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Abstract

Fundamental Domains of Modular Subgroups

Using Isometric Circles

by

Terry Y. Fung

Advisor: Professor Harvey Cohn

Let I denote the inhomogeneous modular group acting on the upper half

plane H in this way :

az+b
cz+d’

ad -bc=1, a,b,c,de 2

2 —

Sometimes we denote the element of I' by its matrix form 4 = + ( t: 3 )

We consider the subgroup of I' such as

[°(N) = {(? Z)lbzo (mod N)}

We construct the fundamental domain for I'°( N ) using isometric circles in a
manner based upon the divisibility of prime factor(s) of N. The use of iso-
metric circles was Poincaré’s original constructional and existential method

for fundamental domains.

iv




In this paper, we construct a fundamental domain of I'°(N) for ¥ which
has at most four distinct prime factors. The fixed circle of T°(N) is the
real axis and the cusps are zero and the multiples of the prime factors. We
construct it by using isometric circles with the relation (z—%)( z'—%’-) = - 517
provided that LM = —1 (mod QN) where %, %— are centers of circles
with radius r = 6 The idea of the method is to find the matching circles
by checking LM = -1 (mod QN). We found that for N with one prime
factor, the isometric circles will have radius r = 1. If N has two distinct
prime factors, then the isometric circles have radius r > % If N has three
distinct prime factors then the isometric circles have radius r > 1if N is odd,
and r > % if N is even. If N has four distinct prime factors, the isometric
circles will have radius r > % provided all the prime factors are greater than
three, but if the prime factors are less than or equal to three, various special

cases will occur leading to circles of radius { as we shall demonstrate.

This work generalizes a result of Cohn [3] for two prime factors. The

method will be shown to be applicable to any number of prime numbers.




ACKNOWLEDGEMENTS

First of all, I would like to thank my advisor Professor Cohn for his
patience, encouragement and guidance. Without his assistance I would not
be able to achieve this goal. In the past six years, many people helped me
with different difficult crises. I would like to thank Elaine for her encourage-
ment, and Dal, Debbie, Frank, Ron for their cheerful discussions. | would
like to thank my friend Ming for her professional drawing. Also, I would
like to thank my family for their support which makes this mission possible.
Finally, my special thanks to Chi Ming who typed this manuscript and 1

appreciate his love and care through the years.

vi



Contents

Abstract

Acknowledgements

Chapter 1. Discontinuous Groups and Fundamental Domains

Chapter 2.

Chapter 3.

Chapter 4.

Chapter 5.

Chapter 6.

Chapter 7.

Chapter 8.

Appendix

References

Poincaré’s Theorem

The Modular Group

Construction of the Fundamental Domain
The Case N = p;!

The Case N = p;! P2

The Case N = p‘il p;2p§3

The Case N = pfl P,2P3d pi‘

vii

iv

vi

10

14

19

30

32

37

48

64

73



List of Tables

1 Cases for two primes ... ...... ...ttt 32
2 Cases for three primes (part 1) .............................. 38
3 Cases for three primes (part II) ............................. 39
4 Summary ofresults ............ ... 64

viii




List of Figures

10
11
12
13
14
15
16
17
18
19
20
21

Ordinary cycle . . . . .. ... ... ...
Pasting together thecycle . . . . . . ... ... .. ... ...
Illustration for Poincaré’s Theorem: pasting process . . . . .

Illustration for Poincaré’s Thorerm: completion of pasting

PIOCESS . . . v v v v e e e e e e e e e e e
Illustration for counting fundamental domains . . . . . . . ..
Configuration s; ofarea | . . . . .. ... ... .. ... ..

Configuration s; of area

[ST[)

Configuration sz ofarea 3 . . . ... ..............
Configuration sqofare@ad . . . . .. ... ... .. ......

Configuration ssofarea 4 . . . . ... ... ... ... ....

IO

Configuration sg of area
Configuration s7 of area g ....................
[llustration for choosing set of maximal circles . . . . . . . ..
Circles with various radii in the interval (mym+1). . . . ..
Configuration 8y . . ... ... ... ... .. ...
Configuration s . . ... ... .. ... . oL
Configuration s3 . . . . . ... ... ... ..
Configuration 84 . . .. . . .. .. ... ... L L
Configuration 85 . . . ... ... ... ... L.
Configuration 8¢ . . . . . . .. ... ... ..

Configuration s7 . . .. .. .. ... ... ... L

ix

13

25



22
23
24
25
26
27
28
29
30
31
32
33
34
35

Configuration sg . . . ... .. ... ... ... .. ...... 67

Configurationsg . . ... ... ... ... ... ........ 68
Configuration 819 . . . . . . . . ... ... 68
Configuration sqy . . . . . .. . . ... . 68
Configuration 832 . . . . . ... ... ... ... ... ... 69
Configuration sy3 . . . .. ... ... ... .. ... .. ... 69
Configuration sy¢ . . . . . . . . ... ... .. 69
Configuration sys . . . . . ... ... ... ... ... . ..., 70
Configuration 816 . . . . . . . . . .. ... ... 70
Configuration sy7 . . . . . ... .. ... .. ... . .. 70
Configuration sjg . . . . . ... ... L L 71
Configuration syg . . . . . . . . .. ... ... 71
Configuration s30 . . . . . . .. .. ... 71
Configuration sy . . . . .. .. ... ... ... 72



Chapter 1

Discontinuous Groups and

Fundamental Domains

Let © be the group of all conformal homeomorphisms of the Riemann
sphere C*. Each element of {1 is a linear transformation

az+ b
cz+d’

N:2'=T(2) = ad - bc =1 (1)

where a,b,c,d are complex numbers. Sometimes we use the matrix form

T = ‘: Z to denote (1) and the matrices T and ~T give rise to the

same transformation.
Let R denote the field of real numbers, C denote the field of complex
numbers and C* denote the Riemann sphere. Recall that (1)

az+b
cz+d

T(2)= yad —be =1

where a,b,c,d € C. Equation (1) defines T(z) for all z in the extended
complex number system C* = C U {oc} except for z = -g and z = oc. We

extend the definition of T to all of C'* by defining
T(-2) = o, T(20) = 2
¢ ¢

with the usual convention that z/0 = oo if z # 0. First note that

_ (ad = be)(w - 2)

" (ew + d)(cz + d) (2)

T(w) - T(z)

1




which shows that T is constant if ad — bc = 0. To avoid this degenerate case
we assume that ad — bc # 0. Further, T remains unchanged if we multiply
all the coeflicients a,b,¢,d by the same nonzero constant. Therefore there
is no loss of generality in assuming that ad — bc = 1 in (1). T is analytic

everywhere on C'* except for a simple pole at z = —%.
Equation (1) shows that every linear transformation is one-to-one on C*.
Solving (1) for z in terms of T(z), we have
_ dT(z)-b
-cT(z)+a
so T maps C* onto C*. This also shows that the inverse function 7! is a
linear transformation. We find the derivative of T, which is

ad — be

T(Z) = —————(CZ " d)2

T'(z) # 0 except at the pole > = —g, thus T is conformal.

Linear transformations map circles onto circles(with straight lines being

considered as circles with infinite radii).

For each linear transformation (1) we associate the 2 x 2 matrix A =

a

+ 3 then det A = ad—bc = 1. There is a one-to-one correspondence

between linear transformations and matrices. It is easy to see that the
linear transformations with ad — bc = 1 form a group. The operation is
compostion T oS where (ToS)(2) = T(S5(z)). The identity transformation is
I(z) = %;_—*—?. Therefore, the corresponding matrices will form a group under
the operation of matrix product. The inverse elements for matrices and linear

d -b and T-1 = dz=b

: i -1 _
transformations are respectively A~1 = ¢ a Lt

We now investigate the correspondence between the group of linear trans-




formations £ and the group of matrices A.

- az+b
gp.A——»A.¢(A)—CZ+d (3)
where A= | ¢ z with detA=1. ¢ is a homomorphism with kernel {£7}.

By the first isomorphism theorem A/{+/} > A.

Let I' be a subgroup of .

Definition 1 The point a is called a limit point of I' provided there is a
point z € C* and an infinite sequence {T,} of different elements of I such
that T,(2) — a

Definition 2 If a is not a limit point, it is an ordinary point of I

Definition 3 I is said to be discontinuous at a if a is an ordinary point of
[. T is called a discontinuous group if it is discontinuous somewhere, i.e.,

I' has at least one ordinary point.

Definition 4 It can be shown that the set of ordinary point of I' is an open
sel which can be partitioned into countably many disjoint regions D;. The

D, are called regions of discontinuity of I'.

Definition § If I' is a discontinuous group with {D,,i = 1,2,---,n}, the
regions of discontinuity of . T is called a function group provided one of

the regions D; is mapped on itself by each element of T.

Definition 8 In a discontinuous function group, the region D; is called a

domain of ezistence of I'.




Definition 7 A fized circle(line) of a group is a circle(line) which is fired
by all element of the group.

Definition B A group is called principal circle group if each of its element

preserves the interior of a fired circle.

Definition 8 The fized circle(or line) preserved by each element of the prin-

cipal circle group is called the principal circle.

Remark: Let M denote the upper half plane. In chapter 3 we shall
limit ourselves to principal circle groups which leave the upper half plane H
invariant, i.e., a,b, ¢, d are real and for which H is a region of discontinuity
while the real axis is a principal circle.

There are at most 2 fixed points for the linear transformation (1), we can

classify the linear transformation by the fixed points as follows:

Definition 10 The transformation 2’ = ‘C‘—:ﬁ, where ad — bc = 1, is of the
type stated if and only if the following conditions on a + d hold:

Hyperbolic, if a + d is real and |a + d| > 2.

Elliptic, if a + d is real and |a + d| < 2.

Parabolic, if a + d = £2.

Lozodromic, if a + d is complez.

The major properties of these transformations can be found in Ford[4,

p.18-23] (In the main result, loxodromic transformations do not occur).

