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§0. I n t r o d u c t io n .

D i r ic h le t  s e r i e s  a s s o c ia te d  to  c l a s s i c a l  m odular form s were 

f i r s t  in v e s t ig a te d  s y s te m a t ic a l ly  by Hecke. He showed th a t  th e s e  

s e r i e s  have an a n a ly t ic  c o n tin u a tio n  and fu n c t io n a l  e q u a tio n , and 

he d isc o v e re d  th a t  such a s e r i e s  h as  an E u le r  p ro d u ct expansion  i f  

and o n ly  i f  th e  a s s o c ia te d  form i s  an e ig e n fu n c tio n  f o r  a c e r t a in  

r in g  o f  o p e ra to rs  (now c a l le d  th e  Hecke o p e r a to r s ) .  Much l a t e r ,

W eil com ple te ly  c h a ra c te r iz e d  th e  D i r ic h le t  s e r i e s  a s s o c ia te d  to  a 

cusp form  in  term s o f th e  a n a ly t ic  b e h a v io r  o f  every  s e r i e s  in  a 

whole c la s s  o f r e l a te d  D i r ic h le t  s e r i e s .

D i r ic h le t  s e r ie s  a s s o c ia te d  to  o th e r  ty p es  o f  autom orphic forms 

have a ls o  been s tu d ie d , n o ta b ly  th e  r e a l  a n a ly t ic  form s c o n s id e red  

by M aass. More r e c e n tly ,  J a c q u e t, L anglands, and o th e r s  have s tu d ie d  

th e  problem  from  th e  p o in t  o f view o f group r e p r e s e n ta t io n s .  T h is  

approach  has u n i f ie d  and c o n s id e ra b ly  g e n e ra liz e d  th e  p rev io u s  th e o r ie s .  

H ere, th e  autom orphic form s a re  c e r t a in  fu n c tio n s  on G l(n ,F )\G l(n ,A ) , 

where A i s  th e  r in g  o f a d e le s  o f an a lg e b ra ic  number f i e l d  F . 

C orresponding  to  th e  Hecke o p e ra to r s ,  th e r e  i s  an a lg e b ra  H(G) ( th e  

Hecke a lg e b ra )  and i t s  a d m iss ib le  r e p r e s e n ta t io n s  on th e  space  o f 

autom orphic form s. To each  i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n  tt 

o f H(G) i s  a s s o c ia te d  a  un ique  fu n c t io n  L ( s , tt)  , d e fin e d  a t  f i r s t  

on ly  f o r  th e  r e a l  p a r t  o f  s  l a r g e  enough. F o r G1(2,A) Jacq u e t 

and L anglands proved th a t  i f  TT i s  such a r e p r e s e n ta t io n  which a c ts  

in  th e  subspace o f cusp form s, th e n  L ( s , tt)  e x ten d s  to  an e n t i r e  

fu n c t io n  which i s  bounded i n  v e r t i c a l  s t r i p s  and s a t i s f i e s  a fu n c t io n a l  

e q u a tio n  and th ey  com ple te ly  c h a ra c te r iz e d  th e  i r r e d u c ib le  u n i ta r y  rep re ­

s e n ta t io n s  which o c c u r in  th e  space  o f  cusp form s in  term s o f  a  whole
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s e t  o f L -fu n c tio n s  r e l a te d  to  L (s , tt) . For G l(n ,A ) , i t  i s  shown in

[G odem ent-Jacquet] t h a t  i f  Tt i s  a g a in  such a r e p r e s e n ta t io n  w hich a c ts

in  th e  subspace o f  cusp form s, th e n  L (s , tt) ex ten d s  to  an e n t i r e  fu n c t io n

th a t  i s  bounded in  v e r t i c a l  s t r i p s  and s a t i s f i e s  a fu n c t io n a l  e q u a tio n .

The aim o f  t h i s  p ap er i s  to  ex ten d  some o f  th e s e  r e s u l t s  beyond

th e  subspace o f cusp form s to  th e  space o f a l l  autom orphic form s. In

§1 and §2 we summarize some in fo rm a tio n  about a d m is s ib le  r e p r e s e n ta t io n s ,

th e  Hecke a lg e b ra , and th e  way in  which th e  Ir- fu n c tio n  i s  a s s o c ia te d

to  an i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n .  The main theorem  (§4) i s
2

th a t  i f  tt o ccu rs  d i s c r e te ly  in  V = L (G(F)\G(A) ,to) , th en  L (s ,n )  

has an a n a ly t ic  c o n tin u a tio n  to  th e  whole complex p lan e , h as  a t  most a 

f i n i t e  number o f  p o le s , and s a t i s f i e s  a sim ple fu n c t io n a l  e q u a tio n .

In  §5 we prove a s im i la r  theorem  f o r  a d m is s ib le  r e p r e s e n ta t io n s  which 

o ccu r in  th e  space d  o f  autom orphic form s on G(F)\G(A) .

The prim ary to o l  in  th e  p roof i s  th e  P o isso n  summation fo rm ula 

a p p lie d  to  E §(hyg) , where § be longs to  S(M) , th e  space o f
■v€g (f )

Schwartz B ruhat fu n c tio n s  on M(n,A) . There a re  d i f f i c u l t i e s  in  

ap p ly in g  th e  fo rm ula because term s ap p ear co rre sp o n d in g  to  th e  s in g u la r  

r a t i o n a l  m a tr ic e s . To avo id  t h i s ,  § w i l l  be chosen to  l i e  in  SQ(M) , 

th e  subspace o f  S(M) c o n s is t in g  o f  fu n c t io n s  § such th a t  i ( h x g )  = 

f(hx.g) = 0 f o r  a l l  h and g in  G(A) and a l l  r a t i o n a l  m a tr ic e s  

x w ith  d e tx  = 0 .

The appendix  c o n ta in s  some o f th e  same r e s u l t s  in  th e  language of 

D i r ic h le t  s e r i e s  and Hecke o p e ra to r s .

N o ta tio n s : I f  v i s  a p la c e  o f F , we l e t  Gy = G l(n ,F v) . I f  v

i s  a non-archim edean p la c e  o f F and 0y i s  th e  r in g  o f in te g e r s  

o f Fy , d e f in e  Ky = G l(n ,O v > . I f  v i s  r e a l ,  l e t  Kv = o ( n , I )



and i f  v i s  complex , l e t  Ky = U(n,(C) • In  any c a se  th e  H aar

m easure on Kv w i l l  be no rm alized  so t h a t  th e  m easure o f  Ky i s  1 .

The c e n te r  Z(A) o f  G(A) w i l l  sometimes be i d e n t i f i e d  to  I , 

th e  id e le  group o f F .

§1. A dm issib le  R e p re s e n ta t io n s .

I f  v i s  non-archim edean, d e f in e  H(Gv) to  be th e  space o f

complex va lued  fu n c tio n s  on Gy which a re  lo c a l ly  c o n s ta n t and

com pactly  su p p o rte d . T h is  space i s  an a lg e b ra  under c o n v o lu tio n .

A r e p r e s e n ta t io n  tt o f H(Gv) on a complex v e c to r  space V i s  s a id

to  be a d m iss ib le  i f  (1 ) f o r  every  v in  V th e r e  i s  an f  in  H(Gv)

so  t h a t  TT(f)v = v  an d  (2) f o r  e v e ry  o p e n  co m p act s u b g ro u p  G* o f  G ,

t h e  v e c t o r s  o f  t h e  fo rm  TT(f)v , w h e re  f  € H(Gv ) i s  i n v a r i a n t  o n

th e  l e f t  by G* , span a f i n i t e  d im ensional v e c to r  sp ace . Given such

a  r e p r e s e n t a t i o n  o f  H(GV) o n  V , t h e r e  i s  a  r e p r e s e n t a t i o n  tt o f

Gv on V r e l a te d  to  th e  o r ig in a l  r e p r e s e n ta t io n  by TT(f)v =

J* f ( g )  TT(g)v dg  w h ic h  i s  i t s e l f  a d m is s ib l e  i n  t h e  f o l l o w in g  s e n s e .

Gv

A r e p r e s e n ta t io n  o f  Gy on a complex v e c to r  space V i s  s a id  to  be 

a d m iss ib le  i f  (1) f o r  every  v e c to r  v in  V th e  s t a b i l i z e r  o f  v in  

Gv i s  an open subgroup o f  Gy and (2 ) f o r  every  open compact subgroup 

g ' o f G , th e  space v '  o f  v e c to rs  v in  V s t a b i l i z e d  by G/ i s  

f i n i t e  d im en sio n a l.

T here  i s  a com plete co rrespondence  between a d m iss ib le  re p re s e n ta ­

t io n s  o f  Gv and H(GV> . T hat i s ,  a subspace i s  in v a r ia n t  under Gy 

i f  and o n ly  i f  i t  i s  in v a r ia n t  under H(Gy) and an o p e ra to r  commutes

w ith  th e  a c t io n  o f G i f  and on ly  i f  i t  commutes w ith  th e  a c tio n  o fv



Any lo c a l ly  c o n s ta n t fu n c t io n  on Ky can be reg ard ed  a s  an 

elem ent o f  H(GV) by s e t t i n g  i t  equal to  ze ro  o u ts id e  o f  . In  

p a r t i c u l a r ,  i f  tt i s  a f i n i t e  fam ily  of in e q u iv a le n t  i r r e d u c ib le  

r e p  r e  s e n ta t io n s  o f and ^ ( g )  = d i m ^ )  T r ^ ( g  1) , th en  §

may be reg ard ed  a s  an elem ent o f  H(Gv > . F u n c tio n s  o f th e  form

5(g) = (meas K) 1 2 § a re  idem poten ts in  H(Gv) , and we r e f e r  to

them as  e lem en tary  id em p o ten ts .

I f  v i s  archim edean, l e t  H^CG^ be th e  space o f i n f i n i t e l y

d i f f e r e n t i a b le  com pactly  su p p o rted  fu n c tio n s  on Gy which a re  K~

f i n i t e  on bo th  s id e s .  Once a H aar m easure h as  been chosen, th e

elem en ts o f  may be reg ard ed  a s  m easures, and th en  i s  an

an aLgebra u nder c o n v o lu tio n . C onsider th e  fu n c t io n s  5 on K which

a re  f i n i t e  sums o f m a tr ix  e lem en ts o f i r r e d u c ib le  r e p r e s e n ta t io n s  o f

K . These fu n c t io n s  may be regarded  a s  m easures on Gv , and under

c o n v o lu tio n  th ey  form an a lg e b ra  H„(G. ) . D efine  H(G ) =11, + H„ .a  V V A ct

I t  i s  a ls o  a  c o n v o lu tio n  a lg e b ra . The e lem en tary  idem poten ts  o f H 

a re  d e fin e d  as  in  th e  non-archim edean c a se .

