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§0. Introduction,

Dirichlet series associated to classical modular forms were
first investigated systematically by Hecke. He showed that these
series have an analytic continuation and functional equation, and
he discovered that such a series has an Euler product expansion if
and only if the associated form is an eigenfunction for a certain
ring of operators (now called the Hecke operators). Much later,
Weil completely characterized the Dirichlet series associated to a
cusp form in terms of the analytic behavior of every series in a
whole class of related Dirichlet series.

Dirichlet series associated to other types of automorphic forms
have also been studied, notably the real analytic forms considered
by Maass. More recently, Jacquet, Langlands, and others have studied
the problem from the point of view of group representations., This
approach has unified and considerably generalized the previous theories.
Here, the automorphic forms are certain functions on Gl(n,F)\Gl(n,é) ,
where A 1is the ring of adeles of an algebraic number field F .
Corresponding to the Hecke operators, there is an algebra H(G) (the
Hecke algebra) and its admissible representations on the space of
automorphic forms. To each irreducible admissible representation
of H(G) is associated a unique function L(s,™T) , defined at first
only for the real part of s large enough., For Gl(z,é) Jacquet
and Langlands proved that if T is such a representation which acts
in the subspace of cusp forms, then L(s,T) extends to an entire
function which is bounded in vertical strips and satisfies a functional
equation and they completely characterized the irreducible unitary repre-

sentations which occur in the space of cusp forms in terms of a whole
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set of I-functions related to L(s,T) . For Gl(n,é) , it is shown in
[Godement~Jacquet] that if ™ is again such a representation which acts
in the subspace of cusp forms, then L(s,T) extends to an entire function
that is bounded in vertical strips and satisfies a functional equation.

The aim of this paper 1s to extend some of these results beyond
the subspace of cusp forms to the space of all automorphic forms. In
§1 and §2 we summarize some information about admissible representations,
the Hecke algebra, and the way in which the I~function is associated
to an irreducible admissible representation. The main theorem (§4) is
that if T occurs discretely in V = LZ(G(F)\GQQ),w) , then L(s, ™
has an analytic continuation to the whole complex plane, has at most a
finite number of poles, and satisfies a simple functional equation,

In §5 we prove a similar theorem for admissible representations which
occur in the space @ of automorphic forms on G(F)\GQQ) .
The primary tool in the proof is the Poisson summation formula

applied to Z &(hyg) , where & Dbelongs to S(M) , the space of
YEG(F)

Schwartz Bruhat functions on M(n,A) . There are difficulties in
applying the formula because terms appear corresponding to the singular
rational matrices. To avoid this, & will be chosen to lie in SO(M) ,
the subspace of S(M) consisting of functions ¢ such that &Chxg) =
e(th) =0 forall h and g in G(A) and all rational matrices
x with detx =0,

The appendix contains some of the same results in the language of

Dirichlet series and Hecke operators,

Notations: If v 1is a place of F , we let Gv = Gl(n,Fv) . If v
is a non-archimedean place of F and 0v is the ring of integers

of FV , define KV = Gl(n,Ov) « If v 1s real, let Kv = o (n,R)



and if v is complex., let Kv = U(n,C) . In any case the Haar
measure on Kv will be normalized so that the measure of Kv is 1.
The center Z(A) of GQ&) will sometimes be identified to I ,

the idele group of F .

§1., Admissible Representations.

If v is non-archimedean, define H(Gv) to be the space of
complex valued functions on Gv which are locally constant and
compactly supported. This space is an algebra under convolution.

A representation T of H(Gv) on a complex vector space V is said
to be admissible if (1) for every v in V there is an £ 1in H(Gv)
so that ™T(f)v = v and (2) for every open compact subgroup G' of G,
the vectors of the form T(f)v , where £ € H(Gv) is invariant on

the left by GI , span a finite dimensional vector space. Given such

a representation of H(Gv) on V , there is a representation T of

Gv on V related to the original representation by m(f)v =

I f(g) T(g)v dg which is itself admissible in the following sense.

Gy

A representation of Gv on a complex vector space V 1is said to be
admissible if (1) for every vector v 1in V the stabilizer of v in
Gv is an open subgroup of Gv and (2) for every open compact subgroup
G' of G, the space V' of vectors v in V stabilized by G’ is
finite dimensional,

There is a complete correspondence between admissible representa-
tions of Gv and H(Gv) . That is, a subspace is invariant under Gv

if and only if it is invariant under H(Gv) and an operator commutes

with the action of Gv if and only if it commutes with the action of

H(G ) .




Any locally constant function on Kv can be regarded as an
element of H(Gv) by setting it equal to zero outside of Kv e In
particular, if T& is a finite family of inequivalent irreducible
repre sentations of KV and §i(g) = dim(T&) Tr ni(g-l) , then %i
may be regarded as an element of H(Gv) . Functions of the form
E(g) = (meas K)—l z gi are idempotents in H(Gv) , and we refer to
them as elementary idempotents,

If v is archimedean, let Hl(Gv) be the space of infinitely
differentiable compactly supported functions on Gv which are K-
finite on both sides. Once a Haar measure has been chosen, the
elements of H1 may be regarded as measures, and then Hl is an
an dgebra under convolution. Consider the functions & on K which
are finite sums of matrix elements of irreducible representations of
K . These functions may be regarded as measures on Gv , and under
convolution they form an algebra HZ(GV) « Define H(Gv) = H1 + H2 .
It is also a convolution algebra., The elementary idempotents of H
are defined as in the non-archimedean case.

A representation T of H(Gv) on a complex vector space V is
said to be admissible if

1) Every vector v in V dis of the form

v = = TT(f,)V
1Sisy i

with fi in Hl and vi in V.
2) For every elementary idempotent § the range of T(E) 1is
finite dimensional.

3) For every elementary idempotent & and every vector v in

TE)V , the map £ - T(f)v of § * H,* € into the finite



dimensional space T(E)V is continuous,
Unlike the non-archimedean case, it is not possible in general to
construct a representation of Gv itself on V .