Definition 11 Two configurations (points, curves, regions, etc.) are said to
be congruent with respect to a group if there is a transformation of the group
other than the identical transformation which carries one configuration onto

the other.



Definition 12 The fundamental domain of a principa! circle group is a re-
gion R with the following properties:

(i) Any point of H not in R is congruent to a point in R.

(it) No two points interior to R are congruent.

(111) Boundary points can be congruent only to other boundary points.

First notice that a fundamental domain of a group is not unique. There
is a simple way to obtain a fundamental domain which involves the isometric
circles of a group. We next define an isometric circle.

In an analytic transformation 2/ = f(z), a lineal element d:z connecting
two points in an infinitesimal neighborhood of a point z is transformed into
the lineal element dz’ in a neighborhood of z’; hence, the length of the
element is multiplied by | f’(z)| and the element is rotated through an angle
argf'(2) .

Consider dz and |T'(z)| = |cz+ d|~? with regard to the transforma-
tion (1). An infinitesimal region is carried into a similar region with cor-
responding lengths multiplied by |T’(z)|; hence the area is multiplied by
[T'(2)]> = [cz + d|~4. We can see that lengths and areas are unaltered in

magnitude if and only if |cz + d| = 1.
Definition 13 The circle I(T),

KT):|lecz+dl =1, c#0 (4)
is called an isometric circle of the transformation (1)

Theorem 1 Lengths and areas within the isometric circle are increased in
magnitude and lengths and areas outside the isomelric circle are decreased

in magnitude, by the transformation (1).



Proof. For the transformation 2’ = T(z) = %ﬁ, ad — bc = 1 the isometric
circle is I(T'): |cz + d| = 1. When the transformation is applied, |dz| is
transformed into |d2'| = |T'(z)dz| = |cz 4+ d|~?|dz|. If z is within I(T), that
is, ez + d} < 1 then |T’(2)| = |cz + d|=? > 1, which is the region exterior to
I(T). If z is outside I(T), i.e., [cz+d| > 1 then |[T'(z)| = |cz + d|"? < 1,
which is the region interior to /(T'). A length or area within I(T) is thus
magnified by |T'(z)] > 1. A length or area outside I(T') is diminished by

T'(2)] < 1. Q.E.D.

Theorem 2 T maps [(T) onto I(T~') and maps interior(ezterior) of I(T)

into the exterior(interior) of I(T—}).

Proof. ' =T(z) = %5, ad - bc = 1. I(T)|ez+d| = 1.
T-V = zdz2b [(T-1):|cz—a| = 1.

cz—a

If 2 € {T), we have

1
cz+d

az+b
cz+d

lez’ —a|™% = |eT(z)—a]"% = |c al”? = | 72 =1

hence, T(z) € I(T'). Here “int” and “ext” are interior and exterior respec-
tively.
If z €int I(T), then |cz + d] < 1 and so |¢T(z) - a|~2 > 1, hence,
T(z) €ext [(T-Y).
If z €ext I(T), then |cz + d| > 1 and so |c¢T(z) — a|~2? < 1, hence,
T(z)€int (T '). Q.E.D.

Note that a transformation carries its isometric circle into the isometric
circle of the inverse transformation and gives the pairing of ext ez —a] = 1
with int |cz + d| = 1. For each linear transformation of the group, there

exists a corresponding isometric circle.



Theorem 3 The region R consists of all the parts of the plane which is
erterior to the isometric circles of all the transformations of the group and

R constitutes a fundamental domain of the group.

The complete proof can be found in Ford[4, p.44-45). Theoretically, a
fundamental domain can be obtained by the above method, but this is not
always easy to do, especially when the group involved is large. Since a
fundamental domain R is the exterior of all isometric circles of the group, it
is clear that its boundary consists of circular arcs. We call the intersection
point of two arcs a vertex of the fundamental domain. Let 4, be a vertex.
If either of the sides which meet in A, is carried into its congruent side, A,
is carried into a vertex at the extremity of the latter arc. These congruent
vertices may be carried into others, with the result that A, may be congruent

to several of the vertices of R.

Definition 14 A complete set of congruent vertices of a fundamental do-

main 18 called a cycle.

There are two kinds of cycles, namely, parabolic cycles and ordinary

cycles.

Definition 18 If one of the points in the cycle is a limit point, we call the

cycle parabolic.

Remark: Consistent with earlier definitions “parabolic”, “elliptic” refer

to the nature of the vertex as a fixed point.

Definition 18 If one of the points in the cycle is an ordinary point, we call
the cycle ordinary. If one of the vertices of an ordinary cycle is a fized point



of a transformation, we call it an elliptic cycle. If none of the vertices is a

fized point, we call it an accidental cycle.

Theorem 4 The sum of the angles at the vertices of an ordinary cycle of
R is 3 if the cycle is elliptic of order |, and is 2 if the cycle is accidental.
Conversely, if the angle sum at the vertices of an ordinary cycle of R is ¥,

the cycle is elliptic of order | whenl > 1 and is accidental when ! = 1.

The complete proof of this theorem is quite long. For details, refer to

Lehner(7, p.126]. We will sketch the proof by considering the following ex-

ample. (see figure 1)

/1'5 I A
> A 1-»
A, » =
-1
1

Figure 1: Ordinary cycle

Let A;, A2, A3 constitute an ordinary cycle.

Let T) : Ay — A, Th)=1_
Let T, : A — Aj T()=1_,
Let T53: A3 — A, T(3)=1_3

Let E = T30T; 0Ty, then E carries A, toitself. It may happen that F is the
identical transformation. If not, E is an elliptic transformation since A; is a

fixed point. For A, is a fixed point of E and the fixed points of hyperbolic or



loxodromic transformations lie within isometric circles and the fixed point
of a parabolic transformation is a limit point of the group. Now, we can
paste A;, Az and Aj together by applying E (see figure 2). The fact that £
is elliptic of order ! means E! = 1. The sum of the angles at the vertices is
4 Applying E | times, the sum of the angles is 2r. On the other hand, we
can consider accidental cycle as a special case of E, namely, | = 1. The sum

of the angles is then 2.

Figure 2: Pasting together the cycle



Chapter 2

Poincaré’s Theorem

In 1880, a wide variety of groups could be constructed as free products,
but no principal circle group with elliptic fixed points could be constructed by
this method. Also, discontinuous groups could be defined as covering groups
of Riemann surfaces, but these were groups without elliptic elements. So
far, no information was obtained about the group presentation, namely, its
generators or the coefficients of its matrix representation.

In 1882, Poincaré’s [11] showed that the class of principal circle groups
with finitely-sided fundamental domains is coextensive with the class of
noneuclidean polygons satisfying certain conditions. Therefore, Poincaré’s
result is a characterization of the totality of principal circle groups that are
associated with compact Riemann surfaces. We will state the theorem and
sketch the proof. (We presuppose the elementary properties of Riemann sur-
faces since these properties do not arise directly. More details can be found

in [9]).
Poincaré’s Theorem

Let Q be a unit circle and I/ be the interior of Q. Let P, be a polygon
bounded by a finite number of pairs of sides ($,,5!), i = 1,2,---,n(arcs of

circles orthogonal to Q). Let T, be a linear transformation of Q mapping the

outside of the circle determined by S, on the inside of the circle determined

10




by S;. Let P, satisfies these conditions :
1) The boundary of P, consists of a finite number of pairs of sides (S, S/).
There is a unique element T, € I' which maps S, on S/ and maps the exterior
of the circle on which S; lies on to the interior of the circle on which S/ lies.
2) The sum of the angles at the vertices of an elliptic cycle of order { is 3,’5
3) The sum of the angles at the vertices of an accidental cycle lying in i is
27,
4) P, can be chosen so that its boundary meets Q at most at a finite number
of parabolic vertices.
Then the group I" generated by {T,,i = 1,2,---,n} is a discontinuous func-
tion group with domain of existence i and P, is a fundamental domain for
I.

We want to show that P, is a fundamental domain for I'. The existence of
a fundamental domain with inner point(s) will show that T is discontinuous.
We start with a finitely-sided polygon. Conditions 2) to 4) guarantee that
each vertex of P, belongs to a cycle. If two points are in the same cycle,
there exists a transformation that maps one point to the other. So we can

consider a point A, in a cycle as a representative of the cycle because we
can map the other congruent points to A;.

Let T, be the transformation that maps A4, to A,. Let P; be the image
of the sector of P, at vertex A, under T; (see figure 3). In order to show P,
is a fundamental domain for T', it suffices to show
a. P, P, are either disjoint or identical, where F;, P, are stated as above.

b. All P,’s cover UY.

11




Figure 3: Illustration for Poincaré’s Theorem: pasting process

We pick a vertex A; which lies on the side S,. Applying the above
process, we paste together all points congruent to A; and the images of the
sectors will be around A,. (see figure 4) We carry the process to the endpoint

Az of §;. We complete this process until we return to 4.

Note that if A) is congruent to A,, the P,’s around A, are the same as
A, (different in the order). After we have completed the process, we have a
layer of P,'s around P,. All P,’s will not intersect P, since a transformation
will map the outside of the circle determined by S, on the inside of the circle
determined by S!. Since P, is outside of all circle, the P,’s must be in some
circles, hence they do not intersect with P,. Next we need to show that two
polygons F,, P, are either disjoint or identical. Suppose P,, P, overlap, there
exists at least a point a; belonging to two different cycles. There exist two
different transformations carrying two points to ax, but condition 1) states
that 7, is unique. Thus two transformations must be the same. Hence, P;, P,

do not overlap. Next we pick an endpoint of a side of a polygon in the first

12




layer. Apply the same process to that endpoint to make the second layer of
polygons . By the same argument, these polygons in the second layer are
either disjoint or identical.

We keep making different layer of polygons and each layer is disjoint.
Eventually, all polygons P,’s will cover U, this is the most general construc-

tion for such a group I, further details see Lehner. [7)

Figure 4: [llustration for Poincaré’s Thorerm: completion of pasting process

13




Chapter 3

The Modular Group

We consider a historically significant subgroup I" of £2 in equation (1) for
which the region of discontinuity is H the upper half plane and the real axis

% is the principal circle.

