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A b stract

Fundam ental D om ains of M odular Subgroups 

Using Isom etric Circles 

by

T erry Y . Fung

A dvisor: P rofessor H arvey C ohn

Lot P denote  the  inhomogeneous m odular group acting  on the  upper half 

plane H  in this way :

az  +  6

cz + d
, ad  -  be = 1 , a , 6 , c, d  6  2

Sometimes we denote  the  element of T by its m atrix  form A 

We consider the  subgroup of I' such as

6-l(: 6  =  0 (mod N )

We construct the  fundam ental domain for V° ( N)  using isometric circles in a 

m anner based upon the  divisibility of prime factor(s) of N . T h e  use of iso­

metric circles was Poincare’s original constructional and existential m ethod  

for fundam enta l domains.



In th is  paper, we construct a fundam ental dom ain  o f  r°(A) for N  which 

has a t  most four distinct prime factors. The  fixed circle of r°(A) is the  

real axis and the  cusps are  zero and th e  multiples of th e  p rim e factors. We 

construct it by using isometric circles with the re lation ( 2 - 5 X 2 ' - ^ )  =  - <JT 

provided th a t  L M  =  —1 (mod Q N )  where ^  are  centers o f  circles 

with radius r  =  ^ .  The idea of the m ethod  is to  find the m atch ing  circles 

by checking L M  =  - 1  (m od Q N ) .  We found th a t  for N  with one prime 

factor, the  isometric circles will have radius r  =  1. If jV has two d is tinc t 

prime factors, then the isometric circles have radius r  >  i .  If A has th ree  

d istinct prime factors then the  isometric circles have radius r  > g if N  is o dd , 

and r  >  i  if A  is even. If N  has four distinct p rim e factors, the  isometric 

circles will have radius r  >  i  provided all the prim e factors are  g rea te r  than  

three, b u t  if the  prime factors are less th an  or equal to  three, various special 

cases will occur leading to  circles of radius ^ as we shall dem onstra te .

T h is  work generalizes a  result of C ohn [3] for tw o prim e factors. T h e  

m ethod  will be shown to be applicable to  any n um ber  of prim e num bers .
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Chapter 1

D iscontinuous Groups and 

Fundam ental Dom ains

Let 0  be the group of all conformal homeomorphisms of the  Riem ann 

sphere  C ’ . Each element o f  ft is a  linear transform ation

fl : z'  =  T ( z )  = ^ - ^ 4 ,  ad -  be =  1 ( 1 )
cz + d  ' ;

where a , b , c , d  are complex numbers. Sometimes we use th e  m a tr ix  form

T  =  ^ ^ ^  ^ to  denote  ( 1 ) and the matrices T  and — T  give rise to  the

sam e transform ation.

Let R  denote  the  field of real num bers, C  denote  the  field of complex 

num bers  and C* denote  the  Riemann sphere. Recall th a t  ( 1 )

T ( z )  = ^ T 1 '  a d ~ b c = l cz + d

where a , b , c , d  6  C.  Equation (1) defines T ( z )  for all z  in the extended 

complex num ber system C" = C  U {oo} except for z = - &  and  2  =  oo. We 

ex tend  the  definition of T  to  all o f  C"  by defining

T { - ~ )  = oo, T( oc )  -  -  
c c

with the  usual convention th a t  z / 0 = oo if z £  0. F irst note th a t

(2)
(cw +  d)(cz  + d)
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which shows th a t  T  is constan t if a d -  be =  0. To avoid this degenera te  case 

we assum e th a t  ad -  be ^  0. Further, T  remains unchanged if we m ultip ly  

all the  coefficients a , b , c , d  by the same nonzero constan t.  Therefore  there  

is no loss of generality in assuming th a t  ad — be = 1 in (1). T  is analytic  

everywhere on C * except for a  simple pole a t  z =

E quation  (1) shows th a t  every linear transform ation is one-to-one on C ‘ . 

Solving (1) for z  in term s of T ( z ) ,  we have

so T  m aps C ‘ on to  C*. This also shows th a t  the inverse function T  1 is a 

linear transform ation. We find the  derivative of T , which is

T ' ( z )  /  0 except a t  the  pole z = thus T  is conformal.

Linear transform ations m ap circles on to  circles(with s tra igh t lines being 

considered as circles with infinite radii).

For each linear transform ation  ( 1 ) we associate th e  2 x 2  m atr ix  A  =

between linear transform ations and matrices. It is easy to  see th a t  the  

linear transform ations with ad  -  be =  1 form a  group. T he  opera tion  is 

compostion T o S  where ( T o S ) ( z )  = T ( S { z ) ) .  T he  identity  transfo rm ation  is

the opera tion  of m atrix  p roduct.  The  inverse elements for matrices and  linear

We now investigate the correspondence between the group of l inear t r a n s ­

d T ( z )  -  b 
- c T ( z )  + a

There is a  one-to-one correspondence

I ( z )  = Therefore, the  corresponding matrices will form a  g roup  under

transform ations are respectively A  1 =

2



form ations C and  the  group of m atrices A .

ip: A — > A,  p>(A) = ( 3 )
cz +  a

where A — ^  °  ^  ^  with de t / i  =  l. tp is a hom om orphism  with kernel { ± / } .  

By the  first isomorphism theorem A / { ± I } 2 f A.

Let T be a  subgroup of fi.

D e f i n i t i o n  1  The poin t a  is called a lim it po in t o f  F provided there is a 

po in t z 6  C* and  an in finite sequence {7^,} o f  d ifferen t elem ents o f  T such  

that T„(z)  — > a

D e f i n i t i o n  2 I f  a  is not  a lim it point, it is an ord inary po in t o f T .

D e f i n i t i o n  3  T is said to be d iscontinuous at a  i f  a  is an ord inary p o in t o f  

F. T is called a d iscontinuous group i f  it is d iscontinuous som ew here, i.e., 

T has at least one ordinary point.

D e f i n i t i o n  4  It can be shown that the set o f  ord inary po in t o f  T is an open  

set which can be partitioned  in to  countably m any d isjo in t regions D ,. The 

D, are called regions o f  d iscon tinu ity  o f  F.

D e f i n i t i o n  5 / /  T is a d iscontinuous group with { D , , i  =  1 ,2 , • • • ,« } ,  the 

regions o f  d isco n tinu ity  o f  T. T is called a fu n c tio n  group provided one o f  

the regions D } is m apped on itse lf by each elem ent o f  T.

D e f i n i t i o n  6 In  a d iscontinuous fu n c tio n  group, the region D} is called a 

dom ain  o f  existence o f  V.

3



D e f i n i t i o n  7 A fixed  circle(line) o f  a group is a circle(line) which is fixed  

by a ll e lem ent o f  the group.

D e f i n i t i o n  8  A group is called principal circle group i f  each o f  its e lem ent 

preserves the in terior o f  a fixed  circle.

D e f i n i t i o n  9 The fixed  circlefor line)  preserved by each elem ent o f  the p r in ­

cipal circle group is called the principal circle.

Remark: Let 7i denote  the upper half plane. In chap te r  3 we shall

limit ourselves to  principal circle groups which leave the upper ha lf  plane Tl

invar ian t ,  i.e., a , b , c , d  are real and for which H  is a region of discontinuity  

while th e  real axis is a  principal circle.

T h e re  are a t  most 2 fixed points for the  linear transform ation  (1), we can 

classify the linear transform ation  by the fixed points as follows:

D e f i n i t i o n  1 0  The transform ation  z ' =  f j +j ,  where ad — be = 1 , is o f  the 

type sta ted  i f  and only i f  the fo llow ing conditions on a + d hold:

Hyperbolic, i f  a + d  is real and  |a +  d| > 2.

E lliptic, i f  a +  d  is real and  |a +  d| < 2.

Parabolic, i f  a +  d = ± 2 .

Loxodrom ic, i f  a -f d  is complex.

T h e  m ajo r  properties of these transform ations can be found in Ford[4, 

p. 18-23] (In the main result, loxodromic transform ations do not occur).

D e f i n i t i o n  1 1  Two configurations (points, curves, regions, e tc .)  are sa id  to  

be congruent with respect to a group i f  there is a transform ation  o f  the group  

o ther than the identical transform ation  which carries one configuration onto  

the other.

4



D e f i n i t i o n  12 The fun d a m en ta l dom ain  o f a principal circle group is a re­

gion R  with the follow ing properties:

(i) A n y  poin t o f H  not in R  is congruent to a po in t in R .

( ii)  N o two po in ts in terior to R  are congruent.

(Hi) B oundary po in ts can be congruent only to o ther boundary points.

First notice th a t  a  fundam enta l domain of a  group is not unique. There 

is a  simple way to  obtain  a fundam ental domain which involves the isometric 

circles of a  group. We next define an isometric circle.

In an analytic  t ransform ation z ' — f ( z ) ,  a  lineal element dz  connecting 

two points in an infinitesimal neighborhood of a  point z  is t ransform ed into 

the  lineal element dz '  in a neighborhood of z'; hence, the  length of  the  

e lement is multiplied by \ f ' ( z ) \  and the  element is ro ta ted  th rough  an angle

a rg / ' ( * )  •

Consider dz  and = |cz +  d\ ~2 with regard to  the  t ran sfo rm a­

tion (1). An infinitesimal region is carried into a  similar region with cor­

responding lengths multiplied by IT'!*)!; hence the area  is multiplied by 

\T ' ( z ) \ 2 = \cz + d\~*. We can see th a t  lengths and areas are  unaltered  in 

m agnitude  if and only if \cz +  d\ = 1 .

D e f i n i t i o n  13 The circle I ( T ) ,

I { T ) : \ c z  + d\ = 1, c j * 0  (4)

is called an isom etric circle o f  the transform ation  (1)

T h e o r e m  1  Lengths and areas w ithin the isom etric circle are increased in 

m agnitude and  lengths and areas outside the isom etric circle are decreased  

in m agnitude, by the transform ation  (1).

5



Proof. For the  transform ation z ' =  T ( z ) =  ad -  be = 1 the  isometric 

circle is I ( T ) :  |c 2  + d\ = 1. W hen the  transform ation  is applied, \dz\ is 

transform ed in to  \dz'\ = \T' (z)dz\  = |cz +  d \~2\dz\. If z is within I { T ) ,  th a t  

is, |c r  + d\ < 1 then 1 z)| = |c2  +  d\~ 2  > 1 , which is the region ex terior  to  

I ( T ) .  If r  is ou tside I ( T ) ,  i.e., \cz +  d\ > 1 then I'T'fz)! =  |c 2  +  d\ ~2 < 1, 

which is the  region interior to  I ( T ) .  A length or a rea  within / ( T )  is th u s  

magnified by |7"/( r ) |  >  1. A length or a rea  outside I ( T )  is d iminished by 

| r ( ; ) |  < 1. Q .E.D.

T h e o r e m  2 T  m aps l ( T )  onto I ( T ~ l ) and  maps in terior (ex terior) o f  I ( T ) 

in to  the ex terio r (in terio r) o f  l ( T ~ x).

P ro o f z ' = T ( z ) =  f i ± * , a d - b c =  1 . I (T) : \ ez  + d\ = 1 .

T ~'  = ^ £ , H T - ' ) : \ c z - a \  = 1 .

If z  G I ( T ) ,  we have

|c*' -  a | ” 2  =  |cT (z )  -  a | ~ 2  =  -  a | - 2  =  | — - | ~ 2  =  1
cz + a cz  +  a

hence, T ( z )  €  I ( T ~ X). Here “in t” and “ex t” are interior and exterior  respec­

tively.

If z € i n t  I ( T ) ,  t he n  |cz + d\ < 1 a nd  so |c T ( z )  -  a | ~ 2  >  1, hence,

T [ z )  Gext ] ( T ~ l ).

If z  Gext / ( T ) ,  t he n  |cz  +  d\ > 1 a nd  so |c T ( z )  -  a | - 2  <  1, hence,

7 ( 2 ) Gint I ( T ~ l ). Q .E.D.

