by the ML

Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.5 Movement of Pearson’s Chi-square Statistics of All Models Esti-

mated by the ML Estimation . . . . . . . . . . . . . . . . . . . . . 45



LIST OF TABLES xii

5.6 Subsample Pearson’s Chi-square Statistics and Root Mean Squared

Errors of All Models Estimated by the ML Estimation . . . . . . . 47

5.7 Overdispersion Parameters of the FMNBs Produced by the ML,

MHD, and L2E Estimations . . . . . . . . . . . . . . . . . . . . . . 47

5.8 Fitted Descriptive Statistics of the ML, MHD, and L2E Estimations

(2-component Mixture Regression Models) . . . . . . . . . . . . . . 49

5.9 Fitted Descriptive Statistics of the ML, MHD, and L2E Estimations

(3-component Mixture Regression Models) . . . . . . . . . . . . . . 50

5.10 Fitted Frequencies, Pearson’s Chi-square Statistics, Root Mean Squared

Errors, and Objective Function Values for the ML, MHD, and L2E

Estimators (2-component Mixture Regression Models) . . . . . . . . 51

5.11 Fitted Frequencies, Pearson’s Chi-square Statistics, Root Mean Squared

Errors, and Objective Function Values for the ML, MHD, and L2E

Estimators (3-component Mixture Regression Models) . . . . . . . . 52

5.12 Subsample Pearson’s Chi-square Statistics and Root Mean Squared

Errors for the ML, MHD, and L2E Estimators (2-component Mix-

ture Regression Models) . . . . . . . . . . . . . . . . . . . . . . . . 54

5.13 Subsample Pearson’s Chi-square Statistics and Root Mean Squared

Errors for the ML, MHD, and L2E Estimators (3-component Mix-

ture Regression Models) . . . . . . . . . . . . . . . . . . . . . . . . 54

5.14 2-FMP Parameter Estimates of the ML, MHD, and L2E Estimations 60

5.15 Variable Definitions and Summary Statistics . . . . . . . . . . . . . 63

5.16 Overdispersion Parameters of the FMNB Estimated by the ML,

MHD, and L2E Estimations . . . . . . . . . . . . . . . . . . . . . . 63

5.17 Fitted Descriptive Statistics of the ML, MHD, and L2E Estimations

(2-component Mixture Regression Models) . . . . . . . . . . . . . . 65

5.18 Fitted Descriptive Statistics of the ML, MHD, and L2E Estimations

(3-component Mixture Regression Models) . . . . . . . . . . . . . . 66



LIST OF TABLES xiii

5.19 Fitted Frequencies, Pearson’s Chi-square Statistics, Root Mean Squared

Errors, and Objective Function Values for the ML, MHD, and L2E

Estimators (2-component Mixture Regression Models) . . . . . . . . 67

5.20 Fitted Frequencies, Pearson’s Chi-square Statistics, Root Mean Squared

Errors, and Objective Function Values for the ML, MHD, and L2E

Estimators (3-component Mixture Regression Models) . . . . . . . . 68

5.21 Subsample Pearson’s Chi-square Statistics and Root Mean Squared

Errors for the ML, MHD, and L2E Estimators (2-component Mix-

ture Regression Models) . . . . . . . . . . . . . . . . . . . . . . . . 70

5.22 Subsample Pearson’s Chi-square Statistics and Root Mean Squared

Errors for the ML, MHD, and L2E Estimators (3-component Mix-

ture Regression Models) . . . . . . . . . . . . . . . . . . . . . . . . 70

5.23 Ranges of Experimental Estimates for the Two Empirical Applications 76



Chapter 1

Introduction

For more than a century, the finite mixture models (FMM) have been broadly stud-

ied in the theoretical and practical contexts to model the heterogeneity in data.

Their importance in the statistical analysis is attributed to their flexibility, which

is apt for modeling unknown distributional shapes of data points, e.g., overdis-

persion or multiple bumps. About their theories and applications of modeling,

McLachlan and Peel (2000) gave a comprehensive introduction supplemented by

the related literature survey in a variety of research fields. In this dissertation, the

interest in the FMMs is their application in regression setting. For this purpose,

the generalized linear models (GLM) (McCullagh and Nelder (1989)) are substi-

tuted for component densities of the FMMs. With the versatility of the FMMs,

finite mixtures of GLMs are capable to explain continuous or discrete responses

arising from a heterogeneous population that transcends the single distribution

assumption of the GLMs. The spotlight in this dissertation is merely shined on

the discrete case, finite mixtures of count data GLMs.

To better accommodate the count data with excess zeros, Deb and Trivedi

(1997, 2002) employed the FMM variants of count data GLMs to compete the

commonly used hurdle and zero-inflated regression models. Based on the definition

of hurdle and zero-inflated models, excess zero counts are produced by a binary

process within a two-step data generating process (DGP), which is consequently

1
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specified as a binary choice model appended to a count data GLM. However,

since empirical data are often collected over a given time period without any

indication of how many subsequent responses are triggered by a primarily binary

choice, modeling these characteristic data sets by a hurdle or zero-inflated model

could distort the economic representation. Different from the two-step models,

finite mixtures of count data GLMs let the unobserved heterogeneity endogenously

split a population into homogeneous, latent subpopulations. This approach not

only exploits the statistical flexibility of the FMM but also explains population

heterogeneity according to the reality of data collection. Deb and Trivedi (1997,

2002) showed that finite mixtures of count data GLMs were preferred to the hurdle

or zero-inflated model no matter form a perspective of adequacy-of-fit or economic

interpretation.

Although model estimation of the FMMs normally depends on likelihood-based

estimation methods, it is known that likelihood-based estimators become unstable

when data are contaminated or have extreme values. Such data sets are frequently

observed in social and economic studies. Facing this kind of problem, social scien-

tists often subjectively drop inliers1 or outliers, but that carries the risk of losing

valuable information. Besides, it is unrealistic to do this when a sample size is

considerably large. In the statistical literature, the minimum distance estima-

tion methods have been formally proven with robustness. They are widely used

in biological and engineering fields but seldom seen in economic research. This

dissertation introduces two members of the minimum distance estimation family:

one is the minimum Hellinger distance (MHD) estimation method and the other

is the minimum L2 error (L2E) estimation method, a special case of the minimum

density power divergence (MDPD) estimation method. Following that, the two

minimum distance estimators for count data regression models are sequentially

developed.

The MHD estimation method is first introduced by Beran (1977), who pre-
1An inlier is a data value that lies in the interior of a statistical distribution and is in error.
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sented that the MHD estimator could remove the instability of estimates from

perturbations but still preserved asymptotic efficiency under a specified regular

parametric family of densities. Simpson (1987) derived the corresponding asymp-

totic properties for discrete distributions and proved that the MHD estimator was

asymptotically equivalent to the maximum likelihood (ML) estimator when the

model was correctly specified. Even though the MHD estimator can enjoy both

robustness and asymptotic efficiency under certain circumstances, it is required

to estimate a nonparametric kernel density that involves associated complications,

e.g., bandwidth selection. Due to this, Basu et al. (1997, 1998) proposed another

minimum distance estimator, the MDPD estimator, which minimized the diver-

gence between the assumed parametric density and true density without using any

nonparametric smoothing.

The trade-off between the robustness and asymptotic efficiency of the MDPD

estimator is decided by a tuning parameter � ≥ 0. As � increases, the robustness

of the MDPD estimator is improved by a relative-to-the-model downweighting for

outliers, but that comes at a price of less efficient estimation. To address this

issue, several examples were tested in Basu et al. (1997, 1998), and the heuristic

conclusion suggested that � between 0.1 and 0.25 gave satisfactory robustness. Yet

there has been no strict guideline to settle on a proper value of � while retaining

efficiency. When � = 1, the MDPD estimator is to minimize the integrated squared

error between the model and true densities. From this point, Scott (1998, 2001)

defined the L2E estimation theory and presented that it received advantages of less

computation time and accurate optimization results. Recently, Warwick (2005)

and Warwick and Jones (2005) used the L2E estimator as a pilot estimator to

choose a proper value of � in the MDPD estimation method.

The importance of the MHD and MDPD estimators for the FMMs is under-

scored by the growing literature. Several key articles are as follows. In work

related to the MHD estimator for the FMMs, Cutler and Cordero-Brana (1996)

provided a comprehensive Monte Carlo studies on the robustness and efficiency of
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the estimator. They concluded that the estimator was asymptotically efficient if

data came from the parametric family and was robust to gross-error contamina-

tion. Karlis and Xekalaki (1998) extended Cutler and Cordero-Brana (1996) to a

discrete case by defining the MHD estimator for the Poisson mixtures. Their ex-

periment showed that the MHD estimator was more robust than the ML one and

attained the first-order efficiency. Meanwhile, they introduced an estimation al-

gorithm, which facilitated computation without requiring the second-order deriva-

tive. In terms of the MDPD estimation method for the FMMs, Scott (2001, 2004)

presented that the L2E criteria was not only easy to be set up for some compli-

cated model specifications but also suitable for analyzing massive data when data

clearing was unfeasible and estimation efficiency was not the first priority.

Surprisingly, there is still little attention drawn to developing the MHD and

MDPD estimators for finite mixtures of count data regression models. So far, only

Lu et al. (2003) presented an MHD estimation theory for the finite mixture Pois-

son regression model. But their theory was obtained by minimizing the Hellinger

distance between the estimated unconditional marginal densities, instead of con-

ditional ones in a regression context. Nonetheless, Lu et al. (2003) claimed that

the estimates should be consistent because the unconditional marginal densities

were identifiable. Considering the modeling convenience, this dissertation takes

their approach to empirical application. Regarding the MDPD estimator for finite

mixtures of count data regression models, there is lack of relevant research into

the corresponding estimation theory. This dissertation contributes the derivation

of its asymptotic properties based on a result in Basu et al. (1997, 1998), which

verified that the MDPD estimator was also the M -estimator. As a result, the

asymptotic properties of this estimator can be defined through the asymptotic

theory of M -estimates.

One of my motivations behind the proposed approach is to pursue a better

analysis of economic data consisting of heterogeneous subpopulations and extreme

values. This kind of data is commonly observed in the research on demand for
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retail credits or health care due to various consumer behaviors contained in private

information sets. For illustration purpose, the proposed model specification and

estimation methods are employed to study the data sets used in Dionne et al.

(1996) and Deb and Trivedi (2002), respectively. The first data set is the extent of

non-payments of personal loans in Spain and the second one is counts of utilization

from the RAND Health Insurance Experiment. To the best of my knowledge, no

finite mixtures of GLMs have been applied in the existing literature on retail

credits. The empirical application to the first data set is hoped to provide a better

understanding of heterogeneity in this subject. For the second data set, Deb and

Trivedi (2002) already showed that the finite mixture count data regression model

had a better fit than the hurdle model but their estimation method was the ML

algorithm.

The rest of the dissertation is organized as follows. Chapter 2 introduces finite

mixtures of count data regression models and two minimum distance estimators,

the MHD and MDPD estimators. For model and estimator selection, the diagnos-

tic tools are presented in Chapter 3. Two Monte Carlo studies are carried out in

Chapter 4 to compare efficiency and robustness among the ML, MHD, and L2E

estimators. Chapter 5 applies the proposed approach to analyze, respectively, non-

payments of personal loans in Spain and health care demand in the United States.

Finally, Chapter 6 concludes the findings and provides further extensions of this

dissertation.



Chapter 2

Model and Estimator Developments

Finite mixtures of count data regression models are established in Section 2.1.

The density specifications includes the Poisson, negative binomial one, and neg-

ative binomial two distributions. After that, two minimum distance estimation

methods, the minimum Hellinger distance estimation and the minimum density

power divergence estimation, are developed in Section 2.2. The minimum L2 error

estimation is introduced as a special case of the minimum density power divergence

estimation.