Definition 17 The group of 2 x 2 matrices with integer coefficients and

determinant one is called the homogeneous modular group T.

r-{(22)

Definition 18 The homomorphism ¢ in (3) leads to the inhomogenevus

a,be,de Z, ad - be = l}

modular group T
I'={A|]AeT}

whereA:z—-%j—H’i]A:(z Z)EF.

As maps they preserve the upper half plane M, the real axis ® and the
set of rational numbers Q. The relation between I' and T is given by the

isomorphism

r/{£l}>T.

Next, we show some properties and theorems about homogeneous and
inhomogeneous modular group. (Proofs will be only sketched or refered to

standard textbooks, [4](7][13].)

14




Theorem 8§ The homogeneous modular group is generated by the elements
S = ( : —01 ) of order $ and T = ((1) —01 ) of order 2, where §3 =
T? = -1.

Theorem 8 The set D = {2]: € H,|Rez| < L,{z] > 1} U {ico} U {z|Rez =
-l > 1 ufzllz =1, -1 < Rez < 0} is a fundamental domain of T' for

H* where H* denotes the extended upper half plane H U {ico}

The properties for homogeneous and inhomogeneous modular groups will
be carried over to its subgroups. Later on we restrict ourselves to a special
class of subgroups, the congruence subgroups. Let I'; be a subgroup of the

homogeneous modular group. The map ¢ : A — A where

a b . az+b

induces a homomorphism of 'y onto a subgroup I} = @(I';) of the inho-
mogeneous modular group I'. This homomorphism has the kernel {£/} if
—1I € Ty, and is an isomorphism if —/ g I';. The concepts of congrue.nce and
fundamental domain will hold for sugbroups as well. Instead of congruence
under I', we have congruence under I';. The same definition for fundamental

domain holds for T,.

Z is the ring of integers. For a natural number N, Zy denotes the ring
of all residue classes modulo N. I is isomorphic to the special linear group

SL(2,Z). We use the symbol I'y for the group SL(2,Zn).

Definition 19 Let Zxn denote the ring of all residue classes modulo N .

0:Z — Zp induces a homomorphism by

a b\ [ o(a) o(b)
Ned)~ o(c) o(d)

15




The kernel

(2 2)erl(z2) < (1))

is called the principal congruence subgroup of T

I TR~

Theorem 7 The image of ' under the homomorphism o is isomorphic to

the group 'y = SL(2, ZN).

o(T)=T/T(N) X [n

We now determine the order |I'y| = u(N). Equivalently, this is the
number of noncongruent solutions of ad—bc =1  (mod N). By the Chinese

Remainder Theorem
B(N1N2) = u(Ny)u(Ny)

for (N, N2) = 1. Consequently, we may restrict ourselves to powers of a
prime N = p”.

1. There are (p”) residues classes a mod p® with a # 0 mod p where ¢(n)
denotes the Euler function, the number of residue classes mod n which are
relatively prime to n. To each of these classes for a, the number b and ¢ may
be chosen arbitrarily modulo p®. Then d mod p? is uniquely deterinined. In

this case there are altogether ¢(p®)p*® solutions.

2. There are p°®~! residue classes a mod p> with a = 0 mod p, and corre-
sponding to each of these d mod p® may be chosen arbitrarily. Since in this
case (p,b,c) = 1, there are p(p®) possibilities for b mod p® and ¢ mod p° are

again uniquely determined. Hence there are o(p)p**~! additional solutions.

16




Adding these together, we obtain

2a—-1

e(p*)P** + ¢(p®)p

1
o '201 2
@lp®)p™( +p)

n(p®)

= Pl - I%)
(5)

Hence for arbitrary N we arrive at the result:

Itwl = w(N) = N1 - 55) (6)
v P

where the product runs over prime divisors of M.

It is customary to give specific notations to the three congruence groups:

l‘o(N)z{(‘: Z)EFICEO (mod N)}

r%m:{(‘j Z)GI‘IbEO (mod N)}

rgum:{(‘c‘ Z)GI‘IbECEO (mod N)}

Mainly we consider I'°(N) . The index of I'°(N) in T is computed as
follows:

We observe that the index
(T(N): T(N))= Np(N)
because if b= 0 (mod N), the congruence

ad-bc=1 (mod N)

17




has exactly N (N ) noncongruent solutions. With the order of |I'n| = u(N)

as in equation (6) we obtain the index of I'°(N) :

B(N)

(F:TN) = No(N)

=NJJ0+2) (1)
pIN P

A subgroup T; of I is called an inhomogeneous congruence group if I'; is
the homomorphic image of a homogeneous congruence group I'y under the

map

p:A— A, Ael

It contains the inhomogeneous principal congruence group I'(Ny). Now we
assume that I'y is the homomorphic image under ¢ of the group I'; which
contains —/. We shall omit the bar in the designation of the inhomogeneous
group and make no distinction between homogeneous and inhomogeneous

modular groups and call them modular groups.
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Chapter 4

Construction of the Fundamental Domain

Historical References

The theory of discontinuous groups and automorphic functions was first
developed in early 1880. Poincaré introduced a construction of fundamental
domains of discontinuous group using isometric circles. This is very good
from the existence viewpoint but has been generally discarded particularly
with modular subgroups because there are parabolic cycles which involve

several different points of the z-plane belonging to the same parabolic cusp.

After his initial work, number theorists like Fricke and Klein were able to
count the parabolic cusps and to find a fundamental domain which collects
these cycles as one cusp. He presented a formula to do it, the idea is to con-
struct out of certain tiles of the well-known modular tessellation. [5, p.349].

Even with the formula, this constuction is very inconvenient geometrically.

Since then, there is no major result to cite, except a few explicit examples.
There is an explicit fundamental domain for I'°(p) where p is a prime, [13,
p-88] and for I'y(p), [14, p.377] Nielsen constructed a fundamental domain
for the subgroup of the triangle group A; 3, which uniformizes the surface
I'(p)/H compactified by adjoining its cusps. This is done for p > 5 for
which 2 is a primitive root , [10]. Cohn presented a simple construction of
fundamental domain for '°(N) where N has at most two prime factors, {3,

p.242].
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Kulkarni attacked this problem in a new direction. He used partly ge-
ometric and partly arithmetic method to construct fundamental domains
for T(N) and TI'c(N) so that the side-pairing transformations form an in-
dependent set of generators [6]. This method applied to all subgroups of
finite index in the modular group. It is a very big improvement on finding
fundamental domains for I'(N) and [',(N).

In this paper, we construct a fundamental domain for I'°(N) where N

has at most four prime factors.

Construction

According to Cohn (3], a simple construction of the fundmental domain
can be made when N has at most two prime factors. The construction is as
follows:
1. We use the translation z'=2+4+ N to place R(N) within the vertical line
|Rezj < N/2. We call these the vertical limits for N.
2. We consider each interval (m, m + %) and (m, m — %) within the vertical
limits, where m is an integer on the real axis.
3. mis a cusp (where the boundary touches 2 = m > 1 exactly) when
(m, N)>1
4. When (m, N)=1, We fill the interval (m — %, m + %) with the arc from
m-— 1—*—;@ tom+ '—‘L}@—' which have unit radius |z—-m| = 1, |Rez —m| <1/2.
5. When (m, N) > 1, we consider two cases:
a. If (m + 1, N)=1 then we fill the interval (m, m + 1) with the arc of unit
radius [z—=m -1 =1,0< Re z — m — 1 < 1/2. (We make a symmetrical
construction if (m - 1, N)=1).

b. If (m+ 1, N) > 1 then we fill the interval (m, m + 1) with the arc of
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radius } joining the cusps m and m + 1.

|z—m—%l=%,m$Rez$m+l

In general, when N is a prime, only m = 0 is a cusp on the interval
within the vertical limits. So the boundary consists of arcs with unit radius.
When N has two distinct prime factors, the arcs with radius 1 may occurs
if(m,N)>1land (m+1,N)> 1.

Now, the identification of the boundary arcs of R(N) are as follows:

1. If (m,N) =1 and (m;,N) = 1, where mm; = -1 (mod N), then
the arc containing m + i is mapped into the arc containing m; + i by
(z=m)(2'—m)=-1.

2. If (m,N)>1and (m+ 1, N) > 1 then the arc between m and m 4 1 is
mapped into the arc containing m, and m; + 1 by

2m + 1
2

_2m|+l 1

5 )="3

) ;

(2

provided m and m, satisfy
(2m+ 1)(2m; + 1) = =1 (mod 2N)
We observe that
(z—m)(z' —=m) = -1 (8)

where mm; = —1 (mod N). The arc containing m + i is on the circle

centered at m with radius 1. Similarly for the arc containing m,; + i

2m + 1
2

- Tty = 2 (9)

(2

where (2m+1)(2m;+1) = -1 (mod 2N). The arc between m and m+1 is

on the circle centered at 2%t1 with radius 1. Similarly for the arc between
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m; and m; + 1. Now we have

L M 1
Q"9 @ (o)

where LM = -1 (mod QN). The circle C) centered at 8 with radius

W' -

(z-

r= é is mapped into the circle C; centered at %’— with radius r = 5 by (10)
provided LM = -1 (mod QN).