A r e p r e s e n t a t i o n  tt o f  H(Gv) on a  co m p lex  v e c t o r  s p a c e  V i s

s a i d  t o  b e  a d m is s ib l e  i f

1) Every v e c to r  v in  V i s  o f  th e  form

v  = 2  TT(f ) v
l^ L ^ r

w ith  f  in  and v.  ̂ in  V .

2) For every  e lem en ta ry  idem potent § th e  range o f  tt(§) i s  

f i n i t e  d im en sio n a l.

3) For every  e lem en ta ry  idem potent § and every  v e c to r  v in  

■n(5)V , th e  map f  -» TT(f)v o f % *  H ^ *  § in to  th e  f i n i t e
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d im e n s io n a l  s p a c e  tt(§ )V  i s  c o n t in u o u s .

U n lik e  th e  non-archim edean c a se , i t  i s  n o t p o s s ib le  in  g e n e ra l to  

c o n s tru c t  a r e p r e s e n ta t io n  o f Gy i t s e l f  on V .

L et F be a lo c a l  f i e l d ,  archim edean o r  n o t .  I f  TT i s  a u n i ta r y

co n tin u o u s r e p r e s e n ta t io n  o f G(F) on a H i lb e r t  space V , l e t  VQ be

th e  subspace o f  K - f in i te  v e c to rs  in  V . I f  th e  m easure f  be longs 

to  H(G(F)) th en  th e  o p e ra to r  TT(f) = J* f ( g )  TT(g) dg le a v e s  VQ 

in v a r i a n t .  In  t h i s  way, we g e t  a r e p r e s e n ta t io n  TrQ o f  H(G(F)) on 

VQ . Now VQ i s  dense in  V , so th e  c la s s  o f ttq com plete ly  

d e te rm in es  th e  c la s s  o f tt . Assume t h a t  (* *) : For every  e lem en tary  

idem potent § o f  KG(F)) th e  range o f  r r ( g) i s  f i n i t e  d im e n sio n a l. Then 

tt0  i s  a d m iss ib le , and tt  i s  i r r e d u c ib le  ( in  th e  to p o lo g ic a l  sen se ) 

i f  and on ly  i f  tt0 i s  i r r e d u c ib le  ( in  th e  a lg e b ra ic  s e n s e ) .  The co­

e f f i c i e n t s  o f th e  a d m iss ib le  r e p r e s e n ta t io n  tt0 a re  j u s t  th e  co e f­

f i c i e n t s  o f  tt which a r e  K - f in i te  on bo th  s id e s .  I f  tt i s  a 

u n i ta r y  i r r e d u c ib le  r e p r e s e n ta t io n  th e n  i t  i s  known th a t  tt s a t i s f i e s  

(* *) i f  F i s  archim edean o r  i f  tt i s  sq u a re  in te g r a b le ,  and i t  i s

a c o n je c tu re  t h a t  i t  i s  alw ays so .

From th e  lo c a l  a lg e b ra s  H(Gv) we can c o n s tru c t  a g lo b a l a lg e b ra  

H(G) which i s  a r e s t r i c t e d  te n s o r  p ro d u c t o f  th e  lo c a l  o n e s . A 

r e p r e s e n ta t io n  o f H(G) on a complex v e c to r  space V i s  a d m iss ib le

i f  1) every  v € V can be w r i t t e n  a s  a f i n i t e  sum

£ TT(f. )  v. w ith  v. € V and f .  € H.' (G) .N X X 1 x 1

2) Fo r  every  e lem en tary  idem potent 5 th e  range  o f  tt(§) i s  f i n i t e  

d im e n s io n a l,

3 ) Let vQ be an archim edean p la c e , and suppose § = ® where



each i s  an  e lem en tary  idem potent o f H(Gv) and i s  th e

no rm alized  H aar m easure on Kv f o r  a lm ost a l l  v . Then i f

u) 6 V , th e  map f  -• r t f  ® ® § })u> o f  E H 5
V0 V0  V v Q 0  0  vo

in to  th e  f i n i t e  d im en sio n a l spade tt(§ )v i s  c o n tin u o u s .

Every i r r e d u c ib le  a d m iss ib le  r e p re s e n ta t io n  o f  H(G) i s  f a c to r -  

i z a b le .  T hat i s ,  tt = ® tt^ , where TT i s  an i r r e d u c ib le  a d m iss ib le

r e p r e s e n ta t io n  o f  H(Gv> , and, i f  i s  th e  no rm alized  H aar m easure

o f  Kv , th e  range o f  Trv ( ev ) i s  one d im ensional f o r  a lm ost a l l  v .

I f  tt i s  u n i ta r y  th e n  each tt̂  i s  u n i ta r y .

§2. L -fu n c tio n s  A sso c ia te d  to  A dm issib le  R e p re s e n ta t io n s .

I f  tt i s  an a d m iss ib le  and i r r e d u c ib le  r e p r e s e n ta t io n  o f H(G) ,

t h e  f u n c t i o n  L ( s , tt) i s  a s s o c i a t e d  t o  Tt i n  t h e  f o l l o w in g  w ay . L e t

cp b e  a  c o e f f i c i e n t  o f  tt and  l e t  cp b e  i t s  f a c t o r  a t  t h e  p l a c e  v  .
v n-1

Form th e  i n te g r a l  Z(cpv ,§ v ,s )  = J  <Pv (gv )$v (gv) |d e tg v |vS+ 2 dgy ,
Gv

w ith  <§v a  Schwartz B ruhat fu n c t io n  on M(n,Fv ) . The i n te g r a l  i s  

a b s o lu te ly  convergen t i f  th e  r e a l  p a r t  o f s i s  la r g e  enough. I f  v

i s  non-archim edean , th e  s e t  o f a l l  f i n i t e  sums o f  such z e ta  in te g r a l s
-1  - si s  a f r a c t i o n a l  id e a l  in  C[X,X ] , where X = Q and <1 i s  th e  o rd e r

o f  th e  r e s id u a l  f i e l d  o f Fv . T h is  id e a l  h as  a un ique g e n e ra to r

1 /P Q(X) w ith  PQ(0) = 1 , and th e n  L (s , u .)  = 1 /P Q(X) .

I f  v i s  archim edean, ta k e  $ to  be a  Schw artz fu n c t io n  o f  th e

fo llo w in g  ty p e . I f  Fv = E , ta k e  §(x) = P (x ) exp(-2TTTrxx^) w ith  p

a polynom ial on th e  r e a l  v e c to r  space  M(n,E) . I f  Fy = 1C , ta k e

§ (x )  = P (x )ex p (-2 T T  T rx x  *) w i t h  P  a  p o ly n o m ia l  o n  t h e  r e a l  v e c t o r
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space M(n, (C) . Let G ^ s )  = tt~ ^  r ( | s )  and G2 ( s )  = (2TT)1_Sr ( s )

where T i s  th e  gamma fu n c t io n . D efine  an E u le r  f a c to r  E (s )  t o  be

a fu n c t io n  o f th e  form P ( s )  TT G ,( s + s .) TT G„(s+s ) i f  F = E , andI X  1 j  £ J V

a fu n c t io n  o f  th e  form P ( s )  TT. G„(s+s ) i f  F = ID . P i s  a po ly -
J « J v

nom ial and s .  and s .  a re  some c o n s ta n ts .  Then th e r e  i s  a f ix e d  
i  3

E u le r  f a c t o r  depending o n ly  on tt̂  such th a t  th e  s e t  o f f i n i t e  sums

£ E X(s )  Z(cpi ,$ i , s )  i s  a non -ze ro  id e a l  in  IC[s] . I f  PQ i s  th e

un ique  g e n e ra to r  w ith  PQ(° )  = 1 . we d e f in e  L (s , ttv) = E (s) PQ( s )  .

Note th a t  a t  any p lac e  we can f in d  a f i n i t e  number of cp̂  and so

th a t  E Z(cpi ,$ i , s )  = L (s , ttv ) .

I f  v i s  non-archim edean  and TT̂  c o n ta in s  the t r i v i a l  re p re s e n ta -

n _ g _ 1
t io n  o f K , th e n  L (s , tt ) = tt (1 -p ^ u ) ) |u3v | S) where p a re

i= l
X +*q u a s ic h a ra c te r s  o f  F and iu i s  a  g e n e ra to r  o f th e  maximal id e a l  o f

s
th e  r in g  o f  in te g e r s  o f  F . Let p. (35 ) = |35 I . The numbers s b °  v x v 1 v 1 Pi

depend on th e  s p h e r ic a l  fu n c t io n  a tta c h e d  to  tt̂  . I f  tt i s  u n i ta r y

th en  each tt̂  i s  u n i ta r y ,  and i t  i s  known t h a t  t h e i r  co rresp o n d in g

s p h e r ic a l  fu n c t io n s  a re  bounded independen t o f v . T h is  im p lie s  th a t

■^(n-1) < Re s <  -^(n-1) f o r  every  p and every  v . A ll  bu t a  f i n i t e  p-i i
number o f th e  tt c o n ta in  th e  t r i v i a l  r e p r e s e n ta t io n  o f K . Now we v v

can d e f in e  L (s , tt) = tt L (s , tt ) . Because o f th e  bound on Re s th ev piV

product converges a b s o lu te ly  f o r  r e a l  p a r t  o f  s s u f f i c i e n t l y  la r g e .  I f  

tt i s  n o t n e c e s s a r i ly  u n i ta r y ,  as in  §5, we w i l l  need a n o th e r  method to  

show th e  convergence o f th e  p ro d u c t.

L et t  be a n o n - t r iv i a l  c h a ra c te r  o f  F \A  , and i t s  lo c a l

component a t  v . F o r $ a Schwartz B ruhat fu n c tio n  on M(n,Fv > 

def in e  $<y) = J  $(x) tyyC trxy^dx » l e t  tt̂  be th e  c o n tra g re d ie n t



o f  tt . Then lo c a l ly  we have a fu n c t io n a l  e q u a tio n

Z(9v . $v »s) Z (c jM  ,1 - s )
( 2 .1 )   — ------  e(s,Trv ,*v ) = ------- ” -----------  .

L (s ,n v ) L(1- s , ttv)

Z/ 1Here cp (g) = cp( g ) , and e (s , tt̂ , i|rv ) i s  a non -zero  c o n s ta n t tim es
_ g

a power o f  q i f  v i s  non-archim edean, and a non -zero  c o n s ta n t 

tim es an e x p o n e n tia l i f  v i s  archim edean. I t  fo llo w s  t h a t  f o r  

cpv, f ix e d , Z(cpv ,$ v , s )  i s  i d e n t i c a l ly  ze ro  as a fu n c t io n  o f  s  i f

and o n ly  i f  Z (c p ^ ,^ , 1 -s )  i s  i d e n t i c a l ly  z e ro .

§3. C o n tin u a tio n  o f Z e ta  I n t e g r a l s .

We need th e  fo llo w in g  convergence lemmas. The f i r s t  i s  Lemma 12.5  

i n  [G odem en t-Jacquet].