2.1 Finite Mixtures of Count Data Regression Mod-

els

Let the random count variable Yi be the response and the random vector X i the

covariates, where {(Yi,X i) ∈ ℝ× ℝq ∣ Yi = 0, 1, 2, . . . , q ≥ 1, and i = 1, . . . , n} is

a set of independent random pairs. The finite mixture regression model is defined

by

f� (yi ∣ xi) =
k∑
j=1

�jfj(yi ∣ xi), (2.1)

where k ≥ 1, �j ∈ (0, 1), and
∑k

j=1 �j = 1.

6
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For count data regression models, the Poisson distribution is usually served as

the benchmark distribution which not only gives basic description of a random

variable but also provides easy convergence conditions. But the equidispersion

property of the Poisson is a weakness for fitting the empirical data with overdis-

pered counts. To fix this problem, the negative binomial distribution, equipped

with an overdispersion parameter, is adopted.

Therefore, finite mixtures of Poisson regressions (FMP) is developed by speci-

fying fj(yi ∣ xi) in (2.1) as

fj (yi ∣ xi) = e−�ij�yi
ij/yi !, (2.2)

where the mean equation �ij = exp
(
x⊺
i�j
)
, the conditional variance �ij = �ij, and

� =
(
�1, . . . , �k−1, �

⊺
1, . . . ,�

⊺
k

)⊺. To develop finite mixtures of negative binomial

regressions (FMNB), fj(yi ∣ xi) is defined by

fj (yi ∣ xi) =
Γ
(
�−1ij + yi

)
Γ
(
�−1ij
)

Γ (yi + 1)

(
�−1ij

�−1ij + �ij

)�−1
ij
(

�ij

�−1ij + �ij

)yi

, (2.3)

where �ij = exp
(
x⊺
i�j
)
and �ij = �ij (1 + �ij�ij). If the precision parameter

�ij =  j/�ij, fj(yi ∣ xi) is constructed by the NB1 density which has a linear

variance form. If �ij =  j, fj(yi ∣ xi) is constructed by the NB2 density which has

a quadratic variance form. Thus � = (�1, . . . , �k−1,  1, . . . ,  k,�
⊺
1, . . . ,�

⊺
k)

⊺ and  j

is an overdispersion parameter.

For finite mixtures of count data regression models, the ratio of conditional

variance to conditional mean can be greater or less than 1 that implies over- or

underdispersion can be accommodated in the data. However, their manner to

cope with over- or underdispersion is different from that a hurdle regression model

does.1 Table 2.1 lists the acronyms for all model specifications applied in Chapters

4 and 5.
1See Appendix A for the further discussion.
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Table 2.1: Model Description
Acronym Description
SP standard Poisson regression model
SNB1 standard NB1 regression model
SNB2 standard NB2 regression model
HP hurdle model with a truncated Poisson regression model
HNB1 hurdle model with a truncated NB1 regression model
HNB2 hurdle model with a truncated NB2 regression model
2-FMP 2-component Poisson mixture regression model
2-FMNB1 2-component NB1 mixture regression model
2-FMNB2 2-component NB2 mixture regression model
3-FMP 3-component Poisson mixture regression model
3-FMNB1 3-component NB1 mixture regression model
3-FMNB2 3-component NB2 mixture regression model

2.2 MHD and MDPD Estimation Methods

Two minimum distance estimation methods, the MHD and the MDPD estima-

tion methods, are introduced in Sections 2.2.1 and 2.2.2, respectively. The L2E

estimation method, a special case of the MDPD estimation method, is included

in Section 2.2.2. All of these estimators were proved to be consistent and have

asymptotic normalities.

2.2.1 Minimum Hellinger Distance Estimation

According to Beran (1977), the MHD estimator of � is that value �̂MHD in the

parameter space Θ which minimizes the Hellinger distance between a specified

parametric density, g�, and a suitable nonparametric density, gn. The correspond-

ing joint distributions are denoted as G� and Gn, respectively, and the objective

function is

�̂MHD = arg min
�

∥ g1/2
� − g

1/2
n ∥22 . (2.4)

To develop the MHD estimator for regression models, let g� and gn be the joint

densities of (Y,X), where g� (y,x) = f� (y ∣ x) fX (x) and gn (y,x) = fn (y ∣ x) fX
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(x). Thus

�̂MHD = arg min
�

∥ g1/2
� (y,x)− g1/2

n (y,x) ∥22,

which is equivalent to

�̂MHD = arg min
�

¨ [
f

1/2
� (y ∣ x)− f 1/2

n (y ∣ x)
]2
fX (x) dxdy. (2.5)

Considering the difficulty to implement fn (y ∣ x) in the objective function for

count data regression models, Lu et al. (2003) minimized the Hellinger distance

with respect to � between the unconditional densities, f� (y) and fn (y). They

approximated f� (y) by a consistent estimator, f�,n (y) = n−1
∑n

i=1 f� (y ∣X i),

and took fn (y) to be the empirical mass function fn (y) = Ny/n, where y =

0, 1, 2, . . . ,m and m = max {Yi ∣ i = 1, . . . , n}. Consequently, �̂MHD for count

data regression models is defined as

�̂MHD = arg min
�

m∑
y=0

[
f

1/2
�,n (y)− f 1/2

n (y)
]2
, (2.6)

which is the same as

�̂MHD = arg max
�

m∑
y=0

f
1/2
�,n (y) f

1/2
n (y) .

For the asymptotic properties of �̂MHD, Simpson (1987, Section 3) imposed

smoothness conditions to derive the asymptotic normality of �̂MHD in discrete

densities. Based on this, the asymptotic normality of �̂MHD for count data regres-

sion models is

√
n
(
�̂MHD − �0

)
→
d
N

(
0,

1

4
V̈
−1

(�0) i (�0) V̈
−1

(�0)

)
, (2.7)

where V (�0) =∥ f 1/2
�0

(y)−f 1/2
n (y) ∥22, V̈ (�0) = ∂2

∂�∂�⊺
V (�0), i (�0) =

m∑
y=0

l�0 (y) l⊺�0
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(y) f�0 (y), and l�0 (y) = ∂
∂�

log f�0 (y).

The asymptotic variance of �̂MHD Avar
(
�̂MHD

)
is consistently estimated by

Âvar
(
�̂MHD

)
=

1

4
V̈
−1 (

�̂MHD

)
i
(
�̂MHD

)
V̈
−1 (

�̂MHD

)
. (2.8)

If Gn ≡ G�, Simpson (1987, Theorem 2) proved Avar
(
�̂MHD

)
could be sim-

plified as

Avar
(
�̂MHD

)
= i−1 (�0) . (2.9)

Instead of using the simplified Avar
(
�̂MHD

)
above, Lu et al. (2003) derived theirs

on the basis of another result in Simpson (1987, Theorem 2) that �̂MHD was

asymptotically equivalent to �̂ML when Gn ≡ G�. Therefore,

i (�0) =
m∑
y=0

{
l�0 (y) l⊺�0 (y) fn (y)− ∂2

∂�∂�⊺
f�0 (y)

}
. (2.10)

The proof of (2.10) is in Appendix B. Avar
(
�̂MHD

)
in Lu et al. (2003) is then

estimated by

Âvar
(
�̂MHD

)
=

[
m∑
y=0

{
l�̂MHD

(y) l⊺
�̂MHD

(y) fn (y)− ∂2

∂�∂�⊺
f�̂MHD

(y)

}]−1
.

(2.11)

Since the condition Gn ≡ G� is uncertain for the empirical applications in

Chapter 5, the computation of Âvar
(
�̂MHD

)
is based on (2.8).

2.2.2 Minimum Density Power Divergence Estimation

Unlike the MHD estimation method, Basu et al. (1997, 1998) developed the MDPD

estimation method to avoid the use of nonparametric smoothing. The MDPD

estimator �̂MDPD of � in the parameter space Θ minimizes the divergence between

the assumed parametric density g� and the true density g

�̂MDPD = arg min
�

d� (g, g�) , (2.12)
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where d� (g, g�) =
´ {

g1+�� (z)− (1 + 1/�) g (z) g�� (z) + (1/�) g1+� (z)
}
dz. In

this estimation method the tuning parameter � ≥ 0 decides the trade-off between

robustness and efficiency. Since the integrand in d� (g, g�) is undefined when � = 0,

Basu et al. (1997, 1998) defined this case as the Kullback-Leibler divergence via an

approximation, i.e., d0 (g, g�) = lim�→0 d� (g, g�) =
´

log {g (z) /g� (z)} g (z) dz.

As a result, the ML estimation method is a special case of the MDPD estimation

method. When � = 1, d1 (g, g�) =
´

[g� (z)− g (z)]2 dz is the integrated squared

error which is the same as the estimation method developed by Scott (1998, 2001),

the minimum L2 error estimation method.

To extend the MDPD estimation method from parametric distributions to re-

gression models, Basu et al. (1997) replaced g� and g with the conditional densities

f� (y ∣ x) and f (y ∣ x), respectively, and assumed the marginal density fX (x) is

the empirical distribution of {X i ∣ i = 1, . . . , n}. Thus

�̂MDPD = arg min
�

[
n−1

n∑
i=1

ˆ
f 1+�
� (y ∣X i) dy −

(
1 +

1

�

)
n−1

n∑
i=1

f�� (Yi ∣X i)

]
.

(2.13)

For count data regression models, the objective function is

�̂MDPD = arg min
�

[
n−1

n∑
i=1

m∑
y=0

f 1+�
� (y ∣X i)−

(
1 +

1

�

)
n−1

n∑
i=1

f�� (Yi ∣X i)

]
.

(2.14)

Because Basu et al. (1998, Section 3) showed that �̂MDPD was actually the M -

estimator, the asymptotic properties of �̂MDPD can be established by the asymp-

totic theory of M -estimates.2 For �̂MDPD, the � and Ψ functions of the M -

estimator are defined, respectively, as � (�) =
´
f 1+�
� (y ∣X i) dy − (1 + 1/�) f��

(Yi ∣X i) and Ψ (�) =
´
u� (y ∣X i) f

1+�
� (y ∣X i) dy − u� (Yi ∣X i) f

�
� (Yi ∣X i),

2See Hampel et al. (1986) for more details about M -estimators.
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where u� (⋅) = ∂logf� (⋅) /∂�. Then

√
n
(
�̂MDPD − �0

)
→
d
N

(
0, E

[
Ψ̇ (�0)

]−1
ΣE

[
Ψ̇ (�0)

]−1)
, (2.15)

where Ψ̇ (�0) = ∂
∂�⊺

Ψ (�0) and Σ = E [Ψ (�0) Ψ (�0)
⊺]. The expansions of Ψ̇ (�0)

and Σ are presented in Appendix C. The asymptotic variance of �̂MDPD Avar(
�̂MDPD

)
is consistently estimated by

Âvar
(
�̂MDPD

)
=

[
1

n

n∑
i=1

ˆ̇Ψ(�̂MDPD

)]−1
Σ̂

[
1

n

n∑
i=1

ˆ̇Ψ(�̂MDPD

)]−1
.(2.16)

The expansions of ˆ̇Ψ(�̂MDPD

)
and Σ̂ for count data regression models are showed

in Appendix D.



Chapter 3

Model and Estimator Selections

To select the best fit model estimated by the ML, MHD, and L2E estimation meth-

ods and also to decide the suitable estimator, three diagnostic tools are applied:

the Pearson’s chi-square statistic, root mean squared error, and cross-validation.

They are sequentially introduced in Section 3.1 and 3.2.