In order to satisfy (10) L and M must each be relatively prime to V.
Since 3, %’- are centers of "y and (3, it suffices to consider the centers of
various radii of circles which are relatively prime to N. Now, we can consider
the above construction more generally. We consider each interval (m,m + 1)
within the vertical limits. We try to find circles to cover the interval. If
N has only one prime factor, say p;, all m on the real axis except m = 0
and m = p; are relatively prime to N. They will form a circle centered
at 2 with radius 1. Suppose N has two distinct prime factors, say p, and
p2- Consider the interval (m,m + 1), &'12*—' is the center of the circle which
goes through m and m + 1. If (m,N) > 1,(m+ 1,N) > 1 then 2m + 1
must be relatively prime to N. Thus we find a circle with radius 1 which
covers the interval. If N has 3 distinct prime factors, it may happen that
(m,N)>1,(m+1,N)> 1,(2m+ 1) > 1 which means no circle with radius
-;- in this interval. We need to find some smaller circles to cover the interval.
The next type of circles we consider will be the circles with radius % Its
centers are at 3m41 and 3m42, We need to check 3m + 1, 3m +2 are relatively
prime to N or not. If so, we can stop the process. If not, we consider the
circles with radius % We carry on the process until we find enough circles
to cover the interval. Therefore, the question comes down to how many

types of sets of circles will occur due to the various prime factors of N and

m. Among these circles we must choose the ones with largest radii as the
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boundary of the fundamental domain(i.e. if we have two sets of circles with
centers . 2,2 and }.%,3, we choose },2,% since 1 is bigger than 3). For
convenience, we say “the circles centered at %, :‘-’ cover the interval ™ which
we mean the circles centered at 3—"},*—‘ and ‘——"‘4-*—3 cover the interval (m,m+1).
It is abuse of the language by referring to the circles instead of the arcs on

the upper half plane as the boundary. We will still use the term ‘circle’ but

we mean the arcs on the upper half plane only.

We want to show there is always some lower limit to the isometric circles
so that no cusp occurs except at integers m where (m, N) > 1. (i.e., no cusp
occurs between m and m 4 1) Given an extra cusp, say 6 in reduced form,
where (L, N)> 1 and Q > 1 then 8 is covered by a circle |z — 2] = 1 where
(g, N) = 1. Recall that from equation (10},

L., M i
(2"6)(2 —5)=—@

where LM = -1 (mod QN). The circle |z — sl = 5 is mapped into
|2 - )‘a’—l = Zli If(L,N)=1then 6 is a center and we are done. Suppose we
have(L,N) > 1. Since (L,Q) = 1, there exist ¢, s > O such that Ls—qQ = 1.
This implies that (L,q) = 1. We need the following result

Lemma 1 Given any N and an arithmetic progressiong+tL,t =0,1,2,...

where (L,q) = 1, there ezxists a t such that (¢+ tL,N) = 1.

Proof. Let the primes p;|N then there is at most one solution in ¢ to the
congruence ¢+ {L = 0 (mod p,) (no solution if p,|L also). Hence for each
p: there is a value of t (mod p,) for which g4+ tL #0 (mod p;). Therefore
there is a value of t (mod M), where M = []p;, for which (¢ +tL, M) =
(g+tL,N) =1, by the Chinese Remainder Theorem. Q.E.D.
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By the lemma, choose such t and let ¢’ = ¢ + tL, s’ = s + tQ. Then
(¢N) = 1 and we still have Ls’ — ¢’Q = 1. Now rename ¢',s’ as ¢,s
respectively. Then (g, N} = (¢,8) = 1. Hence s a center. Ls-¢Q =1

imples that

since Q > 1. So the circle |z — 2] = 1 covers the point 3

Before proceeding, we notice that the total number of fundamental do-
mains is the index of I'°(N)in I’ which is N [Mpn (1 + ,';), where the product
runs over all prime divisors of N. A diagram is given on the next page which
shows how to count the number of fundamental domains. We list the figures
occuring with at most three disinct prime factors in N, for Chapter 5, 6 and

7.

24




In general (with up to three prime factors in N) we have the following

diagram (where each shaded region denotes the % fundamental domain):

" wmt 3wl amat INYLE Lt} m+\
iy Y Y 3 m

Figure 5: Illustration for counting fundamental domains
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Due to the various factors of m, we have the following figures (where the

solid line denotes the boundary) :

s1:(mMmN)=1,(m+1,N)=1

]
—_— | —
' M—
% l§
R
Pid A
’ [N
’ .
/ .
ll >
\Y
e \
s \
’ \
[ \
’ \
] \
) )
.
H \
’ [
m m+|

Figure 6: Configuration s, of area 1

s2:(m,N)>1,(m+1,N)=1
‘ — ol

S
—

m miy

Figure 7: Configuration s; of area %
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s3:(mN)=1,(m+1,N)>1

m M+

Figure 8: Configuration s3 of area 3

sS4 :(mN)>1,(m+ 1 LN)>,2m+1,N)=1

[
y

4
y

h

L

i

4

A

ML -

'

"

3

\

M

m _lnf.L m+\

Figure 9: Configuration s4 of area 3
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ss 1 (mN)> L(m+ LN)> 1, (2m+ ILLN)> 1,(3m+1,N)=1,(3m +

2,N)=1

re
> 4 X
— _— -
4 .t
X
v o =l X
—
. o X - r — o
- o -z, X
— x x

m+l

Figure 10: Configuration ss5 of area 4

6 :(mN)>L(m+1LLN)>1,(2m+ L,N)> 1,(3m+2,N) > 1,(3m +

ILN)=(4m+3,N)=1

| —
| -

Figure 11: Configuration sg of area 2
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s7:(mN)> 1L(m+ LN)> 1,(2m+ L,N)> 1,(3m + 1,N) > 1,(3m +
2,N)=(dm+1.N) = 1

Y
T
b {
- Y4
. X >
Y £
S
v e
X
< re
= v
e X
X
I 'y
r 4
z X
X
’ - ~
> o
' o » «
r——-,i__‘ ———
————
- x X ~
Y

. 1 .
m Jemey .).n}zl ™m e

Figure 12: Configuration s7 of area §
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Chapter §

The case N = p{!

Theorem 8 If N = p(' ,where p, is a positive prime and €, is a positive
integer,then it is impossible for (m,N) > 1 and (m + 1,N) > | where

jm] < % Hence circles can be found with radius r = 1.

Proof. Recall that m is in integer on the real axis and only the cusps are zero
and the multiples of p;. It is clear that if N has only one prime factor p,
and (m,N) = p{ where 1 < a < €, then it is impossible for (m+1,N) = p?
where 1 < 3 < €, since (m,m + 1) = 1 thus (m + 1, N) = 1. There are no
two consecutive integers which are cusps. Therefore we may use only circles

with radius r = 1. Q.E.D.

We have the following cases:
Casel. (m,N)=1,(m+1,N)=1. 3, will occur.
Case2. (m,N)> 1,(m+ 1,N)=1. s, will occur.
Case 3. (m,N)=1,(m+ 1,N)> 1. 33 will occur.
We need to examine the number of residue classes mod N for each class mod
p and the total number of fundamental domains.

For s; we have

i

#{mmod N:(m,Ny=(m+1,N)=1}

81

#{mmod N : m £ 0, -1 mod p}
N(p-2)/p

i
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For s; we have

853 = #{mmodN:(mN)>1,(m+1,N)=1}

= #{mmod N: m=-1mod p})

For 33 we have

s3 = #{mmod N:(m,N)=1,(m+1,N)>1}
= #{mmod N :m = -1 mod p}

= N/p

We note that s; and s3 are symmetrical and the total number of classes of

m mod N is as follows:

Total #{m mod N}

=381 +382+3;

= Npy_ N, N
_P(p N+T+5
- N

= 5(p)

=N

Total # fundamental domains
=81.1 +(s2+ 33)%

- N N3
=5(P-2)+ 173
N(p+1)/p

=N(1+})
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Chapter 6

The case N = pi'p3*

Theorem 9 If N = pi'p7* where p;,p, are distincl primes and ¢,,¢, are
1 P2

positive integers, then it is impossible that ( m,N)> 1 , (m+1,N)> 1,

(2m+ 1, N) > 1 simultaneously, where |m| < —’23 Hence circles can be found

with radius r > %

Proof. Assume (m, N)> 1,(m+1,N)> 1,(2m+1, N) > lis possible. Since
(m,N)> land (m,m+1) = 1, we may assume p,|(m, N)and py|(m+1,N).
Since (2m + 1, N) > 1, if py|(2m 4+ 1, N) then py|(m + 1, N). But p; # p,.
If p2/(2m + 1, N) then pp|(m, N). But p; # pz. Thus py,p2 A(2m + 1, N),
giving a contradiction. .

The number of distinct prime factor(s) for (m, N), (m + 1, N) and

{(2m 4 1, N} is either one or two. We have the following situation:

case [ (m,N) [ (m+1,N})| (2m+1,N)
1 np2 1 1
2 1 P12 1
3 1 1 Pip2
4 P1 P2 1
) 1 4 P2
6 P2 1 2]

Table 1: Cases for two primes
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Notice that the order of p; and p; can be interchanged. Out of the six
cases, only py|[(m.N), p2l(m 4+ 1, N)and (2m + [, N) = 1 will yield a circle
with radius r = % beacause m,m + 1 are two consecutive cusps, the other

will give circles with radius r = 1. Q.E.D.

To summarize, we have the following cases:
Case l. (m,N)=1and (m+ 1,N)=1 then s; will occur.
Case 2. (m,N)> 1and (m+ 1, N)=1 then s; will occur.
Case 3. (m,N)=1and (m+ 1, N)> | then s3 will occur.
Cased4. (m,N)>1and (m+ 1,N)> 1 then s, will occur.

We need to examine the number of residue classes mod N for each class
mod p,, 1 = 1,2,

For s; we have

#{mmod N:(m,N)=(m+1,N)=1}

#{mmod N : m # 0,~1 mod p,p;}

N(pr - 2)(p2 - 2)/p1p2

il

For sy we have
s =#{mmod N :(m,N)>1,(m+1,N)=1}

The following cases occur:

Case 1.

S22 = #{mmOd‘N(mvN)ZPIPZv(m+lsN):l}
= #{mmod N :m = 0 mod p,p;}

= N/Plpz
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Case 2.

82 = #{mmod N:(m,N)=py,(m+1,N)=1}
= #{mmod N:m=0mod p;,m# 0, -1 mod p;}

= N(p2-2)/pip2
Case 3.

s = #{mmod N:(m,N)=p.(m+1,N)=1}
= #{mmod N:m=0mod p;,m#0,-1mod p,}

= N(p1-2)/pip2
Adding up three cases, we have

s = #{mmodN:(m,N)>1,(m+1,N)=1)}

N(1+p2—-2+pi - 2)/pip2

Np+p2-3)/pm

For s3 we have

#{mmod N:(m,N)=1,(m+1,N)> 1}

33

The following cases occur:

Case 1.