Lemma 3 .1 . I f  § € S(M) , th e  i n te g r a l  J  §(g) |d e tg  |Sdg i s  a b s o lu te ly

G(A)

convergen t i f  th e  r e a l  p a r t  o f  s i s  g r e a t e r  th an  n .

Lemma 3 .2 . For th e  r e a l  p a r t  o f  s s u f f i c i e n t l y  la r g e ,  th e  i n te g r a l

F (h , g, s )  = J  2  §(h 1ygz) |d e tz  |sdz |d e tg  |s |d e th  | S

Z(A )/Z(F)

converges a b s o lu te ly  and d e f in e s  a holom orphic fu n c t io n  o f s  . For 

each s and h th e  fu n c tio n  i s  co n tin u o u s in  g , and a s  a fu n c t io n  o f 

h and g i t  b e longs to  L2 (GpZA\GA)X L2(GpZA\GA) .

P ro o f: T h is  i s  a d i r e c t  consequence o f  Lemmas 11 .8  and 11 .9  in

[G odem en t-Jacquet].
o

Now d e f in e  L (G(F)\G(A),U)) to  be th e  space  o f  fu n c t io n s  on 

G(F)\G(A) which tra n s fo rm  u nder th e  c e n te r  by f (z g )  = u )(z )f(g ) , 

where U) i s  a c h a ra c te r  o f  f \ i  , and which a re  square  in te g r a b le  on
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G(F)Z(A)\G(A) . Throughout th e  r e s t  o f  t h i s  s e c t io n , V i s  th e  space  

2L (G (F)\G (A ), u>) and p i s  th e  r e p r e s e n ta t io n  o f G(A) on V g iven

by r ig h t  t r a n s l a t i o n s .

P ro p o s it io n  3 .3 . I f  f  € V and § € S(M) , th en  j* f ( g )  $(g) |d e tg  |Sdg

G(A)

converges a b s o lu te ly  i f  th e  r e a l  p a r t  o f  s  i s  la rg e  enough.

P ro o f: We may ta k e  f  and § p o s i t iv e .  L et o  be th e  r e a l  p a r t  o f

s . Then

J f ( g ) l ( g )  |d e tg |CTdg ^  J f ( g )  J S l(Y gz) |d e tz  |adz |d e tg  |CTdg

zaga ga zf\ za

5  llf l l |  | | F ( e , . , a ) | | |  

which i s  f i n i t e  f o r  a  la r g e  enough.

C o ro lla ry  3 .3 .1 . The in te g r a l  J f (g ) $ (g )  |d e tg  |Sdg i s  a b s o lu te ly

G(A)
|d e tg |^ 1

convergen t f o r  a l l  s .

P ro o f : Again ta k e  f  and 5 p o s i t iv e  and a  equa l t o  th e  r e a l  p a r t

o f s . Then

0 ^ J f(g)i(g) |detg|adg ^ J‘ f(g)§(g) Idetg^dg < oo 
|detg |si

i f  t  i s  la r g e  enough and O' ^  t  .

P ro p o s it io n  3 .4 . I f  th e  r e a l  p a r t  o f s i s  l a r g e  enough, and $ € S(M) ,
ii-1

t h e  i n t e g r a l  Z ( p , § , s )  = J p (g )  § ( g )  |d e t g  | 2“  dg  c o n v e rg e s  a b s o l u t e l y

G(A)

and d e f in e s  an o p e ra to r  on V . T here a re  c h o ic e s  o f  § f o r  which t h i s  

o p e ra to r  i s  n o t i d e n t i c a l ly  ze ro  as a fu n c t io n  o f s .
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P ro o f : We have

I N < P ^ S> C =  J  
2

Z G \G  A F ' A

s+-n-1

J  f ( h g ) $ ( g ) |d e tg I  dg dh

n-1
2J  $(g) jdetg  | dg

The r ig h t  s id e  i s  a b s o lu te ly  convergen t f o r  r e a l  p a r t  o f  s la rg e

enough, so  t h a t  f o r  s in  some r ig h t  h a l f  p lan e  Z ( p ,$ ,s )  i s  a w e ll

n-1
~2~d e fin e d  o p e ra to r  on V . S ince | |z ( p ,§ ,s ) | |  = | J f ( g )  |d e tg  | dg |

G(A)

th e r e  a re  alw ays ch o ices  o f $ f o r  which th e  o p e ra to r  i s  n o t th e  z e ro  

o p e ra to r .

P ro p o s it io n  3 .5 . Let f  belong  to  V and $ to  SQ(M) . Then

s+-n-1

Z ( f , i , s )  = J f (g )  1(g) |d e tg  | dg has an a n a ly t ic  c o n tin u a tio n  to  

G(A)

an e n t i r e  fu n c t io n  o f s and s a t i s f i e s  Z ( f , l , s )  = Z C f ^ ^ l - s )  .

P ro o f ; We have 

Z ( f , i , s )  =
n-1  n-1

S1* 2 ~ . n . ,s+—J  f (g )$ (g )  |d e tg |  dg + J  f ( g ) $ ( g ) j d e t g |  dg . 
jdetg  |^ i  jdetg  |^1

The f i r s t  in t e g r a l  i s  e n t i r e .  The second converges a b s o lu te ly  f o r  th e  r e a l

s+-.n-1

p a r t  o f s la r g e  enough, and e q u a ls  J  f ( g )  2  § (Y g ) |d e tg j dg .

G(F)\G(A) G(F) 
jde tg  j i f
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By th e  P o isso n  summation fo rm ula ,

E §(Yg) = 2 ^(Ygk) |d e tg | n + E ^ (x g ^ ) |d e tg  | n -  E i(x g )  .
Y fe(F) Y€G(F) x€M(n,F) x3 « (n ,F )

d e tx  = 0 d e tx  = 0

Because $ l i e s  in  Sq(M) th e  l a s t  two term s a re  z e ro . S ince ^  i s

a ls o  in  SQ(M) we may s u b s t i tu t e  th e  new sum E ^ (Y g ^ ) |d e tg  | n f o r

th e  o r ig in a l  one and s t i l l  have a convergen t i n te g r a l  f o r  th e  r e a l  

p a r t  o f  s  s u f f i c i e n t l y  la r g e .  The new in te g r a l  i s

. -n + s+ ^ -i .
J  f ( g )  E i(Y gZ') |d e tg |  = J  f ( g  ) $ ( g ) |d e tg j  dg .

G(F)\G(A) G(A)
|d e t g | s i  jdetg  p i

T h is  i n te g r a l  i s  e n t i r e  by C o ro lla ry  3 .3 .1 .  F in a l ly ,

n-1  , n-1S+-g- » l - s + —
Z ( f , I , s )  = J  f  (g )$ (g )  |d e tg  | dg + J  f  ( g ^ J n g )  |d e tg | dg

jdetg  | s i  |d e t g |s i

and th e  a s s e r t io n  fo llo w s .

C o ro lla ry  3 .5 .1 . Let ( h . f ) ( g )  = f (h g )  . I f  $ 6 SQ(M) th e  a s s e r ­

t io n s  o f th e  theorem  a re  t r u e  f o r  Z ( h . f ,$ , s )  w ith  f u n c t io n a l  e q u a tio n  

Z ( h . f , $ , s )  = Z ( ( h . f 1 - s )  .

P ro o f: The p roo f i s  th e  same a s  th a t  o f th e  P r o p o s it io n .

P r o p o s it io n  3 .6 . I f  $ € SQ(M) and cp i s  any c o e f f ic i e n t  o f p th en

s+n - l

Z(cp, § ,s )  = J* cp(g)$(g) jde tg  | 2 dg i s  d e fin e d  and holom orphic f o r

G(A)

th e  r e a l  p a r t  o f  s la r g e  enough. I t  has an a n a ly t ic  c o n tin u a tio n  to  

th e  whole complex p lan e  as  an e n t i r e  fu n c t io n  o f  s , and s a t i s f i e s  

Z(cp, § ,s )  = Z(<p&, ^ , l - s )  .
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Assume th a t  $ i s  p o s i t iv e  and l e t  a  be th e  r e a l  p a r t  o f s .

  a+H li
|z(cp i , s )  | 5 J  J  | f 1 (h g ) f2 (h ) | dh 1(g) |d e tg | dg

G(A)

1 i  n-1

£  11*! II llf 2 H I  $ ( g )  l d e t g l 2  d g  *
2 2

GA

T his  p roves th e  f i r s t  s ta te m e n t. The a b s o lu te  convergence j u s t i f i e s  

th e  fo llo w in g  com putation .

Z (cp ,!,s )  = Z<< p t e ) ^ , ^ ,  $, s )

= < Z O i.f ^  §, s ) ,  f 2 >

= < Z ( h .f 1 ) Z', 1 - s ) ,  f 2 >

= Z(<  p (gZ' ) f 1 , f 2 >, i  1 - s )

= ZCcp2,, t ,  1 - s )  .

Note t h a t  cp2, i s  a c o e f f ic i e n t  o f th e  r e g u la r  r e p re s e n ta t io n  on 

L2 (G(F)\G(A),ii)) .

C o ro lla ry  3 .6 .1 . For <& € SQ(M) , th e  o p e ra to r  A (s) = Z ( p , i , s )  has an

a n a ly t ic  c o n tin u a tio n  to  an e n t i r e  fu n c t io n  o f s w ith  v a lu e s  in  th e

Banach space 13 o f  hounded l i n e a r  o p e ra to rs  on V .

P ro o f: By th e  argument on p .184 o f [G odem en t-Jacquet], th e r e  i s  a

m a jo r iz a tio n  |a ( s ) v ,w) | £ c||v||||w || where c i s  a c o n s ta n t which i s

independen t o f v and w and independen t o f  s as  long  as  s  rem ains

in  a  s t r i p  o f f i n i t e  w id th . T h is  im p lie s  t h a t  A (s)v  can be u n iq u e ly  

d e fin e d  f o r  every  s and v .

P ro o f : 

Then
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By th e  P ro p o s it io n , i f  s -* s^ , |(A (s )-A (Sq) ) v ,w) | -♦ 0 f o r  every  

v and w , so th a t  as  a fu n c t io n  o f s ,  A (s)v  i s  co n tin u o u s f o r  every  

v . In  f a c t ,  th e  convergence i s  independen t o f  v i f  v l i e s  in  a 

bounded s e t , because

o n-1  s + n -1r  —a— o  ■ o " '*i
|( A ( s ) v- A ( s q) v , w)| ^  ||v||*||w|| 1 J  § (g ){ J d e tg | -  |d e tg  | jd g

|d e tg |^ 1

l - s +  1 - s 0+ ~2~-] 2
+  J  ® (g ){ |d e tg | -  |d e tg | jd g  | .

|d e tg  | s i

T h e re fo re , s  -* s im p lie s  |[a ( s ) - A ( s  ) | |  = sup |a ( s ) v- A ( s  ) v | -* 0 ,
IM N

so t h a t  s  ->A (s) i s  con tinuous in  th e  norm to p o lo g y .