3.1 Pearson’s Chi-square Statistic and Root Mean

Squared Error

The Pearson’s chi-square statistic �2
P is given by

�2
P =

C∑
c=1

[
nf (y = c)− nf̂ (y = c)

]2
/
[
nf̂ (y = c)

]
, (3.1)

where C is the total number of mutually exclusive cells into one of which the same

count y is collected, f is the sample cell frequency, f̂ is the fitted one, and n

is the sample size. The degrees of freedom of the �2
P is C − 1, and f̂ (y = c) is

approximated by n−1
∑n

i=1 f�̂ (y = c ∣ xi). To evaluate the adequacy-of-fit in more

detail, the subsample Pearson’s chi-square statistic �2
P ∣x is developed and denoted

13
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as

�2
P ∣x =

C∑
c=1

[
nf (y = c ∣ x)− nf̂ (y = c ∣ x)

]2
/
[
nf̂ (y = c ∣ x)

]
, (3.2)

where f̂ (y = c ∣ x) ≈ n−1x
∑

i∣x f�̂ (y = c ∣ xi). However, there is a deficiency in

applying the Pearson’s chi-square goodness-of-fit test because the estimation error

of f̂ is not controlled.1 Hence, the statistic values are ranked as a measure of fit:

the smaller the statistic value, the better fit.

The root mean squared error RMSE is known as the standard error of the

regression which measures the deviation of actual response values from their cor-

responding fitted ones. It is denoted by

RMSE =

√√√⎷ n∑
i=1

(yi − ŷi)2 / (n− q), (3.3)

where yi and ŷi are the ith response value and its fit, respectively, n is the sample

size, and q is the number of estimated parameters in a model. To assist with the

evaluation, the subsample root mean squared error RMSE∣x is also adopted and

specified by

RMSE∣x =

√√√⎷ nx∑
i∣x

(yi − ŷi)2 / (nx − q). (3.4)

3.2 Cross-validation

There are two concerns for only using the diagnostic tools introduced in Section

3.1. First, their statistic values belong to the in-sample measure that throws doubt

on whether their fitting evaluation is consistent with that of the out-of-sample fit.

Second, there exists a selection bias of estimator in the formula of the �2
P and

RMSE, respectively, that is explained as follows.

1Cameron and Trivedi (1998, Chapter 5) attributed this estimation error to f̂ (y = c), which
was the arithmetic average of f�̂ (y = c ∣ xi). Although they provided another test, the condi-
tional moment test which controlled the estimation error by taking into account the covariance
matrix, it is hard to examine whether the required assumptions for this test are satisfied or not
in practice. Therefore, the conditional moment test is not popularly used in empirical studies.
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For the �2
P , the objective function of the MHD estimation method (2.6) is

similar to the �2
P formula (3.1). Both of them measure the deviation between the

sample and fitted cell frequencies. In turn, the MHD estimator is more likely picked

up by this goodness-of-fit statistic than the ML and L2E estimators. Although

the L2E estimator is in the class of the minimum distance estimators, its objective

function does not directly include the sample cell frequencies.

For the RMSE, the objective function of the ML estimator gives each obser-

vation equal weight like the RMSE. Besides, the ML estimates of the Poisson

regression are equivalent to the estimates that minimize the sum of squared resid-

uals. On the other hand, the weight in the minimum distance estimation methods

is assigned by the parametric density. Therefore, the RMSE tends to choose the

ML estimator.

To avoid these problems, the cross-validation is an appropriate technique to

select the best fit model and suitable estimator. The procedure of cross-validation

starts with randomly assigning observations to two subsamples, i.e., “training sam-

ple” and “hold-out sample”, with 70% and 30%, respectively, of an entire sample.

The training sample is used for estimation and the hold-out sample for forecast

comparison based on those estimates. In this dissertation the �2
P and RMSE are

calculated as performance measures for model and estimator selection.



Chapter 4

Monte Carlo Simulation Studies

The following Monte Carlo studies are designed to compare the finite sample prop-

erties among the ML, MHD, and L2E estimators. All of the experiments are pro-

cessed in MATLAB environment and the optimization algorithm KNITRO of

Ziena Optimization, Inc. is used as a main tool to solve the optimization prob-

lems.1 The same optimization method is applied to the empirical application in

Chapter 5.

4.1 Efficiency Comparison among the ML, MHD,

and L2E Estimators

For efficiency comparison, the DGP is modeled as the 2-FMP,

f� (yi ∣ xi) =
2∑
j=1

�jfj(yi ∣ xi),

where
{
xi = (xi1, xi2, xi3, xi4)

⊺ ∣ xi1 = xi3 = 1, xi2 and xi4 ∼ U (0, 1)
}

and � =

1Several optimization algorithms have been tested to solve the estimation problems here,
including FMINUNC of The MathWorks, Inc., NPSOL of Stanford Business Software, Inc.,
and UCSOLVE of TOMLAB Optimization, Inc. According to my experience, the best outcome
is achieved by KNITRO combined with the analytical gradient and Hessian routines. The
automatic differentiation technique can give a hand with the analytical gradient and Hessian
routines, but it asks for more time and computer memory to solve problems. For the introductions
of optimization algorithm KNITRO, FMINUNC, NPSOL, and UCSOLVE, see Waltz and
Plantenga (2009), Coleman and Zhang (2009), and Holmström et al. (2008, 2009), respectively.

16
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(�1, �1, �2, �3, �4)
⊺ with two parameter settings, i.e., �0 = (0.5, 0.6, 1, 2.5, 1.5)⊺ and

(0.95, 0.6, 1, 2.5, 1.5)⊺.2 Each of the experiments generates 256 replications with

1e+2 and 1e+4 observations, respectively.3

The simulation results are presented by the average (Ave), standard deviation

(StD), and mean squared error (MSE) of parameter estimates produced by the

ML, MHD, and L2E estimation methods.4 At the same time, the distributional

plots of parameter estimates are provided as a visual aid. To examine whether

the �2
P and RMSE are fair diagnostic tools to select the suitable estimator from

the ML, MHD, and L2E estimators, their statistic values are ranked for each

replication and then the ranking frequencies are counted. It is expected that the

best estimator has the most high rankings if the �2
P and RMSE are unbiased.

Table 4.1 presents the Aves, StDs, and MSEs of the three estimators, and

Figures 4.1 and 4.2 present the histograms and kernel density estimates of the pa-

rameter estimates. All of them show that the MHD and L2E estimators are likely

biased and more inefficient than the ML one, but their finite sample properties are

improved as the sample size rises from 1e+2 to 1e+4.

Raising �1 from 0.5 to 0.95, the biasedness and inefficiency of the MHD and

L2E estimates become shockingly serious at the sample size equal to 1e+2, but

the ML estimates are not impacted significantly. When the sample size grows to

1e+4, these estimation problems for the MHD and L2E estimators are less severe.

There is one common phenomenon among the ML, MHD, and L2E estimators
2The purpose of designing two different values for �1, i.e., 0.5 and 0.95, is to examine whether

the finite sample properties of the ML, MHD, and L2E estimators could change as the mixing
probability approaches 1. For the covariate values, Lu et al. (2003) had two kinds of settings,
(0.6, 1, 2.5, 1.5) and (0.6, 1, 0.8, 1.2), in their Monte Carlo simulation study, but only the first, well-
separated, covariate setting is used here. There are two reasons to do so: first, from computational
perspective the finite mixture model does not work well when covariates values of different
component densities are such close; second, from economic perspective there is no necessity of
applying the finite mixture model if the heterogeneity between subpopulations is minor.

3The choice of the replication number 256 is based on statisticians’ heuristic rule and considers
the computation time. Scott (1998, 2001) also adopted this number in his experiments; on
the other hand, there was only 100 replications in the experiments of Lu et al. (2003). The
observation number from 1e+2 to 1e+4 provides a good indication of the convergence speeds for
the ML, MHD, and L2E estimators. For similar experiments in Lu et al. (2003), the authors
only considered the sample size equal to 100 and 200, respectively.

4The estimated covariates of the smaller component expected value are labeled as the first
component covariates, i.e., E (y ∣ �1x1 + �2x2) > E (y ∣ �3x3 + �4x4).
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Figure 4.1: Distributions of Parameter Estimates Produced by the ML, MHD, and
L2E Estimations at Parameter Setting 1 (2-component Poisson Mixture Regression
Models)
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Figure 4.2: Distributions of Parameter Estimates Produced by the ML, MHD, and
L2E Estimations at Parameter Setting 2 (2-component Poisson Mixture Regression
Models)
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that the estimates of �3 and �4 have much larger StDs than the other parameter

estimates at �1 = 0.95.

Next, the ranking frequencies of the �2
P and RMSE in Table 4.2 assess the

adequacy-of-fit among the ML, MHD, and L2E estimators. It is known that when a

model is correctly specified, the ML estimator must be the best estimator. Indeed,

this Monte Carlo study has the anticipated conclusion according to Table 4.1, and

Figures 4.1 and 4.2. Consequently, the ML estimator should have the most high

rankings of the �2
P and RMSE.

However, Table 4.2 shows that the MHD estimator has the most No. 1 rankings

of the �2
P as the sample size rises to 1e+4 from 1e+2. On the other hand, the

ranking frequencies of the RMSE supports that the ML estimator is the best

estimator no matter the sample size is equal to 1e+2 or 1e+4. Table 4.2 supports

the argument in Section 3.2 that the MHD estimator is favored by the �2
P .

4.2 Robustness Comparison among the ML, MHD,

and L2E Estimators

For robustness comparison, the DGP is constructed by adding a third component,

a Poisson distribution, to the 2-FMP. The third component plays a role of the

“contamination” component in the DGP where it contaminates the simulated data

via the contamination rate a and mean parameter z. The DGP is given by

f�c (yi ∣ xi) = (1− a)
2∑
j=1

�jfj(yi ∣ xi) + agz(yi), (4.1)

where �iz = exp (z) is the mean of the third component gz(yi). Then �c = (�, a, z)⊺

and � = (�1, �1, �2, �3, �4)
⊺.

By changing the values of a and z in (4.1), two following contamination sce-

narios are created to examine the robustness of the three estimators. The first

scenario is to alter the value of a from 0.02 to 0.2 with an incremental interval
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0.02 and fix z at 4. The second scenario is to hold a constant at 0.01 and change

z from 0.5 to 5 with an incremental interval 0.5. Each contamination scenario is

further considered with the effects of the sample size and the mixing probability,

respectively. The sample size is set from 1e+2 to 1e+4 and the mixing probability

is specified by 0.5 and 0.95, separately. The true values of the coefficient param-

eters are the same as those in the previous section, � = (0.6, 1, 2.5, 1.5)⊺. There

are 256 replications for every one of ten experiments under each contamination

scenario.

Under the contamination scenario 1, the sample size is observed to significantly

influence the robustness of the MHD and L2E estimators. At the sample equal

to 1e+2, Figures 4.3 and 4.5 present that their estimates scatter over the plot

and are worse than the ML ones. When the sample size grows to 1e+4, the two

minimum distance estimators demonstrate their resistance to the contaminated

data according to Figures 4.4 and 4.6. However, the MHD and L2E estimators do

not have any robustness advantage of estimating �1 compared with their robust

estimates of the coefficients. Like the ML estimator, the MHD and L2E estimates

of �1 constantly deviate from the true value as a rises and even more significantly

when �1 = 0.95.