Note th a t  a  t ransform ation carries its isometric circle in to  the  isometric 

circle o f  the  inverse transform ation and gives the  pairing of ex t \cz — a | =  1 

with int \cz +  d\ =  1 . For each linear t ransform ation of the  group , there  

exists a  corresponding isometric circle.

6



T h e o r e m  3 The region R  consists o f  all the parts o f  the p lane which is 

ex terio r to the isom etric circles o f  all the transform ations o f  the group and  

R  co nstitu tes a fu n d a m en ta l dom ain o f  the group.

T h e  complete proof can be found in Kord[4, p.44-45]. Theoretically, a 

fundam enta l domain can be obtained by the  above m ethod , b u t  th is  is not 

always easy to  do, especially when the group involved is large. Since a 

fundam en ta l  dom ain  R  is the  exterior of all isometric circles of th e  group , it 

is clear th a t  its boundary  consists of circular arcs. We call th e  intersection 

point o f  tw o arcs a  vertex of the fundam ental dom ain. Let A \ be a vertex. 

If e ither  of the  sides which meet in A\ is carried in to  its congruent side, A t 

is carried into a  vertex a t  the  ex trem ity  of the la t te r  arc. These congruent 

vertices m ay be carried in to o th e rs ,  with the result t h a t  A \ may be congruent 

to  several o f  the  vertices of R.

D e f i n i t i o n  14 A com plete set o f congruent vertices o f a fu n d a m en ta l do­

m a in  is called a cycle.

T here  are  tw o kinds of cycles, namely, parabolic cycles and  ord inary  

cycles.

D e f i n i t i o n  15 I f  one o f the points in the cycle is a lim it point, we call the 

cycle parabolic.

Rem ark: Consistent with earlier definitions “p arabo lic” , “elliptic” refer 

to  the  n a tu re  of the  vertex as a fixed point.

D e f i n i t i o n  16 I f  one o f  the po in ts in the cycle is an ord inary po in t, we call 

the cycle ordinary. I f  one o f  the vertices o f an ordinary cycle is a fixed  p o in t

7



o f  a transform a tion , we call it an elliptic cycle. I f  none o f  the vertices is a 

fixed  point, we call it an accidental cycle.

T h e o r e m  4  The sum o f the angles at the vertices o f  an ordinary cycle o f  

R  is i f  the cycle is elliptic o f  order I, and  is 2 r  i f  the cycle is accidental. 

C onversely, i f  the angle sum  at the vertices o f  an ordinary cycle o f  R  is ^f-, 

the cycle is elliptic o f  order I when I >  1 and  is accidental when 1 = 1 .

T he com plete  proof of th is  theorem  is qu ite  long. For deta ils ,  refer to  

Lehner[7, p .126]. We will sketch the  proof by considering th e  following ex ­

ample. (see figure 1 )

JL-5 

" ■ < >

h

Figure 1 : O rd inary  cycle

Let A i , A 2, A 3 cons t i tu te  an ord inary  cycle.

Let T\ : A\  — ► A 2 T ( l i)  =  /_ ,

Let T 2 : A 2 —  A 3 T ( l 2) = 1 . 2

Let T3 : A 3 — ► Ai  T ( l 3) = / _ 3

Let E  = T 3 oT 2 oT\ ,  then E  carries A\  to  itself. It may happen  th a t  E  is the  

identical t ransform ation . If no t, E  is an elliptic transfo rm ation  since is a 

fixed point. For A\  is a fixed point of  E  and th e  fixed points  of  hyperbolic  or



loxodromic transform ations lie within isometric circles and the fixed point 

o f  a parabolic transform ation  is a  limit point of the  group. Now, we can 

paste  A \ ,  A 2 and A 3 together  by applying E  (see figure 2). T he  fact th a t  E  

is elliptic of order I means E 1 =  1. T he  sum of the  angles a t  the  vertices is 

Applying E  I times, the  sum of the  angles is 2 t .  On the  o ther  h an d ,  we 

can consider accidental cycle as a  special case of  E ,  namely, / =  1 . T h e  sum 

of the  angles is then 2 x.

I - 3

Figure 2: Pas t ing  together the  cycle

9



Chapter 2

Poincare’s Theorem

In 1880, a wide variety of groups could be constructed  as free produc ts ,  

bu t no principal circle group with elliptic fixed points could be constructed  by 

this m ethod . Also, discontinuous groups could be defined as covering groups 

of R iem ann surfaces, bu t these were groups w ithout elliptic elements. So 

far, no information was obtained about the  group presen ta tion , namely, its 

generators or the coefficients of its m atrix  representation.

In 1882, Poincare 's [ 1 1 ] showed th a t  the  class of principal circle groups 

with finitely-sided fundam ental domains is coextensive with the  class of 

noneuclidean polygons satisfying certain conditions. Therefore, Po incare’s 

result is a characterization  of the to ta li ty  of  principal circle groups th a t  are 

associated with compact R iemann surfaces. We will s ta te  the  theorem  and 

sketch the  proof. (We presuppose the elementary properties of  R iem ann su r ­

faces since these properties do not arise directly. More details can be found 

in [9]).

Poincare’s Theorem

Let Q be a  unit circle and U  be the interior of Q.  Let P0 be a  polygon 

bounded by a finite num ber of pairs of sides {S, ,  S't ), i =  1,2, • • •, n(arcs  of 

circles orthogonal to  Q).  Let T, be a linear t ransform ation of  Q  m apping  the 

ou ts ide  of th e  circle determ ined by S,  on the inside of the  circle determ ined

10



by S ' .  Let P0 satisfies these conditions :

1) T he  boundary  of P0 consists of a  finite num ber of pairs of sides (S , ,  5,'). 

T here  is a  unique element T, € T which maps S, on S '  and m aps the  exterior 

of th e  circle on which S, lies on to  the  interior of the  circle on which S '  lies.

2) T he  sum of the  angles a t  the vertices of an elliptic cycle of o rder / is I f .

3) T h e  sum of the  angles a t  the vertices of an accidental cycle lying in 14 is 

2?r.

4) Pa can be chosen so th a t  its boundary  meets Q  a t  most a t a finite num ber 

of parabolic  vertices.

T hen  the  g roup  T generated by {T ,,i  =  1 , 2 , • • •, n} is a discontinuous func­

tion g roup  with domain of existence 14 and Pa is a  fundam enta l dom ain  for

r.

We want to  show th a t  P0 is a fundam ental domain for I \  T he  existence of 

a fundam enta l domain with inner point(s) will show th a t  T is discontinuous. 

We s ta r t  with a  finitely-sided polygon. Conditions 2) to  4) g u aran tee  th a t  

each vertex of Pa belongs to  a  cycle. If two points  are in the sam e cycle, 

there  exists a transform ation  th a t  maps one point to  the  o ther. So we can 

consider a point A \  in a cycle as a  representative of the  cycle because we 

can m ap the o th e r  congruent points to  A\ .

Let T, be the  transform ation th a t  maps A, to  A\ .  Let P, be th e  image 

of the  sector of P0 at vertex A, under T, (see figure 3). In order to  show P0 

is a  fundam enta l domain for T, it suffices to  show

a. Pi, Pj are e i ther  disjoint or identical, where P,, P} are s ta ted  as above.

b. All Pi's cover U .
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Figure 3: Illustration for Poincare’s Theorem: pas t ing  process

We pick a vertex A \ which lies on the  side S \ .  Applying the  above 

process, we pas te  together all points congruent to  A \ and the  images of  the  

sectors will be around  A], (see figure 4) We carry  the process to  the  endpoin t 

A 2 o f  5 j .  We complete this process until we re tu rn  to  A \.

N ote th a t  if A \ is congruent to  A ,, the P,'& around  A \  are  the  sam e as 

A , (different in the order). After we have completed the  process, we have a 

layer of P,'s  around  P0. All P, 's  will not intersect P0 since a transfo rm ation  

will m ap  the  outside of the  circle determined by 5, on the  inside of the  circle 

de te rm ined  by S ' .  Since P0 is outside of all circle, the  P,'s  m us t  be in some 

circles, hence they do  not intersect with P0. Next we need to  show th a t  tw o 

polygons P t , P} are e ither disjoint or identical. Suppose P,, P} overlap, the re  

exists a t  least a point a* belonging to  two different cycles. T here  exist two 

different transform ations carrying two points to  a* ,  bu t condition 1 ) s ta te s  

th a t  T, is unique. Thus two transform ations m ust be the  same. Hence, P ,, P} 

do not overlap. Next we pick an endpoint of a  side of a  polygon in the  first
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layer. Apply the  sam e process to  th a t  endpoin t to  m ake th e  second layer of 

polygons . By the  same a rgum ent,  these polygons in th e  second layer are 

e ither  disjoint or identical.

We keep m aking  different layer of polygons and each layer is disjoint. 

Eventually, all polygons P ,'s  will co v e rU , this is the  m ost general cons truc ­

tion for such a  group T, fu rther details see Lehner. [7]

Figure 4: I l lustra tion  for Poincare’s T horerm : completion o f  p a s t ing  process
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Chapter 3

T he M odular Group

We consider a  historically significant subgroup T of 17 in equation  (1) for 

which the  region of discontinuity  is H  the  upper half plane and the  real axis 

S? is the  principal circle.

D e f i n i t i o n  17 The group o f  2 x 2  m atrices with in teger coefficients and  

d e term in a n t one is called the hom ogeneous m odular group  I \

a , b , c , d  €  Z,  ad  -  be -  11

D e f i n i t i o n  18 The hom om orphism  in (3) leads to the inhom ogeneous 

m odular group t .

T = { A\ A  € I'}

As m aps they preserve the  upper half plane H,  the  real axis J? and the 

set o f  ra tional numbers Q.  T he  relation between T and f  is given by the 

isomorphism

T/{±/} ^ f.

N ext, we show some properties and theorems abou t homogeneous and 

inhomogeneous m odular  group. (Proofs will be only sketched o r refered to  

s ta n d a rd  tex tbooks, [4][7][13].)
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T h eo rem  5 The hom ogeneous modular group is generated by the e lem ents  

S  =  ^  j ^ ° f  order $  and T  = ^ ^ ^  ^  o f order 2, where S 3 =

T 2 =  - 1.

T h e o r e m  6  The set V  — {* |r  € W, | /?c i |  < 3 , |*| > 1} U {»oo} U {*|/?ez =

— 2  > 1 * 1  >  1 } U { ^ | |r |  =  1 , — |  < R tz  < 0 } is a fu n d a m en ta l dom ain  0 }  V fo r

H ’ where H m denotes the extended upper ha lf plane H  U {»oo}

T h e  properties for homogeneous and inhomogeneous m odular  groups will 

be carried over to its subgroups. Later on we restrict ourselves to  a special 

class of subgroups, the  congruence subgroups. Let Tj be a subgroup of the  

homogeneous m odular  group. The m ap : A >— ► A where

a = ( “ ‘ )  e r. .4 = ^
y c d J  cz +  d

induces a  hom om orphism  of Ti on to  a  subgroup Ti = y>(fi) of th e  inho­

mogeneous m odular  g roup  f .  This homomorphism has the kernel { ± / }  if

— /  € T i , and is an isomorphism if - /  £  f  1 . T he  concepts of congruence and 

fundam enta l domain will hold for sugbroups as well. Instead of congruence 

under f , we have congruence under T 1 . T he  same definition for fundam enta l 

dom ain  holds for f j .

Z  is the  ring of integers. For a na tura l num ber  N , Z s  denotes the  ring

of all residue classes modulo  N . T is isomorphic to  the  special linear group

S L ( 2, Z ) . We use the  symbol Tn  f°r the group SL{ 2 ,  Z /v).