Iet F be a local field, archimedean or not. If T 1s a unitary
continuous representation of G(F) on a Hilbert space V , let V0 be
the subspace of . K~finite vectors in Vv , If the measure £ belongs
to H(G(F)) then the operator m(f) = [ £(g) T(g) dg leaves V,
invariant, In this way, we get a representation 7. of H(G(F)) on

0

A2 Now Vo is dense in V , so the class of T completely

o ° 0

determines the class of T , Assume that (¥ *). For every elementary
idempotent & of HG(F)) the range of w(E) is finite dimensional, Then
ﬂb is admissible, and T is irreducible (in the topological sense)

if and only if o is irreducible (in the algebraic sense). The co-

efficients of the admissible representation Tb are just the coef-
ficients of 1 which are K~finite on both sides. If T is a
unitary irreducible representation then it is known that T satisfies
(* %) if F 1is archimedean or if T is square integrable, and it is
a conjecture that it is always so,

From the local algebras H(Gv) we can construct a global algebra
H(G) which is a restricted tensor product of the local ores. A

representation of H(G) on a complex vector space V is admissible

if 1) every v € V can be written as a finite sum

Emf.)v., with v, €V and £, € Hy(G) .
1 1 1 1

2) For every elementary idempotent & the range of T(E) is finite
dimensional,

3) Let Yo be an archimedean place, and suppose § =@® EV where



each §V is an elementary idempotent of H(Gv) and §v is the

normalized Haar measure on Kv for almost all v , Then if

w €V, the map £ - ﬂ(f ® { ® g }\w of E H_ E
’ Yo Yo Vv, vi) Yo Yo Yo

into the finite dimensional spate T(E)V is continuous.

Every irreducible admissible representation of H(G) is factor-
izable., That is, T=Q m, » Where T is an irreducible admissible
representation of H(Gv) , and, if ev is the normalized Haar measure
of KV , the range of ﬂ&(ev) is one dimensional for almost all v ,

If 7 is unitary then each T% is unitary.

§2. 1~functions Associated to Admissible Representations,

If 7 1is an admissible and irreducible representation of H(G) ,
the function IL(s,T) is associated to T in the following way, Let
¢® be a coefficient of T and let 9, be its factor at the place v .,

n~-1
Form the integral Z(Q,% ,s) = g 9,8 )8 (&) |detgv |Vs+"2‘ dg,
v

with @v a Schwartz Bruhat function on M(n,Fv) « The integral is
absolutely convergent if the real part of s 1is large enough, If v
is non-archimedean, the set of all finite sums of such zeta integrals
is a fractional ideal in E[X,X '] , where X =4 ° and 4 is the order
of the residual field of Fv . This ideal has a unique generator
1/P0(X) with PO(O) =1 , and then L(S,Tb) = 1/PO(X) .

If v is archimedean, take & to be a Schwartz function of the
following type. If Fv = R , take ¥(x) = P(x) exp(—ZTTTrxxt) .with P
a polynomial on the real vector space M(n,R) . If Fv =T , take

d(x) = P(x)exp(—leTrxi‘t) with P a polynomial on the real vector
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space M(n,L) . Let Gl(s) =m 2 P(%s) and Gz(s) = (2n)1 S1"(s)
where ' 1is the gamma function. Define an Euler factor E(s) to be
a function of the form P(s) ™ G1(5+51) nj Gz(s+sj) if Fv =R , and

a function of the form P(s) ﬂj Gz(s+s )y if Fv = . P is a poly-

J
nomial and S5 and sj are some constants. Then there is a fixed
Euler factor depending only on ﬂv such that the set of finite sums
PN E'l(s) Z(¢i,§i,s) is a non-zero ideal in @fs] . If P, 1is the
unique generator with PO(O) =1, we define L(s,nv) = E(s) Po(s) .
Note that at any place we can find a finite number of 9 and §i so

that X z(wi,éi,s) = L(s,™ ) .

If v is non-archimedean and ﬂv contains the trivial representa-

n
» ‘ : ~ o]~ =81
tion of Kv , then L(s,nv) = ifl(l-pi(wv)lwvl ) where ui are

quasicharacters of Fﬁ and ® is a generator of the maximal ideal of
s

the ring of integers of F_ . Let u (%) = |& | Hi | The numbers s
v itv v Ky

depend on the spherical function attached to ﬂv . If m is unitary

then each ﬂv is unitary, and it is known that their corresponding

spherical functions are bounded independert of v , This implies that

%(n—l) < Re su < %(n-l) for every Hy and every v . All but a finite

1

number of the nv contain the trivial representation of KV . Now we

can define IL(s,m) =T L(s,nv) . Because of the bound on Re SM the
1
v

product converges absolutely for real part of s sufficiently large. If
7 1is not necessarily unitary, as in §5, we will need another method to
show the convergence of the product.

Let { be a non-trivial character of R\ A , and vv its local
component at v . For & a Schwartz Bruhat function on M(n,Fv)

define %(y) = I d(x) Wv(trxyt)dx , and let ﬁv be the contragredient



of ﬂ& . Then locally we have a functional equation

2(9,,8,,5) 2(§, 3 ,1-5)
e(syﬂvr¢v) = o
L(s, ™) L(l—s,ﬁ&)

2.1)

t -
Here qP(g) =9(g 1) , and €(s,ﬂ§,¢v) is a non-zero constant times
a power of q—S if v is non-archimedean, and a non~zero coanstant
times an exponential if v is archimedean. It follows that for

qb’év fixed, Z(q%,@v,s) is identically zero as a function of s if

and only if Z(qi,%v,l—s) is identically zero,

83. Continuation of Zeta Integrals.

We need the following convergence lemmas. The first is Lemma 12,5
in [godement-Jacquet].

Lemma 3,1, If & € S(M) , the integral I @(g)ldetg|sdg is absolutely
G(A)

convergent if the real part of s is greater than n ,
Lemma 3,2. For the real part of s sufficiently large, the integral

FCh,g,s) = f z @(h-lygz)ldetz|sdz |detg|s Idethl_s
z@ay/z@ TEE

converges absolutely and defines a holomorphic function of s ., For

each s and h the function is continuous in g, and as a function of

2 2
h and g it belongs to L (GF%é\qé)x L (GF?é\qé) .