To consider the impact of the mixing probability, the value of �1 is raised from

0.5 to 0.95. As shown in Figures 4.5 and 4.6, the ranges of the MHD and L2E

estimates are found wider than those in Figures 4.3 and 4.4, particularly for the

MHD estimator. This change shows that robustness of the two minimum distance

estimators is eroded as the mixing probability approaches to 1. Concentrating on

the experiments with the sample size equal to 1e+4, Figures 4.4 and 4.6 present

that the breakdown points for the MHD and L2E estimators move inversely with

the value of �1. When �1 = 0.5, their estimates are likely away from the true values

at a = 0.2 which plunges to 0.04 when �1 = 0.95. Besides, the MHD estimates are

more fluctuated than the L2E ones.

Tables 4.3, 4.4, 4.5, and 4.6 give strong evidence that the �2
P favors the MHD



CHAPTER 4. MONTE CARLO SIMULATION STUDIES 26
F
ig
ur
e
4.
5:

B
ox

pl
ot
s
of

P
ar
am

et
er

E
st
im

at
es

P
ro
du

ce
d
by

th
e
M
L,

M
H
D
,a

nd
L
2
E

E
st
im

at
io
ns

at
P
ar
am

et
er

Se
tt
in
g
2
w
it
h
Sa

m
pl
e
Si
ze

E
qu

al
to

1e
+
2
un

de
r
C
on

ta
m
in
at
io
n
Sc
en
ar
io

1

00.51
0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

π 1(ML)
-30

0

-20
0

-10
00

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 1(ML)
0

10
0

20
0

30
0

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 2(ML)
-30-20-10010

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 3(ML)

-200204060

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 4(ML)

00.51

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

π 1(MHD)
-30

0

-20
0

-10
00

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 1(MHD)
0

10
0

20
0

30
0

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 2(MHD)
-30-20-10010

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 3(MHD)

-200204060

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 4(MHD)

00.51

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

π 1(L2E)
-30

0

-20
0

-10
00

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 1(L2E)
0

10
0

20
0

30
0

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 2(L2E)
-30-20-10010

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 3(L2E)

-200204060

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 4(L2E)

N
ot
es
:

To
co
ns
is
te
nt
ly

co
m
pa

re
th
e
M
L,

M
H
D
,a

nd
L
2
E

es
ti
m
at
es

of
ev
er
y
pa

ra
m
et
er
,t

he
y
ax

es
ar
e
re
st
ri
ct
ed

to
th
e
sa
m
e
sc
al
es
.



CHAPTER 4. MONTE CARLO SIMULATION STUDIES 27
F
ig
ur
e
4.
6:

B
ox

pl
ot
s
of

P
ar
am

et
er

E
st
im

at
es

P
ro
du

ce
d
by

th
e
M
L,

M
H
D
,a

nd
L
2
E

E
st
im

at
io
ns

at
P
ar
am

et
er

Se
tt
in
g
2
w
it
h
Sa

m
pl
e
Si
ze

E
qu

al
to

1e
+
4
un

de
r
C
on

ta
m
in
at
io
n
Sc
en
ar
io

1

0.7
50.80.8
50.90.9
5

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

π 1(ML)
0.511.5

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 1(ML)
-101

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 2(ML)
2.533.54

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 3(ML)
-0.

500.511.5

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 4(ML)

0.7
50.80.8
50.90.9
5

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

π 1(MHD)
0.511.5

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 1(MHD)
-101

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 2(MHD)
2.533.54

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 3(MHD)
-0.

500.511.5

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 4(MHD)

0.7
50.80.8
50.90.9
5

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

π 1(L2E)
0.511.5

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 1(L2E)
-101

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 2(L2E)
2.533.54

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 3(L2E)
-0.

500.511.5

0.02
0.04
0.06
0.08
 0.1
0.12
0.14
0.16
0.18
 0.2

β 4(L2E)

N
ot
es
:

To
co
ns
is
te
nt
ly

co
m
pa

re
th
e
M
L,

M
H
D
,a

nd
L
2
E

es
ti
m
at
es

of
ev
er
y
pa

ra
m
et
er
,t

he
y
ax

es
ar
e
re
st
ri
ct
ed

to
th
e
sa
m
e
sc
al
es
.



CHAPTER 4. MONTE CARLO SIMULATION STUDIES 28
Ta

bl
e
4.
3:

R
an

ki
ng

Fr
eq
ue
nc
ie
so

ft
he

P
ea
rs
on

’s
C
hi
-s
qu

ar
e
St
at
is
ti
c
an

d
R
oo

tM
ea
n
Sq

ua
re
d
E
rr
or

fo
rt

he
M
L,

M
H
D
,a

nd
L
2
E

E
st
im

at
or
s

at
P
ar
am

et
er

Se
tt
in
g
1
w
it
h
Sa

m
pl
e
Si
ze

E
qu

al
to

1e
+
2
un

de
r
C
on

ta
m
in
at
io
n
Sc
en
ar
io

1
P
ea
rs
on

’s
C
hi
-s
qu

ar
e
St
at
is
ti
c

R
oo

t
M
ea
n
Sq

ua
re
d
E
rr
or

R
an

ki
ng
†
0.
02

0.
04

0.
06

0.
08

0.
1

0.
12

0.
14

0.
16

0.
18

0.
2

0.
02

0.
04

0.
06

0.
08

0.
1

0.
12

0.
14

0.
16

0.
18

0.
2

M
L

1
93

40
19

9
3

1
0

0
0

0
18

8
21

3
22

8
24
6

25
0

25
3

25
1

25
3

25
0

24
5

2
12

4
11

7
76

52
20

12
12

25
48

77
67

43
28

9
6

3
4

3
6

11
3

39
99

16
1

19
5

23
3

24
3

24
4

23
1

20
8

17
9

1
0

0
1

0
0

1
0

0
0

M
H
D

1
4

3
3

6
4

6
17

42
72

10
6

4
1

0
0

0
0

1
1

4
9

2
39

96
15

8
18

9
22

9
23
8

23
5

21
2

18
3

15
0

13
11

9
14

19
32

58
84

10
7

12
6

3
21

3
15

7
95

61
23

12
4

2
1

0
23

9
24

4
24

7
24

2
23

7
22

4
19
7

17
1

14
5

12
1

L
2
E

1
15

9
21

3
23

4
24

1
24

9
24
9

23
9

21
4

18
4

15
0

64
42

28
10

6
3

4
2

2
2

2
93

43
22

15
7

6
9

19
25

29
17

6
20

2
21

9
23
3

23
1

22
1

19
4

16
9

14
3

11
9

3
4

0
0

0
0

1
8

23
47

77
16

12
9

13
19

32
58

85
11

1
13

5
N
ot
e:
†
T
he

N
o.

1
ra
nk

in
g
ha

s
th
e
sm

al
le
st

st
at
is
ti
c
va
lu
e.

Ta
bl
e
4.
4:

R
an

ki
ng

Fr
eq
ue
nc
ie
so

ft
he

P
ea
rs
on

’s
C
hi
-s
qu

ar
e
St
at
is
ti
c
an

d
R
oo

tM
ea
n
Sq

ua
re
d
E
rr
or

fo
rt

he
M
L,

M
H
D
,a

nd
L
2
E

E
st
im

at
or
s

at
P
ar
am

et
er

Se
tt
in
g
1
w
it
h
Sa

m
pl
e
Si
ze

E
qu

al
to

1e
+
4
un

de
r
C
on

ta
m
in
at
io
n
Sc
en
ar
io

1
P
ea
rs
on

’s
C
hi
-s
qu

ar
e
St
at
is
ti
c

R
oo

t
M
ea
n
Sq

ua
re
d
E
rr
or

R
an

ki
ng
†
0.
02

0.
04

0.
06

0.
08

0.
1

0.
12

0.
14

0.
16

0.
18

0.
2

0.
02

0.
04

0.
06

0.
08

0.
1

0.
12

0.
14

0.
16

0.
18

0.
2

M
L

1
0

0
0

0
0

0
0

0
0

0
23

9
25

5
25

6
25

6
25

6
25

6
25
6

25
6

25
6

25
6

2
0

0
0

0
0

0
0

0
0

10
17

1
0

0
0

0
0

0
0

0
3

25
6

25
6

25
6

25
6

25
6

25
6

25
6

25
6

25
6

24
6

0
0

0
0

0
0

0
0

0
0

M
H
D

1
25

6
25

6
25

6
25

6
25

6
25
6

25
6

25
6

25
6

25
6

17
1

0
0

0
0

0
0

0
0

2
0

0
0

0
0

0
0

0
0

0
14

2
20

2
24

5
25

6
25

6
25

6
25
6

25
6

25
6

25
2

3
0

0
0

0
0

0
0

0
0

0
97

53
11

0
0

0
0

0
0

4
L
2
E

1
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
2

25
6

25
6

25
6

25
6

25
6

25
6

25
6

25
6

25
6

24
6

97
53

11
0

0
0

0
0

0
4

3
0

0
0

0
0

0
0

0
0

10
15

9
20

3
24

5
25
6

25
6

25
6

25
6

25
6

25
6

25
2

N
ot
e:
†
T
he

N
o.

1
ra
nk

in
g
ha

s
th
e
sm

al
le
st

st
at
is
ti
c
va
lu
e.



CHAPTER 4. MONTE CARLO SIMULATION STUDIES 29
Ta

bl
e
4.
5:

R
an

ki
ng

Fr
eq
ue
nc
ie
so

ft
he

P
ea
rs
on

’s
C
hi
-s
qu

ar
e
St
at
is
ti
c
an

d
R
oo

tM
ea
n
Sq

ua
re
d
E
rr
or

fo
rt

he
M
L,

M
H
D
,a

nd
L
2
E

E
st
im

at
or
s

at
P
ar
am

et
er

Se
tt
in
g
2
w
it
h
Sa

m
pl
e
Si
ze

E
qu

al
to

1e
+
2
un

de
r
C
on

ta
m
in
at
io
n
Sc
en
ar
io

1
P
ea
rs
on

’s
C
hi
-s
qu

ar
e
St
at
is
ti
c

R
oo

t
M
ea
n
Sq

ua
re
d
E
rr
or

R
an

ki
ng
†
0.
02

0.
04

0.
06

0.
08

0.
1

0.
12

0.
14

0.
16

0.
18

0.
2

0.
02

0.
04

0.
06

0.
08

0.
1

0.
12

0.
14

0.
16

0.
18

0.
2

M
L

1
21

2
20

4
20

3
19

2
18

6
18
1

16
3

16
3

16
1

15
3

23
1

24
3

23
6

23
4

23
4

22
1

22
0

21
5

21
3

21
6

2
44

52
53

64
70

74
92

91
93

10
0

23
12

20
22

22
35

36
40

43
40

3
0

0
0

0
0

1
1

2
2

3
2

1
0

0
0

0
0

1
0

0
M
H
D

1
0

0
0

1
2

3
4

5
5

5
5

0
0

0
0

0
0

0
0

0
2

71
51

38
30

19
17

8
7

7
6

70
82

78
72

54
41

25
22

14
8

3
18

5
20

5
21

8
22

5
23

5
23
6

24
4

24
4

24
4

24
5

18
1

17
4

17
8

18
4

20
2

21
5

23
1

23
4

24
2

24
8

L
2
E

1
44

52
53

63
68

72
89

88
90

98
20

13
20

22
22

35
36

41
43

40
2

14
1

15
3

16
5

16
2

16
7

16
5

15
6

15
8

15
6

15
0

16
3

16
2

15
8

16
2

18
0

18
0

19
5

19
4

19
9

20
8

3
71

51
38

31
21

19
11

10
10

8
73

81
78

72
54

41
25

21
14

8
N
ot
e:
†
T
he

N
o.

1
ra
nk

in
g
ha

s
th
e
sm

al
le
st

st
at
is
ti
c
va
lu
e.