The maps B -* (Bv,w) from B  to  C form a t o t a l  s e t  in  th e  

space o f  con tinuous l i n e a r  f u n c t io n a ls  on B  when B  i s  g iven  th e  

s tro n g  o p e ra to r  to p o lo g y . T ogether w ith  th e  c o n tin u i ty  o f  s  -*A (s)v  

and P ro p o s it io n  3 . 6, t h i s  im p lie s  t h a t  s  -*A (s)v  i s  e n t i r e  f o r  

every  v .

F in a l ly ,  s in c e  s -*A (s) i s  c o n tin u o u s , we have t h a t  f o r  every

c lo se d  c o n to u r C in  C and every  v, J  A (s)ds*v  = J A (s)vds = 0 .
C C

T h e re fo re  s -*A (s) i s  e n t i r e .

Because o f th e  fu n c t io n a l  e q u a tio n  o f  P ro p o s it io n  3 .6 , th e  o p e ra to r  

s a t i s f i e s  th e  fu n c t io n a l  e q u a tio n  Z (p, §, s )  = Z ^ p ,  1 - s )  where th e  

c o n tra g re d ie n t  p i s  th e  r e g u la r  r e p r e s e n ta t io n  o f G(A) on 

L2 (G (F)\G (A ),u>) .

§4. C o n tin u a tio n  o f  L - fu n c t io n s .

Assume now th a t  tt i s  an i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n  o f
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2
H(G) on an a lg e b ra ic  subspace V o f L (G(F)\G(A) ,ou) , and assume

th a t  $ € S(M) i s  f a c to r i z a b l e .  T hat i s ,  # = rr  ̂ . i f  cp i s  any

c o e f f i c i e n t  o f tt th en  Z(cp, § ,s )  = lysCcp^., § , s )  . For a l l  b u t a

f i n i t e  number o f  p la c e s  Z(cpv , §v , s )  = L (s , tt̂ ) , s in c e  cpy i s  th e

s p h e r ic a l  fu n c t io n  a s s o c ia te d  to  Tt and § i s  th e  c h a r a c t e r i s t i cv v

fu n c t io n  o f . At each  o f  ; th e  rem ain ing  p la c e s  th e re  a re  a  f i n i t e

number o f  c o e f f ic i e n t s  cp. and a f i n i t e  number o f fu n c tio n s  I . € S(M )Ti , v  x ,v  '  v

such th a t  2  z(cp. , §. , s )  = L(s,TT ) . Then g lo b a l ly  th e r e  a re  a f i n i t eTi , v  i , v  v

number o f  cp. and $. such th a tTi  i

2 Z(cpi ,$ i , s )  = L ( s , tt) .

Now w i l l  be m od ified  to  o b ta in  a  fu n c t io n  ¥^ b e lo n g in g  to

S_(M) . Choose d i s t i n c t  p la c e s  v and v_ . L et ¥ and ¥ be0 i. ct vx Vg

Schwartz B ruhat fu n c tio n s  whose su p p o rts  l i e  in  G and G re s p e c t­
'l l  V2

s+ n-1
iv e ly ,  and f o r  which f cp (g ) ¥ (g) |d e tg  I 2 dg = 1 andVi Vj, vx

GVl

A l - s +  n-1
f 9  (g^) ® (g) Idetg I 2 dg = 1 . To c o n s tru c t  ¥  , f o rJ rv2 ' 6 v2 ' &/ 1 & >v2 v1

V2

in s ta n c e ,  choose an h in  G f o r  w hich 9,.(h) ^ 0 . T here i s  a
V1 'a

compact subgroup k ' o f  G such th a t  Jcp (hk)dk = cp ( h ) .  Take ¥ 7
vi  K /Vi  v i

w ith  i t s  su p p o rt in  h«K ' so t h a t  I  = J  Y ^ h k jd k  i s  n o t z e ro . Then
K #

- s -  n-1
¥ '( g )  |d e tg  | 

l e t  ¥„ (g )  ------------------------L
v i cpV i(h) • I
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Because th e re  i s  a lo c a l  fu n c t io n a l  e q u a tio n  (2 .1 )  we have

L ( s , t t  )  e” 1 ( s ,T T  )
Z(cp ,Y , s )   ---------- ^ —  . D efine  Y (g ) =

s Vs L ( l - s ,  tt ) 1

71 § .(g  ) • Y (g ) Y (g ) . T hen  Y € S,,(M) and
^ v 1>Vs 1 V Vi  v i  V2 1 0

n -1
S +  ■

(4 .1 )  E J  cpi (g) Yi ( g ) |d e t g |  dg =
i

« M )  . x U 3 , V

L (S , TT ) L(S, TT ) L ( l - s ,  TT )

Each o f th e  in te g r a l s  in  t h i s  e x p re s s io n  d e f in e s  an e n t i r e  fu n c t io n  o f

s , and s ( s . tt ) i s  a ls o  e n t i r e .  T h e re fo re  
V2

P ro p o s it io n  4 .2 . I f  tt i s  an i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n  o f
2

H(G) on an a lg e b ra ic  subspace V o f  L (G(F)\G(A),d>) th en

(4 .2 )  L (s , tt) = E (s) L (s , tt ) L ( l - s ,  tt )
V1 2

where E (s) i s  e n t i r e .

The c o n s tru c tio n  o f th e  fu n c tio n s  Y.̂  p resupposes t h a t  v.̂  and

Vg a re  d i s t i n c t ,  b u t in  f a c t ,  i f  v i s  non-archim edean and tt̂  c o n ta in s

th e  t r i v i a l  r e p r e s e n ta t io n  o f  , th e n  a r e l a t i o n  o f  th e  form (4 .2 )  i s

t r u e  f o r  v = v„ as w e l l .  M a lo le tk in  has c o n s tru c te d  a fu n c t io n  YX a

w ith  th e  fo llo w in g  p r o p e r t ie s ;

1) Y € Sq (Mv)

2 )  Z(cp0 ,Y ,s )  = L ( 1 - s , ttv )_1

where cp̂  i s  th e  s p h e r ic a l  fu n c tio n  a s s o c ia te d  to  ttv . D e fin in g
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Y .(g ) = tt §. (g ) • Y(g ) and p ro ceed in g  as  b e fo re  shows th a t
1 , I  V v,V ? ^  1

P ro p o s it io n  4 .3 . I f  v i s  a f i n i t e  p la c e  and tt c o n ta in s  th e  t r i v i a l  

r e p r e s e n ta t io n  of Kv th en  L (s , tt) = H (s) L (s , ttv ) L ( l - s ,r r v ) where 

S (s )  i s  e n t i r e .  I t  fo llo w s  th a t

Theorem 4 .4 . I f  tt i s  an i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n  o f
2

H(G) on an a lg e b ra ic  subspace V o f L (G(F)\G(A),<u) th e n  L (S ,tt)

has an a n a ly t ic  c o n tin u a tio n  to  th e  whole complex p la n e . Any p o les  o f

L ( s , tt) a r e  p o l e s  o f  L ( s ,  tt ) L ( 1 - s , tt ) f o r  e v e r y  c h o ic e  o f  d i s t i n c t
vl  V2

v and v g , an d  p o le s  o f  L ( s ,T ^ )  L ( l - s , r ^ )  w h e n e v e r  v  i s  n o n -

archim edean and tt c o n ta in s  the  t r i v i a l  r e p r e s e n ta t io n  o f K v v
I f  v i s  archim edean and tt̂  c o n ta in s  th e  t r i v i a l  r e p r e s e n ta t io n  

o f Ky , A ndrianov has c o n s tru c te d  a fu n c t io n  Y € Sq (M) w ith  th e  

p ro p e rty  th a t  Z(cp,Y,s) = c P(cp,s) L (s , ttv ) . p i s  a polynom ial in  s

which depends on th e  s p h e r ic a l  fu n c t io n  cp , and which s a t i s f i e s

P(cp, s )  = PC cfPjl-s) . D e fin in g  ^  as b e fo re , we have E Z C cp ^ .^ .s )  = 

c P(cpv , s )  L ( s , tt) , so th a t

P ro p o s it io n  4 .5 . I f  v i s  archim edean and tt̂  c o n ta in s  th e  t r i v i a l

r e p re s e n ta t io n  o f  Kv th en  L ( s , tt) = S (s )  P '*'(cpv , s )  where H (s) i s

e n t i r e .  There a re  a t  most a f i n i t e  number o f p o le s  o f L ( s , tt)  , and

any po le  o f L ( s , tt) i s  a p o le  o f P ^(cpv , s )  .

P ro p o s it io n  4 .6 . I f  tt i s  as  in  Theorem 4 .4 ,  th en  L (s , tt) has a t

most a f i n i t e  number o f  p o le s .

P ro o f: L et v be a f i n i t e  p la c e  and l e t  qy be th e  number o f  e lem ents

in  th e  r e s id u a l  f i e l d  o f  Fy . Suppose t h a t  tt̂  c o n ta in s  th e  t r i v i a l  

r e p r e s e n ta t io n  o f Kv . Then
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-1n n / - s - s .  \
L(s,TTv) = v ) = tt (l -  qv 1,VJ

i= l  ’ i= l

s .
where u . (a )  = a  ’ and s .  i s  determ ined  o n ly  modulo' l j V '  1 ‘v i , v

2iTT/Log qv . I t  i s  s u f f i c i e n t  to  show th a t  th e r e  i s  a t  most one common

p o le  f o r  L (s , ll ) and L(s,u, ) i f  v ^ v„ . L et t  be a commonVg JL ct

p o le . Then t  = - s  + 2iT lk/log q = - s  + 2 in n /lo g  q . I f  t  i s1 1 £  A 1

a n o th e r  such p o le , t .  = t  + 2 in k V lo g  q = t  + 2iTTmVlog q_ . Then1 X &
/ 1 7m k , / _q , = q 0 , so t h a t  m = k = 0 .1 A

P ro p o s it io n  4 .7 . I f  tt i s  a s  in  Theorem 4 .4 , th e n  L (s , tt) s a t i s f i e s

th e  fu n c t io n a l  e q u a tio n  L (s , tt) = e (s , n) l (1 -s , tt) .

P ro o f ; By P ro p o s it io n  3 .6 , 2 ZCcp^Y^, s )  = 2 Z(cp^,^i f l - s )  . Each

,1 - s )  i s  f a c to r i z a b l e ,  and th e  lo c a l  fu n c t io n a l  e q u a tio n s  (2 .1 )  

show th a t
• 2 z ( c p , r , s )

2 Z(cp. , I . , 1 - s )  = ---------- =--- =-------- G(S,TT) L(1-S ,T0 .
1 1 L(s,TT)

S ince th e  sum 2 Z ^ , ^ ,  s )  i s  n o t i d e n t i c a l ly  z e ro , we may d iv id e  by

i t ,  and th e  fu n c t io n a l  e q u a tio n  fo llo w s .