D efin itio n  19 Let Z n  denote the ring o f  all residue classes modulo N . 

o :Z  — > Z n  induces a hom om orphism  by

„  (  a b \  -  (  a ( ° )  \
\  c d  J  ^ <t ( c )  o ( d)  J
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The kernel

rW = { ( “ O e r | ( °  S ) ' ( i  0 mOd,V}
«s called the principal congruence subgroup o f  f

T h eo rem  7 The image o f  T under Ihe hom om orphism  a  is isomorphic to  

the group  T/v = S L ( 2 , Z n ) .

o ( r ) *  r / r ( j v ) *  r w

We now determ ine  the  order |I .v| =  p ( N) .  Equivalently, th is  is the  

n um ber  of  noncongruent solutions of a d -  be =  1 (m od N) .  By th e  Chinese 

R em ainder Theorem

f *(Nl N J ) = p ( N t ) p ( N2)

for ( N i , N j )  =  1 . Consequently, we may restrict ourselves to  powers of a 

prime N  =  p".

1. T here  are <p(p°) residues classes a mod p° with a 0 mod p  where <?(n ) 

denotes the  Euler function, the num ber of residue classes mod n which are  

relatively prime to  n. To each of these classes for a, the num ber b and  c may 

be chosen arb itrarily  modulo p°. Then d  mod p°  is uniquely determ ined . In 

th is  case there  are  a ltogether <p(pa )P2a solutions.

2. T here  are p ° _ 1  residue classes a mod pP with a =  0 mod p, and corre­

sponding  to  each of these d  mod p° may be chosen arbitrarily. Since in this 

case (p, 6 , c) =  1 , there  are  y?(pa ) possibilities for 6  mod p°  and c m od p°  are 

again uniquely determ ined. Hence there  are <p(p°)pJ o - 1  additional solutions.
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Adding these together, we obtain

p ( p ° )  =  9 ( p ‘V a +  <P(Pa )P2a~ 1

P
=  ^ (p ° )p 2° ( l  +  - )

Hence for a rb i t ra ry  A we arrive at the result:

| r „ |  =  / i ( A )  =  iV3 J J (1 -  1 )
Pi N r

(5)

( 6 )

where the  produc t runs over prime divisors of A.

It is custom ary  to  give specific notations to  the th ree  congruence groups:

r 0(A) = { (  ® bd ĵ € r|c = 0  (mod A)J

r ° ( A ) = | ^ “ j j 6 r | 6  =  0  (mod A )  |

I W = { ( ;  ^ ^ € T|6 =  c = 0 (m od A ) |

Mainly we consider r°(A) . The index of F°(A) in T is com puted  as 

follows:

We observe th a t  the  index

( r ° ( A ) :  r ( A ) )  =  Av*JV) 

because if b =  0 (mod A ) ,  the  congruence

ad  -  be = 1 ( mod A )
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has exactly  N f ( N )  noncongruent solutions. W ith  the  order  o f  |T/v| =  ( i ( N)  

as in equation  ( 6 ) we obtain  the  index of r ° ( N )  :

( r ; r , W ) = s ^  = " n ( i +J> i ’ >

A subgroup f  i of f  is called an inhomogeneous congruence g roup  if Fj is 

the  hom om orphic  image of a homogeneous congruence group Ti under  the 

m ap

f  : A  i— > A ,  A  G Tj

It contains  the  inhomogeneous principal congruence g roup  F(Ari). Now we 

assum e th a t  Tj is the  homomorphic image under if of the  group Ti which 

contains  —/ .  We shall om it the  bar in the  designation of  the  inhomogeneous 

group  and m ake no distinction between homogeneous and inhomogeneous 

m odular  groups and call them m odular groups.
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Chapter 4

C onstruction o f the Fundam ental D om ain  

H istorical References
T h e  theory  of discontinuous groups and au tom orphic  functions was first 

developed in early 1880. Poincare introduced a  construction of fundam enta l 

dom ains of discontinuous group using isometric circles. This is very good 

from the  existence viewpoint bu t has been generally discarded particu larly  

with m odu la r  subgroups because there are  parabolic cycles which involve 

several different points of the z-plane belonging to  the same parabolic cusp.

After his initial work, num ber theorists like Fricke and  Klein were able  to  

count the  parabolic cusps and to  find a fundam enta l dom ain  which collects 

these cycles as one cusp. He presented a  formula to  do it ,  the idea is to  con­

s tru c t  ou t o f  certa in  tiles o f  the  well-known m odular  tessellation. [5, p .349]. 

Even with the  form ula, this constuction is very inconvenient geometrically.

Since th en ,  there  is no m ajor  result to cite, except a  few explicit examples. 

T here  is an explicit fundam ental dom ain  for r ° ( p )  where p is a prime, [13, 

p . 8 8 ] and for T0 (p), [14, p .377] Nielsen constructed  a  fundam enta l dom ain  

for the  subgroup of the  triangle group A 2 ,3 ,p which uniformizes the  surface 

V( p ) / H  compactified by adjoining its  cusps. This is done for p  >  5 for 

which 2 is a primitive root , [10]. Cohn presented a  simple construction  of 

fundam en ta l  dom ain  for r ° ( N )  where N  has a t  most tw o  prime factors, [3, 

p.242].

19



Kulkarni a t tacked th is  problem in a new direction. He used p a r t ly  ge­

ometric and partly  arithm etic  method to  construct fundam enta l dom ains 

for T ( N )  and r o(jV) so th a t  the  side-pairing transform ations form an in ­

dependent set o f  generators [6 ]. This m ethod applied to  all subgroups of 

finite index in the  m odular  group. It is a  very big im provem ent on finding 

fundam enta l dom ains for r(;V) and r o(Ar).

In th is  paper, we construct a fundam enta l dom ain  for T ° ( N )  where N  

has a t  most four prime factors.

C onstruction
According to  Cohn [3], a simple construction of  the  fundm enta l dom ain  

ra n  be m ade when N  has a t  most two prime factors. T h e  construction  is as 

follows:

1 . We use the  transla tion  z '= z + N  to  place R ( N ) within the  vertical line 

|/Zczj < N/ 2 .  We call these the vertical limits for N.

2. We consider each interval (m , m  +  1) and ( m,  m  -  i )  within the  vertical 

limits, where m  is an integer on the  real axis.

3. m  is a  cusp (where the  boundary  touches z = m  > 1 exactly) when 

(m , N )  > 1

4. W hen (m , N ) =  1 , We fill the  interval (m  — m  + j )  with the  arc  from 

rii -  to  m +  which have unit radius -  m | =  1 , |R ez  — m | < 1 / 2 .

5. W hen (m ,  N )  > 1 , we consider two cases:

a. If (m  +  1 , Ar)=l  then we fill the  interval (m , m +  ^) with the  arc of  unit 

radius |* — m — 1 | =  1, 0 < Re z -  m  -  1 <  1 / 2 . (We make a  sym m etrical 

construction  if (m  -  1, N ) =  1 ).

b. If (m  +  1, N )  > 1 then we fill the  interval (m , m +  1) with the  arc of
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radius  i  jo ining the  cusps m and m +  1 .

\Z ~ m ~ \ \  = m -  Rez -  m + 1

In general, when N  is a  prime, only m  = 0 is a  cusp on the  interval 

within the  vertical limits. So the  boundary  consists o f  arcs with unit radius. 

W hen N  has two distinct prime factors, the  arcs with radius ^ m ay occurs 

if (m , N )  >  1 and (m  +  1, N )  > 1.

Now, the  identification of the  boundary  arcs of  R ( N )  are as follows:

1. If ( m , N ) =  1 and = 1, where m m i =  — 1 (m od N ) ,  then 

th e  arc contain ing m +  t is m apped into the arc conta in ing  mi +  i by 

( z  -  m ) ( z '  -  m i)  =  - 1 .

2. If (m , N )  > 1 and (m  +  l , N )  > 1 then the  arc between m and m  +  1 is 

m apped  in to  the arc contain ing mi and mi +  1 by

2m +  1 , 2m i +  1 1
U - - J - K *  j —  ) = - 3

provided m  and m i satisfy

(2m  +  l ) (2 m i  +  I)  =  - 1  (m od 2N )

We observe th a t

( z  -  m ) ( z 1 -  m i )  = - 1  ( 8 )

where m m i  =  - 1  (m od N ) .  T he  arc containing m +  j  is on the  circle

centered  a t  m with radius 1. Similarly for the arc contain ing m x +  i

where (2m  +  l ) (2 m i  +  1) =  - 1  (m od 2 N ) .  The arc between m and  m +  1 is

on th e  circle centered a t  2nj±I with radius i .  Similarly for the  arc between
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mj and mi + 1. Now we have

- £ > = - £  <>») 

where L M  =  - 1  (mod Q N ) .  The circle C\  centered at ^  with radius 

r  =  jy is m apped  into the circle Ci  centered at ^  with radius r  =  £  by ( 1 0 ) 

provided L M  =  - 1  (m od Q N ) .

In o rder to  satisfy (10) L  and M  m ust each be relatively prim e to  N.  

Since ^  are centers of C\  and it suffices to  consider the  centers of 

various radii of circles which are relatively prime to  N . Now, we can consider 

the  above construction more generally. We consider each interval (m , m +  1) 

within the vertical limits. We try  to  find circles to  cover the  interval. If 

N  has only one prime factor, say p i ,  all m  on the  real axis except m = 0 

and m  =  pi are  relatively prime to  N .  They will form a circle centered 

a t  y  with radius  1 . Suppose N  has tw o distinct prime factors, say pi and 

P2 - Consider the  interval ( m , m  +  1 ), is the  center o f  the  circle which 

goes th rough  m and m +  1 . If ( m , N )  > l , ( m  +  1 , N )  > 1 then 2 m +  1 

m ust be relatively prime to  N . T hus  we find a  circle with radius i  which 

covers the  interval. If N  has 3 distinct prime factors, it may happen  th a t  

( m , A r ) >  l , ( m + l , A r ) >  1 , (2m +  1) > 1 which means no circle with radius 

i  in this interval. We need to  find some smaller circles to  cover the  interval. 

T he  next type  of  circles we consider will be the  circles with radius g. Its 

centers are a t  - m3* ‘ and . W e need to  check 3m  +  1 ,3 m +  2 are relatively 

prime to  N  o r  not. If so, we can stop the  process. If no t,  we consider the  

circles with radius  i .  We carry on the  process until  we find enough circles 

to  cover the  interval. Therefore, the  question comes down to  how m any 

types of  sets of circles will occur due to  the  various prime factors of N  and 

m. A m ong these circles we must choose the  ones with largest radii as the

22



b oundary  of the  fundam enta l domain(i.e. if we have two sets o f  circles with 

centers  g. f , g and g. f ,  j ,  we choose 5 , |  since |  is bigger th a n  ^). For 

convenience, we say “ the circles centered  a( 5 , |  cover the interval  " which 

we mean the  circles centered a t  -m3* 1 and cover the  interval (m , m +  1 ). 

It is abuse of the  language by referring to  the  circles instead of the  arcs on 

the  upper half plane as the  boundary. We will still use th e  te rm  ‘circle’ bu t  

we mean the arcs on the upper half plane only.

We want to  show there  is always some lower limit to  the  isometric circles 

so th a t  no cusp occurs except a t integers m  where (rn, N )  > 1. (i.e., no cusp 

occurs between rn and m  +  1 ) Given an ex tra  cusp, say ^  in reduced form, 

where ( / , ,  N )  > 1 and Q  >  1 then ^  is covered by a  circle \z — =  A where

( q , N )  = 1. Recall th a t  from equation (10),

/ 1 u  ' M   ̂ -  1

Q Q Q 2

where L M  =  —1 (m o d Q iV ) .  T he  circle |z — ^ |  =  ^  is m apped  in to

12 ' — If ( L,  N ) =  1 then ^  is a center and we are  done. Suppose we

h a v e ( / , ,  N )  > 1. Since ( L , Q )  =  1, there exist q, s  >  Osuch th a t  Ls  — qQ — 1 . 

Th is  implies th a t  ( L , q )  = 1 . We need the  following result

L e m m a  1 Given any  N  and  an arithmetic progression q + 1 L , t  =  0 , 1 , 2 , . . .  

where ( L , q )  = 1 , there exists a t such that (q + tL ,  N ) = 1.