Ta
bl
e
4.
6:

R
an

ki
ng

Fr
eq
ue
nc
ie
so

ft
he

P
ea
rs
on

’s
C
hi
-s
qu

ar
e
St
at
is
ti
c
an

d
R
oo

tM
ea
n
Sq

ua
re
d
E
rr
or

fo
rt

he
M
L,

M
H
D
,a

nd
L
2
E

E
st
im

at
or
s

at
P
ar
am

et
er

Se
tt
in
g
2
w
it
h
Sa

m
pl
e
Si
ze

E
qu

al
to

1e
+
4
un

de
r
C
on

ta
m
in
at
io
n
Sc
en
ar
io

1
P
ea
rs
on

’s
C
hi
-s
qu

ar
e
St
at
is
ti
c

R
oo

t
M
ea
n
Sq

ua
re
d
E
rr
or

R
an

ki
ng
†
0.
02

0.
04

0.
06

0.
08

0.
1

0.
12

0.
14

0.
16

0.
18

0.
2

0.
02

0.
04

0.
06

0.
08

0.
1

0.
12

0.
14

0.
16

0.
18

0.
2

M
L

1
62

69
13

4
0

0
0

0
0

0
25

5
25

6
25

6
25
4

16
5

13
6

14
1

16
5

17
4

15
9

2
92

85
94

17
7

22
3

14
7

79
34

11
7

1
0

0
2

91
12

0
11

5
91

82
97

3
10

2
10

2
14

9
75

33
10
9

17
7

22
2

24
5

24
9

0
0

0
0

0
0

0
0

0
0

M
H
D

1
14

5
12

9
0

0
0

0
0

0
0

0
1

0
0

2
91

12
0

11
5

91
82

97
2

11
0

12
4

15
2

75
33

10
9

17
7

22
2

24
5

24
9

25
1

25
2

6
10

15
3

10
6

63
68

62
63

3
1

3
10

4
18

1
22

3
14
7

79
34

11
7

4
4

25
0

24
4

12
30

78
97

11
2

96
L
2
E

1
49

58
24

3
25

2
25

6
25
6

25
6

25
6

25
6

25
6

0
0

0
0

0
0

0
0

0
0

2
54

47
10

4
0

0
0

0
0

0
4

4
25

0
24
4

12
30

78
97

11
2

96
3

15
3

15
1

3
0

0
0

0
0

0
0

25
2

25
2

6
12

24
4

22
6

17
8

15
9

14
4

16
0

N
ot
e:
†
T
he

N
o.

1
ra
nk

in
g
ha

s
th
e
sm

al
le
st

st
at
is
ti
c
va
lu
e.



CHAPTER 4. MONTE CARLO SIMULATION STUDIES 30
F
ig
ur
e
4.
7:

B
ox

pl
ot
s
of

P
ar
am

et
er

E
st
im

at
es

P
ro
du

ce
d
by

th
e
M
L,

M
H
D
,a

nd
L
2
E

E
st
im

at
io
ns

at
P
ar
am

et
er

Se
tt
in
g
1
w
it
h
Sa

m
pl
e
Si
ze

E
qu

al
to

1e
+
2
un

de
r
C
on

ta
m
in
at
io
n
Sc
en
ar
io

2

N
ot
es
:

To
co
ns
is
te
nt
ly

co
m
pa

re
th
e
M
L,

M
H
D
,a

nd
L
2
E

es
ti
m
at
es

of
ev
er
y
pa

ra
m
et
er
,t

he
y
ax

es
ar
e
re
st
ri
ct
ed

to
th
e
sa
m
e
sc
al
es
.



CHAPTER 4. MONTE CARLO SIMULATION STUDIES 31
F
ig
ur
e
4.
8:

B
ox

pl
ot
s
of

P
ar
am

et
er

E
st
im

at
es

P
ro
du

ce
d
by

th
e
M
L,

M
H
D
,a

nd
L
2
E

E
st
im

at
io
ns

at
P
ar
am

et
er

Se
tt
in
g
1
w
it
h
Sa

m
pl
e
Si
ze

E
qu

al
to

1e
+
4
un

de
r
C
on

ta
m
in
at
io
n
Sc
en
ar
io

2

N
ot
es
:

To
co
ns
is
te
nt
ly

co
m
pa

re
th
e
M
L,

M
H
D
,a

nd
L
2
E

es
ti
m
at
es

of
ev
er
y
pa

ra
m
et
er
,t

he
y
ax

es
ar
e
re
st
ri
ct
ed

to
th
e
sa
m
e
sc
al
es
.



CHAPTER 4. MONTE CARLO SIMULATION STUDIES 32

estimator and the RMSE the ML one. According to the ranking frequencies of

the �2
P , the MHD estimator tends to own high rankings when the sample size is

equal to 1e+4. On the other hand, no matter what the sample size is, the ML

estimator is the best estimator if based on the ranking frequencies of the RMSE.

Under the contamination scenario 2, there are a couple of common features

about the robustness property of the ML, MHD, and L2E estimators compared

with the contamination scenario 1. First, as the sample size rises to 1e+4 from

1e+2, the MHD and L2E estimates are more resistant to the contaminated data,

but their robustness property deteriorates when �1 moves to 0.95 from 0.5 as shown

in Figures 4.7, 4.8, 4.9, and 4.10. Second, the �2
P and RMSE still favor the MHD

and ML estimators, respectively, according to the ranking frequencies in Tables

4.7 4.8, 4.9, and 4.10.
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Chapter 5

Empirical Applications

To illustrate the proposed approach introduced in Chapter 2 and 3, two data

sets are examined in Section 5.1 and 5.2, respectively. The first data set, the

extent of non-payments of personal loans in Spain, was studied in Dionne et al.

(1996). The second data set, counts of utilization from the RAND Health Insurance

Experiment, was studied in Deb and Trivedi (2002).

5.1 Analysis of Non-payments of Personal Loans

in Spain

The proposed approach applied to the data set used in Dionne et al. (1996) is to

study the non-payments behavior of personal loans in Spain. This data set has

typical characteristics of count data that the responses contain a large proportion

of the zeros and the unconditional sample variance is bigger than the unconditional

sample mean. This kind of data is often collected from a heterogeneous population

with extreme values so that there is an additionally good reason to apply the

proposed approach.

However, the data set used for this study has been restricted to two data-

processing procedures that could impact the results. One is that Dionne et al.

(1996) dropped observations with extreme covariate values beyond three standard

37
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deviations and the other is that they excluded observations with more than twelve

non-payments. Since the main purpose of developing the minimum distance esti-

mation methods is to avoid any subjective elimination of inliers or outliers which

might lose valuable information, the two procedures adopted by Dionne et al.

(1996) reduce the representation of the estimates produced by the minimum dis-

tance estimation methods.

The econometric model used in Dionne et al. (1996) was an extension of the

hurdle model, which merged the logit and two conditional truncated distributions

to jointly estimate the default probability and non-payments of good and bad loans,

respectively. To implement this extended hurdle model, Dionne et al. (1996) had

to split the whole sample into two subsamples, “non-defaulters” and “defaulters”

and the discrimination depended on whether or not an observed person owed four

or more monthly payments. The hurdle thresholds for the two subsamples were

set at the non-payments number of zero for the non-defaulters and at three for the

defaulters.

By using the ML estimation method, the estimated results in Dionne et al.

(1996) showed that the significant variables affecting each distribution were not

the same and more importantly the two truncated distributions give different ex-

planation of non-payment behaviors between the non-defaulters and defaulters.

Their findings implied that a single count data GLM or traditional hurdle regres-

sion model was not sufficient to evaluate credit scoring systems.

There are a couple of concerns about the approach applied in Dionne et al.

(1996): one is that the defaulters subsample only had 336 observations of the

total sample 2,446 observations; the other is that among their eighteen covariates,

excluding the intercept, only one covariate was not a dummy variable. Both of

them raise a question as to whether the current optimization algorithm could

find a feasibly global optimum in their estimation problem.1 For this reason, the

hurdle model is substituted for their approach in the following subsection of model
1I use Stata and MATLAB to try to replicate their results but only have the same estimates

as theirs for the logit part.
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comparison that also returns to conventional model comparison. The best fit model

will be selected from the standard, hurdle, and finite mixture regression models,

whose density specification include the Poisson, NB1, and NB2.2

5.1.1 Data and Summary Statistics

The data set used in Dionne et al. (1996) covers personal loans for consumption

granted by a Spanish bank, and was retrieved in May 1989. This type of personal

loans was usually borrowed for a short period and required to pay monthly constant

amounts before the loan was terminated. Dionne et al. (1996) eliminated records

from the raw data (4,691) by the following criteria: first, they dropped incomplete

records (2,010); second, observations with extreme covariate values, beyond three

standard deviations, were deleted (18); third, they excluded observations with

more than twelve non-payments (217). The final sample contained the remaining

2,446 loans.

Definitions and summary statistics for the variables are presented in Table 5.1.

For the explanatory variables, there are three categories, i.e., (1) personal variables

(age, education, marital status), (2) socio-economic variables (income, housing

ownership, geographical location), and (3) financial variables (loan duration, loan

age, collateral, bank relationship, store credit).3

5.1.2 Results

The results, including model specification, estimation, and evaluation, are given

in the following manner: first, by applying the ML estimation method, the stan-

dard, hurdle, and finite mixture regression models are compared in Section 5.1.2.1;

second, the final decision on the best fit model and suitable estimator is made in

Section 5.1.2.2. Based on the decision, further analysis of the estimated result is

presented in Section 5.1.2.3.
2Here the standard count data GLM is referred to as the standard regression model.
3For more details of data processing, see Dionne et al. (1996, Section 4).
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5.1.2.1 Model Comparison among the Standard, Hurdle, and Finite

Mixture Regression Models

The competing models applied here include every model specification listed in

Table 2.1. To determine the best fit, the comparison process utilizes the follow-

ing diagnostic tools sequentially: the AIC, BIC, LR test4, Pearson’s chi-square

statistic, root mean squared error, and fitted descriptive statistics.

Table 5.2 reports the values of the information criteria and LR ratios. Based on

the information criteria, it is observed that adding an overdispersion parameter to

a standard regression model or applying a finite mixture regression model can give

a much better fit than the SP that implies significantly unobserved heterogeneity

existing in the data. For the AIC values, every density specification prefers the 3-

component mixture regression model and the 3-FMP has the smallest value, 6095.

As anticipated, the BIC is more likely to select a parsimonious model and the

SNB1 with the BIC value equal to 6333 is the top choice. For the LR tests, all

the null hypotheses are rejected in favor of complicated models, and the preferred

model within each density specification is like that of the AIC, the 3-component

mixture regression model.

Table 5.3 compares the sample cell frequencies with the fitted ones and also

reports the values of the �2
P and RMSE. For the cell fitted frequencies, the finite

mixture regression models overwhelmingly have better fits than the standard and

hurdle regression models, except at the count zero where the hurdle regression

models can fit perfectly due to their model specifications incorporating a binary

choice model. Using the �2
P to summarize the cell fitted frequencies, its statistic

values demonstrate a descending sequence from a standard regression model to a
4Deb and Trivedi (1997, Section 3.2) drew a road map to evaluate models based on the AIC,

BIC, and LR test. They referred the proof of the adequacy of the information criteria to Leroux
(1992). They gave a warning of using the LR test to decide whether an extra component density
was necessary in the finite mixture regression model. Because the true asymptotic distribution of
the LR ratio is not �2 (1), using the traditional critical value could mislead a user to under-reject
the false null hypothesis and then mistakenly choose a simpler model; see Böhning et al. (1994)
for further details. To avoid this problem when conducting the LR tests in the first empirical
application, the difference of estimated parameter numbers between two competing models is
used as the degrees of freedom to compute a stricter �2 critical value.
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hurdle regression model and then to finite mixture regression models regardless

of the density specification. The smallest two �2
P values occur to the 2 and 3-

FMPs, i.e., 16.05 and 21.52, respectively. Hence, the finite mixture regression

models fit the data better than the standard and hurdle regression models from

this perspective.