I f  tt i s  an i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n  o f  G(A) on

V c  l 2 (G(F)\G(A),U)) , and X i s  a c h a ra c te r  o f f \ i  , th e  r e p re s e n ta ­

t io n  X ® tt d e fin e d  by X ® ^(g ) = X.(detg) Ti(g) i s  a ls o  an i r r e d u c ib le  

a d m iss ib le  r e p r e s e n ta t io n  on V . I t s  c o n tra g re d ie n t  i s  x  ^ ^  •

From th e  p roof of P ro p o s it io n  4 .2 ,  i t  fo llo w s  th a t  L ( s ,x  ® tt) =

TT̂ ) LC1-S .X 21 ® f o r  e v e ry ch o ice  o f d i s t i n c t  p la c e s

and v2 . Now by P ro p o s it io n  3 .8  o f [ Ja cq u e t-L a n g la n d s] ,  i f  th e  

o rd e rs  o f x^ and x2 a re  l a r ge enough, th en  b o th  L(s,X j® TL) and

H (s) L(s,X ,®
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L d - s .X g 1 (S’TTg) a re  1 , so we have th e  fo llo w in g :
X

P ro p o s it io n  4 .8 .  Let X be a c h a ra c te r  o f P \ I  , l e t  tt be as in

Theorem 4 .4 , and l e t  v^ and Vg be d i s t i n c t  p la c e s . Then i f  th e  

lo c a l  components x^ and X2 a t  and a re  s u f f i c i e n t l y

ra m if ie d , L ( s ,x  ® tt) i s  e n t i r e .

In  th e  fo llo w in g  P ro p o s it io n , TT(|j,,v) i s  a s  d e fin e d  in  [ ja c q u e t -  

L a n g lan d s].

P ro p o s it io n  4 .9 . I f  n = 2 and L (s , tt) has a p o le  th e n  th e r e  a re  two

q u a s ic h a ra c te r s  [l,v  o f F \ I  so t h a t  f o r  a l l  b u t a  f i n i t e  number of

p la c e s , tt i s  e q u iv a le n t t o  tt(|j,v, vv ) .

P ro o f: I f  tt c o n ta in s  th e  t r i v i a l  r e p r e s e n ta t io n  o f K th e n  th e r e  v . vs  t
a re  q u a s ic h a ra c te r s  P<v (a ) = |a  |vV and Vv (a )  = |a |^V so th a t  tt̂  i s  

e q u iv a le n t to  tt(|j,v , vv ) . The numbers s^ and t v a re  d e fin e d  o n ly

modulo 2 iT ^log  qy . S ince tt(hv , vv ) i s  e q u iv a le n t to  TT(vv>p,v ) , 

what we want to  show i s  t h a t  r e p r e s e n ta t iv e s  s^  and t ^  can be 

chosen i n  such a way th a t  { s ^ t^ }  i s  th e  same s e t  f o r  every  v in  S , 

th e  s e t  o f  f i n i t e  p la c e s  f o r  which TTv c o n ta in s  th e  t r i v i a l  re p re s e n ta ­

t io n  o f Kv

Suppose s Q i s  a p o le  o f  L (s ,tr)  . Then i t  i s  a p o le  o f

S . These p la c e s  need n o t be d i s t i n c t .  Then s Q € { - s ^ . - t ^ l - S g . l - t g )

L ( s ,  tt ) L ( 1 - s , t t  ) f o r  e v e r y  c h o ic e  o f  f i n i t e  p l a c e s  v  and  v „  i n

f o r  some r e p r e s e n ta t iv e s  s^ and t^  . I f  s Q = - s ^  f o r  every  ch o ice

z € I  , and lo c a l ly  f o r  every  v €
s

T h e re fo re  i f  <D(g) = |z ^  , {sv>t v } = { -s^ s^h-Sq} f o r  every  v € S

Suppose th e r e  i s  a p la c e  v £ S f o r  which s i s  n o t - s  o rX u

o f  v € S we a re  done. In  f a c t (B (z )T T (g )  f o r  every
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- t  . Then s = - s  + 1 o r  - t  + 1 f o r  every  v € S because s 6U V V w

{-s  , - t  , 1 -s  , 1 - t  } f o r  every  v 6 S in c lu d in g  v.. . In  t h i svx v2 V V X

c a se  Csv , t v} = {l—SQ, s ^ + s ^ l )  f o r  every  v € S .

C o ro lla ry  4 .9 .1 . L et tt be an i r r e d u c ib le  (a d m iss ib le )  r e p r e s e n ta t io n
2

o f H(G) on a subspace V of L (G(F)\G(A) ,od) . Then any p o le  of

L (s ,n )  i s  a p o le  o f  L (s ,f i)  f o r  some g ro s s e n c h a ra c te r  |j, .

P ro o f; Immediate consequence of th e  P ro p o s it io n .

§5. R e s u lts  f o r  th e  Space o f Automorphic Forms.

I f  (2  i s  th e  space o f autom orphic forms (d e fin e d  below ), th en

2 2 (2  n L (G(F)\G(A) ,(U) i s  dense in  th e  d i s c r e te  p a r t  o f L , and th e

2 2 co n tin u o u s p a r t  o f L can be ex p ressed  in  term s o f th e  non-L form s.

In  t h i s  s e c t io n  we w i l l  show th a t  excep t f o r  in fo rm a tio n  about th e  p o le s ,

th e  r e s u l t s  o f §2-4 can be ex tended  to  i r r e d u c ib le  ad m iss ib le  r e p re s e n ta ­

t io n s  o c c u rr in g  in  th e  space (2  . D efine

llgll* = TT llg II* = TT J j l t  . With
11 "A v 11 v ^ v  v  | ! / n

l

i iM v

^ E ( g „ ) ^  i f  v i s  r e a l

(  ~\E  g ^ j  v  i s  com plex

su p  |g i j | v i f  v i s  n o n -a rc h im e d e a n .

T he p r o d u c t  m akes s e n s e  s i n c e  a lm o s t  a l l  ||gv ||v  a r e  1 . T he f u n c t i o n

|| ||*  i s  b i - i n v a r i a n t  f o r  K = TTVKV an d  i n v a r i a n t  f o r  Z(A) .

P r o p o s i t i o n  5 . 1 . ||g ||*  ^  l  f o r  a l l  g i n  G(A) .

P r o o f ;  L e t  g = k  a  k  w i th  k  ,k  i n  K an d  a  i n  t h e  su b g ro u p
■■ ■ ii » ' V  X V 2  X ^  V V
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o f c o n s is t in g  o f d iag o n a l m a tr ic e s  ( & ^ » . . . ,a  ) w ith

|a ]L | S . . .  £ |aQ | . Then |^ v ||v = ||av ||v • I f  v i s  archlm edean, we 

may assume |d e tg v |v = 1 because o f  th e  in v a r ia n c e  by Z(Fv ) . T h is  

im p lie s  t h a t  |a^  | s  l  , and th e r e f o r e  t h a t  llsllj and ||s ||g  a r ® bo th  

g r e a t e r  th a n  o r  equa l to  1 . I f  v i s  non-archim edean , we may suppose

by th e  in v a r ia n c e  by Z(Fv > t h a t  |a^ | = 1, and |a^.| ^ 1 f o r

1 < i  £ n . Then ||g = — ------- — •i 7 -  s  1 •
|a2 * * *an 1

The space (2 o f  autom orphic form s c o n s is t s  o f th e  co n tin u o u s  fu n c tio n s  

on G(F)\G(A) w ith  th e  fo llo w in g  p r o p e r t ie s :

1) f  i s  r ig h t  K - f in i t e .
x

2) f  tra n s fo rm s  a c co rd in g  to  a q u a s ic h a ra c te r  co o f  F \ I  

u n d er t r a n s l a t i o n s  by Z(A) .

3) The r e p r e s e n ta t io n  o f  H(G) on th e  space {f*cp|cp € h (G)3

i s  a d m is s ib le .

4) For a l l  g w ith  ||g||* la r g e  enough |tp(g) | ^ c ( ||g j |* )m 

f o r  some c o n s ta n t c and in te g e r  m .

P ro p o s it io n  5 .2 .  For cp € <2 and $ € S(M) , f tp (g)$(g) |d e tg  |Sdg
G(A)

converges a b s o lu te ly  f o r  r e a l  p a r t  o f  s l a r g e  enough.

P ro o f: Let I  = J  <p(g) J  2  §(Ygz) |d e tz  |Sdz |d e tg  |Sdg . A s e t  o f

g f z a \ g a  V z a

r e p r e s e n ta t iv e s  f o r  G Z A G . i s  th e  s e t  o f  g € G. which can be w r i t t e n
F A  a  A

o'
g = [ ’' a n - i  }g where g ‘ l i e s  in  some compact o f  G^ and th e

*  y
d iag o n a l e n t r i e s  s a t i s f y  | S c  |a i + 1 I f o r  some p o s i t iv e  c o n s ta n t c .

I f  |d e tg  | i s  la rg e  enough, say s  n , th e n  ||g||* i s  la rg e  enough to
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app ly  th e  m a jo r iz a tio n  f o r  cp . T h is  i s  so because  th e  |a^ | a re

a l l  bounded away from z e ro .  Break th e  i n te g r a l  in to  an i n te g r a l  I

f o r  |d e tg  | ^  N and an in te g r a l  I_ f o r  |d e tg  | £ N . I f

|d e tg  | £ N , th e  domain o f  i n te g r a t io n  i s  a com pact, and th e  in te g ra n d

i s  co n tin u o u s  in  g i f  th e  r e a l  p a r t  o f  s i s  la r g e  enough, so t h a t

I  converges a b s o lu te ly .  The in te g r a l  I  i s  m a jo rized  by I  =“ +

c '  J  ||g ||*m $(g) |d e tg  |°dg  i f  c '  i s  tak e n  la r g e  enough. W rite  
G(A)

G = K*A*K w ith  A th e  subgroup o f  d iag o n a l m a tr ic e s . Then we may ta k e

a = (a  , . . . , a ) in  t h i s  decom position  w ith  |a  I ^  . . .  S la |i n  1 n f anci wg

have I  £ c '  J* ||a ||m i / ( a ) |d e t a |S m//n d*a where $ 7(a ) = J  l (k  akg)dk dk„
KXK

belongs to  S(M) . S ince ||a || £ n  la^ | we have
m mm+s  s-----„ „^ / m P i t *  v I I I H .XI  s  c*n J I  ( a ^ , . . . ,  a^ ) |a^ | la 2 * * * an I d a ^ . . . d •

la i  Is * • *S lan ^

Because can be bounded by a p ro d u ct tt ^i (a i ) o f Schwartz

fu n c tio n s  on I  th e  in te g r a l  can be done e a s i l y  o v e r  s u c c e s s iv e  

v a r ia b le s .  I t  i s  c l e a r  t h a t  i t  i s  f i n i t e  when th e  r e a l  p a r t  o f s  i s  

la r g e  enough, and th a t  th e  convergence i s  un ifo rm  f o r  s  in  a com pact.