Proof: This is a direct consequence of Lemmas 11.8 and 11.9 in

[Godement~Jacquet].
Now define LZ(G(F)\G(é),w) to be the space of functions on
G(F)\G(A) which transform under the center by £(zg) = w(z)i(g) ,

where ® is a character of Fx\l , and which are square integrable on



G(F)Z(ﬁ)\G(é) . Throughout the rest of this section, V is the space
L2(G(F)\GQ5),w) and p is the representation of G(é) on V given
by right translations,

Proposition 3.3. If £ €V and & € S(M) , then | £(g) 3(g) ldete [Pag
G(A)

converges absolutely if the real part of s 1is large enough.
Proof: We may take f and & positive. Let O be the real part of

s . Then

[ &) 3(e) laete|%ag = [ (o) | £ 8(ve2) laetz %z |dete |ag

?QGF\QQ zFxgé
< [l e, o0 lE

which is finite for o© 1large enough,

Corollary 3.3.1., The integral I f(g)o(g) ldetglsdg is absolutely

G(A)
|gete |21

convergent for all s ,
Proof: Again take f and & positive and © equal to the real part
of s . Then
g . t
0s [ 2@ ldete| dg s | 2(e)2(e) |dete|"ag < o
|aetg |21
if t 1is large enough and O =t ,

Proposition 3.4. If the real part of s is large enough, and & € s(M) ,

n-1
the integral Z(p,%,s) = J p(eg) %(e) ldetg|s+'-2_ dg converges absolutely
G(A)
and defines an operator onv V . There are choices of & <for which this

operator is not identically zero as a function of s ,
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Proof: We have
n-1
St—5~
[ [ £e)8@) laetgl  “ ag| an

ZyG\Gy | Gy

1§

o 2 |

n-1

2

lle|f” [ 2@ ldetg|s+ 2 g

Gy

The right side is absolutely convergent for real part of s large
enough, so that for s in some right half plane Z(p,%,s) is a well

n-1
2

s+
defined operator on V . Since _\h(p,@,s)“ = | I@(g)‘detgl dg
G(A)
there are always choices of & for which the operator is not the zero

operator.

Proposition 3.5. ILet f belong to V and & to SO(M) . 'Then

. s n;l
Z(£,%,8) = J f(g) ¥(g) |detg| dg has an analytic continuation to

G(A)
an entire function of s and satisfies Z(f,%,s) = Z(fb,e,l—s) .
Proof: We have

Z(£,%,8) =
,n-1 n-1
Sp—g~ St—5-
[ )3 |dete | dg + | 23 laetg] “ag .
|detg |21 |detg [<1

The first integral is entire. The second converges absolutely for the real

s+ 1

2
part of s large enough, and equals I f(g) Z @(Yg)ldetgl dg .

cEnem ®
detg | =T
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By the Poisson summation formula,

Za(ve) = I ove?) ldeve |+ Z Bxe®) |dete|™ - T &(xe) .
YEG(F) YEG(F) x€M(n,F) xS (n, F)
detx =0 detx =0

Because & 1lies in SO(M) the last two terms are zero. Since % is
also in SO(M) we may substitute the new sum X %(ng)ldetgl—n for
the original one and still have a convergent integral for the real

part of s sufficiently large. The new integral is

. —n+s+2%l . 1-s+2—9—7l
[ 2 = 2ve®) laete| = [ 2% laete]| e .
GENG(A) G(a)
detg |1 ldetglz1
This integral is entire by Corollary 3.3.1. Finally,
s+I-1%-:E . 1—s+E:l
72(2,8,8) = [ 2@ laete] Zag+ [ 268 laete]

ldetg |21 ldetg |21

and the assertion follows,

Corollary 3.5.1. Let (h.f)(g) = f(hg) . If 3 € SO(M) the asser—

tions of the theorem are true for Z(h.f,%,s) with functional equation
v 4

Z(.£,%,s) = Z((h.£)",?,1-5) .

Proof: The proof is the same as that of the Proposition,

Proposition 3.6. If ¢ € SO(M) and ¢ is any coefficient of p then

s n;l
Z (¢, %,8) = I qxg)@(g)ldetg| dg is defined and holomorphic for
G()

the real part of s 1large enough, It has an analytic continuation to

the whole complex plane as an entire function of s , and satisfies

z¢9,8,8) = 7(q°,3,1-8) .

dg



12

Proof: Assume that & 1s positive and let o be the real part of s .

Then
n-1
0"1-2-—-
lz¢p 3,5)| = [ J e, )T, | an 2(e) |aete| dg

G Z,GN\Gy

3% or 22
< ”fluz Illelz [ 8@ laetgl 2 ag .

Gy

This proves the first statement. The absolute convergence justifies

the following computation,

Z2(9,8,8) = Z(< p(e)f;, 1>, &, s)

<Z(h.1,, 8, s), £, >

1]

A
<z(h.f1)‘, 8, 1-5), £, >

7(< peh)ty, 1, > 8, 1-5)

ACE 8, 1-s) .

Note that ¢P is a coefficient of the regular representation on

12@ENG@), ) .

Corollary 3,6.,1, For & € SO(M) , the operator A(s) = Z(p,%,s) has an

analytic continuation to an entire function of s with values in the
Banach space /8 of bounded linear operators on V ,

23222: By the argument on p.184 of [Godement-Jacquet], there is a
majorization IA(s)v,w)I = c“V“lMH where ¢ 1is a constant which is
independent of v and w and independent of s as long as s remains
in a strip of finite width, This impiies that A(s)v can be uniquely

defined for every s and v .
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By the Proposition, if s - SO’ l(A(s)-A(so))v,w)l -+ 0 for every
v and w , so that as a function of s, A(s)v is continuous for every

v ., In fact, the convergence is independent of v if v 1lies in a

bounded set, because

n-1 s+ n-1
I(A(s)vaA(s )v, wﬂ < vleiwll 1 [ @(g){ldetg| 2 - laetg] 2 }dg
|dete |21
1-s4 221 1-s + —z.
+ f%@ﬂhdﬂ 2 - |aete] hﬂ .

laetg |=1

n

sup IA(s)v—A(s )vl -0,

Therefore, s - s, implies ”A(S)"'A(So)” ” “
v|<1

0

so that s —A(s) 1is continuous in the norm topology.

The maps B - (Bv,w) from /B to & form a total set in the
space of continuous linear functionals on [ when /[ is given the
strong operator topology. Together with the continuity of s - A(s)v
and Proposition 3,6, this implies that s = A(s)v 1is entire for
every V.

Finally, since s = A(s) is continuous, we have that for every

closed contour C in € and every v, J'A(s)ds-v = JIA(s)vds =0,
(o] C

Therefore s = A(s) 1is entire.

Because of the functional equation of Proposition 3.6, the operator
satisfies the functional equation Z(p, %,s) = Zt(ﬁ, Q, 1-s) where the
contragredient E is the regular representation of G(_.l}-) on

L2(G(FNG(A) , B)

§4, Continuation of I~functions,

Assume now that T 1is an irreducible admissible representation of
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H(G) on an algebraic subspace V of L2(G(F)\G(é),w) , and assume

that & € S(M) is factorizable, That is, & = m @V . If ¢ is any
coefficient of w then Z(w, §,5) = ﬂvz(qy,év,s) . For all but a

finite number of places Z(wv,év,s) = L(s,ﬂb) , Since ?, is the

spherical function associated to Tb and @V is the characteristic
function of KV « At each of ‘the remaining places there are a finite
number of coefficients q&’v and a 'finite number of functions §i,v € S(Mv)

such that I AC "y V,s) = L(s,T ) . Then globally there are a finite
b

i,

number of ¢ and @i such that
z Z(¢&,§i,s) = L(s,T) .