For the RMSE, it should not be surprising to see that the SP has the smallest

value, 2.126. As mentioned in Section 3.2, the ML estimates of the SP are equal

to the estimates which minimize the sum of squared residuals. Together with

the second smallest RMSE value, 2.129, for the SNB1, the two smallest values

are confirmed by the “Mean” result in Table 5.4, where the Mean values of the

SP and SNB1 are almost equal to the sample mean, 1.109.5 Compared with the

previous outcome based on the �2
P values, the RMSE and “Mean” values of the 2

and 3-FMPs clearly do not support that they are the best choices. To solve this

dilemma, the following techniques are applied to decide which model fits actually

better than the others. The first technique is to analyze the movement of the �2
P

by changing the number of cells, and the second one is to examine the �2
P ∣x and

RMSE∣x.

The reason to analyze the movement of the �2
P is that some of the models

might not fit the data very well in the far right tail. Therefore, when the number

of cells increases, the changing statistic value can reveal more information about

the right tail fitting.6 Table 5.5 shows that the �2
P value grows with the number

of cell but is relatively small for finite mixture regression models. This supports

that the finite mixture regression model does a better job than the standard and

hurdle regression models. For the 2-FMP, the trend of the �2
P values tells that this

model does not fit very well in the far right tail. The finding is consistent with its

relatively small “Var.” and “Max.” values in Table 5.4 compared with the sample
5The Law of Total Expectations states that the expected value of the conditional mean equals

the unconditional mean.
6Normally, the minimum allowed expected count for a bin is 5, but this is not a must. Besides,

the series of �2
P values here are only compared on a cross-model basis.
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variance, 4.861.7

To examine the �2
P ∣x and RMSE∣x, Table 5.6 presents the values referred to

the two representative covariates, DESTIN and RESID, which have the largest

subsamples when they equal 1.8 For the �2
P ∣x values, the finite mixture regression

model generally has the smaller value than the standard and hurdle regression

models that is consistent to the earlier result obtained by the �2
P values. But

for the RMSE∣x values, the result is different from that obtained by the RMSE

values, except for the SP. The SNB1 does not have the second smallest RMSE∣x

values, and the other models also have different rankings of the RMSE∣x values

compared with their rankings of the RMSE values. Consequently, the �2
P is a

more reliable goodness-of-fit statistic here than the RMSE.

To conclude the diagnoses of model comparison which have been done so far, the

finite mixture regression model is the top choice of model specification for the data

used in Dionne et al. (1996), contrasting with the standard and hurdle regression

models. This result strongly supports that the data should be divided into latent

classes for a better economic interpretation. Referring to the density specification

in finite mixture regression models, even though there is no absolute answer to

prefer a particular one, the Poisson density specification performs relatively better

than the negative binomial ones. The possible explanation for this phenomenon

is that Dionne et al. (1996) excluded observations with more than twelve non-

payments so that it is not as necessary to incorporate an overdispersion parameter

in the finite mixture regression model.

5.1.2.2 Model and Estimator Choices for Finite Mixture Regression

Models

After recognizing the goodness-of-fit of finite mixture regression models, the next

step is to select the best fit model from them. Meanwhile, the MHD and L2E

7The Analysis of Variance formula states that the unconditional variance is the sum of the
variance of the conditional mean plus the expected value of the conditional variance.

8The subsample size of DESTIN and RESID equal to 1 are 1,109 and 1,805, respectively.
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estimators are both applied to model estimation in order to decide whether the

two minimum distance estimators are more suitable than the ML one for this data

set. Two more diagnostic procedures are required to accomplish these tasks. One

is using the cross-validation to examine whether the out-of-sample fit is consistent

with the in-sample one, and the other is interpreting parameter estimates to verify

whether the estimates make economic sense.

Because Section 5.1.2.1 concludes that the FMNBs do not necessarily fit the

data set better than the FMPs, more analyses are performed here to investigate

whether the FMPs should be selected rather than the FMNBs. Table 5.7 sum-

marizes overdispersion parameter estimates of the FMNBs produced by the ML,

MHD, and L2E estimations. For the 3-FMNBs, almost all of the estimates are

close to zero when the density specification is the NB1 and at lease one of them

for each estimator is close to zero when the density specification is the NB2. For

the 2-FMNBs, all the MHD estimates are near zero, and  2 of the L2E and ML

estimates based on the NB1 and NB2 density specifications, respectively, are close

to zero. This result is verified by Tables 5.8 and 5.9 where the values of the Mean

and Var. are almost identical for the corresponding component densities in the

FMNBs.9

While solving the FMNB estimation problems, the optimization process for the

MHD and L2E estimators becomes unsmooth. Convergence rate is slow and the

ML estimates are not always good starting values. Tables 5.10 and 5.11 show that

the trouble causes awful fitted cell frequencies, large goodness-of-fit statistics, and

abnormal objective function values of the FMNBs produced by the MHD and L2E

estimations.

For the subsample fitting performance, Tables 5.12 and 5.13 present the �2
P ∣x

9In Tables 5.7, 5.8, and 5.9 some inconsistencies might cause a curiosity between overdispersion
parameter estimates and the values of the Mean and Var. First,  ̂2 of the MHD in the 2-FMNB2
and  ̂3 of the L2E in the 3-FMNB2 are near zero, but the Mean and Var. are apart that is due
to very large fitted means. Second,  ̂1 of the MHD in the 3-FMNB2 is 3.254 but the Mean and
Var. are almost equivalent. This is because the fitted means are extremely small. A quick way
to have an approximated proof of these inconsistencies is to plug those numerical values into the
conditional variance formula.
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and RMSE∣x values of the ML, MHD, and L2E estimators. For each estimator,

even though the FMPs do not always have the smallest values of the �2
P ∣x and

RMSE∣x, their overall fitting performance is constantly better than that of the

FMNB1s and FMNB2s no mater for a 2 or 3-component mixture model. One ex-

ample is that for the ML estimator of 2-component mixture models the 2-FMNB1

and 2 have smaller RMSE∣x values than the 2-FMP in the subsample of RESID,

but their �2
P ∣xvalues are much bigger than that of the 2-FMP, even in the subsam-

ple of DESTIN. The other example is that for the L2E estimator of 3-component

mixture models the 3-FMNB1 is the best fit model in the subsample of DESTIN,

but it fits poorly in the subsample of RESID.

Back to Table 5.7, although the ML estimates of the 2-FMNB1 and the L2E

estimates of the 2-FMNB2 are not trivial, their �2
P and RMSE values in Table

5.10 do not support that they fit better than the 2-FMP. Each of them has one

statistic value considerably larger than the corresponding value of the 2-FMP. This

phenomenon also happens to their �2
P ∣x and RMSE∣x values in Table 5.12.

In view of this evidence, the FMNBs are proved to be overparameterized by

overdispersion parameters no matter for which estimator. Furthermore, this over-

parameterization creates a floating-point calculation problem for the asymptotic

variances of parameter estimates whose values become unreliable when an overdis-

persion parameter estimate is extremely small. As a result, the NB1 and 2 are

excluded from the density specification, and that leaves only the 2 and 3-FMPs to

be the final candidates to fit the data.

To finalize the model specification and select an appropriate estimator for it,

the cross-validation is applied. As proven in Chapter 4, the �2
P shows favor to the

MHD estimator and the RMSE the ML one. These statistics are not allowed to

assess the adequacy-of-fit among the ML, MHD, and L2E estimators directly. But

via the cross-validation, not only can the better fit of the 2 or 3-FMP be decided,

but also the suitability of an estimator is verified.

Figure 5.1 presents the �2
P and RMSE values of the 2 and 3-FMPs for the
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ML, MHD, and L2E estimators from the cross-validation.10 Apparently, the L2E

estimator is the worst among the three because its two goodness-of-fit statistics

almost have the largest values in both the training and holdout samples for either

the 2 or 3-FMP. Figure 5.2 verifies the discrepancy between the ML and MHD

estimators and the L2E estimator. The component densities of the L2E estimator

are different from those of the other two estimators in the 2 and 3-FMPs. To take

a close look at the fitting performance of the ML and MHD estimators, Figure 5.3

filters out the goodness-of-fit statistics of the L2E estimator in Figure 5.1.

For the MHD estimator, it is hard to decide whether the 2 or 3-FMP has a

better fit in either a training or holdout samples if only based on the �2
P , but

the RMSE helps distinguish their fitting performance. In both the training and

holdout samples, the 2-FMP constantly has smaller RMSE values than the 3-

FMP. For the ML estimator, the 2-FMP clearly fits better than the 3-FMP no

matter in the training or holdout sample on the basis of the �2
P and RMSE. At

this stage, the 2-FMP can be concluded as the preferred model for the data set.

On the other hand, the cross-validation gives an ambiguous answer to choose

the best estimator for the 2-FMP. Based on the RMSE values, the ML estimator

continually maintains its best fitting performance in the training and holdout

samples, but the �2
P values of the ML estimator are higher than those of the

MHD one in either the training or holdout sample, except in Trail 7 of the holdout

samples. This conundrum is consistent with the similar component densities of

the 2-FMP for the ML and MHD estimators in Figure 5.2. To solve this, studying

their parameter estimates from an economic perspective can give a hand.

For this task, two covariates are picked in Table 5.14. One is DESTIN which

equals 1 if the credit is used to purchase a good with a collateral, and the other is

RECSAL which equals 1 if the client receives the salary through the bank. The

reason to select these two covariates is that they definitely have negative impact

on the non-payments number. For DESTIN, when a client can purchase a good
10To balance lengthy computation against proper sampling, there are ten trials conducted in

this experiment.
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Figure 5.2: Component Densities of the ML, MHD, and L2E Estimations (2 and
3-component Poisson Mixture Regression Models)
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with a collateral, that usually implies he has certain amount of wealth. Moreover,

he will avoid the collateral to be liquidated because most of time the selling price is

underestimated and that is not his best interest to let it happen. For RECSAL,

the bank not only collects more this client’s credit information but also has a

deeper relationship with him through his salary account. This gives the bank an

edge to analyze his credit quality in more detail. Once the bank offers him a loan,

that means the probability of non-payments is relatively low. Besides, this client

is more likely to pay on time and avoids going into default because he wants to

keep a good relationship with this type of bank for future borrowing needs.

In Table 5.14 only the ML estimates of these two covariates meet the expecta-

tion. Both of them have anticipated signs in the component 1 and 2, and reach

economic and statistical significance as well. For the MHD estimates, only the

estimate of RECSAL in the component 2 is statistically significant, but it does

not reach economic significance and also contradicts the anticipated sign. Based

on the findings, the ML estimator is the best estimator for the 2-FMP.

5.1.2.3 Further Analysis of the Preferred Model and Estimator

While applying the t-test to examine the significance of the �̂ and  ̂, Deb and

Trivedi (1997) emphasized that the distributions of the test statistics were not the

conventional ones because both �̂ and  ̂ had boundary values. Since the 2-FMP is

chosen as the best fit model for this data set, only the significance of �̂ needs to be

considered here. In Table 5.14, the value of � is very precisely estimated under the

ML estimation method, which again strengthens the hypothesis that more than

one latent class exists.

Table 5.8 indicates that the Mean values are diverse for the two component

densities in the 2-FMP estimated by the ML estimation method, i.e., 0.153 vs.