Proof.  Let the  primes p,|iV then there  is a t most one solution in t to  the

congruence q +  tL  =  0 (m od p , ) (no  solution if p , |L  also). Hence for each

p, there  is a  value of t (m od p,) for which q +  tL  ^  0 (m od p,) .  Therefore  

there  is a  value of t (m od M ) ,  where M  =  n P > » f°r which (q +  t L , M )  =  

(q + t L,  N )  = 1, by the  Chinese Remainder Theorem . Q .E .D .
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By the lem m a, choose such t and let q'  =  q -j- t L,  s ’ = s + t Q.  Then

( q ' , N)  =  1 and we still have Ls '  -  q' Q =  1 . Now renam e q', s'  as q , s

respectively. Then  (q , N ) =  (q , s ) =  1. Hence J is a  center. Ls  — qQ = 1 

imples th a t
q L q 1 q 1

< n =  + T T <  + -  s Q s s Q s s

since Q > 1 . So the  circle \z — = i  covers the  point

Before proceeding, we notice th a t  the  to ta l  num ber o f  fundam en ta l  do­

m ains is the  index of r°( N )  in T which is N  n p|/v(1 +  £)* where the  p roduc t  

runs over all prime divisors of N . A d iagram  is given on th e  nex t  page which 

shows how to  count the  num ber of  fundam enta l domains. We list th e  figures 

occuring with a t  most th ree  disinct prime factors in N , for C h a p te r  5, 6  and 

7.
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In general (with up to  three prime factors in we have the  following 

diagram  (where each shaded region denotes the  1  fundam en ta l  dom ain):

Figure 5: Illustra tion  for counting fundam enta l dom ains
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Due to  the  various factors of m, we have the  following figures (where th e  

solid line denotes the boundary )  : 

si : ( m , N ) =  l , ( m +  1 , J V ) =  1

m

Figure 6 : Configuration Si o f  a rea  1  

S2  : ( m , N ) >  l , ( m  +  1  , N ) =  1

Figure 7: Configuration s j  of a rea  |
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j 3  : ( m , N )  = l , ( m +  1 ,jV) > 1

m  + \
3Figure 8 : Configuration j 3  of a rea  ^

a4 : ( m , N ) >  l , ( m  +  1 , N ) >  l , ( 2 m  +  1, N )  =  1

vo m + \

Figure 9: Configuration « 4  of a rea  3
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as : ( m,  N )  > l , ( m  +  l.JV) > 1,(2 m +  1 , N )  > l , ( 3 m +  1,jV) = l , ( 3 m  +

2 ,.V ) = 1

Figure 10: Configuration as of area  4

a6  : ( m , N )  > l , ( m +  1 , N )  > l , ( 2 m  + 1,2V) > l , ( 3 m  +  2,(V) > l , ( 3 m  +  

1, (V) =  (4m  +  3, (V) = 1
I

Figure 1 1 : Configuration ae of  a rea  |
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57 : ( m. JV)  >  l , ( m  +  U N )  >  l , ( 2 m  +  l , N ) >  l , ( 3 m  +  1 , N )  > l , ( 3 m  +

2,  N )  = ( 4 m 4- l . N )  = 1

m  3nv»i r r \ t \

Figure 12: Configuration 5 7  o f  area  |
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Chapter 5

T he case N  = p*1

T h eo rem  8 I f  N  = p \ l ,where p\ is a positive pr im e  and  cj is a positive  

in teger,then it is impossible fo r  ( m , N )  >  1 and  (m  +  l ,Af)  > 1 where 

M<  f  Hence circles can be fo u n d  with radius r =  1.

Proof. Recall th a t  m is in integer on the  real axis and only the  cusps are  zero 

and th e  multip les of p \.  It is clear th a t  if N  has only one prime factor p\ 

and ( m ,  N )  = p f  where 1 < a  < c t , then it is impossible for (m  +  1, /V) =  p^

where 1 < /? <  f j  since (m , m  +  1) = 1 thus (m  +  1, TV) =  1. T here  a re  no

two consecutive integers which are cusps. Therefore we m ay use only circles 

w ith radius  r  =  1 . Q .E .D.

We have the  following cases:

Case 1. (m ,  N ) =  1, (m  + 1, jY) =  1 . sj will occur.

Case 2. ( m , N )  > 1, ( m  +  1 , /V) = 1 . s i  will occur.

Case 3. ( m , N )  =  l , ( m  +  1, A') > 1. S3  will occur.

We need to  exam ine the  num ber of  residue classes mod N  for each class mod 

p  and  th e  to tal num ber of fundamental domains.

For si we have

* 1  =  # { ” i mod N  : ( m,  N )  = ( m  +  1, JV) =  1}

=  # { m  mod N  : m  ^  0, - 1  mod p}

=  N ( p  -  2) / p
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For «2 w« have

• »2 =  # { m  mod f t  : ( m,  N )  > 1 , ( m  + I,  N ) = 1 }

=  #  {m  mod N  : m  =  - 1  mod p}

=  A '/P

For S3  we have

■»3 =  # { m m o d  Af : ( m , J V ) =  1, ( m + l , ^ ) >  1 }

= # { m  mod N  : m  = - 1  mod p)

= N / p

We note  th a t  3j  and  s 3  are symmetrical and the to tal num ber  o f  classes of 

m  mod N  is as follows:

Total # { m  m od N )

=  a i +  a2 +  «3

=  ? ( P “ 2 ) + £ + £

=  ? ( p )

=  N

Total #  fundam en ta l  domains 

=  S j . l  +  (S2  +  -*3 ) 5

=  f  ( p -  2 ) +

=  W (p  +  l ) / p  

=  7V(1 +  1)
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Chapter 6

The case N  = Pi'p^2

T h e o r e m  9  I f  N = P j ' p 2J where P \,P 2 fire distinct pr im es  and  C] , c 2  are 

positive integers, then it is impossible that ( m , A ) > 1 , ( m +  1 , A ) > 1 , 

(2m  +  1 , A )  > 1 simultaneously, where |m | <  y .  Hence circles can be fo u n d  

ivith radius r > A.

Proof. Assume (m , A )  > 1, ( m + 1, N )  > 1, (2m +  l ,  N )  > 1 is possible. Since 

(m , A) > 1 and (m , m +  1 ) =  1 , we may assume p i | ( m ,  A )  and p2|(m  +  1> A ). 

Since ( 2 m +  1 , N )  >  1 , if p i | ( 2 m +  1 , N )  then p i | (m  +  1 , A). B ut pj ^  p2. 

If p 2 | ( 2 m +  1 , A )  then p 2 | (m , A ).  But pi ^  p2. T hus p i , p 2  / ( 2 m +  1 , A) ,  

giving a  contradiction .

T he  num ber  of d is tinc t prime factor(s) for (m , A ), (m  +  1, A ) and 

(2m  -f 1 , A )  is e ither  one or two. We have th e  following situa tion :

case ( m ,  A ) ( m  +  1, A ) ( 2 m +  1, A )
1 P i P i 1 1
2 1 P 1P2 1
3 1 1 P 1P2
4 Pi P i 1

5 1 Pi P i
6 P2 1 Pi

Table 1: Cases for two primes
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Notice th a t  the  order of pi and p? can be in terchanged. O u t  of the  six 

cases, only p i | ( m ,  N ) ,  p ^ m  +  1, N )  and ( 2 m  +  1 , (V) =  1 will yield a  circle 

with radius  r =  i  beacause m , m +  1 are two consecutive cusps, the  o ther  

will give circles with radius r  =  1 . Q .E.D.

To sum m arize , we have the following cases:

Case 1. ( m , N )  = 1 and (m  +  I, N )  = 1 then s t will occur.

Case 2. (m , N )  > 1 and (m  + 1 , N )  =  1 then s 2 will occur.

Case 3. ( m,  N ) = 1 and (m  + 1 , N )  > 1 then S3  will occur.

Case 4. (m , JV) > 1 and (m +  1 , N )  > 1 then s* will occur.

We need to  examine the num ber o f  residue classes mod N  for each class 

mod p,, i = 1 , 2 .

For si we have

si =  # { m  mod N  : (m , S )  =  (m  + 1, N ) =  1 }

=  # { m  mod N  : m  ^  0, — 1 mod P 1 P2 }

=  N( Pi  ~  2 )(p2  -  2 ) /p ip 2

For s 2  we have

^ 2  =  # { "J mod N  : ( m , N )  > l , ( m + l , A r ) = 1 }

T he  following cases occur:

Case 1.

s 2 — # { m mod N  : (m , N )  — p ip 2, ( m  +  1, ./V) =  1 }

— # { m  mod N  : m  = 0 mod p ]p 2}

=  N / p i p 2
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Case 2.

« 2  =  # { m  mod Af : (m , Af) =  p i , ( m  + 1 , /V) =  1 }

= #  {in mod N  : m = 0 mod p \ , m  ^  0 , - 1  mod p?}

=  N ( p 2 - 2 ) ! p x p 2

Case 3.

,s2  =  # { m  mod N  : (m , N )  =  p 2 ,(rn  + 1, AO = 1}

= # { rn  mod N  : m = 0 mod pi> m  ^ 0 , - 1  mod p i }

= N ( p x - 2 ) / p \ P 2

Adding up three cases, we have

s 2 =  # { m  mod N  : ( m,  N )  > 1, ( m +  I, N )  = 1}

=  ^ ( 1  +  P? -  2 + pi -  2 ) / p t P 2

=  Af (p i  +  P2 -  3 ) / p , P 2

For s 3  we have

s 3  =  # { r n  mod N  : (rn, N )  -  l , ( m  -I- 1 , N )  >  1}

T h e  following cases occur:

Case 1 .

s 3  =  # { m  mod N  : ( m  +  1 , A ) =  P 1 P2 , (m , A ) =  1}

= # { rn mod A  : m  =  — 1 mod P 1P 2 }

=  N / p xp2
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C ase 2.

•A3  =  # { w  mod A  : (m  +  1, A ) = pi , ( rn,  A ) = 1 }

=  # { m  mod A : m =  -  1 mod , m ^  0, -  1 m od p?}

=  N ( p 2 - 2 ) / p \ p 2

Case 3.

,s.) =  #  {m  mod A : ( m +  1, A ) =  p? , ( m , A ) = 1}

=  # { m  mod A' : m  =  - 1  mod p?, m  ^  0, - 1  mod p \ }

=  A (p ,  -  2 ) /p ip 2

A dding  up three rases, we have

.<*3 =  #  {m mod A  : ( m, A ) = 1, (rn +  1, A ) > 1}

=  W ( 1  +  p 2  -  2  +  Pi -  2 ) /p ,p 2  

=  ^ ( P i  + P2 -  3 ) /p ip 2

Notice th a t  . <2 = s 3  by symmetry. From now on, we can com pute  s 2 only. 

For s 4  we have

■»4 =  #  { rn mod A : (m , A ) > 1, ( m +  1 , A ) > 1}

T he  following cases occur:

Case 1.

s 4  =  # { m  mod A  : (m , A )  = p i,  (m  +  1, A ) =  P2 }

=  #  { m  mod A : 111 = 0 mod p \ , rn = — 1 mod p2  }

=  N/P\P2
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C ase 2.

•*4 =  # { ” » mod N : (m , N )  =  p ^  (m  +  1, N )  = p f }

= #  { m  mod N  : m = — 1 mod p \ , m =  0  mod p 2  } 

= N / p i Pj

Adding up tw o cases, we have

*4 = N / p t p 2 +  N / p x P 2

-  2A7piP?