Now @i will be modified to obtain a function Yi belonging to

SO(M) . Choose distinct places v, and Vo o Let Yv

1 and YV be

1 2

Schwartz Bruhat functions whose supports lie in Gb and Gv respect-
1 2

' s+ n-1
ively,. and for which I Qvl(g) le(g) |detg| 2 dg=1 and

le

Vi

1-s+ n-1

I ) (gL) % (g) |detg| 2 dg=1. To construct ¥ , for
g Ve Va Va 1

Vo

instance, choose an h in Gv for which qafh) #Z 0 , There is a
1

compact subgroup K' of Gv such that Iqb(hk)dk = qxl(h). Take Y’
1 M ;
K

with its support in heK’ so that I = f ¥/(hk)dk is not zero. Then
1
K

~8~ n~1
¥'(e) Idetglv 2
1 .

let Yv (g) =
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Because there is a local functional equation (2,1) we have
-1
L(s,'ﬂv ) € (s,rrv )

Z(9, ,Yv ,8) = —Ee 2— . Define Y, (g) =
2 '= L(1~s, T )
2

m 3, Yy o ¥ YY (¢ ). Then Y €S (M) and
VAV, Vp 1 V1 (g"l Vs ovg AR

n-1

st =g
(4.1) 2 0@ Y@ ldete] dg =
i
L(s,m ) € N(s,T )
L(S,TI') i ’ Va ’ Vo .
L(s,ﬂvl) L(s,ﬂva) L(l—s,?%a)

Each of the integrals in this expression defines an entire function of

s , and e(s,ﬂb ) is also entire. Therefore
2

Proposition 4.2, If T is an irreducible admissible representation of

H(G) on an algebraic subspace V of LZ(G(F)\G(A),w) then

(4.2) L(s,™ = E8(s) L(s,T_) L(1-s,T )

where E(s) 1is entire.
The construction of the functions Yi presupposes that vl and

v are distinct, but in fact, if v is non-archimedean and Tb contalns

2
the trivial representation of Kv , then a relation of the form (4.2) is

true for v1 = v2 as well. Maloletkin has constructed a function VY

with the following properties:

1) Y € Sy (M)
2) Z(‘PO;Y,S) = L(l-S,'ﬁv)-l

where qb is the spherical function associated to Tb . Defining
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¥Y.(g) = 1o (g) * ¥(g. ) and proceeding as before shows that
i vty TV A2
1

Proposition 4.3, If v is a finite place and ﬂ& contains the trivial

representation of X, then L(s, ™) = E(s) L(s,ﬂv) L(l—s,?%) where

E(s) is entire. It follows that

Theorem 4.4, If T is an irreducible admissible representation of
H(G) on an algebraic subspace V of LZ(G(F)\G(é),w) then L(8, )
has an analytic continuation to the whole complex plane. Any poles of
L(s,T) are poles of L(S’T%1) L(l—s,ﬁvz) for every choice of distinct

v and v

1 o + and poles of L(s,Tb) L(l—s,?%) whenever v is non-

archimedean and Tb contains the trivial representation of Kv .

I3f v dis archimedean and T% contains the trivial representation
of Kv , Andrianov has constructed a function Y € SO(M) with the
property that Z(¢,¥,s) = c P(®,s) L(S,Tb) . P 1is a polynomial in s
which depends on the spherical function ¢ , and which satisfies
P(p,s) = P(q%,l—s) . Defining Yi as before, we have X Z(¢i,Yi,s) =
c P(q%,s) L(s, ™ , so that

Proposition 4,5, If v is archimedean and ﬂv contains the trivial

representation of Kv then L(s,m) = E(s) P_l(q%,s) where E(s) is
entire. There are at most a finite number of poles of L(s,T) , and

any pole of L(s,T) is a pole of P-l(qb,s) .

Proposition 4.6. If T is as in Theorem 4.4, then L(s,T has at

most a finite number of poles.,
Proof: Let v be a finite place and let qV be the number of elements
in the residual field of Fv . Suppose that T% contains the trivial

representation of Kv » Then
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-n. n ’ _S_Si 0
L(s,m) = TL(S,K )= TmQ1l-~-gq ’ )
v . i,v . v
i=1 i=1
Si,v
— ’ .
where pi,v(a) = lalv and Si,v is determined only modulo

2iT/log q, - It is sufficient to show that there is at most one common
pole for L(s,p,. ) and L(s,p_ ) if v. #v, . Let t be a common
vy Vg 1 2

pole. Then t = -s, + 2iTk/log q; = -5, + 2im/log q, . If t, 1is

1 1

another such pole, tl =t + 2iTk'/log q, = t + ZiTnn710g a4, - Then

i /

k :
q1 = q2 , so that m =k =0 .

Proposition 4,7, If T is as in Theorem 4.4, then L(s, T satisfies

the functional equation L(s,T) = €(s, ™ L(l-s,T) .

Proof: By Proposition 3.6, Z Z(q&,Yi,s) = X Z(qi,@i,l-s) . Each
Z(qi,@i,l-s) is factorizable, and the local functional equations (2.1)

show that

e(s, ﬂ) L(]-"S’?‘T) .

z Z((P;:Qi; 1-8) =
L(s, 1)

Since the sum X Z(q&,Yi,s) is not identically zero, we may divide by
it, and the functional equation follows.

If T is an irreducible admissible representation of G(é) on
v CiLz(G(F)\G(é),w) , and X 1is a character of Fx\I , the representa-
tion X ® T defined by ¥ ® mg) = X(detg)™(g) is also an irreducible
admissible representation on V ., 1Its contragredient is xfl ®T.
From the proof of Proposition 4.2, it follows that I(s,x ® ™) =
E(s) L(s,xf% ) L(l—s,x;l ® ?b) for every choice of distinct places

v and Vv Now by Proposition 3,8 of [Jacquet—Langlands], if the

1 2 °
orders of %y and Xo are large enough, then both L(s,xf& T&) and
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L(l—s,x}}'®"?g) are 1 , so we have the following:

Proposition 4.8. ILet ¥ be a character of FX\I , let T be as in

Theorem 4.4, and let v1 and vy be distinct places., Then if the
local components % and X2 at vy and v, are sufficiently
ramified, L(s,X ® M is entire.

In the following Proposition, T(u,v) is as defined in [Jacquet~
Langlands].