4.042. This discrepancy can be explained by the corresponding chart in Figure 5.2

where the component density 1 has a large proportion of the count zero and the

component density 2 has a substantial fraction of the count greater than or equal
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to six. Moreover, depending on the “Mean” which represents the non-payments

number for the average person in each latent class, the component density 1 and 2

can be denoted as the “low-risk” and “high-risk” groups, respectively, for behavior

analysis. However, the group names do not literally mean that the low-risk group

never has a high number of non-payments and the high-risk group would not pay

on time. These two groups have their own distributions just like those in Figure

5.2.

5.2 Analysis of Health Care Demand in the United

States

Deb and Trivedi (2002) used the data on counts of utilization from the RAND

Health Insurance Experiment to contrast the hurdle model with the finite mixture

model. Based on model properties, they defined that the hurdle model distin-

guished between users and non-users of health care and the finite mixture model

distinguished between infrequent and frequent users. Their result provided strong

evidence in favor of the finite mixture model which gave different estimates of

policy-relevant measures when calculated for hypothetical individuals with spe-

cific characteristics.

Since Deb and Trivedi (1997, 2002) had proved that the finite mixture regres-

sion model fitted better than the standard and hurdle regression models, the model

comparison in the following subsection only focuses on 2 and 3-component mixture

regression models which are estimated by the ML, MHD and L2E estimations, re-

spectively. The same diagnostic techniques used in Section 5.1 are employed to

compare the adequacy-of-fit among the models and estimators.

Referring to the sample size, this data set with 20,186 observations is much

larger than the data set of Dionne et al. (1996). The simulation studies in Chapter

4 show that the MHD and L2E estimates are more convincing if the sample size

is large enough. However, there is a deficiency to directly apply the proposed
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approach to the data. The data is composed of a panel of families, with all members

of a given family in the sample. It is ideal that the objective functions take into

account the correlation, but considering the computational difficulty the estimators

are still specified as the original functional forms for this empirical application,

which is also consistent with the manner in the previous literature.

5.2.1 Data and Summary Statistics

The data set studied in Deb and Trivedi (2002) was collected from the Rand Health

Insurance Experiment which recorded the enrollee’s use of medical care services

and health status throughout the randomly assigned period. This experiment was

conducted from 1974 to 1982 with around 8,000 enrollees in 2,823 families from

6 sites across the U.S. The final sample used in their paper only consisted of

individuals in the fee-for-service plans, which contained 20,186 observations.

Definitions and summary statistics for the variables are presented in Table

5.15. For application purpose, only one of the two utilization measures is picked

as a response variable, i.e., the number of contacts with a physician (MDU).

The explanatory variables can be classified into three main groups: (1) insur-

ance plan variables (coinsurance rate, deductibles, maximum dollar-expenditure

function, participation-incentive payment function), (2) health status variables

(chronic conditions, existence of a physical limitation, self-reported health status),

and (3) socio-economic variables (family income, family size, age, gender, race,

education).11

5.2.2 Results

Since Deb and Trivedi (1997, 2002) found that the finite mixture regression model

gave a better fit and interpretation than the conventional models, these findings

are used as a starting point to evaluate the proposed approach. The data set

is only modeled by 2 and 3-component mixture regression models, which are in
11For more details of data processing, see Deb and Trivedi (2002, Section 3).
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combination with the Poisson, NB1, and NB2 density specifications, respectively.

All of the models are estimated by the ML, MHD, and L2E estimations. For

model and estimator selection, the required diagnostic tools are as follows: the

Pearson’s chi-square statistic, root mean squared error, fitted descriptive statistics,

and cross-validation.

Before assessing the three estimators, the task starts with model selection for

which the first priority is to figure out whether the negative binomial density

specification is a better choice than the Poisson one for this data set. Table 5.16

presents the ML, MHD, and L2E estimates of overdispersion parameters for the

2 and 3-component mixture regression models based on the NB1 and 2 density

specifications. Clearly, the ML and L2E estimates are different from zero but

that is not necessary for the MHD ones. The MHD estimates of overdispersion

parameters are all close to zero, except  ̂1 in the 3-FMNB1 and  ̂2 in the 2-

FMNB2. This result is verified by Tables 5.17 and 5.18 where the “Var.” values

are greater than the “Mean” values in the FMNBs for the ML and L2E estimators

but are almost equal for the MHD one.

From the adequacy-of-fit perspectives, Tables 5.19 and 5.20 present the fitted

frequencies and the �2
P and RMSE values of the 2 and 3-component mixture

regression models, and Tables 5.21 and 5.22 report the �2
P ∣x and RMSE∣x values for

the corresponding models and estimators conditional on FEMALE and CHILD

equal to 1, respectively.12

For 2-component mixture regression models, Table 5.19 presents that the ML

estimator of the 2-FMNB1 has both the smallest �2
P and RMSE values, 10.49

and 4.283, respectively, compared with that of the 2-FMP and 2-FMNB2. Based

on the comparison of sample and fitted frequencies, the ML estimator of the 2-

FMNB1 also shows a better fit over the entire range of the distribution than that of

the other two density specifications. However, for the MHD and L2E estimators,

each of them only has one smallest goodness-of-fit statistic value to support the
12The subsamples of FEMALE and CHILD equal to 1 have more observations than others,

i,e., 10,435 and 8,103, respectively.
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2-FMNB1, i.e., �2
P = 4.808 for the MHD estimator and RMSE = 4.299 for the

L2E estimator.

Referring to fitted frequencies, the MHD estimator actually have very similar

results across the three density specifications that is consistent with their small

overdispersion parameter estimates in Table 5.16. For the L2E estimator, the

sample and fitted frequencies are much closer to each other based on the nega-

tive binomial density specification than the Poisson one. Between the 2-FMNB1

and 2-FMNB2, although the �2
P prefers the latter, its smaller �2

P value, 52.43,

is attributed to the better fitted frequencies of the count nine and higher. The

2-FMNB2 does not fit the cell frequencies well on the lower counts compared with

the 2-FMNB1.

Regarding the �2
P ∣x and RMSE∣x values, Table 5.21 presents that these two

subsample goodness-of-fit statistics give the same conclusion of the density selec-

tion for each estimator as that in Table 5.19. The ML estimator of the 2-FMNB1

has the smallest statistic values for either FEMALE or CHILD subsample. The

negative binomial density specification instead causes an unstable MHD estimator

that generates abnormal statistic values in both of the subsamples. For the L2E

estimator, the �2
P ∣x and RMSE∣x values of the 2-FMNB1 are smaller than those

of the other models, except the RMSE∣x value in the subsample of CHILD.

For 3-component mixture regression models, Table 5.20 presents that for the

ML and L2E estimators the 3-FMNB1 is the best fit model based on its smallest

�2
P and RMSE values. In terms of the MHD estimator, the estimation algorithm

fails in the 3-FMNB2, and the �2
P and RMSE values of 3-FMNB1 are greater

than those of the 3-FMP. But for the fitted frequencies of the MHD estimator,

the 3-FMP and 3-FMNB1 have very close values across the whole range of counts.

Again, this result verifies the small estimates of overdispersion parameters in Table

5.16.

Table 5.22 reports the corresponding �2
P ∣x and RMSE∣x values but the result

is only consistent with that in Table 5.20 for the ML estimator. Among the three
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density specifications of the ML estimator, the 3-FMNB1 has relatively small val-

ues for both of the �2
P ∣x and RMSE∣x. On the other hand, the two subsample

goodness-of-fit statistics of the MHD estimator do not specifically indicate which

density specification has a better fit. Each of them picks different density speci-

fication and then reverts when the subsample is changed. The contradiction for

the L2E estimator is that the 3-FMNB1 does not fit well in the two subsamples;

instead, the 3-FMP fits better than the other two models based on the the �2
P ∣x

and RMSE∣x values, except the �2
P ∣x value in the subsample of CHILD.

Based on these results above, the ML estimator is the only estimator among

the three explicitly has a preferred density specification for the 2 and 3-component

mixture regression models and coincidentally both of them are the NB1 density.

Using this preferred density specification of the ML estimator as a benchmark, the

cross-validation computes the �2
P and RMSE values for the ML, MHD, and L2E

estimators in combination with the 2-FMNB1 and 3-FMNB1, respectively, all of

which are presented in Figure 5.4.

For the 2-FMNB1, although the �2
P favors the MHD estimator in the training

sample, this overwhelming preference does not continue in the holdout sample

where the ML estimator has five smallest �2
P values in the ten trials. Moreover,

the RMSE completely prefers the ML estimator to the MHD one no matter in the

training or holdout sample, but surprisingly the ML and L2E estimator have very

close RMSE values. For the 3-FMNB1, the same outcome is produced by the

�2
P that the MHD estimator owns all the smallest statistic values in the training

sample but in the holdout sample the ML has four smallest values in eight trials,

excluding the trial 1 and 4 where the MHD estimation algorithm fails. Based on

the RMSE, the ML estimator is obviously the best choice, and this time it does

not have a close value to that of the L2E estimator for every trial.

At this point, the ML estimator has been confirmed as the best estimator

among the three based on the cross-validation result in Figure 5.4, but it is not

clear whether the 2 or 3-FMNB1 is the preferred model. To assess the adequacy
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of fit between these two models, Figure 5.5 focuses on the ML estimators of the

2 and 3-FMNB1. For the �2
P , the 2-FMNB1 has more lower points in the plots

than the 3-FMNB1 does, i.e., nine and seven in the training and holdout samples,

respectively. However, the RMSE does not provide strong evidence to support a

particular model. In both the training and holdout samples, although the RMSE

value of the 3-FMNB1 is smaller than that of the 2-FMNB1 in seven out of ten

trials, the difference is actually tiny. To sum up, the 2-FMNB1 is selected as the

best fit model and this is consistent with the result in Deb and Trivedi (2002).

5.3 Discussion of the Best Estimator in Empirical

Applications

In the two empirical applications, the choice of the best estimator is the ML

estimator. There are two reasons to explain this choice. First, it can be attributed

to flexibility of the finite mixture model. Based on the estimated results in Deb and

Trivedi (1997, 2002) and this dissertation, the finite mixture regression model is

shown to enormously improve the goodness-of-fit compared with the standard and

hurdle regression models. That leaves less room for the MHD and L2E estimators

to down weight the exotic observations, especially for observations in the far right

tail.

The other reason to explain why the ML estimator is selected is data processing

procedure. The data set studied in the first empirical application already excluded

extreme values when it was provided by the corresponding author of Dionne et al.

(1996). For the data set used in the second empirical application, Deb and Trivedi

(2002) claimed that careful data collection minimized the contaminated sample.

As a result, there is less necessity of using the MHD and L2E estimators.

To verify this argument, an experiment is carried out to examine whether or

not there exists a certain amount of contaminated sample in each data set. There

are 100 replications in this experiment and for each replication the simulated sam-
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ple is constructed by randomly drawing 95 percent of the original observations.

According to the experiment design, it is expected that the contaminated data can

be largely eliminated in some replications if the original data sets are indeed con-

taminated. Then by applying the same model specification and the ML estimation

to those simulated samples, the “experimental” estimates should be significantly

different from the original estimates of the entire sample.

Based on the result in Table 5.23, the range of 100 experimental estimates is

acceptably narrow for each statistically significant covariate, except for the com-

ponent 1 intercept in the second empirical application.13 Therefore, it is safe to

say that the contamination problem is restricted for the two original data sets. In

this situation, the ML estimator is preferred to the MHD and L2E ones.

13In fact, there are only two abnormal values, 0.1953 and 0.1755, among the 100 replications.
The third largest value is -0.2155.
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Chapter 6

Conclusion

Two robust estimators for finite mixtures of count data regression models are

developed in this dissertation: the MHD estimator and the L2E estimator, which

is a special case of the MDPD estimator. The Monte Carlo simulation studies

show that the MHD and L2E estimators are more robust than the ML one by

sacrificing efficiency but the robustness of these two minimum distance estimators

is deteriorated as the mixing probability approaches one.