Total # { m  mod N }

— •, 1 +  ^2 +  s3 +  94

=  - 2 ) ( K  -  2) + ^ ( P ,  +  «  -  3) +  ^

=  ^ 7 < P i P 2  ~  2pi -  2p2 +  4 +  2pi +  2p2 - 6  +  2)

=  —̂ —(P 1P2 )pip2 /

=  A

Total #  of fundam enta l domains 

=  1 • s j  +  3 ( s 2 +  S3 ) +  3 s 4

=  ^ ( P l - 2 )(p 2 - 2 ) +  2 ^ ( Pl +  p 2 - 3 )  +  3 ^

=  ^77<P«P2 +  Pi +  P2 +  1)

=  A ( 1  +  i ) ( l  +  -L)V P1 M P2

We call th e  circles with radius 1 and i  standard.
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Chapter 7

Recall th a t  (10)

! L U ' 1
Q Q Q 2

provided L M  =  - 1  (m od Q N ) .  In order to  satisfy (10), L , M  m ust each 

be relatively prime to  IV. W hen N  has three d istinct prim e factors, the  

s i tua t ion  is slightly more complicated than  the  case when N  has only tw o 

d istinct prim e factors. We divide it into two cases:

A. N is odd.

T h e o r e m  10 I f  N  = p^ 'p^pjj3, where P i , P 2 , P 3  are distinct odd prim e n u m ­

bers and  Cj , Cj, C3  are positive integers, then it is impossible that  

( m , N )  > 1, ( m  +  1, IV) > 1, (2m +  1, IV) > 1 and  ( 3 m  +  1, N )  >  1 sim ulta ­

neously, where |m | < y .  Hence circles can be fo u n d  with radius r > 1.

Proof. Assume ( m , N )  > l , ( m  + l.  N )  > 1, ( 2 m +  1, A )  > l , ( 3 m + l , A r ) >  1. 

Since ( m , N )  > 1 and (m  +  1,(V) > 1, w ithout loss o f  generality  we may 

assume p j | (m ,(V )  and P2 | (m  +  1,1V). Also, as (2m  +  1,1V) >  1 , then 

p 3 |(2m  +  1, N )  since pj / ( 2 m +  1 , N )  and P2  / ( 2 m  +  1, IV). Now we claim 

th a t  none of  the  p , ’s divides (3m +  1 , IV), so this is a con trad ic tion . First,  

P i |m  implies p j |3 m .  So p\  / 3 m  +  1. Next, P2 |m  +  1 implies p 2 |3 m  +  3. If 

P 2 | 3 m +  1, then  P2 |3 m +  3 -  (3m +  1) =  2. But P2  is odd ,  so P2  / 3 m  +  1 .
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Finally, p j \2 m  +  1 implies p 3 |6 m +  3. If P3 |3 m +  1 then pa |6 m +  2, bu t th is  is 

not possible. T hus  (3m  + 1, TV) =  1 as claimed and we get a  contrad ic tion . 

Therefore (3m +  1, TV) =  1.

We want to  investigate the num ber of prime divisors for ( m, 7V),

(m + 1,2V), (2m + 1,7V) and (3m + 1,7V). W ith  only a t  m ost one prime 

divisor, we consider the  following cases:

case (m , TV) (m  +  1, TV) (2m  +  1,7V) ( 3m +  1, TV)
1 Pi P2 P3 1

2 1 Pi P2 P3
3 P3 1 Pi P2
4 P2 P3 1 Pi

Table 2: Cases for three primes, (p a r t  I)

Case 1 . (m , TV) > l , ( m + l , 7 V ) >  l , ( 2 m +  1, TV) >  l , ( 3 m  +  1 , 7V)= 1 

If in addition  (3m +  2, TV) =  1 then s 5  will occur. But this is t ru e  as in the  

proof above.

Case 2. (m , TV) = 1 , ( m +  1, TV) > 1, (2m +  1, TV) > 1, (3m +  1, TV) > 1

53  will occur.

Case  3. (m , TV) > 1, (m  +  1, TV) = 1, (2m +  1, TV) >  1, (3m  +  1, TV) > 1 

s 2  will occur.

Case 4. ( m , 7 V ) >  l , ( m  +  1, TV) > l , ( 2 m +  1, TV) =  1, (3m +  1, TV) > 1

54  will occur.
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W ith tw o divisors, we consider the  following cases:

case ( m ,  N ) (m + 1,/V) ( 2m +  1,2V) (3m +  1 , N )
I P\P7 P3 1 1
2 1 PlP2 P3 1
3 1 1 P 1P 2 P3
4 P3 1 1 P 1P 2

Table 3: Cases for three primes, (pa r t  II)

( 'ase 1. ( m , iV ) > 1, ( m + 1, N  ) > 1, ( 2m +  1, N  ) =  1, ( 3m -f 1, AT) =  1 

* 4  will occur.

Case 2. ( m, / V)  = l , ( m  +  1 , JV)> l , ( 2 m + 1 , / V) >  l , ( 3 m +  1 , N ) =  1 

s.i will occur.

( 'a se  3. (m , jV ) = l , ( m  +  1 , N )  = 1, (2m +  1, N )  > l , ( 3 m  +  1 , N )  > 1 

sj will occur.

( 'a se  4. ( m yN ) >  1, (m +  1, N )  = l , ( 2 m  +  1, A’ ) =  l , ( 3 m  +  I,  N ) >  1 

s 2 will occur.

Therefore, circles will be found with radius r  Q.E.D.

We want to  examine the num ber of residue classes mod N  for each class 

mod p,, where i = 1 ,2 ,3 .

For s i ,  we have

‘si =  # { m  n>°^ N  : ( m,  N )  = ( m + I,  N )  = 1}

= # { m  mod N  : m £  0, - 1  mod P 1 P2 P3 }

=  — ^ — (Pi - 2 ) ( p 2 - 2 ) ( p 3 - 2 )
P 1 P2 P3

(11)
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For S2 , we have 

*2  = # { m  mod A : ( m ,  A ) > 1, ( m  +  1, A ) = 1} 

T he  following cases occur: 

Case 1. 

•"2 =  # { m  mod A ' : ( m , p , )  >  l , ( m , p 2 ) >  l , ( m , p 3 )  >  1} 

- # { m  mod A : m = 0 mod P 1 P2 P3 } 
A 

P 1P 2P3 

Case 2. 

«2  =  # { m  mod A : ( m , p , )  >  l , ( m , p 2 ) >  l , ( m , p 3 ) =  1,  

( m +  C P 1 P2 P3 ) =  1}

=  # { m  mod A  : rn =  0 mod p ip 2, m ^  0, - 1  mod P3 }
A

=  ----------( f t - 2 )
P 1P 2P3

By s y m m e tr y ,  we have  from  C a se  2, 

C ase  3.

C a se  4.

A
s 2 =   (pa -  2)

P 1P2P3

A
«2 =   (Pi -  2)

P 1P2P3
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Case 5.

^ 2  =  # { m  mod jV : ( m , p i )  >  l , ( m , p j )  =  l , ( m , p 3 ) =  1

( m +  1, P iPj P3) =  1}

= #{m  mod jV : nt = 0 mod p i , m ^  0 , - 1  mod P2P3}

=  — ^ — (P2 -  2 )(P3 -  2 )
P1P2P3

By sym m etry , we have from Case 5,

Case 6 .

*2 =  N  (Pi -  2 )(p3 -  2 )
P1P2P3

Case 7.

92 = r ~ T (P> -  2 )(P2 “  2 )P1P2P3
Add up all cases, we have

3 2 = #{™  mod N  : (m , N )  >  l , ( m  +  1 , N )  =  1}

=  ~  (Pi + P 2 + P 3 - 5  +  ( p 2 - 2 ) ( p 3 - 2 )
P1P2P3

+  (Pi -  2)(p3 -  2) +  (pi -  2)(p2 -  2)]

For S3  we have

s 3  =  # { m m o d J V : ( m , J V ) =  l , ( m + l , J V ) >  1} 
N

=   [pi + P 2 + P 3  -  5 +  (P2 -  2)(P3 -  2)
P 1P2P3

+  (Pi -  2)(P3 -  2) +  (p, -  2 )(p j -  2)]

( 12 )

since s 2 and  s3 are  sym m etrical.
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For . <4 we have

« 4  =  # { o i  mod N  : (m , jY ) > 1, (m  +  1 , TV) > 1, (2 m +  I,  N )  = 1} 

T h e  following cases occur:

Case 1.

# { m  mod N  : ( m , p , )  > l , ( m  +  1 , P 2 P3 ) > 1}

= # { m  mod N  : m = 0  mod p \ , rn =  - 1  mod P2 P3 }

N
P 1P2P .1

By p e rm u ta t in g  the p .’s, we have two more terms. So we get —̂  . Inter-0 p i p j p i

changing the  roles of m  and m  +  1 , we get three more terms. So in this case

S4 =  -SflL.
p  1 P2P .1

Case 2.

# { m  mod N  : ( m, p i )  > l , ( m  + 1,P2 ) > 1 

( W .P 2P3 ) =  +  h p i P 3 )  =  1, (2 m  +  C P 1P2P3 ) =  1}

=  #  {m mod  N  : m  =  0 mod p \ , m =  - 1  mod P2  

m ^ 0 , - 1  mod P3 , 2 m ^  - 1  mod P3 }

-  ~ N (P3 -  3)P1P2 P3

By p e rm u ta t in g  the  p , ’s, we get two more terms:

N  (P2 -  3),  — ■ -  (pi -  3)
P 1P2P3  P 1P2P3

By in terchanging  the roles of m and m +  1, we get 

2 N

P 1P2P3
[(Pi -  3) +  (P2 ~  3) +  (p3 -  3)]
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A dding  up all cases, we have

6  A  2 A
+   [(Pi _  3) +  (pi  -  3) +  (p 3  -  3)]

P 1P2P3 P 1P2P3 

2A
---------- (Pi +  P2 +  P3 -  6)
PlP2P3

For s,s we have

•«s = # { m  mod A : (rn,  A )  > l , ( m  +  1, A )  > 1 , ( 2m +  1, A )  > 1, 

( 3m + 1, A ) = (3m +  2, A )  = 1}

Consider

# { m  mod A  : m = 0 mod p \ , rn =  - 1  mod p i , 2 m  — - 1  mod p3}
_  jv

P I P j P . l

By p e rm u ta t in g  the p , ’s, we have altogether 6 such terms. So

6 A
■“ 5  =  ---------------

P 1P 2P3

By direct com puta tion , we have 

Total # { m  mod A}

= «i +  s 2 + s 3 +  s4 +  s 5

= A

Total #  fundam enta l domains 

— 1 ■ a i +  | ( ^ 2  +  S3 ) +  3 • S4  +  4 • S5

=  pTp7pT^P i +  +  ^ P 3 + ^
=  A ( 1 +  f  )(1 +  J - ) ( l  +  -L)

P i  /V P2 /V P3

43



B .  N  i s  e v e n .

T h e o r e m  11 / /  A = p'l'p'Jp'J, where P 1 .p 2 .P 3  ore distinct pr im e  numbers  

and  e x, e2, e^ are positive integers, then it is impossible that ( m , N )  > 1 

(rn + 1, A )  > l , (2rn + 1 , A )  > l , ( 4 m  +  1, A )  > l , ( 4 m  +  3, A )  > 1 

simultaneously, where |rn| < y .  Hence circles can be fo u n d  with r >

Proof. Assume (m . A ') > 1, (rn + 1, A)  > 1, (2m +  1, A )  > 1, (4m +  1, A )  > 1 

(4m +  3, jV ) >  1 is possible. Then (m. A’ ) > 1 and ( rn +  1, A ) > 1. W ith o u t  

loss o f  generality, we may assume p i | ( m,  A )  and P2 | (m +  1, A) .  By the  same 

argum ent as in the previous rase. p x / ( 2 m  + 1, A )  and P2  / ( 2 m +  1, A ) .  

Thus p 3 | ( 2 rn + 1, A) .  Since 2m + 1 is odd , e ither p x or P2  equals 2.

Case 1: p x - 2. Since 4rn + 3 is odd , pi / 4 m + 3. P i l m - f l  implies P2 |4 m  +  4. 

Thus  p 2 /4 rn  + 3. P3 |2 rn + 1 implies p^l lrn +  2. Thus p^ / 4 m  +  3. Therefore  

(4rn + 3, A ) =  1 , contradiction.

Case 2: p 2 — 2. p i |rn  implies p i |4rn. Thus pi /4rn  +  1. 4m  +  1 is odd , 

so p 2  jf \m  +  1 . P3 |2 rn + 1 implies p i |4 m  + 2. Thus P3  /4m  +  1. Therefore  

(4m + 1, A ) = 1, contradiction.