P ro p o s it io n  5 .3 . I f  I  be longs to  SQ(M) and cp be longs to  <2

th e n  Z(h.cp, §, s )  h as  an a n a ly t ic  c o n tin u a tio n  to  an e n t i r e  fu n c t io n

o f s and s a t i s f i e s  th e  fu n c t io n a l  e q u a tio n  Z(h.cp, § ,s )  =

Z(h.cp)z' , /| ,  1 - s )  .

P ro o f: The p roof i s  e x a c t ly  a s  in  C o ro lla ry  3 .5 .1 .

F or each  § in  S(M) th e r e  i s  an e lem en tary  idem potent §

such th a t  1(g) = J  $ (h g ) |(h _1)dh  . S u b s t i tu t in g  t h i s  in  th e  i n te g r a l

Z(h.cp, $ ,s )  and changing v a r ia b le s ,  we have



2 _ 2
J  c p ( h g )  $ ( g )  | d e t g  |  d g  =  J  £  J* c p ( h k g ) § ( k ) d k j l ( g )  | d e t g |  d g  
G G K

n-1 
s+ —

=  J  f h ( g ) l ( g )  | d e t g  | d g  .

I f  tt i s  an i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n  o f  H(G) on th e  

subspace d^ o f  <2 , and cp 6 d^ , th e n  f o r  each h  > f ^  i s  a 

c o e f f ic i e n t  o f TT .

C o ro lla ry  5 .3 .1 . I f  f  i s  a c o e f f ic i e n t  o f tt o f  th e  ty p e  c o n s tru c te d  

in  ( 5 .3 ) ,  and § be longs to  SQ(M) , th e n  Z ( f ,§ , s )  i s  a b s o lu te ly  con­

v e rg en t f o r  r e a l  p a r t  o f  s  la r g e  enough, h as  an a n a ly t ic  c o n tin u a tio n  

to  an e n t i r e  fu n c t io n  o f  s , and s a t i s f i e s  Z ( f , i , s )  = Z ( f&, ^ , l - s )  . 

P ro o f ; Apply P ro p o s it io n  5 .3  to  Z (fh , l , s )  = Z(h.cp, § ,s )  w ith  h = e . 

These s p e c ia l  z e ta  i n te g r a l s  w i l l  g iv e  most o f  th e  in fo rm a tio n  about 

L (s ,rr) t h a t  we were a b le  to  g e t  in  th e  u n i ta r y  s i t u a t i o n .

F i r s t ,  a s p e c ia l  c a se . Suppose tt c o n ta in s  th e  t r i v i a l  re p re ­

s e n ta t io n  o f K . Then tt̂  c o n ta in s  th e  t r i v i a l  r e p r e s e n ta t io n  o f  Ky 

f o r  each v . I f  cpv i s  th e  s p h e r ic a l  fu n c t io n  a tta c h e d  to  TT̂ , and

$ i s  th e  c h a r a c t e r i s t i c  fu n c t io n  o f  K f o r  v non-archim edean, th e  v v

fu n c t io n  $(x) = exp(-TT t r ( x x  ) )  f o r  v r e a l ,  and th e  fu n c t io n
M ■jj

§ (x )  = exp(-2TT t r ( x x  ) f o r  v co m p lex , th e n

n-1
S+ 2

J  cpv (gv)^ v (gv ) |d e t g v |v = L(s,TTv) .

L et cp = tt cpv and i  =  tt $v  .

Theorem 5 .4 .  L et tt be an i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n  o f
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G(A) on 2  which c o n ta in s  th e  t r i v i a l  r e p r e s e n ta t io n  o f  K . D efine

L ( s , tt)  =  t t L ( s , itv )  . Then

1) The i n f i n i t e  p ro d u ct i s  a b s o lu te ly  convergen t f o r  th e  r e a l  

p a r t  o f  s  l a r g e  enough.

2) L ( s , ti)  h as an a n a ly t ic  c o n tin u a tio n  to  th e  whole complex

p lan e  and s a t i s f i e s  L (s ,r t)  = e ( s ,n )  L ( 1 - s , tt) .

3) L ( s , tt)  h a s  a t  m o s t  a  f i n i t e  n u m b e r  o f  p o l e s .

P ro o f: Z(cp, §, s )  converges a b s o lu te ly  f o r  r e a l  p a r t  o f  s s u f f i c i e n t l y

la rg e ,  because th e  s p h e r ic a l  fu n c tio n  i s  a c o e f f ic i e n t  o f  th e  form ( 5 .3 ) .

S p e c i f ic a l ly ,  cp(g) = J  f (k g )  §(k "'"Jdk , where f  i s  th e  unique r ig h t
G

K -in v a r ia n t  fu n c t io n  in  th e  space o f tt whose v a lu e  a t  th e  i d e n t i t y  i s

1 , and § i s  th e  c h a r a c t e r i s t i c  fu n c t io n  o f K . I t  fo llo w s  th a t

Z ( tp ,l ,s )  =  tt Z(cpv> $ v > s )  =  t t L ( s , ttv )  and t h a t  t t L ( s , ttv )  converges

a b s o lu te ly  whenever Z(cp, § ,s )  does.

Now re p la c e  $ by a fu n c t io n  Y in  SQ(M) by th e  method o f  §4.

Then j u s t  a s  b e fo re , we have th e  r e l a t i o n  L ( s , tt)  = E (s )L (s , tt^ )L (1 -s, TTg)

where v and v a re  any two p la c e s  (which can be th e  same i f  non-

archim edean) and H (s) i s  an e n t i r e  fu n c t io n  which depends on v and

v_ . T h is  shows L (s , tt) has th e  d e s ir e d  c o n tin u a tio n , and th e  same
2

com putations as in  th e  L case  y ie ld  th e  o th e r  a s s e r t io n s .

More g e n e ra lly ,  l e t  tt be an i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n  

o f H(G) on a subspace <2̂  o f  O. . C onsider th e  i n t e g r a l s  Z ( f ,$ , s )  

where f  i s  a c o e f f ic i e n t  o f th e  form c o n s tru c te d  in  ( 5 .3 ) .  I f  5 i s  

f a c to r i z a b le ,  Z ( f ,$ , s )  = TTZ(fv ,$ v , s )  . At th e  non-archim edean p la c e s , 

th e  f i n i t e  sums o f i n te g r a l s  Z ( fv ,$ v , s )  o f t h i s  ty p e  form  an id e a l  

c o n ta in e d  in  th e  id e a l  g e n e ra te d  by such f i n i t e  sums f o r  a r b i t r a r y  co­



24

e f f i c i e n t s .  The g e n e ra to r  o f th e  f u l l  id e a l  i s  L (s ,ttv ) , and th e r e fo r e  

th e  g e n e ra to r  o f  th e  su b id e a l i s  Qv (X )*L (s,tt ) , where Q(X) i s  a 

po lynom ial in  X = <1  ̂ w ith  Q(0) = 1 . In  f a c t  Q(X) |pq (X) . At 

th e  archim edean p irc e s  th e  same phenomenon o c c u rs . The g e n e ra to r  o f 

th e  f u l l  id e a l  i s  E (s )P Q(s )  , and t h a t  o f th e  sub - id e a l  i s  E (s )P q (s)Q v ( s )  , 

where Q i s  a po lynom ial w ith  Q(0) = 1 .

I t  fo llo w s  th a t  g lo b a l ly  we can choose a f i n i t e  number o f  coef­

f i c i e n t s  cpA and SL in  S(M) so t h a t  each Z(<Pi ,§ i> s )  i s  o f th e  

form  (5 .3 )  and £ Z(cp. , I . , s )  = TT L (s , tt ) • tt Q ( s ) , S b e in g  a  f i n i t e
1 1  V  ^  _ Vv€s

s e t  o f  p la c e s .

Theorem 5 .5 .  L et tt be an i r r e d u c ib le  a d m iss ib le  r e p r e s e n ta t io n  o f

H(G) on Cl . L et L (s ,t t)  = ttL C s .tt^ )  . Then

1) The p ro d u ct i s  a b s o lu te ly  convergen t f o r  r e a l  p a r t  o f  s 

s u f f i c i e n t l y  la r g e .

2) L (s , tt) has an a n a ly t ic  c o n tin u a tio n  to  th e  whole complex

p lan e  and s a t i s f i e s  L (s , tt) = e(s,TT) L(1- s , tt) .

P ro o f: We have £ , s )  = ttl( s , ttti,) • ttQb . The l e f t  s id e  i s
1 v€S

a b s o lu te ly  convergen t f o r  r e a l  p a r t  o f  s  l a r g e  enough, g iv in g  th e

convergence o f th e  p ro d u c t.

Again re p la c in g  ^  by ^  in  SQ(M) we have

£ z (c p  ,Yi , s )  = L(s,Tr)*L_1(s,TT1) •l" 1 (1 - s , tt2 ) •e“ 1 ( s ,  tt2) tt Qv .
v € s

^ V V2

The l e f t  s id e  i s  e n t i r e ,  so



w hich g iv e s  a c o n tin u a tio n  o f L ( s , tt)  t o  th e  whole complex p la n e . 

The f u n c t io n a l  e q u a tio n  fo llo w s  as b e fo re .



APPENDIX

Let V be a r e a l  v e c to r  space o f  f i n i t e  dim ension n w ith  l a t t i c e s  

L and L^ , where L^ i s  a s u b la t t i c e  o f L o f index  m . Let
£  j|(

<, >: VXV -* E be a nondegenera te  b i l i n e a r  form , and l e t  L and L^

be th e  l a t t i c e s  d ua l to  L and L^ . I f  $ i s  a Schwartz fu n c t io n  on

V th e n  th e  F o u r ie r  tra n s fo rm  o f $ i s  ^ (y )  = J  $(x) ijf<x,y> dx w ith
V

^ a f ix e d  n o n t r iv ia l  a d d i t iv e  c h a r a c te r  o f E and dx th e  H aar m easure
Aon V no rm alized  so t h a t  $ (g) = § ( -y )  I f  Y i s  a fu n c t io n  on L /L^

th en  th e  F o u r ie r  tra n s fo rm  o f Y i s  a fu n c t io n  on L^/L d e fin e d  by 

_n

^ (y )  = m 2 E Y(x) X-’y> ) . Extend Y to  a l l  o f  L by s e t t in g
x € l / l 1 x '

Y(y) equa l to  th e  v a lu e  o f  Y on th e  c la s s  o f y mod 1^ . Then we

have th e  fo llo w in g  v e rs io n  o f th e  P o isso n  summation fo rm u la .