In the first empirical application, the estimated results show that the hetero-

geneity of the data set is not simply explained by an overdispersion parameter of

a negative binomial distribution built in either a single or a two-step count data

regression model. Instead, the 2-FMP which categorizes the sample into two latent

classes, low-risk and high-risk, fits the heterogeneity better than the traditional

models. In the second empirical application, the preferred model specification, the

2-FMNB1, is the same as that concluded by Deb and Trivedi (2002). For robust

estimates, there is no convincing evidence to replace the ML estimator with the

MHD or L2E one in the two empirical applications. This outcome is attributable

to the flexibility of the finite mixture model and data processing procedures.

From a computational perspective, there are two concerns about the two min-

imum distance estimators. First, high dimension of a covariate vector not only

slows their convergence rate, but also reduces their estimation accuracy. Recent

77
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research about dimension reduction in regression could be a remedy for this nui-

sance. Second, according to my experience, the ML estimates suggested by pre-

vious literature are not necessarily good starting values for the MHD and L2E

estimation problems in the case of finite mixtures of count data regression models.

This will require more simulation studies to design a better searching algorithm

for the two minimum distance estimation problems.

For the MHD estimation method and estimator selection tools, some improve-

ments are still required. The MHD objective function in Lu et al. (2003) was

constructed in an unconditional way. A better approach is to implement a con-

ditional nonparametric density in the MHD estimation method, which returns to

the regression definition and may also avoid bizarre results in the empirical appli-

cation. Regarding estimator selection, the �2
P and RMSE are proved to favor the

MHD and ML estimators, respectively. Although the cross-validation cures this

problem, it is worth pursuing a fair diagnostic statistic to give a direct and fast

evaluation.

An interesting empirical application for future research is to evaluate banks’

credit score methodologies by the proposed approach. Banks like to grant con-

sumers loans on the basis of their credit scores, e.g., FICO, but there are some

discussions about loan brokers or agents who might boost their business by pol-

ishing consumers’ credit reports, especially for those with the credit scores just

below the minimum requirement. The proposed approach can be used to estimate

default probabilities or non-payments numbers and then compare the predicted

power with that of the existing credit score methodologies, particularly for those

controversial loans.
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Appendices

Appendix A: Accommodation of Over- and Under-

dispersion by Hurdle and Finite Mixture Models

First, let the hurdle regression model be specified by

f� (yi ∣ xi) =

⎧⎨⎩
f1 (0 ∣ xi) if yi = 0,

{1− f1 (0 ∣ xi)} f2(yi∣xi)
1−f2(0∣xi)

if yi > 0,

where f1 (⋅), the first step, is a binary choice model, and f2 (⋅) / {1− f2 (⋅)}, the

second step, is a zero-truncated model. It is elastic to use different distribu-

tions to define f1 (⋅), but the logit distribution is commonly adopted. For the

empirical application in Chapter 5, f1 (⋅) is specified as the logit regression, i.e.,

f1 (0 ∣ xi) = 1/ exp (x⊺
i�1), and f2 (⋅) is specified as the Poisson and negative bi-

nomial regressions, respectively.

The hurdle model with a truncated Poisson regression (HP) assumes that f2 (⋅)

is the Poisson regression whose functional form is like (2.2) with �i2 = exp (x⊺
i�2)

so that � = (�⊺
1,�

⊺
2)

⊺. The conditional mean and variance of the HP are, respec-

tively,

E (Yi ∣X i) =
1− f1 (0 ∣ xi)
1− f2 (0 ∣ xi)

�i2

79
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and

V ar (Yi ∣X i) =
1− f1 (0 ∣ xi)
1− f2 (0 ∣ xi)

[
�i2 +

{
1− 1− f1 (0 ∣ xi)

1− f2 (0 ∣ xi)

}
�2
i2

]
.

Since

V ar (Yi ∣X i) /E (Yi ∣X i) = 1 +

{
1− 1− f1 (0 ∣ xi)

1− f2 (0 ∣ xi)

}
�i2,

where V ar (Yi ∣X i) /E (Yi ∣X i) can be either greater or less than 1, the HP allows

for over- or underdispersion in data.

For the hurdle model with a truncated negative binomial regression (HNB), let

f2 (⋅) denote the negative binomial regression and the functional form is analogous

to (2.3) with �i2 = exp (x⊺
i�2); thus � = ( ,�⊺

1,�
⊺
2)

⊺. The conditional mean and

variance of the HNB are, respectively,

E (Yi ∣X i) =
1− f1 (0 ∣ xi)
1− f2 (0 ∣ xi)

�i2

and

V ar (Yi ∣X i) =
1− f1 (0 ∣ xi)
1− f2 (0 ∣ xi)

[
�i2 (1 + �i�i2) +

{
1− 1− f1 (0 ∣ xi)

1− f2 (0 ∣ xi)

}
�2
i2

]
.

Here

V ar (Yi ∣X i) /E (Yi ∣X i) = 1 +

{
�i + 1− 1− f1 (0 ∣ xi)

1− f2 (0 ∣ xi)

}
�i2

shows that the HNB not only can handle overdispersion in data but also under-

dispersion.

In terms of finite mixtures of count data regression models, the conditional

mean is

E (Yi ∣X i) =
k∑
j=1

�j�ij.

The conditional variance of the FMP and FMNB are given, respectively, by

V ar (Yi ∣X i) =
k∑
j=1

�j
(
�ij + �2

ij

)
−

(
k∑
j=1

�j�ij

)2
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Text Box



CHAPTER 7. APPENDICES 81

and

V ar (Yi ∣X i) =
k∑
j=1

�j
{
�ij (1 + �ij�ij) + �2

ij

}
−

(
k∑
j=1

�j�ij

)2

.

Because V ar (Yi ∣X i) /E (Yi ∣X i) can be greater or less than 1, the FMP and

FMNB admit over- or underdispersion in data as well.

Ti-Jen Tsao
Text Box
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Appendix B: Proof of Avar
(
�̂MHD

)
in Lu et al. (2003)

When the model is correctly specified, Gn ≡ G�, Simpson (1987) proved that

Avar
(
�̂MHD

)
= i−1 (�0) and �̂MHD was asymptotically equivalent to �̂ML. Based

on the second result, Lu et al. (2003) further specified i (�0) by the following

manner.

i (�0) =
m∑
y=0

l�0 (y) l⊺�0 (y) f�0 (y)

= E
[
l�0 (y) l⊺�0 (y)

]
= E

[
l�0 (yi) l

⊺
�0

(yi)
]

a
= −E [H�0 (yi)] (H�0 (⋅) is the Hessian)

= −E
[

∂2

∂�∂�⊺
log f�0 (yi)

]
= −E

[
−

∂
∂�
f�0 (yi)

∂
∂�⊺

f�0 (yi)

f 2
�0

(yi)
+

∂2

∂�∂�⊺
f�0 (yi)

f�0 (yi)

]

= E

[
l�0 (yi) l

⊺
�0

(yi)−
∂2

∂�∂�⊺
f�0 (yi)

f�0 (yi)

]

=
1

n

n∑
i=1

[
l�0 (yi) l

⊺
�0

(yi)−
∂2

∂�∂�⊺
f�0 (yi)

]
=

m∑
y=0

[
l�0 (y) l⊺�0 (y) f�0 (y)− ∂2

∂�∂�⊺
f�0 (y)

]

=
m∑
y=0

[
l�0 (y) l⊺�0 (y) fn (y)− ∂2

∂�∂�⊺
f�0 (y)

]
.
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Appendix C: Expansions of Ψ̇ (�0) and Σ

Avar
(
�̂MDPD

)
= E

[
Ψ̇ (�0)

]−1
ΣE

[
Ψ̇ (�0)

]−1
, where Ψ (�0) =

´
u�0 (y ∣X i) f

1+�
�0

(y ∣X i) dy − u�0 (Yi ∣X i) f
�
�0

(Yi ∣X i), Ψ̇ (�0) = ∂
∂�⊺

Ψ (�0), and Σ = E

[
Ψ (�0)

Ψ (�0)
⊺

]
. Ψ̇ (�0) and Σ are expanded as follows.

Ψ̇ (�0) =
∂

∂�⊺
Ψ (�0)

=

ˆ {
u̇�0 (y ∣X i) f

1+�
�0

(y ∣X i) + (1 + �)u�0 (y ∣X i)u
⊺
�0

(y ∣X i) f
1+�
�0

(y ∣X i) dy

}
−
{
u̇�0 (Yi ∣X i) f

�
�0

(Yi ∣X i) + �u�0 (Yi ∣X i)u
⊺
�0

(Yi ∣X i)

f��0 (Yi ∣X i)

}
,

Σ = E [Ψ (�0) Ψ (�0)
⊺]

= E

[{ˆ
u�0 (y ∣X i) f

1+�
�0

(y ∣X i) dy

}
⋅
{ˆ

u�0 (y ∣X i) f
1+�
�0

(y ∣X i) dy

}⊺

−2

{ˆ
u�0 (y ∣X i) f

1+�
�0

(y ∣X i) dy

}
⋅
{
u�0 (Yi ∣X i) f

�
�0

(Yi ∣X i)
}⊺

+u�0 (Yi ∣X i)u
⊺
�0

(Yi ∣X i) f
2�
�0

(Yi ∣X i)

]
,

u�0 (⋅) =
∂

∂�
logf�0 (⋅) , and

u̇�0 (⋅) =
∂

∂�⊺
u�0 (⋅) .
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Appendix D: Expansions of Ψ̇
(
�̂MDPD

)
and Σ̂ for

Count Data Regression Models

Âvar
(
�̂MDPD

)
=
[
1
n

∑n
i=1
ˆ̇Ψ(�̂MDPD

)]−1
Σ̂
[
1
n

∑n
i=1
ˆ̇Ψ(�̂MDPD

)]−1
. For count

data regression models, ˆ̇Ψ(�̂MDPD

)
and Σ̂ have the following expansion forms,

respectively.

ˆ̇Ψ(�̂MDPD

)
=

m∑
y=0

{
u̇�̂MDPD

(y ∣X i) f
1+�

�̂MDPD
(y ∣X i) + (1 + �)u�̂MDPD

(y ∣X i)

u⊺

�̂MDPD
(y ∣X i) f

1+�

�̂MDPD
(y ∣X i)

}
− u̇�̂MDPD

(Yi ∣X i) f
�
�̂MDPD

(Yi ∣X i)− �u�̂MDPD
(Yi ∣X i)u

⊺

�̂MDPD
(Yi ∣X i) f

�
�̂MDPD

(Yi ∣X i) ,

Σ̂ =
1

n

n∑
i=1

[{
m∑
y=0

u�̂MDPD
(y ∣X i) f

1+�

�̂MDPD
(y ∣X i)

}
⋅

{
m∑
y=0

u�̂MDPD

(y ∣X i) f
1+�

�̂MDPD
(y ∣X i)

}⊺

− 2

{
m∑
y=0

u�̂MDPD
(y ∣X i) f

1+�

�̂MDPD

(y ∣X i)

}
⋅

{
u�̂MDPD

(Yi ∣X i) f
�
�̂MDPD

(Yi ∣X i)

}⊺

+u�̂MDPD
(Yi ∣X i)u

⊺

�̂MDPD
(Yi ∣X i) f

2�
�̂MDPD

(Yi ∣X i)

]
,

u�̂MDPD
(⋅) =

∂

∂�
logf�̂MDPD

(⋅) , and

u̇�̂MDPD
(⋅) =

∂

∂�⊺
u�̂MDPD

(⋅) .
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