Proposition 4.9, If n=2 and L(s,T has a pole then there are two

quasicharacters u,v of FX\I so that for all but a finite number of

places, T is equivalent to ﬁ(uv,vv) .

Proof: If ﬂ& contains the trivial representation of Kv then there

. _ v - v .
are quasicharacters uv(a) = Ialv and vv(a) = lalv so that T% is
equivalent to Tmpv,vv) . The numbers Sv and tv are defined only
modulo 2iT/log a, - Since TKuv,vv) is equivalent to n(vv,uv) ,

what we want to show is that representatives sv and tv can be

chosen in such a way that {sv,tv} is the same set for every v in § ,
the set of finite places for which T% contains the trivial representa-
tion of KV .

Suppose SO is a pole of L(s,7 ) . Then it is a pole of

L(s,T ) L(l-s,Tt ) for every choice of finite places v. and v, in
Vi VB 1 2
S .- These places need not be distinct. Then s, € {—sl,-tl,l-sz,l-tz}

for some representatives si- and ti . If so = —sv for every choice

of v €S we are done. In fact T[(é g>g] = w(z)™g) for every

z 0
z € I , and locally for every v € 8 , Tb[<0. z)g] = uv(z)vv(z)ﬂv(g) .

s
Therefore if w(g) = |z|Aw , {sv,tv} = {-so,sw+so} for every v € 8,

Suppose there is a place VIE S for which s0 is not -sv or
1
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—tv1 . Then s, = -s,+ 1 or -t + 1 for every v € S because S0 €

f-s , ~t_, I-s_, l-tv} for every v € S including v In this

vy \Z) 1°

case {sv,tv} = {l—so, sw+so-1} for every v € 8§ .

Corollary 4.9.1. Let 1T be an irreducible (admissible) representation

of H(G) on a subspace V of L2(G(F)\G(é),w) . Then any pole of
L(s,™ is a pole of L(s,u) for some grossencharacter .

Proof: Immediate consequence of the Proposition.

§5. Results for the Space of Automorphic Forms.

If d is the space of automorphic forms (defined below), then
an L2(G(F)\G(é),w) is dense in the discrete part of L2 , and the
continuous part of L2 can be expressed in terms of the non—L2 forms.
In this section we will show that except for information about the poles,
the results of §2-4 can be extended to irreducible admissible representa-

tions occurring in the space & . Define

lle

ldetg

ol - I, - 7,

V|V

3
(Z(gij)z) if v 1is real

ol

“gv“v = (2 g5 éij) if v is complex

sup |gij|v if v 1is non-archimedean,
The product makes sense since almost all “gv"v are 1 ., The function
*
” HA is bi-invariant for K = TbKv and invariant for Z(A) .

Proposition 5.1, Hg“: 21 forall g in G(A) .

—

Proof: Let g, = klavk2 with kl,k2 in Kv and av in the subgroup
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of Gv consisting of diagonal matrices (al,...,an) with
lall 2 .. 2 |an| . Then ”gv"v = Havnv . If v is archimedean, we
may assume |detgvlV = 1 because of the invariance by Z(Fv) . This

* *
implies that |a1| 21, end therefore that |g|l; and lelly =are votn
greater than or equal to 1 . If v is non~archimedean, we may suppose

by the invariance by Z(Fv) that |a = 1, and ‘ail s1 for

1
an‘l/n

|

1<isSn., Then \lgvnt= |
az...

The space d of automorphic forms consists of the continuous functions
on G(F)\G(é) with the following properties:
1) £ is right K-finite.
2) £ transforms according to a quasicharacter w of FX\I
under translations by ZQ&) .
3) The representation of H(G) on the space {f*wiw € H(G) }
is admissible.
4) For all g with Hgnz large emough |p(g) | = c(|hl§)m

for some constant ¢ and integer m .

Propogition 5.2. For ¢ €d and & € S(M) , I () 3(g) |detg |ag
G(A)

converges absolutely for real part of s large enough.

Proof: lLet I = I o(g) I p¥ @(Ygz)ldetzlsdzldetglsdg . A set of

CZg\Gy  Zp\Ey

representatives for GFZA\GA is the set of g € qA which can be written

$:2) 0
g = ( a, _)g’ where gl lies in some compact of GA and the
0 1 -

diagonal entries satisfy |ai| 2 clai+1| for some positive constant c ,

If Idetgl is large enough, soy 2N , then ”gH* is large emough to
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apply the majorization for ¢ . This is so because the |ai‘ are

all bounded away from zero. Break the integral into an integral I+
for |detgl 2N and an integral I_ for |detg| =N . If

ldetgl SN , the domain of integration is a compact, and the integrand
is continuous in g 1if the real part of s is large enough, so that
I_ converges absolutely, The integral I+ is majorized by I =

!

c’ I “g”*m @(g)ldetglcﬁg if ¢’ is taken large enough, Write

GA)

G

a

. s as . > >
(al,...,an) in this decomposition with |al| e lanl , and we

have I Sc’ I Hanm @'(a)ldetals_m/n dxa where &'(a) = I @(klakz)dkldk
KXK
belongs to S(M) . Since HaH = n|a1| we have
m m
< Lom 5 ‘ 'm+s--ﬁ l ls--ﬁ X X
I Scen I (al,...,an) a, Boessd d al...d a, .

I 2.0 2la, |
Because 8’ can be bounded by a product 11 @i(ai) of Schwartz
functions on Y the integral can be done easily over successive
variables, It is clear that it is finite when the real part of s is

large enough, and that the convergence is uniform for s in a compact.

Proposition 5,3, If & belongs to SO(M) and ¢ belongs to (&

then Z(h.¢, %,s) has an analytic continuation to an entire function
of s and satisfies the functional equation Z(h.¢,3,s) =

z
Z(hucp) 1%, 1"'3) .

Proof: The proof is exactly as in Corollary 3,5.1.

Yor each & in S(M) there is an elementary idempotent §
such that &) = | @(hg) E(h 1)dh . Substituting this in the integral

Z(h.9, 8,8) and changing variables, we have

K*A-K with A the subgroup of'diagonal matrices, Then we may take

2



(5.3) St n-1 st n-1

2 _ 2
[ ome)a(e) |dets | ag = | [  otmerEaax]ee) laete | dg
G G K

n-1
St —m—

= [ £, () %(e) |dete | dg .

If T is an irreducible admissible representation of H(G) on the
subspace & of d, and @ € 4, then for each h , £, isa

coefficient of 1.