Lemma A . I . 2 §(x) Y(x) = m 2 ^(x/m ) ^ ( - x )  
x 6 l  x€l*

P ro o f; 2 §(x) Y(x) = 2  Y(x) 2  §(x+my) . S ince
x € l  x Gl /L ^  y€L

J  §(x+my) ')'<y,z> dy = m~nji( <X’m~2>)  J  § (y )
V

we have

2 i (x )  Y(x) = m“ n E f (z /m )  2 Y(x) 
x € l  zQj xcL/L^ '

- n /2  E ^ (z /m ) ^ ( - z )  .= m
z € l
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We w i l l  u se  t h i s  lemma to  prove th e  a n a ly t ic  c o n tin u a tio n  and fu n c t io n a l  

e q u a tio n  f o r  c e r t a in  D i r ic h le t  s e r i e s  a tta c h e d  to  autom orphic form s.

L et G = G 1(n,B ), T = G l(n ,Z ) , Z = c e n te r  o f  G , and K = 0 (n ,E )  . 

For th e  pu rposes o f t h i s  appendix  l e t  an autom orphic form f o r  T be a 

smooth fu n c t io n  on T\G w ith  th e  fo llo w in g  p r o p e r t ie s :

1) f  i s  r ig h t  K - f in i t e  and tra n s fo rm s  ac co rd in g  to  a
y

q u a s i c h a ra c te r  o f B u n d er t r a n s l a t i o n s  by Z .

2) f  s a t i s f i e s  some d i f f e r e n t i a l  e q u a tio n  (which we do

n o t need e x p l i c i t l y ) .

3) th e re  a re  p o s i t iv e  c o n s ta n ts  m,c such th a t  | f ( g ) |

£ c ( ||g ||* )m y th e  norm || ||* b e ing  d e fin e d  a s  in  §5.

Let X be a c h a ra c te r  o f  th e  m u l t ip l ic a t iv e  group o f  Z /toZ  which 

i s  p r im it iv e  mod m and ex tend  X bo Z by s e t t i n g  X(*0 = 0  i f

(n,m ) = 1 . I f  x i s  in  M (n,Z), w r i te  X(x) f o r  X (det x) . Then

X may be reg a rd ed  a s  a fu n c t io n  on M(n,Z/mZ) . In  th e  d e f in i t i o n  o f 

th e  F o u r ie r  tra n s fo rm  ta k e  <x ,y >  to  be t r ( x y ^ )  . We u se  th e  fo llo w ­

in g  n o ta t io n s :

2 i s  th e  sum o v e r a l l  x in  M(n,Z)

S' i s  th e  sum r e s t r i c t e d  to  th o se  x in  M(n,Z) w ith  non -zero

d e te rm in a n t.

Lemma A .2 . I f  § i s  in  S(M) and X i s  a s  above, th en

m"1 0
S $(h_1x g )x (x ) = m n //2  2  ^T hV  * . , )x g &"]x(“ x) |d e t  h |n • |d e t  g |

L 0 m J

P ro o f: The l a t t i c e  M(n,Z) i s  s e l f  dual f o r  th e  b i l i n e a r  form t r (x y ^ )

so t h i s  i s  a d i r e c t  consequence o f  Lemma A .l  w ith  L/L^ = M(n,Z^mZ) .
X

Lemma A.3. Let X be a c h a ra c te r  o f  Z/mZ and g'(x) =

1/2m 2 X(a ) ^(a/m ) , th e  co rre sp o n d in g  G aussian  sum. Extend X as
a€z/mZ
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above and view i t  a s  a fu n c t io n  on M(n,Z/mZ) . Then f o r  y € M(n,Z/mZ) 

we have

* {
X ( y )  g“ <%) i f  (d e t y,m) = 1 

0 o th e rw is e .
x ( y >

A n
P ro o f : F i r s t  we show th a t  X(e) = 8 (X) • I f  x € M(n,Z/mZ) i s

i n v e r t i b l e ,  th en  x can be w r i t t e n  u n iq u e ly  in  th e  form

x =
11 m

nn

w ith  a € Z/mZ and Y = (y.  .)  i n  P 0 r \ r  where T = S l(n,Z /m Z) and
i j

P i s  th e  subgroup o f G l(n,Z/m Z) c o n s is t in g  o f  u pper t r i a n g u la r  

m a tr ic e s .  The decom position  i s  un ique  because x i s  i n v e r t i b l e  and 

x  = a*Y = a ^*’Y1 im p lie s  = Y^*Y 1 , so t h a t  a ^ ^ a  b e lo n g s to

b o th  P and Pfir\r and i s  co n seq u en tly  th e  i d e n t i t y .

Now

A / O
X (e) = m 2 x ( x ) ^ ((tw O /m ) .

x€M(n,!5/mZ)

S ince  X(x ) = 0 when x i s  n o t i n v e r t ib l e ,  we may assume t h a t  x h as  

th e  above decom position , so

X (e) = n fn / 2  2 X(an * ••* ,! ,)
a^ € z /m Z  11
Y€pnr\r

- 1 .  / a i l  *•* a ln^ d l l  Yln>m t r

an v / % i l  Ynr

= m~n 2 /2  L  ^ (a H -  * •ann ) t ni“ 1 (a l l Yl l + - * *+annYnn) ]  * a ^ tZ /m Z

( v ^ je p n r x r

l^ i< h  a Gz/mZ 
i< j  J



We need o n ly  sum f o r  th o se  Y such  t h a t  y   ̂ = 0 f o r  a l l  i  <  j  , 

s in c e  o th e rw ise  a t  l e a s t  one o f  th e  sums a t  th e  r ig h t  i s  z e ro . When

= 0 f o r  a l l  i  <  j  , each  o f  th e  sums on th e  r ig h t  h as  th e  v a lu e  m ,

and th e  summation o v e r  P 0 r \ r  reduces to  e v a lu a tio n  a t  th e  i d e n t i t y
/ \  -1  

m a t r i x .  T h e r e f o r e ,  x(e) =  m £  x ( a i  t  • 'K m ( a n  +  * • • + a r , « ^
a ^ S z /m Z  11 m  11 nn

= gn (X) . Now to  prove th e  lemma, i f  y i s  i n v e r t ib l e  in  M(n,K/mZ)

w e  h a v e  X(y) = m n  ^ 2  £  X (x y V)  ^  ~ “ )  =  X 1 ( y )  g?1(X) • E v e r y  y  in

M (n,Z /m Z) , i n v e r t i b l e  o r  n o t ,  can be w r i t t e n

y = Yx

A A (  8 1 ° \
w ith  y, and Y0 in  S l(n,Z /m Z) , and th en  x ( y )  = X \ • 1

1 2  '  0 * a 'n

Suppose t h a t  y i s  n o t i n v e r t i b l e .  I f  d e ty  = 0 we may assume a^ = 0 

S ince X i s  n o n t r iv ia l  th e r e  i s  an i n v e r t ib l e  r  in  Z/m Z  so t h a t  

X ( r )  ^ 1 . Then

A °, ° \  A
= X(r) X vX \  1 = X

'0  a„,

so t h a t  x ( y )  = 0 . I f  y i s  n o t i n v e r t ib l e  b u t d e ty  i s  n o t z e ro , we

may assume a . l a .  , . Then (a  ,m) = m7 j* 1 . S et m = m'd and J i 1 l+ l  n

a = m7 c • S ince  X i s  p r im it iv e  mod m , th e r e  i s  a u in  Z/m®
n

such t h a t  1+ud i s  i n v e r t ib l e  mod m and X(l+ud) ^  1 . Then 

(l+ u d )an = an (mod m)



so that x ( y )  =  0 •
2  2 -  P ro p o s it io n  A .4 . L et f  and ±2 be i n  L (I\G,U)) and L (I\G,U))

r e s p e c t iv e ly .  F ix  § in  S(M) , and l e t  X be a c h a ra c te r  a s  above.

Then ns

I ( f  , f  , $ ,x , s )  = m"2" J' dh J' f  ( g ) f  (h )E ' $(h“ 1x g )x (x ) |d e tg  | s |d e th  f Sdg
1 ^ z r \G  r \ c  1

d e f in e s  a  holoraorphic f u n c t io n  o f  s  i f  th e  r e a l  p a r t  o f  s  i s  

s u f f i c i e n t l y  la r g e .  I f  xn (“ l )  ^  1 > f g ’ = 0 •

P ro o f : Assume th a t  I  i s  p o s i t iv e ,  and l e t  c  be th e  r e a l  p a r t  o f  s .

no

l l  <f x > f  2> ®>X> s ) I *  | | |  * | |f 2 | | |  * m2 * V o l(ia \G ) * | |F ( . , . , a ) | |L2xL2 .

The r ig h t  hand s id e  i s  f i n i t e  f o r  c  la rg e  enough by Lemma 3 .2 , and 

convergence i s  un iform  f o r  s  in  a com pact. For th e  second a s s e r t io n ,  

send x to  (* x>. and th e n  send g t o  ( " x *. yS • S ince f^  i s

in v a r ia n t  f o r  ■) , fg , $,X> ®) = X ^ - l J K * - ^  fg> $>X> s )  *

Theorem A .5 . I f  x  i s  n o n - t r i v i a l ,  IC f^ ,fg ,$ ,x > s )  h as  an a n a ly t ic  

c o n tin u a tio n  t o  an e n t i r e  fu n c t io n  o f  s  and s a t i s f i e s  th e  fu n c t io n a l  

e q u a tio n

I ( f l , f 2 , $ , X , s )  = gn ( x ) I ( f j , f 2 A x > n - s )  .

P ro o f: W rite  I  a s  th e  sum o f  an  i n te g r a l  o v e r |d e tg  | ^  1 and an

i n te g r a l  o v e r  |d e tg  | £ 1 . From th e  p roo f o f  Lemma 3 .2 ,  i t  fo llo w s  th a t

th e  f i r s t  d e f in e s  an  e n t i r e  fu n c t io n  o f  s  and th e  second converges 

a b s o lu te ly  i f  th e  r e a l  p a r t  o f  s  i s  la rg e  enough. By a p p l ic a t io n  o f  th e

P o lsso n  summation form ula o f  Lemma A .3, th e  second e q u a ls  (fo rm a lly )

<A’5> J <s- ° j d h  l i . w i . w f i f ' 1 . o . V T k - D l d r t g l ^ M h l 1
rz \G  I\G  u 0 m J

|d e tg  |^1



The terras f o r  rank  x <  n drop o u t because X(x) = X(x ) = 0 i f  

d e tx  = 0 .