#{mmod N :(m+1,N)=pps,(m,N)=1}

H

83

#{mmod N : m = -1 mod p,p;}

N/pip2
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(Case 2.

3 = #{mmod N:(m+1,N)=p . (m,N)=1}
= #{mmod N:m=-1modp,.m#0,~-1mod p,}

= N(p:-2)/pip2
('ase 3.

s3 = #{mmod N:(m+ 1, N)y=p.(m,N)=1}
= #{mmod N:m=—-1mod p;,m# 0, -1mod p,;}

= N(p1-2)/pip2

Adding up three cases, we have

#F{mmod N:(m,N)y=1,(m+1,N)> 1}

83

N(l+p2-24+p -2)/pip2

N(pi+p2-3)/pip2

Notice that s; = s3 by symmetry. From now on, we can compute s; only.

For s4 we have
sy=#{mmod N:(m,N)>1,(m+1,N)> 1}

The following cases occur:

Case 1.

#{mmod N:(m,N)=p,,(m+1,N)=p,}

84

#{mmod N: m=0mod p;,m = -1 mod p,}

N/pip;
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Case 2.

it

#{mmod N : (m,N)=p,(m+1,N)=p}

S84

]

#{mmod N : m = -1 mod p;,m = 0 mod p,}

i

N/pip2

Adding up two cases, we have

s¢ = N/pip2+ N/pip2

= 2N/pip;;

Total #{m mod N}
=81 + 324 83 + 84

= -0~ + E(p+p-3)+ 2

rip2 Pip2 P1p2
= X (pip2—-2p1 - 22+ 4+ 2p1 + 2p2- 6+ 2)
- N
= o (Pp2)
=N

Total # of fundamental domains

1.8 4 3(82 + 33) + 334

= s - 2)(p2—- )+ 3 (py + pr - 3) + 32

= se(mp+ 1)

= N(1+ L)1+ L)

We call the circles with radius 1 and % standard.
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Chapter 7

The Case N = pi'p3?p3

Recall that (10)
L M 1

(z - 6)(2' - 6) =0
provided LM = -1 (mod @N). In order to satisfy (10), L, M must each
be relatively prime to N. When N has three distinct prime factors, the
situation is slightly more complicated than the case when N has only two

distinct prime factors. We divide it into two cases:

A. N is odd.

Theorem 10 If N = p{' p5?p3®, where py, p;, p3 are distinct odd prime num-
bers and e,, €3, €3 are positive integers, then it is impossible that
(m,N)>1,(m+1,N)>1,(2m+ 1,N)> 1 and (3m+ 1, N) > 1 simulta-

neously, where jm| < -’2! Hence circles can be found with radius r > %

Proof. Assume (m,N)> 1,(m+1.N)> 1,(2m+1,N)> 1,(3m+1,N)> 1.
Since (m,N) > 1 and (m + 1, N) > 1, without loss of generality we may
assume p|(m,N) and poj(m + 1, N). Also, as (2m + 1, N) > 1, then
p3l(2m + 1, N) since p; J(2m + 1,N) and p, J(2m + 1, N). Now we claim
that none of the p,’s divides (3m + 1, N), so this is a contradiction. First,
pi|m implies py|3m. So p; J3m + 1. Next, pz|m + 1 implies p,|3m + 3. If
p2]3m + 1, then p2|3m + 3 — (3m + 1) = 2. But p; is odd, so p; J3m + 1.
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Finally, p3|2m + 1 implies p3]6m + 3. If p3|3m + 1 then p3/6m + 2, but this is
not possible. Thus (3m 4+ 1,N) = 1 as claimed and we get a contradiction.

Therefore (3m + 1, N) = 1.

We want to investigate the number of prime divisors for (m, N),
(m+ 1,N),(2m + 1,N) and (3m + 1, N). With only at most one prime

divisor, we consider the following cases:

case [ (m,N) | (m+ 1L,N)[(2m+L,N)| (3m+1,N)
1 P P2 P3 1

2 1 Pi P2 p3

3 P3 1 ) P2

4 P2 P3 1 P

Table 2: Cases for three primes, (part I)

Case l. (m,N)> 1, (m+1,N)>1,2m+ 1,N)>1,(3m+1,N)=1

If in addition (3m + 2, N) = 1 then ss will occur. But this is true as in the
proof above.

Case2. (m,N)=1,(m+1,N)>1,2m+1,N)>1,(3m+1,N)>1

83 will occur.

Case 3. (m,N)>1,(m+1,N)=1,2m+ 1, N)>1,(3m+1,N)> 1

8, will occur.

Cased. (m,N)> 1,(m+1,N)>1,2m+ 1,N)=1,(3m+1,N)> 1

84 will occur.
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With two divisors, we consider the following cases:

case [ (m,N)| (m+1,N)! (2m+ 1,N)|[(3m+1,N)
1 Pip2 p3 1 1

2 1 P1P2 P3 1

3 1 1 P1P2 )

4 P3 1 1 p1p2

Table 3: Cases for three primes, (part II)

Case L. (m,N)> L, (m4+ 1. N)>1,2m4+ 1, N)=1,3m+|,N)=1
34 will occur.
Case2. (m,N)=1,(m+1,N)>1,2m+ I,LN)>1,(3m+1,N)=1
83 will occur.
Case 3. (m,N)=1,(m+1,N)=1,2m+ 1LN)>1,(Im+1,N)> 1
sy will occur.
Case 4. (m,N)> 1, (m+ . N)=1,2m+ I, N)=1,3m+1,N)> 1
s will occur.

Therefore, circles will be found with radius r > 1. Q.E.D.

We want to examine the number of residue classes mod N for each class
mod p,, where ¢ = 1,2,3.

For s, we have
s1 = #{mmodN:(m,N)=(m+1,N)=1}
= #{mmod N :m #£0,-1 mod p,p;p3}

N
= - - -2
o (71 = 2)(p2 - 2)(p3 - 2)

(11)
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For s;, we have
s2=#{mmod N:(m,N)> 1,(m+1,N)=1}

The following cases occur:

Case 1.
82 = #{nl mOd A’I("l,P])> 1’("lvp2)> 1'(”l'p3)> l}
= #{mmod N : m = 0 mod p,pzp;}
_ N
PLp2p3
Case 2.
32 = #{mmod N :(m,p)> 1,(m,py)> 1, (m,p3) =1,

(m + 1, p1p2ps) = 1}
= #{mimod N :m =0mod pyp,m £ 0,-1mod p3}

N
= (p3—2)
Pip2p3

By symmetry, we have from Case 2,

Case 3.

(p2-2)

S
~
]

Pip2p3
Case 4.

8 = (p1—2)

P1p2p3
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Case 5.
s2 = #{mmod N:(m,p)>1,(m,p3) = 1,(m,pg) = 1

(m+ 1, p1paps) = 1}
= #{mmod N :n =0modp,m#0,-1mod pp3}

N
= — 2)(py —
" (P2 —2)(p3 - 2)

By symmetry, we have from Case 5,

Case 6.
N

P1p2p3

(P —2)(ps - 2)

82 =

Case 7.

N
83= ——(p; — 2)(py — 2
2 pnmm(p' )p2 — 2)

Add up all cases, we have
s = #{mmodN:(m,N)>1,(m+1,N)=1}

N
= ———[pr+pr+p3—5+(p2—2)(ps—2
o lpr+p2+ps (P2 - 2)(p3-2)

+(p1 - 2)(p3-2)+(p1 - 2)(p2 - 2)]

For s3 we have

-

83 = #{mmodN:(m,N)=1,(m+1,N)> 1}

N
= +p2+p3-5+(p2-2)(ps-2
o (P +p2+p (P2 - 2)(p3 - 2)

+(P1 = 2)(p3a - 2) + (P = 2)(p2 - 2)]
since s; and s3 are symmetrical.
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For s4 we have
s¢=#{mmod N :(m,N)>1,(m+1,N)>1,(2m+ 1,N) = 1}
The following cases occur:
('ase 1.
#{mmod N : (m,p;) > 1,(m+ 1,pp3) > 1}

= #{mmod N :m = 0mod p;,m = -1 mod pyp3}

N
Pip2pa

N

. Inter-
P1Pap3

By permutating the p,’s, we have two more terms. So we get

changing the roles of m and m + 1, we get three more terms. So in this case

. — _6N
4 P1P2p3

(Case 2.
#{mmod N :(m,p))> l,(m+1,p) > 1
(m,p2p3) = 1,(m+ 1, p1p3) = 1,(2m + 1, prp2p3) = 1}
=#{mmod N :m =0mod p;,m = -1 mod p,

m #0,-1mod p3.2m # -1 mod p3}

N
Pip2p3

(p3 - 3)

By permutating the p,’s, we get two more terms:

(p = 3)

(p2 - 3),
Pip2p3 Pp2p3

By incerchanging the roles of m and m + 1, we get

2N

plpm[(pn -3)+(p2-3)+(p3—3)]
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Adding up all cases, we have

6N 2N
o= ——— 4 (Pr=3)+(p2-3)+(ps—3
4 o o (P —=3)+(p2—-3)+(p3-3)]

2N
= =" (p+p2rt+p-6)
" (pr+p2+ps

For s; we have

85 = #{mmod N:(m,N)>1,(m+1,N)>1,(2m+ 1,N)> 1,

(3m+1,N)=(3m+2,N)=1)}

Consider

#{mmod N : m =0mod p;,m= -1mod p,2m = ~1 mod p3}

—_ N
~ PiPaps
By permutating the p,’s, we have altogether 6 such terms. So
6N
8s =
P1p2p3

By direct computation, we have
Total #{m mod N}

=8 +382+83+384+ 35

=N

Total # fundamental domains

= 1-3]+%(32+83)+3.84+4_35
- _N

= oo+ D(p2 + D(ps + 1)
=N+ 5+ b+ b
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B. N is even.