Corollary 5.3.1. If £ 1is a coefficient of T of the type constructed

in (5.3), and % belongs to SO(M) , then Z(f,%,s) is absolutely con-~
vergent for real part of s 1large enough, has an analytic continuation
to an entire function of s , and satisfies Z(f,3,s) = Z(fb,%,1~s) .
.25222: Apply Proposition 5.3 to Z(fh,é,s) =Z(h.9 %,s) with h=-¢e .
These special zeta integrals will give most of the information about
L(s,m that we were able to get in the unitary situation,

First, a special case. Suppose T contains the trivial repre-
sentation of K . Then ﬂ& contains the trivial representation of Kv
for each v . If q% is the spherical function attached to T% , and
@v is the characteristic function of Kv for v non-archimedean, the
function &(x) = exp(~-T tr(xxt)) for v real, and the function
¥(x) = exp(-21rtr(x§.t) for v complex, then

n-1

S =

] 9,(e 3, ldete, | = L(s,T) .

Let ¢ = T and Q:n@v.

Theorem 5.4. Let T be an irreducible admissible representation of
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G(@A) on d which contains the trivial representation of K . Define
vL(s,ﬂ) = L(S’ﬂQ) . Then
1) The infinite product is absolutely convergent for the real
part of s large enough.
2) L(s,T has an analytic continuation to the whole complex
plane and satisfies IL(s,T) = €(s,T L(l-s,T .
3) L(s,m has at most a finite number of poles.
Proof: Z(®p, 3,s) converges absolutely for real part of s sufficiently
large, because the spherical function is a coefficient of the form (5.3).

Specifically, ®(g) = [ £(kg) E( Y)dk , where £ is the unique right
G

K~-invariant function in the space of T whose value at the identity is
1, and A§ is the characteristic function of K . It follows that
Z(p &,s) =T Z(wv,év,s) =1 L(s,ﬂ&) and that L(s,n&) converges
absolutely whenever Z(¢, §,s) does,

Now replace & by a function ¥ in SO(M) by the method of §4.
Then just as before, we have the relation L(s,T) = E(s)L(s,ni)L(l—s,ﬁé)
where V. and v are any two places (which can be the same if non-

1 2

archimedean) and E(s) 1is an entire function which depends on v1 and

v This shows L(s,T) has the desired continuation, and the same

5
computations as in the L2 case yield the other assertions.

More generally, let T be an irreducible admissible representation
of H(G) on a subspace d& of d . Consider the integrals Z(f,3,s)
where £ 1is a coefficient of the form constructed in (5.3). If & is
factorizable, Z(£,8%,s8) = Z(fv,év,s) . At the non-archimedean places,

the finite sums of integrals Z(fv,év,s) of this type form an ideal

contained in the ideal gemerated by such finite sums for arbitrary co-
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efficients. The generator of the full ideal is L(s,ﬂv) , and therefore

the generator of the subideal is Qv(x)°L(s,ﬂv) , where Q(X) 1is a

=S

> with Q(0) =1 . In fact Q(X) Ipo(x) . At

polynomial in X =4
the archimedean picces the same phenomenon occurs. The generator of
the full ideal is E(s)PO(s) , and that of the sub-ideal isE(s)PO(s)Qv(s),
where Q is a polynomial with Q(0) =1 ,

It follows that globally we can choose a finite number of coef-

ficients and & in S(M) so that each Z(®,,3.,s) is of the
% i 17 %1

form (5.3) and X Z(q&,@i,s) = T L(s,ﬂ§)° 2 Qv(s) , S being a finite
vEksS

set of places.

Theorem 5.5. Let 1T be an irreducible admissible representation of
H(G) on d . Let L(s,m) =11L(s,‘rrv) . Then
1) The product is absolutely convergent for real part of s
sufficiently large.
2) L(s,m) has an analytic continuation to the whole complex
plane and satisfies L(s,T) = €(3,m L(l-s,T) .

Proof: We have Z Z(q,,$.,s) = ML(s,m ) * mTQ_ . The left side is
—_— i’7i v vES v

absolutely convergent for real part of s large enough, giving the
convergence of the product.

Again replacing @i by Yi in SO(M) we have

z Z(‘Pi’Yi's) = L(s, ™ 'L-l(s'n]_) 'L_l(l"siﬁz) ’3—1(5: nz)vngv ‘

VAV, Yy

The left side is entire, so



L(s,™) = E(s)-L(s, ) L(1-s,Tiy) - ga;l
vES
v;évl,v2

which gives a continuation of L(s,T) to the whole complex plane,

The functional equation follows as before.




APPENDIX

Ilet V be a real vector space of finite dimension n with lattices
I, and L1 ; Where L1 is a sublattice of I of index m . ILet
* *
<,>: VXV - R be a nondegenerate bilinear form, and let L and L1

be the lattices dual to L and L1 . If % is a Schwartz function on

V then the Fourier transform of & is e(y) = I d(x) ¥<x,y> dx with
v

v a fixed nontrivial additive character of R and dx the Haar measure
A
on V normalized so that e(g) = %(-y) . If ¥ is a function on L/L1

* , %
then the Fourier transform of ¥ is a function on LI/L defined by

_n -
ey =m?2 T ¥ w(—x#ly—>> . Extend Y to all of I by setting
xGL/L1

Y(y) equal to the value of V¥ on the class of y mod I& . Then we

have the following version of the Poisson summation formula.

Lemma A.l, I 8(x) ¥(x) = nfn/z z %(x/m) Q(-x)
x€L x€r*
Proof: T d(x) ¥Y(x) = ZV¥(x) Z &(x+my) . Since
x€L xEL/L1 yEL
[ #Cxtmy) ¥<y,z> gy = m-nq,(fgg;n-_v) [ e ‘b(fzi;-l—zz)dy
\' v
_ _-n,f<x,-z> z
=nm ¢( m ) %('ﬁ>
we have
Z8(x) ¥(x) =m * % *g(z/m) b3 Y(x)_¢(f§5:§2>
*€L z €1, x€L/ Ly +oom

m—n/2 z %(z/m) Q(-z) .
z€L*

26
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We will use this lemma to prove the analytic continuation and functional
equation for certain Dirichlet series attached to automorphic forms.

let G=Gl(n,R), T = GL(,Z), Z = center of G, and K = O(n,R) .
For the purposes of this appendix let an automorphic form for ' be a
smooth function on I\G with the following properties:

1) £ is right K-finite and transforms according to a

quasi character of Rx

under translations by 2Z .

2) f satisfies some differential equation (which we do

not need explicitly).

3) there are positive constants m,c such that lf(g)l

< c(HgH*)m , the norm || H* being defined as in §5.