Changing g in to  g2, shows th a t  th e  i n te g r a l  (A .5) d e f in e s  an  

e n t i r e  fu n c t io n  o f  s , which j u s t i f i e s  th e  form al u se  o f  th e  summation 

fo rm u la . S u b s t i tu t in g  f o r  x  and making a change o f  v a r ia b le  we have

I ( f l ( f 2 ) $ ,X ,s )  = 

ns

m 2 J* dh J' f^ g J fg C h J E 7 i (h _1x g )x (x )  |d e tg  |S |d e th  J“ s dg 

|d e tg  | s i

5 ( n - s )
+ ^ ( X ^ C - 1 )®^ J dh J' f 1 (g Z,) f 2 (hz,) S / ^ (h -1 x g )x (x ) (detg  |n~s |d e th  |

|d e tg  |^1

The fu n c t io n a l  e q u a tio n  fo llo w s  from  th e  f a c t  t h a t  g ( x ) g C X )  = X (~ l) • 

An au tom orphic form  i s  c a l l e d  a  cusp  form  i f  J  f(u g )d u  = 0 every

u n r \ u

tim e U i s  th e  u n ip o te n t  r a d ic a l  o f a  p ro p e r  p a ra b o lic  subgroup o f  G 

C o ro lla ry  A .5 .1 .  I f  X i s  t r i v i a l  and f^  i s  a cusp  form  th e n  th e  

theorem  i s  s t i l l  t r u e .

P ro o f: The on ly  th in g  to  show i s  t h a t  th e  term s f o r  rank  x < n drop

o u t when th e  P o isso n  summation form ula i s  a p p lie d .  These term s a re

J  dh J‘ f^ g J fg C h )!  Z C h 1̂ ”1 • . °_ 1)xgZ,l  |detg |“n |deth  Jn

| d e t g | * l  rkX^  °  ‘ m

E §(h  1x g ) j '|d e tg  |S |d e th  | Sdg . 
rkx<h

F i r s t  we look  a t  th e  te rm s f o r  rkx = 0 . We have a term  w ith  I

which i s
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1
- $ ( 0 )  * J  f 2 ( h ) d h  J  f ^ g j d g  J* | t  | S  d Xt  .

rz \G  rz \G  0

S ince  i s  a cusp  form i t  i s  o r th o g o n a l to  th e  c o n s ta n t  fu n c t io n s , and

so t h i s  term  i s  z e ro . The term  w ith  ^  i s  s im i la r ly  found to  be z e ro . 

Note t h a t  th e s e  term s a re  a b s o lu te ly  convergen t f o r  r e a l  p a r t  o f s la rg e  

enough, so i t  i s  l e g i t im a te  to  c o n s id e r  them s e p a r a te ly .
n-j j

I f  rkx  = n - j  , w ith  0 < rkx  < n , we can w r i te  x  = ( * | 0 ) * V

where y 6 P.D I \ r  , P . b e in g  th e  p a ra b o lic  subgroup o f  G w ith  e lem ents 
3 3

(  * 0 \n - j  / n -J  I  ̂ \o f  th e  form y ^  ̂ . C a ll th e  s e t  o f  ̂ * | 0 j  w ith  e n t r i e s  in  X

and rank  n - j  by Xj . Then we have:

J  d h  J* f  ( g ) f  ( h )  £  i " h t x g z'"l | d e t g | S “ n  d Xg
r w .  _  t- . _  C K rkx*^rz\G I\G

| d e t g | s i

n™ X
= £  JT f  ( g ) f  (h ) £  £  I T i^ xy gZ'"l |d e t g |s_n d Xg

j= i 1 * xec. vep.nrxr L J
J  J

n _  ̂

= £  J* dXh J  f  ( g ) f  (h ) £  ^ x g ^ l  |d e t g |S_n dXg .
j= l  _ . x€x. L J

rzs>G pJnr\G J

Now we may w r i te  G = U.M.K where U. i s  th e  u n ip o te n t r a d ic a l  o f P*
J  J  J  J

anH K i s  th e  s ta n d a rd  maximal compact subgroup o f G . The Haar

m easure has a  c o rre sp o n d in g  decom position , and we may c a lc u la te  th e  

i n te g r a l  o v e r  g in  th e  form

f J J f 1(uml0  £  ^rutxuZ'mZ'kZ'l Jdetm|S n dudXm dk .

Uj ITVJj  Mj nr\ Mj  K
x£X

Now xu2, = x so th e  in te g r a l  over u i s  J  f^ u m k jd u  , and t h i s  i s

B jn rv r ,
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z e ro  s in c e  f^  i s  a cusp  form . The in te g r a l  f o r  $ i s  done s im i la r ly .

T h is  shows th a t  th e  i n te g r a l s  f o r  rkx <  n a re  z e ro  a s  d e s ire d , and g iv e s  

im m ediately  th e  fu n c t io n a l  e q u a tio n  l ( f  , f  , $ ,s )  = I ( f ^ , f ^ , ^ , n - s )  .1 A 1 6

Lemma A .6 . Let ? be long  to  S(M) and l e t  f  ̂  and f ^  be autom orphic
2 2 —form s in  L (I\G ,(«) and L (I\G,U>) r e s p e c t iv e ly .  Then i f  <p(g) =

J  f^ h g J fg O O d h  we have t h a t  Z(cp, f , s ) -= j* tp(g)§(g) |d e tg  |Sdg converges 

rz \G  G

a b s o lu te ly  f o r  r e a l  p a r t  o f  s s u f f i c i e n t l y  l a r g e .  .

P ro o f: The p roof i s  th e  same a s  f o r  P ro p o s it io n  3 .6 .

Now l e t  Sk = {x € M (n,2 ) :  |d e tx  | = k ]  , and d e f in e  th e  Hecke

o p e ra to rs  Tk , which a c t  on th e  space  G o f  autom orphic form s, by

“ 1 2 ( T . f ) (h ) = 2 f ( x  h ) . The T. a ls o  a c t  on L (r\G,u>) by th e  same
k x€s. / r  Kk

2
fo rm u la . These o p e ra to rs  commute w ith  each  o th e r .  Now V = G f| L (r\G,(U)

i s  th e  d i r e c t  sum o f f i n i t e  d im ensional subspaces each  o f which i s

in v a r ia n t  f o r  a l l  th e  Tk . The a d jo in t  o p e ra to rs  Tfc a re  g iv en  by

( T .f ) ( h )  = 2 f ( x  h) . The T. commute w ith  each o th e r  and w ith  T.
k x€sk/ r  1

f o r  every  i  , so t h a t  in  p a r t i c u l a r  each Tfc i s  norm al. T h e re fo re
2

th e r e  i s  a b a s is  f o r  G fl L (I\G ,u)) c o n s is t in g  o f e ig e n fm ic tio n s  f o r  

every  T. , and i f  f  i s  a v e c to r  i n  V which i s  an e ig e n fu n c tio n  f o rK
each T w ith  e ig e n v a lu e  a , th e n  f  i s  a ls o  an e ig e n fu n c tio n  f o rK K

mm
every  Tfc w ith  e ig e n v a lu e  ak .

2
Theorem A .7 . Let f  ̂ be an autom orphic form  in  L (I\G,u>) which i s  an



34

e ig e n fu n c tio n  f o r  each  Tk w ith  e ig e n v a lu e  . I f  x  has co n d u c to r m >  1

ns
th e  s e r i e s  A (x, s )  = in2 Z afcX(k ) converges a b s o lu te ly  f o r  th e  r e a l

kSl , s  k

p a r t  o f  s s u f f i c i e n t l y  la r g e ,  has an a n a ly t ic  c o n tin u a tio n  to  an e n t i r e

fu n c t io n  o f s  , and s a t i s f i e s  th e  fu n c t io n a l  e q u a tio n  A (x, s )  Z(9> §, s )  =

gn (X)A*(X.n-s)Z(cpZ', '! ,n - s )  w ith  A*(x, s )  = mns,/2 S a x (k )k " S and w ith
k s i  K

cp dnd $ a s  in  Lemma A .6.

2
P ro o f ; Let fg  be an a r b i t r a r y  autom orphic form  in  L (r\G,co) and l e t

<P(g) = J  f 1 ( h g ) f 2 (h )dh  . We have K ^ , f g , $ , x , s )

rz\G

ns
= m 2  J  J  f  ( g ) f  (h ) I  Z Z X (x)§(h  1xYg) |d e tg j s |d e th |  s  dgdh

1 kai X6sk/r  v€r

ns xOO
=  m 2 Z s J  J  Z f  (x- 1 g ) f  (h )$ (h - 1 g) |d e t g |s | d e t h f s dgdh 

kSsl x€sk/ r

= A (x ,s )  Z (cp ,f,s )  .

We may choose fg  and $ so t h a t  Z(cp, $ ,s )  i s  a  nonzero  c o n s ta n t .  

Then th e  f i r s t  two a s s e r t io n s  fo llo w  from P r o p o s it io n  A .4 and Theorem A .5 .

Now by Theorem A .5 K f ^ f g ,  $ , x ,  s )  s= gn (x) I ( f ^ , f 2 >^>X>n“ s) , 

and by a com putation  e s s e n t i a l l y  th e  same a s  t h a t  above we have

I ( f ^ , f g A x , n - s )  = A ^ x . n - s j Z C c p ^ t . n - s )  .

The f u n c t io n a l  e q u a tio n  fo llo w s  im m edia te ly .

C o ro lla ry  A .7 .1 . The theorem  i s  s t i l l  t r u e  i f  X i s  t r i v i a l  and f  ̂

i s  a cusp form .

P ro o f: Immediate from C o ro lla ry  A .5 .1 .
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C o ro lla ry  A .7 .2 . When n = 2 , in  th e  n o ta t io n s  o f th e  theorem  

A(X»s) = A (x ,2 -s )  .

P ro o f : I f  n  = 2 th e r e  i s  a  common s e t  o f  r e p r e s e n ta t iv e s  f o r  

{ x ^ x  € Sk/ r }  and {x_1 |x  € Sk/ r }  , so t h a t  Tk i s  s e l f - a d j o in t ,  and

ak = ak *

Example; I f  tt i s  th e  t r i v i a l  r e p r e s e n ta t io n  o f  G th en  th e  c o e f f ic i e n t

cp i s  a c o n s ta n t fu n c t io n  and th e  e ig e n v a lu e  ak i s  th e  o rd e r  o f  Sk/T  .

I f  (n,m ) = 1 , th e  o rd e r  o f  S^ / T  i s  th e  p roduct o f th e  o rd e rs  o f

S / r  and S / T  . (Follow s from P ro p o s it io n  3 .16  [S h im u ra ] .)  T h e re fo re , n m

E akX(k)k“ S = TT (  E a ± XCp1) ? " 13)  
i=0 p

where p runs o v e r  a l l  p rim es. For each  p th e  sum on th e  r ig h t  i s

“ sa c tu a l ly  a r a t i o n a l  e x p re s s io n  in  p . E x p l ic i t ly ,

E a X(P1)P_1S = ( l-X (p )p " S) ( l-X (P )P 1_S)  • • •  ( l-X (P )p n~1-S )  • 
i= 0  p

(Follow s from  Theorem 3 .21  [S h im u ra],;) T h e re fo re ,

n -1  1
E a. x (k )k " S =  tt tt ( l - X(p )p 1“ S) " ± , 

k i=0  p

so t h a t  th e  s e r i e s  i s  a c tu a l ly  th e  p ro d u ct o f o rd in a ry  L - fu n c tio n s .
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