We de term ine  what type  of circles will appear. F irst ,  we notice th a t  

if pi |(  rn, A ) . p^| ( m + 1 , A ) ,p3 | ( 2 rn +  1 , A ) then either (3m  +  1, A ) > 1 or 

(3rn + 2, A ) > 1 but not both. The  proof is similar to  the proof above. So 

s.s will not occur. We have the following cases:

Case 1. ( m, A ) = 1, ( m + 1, A ) = 1 will not occur because 2 |A .

Case 2. (rn.  A )  > l , ( m  +  1, A )  = 1. s 2 will occur.

Case 3. (rn,  A') - l , ( r n  + 1, A )  > 1. ,s3  will occur.

Case 4. ( rn, A ) > 1, ( m + 1, A’ ) > 1, (2m + 1, A ) = 1. S4  will occur.

Case 5. (rn.  A )  > l , ( r n  + 1 , A )  > l , ( 2 rn +  1, A )  > 1,

(3rn + 1, A ) =  (3rn +  2, A ) =  1 . s 5  will not occur since 2 |A .
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Case 6. 2 |(m . A ) , p 2 |( m +  1, A ) ,p 3 |(2 m  +  1, A ) ,2 |(3m  + 2, A ),

(3m +  1, A )  = (4m  +  3, A )  = 1. ,<6 will occur.

Case 7. p , | ( m ,  A ) ,2 | ( m  + l ,A ) ,p 3 | ( 2 m  + 1, A ) ,2 | (3 m  + 1, AT).

(3m +  2, A )  = (4m + 1, A ) = 1. will occur. Q .E.I) .

VVe w ant to  com pute  the num ber of residue classes mod A  for each class 

mod p,,» = 1 ,2 ,3 .  Since 2 |A ,  we assume pi = 2.

For S | , pu t pi =  2 in (11), we get = o.

For .s2, pu t  pi =  2 in (12), we get

A

P1P2P3

For .1 3 , by sym m etry  we have

A
•"3 =  ------ .

P1P2P3
f o r  S4 , we have

-(P2P3 -  P2 ~ P3 +  1)

(P2P3 -  Pa -  Pa +  1]

S4  =  # { m  mod A  : (m . A )  > l , ( m  +  1, A )  > l , ( 2 m +  1, A )  =  1}

We are in the same situation  as in the case when A is odd , except for those

cases when the term  p\ - 3  appears. But actually  these cases can never occur

since pj =  2. We jus t  set leave out the  term p\ -  3. So we get

6 A  2 A  r
•S4 =    +    (p2 -  3)  +  (pa -  3)

PIP2P3 P 1P2P3

=   (P2 +  P 3 - 3 )
P1P2P3

■»5 =  # { m  mod A : (m , A )  > 1, (m  +  1, A )  > l , ( 2 m  + 1, A )  > 1,

(3m +  1, A )  = (3m +  2, A ) = 1}.

It will not occur since (3m +  1, A ) = (3m + 2, A ) = 1 is impossible when A 

is even. So s 5  =  0.
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s6 = # { m  mod A’ : ( m , A ) > 1 ,(m +  1, A )  > 1, (2m +  1, A )  > 1,

(3m  +  2 , A ) >  1, (3m +  1, A )  =  (4m +  3, A )  =  1}.

T h e  following cases occur:

Case 1.

'“s =  # { m  mod A : ( m , p , )  > l , ( m  +  l , p j )  >  1 ,(2m  +  l , p 3 ) >  1,

(3m +  2 ,2 )  > l , ( 3 m +  1, A )  =  (4m +  3, A )  = 1}

= # { m  mod A  : m = 0 mod 2, rn = - 1  mod p2,2 m  =  - 1  mod p^}
A 

PiP2Pa

Case 2.

*6 =  # ( r n  mod A : ( m ,p , )  > l , ( m  + l .p s )  > l , ( 2 m  +  1 ,P 2 ) >  1,

(3m +  2 ,2 )  > 1, (3m + 1, A )  = (4m -f 3, A )  = 1}

=  # { m  mod A  : m =  0 mod p 2,m  =  - 1  mod p t ,  2 m = - 1  mod p2}
A 

Pi P2 P3

Adding  up the two cases, we have 56 = " 2£ - p3

s 7 =  # { m  mod A : (m , A )  > 1, (m +  1, A )  > l , ( 2 m  +  1, A )  > 1,

(3m +  1, A )  > l , ( 3 m  +  2, A )  =  (4m + 1, A )  =  1}

T h e  following cases occur:

Case 1.

s 7 -  # { m  mod N  : ( m , p 2 ) > l , ( m  +  l , P i ) >  l , ( 2 m +  1, P3 ) > 1,

(3m +  1 , 2 ) >  l , ( 3 m  + 2, A )  =  (4m  +  1, A )  =  1}

=  # { m  mod A  : m =  0 mod 2, m =  - 1  mod p2,2 m  =  - 1  m od p-j}
A 

P 1 P2 P3
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Case 2.

*7 = #{»ti mod : (m,p3) > l , ( n i  + l , p , )  > l , ( 2 m +  l . p j )  > 1,

(3m  +  1 ,2) > l , ( 3 m  + 2.JV) =  (4m + l,JV) = 1}

=  # { m  mod N  : m = 0 mod P3 , m = - 1  mod p \ ,2 m  = - 1  mod p?}
AT 

P 1 P2 P3

A dding  up the  two cases, wp havp .1 7  = —2£L
‘ PlPJP.3

By dirpct com p u ta t io n ,  wp havp 

Total # { m  m od A}

— ^1 +  -s 2 +  -s 3 +  >s 4 +  •s 5 +  >s 6  +  *7

=  p i P a P i ^ P l P 2 P 3  ~  ^  _  ^ P 3  +  ^  +  ^ P 2  +  ^ P 3  - 6  +  2  +  2 )

=  N

Tota l #  fundam enta l dom ains 

=  1 • \ ( s 2  +  ,s 3 ) +  3 • .0 4  +  |.s fi +  | * 7

=  f^ (P2P3 +  *>2 +  p :» +  '>

=  +  i)(P3 +  l)P l P 3 P 3 X/^  / ' K*’ '

= - 2 ^ ( 1  +  -L)(1 +  J - )
P 1 P 3 P 3 '  P2 P.1 '

=  N ( \  +  J- )(1 +  -L)(l  +  -L)
Pi P2 P3

since p> =  2.

We conclude th a t  besides the  s tandard  circles, when N  is o dd ,  circles 

w ith rad ius  i  can be found and when N  is even, circles with radius i  and 7
J  4

can be found.
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Chapter 8

T he Case N  = pVp 'JpW a

W hen N  has four distinct prime factors, the  cases become som ew hat 

unwieldy due to  the  m any possibilities for the  divisors of m . We consider 

four cases, namely

A . N  = p ' lP ^ P z 'p 'S  where p, > 3, t =  1 ,2 ,3 ,4 .

B. N  =  2 eip 23 P3 3 pe4* where p, > 3, i =  2 ,3 ,4 .

C. N  =  y ' p ^ p ^ p ' i  where p, >  3,» =  2 ,3 ,4 .

D. N  = 2e‘3ejP33pJ* where p, > 3, i = 3 ,4 .

In order for Poincare’s Theorem to work, the  chosen circles m ust be of 

m aximal radii. For example, in the interval (0 ,1 )  two sets of circles with 

radii, say g, § and g> f , ^ cover the  interval as follows:

Figure 13: Illustration for choosing set of m axim al circles

We choose -L ?, We test different sets of circles which cover the  interval.
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We s ta r t  with a circle with maximal radius and continue to  choose th e  circles 

with maxima] radii from the  remaining circles until they cover the  whole 

interval. Then we take  the  boundary  of their union.

A. N = P iV p P ^ P ^ 4 where pj > 3, i = 1 ,2 ,3 ,4 .

We call this case generic, since it works for all prime num bers  g reater  

th an  three. If (m , N ) = 1, (m  + 1, N ) = 1 then sj will occur. If (m ,  N )  > 

l , ( m  +  1, N )  =  1 then s 2  will occur. If (m , N )  =  l , ( m  +  1, N )  > 1 then .1 3  

will occur. If (m , N ) > l , ( r n  +  1 , N )  >  1 , ( 2 m  +  l , N )  = 1 then S4  will occur. 

T he  only in teresting  case is when m ,m  +  1 ,2m  +  1 are  not simultaneouly  

relatively prime to  N .

Next we consider the  following:

T h eo rem  12 Let N  = p \ 'P 21 P3 3 p\* > where alt p, are distinct prim e divisors  

greater than three and  f i , e 2,c 3 ,C4  arc positive integers. Suppose  |m | <  y  

and  p i |m , p 2|m  +  l , p 3 |2 m +  1 then either  (3m + ‘ 1, N )  = (4 m  +  3, N )  = 1 

or (3 m  +  2 , N )  =  (4m +  1, A )  = 1, hence, circles can be fo u n d  with radius

r > l

Proof. Clearly, e ither p 4  f3 m  +  1 or p4  /3 m  +  2. Suppose p 4  / 3 m  +  1. Since 

( m , 3 m + l ) =  l a n d  p i |m ,  therefore pj /3 m  +  1. p2|m  +  1 implies p 2 |3m  +  3. 

Hence p 2  / 3 m  +  1 since p 2  ^  2. Since ( 2 m +  1 ,3m  +  1 ) =  1 and P3 | 2 m +  1 , 

therefore  P3  / 3 m  +  1 . So p, / 3 m  +  1, Vi =  1 ,2 ,3 ,4 .  T hus  (3m  +  1 , N )  = 1 . 

Similarly, ( m ,4 m  +  3) =  ( 2 m +  1 ,4m  + 3) =  1. Therefore pi / \4 m  + 3 

and P3  / 4 m  +  3. p2|m  +  1 implies p 2 |4m + 4. So P2 / 4 m  +  3. Therefore 

(4m +  3, N ) =  1. If we have p 4  /3 m  +  2, then by the sam e argum en t we get 

(4m  +  1 , iV) =  (3m  +  2, N )  = 1.
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We show th a t  and .4 7  will occur and the  o thers  will occur if ( m , N  ), (m  + 

1, N ), (2 m  +  1, N  ) have more than  one prime factor. Therefore, we can con­

clude tha t  circles can be found with radius r > i .  Q .E.D .

L e t’s exam ine the  num ber of residue classes mod N  for each class mod 

p, where p, > 3, i =  1 ,2 ,3 ,4 .

•S] =  # { m  mod N  : (m , N )  =  (m  +  1, A') =  1}

= # { m  mod N  : m ^  0, - 1  mod P 1 P2 P3 P4 }

=    (Pi -  2)(P2 -  2)(p3 -  2)(p4 -  2)
P 1 P2 P3 P4

•“ 2  = #  {ro mod Ar : ( m , A r ) >  1, ( m + 1, jV ) = 1}

The following cases occur:

("ase 1.

*"2 =  mod jV : ( m ,p i )  > l , ( m , p 2) > l , ( m , p 3 ) > l , ( m , p 4) > 1}

=  # { m  m od N  : m  = 0 mod P 1 P2 P3 P4 }
N

P 1 P2 P3 P4

Case 2.

# { m  mod vV : ( m ,p j )  >  l , ( m , p 2 ) > l , ( m , p 3 ) >  l , ( m , p 4) = 1,

(m  +  1, P 1P 2 P3 P4 ) =  1}

=  # { m  mod Af : m =  0 mod P 1 P2 P3 , m ^  0, — 1 mod p4}

~  P \ P 3 P 3 P i  ~  ^
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By sym m etry  we have,

,s2 = ------------- [(pi -  2) + (p2 -  2) +  (p3 -  2) +  (P4 -  2)]
Pi P?P3P4

Case 3.

# { m  mod N  : ( m ,p , )  >  l . I m . p j )  > 1 . (m .p a )  =  ( m , p 4) = 1, 

(m  + 1, P1P2 P3 P4 ) =  1}

=  # { r n  mod TV : m =  0  mod P 1 P2 , rn ^  0 , - 1  mod P3 P4 }

=  — - — ( P i  ~  2)(p4 -  2)P1P2P3P4 ^  F

By sym m etry , we have

= -----   £  (P. -  2 )(pj -  2 )
P1P2P3P4

Case  4. 