Let X be a character of the multiplicative group of Z/mZ which
is primitive mod m and extend X to Z Dby setting ¥(n) =0 if
(a,m) =1, If x is in M(n,Z), write X(x) for ¥(det x) . Then
X may be regarded as a function on M(n,Z/mZ) . 1In the definition of
the Fourier transform take <x,y> to be tr(xyt) . We use the follow-
ing notations:

2 1is the sum over all x in M(n,Z)

% is the sum restricted to those x in M(n,Z) with non-zero
determinant.

Iemma A,2. If & is in S(M) and X is as above, then
mfl 0
- —n3 A -
z d¢h 1xg)x(x) =m 2 /2 z %[ht( ‘. _l>xgb]x(-x)|det hln . |det gI n
0 m

Proof: The lattice M(m,Z) is self dual for the bilinear form tr(xyt) s

so this is a direct consequence of Lemma A.1 with L/L1 = M(n,%/mZ) .
Lemma A.3. Let X be a character of Z/mZ‘ and gAx) =
m1/2 2 %(a) ¥(a/m) , the corresponding Gaussian sum. Extend ¥ as

a€Z/mEZ
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above and view it as a function on M(n,Z/mZ) . Then for y € M(n,Z/mZ)
we have - n
{ X(y) g (x) if (det y,m) =1

A
X(y) =
0 otherwise.

A
Proof: First we show that ¥(e) = gnOC) . If x € M(n,%Z/mZ) is

invertible, then x can be written uniquely in the form

with a; P € Z/mZ and Vv = (Yij) in PNT\TI' where I = S1(n,%/mZ) and

P is the subgroup of Gl(n,Z/mZ) consisting of upper triangular

matrices, The decomposition is unique because x is invertible and

X = a*yY = a_-Y., implies a—l-a =Y -Y-l , so that a_l-a belongs to
11 1 1 1

both P and PNI\I' and is consequently the identity.

Now

T x(x) W((trx)my .
x€EM(n, Z/mZ)

Since X(x) = 0 when x is not invertible, we may assume that x has
the above decomposition, so

~ne
Reey = m ™72

Z x(a,. ... )
aiJGZ/mZ 11 nn

YERNI\

/2 g x(all...ann)¢[m-l(allyll+...+annvnn)] .
8, &%/ nz :

(v, ) EPN\T

z ¢(m_1a. Y..)
{12-<n a, €&/n& 13 g1 }
i<
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We need only sum for those <Y such that 'in =0 forall i<,

since otherwise at least one of the sums at the right is zero. When

Y,ji =0 forall 1 < j , each of the sums on the right has the value m ,

and the summation over PNI'\I' reduces to evaluation at the identity

n/2

A - -
matrix, Therefore, X(e) = m z x.(all.. .ann) {(m 1(a11+. . .+ann))

a,. €Z/mZ%
ii
= En('x) . Now to prove the lemma, if y is invertible in M(n,Z/mZ)
-n2/2 { trx

A -
we have X(y) = m Exey®) W EE) =) ') . Every y in

M(n,Z/mZ ) , invertible or not, can be written

yEY . Yo
0 a,

81: 0
. A A ( . \
with ‘Yl and ‘Y2 in S1(n,Z/mZ) , and then ¥(y) = X% . e ).
0 a,
Suppose that y is not invertible. If dety = 0O we may assume a, =0 .

1

Since ¥ 1is nontrivial there is an invertible r in Z%/mZ so that

x(r) #1 . Then

0 0 r 0 () 0 0
A v /\ . - A N
x( . > =x| ( 1. 3 = X() x( .
0 a, o 1 /\0 a, 0 a;

so that g\((y) =0. If y is not invertible but dety dis not zero, we

’ o
may assume ai‘ai+1 + Then (an,m) =m #1. Set m=md and

a =m¢C . Since X is primitive mod m , there is a u in Z/mZ
n

such that 1+ud is invertible mod m and X(l+ud) # 1 . Then

(1+ud)an = an(mod m)
and

. o
o 40
=¥ "~ (Q+ud) X 0 “a

.
. n
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A
so that Y(y) =0,

Proposition A.4. Let f. and £, be in L2(1'\G,w) and L2(I\G,6)

1 2

respectively. Fix & in S(M) , and let X be a character as above.

Then ns
I(f),1,,8,%,8) = ) Jan [ fl(g)fz(h)z’ (™ Lxg)y (x) Jaete |° |aetn | Sag
zNe I\G

defines a holomorphic function of s 1if the real part of s is
sufficiently large. If X (-1) #1 , (£, 2, 8,%,8) = 0 .

Proof: Assume that & is positive, and let O be the real part of s .

noc

. no
ey 2,800 | = iy F - lgyE - m2 - vorma® * (PG, s0) laypa -

The right hand side is finite for o 1large enough by Lemma 3.2, and
convergence is uniform for s in a compact. For the second assertion,

send x to ('1.. )x and then send g to <-1'u )g . Since fl is
- -1 .1

. . - n
invariant for ( 1.“ i) R I(fl,fz,é,x,s) =¥ (-l)I(fl,fz,Q,x,s) .

Theorem A.5. If ¥ 1is non-trivial, I(fl,fz,é,x,s) has an analytic
continuation to an entire function of s and satisfies the functional
equation

I(fl,fz,é,x,s) = gn(x)I(fi,f;,%,i,n-s) .
EEEEE‘ Write I as the sum of an integral over |detgl 21 and an
integral over ldetgl <1 . From the proof of Lemma 3.2, it follows that
the first defines an entire function of s and the second converges
absolutely if the real part of s 1s large enough., By application of the
Polsson summatior formula of Lemma A,3, the second equals (formally)

@a.5) 4 1

n rAG, Ne

ldetglsl

3™ [ | £, ()1, (W)Z" %[ht<m-- . °_1>xgz‘]>/2(-x) |dete |57 |aeth [* " 5an .
0 m
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The terms for rank x <n drop out because ¥(x) = Q(x) =0 if
. detx =0,
Changing g into g~ shows that the integral (A.5) defines an
entire function of s , which justifies the formal use of the summation

A
formula, Substituting for % and making a change of variable we have
I(fl’ fz: 8,%,8) =
ns
2 . / -1 s ~-S
n® [an [z (@,mz s@ xg)x (x) |detg |® |deth | Sag
laete |21

.E (n— s)

+ 00X 1m” Jan |2 1,a)z Sa ek ldete [ |aetn [T

ldetglzl

X(-1) .