Theorem 11 If N = pi'p}*p3*. where py, p2, p3 are distinct prime numbers
and €, ¢2,¢3 are positive integers, then it is impossible that (m, N) > 1
(m+1L.N)>1,2m+ 1L.N)> 1, (dm+ ILLN)>1,(4m+ 3, N)> 1

simultaneously, where |m| < % Hence circles can be found with r > %.

Proof. Assume (m, N)> 1. (m+ 1. N)>1,(2m+1,N)> 1,(4m+1,N)> 1
(4m + 3, ¥) > 1is possible. Then (m,N)> 1l and (m+ 1, N)> 1. Without
loss of generality, we may assume p;|(m, N)and p2|(m+ 1, N). By the same
argument as in the previous case, py A(2m + 1, N) and p, A(2mn 4+ 1, N).
Thus p3j(2m + 1, V). Since 2m + 1 is odd, either p; or p; equals 2.

Case 1: py = 2. Since 4m + 3is odd, py JAm +3. po|m + 1 implies py|dm 4 4.
Thus p; Jim + 3. p3|2m + 1 implies p3{4m + 2. Thus p3 J4m + 3. Therefore
(4m + 3. N) = 1, contradiction.

Case 2: p, = 2. py|m implies pyJdm. Thus p; J[Am + 1. 4m + 1| is odd,
50 pp fAm + 1. p3|2m + 1 implies p3|[4m + 2. Thus p3 fAm + 1. Therefore
(4m + 1, N) =1, contradiction.

We determine what type of circles will appear. First, we notice that
if prl(m N)opallm + 1. N),p3|(2m + 1, N) then either (3m + 1,N) > 1 or
(3m + 2, N) > 1 but not both. The proof is similar to the proof above. So
s5 will not occur. We have the following cases:

Case l. (m,N)=1,(m+1,N) =1 will not occur because 2|N.
Case 2. (m,N)> 1, (m+1,N)=1. 5, will occur.

Case 3. (m, N)=1,(m+1,N)> 1. s3 will occur.

Case 4. (m,N)> 1, (m+1,N)>1,(2m+ 1,N)=1. 54 will occur.
Case 5. (m,N)> 1, (m+1,N)>1,2m+1,N)> 1,
(Bm+1,N)=(3m+2,N)=1. 35 will not occur since 2|N.
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Case 6. 2|(m. N),pal(m+ 1L, N), p3l(2m + 1, N}, 2|(3m + 2, N),
(3Im+ 1. N)=(4m+ 3, N)=1. sg will occur.
Case 7. ;i|(m. N),2J(m+ L. N).p3l(2m + 1,N),2|(3m + 1, N),
(3Im+2 N)=(4m+ 1,N)= 1. s; will occur. Q.E.D.
We want to compute the number of residue classes mod N for each class
mod p,.i = 1,2,3. Since 2| N, we assume p; = 2.
For sy, put py = 2in (11), we get s; = 0.

For sz, put p; = 2in (12), we get

82

= (P23 —p2—-pa+ 1)
Pipaps

For 33, by symmetry we have

8y (P23 —p2-pa+ 1)

T pipps
For s4, we have

s¢=#{mmod N:(m,N)> 1, (m+1,N)>1,2m+ |, N)=1}

We are in the same situation as in the case when N is odd, except for those
cases when the term p; — 3 appears. But actually these cases can never occur

since py = 2. We just set leave out the term p; — 3. So we get

6N 2N
S84 = + (p2-3)+(p3—-3)
! mp2p3 P|P2P3[ P2 p3 ]
2N
= (p2+p3—-3
npps ARG )

ss=#{mmod N:(m,N)>1,(m+1,N)>1,2m+1,N)> 1,
(3m+1,N)=3m+2,N)=1}.
It will not occur since (3m+ 1, N) = (3m+ 2, N) = 1is impossible when N

is even. So s5 = 0.

45




s6=#f#{mmod N:(m,N)>1,(m+1,N)>1,(2m+ 1,N)> 1,
(3m+2,N)>1,3m+1,N)=(4m+ 3, N)=1}.

The following cases occur:

Case 1.
s¢ = #{mmod N:(m,p)> 1, (m+1,p)>1,(2m+ 1,p3) > 1,
Bm+2,2)>1,(3Im+1,N)=(4dm+3,N)=1}
= #{mmod N:m=0mod 2,m= -1 mod p;,2m = —1 mod p;}
_ N
PipP2pa
Case 2.
s¢ = #{mmod N:(m,p))> 1, (m+1,p3)>1,(2m+ 1,p3) > 1,

(3m+2,2)>1,(3m+ 1,N)=(4m+3,N)=1}

= #{mmod N:m =0mod p;,m = -1 mod p3,2m = -1 mod p;}
_ N
N pip2p3

Adding up the two cases, we have sg = m?p’:’m

s7 = #{mmod N:(m,N)>1,(m+1,N)>1,(2m+ 1,N)> 1,

(B3m+ 1L N)>1,(3m+2,N)=(4dm+1,N)=1}

The following cases occur:

Case 1.

87 = #{mmod N :(m,p2)>1,(m+1,p)>1,(2m+ 1,p3) > 1,
(3m+1,2)> 1,(3m+2,N) = (dm + 1,N) = 1}

#{mmod N: m =0mod 2,m = -1 mod p;,2m = -1 mod p3}
N
P1p2p3
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Case 2.

87 #{mmod N : (m,p3)> 1. (m+ 1L,p)> 1,(2m+ 1,p3) > 1,
Bm+1,2)> 1L, 3m+ 2 N)=(4dm+1,N)=1}

= #{mmod N:m=0mod p3.m= -1 mod p;,2m = —1 mod p,}

_ N
Pi1p2p3
Adding up the two cases, we have s; = —2N
Pipaps

By direct computation, we have
Total #{m mod N}
Si+82+383+54+8385+ 38+ 87

_ _N o el
- szm(p‘mm 2P —2p3 4+ 24 2p, 4 2p3 - 642+ 2)
=N

Total # fundamental domains
=181 4 3(s2+93) +3- 84+ J96 + Jo

_ _3N
= m(P2P3+P2+P3+ 1)

= 38 (pr+ 1)(pa+ 1)

Pip2p3

- _3N 1 1
- mmm“+m)(l+ m)

N1+ 51+ L)1+ L)

since py = 2.

We conclude that besides the standard circles, when N is odd, circles
with radius % can be found and when N is even, circles with radius % and 41

can be found.
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Chapter 8

The Case N = p{'p5*p3*ps’

When N has four distinct prime factors, the cases become somewhat
unwieldy due to the many possibilities for the divisors of m. We consider
four cases, namely
A. N = pi'p??p3'py® where p; > 3,i=1,2,3,4.

B. N = 241p32p3° pi* where p, > 3,i = 2,3,4.
C. N =391pPp3?py* where p; > 3,1 =2,3,4.
D. N = 2:13%p3pl* where p; > 3,i = 3,4.

In order for Poincaré’s Theorem to work, the chosen circles must be of
maximal radii. For example, in the interval (0, 1) two sets of circles with

radii, say 1,2 2 and 1,2, 3 cover the interval as follows:
6513 6'5°4

L 3 3 R kN
¢ s Y é 5 '%
Figure 13: Mlustration for choosing set of maximal circles

We choose 1, 2,2, We test different sets of circles which cover the interval.
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We start with a circle with maximal radius and continue to choose the circles
with maximal radii from the remaining circles until they cover the whole

interval. Then we take the boundary of their union.

A. N = pilp;2ps3ps! where p; > 3,i=1,2,3,4.

We call this case generic, since it works for all prime numbers greater
than three. If (m,N)=1,(m + 1,N) = 1 then s, will occur. If (m,N) >
I,(m+ 1,N) =1 then s; will occur. If (m, N)=1,(m+ 1, N)> 1 then s;3
will occur. If (m, N)> 1,(m+1,N)> 1,(2m+1,N) = 1 then s4 will occur.
The only interesting case is when m,m 4 1,2m + 1 are not simultaneouly

relatively prime to N.

Next we consider the following:

Theorem 12 Let N = p{' p3?p3’pyt, where all p; are distinct prime divisors
greater than three and €),e3,e3,¢€4 are positive integers. Suppose |m| < %
and pylm,palm + 1, p3|2m + 1 then etther (3m +1,N) = (4m+ 3, N) =1
or(3m+2,N)=(4m+ 1,N) = 1, hence, circles can be found with radius

1
r2 i

Proof. Clearly, either py f3m + 1 or pg f3m + 2. Suppose py J3m + 1. Since
(m,3m +1) = 1 and pi|m, therefore p; f3m + 1. p;Jm + 1 implies py|3m + 3.
Hence p; J3m + 1 since p; # 2. Since (2m + 1,3m + 1) = 1 and p3|2m + 1,
therefore p3 f3m + 1. So p; J3m + 1,Vi =1,2,3,4. Thus 3m + 1,N) = 1.
Similarly, (m,4m + 3) = (2m + 1,4m + 3) = 1. Therefore p, A4m + 3
and p3 f4m + 3. p2lm + 1 implies po]dm + 4. So p, j4m + 3. Therefore
(4m+3,N)= 1. If we have p; J3m + 2, then by the same argument we get
(Am+ I,N)=Bm+2,N)=1.
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We show that sg and s7 will occur and the others will occur if (m, N),(m+
1,N),(2m + 1, N) have more than one prime factor. Therefore, we can con-
clude that circles can be found with radius r > % Q.E.D.

Let’s examine the number of residue classes mod N for each class mod

py where p, > 3,1 =1,2,3,4.

#{mmod N:(m,Ny=(m+1,N)=1}

%

#{mmod N : m # 0, -1 mod p,p2p3p4}

(P = 2)(p2 = 2)(p3 - 2)(ps — 2)

PiP2/a3Pa

s =#{mmod N:(m,N)>1,(m+1,N)=1}

The following cases occur:

Case 1.
s = #{mmod N :(m,p))> 1,(m,py) > L.(m,p3) > 1,(m,pg) > 1}
= #{mmod N : m = 0mod p,p2p3p4}
_ N
P1P2P3pP4
Case 2.