# { m  mod TV : ( m ,p i )  > l , ( m , p 2) = ( m , p 3 ) = ( m , p 4) = 1, 

(rn + l , p i p 3 P3 P4 ) =  •} 

=  # { m  mod N  : m = 0 mod p i ,  m ^  0, - 1  mod P2 P3 P4 }

=  ? ^ 7 ( P 2 - 2 ) ( p 3 - 2 ) ( p 4 - 2 )

By sym m etry , we have

= „ ^  (Pl “  2)(^  “  2 )(P t "  2) P1P2P3P4 ,< I<J<fc<4

Adding  up all th e  cases, s 2 = case 1 +  case 2 +  case 3 +  case 4. Also by 

sym m etry  S3  =  s 2.
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s4 =  # { rn mod N  : { m , N ) >  l , ( m  +  1, A") > l , ( 2 m  +  1, (V) =  1}

T he  following cases occur:

Case 1.

# { m  mod N  : ( m ,p , )  >  l , ( m , p 2) > l , ( m , p 3 ) >  l , ( m  +  l , p 4) > 1}

= # { m  mod N  : m  =  0 m od p ip 2p 3 ,m  =  - 1  mod p4}

_ N
Pi P2P3P4

By p e rm u ta t in g  the p. 's ,  we get P|P2P3P<. In terchanging the  roles of m  and 

m  +  1, we get — — —  for this case.
°  P1P2P3P4

Case 2.

# { m  mod N  : ( m ,p , )  >  l , ( m , p 2 ) >  l , ( m  +  1,P3) > l , ( m  +  l , p 4) >  1}

=  # { m  mod N  : m  = 0 mod p ip 2, m =  - 1  mod P3 p4}

_ N
P1P2P3 P4

By p e rm u ta t in g  the  p , ’s, we get P|P̂ 3P< for this case.

Case 3.

# { m  m od N  > 1 , ( m , p 2) >  l , ( m  +  l , p 3 ) >  1,

(m,P3P4) =  (m  +  l , p i p 2p4 ) =  (2m +  l , p i p 2P3P4) =  1}

=  # { m  mod (V : m =  0 mod p ip2, m  =  - 1  m od p a ,m  ^  0, - 1  mod p4,

2m  ^  - 1  mod p4}

=  — ~— (P4 -  3)P 1P2P3P4 7

By sym m etry  we have,

6 jV
------------- [(Pi -  3) +  (p2 -  3) +  (p3 -  3) +  (p4 -  3)]
P 1P2 P3 P4

for this case.
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Case 4.

# { m  mod N  : ( m , p , )  > l , ( m + l , p 2) > l , ( m , p 2p3p 4 ) =  ( ™+  C P 1 P3 P4 ) 

(2m +  l , p i p 2p3P4) = 1}

= # { m  mod N  : m  = 0 mod p \ , m  =  - 1  mod p2, m  ^  0, — 1 m od P3 P4 ,

2m ^  — 1 mod p^p4 }

- (P3  — 3 ) ( — 3)
P l P 2 P 3 P 4 V,M '

_ 2Af 
P 1P 2P3

By sym m etry , the to ta l  for this case is

2 jV
------------- ] £  (P. — 3)(Pj — 3)
P .P2P3P4

Adding  up all the  cases, 5 4 = case 1 +  case 2 + case 3 +  case 4.

s 5  =  # { m  m od N  : ( m , A r) >  1, (m  + I, N )  > 1 ,(2  m +  1, jV) > 1, 

(3m +  1, JV) =  ( 3 m + 2 , J V )  =  1}

T h e  following cases occur:

Case 1.

# { m  mod N  : { v i , p \ ) >  1 , ( m , p 2) > l , ( m  +  l , p 3 ) >  l , ( 2 m  +  l , p 4) >  1}

=  # { m  mod Ar : m =  0 mod p ip 2, m =  - 1  mod P3 ,2 m  =  - 1  m od P4 }

_ N
P1P2P.1P4

By p e rm u ta t in g  the  p .’s, we get ^ — ——  = — —
j  2 : P 1P 2 P.IP4 P1P2P3P4

In terchanging  the  roles o f  m , m +  1 , 2 m  + 1 , we get 36 N— as a  to ta l  for this
0 0  °  P l P2P3P4

case.
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Case 2.

# { m  mod A : ( m ,p i )  > l , ( m  +  1 ,pa) > l , ( 2 m  +  1 ,;* )  > l , ( m , p 2 P3 p 4) = 

(m  +  l,p iP3P4) = (2m +  C P 1P2 P4 ) =  (3m +  l,PiP2P3P4) =

( 3 m  +  2,  P 1P2P3P4 ) =  1}

= # { m  mod A' : rn =  0 mod p )t m =  - 1  mod P2 ,2 m  =  - 1  mod P3 , 

m ^ 0 , - 1  mod p4,2 m  ^  - 1  mod P4 , 3 m ^  - 1 , - 2  mod P4 .}

PlP2P3P«^4  ̂̂
_  W.

P lP iP .I

By perm uta tion  we have the to tal for this rase,

6 jV
------------- [<Pl -  •■>) + (P2 -  5) + (P3 -  5) + (p4 -  5)]
P1P2P3P4

A dding  up all the  cases, we have a5=  case 1 + case 2.

=  # { m  mod A : (m , A ) > 1, (m  + 1, A ) > 1 , (2 m +  1, A ) > 1,

( 3 m +  2, AT) > l , ( 3 m +  1 , A )  = (4m + 3 , A )  =  1}

Consider

# { m  mod A  : ( m ,p  1 ) > l , ( m + l , p 2) > l , ( 2 m + l , p 3 )  > l , ( 3 m  -f 2 ,p 4) > 1, 

(3m  +  1, A )  = (4m +  3, A )  =  1}

=  # { m  mod A  : m  =  0 mod p i , m  = —1 mod p-2, 2m  = —1 mod P3 ,

3m =  - 1  mod p4}

_ N
P 1 P 2 P 3 P 4

By perm u ta t io n ,  we have

4!A 24 A
<̂6 —

P 1P2 P3 P4  P 1 P2 P3 P4
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*7  = # { m  mod N  : (m , N)  > 1 , (m  +  1, JV) > 1, (2m  +  1, JV) > 1,

(3m  +  1,2V) > l , ( 3 m  +  2,JV) = (4m  +  \ , N ) =  1}

Consider

# { m  m od (V : ( m ,p , )  > l , ( m  +  l , p 2) > l , ( 2 m  +  l ,p s )  > 1,

(3m  +  l , p 4) > 1 , (3m +  2, JV) =  (4m +  1,2V) = 1}

= # { m  mod N  : m  = 0 mod p t , m  =  - 1  mod p^, 2 m =  - 1  mod p3,

3m =  - 1  mod p4)

=  N  
P IP 2P 3P 4

By p e rm uta tion ,  we have

4!JV 24JV
«7 =   =  -------------

P lP2P.3P4 P lP2P3P4

By direct calculation, we get 

Total #  of {m mod JV}

= » l + »2 +  »3 + - * 4  + >*<5 + f>6 + $7

=  vV

Total #  fundam enta l domains 

=  1.S, -f | ( « 2  +  5 3 ) +  3 s 4 +  4^5 +  | ( « 6  +  s7)

= p ,p ^ 3^ ( P l  +  1 )(P2 +  1 )(P3 +  1)(P4 +  1)

= 2V(i + -Mu + —)(1 + -Mu + -M'  Pi ”  P2 /V P3 P4

Recall th a t  when JV has 3 distinct prime factors, besides the  s tan d a rd  

circles, s$ and S7  will occur if JV is even, only s 5  will occur if JV is odd . Now 

for the generic case(i.e. JV =  p \ l p'Jp'33pc* , all p, >  3) besides the  s tan d a rd  

circles, 5 5 ,^ 6 , 5 7  will occur.
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B.  N  = 2 ei p 2 2p 3 3p^4 where pj > 3 , i  =  2 ,3 ,4 .

This  case is very unwieldy due to  the  fact with 2 as one of the  prime 

factors which implies all even integers less th a n  y  are cusps. We will have 

a  lot of consecutive cusps which we might need circles with radii less than  

i .  We consider this case in a slightly different way. We consider different 

sets of circles which are in desecending order of radii. We choose the  largest 

possible set as the boundary  arc.

Observe th a t  since 2 |A \  it is impossible for (m ,JV) = (rn + 1,JV) =  1. 

Therefore si will not occur. If (m ,JV) > l , ( m  + I.jV) = 1 then s 2  will 

occur. O f course S3  will follow since S2  and S3  are  sym m etrical.  If (m , JV) > 

1, (m  +  1, JV) > 1 then s 4  will occur if in addition (2rn + 1, JV) = 1. s s will 

not occur since (3m +  1, JV) = (3m +  2, JV) = 1 is impossible. From now 

on we assume (m , jV) > l , ( m  +  1, JV) > l , ( 2 m  + 1, JV) > 1. We shall list 

the  crises. We first insert a figure on the  next page to  help us visualize the 

situation .
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ifc-i

Figure 14: Circles with various radii in the  interval ( m , m  +  1)
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Case 1. (3m  •+ 1, N )  = l , ( 3 m  + 2, JV) > 1.

If (4m +  3, N )  = 1 , then 5 7  will occur.

If (4m  +  3, N )  >  1 , we have:

la . m is even. W ith o u t  loss of generality, assume P2 |m  +  l , p 3 |2 m  +  1,

p* |4m +  3. We check th a t  (3m  + 1, JV) =  (5m  +  3, JV) =  ( 6 m  +  5, JV) = 1.

Therefore  the cirlces centered at g ,g ,g  can cover the interval. We denote  

them  by s8. We have a  complete list of figures of s , ’s in th e  appendix , 

lb . m is odd . Observe th a t  m ,m  +  1 ,2m  +  1 ,3m  +  2 are pairwise relatively 

prime. So after reordering of the indices, we have 2 |m  +  I , p 2 |m , p 3 |2 m  +  

l , P 4 |3 m +  2. Now (4m +  3, JV) > 1, bu t none of the  p , ’s can divide 4m  +  3 

since p, ^  3. So th is  case is impossible.

Case 2. (3m  +  1, N )  > l , ( 3 m  +  2 , N )  = 1.

If (4m  +  1 , N )  -  1, then S7  will occur.

If (4m  +  1, JV) >  1, we have:

2a. m  is even. Observe th a t  m , m  +  1 ,2m  +  1 ,3m  +  1 ,4 m  +  1 a re  pairwise 

relatively prime or have common factor 3. By the  sam e argum en t as in lb . ,  

this is impossible.

2b. m is odd . We find th a t  ( 6 m +  1, JV) =  (5m  +  2, N )  = (3m  +  2, JV) =  1 , 

so the  circles centered a t  g , | , g  can cover the  interval. We denote  them  by

S g .

Case 3. (3m +  1,JV) > l , ( 3 m  +  2,JV) > 1.

Assume first m  is even.

3a. (4m  +  3 , JV) =  1 . This implies the  circles centered a t  can cover

the  interval. We denote  them  by s i0.

3b. (4m +  3, JV) > 1. Then the  circles centered a t  cover the  interval.

We denote  them  by a n .
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T h e  case when m is odd  is symmetric.

3c. (4m  + \ , N )  =  1. This implies the  circles centered a t  can cover

th e  interval. We denote  them by s 12.

3d. (4m  +  l,yV) > 1. Then the  circles centered at | , § , j  cover the  interval. 

We denote  them  by a j 3 .

Now we s ta te  the above results as

T h e o r e m  13 Let N  =  2, |  ■ “ 'here p, > 3 t =  2 ,3 ,4  are distinct

prim e numbers and  c t<e 2 ,e^,e^ are positive integers. Then circles can be 

fo u n d  with radius r  > | .
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C. N  = 3*ip22P33P44 w here pj > 3 , i  = 2 ,3 ,4 .