I}

The functional equation follows from the fact that g(x)g(%)

An automorphic form is called a cusp form if I £ (ug)du 0 every

tNN\U
time U is the unipotent radical of a proper parabolic subgroup of G ,

Corollary A.5.1. If vy 1is trivial and fl is a cusp form then the

theorem is still true.
Proof: The only thing to show is that the terms for rank x <n drop
out when the Poisson summation formula is applied. These terms are

-1
Jan [ fl(g)fz(h){ z %[ht(m . °_1>xg‘]|detg|"nldeth|n
ldetglsl rkx<n 0 m

- T é(h’lxg)}ldetg|sldethl"sdg .
rkx<n

First we look at the tems for rkx = 0, We have a term with @&

which is
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1
-3¢0) * [ z,yan [ 2 (@) [ [t|° d%t .
TZ\G TZ\G 0

Since fl is a cusp form it is orthogonal to the consfant functions, and

so this term is zero. The term with @ is similarly found to be zero.
Note that these terms are absolutely convergent for real part of S large

enough, so it is legitimate to consider them separately. .
n-j J
-~ e

If rkx =n-j , with 0 < rkx <n , we can write x = ( * | 0 > * Y

where Yy € Pjﬂ N\I', p

3 being the parabolic subgroup of G with elements

=3, J

* 0\n~j .
. Call the set of ( * | 0 ) with entries in %

of the fom ( * %/ j

and rapk n~j by xj . Then we have:

Jan [ £ (@, O<r12:x <nfi{htxgz’:l ldeteg ™ a’e

TZ\G T\G
|dete|<1

n-1
= & [[f(e,m E z é\[htxy gL] |detg |5 a’
j=1 xEXJ. YEPjﬂl'\l"

n-1
=z [dv [ 2(@,m @[htxg”] |aete|™ a¥g .
j=1 TG £ xEXj
P,MN\G

Now we may write G =10 MjK where U is the unipotent radical of Pt

J J J
and K is the standard maximal compact subgroup of G . The Haar
measure has a corresponding decomposition, and we may calculate the

integral over g in the form

I ] [ B %[htxuz'mbkb] |detm|*™ dqud*n dk .
x€X
U U, M,MM\M, K 3
5MTNU; NI\,
Now xub = x so the integral over u 1is I fl(umk)du , and this is

Uer\Uj
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zero since fl is a cusp form. The integral for & 1is done similarly.

This shows that the in&egfals for rkx <n are zero asé desired, and gives
immediately the functionsl equation I(f,%,,3,s) = I(f:,fz,e,n-s) .

Lemma A.6, Iet & belong to S(M) and let fl and fz be automorphic
. foms in LZ(T\G,w) and LZ(T\G,&) respectively, Then if (g) =

I fl(hg)fz(h)dh we have that Z(qaé,s);=:f qu)Q(g)ldetglsdg converges
Tz\G G

absolutely for real part of s sufficiently large, .

Proof: The proof is the. same as for Proposition 3.6.

Now let 8§ = {x € M(n,2): |detx‘ = k} , and define the Hecke
operators Tk , which act on the space (G of automorphic forms, by

Tka)(h) = X f(x-lh) . The T, also act on LA(T\G,w) by the same

x€Sk/F k

formula. Thesc operators commute with each other, Now V = GN L2(T\G,w)

is the direct sum of finite dimensional subspaces each of which is

*
invariant for all the Tk . The adjoint operators Tk are given by
%
@nm = I f£(x'h) . The T, commte with each other and with T,

xESk/T

for every i , so that in particular each Tk is normal. Therefore

there is a basis for G N LZ(P\G,w) consisting of eigenfunctions for
every Tk , and if £ 1is a vector in V which is an eigenfunction for

each Tk with eigenvalue a then £ 1is also an eigenfunction for

k ,
* -
every Tk with eigenvalue a .

Theorem A.7. let %. be an automorphic form in LZ(F\G,w) which is an
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eigenfunction for each Tk with eigenvalue a If ¥ has conductor m >1 ,

k L]
ns
. 2 a. x(k)
the series A(¥,s) = m z k converges absolutely for the real
k=1 kS

part of s sufficiently large, has an analytic continuation to an entire

function of s , and satisfies the functional equation A(Y,s) Z(®,%,s) =

* - - -
2 o0A* Gon-9)2(¢%, B,n-5) with a¥(x,s) = %2 3, X0k ® and with
k21

¢ @nd % as in Lemma A.6,

Proof: lLet i'2 be an arbitrary automorphic form in LZ(I\G,U)) and let

9(g) = [ £ (hg)fy(h)dh . We have I(£;,%,,3,X,s)

T7\G
ns

“m? [[e@5m T E  5xen xve |detg]® |aetn| S agan
k21 x€S, /T VEr

h % (k) _ ) )
=n* e JI B £ eTer,men e |detg|® |detn|™® dgan
k1 x€s, /T

= A(¥,s8) Z(®p,%,s) .

We may choose f2 and ¢ so that Z(y,%,s) is a nonzero comnstant.
Then the first two assertions follow from Proposition A,4 and Theorem A,.S.
n v v A~
Now by Theorem A.5 I(fl,fz,é,x,s) = g (%) I(fl,fz,é,x,n-s) R
and by a computation essentially the same as that above we have

12

- - A
I(flvf;’%:x;n's) = A*(X:H'S)Z(CPL, ¢,n-5) .

The functional equation follows immediately.

Corollary A,7.1. The theorem is still true if ¥ 1is trivial and £

is a cusp form,

Proof: Immediate from Corollary A.5.1.
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Corollary A,7.2. When n = 2 , in the notations of the theorem

A(X,8) = A(X,2-9) .
Proof: If n = 2 there is a common set of representatives for

{xtlx € Sk/F} and {x-1|x € Sk/P} , so that T, is self-adjoint, and

k

B = By -

Example: If T is the trivial representation of G then the coefficient

¢ is a constant function and the eigenvalue a _ 1is the order of Sk/T .

k
If (n,m) = 1 , the order of Snm/T is the product of the orders of

Sn/F and Sm/T . (Follows from Proposition 3.16 [Shimura].) Therefore,

: ® C -l
T a XK ® =T ( Za, X(pl)p-ls>
k PM=0 p*

where p runs over all primes. For each p the sum on the right is

actually a rational expression in p-s . Expliecitly,

[+]

A x@e e = (1-x@rr ) (1-x@p' %) ... (1w ) |
=0 p

(Follows from Theorem 3.21 [Shimural,) Therefore,

n-1 i-s =1
™ ﬂb(l-x(p)p ) I
i=0

LI}

z akx(k)k's

so that the series is actually the product of ordinary I~functions.
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