#{ﬂl mod N : (m,p;) > 1,(”‘»”2) > l»(m'PZ}) > lv(’"vp‘) = ]v
(m + 1, pip2paps) = 1}
= #{mmod N : m = 0 mod p;pp3, m # 0, —1 mod p4}

N
mmpam(p“ -2)
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By symmetry we have,

s (P =2)+ (P2 - 2)+(p3 - 2) + (ps - 2)]

2T pipapaps
Case 3.
#{mmod N : (m,py) > 1,(m.p2) > 1.(m.py) = (m.pq) = 1.

(m+ 1,pipapspa) = 1}
= #{mmod N :m =0 mod p,p;.,m £ 0, -1 mod p3p,4}
e N () —
- Plpzpspa(m 2)(ps — 2)

By symmetry, we have

N
= —— (p = 2)(p, — 2
? pmmm,S%S‘p Np, =2)

Case 4.
#{mmod N : (m,py) > 1,(m,p) = (m.p3) = (m,pq) = 1,

(m + 1, p1pap3ps) = 1}
= #{mmod N : m = 0 mod p;,m # 0, -1 mod p,p3p4}

= L _(py— 2)ps— 2ps-2)

P1P2PaP4

By symmetry, we have

N
2= ——— 3 (p=2)(p, - Dpk-2)
P1P2P3P4 1<i< <k<

Adding up all the cases, s;= case 1 + case 2 + case 3 + case 4. Also by

symmetry 83 = 8.
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sg=#{mmod N:(m,N)>1,(m+1,N)>1,2m+ 1I,N)=1)}

The following cases occur:
Case 1.
#{m mod N :('nvpl) > lv(mvpz) > ln(m‘PB) > 19(m+ l*p4) > 1}

#{mmod N : m = 0 mod pyp2p3,m = ~1 mod py}

_ _N
P1P2P3P4

By permutating the p;’s, we get

8N
P1P2P3 P4

AN

PTITA Interchanging the roles of m and

for this case.

m+ 1, we get

Case 2.
#{mmod N : (m,p;) > 1,(m,py) > 1,(m+ 1,p3) > 1,(m+ 1,pg) > 1}
= #{mmod N : m = 0 mod pp;,m = -1 mod p3p,}

_ _N
P1P2PIPA
. K 6N .
By permutating the p;’s, we get PTIYY for this case.

Case 3.
#{mmod N : (m,p) > 1,(m,pz) > 1,(m+ 1,p3) > 1,
(m, p3pg) = (m + 1,p1p2pa) = (2m + 1, pipapaps) = 1}
= #{m mod N : m = 0 mod pyp;,m = —1 mod p3,m # 0, —1 mod py,
2m # —1 mod py}
= inTﬁu_m(p“—‘”

By symmetry we have,

6N

m[(m—3)+(P2—3)+(P3—3)+(P4~3)]

for this case.
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Case 4.
#{mmod N :(m,p1) > 1,(m+1,p2) > 1,(m.pap3ps) = (m+1,p1paps) =
(2m 4+ 1,p1papaps) = 1}
= #{mmod N :m =0mod p;,m= -1 mod p;,m £ 0, -1 mod p3py,
2m # —1 mod pap,}

_ 2N
~ P1p2Pape (p3 = 3)(pa—3)

By symmetry, the total for this case is

2N
——— Y (p-3)p,-3)
P1P2P3P4 1<i<y<4

Adding up all the cases, s4= case 1 + case 2 + case 3 + case 4,

ss=#{mmod N:(m,N)>1,(m+1,N)>1,(2m+1,N)> 1,
Im+ L,NM)y=B3m+2,N)=1}

The following cases occur:
Case .
#{mmod N:(m,p)> L,(m,p2) > 1, (m+1,p3) > 1,(2m + 1,pg) > 1}

#{m mod N : m = 0 mod p;p;,m = —1 mod p3,2m = —1 mod p4}

- __N
Pi1Papips

. Kl 4! N — 12N
By permutating the p;’s, we get T ppapoe = mipavere”

36N
P1P2P3P4s

as a total for this

Interchanging the roles of m,m +1,2m + 1, we get

case.
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Case 2.
#{mmod N :(m,p) > 1,(m+1,p3) > 1,(2m+ 1,p3) > 1,(m, pap3py) =
(m + 1, pipapa) = (2m + 1, p1papa) = (3m + 1, pr1papaps) =
(3m + 2, pipapaps) = 1}

= #{mmod N:m=0mod py,m = ~1 mod p3,2m = ~1 mod p;,
m#0,-1mod pg,2m £ —1 mod py,3m # —1, -2 mod py4.}

- _N

= pirpars (P4 = 9)

By permutation we have the total for this case,

6N

2 _lp, -5 _5 -5 -5
plpmp‘[(px )4+ (p2—5)+(p3—5)+ (ps - 5)]

Adding up all the cases, we have ss= case 1 + case 2.

s¢ =#{mmod N:(m,N)>1,(m+1,N)>1,(2m+1,N)> 1,
3m+2,N)>1,3m+ I,N)=(4m+ 3,N)=1}

Consider
#{mmod N :(m,p) > 1,(m+1,p2) > 1,(2m+1,p3) > 1,(3m + 2,p4) > 1,
3m+1,N)=(4m+3,N)=1}
=#{mmod N :m =0 mod p;,m = -1 mod p,,2m = -1 mod p3,

3m = -1 mod ps}

_ _N
P1P2P3P4

By permutation, we have

. AN 24N
6 -_— —
P1P2P3Ps P1P2P3Ps
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sr=#{mmod N:(m,N)>1,(m+1,N)>1,2m+1,N)> 1,
(3m+1,N)>1, (3m+2,N)=(4m+1,N)=1}

Consider
#{mmod N : (m,py} > I,(m+1,p3) > 1,(2m+ 1,p3) > |,
(3m+1L,p)>1,(3m+2,Ny=(4m+1,N)=1}
=#{mmod N :m =0 mod p;,m = -1 mod p3,2m = -1 mod p3,

3m = —1 mod p,}

- _N
P1P2p3Ps

By permutation, we have

_ 4'N _ 24N
P1P2P3P4 P1P2P3P4

S

By direct calculation, we get
Total # of {m mod N}

=81 +382+383+384+ 385+ 3¢+ 87
=N

Total # fundamental domains

= 181 + 3(82 + 83) + 334 + 485 + (6 + 37)
= WA’/,JPT(I)I + 1)p2+ 1)(p3+ 1)(psa+ 1)
N(1+p'—,)(1+;';)(1+,,'—3)(1+,,%)

Recall that when N has 3 distinct prime factors, besides the standard
circles, s¢ and s7 will occur if NV is even, only s5 will occur if N is odd. Now
for the generic case(i.e. N = pi'p3?p3’pyt , all p; > 3) besides the standard

circles, ss, 8¢, 87 will occur.

55



B. N = 2°1p33p33p,* where p; > 3,i = 2,3.4.

This case is very unwieldy due to the fact with 2 as one of the prime
factors which implies all even integers less than g— are cusps. We will have
a lot of consecutive cusps which we might need circles with radii less than
%. We consider this case in a slightly different way. We consider different
sets of circles which are in desecending order of radii. We choose the largest

possible set as the boundary arc.

Observe that since 2|V, it is impossible for (m,N) = (m + 1,N) = 1.
Therefore s; will not occur. If (m,N) > I,(m + 1,N) = 1 then s; will
occur. Of course s3 will follow since 3 and s3 are symmetrical. If (m, N) >
I, (m+ 1, N) > 1 then s will occur if in addition (2m + 1, N) = 1. s5 will
not occur since (3m + 1, ¥N) = (3m + 2, N) = 1 is impossible. From now
on we assume (m, N} > l.(m+ 1,N)> I,(2m+ 1,N) > 1. We shall list
the cases. We first insert a figure on the next page to help us visualize the

situation.
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Figure 14: Circles with various radii in the interval (m,m + 1)
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Casel. 3m+1,N)=1,3m+2.N)> 1.

If (4m + 3, N) = 1, then s; will occur.

If (4m + 3, N) > 1, we have:

la. m is even. Without loss of generality, assume py|m + 1, p3|2m + 1,
pal4m + 3. We check that (3m + I, N)=(5m +3,N) = (6m+ 5 N) = 1.
Therefore the cirlces centered at %,%,% can cover the interval. We denote
them by sg. We have a complete list of figures of s;’s in the appendix.

1b. m is odd. Observe that m,m + 1,2m + 1,3m + 2 are pairwise relatively
prime. So after reordering of the indices, we have 2|m + 1, py|m, p3|2m +
1,pg|3m + 2. Now (4m 4+ 3, N) > 1, but none of the p;’s can divide 4m + 3
since p, # 3. So this case is impossible.

Case2. (3Im+1,N)>1,(3m+2,N)=1.

If (4m + 1, N) = 1, then s7 will occur.

If (4m+ 1, N) > 1, we have:

2a. m is even. Observe that m,m + 1,2m 4+ 1,3m + 1,4m + 1 are pairwise
relatively prime or have common factor 3. By the same argument as in 1b.,
this is impossible.

2b. m is odd. We find that (6m + 1,N)=(5m+2,N)=(3m+2,N) =1,
s0 the circles centered at };,g,% can cover the interval. We denote them by
Sg.

Cased. 3m+1,N)>1,(3m+2,N)> 1.

Assume first m is even.

3a. (4m + 3,N) = 1. This implies the circles centered at 1,2,3 can cover
the interval. We denote them by s;o.

3b. (4m + 3, N) > 1. Then the circles centered at %,g,g cover the interval.

We denote them by s;;.
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The case when m is odd is symmetric.
3c. (d4m + 1,N) = 1. This implies the circles centered at %,%,% can cover

the interval. We denote them by s;,.