It is possbible for (m , A ') =  (m  + 1 , A ) = 1 , so a] can be found. Similarly 

.i2 , .S3 , . < 4  can be found. From now on assume ( m , A )  > l , ( m  +  1 , A )  >

l , ( 2 m  + 1, A ) > 1. If (3m + 1 , A )  = (3m +  2, A )  = 1 then , 15 will occur. If

not, we have:

Case I . ( 3m +  l , A ) > l , (3m +  2, A ) = l .

la . 3 |m . W ith o u t  loss of generality we assume p j |m +  l , p 3 |2 m -f l , p 4 |3 m +  l. 

We find th a t  (4m + l,  A )  — l. So .ifi will occur.

lb. 3 |m  +  1. we find th a t  (4m -F 1, A )  > l , ( 5 m  +  1, A )  = 1. Therefore the

circles centered a t  can cover the interval. We denote  them  by s n -  

lc. 3 |2m  +  1. We find th a t  (4m + 1, A )  = 1. So S7  will occur.

Case 2. (3m +  1 , A )  = l , ( 3 m  +  2, A )  > 1.

2a. 3 |2m  +  1 or 3 |m  +  1. We find th a t  (4m +  3, A )  = 1 . So will occur. 

2 b. 3 |m . We find th a t  (4m +  3, A )  > l , ( 5 m  +  4 , A ) =  1 . Therefore the  

circles centered at  can cover the interval. We denote them  by S1 5 .

Case 3. (3m +  1 , A ) >  l , ( 3 m  + 2 , A ) >  1.

This  is impossible, otherwise we would have too many prime divisors of A . 

Now we s ta te  the  above results as

T h e o r e m  14 Let  A = V 'p ' iP 'z P ' t ,  w h en  p, > 3, i = 2 ,3 ,4  are distinct  

prim e numbers and  C i , f 2 ,C3 , f 4  are positive integers. Then circles can be 

fo u n d  with radius r > | .
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D. N = 2 ei 3 e2 pj3p*4 where pi > 3 ,i  = 3,4.

Since it is impossible for (m , A )  — (m  F  1 , A )  = 1, s j  does not occur. As 

usual, *2 ,.*3 * * 4  fan  occur. From n o w o n  assume (m ,A r ) >  l , ( m F  1 ,A )  > 

l , ( 2 m  F  1 , A )  > 1.

Case 1. (3m  +  1, A )  = l , ( 3 m  F  2, A )  > 1. 

m m ust be even. If (4m  + 3, A )  -  1 then S6  will occur.

If (4m F  3, A )  > 1, we subdivide this case:

la .  3 |m  +  1 or 3 |2m  F 1. We find th a t  (5m  F  3, A ) =  ( 6 m F  5, A ) =  1.

Therefore the circles centered at g,g ,§ cover the interval. Note th a t  this set

is s8 .

lb .  3 |4m  F  3. We find th a t  ( 6 m F 5, A ) = (7m F  5, A ) = 1. Therefore  the  

circles centered at cover the interval. We denote  them  by s 16.

Case 2. (3m  +  l , N ) >  l , ( 3 m  + 2 ,A r ) =  1 .

m m ust be odd . If (4m  +  1 , N )  = 1, then S7 can occur. If (4m  +  1, N )  > 1 

we subdivide this case:

2a. 3 |m  or 3 |2m  +  1. We find th a t  (5m +  2, N )  =  ( 6 m +  1, N )  =  1. So the  

circles centered at cover the interval. Note th a t  this set is sg.

2b. 3 |4m  F  1. We find th a t  ( 6 m F  l , N )  = (7m F  2, N )  = 1. So the  circles 

centered at We denote them by s j 7 .

( ’ase 3. (3m F  1, A )  >  1, (3m F  2, A ) > 1.

Observe th a t  in this case if m is even, we may assume th a t  1m -F l , P 3 |2 m F  

l , p 4 |3m F  1 where e ither p 2  or P3  is 3. If m  is odd ,  then  we m ay assume 

P2 |m ,p 3 | 2 m F  l , p 4 |3m F  2 where e ither P2  or P3  is 3.

3a. (4m  F  1, A ) = (4m  F 3, A ) — 1. First assume m is even. T hen  2 / 5 m F 3. 

p2|m F  1 implies P2 |5 m F  5. Hence p 2  / 5 m  F  3. Similarly we find th a t  

P3  / 5 m  F  3 and p 4  / 5 m  F  3. Hence (5m F  3, A )  =  1. Therefore the  circles
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centered a t  J . j r . j  will cover the interval if m is even. Note th a t  this set 

is .<io- By the same argum ent the circles centered a t  will cover the

interval if m  is odd . Note th a t  this set is s 12.

3 b. (4m + 1 . jV) > l . ( 4 m  +  3, Ar ) = 1 . When m is even, we check th a t

the  circles centered at 5 , 7 . 5 . j  will cover the interval. We denote  them by

s i 8 . W hen m is odd , 2 |5m + 1 and 2 |5m + 3. So we have to  pick the  circles 

centered at g , | ,  3. Note th a t  this set is S |3.

3c. (4ni + 1 , A') =  l , ( 4 m  + 3, N )  > 1 . This case is sym m etric  to  3b. W hen 

m is odd ,  the  circles centered at j . 5 , 7 , 5  will cover the  interval. We denote  

them  by s i 9. W hen rn is even, we find th a t  the circles centered at |  

cover the  interval. Note th a t  this set is .s( t .

3c. (4m  + 1,2V) > l , ( 4 m  + 3,jV) > j. This case implies or is 5. We 

find th a t  the  circles centered at ,2, |  cover the interval if m is even. We 

denote  them  by S2 0 -

T he  circles centered at |  will cover the  interval if m  is odd . We denote

them  by s 2 i.

Now we s ta te  the  above results as

T h e o r e m  16 Let A' =  '2r , '.V1p'^p r4i , w h t n  p, > 3, i =  3 ,4 ,  are distinct  

prime numbers and e i , c^, f 3,  e4 are postive integers, then circles can be fou n d  

with radius r >

We have found sets of  circles covering the  interval (m ,rn  +  1) where 

|m | < y .  We take  the  arcs in the upper half plane as the  boundary  of the  

fundam enta l domain of  r°(Ar) where Ar has four distinct prime factors. As 

we pointed  out in chapter  4, when (m , Ar ) > l , ( m +  1, N )  > 1, (2m  +  1, N )  > 

1, no circles with radius i  will be found. Therefore, we search various circles 

to  cover the  interval. If N  has only 3 distinct prime factors, then 3m  +  1 and
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3m  +  2 m ust be relatively prime to  N  provided N  is odd . If N  is even then 

2 |m ,2 |3 m  +  2 or 2 |m  +  l ,2 |3 m  +  1, the  circles with radii g is not enough to  

cover th e  interval. We consider 4m  +  1 and 4m 4- 3 next. If N  has 4 d is tinc t 

p rim e factors and ( m , p (p2) > 1 , (m  +  1 , P3 ) > l , ( 2 m +  l ,p<) > 1 , th is  case 

will behave as if N  has 3 prime factors. The  most difficult case is when 

( m , p i ) >  l , ( m  +  1, p2) > l , ( 2 m  +  1 ,P3 ) > 1. T he  last factor p 4  m ay  divide 

various centers. In general, any circles within the  interval ( m , m  +  1 ) have 

cen ter  a t and radius A, where 0 < < <  r and ((, r ) =  1 . We observe th a t  

p ,- |m ,p , |m  +  p, simultaneously, p, Jfrm + f where t < p,. If p, is big, we have a 

lot o f  rm  + 1 relatively prime to  p,. T he  s itu ta t ion  is more com plicated  when 

th e  p , ’s are close to  each o thers, for instance, 2 |m ,2 |3 m  +  2 , 3 |m +  l ,3 |4 m  +  1 

which mean a  lo t of circles cannot be found. Therefore, if th e  p , ’s a re  g rea te r  

th an  three , the  above s itu ta t ion  will not occur and the case tu rns  ou t  to  be 

very simple. T hus  no m a tte r  which centers p 4  divides it will d ivide the  

multip les of the  center. Therefore, the  more prime factors we have, there  

a re  m ore common factors among the  centers. This  makes the  process of 

finding the  suitable  circles more complicated. If N  has 5 d is t inc t  prime 

factors and ( m ,p j )  >  l , ( m  +  l , p 2) > 1 , ( 2 m +  l ,p s )  > 1 , then p 4,ps  m ay 

divide various centers. T he  num ber of choices seems to  be very large. From 

past experience, we predict the  case may reduce to  a  simplier form provided 

all p, > 5 .  If 2 and 3 are one of the  prime factors, then  complicated s i tu ta t io n  

will be expected. Nevertheless, the  num ber of different s, is bounded by the  

num bers  of primes p, dividing N . Therefore, the  num bers  of s, should be 

finite. In principle, it can be extended to  the case where N  is finite and 

a rb itra ry .  We hope this can be done in the  near future.
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A ppendix

We sum m arize  the  results in the  following table.

N Configurations Centers

p V m , m  +  1
•’2 m  +  1
93 m

P\' Pi 9 l ,  93 ,83 as above
94 2m4-l

2
p Y p V p ?  ( o d d ) 9 l 1 92, 's3. >s4 as above

95 3m + I 3m + 2 
3 ' 3

T ^ p ' S p ?  (even) 92, 93, -94, as above
3m + l 4m4-3 

3 ' 4
97 3m + 2 4m +t

3 ’ 4
p V p ? P 3 P * , P >  >  3 9l 1 >92, «3> >*4. 9s, 9g, s 7 as above

2 r ' P ? P ? p ' S •921 93, 96 • 97 as above
98 dm + I 5 m f3  6m + 5 

3 ’ S '  6
99 6m +I + S 3m + 2 

6 ’ X ’ 3
910 4m +I 5m+3 4m+3 

, 4 ’ 5 ’ 4
9]1 4m +l 5m+3 6m+5 

4 ’ s ’ 6
912

4m +I 5m + 2 4m + 3 
4 ’ S ’ 4

913
6m + l 5m + 2 4m + 3 

6  ’ 5 ’ 4
V ' p Y p Y p Y 9 l i  92, 93, 8 4 , 95, Se, 97 as above

914 5m + l 3m +  2 
S ’ 3

915 3m +  I 5m+4 
3 ’ 5

2 '> 3  ' i p ' J p ? 92. 93 , 8 4 , s e , 97, S& as above
9 9 , 9 i o , 9 i i , S ] 2 , 9 i 3 as above

916
3m + l 7m +  5 6mjf5 

3 ’ 7 ’ 6
917 6m + l 7m +  ‘i  3m +  2 

6 ’ 7 ’ 3
9 1 8

5 m + l  7 m  +  3 Sm 4-3  4m  +  3 
S ’ 7 ’ S ’ 4

91 9
4 m  +  l 5 m  +  2 7 m  +  4 5 m  +  4 

4 ’ 5 ’ 7 ’ S

92 0
5 m  +  l  7 m i 3  5 m - f 3  6 m  +  S 

S ’ 7 ’ X ’ 6

921
6 m  +  l  J>m4-2 7 m  +  4 5 m  +  4 

6  ’ 5 ’ 7 ’ 5

Table 4: Sum m ary  of results
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We give a  complete list of figures ou the following pages.

in

Figure 15: Configuration »\

Figure 10: Configuration i j
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Figure 17: Configuration #j

Figure 18: Configuration *4

Figure 19: Configuration i (
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Figure 20: Configuration * t

Figure 21: Configuration «r

*  i  f
Figure 22: Configuration <i

67

4597945490



t  i  *
Figure 23: Configuration 5 *

*  +  i
Figure 24: Configuration «io

Figure 25: Configuration J u



* * *
Figure 26: Configuration 4 1 3

i  •&*

Figure 27: Configuration aj3

i  *

Figure 28: Configuration
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Figure 29: Configuration j ls

+  *  *
Figure 30: Configuration «is

Figure 31: Configuration » n
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Figure 32: Configuration 4i«

Figure 33: Configuration Jig

Figure 34: Configuration 
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