3d. (4m + 1,N) > 1. Then the circles centered at },2,2 cover the interval.

We denote them by s,3.

Now we state the above results as

Theorem 13 Let N = 2 pPp3plt, where p; > 3 i = 2,3,4 are distinct
prime numbers and €y, €,,€3,€4 are positive inlegers. Then circles can be

found with radiusr > 1.
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C. N = 3°1p,2p33p, ! where p; > 3,i=2,3.4.

It is possbible for (m, N) = (m+1,N) = 1, s0 s; can be found. Similarly
82,93, 84 can be found. From now on assume (m,N) > 1,(m+ 1,N) >
1.(2m+ 1LN)> L If3m+ 1, N)=(3m+2,N) =1 then s5 will occur. If
not, we have:

Case I. 3m+ 1,N)> 1, (3m+ 2,N) = 1.

la. 3|m. Without loss of generality we assume pa|m+ 1, p3|2m+ 1, pg|3m + 1.
We find that (dm + 1, N) = 1. So s¢ will occur.

Ib. 3|m + 1. we find that (4m 4+ 1,N) > 1,(5m + 1, N) = 1. Therefore the
circles centered at %,% can cover the interval. We denote them by s;4.

le. 3|2m + 1. We find that (4m + 1, N) = 1. So s7 will occur.

Case 2. (3Im+1,N)=1,(3m+2,N)> 1.

2a. 3]2m + 1 or 3|m + 1. We find that (4m + 3, N) = 1. So s¢ will occur.
2b. 3|m. We find that (4m + 3, N) > 1,(5m + 4,N) = 1. Therefore the
circles centered at %,% can cover the interval. We denote them by s;s.
Case 3. (Im+1L.N)>1,(3Im+2,N)> 1.

This is impossible, otherwise we would have too many prime divisors of N.

Now we state the above results as

Theorem 14 Let N = 39 p3pPpi*, where p; > 3,1 = 2,3,4 are distinct
prime numbers and €, €,,¢3, €4 are positive integers. Then circles can be

found with radius r > }.
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D. N = 2°13°2p3p 4 where p; > 3,i = 3,4.

Since it is impossible for (m, N) = (m+1,N) = 1, s; does not occur. As
usual, 83, 83,84 can occur. From now on assume (m,N)> 1,(m+1,N) >
L{(2m+1,N)> 1.

Case l. 3m+ I,N)=1,3m+2,N)> 1.

m must be even. If (4m 4+ 3, N} = 1 then sg will occur.

If (4m 4+ 3, N) > 1, we subdivide this case:

la. 3ym + 1 or 3|12m + 1. We find that (5m + 3,N) = (6m + 5,N) = 1.
Therefore the circles centered at %,%,% cover the interval. Note that this set
is sg.

1b. 3|4m + 3. We find that (6m + 5, N)=(7Tm + 5, N) = 1. Therefore the
circles centered at %,;,% cover the interval. We denote them by s,¢.

Case 2. 3m+ 1L, N)>1,(3Im+2,N)=1.

m must be odd. If (4m + 1, N) =1, then s7 can occur. If (4m + 1,N) > 1
we subdivide this case:

2a. 3|m or 3|2m + 1. We find that (5m+2,N)=(6m+ 1,N) = 1. So the
circles centered at 1,2, cover the interval. Note that this set is s.

2b. 3|4m 4+ 1. We find that (6m + 1,N) = (7m + 2, N) = 1. So the circles
centered at %,%,%. We denote them by s,7.

Case 3. 3m+1,N)>1,(3m+2,N)> 1.

Observe that in this case if m is even, we may assume that p;|m + 1, p3|2m +
1,p4|3m + 1 where either p; or p3 is 3. If 12 is odd, then we may assume
p2lm, p3|2m + 1, p4|3m + 2 where either p, or p3 is 3.

da. (4m+1,N)=(4m+3,N) = 1. First assume m is even. Then 2 f5m +3.
p2lm + 1 implies p;|5m + 5. Hence p, [5m + 3. Similarly we find that
p3 /5m + 3 and py f5m + 3. Hence (5m + 3, N) = 1. Therefore the circles
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centered at %.g,% will cover the interval if m is even. Note that this set

is s10. By the same argument the circles centered at 1,2,2 will cover the
interval if m is odd. Note that this set is s,;.

3b. (4m+1L.N)> L. (dm+ 3. N) = 1. When m is even, we check that
the circles centered at 1,32, 2 will cover the interval. We denote them by
sy1s. When m is odd, 2|5m + 1 and 2|5m + 3. So we have to pick the circles
centered at }.2, % Note that this set is ;.

Je. (Am+ 1, N)=1,(4m + 3. N) > 1. This case is symmetric to 3b. When
m is odd, the circles centered at 1.2,1 % will cover the interval. We denote
them by s;9. When m is even, we find that the circles centered at %,%’%
cover the interval. Note that this set is s;;.

Je. (4m+ 1, ¥)> 1. {(4m + 3. N) > 1. This case implies p3 or ps is 5. We
find that the circles centered at !—)%,%% cover the interval if m is even. We
denote them by sy.

The circles centered at é,%,;, 1 will cover the interval if m is odd. We denote

them by s,.

Now we state the above results as

Theorem 15 Let N = 2713%p3'pl, where p, > 3.1 = 3,4, are distinct
prime numbers and €1, €3, €3, €4 are postive integers, then circles can be found

with radius r > 1.

We have found sets of circles covering the interval (m,m + 1) where
m| < —’;i We take the arcs in the upper half plane as the boundary of the
fundamental domain of I'°(N) where N has four distinct prime factors. As
we pointed out in chapter 4, when (m, N)> 1. (m+1,N)> I, (2m+1,N) >
1, no circles with radius % will be found. Therefore, we search various circles

to cover the interval. If N has only 3 distinct prime factors, then 3m 41 and
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3m + 2 must be relatively prime to N provided N is odd. If NV is even then
2|m,2|3m + 2 or 2|m + 1,2|3m + 1, the circles with radii } is not enough to
cover the interval. We consider 4m + 1 and 4m + 3 next. If N has 4 distinct
prime factors and (m,pyp2) > 1, (m+ 1,p3) > 1,(2m + 1,py) > 1, this case
will behave as if N has 3 prime factors. The most difficult case is when
(m,p1) > 1,(m+1,p2) > 1,(2m + 1, p3) > 1. The last factor py may divide
various centers. In general, any circles within the interval (m,m + 1) have
center at '—"‘r‘*—' and radius }, where 0 <t < rand (t,r) = 1. We observe that
pilm, p;|m + p, simultaneously, p; fm +1 where t < p,. If p, is big, we have a
lot of rm +t relatively prime to p,. The situtation is more complicated when
the p;’s are close to each others, for instance, 2|m,2|3m +2,3|m+1,3|4m + |
which mean a lot of circles cannot be found. Therefore, if the p,’s are greater
than three, the above situtation will not occur and the case turns out to be
very simple. Thus no matter which centers py divides it will divide the
multiples of the center. Therefore, the more prime factors we have, there
are more common factors among the centers. This makes the process of
finding the suitable circles more complicated. If N has 5 distinct prime
factors and (m,py) > 1,(m+ 1,p2) > 1, (2m + 1,p3) > 1, then pg, ps may
divide various centers. The number of choices seems to be very large. From
past experience, we predict the case may reduce to a simplier form provided
all p; > 5. If 2and 3 are one of the prime factors, then complicated situtation
will be expected. Nevertheless, the number of different s, is bounded by the
numbers of primes p; dividing N. Therefore, the numbers of s; should be
finite. In principle, it can be extended to the case where N is finite and

arbitrary. We hope this can be done in the near future.
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Appendix

We summarize the results in the following table.

N Configurations Centers
Ju% 81 m,m+ 1
82 m+ 1
83 m
pi' Py’ 81,82,83 as above
T
pi' p?*p3y® (odd) 31,82,83,384 as above
85 Im+1T Im42
3 > 3
2€1 2 /3 b
P P3 (even) 32, 83, 84, as above
P ST AmE
87 _T'_"_ﬂ ul
(4 (4
Py P P3P, i > 3 | 31,82, 83,34, 85, 3¢, 57 as above
2 p3? p3* P 832, 83, 84, 8¢, 87 as above
38 3m¥r ﬂs Gm{»S
39 __'LT 5’@:2 ___1:_3'1']7
310 j_‘l'l §j_. Im$3
4
s ]m‘FT ﬂ:! 6m+5
1 oy
4m+r ﬂz (MJ
12 4
s13 6m+r SMH T ff!
31 p%’ P53’ P§’ 31, 82, 83, 84, S5, 8¢, $7 as above
s SmIT ImE2
14 5 3
om+I dmid
15 3§
2°13°2p3° p3’ 82,83, 84, 56, 57, 98 as above
39, 310, 811, 12, 313 as above

Um{»r 7m+5 6mj5

S16

P §_:L _31 I_L?

S18 Sm-}‘l ij-l! 5m+3 lmﬂ
4

s f! :L? 7mi{ Smi

19 €y 7

$20 ;I 7m;{3 5m+3' Grﬂs

o1 §_+_. _ﬂﬁ’__?E b:ﬂ
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We give a complete list of figures on the following pages.

Figure 15: Configuration s,

™m Mey
Figure 16: Configuration s,
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Figure 17: Configur )
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Figure 21: Configuration sy

y ¢+ ¢

Figure 22: Configuration s
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t + X
Figure 23: Configuration sg

o

¥ 4
Figure 24: Configuration )¢

¥ + 4

Figure 25: Configuration s,
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T ¥ 4+

Figure 26: Configuration s;3

t ¥ *

Figure 27: Configuration 3,3

3 3
Figure 28: Configuration 8,4
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¥ ¥

Figure 29: Configuration s,

¥ +

Figure 30: Configuration 8¢

S

Figure 31: Configuration 3,7
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T 313

-
Figure 32: Configuration s,

: ¥+ %

Figure 33: Configuration 3,9

TR

Figure 34: Configuration sy
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Figure 35: Configuration sy
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